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Abstract
The main result is a pushing up theorem for I.3(2n). Iet G be a fi-
*
nite group with F (G) = 0, (G). Suppose there exists a normal subgroup H
of G with 0,(G) < H such that H/0,(G) has no partial complement in G/OQ(G)
‘and G/H is isomorphic to L3(2n). Let T be a Sylow 2-subgroup of G and

let X be a maximal 2-local subgroup of G containing H with XH/H a maxi-

mal parabolic subgroup of G/H. Iet P = 0,(X) and E = Q,(2(q)).
Theorem, If G';é (CG(Q,B (z(T))), NG(J‘(P)», theg
either (i) [G,E] < E for each automorphism & of P
or (ii) G has exactly one noncentral chief factor within OQ(G).

We also derive some new pushing up theorems for 12(2n) vwhich are

variations on the results of Baumann, Glauberman and Niles.
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I. Introduction
1. Pushing Up

The classification problem for simple groups1 is an important part
of finite group theory and is a large subject in itself. Gorenstein
[15] gives a survey of the field in which he describes a multitude of
special methods for investigating simple groups. This thesis is con-
cerned with one such method, the theory of pushing up.

The known nonabelian simple groups are the Chevalley groupse, the
alternating groups and 24 sporadic groups.3 The Chevalley groups are
perhapsAthe most representative of these examples.

If X is a group and p is a prime, then the largest normal p-sub-
group of X is denoted by OP(X) and the smallest normsl subgroup of X
with index in X a power of p is denoted by OP(X). We follow the usual
convention that the normalizer in X of a nonidentity p-subgroup is re-
ferred to as a p-local subgroup of X.

The structure of a Chevalley group is determined by the collection
of maximal parabolic subgroups. If the group is defined over a finite
field of characteristic p, then the collection of maximal parabolic
subgroups is precisely the collection of maximal p-local subgroups.

L All groups will be understood to be finite in this thesis.
2 We include the +twisbted groups of Lie type in this designation.

3 Janko's fourth group and the Fischer monster are sometimes counted as
sporadic groups, but it is not yet known whether they actuslly exist.
The inclusion of these groups would make a total of 26 sporadic groups
as of May 1979.



for each p-local subgroup H. There is an equivalent formulation of

*
this property in terms of the generalized Fitting subgroup F (H), namely
%
F (H) = OP(H).

This alternate notation is used in later chapters.

Thus a finite group G is said to be of characteristic p type if
C, (0 (M) <0 (M
(0, (1)) < 0_()

for each p-local subgroup M of G. Characteristic 2 type groups play an
important role in the program to classify the finite simple groups.

There is a well established strategy for studying an arbitrary fi-
nite simple group of characteristic 2 type. One attempts to forece a
resemblance between the collection of maximal 2-local subgroups of G
and the collection of maximal parsbolic subgroups in some Chevalley
group. The ultimate goal is to show under suitable circumstances that
G is a Chevalley group.

The necessary local analysis is quite technical and requires vari-
ous special techniques. Pushing up is one of these technigues. Sup-
pose X is a 2-local. subgroup of G. ILet U € Sy%a(x), where Sy12(X) is
the set of Sylow 2-subgroups of X. Also assume that NG(U) £ X. When
can X be shown to be properly contained in some larger 2-local subgroup
of G? The theory of pushing up is concerned with finding suitable con-
ditions under which the question can be answered in the affirmative;
that is, X can be "pushed up" to a larger 2-local subgroup. In particu-
lar, one asks when theré exists a 2-local subgroup containing (X,NG(U)),

the group generated by X and NG(U). There is always a 2-local subgroup



if G is in fact a Chevalley group.

Pushing up is particularly applicable to the characterization of
Chevalley groups of low Lie rank ;n which a maximal parabolic subgroup
has one nonabelian composition factor which is itself a Chevalley group
of low rank. In this thesis we shall be concerned with problems associ-
ated with characteristic 2 type groups containing a maximal 2-local sub-
group M such that M has a composition factor isomorphic to 12(2n) or
L3(2n), the projective special linear groups of dimensions two and three
respectively over a field of order o%,  The theorems we obtain ars de-
scribed in sections four and five of this first chapter. The main re-
sult concerns L3(2n) and is applicable to the theory of quasithin groups.
These are the groups for which no 2-local subgroup contains an elementary

gbelian p-group of order p3

for any prime p.

Let M be a maximal 2-local subgroup of G and let T € Sylg(M). One
hopes to find conditions which assure that NG(T) <M. This is the case
in Chevalley groups of characteristic 2 type. The maximal 2-local sub-
groups can be examined by considering the size of their Sylow 2-sub-
groups. In several situations M and T can be chosen so that T is a Sy—.
low 2-subgroup of G and M is a unique maximal 2-local subgroup contain-
ing T. As M is unique, any 2-local subgroup of G which contains T is
contained in M. Choose L to be a maximal 2-local subgroup other than M
for which T N L has maximum possible order. It follows that TN L is a
Sylow subgroup of L. Let S =T N L. Now the normalizer of S is not in
L. This is a situation in which L caunot be pushed up to a larger 2-

local subgroup, and a situation in which the normalizer of a Sylow 2-

subgroup of a maximal 2-local subgroup is not contained in that local



subgroup.

This situation was first encountered by Sims [18] in his work on
primitive permutation groups in which the one point stebilizer has an
orbit of length 3. Sims associa%ed trivalent graphs with the groups in
question and then studied the groups via their graphs. Sims' arguments
are related to earlier work by Tutte [21,22] on vertex transitive groups
of automorphisms of trivalent graphs. Recent work of Goldschmidt [12]
yields the classification of the vertex stabilizers in an edge transi-
tive group of automorphisms of a finite, connected, trivalent graph.
Examples of such graphs are afforded by buildings associated to Cheval-
ley groups defined over the field of two elements [20].

Given a subgroup X of G and T € Sy12(X), there is a 2-local sub-
group containing.(X,NG(T)) if there exists a nonidentity characteristicv
subgroup R of T with R <4 X. Namely (X,NG(T)> S'NG(R). Baumann [6] and
Niles [17] showed the existence of such a characteristic subgroup in a

case of special interest:

Thoerem (Baumann and Niles) ILet X be a finite group with CX(OQ(X)) <

0,(x), X/0,(X) =1,(2") and T € SyL,(X). Then

there exists a nonidentity characteristic subgroup R of T such
that R494X
or (i) IfE = 01(Z(02(X))), then V/CV(X) is a natural module for

X/02(X) where V = [X,E].

(ii) G has exactly one noncentral chief factor within QP(X).

(iii) T has class 2.
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Here Z(Q2(X)) is the center of 02(X) and 01(Z(QZ(X))) is the suﬁ-
group of the center generated by the elements of order 2. The term
"natural module" used in part (i) of the above theorem also requires
some explanation. If A is any group of matrices over the field GF(2"),
then A can be made to act on the vector spaces of row and column vec-
tors. Each of these spaces can be considered as vector spaces over a
field K of order 2. The resulting KA-ﬁodules are referred to as the
"natural modules" for A. We now consider the group X of the Baumann-
Niles theorem. Let W denote the guotient group V/CV(X). The groups V
and CV(X) are normal in X so X acts on W by conjugation. The group
OQ(X) centralizes V and hence centralizes W. Thus X/OE(X) acts on W.
Now W is an elementary abelian 2-group and can be considered as a vec-
tor space over K. The quotient group X/OZ(X) is isomorphic to L2(2n),
so W can be viewed as 2 module for 12(2n). Now W is said to be a natu-
ral module for X/0,(X) if it is a natural module for I,(2").

Niles also proved a similar result for groups involving Le(pn) for
an odd prime p, and Goldschmidt [13] has extended the theorem given a-
bove to the case that X/02(X) is an alternating or symmetric group of
odd degree. Glauberman and Niles héve proved additional pushing up
theorems for 12(2n) similar to this theorem. These are described in §3
of this chapter. Aschbacher [3,4] used the results of Bawmann, Glauber-
man, Niles and Goldschmidt in developing his theory of blocksu and
groups with proper characteristic generated cores. Aschbacher [2]

proved a different sort of pushing up theorem for L2(2n):

Aschbacher's blocks have no connection with Brauver's character theoret-
ic blocks.



Theorem (Aschbacher) Let G be a finite group of characteristic 2

type, H< G, M =N (O?(H)) and T € SyL,(H). Assume H = 02(H)/O (H) =
G 12 L2

7, or L,(2"), 0,(1) € sy, (CM(H*)_), and M is the unique maximal 2-local

subgroup of G containing H. Then
either (1) NG(T) <M
or (ii) G has sectional 2-rank at most L.

The statement of Aschbacher's theorem involves the concept of sec-
tional 2-rank, which we now define. The 2-rank of an elementary abélian
2-group is defined to be the dimension of the group considered as a vec-
tor space over the field GF{(2). The 2-rank of a group G is the maximum
2-rank of an elementary abelian 2-subgroup. A group K is called a sec-
tion of G if K is the homomorphic image of some subgroup of G, The sec-
tional 2-rank of G is Just the maximum 2-rank of a section of G. - The
simple groups of sectional 2-rank at most 4 have been classified by Goren-
stein and Harada [16], so Aschbacher's theorem provides a definitive ans-
wer to the problem it treats.

We now develop some necessary notation for the statement of the next
theorem. For a given group X, the set of elementary abelian 2-subgroups
of X of maximal order is denoted by Z(X). The Thampson subgroup J(X) is
defined by J(X) = (X)) and the subgroup 0(X) is the largest normal sub-
group of X of odd order. The notation Zn is used for the symmetric group
of degree n. A group Y is-said to be involved in X if Y is isomorphic to

sone section of X.

Theorem (Thompsen [19]) Let X be a solvable group with 0(X) = 1 and
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let T € Sylg(X). If Z_ is not involved in X, then

3

X = CX(Z(T))NX(J(T)).

The theorem above is only a special case of the theorem Thompson
proved. He also considered the situation where T is a Sylow subgroup
for an odd prime. We will not require these further considerations.

A given group X is said to satisfy the Thompson fagtorization if the

conclusion of the azbove theorem holds, that is

X = Cy(Z(T)N (3(T))

for a Sylow 2-subgroup T of X. The Thompson factorization is a starting
point for a theory of factorizations of groups. One of the triumphs of
this theory is the classification [10] of simple groups not involving Zh’
This classification includes as a special case the determination of the
simple groups with orders not divisible by 3.

The previously mentioned pushing up problems for LQ(EH) are chSély
related to failure of the Thompson factorization. Let X and T be as in
the theorem of Baumann and Niles. If the Thom@son factorizaﬁion holds,
then either Z(T) < Z(X) or J(T) 9X. In either case we may choose
R € {2(T),J(T)} such that R 4 G. The subgroup R is automaticélly charac~
teristic in T. Thus failure of the Thompson factorization may be assumed
in these pushing up problems. It is a fortunate circumstance that fail-
ure of the Thompson factorization gives technical information about the
group X which can be exploited.

The seccnd chapter of this thesis is primarily devoted to proving

Theorem A, a pushing up theorem for L2(2n) which yields a factorization



related to the Thompson factorization that fails only in a degenerate
case. Theorem A is similar in spirit to the theorem of Baumwann and Niles,
but we consider characteristic subgroups of Thompson subgroups as well as
characteristic subgroups of Sylow.SUbgroups. A short argument gives Cor-
ollary 1, which interprets Theorem A in terms of Sylow subgroups. Corol-
lary 2. is related to a theorem of Glauberman and Niles, which is described
in §3. Theorem A and its corollaries are discussed in §h.

Niles [17] has obtained results related to Aschbacher's thsorem, A
monogrash of Glavberman [10] includes an account of scme of Niles' work,

One of the main results of this thesis is Theoren C, a pushing up
theoren for L3(2n). The statement and proof are discussed in §5 of this
first chapter and the proof constitutes most of the third chapter.

Chapters two and three are logically independent except that some
well known lemmas are spelled out in §1 of chapter two which are also used
in chapter three. However, an appreciation for the proof of Theorem A

would facilitate an understanding of the proof of Theorenm C.

2. Notation

Most of the notation is standard, as in Gorenstein [14]. We mention
some exceptions and also repeat some previously defined notation for the
sake of completeness.

For a given group X, we define 7(X) to be the set of elementary a-
belian 2-subgroups of X of maximal order. &;(X) is the set of abelian
2-subgroups of maximal order. J(X) = {Z(X)) and Ja(X) = (ag(x)). We
use 4(X) to denote {W <X|T A e 7(X) with W <A}. If S is a 2-group,

then 'Ea(s) = €4(z(3 (5))) end F(8) = cy(0, (2(3(5))).
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If G is any group and E is a subgroup of G, then a partial comple-
ment of E in G is a proper subgroup F of G satisfying EF = .

We take the liberty of supressing an occasional parenthesis. For
example ZJ(X) means Z(J(X)).

Each chapter has its own internal numbering system for lemmas. Thus
any mention in chapter two of lemma 4.1 refers to lemma 4.1 of chapter

two unless stated otherwise.

3. Theaorems of Glauberman and Niles

In this section we quote two pushing up theorems of Glauberman and
Niles for L2(2n) [11]. They also considered Lé(pn) for odd primes p,
but we will restrict our attention to the characteristic 2 type problem.

Their results apply to the following hypothesis:

(E) G is a finite group .
C5(0,(6)) < 0,(G).
S is a Sylow 2-subgroup of G.

There exists K < G with 0?(G) < K such that
K/OQ(G) has no partial complement in G/Oz(G)

and G/K = L2(2n) for some n.

Glauberman and Niles consider a fixed 2-group S and the set .% of
groups G that contain S and satisfy (E). Under certain conditions they
prove that for each G € .% there exists a characteristic subgroup R of S
with R <9 G. As 11.4 of [9] demonstrates, there exist choices of S and
G for which there is no such subgroup R. Glauberman and Niles find suit-

able choices of R for a large class of 2-groups and do it somewhat
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independently of the choice of G.

Theorem (Glauberman and Niles) If either 3;(8) # S or 3(s) £ Q,z(s),

then there exist nonidentity characteristic subgroups S1 and 82 of S

having the following properties:
(1) 5, < 7(s).
(2) S, is a characteristic subgroup of Jé(s).

(3) Given G € .%, either S, 4G or 5, 4G.

Now let &, = (¢ e Zz(8) # z(G) and 3;(8) 4 G}. The second main

theorem of Glauberman and Niles deals with this situation.

%
Theorem (Glauberman and Niles) Let G and G be elements of % . Assume

that

(1) Ja(S) = S.
(ii) Z(s) is elementary abelian.
& e & *
(iii) 01(22(3)) < 02(G) n 02(G ).
% %
Then 02((;) n 02(9 ) is normal in both G and G .

L. The L2(2n) Problem.

Theorem A deals with Hypothesis (E) of §3, as do the theorems of
Glauberman and Niles. This result, however, focuses on J(S) instead of

S‘

Theorem A. Let G and S be groups satisfying hypothesis (E). Define
Q = 02((}). Let F = Q1Z(J(Q)) and V = [G,Q1(Z(Q)’)]. Also let A be a sub-

group of Aut(J(S)) such that A contains the action of SN J(G) on J(S9).
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Then

either (i) Q,(z(s)) < z(c)

or (ii) F < J(s) and [J(G),fz] < F for each & € A.

or (iii) V < J(S) and there exists & e A such that S = V%Q.

We now consider a special case of Theorem A. Let the groups G, S,
Q, F and V be defined as in Theorem A. Choose A to be the restriction
of Aut(S) to Aut(J(S)) and note that A contains the action of SN J(G)
on J(S). Now Theorem A is applicable to this situation. Suppose con-
clusion (ii) of Theorem A holds, namely F < T and [J(G),fx] < F for each
a € Aut(S). It follows that J(G) is contained in the normalizer of 7.
The group S normalizes F and hence normalizes ﬁy. Then J(G)S normalizes
FF¥. If FF is not normal in G, then J(G)S £ G. If J(G)S # G, then
J(G) is contained in Q since J(G) is normal in G and generated by 2-
groups. It follows that J(S) = J(Q) and F = 91(Z(J(S))). Hence T is
characteristic in S and P - F for each @ € A. Therefore G normalizes
Fﬁx if part (ii) of Theorem A holds for our choice of A. We have proved

the following corollary to Theorem A:
Corollary 1. If G, S, Q, F and V are groups defined as in the hypothesis
of Theorem A, then

either Q, (2(s)) < z(c)

or FFP < G for each o ¢ Aut(S)

or There exists @ € Aut(S) such that S = VIQ.

If G and S are groups satisfying Hypothesis (E) such that
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G # ¢, (0, (5(5)))N,(3(s))

and Corollary 1 (iii) holds, then it can be shown that G has exactly one
noncentral chief factor within OZ(G)' A simple argument éf Baumann [6]
yields the Baumann-Niles theorem (of Section 1) as a consequence of Cor-
ollary 1.

Define R = (FA). If part (ii) of Theorem A holds, then the group
(FA) is normal in G. We can interpret Corollary 1 as saying that if G
has more than one noncentral chief factor within Q2(G), then
Q,(2(s)) < 2(G) or R < G.

Suppose G1 is another group containing S such that G1 and S satisfy
Hypothesis (E) with G replaced by G,. Assume that G, has more than one
noncentral chief factor within OZ(GI)’ We apply Corollary 1 to construct
a characteristic subgroup R, of § such that 01(2(8)) < Z(Gl) or R, 9G.

The construction of the group R depends on the embedding of S in G
and the construction of the group R1 depends on the embedding of the
group S in G1. It is desirable to produce another factorization theorem

in which the choice of the characteristic subgroups of S is not dependent

on the embedding of S in G. We are led to the following definition:

Definition 1. Let G and S be finite groups. G is an S-embeddable group

if G and S satisfy Hypothesis (E) of §3,
Our next result provides appropriate characteristic subgroups of S
which do not depend on the particular S-embeddable group under considera-

tion,

Corollary 2. Let S be a 2-group and
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let ¢ = {G|G is a S-embeddable group
and G has more than one noncentral
chief factor within QE(G)}’

Then there exist nonidentity characteristic subgroups S1 and S2 of 8

such that
(1) S, is characteristic in.E(S).
(2) s, < 2(8).

(3) If G e S, then either S, 4G or S, <IG.

Corollary 2 is closely related to the first theorem of Glauberman
and Niles in §3. Let S be any 2-group. Corollary 2 provides two non-
1 and'S2 of S such that for any S-

embeddable group G with more than one noncentral chief factor within

identity characteristic subgroups S

OE(G)’ either S1 is normal in G or 82 is normal in G. The theorem of

Glauberman and Niles gives restrictions on S under which characteristic

subgroups ‘I‘.I and Té of S are constructed such that for any S-embeddable
group G either T1 is normal in G or Té is normal in G. Thus Corollaxy 2

focuses on the groups G containing S while the theorem of Glauvberman and
Wiles focuses on the 2-group S.

Corollary 2 concerns groups with a common Sylow 2-subgroup. Theorem
A suggests that we shouwld consider groups sharing the Thompson subgroup

of a Sylow subgroup.

Definition 2, Let T be a 2-group and let ¥, G, S and V be finite groups.

(G, 8, F, V) is a T-embeddable quadruple if

(1) G and S satisfy hypothesis (E) of §3.



14

(i1) T = J(8).
(iii) F = Q1Z(J(02(G))).
(iv) Vv = [G,Q‘Z(Og((}))].

If T is a 2-group, and J(T) # T, then there can be no T-embeddable
quadruples. If S is a 2-group and G is an S-embeddable group, then
(G, 8,F, V) is a J(S)-embeddable quadruple for appropriate subgroups F and
V of S.

We now give a result which provides a link between T-embeddable quad-

ruples.

Theoren B. Let (G, S, ¥, V) and (Ga’ S, F Va) be T-embeddable quadru-
ples such that

G # CG(Q]Z(S))NG(T)

and G, # CGa(Q1Z(Sa))NGa(T)'

If V, < 0,(G) and ¥, £ F, then [s , V 1 <2z3(G).

Theorem B is proved before Theorem A and is used in conjunction with
Theorem A in the proof of Corollary 2. Theorem B is also used in the
proof of Theorem A. This may be surprising since Theorem A does not seen
to involve two distinect quadruples. Iet T be a 2-group, let (G, S, F, V)

be a T-embeddable gquadruple and let @ be an automorphism of T. If

G # @ (z(s))N (1)

it can be shown that T contains F and V, so the automorphism O can be

applied to F and V. There are groups Ga and Scx such that
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(G, S, ¥, ) is a T-embeddable quadruple with G, isomorphic to G and
Sa isomorphic to S. We may apply Theorem B to yield the following re-

snkt.

Proposition. Tet T be a 2-group and let (G, S, F, V) be a T-embeddable

quadruple such that
G # Cq (0, (2(8)))N,(T).

1t ¥ < 0,(6) and ¥ £ F, then [5,vI” < z(c).

This is the form in which Theorem B is api:lied to the proof of Theo-
rem A, Theorem A could be proved with no menticn of Theorem B or T-em-
beddable gquadruples. Fortunately the proof of Theorem B is no more dif-
ficult, except for unpleasant notation, than a direct proof of the prop-
osition. Thus Theorem B is proved in §5 of the second chapter although
no essential use of embeddable quadruples is made until the proof of
Corollary 2 in §8.

We now describe some of the ideas involved in the proof of Theorem A,
Let T be a 2-group with J(T) = T and let (G, S, F, V) be a T-embeddable
quadruple. Also let A < Aut(T) such that A contains the action of

SN J(G) on T. Define § = 02'((}). Assume that

G # CG(S)NG(T).

We prove in this situation that [J(G) ,I'a] < F for each @ € A or there
exists @ € A such that S = ‘an.
The failure of the Thompson factorization implies that G/CG(V) is

isomorphic to L2(2n) and V/CV(G) is a natural module for G/CG(V). This

gives considerable information sbout 7(S). If A is any element of #(S),
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then (AN Q)F = (AN Q)V and (A N Q)V is an element of @7(S). 'The group
T contains F and V. The collection #(8S) contains 7(Q). It is also

shown that

S = AQ = TQ.

We mention the simplest possible candidate for the group G. Let Q
be an elementary abelian 2-group order 22n and let G be é semidirect pro-
duct of Q by L2(2n) such that Q is a natural module for L2(2n). - Now
let S be a Sylow 2-subgroup of G and define T = J(S). It follows that
(G, S, Q, Q) is a T-embeddable quadruple. This example occurs as a
parabolic subgroup of L3(2n). Hence T = S and ?(S) has exactly two ele-
ments, one of which is Q. The other element of @(S) is the group gene-

rated by matrices of the form

(é ?) s B € cr(2™)

and colimn vectors of the form

(5) » b € or(2").

There is an automorphism of S which interchanges the two elements of
@(8). Thus whether parts (i) or (ii) of Theorem A apply to this example
depends on whether the group A contains such an automorphism,

We attempt to mirror this in the general case. The important point
is that the existence of a unique noncentral chief factor within V as a
natural module for L2(2n) forces strong conditions on commutators of 2-

subgroups, and this is what we utilize. 1In particular, if Z = CV(S),
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then it is shown that
[s,v] = [T,V] = 2.
If A is any element of @7(S) not contained in @7(Q), then

[A:F] = [A:V] = Z.

Also F = V(AN F). These facts‘are developed in §4 of the second chapter.

The next step is the proof of Theorem B in §5 of the second chapter.
In the context of our present discussion this asserts that if @ is any
automorphism of T such that V' < Q and ¥ # F, then 2 < 2(J(G)). Ve
fix an aubomorphism O and assume that # £ 2(3(G)). We show that there
is an element g of J(G) such that J(G) is generated by the subgroup T
and the element g. A study of the subgroups F, ﬁz and fjg and their
comutators eventually forces a contradiction.

We now make some general remarks concerning Theorem A, If va is not
contained in Q for some element O of A, it is shown that S = VIQ which
is one of the conclusions of Theorem A. Ve assume therefore that
Vx < Q for each automorphisme of Tcontained in A. We now let @ be an
element of A. We show that P <Q, and assume that [J(G), ﬁx] £ F.

We now let g and x be any elements of J(G) such that % is a 2-element.
The main purpose of §6 of chapter two is to prove that F g and ﬁjgx com—.
mute. The groups 8 and % are normal in J(9), and the action of 3 on
ﬁjgx is highly restricted by the embedding of V in T and vice versa. A
technical argument exhibits the incompatibility of these group actions
with the embeddings of the subgroups ﬁxg and Eagx in the group T. We
conclude that ﬁXg and Fagx conmute. This information is applied in lem-

ma 6.4 to yield some other comuuting subgroups.
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The proof of Theorem A given in §8 of chapter two is based on the
methods of Baumenn. Assume [J(G), F] £ F. Let A be an element of 7(8)
not contained in Q and let g be an involution of J(G) such that J(G) is
generated by T and g.

The commutators computed in lemmz 6.4 are used to construct an ele-
nent B of ¢(Q) with special properties. In particular [B,ﬁxg1-1g] is a
nonidentity A-invariant subgroup containedvin<7(Qyj*1g. It is shown

-1
that [B,Eagx €] = 7%, A contradiction is obtained by observing that A

does not act on 78 since V/CV(G) is a natural module for G/CG(V).

5. The L3(2n) problen

Iet G be a finite group with CG(OE(G)) < og(c;) and define Q = OE(G).
Let X 4G such that Q <X and X/Q has no partial complement in G/Q. De-

fine G = G/X and suppose G 2=L3(q) vhere q = 2%, ILet T ¢ Sylz(G).

One might conjecture that either there exists a characteristic sub-
group of T that is normal in G or else there is exactly one noncentral
chief factor of G within Q.. Unfortunately the situation with L3(q) is
more complicated than with Ié(q). We construct a counterexample involv-
ing SLs(q).

Let Q be the group of matrices in SL5(q)

of the fornm

o g e o =
o O o = P
o o - 0 o
O = O H 0

d
g
(¢} .
0
1

Let S be the group of upper triangular matrices inSLs(q). Let H be
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the group of matrices in SLs(q)

1
0
of the form 0
0
0

o o o = o
m AP O O
B o T o O
HoH OO O O

*
Let G = SH. Now Q = 02(G) = F (G) and there are two noncentral

chief factors of G within Q.

Let g =

c © o ©
o = O O O
o O - O ©
Cc ©C 8 = O
Q O O O =

and let B be the automorphism of SLS(q) induced by conjugation by g.

Now let ¢ be the contragredient automorphism of SLS(q) , and let & = Bo.
sa = 8 so ¢ induces an automorphnism of S. Suppose there exists a char-
acteristic subgroup R of S such that R <4 G. Then Ra < Ga and Ra < S so
£ <« SLs(a) since (s, = SLs(a). But 0,(SLg(a)) = 1, a contradiction.

Of course this example can also be explained by considering graph

automorphisms of Dynkin diagrams. This topic is treated in section 12.2
of Carter's book on Chevalley groups [T].

We now give the main result of the third chapter.

Theorem C. Let G be a finite group with CG(OZ(G)) < 02((}) and define

Q = 0,(G). Let X 9G such that Q < X and X/Q has no partial complement
b be the
maximal proper 2-local subgroups of G conbtaining T such that M‘X/X and

in G/Q. Assume G/X = 1.3(2n) and let T e Syl,(G). Let M, and M
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We assume that ﬁx is contained in Q for each aubomorphism @ of P
contained in the group A, and let F be the centralizer in E of OE(K)’

Our goal is to prove that {G,ﬁJ] is contained in E for each @ in A. The
normal closure of F in NG(P) is %he group E, so it suffices to prove that
[K;ﬁx] is contained in F.

The conjugates of I in the grouwp K are studied via the embedding of
these conjugates in various elements of the set #(S). The structure of
7(S) is highly restricted by the action of the group G oa the normal sub-
group V. Our analysis requires the methods used in the proof of Theorem
A.

We mention a key intermediate result.

Theorem D. Assume the hypothesis and notation of Theorem C. If @ is an
automorphism of P such that ou £ E and o < Q, then 7~ < z(G), vhere

7 = CV(S).

Theorem D plays the same role in the proof of Theorem C as Theorem B
plays in the proof of Theorenm A,

Almost every argument used in the proof of Theorem A reappears in the
proof of Theorem C. Those arguments are insufficient to prove Theorem C
because the set @(P) is properly contained in the set @(T). This leads to
many difficulties not present in the proof of Theorem A. In particular,

it is necessary to study the embedding of NG(P)/CC(P) in A.
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II. Pushing Up L2(2n)

1. Ié(q) Modules

In this section G is a group. isomorphic to 12(Q) where q = 28, Tet

S € SylE(G) and let T be the field of 2 elements. V is an indecompos-
able FG module and D = CV(G). Assume V/D is a natural Lz(q) module for

G and Z = cv(s).
Lewma 1,1. D=1 1if g = 2.

Proof. V =D @ [0(G), V] if q = 2. But G acts on [0(G),V] so [G,V] =

fo(G),Vv]. From V = [G,V] we get V = [0(G),V] and D = 1,
Lerma 1.2. IZ - DI = .

L
Proof. ILet g € S'. 'Then g2 =1 so [V,g,2] = 1. But [V,g]D/D =

CV/D(g). Then Cv(g)/D = CV/D(g)‘ Hence |2 : D| = q.
L
Lemma 1.3. If g e 8", then Z = [g,V] @ D.

Proof. |V : cy(g)] = |[&,Vl]. But |V : cy(e)] =q by 1.2 s0 |[s,V]] =

g and [g,v]N D=1. But |Z: D] =q s0 2 = [g,V] ®D.
Lemma 1.%. [S,V] = Z.

Proof. Iet x € G\ NG(S) and let M = [8,V] + [SY,V]. Now V=[G,V] =
[{s,8%), V1 >M, so V=M But [s,v] N [s57] = [s,Vv]n[s,vIF=

[s,vlNn D,

2
so o2 |D| = |v] = T[JS%%LI()T = ¢ - |[s,v]1 n D]
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Then |D| = |[s,v] N D| and D < [S,V]. Then 7 = [S,V].

2. The Main Hypothesis

We recall the definition of a T-embeddable quadruple from §4 of the

first chapter.

Definition 2. Let F, G, S, T and V be finite growps. (G, S, F, V) is a

T-embeddable quadruple if
*
G is a finite group with P (G) = 02((}).

S e Sylg(G).

There exists K < G sucld that K conbteins 02((})
where K has no partisl complement in G and
G/K = 1.2(2n) for some n,

T = J(8).

F

il

0, (2(3(0,(e)))).

v

[e,, (2(0,(c)))] .

In the rest of this chapter let T be a 2-group with (G, S, ¥, V) a
T-embeddable quadruple., ILet K and n be as in Definition 2, define
H = J(G) and let A < Aut(T) such that A contains the action of SN H on
T. Define @ = 02((}) and R = J(Q). Represent cv(s) by Z and CV(G) by D.

Also let g = 2", et G = G/K, and E = Q (2(q)).

3. The Subgroup K.

Lemma 3.1, The following statements are true in the group G.

(1) ICNG(S) is the unigue waximal subgroup of G containing S.
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(i1) (HﬂK)NH(S) is the unique maximal subgroup of H containing S.

(iii) X/qQ has odd order.
Proof. Suppose W is a proper sﬁo'g:roup of G that contains S. K has no
partial complement in X so KW# G. But KS <KW <G. Then KW < N(XS)
since XS ¢ syl, (G) and G = I,(q). But N-G-(RE) = KNG(S.S by the Frattini
argument. Then K§ < KN(S) and W < KN,(8). Thus part (i) holds. Part
(ii) follows from part (i). G = KNG(Sﬂ K) by the Frattini argument.
Then NG(SHK) = G since K has no partisl complements in G. But OZ(G) =

Q so SNK = Q. Then K/Q has odd order.

Lemma 3.2. Suppose G £ CG(QI(Z(S)))NG(T)’ Iet A € 7(8) \ 7(Q) and
W = 4, (2(8))%.  Then

(1) [KW]l =1.

(11) w/c,(G) is a patural module for C.

(iii) S = AQ.

Proof. Lemma 3.2 follows directly from a theorem of Aschbacher [5].

4. The Thompson Subgroup.

Assume G # CG(Ql(Z(S)))NG(T).

Temma 4.1. Tet A ¢ @(8) \ @(Q). Then

(1) a(s) = a(T). In particular A <T.

(i1) [KE) =1.
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(iii) V/D is a natural L,(g) module for G.
(iv) (ANQ)E e a(q).
(v) a(@) ca(s).

(vi) E=v-0(z(c) .

Proof. T = J(S) so @(8) = @(T). Iet W = (q(z(s))G> and let

W = 1/c,(G). Lemsa 3.2 implies that [K,W] = 1 and W is a natural L(q)
module for G. Also S = AQ. Now |E:Cy(A)] > |w:c ()] > W:C{:;(A)l =
g. But (ANQ)E is elementary abelian and A e @(S) so |A] >

|(anQ)E| = |ang| « [E:ANE|. But |E:ANE| >q since [W:cxa)] = q.
Then |A| = |(ANQ)E| and |E:ANE| = g. Now (ANQ)E € @(8) so

(ANQ)E e 7(Q) and (@) c(8). Iet g e G\ KN (S). Then {s,s® =@

1l

so {q,A,A%) = G and CE((A,Ag)) CE(G). Now |E:ANA®NE] < q2 since

|E:ANE| = q. But [7:cx(e)] = o so |E:ANA%AE] = o© end E =

ch(G). Novw [K,E] =1 and E = VCE(G) where CE(G) = Q1(z(G)). Also

V/D is a natural LE(Q) module for G.
2 2
Temma 4.2, G = HQ and 0°(G) = O ().

Proof. T # R soH£Q. But |K:Q| is odd by 3.1 so HK = G, Then
HQ = G. 02(G) = 02(}1) since H < G.
Lenma 4,3. (1) D=1 5f q = 2.

(ii) |z:D| = a.

(iii) If ge S\ Q, then Z = [g,V] x D.

(iv) I[T,V] = [8,V] = Z.
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Proof. 4.3 follows directly from 4.1 and the lemmas in §1 of this chap-
ter.
Lemma 4.4, Tet A e 7(8).

(1) T-cy(F) = (ANQ)F € (a).

(i1) F=V- (ANF).

Proof. We may assume A f Q.

(1) (ANQ)E e @(Q) by k.1 so F < (ANQ)E. Now E <F so (ANQ)F=
(ANQ)E and (ANQ)F e @(Q). Notice that AN Q < CA(F). But AN Q =

C,(B) >C,(F) so AN Q=c,(F).

(ii) (ANQ)F = (ANQ)E = (ANQ)V so |F:ANF| = |[V:ANF|. Then

F=(ANQ)V.

Lemma 4.5. Let A e 7(8) \ @(Q). Then

]

(i) I[1,F] = [A,F) = [A,V] = 2.

(ii) [R,F]

V.
(iii) If Y e u(T), then YN Q ¢ u(Q) and [YNQ,F] = 1. Also F =
Ve (¥).
Proof. (i) [A,F] = [A,V-(ANF)] = [A,V] by 4.4, But AQ = S so
[a,v] = [S,V] = Z by 4.3. Then [T,F] = Z.
(ii) I[1,F] = Z so [R,F] = V.

(iii) This follows from 4.k (i).
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De The Proof of Theorem B,

In this section G # CG(Q1 (Z(S)))NG(T). Let (G(x’ 8, Fos

ch) be a T-
erbeddable quadruple and Z = cva.(sa). Let Q, = 02(Ga) with B =
Q (Z(Qa)) and R, = J(Q,).

Theorem B. If V, <@ and F £ F, then

either G, = CG;Q1(Z(SQ))NGG(T)

<
or Z, < z(H).
We prove Theorem B in a sequence of lemmas. Suppose Va <Q and

F, £ F. Also assume G, # CGa(O1(Z(Sa))N;a(T) and 7, £ z(H).

Notice that F e u(T) so F, = voccF (F) by lemma 4.5(iii). Then
(94

B, = Va(FaﬂQ), and v, £Q, so F, <Q.

Let A € @(T) \ 7(q) with By = (A N Q)F and B = racB (7). et
o

g e H\ NH(KS)

Lemma 5.1. N.(Z,) <N,(8K) .

Proof. Let Y = N.(Z,) and suppose Y £ N (KS). T <N,(Z,) soY =G,
Then YQ = G. Q < NG(T) so H = (TY). Then 7, 4 H. But [T,Za] = 1, s0
[H’Zo:] = 1, a contradiction.

Lemma 5.2. (i) B, € a(T) and B ¢ @(T).

(11) [A,B] <27, <cy ()

(iii) (Fg) <R.
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Proof. (i) follows from 4. h(i).
(i1) [A,B) < [a,¥7,] < [T,78 ] < 77,. Now zZ" < Q%(T) < F < B.
But [E,F] = 1 by 4.5(iii), so [Fg,F] = 1. Then 27, < cB(Fg).

5 @ G
(iii) Faf_lR<lG so (Fa) <R
Lemma. 5.3. (FagA) is elementary abelian.

Proof. T, <T soF, <R<G and ngzz. Then A N Q acts on Fg. Sup-

(%)

. . : : g .
pose 5.3 is false and let x € A\ Q sit. [FS, F>'] # 1. But ¥o cy(Fs

€ 7(Q) and A acts on cB(Fg) by 5.2(ii), so ng' cB(Fg) = ng cB(ng) €
a(@). Wow 78 = [F5,55° - ¢ (15)] = [¥5,75"1 = [£5 - ¢ (75%),75%) = 2&°
by 4.5(i). Then gxg—1 & NG(Za) 2 NG(SK) by 5.1. But x € S\ Q and

g eH\ NH(SK), which gives a contradiction.

Lemma 5.4, Fg < B.

Proof. A acts on C,(F%) by 5.2 so C(78) = (). But (P is
abelian by 5.3 so (FagA) . CB(Fg) = FS . CB(F§) € 7(Q). But A acts on
(F§A> and CB(F(%), so A acts on Fg . CB'(FEE)' Then A acts on

[B,£5 - c,(FE)] = [B,F5]. But B € 2(Q). If [B,FS] # 1, then [B,FS] =
Zg and A acts on Zg. Then A < NG(KSg) by 5.1, a contradiction.

Lemma 5.5. FFa < H.

1 =1 ¥ "
o
Proof. [A® ,E,] = [‘tx,’r"g;]g < [4,B1® < (zza)g
% 3
g _ _ _ g
F = F. But [T,Fa] Z,<FsoH= {1,8° ) SNG(F.FQ).

1 1

< (@z(m)E <
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We now prove Theorem B. Suppose F(x £ F. Then there exists
x € 7(Q) such that [X,Fa] # 1. Then [X,Fa] =7, = [T,Fa] by k.5. But
X<R<Tso [R,Fa] =7, and H acts on FF, by 5.5 so H acts on [R,FFa]

= [R’F(x] = Z, contradicting 5.1.

We now prove an important corollary to Theorem B,

Corollary 5.6. If (¥ <q anda ¢ A, then ¥ 4 SN H.

-1
Proof. Suppose x € S N H such that Fr £ . Then F'* £ F. But A
-1 -1
containg the action of SN H on T. IO!KI < Q by hypothesis so VA A <
7(H) by Theorem S. But & < Z(H) since # £ F, so 2% - . Then

-
A g oand 7 < Z(H), a contradiction,

6. ™y |

In this section suppose G # CG(Q1(Z(S)))NG(T) and (VA) <Q. Let

@ e fand let W= (D, If F £F, then 2 < Z(H) by theorem B.

Lemma 6.1. (i) W<R.

(11) a(w) < 2%,

Proof. (i) F <R<H soW <R,

(11) (0] < 17,81 < [9,7] < 2% < 2(0) 12 ¥ £ F. Then
s(W) < it P AF. IEF =F, then 3(W) =1 < 2.

-1
Temma 6.2, Ifu e Hand g € VO , then [h,h%] =1 if h is an involu-

tion of W.

Proof. We may assume i 4 F. Let X = {g,h) and suppose [h,h®] # 1.
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X is dihedral since g = h> = 1, But 3(XNW) <s(W) <2 < Z(H) and

1 1

-1 - .
s(xn” ) <sw)® <2 NowgeXNW <XemdheXNWIX. But

‘ -1 -1
081 £1, sog dXNWandh dxnW . Thenx/XNWa=x/XNW =

Z,. But h £ Z(X N W) since [n,0%] # 1. Also 3(8(XNW)) = 1. Then
' =1
XN W=Dgand X =D, Also 3(XNW) = 2(X). But Ix:xnW* | =2 with

-1 -1
& =1endgfz(X) soxnw =Dg. Then 2(x) = 3(xNW ) < 7 and

Z(X) <ZN 72 <20 z(H) = D. ILet y be an element of order k in

-1
xNw . Now e, P evweand @ Y ewand W< T, Now 1 #£
1 -1

- -1 -1 -1
au2 [eAs 01 (04 ux . o
s £ ] e [¥F ,Vvi N i , vhich equals [y ,V1 N D,

[y

contradicting 4.3.

Terma 6.3. If x € SN H and g € H, then [F8, 5] = 1.

Proof. We may assume Ia 7-1- F, Supposs falge. Then there exists g € H

end t ¢ SN H such that [, 8% £ 1, Iet u=gth™'. Then
-1
Y 141 ana [P ,F]1 £1. But ¥ e U(T) and ¥ < Q so  eli(q).

-1 -1
Then o e u(Q) cu(T) and F°  eu(r). ¥ £u(q) since

1 1

-1 o I -1
[ ,F] £1. Then % £ with [0 ,v] £ 1 and [F,"F 14 1.

1

} 1 -1 -1
But V' e u(r). Now V' £ u(Q) since [F,¥* 141, so V' £

1 1

| - -1 - -1
Q. Then [V ,v] £ 1 and cv(vo‘w‘ ) = 2. Now W noc(v) = &,
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-1

Zava = Z 8O Vaw-

1 -1
NCV) =2. Then V™ NQ=Zand SNH =

-1
0,(H) V" . Notice ¥ 98N Hby 5.6 so ¥ 40,(H) and ¢ g 0, ().

-1
Then there exists x € Vaux such that Eagc = Fa gb.
-1 -1
Let v ¢ Vag\ #*. ‘Then [Y,Vx] =1 by 6.2. But y° a eV\ 2z, so

. w1 =4
cp® ¢ ) =c (V). Menc & )= cT(va). so Cp(y® ) = cR(va).

But ¥ € R and i < R with R 9H, so CR(y) = CR(Vag). Then v € CR(Vag),
80 Y € CR(VagX) and V& < CR(y). But CR('y) = CR(Vag). Then

[vag’vagx] = 1. But V& e u(qQ) < uw(T) so [Vag,:@ang = 1. Use P& ¢
u(Q) to get [8,F¥] = 1,

Theorem 6, If x ¢ H is a 2-element and h ¢ H, then [Pah,lf‘ ] =1.
Proof. Theorem 6 follows direetly from 6.3,

Lemma 6,4, If x € T\ Q and g,h are involutions of H \ NH(SK), then

(a) 8 cu(q).
) P ule) an e wQ).
(&) P ¢ yqq).
(a) [Eag’o‘-lh, z"‘gx_1] = 1.
() [P e Py
(0) P8, e
Proof. We may assume ¥ # F,

(2) F eu(@) cu(r) so ¥ cu(r). But ¥ <q, so ¥ cu(q) by
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lemma k.5, Tt follows that Fo e u(q).
<1 -1 -1
(b) (¥ ,F] = [P, =1 by Theoren 6, 50 P <q.

-1 e
But '€ ¢ 1(q) and u(Q) c (1) so ¥  cu(r). Then ¥ ¢ u(Q) and

-1h
P& e u(Q).

(e) [Fag:z'1m,F] = [Fag,la_‘m]adm < [ng’J(Q)]a"ha by (b).
But [7%,5(q)1 = [Fﬂ,s(q)lg < #7118 = 28 = . Then (F"g"dm,ﬂ <
(z':’)Q‘~1m C T, g P u(t) by (b), so [F"‘g’-1m,F] < Z.
Then [Fag:ﬂha’F] <znz2%< 2z n ) = F ana [Pag,Ea-1m] <
(DO‘)O‘JH’ =02 = = 8. Then [vo‘g,ﬁa_1m] =1. But Fa—1m c u(Q),
50 [Iag,Fa_1m] =1 and [1«9‘%"-1}”3] = 1. But f"gﬂm e W(T) by (b),
o P uQ).

| -1 = | =1 -1
@) P& B P& . P BP0 < 150), P8 vy (o).

-1 -1 -1 -1
But [3(Q), P8 = (3(Q),F1F <[, = (¥ -z, wotice
-1 -1 -1 -1 -1 -1
Ll S I R i RN o (CY) ol ¢ Ll
-1 -1 -1
Then [F& B P® J<znz® =pana (PF 2,78 < = 78, pow

-1
P& P8

-1 ' -1
1. But % Ixx e u(Q) vy (e) so P B U(Q)ag and
-1 - -1
(P& T8y | men [P 1h,f‘15_1 1 =1.

-1 -1 = | -1
() [F& & & gy _ e (exe) 08 'y _ g (a).
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-1 -l =1
(£) [F& & F &) - P (@8l gy L g by (o).

7. The Proof of Theoram A.

Theorem A is proved in this section. If G = (}G(Q1 (Z(S))-)NG(T),
then either Q (z(8)) <z(8) or TAG. If TG, then F = Q (z(T)) and
F < G and Theorem A holds. So we may assume that G # Cq (0 (2(8)))N,(T).

The proof of Theorem A is obtained in a sequence of lemmgs., We

suppoge Theorem A is false and proceed by way of contradiction,
Lemma T.1. ¥ < Q for each @ € A and 6.((1“‘A>) = 1,

Proof. Suppose there exists @ € A such that Fa f{ Q. Of course Feu(T)

so ¥ = va-cfa(F) by lemma 4.4%. But ¥ e U(T) so cFa(F) =¥ NnQq end

¥ =P nq). Thea V¥ £Qand [VL,VI £1. Now [ VW NQ|=qand
S = Q\Ia and Theaorem A holds, a contradiction. T‘ner.efore Fa < Q for each
o € A. ‘Then [Ea,F] =1 since ¥ u(T). Then F < Z((FA)) and (FA) is
elementary abelian.

We may assume there exists @ € A such that [H,Fa] £ F. Iet
A e a(T) \ a(Q) and B, = FF - CA(FFa). Let g € H \ N (SK) such that

" 4 -1
& =1and B=F 8. A (* ©). motice that By, B ¢ 7(Q) and [A,B)]
o

< [a, 7] < 727,

Lemms 7.2.

-1 -1
(1) cBou"‘ g).-_cBO«;a 33

-1
(i1) [A,B] < cB(Ea‘-’Q‘ &) <B.
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(111) [R,¥®] = [B,F8] = £,

Proof. (i) [A,By] <22 <c (r‘ﬂg) s0 Cy (r"ﬂg) and C (f"‘qg) "
o 0 0
cBo(u"-‘gAn.

(ii) §((F"~1€A)) = 1 by Theorem 6, so Q(B(Fg—1gA)) =1 by (i). It
follows from B € @(T) that (E"‘-1g‘“‘> < B and [4,B] < [A,Fa~1gBO] <
B - 72" < B.

Let x ¢ A\ Q. DNow [x,B] < [h,EanBO] < r‘”gr"ﬂg"zza. Therefore
[Ea-1g,Fagf1g] = [F,zag]anjg =1 and [E‘Dﬂg",r"@-‘g] = 1 by lemma
6.4(f). But e < T by 6.4(b), so 7f < c(z‘x'@ﬂg). Therefore
[x,B] < CB(Fagx'1g) for each x € A\ Q. Then [A,B] < cB(fp‘gx-1g).

(ii1) 1£ € < B, then [a5,F] = [4,7%1 < [a,B,1% < (z£")® -
784 < F and [H,Ea] = [(T,Ag>,17g] < F, a contradiction, Then 8 £ By-
Now B, € a(Q) so [BO,Eag] = 78 - &, Now we have [R,Fag] = [R,Fpl]g <

7,718 = 28 = # with B, <R and [R, 78] = £,

o 1
Lema 7.3. If & €< B then BY eg(q) ena ¥ € <B.. Also B =3,

-1 -1 .oo=1
Proof, Suppose P 8 < B. Then [BO,Iagx ] < [BO,B] = [Bo,l?a €] <
s -1 -1 -1 ‘
R, 8] =[R,F 18<Z B men (858,71 < (£ &)F8 - f <r.

Then [T,¥] < F and [H,5¥] £ F yields BS'® <5. Trom BY' <5, we get
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BPE <s5n s =q. Then Y <q ana B <R Hence B, <K' 8o

1
gy .
[BO,Ea %] =1 end B, = B.

-1 -
Lemma T.h. 1f % 8 < B, then [4,¥ ] <F.

1

-1 - -1
Proof. Suppose o € <B. Then ¥ & <B by 7.h. Tow [a5,F 1=

-1 -1 -1
(A, 818 < [4,8,1% < (22")8 = 2% <r. Buwt [T, 1=2 <Fem

-1
(A8, ) = H. 'Then [5,¥ ] <T.

, <3
Lewma T7.5. B8 € & 8.

. 1 |
Proof. Suppose ¥ & <B. By =Bby 7.3 so [A,FF €] <(a,8,] <

0

1 4
72> < F end [A8,F ] < F, Then A% acts on FFE

.
B=By<RNK. Iet X = {7(a) N @(@)™). Ve have ¥ <x<

-1
RN B

=1 -1
and X = J(CQ(FEQ )). Now A® sets on T by 7.4 so A% acts
-1 -1
on X. However, A® acts on FOP g0 A8 acts on [, ] =

-1 :
[, P8 . rrom B, <¥ <R, it follows that [X,i78] = £ vy 7.2.

Then A® acts on Z, a contradiction.
g1-1
Lemma 7.6. [B,Ba 8] is A-invariant.
g1~1
Proof., Let x € A\ Q, and Y = & &, put [7,Y°] =1 by 6.4 (e).

-1 ~1
Now ¥ 8 <BsoBea(@)N d(Q)a € fhen Y- CB(Y) e 7(Q). Lemma T.2

(i1) yields C,(¥) = cB(Yx) and ‘then YY"CB(Y) is elementary abelian.
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But Y- Cy(Y) € 7(q) so Y <Y-Cy(Y). Then x acts on Y- Cx(Y) so x acts

on [B,Y - CB(Y)] = [B,Y] for all x e A\ Q. Now A acts on [B,Y].

We now establish the fiﬁal contradiction that proves Theorem A, We

1

e - -1
heve ¥ € <B soB eal@) Na@)” & But [B,7F 8] £1 by 7.5 so

-1 -1
[B,Eagx g] = Zagx € = 7%, fThen A acts on 78 by 7.6, a contradiction.

8. Corollaries to Theorem A

We give two corollaries to Theorem A, The first corocllaxy is

closely related to a theorem of Bawmann [6].

Corollary 1. Either (i) (11(2(8)) < z(a),
or (ii) FF 4G for each & € Aub(S)

or (iii) there exists & e Aut(S) such that S = VaQ.

Corollary 1 was proved in §4 of the first chapter. Notice that if
neither (i) or (ii) holds, then G # cG(q(z(s)))NG(T). Now if o € Aut(S)
such that ¥ £ q, then [67(6),Q] = V since [V,q] < & < P,

The second corollary is similar to a result of Glauberman and Niles
described in §3 of the first chapter. The proof involves an application
of both Theorem A and Theorem B. We give some lexmas and additional no-
tation before .proceeding with Corollary 2.

Lema 8.1. Assume that G # C,(Q (2(5)))N,(T) end let Z = o (2(m))°.
aeG

Then (i) VZ = V.0 (z(T))

and (i1) F(8) e syL,((F(5)D).



37
Proof. Let Y be a Sylow 2-subgroup of G with {S,Y) = G. Iet
B e 2(Y) \ @(q), choose g € B\ Q and define Z = Q,(z(T)). Clesrly g
normalizes VZ since [g,F] < CV(Y) and VZ <F. Then VZ is normal in G

since G is genersted by S and g. We know Z = VI Z and 778 = V. Then

7Z° = VZ and [“z'g:%'gnﬂ = |V:VNZ| =q. It follows from |V:2zNz%|

= ¢© that VZ = V(Z N %B).
Of course Z N 7.5 is normelized by Q and g. Then E n Eg is normal

in G since Z is centralized by T and G = (T,Q,2). Hence 2 N 2° = Z and

"~

VZ = VZ.

il

Let X = {(3(5)%). It follows from (i) that ¢y (Z) is contained in

J(S). Then XN Q = 5(S) N Q and hence J(S) is a Sylow subgroup of X.
Lemma 8,2. If T <G, then either J(S) 4G or 2, (2(8)) < z(a).
Proof, Suppose T 4G and J(S) A1 G. Then 0, (6, (2(T)) < G and
F(6) < (F()% < c (0, (z(m))) < c i@, (2())).
Hence Q, (2(8)) < z(6).

Definition 8, A finite group X is a (J,8)-embeddable group if

(X, SX’FX’VX) is a T-embeddable guadruple for some subgroups S, FX and

V, of X such that J(s) = J(SX) and X # CG(Q1(Z(9X)))NG(T). We then say
(X, SX’FX’VX) is a (E,S)-embedda.ble quadruple. Let % be the collection
(3,8)—embeddable groups with more than one noncentral chief factor in

the Frattini subgroup. Let J = {O1Z(J(O2(X)))IX € 4.

Corollary 2. ILet 8 = {X|X is an S-embeddable group and X has more than
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one noncentral chief factor within 02 (x)3.

Then there exist nonidentity characteristic subgroups S, and 82 of S

1
such that

(1) s, is characteristic in 3(s).
(2) 5, <0 ((s).

(3) If X €8, then either S1 QG or 82 dG.

Proof. ILet A = Aut(S) and A = Aut(T). If .% is empty then Corollary 2

it

holds with 5, J(s) and s, = 0, (2(S)). Suppose b is nonempty and let
(X,,8,,F,,F,) be a (7,5)-embeddable quadruple with F, of maximal possible
order such that X, €.f DNow let 8 = (F1 A) and 8, = ([T,V1 ]A} N
Q, (z(8)). Clearly S, £ 1. Also ([T,V] ]A> is a nonidentity normal sub-
group of 8, so 52 ;é 1.

Notice that A permutes the elements of 7. ILet !I‘
F1 and let X,Z €s8. If X2 € 31, then 5, <3X2 by Theorem A. Suppose X, €

be the orbit of

7\ 7,. Tt follows from lemna 8.1 thab 0,(X,) N 02(x2) < 0,(%,) N

%2

(T(s) %) = T(s) N 0,(x,). IV, £X,, then [og(xz), 0,(X,)] < F since

2 < 2
[v,,0,(%,) N 0° ()1 < [v,,3(8)] <0, (2(2)) <F. Then [0°(X,),0,(x,)] <
[02()(2),15‘] < [J(Xz),F] =V and X, has exactly one noncentral chief fact-
or within 0, (X), which gives a contradiction. Hence v, £X,. DNow

[T,v,]1 < Z(J(X,)) by Theorem B. Hence §, < Z(J(X,)). Then §, 94X,

since X, = J(Xz)Nxz(E(S)).

If X, £.% then X, clearly normelizes either X, or X,.
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Chapter ITI. Pushing Up L3(2n)

1. The Basic Configuration.

*

Let G be a finite group with.F (G) = OE(G) = Q, suppose .% <4 G such
that Q < .% and 2/Q has no partial complement inG/Q. Tet ¢/& = SL3(q) with
q = 2% Define G = G/Q and T ¢ Sv1,(G). Of course l.&: Q] is odd by the

& &
Frattini argument. M‘ and MQ are maximal 2-locals containing Tand M1 ,ME

are the parabolic subgroups of G containing T and let P < T such that
B = 02(M1). Iet E = Q1Z(Q), V = [G,E] and A < Aut P such that A con-
tains the action of NG(P) on P.

The main purpose of this chapter is to prove the following result:

Theorem 1, If cG(Q1 Z(T)) <M, and J(P) # J(Q), then

1

either (i) [G,Ea] < E for each @ € A

or (ii) Vv = [OZ(G),Q] and there exists @ € A such that Van.

In the rest of this chapter assume CG(Q1 (Z(1))) <M, and J(?) # J(Q).

We make use of the following lemma,

Lemma 1.1.
G/CG(E) B SL3(q) and E/CE(G) is & natural SL3(q) module for

G/CG(E). There exists A € @(P) such that A is a root group of G.

Proof. We use the notation and results of Aschbacher [5]. There exists
%, M '
A e @(P) \ @(Q) such that AC(E)/C(E) ¢ @ (G,E). But {A 1)q = P, so if

B = {A®|g ¢ G and A% < P), then QB contains P and NG(B) <M Then

rl L d
(NG(B) " CG(E N z(T))) # 6. Then lemma 1.1 follows fromthe factorization
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theorem of Aschbacher.

Let H = C,(E) and define G = G/H. Choose L <M,

and K < M, such

P ar - L
that L = O (M1) and X = O (ME) with T < L N K such that (LNH)/Q hasno
partial complement in L/Q and (KNH)/Q has no partial complement in K/Q.
Let Z = C(T) with D = C_(C) and M = 0,(K), ¥ = 0,2(¥) and U = [K,V]. of
course P = OE(L) with M = Oz(i) and L/P == K/M = Le(q). Also H has no

partial complement in G.

2. Properties of E and 7(P),

Lemra 2.1. E=V"° 01(Z(G)) and V/D is a natural module for G and [G,V] =

V.
Proof. Lemma 2.1 follows directly from lemma 1.1,

Lerma 2.2

.

If A € 7(P), then
(1) If A£Q, then A = P or A is a root group of G.
(i1) (AN Q)V e a(P).

(iii) @(q) ca(é).

Proof. If A is not contained in a root group, them {V:A N V| >

|v/p:c, . (a)] =q2 and |A] =q2' fanaql <|(anqlv]. But A e q(P) and

v/D
(A N Q)V is elementary sbelian so |A] = |(A N Q)V| and (AN Q)V e 7(P)
with |A] =g |ANQ| and X = B.

Tf & is contained in a root group, then |V:A A V] > |v/D: CV/D(A)! |
=qand [A:ANGQ| <qg. Now A e @(P) and (AN Q)V is elementary abelian

so |a] = (AN Q)V] and (AN Q)V € #(P), with |[A:AN Q| =q. Then A is
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a root group.

Lemma 2.3. If R <P and R is a root group of G, then there exists

A € @(P) such that A = R.

Proof. By lemma 1.1, there exists B € CZ(P)V such that B is a root group
of G. I acts transitively on the root subgroups of P, so lemma 2.3 fol-

lows.
Lemma 2,4, Cv(g)/D = CV/D(g) for each g ¢ G.

Proof. If g € P, then there exists some root subgroup —ﬁ, of P such that
g € R. By lemma 2.3, there exists A € 7(P) such that A = R. Now
IV:CV(A)f = |A:AN Q| =q by lemms 2.2, Then |V: Cv(g)l < q since g ¢
A. If g #1, then |V/D: CV/D(g)I = q by lemma 2.1, Then Cv(g)/D <

CV/D(g) and |V: Cv(g)l = g. It follows that Cv(g)/D = C,.. ;. (g) for each

v/D
g € P,

o _ L o '
PAM# 1 and K acts transitively on M', Hence Cv(g)/D = CV/D(g)

for each g € M. We have T = {P,M), so
z/D = (CV(P)/D) n (CV(M)/D) = CV/D(P) n ¢ o) =CV/D(T).

Then |Z:D| = q.

If g € T such that g £ PU M, then lcv./D(g)] =q. Now |Z:D| =q and
7 < Cv(g), S0 CV/D(g) s Cv(g)/D. Therefore lemma 2.4 holds for each
g € G such that g € T, By conjugation, 2.4 holds for each g € G such
that g is a 2-elenent.

If g € G such that g is of odd order, then _Cv(g)/D = C,.;~(g) holds

v/D

trivially. If g € G such that g is of even order and g is not a
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2-element, then CV/D(g) = 1, Hence Cv(g) = D and Cv(g)/D = CV/D(g).
Lemma 2.5. [K,U] = U

Proof. If q # 2, then 0-(K) = K. Then

[U,K] = [V,K,K] = [V,0°(K),0%(X)] = [V,0°(K)] = [V,k] = U.

Suppose q = 2 and let g ¢ P\ M. Then V = [V,OQ(K)] . Cv(g) by lenm-

ma 2.4, Now [v,oe(K)] 4 K and [g,V] < [v,oe(K)]. Then
U= 7,5 = [v,4g,0° (X)) = [V, (x)].

Now [U,og(K)] [[V,OQ(K)],OE(K)] = [V,og(x)] =U so [U,K] = U.

i

Lemna 2.6, U

it

Cy(M) end F = U- Q1Z(G).
Proof. Iet g € G such that G = {K,X%) and P < K&, Now

v = [6,V] = [{x,¥®),V] = [K,VI[K®,v] = uv®.

Then |V:U| = |[v:U%| = |u:uN 8],

¥np=(unpnk

UN D. We know that [P,V] <U N U® since
P<KNK.. Then [UNTU®: UND| >|[PV]:[PV]ND| =q by lems

2.1. Of course |(up/) N (UgD/D)| =q, so [UNU®| =q-|UND|. fThen

U : . 2
lv:ul = |u:un 08 =q—,j-nlm~Dr=q since IU:Uﬂ.D[ =q°.

un/ (M) by lemma 2.1 and C_, (M) = cv(xvx)/D by lemma 2.k,

p = Sy/p v/D
Then UD = CV(M). But Iv/D : UD/DI =qand [V:U] =q so D<U. Then

U= CV(M). F=U- Q1Z(G) follows from lemma 2.1.
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Lerma 2.7. Let g € P\ M and A € 7(P). The following are true.

(i) v=u- cv(g).

(ii) D=1 if q = 2.
(iii) 2z = [g,U] x D.
(iv) [p,v]} = [P, U] = Z.

(v) [A,U] € 1,2},

(vi) [A,V] e {n,7}.

Proof. Part (i) follows from lemmas 2.1 and 2.4. Of course [K,U] = U

and [MH,U] = 1 with U/D a natural I,(q) module for K/-. Now P ¢ Syl,(X)
M

and Z = CU(P), 50 we may apply lemmas 1.1, 1.3 and 1.4t of the first
chapter, to conclude that Z = [g,U] x D and [P,U] = Z with D = 1 if
g = 2. Now [P,V] = Z follows from (i). Therefore parts (ii), (iii) and

(iv) hold.

il

Let A € 7(P). If A = P, then [A,U] = [A,V] = Z by part (iv). If
ANM=1, then P = AM by lemma 2.2, Then [A,U] = [P,U] = Z and [A,V] =
z follows from part (i). If A <Q, then [A,V] = [4,U] = 1. By 2.2, we
nay assume that A = M N P. Then [A,U] = 1. There exists g € L such
that A% £ M. Then [A%,V] e {1,2} by the above. 2% = 2, hence [A,V] €

{1,2}.

Temma 2.8. Tet A € (P), B e @(Q), & € G and 0 € Aut P such that B =q.
Then
(a) anHE ea@).

() (anqna®) B eal@)nal@).
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() F&.c (%) e a(a) n 2(@™®).

-1 -1 -1 -1
@ 1t ¥ 8<Bana ¥¥ <q, then ©F 8, cB(fg" €) e 7(q).

Proof.

-1 =1
(a) 1% eq(®), so 0T NQE e 7Q) by lemma 2.2. Then

(1 n F e 2(F).

®) (ana") F ea@”) vy part (a). Then (AN ¢ NQE ¢
7(Q) by lemma 2.2. Notice that (AN @O N g = (A N g N dM)F, so

(Anagn Qot)m:(Z e 7(9) and 7(Q) € @7(P). From [E,Ea] = 1 we conclude
E<q enda (ANQan M) ealq) Na@).
-1 ,
(¢) Now B® e 7(q), so 5. CBg-1 (EO:) e 7(q) N G(Qa) by part (b).
Then B . CB(Eag) e7(8) N d(Qag).

1

-1 -1 -, A
@) Iet x = ¥ & 1¢F &<, then [B5 % E)=[p,F &%

1

=1, 8% o <Q and 8% @ ¢ (Q). Then 8. ¢ g~1oﬁ(Eag) e 7(Q) by part

B

-1 -1
() and X~ cy(X) e 7(&” 8). From ¥  <q it follows that X < Q.

Now B < Q and X - Cy(X) £Q. Then X- Cp(X) € 7(q).
Temma 2.9. Let A € 7?(P), g € G and @ ¢ Aut P.
(2) [A,F] e (1,7,

(b) If A <Q, then [A,E8] ¢ {1,775},

1

_ -1 -1
(¢) e A<q” %and B <q, then [A,FF 8] ¢ (1,7 8,
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Proof.
o o
(a) With A e @(P), we see that [A~ ,E] e {1,Z} follows from

lemms 2.7 (vi). Then [A,B] ¢ {1,7}.

-1
(b) TIf A e 2(Q), then [A® 5] ¢ {1,£7} by part (a). Then

[A;Eag] € {1 :Zag} .

-1 1

" -1 o
o og
(¢) Te A e B then A5 < Pand A% % <q. Hence [a® % &%)

-1 -1
e {1,778} by part (b). Now F® <q < Pand [A, & 8] ¢ 1,7 &)

Lemma 2,10, If g,h € G and @ € Aut PsuchthatFQSQwi‘chx efag\
0, (2(P)% and v € ™%\ @, (2(2))", then [x, y] = 1 if 20d only if

(8,0 = 1,

o, 3o
Proof. From x> & eF % Q, (z(P)) and yh ¢ er % Q, (z(P)) it follows

—1a—1 h-la—1 1

that c:P(xg ) = Cp(F) = Cply ) and CP(xg_ ) = CP(FQ‘) = CP(yh'1 3

1

- -1
Tn particuler, cQ(xg J & cQ(fa) - cQ(yh )s Cqlx) = CQ(Fag) and C (y) =

CQ(Eah). Lerma 2,10 follows,

Lemmé_?.ﬂ. If g,h € G and @ € Aut P such that o < Q and [Fag,Fah] #
1, then |Fag:CFag(Fah)l = g.

Proof. 2.11 follows directly from 2.10,
Lemma 2.12, If X < P and [X,E] <D, then [X,E] = 1.

Proof. Lemma 2.12 is a direct consequence of lemmas 2.1 and 2.k,



L6

Lerma 2.13. If A € Z(P) \ @(Q), then {[g,EHg € P} = {[g,E]]g € A}.

Proof. t g € P. By lemma 2.2, there exists h € L such that gh ¢ A.
With [g,V] <2 < Z(L) we find that [gh,V] = [g,V]h = [g,V]. Lemma 2.13

follows.

3. The Proof of Theorem D,

Theorem D, If @ e Aut(P) such that o <Q and E # f, then 7% < z(a).

The purpose of this section is to prove Theorem D. Suppose & ¢
Aut P such that B < Q and B £ E such that £ £ 2(G). Tet A e 7(P) \

a(Q) with ANM=ANGQ. Tet g e K\ N, (HT) and define By = (AN Q)E

and B = (B, N o,

Lemma 3.1. (1) B, e a(Q).
(ii) B e @(q).
(111) FE. o (%) e ala).

(iv) [a,8] <22 < c (278).

Proof, Parts (i) and (ii) follow from lemms 2.8. Part (iii) follows

from (ii) and lerma 2.8. Notice that

[4,B] < [a,E8] < 7227 < Q,%(P) < cB(EO‘g),
so that (iv) holds.
Lemma 3.2. (Eag.!\> is elementary abelian.

Proof. Suppose lemms 3.2 is false. e g Q, so there exists x e A\ Q
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such that [H8, €8] £ 1. wow ©8. ¢ (%) e 7(q) by lem=s 3.1. But

[a,B] < cB(EO‘g) by 3.1, so A acts on B and cB(Eag). Now HEX. o (' E) o
@(Q) by lemma 2.8 and CB(Eag) = CB(EO‘g"), 50

28 = [78, 8 . ¢ (7)) = (78, ) = (78 - ¢ (£78), %) =% by 1eoma
2.9. From 2 < A 7(P)® ana % = 8 it rollows that 8 < 7(c) and

7~ < z(G), a contradiction,
Lemma 3.3. B © <B.

Proof. Suppose oals £ B. Since B € 7(Q), we have that [B,Eag] = 8 by
lemma 2.9, Now A acts on B and CB(Eag) by lemma 3.1, so CB(Eag) =

CB((EagA) ). Notice that (EagA> is elementary abelian by lemma 3.2. Then

(EngA) . CB(Eag) is elementary szbelian. e, CB(Eag) e 7(Q) by lemma 3.1
and B8 . CB(Eag) = <EO£gA> . CB(E‘qg). Now A acts on B8 . CB(Eag). Thea A
acts on 78 since [B,EO[g . CB(Eag)] = [B,E?g] = 728, From 78 < Q1Z(P)g,
it follows that 78 < 7(G) end %~ < 7(G), which gives a contradiction.

Lemma 3.%. EE® <K,

-1 -1 e -1 -l
proor. [A® ,E] = (4,581 < [a,B1® < (% <qz(Pf <=

|

- -1
Hence A8 < NK(EE"‘). With EF < P and (P,A% ) = X, we get that EE" JK.

Lerma 3.5. J(Q)% = J(Q) and ¥ < 2(5(Q)).

Proof. EE® 4 K by lemma 3.k, If E° £ 2(3(Q)), then 1 < [J(q),E"] =
[5(Q),E¥) 9 k. If B £ 2(3(q)), then [J(Q),F']1 = Z by lemma 2.9.

Then ©* < K. Notice that #° < Q, (z(P) = QZ(L). Then £ < 7(c), vhich
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gives a contradiction. Therefore E < z(J(Q)). Then [3(Q), 5] = 1 and
3(q) < ¢¥. Recall that 7(Q) C@(P). This yields J(Q) < 5(Q)%. Now

3(@) = 3(@) since |5(@)| = [5()%].
Lemma 3.6. (i) {[x,Ea]!x € P} = {[x,E}[x € P}.
(i) & =z.

Proof. B, € @(Q) by lemms 2.1, but ¥ > 7(3(Q)) by lemsa 3.5. This
yields that g <B,. ILet x € A. Then [x,?:ia] < [x,BO] = [x,BE]. We

have that E < %(3(Q)) = 2(3(Q))* by lemma 3.5 and (A N gO)E e 2(¢T) by

lemma 2.8, so E < (AN Qa)Ea and [x,E] < [x,(A N Qa)Ea] = [x,E.a}.
Therefore [x,Ea] = [x,E] for each x ¢ A, But J(Q)a = J(Q), so A £ Qa.
Then {[x,Ea][x € P} = {[x,Ea]lx € A} = {{K,E}!x € A} = {[x,E]]x € P} by

2.11. In particuler,Z = [A,E] = [A,F°] = & by lemma 2.9,
Leme 3.7. 1 < [Q,E] < D.

Proof. E # B so [Q,5°1 # 1. Then [q,7] < [P,F] = & = 2 by lema
3.6. But EE < K by lemmn 3.4 and [Q,F°] = [Q,EE'] 9 K. Then [Q,F] <

D.

We now establish a contradiction vhich proves Theorem D, We know
that 1 < [Q,Ea] < D from lemma 3.7, so there exists y € Q such that
1< [y,Ea} <Dh. It folldws Prom lemma 3.6 that there exists x € P with
1 < [x,E] < D. This contradicts lerma 2.7 (iii) and theorem 3 is

proved,
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4., The Normalizer of Ea

Lemma k1. T (E") <0 and & ¢ A, then ' AN (P) and ¢” an (P).

Proof. We may assume that B £ B, If g e NG(P) sueh that B8 £ &,
g g A

then BV # E. YNow g < Q since {E") <Q and A contains the ac-

- | »

tion of NG(P) on P. Then & < Z(G) by theorem D. Also 7 < z(a)
gx“‘ a-1 -1

and 2° = (B o 3 £ 7(G), which yields a contradiction.

Therefore B < NG(P). Then Qa = CP(E)a = CP(EQ) < NG(P).

5. 'The action of NG(P) on E°.

Let 0 : NG(P) = A be the natural homomorphism. Suppose (EA) <Q

and 1ot g € A, How I¥ < N, (P) and qP « N,(P) by lemme 4.1. Then N (P)

permutes the elements of S, where

S = {CEﬁ(X)'X e P\ Qa}
= {(c(0))PIx € o\ a}

= {Fgalg € L} .

Define W = F'/Q, (z(P)) end let ¥ : E° » W be the natural homomorphism.
E/ﬂ1 (z(P)) is a natural Lg(q) module for L/P(L N H), so a GF (q) vector
space structure is induced on W such that ¢(S) is the collection of one
dimensional subspaces of W. Now NG(P) acts on E6 and Q (z(P)), so

NG(P) acts on W. Of course [P,EB] = B° <Q (z(P)), so [P,W] =1. Ve
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use 8(L) - B to mean the coset of 6(L) in A that contains 3.

We recall some basic facts about semilinear transformations. Iet X
be a finite dimensional vector space over GF(q) with dimension greater
than one. An additive function A':X - X is called semilinear if there
exists an automorphism ¢ of GF(q) such that Alav) = a®\(v) for each
scalar a and each vector v. An additive function p: X = X is semilinear
if it permutes the subspaces of X. Define 'L (X) to be the group of
semilinesr transformations on X. The group I'L (X) contaians the projec-
tive linear group PGL(X) as a normal subgroup. I'L (X) is the semidirect
product of PGL(X) and a subgroup A, where A is isomorphic to the auto-
morphism group of GF(g). A treatment of semlme&r transformations cé.n

be found in Artin [1].
Temma S5.1. The action of NG(P) on W is semilinear.

Proof, NG(P) permutes the elements of S, so NG(P) permutes the sub-

spaces of W. Then NG(P) acts semilinearly on W.

Lemma 5.2, If [L,W] # 1, then
either (i) [P(L N H),W] = 1 and W is a natural Lz(q) module for

L/P(L N H).

or (ii) q =2 and |L:CL(W)i =2,

Proof. Let [L,W] # 1. Suppose W = T. Now (L N H)/Q has no partial
complement in L/Q, so [L,W] = 1, which yields a coatradiction.

Suppose that cL(w) < P-(LNH)., Since L/P(L N H) = 1,2(q), L is
semilinear on W and (L N H)/Q has no partial cowplement in L/q, it fol-

lows that [P(L N H),W] = 1 and W is a natural Lz(q) module for
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L/P(L N H).
cL(w) QL with [P,W] = 1 and L/P(L N H) ’—"—Lg(q). If q # 2, then

either CL(W5 =T or CLW) =§, and lemma 5.2 holds by the above arguments.

We may assume that q = 2 and C W) = Oe(f). The group of semiline-
L

ar transformations on W is isomorphic to 8 Since (L N H)/Q has no

3‘
partial complement in L/Q, lemma 5.2 follows.

Lemma 5.3. There exists @ € 8(L) - B such that [T,5%] < F < 0, (z(P))
and [1,7] < 7.

o=
Proof. L is transitive on the elements of Sﬁ 80 lemms 5.3 follows

from lemms 5.2.

Temma 5.4, If @ € A such that a < EB, then there exists g € L such

that I = FO°,

Proof. Let & e A such that ¥ < 2 end let v = C¥$4. Notice that

# <Eapd |P: CP(FY)I - [P:CP(F)l = q. ‘There exists h € P\ Q such
that FY < CE(h)' Now FY = CE(h) since lF’Y:Q1 (z(P))| = q. There exists
geLsuch’chatFY=Fg.

Temma 5.4 is applied several times in the next section.

6. Comruting Conjugates of EB.

Theorem 6. If (EA> <Q, ® € A, and x is en involution of K, then

o
[£°,6°%] = 1.

The purpose of this section is to prove theorem 6. Suppose that
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o) <Qand B € A. + x be an involution of X such that [EB,EBX] £ 1.
Lemma 4,1 implies that x £ M. Iet & be as in lemma 5.3 and let

8:N,(P) + A be the natwral map. Tet W = () and B = 7. of
course ¥ = & £ E, so B aw,(P) by b.1. Let se K\ N (HT) such that

s2 =1, NowF = Q, (2(P)Q, (z(P)) s < 1" and ¥ <R < W. Define

&

T={% e A|E® = 2% emd (20,01 = 1 for each 5 € 4].

Notice that O(L) < I <A and @ = ¢ (E®) = ¢ (8%) = @® for escn § < A

and A € I,
Lerma 6,1, [M,W] < R and [M,R] <F.

Proof. [M,F'] < ¥ by the choice of @, so [M,#] <R. Also [M,R] <F

since [M,'fa] < ¥

Lemma 6.2, If §,& € A such that [st,Fé] #1, then T = #O%E )

8% | Evi _ sxe ! . gxe ™!
Proof. |F®:¢C sx(F )| = q by lema 2.1, so |F : F N M}
F

i

= = -1
|p0%e . % Cp(F)| =q. ThenT = FOXE .,

Lemms 6.3. &(W) < 7 and [q,W] < o

Proof. [P,E] = %%, so [Q,5] < 7. Tt follows that [Q,W] < £ and
[w,w] < #*. Ve conclude that 3(w) < # since 3(E) = 1.

-1
Temna 6.4, Tet 8, ¢ T-o and g € FO°° . If h is an involution of W,

then [h&,h] = 1.

Proof. Let Y = {g,h) and suppose [n%,h] # 1. ‘Then [g,h] # 1, so Y is
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dihedral since g = h° = 1. Now 3(Y N W) < 3(W) < £ by lemms 6.3 and

-1 -1 -1 -
s(xnw )<aw)® < (F)° =7z Noticethat g e YNW <Y and

heYNWdY. We are given that [h,hg];é1, sogéYﬂWandhé

-1 -1
YNW . TenY/YNW=y¥nw =z,

[h,h8] # 1. Notice that &(3(Y NW)) = 1. Tt follows that YN W = Dy acd

Nowh £ Z(Y N W) since

-1
Y =D, Also Z(Y) = (Y N W) < 7. We have |Y:YNW | =2 vith & =
1 -
1and g £ 2(Y), so YN WE = Dg. Therefore z(Y) =3(¥ynw® ) <Zand
z(Y) <Z°N Z <Z(G) N Z = D by theorem D. Let y be an element of order

-1 ' o
Lin YN W . Of course ge and y° are contained in W, Also gsx and

-1 S g

yex are in W. Now F contains gex 6 and P contains yex + It
-1 -1 -1 -1 -1 -1 -1
follows that 1 = [gsx 6 - ysx& ] e [yax 6 sF1 N o s &
8\:—16“1
[y~ ,Ul N D, contradicting lexma 2,7 (iii).

Lerma 6.5. x may be chosen such that [FG,FSX] =1 for each § ¢ I -,

Prcof. [EaX,Ea] # 1, so there exists ¥,p € I-Q such that [F'&X,F‘QJ £ 1.

-1
et Y = Frxe . Now T = YM by lemma 6,2, There exists a € K such that

x ¢ T, Now x ¢ MY* and Ea <1 M, so there exists y € Y such that E‘le &

a
ECZ(:Y ) . Recall from lemmsa 6.4 that [hy,h] = 1 for each involution h of

&
w. Then [0 ),h] = 1 for each involution h of W. Let § € I - and
a -
choose h e F° \ Q (z(P)). [h(y )',h] =1 so [Fﬁ(y ),Fﬁ] = 1 by lema
2.10, Now lemma 6.5 holds with x replaced by ¥°. In the remainder of

this section, choose x as in lemma 6.5.
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B, 6,
bt 2 e 4

Lemms, 6.6, If 6 € I-Q, then cEa.x(F5) = F* ang cEa(Fﬁ") - 75,

Proof. Iet § € I-C. We have that [FOX,F®] = 1 by lemma 6.5. Suppose

Fox £cC st(Ff’). There exists g € EGX % 7% such that [g,FS] = 1, There
E

exists ¢ € T-Q such that g € F'o. Now g £ FO, so g £ Q,(2(P)™.

Hence [FO,F*X] = 1 by lemma 2.10. Notice that B~ = FOXF™* and [F°,H¥]
= 1. Also [Fax,fe] = [FO,F*%1* = 1. Now [F°5,F%] = 1 by lemma 6.5, so
[F%,5°] = [FO%F°5,7%) = 1. mow [F%, ] = 5,55, F°]

i

1, a contra-

il

diction, Therefore FOX = C X(F&). We conclude the F° = C (F5X) since
> 08 ¥

%X = A,

Temma 6.7. CEle(Ea) = QT(Z(P))X~

Proof. Let § ¢ I-0 such that ¥ = 3750, Observe that CEaX(Ea) =
CEax(T:a) n CEax(Fﬁ) = 7= n % by lemma 6.6. Now R %

(Fa N Fé)x = Q‘(Z(P))lc and 6,7 follows. |
Lenma 6.8. Fi 4 K.

Proof. If FF' < K, then cw(na) 4 K., We conclude that [FFa,W] = 1

since B < G (Fi”). This contradicts the choice of ..

o
Lemma 6.9. W£Q .

Proof. ILet § € I-a such that FO £ . Then [FP,F0] # 1 by lema 6.6

-1 -1 -1
and T = F0 . Mby lemma 6.2, NowQa = Q6
~1 -1 -1 wl -1 3
o , then W <@qd ama W, ] <[Qd , 1< [q,1% <

by lemma 4,1, If W <
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s 3
()% =2 <F. But M,R] <F by lema 6.1, so [T,R] = [F"%0 .M,R] <
F and FF = R < K, cortradicting lemma 6.8.

2
Lerms 6.10. ¥ =E,

1 . : = . T 1
Proof. [W,H 1<[p® In[wael<® n#=(zn zae)"‘ . 1If

> > -1
B #E, then ©* < 7(G) by theorem D. Now Z N Z(¢) = D, so [W,8% 1<

-1
5' . Then [W,E] <D and it follows from lemma 2.12 that W < and

-1
W< o® , contradicting lemma 6.9.

Lemma 6.11. If § € I-, then there exists ¢ € I -, such that F® =

-1
P o,

-1 -1 -1 -1 -1
Proof. I =I°bylemna 6.10. Now F° SEE’ ¥, so Fo SEa. By

il

il
fxf
o

lemma 5.4, there exists ¢ € I -0 such that F°
. 5 Ea _ gl _ 5y, €
Lerma 6.12, If §,& € I°Q such that = FF, then W = CW(F ) (CW(F ).

Proot. |W:c (F%)| <q, but |27 % n CW(F5)| = q by lemma 6.6. Then
W= BT, CW(FS). We likewise conclude that W = EsxvCW(FE) and observe

that B = FO%. 5¥ < CW(FS) + ¢,(T%). Tt is now obvious that W =

6 . e
C, () * ¢, (F°).
Lemma 6.13. There exist elements A and ¢ of I such that F £ {Fh,F(p} and
-1, -1 -1 -1
S S

Proof. Suppose lemma 6.13 is false and define Y = {§ € A[F'5 = F}. Iet
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s = _

AeI\Y. IfoeI\Y, thenFa A -.—.Fa . Nowo:—1)\'1gpa isin¥Y
1 -1

and ois in A - ¥ . This shows that T cYU (A\- ¥ ). Let A=1I0NY.

Now |I:A|] <2 since I 9A. We conclude that |8(L):8(L) N A| >2 and

|L: NL(F)[ < 2, which yields a contradiction.

Lemma 6.1%. There exist €,6 € I -Q such that i £ {F°,F°} and ¥~ =

Proof. Let ¢ and A be as in lemma 6.13 and let ¢ = M and § = . Now
p -1 -1, -1

F £ {F)\:F(*}, so I ¢ {Fm,l"w} = {FE,Fé}. We have that ¥¥ =1 P #

] <A

~1 '—-1 C o1 -1 5 5

-1 1
F 9 - ., mwrE <EF e <E

. Since La =

"

by

-1 .
&
lema 6,10, it follows that F° < and F <. Now B =F° I

follows from lexma 5.k.

-1 -1

Lemma 6.15. If § and ¢ are as in 6,14, then [1,¢(F )1 <F - (mu]

-1 -1
and [1,¢,(F° )1 <F° - [l

1
Proof. FO £ F, so [FO5,F] £1 by lemma 6.6. Then T = X0 «M py

-1 -1 -1 g
lemma 6.2. Now [FPX0 ,cw(F6 )1 < %0 (1% < e M =
1 -1 51 51
[RM)° <P by lemm 6.1 ana [¥,0 (7 )] < [, so [T,c (F® )1 <

-1 -1 -1
¥ . [M,7]. We similarly conclude that [T,CW(FE )1 < . MV,
Temma 6.15. [T,W] < B - [M,¥W].

| A = 1
Proof. Let & and ¢ be as in lemma 6.14. Now W = CW(FO )'CW(F= ) by



o7
-1 -1

lemmas 6.12 and 5.k, Tt follows that [T,W] <F° F° . [M¥] = F[M,V]
by lemma 6.15. |

Lema 6.17. [T,W] <E'R and W = £ °R,

Proof. [M,W] < R by lemma 6.1, so it follows from lemma 6.16 that
[M,w] < PR and [7°,w] < E°R, We conclude that [K,EaEasR] =

[T, 7%, EE°R] € B R and W = BB °R.
Lemma 6.18. [T,W] < EF.

Proof. [M,W] = [M,EESR] < FF°r = PP by lema 6.17. Now lemma

6.18 follows from lemma 6.16,
Lemma 6,19, W = s,

Proof. Tt follows from lerma 6.18 thet [T,W] < BF° < F° and [T°,W]

< [FF5)S = 5% < FE S, Therefore HE S < (T,7% = X and W = RS,

]

Letms 5,50, W= BB,

Proof. W=HE" and |W:c,(F)] < [F%: ¥ ne@®)| < [£°: % n 7|

< |5 (a(2)®] = ¢>. We kmow that |[EX:c __(#)] = ¢° from lemma

EQX
6.7. It follows that CW(Ea) = FE and W = FEOEX,

Observe that lemma 6.20 cannot be obtained by merely specializing s
to x, as x might be contained in SH.

The two previous lexmas show that [E, ] =1 if and only if
[}Efx,Eas] = 1. By the same argument as in lemma 6.5, we may choose X €

M- s such that x satisfies the conclusion of 6.5. Then W = B 7" and
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(T, ™) =K.
Temma 6.21. R = I and 3(R) =

Proof. Iet g € ¥ and h e X \ 0, (z(P))* such that (gh)2 = 1 and hence
[g,h] = 1. It follows from lemma 2.10 that [g, 7] = 1. Lemma 6.6
yields that g is contained in ¥, Notice that 0, (2(P))™ is contained in
FE, 1r v is any involution of Eaﬁax, then y € 2 (Eaiax).

C le(Eo‘) . by lemma 6.6 and we have that [Ea,Ia] =1, so
E

0, (F) = ¥'F™™. e have that ¥ 4T, and it follows that ¢, (i") < T and

¥ 47, We conclude that F X < T since [T,Ea] < * and each invo-
lution of FFX is contained in B U (Fafax). Now (’Eal?ax)X = % and

K = {T,x), so P q K and R = PF°°. fThen we also have thab &(R) =

Lemma 6.22. PﬂM:Q-E‘m

Proof. IFax:C

-1 -1
(Ea)l =g, SO |Faﬂ . P NQ| =q and PAM =

FQX
Q- et
Temma 6.23. 1‘14 = ¥,

Proof. Suppose that Ea # ¥ and notice that [FOWO-’ »Cy (Fa )] <
-1 -1 : -1
[ Lo ()1 N ul < (75,p 0 w? Nr <®R?® Nr<
-1
¥ AR

-1
Lemmas 6.6 and 6.10 imply that C N(Fax)=Fa and ¥ < F. We now



59
w1 =1 =1
conclude from lemma 5.% that ¥ N R < F nc a(Fax) s O =
E
-1
Q (z(P)) ana ¥ NR= Q, (z(P)).

1

- -1
It follows that [F~ , ¢ (¥ )] <0 (2(P)). Recall that [q,] <

-1
2* <0,(2(P)). Iemma 6.22 yields that [P N MJ,C (F )] <q (z(P)) <F.

-1
Tt follows from lemma 6.7 that C X(E"‘ Y =g

o P

<1 =1 -1
and |FF¥ . Crax(lza ) =q. Noww = FQ‘XCW(FCX ) since |P: CP(Ea )| = q.

-1
We conclude that W = RCW(Fa ) with [P N M,W] < [PN M,RIF <F and

(&) =, (z(p))*

[M,W] < F.

=3 -1 s
Since B = B , it follows from lemma 5.4 that = 7% for some
T Lo oy E
i€ I. Lemma 6.5 shows that I¥ * = PO < o, (FT) = Cw(Fa Yo

4 e -1 -1 -1
Observe that [F* ** Cw(Ea )1 < [cw(r“ ),pn M <

1 1

- e 1
o, (z(®)  =0q,(2)P). Now [ ** W] <R since W = RCW(Fa ). Tem-

-1 -1 -1
ma 6.6 shows that [Fa X,Fa] #£ 1 and lerma 6.2 yields that T = > B 5

Now [T,W] <R and [K,W] < R since [M,W] <R A contradiction to lemma

6.6 is obtained by noticing that W = F'R and hence ¥ < Z(W).
Lemma 6.24. [P N MR] < Q, (z(P)).

4 -1 a-I
Proof. ¥ =F by 6.23. So R gcw(r"‘ ) < (PN M)” . Then

® - "
[ RI< (PN MRIN [FXenu® <FNF . Recall from lemma

=
6.23 that ¥ = F. Lemma 6.6 implies that
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-1
FNF <c ) =0,(2(P) and F N ¥ <0,(2(P)). The lemma follows

P
from lemma 6.2k, since [Q,R] < o (z(P)).

We now prove theorem 6. It follows from lemma 6.14 that there

-1
exists A ¢ I *Q such that F}‘ # P and F\ £ Fa. Now o5 N C(F)‘) =
=1 o1 -1

0, (2(P)), so T = R by lemma 6.2. Notice that [F ,CW(FA )1 <
3 -1

-1 =
e, < Pen )t <o, z@) = 0,(2(P) by lems 6.24,

-1
Now [T,W] < R and [K,W] < R since W = RCW(FK ) and [M,W] < R. A con-
tradiction to lemma 6.6 is reached by observing that W = RE® and hence

aad < Z(W). Theorem 6 has now been proved.

7. Soms Important Commutbtators .,

Lerma 7. If (EA> <Q, @ € A\, x is an involution of T \ M, and g,h are

involutions of K\ NK(TH), then

B
e
OQI
L&
t.b
®
i

oy
(Ex
vm-‘
s
N
I

Proof. We may assume that = £ E,
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-1
(a) [éxg,ﬁx] = 1 by theorem 6. Then we conclude that [ﬁzg} ;B] =1
-1
and & <q.
- oy
(b) Notice that g < Q and i <Q by (a), and that
T oo e "W ago o
(% Mg) - (78,8 P 2 P8 T < (8
-1 -1
= (P P2 yow T P < < Pama [BE] =7, so

1
¥ P <@nz<®nzEe) = @nzE) =% o-

1

X o
serve that B °8 < p ama [g,F ¥ .

-1

] " o} <3 =1 -1
[P ha’E]ot e < (P rg” | e | o

=10 -1 -1
% = D. Tt follows from lemma 2.12 that [E,# & ] =1

and [annlh"‘,n] = 1. Now (b) is satisfied.
(¢) Part (b) implies that [E"‘gf‘h,gag’ﬂ] i
[}zp‘g"_1}:!"‘,Eo‘g]o‘-1 < [Q,Eag]a-1. Notice that [q,H8] < £ 8=7
and [Eagf1h,nagz—1] < (z"‘)o‘-1 = 7. |
Ve élso have that [Eo‘g"-1h,}3°‘5f1] = [fg,nagx—1m]a-1h
1

-1 -1 -
< [ﬁxg,Qfx b < (iigyx B (zg)a . Zh. Now we see that

o} -1
[ B P g P

1l

D. It follows from (b) that

-1 ‘
ﬁxgx betg < Qg =Q < P, We also have that
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1

A, e -1 A 1 ,
[ e oy P8 b P PR P ) <.

-1 -1 -1 -1
Then [Eagx T ,E] = 1 by lemma 2.12, and [Eagx h’Eagx 1=1.

-1 -1 1 -1 8
(@) [ & P 8y P (g;xg),LplgI ] =10y (e).

-1 -1 =1 -1
(o) [F& 84 &x) _ P () o e |y (),

8. The Proof of Theoren C.

The purpose of this section is to prove Theorem C. Suppose there
exists an automorpnism ¢ in A such that Ea is not contained in Q. Now
Ea centralizes P/Za and have Ea centralizes Q/E. The centralizer iﬁ G
of Q/E is normal in G, the group G/H is simple and H/Q has no partial
complement in G/Q. Therefore OE(G) centralizes Q/V since 02((}) centra-
lizes Q/E and E/V. It follows that [OZ(G),Q] = V.

Suppose Theorem C is false. We may assume that the group (E") is
contained in Q, and that [G,Es] is not contained in E for some automor-
phism B in A.

Lemms, 4.1 implies that 2 NG(P). It follows that [K,EB} £ E,
since G is generated by K and NG(P). |

Tet T = {6 ¢ A|JE*® = E for each @ e A} and A ¢ 7(P) s.t. |A:AN M| =

|[A:AN@| =q. Define By = (aAnaqgn QB)EEB, let g € K\ NK(TH) such

wll .
that g = 1 and define B = & 5. cy (B €). Temma 2.8 yields that
0

B, € Z(Q) and B € 7(Q).

A » e
If o € I+, it follows that ¥ = ena 3= S.c (& ),
R
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We also obtain that 2 = [B,#] = [P,E°] = 2

and [4,B,] < [4,E8] < 2%,
Lemma 8,1, Ifa € I-P, then

-1
(2) (= gy is elementary abelian.

-1 1
(b) cBO<EO‘ % =cBO(<z" 5%

A
(c) [a,B) <c (& &) <s.
(@) Q¥ n q, &%) = [B,E] = £,
-1 3
(e) 1£ % 8 <3B, then BY <Mana ¥ &<p,.

R -1
(£) 1 ¥ B < B, then [K,F ] <E.

Proof.
gy

-1 -1 -1 -1
(2) If x,y € A, then [ & F &) - &8 F 17 L by

-1
theorem 6 since (g:qyg)e = 1. Therefore (& ehy i elementary abelian.

. . x
() [A,B,] < 22 SCBO(Ea 8), so CBO(EO‘ By = ¢ (K &),
0

-1 -1
(c) Part (a) says that 3(¢F &%) =1 by (a). Then 3(B(F &)=
follows from (b) and the definition of B. Now B € 7(Q) and it follows

1 -1 '
that (& & <B ana (A, €] <B. Notice that [4,B,] <77” <B and

[A,B] < B.

-1 -1 -1
Let x ¢ A\ M. DNow [x,B] < [x,E.a g'BO] SEa 8. § 8.z ana

-1 -1 -1 -1 -
(¥ &, 8] - [5,F8™ €.1. Notice that [ 5, €] -1y
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=1 1
lema 7 (e). Now (227,550 8] < (z2%,q1 =1, so [x,B] < CB(EaEa 5.
-1
We conclude that [A,B] < CB(Eang €) since A = {x ¢ Alx ¢ M).

(@) 1f B8 < B, then [a5,5] - ta, 8% < [4,8,1° < (z£)° < £ =k

and [K,57] = [{P,a8),"] < 7% = E, vhich yields a contradiction. There-

fore B8 £ By. By lemma 2.9 we have that [Bo,Eag] = 7. since By <

on ¢ ama [Q,Eag] < Za, we conclude that [Q N Qa,Eag] = 7,

-1 -1 -1
(e) 1f ¥ € < B, then [B,,E® €] < [B,,B] < [B,E 8] <

X -1 | )
[0, 8] <7" . It follows that [BY,§8] < (& (¥ -z 1r

g g
Bf;a £ M, then [K,E'] = [(ng,PgLEag] < (z27%8)° = 78 < ®, which gives

-1
a contradiction. Therefore ng‘ <PNM=CLF) and B <QN cP(:sp‘ ).

i

| -
Notice that By < CO(EQ €) and B, € 7(q). We conclude that ¥ &< By

=1 -1
(f) Suppose thet B & € < B, Tt follows from (e) that ¥ 8 < B,

-1 1 ‘ ~1
end [25,F 1 =[a,# &° < [a,B,1% < ) <€ =5 Wow [, ] =

1 -1
7 <Eand K= (%P, so [K,F¥ ]<E.

Lerma 8.2, There exist elements @ and § of the coset I3 such that

1) ¥ = #FO.

-1 11
(1) & =F ¥ .
(iii) [x,#] £ E.

(iv) [¥F°] £ E.
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Proof. Suppose lemma 8.2 is false and let J = {V € IlF‘b = F}. Also let
® be the natural homomorphism from L to A. ILemms 4.1 implies that the
group 6(L) is contained in the group I. Since [K,EB] £ E. There
exists an element § of I and an e;lement x of 8(L) \\ J such that

-1 -1
[K,F0] £ E and [K, 7] £ E. The hypothesis yields that I = F°

for
) (G35)" g3
each @ ¢ (J8) U (Ix8). Now F = prId =F° 9 for each j ¢ J, and
5715 5
it follows that F Js _ F. Notice that J~ <1I since J <I JA. We ob-
1 1 %, 1 o
tain J6 = J and observe that F('5 = F(x&) = F6 X and F6 % B,

Now J contains x5 since T is normal in A and I contains x. A contradic-
tion is obtained by noticing that J6 = J and J contains x.

o -1
Lemra 8.3. TLet @ ond § be as in lemma 8.2. If B2 & < B ang £0%0 8

B—-1

< B, then B = B and [K,E™ ]<E,

- X
Proof. Lemma 8.1 (e) implies that ¥ & < B and ¥’

€ < B . Notice that

Oo

-1 A A 1 -1 -1

5 ,

P F =F P witnh €<B,end B =8, Now[KF ]<Ean
51 51 A

[X,F° ] <E by lemma 8.1(£), so [E ] =I[KF ¥ 1<E.

=4
Lema 8.). There exists A € T-§ such that E'S° © £ B,

Proof. Suppose lemma 8.4 is false. It follows from lemma 8.3 that

-1 . -1 o a-l -1
[K,EB ] <E with CQ(EB ) = CQ(EEB ) d4Kand @NQ° <K We con-

A
clude from lemma 8.3 that B = B, and [A,Eﬁgﬁ 1 < [a,B] = [_A,,BO] < ZZB.
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g P8 | < 5P g Bep”
Therefore [A°,E ] <7%2° <E and A® acts on EE'S" | Now A® acts on

8! gep” B 5P
lanqg” ,E°®8 1=10°Nq,E"®] . Tt follows from lemms 8.1 (d) that

2

[Qa n Q,Eag] = 7" and A® acts on Z, which gives the desired contradic-

tion.

-1 ' -1
Lemma 8.5. If @ € I3 such that B & ¢ 3B, then [, &] is A-in-
variant.
-1
Proof. Iet R = 5 &, Tf x ¢ A\ M, thea [RF,R] = 1 by lezma 7 (d).
. o o
P €<p<q, s08<qNa ZamaBeca@) Na@” & Now lema 2.8

implies that RCB(R) is contained in @#(Q). Now CB(Rx) = CB(R) by lemma

8.1 (e), and RRxCB(R) is elementary abelian. Notice that RCB(R) e 72(Q)

with B° < RCy(R) and x € Ni(R-Cy(R)). Therefore x scts on [B,R- Cy(R)]

and x acts on [B,R]. Now x is contained in NA([B,R]) for each element x

of A which is not contained in M, so A acts on [B,R].

We now prove Theorem C. By lemma 8.4, there exists @ e IB such
gl-.lg -1 a-l
that ©' £B. NowE ©<BandBea@) na@ &) with

-1 -1 K
(8,57 €] £ 1. Tt follows that [, 8] = & & _ 18 40 1o
2.9. Then 78 is A-invariant by lemma 8.5, which yields a contradiction.

Theorem C is proved.
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Chapter IV, Open Problems

1. The Pushing Up Problem for Sp, (™).

We have described some pushing up problems for Lg(zn) and L3(2n). %
is also of interest to consider the four dimensional sympletic groups
Sp), (2n).

Let G be a finite group with F*(G) = oé(c) and suppose that G/OZ(G)'
is isomorphic to SPM(Q)’ where g = 2", Define g = OQ(G) with E = (z(Q))
and G = G/Q. Iet T be a Sylow 2-subgroup of G and let M. and M

1 2
maximal 2-local subgroups of G which contain T. Define P = 02(M1) and

be the

M= 0,(4,), and assume that G # CG(Q1(Z(T)))NG(J(P)). A theorem of

Cooperstein [8] asserts that E/CE.(G) is a natural module for G.

If G has more than one noncentral chief factor within Q, is [G,Ea]
contained in E for each aubtomorphism @ of P? We propose that the meth-
ods of Chapter IIT might be zpplicable to this problem.

We mention a reduction in the problem that illustrates the usage of
Theorem A, The methods of Chapter IIT require that the Thompson sub-
group J(P) is not contained in M. We suppose that J(P) is containesd in
M and observe that there exists a subgroup H of G, with H containing
E(P)Q such that H is isomorphic to L2(2n) and G is generated by H and M,.
The subgroup H contains QTI’(P) and H is isomorphic to L2(2n). The Thomp-
son subgroup J(P) of P is also the Thompson subgroup J (Q}(P)) of Q?T‘(P).
Suppogse that G has more than one noncentral chief factor within Q. The-~
orem A yields that [H,Efl] is contained in F for each automorphism ¢ of‘ B, .

We conclude that [G,Ea] is also contained in E since M, normalizes P,

1

The asbove argument allows us tc assume that J(P) is not contained in
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M. The methods of the third chavter are now relevant.
We note that lemma 2.8.1 (ii) and Baumann's theorem [6] are suffi-
cient to show the existence of a characteristic subgroup K of J(P) with

K normal in G if J(P) is contained in M but not in Q.

2. A Trivle Factorization Problem,

Let S be a 2-group and let S be as in the statement of Corollary 2,
We would like to find some suitably large subcollection . of § and some

nonidentity characteristic subgroups S,, S, and S, of S such that at

1?7 "2 3
least two of the Si's are normal in each group G of .%. This can also be

written as

G = NG(s1 )NG(SE)

NG(S1 )NG(S3)

= Ty (s, (W, (55))).

Any results of this kind would be of considerable interest in the study
of characterigstic 2 type groups.

This question is partially motivated by Glauberman's use Qf a
triple factorization to classify the simple groups not involving the

syrmetric group Zh of degree four.
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