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ABSTRACT

It is known that membrane proteins are surrounded by
a halo of perturbed lipids. When two protein particles
approach one another, their effects are superimposed.

This produces a force between them. We construct a Landau
model of the membrane order parameter; and use it to
calculate the interaction potential.' Protein aggregation

is predicted to be inherently favorable, though sometimes
opposed by a barrier. Because experiments can be done only
in large populations of particles, the theory is generalized
to that situation. This allows us to calculate the protein
chemical potential, and to study how the interaction between
two given particles is modified by proximity to others.

The protein diffusion equation predicts when the lipid-
mediated forces lead to protein precipitation rather than

a slight clustering tendency.

Next we turn to experimental tests, based on the
protein pair correlation function. We describe its relation
to the potential and develop a method for measuring it. We
find a repulsion between protein particles, extending
several nm beyond their apparent edges, and an attraction,
extending 10 to 20 nm. The prediction of when precipitation
occurs is shown to be at least qualitatively accurate.

The preceding analysis is primarily thermodynamic, and

thus neglects molecular details. We next study them,
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discovering that the behavior of our order parameter coincides
with that of membrane thickness. On a molecular level,
it can be controlled by either lipid conformation or tilt.
After deriving the model from statistical mechanics, we
find the former to be implausible, suggesting that tilt
mediates protein interactions.

Lastly, the model is supplemented with a general
description of lipid phase transitions. We find that it
correctly predicts the phase behavior of protein-lipid
systems. It also reveals that the usual analysis
underestimates the amount of lipid perturbed by each protein
particle. Furthermore, we demonstrate that those lipids
are usually constrained between the disordered and ordered

states, closer to the former.



=
CONTENTS

ii Acknowledgment
1ii Abstract
v Contents
viii Frequently Used Notation

xi List of Figures

I. Introduction

1 A. Significance of Membrane Protein Interactions
5 B. Protein-Lipid Interactions
5 1. Experimental Studies
7 2. Theoretical Studies
10 C. Overview of the Model
10 1. Goals
1 2. Assumptions
14 3. Consequences

18 D. Membrane Elasticity Theory

18 1. Equilibrium Bending

19 i. Bending Energy

24 ii. Thermodynamic Significance

28 iii. Field Equation

43 iv. Overview of the Equilibrium Theory
35 2. Bending Fluctuations

5 i. Introduction

37 ii. Experimental Results

39 iii. Mean Square Fluctuation Amplitudes



vi )
L2 iv. Fluctuation Dynamics
L7 ¥ Overview of Fluctuation Dynamics
49 E. Mathematical Interlude

53 F. Observation of Membrane Protein Particles

56 References for Chapter I

II. Protein Interaction Theory

67 A. Few Particle Case

67 1. Order Parameter
72 2. Protein-Lipid Interactions
77 3. Protein-Protein Interactions

90 B. Many Particle Case

90 1. Introduction

93 2. Mean Energy Density

99 3. Deviations from Pairwise Additivity
102 4. Stability Analysis

109 5. Effects of Protein Repulsion

114 References for Chapter II

IIT. Protein Correlation Functions
117 A. Method of Measurement
120 B. Results

131 References for Chapter III

IV. Discussion
133 A. Accuracy of the Stability Limits
133 1. Preliminaries

135 2. Qualitative Features of Correlation Functions



138
142
oy
14
147
150
152
154

156
157
160
169
171
174

177
181
189
193
1297
199

203

¥il
3. Evaluation of E; and N
4. Stability Limits
Comparison to Other Work
1. Lipid-Mediated Interactions
2. Analysis of Protein Clustering
Speculations on Mechanics

Conclusions

References for Chapter IV

= o Q to o=

V. Microscopic Nature of the OP

Introduction

. Membrane Thickness Elasticity

Statistical Mechanics
What Controls Thickness?

Conclusions

References for Chapter V

Hm b O Q WP

VI. Lipid Phase Transitions
Introduction

Protein Effects

. Measurement of TV

Thermodynamic Aspects
Conclusions

References for Chapter VI

VII. The Big Picture



viii
FREQUENTLY USED NOTATION

as a subscript, indicates value in disordered phase
-2 Kz’o/g'
separation between lipid molecules i1 and k

protein self energy, roughly 'W‘Kllkz

see equation V.B.19 (page 164)

fraction of the phase transition remaining after
proteins are incorporated into membrane

see equation II.B.6 (page 96)

pair correlation function

Gibbs free energy density

g when @= @O

agt/BT at T,

see equation II.B.10 (page 96)

membrane thickness

equilibrium value of h

lipid elastic constant, see equation II.A.1 (page 67)
lipid elastic constant, see equation II.A.1 (page 67)
Boltzmann's constant

order parameter variance, see page 163

number of protein particles

See page 164

as a subscript, indicates value in ordered phase
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order parameter
probability that a C-C bond has trans conformation
gas constant
position in membrane
location of protein particle i
radius of protein particle
conformational order parameter, see page 159
tilt order parameter, see page 159
temperature
transition temperature in protein-containing membrane
transition temperature in protein-free membrane
time
potential energy
See page 164
see page 161
Young modulus, see page 157

partition function, see page 162

P-9,

see equation VI.B.4 (page 181)

OP energy density, g-g°, see equation II.A.1 (page 67)
mean of & in protein-containing membrane

reciprocal correlation length, (KZ/Kl)%

matrix of A..'s

ij
exp(-ﬂJf—Pﬂ )

. exp(—nlfl—FJ\ )

number density of protein particles
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Pe L within protein precipitate
order parameter

¢ adjacent to protein

?D ¢b in disordered phase

Py P in ordered phase

?, equilibrium value of ¢

¢y ¥ - (Po

P @>p -<P

<Py mean of @ in protein-containing membrane

Note on Equation Numbering:

Equations are consecutively numbered within principal
sections of each chapter. The section letter and usually
the chapter number are appended to equation numbers when

cited in other sections.
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Ls INTRODUCTION

A . SIGNIFICANCE OF MEMBRANE PROTEIN INTERACTIONS
In the past few years, crosslinking1—4 and electron

5

microscopic” studies of membranes have provided a wealth
of information about the organization of their proteins.
Most analysis has been limited to small scale features,
such as polypeptide folding and oligomer formation,é’7 or
to long range structure, such as the distribution of
proteins between coexisting lipid phases.a’9 The arrangement
of protein particles among their neighbors has remained
poorly characterized. Though they are known to form
clus‘cers,lo—13 the origin of their binding tendency has
remained obscure. This stickiness should affect the
morphology and elasticity of membranes, and the rate of
collisions between membrane proteins. Lack of information
about the forces between particles has hindered study of
these issues. It is also unclear if the interactions of
proteins with one another are related to those with
lipids.w_19 This paper shows that they are intimately
connected. We predict that proteins which perturb lipids
also tend to aggregate.

Though this attraction between proteins is an
inevitable consequence of lipid perturbation, there is no
guarantee that it is significant. TIts influence will be

suppressed by thermal motion if it is too weak. On the
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other hand, it will be buried under the direct interactions
between proteins when its range is too short. Our
measurements clearly show that there is an attraction
between proteins, whose range exceeds that of any previously
known force between them. A basic question is whether it is
correctly described by the model.

Unfortunately, there is presently no direct way to
measure this force. We can observe only its consequences,
most obviously, protein precipitation. After calculating
when it occurs, we can compare our predictions with
experiment. It will be seen that the model is at least
qualitatively accurate.

Cur techniques are probably unfamiliar to most readers,
since the phenomena we study are generally considered
insignificant. It may help to motivate the discussion by
describing some possible biological applications of the
model.

Membrane proteins are rearranged during many
developmental processes: gap and tight junction formation,18
thylakoid Stacking,19 the acrosome reaction,z-O and cilium

formation.21

The distribution of proteins between
different membrane regions alters during various cellular
shape changes, such as the discocyte to echinocyte

22 and nerve growth cone

transformation of red blood cells
formation.23 The causes of these effects have remained

mysterious. Our analysis of protein aggregation suggests



possible mechanisms.

Protein association is also important in membrane
biochemistry. The negative cooperativity in the binding
of many hormones to their membrane-linked receptors has
been attributed to ligand-induced changes in the coupling
of receptors to each otherZLP or to adenylate cyclase.25
Lack of information about protein clustering has complicated
study of how hormones change it. Another example is hepatic
cytochromes P450, whose pre-steady state kinetics have a
fast phase followed by a slow one.26’27 The former is
ascribed to the interaction of P450 with initially nearby
P450 reductase molecules, and the latter, with initially
remote ones. "Nearby" has different meanings, depending
on whether the proteins are clustered or randomly dispersed.
It is unclear which is relevant. Micrococcus lysodeikticus
NADH reductase also exhibits biphasic kinetics.28 Here,
the fast phase is assigned to the reaction of NADH with
initially oxidized dehydrogenase molecules, and the slow
phase, with ones that have diffused to and been reoxidized
by cytochrome b556’ Ignorance about protein interactions
has prevented interpretation of the rate constants. It is
unknown whether the rate limiting step is protein collision
or some subsequent redox reaction. Our model predicts that
the binding of membrane proteins is inherently favorable,
though retarded by a barrier. The rate and equilibrium

of aggregation are calculable from the model.
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Studies on the mechanics of the erythrocyte membrane
have shown it to be a rubberlike s01id.?? 33 Tnis is so
surprising in view of the fluid mosaic mode134’35 that
lipids have been assumed to play a minor role in the
mechanics of this membrane.36—38 A protein network composed
of spectrin39 has instead been regarded as the source of its
elasticity. However, spectrin is known to greatly affect
the aggregation tendency of other membrane proteins.qo’41
We suggest that lipid-mediated interactions between proteins
also can solidify membranes. Though there is no doubt
that spectrin is important in the mechanics of the red
cell membrane,qz’43 there is no evidence that the spectrin
network itself supports external s‘cre:sses.w"hl‘L5 The
present model raises the possibility that the mechanical

effects of spectrin arise from its interference with

protein precipitation.
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B. PROTEIN-LIPID INTERACTIONS
1 EXPERIMENTAL STUDIES

Recently, a variety of evidence has accumulated which
shows that membrane proteins are surrounded by a "halo" or
"annulus" of lipids which differ from those in the bulk of
the membrane.46 The best data have been gleaned from
calorimetric studies of the lipid order-disorder transition.
Usually, it becomes broader and its enthalpy linearly
decreases with increasing protein concentration.47 A new
transition sometimes appears near the original one.qg’LP9

50

Fluorescent probe studies yield a similar picture. These
results show that proteins eliminate or modify the transition
in the annulus.

The dependence of the transition enthalpy on the amount
of protein can be used to estimate the area of the annulus.
After making assumptions about the shape of the protein and
its disposition in the membrane, one finds the number of
layers of 1lipid molecules in the annulus, typically one to
four. A similar analysis of protein effects on the phase
boundaries of multicomponent membranes shows that some
lipids are preferentially included in or excluded from the

51

annulus. Additional information about the halo is provided
by membrane enzyme kinetics. Arrhenius plots often reveal
A kink near, but not at, the transition temperature of the

bulk lipids.52_56 This too shows that the transition
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temperature is shifted in the annulus. Studies of spin
labels show that their orientational order parameters and
correlation times are affected by proximity to proteins.57—59
The interpretation of these results has suggested that
the perturbation is limited to the annulus. However, other
evidence shows this to be unjustified. Freeze-fracture
pictures of many membranes, including most where the annulus
has been studied, reveal that the proteins usually
precipitate when slowly cooled through the transition.8’59’64
The lipids are thus divided between two phases. The
"unperfurbed" lipids are actually those of the protein-poor
phase, while the annular lipids are those of the protein-rich
one. The usual view of the halo incorrectly estimates its
size. Furthermore, calorimetric studies show that the shape
of the "unperturbed" transition is in fact changed by
proteins.47_49 Thus even the lipids in the protein-poor
phase before melting are perturbed when the proteins are

dispersed. The "width of the annulus" is hence only a

lower bound.
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2 THEORETICAL STUDIES

Since the configurational statistics of each hydrocarbon
chain depend on those of its neighbors,és_71 it is not
likely that there is a sharp border between the perturbed
lipids and the rest of the membrane. Instead, the effect
gradually diminishes with increasing remoteness from each
protein. 1In principle, one could find its distance dependence
by a statistical mechanical analysis of the lipids. This is
very difficult in practice, though. The problem is that
the interaction between two molecules depends on the
conformations of both. The total energy cannot be separated
into a sum of single molecule energies. The number of
states to be summed over thus rises exponentially with the
number of molecules. Tractability requires limiting this
sum to states of a single molecule, or approximating the
interaction so that the summation can be done analytically.
This has usually been done by absorbing the interactions

P2~

into effective trans-gauche energy differences, with

Ta=F7

mean field approximations,

78-82

or via highly simplified
lattice models. These methods require generalization
when the lipid statistics are position dependent.

The most detailed analysis is that of Maréelja, based
on the mean field approximation.83 When summing over the

states of each molecule, one guesses the average of its

interactions with the others: the mean field. This
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decouples the molecules from one another, so that their
statistics can be studied individually. One then computes
_the mean interaction. Self consistency requires it to
agree with the guess. The calculation is repeated until
this is achieved. That is taken as the approximation to
the interaction, or if there are several, the one that
leads to the lowest total energy is taken.

In protein-free membranes, every molecule has the same
mean field. Proteins change the configurational potential
of neighboring lipids, however. The self consistent field
is then different for each molecule. Calculating it yields
the distance dependence of the protein effect. One

84 much

finally computes the lipid-mediated interaction,
as in the present model.

Although this approach is useful for studying
particular microscopic models of protein-lipid interactions,
it is inconvenient for getting a macroscopic picture of
their consequences. Limitations of computer time prevent
calculation of the protein chemical potential. Furthermore,
it is still controversial which lipid degrees of freedom
are most significantly influenced by proteins. It would be

useful to have a thermodynamic model of the lipids not

requiring such knowledge. We could then study the
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macroscopic behavior of proteins. In chapter V

we determine when the statistical model can be approximated
by our thermodynamic one. In effect, we solve the

self consistency equation, rather than guess its solution.
This also leads to formulas expressing our empirical
constants in terms of the more fundamental ones describing
the interactions between lipid molecules. This will reveal

the molecular basis of the model.
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C. OVERVIEW OF THE MODEL
1. GOALS

When two protein particles approach one another, their
influences on the lipids are superimposed. This restricts
the perturbation to a smaller portion of the membrane, but
may also augment it there. The former effect produces an
attraction between the proteins; and the latter, a
repulsion. We need to formulate the model more precisely
before comparing them. A major goal of chapters II and III
is development of theoretical and experimental methods
for studying this interaction.

Depending on what questions one is asking, there are
several levels on which protein-lipid interactions can be
studied. Most fundamental is the use of statistical
mechanics to describe both the lipids and proteins. Though
necessary for a complete understanding of their interactions,
this approach is inconvenient when analyzing their
macroscopic behavior. We thus usually resort to a
thermodynamic description of the lipids. This allows us
to study protein statistical mechanics, approximating the
lipid-mediated force with its expectation value. Our
analysis begins at this level. We examine the validity of
its assumptions in chapter V, when we derive this picture
from its predecessor. However, even this scheme is too

complicated for many purposes. We need a thermodynamic
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description of the proteins to study their distribution
within the membrane. In particular, we derive a diffusion
equation for them, thus leading to predictions about when

they precipitate.
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2. ASSUMPTIONS

We first assume that the lipids have a degree of
freedom, the order parameter (OP), which can be taken to
represent their state. Its deviation from unconstrained
equilibrium is a measure of how much they have been
affected by proteins. There is no general reason to
believe that a single order parameter suffices. We assume
it does, though, since there is no evidence to the contrary.
Possible candidates for the OP are membrane thickness,
spectroscopic order parameters, and composition. However,
it i1s described in primarily thermodynamic terms until
chapter V. Its identity need not concern us here.

We next suppose that the lipids can be viewed as a
continuum. This is reasonable when the OP is roughly
constant over distanceé much larger than molecular spacings.

Finally, we need a formula for the dependence of the
energy on the OP. Once we have that, the problem reduces to
finding the OP which minimizes the energy, subject to the
protein-imposed boundary conditions. We proceed in the
spirit of the Landau theory of phase transitions.85’86
This means that we approximate the energy density as a
polynomial in the OP and its derivatives. While Taylor's

theorem tells us that this is reasonable for sufficiently
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small perturbations, there is no guarantee that it is for
the ones actually encountered. Justifying it requires
experimental tests.

This paper demonstrates that the simplest plausible
implementation of these ideas is indeed useful as a
membrane description. Though much of the theory has not
yet been definitively tested, it will be seen useful at

least as a first order description.
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B CONSEQUENCES

A basic quantity controlling protein behavior is the
OP energy. It is the difference in Gibbs free energy
between an actual membrane and one which is identical,
except that its OP is unperturbed by proteins. Since we
are concerned only with differences in OP energy, it does
not matter if such a membrane really exists.

A simple measure of how much each protein particle
affects the lipids is the self energy, the OP energy of a
membrane containing a single particle. It is usually the
only needed description of protein-lipid interactions.

The protein influence on the OP has a crucial consequence.
Apposition of proteins merges their effects, thus shifting
the energy because of its nonlinear dependence on the OP.
The result is a force between them. The OP energy is the
sum of their self energies when they are far apart. We
take that as the reference state, so that the potential
energy of any configuration is the OP energy minus the
self energies. This choice is made purely for convenience,
because only differences in potential are significant.

Ultimately, definitive testing of the model requires
direct examination of the OP. Because it is controlled
by the lipids, much of the information provided by this

analysis is independent of the proteins.
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However, many predictions are made about them too.
The most basic concern their interactions, the subject
of section II.A. There we consider membranes with only
one or two protein particles. This is misleading though.
Experiments can be done only in large populations of
particles. Most measurable quantities depend on the protein
chemical potential, rather than the interaction potential.
Furthermore, the force between any two particles is
modified when others are near them. Sections II.B.2 and
3 are devoted to these issues.

Though the lipid-mediated interaction usually produces
protein clustering, only sometimes does it cause formation
of a precipitate. 1In section II.B.4 we determine when that
is.

Before making any specific predictions, we need to
solve many theoretical problems. Chapter II is concerned
mainly with mathemétical consequences of the basic model.
Experiments are mentioned only to the extent that their
gross features show-the inodel to bear at least some
resemblance to nature. In chapter III we develop a
technique needed to characterize protein clustering. It
will be seen that there is a short range repulsion between
proteins, in addition to the lipid-mediated attraction.

In chapter IV we describe how the effects of these two
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forces can be separated. We then measure the empirical
constants in the theory, and test its predictions about
protein precipitation.

In chapter V we present evidence suggesting that our
OP is membrane thickness. We also derive the model from
lipid statistical mechanics, thus revealing its molecular
basis. We will find that lipid tilt, rather than
conformation, controls the lipid-mediated force.

Much information about protein-lipid interactions
has been obtained by studying how proteins affect the
lipid phase transition, and how it influences their
aggregation. In chapter VI, we successfully calculate
these results, starting from data derived primarily from
measurements of membrane elasticity. This further
supports our identification of the OP with thickness.
This analysis also reveals some errors in the usual notions
concerning the size and structure of the halo of perturbed
lipids.

Because our theoretical techniques are probably
unfamiliar to most readers, we present some background in
sections I.D and I.E. Rather than giving an abstract
discussion, we study the appications of analogous methods

to other problems in membrane biophysics.
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Our measurements of protein clustering require
observation of protein particles. This is done with
freeze-fracture microscopy, which is described in section

I:F.
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D. MEMBRANE ELASTICITY THEORY

The previous applications of field theory to membrane
biophysics have remained obscure, so that it is useful to
review them. We consider only the chief features, using
them to illustrate the motives for chosing field theory,
and to introduce some necessary background. The discussion
is limited to membrane bending, since that topic has been
especially well studied. The history of this work also
suggests how our model may eventually be definitively

tested.
1 EQUILIBRIUM BENDING

We start with the static theory of membrane bending,

which has been extensively studied by Helfrich.8-8

In this
model, shape is controlled by the curvature-dependence of
the energy. Two approaches can be used to find this
dependence: symmetry and stress-strain relations. Though
both methods yield the same result, it is instructive to
compare them. We can then study the shapes of actual
membranes. In particular, we will see that the model
correctly predicts the shape of red blood cells. It also
suggests mechanisms for membrane shape changes. We consider
only equilibrium shapes in this section. However, a slight

generalization allows us to study nonequilibrium ones too.

That 1s done in section I.D.Z2.
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1.4 Bending Energy

The basic assumption is that the curvature energy can
be expressed as the integral over the membrane of some
energy density which, at each point, depends on the curvature
there, and only there. This assumption is violated in some
mode1889_91 where the forces generating curvature arise
outside the membrane. Its only real justification
is that the theory agrees with experiment.

We next need a formula for the curvature energy density,
W, - Our goal is to find the simplest plausible one. We
can then calculate its consequences and test them.

Consider some point in the membrane. Call T the unit
vector normal to the membrane there. We define a local
coordinate system by taking the z axis along 7, and x and
y axes perpendicular to it and each other. Also set
nij=3ni/a j, where i=x, y, or z, and j=x or y. The
reciprocal of njj is the radius of curvature in the j
direction.

We are trying to express Wy in terms of the nij's.
We note the following simplifications. 7 specifies only
the membrane orientation. The energy must not depend on
it if the surrounding media are isotropic. w, can thus
depend on n only via its derivatives. Also, T is a unit
vector, so that an= —nxj-—nyj

include the nyj's. Finally, w, must be unchanged by

and we need not explicitly
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rotations around N if the membrane is uniaxial. Thus
we need congider only combinations of nij's which
have this symmetry.

IfwC depends only on the first derivatives

of'ﬁ, then it can be constructed only from the following:

Nyx * Nyy (1
n_ -n (2
Xy yX

n._.n__ -n_n (3
XX yy Xy yx

However, n is perpendicular to the membrane. Expression
2 is thus everywhere zero because of Stokes theorem.
It can be shown that the contribution of expression 3 to
the total energy is shape-independent in closed vescicles.88
It too can thus be ignored.

These arguments leave only expression 1. W must be
at least a quadratic function of it: L needs to be
minimized by some finite n if there is to be an

yy
equilibrium state. The simplest plausible form for W is thus:

o _ o
w, =z K, (nXX + nyy CO) (4

The factor of 3 is included only for later convenience.

KC is an elastic constant defined by this equation, and CO
is the equilibrium curvature. Addition of an arbitrary
constant would have no significance: we care only about
changes in W |

To find the curvature energy, Ec’ of any membrane
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configuration, one calculates W, and integrates it over

the membrane. The equilibrium shape is that which minimizes
Ec' Finding it is simplified by guessing that it belongs

to some family of functions characterized by a parameter,

say s,- The equilibrium can then be gotten by minimizing

EC with respect to Sy provided that the guess is correct. This
ignores the question of whether the arbitrary family includes
the actual equilibrium, a complicated issue we will return

to later.

A simple collection of membrane shapes consists of
"ellipsoids" of revolution. We can specify them as follows.
Let © Dbe the angle between the symmetry axis and some line
segment connecting the center of the ellipsoid to its
surface. Then r(8), the length of the segment, is:

2

r(e)=ro+%s2(3cose—1) (5

So is a measure of the eccentricity. To keep the surface

area independent of S, we set:
1 sg
== —— —

r, rg + 5 : E (6

where rg is the radius of a sphere having the same surface
area as the ellipsoid. We introduce the constant area
condition because membrane dilation is energetically less
favorable than bending. Unless geometric constraints
require bending to cause siretching, diffusion of

solvent across and of lipids within the
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membrane relieves the stretching.
After calculating A from equation 5, we substitute

it into the formula for W, and find Ec by integrating

over the membrane. This yields:88
_ 8T Ba .8
By = S5 (6- 1 Co) K, () (7

We note that E, is minimized by 52=0 when r C_< 6: the
equilibrium shape is then spherical. On the other hand,
no ellipsoid is stable when rOCO> 6: the membrane assumes
some other shape.

By coupling the membrane to its environment, we can
study external influences on its shape. One possibility
is a pressure difference, AP, across it. The deformations
occur with constant surface area, so that solvent must

permeate the membrane. The free energy change is‘VAZPEEEv

when a volume V is transferred. After calculating V, we

find the bending energy in this case:88
- AT 2
E,tE, = 5 (APc - AP) r s, (8
ZKC
where: B, = ::; (6 - Coro) (9
0

The equilibrium shape is spherical if AINiAPC. Otherwise,

no ellipsoid is stable. One can use a similar analysis to

92 93

study the effects of external magnetic or electric

fields on the vescicle. They deform it, but do not destroy
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the stability of ellipsoidal shapes.

Our assumption about the shape is usually only an
approximation, seriously wrong for certain values of CO
and AP. We need the actual equilibrium shape for
experimental tests. The preceding analysis is useful for
illustrating the model, though. In particular, it shows
that CO, KC, and AP are important determinants of membrane
shape. Before describing the experiments which make the
model credible, it is useful to reformulate it, emphasizing

different features than before.
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ii. Thermodynamic Significance

CO must be zero in a symmetric membrane, one where
both monolayers are the same and face identical solutions.
Any asymmetry in the membrane or its environment can make
CO nonzero, thus potentially affecting membrane shape. The
following thermodynamic analysis allows us to study this
and to rederive equation 4 very differently than before.

We picture the membrane as two apposed slabs of
continuous material. We assume they cannot slide over
one another: the analysis becomes more complicated when
they can, but yields a comparable result.94 When an
originally flat membrane bends, the outer surface area of
each slab changes by some factor, say 1+ &®. This deformation
changes the membrane energy. We want to know how much. If
the interface between the slabs remains constant in area,

straightforward geometry shows:
(n,_ + n_.) (10

=-h~ (n +n_ ) (11

The superscripts "u" and "1" refer to the two slabs, where
5.5

n is directed towards the "u" side. nY and h:L are the
thicknesses of the slabs. We have assumed that the h's

are much smaller than the radius of curvature. We can thus
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expand the tension, T, in each slab as a Taylor series in «:

= g%+ % k% 4+ ... (q="u","1") (12
¥ 1is the interfacial tension, and K, the compression
modulus. We ignore shear deformations, so that T
is isotropic.

The difference in bending energy between any two

95

configurations, "i" and "f" is:
S
_ u u 1 1
ch_‘fi I:T dx* + T dot] (13
A more careful analysis than we have done here shows that94

hu/hl=Kl/Ku. Combining this with equations 10 through 13,

we recover equation 4 and find:

R L
Co = oY - ;;r‘)/h (14
u .1
and K, = né ( K Kl ) (15
KY+K
1

where h=h"+h is the membrane thickness.

In a symmetric membrane, Ju=b'l and Ku=K1, so that

CO=O. The Gibbs adsorption equation96 shows that
anything which binds to or dissolves in the membrane can
change ¢ and K. If it does so preferentially in one
monolayer, it can produce curvature. This has been

suggested to be the mechanism by which some drugs affect

97

crythrocyte shape, and transmembrane gradients of

98

calcium ions break black lipid membranes.
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Since § is a function of 1lipid composition, CO can
also be made nonzero by asymmetry in lipid distribution
between the two monolayers. Experimental measurements
show that curvature affects the equilibrium lipid

distribution.99—1o1

However, this is equivalent beécause of
the Maxwell relation ayi/b A =3X/9 N,, where A is the
membrane area, and Fi and Ni are the chemical potential
and number of species "i" molecules in the membrane.
Natural membranes are known to have asymmetric lipid

distributions,loz’lo3

so that this effect may be important
in them too. This has not yet been studied though. The
binding of polyvalent ligands to one monolayer can also
change its interfacial tension. This has been suggested
to be the mechanism of endocytosis and virus budding.104
When the constituent molecules can migrate between
the monolayers, the curvature-dependence of their equilibrium
distribution makes CO change with time. In a membrane
constrained to have some particular curvature, Co approaches
nxx+nyy' This relieves the curvature stress.lo5 However,
the relaxation occurs much more slowly than
does bending, and can thus usually be ignored.
So far, we have assumed that the monolayers are
uniform throughout their thickness. This neglects
differences between the hydrocarbon and polar regions,

which give each monolayer an intrinsic curvature.106'1o7
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This effect cancels out in symmetric membranes, however.
More generally, it makes 3% and K% (g="u","1") depend
explicitly on nxx+nyy' This makes the theory more
complicated, but adds no new physical content at the

present stage of analysis.



28
iii. Field Equation

The preceding discussion considered mainly the energy
density. One needs the membrane shape to calculate the
total energy. For simplicity, we arbitrarily chose a
simple family of shapes, and compared their energies.
Though convenient for illustration, this has no real
justification. We now discuss the systematic computation
of shape. The procedure is to derive a differential
equation whose solution is the desired shape. One can
then study actual membranes. We will see that the model
correctly predicts the shape of red blood cells.

Discussion of how the differential equation is derived
will be deferred until section I.E. Here we consider
only its solutions.

So far, we have cared only about small portions of
the membrane, so that it was convenient to use a local
coordinate system around each point. However, 1t 1is
expedient to use the same coordinates everywhere when
studying the overall shape. Two coordinates suffice if we
consider only axially symmetric shapes. Let z refer to
distance along the symmetry axis, and x, in a perpéndicular
direction. Then call z(x) the distance from the x axis to
the membrane at x. Also let W(x) denote the angle between

the symmetry axis and . These definitions are shown in
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figure 1. It can be proved that n__+n = c_+cC where:88

XX Yy p m’
S - av¥
cy sin(¥)/x and c, = cos(Y¥) 5 (16
Ch and cp are the curvatures in the directions of meridians

and parallels respectively. It immediately follows

that:
de B = c
dx - X (17
T Tl .. 108
By minimizing the energy, we obtain:
de NC
m _ X 1 i 58 2 p AP
ax 5z <2Cp[(cp g, )% = of | + R % 5 (18
1-x"c c c
b
where A 1s the membrane tension. We can solve these
equations to obtain cp. Then, since %% = —tanq', we have:
B 2 2y-%
2(x) -~ z2{0) = - J\ x c_ (1-x°c%)7% ax (19
0 1Y D

Though these equations may seem frightfully complicated,

they have been solved previously.108

We consider only
their qualitative significance.

We are trying to find why membranes have particular
shapes: pictures of cells reveal a diversity of shapes.
The best studied system is the mammalian red blood cell.

It has no rigid cytoplasmic structures, so that its shape
is an intrinsic property of the membrane.

The basic observation is that its normal shape is a
biconcave disk. An immediate question is where the dimples

109

come from. Until recently, it was believed that they
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were caused by membrane heterogeneity or cytoplasmic

structures. Typical ideas were attractive forces between

90

the dimples, poésibly caused by fibers connecting their

89

or interfacial tension differences between
110

membranes;
them and the equator. However, more recent work forces
the rejection of these ideas. Extensive studies on the

0 e K 113 of this membrane have

mechanics and morphology
not confirmed any ideas of fibers or heterogeneity.
Micromanipulation studies show that the dimples can be

pushed around in the membrane.112

Furthermore, these

explanations for the biconcave shape ignore the observations

that drugs or changes in the medium can reversibly cause

the cells to acquire many other shapes.114
The pioneering attempt to explain red cell shape on

the basis of curvature energy109

was not very convincing,
because of 1ts poor agreement with experiment. The
difficulty was that it ignored the intrinsic curvature, CO

108 does

However, the solution of Helfrich's equations
accurately predict the shape, using only one adjustable
constant, CO. Though the equations may seem to contain
others, they do not matter. A is merely a Lagrange multiplier
used to keep the area constant, while AP is one for the
volume. KC does not matter either: it occurs only in the

combinations AP/KC and A/KC. When A and 4 P are calculated,

it is these ratios which are found.
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The significant conclusion is that the normal shape
arises when CO is negative. The lowest bending energy of
any membrane region occurs when it is concave. Since the
membrane is a closed shell, it must be convex somewhere.
The dimples arise when the membrane tries to minimize its
energy.

The normal shape occurs when Coro=—3, where r, is
the radius of a sphere whose surface area is the same as
the cell's. When CO varies, there is a variety of other

108

predicted shapes, which have been observed in drug-

treated cells. This agrees with the experimental observation

that drugs which might be expected to change CO also
97

produce shape changes.
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iv. Overview of the Equilibrium Theory

Let us now consider the fundamental lessons provided
by the equilibrium theory. We will extract those parts
of the analysis which are applicable to any physical
system, especially membrane OP's.

The first step in our analysis was finding the relevant
symmetries. We pictured the membrane as a two dimensional
isotropic continuum, surrounded by isotropic media. This
implies that the energy of a bend is independent of its
orientation in the membrane or in space; ruling out
any dependence of the energy on T itself. Regarding the
nij's (i, j=x,y) as a matrix, N, the simplest possible
contributions to the energy density are the trace and
determinant of N. However, the latter's integral over
the membrane is shape-independent, and thus has no physical
significance. We then showed that the existence of an
equilibrium state requires the energy to depend at
least quadratically on trace N. We were thus led
to the simplest plausible formula: wc=%KC(trace N - CO)Z.
Though there is no guarantee that this is correct, it is
the easiest guess. Only if it leads to predictions
inconsistent with experiment are more complicated
models worthwhile. We saw that the

theory 1s consistent with the observed red cell shape.

In the next section it will be seen to pass an even more
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stringent test.

Similar considerations also lead to our model.

There, attention is focussed on a scalar order parameter.
Exactly as before, we find the simplest plausible dependence
of the energy density on it. We then calculate its
experimental consequences and test themn.

Helfrich's model also allows us to rationalize the
effects of various drugs on red cell shape, and to propose
mechanisms for membrane shape changes. While these ideas
have not yet been definitively tested, they provide a
basis for future work. Our model of protein precipitation
presently has similar status, suggesting how protein cohesion
is modulated. We will see, however, that it also leads to
correct predictions about other phenomena.

Another basic concept is that of stability. Among
physical systems in general, one often finds sudden changes
when some parameter is varied. This happens when some
previously stable state becomes unstable. Examples are
phase transitions as the temperature changes, or the
collapse of columns with increases in their loads. In
Helfrich's model, ellipsoidal membranes become unstable
for certain values of CO or AP. Similarly, proteins are
sometimes unstable against aggregation in our model.

A slight generalization of the preceding theory allows
us to study fluctuations around the equilibrium shape. This

we turn to next.
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25 BENDING FLUCTUATIONS

14 Introduction

In the preceding sections, we found the equilibrium
shape by minimizing the energy. Since forces are
derivatives of the energy, this is equivalent to requiring
that the forces everywhere sum to zero. After
calculating the forces in an arbitrarily shaped
membrane, we can use Newton's laws to calculate the
time dependence of its shape. This yields a description
of its relaxation back to equilibrium. However, it does
not matter whether the original distortion is produced by
experimental manipulation or thermal fluctuation. Thus,
the same calculation also reveals the characteristics of
these fluctuations. The theoretical apparatus we need 1is
based on the equipartition and fluctuation-dissipation
theorems. One goal of this section is to introduce them.

Rather than presenting an abstract mathematical
analysis, we illustrate the theory with concrete problems.
We concentrate mainly on the bending
fluctuations of red blood cells. We will see that their
behavior is consistent with the Helfrich model.

When red cells are observed with phase contrast optics,
they are seen to shimmer. This is attributed to thickness
fluctuations, caused by membrane bending.115 Though a

variety of evidence suggests that the cause is not
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fluctuations in the oxidation state or concentration of
hemoglobin, the best evidence for this is the success of
the bending theory. Since the phase retardation is

proportional to cell thickness, the flicker can be used

to measure bending fluctuations.
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o 9 Experimental Results

We first discuss what can be measured.l15 Consider
a cell with its symmetry axis parallel to the optical
axis of the microscope, and call d(?,t) its thickness at
position T and time t. Also let &d(%,t) be the deviation
of d(T,t) from its equilibrium value. Finally, denote
the temporal Fourier transform of 84(%,t) by &d,(T). If
one measures the image intensity at the point corresponding
to‘?, and applies it to a band pass filter centered on
frequency @, the output is proportional to $d,(%). It
is more useful to measure the correlation function, G(f,uu)
= <£dw(0) de(?)> , where the brackets denote time averaging.
This is directly measurable by filtering and multiplying
the outputs of two photomultipliers, focussed on the points
0 and *. It will later be seen that we really want G'(r,«/ ),
the temporal Fourier transform of <d(0,0) Sd(r,t)> .
However, different frequency components of §d are
independent in the present harmonic model. Thus
<8d,(0) SANT)> = <84,(0)84,(F)> 8 (W -w') | where S(w -w')
is a Dirac S . The convolution theorem then shows that
G(rw)=G"'(vw).

We next consider the experimental measurements of

-

G(r,‘*’).115 We discuss only the qualitative features, and
compare them to the predictions of Helfrich's model. G(0O,w)

describes the fluctuations at a single point. At frequencies
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between 1 and 30 Hertz, G(Ow) is proportional to w™,
where 1.3<m<1.45. It is buried under noise at higher
frequencies, and levels off at lower ones. When measuring
the r-dependence of G, one finds a peak at
r=0, whose wings dip below zero near r=6p . G rises
through zero near r=8¢, and soon thereafter is obscured
by noise. Repeating the measurement at various frequencies,
the shape is found to be independent of w. Though there
are slight differences, the curves can be superimposed by
a frequency-dependent rescaling. Thus, G(?}v)=G(O,w)f(fi),
where f and A, are defined by this equation. A, is
proportional to wfn, .12<n<¢ .19. The crucial features

we seek to explain are the factoring of G(f,w) and the

values of n and m.
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i 6 Mean Square Fluctuation Amplitudes

As background to the calculation of fluctuation dynamics,
we will study their statics. We do this by |
reformulating Helfrich's model so that our task
reduces to a trivial application of the equipartition
theoremn.
Consider a roughly planar membrane, parallel to the
x-y plane. As before, we call the membrane normal n. If
the ripples are small, then simple geometry shows that
n,= 2u/d i (i=x,y) where u is the deviation from the mean
of the membrane elevation. The curvature energy density
thus becomes wc=%Kc( azu/“axz + aZu/“ayZ)z. We have set
CO=O because it is irrelevant to our purposes here.
We next expand u in Fourier components: us= Ju(?) eia'fdzr.
Expressing the total energy in terms of the ua's, one

obtains:

Ee

i

K
Frw. = == = q4 u (20
C 2A 3

Q|0

where A is the membrane area.

We note that EC is quadratic in the ua's. The
equipartition theorem asserts that the mean energy of each
is %kBT. We thus find the mean square amplitude of

component ﬁ:

- 1?s - Ak T -
<\vg | chﬁ

-

Each of the bending modes, ua elq'r, acts as a
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diffraction grating of spacing 27T /q. By calculating the
light scattered from each, and summing over 4, one can
calculate the intensity of the scattered light. It is
proportional to % <|ua|2> cé, where Cfi is the scattering
amplitude of mode . This approach has been used to study
bending fluctuations of the monolayers at surfaces of soap

films.ll6

There KC is controlled by the electrostatic and
van der Walls interactions between the monolayers, so that
light scattering can be used to measure these forces.

In a less trivial model than we are considering here,
the ql’L factor would be replaced with a polynomial in q.

If it has a zero, say d,» then <|u > would naively seem

2
qg
infinite. However, the model breaks down for sufficiently
large deformations. Effects that we have neglected would
provide an additional restoring force for mode 4, SO that
it would remain finite, though large. The equilibrium
structure would then contain ripples of wavevector q, -
This has been suggested as the source of the corrugations
seen in certain lipid phases.117’118

We can use equation 21 to find the mean square amplitude
of red cell thickness fluctuations. If we picture the cell

as two parallel membranes, at elevations Z4 and 2z then

2,

its thickness is d=z1—z If the fluctuations in each

>
membrane are uncorrelated with those in the other, then:
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2Ak T
24012 2 B~
<lsa(@)| <> = 2<fugg 1> = — 5 (22
q
c
where 0d(4) is the Fourier transform of &4(%). Uy is

the amplitude of the a'th mode in the membrane at Zqt
since the membranes are identical, we could just as well
have picked the other one.

We next calculate the amplitudes of fluctuations with
particular wavevector and frequency. Summing over

frequency should yield equation 22 again. This provides

a check of the calculation.
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iv. Fluctuation Dynamics

We first seek equations relating the forces and
velocities in the membrane and its surroundings. Once
we have them, we can calculate the spectrum of red cell
shape fluctuations. We begin by formalizing the requirements
that the membrane and its environment exert equal forces
on one another, and that their velocities be equal.

The curvature force (i.e., the zz component of the
membrane stress) is given by the functional derivative of

the curvature energy:

SE 32 Vv 32 v h 94

= c c c) - u u
f, = - _..[ = = = _Kc[—_E + —"#] (23
du 0x” Ju,. I¥” Pu x oy

where uj ;= 32u/25i2 (i=x,y). This equation is derived

in section I.E where we explain functional derivatives.

fc is also the force exerted by the membrane on the
surrounding fluid. This must equal the difference

across the membrane of the fluid forces arising from pressure

and viscous dissipation. The viscous stresses at each
3z
0z
viscosity, T is the z component of fluid velocity, and

side of the membrane are + 2% , where 1 1is the shear
the derivative 1s evaluated at the membrane surface. The
plus sign refers to the upper surface of the membrane, and
minus, the lower one. Finally, we call the pressure
difference across the membrane AP.

To a fair approximation, we can ignore viscous
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dissipation outside the cell. The viscosity is smaller
there, so that equal velocity gradients produce less force
there than inside. Furthermore, the velocity field produced
by membrane bending decays over a larger distance outside,
so that the gradients too are smaller there. We can also
ignore viscous dissipation within the membrane, since its
volume is negligible compared to that of its surroundings.
Combining these equations, we obtain the force balance

equation for each membrane:

i 3V, >y My .
(-1) [2n-52-lz. -+AP] -fKC[ BxE + > a]= 0 (i=1,2) (24

i 4

We supplement this with the velocity continuity requirements:

34

Vz(zi) - 2t

v (z3) =0 (i=1,2) (25
where t is time and'?r‘ll is the component of fluid velocity
parallel to the membrane. The second of these equations
follows because we are neglecting motion within the plane
of the membrane. Finally, we need equations for the fluid

velocity. We take the linearized Navier-Stokes equations

for an incompressible fluid:
div v=0 ,035%=Tldiv grad v - grad P (26

where p is the mass density of the fluid. The solution
of these equations is a tedious matter. We will discuss
s

only the results.

What we really seek are the fluctuations in d; Dbut
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these equations yield the deterministic behavior of d
starting from some arbitrary shape. However, we will see
that these two descriptions are equivalent. Suppose that
we apply an arbitrary force, (—1)iF(?,t) (i=1,2) to the
membranes. This makes the thickness change by some amount,
Ad. Since equations 24 to 26 are linear, there exists

some function, X , the susceptibility or response function,

such that:
Ad(F,1) = fdz'f' at' X (B-31,t-t")F(R',t') (27
If we set Ple,t)=f @ T+9E) 4pon,
83(qw) = £aX (q,) (28

where Ag and g'are the Fourier transforms of 44 and ><

respectively. The fluctuation-dissipation theorem119

asserts that:
" 2 kgt o
<|§a@,w)| "> =-=5 InX (qv) (29
where Im denotes the imaginary part. This solves our
problem, since X can be obtained by adding (-1)'F(T,t) to the
left side of equation 24, and solving it. The spatial

Fourier transform of equation 29 then yields G(T,w).
After a long calculation, one finds:115
AL o 2 3 h/
X (qw) = AaZd-/2hR (30
iw + K g d”/24p,

Fourier transforming and substituting into equation 29
ylelds:
G(r,w) = g(ow) £(5) (31
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2k, Td

with: G(o,w) = . (32
3
K d
T TR (33
2T 0o igx cose 3
and: f(x) = Jﬂ de dqg £ 15 - (34
0 0 1 +¢q

We immediately note several features of these equations.
Most obviously, we see that G(r,w) factors in the same
way as that found experimentally. Aw is predicted to be
proportional to Lu°n, with n=1/6. This is consistent with
the experimental result, .12<n< .19. It is also
predicted that G(O0,w) is proportional to w ™, with m=4/3.
Here, experiment shows 1.3<m<1.45, also consistent with
the theory. Numerical evaluation of f(f%) shows that it
too is quantitatively accurate.115 We thus see that the
model successfully reproduces the main features of the
experimental data.

A crucial feature of the red cell is that it is
nonspherical, so that it is possible for the membrane to
bend, while remaining constant in area. However, this is
no longer possible when the cell is made spherical. Then,
the shape fluctuations are controlled by stretching,
rather than bending, energy. Unless the tension is near
zero, stretching fluctuations have a smaller amplitude
and higher frequency than bending ones. This accounts

for the absence of flicker in osmotically sphered red
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cells.115’120

The higher energy of stretching can be understood
by reconsidering the thermodynamics of bending. We
assumed that the membrane contains a surface whose area is
unaffected by bending. The energy change arises from the
slight compression or expansion of each monolayer. There
is a partial cancellation between the energy changes of

each, exact when they are identical and Ku=K1

=0. This
cannot occur when the original shape is spherical: both
monolayers undergo essentially identical deformations.
Bending must also be accompanied by stretching in
planar membranes. The bending modes here have been
observed with optical heterodyne spectroscopy. As one
would expect, their frequency is higher than in the red

cell: in the kilohertz range. 21+122
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Vs Overview of Fluctuation Dynamics

We have seen that a slight generalization of the
static theory allowed us to study bending dynamics.

The key steps were the coupling of the membrane to its
surroundings, and the calculation of the response function.
The first damped the bending oscillations, while

the second created them. However, they can arise

from either experimental manipulation or thermal
fluctuation. These two situations are equivalent because
of the fluctuation-dissipation theorem. It leads to the
fluctuation spectrum.

As we saw, Helfrich's model does correctly predict
that spectrum. One might guess by analogy that similar
considerations will lead to definitive tests of our model.
A crucial difference is that the OP is not necessarily
coupled to the external media, while the curvature is.

The hydrodynamic equations relevant to the OF are an
intrinsic property of the membrane. It is a task for
future workers to find them.

Another important idea was the equipartition theorem:
it allowed us to calculate the fluctuation amplitudes
without invoking their dynamics. We also saw that
fluctuations are large when there is no force opposing
them. Indeed, it is misleading to view them as fluctuations:

they are a part of the static structure. We encounter this
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phenomenon again in our model. Diffusion does not oppose
aggregation when the protein chemical potential is a
decreasing function of concentration. A precipitate

is present at equilibrium.

Our review of membrane elasticity has been very
limited, serving mainly to show that field theory is
relevant to membranes. The elastic modes generally
have several branches, of which we have considered only
one.123 We have examined only small deformations,
neglecting the nonlinear viscoelasticity of membr'anes.‘29—33
We have also ignored thickness changes, important in such

phenomena as dielectric br'ea}«:cioWI'llzL"_126

and nonlinear
capacitance.127_129 We will later return to these
effects, and find that our OP is probably membrane

thickness.
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B. MATHEMATICAL INTERLUDE

Consider a system whose state is specified by some
function of position, say s(¥). In this section we will
relate the behavior of s to its influence
on the energy, E_. It often occurs that E_= fdzf e (T),
where es(?) is an energy density dependent on s(¥) and
Vs(T): es(?)=es(s(f),(7s(f)). In bending theory, T and

L play the roles of s and e_ respectively; the OP and

S
its energy density do in our model. For concreteness, we
assume the system to be two dimensional, though nothing
we do here depends on this. Also, it does not matter
whether s is a scalar or vector, except that "7 " denotes
gradient in one case, and divergence in the other.

The equilibrium state is that which minimizes the
energy. In many cases, eq would be minimal if s
everywhere equalled some constant. That would then be the
unconstrained equilibrium. There may, however, be externally
imposed boundary conditions which prevent attainment of
that state. For instance, the red cell bending energy
would be minimal if its membrane were everywhere concave:
an impossible situation in a closed shell. Analogously, in
our model, proteins perturb the nearby OP. Our task is
to find the s(T") which minimizes Eg, subject to these
constraints. We can do this by deriving a differential

equation whose solution is the desired s(¥). Our procedure
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is discussed in many textbooks which can be consulted for
further details; the one by de GenneslBO is especially
relevant.
When s(T) is changed by a small amount, &s(T),

linear variation is ES is:

\defges = 2) [SST (V7 s) m] (1
This must be zero when Es is minimal: we have expanded
e, as a Taylor series in s and Vs, and dropped all terms
beyond the linear ones. As in elementary calculus, the
linear terms vanish in a series expansion around a minimum.

We seek constraints on s which insure this.

The $(V s) term can be integrated by parts to yield:

| a?2 Ss[%% . %Ve—s— (2
For general Ss, there would also be a surface term, the
integral over the membrane boundary of &s(3 es/a (vs)).
However, we require s(T¥) to satisfy the boundary conditions,
so that ©s, and thus Ses, vanish on the boundary.
We now set SES=O. Since & s is arbitrary except on
the boundary, the bracketed factor in equation 2 must

vanish. We thus get the Euler-Lagrange equation:

?____es_ aes = 0 (
5s ~ VYV 3wsy T ’

This solves our problem, since any s(T*) which satisfies

this equation also minimizes ES
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In the bending theory, this is how the field equation
was derived. Similarly, this is how we obtain the field
equation for the OP in our model. It should be noted
that we have assumed the differential area element, 4<%,
to be independent of s. Bending produces local area
changes, so that this assumption is violated in Helfrich's
model. We can avoid this by projecting the membrane into
some plane, say the x-y plane. The Jacobian for this
’ 2_ 2y-%

transformation is (1—nX— e. is actually that times

yo o 7s
W, this is why the field equation is so complicated.

In our model, OP variations are assumed not to affect
membrane shape. Our field equation is thus much simpler.

We found equation 3 by minimizing the enefgy. However,
it can also be obtained by requiring the net force to
vanish everywhere. A force is generally minus some
derivative of the energy. We seek the derivative
of ES with respect to s(T) at a certain point. We
begin by defining the functional derivative. Consider the
case §s=€ 5(T-7'), where S(¥-7') is a Dirac S , T is
some point in the membrane, and & some constant. Then the
©Fs _2Es
€s 2g€lg=g’

previous derivation, we find the membrane stress:

functional derivative is: Imitating the

£ . 6ES___ aeS ges (L”
s "5s” " 3s TV 3ws)

The force on any region is found by integrating the stress
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over it. We thus see that the forces on s vanish when it
satisfies the field equation.

So far, we have assumed eq to depend only on s and
vs. However, it is trivial to generalize to cases where
it depends on higher derivatives too. In the coordinates
we used to study bending fluctuations, wC'depended on Vzu,
for instance. Repeating the derivation of equation 3, we

s
>@"s)

e  also depends on V's. This leads to equation I.D.23,

find that it is supplemented by (-1)7¢h whenever
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P. OBSERVATION OF MEMBRANE PROTEIN PARTICLES

Much of the present theory is based on the analysis
of protein clustering and its modulation.
Crucial to our work is the existence of an experimental
procedure for visualizing protein parficles. This method
is freeze-fracture electron microscopy, which we now
describe. Our review is very limited; many others are
available for the reader interested in more details.B’lBl"134
The first step is freezing the specimen by plunging
it into a coolant. The growth of ice crystals must somehow
be prevented, because it damages membranes.135’136
One way is to make the specimen into a mist by forcing it
through a narrow nozzle.137 When the droplets contact
the coolant, their small size lets them freeze too rapidly
for much crystal growth to occur. The other way, used more
often, is to include a cryoprotectant in the solution.135
The most common ones, such as glycerol and dimethyl
sulphoxide, form eutectics with water. Because the rate
of crystal growth is less at low temperatures, the freezing

138 Much of

point depression decreases the grain size.
the damage to membranes is mediated by osmotic effects,
caused by the expulsion of solutes from water as it
crystallizes.139 This too is lessened by cryoprotectants.

Once the sample is embedded in amorphous or

microcrystalline ice, the next step is to fracture it. A
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cleavage plane roughly parallel to a membrane is more
likely to travel along its center than through the nearby

water or the membrane-water interface.luo

This happens
because the latter are bound together by hydrogen bonding,
while much weaker dispersion forces hold the two faces of
the membrane together.

The fracturing process yields ice chips, portions of
whose surfaces were formerly the middle planes of membranes.
In one variant, known as freeze-etching, the ice is allowed
to sublime. Its surface recedes until a membrane is
reached, thus revealing its outer surface.ll""1

The ice is then exposed to a point source of metal
atoms, which then encrust its surface except
in shadows. The specimen is next melted or dissolved.
This frees the metal replica, which can then be visualized
by electron microscopy. Surface features, such as bumps
and holes in the membrane, are disclosed by their shadows.

This procedure reveals that membranes
contain particles, typically about 10 nm in diameter.142
Their size, shape, and abundance vary between different
membranes, and even between different regions of a single
membrane. Often, two or more particle types are
interspersed among one another.

Studies with synthetic membranes show that these

particles are formed only in the presence of proteins,
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though 1little 1s known about how the proteins are arranged
within them. Comparisons of the number and size of
particles to that of their constituent proteins show that
there are several protein molecules per particle.lL@’144
Protein assembly into particles is analogous to micelle

145

formation: no particles are visible below a certain

protein concentration, while above it they are.
Then their size is independent of the amount of protein.
It is presently unknown if the particles contain 1lipid,
or if their shape is altered during the freeze-fracture
process. Neither is it known what proportion of the
membrane proteins they contain. However, we are concerned
here only with the interactions between pre-existing
particles; their formation and internal structure need
not concern us.

We use the freeze-fracture technique only to find
the positions of protein particles, thus allowing
analysis of their distribution. One can also perform
statistical tests to see if there is any tendency towards
clustering or other heterogeneity in their arrangement.
Because different lipid phases have different textures,146
one can study the partition of proteins between coexisting
lipid phases. Specialized membrane regions, such as
intercellular junctions, can be examined to see what efffect

they have on the arrangement of nearby particles.
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1L, PROTEIN INTERACTION THEORY
A. FEW PARTICLE CASE
h gt ORDER PARAMETER

We are interested in membranes whose state is specified
by a single order parameter, ? , which we assume to be a
scalar function of position. Our task is to describe q’in
thermodynamic terms. This is feasable when —\‘7><F is small
enough that there exists some length, 1, over which ?’is
roughly constant, while macroscopic thermodynamics is valid
in regions of area 12. We can then replace extensive
variables with their densities. At each point, the latter
obey the same laws as the former would in a uniform system.

We are concerned with the P-dependence of the Gibbs
free energy density, g. Unless there is some constraint
on ¢, 3 g/2P =0 at equilibrium. We will soon see that
g must depend on'$q> in addition to ®. It is convenient
to set g = g° +£W,§‘P], where £=0 when P is everywhere
at unconstrained equilibrium. We next expand € as a

Taylor series around the equilibrium state, P= qg:

- _ _ _ - 2 2
E[P.9P] =¢€te1= € =K (TP)? + K, (P-p)° +... (1
Inclusion of linear terms wowld destroy the stability of

the equilibrium state, while higher order terms would

preclude nearly exact solutions. Since we are concerned
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only with the OP-dependence of the free energy,
we can usually ignore its remaining, OP independent, parts.
Sometimes we also need to consider the entropy of mixing
proteins and lipids.
The physical significance of equation 1 is easy to
see. The first term produces the cooperativity,
an energetic cost for spatial variation of the OP. Without
it, protein pertufbations would be limited to
the directly affected lipids, rather than extending
farther away. The second term providés a festoring
force tending to keep the OP at its equilibrium value.
Many simple membrane models are based on expressions
similar to equation 1. Consider the.thickness, h,
for instance. If the membrane is pictured as a thin slab
of liquid, h is governed by the interfacial tension, &
Small deformations locally change the area by %(—\7 h)2.
On the other hand, ¥ is minimal at the equilibrium
thickness, ho’ so that its dependence on h is at least
quadratic% We find that the energetic cost of sufficietly
small thickness changes is % xo(ﬁ h)‘2 + —%—('BZX/B h2)(h—ho)2,
where ¥ is the minimum value of ¥. This is the same as
equation 1. Similar expressions describe various liquid
crystal order parameters,2 composition in some models

3 b4

of phase separations,” and perhaps hydrophobic interactions.

This shows that equation 1 places little restriction on
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the identity of the OP.

An expression formally equivalent to equation 1 has
recently been presented by Kleemann and McConnell.5
However, they were interested only in using it to describe
protein effects on spin label partitioning, and did not
mention its deeper significance.

Models based on the same idea as ours, but using very
different descriptions of the OP, have recently been presented
by Maréelja6 and Schrb’der.7 Comparison to these models
is deferred until section IV.B.

P is a thermodynamic quantity which we use to describe
protein interactions. Equation 1 describes the lipids,
however, so that confirming it requires studies of
the lipids themselves. By analogy to the work which led
to acceptance of the continuum model of liquid crystals,8’9
the definitive test is likely to be a comparison of
experimental and theoretical gpectra of OP fluctuations.
This requires a molecular definition of ¢ , for instance
in terms of orientation or conformation. We return to this
in chapter V.

We have so far ignored thermodynamic variableé other
than ®. However, their boundary conditions (i.e.,
isothermal versus adiabatic) may affect X, and K,. We now
examine this explicitly.

Consider some extensive variable, g, and the
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thermodynamic potential, 6%, which controls the system

when q is held constant. The force conjugate to q is

Q:(_B—G.'E)
2 q
one on Q, the potential becomes

e - If we replace the constraint on g with

GQ = gl - Qg. For

example, q and G are entropy and energy when Q and

GQ are temperature and Helmholtz free energy respectively.
In a fixed-x ensemble (x="q","Q") the effective value

2.
of K, is Kg = 5 (El—g~ )X, where g* is the G* density and

o A

the derivative is evaluated at P = P,. A simple calculation

Q:q -]L_a—.@. M * 3
then shows K2 K2 + 2(3?)qf ( B<?)Q’ where g* is the

q density. The analogous formula for K1 is obtained by
replacing "@ " with "ﬁqr'. The obvious generalization

to the several variable case allows us to relate the elastic
constants of one ensemble to those of any other. Since
membranes have generally been studied under isothermal
isobaric conditions, we derived K1 and K, from the Gibbs

2
free energy. In other ensembles, K, and K, have different

1 2
values, but the theory is otherwise unchanged. We can thus
ignore thermodynamic variables other than ¢, though they
do have some effect.
In the absence of constraints on 4’, the equilibrium
state of the lipids is P = Po' However, proteins force
the adjacent OP to some other value. Our goal is find the

equilibrium OP then. Minimizing the energy yields

the field equation:



{mzz ~1F + & =4 (2

where 712=K2/K1. The solution to this equation is the
desired OP.

fL_l is a correlation length which frequently appears
in this theory. Whenever a spatial variable, r, occurs
in final results, it is always in the combination 7 r.
For instance, a perturbation at the origin yields an effect
of the form exp(-Nr), so that its range is roughly 7L'1.
Lipid-mediated protein interactions will be seen to have
a similar range.

Equation 2 is the foundation of the theory. Solving
it is the first step in finding the energy of any protein
arrangement. Substituting the solution back into equation
1 gives the energy density. Finally, the total energy
ié obtained by integrating this density over the entire
membrane. Repeating this process for various configurations
yields their relative energies.

In the next several sections, this is done for membranes
containing one or two protein particles. We start by

describing the boundary conditions for the field equation.
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2. PROTEIN-LIPID INTERACTIONS

Our next task 1s to specify how proteins affect the
OP. Microscopic models start by considering how the
~interaction of lipids with a protein particle changes
their configurational potential. Thermodynamics lets us
avoid this complexity. We assume that the OP is forced to
to some value, @ , adjacent to proteins. In a more detailed
theory,E§ would represent the lowest energy state of the
lipids there. We later examine this point in greater
detail.

We also need to specify the shape of protein particles.
We assume them to be circles of radius B Freeze-fracture
pictures show this to be a crude simplification. It does
not matter, though. The OP is roughly constant over
distances comparable to ﬂfl, so that we can ignore details
of protein shape when ro<<71_1. We will later find this
to be the case.

We can now solve the field equation. The boundary
conditions are ?P= ? on the protein perimeter, and P— (Po
far from it. For simplicity, we take the protein to be

centered on the origin. We can then find ¢3, the OP when

there is only one protein particle:
P (2) = P+ (P-,) &= T (P=rg) =P+ Ae T (3

where A=( ‘—ﬁ- CPO) el Fo , and T is some point in the membrane.

The system is rotationally symmetric, so that ?1 depends
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only on the magnitude of T. /A is a measure of how much
the lipids are perturbed by proteins. In the absence of
a molecular interpretation for the OP, qs, (Po’ and r  are
significant only via their COmbination in 4.

We next compute the self energy, the difference in
OP energy between a membrane with one particle, and one
with none. The OP energy is zero in the absence of protein,
so that we can find the self energy, El’ by substituting

%’1 into equation 1 and integrating over the membrane:
_ 22 S _ 2 1
B, = ‘[\d rE[‘Fl(r)] = 2R, A" (T r  + 3) (4
Since lipids are excluded from the interior of the protein,

the integral has been limited to the region r>:ro. Tt

often occurs that 7)r «1, in which case A’Vq‘) - ‘PO and:
B, ~ TTK (P - P )* (5

E1 is an important quantity, which repeatedly turns
up 1in our results. The most obvious role of E1 immediately
follows from its definition. The change in OP energy when
a particle moves from one lipid phase to another is the
difference of El between them. This equals the free
energy of transfer when the OP-independent interactions
are the same in both phases. Thus E1 can control the
partition of proteins betwcen coexisting lipid phases.

E1 also scales the lipid-mediated interactions between

proteins. Our potentials always contain a factor of El’ SO



4

that comparisons with other interactions, of magnitude E*,
depend on the ratio El/E*. For instance, it will be seen
that the lipid-mediated interactions sometimes cause protein
aggregation. This is opposed by thermal motions, with
typical energy kBT. The aggregation tendency is thus
controlled by the ratio El/kBT' Large values of it are
conducive to aggregation.

Let us now examine some approximations implicit in
the preceding discussion. So far, we have represented
protein-lipid interactions by setting the OP equal to ¢
adjacent to the protein. In reality, these interactions
extend away from it, and @ may be lipid-dependent. We
can estimate the error as follows.

We start by studying the lipids adjacent to a protein.
The non-gradient part of their energy was previously
E:n= Kz(? - ?0)2. They were coupled to the protein only
via the boundary conditions. In more detailed models,
it adds another term to their energy density.

&, ‘then Dbecomes g¥ =gt KB(Q’— ¢ )2, Ky and @¥
describe the protein-lipid interaction. By the same
reasoning as before, the K3 term is the simplest plausable

coupling.

K + K W
2P 3(P =¢ . Earlier,
K2 + K3

we assumed that P was independent of the lipid. We see

£* is minimal when @=

here that this is equivalent to K,» K,: then P = P,
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Otherwise,.¢ is influenced by the lipids, moving from @%#
towards @  as K3/K2 falls. Detecting this would require
systematic comparisons of El between various lipids: this
remains for the future. In any particular phase, the
only consequence 1s a reduction in the effective value
of El'

When calculating the total energy, we integrated e
over the entire membrane. We should have instead used
¢ ¥ near the protein. We now estimaté the error. If
the protein—lipid‘interaction extends a distance L, it
affects an area of roughly 2TTrOL. In that region,

9v¢ , So that:

¢ - ¢, = KR(9*- ¢)° ~ N°RE/mm (6

- 2 . 2 .
where R_KZKB/(K2+K3) The error 1is thus ZrOLTL REl’ which

is small when 2roL712R<<1. We are interested in the case
K3> Ko
~1/5 to 1/2. L is harder to estimate, but is probably

so that R<1. It will later be seen that nro

comparable to the range of the direct interactions between
proteins, roughly 1 to 5 nm. We will also find that a1
is roughly 10 nm, so that 8L~ 1/10 to 1/2. We finally
obtain 2rOLn2~1/25 to 1/2. The error is thus small,
especially when KB»'KZ.
We have also assumed that the internal state of the

protein does not depend on the adjacent lipids. If, for

instance, binding a specific lipid caused a conformational
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change in the protein, then that lipid could affect r,
or ¢5. As with the other approximations, this would

matter only in comparisons between different membranes.

We can ignore it here.
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s PROTEIN-PROTEIN INTERACTIONS

Our next task is to calculate the protein-protein
interaction potential, V(r'), where r' is the separation.
We start by specifying the boundary conditions and solving
the field equation. We can then calculate E2’ the OP
energy of a membrane containing two protein particles.
Then V = EZ—Eil)—Eiz), where Eil) and EiZ) are the self
energies of the two particles, not necessarily the same.

The potential is experimentally detectable only in
large populations of particles. Though the two particle
analysis is useful for getting a crude picture of the many
particle case, a more complicated theory is needed to focus
it. This section serves as background to that theory.

If one attempts to calculate E, by imitating the method
used for El’ the field equation is intractable. The
difficulty arises because the boundary consists
of two circles, which require the use of bipolar
coordinates.10 They separate the Laplacian, but
unfortunately, not our field equation. We avoid this by
setting P = ?b + (q5_ po)eTlro at the particle center.
This is equivalent to the previous boundary condition in
the one particle case. However, it introduces an error

in the two particle case because P is then not held constant

on the protein perimeters. But ﬂ_ro<<1, so that (P is
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nearly constant in regions the size of a protein, and the
error is small.

Consider a protein particle centered at the origin,
and one at T'. Call the former "1" and the latter "2",
appending these subscripts to 4 and q;. For simplicity,
we assume that their radii are equal. These definitions
are shown in figure 2.

We can now solve the field equation, and find <P2,

the OP when there are two particles:

?,@) = ¢, +c MIEL C, o RiE-T (7

with: C; = 1 csen(n 7Y ) (D enlr( -4 ) (8
2 2
Substituting ?2 into equations 1 and 4 we get:

1) 2)

o

B (r') = B/ + Ei + 2 Kz(cf-lﬂf+ c§-¢A§) N(O)
+ 4 K, 0 C, N(r') (9
with: N(r') = J\dz? exp(-Rizl) exp(—h(?—?'ﬁ) (10

We have made the approximation of integrating & over
the entire membrane, including the protein interiors.
This introduces negligible error: each factor in N(r')
is significant over a region of radius roughly TL_l whose
area is TTﬂfz, while the area of each particle is TTrS.
The error is thus of order TLZri, which is small since

71ro<<1 in cases of interest.
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2. Two particle boundary conditions. The circles
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