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Be bent, and you will remain straight 

Be vacant, and you will remain full. 

Be worn, and you will remain new. 

Lao Tzu 
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ABSTRACT 

The solutions of a nonline ar difference equation res ulting from 

the trape z oidal quadrature approximation of a piecewise linear differ­

ential e quation are examined. A phase plane mapping technique is used 

to find the periodic and unbounded solutions of the difference equation and 

to determine the stability of these solutions. From the phase plane map­

pings of the unbounded solutions it is shown that the energy of the bounded 

solutions can grow and decay by large amounts. The maximum rate of 

Hamiltonian increase of the unbounded solutions is calculated from the 

mapping transformations. It is shown that the stability of a solution can 

only be guaranteed for discrete ranges of the time step with fi.x.ed initial 

conditions. The solutions of the non-autonomous difference equations 

for a sinusoidal forcing term and the damped difference equations are 

also examined. 
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I Introduction 

1. 1 Fini":~ Differenc 8 Equations 

Finite difference equations stem from a broad range of problems 

in science. For example, because they are equations with the inde­

pendent variable defined for only discrete values, difference equations 

serve as models for such discrete dynamic systems as digital control 

circuits [ 4]. Difference equations arise in the process of solving 

differential equations with a digital computer since the continuous equation 

must be discretized to convert it into a digitally solvable system. Various 

techniques of mathematical analysis also involve difference equations. 

For periodic differential equations, it is often useful to restate the 

problem in terms of the variables at the beginning and end of a period. 

The relation between these two states is a difference equation. Assuming 

that the solutions of certain differential equations are expressible in a 

series yields recursion relations for the coefficients of the series. These 

recursion relations are nothing but difference equations. 

Over the past two decades digital computers have become ex­

tremely efficient and accurate numerical tools for scientific research. 

Due to their inherent digital capabilities, they are naturally suited for 

solving difference equations, as opposed to the analog computers' ability 

to solve differential equations. Although computers are capable of 

handling most of the current research demands, the state of the art in an 

analytical understanding of difference equations is far behind the capacity 

of our numerical tools. 

A mathematical understanding of linear difference equations and 
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their solutions is fairly complete. This is not true for nonlinear diffe r­

ence equations whe re theory is generally as lacking as for non linear 

differential equations. The basic concepts of uniqueness, ex istence, and 

stability for differential equations can be carried over to difference 

equations. However, certain useful properties of differential equa~ions 

can not be applied to difference equations in such a direct manner. For 

example, the phase plane trajectories of solutions to conservative 

differential equations are nonintersecting, closed curves. The phase 

plane mappings of difference solutions are discrete points, and thus the 

qualititive behavior of the solutions can not be directly inferred from the 

phase plane trajectories. 

As mentioned above, the numerical analysis of dynamic systems 

with digital computers requires replacing the systems 1 differential 

equations with a set of difference equations. The solutions of the differ­

ence equations should approximate the differential equation solutions 

with an acceptable accuracy, but for nonlinear problems it is diffic\l.lt 

to analytically determine this accuracy of approximation. The motivation 

for the particular set of difference equations examined in this dissertation 

stemmed from the question of the accuracy of the difference equation 

solutions derived from the trapezoidal rule approximation when applied 

to a nonlinear dynamic equation [8]. The trapezoidal rule is the inter­

polatory quadrature formula, 



-3-

For linear problems, the trapezoidal differencing scheme yields differ­

ence equations which approximate the differential equation solutions to 

within an accuracy of O(6t2), where l'.:.t is the step size of the dis­

cretized time variable, t. The linear difference solutions also conserve 

the total energy of the system for all l'.:st. However, numerical solutions 

for some nonlinear equations have shown that the difference solutions for 

nonlinear problems do not have these attributes [ 8, 9]. 

1. 2 The Statement of the Problem 

We will consider the conservative, dynamic equation, 

with initial conditions 

d2x+f(x) = 0 
dt 2 

dx(0) 
x(0) = Xo ' dt =xo 

and the abQve equations' trapezoidal rule approximation, {l) 

. . 
Xntl - Xn = O'(Xntl + xn) 

xn+i - xn = - O' [f(xn+i) + f(xn)} 

O' =6t/2 . 

The function f(x) is taken to be 

• clx 

{ 1. la) 

(l.lb) 

( 1. 2) 

1
For the differential equation solutions: 
for the difference equation solutions xn 

x(t), x(t) = dt will be used, but 
is a separate variable. 
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{

ax 

f(x) = 

sx + (a - s) sgn(x) Ix 1 ~ 1 

( 1. 3) 

as shown in Fig. 1. 1. 

f(x) 

X 

Figure 1. 1 - The Function f(x) 

f(x) is chosen to be a piecewise linear function of x because such 

functions have been used in the past as models for bilinear materials 

and as simplified models for more complex nonlinear dynamic systems. 

The piecewise linearity of f(x) simplifies the analysis while retaining 

some basic features of non linearities. The results presented can be 

extended to solutions for functions composed of multiple linear regions 

and to large amplitude solutions for functions with linear asymptotes. 

Although Eqs. (1. 2) are generally implicit, the choice of f(x) 

allows them to be transformed into a set of explicit difference equations, 

( 1. 4) 



-5-

X 

1 + a 2 a 

h(x) = ( 1. 5) 

x + 0'2 ( s - : )sgn(x) 
1 + a 2 s 1 + Q' s 

h<xl 

Figure 1. 2 - The Function h(x) 

Explicit difference equations, in general, have the property that the 

existence and uniqueness of the solutions is directly obtainable from the 

equations. Both the functions h(x) in Eq. (1. 5) and f(x) in Eq. (1. 3) 

are real and one to one functions of xE (-co, co). That is, for every 

x there is associated one and only one value of f(x) and h(x). There­

fore, the solutions to Eqs. (1. 2) or (1. 4) exist and are unique. These 

difference equations also have unique solutions for the inverse or 

backwards problem, i. e. given the state at n, ~ n , find the state for 
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n - 1, ~n-l. This is due to the fact that the inverses of f(x) and h(x) 

are also one to one functions. 

A powerful method for determining the stability of differential 

equation solutions, Liapunov' s direct method, can be extended to handle 

difference equations [ 5]. For the explicit, difference equation, 

\t'n::::: n 0 , ( 1. 6) 

the Liapunov function, V(n, .::,n), is defined such that V(n, .::,n) is a real 

valued function for all n ~ n 0 and all ~n in G, a domain of the real 

vector space. If V(n,~n) is continuous, bounded from below, and if 

(1. 7) 

for all n;::,: no and for all ~n in G, then V (n, ~n) is a Liapunov function 

of Eq. (1. 6) on G. The available stability theory for difference equations, 

[ 1,10,11,12], relies on the existence of such Liapunov functions to make 

any statements about the boundedness and the limit cycles of the solutions. 

Unfortunately there does not seem to exist any simple Liapunov functions 

of Eqs. (1. 2). From the behavior of the numerical solutions, it appears 

that if Liapunov functions do exist, they must either be defined for a large 

nun1ber of steps or have a complicated functional dependence on xn. ~· 
All of the solutions to Eqs. (1. 2) are oscillatory. That is, in the 

phase plane, all of the solutions succesively map around the origin. This 

can be seen be setting ct = 1 (the results can be shown to hold for all 

ct> 0) and defining the function zn as 



-7-

( l. 8) 

Equations (1. 2) can then be written as the following explicit d ifference 

equation, 

where 

F(z) = 

a 
l+az 

s (a -s) T+sz + 1 + s sgn(z) 

Figure 1. 3 - The Function F(z) 

( l. 9) 

(l. 10) 

The term on the left hand side of Eq. (1. 9) is the difference operator 

d 2 z 
(with 6t = 1) for cl?", the curvature of z(t). Thus Eq. (1. 9) shows 

the curvature of z is always of the opposite sign of z and so the 
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solutions will be oscillatoryo 

The m e thods of solving difference equations vary as much as the 

equations themselves [2,6,7,13,14]. The oscillatory nature of the 

solutions to Eqs . (1. 2) is an indication that there exist periodic solutions. 

Therefore a method is chosen that can solve the equations for existing 

periodic solutions and yet retain enough flexibility to gain insight into 

the behavior of the non-periodic solutions. A transformation oriented 

technique will be used where the phase plane mappings of domains are 

examined for invariance, and consequently, for periodic solutions. The 

method employed is a straight forward analysis. Since f(x) is a 

piecewise linear function the phase plane can be divided into different 

regions, and the governing transformation in each region is linear. 

Chapte r II is concerned with the solutions of the difference 

equations whe re s = 0, i.e. the function f(x) is a constant for 

lxn I> 1. The phase plane is divided into the regions where a particular 

linear transformation applies and th e mappings of these regions is examined. 

The simple periodic solutions and a set o:fmore complicated periodic 

solutions are found along with an associated set of unbounded solutions. A 

bound on the Hamiltonian growth is also calculated. 

In Chapter III the solutions for s > 0 ar e examined in a manne r 

similar to Chapter II, with the exc eption that the associated transfor­

mations are trigonometric and not algebraic. The finite set of simple 

periodic solutions and their stability domains are found from the transfor­

mation m .appings. Again, a bound on the Hamiltonian growth is calculated. 

Finally, the damped difference equations are examined. For these 
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equations both the simple periodic solutions and a bound on the solution 

growth is found. 

Chapter IV deals with examining the non-autonomous difference 

equations with a sinousoidal forcing function. The change in the solutions' 

behavior due to the inhomogeneity is discussed, and the dependence of 

the solutions' period on the phase is found. 

Chapter V discusses the aspects of the difference equations which 

approximate the differential Eq. (1. la). The period error for the simple 

periodic solutions is calculated and some solutions for an energy con­

serving algorithm and the trapezoidal rule algorithm are compared to the 

exact solutions of the differential equation. 
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II The Solutions for s = 0 

2. I The Pha se Plane Transformations 

The characteristics of th e solutions for s = 0 in Eq. (l. 3) are 

slightly different from those for s >0. The equations for s = 0 will 

be consider e d first, as they involve simpler transformations in the 

phase plane. The equ&tions are 

. . 
Xn+l - Xn = a(xn+1 + Xn ) (2. la) 

( ) 

xn+l -xn = - atf(a,xn+il +f(a,xn)J (2. 1 b) 

where 

{ a sgn(x) Ix 12'. I 
f(a,x) = (2. 2) 

ax Ix I:,; i 

6t 
Q' =y 

To simplifJy the dependence of Eqs. (2. la) and (2. lb) on the parameter 

a, let 

(2. 3) 

and 

f3 = a2 a . (2. 4) 
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Equations (2. la), (2. lb), and (2. 2) then become 

• • 
Y n+l - Y n = Y n+1 + Y n (2. Sa) 

(2. Sb) 

Since f(/3, y) is a piecewise linear function, Eqs. (2. Sa, b) can 

be written as a set of linear equations, each applying to its respective 

region of the phase plane. These regions are specified by the combi­

nations of the three domains of Yn for f(/3,Yn) to be linear. The 

difference equations are implicit, so the domain of Yn+i must also be 

specified. This implies that the phase plane contains nine separate 

regions of linear transformations. These transformations being, 

(2. 6a) 

II: Y n ~ 1 , I Y n+i I:::; 1 

1 • 1 
2 ( - 1 - Y n ) :::; Y n:::; 2 ( 1 + 2/3 - Y n ) (2.6b) 

2'.>+1 = Byn - (i ~13)::, 
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Ill: y n;:::: 1 , y n+l S - 1 

(2. 6c) 

(2. 6d) 

V; Y n s; - 1 , Y n+l < - 1 

(2. 6e) 

VI: Yn:S::-1, !Yn+1ls::l 

1 1 • 1 
- 2 ( 1 + 2 f3 + Y n ) s; 2 s:; Y n s; 2 ( 1 - Y n) ( 2. 6 £) 

fn+i = ~rn+ (1 ~r3);, 

VII: y n S - 1 , y n+l;:::: 1 

(2. 6g) 

Yn+l = Ayn ~ ~~ 



with 

. 
Yn>l 

2'.:,n+i = Cy n - 13 1 

IX: I Y n I s; 1 , I Y n+ l I s; 1 

IYn Is: 1 

Yn+l = Dy n ~ 

C = [l - 13 2] 

- 13 1 

-13-

B=1!13[

1 

- 13 

=-1 [1-13 
D 1+13 

- 213 

(2. 6h) 

(2. 6i) 

(2. 6j) 

Figure 2. 1 shows the y phase plane divided into these nine regions. 

Each region was specified by defining the domain ·of Yn and Yn+i, and ~ . 
it can be seen from the transformations that in one mapping step; 

1) Region I maps onto regions I,II, and III, 
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V 111 

I 

JI 

Figure 2. 1 - Phase Plane Transformation R egions for s = 0 
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2) Region II maps onto regions IV and IX, 

• 3) Region III maps into region V, 

4) Region IV maps into region V, 

5) Region V maps onto regions V, VI, and VII, 

6) Region VI maps onto regions VIII and IX, 

7) Region VII maps into region I, 

8) Region VIII maps into region I, and 

9) Region IX maps onto regions IV, VIII, and IX. 

The function f(j3, y) is symmetric about y = 0, and thus the 

transformations in each half of the phase plane (y n> 0 or y n < 0) are 

identical to their counterparts in the other half of the phase plane with 

the transformation 

yr. ( in y n > 0) = - y n (in y n < 0) (2. 7) 

In other words, a set of solutions [yi} with initial value y0 will be 

identical to the solutions [y:} with initial value -y0 for the transfor­

mation Yi = - y:. Therefore, it is sufficient to investigate the solution 

behavior in only half of the phase plane {one half cycle of oscillation) 

via Eq. (2. 7). 

Based on the mappings of one transformation region into another, 

solutions that map into y n > 1 will map into region I k times in a 

half cycle. The value of k depends on the initial value, y0 • The 

solutions will then either map into region II and then into region IV, 

or they will map into region III. The next step will map all of these 
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solutions into the next half cycle. 

Definition 2. l 

Those solutions which map into IYn I> l in one half cycle and 

do not map into \ y n \ < 1 will be called outer branch solutions (the 

transformations depend only on the outer linear branches off). Those 

solutions which map into IYn I> 1 and also map into IYn I< 1 in one half 

cycle will be denoted as the inner branch solutions. 

The Hamiltonian of the difference Eqs. (2. 5) (which is also the 

energy of the dynamic system since it is conservative) is 

(2. 8) 

Although the solutions to the differential equation given by Eq. (1. la) 

do conserve the Hamiltonian, the solutions of the difference equations 

in genera) do not. Calculating the change in the Hamiltonian within each 

of the nine different transformation regions shows that the energy is 

conserved only with mappings through regions I, V, and pa rt of region 

IX. Both regions I and V are the multiple mapping regions in each 

half plane, and so a solution will conserve its Hamiltonian as it maps 

within the half planes, Yn< 1 and Yn> 1. The Hamiltonian will change 

when the solution maps from one of these half planes into the other. 

The Han1iltonian jump for an outer branch solution, in mapping 

across the linear region, is calculated from Eqs. (2. 6c) and (2. 8) and is 
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Y1 
6H1~ = -2[3(y0 +yo) (2. 9) 

Yo 

where y 0 lies in region III. Similarly, for the inner branch solutions, 

the Hamiltonian jump is found from Eqs. (2. 6b), (2. 6d) and (2. 8) to be 

Y2 

6H1~ = ~~1}(2yo+Yo-/3+l)(yo+l). (2. 10) 

Yo 

yo lies in region II. 

In order to explore the periodic and unbounded solutions to Eqs. 

(2. 5), it is necessary to determine how a solution initially in region I 

maps through the half plane into region I for the next half cycle. To 

accomplish this, the complete set of half cycle transformations are 

formulated by following all of the possible mapping transformations in 

one half cycle. First, the subregion of region I which contains the 

forward mapping of regions VII and VIII is calculated. This region, 

denoted I , contains one point of all of the solutions of Eqs. (2. 5) 
a 

which map into the outer branches of f(/3,y) (i.e. IYnl> 1) at least 

once per half cycle. Figure 2. 2 shows region I for the half plane 
a 

The subregions of region I that determine the number of 
a 

mappings a solution makes in region I are found by backwards mapping 

region I through a half cycle back onto itself. To do this, the forward 
a 

transformation for a solution which initiates and maps back into I with 
a 

k steps, and does so without mapping into IYnl<l, is calculated from 
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Eqs. (2. 6a), (2. 6c), and (2. 7). This forward transformation for the 

k-step outer branch solutions is 

t 2k] k-1 

[: :J{:} 
...... 

Yk = Yo+ 213 'l ~ 
1 j =l 

-[: 2k] • {k

2

- l} 
= Yo+ 2 f3 ~ 

1 k - 1 . (2. 11) 

Using Eq. (2. 11) and back mapping the boundaries of region I given 
a 

• 1 
by Yk = 1 and Yk = 2 (yk+ 1) yields, respectively, 

•upper_ .:_!_ + 2(3k 2 
- 2(3 - 1 

y - 2k y 2k (2. 12a) 

Y
• lower= -1 Y + 2f3k2 

- 4(3k + 2f3 + 1 
2 (k - 1 ) 2 (k - 1 ) 

(2. 12b) 

Thus, points in region I between the lines described by Eqs. (2. 12a) 
a 

and (2. 12b) will map k times through the half plane back into region 

I . The only other solutions possible are the k-step inner branch 
a 

solutions, and these solutions lie in between the lines described by 

Eq. (2. 12a) for k - 1 steps and Eq. (2. 12b) for k steps. Figure 2. 2 

shows the division of region I into these transf◊rmation subregions. 
a 

In a similar manner, the transformation for the class of solutions 

mapping into IYnl<l, the inner branch solutions, is found from 

Eqs. (2. 6a), (2. 6b), (2. 6d}, and (2. 7), and is 



1 
Yk=l+f3 

1 - 3 f3 

- 2f3 
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2(1 - 3f3)k + 8f3 

Yo 

-4f3k + 5f3 + 1 

2(3f3- l)k 2 +8(1-f3)k+l0f3-18 

-4f3k2 + 2 ( 5f3 + 1 )k + 4f3 - 6 (2. 13) 

Since these points map into the linear region, the solutions will map 

via Eq, (2. 13) into the region of I 
a 

• 1 
bounded by y = 2 (y + 1) and 

• 1 
y = 2 {y - 1 - 2f3), shown in Fig. 2. 2. Thus, from this abbreviated phase 

plane, the behavior of a solution in one half cycle of mappings is given 

by which subregion of I y 0 lies in and the forward mapping of that 
a 

region, as given by Eqs. (2. 11) or (2. 13). 

The minimum number of steps a solution takes to map through 

a half cycle, IYnl> 1, can not be less than the number of steps per 

half cycle made by a solution staying in the linear region, I y :: I< 1. 

This is d~ to the fact that the linearized f(f3, y) for any point IYn I> 1 

has a slope less than f3. The transformation for solutions in the linear 

region IX is 

cos 8 sin 8 

~ 
X,n (2. 14) 

-,J13sin 8 cos e 

-l (1 -f3\ 
8 = cos l + f3) , 
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and thus k 11 r.ea r , which is the number of steps per half cycle of these 

linear solutions, is 

- 1 (1 - f3 '\ 
k11nea~ = rr/cos 1 + [3/ • (2.15) 

The restrictions on k=! n , the minimum number of mappings a solution 

makes in a half plane, are 

~ -1 (1 - f3 \ 
k!!! in rr/cos 1 +[3) , and (2. 16) 

From the dependence of Eqs. (2. 12a) and (2. 12b) on k, two 

characteristics of these lines which define the k-step region can be 

seen: Their y = 0 intercepts grow with O(f3k) and their slope ap­

proaches zero with 0(1/k). Thus, for large k, the period of a 

solution in one half cycle, nhc, is 

(2. 1 7) 

. 
and thus, the half cycle period of the solutions grows linearly with y. 

2. 2 The Simple Periodic Solutions 

To prove the existence of periodic solutions to Eqs. (2. 5), it will 

be n ecessa ry to make use of Brouwer' s Fixed Point Theorem. 

Theorem 2. 1 (Brouwer) 
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If (/) is a continuous mapping of the clos e d unit sphere 

S = { xE:En I Ix I::'§ 1} of Euclidian n- space into its e lf, then there exists 

a point y in S such that (/)(y) == y. 

A detailed discussion and a proof of this theorem is given in [3]. 

Clearly, the fixed points for the phase plane mappings are the periodic solu­

tions. It is only necessary to find the phase plane regions that can map back 

onto themselves to prove the existence ofa periodic solution in that region. 

As a convention, the behavior of a particular solution, in terms of the number 

of tirnes it maps into the half plane I y n I;;::: 1, will be denoted by parentheses 

with a comma separating the number of times it maps into each half plane. 

For example, (k, f., m) denotes a solution taking k steps in one half cycle, 

f. steps in the next, and m in the last half cycle. 

The simple periodic solutions of Eqs. (2. 5) are defined as the 

solutions which are periodic in one cycle of the phase plane. The 

totality of possible mapping patterns for these solutions is denoted by 

(f., k) with f. and k greater than or equal to the minimum nu.,_--nber of 

steps per half cycle. To find the simple periodic solutions, it is 

necessary· to map region I onto itself to determine what type of 
a 

mapping patterns are possible. The periodic solutions can the n be 

found by solving the transformation e quations involved in the mappings 

for a p e riodic solution. 

The mapping of the k- step r egion onto itself in one half cycle is 

shown in Fig. 2. 3. From the points defining this mapping (given in 

Fig. 2. 3), the following two statements of the half cycle mapping behavior 

can b e proven (for all f3> 0): 
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I /1= I I 

VJJJJJ. OUTER BRANCH MAPPING 

( / ~ INNER BRANCH MAPPING 

v/ 
5 10 15 Yn 

1 : [l , {3 (k - 1 ) } 

2 : [l, ({3k 2 - /3- 1)/k} 

3 : [ ( - 1 + 2 /3k 2 
- 2 f3 + k + 2 k/3) / (k + 1 ), ( {3k 2 - 2 /3 - 1 ) / (k + 1 ) } 

4 : [l - 2{3 +2/3k, /3(k- 2)} 

5: [(-2+2/3k2
- 2/3k+k-2/3)/k, (-1+{3k2 -2/3k-/3)/k} 

6 [ 1, (/3k2 
- 2/3k - 1) / (k - 1)} 

1 ' : [ 4/3k - 4{3 - 1, /3 (k - 1)} 

2 ' : [ 1, {3k - 2 /3 + ( /3 + 1) / k} 

3 
1 

: [ 1 , ( /3 k 2 + 1 ) / (k + 1 ) } 

4': [2{3k- l, /3k} 

5': [(2/3k2 
- 6/3k +k + 2{3 + 2)/k, (/3k2 - 4k/3 + /3 + 1)/k} 

6': [(2f3k2 
- 10/3k +k + 1 + 10/3)/(k - 1), (/3k2 - 6/3k +6/3 + 1)/ (k - l)} 

Figure 2. 3 - The Half Cycle Mapping of a k-step Region and the Points 
Defining this Reg ion and its Mapping. 
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1) The k- step outer branch solution region maps into the 

(k-1), k, and (k+l)-stepouterbranchandthe k 

and (k - 1)-step inner branch regions of the next half 

cycle. 

2) The k-step inner branch region maps into the (k + 1), 

k, (k - 1), (k - 2), and (k - 3)-step outer branch regions 

and into the (k+ l),k, (k- 1), and (k- 2)-step inner 

branch mapping regions. 

These two n1apping rules therefore limit the possible combinations 

of simple periodic outer branch solutions to the mapping patterns 

(k,k - 1), (k,k), or (k,k+ 1), and the following theorem can now be 

stated. 

Theorem 2. 2 

The (k,k) periodic solution exists for all k ;::,;kmin and is given 

by 

(2. 18) 

for all /3 > 0. 

proof: 

From the points defining the k-step region (1,2,3, and 4 in Fig. 

I I I I . 
2. 3) and their mappings (1 , 2 , 3 , and 4 ), 1t can be shown that there 

exists a region which is the set of solutions following a (k,k) mapping. 
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If part of this region maps onto itself, then there exists a periodic 

solution by the fixed point theorem. To find the fixed point, the 

transformations given by Eq. (2. 11) yield the following (k,k) transfor-

mation 

(2. 19) 

. 
The periodic solution of Eq. (2. 19) is yP = l3(k - 1) with the equation for 

yP satisfied identically as long as yP lies in the (k, k) mapping region . 

. 
From the intercepts of yP = 13(k - 1) with this region, it is found that 

1 s:: yP :s: 2l3k - 1. Figure 2. 4 shows some of these periodic solutions plotted 

in region I of the phase plane. 
a 

To examine the stability of these periodic solutions, IP, let 

5£n be a perturbation of Y..,P such that I = IP +;:e, always lies in the same 

transformation region as Y,P. Then f(l3, y~ + cpn) = f(l3, y~), and the 

perturbation equations of Eqs. (2. 5) are 

. . 
cpn+l - cpn = cpn+l + cpn (2. 20) 

The solution of which is 
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Thus, for an arbitrary cp0 , the perturbations of the periodic solutions 
~ 

are unstable and grow linearly in n. The solutions are stable, however, 

. 
for .:p0 = 0, and must be as the periodic solutions are lines with 

y = constant. 

Although a mapping exists, periodic solutions of the pattern 

(k,k -1) and (k,k+ l) do not exist. This is because there are no in­

variant subregions of the (k, k - 1) or (k, k + 1) mapping regions, and 

so no fixed point exists. 

For the simple periodic inner branch solutions, the following 

theorem is given. 

Theorem 2. 3 

The periodic solutions which map k times in IYnl;:;: 1 and once 

in IYn I< 1 for a half cycle, and which are periodic in one cycle exist 

and are 

yPl ::: f3 {2k - l} 

k - 1 . 

(2. 22) 

proof: 

Following the reasoning of the previous proof, it can be shown 

that the k- step linear region (bounded by points 1, 4, 5, and 6 in Fig. 2. 3) 

intersects its mapping (l ', 4
1

, 5
1

, and 6 
1

). The transformation equation 

is Eq. (2. 13), which has Eq. (2. 22) as a periodic solution. 

The stability of these solutions is different from those of the 

(k,k) outer branch type, and the perturbation equation is 
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1 - 3 [3 2 ( 1 - 3 /3) k + 8/3 

1 
1 + f3 (2. 23) 

-2/3 -4/3k + 5/3 + 1 

The eigenvalues of this transformation are complex conjugates (hence, 

stable solutions) for /3 < 1 /k, and real (unstable solutions) otherwise. 

2. 3 The Complex Periodic Solutions 

Since the k-step region maps points into both the (k - 1) and 

(k + 1)-step regions, it would seem possible that periodic solutions exist 

which map several times in different regions of I . The half cycle 
a 

period of the solutions would grow and decay in the number of steps per 

half cycle and,consequently, also in the Han1iltonian. Finding these 

complex periodic solutions involves fir st synthesizing a possible mapping 

pattern in terms of the number of steps per half cycle and then checking 

the resulting transformation for a fixed point. 

To exemplify this process, consider a solution which maps into 

the k-step. region m times. Since a simple periodic solution exists for 

one cycle of mappings, there must exist solutions which will map m 

times in a k-step region. Now allow the solution to map first into the 

(k+ 1)-step region and then into the (k+ 2)-step region, where it maps 

m times. It was demonstrated by the previous analysis that both 

mappings are separately possible. To make the solution periodic, let 

it map into the (k + 1) and then the k-step regions. If this solution 

pattern exists it will have a period of 2(m+ l)(k+ 1), and a mapping 

pattern denoted by (m(k), k + 1, m(k + 2) , k + 1 ). Following this pattern 
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and carrying out the transformations yields, for m an even integer, 

l 4(k+l)(m+l) (m+l)k 2 +k-m 

zo - 4[3 (2. 24) 

0 l 0 

The periodic solution of Eq. (2. 24) is thus 

(2.25) 

with the values of yep such that ycP is in the region that follows the . ~ 
(m(k), k + 1, m(k + 2), k + 1) mapping. It is necessary to carry out this 

mapping of the k-step region to find y 0 P, which gets increasingly compli­

cated as m grows. Figure 2. 4 shows several of these complex periodic 

solutions in region I of the phase plane. 
a 

Since all of these periodic solutions are outer branch solutions, 

IYnl~ 1, the stability analysis is the same as for the (k,k) simple 

periodic solutions (Section 2. 2). 

2. 4 The Unbounded Solutions 

Numerical calculations of the solutions to Eqs. (2. 5) indicated 

that there is a set of solutions that would, on each half cycle, map up 

into the next higher ste p region and continue to grow in this manner 

unboundedly. To look at a generalization of this kind of growth, 

consider the previous set of complex periodic solutions. It was noted 
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that these solutions follow a (m(k), k + 1, m(k + 2), k + l) mapping. Half 

of this pattern consists of the (m(k), k + 1) mapping, which will be 

considered the basic building block of a set of the unbounded solutions. 

The full mapping behavior would be that a solution maps first into the 

(k+2)-stepregionby (m(k), k+l), then into the k+4 step region by 

(m(k+2) ,k+3), and continues mapping into a 2-step larger region with 

each (m(k), k + 1) transformation. 

To check for the existence of such solutions, the transformation 

for the pattern (m(k), k + 1) is calculated. This is done by carrying out 

the transformations of each half cycle mapping specified by Eq. (2. 11), 

and the transformation is 

1 2(m + l)k + 2 (m - l)(k2
- 2k) + 3k2

- 3 

Yo- 2{3 (2.26) 

0 1 -1 

If these solutions exist, they will be expressible as functions of both the 

particular number of steps per half cycle, k, and {3; written 

yu = h(k, {3). Since these solutions must lie in region I and hold for all ~ ~ a 

k greater than some initial step region, ,h can grow no faster than 

O(k). For y 0 and }'.:i::k+k+l in Eq. (2. 26) to be members of this set of 

unbounded solutions two conditions must be satisfied, 

. . 
1) Y mk-l--k+1 = Yu (k + 2) , Yo = Yu(k) , 

and 
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2) Ymk+;<+i -y0 = a function of m and /3 only. 

The first of these conditions states that if y 0 is an unbounded solution, 

y0 = yu(k, /3), then its mapping into the (k + 2)- step region must also be 

an unbounded solution for k + 2 steps, Yok+k+l = yu(k + 2, /3). This is 

essentially a periodicity condition for growing solutions. The solutions, 

yu, must lie within region I , and so as k grows, yu can grow by ~ a 

at most a constant with each mapping. This is the restriction in 

condition 2. 
. . 

The form yu = ak + b satisfies the requirement that yu = O(k). 

By applying condition 1, it is found that a = /3. The equation for the y 

component of Eq. (2. 26) then becomes 

Ymkh+l -Yo= 2[b(m+l)+/3(m+2)] k+4(/3+m- l) . 

Applying condition 2 to Eq. (2. 27) we find that b 

Y•u - P.(k- m+2) 
-t-'\ m+l. 

= _13 m+2 
m+l 

(2. 27) 

and thus 

(2. 28) 

The solution, yu, can not be directly determined from Eq. (2. 2 5) as is 

to be expected. This is because the perturbation equation for the 

unbounded solutions is the same as Eq. (2. 20), and yu is the range of 

values that follow that mapping pattern. As in thE:! case for the complex 

periodic solutions, these mappings become complicated for m> 1. The 

case of m = 1 shows the simplest pattern where the solutions grow by 

one step per half cycle. From the half cycle mapping of the k-step 
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region shown in Fig. 2. 3, yu must lie between the intercepts of 

• ( m+2) Yu = f3 k - m + 1 and the lines 1 - 4 and 
• 1 
y = 2 (y + 1 ). This 

restriction yields 

(2. 29) 

Figure 2. 5 shows these unbounded solutions in region I 
a 

of the phase 

plane for m = 1, 2, and 3. 

Equation (2. 29) also implies that there is a minimum k for such 

unbounded solutions, such that all solutions, yu, for k greater than or 

equal to this minimum behave as predicted. These solutions must follow 

a different mapping behavior before they map onto the regions which 

contain the unbounded solutions. Some of these solutions were numeri­

cally backmapped. They mapped into the linear region, !Yr.I< 1, and 

followed a complicated mapping behavior. Eventually these solutions 

backmapped into regions that, in this reverse solution, corresponded 

to the growing solutions of the forward problem. Generally, it seems 

that the growing solutions come from unboundedly large values and map 

with the pattern (k,m(k - 1), k - 2, m{k - 3) ... ) down to a point where 

they map into the linear region. From there they eventually map away 

from the origin of the phase plane with (k, m(k + 1), k + 2, ... ). 

It has been shown that the growth in the Hamiltonian for solutions, 

Yn, is bounded by an exponential growth given by 
~ 

(2. 30) 
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with Ci equal to a constant [8]. For the set of unbounded solutions 

analyzed, the actual growth in the Hamiltonian can be calculated from 

its jump in one transformation of the (m(k}, k + 1) pattern. Applying 

the transformation for this pattern, given by Eq. (2. 26), to Eq. (2. 8), 

and using Eq. (2. 28), it is found that 

(2. 31) 

The average increase in the Hamiltonian per step 'is 

_ 2(3 { (m+2) } b.Have- (m+l)k+l f3k-(f3+m)\rn+1 +2m+2ptl (2. 32) 

For large k Eq. (2. 32) becomes 

2(32 
= (m+ l) + 0(1/k) (2.33) 

and thus for n large 

(2. 34) 

With the jump in the Hamiltonian known for each mapping (Eqs. (2. 9) and 

(2. 10)), an upper bound on the Hamiltonian growth can be derived using 

the results of the mapping analysis. Since the Hamiltonian is conserved 

for all mappings in regions I and V, the maximmn possible 
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Hamiltonian jump p e r half cycle is giv en by Eq. (2. 9) for y0 = 1, 

6Hmax = - 2f3(y + 1) 
. 

(y < 0) (2. 35) 

Averaging this max imum jump over the number of steps per half cycle, 

nhc, yields 

(2. 36} 

From the transformation analysis of Section 2. 1, it was found that the 

half cycle period is linear in y. Thus Eqs. (2. 36) and (2. 17} yield 

(2. 37) 

For n larg e then, 

(2. 38) 

and the Hamiltonian for all solutions is thus bounded by an O(n) g rowth. 
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III The Solutions for s>O 

3. 1 The Phase Plane Transformations 

The analysis presented in the previous chapter can now be ex-

tended to the more general set of Eqs. (2. Sa) and (2. Sb) with f(/3, µ, y) 

given by 

{ 

µy + (/3 - µ)sgn(y) 
f(/3,µ,y) = 

f3y 

µ = Q'2 s . 

( 3. 1) 

The solutions of Eqs. (2. Sa) and 2. Sb) for 13 > µ will be examined 

first, and generalizations of these solutions to the solution:s for f3 < µ 

will be discussed in Section 3. 5. Clearly, 13 = µ reduces Eqs. (3. 1), 

(2. Sa), and (2. Sb) to a linear problem. 

Following the method of Chapter II, the phase plane is divided 

into the nine regions, Fig. 3. 1, each with its linear transformation 

specified by the solutions location on the branches of f(/3,µ,y). The 

regions and their transformations are 

• l r 'I 
y 11 > Z { ( µ - 1 )y n + l + 2 /3 - µ J (3. 2a) 

- 2(/3-µ) 
!, n + 1 - f:,Y.,n - l + µ :, 



Yn=-1 

Yn=! {(µ-l)yn +I+µ.} 

fill 

Yn=! {(µ-I )yn-1-2,B+µ.} 

Yn= ~ { (,B-1 )yn -,e-1} 

y_ 
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Yn 

I 

Yn= ~ {LB-l)Yn+.B+I} 

Yn= ~ {(µ-I )yn +I +2,B-µ} 

II 

ill 

Figure 3. 1 - Pha se Plane Transformation Regions for s > 0 
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II: Yn2! l, IY n + 1 I 5: l 

½i_(µ -l)yn-l-µ} 5: yn5:½{(µ-l)yn+l +2[3- µ} 
-B(P. ) (µ-[3)1 

X,n + 1 - ~ t-'' µ Y.,n + 1 + f3 ~ 

III: Yn ;?; 1, Yn+15:- 1 

Y n 5: ~ { ( µ - 1 )y n - 1 - µ} 

Yn+1=Ayn 

IV: IYn 15: 1, Yn+l <-1 

1 . . 
Yn$:z {(f3- l)yn - 1 - f3} 

f3 - µ 
X,n + 1 = ~(µ, f3)X,n + 1 +µ !:, 

VI: Y n :s; - 1, I Y n + 1 I :s; l 

(3. 2b) 

(3. 2d) 

(3. 2e) 

(3.2£) 
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VII: y n :s; - 1, y n + 1 ~ 1 

(3. 2g) 

(3. 2h) 

IX: I Y n I :S: 1 , I Y n + 1 I < 1 

1 {(f3-l)yn-l-f3}:s;yn:s;½ {({3-l)yn+l +f3} (3. 2i) 

Yn + 1 = Dyn ~ ~~ 

with 1 - µ 2 cos8 sine 
l+µ l+µ ,/µ 

A = = 
-2µ 1- µ -,/µsin8 cos8 l+µ l+µ 

e 
-lfl-µ\ (3. 2j) = cos \rr-J µ 

' 1-µ 2 1 - /3 2 
1 + {3 1 + {3 1 + {3 1 + f3 

B(/3,µ) = D = 
-(/3+µ) 1 - /3 -2{3 1 - /3 
l+~ 1 + {3 1 + {3 1 + {3 

Ba sic ally, the solutions in mapping through the half plane for 

µ> 0 are similar to the solutions for µ = 0. That is, in the phase plane, 

both solutions will map k times into I y n I> 1, and then will either rnap 

into the linear region, I y n I< 1, or onto the outer branch of the next 

half cycle. The subregion of Ia which contains all of the solutions that 
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mapped from !Yn-11<1 into is again designated region I . 
a 

Region I contains only one point of each of the possible solutions of 
a 

Eqs. (2. 5) in a half cycle of the phase plane. Thus it is sufficient to 

consider only this subset of points and its mappings in a half cycle. 

The backwards mapping of region I onto itself during one 
a 

half cycle, given the appropriate transformations specified by Eqs. 

(3. 2), will then yield the subregion of I containing the k- step outer 
a 

branch solutions. To be more explicit, region I is the forward 
a 

mapping of regions VII and VIII into region I, as defined by the lines 

Yn = 1 

(3. 3) 

Region Ia is backmapped onto the region I for the previous half 
a 

cycle through k-steps to determine the k-step mapping region. 

This backmapping of the boundaries of I in Eq. (3. 3) defines 
a 

the k-step outer branch mapping region as lying between the lines 

Y
upper r, cos k8 

= - v µ sin k 8 y 

+ Jµ {-1 + /3 - µ (a + bk-1 ) 1 
sin k e ( 1 + µ) ( 1 - CO s e) k- 1 ,Jµ ) (3. 4a) 

Y
• 1ower _ r. cos(k - 1)8 

- - v µ sin(k - 1) 8 y 

+ ,Jµ ( l + /3 - µ ( bk - 1 ) } 
sin ke l (1 +µ)(l - cos 0) -ak-l + Jµ (3. 4b) 



with 
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a k = cos 8 + cos k 8 - cos (k + 1) 9 - 1 

bk = sin 8 + sin k 8 - sin (k + 1 ) 8 . 
( 3. 4c) 

Fig. 3. 2 shows region I and its subdivision into the k-step regions. 
a 

The solutions mapping k times in Yn:2:l and once in IYnl<l ina 
. 

half cycle will thus lie between yl owe r (k + 1) and yupper (k). The 

transformation of a k- step solution is found by mapping the solution 

k - 1 times in region I and once in region III, and is 

- cos k8 - sin k8 
fl 

,/µ 
yk= Yo+ ~ 

,jµ sin k8 - cos k8 

fl = 
( f3 - µ) 

e) (ak-1 + bk-1/Jµ) (1+µ)(1-cos 

given by Eq. (3. 4c). By definition Yk 

(3. 5) 

is in region I . 
a 

The transformation for those solutions which map k - 1 times 

in y n ~ 1 and once in I y n I < 1 is calculated in a similar manner, and 

is 
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where 

e 11 = [1 - 3([3 +µ) +[3µ}cos(k - 2)8 - 4,/µ (1 - [3)sin(k- 2)8 

[ }. sin(k - 2)8 e 12 = 1 - 3 ( [3 + µ) + [3 µ -~-~ + 4 (1 - [3) cos (k - 2) 8 
Jµ 

e 21 = -[ l - 3([3 + µ) + [3µJ Jµ sin(k - 2)8 - 2(1 - µ)([3 +µ)cos(k - 2)8 

e22 = [l - 3([3 +µ) +[3µ} cos(k- 2)8 - 2(1 - µ)([3 +µ) sin(k - 2 )6 
Jµ 

(3. 6) 

µ _ f3 r bk-3} 
c 1 =(l +µ)(1-cos 8) lak- 3 + Jµ 

c2 =(1 +µ~1- ~cos 8) {ak_3-Jµbk-3} 

Again, ak and bk are given in Eq. (3. 4c). 

There exists a bound on the maximum number of steps per half 

cycle, denoted as kmax by virtue of the fact that for any k>k~ax 

the backmapping of I with k steps does not map into I but beyond 
a a 

this region and into the previous half cycle of the phase plane. Thus, 

some part of region I which has been backmapped k times must map 
a 

onto I . It can be seen from Fig. 3. 2 that for this condition to hold 
a 
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the slope of the lower line defining the boundary of the kmax step 

region must be positive and finite. Equation (3. 4b) defines this lower 

boundary of the kmax 

such that 

step region, and thus, kmax 

kmax = max [k} 

k=l,2,3 ... 

is defin ed by 

co>-,}µcos(m-1)8/sin(m-1)8, O<m:5:k, 

and 

- Jµ COS kmax 8/ sin kmax 8 < 0 . 

These conditions irnply 

(3. 7) 

kmin is ,defined as it is for the µ = 0 solutions and is given by Eq. 

(2. 16). 

To analyze the general solution behavior in mapping from one 

half cycle onto the next, each of the solutions in the k- step region is 

forward mapped into region I of the next half cycle. For those k-
a 

step solutions which map only in the outer branches, I Yn I 2: 1, the 

k-step transformation is given by Eq. (3. 5) and maps the k-step region 

of I into that area of region I bounded by 
a a 
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yupper =jµ ctn(k + 1)8y 

+ (1 +2[3-µ)sin 8 -Jµ ctn(k+l)8f1+ f,, 
2sin(k + 1)8 ~ 

and 

ylower =,jµ ctn k8 y +Jµ / sin k8 -,}µ ctn k8 f 1 + f2 

with f1 and f 2 given in Eq. (3. 5). Similarly, for those k-step 

solutions mapping into IYn l < l, Eq. (3. 6) implies that the inner 

branch solutions map between 

and 

• ( e 21 + Jµ ctn 8 e 22 ) 
Y upper = -,----------,- y + T] 

( e 11 + ,}µ ctn 8 e 12 ) ( e 11 + Jµ ctn e e12) 

- ( e 21 +Jµ ctn 0 e 22)g1 }+ T)g 2 , 

1 
T] = - ( 1 + f3) ( 1 + µ) , y = 1 + 2f3 - µ 

(3. 8a) 

( 3. 8b) 

(3. 9a) 

(3. 9b) 

in the linear mapping subregion of I . e 11 , e 12 , e 21 , e 22 , g 1 , and g 2 a 

are given in Eq. (3. 6). Figures 3. 3 show the forward mappings of 

thek-step region forµ= 0.006 and k =6, 10, and 14. 
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From the equations defining the mapping of a k-step region and 

from. Figs. 3. 3, it can be seen that there is a difference in the mapping 

configuration between values of k < k,,,aJ2 compared to k > k.,::,.ax/ 2. 

This shows up in comparing the mapping of the k-step region between 

Fig. 3. 3a and Fig. 3. 3c. Point 3 of the k-step region is mapped 

into the (k+l)-stepregionfor k>kmaJ2, whilepoint 4 ismapped 

into the (k+l)-step region for k< kmax/2. This change in mapping 

behavior will later explain why some types of solutions were found to 

exist within only one or the other of these ranges of k. 

To determine exactly what areas of I the k-step region maps 
a 

onto, the points which define the mapping of the k-step regions are 

compared to the points which define the mapping regions in I . For 
a 

it can be proven that; 

1) The outer branch solutions mapping k steps rn one 

half cycle can map only onto the (k - 1), k, or 

(k+l)-step regions of the outer branch solutions, or 

onto the k or (k + 1 )- step regions of the inner 

branch solutions, and 

2) The inner branch solutions mapping k steps in one 

half cycle can map only onto the (k - 1 ), k, or 

(k + 1 )- step regions of the outer branch solutions, or 

onto the (k-1), k, or (k+l)-step regionsofthe 

inner branch solutions. 

3. 2 The Simple Periodic Solutions 

Sirnilar to the µ = 0 case of the previous chapter we now seek 
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the solutions periodic in one cycle with the pattern (k, k) and state 

the following theorem. 

Theorem 3. 1 

For f3 > µ and for all k such that km1n <k ::::kmax - 1 there 

exist (k, k) periodic outer branch solutions whose solution in region 

I of the phase plane is given by 
a 

proof: 

yP =(@-µ)(cos 8 +cos(k- 1)0 - cos k8 - 1) { 11} 
(1 +µ) (1 - cos 0)(1 +cos k8) 

(3. 10) 

From the discussion in Section 3. 1 on the mapping of a k-step 

region in a half cycle it is known that there exist outer branch solutions 

which map with a (k, k) pattern. The transformation for a (k, k) 

mapping is found from Eq. (3. 5) and is 

cos 2k0 sin 2k8/Jµ 

Y.,2 k = Y.,o 

-,/µ sin 2k8 cos 2k8 
(3.11) 

(cosk8-l)f1 + 
sin k0 

f2 
,jµ 

+ 

-,/µ sin k8 f 1 + (cos k8 - l)f2 

with f 1 and f2 given in Eq. (3. 5). The periodic solution of Eq. (3. 11) 

is given by Eq. (3. 10). For kmin <k ::::kmax - 1 these solutions can be 
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shown to lie within the k- step region of I . Note that the restriction 
a 

on k implies µ< 1/3, since kmax = 3 for µ = 1/3 and kmin = 2 

fo r all /3 > 1 / 3. 

To examine the stability of these periodic solutions to pertur­

bations, let y = yP +cp and assume cp is small enough such that the 

solutions, y , will follow the same mappings as the periodic solution, 

yP. Thus the (k, k) transformation given by Eq. (3. 11) will hold, and 

by subtracting the periodic solution we obtain the perturbation equation 

cos 2k8 
sin 2k8 

Jµ. 
;£2k = 5£,o (3. 12) 

-✓µ sin 2k8 cos 2k8 

or 

cos 8 
sin 8 

Jµ 
(3. 13) 

-Jµsin8 cos 8 

The determinant of A is unity and the eigenvalues are complex con.ju-

gates with 

A 1 2 = cos 8 ± i s in 8 , , 

and so there exists a conserved, quadratic equation for ,Pn which is 

~~ + µ cp~ = C , ( 3. 14) 
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with c a constant for all n. Therefore, for ~n sufficiently small, 

the perturbations from the periodic solutions are bounded and map 

onto the ellipse given by Eq. (3. 14). To determine the maximum 

possible bounded perturbation let c = 0. Then cpn = 0 (from Eq. ~ ~ 
(3. 14)), and y will identically follow the periodic solutions mapping. 

As c is increased, the ellipse will finally grow large enough such 

that some of its segments will map into the linear branch. This is 

because the k- step region of I is bounded by the regions mapping 
a 

solutions into IYn I< 1. Thus the maximum c in Eq. (3. 14) (which 

defines the maximum stability region) is such that the stability ellipse 

about any of the 2k periodic solution points is just tangent to I y n I = 1. 

From the position of region I in the phase plane and from the trans-
a 

formation of solutions in region I it can be shown that the distance from 

any simple periodic solution to the line Yn = 1 is a minimum for the 

solution points in region I and region III. Furthermore, since 
a 

µ < 1 / 3, the ellipse has its major axis in the y direction. In region 

. 
I the stability ellipse is tangent to Yn = 1 at cpn = 0 , 
a 

which implies c = µ(yP - 1) 2 
• It can also be shown that the same 

conditions hold in region III, as the periodic solution points in III 

are 

yP 
I 

YhI 
= 

. 
-yP 

I 

(3.15) 



-53-

Thus the boundary of the largest stability region of a periodic: solution 

is given by 

Figure 3. 4 shows these stability regions for µ = 0. 025, /3 = 1. 

These perturbations of the periodic solutions are themselves 

periodic when cos-1 t(l-µ)/(1+µ)}=8=
2

TT, where mis an integer. 
m 

In this case the perturbation equation, Eq. (3. 13), reduces to a periodic 

equation for m steps, that is 

The perturbation must map back into its original stability region for 

Yr. to be periodic. Thus the period of Yn, denoted as p, will be 

the product of the least common multipliers of 2k and m. The 

constraint on the size of the perturbation was that y always map in 

the same region as yP. This meant that the maximum perturbation is 

such that Yn ~ 1 for each step. With Yn periodic in p steps this 

implies that the maximum stability region is the polygon formed 

by mapping the line Yn = 1 around yP with p steps. These stability 

regions for 8 = TT /12 are shown plotted in Fig. 3. 5. 

The stability of the periodic solutions to .changes in µ and /3 

is also an important aspect of these difference equations for practical 

applications. This analysis can be accomplished by considering the 

stability region of a periodic solution, yP, for the parameters, µ 
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and f3, I I 
and denoting the perturbed parameters as µ and f3 . As . 

I I I I long as /3 > µ and µ > 1 3 there will exist a set of simple periodic 

solutions for the parameters µ' and 13 '. 
I 

By yP we will denote the 

periodic solution for the primed parameters which lies closest to yP 

in the phase plane. Thus the solution to the perturbed system (µ ', 13 ') 

will have a bounded solution if yP lies within the stability ellipse about 

I I I 
yP for the parameters µ and f3 . Since all of the simple (k, k) 

. 
periodic solutions lie on the line y = y, yP is bounded for pertur-

bations of µ and f3 if 

yP
1 

_ ~(yP
1 
-1) :<,; yP :<,; yP

1 
+ fT (yP

1 
-1) 

,/~ ,/~ 
(3. 1 7) 

as shown in Fig. 3. 6. 

Figure 3. 6 - Stability Region of a Periodic Solution, y_P 1
, for the 

I I · -Perturbed Paran1eters µ and f3 
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The (k, k) inner branch periodic solutions are found in a 

similar manner as the outer branch periodic solutions were. This is 

because it is known from Section 3. 1 that the (k, k) inner branch 

mapping exists. These periodic solutions are calculated from the 

associated (k,k) transformation, Eq. (3. 6), and they are 

yPl = (3. 18) 

algebraic complexity of Eq. (3. 18) does not easily lend itself to proving 

that this solution lies within the mapping region of the (k, k) inner 

branch solutions. However, all of the periodic solutions that were 

tested numerically did exist. 

For the stability analysis of such periodic solutions, we again 

let y = yP + cp with cp small enough such that y follows the mappings 
,...._,,, ~ ,,..._, ,,-...,J 

of yP . The perturbation equation then becomes 

-1 
52,n +1 = (1 + 13)(1 + µ) ~ P,n (3. 19) 

with the components of ~ (e 11 , e 12 , e 21 , and e 22) given in Eq. (3. 6 ). 

The determinant of 
-1 

(l +l3)(l +µ) ~ is unity, and the eigenvalues 

must be complex conjugates for P,n to be bounded. Thus for Eq. (3. 19) 

to admit only bounded perturbations, 
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I (l - 3 f3 - 3 µ + f3 µ)cos (k - 1 ) 8 + -
1 

( 3 µ f3 + µ 2 
- 3 µ - f3) sin (k - 1 ) 8 I 

Jµ 

< ( 1 + f3) ( 1 + µ) . (3. 20) 

For those values of [3, µ, and k that satisfy Eq. (3. 20), the stability 

region will be defined by ellipses sine e Eq. (3. 19) will have a 

conserved quadratic forn1.. 

3. 3 Other Periodic Solutions 

Numerical solutions of Eqs. (2. Sa) and (2. Sb) for various 

values of µ and f3 have shown that there exist periodic solutions 

with a structure more complex than that of the simple periodic so­

lutions. In particular, for the number of steps per half cycle greater 

than rr/20, periodic solutions following an (mk,k- 1) pattern exist 

with the range of values of m dependent on k and 8. To prove the 

existence of these periodic patterns it would be necessary to prove the 

(mk,k - 1) mapping can map onto itself. This quickly becomes compli­

cated with increasing m. From these numerical solutions, however, 

it was noticed that the periodic solutions for larger m were grouped 

closer to the (k,k) periodic solutions in the phase plane than those of 

smaller m. In other words, those periodic solutions closest to the 

stability boundary for the (k, k) solutions map a greater number of 

ti1nes in the k-step region before mapping into the (k - 1)-step region 

and completing its period. These solutions can then be viewed as 

perturbations of the (k,k) solutions that eventually mapped into the 

(k - 1 )- step region instead of the k-step region and completed a 
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periodic solution. 

Since all of these periodic solutions map only into the outer 

branches, the perturbation equation for solutions y = cp+yP, given 

by Eq. (3. 14), still holds. As the number of mappings onto region 

I necessary to complete the period of the solution increases, we a 

must locate each of the mappings onto region I and from those 
a 

determine a maximum possible c in Eq. (3. 14). For the numerical 

solutions examined, a bound similar to the (k,k) periodic solution 

was valid where c = µ(yP- 1) 2
, and where yP was the point of the 

(mk, k - 1) periodic solution that mapped in I closest to y n = 1. 
a 

Figure 3. 7 shows a set of these (ml,,k - 1) periodic solutions and their 

associated stability regions. 

A similar type of periodic solution was al so noticed. It 

followed a (mk, k + 1) mapping pattern and the characteristics of these 

solutions were similar to those mentioned above. 

Unlike the behavior of the solutions for µ = 0, the number of 

steps per half cycle of any solution for µ> 0 is bounded. Because of 

this the number of simple periodic solutions is also bounded. However, 

the transformations show there exists an unbounded set of complex periodic 

solutions that lie beyond the last simple periodic solution. This is most 

easily seen for the case when 8 = -rr/ P.. (P.. = integer). Here koax = P.., 

and the lr 
'-!!lax 

step outer branch transformation reduces to 

(3. 21) 
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which is simply a transla tion of the solution in the knax - step r eg ion 

of I . With a sufficient number of such transformations the solution 
a 

will map into the (kmax - 1) - step region and then back into the 

kmax - step region. Using p e riodic solutions of the form (mkma.x 

kmax - 1), with knax 8 =1r, yields the periodic solution 

(3. 22) 

As can be seen from the above equation, these solutions are fixed in y 

. 
with only m varying, and they grow without bound in y as m 

increases. Figure 3. 8 shows this set's first few periodic solutions and 

the associated polygonal stability regions for 8 = i (µ = 0. 105578 .. ). 

3. 4 Energy Growth 

For the system of equations with µ>0, the Hamiltonian of y 

is 

1·2 1132 
zYn +z Yn IYn I:::.; 1 

Hn = (3.23) 

1•2 1 2 
2Yn +2µyn + (13-µ) IYnl +µzf3 IYn I~ l 

It can be shown that, similar to the µ = 0 cas e , the transformations 

of regions I and V ( shown in Fig. 3. 1) conserve I-1 11 for each step. 

Thus any growth or decay in I-In occurs whe n a solution is mapped 

from one half cycle to the next, either through region III or regions II 
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and IV. The change in the Hamiltonian for those solutions mapping 

through region III (i. e. , the outer branch solutions) is 

(3. 24) 

where y 0 is in region III. The Hamiltonian change for those solutions 

mapping into regions II and IV is 

.6H = ({3-µ}(d+l)(2y0 +d({3-µ) -1) (3. 25) 

where y 0 is in region II on the line 

To obtain an upper bound on the rate of growth of the 

Hamiltonian, it is noted that both Eqs. (3. 24) and (3. 25) allow at most 

a linear growth with y of the maximum positive Hamiltonian jump for 

each halfJcycle. For the outer branch solution this maximum jump 
, 

occurs at y0 = 1 where 

(
(3 µ) • 

.6H = -2 l~µ (yo+l) • (3. 26) 

For (3 > µ this growth is larger than the growth possible for the inner 

branch solutions (Eq. 3. 25). The maximum Hamiltonian on the next 

half cycle (for y large) will then be 
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H
1 = H t6H 1 • 2 (13 - µ \ • } = 2 Yo -2 l+~

1
)Yo+O(l) 

1 • / 2 
=zYo +O(l) 

(3. 2 7) 

. • I 
Taking y as positive, this gives y (y on the next half cycle) 

as 

l 

YI =y [ 1 f 2 (~ ~ ~) Y f Q(l /y 2
)] 

2 
(3. 28) 

The maximum jump of y in one half cycle is thus 

• I • //3 µ) • 
y - y = 2 \l ~ µ + 0 ( l / y) . (3. 29) 

Since the period is bounded for large y (i. e. , the number of steps 

must be equal to kmax or kmax - 1), the maximum average growth in 

. 
y per step is 

. 
6y = 2 (/3-µ\ 

kmax - 1 \1 + µ ) 
(3. 30) 

The growth in y n is then given as 

Yn = 2 (/3-µ)n+O(l) 
1 \1 + µ ' kmax -

(3. 31) 

and the maximum Hamiltonian growth is 
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r n
2 + O(n) • (3.32) 

The bound on the maximum number of steps per half cycle has 

increased the possible Hamiltonian growth to O(n2 ), rather than O(n) 

for µ = 0. However both bounds are still much tighter than the 

exponential bound mentioned in Section 2. 4. 

In the numerical computations performed, no solutions were 

found which exhibited a possible behavior pattern for such an un­

bounded growth. If those solutions do exist their patterns must be 

fairly complex due to the nonlinear difference equations' asymptoting 

the linear equations for large y. However, solutions which exhibited 

large fluctuations in Hn were found numerically. These solutions 

mapped from regions of a few steps per half cycle up to larger step 

number regions with a mapping pattern identical to those found for the 

unbounded solutions for µ = 0 in Section 2. 4. The growth ceases 

when the solution mapped into the neighborhood of the kmax/ 2 - step 

region. ;f:ventually, following the inverse of the growth pattern, the 

solutions mapped back down into the vicinity of its starting point. It 

was seen in Section 3. 1 that the half cycle mappings of the step regions 

change their behavior for the number of steps per half cycle greater 

than or less than kmax / 2. It is this change that most likely bounds 

these quasi growing solutions, since their mapping patterns must 

change to grow past the kuxl 2 - step region. Although these solutions 

are bounded by this limit, kmax grows without bound for µ ap-

proaching zero, and thus, so may these solutions. 

' 
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3.5 The Phase Plane for /3<µ 

With the outer branch slope of f(/3, µ, y) greater than the slope of 

the inner branch, the period of the solutions mapping in I y n I < 1 will be 

greater than those mapping in IYn I> 1 eY virtue of Eqs. (2. 16) and 

(3. 7). Because of this, the division of region I into the k-step map­
a 

ping regions will be diffexent. The sign change in the term /3 - µ (see 

Eqs. (3. 4)) changes the sign of the y intercept of those lines defining the 

k-step region. Thus, the onlyk- step outer branch regions which will map 

onto region I are those where the slope of the boundaries, -jµcosk/sink8, 
a 

is greater than the slope of the line which defines region I , 
a 

Jµ cos 8 / sin 8. With this requirement there will be at mo st two constant 

step regions for the outer branch solutions. Figure 3. 9 shows the di­

vision of region I into these k-step regions. It can be shown that 
a 

there will exist at most one simple outer branch periodic solution. 

The calculations for a bound on the maximum Hamiltonian 

growth carry through in the same manner as in Section 3. 4. The 

bound on tp.e Hamiltonian growth for µ> /3 is given by Eq. (3. 32). 

3. 6 Solutions of the Damped Equations 

3. 6. 1 The Damped Finite Difference Equations 

When the application allows it, a small amount of linear 

damping is frequently added to the dynamic equations to insure the 

boundedness of the solutions. Consider then the original differential 

equation with damping proportional to x added to give 

x + S ~ + f(x) = 0 . (3.33) 
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Applying the trapezoidal rule we obtain the following set of difference 

equations 

with 

. . 
Yn+i -Yn =Yn+1 +yn 

1 - S 
y=1+s, 0<!;:s:l, Q:s:y<l 

(3. 34) 

and f(/3,µ,yn) isgiveninEq. (3.1). Thetransformationsandtheirre­

spective mapping regions are found by following the same analysis 

demonstrated in Sections 2. 1 and 3. 1. The effect of the damping 

on the solution mappings in the phase plane is to weight the mapping of 

the k-step solutions more towards the k - 1, k - 2, ... etc. -step 

mapping regions. For sufficiently small damping, s, it can be 

shown that the (k, k) outer branch mapping patterns exist, and thus 

so do the (k, k) outer branch simple periodic solutions. 

3. 6. 2 The Simple Periodic Solutions 

The transformations for the mapping of the outer branch 

solutions, IYn I 2: 1, are similar to those given by Eqs. (3. Za), (3. 2c), 

(3. Ze), and (3. 2g). The exception is that .f2 is now replaced by 



A = 1 
l+µ 
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1 - µ y 

- 2µ y - µ 

which is calculated from Eq. (3. 34). The eigenvalues of A are 

= 1 +y-2µ±J(y - 1) 2
- 8µ(1 +y) 

A1, 2 2( 1 + µ) 

and 

for y < 1 . 

(3. 35) 

(3.36) 

(3. 37) 

Since the eigenvalues are distinct and non-zero, there exists a linear 

transformation, I,, that diagonalizes t such that 

(3. 3 8) 

With this the transformation for a k-:step half cycle mapping can be 

written as 

(3. 39) 

The (k, k) simple periodic solution of the above transformation is 
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1 k-1 
A1 - Ai 

0 
1 + ;\ ~ ~ 1 

yP = 
2 ( /3 - µ) T-1 T (3. 40) l+µ 

1 _ ;i__k-1 ),2 1 0 2 

1 + ;\~ 1 - ;\2 

The stability analysis of these outer branch periodic solutions 

is similar to the analysis for the undamped equations in (Section 3. 2), 

except that the modulus of the eigenvalues of A is less than unity 

(Eq. (3. 37)). Therefore, Eq. (3. 14) does not hold. Instead, the 

perturbations, r_pn, approach zero with n increasing, and thus the 

simple outer branch periodic solutions are asymptotically stable. 

Since all perturbations on the stability boundary given by Eq. (3. 16) 

will map inside this region in one step, the stability domain for the 

undamped solutions will also be a stability domain for the damped 

solutions. However, the complete region of asymptotic stability for 

the damped solutions is larger, because the damped difference 

equation~ will map solutions lying outside the undamped stability region 

into this region. Thus, the backrnapping of the boundary of the un­

damped stability region, Eq. (3. 16), will define the stability region of 

the damped equations only as long as the backmapped perturbations do 

not map into IY n I< l. 

3. 6. 3 The Bound on the Solutions 

From the linear mapping transformations it can be shO\vn that 

the Hamiltonian of the system decreases with each ster:, in a half cycle. 
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Again, the Hamiltonian can only increas e in m a pping from on e half 

cycle to the next, and the maximum Hamiltonian jump in mapping 

across the linear branch, IYnl <l, is given by 

6 H =l_(y 2 -l) • 2 + (l+y-2µ) • _ 2 (1-µ ') 
max 2 1 + µ Y n 1 + µ Y n 1 + µ (3. 41) 

for IYnl =l • 

The quadratic term in the above equation is negative, and so for 

The maximum Hamiltonian jump will always be negative, and Eq. (3. 42) 

is thus a bound to the maximum possible solution growth. 
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IV The Non-Autonomous Equations 

4. 1 The Transformations of the Difference Equr1.tions 

In this chapter, the solutions to the non-autonomous difference 

equations which arise from a sinusoidal forcing function will be examined. 

The difference equations considered will be those which result from the 

time discretization of the following continuous, non-autonomous 

differential equation, 

x+ f(x) = F 0 sin (wt+<D') 

. . 
x(O) = Xo, x(O) = x 0 , 

} (4. 1) 

where w is the forcing frequency and (/)' is the phase. The difference 

equations resulting from applying the trapezoidal rule to Eqs. (4. 1) are 

. . 
Yn+i-Yn =Yn+1+Yn ( 4. 2a) 

(4. 2b) 

where 

(4. 3a) 



and 
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80 = lJJ6t = 2WCY 

(/) = (/) I + 80 / 2 • 

(4. 3b) 

The difference between the form of the inhomogeneous and homogeneous 

equations (Eqs. (4. 2) and (2. 1), respectively) is only in the addition of 

the term T] sin(n80 + (/)) to the homogeneous equations. Thus, the phase 

plane analysis for the autonomous equations of the two previous 

chapters can be used to examine the solutions of Eqs. (4. 2). To simplify 

the problem and still retain the most important features of the solutions, 

particularly their boundedness and periodicity, we will consider only the 

outer branch solutions, !Yn J::::: 1. 

As before, the separation of fn into its three linear regions 

divides the phase plane into nine regions. A linear transformation holds 

in each region. For the outer branch solutions, the transformations in 

the appropriate regions are as follows: 

I: Y n 2: 1, Y n+1;:;: 1 

• 1 } Yn 2: 2 [(µ- l)yn -T] sin(n80 + (/)) + 1 +2[3 - µ ( 4. 4a) 

Yn+1 = ~In+ [ T] sin(n8o + (/)) - 2 ~ ~ 0 jl, 

III: y n 2: 1 , y n+i ~ - 1 

• 1 } Yn~ 2 [(µ - l)yn - 1 - µ -T] sin(n80 +(/)} ( 4. 4b) 

X,n+i = f::In + T] sin(n80 + (/)),:, 



where 

-74-

V: Y n :s; -1, Y n+1 :s; -1 

• 1 } Yn:s; 2 [(µ- l)y r; -T]sin(n80 +Q)) -1 -213+ µ 

In+i =~In+ [ T] sin(n8o + Q)) + 2 ~ ~ ~ J:, 

VII: y n :S: - 1 , y n+i ~ 1 

• 1 
Y n ~ 2 [{µ - 1 )y n + 1 + µ - T] sin(n80 + Q))} 

X,n+i = ~J.,n + Tl sin(n8o + </)) 2:, 

cos 8 

-Jµ sin 8 

1 2 

0 1 

8 = cos-1 (
1 -µ) 
l+µ 

and 

sin 8 --
Jµ 

cos 8 

I{}. 

(4. 4c) 

(4. 4d) 

Comparing these transformations with those for r eg ions I, III, V, and 

VII of the homogeneous equations (Eqs. (2. 6a,c, e, and g) and Eqs. 

(3. 2a, c, e, and g)), it is seen that the inhomogeneity simply adds the 

translation term T] sin(n80 +<b)l, to each of the transformations, inde­

pendent of the mapping region. Since the transformations are slightly 
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di£.ferent for µ = 0 and µ > 0 , each case will be considered separately. 

4. 2 Analysis of Solutions for µ = 0 

Given the above mapping transformations for µ = 0, then the 

transformation for a solution mapping n times in region I is given 

by 

n 101 + ~ sin (/) l cos(n - k)90 l 

which can be reduced to 

where 

{

Zcos n0016 - Zsin n80 le - Fe} 

+sin(/) 

Fe 

(4. 5) 

( 4. 6) 

( 4. 7) 
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Fs 
sin 80 + sin(n - 1)8g - sin n80 --

2 ( 1 - cos 80) 

Fe 
cos 80 +cos(n - 1)8g - cos n80 - 1 

-
2 ( 1 - cos 80) 

sin Zn+ 1 e . 80/ 2 z o Sln 
n+ cos 80 - cos(n + 1)80 - sin n80 sin 80 - 1 +cos n80 

ls = 1 - cos 80 2( 1 - cos 80) 

Zn+ 1 
8 

. 
80/ 2 cos z o Sln sin(n+l)80 - sin n80 - sin 00 - sin 00 cos n0o 

le = 1 - cos 80 
n+ 2(1 - cos 80) 

It is seen from the fir st term of both 18 and le that g is an unbounded 

function of n and grows O(n) for all 80 and (/). l is shown plotted 

versus n in Fig. 4. 1. Although Eq. (4. 6) holds for n mappings in 

91 (cp=O) 

500:..1.-1 ----==:..__-------, 

n 
92 Ccp=Ol 

]_~ 
n 

9 (ri-.= E) 
20 2 't' 2 ------

n 

27T 
Bo 

~ 
I 

27T 

Bo 

I 
27T 

Bo 

~t=O µ-o 
Figure 4. 1 - Functions g 1 and g 2 - for 80 = 0. 05 
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region I of the phas e plane , it should be noted that the terrn 

µ - o 
g - (n, 80 , (/)) will retain the exact s ame form independently of the 
~ 
mapping b ehavior of Yn in regions I, III, V, and VII. It is the form of 

the second t e rm in Eq. (4. 6), -213{:
2

}, that changes with each 

mapping from one half plane into the next. 

Since the non-autonomous term in Eq. (4. 2b) is of the form 

sin(n 80 + (/)), it is sufficient to consider only O < 80 < 2'IT for all possibl e 

solutions. With the difference equations being the discretized form of 

the continuous Eq. (4. 1), this non-uniqueness of 80 for a particular 

solution implies that for a given time step, high frequencies, w, in 

Eq. ( 4. 1) will yield lower forcing frequencies, 80 , if the time step is 

not sufficiently small. This numerical phenomenon is called aliasing. 

Figure 4. 2 shows the solutions dependence on the time step with all other 

parameters held constant. In order to uniquely represent th e solution to 

a particular forcing frequency, w, the time step must be chosen such 

that 

D.t<2rr/w , 

from Eq. (4. 3b). 

For a suffici ently small amplitude, Y], the difference between 

the autonomous and non-autonomous solutions can be made arbitrarily 

small for any n. Thus the simple p e riodic solut1ons with a (k, k) 

mapping pattern which were found for the homogeneous equations in 

Chapter II can be shown to exist for the non-autonomous equations with 

Y] small. Since n is a n integer , the bounded terms of ~(n, 80 , ({)) 
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Xn 

6t=0.4 ~ ···· · ~ 
33,000 ~ ~ 

O-l<"----------------n-6-t---."-,~-::-----,,,2~1r 

6t=2.0 ·~ 
28,000~ 

0 . 

6t=t0.0 ------ • ~ 
5,000P 

o~ n6t "-'12~1r 

7,500P ~ 
b.t=ZO.O / 

0 "'-. / t 1120,r 
~ n6 <T 

F0 =IOO c.fa'=O w=l.26 

Figure 4. 2 - Solutions of Equations ( 4. 2) for .6t = 0. 4, 2. 0, 10. 0, 20. 0 

in Eq. (4. 7) are not periodic unless 80 is a rational fraction of rr. So 

if ff is not periodic, there exist no exactly periodic solutions to Eqs. 

(4. 2). Frl m the aspect of the difference equations representing some 

discretized differential equation, the proper choice of a time step, .6t, 

will make 80 a rational fraction of rr via Eq. (4 . 3b). Assuming now 

that 80 = .R.rr /m (.R., m are integers), the (k, k) mapping transformation 

of the homogeneous solutions calculated from Eqs. (4. 4a) to (4. 4d) is 

( 4. 8) 
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For a periodic solution of this transformation to exist, it is found that 

• - Tl µ,::0 y P -f3(k-l)- 4kgl (Zk,80,<D) , (4. 9) 

(4. 10) 

It can be seen from Eq. (4. 7) that Eq. (4. 10) is satisfied for T) i- 0 only 

if 

m 
00 = k1r (m = 1, z, .... ) , ( 4. 11) 

which is our previously stated condition for the existence of any periodic 

solution. Applying Eq. (4.11) to Eq. (4. 9) we then obtain 

• 1 sin 8 ·: 
yP = /3 (k - 1) - ~ L 1 - cos o 80 cos (/) + sin (/) J . ( 4. 12) 

For a simple period solution to exist, Y.,P must map into the k-step 

region on .both half cycles. From Chapter II it is known that this must 

hold for T) = O. Since it is only necessary that the solution follow the 

(k,k) pattern in one cycle for a periodic solution to exist, then there 

must be an rJroa x such that for I Y) I :s; TJmax, the (k, k) inhomogeneous 

solution exists. Determining this Tl:nax is tedious in that it is necessary 

to follow the mappings step by step and calculate· an rJmax for each. The 

stability of such periodic solutions is identical to the stability of the 

homogeneous solutions and thus they are all unstable to perturbations 

in Yr. . 
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One of the important effects on the solutions of the non-autonomous 

term is the change in the period with the amplitude. For the large 

amplitude, homogeneous solutions it was found that the period grew linearly 

with the amplitude (Section 2. 1). Although the bounded terms of 1t=0 

are periodic in n = 2rr / 00 steps, fµ= 
0 

grows linearly with the number of steps, 

n, forlarge n. Thus, forthelargeamplitude, longperiodsolutionsthe Yn 

component of a half cycle transformation (from Eq. ( 4. 6)) is 

Yn = 2ny·o - zn2+'l'll.Lcos </) l sin 80 + • <bj' +0(1) 
, i - cos 80 sin n ( 4. 13) 

for initial conditions Y) that are 0(1). The period of the half 

cycle mapping, 

yields 

will then be such that y n = 0( 1), 
he 

and Eq. (4. 13) 

• Tl : sin 80 • 
nhc =yo t ztcos </) l _ COS 

80 
+sin</) jt O(1/n) . ( 4. 14) 

Therefore, for large amplitudes, the period of the solutions grows 

. 
linearly with both y 0 and T]. Equation (4. 14) also points out the 

dependence of the period on the phase, </), particularly for 80 << 1, 

since 

sin 80 0_, ~ + O( 80 ) 
1 - COS 80 80 

Figure (4 . 3) shows some of these long period solutions and their 

dependence on th e phase . 

( 4 . 1 5) 



Yn {cp=O) 
5.2 (XI06 ) 

- 8 1-

o-+--------------~----------,n 
4000 

Q-4-4~~~~H-+1f-!f-.L.41-~r+-Hl.-r--¼--tt--H+~-'HH+t-it-+-t--tH+t-tH-+-tt-+tt-t+-in,n 

4000 

Figur e 4. 3 - Variation of the Solution with the Phase 
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If the unbound e d solutions to the non-autonomous equations exist 

they can not grow with the same mapping structure as the autonomous 

solutions in S ec tion 2. 4. This is because the p e riod of gµ=o, 21r/80 , 

is not changing to match the period of the homogeneous part of the 

solution, which grows linearly with the amplitude. Numerical calculations 

of this type of unbmmded solution were tried for small T], and the 

solutions grew in amplitude following the homogeneous mappings until the 

contribution of the inhomogeneity carried the solutions away from the 

growing homogeneous solutions and changed their mapping behavior. No 

other possibly unbounded solutions were found for the numerical 

computations performed. 

To find a bound on the growth rate of the solutions, the change in 

the Harniltonian for each step is calculated from Eqs. (2. 8) and (4. 4), 

and it is 

n+1 
HI ::; I 11 sin(n8o + 0)(y + ri/ 2 sin(n80 + 0) - /3) I (4. 16) 

n 

Thus, for y large 

(4. 17) 

For the n ext time step the Hamiltonian is 

-
1 

• 2 I I -
1 

• 2 I • 1 I I Hn+i - zY n+1 + f3 Y n+1 ::; H + 6Hmax - 2 Y + TJY + f3 y (4. 18) 
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and c onsid e ring a grow th in y 

J_ 

Yn+1 :s; IYnl(l + l ri !Yn l) 2 +0(l/yn) 

or 

Thus for n large 

(4.19) 

and from Eq. (2. 8) 

(4.20) 

The maxim.um Hamiltonian growth is O(n2 ) compared to O(n) for the 

autonomous equations in C hapter IL This is due to the fact that, 

although the period is still unbounded, the Hamiltonian can increase with 

each mapping instead of only with each half cycle, as in the homogeneous 

equations. 

4. 3 Analysis of Solutions for µ> 0 

Following the same id ea as in the previous section the transfor­

mation for the n th step in a half cycle mapping is calculated from the 

repeate d linear transformations of region I. This outer branch solution 

is 
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n=l n 

x:n =;6 nzo -2 (~~ ~ ) l h kl,+ ri f sin((n-£) 8o +Ct))~£-ll' 
k=O £=1 

( 4 . 21) 

cos 8 sin 8 - -
Jµ 

A = 

-✓µ sin 8 cos 8 

The summations in the above equation can b e reduced and we obtain 

µ >o rA +rig (n, 8 ,8 0 ,w), ( 4. 22) 

where 

1 
( -ye+ Jµy 5 )cos (/) + 

(Ye + Jµ Ys )cos (/J + 

( ◊ c + Jµ ◊ s ) Sin (/) (4. 23) 

and 
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a n( 0) 
cos 8 + cos(n - 1) 0 - cos n8 - 1 an(O) = n - 1 = 2(1 - cos 8) 

, 

bn( 0) 
sin 8 + sin(n - 1)8 - sin n8 , bn(O) = 0 = 2(1 - cos 8) 

. 

We w ill start by ex amining the existence of the p e riodic solutions of 

Eqs. (4. 2), which depends on the behavior of the non-autonomous term, 

f; Equation (4. 23) shows that ff is bounded fo r all n except at 8 = 0 

and 80 = ±8, and for these cases it grows with O(n). Figure 4. 4 shows the 

typic al behavior of f(n, Eb,(/)). Sinc e £ is compos e d of trigonometric fun c ­

tions of 8-00 , 8+80 , a nd 8, itwillbeperiodicindependently of (/) onlyif 

0 - (b, 8 + 80 , and 8 are rational fractions of TT. This implies that 

80 = r 0 , r = P./m (P., m integers) . 

Ther efo re, for periodic solutions of the non-autonomous equations to 

exist, we must satisfy 

00 = r 8 I = r Tr (4. 24) 

where r and r' are rational fractions. 

If the above conditions for a periodic solution are satisfied, then 
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35 

80=48 

¢ = o o +..C.--------....,,., n o-+-------\-----r--,.________,,.__,_____ n 

35 

80=48 

¢=¥ o----_,_"'--_,_ ______ _, 

8=8 
51 

0 

aj= cp=O n _......... -.., n ___;..::>-
2-rr 
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or 
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2rr e 
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e_e 
0 -10 J 

cp=O 0 0 n 

10 

e. -8 

-NVt 0- 10 

cp:Y! 0 0 n 2 

J 
V
I \J 2TT 2-rr 

J 00 , Bo 

Figure 4. 4 - Functions g 1 and g 2 for 8 = 0. 005; 80 = 48, 8, and 
8 /1 0; a nd (/J ::, 0 , Tr/ 2 
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for T] sufficiently small, the (k, k) simple periodic solutions for the 

non-autonomous equations will exist for some value of 80 • In par­

ticular, as long as Yr. maps within the stability regions of the autono­

mous periodic solutions for each step, then the non-autonomous (k,k) 

periodic solution will exist for a proper range of T], This periodic 

solution is the fixed point of the (k,k) transformation which is 

CO s 8 + CO s (k - 1) 8 - CO s k 8 - 1 { 1 } 
(1 - cos 8)(1 + cos k8) 1 

-,-----'----{ 1 - cos 2k8 + sin 2k8/ Jµ )g 1(2k, 8, 80 , (/))}­

+ 2 ( 1 - CO s 2k 8) 
(1 - cos 2k8 - ✓µ sin 2k8 )g 2 (2k, 8, 80 , (/)) 

(4. 25) 

If Eq. ( 4. 2 5) is a periodic solution, the non-autonomous term in Eq. 

(4. 2b) must be periodic in 2k mappings. Otherwise the phase will 

change with each cycle and thus we are restricted to 

m1r 
80 = k m = 1 , 2, 3, ... 

The first term in Eq. ( 4. 2 5) 1s the homogeneous (k, k) periodic 

solution, and an TJroax guaranteeing the existence of the non-autonomous 

periodic solutions is found such that Yn always maps into the stability 

regions of the homogen e ous periodic solution. For 80 =f. 8 is 

bounded by 
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lcosCD!'-/µ+l ft 
+ 

Jµ 1 - cos 0 

I cos CD I (1 +Jµ) 
ft 

0+ 1 - cos 

I . fl\ I Jµ + 1 ft+ 1 - cos 0 
srn w Jµ 1 - cos 8 

(4.2 6) 

The condition that the difference between the autonomous and non-auton-

omous solutions lie in the stability region for each step is given by 

Eq. (3 . 16) and it is 

where y~k is the autonomous periodic solution in Eq. (3. 10). Thus the 

maximum T] for the existence of a (k, k) periodic solution, using the 

bound on Z in Eq. (4. 26), is 

(y~k - 1)(1 - cos 8) j µ 
TJmax= J2jcos (f)j+(/2+1-cos 8)j s inct>j • l+µ+Jµ • 

(4 . 27) 

As previously mentione d, 
µ>o 

f2, grows linearly with n, the 

number of mappings, when 80 = 8. For the linear equations, f3 = µ, 

all of th e solutions to Eqs. (4. 2) ar e unbounded. When f(x ) is piecewise 

linear, howe ver , the boundedness of the second term in Eq. (4. 22) can 

not be d e t e rmined a priori without knowledge of the number of mapping s 
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the solution makes in each half cycle. Thus the piecewise linear ity of 

f( x) can possibly bound solutions which would resonate in the linear 

case. Figure 4. 5 shows several of the growing solutions of Eqs. (4. 2) 

for 80 = 0. 

o..i--======-----+---+---+----+---1---n 
100 

Fo=50.3 

Figure 4. 5 - Unbounded Non-Autonomous Solutions for 0 = 00 = rr/ 15 

It can be shown that there exist such resonating solutions for 

0 = P.rr/m (P. and m integers), because the solutions starting in the 

kmax step region of I (Fig. 3. 2) will always map with kmax steps per a . 

half cycle for the proper values of T] and (/) and for kmax = rr/0. This 

can be seen from the transformation of the solution in one cycle with 

kmax steps per half cycle, 
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1/µ 

+ T]g(2k, 8, 80 , (/)) (4. 28) 

and k = kmax = Tr/ 8 . 

The above equation represents a translation of the solution with each 

cycle. If Yn continually maps into the kmax -step region, this trans­

lation will map the solution up to a larger amplitude with each cycle. 

The restriction that J_,n must map into the kmax step region limits the 

values of T] and (/) for this resonating solution to exist. Wifo y 0 ~ 
lying in the kmax - step region, Z,:ak will map back into the k~ax -step 

region if the slope of the translation vector is both positive and greater 

than -,}µcos(kmax - 1)8/ sin(kmax - 1)8 (from Eq. (3. 4b)). This condition 

can be written as 

(4. 29) 

which for a given T] (or (/)) specifies (/) (or T]) such that all solutions 

y 0 in the k1.1ax -step region grow unboundedly. 
~ 

All that was required for this resonance was that Eq. (4. 28) 

mappe d J_,o into the k max region and that f(2kt:1ax• 8, 80,(/)) be periodic. 

Thus, a resonating solution would exist for solutions with 80 = m1r/kmax , 

m = 2, 3,. . . satisfying Eq. ( 4. 29), these solutions being the subhar­

monic forcing functions. Howe v er, Eq. (4. 23) yields 



µ>o rl. Z (2k 1:1ax , 8 , 80, w) = 0 

and so Eq. (4. 29) is not satisfied. 
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80 = 
m1r 

k 1:1a;: 
, m=2,3, ... 

The growing solutions discussed above have a half cycle period of 

kl:!ax = 1T / 8, which is the maximum period for the homogeneous solutions. 

Generally, however, the non-autonomous equations admit solutions of 

larger periods depending on T) and 80 . This effect of the inhomogeneity 

on the period can be examined from the equation for the y n component 

of a solution for a half cycle mapping, Eq. ( 4. 22), 

sin n e • (r3 - µ) ( b ( 9) ) 
Yn=cosn9y0 + Jµ y 0 -2 l+µ a 11(8)+~+l 

(4. 30) 

which is bounded by 

sin n9 • , I I , y n :<s: cos n9y0 +---yo+ b + T) g 1 ,jµ 
( 4. 31) 

b, = ( ~ - µ) 3 + 2Jµ(3 - cos 9) 
\1+µ Jj:{l-cos9) 

g; = (l +Jµ) l So) [14(1 - cos 9 cos 90 ) cos (/) \ Jµ 4(1-cos 8 cos 

+(16(1 - cos 9 cos 90 ) + cos 9 + cos 90 )sin (/)] 

For (b' + IT) I g{) small, the period of the half cycle mapping is thus 

bounded by n such that y n :<s: 0 in Eq. ( 4. 31 ). If the right hand side 
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of Eq. (4. 31) has no zero, i.e. for lril large, then the term T)gµ>o 

domina t e s the solution in Eq. (4. 22) and Yn is bounded by the period of 

g µ>o which is max(11/8, rr/ 80 ). 1 

A bound on the growth of any o:f the solutions of Eq. (4 . 2) can 

be found from the Hamiltonian of the equations, which is no longer 

conserved for the mappings in regions I and V. From Eqs. (3. 23), 

(4. 4a), and (4. 4b), the change in the HamHtonian for each mapping in 

regions I or V is given by 

f3 - µ)} -2 l+µ ' (4. 32) 

and for solutions, y n, in regions III and VII it is 

( 4. 3 3) 

Thus, the m aximum jump in the Hamiltonian for any outer branc h solution 

is 
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L::,Hi:iax = s(µIYnl + IYnl +y) (4. 34) 

s = 1111+213-µ 
l+µ 

y = (1111 +2 ~ ~~)(l +µ) 

The Hamiltonian of the solution for the next time step is, then, 

for I Yn I>> 1 

1 

Yn+1:o;(y~+2slYnl) 2 + 0(1), 

and the jump in Yn becomes 

So, for n large 

y n = sn + 0 ( 1 ) , y n = sn + 0 ( 1 ) . ( 4. 3 5) 

The Hamiltonian is therefore bounded by 

( 4. 36 ) 

The non-autonomous solutions are bounded by a linear growth in n and 
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a growth in the Hamiltonian of O(n2
), as in the autonomous case. 

However, the coefficient of this bound, S, has incr eased by IT) I from 

the autonomous cas e . 
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V The Solutions of the Trapezoidal and Energy Conserving Difference 

Equations as Approximations to the Differential Equation Solutions 

5. 1 The Dependence of the Solutions on the Time Step 

In this chapter we examine the characteristics of the difference 

equation solutions from the aspect that they are the approximate solutions 

of the differential Eq. (1. la) via the trapezoidal rule. When f(x) is a 

linear function, the trapezoidal rule is a useful differencing scheme for 

solving differential equations. This is because the solutions to the 

associated linear difference equation conserve the Hamiltonian and are 

0(.6t2
) accurate. However, the results of the analysis in Chapters II 

and III show that these desirable properties of the solutions are not 

generally present when f(x) is non linear. It was seen that only par­

ticular initial conditions yield solutions of Eqs. (2. 5) that conserve the 

energy for each step, and for µ = 0 there exists unbounded solutions. 

Since energy conservation is an important property of the differential 

equation for dynamical systems, this feature should be retained by the 

numerical ::;olutions of the equations, [8, 9]. 

The difference Eqs. (2. 5) can be modified to conserve the energy 

by satisfying the energy conservation equation for each step, 

( 5. 1) 

instead of the equation of motion. The resulting difference equations are 
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( 5. 2) 

The solutions of these implicit difference equations will conserve the 

energy for all .6t. 

In the numerical analysis of differential equations, the stability 

and accuracy of the approximate solutions are functions of the incre­

ment in the discretized independent variable (in this case the time step). 

It is simplest to examine first the depend ence of the solutions on a-, 

the time step variable, through the y phase plane solutions and then use 

the transformation Eq. (2. 3) to go back to the solutions of Eqs. (2. 1), 

]5n. Unlike the linear equations, the solutions of the nonlinear differ­

ence Eqs. (2. 5) are strongly dependent on the time step chosen. The 

existence of both unbounded and periodic solutions for µ = 0 proves 

that for fixed initial conditions, 350 , solutions for various values of 

a- can be quite different in behavior. On the other hand, the existence 

of stability regions around the periodic solutions for µ > 0 proves that 

for sufficiently small changes in the time step a solution will still map 

in the stability region of a periodic solution. Thus there is a continuous 

range of ti1ne steps which admits solutions with similar behavior. 

A more explicit example of the influence of the time step choice 

. 
on the solutions' characteristics can be seen in the dep endence of x~i n 
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. 
on O'. x~1 n is the minimum x necessary for unbounded solutions of 

the difference equations when µ = 0, and is calculated from Eq. (2. 27) 

with k = k~in. It can be shown that, for the unbounded solution mapping 

pattern (mk, k + 1), the set of solutions for m = 1 contain the lowest 

. 
values of yu. k~in is calculated from Eq. (2. 28) with the requirement 

ku (m=l)2::2 l3+l 
min l3 ' 

( 5. 3) 

13 =0'2a . 

k~1n must also satisfy the conditions on the minimum number of steps for 

an outer branch mapping given by Eq. (2. 16). x~1 n as a function of O' 

is shown in Fig. 5. 1. From this figure we see that the minimum velocity 

for the unbounded solutions can be made as large as necessary by the 

proper choice of O'. 

Although the phase plane is dominated by the inner and outer 

branch type of mappings, the solutions for ~ fixed will not exactly 

follow these mapping structures for a sufficiently small time step. 

Instead, the solutions will successively map several times into the linear 

region on each half cycle before mapping into an outer branch region 

IYn I;::: 1. In terms of the mapping regions of Figs. 2. 1 and 3. 1, this 

corresponds to the solutions that map from region II (or VI) several 

times into region IX and then map into region IV (or VIII). This mapping 

behavior is characteristic of solutions in region I with IY I< 1 and 
a 

y>>y. 
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The perturbation equation for such half cycle transformations 

is different from those of the outer branch solutions for µ = 0, Eq. (2. 19). 

To determine the stability of such solutions the mapping pattern is 

assumed to consist of k steps in IYn I::::: 1 and m - 1 steps in IYn I~ 1. 

The condition for the perturbation equation to have complex conjugate 

eigenvalues (i.e. stable solutions) is 

I [3/3- 1 +2/3k(l - /3)}cos me+ 

[3Ji:f - 213Ji3 +kJi3(1 - 13)(2 - 13)1 sin me I< 1 (5. 4) 

and 8 is given in Eq. (3. 2j). Although Eq. (5. 4) can be satisfied for 

non-zero 6t, it is not satisfied for 6t = 0, and therefore there are 

no stable outer branch solutions for 6t = 0. This is to be expected 

since the solutions of the differential equation are not stable but are 

orbitally stable. The existence of stable periodic solutions is a peculi­

arity of the nonlinear difference equations (Eqs. (1. 2) and (1. 3)). 

The accuracy of finite difference solutions in approximating the 

differential equation solutions is generally difficult to assess quanti­

tavely for nonlinear equations. The bounds on the difference solutions 

due to damping or periodicity serves,at best, only to put a bound on the 

approx imation error of the difference equation solutions. A consequence 

of this error is the existence of an error in approximating the period of 

the differential equation solutions. This period error is an important 

characteristic of numerical solutions of dynamic equations. Although 

all of the solutions of the differential equation, Eq. (1. l), are periodic 
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in one cycle, only the simple periodic solutions of the difference 

equations possess this behavior. We will examine the period error of 

these sirr1ple periodic solutions. 

For µ = 0 the periods of the differential and difference equation 

solutions, denoted T and 
e 

T respectively, are 

4~ c -1 (,/i_\ T = - +2vatan . ) 
e a x , 

4 . 1 
T = -(x2 + 2a + c:i'a2

) 2 , 
a 

(5. 5) 

with the initial conditions x 0 = 1 and Xo = x. T is the period of the 

simple periodic solutions, and due to the phase plane mappings, the 

1 
outer branch periodic solutions are restricted to a>-;-. Figure 5. 2 

X 

shows the relative period error, (Te - T)/ T , plotted versus ln a 

. 
for several values of a and x. As shown in this figure, the period 

of the finite difference solutions, T, over or underestimates the exact 

period~ Te, depending on the values of a and Ct'. This is unlike the linear 

equations for which T > T . 
e 

5. 2 Comparisons of the Energy Conserving and Trapezoidal Algorithms 

Although the solutions of both the energy conserving and trape­

zoidal algorithms converge to the exact solution for 6t approaching 

zero, practical applications require the choice of a time step which 

yields reasonably accurate solutions and yet is not too small that the 

equations are economically unfeasible to solve. As seen from Chapters 

II and III, the boundedness of the trapezoidal difference solutions for 
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arbitrary initial conditions can not be guaranteed for any nonzero .6t. 

Therefore, the trapezoidal quadrature does not seem suitable as a 

general differencing scheme for nonlinear problems. The inherent 

nature of the energy conserving difference equations to conserve the 

energy of the system for each time step surpasses the trapezoidal 

algorithm since the boundedness of the energy conserving solutions is 

insured for all time steps. An assessment of the approximation accuracy 

of the energy conserving solutions can be made since these solutions 

must lie on the closed phase plane trajectory of the exact solution with 

the same initial conditions. This approximation error can therefore be 

thought of as a phase shift between the exact and energy conserving 

solutions which is a function of the number of steps. The error is a 

maximum for a phase shift of Tr and equal to twice the maximum value 

of the exact solution. 

Figures (5. 3a), (5. 3b), and (5. 3c) show the exact, trapezoidal, 

and energy conserving solutions for various initial conditions, values 

of s, and time steps. These examples show the energy growth and 

decay of the trapezoidal difference solutions and the phase shift of the 

energy conserving solutions. Although there seems to be no way to 

quantitatively assess the approximation error of the energy conserving 

solutions, it appears, from these examples, that the accuracy of the 

solutions tends to improve with the time ste p decreasing. The choic e 

of a time step for an energy conserving solution to b e an accurate 

approximation of the exact solution depends on the initial conditions, 

and the time length of the solution used . 
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for Various Time Steps 
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VI Summary and Conclusions 

A transformation oriented method was used in this dissertation 

to find the periodic and unbounded solutions of certain difference eq,uations. 

The half cycle transformations of the solutions were examined and used 

as a basis for determining both the simple periodic solutions (i. e. 

solutions with a (k,k) mapping pattern) and the more complicated multi­

ple--cycle periodic solutions. These solutions were calculated from 

transformation equation associated with the particular mapping. Although 

the half cycle transformations allow one to estimate the possible behavior 

of all of the solutions, the large number of mappings of some solutions 

makes any quantitative analysis concerning their structure forbidding 

without the aid of a computer. Only the fundamental solutions were 

examined in detail in this study, and the characteristics of the half cycle 

mappings were used to compose more highly structured, possibly periodic, 

and unbounded solutions. 

In Chapter II the solutions for s = 0 were examined and the basic 

one cycle s,uter branch mapping patterns of the form (k,k - 1), (k,k), 

or (k, k + 1) were found. Utilizing this mapping behavior ,an infinite 

set of simple periodic solutions were shown to exist. Due to the form of 

the perturbation matrix, all of the outer branch periodic solutions are 

unstable. A more complicated set of periodic solutions of the form 

(mk,k+l, m(k+2), k+l) was also found, and these mapping patterns 

were then used to construct a set of the unbounded, growing solutions 

which continually map into larger step regions. The maximum possible 

Hamiltonian growth of the solutions was calculated, assuming that the 
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solutions map into regions such that the Hamiltonian jump is a maximum 

for each half cycle. This bound on the rate of Hamiltonian growth is 

shown to be I-In~ 2[32n + 0( 1) using the fact that the period of the solutions 

must grow with the amplitude. 

A similar analysis in Chapter III also showed a (k,k - 1), (k,k), 

or (k, k + 1) outer branch mapping of the solutions was pre sent for s > 0. 

A finite set of simple periodic solutions was found from the (k, k) map­

ping transformations, the finiteness of the set due to the bound on the 

maximum number of steps per half cycle. The perturbation matrix of 

the outer branch periodic solutions has conjugate eigenvalues with a 

modulus of one, and thus the periodic solutions are stable. An infinite 

set of periodic solutions with the mapping pattern (mkmax, kmax - 1) exist 

when 8 is a rational fraction of rr, and these solutions grow linearly 

in amplitude with m. A bound on the maximwn Hamiltonian growth 

is shown to be O(n2
) although no solutions we re noticed which grew 

unboundedly. The question of the boundedness of the solutions for s > 0 

still remains open but the fact that there do exist solutions which grow 

and decay in energy by large amounts is sufficient to demonstrate the 

inaccuracy involved in using such solutions to approximate differential 

equations solutions. For s << 1 the difference equation solutions with 

sufficiently small initial conditions behave in a manner similar to the 

solutions for s = 0. That is, for k <kma,./2, there exist solutions 

which grow in amplitude with the (mk, k+l, m(k+2), .... ) mapping 

pattern found for the s = 0 solutions. The mapping structure changes 

at k = kcaxf2, and thus these types of solutions are bounded by 
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• 1T a 
y = -

4 
- + 0(1) (for y lying in region I of the phase plane). The 
~ a 

addition of damping to the equations puts bounds on the growth of the 

solutions, and for small enough damping the simple periodic solutions 

exist and are asymptotically stable. 

In Chapter IV the solutions of the non-autonomous equations with 

a sinusoidal forcing term are examined. The outer branch solutions are 

found from the transformations, and from these solutions the dependence 

of the period on the phase of the forcing term is shown. Growing 

solutions exist for s > 0 which are similar to resonating solutions for 

linear systems in that the period of the inhomogeneous term must match 

the maximum period of the homogeneous solutions, kmax. The existence 

of these resonating solutions and their rate of growth also depends on the 

phase and initial conditions. 

The choice of the tune step, L:it, clearly dictates the behavior 

of the solutions as seen from the analysis. The solutions are expressed 

. 
in terms of the y, y variables and are then transformed back into the 

. 
x, x vari3Jbles via Eq. (2. 3). Thus, a change in L:it will change the 

. 
initial conditions of the solution in the y, y phase plane. The stability 

regions of the periodic solutions for s > 0 insure that for only small 

changes in the time step will a solution remain in a particular stability 

region. Therefore, the boundedness of a solution is definite for only 

a quantized range of time steps. This phenomenon is not characteristic 

of linear differential equations. Due to the difference solutions' wide 

range of growth and decay in number of mappings per half cycle, the 

period of a solution varies greatly with the initial conditions. However, 
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the period of the simple periodic solutions when compared to the period 

of the differential equation solutions shows that the difference solution's 

period can over or underestimate the exact period. These characteristics 

are discussed in Chapter V along with a comparison of several solutions 

of the trapezoidal and energy conserving difference equations to the 

exact solutions for various time steps. 

The existence of unbounded solutions proves that the trapezoidal 

algorithm does not retain its unconditional stability and energy con­

serving properties for nonlinear dynamic equations. It can be seen 

from the exact periodic and unbounded solutions that the stability of 

the difference solutions is dependent on both the time step and the 

initial conditions. For practical purposes there seems to exist a 

balance between the disadvantages of the energy conserving and trap­

ezoidal algorithms. For the trapezoidal algorithm the time step neces­

sary to insure stable solutions for a wide range of initial conditions may 

be too small to allow economical solutions for large systems, while the 

unconditionally stable energy conserving algorithm is generally more 

difficult to unplement than the trapezoidal scheme. 
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