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ABSTRACT 

It is known that membrane proteins are surrounded by 

a halo of perturbed lipids. When two protein particles 

approach one another, their effects are superimposed. 

This produces a force between them. We construct a Landau 

model of the membrane order parameter, and use it to 

calculate the interaction potential. Protein aggregation 

is predicted to be inherently favorable, though sometimes 

opposed by a barrier. Because experiments can be done only 

in large populations of particles, the theory is generalized 

to that situation. This allows us to calculate the protein 

chemical potential, and to study how the interaction between 

two given particles is modified by proximity to others. 

The protein diffusion equation predicts when the lipid­

mediated forces lead to protein precipitation rather than 

a slight clustering tendency. 

Next we turn to experimental tests, based on the 

protein pair correlation function. We describe its relation 

to the potential and develop a method for measuring it. We 

find a repulsion between protein particles, extending 

several nm beyond their apparent edges, and an attraction, 

extending 10 to 20 nm. The prediction of when precipitation 

occurs is shown to be at least qualitatively accurate. 

The preceding analysis is primarily thermodynamic, and 

thus neglects molecular details. We next study them, 
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discovering that the behavior of our order parameter coincides 

with that of membrane thickness. On a molecular level, 

it can be controlled by either lipid conformation or tilt. 

After deriving the model from statistical mechanics, we 

find the former to be implausible, suggesting that tilt 

mediates protein interactions. 

Lastlyr the model is supplemented with a general 

description of lipid phase transitions. We find that it 

correctly predicts the phase behavior of protein-lipid 

systems. It also reveals that the usual analysis 

underestimates the amount of lipid perturbed by each protein 

particle. Furthermore, we demonstrate that those lipids 

are usually constrained between the disordered and ordered 

states, closer to the former. 
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FREQUENTLY USED NOTATION 

D as a subscript, indicates value in disordered phase 

dik separation between lipid molecules i and k 

E1 protein self energy, roughly TT K1 D.. 2 

E(Z) see equation V.B.19 (page 164) 

F fraction of the phase transition remaining after 

proteins are incorporated into membrane 

G see equation II.B.6 (page 96) 

g(R) pair correlation function 

g Gibbs free energy density 

0 g g when 

H see equation II.B.10 (page 96) 

h membrane thickness 

h
0 

equilibrium value of h 

K1 lipid elastic constant, see equation II.A.1 (page 67) 

K2 lipid elastic constant, see equation II.A.1 (page 67) 

kB Boltzmann's constant 

M2 order parameter variance, see page 163 

N number of protein particles 

11 see page 164 

0 as a subscript, indicates value in ordered phase 
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OP order parameter 

Pt probability that a C-C bond has trans conformation 

R gas constant 
_. 
r position in membrane 
_. 
r. location of protein particle i 

l 

r
0 

radius of protein particle 

S~ conformational order parameter, see page 159 

S0 tilt order parameter, see page 159 

T temperature 

Tp transition temperature in protein-containing membrane 

Tt transition temperature in protein-free membrane 

t time 

V potential energy 

Vd see page 164 

w 

y 

z 

A 

5 

E 

>--i 
>- .. 

lJ 

p 

see page 161 

Young modulus, see page 157 

partition function, see page 162 

see equation VI.B.4 (page 181) 

OP energy density, g-g0
, see equation II.A.1 (page 67) 

mean of E in protein-containing membrane 
1 

reciprocal correlation length, (K2/K1 )2 

matrix of >- .. 's 
lJ 

exp ( -11./r-r\\ ) 

exp ( -1L Ir. -1. I ) 
l J 

number density of protein particles 
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f e P within protein precipitate 

~ order parameter 

~ f adjacent to protein 

fD ~o in disordered phase 

fo fo in ordered phase 

~o equilibrium value of~ 

<Pt <pD - <Po 

<pp (q>) D - <'P>o 
(<:p;, mean of cp in protein-containing membrane 

Note on Equation Numbering: 

Equations are consecutively numbered within principal 

sections of each chapter. The section letter and usually 

the chapter number are app ended to equation numbers when 

cited in other sections. 
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I. INTRODUCTION 

A. SIGNIFICANCE OF MEMBRANE PROTEIN INTERACTIONS 

I th t f 1 • k' i-4 d 1 t n e pas ew years, cross in 1ng an e ec ran 

microscopic5 studies of membranes have provided a wealth 

of information about the organization of their proteins. 

Most analysis has been limited to small scale features, 

such as polypeptide folding and oligomer formation, 6,? or 

to long range structure, such as the distribution of 

proteins between coexisting lipid phases. 819 The arrangement 

of protein particles among their neighbors has remained 

poorly characterized. Though they are known to form 

clusters,iO-lJ the origin of their binding tendency has 

remained obscure. This stickiness should affect the 

morphology and elasticity of membranes, and the rate of 

collisions between membrane proteins. Lack of information 

a bout the forces between particles has hindered study of 

these issues. It is also unclear if the interactions of 

proteins with one another are related to those with 

lipids. 14- 19 This paper shows that they are intimately 

connected. We predict that proteins which perturb lipids 

also tend to aggregate. 

Though this attraction between proteins is an 

inevitable consequence of lipid perturbation, there is no 

guarantee that it is signi f icant. Its influence will be 

s uppressed by thermal motion if it is too weak. On the 
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other hand, it will be buried under the direct interactions 

between proteins when its range is too short. Our 

measurements clearly show that there is an attraction 

between proteins, whose range exceeds that of any previously 

known force between them. A basic question is whether it is 

correctly described by the model. 

Unfortunately, there is presently no direct way to 

measure this force. We can observe only its consequences, 

most obviously, protein precipitation. After calculating 

when it occurs, we can compare our predictions with 

experiment. It will be seen that the model is at least 

qualitatively accurate. 

Our techniques are probably unfamiliar to most readers, 

since the phenomena we study are generally considered 

insignificant. It may help to motivate the discussion by 

describing some possible biological applications of the 

model. 

Membrane proteins are rearranged during many 

d 1 1 d t • h • t· f t· 18 eve opmenta processes: gap an ig t June ion orma ion, 

thylakoid stacking, 19 the acrosome reaction, 20 and cilium 

formation. 21 The distribution of proteins between 

different membrane regions alters during various cellular 

s ha pe changes, such as the discocyte to echinocyte 

tra nsformation of red blood cells22 and nerve growth cone 

formation. 23 The causes of these effects have remained 

mysterious. Our analysis of protein aggregation suggests 
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possible mechanisms. 

Protein association is also important in membrane 

biochemistry. The negative cooperativity in the binding 

of many hormones to their membrane-linked receptors has 

been attributed to ligand-induced changes in the coupling 

of receptors to each other24 or to adenylate cyclase. 25 

Lack of information about protein clustering has complicated 

study of how hormones change it. Another example is hepatic 

cytochromes P450, whose pre-steady state kinetics have a 

fast phase followed by a slow one. 26 , 27 The former is 

ascribed to the interaction of P450 with initially nearby 

P450 reductase molecules, and the latter, with initially 

remote ones. "Nearby" has different meanings, depending 

on whether the proteins are clustered or randomly dispersed. 

It is unclear which is relevant. Micrococcus lysodeikticus 

NADH d t 1 h ·b·t b' h • k. t· ZS H re uc ase a so ex ii s ip asic ine ics. ere, 

the fast phase is assigned to the reaction of NADH with 

initially oxidized dehydrogenase molecules, and the slow 

phase, with ones that have diffused to and been reoxidized 

by cytochrome b
556

. Ignorance about protein interactions 

has prevented interpretation of the rate constants. It is 

unknown whether the rate limiting step is protein collision 

or some subsequent redox reaction. Our model predicts that 

the binding of membrane proteins is inherently favorable, 

though retarded by a barrier. The rate and equilibrium 

of aggregation are calculable from the model. 
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Studies on the mechanics of the erythrocyte membrane 

have shown it to be a rubberlike solid. 29 - 33 This is so 

surprising in view of the fluid mosaic model34 ,35 that 

lipids have been assumed to play a minor role in the 

mechanics of this membrane.36- 38 A protein network composed 

of spectrin39 has instead been regarded as the source of its 

elasticity. However, spectrin is known to greatly affect 

the aggregation tendency of other membrane proteins. 40 •41 

We suggest that lipid-mediated interactions between proteins 

also can solidify membranes. Though there is no doubt 

that spectrin is important in the mechanics of the red 

cell rnernbrane, 42 •43 there is no evidence that the spectrin 

network itself supports external stresses. 44 •45 The 

present model raises the possibility that the mechanical 

effects of spectrin arise from its interference with 

protein precipitation. 
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B. PROTEIN-LIPID INTERACTIONS 

1. EXPERIMENTAL STUDIES 

Recently, a variety of evidence has accumulated which 

shows that membrane proteins are surrounded by a "halo" or 

"annulus" of lipids which differ from those in the bulk of 

the membrane. 46 The best data have been gleaned from 

calorimetric studies of the lipid order-disorder transition. 

Usually, it becomes broader and its enthalpy linearly 

decreases with increasing protein concentration. 47 A new 

transition sometimes appears near the original one. 48 , 49 

Fl t b t d • • ld • • 1 • t 5o uorescen pro es u ies yie a s1m1 ar pie ure. These 

results show that proteins eliminate or modify the transition 

in the annulus. 

The dependence of the transition enthalpy on the amount 

of protein can be used to estimate the area of the annulus. 

After making assumptions about the shape of the protein and 

its disposition in the membrane, one finds the number of 

layers of lipid molecules in the annulus, typically one to 

four. A similar analysis of protein effects on the phase 

boundaries of multicomponent membranes shows that some 

lipids are preferentially included in or excluded from the 

annulus. 51 Additional information about the halo is provided 

by membrane enzyme kinetics. Arrhenius plots often reveal 

:1 kink near, but not at, th e transition temperature of the 

bulk lipids.52-56 This too shows that the transition 



6 

temperature is shifted in the annulus. Studies of spin 

labels show that their orientational order parameters and 

correlation times are affected by proximity to proteins.57-59 

The interpretation of these results has suggested that 

the perturbation is limited to the annulus. However, other 

evidence shows this to be unjustified. Freeze-fracture 

pictures of many membranes, including most where the annulus 

has been studied, reveal that the proteins usually 

precipitate when slowly cooled through the transition. 8 ,59- 64 

The lipids are thus divided between two phases. The 

"unperturbed" lipids are actually those of the protein-poor 

phase, while the annular lipids are those of the protein-rich 

one. The usual view of the halo incorrectly estimates its 

size. Furthermore, calorimetric studies show that the shape 

of the "unperturbed" transition is in fact changed by 

proteins. 47-49 Thus even the lipids in the protein-poor 

phase before melting are perturbed when the proteins are 

dispersed. The "width of the annulus" is hence only a 

lower bound. 
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2. THEORETICAL STUDIES 

Since the configurational statistics of each hydrocarbon 

chain depend on those of its neighbors, 65-?l it is not 

likely that there is a sharp border between the perturbed 

lipids and the rest of the membrane. Instead, the effect 

gradually diminishes with increasing remoteness from each 

protein. In principle, one could find its distance dependence 

by a statistical mechanical analysis of the lipids. This is 

very difficult in practice, though. The problem is that 

the interaction between two molecules depends on the 

conformations of both. The total energy cannot be separated 

into a sum of single molecule energies. The number of 

states to be summed over thus rises exponentially with the 

number of molecules. Tractability requires limiting this 

sum to states of a single molecule, or approximating the 

interaction so that the summation can be done analytically. 

This has usually been done by absorbing the interactions 

into effective trans-gauche energy differences,72- 74 with 

mean field approximations, 75-?? or via highly simplified 

lattice models. 78- 82 These methods require generalization 

when the lipid statistics are position dependent. 

The most detailed analysis is that of Mar~elja, based 

on the mean field approximation. 83 When summing over the 

states of each molecule, one guesses the average of its 

interactions with the others: the mean field. This 
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decouples the molecules from one another, so that their 

statistics can be studied individually. One then computes 

the mean interaction. Self consistency requires it to 

agree with the guess. The calculation is repeated until 

this is achieved. That is taken as the approximation to 

the interaction, or if there are several, the one that 

leads to the lowest total energy is taken. 

In protein-free membranes, every molecule has the same 

mean field. Proteins change the configurational potential 

of neighboring lipids, however. The self consistent field 

is then different for each molecule. Calculating it yields 

the distance dependence of the protein effect. One 

finally computes the lipid-mediated interaction, 84 much 

as in the present model. 

Although this approach is useful for studying 

particular microscopic models of protein-lipid interactions, 

it is inconvenient for getting a macroscopic picture of 

their consequences. Limitations of computer time prevent 

calculation of the protein chemical potential. Furthermore, 

it is still controversial which lipid degrees of freedom 

are most significantly influenced by proteins. It would be 

useful to have a thermodynamic model of the lipids not 

r equiring such knowledge. We could then study the 
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macroscopic behavior of proteins. In chapter V 

we determine when the statistical model can be approximated 

by our thermodynamic one. In effect, we solve the 

self consistency equation, rather than guess its solution. 

This also leads to formulas expressing our empirical 

constants in terms of the more fundamental ones describing 

the interactions between lipid molecules. This will reveal 

the molecular basis of the model. 
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C. OVERVIEW OF THE MODEL 

1. GOALS 

When two protein particles approach one another, their 

influences on the lipids are superimposed. This restricts 

the perturbation to a smaller portion of the membrane, but 

may also augment it there. The former effect produces an 

attraction between the proteins; and the latter, a 

repulsion. We need to formulate the model more precisely 

before comparing them. A major goal of chapters II and III 

is development of theoretical and experimental methods 

for studying this interaction. 

Depending on what questions one is asking, there are 

several levels on which protein-lipid interactions can be 

studied. Most fundamental is the use of statistical 

mechanics to describe both the lipids and proteins. Though 

necessary for a complete understanding of their interactions, 

this approach is inconveni ent when analyzing their 

macroscopic behavior. We thus usually resort to a 

thermodynamic description of the lipids. This allows us 

to study protein statistical mechanics, approximating the 

lipid-mediated force with its expectation value. Our 

analysis begins at this level. We examine the validity of 

its assumptions in chapter V, when we derive this picture 

from its predecessor. However, even this scheme is too 

complicated for many purposes. We need a thermodynamic 
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description of the proteins to study their distribution 

within the membrane. In particular, we derive a diffusion 

equation for them, thus leading to predictions about when 

they precipitate. 
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2. ASSUMPTIONS 

We first assume that the lipids have a degree of 

freedom, the order parameter (OP), which can be taken to 

represent their state. Its deviation from unconstrained 

equilibrium is a measure of how much they have been 

affected by proteins. There is no general reason to 

believe that a single order parameter suffices. We assume 

it does, though, since there is no evidence to the contrary. 

Possible candidates for the OP are membrane thickness, 

spectroscopic order parameters, and composition. However, 

it is described in primarily thermodynamic terms until 

chapter V. Its identity need not concern us here. 

We next suppose that the lipids can be viewed as a 

continuum. This is reasonable when the OP is roughly 

constant over distances much larger than molecular spacings. 

Finally, we need a formula for the dependence of the 

energy on the OP. Once we have that, the problem reduces to 

finding the OP which minimizes the energy, subject to the 

protein-imposed boundary conditions. We proceed in the 

spirit of the Landau theory of phase transitions. 85 •86 

This means that we approximate the energy density as a 

polynomial in the OP and its derivatives. While Taylor's 

theorem tells us that this is reasonable for sufficiently 



13 

small perturbations, there is no guarantee that it is for 

the ones actually encountered. Justifying it requires 

experimental tests. 

This paper demonstrates that the simplest plausible 

implementation of these ideas is inde ed useful as a 

membrane description. Though much of the theory has not 

yet been definitively tested, it will be seen useful at 

least as a first order description. 
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J. CONSEQUENCES 

A basic quantity controlling protein behavior is the 

OP energy. It is the difference in Gibbs free energy 

between an actual membrane and one which is identical, 

except that its OP is unperturbed by proteins. Since we 

are concerned only with differences in OP energy, it does 

not matter if such a membrane really exists. 

A simple measure of how much each protein particle 

affects the lipids is the self energy, the OP energy of a 

membrane containing a single particle. It is usually the 

only needed description of protein-lipid interactions. 

The protein influence on the OP has a crucial consequence. 

Apposition of proteins merges their effects, thus shifting 

the energy because of its nonlinear dependence on the OP. 

The result is a force between them. The OP energy is the 

sum of their self energies when they are far apart. We 

take that as the reference state, so that the potential 

energy of any configuration is the OP energy minus the 

self energies. This choice is made purely for convenience, 

because only differences in potential are significant. 

Ultimately, definitive testing of the model requires 

direct examination of the OP. Because it is controlled 

by the lipids, mur.h of the information 

analysis is independent of the proteins. 
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However, many predictions are made about them too. 

The most basic concern their interactions, the subject 

of section II.A. There we consider membranes with only 

one or two protein particles. This is misleading though. 

Experiments can be done only in large populations of 

particles. Most measurable quantities depend on the protein 

chemical potential, rather than the interaction potential. 

Furthermore, the force between any two particles is 

modified when others are near them. Sections II.B.2 and 

J are devoted to these issues. 

Though the lipid-mediated interaction usually produces 

protein clustering, only sometimes does it cause formation 

of a precipitate. In section II.B.4 we determine when that 

is. 

Before making any specific predictions, we need to 

solve many theoretical problems. Chapter II is concerned 

mainly with mathematical consequences of the basic model. 

Experiments are mentioned only to the extent that their 

gross features show the model to bear at least some 

resemblance to nature. In chapter III we develop a 

technique needed to characterize protein clustering. It 

will be seen that there is a short range repulsion between 

proteins, in addition to the lipid-mediated attraction. 

In chapter IV we describe how the effects of these two 
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forces can be separated. We then measure the empirical 

constants in the theory, and test its predictions about 

protein precipitation. 

In chapter V we present evidence suggesting that our 

OP is membrane thickness. We also derive the model from 

lipid statistical mechanics, thus revealing its molecular 

basis. We will find that lipid tilt, rather than 

conformation, controls the lipid-mediated force. 

Much information about protein-lipid interactions 

has been obtained by studying how proteins affect the 

lipid phase transition, and how it influences their 

aggregation. In chapter VI, we successfully calculate 

these results, starting from data derived primarily from 

measurements of membrane elasticity. This further 

supports our identification of the OP with thickness. 

This analysis also reveals some errors in the usual notions 

concerning the size and structure of the halo of perturbed 

lipids. 

Because our theoretical techniques are probably 

unfamiliar to most readers, we present some background in 

sections I.D and I.E. Rather than giving an abstract 

discussion, we study the appications of analogous methods 

to other problems in membrane biophysics. 
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Our measurements of protein clustering require 

observation of protein particles. This is done with 

freeze-fracture microscopy, which is described in section 

I.F. 
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D. MEMBRANE ELASTICITY THEORY 

The previous applications of field theory to membrane 

biophysics have remained obscure, so that it is useful to 

review them. We consider only the chief features, using 

them to illustrate the motives for chasing field theory, 

and to introduce some necessary background. The discussion 

is limited to membrane bending, since that topic has been 

especially well studied. The history of this work also 

suggests how our model may eventually be definitively 

tested. 

1. EQUILIBRIUM BENDING 

We start with the static theory of membrane bending, 

which has been extensively studied by Helfrich. 88 In this 

mo del, shape is controlled by the curvature-dependence of 

the energy. Two approaches can be used to find this 

dependence: symmetry and stress-strain relations. Though 

both methods yield the same result, it is instructive to 

compare them. We can then study the shapes of actual 

membranes. In particular, we will see that the model 

correctlypredicts the shape of red blood cells. It also 

suggests mechanisms for membrane shape changes. We consider 

only equilibrium shapes in this section. However, a slight 

generalization allows us to study nonequilibrium ones too. 

Tha t is done in section I.D. 2 . 
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i. Bending Energy 

The basic assumption is that the curvature energy can 

be expressed as the integral over the membrane of some 

energy density which, at each point, depends on the curvature 

there, and only there. This assumption is violated in some 

models89 - 91 where the forces generating curvature arise 

outside the membrane. Its only real justification 

is that the theory _agrees with experiment. 

We next need a formula for the curvature energy density, 

we. Our goal is to find the simplest plausible one. We 

can then calculate its consequences and test them. 

Consider some point in the membrane. Call n the unit 

vector normal to the membrane there. We define a local 

coordinate system by taking the z axis along n, and x and 

y axes perpendicular to it and each other. Also set 

n .. = on./0 j, where i=x, y, or z, and j=x or y. The 
lJ l 

reciprocal of n .. is the radius of curvature in the j 
JJ 

direction. 

We are trying to express we in terms of the nij's . 

We note the following simplifications. 
.... 
n specifies only 

the membrane orientation. The energy must not depend on 

it if the surrounding media are isotropic. we can thus 

depend on~ only via its derivatives. Also, n is a unit 

vec tor, so that n .= -n .-n . and we need not explicitly 
ZJ XJ YJ 

i.n cJ ud e the r,z/s· Finally, we must be unchanged by 
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rotations around n if the membrane is uniaxial. 

we need consider only combinations of n .. 's which 
lJ 

have this symmetry. 

If w depends only on the first derivatives 
C 

Thus 

of "Fi, then it can be constructed only from the following: 

n + n xx yy 

n - n xy yx 

n n - n n xx yy xy yx 

(1 

(2 

(J 

However, n is perpendicular to the membrane. Expression 

2 is thus everywhere zero because of Stokes theorem. 

It can be shown that the contribution of expression J to 

h t t 1 • h • t • 1 • 1 88 t e o a energy is s ape-1ndependen inc osed vesc1c es. 

It too can thus be ignored. 

These arguments leave only expression 1. wc must be 

at least a quadratic function of it: w needs to be 
C 

minimized by some finite n +n if there is to be an xx yy 
equilibrium state. The simplest plausible form for we is thus: 

we=½ Kc (nxx + nyy - Co)2 (4 

The factor of½ is included only for later convenience. 

Kc is an elastic constant defined by this equation, and C
0 

is the equilibrium curvature. Addition of an arbitrary 

constant would have no significance: we care only about 

changes in we. 

To find the curvature ener gy, Ee' of any membrane 
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configuration, one calculates wc and integrates it over 

the membrane. The equilibrium shape is that which minimizes 

Ec. Finding it is simplified by guessing that it belongs 

to some family of functions characterized by a parameter, 

say s 2 . The equilibrium can then be gotten by minimizing 

Ec with respect to s 2 , provided that the guess is correct. This 

ignores the question of whether the arbitrary family includes 

the actual equilibrium, a complicated issue we will return 

to later. 

A simple collection of membrane shapes consists of 

"ellipsoids" of revolution. We can specify them as follows. 

Let 8 be the angle between the symmetry axis and some line 

segment connecting the center of the ellipsoid to its 

surface. Then r(B), the length of the segment, is: 

r(e) = r
0 

+ ½ s 2 (J cos2e - 1) (5 

s 2 is a measure of the eccentricity. To keep the surface 

area independent of s 2 we set: 

2 
1 s2 

ro = r* + 20 * + ••• o r
0 

(6 

where ri is the radius of a sphere having the same surface 

area as the ellipsoid. We introduce the constant area 

condition because membrane dilation is energetically less 

f avora ble than bending. Unless geometric constraints 

require bending to cause stretching, diffusion of 

solvent across and of lipids within the 
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membrane relieves the stretching. 

After calculating fi from equation 5, we substitute 

it into the formula for we' and find Ee by integrating 

over the membrane. This yields: 88 

E = 81T (6 r C ) K ( 
s2 )2 -

C 5 0 0 C ro 
(7 

We note that E is minimized by s =O when r C < 6: 
C 2 0 0 

the 

equilibrium shape is then spherical. On the other hand, 

no ellipsoid is stable when r
0

C
0

> 6: the membrane assumes 

some other shape. 

By coupling the membrane to its environment, we can 

study external influences on its shape. One possibility 

is a pressure difference, ~P, across it. The deformations 

occur with constant surface area, so that solvent must 

permeate the membrane. The free energy change is VA P :::; Ev 

when a volume Vis transferred. After calculating V, we 

find the bending energy in this case: 88 

E +E 41T (AP - AP) 2 = r s2 C V 5 C 0 
(8 

where: p = 
2Kc 

(6 - C r ) 
C rJ 0 0 

(9 
0 

The equilibrium shape is spherical if AP< AP . 
C 

Otherwise, 

no ellipsoid is stable. One can use a similar analysis to 

study the effects of external magnetic92 or electric93 

fields on the vescicle. They deform it, but do not destroy 
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the stability of ellipsoidal shapes. 

Our assumption about the shape is usually only an 

approximation, seriously wrong for certain values of C
0 

and ~P. We need the actual equilibrium shape for 

experimental tests. The preceding analysis is useful for 

illustrating the model, though. In particular, it shows 

that C
0

, Kc' and ~pare important determinants of membrane 

shape. Before describing the experiments which make the 

model credible, it is useful to reformulate it, emphasizing 

different features than before. 
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ii. Thermodynamic Significance 

C
0 

must be zero in a symmetric membrane, one where 

both monolayers are the same and face identical solutions. 

Any asymmetry in the membrane or its environment can make 

C nonzero, thus potentially affecting membrane shape. The 
0 

following thermodynamic analysis allows us to study this 

and to rederive equation 4 very differently than before. 

We picture the membrane as two apposed slabs of 

continuous material. We assume they cannot slide over 

one another: the analysis becomes more complicated when 

• 94 they can, but yields a comparable result. When an 

originally flat membrane bends, the outer surface area of 

each slab changes by some factor, say 1+~. This deformation 

changes the membrane energy. We want to know how much. If 

the interface between the slabs remains constant in area, 

straightforward geometry shows: 

(10 

~l =-h1 (n + n ) 
xx yy (11 

The superscripts "u" and "l" refer to the two slabs, where 

~ is directed towards the "u" side. hu and h1 are the 

thicknesses of the slabs. We have assumed that the h's 

a re much smaller tha n the radius of curvature. We can thus 
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expand the tension, T, in each slab as a Taylor series in 0(: 

(q="u", "l") 

t is the interfacial tension, and K, the compression 

modulus. We ignore shear deformations, so that T 

is isotropic. 

The difference in bending energy between any two 

configurations, "i" and "f" is:95 

~ w c = J~ [ Tu dQ(u + Tl d0(1 J 
l 

(12 

(13 

A more careful analysis than we have done here shows that94 

hu/h1 =K1/Ku. Combining this with equations 10 through 13, 

we recover equation 4 and find: 

C = ( 
0 

(14 

and (15 

where h=hu+h1 is the membrane thickness. 

In a symmetric membrane, ~ u= o 1 and Ku=K1 , so that 

C
0

=0. The Gibbs adsorption equation96 shows that 

anything which binds to or dissolves in the membrane can 

change~ and K. If it does so preferentially in one 

monolayer, it can produce curvature. This has been 

suggested to be the mechanism by which some drugs affect 

cr-.vthrocyte shape, 97 and transrnembrane gradients of 

calcium ions break black lipid membranes. 98 
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Since o is a function of lipid composition, C
0 

can 

also be made nonzero by asymmetry in lipid distribution 

between the two monolayers. Experimental measurements 

show that curvature affects the equilibrium lipid 

distribution. 99 -lOl However, this is equivalent because of 

the Maxwell relation oJli/oA = o1/o Ni, where A is the 

membrane area, and u. and N. are the chemical potential 
fi i 

and number of species "i" molecules in the membrane. 

Natural membranes are known to have asymmetric lipid 

distributions, 102 ,lOJ so that this effect may be important 

in them too. This has not yet been studied though. The 

binding of polyvalent ligands to one monolayer can also 

change its interfacial tension. This has been suggested 

to be the mechanism of endocytosis and virus budding. 104 

When the constituent molecules can migrate between 

the monolayers, the curvature-dependence of their equilibrium 

distribution makes C
0 

change with time. In a membrane 

constrained to have some particular curvature, C
0 

approaches 

n +n This relieves the curvature stress. 105 However, xx yy 

the relaxation occurs much more slowly than 

does bending, and can thus usually be ignored. 

So far, we have assumed that the monolayers are 

uniform throughout their thickness. This neglects 

differences between the hydrocarbon and polar regions, 

h • h • h 1 • t • • t 106,107 w ic give eac mono ayer an in rinsic curva ure. 
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This effect cancels out in symmetric membranes, however. 

More generally, it makes ~q and Kq (q="u","l") depend 

explicitly on n +n xx yy This makes the theory more 

complicated, but adds no new physical content at the 

present stage of analysis. 
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iii. Field Equation 

The preceding discussion considered mainly the energy 

density. One needs the membrane shape to calculate the 

total energy. For simplicity, we arbitrarily chose a 

simple family of shapes, and compared their energies. 

Though convenient for illustration, this has no real 

justification. We now discuss the systematic computation 

of shape. The procedure is to derive a differential 

equation whose solution is the desired shape. One can 

then study actual membranes. We will see that the model 

correctly predicts the shape of red blood cells. 

Discussion of how the differential equation is derived 

will be deferred until section I.E. Here we consider 

only its solutions. 

So far, we have cared only about small portions of 

the membrane, so that it was convenient to use a local 

coordinate system around each point. However, it is 

expedient to use the same coordinates everywhere when 

studying the overall shape. Two coordinates suffice if we 

consider only axially symmetric shapes. Let z refer to 

distance along the symmetry axis, and x, in a perpendicular 

direction. Then call z(x) the distanc e f rom the x axis to 

the membrane at x. Also l e t \{J(x) denote the angle between 

the symmetry axis and ii. Thes G definitions are shown in 
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1 . Definitions of f and z. 
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88 figure 1. It can be proved that n +n = c +c where: xx yy p m' 

cp = sin(4')/x and d4' 
cm= cos(f) dx (16 

cm and cp are the curvatures in the directions of meridians 

and parallels respectively. It immediately follows 

that: 

~ 
dx = 

cm - c p 
X 

( 1 7 

By minimizing the energy, we obtain: 108 

= X 

where A is the membrane tension. We can solve these 

equations to obtain cp. Then, since dz -tan4' dx = ' we have: 

z(x) z(O) r: 2 2 .1. 
(19 - = - X cp ( 1-x c )- 2 dx p 

Though these equations may seem frightfully complicated, 

they have been solved previously. 108 We consider only 

their qualitative significance. 

We are trying to find why membranes have particular 

shapes; pictures of cells reveal a diversity of shapes. 

The best studied system is the mammalian red blood cell. 

It has no rigid cytoplasmic structures, so that its shape 

is an intrinsic property of the membrane. 

The basic observation is that its normal shape is a 

biconcave disk. An immediate question is where the dimples 

co11w i'rom. Until recently, 109 it was believed that they 

(18 
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were caused by membrane heterogeneity or cytoplasmic 

structures. Typical ideas were attractive forces between 

the dimples, 90 possibly caused by fibers connecting their 

membranes; 89 or interfacial tension differences between 

them and the equator. 110 However, more recent work forces 

the rejection of these ideas. Extensive studies on the 

mechanics111 •112 and morphologyllJ of this membrane have 

not confirmed any ideas of fibers or heterogeneity . 

Micromanipulation studies show that the dimples can be 

pushed around in the membrane. 112 Furthermore, these 

explanations for the biconcave shape ignore the observations 

that drugs or changes in the medium can r~versibly cause 

the cells to acquire many other shapes. 114 

The pioneering attempt to explain red cell shape on 

th b · f 109 t •• e as1s o curvature energy was no very convincing, 

because of its poor agreement with experiment. The 

difficulty was that it ignored the intrinsic curvature, C . 
0 

However, the solution of Helfrich's equations108 does 

accurately predict the shape, using only one adjustable 

constant, C
0

. Though the equations may seem to contain 

others, they do not matter. A is merely a Lagrange multiplier 

used to keep the area constant, while AP is one for the 

volume . Kc does not matter either: it occurs only in the 

combinations .aP/K and )\/K . When >i and .1 P are calculated, 
C C 

it is these ratios which are found. 
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The significant conclusion is that the normal shape 

arises when C
0 

is negative. The lowest bending energy of 

any membrane region occurs when it is concave. Since the 

membrane is a closed shell, it must be convex somewhere. 

The dimples arise when the membrane tries to minimize its 

energy. 

The normal shape occurs when Cr =-J, where r
0 

is 
0 0 

the radius of a sphere whose surface area is the same as 

the cell's. When C
0 

varies, there is a variety of other 

predicted shapes, 108 which have been observed in drug­

treated cells. This agrees with the experimental observation 

that drugs which might be expected to change C
0 

also 

produce shape changes.97 
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iv. Overview of the Equilibrium Theory 

Let us now consider the fundamental lessons provided 

by the equilibrium theory. We will extract those parts 

of the analysis which are applicable to any physical 

system, especially membrane OP's. 

The first step in our analysis was finding the relevant 

symmetries. We pictured the membrane as a two dimensional 

isotropic continuum, surrounded by isotropic media. This 

implies that the energy of a bend is independent of its 

orientation in the membrane or in space, ruling out 
~ any dependence of the energy on n itself. Regarding the 

nij's (i,j=x,y) as a matrix, N, the simplest possible 

contributions to the energy density are the trace and 

determinant of N. However, the latter's integral over 

the membrane is shape-independent, and thus has no physical 

significance. We then showed that the existence of an 

equilibrium state requires the energy to depend at 

least quadratically on trace N. We were thus led 

to the simplest plausible formula: w =½K (trace N - C ) 2 
C C O ' 

Though there is no guarantee that this is correct, it is 

the easiest guess. Only if it leads to predictions 

inconsistent with experiment are more complicated 

mod els worthwhile. We saw that the 

th eory is consistent with th e observed red cell shape. 

In t he next s ection it will be seen to pass an even more 
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stringent test. 

Similar considerations also lead to our model. 

There, attention is focussed on a scalar order parameter. 

Exactly as before, we find the simplest plausible dependence 

of the energy density on it. We then calculate its 

experimental consequences and test them. 

Helfrich's model also allows us to rationalize the 

effects of various drugs on red cell shape, and to propose 

mechanisms for membrane shape changes. While these ideas 

have not yet been definitively tested, they provide a 

basis for future work. Our model of protein precipitation 

presently has similar status, suggesting how ~rotein cohesion 

is modulated. We will see, however, that it also leads to 

correct predictions about other phenomena. 

Another basic concept is that of stability. Among 

physical systems in general, one often finds sudden changes 

when some parameter is varied . This happens when some 

previously stable state becomes unstable. Examples are 

phase transitions as the temperature changes, or the 

collapse of columns with increases in their loads. In 

Helfrich's model, ellipsoidal membranes become unstable 

for certain values of C
0 

or AP. Similarly, proteins are 

sometimes unstable against aggregation in our model. 

A slight generalization of the preceding theory allows 

us to study fluctuations around the equilibrium shape. This 

we turn to next. 
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2. BENDING FLUCTUATIONS 

i. Introduction 

In the preceding sections, we found the equilibrium 

shape by minimizing the energy. Since forces are 

derivatives of the energy, this is equivalent to requiring 

that the forces everywhere sum to zero. After 

calculating the forces in an arbitrarily shaped 

membrane, we can use Newton's laws to calculate the 

time dependence of its shape. This yields a description 

of its relaxation back to equilibrium. However, it does 

not matter whether the original distortion is produced by 

experimental manipulation or thermal fluctuation~ Thus, 

the same calculation also reveals the characteristics of 

these fluctuations. The theoretical apparatus we need is 

based on the equipartition and fluctuation-dissipation 

theorems. One goal of this section is to introduce them. 

Rather than presenting an abstract mathematical 

analysis, we illustrate the theory with concrete problems. 

We concentrate mainly on the bending 

fluctuations of red blood cells. We will see that their 

behavior is consistent with the Helfrich model. 

When red cells are observed with phase contrast optics, 

they are seen to shimmer. This is attributed to thickness 

fluctuations, caused by membrane bending. 115 Though a 

variety of evidence suggests that the cause is not 
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fluctuations in the oxidation state or concentration of 

hemoglobin, the best evidence for this is the success of 

the bending theory. Since the phase retardation is 

proportional to cell thickness, the flicker can be used 

to measure bending fluctuations. 
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ii. Experimental Results 

We first discuss what can be measured. 115 Consider 

a cell with its symmetry axis parallel to the optical 

axis of the microscope, and call d(F,t) its thickness at 

position r and time t. Also let od(r, t) be the deviation 

of d(1,t) from its equilibrium value. Finally, denote 

the temporal Fourier transform of 6d(r,t) by &do.,(r). If 

one measures the image intensity at the point corresponding 
J 

tor, and applies it to a band pass filter centered on 

frequency w, the output is proportional to $c\..,('r). It 

is more useful to measure the correlation function, G(1,u.J) 

= < bdw( 0) S c\.J(r) > , where the brackets denote time averaging. 

This is directly measurable by filtering and multiplying 

the outputs of two photomultipliers, focussed on the points 
~ 

0 and r. It will later be seen that we really want G' (r,w ), 

the temporal Fourier transform of <$d(O,O) bd(r,t)> 

However, different frequency components of o d are 

independent in the present harmonic model. Thus 

< bd,_,)O) $d
11
./r)> = <a°dw(O)~du,('r)> £ (w -w') , where ~(w -w') 

is a Dirac~. The convolution theorem then shows that 

G(r,w)=G' (r,UJ). 

We next consider the experimental measurements of 

G(~,w). 11 5 We discuss only the qualitative features, and 

compare them to the predictions of Helfrich's model. G(o,w) 

describes the fluctuations at a single point. At frequencies 
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between 1 and JO Hertz, G(O,w) is proportional to w-m, 

where 1. J < m < 1. 45. It is buried under noise at higher 

frequencies, and levels off at lower ones. When measuring 

the r-dependence of G, one finds a peak at 

r=O, whose wings dip below zero near r=6r. G rises 

through zero near r=Br, and soon thereafter is obscured 

by noise. Repeating the measurement at various frequencies, 

the shape is found to be independent ofw. Though there 

are slight differences, the curves can be superimposed by 

a frequency-dependent rescaling. Thus, G(f,w)=G(o,w)f(_[w), 

where f and "\..J are defined by this equation. Aw is 
-n proportional to w , .12 < n < .19. The crucial features 

we seek to explain are the factoring of G(r,w) and the 

values of n and m. 
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iii. Mean Square Fluctuation Amplitudes 

As background to the calculation of fluctuation dynamics, 

we will study their statics. We do this by 

reformulating Helfrich's model so that our ta~k 

reduces to a trivial application of the equipartition 

theorem. 

Consider a roughly planar membrane, parallel to the 

x-y plane. 
~ 

As before, we call the membrane normal n. 

the ripples are small, then simple geometry shows that 

If 

n. = o u/ o i ( i=x, y) where u is the deviation from the mean 
l 

of the membrane elevation. The curvature energy density 

thus becomes w =½K ( o 2u/ o x2 + J 2u/ 0 y
2 )2 . We have set 

C C 

C =O because it is irrelevant to our purposes here. 
0 

r iq •rd2 We next expand u in Fourier components: u~= Ju(f) e r. 

Expressing the total energy in terms of the uq's, one 

obtains: 

= 

where A is the membrane area. 

t: 4 q 2 u­q 
(20 

We note that Ec is quadratic in the uq's. The 

equipartition theorem asserts that the mean energy of each 

is ½kBT. We thus find the mean square amplitude of 
_. 

component q: 

(21 

Each of the bending modes, acts as a 
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diffraction grating of spacing 21T/q. By calculating the 

light scattered from each, and summing over q, one can 

calculate the intensity of the scattered light. It is 

proportional to ~ (IUq1 2> c!, where cq is the scattering 

amplitude of mode q. This approach has been used to study 

bending fluctuations of the monolayers at surfaces of soap 

films. 116 There K is controlled by the electrostatic and 
C 

van der Walls interactions between the monolayers, so that 

light scattering can be used to measure these forces. 

In a less trivial model than we are considering here, 

the q4 factor would be replaced with a polynomial in q. 

2 If it has a zero, say qz, then <luq I > would naively seem 
z 

infinite. However, the model breaks down for sufficiently 

large deformations. Effects tl~t we have neglected would 

provide an additional restoring force for mode qz' so that 

it would remain finit~, though large. The equilibrium 

structure would then contain ripples of wavevector qz. 

This has been suggested as the source of the corrugations 

seen in certain lipid phases. 11 7, 118 

We can use equation 21 to find the mean square amplitude 

of red cell thickness fluctuations. If we picture the cell 

as two parallel membranes, at elevations z1 and z2 , then 

its thickness is d=z 1-z2 . If the fluctuations in each 

membrane are uncorrelated with those in the other, then: 
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2AkBT 
K 4-

cq 

where 3d(q) is the Fourier transform of ~d(r). u1q is 

the amplitude of the q'th mode in the membrane at z1 : 

(22 

since the membranes are identical, we could just as well 

have picked the other one. 

We next calculate the amplitudes of fluctuations with 

particular wavevector and frequency. Summing over 

frequency should yield equation 22 again. This provides 

a check of the calculation. 
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iv. Fluctuation Dynamics 

We first seek equations relating the forces and 

velocities in the membrane and its surroundings. Once 

we have them, we can calculate the spectrum of red cell 

shape fluctuations. We begin by formalizing the requirements 

that the membrane and its environment exert equal forces 

on one another, and that their velocities be equal. 

The curvature force (i.e., the zz component of the 

membrane stress) is given by the functional derivative of 

the curvature energy: 

where u .. = d 2u/ 0 i 2 ( i=x, y) . This equation is derived 
ll 

in section I.E where we explain functional derivatives. 

fc is also the force exerted by the membrane on the 

surrounding fluid. This must equal the difference 

across the membrane of the fluid forces arising from pressure 

and viscous dissipation. 

side of the membrane are 

The viscous stresses at each 
avz 

±. 2fl Tz , where 17, is the shear 

viscosity, vz is the z component of fluid velocity, and 

the derivative is evaluated at the membrane surface. The 

plus sign refers to the upper surface of the membrane, and 

minus, the lower one. Finally, we call the pressure 

difference across the membrane ~P. 

To a fair approximation, we can ignore viscous 

(23 
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dissipation outside the cell. The viscosity is smaller 

there, so that equal velocity gradients produce less force 

there than inside. Furthermore, the velocity field produced 

by membrane bending decays over a larger distance outside, 

so that the gradients too are smaller there. We can also 

ignore viscous dissipation within the membrane, since its 

volume is negligible compared to that of its surroundings. 

Combining these equations, we obtain the force balance 

equation for each membrane: 

• [ "cJV I (-1)l 2fl-z 
-a z z. 

l 

+ ~p J 
4 

+ K l [ 
~ u. 

C ~ 

4 
du. J 

+ c} y4 = 0 (i=1,2) (24 

We supplement this with the velocity continuity requirements: 

du. 
V (z.) = _l 

z l d t v (z.) = o 
fl l 

(i=1,2) (25 

~ 

where tis time and ~I is the component of fluid velocity 

parallel to the membrane. The second of these equations 

follows because we are neglecting motion within the plane 

of the membrane. Finally, we need equations for the fluid 

velocity. We take the linearized Navier-Stokes equations 

for an incompressible fluid: 

div v = O P °'~; = 1l. div grad v grad P (26 

wherep is the mass density of the fluid. The solution 

of these equations is a tedious matter. We will discuss 

only the results .115 

What we really seek are the fluctuations ind; but 
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these equations yield the deterministic behavior of d 

starting from some arbitrary shape. However, we will see 

that these two descriptions are equivalent. Suppose that 

we apply an arbitrary force, (-1)iF(~,t) (i=1,2) to the 

membranes. This makes the thickness change by some amount, 

~d. Since equations 24 to 26 are linear, there exists 

some function, X, the susceptibility or response function, 

such that: 

Ad(r, t) = J d2t• dt' x cr-r', t-t' )F(r', t•) 

If we set F(r,t)=f ei(q•r+wt), then: 
,.,,, ,N 

Dd ( q ,w) = fA X ( q ,w) 

where ~d and X are the Fourier transforms of Jd and X 
respectively. The fluctuation-dissipation theorem119 

asserts that: 
,v 

Im X (q,vJ) 

where Im denotes the imaginary part. This solves our 

(27 

(28 

(29 

problem, since X can be obtained by adding (-1)iF(r,t) to the 

left side of equation 24, and solving it. The spatial 

Fourier transform of equation 29 then yields G(1,w). 

After a long calculation, one finds: 115 

,v 

>( (q ,w) = 

Fourier transforming and substituting into equation 29 

yields: 

G( ~ ,w) = G( 0 ,w) f ( ~",) 

(JO 

(Jt 
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with: G( O ,w) = 
2kBTd 

31/3 ( 2TT)31\. 1/3 K~/3 W 4/3 
(32 

Aw = ( 
K d3 

)1/6 C 

24tzw (33 

J21T Joo iqx COS9 93 and: f(x) = de dq e 
·. 0 0 1 + q12 

(34 

We immediately note several features of these equations. 

Most obviously, we see that G(r,w) factors in the same 

way as that found experimentally. ~w is predicted to be 

proportional to w -n, with n=1/6. This is consistent with 

the experimental result, .12 <. n < .19. It is also 

predicted that G( 0 ,w) is proportional to w -m, with m=4/3. 

Here, experiment shows 1. 3 < m < 1. 45, also consistent with 

the theory. Numerical evaluation of f(fw) shows that it 

too is quantitatively accurate. 11 5 We thus see that the 

model successfully reproduces the main features of the 

experimental data. 

A crucial featu~e of the red cell is that it is 

nonspherical, so that it is possible for the membrane to 

bend, while remaining constant in area. However, this is 

no longer possible when the cell is made spherical. Then, 

the shape fluctuations are controlled by stretching, 

rather than bending, energy. Unless the tension is near 

zero, stretching fluctuations have a smaller amplitude 

and higher frequency than bending ones. This accounts 

' for the absence of flicker in osmotically sphered red 
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The higher energy of stretching can be understood 

by reconsidering the thermodynamics of bending. We 

assumed that the membrane contains a surface whose area is 

unaffected by bending. The energy change arises from the 

slight compression or expansion of each monolayer. There 

is a partial cancellation between the energy changes of 

each, exact when they are identical and Ku=K1=0. This 

cannot occur when the original shape is spherical: both 

monolayers undergo essentially identical deformations. 

Bending must also be accompanied by stretching in 

planar membranes. The bending modes here have been 

observed with optical heterodyne spectroscopy. As one 

would expect, their frequency is higher than in the red 

. 121 122 cell: in the kilohertz range. ' 
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v. Overview of Fluctuation Dynamics 

We have seen that a slight generalization of the 

static theory allowed us to study bending dynamics. 

The key steps were the coupling of the membrane to its 

surroundings, and the calculation of the response function. 

The first damped the bending oscillations, while 

the second created them. However, they can arise 

from either experimental manipulation or thermal 

fluctuation. These two situations are equivalent because 

of the fluctuation-dissipation theorem. It leads to the 

fluctuation spectrum. 

As we saw, Helfrich's model does correctly predict 

that spectrum. One might guess by analogy that similar 

considerations will lead to definitive tests of our model. 

A crucial difference is that the OP is not necessarily 

coupled to the external media, while the curvature is. 

The hydrodynamic equations relevant to the OF are an 

intrinsic property of the membrane. It is a task for 

future workers to find them. 

Another important idea was the equipartition theorem: 

it allowed us to calculate the fluctuation amplitudes 

without invoking their dynamics. We also saw that 

fluctuations are large when there is no force opposing 

them. Indeed, it is misleading to view them as fluctuations: 

they are a part of the static structure. We encounter this 
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phenomenon again in our model. Diffusion does not oppose 

aggregation when the protein chemical potential is a 

decreasing function of concentration. A precipitate 

is present at equilibrium. 

Our review of membrane elasticity has been very 

limited, serving mainly to show that field theory is 

relevant to membranes. The elastic modes generally 

have several branches, of which we have considered only 

one. 123 We have examined only small deformations, 

neglecting the nonlinear viscoelasticity of membranes. 29 -JJ 

We have also ignored thickness changes, important in such 

phenomena as dielectric breakdown124- 126 and nonlinear 

capacitance. 127- 129 We will later return to these 

effects, and find that our OP is probably membrane 

thickness. 
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E. MATHEMATICAL INTERLUDE 

Consider a system whose state is specified by some 

function of position, say s(1). In this section we will 

relate the behavior of s to its influence 

on the energy, Es. It often occurs that Es= Jd2r es(r), 

where es(r) is an energy density dependent on s(i) and 

Vs(r): es(:f )=es(s(r), 'fJ s(r)). In bending theory, n and 

w play the roles of sand e respectively; the OP and 
C S 

its energy density do in our model. For concreteness, we 

assume the system to be two dimensional, though nothing 

we do here depends on this. Also, it does not matter 

whether sis a scalar or vector, except that "q" denotes 

gradient in one case, and divergence in the other. 

The equilibrium state is that which minimizes the 

energy. In many cases, e would be minimal ifs 
s 

everywhere equalled some constant. That would then be the 

unconstrained equilibrium. There may, however; be externally 

imposed boundary conditions which prevent attainment of 

that state. For instance, the red cell bending energy 

would be minimal if its membrane were everywhere concave: 

an impossible situation in a closed shell. Analogously, in 

our model, proteins perturb the nearby OP. Our task is 

to find the s(~) which minimizes Es' subject to these 

constraints. We can do this by deriving a differential 

equation whose solution is the desired s(r). Our procedure 
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is discussed in many textbooks which can be consulted for 

further details; the one by de Gennes130 is especially 

relevant. 

When s ("F) is changed by a small amount, S s (r) , the 

This must be zero when Es is minimal: we have expanded 

es as a Taylor series ins and ~s, and dropped all terms 

beyond the linear ones. As in elementary calculus, the 

linear terms vanish in a series expansion around a minimum. 

We seek constraints on s which insure this. 

The b ('vs) term can be integrated by parts to yield: 

(2 

For general Ss, there would also be a surface term, the 

integral over the membrane boundary of &s( a es/ o (Qs)). 

However, we require s(r) to satisfy the boundary conditions, 

so that 'bs, and thus Se s' vanish on the boundary. 

We now set SEs=O. Since &s is arbitrary except on 

the boundary, the bracketed factor in equation 2 must 

vanish. We thus get the Euler-Lagrange equation: 

= 0 

This solves our problem, since any s(1) which satisfies 

this equation also minimizes Es 

(3 

(1 
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In the bending theory, this is how the field equation 

was derived. Similarly, this is how we obtain the field 

equation for the OP in our model. It should be noted 
z..,. 

that we have assumed the differential area element, d r, 

to be independent of s. Bending produces local area 

changes, so that this assumption is violated in Helfrich's 

model. We can avoid this by projecting the membrane into 

some plane, say the x-y plane. The Jacobian for this 

transformation is (1-n2-n2 )-½. es is actually that times 
X y 

we: this is why the field equation is so complicated. 

In our model, OP variations are assumed not to affect 

membrane shape. Our field equation is thus much simpler. 

We found equation J by minimizing the energy. However, 

it can also be obtained by requiring the net force to 

vanish everywhere. A force is generally minus some 

derivative of the energy. We seek the derivative 

of E with respect to s(~) at a certain point. We s 

begin by defining the functional derivative. Consider the 

case Ss= f b(r-r I ) ' where $ (r-r I) is a Dirac ~ ' r I is 

some point in the membrane, and E some constant. Then the 

. . . S Es cl Es I 
functional der1 va ti ve is: b s = ~ € € =O • Imitating the 

previous derivation, we find the membrane stress: 

f = s 
(4 

The force on any region is found by integrating the stress 
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over it. We thus see that the forces on s vanish when it 

satisfies the field equation. 

So far, we have assumed e to depend only on sand 
s 

vs. However, it is trivial to generalize to cases where 

it depends on higher derivatives too. In the coordinates 

we used to study bending fluctuations, wc depended on v2u, 

for instance. Repeating the derivation of equation J, we 

d e 
find that it is supplemented by (-1)nVn s whenever 

~(Vns) 

n es also depends on Vs. This leads to equation I.D.2J. 
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F. OBSERVATION OF MEMBRANE PROTEIN PARTICLES 

Much of the present theory is based on the analysis 

of protein clustering and its modulation. 

Crucial to our work is the existence of an experimental 

procedure for visualizing protein particles. This method 

is freeze-fracture electron microscopy, which we now 

describe. Our review is very limited; many others are 

available for the reader interested in more details.5,l3l-l34 

The first step is freezing the specimen by plunging 

it into a coolant. The growth of ice crystals must somehow 

be prevented, because it damage.s membranes. 135, 136 

One way is to make the specimen into a mist by forcing it 

through a narrow nozzle. 13? When the droplets contact 

the coolant, their small size lets them freeze too rapidly 

for much crystal growth to occur. The other way, used more 

often, is to include a cryoprotectant in the solution. 135 

The most common ones, such as glycerol and dimethyl 

sulphoxide, form eutectics with water. Because the rate 

of crystal growth is less at low temperatures, the freezing 

point depression decreases the grain size. 138 Much of 

the damage to membranes is mediated by osmotic effects, 

caused by the expulsion of solutes from water as it 

crystallizes. 139 This too is lessened by cryoprotectants. 

Once the sample is embedded in amorphous or 

microcrystalline ice, the next step is to fracture it. A 
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cleavage plane roughly parallel to a membrane is more 

likely to travel along its center than through the nearby 

water or the membrane-water interface. 140 This happens 

because the latter are bound together by hydrogen bonding, 

while much weaker dispersion forces hold the two faces of 

the membrane together. 

The fracturing process yields ice chips, portions of 

whose surfaces were formerly the middle planes of membranes. 

In one variant, known as freeze-etching, the ice is allowed 

to sublime. Its surface recedes until a membrane is 

reached, thus revealing its outer surface. 141 

The ice is then exposed to a point source of metal 

atoms, which then encrust its surface except 

in shadows. The specimen is next melted or dissolved. 

This frees the metal replica, which can then be visualized 

by electron microscopy. Surface features, such as bumps 

and holes in the membrane, are disclosed by their shadows. 

This procedure reveals that membranes 

contain particles, typically about 10 nm in diameter. 142 

Their size, shape, and abundance vary between different 

membranes, and even between different regions of a single 

membrane. Often, two or more particle types are 

int erspersed among one another. 

Studies with synthetic membranes show that these 

particles are formed only in the presence of proteins, 
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though little is known about how the proteins are arranged 

within them. Comparisons of the number and size of 

particles to that of their constituent proteins show that 

there are several protein molecules per particle. 143, 144 

Protein assembly into particles is analogous to micelle 

formation: 145 no particles are visible below a certain 

protein concentration, while above it they are. 

Then their size is independent of the amount of protein. 

It is presently unknown if the particles contain lipid, 

or if their shape is altered during the freeze-fracture 

process. Neither is it known what proportion of the 

membrane proteins they contain. However, we are concerned 

here only with the interactions between pre-existing 

particles; their formation and internal structure need 

not concern us. 

We use the freeze-fra cture technique only to find 

the positions of protein particles, thus allowing 

analysis of their distribution. One can also perform 

statistical tests to see if there is any tendency towards 

clustering or other heterogeneity in their arrangement. 

Because different lipid phases have different textures, 146 

one can study the partition of proteins between coexisting 

lipid phases. Specialized membrane regions, such as 

intercellular junctions, can be examined to see what efffect 

they have on the arrangement of nearby particles. 
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II. PROTEIN INTERACTION THEORY 

A. FEW PARTICLE CASE 

1. ORDER PARAMETER 

We are interested in membranes whose state is specified 

by a single order parameter, f, which we assume to be a 

scalar function of position. Our task is to describe cp in 
~ 

thermodynamic terms. This is feasable when V<p is small 

enough that there exists some length, 1, over which f is 

roughly constant, while macroscopic thermodynamics is valid 

in regions of area 1 2 We can then replace extensive 

variables with their densities. At each point, the latter 

obey the same laws as the former would in a uniform system. 

We are concerned with the o/-dependence of the Gibbs 

free energy density, g. Unless there is some constraint 

on f, o g/a<p =O at equilibrium. We will soon see that 

g must depend on vcp in addition to 'f'. It is convenient 

to set g = g 0 
+ £[f, Vf], where f.. =O when c:p is everywhere 

at unconstrained equilibrium. We next expand fas a 

Taylor series around the equilibrium state, <f'= (f'
0

: 

Inclusion of linear terms wotll d destroy the stability of 

the equilibrium state, while higher order terms would 

preclude nearly exact solut ions . Since we are conc erned 
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only with the OP-dependence of the free energy, 

we can usually ignore its remaining, OP independent, parts. 

Sometimes we also need to consider the entropy of mixing 

proteins and lipids. 

The physical significance of equation 1 is easy to 

see. The first term produces the cooperativity, 

an energetic cost for spatial variation of the OP. Without 

it, protein perturbations would be limited to 

the directly affected lipids, rather than extending 

farther away. The second term provides a restoring 

force tending to keep the OP at its equilibrium value. 

Many simple membrane models are based on expressions 

similaf to equation 1. Consider the thickness, h, 

for instance. If the membrane is pictured as a thin slab 

of liquid, his governed by the interfacial tension, ~ . 

Small deformations locally change the area by½(~ h) 2 . 

On the other hand, t is minimal at the equilibrium 

thickness, h, so that its dependence on his at least 
0 

quadratic; We find that the energetic cost of sufficietly 

small thickness changes is ½ t
0
(9h) 2 + ½(c> 2 i /ah2 )(h-h

0
)
2 , 

where (
0 

is the minimum value of(. This is the same as 

equation 1. Similar expressions describe various liquid 

crystal order parameters, 2 

of phase separations, 3 and 

composition in some models 

perhaps hydrophobic interactions. 4 

This shows that equation 1 places little restriction on 
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the identity of the OP. 

An expression formally equivalent to equation 1 has 

recently been presented by Kleemann and McConnell.5 

However, they were interested only in using it to describe 

protein effects on spin label partitioning, and did not 

mention its deeper significance. 

Models based on the same idea as ours, but using very 

different descriptions of the OP, have recently been presented 

b "'1·6 .. 7 y Maree Ja and Schroder. Comparison to these models 

is deferred until section IV.B. 

~ is a thermodynamic quantity which we use to describe 

protein interactions. Equation 1 describes the lipids, 

however, so that confirming it requires studies of 

the lipids themselves. By analogy to the work which led 

to acceptance of the continuum model of liquid crystals, 819 

the definitive test is likely to be a comparison of 

experimental and theoretical spectra of OP fluctuations. 

This requires a molecular definition of <J>, for instance 

in terms of orientation or conformation. We return to this 

in chapter V. 

We have so far ignored thermodynamic variables other 

than <p . However, their boundary conditions (i.e. , 

isothermal versus adiabatic) may affect K1 and K2 . We now 

examine this explicitly. 

Consider some extensive variable, q, and the 
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thermodynamic potential, Gq, which controls the system 

when q is held constant. The force conjugate to q is 

o Gq 
Q = ( Tq )cp If we replace the constraint on q. with 

one on Q, the potential becomes GQ = Gq - Qq. For 

example, q and Gq are entropy and energy when Q and 

GQ are temperature and Helmholtz free energy respectively. 

In a fixed-x ensemble (x="q","Q") the effective value 

of K2 is 
,2x 

Kx = 1 ( 0 g ) where gx is the Gx density and 
2 2 0 2 r x' 

the derivative is evaluated at Cf)= ~0 . A simple calculation 

then shows K~ = K~ + ½(;~)q* ( ~q;)Q' where q* is the 

q density. The analogous formula for K1 is obtained by 
-.I 

replacing "cp " with "vcp". The obvious generalization 

to the several variable case allows us to relate the elastic 

constants of one ensemble to those of any other. Since 

membranes have generally been studied under isothermal 

isobaric conditions, we derived K1 and K2 from the Gibbs 

free energy. In other ensembles, K1 and K2 have different 

values, but the theory is otherwise unchanged. We can thus 

ignore thermodynamic variables other thanf, though they 

do have some effect. 

In the absence of constraints on <p, the equilibrium 

state of the lipids is <P = cp . 
0 

However, proteins force 

the adjacent OP to some other value. Our goal is find the 

equilibrium OP then. Minimizing the energy yields 

the field equation: 
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172 
( 1l, 2 - 1)f + ~o = 0 

where ri. 2 =K2/K1 . The solution to this equation is the 

desired OP. 

(2 

1\, -l is a correlation length which frequently appears 

in this theory. Whenever a spatial variable, r, occurs 

in final results, it is always in the combination nr. 

For instance, a perturbation at the origin yields an effect 

of the form exp ( - 'Y\, r), so that its range is roughly 1l, -l. 

Lipid-mediated protein interactions will be seen to have 

a similar range. 

Equation 2 is the foundation of the theory. Solving 

it is the first step in finding the energy of any protein 

arrangement. Substituting the solution back into equation 

1 gives the energy density. Finally, the total energy 

is obtained by integrating this density over the entire 

membrane. Repeating this process for various configurations 

yields their relative energies. 

In the next several sections, this is done for membranes 

containing one or two protein particles. We start by 

describing the boundary conditions for the field equation. 
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2 . PROTEIN-LIPID INTERACTIONS 

Our next task is to specify how proteins affect the 

OP. Microscopic models start by considering how the 

interaction of lipids with a protein particle changes 

their configurational potential. Thermodynamics lets us 

avoid this complexity. We assume that the OP is forced to 

to some value, <p, adjacent to proteins. In a more detailed 

theory,~ would represent the lowest energy state of the 

lipids there. We later examine this point in greater 

detail. 

We also need to specify the shape of protein particles. 

We assume them to be circles of radius r
0

. Freeze-fracture 

pictures show this to be a crude simplification. It does 

not matter, though. The OP is roughly constant over 

distances comparable to ~-1 , so that we can ignore details 

of protein shape when r
0

<< 7i-1 . We will later find this 

to be the case. 

We can now solve the field equation. The boundary 

conditions are q> = Cf> on the protein perimeter, and 'P-+ <p
0 

far from it. For simplicity, we take the protein to be 

centered on the origin. We can then find ~1 , the OP when 

there is only one protein particle: 

<f\Cr) = 'Po+ ('P-'Po) e- 1L(r-ro) = fo + l::::.. e-nr (J 

where ~=( q:, _ <p
0

) eti ro , and,; is some point in the membrane. 

The system is rotationally symmetric, so that f 1 depends 
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~ only on the magnitude of r. 6 is a measure of how much 

the lipids are perturbed by proteins. In the absence of 

a molecular interpretation for the OP, <p , cp 
O

, and r 
O 

are 

significant only via their combination in ~ 

We next compute the self energy, the difference in 

OP energy between a membrane with one particle, and one 

with none. The OP energy is zero in the absence of protein, 

so that we can find ~he self energy, E1 , by substituting 

<f 1 into equation 1 and integrating over the membrane: 

(4 

Since lipids are excluded from the interior of the protein, 

the integral has been limited to the region r > r . It 
0 

often occurs that fl, r 
0

<< 1, in which case 6 IV q> - f 
O 

and: 

(5 

E1 is an important quantity, which repeatedly turns 

up in our results. The most obvious role of E1 immediately 

follows from its definition. The change in OP energy when 

a particle moves from one lipid phase to another is the 

difference of E1 between them. This equals the free 

energy of transfer when the OP-independent interactions 

are the same in both phases. Thus E1 can control the 

partition of proteins between coexisting lipid phases. 

E1 also scales the lipid-mediated interactions between 

prot eins . Our potentials alwa.vs contain a fact or of E1 , so 
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that comparisons with other interactions, of magnitude E*, 

depend on the ratio E1/E*. For instance, it will be seen 

that the lipid-mediated interactions sometimes cause protein 

aggregation. This is opposed by thermal motions, with 

typical energy kBT. The a ggregation tendency is thus 

controlled by the ratio E1/ kBT. Large values of it are 

conducive to aggregation. 

Let us now examine some approximations implicit in 

the preceding discussion. So far, we have r epresented 

protein-lipid interactions by setting the OP equal to ~ 

adjacent to the protein. In reality, these interactions 

extend away from it, and~ may be lipid-dependent. We 

can estimate the error as follows. 

We start by studying the lipids a djac ent to a protein. 

The non-gradient part of their energy was previously 

2 En= K2 ( q> - <:p
0

) . They were coupled to t he prot ein only 

via the boundary conditions. In more detailed models, 

it adds another term to their energy density . 

E. n then becomes 

describe the protein-lipid interaction. By the same 

reasoning as before, the KJ term is the simplest plausabl e 

coupling. 

E. * is minimal when f = Earli er, 

we a ssumed that (J) wa s independent of the lipid. We s ee -Lhen cp = ~ ➔~. 
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Otherwise, <p is influenced by the lipids, moving from 9)* 

towards 'f' 
0 

as K3/K2 falls. Detecting this would require 

systematic comparisons of E1 between various lipids: this 

remains for the future. In any particular phase, the 

only consequence is a reduction in the effective value 

of E1 . 

When calculating the total energy, we integrated fn 

over the entire membrane. We should have instead used 

E * near the protein. We now estimate the error. If 

the protein-lipid interaction extends a distance L, it 

affects an area of roughly 2Trr
0
L. In that region, 

f,v Cf> , so that: 

E* - f n = K2R( 'f> *- <f>o)2 rv 1t2RE1/rr (6 

where R=K2K3/(K2+K
3

)2 . The error is thus 2r
0
L~2RE1 , which 

is small when 2r 
0

1 Jt 2R<< 1. We are interested in the case 

K
3 
> K2 , so that R < 1. It will later be seen that 1/, r 

0 

/V 1/5 to 1/2. Lis harder to estimate, but is probably 

comparable to the range of the direct interactions between 

proteins, roughly 1 to 5 nm. We will also find that 1t--l 

is roughly 10 nm, so that 1>1 -v 1/10 to 1/2. We finally 

obtain 2r 
0
111, 2 ~ 1/25 to 1/2. The error is thus small, 

especially when K
3
»K2 . 

We have also assumed that the internal state of the 

protein does not depend on the adjacent lipids. If, for 

instance, binding a specific lipid caused a conformational 



change in the protein, then that lipid could affect r
0 

or <:p. As with the other approximations, this would 

matter only in comparisons between different membranes. 

We can ignore it here. 
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J. PROTEIN-PROTEIN INTERACTIONS 

Our next task is to calculate the protein-protein 

interaction potential, V(r' ), where r' is the separation. 

We start by specifying the boundary conditions and solving 

the field equation. We can then calculate E2 , the OP 

energy of a membrane containing two protein particles. 

Then V = E -E(l)_E(Z) where E(l) and E(Z) are the self 
2 1 1 ' 1 1 

energies of the two particles, not necessarily the same. 

The potential is experimentally detectable only in 

large populations of particles. Though the two particle 

analysis is useful for getting a crude picture of the many 

particle case, a more complicated theory is needed to focus 

it. This section serves as background to that theory. 

If one attempts to calculate E2 by imitating the method 

used for E1 , the field equation is intractable. The 

difficulty arises because the boundary consists 

of two circles, which require the use of bipolar 

d . t 10 coor 1na es. They separate the Laplacian, but 

unfortunately, not our field equation. We avoid this by 

• <n -- (Do + ( (I) - tno) en ro • 1 t setting r T, 1 , at the part1c e cen er. 

This is equivalent to the previous boundary condition in 

the one pa~ticle case. However, it introduces an error 

in the two particle case because f is then not held constant 

on the protein perimeters. But 1L r 0<<. 1, so that q-, is 
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nearly constant in regions the size of a protein, and the 

error is small. 

Consider a protein particle centered at the origin, 
_:,. 

and one at r'. Call the former "1" and the latter "2", 

appending these subscripts to~ and f. For simplicity, 

we assume that their radii are equal. These definitions 

are shown in figure 2. 

We can now solve the field equation, and find f 2 , 

the OP when there are two particles: 

<p 2("f) = <p + Cl 
e-tilr\ + c2 e -7L \r-r' \ 

0 

with: Cl = ½ csch(7l lt1I ) ( ~ 1 
-n lr'I t:,. 2) e -

2 2 1 

Substituting f 2 into equations 1 and 4 we get: 

with: N(r') = Jd2t exp(-1llrl) exp(-7L(r-1•\) 

(7 

(8 

(9 

(10 

We have made the approximation of integrating E over 

the entire membrane, incluJ ing the protein interiors. 

This introduces negligible error: each factor in N(r') 

is significant over a r egion of radius roughly 11. -l whos e 

-2 2 urea is Tr11, , while the area of each particlC:: is 7Tr . 
0 

The error is thus of order n2r 2 , which is small since 
0 

,,., r << 1 in cases of interest. ii O . 
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0 
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• ~, 
r 

2. Two particle boundary conditions. The circles 

represent protein particles. 
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Introducing the notation: 

-11. r' u = e F = ~ /b. 1 2 S = sinhn. r' 

we get: 

V(r') 

- (F2+1)u + F)] 

where Q(r') = N(r' )/N(O). 

(11 

(12 

Although this expression is cumbersome, it simplifies 

in several useful cases. We first consider its numerical 

value, shown in figure J. It can be seen that the 

potential has an attractive core, which is surrounded by 

a repulsive barrier when F > 0. The height and radius 

of the barrier both increase with F, as shown in figure 

4. At large distances, V becomes a decreasing exponential, 

which is repulsive or attractive for F ~ 0 or F > 0 

respectively. 

The most important case is F=l, corresponding to 

identical proteins. Here, the attractive core has a depth 

of E1 and is surrounded by a barrier, roughly of height E1/J . 

Before we study these results in detail, we consider their 

significance. 

We have now seen the most important prediction of 

the theory: proteins which perturb the OP a lso bind to 

one another. Under some c:i rcumstances this l eads to a 

slight clustering tendency; but under others, precipitation 
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captions 

J. Numerical evaluation of the two particle potential, 

equation II.A.12. Results for various values of 

F<O are shown in A; and for F> 0 in B. The case 

F=1 is shown on an expanded scale in C. 

4. Height and location of the barrier in the two 

particle potential. The upper curve shows the 

barrier energy, V; the lower shows its location, d . m 
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of large aggregates. We can estimate when each occurs by 

noting that the barrier is near 1Z.r 1 =2.5. The mean 

nearest neighbor separation is thus less than the distance 

of maximal repulsion when the number density of particles 

exceeds 1 -n,. 2 2 
rr ( 2. 5 ;2 ) /'v 1l I 5 • Aggregation is then opposed 

only by thermal motions, and happens at sufficiently low 

temperature. We will later see that it can occur at even 

lower densities, though it is then retarded by the barrier. 

Detailed analysis of the theory's experimental 

significance will be deferred until it is generalized to 

the many particle situation. We first study the two 

particle case in more detail, using approximations whi~h 

let us understand its gross features. 

We start with the short range behavior. When n.r'<< 1 

Q(r') becomes 1, so t hat V(r') is: 

2F(u2+1) - 2(F+1) 2u + (F2+1)(3-u-2 ) 
(u - u-1)2 

(1J 

Setting F=1 and dropping the superscript from E1 , we find: 

since u+1"-'2. 

u2 - 2u - 1 
(u + 1) 2 

/V } E ( u 2 - 2u - 1 ) 
1 

(14 

We first calculate the binding energy, the change in 

energy when t wo particles move from infinite t o zero 

separat ion. We find i t by sett ing r'=O: Vis then -E1 . 
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One might have guessed that even without mathematics. 

When the two particles are superimposed, the OP is that 

of a single particle. The total energy is then E1 , while 

it is 2E1 when they are far apart. The energy change when 

they bind is thus -E1 . 

We find the binding energy in the case F/1 by applying 

l'Hopital's rule twice to equation 13 at r'=O: 

Vb = V(O) = -¼ E(2) (3F2 - 2F + 3) 1 ( 15 

This is shown in figure 5. One sees that Vb is always 

negative, and reaches its maximum value at F=2/ 3, where 

it is - 1 E(Z) 
4 1 We can explain this behavior as follows. 

The two particle OP is the mean of the single particle 

OP's at distances much greater than r' away from the 

proteins. Since the energy depends quadratically on the 

OP, its difference between the interacting and non-interacting 

cases is proportional to: 

( 16 

This estimat e agrees with equa tion 15. 

We next turn to the barrier, present for F > 0. Its 

location is nr 1 =2.5 when F=1. To understand why, consider 

the following estimate of its position. Note that the 

repulsive term in the numerator of equation 13 which most 

rapidly grows with increasing distanc e is 2Fu2 . I t was 

prec eded by a f a ctor of Q(r') Jn the exac t equat i on. Ea ch 
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of the exponentials in Q(r') is significant in a circle 

of radius 11,-l. (Note equation 10.) When the separation 

of their centers increases to 2 n,- 1 , their overlap becomes 

small, so that Q(r ') does too. This is verified by looking 

at the numerical value of Q(r'), shown in figure 6 . We 

thus guess that the barrier is near 1t, r' =2. 

We finally consider an intuitive explanation for the 

qualitative behavior of V(r' ). Its attractive component 

is caused by shrinkage of the region perturbed by the 

proteins as they approach one another. The barrier reflects 

an opposing process which a lso occurs then: growth of the 

perturbation in the region between the particles. This 

produces the barrier, while the former effect eliminates 

it at short distances. We can compare them as follows. 

The region "between" the proteins has width r' and length 

11,-l, so that its area is r ''h., -l . The perturbation there 
_.1. n, r' 

is proportional to 2 e 2 in the interacting case, while 
_ _ 23=._1ir' 

non-interacting particles would each produce one of e 

Thus the energy difference, per unit area there, is 

proportional to (2 e -½fl, r' )2 - 2(e-½ 1z. r' )2 = 2 e- fl,, r ' 

Multiplying by the area, we find that the contribution to 

the potential arising from the perturbation increase is 

proportional tor' - 11,r' 
e This achieves its maximum 

value when 11, r' =1. Thus we a gain estimate a barrier near 

its actual location. In contrast, we hav e the case F < O. 
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6. Numerical evaluation of Q(r'), equation II.A.12. 
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There the potential is mainly attractive. At all separations, 

the perturbation in the intermediate region is less than 

that produced by isolated proteins. 
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B. MANY PARTICLE ' CASE 

1. INTRODUCTION 

So far, we have considered membranes with only one 

or two protein particles. This is not experimentally 

realistic, however. Protein interactions are 

measurable only in large populations of particles. In 

this section we assemble the machinery needed to handle 

that situation. 

The attractive core in the potential makes the proteins 

cluster. Because this is readily visible in freeze-fracture 

pictures, it provides an important way to test the theory. 

A tool needed for this is the pair correlation function: 

the mean density of particles at a given distance from 

any particular one. Actual measurements of it are 

described in section III. We are concerned here with its 

relation to the potential. 

The basic goal of this section is to derive a formula 

specifying when aggregation occurs. It will also be seen 

that the strength of the interactions between particles 

falls as their concentration rises. When they form a 

precipitate, this weakening is limited to the particles 

within it. 

We need to know the energy of membranes with many 

particles before studying these issues. The ensemble 

averaging needed for this is somewhat complicated. The 
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reader interested only in the biological significance of 

the theory can skip over the derivations without the final 

results losing their comprehensibility. 

We start by briefly discussing the conventional theory 

of the relation between potentials and pair correlation 

functions. 11 •12 It is generally assumed that the total 

potential energy, V, is pairwise additive. This means 

that it can be expressed as a sum of two particle potentials, 

V .. : 
lJ 

V = 
i,j; i<j 

v ... 
lJ 

It is also assumed that v .. 
lJ 

depends only on dij' the distance between particles "i" 

and "j", so that v .. =v(d .. ) . The latter assumption is 
lJ lJ 

clearly true in the present model, the former requires 

more discussion. When these assumptions are valid, we 

have at low densities: 

g(R) = f) exp(- v(R)/kBT) 

P is the mean particle density and g(R) is the pair 

correlation function. 

It is a crucial assumption that the potential is 

(1 

pairwise additive. However, this is invalid in the present 

model. It is easy to see why. The interaction between 

two particles depends on the difference between the OP's 

with and without them. Proximity to other 

particles changes this differ ence, and thus the potential. 

One might conclude that it is hopeless to try extracting 

the potential from the correlation function . It will be 
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seen, though, that the only effect of the non-pairwise 

additivity is to change the potential by a constant factor. 

We can thus correct equation 1 by replacing v(R) with its 

effective value. 



93 

2. MEAN ENERGY DENSITY 

Our first task is to derive a formula for the mean 

energy density when the number density of particles is not 

negligible compared with 'ft 2 . This is useful for solving 

several other problems. 

The first is what effect the non-pairwise additivity 

has on the potential. A slight modification of the 

calculations in this section can answer it. 

Another question is when the homogeneous state is 

stable against aggregation. One might expect it not to be: 

precipitation of the proteins restricts their influence to 

less of the membrane, thus lowering its energy. We want 

to know when it decreases enough to prevent thermal motion 

from redispersing the proteins, and how the subsequent 

clustering affects pair correlation functions. 

Consider a collection of identical particles at 

positions { i\ o/ 

order parameter is: 

Much as in the two particle case, the 

<f> (r) = <D + £ To 
i 

c. A. 
l l 

(2 

where ~ i = exp (-12. I r-i:\I ) . The Ci Is are coefficients we 

seek to determine. The first step is to obtain a set 
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of simultaneous equations by setting r equal to each of 

the particle positions, and requiring that the boundary 

conditions be satisfied. We use the constraint 

f (r\)=<f, reasonable when 1l,r0<<-1. T . _.. ....lo. t aking r=rj, we ge : 

(j> - (f' 0 = 6 = cj + 
i/j 

c. ~- . 
l lJ 

(3 

where A .. = exp(-1l.\F.-r.\) for i/j, and A .. =O. We next 
lJ J l ll 

convert this to matrix notation. We define .....,. 
l::!l = ( ~, ~, ... , 6 ) , A as the matrix of >. . . 's, and 1. as 

lJ 

the unit matrix. Substituting into equation 3, we can 

formally solve it and find: 

This is trivial to evaluate in the two particle case, 

but becomes intractable when there are many. 

The following approximation allows us to determine 
~ 

c. We assume that the membrane is homogeneous, so that 

each particle's neighbors have a similar arrangement. 

Because of this, all of the ci's are roughly the same . 

(4 

We make the simplification that they are identical. This 

means that we ignore spatial variation in the concentration 

of proteins, as well as their particulate nature. 

Alternatively, this can be regarded as a kind of coarse 

graining in which each particle's position is averaged 

over a range comparable to the nearest neighbor separation . 
• • • ~ _.J. 

In this approximation c=q 6 for some scalar q. 
.> 

Then ~ 
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is an eigenvector of Ct+ A )-1, and thus is also one of 
~ 

= _1_ ,\: 6 A=sA for some scalars. We have q so 1+s ' 
that our problem reduces to findings. 

It is useful to define two new functions closely 

related to the pair correlation function, g(R). Consider 

an annulus bounded by circles of radius Rand R+dR, 

centered on particle "i". We define pi(R) dR as the mean 

number of particles in the annulus, and p .. (R) dR as the 
lJ 

probability that "j" is in it. Since the area of the annulus 

is 2TTR dR, the mean density in it is pi(R)/21TR = g(R). 

Calling the number of particles N, the probability that 

any particular one is "j" is 1/N. We conclude that 

pij(R)=pi(R)/N and that g(R) = 2-;:,R pij(R) . 
..... 

We start by finding component j of A A , by 
~ 

definition ll L )I. . . . Since /J is an eigenvector, this is 
i/j lJ 

independent of j, and s = £ >. ... 
·,· lJ l J 

We next simplify 

the sum by replacing each term with its expectation value: 

( A . . > = J p . . ( r ) e _ 1), r dr 
lJ lJ 

This is independent of i and j 

because the particles are identical. We thus find: 

£ J 1p.(r) -7L r dr = N-1 J P/r) e - 1l, r dr (5 s = 
·/· N J l J 

e N 

However, ( N-1 )/N"-' 1 since there are many particles. 

Replacing pirj with the pair correlation function, we get: 

s = 21fJg(r) e-7\.r r dr. This yields the solution to 
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equation 4: 

C = 
1 + 2TT S g ( r) exp ( - -n. r) r dr 

A = 1+G (6 

We now find <p by subs ti tu ting this into equation 2: 

<7' = cp + 
0 

6 
1+G 

The mean energy density of the proteins is thus: 

(7 

(8 

All that remains is to evaluate the~ sum. As before, 

we do this by replacing the A's with their expectation 

values. We have: 

H2 = < ( £ >-. . ) 2 > = < f A . 
• l • l 
l l 

(10 

By the same arguments as were used for the ).. . . ' s , we find: 
lJ 

The only difference is that before we were concerned 

with the probability for finding particles at a given 

distance from some particular one, but here, from a 

(11 

given point. Thus the pair correlation function has been 

replaced with the mean number density, P We similarly 

find: 2 f p -211. r 
H2 = 2 TT J e r dr = 

TTP 
2 'h 2 

(12 
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If we neglect the correlations between particle positions, 

g(R)=P so that G=H1 . 

Collecting these results, we finally obtain: 

1 + 'IL 2 /81TP 2 K b.
2 

2 (1 + 11,2/2TTf' ) 2 

This is a very important formula, needed in most 

derivations of experimentally testable predictions. To 

gain an appreciation for it, let us now consider some 

cases where it simplifies. 

When f << 1t 2 /Brr , < f > becomes E1 p . This would be 

expected. The mean energy density is just the self energy 

of the particles times their concentration 

in dilute systems. On the other hand, for /' >> 77. 
2 /8 TT 

it becomes 2 K2 ti2/(1 + 1L2/2 rTf )2 . As f rises still 

2 2 2 further, this eventually becomes 2 K2 A = 1T E1 it,,. . 

We thus see that the energy density has a "hyperbolic" 

dependence on the concentration, saturating at high ones. 

The alert reader may have noticed that, strictly 

speaking, the A- . . -averaging used to find G should have 
lJ 

been done after it was substituted into equation 10. We 

are interested in R= <( - 1- ) 2 ), which we have approximated 1+s 
as R'= To see what this means, we expand Ras: 

~ 

< L. (-1)n (n+1) sn > = 
n=O 

,QC) 

~ (-1)n (n+1) G* n n=O 
(14 

where G~ = < sn > . If we s et < s n > = < s ) n, we can sum the 

(13 
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series and find R=R'. Let us now determine when this is 

a valid approximation. Imitating the evaluation of H, we 

find G*=1 and: 0 
n a a a a1 

G* r.:. t n n-1 n-2 (n 0) (15 = tn-1 t ... t 
n n n-2 1 

co 
-n1ir 21T t° where: tn = 2 -rrf g(r) r dr (16 e A,./ 

0 n21l. 2 
n 

L. denotes the sum over all sets, {ait , of non-negative 

integers such that 
n 

:s:. 
i=1 

i a. 
l 

= n 

n 2-rf? G~ may be approximated by t 1 except when 1l, 2 << 1. 

Then, however, the other terms do not matter because G:;_- 0 

for n > 0. For instance, note that the next largest term 

is t tn-2 1 n-1 Whenever this is comparable to n = 4 t t1, 2 1 1 
both small. Thus, in either case n n are < S ) ~ (S) , so 

that R~ R'. 

Strictly speaking, this analysis is invalid when 

<s > > 1 because the series di verge. However, the \ 's are 

all less than one, so that we can expand Ras a series 

in each of them. This method is much more complicated, 

but yields the same conclusion. 
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J. DEVIATIONS FROM PAIRWISE ADDITIVITY 

We next consider the potential's deviation from 

pairwise additivity. Our procedure is practically 

id:entical to that used in the last section. We select 

two particles, "A" and "B". Their interactions with each 

other are calculated exactly, while those involving others 

are absorbed into ensemble averages. 

We start from the obvious generalization of equation 2: 

f (r) = f o + ~ c i A i + c A>,. A + c B >-. B ( 17 
l 

If we now set i=~j this becomes: 

C. + ~ C. >.. •• + CA A A. + CB>- BJ' 
J i/j l lJ J 

(18 

"A" and "B" are greatly outnumbered by the other particles, 

so that their effect on the OP is negligible except very 

close to them. We thus have ~ C . A . .>) CA )... A . + CB >-. B . 
i/j l lJ J J 

unless j=A or j=B. We can thus approximate equation 18 as: 

c. + 
J 

c. A . . 
l lJ 

(19 

Since we have ignored the effect of "A" and "B" on their 

neighbors, this is the same as equation J. By setting 
....lo .... • 

r=rA, and using the previously derived solution for the 

e's, we find: 

(20 
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Setting r=rB' we get a similar equation with "A" and "B" 

interchanged. 

If we now assume that "A" and "B" are identical to 

the other particles ~ A = 6B = ~, and we find: 

ti H 
C = C - ----- (1 ) A B - 1 + '>-AB - 1 +G (21 

In the two particle case, we found in equation II.A.8: 

(22 

Comparison with the calculations of section II.A.J thus 

shows that the background of other particles changes the 

two particle potential by a factor of (1 H 2 
- 1 +G) ' 

We can ignore H2 because H
2

<< 1 whenever H2~ H1. If 

we set H=H1 and use the other approximations of the previous 

section, the factor becomes ( 11,,2 )2. 
1l,. 2 + 2TTf 

At low 

densities, where f' << 1L 2 /2 TT , it becomes unity. This 

means that the potential is pairwise additive, and 

identical to that in section II.A.J. On the other hand, 

it becomes ( 1't 2 /2 TT p )2 when f >"> 'II. 2 /2TT. In this case, 

the potential is weakened by its non-pairwise additivity. 

This saturation has an important consequence when 

the proteins precipitate. The interactions between those 

within clusters are much weaker than of those outside. 

Both the binding strength and the barrier height are 

decreased. This increases the rate constants both for 
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binding and unbinding, the latter to a greater extent. 

Clustering may thus increase the initial rate of reactions 

in which the rate limiting step is the diffusion of enzyme 

and substrate proteins to or from each other. Proteins 

outside clusters still have to overcome the barrier to 

get in, so that this rate enhancement lasts only until 

the substrate originally in clusters is depleted. 

It can be seen that the density dependence of the two 

particle potential is very similar to that of the mean 

energy density. We can understand this by noting that 

proteins shift the mean value off from q>
0 

to 

<f> 
0 

+ ~( 1 ~G ) . The effective value of ~ then becomes 

~(1 - l~G), thus accounting for equation 21. On the other 

hand, the energetic cost of this shift is proportional 

to its square, as seen in equation 13. 
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4. STABILITY ANALYSIS 

We have previously mentioned that the attractive core 

in the potential makes the proteins prone to aggregation. 

This is prevented by thermal motions at low densities, 

and by the weakening of the potential at high ones. 

Aggregation may occur at intermediate densities. We 

seek the boundaries between these behaviors. 

We do this by determining whether protein diffusion amplifies 

or relaxes concentration gradients. 

If we neglect changes in the number of particles, 

we have the conservation law: 

~ 

where J is the number flux of proteins. In linearized 

nonequilibrium thermodynamics13-l5 J is given by: 

(23 

(24 

where Mis D/kBT and Dis the protein diffusion coefficient. 

The protein chemical potential,}/, is: 

f/ = fo + (25 

f1
0 

is its value in the reference state, taken here as 

proteins at unit density in a hypothetical membrane where 

<p 
O 

= f: there the OP energy is zero. This energy gives 

rise to the second term. The last term is produced by the 
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ideal entropy. In a more exact theory, it would be the 

entropy of mixing proteins and lipids. We use its ideal 

value as a convenient approximation. For instance, the 

Flory-Huggins mode116 reduces to this form when the area 

fraction of the membrane occupied by proteins is small. 

The final answer is not very sensitive to the entropy, 

however. We could even ignore it without serious error 

at low concentrations. 
~ 

Diffusion can inhibit aggregation only if J is 
~ 

antiparallel to v" P . When they are parallel, proteins 

diffuse up concentration gradients. Equation 23 then 
..... ~ 

predicts cluster growth. If we set f t7 r = f (p ) V p 
then stability against aggregation is equivalent to 

f(f) ))0. From equations 13 and 25 we find: 

f(f) = p oP = 
of 

Our task is to find when f is negative. That happens when 

P is between the stability limits, values of P where 

f vanishes. For f < Ti 2 /?Tr both terms are positive, so 

f is too. When f increases beyond h2/77T, the first term, 

and eventually f, become negative. Further growth of P 
augments the denominator more than the numerator, so that the 

magnitude of the first term eventually becomes less 

than kBT. f becomes positive again. 

(26 
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Numerical evaluation of equation 26 yields 

the results shown in figure 7. It can be seen that the 

proteins are stable against aggregation at all densities 

when E1< 1.5 kBT. Then the attractive core in the potetial 

produces some clustering, though it is too weak to yield 

large aggregates. This is also the case in the low density 

stable region. Protein concentration fluctuations are 

amplified in unstable membranes, thus producing a 

precipitate. We later examine this in more detail. The 

lower stability limit is asymptotic to f = Ji 2 /7 TT : 

aggregation never occurs when P is smaller than that, 

no matter how large E1 is. 

This discussion suggests several factors which may 

control the aggregation tendency of membrane proteins. 

The most obvious is the protein concentration, but there 

are also more subtle ones. Recalling the value of E1 
(equation II.A,5), one sees that it can be changed by 

varying A . One way to do this is via the protein, for 

instance by conformational or covalent modification. 

This could account for aggregation induced by proteolysis17- 19 

or ligand binding. 20121 The other way to change b. is via 

the lipids. An example of this may be provided by drugs, 

such as primaricin, nystatin, and amphotericin B, which 

bind to the lipids and also cause protein aggregation. 22 

Phospholipases18123 and lipid phase transitions can also 
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make the proteins aggregate. The latter are more fully 

discussed later. Finally, the lower stability limit 

can be depressed by crosslinking agents, such as 

antibodies and lectins, 24- 29 which produce additional 

attractions between the proteins . 

We have so far considered only small deviations 

from uniformity. Once a region of increased density 

arises in an unstable membrane, it contracts until it 

becomes close-packed or reaches the upper stability limit. 

As this occurs, the particles must penetrate the repulsive 

barrier and bind one another. This barrier produces a 

corresponding one for cluster condensation, thus retarding 

it. When it is sufficiently slow, there may be hysteresis 

in membrane response to agents, such as temperature, which 

affect the aggregation tendency. 

The following simplified picture of a cluster can 

be used to estimate the barrier height. Consider a collection 

of particles occupying a circular region of radius r. 

The mean particle density is f=n/rrr2 within the cluster. 

The mean energy density there is given by equation 1J. 

Multiplying by TTr2 , the area of the cluster, we find 

its internal energy: 

(27 
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The cluster radius is controlled by the pressure, P= 

JEint , where a is the cluster area. When Pis negative, 
d a 

condensation is no longer retarded by the inter-particle 

potential. The barrier is thus the energy needed to 

compress the cluster from r 1 , its initial radius, to re, 

re 
where P vanishes: Eint(rc)-Eint(r1 ) = - J Pd.A. 

r1 

This expression ignores the ideal contribution 

to the pressure. However, we are interested in the case 

E1>>kBT, so that the error is small. 

We have also neglected the interfacial energy produced 

by the extension of the protein perturbation away from 

the cluster. This energy is several times E1 per cluster, 

while the internal energy is rougly E1 per particle, except 

in implausibly small clusters. We can thus ignore the 

interfacial energy unless there are only a few particles. 

Eint is maximal for f = Ti 2/2-rr; it is then . ti: n E1 . On 

the other hand, f' ""Ji 2 /? TT near the lower stability 

limit, so that Eint= Wz n E1 there. As the cluster 

contracts from some density near the stability limit to 

one near the barrier, the increase in its energy is 

(~ - i~~) n E1 ,,-v g n E1 • The energy of each particle thus 

increases by g E1 . When this is sufficiently large 

compared to kBT' cluster contraction beyond the barrier 

is retarded or prevented. 
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The initial energy rises when the initial 

concentration increases beyond the lower stability limit. 

This lowers the effective barrier. There is no barrier 

when the initial density is above n2/2Tf . This might 

have been guessed: the nearest neighbor spacing is then 

less than the distance of maximal repulsion. There 

is no barrier to surmount. 
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5. EFFECTS OF PROTEIN REPULSION 

We will later see that there is a short-range repulsion 

between proteins, in addition to the lipid-mediates 

attraction. We now study how this affects protein 

aggregation. Only minor changes in the earlier calculations 

are needed, so that the discussion can be brief. 

We start by computing<£>, the mean energy density of 

a protein-containing membrane.<€> is given by equation 

II.B.1J when there is no repulsion. If particle centers 

are unable to approach more closely than some distance, D, 

the calculation of G requires modification. We previously 

approximated g(R) as f, meaning that correlations between 

particle positions were neglected. If we picture the 

repulsion as hard core, then g(R)=O for r < D. If we neglect 

all other correlations, g(R)=,P /(1-Af) for r ~ D. Af is the 

area fraction of the membrane occupied by the cores. In 

most membranes Af« 1, so that 1-Af,-v 1. With these 

approximations, G still equals H1 , except that the integration 

domain now starts at D rather than zero. We find: 

G = 
2 rrP 

1l2 
e - 1l D ( 11.. D+1 ) S 21[P b 

ll 2 

Note that b=1 when D=O, so that G reverts to its former 

value. Combining this with the derivation of equation 

(28 
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II.B.13, we obtain: 

(£.> = 2 K ~ 2 
2 

1 + h 2/8TTP 

(b + rL 2 
/2 TTP )

2 

In section II.B.4. we showed that the proteins 
~ 2<E> stable against aggregation whenever f( f )= p --'---'-'"'--a f'2 

From equation 29, we find: 

f(f ) 
rrP 

= 8 E1 fL2 2 - b + (b2-8b)7TP /Jl,, 
2 

(1 + 2b 1Tf' /tL, 2)4 

are 

As one would expect, this becomes identical to equation 

II.B.26 when D=O. 

(29 

(JO 

The results of a numerical evaluation off are shown 

in figure 8.A. It can be seen that the main effect of 

repulsion is to raise the upper stability limit. As might 

be guessed, there is little effect on the lower one. Few 

of the particles are near one another at low densities, 

so that the repulsion has little effect on their arrangement 

or energy. 

In section IV.A, we set E1 equal to minus the value 

of the interparticle potential at closest approach. Because 

the potential is greater than -E1 there, this is an 

underestimate . We can compensate for this by plotting 

the stability limits in terms of El,eff=-V(D), the effective 

value of E1 . This is shown in figure 8.B. The error caused 

by approximating E1 as El,eff is partially cancelled by the 
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caption 

8. Stability limits of particles with hard core repulsion. 

A. Plotted in terms of E1 . 

B. Plotted in terms of Ei,eff' 
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shift of the stability limits. 

We will see that 12,D is usually between .4 and .6. 

Then the stability limits are shifted by a factor of roughly 

2 in El,eff" Though this effect is significant, we ignore 

it in section IV.A because of the inaccuracy in present 

estimates of E1 , n , and D. 
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III. PROTEIN CORRELATION FUNCTIONS 

A. METHOD OF MEASUREMENT 

We next describe a method used for measuring protein 

pair correlation functions. Our basic goal is to find 

the mean density of particles at a given distance from 

a given one, and then average over all particles. 

The inputs are freeze-fracture pictures, which reveal 

the positions of protein particles in the plane of the 

membrane. 1- 3 

Pictures are entered into the computer with a Tektronix 

Graphics Tablet, a device which notes where it is touched 

with a stylus. The operator places a picture on it, 

and then touches the stylus to the particles. It can 

also be used to enter other types of data, such as the 

membrane boundary and the length standard. 

Particles are ignored if they are outside the boundary 

or less than a threshold distance from another one. The 

threshold is set at roughly the particle image radius, 

typically half a millimeter. This prevents 

particles from being entered more than once. 

The program then makes a histogram of interparticle 

distances. Suppose we wish to measure the correlation 

function out to some distance D. We divide this distance 
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N is typically 50. B, the number of inter­n 
particle vectors in bin n, is the number of particle pairs, 

(j,k), whose separation, rjk' satisfies: d l < r 'k < d • n- - J n 

The correlation function is then: 

(1 

2 2 where NT is the number of particles and A = TT ( d - d 1 ), n n n-

the area per particle contributing to bin n. For a random 

particle distribution, g would be gr=(NT-1)/AT' where AT 

is the area of the region being analyzed. The deviation 

from random is thus C(dn)=g(dn)-gr. 

So far, we have ignored boundary effects. For 

particles near the border, some of the distance bins 

include regions beyond the edge. The correlation function 

would thus be underestimated. This can be corrected as 

follows. We divide the particles into two classes. Edge 

particles are ones whose distance from the border is 

less than De' one tenth the width of the region being 

analyzed. The remaining ones are center particles. When 

calculating B, we include only particle pairs in n 
which at least one is central. We also replace NT 

with Nc' the number of center particles. This eliminates 

edge effects out to a distance of De. 

If we view the placing of vectors into bins as a 

Poisson counting process, then the standard error for B n 
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is ~. The length of the error bars on our graphs is n 
twice this, an approximation since particle positions are 

correlated. However, they are used only to qualitatively 

show the data's significance. 
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B. RESULTS 

In this section we describe some of the correlation 

functions so far measured. The basic observation is 

that they are generall.y maximal. at a distance of 8 to 

20 nm., Where the particle density is about 1½ to 2½ 

times the mean. There are sometimes additional peaks 

near integer multiples of this distance, which decrease 

in height with increasing distance and fade into noise 

around 100 nm. For our purposes, the correlation function 

is not as convenient as its deviation from the mean density. 

This deviation, expressed as percent of the mean, is what 

we show on graphs. 

We first consider how the correlation function is 

related to the subjective extent of aggregation. Figure 9 

shows a series of pictures of increasingly aggregated 

membranes, whose correlation functions are shown in figure 

10. In the paper these pictures were taken from, 4 they 

were used as reference standards for subjectively studying 

the effects of various treatments on protein aggregation. 

The source of their differences was not specified. It can 

be seen in table 1 that the height of the first peak 

increases when the aggregation extent does. There is 

no obvious trend for the width or location. 

Figure 10 reveals an approximately 10 nm ripple in 

the correlation function. Its origin can 
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captions 

9. Computer representation of the Acholeplasma laidlawii 

membranes shown in figure 1 of James and Branton. 4 

10. Pair correlation functions for the membranes of figure 

9. The deviation from random is shown, expressed as 

percent of the mean density. These membranes are also 

shown as points 1-5 in figure 11. 
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TABLE 1: SUMlVIARY OF ACHOLEPLASMA RESULTS 

peak mean 
picture 

height(%) location(nm) width(nm) density 
(#/micron2 ) 

A 62 10 2.9 2995 

B 74 10 3.5 2508 

C 79 11 5.3 2302 

D 110 12 5.9 2134 

E 204 10 5.3 1807 

The data were taken from the graphs in figure 11. "Width" 

is the width at half maximum height. 
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be seen in figure 9, especially parts A through C. Many 

particles are found in strings, in which their spacing 

is roughly 10 nm. When the aggregation extent increases, 

as in D and E, the strings are replaced with irregular 

clusters. In them too, the nearest neighbor spacing is 

about 10 nm. Ripples would occur whenever the particles 

form an approximately regular lattice. Then, the 

correlation function would have a peak corresponding to 

each lattice vector. Except at small distances though, 

the spacings between the peaks are less than their widths. 

The ripples merge into a jumble. 

The results of many measurements of correlation 

functions are summarized in figure 11. This plots the 

height and location of the first peak versus the mean 

particle density. It can be seen that there is a rough 

tendency for the peak height, and perhaps distance, to 

decrease with increasing density. Since these data were 

derived from a wide variety of membranes, it is not 

surprising that there is much scatter. Work with synthetic 

membranes is needed to determine whether this is a genuine 

density effect rather than an accidental correlation. 

One question is whether the peak location represents 

close packing of the proteins . If the particles repelled 

each other only when touching, the peak would be at a 

distance equal to their diameter. As shown in figure 12, 
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captions 

11. Location and height of the first peak in the pair 

correlation functions of various membranes. Part A 

shows the peak location and width at half maximum 

height. Part B shows the peak height. The membranes 

are identified by their numbers, which refer to table 2, 

and by the symbol shapes: 

0 Acholeplasma laidlawii 

D Lymphocyte 

UFibroblast 

\] Sperm 

◊ Thylakoid 

0 Erythrocyte 

The curve in A shows the mean nearest neighbor distance 

in a random distribution. It is included only for 

qualitative comparison: there would be no peak then. 

12. Thylakoid correlation function and particle diameter 

histogram. A shows the correlation function of the 

particles in figure 10 of Staehlin, 9 also shown as 

point 17 in our figure 11. B shows a histogram of 

particle diameters in a similar membrane, copied 

from figure 18.C of the same paper. 
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TABLE 2: SOURCES OF MEMBRANE PICTURES 

NUMBER MEMBRANE REFERENCE 

1-5 Acholeplasma laidlawii James & Branton4 fig. 1 

6 Lymphocyte PM, OF Wunderlich et a1 5 fig. 1 

7 Lymphocyte PM, IF Wunderlich et al5 fig. 2 

8 Lymphocyte PM, IF Wunderlich et al5 fig . 3 

9 Fibroblast PM, IF Hasty & Hay6 fig . 16A 

10 Fibroblast PM, IF Hasty & Hay6 fig. 16B 

12 Fibroblast PM, EF Hasty & Hay6 fig. 18B 

13 Fibroblast PM, IF Hasty & Hay6 fig. 13 

14 Sperm nuclear membrane Friend & Fawcett7 fig. 18C 

15 Sperm flagellar PM Friend & Rudolf8 fig. 14 

16 Sperm midpiece PM Friend & Rudolf8 fig. 18 

17 Thylakoid EF Staehlin9 fig. 20 

18 Thylakoid EF Staehlin9 fig. 21 

21 Lysed red cell Seeman10 fig . 8 

22 C' lesions in red cell Seeman10 fig. 7B 

23 Red cell ghost Weidkamm et a1 11 fig. 2C 

24 Red cell Rothstein et a112 fig. ?E 

25 Red cell Eitan et a113 fig. 7 (top 

Abbreviations: EF, external face; IF, internal face; PM, 

plasma membrane; C', complement 

l eft) 
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this is not the case. We have assumed that the diameter 

seen in pictures is the actual one. It is unknown if 

this is true. However, the peak distance seems independent 

of the morphologic diameter, For instance, point 22 

in figure 11 represents complement lesions in red cells. 

Its peak is at about the same distance as that of the 

endogenous proteins, even though the lesions are about 

twice their size. We conclude that there is a repulsion 

between particles, which extends beyond their apparent 

edges. 
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IV. DISCUSSION 

A. ACCURACY OF THE STABILITY LIMITS 

1. PRELIMINARIES 

Our most basic prediction is that proteins which 

perturb lipids also tend to bind one another. The 

strength of this force is controlled by the protein self 

energy, E1 , and its range, by the lipid correlation length, 
.-,... -1 ,~ Though these conclusions are model independent, 

the detailed nature of the force is not. Unfortunately, 

it is not now directly measurable. 

Its most obvious consequence is protein precipitation. 

Determining when it occurs allows us to test the predicted 

stability limits, shown in figure 7. This requires some 

way to extract E1 and n from correlation functions. 

However, several other factors also influence the 

correlations. Direct interactions dominate the lipid­

mediated ones at sufficiently close approach. Beca~se 

the latter are weakened by their non-pairwise additivity, 

this is especially important when the proteins precipitate. 

We thus need to analyze the direct forces before the 

lipid-mediated ones. It will be seen that they influence 

different aspects of correlation functions. The size and 

shape of protein clusters, and the regularity of particle 

arrangement within them, also affect correlation functions. 

However, we will see that this can be ignored for our 
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purposes. 

Most of the adjustable constants appearing in the 

theory were included only in anticipation of later 

discussing its molecular basis. From the viewpoint 

of protein behavior, only E1 and 7l.. matter. All of the 

others (i.e. <p 
O

, cp , K1 , K2 ) are significant only via 

their combinations in these two. Both can be determined 

several ways, which should agree if the theory is valid. 

In this chapter we obtain E1 and 71., only from correlation 

functions. We later measure them differently, finding 

consistent results. 

The stability analysis shows that membrane proteins 

can have several qualitatively different behaviors, 

depending on the magnitudes of E1 and 7?,. . We first 

need to determine what part of figure 7 corresponds to 

natural membranes. 

We know that P > 1L 2 /7 TT because membrane proteins 

often aggregate. p must also be well below the upper 

stability limit: otherwise the precipitate would occupy 

most of the membrane. It typically covers less than half. 
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2. QUALITATIVE FEATURES OF CORRELATION FUNCTIONS 

One crucial feature of the correlation functions is 

the short range drop-off: the minimum center to center 

spacing between particles is typically 5 to 15 nm. This 

is greater than their morphologic diameter, which shows 

that the repulsion between them extends beyond their 

apparent edges. This force is not part of the present 

model. Its most obvious sources are electrostatic 

repulsion1 and steric interference. 2 These could originate 

in portions of the proteins outside the particles, or 

even outside the membrane.J-lO Calculations of the 

electrostatic forces suggest that their range is too 

short to account for the observed repulsion. 1 However, 

present knowledge is inadaquate to evaluate the accuracy 

of these calculations, 11 or to estimate the steric effects. 

Because of these difficulties, we simply note that the 

repulsive forces exist, and characterize their effects. 

The simple formula, II.B.1, relating potentials and 

correlation functions is inaccurate when there are many 

clusters with more than two particles. If we regard them 

as droplets of a condensed phase, the nature of the error 

is suggested by previous studies of simple solids and 

liquids. Their structure is governed mainly by short 

range repulsion. 12 Longer range attractions bind the 

molecules together, but do not control their arrangement. 
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This is especially true in the present model: non-pairwise 

additivity weakens the potential within clusters. Lipid­

mediated interactions cause them to form, but make only 

a small contribution to their internal structure. 

We are mainly concerned with membranes near the stability 

limit. In them, many particles remain dispersed, so that 

the lipid-mediated attraction can still be measured via 

correlation functions. The inner side of their first 

peak is very steep, which shows that the repulsion rapidly 

decreases with distance. That peak thus reflects the 

range and strength of the lipid-mediated interaction. 

Much work has been done on the two dimensional 

statistical mechanics of particles interacting via hard 

core13 or Lenard-Jones14 potentials. It is known that 

these systems exhibit solid-liquid transitions, 15 and 

that their correlation functions have significant 

ripples only in solids and high pressure liquids. 16 

Since this is often the case, we conclude that protein 

precipitates are under compression, and possibly solid. 

These ripples depend on the size of the clusters, 

and on the regularity of particle arrangement within 

them. When the particles form a regular lattice, the 

correlation function has a peak corresponding to each 

lattice vector. When the particles are disordered, the 

lattice is still approximately regular over distances of 
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several particle spacings. The range of this regularity 

is roughly how far the ripples extend, unless it is 

larger than the cluster width. Particles near the edge 

of a cluster give rise to fewer ripples than those near 

the center. Analyzing this would require knowledge of 

the cluster size and shape distribution. Here, we are 

concerned only with the first peak, which contains 

sufficient information for our purposes. 
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3. EVALUATION OF E1 AND 1i 

We first discuss how tL can be determined. If 

one had a detailed model of the direct interactions, they 

could be separated from the lipid-mediated ones. At low 

densities then, each could be obtained from the correlation 

function. Finding~ would just be a matter of curve 

fitting. This approach would be needed to test the 

theory definitively, but is unfeasable now. We 

are limited to less accurate measurements. Another way 

one might get~ is to find the stability limits by varying 

t° . The threshold density for aggregation would yield JI., . 

However, this assumes the validity of the theory. Instead, 

we will obtain 11. another way, and then check if the 

predicted stability limits are accurate. 

We measure n by noting where the potential goes 

through zero. That happens at a distance of 1.2/n, , as 

shown in figure J.C. Operationally, we locate this 

at the first point, beyond the first peak, where the 

correlation function has its random value. This may be 

an overestimate because of the direct forces. However, 

they rapidly decrease with distance, and are thus small 

there. As two particles within a cluster move apart, 

they are eventually repelled by their neighbors. This 

too might shorten the distance to the zero-crossing. It 

would also make the peak narrower. Due to the lack of 
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correlation between peak width and aggregation extent, 

it is probably a minor effect. 

The height of the first peak, ~ax' can be used to 

estimate E1 . Because E1 is the binding strength, equation 

II.B.1 shows that gmax=P exp(E1/kBT). This is accurate 

only at low densities and in the absence of direct forces. 

We now consider the corrections. 

The first is non-pairwise additivity, which reduces 

the effective value of E1 by a factor of (1 + 2 TfP/n., 2 )-2 . 

This is the most important correction, and will be included. 

We now turn to the others: though possible sources of 

error, they are small enough to be neglected. 

The apparent E1 is further reduced by clustering. 

Let g* denote the peak height when all of the particles 

are contained in large clusters. The proportion of 

particles in them rises when E1 increases. ~ax thus 

approaches, but never exceeds, g*. The saturation of 

gmax causes it to be less than Pexp(E1/kBT). However, 

the error of setting them equal is significant only 

when the proteins precipitate, which is when E1 is 

large. This does not matter near the stability 

limits. 

Finally, short range forces also decrease the peak 

height. As we discussed in section II.B.5, this effect 

is partially cancelled by the shift of the stability limit. 
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In summary, we can evaluate E1 and1L, as follows. 

The zero-crossing occurs at 1.2/72., so that Ji is readily 

measurable. We then have: E1 =kBT (1 + 21TP/n,, 2 )2 ln(~ax/p ) . 

This is an underestimate when E1 is much larger than kBT. 

The results for many membranes are shown in figure 

1J. It can be seen that natural membranes lie in a 

narrow strip . Detailed tests of the stability limit will 

have to be done in synthetic membranes where E1 and TT ,P /TL 2 

can be systematically varied. 

11, -1 is usually between 10 and 14 nm, so that n,2 /?TT 

is between 2J0 and 460 -2 
fm • The particle density is 

typically several-fold higher. We thus expect membrane 

proteins to precipitate for sufficiently high E1 . 
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4. STABILITY LIMITS 

Let us first study the Acholeplasma membranes shown 

in figure 9, and as points 1 to 5 in figure 13. Membrane 

1 (figure 9,A) is near the stability limit . Its few 

clusters are mostly strings, containing only a small 

proportion of the particles. Membrane 2 (figure 9.B) is 

farther from the stability limit. In addition to the 

strings, it also has some blob-like aggregates. Membranes 

3 through 5 (figures 9.c - 9,E) are even farther into 

the unstable region. In them, the clusters become 

increasingly irregular, and fewer particles remain outside 

them. The particle-free regions become more extensive. 

As explained before, E1 has been underestimated in these 

membranes. Points 17 and 21 are also deeply into the 

unstable region. Their particles too have coagulated. 

Membrane 14 is completely filled by the precipitate. 

The other membranes near the stability limit (points 

6, 9, 12, and 23) exhibit a slight clustering tendency. 

This would be expected. Even in stable membranes, 

clusters are formed by thermal fluctuations; while in 

unstable ones, not all particles are contained in the 

precipitate. When calculating the stability limits, we 

represented the proteins as a continuum. In this 

approximation, there is a sudden onset of aggregation 

when the unstable region is entered. This view is accurate 
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only when membranes are examined with insufficient 

resolution to see individual particles. On a finer 

scale, such as ours, the cluster size is seen to increase 

when the stability limit is crossed. There is no abrupt 

change of stickiness . The discontinuity results from 

the coarse graining: the clusters in stable membranes 

are too small to be seen at low resolution . 

Our observations are consistent with the theory: 

proteins precipitate in unstable membranes, but not in 

stable ones. However, figure 13 shows that we have 

tested only part of the stability limit. Curing this 

requires studies in synthetic membranes. There, E1 and 

P can be systematically varied. 
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B. COMPARISON TO OTHER WORK 

1. LIPID-MEDIATED INTERACTIONS 

We now compare our model of lipid-mediated interactions 

with two others that have been presented recently. 17, 18 

They agree with us in predicting that proteins which 

perturb lipids also tend to aggregate. However, their 

assumptions, and thus results, differ from ours. In 

particular, neither of them predicts that the interaction 

potential has a barrier. 

Both models start with statistical descriptions of 

the OP, seemingly unrelated to ours. They assume that 

each hydrocarbon segment, i, is characterized by some 

quantity, <pi, depending on its orientation. The order 

parameter is <fi >, the expectation value of <pi. It is 

also assumed that the energy of each segment, i' has the 

form 0 ~ <p. ~. where h? is the internal h.=h. + v .. 
' l l j lJ l J l 

energy, and the second term is the interaction. One 

can then use the mean field approximation to calculate 

the OP. Suppose we guess that (rt').)= f . , where ~ . is 
"f J J J 

some number. h. can then be approximated as ri.?+ I:.v . . en.~-· 
l l j lJ Tl J 

This decouples the segments from one another, so that they 

can be studied separately. In particular, <fi> = 
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consistency requires that <q> .'> = l:. . Schroder formally 
l ~l 

solves this manually; 17 while Marcelja uses a computer 

to search for the solution;8 It will later be seen that 

these descriptions of the OP can often be approximated by 

ours. 

In both models, lipids adjacent to a protein are 

coupled to it by an additional term, e1 cp., in their p l 

energy. This contrasts with our model, in which their OP 

is fixed at some particular value. Presently, the difference 

between these boundary conditions is mainly one of 

convenience. Careful analysis of this remains for the 

future. 

In both models, as in ours, the goal is to calculate 

the OP energy for various protein arrangements. Subtracting 

the self energies yields the potential. 

Schroder17 derives an expression for the OP energy 

which is formally identical to our equation II.A.1. 

Proteins are then studied in the linear response approximation: 

it is assumed that their total effect on the OP is the 

sum of the effects produced by individual particles. In 

our formalism, this means that equation II.B.~ is replaced 

with The justification for this is mathematical 

simplicitly. However, we avoid this approximation, yet 

calculate the OP energy more easily than does Schroder. 

Not only does linear response fail to provide simplicitly, 
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but it is also invalid. Instability against precipitation 

arises from the saturation of the protein perturbation, which 

is ignored by Schroder. The nonlinearity of the two particle 

case produces the last term of equation II .A.9. Dropping 

it eliminates the barrier from the potential. Its 

absence in Schroder's model is an artifact. 

The range of the lipid-mediated force is calculated in 

Marcelja's theory; while it is an adjustable constant in 

ours. The predicted value is roughly ten-fold smaller than 

we have observed. We will find in chapter V that the 

probable source of the discrepancy is that Marcelja picked 

the wrong OP. 

Both models were limited mainly to the two particle 

case. We have seen that the theory must be generalized to 

the many particle case to be experimentally testable. There 

is no practical way to calculate the protein chemical 

potential in Marcelja's model, while Schroder's approximations 

eliminate the phenomena needed to test the model. At best, 

these theories are valid only at densities sufficiently low 

for the potential to be pairwise additive. This occurs 

rarely, if ever, in nature. 

The best way to resolve the issue of the barrier would 

be experiment, rather than theoretical arguments. This has 

not yet been done, however. The barrier remains a prediction 

of our model. 
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2. ANALYSIS OF PROTEIN CLUSTERING 

Several methods have recently been presented for 

studying protein clustering. 19- 21 We now compare them 

with ours. 

Melhorn and Packer19 have suggested two schemes: pair 

correlation functions and histograms showing the proportions 

of a membrane having various local particle densities. 

They study only one membrane picture, of a red cell with 

coagulated proteins. In agreement with us, they find 

a prominent peak in the correlation function at about 10 nm, 

where the particle concentration is roughly twice the 

mean. Unlike us, they find no ripples in the correlation 

function. 

To interpret the clustering, they compare the picture 

with two hypothetical patterns. One consists of randomly 

located clusters, each with two to four particles; in 

the other, particles are excluded from randomly chosen 

parts of the membrane. The latter is found to be more 

realistic. This is claimed to prove that proteins 

precipitate, not because they attract each other, but 

because they are segregated into certain membrane regions. 

Several considerations show this to be unjustified. 

It is not obvious why they compared those two models: 

the clusters in their membrane clearly contain many more 

than four particles. It is not surprising that the first 
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model failed. The success of the other shows only that 

there are large spaces between the clusters, and hence, 

that proteins agglutinate strongly enough to prevent 

diffusion from redispersing them. This tells us nothing 

about why they bind. 

The absence of peaks beyond the first in their 

correlation function is explained by examining their 

picture (their figure 2): the particles are very irregular 

and poorly resolved. The ripples depend on the regularity 

of particle arrangement, and would thus be hard to observe. 

We have used pictures only if the particles were readily 

distinguishable, with well defined positions. Their 

picture would have been rejected as unsuitable for accurate 

analysis. 

Finegold20 has proposed that proteins bind irreversibly 

upon collision. A computer is used to simulate their 

Brownian motion. Particles with an initially random 

arrangement are viewed at various later times. All of 

them eventually end up in one large cluster. The 

intermediate stages subjectively resemble a series of 

pictures of increasingly aggregated red cell membranes. 

It is concluded that purely kinetic factors normally 

prevent the proteins from coagulating. Though proteins 

do diffuse atypically slowly in the red cell, 22 •23 it is 

also known that their precipitation is reversible, 24 

The model is thus valid only when E1 is much larger than 
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Another description of protein clustering is the 

histogram of nearest neighbor distances . 21 It is less 

useful than the correlation function, though. With 

the former, one vector is counted per particle; but 

with the latter, many. The counting error is thus 

smaller .for the correlation function. Also, the distance 

distribution is sensitive only to interactions between 

nearest neighbors, while the correlations reflect all 

interactions. 
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C. SPECULATIONS ON MECHANICS 

The red cell membrane responds to sufficiently small 

shear forces, <5", as an elastic solid, but to larger ones 

as a liquid. 25 The border between these • regimes is the 

-2 I yield shear, ~c=2 to 8 X10 dy cm, which is zero in fluids. 

Since this behavior differs greatly from that of pure 

lipids, 26 a protein network external to them has been 

considered the source of solidity. (See section I.A for 

details.) We will see here that it can also arise from 

the lipid-mediated force. 

When a membrane shears, its proteins rearrange. The 

lipid-mediated force binds adjacent ones together, with 

strength roughly E. We thus want to know when <Fis large 
1 

enough to pull them apart. Call the separation of two 

neighbors L. Each can acquire a kinetic energy of 0-L 2 

while traversing this distance: the shear force between 

them is roughly cTL when stresses are resisted only by the 

lipid-mediated force. We infer that "c=E1/L2 . On the 

average, L2=1/rrp if the particles are randomly arranged. 

We finally conclude that 0-c= TT'pE1 . This estimate is 

very crude, since we have ignored bond orientation and 

viscous damping of protein motion. 27 

We can now evaluate c-c. E1 is 6.2-12.4 xio-14 erg 

in the red cell (points 21 and 2J in figure 1J). Non­

pairwise additivity reduces its effective value to 1.5 - J.1 
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Xlo-14 erg (TT,P/11., 2=½; see page 139). pis roughly 

3 x1011/cm2 . This leads to er =1.4-2.9 Xl0- 2 dy/cm, close 
C 

to experiment. The lipid mediated force thus significantly 

contributes to CY, and possibly even dominates it. We see 
C 

that indirect protein interactions can solidify membranes, 

whether or not the lipids are fluid. This claim would be 

more convincing if we could correctly calculate the 

viscosity and rate of particle collision. The notorious 

difficulties28 of two-dimensional fluid mechanics have 

so far prevented this. 

An important supposition is that the proteins are 

uniformly dispersed. This remains valid within the 

precipitate when present. Then, however, the deformation 

occurs mainly in the particle-poor regions, where ere is 

much smaller: zero with our approximations. 
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D. CONCLUSIONS 

So far, our basic goal has been to study the 

consequences of lipid perturbation by proteins. We first 

needed to solve several other problems. The standard 

statistical mechanical approximations destroy those parts 

of the theory most relevant to us. We thus had to develop 

appropriate mathematical techniques. On the other hand, 

there has previously been little quantitative analysis 

of protein clustering. We thus needed to devise a method 

for that too. Finally, many different phenomena influence 

the correlation function, so that we had to disentangle 

them before extracting any useful information. 

Much of our analysis of these functions is model 

independent. They clearly reveal a repulsive force 

extending several nm beyond the apparent edges of 

protein particles, and an attractive one extending about 10 

nm more. 

The main evidence that the observed attraction 

coincides with the predicted one is the accuracy of the 

stability limit. We showed that the behavior of natural 

membranes qualitatively agrees with the theory. Our 

comparison has two major limitations. Natural membranes 

occupy only a small region in plots of TT I° /11.,, 
2 versus 

E1/kBT, so that we tested only part of the stability limit. 

We can eliminate this problem by making the measurements 



in synthetic membranes. The other difficulty is the 

approximate nature of the stability limit: it is just 

the boµndary of the region where the clusters are large. 

Thus it cannot be located very precisely. Curing this 

will require analysis of the cluster size distribution. 

Our chief assumptions were that field theory is 

relevant to membranes, and the particular choice of a 

field equation. When we began, simplicity was the 

only justification for this choice. The experimental 

input was that proteins sometimes aggregate. Though this 

is not a prediction of the model, its details are. We 

have seen the predictions to be at least roughly correct. 

We will study the molecular basis of the model in chapter 

V, and find that studies of the lipids do support our 

field equation and evaluation of n. 
While presenting the theory, we often speculated 

about its significance, suggesting mechanisms for protein 

rearrangement during development, drug action, and 

physiological responses. Testing these ideas requires 

measurement of E1 and 1t in these membranes. Finding 

which changes will limit the range of possibilities for 

how these processes occur. 
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V. MICROSCOPIC NATURE OF THE OP 

A. INTRODUCTION 

We previously described membranes in terms of an 

order parameter,o/, controlled by its energy density: 

(1 

cp everywhere equals f 0 at equilibrium unless there 

are constraints on it. For instance, the OP is shifted 

to some other value, cp, adjacent to proteins. The 

equilibrium OP then is the solution of: 

v2 
( - - 1)f n. 2 

+ cp = 0 
0 

(2 

where This field equation was the basis for 

our analysis of the lipid-mediated attraction between 

proteins. 

Our discussion of cp was mainly thermodynamic, and 

ignored its microscopic basis. Here, we examine the 

latter. In particular, we will find that the behavior 

of q:, coincides with that of membrane thickness. An 

immediate question is whether its variation is controlled 

by lipid tilt or conformation. Previous work1 has assumed 

the latter. We will see that this is implausible, 

suggesting that <p measures lipid tilt. We will also 

derive equation 2 from lipid statistical mechanics, thus 

revealing the relation of~ to spectroscopic OP's. 
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B. MEMBRANE THICKNESS ELASTICITY 

We first note that the last two equations also 

describe membrane thickness, h, regardless of whether 

it is physically the same as <p . To understand the relation 

between them, we start by calculating K1 and K2 for h. 

Consider a unit area of membrane, with thickness h
0

. 

If his made non-uniform, deviating only slightly from h
0

, 

the area becomes 1+½('vh) 2 . This increases the energy 

density by ½ o ( V h) 2 , where o is the interfacial tension 

(of the entire membrane, not of each interface with water). 

We conclude that K1 =½ 't. A typical value2 for 'lf is 40 

dy/cm, so that K1"" 20 dy/cm. 

o2 E 
Kz=½ o h2 can be determined by applying an electric 

potential difference across the membrane, thus compressing 

it. This electrostriction increases the capacitance, which 

can be used to measure the thickness, and hence K2 . 3 

As the field increases, the membrane eventually becomes 

unstable and breaks down. 4 ,5 The voltage difference, Ve' 

at which this occurs also reveals K2 , though it is more 

accurately obtained from the dependence of V on the 
C 

pressure difference across the membrane. 6 These experiments 

are consistent with the force law: dP=-Y dh/h, where P 

is the stress normal to the membrane and Y is the Young 

modulus. If we are concerned with membranes near the 
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equilibrium thickness, h
0

, we can integrate this to get 

P=-Y(h-h
0

)/h
0

, or f = ½Y(h-h
0

)
2/h

0
. We see that K2=Y/2h

0
. 

Typical values for Y are 2-6 x10 7 dy/cm2 and for h
0

, 5 X10-? 

cm, so that K2 is 2-6 x1013 dy/cm3 . It should be noted 

that the value of Y we used is that of lipid bilayers. 

There has recently been controversy concerning its much 

smaller value in black lipid films. 7 However, Y is controlled 

there by solvent extrusion from the membrane. This 

relaxation can be avoided by measuring Yon a millisecond 

time scale8 or in low solvent films.J Then the result 

agrees with that in natural membranes. 

Collecting these results, we obtain the thickness 

correlation length: 11.,-1~ 8-14 nm. By analyzing protein 

clustering, we measured h-1~ 10-14 nm. The agreement 

between these estimates suggests that f may be h, though 

of course it could be fortuitous. For now, we will assume 

that~ is h, and explore the consequences. 

We first check if the predicted protein effect on 

his plausible. Obviously, it cannot decrease by more 

than the initial thickness, or increase by more than the 

final one. The magnitude of the change is fixed by the 

self energy, E1 , the shift in OP energy caused by one 
- 2 protein particle. We showed that E1 =7TK1 UP - f

0
) , and 

measured E1/kBT"'-' 1-4. We thus find q>- <p 
O 
~ ¼-½ nm, which 

is less than a tenth of the membrane thickness. This 

supports our approximation that o/ is close to ~
0

• 
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Most work on membrane order parameters has been 

concerned with spectroscopic ones: S_,, =<P2 (cos1,- )>, where 

P2 (x)=½(Jx2-1), ~ is some angle, and brackets denote 

averaging. 9 ' 1 O Y is oft en r. , the angle between the 
l 

mean hydrocarbon chain axis and C-C bond "i". The length, 

L, of a hydrocarbon chain may often be approximated by: 11 

L = -2
1 1 (n' + ~ S ) i '1. 

l 

where l=.125 nm and the sum is over then' C-C bonds 

(1 

in the chain. If it is perpendicular to the membrane 

surface, then h=2L+h*, where h* is the thickness of the 

polar regions and the space (if any) between the terminal 

methyl groups. With these assumptions, his controlled 

by Si , so that~ can also be identified with Sr . We will 

later see that this leads to ridiculous values for 

11.. and K2 . 

The resolution of this contradiction is suggested 

by recent work of Petersen and Chan. 12 They showed that 

S~ by itself is inadaquate for describing the dynamics 

of chain reorientation. One needs an additional OP, SO( , 

where~ is the angle between the chain axis and the 

director (local symmetry axis). Before examining the 

implications of this, we will study s
1 

in greater detail. 
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C. STATISTICAL MECHANICS 

Consider a protein-free membrane described by the 

Hamiltonian: 

H = ~ 
i 

h. = 
l 

:£ V(d.k)q>.q>k+<p.A.) 
k l l l l 

This expression is very general: special cases of it 

have underlain most previous work on lipid 

statistics. The 1 's are quantities whose expectation 

values are the order parameters. The indices i and k 

refer to molecules or monomers. In Marcelja's model, 17 

h? is the portion of the energy of segment 
l 

i which is independent of fk for k/i: for instance, 

conformational energy and f-independent interactions. 

V(dik) is the coupling between ~i and 1k' where dik is the 

distance between i and k. It is presently controversial 

whether V represents the anisotropy in dispersion or in 

steric interactions. 13 However, this does not matter 

for our purposes. Finally, the A •s are auxiliary 

variables which are zero in the membrane, but useful for 

theoretical purposes. Any physical terms linear in 'P are 

included in h0
. 

For simplicity, we assume that the molecules have 

fixed positions. Without this, the derivation is much 

more complicated, but yields an identical result. 

(1 

The basis of our analysis is the mean field approximation: 
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we decouple the ~•s from one another by replacing ~k with 

p (rk), where pis some function of rk, the position of k. 

Self-consistency requires that ~ 0\) = <q> k>, where the 

brackets denote an ensemble average with A=O. The goal 

is to find some criterion, a field equation for ~ , which 

insures self-consistency. Comparison with equation V.A.2 

then reveals the lipid correlation length. 

We first assume that there exists a constant, i
0

, 

such that f=i
0 

is self-consistent. In the absence of 

external constraints on~, this is its equilibrium value. 

Our task is to find the dependence of the partition 

function on J - J
O

• Once we have that, we can calculate 

< cp > , and thus test for consistency. 

We start by expanding fin a Taylor series: 

~Ci\)= ~(ri) + (rk-r\)·ViCi\) + ½((rk-ri)·V )
2 fO\) (2 

.... ..... 2 
where ( O\-r i) • V ) is short for ~ (rk-r.) (rk-r.) ~ i_ . 

P,v l I-' l i.- r ., 

We will later examine the error of ignoring the higher 

order terms. We then find: 

= f. cp ("r. ) WO . + ½ 'f). ( q 2 4? ( r. ) )W2 . ( 4 
l l 1 1 l l ,l 

We dropped the linear term because it vanishes when we 
_. ~ .... 2 

average over particle positions. Also, ((rk-ri)·V) 

becomes dfkV 2 during this averaging. Strictly speaking, 

these changes should not be made until equation 9. However, 
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it simplifies the notation to include them here. These 

arguments assume that Vis isotropic or uniaxial. 

Generalization to the biaxial case is straightforward. 

If we set: 

and: h +. = h? ro ~ W (I') " - "l, ::t' Q • + T • A • 
l l l O ,l l l 

then h. =h: - <J). S .. 
l l l l 

The partition function, which depends 

on~ and the '>-.'s, is thus: 

Z(q>,>-) = L.* exp(- p I hj) 

* exp(- fl ~ h :) (1 +B~q>.s.) rv ~ j J J J J 

(5 

(6 

(? 

(8 

* ~ denotes summation over all discrete states and integration 

over all continuous ones. ~ is 1/kBT. In the second 

step, we have expanded the exponential as a series in 

the deviation from unconstrained equilibrium. We can 

rearrange this as: 

Z(~ .~) = z( q>
0

, }- ) (1 +$ ~<<f.s.>, ) 
J J J ,.. 

(9 

where () >. denotes the expectation value with non-zero >.. . 

Finally, we impose self-consistency: 

= 

- - 1 s 

f O - ¼ ~ti 

d ln Z (! , >-. ) \ 
0 >-i ~=O 

ln(1 + B ~<Cf.s.> .. ) 
J J J " 

(10 

(11 
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Expanding ln in a Taylor series, this becomes: 

0 
~ 

= p L 
j 

l 

~<q:>.s.> 
. J J >. 
J 

(<<p. <p.s.> - <.f·><<p.S.)) 
l J J l J J 

(12 

( 13 

The <p 's are independent of S, so that we can average them 

separately. Also, < cp. cp. > = < q>. > < <p. > for i/ j. 
l J l J The 

sum is thus trivial, and we find: 

2 - <.9' . > ) < s . ) l l 

From the definition of S, we have: 

where: 
,QC) 

= 2 lT ~ V ( s) g1 ( s) sq ds 
0 

(14 

(15 

and g1 is the lipid pair correlation function. Inserting 

this into equation 14, and setting M2= <<fl 2> - <<p>2
, we 

finally obtain: 

Comparison to the field equation yields the correlation 

length: 
-1 n = 

( 17 

(18 

We now transform this into a more useful form. First 

consider M2 . The equipartition theorem tells us that: 

( 16 



= = (19 

E.(~) is the mean value of h. when~- is constrained at 
l l l 

~. This is independent of i when the monomers are 

identical. 

We next consider x1 and x3 . In most models, the 

molecules are fixed on a regular lattice, with interactions 

limited to nearest neighbors . If we call the nearest 

neighbor number and spacing n and d respectively, then: 

i-1 Xi=d Vdn, where Vd=V(d). 

Combining these results, we obtain: 

(20 

An equivalent equation has recently been derived by very 

different means. 14 

We first show that the square root is meaningful. 

Thermodynamic stability requires that E(Z)) nVd. In the 

definition of E( 2 ), the derivatives were taken with 

respect to the OP of one particular monomer. When the OP 

undergoes the same variation on all of them, the derivative 

becomes E(Z) _nV d. This must be positive for the state 1 = ~ 
0 

to be stable. When it is zero, for instance at a 

second order phase transition or a critical point of a 

first order one, there is no restoring force for OP 

fluctuations. They, and their correlation length, diverge. 
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These ideas can be made more precise as follows. A 

calculation very similar to the preceding one yields the 

susceptibility: 

(21 

where Ak=A for all k. One sees that when 11,- 1 diverges, 

so does the susceptibility. The membrane is then unstable 

to small perturbations. Our conclusions also apply to 

the Maier-Saupe model of the nematic-isotropic transition. 15 

The order-disorder transition of membranes is first 

order, 16 so that ~ - 1 remains finite. 

metastable at the transition, hence 

Both phases are 

E( 2 )-nV > O in each. 
d 

Before applying these results, let us examine our 

approximations. The two major ones were the Taylor series 

used to calculate~ and ln Z. If the higher order terms 

are included in the series for l, the field equation becomes: 

1 
kBT 

X1M2 
- 1 

i x2m+1 V 2m ;F; 

m=1 x1 (2m) ! :r (22 

With nearest neighbor interactions, Xi=di-1x1 . Them-th 

term is thus small when 
d2m 2 
( 2m) ! \/ m ~ << <.P - ~ o • This 

refines our earlier statement that we only consider cases 

where the variations in ~ and v2 i are significant only 

over distances large compared to a molecular spacing. In 
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particular, this requires that 1'l-1>> d, or E( 2 ) < J nVd. 

The other crucial series expansions were those used 

in equations 8 and 12. The higher order terms are small 

when ~ ( V ( d . k ) f . ( ~ ( rk ) - ~ ) ) << 1 
l l 0 

for all i and k. 

This means that the deviation of the interaction from 

unconstrained equilibrium is small compared to kBT. When 

this is not satisfied, the derivation can be generalized 

to include the higher order terms. One would obtain a 

non-linear field equation, which would be useless with 

present experimental knowledge. 

In Marcelja's analysis, 1 •11 •17 nVd=V
0
(nt/n•) 2 , where 

V
0

=680 cal/Mand nt/n' is the fraction of trans bonds in 

the hydrocarbon chain. h0 has two parts: the conformational 

energy, calculated in the discrete rotational isomer 

approximation, and the steric interaction, PA, where P 

is the two dimensional pressure and A is the area of the 

chain (projected onto the membrane surface). Proteins are 

assumed to change the configurational potential of adjacent 

lipid molecules. The protein effect is found to extend 

for several molecular spacings, which means that 1/n d 

is J or 4. This compares to an experimental value of 20 

to JO. We now try to account for this discrepancy. 

First consider equation 20. If ti.-1 is really as 

small as calculated, our version of the mean field 

approximation is inaccurate . However, we will use it to 
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estimate what nVd would have to be to account for the 

observed n. When 1/n d ~, 1, we also have kBT/M2nv d ~ 1. 

Marcelja calculated that Pt= <nt/n'>~•7, so that nVdlV' 

J4O cal/M. From table 1 of reference 12, we calculate 

M2= li Pt(l-Pt),v¼. (Our ?J is their "p orbital 't".) We 

finally obtain kBT/M2nv d""' 8, which is too large. One 

might try increasing V
0 

or eliminating the (nt/n•) 2 factor. 

This is probably not the solution, however, because the 

model does provide an excellent description of protein-free 

membranes, at least in the disordered phase. 

Since the experimental tests all examined single 

molecule properties, it could also be argued that the 

error lies in the mean field approximation. The energy 

of single gauche bonds is vastly underestimated in Marcelja's 

model. 18 Their energy is lowered when they form clusters: 19- 21 

association of a gauche+ bond with a gauche- bond on the 

same chain or a gauche+ one on another decreases the 

intermolecular repulsion. The mean field approximation 

ignores this effect, so that it predicts too small a 

correlation length. Marcelja obtained V
0 

from the 

vaporization enthalpy of n-alkanes, so that the potential 

implicitly assumes the gauche bonds to be clustered. Though 

this effective V
0 

compensates for the neglect of correlations 

when studying single molecules, it also precludes accurate 

study of the correlations. However, this is probably not 
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the important error, as we will next see. 

A crucial assumption of Marcelja's is that s1 is 

the order parameter mediating protein interactions; S~ 

was implicitly fixed at 1. However, the available evidence 

suggests that S« is the relevant one. In particular, we 

will see that: 1) the claim that s1 controls membrane 

thickness leads to an extreme overestimate of the Young 

modulus; 2) among polymers and liquid crystals in general, 

Y is comparable to that in membranes when it is controlled 

by molecular orientation, but not when by conformation; 

J) S~ cannot be ignored in descriptions of membrane 

structure and dynamics; and 4) in the only case where a 

protein effect on membrane thickness has been examined, 

the change is controlled by hydrocarbon tilt. 
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D. WHAT CONTROLS THICKNESS? 

We first calculate the Young modulus, Y, on the 

assumption that s1 controls the thickness, h. We showed 

earlier that: 

y = 
h and (1 

where Et is the thickness energy per unit area and E1 is 

the OP energy per C-C bond. Using equation V.B.1, we find: 

y = (2 

where a* is the area per hydrocarbon chain. This formula 

neglects the variation of S~ along the chain. 

a*=20 R 2 and n'=15, we calculate Y=1,5 X 1010 

much larger than the observed 5 X 107 dy/cm2 . 

Taking 

dy/cm2 , 

We conclude 

that changes in S~ do not underlie the thinning caused 

by compression. 

Among polymers in general, Y is in the range 1010-1011 

dy/cm2 when length changes arise from rotation around bonds22 - 25 

(i.e. between the primary and secondary relaxations in 

polyethylene); Y is even larger when bond bending or 

stretching is involved (i.e. before the secondary relaxation). 

When Y is controlled by molecular rearrangement (i.e. after 

the primary relaxation) Y becomes orders of magnitude 

smaller. In smectic liquid crystals, where changes in 
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layer thickness are known to reflect tilt changes, 26 

Y ,v 5 X 10 7 dy/cm2 . ( Our Y is half their B .l . ) Tilt changes 

are thus a prime suspect for the mechanism of compression­

induced thickness changes in membranes. 

Most work on membrane statistics has assumed that 

the hydrocarbon chains are perpendicular to the membrane 

surface. However, x-ray27- 29 and electronJO diffraction 

studies reveal them to be tilted in many lipid phases. 

In the disordered phase, which was Marcelja's main 

concern, the average tilt is zero. Even then, its 

fluctuations are important though. Interpretation of 

spin relaxation, both of lipid nuclei12 ,31 and spin 

label electrons32- 34 , requires consideration of two types 

of motion: rotational diffusion about an axis, and 

reorientation of that axis. The former, caused by rotational 

isomerization, is much faster than the latter, probably 

tilt fluctuations. 12 ,32 The amplitude of the latter 

depends on temperature,JZ,JJ chemical composition, 34 and 

curvature. 12 Though we do not yet understand what controls 

tilt, this work shows its neglect to be unjustified. 

Indeed, electron microscopic and x-ray diffraction analysis 

of the interaction of poly-1-lysine with fatty acid bilayers 

shows that it increases their thickness, via a decrease 

of hydrocarbon tilt angle. 35 The change in his roughly 

.5 nm, consistent with our estimate from E1 . 
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E. CONCLUSIONS 

We have seen that protein interactions and thickness 

elasticity lead to consistent estimates of n, thus 

suggesting that our OP is membrane thickness. We also 

found that the thickness change estimated from E1 agreed 

with the one experimental measurement. However, these results 

refer to such different systems that the conclusion is 

not definitive. Proof that fish would require doing 

both measurements on the same membrane. 

If fish, the next question is whether his changed 

via lipid conformation or tilt. We showed that the 

former leads to an implausible prediction for the Young 

modulus. Work on membrane-like systems also suggests 

that tilt is the relevant variable. In molecular terms 

this means that f is S~ , the tilt OP. 

This raises the question of what tilt is. A single 

gauche bond in a hydrocarbon chain tilts the more distal 

portion of the chain. Our elasticity analysis 

implicitly assumed that all gauche bonds occur as parts 

of kinks (gauche+-trans-gauche- sequences). If this is 

incorrect, our calculated Y is an overestimate. It is 

commonly believed that chain repulsion limits gauche bonds 

to kinks. However, work on membrane-like systems suggests 

that this repulsion can be avoided by clustering gauche 

bonds on adjacent chains19 (i.e. cooperative bending). 



172 

If thickness changes did originate this way, Y would be 

smallest if the bending occurred near the polar region. 

Repeating the earlier derivation, one finds that Y 

is multiplied by a factor of roughly 1/n': each gauche 

bond affects all the other bonds in its chain, 

not just the adjacent one . A given thickness change 

thus requires only 1/n' as many gauche bonds as before. 

Y is still thirty-fold too large, however. We 

conclude that cooperative bending is not the mechanism 

of the thickness response to compression. This suggests 

that the relevant tilt is of entire lipid molecules, rather 

than of portions. 

Our conclusions do not necessarily apply to thickness 

changes caused by agents other than proteins or compression. 

Indeed, the accuracy of Marcelja's calculation of membrane 

thermal expansivity17 suggests that it is controlled by 

chain isomerization, at least in the disordered phase. 

Our conclusions also do not preclude protein effects 

on the conformation of adjacent lipids. This 

too should produce a lipid-mediated interaction. However 

Marcelja's calculations suggest that its range is less than 

that of the direct interactions between proteins. 

In the interpretation of nuclear spin relaxation, 

it is controversial whether tilt fluctuations represent 

cooperative bending, or tilting of entire molecules. 12 ,31 
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Our arguments show that the restoring force for the 

latter is smaller, so that its amplitude is larger. 

This is not necessarily relevant, however. The most 

important fluctuations have a correlation time of about 

10-7 sec (in the disordered phase of unsonicated lecithin 

membranes). The issue becomes whether the rigid tilting 

is this fast. Studies of dielectric breakdown in natural 

membranes suggest that the electrostrictive time constant 

is less than a fsec; 5 . while measurements of displacement 

current decay in oxidized cholesterol films reveal one 
36 

of several msec. If the former is taken as more relevant 

to synthetic phospholipid bilayers, this suggests that 

the rigid motions are fast enough to affect NMR spectra, 

and thus dominate bending. 
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the transition, Jl A should be different in the two phases. 

The aggregation tendency is 6-dependent, so that it too 

can change at the transition. Furthermore, proteins shift 

the mean OP from <p 
O 

towards f , thus decreasing its 

difference between the phases. This weakens and shifts 

the transition . These effects clearly resemble nature 

at least superficially. We will see, however, that the 

agreement is also quantitative. 

It is sufficient for our purposes to describe the 

transition in general thermodynamic terms. Previously, 

the Gibbs free energy density of each phase was g=g0 + E. ( <l> ) , 

where £=0 when~=~. However, there are two possible 
0 

equilibrium states near the transition: ordered, "0", 

and disordered, "D". We henceforth distinguish between 

them with the subscripts O and D when appropriate. 

The .transition in protein-free membranes occurs 
0 0 when gt=gD- g0=o. Near there: 

(1 

where Tt is the transition temperature. The O phase is 

the low temperature one, so that g'< O. 

In the presence of proteins <E> lo at equilibrium, 

where brackets denote an average over protein arrangements. 

We showed in section II.B.2 that: 

(2 
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with: 

m = 1 + 11. 
2 
/8 rr P 

(1 + 1L 2/2rrp) 2 

The transition now occurs when gt+ ft=O, where 

Solving this yields Tp' the transition temperature in 

the presence of proteins. 

We are also interested in <pp= <<p) D- <<p) 0 , where 

<<p > is the mean value of <p in a protein-containing 
X 

phase x. We showed in section II.B.J that: 

(J 

<q> > = q> + X X 
1 + 12, ✓2TTf' 

(x="O", "D") (4 

where cp x is <()
0 

in phase x. 

of<~> across the transition. 

q:>p is the discontinuity 

We will see that 11> is 'r p 

roughly proportional to the transition enthalpy, the 

usually measured quantity. This equation will be used to 

predict protein effects on the transition extent. 

The effect of proteins on the transition is generally 

complicated by their aggregation. It is necessary 

to repeat our analysis separately for the protein-rich 

and -poor regions. 

This theory allows us to obtain 11.. from calorimetry. 

We will find that the result a grees with 

previous measurements. 

We will also see that our predictions about Tp are 

consistent with experiment. 'l'he theory 
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allows us to predict the phase diagrams of protein-lipid 

mixtures. 

Protein segregation between coexisting lipid phases is 

controlled by the self energy, E1 . The free energy change 

when a particle is transferred between phases roughly equals the 

change in E1 . We showed in equation II.A,5 that: 

(5 

We can use this to calculate protein partition coefficients. 
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B. PROTEIN EFFECTS 

We start by studying how proteins affect the transition 

when they are stable against precipitation. Combining 

equations A.1 through A. J, we find: 

T - T p t 
2 2 
g' (K2,D mD ~D 

2 
= Ds <pt mo 5 

where 'Pt= fD- o/0 , D =-2K2 0/g' , and s , 

We first make the approximation, justified only by the 

success of the theory, that the change of<E> across the 

transition is controlled by the change in~. We thus 

(1 

(2 

(J 

(4 

An important result is the sign of Tp-Tt. When it, 

and thus S, are negative,~ is closer to fD than to ~ 0 . 

Tp is thus lowered by proteins which force the OP 

closer to its· disordered value than to its 

ordered one. One would expect this even without the 

mathematics. 

m becomes TTP/21t 2 when /><<~2/2TT, so that Tp-Tt= 

Ds<f'~TTPS;2n 2 . We thus predict that the transition shift 

is proportional to f for small P, but saturates as it is 
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raised. However, other factors complicate this behavior: 

the transition can be eliminated by proteins, and it 

occurs at different temperatures inside and outside protein 

aggregates. 

We first consider the observability of the transition. 

Experimentally,lO,l 2 ,lJ proteins are known to broaden it, 

thus obscuring it. This is controlled by thermal fluctuations 

of the OP, which we are ignoring. Proteins can also 

eliminate the transition by reducing the OP discontinuity 

there. This jump is <pt in the absence of proteins, but 

becomes ~p when they are present. Equation A.4 shows that: 

= ft 
1 + 2 nP In 2 

It can be seen that proteins have little effect when 

P << ti21211 , but reduce the discontinuity at higher 

densities. 

(5 

When the proteins form a precipitate, lipids within 

it behave differently than those outside. The analysis 

depends on whether aggregation occurs in both phases or 

only in one, so that we first need to predict which happens. 

The aggregation tendency is controlled by TT f> l1i 2 

and E1lkBT, as discussed in section II. B. 4. When TT /J In. 2 

> 117, there exists some Es such that proteins precipitate 

if E1 > E, or equivalently, if\.A\)t,. =JE /11K1 . We have s s s 

assumed that the protein effect on the transition arises 
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entirely from the difference between <P O and <p D' so that 

A is the same in both phases. The criteria for 
s 

aggregation take the simple form shown in figure 14. The 

most common behavior, precipitation only in the ordered 

phase, means that f is closer to ~D than to f 0 . 

We now study the lipid phase behavior in each of 

the regions of figure 14. Suppose that the protein 

concentration is f within the clusters, and that its 
e 

mean is P , with f < f e. The clusters thus occupy P/ Pe 

of the membrane. We assume they contain all the proteins, 

so that m=O outside them, but m~1 within them. 

Equations 2, 4, and 5 remain valid when the clusters 

are present in both phases. If we ignore propagation of 

protein effects away from the clusters, then Tp=Tt and 

<pp= cp t outside them. The transition is thus unperturbed 

there. On the other hand, fp~ 0 within the clusters: the 

transition is eliminated there. One typically measures the 

P-dependence of F, the fraction of the unperturbed 

transition remaining. Fis thus the proportion 

of the lipids outside the precipitate. 

Next consider the case where the proteins precipitate 

only in one phase, say the ordered one. As the aggregation 

state changes, the protein concentration at each point 

does too. Equation 4 thus becomes an invalid approximation 

for 8. Instead, m0 ,v 1 and: 
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.4----.---r----,--~ r---.----,----.--.---,---, 

.2 

0 

60 -.2 

'Pt -.4 

-.6 

-.8 

-1.0 

-1.2 

ORDERED 

BOTH NEITHER 

DISORDERED 

- 1.4 l.----'----'----'--____;;:M_ _ __,___--J..-_____ ___._ ____ 

0 .2 .4 .6 .8 

14. Which phases the proteins precipitate in. Note that 

6d/<f>t is -1 when <f'=q>0 , and O when q:>=<pD. Also, 

membranes with dilute proteins lie to the right. 
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within the clusters. However, 

so that equation 2 becomes: 

D.. = 6. - <D and mD<< 1, D O 1 t 

In contrast, mO=o outside the clusters: 

2 
Tp - Tt = Ds mD.6D 

there. 

(6 

(7 

(8 

We know that A~< Cl~ because the proteins precipitate 

only in the ordered phase, while mD < 1 by definition. We 

thus find that the transition is split into perturbed and 

unperturbed ones, the former occuring at lower temperature. 

The shift of the unperturbed transition is less than 

its width, 12 which accounts for its misleading name. The 

signs of the shifts reflect the change of protein concentration 

at each point during the transitions. Opposite signs would 

be found if aggregation were limited to the disordered 

phase. 

We next study the OP discontinuity across the 

unperturbed transition: 

(9 

When P<<-11., 2 /2 TT , this becomes ft, its value in the absence 

of proteins. It becomes .60 when f » n 2 /2TT . This too 
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would be expected: it means that the OP goes from <p 0 
below the transition to f above, since the proteins are 

then everywhere. One similarly finds the OP discontinuity 

of the perturbed lipids: 

- .6 
- (</') = ---D __ _ 

O 1 + 2 TT f /fL, 2 
(10 

This is tiny when P>>h2/2Tf. On the other hand, the 

clusters occupy only a small fraction of the membrane 

unless f ,Yp e. When f> e ">>1i 2 /2--rr, it will thus be difficult 

to see the perturbed transition, except with techniques 

which respond primarily to the proteins or lipids adjacent 

to them. 

Let us now unify these various cases. We are interested 

in the dependence of the transition behavior on protein 

concentration. We assume that the experimental technique 

for measuring Fis sensitive to the OP discontinuity times 

the proportion of lipids involved. The amount of transition 

is ft in the absence of proteins. When they are very 

dilute, it is given by equation 5, roughly 

cp t ( 1 - 2 TT f /11,. 2 ) = 'P tF. Both the amount of transition 

and its temperature thus depend linearly on f. An important 

prediction is that F depends on the number of protein 

particles, but not on any other property of them. 

As P grows, the stability limit of the ordered phase 

is eventually reached. The observed transition then arises 
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from the protein-poor regions. They contain 1-Af / p e of 

the lipids, where A is the area fraction of the clusters 

occupied by lipids. Using equation 9, we find: 

(11 

Its numerical value is shown in figure 15. 

With further increases off, the proteins may 

precipitate in both phases. Then the transition is truly 

unperturbed in the protein-poor regions, so that Fis 

just the second factor of equation 11. 

The transition is most strongly perturbed when 

there is no aggregation. This would be expected: all the 

lipids are then affected because the proteins are 

everywhere. Precipitation confines them to part of the 

membrane, thus decreasing their effect. 

So far we have assumed that the aggregation tendency 

is greater in the ordered phas e . When it is greater in 

the disordered one, Fis still given by equation 11, except 

that LlD is replaced with - ti O. 

We seek to determine n from experimental measurements 

of F. This requires evaluation of the other parameters 

in equation 11, which we next do. 
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F 

.8 

.6 

.4 

.2 

0 '---.......1---.L...----'----'-------L----'----.L--_;:w 

0 3 4 

15. Dependence of F on irf>/-n,_2. 
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C. MEASUREMENT OF 1),,. 

Graphs of F versus p are usually thought 

to show that each protein particle eliminates the 

phase transition in a region of area M=- o F/d p . Its 
1 

width, roughly (M/21T) 2 =w is commonly called the range 

of the protein effect. Equation B.5 shows that w=n--1 

in the absence of aggregation, but we will see that w<1Z..-i 

when there is. This justifies our earlier claim that w 

is only a lower bound for n....-1 . 

Using equation B.11 to evaluate Mat f=O, we find: 

M = (1 

so that: 

n.-1 = (2 

We will determine the right hand side from experiment, and 

check if the result is consistent with our earlier 

measurements of n_-1 . 

Most workers have measured not M, but rather m, the 

number of lipid molecules perturbed by each protein 

molecule. M=nma*, where a* is the area per lipid molecule, 

and n is the number of protein molecules per particle. 

Particle formation has usually been neglected, however, 

so that Mis underestimated. Unfortunately, n is generally 

unknown, so that we cannot correct this error. 
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This problem was avoided by Romans and Segrest36 in work on 

proteolytic fragment T(is) of glycophorin: both P and 

F were measured. 36 One can calculate from their data that 

M=250 nm2 . A/ P e is harder to get. However, they36 

assembled membranes with fat least 6000/f m2 , which is 

thus a lower bound for /'e. A=J/4 at that density if the 

apparent edges of particles in freeze-fracture pictures 

are the actual ones. ft is roughly -1 nm if the OP is 

membrane thickness.31 In chapter V, we estimated that 

f::.:..D is¼ to½ nm. Substituting into equation 2, we find 

-1 6 11,. rv .5-8.2 nm. This compares to the previous values, 

8-14 nm and 10-14 nm. Our assumed f is an underestimate, 
e 

so that the present value of JZ,,,-l is too. We conclude that 

all three appraisals of 11.,-l agree, despite the use of 

different membranes for each. This strengthens confidence 

that the theory is more than mere curve fitting. 

We have assumed that T(is) aggregates in the ordered 

phase, and only there. This claim is based on studies of 

glycophorin, 37 which does behave that way. If T(is) does 

not aggregate, then n-1 would be 6.5-7 nm. Figure 15 

shows why the correction would be minor: T(is) corresponds 

to the case TT f /A 7l, 2,.,, 1. 2. F is determined mainly by the 
e 

protein perturbation of the disordered phase, so that 

it is not very important what happens in the ordered one. 

The arguments used in chapter V to estimate ~Dare 

insensitive to its sign. We assumed it to be positive, 
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however. The justification can be seen by studying equation 

1: A/Pe is 125 nm2 , which is smaller than M. .6.D and 

<pt must thus have opposite signs. This means that 

q> is between ~O and ~D' 

Figure 15 might lead one to expect that graphs of 

F versus f should be curved. The result is generally 

linear though. This is not surprising when one notes 

that -rff/n 2 is generally less than two; in the T(is) 

study, it was less than one. The curvature is thus slight. 

We have neglected any dependence of particle structure 

on protein concentration. For instance, T(is) is not 

multimeric when there is sufficiently little of it.38 F 

then depends more strongly on the amount ef protein than when it 

is multimeric. This is expected, because there are 

more particles per amount of protein in the former case. 

It is unknown if T(is) is oligomeric then, so that 

we considered only the latter case. Without microscopy, 

the bend could have been mistaken for the predicted 

curvature. 

This problem is illustrated by a recent study of 

gramicidin perturbation of the phase transitions of various 

lecithins. 13 It was found that F depended non-linearly 

on f , quali ta ti vely resembling the curves of figure 15, 

This result was believed to show the onset of aggregation: 

a reasonable conclusion if there were a sharp border between 

the perturbed lipids a nd the rest. However, gramicidin 
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is much smaller than genuine proteins, so that f could 

become much larger than with the latter. Even without 

aggregation, saturation of the perturbation would yield 

curvature. Unfortunately, gramicidin does not form visible 

particles. The question of its aggregation remains 

unsolved. 
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D. THERMODYNAMIC ASPECTS 

We now return to several topics previously glossed 

over. We start with a quantitative discussion of the 

perturbed transition. We next discuss the phase diagrams 

of protein-lipid systems. Finally, we reconsider several 

of our approximations. 

We seek to calculate the transition temperatures, 

given by equations B.2, 7, and 8. Our first task is to 

evaluate Ds. g' is the transition entropy, As=s0-sD, if 

we neglect the difference between the heat capacities of 

the two phases. A typical value18 for !>.. s is -28 cal/K0 -M. 

Combining this with our earlier estimate, K2=2-6 X 1013 

dy/cm3 , we find Ds=½-2 K0 /nm2 . 

Typically, 0 < m < ½, -½ < S < 0, and ft~ -1 nm. Equation 

B.2 thus shows that the transition temperature changes 

less than a degree unless there is aggregation. When 

there is, equations B.7 and B.8 show that the unperturbed 

transition moves even less, while the perturbed one 

shifts several degrees. These are only crude estimates, 

due to the inaccuracy of our values for ~D and ~O. We 

will see, however, that they are consistent with nature. 

We previously assumed that the observed transition 

was entirely the unperturbed one. If the total transition 

is measured, without separation of its components, misleading 

results will be obtained unless the perturbation eliminates 
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the transition, rather than just shifting it. The 

discussion of equation B.10 shows that this occurs when 

~ r/<P t t:< 1 or 2 rr ,o eln. 2 >> 1. 

This point is demonstrated by recent work with myelin 

proteolipid apoprotein (PLA). Early calorimetric studies 

suggested that each protein perturbed m=15 lipid molecules. 10 

However, later higher resolution work showed that the 

transition split into two components, about 2 degrees 

apart. 12 When only the unperturbed transition is included, 

the result is m=142. The perturbed one occurs 

at higher temperature. Our model thus predicts that PLA 

aggregates preferentially in the disordered phase. This 

remains untested, though. 

More typical behavior is shown by sarcoplasmic 

reticulum (SR) ATPase, which precipitates only in the 

ordered phase. Only an unperturbed transition is found 

when bulk lipid behavior is examined, while 

measurements of enzyme activity reveal a perturbed one 

about 10° C lower. 2 A phase diagram of SR ATPase and lipids 

has been presented. 39 It qualitatively agrees with 

our predictions about the splitting of the transition. 

The membrane consists of a single disordered phase at 

temperatures above the upper transition. Between it and 

the lower one, there is an ordered, protein-poor phase 

and a disordered, protein-rich one. The latter becomes 

ordered when cooled through the lower transition. 
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There seems, at first sight, to be a conflict. Kl.eemann 

and McConne1139 claim that the upper transition temperature is 

more P-dependent than the lower one, while we predict 

the opposite. Their own analysis, however, shows their 

phase diagram to be misleading. They measured f', the 

partition coefficient of a spin label between the membrane 

and water. Transitions were assumed to occur at bends 

in graphs off' versus temperature. They showed that 

their results are explicable as an increase of "tl...-l near 

the transition. This enlarges the annulus, thus 

producing a bend inf' versus T. This occurs 

near, but not at, the transition temperature. The 

~-dependence is thus only apparent, as is the conflict 

with our predictions or with the previous measurements. 3 

Studies of membrane enzyme kinetics in Escherichia 

coli have shown that lipids adjacent to proteins undergo 

their transition at temperatures below that of the rest. 5 

As would be expected from our model, those proteins aggregate 

only in the ordered phase. This shows that they have 

greater affinity for disordered than for ordered lipids. 

The enthalpy change when a protein particle is transferred 

between the phases is E*=E1 , D-E1 , 0= 11 K1 6 'P ~. We have 

ignored the P-dependence of the effective E1 . The error 

affects mainly El,D' because the proteins are mostly in the 

disordered phase. El,D is small,however, so that the error 
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is too. Using the previous estimates, K1=20 dy/cm and 

'Pt =-1 nm, we have E*=9S kcal/IV! ( of particles). We 

also estimated that -½< 6 <O, so that -4,5 kcal/IV! <E* < 0. 

T~e experimental results 5 have been express ed as a 

partition coefficient, k=exp(-E*/RT) , typically between 

2 and 10. Thus -E* is .4-1.4 kcal/IV! , consistent with 

the theory. 

We have assumed that E* is the Gibbs free energy of 

transfer. This ignores the ideal entropy and OP-independent 

interactions. The former is unimportant when E* is 

large compared with RT, clearly a marginal assumption. 

Present knowledge is insufficient to estimate the latter. 

However, the measurements of E* are so crude that it is 

not obvious whether the errors matter . They would affect 

our predictions about Tp-Tt and E* , but not F. 

We have also assumed that the transition enthalpy 

is proportional to the OP discontinuity. This is reasonable 

if there is only one independent OP. In general though, 

there is no reason to expect any simple relation between 

the OP and the enthalpy . The success of the theory is 

the only reason to believe this approximation. 
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E. CONCLUSIONS 

We have seen that studies of protein effects on 

lipid phase transitions reveal much about the structure 

of the perturbed annulus. We now review this, and then 

consider what it says about our model. 

Most basic is the size of t he annulus. Though it has 

no sharp boundary, 11,-l is a rough estimate of its width, w. 

As shown earlier, w is underestimated when particle 

formation and clustering are ignored. Further error may 

result from the assumption that the transition is eliminated 

in the annulus. Calorimetric determinations of ware 

thus highly suspect unless the particle concentration 

and aggregation state are measured, and only the unperturbed 

transition is included in F. Avoiding these errors, 

we found that w or 11,-l is 6-8 nm. This is much larger 

than commonly believed, roughly 1 nm, but consistent with 

our earlier measurements. 

Another prevalent notion is that the annulus is 

frozen in the ordered state. We have shown this to be 

ruled out by the observations that proteins have greater 

affinity for disordered lipids and that the perturbed 

transition is observable, though weakened. Proteins 

constrain the nearby l i pids to some state betw~en 

the ordered and disordered ones, closer to tha latter. 

The ability of the model to unify seemingly unrelated 
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phenomena is shown by the agreement between measurements 

of 11,. based on calorimetry , protein clustering, and 

elasticity. Furthermore , the successful estimation of 

E* and T -T from information about elasticity supports p t 

the identification of our OP with membrane thickness. 

Though many aspects of the mo del remain untested, these 

results show it to be at least approximately correct. 
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VII. THE BIG PICTURE 

We originally set out to explain why membrane proteins 

sometimes precipitate. We picked the simplest plausible 

field theory, and found its predictions reasonable. This 

would not be very convincing by itself, given the many steps 

separating our assumptions from their experimental tests. 

Though modelling lipids, we looked only at the proteins. 

The order parameter thus remained a hypothetical construct. 

We even lacked reason to believe that it described lipids, 

rather than water or proteins outside particles. 

We next saw that the predicted OP behavior coincides 

with that of membrane thickness. This shows the model to 

be not just an explanation of protein aggregation, but 

also a consequence of our knowledge about thickness 

elasticity. 

It has previously been assumed that hydrocarbon 

conformation underlies lipid-mediated forces. This leads, 

however, to a serious underestimate of their range. We 

showed that the membrane Young modulus is vastly too 

small for compression-induced thinning to arise from 

conformational changes. Lipid tilt is the only other 

obvious possibility. Though proteins might affect lipid 

conformation, it is tilt which mediates their interactions. 

We next supplemented the model with a general 

thermodynamic description of lipid phase transitions. 
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Protein rearrangement near them and influence on them 

followed from the model. The predictions appear 

reasonably consistent with nature, though the murkiness 

of present experimental knowledge prevents definitive 

comparison. Despite this, we showed that the perturbed 

annulus surrounding proteins is far larger than commonly 

believed. Furthermore, its lipids resemble the disordered 

state more than the ordered one. The experiments typically 

thought 'to prove the opposite actually show only that the 

ordering increases there. 




