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Be bent, and you will remain straight
Be vacant, and you will remain full.
Be worn, and you will remain new.
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ABSTRACT

The solutions of a nonlinear difference equation resulting from
the trapezoidal quadrature approximation of a piecewise linear differ-
ential equation are examined. A phase plane mapping technique is used
to find the periodic and unbounded solutions of the difference equation and
to determine the stability of these solutions. From the phase plane map-
pings of the unbounded solutions it is shown that the energy of the bounded
solutions can grow and decay by large amounts. The maximum rate of
Hamiltonian increase of the unbounded solutions is calculated from the
mapping transformations. It is shown that the stability of a solution can
only be guaranteed for discrete ranges of the time step with fixed initial
conditions. The solutions of the non-autonomous difference equations
for a sinusoidal forcing term and the damped difference equations are

also examined.
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I Introduction

1.1 Finit2 Difference Equations

Finite difference equations stem from a broad range of problems
in science. For example, because they are equations with the inde-
pendent variable defined for only discrete values, difference equations
serve as models for such discrete dynamic systems as digital control
circuits [4]. Difference equatioﬁs arise in the process of solving
differential equations with a digital computer since the continuous equation
must be discretized to convert it into a digitally solvable system. Various
techniques of mathematical analysis also involve difference equations.

For periodic differential equations, it is often useful to restate the
problem in terms of the variables at the beginning and end of a period.
The relation between these two states is a difference equation. Assuming
that the solutions of certain differential equations are expressible in\ a
series yields recursion relations for the coefficients of the series. These
recursion relations are nothing but difference equations.

Over the past two decades digital computers have become ex-
tremely efficient and accurate numerical tools for scientific research.
Due to their inherent digital capabilities, they are naturally suited for
solving difference equations, as opposed to the analog computers' ability
to solve differential equations. Although computers are capable of
handling most of the current research demands, the state of the art in an
analytical understanding of difference equations is far behind the capacity
of our numerical tools.

A mathematical understanding of linear difference equations and



their solutions is fairly complete. This is not true for nonlinear differ-
ence equations where theory is generally as lacking as for non linear
differential equations. The basic concepts of uniqueness, existence, and
stability for differential equations can be carried over to difference
equations. However, certain useful properties of differential equations
can not be appliéd to difference equations in such a direct manner. For
example, the phase plane trajectories of solutions to conservative
differential equations are nonintersecting, closed curves. The phase
plane mappings of difference solutions are discrete points, and thus the
qualititive behavior of the solutions can not be directly inferred from the
phase plane trajectories.

As mentioned above, the numerical analysis of dynamic systems
with digital computers requires replacing the systems' differential
equations with a set of difference equations. The solutions of the differ-
ence equations should approximate the differential equation solutions
with an acceptable accuraéy, but for nonlinear problems it is difficult
to analytically determine this accuracy of approximation. The motivation
for the particular set of difference equations examined in this dissertation
stemmed from the question of the accuracy of the difference equation
solutions derived from the trapezoidal rule approximation when applied
to 2 nonlinear dynamic equation [8]. The trapezoidal rule is the inter-

polatory quadrature formula,



For linear problems, the trapezoidal differencing scheme yields differ-
ence equations which approximate the differential equation solutions to
within an accuracy of O(At®), where At is the step size of the dis-
cretized time variable, t. Thelinear difference solutionsalsoconserve
the total energy of the system for all At. However, numerical solutions

for some nonlinear equations have shown thatthe difference solutions for

nonlinear problems donothave these attributes [ 8, 9].

1.2 The Statement of the Problem

We will consider the conservative, dynamic equation,

d®x , _ .
dtsz(X) =0 , (1.1a)

with initial conditions
x(0) =%, , dﬁ(o) =8y s (1. 1b)

and the abpve equations' trapezoidal rule approximation, (L}

Kppp = %p = Ol(Xn_H_'i’}.(n)
By ~ By == B4 )] (1.2)
o = At/2

The function f(x) is taken to be

. dx
For the differential equation solutions, x(t), x(t) = g will be used, but
for the difference equation solutions =X, is a separate variable.



ax ; lxl =1
f(x) = (1.3)
sx+(a—s)sgh(x) : IXIZI .
as shown in Fig. 1.1.
f(x) 4
$

YX

Figure 1.1 - The Function f(x)

f(x) is chosen to be a piecewise linear function of x because such
functions have been used in the past as models for bilinear materials
and as simplified models for more complex nonlinear dynamic systems.
The piecewise linearity of f(x) simplifies the analysis while retaining
some basic features of non linearities. The results presented can be
extended to solutions for functions composed of multiple linear regions
and to large amplitude solutions for functions with linear asymptotes.
Although Eqgs. (l.2) are generally implicit, the choice of f(x)

allows them to be transformed into a set of explicit difference equations,

Xppq = D, +20x, - ¢?f(x,))

(1.4)
o Xn+1 —X.n .
X1 T T g "%
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h(x) =< (1. 5)
GT};;S—+012 (———-li_o;s>sgn(x) ;x| 21+0”a
h(x) 4
|
1+a?s
o |
i
1+a2a
. ' - s
B 1+a2q X
| wfh
|
1+a2s

Figure 1.2 - The Function h(x)

Explicit difference equations, in general, have the property that the
existence and uniqueness of the solutions is directly obtainable from the
equations. Both the functions h(x) in Eq. (l.5) and f(x) in Eq. (1. 3)
are real and one to one functions of x€(-00, ). That is, for every

x there is associated one and only one value of f(x) and h(x). There-
fore, the solutions to Eqgs. (l.2) or (1. 4) exist anci are unique. These
difference equations also have unique solutions for the inverse or

backwards problem, i.e. given the state at n, x find the state for

Nn,



-1, %

~

s.1- This is due to the fact that the inverses of f(x) and h(x)
are also one to one functions.

A powerful method for determining the stability of differential
equation solutions, Liapunov's direct method, can be extended to handle

difference eqdations [ 5]. For the explicit, difference equation,
%1 = F(x,,n) vn2n, , (1. 6)

the Liapunov function, V(n,x,;), is defined such that V(n,in) is a real
valued function for all n=n, and 2all x, in G, a domain of the real
vector space. If V(n,x;) is continuous. bounded from below, and if

\.f(n,zgn) =EV(n+l,x

%,00) - V(n,x,) <0 (1.7)

for all n2 ny and forA all x, in G, then V(n,x,) is a Liapunov function
of Eq. (1.6) on G. The available stability theory for difference equations,
[1,10,11,12], relies on the existence of such Liapunov functions to make
any statements about the boundedness and the limit cycles of the solutions.
Unfortunately there does not seem to exist any simple Liapunov functions
of Eqgs. (1.2). From the behavior of the numerical solutions, it appears
that if Liapunov functions do exist, they must either bé defined for a large
number of steps or have a complicated functional dependence on x,.

All of the solutions to Eqgs. (l.2) are oscillatory. That is, in the
phase plane, all of the solutions succesively map around the origin. This
can be seen be setting o =1 (the results can be shown to hold for all

a>0) and defining the function z, as



oy 3 Bt Py o 2] (1. 8)

Equations (1. 2) can then be written as the following explicit difference

equation,

Zyty = 22, F 2,y = - 4F(2,) (1.9)

where

(1.10)

Figure 1.3 - The Function F(z)

The term on the left hand side of Eq. (1.9) is the difference operator
d®z

(with At =1) for = the curvature of z(t). Thus Eqg. (1. 9) shows

the curvature of z 1is always of the opposite sign of z and so the



solutions will be oscillatory.

The methods of solving difference equations vary as much as the
equations themselves [2,6,7,13,14]. The oscillatory nature of the
solutions to Eqs. (l.2) is an indication that there exist periodic solutions.
Therefore a method is chosen that can solve the equations for existing
periodic solutions and yet retain enough flexibility to gain insight into
the behavior of the non-periodic solutions. A transformation oriented
technique will be used where the phase plane mappings of domains are
examined for invariance, and consequently,' for periodic solutions. The
method employed is a straight forward analysis. Since f(x) is a
piecewise linear function the phase plane can be divided into different
regions, and the governing transformation in each region is linear.

Chapter II is concerned with the solutions of the difference
equations where s =0, i.e, the function f(x) isa constant for
lxn |>1. Thephaseplaneisdivided intothe regions where a particular
linear transformationapplies and themappings of these regions is examined.
The simple periodic solutions and a set of more complicated periodic
solutionsare found along withan associated set of unbounded solutions. A
bound on the Hamiltonian growth is also calculated.

In Chapter III the solutions for s>0 are examined in a manner
similar to Chapter II, with the exception that the associated transfor-
mations are trigonometric and not algebraic. The finite set of simple
periodic solutions and their stability domains are found from the transfor-
mation mappings. Again, a bound on the Hamiltonian growth is calculated.

Finally, the damped difference equations are examined. For these
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equations both the simple periodic solutions and a bound on the solution
growth is found.

Chapter IV deals with examining the non-autonomous difference
equations with a sinousoidal forcing function. The change in the solutions'
behavior due to the inhomogeneity is discussed, and the dependence of
the solutions' period on the phase is found.

Chapter V discusses the aspects of the difference equations which
approximate the differential Eq. (1. la)., The period error for the simple
periodic solutions is calculated and some solutions for an energy con-
serving algorithm and the trapezoidal rule algorithm are compared to the

exact solutions of the differential equation.
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1I The Solutions for s =0

2.1 The Phase Plane Transformations

The characteristics of the solutions for s =0 in Eq. (1.3) are

slightly different from those for s>0. The equations for s =0 will
be considered first, as they involve simpler transformations in the

phase plane. The equations are

Xpt1 = Xp = ¥(Xpqq TX5) | (2. 1a)

r )
Kty - Xy —ozif(a,xn_,,l)-l—f(a,xn)j (2. 1b)

where

a sgn(x) ; |x|z
f(a,x) = (2. 2)
ax : lxlsl .
S:
T2

To simplifiy the dependence of Eqs. (2.1a) and (2. 1b) on the parameter

Yn xn -
Zn ) { ‘ } ) { : } (2. 3)
YII Q’Xn

o, let

and

(2. 4)



-11-

Equations (2. la), (2.1b), and (2.2) then become

Yot1 =~ ¥Yn 7 Yn-l—1+Yn (2- 5a)
Vot1~ Yo = - B yusr) -£(Bsva) . (2. 5b)

Since f(B,y) is a piecewise linear function, Egs. (2. 5a,b) can
be written as a set of linear equations, each applying to its respective
region of the phase plane. These regions are specified by the combi-
nations of the three domains of y, for f(B,y,) to be linear. The
difference equations are implicit, so the domain‘ of y,41 must also be
specified. This implies that the phase plane contains nine separate

regions of linear transformations. These transformations being,

I: Ynzl ] Yn+1>l w
. 1 )
YaZ5(1+2B -y,) (2. 6a)
Yat1 :é}:‘n’zﬁi
~ J
~
I1: YnZ 1, |Yn+1l£l
1 . 1
F-1-y)Sy,s5(1428-y,) > (2. 6D)

B8
Zn-}—l :EZn" (1_[.6 i



. [ .

I1L: Ynzl s Yn—l-ls_l
. 1 2 6
ya<5(-1-vyq) (2.6¢)
Yot1 = B0
7
)
IV lyal=1, yopas-1
- 1 > (2.64)
Yat1 ZCYn+[31
~ e da "~ —/
-
V: Yya<-1, yppa<-1
. 1
ynS—E(l-l-Zﬁ-l-yn) }(2.68)
Yint1 :AYn_['Zp’l
~ ~ N ~ )
S
VI y,<-1, |yn+1|sl
L Lol ok o 2. 6f
-5 (Lt2pty,)<z=y,<7 (L -y.) > (2. 61)
B\
Ynt1 :EZ“Jr(l +[3/,£ )
<
VII:  yu<-1, ypp=1
ya22(lty,) - (2. 6g)
Xn-l—l :é}\’:n
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<
VI |y, |s1, yy>1
a1 (2. 6h)
Yutr =C¥n-B1 )
\
IX: a2 o Jyasle
l;’nlgl . >(2'6i)
Vat1 = DYn
~ ~ J

with

_ _ 1
&= »  BEr3 ’
0 1 - B 1-B
(2.6))
I+H 2 e 2
_ _ 1
rg_ 2 E'l_*_p »
-P 1 = 2P 1-p
1
’L:
1

Figure 2.1 shows the y phase plane divided into these nine regions.
Each region was specified by defining the domain of y, and y,.,, and

it can be seen from the transformations that in one mapping step;

1) Region I mapsonto regions I,II, and III,



_14-

A

1

| *|
e e

yn= %(!"'ZB—yn)

Figure 2.1 - Phase Plane Transformation Regions for s =0
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2) Region II maps onto regions IV and IX,
"3) Region III maps into region V,

4) Region IV maps into region V,

5) Region V maps onto regions V, VI, and VII,
6) Region VI maps onto regions VIII and IX,
7) Region VII maps into region I,

8) Region VIII maps into region I, and

9) Region IX maps onto regions IV, VII,and IX.

The function f(B,y) is symmetric about y = 0, and thus the
transformations in each half of the phase plane (y,>0 or y,<0) are
identical to their counterparts in the other half of the phase plane with

the transformation

y.(in y,>0) = -y,(in y,<0) . ' (2.7)

In other words, a set of solutions {y;} with initial value vy, will be
identical to the solutions {y{} with initial value -y, for the transfor-

mation oy = —Zil Therefore, it is sufficient to investigate the solution
behavior in only half of the phase plane (one half cycle of oscillation)
via Eq. (2. 7).

Based on the mappings of one transformation region into another,
solutions that map into y,>1 will map into region I k times ina
half cycle. The value of k depends on the initial value, Yo - The

solutions will then either map into region II and then into region IV,

or they will map into region III. The next step will map all of these
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solutions into the next half cycle.

Definition 2.1

Those solutions which map into lyn|> 1 in one half cycle and
do not map into Iyn|<1 will be called outer branch solutions (the
transformations depend only on the outer linear branches of f). Those
solutions which map into lyn|>1 and also map into |ynl<l in one half

cycle will be denoted as the inner branch solutions.

The Hamiltonian of the difference Egs. (2.5) (which is also the

energy of the dynamic system since it is conservative) is

l.
o Svslyl-£ 5 lyl=1 i 5
y,y) = ;
1‘2_{_1 2 . l lsl
5y +5Py sy

Although the solutions to the differential equation given by Eq. (1.1a)
do conserve the Hamiltonian, the solutions of the difference equations
in generah do not. Calculating the change in the Hamiltonian within each
of the nine different transformation regions shows that the energy is
conserved only with mappings through regions I,V, and part of‘region
IX. Both regions I and V are the multiple mapping regions in each
half plane, and so a solution will conserve its Hamiltonian as it maps
within the half planes, y,<1 and y,>1. The Hamiltonian will change
when the solution maps from one of these half planes into the other.

The Hamiltonian jump for an outer branch solution, in mapping

across the linear region, is calculated from Egs. (2. 6c) and (2. 8) and is



i ] s

AH|™ = - 2B(yotv0) (2.9)

where y, lies in region III. Similarly, for the inner branch solutions,

the Hamiltonian jump is found from Egs. (2.6b), (2. 6d) and (2. 8) to be
o
AH] - %—%)(zyﬁm-ml)(yﬁl) : (2. 10)
Yo

yo lies in region IIL.

In order to explore the periodic and unbounded solutions to Egs.
(2.5), it is necessary to determine how a solﬁtion initially in region I
maps through the half plane into region I for the next half cycle. To
accomplish this, the complete set of half cycle transformations are
formulated by following all of the possible mapping transformations in
one half cycle., First, the subregion of region I which contains the
forward mapping of regions VII and VIII is calculated. This region,
denoted Ia’ contains one point of all of the solutions of Eqgs. (2. 5)
which map into the outer branches of £(B,y) (i.e. |yn|> 1) at least
once per half cycle. Figure 2.2 shows region Ia for the half plane
y,>0. The subregions of region I that determine the number of
mappings a solution makes in region I are found by backwards mapping
region Ia through a half cycle back onto itself. 'To do this, the forward

transformation for a solution which initiates and maps back into Ia with

k steps, and does so without mapping into |yn|< 1, is calculated from
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Eqgs. (2.6a), (2.6c), and (2. 7). This forward transformation for the

k-step outer branch solutions is

[ 1 2k k-1 [1 2P (1
g 5 - yo+2f )
0 1 i=1 |o 1] |1
1 2k k2- 1
= - Zp+—25
0 1 k-1 (2.11)

Using Eq. (2.11) and back mapping the boundaries of region Ia given

by vy, =1 and {rk :%(yk+1) yields, respectively,

L] - 2 o -
yupper = 21'153’ +§E_k_ﬁ.2_@__1 (2.12a)
. il 2Bk®- 4Bk + 2p +1
lower _
Yy Esm oYt 2k - 1) . ik Lk

Thus, points in region Ia between the lines described by Egs. (2. 12a)
and (2. 12b) will map k times through the half plane back into region
Ia.' The only other solutions possible are the k-step inner branch
solutions, and these solutions lie in between the lines described by
Eq. (2.12a) for k-1 steps and Eq. (2. 12b) for k steps. Figure 2.2
shows the division of region Ia into these transformation subregions.
In a similar manner, the transformation for the class of solutions
mapping into lynl<1, the inner branch solutions, is found from

Egs. (2.6a), (2.6b), (2.6d), and (2.7), and is
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1-38 2(1 - 38)k + 8P

_2B 4Bk +5p + 1

2(3B- 1)k®+8(1 -B)k+10p - 18
g
+-1—+—B—
~4BkE+2(5B + 1)k +4B - 6 (2.13)

Since these points map into the linear region, the solutions will map
via Eq. (2.13) into the region of I bounded by {r = %—(y+ 1) and
}.r: —;—(y -1-2B), shown in Fig. 2.2. Thus, from this abbreviated phase
plane, the behavior of a solution in one half cycle of mappings is given
by which subregion of I Yo lies in and the forward mapping of that
region, as given by Egs. (2. 11) or (2. 13).

The minimum number of steps a solution takes to map through
a half cycle, |yn l> 1, can not be less than the number of steps per
half cycle made by a solution staying in the linear region, lY:|<1-
This is d% to the fact that the linearized f£(B,y) for any point Iynl>l
has a slope less than . The transformation for solutions in the linear

region IX is

sin GW
cos O —
VB
Vg1 = Yo » (2. 14)
—ﬁsin ¢) cos 6
L .

[Ty -
11
W™
N

f =cos™* <



e

and thus k;;,esr » Which is the number of steps per half cycle of these

linear solutions, is

“1/1-8
K)inear = T/ COS <T+_T3\’ : (2. 15)

The restrictions on k,,;, , the minimum number of mappings a solution

makes in a half plane, are

Kyip 2 1r/cos-l G—i—é—) , and (2.16)

From the dependence of Eqgs. (2. 12a) and (2. 12b) on k, two
characteristics of these lines which define the k-step region can be
seen: Their y =0 intercepts grow with O(fk) and their slope ap-
proaches zero with O(1l/k). Thus, for large k, the period of a

solution in one half cycle, n,., is

e :%+o(§) (2.17)

and thus, the half cycle period of the solutions grows linearly with }.r

2.2 The Simple Periodic Solutions

To prove the existence of periodic solutions to Eqgs. (2.5), it will

benecessarytomake use of Brouwer's Fixed Point Theorem.

Theorem 2.1 (Brouwer)
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If @ is a continuous mapping of the closed unit sphere

S = -{ern |x|§ 1} of Euclidian n-space into itself, then there exists
a point y in S such that Q(y) =y.

A detailed discussion and a proof of this theoremis given in[3].
Clearly, the fixed points for the phase planemappings are the periodic solu-
tions. Itisonlynecessarytofindthe phase plane regionsthatcanmap back
onto themselves to prove the existence of a pericdic solution in that region.
As aconvention, the behavior of a particular solution, interms ofthe number
of times itmaps into the half plane |yn I 21, will bedenoted by parentheses
witha comma separating the number of times it maps into each half plane.

For example, (k,£,m) denotes a solution taking k steps in one halfcycle,

{ steps in the next, and m in the last half cycle.

The simple periodic solutions of Egs. (2.5) are defined as the
solutions which are periodic in one cycle of the phase plane. The
totality of possible mapping patterns for these solutions is dencted by
(£,k) with £ and k greater than or equal to the minimum number of
steps per half cycle. To find the simple periodic solutions, it is
necessary to map region Ia onto itself to determine what type of
mapping patterns are possible. The periodic solutions can then be
found by solving the transformation equations involved in the mappings
for a periodic solution.

The mapping of the k-step region onto itself in one half cycle is
shown in Fig. 2.3. From the points defining this mapping (given in
Fig. 2.3), the following two statements of the half cycle mapping behavior

can be proven (for all $>0):
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: ”I’I’IIIZZZII{IM...,IIIIIIIIIIIII”IIIII"'§' 3
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51 “|—__ k=6 .§ 7
k=5 S
‘§ B=I
4
s\/ //[/ OUTER BRANCH MAPPING
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(0] / T B
v 5 10 15 Yn
A"
1: {1,Bk-1)}
2 : {1,(Bk®-B-1)/k}
3¢ {(-1+2BKk?-2B+k +2kB)/(k+1), (Bk®-2B-1)/(k+1)}
4 : {1-2B+2Bk, Bk- 2)}
5 : {(-2+2pk3- 2Bk +k -2B)/k, (- 1+PkZ-2pk -B)/k}
6 : {1,(Bk®-2pk-1)/(k-1)}
1': {4pk-4p-1, Bk-1)}
2': {1,pk -2B+(B+1)/k}
37 {1, (BkE+1)/(k+1)}
4’: {2Bk-1, Bk}
5': {(2Bk®- 6Bk +k+2p+2)/k, (Bk?-4kB+pB+1)/k]}
6': {(2Bk®-10Bk+k+1+10B)/(k-1), (Bk®-6Bk+68+1)/(k-1)}

Figure 2.3 - The Half Cycle Mapping of a k-step Region and the Points
Defining this Region and its Mapping.
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1) The k-step outer branch solution region maps into the
(k -1), k, and (k+1)-step outer branch and the k
and (k- 1)-step inner branch regions of the next half
cycle.

2) The k-step inner branch region maps into the (k+1),
k,(k-1),(k-2), and (k- 3)-step outer branch regions
and into the (k+1),k,(k-1), and (k -2)-step inner
branch mapping regions.

These two mapping rules therefore limit the possible combinations
of simple periodic outer branch solutions to the mapping patterns
(k,k-1), (k,k), or (k,k+1), and the following theorem can now be

stated.

Theorem 2.2

The (k,k) periodic solution exists for all k=2k,;, and is given

yP = , 1<yrP<2fk-1 |, (2.18)

for all B>0.

proof:
From the points defining the k-step region (1,2,3, and 4 in Fig.

2.3) and their mappings (1 ",2,3", and 4'y, it can be shown that there

exists a region which is the set of solutions following a (k,k) mapping.
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If part of this region maps onto itself, then there exists a periodic
solution by the fixed point theorem. To find the fixed point, the
transformations given by Eq. (2.11) yield the following (k,k) transfor-

mation

sz = Zo + 40 (2.19)

The periodic solution of Eq. (2.19) is {rP = B(k - 1) with the equation for
y? satisfied identically as long as y® lies in the (k,k) mapping region.
From the intercepts of {rp = B(k - 1) with this region, it is found that
1<yP<2Bk -1. Figure 2.4 shows some of these periodic solutions plotted
in region Ia of the phase plane.

To examine the stability of these periodic solutions, Zp; let
@n be a perturbation of ZP such that Y =’¥JP+’c\pI always lies in the same

transformation region as y®. Then f£(B,y2+wp,) = {(B,y}), and the

perturbation equations of Egs. (2.5) are

an-{-l -Qp = C.pn+1+C.Pn (2- ZO)

QPptq - Py = 0
The solution of which is

®n = Qo +2ncb0
(2.21)

©n = Og
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Thus, for an arbitrary %o the perturbations of the periodic solutions
are unstable and grow linearly in n. The solutions are stable, however,
Tor Cbo = 0, and must be as the periodic solutions are lines with

{r = constant,

Although a mapping exists, periodic solutions of the pattern
(k,k-1) and (k,k+1]) do not exist. This is because there are no in-
variant subregions of the (k,k-1) or (k,k+1) mapping regions, and
so no fixed point exists.

For the simple periodic inner branch solutions, the following

theorem is given.

Theorem 2.3

The periodic solutions which map k times in lYan 1 and once
in IYnl<1 for a half cycle, and which are periodic in one cycle exist

and are

y*! = B (2.22)

proof:
Following the reasoning of the previous proof, it can be shown
that the k-step linear region (bounded by points 1,4,5, and 6 in Fig. 2. 3)

‘, and 6'). The transformation equation

intersects its mapping (1', 4',5
is Eq. (2.13), which has Eq. (2. 22) as a periodic solution.
The stability of these solutionsis different from those of the

(k,k) outer branch type, and the perturbation equation is
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1-3p  2(1-3B)k+8p
St1 = THF @ - (2.23)
-2 4Bk + 5B +1

The eigenvalues of this transformation are complex conjugates (hence,

stable solutions) for B<1/k, and real (unstable solutions) otherwise.

2.3 The Complex Periodic Solutions

Since the k-step region maps points into both the (k- 1) and
(k +1)-step regions, it would seem possible that periodic solutions exist
which map several times in different regions of Ia. The half cycle
period of the solutions would grow and decay in the number of steps per
half cycle and,consequently, also in the Hamiltonian. Finding these
complex periodic solutions involves first synthesizing a possible mapping
pattern in terms of the number of steps per half cycle and then checking
the resulting transformation for a fixed point.

To exemplify this process, consider a solution which maps into
the k-step.region m times. Since a simple periodic solution exists for
one cycle of mappings, there must exist solutions which will map m
times in a k-step region. Now allow the solution to map first into the
(k+1)-step region and then into the (k+2)-step region, where it maps
m times. It was demonstrated by the previous analysis that both
mappings are separately possible. To make the solution periodic, let
it map into the (k+1) and then the k-step regions. If this solution
pattern exists it will have a period of 2(m+1)(k+1), and a mapping

pattern denoted by (m(k), k+1, m(k+2), k+1). Following this pattern



-29-
and carrying out the transformations yields, for m an even integer,

| 4k +1)(m+1) (m+1)k®*+k -m

Yalot 1)(kt1) = yo - 4P (2.24)

~

The periodic solution of Eq. (2.24) is thus

ye? = (2.25)

with the values of y°? such that ZCP is in the region that follows the
(m(k), k+1, m(k+2), k+1) mapping. It is necessary to carry out this
mapping of the k-step region to find y°", which gets increasingly compli-
cated as m grows. Figure 2.4 shows several of these complex periodic
solutions in region Ia of the phase plane.

Since all of these periodic solutions are outer branch solutions,

|yn12 1, the stability analysis is the same as for the (k,k) simple

periodic solutions (Section 2. 2).

2.4 The Unbounded Solutions

Numerical calculations of the solutions to Eqgs. (2. 5) indicated
that there is a set of solutions that would, on each half cycle, map up
into the next higher step region and continue to grow in this manner
unboundedly. To look at a generalization of this kind of growth,

consider the previous set of complex periodic solutions. It was noted
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that these solutions follow a (m¢(k), k+1, m(k+2), k+1) mapping. Half
of this pattern consists of the (m(k), k+1) mapping, which will be
considered the basic building block of a set of the unbounded solutions.
The full mapping behavior would be that a solution maps first into the
(k +2)-step region by (m(k), k+1), then into the k+4 step region by
(m(k +2) ,kt3), and continues mapping into a 2-step larger region with
each (m(k), k+1) transformation. |

To check for the existence of such solutions, the transformation
for the pattern (m(k), k+1) is calculated. This is done by carrying out
the transformations of each half cycle mapping specified by Eq. (2. 11),

and the transformation is

1 2(m+ 1)k +2 (m - 1)(k3- 2k) +3k=- 3

Vek+k+1 = _ Vo - 2B (2.26)

If these solutions exist, they will be expressible as functions of both the
particular number of steps per half cycle, k, and B; written

y" = h(k,B). Since these solutions must lie in region I, and hold for all
k greater than some initial step region, h can grow no faster than
O(k). For Yo and ety in Eq. (2.26) to be members of this set of

unbounded solutions two conditions must be satisfied,

1) Viektxts = Yu (k+2') s> Yo :yu(k) s

and
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2) Yaxresr - Yo = @ function of m and B only.

The first of these conditions states that if 3:'0 is an unbounded solution,
};0 = ';r”(k,B), then its mapping into the (k+ 2)-step region must also be
an unbounded solution for k+2 steps, 3.’m<+1<+1 = }.r“(k +2,B). This is

essentially a periodicity condition for growing solutions. The solutions,

% can grow by

—;f“, must lie within region Ia, and soas k grows, vy
at most a constant with each mapping. This is the restrictionin

condition 2.

The form 3}“ =ak+b satisfies the requirement that ’;r“ = O(k).
By applying condition 1, it is found that a = . The equation for the y

component of Eq. (2.26) then becomes

Vactedy - Yo = 2[bm + 1) +Bm +2)] k+4(B+m - 1) . (2.27)

Applying condition 2 to Eq. (2.27) we find that b = —BE:% , and thus

ek 24) - (2.28)

The solution, y%, can not be directly determined from Eq. (2.25) as is
to be expected. This is because the perturbation equation for the
unbounded solutions is the same as Eq. (2.20), and y* is the range of
values that follow that mapping pattern. As in thg case for the complex
periodic solutions, these mappings become complicated for m>1. The
case of m =1 shows the simplest pattern where the solutions grow by

one step per half cycle. From the half cycle mapping of the k-step
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region shown in Fig. 2.3, y* must lie between the intercepts of

~

{,u = ﬁ<k ~ Ei§> and the lines 1 - 4 and y :—é—(y + 1). This

restriction yields

ﬁ(k—1)+lsy“(m:1)SZB(k—%>—1 . (2.29)
Figure 2.5 shows these unbounded solutions in region Ia of the phase
‘plane for m =1,2, and 3.

- Equation (2. 29) also implies that there is a minimum k for such
unbounded solutions, such that all solutions, Z“, for k greater than or
equal to this minimum behave as predicted. These solutions must follow
a different mapping behavior before they map onto the regions which
contain the unbounded solutions. Some of these solutions were numeri-
cally backmapped. They mapped into the linear region, Iynl< 1, and
followed a complicated mapping behavior. Eventually these solutions
backmapped into regions that, in this reverse solution, corresponded
to the growing solutions of the forward problem. Gene.rally, it seems
that the growing solutions come from unboundedly large values and map
with the pattern (k,m(k- 1), k-2, m(k-3)...) down to a point where
they map into the linear region. From there they eventually map away
from the origin of the phase plane with (k,m(k+1), k+ 2,...).

It has been shown that the growth in the Hamiltonian for solutions,

Yr, 1is bounded by an exponential growth given by

~

H,<H,e%® , o>0 (2. 30)
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with o equal to a constant [8]. For the set of unbounded solutions

analyzed, the actual growth in the Hamiltonian can be calculated from
its jump in one transformation of the (m(k), k+1) pattern. Applying
the transformation for this pattern, given by Eq. (2.26), to Eq. (2. 8),

and using Eq. (2.28), it is found that

pktxt1
AHI :zp{ﬁk_(mm)(rmnﬁ)umnm1} : (2.31)

The average increase in the Hamiltonian per step is

AHavezR—Jr%-@)?ﬁ{ﬁk-(mm)%)umnﬁﬂ] . (2.32)

For large k Eq. (2. 32) becomes

2 =2
AHgye = (mﬁ_*_ 1) + O(1/k) ‘ (2.33)
and thus for n large
__2p?
H —mn-l'()(l) . (2. 34)

With the jump in the Hamiltonian known for each mapping (Egs. (2.9) and
(2.10)), an upper bound on the Hamiltonian growth can be derived using
the results of the ‘rnapping analysis. Since the Hamiltonian is conserved

for all mappings in regions I and V, the maximum possible
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Hamiltonian jump per half cycle is given by Eq. (2. 9) for y, =1,
AHg = -2B(y+1) , (y<0) . (2. 35)

Averaging this maximum jump over the number of steps per half cycle,

n.,. , yields
A <28y +1) . (2. 36)
Npe

From the transformation analysis of Section 2. 1, it was found that the

half cycle period is linear in {r Thus Eqgs. (2.36) and (2. 17) yield
AH < 282+0(1/ny) - (2.37)
For n large then,
H, < 28%+0O(1) , (2.38)

and the Hamiltonian for all solutions is thus bounded by an O(n) growth.
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III The Solutions for s>0

3.1 The Phase Plane Transformations

The analysis presented in the previous chapter can now be ex-
tended to the more general set of Egs. (2. 5a) and (2. 5b) with £(B,u,Vy)

given by

(3. 1)

uy +(B -wsgn(y) ; |yl=z1
fB,u,y) =

lyl=<1

M=

The solutions of Egs. (2. 5a) and 2. 5b) for B> u will be examined
first, and generalizations of these solutions to the solutions for B<u
will be discussed in Section 3. 5. Clearly, B = ;_1- reduces Egs. (3. 1),
(2. 52), and (2. 5b) to a linear problem.

Following the method of Chapter II, the phase plane is divided
into the nine regions, Fig. 3.1, each with its linear transformation
specified by the solutions location on the branches of f(B,u,y). The

regions and their transformations are

I: Yu21, Yn+1>1 w

>3 {(u- Dy, +1+26 -y} - (3. 2a)

2(B - 1)
}Ln+1::“iZn‘ (lﬁ+u =




yn=—é‘{(p.—i )yn—|—2,8+/.L}
Jn=3{(8-Dy,-B-1}—"]

v

Al

S/n%{(p.-l)yn—l-yf

Figure 3.1 - Phase Plane Transformation Regions for s>0
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E‘L(U-" 1)Yn_ 1 "U-}Ss;ns
(L-P)

1+pB

Qns%{(u— Vyn-1- u}

Ynt1=AY:

nS’nl‘
lyalsl, yaga<

1

ya53 1(B-Dy.-1-8}

Zn-*— 1= B(U-, B)YH+

~ ~

ey

il

1

yas -1, Yn+1<"1

1

-+

i =

1

1

1

—Z—i(w L)y

Va<3 {(.u- yn-1-2 +u}

2(B - 1)
Totr= Aty

YnS - is lYn-i-l lSI

1

Yat+1= BB, Wyat

~

)

1

P

1

s FE +20 - u}

> {(u- 1ya-1 —ZBW}S%S% {(u~ 1)Yn+1+u}

L-PB

% (3. 2b)

(3. 2¢)

(3. 2d)

(3. 2e)

L (3. 21)
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VII: yp,<-1, yp4,21 B
g 1 f
Yn>f {(‘u_l)Yn"}"l"'U} f(3-2g)
Yn—}-l:AYn
~o ~ N J
. %
VI |y, |21, g1
e 1t
Yu> o JL(Q—I)yn+l+B} >(3. 2h)
Vat1 =B, By, + 22 1
2 Py A8 LH =
-
IX: ly‘nlfl: lYn+1l<l
1 1
7 {(B-Vya-1-g}<y.=5 {(B- Dy, +1 +5} F(3. 21)
Yo+1=DYa 2
\
with 1-u 2 sinfb
T3a Tm — ¥
A = =
-2| 1-u .
TEo TEn -/Using cosb
= cos L=
f = cos T+u/ $(3-ZJ)
4
L =0 Z 1-8 2
1+p T+PB 1+p I+p
BB, = D =
(Bt  1-B 2 1-8
1P 1+p 1+p 1 +p )

Basically, the solutions in mapping through the half plane for

iu>0 are similar to the solutions for p = 0.

That is, in the phase plane,

both solutions will map k times into ]yn ]> 1, and then will either map

into the linear region,

half cycle.

lYn |< 1, or onto the outer branch of the next

The subregion of Ia. which contains all of the solutions that
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mapped from lyn_l I<l into |y,l |> 1 is again designated region Ia'
Region Ia contains only one point of each of the possible solutions of
Eqgs. (2.5) in a half cycle of the phase plane. Thus it is suifficient to
consider only this subset of points and its mappings in a half cycle.

| The backwards mapping of region Ia onto itself during one
half cycle, given the appropriate transformations specified by Egs.
(3.2), will then yield the subregion of Ia' containing the k-step outer
branch solutions. To be more explicit, region Ia is the forward

mapping of regions VII and VIII into region I, as defined by the lines

Va=1

1 1
oz {0 -yt Lhpb = /A28y, S 428-) . (3.3)

Region Ja is backmapped onto the region Ia for the previous half
cycle through k-steps to determine the k-step mapping region.
This backmapping of the boundaries of Ia in Eq. (3. 3) defines

the k-step outer branch mapping region as lying between the lines

yupeer - _ /7 COS KO

sin k87
A B-u by_q
i L T o B (2i-at = )} (3. 4a)

s lower _ cos(k-1)6
yloer = -au sin(k l)ey

Mgy B-u (-ak_l.+3i)} (3. 4b)

T 5in K0 (T+W(1-cos 8) JI




o -

with

ay=cos B+cos kB -cos(k+1)5-1
(3. 4c)

b, = sin 8+ sin kB - sin(k+ 1)§

Fig. 3.2 shows region Ia and its subdivision into the k-step regions.
The solutions mapping k times in y,21 and once in Iyn |<l in a
half cycle will thus lie between y'°*F(k+1) and y“P* (k). The
transformation of a k-step solution is found by mapping the solution

k-1 times in region I and once in region III, and is

%
-cos kb '__S.w fl
) /i
Y= Zo+
Vi sin k6 -cos k@ e
r (3. 5)
_ (B-w
f; = (1+u) (1 -cos 8) (ak'1+bk‘1/“/u>
. (P -
2 T+ -cos ) (ak‘l_ﬁbkd)

with a, and by given by Eq. (3.4c). By definition y; 1is in region Ia.
The transformation for those solutions which map k-1 times

in y, 21 and once in lyn I <1 is calculated in a similar manner, and

18
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€1
-1
by Teem S Gl

where

={1-3(B+u)+PBulcos(k-2)0-4/u(l -B)sin(k -2)6
ero = {1 -3(B+w) +put ERE-20 4401 _Bicos(k -2)6
N
eg =-{1-3(B+w +PulV/sin(k -2)0 - 2(1 - w)(B +u)cos(k - 2)8

22 =[1-3(B+w) +Bul cos(k - 2)8 - 2(1 - ) (p +p) ink=2)6

- > (3. 6)
gy ={1-3(B+u)+Bulcy+4(1 -P)cg +2(B-u)(p-1)
gz =-2(1-p) (B+u)ey +{1-3(B+u) +Pulcy +2p% -
Gy :(1+M)L21 —ﬁcos e){ 'S“L%;gi}
€2 (1+u)( ?cos 57 {2x-2 -V be-s} |

Again, a, and by are given in Eq. (3. 4c).
There exists a bound on the maximum number of steps per half

eycle, denoted as Ky » by virtue of the fact that for any k>k

H1ax
the backmapping of Ia with k steps does not map into Ia but beyond
this region and into the previous half cycle of the phase plane. Thus,

some part of region Ia which has been backmapped k times must map

onto Ia' It can be seen from Fig. 3.2 that for this condition to hold
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the slope of the lower line defining the boundary of the k step

max

region must be positive and finite. Equation (3. 4b) defines this lower

boundary of the k,,x step region, and thus, k,,, is defined by

Kian = miax {k}
kel,2,3, ..

such that
> -,/ucos(m - 1)8/sin(m - 1)8, 0<m<k ,
and
-Ju cos k.mx 6/sin ky,, 6< 0
These conditions imply

Kooy < 7+ 1 . (3.7)

nax e

kyin is defined as it is for the u =0 solutions and is given by Eq.
(2. 16).

To analyze the general solution behavior in mapping from one
half cycle onto the next, each of the solutions in the k-step region is
forward mapped into region Ia of the next half cycle. For those k-
step solutions which map only in the outer branches, |yn |->— 1, the
k-step transformation is given by Eq. (3.5) and maps the k-step region

of Ia into that area of region Ia bounded by
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yuerer = /0 ctn(k +1)8y

(1+2B -p)sin 6 3.8
R = STES AT i ctn(k +1)6f, + £, (3. 8a)
and
ylower _ /7 ctn k8 v +/i/sin kO -/l ctn k8 £, + £, (3. 8b)

with f, and f; given in Eq. (3.5). Similarly, for those k-step
solutions mapping into |y, |<1, Eq. (3.6) implies that the inner

branch solutions map between

-

L]
upper _

(eel +,/iu ctn 8 e22> " .
< Y+ "2

. 7
<e11+ﬁ ctn 6 ey ) \811"' I ctn © e12>

/

- <e21+ﬁ ctn 6e22>g1 F g s (3. 92)

o 1 = -
nE-EEmaE v YR

. e
yloWer :_g_e_yn_’r]_ {_l_eEEgl} -I—T]gg (3.9b)

€12 €12

in the linear mapping subregion of Ia. €115 €125 €315 €3p, 81, and g,
are given in Eq. (3.6). Figures 3.3 show the forward mappings of

the k-step region for g =0.006 and k =6, 10, and 14,
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From the equations defining the mapping of a k-step region and
from Figs. 3.3, it can be seen that there is a difference in the mapping
configuration between values of k<k,,,/2 compared tc k>k,,/2.
This shows up in comparing the mapping of the k-step region between
Fig. 3.3a and Fig. 3.3c. Point 3 of the k-step region is mapped
into the (k+1)-step region for k>kg,/2, while point 4 is mapped
into the (k+1)-step region for k< kya,/2. This change in mapping
behavior will later explain why some types of solutions were found to
exist within only one or the other of these ranges of k.

To determine exactly what areas of Ia the k-step region maps
onto, the points which define the mapping of the k-step regions are
compared to the points which define the mapping regions in Ia‘ For
B> and ki n<k=ky,, it can be proven that;

1) The outer branch solutions mapping k steps in one
half cycle can map only onto the (k-1), k, or
(k+1)-step regions of the outer branch solutions, or
onto the k or (k+1)-step regions of the inner
branch solutions, and

2) The inner branch solutions mapping k steps in one
half cycle can map only onto the (k-1), k, or
(k+1)-step region.s of the outer branch solutions, or
onto the (k-1), k, or (k+ 1l)-step regions of the

inner branch solutions.

3.2 The Simple Periodic Solutions

Similar to the p =0 case of the previous chapter we now seek
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the solutions periodic in one cycle with the pattern (k,k) and state

the following theorem.

Theorem 3.1

For B>y and for all k such that ky,<kskg,, -1 there

max

exist (k,k) periodic outer branch solutions whose solution in region

Ia of the phase plane is given by

(B-u)(cos B+tcos(k-1)0 -cos kf - 1) { 1 } (3. 10)

yP =
2 (I +u) (1 -cos 6)(1 +cos k8) 1

proof:

From the discussion in Section 3.1 on the mapping of a k-step
region in a half cycle it is known that there exist outer branch solutions
which map with a (k,k) pattern. The transformation for a (k,k)

mapping is found from Eq. (3.5) and is

cos 2k8 sin 2k6/.,/u
Yok~ Yo
-/l 8in 2Zk6 cos 2kB
- . (3.11)
sin k0

(cos kB -1)f; + £

N

-Jusink6f, + (coskf-1)f,

with f, and f, given in Eq. (3.5). The periodic solution of Eq. (3.11)

is given by Eq. (3.10). For ky,<k<kg,, -1 these solutions can be
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shown to lie within the k-step region of Ia. Note that the restriction
on k implies u<1/3, since ky, =3 for pw=1/3 and ky, =2
for all B>1/3.

To examine the stability of these periodic solutions to pertur-
bations, let 7 = yP+¢p and assume ¢ 1is small enough such that the
solutions, y will follow the same mappings as the periodic solution,

y?. Thus the (k,k) transformation given by Eq. (3.11) will hold, and

by subtracting the periodic solution we obtain the perturbation equation -

cos 2k M-
Vi
Dok ™ %o (3. 12)
-4/l sin 2k0 cos 2k8
L J

or

[ — sin 0]
e
©y 41 = A, with A = (3.13)
—ﬁsin 6 cos B

The determinant of A 1is unity and the eigenvalues are complex conju-

gates with
Ay 2=cos B%isin B ,
b4
and so there exists a conserved, quadratic equation for ¢, which is

@2 +ued =c , (3. 14)



B

with ¢ a constant for all n. Therefore, for ©n sufficiently small,
the perturbations from the periodic solutions are bounded and map
onto the ellipse given by Eq. (3. 14). To determine the maximum
possible bounded perturbation let ¢ = 0. Then @,=0 (from Eq.
(3.14)), and y will identically follow the periodic solutions mapping.
As c is increased, the ellipse will finally grow large enough such
that some of its segments will map into the linear branch. This is
because the k-step region of Ia is bounded by the regions mapping
solutions into Iyn|<1. Thus the maximum c¢ in Eq. (3.14) (which
defines the maximum stability region) is such that the stability ellipse
about any of the 2k periodic solution points is just tangent to Iynl =1,
From the position of region Ia in the phase plane and from the trans-
formation of solutions in region I it can be shown that the distance from
any simple periodic solution to the line y, =1 is a minimum for the
solution points in region Ia and region III. Furthermore, since
u<1/3, the ellipse has its major axis in the y direction. In region
Ia the stability ellipse is tangent to y, =1 at q.an =0 5 By=y-=1
which implies ¢ = p(y®? - 1) . It can also be shown that the same
conditions hold in region III, as the periodic solution points in III

are

yp
I
p = (3. 15)
X’III
_YD
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Thus the boundary of the largest stability region of a periodic solution

is given by

02 +u? =u(y? - 1)2 . (3.16)

Figure 3.4 shows these stability regions for u = 0.025, B =1,

These perturbations of the periodic solutions are themselves
periodic when cos™ {(1 -u)/(1+w)} =6 :%nm , where m is an integer.
In this case the perturbation equation, Eq. (3.13), reduces to a periodic

equation for m steps, that is

n
EEn-l—m = A ,CBn :,an

The perturbation must map back into its original stability region for
yr. to be periodic. Thus the period of y,, denoted as p, will be
the product of the least common multipliers of 2k and m. The
constraint on the size of the perturbation was that y always map in
the same region as y?. This meant that the maximum perturbation is
such that y, 21 for each step. With Ya periodic in p steps this
implies that the maximum stability region is the polygon formed
by mapping the line y, =1 around yr with p steps. These stability
regions for 6 =mw/12 are shown plotted in Fig. 3. 5.

The stability of the periodic solutions to .;hanges in 4 and P
is also an important aspect of these difference equations for practical

applications. This analysis can be accomplished by considering the

stability region of a periodic solution, y?, for the parameters, u
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and P, and denoting the perturbed parameters as u/ and f)l. As

long as B'> ' and u’>1/3 there will exist a set of simple periodic
/

solutions for the parameters v’ and B'. By yP we will denote the

periodic solution for the primed parameters which lies closest to yP?

~

in the phase plane. Thus the solution to the perturbed system (u', {3')

will have a bounded solution if y® lies within the stability ellipse about

~

!

y?' for the parameters u' and B'. Since all of the simple (k,k)

~

periodic solutions lie on the line 'y =y, yP 1is bounded for pertur-

bations of P and B if

p’ L ' 1ysypp sy’ s it (yp - 1) (3.17)
R iR R R A N il :
M M

as shown in Fig. 3.6.

ynés

Figure 3.6 - Stability Region of a PCrLOdlC Solutlon yP for the
Perturbed Parameters u and B’
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The (k,k) inner branch periodic solutions are found in a
similar manner as the outer branch periodic solutions were. This is
because it is known from Section 3.1 that the (k,k) inner branch
mapping exists. These periodic solutions are calculated from the

associated (k,k) transformation, Eq. (3.6), and they are

1 -1 AP} +4) [(1+B)(1+u) + expl gy teqags

Y T P)I Ty te,, Femn) [l +831 (3.18)

I+u)+ en]g1+e21g2

with e;;, €15, €5, €55, 8, and g, given in Eq. (3.6). The
algebraic complexity of Eq. (3. 18) does not easily lend itself to proving
that this solution lies within the mapping region of the (k,k) inner
branch solutions. However, all of the periodic solutions that were
tested numerically did exist.

For the stability analysis of such periodic solutions, we again
let 7 = ZP+ 9 with @ small enough such that y follows the mappings

~ ~

of y?. The perturbation equation then becomes

-1
Crtr TTIPA T =8 (3.19)

with the components of E(e,,, e;5,e5, and ey) given in Eq. (3.6).
. . -1 ; . .
The determinant of m’@ is unity, and the eigenvalues
must be complex conjugates for @, to be bounded. Thus for Eq. (3.19)

to admit only bounded perturbations,
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1
|(1-3p-3u+Bu)cos(k - 1)8 +== (3up +u>3u-P)sin(k - 1)5|
Vi
<(1+p)(L+p) - (3.20)
For those values of B, U, and k that satisfy Eq. (3.20), the stability

region will be defined by ellipses since Eq. (3.19) will have a

conserved quadratic form.

3.3 Other Periodic Solutions

Numerical solutions of Egs. (2. 5a) and (2. 5b) for various
values of u and B have shown that there exist periodic solutions
with a structure more complex than that of the simple periodic so-
lutions. In particular, for the number of steps per half cycle greater
than w/26, periodic solutions following an (mk,k - 1) pattern exist
with the range of values of m dependent on k and 0. To prove the
existence of these periodic patterns it would be necessary to prove the
(mk,k - 1) mapping can map onto itself. This quickly becomes compli-
cated with increasing m. From these numerical solutions, however,
it was nqticed that the periodic solutions for larger m were grouped
closer to the (k,k) periodic solutions in the phase plane than those of
smaller m. In other words, those periodic solutions closest to the
stability boundary for the (k,k) solutions map a greater number of
timmes in the k-step region before mapping into the (k- 1)-step region
and completing its period. These solutions can then be viewed as
perturbations of the (k,k) solutions that eventually mapped into the

(k - 1)-step region instead of the k-step region and completed a



-59-

periodic solution.

Since all of these periodic solutions map only into the outer
branches, the perturbation equation for solutions y =®+y®, given
by Eq. (3.14), still holds. As the number of mappings onto region
Ia necessary to complete the period of the solution increases, we
must locate each of the mappings onto region Ia and from those
determine a maximum possible ¢ in Eq. (3.14). For the numerical
solutions examined, a bound similar to the (k,k) periodic solution
was valid where c¢ = u(y®- 1)®, and where y® was the point of the
(mk,k - 1) periodic solution that mapped in Ia closest to y, =1.
Figure 3.7 shows a set of these (mk,k - 1) periodic solutions and their
associated stability regions.

A similar type of periodic solution was also noticed. It
followed a (mk,k+1) mapping pattern and the characteristics of these
solutions were similar to those mentioned above.

Unlike the behavior of the solutions for u =0, the number of
steps per half cycle of any solution for pu>0 is bounded. Because of
this the number of simple periodic solutions is also bounded. However,
the transformations show there exists an unbounded set of complex periodic
solutions that lie beyond the last simple periodic solution. This is most
easily seen for the case when 0 = w/4 (£ = integer). Here k =/

nax

and the Kyusx step outer branch transformation reduces to

1/u
g ok (3.21)
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which is simply a translation of the solution in the k,, -step region

of Ia. With a sufficient number of such transformations the solution
will map into the (kg - 1)-step region and then back into the

k.., - step region. Using periodic solutions of the form (mk

max max

ky, - 1), with k_ 6 =w, yields the periodic solution

nax

B - 4cos 6§ (2cos®8+cos 6 - 2) }
yP = - (3. 22)
~ (LRl -cos §) m - 4/ sin 8 (cos®f+cos - 1)

As can be seen from the above equation, these solutions are fixed in y
with only m varying, and they grow without bound in {r as m
increases. Figure 3.8 shows this set's first few periodic solutions and

the associated polygonal stability regions for 0 :% (n =0, 105578..).

3.4 Energy Growth

For the system of equations with >0, the Hamiltonian of y

is

/
1ep 1
Vs t5B8ya ;o yal=1
H, =< (3.23)
1en 1 -
FY;‘Q touys + (B -1 |yl +H_2E P (vl 20

It can be shown that, similar to the u =0 case, the transformations
of regions I and V (shown in Fig. 3.1) conserve H, for each step.
Thus any growth or decay in H, occurs when a solution is mapped

from one half cycle to the next, either through region III or regions II
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and IV. The change in the Hamiltonian for those solutions mapping

through region III (i. e., the outer branch solutions) is

an = -2 (B8 (0 +50) (3.24)

where yp is in region III. The Hamiltonian change for those solutions

~

mapping into regions II and IV is
AH = (B - p)(d+1)(2yo +d(B -u) - 1) (3.25)

where yp 1s in region II on the line

yo = Bolyo+d) with -1-usdsl+2p-p

To obtain an upper bound on the rate of growth of the
Hamiltonian, it is noted that both Eqgs. (3. 24) and (3. 25) allow at most
a linear growth with y of the maximum positive Hamiltonian jump for

each halffcycle. For the outer branch solution this maximum jump

£
occurs at y, =1 where

- f-u > '
AEI__z(HH (yot1) . (3.26)
For PB>u this growth is larger than the growth possible for the inner
branch solutions (Eq. 3.25). The maximum Hamiltonian on the next

half cycle (for y large) will then he
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- TR
H'=H+AH :%y& i (%—%/‘yﬁom
+ (3.27)

1 =
= ‘Z‘YOI2 +0(1)

Taking y as positive, this gives {r/ (3.r on the next half cycle)

as

-

§’:3}|:1+2<(13—_;—ﬁ-> §r+0(1/§r2)] (3.28)

The maximum jump of y in one half cycle is thus

y' -y =2 (B8 )+ourm . (3.29)

Since the period is bounded for large {r (i. e. , the number of steps

must be equal to k,,, or kg, - 1), the maximum average growth in
3.7 per step is
G o 2 (B~
AY ST \UTu/ L. 8
The growth in §'n is then given as
* ¢ (B- u>

and the maximum Hamiltonian growth is



BB

P 2]

- 2(B-)
H, = F - D00 n® + O(n) . {3, 323

The bound on the maximum number of steps per half cycle has
increased the possible Hamiltonian growth to O(n®), rather than O(n)
for u =0. However both bounds are still much tighter than the
exponential bound mentioned in Section 2. 4.

In the numerical computations performed, no solutions were
found which exhibited a possible behavior pattern for such an un-
bounded growth. If those solutions do exist their patterns must be
fairly complex due to the nonlinear difference equations' asymptoting
the linear equations for large y. However, solutions which exhibited
large fluctuations in H, were found numerically. These solutions
mapped from regions of a few steps per half cycle up to larger step
number regions with a mapping pattern identical to those found for the
unbounded solutions for W =0 in Section 2.4. The growth ceases
when the solution mapped into the neighborhood of the k,,,/2 - step
region. REventually, following the inverse of the growth pattern, the
solutions mapped back down into the vicinity of its starting point. It
was seen in Section 3. 1 that the half cycle mappings of the step regions
change their behavior for the number of steps per half cycle greater
than or less than k,,,/2. Itis this change that most likely bounds
these quasi growing solutions, since their mappting patterns must
change to grow past the k,,./2 - stepregion. Although these solutions

are bounded by this limit, k grows without bound for u ap-

nax

proaching zero, and thus, so may these solutions.
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3.5 The Phase Plane for P<u

With the outer branch slope of f(B,u,y) greater than the slope of
the inner branch, the period of the solutions mapping in lyn] <1 will be
greater than those mapping in !yni >1 ‘Ey virtue of Eqgs. (2. 16) and
(3.7). Because of this, the division of region Ia into the k-step map-
ping regions will be different. The sign change in the term P -y (see
Eqgs. (3. 4)) changes the sign of the }; intercept of thoselines defining the
k-step region. Thus, the onlyk-step outer branch regions which will map
onto region Ia are those where the slope of the boundaries, -.,/ucosk/sink9,
is greater than the slope of the line which defines region Ia’

Jidcos 6/sinf. With this requirement there will be at most two constant
step regions for the outer branch solutions. Figure 3.9 shows the di-
vision of region Ia into these k-step regions. It can be shown that

there will exist at most one simple outer branch periodic solution.

The calculations for a bound on the maximum Hamiltonian
growth carry through in the same manner as in Section 3.4. The

‘bound on the Hamiltonian growth for u>f is given by Eq. (3. 32).

3.6 Solutions of the Damped Equations

3.6.1 The Damped Finite Difference Equations

When the application allows it, a small amount of linear
damping is frequently added to the dynamic equations to insure the
boundedness of the solutions. Consider then the original differential

equation with damping proportional to x added to give

2+Ex+ f(x) =0 . (3. 33)
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Applying the trapezoidal rule we obtain the following set of difference

equations

Y41~ Yr “Yn41 T Vn

. N : (3. 34)
Ya +1 7 YYn = 'f(ﬁ: My Vq +1) —f(ﬁ, U-rYn)

with

W, 1.
Vn = . ’ Y:_]__+% ] 0<§£1’OSY<1
=5 ax,

Olz CYz

and f(B,u,y,) isgiveninKEq. (3.1). Thetransformationsand their re-
spective mapping regions are found by following the same analysis
demonstrated in Sections 2. 1 and 3, 1. The effect of the damping

on the solution mappings in the phase plane is to weight the mapping of
the k—st(:p solutions more towards the k-1, k-2, ... etc. -step
mapping regions. For sufficiently small damping, &, it can be

shown that the (k,k) outer branch mapping patterns exist, and thus

so do the (k,k) outer branch simple periodic solutions.

3.6.2 The Simple Periodic Solutions

The transformations for the mapping of the outer branch
solutions, lyn I 21, are similar to those given by Eqgs. (3.2a), (3.2c),

(3.2e), and (3.2g). The exception is that A is now replaced by



3.35
1+u ( )

which is calculated from Eq. (3. 34). The eigenvalues of B are

14y -2uE,/(y - 1)%-8u(l ty)
>\1,2_ 2(1_'_“) ’ (3.36)

and

Ay, 21l <1 for y<1 . (3.37)

Since the eigenvalues are distinct and non-zero, there exists a linear

transformation, T, that diagonalizes A such that

)\.1 O
(3.38)
0 Ao

With this the transformation for a k-step half cycle mapping can be

written as

k-1 1
-1k 2(B - 1) -1
— 1.k _ X 3
Y= 4 4 EZO 1+pu z L AYT (3. 39
=1 . 1

The (k,k) simple periodic solution of the above transformation is



ws. il

REEESERY
L43s 1-3y 1

e T (3. 40)

1_)\.2-‘1 )\.2 ]_
i T+X3 1=z |

The stability analysis of these outer branch periodic solutions
is similar to the analysis for the undamped equations in (Section 3. 2),
except that the modulus of the eigenvalues of A is less than unity
(Eq. (3.37)). Therefore, Eq.(3.14)does not hold. Instead, the
perturbations, ®,, approach zero with n increasing, and thus the
simple outer branch periodic solutions are asymptotically stable.
Since all perturbations on the stability boundary given by Eq. (3. 16)
will map inside this region in one step, the stability domain for the
undamped solutions will also be a stability domain for the damped
solutions. However, the complete region of asymptotic stability for
the damped solutions is larger, because the damped difference
equations will map solutions lying outside the undamped stability region
into this region. Thus, the backmapping of the boundary of the un-
damped stability region, Eq. (3.16), will define the stability region of
the damped equations only as long as the backmapped perturbations do

not map into lynl <1,

3.6.3 The Bound on the Solutions

From the linear mapping transformations it can be shown that

the Hamiltonian of the system decreases with each step in a half cycle.



Again, the Hamiltonian can only increase in mapping from one half
cycle to the next, and the maximum Hamiltonian jump in mapping

across the linear branch, Iynl <1, is given by

_l(y?-1) o, LAy -24) - G_-}_i
AI“Imalx -2 1+H Yn+ 1+L,L Yn'z l+u) (3»41)

for |y,| =1
The quadratic term in the above equation is negative, and so for
. I3 _'3:
[7al > {1 - 20ty + (402 - 4uy(L+y) +5y2+2y - 3)3} /(1 “v?), (3.42)

The maximum Hamiltonian jump will always be negative, and Eq. (3. 42)

is thus a bound to the maximum possible solution growth.
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IV The Non-Autonomous Equations

4.1 The Transformations of the Difference Equations

In this chapter, the solutions to the non-autonomous difference
equations which arise from a sinusoidal forcing function will be examined.
The difference equations considered will be those which result from the
time discretization of the following continuous, non-autonomous

differential equation,

%2+ f(x) = Fo sin (wt+0 ")
. . (4.1)
x(0) = xo, x(0) = x4,

where @ is the forcing frequency and O’ is the phase., The difference

equations resulting from applying the trapezoidal rule to Eqgs. (4.1) are

Yot1~Ya = Yup1 T Va (4. 22)
Vi1~ Vo = - fapy - £n ¥ 1 8in(né, + ) (4.2b)
where

Xn
’X‘? =it

ax,

uy,+ (B - ) sgnly,) ; |y.l=1
£, =

BY» ¢ lwalal | (4.3a)

n=20°Focos(6,/2) ,



TR

8o = WAt = 2wo (4. 3b)

and ] Z@l+90/2

The difference between the form of the inhomogeneous and homogeneous
equations (Egs. (4.2) and (2. 1), respectively) is only in the addition of
the term 7 sin(n6, + @) to the homogeneous equations. Thus, the phase
plane arialysi‘s for the autonomous equations of the two previous
chapters can be used to examine the solutions of Egs. (4.2). To simplify
the problem and still retain the most important features of the solutions,
particularly their boundedness and periodicity, we will consider only the
outer branch solutions, lynlz 1,

As before, the separation of £, into its three linear regions
divides the phase plane into nine regions. A linear transformation holds

in each region. For the outer branch solutions, the transformations in

the appropriate regions are as follows:

N

I: YanZl, yppp 21
33“2% {(lu- Dy, -nsinnsy + O) +1 +2p -y} > (4. 4a)
yot1 = Ay, +| 1 sin(ndo +0) - 2 HJ}V )

I y,21, yapas-l | )
§fn5%{(u- 1)y, -1 -u-nsinné +®)} > (4. 4D)
Yot1 = Ayatnsinmée +0) 1




nrm

\
V: Ya= -1, ¥ppa=-1
- 1 !
ynsz-{(u—l)yn—nsu’l(neo—l-@)—l 2B+ ul (4. 4c)
y = Ay, + [nsin(ne +Q) +2 Pl
ASHL T 0 2 1+u_l~ )
5,
VII: Yns"l: Yn-{-lZl
- _1 .
ya25 [~ Dy, +1+u-nsin(ng +0)] (4. 4d)
Vat1 = Ay, +1sin(ng +O) 1
~s ~S ~o J

where

sin 0
cos 6 -7__[:—
Au>0) =
L-Jﬂsin 0 cos 0
—1 2T
A(n=0) =
_O 1
1
§ = cam™> (i ;ﬁ> and 1 =
1

Comparing these transformations with those for regions I, III, V, and
VII of the homogeneous equations (Egs. (2. 6a,c,e, and g) and Eqgs.

" (3.2a,c,e, and g)), it is seen that the inhomogeneity simply adds the
translation term 1 sin(n6g +(D)f£ to each of the transformations, inde-

pendent of the mapping region. Since the transformations are slightly
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different for pn =0 and u>0, each case will be considered separately.

4.2 Analysis of Solutions for u =0
Given the above mapping transformations for u =0, then the

transformation for a solution mapping n times in region 1 is given

by
1 2n n? ) . 1 2(k- 1]
Vi = vo - 2P ~+tncos Q)}_‘ sin(n - k)8, },
0 1 n L 0 1
J
R 1 2(k - 1)
+nsin®Zcos(n—k)eo 1, (4. 5)
k=1 0 1
which can be reduced to
1 2n i
ya= |  |yo-2B +nghPm, 6,0) (4. 6)
0 1 n
where
g.,(n, 6, D) (2sin nbgl; + 2cos nhel, - Fs\
g == =cos @< >
gg(n: eo’q)) L ¥ : o
(4.7)
- N
2cos nBpl; - 2sin nhyl, - F,
+sin @ 1 -
F, J
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'_ sin 0y t+sin(n - 1), ~ sin n0,

Fe = 2(1 - cos 8)
P o= S08 Bg tcos(n -1)0g -cos nfy ~ 1
& 2(1 -cos B8)
. 2n+1 .
I = Sin 8o sin 8o/2 o4 SO8 By ~cos(n+1)fy - sin nb, sin 6, - 1 +cos nh,
s = 1-cos 6 2(1 -cos B;)°
2n+l
I = cos —5—0 sin 60/2n+ sin(n+1)08g - sin ny -~ sin Oy - sin By cos nhy
e l—cos 8, 2(1 -cos 8g)°

It is seen from the first term of both I, and I, that g is an unbounded

function of n and grows O{n) for all 8, and Q. g is shown plotted

versus n in Fig. 4.1. Although Eq. (4. 6) holds for n mappings in

g, (¢=0)

g, '¢=3

" /\\2

40.92(4)-0) e,
o] /\ |

n 2

g2 (Gb:z) 90

Figure 4.1 - Functions g5  and gZ~° for 8, =0.05
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region I of the phase plane, it should be noted that the term

’%H:O(n, 00, ®) will retain the exact same form independently of the
mapping behavior of Yn in regions I, III, V, and VII. It is the form of
the second term in Eq. (4.6), -2[3{22}, that changes with each
mapping from one half plane into the next.

Since the non-autonomous term in Eq. (4. 2b) is of the form
sin(nf, +®), it is sufficient to consider only 0<8,< 2w for all possible
solutions. With the difference equations being the discretized form of
the continuous Eq. (4. 1), this non-uniqueness of 0, for a particular
solution implies that for a given time step, high frequencies, w, in
Eq. (4.1) will yield lower forcing frequencies, 0y, if the time step is
not sufficiently small. This numerical phenomenon is called aliasing.
Figure 4.2 shows the solutions dependence on the time step with all other
parameters held constant. In order to uniquely represent the solution to

a particular forcing frequency, w, the time step must be chosen such

that
At<2w/w ,

from Eq. (4. 3b).

For a sufficiently small amplitude, 1, the difference between
the autonomous and non-autonomous solutions can be made arbitrarily
small for any n. Thus the simple periodic solutions with a (k, k)
mapping pattern which were found for the homogeneous equations in
Chapter II can be shown to exist for the non-autonomous equations with

n small. Since n is an integer, the bounded terms of g(n, 00, D)
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Xn
33,000 7
NHT=04
nat \\1'33—1'
28,000
At=20
1
5,000 1
A1=10.0 /////MQ\\\\\
zsoo: ///f’”‘“\
A1=20.0 e
° N~ naf 1207

/| - ¢ -
Xo{i0o)  Fo=100 $=0 w=1.26
Figure 4,2 - Solutions of Equations (4. 2) for At = 0. 4,2,.0,10.0,20.0

in Eq. (4.7) are not periodic unless 8, is a rational fraction of w. So
if g is not periodic, there exist no exactly periodic solutions to Egs.
(4.2). Frém the aspect of the difference equations representing some
discretized differential equation, the proper choice of a time step, At,
will make 6, a rational fraction of w wvia Eq. (4.3b). Assuming now

that 6, =4r/m ({,m are integers), the (k,k) mapping transformation

of the homogeneous solutions calculated from Igs. (4. 4a) to (4. 4d) is

=0

Yok = ZO + 4ﬁ +n§ (Zk: 90’ ®) . (4' 8)
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For a periodic solution of this transformation to exist, it is found that
5 =0
y? = Bk - 1) - -5 (2K, 60, @) (4.9)

ngh ™2k, 8,,0) = 0 . (4.10)

It can be seen from Eq. (4.7) that Eq. (4.10) is satisfied for n #0 only

if
Bo=22w (m=1,2,....) , (4.11)

which is our previously stated condition for the existence of any periodic

solution. Applying Eq. (4.11) to Eq. (4. 9) we then obtain

}',p:ﬁ(k-l)—gcl[r%g—q—é;cos O + sin Q)_J . (4.12)

For a simple period solution to exist, Z" must map into the k-step
region on,poth half cycles. From Chapter II it is known that this must
hold for m =0. Since it is only necessary that the solution follow the
(k,k) pattern in one cycle for a iaeriodic solution to exist, then there
must be an N,.x such that for l'r]|Snmax, the (k,k) inhomogeneous
solution exists., Determining this m,,, is tedious in that it is necessary
to follow the mappings step by step and calculate.an n,,x for each., The
stability of such periodic solutions is identical to the stability of the

homogeneous solutions and thus they are all unstable to perturbations

N Ve
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One of the important effects on the solutions of the non-autonomous
term is the change in the period with the amplitude. For the large
amplitude, homogeneoussolutions it was found that the period grew linearly

with the amplitude (Section 2.1). Although the bounded terms of gu:o

~

=0 grows linearly with the number of steps,

areperiodicin n=2w/0, steps, g
n, forlarge n. Thus, forthelargeamplitude, long period solutions the vy,

component of a half cycle transformation (from Eq. (4. 6)) is

= P DBl _sin 8o 3 i 1
Vi = 2nyg ~ on +nLcos o T ~cos B, + sin @JnJrO( ) (4. 13)
for initial conditions y, that are O(l). The period of the half

cycle mapping, mn;,, will then be such that y, = O(l), and Eq. (4.13)

he

yields

sin 0

Ny, :3}0 + %Lcos 0]
Therefore, for large amplitudes, the period of the solutions grows
linearly with both x}o and m. Equation (4. 14) also points out the
dependence of the period on the phase, ¢, particularly for §,<<1,

since
L8 L2 oy, {4 15)

Figure (4. 3) shows some of these long period solutions and their

dependence on the phase.
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If the unbounded solutions to the non-autonomous equations exist
they can not grow with the same mapping structure as the autonomous
solutions in Section 2, 4. This is because the period of §H=o, 21/ 8,
is not changing to match the period of the homogeneous part of the
solution, which grows linearly with the amplitude. Numerical calculations
of this type of unbounded solution were tried for small mn, and the
solutions grew in amplitude following the homogeneous mappings until the
contribution of the inhomogeneity carried the solutions away from the
growing homogeneous solutions and changed their mapping behavior. No
other possibly unbounded solutions were found for the numerical
computations performed.

To find a bound on the growth rate of the solutions, the change in

the Hamiltonian for each step is calculated from Egs. (2. 8) and (4. 4),

and it is

n+1
HI <|n sin(nBy + ®)(§ + 1/2 sin(nb + 0) - B)| . (4. 16)

n
Thus, for y large
AH,,, <|ny| +0(1) . (4. 17)

For the next time step the Hamiltonian is

1 - .
Vara| S H+AHu =5 y2+ ny[+8]y] (4.18)

e
Hyyy = _2—Y§+1+B
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and considering a growth in y

Fom = 521U [n/5.)E +001/7,)
or
AY = Yopr - Vo S In/2] +O(17y)
Thus for n large
ya < In/2|n+0(1) , (4.19)

and from Eq. (2. 8)

H, < £1°0% +O(n) . (4. 20)

The maximum Hamiltonian growth is O(n®) compared to O(n) for the
autonomous equations in Chapter II. This is due to the fact that,
although the period is still unbounded, the Hamiltonian can increase with
each mapping instead of only with each half cycle, as in the homogeneous

equations.

4.3 Analysis of Solutions for u>0

Following the same idea as in the previous section the transfor-
mation for the n*? step in a half cycle mapping is calculated from the
repeated linear transformations of region I. This outer branch solution

is
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o=
Aty -2 av e ) sinm-ner o)At L (a2
~ :;0 =
sin 9
cos H —_—
_[ e

The summations in the above equation can be reduced and we obtain

b,.(9)
a,(8)+1+ -~
/\/—

_ An B-u M
e =g Vi . 1+pu
an(e)+1 _ﬁb11(e)
+ng"7%m, 0,80, 0) , (4.22)
where
1
g1 (- Yet —=Y:)cos O +
u>o _ 1 m
g - =7
g2 (Ye +4/lLYs )cOs QO +
(-6+J;6)an®
c /\/D- 8
(8o + /1 65 )sin O (4.23)
énd

Ye = sin n8o[2,(6 - 85) +2,(8 +85)] +cos nB[b,(6 - 6) ~ by(6 + 60 )]
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Yo = sin n8[ by(6 - 80) +b,(8 + 8o)] - cos n6o[2,(8 - B) - 2,(8 + 6, )]

5. = 2cos nb +cos n9[a,(8 +0o) +2,(0 - 66)] + sin nB[ba(8 + 60) - b.(8 - 80)]
6, = 2sin nb + sin n6la,(6 - B) -2,(6 + 60)] +cos nB[ b,(6 - 65) +b,(8 + 60)]
5 18] = cos B +C%SE(1H_—C10)£ é)cos no -1 . &) =l

bt - S5 S gle s sin st o)

We will start by examining the existence of the periodic solutions of
Eqs. (4.2), which depends on the behavior of the non-autonomous term,
g- Equation (4.23) showsthat g isboundedforall n exceptat § =0

and 6y =+0, andforthesecasesitgrows with O(n). Figure 4.4 shows the
typical behavior of g(n, &, D). Since g is composedoftrigonometric func-

tionsof B -6y, 8+6y, and 0, itwill be periodic independently of @ only if

8-6&, 6+6,, and 6 arerational fractionsof w. This implies that
B =rH, r =4/m ({,m integers)

Therefore, for periodic solutions of the non-autonomous equations to

exist, we must satisfy
8 =rb=r'n : (4.24)

/ n D
where r and r are rational fractions.

If the above conditions for a periodic solution are satisfied, then
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for m sufficiently small, the (k,k) simple periodic solutions for the
non-autonomous equations will exist for some value of §,. In par-
ticular, as long as y, maps within the stability regions of the autono-
mous periodic solutions for each step, then the non-autonomous (k,k)
periodic solution will exist for a proper range of m. This periodic

solution is the fixed point of the (k,k) transformation which is

» _B-u cos Btcos(k-1)f-coskp-1]1
Yo T 11 (1 - cos 0)(1 +cos k) 1
(1 - cos 2k@ +sin 2k8/,/u)g,(2k, 6, GO,Q))‘
N
t 21 “cos 2K0) (4.25)

(1 - cos 2k® - /it sin 2k0 )gs(2k, 8, 6y, D)

If Eq. (4.25) is a periodic solution, the non-autonomous term in Eq.
(4. 2b) must be periodic in 2k mappings. Otherwise the phase will

change with each cycle and thus we are restricted to

The first term in Eq. (4.25) is the homogeneous (k,k) periodic
solution, and an m,,, guaranteeing the existence of the non-autonomous
periodic solutions is found such that Yo always maps into the stability
regions of the homogeneous periodic solution. For 0040 g is

bounded by
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|cos (Dl\/g-l_l /2 +
ﬁ 1l -cos 6

|cos @] (1 +/i1) 1

-cos B

l . Q)|ﬁ+l M2Z+1-cos B
e J l-cos B

(4.26)

) J2+1-cos B
lsm@](lhfﬂ) T—sos B
The condition that the difference between the autonomous and non-auton-
omous solutions lie in the stability region for each step is given by

Eq. (3.16) and it is
n(g3+ug?) < ulyk-1)° ,

where y3,  is the autonomous periodic solution in Eq. (3.10). Thus the
maximum 1 for the existence of a (k,k) periodic solution, using the

bound on g in Eq. (4.26), is

~

(y22 - 1)(1 - cos 8) / u
JZ|cos @| +(/Z+1 - cos 8)|sin®@| V1+u+u

MNaax = (4. 27)

As previously mentioned, ng>0 grows linearly with n, the
number of mappings, when 6, = 8. For the linear equations, B =,
all of the solutions to Eqs. (4.2) are unbounded. When f£(x) is piecewise

linear, however, the boundedness of the second term in Eq. (4.22) can

not be determined a priori without knowledge of the number of mappings
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the solution makes in each half cycle. Thus the piecewise linearity of

f(x) can possibly bound solutions which would resonate in the linear
case. Figure 4.5 shows several of the growing solutions of Eqgs. (4. 2)

for 60 = 6.

no
@
1
2
(o]
B

J

x

o
»

2.8

Figure 4.5 - Unbounded Non-Autonomous Solutions for 8 =8, =w/15

It can be shown that there exist such resonating solutions for
O =4n/m (£ and m integers), because the solutions starting in the
kn.x step region of Ia (Fig. 3.2) will always map with k_,, steps per
half cycle for the proper values of 1 and @ and for kg, =w/6. This
can be seen from the transformation of the solution in one cycle with

ky.x steps per half cycle,
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L P TR

Yer = Yo 2 E? 7 S; +ng(2k, 8, 60, @) (4.28)
-1

and k =k, =w/0

The above equation represents a translation of the solution with each
cycle. If y, continually maps into the k,,, -step region, this trans-
lation will map the solution up to a larger amplitude with each cycle.
The restriction that Ye must map into the k_,, step region limits the
values of 1 and @ for this resonating solution to exist. With Yo
lying in the k,,. - step region, Yok will map back into the k_., -step
region if the slope of the translation vector is both positive and greater
than *«/L_lCOS(kmax -1)8/sin{ky,y - 1)6 (from Eq. (3. 4b)). This condition

can be written as

Mgz (2Kyaz 5 0, 90:®)“(1+M>
(B i

1+u/

Uctn 6 (4.29)

ngl(zkmax’ e’ eo:

which for a given 1 (or @) specifies ® (or 1) such that all solutions
Yo in the k,,x -step region grow unboundedly.

All that was required for this resonance was that Eq. (4.28)
mapped Yo into the k,,, region and that §(21<max’9990’®) be periodic.
Thus, a resonating solution would exist for solutions with 6y = mm/ky,, ,

m =2,3,... satisfying Eq. (4.29), these solutions being the subhar-

monic forcing functions. However, Eq. (4. 23) yields
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>0
g (@ 8,60,0) =0 6 =22, m =2,3,..

and so Eq. (4.29) is not satisfied.

The growing solutions discussed above have a half cycle period of
kpax =7/ 0, which is the maximum period for the homogeneous solutions.
Generally, however, the non-autonomous equations admit solutions of
larger periods depending on m and 6,. This effect of the inhomogeneity
on the period can be examined from the equation for the y, component

of a solution for a half cycle mapping, Eq. (4.22),

ya=cos noy,+ 2228 5 2 (Bs)(a () +2al8) 41 )

Vi 1+u u
+T'Iglil>o(n: e) eo,Q)) ’ (4.30)
which is bounded by
Yy, < cos ney0+m—r—1§-§ro+b'+ln|g{ (4.31)
Vi

b’ = /8 - u) 3 +2,/u(3 - cos )
\1+H M1 - cos 6)

oo
=
I

y (1 +JJ> - 1

N 1 -cos  cos 90)[14(1 - cos 6 cos B) cos @

+{16{1 - cos 8 cos B,)+cos 6 +cos Bo) sin Q):]

For (b'+ Inlgl') small, the period of the half cycle mapping is thus

bounded by n such that y,<0 in Eq. (4.31). If the right hand side



-92-

of Eq. (4.31) has no zero, i.e. for lnl large, then the term ’r]gu>o

dominates the solution in Eq. (4.22) and y, is bounded by the period of
gtl>o which is max(mw/8, w/0.).

A bound on the growth of any of the solutions of Eq. (4.2) can
be found from the Hamiltonian of the equations, which is no longer
conserved for the mappings in regions I and V. From Egs. (3.23),

(4. 4a), and (4. 4b), the change in the Hamiltonian for each mapping in

regions I or V is given by

n+1
H| = nsin(ndo +®) { by + ¥ + S (nsin(ng, + 0)

P-u
2T+_u>} , (4.32)

and for solutions, vy,, in regions III and VIIL it is

n+1
H| = {T]Sin(neo +@) + 2(%——5)} (ays +

n

+ <1——2+~B->nsin(n90 + ®)>

Thus, the maximum jump in the Hamiltonian for any outer branch solution

is
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AHgo = B ]yal + |ya] +v) (4. 34)
g = |n|+2 b
y = (Inl+2 ——-§;ﬁ>(l+u)

The Hamiltonian of the solution for the next time step is, then,
_ 1=y 1 2 <
Hn-}-l - 'Z—Yn-{-l + ZUY:«.—H +(B -u) IYn—I—ll <H,+AHq,x
for th|>>1

. . ™ 18

Ve <(¥3+28|y;])® + O(1)
1

Yop S (¥5+28|y4 ) + 001),

-~

and the jump in y, becomes

AV, =Yny1 - Ya<E+TO(1/y,)

AV, =Yny1-Ya<E +O(1/y,)
So, for n large
v,=En+O(l) , y,=En+O(1) . (4. 35)
The Hamiltonian is therefore bounded by

L1 +u) 822 +O(n) . (4. 36)

HnS'z‘

The non-autonomous solutions are bounded by a linear growth in n and
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a growth in the Hamiltonian of O(n®), as in the autonomous case.
However, the coefficient of this bound, &, has increased by lnl from

the autonomous case.
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V The Solutions of the Trapezoidal and Energy Conserving Difference

Equations as Approximations to the Differential Equation Solutions

5.1 The Dependence of the Solutions on the Time Step

In this chapter we examine the characteristics of the difference
equation solutions from the aspect that they are the approximate solutions
of the differential Eq. (1. la) via the trapezoidal rule. When f£(x) is a
linear function, the trapezoidal rule is a useful differencing scheme for
solving differential equations. This is because the solutions to the
associated linear difference equation conserve the Hamiltonian and are
O(At®) accurate. However, the results of the analysis in Chapters II
and IIi show that these desirable properties of the solutions are not
generally present when f(x) is non linear. It was seen that only par-
ticular initial conditions yield solutions of Eqs. (2.5) that conserve the
energy for each step, andfor u =0 there exists unbounded solutions.
Since energy conservation is an important property of the differential
equation for dynamical systems, this feature should be retained by the
numerical solutions of the equations, [8,9].

The difference Egs. (2.5) can be modified to conserve the energy

by satisfying the energy conservation equation for each step,

!

. X
*o

instead of the equation of motion. The resulting difference equations are
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At s
Kng1~*%p = '2_(Xn+1 +Xn)

- : F(Xn41) - F(x,)

x -x, =At 5l &
nt1 Rt S (5.2)

F(x,) = | "f(m)dn
*o

The solutions of these implicit difference equations will conserve the
energy for all At.

In the numerical analysis of differential equations, the stability
and accuracy of the approximate solutions are functions of the incre-
ment in the discretized independent variable (in this case the time step).
It is simplest to examine first the dependence of the solutions on «,
the time step variable, through the y phase plane solutions and then use
the transformation Eq. (2. 3) to go back to the solutions of Egs. (2.1),
X,. Unlike the linear equations, the solutions of the nonlinear differ-
ence Eqgs. (2.5) are strongly dependent on the titne step chosen. The
existence of both unbounded ahd periodic solutions for u =0 proves
that for fixed initial conditions, X%,, solutions for various values of
o can be quite different in behavior. On the other hand, the existence
of stability regions around the periodic solutions for u>0 proves that
for sufficiently small changes in the time step a solution will still map
in the stability region of a periodic solution. Thus there is a continuous
range of time steps which admits solutions with similar behavior.

A more explicit example of the influence of the time step choice

on the solutions' characteristics can be seen in the dependence of xu;,



B

on «, }.cl‘;i“ is the minimum x necessary for unbounded solutions of
the difference equations when p =0, and is calculated from Eq. (2.27)
with k =kj;,. It can be shown that, for the unbounded solution mapping
pattern (mk, k+1), the set of solutions for m =1 contain the lowest
values of {r”. kyin is calculated from Eq. (2.28) with the requirement

that yU(kY%,)>0, andis

nin

min

g (5. 3)

ky,, must also satisfy the conditions on the minimum number of steps for

an outer branch mapping given by Eq. (2.16). x as a function of «

nin
is shown in Fig. 5.1. From this figure we see that the minimum velocity
for the unbounded solutions can be made as large as necessary by the
proper choice of «.

Although the phase plane is dominated by the inner and outer
branch type of mappings, the solutions for %, fixed will not exactly
follow these mapping structures for a sufficiently small time step.
Instead, the solutions will successively map several times into the linear
region on each half cycle before mapping into an outer branch region
Ian =21. In terms of the mapping regions of Figs. 2.1 and 3.1, this
corresponds to the solutions that map from region II (or VI) several

times into region IX and then map into region IV (or VIII). This mapping

behavior is characteristic of solutions in region I with |y| <1 and

y>>).f.
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The perturbation equation for such half cycle transformations
is different from those of the outer branch solutions for p =0, Eq.(2.19).
To determine the stability of such solutions the mapping pattern is
assumed to consist of k steps in [ynl 21 and m-1 steps in Iynl <1.
The condition for the perturbation equation to have complex conjugate

eigenvalues (i.e. stable solutions) is

| {38 -1+2BKk(1 -B)Icos mb +

{3/ -2B/B +k/B(1 - B)(2-PB)} sinmp|<l , (5. 4)

and 0 is given in Eq. (3.2j). Although Eq. (5. 4) can be satisfied for
non-zero At, it is not satisfied for At = 0, and therefore there are
no stable outer branch solutions for At = 0. This is to be expected
since the solutions of the differential equation are not stable but are
orbitally stable. The existence of stable periodic solutions is a peculi-
arity of the nonlinear difference equations (Eqgs. (l.2) and (1. 3)).

The accuracy of finite difference solutions in approximating the
differential equation solutions is generally difficult to assess quanti-
tavely for nonlinear equations. The bounds on the difference solutions
due to damping or periodicity serves,at best, only to put a bound on the
approximation error of the difference equation solutions. A consequence
of this error is the existence of an error in approximating the period of
the differential equation solutions. This period error is an important
characteristic of numerical solutions of dynamic equations. Although

all of the solutions of the differential equation, Eq. (l.1), are periodic



-100-

in one cycle, only the simple periodic solutions of the difference
equations possess this behavior. We will examine the period error of
these simple periodic solutions.

For p =0 the periods of the differential and difference equation

solutions, denoted Te and T respectively, are

Te: ﬁl:—é{_ + Zx/gtan-l (ﬁ},{@:>

(5. 5)
. 1
T :g(xg +2a +a”a®)?

with the initial conditions x, =1 and xo =x. T is the period of the
simple periodic solutions, and due to the phase plane mappings, the
outer branch periodic solutions are restricted to oz>i— . Figure 5. 2
shows the relative period error, (T,- T)/ T, plotted versus lna

for several values of a and x. As shown in this figure, the period

of the finite difference solutions, T, over or underestimates the exact
period, T _, dependingonthevaluesof a and . Thisis unlike thelinear

equations for which T> Te'

5.2 Comparisons of the Energy Conserving and Trapezoidal Algorithms

Although the solutions of both the energy conserving and trape-
zoidal algorithms converge to the exact solution for At approaching
zero, practical applications require the choice of a time step which
yields reasonably accurate solutions and yet is not too small that the
equations are economically unfeasible to solve. As seen from Chapters

II and III, the boundedness of the trapezoidal difference solutions for



-101-

0.03 ~
X=20
-2 ‘—\ 0 I
= | ¥ Lo - (i "‘Jd=l
_
Ih(a) a=g
_ a=5
0.03 —
X=15
Te—T (0] Jl
'—'—.T:-— - as=l
e
..5 0:_'.
as= 5
0.06 —
a=5 X=10
-2 - |
0 1 || ? qul
In(ax
d=x

Figure 5,2 - Period Error of the Simnple Periodic Difference Solutions
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arbitrary initial conditions can not be guaranteed for any nonzero At.
Therefore, the trapezoidal quadrature does not seem suitable as a
general differencing scheme for nonlinear problems. The inherent
nature of the energy conserving difference equations to conserve the
energy of the system for each time step surpasses the trapezoidal
algorithm since the boundedness of the energy conserving solutions is
insured for all time steps. An assessment of the approximation accuracy
of the energy conserving solutions can be made since these solutions
must lie on the closed phase plane trajectory of the exact solution with
the same initial conditions. This approximation error can therefore be
thought of as a phase shift between the exact and energy conserving
solutions which is a function of the number of steps. The error is a
maximum for a phase shift of m and equal to twice the méximum value
of the exact solution.

Figures (5. 3a), (5.3b), and (5. 3c) show the exact, trapezoidal,
and energy conserving solutions for various initial conditions, values
of s, and time steps. These examples show the energy growth and
decay of the trapezoidal difference solutions and the phase shift of the
energy conserving solutions. Although there seems to be no way to
quantitatively assess the approximation error of the energy conserving
solutions, it appears, from these examples, that the accuracy of the
solutions tends to improve with the time step decreasing. The choice
of a time step for an energy conserving solution to be an accurate
approximation of the exact solution depends on the initial conditions,

and the time length of the solution used.
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VI Summary and Conclusions

A transformation ériented method was used in this dissertation
to find the periodic and unbounded solutions of certain difference equations.
The half cycle transformations of the scolutions were examined and used
as a basis for determining both the simple periodic solutions (i. e.
solutions with a (k,k) mapping pattern) and the more complicated multi-
ple-cycle periodic solutions. These solutions were calculated from
transformation equation associated with the particular mapping. Although
the half cycle transformations allow one to estimate the possible behavior
of all of the solutions, the large number of mappings of some solutions
makes any quantitative analysis concerning their structure forbidding
without the aid of a computer. Only the fundamental solutions were
examined in detail in this study, and the characteristics of the half cycle
mappings were used to compose more highly structured, possibly periodic,
and unbounded solutions.

In Chapter II the solutions for s = 0 were examined and the basic
one cycle guter branch mapping patterns of the form (k,k-1), (k,k),
or (k,k+1) were found. TUtilizing this mapping behavior,an infinite
set of simple periodic solutions were shown to exist. Due to the form of
the perturbation matrix, all of the outer branch periodic solutions are
unstable. A more complicated set of periodic solutions of the form
(mk,k+1, m(k+2), k+1) was also found, and these mapping patterns
were then used to construct a set of the unbounded, growing solutions
which continually map into larger step regions., The maximum possible

Hamiltonian growth of the solutions was calculated, assuming that the
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solutions map into regions such that the Hamiltonian jump is a maximum
for each half cycle. This bound on the rate of Hamiltonian growth is
shown to be H,< 2p%n +O(1) using the fact that the period of the solutions
must grow with the amplitude.

A similar analysis in Chapter III also showed a (k,k-1), (k,k),
or (k,k+1) outer branch mapping of the solutions was present for s>0,
A finite set of simple periodic solutions was found from the (k,k) map-
ping transformations, the finiteness of the set due to the bound on the
maximum number of steps per half cycle. The perturbation matrix of
the outer branch periodic solutions has conjugate eigenvalues with a
modulus of one, and thus the periodic solutions are stable. An infinite
set of periodic solutions with the mapping pattern (mky,,, ku-1) exist
when 0 is a rational fraction of m, and these solutions grow linearly
in amplitude with m. A bound on the maximum Hamiltonian growth
is shown to be O(n®) although no solutions were noticed which grew
unboundedly. The question of the boundedness of the solutions for s>0
still remains open but the fact that there do exist solutions which grow
and decay in energy by large amoxints is sufficient to demonstrate the
inaccuracy involved in using such solutions to approximate differential
equations solutions. For s<<1 the difference equation solutions with
sufficiently small initial conditions behave in a manner similar to the
solutions for s =0. Thatis, for k<kg/2, there exist solutions
which grow in amplitude with the (mk, k+1, m(k+2),....) mapping
pattern found for the s =0 solutions. The mapping structure changes

at k =kg,/2, and thus these types of solutions are bounded by
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+ O(1) (for y lying in region I of the phase plane). The
addition of damping to the equations puts bounds on the growth of the
solutions, and for small enough damping the simple periodic solutions
exist and are asymptotically stable.

In Chapter IV the solutions of the non-autonomous equations with
a sinusoidal forcing term are examined. The outer branch solutions are
found from the transformations, and from these solutions the dependence
of the period on the phase of the forcing term is shown. Growing
solutions exist for s>0 which are similar to resonating solutions for
linear systems in that the period of the inhomogeneous term must match
the maximum period of the homogeneous solutions, k,,x. The existence
of these resonating solutions and their rate of growth also depends on the
phase and injtial conditions.

The choice of the time step, At, clearly dictates the behavior
of the solutions as seen from the analysis. The solutions are expressed
in terms of the vy, y variables and are then transformed back into the
%5 % variables via Eq. (2.3). Thus, a change in At will change the
initial conditions of the solution in the vy, y.r phase plane. The stability
regions of the periodic solutions for s> 0 insure that for only small
changes in the time step will a solution remain in a particular stability
region. Therefore, the boundedness of a solution is definite for only
a quantized range of time steps. This phenomenon is not characteristic
of linear differential equations. Due to the difference solutions' wide
range of growth and decay in number of mappings per half cycle, the

period of a solution varies greatly with the initial conditions. However,
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the period of the simple periodic solutions when compared to the period

of the differential equation solutions shows that the difference solution's
period can over or underestimate the exact period. These characteristics
are discussed in Chapter V along with a comparison of several solutions
of the trapezoidal and energy conserving difference equations to the

exact s‘olutions for various time steps.

The existence of unbounded solutions proves that the trapezoidal
algorithm does not retain its unconditional stability and energy con-
serving properties for nonlinear dynamic equations. It can be seen
from the exact periodic and unbounded solutions that the stability of
the difference solutions is dependent on both the time step and the
initial conditions. For practical purposes there seems to exist a
balance between the disadvantages of the energy conserving and trap-
ezoidal algorithms. For the trapezoidal algorithm the time step neces-
sary to insure stable solutions for a wide range of initial conditions may
be too small to allow economical solutions for large systems, while the
unconditionally stable energy conserving algorithm is generally more

difficult to umplement than the trapezoidal scheme.
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