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ABSTRACT

Networks of nonlinear limit-cycle oscillators exhibit a broad range of collective
dynamical behaviors, from simple synchronization to exotic, partially phase-locked
chimera states. Such dynamics are universal to many natural and technological sys-
tems and may prove useful as building blocks for special-purpose analog computers.
In this thesis, we present the design, construction, and analysis of a network of eight
nonlinear nanoelectromechanical oscillators with electronic feedback and coupling.
Precise control over the system parameters, including the nodal frequencies, nodal
nonlinearities, inter-nodal coupling strengths, and network topology, enables the
systematic study of synchronization, pattern formation, and computation in com-
plex networks with real-world dynamics, parameter disorder, and noise. While
investigating the network’s dynamics on different graph structures — namely, all
8-node circulant graphs, a wheel graph, and Erdgs—Rényi random graphs — we ob-
served a rich set of synchronized and unsynchronized states, arising even in the weak
coupling limit. Comparison with an accompanying theoretical model reveals mech-
anisms that cause physical networks to deviate from idealized behavior. Finally, we
report recent efforts to scale the network to a larger number of nodes by integrating
an array of nanoelectromechanical resonators with an application-specific integrated

circuit.
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Chapter 1

INTRODUCTION

The study of networks is ubiquitous in modern science and engineering. They are
examined in various contexts, ranging from biological networks including the hu-
man brain or synchronous re ies in Southeast Asia, to engineered systems, such
as the power grid and arti cial neural networks. Many of these high-dimensional
and often nonlinear systems are self-oscillatory, where each node in the network is
an independent oscillator which periodically varies in time according to its intrin-
sic rhythm. Individually, each node is rather boring, and the basic properties of
individual oscillators have long been understood. However, when interconnected in
a network, coupled oscillators can exhibit fascinating phenomena which can vary
widely depending on the parameters and conditions of the network. On one hand,
they can synchronize, where a network of individual oscillators with disordered
intrinsic frequencies and weak coupling can reach a global consensus and oscillate
in lockstep. On the other hand, strongly coupled oscillators which are intrinsically
identical can break into complex symmetry-broken patterns where they evolve in
clustered and partially synchronized states or even support nonlinear wave propaga-
tion.

Understanding these simple and exotic behaviors of oscillatory networks is a
paramount scienti ¢ challenge, and progress in the eld promises a myriad of
applications including a better understanding of the human brain and heart, a more
e cient or robust power grid, and low-power analog computers for solving complex
optimization or machine learning problems. Most studies of real-world networks
done to date are top-down, where we try to understand the behavior of existing net-
works by measuring and modeling them. Often, this comes with several challenges,
some of which include the lack of full state readout, limited knowledge about the
connectivity, very slow or very fast dynamical timescales (sometimes both), and lim-
ited control over the nodes or edges in the network. As a result, much of the research
on coupled oscillators done today is computational; however, while intrinsically in-
teresting, there is often little to no experimental data to compare these explorations
to or to guide them. Current experimental platforms lack the necessary rigor for a
deep exploration of the parameter space, so bottom-up experimental paradigms with
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excellent control over the parameters and which operate under real-world conditions
must be constructed.

In addition to the fundamental science, experiments are increasingly important for
realizing practical applications, such as oscillator-based computing. Under this
paradigm, the proposal is that by using analog oscillators to do computation, we
can achieve faster compute times, lower power, lower footprint, increased robust-
ness, or increased security, among other potential advantages. Similar to quantum
computing, there are a number of hardware platforms which have been proposed
for building utility-scale oscillatory computers, including photonics, nanomechan-
ics, optomechanics, spintronics, and CMOS electronics, to name a few. It remains
unclear which, if any, of these technologies will prove useful across the wide range
of application spaces, although some are more advanced and promising than others.

Our goal in this thesis is to study the fundamental dynamics of real-world nonlin-
ear oscillator networks with an eye towards potential applications in computing.
Towards that goal, we built an analog network of 8 NEMS-based oscillators with
electronically tunable feedback and coupling. Leveraging our nanomechanical res-
onators, each node is frequency tunable by more than 50 linewidths and has a nodal
nonlinearity tunable by more than 32 dB. The topology is fully controllable on s
timescales and can realize any adjacency matrix. For a subset of the edges, the
strength can be tuned over a dynamic range of more than 47 dB and the phase can be
controlled over a 160window. In this thesis, we cover the design and construction

of the network and investigate its dynamics with various complex topologies and
over a range of nodal and inter-nodal parameters.

In Chapter 2 we review the basic dynamics of some widely studied models of cou-
pled oscillators. Then, in Chapter 3 we explore some proposals for computing with
coupled oscillators, including reservoir computing and combinatorial optimization.

Chapter 4 and Chapter 5 cover the NEMS devices and network architecture, re-
spectively. Then, in Chapter 6, we report and analyze experimentally observed
synchronized states of complex graphs, including all circulant graphs of 8 nodes, a
wheel graph, and various random graphs. In Chapter 7 we detail recent e orts to
integrate a NEMS array with an ASIC to achieve large-scale and low-power coupled
oscillator networks at GHz frequencies. Finally, in Chapter 8, we conclude this

work with some remarks about NEMS networks and analog oscillator computation.



Chapter 2

DYNAMICS OF COUPLED OSCILLATORS

One fascinating feature of coupled oscillators is that the dynamics can range from
the remarkably simple to the remarkably complex. On one hand, networks with
parameter disorder spontaneously synchronize into phase-locked states whereby
the entire network collapses to and evolves along a one-dimensional manifold.
On the other hand, an initially homogeneous network can spontaneously break its
underlying spatial symmetries, allowing it to evolve on high-dimensional manifolds
where exotic states abound. Beyond steady-state operation, the transient dynamics
of networks can also be highly complex and span multiple timescales.

It would be nearly impossible to cover the vast range of coupled oscillator models or
to examine all of the possible dynamics. So, in this chapter, we aim to introduce the
dynamics of coupled oscillators in a historical and phenomenological way with an
eye towards the experiments that will be covered in this thesis. First, we introduce
what an oscillator is and what its key properties are. Then, we cover dynamics
exhibited by the most commonly used amplitude-phase and phase-only models. We
speci cally introduce two niche phenomena, the explosive synchronization transi-
tion and the parametrically driven feedback oscillator.

2.1 Basic Properties of Oscillators

Externally driven resonant systems and oscillators are often referred to as driven-
dissipative systems and gain-dissipative systems, respectively. This distinction is
important because they exhibit di erent classes of behavior, which are often con-
ated in the literature. In this work, we principally study the behavior of limit
cycle oscillators henceforth referred to as oscillators , a common class of
gain-dissipative system. Mostimportant for this work is the property that oscillators
self-adjust their frequency under the in uence of weak interactions while driven
resonators do not. To build intuition about oscillatory systems, we introduce the
canonical van der Pol oscillator [1]:

% . n6 1°6 G =0e (2.1)



Figure 2.1: Van der Pol Oscillator Flow. 2D ow map of the van der Pol
oscillator for (left) n = 0«1 and (right) n = 0<5. Red lines indicate the limit cycle
for each case.

Here, G is the position coordinate of an arbitrary system. This equation describes
an undriven second-order system which has a nonlinear damping, described by
ntG 1°. Rewriting the system in state space coordinatasai@ G gives

G (2.2)
S (2.3)
=6 =6 (2.4)
% = niG 1°G, Gie (2.5)

Using these equations, we plot the 2D ow map in Fig. 2.1 forn = 0«1 and n = 0e5.
These plots show the streamlines for the system, which indicate the direction the
system will travel given a speci ¢ G and &. The speed ofthe ow is notindicated. On
each plot, the red trajectory denotes the limit cycle, which is a stable attractor of the
system. Given any initial condition, except for the unstable xed pointof G = & =0,
the system will converge to the limit cycle. Trajectories starting inside grow outward
to it while trajectories starting outside decay inward to it. This demonstrates the
stability of the limit cycle's amplitude, which can be characterized by the local
Lyapunov exponents. The amount of nonlinear damping changes the rate at which
trajectories converge to the limit cycle and the shape, but the limit cycle always
persists forn j 0.



5

The van der Pol oscillator (2.1) illustrates a number of key properties applicable
to many classes of oscillatory systems. Firstly, it has a nonlinear damping. All
oscillators require a nonlinearity to limit the amplitude. For direct feedback oscilla-
tors, this typically arises from nonlinear feedback but can also arise from intrinsic
nonlinear damping of the resonator. For relaxation oscillators, this appears in the
form of a nonlinear switch which is activated upon reaching a certain threshold and
exhibits some hysteresis.

Furthermore, it is an autonomous dynamical system, meaning that it is invariant
under time translation. Because phase is a function of time, the system is also
invariant under phase translation resulting in a property known as phase freedom.
In other words, the system is neutrally stable in phase, the direction tangential to
the limit cycle and characterized by a zero Lyapunov exponent. Consequently,
perturbations to the phase persist in time. This allows oscillators to adjust their
frequency under the weak in uence of other oscillators or external injection signals,
allowing them to synchronize. This behavior is in contrast to driven resonators
which have a preferred value of phase dictated by the drive signal and the system'’s
phase response. This precludes driven resonators from synchronization as it is
traditionally de ned in the eld of nonlinear dynamics [2].

Oscillators have phase freedom which allows them to adjust their frequengies
and synchronize under weak coupling to other oscillators or periodic injectjon

signals. This is in contrast to driven resonators, which have a preferred value
of phase dictated by the drive and the resonator's phase response.

Beyond limit cycle oscillators and driven resonators, there are some edge cases
which are more challenging to classify, but we brie y address the most common
ones. Firstly, the simple harmonic oscillator (SHO), given by (2.6):

% G =0 (2.6)

The SHO is a resonator with no dissipation. As a result, it can oscillate forever
given some initial energy. It is an autonomous di erential equation, but it also has
a neutrally stable amplitude. Most relevantly, it is a conservative system and under
coherent coupling, SHOs cannot synchronize. Instead, a system of N coupled SHOs
generates a set of N non-dissipative normal modes.
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The second fringe case is coupled resonators which have some damping but are
not driven, such as reported in [3]. Here, the resonators are linear and damped,
and, given some initial energy, their phases can attract under dissipative coupling.

However, the nodes are not self-sustaining. Therefore, it is not clear how to classify

this phenomenon based on the widely held de nition of synchronization.

2.2 Canonical Models
Here we introduce a few mathematical models of coupled oscillators which will be
referenced throughout this thesis.

Stuart Landau Model

All real-world oscillators have both an amplitude and a phase. Certain classes of
oscillators can be immediately reduced to phase-only description, such as CMOS
ring oscillators, which have highly saturated amplitudes e ectively pinning them

at a specic voltage. However, a large class of oscillators have amplitude and
phase dynamics and only under certain conditions can be accurately modeled by a
phase-only description. Many oscillators can be directly described by the canonical
Stuart Landau oscillator model, which formulates the amplitude and phase of a
feedback oscillator operating near a Hopf bifurcation:

3 1
Y -1 ) ~1 o;j;i 2
3) \Nb8| > [,8U ] (2.7)

= W [jj* .8 I Ujj ? (2.8)

where is a complex-valued eld, W is the linear dissipation, [ is the quadratic
nonlinear dissipation, | is the linear frequency, and U is the quadratic amplitude
frequency coupling. Networks can then be constructed by introducing linear or non-
linear inter-oscillator couplings. Such networks have been widely studied and can
produce a wide range of dynamics ranging from simple synchronization to decou-
pling [4], explosive oscillation death [5], and periodic waves under uni-directional
coupling with time delay [6]. In the weak coupling limit, the Stuart Landau model
can be understood through phase reduction techniques [7].

The Kuramoto Model
In 1975, the mathematician Yoshiki Kuramoto introduced the now foundational
model of synchronization [8]. His insight was to assume that the linear dissipation
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and nonlinear feedback from the Stuart Landau oscillator model were in nitely
large but equal, allowing the nodal amplitude dynamics to relax in nitely fast. With
the addition of a dissipative mean- eld coupling, he derived a rst-order phase
model which had only a sine coupling function:

3%k _ 7 sim o
3c = % sinlg< g = (2.9)

<=1

where @ is the phase of oscillator =,d is the normalized frequency of oscillator
=, is the global coupling strength, and # is the number of oscillators. By
considering an in nite population of mean- eld coupled oscillators, and de ning
the order parameter, A, such that

48%_ (2.10)

Kuramoto was able to exactly solve for A as a function of the coupling strength,

, for symmetric distributions of | = [8, 9]. What he discovered is that there is a
second-order phase transition from an incoherent, unsynchronized state (A = 0) to
a frequency synchronized state (A j 0) at a critical value of the coupling strength.
Above the critical value, more and more oscillators become frequency entrained
with the coherent group until they all reach a common frequency [10]. This critical
value of the onset of synchronization is a function of the spread of the frequencies.

The Generalized Kuramoto Model
The Kuramoto model (2.9) can be generalized to arbitrary networks and written as

30 @ |
b -, —<Sintg q=° (2.11)
3C _
<=1
where =< 2 R*# de nes an arbitrary adjacency matrix and coupling strengths,
relaxing the conditions of uniform mean- eld coupling. Both (2.9) and (2.11) have
been extensively studied for di erent network topologies, variations of the coupling

strengths, and variations of the frequency distribution.

One simpli cation that has been explored is the case of identical natural frequencies:
| - =18=. Noting that the average natural frequency can always be removed by
applying the transformation-g q - IC, wherel is the mean natural frequency.
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This case is unique because the dynamics are a gradient system [11]; thus, we can
de ne a Lyapunov energy function of the form

€
+ = =<Cos'ax q -=° (2.12)

<=1
such that 3g*3C = m+emglmportantly, as gradient systems evolve, they always
descend in this potential landscape; therefore, only xed point solutions exist. Even
with this level of simpli cation, there are still unanswered mathematical questions.
For example, there is a long line of research searching for the limit of connection
density at which only the in-phase synchronized state is stable [12 16]. The gra-
dient nature of this dynamic also makes it amenable for di erent oscillator-based
computing schemes which rely on energy minimization, as will be introduced in
Chapter 3. For a more detailed review of the history and developments around the
Kuramoto model, see [17].

Explosive Kuramoto Model

By ensuring the proper parameter settings and network conditions, it is possible
to engineer rst-order, explosive phase transitions in coupled oscillator networks
[18 22]. First-order transitions are characterized by an abrupt jump from disorder
to order at a critical coupling strength. Typically, such a transition is manifested by
weighting the coupling strength to a node according to the nodes connectivity, natural
frequency, or both. Explosive phenomena are interesting because they manifest as
extreme state changes resulting from small, continuous parameter variation. Such
criticality may play an important role in many natural phenomena, such as the
spread of an epidemic [23], or may also be useful for engineering critical dynamics
for computation [24]. There are many possible constructions, but one interesting
model which was studied in [20] is given by

30- _ jl -9 - .
3¢ = T —<Sink q = (2.13)

<=1

where _ is a global coupling strength andis the degree of node =. Here, the
coupling is weighted by each oscillators intrinsic frequengy, By choosing | from

a normal distribution with standard deviation f, such that! N0-%°and -< to

be an Erd®s Rényi random graph, this model can support explosive synchronization.
An Erd®s Rényi graph is a random graph where each edge between N nodes has an



Figure 2.2: Explosive Synchronization. Up and down sweep of the global
coupling parameter demonstrating explosive synchronization.

independent probability of being created, given by ?. To illustrate the dynamics,
we generate an Erd®s Rényi graph with 500 nodes and ? = 02, giving an average
node degree of approximately = 40. Using this graph, we simulate the dynamics
with f = 1 while increasing and then decreasing _ between 0 and 4. Plotting the
resulting order parameter, A, in Fig. 2.2, we observe a clear region of hysteresis,
indicating a rst-order transition.

This is just one example of an explosive transition and there are many other possible
models exhibiting such dynamics [25]. In this case, the rst-order transition is
robust and exists across a wide range of the parameter space.

The Generalized Kuramoto Sakaguchi Model

In 1986, Kuramoto and Sakaguchi extended their model to include a constant phase
shift in the coupling [26]. The generalized version, which we will refer to as the
Kuramoto Sakaguchi (KS) model is given by (2.14)

_ €
39 =1 -, =< Sintgk q =, k° (2.14)
3C 1
G h i
=1 -, =< Sinlg« g :=°,Wcoslq q-=°- (2.15)
<=1

where k is the phase shift of the coupling. The equation can be rewritten as (2.15)
where =« = -<cosk and W =tank. This model is no longer a gradient system
due to the cosine coupling term. Thus, even with uniform its solutions can
include more complex, nonstationary attractors, as opposed to only xed points. This
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phase lag can arise from real-time delay in the interaction between two oscillators,
or it can manifest naturally in amplitude-phase models which have no time delay.
We will see how this arises from phase reduction in the next sections.

2.3 Reactively Coupled Oscillators with Saturated Feedback

Finally, we introduce a model for a saturated feedback oscillator, which will describe
the experimental system used in this work. It has been previously studied in [27,
28] and is similar to the Stuart Landau model but with a saturated feedback instead
of a quadratic nonlinear dissipation. The model is derived in Appendix A by using
secular perturbation theory:

3 = l = l . . V =<
- = -~ - ~ :,8 | :,U:J :Jz =, A (2.16)
) 2j 4 2 2, =
where - = 0-4%% is the complex value representing the phase and amplitude
of oscillator =, |- is the normalized intrinsic frequency deviation of node = (see

Appendix A for details), Uis the quadratic amplitude-frequency coupling strength,
V 2 C is the inter-node coupling strengthy< is the inter-node adjacency matrix,
and :- # < is the input degree of node =. We examine the case of purely
reactive coupling, which corresponds to V being purely imaginary by the convention
adopted in (2.16). Additionally, we let_ = Im1V° be the magnitude of the reactive
coupling strength so that positive _ de nes attractive coupling (see Appendix B).
After splitting the equation into real and imaginary components, we get two real-

valued, coupled equations for the amplitude and phase

0 _ 1 1 _ @ =< a1 o
0= E EO:3 z __ O< sin & (= (217)
P
0 2 & =< O<
g==1 =, U0z 3 . o—coslq< q = (2.18)
<:1 . = =

Higher-Order Phase Reduction

To elucidate some of the dynamics, we perform a phase reduction by adiabatic
elimination of the fast amplitude variations. The scaled relaxation rate is equal to
1+2in (2.17). In the limit of weak coupling (_ YY 1), we can write the amplitude
and phase of the oscillators as a power series in the coupling strength, _:
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0-=02", 0, 202 o1 % (2.19)

(o]

9g==q,_q",_29>, 01 3. (2.20)

Plugging (2.19) and (2.20) into (2.17) and enforcing the fast magnitude relaxation,

we derive a second-order correction to the amplitude (2.21) which describes slow
amplitude variations resulting from the phase dynamics:

~

0-=1,  —sinlge q°,_ 2 —-—""sinlq q <°sinigk q 2,01 30
< .= <_: . = - <

(2.21)

Plugging (2.20) and (2.21) into (2.18) yields the higher-order phase dynamics (2.22)
up to Ot 2°:

q®=1-,U-
G _n

— 4Usinlgc g -=° coslq< q -°
< =
20 2.n o
s _Z .—2< 2. 2U-coslge ( =Y Sin»2lge ¢ Y4
20 O n

=< =

(0]

NI

Orp

2U.coslq g <° 2U-coslq,q< 2q-° (222)

1N

(0]
.sintg. ,q< 2q-=°,sin'q. q<°
20 O on

4U -cos'q q -=°,4U-cos'q ,q= 29<°

0
sinlg.,q= 29 <° sinlg. q=° -«

This expansion reduces the system to a higher-order phase model valid for any
adjacency matrix, . The full derivation is included in Appendix B. By truncating
atthe rstorder, we get the Kuramoto Sakaguchi coupling, with dynamics given by

n (o]
U=, 5 —— A4Usinlgc q=° cosiq< q=°+  (223)
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Figure 2.3: Higher Order Interactions. Schematic depiction of higher-order
interactions in the phase dynamics.

From the equation, we see that Induces dissipative phase dynamics, and, for
large W the system reduces to the Kuramoto model. At higher orders, there are
emergent multibody interactions between the oscillators, appearing as next-nearest-
neighbor, biharmonic, and triadic terms, which are illustrated in Fig. 2.3. Some
terms arise as a result of nodal nonlinearity while the others arise solely from the
inter-nodal coupling. The equation contains nearest-neighbor (NN), biharmonic
NN, next-nearest-neighbor (NNN), triadic centered, triadic o set, and "other node'
terms.

The form of each term can be understood by examining the coe cient. The fourth
line has a coe cient of -« -. which describes triadic terms containing node

= and two of its nearest neighbors, < and :, if those connections are present.
Interestingly, there is also a term which only contains the phases of nodes : and <.
The last line has a coe cient =< <. which describes triadic terms where there

is a connection between = and < plus a connection between < and another node,
., If those connections are present in the topology. Here, we also see direct NNN
couplings between = and :.

As was shown in [28], these higher-order terms can stabilize exotic states in simple
networks, such as a ring. For complex networks, we expect that as the coupling
strength increases, the higher-order terms should play arole in the network dynamics.



13

2.4 Parametrically Driven Nonlinear Oscillator

So far, we have only introduced an autonomous model for coupled oscillators. But,
in addition to self-feedback, an oscillator can simultaneously be parametrically
driven by external signals. If those external signals are at integer multiples of the
oscillation frequency, the dynamics can be described by [29]

3

)

where is the complex conjugate of , and = is detuning of the drive from the'=
harmonic. In the case of = = 1, the oscillator is subjected to a resonant drive which
injection locks the oscillator. This gives the system a preferred orientation of the
phase. For = = 2—3—4ee¢_the conjugate term describes subharmonic injection locking
of the oscillator. Under this forcing, the oscillator can have multiple preferred phase
states depending on the order of the injection locking.

=>— 8Ujj 2, - T4 (2.24)

]

NI =
NI =

2.5 Previous Experiments: Exotic States on a Ring

The speci c case of a ring was thoroughly studied in experiment by Matheny et al.
[28] and has been the subject of many theoretical papers, such as [4]. In [28], the
authors explored the dynamics across a wide range of nodal nonlinearities, U, and
coupling strengths, jVj, with reactive-repulsive coupling. They found a variety of
experimentally observable exotic states including anti-phase and in-phase synchro-
nization, splay states (rotating waves), inhomogeneous synchronization, decoupled
states, weak chimeras, and traveling waves, among other more complex phenomena
such as a noise driven chimera. Using group theoretical analysis, the authors showed
that the states arise as a result of spontaneous symmetry breaking and each state,
with a few exceptions, is associated with an isotropy subgroup of the underlying
physical couplings aring composed with time translation symmetry (the 1-
torus). In other words, each state is invariant under the action of the generator of
the subgroup associated with it, de ning the invariant subspace. A key nding of
the paper is that not all of these states appear to be stable for large U and small jVj;
instead, they arise as a result of higher-order, multibody interactions which emerge
naturally as the coupling strength is increased above the small coupling limit. Hence
the conclusion: exotic states can arise even in simple networks which have linear,
pairwise, nearest-neighbor physical coupling.
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2.6 Conclusion

We introduced a variety of canonical models of coupled oscillators and highlighted
the key features of each which are relevant to this work. Then, we introduced the
amplitude-phase model which describes these experiments and derived its higher-
order phase dynamics. We will reference these models throughout the text.
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Chapter 3

COMPUTING WITH NANOMECHANICAL OSCILLATORS

In this chapter we introduce some methods for computing with coupled oscillators.
We focus on two of these which we call annealing and reservoir computing. Be-
yond these two, associative memory has been of considerable interest and may be
amenable to implementation on coupled oscillator platforms [30 43]. Many other
methods for implementation and training oscillatory computers have been suggested
[44 46] but are beyond the scope of this discussion; see [47] for a review. There are
still many challenges and open questions on both the algorithmic side and the hard-
ware side of the problem. To bring these methods to life, particularly for commercial
applications, there is a substantial amount of research left to do.

3.1 Background

Most modern-day digital computers operate using the von Neumann architecture.
In this architecture, the processor and memory are separated such that on each
computational cycle, the processor must fetch the data from memory, perform the
desired operation on that data, and then store the result back to memory. This
occurs sequentially on one or many shared buses, creating what is known as the
von Neumann bottleneck. This approach has proved to be remarkably powerful
for building general-purpose computing machines. But, it is ine cient due to its
inherently sequential operations. However, computers have continually improved
because the underlying hardware, i.e., the number of transistors in a processor and
the speed at which they operate, has exponentially improved over time. In recent
decades, those trends have slowed or halted [48], leading companies and researchers
to search for performance improvements by other means.

Without turning away from the CMOS-digital paradigm, a number of improve-
ments can still be found in hardware, software, and algorithms, as reviewed in
[49]. In hardware, modern central processing units (CPUSs) o er a high number of
cores, multiple memory channels, and advanced execution routines, alleviating the
communication bottleneck. Additional specialized processors such as graphics pro-
cessing units (GPUSs) or tensor processing units (TPUs) have been developed which
are inherently more parallel and enable performance boosts for common operations,
particularly for linear algebra. These developments represent the beginning of the
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transition away from general-purpose computing hardware and towards specialized
processors which are faster and more energy e cient.

In addition to the specialization of CMOS-digital processors, there has also been
renewed interest in entirely novel computing methods based on new types of devices
and novel computing architectures. This is driven not only by the stagnation of
CMOS-digital technology, but also by shifting computing demands, such as the
explosion of energy consumption by large language models [50] or the demand for
computing at the edge [51]. Under this research umbrella, there are many topics
ranging from building logic circuits with low-power and high-speed analog devices
to in-memory computing with exotic materials. These schemes fall under many
categorizations in the literature, such as neuromorphic computing, brain inspired
computing, thermodynamic computing, and physical computing. Inthe next section,
we provide a few factors that must be considered to build such a computer.

Considerations for Analog Computing

For an analog computing system to be useful, it must surpass the existing technology
principally CMOS-digital processors in one or more metrics, such as speed,

power consumption, accuracy, bit precision, footprint, security, cost, versatility, or

robustness.

One important consideration for special purpose analog hardware is that the need
for high precision must be relaxed. Analog hardware will likely never compete
with the allowable precision of modern digital processors, but there are many
applications for which low precision or stochastic computations are acceptable or
even superior. Successful analog computing approaches will likely focus on low
precision computations or tasks which may bene tfrom thermodynamic uctuations
as opposed to suppressing them. For the case of optical computing, [52] provides a
thorough review of such considerations and how analog optical computing may rise
to a practical technology.

In terms of computational speed, computing tasks can be roughly divided into two
categories: tasks where we want the answer as fast as possible, such as optimiza-
tion, scienti c computing, and communication, and tasks where there is a natural
timescale to the problem and exceeding that timescale garners no additional bene t,
such as feedback control, speech and image recognition, and prediction. To give a
concrete example, say you want to turn on your TV with a voice command. There

is a limit on the frequency content of the human voice and it takes a certain amount
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of time to say a voice command. Thus, you do not need to sample and process
the data at GHz frequencies if you have a highly e cient and parallelized voice
recognition system which operates only su ciently fast. In fact, the human brain
is very slow compared to any modern computer. Timescales for sensory perception
and cognition range from the exceedingly slow, around 0.5 Hz for motor function, to
as fast as 20 kHz for processing directional hearing cues [53]. These slow operating
speeds are compensated by the approximately!! 1@urons which are intercon-
nected by 10" synapses [54], all working in parallel with integrated memory and
processing. The human brain may not be optimal for all computing and control
tasks, but it is highly e cient for computing in its surrounding environment and
exempli es how relatively slow networks can e ciently process information via
parallel in-memory computation.

3.2 Annealing for Combinatorial Optimization

Combinatorial optimization describes a class of problems where we seek an optimal
solution out of an exponentially large set of possibilities. Many of these problems
are in the NP-hard complexity class, and there is no known algorithm which can
solve them in polynomial time. Only a subset of them, the NP-complete class, have
solutions which can be veri ed in polynomial time. While it has not been proven
as of this writing, it is generally believed that % < #% and that no polynomial time
algorithms will be found to solve NP-hard problems.

A common example is the traveling salesman problem, where we seek to nd the
minimum length path between a set of # locations which have an arbitrary spatial
layout for example, visiting the capital city of every country in the world. There

are also many examples formulated as graph partitioning problems, such as MAX-
CUT. In this case, we have a graph, +— ©, with + vertices and edges. We
wish to divide ("cut") the graph into two groups such that the maximum number
of edges cross between the two groups. These problems can be binary or weighted
and have many practical applications ranging from vehicle routing and logistics
to resource allocation. They also show up in fundamental physics and computer
science. However, as the problem size grows, von Neumann computers are not
well suited for tackling their exponential complexity. Thus, we seek alternative
algorithms or computing hardware which will aid in nding high-quality solutions

to these types of problems.
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Many of these NP-hard problems can be formulated as nding the ground state of
the Ising Hamiltonian after a mapping which incurs no worse than a polynomial
complexity penalty [55]. The Ising Hamiltonian with an external eld is given by
o) 0
= -< BE -B (3.1)
1=_<0Q 8

where Bis the £ spin, =< is the ferromagnetic or anti-ferromagnetic coupling
between the spins, and: is an optional external eld. There are many classical
algorithms which attempt to nd the set of spins which minimizes the energy, .
Alternatively, researchers are working on a number of technology platforms which
harness the intrinsic physics of an engineered system to nd low energy states
of this Hamiltonian for a given-<. These are called Ising machines and they
rely on engineering interactions between arti cial spins. There have been many
demonstrations including many examples using optical parameter oscillators [56
58], superconducting circuits [59, 60], electronic oscillators (ring, LC, relaxation)
[61 65], and non-equilibrium polariton condensates [66 68]. Each platform uses
di erent physics to emulate and couple the spins; for a review of Ising machines
and the various hardware platforms, see [69].

In addition to the physics, there must be a protocol or annealing schedule that has
to be followed to ensure that the optimal solution or a semi-optimal solution is
found as opposed to a potentially high energy local minimum. Because polariton
condensates have highly similar dynamics to oscillators used in this work, we will
review the method proposed by Kalinin et al. [67]. With slight modi cations to their
notation, they describe the physics of # spatially separated polariton condensates
by the following equation

3 = _ W f. .2 8*. .2 G 1: lO b lCO 3 2
3C- - [ o= =, =< <, =g b= (3.2)
<=1
<<=
where - = PO48% is the complex amplitude of the“*=condensate, Dis the

number density, gis the phase, -M¢ the e ective gain, f is the nonlinear dissi-
pation, * is the in-site interaction strength,-< is the inter-site coupling, .= is

the parametric pumping strength at the harmonic, andx is a Langevin noise.
With the addition of coupling, this equation has a one-to-one correspondence with
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the Stuart Landau model described in (2.8) because they are both gain-dissipative
systems with quadratic nonlinear in-site interactions and quadratic nonlinear dissi-
pation. The parametric term has one-to-one correspondence with the parametrically
pumped feedback oscillator (2.24). Importantly, Kalinin et al. propose adiabatically
turning the system on by increasing the gain and coupling according to (3.3) and
(3.4)

3\

- = 1 _o

3¢ = N0n 0- (3.3)
3 -

35 = A < =<° (34)

where @ is the threshold number density, n is the gain adjustment rate, and i is the
coupling adjustment rate. By turning on the gain and coupling exponentially slowly,
they show that the system nds xed points which correspond to the ground states
of the Hamiltonian given by (3.5):

~ ~ ~

G O Lo 1 €
H= =<COSCG< d .= cost:q-=° (3.5)
==]1<=]1 ==1
<<=
where for : = 2 this corresponds to the Ising Hamiltonian, and for : j 2 it

corresponds to the k-state planar Potts Hamiltonian. The important part here is
that by turning on the coupling adiabatically, the system is able to nd the global
minimum. To guarantee the optimal solution, the system must be turned on in nitely
slowly. In practice, that is not possible and the system does not always nd the
optimal solutions. This is one proposal for an annealing algorithm, and for more
details about the experiment and modeling, see the paper [67]. Other protocols for
an annealing schedule have been proposed and implemented [56, 59, 64]. They
often depend on the underlying physics of the hardware being used and can strongly
in uence the time to solution and solution quality.

To date, an Ising machine utilizing direct feedback nhanomechanical oscillators has
not been demonstrated. But, it is possible that NEMS networks may be suitable to
building energy e cient and versatile Ising machines in a compact footprint.



20

Figure 3.1: Reservoir Computing Overview. A schematic depiction of the
reservoir computing concept. From left to right: the input, -1C° is injected into
the network via one or many nodes. The network evolves under the in uence of
the input. Then, a linear map, F, can be learned which minimizes the di erence
between the output, 51CP°, and a target function, M1C°.

3.3 Reservoir Computing

A reservoir computer (RC) is a type of recurrent neural network (RNN) where the
network is composed of a xed high-dimensional nonlinear system which maps an
input into a nonlinear feature space from which a linear map can be used to learn a
desired target function. The conceptis illustrated in Fig. 3.1. The idea s straightfor-
ward compared to training a full RNN and amenable to physical implementations.
As a result there has been a lot of interest both theoretically and experimentally
in realizing practical reservoir computers to implement low-power computing and
edge Al applications, among others. RC is well suited for analyzing sequential
data, such as for time series prediction or speech recognition. But, it has also been
implemented for image classi cation and other non-time-domain tasks.

Agnostic to the form of the RC, the advantages of the reservoir computing scheme
are many-fold. Firstly, the reservoir is xed, which negates the need for complex,
compute intensive algorithms necessary for training the network parameters. This
also reduces the hardware complexity needed to implement the scheme. In many
cases, the number of required network connections scales'&® @s opposed

to O #2 in cases where all edges need to be trained. The training is also easy
to implement because only the linear map at the output is trained, which can be
done e ciently with regularized least squares regression. Finally, the reservoir can
multitask: a single set of states from a network can be used to compute multiple
output maps which compute di erent functions from the input data.

On the other hand, there are a few drawbacks to reservoir computing. Firstly, the
hyperparameters of the network must be carefully chosen for the computer to work
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well or at all. There are a number of papers describing optimal reservoir recipes
[70], but there is still a lack of theoretically grounded, rigorous methods that can
robustly guide practitioners in choosing performative hyperparameters. Across all
aspects, researchers have yet to converge on universal principles, with one of the
most prominent being whether or not RCs perform best at "the edge of chaos' or
“edge of stability’ [71 73]. Another drawback is while the reservoir is capable of
multitasking, it is not optimized for any speci c task. Thus, higher accuracy may
be achieved with a successfully trained RNN.

For a reservoir computer to operate well, it must satisfy a few requirements [74]:

1. Nonlinearity: the network or readout must contain nonlinearity in order to
faithfully reproduce strongly nonlinear mappings and classi cations, as well
as nonlinear dependencies in time series prediction problems.

2. Requisite complexity: The reservoir must generate a su ciently complex set
of nonlinear features from the input process. The complexity is tied to the
nonlinearity and e ective dimensionality of the reservoir.

3. Fading memory/echo state property: the network must forget inputs from
su ciently far in the past.

4. Separation: the reservoir must be able to di erentiate inputs of di erent
classes. But, it should still keep nearby data points together. This is closely
related to the complexity.

5. Uni larity/determinism: in general, a reservoir should evolve deterministi-
cally, but nondeterministic evolution is an ongoing topic of research.

For a more detailed review of the concepts, see [73].

We de ne two types of reservoir computing: conventional and physical. Con-
ventional RC describes standard implementations of reservoir computing, typically
formulated as echo state networks (ESN), which are often simulated on digital com-
puters. Physical reservoir computing (PRC) describes the idea of using physical
systems to act as the reservoir and can have widely varying technology platforms,
dynamics, and architectures. Next we review these two approaches and introduce
simple case studies to illustrate important concepts.
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Conventional RC: The Echo State Network
The typical RC scheme [75 77] has a setup which looks like the following:

rg1=11 U°rg, UAr g, W 8%, b° (3.6)
yg1 = WPfg (3.7)

with rg 2 R3¢ being the discrete time reservoir states of dimensignA3is the
3a 3 amatrix de ning the reservoir topology, tg;_, R 3sjs the discretized input
process, W is a 3. 3 glinearinput map, b 2 R is a bias vector, is a nonlinear
function, and U is the leak rate. Typically, 11° = tanhI° or ReLul°. WSs the
3c 3 alinear output map.

During the training of an RC, everything (A, b, U,...) is xed except for the
linear output map, \K°¢ However, the xed hyperparameters may need to be tuned
for the reservoir to work optimally or even at all. How to tune these hyperparameters
is a signi cant and open challenge in the eld. Typically, the reservoir is constructed
randomly. For example, in [75], the random processes de ning the reservoir are

gg *1V—\o (3.8)
, 35 *10-We° (3.9)
b = Qe (3.10)

The RC is used for approximating a nonlinear map, , which takes an input, X1C°,
to an outputp*CPO:

91C0 = fX1C . |°g|2» g-0v* (311)
During the training phase, WSs found such that
WP argmin kgt ° R CA%jj3 | [kwijj 3 (3.12)
W
where FA%3 the discrete time reservoir states collected during the training inter-

val, $* ° is the discrete time sampled target, and [ is the Tikhonov regularization
parameter. In the test phase, we continue to evolve the reservoir according to the
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dynamics and the learned mapping; ¥ is used to compute the output. Such a
RC has been shown to perform well on a variety of complex tasks such as chaotic
timeseries prediction and handwritten digit recognition.

This method of reservoir computing is typically carried out by digital simulation,
but could, in principle, be implemented in hardware. However, there are also
other constructions of reservoir computing which may be more amenable to certain
physical systems. In the next section, we introduce PRC for the specic case of
coupled oscillators.

Physical RC with Coupled Oscillators

There are a number of examples of PRCs which utilize the dynamics of coupled
oscillators. On the algorithm side, [78] used a Kuramoto-model-based reservoir
to explore the e ect of synchronization clusters on RC performance; [79] utilized
higher-order synchronization to construct an XOR gate using a two-oscillator reser-
voir; and, [80] proposed a wave-based computing scheme utilizing a generic coupled
phase oscillator formalism. In hardware, coupled oscillators have been used to make
PRCs with spin-torque nano-oscillators [81], nonlinear micro- and nanomechani-
cal resonators [82 84], CMOS circuits, eld-programmable gate arrays (FPGAS),
and photonic systems [85], among others [74]. Most physical reservoirs can be
categorized as continuous media, discrete networks, or single nodes with delayed
feedback. In the latter case, the reservoir is composed of a virtual network. Some
examples of single-node RC systems can be found in [82 84, 86 89]. Alternatively,
perhaps a real network could be constructed using multiple modes of a single device
[90].

Of particular interest for this work is a method of RC introduced by Choi and

Kim in 2019 [24] which utilizes the transient dynamics of an explosive Kuramoto

model. The method is implementable on the coupled oscillator hardware which
will be described later, so we will utilize this method as a case study in RC with

Kuramoto-like dynamics.

In the paper, the authors use a dynamical system which can be described by (3.13):

_ G &
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Reservoir Dynamics Impulse Input
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The rst half of (3.13) de nes the reservoir dynamics which follow that of the
explosive Kuramoto model de ned by (2.13), whereig the phase of oscillator =,

| - are the intrinsic oscillator frequencies, _ is the global coupling parameteis

the adjacency matrix, and-is the degree of node =. The second half de nes how
an input signal is coupled to the reservoir. Here, @ and ¥V are the input amplitude
and time scaling of the input process, -1C%, iX a Kronecker delta which maps the
input solely to the rst oscillator, and X1C ; €is a Dirac delta function describing
the phase impulses at discrete time index, ;, spaced by the interval&call this

the impulse input method. A more complex mask function could be de ned such
that the input is applied to multiple oscillators with speci ed or random weights,
but, here, we limit to the case of one input oscillator.

This RC functions by taking the input (highlighted red) and expanding it into a high-
dimensional nonlinear space;° (highlighted blue). The computing procedure
goes as follows: rst, the oscillator network is synchronized with no input. Then, the
network is driven by the input until the system reaches generalized synchronization,
which is de ned as the condition when the transient dynamics of the coupled system
have decayed such that the driven network state does not depend on the initial
conditions of the network. This is called the warm-up phase. Subsequently, the
states of the network are recorded for 4000 input impulses. With that data, the linear
map is trained to minimize the error between the output and the target function.
This is called the training phase. Finally, we continue to drive the network with the
input and use the state plus the linear map to compute the reservoir's output. By
comparing the output with the target value, the prediction error can be computed.
This is the testing phase.

One of the key features of this RC method is that the impulses excite strong transient
behavior in the system. This may be why it is able to perform computations. The
xed point itself is a simple stationary state of the dynamics, but the complexity
arises from the complex trajectories that the system takes while resynchronizing
between impulses. The authors study the performance of this RC scheme using a
network of 500 oscillators. They explore the performance over a range of parameters
and tasks. Their primary conclusion is that the explosive synchronization model
outperforms a non-explosive model due to the increase in criticality.

Towards the goal of PRC with nanomechanical oscillators, we replicated the scheme
and studied the performance over a variety of hardware-realistic system parameters.
Fig. 3.2 shows an example of the performance of a 100-node network as the global
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Figure 3.2: Explosive Kuramoto RC _ Sweep. Example performance of 100
node explosive Kuramoto model-based RCs with _ ranging from 0 to 5. (a) Plot of
the order parameter, A, as the global coupling parameter is increased. (b) Plot of
the mean square error (MSE) for training and testing of the RC for each value of _.

coupling parameter, _, is increased from 0 to 5. The input to the RC is the time
series of the Mackey-Glass delay di erential equation (DDE) and the task is to
predict the value of the time series 10 units in advance. The network is constructed
with the Erd®s Rényi method such that the average connectivity-issh8. The
frequencies are chosen from a normal distribution with a standard deviation of 1
such that |- N10-1°. We use 4000 training points and 1000 testing points. The
linear map is trained by Tikhonov regularization with regularization parameter of
1024 . Each data point represents an independent RC experiment following the
described procedure.

In Fig. 3.2(a), the order parameter from the undriven reservoir, A is plotted. The
sharp increase around _ = 2«3 marks the synchronization transition. In Fig. 3.2(b)
the training and testing error are plotted, and a sudden improvement is observed
above the synchronization threshold. We found similar results to those reported
in the paper. However, in one-to-one comparison tests, we could not replicate
the quantitative error values reported, and we do not know what the source of
discrepancy is. Regardless, we found that this is potentially suitable and useful
algorithm for the hardware that we will introduce in this work.
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3.4 Conclusion

Here we introduced some concepts in computing with coupled oscillators and ex-
plored two speci c approaches from the literature: Ising machines and reservoir
computing. While not yet achieved in this thesis, we aim to map the dynamics of
coupled nanomechanical oscillators to these physical algorithms.
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Chapter 4

PIEZOELECTRIC, FLEXURAL-MODE NEMS RESONATORS

Atthe heart of the proposed network of nonlinear oscillators is a nonlinear resonator.
The linear and nonlinear vibrations of the device determine the resulting network
dynamics and must be carefully understood and controlled. With this in mind, we
developed a wafer-scale fabrication method for two-port piezoelectric membrane
resonators based on thin- Im aluminum nitride (AIN). The devices have high quality
factor (Q), strong sti ening nonlinearity, and large frequency tuning via DC bias. In
this chapter, we overview the design, fabrication, and characterization of individual
resonators and examine statistics from 375 measured devices. Two SEM images
and the material stack of the nalized devices are shown in Fig. 4.1.

4.1 Background

To build intuition about exural mode mechanical resonators, we start by deriving
the linear and nonlinear properties of a 1D beam from the continuum mechanical
model. Then, we overview the 2D case of a membrane clamped on all edges.
Finally, we introduce two frameworks for understanding the full electromechanical
model of the device: the modi ed Butterworth-Van Dyke (mBVD) model and the

Figure 4.1: Device SEM and Material Stack. (left) material stack of the device,
consisting of a seed AIN layer, a bottom Pt layer, an active AIN layer, and a top Pt
layer, all on top of a sacri cial Si@layer on a Si handle. (middle) Angled (52

and (right) orthogonal SEM images of the membrane resonator. A white dashed
square represents the undercut area after release.
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responsivity model. For a detailed treatment of these topics, the reader is referred
to [91 93].

1D Vibrations of Clamped-Clamped Beams
Following [94], the continuum mechanical equation of motion for a doubly clamped
beam with Young's modulus, E, second moment of inertia, |, pre-tensioorgss-
sectional area, A, length, L, and density, d, is

1

r Jo. 51 /123Gr? ,d —=0 (4.1)
: 0

m&

where /1G—-C?° is the displacement of the beam in the z direction as a function of
position along the beam, x, and time, t. r = memG is the gradient with respect to x.
The integral term added tg)is an arc-length (amplitude) dependent tension term
[29]. The boundary conditions for a doubly-clamped beam are /10° = /I° =
r/10° = r/11° = 0. To solve this equation, we apply the separation of variables
ansatz:

_1GOLLC® (4.2)

where -'GP?isthe shape and'C° is the time dependence of mode =. If we consider
only the rst mode, = = 1, and assume a mode shape of the form

2¢G
11G°=1 cos = (4.3)

we can integrate out the spatial dependence, giving an ordinary di erential equation
for the time dependent amplitude of the mode [94]:

%1Co, I31.1Cco, Ubice =0 (4.4)
where
2S 2
o= 75 3d 4!c2)o 45

and
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U=— == (4.6)

To make the solution realistic, we add a phenomenological damping tegy& 2
to the equation of motion. From there, we can calculate the critical amplitude at
onset of nonlinearity [95] for a beam with rectangular cross-section:

S

02:

2 2
%, )o! (4.7)

1
& c? 3
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where d is the thickness of the beam in the direction of vibration and h is the width
transverse to the vibration.

Here, we have examined the general case of a pre-tensioned beam. However, in
the case that the pre-tension is very large, the restoring force due to bending can
be ignored. In this case, it is called a string resonator. From (4.7), we can see
that if ) o is large, the critical amplitude at the onset of nonlinearity becomes large.
Thus, in string resonators, the nonlinearity tends to be very weak. In contrast,
thin beams tend to exhibit strong nonlinearities. Ref. [94] examines the onset
of nonlinearity and resulting dynamic range in multiple types of beams, such as
single wall carbon nanotubes and silicon carbide resonators. Typically, low onset
of nonlinearity is seen as detrimental because it reduces the linear dynamic range
of a device. However, low amplitude at onset of nonlinearity may be an advantage
of nanomechanics for building low-power analog computers. Many of the terms
in (4.7) are not independent, so it is hard to draw absolute conclusions and each
case must be analyzed independently. However, this equation serves as a guide for
designing nonlinear nanomechanical resonators.

2D Vibrations of Thin Plates

In this work, we utilized membranes which are clamped on all edges. The continuum
mechanical equation for vibrations in the 1D case (4.1) is readily extended to the
2D case. Following [93], it can be written

or%r? Yy 2% .d %w (4.8)

where / ! /*G—H-C¢ is now the out of plane displacement as a function of x, y, and
t. Here, r? = nfemG_ m2smH s the Laplacian operator. There is still a contribution
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from bending, a contribution from tension, and an inertial term. However, inthe
bending term is replaced witho, which is the exural rigidity of a plate, given by

3

= 4.9
1211 a?° (4.9)

%

where a is the Poisson's ratio of the material. The 2D clamped boundary conditions
are given by

/1G—-H° = /1G-H° =0 (4.10)
G=0-! H=0-!
m/ m/
e = — = Qe (4.11)

mH
G=0-! H=0-!

The devices used in this work fall in the intermediate regime where both bending
and tension are relevant, but, for brevity, we refer to the devices as membranes.

The nonlinear coe cient for the rst mode of a square membrane is given by [96]

Uus=— = (4.12)

which scales similarly to a beam. In practice, solving (4.8) with realistic device
geometry is impractical. We use the analytical solution as a guide, but ultimately
utilize nite element modeling for the design of the devices.

Beyond the analytical analysis, in this work we used 2D resonators for multiple
reasons. First, when releasing a beam via isotropic etching, there is typically a ledge
leftover on the support which perturbs the primary exural modes and introduces
spurious modes. This is undesirable, and, as will be seen, is circumvented with
membranes. Furthermore, as derived in [92], a membrane of length ! is sti er
than a beam of the same length and is expected to have a larger electromechanical
coupling which means less insertion loss at the same frequency. Finally, membranes
have already been successfully demonstrated in similar past experiments [27], sO
we follow that method.
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Figure 4.2: Nonlinear Potential. Example plots of the potential landscape for
example parameters j:j = 2, jUj = 0+1. The sign of each parameter is indicated in
the title above each plot.

Variations of the Nonlinear Potential

From the lumped element model (4.4), we can see that the device displacement
behaves like a particle in a potential with the form

1 1
*= Z:G . ZUde 4.13
2 5 4 ( )

This form holds if we only keep the rst term in the Taylor series expansion of
the nonlinear term in (4.1) and reject the odd terms by symmetry. For the devices
developed in this work, : j 0 and U j 0. But, there are other devices with

di erent nonlinearities where this is not always true. For other combinations of the
parameters, : and U, this potential gives characteristically di erent dynamics. To be
clear about the scenario under consideration, we plot the corresponding potentials
in Fig. 4.2 and will quickly review each case.

Case 1 (: j 0—U j 0): the system oscillates about a single stable xed point at
G = 0. As the amplitude of vibration increases, so does the restoring force, leading
to an increase in the resonant frequency of the system. Thus, for U j 0, we call it a
sti ening nonlinearity.

Case 2 (: | 0-U Y 0): assuming that U is small (or G remains small), the system

oscillates around a single stable xed point at G = 0. However, as G increases, the
restoring force decreases, leading to a reduction in the resonant frequency, termed
a softening nonlinearity. In this case, it is also possible that at large enough G, the
system escapes the basin around the center xed point and G diverges. In reality, the
system cannot escape to in nite displacement, and this case would correspond to a
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catastrophic failure of the device. For example, in electrostatically actuated beams,
this is known as the pull-in instability.

Case 3 (: Y 0—U j 0): the negative linear sti ness leads to an instability at G = 0.
This is called the Euler instability and arises when the beam or membrane is under
su cient compressive stress §)Y 0) to cause buckling. In the potential, the system

has two stable states which are separated by an energy barrier. Such dynamics have
been studied theoretically and have been engineered in nanomechanical resonators
[97, 98].

Case 4 (: Y 0-U Y 0): the system has no stable xed points. We are not aware of
any study where this case is physically meaningful or realized in experiment.

The resonators used in this work follow the dynamics described by the rst case,
:j 0and U j 0. Thus, there is no inherent bistability in the displacement
of the resonator, but we will see shortly that there is bistability in the amplitude
dynamics when it is driven in the nonlinear regime. These are distinct phenomena.
Henceforth, case 1 is what we mean by a nonlinear resonator, and, for clarity, we
will avoid referring to it as a du ng oscillator because that terminology is often
associated with case 3.

Nonlinear Vibrations

Using the Galerkin method [93, 94], the continuum mechanical model introduced
in the previous sections can be solved to construct a lumped element model for
the driven nonlinear dynamics of the device (at least for the 1D case). We assume
(and later con rm experimentally) that the dynamics of the device are accurately
captured by truncating the nonlinearity after the rst symmetric term and neglecting
any nonlinear damping, yielding the equation for a du ng resonator

<%G, wgig ~6 Y% Tosll 3C° (4.14)
which can bﬁﬂ]dlmensmnallzed with the substitutions G #&and C = [o€,
where | > = & < s the linear natural frequency. This yields the nondimensional
equation of motion

1
6,26.G, &= costIC® (4.15)
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where | = | 3¢l . The dynamics of this equation are well studied in theory
and experiment. Following [29, 95], we de ne the small parameter n = 1¢& and
solve (4.15) using secular perturbation theory. For more details, see the references
or Appendix A. The result is a complex di erential equation which describes the
slow-time evolution of the driven resonator as a function of the drive strength and
frequency:

= 8>jj% 8 %648) (4.16)

1
2°°8

00|00
~

where =01)°4899°48) s a complex number describing the slow time evolution

of the oscillator's amplitude, 0, and phase, q;) = nC is the slow time scale; and is
the detuning of the drive frequency from the linear resonance frequency, such that
| =1, n. By splitting (4.16) into real and imaginary parts and solving for the
steady-state dynamics (30+3) = 0—3q3) = 0) [29], we can derive the amplitude
and phase response as implicit functions which depend on 6 and . The amplitude
response is given by solving

6
0% = > (4.17)
2 202 1

5

for 0. Following that, the phase response can be directly computed for any particular
value of a:

taniqg® = 2—1302- (4.18)
4

To visualize the behavior of (4.17) and (4.18), we numerically solve for the solutions
to (4.17) using a root- nding algorithm for di erent values of 6 and and then
plug them into (4.18). The resulting family of curves represents the steady-state
response of the system to a varying drive and is plotted in Fig. 4.3. Solid lines
represent stable branches, while dashed lines represent unstable ones. We can see in
both the amplitude and phase that there is a critical drive strength where the system
begins to exhibit multistability. Above this critical drive, if we sweep the frequency,
the system goes through two saddle node bifurcations, one at the beginning of the
bistability region and one at the end.



34

Figure 4.3: Theoretical Du ng Response. Plot of the theoretical steady-state
response of a driven resonator with du ng nonlinearity, given by (4.17) and (4.18).

The curves are plotted for 6 = 0¢1— 08— 2—6—20. Solid lines are stable branches and
dotted lines are unstable.

In experiment, this manifests as a region of hysteresis. In a quasi-static increasing
frequency sweep, the device will follow the upper branch until dropping to the
lower one after going through the high-frequency bifurcation point. Alternatively,
in a quasi-static downward sweep, the response will follow the lower branch until it
jumps to the upper branch at the lower frequency bifurcation point. The phase will
follow the corresponding phase curve.

The key feature for this work is that if we connect the peak of each upper branch
curve, we get a line called the backbone curve. This backbone curve reveals that the
nonlinear resonance frequencyy,lis a quadratic function of the drive amplitude:

| A/ 62 Furthermore, when the drive is weak the slope of the backbone curve
is nearly vertical, indicating there is very low coupling between the amplitude and
resonance frequency. However, as the drive increases, the coupling between the
amplitude and resonance frequency increases. This causes amplitude uctuations to
be converted into frequency uctuations. This coupling can be useful or detrimental
depending on the application.
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It is important to note that this backbone curve is a xed function of the device
geometry. In a particular device, the geometric nonlinearity, 4, is usually not
tunablel! However, the e ective amplitude-frequency coupling can be tuned by
changing the operating point of the resonator along the backbone curve.

Piezoelectric Actuation and Detection

In this section, we will overview the operating principles of exural mode devices
fabricated with thin- Im AIN. For a more complete discussion of piezoelectric mate-
rials, devices, and modeling, see [92, 93, 99]. For more details about similar NEMS
resonators based on AIN thin- Ims, including a derivation of the actuation and
detection e ciency, see [100 103]. This discussion follows from those references,
with adaptations for the devices used in this work.

The device is a 4-layer laminate membrane. From the bottom up, it is composed
of a structural AIN layer, a bottom electrode layer, an active AIN layer, and a top
electrode layer, as shown in Fig. 4.1. The top electrode is patterned to create two
ports, one for actuation and one for detection. The bottom electrode covers the
whole device and serves as ground. The full fabrication process is described in
Y4.2.

Fig. 4.4(a) shows a schematic cross-section (not to scale) of the device with each
layer labeled by the material. For clarity, no release holes are depicted in this gure,
but the suspended area is formed by etching the underlying I8j@r, as shown.

This frees the membrane to vibrate in its mechanical eigenmodes. Fig. 4.4(b) shows
an expanded view of the suspended area of the device. To actuate the rsteigenmode,
a voltage, 35 is applied to the input electrode in the center. This applies an electric
eld, ®across the active AIN layer underneath that electrode which induces a
localized polarizationd®, in the active piezoelectric layer. Through the reverse
piezoelectric e ect, this generates a strain, ®, both in and out of the plane via the
331 and 33 piezoelectric coe cients, respectively. The primary actuating force,
however, comes from the in-plane strain resulting from thec8e cient. Due to

the clamped boundary conditions, this strain results in a stress, and, importantly,
that stress induces a bending moment because the active AIN layer is not symmetric
about the neutral axis of the beam. Thus, by applying a time-varying voltage to the
input electrode, we can e ectively actuate motion in the membrane. If we apply

LAlthough, there are many demonstrations of devices with in situ tunable nonlinearity which
have been reported in the literature.
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Figure 4.4: Piezoelectric Actuation and Detection. Schematic outline of the
actuation and detection principles of the device. (a) a cross-sectional view (not to
scale) of the device without showing the release holes. The top Pt layer shows the
etched trenches which separate the input and output in the full 3D device geometry.
The SiQ layer at the bottom is etched away to suspend the device. (b) an expanded
view of the suspended part of the material stack showing the transduction physics
starting from the applied voltage on the left to the transimpedance readout ampli er
on the right. The neutral axis is shown to underscore the asymmetry of the active
AIN layer. (c) a cartoon showing the mode shape of the rst eigenmode of the
membrane. Red arrows and labeling indicate the stress occurring above the neutral
axis during upward de ection.



37

a sinusoidal voltage at a mechanical resonance frequency of the device, we can
e ectively actuate that mechanical mode.

The resulting motion produces a strain in the active AIN under the readout electrode.
That strain induces a polarizatio#®, through the forward piezoelectric e ect. If

the device has some time-varying motion, the changing polarization creates a dis-
placement current that can be read out with a transimpedance ampli er (TIA). The
result is a two-port device which has an electrical input and electrical output, but the
properties are determined by the mechanical eigenmodes. This forms an electrome-
chanical Iter which adopts the linear and nonlinear properties of the mechanics.
Only electrical signals which are near the mechanical resonance frequency will be
passed through the device.

In Fig. 4.4(c), a side view of the rst mechanical eigenmode of a square membrane
is shown. The geometry of the electrodes seen in Fig. 4.1 is designed to optimally
excite and detect this rst mode. As indicated, during upward de ection and for
regions above the neutral axis, we expect compression near the edges and tension in
the center. In downward de ection, there is compression in the center and tension
on the edges. In designing the size and extent of the electrodes, the target mode for
actuation and detection must be considered.

This actuation scheme enables direct, bipolar tuning of the linear resonance fre-
guency by applying a DC bias voltage to the input electrode. Importantly, the DC
voltage directly a ects the sti ness of the device, allowing for strong tunability with
minimal secondary e ects [101]. This is in contrast to other tuning methods, such
as electrostatic or electrothermal where the tuning is not bipolar and often strongly
a ects other properties of the resonator or the transduction.

Framework 1: The BVD Model

Itis common to model electromechanical resonators using a lumped-element equiv-
alent circuit model called the Butterworth-Van Dyke (BVD) model or modi ed
Butterworth-Van Dyke (mBVD) model. The BVD model has two parts: (1) a me-
chanical resonance branch consisting of a resistangea' capacitance, <, and

an inductance, L; and (2) an electrical shunt branch consisting of a capacitance
between input and outputy. The mBVD model includes two additional terms,

to model dielectric loss andgto model resistive losses in the contacts. Fig. 4.5
shows the mBVD model with g being split into its input and output components,
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Figure 4.5: mBVD Model. mBVD electrical circuit model with parasitic capaci-

tance. '«, <,and!< make up the motional branchgand ¢ make up the shunt

branch. 'g;and 'gsare the input and output electrode resistances, respectively.
21 and 9, are the input and output parasitic capacitance, respectively.

Figure 4.6: Responsivity Model. Schematic representation of the responsivity
framework. The left box represents the coupling between the electrical input and
resulting mechanical force. The middle is the nonlinear dynamics of the mechanical
mode. The right box is the conversion from the device's velocity to output voltage,
including the electromechanical responsivity, > and the responsivity of the TIA.

' giand 'g2 The gure also includes parasitic capacitance terms on the inpyt,
and output, ,». For a detailed analysis of this model, see [92].

The advantage of using an impedance model is that it can be directly t to network
analyzer measurements done in the lab and used in electrical circuit modeling.
This is particularly advantageous for Itering and oscillator applications where the

extracted electrical parameters can be used to design complex lters, interfacing
electronics, or feedback loops. However, it is not straightforward to generalize
the model for mechanically nonlinear devices. Thus, we introduce an alternative
framework, which we call the responsivity model, in the next section.

Framework 2: The Responsivity Model

To conceptualize the electrical transmission of the devices in the nonlinear regime,
we introduce the responsivity model shown in Fig. 4.6. Inthe schematic, the inputis

shown on the left, the mechanical response in the middle, and the output on the right.
This model is only valid near the resonance frequency and for resonators which have



39

su ciently low damping. In other words, it neglects the shunt capacitaneg,n
the mBVD model by assuming that the motional impedance on resonance is much
smaller than the impedance of the shunt branch at that frequency.

In operation, a voltage is applied to the input electrode. That voltage is transduced
into force, , by the input electromechanical responsivity. B= Then, near the
resonance frequency, the shunt capacitance in the electrical model (Fig. 4.5) can
be ignored, leaving a standard second-order di erential equation with a du ng
nonlinearity. The output is a linear function of the velocity of the plate, given by the
product of the output electromechanical responsivity,-Rand the transimpedance
gain, R . Altogether, we can de ne the transmission on resonance (forward
scattering parameter) in dB as

+>

1] .0 =
(21 3°=20log o

. (4.19)

In the linear regime, the mechanics can be solved exactly with a solution of the form

D1Co =*192>B1C q° (4.20)
where
*1]0 — o<
= g . (4.21)
1] 2 | 202 1 %02

jBICo = *1°0 = g (4.22)
112 | 202 1!l:lo2
= &
on resonance, | = | 5, the response amplitude is
&
| gt 2= . (4.23)
<| A

The electromechanical responsivities are primarily a function of the mode shape,
the electrode geometry, and the piezoelectric properties. The responsivity of the
transimpedance ampli er is controlled by the design but can be strongly in uenced

by the device parasitic capacitances. Inthe mechanics, we generally aim to maximize
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the quality factor and the nonlinear coe cient, U. These are a function of the thin-
Im properties, such as stress, elastic modulus, density, and quality.

Collecting the terms, the transmission on resonance can be expressed as

&
(21))dB]/4 = 20 IOgQ) R<—8:R<—>T ° (424)
A

Assuming that the input, output, and ampli er responsivities are linear under large
drive powers, the model can be generalized to include the nonlinearity of the me-
chanics. In this framework, it is easier to conceptualize the contributions to the
overall device performance and to consider those nonlinear e ects. However, it is
not necessarily easy to measure the responsivities or to use this model for peripheral
circuit design.

4.2 Fabrication

The fabrication starts with a 4" h100i high resistivity Si wafer. On that wafer, we
grow a 500 nm thermal oxide to serve as a sacri cial layer during nal release.
Next, we sputter 120 nm of AIN with a 0 W bias, directly followed by 50 nm of
Pt sputtered at 300°C. These will henceforth be called the bottom AIN and bottom
Pt layers. Using a deep ultraviolet (DUV) lithography tool and ion beam etching
(IBE), we pattern the bottom Pt layer to de ne the bottom electrodes. Subsequently,
we sputter 90 nm of blanket AIN at 6 W bias and 300 °C, immediately followed by
75 nm of Pt at the same temperature. These layers will be referred to as the active or
top AIN and the top Pt. After this deposition, the top contacts are de ned by DUV
lithography and IBE of the top Pt. The nal step is to de ne the release holes. We
again de ne them with DUV lithography, followed by IBE of the entire stack down
to the SiQ layer. The wafers are then diced down to the chip level with a dicing
saw. Finally, the membrane is released by a 20 minute long wet etch in 6:1 bu ered
oxide etch (BOE) solution.

While fabrication is not the primary focus of this thesis, there were considerable
challenges that had to be overcome to build successful devices. Brie y, some ofthose
challenges include: (1) engineering the total thin- Im stress such that the devices do
not buckle. Thin-Im AIN is generally a compressive material [104], particularly
when deposited with a bias. That stress must be counteracted by depositing the Pt
with tensile stress. (ll) The layer below the AIN being deposited is very important
for good Im quality. Because we pattern the bottom Pt, itis a non-planar deposition.
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It is not clear how this a ects the Im quality. (Ill) When etching the release holes,
the top and bottom layer can easily become shorted, likely due to re-deposition of
Pt on the sidewalls. This can be alleviated by etching a slightly larger hole in the
top layer before etching all the way through the stack. (IV) Careful attention must
be paid to the electrical characteristics of the device, including shorting between
layers, parasitic capacitance, and resistance of thin- Im electrodes. For this work,
we made the necessary improvements to meet the project goals, but, there is still
room for enhancing the performance.

4.3 Single Device Characterization

The resonant frequency, quality factor, nonlinearity, and DC tunability are the most
important mechanical properties in each device. Following that, we consider the
signal-to-background ratio, the electro-mechanical coupling, and the total insertion
loss.

Linear and Nonlinear Properties

To characterize the devices, we perform two-port transmission measurements. The
frequency is low enough that we can extract the necessary parameters for our ap-
plication without an extensive calibration and without using ground-signal-ground
(GSG) probes. Initial device characterization is done under vacuum (Y 1 mTorr)
using a probe station, as shown in Fig. 4.7. This method allows for rapid char-
acterization of many devices, but it introduces higher parasitic and feedthrough
capacitance than wirebonding. For the measurements, we use a Zurich Instruments
HF2LI Lock-in ampli er to drive and detect the device while sweeping the frequency
and power, essentially acting as a network analyzer. At the output of the device,
we employ a Femto Amp HVA-200M-40-F high-impedance voltage ampli er with

40 dB gain, 1 M [|15 pF input impedance, and 4.5 nVkz input voltage noise.

We minimize the cable length between the output and the ampli er to minimize the
parasitic capacitance.

Each measurement requires three probes: input, output, and ground. For simplicity
and due to availability, single-ended probes are used as shown in Fig. 4.7(c). In a
typical measurement, we apply a voltage to the center electrode, detect the current
on the outer electrode, and ground the bottom Pt layer. We nd that the signal
to background ratio is greatly improved by grounding the bottom Pt. However,
the overall signal on resonance is larger without grounding the bottom Pt. This
e ect arises in these devices speci cally because part of and - (see Fig.
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Figure 4.7: Probe Station Measurement Setup. (a) schematic depiction of the
measurement showing the lock-in ampli er, DC bias, attenuation, and ampli ca-
tion. (b) picture of the probe station vacuum chamber. (c) image of the camera
view of the device being probed.

4.5) contributes to the feedthrough capacitance when the bottom electrode is not
grounded.

Here we consider only the rst mode of each device. Higher modes were measured,
but their characterization is outside of the scope of this document. For each device,
we characterize the linear and nonlinear response and the response to DC bias.
Firstly, Fig. 4.8 shows the device's amplitude and phase response for increasing
drive power from -57 dBm (315 V) to -18.9 dBm (25.3 m¥ys). In this plot,

the frequency is always swept from low to high. Following from the theoretical
analysis in Y4.1, at low drive power, we observe a typical linear resonance response.
From there, we can extract the quality factor of the resonator by tting a modi ed
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Figure 4.8: Single Device Nonlinear Frequency Response. (a) Amplitude and

(b) phase response of the fundamental mode of a single device for increasing drive
power. All curves are quasi-static frequency sweeps from low to high frequency.
Each curve corresponds to a tick mark on the color bar, indicating the incident
drive power at the input of the device.

Lorentzian to the data or by computing the linewidth at half poweg{gbsuch that
& = 5 53¢, Where pis the linear resonance frequency.

Furthermore, in the linear regime, the phase response of the device goes from
25 to 175 asthefrequency is sweptthroughresonance, giving a total phase
response of 150 . The overall o setis due to the measurement setup, and the total
phase shift through resonance is less than 1BBcause of the shunt capacitance,
o. The shunt capacitance also creates an anti-resonance which is not highly
apparent in this device's amplitude response but is what causes the phase response
to increase again at frequencies above the mechanical resonance. Additionally,
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Figure 4.9: Backbone Fit. Measurement data of the nonlinear resonant fre-
guency shift of the device as the amplitude increases. The red dots are extracted
from the frequency sweeps. The blue dashed line is a quadratic t. The left axis
plots the frequency shift in linewidths, and the right axis shows the frequency shift
in Hz.

the shunt capacitance sets the level of signal feedthrough at frequencies far from
the mechanical resonance, called the background. By dividing the amplitude on
resonance with the amplitude away from resonance, we can calculate the signal to
background ratio.

As the drive power increases, the resonant frequency shifts to the right and the curve
skews. Above the critical drive strength de ned as the points where the resonance
curve becomes vertical the bistability region appears. For a given drive power,
the resonance response exhibits a sudden drop in amplitude at the high-frequency
bifurcation point. As the drive power is further increased, the resonance frequency
and the bifurcation points continue to shift upward and to the right. If the frequency
was swept downward, we would observe the lower frequency bifurcation point. For
each power, the phase response is also plotted and exhibits the characteristic jumps
in the bistable regime.

In Fig. 4.9, we plot the extracted resonance frequency shift as a function of the
drive voltage. On the left axis, it is plotted in linewidths, and on the right is plotted
in kHz. We can see that even for mV drive levels, the device can be driven well
into the nonlinear regime, a desirable property for low-power nonlinear devices and
compatibility with standard CMOS voltage levels. From that data, we t a quadratic
function and extract the nonlinear coe cient, 4, in units of 4/V



45

Figure 4.10: DC Tuning Frequency Response. (a) Amplitude and (b) phase
response for DC bias values ranging from -5V to +5 V in 1 V increments.

Finally, we characterize all of the resonant properties for DC bias voltages from
-5V to +5Vin 1V increments. The full resonant responses are shown in Fig. 4.10.
For each curve, we extract the linear frequency, quality factor, insertion loss on
resonance, and nonlinear coe cient. These results are plotted in Fig. 4.11. Firstly,
we nd that the DC tuning is highly linear across the 5V range. We t a line

to the data and extract a tunability of 5 kHz/V (2900 ppm/V). This corresponds to

a total tuning range of 50 kHz over the range, approximately 70 linewidths. We
nd the quality factor has a small positive trend for increasing bias, but it does not
change by more than 10% across the full range. The insertion loss on resonance
is also relatively una ected, changing by less than 1 dB across the tuning range.
Lastly, the nonlinearity has a clear decrease as the bias increases. This is likely
due to increasing pre-tension, which increases the drive strength required to reach
the onset of nonlinearity. However, more experiments are needed to rule out other
factors, such as changes in the piezoelectric polarization or small pre-displacements
of the membrane. Overall, the change in nonlinear coe cientis around 9¢4% from
the unbiased value.

A summary of all the relevant device parameters for this prototypical device are
summarized in Table 4.1. We nd that all of these properties are highly consistent
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Figure 4.11: Device Properties vs DC Bias. (a) linear resonance frequency
as a function of DC bias. The dashed line is a linear t of the data (blue dots)
from which the DC tunability was extracted. (b) Quality factor, &, (c) Max S21

(insertion loss), and (d) du ng coe cient () as a function of DC bias.

across more than 300 device measurements. Some statistics about these properties
are presented in Y4.4.

4.4 Ensemble Characterization

For the network studies in the upcoming chapters, we desire devices with nearly
identical 5, &, and tJ. However, that is not easily achievable due to intrinsic
fabrication variability. Modern electron beam lithography tools allow for highly
consistent geometry, even in an academic setting. But the thin- Im properties,
particularly of the AIN, are very di cult to control. There are stress and thickness
variations across the 100 mm wafer that result in signi cant changes to the linear
frequencies of the devices. To overcome this, we fabricate arrays of devices which
have varying side length, !, and then manually select a group of devices which are
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Table 4.1: Summary of Device Parameters

Parameter Value Unit
Linear Resonance Frequency) 5 1.65 MHz
Quiality Factor (&) 2560

Linewidth ( 534g) 643 Hz
Time constant 1§ 247.5 S
Signal-to-Background Ratio (SBR) 21 dB
Electromechanical Coupling i's 3 0.8 %
DC Tunability 4.97 kHz/V
Nonlinear Sti ness Coe cient () 0.069 1/mdv/
Drive Power at Onset of Nonlinearity 1.4 wW
Insertion Loss (IL) 47 dB

close enough in unbiased frequency that they can be tuned together by applying
individual DC bias voltages.

More speci cally, each chip has 15 devices with length ranging from 40 m to
45 m. This length variation results in a frequency spread across the chip. The
resonant frequency for devices from 25 chips are plotted in Fig. 4.12(a). Each
row represents a single chip, and each diamond the resonant frequency of a single
device. We measured 375 devices, of which 341 had su ciently good properties,
giving an overall yield of 90.9%. However, if we remove two outlier chips which
had particularly low yield (chips 3 and 5), the overall yield increases to 97.8%. The
plot shows that the devices on a chip generally spread evenly, indicating local spatial
consistency. However, the variation from chip to chip is larger, which suggests that
there are fabrication di erences between chips (likely due to release time during wet
etching) and/or signi cant thin- Im variation at cm or larger scales. More work is
needed to investigate the precise cause of these trends.

In Fig. 4.12(b) the quality factor is plotted for all 341 good devices as a function
of their respective frequencies. Here, each device is colored according to the chip
it belongs to. We aim to demonstrate that the devices are tightly clustered in
the frequency-Q space, which allows for selecting highly matched devices a
critical prerequisite for precise studies of nonlinear oscillator networks. Additional
statistical plots are included in Appendix D.

These results, achieved in an academic setting, are promising indicators for future
applications of exural mode, piezoelectric resonators. Perhaps with more advanced
tools and techniques, such as post-fab tuning, these devices can be made with
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Figure 4.12: Ensemble Device Characterization. (a) Linear resonant frequency

of all the measured devices. Each row represents a chip, and each diamond
represents a device. It is possible that some devices are not perfectly ordered by
physical dimension; that is, the frequency is not always a monotonic function of
device length. (b) & vs frequency for all 341 measured devices. The color is by
chip, following plot (a).

extremely high consistency. However, this work also exempli es the challenges
associated with NEMS nanofabrication. It is likely that a substantial engineering
e ort would be required to achieve the repeatability and tolerances necessary for
large scale commercial applications.

4.5 Conclusion

Here we have reviewed the operating principles, fabrication, and characterization of
exural mode piezoelectric NEMS membranes. We have shown that these devices
are highly tunable and highly nonlinear while having very low dissipation, simple
and e cient electromechanical transduction, scalability, and CMOS compatibility.
These properties make them an ideal candidate technology for investigating networks
of nonlinear oscillators, as we will explore in the following chapters.
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Chapter 5

OSCILLATORS WITH ELECTRONIC FEEDBACK AND
COUPLING

To enable experimental studies of complex networks of nonlinear oscillators, we
employ electronic feedback and coupling. The electronic feedback provides gain to
aresonator, allowing it to self-oscillate and transforming it from a driven-dissipative
system into a gain-dissipative system. Such dynamical systems host rich behaviors
that are not found in typical driven-dissipative systems, such as limit cycle oscil-
lations and synchronization. The electronic feedback is constructed from com-
mercially available integrated circuit (IC) components which can be programmed
over a wide range, enabling oscillators with highly tunable e ective-nonlinearity.
Similarly, electronic coupling allows for the topology, amplitude, and phase of the
inter-oscillator coupling to be tuned over a wide range. Importantly, we use this
method to realize complex graphs which are di cult or impossible to achieve with
other coupling mechanisms.

Other studies have explored systems with mechanical coupling [107 109], elec-
trostatic coupling [110 113], optical coupling [114, 115], and magnetic coupling
[116]. These approaches are advantageous for their simplicity they do not re-
quire additional components or power consumption to mediate the interactions.
Additionally, in some cases, it is easier to engineer the desired interaction physics.
For example, electrostatic force acts quasi-instantaneously compared to a typical
mechanical resonator's motion, and, thus, time-delay in the coupling does not need
to be accounted for. However, these coupling methods are often limited in tunability
and control. In most cases, these systems are constrained to nearest-neighbor or
next-nearest-neighbor coupling; or interactions where the coupling strength is pro-
portional to the distance between nodes. Furthermore, their limited control means
that fabrication variation cannot be corrected, leading to potentially undesirable
parameter mismatch or asymmetry. These limitations prohibit deep exploration of
dynamics on complex graphs over a wide range of parameter space.

ILimit cycles can be achieved in driven-dissipative systems but only by exploiting complex
nonlinear phenomenon such as internal resonance or parametric excitation [105, 106].
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In contrast, with electronic feedback and coupling, the amplitude and phase of
every electrical path must be carefully calibrated to instantiate the correct network
dynamics. In the experiment, there are multiple approaches to calibrating the
setpoint of each oscillator and network edge. One such way is to break the feedback
loop or coupling path at some point and directly measure the frequency response
of that electrical path near the expected oscillation frequency. This works well for
roughly setting the parameters, such as the phase and amplitude of the feedback.
However, it fails in two ways: rst, when the loop is reconnected, it can slightly
change the input or output impedance of the circuits, causing unintended changes
to the amplitude and phase. Secondly, as the parameters are varied for di erent
experiments, the phase and amplitude response of the electrical paths can change.
For example, the oscillator frequencies can be tuned by >10 kHz during the initial
frequency corralling procedure. This large change in frequency can also a ect
the optimal phase setting for the feedback and coupling paths. Thus, we seek an
automated calibration procedure which can be done in situ without breaking the
loops or performing any kind of physical intervention on the hardware.

To achieve this, we turn to the known dynamics of the system. In this chapter,
we introduce the architecture of the feedback and coupling electronics. Then, we
derive the theoretical response of a single oscillator as the amplitude and phase of
the nodal feedback and self-coupling paths are varied. Using these responses, we
can identify the control parameter values commensurate with the desired network
setpoints. Inthe nal section, we review the corresponding experimental data. This
chapter largely follows from previous work [27, 28, 102, 117 119] but is adapted
for the system studied here.

5.1 Network Hardware Overview

Fig. 5.1 shows the circuit layout for two coupled oscillators, labeled oscillator 1 and
oscillator 2. Each oscillator consists of a NEMS device embedded in a feedback
loop. The key components of the feedback loop are (1) a multistage transimpedance
ampli er, 61, to compensate for losses in the resonator and elsewhere in the loop,
(I1) an automatic gain control (AGC) ampli er to generate saturated feedback, (llI)

a phase shifter, q, to control the phase of the feedback, (IV) two power splitters to
couple signals into and out of the node, (V) a digital-to-analog converter (DAC) to
apply a DC bias to the device, and (VI) four variable attenuators (AT1, AT2, AT3,
AT4) to control the amplitude of the feedback at various points in the circuit.
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Figure 5.1: Two Oscillator Coupling Schematic. Schematic of two oscillators
with switch matrix coupling. Each oscillator and its primary feedback are shown
in a blue box. The coupling electronics are shown in red. Each blue box represents
an individual PCB and the red represents the motherboard and network card. On
the right, 4 and + are the readout signals going to the oscilloscope. On the left,
+4ooand +2 are external signals that can be injected into the network at each
node. DAC=digital-to-analog converter$ampli er, AT=variable attenuator, q
= phase shifter, AGC = automatic gain control, and SM = switch matrix.

Ofthese components, only the DAC, phase shifter, and attenuators are programmable
in situ. The other circuits can only be changed by manual replacement of passive
components. The DAC controls the frequency of the oscillator by applying a DC
bias to the device through a bias-T formed by an inductor and capacitor, as shown.
The phase shifter is used to compensate for delays in the electrical feedback path.
It allows feedback to be tuned to meet the Barkhausen phase criteria while at the
resonance peak of the device, that is, the phase shift around the full loop is an integer
multiple of 2c. The attenuators serve to control the operating point of the oscillator.
For a detailed analysis, see [27]. In short, AT1 controls the amplitude of the output,
AT2 extends the dynamic range of the AGC, AT3 controls the feedback strength,
and AT4 controls the susceptibility of the node to external signals. By carefully
controlling these attenuators, the properties of the oscillator can be precisely tuned.
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The coupling is shown in red in Fig. 5.1. From right to left, the rst element is

a xed gain ampli er (6). That is followed by a variable attenuator (ATE1) which

controls the amplitude of each node's coupling output how loud it “talks' or

its emissivity. The phase shifter ( q) controls the phase of each node's output.

That is followed by a switch matrix (SM) with a bu ered any-to-any non-blocking

architecture. This enables every edge to be independently turned o or turned on.

After the switch matrix, ATE2 controls the amplitude of each node's coupling input
how hard it “listens' or its susceptibility. Mathematically, the coupling for two

oscillators is broken down as follows

# n # n # n # n #
4= Vitm Vi & & 11 12 B9 gaz A (5.1)
Vor Voo a a 21 22 AU Az oA, '
| z} | {z } | {z I o{z }
Susceptibility Adjacency Phase Shift Emissivity
LATE20 1SMo 1qP LATEL®

where # 2 G:# is the full coupling matrix, ¥« 2 C is an entry in the matrix,
A~ 2 R is the emissivity of node n, denotes the adjacency matrix such that
=< 2 f0— 1g, anda2 R is the susceptibility of node n. signi es element-
wise matrix multiplication. For example,1)¥ = 19™a148 92 s the coupling
strength from node 2 to node 1. This approach allows for full control of the
network’s topology to realize arbitrary directed networks with control over the
coupling amplitude and phase. However, control of the analog weights of the edges
is constrained; ATE1 controls each column and ATE2 controls each row of the
coupling matrix. The phase can only be tuned by column. Solely for the two
oscillator case, the system allows for weighted, bidirectional control over the full
coupling matrix.

We extend this architecture up to an eight-oscillator system. The schematic is
depicted in Fig. 5.2, where one oscillator of the eight is explicitly shown. Each
oscillator has an individual RF port for injecting signaléi:,L and a readout port for
measurement of the full nodal dynamics, fhe mathematical representation for
the full system is given by (5.2). As in the two oscillator case, the system enables
control of phase and amplitude of the columns and the amplitude of the rows, in
addition to full control of the adjacency matrix.
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Figure 5.2: Eight Oscillator Coupling Schematic. Schematic of the network
architecture. The circuit layout for the network card is shown in red, and a single
oscillator is shown in blue. The network circuit is fully analog and has 8 inputs
and 8 outputs. The inputs come from each node in the network, and the outputs go
back to each of the nodes. The switch matrix is an 8-channel, any-to-any, bu ered,
non-blocking switch matrix enabling any adjacency matrix to be programmed. The
system implements the coupling described by (5.2).
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Variable attenuators were employed in this work, but a variable-gain ampli er could
be used instead. All of the components are digitally controlled. But the oscillators
and the coupling are fully analog: the signals of interest are never digitized except
for readout and storage with the oscilloscope.

The slow-time equations of motion, derived in Appendix A, of the coupled oscillator
network with this network card are

3. 8(- 4 1 3. 19
= = = 5 = = 8 I = oy = = ~ V: 53
where = = 0=4%% is the complex amplitude of oscillator =: {s the amplitude

of the saturated feedback; s the phase of the feedback-12 R is the linear
frequency, and M 2 # are the coupling coe cients described above.

5.2 Nonlinear Oscillators with Multiple Feedback Loops

The dynamics of a nonlinear oscillator with two feedback loops was previously
derived in [102]. This subsection follows from there. For calibration, we consider
only a single node in isolation. For any node, =, this uncoupled equation of motion
is given by

3-_ 8(- 4% 1 3. 1
= ~ - . ~ = 8 | = oy = = _V:: = 54
where V= 2 C is the complex self-coupling coe cient for node =. Here, the

feedback saturation level-{is kept as a parameter, but we will eventually scale it
into the amplitude and see that it controls the e ective level of nonlinearity. For the
rest of the section, we consider a single node, so we will drop the subscripts =and ==
on all terms for clarity. But, we emphasize that this procedure must be repeated for
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every node and thatthe parameters can be di erent intentionally or unintentionally
for di erentnodes. Subscripts will be reintroduced when necessary for discussing
multiple nodes with parameter variation. Without subscripts, the equation becomes

3 _ 8(4% 1 . 32
3 23 2-:° " g

1

, EV . (5.5)

From this equation, we need to calibrate the parameters of the self-feedback, ( and
b, as well as the phase and amplitude of the coupling parameter, V. We expand
the feedback using®8= cos'b® , 8 sinth°, and we let phase of the coupling vary
continuously such that V = j\$j4= jVjcost® _ 8jVjsint®°, where jVj is the
amplitude of coupling and is the phase. Plugging these into (5.5) gives

3« _101
= ~— sinlb >

jVjcost o
) 2]
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5
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We separate this into real and imaginary parts, which yields

1, . 1. 1. .
%= 5(sintb® 50, 50jVjcost® (5.7)
q=1 goz %(acoslbO,%jVjsin“’- (5.8)

From these two equations, we can identify methods to calibrate S, jVj, , and b.
Firstly, if the coupling loop is 0, jVj = 0, the amplitude equation yields

O:L in1ho } °
0 2slnb 2O (5.9)

Solving for the xed point, @ = 0 and letting = q° | yields the calibration
equations for the oscillator's self-feedback loop:

0 = (sintb® (5.10)

= g(zsinzlb" %cotlb% (5.11)
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Figure 5.3: Response to Feedback Phase (Theory). Response to varying
feedback phase and saturation. (a) oscillation amplitude and (b) frequency shift,
, as a function of feedback phase, b for di erent saturation levels. (c) Parametric
plot of amplitude versus frequency from (a) and (b) as the phase is swept from
0° to 180°. All curves are stable solutions. The saturation levels for all plots are

indicated in the legend in (c).
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Is the normalized steady-state oscillation frequency relative to the linear intrinsic
frequency, |. The amplitude is maximized for any S when the phase of the feedback
is b = c+2. Therefore, in experiment, we can nd that point by sweeping the phase
of the feedback and choosing the point corresponding to maximum amplitude. Fig.
5.3 shows a plot of (5.10) and (5.11) as a function of phase and a parametric plot of
amplitude versus frequency as a function of the feedback phase and saturation.

From Fig. 5.3(a), we can identify that the feedback is purely dissipative when the
amplitude is maximized for any value of S. It is worth noting that the frequency,

, IS not maximized at = ce2 but slightly above that point. That point can be
found be solving m emb = 0. Here, we only plot feedback phase values up to 180°.
For 180° to 360°, the amplitude is symmetric but negative, and the frequency plot
is identical. In practice, the branch where the amplitude is negative means that no
oscillations occur; thus, we do not consider the feedback in the range from 180° to
360°.

Forthe rest of the analysis, we assume purely dissipative feedback by setting b = ce2.
Applying that to (5.7) and (5.8) yields the amplitude and phase equations

0= %( %o, %OjVj cost © (5.12)
= goz, %jVjsinlO- (5.13)

Moreover, we scale the amplitude by S such that 0 = (0 to further reduce the
equation to

1 1 1. .
00:5 50, 50jVjsint s (5.14)

In experiment, this means that the steady-state uncoupled oscillation amplitude
corresponds to O = 1, regardless of the saturation setpoint. Next, we apply this
scaling to the frequency equation and de ne the parameterg.(lzzto recover the

form

1. .
=U0 ?, 5iVjcost o (5.15)

If the coupling loop is 0 jVj = 0, then = UC?. Therefore, U is de ned as the
normalized frequency shift at 0 = 1. In experiment, U is set by increasing the
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feedback strength increasing ( until the nonlinear frequency shift equals the
desired value of U. The amplitude at that point becomes the amplitude corresponding
to0 = 1.

After the self-feedback saturation is calibrated to set the desired value of U, the
coupling loop is calibrated. Settind& 0in (5.14) and (5.15) yields the calibration
equations for the coupling loop:

1
= — 5.16
1 jVjcost© ( )
2
1 1
= —_— —jVjsint O A7
Y 1 jVjcost°e ° ZJ Jsin (.17)

Fig. 5.4 shows plots of (5.16) and (5.17) as a function of coupling phase and
various magnitudes of V for a linear oscillator (U = 0), including a parametric plot

of amplitude versus frequency. Fig. 5.5 shows the equivalent plots for a nonlinear
oscillator with U = Qe5.

In both of the plots, four markers indicate the points corresponding to purely re-
active (REAC) and purely dissipative (DISS) coupling for their attractive (ATT)
and repulsive (REP) cases. These points are listed in Table 5.1 and Fig. 5.6
shows the di erent types of coupling by plotting V in the complex plane. Under
attractive coupling, oscillators tend to synchronized in-phase, while under repulsive
coupling, oscillators tend to synchronize 18fut-of-phase. This is analogous to
excitatory and inhibitory interactions in neuroscience. Reactive coupling describes
interactions between the displacement of two oscillators, and dissipative coupling
describes interactions between the velocity of two oscillators. More details about
the dynamics for di erent cases are described in Appendix B.

By varying the phase in the coupling loop, we can calibrate the system to these
di erent key points in both the linear regime and the nonlinear regime. For both
regimes, the dissipative points can be found by minimizing (REP) and maximizing
(ATT) the amplitude.

For reactive coupling in the linear regime, the phase values can be found by nding
the maximum (REP) or minimum (ATT) frequency shift. In the nonlinear case, the
amplitude must be used to nd the reactive points. Experimentally, we vary the
phase and magnitude of the coupling concurrently and search for the phase values
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Figure 5.4. Linear Response to Coupling Phase (Theory). Response of (a)
amplitude and (b) frequency of the oscillator to varying coupling loop phase ()
and magnitude (jVj) for a purely linear oscillator, U = 0. (c) Parametric plot of
the amplitude and frequency from (a) and (b), respectively, as the phase is varied
from 0 to 360. Values for jVj for each curve in all plots are indicated in the legend

in (c). Four markers in (c) indicate key values of .
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Figure 5.5: Nonlinear Response to Coupling Phase (Theory). Response of (a)
amplitude and (b) frequency of the oscillator to varying coupling loop phase ()
and magnitude (jVj) for a nonlinear oscillator, U = 0«5 in this case. (c) Parametric
plot of the amplitude and frequency from (a) and (b), respectively, as the phase is
varied from 0 to 360 . Values of jVj for each curve in all plots are indicated in the
legend in (c). Four markers in (c) mark key values of .
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Figure 5.6: Types of Linear Coupling. V in the complex plane. Each axis is
labeled by a description of the coupling type corresponding to that phase for the
convention used in (5.3).

where the oscillation amplitude does not change as a function of the coupling loop
strength.

Additionally, we can identify a lot of experimentally useful information from these
curves. For example, it should be easier to calibrate the phase of the coupling when
JVj is larger because it will induce larger frequency and amplitude shifts, which are
easier to detect in the presence of noise.

Once the phase of the coupling is set, we also wish to calibrate the magnitude, jVj.
Table 5.1 shows the coupling loop calibration equations for the critical values of ,
found by plugging into5.16 and 5.17. Experimentally, we measure the normalized
frequency and amplitude shift and then calculate jVj by taking the inverse of the
equations given in Table 5.1. By using both amplitude and frequency shift data, we
can con rm that the phase settings are correct.

By combining these theoretical results with experimental measurements, we can
precisely calibrate the phase and amplitude of the self-feedback and the coupling
paths in experiment to realize the desired interaction function electronically. The
results in practice are detailed in the following sections.
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Table 5.1: Equations for0 and at Critical Values of

Type 0
Dissipative- . 1 2
Attr i = = -
0 ttractive 0= 13y u Y
Reactive-
90 Repulsive 0=1 =U, 3iVj
Dissipative- 1 2
180 Repulsive 0= —- =U ——
i LI 1,jVi
Reactive-
270 Attractive 0=1 =U  3jVj

5.3 Experimental Control Parameters
In both the feedback and the coupling, we employ the same techniques for controlling
the amplitude and phase of the electrical paths.

For amplitude, we utilize 7-bit digital step attenuators which are controllable from

0 to 31.75 dB of attenuation in steps of 0.25 dB. During hardware development, the
attenuator performance was characterized and matched the described performance
well over the full range. Importantly, the attenuation state does not signi cantly

e ect the phase shift across the electrical paths. In situ, open-loop characterization
of the oscillator and coupling circuits found that the phase shifts by Y @8 the

full range of a single attenuator.

In the oscillator feedback loop, the AGC provides the feedback signal which has
xed amplitude at a value determined by external passive components. The AGC
has a variable gain of -12 dB to +22 dB, giving it a 34 dB input range in saturation
mode. Generally, this sets the range of accessible amplitude of the oscillator, but
that range can be o set by programming AT2, increasing the accessible range of
experimental parameters if desired. AT3 is at the output of the AGC, enabling
control over the amplitude of the saturated feedback. The AGC must always operate
in saturation mode, so the setpoint of an isolated oscillator should be such that the
input to the AGC is far from the endpoints of the range. This ensures that amplitude
uctuations due to coupling do not drive the circuit out of saturation. Additionally,
the AGC settling time must be considered if amplitude uctuations are faster than
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the AGC response, which is not the case: the nominal step response time of the
AGC is 30 s while the resonator's amplitude relaxation time is j 400 s.

For shifting phase, we use a tunable all-pass Iter that is controlled by a digital po-
tentiometer (digiPOT). Each digiPOT can be programmed to 100 unique resistance
states. In practice, the circuit allows for phase shifts ranging fromta 155 at

2 MHz. However, the phase change is not a linear function of the digiPOT setting,
meaning discrete phase shift values are not equally spaced. Thus, in plots reporting
sweeps of the phase, the density of points re ects both the dynamics of the system
and the nonlinearity of the phase shift control curve. We do not map the phase
control parameter back to actual phase shift values because it is not necessary; in
all cases, we use the dynamics to calibrate the setpoints, which negates the need
to exactly know the map between the phase control parameter and the actual phase
shift.

One signi cant complication is that the phase shifting circuit does not have constant
amplitude as a function of the control input. In the oscillator, the phase shifter is
before the AGC, so the amplitude change can be ignored so long as the AGC is
in saturation mode. For the coupling loop, changing the phase also changes the
amplitude. This distorts parametric phase response curves from the theoretically
expected values because we cannot easily sweep the phase while holding the ampli-
tude constant. Despite this, we can still nd the reactive coupling points by changing
the amplitude and phase together, as will be described below.

5.4 Node Calibration (Experiment)

For each oscillator, we use the feedback theory derived in the previous sections to
calibrate the network to the desired setpoint. Here, we review the experimental
measurements used to perform this calibration in practice.

The experiments are carried out at a speci c target frequency, determined by the
initial spread of the oscillator's frequencies at 0 V of DC bias. Thus, we carry out
all calibration procedures at or close to the desired frequency of the experiment. To
do this, we tune the node we want to calibrate to the target frequency while detuning
the other nodes by >20 linewidths. This is then repeated for all nodes, and enables a
very precise calibration at the frequency where the nal experiment will be carried
out.
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Figure 5.7: Feedback Phase Calibration (Experiment). Parametric curves for
amplitude, 0, and frequency of oscillation, 5, as the phase and amplitude of the
feedback is varied. Each curve corresponds to a particular feedback amplitude
which is set by varying AT3. The phase control parameter is incremented by steps
of 2 in this plot, so the density of accessible points of feedback phase is double
what is shown. This data corresponds to the theoretical plots in Fig. 5.3.

Feedback Phase

In practice, the phase shift around the oscillator loop cannot be easily measured in
situ; thus, we nd the point of purely dissipative feedback by varying the phase of
the feedback path and measuring the oscillator's frequency and amplitude response.
In Fig. 5.7 we show the experimental data for sweeping the feedback phase at a few
values feedback amplitude. As AT3 decreases, the feedback amplitude increases.
We see that for low feedback strength, the oscillator has low amplitude and the
phase response curve roughly tracks the shape of a linear resonance peak as the
feedback phase is shifted. As the feedback strength increases, the feedback phase
sweep traces out the nonlinear frequency response of the resonator. The frequency
at maximum oscillation amplitude increases according to the backbone curve of
the device. Importantly, we are tracking the closed-loop amplitude and phase, and,
as shown theoretically, all of the branches of the oscillator's response to sweeping
the feedback phase are stable. Unlike a driven nonlinear resonator, a closed-loop
oscillator does not exhibit bistability, even above the critical amplitude.
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From (5.10), we know that the amplitude is maximized when the feedback phase
is purely dissipative. Thus, the correct phase setting can be easily determined by
nding the control value corresponding to the maximum amplitude in Fig. 5.7. In
the plot, each dot corresponds to an experimental setpoint. However, in the data
shown, we sweep the control parameter by steps of 2 for clarity. Thus, the actual
density of accessible points is double what is shown, meaning that we can precisely
set the phase of the loop to realize purely dissipative feedback.

We repeat this procedure for each oscillator and recalibrate the values as necessary.
In general, the values are stable over the course of days, but slow frequency and
parameter drift do to temperature or other laboratory e ects can cause the phase
setpoints to change slightly.

E ective Nonlinearity

After correctly setting the phase of the feedback, we calibrate the amplitude of the
feedback to achieve the desired e ective nonlinearity, U. Experimentally, we vary
AT3 while tracking the amplitude and frequency of oscillation. Fig. 5.8(a) the
amplitude, 0, and frequency shift, 5, are plotted as the feedback amplitude is
increased. As that happens, the oscillator climbs the backbone curve and the oscil-
lation frequency increases. Each dot represents a setpoint of the control parameter
for AT3. The frequency shift is calculated as 5 = 5 o, %vhere 5 is the actual
resonance frequency, anglithe linear resonance frequency, determined by tting

a quadratic function to the measured data.

The amplitude frequency coupling in the model (5.5) is equivalent to the normalized
nonlinear frequency shift, such that U = 5353, where 534 is the resonator's
linewidth. This is true because we always take oscillator's uncoupled amplitude to
be unity in experiment, e ectively scaling out the saturation level, S. The experi-
mentally accessible values of U are plotted as a function of the control parameter
in Fig. 5.8. As shown, U can be tuned from 0.11 to 5.93, a range spanning 34.7
dB (1.5 orders of magnitude). This window of 34.7 dB of dynamic range can be
shifted up or down by adjusting the AGC setpoint. The theoretical lowest U is set
by the thermomechanical uctuations of the resonator, and the highest U is set by
higher-order nonlinear e ects. In Appendix D, we show the resonator can be driven
to nonlinear frequency shifts commensurate with U j 100 for a du ng nonlinearity,
but, at these amplitudes, the model may need to be re-derived with higher-order
nonlinear terms.
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Figure 5.8: Oscillator Nonlinearity Calibration (Experiment). (a) Measure-

ment of the amplitude, § and frequency shift, 5, of the oscillator as the feedback
strength is varied over the electronically accessible range. Each circle represents
an experimentally accessible point which is discretized by the possible digital con-
trol settings. A quadratic t is overlaid on the data. 5 = O corresponds to the
extracted linear frequencyp,3rom the t. (b) Logarithmic plot of the e ective
nonlinearity, U, at each experimentally accessible setpoint shown in (a) versus the

logarithmic feedback scaling, set by AT3.

Frequency Fluctuations and Drift

The rich phase noise properties of oscillators in these various feedback con gura-
tions were thoroughly studied theoretically in [117] and experimentally in [118].
Additionally, the phase noise reduction occurring from synchronization of two

Figure 5.9: Oscillator Characteristics. (a) Dense measurement of the time-
domain signal and (b) power spectral density of the oscillation.
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Figure 5.10: Wide PSD. Wide PSD of the oscillator calculated using Welch's
method.

nanomechanical oscillators is reported in [119]. In this work, we do not repeat these
thorough characterizations, but we measured some of the basic properties of the
oscillators for general reference. In Fig. 5.9(a), we show a dense time-domain plot
of the oscillator signal, and in Fig. 5.9(b) we show the power spectral density (PSD)
in a narrow band around the oscillation frequency. In this plot, the PSD is estimated
as the square of the discrete Fourier transform (DFT) components, computed using
the fast Fourier transform (FFT) algorithm. This is called a periodogram.

Using the same data, we compute the PSD from 10 kHz to 10 MHz, shown in Fig.
5.10. For this PSD, we use Welch's method to reduce the noise, revealing the higher
harmonics of the oscillator, as well as a series of spurious tones. From this PSD,
we calculate the 2nd harmonic distortion to be -55.72 dB. Despite being more than
two orders of magnitude lower power than the principal tone, the second harmonic
may contribute to weak parametric coupling between nodes. To mitigate this, we
employ multiple low-pass lters in the coupling paths, but it is possible that there is
still some e ect, as was described in [28].

The spurious tones come from a charge pump in a component of the phase shifting
circuit. In future implementations, we will use a di erent IC to avoid this; for now,
the tones are not near the frequency of the oscillators and do not a ect the dynamics.
However, these tones and the second harmonic can make it more di cult to cleanly
extract the phase of the principal oscillation. Thus, we use both analog and digital
Itering of the oscillators to extract the phase dynamics.

Finally, to characterize the frequency uctuations and amplitude uctuations, we
use a reference phase-locked loop (PLL) to lock to the oscillations and track the
oscillator for 4 hours. We set the bandwidth of the PLL to 100 kHz and sample
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the amplitude and frequency at 119 samples per second. The normalized amplitude
and frequency versus time are plotted in Fig. 5.11(a) and 5.11(b), respectively. The
amplitude is plotted as Oydwhere @ is the average amplitude over the interval
and 0 is the instantaneous amplitude. The amplitude is very stable; qualitatively, it
uctuates by 0002 over the entire measurement period, which is a variation of

Y 1 mVims.

The frequency is plotted as the change in frequency from the initial point, 5,
divided by the bandwidth so that the uctuations can be directly related to the
normalized parameters in the theoretical model. We compute Allan deviation of the
frequency, fs (Hz), divided by the linewidth for various averaging times, plotted
in Fig. 5.11(c). This gives a general measure of the long-term parameter drift.
For example, over 100 seconds, the frequency drifts by around 0.01 linewidths
on average, which is about 7 Hz. Error bars show one standard deviation.
For more details, see Appendix F.3. The general upward trend in this particular
measurement is likely due to slowly drifting ambient room temperature at the time
of the measurement.

5.5 Edge Calibration (Experiment)

For each edge, we have to calibrate the phase and the amplitude of the complex
coupling coe cient, jVj. For initial experiments, we aim to have identical coupling
across every edge in the network. To do that, we have to set the phase, , the
emissivity, , and the susceptibility, a.

We start by setting the phase. Importantly, we cannot control the phase along all 64
possible edges. Thus, we rely on the assumption that the phase error in the switch
matrix is small. That is, we assume the real phase di erence between electrical
paths such as;Yand V1 is small. In open-loop characterization of the coupling
electronics, we nd that the phase error at 1.8 MHz is 0 1hut this is measured
without oscillators. With oscillators, the worst case input phase error to each is larger
but still Y 5 10087 radians®. In our theoretical modeling, we do not account for
these random phase lags, but the impact of random or structured phase errors would
be an interesting topic for future study.

For a single oscillator, we rst set up the switch matrix such that the node is only

coupled to itself. Then, we sweep the phase and amplitude of that node's coupling
loop path and plot the results as parametric curves in Fig. 5.12. Each colored curve
represents a particular coupling strength which corresponds to a particular setpoint
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Figure 5.11: Amplitude and Frequency Fluctuations. (a) Normalized ampli-
tude uctuations and (b) normalized frequency uctuations as a function of time.
(c) Normalized, non-overlapping Allan deviation as a function of averaging time,
g, calculated from (b).
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of ATEL. As the phase is varied, we track the coupled amplituden@malized
to the uncoupled amplitude,,§ as Q0. and the normalized frequency shift,

5+ 5 34g. We see that the oscillator traces out similar curves to those shown in the
Fig. 5.5, the theoretical plot of (5.16) and (5.17).

Using this data, we can identify the values of the phase control parameter which
most closely match the reactive coupling condition, namely the values where the
normalized amplitude is unity. There are two complications: rstly, as previously
discussed, the phase shifter is notideal and also e ects the amplitude of the coupling,
distorting the curves from the theory. In contrast, the attenuator only has a small
e ect on the phase. Thus, by varying the phase and attenuation together, we can
identify the phase value where the amplitude is invariant to the coupling attenuation.
This signi es that the coupling is purely reactive, resulting in only a frequency shift
regardless of the value of jVj. The second complication is noise and drift. The
oscillators are not temperature stabilized, so the frequency drifts noticeably on the
timescale of seconds. We can compensate for this by constantly measuring the
uncoupled frequency to correct for drift. Additionally, the amplitude is very stable
and allows for accurate calibration of the phase.

To calibrate the amplitude of the coupling path, we set the phase to the reactive
coupling point. Then, we sweep the attenuator ATE1 and measure the normalized
frequency shift. From Table 5.1, the frequency under reactive-attractive coupling
is =U jVje2. Therefore, using the frequency shift with the coupling on versus
0,jVj=2 =255 33.Using thisrelationship, jVj is plotted as a function of
the edge attenuation, ATEL, in Fig. 5.13. For clarity, the attenuation is incremented
by 0.5 dB in this plot, but the step resolution of the experiment is 0.25 dB. So, the
number of achievable states is double what is shown.

In this plot, we measure the frequency shift at each point 15 times. The error bars
show one standard deviation in jVj from those repeated measurements, per side. At
large values of jVj, the error is small relative to the frequency change. But, at low
values of jVj, the frequency shifts are small, meaning that frequency uctuations
and drift over the measurement timescales introduce signi cant errors. Additionally,
we use a discrete Fourier transform to extract the frequency. At low values of jVj,
the DFT binning can introduce quantization error. This creates a tradeo between
the amount of drift between measurements and the frequency resolution. Fast
measurements result in less drift but more bin error, and slow measurements result
in more drift but less bin error. This e ect can be mitigated with various tactics. For
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Figure 5.12: Parametric Sweep of Edge Phase (Experiment). Plot of oscilla-
tor's amplitude versus the oscillator's frequency shift as a function of the coupling
phase and amplitude for a xed nonlinearity, U = 1¢69. Each curve is a sweep
of experimentally accessible coupling phase for a given setpoint of the attenuator,
ATEL. We only show a small subset of ATE1 setpoints for clarity. On the y-axis,
the amplitude is plotted as a ratio of the amplitude when the coupling loop is o,
Op2, to the amplitude when the coupling loop is on, Ohe frequency is plotted

as the normalized frequency shift, 5 35, from when the coupling loop is on

to whenitis o, divided by the resonator's linewidth. A red dashed line indicates
where G+0p, = 1, indicating that the e ect of the coupling loop is a pure fre-
guency shift and the coupling phase is purely reactive. These curves correspond to
the experimentally accessible portion of the theoretical curves shown in Fig. 5.5
for a few select V values.
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Figure 5.13: jVj Calibration (Experiment). Plot of the coupling magnitude, jVj

of the edge as a function of the rst edge attenuator setting, ATE1, for two values
of the secondary edge attenuator, ATE2. For both, the phase is xed at the value
corresponding to the reactive coupling point. Here, ATE1 is plotted in steps of 0.5
dB, but the experiment allows for steps as small as 0.25 dB. Error bars represent
the standard deviation of the frequency shift measurements over 15 runs. For each
value of ATEZ2, a red line shows an exponential t which is used as a calibration
curve in experiments. For the data corresponding to ATE2=90, only points with
ATE1 < 15 dB are used to t the calibration curve and remaining values of ATE1
are extrapolated.

example, we cancel long time drifts by measuring the uncoupled frequency before
each shift measurement, and we t the DFT peaks with quadratic interpolation to
obtain approximate sub-bin resolution without extending the measurement time.
Furthermore, when operating in the low jVj regime (e.g., ATE2=90), we nd that
it is more reliable to extract a t of the jVj curve using the low error values from
ATE1=0to ATE1=60. In-situ characterization measurements of the attenuator show
strong linearity and low attenuation error across the operating regime. Thus, the
low jVj measurements are accurately predicted by the t.

For future experiments, it could be bene cial to utilize external frequency tracking
tools, for example by locking a reference PLL to the NEMS oscillator output, to
quickly track the frequency. This could substantially reduce calibration time and
increase accuracy. The advantage of the method employed here is that it is readily
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achieved with only the data logging tool the oscilloscope and digital signal
processing.

By varying ATE1 and ATEZ2, the system can achieve a range of coupling strengths
from approximately 0.004 to 1.495, a 51.5 dB range. Across the entire network, this
dynamic range is slightly reduced because of variations across the network edges,
and a typical range of jVj achievable across all edges is 0.005to0 1.2, a 47.6 dB range.
This range is purely a function of the electronics and can be changed by designing
di erent circuits or modifying the passive components on the existing PCB.

There is one additional calibration step to ensure that all nodes have matched
susceptibility, which is controlled by ATE2. Small variations in electrical impedance
and device properties lead to mismatches on the level of 1 dB. To correct for these,
we con gure the system in a one-to-all con guration and directly measure how all
other nodes respond to injection locking from a single node. This directly measures
variations in susceptibility across the nodes which we then correct for by varying
ATEZ2.

To turn the coupling o, it is insu cient to maximize ATE1 and ATE2. Instead,

the o state is achieved by turning o the switch matrix which reduces the coupling

to parasitic electrical e ects. These parasitic e ects set the true minimum jVj. The
electrical crosstalk between channels of the network card was measured to be -75
dB at 1.8 MHz, but this measurement is done without the oscillator PCBs. We do
not further characterize the crosstalk, but it is su ciently low that the oscillators do
not stably synchronize when the coupling is turned o, even when they are nearly
identical in frequency. However, the crosstalk may still a ect the phase evolution,
resulting in a bias in the initial conditions of experiments.

5.6 Conclusion

In this chapter, we carefully reviewed both the theory and practice of how the
network parameters are calibrated. We showed how the e ective nonlinearity, U,
can be tuned from 0.11 to 5.93, and how the coupling strength, V, can be made
reactive or dissipative and tuned over a range from 0.004 to 1.495. These methods
are frequently employed in the experimental system to maintain the calibration and
instantiate novel dynamics.
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Chapter 6

SYNCHRONIZED AND UNSYNCHRONIZED STATES OF
UNIFORM COMPLEX GRAPHS

In this chapter, we study the steady-state dynamics of the systems on various complex
graphs and in di erent regions of the parameter space. Namely, we explore circulant
graphs, wheel graphs, and Erd®s Rényi random graphs with uniform parameters and
identical frequencies. Primarily, we study the case of U = 2 with 0¢04 Y V Y 10.
In the experiment and in simulation of the full amplitude-phase model, we found
numerous stationary and nonstationary states which vary widely depending on the
underlying network topology.

6.1 Experiment Protocol

In this chapter, we study the dynamics of the system as it evolves from an uncoupled
state to a coupled state under a static graph. To achieve this, we rst calibrate
all of the parameters of the system, as described in Chapter 5 and program the
attenuators and phase shifters to the desired state. The switch matrix is set to o,
e ectively uncoupling all of the nodes. The uncoupled nodes drift in frequency. So,
before turning the coupling on, we measure the frequency of each node and apply a
correction to their individual DC biases. This brings them into frequency alignment
with a maximum spread Y 0+01 linewidths.

Then, the switch matrix is abruptly turned on, coupling the nodes according to the
programmed connectivity. The network then evolves from the initial state to one of
many possible nal states, some of which are stationary and some of which are time
varying. The initial phases are quasi-random due to the slow frequency drift and
random start time; however, we observe some small correlations between nodes due
to the parasitic coupling. This e ectively biases the initial conditions, leading to a
biased sampling of the nal states.

We start the data collection shortly before the coupling is turned on and record the
full nodal dynamics over thousands slow-time units, which corresponds to one or
two seconds and millions of samples. From this data, we extract the phase and
amplitude of the primary oscillation using a Hilbert transform. We repeat this
procedure # times per graph to observe the attractors with the largest basins of
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Figure 6.1: Time Domain Synchronization on a Ring. Example time-domain

data of the (a) normalized amplitude and (b) phase di erences from a ring of 8
oscillators. Before the coupling is turned on, the phases drift relative to each other
according to the frequency mismatch between oscillators. Just before t 151.8 ms,
the coupling is turned on and the oscillators dynamically synchronize, in this case
to the anti-phase state. Note that the phase is plotted modulo 2c, so there can be
arti cial jumps where an oscillator crosses the boundary.

attraction. Typically, # = 200, but for some parameters sweeps we use#.00.

The value will be indicated in the caption of the gure. From this method, we do

not expect to observe all possible states as some, such as inhomogeneous states, are
unlikely to arise from random initial conditions [28].

In the case of circulant graphs, it is sensible and convenient to consider the phase
di erence between nearest-neighbors, so we typically plot the data using=q

g= g =1. Forthe sake of brevity, we do not show all of the data for all graphs, we
only show a selection of the most relevant data. Fig. 6.1 shows an example of the
time-domain data collected from an experiment conducted on a ring. From C = 0
and C = 1517 ms the coupling is 0 and the phase di erences drift in time due
to small frequency di erences. At C = 1517 ms, the coupling is abruptly turned
on. The network goes through a transient period before relaxing to the anti-phase
synchronized state whergy c for all 8.

6.2 Circulant Graphs

We use the network to study the dynamics of connected circulant graphs with
reactive-repulsive coupling. For initial experiments, we set U = 2 and V = 042,
which we expect will result in dynamics generally represented by the rst-order



76

Figure 6.2: 8-Node Circulant Graphs. All circulant graphs with N=8, organized
by the number of neighbor connections.

phase model. Here, we primarily focus on the experimental results, but numerical
simulations were carried out for each graph to verify the results.

For 8 nodes graphs, it is possible to draw 16 circulant graph representations. In Fig.
6.2, we shown each of these representations organized by the number of neighbors
they are connected to, which we call their group. We denote the circulant graphs
as G 1(° where # = 8 is the number of nodes and ( is the set of connections,

( fl—2—eee—Db#e2cg. For examplefl—2g° denotes a circulant graph with
nearest-neighbor and next-nearest-neighbor connections. All circulant graphs are
undirected.

First, group 0 has the null graph, which is not connected so we discard it. At degree
one, there are 4 graph representations, Rdt2g° and @f4g° are unconnected
and 1f3g° is isomorphic to gf1g°. Thus, only gf1g° is of interest. Group 2

has 6 graphs. ¢2f2—4g° is not connected gi@2- 39° is isomorphic tog&f1-2g°,

and G'f3—4g° is isomorphic togffl-4g°. Therefore, we only need to consider
the dynamics of gf1-29°, gtf1—3g°, and £f1-4g°. In group 3,4Zf2—3-49g°is
isomorphic to @f1—2—4g°, leavings@1- 2—3g°,¢&f1-2—49°, ancs8G1-3—-4g°.



77

Figure 6.3: Synchronized States of a Ring (Group 1). (left) the set of edges
followed by the graph, (middle) heatmap showing a NN slice of phase space where
#. = 200 system trajectories evolve from random initial conditions to one of three
synchronized xed points. (right) NNN slice of phase space showing the same.
The color indicates the logarithm of the density of points at that point in phase
space. Here, U = 2¢0-V = 02 and+#100.

Finally, group 4 only has §£f1—2— 3—4g° which is the complete graph. We include
it in our study of circulant graphs, but it is a special case because it not only obeys
the g symmetry of the other graphs, but also exhibits full permutation symmetry
described by the symmetric grougs. (

All circulant graphs have a spatial symmetry described by the dihedral graup,

In group 1, there is only the ring graph. The results of the experiment are shown in
Fig. 6.3. This gure shows a heatmap which is composed of all the experimental
runs; in this case, #=200. From that data, we can see that there are three xed
points which make up the largest basins of attraction for the system. These stationary
points are the splay states and were thoroughly explored in [28]. In this high U, low V
regime, we only observed these stationary states in both experiment and simulation.

In group 2, all of the graph representations can fully represented by three unique

graphs, and the experimental data for these graphs is shown in Fig. 6.4. Here, we

carry out the same experiment with U = 2¢0, V = 0<2, and+#00 for each graph.

For G1f1-2g° we nd more than one possible state. First, in the experiment,

we observe one xed point where nearest neighbors have a xed phase shift of
g = 5ce4. In simulation another splay state is observed gt 3ce4. Likely, this

splay state would be observed in experiment if more runs were conducted. However,

the anti-phase synchronized state is not observed in experiment or simulation for

this graph, indicating that the NNN connections tend to shrink the basin of attraction

or make the state unstable entirely.
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Figure 6.4: States of Second-Order Circulant Graphs (Group 2). (left) the
edge set and the graph, (middle) NN phase space slice, and (right) NNN phase
space slice. For G, # = 100, but for Gz and G4, #+ = 200. For all data
presented here, U =2 and V = 0.2,

In addition to the xed points, there is also a decoupled state, which appears as a
diagonal streak across the NN phase plane. This state was also observed in [28]
and has been explored theoretically in [4]. In Fig. 6.5(a) we show the time-domain
evolution of one of these states. After the coupling is initiated, the system goes
through a transient before splitting into two distinct groups. By examining the
instantaneous frequencies of the oscillators in Fig. 6.5(b), we observe that there are
two clusters composed of = 2 f1-3-5-7g and the other of = 2 f2—4-6—-8g. Here,

5 = 5. 5 indicates the frequency relative to the average frequency of all the
oscillators,5, in Hz.

By examining the mutual information in Fig. 6.5(c), we can see that the clusters
are generally uncorrelated. The mutual information between NNN is much higher
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