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ABSTRACT

Achieving materials-specific predictions for large, realistic molecules and solids
with strong electron correlations remains a long-standing challenge in quan-
tum chemistry. This dissertation develops scalable ab initio quantum many-
body methods for crystalline materials, demonstrating that rigorous optimiza-
tion of theoretical approximations and numerical algorithms enables predic-
tive computation even in strongly correlated systems. The work tackles three
interconnected challenges, namely describing material-specific properties of
strongly correlated superconductors, achieving linear scaling with k-points for
large-scale periodic calculations, and establishing reliable methods for electron-

phonon interactions. The following chapters address each challenge in turn.

Chapter 2 demonstrates that ab initio density matrix embedding theory, com-
bined with symmetry-breaking strategies for superconducting order parame-
ters, reproduces experimental trends in cuprate superconductivity, including
pressure and layer effects on transition temperatures. By directly solving the
electronic Schrodinger equation from material structures, these calculations
capture multi-orbital covalency effects that simplified model Hamiltonians ne-
glect, revealing their essential role in the spin fluctuations driving pairing.
This predictive capability establishes a foundation for efficient computational
screening of superconducting materials. Extending these calculations to larger

k-point meshes and broader phase diagram explorations, however, demands



vi
more efficient computational algorithms.

To overcome this computational bottleneck, Chapter 3 introduces interpola-
tive separable density fitting framework. This development enables thermo-
dynamic limit calculations with up to 1000 k-points, as validated on diamond,
carbon dioxide, nickel monoxide, and cuprate systems. Integration with den-
sity matrix embedding theory and local natural orbital methods further yields
converged ground-state energies from accurate correlated wavefunction meth-
ods such as CCSD(T) for crystalline materials in the thermodynamic limit.
With computational efficiency established, the remaining challenge lies in ex-

tending the theoretical framework beyond purely electronic degrees of freedom.

Chapter 4 addresses this need by establishing exponential ansatz wavefunc-
tions as competitive approaches for electron-phonon systems. Unlike previous
treatments based on perturbation theory, systematic benchmarking of coupled
cluster theory and variational Lang-Firsov methods on the Holstein model
demonstrates, for the first time, that these approaches accurately describe
polaron formation across coupling regimes when combined with appropriate
reference state optimization. These results provide a foundation for incorpo-

rating phonon effects into ab initio studies of superconducting materials.

In addition to these methodological advances, GPU acceleration and MPI par-
allelization enhance computational throughput, enabling efficient large-scale
calculations. Together, these developments constitute a computational frame-
work for predictive ab initio quantum many-body calculations in crystalline
materials, opening new avenues for understanding and designing strongly cor-

related quantum materials.
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Chapter 1

INTRODUCTION

The accurate simulation of strongly correlated crystalline materials from first
principles remains one of the grand challenges in quantum chemistry. While
transistor density grew exponentially for decades, as captured by Moore’s
law [1], hardware advances alone cannot overcome the fundamental intractabil-
ity of the quantum many-body problem. As transistor dimensions approach
the nanometer scale, quantum tunneling induces substantial leakage currents,
establishing physical limits on transistor scaling. Power dissipation constraints
have imposed a ceiling on clock frequencies, and the widening disparity be-
tween processor throughput and memory bandwidth [2] has compelled a paradigm
shift toward massive parallelism. Yet this strategy encounters its own barriers.
Scaling beyond thousands of cores yields diminishing returns because the serial
fraction of any algorithm bounds overall speedup [3], a limitation further com-
pounded by communication overhead in distributed environments. The path
forward, therefore, lies not only in exploiting modern hardware through GPU
acceleration and efficient parallelization, but more fundamentally in the sys-
tematic optimization of theoretical approximations and numerical algorithms.

This dissertation pursues both directions, with primary emphasis on the latter.



1.1 Quantum Many-Body Problems

The quantum mechanical behavior of electrons interacting within nuclear elec-
trostatic potentials determines the electronic, optical, and thermodynamic
properties of molecules and materials [4]. Predicting these properties requires
solving the time-independent Schrodinger equation for the system Hamilto-
nian:

ﬁ“lftot> = Eiot|Viot) (1.1)

In nonrelativistic quantum mechanics, the Hamiltonian comprises five terms

expressed in electron and nuclear momenta and positions:

. AZA 62 ZA
Z ZQMA_ZIWEOZ,Z r _RA|

T
e? 1 e? ! ZaZ (12)
AZB
+47T€ Z\f"-—'f‘-\+4ﬂe Z R, — Ryl
0y M0 1 0 ip [Ra— Rp|

Here, m; and M4 denote the masses, 7; and R, the position operators, and
p, and P, the momentum operators of electron ¢ and nucleus A, respectively.
The nuclear charge is Z4, while h, e, and ¢, represent the reduced Planck

constant, elementary charge, and vacuum permittivity.

The Born-Oppenheimer approximation decouples electronic and nuclear de-
grees of freedom by exploiting the large mass ratio between nuclei and elec-
trons, which typically exceeds three orders of magnitude [5]. This mass dif-
ference ensures that nuclei move much more slowly than electrons, thereby

permitting expansion of the full quantum state in a direct product basis,
|Wior) szpl ) ¥, (R)) ® |R) (1.3)

Within this representation, the nuclear coordinates R = {RA} transform from
quantum mechanical operators into classical parameters upon which the elec-

tronic state depends, while the nuclear momentum operator P = {15 A} acts



as a derivative with respect to these parametric coordinates. This separa-
tion consequently yields two coupled problems, namely the determination of
the nuclear wavefunction propagating on electronic potential energy surfaces
and the solution of the electronic structure at fixed nuclear geometry. Under
the Born-Oppenheimer approximation, the electronic Schrodinger equation is

therefore obtained as,
Hyo(R)|V;(R)) = Er(R)|V/(R)) (1.4)

where E7(R) denotes the electronic energy of the I-th electronic state at fixed
nuclear geometry, was named as potential energy surface (PES) in quantum

chemistry. The Born-Oppenheimer Hamiltonian takes the form:

. P> Zae? e?
HBO(R) :;2”; _§m+2m
+ Z dme Z|?iZB—€2R |

A<B 0 A B

1<J
The Born-Oppenheimer approximation substantially reduces computational

(1.5)

complexity and applies broadly across molecular and condensed matter sys-
tems [6]. The approximation becomes unreliable when low-lying electronic
states exhibit strong variation with nuclear displacement and approach en-
ergetic degeneracy, as occurs near conical intersections and in systems with

significant vibronic coupling.

Even within the Born-Oppenheimer framework, exact solution of the elec-
tronic many-body Schrodinger equation Eq. (1.4) remains computationally
intractable for systems of practical interest. The antisymmetry requirement
imposed by the Pauli exclusion principle, combined with electron-electron cor-
relations [7], causes the computational cost of exact solutions to scale expo-
nentially with system size [8]. Consequently, developing physically motivated

approximations is essential for obtaining tractable numerical solutions. Each



stage of a many-body simulation demands carefully designed approximations;

the following discussion addresses the principal considerations.

Solving the electronic Schrodinger equation first requires discretizing the con-
tinuous problem using a finite basis set or grid representation. The most
popular basis functions have historically been chosen to simplify the required
Hamiltonian matrix elements in the basis. They include atomic basis sets
(commonly Gaussian basis sets) and plane wave basis sets. In Gaussian bases,
a linear combination of Gaussian functions are centered on each nucleus of the

problem, i.e.,
x(r) = (z — A= (y — Ay)ly(z — A, exp(—a\r — A\2), (1.6)

where A is the nucleus position, [, [,, and [, are integers [9]. hese atomic-
centred bases offer precise control over the location and shape of the basis
functions but are non-orthogonal, which leads to some numerical complica-

tions.

Plane wave bases are constructed by placing the system of interest in a finite
box of volume V' (say cubic, for simplicity) with periodic boundary conditions.

This suggests a natural basis function of the form

1 )
xe(r) = W exp(—iG - ) (1.7)

with the wavevectors G chosen to satisfy the boundary conditions. Here,
Gmax 18 the maximum wavevector. Plane waves uniformly resolve space and
are orthogonal, which leads to well-conditioned numerical algorithms with sys-

tematic convergence, although they are not as compact as atomic bases [10].

Other popular choices include numerical grid methods [11], which discretize
space into a grid of points and use the values of the wavefunction at these

points to construct the basis functions. The Hamiltonian can then be written



in the second quantized form as combination of the creation and annihila-
tion operators of these one-particle basis functions. Researchers employ two

distinct strategies for basis discretization:

1. Systematic basis expansion toward the complete basis set limit, target-
ing quantitative accuracy with controlled error estimates. This strategy
predominates in ab initio quantum chemistry [12] and computational

materials science.

2. Minimal model construction that retains only essential physical inter-
actions. This philosophy prevails in condensed matter physics, where
sophisticated numerical methods extract mechanistic insights from sim-

plified Hamiltonians [7].

These philosophies represent complementary approaches for balancing com-
putational cost against physical fidelity [13]. Increasing computational power
continues to blur the boundary between them, enabling hybrid approaches

that combine systematic convergence with physical insight.

Once the basis representation is established, an approximate method is selected
to solve the resulting discrete problem. Diverse numerical methods have been
developed for approximately solving the quantum many-body problem, includ-
ing wavefunction-based approaches [14], density functional methods [15], and
quantum Monte Carlo techniques [16]. These methods differ in their represen-
tational completeness, degree of empiricism, computational scaling, numerical
stability, and achievable accuracy. No single method dominates across all phys-
ical systems and accuracy requirements. Consequently, three considerations

guide method selection:

e [s quantitative accuracy required, or do qualitative trends suffice?



e How strongly correlated is the system?

e What computational resources are available?

Advances in computer hardware and high-performance numerical libraries have
expanded the scope of tractable simulations, enabling calculations on consumer
hardware that were previously accessible only on supercomputers. Developing
robust many-body simulation tools requires simultaneous optimization across
theory formulation, numerical implementation, and algorithmic design. The
field of quantum many-body methods advances rapidly alongside improve-
ments in computational infrastructure. The remaining sections of this chapter
introduce four research directions that exploit emerging opportunities in this

evolving landscape.

1.2 Density Functional Theory

In computational materials science, density functional theory (DFT) has es-
tablished itself as the principal computational framework over the past few
decades. This framework maps the many-body problem onto an auxiliary sys-
tem of non-interacting electrons, where each electron experiences an effective
potential determined by exchange-correlation functionals acting on the three-
dimensional electron density. The mean-field approximation yields a set of
single-particle Kohn-Sham equations that can be solved self-consistently,

Flol(r) = (s, Fslol =~ V° 4 Viglgl,  (18)

where Veg[p] denotes the effective potential given by

%mm:mWH”E/W”MQ+%mm. (1.9)

4meq lr — /|
Here, Ve represents the external potential, corresponding to the nuclear po-

tential for molecular and crystalline systems, and vy [p] denotes the exchange-



correlation potential, which is a functional of the electron density p(r) defined

as

plr) =Y Jui(r). (1.10)

1€0cc

By reducing the many-body problem to a non-interacting formulation, DFT
achieves a substantial reduction in computational cost. However, although the
theory is exact in principle, the exchange-correlation functional that encapsu-
lates all many-body effects can only be approximated, and no systematic route
exists for its improvement. In practice, development of exchange-correlation
functionals has proceeded incrementally, and the resulting approximations of-
ten exhibit system-dependent performance. As a consequence, DFT-based ma-
terials simulations typically provide qualitative guidance rather than definitive
quantitative predictions. These inherent limitations motivate the search for

alternative approaches capable of achieving systematic improvability.

Within the density functional framework, considerable effort has been devoted
to methods based on low-order time-dependent perturbation theory, includ-
ing the GW approximation and the Bethe-Salpeter equation. These meth-
ods generally yield improved accuracy in weakly to intermediately correlated
regimes. Nevertheless, their performance in strongly correlated systems re-
mains inconsistent, and systematic pathways for further improvement have
yet to be established. An alternative strategy involves a paradigm shift to-
ward wavefunction-based approaches, which have been widely adopted in the
quantum chemistry community. Rather than operating on the electron density,
a reduced quantity, quantum chemical methods seek to approximate the full
wavefunction through expansion in many-body bases constructed from Slater

determinants.



1.3 Wavefunction Methods

Hartree-Fock Theory and Configuration Interaction. At the Hartree-
Fock level, the ground-state wavefunction is assumed to consist of a single
Slater determinant. Based on the variational principle, the Hartree-Fock-
Roothaan equations can be derived, with a structure similar to the Kohn-Sham
equations presented in Eq. (1.8). Within this context, the most straightfor-
ward route to systematic improvement is the configuration interaction (CI)
ansatz, which represents one of the earliest electron correlation methods in
quantum chemistry [14]. In CI, the ground state is expressed as a linear com-
bination of Slater determinants. For truncated CI methods, this expansion
is conveniently written in terms of excitation operators acting on a reference

determinant,
W) = (1 + ch> D), (1.11)
k=1

where C, generates all k-fold excited determinants with variationally opti-
mized coefficients and n specifies the truncation level. Common truncation
schemes include CIS (n = 1), CISD (n = 2), and CISDT (n = 3). When all
excitations up to the number of electrons are included, the method becomes

full configuration interaction (FCI),

Urar) = Y Cirl®r), (1.12)

which yields the exact solution within a given one-particle basis and is equiv-
alently termed exact diagonalization in condensed matter physics. The coeffi-
cients C are obtained by diagonalizing the Hamiltonian matrix in the space
spanned by the included determinants. However, the exponentially increasing
number of configurations limits FCI to systems containing approximately 16

electrons in 16 orbitals when no additional symmetry is exploited.



In contemporary applications, FCI is commonly employed to describe strong
correlation within valence orbitals, often referred to as an active space encom-
passing all valence configurations. The method has also experienced renewed
interest through selected configuration interaction variants, wherein the de-
terminants |®;) are chosen in a problem-specific manner to sparsely span the
Hilbert space [17, 18]. In such approaches, the number of configurations serves
as a convergence parameter that can be systematically increased toward the
exact result. However, the lack of size extensivity fundamentally limits the

application of configuration interaction methods to relatively small systems.

Many-body Perturbation Theory. A systematic framework for incorpo-
rating electron correlation beyond the mean-field level is provided by many-
body perturbation theory (MBPT) [13]. The approach originates from Rayleigh-
Schrodinger perturbation theory and was first applied to many-electron sys-
tems by Mgller and Plesset using the Hartree-Fock solution as the zeroth-order
reference [19]. In quantum chemistry, this formulation is commonly denoted
MPn, where n indicates the perturbation order, while in condensed matter

physics the term MBPT is more prevalent.

Within this framework, the exact Hamiltonian is partitioned as H=F+ )\W,
where F' denotes the Fock operator, W=H-F represents the fluctuation
potential capturing electron correlation, and A serves as a formal perturbation
parameter. The ground-state energy and wavefunction are subsequently ex-
panded as power series in A, with the physical solution recovered at A = 1. To

n-th order, the perturbed wavefunction takes the form

A oA k
n ~( W
[Uiiaer) = o) + £ Z( Qﬁ) o) | . (1.13)

k=1 0

where Q = 1—|®)(®,| projects onto the space orthogonal to the reference de-
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terminant, and £ denotes the linked-diagram operator that eliminates discon-
nected contributions. This linked-diagram formulation guarantees size exten-
sivity, a critical requirement for meaningful calculations on extended systems.

The n-th order energy correction is given by

B = (o H|W{igph). (1.14)

Within this formulation, the sum of zeroth and first-order contributions recov-
ers the Hartree-Fock energy, rendering the second-order correction (MP2) the
lowest non-trivial estimate of the correlation energy. MP2 provides a compu-
tationally efficient and often qualitatively accurate correction to Hartree-Fock
results, particularly for systems exhibiting a large energy gap between occu-

pied and virtual orbitals, as is typical in small molecules [20].

Extending perturbation theory to higher orders rapidly becomes computation-
ally demanding and does not necessarily improve accuracy, as the perturbation
series frequently diverges [21]. To circumvent these limitations, various resum-
mation techniques have been developed that selectively sum certain classes of
connected diagrams to infinite order, thereby capturing partial contributions
from each perturbative order while avoiding explicit evaluation of high-order

terms [22].

Coupled Cluster Theory. Among wavefunction-based approaches, cou-
pled cluster (CC) methods stand as one of the most successful frameworks
for treating electron correlation. Similar to MBPT, CC is size extensive but
does not satisfy the variational principle. The theoretical foundation can be
understood through systematic application of the resummation techniques in-

troduced in the preceding paragraph.
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Originally developed by Coester in the 1950s for nuclear structure calcula-
tions [23], the method was later reformulated by Cizek for ground-state prob-
lems of atomic and molecular systems [24]. Since then, CC theory has achieved
remarkable success in quantum chemistry. For weakly correlated systems,
these methods provide the most accurate single-reference treatment and are
widely regarded as a benchmark standard against which other approximate
methods are validated. The framework has also been extended to compute
molecular properties including ionization potentials, electron affinities, and

electronic excited states [25].

The central ansatz of coupled cluster theory expresses the exact ground-state
wavefunction as an exponential acting on the Hartree-Fock reference determi-
nant |®g),

[Wee) = el |dg) = Tt T F1N ), (1.15)

where T' denotes the cluster operator and T}, generates all n-fold excitations

from the reference.

In practical calculations, the cluster operator must be truncated at a finite
excitation level. Common truncation schemes include CCD (T ~ T3), CCSD
(T ~ Ty + Ty), and CCSDT (T ~ Ty + Ty + T3). Comparing Eq. (1.15) with
the truncated CI ansatz in Eq. (1.11) reveals a key distinction. Although both
methods at the same excitation level contain identical numbers of independent
parameters, the exponential structure of CC incorporates contributions from

higher excitations through products of lower-order cluster amplitudes,

R I 1 .
el|®g) = [1+T+§T2+§T3+--l | Do)
‘ (1.16)

A 1. N
= {1 + T + <§T12 —i—Tz) —l—} |Do).
These higher-order contributions are not independently optimized but are de-

termined by the lower-order amplitudes, which ensures size extensivity even
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under truncation.

The cluster amplitudes can in principle be determined variationally by min-
imizing the energy expectation value. However, because the cluster operator
is not Hermitian, such variational coupled cluster formulations are computa-
tionally demanding. The standard approach instead projects the similarity-
transformed Schrodinger equation onto the reference and excited determinants.

Left-multiplying the Schrodinger equation by e T yields

e THET|®g) = Ey|®p). (1.17)
Projection onto the reference determinant recovers the energy expression

By = (Bo|le T HeT|Dy), (1.18)

while projection onto excited determinants |<I>f]b> provides the amplitude
equations

(@ |~ T HeT | @) = 0. (1.19)
The number of such equations matches the number of unknown amplitudes,

forming a polynomial system that must be solved iteratively.

A key computational advantage of this projection formulation arises from
the Baker-Campbell-Hausdorff (BCH) expansion of the similarity-transformed
Hamiltonian. Because the Hamiltonian contains at most two-body interac-
tions, this expansion terminates at finite order, enabling efficient evaluation

despite the complexity of the resulting expressions.

The computational cost of coupled cluster methods increases steeply with the
truncation level. Currently, the most widely employed variant is CCSD(T),
which determines single and double excitation amplitudes self-consistently
while treating triple excitations perturbatively. This approach reduces the

computational scaling by an order of magnitude relative to full CCSDT while
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retaining sufficient accuracy to achieve chemical precision for typical closed-
shell systems. CCSD(T) is therefore widely adopted as the benchmark stan-

dard in quantum chemical calculations.

Other Wavefunction Methods. Beyond the methods discussed above,
several other wavefunction-based approaches provide valuable alternatives for
treating electron correlation. These include multi-configurational self-consistent
field (MCSCF) theory and multi-reference dynamical correlation methods built
upon it, matrix product states (MPS) [26, 27|, density matrix renormaliza-
tion group (DMRG) [28-30], tensor network (TN) methods [31], and quantum
Monte Carlo (QMC) [32]. Although each method offers distinct advantages for
specific chemical problems, all face the challenge of balancing accuracy against

computational tractability in extended systems.

To address the intractability of quantum many-body problems, one well-established
strategy exploits the locality and decay of correlations [33, 34]. This principle
of nearsightedness underlies various quantum embedding and local correlation
frameworks. Numerous implementations of these concepts have been devel-
oped [35-68], yet they share a common structural feature. Specifically, these
methods partition the system into fragments that are subsequently treated ei-
ther independently or with simplified inter-fragment coupling. In quantum em-
bedding methods, this coupling is typically mediated through self-consistency
of a single-particle quantity [68], whereas local correlation methods often em-
ploy simplified treatments of spatially separated electron pairs. Consequently,
these locality-based frameworks offer a promising route toward accurate and

computationally feasible simulations of crystalline materials.

Building on this foundation, the present work focuses on three representative

methods to illustrate these complementary strategies, the local natural orbital
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coupled cluster method with singles and doubles (LNO-CCSD) [38, 69] for lo-
cal correlation, and density matrix embedding theory (DMET) [70, 71] along
with dynamical mean-field theory (DMFT) [72, 73] for quantum embedding.
All three approaches have demonstrated robust performance in crystalline ma-

terials across diverse applications [64-66, 69, 74-77].

1.4 Local Natural Orbital Coupled Cluster Method

The LNO-CCSD method approximates the canonical CCSD correlation energy
through a divide-and-conquer strategy [37, 38, 78]. The canonical occupied
orbitals are first localized via the Pipek-Mezey scheme [79], yielding a set
of localized occupied orbitals ¢, = ). U.9;. For each localized occupied
orbital ¢,, a local active space A, is constructed by diagonalizing the occupied

and virtual blocks of the second-order Mgller-Plesset (MP2) density matrix.

Specifically,
D= " tiaas(2tjaas — taas); (1.20)
ab
ng = Ztaa,jC<2tozb,jc - tjb,ac), (1.21)

]
where toa0 = (@a|jb)/(faa + € — €4 — €) is an approximate MP2 amplitude.

Diagonalizing the virtual block,

Dy =Y & XaXi, (1.22)

C

yields a set of localized virtual orbitals ¢ = ) X 1. corresponding to eigen-
values £ exceeding a threshold A,. Similarly, diagonalizing the projected
occupied block,
D =) Q5D = ) &YRYj, (1.23)
kl k
where Q% = 0;j — »_, UiaUja projects out ¢, to prevent mixing with other
occupied orbitals, yields localized occupied orbitals ¢ = >, Y%y, corre-

sponding to eigenvalues 2 — &} exceeding a threshold A,. Together with ¢,,
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these orbitals form the local active space A,. For gapped systems such as the
surface models studied in this work, the size of the local active space is much
smaller than the total number of orbitals and remains constant with increasing

system size at a given accuracy level.

Within each local active space, an effective Hamiltonian H.,, is constructed by
projecting the full Hamiltonian onto the local active space, and the CCSD
equations are solved to obtain amplitudes t;, and t;;,, as well as the pair
correlation energies &;. The total correlation energy is evaluated as a sum of
fragment contributions,

Eo=3"EB2=3" % UnlUn&y with & =&+, (1.24)

a kleA,

The singles-and-doubles contribution Eg’SD and perturbative triples contribu-

tion 5,3’(T) are computed from the CCSD amplitudes within A,

g = Z (tiakb + tialks) (2Viai — Vibia), (1.25)
iabeAqg,
@, T 1 aoc a ca, a cba
gkl( = 3 Z Z (4wk?j + wlliij + wki]l‘))(vlig'c - Uzil} ), (1.26)

1j€Aq abcEAq
where

wigs = Py (Z Vidaktjeid — Y Vckatmlb> /) A, (1.27)
4 !

1
Ug?; = w,‘iﬁ’; + §P]?Z'C%ibjtkc/ —A%ij (1.28)

Here Azf; denotes the energy gap between the occupied and virtual orbitals,
and P,‘;%c generates the permutations for three-particle-three-hole tensors.

To further improve accuracy, the calculation is repeated for a series of trun-
cation thresholds. The resulting LNO-CCSD(T) correlation energies are then
extrapolated to the full system using the global MP2 correlation energy as a

reference.

The computational cost of an LNO calculation comprises three parts:
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1. Full-system MP2, required for the LNO construction, scaling as O(N?®).

2. N, independent integral transformations for the local Hamiltonian con-

struction, each scaling as O(N°) but embarrassingly parallel in N,,.

3. N, independent correlated calculations of all local Hamiltonians. Since
the size of each local active space remains constant for gapped systems,

this step scales linearly with system size.

In practice, the O(N®) steps often dominate the computational cost for large
systems. However, many numerical techniques, such as local domain-based ap-
proximations and Laplace transform methods, have been developed to achieve
linear scaling for molecular LNO-CCSD(T) calculations. These advances can

readily be extended to the periodic LNO-CCSD(T) method described here.

1.5 Dynamical mean-field theory

Over the past three decades, dynamical mean-field theory (DMFT) has es-
tablished itself as an essential framework for treating strongly correlated crys-
talline systems, where density functional theory and low-order Green’s func-
tion methods frequently underestimate or misrepresent correlation-driven phe-
nomena [22]. Metzner and Vollhardt [80] laid the theoretical foundation by
demonstrating that the self-energy becomes purely local in the limit of infinite
spatial dimensions while retaining its full frequency dependence. Building on
this insight, Georges and Kotliar [81] formulated the modern DMFT frame-
work by establishing a self-consistent mapping between the lattice model and
an auxiliary quantum impurity problem. This mapping preserves local dy-
namical correlations that are essential for describing phenomena such as the

Mott metal-insulator transition [72].
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Central to this mapping is the adoption of the Green’s function as the funda-
mental variable connecting the lattice and impurity problems. The formalism
operates within two spatial domains, namely the full lattice and a chosen im-
purity region that typically comprises a cluster of sites in model systems or a
single unit cell in full-cell DMFT. The lattice Green’s function Gjag(w) charac-
terizes the full periodic system, where the underlying one-body Hamiltonian
F... is obtained from a mean-field calculation such as Hartree-Fock or DFT.
Within the impurity region, two Green’s functions serve distinct purposes. The
low-level Green’s function G (w) is extracted as the submatrix of Gia(w)
corresponding to the impurity region. In contrast, the high-level Green’s func-
tion G&Lp(w) is obtained by applying a correlated solver such as FCI or CCSD
to an auxiliary (embedding) Hamiltonian constructed from the impurity re-
gion. Although both G{} (w) and G{il: (w) are defined on the same impurity
space, they generally differ because they originate from different levels of the-
ory. The central self-consistency condition of DMFT therefore requires that
these two quantities match at convergence. To achieve this matching, one in-
troduces a frequency-dependent hybridization function A(w) that encodes the

coupling between the impurity and its environment. In the first iteration, the

hybridization is initialized as

A(w) =wl — Fipp — [GY ()] 7 (1.29)

imp

where Giomp(w) denotes the impurity submatrix of the non-interacting lattice

Green’s function G, (w) = [wl — Fu] "
Given the hybridization function, the impurity problem is formulated through
a set of noninteracting bath orbitals designed to reproduce A(w). In bath-

based DMFT, the hybridization A(w) is represented by a finite set of dis-

crete bath sites and couplings [82-84|. Unlike approaches that fit along the
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imaginary frequency axis, the present work approximates A(w) along the real
frequency axis, an approach that yields more accurate dynamical quantities
such as spectral functions. To construct the bath representation, one first ex-
tracts the spectral density J(e) from the hybridization function through the
relation [85],

3(e) = —%ImA(eJrin), (1.30)

where 7 denotes a broadening parameter. The hybridization function and its
spectral density are related via the Hilbert transform, which can be approxi-

mated by numerical quadrature along the real axis as

Jl<€) th’L(Et) Vive
Aji(w) = [ de2 ~ AV ASSZANES )8 1.31
)= [adfl ST EPE =S s

where V% denotes the impurity-bath couplings obtained by decomposing w;J (¢;),

and ¢; represents the bath orbital energies.

With these bath parameters determined, the embedding Hamiltonian assumes

the form

I:Iemb = ﬁimp + [:[batha (132>

where f[imp contains the one-body and two-body interactions within the im-

purity region. The bath Hamiltonian is given by
Hyan = > > _ablbs + Y D >V (&jl}ts + Eisdi> . (1.33)
t s t s %
Here a; and dj» denote annihilation and creation operators for impurity orbitals,

while by, and bf, denote the corresponding operators for bath orbitals.

Applying a high-level solver to Hepyp, vields GHE (W), from which the self-energy

imp

is extracted via

Simp(W) = wl — Fipp — A(w) — [GiEE (w)] 7% (1.34)

imp
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The central approximation of DMFT posits that the lattice self-energy can be

constructed by tiling the impurity self-energy across all equivalent cells as
Siat(w) = diag[Eimp (W), Bimp (W), . . ], (1.35)

an approximation that neglects intercluster contributions. The lattice Green’s

function is then updated according to
Grat (W) = [wl = Frag — Tiag(w)] (1.36)

and GL (w) is subsequently extracted as the impurity submatrix. The hy-

imp

bridization function is then updated for the next iteration according to

A(w) = wl — Fipp — Zinp(w) — [GEE (w)] 7 (1.37)

imp

This cycle repeats until Git (w) and G{ll:(w) converge to identical values.
Upon satisfying this condition, the correlation effects captured by the high-
level solver propagate throughout the entire lattice, yielding a Gy, (w) of high-

level quality.

Although the framework presented above employs a supercell representation
of Gias(w), practical implementations typically exploit translational symmetry
by working in reciprocal space. Within this formulation, the lattice Green’s
function becomes G(w, k) [59], while the corresponding self-energy takes the
form ¥(w, k) = Eimp(w). This momentum independence of the self-energy is
often presented in the literature as the defining approximation of DMFT, and

is equivalent to Eq. (1.35).

1.6 Density matrix embedding theory

Whereas DMFT employs the Green’s function as the fundamental connec-

tor between lattice and impurity problems, density matrix embedding theory
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(DMET) adopts the reduced density matrix as its central variable. Knizia
and Chan [70] introduced this alternative embedding framework, drawing on
the Schmidt decomposition of quantum states [86, 87] to define a set of ro-
tated basis states that possess entanglement with a preselected fragment. This
mathematical structure provides a systematic route to construct bath orbitals

without requiring explicit frequency dependence.

To illustrate this formalism, consider a Hubbard model with N sites parti-
tioned into two subsystems, namely an impurity region A containing N4 sites
and an environment region B containing Np sites, where Ny < Ng. The wave-
function of the entire system can be expanded on the tensor-product basis of

subsystems A and B as
Ty = " Wp|A) ®|By), (1.38)
1J

where |Aj) and |B;) denote orthonormal many-body basis states of A and B,
respectively. Factorizing the coefficient tensor ¥;; via singular value decom-

position (SVD) yields

@) =) S, (Z U01|AI>> (Z VU*J|BJ>>
= ZSG|O‘0>|BU>7

(1.39)

which constitutes the Schmidt decomposition of a general quantum state [86].
The Schmidt basis states |3,) span a subspace in the environment with the
same dimension as the impurity, thereby providing a natural definition of
the bath states. Consequently, the Hilbert space dimension reduces to 274
regardless of the total lattice size. This reduction enables projection of the

original lattice Hamiltonian onto the embedding space as

Hewy = PHP with P =" |a,)|8,) (| (B, (1.40)
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One can verify that the embedding Hamiltonian shares the same ground state
energy as the original Hamiltonian, since (U|PHP|U) = (¥U|H|¥) = E,. This

property establishes the foundation for exact embedding.

In practice, however, the exact wavefunction remains unknown, and approx-
imations become necessary. The key idea is to construct the wavefunction
iteratively in a self-improving manner. When the low-level solution takes the
form of a mean-field Slater determinant, the bath states reduce to a set of
single-particle orbitals whose overlap with the fragment is non-zero [70, 71].
These bath orbitals can be constructed from either the molecular orbital (MO)
coefficients or the corresponding one-body reduced density matrix. The occu-
pied block of the MO coefficients can be written in a bipartite form as
Coce
Co = , (1.41)
Cye
where C%¢ and C%* have dimensions Ny X Nye and Np X Ny, respectively.

In the following derivation, we assume Ny > Ny.

Performing an SVD on C%¢ = U4 X, V', identifies the components in C%® that
have nonzero overlap with A. The matrix V 4, with dimensions Nye. X Nyce,
defines the rotation that transforms the MOs into embedding orbitals (EOs).
Since this rotation operates within the occupied space, it does not alter the

mean-field state as

_ U,y S P 0
Coc=coev, = | 0| = . (1.42)

C%V, Q E

In the resulting block structure, P has dimensions N4 X N4 and represents
the rotated impurity orbitals. The matrix Q has dimensions N x N4 and
represents the environment components having nonzero overlap with A. The

matrix E has dimensions Np X (Ny.. — Na) and represents the environment
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components with zero overlap, corresponding to the core orbitals that remain
doubly occupied. Orthonormalizing Q yields the bath orbitals B, which, to-
gether with the identity matrix for the impurity part, define the transformation
matrix CA9EO from atomic orbitals (AOs, or the site basis in a lattice model)

to the embedding space as

I 0
CAOEO — . (1.43)
0 B

Alternatively, the bath orbitals can be obtained by performing an SVD on the
off-diagonal block of the one-body reduced density matrix. Regardless of the
construction route, the number of bath orbitals equals the number of impurity
orbitals, and their spatial distribution exhibits larger weights on sites near the

fragment, reflecting the local character of electron correlation.

Once the transformation in Eq. (1.43) is established, the global Hamiltonian
can be projected onto the embedding space. In the interacting bath formal-
ism [70, 71], all terms in the lattice Hamiltonian undergo transformation, and
two-electron interactions among bath orbitals generally remain non-zero. A
simpler alternative is the non-interacting bath formalism [70], where the bath
orbitals remain non-interacting and the two-body integrals involving bath in-
dices are effectively replaced by a one-body correlation potential. Within this
non-interacting bath formalism, the embedding Hamiltonian closely resembles

that employed in DMFT (see Section 1.5).

Several properties of this embedding procedure merit attention. First, the
number of electrons in the embedding Hamiltonian exactly equals the number
of impurity orbitals, rendering the embedded problem half-filled. This prop-
erty follows from the structure of E in Eq. (1.42), since the number of core

orbitals is Ny.c — N4, leaving exactly N4 electrons in the embedding space.
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This integer electron number constitutes a distinctive feature of DMET com-
pared to other embedding schemes, where the embedded electron number may
not be an integer. Second, the embedding becomes exact in several limiting
cases, including the isolated atom limit where no coupling exists between im-
purities and thus no bath is required, the noninteracting limit with V' = 0, and
the Hartree-Fock-in-Hartree-Fock embedding where both lattice and impurity

problems are solved at the HF level.

The embedding Hamiltonian is solved using a high-level impurity solver, typi-
cally one of the many-body quantum methods introduced in Section 1.1, such
as full configuration interaction, coupled cluster theory, or density matrix
renormalization group. As long as the solver provides the reduced density
matrices, expectation values can be evaluated from the solution. For local
properties within a single impurity, these can be obtained directly from the
solver density matrices. For nonlocal properties across different impurities,

however, democratic partitioning can be employed. Specifically,
1
(afa;) = 5 ((']ala; @) + (0 |ala;w")) (1.44)

where indices ¢ and j denote local orbitals belonging to clusters I and J,

respectively, and the result is averaged between the two embedding problems.

Beyond computing expectation values, the high-level solution can also im-
prove the low-level theory through self-consistency. This is typically achieved
by introducing a correlation potential 4 that minimizes the density matrix
difference between the two levels of theory. Mathematically, this corresponds
to a least-squares minimization as

minz |P(w)™ — P
ij

2
)

(1.45)

where PHL is obtained from the impurity solver and held fixed during the

minimization, while the fitted density matrix P is generated from the mod-
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ified lattice mean-field Hamiltonian F + 4. In practice, the fitting can be
performed on a subset of the impurity orbitals to reduce the computational

cost and improve numerical stability.

The specific form of u determines possible ways of breaking symmetry. A

generic form is

=Y ufal,aj,, (1.46)

ijo
where u contains spin-unrestricted parameters (o = « or 3) that can generate
spin-symmetry-breaking magnetic orders. Other types of correlation poten-
tials can also be introduced to break particle number symmetry and allow for
superconducting pairing orders. The entire DMET self-consistency procedure

is then repeated until P converges.

1.7 Comparison between DMET and DMFT

DMET shares deep conceptual parallels with Dynamical Mean-Field Theory
(DMFT) [72, 73]. Fundamentally, both methods map the complex lattice prob-
lem onto an embedded impurity model, where a local cluster is coupled to a set
of bath orbitals representing the thermodynamic environment. Furthermore,
both employ a self-consistency loop to propagate local correlation effects back
to the macroscopic lattice. These methods also share specific exact limits;
for instance, both recover the non-interacting and atomic limits exactly, and

DMFT is notably exact in the limit of infinite spatial dimensions [72].

At a schematic level, the quantities governing the self-consistency conditions

play analogous roles in the two theories:

P < Gup(w), u¢ Aw). (1.47)
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Here, the static one-body density matrix P and the correlation potential u
in DMET act as the static counterparts to the frequency-dependent impurity
Green’s function Ginp(w) and the hybridization function A(w) in DMFT,

respectively.

A fundamental difference is established by the frequency dependence of the
Green’s function, which renders DMFT intrinsically a theory of excited states.
Consequently, the local spectral function can be extracted from the Green’s
function and subsequently compared directly with experimental measurements,
including X ray photoemission spectroscopy and bremsstrahlung isochromat
spectroscopy. Conversely, DMET is formulated as a static theory where den-
sity matrices are employed as the basic variable. As these are viewed as equal
time or frequency integrated Green’s functions, DMET is deemed more suit-
able for problems concerning the ground state. Furthermore, a distinction is
observed regarding the number of bath orbitals. In DMET, the number of
bath orbitals is restricted to match the number of impurity orbitals, whereas
an infinite number is implied in DMFT. Consequently, bath discretization er-
rors are inevitably introduced in the latter. The compact bath representation

in DMET typically offers better computational efficiency than DMFT.
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Chapter 2

AB INITIO QUANTUM MANY-BODY DESCRIPTION OF

SUPERCONDUCTING TRENDS IN THE CUPRATES

This chapter is based on the following publication:

[1] Z.-H. Cui, Yang, Junjie, J. Télle, H.-Z. Ye, S. Yuan, H. Zhai, G. Park,
R. Kim, X. Zhang, L. Lin, T. C. Berkelbach, and G. K.-L. Chan, “Ab
initio quantum many-body description of superconducting trends in the
cuprates”, Nat Commun 16, 1845 (2025),

2.1 Introduction

Since the discovery of high-temperature superconductivity in the cuprates al-
most 40 years ago, obtaining a microscopic description of the phenomenon
has challenged theoretical material science [88, 89]. In particular, the search
for new materials with higher transition temperatures has been hindered by
the absence of predictive computational links between the material struc-
ture/composition and the observed superconducting temperatures. Here, we
describe microscopic calculations that reproduce some of the best-known ma-
terial trends in cuprate superconducting critical temperatures T, via the direct
ab initio computation of the ground-state pairing order, using only the ma-

terial structure as input. These rely on new methods to solve the quantum
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many-body Schrodinger equation in the materials without first simplifying to
low-energy models. Analyzing the solutions identifies simple descriptors which
correlate with transition temperature and the fluctuations that drive the mi-
croscopic process of pairing. Overall, our methodology demonstrates a path
towards predictive ab initio computations of high-temperature superconduc-

tivity in new materials.

Cuprate superconductors are layered perovskite compounds with two-dimensional
copper-oxygen planes separated by buffer layers of atoms, which dope the
planes either with electrons or holes. In the parent undoped state, the ma-
terials are antiferromagnets, becoming superconducting after doping beyond
~10%. Out of the many efforts to increase T, through altering the composition
and structural parameters, some trends can be identified. Two of the clearest
ones are the pressure effect and layer effect. In the pressure effect, T. increases
with pressure applied in the plane, rising, e.g. in Hg-1223 from 135 K at am-
bient pressure to 164 K at 30 GPa [90, 91]. In the layer effect, T, increases
with the number of stacked copper-oxygen planes (e.g. in the mercury-barium

cuprates, T, is 97, 127, 133 K in the 1-, 2-, 3-layer compounds [92]).

Many theories have been proposed to rationalize cuprate superconductivity,
but it has proven difficult to obtain a quantitative microscopic picture, and
even harder to reproduce the specifics of different cuprate materials. There
are two essential complications. First, the phenomenon arises from quantum
many-body physics with strong electron interactions, where there are no ana-
lytical solutions and no obvious small parameter [93]. (This is in contrast to
conventional superconductors with weak electron interactions, where material
specific computations are relatively successful [94, 95]). Within any micro-
scopic framework to describe the electron correlation, the predictions thus

carry uncertainty from their approximate nature. The second is that the com-
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plex material composition complicates the derivation of low-energy Hamiltoni-
ans. While one-band Hubbard models and their relatives have informed much
current thinking [96, 97], recent accurate numerical solutions of these models
have also highlighted the deviation of the model physics from that of the real
materials [98-102]. In addition, although there has been progress in rational-
izing material specific effects in terms of parametrized multi-band models [97,
103-105]the uncertainty introduced into the Hamiltonian arising from down-
folding, for instance, due to density functional theory double-counting [106],
the definition of impurity orbitals [107], or the difficulties of parametrization or
uncertainty of the parametrized form [108], appears comparable to the strength

of the material trends.

In principle, solving the ab initio many-electron Schrodinger equation for the
full cuprate material provides an unambiguous and quantitative route to un-
derstanding cuprate superconductivity. Although this is traditionally viewed
as intractable, recent advances in numerical many-body algorithms and their
computational implementation are opening up the possibility of predictive ab
initio computation even in strongly correlated quantum materials. While such
calculations are more expensive than their model counterparts and thus more
limited in the system size that can be treated, they are complementary to the
low-energy model approach as the microscopic Hamiltonian unambiguously
reflects the material-specific composition, at the expense of a less detailed
description of long-range physics. As one example of the success of such a
strategy, we previously captured, and illuminated at the atomic level, system-
atic trends in the magnetism of the parent state of the cuprates with such
an approach [109]. Here, we show how these strategies may be extended to
the much more challenging doped phases of the cuprates, and in particular to

obtain the superconducting pairing order. Below, we describe the advances
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Figure 2.1: The ab initio density matrix embedding theory (DMET) frame-
work. This involves solving two ground-state problems: for an auxiliary mean-
field Hamiltonian (left), H'* = f + A — ®(A), and a quantum impurity
+ bath Hamiltonian (right), H*™P(A) — WmP(A). A is modified by self-
consistent iteration until the pairing order « is the same in the impurity and
the auxiliary mean-field problem. The non-number-conserving A, W,Y terms
in H°™" arise from the DMET bath construction from ®(A). In this work, the
bulk problem is represented by 128 cuprate unit cells, and the impurity is a
2x2 supercell, illustrated above for CCO (CaCuOs)

that now make this work possible, the cuprate systems we will study for their

systematic trends, and the results and insights that derive from this approach.

2.2 Methodology
Atomic modelling of doping

The hole or electron doping of cuprates is usually generated by chemical dop-
ing, which involves substituting buffer layer ions or introducing additional ions.
For example, LayCuQy is typically doped by replacing some of the La (III) ions
with Sr (II) ions; because the entire crystal remains neutral, this means that
charge must be taken out of the cuprate plane, effectively doping the plane
with holes. Another example particularly relevant to this work is the hole dop-
ing of Hg-based cuprates, where oxygen is introduced into the Hg buffer layer,

whose charge must then be compensated by other ions, including from the
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CuOs plane. Note that the effective doping of the CuO, plane is not always
simple to determine from the dopant atom concentration alone, as charge can
be redistributed across many different atoms. Consequently, the best way to
simulate chemical doping is to use explicit dopant atoms. Unfortunately, the

corresponding supercells become large and thus difficult to treat.

A simple way to dope without using explicit dopants is provided by the rigid
band approximation (RBA). In this case, one directly removes or adds
charge to the system, and assumes that there is a neutralizing background
charge. This is similar in spirit to doping in lattice models, which is performed

simply by modifying the number of particles.

Another method is the virtual crystal approximation (VCA) [110, 111],
where the nuclear potential is obtained by mixing different site compositions,
e.g. if a lattice site has x probability being occupied by atom A, and (1 — z)

probability by atom B, the VCA nuclear potential is defined as,

Hyi M (r) = aVie(r) + (1 = 2) Vi (r). (2.1)

nuc

This approximation is still very crude as one can imagine that the effect of a
half-occupied oxygen (Z = 8) site is fundamentally different to the potential

from a Be atom (Z = 4).

Mean-field settings

The single particle mean-field (SCF) calculations (HF, DFT) were carried
out using the crystalline Gaussian atomic orbital basis representation in the
PYSCF package [112, 113]. The results of these calculations were cross-
checked against plane wave basis calculations using the VASP package [114—
118]. For CCO and the Hg-based cuprates, we used the correlation consistent
double-( basis GTH-cc-pVDZ defined above, using the GTH pseudopotential
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for the core electrons [119, 120]. Gaussian density fitting was used to compute
the two-electron integrals. We used a specially-optimized Gaussian basis as the
density fitting auxiliary basis for Cu, O and Ca; and used the def2-TZVP-RI

basis for the auxiliary basis of Hg and Ba (naux ~ 5na0)-

For the plane wave basis calculations, a projector-augmented wave (PAW)
[118, 121] representation was used to treat the core electrons and we used a

plane wave kinetic energy cutoff of 500 eV.

We sampled the Brillouin zone with a I'-centered k-mesh: we used 4 x 4 x 2 for
the 2 x 2 supercell of the single layer compounds CCO and Hg-1201; 4 x 4 x 1

for the 2 x 2 supercell of the double-layer compound Hg-1212.

All mean-field calculations used a Fermi-Dirac smearing of 0.2 eV. All mean-
field calculations were converged to an accuracy of better than 10~% a.u. per

unit cell.

We used the PBEO [122] hybrid functional for all doping RBA and VCA con-
centrations. All calculations were spin-unrestricted so that the AFM order
could be stabilized at the DFT level. HF calculations were also performed,

but we found that these gave very poor descriptions of the doped states.

In general, it is important to note that the basic features of the charge density
are established by the choice of mean-field and the choice of doping repre-
sentation rather than the DMET self-consistency, as the self-consistency is

performed here on the anomalous part of the correlation potential.

DMET settings

All DMET routines, including the bath construction, integral transformation,
solver interface, and correlation potential fitting, were implemented in the

LIBDMET package [123, 124]. To remove core orbitals (which make the bath
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construction unstable and increases the computational cost) we froze the lowest
mean-field bands (3s3p bands for Cu and Ca, 2s bands for O, 5s bands for

Ba); and we also froze the Cu 4f and O 3d virtuals to further reduce the cost.

We added the correlation potential u to the CuO, three-band orbitals and
only fitted the three-band orbital anomalous blocks of the density matrices,
i.e., (a;naj3) where ij € three-band orbitals (the self-consistency of the normal
magnetic part is not considered in this work). We also enforced Cy;, symmetry
in u. The initial guess of u was chosen as a d-wave pattern on Cu 3d,2_,2
orbitals with a small amplitude 10~2. The convergence criterion on the DMET
self-consistency was chosen such that the maximal change of an element in u

was less than 5 x 1074 a.u..

In the DMET mean-field and correlation fitting, a small smearing of § =

1/kgT = 1000 a.u. was added to the lattice.

We used the Newton-Krylov GCCSD methods implemented in MPI4PYSCF
[125] as solvers. The CCSD T and A equations were converged to a residual
of less than 10~* a.u. The largest embedding problem we treated using the
GCCSD solver was of size (3760, 188¢), with multiple such size fragments

solved simultaneously in the multi-fragment embedding formalism.

For TCCSD, we use an active space of 16 spin orbitals, defined from the CCSD

natural orbitals. The active space was solved by the exact diagonalization.

Ab initio DMRG in the generalized spin orbital formalism was implemented
in BLOCK2 package [126]. A series of active spaces of 16, 32, 48, 64 orbitals
(using CCSD natural orbitals in the last DMET iteration) were solved by

DMRG with a maximal bond dimension M = 3000.
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2.3 Results and Discussions

Ab initio impurity solver benchmarks and order parameters
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Figure 2.2: Benchmark of impurity solver on the phase diagram of
the one-band Hubbard model. 2 x 2 impurity is embedded in 40 x 40
square lattice. The figure plots the magnetic (AFM, paramagnetic (PM))
and pairing order (d-wave) for different U and doping x from (A) FCI (exact
diagonalization) solver and (B) CCSD solver.

Fig. 2.2 shows AFM order and d-wave pairing order computed using a 2 x 2
plaquette impurity embedded in the 1-band 2D Hubbard model using an exact
diagonalization (FCI) solver and the CCSD solver. (Note that this data is
intended to test the quality of the CCSD solver, rather than report on the
detailed physics of the 2D Hubbard model). As can be seen, the CCSD solver
provides a quantitatively accurate impurity solver for the magnetic order at
all dopings. The pairing order from the CCSD solver is slightly less accurate,
but still shows quite good agreement with the exact diagonalization solver up
to U = 6. The main discrepancy from ED at U = 8 is the width of the SC

dome, which is narrower when using the CCSD solver.
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The pressure effect
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Figure 2.3: Superconducting order and pressure effect. (A) Structure
of the oco-layer cuprate CCO (CaCuO,). (B) d-wave and s-wave order as a
function of pressure p, using different doping representations (rigid band ap-
proximation (RBA) and virtual crystal approximation (VCA)). (C) Anomalous
density k(Ry, )+ k'(Ry, ) for CCO at optimal doping and ambient pressure.
The reference point Ry is near the Cu atom in the embedded cell. mgc (Cu):
pairing order between neighboring Cu atoms showing d-wave symmetry. (D)
Orbital-resolved d-wave SC orders between Cu orbital pairs. (E) AFM and
SC order as a function of doping using RBA.

We first examine the computed order in CCO at three different in-plane pres-
sures: -15, 0 (ambient), 33 GPa. Without doping, CCO is in an antiferro-
magnet. At all pressures, under sufficient doping, a superconducting state is
formed with predominantly d-wave pairing order, as illustrated by the Cu-Cu
pairing order at optimal doping in Fig. 2.3B; the d-wave character increases
with increased pressure. There is also a small s-wave piece in the Cu-Cu
pairing, and the total order has a small p-wave component necessarily arising
from the coexistence of AFM and d-wave superconducting order [101]. The

uncertainties of the calculation mean that the absolute numerical values for
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the order should be treated with caution. However, if we use mg&* oc Tg
and assume T, ~ 100 K at ambient pressure, then d7./dP ~ 3 K/GPa, of
the same order as that typically seen in experiments (1-2 K/GPa) [127, 128].
Our calculations thus capture a reasonable pressure effect on the maximum

superconducting order.

Fig. 2.3C shows a real-space visualization of the Cu-centered pair amplitude,
and the scalar pair amplitude between orbitals on neighboring Cu atoms, for
CCO at ambient pressure and optimal doping. The sign of the pairing am-
plitude illustrates the d-wave symmetry, while the spread (not shown) corre-
sponds to a pair distributed across a linear distance of about 6 unit cells. We
show a more detailed orbital resolved analysis of the Cu-Cu d-wave order at

optimal doping in Fig. 2.3D.

We find that O-O pairing contributes about 30% to the total d-wave order,

with Cu-O pairing contributing mainly to the p-wave order.

We now examine in detail the AFM and SC orders as a function of doping in
Fig. 2.3E. We first discuss the z-axis, the doping axis. When holes are added,
the charges go primarily to the CuOs plane, and reside mainly on oxygen
(2p), with a fraction (about 20% - 30%) transferred to Cu; about 90% of the
charge resides in the three-band orbitals (Cu 3d,2_,2 and O 2p,,). Because
the uncompensated moment lies almost entirely on Cu, but the holes reside
in hybridized Cu-O orbitals (i.e. the band that is doped does not contain
all the uncompensated spin density), the holes do not directly quench the
local moment, unlike in the 1-band Hubbard model. Therefore, the decay of
the local magnetic order with respect to z,; (number of holes per unit cell)
is much slower than in the 1-band Hubbard model, although it is similar to

that seen in three-band models for some parameter choices [129]. Our method
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retains some dependence on the bulk mean-field charge density, so we can
obtain unusual behaviour when this charge density is poor. This appears
to be the case in the -15 GPa system, where the moment does not decrease
even under heaving doping. However, the slow decay of local magnetic order
should not be interpreted as a slow decay of global AFM order, as we are

missing long-range fluctuations.

In experiments on oxygen doped cuprates, such as yttrium barium copper ox-
ide [130] and the mercury barium cuprates studied later [131], the effective
Cu doping is usually not taken from the estimated oxygen content, which
(depending on the assumed formal charge of the dopants) could translate to
very large copper-oxygen plane dopings. Instead, the effective doping of the
copper-oxygen plane is inferred from an empirical formula [130, 131]. Our
doped charges only partially reside in the copper-oxygen plane, thus it is in-
teresting to analogously replace the bare doping here with the effective Cu
doping computed from the atomic populations, zc,. We then see that the
maximum d-wave order appears at dopings (10%-15%) similar to that seen in
one-band treatments [132], as well as in the experimental empirical Cu dop-
ings. The optimal doping is close to the point at which the magnetic order
suddenly drops. The SC dome contains a double peak structure; this has been
seen before in three-band models [129], and appears to be related to the finite

size of the impurity cluster.

The quantitative magnetic and pairing orders depend on details of the doping
treatment: for example, the difference in the maximum pairing order between
a VCA and RBA treatment is shown in Fig. 2.3B. This highlights the need to
investigate more realistic representations of dopants. However, the qualitative

pressure trend in the pairing order is reproduced in either case.
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The layer effect
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Figure 2.4: Layer effect. Structures of (A) single-layer Hg-1201
(HgBayCuOy) and (B) double-layer Hg-1212 (HgBayCaCuyOg); (C) Compar-
ison between calculated d-wave SC orders (Hg-1201, Hg-1212, and CCO) and
experimental 7, (data from [92, 133]) as a function of the number of layers per
cell. (D) AFM and SC orders of different compound structures (Hg-1201, oxi-
dized Hg-1212, and reduced Hg-1212). (E) Electron density difference between
oxidized and reduced Hg-1212 at optimal doping (red: increased electron den-
sity of oxidized vs. reduced, blue: decreased electron density). Arrow indicates
the transfer of charge between reduced and oxidized structures.

We next consider the layer effect in the mercury barium cuprates (1-, 2-layer)
and CCO (oo-layer) compounds. The plot of the maximum pairing order as a
function of the layer number is shown in Fig. 2.4C. We see a sizable increase
in the maximum pairing order moving from Hg-1201 to Hg-1212 (ox), similar
to the experimental change in T,. We thus capture the basic experimental
trend in T, of the layer effect. For more than 3 layers, experimentally it is

seen that 7. no longer increases, which has been attributed to the potentially
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inhomogeneous doping of the different copper-oxygen planes. In CCO, inho-
mogeneous doping is not part of our representation, however, the pairing order
decreases slightly from Hg-1212 to CCO, similar to the experimental trend be-
tween 3-6 layers, although the small magnitude of the change is challenging
within the uncertainty of our numerical approach. Our result for CCO is also
in good agreement with the T, for the mixed Sr/CCO compound (assuming
that reflects the Tt of CCO).

The pairing and magnetic orders are shown in Fig. 2.4D. The qualitative be-
havior in the mercury-barium cuprates is similar to that in CCO, although
here, the hole density is less localized on the Cu atoms, and some fraction
goes to buffer atoms (e.g. apical oxygen orbitals). There are other important
microscopic differences between the mercury-barium compounds and CCO.
For example, in CCO, the magnetic order at half-filling decreases between
ambient and 33 GPa pressure, and this is reflected in the more rapid decrease
of the local moment close to optimal doping. However, even though the local
moment in Hg-1212 decays more slowly than in Hg-1201, the optimal pairing

order is larger.

The argon-reduced Hg-1212 structure is similar to the oxygenated structure
but has a larger apical Cu-O distance (by about 0.04 A). Although the experi-
mental sample corresponds to very low oxygen doping where it is not expected
to superconduct, it is still observed to have a T, ~ 92 K [134], leading to spec-
ulation about complex charge-transfer behaviour in mercury barium cuprates.
We find that the undoped magnetic behaviour (e.g. exchange couplings and
charge distribution) is almost identical in the Hg-1212 (ox) and Hg-1212 (red)
structures (see Table S4). Nevertheless, as we dope the reduced structure, we
find that holes distribute differently in the reduced and oxidized form, espe-

cially near optimal doping (x; ~ 0.5) where the effective Cu doping is smaller
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in the reduced structure than the oxidized structure, along with a reduction
in pairing order (as in the experiment, but much larger in magnitude). The
difference in the Hg-1212 (ox) and Hg-1212 (red) electron densities is shown
in Fig. 2.4E: the main difference corresponds to a transfer of charge from the
in-plane O 2p orbitals in the (red) structure, to the apical O and Hg orbitals
in the (ox) structure, leaving the Hg-1212 (ox) with a larger in-plane doping.
The sensitivity of pairing order to the charge distribution highlights the need
to further investigate the treatment of doping and the charge density. Over-
all, the complicated behaviour confirms the importance of atomic scale crystal
structure in the development of the pairing order in these multicomponent,

multilayer cuprates.

2.4 Conclusions

In this work, we have demonstrated a fully ab initio many-body simulation
strategy that, starting from the material structure, directly approximates the
solution of the electronic Schrodinger equation to obtain the superconducting
pairing order across a range of geometries and compositions of cuprate materi-
als. We note what is not yet contained within our current treatment: there are
no phonons, or long-range spin or charge fluctuations (at distances much larger
than the computational cell) and long wavelength orders, the treatment of dop-
ing does not include explicit dopants and the associated structural relaxation
and disorder, nor are the solvers and representations numerically exact (for a
detailed analysis of outstanding limitations, see Sec. 4 of [135]). Consequently,
there remain important differences between the results of the simulations and
observations in real materials. Nonetheless, our goal is not to reproduce all
aspects of cuprate ground-state physics, but rather to capture some of the

observed material trends. In this regard, we find that we reproduce two well-
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known systematic trends in the materials: the increase in maximum pairing
order as a function of intralayer pressure; and the increase (and decrease) in
maximum pairing order as a function of the number of stacked copper-oxygen
layers. That these trends correctly appear indicates that the physics and
numerical aspects of the calculation likely contain important and relevant in-
gredients to describe superconducting pairing in a quantitative manner across

a range of cuprate materials.

Detailed analysis of our calculations supports some long-standing proposals
for the driving force for pairing in cuprates, but also provides new insights.
Superexchange, suitably defined, correlates well with maximum pairing order,
and short-range spin fluctuations, mainly on the copper atoms, drive the pair-
ing. However, the ab initio picture of the fluctuations is richer than that in
simplified models, because multi-orbital effects associated with covalency are
needed to facilitate the spin fluctuations. Such multi-orbital processes are key

to material-specific trends.

The current work shows that a material-specific understanding of supercon-
ductivity in the cuprates is now conceivable through direct ab initio compu-
tation. Further, these computations can be systematically improved in the
future. Thus our work takes a step towards a material driven understanding
of the full phase diagram, the elucidation of the microscopic mechanisms un-
derlying the phases, and the computational search for new high-temperature

superconducting materials.
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Chapter 3

AB INITIO MANY BODY QUANTUM EMBEDDING
AND LOCAL CORRELATION IN CRYSTALLINE
MATERIALS USING INTERPOLATIVE SEPARABLE

DENSITY FITTING

This chapter is based on the following publication:

[1] Yang, Junjie, N. Zhang, S. Yuan, J. Yu, H.-Z. Ye, and G. Chan,
“Ab Initio Many Body Quantum Embedding and Local Correlation
in Crystalline Materials using Interpolative Separable Density Fitting”,
10.48550/ARXIV.2601.16379 (2026), pre-published.

3.1 Introduction

Correlated wavefunction methods have attracted increasing attention in com-
putational materials science, because they provide a pathway to controllable
accuracy via systematically improvable many-body expansions [136-146]. How-
ever, despite their theoretical advantages, these approaches naively suffer from
steep computational scaling with system size, which presents an obstacle to

obtaining thermodynamic limit (TDL) results [12, 142, 147, 148].


https://doi.org/10.48550/ARXIV.2601.16379
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Consequently, several strategies are commonly used to reduce the cost of such
calculations. The first exploits the translational symmetry inherent in periodic
systems, by utilizing Bloch-type single-particle orbitals labelled by the crystal
momentum k. When a uniform k-point mesh of size Ny (containing the I'
point) is employed to sample the Brillouin zone, the calculation is equivalent
to one from a periodic supercell containing N, unit cell images, but with a

Nt [149] to N2 [141] reduction in cost.

The second strategy exploits the locality and decay of correlations [33, 34,
150]. This “near-sightedness” is embodied in different quantum embedding
and local correlation frameworks. While there are many variations [35, 37—
44, 46-59, 61-69, 151-153|, a common feature is that the system is divided
into multiple fragments (or clusters), with each fragment subsequently treated
independently or with a simplified level of coupling, for example, via the self-
consistency of a single-particle quantity in quantum embedding methods [68],
or through the simplified treatment of weak pairs in certain local correlation
methods. In this work, for concreteness we will focus on density matrix embed-
ding [70, 71] as an example of a quantum embedding method, and the local
natural orbital (LNO) method [38, 69] as an example of a local correlation
framework. Both have been applied with success to crystalline materials in a

diverse range of applications [64-66, 69, 74-77].

The third strategy uses low-rank representations. Low-rank approximations
of the Coulomb tensor have been extensively used, such as Cholesky decompo-
sition and resolution-of-the-identity techniques [154-159], pseudospectral ap-
proaches [160-162], as well as tensor hypercontraction (THC) [163-166]. Inter-
polative separable density fitting (ISDF) has attracted attention as a protocol
for generating THC-like factorizations in systems under periodic boundary

conditions, where it has demonstrated the potential to accelerate multiple
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electronic structure methods [167-179].

In this work, we describe an implementation of quantum embedding and lo-
cal correlation for infinite periodic systems that combines the above reduced-
scaling strategies. In particular, our methodology exploits translational sym-
metry through a tensor hypercontraction representation of the Coulomb in-
teraction, implemented via a symmetry adapted ISDF [180-184] based on
crystalline orbitals and utilizing the fast Fourier transform (FFTISDF). The
primary algorithmic outcome is the ability to perform many-body quantum
embedding and local correlation calculations in materials with only linear
scaling with the number of k-points. This enables the practical extraction

of thermodynamic limit results.

We organize the rest of the work as follows. Section 3.2 recalls the FFTISDF
algorithm for periodic solids utilizing k-point symmetry, and then describes
the efficient implementation of the various components of the density matrix
embedding and local natural orbital correlation frameworks in this represen-
tation and summarizes the parameters used for the benchmark calculations.
Section 3.3 provides a set of benchmark studies using coupled cluster the-
ory solvers on representative crystalline systems, including diamond, carbon
dioxide, nickel monoxide, and the infinite layer cuprate CaCuQO;y. These cal-
culations employ Gaussian polarized double-zeta basis sets with up to 1000
k-points to demonstrate the method’s scalability, and we extract the thermo-
dynamic limit of the coupled cluster energies for several of the systems. Finally,
Section 3.4 summarizes our main findings and discusses potential directions

for future work.
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3.2 Theory

Our periodic calculations are performed using a crystalline Gaussian-type or-
bital(GTO) basis,
¢h(r) =Y _e*T g, (r—T) (3.1)

T

where ggﬂ(r) is a normal GTO centered on an atom in the reference unit cell;
T is a lattice translation vector; and k is a momentum vector sampled in
the first Brillouin zone. Our implementation builds upon the Gaussian-Plane-
Wave infrastructure provided by the PYSCF package [185-187], where the
basis functions are evaluated on a uniform grid in the unit cell at a set of

points {r}. (This infrastructure is termed FFTDF in PYSCF).

Periodic k-point FFTISDF representation of integrals

The core idea of the ISDF approach is to approximate products of basis func-
tions on the grid points r by using values from a select set of interpolat-
ing points r; (IPs). This reduces the computational complexity of evaluat-
ing two-electron integrals while maintaining systematic improvability of the
approximation. In this work, the interpolation points are selected using a
pivoted Cholesky decomposition of ¢ ()¢ (r)* (where r is the column in-
dex) closely following the procedure outlined in Ref. [188]. Only the largest
Nip = c1p X Npo columns are used, where the pre-defined constant ¢p controls
the accuracy [189]. This method is suitable for systems with moderate unit
cell sizes. Although alternative approaches, such as the centroidal Voronoi
tessellation k-means algorithm [168], may be more efficient for large unit cells,

they are not the focus of this study. The interpolation points are used to
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approximate the product of basis functions on the uniform grid {r}:

P (1) = g (r) o ()" = gy (r) ¢, (r)

(3.2)
~ Y () X Xk
I

where in the above equation, XZ‘L‘ = ¢p"(r;) is the interpolating vector (IV):
qg =k, — k, + B, due to momentum conservation and is shifted to be within
the first Brillouin zone (B, is an integer multiple of the reciprocal lattice
vectors); and £7(r) is the interpolation function. The interpolation function
is obtained from solving the least-squares problem corresponding to Eq. (3.2),

which leads to the following linear equation,
I ¢4 = n? (3-3)
where IT? is the metric tensor, defined from the product of IVs,
mj, = > X5, "X, X50 X, (3:4)
kv

and which can be efficiently evaluated using the convolution theorem. Simi-
larly, the right-hand side vector is evaluated as

nf(r) = Xp T X5F oi*(r) ¢k(r) (3.5)

kv

The complete algorithm for both the metric tensor and right-hand side vector
is outlined in Algorithm 1: when evaluating the metric tensor, Y* are IVs,
where index f represents IPs and index p corresponds to the AOs, while for
the right-hand side vector, Y* represents AO values evaluated on the uniform

grid, with index f now labelling the grid points r.
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Algorithm 1 Efficient evaluation of metric tensor and right-hand side vector
using convolution theorem.

1: Input:X}"u, Yfku

2: Output: Z}Jf

3: for each k in the Brillouin zone do

4 T =3, XFuYf_uk

5: end for

6: T IRf «— FFT YT ka] > transform to the supercell space
7 Zfl = TII} X T[Rf > element-wise multiplication
8: Z}If — FFT[Z}}] > transform back to the k-space

After solving Eq. (3.3) for the interpolation functions, their Coulomb kernel is
defined as

W]qJ _ /d’l"ld’r'g Sl_q(rl) 53(r2) (36)

71— 72
which can be efficiently computed by FFT. Since the interpolation functions
are themselves not required and only the Coulomb kernel enters into subse-
quent calculations, we can in fact determine the Coulomb kernel directly. This
can be done by first computing V¢

—-q q
Vi = / dr iy ) UAT) (3.7)

71 — 7o

and then obtaining the Coulomb kernel from solving the least-squares linear
equation,

19 W9 I1¢ = V¢ (3.8)

Once the ISDF Coulomb kernel is available, the two-electron integrals in the

crystalline basis can be expressed in the THC factorized form,

(kv | Neoxok,) = > X7 Xk X7 X kW, (3.9)
1J
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Implementation of quantum embedding and local correlation with

FFTISDF

Starting from the two-electron integrals in the form of Eq. (3.9), the various
components of quantum embedding and local correlation calculations can be

accelerated.

For example, the starting point is typically a periodic Hartree-Fock calcula-
tion. The factorized Hamiltonian leads to an efficient evaluation of the exact
exchange matrix [180, 181, 184] for the k-point Hartree-Fock (k-HF) theory,

—1 - —k pk—q yk—
K;’f = M;ZX}CMXJV’CWI[IJAZX?A P,\quJaq
q o

-1 B .
= Fk ZX;CM XJVk ZWIquIJq
IJ q

which can also be computed as a convolution.

(3.10)

Similarly, in local correlation frameworks it is generally necessary to do a
global (i.e. on the whole system) correlation calculation at a low level of
theory (e.g. second order perturbation theory or direct random phase approx-
imation), either to determine the virtual correlation space, or to compute a
global energy correction [181, 190-193]. The k-point FFTISDF formulation
reduces the k-point scaling of such calculations also. In the case of k-point
scaled-opposite-spin MP2 (k-SOS-MP2) and the k-point direct random phase
approximation (k-dRPA) one can obtain overall linear scaling with the number

of k-points [180, 181].

The k-SOS-MP2 correlation energy is defined by multiplying an empirical

scaling factor csos = 1.3 to the opposite-spin MP2 correlation energy,
ESPM2 = 505 Eos, (3.11)

For an efficient formulation, the opposite-spin contribution can be computed

via the imaginary-frequency non-interacting density response function [194]
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(the same expression can be derived from the Laplace-transformed energy

denominator formula [165, 195]),
Eos = Z/Oo d tr Pq(zw) Pq(zw)}
27TNk

=S /OOO % tr[Po(r) P(—7)

q

(3.12)

P9(7) can be efficiently evaluated with the convolution theorem, using a similar

algorithm as in Algorithm 1,
Py (7) Z Z G G?Kk(_T) Wi, (3.13)

where G¥,(7) is the imaginary-time non-interacting Green’s function in the

interpolating point representation,
GT,(7) ZX}Z X5 G(7) (3.14)

and in the atomic orbital basis, the Green’s function is given by (7 > 0),

Gk (+7) =+ Z C;]fz C’Zky exp k)
1€0cc (315)
Gk Z C’k Ck exp —|-7'€ )

acvir
CF and € (C%, and €f) are the k-point occupied (virtual) coefficients and

energies obtained from a k-HF calculation, respectively.

For the k-dRPA, the correlation energy is

EARPA _ Z / 5 N lndeth(w)—i—tqu(w) (3.16)
T IVk

where Q%(w) = 1 — P9(w), 1 is the identity matrix of dimension Nip x Nip.
Eq. (3.12) is obtained as the second-order term in the Taylor expansion of
the logarithm in Eq. (3.16). The integrals in Eqs. (3.12) and (3.16) can be

computed by numerical quadrature. Specifically, in this work we use modified
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Gauss-Legendre grids on the imaginary axis and Clenshaw-Curtis grids on the

real axis.

A common component in both quantum embedding (such as density matrix
embedding) and local natural orbital correlation treatments is the need to con-
struct a fragment Hamiltonian in a subset of orbitals of the full problem. We
can use the FFTISDF form of the Hamiltonian to accelerate this construction.
A similar formulation was previously proposed in Ref. [181]. For a general
description of the fragment Hamiltonians in density matrix embedding and
local natural orbital correlation frameworks, we refer the reader to Ref. [64]

and Ref. [69].

The fragments are defined in terms of a set of fragment orbitals

dp(r) = \/LN—I( ; ? Crrdp(r) (3.17)

where the coefficients C’l’fp depend on the particulars of the embedding theory
or correlation framework. For example, in density matrix embedding, ¢, refers
to the impurity and bath orbitals, while in local natural orbital correlation,
they constitute the occupied and virtual orbitals of the fragment. What is
needed is the Hamiltonian expressed in the space spanned by the fragment
orbitals {¢,(r)}. The computational bottleneck lies in evaluating the two-
body part of this Hamiltonian. One way to obtain the two-body part is to
transform from the k-space crystal orbital Hamiltonian to the fragment space,
Virs = 33 30 30 3 2 Cli i Ot
K kuk, w kyko Ao (3.18)
X (pk, vk, | \kxok,)

By employing the FFTISDF formula from Eq. (3.9), this transformation can
be expressed in the more computationally efficient form:

‘/pqrs = Z Z R?,pq R;,gs WIqJ (319)
1J

q
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where the intermediate tensor is,
a—kk gk
Rl = m ; ; koXgRCk cd (3.20)
The convolution theorem can be used to evaluate the intermediate tensor. The
procedure is summarized in Algorithm 2. Generating the Hamiltonian with
FFTISDF has a cost scaling of O(NNzoNf + NyNpoNip), which is more
efficient than the direct evaluation of V,,s by FFTDF when Np is much less

than the total number of grid points.

Algorithm 2 Pseudocode for computing the two-body part of the embedding
Hamiltonian.
Input: X% T C’k
Output: quq
for all £ do
TI’?D =2 XJ ucﬁp
end for

TII; — Tﬁ) > transform to supercell space
RI g = TI};TI{? > outer product

k
Rl »Pq

— Rflpq > transform to k-space

Parallelization

The k-point FFTISDF formulation lends itself to parallelization, which we have
implemented using MPI. Our approach begins by dividing the real-space grid
into optimally sized chunks across available processors, which enables highly
efficient parallel evaluation of the right-hand side vector following Eq. (3.5).
We note that this domain decomposition significantly reduces the memory
requirements per node while maintaining excellent load balancing across com-
putational resources. The Coulomb kernel W? is then computed in parallel
for each k-point using Egs. (3.7) and (3.8). For the numerical integrations
required in k-SOS-MP2 and k-RPA calculations, we also distribute the inte-

gration points on the real or imaginary axes.
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Figure 3.1:  Per-atom energy errors for diamond obtained with: FFTDF

(Eews = 60 a.u., green), GDF (8 = 2.0, red), and FFTISDF (E., = 60 a.u.,
blue). For FFTISDF, results are shown for ¢jp = 10 (dashed) and cp = 14
(solid). Errors are computed with respect to a reference FFTDF calculation
(Eeut = 160 a.u.). Subfigures correspond to (a) k-HF and (b) k-MP2.

Computational Details

We consider four representative solids with different electronic properties and
structural characteristics: diamond as an example of a wide-bandgap semi-
conductor, carbon dioxide (COs) as a representative molecular crystal with
weak intermolecular interactions, nickel monoxide (NiO) as a correlated tran-
sition metal oxide exhibiting Mott insulating behavior, and the infinite-layer
CaCuO, (CCO) as a prototypical cuprate superconductor material with a lay-

ered perovskite structure.

All calculations were performed on Intel Icelake 8352Y processors (32-core, 2.2
GHz) with parallelization. For all systems, we employed correlation-consistent
GTH-cc-pVDZ Gaussian basis sets [78] and the Goedecker-Teter-Hutter family
of pseudopotentials specifically optimized for Hartree-Fock calculations [196—
198]. For Brillouin zone sampling, I'-centered k-point meshes were utilized,
and all mean-field calculations were converged to an accuracy of 107¢ a.u.

per unit cell. To address the integrable divergence of exact exchange, we ap-
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plied the leading-order exchange finite-size correction (probe-charge Ewald,
exxdiv=ewald in PYSCF) [185, 199]. For the correlated wavefunction solver,
we used coupled cluster singles and doubles (CCSD) as well as with per-
turbative triples (CCSD(T)) as implemented in PYSCF [186, 187]. The
DMET calculations were conducted using the interacting bath approach with
correlation-potential fitting, but without charge self-consistency (IB w/o CSC
in Ref. [64]), utilizing a modified version of the LIBDMET package. The
LNO-based local correlation calculations were carried out through a module
implemented in PYSCF-FORGE [69], utilizing the cluster-specific bath natural

orbitals (CBNO) scheme [200].

To establish optimal FFTISDF parameters, we implemented a systematic
convergence procedure. Initially, reference Hartree-Fock calculations in the
Gaussian-Plane-Wave framework were performed for a series of k-point meshes,
progressively increasing the plane-wave cutoff energy FE.,; until the energy per
atom (for all meshes) achieved convergence within a threshold of €. Subse-
quently, this converged E.,; value was used as the standard for both FFTDF
and FFTISDF calculations. Building upon this, the FFTISDF calculations
employ the established F.., whereas the interpolation point scaling factor
crp was systematically adjusted to maintain accuracy relative to the FFTDF
reference within a threshold of e for both k-HF and k-MP2. Additionally,
Gaussian density fitting (GDF') was used as an alternative reference method,
implemented with even-tempered auxiliary basis sets using an exponent pa-
rameter $ = 2.0. Meanwhile, additional parameters specific to the DMET and
LNO calculations were established following recommendations from Ref. [64]

and Ref. [69].

The optimized parameters for each system are summarized in Table 3.1, with

convergence thresholds set to e; = 107% a.u. per atom and e, = 10~* a.u. per
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Figure 3.2: Comparison of wall-clock times for different density-fitting
schemes applied to the diamond system, plotted against the number of k-
points (/NVy). Panels show the timing for: (a) integral evaluation, (b) Coulomb
matrix construction, (c) exchange matrix construction, and (d) embedding
Hamiltonian construction. Solid lines indicate fitted trends highlighting the
computational scaling (linear or quadratic) of each method.
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atom.

Table 3.1: Number of atoms, number of atomic orbitals and chosen computa-
tional parameters for the GTH-cc-pVDZ basis.

System Natom Nao FEeou (1)  cpp
Diamond 2 26 60.0 14.0
COq 12 156 140.0 14.0

NiO (AFM cell) 4 78 180.0  25.0
CCO (2x2cell) 16 308  180.0  25.0
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Table 3.2: Convergence of ground state and correlation energies (in a.u. per
atom) for diamond with respect to k-point sampling. The second column
reports the k-HF energy, while columns 3-8 present correlation energies ob-
tained from DMET (with CCSD solver), k-SOS-MP2; k-dRPA, LNO-MP2,
LNO-CCSD, and LNO-CCSD(T). The LNO-based methods are extrapolated
to the full correlation domain using k-SOS-MP2 as a baseline. The bottom
row shows values extrapolated to TDL.

E (a.u.) Ecorr (a.u.)

Ny k-HF DMET k-SOS-MP2 k-dRPA LNO-MP2 LNO-CCSD LNO-CCSD(T)
2X2xX2 -5.4786  -0.0814 -0.1112 -0.1269 -0.1174 -0.1237 -0.1292
IX3%x3 -5.5111  -0.0897 -0.1169 -0.1321 -0.1257 -0.1316 -0.1364
4x4x4 -5.5144  -0.0938 -0.1196 -0.1342 -0.1299 -0.1343 -0.1395
5xX5 x5 -5.5142  -0.0960 -0.1208 -0.1351 -0.1316 -0.1355 -0.1408
6 X6 X6 -5.5137  -0.0975 -0.1213 -0.1355 -0.1323 -0.1361 -0.1414
TXTXT -5.5134  -0.0984 -0.1216 -0.1357 -0.1326 -0.1363 -0.1416
8X 8 X8 -5.5131  -0.0992 -0.1217 -0.1358 -0.1328 -0.1364 -0.1418

10 x 10 x 10  -5.5129  -0.1002 -0.1218 -0.1359 — — —
TDL -5.5127  -0.1010 -0.1219 -0.1361 -0.1331 -0.1367 -0.1421

3.3 Results and Discussion
Diamond

We begin by assessing the accuracy and efficiency of FFTISDF using the di-
amond crystal as a benchmark. To ensure a rigorous comparison, we evalu-
ated the ground-state energies (at both k-HF and k-MP2 levels) and the wall
times for each computational step against established density fitting schemes
(FFTDF and Gaussian Density Fitting (GDF)). This consistent setup allows
for a direct evaluation of performance across all methods. To avoid Laplace-
transform integration grid errors, the k-MP2 calculations with FFTISDF were
obtained here from the exact MP2 expression using the FFTISDF two-electron
integrals. The per-atom energy deviations are summarized in Fig. 3.1, utilizing
FFTDF with E., = 160 a.u. as the reference. For FFTDF (E.,; = 60 a.u.),
the error remains small (< 107¢ a.u. per atom), confirming the cutoff’s suffi-
ciency. Similarly, GDF yields consistent errors of approximately 10~° a.u. per

atom, independent of the mesh size.
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The FFTISDF accuracy clearly depends on both cp and the number of k-
points. With ¢;p = 10, the error increases initially but approaches an asymp-
totic limit of approximately 1072 a.u. for N, > 8. The accuracy is system-
atically improved by increasing the interpolation point scaling factor. When
cip = 14, the per-atom error is systematically reduced to below 10~* a.u.. Con-
sequently, we employ E., = 60 a.u. and ¢jp = 14 (as detailed in Table 3.1)

for all subsequent calculations.

Next, we evaluate the computational efficiency by analyzing the wall times
required for computing integrals, Coulomb matrices, exchange matrices, and
the fragment Hamiltonian. The results are plotted against the number of k-
points in Fig. 3.2, with solid lines indicating the scaling behavior. As shown in
Fig. 3.2(a), the integral calculation time for GDF shifts from linear to quadratic
scaling as Ny increases. This change occurs as the computational bottleneck
moves from the Cholesky decomposition of 2c2e integrals to the evaluation of
3c2e integrals. In contrast, FFTISDF maintains strict linear scaling across the
entire range. While GDF is slightly faster at small Ny (below 2°), FFTISDF
outperforms it significantly as the system size grows. Note that FFTDF is
excluded from this comparison as it avoids the computation of intermediate

integrals.

For the Coulomb matrix evaluation [Fig. 3.2(b)], while all schemes scale lin-
early, GDF incurs a notably higher computational cost compared to FFTDF
and FFTISDF. For exchange matrices [Fig. 3.2(c)], despite avoiding intermedi-
ate integral computations, FF'TDF exhibits quadratic scaling and remains the
most computationally expensive method. GDF also displays quadratic scaling,
whereas FFTISDF is the only method that preserves linear scaling, demon-
strating superior efficiency. This advantage extends to the construction of the

fragment Hamiltonian [Fig. 3.2(d)]. As FFTDF and GDF scale quadratically,
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Figure 3.3: Extrapolation of CO, correlation energies. LNO-MP2, LNO-
CCSD, and LNO-CCSD(T) correlation energies plotted against Apnxo (the
difference between k-SOS-MP2 and LNO-SOS-MP2 correlation energies) for
k-point meshes: (a) 1 x 1 x 1 (I-point only), (b) 2 x 2 x 2, and (c¢) 4 x 4 x 4.
Small circles represent LNO correlation energies, triangles show global k-point
counterparts, crosses mark extrapolated values, and solid lines are fitted lines.

they rapidly become computationally prohibitive. In contrast, FFTISDF pre-
serves linear scaling, offering a speedup of several orders of magnitude at large
Ny and enabling efficient quantum embedding and local correlation calcula-

tions for up to 1000 k-points.

Beyond computational time, FFTISDF also offers superior storage efficiency
to GDF, scaling as NyN7 + Ny NpNao, in contrast to NPN3zq Ny for GDF.
This improvement results in a significant reduction in storage requirements,

from 881.09 GB to 2.11 GB in the 1000 k-point diamond case.

We next extrapolate the FFTISDF results to the thermodynamic limit. Ta-
ble 3.2 presents the per-atom k-HF energies and correlation energies from
DMET, k-SOS-MP2, LNO-MP2, k-dRPA, LNO-CCSD, and LNO-CCSD(T)
calculated for a series of cubic k-point meshes. To reduce the computational

cost of LNO calculations for large correlation domains, we used k-SOS-MP2

energies to extrapolate the LNO-CCSD and LNO-CCSD(T) energies (details
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Figure 3.4: Thermodynamic limit extrapolation for diamond. Upper panel:
k-HF total energy as a function of 1/Ny. Lower panel: correlation energies from
various methods including k-SOS-MP2, LNO-MP2, k-dRPA, LNO-CCSD, and
LNO-CCSD(T). Solid lines represent linear fits used for extrapolation to the
thermodynamic limit (1/Ny, — 0).

provided in the following subsection). The thermodynamic limit is then ob-
tained by performing a linear fit against N_* using data from the four largest
k-point meshes, as the Ewald exchange divergence correction ensures O(N, ')

convergence behavior. The extrapolation is visualized in Fig. 3.4.
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Notably, as more k-points are systematically incorporated, the k-HF energy
initially decreases and then gradually increases before finally approaching the
TDL value. While previously reported [201], this energy-increasing regime
remains prohibitive to sample adequately using existing methods (FFTDF
and GDF) due to their steep scaling. Consequently, TDL extrapolations based
on such truncated data are inherently less reliable. For correlated methods,
DMET substantially underestimates the correlation energy as a result of its
restricted embedding space size, whereas the other correlated approaches yield
more consistent values. Finally, the efficiency of FFTISDF makes it possible
to extrapolate to reliable CCSD(T) energies at the thermodynamic limit for

diamond.

Carbon dioxide

We select the carbon dioxide system as a representative molecular crystal, and
to demonstrate the extrapolation procedure to the complete correlation do-
main. Initially, k-HF calculations were performed using the exchange matrix
defined by Eq. (3.10). Subsequently, the k-SOS-MP2 correlation energy was
evaluated using Eq. (3.11), establishing the reference point for the extrapola-

tion.

Following this, LNO computations were performed across a range of trunca-
tion thresholds to obtain SOS-MP2, MP2, CCSD, and CCSD(T) correlation
energies for each domain size. The difference between k-SOS-MP2 and LNO-
SOS-MP2 correlation energies is denoted as Apno. The MP2, CCSD, and
CCSD(T) energies from the four largest correlation domains were then lin-

early fitted as functions of the corresponding Apno values.

Finally, by extrapolating to Apxo = 0 (corresponding to the complete k-SOS-
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MP2 limit), the global MP2, CCSD, and CCSD(T) correlation energies were
obtained. This framework enables efficient evaluation of global correlation
energies without incurring the prohibitive computational costs associated with

direct large-scale calculations.

To validate the accuracy of our extrapolation procedure, we analyze the rela-
tionship between the LNO-SOS-MP2 correlation energies and their LNO-MP2,
LNO-CCSD, and LNO-CCSD(T) counterparts across varying correlation do-
main sizes. Fig. 3.3(a) illustrates the results for a 1 x 1 x 1 k-point mesh
(I'-point), where the small circles denote the LNO energies and triangles rep-
resent the corresponding global k-point reference values. As expected, as the
correlation domain expands, all LNO correlation energies (circles) systemat-
ically converge toward their global counterparts (triangles), confirming the
correct asymptotic behavior. Based on this trend, we performed the extrapo-
lation, with both the fitted lines and the resulting extrapolated values (crosses)
displayed in the figure. The LNO-MP2 data points exhibit near-perfect linear
alignment, resulting in exceptional agreement between the extrapolated value
(ELNO-MP2 — 18519 a.u.) and the global reference (EXMP?2 = —1.8517 a.u.).

The corresponding per-atom error is ~ 1 x 107° a.u.

The CCSD and CCSD(T) data show slight deviations from the fitted line
for the small domains. This leads to minor differences between the extrapo-
lated values (EENO-COSD — 18710 aw; Eany COP™ = —1.9405 a.u.) and

corr

their global references (EXCCSP = —1.8703 a.u.; EronCSPM — 19398 a.u.).

Nevertheless, these errors remain remarkably small, with per-atom errors of

~ 6 x 107° a.u. in both cases.

We subsequently extended the extrapolation procedure to larger k-point meshes,

specifically the 2x2x 2 and 4 x4 x 4 configurations, as illustrated in Fig. 3.3(b)
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and (c). Although reference data is limited to k-MP2 for the 2 x 2 x 2 mesh
and is unavailable for other cases due to prohibitive computational costs, the
overall trends remain consistent with those observed at the I'-point. Notably,
we observe a substantial gap between the LNO-SOS-MP2 energy (using the
largest affordable domain) and the exact global k-SOS-MP2 reference. At
the 2 x 2 x 2 mesh, this deviation amounts to ~ 1 x 1073 a.u. per atom

(EXSOSMP2 — 17750 a.u. and ELNO-SOSMP2 — 1 7582 au.). A similar
discrepancy is found in the MP2 correlation energy (~ 2 x 107® a.u. per
atom; EXMPZ — 18956 a.u. and EINO-MP2 — 18707 au.). However,
the extrapolation reduces the error to ~ 1 x 107* a.u. per atom. This re-
sult highlights the insufficiency of the computationally accessible truncated
domains and establishes the effectiveness of our extrapolation strategy. Al-
though global correlated benchmarks are unavailable for the larger k-point
meshes, the LNO-based methods continue to exhibit excellent linearity. Con-

sequently, we anticipate high reliability for the extrapolated values derived

from these linear extrapolations.

Table 3.3: Extrapolated TDL energies for HF, MP2, CCSD, and CCSD(T)
for COas.

Method Eeore (a.u.) E (a.u.)

HF — -148.0545
MP2 1.8979  -149.9524
CCSD 19030 -149.9574
CCSD(T)  -1.9748  -150.0293

Based on the validation of the LNO-extrapolation procedure, we further pro-
ceeded to obtain the total energies in the TDL by employing multiple k-point

meshes. The final values are summarized in Table 3.3.
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Table 3.4: Ground-state energies (in a.u.) and Heisenberg exchange con-
stants J (in meV) for NiO and CCO in the AFM and FM states, calculated
using k-HF and DMET (CCSD solver) with various k-point meshes. The ther-
modynamic limit (TDL) is obtained by extrapolating the k-HF energies and
DMET correlation energies separately using a linear fit against N ' with the
three largest k-point grids. J represents the next-nearest-neighbor exchange
constant J, for NiO and the nearest-neighbor exchange constant J; for CCO.

Earm (a.u.) Erym (a.u.) J (meV)
N k-HF DMET k-HF DMET k-HF DMET
NiO
2X2x2 -366.7825 -367.3968 -366.7794 -367.3918 -14.10 -22.88
Ix3x3 -366.7687 -367.3778 -366.7669 -367.3744 -8.12 -15.75
4x4x4 -366.7622 -367.3766 -366.7605 -367.3734 -7.69 -14.75
5X5 x5 -366.7593 -367.3770 -366.7576 -367.3738 -7.63 -14.09
6 X6 X6 -366.7580 -367.3785 -366.7563 -367.3753 -7.63 -14.43
TDL -366.7562 -367.3787 -366.7545 -367.3756 -7.59 -14.05
CCO
2x2x1 -1055.4085 -1056.5605 -1055.4012 -1056.5342 -50.02 -178.69
4x4x2 -1053.5604 -1054.5908 -1053.5545 -1054.5663 -40.35 -167.10
6xX6x4 -1050.5774 -1051.6032 -1050.5715 -1051.5783 -40.66 -169.14
TDL -1053.2964 -1054.3095 -1053.2907 -1054.2851 -38.97 -165.44

Nickel monoxide and cuprate

We apply the FFTISDF-DMET framework with a CCSD solver to two proto-
typical strongly correlated transition metal oxides: NiO and CaCuO, (CCO).
Our analysis focuses on the energy difference between antiferromagnetic (AFM)
and ferromagnetic (FM) orderings. Notably, the implementation of such large
k-point meshes is made feasible specifically by the FFTISDF algorithm. This
allows us to systematically study long-range correlation effects that are critical
for accurately determining the magnetic energy gaps in the strongly correlated

regime.

When NiO is cooled below its Néel temperature, it adopts an AFM phase
characterized by staggered magnetization along the [111] direction, commonly
known as the AFM-II phase. By mapping the energy difference between the

AFM and FM states to a spin Hamiltonian, one can derive the nearest-neighbor
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Ji and next-nearest-neighbor J, exchange constants [202]. Since experimental
and theoretical evidence indicates that J; is negligible in NiO [203], we neglect
its contribution and focus exclusively on computing J5, the dominant exchange

interaction, from the difference in the FM and AFM energies.

Table 3.4 presents the ground-state energies obtained from k-HF and DMET
calculations across various k-point meshes, using spin-polarized initial guesses.
To approach the thermodynamic limit, we extrapolated the k-HF' energies
and DMET correlation energies separately by performing a linear fit against
N, ! using data from the three largest k-point meshes. The extrapolation
reveals distinct behaviors between the two methods. While k-HF systemat-
ically underestimates Jo, DMET yields a value of —14.05 meV, slightly un-
derestimating the magnitude compared to the experimental range of —19.8 to
—17.0 meV [204]. This improvement over k-HF demonstrates the importance

of incorporating correlation effects in describing the magnetic interactions of

NiO.

Turning to CCO, the defining structural feature of this cuprate compound
is the two-dimensional CuQO, square lattice plane (formally [CuO;)?~). While
these planes are typically separated by buffer layers in various high-T, families,
we focus here on the infinite-layer calcium cuprate CaCuQO,y. Due to the layered
structure, we employ anisotropic k-point meshes with fewer points along the
c-axis. The correlation effects in CCO are even more pronounced than in NiO.
At the thermodynamic limit, DMET yields J = —165.44 meV, more than four
times larger in magnitude than the k-HF value of —38.97 meV. This DMET
result is in good agreement with experimental values of —142 and —158 meV

obtained by fitting the spin-wave dispersion near the T" point [205, 206].
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3.4 Conclusion

We have described an implementation of interpolative separable density fit-
ting in the Gaussian-Plane-Wave framework (FFTISDF in PYSCF) and its
integration with quantum embedding and local correlation frameworks. This
implementation establishes a robust computational framework capable of ob-
taining converged ground-state energies from DMET and LNO-based MP2,
CCSD, and CCSD(T) calculations for crystals with simple unit cells in the
thermodynamic limit. While this efficient methodology opens new avenues for
high-level correlated calculations in extended systems, several aspects of the

proposed approach still warrant further improvement.

First, the current implementation requires a relatively large number of interpo-
lation points, typically ten times the number of atomic orbitals (see Table 3.1),
to reach our desired accuracy. As a result, the determination of these inter-
polation points becomes computationally demanding, particularly for systems
with large unit cells. Developing efficient protocols for generating compact

interpolation points would therefore be highly desirable.

Second, the size of the real-space grid employed in the fast Fourier transforms
remains large. This is a challenge for systems containing transition metals or

those with large unit cells.

Finally, in this work, LNO-based approaches employed the CBNO scheme [200]
for constructing correlation domains, although this method does not exhibit
an optimal convergence with respect to the domain size [69]. Exploring alter-
native correlating spaces is of interest. Furthermore, the developed embedding
framework can be readily extended to other quantum embedding approaches,

such as dynamical mean field theory [59, 67].
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Chapter /

BENCHMARKING THE EXPONENTIAL ANSATZ FOR

THE HOLSTEIN MODEL

This chapter is based on the following publication:

[1] Yang, Junjie, Z.-H. Cui, A. Mahajan, H. Zhai, D. R. Reichman, and
G. K.-L. Chan, “Benchmarking the exponential ansatz for the Holstein
model”, The Journal of Chemical Physics 161, 104105 (2024),

4.1 Introduction

Electron-phonon interactions constitute a fundamental mechanism governing
the physical properties of numerous solid-state materials [207]. Most notably,
these interactions underpin the Bardeen-Cooper-Schrieffer (BCS) theory of su-
perconductivity, wherein the electron-phonon coupling mediates an effective
attraction between electrons, thereby enabling Cooper pair formation [208,
209]. Beyond superconductivity, electron-phonon interactions significantly in-
fluence charge transport in a broad class of semiconductors [210-215], organic
molecular crystals and polymers [216, 217|, as well as biological molecular

aggregates that participate in photosynthetic energy transfer [218-220].

When the electron-phonon coupling becomes sufficiently strong, electrons be-

come trapped by localized lattice distortions, forming quasiparticles known as
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polarons [221]. Recent investigations have revealed polaron-like lattice dis-
tortions in a variety of novel materials exhibiting extraordinary properties.
Prominent examples include non-metallic nickelates [222], colossal magnetore-
sistance manganites [223], and, most significantly, high-T, superconducting
cuprates [224-227]. These discoveries have stimulated renewed theoretical in-

terest in understanding polaron physics from first principles.

Polaron phenomenology has been extensively investigated through lattice mod-
els and semi-empirical Hamiltonians, among which the Holstein model [22§]
represents the simplest yet most instructive example. The Holstein model cap-
tures both polaron formation and the crossover between the small and large
polaron regimes within a unified framework. This model is particularly ap-
plicable to systems exhibiting effective screening, such as multiband metals
where a narrow band enables strong coupling to phonons, transition-metal ox-
ides, and organic metals containing molecular units that provide local phonon
modes strongly interacting with electronic orbitals. Despite its apparent sim-
plicity, analytical treatments of the Holstein model remain tractable only under
restricted conditions [229]. Specifically, for the one-electron Holstein model,
analytical solutions exist in the strong-coupling adiabatic limit via the Hol-
stein transformation [228] and in the anti-adiabatic limit via the Lang-Firsov
transformation [212; 230]. In contrast, no well-controlled analytical method

exists for the intermediate coupling regime.

Consequently, numerical approaches have become indispensable for exploring
the one-electron Holstein model across all coupling strengths. Established
methods include exact diagonalization (ED) [231, 232], density matrix renor-
malization group (DMRG) [233], quantum Monte Carlo (QMC) [234-239],
variational wavefunctions [240-244], dynamical mean-field theory (DMFT) [245,

246], density matrix embedding theory (DMET) [247, 248], perturbation the-
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ories [228, 230, 249-251], and canonical transformation formalisms [252-254].
Collectively, these studies demonstrate that the sharp transition in ground
state energy near the intermediate coupling regime, which corresponds to phys-
ically interesting and realistic situations, poses a significant challenge for most
computational methods [251]. This observation motivates the development
and systematic benchmarking of new theoretical approaches capable of accu-

rately describing the polaronic crossover.

The present work investigates and benchmarks the exponential electron-phonon
ansatz for the single-electron Holstein model. We consider two specific classes
of exponential ansatz. The first is coupled cluster theory, which is widely recog-
nized as one of the most accurate methods in computational chemistry [255-
260]. Here we employ the electron-phonon coupled cluster formalism intro-
duced by some of us in Ref. [261]. The second is the variational Lang-Firsov
ansatz together with its recently developed perturbation theory, as discussed
in Ref. [262], also by some authors of this work. Because the variational Lang-
Firsov ansatz [230] can be interpreted as a unitary coupled cluster theory, it
naturally belongs to the family of exponential ansatz wavefunctions. We sys-
tematically evaluate the numerical performance of these methods across dif-
ferent parameter regimes of the model, benchmarking against converged exact
results obtained from density matrix renormalization group simulations [233,
263, 264]. In addition to the ground state energy, we examine multiple ob-
servables that characterize polaron formation and the transition between large

and small polarons.

Coupled cluster theory has established itself as a cornerstone method for com-
puting molecular properties with high accuracy [255-260]. Furthermore, its
application has been extended to periodic systems [265-270] and to vibra-

tional problems involving non-adiabatic effects [261, 271-280]. Recently, an



67

electron-phonon coupled cluster framework was proposed and evaluated for
the Hubbard-Holstein model, molecules, and ab initio crystal settings [281].
Although this scheme achieved high accuracy in the weak to moderate electron-
phonon coupling regimes, it exhibited significant errors in the strong coupling
regime, particularly when delocalized reference states were employed. Unlike
previous approaches, this work aims to carefully benchmark the accuracy of a
series of advanced quantum many-body methods for the Holstein model, with
particular emphasis on the polaronic region where existing methods encounter

difficulties.

This work is organized as follows. In Section 4.2, we present the setup of the
Holstein model. Subsequently, in Section 4.2, we formulate the coupled cluster
methods for electron-phonon systems. The LF-HF and LF-MP methods are
introduced in Section 4.2. Results for the ground state energy, kinetic energy,
and electron-lattice correlation function are reported in Section 4.5, followed

by concluding remarks in Section 4.6.

4.2 Theory
Holstein Model

The single-electron Holstein model defines a minimal spinless one-electron lat-
tice model containing interactions between a single electron band and a set of
local phonons. The Hamiltonian for a L-site one-dimensional Holstein model
is
H=- tz (a}ak + alcu) + w Z b}bl
(Ik) !

+9> p (bel)
l
i

where a] (q;) creates (annihilates) an electron on site [, and b (b;) creates

(annihilates) a phonon of frequency w on site [, p; = azral is the electron

(4.1)
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number operator on site [, and periodic boundary conditions are assumed. The
electron-phonon coupling parameter is denoted as g, and we set the hopping

parameter ¢ to be 1 (thus all energy values will implicitly be in units of ¢).

The physics of the Holstein model can be understood in different limiting
cases. Defining the adiabaticity parameter as w, w < t corresponds to a
slow response of the lattice distortion to electron hopping. In this scenario,
the Born-Oppenheimer approximation is valid and the electronic motion is
consequently modified by quasi-static lattice deformations (i.e. an adiabatic
potential surface). Alternatively, when w > ¢ (the anti-adiabatic limit), the
lattice deformation adapts instantaneously to the electron’s position. Then,
only the vibrational ground state is involved in low-energy electron hopping

processes.

Another axis along which to understand the physics is with respect to the
electron-phonon coupling g itself. In the weak coupling regime, defined by
g/w < 1 and ¢?/w < 2t, the system resembles a quasi-free electron dragging
a phonon cloud: this is known as a large polaron. In contrast, in the strong
coupling regime, the electronic position is closely correlated with the lattice
distortion it generates: this is known as a small polaron, which is referred to
as self-trapped. Although some early analytical perturbation theory suggested
a sharp transition between the two [250, 282], it has been established from
rigorous analysis that there is a smooth crossover between the small and large
polaron limits [229]. The accurate description of the self-trapping crossover

represents a challenge for most computational methods [251].

The exact ground-state of the Holstein model can be expressed as

[Wo) = Z Cr|®r) (4.2)
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where |®;) is a configuration of the electron-phonon system,
|@r) = lofny) @ |ogng) @ -~ @ |ogng) (4.3)

with of an electronic state on site I, which can be either empty or singly
occupied, and n! is the phonon occupation state on site [, which is a number
between 0 and N where N is the maximum local phonon number. The number
of configurations in the above is L x (N +1)¥, and N should be taken to infinity
for converged results. The rapid growth in the number of configurations with
both N and L limits the usefulness of exact diagonalization (ED) and motivates
the study of approximate ansatzes. We focus on two variants of the exponential
ansatz for the ground-state: the coupled cluster method and the Lang-Firsov
transformation. For benchmarking purposes, we employ the density matrix
renormalization group (DMRG), which provides highly accurate results for

finite V, but where /N must be extrapolated: this is described in Appendix 4.3.

Reference states

The coupled cluster and Lang-Firsov methods require a starting reference
state. We will assume the reference state to be a product state of a single-

particle electronic orbital and a site-dependent coherent state,
o) = |2) @ |DF)
!
27) = exp{zglb} - gfbl] 0%)
l
where |0F) and |0B) are the physical vacua for electrons and phonons respec-
tively.

In the simplest case, which we refer to as the mean-field (MF) reference

state, A; and & are chosen to minimize the energy (®o|H|Po)/(Po|Py), with
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& = g(p)/wand (p;) = AFA;. & represents the equilibrium shift of the phonon
mode at site [ induced by the electron density. The optimal A; either satis-
fies translational invariance (delocalized) or it breaks translational invariance
(localized). These two solutions, |<I>(()D))7 |(I>(()L)) respectively, are favoured in
different regimes of the Holstein model parameter space, and can be viewed as
a mean-field description of the self-trapping crossover. However, it is known
that the mean-field description is not accurate in this region, and an important
test of the more sophisticated exponential ansatzes we explore on top of these
mean-field reference states is to see how well they improve the description of

the crossover.

An alternative is to reoptimize and improve A and £ in the presence of the

exponential ansatz parameters. We discuss this option below.

Coupled Cluster Models for Electron-phonon Systems

model Te 15 Tep scaling
CCS-1-S1 taialai tlb; tl,aibjalai L3
CCS-2-S2 toiala; tib] + tybibf t1,aibl aba; + Lty aibjblala; A

LF-HF 0 0 Nafa(bf — b)) L3

Table 4.1: The exponential ansatzes employed in this study; the wavefunctions
are of the form eferelee®>|dy), where |®g) is the mean-field electron-phonon
reference state. Computational scaling is described as a function of the number
of sites L. Summation symbols are omitted for brevity.

The coupled cluster method for electron-phonon systems is formulated based

on the exponential wavefunction ansatz [281],

|\Ifcc> = eXp(ch) |(I)0> (45)

where the excitation operator Tcc consists of an electronic part, a phononic
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part, and a coupling:

Toc=Te+ T+ Tep = > _tuTa
o (4.6)

T, € {aiai,bj,bjalai -}
where i, a are occupied and virtual electronic orbital indices, and [, k, m,n are
used for site indices for the boson operators. The truncation of the excita-
tion operator determines the accuracy and cost scaling of the method. Given
the one-electron nature of the Holstein model, there is only a single occupied
electronic orbital (i.e. a single index value for 4, with the form of the orbital
specified by A in Eq 4.4), and the electronic excitations are captured exactly
using singles excitations of the form ala;, thus we truncate the electronic ex-
citation to this level, referred to as singles. The order of the phonon and
coupling excitations is then denoted by X-SY, where X, Y are numbers that
show the excitation order. For example, CCS-1-S1 indicates single electronic
excitations, single phonon excitations, and single coupled excitations, corre-
sponding to the excitation operator Y, tuala; 4+, tlbj +D g tl,aib}alai. The
formulae and the scaling of the CC models considered in this work are shown
in Table 4.1. (It is helpful to recognize that the models we consider are invari-
ant to shifts of the boson operators e.g. b, — b, + & and blT — blT + &/, in the
sense that any such shift can be absorbed into a redefinition of the coupled

cluster amplitudes).

The amplitudes are obtained by solving the projected Schrodinger equation:
0 = (e "o HToC By)  |,) = 7,/ o) (47)
and the energy is obtained from

Eoc = (®gle1eC Helee |dy) = (By|Ho(t)| Do) (4.8)
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where Hoo(t) = e~ Tcc Helce is the coupled cluster effective Hamiltonian. The
same equations have also been used in coupled cluster theories for cavity polari-
tons that have been independently developed in Refs. [283-285]. In this study,
all the coupled cluster equations were formulated using the WICK package
and solved using the Newton-Krylov method, which approximates the inverse
Jacobian matrix using the Krylov subspace method [286, 287]. Note that as
all matrix elements are evaluated using Wick’s theorem, there is no need to

truncate the phonon number.

Because the energy is defined from an asymmetric expectation value, the cou-
pled cluster energy is not necessarily variational. In addition, it does not
satisfy a Hellman-Feynman theorem, thus in order to obtain observables other

than the energy, we instead define a coupled cluster Lagrangian [260],

Lcc(ty A\y) = Ecc + Z M@yl TeC HeToo | Dy)
p (4.9)

= (®o|(1 4+ Acc) e Tec Helee |dy)

where A\, are the Lagrange multipliers corresponding to the amplitude equa-

tions; aaﬁTch = 0 leads to the coupled cluster working equations in Eq. 4.7;
agt‘ic = 0 leads to the equations for the Lagrangian multipliers. The expecta-

tion value of the observable O is then,

(O) = (D] (1 + Agc) e O elec|dy) (4.10)

The mean-field optimization of the reference in Eq. 4.4 already allows for a
non-trivial mean-field state (e.g. a localized mean-field state), and we start the
coupled cluster equations from both the localized and delocalized mean-field
solutions. We also consider a further orbital optimization to make the coupled

cluslter Lagrangian stationary, corresponding to the ansatz

|Wee) = exp(Tec)|Po(AE)) (4.11)
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where A, £ are the parameters in Eq. 4.4, relaxed in the presence of the coupled
cluster correlations, and the T¢ amplitude are also updated with the orbital
parameters. We refer to this mean-field reference as |<I>(()CC)). (In practice,
we relax A and update € parametrically via & = g|A4;|*/w as we did in the
self-consistent optimization of Eq. 4.4; we find in the Lang-Firsov simulations
below that there is little difference between independent optimization of & and

using this parametric choice).

Variational Lang-Firsov Approach and Perturbation Theory

The Lang-Firsov (LF) transformation is a unitary exponential ansatz to obtain
the ground state. In this study, our focus is solely on the diagonal formulation

of the Lang-Firsov parameters [262],

|\I[LF> = eXp (TLF - TLTF> |<I>Q> = ULF|<I>Q> (412)
TLF = Z Ala;alb;r (413)
l
and the energy is
Evp(A) = (20|Ufp(X) H Ur(X)|®o) = (Po| Hur(A)| Do) (4.14)

where Hyp(A) is the Lang-Firsov Hamiltonian. In the coupled cluster classifi-
cation this ansatz is a unitary coupled cluster model containing only a type of
first-order T¢, operator, i.e. a variant of unitary CC0-0-51, although we refer

to it as LF below.

Just as with the coupled cluster ansatz, the LF energy can be computed from
different choices of |®y), and we consider both the delocalized and localized
mean-field solutions of Eq. 4.4. In addition, we also reoptimize the reference

state |®o) in the presence of the electron-phonon correlations. This corre-
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sponds to defining

and using the analytic gradients obtained in Ref. [262], we minimize Epr with
respect to all the parameters. In Ref. [262], this fully optimized Lang-Firsov

state is referred to as the Lang-Firsov Hartree-Fock (LF-HF) energy.
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Figure 4.1: The ground-state energy of the 64-site Holstein model with w = 2.0
and 0 < g < 5.0 based on different mean-field reference states. The dashed
lines represent the energies of the reference states, and the solid lines represent
the energies of the corresponding exponential ansatz. In (a), the energies of the
reference states and that of CCS-2-S2 are shown, the inset shows the energies
near the transition region; in (b), the density difference (pmax — pmin) of the
reference states is plotted.
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To incorporate additional electron-phonon correlation, we can carry out per-

turbation theory.

Similar to the conventional Mgller-Plesset (MP) theory utilized in electronic

structure theories, we define the zeroth-order Hamiltonian as
HY = F+w) (¢ +0fb) (4.16)
1

where F' is the effective electronic Hamiltonian (®F|HLY|®B), where |®F) is
the phonon part of the state defined in Eq. 4.4. |®g) is an eigenstate of HIS(Q

and the corresponding energy is EI(J%) = Fpo+w S &
The fluctuation potential is then
W = Hyp — HY (4.17)

The corresponding first-order energy correction is

ESF) = (Do| WD) = Evp — Foo (4.18)
Eif = BR + Bl = Burwr +w ) & (4.19)
l

which is exactly the LF energy. We then consider the second-order energy

correction,

| (Do|W[Dy)
Bl ==Y TEO_ g0 E(O) (4.20)
n

where |®,) = 7,|®0), as described in Eq. 4.6. We evaluate it in a space of
electron-phonon configurations following Ref. [262], which requires a trunca-
tion of the phonon number. Here, we choose to truncate at 10 phonons per

site.

4.3 Density Matrix Renormalization Group Theory

The density matrix renormalization group (DMRG) is a numerically exact
method for solving the quantum many-body problem. The method is partic-

ularly accurate and efficient for one-dimensional systems [237, 288]. In early
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Figure 4.2: Extrapolation of the ground state energy of the 64-site Holstein
model with respect to the phonon truncation for w = 0.5 and g = 1.15. The
extrapolation is performed with the function F(N) = E, + aexp(—bN).

developments, DMRG was applied to the Holstein model in Ref. [233] to cal-
culate the ground state energy and the electron-lattice correlation function,
and to calculate the dynamical properties of the Holstein model [289]. From a
modern perspective, the DMRG method is based on the matrix product state

(MPS) representation of the coefficients in Eq. 4.2,
C;=A° . B"M.A% .B"..... A% . B"% (4.21)

in which A° and B™ are matrices with a maximum bond dimension D,
representing the electronic () and phonon (n) degrees of freedom in the site
basis, respectively. The Hamiltonian is first transformed to the shifted-phonon

basis of the lowest mean-field state of Eq. 4.4, corresponding to

bl = bl +& b—=b+&

H — —tZaLal — QgZSlalTal + gZpl <blT + bl>
(k) 1 1
+wy b -wd g (blT n b,) (4.22)
l l
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and this Hamiltonian is expressed as a matrix product operator (MPO) in the

site basis, H =), Hrj|®)(® | with,
Hpy, = Weiel .gnind ... WOLoL . Unini

We then optimize the energy expectation value,

(Unips| Hyvpo |Yaips)

E—
(Wyips| Yips)

(4.23)

(4.24)

and converge our calculations with respect to the bond dimension D and

(shifted) phonon cutoff N. Fig. 4.2 shows the ground state energy of the

64-site Holstein model with respect to the phonon cutoff for w = 0.5 and

g = 1.15. The energy is extrapolated to the infinite phonon cutoff limit using

the function E(N) = E, +aexp(—bN), where E is the extrapolated energy.

The bond dimension was kept at D = 500 for both electron and boson sites.

The electron-phonon DMRG implementation is available through the BLOCK2

package [263, 264].

4.4 Variational Monte Carlo with Neural Quantum States
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Figure 4.3: Convergence of the NN-VMC ground state energy with the number
of hidden neurons and energy variance for the 64-site Holstein model with

w=0.5and g = 1.15.
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A second approach to obtain exact numerical data is to use neural network
variational Monte Carlo (VMC) method to predict the coefficients C; in Eq. 4.3
using a neural net. We use this approach to verify the accuracy of our DMRG
benchmarks. Here, we choose to work with electron and phonon configura-
tions in the momentum basis to enforce the exact translational invariance of
the Holstein ground-state. We employ a multi-layer perception (MLP) net-
work with three layers as the variational ansatz. It consists of an input layer
given by the configuration occupation numbers, followed by a layer of hidden
neurons, and a final output neuron. Increasing the number of hidden neurons
allows one to systematically enhance the representation power of the state up
to numerical exactness, in principle. The Monte Carlo sampling method is
performed to calculate the properties of the wave function |Wyy). We sample
walkers |IW) from the Born distribution of the wavefunction, using continu-
ous time sampling, which is a rejection-free sampling technique. In the VMC
approach one is not required to truncate the phonon space, as there are no
restrictions on the number of phonons sampled. The gradient of the energy
with respect to the variational parameters is similarly sampled, and the varia-
tional parameters are optimized using the AMSGrad method, which a variant

of gradient descent with momentum.

4.5 Results and Discussions

We apply the methods described in Section 4.2 to the one-dimensional Holstein
model within the parameter space of 0.1 < w < 4.0 and 0 < g <5 in units of
t. We use converged DMRG results as the reference, and the convergence of

this data is discussed in Appendix 4.3.
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Role of the reference

We first discuss the role of the reference state for the coupled cluster method
in describing the physics of the Holstein model. We consider the following
choices of reference state for the coupled cluster method: (i) the lowest energy
optimized mean-field state allowing for (potential) breaking of translational
invariance. This reference state is denoted ](IJ(()L)> and the corresponding expo-
nential ansatz as |\IIEJL()3), (ii) the delocalized reference state with A; = 1/v/L
and & = g/Lw, denote as \CD(()D)) with the corresponding \\IJ(CDC)), and (iii) the
reference state that minimizes the coupled cluster energy, denoted as |<I>((]CC)>

with the corresponding |\I/(CCCC)).

We present results from the 64-site Holstein model with w = 2.0. Fig. 4.1 (a)
shows the energy of the reference states (dashed lines) and the corresponding
CCS-2-S2 energies (solid lines); Fig. 4.1 (b) plots the density difference pgig =
(Pmax — pmin) Of the reference states as a descriptor of the localization of the
reference states. Note that for any coupling constant g, the exact solution
predicts a uniform electron density in the ground state. All reference states
coincide for small values of g. However, as g increases beyond a critical g, |<I>(()L))
and ]@E)CC)> start to transform into localized states with lower energies than
the delocalized reference state ]q)(()D)>. It is important to note that although
|<I>8D)> can be obtained for all g, we are unable to converge the coupled cluster
amplitude equations in the strong coupling regime and thus cannot obtain
|\I/E3DC)> The presence of electron-phonon correlation in the optimization of
the reference state in \CD(()CC)> shifts the critical g towards a larger value. The
density differences in Fig. 4.1 (b) also reflect a smaller amount of symmetry
breaking in the |(I>§]CC)> compared to |<I>§]L)). Interestingly, near the transition

(1.0 < g < 3.5) the lowest energy mean-field reference does not result in the
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lowest energy coupled cluster energy. As shown in the zoomed-in plot, while
|<I>6L)) corresponds to the lowest mean-field energy, the energies of both \\II(CDC))

and |\I’EJCCC) ) are lower.

The above illustrates the importance of choosing an appropriate reference when
using an exponential ansatz. In the sections below, we always use the opti-
mized reference state (iii) for the coupled cluster methods, and perform the

full reoptimization of |®¢) in the LF-HF and LF-MP2 calculations.

Energy across parameter space

We now examine the energy errors across the Holstein parameters space for
Lang-Firsov and coupled cluster ansatzes. Fig. 4.4 plots the ground state en-
ergy error in the 2D parameter space of w and g for the 64-site Holstein model,
while slices through this space are shown in Fig. 4.5 for w = 0.1,0.5,1.0 and
2.0. All methods presented are accurate for ¢ = 0 and in the strong cou-
pling regimes, and display most variation in accuracy in the intermediate cou-
pling regime. The dashed lines in Fig. 4.5 represent the coupling strength
at the given frequency where the method exhibits its largest error. From
this we can conclude that the accuracy roughly follows MF<CCS-1-S1~LF-
HF <LF-MP2<CCS-2-S2. Similar conclusions can be drawn from Fig. 4.5.
These slices additionally show that the mean-field error is largest in the anti-
adiabatic (w = 2.0) regime. Despite the similarity of the LF-HF and CCS-1-S1
parametrizations, LF-HF outperforms CCS-1-S1 in this regime: the unitary
variational optimization of LF-HF clearly contributes to the improved be-
haviour in this limit. We see also that LF-MP2 has a discontinuity in the
energy at intermediate decoupling, which does not appear in the coupled clus-

ter results.
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Figure 4.4: The error of the ground state energy (units of t) in the one-
dimensional 64-site Holstein model using different methods for 0.1 < w < 4.0
and 0 < g < 5. The white dashed line shows the coupling strength at the
given frequency where the method exhibits its largest error. MF is defined
in Eq. 4.4, the exponential ansatzes are defined in Table 4.1, and LF-MP2 is
defined in Sec. 4.2.
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Figure 4.5: w slices in parameter space for the scaled ground state energy
(a, ¢, e, and g) and the error (b, d, f, and h) in the one-dimensional 64-site

Holstein model. Method labels are the same as in Fig. 4.4. (a) and (b) are for
w = 0.1; (c) and (d) are for w = 0.5; (e) and (f) are for w = 1.0; (g) and (h)

are for w = 2.0.
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Figure 4.6: The kinetic energy (in units of Kj) of the electron in the one-
dimensional 16-site Holstein model. The star symbols represent the exact
solution and the dashed lines with symbols represent the approximate numer-
ical methods. Method labels are the same as in Fig. 4.4. (a) w = 0.1; (b)
w=0.5; (¢) w=1.0; and (d) w = 2.0.

The ratio of the electron kinetic energy (K) to its kinetic energy at zero
electron-phonon coupling (Kj) provides a simple way to diagnose the self-
trapping transition even in an exact calculation where the ground-state den-
sity remains uniform. Fig. 4.6 plots K /K as a function of the electron-phonon
coupling strength ¢ in a 16-site Holstein model for the coupled cluster methods.
All the methods accurately capture both the strong and weak coupling regimes.
However, as previously noted, the simple mean-field method results in a dis-
continuity. As additional electron-phonon coupling is included, in CCS-1-S1
and CCS-2-S2, the continuity of the transition is gradually restored. Indeed,

the CCS-2-S2 result is visually indistinguishable from the exact reference.
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Figure 4.7: Electron-lattice correlation function y at site 8 in the 16-site Hol-
stein model for various values of w and g annotated in the figure. Method
labels as in Fig. 4.4.

Fig. 4.7 displays the 16-site Holstein model’s normalized electron-lattice corre-
lation function for various w and g values for the MF and CC approximations.
(We choose k& = 8, the middle of the lattice). Note that although the MF
solution localizes the electron, there is no localization in the electron-phonon
correlation function as |®g) is a product state, i.e. X = pg. As the inclusion
of electron-phonon correlation increases from MF to CCS-1-S1 and CCS-2-S2,
the electron-phonon correlation function becomes more compact, even as the

spatial localization of the optimized reference state decreases (see Sec. 4.5).
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4.6 Conclusions

We have benchmarked the exponential ansatz across the parameter space of
the Holstein model, comparing to near-exact results from DMRG. Allowing
for a relaxation of the reference state that is the starting point for the expo-
nential ansatz, we find that we can obtain a good description in the weak and
strong coupling regimes, corresponding to large and small polarons. Within
the systematic coupled cluster framework, increasing the electron-phonon ex-
citation level leads to increasingly accurate results both for the energy and the
correlation functions, and at the doubles level of approximation, these results
are often visually indistinguishable from the exact ones. The variational Lang-
Firsov transformation performs better than the lowest (i.e. singles) rung of
the coupled cluster approximation hierarchy, particularly in the intermediate

coupling regime.

Looking beyond models, the exponential ansatz is the starting point for a large
number of applications in accurate ab initio electronic structure. The results
here suggest that it is a competitive approach for polaron physics, providing
a viable path forward to describe correlated electron-phonon effects at the ab
initio many-body level. Another interesting direction is to examine the ap-
plication of exponential wavefunctions such as the coupled cluster hierarchy
to systems of many-electrons and phonons, along the lines first discussed in
Ref. [261]. The incorporation of more flexible references, such as supercon-

ducting states, is of particular interest there.
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Chapter 5

CONCLUSION

This dissertation tackles a fundamental challenge in quantum chemistry, namely
achieving predictive simulations of strongly correlated crystalline materials
from first principles. The work addresses three interconnected challenges,
namely describing material-specific properties of strongly correlated super-
conductors, achieving linear scaling with k-points for large-scale periodic cal-
culations, and establishing reliable methods for electron-phonon interactions.
The scalability attained here emerges from advances on two complementary
fronts. On the implementation side, GPU acceleration and MPI parallelization
enhance computational throughput. On the algorithmic side, novel approxi-
mations reduce computational scaling while preserving accuracy. The follow-
ing discussion concentrates primarily on the algorithmic contributions, which

constitute the core methodological advances of this dissertation.

The cuprate superconductivity study presented in Chapter 2 marks a signifi-
cant advance toward predictive ab initio modeling of correlated superconduc-
tors. A key methodological contribution is the demonstration that symmetry-
breaking strategies within density matrix embedding theory provide an effec-
tive means of computing superconducting order parameters from first princi-

ples. The central physical finding extends beyond the observation that this
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approach reproduces experimental trends in transition temperatures. More
importantly, the calculations explain why simplified models fail. Specifically,
multi-orbital covalency effects, absent in one-band Hubbard models, prove
essential for the spin fluctuations that drive pairing. By capturing these ef-
fects directly from material structures, ab initio methods offer predictive power
that model Hamiltonians cannot achieve, thereby enabling efficient screening of
candidate superconducting materials. Nevertheless, several limitations temper
these conclusions. The current treatment neglects phonons, does not capture
long-range spin and charge fluctuations beyond the computational cell, and re-
lies on simplified approximations for doping rather than explicit dopant atoms
with structural relaxation. Addressing these limitations constitutes a clear
agenda for future work and connects directly to the methodological advances

described below.

The methodological developments in Chapter 3 directly enable the large-scale
calculations required for the cuprate study and similar applications. This work
demonstrates for the first time that tensor hypercontraction of the Coulomb
interaction through FFTISDF reduces the k-point scaling from cubic to lin-
ear, thereby making thermodynamic limit extrapolations practical for corre-
lated wavefunction methods. When integrated with density matrix embedding
theory and local natural orbital methods, this framework delivers converged
ground-state energies from MP2, CCSD, and CCSD(T) for crystalline mate-
rials. Current limitations include the relatively large number of interpolation
points required and difficulties with large real-space grids for transition metal
systems. Future development should focus on compact interpolation point
protocols, adaptive grid schemes, and integration of Gaussian-type functions
as resolution-of-identity bases. These efficiency gains also lay the groundwork

for incorporating additional physical effects beyond the electronic structure.
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Extending the scope of this dissertation beyond purely electronic structure,
Chapter 4 establishes that exponential ansatz wavefunctions provide accurate
and systematically improvable descriptions of electron-phonon coupling. Un-
like previous approaches based on perturbation theory or variational Monte
Carlo, the Holstein model benchmarks presented here reveal that coupled
cluster theory and variational Lang-Firsov methods, when combined with ap-
propriate reference state optimization, accurately capture polaron formation
across weak to strong coupling regimes. This finding carries significant impli-
cations because it validates the extension of the coupled cluster hierarchy, a
cornerstone of modern quantum chemistry, to electron-phonon problems. The
primary limitation is that these benchmarks involve single-electron models.
Consequently, extending to many-electron systems with phonons, particularly

with superconducting reference states, remains an important open direction.

Looking forward, several concrete directions merit exploration. For cuprate
modeling, incorporating phonons and developing methods to capture long-
range fluctuations would enable more complete descriptions of the pairing
mechanism. For FFTISDF, reducing the interpolation point count and han-
dling transition metals more efficiently would broaden applicability. For electron-
phonon methods, extending coupled cluster theory to many-electron systems
with phonons would open pathways to ab initio studies of phonon-mediated
superconductivity. More ambitiously, combining all three advances into a uni-
fied framework for correlated electron-phonon systems in the thermodynamic

limit represents a long-term goal that now appears achievable.
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