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Abstract 

The main resuJ.t is a pushing up theorem for L
3

(2n). Let G be a fi-

* ni te group with F ( G) = o
2 

( G) . Suppose there exists a normal subgroup H 

of G with o2 ( G) :=: H such that H/ o
2 

( G) has no partial complement in G/02 ( G) 

and G/H is isomorphic to L
3 

(2n). Let T be a Sylow 2-subgroup of G and 

let X be a. maximal 2-locaJ. subgro'Ll.-p of G containing H witb. XH/H a maxi­

mal parabolic subgroup of G/H. Let P = o
2

(x) and E = 01 (Z(Q)). 

either (i) [G,:if] :=: E for each automorphism a of P 

or (ii) G has exactly one noncentral chief factor within o2 (G). 

We also derive some new pus.'1ing up theorems for ½ (2n) which are 

variations on the resuJ.ts of Baumann, Glauberma.11 and Niles. 
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I. Introduction 

1 . Pushing Up 

The classification problem for simple groups1 is an important part 

of finite group theory and is a large subject in itself. Gorenstein 

[15] gives a survey of the field in which he describes a multitude of 

special methods for investigating simple groups. This thesis is con­

cerned with one such method, the theory of pushing up. 

2 The known nonabelian simple groups are the Cheva.lley groups, the 

alternating groups and 24 sporadic groups. 3 The Chevalley groups are 

perhaps the most :representative of these examples. 

If Xis a group and pis a pri:me, then the largest normal p-sub­

group of Xis denoted by O (X) and the smallest normal subgroup of X p 

with index in X a power of p is denoted by oP(x). We follow the usual 

convention that the normalizer in X of a nonidentity p-subgroup is re­

ferred to asap-local subgroup of X. 

T.ae structure of a ChevaJ.ley group is determined by the collection 

of maximal parabolic subgroups. If the group is defined over a finite 

field of characteristic p, then the collection of maximal parabolic 

subgroups is precisely the collection of maximal p-local subgroups. 

Furthermore 

CH(O (H)) < 0 (H) 
p - p 

1 All groups will be understood to be finite in this thesis. 
2 We include the twisted groups of Lie type in this designation. 
3 Janko's fourth group and the Fischer monster are sometimes counted as 

sporadic groups, but it is not yet known whether they actually exist . 
The inclusion of these groups would make a total of 26 sporadic groups 
as of May 1979. 
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for each p-local subgroup H. There is an equivalent formulation of 

* this property in terms of the generalized Fitting subgroup F (H), namely 

* F (H) .= 0 (H). 
p 

'l'his alternate notation is used in later chapters. 

Thus a finite group G is said to be of characteristic p type if 

CM(O (M)) < 0 (M) 
p - p 

for each p-local subgroup M of G. Characteristic 2 type groups play an 

important role in the program to classify the finite simple groups . 

There is a well established strategy for studying an arbitrary fi­

nite simple group of characteristic 2 type. One attempts to force a 

resemblance be-bMeen the collection of :rna.:::d.."Ilal 2-local subgroups of G 

and the collection of maximal parabolic subgroups in some Chevalley 

group. The ultimate goal is to show under suitable circumstances that 

G is a Chevalley group. 

The necessary local analysis is quite technical and requires vari­

ous special techniques. Pushing up is one of these techniques. Sup­

pose X is a 2-loca.l subgroup of G. Let U E Sy½(X), where Sy½(X) is 

the set of Sylow 2-subgroups of X. Also assume that NG(U) 1.. X. When 

can X be shown to be properly contained in some larger 2-local subgroup 

of G? • The theory of pushing up is concerned with finding suitable con­

ditions under which the question can be answered in the affirmative; 

that is., X can be "pushed up" to a larger 2-local subgroup. In particu­

lar, one asks when there exists a 2-loca.l subgroup containing (X,NG(U)), 

the group generated by X and NG(U). There is always a 2-local subgroup 
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if Gisin fact a Chevalley group. 

Pushing up is particularly applicable to the characterization of 

Chevalley groups of low Lie rank in which a maximal parabolic subgroup 

has one nonabelian composition factor which is itself a Cheva.lley group 

of low ran.~. In this thesis we shall be concerned with problems associ­

ated with characteristic 2 type groups containing a maximal 2-local sub­

group M such that M has a composition factor isomorphic to ½(2n) or 

13(2n), the projective special linear groups of dimensions two and three 

respectively over a field of order 2n. The theorems we obtain are de­

scribed in sections four and five of this first chapter. The main re­

sult concerns 1
3

(2n) and is applicable to the theory of quas:Lthin groups . 

These are the groups for which no 2-loca l subgroup contains an elementary 

abcl.ian P-group of order p3 for any prime p. 

Let M be a :maximal 2 -local subgroup of G and let T E Sy~ (M). One 

hopes to find conditions which assure that NG(T) :SM. This is the case 

in Chevalley groups of characteristic 2 type. The maximal 2-local sub­

groups can be examined by considering the size of their Sylow 2-sub­

groups. In several situations Mand T can be chosen so that Tis a Sy­

low 2-subgroup of G and M is a uniq_ue maximal 2-local subgroup contain­

ing T. As Mis unique, any 2-local subgroup of G which contains Tis 

contained in M. Choose L to be a maximal 2-local subgroup other than M 

for which T n L has maximum possible order. It follows that T n L is a 

Sylow subgroup of L. Let S = T n L. Now the normalizer of S is not in 

L. This is a situation in which L cannot be pushed up to a larger 2-

local subgroup, and a situation in which the normalizer of a Sylow 2-

subgroup of a maximal 2-local subgroup is not contained in that local 



subgroup. 

This situation was f'irst encountered by Sims [18] in his work on 

primitive permutation groups in which the one point stabilizer has an 

orbit of length 3. Sims associated trivalent graphs with the groups in 

question and then studied the groups via their graphs. Sims' arguments 

are related to earlier work by Tutte [21,22] on vertex transitive groups 

of automorphisms of trivalent graphs. Recent work of Goldschmidt [12] 

yields the classification of the vertex stabilizers in an edge transi­

tive group of' automo~phisms of a finite, connected, trivalent graph. 

Examples of such graphs are afforded by buildings associated to Cheval­

ley groups defined over the field of two elements [20]. 

Given a subgroup X of G and T E Sy½ (X) , there is a 2-local sub­

group containing (X, NG(T)) if there exists a nonidentity characteristic 

subgroup R of' T with R <IX. Namely (X,NG(T)) '.::: NG(R). Baumann [6] and 

Niles [17] showed the existence of such a characteristic subgroup in a 

case of special interest: 

Thoerem (Baumann and Niles) Let X be a finite group with CX( o
2 

(X)) < 

02 (X), x/02 (X) ::: ½ (2N) and T E Sy½ (X). Then 

there exists a nonidentity characteristic subgroup R of T such 

that R <l X 

or (i) If E = o1(z(o2(x))), then v/cv(X) is a natural module :for 

x/o2 (X) where V = [X,E]. 

(ii) G has exactly one noncentral chie:f factor within o2 (x). 

(iii) T has class 2. 
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Here z(o2 (x)) is the center of o2 (x) and n,(z(o2 (x))) is the sub­

group of the center generated by the elements of order 2. The term 

"natural module" used in part (i) of the above theorem also requires 

some explanation. If A is any group of matrices over the field GF(2n), 

then A can be made to act on the vector spaces of row and column vec­

tors. Each of these spaces can be considered as vector spaces over a 

field K of order 2. The resulting KA-modules are referred to as the 

"natural modules" for A. We now consider the group X of the Baumann­

Niles theorem. Let W denote the quotient group v/cv(X). The groups V 

and cyCx) are normal in X so X acts on W by conjugation. The grou_-p 

o2 (x) centralizes V and hence centralizes W. Thus x/o2 (x) acts on W. 

Now Wis an elementary abelian 2-group and can be considered as a vec­

tor space over K. The quotient group x/o2 (x) is isomorphic to ½(2n), 

so W can be viewed as a module for ½(2n). Now W is said to be a natu­

ral modu.le for x/o2 (x) if it is a natural module for ½(2n). 

Niles also proved a s imilar result for groups involving L2 (pn) f'or 

an odd prime p, and Goldschmidt [13) has extended the theorem given a­

bove to the case that x/o2 (x) is an alternating or symmetric group of 

odd degree. Glauberman and Niles have proved additional pushing up 

theorems for ½ (2n) similar to this theoren-... These are described in §3 

of this chapter. Aschbacher [3,4) used the results of' Baumann, Glauber­

man, Niles and Goldschmidt in developing his theory of blocks4 and 

groups with proper characteristic generated cores. Aschbacher (2) 

proved a different sort of pushing up theorem for ½(2n): 

4Aschbacher 's blocks have no connection with Brauer's character theoret­
ic blocks. 
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Theorem (Aschbacher) Let G be a finite group of characteristic 2 

_2 * 2 type, H ~ G, M = NG(O-(H)) and TE Sy½(H). Assume H = 0 (H)/o2 (H) ~ 

n ( * z
3 

or L2 (2 ), o2 H) E Sy½(CM(H )), and Mis the unique maxima.l 2-local 

subgroup of G containing H. Then 

either 

or (ii) G has sectional 2-rank at most 4. 

The statement of Aschbacher' s theorem involves the concept of sec­

tionaJ. 2-rank, which we now define . The 2-ran..'l{ of' an elementary abelian 

2-group is defined to be the dimension of the group considered as a vec­

tor space over the field GF(2). The 2 -rank of a group G is the maximum 

2-rank of an ele..-nenta.ry abelian 2-subgroup . A group K is called a sec­

tion of G if K is the homomorphic image of some subgroup of G. Tne sec­

tional 2-rank of G is just the maximum 2-rank of a section of G. The 

simple groups of sectional 2 -rank at most 1+ have been classified by Goren­

stein and Harada [ 16], so Aschbacher' s theore;,--i provid€s a definitive ans­

wer to the proble..'n it treats. 

We now develop some necessary notation for the statement of the next 

theorem. For a given group X, the set of elementary abelian 2-subgroups 

of X of maximal order is denoted by O(X). The Thompson subgroup J(X) is 

defined by J(X) = (O(X)) and the subgroup O(X) is the largest normal sub-

group of X of odd order. The notation i:n is used for the symmetric group 

of degree n. A group Y is . said to be involved in X if Y is isomorphic to 

some section of X. 

Theorem (Thompson [19)) Let X be a solvable group with O(X) = 1 and 
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let TE Sy½(X). If r
3 

is not involved in X, then 

X = cx(Z(T))Nx(J(T)). 

The theorem above is only a special case of the theorem Thompson 

proved. He also considered the situation where Tis a Sylow subgroup 

for an odd prime. We will not require these further considerations. 

A given group X is said to satisfy the T'.aompson factorization if the 

conclusion of the above theorem holds, that is 

for a Sylow 2-subgroup T of X. The Thompson factorization is a starting 

point for a theory of factorizations of groups. One of the triumphs of 

this theory is the classification [10] of simple groups not involving L4. 

T'nis classification includes as a special case the determination of the 

simple groups with orders not divisible by 3. 

The previously mentioned pushing up problems f or L2 (2n) are closely 

related to failure of the 'I'hompson factorization. Let X and T be as in 

the theorem of Baumann and Niles. If the Thompson factorization holds, 

then either Z(T)::: Z(X) or J(T) <JX. In either case we may choose 

R € {Z(T),J(T)} such that R ~ G. The subgroup R is automatically charac­

teristic in T. Thus failure of the Thompson factorization may be assumed 

in these pushing up problems. It is a fortunate circumstance that fail­

ure of the Thompson factorization gives technical information about the 

group X which can be exploited. 

The second chapter of this thesis is primarily devoted to proving 

Theorem A, a pushing up theorem for L2 (2n) which yields a factorization 



8 

related to the Thompson factorization that fails only in a degenerate 

case. Theorem A is similar in spirit to the theorem of Baumann and Niles, 

b1--_t we consider characteristic subgroups of T'nompson subgroups as well as 

characteristic subgroups of Sylow subgroups. A short argument gives Cor­

ollary 1, which interprets Theore.--n A in terms of Sylow subgroups. Corol­

lary 2 is related to a theorem of Glauberman and Niles, which is described 

in §3. Theore..--n A and its corollaries are discussed in §4. 

Niles [17] has obtained results related to Ar.lchb&cherta theorel'.O.. A 

One of the main results of this thesis is Theore..-rn C, a pushing up 

theorem. for L/2n). The statement and proof are discussed in §5 of this 

first chapter and the proof constitutes most of the third chapter. 

Chapters two and three are logicaJJ"'y independent except that some 

Well known lemmas are spelled out in §1 of chapter two which are also used 

in chapter three. However, an appreciation for the proof of Theorem A 

would facilitate an understanding of the proof of Tneorem C. 

2. Notation 

Most of the notation is standard, as in Gorenstein [ 14]. We mention 

some exceptions and also repeat some previously defined notation for the 

sake of completeness. 

For a given group X, we define O(X) to be the set of elementary a-

belian 2-subgroups of X of maximal order. a (X) is the set of abelian· a 

2-subgroups of ma.ximal order. J(X) = (a(x)) and J (X) = (a (X)). We a a 

use tt(X) to denote (w :::: Xl3: A E O(X) ·with W :::: A}. If S is a 2-group, 

then Ja(s) = c8(z(Ja(S))) and J(S) = c8(o1(z(J(S))). 



9 

If G is any group and E is a subgroup of G, then a partial comple­

ment of E in G is a proper subgroup F of G satisfying EF = G. 

We take the liberty of supressing an occasionaJ. parenthesis. For 

example ZJ(X) means Z(J(X)). 

Each chapter has its own internal numbering system for lercma.s. Thus 

any mention in chapter two of lemma 4.1 refers to lemma 4.1 of chapter 

two unless stated otherwise. 

3. Theorems of Glauberman and Niles 

In this section we quote t wo pushing up theorems of Glauberman and 

Niles for L2 (2n) [11]. They aJ.so considered ½(pn) for odd primes p, 

but we will restrict our attention to the characteristic 2 type problem. 

Their results apply to the following hypothesis: 

(E) G is a finite group. 

S is a Sylow 2-subgroup of G. 

There exists K <J G with o2 ( G) < K such that 

Kjo2 (G) has no partial complement in G/o2 (G) 

and G/K == L2 (2n) for some n. 

Glauberman and Niles consider a fixed 2-group Sand the set ,2, of 

groups G that contain Sand satisfy (E). Under certain conditions they 

prove that for each GE JI there exists a characteristic subgroup R of S 

with R <JG. As 11.4 of [9] demonstrates, there exist choices of Sand 

G for which there is no such subgroup R. Glauberman and Niles find suit­

able choices of R for a large class of 2-groups and do it somewhat 
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independently of the choice of G. 

Theorem (Glauberman and Niles) If either Ja(S) ! s or Hs) f:.. o1z(s), 

then there exist nonidenti ty cha.r:acteristic subgroups s1 and s
2 

of S 

having the following properties: 

~ (2) s2 is a characteristic subgroup of Ja(s). 

(3) Given GE JI, either s
1 
~ G or s

2 
~ G. 

Now let 111 =[GE ..S-lz(s) 'f Z(G) and Ja(s) fJ G}. The second ~in 

theorem of Glauberman and Niles deals with this situation. 

* Theorem ( Glauberman and Niles) Let G and G be elements of .2t
1 

• Assume 

that 

(i) J (S) = S. 
a 

(ii) Z(S) is elementary abelian. 

* ·)(-Then o
2

(G) n o
2

(G ) is normal in both G and G . 

Theorem A deals with Hypothesis (E) of §3, as do the theorems of 

Glauberman and Niles. This result, however, focuses on J(S) instead of 

s. 

Theorem A. Let G and S be groups satisfying hypothesis (E). Define 

Q. = o
2

(G). Let F = o
1
z(J(Q)) and V = [G,01(Z(Q))]. Also let A be a sub­

group of Aut(J(S)) such that A contains the action of Sn J(G) on J(S). 
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Then 

either (i) o
1
(z(s)) 2 Z(G) 

or (ii) F 2 J(S) and [J(G),r] < F for each ex EA. 

or (iii) V 2 J(S) and there exists ex E A such that S = ..fQ. 

We now consider a special case of Theorem A. Let the groups G, S, 

Q, F and V be defined as in Theorem A. Choose A to be the restriction 

of Aut(S) to Aut(J(S)) and note that A contains the action of Sn J(G) 

on J(S). Now Theore.vn A is applicable to this situation. Suppose con­

clusion (ii) of Theorem A holds, namely F 2 T and [J(G),r] 2 F for each 

ex E Aut (S). It follows that J(G) is contained in the normalizer of FIP. 

The group S normalizes F and hence normalizes fX. '111en J(G)S normaJ.izes 

FfX. If FfX is not normal in G, then J(G)S f G. If J(G)S f G, then 

J(G) is contained in Q since J(G) is normal in G and generated by 2-

groups. It follows that J(S) = J(Q) and F = o
1
(Z(J(S))). Hence Fis 

characteristic in Sand r = F for each ex EA. Therefore G normalizes 

Fr if part (ii) of T.aeorem A holds for our choice of A. We have proved 

the following corollary to Theorem A: 

Corollary 1. If G, s, Q, F and V are groups defined as in the hypothesis 

of Theorem A, then 

either n
1
(z(s)) 2 Z(G) 

or Fif < G for e~ch ex E Aut(S) 

or Tb.ere exists ex E Aut(S) such that S = ..fQ. 

If G and Sare groups satisfying Hypothesis (E) such that 
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and Corollary 1 (iii) holds, then it can be shown that G has exactly one 

noncentral chief factor within OiG). A slllll)le argument of Baumann (6) 

yields the Baumann-Niles theorem (of Section 1) as a consequence of Cor­

ollary l. 

Define R = (FA). If part (ii) of Theorem A holds, then the group 

(1'.,/\) is normal in G. We can interpret Corollary 1 as saying that if G 

has more than one noncentr al chief factor within o2(G), then 

o1 (z(s)) ~ Z(G) or R ~ G. 

Suppose G1 is another group containing S such that G1 and S satisfy 

Hypothesis (E) with G replaced by G1. Assume that G1 has more than one 

noncent!·al chief factor within o2 ( G 1 ) . We apply Corollary 1 to construct 

a characteristic subgroup R1 of S such that o1(z(s)) ~ Z(G1 ) or R1 ~ G. 

The construction of the group R depends on the e.i-nbedding of Sin G 

a.nd the construction of the group R1 depends on the embedding of the 

group Sin G1. It is desirable to produce another factorization theorem 

in which the choice of the characteristic subgroups of Sis not dependent 

on the embedding of Sin G. We are led to the following definition: 

Definition 1. Let G and S be :finite groups. G is a...'1 S-embeddable group 

i f G and S satisfy Hypothesis (E) of §3., 

Our next result provides appropriate characteristic subgroups of S 

which do not depend on the particular S-e.~beddable group under considera­

tion. 

Corollary 2. Let S be a 2 -group and 
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let g = fGIG is a $-embeddable group 

and G has more than one noncentraJ. 

chief factor within o
2

(G)}. 

Then there exist nonidentity characteristic subgroups s1 and s2 of g 

such that 

(1) s1 is characteristic in J(S). 

(3) If GE g, then either s1 ~ G or s
2 

<l G. 

Corollary 2 is closely related to the first theorem of Glauberman 

and Niles in §3. Let S be any 2-group. Corollary 2 provides two non­

identity characteristic subgroups s1 and s2 of S such that for any S­

embeddable group G with more than one noncentral chief factor within 

o2 (G), either s1 is normal in G or s2 is normal in G. The theorem of 

Glauberman and Niles gives restrictions on Sunder which characteristic 

subgroups T.1 and T
2 

of S a.re constructed such that for any S-embeddable 

group G either T
1 

is normal in G or T2 is nor:nal in G. Thus Corollary 2 

focuses on the groups G containing S while the theorem of Glauberman and 

Niles focuses on the 2-group S. 

Corollacy 2 concerns groups with a common Sylow 2-subgroup. Theorem 

A suggests that we should consider groups sharing the Thompson subgroup 

of a Sylow subgroup. 

Definition 2. Let T be a 2-group and let F, G, Sand V be finite groups. 

(G, S, F, V) is a T-embeddable quadrupl e if 

(i) G and S satisfy hypothesis (E) of §3. 



(ii) T = J(S). 

(iii) F = 01Z(J(02(G))). 

(iv) v = [G,n1z(o2 (G))]. 
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If Tis a 2-group, and J(T) f T, then there can be no T-embeddable 

quadruples. If Sis a 2-group and G is an S-embeddable group, then 

(G, S,F, V) is a J(S)-ernbeddable quadruple for appropriate subgroups F and 

V of S. 

We now give a result which provides a link between T-embeddable quad­

ruples. 

Theorem B. Let (G, S, F, V) and (GO'., Sex, Fcx' Vex) be T-embeddable quadru­

ples such that 

G f CG(01Z(S))NG(T) 

and GO'. f CG (o, z(s0'.))NG (T). 
ex ex 

If V < o2 (G) and F J F, then [S, VJ< ZJ(G). ex - ex I:.. ex ex -

Theorem B is proved before Theorem A and is used in conjunction with 

Theorem A in the proof of Corollary 2. Theorem B is also used in the 

proof of Theorem A. This may be surprising since Theorem A does not seem 

to involve two distinct quadruples. Let T be a 2-graup, let (G, s, F, V) 

be a T-embeddable quadruple and let ex be an automorphism of T. If 

it can be shown that T contains F and V, so the automorphism ex can be 

applied to F and V. There are groups GO'. and Sex such that 
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(Ga' Sa, rf, r) is a T-embeddable quadruple with Ga isomorphic to G and 

Sa isomorphic to S. We may apply Theorem B to yield the following re­

sult. 

Proposition. Let T be a 2-group and let (G, S, F, V) be a T-embeddable 

quadruple such that 

This is the form in which Theorem Bis applied to the proof of Theo­

rem. A. Theorem A could be proved with no mention of Theoren1 B or T-em­

beddable quadruples. Fortunately the proof of Theorem B is no more dif'­

ficult, except for unpleasant notation, than a direct proof of the prop­

osition. Thus Theorem Bis proved in §5 of the second chapter although 

no essential use of embeddable quadruples is made until the proof of 

Corollary 2 in § 8. 

We now describe some of the ideas involved in the proof of Theorem A. 

Let T be a 2-g:roup with J(T) = T and let (G, S, F, V) be a T-embeddable 

quadruple. Also let A ~ Aut(T) such that A contains the action of 

Sn J(G) on T. Define Q, = o2'(G). As::rume that 

We prove in this situation that [ J( G), rf] < F for each a E A or there 

exists a E A .a such that S = V Q. 

The failure of the Thompson factorization implies that G/CG(V) is 

isomorphic to L2 (2n ) and v/cyCG) is a na.turaJ. module for G/CG(V). This 

gives considerable information about a(s). If A is any element of a (s), 
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then (A n Q )F = (A n Q)V and (A n Q )V is an element of 0.( S). '.rhe group 

T contains F and V. '.rhe collection a( S) contains O( Q). It is also 

shown that 

S = AQ = TQ. 

We mention the simplest possible candidate for the group G. Let Q 

be an elementary abelian 2-group order 2
2

n and let G be a semidirect pro­

duct of Q by L~/2n) such that Q is a natural. module for ½(2n). Now 

let S be a Sylow 2-subgroup of G and define T = J( S). It follows that 

(G, s, Q, Q) is a T-embeddable quadruple. This example occurs as a 

parabolic subgroup of r.
3

(2n). Hence T =Sand a(s) has exactly two ele­

ments, one of which is Q,. T'ne other element of O.(S ) is the group gene­

rated by matrices of the form 

( 1 a) n O l , a E GF(2 ) 

and column vectors of the form 

There is an automorphism of S which interchanges the two elements of 

a(s). Thus whether parts (i) or (ii) of Theorem A apply to this example 

depends on whether the group A contains such an automorphism. 

We attempt to mirror this in the general case. 'The important point 

is that the existence of a unique noncentraJ. chief factor within V as a 

natural module for L2 (2n) forces strong conditions on commutators of 2-

subgroups, and this is what we utilize. In particular, if Z = CV(s), 
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then it is shown that 

[S,V] = [T,V] = Z. 

If A is any element of a(s) not contained in O'(Q,), then 

[A,F] = [A,V] = Z. 

Also F = V(A n F). These facts are developed in §4 of the second chapter. 

The next step is the proof of Theorem B in § 5 of the second chapter. 

In the context of our present discussion this asserts that if ex is any 

automorphism of T such that v1' ::: Q and .P /= F, then rf! ::: Z ( J( G)). We 

fix an automorphism ex and assume that rf! -I:_ Z(J(G) ). We show that there 

is an ele..ment g of J(G) such that J(G) is generated by the subgroup T 

and the element g. A study of the subgroups F, :if and :ifg and their 

cormuutators eventually forces a contradict ion. 

We now make some general .remarks concerning Theorem A. If v1' is not 

contained in Q for some element ex of 1\, it is shown that S = fXQ which 

is one of the conclusions of Theorem A. We assume therefore that 

v1' ::: Q for each automorphism ex of T containecl in A. We now let ex be an 

element of A. We show that rf '.:: Q, and assume that [J(G), FJ f F. 

We now let g and x be any elements of J(G) such that xis a 2-elernent. 

The main purpose of § 6 of chapter two is to prove that .pg and rf gx com­

mute. The groups .pg and rfgx are normal in J(Q), and the action of r g on 

:rfgx is highly restricted by the embedding of Vin T and vice versa. A 

technical argument exhibits the incompatibility of these group actions 

with the embeddings of the subgroups :rfg and :rfgx in the group T. We 

conclude that 1'.µg and rfgx commute. This information is applied in l e..'11-

ma 6. 4 to yield some other commuting subgroups. 
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The proof of Theorem A given in §8 of chapter two is based on the 

methods of Baumann. Assume [ J( G), -P] i F. Let A be an element of a( s) 

not contained in Q and let g be an involution of J(G) such that J(G) is 

generated by T and g. 

The cow.mutators computed in lemma 6.4 are used to construct an ele­
-1 

ment B of a(Q) ·with speciaJ. properties. In particular [B,-11-g::x g] is a 
-1 

nonidentity A-invariant subgroup contained in a(Qf g. It is shown 
-1 

that [B,-11-g:x g] = Zg. A contradiction is obtained by observing that A 

does not act on zg since v/cv(G) is a natural module for G/CG(V). 

Let G be a finite group with CG(o2(G)) ~ o2(G) and define Q = o2(G). 

Let X <3 G such that Q ~ X and X/Q has no partial complement in G/Q. De-

- I - n fine G = G X and suppose G ~ t
3

(q) where q = 2 . Let T E Sy½(G). 

One might conjecture that either there exists a characteristic sub­

group of T that is normal in G or else there is exactly one noncentral 

chief factor of G within Q • . Unfortunately the situation 'With t
3 

(q) is 

more complicated than with ½(q). We construct a counterexample involv­

ing s1
5

(q). 

Let Q be the group of matrices in SL
5

(q) 

of the form 

1 a b c d 

0 1 e f g 

0 0 1 0 0 

0 0 0 1 0 

0 0 0 0 1 

Let S be the group of upper triangul ar matrices inst
5

(q). Let H be 
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the group of matrices in s1
5

(q) 

1 0 0 0 0 

0 1 0 0 0 

of the form 0 0 a b C 

0 0 d e f 

0 0 g h i 

* Let G = SH. Now Q = o2 (G) = F (G) and there are two noncentral 

chief factors of G within Q. 

Let g = 

0 0 0 0 1 

0 0 0 1 0 

0 0 1 0 0 

0 1 0 0 0 

1 0 0 0 0 

and let p be the automorphism of SL~(o) induced by conju.:,o-a.tion by g. 
) .L 

Now let cp be the contragredient automorphism of s1
5 

( q ), and let a = ~ cp-

ff' = S so a induces an automorphism of S. 

acteristic subgroup R of S such that R <l G. 

Suppose there exists a char-

a a a Then R <JG and R <1 S so 

Ra~ s1
5

(q) since {S,Ga) = s1
5

(q). But o2 (sL
5

(q)) = 1, a contradiction. 

Of course this example can also be explained by considering graph 

automorphisms of !Pfllkin diagrams. This topic is treated in section 12.2 

of Carter' s book on Chevalley groups [ 7]. 

We now give the main result of the third chapter. 

Theorem C. Let G be a finite group with CG ( o2 ( G)) :S o2 ( G) and define 

Q = o2 (G). Let X <l G such that Q::: X and X/Q has no partial complement 

in G/Q. Assume G/X ~ 1
3

(2n) and let T E Syl~/G). Let M1 and t,~ be the 

maximal proper 2-local subgroups of G containing T such that M1X/X and 
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We assume that :R is contained in Q for each automorphiSill a of p 

contained in the group A, and l et F be the centralizer in E of o2 (K). 

Our goal is to prove that [G,:EfX] is contained in E for each a in A. The 

normal. closure of Fin NG(P) is t he group E, so it su:ffices to prove that 

[K,}+:t] is contained in F. 

The conjugates of If in the group Kare studied via the embedding of 

these conjugates in various elements of the set O.( S). The structure of 

a(s) is highly restricted by the action of the group G on the normal sub­

group V. Our analysis requires the methods used in the proof of Theorem 

A. 

We mention a key intermediate result. 

T'neorem D. Assume the hypothesis and notation of Theorem C. If a is an 

automor phism of P such that :EfX -/= E and Ff ~ Q, then rf! ~ Z(G), where 

z = cv(s). 

Theorem D plays the same role in the proof of Theorem C as T'neorem B 

plays in the proof of Theorem A. 

Almost every argument used in the proof of 'l'heorem A reappears in. the 

proof of Theorem C. Those arguments a.re insufficient to prove Theorem. C 

because the set O(P) is :properly contained in the set O(T). This leads to 

many difficulties not present in the proof of Th.eorem A. In particular, 

it is necessary to study the embedding of NG(P)/CG(P) in A. 
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1. ½(q) Modules 

In this section G is a group. isomorphic to ½(q) where q = 2n. Let 

SE Sy½(G) and let F be the field of 2 elements. Vis an indecompos­

able FG module and D = CV(G). Assume V/D is a natural. ½(q) module :for 

G and Z = CV ( S) . 

Lemma 1.1. D = 1 if q = 2. 

Proof. V = D $ [O(G), V] if q = 2. But G acts on [O(G),V] so (G,V] = 

[O(G),V]. From V = [G,V] we get V = [O(G),VJ and D = 1. 

Lemma 1.2. lz: DI = q. 

JL 

Proof. Let g E S7r. 2 Then g = 1 so [V,g,g] = 1. But [V,g]D/D = 

1L 

Lemma 1.3. If g E s-rr, then z = [g,VJ e D. 

Proof'. Iv : cv(g)I = I [g,vJI. But Iv: cv(g)j = q by 1.2 so I [g,VJI = 

q and [g,V] n D = 1. But lz: DI = q so Z = [g,V] 0 D. 

Lemma 1.4. [s,vJ = z. 

Proof. Let x E G\ NG(S) and let M = [S,V] + [S'"<,V]. Now V=[G,V] = 

[(s,s1'>, v] ~M, soV=M. But [s,v] n [g-X,v] = [s,v] n [s,v]x= 

[s, vJ n n, 
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Then lnl = j[s,v] n nl and D < [S,V). Then z = [s,v]. 

2. The ~.ain Hypothesis 

We recall the definition of a T-embeddable quadruple from §4 of the 

first chapter. 

Definition 2. Let F, G, S, T and V be finite groups. (G, S, F, V) is a 

T-embeddable quadruple if 

* G is a finite group with F (G) = o2 (G). 

There ex.i. sts K <J G such that K contains o2 ( G) 

where Kha.$ no partial complement in G and 

G/K ~½(2n) for. some n. 

T = J(S). 

F = 01(Z(J(02(G)))). 

V = [G,01 (Z(02 (G)))J . 

In the rest of this chapter let T be a 2-group with (G, s, F, V) a 

T-embeddable quadruple. Let Kand n be as in Definition 2, define 

H = J(G) and let A ::: Aut(T) such that A contains the action of S n H on 

T. Define Q = 02(G) a.nd R = J(Q). Represent Cv(S) by Z and Cv(G) by D. 

Also l et q = 2n. t-et G = G/K, a.nd E = n1 (Z(Q)). 

3. The Subgroup K. 

Lemma 3. 1. The following statements are true in the group G. 

(i) Kr-IG(S) is the unique maximal subgroup of G containing S. 
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(ii) (H n K)NH(S) is the unique maximal subgroup of H containing s. 

(iii) K/Q has odd order. 

Proof. Suppose W is a proper subgroup of G that contains S. K has no 

partial complement in X so KW f. G. But KS ~ KW< G. Then KW~ NG(KS) 

since KS E Sy½(G) and G = ½(q). But NG(KS) = KNG(S) by the Frattini 

argument. Then KW~ KNG(S) and W ~ KNG(S). Thus part (i) holds. Part 

(ii) follows from part (i). G = m-rG(sn K) by the Frattini argument. 

Then NG(sn K) = G since K has no partial complements in G. But o2 (G) = 

Q so Sn K = Q. Then K/Q has odd order. 

Lemma 3.2. Suppose G /, CG(o, (Z(S)))NG(T). Let A E a(s) \ a(Q) and 

w = (o1(z(s))G>. Then 

( i) [ K, W] = 1 . 

(ii) W/Cw(G) is a natural module for G. 

(iii) S = AQ. 

Proof. Lemma 3. 2 follows directly from a theorem of Aschbacher [ 5]. 

4. The Thonr_pson Subgroup. 

Lemma 4. 1. Let A E a(s) \ a(Q). Then 

(i) a(s) = c1(T). In particular A ~ T. 

(ii) [K,E] = 1. 
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(iii) v/D is a natural ½(q) module for G. 

(iv) (An Q)E E O(Q). 

(v) O(Q) c: O(S) . 

(vi) E = V • 0, ( Z ( G) ) • 

G 
Proof. T = J(S) so a(s) = O(T). Let w = ("-t(Z(S))) and let 

W = W/~(G). 
. ~ 

Lemma 3.2 implies that [K,W] = 1 and Wis a natural L2 (q) 

module for G. Also s = AQ. Now IE: CE(A)I ~ lw: ~(A)I ~ lw: ~(A)I = 

q. But (A n Q )E is elementaxy abelian and A € a( s) so I A I ~ 

l(AnQ)EI = IAnQI. jE:AnE!. But IE:AnEI ~q since lw:~(A)I = q. 

Then I A I = I (A n Q )EI and IE : A n EI = q. Now (A n Q )E € a( s) so 

(AnQ)E E a(Q) and a(~) c:a(s). Let g € G \ KNG(s). Then (s,sg) = G 

so (Q, A,Ag) = G and CE((A,Ag)) = CE(G). Now IE :AnAgnEI ~ q2 since 

. ~ 2 2 I E : A n E I = q. But I w : q:;c G) I = q so I E : A n Ag n E I = q and E = 

WCE(G). Now [K,E] = 1 and E = VCE(G) where CE(G) = 01(z(G)). Also 

V/D is a natural ½(q) mod:ule for G. 

2 2 
Lemma 4.2. G = HQ and O (G) = 0 (H). 

Proof. T f R so H 1:_ Q. But !K: QI is odd by 3.1 so HK= G. Then 

HQ= G. o2
(G) = o2

(H) since H ~ G. 

Le.rmna. 4 . 3 . (i) D = 1 if q = 2. 

(ii) I z : DI = q. 

(iii) If g ES\ Q, then Z = [g,V] X D. 

(iv) [T,V] = [S,V] = z. 
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Proof. 4.3 follows directly from 4.1 and the lemmas in §1 of this chap-

ter. 

Lemma 4.4. Let A E a(s). 

(i) F • CA (F) = (An Q)F E O(Q). 

(ii) F=V·(AnF). 

Proof. We may assume A 1::. Q. 

(i) (AnQ)E E O(Q) by 4.1 so F ~ (AnQ)E. Now E ~ F so (AnQ)F= 

(AnQ)E and (AnQ)F E O(Q). Notice that An Q ~ CA(F). But An Q = 

CA(E) ~ CA(F) so An Q = CA(F). 

(ii) (AnQ)F = (AnQ)E = (AnQ)V so IF:AnFI = lv:AnF[. Then 

F = (AnQ)V. 

Lei"lilla 4. ~- Let A E o( s) \ a( Q). Then 

(i) [T,F] = [A,F] == [A, V] = Z. 

(ii) [R,F] = V. 

(iii) If Y E U(T), then Y n Q E U(Q) and [YnQ,F] = 1. Also F = 

VCF(Y). 

Proof. (i) [A,F] = [A, V • (An F)] = [A, V] by 4.4. But AQ = S so 

[A,V] = [S,V] = Z by 4.3. Then [T,F) = Z. 

(ii) [T,F] = Z so [R,F] = V. 

(iii) This follows from 4.4 (i). 
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5. The Proof' of Theorem B. 

embeddable quadruple and Zo:. = CV~(Sa). Let % = o2 (Gc) with Ea: = 

01 (Z(%)) and~= J(G-a). 

Theorem B. If Va: ::: Q, and Fa f. F, then 

either Ga= CG(o,(z(sa))NG (T) 
a: Ct 

or za 2 Z(H) . 

We prove Theorem Bin a sequence of lermnas. Suppose V < Q and a-

Notice that FE U(T) so F = V CF (F) by lermr~ 4.5(iii). Then 
ex a a 

F = V (F n Q), and V < Q, so FCt < Q. a a a a,_ -

Let A E O(T) \ O.(Q) with B0 =(An Q)F and B = fXcB (Fa). Let 
0 

g E H \ NH (KS) . 

Proof. Let Y = NG(Za) and suppose Y f NG(KS). T :'.: NG(Za) so Y = G. 
Then YQ = G. Q, :'.: NG(T) so H = (TY). Then Za ~ H. But [T,Za] = 1, so 

[H,Za:] = 1, a contradiction. 

Lemma 5.2. (i) Bo E a(T) and B E O(T). 

(ii) [A,B] ::: zza ::: CB(Fi) 

(iii) (Fi):'.: R. 
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Proof. (i) follows from 4.4(i). 

But [Fa,F] = 1 by 4.5(iii), so [~,F] = 1. 

(iii) F <l R <JG so (F G) < R. a - a -

Lemma 5.3. (FagA> is elementary abelian. 

Proof. Fa <J T so Fa <J R <JG and F~ <J R. Then A n Q, acts on ~- Sup­

pose 5.3 is false and let x E A \ Q sit. [~, Ff] f 1. But Fi• CB(~) 

E O(Q) and A acts on CB(~) by 5.2(ii), so ~·CB(~) = Ff• CB(~) E 

O(Q). Now zi = [~,F; • CB(Fi)] = [~,Ff] = [~. CB(~),Ff) = z:f 
by 4.5(i). Then gxg-

1 
E NG(Za) :':: NG(SK) by 5.1. But x ES\ Q and 

g E H \ NH (SK), which gives a contradiction. 

Lemma 5.4. Fi :':: B. 

Proof. A acts on CB(~) by 5.2 so CB(Fi) = CB((rgA)). But ( F~gA) is 

abelian by 5.3 so (FY.;) • CB(Fi) = ~ • CB(Fi) E O(Q). But A acts on 

(F!j1) and CB(Fi),so A acts on Fi· C~(F~). T'nen A acts on 

[B,Fi • CB(~)] = [B,~]. But B E t'.7(Q). If [B,~] f 1, then [B,~] = 

Z~ and A acts on zi. Then A :S NG (KSg) by 5. i, a contradiction. 

Lemma 5. 5. FFa <l H. 

-1 -1 
Proof. [Ag F] = [A F]g 

' a 'a 

-1 
< (ZZ )g 
- a 

-1 -1 
Fg = F. But [T,Fa) = za :':: F so H = (T,Ag > :SNr,(F:Fa). 
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We now prove Theorem B. Suppose Fex f F. Then there exists 

x E a(Q) such that [X,Fex] -f,. 1. Then [X,Fex] = zex = [T.,Fex] by l~.5- But 

X :_:: R :_::Tso [R.,FexJ = za, and H acts on FFcx by 5.\ so H acts on [R.,F.Fex] 

= [R,Fex] = zex, contradicting 5.1. 

We now prove an important corollary to 'Iheorem B. 

Corollcn:y 5. 6. If ("E0 :_:: Q and ex E A, then P <l S n H . . 

-1 
Proof. Suppose x ES n H such that px f: P. Then rfxY- :/= F. But f... 

• -1 _axa-1 
contains the action of S n H on T. f1-»:L :_s Q by hypothesis so z---- < 

Z(H) by Theorem S. But .P :_:: Z(H) since-Pf: F, so .p-x = .P-. Then 
_a:;it::C 1 
6 • =Zand Z :_:: Z(H), a contradiction. 

In this section suppose G -f,. CG(o1(z(s)))NG(T) and (v"') :_:: Q. Let 

ex € /\ and let W = ( rfH) . If rf f F, then .p :_:: Z(H) by theorem B. 

Lemma 6.1. (i) W < R. 

(ii) ili(W) :_:: rf!. 

Proof. ( i) rf :_:: R <l H so W :_:: R. 

(ii) [rf,w] :_:: [rf,R] :_:: [rf,T] :_:: .p :_:: Z(H) if rf 'f F. Then 

~(w) :_:: ,£1- if rf f: F. I f rf = F, then ~(W ) = 1 < .P-. 
-1 

Lemma 6.2. If u E H and g E ,p,m , then [h,hg] = 1 if h is an involu-

tion of W. 

Proof. We may assume fl:/= F. Let X = ( g,h) and suppose [h,hg] f= 1. 
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X is dihedral since g2 = h
2 

= 1. But Hx n W) 5 Hw) 5 .P 5 Z(H) a..'1d 

-1 -1 -1 
2(xnvf )5~(w)a 5z. NowgExnvf ~XandhEXnw~x. But 

. -1 -1 
[h, h g] ,f, 1 , so g /:. x n w and h / x n vP Then x/x n w ~ x/x n vP =! 

~2. Buth/ Z(X n W) since [h,hg] ,f, 1. Also 9(9l(xnw)) == 1. Then 

-1 
x n w '::! n8 and x = n16. Also c}(xnw) = z(x). But Ix: xnr.P I == 2 with 

-1 -1 
g
2 

= 1 and g /_ Z(X) so X n vf ~ DB° Then Z(X) = ~(xn-vf ) 5 Z and 

Z(X) 5z (') rf1' 5 Zn Z(H) = D. Let y be en element of orde.r 4 in 

-1 
X n if . Now ga, / 1

• E W and cfu, yau E W and W 5 T. Now 1 =/= 

au2 - 1 aro: -1 -1 --1 -1 
[y , g ] E [yaro: , VJ n _rfta , which equals [yaro: , V] n D, 

contradicting 4.3. 

Lennna 6.3. If x ES n Hand g EH, thE-.n [rg, ..pgx] = 1. 

Proof. We may assume f1- ,f, F. Suppose false. Then there exists g E H 

and t E S (') H such that [Pg, pgt] 'f 1. Let u = gth-1 . Then 

-1 
[ru, :if] 'f 1 and [rro: ,F] 'f 1. But If E U(T) and f1- ::: Q so :if EU(Q). 

-1 -1 
Then r'1 E U(Q) ~ U(T) and pro: E U(T). pin, f. tt(Q) since 

_, -1 -1 -1 
[P,n, ,F] 'f 1. Then ..pin, "f:. Q, with [rl!X , V] 'f 1 and [F, \rta ] f: 1. 

-1 -1 -1 -1 
But r,n, E U(T). Now yY,trY. /_ U(Q) since [F,\rro: ] -/= 1, so yY,l!:X f_ 

-1 -1 -1 -1 
Q. Then [rro: ,V] 'f 1 and CV(fiw, ) = Z. Now fire: n C(V) = .pro: . 
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-1 -1 -1 
z°'.U'.:x = Z so .pu:x n C(V) = Z. Then .pu:x n Q =Zand Sn H = 

-1 
o
2 

(H) ru:x . Notice f1- <l S n H by 5. 6 so f1- <1 o
2 

(H) and pg <l o
2 

(H). 

-1 
Then there exists x E -fXU:X such.that Ifr!X = .p-gt_ 

-1 -1 
Let y E rg \ z°'.. Then [y,yx] = 1 by 6.2. But yE, a E V \ Z, so 

-1 -1 -1 -1 
CT(yg a ) = CT(V). Then CT(yg ) = CT(rf). So CR(yfs ) = CR(rf). 

[fig, fX'gxJ = 1. But fX'g E U(Q) ~ U(T) so [rfg,:ifgx] = 1. Use pgx E 

U(Q) to get rPg,-11-gxJ = 1. 

Theorem 6. If x EH is a 2-element and h EH, then [Jfh,fXhx] = 1. 

Proof. Theorem 6 follcrws directly from 6.3. 

Lemma 6.4. If x E T \ Q and g,h are involutions of H \ NH(SK), then 

(a) pg E U ( Q ) • 

-1 -1 
(b) .P,fP. E U(Q) and ..pg:t, h E U(Q). 

-1 
( C ) pgy. h'.X E U ( Q) . 

-1 -1 
( d) [ f1-g:x h, f1-€4l ] = 1. 

-1 -1 . 
(e) [-11-g::x gx, pg:x g] = 1. 

-1 -1 
(f) r-P-g:t, g, P gx1 = ,. 

Proof. We may assume P -/: F. 

(a) F € U(Q) ~ U(T) so fX E U(T). But fX ~ Q, so fX E U(Q) by 
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J.,emma 4. 5. It follows that rg € U(Q). 

-1 -1 -1 
(b) [/1-fP. ,F] = [rg,/1-f = 1 by Theorem 6, so f1-€P- :5 Q. 

-1 -1 
But "Ifg € U(Q) and U(Q) ~ U(T) so ..P,fP. € U(T). Then Jfg:x. E U(Q) and 

-1h 
..P,fP. E U(Q). 

-1 
But [..P,g,J(Q)] = [:if,J(Q)]g :5 [r,T]g =£lg= ,P. Then ~ft!P 1::et,F] :5 

ctx?-
1
:ta = z:ta. But pgx-1:ta E U(T) by (b), so rPfP--

1
:tt:t,F] :5 z. 

-1 -1 _, 
_a )a w ... b'"l'. a ag _.ag _a, ro _a, ta ( ) 

( D = rr- = D = D • Then [ V , .I!' ] = 1 . But I<' E U Q , 

_a,g _a, - 1 :ta _J1g:t - 1 h:X _a gx - 1 J:i.X 
so [1'' , 1t ] = 1 and [..1.' ,FJ = 1. But .I!' E U(T) by (b), 

_, 
so ..P,fP. in € u(Q). 

_, -1 -1 -1 -1 
(d) [:rfgx h, -f1,fP. ] = r:PfP- 1:a, :rfgf :5 [J(Q),Pgf by (c). 

-1 -1 -1 _, 
But [J(Q),:rfgf = [J(Q),PJfP. :5 [T,r]fP- = (z<X)g:x =Z. Notice 

-1 _, -1 
Then rPg::x h ,-f1'€P'. ) :5 z n z11 = D and rPf!P! 1:a,rgJ :5 n° = Dag. NO".r 

-1 -1 • -1 
[ :if €P'. h'.:X, fXg] = 1 . But prr:t in € U ( Q ) by ( c) so pg:z ta E U ( Q fXg and 

-1 -1 -1 
[r€P . ro:,pg] = 1. Then [Pg): h,-f1,fP. · ] = 1. 

(e) rPfP--
1
gx,pg:x-lg] = [PfP.-l(gxg),pg::x-l] = 1 by (d). 
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(f) [Pg:x-lg,:r?-
1
gx] = [ff:P-l (gxg)a,F] = 1 by (c). 

7. The Proof of Theorem A_. 

Theorem A is proved in this section. If G = CG(01(z(s)))NG(T), 

then either o1(z(s)) ~ z(s) or T ~ G. If T <l G, then F = o1(z(T)) and 

F <l G and Theorem A holds. So we may assume that G f CG(O,(Z(S)))NG(T). 

The proof of Theorem A is obtained in a sequence of lemma~. We 

suppose Theorem A is false and proceed by way of contradiction. 

Lemma 7. 1 . f1- :S Q for each a E A and Q ( <-I-> ) = l . 

Proof. Suppose ther e exists a E A such that rf f.. Q. Of course F EU ( T) 

so fl-= .P-c:P(F) by lemma. 4.4. But fl- E U(T) so c:P(F) = fX n Q and 

f1- = v1--(fX n Q). Then.Pi. Q and [r,v] ! 1. Now 1.P: .P n QI== 4 and 

S = Qif and Theorem A holds, a contradiction. T'nerefo.re -/1- :S Q for each 

a EA. 'l'hen [fl,F] = 1 since rf E U(T). Then F :S Z((FA)) and (FA) is 

el~..mentary abelian. 

We may assume there exists a E A such that [H,:if] f:. F. Let 

A E O(T) \ O(Q) and B0 = Fif •CA(#). Let g E H \ NH(SK) such that 

-1 - 1 
g2 = 1 and B == fX g • CB (f'- g). Notice that Bo, B E O(Q) and [A,Bo] 

0 

:5 [A,ff] ~ zf!. 

Le..."'lllla 7. 2 • 

(ii) 
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(iii) [R,JfgJ = [B0,:ifg] = .f!. 
-1 -1 -1 

Proof. (i) [A,Bo] ~ zi! ~ CB (If g) so CB (rf g) and CB (:if g) = 
0 0 0 

-1 
CB ((r gA) ). 

0 
-1 -1 

(ii) f((lf gA)) = 1 by Theorem 6, so q(B(:if gA)) = 1 by (i). It 

-1 -1 
follows from BE O(T) that (P gA):::: Band [A,B]:::: [A,:if ~ 0]:::: 

B • z,£1- < B. 

-1 -1 
Let x E A\ Q. Now [x.,BJ :::: [h,lf ~ 0] :::: p-,gp fPCz.P. There:fore 

-1 -1 -1 -1 -1 
[:if g,rf-,P, g] = [F,:ifg:f g = 1 and [:fX gx,f"Ffl g] == 1 by l emma 

-1 -1 
6.4(f). But -jl-{!;J. g ~ T by 6.4(b), so zf1- ~ c(rg:x g). Therefore 

(iii) If pg:::: B0, then [Ag,Jf] = [A,fl-g]g ~ [A,B0]g:::: (zz'X)g = 

zgi!:::: F and [H,P] = [(T,Ag),:if] ~ F; a contradiction. Then rg i Bo· 

Now Bo € a(Q) so [Bo,:ifg] = ,pg = l 1
•• Now we have [R,rgJ = [R,:if]g:::: 

[T,rf]g = z?g = ft with B
0 

~Rand [R,Pg] = .f!. 

-1 -1 
Lemma 7.3. If. :if{!;i, g:::: B then Bf E a(Q) a.nd -If g:::: Bo· Also B = Bo .. 

-1 -1 . -1 
Proof. Suppose JffP! g:::: B. Then [B0,:if€P g] ~ [B0,B] = [B0,:if g] :::: · 

• -1 -1 -1 -1 
[R,If gJ = [R,:if Jg:::: ,f! g_ Then [Bfg,:if] :::: (.f! g)g:;tg = zg :s F. 

Then [T,P] :SF and [H,P] {. F yields Bfg :S S. gx 
F.rom B0 :::: s, we get 
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-1 
[B0,fl gl = 1 and B0 = B. 

-1 . -1 
Lemma. 7. 4.. If' flffl- g ~ B, then [H, r ] < F. 

_, 
Hence B0 ~ Ra g, so 

-1 -1 -1 
Proof. Suppose flfP- g ~ B. Then fl g ~ B0 by 7.4. Now [Ag,r ] = 

-1 -1 -1 
[A,:if g]g ::: [A,B

0
]g ~ (zza)g = zg.p ::: F. But [T,P ] = za < F and 

-1 
(Ag1 T) = H. Then [H,fl J < F. 

-1 
Ler:lina 7. 5. JffP- g 1_ B. 

Proof. 
-1 

Suonose 1'.p:g:r g < B 
~~ - . 

-1 
We have Ba < X < - -

-1 -1 -1 
Rn Ra and X = J(CQ(# )). Now Ag a,cts on# by 7.4 so Ag acts 

-1 -1 
on X. However, Ag acts on FJ?efi. so Ag acts.on [x,#eP ] = 

-1 
[:tX,Pgf . From Bo~ r ~ R, it f'ollows that [r,rgJ = rf! by 7.2. 

Then Ag acts on z, a contradiction. 

-1 
Lemma 7.6. [B,fXeP g] is A-invariant. 

-1 
P-roof. Let x EA\ Q, and Y = pg:x g• But [Y,yX] = 1 by 6.4 (e). 

-1 -1 
Now fX g ::: B so B E O(Q) n a(Q)°" g. Then Y • CB (Y) E c7(Q). Lemma 7.2 

(ii) yields CB(Y) = CB(r) and then 1:rCB(Y) is elementary abelian. 



But y • CB (Y) E a(Q) so yX ~ y • CB (Y). Then X acts on y .. CB(Y) so X acts 

on [B, Y • CB (Y)] = [B, Y] for all x E A \ Q. Mow A acts on [B, Y]. 

We now establish the final. contradiction that proves Theorem A. We 

-1 -1 -1 
have rf g :SB so BE O(Q) n O(Q)a. g. But [B,:ifgl g] f 1 by 7.5 so 

-1 -1 
[B,rfg:x g] = ,pg1 g = zg. Then A acts on Zg by 7.6, a contradiction. 

8. Corollaries to '.Lneorem A ---------
We give two corolla.ries to Theorem A. '.Lne first corollary is 

closely related to a theorem. of Ba:umann [ 6]. 

Corollary 1. Either (i) O, (z(s)) ~ Z(G), 

or (ii) Frf <JG for each a E Aut(S) 

or (iii) there exists a E Aut(S) such that S = .PQ. 

Corollary 1 was proved in §4 of the first chapter. Notice that if 

neither (i) or (ii) holds, then G-/= CG(°-J(Z(S)))NG(T). Now if CTEAut(S) 

such that ;fl Q, then [o
2

(G),Q] = V since r.P,QJ ·~ ,f;X :SP. 

The second corolla.ry is similar to a result of Glauberman and Niles 

described in §3 of the first chapter. The proof involves an application 

of both Theore.~ A and Theorem B. We give some le.mm.as and additional no­

tation before .proceeding with Corollary 2. 

Lemma 8.1. Assume that G f CG(o1(z(s)))NG(T) and let Z = n n1(Z(T))a. 
a.EG 

Then (i) Vl = V • 01 (Z(T)) 

and (ii) J(S) € Sy½((J(S)~). 
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Proof. Let Y be a Sylow 2-subgroup of G with (S,Y) = G. Let 

BE a(Y) \ a(Q), choose g EB\ Q and define z = n1(z(T)). Clearly g 

~ - ~ normalizes VZ since [g,F] S CV(Y) and VZ SF. Then VZ is normal in G 

since G is generated by Sand g. • We know Z = V n Zand zzg = V. Then 

w = iz and lzg: zg n Z1 = Iv: v n zl = q. It follows :from Iv: znzgl 
2 ~ ~ ',:;'g = q that VZ = V(Z n Z ) • 

Of course Zn Zg is n~ized by Q, and g. Then in Zg is noma.l 

in G since Z is centralized by T and G = (T,Q,g). Hence Z n z!!, = Z ancl 

~ V7, = vz. 

Let X = (J(S)G). It follows from (i) that CQ(Z) is contained in 
,..,, ,,,..., ,,..,, . 
J(S). Then X n Q = J(S) n Q and hence J(S) is a Sylow subgroup of X. 

Lemma 8.2. If T ~ G, then either J(S) <l G or o1(z(s)) S Z(G). 

~ Proof. Suppose T <l G and J(S) ~ G. T'nen CG(o1(z(T)) <JG and 

Hence o1 (z(s)) S Z(G). 

Definition 8. A finite group X is a (J, S)-embedda.ble group if 

(X, S.X,FX, VX) is a T-embeddable quadruple for some subgroups ~' FX and 

~ ~ VX of X such that J(S) = J(i\) and X ~ CG(n1(z(~)))NG(T). We then say 

(X, S,_x,FX, VX) is a (J, S)-embeddable quadruple. Let JI be the collection 

(J, S )-embeddable groups with more than one noncentral chief :f'a.ctor in 

the Frattini subgroup. Let :r = fn1z(J(02 (x)))lx E JI}. 

Corollary 2. Let g = (XI X is an S-embeddable group and X has more than 



one noncentral chief factor within o2 (X)}. 

Then there exist nonidentity chara:cteristic subgroups s1 and s2 of S 

such that 

( 1 ) ~ s1 is characteristic in J(S). 

(3) If XE g, then either s1 <l G or s2 :::! G. 

Proof. Let A = Aut(S) and A = Aut(T). If.& is empty then Corollary 2 

~ holds with s1 = J(S) and s2 = O,(Z(S)). Suppose JI is nonempty and let 

(X1, s
1

, F 1, F 1 ) be a (J, S )-embeddable quadruple with F 
1 

of ma.--u,>na.l possible 

order such that x
1 

E Ji. Now let s
1 

= (F
1 

A) and s
2 

= ( [•r, v
1 

]A) n 
o

1
(z(s)). Clearly s1 I 1. Also {[T,V

1 
]A) is a nonidentity normal sub­

group of s, so s2 ! 1. 

Notice that A permutes the elements of :r. Let :r
1 

be the orbit of 

F1 and let ~ E g_ If ~ E .71, then s 1 <1 ~ by Theorem A. Suppose ~ E 

2 :r \ .71 . It follows from lemma 8. 1 that o2 (~) n o (~) ::: o2 (~) n 

(J(S)~) = J(S) n o2 (~). If v1 'f x2, then [o2 (~), o2 (~)J ~ F since 

[v1,o2 (~) n o
2

(x2)J ~ [v1,J(s)J ~o1 (z(T)) ~ F. Then [o2 (~),o2 (Y'2)J ~ 

[~(~),F]::: [J(~),F] = V and~ has exactly one noncentral chief fact­

or within o2 (x), which gives a contradiction. Hence v1 ~ ~- Now 

[T, v1 ] ~ Z(J(~)) by Theorem B. Hence s2 ~ Z(J(~) ). Then s2 <J ~ 

~ since~= J(~)N~ (J(S)). 

If~/ Ji? then~ clearly nornalizes either x1 or~· 
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1. The Ba.sic Configuration. 

* Let G be a finite group with-F (G) = o2 (G) = Q, suppose ii <l G such 

that Q ~ .St and $-/Q has no partial complement in G/Q. Let G/il ;=! SL
3 

(q) with 
,. 

q = 2n. Define G = G/Q and T € Sy½(G). Of course j.$-: QI is odd by the 

Frattini argument. M.1 and },~ are ma:;d.mal. 2-locals containing T·and M1 , M2 
,. ,. 

are the parabolic subgroups o:f. G containing T a..--i.d let P < T such that 

Let E = o1z(Q), V = [G,E] and A< Aut P such that A con­

tains the action of NG(P) on P. 

The ma.in purpose of this chapter is to prove the following result: 

either (i) [G,f'] ~ E for each a EA 

or (ii) V = [a2(G),QJ and there exists a E A such that P' 'E:_Q. 

Intherestofthis chapter assume CG(o1 (Z(T))) ~?-~ andJ(P) f J(Q). 

We make use of the following lennna. 

Lemma 1. 1. 

G/CG(E) == st
3

(q) and E/CE(G) is a natural SL
3

(q) module for 

G/CG(E). There exists A E O(P) such that A is a root group of G. 

Proof. We use the notation and results of Asc.11bacher [ 5 J. There exists 

A E O(P) \ a(Q) such that AC(E)/C(E) E g*(G,E). But (AM1)Q = P, so if 

B = (Agl g E G and Ag ~ P), then QB contains P a.nd NG (B) ~ rit,. Then 

(NG(B), CG(E n Z(T))) :/:- G. Then lemma 1.1 follows fromthe f actori zat i on 
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theorem of Aschbacher. 

Let H = CG (E) and define G = G/H. Choose L :'.:: M1 and K :'.:: !A"2 such 

- 2 1
- - 2 1

-that L = 0 (M1 ) and K = 0 (~) w~th T :'.:: L n K such t hat (LriH)/Q has no 

part ial compl er:i.ent in L/Q aml ( K/1 H)/Q has no partial c omp:Lement in K/Q. 

Let Z = cv(T) with D = cv(G) and M = 02(K), F = olz(M) and U = [K,V]. Of 

course P = o
2

(L) with M = o
2

(K) and L/P ~ K/M ~ L
2

(q). Also H has no 

partial complement in G. 

2. Properties of E and a(P). 

Lemma 2.1. E = V • O, (Z(G)) and V/D is a natural module for G and [G,V] = 

v. 

Proof. · Lemma 2.1 follows direct l y from l emma 1.1. 

Lemma 2.2. If A E c7(P), then 

(i) If A i_ Q, then A = P or A is a root group of G. 

(ii) (A n Q)V E a(P). 

(iii) c7(Q) C a(P). 

Proof. If A is not contained in a root group, then Iv: A n vi > 

lv/n: CV/D(A) I = q
2 

and !Al = q
2 

• IA n Qj :'.:: I (A n Qlv!. But A E a(P) and 

(A n Q)V is elementarJ abelian so IAI = I (A n Q)VI and (A n Q)V E O(P) 

with I A j = q 
2 

• I A n QI and A = P. 
- . 

If A is contained in a root group, then Jv: A n vi 2: !v/D: CV/D(A) I 
= q and IA : A n QI :sq. Now A € a(P) and (A n Q)V is elementary abelian 

so !Al = I (An Q)VI a.nd (An Q)V E a(P), with IA: An QI = q. Then A is 
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a root group. 

-
Lemm.a. 2.3. If R < P and Risa root group of G, then there exists 

A E O(P) such that A= R. 

Proof. By lemma 1. 1, there e.7,.ists B E a(P) such that B is a. root group 

of G. L acts transitively on the root subgroups of P, so lemma. 2.3 fol­

lows. 

Proof. If g E P, then there exists some root subgroup R, of P such that 

g E R. By lemma 2.3, there exists A E a(P) such that A = R. Now 

Iv: cv(A) I = IA: An QI = q by lennna 2.2. Then Iv: cv(g) I ~ q since g E 

A. If g /: 1, then lv/D: CV/D(g)j = q by lemma 2.1. Then CV(g)/D ~ 

CV/D(g ) and Iv: CV(g) I = g_. It follows that CV(g)/D = CV/D(g) for each 

g E P. 

Pn MF 1 and K acts transitively on W. Hence CV(g)/D = CV/D(g) 

for each g E M. We have T = {P,M), so 

Then I Z : DI = q. 

If g E T such that g / PU M, then lcv/D(g)j = q. Now jz: DI = q and 

z ~ cv(g), so Cv/D(g) = CV(g)/D. Therefore lemma 2.4 holds for each 

- -
g E G such that g E T. By conjugation, 2. 4 holds for each g E G such 

that g is a 2-elernent. 

If g E G such that g is of odd order, then CV(g)/D = CV/D(g) holds 

trivially. If g E G such that g is of even order and g is not a 
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Lemma 2.5. [K,U) = U 

Proof. If q f 2, then o
2

(K) = K.· Then 

2 2 2 [U,K) = [V,K,K] = [v,o (K),o (K)J = [v,o (K)]::: [V,K] = u. 

2 
Suppose q = 2 and let g e: P \ M. Then v = [v,o (K)] • Cv(g) by lem.-

2 2 ma 2.4. Now [V,O (K)] ::! Kand [g,V] ~ [v,o (K)]. Then 

< 2 2 u = [V,K] = [v, g,O (K))J = [v,o (K)). 

2 2 2 2 Now [u,o (K)] = [[v,o (K)J,o (K)] = (V,O (K)] = u so [U,K] = u. 

Lemma 2.6. u = cv(M) and F = u • n1z(G). 

Proof. Let g € G such that G = (K, ~) and P ~ Ff,. Now 

Then IV : u I = IV : w I = I u : u n tfo I . 
W n D =(Un D)g =Un D. We knott that [P,V] ~Un W since 

p ~Kn "Ff>. Then lu n tfo: u n DI~ l[P,V]: [P,V] n DI = q by lemma 

2.1. Of course I (UD/ D) n ('lfon/ D)I = q, so jun#! = q • lu n DI. Then 

lv:ul = !u:un#! =
4

)f&,nl =q since lu:un DI =q
2

• 

un/D = CV/D(M) by lennna 2.1 and CV/D(M) = cv(M)/D by lemma 2.4. 

Then UD = cv(M). But lv/D: un/Dl = q and Iv: uj = q so D ~ u. Then 

U = CV ( M) . F = U • o1 Z ( G) follows from lemma 2 . 1. 
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Lemma 2. 7. Let g E P \ M and A E a( P). The following are true. 

( i ) V = U • CV ( g) . 

(ii) D = 1 if q = 2. 

(iii) Z = [g,U] X D. 

(iv) [P,V] = [P,U] = Z. 

(v) [A,U) E (1,z}. 

(vi) [A,V] E {1,Z}. 

Proof. Part ( i) follows from lemmas 2. 1 and 2. 4. Of course [ K, U] = U 

and [MH,U) = 1 with U/D a. natural ½(q) module fo.r R/w Now PE Sy~(K) 

and Z = CU(P), so we may apply lemmas 1.1, 1.3 and 1.4 of the first 

chapter, to conclude that Z = [g,UJ x D and (P,UJ = Z with D = 1 if 

q = 2. Now [P,V] = Z follows from (i). Theref'ore parts (ii), (iii) and 

(iv) hold. 

Let A E a(P). If A= P, then [A,U] = [A,V) = z by part (iv). If 

An M = 1, then P = AM by le.m.ma 2.2. Then [A,U) = [P,U] =Zand [A,V] = 

Z follows from part (i). If A~ Q, then [A,V] = [A,U] = 1. By 2.2, we 

may assume that A= Mn P. Then [A,U] = 1. There exists g EL such 

that Ag f M. Then [Ag,V] E f1,z} by the above. zg = z, hence [A,VJ E 

[1,z}. 

Lemma 2.8. Let A E a(P), B E a'(Q), g E G and a E Aut P such that If =Q. 

Then 

(a) (An QCX)If E a'(Qa). 

(b) (An Q n Qa) ER € a(Q) n cl(Qa). 
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(c) Ifg • CB(Ifg) E Cl(Q) n t1(Qag). 

Proof. 
-1 -1 

(a) Aa E a(P), so (Aa n Q)E e a(Q) by lemma 2.2. Then 

(b) (An c?) Jf E t1(Qa) by part (a). Then ((An QO:)-.rf n Q)E € 

O(Q) by lemm.a 2.2. Notice that (An Qa)Ff n Q =(An Q n Qa)f', so 

(A n Q n Qa)Erf E a(Q) and a(Q) c O(P). From [E,:if J = 1 we conclude 

E ~ Qa and (A n Q n Qa)E.P E a(Q) n a(Qa). 

-1 
(c) NowBg EtJ(Q), soi'•CBg-

1(:if!) EO(Q) na(Qa) by part (b). 

'.l'hen EfXg • CB(Ifg) E t1'(Q) n O(Qa g ). 

-1 -1 _, - -1 -1 
(d) Let X = Efg:x g_ If If g ~ B, t hen [Bg a,E) = [B,:rf g]g a 

-1 _, 

= 1, Bg a< Q a.nd Bg a E a(Q). Then Ifg • c g- 1a(~) E a(Q) by :part 
- B 

_, -1 

(c) and X • CB (X) E a(Qa g). From rftP ~ Q it follows that X ~ Q. 

Now B ~ Q and X. CB(X) ~ Q. Then X. CB(X) € a(Q). 

Lemma 2.9. Let A E O(P), g E G and a E Aut P. 

(b) If A~ Q, then [A,JfgJ E {1,txg}. 

-1 -1 -1 
(c) If A ~ Qa g and If ~ Q, then [A,Jfg:t g) E fl ,~gX g} . 
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Proof. 
-1 -1 

(a) With Aa E a(P), we see that [Aa ,E] E {1,z} follows from 

lezmna. 2.7 (vi). Then [A,~] E {1,f'.}. 

-1 
(b) If A E O(Q), then [Ag ,lf] E {1,~} by part (a). Then 

-1 -1 -1 - 1cx ...f:I.CY 
(c) If A E Qa g, then Ag < P and Ag a :SQ. Hence [Ag ,~ 0 ] 

-1 -1 
E t1,f'.g} by pa.rt (b). Now Jfg :SQ :SP and [A,lfg::t g] E (1,£1:fP g}. 

Lemma 2 .. 10. If g,h E G a:ad a E Aut P such that f1' ~ Q with x E pg\ 

o1(z(P))g and y E Jfh \ n1(z(P))h, then [x, yJ = 1 if and only if 

rrg,:ifh1 = 1. 

-1 -1 -1 -1 
Proof. From xg a e: F \ o

1 
(Z(P)) and yh a E F \ n

1 
(Z(P)) it follows 

-1 -1 -1 -1 -1 
that Cp(xg a ) = Cp(F) = Cp(Yh a ) and Cp(xg ) = Cp(r) == Cp(Yh-l). 

-1 h-1 
In particular, CQ(~ ) = CQ(lf) = CQ(y ), CQ(x) = CQ(rg) and CQ(y) == 

CQ (:rfh). Lemma 2.10 follows. 

L~ 2. 11. If g,h E G and a E Aut P such that r :SQ and [rg,fXhJ -/: 

1 , then I :rfg : Cpg (rh) I == q. 

Proof. 2.11 follows directly from 2.10. 

Lemma 2.12. If X ~ P and [X,EJ ~ D, the n [X,E] = 1. 

Proof. Lemma 2.12 is a direct consequence of le:nnnas 2.1 and 2.4. 
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Lemma 2. 13. If A E a(P) \ a(Q), then {[g,EJ I g E P} = {r g,E] jg E A}-

Proof. Let g E P. By lemma. 2.2, there exists h EL such that gh EA. 

) h h With (g,V] ~ Z ~ Z(L we find that [g ,v] = [g,V] = [g,V]. Lemma 2.13 

follows. 

3. The Proof of Theorem D. 

Theo:rern D. If a E Aut(P) such that Ff ~ Q and E /: Ff, then .P ~ Z(G). 

The purpose of this section is to prove Theorem D. Suppose a E 

Aut P such that :if ~ Q and rf ! E such that ,P -l_ Z(G). Let A E a(P) \ 

a(Q) with An M =An Q. Let g E K \ NG(HT) and define B0 = (An Q)E 

and B = (B0 n Qa)Ff. 

Lemma 3. 1. (i) B0 E O(Q). 

(ii) B E O(Q). 

(iii) Ff g . c erg) 
B € a(Q). 

(iv) [A,B] ~ zrfX ~ CB(Ifg). 

Proof. Parts (i) and (ii) follow from lemma 2.8. Pa......-t (iii) follows 

from (ii) and lemma 2. 8. Notice that 

so that (iv) holds. 

Lemma 3.2. (:ifgA) is elementa:r:.r abelian. 

Proof. Suppose lemma 3.2 is false. :rfXg <1 Q, so there erists x EA\ Q 
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such that [:rfg,:rfgx] -/= 1. Now :rfg • C (:ifg) E a(Q) by lemma 3. 1. But 
B 

[A,B] ~ CB(:rfg) by 3.1, so A acts on B and CB(:rfg). Now lfgx • CB(:rfgx) E 

a( Q) by lemma 2. 8 and CB (:rf g) = CB_ (Ef gx), so 

.pg= [rg, :rfgx • C (rg)] = [rg, :ifgx] = [rg . C (EO:g), :rfgxJ = .pgx by lelilIUa 
B B . , 

2.9. From .pg~ n1z(P)g and .pgx = .pg it follows that .pg~ Z(G) and 

.P ~ Z(G), a contradiction. 

Lennna 3. 3. Cg ~ B. 

Proof. Suppose :ifg f. B. Since B E O(Q), we have that [B,:rfgJ = £i.g by 

lemma 2.9. Now A acts on Band CB(:ifg) by lemma 3.1, so CB(Eo:g) = 

CB ( (EfXgA) ) . Notice that (rgA) is elementary abelian by lemma 3. 2. Then 

(rgA) • CB (Cg) is elementary abelian. :rf g • CB (:rf g) E a( Q) by le:mma. 3. 1 

and :ifg • CB (EfXg) = (rgA) • CB cd:Xg). Now A acts on :rfg • CB (rg). T'.aen A 

acts on Zo:g since [B,:rfg • CB (Eo:g)] = [B,Eo:g] = Zo:g. From .pg ~ n
1 
Z(P)g, 

it follows that .pg ~ Z(G) and .P ~ Z(G), which gives a. contradiction. 

Lemma 3.4. Elf <1 K. 

-1 -1 -1 -1 -1 
Proof. [Ag ,RJ = [A,:rfg]g -~ [A,B]g ~ (z.P)g ~ o1z(P)g ~ E. 

-1 -1 
Hence Ag ~ NK(Er). With Elf <l p and (P,Ag ) = K, we get that EC <JK. 

Lennna 3.5. J(Q)o: = J(Q) and :rf ~ Z(J(Q)). 

Proof. Elf <l K by lemma 3. 4. If :if f. Z ( J (f;i) ) , then 1 < [ J ( Q), :rf] = 

(J(Q),Er) <l K. If :if l Z(J(Q)), then [J(Q),R] = zo: by lemma 2.9. 

Then i! <1 K. Notice that ,f! ~ 0, (Z(P) = 0, Z(L). Then {! ~ Z(G), which 
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gives a contradiction. Therefore Jf :S: Z(J(Q)). Then [J(Q),rJ = 1 and 

J(Q)::;: Qo:. Recall that O(Q) ca(P). This yields J(Q) ::;: J(QP. Now 

J(Q) = J(Q)cx since IJ(Q)I = jJ(Q)o:!. 

Lemma 3. 6. 

(ii) ,f! = z. 

Proof. B0 E O(Q) by lemma. 2. 1, but :if ~ Z(J(Q)) by lemma. 3. 5. This 

yields that :if :S: n0. Let x E A. Then [x, Ff] :S: [:x,B0] = [x,E]. We 

have that E :S: Z(J(Q)) = Z(J(Q) p by lemma 3. 5 and (A n QO:):if E a(Q(X) by 

lemma 2.8, so E :S: (An QO:)EfX and [x,E] :S: [x,(A n QO:):EfJ = [x,:if]. 

Therefore [x,:if] = [x,EJ for each x EA. But J(Q)o: = J(Q), so A~ Qa. 

Then {rx,:if]lx E P} = {rx,Ea]l x EA}= {rx,E)lx €A}== {rx,E]lx € P} by 

2.11. In particular,Z == [A,E] = [A,:F?] = ,f! by lemma 2.9. 

Proof. E :/, :if so [Q,:if] f. 1. 1.1hen [Q, Jf] :S: [ P,:if J = ,;f == Z by lemma 

3.6. But Er <I K by lemma 3.4 and [Q,:if] = [Q,RFf] <I K. '.fuen [Q,:if] :S: 

D. 

We now establish a contradiction which proves Theorem D. We knor,., 

that 1 < [Q,:if] :S: D from lemma 3. 7, so tbere exists y E Q such that 

1 < [y,:if] ::;: D. It follows from lemma. 3. 6 that there exists x E P with 

1 < [x,E] :S: D. This contradicts le1;,ma. 2. 7 (iii) and theorem 3 is 

proved. 
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4. The Normalizer of :ifL. 

P.roo:f. We may assume that :if f E·. If g E NG(P) such that :ifLg I :if, 

-1 -1 
then :if€P I E. Now :ifgx ::: Q since (EA) ::: Q and A contains the ac-

-1 
tion of NG(P) on P. Then ,f!-gx ::: Z(G) by theorem D. Also rf! ~ Z(G) 

-1 -1 -1 
and {!-pJJ. = (rf!gf1. = F = Z f:_ Z(G), which yields a contra.diction. 

Therefore :if <3 NG(P). Then Qa. = Cp(E? = Cp(:if) <3 NG(P). 

5. The action of NG(P) on E~. 

Let 8: NG(P) ➔ A be the natural homomorphism. Suppose (t') ~ Q 

and let p EA. NO'\~ E~ < NG(P) and Q~ <l NG(P) by lemma 4.1. Then NG(P) 

permutes the elements of s, where 

Define W = Fr, /01 (Z(P)) and let v : Er:, ➔ W be the natural homomorphism. 

E/01 (Z(P)) is a natural ½(q) module for L/P(L n H), so a GF (q) vector 

space structure is induced on W such that Hs) is the collection of one 

s dimensional subspaces of W. Now NG(P) acts on E and o1(z(P)), so 

NG(P) acts on w. Of course [P,Ee] = z~::: o.1 (Z(P)), so [P,W] = 1. We 
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use 8(L) • S to mean the coset of 8(L) :tn A that contains p. 

We recall some basic facts about semilinear transformations. Let X 

be a finite dimensional vector space over GF(q) with dimension greater 

than one. An additive function A·: X ➔ Xis called semilinear if there 

exists an automorphism cp of G F (q) such that A(av) = a,'P,..(v) for each 

scalar a and each vector v. An additive :function µ. : X ➔ X is semilinear 

if it permutes the subspaces of X. Definer L (X) to be the group of 

semilinear transformations on X. The group r L (X) contaL"ls the projec­

tive linear group FGL(X) as a normal subgroup. r L (X) is the semidirect 

product of FGL(X) and a subgroup A, where A is isomorphic to the auto­

morphism group of GF(q). A treatment of semilinear transformations can 

be found in Artin [l]. 

Lemma 5. 1. The action of NG(P) on W is sem.i.linear. 

Proof. NG(P) permutes the elements of s, so NG(P) permutes the sub­

spaces of W. Then NG(P) acts semilinearly on W. 

Lemma 5.2. If [L,W] /= 1, then 

either (i) [P(L n H),W) = 1 and W is a na.tural L2 (q) module for 

L/P(L n H). 

or (ii) g=2andlL:CL(w)l=2. 

Proof. Let [L,W]-/:- 1. suppose c1 (w) = L. Now (L n R)/Q has no partiaJ. 

complement in L/Q, so [L,W) = 1, which yields a contradiction. 

Suppose that CL(W) ~ p. (L n H). Since L/P(L n H) ~ ½(q), Lis 

semilinear on Wand (L n H)/Q has no partial complement in L/Q, it fol­

lows that [P(L n H),WJ == 1 and Wis a natural ½(q) module :for 
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L/P(L n H). 

CL(W) <l L with [P,W] = 1 and L/P(L n H) ::::½(q). If q f 2, then 

either CL (W) = L or c1 (W) = P, and lemma 5.2 holds by the ab011e arguments. 

We may assume that q = 2 and CL (wT = o
2 

(L). The group of semi.line­

ar transformations on Wis isomorphic to s
3
. Since (L n H)/Q has no 

partial complement in L/Q, lemma 5.2 follows. 

Lemma 5. 3. There exists et E 8(L) • f3 such that [T,P) ~ F ~ ~ (Z(P)) 

and [T,ifl) ~ fX. 
_, 

Proof. Lis transitive on the elements of SP so le:mma 5.3 follows 

from lemma 5.2. 

Le.,"lIDla 5 .l}. If et E A such that P '.'.S i, then there exists g E L such 

that :f! = r~. 

Proof. Let a E A such that fl- < E6 and let V = a 13 -1 
. Notice that 

P ~ E and IP: CP(FV)I = IP: cp(F)j = q. There e,dsts h E P \ Q such 

that p'I :S CE(h). Now pY = CE(h) since !FY: n1 (Z(P))I = q. There exists 

g EL such that pY = r. 

Lemma 5. 4 is applied several time.s in the next section. 

6. Commuting Conjugates of Ee. 

'Ibeorem 6. If (Ff) :SQ, a E 11., and xis an irorolution of K, then 

[EB ,EBx) == 1 . 

The purpose of this section is to prove theorem 6. Suppose that 
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(EA) ~ Q and !3 € A. Let x be an involution of K such that [Ef:3 ,E6XJ f 1. 

Lemma 4. 1 implies that x I M. Let a be as in lemma 5.3 and let 

8: NG(P) ➔ Abe the natural map. Let W = ( rfK) and R = (:rf1K). Of 

course If = il f E, so Jf <l NG (P) .by 4. 1. Let s € K \ NK(HT) such that 

s 
2 

= 1. Now F = 01 (Z(P) )0.1 (Z(P)) s ~ "Jf"Jf S wid F :S R :'.:: W. Define 

I 6X 6 6 I= {X € A E = E and [Z ,XJ = 1 for each 6 € A}. 

Notice that 8(L) ~ I <l A and Q6A = Cp(E0A) = Cp(E0) = Q0 for each 6 EA 

and A € I. 

Lemma 6. 1. [M,W] :'.:: R a...lld (M,R] :'.:: F. 

Proof. [M,Ef] :'.:: If by the choice of a, so [M,W) ~ R. Also [M,R) :'.:: F 

since [M,:rfJ :'.:: F. 

-1 
Lemma 6._2. If 5, e E A such that [F0x,i> J ,/= 1, then T = Foxe • M . 

Proof. 

Lemma 6.3. i(W) :'.:: f! and [Q,W] :'.:: t!. 

Proof. [P,If] = za, so [Q,If] ~ t!. It follows that [Q,W) :'.:: t! a.nd 

[W,W) :'.:: t!. We conclude that ~(W) :'.:: ,P since <}(E) = 1. 

Lemma 6.4. 
oxe:-1 

Let 5, c: E I • a and g E F . If his an involution of W, 

Proof. Let Y = (g~h) and s~'J)pose [hg,h) f 1. Then [g,h) ! 1, so Y is 
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dihedral since g
2 

= h
2 = 1. Now t(Y n W) ~ qi(W) ~ ,f! by lennna 6.3 and 

-1 -1 -1 -1 
qi (Y n we ) ~ iF (W) e: ~ (.P / = z. Notice that g E Y n il <1 Y and 

h E Y n W ~ Y. We a.re given that [h,hg] ~ 1, so g fi Y n Wand h / 

-1 -1 
Y n we: . Then Y/Y n W ~ Y/Y n we: :==: z2. Now h / Z(Y n W) since 

[h,hg] f 1. Notice that ~(9(Y nw)) = 1. It follows that Y n W ~ D8 and 

..n, e-1 2 
Y = n, 6· Also Z(Y) = 2(Y n W) ~ z . We have IY: Y n W I = 2 with g = 

-1 -1 
1 and g / Z(Y), so Y n we ~ D3. T'nerefore Z(Y) = ~(Y n we: ) ~Zand 

Z(Y) ~ ,fl. n Z ~ Z(G) ('} Z = D by theorem D. Let y be an element of order 

-1 -1 
4 in Y n 1l . Of course ge and ye are contained in W. Also gex and 

-1 
ye:x are in W. 

-1 -1 -1 -1 
Now F contains ge:x 8 and P contains ye:x 0 . It 

-1 -1 -1 -1 -1 -1 -1 
follows that 1 = [ge:x o , yEXo ] E [ye:x o ,F] n De:x 0 = 

- , -1 
[ye:x 8 'U] n ( •. ) D, contradicting lemma 2.7 iii. 

Lenn:na. 6. 5. x may be chosen such that [F0 ,F0x] = 1 for each O E I• a. 

Proof. [Eax,if] f 1, so there exists t,q, EI •ct suc.."1 that [F
1
~x,Fcp] /= 1. 

-1 
Let Y = F7xcp . Now T = Y.M by lemma. 6.2. T'.nere exists a E K such that 

x E Ta. Now x E ~ and if <l M, so there exists y E Y such that :EflX = 

....o:(ya)_ 

.f!; Reca.11 from lemma. 6.4 that [hY,h]:::: 1 for each involution h of 

W. Then [h (ya,), h] = 1 for each involution h of W. Let 5 E I • a and 

choose h E F0 \ o
1 

(Z(P)). [h(ya)·,h] = 1 so [Fo(ya),F0 ] = 1 by lemma 

2. 1 0. Now lemma 6. 5 holds with x replaced by ya. In the remainder of 

this section, choose x as in lemma 6.5. 
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Proof'. Let o E I· a. We have that [F0x,F6J = 1 by 1e.mma 6.5. Suppose 

Fox I c (F0). There exists g E Eox \ Fox such that [g,F0J = 1. There 
EoX 

EX exists E E I • a such that g E F . 

Hence [F0,FEX] = 1 by lemma 2.10. 

Now gt F0x, so g fo o1(z(P))x. 

• __D'.X ox..ex 5 __D'.X Notice that E = F ~- and [F ,E ] 

[ 6X E [ o EX x [ ex e J 6 c = 1. Also F ,F J = F ,F ] = ,. Now F ,F = 1 by lemma ."J, so 

[Efx,Fe] = [Fo~ex,Fe) = 1. Now [lfx,r] = [rx,Fo,FEJ = 11 a contra-

diction. 

2 
X = 1. 

Proof. Let o E I • a such that 1f = PF0. Observe that C ttx(:E?) = 

clfx(:if) n crx(F0) = "Ifx n Fox by lemma 6.6. Now px n Fox= 

er n F0l = 0, (Z(P) )x and 6. 7 follows. 

Lemma 6. 8. Fir 1J K. 

Proof. If# <J K, then ~(F"If) <J K. We conclude that [Frf,w] = 1 

since Jf ~~(ff). This contradicts the choice of a:. 

-1 
Lemma 6. 9. W f:. Qa: . 

Proof. Let o E I • a such that i> I "If. Then ( "If-X, F0 ] :/: 1 by lemma 6. 6 

-1 -1 ~-1 _ax5 • a u 
and T = b' • Mbylemma.6.2. NowQ ,;, Q by lemma 4.1. If W ~ 

-1 -1 _a -1 5-1 _a ◊-1 _a 5-1 
Qa , then W ~ Q0 and [W,t' Xo ] ~ [Q ,t' X ] ~ [Q,~' X] ~ 
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-1 
(ZO:)o = z~ F. But [M,R) ~ F by l emma 6.1, so [T,RJ = 

F and W' = R < K, cm:tradicting lemma 6.8. 

2 
Lemma 6.10. tx = E. 

-1 -1 -1 · 2 -1 
Proof. [w,EfX ] ~ [P,If ] n [W,Q] ~ ,P n i! = {Zn ,P ? . If 

2 2 -1 
:f I= E, then 1! ~ Z(G) by theorem D. Now z n Z(G) = D, so [W,Eo: ] ~ 

-1 
.61 . Then [-fl, E] ~ D and it follows from lemma 2. 12 that 1tf ~ Q and 

-1 
W ~ Qo: , contradicting lemma 6. 9. 

Lemma 6.11. E: 
If o E I • o:, then there exists E E I • o:, such that F = 

-1 -1 -1 -1 -1 
Proof. If = EfX by lemma 6. 10. Now F0 < E0 = :rf , so F0 < EfX. By 

◊-1 
lemma 5.4, there exists E E I • o: such that Fe: = F . 

Proof. lw : c;/F0) I ~ q, but I EfXX : lf'.X n C¼(F0 ) I = q by lemma 6. 6. Then 

W = Ifx • cw(F0). We likewise conclude that W = E0x•Cw(Fe:) and observe 

that EfXX = Fox • Fe:x ~ Cw{F0 ) • Cw(FE). It is now obvious that W = 

cw(Fo) • c;/Fs). 

Lemma. 6. 13. There exist elements A and cp of I such that F / {F"', FC?J and 

-1 -1 -1 -1 
p " f,-rf cp . 

Proof. Suppose lemma 6.13 is false and define Y = {6 E AjF0 = F}. Let 
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-1x-1 -1 -1 
11. EI\ Y. If cp EI\ Y, then rf =rf cp . Now a-\.-1cpcx is in Y 

-1 -1 
a.nd cpis in ;\. fX- . This shows that I s;; YU (X • ..P ). Let A = I n Y. 

Now II: Al ~ 2 since I ~ A. We c~nclude that l 8(L) : 9(L) n Al ~ 2 and 

IL : N
1 

(F) I ~ 2, which yields a contradiction. 

Lemma 6.14. There exist e,6 EI •ex such that JP/. {Fe,F0} and If= 

Proof. Let cp and A. be as in lemma 6.13 and let E: = )a and o = q:a. Now 

" •n _a MX ,NY. e 6 e: - 1 - 1 ;\ - 1 
F f {Y-,F'+'}, so 1" /, {F ,F-r-J = (F ,F } . We have that F = rf f 

-1 -1 . -1 -1 -1 -1 -1 
_am o e _a o 6 
J.t' T = F . Now F < E and F < E . 

-1 
Since If = If by 

-1 -1 -1 -1 
lemma 6.10, it follows that Fe: < If and F0 <if. Now If = Fe F0 

follows from le.-mna 5. 4. 

-1 -1 
Le.mma. 6. 1.5. If o and e: are as in 6. 14, then [T,S-:r(F0 ) ] ~ F0 • [M, W] 

-1 -1 e e 
and [T,¾(F ) ] ~ F • [M, W]. 

-1 
Proof. F0 ,/, P, so [F0x,P] -/: 1 by lemma 6.6. Then T = rfXo • M by 

-1 -1 -1 -1 
lemma 6.2. Now [rfXo ,CW(F0 ) ] ~ [rfx,Cp(F) )0 ~· [rx,P n M] 0 ~ 

-1 -1 -1 -1 
[R, M] 6 ~ F0 by 1~ 6. 1 and [M,¾(F0 ) ] ~ [M,W}, so [T,Cw(F0 ) ] ~ 

-1 -1 -1 
p0 • [M,W]. We similarly conclude that [T, CW(FE: )] ~ FE: • [M,V]. 

Lemma 6.16. [T,W] ~ i1 • [M,W]. 

· -1 -1 
Proof. Let 5 and E be as in lemrna 6.14. Now W = Cw(F0 )·<;.,(Fe: ) by 
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by lemma 6. 15. 

57 
-1 -1 

It follows that [T.,W] < F6 Fe: Ct 
• [M,W] = E [M.,W] 

Proof. [M,W] ~ R by lemma 6.1, so it follows from lemma 6.16 that 

[M,W] ~ lfR and [T\W] ~ lfsR. We conclude that [K,lflfSR] = . 

[(T,Ts), R:if8R] ~ IfEfX
8R and W = JfFf8R. 

Lemma 6. 18. [T, W] ~ IflfS. 

Proof. [M, W] = [M, If:if 8R] ~ pps F = plfs by lemma 6. 1 7. Now lemma 

6.18 follows from lemma 6.16. 

Lemma 6. 19. W = IfifS. 

Proof. It follow s from l emma 6. 18 that [T,W] ~ :ifXps ~ Ififs and [T8 ,W] 

~ [rr8
)

8 = psif ~ :if:if5
• Therefore :if:ifS <1 (T,T8

) =Kand W = JfJf&. 

Proof. w = :if:ifs and jw: cw(If) I ~ !ifs: if3 n c(lf) I ~ !Rs: :ifs n Fl 

~ !Ifs: O, (Z(P))
8

j = q2
. We know that llfx: CEfXX(If)I = q2 

from lemma 

6. 7. It follows that Cw(lf) = F:if and W = F.IfF. 

Observe that lemma 6.20 can.~ot be obtained by merely specializing s 

to x, as x might be contained in SH. 

The t wo previous lerrnnas show that [lf,:Ef'.XXJ = 1 if and only if 

[:if\:Ff8
] = 1. By the same argument as in lemma 6. 5, we may choose x E 

M • s such that x satisfies the conclusion of 6. 5. Then W = IfJf1X and 
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Lemma 6.21. R = p-p-x and ~ (R) = 1. 

Proof. Let g € Ff and h € px \ o1 (Z(P) t such that (gh/ = 1 and hence 

[g,h] = 1. It follows from lemma 2.10 that [g,rx] = 1. Lemma 6.6 

yields that g is contained in P. Notice that n1 (Z(P) )x is contained in 

..px_ If y is any involution of Ff..px, then y € Ff U (:rf:rfX). 

Ca (r) = px by lemma 6.6 and we have that [Ff,:if] = 1, so 
Ex . 

cw(F) = Ff..px_ We have that p <l T, and it follows that ~(r) <t T and 

:EfX:rfX <l T. We conclude that ppx <J T since [T,r.] ~ rf and each invo­

lution of ]fXfXX is contained in r, U (fl-rfX). Now (rfrfX t = fl-¥ and 

K = (T,:0, so ppx <I K apd R = p-.px_ Then we also have that 2(R) = 1. 

-1 
Lemma 6.22. P n M = Q, • rfx:1. . 

- 1 -1 
Proof. IF:cpx(Ff)I =q, so 1Pxt :P'J!Y, nQI =q and PnM= 

-1 
Q • f1-'1C/. . 

_, 
Lemma 6.23. -P = If. 

-1 -1 -1 
Proof. Suppose that If 'f rf and notice that [r:xo; ,c,,,(.P ) ] ~ 

-1 -1 -1 
[:if20 ,Cp(r ) ] n [M,W] ~ [rx, P n M f (\R< 

-1 r ti R. 

-1 
Lemmas 6. 6 and 6. 1 O imply that C "'(PX ) =r and f1- < ~. We now 
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-1 -1 -1 

conclude from lemma 5.4 that rf n R ~ rf n C a(rfx) = If 0 rf = 
E 

-1 
01 (Z(P)) and If n R = 01 (Z(P)). 

-1 -1 
It follows that [If-XX , ~(:sf ) ] ~ n1 (Z(P) ). Recall that [Q,W] ~ 

-1 
,£1- ~ 01 (Z(P) ). Lemma 6.22 yields that [P n M],C,.,(If ) ] ~ 01 (Z(P)) ~ F. 

-1 
It follows from lemma 6.7 that Cpx(Jf ) = Cpx(EfX)=01 (Z(P))x 

-1 -1 -1 
and lrfx: Cl1,x(rf )I = q. Now W = px~(rf ) since IP: CP(P ) I = q. 

-1 
We conclude that W = RCW(rf ) with [P n M,W] ~ [P n M, R]F ~ F and 

[M,W] ~ F. 

_, -1 . 
Since EfX = ~ , it follows from lemma 5.l} that If = Fm for some 

-1 . . -1 
i E I. Lemma 6.5 shows that F(Y. x = Fmx ~ ~(Fia) = Cw(P ). 

-1 -1 _, -1 -1 
Observe that [:if :xa , <;_,(lf )] ~ [CW(:if ),Pn Mf ~ 

-1 -1 -1 -1 
n1 (Z(P)? = o1 (Z)P)). Now [P x:x , W) ~ R since w = RCw(:if ) . Lem-

-1 -1 -1 
ma 6.6 shows that [:if x,:ifJ-/: 1 and lemma 6.2 yields that T = fl- :xa M. 

Now [T,W) ~Rand [K,W] ~ R since [M,W] ~ R A contradiction to lemma 

6.6 is obtained by noticing that W = IfR and hence If~ Z(W). 

Lemma 6.24. [P n M,RJ ~ 01 (Z(P) ). 

-1 -1 -1 
Proof. If = -f1- by 6.23. So R ~ c;,cP ) ~ (P n M)a . Then 

-1 -1 -1 
[P:ict ,R] ~ [P n M,R] n [F,P n Mf ~ F n -11- . Recall from lemma 

_, 
6.23 that rf = rf. Lemma 6. 6 implies that 
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-1 
F n -sf ~ C-sf (Ea:x) = 01 (Z(P)) and F n "If ~ n1 (Z(P) ). The lemma follows 

from lemma 6.24, since [Q,R] ~ o1(z(P)). 

We now prove theorem 6. It follows from lemma. 6.14 that there 

-1 
exists ).. E I • a: such that 0 -/: Fa: and i f= Fa:. No-rJ¥ px n c(i) = 

-1 -1 -1 
01 (Z(P)), so T = px>,- •M by lemma 6.2. Notice that rF ,c;,(:rt )J ~ 

"--1 x-1 -1 
[F,cp<F)] ~ [rx,P n M] ~ Ol(Z(P))"- = o,(z(P)) by lemma. 6.24. 

-1 
Now [T,WJ ~Rand [K,W] ~ R since W = RSv(f ) and [M,W] ~ R. A con-

tradiction to lemma 6. 6 is reached by observing that W = REfX and hence 

P ~ Z (W). Theorem 6 has now been proved. 

7. Some Important Commutators . 
n•• --

Lemma 7. If (E/1.) ~ Q, a: E /1., x is an involution of T \ M, and g,h are 

involutions of K \ NK(TR), then 

(a) Jfg;t 
_, 

~ Q. 

-1 
(b) Jfg:t la ~ Q. 

-1 -1 
(c) [Ifg a:h ,Jfgt ] = 1. 

-1 -1 
(d) ['EfS'.X hx,Ffgt g] = 1. 

· -1 -1 
(e) [lfeP g,Ff gx] = 1. 

Proof. We may assume that If f- E. 
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(a) [Jfg,JfJ = 1 by theorem 6. 

-1 

Then we conclude that [Eag:x , E] = 1 

and Jfg:x ~ Q. 

-1 • -1 
{b) Notice that Jfgx ~ Q and Jf l:a ~ Q by (a), and that 

-1 -1 -1 -1 -1 
[Jfg:x ra,E) = rttg,R hlf la ~ rRg,Qf l:a ~ (Zagp la 

..s:t. a - 1 la la _ng:x - 1 :i-a a 
= (z) = z . Now E ~ Q ~ p and [P,E] = z, so 

-1 
[ Rg)'. la, E J ~ ,}fl, n z ~ ,!fl- n z ( P) = ( z11 n z ( P) P = Da. ob-

-1 -1 -1 
serve that Jf lag~ P and [E,Ecx l:ag::t ] = 

-1 -1 -1 -1 -1 -1 -1 
[Jfg'.X ra,Ef l:ag)'. ~ (Dap J::ag:t = -r}fl-f5.X = DCXg): = 

-1 -1 -1 
n00 = D. It follows from lemma 2.12 that [E,:fi l'.O. g:t J = 1 

-1 
_ng:x hJ( 

and [E ,E) = 1. Now (b) is satisfied. 

_ng:x-1h _ngx-1 . 
(c) Part (b) implies that [E ,E ] = 

-1 -1 
[Jfg::t h,Jfg:x ] ~ z n z:1 = D. It follows from (b) that 

-1 
Rg::t lag < Qg = Q < P. We als~ have that 



62 

-1 -1 
[ :if SX lt"Xg:t , E] = D. 

-1 -1 -1 -1 
Then [ :if eP J::ag:x , E) = 1 by lem:tn.a. 2 . 12, . and [ :if g:x h, Ff g:;t ] = 1. 

(d) 
-1 -1 

[ :if g:x gx, Ff g:x g] 
• -1 ) -1 g 

= [Eag:t (gxg ,FfSX ] = 1 by (c). 

(e) 

8. T'ne Proof of Theorem C. 

The purpose of this section is to prove Theorem C. Suppose there 

exists an automorphism a in A such that Ea is not contained in Q. Now 

:if centralizes P/,P and have Ea centralizes Q/E. T'ne centralizer in G 

of Q/E is normal in G, the group G/H is simple and H/Q has no partial 

comple.~ent in G/Q. 

lizes Q/E and E/V. 

Therefore o2 (G) centralizes Q/V since a2(G) centra-

2 
It follows that [O (G), Q,] = V. 

Suppose Theorem C is false. We 1na.y assume that the group (~;H) is 

contained in Q, and that [G,:/] is not contained in E for some automor­

phism p in A. 

Le.mma 4.1 implies that E~ <3 NG(P). It follows that [K,Ef:3] 1_ E, 

since G is generated by Kand NG(P). 

Let I = { o E A I :if 6 = E for each a E A} and A E a( P) s. t. I A : A n M j = 

I I f:3 ~ 
A : A n Q = q. Define B0 = (A n Q n Q )EE , 

2 -1 ::t-1 
that g = 1 and define B = El3 g • C (Ef-' g). 

BO 

let g E K \ NK(TH) such 

Lemma 2.8 yields that 

B0 E a(Q) and B E a(Q). 
-1 -1 -1 -1 

If a E I • 13, it follows that :if = Es and B = Ea g. c (:if g). 
. Bo 



Lemma. 8. 1. If ex E I • ~, then 

-1 
(a) (r gA) is elementary abelian. 

(d) [Qa n Qa ,:ifg] = [B
0
,IfgJ = .P. 

-1 -1 
(e) If If€P g '.:: B, then B6 '.::Mand fY- g '.:: B0. 

_1 -1 
(f) If Ifg::x g '.:: B, then [K,r J '.:: E. 

Proof. 
-1 -1 -1 -1 gy 

(a) If x,y E A, then [if gx,:if gyJ = [if g:xyg,If ] = 1 by 

-1 
theorem 6 since (g;xyg)

2 = 1. Therefore (:if gA) is elementary abelian. 

-1 -1 -1 
(b) [A,Bo]::: z.P::: CB (Ef g), so CB (ft g) = CB ((Ef°X gA)). 

0 0 0 

-1 -1 
(c) Part (a) says that ~((:if gA) = 1 by (a). Then ~(B(:if gA)) =1 

follows from (b) and the definition of B. Now BE a(Q) and it follows 

-1 -1 
that (:if gA) < B and [A,:if g] ~ B. Notice that [A,B0 ] '.:: zf!- '.:: B and 

[A,B] ~ B. 
-1 -1 -1 

Let x E A \ M. Now· [x,B] ~ [x,:if fs:80 ] :=: :if g • If gx • z.P and 

-1 -1 -1 • -1 -1 
[If g,Ifg::x g] = [E,:ifg]CX g = 1. Notice that [if gx,:ifg:i: g] = 1 by 



e~ 
-1 -1 

lemma. 7 (e). Now [Z~,Eo:gx gJ ::: [zzo:,Q] = 1, so [x,B] :S CB(If~ g). 

-1 
We conclude that [A,B] :S CB(EfXg:r g) since A= (x E A!x IM). 

(d) If Ifg :s Bo, then [Ag,EfX] = tA,Ifg]g :s [A,Bo]g :s (Z~)g :s Eg =E 

and [K,EfXJ = [(P,Ag),:if] :S .PE= E, which yields a contradiction. There­

fore :ifg i_ B0. By lemma 2.9 we have that [B0,:ifgJ = .P. Since B0 :S 

Q n Qo: and [Q,Ifg] :S ,P, we conclude that [Q n Qo:,Ifg] = Zo:. 

-1 -1 -1 
(e) If :ifliP g :s B, then [Bo,:ifg)! g] :s [Bo,B] :s [Bo,Jf g] :s 
-1 • -1 -1 

[Q,If g] :S Zo: . It follows that [Bgx,lfg] :S (Zo: )gx = Z. If 

Bf i_ M, then [K,:if) = [(Bf,~>,:ifg]g :S (z£i'B)g = zgzo: :SE, which gives 

-1 
a contradiction. Therefore B6 :S P n M = Cp(F) and B~ :S Q n C/:fX ) . 

-1 -1 
Notice that B0 ~ CQ (fi g) and B0 E O(Q). We conclude that r g ~ B

0
. 

-1 -1 
(f) Suppose that :ifg:x g ~ B. It follows from (e) that }+1- g ~ B

0 

-1 -1 g g -1 
and [Ag,f"X ] = [A,:rf g] :S [A,B0 ]g :S (zz°'.) :S Eg = E. Now [P,r ] = 

-1 -1 
Zo: :SE and K = (Ag,P), so [K,f"X ] :SE. 

Lemma 8.2. There exist elements o: and o of the coset Ir, such that 

(i) :if= f"XF0• 

-1 -1 -1 
(ii) :if = fl F0 . 

(iii) [K,r] i_ E. 

(iv) [K,F0] f::. E. 



Proof. Suppose lemma 8.2 is false and let J = h E IIF,i, = F}. Also let 

8 be the natural homomorphism from L to A. Lemma 4. 1 implies that the 

group 8(1) is contained in the group I. Since [K,E6 J 'E.. E. There 

exists an element o of It3 and an element x of 8(L) \ J such that 

-1 -1 
[K,F0 ] 1.. E and [K,~0] 1.. E. The hYJ)othesis yields that -If = F6 for 

each a E (JS) U (Jxo). 
-1 ( )-1 -1 -1 

Now F6 = F j O = F6 j for each j E J, and 

◊-1 . 
it follows that F Jo== F. Notice that J 0 < I since J < I <r A. We ob-

-1 ( )-1 -1 -1 -1 
tain J0 = J and observe that F0 = F xo = F0 x and Fo Xo = F. 

Now J contains x0 since I is normal in A and I contains x. A contradic­

tion is obtained by noticing that J° = J and J contains x. 

-1 -1 
L 8 3 Let a d it b • 1 8 2 If ....ag:x g < B and Eogo g e.."'llm8. • . • an v e as :i.n e:mma . _. E 

~ -1 
::: B, then B = B0 and [K,E ] ::: E. 

-1 -1 
Proof. Lemma 8.1 (e) implies that f1' g::: B

0 
and F0 g::: B

0
. Notice that 

-1 -1 -1 -1 e-1 -1 
EB = ~ = If F0 with E g ~ B

0 
and B = B

0
. Now [ K, r ] ~ E and 

-1 -1 -1 -1 
[K,F6 ] ::: Eby lemma 8.1(f), so [K,E~ ] = [K,f1' -If ] < E. 

Lemma 8.4. 
)., -1 

There exists 11. E I• 1:1 such that E>.g g f_ B. 

Proof. Suppose lemma 8.4 is false. It follows :from lemma 8.3 that 

-1 -1 -1 -1 
[K,E~ J '.:: E with CQ (Ef3 ) = CQ (EES ) <J K and Q n QfJ <1 K. We con-

• !:l S-1 e 
elude from lemma. 8.3 that B = B

0 
and [A,E g g]::: [A,B] = [A, B

0
]::: ZZ. 
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-1 -1 

Therefore [Ag,E~gf3 ] ~ zgz~ ~ E and Ag acts on EE~g~ . Now Ag acts on 

It follows from lemma 8. 1 (d) that 

[QP n Q,Ef3g] = z~ and Ag acts on· z, which gives the desired contradic­

tion. 

-1 - 1 
Lennna 8.5. If o: E Ip such that Rg:t g f:. B, then [B,:rffP g] is A-in-

variant. 

-1 
Proof. Let R = RfifX g_ If x EA\ M, then [If,R] = 1 by lemma 7 (d). 

-1 -1 -1 
R g ~ B ~ Q, so B ~ Q n Qo: g and B E O(Q) n Cl(Qf' g_ Now lemma 2.8 

implies that RCB(R) is contained in O(Q). Now CB(If) = CB(R) by lemma 

8.1 (c), and RRxCB(R) is elementary abelian. Notice thet RCB(R) E O(Q) 

with If~ RCB(R) and x E NK(R·CB(R)). Therefore x acts on [B,R·CB(R)] 

and x acts on [B,R]. Now xis contained in NA ([B,R]) for each element x 

of A which is not contained in M, so A acts on [B,R). 

We now prove Theorem C. By lemma 8.4, there exists o: EI~ such 

-1 -1 -1 
that RfifX g 1:. B. Now R g ~ B and B E O(Q) n O(Qo: g) with 

-1 -1 
It follows that [B,JffP gJ = ,PfSY- g = Zg by lemma. 

2.9. Then Zg is A-invariant by lemma 8.5, ~mich yields a contradiction. 

Theorem C is proved. 
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Chapter IV. Open Problems 

1 . The Pushing Up Problem for Sp
4 

(2nl· 

We have described some pushing up problems for L2 (2n) and L
3 

(2n). It 

is also of interest to consider the four dimensiona.J. sympletic groups 

* Let G be a finite group with F (G) = o2(G) and suppose that G/o2 (G) 

is isomorphic to Sp4 (q), where q = 2n. Define Q = o2 (G) with E = n1(Z(Q)) 

and G = G/Q. Let T be a Sylow 2-:mbgroup of G and let M
1 

and l<'"2 be the 

maximal. 2-local subgroups ofG which contain T. Define P = o2 (M1 ) and 

M = o2 (t~), and assume that G ! CG(n1 (Z(T)))NG(J(P)). A theorem of 

Cooperstein [BJ asserts that E/CE(G) is a natural module for G. 

If G has more than one noncentral chief factor within Q, is [G,JfJ 

contained in E for each automorphism a of P? We propose that the meth­

ods of Chapter III might be applicable to this problem. 

We mention a. reduction in the problem that illustrates the usage of 

Theorer:i. A. T'ne methods of Chapter III require that the Thompson sub­

group J(P) is not contained in M. We suppose that J(P) is contained in 

Mand observe that there exists a subgroup Hof G, with H containing 

J(P)Q, such that His isomorphic to L2 (2n) and G is generated by Hand M1. 

The subgroup H contains QJ(P) and His isomorphic to L2 (2n). 'rhe '.Thomp­

son subgroup J(P) of Pis also the Thompson subgroup J(QJ(P)) of QJ(P). 

Suppose that G has more than one noncent.ra.l chief factor within Q. The­

orem A yields that (H,:ifl] is contained in E for each automor:phism a of' P. 

We conclude that [G,:Bf] is tD.so contained in E since M1 normalizes P. 

The above argument allO"..rs us to assume that J(P) is not contained in 
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M. The methods of the third chapter are now relevant. 

We note that lemma 2.8.1 (ii) and Baumann's theorem [61 are suffi-

~ cient to show the existence of a characteristic subgroup K of J(P) with 

K normal in G if J(P) is contained in M but not in Q. 

2. A Triple Factorization Problem. 

Let S be a 2-group and let g be as in the statement of Corollary 2. 

We would like to find some suitably large subcollection Ji of' g and some 

nonidentity characteristic subgroups s1, s2 and s
3 

of S such that at 

least two of the S.'s are normal in each group G of J,. This can al.so be 
1 

written as 

Any results of this kind would be of considerable interest in the study 

of characteristic 2 type groups. 

This question is partially motivated by Glauberman's use of a 

triple factorization to classify the simple groups not involving the 

symmetric group r:4 of degree four. 
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