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ABSTRACT 

A detailed kinematic analysis is presented comparing the use of quadrupole and 

octopole ion guides in conjunction with external ion source Fourier transform ion 

cyclotron resonance spectrometers. Methods to determine simply the electric fields 

for ideal and real quadrupoles and octopoles are presented, with emphasis on the 

importance of the effective potential in analyzing the design of an ion guide. 

Trajectory calculations are presented for a wide range of ion guide operating 

parameters and initial ion energies, along with an evaluation of the range of injected 

masses. Radial and axial ion energies together with a projection of the off-axis 

excursions of the ion motion on the plane perpendicular to the axis of the ICR cell are 

graphically illustrated. The real octopole exhibits more nearly ideal behavior than does 

a real quadrupole. It does not suffer from the anti-magnetic mirror effect, has uniform 

mass cutoffs, and has a four times greater maximum mass cutoff for given operating 

parameters than does a quadrupole. 
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INTRODUCTION 

The increasing popularity of high field Fourier transform ion cyclotron resonance 

(FT-ICR) spectrometers incorporating superconducting magnets is a result, in part, of 

the possibility of utilizing external ion sources in which the region of ion production is 

separated from the ICR cell. Usually the source is located outside the high field region 

and the ions are injected on axis into the ICR cell. This arrangement allows the use of 

techniques such as energetic particle bombardment [1], laser desorption [2], 

and electrospray ionization [3] to generate ions of interest. These techniques are 

often not directly compatible with the desired high vacuum conditions in which ICR 

cells are designed best to operate. This problem can be surmounted by incorporating 

several stages of differential pumping between the ion source and the ICR cell. To 

transport ions between the source and the ICR cell, ion lens systems [2] and rt-only 

quadrupole ion guides [4] have been employed, with design considerations being 

dictated by the need to overcome the magnetic mirror effect during ion injection. 

Relatively little study of the kinematics of the quadrupole ion guide loading process 

has been performed, and even less consideration has been given to the effects of 

nonhyperbolic rods or to the feasibility of ion injection with an octopole ion guide. We 

wish to report a detailed calculational study of the ion trajectories in quadrupole and 

octopole ion guides used to transfer ions from an external ion source into the high 

field region of a FT-ICR spectrometer. 

INTENDED EXPERIMENTAL SETUP 
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Figure 1 a illustrates the external-source FT-ICR instrument for which our calculations 

are appropriate. Airborne ions are produced externally to the ICR cell, directed by 

electrostatic lenses into an ion guide, transmitted by the ion guide though the region 

of increasing B-field, and captured by the ICR cell. Figures 1 b and 1 c depict the 

B-field generated by the 7 T superconducting magnet, vide infra. The ion guide is 100 

cm long, with a bore radius of 0.275 cm. 

THEORY 

Electric Fields in Ion Guides. Since the B-field will in the end be a small perturbation 

on the time-varying electric fields present in an ion guide, we will discuss the electric 

field first. Friedman, et al., discuss the fundamental field equations of ion guides and 

remind us that Laplace's equation is a very good approximation to the true governing 

equation for the electric potential in ion guides as long as the resulting ion motion is 

nonrelativistic. [5] The common approximation of ignoring end effects of the guide 

will be made, thus restricting the partial differential equation (PDE) to two dimensions. 

With the further reminder that the real part of an analytic function is harmonic, then, an 

ideal quadrupole electric potential is represented by 

tix,y) = Re z2 = x2 
- y2, 

and an ideal octopole electric potential is represented by 

ljr
0
(x,y) = Re z4 = x4 

- 6x2y2 + y4. 

(1) 

(2) 

Customarily authors define a to be the rod radius for an ion guide with cylindrical rods 

and r O to be the distance from the symmetry axis to the nearest rod surface. The 

time-varying ideal electric potentials then become 
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1Pq(x,y,t) = 0/,)r/)(x2 
- y2)cos(wt) (3) 

and 

(4) 

where V0 is the maximum voltage amplitude (not therms value), and w is the angular 

frequency. 

The analysis of Landau and Lifshitz for a particle moving in a rapidly time-oscillating 

force field has often been used in the past, and it will be helpful here. [6] The 

analysis is basically a time-smoothing (as in fluid dynamics) of Newton's second 

equation and is valid for fields that cause motion that can be decoupled into a smooth 

component and a high-frequency additive oscillation to the smooth component. Their 

equations of motion ,involve a time-invariant potential U(x) and a time varying force 

F(x)cos(wt + a). Given that U(x) is well-behaved, F(x) is well-behaved, and the 

oscillation is high-frequency, their result is that the smooth motion is governed by the 

effective potential 

The effective potentials for the above ion-guide potentials are, then, 

Ueff,q(x,y) = r2q2V//(mw2r/) 

and 

(5) 

(6) 

(7) 

Figures 2a and 2b illustrate the ideal octopole potential along with its effective 

potential. Figures 4a and 4b show the same for the ideal quadrupole potential. Note 

that Ueff,
0
(r = r0) = 4Ueff,q(r = r0), which will be shown later to imply that the 
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maximum mass cutoff for the octopole is four times that of the quadrupole. 

It is clear from the Figures that the boundary conditions on the PDE are not satisfied. 

That is, the potential is defined by having the value VO on the entire circumference of 

the rods and by either decaying to zero far away from the origin or having another 

boundary condition at the edge of the region of interest. The standard literature 

approach to a useful, accurate, computational solution has been to fit a 

symmetry-adapted Legendre polynomial expansion to a numerical solution of the PDE 

with the correct boundary conditions. [7] Kent Ervin presents the results of such a 

fit for octopoles with various values of a/r 0; his fit for a/r O = 0.4 is illustrated in Figures 

2c and 2d. [8] We chose, however, to represent the octopole electric potential by 

a collection of image charges. Charges of identical magnitude and alternating sign 

are placed at the center of the rods (r = r0 + a) and at twice that radius, 2r, (with the 

factor of two somewhat arbitrary, but satisfactory). The potential is then the potential 

due to these charges, a sum of logarithms in two dimensions (see Figure 3). The 

potential is normalized by forcing the value at r = r O and e = 0 to be V 0• This enables 

us to examine simply the effect of rod size on the effective potential, with some results 

presented in Figure 3. We optimize a/r O by numerically minimizing the standard 

deviation of the effective potential from e = 0 to e = rr/8 at r = 0.8 r 0. We find that the 

effective potential becomes more nearly e independent as the rods are made larger. 

Note, however, that for a/r0 greater than about 0.45, our potential is not satisfying the 

boundary conditions very well. Thus we conclude that there is no basis for choosing 

air O = 0.37, as is suggested by the nonphysical desire to minimize the next higher 
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symmetry-adapted coefficient in the Legendre polynomial expansion. (7,8] Note that 

Laplace's equation is a very forgiving PDE, for despite the great differences in the 

potentials outside the guide bore, the interior bore potentials of Figures 2a, 2c, and 3a 

are nearly identical. Similarly, eight charges are used to fit better the electric potential 

generated in the quadrupole guide bore by the real, cylindrical rods. The image 

charges are placed ate = -0.2 rr and 0.2 rr, r = O.6(r0 + a), and then replicated, 

alternating sign, three times. An example of this potential is shown in Figure 4c. The 

potential is normalized at the rod surface as above. Again these values are arbitrary, 

but satisfactory. In subsequent calculations we will always use r0 = 0.275 and 

a = 0.637 for the 11real 11 quadrupole potential, following Mciver [9], r 0 = 0.275 for the 

ideal quadrupole potential, and r0 = 0.275 and a/r0 = 0.4 for the 11real11 octopole 

potential. 

Magnetic Fields. The B-field of interest in our calculations will be an axially symmetric 

one due to the superconducting magnet. Our coordinate system will be right-handed, 

with the z axis the axis of symmetry of the magnet. Mciver notes that since 

v·B(r,z) = o 

and 

8(0,z) = 0, 

the divergence in cylindrical coordinates can be integrated to yield 

Br(r) = -(r/2) [dBz(z)/dz]r=O 

(8) 

(9) 

(1 O) 

if dB/dz can be considered independent of r for the small range of r of interest. [9] 
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Typically measured Bz (z) data are fit with cubic splines for use in computation. A 

function with a discontinuous third derivative can cause problems during high-order 

numerical integration, however. So we choose to fit the B-field of a radially-thin 

solenoid, [1 O] 

( 11) 

where 01 and 02 are the angles between the solenoid axis and the first and last 

solenoid coils with respect to the point at z, numerically to several data points read 

from Mclver's graph. [9] Mclver's data is actually for a 6 T magnet, so his data and 

Eq. (11) are scaled to 7 T. The result, illustrated in Figures 1 b and 1 c, is that the 

solenoid is centered at 88.66 cm, has a 11.66 cm radius, and is 42.40 cm long; Bz for 

z greater than 88.66 is set to 7 T. The curve does not have quite a sharp enough 

shoulder at 80 cm, but is otherwise accurate. The scaled curve compares 

satisfactorily with Bz(z,r=O) data for a 7 T magnet supplied by the manufacturer, 

Oxford, indicating Eq. (11) is a transferable form. 

As particles enter the region of increasing Bz, they begin to execute the classic 

magnetron motion. This motion is in such a direction that the radially inward Br 

causes a Lorentz force in the -z direction. This is the magnetic mirror effect, which is 

also responsible for such phenomena as the van Allen radiation belt in the Earth's 

atmosphere. This force can be significant enough that it reverses the motion of ions 

injected into the high field region of a FT-ICR spectrometer. For ions to be 

successfully injected, they must be kept at small values of r, for there Br is weak. This 

is accomplished by the ion guide. 



9 

CALCULATIONS 

Trajectories. With current compute power, we are able to study carefully the injection 

trajectory of only a single ion. The equation of motion for the ion is 

F = ma = q (Ea cos Cut + v x 8) , x(0) = Xa, v(0) = Va, (12) 

where Ea is the maximum amplitude of the electric field, Cu is the angular frequency, m 

is the ion's mass, and q is the ion's charge. 

For an ideal quadrupole, 

Ea = -2Va<X,-y,0>COS(Cut)/r/, 

so that if the B-field is ignored 

d2<x,y>/ci'r2 + 8qVa<x,-y>cos(2r)/(m<.ir/) = 0, T = Cut/2, 

which as others have noticed [11] is the uncoupled, linear Mathieu equation, with 

the defining parameters 

(13) 

(14) 

(15) 

The ideal octopole potential leads to nonlinear, coupled ordinary differential equations 

(OOEs) that are not immediately recognizable, as do the image charge potentials. 

The above equation of motion is integrated numerically by VODE, a variable order, 

variable step size ODE integration package designed to deal with difficult to integrate, 

nonlinear equations. [12, 13, 14, 15, 16, 17] The stable, backward 

differentiation formula algorithm (MF = 20) is used in the eight-byte-real version of this 

code. For the trajectory calculations we specify rtol = 10·4 and atol = 1 o·6
, which 
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means essentially four significant figure accuracy for integration over a reasonable 

time range. As part of our validation of the code, we compute the turning point of an 

ion with Er O = 2 eV, Ez O = 80 eV, and x0 = 0 in a 6 T magnet with no ion guide. We 

find it to be 37.6 cm, whereas Mciver finds it to be 42 cm, which is reasonable 

agreement, vide infra. [9] While appropriate for code verification, this is an unrealistic 

computation, as the ion is at about r = 5 cm, where Br given by Eq. (1 O) is probably 

inaccurate, when reflection occurs. 

Our code calculates trajectories for three types of ion guides: ideal quadrupole 

(potential given by Eq. 3, see also Figure 4a), real quadrupole (Figure 4c), and real 

octopole (Figure 3a). Figures 5-9 illustrate representative runs for the ideal 

quadrupole, with the ion started on the axis, with prescribed initial energies Er O and 

Ez 0. Comparisons of ten trajectories for a given set of guide parameters in these 

Figures, varying the initial e, show all ideal quadrupole· runs to be very similar. This is 

intuitively acceptable since the effective potential is e independent. Similarly, Figures 

10-13 illustrate runs for the real quadrupole. That the effective potential is no longer e 

independent results in some unexpected trajectories. And finally Figures 14-18 

illustrate again representative runs for the real octopole, which has a nearly e 

independent effective potential. All Figures were produced with the GraphiC™ 5.01 

program, Scientific Endeavors Corporation. 

Several facts can be gleaned from these plots. A significant result is that the time-
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averaged total energy is roughly constant, even though the potential is time-varying. 

Nevertheless the instantaneous radial energy does vary by a factor of two to three as 

the ion travels down the guide bore. This could result in a spread of radial energies in 

the final, collected ions. The octopole produces distinctive trajectories with compact 

bursts of off-axis energy as the ion reaches radial turning points, whereas the 

quadrupoles produce simply noisy energy traces. These different energy histories 

could have an effect in kinetically activated ion beam chemistry [8, 18] The 

parameter dependence of Ueff ,q and Ueff ,o is quantitatively apparent in the variations 

of the maximum off-axis excursions. Of fundamental interest is that the path taken by 

ions of a given initial energy is not defined by m/q. Clearly the octopole, with an 

effective potential that is more nearly a square-well, is less sensitive to its parameters 

than are the quadrupoles. Of course the magnetic mirror effect is apparent. 

Interestingly, the change in Ez seems to be fairly constant. Also note that ions with 

Ez O as low as 2 eV are injected, with the results for the real quadrupole not shown but 

very similar to those of the ideal case. The final energy of the ions in the octopole, 

however, is substantially lower than that of the ions in the quadrupoles. The real 

quadrupole runs provide the most dramatic effects, however. The 9 dependent 

effective potential can cause the ions to start spinning even before they encounter a 

significant Bz. This results in the doughnut trajectories. It even produces an anti­

magnetic mirror effect if the ion is spinning in the 11wrong11 direction, as can be seen in 

Figure 12. Only at low mass, however, are the velocities large enough to produce this 

odd effec..1. 
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Mass Injection Ranges. The range of masses injected by an ion guide is a very 

important design criterion. To compute such a range, we identify minimum and 

maximum masses that are not injected and then use a binary search to locate the 

actual minimum and maximum mass injected for given operating parameters. Failure 

to inject is defined as a trajectory that exceeds r = r a· The minimum mass is forced to 

be at least 1 O amu and is located to within 1 O amu. The maximum mass is forced to 

be less than 100000 amu and is located to within 100 amu. Thus 100000 in 

the Tables means ~ 100000, and the granularity of the search must be kept in mind. 

Three dashes indicate that no mass is found to inject. We find that stringent 

accuracy requirements are necessary to generate reliable results, so rtol = 1 o·6 and 

atol = 1 o•s are specified in VODE. Another check on our code is to compute the 

masses injected through the ideal quadrupole in Figure 4a for Ez a = 80eV and 

Er a = 5 eV in a 6 T magnet. For f = 1 MHz and Va = 200 V, we find min = 470 and 

max = 2160; Mciver finds min = 475 and max = 2200. [9] For f = 1 MHz and 

Va = 400 V, we find min = 750 and max = 9680; Mciver finds min = 750 and 

max= 9800. For f = 3 MHz and Va= 200 V, we find min= 90 and max= 240; 

Mciver finds min = 90 and max= 650. We suspect either Mciver uses Er a = 2 eV 

on this last run, or his integration is inaccurate, as the ideal effective potential analysis 

predicts a maximum mass of 287 amu in this case. 

The data listed in the tables represents the outcomes of four runs for each parameter 

set, with the initial e being varied. Typically the minimum mass injected is essentially 

the same for the four runs, but the maximum often varies. The range listed next to a 
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mass is one-half of the spread of four data. Table I lists the mass ranges injected for 

various ideal quadrupole operating parameters. Table II lists the mass ranges injected 

for various real quadrupole operating parameters. Table Ill lists the mass ranges 

injected for various real octopole operating parameters. Table IV lists the mass 

ranges of high-initial-energy ions injected through real quadrupole and octopoles. 

Tables V-Vll list the predicted minimum mass value for the ideal quadrupole, and the 

maximum mass value for all the guides. Intuitively the minimum mass injected is 

determined by stability considerations, and the minimum values listed in Tables V-VII 

are determined from the stability boundary. Abramowitz and Stegun define the 

stability regions of the Mathieu equation by [19,20] 

(16) 

The relevant zero is bm 1(qJ = 0, since am= 0. Solving the polynomial approximation 
I 

given by Abramowitz and Stegun, we find qm critical = ±0.908048. The definition of qm 
I 

by Eq. {15) then identifies the minimum possible mass. This analysis does accurately 

predict the masses injected when there is no B-field present, as Table I indicates. The 

B-field is an important parameter, however, and this analysis is worthless for predicting 

ICR minimum masses injected. Table I does not even have the parameter 

dependence predicted by the above analysis. It does indicate, however, that the 

minimum mass injected is independent of Er 0. By the basic structure of the 

equations of motion, then, q and m enter only as the ratio q/m. Similarly, the 

maximum mass injected is determined by the confinement ability of the guide. It is 

predicted by equating Er O with the effective potential numerically computed at r = r 0, 

with 0 equal to the value that predicts the lowest maximum mass. This analysis is 
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rather accurate, especially for the heavier species. The real quadrupole seems not 

always to eject at the effective potential minimum, and thus has a higher than 

predicted maximum mass. In fact, the 0 dependence of the effective potential is what 

causes the spread in maximum masses injected evident in Table II. Note that the ideal 

octopole effective potential predicts well the maximum mass injected for the real 

octopole. Occasionally the real octopole results indicate that there are dual stability 

regions, separated by a region of instability slightly higher than the minimum mass. 

These tables are the result of two weeks of DEC 3100 CPU time, a machine well 

suited for numerical calculations, with the unvectorized code running about one-fifth as 

fast as on a Cray XMP/14se. 

CONCLUSIONS 

We conclude that a real octopole behaves more nearly ideally than does a real 

quadrupole. While it occasionally has dual regions of stability with a small unstable 

region near the minimum mass injected, the octopole does not suffer from the anti­

magnetic mirror effect, and it has uniform mass cutoffs. In fact, the octopole has a 

four times greater maximum mass cutoff for given operating parameters than does a 

quadrupole, which is a decided advantage when dealing with biological molecules. 
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TABLES 

Table I 

Ideal quadrupole mass ranges, wi!h B = 7 T, r0 = 0.275 cm, Ez O = 80 ev, and q = 1, 5, and 10 :e·: and for 
no magnetic field, with q = 1 le : . 

z = z = 5 z = 10 no magnetic field 
E f V min max min max min max min max 
(~V~ (MHZ) c8) C alllJ) ( 8lllJ) (alllJ) C alllJ) C alllJ) (alllJ) (alllJ) (alllJ) 

2.0 1 100 350 1600 t 80 1750 40280 t 240 3490 100000 150 1640 t 80 
2.0 1 200 490 6320 t 160 2430 100000 4870 100000 290 6400 t 160 
2. 0 1 400 no 25800 t 320 3830 100000 7670 100000 570 25720 t 240 
2. 0 3 100 90 240 430 4520 t 80 870 18000 t 160 15 240 
2.0 3 200 110 720 510 18000 t 160 1010 71920 t 160 30 720 
2. 0 3 400 130 2840 t 80 650 71920 t 160 1310 100000 70 2800 
2. 0 6 100 30 60 190 1160 t 80 390 4520 t 80 15 60 
2.0 6 200 50 240 210 4520 t 80 430 18000 15 240 
2.0 6 400 50 720 250 18000 510 71920 t 160 15 720 
2. 0 9 100 130 560 250 2000 
2. 0 9 200 30 75 t 30 130 2000 270 8000 t 80 15 60 
2.0 9 400 30 280 t 80 150 8000 t 80 310 31960 t 80 15 240 
0. 5 1 100 350 6440 t 80 1750 100000 3490 100000 150 6440 t 80 
0.5 1 200 490 25840 t 160 2430 100000 4870 100000 290 25800 t 80 
0.5 1 400 no 100000 3830 100000 7670 100000 570 100000 
0.5 3 100 90 720 430 18000 870 71920 t 160 15 720 
0.5 3 200 110 2840 t 80 510 71920 t 160 1010 100000 30 2840 t 80 
0.5 3 400 130 11480 t 80 650 100000 1310 100000 70 11480 t 80 
0.5 6 100 30 240 190 4560 390 18040 t 80 15 240 
0.5 6 200 so 720 210 18040 t 80 430 71960 t 240 15 720 
0.5 6 400 so 2800 250 71960 t 240 510 100000 15 2840 t 80 
0.5 9 100 30 75 t 30 130 2000 250 8080 15 60 
0.5 9 200 30 320 t 80 130 7960 t 80 270 31960 t 80 15 240 
0.5 9 400 30 1240 t 80 150 31960 t 80 310 100000 15 1240 t 80 



18 

Table 11 

Real guadrupole mass ranges, with B = 7 T, r0 = 0.275 cm, 
10 : e : . 

a= 0.637 cm, Ez O = 80 ev, and q = 1, 5, and 

z = z = 5 z = 10 
E f V min max min max min max 
cJv9 (MHz) (e) (a111.1) ( a111.1) ( 8111.J) ( a111.1) ( 8111.J) (a111.1) 

2.0 1 100 350 1no i 480 1770 42800 t 13120 3550 100000 
2.0 1 200 490 5120 t 400 2470 100000 4970 100000 
2.0 1 400 790 2mo t 7600 3970 100000 7970 100000 
2.0 3 100 90 240 430 4920 t 1440 870 19560 t 5840 
2.0 3 200 110 760 t 240 510 19160 t 4960 1030 81520 t 20680 
2.0 3 400 130 3000 t 960 670 80800 t 20680 1330 100000 
2.0 6 100 190 1200 t 400 390 4800 t 1440 
2.0 6 200 50 210 t 60 210 4920 t 1440 430 19680 t 5760 
2.0 6 400 so 760 t 240 250 19240 t 4960 510 81680 t 20600 
2.0 9 100 130 520 t 160 250 2080 t 560 
2.0 9 200 30 75 t30 130 2160 t 640 270 8520 t 2480 
2.0 9 400 30 320 t80 150 8560 t 2640 310 34880 t 10400 
0.5 1 100 350 6880 t 1440 1770 100000 3550 100000 
0.5 1 200 490 24600 t 3840 2490 100000 4970 100000 
0.5 1 400 790 100000 3950 100000 7930 100000 
0.5 3 100 90 760 t 240 430 19600 t 5680 870 81960 t 20680 
0.5 3 200 110 3120 t 880 510 81360 t 20840 1030 100000 
0.5 3 400 130 12560 t 2640 670 100000 1350 100000 
0.5 6 100 30 210 t 60 190 4840 t 1280 390 19440 t 5280 
0.5 6 200 so 800 t 240 210 19no t 5680 430 81960 t 20680 
0.5 6 400 so 3120 t 880 250 81480 t 20680 510 100000 
0.5 9 100 30 90 t 30 130 2120 t 560 250 8440 t 2160 
0.5 9 200 30 360 t 80 130 8600 t 2400 270 34480 t 9680 
o.s 9 400 30 1440 t 400 150 35440 t 10000 310 100000 



19 

Table Ill 

Real octopole mass ranges, with 8 = 7 T, r0 =_0.275 cm, afr0 = 0.4, Ez O = 80 eV, and q = 1, 5, ard 10 
and for ro = 0.1375, afro = 0.4, ard q = 1 :e : . 

z = z = 5 z = 10 '.0 = 0.1375 
E f V min max min max min max m1n max c~v9 <MHz> c8, (all'U) (aru) (all'U) (aru) (aru) (aru) (aru) (aru) 

2.0 1 100 890 5640 t 320 2550 100000 4730 100000 2730 22160 t 960 
2.0 1 200 990 22160 t 1280 3110 100000 4910 100000 3470 100000 
2.0 1 400 1430 100000 3510 100000 6330 100000 4930 100000 
2.0 3 100 170 640 t 80 270-400, 450-167201 490 63960 t 3520 350 2400 t 80 

1 2.0 3 200 170 2560 t 80 750 63720 t 4000 590-720, 1470-100000 490 9920 t 640 
2.0 3 400 210 10200 t 560 790 100000 1510 100000 570 40840 t 2560 
2.0 6 100 30 180 t 60 70 4040 t 240 170 16080 t 880 110 600 t 80 
2.0 6 200 70 640 t 80 130 16080 t 880 210 64160 t 3600 150 2480 t 160 
2.0 6 400 70 2560 t 80 150-240, 370-620001 270-400, 450-1000001 190 10000 t 720 
2.0 9 100 15 45 t 15 so 1760 t 80 70 7160 t 480 70 240 
2.0 9 200 30 240 50 7120 t 400 110 28520 t 1600 70 1120 t 80 
2.0 9 400 50 1160 t 80 130 28840 t 1760 150 100000 90 4520 t 240 
0.5 1 100 490 22600 t 1120 2270 100000 4450 100000 1490 100000 
0.5 1 200 650 100000 2350 100000 3830 100000 1810 100000 
0.5 1 400 850 100000 2470 100000 4670 100000 2470 100000 
0.5 3 100 90 2520 t 160 130 63080 t 4160 250 100000 210 10160 t 560 
0.5 3 200 70 10080 t 560 210 100000 290 100000 290 40560 t 2400 
0.5 3 400 150 40040 t 2000 310-560, 730-1000001 470-1200, -1000001 310 100000 
0.5 6 100 15 640 t 80 so 16000 t 1120 70 63920 t 4320 70 2520 t 160 
0.5 6 200 30 2520 t 160 70 63240 t 4080 90 100000 90 10240 t 640 
0.5 6 400 30 10080 t 560 70 100000 70 100000 110 40840 t 2480 
0.5 9 100 15 240 15 7120 t 480 30 28480 t 2160 30 868 t 585 
0.5 9 200 15 1120 t 80 30 28280 t 1840 30 100000 so 4320 t 80 
0.5 9 400 15 4480 t 240 30 100000 70 100000 so ,mot 1120 

1rhese data irdicate dual stability regions. See text. 
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Table IV 

Real quadrupole and octopo~e mass ranges, 
E z O = 80 eV, and q = 1 : e : . 

with 8 = 7 T, ro = 0.275 cm, either a= 0.637 cm or atr0 = 0. 4, 

Real quadrupole Real octopole 
E f V min max min max 
(~V~ (MHz) Ce) Carr-..) (arr-..) ( arr-..) (arr-..) 

10.0 1 100 
10.0 1 200 543 t 70 933 t 240 2257 t 320 2960 t 320 
10.0 1 400 815 t 30 5360 t 1520 3045 t 240 17440 t 800 
10.0 3 100 
10.0 3 200 
10.0 3 400 130 520 t 160 385 t 60 1880 t 80 
10.0 6 100 
10.0 6 200 
10.0 6 400 50 200 t 60 115 t 10 520 t 80 
10.0 9 100 
10.0 9 200 
10.0 9 400 30 75 t 30 65 t 10 240 
5.0 1 100 1270 1520 
5.0 1 200 505 t 10 1760 t 400 1590 t 120 8720 t 320 
5.0 1 400 805 t 10 10720 t 3620 2090 t 110 36280 t 1840 
5.0 3 100 
5.0 3 200 110 280 t 80 225 t 10 960 t 40 
5.0 3 400 130 1080 t 80 305 t 30 3960 t 160 
5.0 6 100 
5.0 6 200 85 t 10 240 
5. 0 6 400 50 280 t 80 105 t 10 1000 t BO 
5.0 9 100 15 30 
5.0 9 200 50 120 
5.0 9 400 30 150 t 60 50 400 
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Table V 

Mass range predictions, ignoring magnetic effects, with rg = 0.275 cm for the quadrupoles and larger 
octopolet r0 = 0.1375 cm for the smaller octopole, a= 0. 37 cm for the real quadrupole, Ez O = 80 ev, and 
q = 1 le I. 

Er 0 f VO Ideal quadrupole Real Ideal Ideal 
quad. oct. smaller oct. 

min max max max max 
(eV) (MHz) CV) (8111.J) (8111.J) (8111.J) (a111J) ( 8111J) 

2.0 1 100 142 1616 1287 6463 25854 
2.0 1 200 285 6463 5147 25854 100000 
2. 0 1 400 569 25854 20589 100000 100000 
2.0 3 100 16 180 143 718 2873 
2.0 3 200 32 718 5n 2873 11491 
2.0 3 400 63 2873 2288 11491 45962 
2.0 6 100 4 45 36 180 718 
2.0 6 200 8 180 143 718 2873 
2. 0 6 400 16 718 572 2873 11491 
2.0 9 100 2 20 16 80 319 
2.0 9 200 4 80 64 319 1277 
2. 0 9 400 7 319 254 1277 5107 
0. 5 1 100 142 6463 5147 25854 100000 
0.5 1 200 285 25854 20589 100000 100000 
0.5 1 400 569 100000 82356 100000 100000 
0.5 3 100 16 718 572 2873 11491 
0.5 3 200 32 2873 2288 11491 45962 
0.5 3 400 63 11491 9151 45962 100000 
0.5 6 100 4 180 143 718 2873 
0.5 6 200 8 718 5n 2873 11491 
0.5 6 400 16 2873 2288 11491 45962 
0.5 9 100 2 80 64 319 1277 
0.5 9 200 4 319 254 1277 5107 
0.5 9 400 7 1277 1017 5107 20428 
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Table VI 

Hass range predictions, ignoring magnetic effects, with rg = 0.275 cm for the quadrupoles and larger 
octopole1 r0 = 0.1375 cm for the smaller octopole, a= 0. 37 cm for the real quadrupole, Ez O = 80 eV, and 
q = 5 le : . 

Er 0 f VO Ideal quadrupole Real Ideal Ideal 
quad . act. smaller act. 

min max max max max 
(eV) (MHz) (V) Canu) Canu) Canu) Canu) Canu) 

2.0 1 100 712 40396 32170 100000 100000 
2. 0 1 200 1424 100000 100000 100000 100000 
2. 0 1 400 2847 100000 100000 100000 100000 
2. 0 3 100 79 4488 3574 17954 71816 
2.0 3 200 158 17954 14298 71816 100000 
2. 0 3 400 316 71816 57192 100000 100000 
2.0 6 100 20 1122 894 4488 17954 
2.0 6 200 40 4488 3574 17954 71816 
2. 0 6 400 79 17954 14298 71816 100000 
2. 0 9 100 9 499 397 1995 7980 
2. 0 9 200 18 1995 1589 7980 31918 
2. 0 9 400 35 7980 6355 31918 100000 
0.5 1 100 712 100000 100000 100000 100000 
0.5 1 200 1424 100000 100000 100000 100000 
0.5 1 400 2847 100000 100000 100000 100000 
0.5 3 100 79 17954 14298 71816 100000 
0.5 3 200 158 71816 57192 100000 100000 
0.5 3 400 316 100000 100000 100000 100000 
0.5 6 100 20 . 4488 3574 17954 71816 
0.5 6 200 40 17954 14298 71816 100000 
0.5 6 400 79 71816 57192 100000 100000 
0.5 9 100 9 1995 1589 7980 31918 
0.5 9 200 18 7980 6355 31918 100000 
0.5 9 400 35 31918 25418 100000 100000 
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Table VI I 

Mass range predictions, ignoring magnetic effects, with rg = 0.275 cm for the quadrupoles and larger 
octopole, r0 = 0.1375 cm for the smaller octopole, a= 0. 37 cm for the real quadrupole, Ez O = 80 eV, and 
q=10:e·:. 

Er 0 f VO Ideal quadrupole Real Ideal Ideal 
quad. oct. smaller oct . 

min max max max max 
(eV) (MHz) (V) (SITA.I) (SITA.I) (SITA.I) (SITA.I) (SITA.I) 

2.0 1 100 1424 100000 100000 100000 100000 
2.0 1 200 2847 100000 100000 100000 100000 
2.0 1 400 5694 100000 100000 100000 100000 
2. 0 3 100 158 17954 14298 71816 100000 
2.0 3 200 316 71816 57192 100000 100000 
2.0 3 400 633 100000 100000 100000 100000 
2.0 6 100 40 4488 3574 17954 71816 
2.0 6 200 79 17954 14298 71816 100000 
2.0 6 400 158 71816 57192 100000 100000 
2.0 9 100 18 1995 1589 7980 31918 
2.0 9 200 35 7980 6355 31918 100000 
2.0 9 400 70 31918 25418 100000 100000 
0. 5 1 100 1424 100000 100000 100000 100000 
0.5 1 200 2847 100000 100000 100000 100000 
0.5 1 400 5694 100000 100000 100000 100000 
0.5 3 100 158 71816 57192 100000 100000 
0.5 3 200 316 100000 100000 100000 100000 
0.5 3 400 633 100000 100000 100000 100000 
0.5 6 100 40 17954 14298 71816 100000 
0.5 6 200 79 71816 57192 100000 100000 
0.5 6 400 158 100000 100000 100000 100000 
0.5 9 100 18 7980 6355 31918 100000 
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FIGURES 

Figure 1. (a) Schematic view of experimental apparatus for which our calculations are 

intended. (b) Axial 8-field, a solenoidal field fit to data, Eq. (11 ). (c) Radial 8-field, Eq. 

(10). The radial field is plotted at r = 0.275 cm (dashed line) and r = 1.0 cm (solid 

line). 

Figure 2. Illustrated are octopole electrostatic potentials and effective potentials, all for 

r0 = 0.275. The contour lines range from -1 .0 to 1.0 in steps of 0.1, with the long 

dashed lines indicating negative levels; the short dashed, zero; and the solid, positive. 

The effective potential is plotted from r = -r O to r O for values of e between 0 and rr/8. 

(a) Ideal octopole electrostatic potential, with the corresponding (b) axially symmetric 

effective potential. (c) Ervin's Legendre polynomial fit to a numerical solution of 

Laplace's equation for afr0 = 0.4, with the corresponding (d) effective potential. [8] 

Figure 3. Image charge octopole electrostatic and effective potentials, r O = 0.275, are 

illustrated. (a) Real octopole electrostatic potential for afr0 = 0.4, with the 

corresponding (b) effective potential. (c) Real octopole electrostatic potential for 

a/r O = 0.1 , with the corresponding ( d) effective potential. Note that for the smaller 

rods, the real octopole effective potential is no longer e independent. Note also that 

these octopoles are essentially in a cylindrical, grounded housing of radius 1.5{r0 + a) . 

Figure 4. Illustrated are quadrupole electrostatic and effective potentials for 



25 

r O = 0.275. The effective potential is plotted from r = -r O to r O for values of e between 

0 and rr/4. (a) Ideal electrostatic potential. (b) Effective potential. (c) Image charge 

electrostatic potential. (d) Effective potential for the a = 0.637 quadrupole used by 

Mciver. [9] 

Figure 5. A typical, low-mass injection trajectory though an ideal quadrupole. 

Figure 6. An ideal quadrupole injection trajectory with the same m/z as Figure 5 but 

with a higher mass. Note that an ideal effective potential analysis correctly predicts 

the off-axis excursions will be reduced in this Figure even though m/z is kept constant. 

(Fundamentally, V0 is different in Eq. (12).) 

Figure 7. An ideal quadrupole injection trajectory with the same m/z as Figure 5 but 

with a four-times lower Er 0. An ideal effective potential analysis correctly predicts the 

off-axis excursions will be a factor of two smaller than those in Figure 5. 

Figure 8. An ion with Ez O just 2.0 eV is successfully injected through an ideal 

quadrupole. 

Figure 9. An ideal quadrupole injection trajectory with the same parameters as Figure 

6 except for a four-times greater mass. An ideal effective potential analysis correctly 

predicts the off-axis excursions will be a factor of two larger than those in Figure 6. 
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Figure 10. A low-mass injection trajectory though a real quadrupole. The e 

dependent effective potential has caused the ion to start spinning even before Bz is 

significant. 

Figure 11. An odd low-mass injection trajectory though a real quadrupole. The 0 

dependent effective potential has caused the ion to start spinning in the direction of 

the eventual magnetron motion even before it has encountered a significant Bz. 

Figure 12. An odd low-mass injection trajectory though a real quadrupole. The 0 

dependent effective potential has caused the ion to start spinning in the opposite 

direction of the magnetron motion before it has encountered a significant Bz. The Ez 

trace shows this to be an example of the anti-magnetic mirror effect. 

Figure 13. A real quadrupole injection trajectory with the same parameters as Figure 

1 O except for a four-times greater mass. An ideal effective potential analysis correctly 

predicts the off-axis excursions will be reduced from Figure 10. Note again the anti­

magnetic mirror effect. 

Figure 14. A typical, low-mass injection trajectory though a real octopole. Note that 

Er(z) experiences large oscillations only at the radial ion turning points. 

Figure 15. A real octopole injection trajectory with the same m/z as Figure 14 but with 

a higher mass. Note that an ideal effective potential analysis correctly predicts the off-
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axis excursions will be reduced in this Figure even though m/z is kept constant. 

Figure 16. A real octopole injection trajectory with the same m/z as Figure 14 but with 

a higher octopole voltage. An ideal effective potential analysis correctly predicts the 

off-axis excursions will be reduced. 

Figure 17. A real octopole injection trajectory with the same m/z as Figure i 4 but with 

a four-times lower Er 0. An ideal effective potential analysis correctly predicts the off­

axis excursions will be a factor of 2113 smaller than those in Figure 14. 

Figure 18. An ion with Ez O just 2.0 eV is successfully injected through a real 

octopole. The finial axial energy is lower that that of the ion in the ideal quadrupole in 

Figure 8, which is similar to that in a real quadrupole. 
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Ideal Quadrupole 
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Ideal Quadrupole 
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Real Quadrupole 
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Real Quadrupole 
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ABSTRACT 

A detailed analysis of ion motion in a cubic FT-ICR cell reveals dephasing effects of 

the z-axis (magnetic field direction) oscillations that limit the maximum resolution that 

can be achieved. With typical ranges of operating conditions using a 1 inch cubic cell 

in a 7 Tesla field, unit mass resolution is lost in the range between 103 and 104 amu, 

and peaks may be up to 20 amu in width at the upper end of this range. The finite 

transient length is due to the coupling between the effective radial force on the ion 

and the z-axis motion and to a lesser extent, on the instantaneous center of the 

cyclotron orbit. Operating conditions that minimize the amplitude of the z-axis 

oscillations and cell designs that incorporate more homogeneous electric fields serve 

to increase the coherence time and provide higher ultimate resolution" 



3 

INTRODUCTION 

Fourier transform ion cyclotron resonance (FT-ICR) spectroscopy is a widely used 

experimental technique for ion detection and precise mass measurement. It has 

recently become apparent, however, that the mass resolution achieved with 

conventional FT-ICR cell designs for singly-charged, high mass species can be 

disappointing. The utility of the technique becomes severely limited when the 

resolution (m/Lim) decreases below 1 o·3
, which usually occurs in the mass range 

103 
- 104 amu. [1] Analysis of degradation resulting from effects of a finite 

observation period and the use of a discrete rather than continuous Fourier transform 

is straightforward. A detection scheme that samples at a constant fraction of the 

maximum cyclotron period of interest, for example, results in peak broadening at high 

mass, for the total number of data points collected in a given time decrease with 

decreased sampling rate. 

Although there have been many studies of ion motion in FT-ICR experiments, relatively 

little attention has been given to the effects of nonuniform fields, i.e. the proper 

solution to the field equations, during observation. We show here that the nonuniform 

static fields in a conventional cubic FT-ICR cell cause ion dephasing that limits the 

maximum signal transient duration. We argue that the mass enters as the ratio of 

mass to charge and that the maximum coherence time is approximately inversely 

proportional to the trapping voltage. 
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THEORY 

Electric fields. A typical FT-ICR trap, upon which our calculations will be based, is 

illustrated in Figure 1. This ion trap is of the differential excitation/detection type. [2] 

Both excitation and trapping electric fields occur within the trap. The electrostatic 

trapping field must satisfy Laplace's equation. The excitation field can be found by 

multiplying an electrostatic solution of Laplace's equation by the desired oscillating 

factor if the resulting ion motion is nonrelativistic. [3] The geometry of a cubic trap 

is a separable one, and the solutions to Laplace's equation can, therefore, be directly 

and exactly found. The linearity of Laplace's equation and the partial homogeneity of 

the boundary conditions allow the field due to the trapping to be found and then 

superimposed on the field due to the excitation. The solution to the equation for a 

general, two-active-plates field 

v'2 4> ( XI y I z) = 0 , 

4,(x = O, y,z) = 4,(x=Lx, y,z) = 0 
4,(x,y=O,z) = 4,(x,y=Ly ,z) = O 

4,(x, y,z=0) = 4>0 , 4,(x , y,z=Lz) = 4>1 

in terms of the spectral representation of a Fourier series[4] 

4> (x, y, z) 

(1) 

(2) 

is found by transforming Eq. (1) and solving the resulting ordinary differential equation 

to be 
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ao 

cp(x,y, z) = 16 L L 
Tt

2
m=l n= l 
m odd n odd 

For the trapping field 

<Po = <P1 = vtrap 

and 

utzap (x, y , Z I t) : <t> (x, y, z) 

While for the single-frequency excitation field 

<Po = - 4>1 = vexci te 

and 

uexcite(x,y,z,t) = 4,(x,z,y) sin(u)t) 

Both of these series are exponentially converging in m and n, but they are 

nonuniformly converging at the walls with nonzero boundary conditions. 

The remaining task necessary to model fully a FT-ICR experiment is a description of 

(3) 

(4) 

(5) 



6 

the measured signal. We assume the measured signal is proportional to the charge 

induced on the cell walls. Whether this is rigorously true or whether a voltage or 

current is measured is of little consequence, as the Fourier-transformed signals for 

these cases will look similar over a small mass range. The total charge induced on a 

conducting plate, i.e. a plate for which the time constant is smaller than the time over 

which the ion positions change substantially, is given by[5] 

Ly Lr 

Oind(x) = - J J "v·G(x,y, z) dydz 
0 0 

(6) 

Where the Green's function (i.e. the field produced at x by a unit charge at x') solves 

'12 G(x,y, zlx1,y1, z 1) = o (x-x1) o (y-y1) o (z-z 1) 

G(x=O,y,z) = G(x=Lx,y,z) = 0 
G(x,y=O,z) =G(x,y=Ly 1 z) =O 
G(x,y,z=O) = G(x,y,z=Lz) = O 

and is given in the spectral representation of Eq. (2) by 

4 I: 
m = 1 

I: 
n " 1 

G(x Y Z 'x1 y 1 z 1) = , , I I , 

sin( m~:') sin( m;:) sin( n~:') sin( n;zz) x 

sinh[A (Lx-x>)] sinh[A x<] 

A sinh{ALx] 

x< = min (x, x') , x> = max (x, x 1) 

(7) 

(8) 



7 

The measured induced charge is, therefore, 

16 'E 'E ~ sin( mrty') sin( n1t z') x 
1t2 m = i n = i mn ., L y ., Lz 

m odd n odd 

sinh[lx1 - sinhfl (Lx-x')] 
sinh{lLx] 

(9) 

For the purpose of dealing with a familiar form, Eq. (4) is fit to a polynomial about the 

center of the 2.54 cm cubic trap that will be used in the simulations. Appendix I lists 

the result of an ordinary least squares fit of coefficients though the sixth power in all 

variables, with the fit done on a 20 x 20 x 20 grid of points inside the cell. This trapping 

polynomial has a relative error of 1 .2% on the fit data. Appendix II contains the result 

of a similar fit to Eq. (5). This excitation polynomial has a relative error of 1.4% on the 

fit data. Given that the gradient is not a bounded operator, it is not surprising that the 

relative error of the force due to these polynomials is an order of magnitude larger 

than that of the potential. The degree of asymmetry in these polynomials is an 

indication of the accuracy of the coefficients. Many coefficients are zero in the 

polynomials because of the requirements of symmetry. Note that although it is an 

optimal polynomial, the trapping field in Appendix I agrees well with the exact, 

quadrupolar truncation of the Taylor series of Eq. (4):[6] 
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U V [J:. -~ (x2 + y 2 
- 2 z 2)], r:xap, quad = r:xap 3 L 2 <X=l.386 

(10) 

Equation of motion. An ion inside the cell is acted upon by the imposed magnetic 

field, by the imposed trapping and excitation fields, and by other ions inside the cell. 

We take into account exactly all of the nonrelativistic forces except for the ion-ion 

Coulomb forces. While they can be of interest at the maximum ion densities used in 

FT-ICR experiments, ion-ion forces are very small, and a large number of ions is 

required for a significant effect compared to, for example, the trapping field. The 

equation of motion for an ion excited at the expected (nonshifted) cyclotron frequency 

for a time T is, then, 

m :it = -qVUtxap (z) - qVUexcite (.x, t) H( t) + qzxB 

H(t) = {1, t~t 
0, t>'t 

( 11) 

The magnetic field B will be assumed a constant value, B0 = 7 T, along the z-axis. 

This approximation becomes more accurate the lower the magnetic susceptibility of 

the metal FT-ICR cell, and it would be better, for example, for an oxygen-free copper 

cell than for a stainless steel cell. Even for 316 stainless steel, however, calculations 

show B to be fairly constant in a typical FT-ICR cell. [7] 

CALCULATIONS 
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Initial conditions and numerical integration. Our calculations are intended to be 

appropriate for FT-ICR applications in which the z oscillation is large and is not 

allowed to relax. This can be the case, for example, in electron impact ionization, 

where ions are formed uniformly along the z-axis between the trapping plates. In 

addition, ion injection in an external ion source instrument can result in large z 

oscillation. A large cyclotron radius will be produced in the simulations, satisfying an 

experimental desire for a high signal to noise ratio. The initial phase space distribution 

placed upon Eq. (11) is, accordingly, Maxwellian velocities and positions uniformly 

distributed in a cylinder centered at the middle of the cell with radius 0.05 cm, the axis 

of rotation the z-axis, and a length that is 80% of the trapping electrode spacing. The 

initial velocities, which actually cannot be three-dimensional Maxwellian in a constant 

magnetic field, are relatively unimportant, as excitation supplies a large amount of 

radial energy, and the initial z dispersion implies a moderate amount of z energy. The 

equation of motion, Eq. (11), is integrated numerically by VODE, a variable order, 

variable step size ODE integration package designed to deal with difficult to integrate, 

nonlinear equations. [8,9, 10, 11, 12, 13] The stable, backward 

differentiation formula algorithm (MF = 20) is used. For the trajectory calculations we 

specify a relative error (rtol) of 10-6 and an absolute error (atol) of 1 o·8
, which denotes 

six significant figure accuracy for integration over a reasonable time range. For 

consistency, Eqs. (4) and (5) are evaluated to a relative accuracy of six significant 

figures, with the series optimized to allow for precomputation of most of the constant 

terms. While the approximate field equations of Appendices I and II could be used, 

we chose to use the exact representation so that there will be no ambiguity about the 
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accuracy of our equation of motion. Several simulations were done at one-hundred 

times the above accuracy, with essentially no difference in the overall results. 

Base case and code verification. To establish a base case, let us first present 

results for five ions in a quadratic and a quadrupolar, Eq. (10), trapping field. Eq. (5) 

is used for the excitation, however. Figure 2 illustrates the result of a trapping field 

that only depends quadratically on z.(14] Figure 2c shows that the envelope of 

the signal defined by Eq. (9) is constant, which is also implied by no radial field. The 

mass spectrum in Figure 2d is a discrete fast Fourier transform of the signal 

data. (15] In conformance with standard experimental practice, the DC component 

of the signal is removed, a Hanning window is applied, and zero filling is done to the 

integer 2n that is at least twice as large as the original data set. [ 16] Applying the 

window before zero filling has the effect of reducing the width of the bases of the 

peaks while creating small sidelobes. The peak width in Figure 2 is due to leakage 

associated with a finite sampling time and to the discreteness of the basis of the 

transform. (To understand the importance of the discrete basis, consider the discrete 

Fourier transform of a sinusoid at exactly one of the discrete frequencies and of a 

sinusoid at an interpolated frequency. By orthogonality, the first transform will have 

only one component, the other will have several.(15]) Figure 3 illustrates the result of 

using the quadrupolar trapping field, Eq. (10), which has come to be widely accepted 

by FT-ICR spectroscopists.[6] The resulting linear, constant coefficient equation of 

motion is easily solved for motion after excitation, with the result that an ion undergoes 
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cyclotron and magnetron motion at the angular frequencies of 

qBo 
w =---w 

C ffi m 

w = 2 (X vtrap 

m L2B 
a 

(12) 

Figure 3c shows the magnetron motion, and Figure 3d shows the signal transient 

envelope, which is again not dephased because there is only one high-frequency 

component to the signal. The mass shift agrees with the predicted value of 7.3 amu. 

Rapid excitation. Having gained confidence in the operation of the code, we now 

solve the true equation of motion, using the trapping field given by Eq. (4) . Since 

impulse excitation promises to offer increased applicability of FT-ICR in kinetic 

studies, [17] -calculations for rapid excitation, e.g. 20 µ.s excitation duration, will be 

presented first. Note that this is not exactly an impulse excitation scheme, since it is 

an AC excitation. Also note that there is no switching delay. Figure 4 depicts the 

results for a representative m/q = 100 amu/ I e-1 run. A very notable feature is the 

existence of multiple magnetron periods. A second important feature is the dephasing 

that is observed. Yet another general conclusion is that the magnetron motion is 

centered exactly at x = 0, y = 0. Figure 5 depicts the results for m/q = 1000 

amu/ I e-1. A feature to be noted here is the increased z-axis oscillation amplitude 

caused by the excitation. Since the excitation is at a frequency slightly higher than the 

observed, shifted frequency, this z-axis ejection is consistent with previous 
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observations. (18] The dependence of this ejection on mass can be reasoned 

intuitively by considering a particle surfing on a potential wave, with the cyclotron 

frequency playing the role of an effective gravity. The mass to charge ratio of the 

particle defines the phase relative to excitation and so defines the degree of z-axis 

excitation. For low mass to charge ratios, increasing m/q intuitively implies a phase 

that favors z-axis excitation. The greater radial inertia of the particle after the fixed 

excitation time has caused the magnetron motion at the end of the excitation to be 

more pronounced in Figure 5 than it is in Figure 4. 

Figure 6 depicts the exaggerated z-axis amplitude that occurs for 

m/q = 2000 amu/ I e - I - The phase relative to excitation is such that z-axis excitation is 

maximal at m/q = 2000 amu/ I e -1. Figures 4-6 show decreased excitation below this 

value, and in fact, ion ejection occurs above this value. Thus, conclusions[19] 

based upon calculations(20] ' performed for chirp excitation that show greater 

z-axis excitation for nitrogen molecular ions than for benzene molecular ions cannot be 

extrapolated to higher mass to charge ratios, at least not for the single frequency 

excitation case displayed in Figures 4-6. The signal transient suggests complete 

dephasing occurs at a time somewhat longer than 40 ms. Figure 6d assures us that 

the dephasing is a collective phenomenon, as an individual ion 's transient does not 

decay. Figure 6d also indicates that despite the formidable appearance of Eq. (9), the 

observed mass spectrum is indistinguishable from one derived from a signal defined 

by the x-displacement of the particle from the center of the cell until significant 

dephasing has taken place. The only significant effect of using Eq. (9) seems to be 
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an occasional sidelobe; this effect is evident in Figure 6d. As noted above, the initial 

velocity is of relatively minor importance, as a large amount of radial energy is 

supplied by the excitation, and the particles start off with a moderate amount of z 

potential energy. The dependence of a final ion trajectory on mass and charge should 

enter only as the ratio mass to charge, for the equation of motion itself depends only 

on this ratio. Figure 7 shows that, indeed, a system with q = 2 I e- I and m = 2000 

amu has similar z-axis and magnetron amplitudes as does the system with q = 1 I e -1 

and m = 1000 amu in Figure 5. 

Slow excitation. While more moderate excitation voltages do reduce the z-axis 

heating and the magnetron amplitude, the dephasing persists, as Figure 8 shows. 

Simulations for q = 1 I e - I and m = 1000 to 1 0 000 amu with a statistically significant 

fifty ions show the coherence time decreases from roughly 50 ms to 40 ms for a 1 V 

trapping field. Such a coherence time implies a range of about 15 Hz in the cyclotron 

frequencies. Figures 9 and 10 show two endpoint spectra. Decreasing the amplitude 

of the z-axis oscillation should reduce the dephasing, since this eliminates one of the 

variables determining the effective radial force on the ion. Indeed, the relevant 

endpoint spectra of Figures 9 and 10 indicate substantially reduced dephasing and 

suggest a coherence time of greater than 150 ms. These Figures also prove the 

z-oscillation to be a more significant cause of dephasing than are variations in 

magnetron radius. 

Increased trapping voltage. Assuming the trapping field does not affect the ion 
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during excitation, the transient length should depend inversely on V trap' as this defines 

the range of frequency shifts seen by the ion. Simulations for Vtrap = 5 V, Vexcit e = 1 

V, and T = 2 ms showed deceleration of the ion after an initial acceleration. This is 

intuitively acceptable, as field lines originate on the trapping plates in this case. To 

reduce the effect of the trapping field during excitation, rapid excitation is again used. 

Figure 11 shows that, indeed, the coherence time has reduced to roughly 8 ms. The 

sharp excitation field cutoff has caused substantial magnetron motion that is evident. 

Also note the split peaks. This splitting is due in this case to individual ions orbiting at 

only one of these two frequencies, not to individual ions assuming multiple 

frequencies. Such doublets have been observed experimentally at high trapping 

voltages.[21] Despite Figure 6 and the suggestion[18] that excitation at 

frequencies lower than the observed resonance would cool z-axis oscillations, we are 

unable to excite the system of Vtrap = 1 V, Vexcite = 100 V, and T = 20 µ.s so as to 

prevent any of our 50 initial ions from escaping. 

DISCUSSION 

The dephasing effect of the z-axis oscillations is significant even in the 60 ms 

observation period used here. Figure 12a displays the relative mass precision 

obtained from the response function (i.e. the discrete Fourier transform of a sine 

function lasting 60 ms), the signal for 20% z-axis occupation, and the signal for 80% 

z-axis occupation. The reduced mass discrimination resulting from larger-amplitude 

z-axis excursion is obvious. While the reduction in resolution for the 80% peaks may 

appear small with the 60 ms observation period used, note that dephasing is 
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irreversible for a macroscopic number of ions. FT-ICR precision in mass determination 

of ions with large z-axis motion is fundamentally limited by this dephasing. That is, the 

80% peaks would not become much narrower with a longer observation time 

(although they would become a bit narrower with an increased sampling rate), 

whereas the 20% peaks would narrow until the observation time exceeded 150 ms. 

The maximum resolution for a exponentially damped signal with a transient length 

similar to those of the 80% signals is indicated in Figure 12; such resolution would be 

observed only at an infinite sampling rate. (6] Also indicated in Figure 12 is the shift in 

mass from the true value. It would appear that in some cases, the magnitude of the 

z-axis oscillation can affect the apparent, observed mass. 

The z-axis oscillations have been cited as being responsible for decreased ion 

signal. (22] That is, the signal of an individual ion was felt to decrease as it 

deviated from the equilibrium ½Lz plane. The difference in peak heights between the 

mass spectra of the five individual ions of Figure 6, which have quite a range of z-axis 

amplitudes, is only 1.6%. It is the change in phase, rather than amplitude, with z-axis 

motion that causes decreased total ion signals. Detailed examination of the 

trajectories of the ions of Figure 6 reveals that both the radius of the cyclotron motion 

and the tangential velocity of an ion vary dynamically with z. The Fourier transform 

then averages the deviations from pure uniform circular motion to produce broadened 

frequency peaks responsible for the decreased resolution seen in Figure 12. We note 

that defining a density of states by using the instantaneous tangential velocity and 

instantaneous cyclotron radius to define a frequency, i.e. 
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(13) 

and then histogramming the frequencies to produce g(w) reveals the variation of 

frequency with z. Such a g(w) is not, however, the discrete Fourier transform of, say, 

x(t). For example, small oscillations in v(t) drastically affect Eq. (13) , but they are 

averaged out by a discrete Fourier transform of x(t) . 

Since the finite transient length is due to the coupling between the effective radial 

force on the ion and the z-axis motion, and to a lesser extent the instantaneous center 

of the cyclotron orbit, more homogeneous electric fields should increase the 

coherence time. Figures 2 and 3 provide the extreme example of this. Of course, one 

solution to the inhomogeneous field problem is to use the Penning trap, which has a 

purely parabolic trapping field. [23] The Penning trap does not have any means of 

ion excitation or detection, however. Marshall[24,19] ; Russell[21] ; and Rempel, 

Grese, and Gross[25] have recently described methods for creating a more 

homogeneous field in an FT-ICR cell. Rempel , Grese, and Gross used a cell that 

allowed two distinct voltages to be placed on the trapping plates. The voltage beyond 

a certain radius was approximately twice that near the cell axis, which compensated 

for the required decay of the electric field at the remaining four cell sides. Russell 

employed guard rings within the cell to homogenize both the rf excitation field and the 

de trapping field. Marshall's screened trap extends this concept. It incorporates a 

grounded screen of 1 /16" spacing just inside the trapping plates and appears to be 
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particularly effective at reducing the entire trapping field to negligible levels over most 

of the cell. Only within a few aperture diameters from the screen or the walls is the 

field significant. If ions are not adsorbed by the grounded screen and are sufficiently 

stabilized by the orbit-creating magnetic field that they are not deflected at their 

turning points by the fine-scale structure of the screen, the mass spectra resulting 

from such a cell should be much like those of Figure 2. No magnetron motion, and 

hence no peak shifting, would occur. Additionally there would be no spatially varying 

trapping field to cause dephasing, so that, in principle, infinitely high mass resolution 

could be obtained. 

CONCLUSIONS 

Collisions are not necessary for dephasing in a conventional cubic FT-ICR cell. Nor 

are space charge effects. The fundamental relative precision of a mass peak is 

proportional to the cyclotron frequency multiplied by a coherence time. [6] This 

coherence time is finite, approximately inversely related to the trapping voltage, and 

only slightly dependent on mass. This dephasing is particularly significant for high 

ratios of mass to charge, as might occur, for example, in studies of clusters, polymers, 

or biomolecules. If experimentally feasible, this dephasing can be reduced by allowing 

the z-oscillation to relax, by, for example, allowing collisional cooling or adiabatically 

raising the trapping voltage. If not, it would appear fruitful to investigate experimentally 

alterations to the basic cell that reduce the inherent coupling of the degrees of 

freedom, perhaps by reducing the electric field itself over most of the 

trap. [19,21 ,22,25] 
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FIGURES 

Figure 1. Depicted is the FT-ICR cell and coordinate system for which our calculations 

are appropriate. The direction of B is along the z-axis as indicated. Also indicated 

are the trapping, excitation, and detection plates. 

Figure 2. 2a and b show the motion of five ions during the last 1 00 µ.s of their 40 ms 

trajectory. The trapping potential is simply Utrap = a Vtrap z2
. Vtrap = 2 V, 

Vexcite = 1 V, -r = 2 ms, m = 2000 amu, and z = 1 le· I - Recall that B = 7 Tin all 

these calculations. 2c reports the signal envelope defined by Eq. (9) for the trajectory, 

and 2d reports the discrete Fourier transform of the signal, with the small vertical line 

indicating the actual mass. Only data after the excitation are transformed. Note that 

no mass shifting or dephasing is expected in this Figure, and none is observed. 

Figure 3. 3a and b show the motion of five ions in the trapping potential of Eq. (10), 

with the other parameters taken from Figure 2. 3c attempts to represent the 

magnetron motion by plotting the ion positions averaged over 400 µ.s intervals. 3d 

reports the signal envelope, and 3e, the Fourier transformed signal. Note the 

magnetron motion evident in 3c and 3d; the oscillations in the signal transient are due 

to the magnetron motion. Also note the mass shift is 7.3 amu, as expected. 

Figure 4. 4a and b show the motion of five ions in the correct trapping potential of Eq. 

(4) . vtrap = 1 V, vexcite = 100 V, T = 20 µ.S, m = 100 amu, and z = i 1e· 1- For this 
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Figure (only) , the motion is displayed by undersampling the actual motion at a rate of 

1 MHz, which is slightly less than the cyclotron frequency of 1.075 MHz, to produce 4a 

and b. 4c represents the magnetron motion; it explicitly demonstrates the existence of 

multiple magnetron periods. 4d and e exhibit both mass shifting and, now, 

dephasing. 

Figure 5. 5a and b show the motion of five ions with a mass of 1000 amu, with other 

parameters taken from Figure 4. The sharp cutoff of the excitation has caused the 

greater magnetron radius shown in 5c compared to 4c. Note that the magnetron 

motion continues to be centered about the origin in the x-y plane, however. 5d and e 

are the signal and its transform, with 5d again showing the effect of dephasing. 

Figure 6. 6a and b show the motion of 5 ions with a mass of 2000 amu, with other 

parameters taken from Figure 4. Note the exaggerated z-axis oscillations caused by 

the excitation field. 6c depicts the large magnetron motion, which is responsible for 

the off-centered cyclotron motion of 6a. 6d and e show the signal and its transient for 

(solid line) the five ions, (short dashed line) a single ion, and (long dashed line) the 

signal defined by r(x - ½Lx) . No dephasing can occur in the single-ion trajectory, and 

none does. 

Figure 7. ?a and b show the motion of five ions with a mass of 2000 amu and a 

charge of 2 I e -1, with other parameters taken from Figure 5. Since the initial velocity 
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is relatively unimportant, the trajectories for this case are very similar to those of Figure 

5. The magnetron motion in 7c and the dephasing in 7d are also very similar to those 

of Sc and 5d. 

Figure 8. Ba and b show the motion of five ions with a mass of 2000 amu excited for 

T = 2 ms, with Vexcite = 1 V, and other parameters taken from Figure 4. Note the 

reduced z-axis oscillations in Sb. The magnetron motion in 8c is similarly reduced 

from that in Sc. Although the transient in Sd lacks the low-frequency oscillation of 5d, 

the dephasing is still evident, as is the mass shifting in Se. 

Figure 9. 9a shows the signal resulting from the motion of 50 ions with Vtrap = 1 V, 

V excite = 1 V, T = 2 ms, m = 1000 amu, and z = 1 I e • 1- The solid line represents the 

solution of Eq. (11) with the usual SO% initial z-axis occupation, while the dashed line 

represents the solution with just 20% initial z-axis occupation. 9b shows the mass 

spectra of the signals. 

Figure 10. 1 Oa shows the signal resulting from the motion of 50 ions with a mass of 

1 O 000 amu, with other parameters taken from Figure 9. Again, the solid line 

represents 80% initial z-axis occupation, while the dashed line represents just 20% 

initial z-axis occupation. 1 Ob shows the mass spectra of the signals. 

Figure 11 . 11 shows the spectra resulting from rapid excitation of 50 ions, with 
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vtrap = 5 V, vexcite = 100 V, r = 20 µ.S, m = 2000 amu, and z = 1 I e· I. The initial z-

dimension is 80% populated. 

Figure 12. Illustrated are the mass precision and mass shift for the 80% occupancy 

(o) and 20% occupancy (o) signals shown in Figures 9 and 10. The mass shift 

plotted is the difference between the observed shift and the shift predicted (to second 

order in mass) by Eq. (12). Also shown is the mass precision for the response 

function (o). Only the 80% peaks are broadened by dephasing during the 60 ms 

observation period used; the fundamental mass precision of a exponentially damped 

signal with a characteristic time of 25 ms is indicated ( +). 
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Appendix I 

The optimal polynomial fit to the trapping field. The variables here represent 
deviations from the center of the trap. Symmetry on the variables, for example 
between x and y, is not enforced, nor is solution of Laplace's equation. 

0.33334 + 0.43156 z2 

0.21587 y2 - 0.07320 y2z2 
0.00482 y4 

- 0.3031 0 y4z2 

0.00449 y6 + 0.16348 v6z2 

0.21583 x2 
- 0.07383 x~z2 

0.14814 x2y2 
- 0.00136 x2y2z2 

0.00280 x2y4 + 0.05677 x2y4z2 

0.00367 x2y6 
- 0.02227 x2y6z2 

0.00491 x4 
- 0.30157 x4z2 
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Appendix II 

The optimal polynomial fit to the excitation field. The variables here represent 
deviations from the center of the trap. Symmetry on the variables, for example 
between x and 2, is not enforced, nor is solution of Laplace's equation. 

Uexcit/x,y,2,t=0) I Vexcite = 
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ABSTRACT 

We report here a detailed numerical study of space charge effects on ion trajectories 

in a typical FT-ICR experiment. In particular, we focus on ions with high mass to 

charge ratios, 3000 amu/ I e • 1 s m/z s 1 0000 amu/ I e • 1, which are particularly relevant 

to experimental studies of clusters, polymers, or biomolecules. We assume excitation 

and trapping voltages of 1 V in the one inch cubic cell and a magnetic field of 7 T. 

We find essentially no discernable effect on the dephasing time, mass resolution, or 

mass shifts for ion densities below about 7 x 104 
I e • 1 /cm3

. That is, the natural 

inhomogeneous broadening due to the excitation fields[1] is far more deleterious to 

FT-ICR performance than are space charge effects. 
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INTRODUCTION 

Ion-ion forces have long been thought to play a role in the performance of ion 

cyclotron resonance (ICR) spectrometers. Even the very first theoretical approaches 

to collision-broadening in ICR mention ion-ion effects. [2] Despite the long recognition 

of the issue, however, there has been no convincing analysis, either numerical or 

analytical, of the effects of Coulomb repulsion in ICR. Recently several approximate 

techniques, from 2-dimensional models[3,4] to a fixed, uniform charge cloud 

model[5], have been employed to study the problem. No exact calculations seem 

to have been done. We report here a numerical study of the effect of ion-ion 

repulsion on dephasing, mass resolution, and mass shifting in a typical FT-ICR cell. 

While our calculations are for fairly low ion densities, it should be noted that the trend 

among state of the art FT-ICR techniques is also towards low ion densities. 

FT-ICR FIELD EQUATIONS 

The electromagnetic fields within an ICR cell can be calculated from first principles. 

Figure 1 depicts the differential excitation/detection cell to which we refer.[6] The 

geometry of this cubic ICR cell allows Laplace's equation to be separated, and an 

analytical form for the trapping field can be obtained. If the ion velocities and 

accelerations due to the fields are nonrelativistic[7], the excitation field is time­

separable and is obtained by multiplying a time-independent solution to Laplace's 

equation by the desired modulation factor. Furthermore, the Green function for the 

cube can be used to derive the difference between the total charges induced on 

opposite, parallel cube faces, which will be assumed proportional to the experimentally 
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measured signal. Given the fundamental solution[1] 

"" 

<P (x, y, z) = :~ m~l n~1 

m odd n odd 

= [ <Poe-l.(Lz-Z) - {plel.z 

e-l.L., - el.L., 

the trapping field is defined by 

<Po = <P1 = vtrap 

and 

utzap (x, Yr z I t) = <P (x, Yr z) 

and the single-frequency excitation field is defined by 

<Po = -<Pi = vexci te 

and 

uexcite (x, Yr z I t) = <P (x, Z f y) sin ( Ca) t) 

While the total induced charge difference is given by 

16 E E ~ sin( m1ty') sin( n1t z') x 
1t2 m = i n = i mn .\ Ly .\ Lz 

m odd n odd 

sinh(.lx1 - sirlh[A, (Lx-x')] 

sinh[.lLx] 

(1) 

(2) 

(3) 

(4) 
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These series, which are exponentially converging in m and n but nonuniformly 

converging at the walls with nonzero boundary conditions, will be used in the 

numerical integration of the equation of motion. 

ION-ION EFFECTS 

The above equations do not take into account the force experienced by an ion due to 

its own induced charges on the cell walls or due to the ions within the cell and their 

induced charges. The Green function[1] could be used to calculate both the self-self 

and self-other ion-ion interactions. Such a calculation, however, would take O(N2M2
), 

where N is the number of ions, and M is the order to which the Fourier expansion is 

taken. This approach requires a prohibitive amount of computer resources and has 

not been pursued here. 

Instead, an approach based on image charges has been formulated. The 

requirements on the solution to Laplace's equation for a point source, the Green 

function, are that it possess the proper singularity at the source and that it vanish on 

the cube faces. Recall that if the boundary conditions were that the potential vanish 

on a plane, rather than on the six faces of the cube, the solution is the original source 

plus a source of the same magnitude but opposite sign at the mirror image position. 

Attempting to construct an image charge solution for the boundary conditions of the 

cube leads to an infinite number of sources external to the cube. Explicitly, the 

solution for a cube of length L is 
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(5) 

where the prime indicates the infinite self-self i=j=k=0 term is skipped, and 

(6) 

where x0 is normalized to be in [0, 1], and with yG) and z(k) defined similarly. Figure 2 

depicts a k=0 slice of this potential. The significant feature of Eq. (5) is that it is a 

crystal summation. The unit cell of the crystal is made up of the (000), (001), (010), 

(011 ), (100), (101 ), (110), and (111) terms in the sum. The crystal is created 

replicating this unit cell, which has eight times the volume of the original ICR cell, in all 

directions. 

Eq. (5) captures just the self-self image charges of the ICR problem. Incorporation of 

the additional ion-ion interactions is simple, however, requiring just a summation over 

all the image charges due to each of the N-1 additional ions. That is 

<I> ion-ion = 

(7) 

Where now the prime on the summation indicates the infinite i=j=k=0, m=n self-self 

term is neglected. The complete sum (7) is still a crystal lattice summation. That the 
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ion-ion interaction term can be formulated as a crystal summation is significant 

because efficient methods exist for the calculation of such sums ("Madelung sums"). 

The Ewald transformation is, perhaps, the most efficient technique for the evaluation of 

general crystal summations. [8] Since the crystal defined by Eq. (7) has zero dipole 

moment, the subtleties of nonuniform convergence and nonuniqueness associated 

with the h=O term do not appear in this problem.[9] Because of the symmetry 

imposed by definition (6), the reciprocal space component of the Ewald transformation 

need be evaluated over only one octant of reciprocal space. That the crystal under 

consideration is cubic, however, permits the use of a recently derived approximation 

to the Ewald technique.[10] This technique expands summations such as Eq. (7) as 

the singular 1 /r term plus corrections expanded in terms of Kubic Harmonics. The 

originators of this technique offer a variety of orders of approximations, we go up to 

KH8, which they claim and we find gives a relative root mean square error in the 

potential of randomly placed charges of 2.4x 10·3
_ The relative error in the gradient 

(used to find the force) is about one order of magnitude greater. Since the ion-ion 

electric fields are about 10·5 smaller than the trapping fields, this level of 

approximation should be adequate. We will use either Eq. (7) or the further 

approximation of using just the singular 1 /r term in Eq. (7) in our numerical 

calculations. That is 

,y,.approx 
""ion-ion 

N N 

LL 
m=l n=m+l 

1 
1 

[ (xn,o-Xm,o) 2 + (Yn,o-Ym,o) 2 + (zn,o-Zm,o) 
2

]
2 

(8) 
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Note that the force is not the negative gradient of Eq. (7) with the definition of Eq. (6) . 

That is, the image charges must be kept fixed when applying the principle of virtual 

work to get the force.[11] Alternatively, view the image charges as actual charges, 

and apply Coulomb's law to get the force. Specifically, the coupling between a ion 

and its image charges implied by Eq. (6) should not be taken into account in the force 

calculation. 

ROLE OF ION-ION FORCES IN DEPHASING 

Before presenting calculations of the effects of ion-ion forces, we should mention the 

role that these effects have played in previous discussions of the motions of ICR ions. 

It is important to first note that neither ion-ion forces nor collisions are necessary to 

produce dephasing of ICR ions.[1] The inhomogeneous excitation and trapping fields 

produce a dephasing that depends on the magnetron radius and the amplitude of z­

axis oscillation. This dephasing is not the nonsecular, T1 energy loss(12] that is 

usually postulated in phenomenological equations of motion (appearing as a -~v term 

in the force).(13, 14] It is a secular relaxation caused by a loss of phase coherence. 

In fact, such dephasing is usually ignored. A commonly referenced treatment of 

space charge effects is that of Jeffries.[5] This analysis assumes the ion cloud does 

not change its shape as it undergoes excitation and further cyclotron motion. Such 

an assumption, of course, precludes dephasing. 

Note that the center of mass motion of an ion cloud under the influence of a spatial 
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varying external force depends on whether or not there are ion-ion interactions. Even 

under the approximation of the central Coulomb (1 /r) force, the total force depends on 

the location of all the charges in the cloud, even if it does act on a center of mass 

pseudo-particle. Only if the external forces were constant (or linear[15]), would the 

spreading out of the ions caused by the repulsive ion-ion forces not affect the center 

of mass motion. We previously found that defining the observed signal as Qobs = 

:t(x - ½Lx) is not greatly in variance with the exact result of Eq. (4) . This definition is 

the same os Qobs = N xcm· Even in this approximation, then, the observed signal is 

affected by a Coulomb ion-ion interaction. 

EQUATION OF MOTION 

The equation of motion for an ion excited at the expected (nonshifted) cyclotron 

frequency for a time T is, then, 

m :it = - q"ilUtrap (x) - q"ilUexcite (x, t) H( t) + qxxB + Fion-ion 

H ( t) = {1, t ~ t 
0 I t) 't 

where Fion-ion is (1/4rre0) times the force generated by either Eq. (7) or Eq. (8) 

The magnetic field 8 will be assumed a constant value, 80 = 7 T, along the z-axis. 

For all our simulations, the trapping and excitation parameters are V trap = 1 V, 

(9) 

Vexcite = 1 V, and -r = 2 ms. Our calculations are intended to be appropriate for 

FT-ICR applications in which the z oscillation is large and is not allowed to relax. The 

intended applications for these calculations are the same as those in [1], and 
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motivation is provided therein for our initial conditions. The initial phase space 

distribution placed upon Eq. (9) is, accordingly, Maxwellian velocities and positions 

uniformly distributed in a cylinder centered at the middle of the cell with radius 0.05 

cm, the axis of rotation the z-axis, and a length that is 80% of the trapping electrode 

spacing. The equation of motion, Eq. (9), is integrated numerically by VODE, a 

variable order, variable step size ODE integration package designed to deal with 

difficult to integrate, nonlinear equations. [16, 17, 18, 19,20,21] The 

stable, backward differentiation formula algorithm (MF = 20) is used. For the 

trajectory calculations we specify a relative error (rtol) of 10·5 and an absolute error 

(atol) of 1 o·7
, which denotes five significant figure accuracy for integration over a 

reasonable time range. For consistency, Eqs. (2) and (3) are evaluated to a relative 

accuracy of five significant figures, with the series optimized to allow for 

precomputation of most of the constant terms. The calculations were carried out on 

the Connection Machine 2 at the Advanced Computing Research Facility, Mathematics 

and Computer Science Division, Argonne National Laboratory. This massively parallel 

machine has 16K processors, which allows computation of the O(N2
) terms in Eqs. (7) 

or (8) in a reasonable amount of time. This machine does not, unfortunately, have 

hardware capability of double precision arithmetic, and our single precision 

calculations do suffer from a small bit of numerical error. The essential effect is a 

small bit of energy loss, resulting in slightly decreasing signal with time. 

The mass spectra are derived from a discrete fast Fourier transform of the signal 

defined by Eq. (4).[1] In distinction with our previous work, we now sample Eq. (4) 
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only every 20 ms, so heterodyning is needed to get precise spectra. [12] That is, the 

sampled signal is multiplied by sin(wct), then Fourier transformed. The resulting 

frequency spectra will have a peak at +f which represents a peak at wc-f in the 

spectrum of the true signal. (Magnetron motion decreases the signal frequency.) It 

turns out that spurious peaks do not appear, so that we are able to neglect filtering of 

the signal, which would not be possible given our sampling rate. 

SIMULATIONS 

We performed simulations for m/z = 3000 to 10000 amu/le-1 with z=1 and 10. Table 

I lists the results of the computations. Figures 3-5 show the signal envelopes, x-y and 

x-y-z radii of gyration, and mass spectra obtained for selected masses with z= 1. Any 

effect of ion-ion forces should be most significant at low mass values, for the force is 

independent of mass, and the acceleration, given by F/m, varies inversely with mass. 

From these Figures and from Table I, it can be concluded that ion-ion forces at this 

density, approximated by Eq. (8), have relatively little effect. An interesting 

phenomenon related to excitation is to be noted in the x-y-z radii of gyration. During 

the initial excitation, the amount of z-axis dispersion varies in a systematic way. This 

variation decays away approximately exponentially after excitation. This motion shows 

that there is a z-component to the excitation field that very definitely affects the ion 

trajectories. 

Figures 6-8 report results for calculations with z= 10. The effect of increasing z while 
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keeping m/z constant can be approximately understood as an increase in charge 

density. This is because an ion with m = 1 0 m0, and z = 10 z0 can be considered to be 

a cloud of 10 ions with m=m0 and z=z0. (This is an approximation because such a 

cloud would disperse.) Note that the mass spectra seem to be a bit more Lorentzian 

compared to those of Figures 3-5. This can be rationalized by noting that the ion 

signal has more of an exponential decay that do the signals of Figures 3-5. In the 

case of the ion-ion interaction calculations, the decay could be from dephasing. But 

in the case of no interaction, the decay can only be from numerical integration error. 

Figure 9 illustrates a calculation with the accurate ion-ion interaction of Eq. (7) with 

z= 10. The charges induced on the cell plates, which are opposite in sign to the ions, 

should exert an outward force on the ions, causing mass shifting to higher masses 

and, perhaps, dephasing. From the induced charge differences of Figures 3-9, it can 

be concluded that there is a substantial amount of charge on the plates, comparable 

in magnitude to the total charge of the ion cloud. It is apparent, however, that at this 

density there is so discernable space charge effect. 

One way of observing an effect due to space charge is to increase the density. 

Figures 10-12 illustrate the result of placing a much more compacted initial ion 

distribution on Eq. (9). That is, the ions are started off in an cylinder of radius .05 cm, 

occupying 2% of the 1" z-axis. Thus the initial ion density is 3 x 106 
I e • 1 /cm3 for 

these z= 10 I e· I ions. For calculations under Eq. (8), (Figures 10-12), there is a 
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noticeable dispersion of the ions along the z-axis. This can be deduced by 

comparison of rxyz for no interaction with that for Coulomb interaction. Also note that 

the ion-ion interaction seems to allow better randomization of the z-axis positions after 

excitation, for the maximum and minimum r xyz are closer when such interactions are 

present. Figure 13 illustrates a similar calculation for the interaction of Eq. (7). The 

differences between Figure 12 and 13 are small, suggesting there is very little effect of 

the image charges. 

FURTHER WORK 

This research could be extended in several directions. First it is important to perform 

calculations for the accurate ion-ion potential, Eq. (7), since there is a substantial 

amount of charge induce on the cell plates, and we intuitively expect this to affect the 

ion motion. Higher ion densities could be approximated by performing simulations for 

z=100. The lower mass to charge values in the range 1000 to 10000 amu/le- 1 should 

be examined. Finally, and most distinct from the results presented here, the effects of 

ion-ion forces when there are two species with distinct m/z values present in the ion 

cell could be explored. It has long been speculated that the ion-ion repulsion results 

in different excitation amplitudes in this case, but the issue has yet to be quantitatively 

examined. 

CONCLUSIONS 

Ion-ion forces, when approximated by a Columbic (1 /r) interaction, have almost no 

effect on dephasing, mass resolution, or mass shifts in FT-ICR spectra of low density 
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(p :s; 7 x 104 le-l/cm3
) ion clouds. For the case of m/z=10000 amu/le-I, our 

simulations with exact ion-ion interactions given the cubic boundary conditions 

appropriate for an ICA cell again show relatively little effect. We cannot say whether 

image forces or even simply Coulomb forces will play an important role at higher ion 

densities or lower masses. 
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TABLE I 

m/z z Interaction N 
;~~ase 

t.rn/m om 
alll.J/ie le (Eq) (alll.J) 

3000 1 none 120 50 0. 0012 5.06 
3000 1 8 120 52 0.0012 7.13 
3000 10 none 120 54 0. 0012 52.5 
3000 10 8 120 45 0.0013 75.0 
4000 1 none 120 54 0.0015 13.2 
4000 1 8 120 51 0. 0016 14.5 
4000 10 none 120 53 0. 0018 139 
4000 10 8 120 44 0. 0018 139 
5000 1 none 120 48 0.0021 21.9 
5000 1 8 120 50 0.0019 21.4 
5000 10 none 120 45 0.0022 214 
5000 10 8 120 43 0. 0022 214 
6000 1 none 120 55 0. 0023 30.8 
6000 1 8 120 49 0. 0024 30.6 
6000 10 none 120 46 0.0024 287 
6000 10 8 120 43 0.0026 310 
7000 1 none 120 48 0. 0028 43.4 
7000 1 8 120 48 0.0028 43.8 
7000 10 none 120 46 0.0027 420 
7000 10 8 120 42 0.0032 397 
8000 1 none 120 46 0.0033 54 .8 
8000 1 8 120 46 0. 0032 54.8 
8000 10 none 120 46 0.0034 548 
8000 10 8 120 43 0. 0037 548 
9000 1 none 120 45 0.0037 69.4 
9000 1 8 120 46 0. 0036 69.3 
9000 10 none 120 43 0.0041 653 
9000 10 8 120 41 0.0043 693 
10000 1 none 120 51 0.0032 90 . 0 
10000 1 8 120 45 0.0041 86. 1 
10000 1 7 120 45 0.0042 86. 1 
10000 1 none 500 46 0.0041 90.0 
10000 1 8 500 44 0.0045 86 . 1 
10000 10 none 120 42 0.0047 822 
10000 10 8 120 41 0. 0048 822 
10000 10 7 120 41 0.0047 813 
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FIGURES 

Figure 1. Depicted is the IT-ICR cell and coordinate system for which our calculations 

are appropriate. The direction of B is along the z-axis as indicated. Also indicated are 

the trapping, excitation, and detection plates. 

Figure 2. Depicted is a k=0 slice of the potential given by Eq. (5). In this case, Xo = 0.2 

and y0 = 0.6. The dotted lines delineate the crystal in units of ICR cell size. The solid 

lines delineate the unit cells of the crystal. The dashed box indicates the single, original 

ICR cell. 

Figure 3. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra (e,f) for a calculation with 120 ions with m=3000 amu and z=l le·1. In each 

pair, the first figure is for no interaction, and the second is for the ion-ion interaction 

specified by Eq. (8). The radii of gyration are defined as 

rxy = { k [ (x-xcm)2 + (Y-Ycm)2 ]/N } 112 and 

rxyz = { I [ (x-xcm)2 + (Y-Ycm)2 + (z-zcm)2 ]/N } 112
• The trapping and excitation 

parameters are Vtrap = 1 V, V excite = 1 V, and 'T' = 2 ms. 

Figure 4. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra (e,f) for m=7000 amu and z=l 1e·1. The calculation is for 120 ions with no 

interaction and with the interaction of Eq. (8). 
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Figure 5. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra (e,f) for m=lO000 amu and z=l 1e·1 . The calculation is for 120 ions with no 

interaction and with the interaction of Eq. (8). 

Figure 6. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra ( e,f) for m=30000 amu and z= 10 I e-1 . The calculation is for 120 ions with no 

interaction and with the interaction of Eq. (8). 

Figure 7. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra (e,f) for m=70000 amu and z=lO le-1. The calculation is for 120 ions with no 

interaction and with the interaction of Eq. (8). 

Figure 8. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra (e,f) for m=lO0000 amu and z=lO le-1. The calculation is for 120 ions with no 

interaction and with the interaction of Eq. (8). 

Figure 9. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra (e,f) for m=lO0000 amu and z=lO le-I for the exact ion-ion interaction of Eq. 

(7). The calculation is for 120 ions. 

Figure 10. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra ( e,f) for a calculation with 120 ions with m=40000 amu and z= 10 I e-1 , with the 

compacted initial distribution placed on Eq. (9). The interaction is Eq. (8). 
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Figure 11. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra ( e,f) for a calculation with 120 ions with m=70000 amu and z= 10 I e-1, with the 

compacted initial distribution placed on Eq. (9). The interaction is Eq. (8). 

Figure 12. Depicted are the signal ( a,b ), x-y and x-y-z radii of gyration ( c,d), and mass 

spectra ( e,f) for a calculation with 120 ions with m= 100000 amu and z= 10 I e-1, with the 

compacted initial distribution placed on Eq. (9). The interaction is Eq. (8). 

Figure 13. Depicted are the signal (a,b), x-y and x-y-z radii of gyration (c,d), and mass 

spectra ( e,f) for a calculation with 120 ions with m = 10000 amu and z= 10 I e- I, with the 

compacted initial distribution placed on Eq. (9). The interaction is the exact Eq. (7). 
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ABSTRACT 

A numerical study of the application of magnetic excitation to FT-ICR is presented. It 

is concluded that magnetic excitation, which would permit nonstandard cell designs, 

might be practical for excitation to small final cyclotron radii. For greater degrees of 

excitation, this technique results in excessive magnetron motion and consequent loss 

of phase coherence and loss of signal. Unlike conventional rf excitation, the time 

required for magnetic excitation to a given final radius scales linearly with the mass to 

charge ratio. The technique is thus most applicable to low mass to charge ratio 

species. 
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INTRODUCTION 

The phenomenon of magnetic excitation of gas-phase ion species has long been 

known.(1] Although the deleterious effects of spatially varying magnetic fields on 

ion cyclotron resonance (ICR) resolution have been studied(23], the possibility of 

using a time-varying axial magnetic field to create an electric field that in turn excites 

ions seems not to have been examined. This mode of excitation might be imagined to 

solve several of the problems inherent to conventional rf electric excitation. That is, it 

is now realized that inhomogeneous electric excitation fields can cause resolution 

degradation by dephasing an ion packet[ 4,5,6] or simply by ejecting ions along 

the z-axis(7,8,9, 10, 11]. The small time-varying component to the axial 

magnetic field required for magnetic excitation of ions in an ICR could be created by a 

solenoidal coil. The axial symmetry of such a coil, to be compared with the traditional 

cubic differential excitation/detection FT-ICR cell[12], suggests a possible freedom 

from inhomogeneous excitation fields. Without the requirement of excitation capability, 

more nearly ideal (11quadrupolar11
) ion cells, such as a Penning trap(13], could be 

used, with detection accomplished by very much smaller, and less perturbing to the 

field, antennas (perhaps wires) than plates. We present here a numerical simulation of 

the merits of the application of magnetic excitation to FT-ICR. 

FT-ICR EM FIELD EQUATIONS. 

Despite the possibility of using a different ion cell, our study will focus on the use of 

the conventional FT-ICR cell. Figure 1 illustrates such a cell. By allowing for the 

possibility of dephasing, we are presenting a very severe test to the use of magnetic 
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excitation. The reader should keep in mind that if a hyperbolic trap (Penning trap) 

were used, any dephasing that magnetic excitation might cause in the cubic cell would 

not occur. 

The geometry of this cubic ICR cell allows Laplace's equation to be separated, and an 

analytical form for the trapping field can be obtained. The Green function for the cube 

can be used to derive the difference between the total charges induced on opposite, 

parallel cube faces, which will be assumed proportional to the experimentally 

measured signal. Given the fundamental solution[1] 

<l>(x,y,z) = 1~ t t 
1t m=l n=l 

m odd n odd 

= [<t>oe-l.(Lz-Z) - <l>1el.z 

e-l.Lz - el.Lz 

the trapping field is defined by 

<l>o = 4>1 = vtrap 

and 

utrap(x,y, z, t) = <I> (x,y, z) 

While the total induced charge difference is given by 

(1) 

(2) 
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16 i:, i:, ~ siri( m1ty') siri( n1t z') x 
1t2 m = i n = i mn .\ Ly .\ Lz 

m odd n odd 

sinh(Ax1 - sinhfA (Lx-x')] 
sinh[ALx] 

These series, which are exponentially converging in m and n but nonuniformly 

converging at the walls with nonzero boundary conditions, will be used in the 

numerical integration of the equation of motion. 

A small time-varying component to the axial field causes the electric field that will be 

used for excitation. Recall Maxwell's equations (in MKS units) [14] 

Let the imposed axial field be 

as 
"vxE = - at 

aE 
"vxB = µoe:o at + µOJ 

V·E = E:aP 

V·B = O 

s<0 > = B0[1 + e:sin(wt)].i 

Then a regular perturbation series expansion gives 

(3) 

(4) 

(5) 



with the further correction 
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eB w 
g<1 >= 0 cos(wt) <y, -x, O> 

2 

dB(l) 
eB w 2 

= - 0 sin(wt) (x2 +y2 )£ 
4c 2 

so that Eq. (6) is the only significant term created by the perturbation in Eq. (5). 

MECHANISM OF MAGNETIC EXCITATION 

(6) 

(7) 

It is not immediately obvious why the induced electric field, Eq. (6), can cause ion 

excitation. If an ion were undergoing cyclotron motion about the axis of symmetry, it 

would appear that there would be no net power adsorbed, for the field given by Eq. 

(6) reverses direction with time. An ion spinning off-axis is excited, however, by the 

imposed field if the frequency of the axial magnetic field variation is the cyclotron 

frequency of the ion. Considering an ion whose cyclotron orbit is entirely to one side 

of the axis, one can see that the reversal in the field direction is just what is needed to 

continually impart energy to the ion. Thus it is likely that magnetic excitation will lead 

to ions with a final cyclotron center that is off-axis, inducing magnetron motion. 

The equation of motion, for excitation at the cyclotron frequency, in the x-y plane, 

ignoring any x-y component to the trapping field, is 
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(8) 

Where r = x + iy. And where the small axial perturbation has been neglected already. 

Recall that without a radial component to the trapping field, magnetron motion does 

not occur. Eq. (8), therefore, precludes the occurrence of magnetron motion. 

Postulating a form (also suggested by a multiple scales analysis) 

(9) 

Then 

(10) 

Assuming 

{11) 

Eq. (8) becomes 

• 2 

(ix - iwc<}1.)e-iulct + iwc~ + .l;c €COS (wet) (a.e-iwct + ~) = 0 

(12) 
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Averaging Eq. (12) over one cyclotron period[15] leads to 

or 

(13) 

Now consider the power adsorbed by the form (9) under the field (6). 

(14) 

Assuming the dominance of the magnetic force, the energy can also be expressed in 

the standard form 

(15) 

Combining the independent Eqs. (14) and (15) results in 

A. 4 . . ex .., = -- ex = aex 
€(&)c 

(16) 

Using Eq. (13), 

(17) 
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which has the energy integral 

(18) 

The solution of which is 

(19) 

with, for example, c5 = 0 if /3(0) = 0. An approximate solution to Eq. (8) is, then, 

and 

a ( t) = 

(20) 

The negative sign on a(t) is consistent with the phase of excitation stipulated by Eq. 

(6). Assumption (11) is satisfied for sufficiently small E and sufficiently small time. 

A significant feature of Eq. (20) is that the motion is characterized by, = Ewct. Thus, 

for example, doubling the mass would cause the excitation to be the same if the 

imposed perturbing field were doubled. Similarly, halving the imposed field requires 

doubling the excitation time to achieve the same cyclotron radius. The scaling with 

mass is evident in Eq. (8) . The scaling with field strength is not, however. 
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EXACT EQUATION OF MOTION 

The equation of motion for an ion excited at the expected (nonshifted) cyclotron 

frequency for a time r is, then, 

m :it = -q'vUtrap + qEexcite (,r, t) + qJtxB ( t) 

(21) 

Where the Eexcite is given by Eq. (6) and the time varying 8 is given by Eq. (5). The 

time variation is active only for O ~ t ~ Texcite· That is 

{
e:' 

€ ( t) = 
o, 

O < t < Texcite 

Texcite < t < 00 

(22) 

The dominant magnetic field will be set to B0 = 7 T. For all our simulations, the 

trapping voltage is Vtrap = 1 V. For comparison with previous calculations,[6] the 

initial phase space distribution placed upon Eq. (21) is Maxwellian velocities and 

positions uniformly distributed in a cylinder centered at the middle of the cell with 

radius 0.05 cm, the axis of rotation the z-axis, and a length that is 80% of the trapping 

electrode spacing. The equation of motion, Eq. (21 ), is integrated numerically by 

VODE, a variable order, variable step size ODE integration package designed to deal 

with difficult to integrate, nonlinear equations. (16, 17, 18, 19,20,21] The 

stable, backward differentiation formula algorithm (MF = 20) is used. For the 

trajectory calculations we specify a relative error (rtol) of 1 o·6 and an absolute error 

(atol) of 1 o·8
, which denotes six significant figure accuracy for integration over a 

reasonable time range. For consistency, Eq. (1) is evaluated to a relative accuracy of 
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six significant figures. 

RESULTS 

An important issue is whether the motion of an initially incoherent ion cloud under Eq. 

(21) results in a coherent ion packet. Consideration of Eq. (20) with initial conditions 

slightly off-axis suggests it should be, but numerical confirmation is certainly needed. 

Figure 2 illustrates the first 1 0 µs of ions undergoing excitation with E = 0.2 / 7.0. It is 

clear that the ions remain clustered together as they undergo excitation. This 

extremely high time-varying field would not be experimentally feasible, however. 

Figure 3 illustrates the trajectory of 1000 amu ions excited to a fairly small final 

cyclotron radius by an imposed field with E = 0.001 / 7.0. Note that almost no 

dephasing occurs during the 60 ms observation period. 

Figures 4-8 test the parameterization -r = Eu>t by varying the amplitude of the imposed 

field and the excitation time so as to keep eTexcite constant for mass 100 amu species. 

It is clear the final radii are the same in all cases. It is also unfortunately clear that the 

excitation causes an great amount of magnetron motion. This results in the poor 

signals, with dephasing occurring very rapidly. 

Figures 9 and 10 test the parameterization T = Eu>t by varying the mass and the 

excitation time so as to keep Eu> for constant Texcite· It is clear that the final cyclotron 

radii are the same in all cases. Again, the magnetic excitation has caused excessive 
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dephasing. 

Figures 11-12 illustrate the effect of the magnetron motion of excitation of higher mass 

to charge ratio species caused by the exact Eq. (21 ), which is not taken into account 

in arriving at the analytical result of Eq. (20). Comparison with Figures 9 and 1 O 

shows that increased excitation time reduces the dephasing caused by magnetron 

motion, since the signal transients last longer with smaller e. There is a limit to the 

excitation time, however, for as e is decreased, excitation eventually does not occur. 

Inhibition of excitation is first evident in Figure 11 d) and Figure 12 c) . Consideration 

of the period of the failed excitation suggests magnetron motion is inhibiting excitation. 

Indeed, if the calculations are repeated for a hyperbolic trapping field[6], the excitation 

is still inhibited. Use of a quadratic trapping field, [6] which does not support the 

magnetron motion a hyperbolic field does, results in excitation. It can be concluded, 

then, that magnetron motion inhibits the actual excitation event in the magnetic 

excitation of high mass to charge ratio species. 

EXPERIMENTAL IMPLICATIONS 

Magnetic excitation seems to work well for excitation to small cyclotron radii. This is 

because the trapping fields near the axis are hyperbolic and do not cause dephasing 

when magnetron motion occurs. Excitation to larger radii results in excessive 

magnetron motion and consequent loss of coherent signal. One solution to this 

problem would be to use an ion cell that has a hyperbolic trapping potential. [11] A 

more esoteric solution would be to move the imposed magnetic field (i.e. move the 
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solenoid) itself as excitation occurs, so as to keep the center of the cyclotron motion 

near the center of the cube. For the lengthy excitation times necessary for excitation 

of high mass to charge species, the magnetron motion actually inhibits excitation. An 

experimental remedy in this case is to use a cell that does not support magnetron 

motion. [22,23,24,25] 

CONCLUSIONS 

Magnetic excitation is feasible in FT-ICR applications. The trajectory during excitation is 

parameterized by the quantity T = €wt, and thus, for example, higher mass to charge 

ratios require longer excitation times. Within the confines of the traditional cubic ion 

cell, however, magnetic excitation appears to be limited to excitation to rather small 

cyclotron radii. Excitation to moderate radii results in severe magnetron motion and 

consequent loss of ion packet coherence. Magnetron motion also inhibits excitation if 

the excitation event is lengthy, which is a further reason for the restriction of the 

technique to studies of low mass to charge ratio species. 
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FIGURES 

Figure 1. Depicted is the FT-ICR cell and coordinate system for which our calculations 

are appropriate. The direction of 8 is along the z-axis as indicated. Also indicated 

are the trapping, excitation, and detection plates. 

Figure 2. Depicted is the motion of five ions during the first 10 µs of excitation with 

E = 0.2 / 7.0 with m = 100 amu, z = 1 I e • I. Note that the excitation is clearly 

coherent. 

Figure 3. Depicted is the motion of five ions with m = 1000 amu, z = 1 I e • I. In this 

case, Texcite = 2 ms, and E = 0.001 / 7.0. Note that there is almost no dephasing of 

the ions for this small cyclotron radius. a) depicts the x-y ion motion during the last 

200 µs of the motion, band c) attempt to depict the magnetron motion by plotting the 

ion positions averaged over 500 µs intervals, d) depicts the induced charged 

predicted by Eq. (3), and e) depicts the Fourier transform of the signal defined by Eq. 

(3).[6] 

Figure 4. Depicted is the motion of five ions with m = 100 amu, z = 1 Ie· I, with 

Texcite = 20 µs, and E = 0.1 / 7.0. For the m = 100 amu plots (only) the final ion 

motion a) is plotted undersampled at 1 MHz (the cyclotron frequency is 1.075 Hz) 

Figure 5. Depicted is the motion of five ions with m = 100 amu, z = 1 I e • I. with 
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Texcite = 40 µ.S, and E = 0.05 / 7.0. 

Figure 6. Depicted is the motion of five ions with m = 100 amu, z = 1 I e • 1, with 

Texcite = 200 µ.S, and E = 0.01 / 7.0. 

Figure 7. Depicted is the motion of five ions with m = 100 amu, z = 1 I e • 1, with 

Texcite = 400 µs, and E = 0.005 / 7.0. 

Figure 8. Depicted is the motion of five ions with m = 100 amu, z = 1 I e • 1, with 

Texcite = 2 ms, and E = 0.001 / 7.0. 

Figure 9. Depicted is the motion of five ions with m = 1000 amu, z = 1 I e • 1, with 

Texcite = 4 ms, and E = 0.005 / 7.0. 

Figure 10. Depicted is the motion of five ions with m = 2000 amu, z = 1 I e • 1, with 

Texcite = 4 ms, and E = 0.01 / 7.0. 

Figure 11. Depicted are the signal envelopes for other values of E for the excitation of 

the ions of Figure 9. a) is e = 0.1, b) E = 0.05, c) E = 0.01, and d) E = 0.001. In all 

cases, E Texcite = 0.02 / 7.0. 

Figure 12. Depicted are the signal envelopes for other values of E for the excitation of 

the ions of Figure 10. a) is E = 0.1, b) E = 0.05, c) E = 0.005, and d) E = 0.001 . In all 
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cases, E Texci te = 0.04 / 7 .0 . 
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ABSTRACT 

We present here computational results for the collision cross section and rate constant 

for proton transfer reactions of a multiply-charged, linear, gas-phase protein. The 

protein is intended to resemble cytochrome c, with a length of 400 A, a mass of 

12 400 amu. The model protein is studied with proton charges of between 9 and 15 

I e· I - The computational reactant is intended to model dimethyl amine, with a mass of 

45 amu, a polarizability of 5.0 A3 (dimethyl amine has a polarizability estimated by the 

Le Fevre method of 5.86 A3[1 ]), and a dipole moment of 1.03 Debye[2]. Results 

for low linear charge densities on the protein are interpretable in terms of a geometric 

model that accounts for the overlap of adjacent spheres of capture of each charge on 

the protein. 
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INTRODUCTION 

The feasibility of forming multiply charged, high-mass ions in the gas phase via 

electrospray ionization has recently been shown. (3,4,5] This technique should 

be applicable to a wide range of molecules that are currently of much experimental 

interest, such as clusters, polymers, and biomolecules. Several studies of multiply­

charged, gas-phase biomolecules have, in fact, recently been done. One study of 

ubiquitin (relative molecular mass 8586 amu) suggests correlations between solution 

phase structure, charging level, and three-dimensional structure. [6] That is, 

ubiquitin samples prepared in denaturing solutions are left in a more highly charged 

state by electrospray ionization than are those prepared in solutions that do not 

denature the protein. A potentially more quantitative study recently reported reaction 

rates of horse heart cytochrome c (relative molecular mass of 12 360 amu) with 

charge levels of 9 to 15 I e • 1 with dimethyl amine in a quadrupole ion trap. [7] 

Application of Fourier transform ion cyclotron resonance (FT-ICR) spectroscopy, rather 

than quadrupole ion trap spectroscopy, to such high mass species should be 

possible and could conceivably result in the most accurate reaction rates reported to 

date for such proton transfer reactions. (8,9] 

In anticipation of experimental work that is to be done on these systems, we present 

. 
here a theoretical analysis of the thermal collision cross sections and rate constants 

for the proton transfer reaction of a multiply-charged, linear, gas-phase protein. The 

protein is intended to model a linear (completely denatured) cytochrome c, while the 

base is modeled after dimethyl amine. Essentially this work is a computational 
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extension of the Langevine analysis[1 O] to multiply charged systems. Monte carlo 

methods are used to evaluate the cross sections and rate constants. 

ANALYTIC THEORY OF RATE CONSTANTS: THE SHADOW EFFECT 

Classical collision rate theory predicts the cross section for collision between an ion of 

charge e and a molecule of polarizability cc approaching with a collision energy Ee to 

be (in cgs units)[1 O] 

(1) 

while the collision rate constant in predicted to be[1 O] 

(2) 

Averaging the cross section {1) over the Maxwell-Boltzman distribution results in 

0 ( T) = 81rne 
( 

2 )1/2 

kBT 

(3) 

No similar theory exists for an array of point charges. In particular we are interested in 

the geometry of Figure 1. Taking a geometric (rather than dynamic) view of Figure 1, 

one can imagine the total cross section to be the average over all orientations of the 
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biomolecule of the projected area of the spheres of capture on the plane of incidence. 

Note that at small incident angles relative to the biomolecules axis, more near spheres 

of capture prevent an incident molecule from reaching more distant spheres. This 

shadow effect is, then, what causes the cross section of a biomolecule with n charges 

to be less than n times that of the Langevine cross section (1 ). 

In order to compute the reduction in cross section caused by the shadow effect, we 

first compute the area of overlap of two circles of radius r separated by a distance x0. 

(See Figure 2.) The area is, for x0 < 2 r, 

8a ( ) A (x0 , R) = 4 f Reos ( 6) - ~ 0 Reos (6) d6 
0 

where e O is the angle at which the two circles intersect, 

Performing the integral in Eq. (4) leads to the expression 

= 
2R2 tan-1~ 4 R' - 1 

xi R 0 
- X Q I 

0, x 0 2 2r 

For the linear biomolecule of Figure 1, 

(4) 

(5) 

x 0 < 2r 

(6) 
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L sin (8) 
n - 1 

(7) 

where L is the length of the biomolecule with n equally spaced charges, and 0 0 is the 

angle of incidence. Note that in Figure 2, R is defined by aLangevine(v) = rr R(v)2
, and 

is, thus, velocity dependent. Averaging the incident-angle-dependent overlap area, 

Eq. (7), over all incident angles as well as over a Maxwell-Boltzman velocity distribution 

results in 

ff 

<A(T)> = ;,, (2:.tr
2 I I A(6,v) sin(8) d8 v' e ;~ dv 

The double integral appearing in Eq. (8) can be performed numerically when 

quantitative results are needed.[11] 

(8) 

The numerical consequence of the geometrical shadow effect is constructed from Eq. 

(8). The cross section is decreased from n times the single-charge, Langevine value 

by the number of adjacent overlapping spheres times the average overlapping area. 

That is 

0 shadow(T) = noLangevine(T) - (n - 1) <A(T) > 

(9) 

The rate constant computed analogously is 
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k shadow ( T) = n k Lange vine ( T) - ( n - l ) < V A ( T) > 

where 

lt 

3 / 2 .. 2 -mv2 

<v A(T) > = ~ ( 
2

f:Bt) [ [ A(6, v) sin(8) d8 v 3 e 
2
ksT dv 

The double integral in Eq. (8) can be removed if the approximation of using a 

thermally averaged radius defined by Eq. (3) is used in the determination of the 

overlap area, rather than thermally averaging Eq. (7). That is 

lt 

2 

<A ( T) > = f A ( 8, T) sin ( 8) d0 
0 

(10) 

( 11) 

(12) 

Note that Eq. (9), (10), and (12) are clearly dilute limit expansions, for in the opposite 

limit of n charges at a single point, Eqs. (2) and (3) show the proper values to be n 

times that for a single charge, while Eq. (9), (10), and (12) predict the single-charge 

value. This suggests that, at least in the high density limit, the geometrical Eq. (9), 

( 1 0), and ( 12) will predict collision cross sections and rate constants that are lower 

than the correct, dynamical values. 
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SIMULATION 

Monte Carlo Approach 

We are interested in calculating thermal collision cross sections and rate constants for 

a multiply-charged, linear, gas-phase biomolecule. We perform the necessary 

integrals by a monte carlo approach.[12] That is we numerically follow the 

trajectories of polar, polarizable molecules approaching the biomolecule. We 

randomly orient the biomolecule, with its center of mass at the origin. The protons on 

the biomolecule are equally spaced a distance U(n-1) along the axis. We initially 

define the x-coordinate of the basic molecule some distance beyond the projection of 

the biomolecule on the x-axis (100 A when no dipole moment is included and 200 A 

when the molecule is polar). The random y-z coordinates of the basic molecule are 

generated uniformly in a rectangle (a 11halo11
) around the projection of the axis of the 

biomolecule on the y-z plane. (See Figure 1.) The rectangle is defined to be a 

distance rhato from the biomolecule's axis in projection (rhato is 30 A for nonpolar basic 

molecule and 35 A for a polar one). The basic molecule is defined to have a Maxwell­

Boltzman velocity in the -x direction. The procedure for determining the collision cross 

sections and rate constants, then, is to generate random initial conditions as above, 

then to use 

a = ~ L areai (Trajectory i hit charge) = <a>Bolcz 

(13) 



9 

k = ~ L vi areai (Trajectory i hit charge) = <v a>Boltz 

(14) 

where the Iverson convention (S) stands for 1 if S is true, and O otherwise. [13] 

The number of different trajectories attempted, N, is 20 000 in all of our calculations. 

The halo area depends on the initial conditions through the orientation of the 

biomolecule, and the velocity is, of course, also a random variable. A trajectory is 

defined to 11hit11 the biomolecule if it comes within 1 A of one of the n charges on the 

axis. 

Error bars on the estimates provided by Eqs. (13) and (14) can be computed. That is 

the standard deviation of the estimate is given by the standard deviation of the data 

divided by the square root of N. This definition of error bar will be used below. 

We anticipate that the approximation of not following the rotational motion of the 

biomolecule will be an adequate one. A typical velocity of our basic molecule at room 

temperature is v ~ 4 A;ps, and a typical rotational velocity is <.i>x ~ <.i>Y ~ <.i>z ~ 2 rad/ps. 

This values are both very much larger than the typical rotational velocity of <.i>x ~ <.i>Y ~ 

10·3 rad/ps of the biomolecule. While the biomolecule would not be stationary during 

the 100 A flight of the basic molecule, it would be substantially so. We will make the 

computation expedient of ignoring this motion. 

Since the forces that lead to collisions are relatively long range, we suspect the 
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approximation of a rigid basic molecule is a fairly good one. For the model of 

dimethyl amine, we treated the methyl groups as 15 amu atoms, and ignored the 

hydrogen bonded to the nitrogen. The dipole moment of this molecule was assumed 

to be perpendicular to the plane containing the methyl groups and the nitrogen. We 

also suspect that the assumption of a smoothly varying electric field, which leads to 

expression of the interaction energy by a dipole moment and a polarizability[14], 

is valid because whether a molecule will collide with the biomolecule is determined at 

a relatively long range. 

Integration of Equation of Motion 

Numerically following the trajectory of the basic molecule entails integrating Newton's 

equation, as well as Euler's equations of rotation if the molecule is polar. [15] 

Specifically, 

a.a, 
F 

= 
m 

Iw 1 - <.u2W3 ( I2 - I3) = Nl 

Iw 2 - <.u3 <.ul ( I3 - Il) = N2 

Iw 3 -<.u1W2(I1 - I2) = N3 

(15) 

Where Newton's equation applies to the center of mass position of the basic molecule, 

and Euler's equations apply to the orientation of the basic molecule in its principal 

axes coordinate system. Actually, since Euler's equations are singular when 

integrated in terms of Euler's angles, the much more numerically stable quaternion 

parameter method is used in the integration. [16] The force on the basic molecule 
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is defined by[14] 

F = a.E(:r) • VE(:r) + d • 'vE(:r) 

(16) 

and the torque on the basic molecule is given by[14] 

N = d X E(:r) 

(17) 

where the electric field at the position of the basic molecule, E(r), is given by the sum 

of the Coulomb fields due to the point charges on the biomolecule 

E(:r) = 
N q. 

" ___ z __ (:r - :r) 
L.t ',:r-r . ',3 i i = l l 

(18) 

where qi is the value of the ith charge on the biomolecule, and ri is the position of the 

ith charge. In all our calculations, qi is assumed to be one unit charge, I e-1. 

The equation of motion, Eq. (12), is integrated numerically by VODE, a variable order, 

variable step size ODE integration package designed to deal with difficult to integrate, 

nonlinear equations. [17, 18, 19,20,21,22] The stable, backward 

differentiation formula algorithm (MF = 20) is used in the eight-byte-real version of this 

code. For the trajectory calculations we specify rtol = 10-4 and atol = 1 o-6
, which 

means essentially four significant figure accuracy for integration over a reasonable 

time range. This accuracy is more than adequate for the relatively short range 

trajectories we perform. 
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RESULTS 

Figure 3 depicts the results of the numerical monte carlo calculations for the model 

cyctochrome c / dimethyl amine system. In addition, various levels of geometric 

approximations are used to determine in a more computationally expedient fashion an 

approximate cross section and rate constant. As a check on the code, note that the 

calculated monte carlo cross section for a single charge is (2.67 ± 0.06) x 10-14 cm2
, 

while that calculated from Eq. (3) is 2.64 x 10- 14 cm2
. The calculated monte carlo rate 

constant is (7.91 ± 0.22) x 10-10 cm3/molecule/s, while that calculated from Eq. (2) is 

7.80 x 10-10 cm3/molecule/s. The monte carlo approach seems, thus, to be 

producing valid results. 

Figure 4 depicts the monte carlo results for a biomolecule of higher charge density. 

Again plotted are various geometric approximations to the dynamic cross sections 

and rate constants. As is apparent, the dilute expansions Eqs. (9), (10), and (12) are 

less valid here than in Figure 3. 

In order to gauge the importance of the interaction between the electric fields of the 

individual charges on the biomolecule, rather than seeing the effect of averaging over 

all orientations, Figure 5 depicts the monte carlo results for the basic molecule 

normally incident upon biomolecule of varying length but with a fixed charge of 13 

I e-I . The biomolecule is, thus, constrained to be in the y-z plane. Various charge 

densities are shown, with a clear transition away from a constant cross section as the 
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spheres of capture begin to overlap. 

Figure 6 complements Figure 5 by varying the charge density on a biomolecule of 

fixed length 200 A. The basic molecule is again normally incident upon the 

biomolecule. A transition away from the cross section predicted by n oLangevine(T) is 

seen, although it is less striking that the one in Figure 5. 

Finally, Figure 7 evaluates the importance of the permanent dipole moment of dimethyl 

amine on its collision cross section and rate constant. Both are increased by no more 

than a factor of 1.5. Not shown in the Figure are the calculated monte carlo cross 

section of (3.67 ± 0.08) x 10·14 cm2 and the calculated monte carlo rate constant of 

(10.8 ± 0.29) x 10·10 cm3/molecule/s for the polar basic molecule incident upon a 

single charge. The thermally averaged radius used in Eq. (12) is calculated from this 

monte carlo estimate for the single-charge cross section. And kLangevine(T) is defined 

to be the monte carlo estimate. 

DISCUSSION 

The major point to be gleaned from Figures 3-7 is that interactions of the electric fields 

of the protons on the axis of the biomolecule never reduce the collision cross section 

or rate constant by even a factor of two over the simple n olangevine(T) or n klangevine 

value. At higher proton densities than are currently experimentally observed[6,7], it 

appears that linear scaling with number of charges is not followed, although in the limit 
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of n charges at a point, the simple linear scaling is rigorously true. Perhaps the most 

marked deviation from linear scaling is offered by Figure 5, where the length of the 

biomolecule is decreased while the number of charges is kept constant. 

Note, however, that in all cases the monte carlo collision cross section and rate 

constant estimates are below those calculated from Eqs. (9) and (10). These 

equations, rather than Eq. (12), should be expected to be a rigorous evaluation of the 

effects of the geometrical shadow effect. As discussed above, it is clear that in the 

high density limit, the accurate monte carlo estimates should be greater than those 

provided by Eqs. (9) and (1 O). It is also intuitively plausible that at moderate densities, 

the electric fields of adjacent protons add coherently at long range to produce, for 

example, a dynamical cross section that is greater than that predicted by the 

geometrical overlap argument. 

CONCLUSIONS 

Monte carlo calculations for a model system that is intended to resemble multiply 

protonated, linear, gas-phase cytochrome c attacked by polarizable dimethyl amine 

show deviations from linear scaling of the cross section with number of charges that 

are explainable in terms of a geometrical shadow effect. That is, for low linear charge 

density systems, an incident basic molecule simply cannot reach some of the charges 

on the biomolecule when the biomolecule is in certain orientations. At higher 

densities, densities higher than have been experimentally observed, the collision cross 
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sections and rate constants tend to fall between linear scaling and the correct 

evaluation of the geometrical shadow effect. 
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FIGURES 

Figure 1. Depicted is a typical multiply-charged, linear, gas-phase biomolecule. 

Indicated are the individual spheres of capture around each charge. Note that at a 

viewing angle more nearly along the axis, spheres more distant from the viewpoint 

would be blocked from view by nearer spheres. This is the shadow effect. The 

dashed box indicates the 11halo11 used in the monte carlo evaluation of the cross 

sections and rate constants. 

Figure 2. Depicted in a) is the geometry leading to the numerical evaluation of the 

value of the shadow effect, Eq. (8). The angle of incidence relative to the axis of the 

biomolecule, e, is depicted. Also indicated is the projected distance, x0, of the 

separation of the spheres of capture. Depicted in b) is the geometry leading to Eq. 

(6). Also displayed i~ the 00 defined by Eq. (5). 

Figure 3. Depicted are data for a biomolecule of length 400 A with charge 9 to 15 

I e-1 and a nonpolar molecule with polarizability 5 A3, mass 45 amu, and temperature 

300 K. a) Illustrated are the monte carlo cross sections with error bars (circles), the 

cross section computed by Eq. (9) (solid line), the cross section computed as n 

oLangevine(T) (long dashed line), and the cross section computed by Eq. (12) (short 

dashed line). The cross section units are 10-16 cm2
. b) Illustrated are the monte carlo 

rate constants at 300 K (circles), one set of monte carlo rate constants at 2000 K 

(squares), the rate constants predicted by Eq. (10) (solid line), and the rate constants 
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computed as n kLangevine (long dashed line). The rate constant units are 10· 10 

cm3 /molecule/s. 

Figure 4. Depicted are data for a biomolecule of length 200 A with charge 9 to 15 

I e· I and a nonpolar molecule with polarizability 5 A3
, mass 45 amu, and temperature 

300 K. a) Illustrated are the monte carlo cross sections with error bars (circles), the 

cross section computed by Eq. (9) (solid line), the cross section computed as n 

aLangevine(T) (long dashed line), and the cross section computed by Eq. (12) (short 

dashed line). The cross section units are 10·16 cm2
. b) Illustrated are the monte carlo 

rate constants at 300 K (circles), the rate constants predicted by Eq. (10) (solid line), 

and the rate constants computed as n kLangevine (long dashed line). The rate constant 

units are 10·10 cm3/molecule/s. 

Figure 5. Depicted are data for a biomolecule of length L = 100 to 600 A with charge 

13 I e· I and a nonpolar molecule with polarizability 5 A3
, mass 45 amu, and 

temperature 300 K. The basic molecule is normally incident upon the biomolecule in 

this case. a) Illustrated are the monte carlo cross section with error bars (circles), the 

cross section computed by Eq. (9) (solid line), the cross section computed as n 

a Langevi n/T) (long dashed line), and the cross section computed by Eq. ( 12) ( short 

dashed line). The cross section units are 1 o· 16 cm2
. b) Illustrated are the monte carlo 

rate constants at 300 K (circles), the rate constants predicted by Eq. (10) (solid line), 

and the rate constants computed as n kLangevine (long dashed line). The rate constant 



20 

units are 10·10 cm3/molecule/s. 

Figure 6. Depicted are data for a biomolecule of length 200 A with charge 9 to 15 

Ie· I and a nonpolar molecule with polarizability 5 A3
, mass 45 amu, and temperature 

300 K. The basic molecule is normally incident upon the biomolecule in this case. a) 

Illustrated are the monte carlo cross section with error bars (circles), the cross section 

computed by Eq. (9) (solid line), the cross section computed as n aLangevine(T) (long 

dashed line), and the cross section computed by Eq. (12) (short dashed line). The 

cross section units are 10·16 cm2
. b) Illustrated are the monte carlo rate constants at 

300 K (circles), the rate constants predicted by Eq. (10) (solid line), and the rate 

constant computed as n kLangevine (long dashed line). The rate constant units are 10·10 

cm3 /molecule/s. 

Figure 7. Depicted are data for a biomolecule of length 400 A with charge 9 to 15 

I e • 1 and a polar molecule with polarizability 5 A3
; principal dipole moment < 1.03, 0, 

0> Debye; principal moments of inertia lxx 7.61, IYY 15.25, and lzz = 43.63 amu A2
; 

mass 45 amu; and temperature 300 K. a) Illustrated are the monte carlo cross 

sections with error bars (circles), the cross section computed as n aLangevine(T) (long 

dashed line), and the cross section computed by Eq. (12) (short dashed line). The 

cross section units are 10·16 cm2
. b) Illustrated are the monte carlo rate constants at 

300 K (circles) and the rate constants computed as n kLangevine (long dashed line). 

The rate constant units are 10·10 cm3/molecule/s. 
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