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ABSTRACT

This thesis consists of three projects related to enumerative geometry and
mirror symmetry, with particular emphasis on the mirror symmetry of flag

varieties.

The first project introduces and develops the theory of F-bundles, a framework
for formulating mirror symmetry type results. We prove a spectral decomposi-
tion theorem for maximal F-bundles, and use it to obtain reconstruction and
uniqueness results for certain decompositions of quantum cohomology related
to birational geometry, complementing existing the existence theorem in the
literature. In the third project, we further extend the F-bundle formalism
to the equivariant setting and establish an unfolding theorem strengthening
mirror symmetry statements from small to big quantum cohomology. As an
application, we derive the equivariant mirror symmetry of general flag varieties
in the third project, extending previous results which were previously known

only at the level of small quantum cohomology.

The second project focuses on the mirror symmetry of flag varieties. For complex
partial flag varieties, we provide an explicit Pliicker coordinate superpotential
formula that is sufficient to recover their small quantum cohomology on A-side,
and we prove a folklore conjecture in mirror symmetry. Namely, we show that
the eigenvalues of the action of the first Chern class on quantum cohomology

are equal to the critical values of the superpotential.
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Chapter 1

INTRODUCTION

1.1 Motivation

Enumerative geometry seeks to determine how many geometric objects satisfy
specified incidence or tangency conditions within a given ambient space. Clas-
sical problems include counting the number of lines intersecting a prescribed
collection of subvarieties, or determining the number of rational curves of fixed
degree passing through general points in projective space. For centuries, such
questions have inspired deep developments in algebraic geometry. For example,
one classical question asks how many lines intersect four given lines in P3,
and this classical question can be solved by studying the cohomology ring
structure of the complex Grassmannian Gr(2, 4) ([47]). Yet, beyond lines cases,
traditional algebraic methods quickly reach their limits, and more sophisticated

frameworks are required to handle families of curves in higher dimensions.

At the turn of the twentieth century, the emergence of Gromov-Witten theory
provided a unifying language for curve counting in both algebraic and symplec-
tic geometry. Building on ideas from quantum field theory, Gromov—Witten
invariants encode intersection numbers on moduli spaces of stable maps and fur-
nish powerful deformation-invariant curve counts. What began as a physically
inspired construction has now been transformed into a rigorous mathematical

theory, forming one of the cornerstones of modern enumerative geometry. ([907
7).

In parallel, mirror symmetry emerged as a remarkable duality that originated
in string theory, relating the symplectic geometry of one Calabi-Yau to the
complex geometry of another ([19, 80]). Early physical predictions suggested
that Gromov-Witten invariants on one side correspond to period integrals of
holomorphic forms on the mirror side, giving rise to deep and unexpected identi-
ties between enumerative invariants and analytic quantities. These conjectures,
once purely physical, have been reformulated and proven in several settings,
revealing a profound link between algebraic geometry, symplectic topology, and
mathematical physics ([51, 98, 99]) .

Since then, mirror symmetry has developed into a wide-reaching field of study.
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A major goal is to understand conceptually the numerical correspondences
originally observed in concrete examples. This has led to two primary for-
mulations of mirror symmetry. The first, Homological Mirror Symmetry, was
proposed by Kontsevich ([90]) and predicts an equivalence between the derived
categories naturally associated to the two sides of the mirror pair. The second,
often referred to as Hodge-theoretic or D-module mirror symmetry, assigns
to each side a system of differential equations and asserts that these systems
correspond ([36], [5]). In this formulation, numerical identities arise by compar-
ing the solutions of the differential systems. Although these perspectives are
distinct, they are closely related. In particular, in several cases the validity of
homological mirror symmetry implies the Hodge-theoretic form ([82]). These
general formulations apply to broader classes of varieties beyond Calabi—Yau
varieties. Understanding and proving them in important cases, such as toric
varieties ([1, 6, 31, 32]) and flag varieties ([28, 50, 52, 65, 96, 103, 117, 118]),

has become crucial.

Flag varieties form a fundamental class of algebraic varieties that lie at the
intersection of representation theory, symplectic geometry, and algebraic geom-
etry. Given a complex semisimple Lie group G, a (partial) flag variety G/P
parametrizes the filtrations of a vector space compatible with the parabolic
subgroup P. These varieties are smooth, projective, and have rich geometric and
combinatorial structure encoded by the Weyl group. Their cohomology rings
admit a canonical basis of Schubert classes, and the corresponding intersection
theory is governed by the combinatorics of Bruhat order and the geometry of
Schubert varieties. Flag varieties also appear naturally as parameter spaces
in geometric representation theory and play a central role in the study of
quantum cohomology, integrable systems, and mirror symmetry. In particular,
the quantum cohomology of G/P exhibits deep structural features that reflect
the representation theory of the Langlands dual group, and this structure is
mirrored by Landau—Ginzburg models constructed on the dual flag variety.
Some of the results in this thesis contribute to the Hodge-theoretic mirror

symmetry of flag varieties.

Recent advances in Hodge-theoretic mirror symmetry have provided new tools
for studying interactions between enumerative and birational geometry ([72, 78]).
Part of the results in this thesis contribute to these developments. Arising from

Hodge-theoretic mirror symmetry, the Hodge atoms theory ([84]) is developed
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and used to prove a long-standing conjecture in birational geometry: a very
general 4-dimensional cubic hypersurface is not rational. In particular, the

main results of this thesis are foundational for the definition of Hodge atoms.

In this thesis, we develop the theory of F-bundles based on both non-archimedean
geometry and formal geometry. F-bundles can be viewed as a generalization
of quantum D-module. An automorphism given by a gauge transformation is
a functor in the category of F-bundle but is not in the category of quantum
D-module. The theory of F-bundles plays a crucial role in Atom theory ([84]),
and we used is to prove the big mirror symmetry of flag varieties as another im-
portant application. Non-archimedean geometry is a generalization of analytic
geometry, where the notion of convergence is made a lot weaker by the use of
non-archimedean absolute values. The significance of non-Archimedean geome-
try in mirror symmetry was emphasized in ([91]). Meanwhile, formal geometry
has long played a central role in mirror symmetry, providing a natural frame-
work for encoding and interpreting generating functions of Gromov-Witten

invariants.

1.2 Overview of the main results
In this section, we provide an overview of the results of the thesis. The general

background will be provided in Chapter 2.

Decomposition and framing of F-bundles and application to quantum
cohomology

In Chapter 3, we introduce F-bundle, which is a formal /non-archimedean version
of variation of nc-Hodge structures. We establish the spectral decomposition
theorem for F-bundles according to the generalized eigenspaces of the Euler
vector field action (see Theorem 3.3.32 and Theorem 3.3.42 ).

We establish the existence and uniqueness of the extension of framing for
logarithmic F-bundles. (see Theorem 3.4.2 and Theorem 3.4.26). As an
application, we prove the uniqueness of the decomposition map for the A-model
F-bundle (hence quantum D-module and quantum cohomology) associated to a
projective bundle, as well as to a blowup of an algebraic variety. (see Theorem
3.5.16). This complements the existence results by Iritani-Koto and Iritani
([72, 78]) and also plays a crucial role in my joint paper ([65]), where we proved

the big mirror symmetry for general type flag varieties. (see Theorem 5.1.4 )
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A Pliicker coordinate mirror for partial flag varieties and quantum
Schubert calculus

In Chapter 4, we construct a Pliicker coordinate superpotential F_ that is
mirror to a partial flag variety Fl(n,). (see Theorem 4.3.10). Its Jacobi ring
recovers the small quantum cohomology of F¢(n,), (see Theorem 4.4.9), and we
prove a folklore conjecture in mirror symmetry. (see Theorem 4.4.11). Namely,
we show that the eigenvalues for the action of the first Chern class ¢;(F¢(n,))
on quantum cohomology are equal to the critical values of F_. We achieve this
by proving new identities in quantum Schubert calculus that are inspired by

our formula for F_ and the mirror symmetry conjecture.

Unfolding of equivariant F-bundles and application to the mirror
symmetry of flag varieties

In Chapter 5, we establish an unfolding theorem for equivariant F-bundles,
(see Theorem 5.3.36), generalizing Hertling-Manin’s universal unfolding of
meromorphic connections. As an application, we obtain the mirror symmetry
theorem for the big quantum cohomology of flag varieties, from the recent
works on the small quantum cohomology mirror symmetry, via the equivariant

unfolding theorem. (see Theorem 5.4.35).



Chapter 2

BACKGROUND

In this chapter, we summarize the background material that will be used
throughout the thesis. Gromov-Witten theory appears in several places in our
work, and section 2.1 reviews the basic definitions of moduli spaces of stable
maps and the associated Gromov—Witten invariants. Section 2.2 discusses
Hodge-theoretic mirror symmetry, we review the construction of A-model,

B-model, and the expected mirror statement between them.

2.1 Gromov Witten theory

In this section, we provide a brief introduction for the rough idea of Gro-
mov—Witten theory, which is used throughout the thesis. The reader may look
at standard references for details. [40, 897 |. Let X be a complex projective
variety. We are interested in counting curves in X subject to various incidence
conditions. The basic idea is to define a moduli space of the curves, so that
the incidence conditions restrain some subspaces of the moduli space, and then
counting curves that satisfy these incidence conditions can be translated to
study the intersection theory of the moduli space. However, this rough idea
has some technique issues, which we will explain starting from the introduction

of the moduli space.

The curves we want to count can be presented as maps f : (C,xy, ...,x,) = X,
where C' is a smooth proper curve with marked points (zy,...,z,) and f
is a smooth proper map, then f(C) is a curve inside X passing through
f(x1), ..., f(z,). However, the moduli space of the above maps is not compact
and does not have good algebraic structure. This motivates Kontsevich’s
definition of stable maps, which allows nodal singularities in the domain curve
to fix the compactness issure and impose a stability condition to kill infinitesimal

automorphisms to make the moduli space a Deligne-Mumford stack.

Definition 2.1.1. Let X be a complex projective varietry. Then a genus g,

n-marked stable curve consists of the data (C, xy, ..., z,) where

o ('is a curve of arithmetic genus g with at worst nodal singularities and

x; are smooth points in C.
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o (isstable: there are finitely many automorphisms that preserve zy, ..., z,

and carry nodes to nodes.

The special points of a curve C' are the fixed points z, ..., x,, and the nodes.
The stability condition for curves (C,xy, ..., x,) can be deduced from the genus

and number of special points:

Proposition 2.1.2. (/58])

e genus 0 curves are stable if the number of special points > 3.
e genus 1 curves are stable if the number of special points > 1.

e genus > 2 curves are all stable.

The stable maps to X are (C, 1, ..., x,, ) where (C, z1, ..., z,,) are stable curves
and f(x;) are distinct. If f.([C]) =8 € NE(X,Z), we say (C, 1, ...,xp, ) is

of class 8. Now we are ready to introduce the moduli stack of stable maps.

Definition 2.1.3. For X a smooth complex projective variety, we denote
M, .(X,8) to be the moduli stack parametrizing n-pointed, genus g stable
maps to X of class .

While the moduli stack M, (X, 3) may be singular and have components of
varying dimensions, it is a proper Deligne-Mumford stack, (See [40, 89]), and

it has an expected dimension called virtual dimension which is given by ([? ])

vdimMyn(X, ) = n+ (1 — g)(dimX — 3) + //3 e (Tx)

The intersection theory for Deligne-Mumford stacks was developed by Vis-

toli [128], extending the classical construction of Fulton [42].

Let Vi,...,V, C X be subvarieties, and let 7; € H*(X) denote their Poincaré
dual cohomology classes. For a stable map f : (C,xy,...,2,) — X, the

evaluation morphisms

eVi:Mg,n(Xaﬂ)—)Xa (Caxla"'axnaf)Hf(zi)
allow us to consider the cohomology class

evimU---Uev,vy, € H” (ﬂg,n(X, ﬁ))
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This class represents the locus of stable maps whose images intersect each V; at
the marked point ;. If the moduli space M, (X, ) were smooth and of the
expected (finite) dimension, then the corresponding Gromov—Witten invariant

would be given by the intersection number

eviviU---Ueviv,.
/Mg,n(x,m o nin

In general, however, the moduli space is rarely smooth and may not be equidi-
mensional. It is only proper as a Deligne-Mumford stack. To remedy this,

Behrend and Fantechi [9] constructed a virtual fundamental class

My (X, D1 € A3, 0,8 (Mon (X, 5)),
defined using a perfect obstruction theory. The Gromov-Witten invariant is
then defined by integrating against this virtual class:

X * *
Yis- -5 Vn :/7 ceviyr U---uUev .
< Vs Myn(X.0Mr

2.2 Hodge theoretic Mirror symmetry
This section serves as an index of the preliminary of Hodge theoretic mirror

symmetry discussed in this thesis.

The preliminary of the A-model quantum F-bundle is provided in section 3.2,

and in 5.4 we focus on the equivariant version for flag varieties cases.

The preliminary on the construction of the B-side mirror space for flag varieties
is provided in 4.2, and the small D-module mirror symmetry for G/P is

reviewed in section 5.4.



Chapter 3

DECOMPOSITION AND FRAMING OF F-BUNDLES AND
APPLICATIONS TO QUANTUM COHOMOLOGY

This chapter is based on [66], joint work with Thorgal Hinault, Tony
Yue Yu, and Shaowu Zhang.

3.1 Introduction

Motivations

Let X be a smooth projective complex variety. The enumeration of curves in
X is a classical subject in algebraic geometry, enjoying a variety of approaches
(see [109]). Gromov—Witten theory is one of the most widely known and the
most general (e.g. no restriction on the dimension of X), (see [97? ? |). The
Gromov—-Witten invariants of X are rational numbers depending on the genus
g, number of marked points n and cohomology classes ¢1, ..., ¢, of X. They
satisfy a notable relation called the WDVV equation, which allows them to
be packaged into differential geometric data, such as Frobenius manifolds by
Dubrovin ([36]) or semi-infinite Hodge structures by Barannikov ([4]). The
differential geometric framework facilitates intuitions from geometry and mirror
symmetry and contributes tremendously to the development of the subject. The
framework was further extended to incorporate the integral/rational structure
via the notion of nc-Hodge structure by Katzarkov-Kontsevich-Pantev [82].
They established a profound gluing/decomposition theorem using the Fourier-
Laplace transform of the associated D-modules (see §2.4.2 in loc. cit.). This
motivated the development of the theory of atoms for applications to birational
geometry (see [84]). The idea is to apply the decomposition to the A-model
nc-Hodge structure (defined using Gromov—Witten invariants) associated to a
smooth projective variety at a generic point of the base, and view the resulting
pieces as elementary pieces of the variety called atoms. The collection of atoms
(modulo an equivalence relation induced by blowups) is expected to serve as a

powerful birational invariant.

While the notions of nc-Hodge structure and atom are natural and beautiful,
it is still conjectural that Gromov-Witten invariants actually give rise to an

nc-Hodge structure satisfying all the axioms in [82, §2.1.5]. The difficulties
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include the convergence of the Gromov-Witten potential ([74]), the Gamma
conjecture ([46]) and the opposedness axiom ([116]). This means that the
theory of nc-Hodge structure cannot yet be unconditionally employed for the
study of Gromov-Witten invariants and their applications in general. In this
paper, we consider a formal/non-archimedean distilled version of variation
of nc-Hodge structures, which we call F-bundles (see Section 3.2, and see
Section 3.1 for related notions). We establish the spectral decomposition
theorem for F-bundles, according to the generalized eigenspaces of the Euler
vector field action, motivated by the gluing theorem for nc-Hodge structures
via Fourier-Laplace transform, see Section 3.3. The comparison of the F-bundle

decomposition and the nc-Hodge structure decompositions is studied in [130,
§8].

Furthermore, we study the notion of framing of F-bundles, analogous to the
decoration on variations of nc-Hodge structures, and prove the existence and
uniqueness of the extension of framing, see Section 3.4. This allows us to
identify F-bundles via maps on the base (analogous to a mirror map) together
with a gauge transformation on the bundle. As an application, we prove the
uniqueness of the decomposition map for the A-model F-bundle (hence quantum
D-module and quantum cohomology) associated to a projective bundle, as well
as to a blowup of an algebraic variety. This complements the existence result
by Iritani-Koto [72] and Iritani [78].

Main results

Below we give a more detailed description of our results.

Throughout the paper, we fix a field k of characteristic 0. In the non-
archimedean setting, we assume that k has a nontrivial valuation whose restric-
tion to Q is trivial. Let B be a smooth k-analytic space, and D, the germ at 0

in a k-analytic closed unit disk with coordinate wu.

An F-bundle (H,V) over B consists of a vector bundle H over B x D, and a
meromorphic flat connection V with poles at u = 0, such that V,25, and V,;
are regular for any tangent vector field £ on B. We refer to Definition 3.2.2 for

the definition of logarithmic F-bundle in the formal case.

For any b € B, we have a natural action

wo: TyB — End(Hyp)
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The F-bundle is called mazimal at b if the action induces an isomorphism
between T, B and H, via a cyclic vector, see Definition 3.2.6. This gives a

commutative product on T, B by the flatness of V.

Spectral decomposition theorems

Let Ky :== V24, |p0, it is the action of the Euler vector field on the fiber Hy .
We show that the generalized eigenspace decomposition of K, extends locally

to a product decomposition of the F-bundle. Here are the precise statements.

Theorem 3.1.1 (Formal spectral decomposition, Theorem 3.3.32). Let B be a
formal neighborhood of a rational point b in a smooth k-variety, and (H,V)
an F-bundle over B maximal at b. Assume that we have a decomposition
Hpo =~ Pier H; stable under Ky, and that for any @ # j € I, the spectra of
Ki|u, and Ky|g, are disjoint. Then (H,V)/B decomposes into a product of
mazimal F-bundles (H;,V;)/B; extending the decomposition of Hlpo.

Theorem 3.1.2 (Non-archimedean spectral decomposition, Theorem 3.3.42).
Let B be an admissible open neighborhood of a rational point b in a smooth
k-analytic space, and (H,V) an F-bundle over B mazimal at b. Assume that
we have a decomposition Hyg ~ @P,ec; H; stable under Ky, and that for any
i # j €1, the spectra of Ky|u, and Ky|g, are disjoint. Then there exists an
admissible open neighborhood U of b such that (H|y, V|y)/U decomposes into a
product of mazimal F-bundles (H;,V;)/U; extending the decomposition of Hyp.

For proving the spectral decomposition, first we establish a formal and a non-
archimedean version of the Frobenius theorem (see Theorems 3.3.7 and 3.3.10),
by solving recursively a system of partial differential equations (see Proposi-
tion 3.3.4). By the maximality assumption, we obtain an F-manifold structure
on the base B of the F-bundle (see Definition 3.3.11 and Lemmas 3.3.24
and 3.3.35). The eigenspaces of K}, induce a decomposition of the tangent
space T,B as a k-algebra, and we show that this decomposition extends lo-
cally around b (Theorems 3.3.13 and 3.3.20). To do so, we first prove that
the algebra structure on the tangent spaces decomposes via deformations of
k-algebras (Lemmas 3.3.15 and 3.3.22). Then, using the F-identity (3.3.12) of

the F-manifold, we prove that the induced decomposition of the tangent bundle
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is a decomposition into commuting integrable distributions (Proposition 3.3.19).
Finally, using the formal and non-archimedean versions of the Frobenius the-
orem, we integrate those distributions and produce a decomposition of the
F-manifold B ~ [];c; B;.

Having decomposed the base B, we use maximality again to obtain a splitting
of H|u—o. The link between the connection V and the F-manifold structure
implies that this decomposition is stable under the residue endomorphisms
V2, lu=o and V¢|u—o for any £ € T'B. Using the disjoint spectra assumption,
we extend this decomposition to a decomposition of H stable under V25, by
a recursive procedure, and obtain the decomposition in the formal case, see
Proposition 3.3.26. In the non-archimedean case, through a careful analysis of
the recursion and the norms of the coefficients, we show that the decomposition
is convergent over an admissible open neighborhood of b, see Proposition 3.3.36.
Finally, using flatness, we prove that the connection also decomposes according
to the splitting of ‘H (Proposition 3.3.29), and that each piece is the pullback

of a maximal F-bundle on B; from the decomposition of the base B.

Extension of framing

A framing for an F-bundle (H,V)/B is roughly a local trivialization of H in
which the connection involves no positive powers of u (Definition 5.2.4). It is
analogous to the notion of decoration on variations of nc-Hodge structures in
(82, §4.1.3]. Framings do not exist in general. We prove in the following that if
a framing exists at a point b € B and is strong in the logarithmic case, then
it extends uniquely and explicitly to a formal or non-archimedean analytic

neighborhood.

Theorem 3.1.3 (Theorem 3.4.2). Let (H,V)/(B, D) be a logarithmic F-bundle,
where B is a formal neighborhood of a rational point b in a smooth k-variety. A
framing at b extends to a framing over B if and only if it is strong with respect
to D (see Definition 3.4.1). In this case, the extension is unique and explicitly

determined.

Theorem 3.1.4 (Theorem 3.4.26). Let B be an admissible open neighborhood
of a rational point b in a smooth k-analytic space. Let (H,V) be a non-
archimedean F-bundle over B. Then every framing at b extends uniquely and

explicitly to a framing over an admissible open neighborhood U of b in B.
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The proofs are carried out by reformulating the problem into a system of partial
differential equations ((3.4.4)-(3.4.7)), which is then solved inductively on the
number of variables. If there are no logarithmic directions and (4, ...,%,) are
coordinates on B centered at b, we first solve (3.4.6) in the t;-direction at
ty =--- =1, =0 order by order in ¢, by observing that the equation provides
a recursive relation. We use this solution as an initial condition, and then solve
(3.4.6) in the to-direction at t3 = --- = ¢, = 0. Using flatness of the connection,
we prove that the solution obtained solves the equation in the t;-direction as
well, for all t5. In this way, we solve (3.4.6) for all directions, and we show that
the solution also solves (3.4.4) using flatness again. In the non-archimedean

case, we prove that the solution converges by bounding its coefficients using

(3.4.6).

The extension in the formal setting works also for logarithmic F-bundles,
under the assumption that the framing at b is strong with respect to D (see
Definition 3.4.1). This condition implies that the residues uy(v) at b along
u = 0 have nilpotent adjoint endomorphism for v € T}, D, a property we call the
nilpotency condition (see Definition 3.4.11). This nilpotency condition allows
us to extract a recursive relation from (3.4.5), so we can reconstruct a solution
to the equation order by order. We proceed as in the non-logarithmic case and
solve the system of PDEs inductively on the number of variables, this time

starting from the logarithmic directions.

Based on the extension of framing theorem, we give a reconstruction result
for isomorphisms of logarithmic F-bundles with framing in Section 3.4. We
can always reconstruct the bundle isomorphism from its restriction to a point
and the framing. In the maximal case, we can also reconstruct the map on the
base from its restriction to a point, up to some multiplicative constants in the

logarithmic directions.

Proposition 3.1.5 (Proposition 3.4.31). Fori=1,2, let (H;,V;)/(B;, D;) be
a logarithmic F-bundle where B; is the formal neighborhood of a rational point
in a smooth k-variety. Let (f,®): (H1,V1)/(B1,D1) = (Ha,V2)/(Ba, D2)
be an isomorphism between logarithmic F-bundles with f(b1) = by. Assume
(H1,V1)/(By, Dy) has a framing V.

1. The bundle map ® is uniquely and explicitly determined by its restriction to

Hy ’bl x Spf k[u] -
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2. If (H1, V1) and (Hz, Vs3) are mazimal, then the base map f is also uniquely
determined by its restriction to by, up to some multiplicative constants in the
logarithmic directions. The reconstruction is explicit after fixing compatible

cyclic vectors at by and bs.

Motivated by the extension of framing theorem and our applications in Sec-
tion 3.5, we prove the following classification result for framed F-bundles over

a point.

Proposition 3.1.6 (Corollary 3.4.35). Let H ~ H x k[u] be a trivialized rank
m vector bundle over k[u]. Let (H,V) and (H,V') be two F-bundles framed

in the given trivialization, and write

Vs, = uly, +u 'K+ G,
Vi, =udy +u 'K + G,

Assume K has simple eigenvalues. Then (H,V) is isomorphic to (H,V') if
and only if there exists ¢ € GL(H) such that

1. K=¢toK' 09, and

2. in an eigenbasis of K, we have (G);; = (¢~ 0 G' 0 @)y for 1 < i < m.

Furthermore, the gauge equivalence is uniquely and explicitly determined by the

initial condition ¢ at u = 0.

Proceeding order by order in u, we reformulate the gauge equivalence of the
two connections as a system of equations (3.4.38)-(3.4.39) involving the adjoint
map [K,:]. When the eigenvalues are not simple, the equations are hard to
solve because the map [K, -] does not have an easy description. We provide
a partial classification in Theorem 3.4.34, under the assumption that all the
generalized eigenspaces of K have the same dimension, and by restricting
the type of coefficients we allow in the connections. The assumption on the
coefficients allows us to work relative to a universal algebra. Relative to this
algebra, the endomorphism K has simple eigenvalues, and we are able to solve

the system.

We illustrate an application of these results in the next paragraph. The

reconstruction of isomorphisms also has applications in the reconstruction of
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mirror maps in Hodge-theoretic mirror symmetry, which we plan to explore in

a subsequent work.

Application to the decomposition of quantum cohomology

Let V' — X be a rank m vector bundle on a smooth complex projective variety
X, P=P(V) 5 X the associated projective bundle, and h = ¢;(Op(1)). We
have a natural splitting

m—1 i

iso: D H*(X,Q)[—2i] LM e(P,Q). (3.1.7)

i=0
Fix an ample class wy € H*(X,Z), and a homogeneous basis {7} }o<j<n of
H*(X,Q) extending {1, wx }. We obtain the A-model maximal F-bundle (H, V)
for P over a formal base B with closed point b given by 0 € H*(X,Q) (see
Example 3.2.25). Let X' = [[<j<;,_1 X, and (H', V') the A-model maximal
F-bundle over a formal base B’ with closed point &' given by A(a) € H*(X', C).
We denote by (a; ;) the coordinates of A(a) in the basis of H*(X’, C) induced
from {7} using (3.1.7).

Our first result shows the existence and uniqueness of a gauge equivalence over

the base points.
Theorem 3.1.8 (Theorem 3.5.16). There exists an F-bundle isomorphism
Q(u): (H,V)|p = (H', V)|,

whose components ®;; (as power series in u) are given by the cup-product with
elements in H*(X,C) if and only if the coordinates of the base point A(a)
satisfy
> degzﬂai,ﬂ} =V +m\, (3.1.9)
Ji degTj#2

where \; was defined in Lemma 3.5.8.
Furthermore, in this case ® is uniquely determined by the H°-components of

®;jlu—o, and A(a) is uniquely determined by (3.1.9), up to a shift in ®*, H*(X,C).

Next, we extend the uniqueness result over the bases B and B’. The existence
is shown by Iritani-Koto [72].

Theorem 3.1.10 (Theorem 3.5.20). Let (f,®): (H,V)/B — (H',V')/B’ be

an isomorphism of F-bundles. Then
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1. The bundle map ® is uniquely and explicitly determined by its restriction to

be B.

2. The base map f is uniquely and explicitly determined by its restriction to

b € B, up to a multiplicative constant in the q direction.

In Theorems 3.5.22 and 3.5.24, we state the analogous results in the case of

blowups of smooth complex projective varieties.

Related works

Various related but slightly different concepts of F-bundles have been studied
in the literature. We refer to [36, 102] for Frobenius manifolds, [119, 121] for
Saito structures, [35, 63| for (TE)-structures and variations, [4] for semi-infinite
variations of Hodge structures, [61, 62] for F-manifolds, [82, 83] for nc-Hodge
structures, and [21, 107, 123] for other related works. Logarithmic variants of

Frobenius manifolds and (TE)-structures were introduced in [114, 115].

Works related to our decomposition theorems for F-bundles include [36] for the
decomposition of semisimple Frobenius manifolds, [119] for the decomposition
of meromorphic connections, [62] for the decomposition of F-manifolds, and
[130] for the comparison of the spectral decomposition and the vanishing
cycle decomposition of nc-Hodge structures. Analogs of our extension of
framing theorem were studied in [32, 73| for the ¢-direction, in [35] for the
t-direction, and in [75] under different assumptions. We refer to [72, 78] for

the decomposition of quantum D-modules for projective bundles and blowups.
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3.2 Basic definitions and examples
In this section, we give the basic definitions regarding F-bundles and give the

example of the A-model F-bundle.

Notion of F-bundle

Let D, denote the germ at 0 in a k-analytic closed unit disk with coordinate wu.

Definition 3.2.1 (F-bundle). Let B be a smooth k-analytic space (resp. a
smooth formal scheme over k). An F-bundle (H,V) over B consists of a vector
bundle H over B x D, (resp. over B x Spfk[u]), and a meromorphic flat
connection V on H with poles along u = 0, such that V,25, and V, are

regular for any tangent vector field £ on B.

For applications to Gromov—Witten theory (see Section 3.2), the base B, the
vector bundle H and the connection V should all be understood in the context

of supergeometry (see [? , §4]).

Given a map f: B’ — B, the pullback f*(H,V):

is an F-bundle on B’.

((f xidy)*H, (f < idu)"V)

In the formal case, we introduce the notion of logarithmic F-bundle.

Definition 3.2.2 (Logarithmic F-bundle). Let B be a smooth formal scheme
over k together with a normal crossing divisor D C B. A logarithmic F-bundle
over (B, D) consists of a vector bundle H over B x Spf k[u] and a meromorphic
flat connection V on ‘H with poles along u = 0, such that V25, and V¢ are

regular for any log tangent vector field £ on B.

Below we formulate several definitions for logarithmic F-bundles, which also
apply to non-archimedean F-bundles, up to replacing logarithmic tangent

vectors by analytic tangent vectors.

Remark 3.2.3 (Restriction to uw = 0). Let (H,V)/(B, D) be a logarithmic
F-bundle and ¢ a logarithmic vector field on B. The failure of Opg-linearity of
the operator V¢ is given by the symbol

a(vug) T*B ®OB><Spflk|Iu]] H — H
df @ h—s [V, flh.
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We have 0(V¢)(df ® h) = df (u&)h, which vanishes at u = 0. We thus obtain

a map

: TB(—log D) — Endo, (H|u=
ji: TB(~1og D) — Endo, (Hl.-0 o
§P—>Vu§|u:0'

In a similar way, the restriction of V25, to H|u—o is Op-linear.

Let b = Speck — B be a closed point. The map (3.2.4) induces a map

wy: Ty B(—log D) — End(Hsp). (3.2.5)

Let K} denote the action of V25, on H;o. The flatness of V implies that the

image of u;, consists of commuting operators, which also commute with K.

Definition 3.2.6. A logarithmic F-bundle (H,V)/(B, D) is called mazimal
(resp. over-mazimal) at a closed point b = Speck — B if there exists a cyclic

vector for the action py, i.e. a vector h € Hp such that the map
TyB(—log D) — Hpo, v+ mp(v)(h)

is an isomorphism (resp. epimorphism). It is called maximal (resp. over-

maximal) if it is maximal (resp. over-maximal) everywhere.

In the maximal case, the dimension of T,B(—log D) is equal to the rank of
H, and gy, induces an inclusion from 7, B(—log D) to End(H, ). We obtain a

commutative associative product structure on 7, B, given by

pv(v1 x va)(h) = p(va) © pup(v1) (h). (3.2.7)

Definition 3.2.8. Let (#,V)/(B, D) be a maximal logarithmic F-bundle. The
unique logarithmic vector field Eu on B with u(Eu) = K = V25, |u=0 is called
the Fuler vector field.

Definition 3.2.9. For a logarithmic F-bundle (H, V) over (B, D), a framing
is another flat connection V¥ on #H without poles, such that in the local
trivializations of H given by V', if we denote by H the vector space of local

flat sections, the original connection V has the form
1 1 1
Vo, =0, + 5K+ -G, Ve=E6+-A(§) (3.2.10)
u u u

for any logarithmic vector field £ on B, where K, G are End(H )-valued functions
on B, and A is an End(H )-valued 1-form on B.
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We give the definition of product of logarithmic F-bundles. The definition is

analogous in the non-archimedean case.

Definition 3.2.11 (Product of F-bundles). The product of two logarithmic F-
bundles (H1, V1)/(B1, D1) and (Ha, Va)/(Bs, D») is the F-bundle (H, V) /(B, D)
defined over B = By X By, with divisor D = (D; x By) U (B; x D3), by

H = priH, ® pryHo,
V = priVi @ priyVa,

where pr,: By x By x Spfk[u] — B; x Spfk[u] denotes the projection for
i=1,2.

Example of A-model F-bundle

Let X be a smooth projective variety over C. The rational Gromov—Witten
invariants of X can be encoded in an F-bundle, called the A-model F-bundle
associated to X, also known as the quantum D-module (see [49]). Here we

will give a logarithmic version and a non-archimedean version of the A-model

F-bundle.

Gromov—Witten potential and quantum product

Fix a homogeneous basis (7})o<;<n of H*(X,Q), such that T, = 1 is the unit,
and (T4, ...,Ty) is a basis of H*(X,Q). Let (T")o<;<n denote the dual basis
with respect to the cup product pairing.

Let QINE(X, Z)] denote the completion of Q(NE(X, Z)] = Q[¢° | B € NE(X, Z)]
with respect to the maximal ideal (¢°, 8 # 0). We write k[NE(X,Z)] =
QINE(X, Z)] ®g k.

The genus 0 Gromov—Witten potential is

B
o — % S (T - T8ty - i, € QINE(X, Z)][to, .-, tn],
n>0,8 ST in
(3.2.12)
where (- - >§,n denotes the Gromov-Witten invariants of X of genus 0, class /3
and observables T}, ... ,T;, .
The (big) quantum product is given by
*x: H*(X,Q) ® H*(X,Q) — H*(X,Q) ® QINE(X, Z)][to, - - -, tn]
9 (3.2.13)

TixTj— Y —— T,
i Zr:atiatjatr
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where

PP 3
otot;0t, =3 nl Z LT Do nss

n>0 ,8 11,00

ti - (3.2.14)

In Section 3.5, we will use a quantum product at a shifted origin, which we

explain in the following lemma.

Lemma 3.2.15. Let A(a) = Yoy al; € H* (X, k). Assume A(a) has
no terms of degree 1 or 2. Then applying the shift t = (to,...,tn) — t +
a = (to+ ag,...,ty +ay) to ® produces a well-defined element ®(t + a) €
k[NE(X, Z)][to, - - -, tn]-

Proof. Before the shift, for o = (ao, e ) € NV*1 the coefficient of the
0, a0 Ty )0| - The coefficient of the
monomial £5° - - - 3" of ®(¢ + a) is given by evaluating
1 11®(t + a)
gl -yl 0%ty -~ 0N Ly

monomial ¢°t5° - - 37 in @ is

at t = 0. By the chain rule, this is the same as evaluating the derivative of the
unshifted potential ® at ¢ = a. So, it is enough to check that this evaluation
makes sense, i.e. that it gives an element in k[NE(X,Z)]. The coefficient of ¢”
in the derivative of ® is

1

Qo+ an+yn\p
/yo"”,yN <T0 0,..TNN N)
yeNN+1 07 '

O’|a|+|7|t30 ct t}YVN (3216)

We claim that the above sum is finite when evaluated at a. By the unit axiom
of Gromov—Witten invariants, the part of the sum with 5 > 0 is finite: if Tj
appears in a nonzero n-pointed Gromov—Witten invariant, then n = 3 and
£ = 0. We now prove that there are finitely many terms with v = 0. If a

nonzero Gromov-Witten invariant (T5oT{ 7 ... TV tIv)0

0,[al+1| contributes

to the sum, the formula for the virtual dimension gives
Z o; codim T + Z vicodimT; = 2(dim X — 3+ |o| + |y| + 8- e1Tx).
0<i<N 1<i<N
Since we assume that there is no shift in the H' and H?-directions, the
monomial ¢}’ - - -t} evaluated at ¢ = a is 0, unless v; = 0 for codim 7; € {1, 2}.
Then, when evaluating the 7y = 0 part of (3.2.16) at t = a, nonzero terms
satisfy codim T; > 3 for ~; # 0. We deduce

3lv < > 4icodimT; = 2|y| + constant.
1<i<N
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It follows that the sum (3.2.16) is finite at ¢ = a, completing the proof. O

By Lemma 3.2.15, the quantum product is also well-defined on a formal
neighborhood of the shifted point A(a) € H*(X, k).

Logarithmic A-model F-bundle

Let U be the formal neighborhood of a cohomology class A(a) € H*(X, k) at
which the quantum potential is well-defined. Using the basis (7;)o<i<n, We
write U = Spfk[to, ..., tn].

For £ € H*(X, k), we define a derivation g0, of k[NE(X,Z)] by

£q0,(¢°) = (B-€)q".

Definition 3.2.17. The logarithmic A-model F-bundle of X at base point
A(a) is the logarithmic F-bundle (H, V) over Spf kK[NE(X,Z)] x U defined as

follows:

1. The bundle # is trivial with fiber H*(X, k).

2. Let

degT; — 2

K = Cl(TX) + Z 9

i:deg T;#2

1
G = i(degx —dim X)),

tzﬂ *,

A(r) =7+, 7€ H (X k),
Ag) =¢&x, e HY(X k),

where degy (a) = ia for « € H'(X,k), and * is the quantum product shifted
at A(a). The connection V is given by

1 1
Vo, =0, — 5K+ -G,
u u

1
VaT = a-r -+ 5A(T>,

1
Veqo, = £q0q + EA(E)-
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Non-archimedean A-model F-bundle

In the non-archimedean setting, k is a complete non-archimedean field of

characteristic 0 with a nontrivial valuation whose restriction to Q is trivial.

Let N'(X)/ Tor denote the Néron-Severi group of X modulo torsion. The

valuation of k induces a map

v: (NY(X)/ Tor) @z Gy — (N'(X)/ Tor) @z R. (3.2.18)

Since the ample cone Amp(X) is open in N*(X)g, its preimage B, == v~ (Amp(X))
is a k-analytic space. Let B;yV" be the product of a k-analytic affine line and an
open polyunit disk, where the affine line has coordinate ty and the polyunit disk
has coordinates t; for degT; € {2,4,6,...}. Let B2 be the purely odd vector
space with coordinates ¢; for deg T; € {1,3,5,...}. Let B := B, x B{**" x Bpdd.

Lemma 3.2.19. The genus 0 Gromov—Witten potential
qB
®= > 0 > (T Tu)st i, € QINE(X, Z)][{t:}],
n>0,8 """ i1, yin

defines an analytic function over B.

Proof. Let 0 C NY(X)g be any simplicial cone generated by ample classes
Wi, W, Let B) be the preimage of o under the valuation map (3.2.18),
and B' = B} x B{¥ x By, Then ® is analytic over B’, since the restriction

of ® to B’ is given by the power series with rational coefficients

1 ‘w1 ‘W
o= gqf g D0 ATy T st -, € QU{as}, {1,

n>0,8 """ 11, in

which is polynomial in ¢35 by the unit axiom. Since the union of all such o

covers the ample cone, the proof is complete. O
Lemma 3.2.19 implies that the quantum product is convergent over the non-

archimedean base space B.

Definition 3.2.20. The non-archimedean A-model F-bundle of X is the F-
bundle (H, V) over B defined by the same formulas as in Definition 3.2.17.
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Maximal logarithmic F-bundle
The F-bundles defined above are not maximal because the base has larger

dimension than the fibers. We can cut down the base dimension by choosing

one g-variable and eliminating one t-variable as follows.

Fix a nef class w € N'(X). It induces a projection
k[NE(X,Z)] — k[qg], q¢°+— ¢*~. (3.2.21)

Assumption 3.2.22. Assume that for any i1, ...,47, and d, there are finitely
many [ such that - w = d and (T}, - - 'Tz‘n>€,n # 0.

Lemma 3.2.23. Assumption 3.2.22 holds if there exists € € Q such that

w + ec1(Tx) is ample. In particular, it holds if w is ample, or if X is Fano.

Proof. Recall that the virtual dimension of M, ,, (X, ) is equal to dim X —3+/-
cr(Tx) +n. I (T}, - Ty, )g., # 0, we have dimy;, Mo, (X, B) = 37—, codim T},
So 5-¢1(Tx) is fixed given T;,, ..., T;, . If B-w is also given, then (- (w—l—e cl(TX))
is fixed too. This is only possible for finitely many 3, since w + ec;(Tx) is

assumed ample. O

Lemma 3.2.24. Under Assumption 3.2.22, the Gromov-Witten potential ® €
QINE(X, Z)][to, - - -, tn] asin (3.2.12) induces an element ®* € Q[q][to, - - -, tn],
via the projection (3.2.21). Conversely, ® is uniquely determined by ®“.

Proof. Assumption 3.2.22 guarantees that ®“ is well-defined. Let us prove the

other direction. Fix iy,...,7, and d. Knowing ®*, we can form the following
series
1
_ B8 ,
V= Z rilooorl Z <E . .E”Tfl o .T]:k>0,7l+’r"1+-~~+rk 57141 T S};k < Q[[517 s 7Sk]]7
Tl |1 k* Bw=d
where T}, ..., T}, constitute a basis of H?(X, Q). By the divisor axiom, we have
1 T T
\Il = Z ' | Z <E1...En>g7n (B.Tl)rlsll (B'Tk> kszk GQHS:[?)S]?]]
Tl Tk ™ Tk B-w=d

Comparing the coefficients, we conclude that every (T;, - - - T2n>gn is uniquely
determined by W, therefore by ®*“. ]
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Example 3.2.25 (Maximal A-model F-bundle). Assume w = T} satisfies
Assumption 3.2.22. Let A(a) € H*(X, k) be a cohomology class at which the
quantum potential is well-defined. Let U = Spfk([to,--- ,tny] be the formal
neighborhood of A(a) in H*(X,k), U" C U the closed subspace given by
t1 = 0, and B’ = Spfk[q] x U’. Then the potential ®* in Lemma 3.2.24
produces a maximal logarithmic F-bundle over B’ by the same formulas as in
Definition 3.2.17. Indeed, the multiplicative unit 1 is a cyclic vector at 0 by

the unit axiom.

3.3 Spectral decomposition of maximal F-bundles

In this section, we establish the spectral decomposition theorem for maximal
F-bundles in the formal and non-archimedean settings, see Theorems 3.3.32
and 3.3.42. We first prove in §3.3 formal and non-archimedean analogs of the
Frobenius theorem in differential geometry using an argument that we call
“generalized flatness”. We study the decomposition of the base as F-manifolds
in Section 3.3. The spectral decomposition theorems are presented and proved

in Section 3.3.

Recall that k is a field of characteristic 0. In the non-archimedean setting, we

equip k with a complete nontrivial valuation whose restriction to Q is trivial.

Frobenius theorem

Generalized flatness for systems of PDEs

We prove a criterion ensuring the existence of a unique formal solution to
some systems of quasi-linear PDEs in Proposition 3.3.4. We also prove a
non-archimedean version in a special case in Lemma 3.3.6. Throughout, we set
My = k™. We denote by m the maximal ideal (¢y,...,¢,) in k[t1, ..., t,].

Notation 3.3.1. We use the following notations for tuples of integers:
1. Let =< denote the partial order on N" defined by
(ri)1<i<n = (Si)1<i<n <= V1 <i<n, r; <s;,.
2. For r = (r;) € N, let |r| = X cicp 13-
3. For r = (r;)1<i<n € N" and 1 < j < n, we set

Tj(?“) = (T1a~--7Tj—larj+17rj+17'-~,rn) e N".
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Definition 3.3.2. Let D = (Dz M(] Qx M — MO Sk k[[tl, ce 7tn]])1§i§n be a
system of differential operators of the form D; = 0,, — f;, with f;: My ®x m —
My @k K[t1, ..., t,] an arbitrary map. We say that the system D is generalized

flat if the two following conditions are satisfied:

1. For every d € N and every 1 <1 < n, the composition
MO Qg m L> MO Ok k[[tb s 7tn]] — MO Ok (k[[tla s 7tn]]/md)
factors through M, ®y (m/md).

2. If ¢ € My ® m satisfies D;(p) = 0 mod m? for all 1 < i < n, then
9, (fi(9)) = 0y, (filp)) mod m forall 1 <i,j <n.

Remark 3.3.3. Condition (1) means that for ¢ € My ®, m, the total t-degree
d terms of f;(¢) depend on terms in ¢ of total t-degree at most d. This
assumption allows to solve the associated system of PDEs recursively. It
is automatically satisfied if the components of f(¢) are power series in the

components of ¢.

Our notion of generalized flat systems of PDEs allows to prove the following

existence and uniqueness result.

Proposition 3.3.4. Let (D;: My®xm — Mo®gk[t1, ..., t.])1<i<n be a general-
ized flat system of differential operators. Then there exists a unique ¢ € My®m
satisfying D;(¢) =0 for all 1 <i < n.

Proof. In this proof, for ¢ € My @, m and ¢ € N", we denote by [fi(¢)]e the
coefficient of t* in f;(¢p).

For the uniqueness, if ¢ = 3 ,cnn @ot? is a solution of the differential system,

then ¢ satisfies the recursive relations with respect to t-monomials

(i + Doryey = [fi(@)]e- (3.3.5)
This uniquely determines the coefficients of ¢ from the initial condition ¢y = 0.

For the existence, we construct inductively on d € N an element o4 € M@, m
such that

1. @ has terms of degree at most d + 1,
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2. if d > 1, then @ = @1 mod m*!

3. Di(p¥9) =0 mod m#! for all 1 <i < n.

Set @ = " [£i(0)]ot;, it satisfies (1), (2) and (3) for d = 0.

For the inductive step, fix d € N and assume @ is constructed. Given ¢ € N*
with |¢| = d + 2, there exists a minimal index iy and a unique ¢ € N" such
that ¢ = 7;,(¢'). The index iy corresponds to the first nonzero component of ¢.
We set ¢, == é[fio(w(d))]e', and define

S0(d+1) _90 ) 4 Z th

(eN
|t|=d+2

By construction p(@+1) satisfies (1) and (2), it remains to check (3). By the
inductive assumption (2) and Condition (1) of generalized flatness, we have
[£i(09 )], = [fi(0 D)), for all £ € N™ such that |¢| < d+1. Thus we only need
to check that the added coefficients ¢, with |¢| = d + 2 satisfy the recursive
relations (3.3.5) for all 1 < i < n.

Fix ¢ € N" with |¢| = d + 2, and an index i. Let iy be as in the definition of
¢, then there exists a unique ¢y € N" with |¢g| = d such that ¢ = 7;7;,(¢y) =
TisTi(£o). By the construction of ¢y, the recursive relation (3.3.5) in the ¢;-

direction is equivalent to

gi[fio((p(d—i_l))]n L) — Zo[fl< (@+D) )]Tio(fo)‘

Since |7;(4o)| = |7i,(¢o)| = d+ 1, the induction hypothesis (2) and Condition (1)
of generalized flatness imply [fi, (9“5 0) = [fio (©D)] (40, and similarly

for the right hand side. Then the recursion relation for ¢ is equivalent to

[atio fi((p(d))]fo = I:atz Jio (Qo(d))]fo )

which follows from Condition (2) of generalized flatness. We conclude that

@@+ satisfies (3), proving the inductive step.

Condition (2) of the construction implies that {p® mod m?} 40 is an inductive
system producing a well-defined element ¢ € My ® Kk[t1,...,t,] such that
¢ = o mod m?*? for all d > 0. Condition (3) of the construction implies
that ¢ satisfies the recursive relations (3.3.5) for all £ € N", hence it is a
solution of D;(¢) = 0. Thus ¢ satisfies D;(¢) = 0 for 1 < i < n, completing
the proof. O
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We denote by T, the Tate k-algebra in n variables. For p € (/|k*| (the value
group of the algebraic closure of k), we denote by T,,(p) the k-affinoid algebra
associated to the closed polydisk of radius p and dimension n ([15, §6.1.5)),

consider the norm
Z aato‘ led,

aeN”

= rnoz}x|aa]p

Lemma 3.3.6. For 1 <i<nand1<k<m,letYFeT,=k(x,,...,1,).
Let |Y| == max;<; p<n |Y¥|, assume |Y| > 0. Let f = (fi)i<hem € My @ m
satisfying (1 <i1<n,1<k<m)

Orifr. = Y (frs- s fn)-

Then the components of f are convergent on the open polydisk of radius |Y |~

and have norms bounded by 1. Equivalently, f induces a map SpT,,(p) — Sp T,
for all p € \/|k*| with 0 < p < |Y|7L.

Proof. Write f; = Saenn fiot® and YF = 3, oum y@P2". We have |Y| =
sup ]yffk)] By assumption we have f; o = 0, which ensures that the composition
YE(f1, ..., fm) is well-defined.

For d € N, we set vy ‘= maxi<i<m,|aj=d |[ia|- We will prove vy < |Y|? by
induction on d. We have vy = 0 < 1 = |Y|°. Next, fix d > 0 and assume we
have proved v, < |Y|¢ for all e < d. Let a € N* with |a| = d — 1. Then for

1 <k <n,asin (3.3.5), we have the recursion

1

= YE(fis o fn)]as

fire(a)

where the right hand side is the coefficient of t* in Y*(f,..., f,,). We now
express this coeflicient. For r € N let P(r, ) denote the set of partitions of «
into |r|- tuples We write an element of P(r, o) as {a(l) call, al? .. ,al™my,

where a ) € N" for each p,q. The coefficient can then be expressed as the

finite sum

DAIFRTIN I N DL D DR | B |

reNm {a (q>}€P( @) 1<g<m 1<p<rq

We deduce

[fim@| <Y max J[ ][ [f, ol

{af?}eP(r0) 1<g<m 1<p<r,
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a(q)
<iy| max [ IT
{a q}ep(ra 1<q<m1<p<rq

< [Y]x |y =y

Let 0 < p < |Y|7! in y/|k*|, we then have |fi.|p/® < (p|Y])l*] < 1. This
implies that f; € T,(p), since p|Y| < 1, and that |f;|, < 1, and the lemma
follows. ]

Frobenius theorem

We prove the formal and non-archimedean analogs of the Frobenius theorem
in differential geometry, which states that a local basis of commuting vector

fields comes from coordinates.

Theorem 3.3.7. Let B = Spfk[t1,...,t,] and let (Y;)i1<i<n be a commuting
basis of vector fields on B. Then there exists a unique automorphism ¢: B — B
such that dp(0y,) = ¢*Y; for all 1 <i <n.

Proof. Let b be the closed point of B, given by t; = --- =t, =0. Let m =
(t1,...,t,) denote the maximal ideal of kK[t1,...,t,]. We write Y; = 3, Y*0,,,
with V¥ € k[t1,...,t,]. Working in coordinates, giving ¢: B — B is equivalent
to giving ¢1,...,¢n € K[t1,...,t,] such that ¢;(0) = 0. Furthemore, ¢ is
invertible if and only if the differential at b is invertible, i.e. if and only if the

Do is invertible at ¢ = 0. The condition dp(0;,) = ¢*Y; is

ot; ) 1<i,j<n
equivalent to

matrix (

S P00, = S YA@i(t)- . pu(0)D (338)

1<k<n oty 1<k<n

Since ¢;(0) = 0, the composition on the right hand side is well-defined.

For 1 < i < n, consider the first-order quasi-linear differential operator

D;: k”@km—>k”®kk[[t1,...,tn]]

Dy,
(1,0, n) —> <8t- Y;k(gol,...,gon)> )
t 1<k<n

Equation (3.3.8) is equivalent to D;(¢1,...,¢,) =0 for 1 <i < n. We will
prove that the system {D; = 0} is generalized flat, and apply Proposition 3.3.4.

Condition (1) of Definition 3.3.2 is satisfied because the components of Y;

are power series in the argument. We now check Condition (2). Assume
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(01, .., ¢n) € k™ @, m satisfies D;(¢1,...,0,) =0 mod m? for all 1 < i < n.
Then, since [Y;,Y;] = 0, we have (1 < i,k <n)

8(}/;k(901’ s 79071 _ Z 8903 ayk
ot; ot; 825

..,¢n) mod m?

(9Y-k
:ZYis(gpl,...,gpn) oy L (1,5 ¢n) mod m?

oYk
:Z}/js(gal,...,gpn) o (¢1,...,¢,) mod m?

_ a(Yik(%, ceey SOn)) mod m®.

ot

We deduce from Proposition 3.3.4 that the components (¢1,...,¢,) of ¢
are uniquely determined and that they can be constructed inductively. The
associated morphism ¢: B — B is automatically an automorphism, because
its differential at b is given by the matrix (Y}(0))1<ij<n, Which is invertible by
assumption. O

Lemma 3.3.9. Let X be a k-analytic space, and x € X a smooth k-rational
point. There exists an admissible open neighborhood U C X of x and an open

immersion U < SpT,,, where n = dim, X.

Proof. Since x is a smooth rigid point, there exists an admissible affinoid
neighborhood U C X of z and an étale map U — Y = SpT,, with n =
dim, X. Up to shrinking U, we may assume that f~1(f(z)) = {z}. We will
show that f7: Oy, ) — Ox, is an isomorphism, then f restricts to an open
immersion on an affinoid open neighborhood of x by [15, 7.3.3/Corollary 6].
By [15, 7.3.3/Proposition 5], it is enough to check that the induced morphism

f;: (534 fl@) = O x,» on the completed local rings is an isomorphism.

Since f is étale, we have f}(my,)) = m,, in particular @X,x is a complete
@Y, f(z-module. Since z is a k-rational, the map f; is an isomorphism modulo
My(,), hence fr is surjective by [125, Tag 0315]. The Krull dimension of
noetherian local rings is invariant under completion. Since dim, X = dimy,) Y,

necessarily f; is injective using [125, Tag 00KW]. This concludes the proof. [J

Theorem 3.3.10. Let B be a smooth k-analytic space, and (Yi,...,Y,) be a
commuting basis of local vector fields around a rational point b € B. Then,
there exists admissible open neighborhoods V- C B of b and U C SpT,, of 0 and

an isomorphism p: U — V such that ¢(b) = 0 and dp(0,|v) = ¢*(Yilv).
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Proof. By Lemma 3.3.9, we may assume that B ~ SpT},. We start by applying
Theorem 3.3.7 to the restriction of the vector fields (Y;)i<i<, to a formal
neighborhood B = Spfk[ti,...,t,] of 0 € SpT,,. This produces a unique
formal automorphism @ = (1, ..., p,): B — B satisfying the relations (3.3.8).
We will prove that ¢ extends to admissible open neighborhoods of 0.

Let |Y] == max;|Y;|, and let p € \/M such that p < min(1,|Y|™!). By
Lemma 3.3.6, ¢ extends to a map ¢: Sp7,(p) — SpT,. The truncations of ¢
coincide with the truncations of @. In particular, they induce isomorphisms
T,/m? = T, (p)/m? for all d > 0. We conclude the proof using [14, §3.3 Lemma
18(ii)]. O

Decomposition theorems for F-manifolds
In this subsection, we prove the decomposition theorems for formal and non-

archimedean versions of F-manifolds, see Theorems 3.3.13 and 3.3.20.

Decomposition theorem for formal F-manifolds

The notion of F-manifold was introduced by Hertling and Manin as a weaker

version of Frobenius manifolds, see [61] and the monograph [102, 1.§5].

Definition 3.3.11 (F-manifold). Let B be a smooth formal scheme or a smooth
k-analytic space. An F-manifold structure on B is a Og-bilinear commutative
associative product x on the tangent bundle T'B, satisfying the F-identity: for
any (local) vector fields X, Y, Z, W we have

Pxo (Z,W) = X %« Py(Z, W) + (=1)XWVy » Py (2, W), (3.3.12)
where

Px(Z,W) =[X,Z+W] = [X,Z]« W — (=1)XIZ1 7 [ X W].

We prove the following decomposition result for formal F-manifolds.

Theorem 3.3.13. Let B be a formal neighborhood of a rational point b in
a smooth k-variety. Let x denote an F-manifold structure with unit on B.
Assume that there exists a splitting as k-algebras
T,\B = @Ai. (3.3.14)
iel

Then there ezists formal F-manifolds (B;,*;) such that
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1. (B, *) is isomorphic to [1,c;(B;, *;) as F-manifolds with unit,

2. and the induced decomposition of (T B,x) restricts to (3.3.14) at b.

The idea of the proof is the following. We obtain a decomposition of T'B into
sheaves of subalgebras in Lemma 3.3.15, induced from that of T, B. Propo-
sition 3.3.19 will show that the direct summands of T'B define commuting
foliations (in the sense of [3, Definition 2.1]). We can then integrate them using
the Frobenius theorem (Theorem 3.3.7).

Lemma 3.3.15. Let A be a unital associative commutative k-algebra and I a
finite set. Assume A admits a splitting A ~ @,c; A; as k-algebras. Then the

splitting extends over any deformation of A over K[ty ..., t,].

Proof. Let R := k[t1,...,t,] and let A be an é—algebra which is a deformation
of A, Let m = (t1,...,t,), and for £ € N, Ay = ﬁ/mk“fi and B, =
(R/mkﬂ-l)eal'

We will prove by induction on ¢ > 0 that for any 0 < k < /¢, there are E—algebra

maps B, — Ay that fit into a commutative diagram

Ay —— Apy Ay Ay
T T T T (3.3.16)
B, —— By, B, Bo.

For ¢ = 0, the R—algebra structures on Ay ~ A and By ~ k¥ are induced
by the compositions of the quotient map R — k with the structural maps
k — A and k — k®. In particular, the map By — Ay provided by the splitting
A~ @;cr A; is a map of R-algebras.

Now assume that the maps B, — Aj are constructed for £ < £. Let us prove

that the dashed arrow exists in the commutative diagram of R-algebras

Appr — Ay

oo

Bg+1 E— B@.

In other words, we are looking for a lift of the composite map By ; — Ay to

Agy1. Since ker(Ap ., — Ap) = mT1A, , the algebra Ay, is a square-zero
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extension of A,. Then, the obstruction to the existence of this lift is a class in

EXt}%(LBM/E @B,y Ao, mT1Ag). Since

Lk = Lp,, j@mey =0,

the obstruction vanishes, and the lift always exists, concluding the induction.

By functoriality of limits in the category of ﬁi—algebras, we obtain a map of
R-algebras
RO ~ lilgn B, — lilgn A~ ﬁ,

concluding the proof. O

We now state two lemmas needed to prove Proposition 3.3.19.

Lemma 3.3.17. Let R be a local domain. Let f: M — N be a surjective
morphism of finite free R-modules, and D C M a free submodule. Assume (1)
Dnkerf=0, (2)tkD =1tk N and (3) M/D is torsion-free. Then f restricts

to an isomorphism D = N.

Proof. Let S = Frac(R)/R. We have N/f(D) ~ M/(ker f + D). We prove
that this module is torsion-free. Since ker f N D = 0, we have a short exact
sequence

0 — ker f — M/D — M/(ker f + D) — 0.

Applying ®zS gives the exact sequence
0 = Torf'(M/D,S) — Torl(M/(ker f+D), S) — ker f@rS —*+ M/D®zS,

and we see that M/(ker f + D) is torsion-free if and only if ¢ is injective. Since
M/D is torsion-free, the module D ®g R is identified with a submodule of
M ®pg S and we have M/D ®r S ~ (M @ S)/(D ®g S). Since M/ker f ~ N
is torsion-free, the module ker f ®5 S is identified with a submodule of M ®5 .S,

and ¢ corresponds to the composition
kerf ®RS — M@RS — (M KRR S)/(D Xr S),

where the first map is the canonical inclusion and the second map is the

canonical projection. Then, since ker f + D is torsion-free, we have

ker(p) =~ (ker f @ S)N (D ®r S) ~ (ker fN D) ®p S = 0.
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We deduce that N/ f(D) is torsion-free. But since rk N = rk f(D), the quotient
N/f(D) is a torsion module. We conclude that N/f(D) = 0, and the lemma
follows. [

Lemma 3.3.18. Let B = Spfk[ty,...,t,]. Let D be a free Og-subsheaf of
TB stable under the Lie bracket and such that T B/D is torsion-free. Then D

admits an Opg-basis of commuting vector fields.

Proof. We denote by 0; the vector field associated to t;. The coordinates

(ti)1<i<n provide a trivialization 7B = @,<;<, Op0;.

Let m denote the rank of D, then up to reordering the coordinates we may
assume D N D, 1<;<, Opd; = 0. If m = n there is nothing to show. Assume
m < n, then there exists i; such that Opd;, N D = 0. Then DY =D & Opd;,
is a free Op-module of rank m + 1. We can thus apply the same argument
inductively until we obtain a free Op-module of rank n, and obtain in this way
vector fields (0; 19) ) such that DN D, 11<j<, Opdi;, = 0.

19 s Yip_m41

Let B" = Spfk[ty,--- ,t,] and 7: B — B’ denote the canonical projection.
Let ©: D — ©*T' B’ denote the restriction of dn: T'B — ©*T'B’. The kernel of
dm is @1 1<i<n OB0;, 50 ¥ is injective. By Lemma 3.3.17, ¢ is an isomorphism.
Let 9! denote the vector field of B associated to t;. We define X; := ¢~ (7*0}).

By construction (X;)i<i<m is an Opg-basis of D.
We now check that [X;, X;] = 0. The Op-linearity of dr and 7* implies

i g
Since [X;, X;] is a section of D and dr restricted to D is an isomorphism, we

deduce that X; and X; commute. O

Proposition 3.3.19. Let B = Spfk|ty,...,t,] and x an F-manifold structure
with unit on B. Assume that we have a decomposition into sheaves of subalgebras

(TB,*) = ®,c1(D;, *|p,). Then:
1. For all i we have [D;, D;] C D;.
2. For i # j we have [D;, D;] = 0.

3. There exists an automorphism ¢: B — B and a partition {1,--- ,n} =
[;er Ji such that, for each i € I, the pullback ¢*D; is generated by

{de (D))} e
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Proof. For v € I, let p;: T B — D, denote the projection, corresponding to the
multiplication by the identity section e; of D;. We have p? = p;, p; o p; = d;;
and @;¢; pi = id, thus kerp; = @;.,; D;.

Let ¢ € I, we prove that D; is stable under Lie bracket. Let X,Y be sections
of D;. Since e; x X = X, the F-identity gives
Px(e;,Y) =e; * Px(e;,Y)+ X x P, (¢;,Y).
The left-hand side equals
Px(e;,Y)=[X,Y] = [X,e]xY —e; x [ X, Y],
and the terms on the right-hand side are

ei*PX(ei,Y) = €; % ([X, Y] — [X, ei] *Y — €; * [X, Y])
= —€; % [X, 61'] *Y
=—-Y x [X, Gi],

and

X*Pei(ei,Y) =X *% ([EZ,Y] — €; % [GZ,Y])
= X*[ei,Y] —X*ei*[ei,Y]

where we used e¢; x X = X, e, xY =Y, ¢; xe; = ¢; and the commutativity
of the product. Thus, the F-identity above reduces to [X,Y] = e; * [X,Y].
Equivalently, [X,Y] is a section of D;, proving (1).

Fix 4,5 € I with i # j. Let X and Y be sections of D; and D; respectively, in
particular e; * X = X and e¢; x Y =Y. We need to show [X,Y] = 0. We have

[(X,Y]=le;x X,e; xY]
=P..x(e;,Y)+[ei*x X, Y]*xY 4+ [e; x X, Y] x¢;
= Peox(e, V) + (Poy(ej, X) + e €]+ X + e, X] e YV
+ (Py(e;, X) +[Y,ei] * X + [V, X] *x¢e;) x e
=e;x Px(e;,Y)+ X x P (e;,Y) +Y % P, (e;, X) + e; x Py(e;, X)
=(e;—e€;) %[ X, Y]+ X *x[e;, Y]+ Y x[e;, X].
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Multiplication by e; shows that X * [e;, Y] = 0. By symmetry, we also have

Y *[e;, X] = 0, so the equation reduces to
(X,Y] = (e; —e;) x [X,Y].

Multiplication by ey, for k different from i and j gives ey * [X,Y] =0, so [X,Y]
is a section of D; ® D;. We then have

(ei+¢€)*[X,Y]=[X,Y] = (e; —¢j) [ X,Y].

We deduce e; x [X,Y] = 0, and by symmetry e; x [X,Y] = —e; x [Y, X] = 0.
Thus [X,Y] =0, and (2) is proved.

By (1) and (2), the decomposition TB = @,; D; is a decomposition into
commuting subsheaves of Lie algebras. For each i € I, we have TB/D; ~
@, Dj, which is torsion-free. By Lemma 3.3.18, D; admits an Op-basis of
commuting vector fields. By (2), these bases assemble into a basis of commuting
vector fields for sections of TB. Then (3) follows by applying Theorem 3.3.7

to the union of these bases. O

Proof of Theorem 3.3.13. By [125, Tag 0C0S(2)], we may assume that the base
B has the form Spfk[t,...,¢,]. The sheaf of algebras (T'B,x) corresponds
to a formal deformation of (T, B, x|y) over k[ty,...,t,]. By Lemma 3.3.15, we

Di)
extending the decomposition of the fiber at 0. Let ¢: B — B be the change
of coordinates provided by Proposition 3.3.19(3) and let {1,...,n} =L Ji

be the associated partition. Let & = @,c, Ogﬁtj C T'B, its image under dyp

obtain a decomposition into sheaves of subalgebras (T'B,x) = @;c;(D;, *

generates ¢*D,;.

Since ¢ is an automorphism of the formal neighborhood of a point, the differ-
ential dp: T'B — ¢*T'B is an isomorphism. Then, we can produce another F-
manifold structure on B, which we denote by ¢*(x), such that ¢: (B, ¢*(x)) —
(B, ) is an isomorphism of F-manifolds. Let B; := Spfk[t;, j € J;, let
ti: B; — B be the canonical closed immersion. By construction the subsheaves
&; are stable under ¢*(*). Thus the restriction ¢*(*)le, is well-defined, and
induces an F-manifold structure x; on B;, such that ¢;: (B;,*;) — (B, ¢* (%)) is
a closed immersion of F-manifolds. Since (B, ¢*(*)) ~ [Tic;(Bi, *i), we obtain
(1), and (2) holds by construction. O
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Decomposition theorem for non-archimedean F-manifolds

Theorem 3.3.20. Let B be a smooth k-analytic space endowed with an F-
manifold structure » with unit, and b € B a k-rational point. Assume there
exists a splitting as k-algebras
T,B = P A.. (3.3.21)
iel
Then there exist an admissible open neighborhood U of b and non-archimedean
F-manifolds with unit (Uy,*;) such that

1. (U, *|y) is isomorphic to I1;c; (Ui, %) as F-manifolds with unit,
2. and the induced decomposition of (TU,*|y) restricts to (3.3.21) at b.

Lemma 3.3.22. Let (B, ) and b be as in Theorem 3.3.20. Assume there exists
a splitting as k-algebras
T,B =P A,

iel
Then there exists an admissible open neighborhood U of b, and a decompo-
sition into sheaves of subalgebras (TU,x|y) = @,c;(Di, *|p,) extending the

decomposition of T,B.

Proof. In this proof, we view the rigid k-analytic spaces as Berkovich spaces.
Then the base B is Hausdorff. Let X := Spec®™ T'B be the relative ana-
lytic spectrum. Since T'B is a finite free Og-module, the structural map
f: Spec®™TB — B is proper as Berkovich spaces, in particular proper as

topological spaces.

The splitting of T, B produces a surjection X, = Spec™ T, B — [1,c; Spk. This
implies that X; = [[;c; X, where X;; is the preimage of the i-th copy of
Spk. Let U C B be the open neighborhood of b given by Lemma 3.3.23,
with f~1(U) = [1;c; W;. We obtain a map X xg U — [l,c; U extending
Xy — IlierSpk by mapping W; to the i-th copy of U under f. This is
equivalent to a map of sheaves of Op-algebras Of! — TU, producing the
desired splitting. O

Lemma 3.3.23. Let f: X — B be a proper map between Haussdorff topological
spaces. Let b € B, assume that f~1(b) = [L;c; X for a finite set I. Then,
there exists an open neighborhood U C B of b such that f~*(U) is a disjoint
union [1;e; Wi, and Wi 0 f71(b) = Xp,.
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Proof. Since f is proper, the fiber f~!(b) is compact. Hence, each Xj; is
compact. Since X is Hausdorff, there exists open subsets V; C X containing X ;
with V; NV, = 0 for i # j. Since f is proper, it is closed, so U = f((Ui %)B)E
is open in B. Let W; = V; N f~Y(U). Since f~1(U) N (Uie; Vi)t = 0, we
have f~1(U) = [I;c; Wi. By construction of V;, we have W; N f~1(b) = X,
completing the proof. O

Proof of Theorem 3.3.20. By Lemma 3.3.22, there exists an admissible open

neighborhood U; of b and a decomposition into sheaves of subalgebras

(TUL, *|v,) = B(Di, x

el

'Dq;)u

extending the decomposition of T, B. As in the proof of Proposition 3.3.19, the
F-identity implies that {D; };c; define commuting integrable distributions on
TU,.

Up to shrinking U;, we can choose a local basis of commuting vector fields
(Yj)jes, of D; at b, and assemble them into a local commuting basis of T'U; at
b. By Theorem 3.3.10, there exists admissible opens Uy C U; and V C Sp T,
and an isomorphism ¢: V' — U, such that dp(d;;) = ¢*(Y;), where {t;} are
the analytic coordinates on V' centered at 0. We conclude as in the formal case
(see Theorem 3.3.13).

Decomposition theorems for maximal F-bundles

In this subsection, we establish the spectral decomposition theorem for maximal

F-bundles (see Theorems 3.3.32 and 3.3.42).

We consider a maximal F-bundle (H, V) over a formal (resp. admissible open)
neighborhood of a rational point b in a smooth k-variety (resp. k-analytic space).
Let K} == Vy2p,|po. Consider a decomposition of the fiber Hyo ~ @,c; H;
stable under Kj, such that the induced endomorphisms K|y, and K| g, have
disjoint spectra for each 7 # j. Our spectral theorem asserts that this produces
a decomposition of (H, V) into a product of maximal F-bundles (H;, V;)/B;
extending the decomposition of H;o. We refer to Section 3.1 for an outline of

the proof.
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The formal case

Lemma 3.3.24. Let B be a formal neighborhood of a rational point b in
a smooth k-variety. Let (H,V)/B be an F-bundle mazimal at b, and let
h: B — H|u=o be a section of cyclic vectors (see Definition 3.2.6). The data
{(H,V),h} induce a formal F-manifold structure on B with identity.

Proof. Evaluation on the section of cyclic vectors h provides an isomorphism
n = p(-)(h): TB — H|u—o, and a commutative and associative product on T'B
as in (3.2.7). Furthermore e := n~!(h) is an identity for this product since for

a vector field X we have

(X *e) = pu(X)on(n="(h) = u(X)(h) = n(X).

We refer to [34, Lemma 10] for the proof of the F-identity, which is given there
for (TE)-structures. O

Lemma 3.3.25. Let H be a k-vector space of finite dimension, and U &
Endyx(H). Assume we have a decomposition H = @,c; H; stable under U, such
that the induced endomorphisms Uy, and Uly, have disjoint spectra for i # j.
Then

1. ker[-, U] C @®;c; Endy(H;), and

2. |-, U] restricts to an isomorphism of @, ,; Homy(H;, H;) onto itself.

Proof. Let k® denote an algebraic closure of k. The disjoint spectra assumption
implies that H; ®, k* is a direct sum of generalized eigenspaces for U. In
particular, any endomorphism that commutes with U preserves this decompo-
sition, proving (1). It follows that the restriction [-, U] : @, ; Homy(H;, H;) —
®i; Homy (Hj, H;) is injective, hence an isomorphism by comparing dimen-

sions, proving (2). O

Proposition 3.3.26. Let (H,V) be an F-bundle over a formal neighborhood
B = Spfk[t1,...,t,] of b =0 in an affine space. Let K = V 25, |u=o and Hpo =
@icr Hi a decomposition stable under K, such that the induced endomorphisms

on H; have disjoint spectra.

Let H|u—o = @jcr Hipo be a decomposition extending the decomposition of Hy,
and stable under K. Then it extends to a decomposition H = @,;c; H; such
that >V, (H;) C H,i.
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Proof. Write t = (t1,...,t,) and H = H;o. Choose a trivialization ¢: H =~
H x Spfk[t,u] such that H;o ~ H; x Spfk[t]. Write the connection in the u

direction as

0, U
toou o u?
where U(t,u) = Y >0 Uk (t)u” for Uy(t) € End(H)[t]. By assumption, Uy(t) €
Dier End(H;)[t].
We will construct an automorphism P(t,u) € Aut(H x Spfk[t,u]) with
P(t,0) = id, such that P(t,0) = id and P~'UP+ P12 € @,_; End(H,)[t, u].

Given such a P(t,u), defining #H; to be the constant extension of H; in the

Va

trivialization P~! o ® provides the desired splitting of .

For m > 1, T,,(t) € End(H)[t] and P(t,u) = id +u™T,,(t) € GL(H)[t,u],
write (P*V)y, = 2 + u=2U(t,u). We have

u

Ut u)—U(t,u) = 3 (=1 ™ DT, ()R, (8), U+ S (= 1)kmum BT, (1))

(3.3.27)
Note that the right-hand side of (3.3.27) has degree at least degree m in u, and
the coefficient of u™ is —[T,,(t), Uo(1)].

Let < denote the degree lexicographic order on N". For v = (vq,--- ,vy),
we write t¥ = t'---ti». Now for T,,(t) = t"1,,, with T,,, € End(H), we
have — [T, (t), Up(t)] = —[Tm, Up(0)]t” + T't"" where T' € End(H)[t] and

v < v'. Write Uy(t) = Y ene Uk wt”. By Lemma 3.3.25, we can choose
Tonw such that Uy, , — [T, Up(0)] € @ic; End(H;). By induction on v € N”
using the lexicographic order on N, we can assume U,,(t) € @;c; End(H;)[t].
By induction on m > 1, we can further make U(t,u) € @,c; End(H;)[t, u],
completing the proof. O

Lemma 3.3.28. Writet = (t1,...,t,). Let H be a finite free k[t]-module, and
U(t) € End(H). Let H = @,c; H; be a decomposition of H stable under U (t).
Assume that for i # j, the induced endomorphisms U(t)|; and U(t)]ﬁj have

disjoint spectra. Let X (t) € End(H) such that [X(t),U(t)] € @,;c; End(H,),

then X (t) € @;c;r End(H;).

Proof. Let R :=Kk[ty,...,t,] and K = Frac(R) its fraction field. Working over

K, Lemma 3.3.25 implies that ker[-, U] C @;c; Endg(H;).
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We have a decomposition Endg(H) = Di jer HomR(?Ij, H;). Let X, j denote
the components of X with respect to this splitting. Let Y := 3>, .; X; ; denote
the off-diagonal part of X. We will prove that Y = 0. Since U € @P,¢; End(E),
the commutator [Y, U] has vanishing diagonal, i.e. it lies in @,,; Hom R(f-f s EZ)
Furthermore, using the assumption, we see that [Y, U] = [X, U] — Y[ Xi4, U]

is block diagonal. It follows that [Y,U] = 0, hence Y € @,c; Endg(H;). By
definition, Y is off-diagonal, so Y = 0, proving the lemma. O

The following proposition implies that the decomposition in Proposition 3.3.26
induces a decomposition of F-bundle (#, V) >~ @;c;(H;, V) over B, where V;
is the restriction of V to H;.

Proposition 3.3.29. In the setting of Proposition 3.3.26, we have uNV¢(H;) C
H; for any vector field & on B.

Proof. Write t = (t1,--- ,t,). Let H == H|po, and H = @,c; H; the splitting
induced by the decomposition of H. Fix a trivialization H ~ H x Spfk — [¢, u]
such that H; ~ H; x Spfk[t,u], and write

V=d+u"' Y Tt wdt+u Ut u)du,
1<i<n
with U(t,u) = Yz Uk(t)u* and Tj(¢, u) = 3350 Tik(t)uF. By assumption, we
have U(t,u) € @;c; End(H;)[t, u]. In particular, Uy(t) induces endomorphisms
in End(H;)[t] for all i € I, and the assumption on the decomposition at

t = u = 0 implies that those have disjoint spectra.
Fix i € {1,...,n}. The flatness equation [Vy,, Vy, | = 0 reads

O 'T) _0(wU) _

Splitting this equation according to powers of u gives [T}, Up] = 0, and for
k> 1:

OUy_1
ot;

[Tix, Us) = (k — 2)Thps — — Y [T, Uil (3.3.30)

ki1+ko=k
ki<k

We prove by induction on k& > 0 that T;; is block diagonal, i.e. T;; €
@®;c; End(H;)[t]. The base case k = 0 follows from Lemma 3.3.28, because
T; o commutes with Uy(t). Now, let k£ > 1 and assume T; ,(¢) is block diagonal
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for ¢ < k. Since each U,(t) is assumed block diagonal, the right-hand side of
(3.3.30) is block diagonal. Applying Lemma 3.3.28, we obtain that T} () is
also block diagonal, completing the proof. O

It remains to show that the above decomposition (H,V) ~ @,c;(H;, V,) is

compatible with the decomposition of the base.

Lemma 3.3.31. Let B ~ By x By be a formal neighborhood of b = 0 in a
product of affine spaces, and (H,V)/B be an F-bundle over B. Assume that
Vuelu=o = 0 for all vector fields & in the directions of By. Then there exists
an F-bundle (H1,V1)/By such that pri(H., Vi) ~ (H,V), where pry is the
projection B ~ By X By — Bj.

Proof. For i = 1,2, let t; = (¢;;, 1 < j < n;) denote coordinates on B;.
Let H, := HlBlX{O}XSpf]kﬂuﬂ. By assumption, V has no pole at © = 0 in the
directions of Bs. Since V is flat, given any trivialization of H; we can extend
it uniquely by V to a trivialization of H over B; x By x Spfk[u]. This defines

an isomorphism priH; ~ H, and in this trivialization we have

V=d+ Uil Z Tl,j(t17t27u)dt1,j + uiQU(tl,tg,u)du.

1<i<m
Since V is flat, we have for all 1 < j7 <nj;and 1 <k <ny

(9(u_1T17j)
Ota g

O(u=2U)

=0
’ Ot

=0.

Hence, the connection matrices in the directions of By and the u-direction are
independent of ¢5. This means that the connection is equal to the pullback of

a connection on By x Spfk[u], completing the proof. O

Theorem 3.3.32 (Spectral decomposition theorem). Let B be a formal neigh-
borhood of a rational point b in a smooth k-variety, and (H,V) an F-bundle
over B mazimal at b. Write K, = V29, |po. Assume that we have a decomposi-
tion Hpo =~ @;c; Hi stable under Ky, and that for any @ # j € I, the spectra
of Ky|g, and K|y, are disjoint. Then (H,V)/B decomposes into a product of
mazimal F-bundles (H;,V;)/B; extending the decomposition of Hlpo.

Proof. As in the proof of Theorem 3.3.13, we may assume the base B has
the form Spfk[ty,--- ,t,]. Let h : B — H|.—o be a section of cyclic vectors,
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providing an isomorphism
N = uv,u:()(h) :TB :> H|u:0.

This induces an F-manifold structure (B,x) on B by Lemma 3.3.24. In
particular, we have a decomposition T,B = @,c; F; with E; = n, '(H;). Since
the spectra of K|y, and Kj|p, are disjoint, up to extending the base field, each
H; is a direct sum of generalized eigenspaces for K,. Since V is flat, it follows
that T,B = @1 E; is a splitting of k-algebra. By Theorem 3.3.13, we obtain
a decomposition of F-manifold B ~ [];c;(B;, *;), extending the decomposition
at T, B. This induces a decomposition of T'B = @,.; &; as Op-algebras. We

refer to sections of &; as being in the directions of B;.

Under 7, we obtain a decomposition H|,—o =~ @;c; Hio. Since the action of
K corresponds to multiplication by the Euler vector field, this decomposition
is stable under K, and extends the decomposition of Hyo ~ @,;c; H;. By
Propositions 3.3.26 and 3.3.29, this further extends to a decomposition (H, V) =~
Dicr(Hi, V).

For each ¢ € I and £ not in the directions of B;, the action of (V;)ue|u=o on
H;o under 7 is the restriction of {x to the subalgebra &;, hence it vanishes.
Then by Lemma 3.3.31, (H;, V;)/B isomorphic to a pullback of F-bundle from
B;, which we also denote as (H;, V;)/B;. We thus have a decomposition of
F-bundle

(H, V) = D pri(H:, Vi),
iel
where pr;: B >~ [[;c; B; — B; is the projection to the i-th component.
It remains to check that each F-bundle in the decomposition is maximal. Let
Ji+ B; — B be the canonical closed immersion, and h; := j’h. We claim that h;
is a section of cyclic vectors for (H;, V;)/B;, i.e. the map n;: & = (V;)uge|u=o(h;)
is an isomorphism T'B; = H;|,—o. Since B; is the formal neighborhood of
a point in an affine space, it is enough to check that the stalk of n; at the

closed point b; of B; is an isomorphism. This stalk is the composition of the

isomorphisms
TbiBi — Ez M Hi,
hence it is an isomorphism, completing the proof. O

Example 3.3.33 (rank 1 maximal F-bundle). Let B = Spfk[t] and b =0 € B.
Let (H,V)/B be an F-bundle, maximal at b. Fixing a trivialization of H, we
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write the connection as V = d + u™2p(t, u)du + u'q(t,u)dt . Flatness of V

. A(u=2%p) _ O(u"?

reduces to the equation =% = =5
(¥(t,u),c) € k[t,u] x k by the rule

O o

= Uu— — uc =_Z,
P uau vtue g ot

The F-bundle is maximal at ¢ = 0 if and only if ¢(0,0) # 0 or, in terms of 1,
89(0,0) # 0.

Example 3.3.34 (simple eigenvalues). Let B be the formal neighborhood of

9. Solutions are parameterized by pairs

b = 0 in an n-dimensional affine space. Let (H,V)/B be an F-bundle, maximal
at b. Assume that Kj = u?Vy, |pu—o has simple eigenvalues. Then (H,V)/B is

isomorphic to a product of rank 1 maximal F-bundles.

Concretely, there exists a change of coordinates f: [[<;<, Spfk[t;] = B, and

a trivialization of f*(?,V) in which the connection takes the form

%—ﬁdtl 0 u% — Y1 4+ ucy 0
f*V =d+u! +u 2 du,
0 %%dtn 0 uaa% — Yy, + ucy,

with (¢4, ¢;) € Kk[t,;,u] x k such that —1;(0,0) is an eigenvalue of K, and

ae;ff (0,0) # 0 (see Example 3.3.33).

When K, has simple eigenvalues, the change of coordinates is obtained by
integrating a basis of sections of eigenvectors for the connection in the wu-

direction.

The non-archimedean case

Next, we prove the spectral decomposition theorem in the non-archimedean
case. The proof builds on the formal case, but an additional challenge lies in
bounding the norms of the coefficients of the gauge transform and establishing
non-archimedean convergence. We achieve these bounds through a detailed

analysis of the recursive relations of the coefficients, see Proposition 3.3.36.

Lemma 3.3.35. Let B be an admissible open neighborhood of a rational point
b in a smooth k-analytic space. Let (H,V)/B be a non-archimedean F-bundle
mazimal at b. Then there exists an admissible open neighborhood U C B of b
such that (H,V) admits a section of cyclic vectors, and the data {(H,V), h}

induces a non-archimedean F-manifold structure on U with identity.
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Proof. Being maximal is an open condition, so there exists an admissible open
neighborhood U C B of b over which a section of cyclic vector h exists. The
proof is then identical to the formal case, and relies on explicit computations

in local analytic coordinates centered at b. O

Proposition 3.3.36. Let (H,V) be an F-bundle over B = Spk(ty,...,t,),
and let b =0 € B. Let K = V,29,|u=0 and Hpo = @,c; Hi a decomposition
stable under K such that the induced endomorphisms on H; have disjoint

spectra.

Let H|u—o = @®jc; Hio be a decomposition extending the decomposition of
Hpo, and stable under K. Then, there exists an admissible open neighborhood
U C B of b and a decomposition H|y = @;cr Hi such that H;lu—o = Hipolv and
u?V, (Hi) C H;.

Proof. We keep the setting and notations of Proposition 3.3.26, in particular
H = Hyp. Let < denote the degree lexicographic order on N*. We denote by
7(v) the direct successor of v € N™ for this order. The gauge transformation P

constructed in the formal case is an ordered product

P:HPWw Pm:HPm,va

m>1 veEN?

where P, , = id+u"t"T,,, and T,,, € End(H). Let ¢ denote the inverse of
the restriction of |-, Uy(0)] to @,,; Hom(H;, H;). The gauge transformations

P,,, are constructed inductively, and characterized by the following relations:

Trno = ¢(off-diagonal part of the term u™t" in U, ,), (3.3.37)
r7 I aF)m v
Um,T(’U) = Pnzlva,UPm,u + UQPnzlv 9 : y (3338)
k) b u
~ ~ 0P,
Uni1,0 = Py Unmo P + uZPgla—, (3.3.39)
u

and Uy o = U(t,u) is the initial connection matrix. For an element M (t,u) =
Sonw My pu™t" € End(H)[t,u] and 6, > 0, we let

|M(t,u)|se = sup \Mm,vlémé”'.

meN,veNn
We denote by (0, €) the polydisk {|u| <4, [t| < e}.

Since the gauge transformations restrict to id at uw = 0, all the matrices

ﬁm,v (t,u) have the same constant term. We denote this common value by Uy,



44

and set V,, ,(t,u) == Uy, (t,u) — Up. Fix § <1 and e < 1 such that §|¢| < 1
and |¢|[Vigls. < 1. This is possible, since V; (0,0) = 0.

We prove by a double induction on m and v the inequalities

|UthTm,’U|5,€ < |¢||‘7mv|5e < |¢||‘7m0|56 < |¢||‘71,0|576 <L (334())

—_— ) e — ) e —

We use the lexicographic order on the product Nyg x N*/ i.e. (m,v) < (m/,v)
if and only if m < m' or m = m/ and v < v'. For m = 1, v = 0, the inequalities
follow from (3.3.37) and the choice of (4,¢). Now fix (m,v) € Nog x N” with
(m,v) > (1,0), and assume all the inequalities proved for (m’,v") < (m,v).
Equation (3.3.37) gives

U™t T ls.e < |01 Vinwlse-

We now bound ]‘N/mw\g’g. If v > 0, then we can write v = 7(w) for some w > 0.
The difference between Vm,T(w) and f/mw is given by (3.3.27):

Vm,T(w) - Vm,w = Um ,m(w) T Um,w
= > (=DM @ )T [T, Vin)

k>0

+ Z(_l)k+1 (umtw)k+1TrlZ,w [Tm,w; UO]

+ Z(—l)ku(umtw)kHT?fLﬁj.

Let us bound each term on the right hand side. Since |u™t" T, |5 < 1, we
have for all £ > 0

(@™ ) T [Ty Vingullsie < N6t T o 55 Vinswlsie < Vinyulse-
By the definition of ¢ and (3.3.37), we have

|0t [T, Ullse = [0t (T lse < [Vinolsee- (3.3.41)

We can then bound the second term for all £ > 0

(™ ) T [Ty Uollse < [0t Tl | [T Uollsie < [Vimolse

For the third term, using the induction hypothesis and d|¢| < 1, we obtain for
all k >0

|um(k+1)+1tw(k+1)Tyl7€1tj|(5,5 S 5(|¢||Vm,w|(5,a)k+1 S 5|¢||Vm,w|(5,a S |‘7m,w|5,£7
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where we used |gi>||\~/m7w|576 < 1 in the second inequality. Using those bounds,

we obtain the inequalities
|‘~/m,’r(w)|6,5 S maX<|‘7m,w|5,sa ‘vmﬂ'(w) - Vm,wl&,e) S |‘~/m,w‘5,e S |‘~/m,0|5,67

proving the inductive step when v > 0. If v = 0, then necessarily m > 1
and we can write m = m’ + 1. We compare f/murm to Vm/,g. To do so, write

Py = id +u™ R,y (t,u). Similarly to the previous case, using (3.3.27) we obtain

Vm’+1,0 - Vm’,O - Um’+1,0 - Um’,O
— Z(_l)k+1um/(k+l)an/ [Rm/, Vmﬂu]
k>0

+ Z(_l)k+1um/(k+1)an/ [Rm’a UO]

k>0
+ Z(—l)kum/(k—i_l)—i_lRﬁjl,
k>0
and we will use the induction hypothesis to bound each term. Since |um/t”T o <
1 for all v € N", we have |um'Rm/|5,€ < 1. In particular, similarly to the case
v > 0, the first term is bounded by ]Vm/,o|5yg. To handle the other terms, we

use the explicit formula
Um/Rm, — Z uk‘m/tw Z Tm/7w1 oo Tm,7wk‘

k>1 w1+ Fwp=w
weN"™ w1> S>wWg

Using this formula, we obtain

HUWﬂ}ﬂm,Lk]bﬁ < kgfﬁéﬁn ‘umn}qu%ﬂmn...j%*wk7L%”5£
w14 Fwp=w

! !

< max max u I X |u™ tY T ., Ul

= kslweNt i<i<k <]__‘[ | m,wj|6,a | [ m’,w;» 0“5,8
w1+ wp=w lsj<k
JFi

< max_ max [ T 16/1Viw lse X Vi ol
1<j<k

E>1,weN 1<i<k
J#i

w1+ Fwp=w
d,e S ’Vm/,O

< max Vs
— k>1,weN" ‘ i
w14 Fwp=w

d,e-

For the second inequality, we used the formula for the commutator of a product.
The third inequality follows from the induction hypothesis at step (m/, w,),
and the inequality (3.3.41) applied to T}, ,,. The fourth and fifth inequalities

follow from the induction hypothesis. Then, similarly to the case v > 0, we
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obtain that the second term is bounded by |‘~/m/70|5’6. We now consider the third
term. For k> 1 and wy, - -+ ,wy € N”, since |¢||V,wols. < 1 by the induction

hypothesis, we have
|ukm/tw1+m+wkTm’,w1 e Tm’,wk|6,€ S (|¢H‘~/m’,0|6,€>k S |¢||‘7m’,0|5,5-

In particular, we have the better bound |um/Rm/|576 < |<;5||‘~/m/70|5’6. Since
|6/|Vinr 0l5.c < 1, we obtain the bound on the third term for all & > 0

|um/(k+1)+ler€n*’_l|6,€ < 5(|¢||‘7m’,0|676)k+1 < 5|¢||‘7m’70|5,6 < |‘~/m’,0|5,8'

Similarly to the case v > 0, we deduce
“N/m’+1,0|5,5 S maX(‘varl,O’S,su “N/m/Jrl,O - Vm’,0|6,s> S ‘vm’,o‘(?,e S "71,0|5,€7

concluding the induction.

Now, (3.3.40) implies that the product defining P is convergent on the polydisk
D(d, ), that P! is also convergent on D(4, ), and that |Pls. = |[P7Ys. = 1.
In particular, the decomposition constructed in the formal case extends to an

admissible open neighborhood of (b,0), completing the proof. ]

Theorem 3.3.42 (Non-archimedean spectral decomposition theorem). Let
B be a k-analytic space, b € B a smooth k-rational point, and (H,V) an
F-bundle over B maximal at b. Write K, = V25, |p0. Assume that we have a
decomposition Hyo ~ @;cr H; stable under Ky, and that for any i # j € I, the
spectra of Ky|g, and Ky|g, are disjoint. Then there exists an admissible open
neighborhood U of b such that the restriction (H|y, V|y)/U decomposes into a
product of mazimal F-bundles (H;,V;)/U; extending the decomposition of Hyp.

Proof. By Lemma 3.3.9, we can find an admissible neighborhood U of b iso-
morphic to an admissible open neighborhood of 0 in a k-analytic affine space.
Hence, we may assume that B = Sp7T,, and b = 0. By Lemma 3.3.35, up to
shrinking B we can find a section of cyclic vectors h: B — H|,—o, providing

an isomorphism

n = (uV)’uzo(h): TB — H‘uzo,

and an F-manifold structure » on B. The splitting of H; o induces a splitting of
T, B as a k-algebra. By Theorem 3.3.20, there exists an admissible neighborhood
U of b such that (U, *|y) is isomorphic to a product of F-manifolds [T;c;(Us, *;),

and the induced decomposition of TU extends the decomposition of T}, B.
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We keep denoting by (#H, V) the restriction of the F-bundle to U. The de-

composition of TU induces a decomposition H|,—o =~ @P;c; Hio satisfying the
assumptions of Proposition 3.3.36. As in the formal case, this implies that
there exists F-bundles (#;, V;)/U; such that

(H, V) = D pri (Hi, Vo),

iel
where pr;: U ~ [[;c; U; — Uj is the projection.

Let b; denote the image of b under the projection U — U;, let j;: U; — U
denote the canonical closed immersion and h; := j*h. As in the formal case, the
stalk at b; of the map n; == (uV;)|u=0(h;): TU; — H;|u=o is an isomorphism.
Hence (H;,V;)/U; is maximal at b;. Up to shrinking U;, this implies that
(H;, V;)/U; is maximal, completing the proof. O

3.4 Framing of F-bundles

In this section, we prove the extension of framing theorems (Theorems 3.4.2
and 3.4.26). In Section 3.4, we apply the extension of framing to obtain a
uniqueness result for isomorphisms between maximal F-bundles admitting a
framing (Proposition 3.4.31). In Section 3.4, we provide a partial classifica-
tion of framed F-bundles over a point, up to gauge equivalence, under some
assumptions on the coefficients of the connection (Theorem 3.4.34). When the
K-operator of the F-bundle has simple eigenvalues, we obtain a full classifica-
tion in Corollary 3.4.35. We will apply those results to the A-model F-bundles

in Section 3.5.

Extension of framing for logarithmic formal F-bundles

Main result

Here we state the theorem of extension of framing, and fix the notations for

the proof.

Definition 3.4.1. Let (H,V)/(B, D) be a logarithmic F-bundle and b € B a
rational point. We say that a framing VI for the restricted F-bundle (H, V)], is
strong with respect to D if for any function ¢ vanishing on D, the endomorphism

Vg, lpxspt k] 1S independent of u in a Vi'-flat trivialization of H|pxsptkfu]-

Theorem 3.4.2 (Extension of framing). Let (H,V)/(B, D) be a logarithmic

F-bundle, where B is a formal neighborhood of a rational point b in a smooth
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k-variety. A framing VT for the restricted F-bundle (H,V)|, extends to a
framing for (H,V) if and only if V¥ is strong with respect to D. In this case,

the extension is uniquely and explicitly determined from V¥ and (H, V).

We refer to Example 3.4.25 for a counter-example to the existence part of

Theorem 3.4.2 without assuming the framing is strong with respect to D.

Write B = Spfk[qi,...,qs,t1, ..., t,], where [[i<;<,¢; = 0 is a local equation
for D at b. Let m be the rank of H and H := H, the fiber of H. We start with
any trivialization iso: H ~ H x B x Spf k[u] extending a VI'-flat trivialization
of ’H|bxspfk[[u]]. Let € denote the connection form of V in the trivialization iso.

Fix a basis of H, and write

Q= > u'q'Q(q.t,u)dg + Y u'T(q,t,u)dt; + uU(q, t,u)du,

1<i<s 1<j<n
(3.4.3)
where U,Q",T9 € Mat(m x m,Kk[g,t;,u]). The framing assumption at b
allows us to assume that U(0,0,u) is linear in u. The assumption that the
endomorphism Vg, |¢—i—0 is Vi-flat means that Q*(0,0,u) is independent of

u.

We want to modify the trivialization iso by an automorphism of H x BxSpf k[u],
to produce a new trivialization extending iso|pxspi[y) and in which V is framed.
Equivalently, we seek a gauge transformation P(q,t,u) € GL(m,k[g,;,u])
and matrices K (q,t), G(q,t), Q'(¢, t), T’ (q, t) in Mat(m x m, k[g;, t;]) such that

P7'9,P+u?P'UP = u K +u™'G, (3.4.4)
P79, P+ulg ' PTIQ'P = ulg Q) (3.4.5)
PO P +u 'PITIP =y TV, (3.4.6)

and satisfying P(0,0, ) = id. By identifying the polar part at u = 0, we get an
expression for the matrices K, G, Q', T7. In particular, setting Py := P(q,t,0),

we have the following expressions
Q'=P'Q Py and TV = P;'T Py, (3.4.7)

with Q" | = V ugidy, lu=0 and T, = Vuatj lu=0. We will construct P in Section 3.4

order by order in each variable, starting with the logarithmic directions.
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Two matrix lemmas
We now state two matrix lemmas that we will use for the proof of Theorem 3.4.2.
Lemma 3.4.8. Let R be a ring.
1. Let T € Mat(m x m, R[t]). Let (Xy(t))ren be a sequence of matrices in
Mat(m x m, R[t]) satisfying
0 Xy = —[T, Xg11)-

Then (X(t))ken is uniquely determined by (Xx(0))ken. In particular, if Xi(0) =
0 for all k >0, then Xy(t) =0 for all k > 0.

2. Letn € N, and Th, ..., T, € Mat(m x m, R[[ty,...,t,]). Let (Xy(t))ren be a
sequence of matrices in Mat(m x m, R[[t1,...,t,]) satisfying for all 1 <i<n

atiXk = _[,—sz Xk+1]'

Then (X(t))ken is uniquely determined by (Xx(0))ken. In particular, if Xi(0) =
0 for all k >0, then Xy(t) =0 for all k > 0.

Proof. For (1), we write Xj(t) = > yen Xext’. For d > 0, we have

o1 X, o4 d (d\ [0°T 0°Xjpq
A D) Xg1p = ——r| =-— =—=[T,X =—
( + ) d+1,k adJrlt o 0dt[ ) k-‘rl] - Sgo s adist ) ast

t=0
This provides a recursive relation for {Xgy1 4 }ren in terms of {X, 5, 7 < d}ien.

Thus, (Xk)k>o is uniquely determined by (X (0))x>o-

For (2), we apply inductively on 1 < i < n the single variable case with the
ring R[t1,...,t;_1]. In this way, we prove that for 1 < i < n, the sequence
(X
Thus (Xj)ken is uniquely determined by the initial condition (Xg|¢,—...—t,—0)ken-

ti1=—tn—0)keN 18 uniquely determined by the sequence (Xpl|s,—..—t,—0)ren-

For both (1) and (2), choosing X (t) = 0 for all £ > 0 provides a sequence that
satisfies the assumptions of the lemma, with the initial condition X} (0) = 0. It

follows from the uniqueness that this is the only solution to the equations such

that X, (0) = 0 for all £ > 0. O

Lemma 3.4.9. Let R be a ring. For 1 < i < s, let Q; € Mat(m X
m, R[q1,...,qs]) such that ¢; = ad(Q;)|4=0 is nilpotent. Let (Xi(q))ren be
a sequence of matrices in Mat(m x m, R[q, ..., qs]) satisfying for all1 < i <

40 Xk = [Qi, Xit1)-
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Then, for any initial condition (Xi(0))ken, there exists at most one solution
(Xk(q))ken- In particular, if Xx(0) =0 for all k > 0, then Xi(q) = 0 for all
k>0.

Proof. We use Notation 3.3.1. In particular, given tuples of integers ¢ =
(0i)1<i<n and 7 = (7;)1<i<n, the length of £ is |[(| = ¢, + - - - + £, and we write
r X Lif r; < ; for all 1 <i < n. We denote the linear differential operator
¢i0y; by D;, so the equations are D; X, = [Q;, Xj11].

First, a direct induction shows that for all n € N we can express DI'""* X}, as a

linear combination of terms of the form
(D Qi [ -+, [Di Qiy Xiya] -+ 1] (3.4.10)

with 1 <u <n+ 1 and (a,)1<p<u € N* satisfying a1 +--- +a, +u=n+ 1.
If we denote the coefficient of such a term by «a,(as,...,a,), it is elementary
to see that the sequence (v, )nen is fully determined by the initial condition
ap(0) = 1 and the recursion relation
Qpyi(ag, ... a,) = Z an(ay, ... ay — 1,0 ay) + 0ay 000 (a1, ..y Qy—1).
ay#0

Write Xj(q) = Y ens Xpn@i' - - - ¢5. We will show that for d > 1, the terms
{ Xk, [¢| = d}ren are determined by {X, x, || < d}ren. It will follow directly
that (Xk(q))ken is uniquely determined by the initial term (Xz(0))ren. Fix
¢ € N° with |{| = d and k € N. We express Xy in terms of {X, xis, |1] <
d, s > 1}. Fix i such that ¢; # 0, and let n € N. We note that the coefficient
of ¢* in DI X} is ff—i_ng’k. On the other hand, by the previous paragraph
D X is a linear combination of terms of the form (3.4.10). The coefficient of
q¢" in (3.4.10) is expressed in terms of derivatives of @; and coefficients X, ;1.
with r < ¢ and v > 1. If X;;y, appears in a term, then only the constant
term of the terms involving (); contribute. If a > 0, then D{(@); has no constant
term, so Xy x4, appears in the relation if and only if a; = --- = @, = 0. Given
the condition a; + - - - 4+ a, + v = n+ 1, this implies v = n 4+ 1 and we conclude
that

0 Xy g = PN (X ppns1 )+ {terms involving derivatives of Q; and X, ;. with |r| < d}.

Since ¢; is nilpotent, for n large enough the right hand side does not depend
on { Xy }ren, and we obtain a recursive relation determining uniquely X, as

a function of terms already known. This completes the proof. O
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Proof of Theorem 3.4.2

We formulate a condition under which we are able to solve the system of PDEs
(3.4.4)-(3.4.6) recursively.

Definition 3.4.11 (Nilpotency condition). Let (#, V)/(B, D) be a logarithmic
F-bundle, where B is a formal neighborhood of a rational point b in a smooth
k-variety. We say that (H,V)/(B, D) satisfies the nilpotency condition at b if
for all vector v € T, D, the adjoint ad p,(v) is nilpotent (see (3.2.5) for py).

Lemma 3.4.12. Let (H,V)/(B, D) be a logarithmic F-bundle, where B is a
formal neighborhood of a rational point b in a smooth k-variety. If there exists a
framing for (H,V) at b that is strong with respect to D, then p,(v) is nilpotent
for every v € T, B. In particular, (H,V) satisfies the nilpotency condition at b.

Proof. Write B = Spfk[qi, ..., ¢qs, t1, ..., t,], with ¢; the logarithmic directions.
Let VI be a framing at b that is strong with respect to D, fix a trivialization

of H extending a V,ff—ﬂat trivialization. Fix 1 < i < s and write

qu'aqi = Qiafh + u71Q<Q7 t, u)

By the assumption, Qy == Q(0, 0, u) is independent of u. Since VT is a framing,
we have Vo, |pxspfr[u] = Ou + u?K +u '@, with K and G constant endomor-
phisms of H;o. In this trivialization, the flatness equation [V,, Vya, ] = 0
restricted to b x Spfk[u] reads

—Qo = u"'[Qo, K] + [Qo, GI.

In particular [Qo, G] = —Qo. It follows that [Qo, [Qo, —G]] = [Qo, Qo] = 0.
Jacobson’s lemma ([79, Lemma 4, p. 44]) implies that [Qy, —G] = Qo is
nilpotent, proving the first part of the lemma. Since the adjoint of a nilpotent

endomorphism is nilpotent, the second part follows. O

The next series of lemmas will enable us to prove Theorem 3.4.2 by framing
the connection inductively in each direction. Given a logarithmic F-bundle
(H,V)/(B, D) over B = Spfk[q,...,qs,t1,...,ts], aclosed subscheme B' C B
and a subsheaf F C Tg(—log D), we will say that (H,V) is framed in the
directions of F at B’ if there exists a trivialization of H such that V¢|p takes
the form (3.2.10) for any section £ of F, i.e. the restriction of the connection

matrix in the direction £ to B’ has no positive powers of u. If we formulate
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multiple conditions involving several subsheaves and closed subschemes, we
mean that there exists a trivialization in which the connection form satisfies

all the formulated conditions.

Lemma 3.4.13. Let (H,V) be a logarithmic F-bundle over Spfk[qi,. .., qs]
(without t-variables) satisfying the nilpotency condition (Definition 3.4.11), fix
1 <i<s. Assume it is framed in all g-directions at {q; = 0,7 < j < s}. Then
there exists a gauge transformation P(qi,. .., qs,u) such that P|y—..—,,—o = id
and P*V is framed in the g;-direction at {q; = 0,i+ 1 < j < s}. In particular,
P*V s still framed in all g-directions at {q; = 0,7 < j < s}.

Proof. We let ¢ = {1,...,s}, ¢*' = {q1,.- -, ¢}, @ = {¢.-.,q¢} and
¢ = {qis1,. .., ¢} Let u='q;'Q(g,u) denote the connection matrix in the
gi-direction in a trivialization of H provided by the partial framing assump-

tion. Write Q(q,u) = >y x>0 Qur-1q/uf, by the framing assumption we have

quz'L:O - QO,—I |q2":0

We seek a gauge transformation P(q,u) such that

0 Plyi—o = u'q; " (~QP + PP 'Q 1 Py) i,
P|q2i:0 - ld7

where Py = P(q,0) and Q_; = Q(g,0). We look for P of the form P(q,u) =
S rxs0 Porgiu®, where Py depends on {qi,...,¢_1}, We construct the solu-
tion P order by order in powers of ¢;, by expressing { Ppi1 }ren in terms of
{Pr g, 0! < l}ren for £ € N.

The initial condition gives Fyy = id and Py, = 0 for £ > 0. Let £ € N and

k € N. We isolate a monomial gfu* in the differential equation and obtain

((+1) Pk =— Y, Qek—tleioPum+ > Py et (P 1) e Qeg—1lg>i=0Pey 05
{1 4+-lo=0+1 U1+la+l3+04=0+1
k1+ko=k+1

where (P; '), is the coefficient of ¢/> in Py*. Using the framing assumption at
¢=" = 0 and the initial condition for P, we isolate terms involving { P41 s frren
and obtain the relation for all £ > 0

1

Pry1 gy = Yop(P) — 711

[Q|q2i=0> Pz+17k+1], (3.4.14)

where
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1
wé,k(P) . <_ Z Q€17k1*1’q>i:0P£27k2

g + 1 ki1+ko=k+1
01+0o=0+1
lo<l+1

b1 +lo+-l3+La=0+1
0<ly<l+1

Note that 1), (P) only depends on { Py, ¢! <+ 1, k' <k+1}.

+ > Pél,k+1(P0_1)e2Q43,—1|q>i=oPe4,o) .

Let E :== Mat(m x m,k[qi,...,q_1])Y. Consider the linear maps 7: £ — E
given by the shift {Mk}kGN — {Mk+1}keN and ®: £ — F given by {Mk}kEN —
{lQ|zi=0: My]}ren. The relations (3.4.14) give

(ldE +€—|—11CI) o T> {PZ+1,k}keN = {we,k(P)}keN- (3415)

We prove that idg —I-H%@ o 7 is invertible. To do so, it is enough to prove that
it is invertible at ¢; = - -+ = ¢;—1 = 0. The map ®|,,—..—,, ,—o is nilpotent, since
ad(Q|4=u=0) is. The maps 7 and ¢ commute, so the composition Po7: E — E
is also nilpotent at ¢y = --- = ¢;—; = 0. Hence idg +£$1<I> o T is invertible at
g1 == ¢qi—1 = 0. It follows that idg —l—@%lq) o 7 is invertible, and composing
(3.4.15) with its inverse provides a recursive relation determining the coefficient
of ¢! from lower order terms. Hence the differential equation admits a
solution P(q,w) such that P|,>i_y = id. The initial condition implies that the
connection P*V is still framed in all ¢g-directions at ¢=* = 0. This completes

the proof. O

Lemma 3.4.16. Let (H,V) be a logarithmic F-bundle over Sptk[qi, ..., qs]
(with no t-variables) satisfying the nilpotency condition (Definition 3.4.11), fix
1 <i<s. Assume it is framed in all g-directions at {q; = 0,7 < j < s}, and
framed in the g;-direction at {q; = 0,i+1 < j < s}. Then (H,V) is framed in
all the q-directions at {¢; =0,i+1 < j < s}.

Proof. Let ¢=" == {qi,...,q}. The partial framing assumption provides a triv-
ialization of H. For 1 < < s, let u'q; Q" (¢=%, u) = ¢;* > k>0 QY (¢=Hur!
denote the restriction of the connection matrix in the gy-direction to ¢;11 =
-++ = gy = 0. The framing assumption means that Q% |,—o = 0 and Q% = 0 for
allk >0and 1 <¢ <s.

Fix 1 < i’ < s, with i/ # 4. For k > 0, the u* term of the flatness equation

Va8, Vo, | = 0 provides the equation

qzaqu;c, = _[Qi—lv QZ—H]'
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Since ad(Q*(0)) is nilpotent, we can apply Lemma 3.4.9 with R = k[q1, ..., qi-1]
and X, = Q4. We deduce that Q% = 0 for all k£ > 0, proving that the connection

is also framed in the ¢y-direction at ¢;11 = -+ = ¢qs = 0. O

Lemma 3.4.17. Let (H, V) be a logarithmic F-bundle over Spf k[q1, ..., qs, t1,- -, 1]
framed in the q-directions att = 0. Then there exists a gauge transformation P

such that Pli—g = id and P*V is framed in all the q-directions and t-directions

att = 0.

Proof. We work in a trivialization of ‘H provided by the partial framing as-
sumption. For 1 <i < s, let u='q; 'Q*(¢,t,u) denote the connection matrix in
the g;-direction in this trivialization. For 1 < j < n, let u='T7(q,t,u) denote
the connection matrix in the ¢;-direction in this trivialization. Let

5 T7 — T
P(g,t,u) =[] <id —t; (4.0,v) . (q7070)> '
j=1

Note that P(q,t,u) only has non-negative powers of u, because T7(q,0,u) —
T7(q,0,0) has no constant term in u. We have P|,—g = P~ !;—o = id, and

we compute 57 ., = 0and or o = —u"(T9(q,0,u) — T7(q,0,0)). The
i |t= 7 lt=

connection matrix of P*V in the ¢;-direction at ¢t = 0 is

=u ' (=T(q,0,u)+T7(q,0,0)+T7(q,0,u)) = u 'TY(q,0,0),
=0

P 4
[Plgt—i—ulPlTjP]
J

which is framed. The connection matrix of P*V in the ¢;-direction at ¢t = 0 is

=u"'¢; 'Q(¢,0,u),
t=0

[Plg‘g) 4 ulqilplQiP]

which is also framed. The lemma is proved. ]

Lemma 3.4.18. Let (H, V) be a logarithmic F-bundle over SpfK[q1, ..., qs,t1, ..., 1]
framed in the q-directions at t =0, fir 1 < j < n. Assume it is framed in all
t-directions at {t; = 0,j < i < n}. Then there exists a gauge transformation
P(q,t,u) such that Ply,—..—,—o = id and P*V is framed in the t;-direction at

{t: =0,j+ 1 <i<n}, framed in all the q-directions att =0, and in all the
t-directions at {t; = 0,5 <i <n}.

Proof. Let t=9 == {ty,...,t;}, t= = {t;,...,to} and t77 == {t;1,..., ¢, }. Let
u 'T(q,t,u) denote the connection matrix in the ¢;-direction in a trivializa-
tion of H provided by the partial framing assumption. Write T'(q,t,u) =

> 0keN Tg7k_1t§uk, by the framing assumption we have T'|;>_g = To _1|s>i—0-
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We seek a gauge transformation P(q,t,u) such that
Oy, Plii—g = u" (=TP + PPy ' T Py) |50,
Plzi—g = id,
where Py = P(q,t,0) and T_; = T(q,t,0). We look for P of the form
P(g,t,u) = X0 Pg,ktﬁuk, where P, depends on the variables {q1, ... qs, t1, ..., t;—1}.

The differential equation provides a recursive relation for { Py }ren. By isolating

the coefficient of tﬁuk we obtain

(AP == > Top-1licoPrspet > Pr i1 (P e Ty 1115520 Pra o,
L1+Lla=V 1+-Lo+Ll3+0s=0
kr +ha=het 1
(3.4.19)

where (P, 1)y, denotes the coefficient of t? in P; . This determines P from the
initial data { P }ren, i-e. from P|;>j_y = id. Hence the differential equation
admits a solution P(q,t,u) such that P|,>; = id. By construction, P*V is

framed in the ¢;-direction at t>7 = 0.

We now check that the other t-directions are still framed at 27 = 0, and that
the g-directions are still framed at ¢ = 0. Since P|;>j—_y = id, the connection
matrices at t= = 0 are modified by the first derivatives of Y ;> P su*. From
the recursion (3.4.19), the initial condition for P and the framing assumption
for T we obtain that P, = —T|>i—0 = 0 for all £ > 0. We conclude that
P*V remains framed in all the ¢-directions at =/ = 0 and in all the ¢-directions

at t = 0, concluding the proof. O

Lemma 3.4.20. Let (H, V) be a logarithmic F-bundle over SpfK[q1, ..., qs, t1,. .., ta],
fir 1 < j <mn. Assume it is framed in all the t-directions at {t; = 0,j <i < n},

and framed in the t;-direction at tj, = --- =t, = 0. Then (H,V) is framed

in all the t-directions at {t; = 0,7+ 1 <i <n}.

Proof. Let t7 = {t1,...,t;}. The partial framing assumption provides a
trivialization of H. For 1 < j' < n, let u'T9 (q,t5, 1) = Ypno T3 (q, 5 )ub~!
denote the restriction of the connection matrix in the ¢j-direction to ¢;1; =
.-+ =1t, = 0. The framing assumption means that T,f,|tj:0 =0 and T,f =0 for
allk >0and 1 < j <n.

Fix 1 < j' < n, with j/ # j. For k > 0, the u* term of the flatness equation
[Va.,, Va,] = 0 provides the equation
J

0,11 = ~[T0,, T,
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We apply Lemma 3.4.8(1) with R =k[aq1,...,¢s,t1, ..., tj—1], X = T,g/ and the
initial condition T} |t,—0 = 0, and deduce that TY (q,t59) = 0 for all k > 0. Thus,

the connection is also framed in the ¢;-direction at ¢t;1; = --- =%, = 0. O

Lemma 3.4.21. Let (H, V) be a logarithmic F-bundle over Spfk[q1, ..., qs, t1, . ..

Assume it is framed in the t-directions and framed in the q-directions at t = 0.
Then (H,V) is also framed in the g-directions.

Proof. In a trivialization provided by the framing assumption, denote by
u='T7(q,t) the connection matrix in the t;-direction (1 < j < n) and by
u'q; 'Q'(q,t, u) the connection matrix in the g;-direction (1 < i < s). Write
Q" = Yis0Qi_1(g,t)uF. The framing assumption means that Qf|,—o = 0 for
1<i<sandk >0.

Fix 1 <i <s. For k > 0, the u* term of the flatness equation Vo, Vo, =0
is

6@@2 = _[Tilv Q;«rl]-
We apply Lemma 3.4.8(2) with R = k[qi,...,¢], Xy = Q) and the initial
condition Qi|;—o = 0, and deduce that Qi (q,t) = 0 for all k > 0. Thus, the

connection is also framed in the ¢;-direction. O]

Lemma 3.4.22. Let (H, V) be a logarithmic F-bundle over Spfk[q1, ..., qs, t1, . ..

satisfying the nilpotency condition (Definition 3.4.11). Assume it is framed in
the q-directions and t-directions, and framed in the u-direction at ¢ =t = 0.
Then (H, V) is also framed in the u-direction.

Proof. In a trivialization provided by the framing assumption, let u='q; 'Q’(q, t)
(resp. u™'T7(q,t)) denote the connection matrix in the gi-direction (resp. ¢;-
direction). Let u=2U(q,t,u) denote the connection matrix in the u-direction.
Write U(q, t,u) = Y0 Ur—2(g, t)uF. The framing assumption means that for
k > 0, we have U (0,0) = 0.

For k >0, and 1 <i < s, the u* term of the flatness equation [V5,, Vigio,,] =0

provides the equation
¢:04,(U) = —[Q", Upy1].
We restrict this equation to ¢ = 0. Since ad(Q¥(0,0)) is nilpotent, we can apply

Lemma 3.4.9 with R =k and X}, = Uk(q,0) to deduce that Ug(g,0) = 0 for all
k> 0.
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Next, for k > 0, the u* term of the flatness equation [Vj,, Vatj] = 0 provides
the equation
Oy, (Ux) = —[T7, Upa].

We apply Lemma 3.4.8(2) with R =k[qi,...,qs], Xx = Ux(g,t) and the initial
condition Uy(q,0) = 0, and deduce that Uy(q,t) = 0 for all £ > 0. Thus, the

connection is also framed in the wu-direction. O
We can now finish the proof of Theorem 3.4.2.

Proof of Theorem 3.4.2. Fix a trivialization H ~ H x (B x Spfk[u]) extend-
ing the trivialization of ’H!bxspfk[[u]] induced by Vlff. As explained after The-
orem 3.4.2, the content of the theorem reduces to proving existence and

uniqueness of a solution P(q,t,u) to the overdetermined nonlinear system of

PDEs (3.4.4)-(3.4.6) with initial condition P(0,0,u) = id.

We prove the existence part of the statement. If there exists a framing V¥
extending VI, then we see that VI is strong with respect to D by working in
a VI-flat trivialization. Conversely assume that VI is strong with respect to
D, in particular the nilpotency condition is satisfied by Lemma 3.4.12. We
first frame the restricted F-bundle (H', V') = (#, V)|=0, defined over the base
B’ = Spfk[q,...,qs]. Applying inductively Lemmas 3.4.13 and 3.4.16 on
i€ {l,...,s}, we obtain a gauge transformation P(q,u) such that P(0,u) = id
and P*V' is framed in all the ¢-directions. Note that to apply the lemmas for
the base case i = 1, we use that VI is strong with respect to D. Extending
this gauge transformation constantly in the t-directions, we obtain a gauge
transformation P;(q,u) € Aut(H) with P;(0,u) = id such that V; = PV
is framed in all the g¢-directions at t = 0. By Lemma 3.4.17, we obtain
a gauge transformation Ps(q,t,u) € Aut(H) with Pa(g,0,u) = id such that
Vy = PyV; is framed in all the g-directions and ¢-directions at ¢ = 0. Applying
inductively Lemmas 3.4.18 and 3.4.20 on j € {1,...,n}, we obtain a gauge
transformation Ps(q,t,u) € Aut(#H) with P(g,0,u) = id such that V3 := P;V,
is framed in all the g-directions at ¢ = 0, and in all the t-directions along B.
By Lemma 3.4.21, the connection V3 is also framed in all the g¢-directions
along B. Since V39, |s=t=0 = Va,|q=t=0, the connection Vj is framed in the
u-directions at ¢ = t = 0. We conclude by Lemma 3.4.22 that V3 is framed in

the u-direction as well. Thus the gauge transformation P = P3P, Py solves the
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system (3.4.4)-(3.4.6) with the initial condition P(0,0,u) = id, concluding the

proof of existence.

We now prove uniqueness. Assume the system of PDEs is written in a trivializa-
tion in which the connection is framed. In particular, the nilpotency condition
is satisfied by Lemma 3.4.12. From the equations in the directions of B we
obtain recursive relations as in (3.4.15) and (3.4.19). Hence, any solution is

uniquely determined by the condition P(0,0,u) = id. O]

Framings on rank 1 F-bundles

F-bundles do not admit framings in general (see [119, §IV.5.b] for a sufficient
condition), even though we established the extension of framing in Theo-

rem 3.4.2. Here we discuss the existence of framing on rank 1 F-bundles.

Proposition 3.4.23. Let B be a formal neighborhood of a rational point b in
a smooth k-variety. Let (H,V)/B be a (non-logarithmic) formal F-bundle of

rank 1. Then it admits a framing.

Proof. We keep the notations of the proof of Theorem 3.4.2. In the non-
logarithmic case there are no g-variables, and in the rank 1 case the matrices

are elements of k[t,u], so they commute. Then K = U_5, G = U_; and

T =T, for 1 <i <n. The system of PDEs (3.4.4)-(3.4.6) is then
(9UP(t, U) + P(t, U)Uzo(t, U) = O,
Oy, P(t,u) + P(q,t, u)TéO(t, u) =0,

where Usg = Y g5 Urtl® and TZy = Y450 Tiu®. We furthermore need P(0,0) #
0 in order for P(t,u) to be invertible.

It is readily checked, using flatness, that the ansatz

P(t,u) =
n t; . . u
exp (— Z/ (T;O(tb ooy tizgy 8,0, 00,0 u) + T5,4(0, u)) ds; — / Us0(0, v)dv)
=170 - N 0
(3.4.24)
solves the system of PDEs, and is invertible since P(0,0) = 1. O

In the following example, we discuss the case of rank 1 logarithmic F-bundle,
and provide a counter-example to the existence part of Theorem 3.4.2 without

assuming the framing is strong with respect to D.
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Example 3.4.25. Let H be the trivial rank 1 bundle over Spfk[q,u]. Let
V =d+ Q be the connection on H with Q = a%, where a € k. Then (H, V)
is a F-bundle and VI = d is a framing for (H, V)|,=o. It is strong with respect
to D if and only if a = 0. The differential system to solve in order to extend

the framing is

oP
0
ou ’
oP
q—— +aP =0.

dq
If o # 0, all solutions to this system are scalar multiples of ag™!. In particular,

they are not well-defined at ¢ = 0.

Extension of framing for non-archimedean F-bundles

In this subsection, we establish the theorem of extension of framing for non-

archimedean F-bundles, building on the results of the previous subsection.

Theorem 3.4.26. Let B be a smooth k-analytic space, and b € B a k-rational
point. Let (H,V) be a non-archimedean F-bundle over B. Then every framing
of (H,V) at b extends uniquely and explicitly to a framing over an admissible
open neighborhood U of b in B.

We need to show that the gauge transformation P(t,u) constructed in the
formal case is convergent on an admissible open neighborhood of t = 0, u = 0.
This gauge transformation is characterized by P(0,u) = 0 and the equations
(3.4.6) for 1 < j < n. We use these equations to obtain estimates on the
coefficients of P(t,u).

Lemma 3.4.27. Let (R,|-|) be a Banach k-algebra. Let QQ =id+ 3,51 Q1" €
Mat(m x m, R)[t], and write Q' =id +3,51(Q1),t". For £ > 1 we have
‘(Q_l)é max H ‘Qrz

(>k>1,r;>1
ri+-- -‘er fl_

Proof. We have Q! = Zkzo(—l)k (2,21 Qrtr)k. Isolating the coefficient of t*
(¢ > 1) we obtain

QNe=> > 1l @

k>0 74 =0 1<i<k

ri>1
and we see that only the range 1 < k < ¢ contributes. This completes the
proof. O



60

Proposition 3.4.28. Let (R, |-|) be a Banach k-algebra and let T € Mat(m x
m, R)(t,u). Let P(t,u) € Mat(m x m, R)[t,u] be the unique solution of the

system

P =ut (—TP + PPO_IT—1P0) )

P(0,u) = id,
where Py :== P(t,0). Then P is convergent on the open disk of radius min (1, ﬁ),
meaning that for all 0 < p < min (1, ﬁ) in \/|k*| we have P € Mat(m x
m, R){p~'t, p~"u).

Proof. We write T' = Y >0 Tyt‘u"1. Since we assume T is convergent on
k=1
the closed unit disk, we have for all £ > 0, &k > —1

Tl < |T. (3.4.29)

Let P :=id + X1 Popttu® and vy, == |Prgl|. If we show vy < ot for a > 0,
k>0

then P(t,u) converges on the open polydisk of radius é

We have seen in Lemma 3.4.18 that P is uniquely determined by the recursion

-1
AV P =— > Tum-Pop+ D Pursi(PyDeTe 1P
l1+La=C b14-Lo+l3+04=0
ki1+ko=k+1

Applying the norm, we obtain

( ) +Lk = Oy bt | 1,k1 || 2, 2|’f1+€2+£3+€4=
ki1+ko=k+1 0170
< |T'| - max max v max v v p-t
_‘ | O lamt 42,k27€1+z2+£3+£4:e l1,k+1 Z4,0( 0 )42| ,
k1+ko=k+1 01720

where on the second inequality we use (3.4.29).

Let o := max(1,|T"|). We use the above inequality to prove by induction on
¢ > 0 that
Vk Z 0, Ve k S O/.

For ¢ = 0, we have vy, = dg 1, so the inequality is obvious. Now assume v, j, < a”

for all r < ¢. By Lemma 3.4.27, we then have |(P;'),| < max;<;<, o’ = a" for

, 1Py o1 1Py e[| (T-1) 65 || (Po) ey |
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all » < (. Since a > |T'|, we deduce that

(0 + 1)vesrx < |T| max max o, max ottt
S

< L1+la+04<t
ko<k+1 01#0

— ‘T’O/ S O/Jrl S <£_|_ 1)O/+1.

This concludes the inductive step.

Since o > 1, we have vy < al < oft* for all £,k > 0. We deduce that P

converges on the open disk of radius é, completing the proof. O
We can now finish the proof of Theorem 3.4.26.

Proof of Theorem 3.4.26. Up to restricting to an open neighborhood of b, we
may assume that B = SpT,, by Lemma 3.3.9. Let (¢1,...,t,) be local analytic
coordinates centered at b. After rescaling we can assume that the connection

matrices converge on Spk(ty, ..., t,,u).

As in the formal case, we can reformulate the extension of framing problem
into a system of PDEs (3.4.4) and (3.4.6). We can solve the equations (3.4.6)
inductively on the number of t-variables, and by Lemma 3.4.22 the equation
(3.4.4) will be automatically satisfied. Using Proposition 3.4.28 inductively, we
obtain that at each step the solution, i.e the gauge transformation, converges

on an admissible open neighborhood of b. O]

Reconstruction of isomorphism of framed maximal F-bundles

In this subsection, we explain how to use the extension of framing for logarithmic
F-bundles (Theorem 3.4.2) to reconstruct an isomorphism of framed maximal
F-bundles compatible with the framings. This is useful for establishing the

uniqueness of mirror maps in applications to enumerative geometry.

Definition 3.4.30 (Compatibility of framings). Fori = 1,2 let (H;, V;, V) /(B;, D;)
be two framed logarithmic F-bundles. A morphism (f, ®): (H1,V1)/(B1, D1) —
(Hz, V2)/ (B2, Ds) of logarithmic F-bundles is said to be compatible with the
framings if ® o VI = (f x id,)*VE o ®.

Proposition 3.4.31. For i = 1,2, let (H;,V:)/(Bi, D;) be a logarithmic
F-bundle where B; is the formal neighborhood of a rational point in a smooth k-

variety. Let (f,®): (Hy,V1)/(B1, Di) = (Ha, Va)/ (B, D2) be an isomorphism
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of logarithmic F-bundles with f(by) = by. Assume (H1,V1)/(By,D1) has a

framing V.

1. The bundle map ® is uniquely determined by its restriction to Hl’blxspfkﬂu]].

2. If (H1,V1) and (Ha2,Va) are mazimal, then the map on the bases f is
also uniquely determined by its restriction to by, up to some multiplicative
constants in the logarithmic directions. The reconstruction is explicit after

fixing compatible cyclic vectors at by and bs.

Proof. For (1), let H; denote the fiber of H; over b;, and ¢ € Hom(H;, Hy) the
restriction of ® at b;. Fix a VI-flat trivialization ¥; of H; and an arbitrary

trivialization Wy of (f x id,)*Hs, producing the commutative diagram

H, _ H; x By x Spfk[u]

l» [s

(f x idy)*Hs —2 Hy x By x Spfk[u].

Denote by ¢: H; — (f x id,)*Hs the map obtained from ¢ by taking its
constant extension with respect to the trivializations ¥y and ¥y. If ¢ = &>|(b170),

then o = U5 'o (55 X idp, xspfi[u]) © V1. Define two connections on (f x id,)*Hs
Vi=(fxid,)*'Va=®o V007"
5 ::gpovlogo*l.

In the trivialization Wy we see that V/ is framed over all By, and V, is framed

1 and

only at b;. Furthermore V| and V), are gauge equivalent under ® o ¢~
P o !, =id. We conclude from Theorem 3.4.2 that ® o ¢! is unique, then

so is @ provided that we know ®@|y, «sprifug- This proves (1).

Next we prove (2), and assume that the F-bundles are maximal. The framing
VI induces unique framings VT (resp. VE') on (Ha, Vo) (resp. f*(Ha, Va))
such that in the diagram

(idp, ,®)
—

(H1, V1) FH(Ha, Vo) L (345, V),

all the morphisms are compatible with the framings. Furthermore, the framing

VI’ is determined by VI and ®, hence is already known by (1).

Let hy be a Vi-flat section of cyclic vectors for (H1, V). Because of the compat-

ibility of the framings, h; induces a V’-flat section of cyclic vectors hly := ®(hy)
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for f*(Hsa, V), and a VE-flat section of cyclic vectors hy = (f~! xid,)*(h}) for
(Ha, V3). We obtain isomorphisms 7; = sy, (-)(h;): TB;(—log D;) — Hilu=o

that fit into a commutative diagram

TBi(~log D) —L— f*TBy(—log D,)

lm lf *(n2)

Ply= .
Hiluo — =" (f x idy)* Halu—o,

where all arrows are isomorphisms. The maps 7, and ®|,—q are already known.
We have f*(12) = p(fxida)*#. () (h5) by construction and compatibility of (f,id)
with the framings. So f*(1) is determined by hy, VI’ and ®, hence is known.
We deduce that df is determined by h;, VI and ®.

Since B; are formal neighborhoods of points, the differential df determines f
uniquely, up to some multiplicative constants in the logarithmic directions.
To see this, choose coordinates (q,t) = (q1,...,¢r,t1,...,t,) for (By, Dy),
centered at by, where [[;<;<, ¢; = 0 is a local equation for D;. Similarly, choose
coordinates (p,s) = (p1,.-.,Pr,S1,---,8,) for (Bs, Dy) centered at f(by). In
coordinates, the restriction of f to By is given by f = (fi,..., fran) Where
¢; = fi(p,s) and t; = f,4;(p,s). The differential df corresponds to a map of
k[g, t]-modules

U: T(By, f*Qp,(log Dy)) — I'(By, Qp, (log Dy)),

given by the pullback of differential forms, i.e.

d .
WW%mzﬂ%ﬂzf,W%DZMH

]

We conclude the proof by integrating the differential forms. O

Equivalence of F-bundles over a point

For applications in Section 3.5, we present some results here for the classification
of framed F-bundles over a point up to gauge equivalence, see Theorem 3.4.34
and Corollary 3.4.35.

Let (H,V,VT) be a framed F-bundle over a point. Fix a V¥-flat trivialization
H ~ H ® k[u] and write

Vs, = U0y, + v 'K + G,

with K, G € Endy(H).
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We assume that the endomorphism K induces a k-vector space decomposition
H = @1 <j<m Hy into generalized eigenspaces, and all H}, have same dimensions.

Then we have a k-vector space Hy and a splitting of the fiber

~

iso: HY™ = H. (3.4.32)

So we can represent endomorphisms on H as m X m matrices with coefficients
in Endk(Ho). In particular we write K = (Kz’j>1§i,j§m and G = (Gij)lgi,jgn‘w
By construction K;; = 0 if ¢ # j and K;; = & idg, +IN; with § € k and N; a

nilpotent endomorphism.

Fixcy,...,c,,d € Endg(Hy) such that ¢; are nilpotent endomorphisms, [c;, ¢;] =
0 and [d, ¢;] = d;c; for d; € N.o.

Definition 3.4.33. We denote by F(H, iso,d, (c;)1<i<r) the space of connec-

tions V' on H which, in the fixed V-flat trivialization, are of the form
(o, = udu + u” K 4 (/D + H),

where

L. ,LL/ ¢ Q<0 - k?
2. K',D,H' € Endy(H),

3. K!

i Hi; €Kley, ..., ¢], and

Theorem 3.4.34. Let (H,V, V) be as above. AssumeV € F(H,iso,d, (¢;)1<i<r)
and let V' € F(H,iso,d, (¢;)1<i<,). Write

Vg, = u0y +u 'K+ (uD + H),
Lo, = udy +u 'K’ + ('D + H).

Then V is gauge-equivalent to V' under ®(u) € GL(H[u]) with ®;;(u) €

klcy, ..., c.][u] if and only if the following three conditions are satisfied:

1. there exists ¢ € GL(H) with ¢;; € K[cy, ..., ¢,] such that K = ¢~ oK' 0 ¢,
2. pw=y, and

3. foralll1<i<m,H;=(p"toH op); mod (cy,...,c,).
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Furthermore, ® is then uniquely determined by the initial condition ®|,—o = ¢

mod (cq,...,Cp).

The assumptions on the form of the operators allow us to work in the non-
commutative subalgebra k[d, ¢y, ..., c,] C Endg(Hp). We then reduce to the
case of simple eigenvalues by treating the operators d, (c;)1<i<, as formal vari-
ables. In the simple eigenvalues case, the gauge equivalence can be constructed

inductively.

As a corollary, in the simple eigenvalue case we obtain a classification of

F-bundles over a point with a fixed framing.

Corollary 3.4.35. Let H ~ H x k[u] be a trivialized rank m wvector bundle
over ku]. Let (H,V) and (H,V') be two F-bundle structures framed in the

given trivialization, and write
Vg, = udy +u 'K+ G,
Vig, =ud, +u 'K + G

Assume K has simple eigenvalues. Then (H,V) is isomorphic to (H,V') if
and only if there exists ¢ € GL(H) such that

1. K=¢toK' 09, and

2. in an eigenbasis of K, we have (G);; = (¢ 0 G' 0 @)y for 1 < i < m.

Furthermore, the gauge equivalence is uniquely and explicitly determined by the

initial condition ¢ at u = 0.

Proof. The choice of an eigenbasis for K produces a splitting iso: k™ = H
as in (3.4.32). Since there are no nilpotent operators in Endg(k) ~ k, and this
algebra is commutative, the content of Definition 3.4.33 becomes empty, and

the corollary is just a reformulation of Theorem 3.4.34 in this special case. [

Proof of Theorem 3.4.34. Let Ry = k[c1,...,¢.] and R = k[deg][c1,...,¢]
where {(¢;)1<i<r,deg} are formal variables satisfying the commutation rela-
tions [¢;,¢;] = 0 and [deg,¢;] = d;c;. There is a specialization map R —

k[d,cy,...,c.]. Using iso we also have a specialization map

Mat(m x m, R) — Endy(H).
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By the definition of F(H, iso,d, (c;)1<i<r), the connections V5, and V,, lift

to differential operators of the form

uOy +u 'K + uD + H,
uly +u 'K+ py/'D + H',

with K, K', H, H' € Mat(m x m, Ry) and D = deg-Id,,. A gauge equivalence
® as in the theorem also lifts along the specialization map, so we have reduced
the problem to finding ®(u) € GL(m, Ry[u]) such that

O (ud, +u 'K +puD + H)® =ud, +u "K'+ /D + H'. (3.4.36)

The conditions (1)-(3) also lift under the specialization map, so we are left to

prove the following lemma. O

Lemma 3.4.37. There exists a gauge equivalence ®(u) € GL(m, Ry[u]) solving
(3.4.36) if and only if there exists Q) € GL(m, Ry) such that

(a) K = Q"' K'Q,
(b) ji= it and

(C) H;; = (QilHIQ)“‘ mod (Cl, .. 767”)-

In this case, ®(u) is uniquely determined by the initial condition ®|,—g = Q

mod (cq,...,¢).

Proof. By construction of the splitting (3.4.32) and Definition 3.4.33(2), the
matrix K is diagonal, and K; = & mod (cyq,...,¢.), where {&,...,&,} are
the distinct eigenvalues of K. In particular K has simple eigenvalues, so
adx = [K, -] has kernel given by diagonal matrices, and image given by matrices

with vanishing diagonal.

Let us first prove that the conditions (a)-(c) are sufficient. Fix @ € GL(m, Ry)
satisfying (a) and (c¢). We are looking for ®(u) such that ®|,—o = @ mod (¢4, ..., ¢)
solving (3.4.36). Write ®(u) = QP(u) with P(u) = Y50 Pu® satisfying

Py =1d,, mod (cy,...,c.). Equation (3.4.36) then reduces to the system

(K, Py =0, (3.4.38)
(K, Pyota] = o(By) — kP, (3.4.39)
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where

o: M= ME'Q 'DQ+Q 'H'Q) — (uD + H)M.

Before analyzing the existence of solutions, let us rewrite (3.4.39) in order
to isolate the terms involving the non-commutative variable deg. Define the
k-linear operator Eu(-) := [deg,-] on R. The commutations relations in R
give Bu(+) = Y1<i<, dici0,. For M € Mat(m x m, R), we write Eu(M) =
(Eu(M;)))1<ij<m- We have Eu(M) = [D, M], so

(M) =M(u'D+Q 'Eu(Q)+Q'H'Q) — (uD + H)M
=py/'MD — uDM + M(Q 'Eu(Q)+Q 'H'Q) — HM
= (W —p)MD — pEu(M) + M(Q™'Eu(Q) + Q'H'Q) — HM.

Since pu = 4/, the term involving D vanishes.

We now prove by induction on & the following: there exists a unique sequence of
matrices (Fp, ..., Py) such that (i) Py = Id,, mod (cy,...,¢.) and [K, Py) =0,
(ii) (Pr, Pry1) solves (3.4.39) for 0 < ¢ < k —1, and (iii) ¢(Px) — kP € imadg.

We construct By satisfying (i), (ii) and (iii). The condition [K, Py] = 0 implies
that P, is a diagonal matrix, Py = Diag(dy,...,d,). The initial condition
Py =1d,, mod (cy,...,¢.) gives 6; = 1 mod (¢q,...,¢.). To ensure that we
can solve the recursion for P, we need ¢(Fp);; = 0 for all 7. This provides the

relation

for all i, where oy = (Q ' Eu(Q) + Q 'H'Q — H);;. For any = € Ry, we have
Eu(z) € (c1, ..., ¢ )Ry. Together with Condition (c), this implies that o; = 0
mod (cy,...,¢.). We can then solve for ; order by order in (cy,...,¢,) and
determine Py uniquely from the initial condition Py = Id,, mod (¢4, ...,¢,.).
Note that the condition on p in Definition 3.4.33 ensures that we obtain a

recursion that we can solve.

Let k > 1, and assume (P, ..., P;_1) are constructed. The existence of a matrix
P such that [K, P| = ¢(Py_1) — (k — 1) Py_; is guaranteed by Condition (iii) of
the induction hypothesis. The matrix P is determined up to a diagonal matrix.
We first prove that for any choice of P, there exists a unique diagonal matrix
A such that (P + A) — k(P + A) € imadg, i.e. has vanishing diagonal. Let
A = Diag(dy, ..., d,) be a diagonal matrix, the vanishing of the i-th diagonal
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term of p(P + A) — k(P 4+ A) is equivalent to an equation of the form

with

a=(Q ' Eu(Q))u + (Q7 H'Q)i — Hu,

B =(o(P) = kP)i.
As in the initial step (k = 0), we have « = 0 mod (¢y,...,¢,). Since J; is a
power series in (cq, ..., ¢, ), (3.4.41) provides a recursion relation on the coeffi-

cients of §;. Since k > 1 the constant term of ¢§; is uniquely determined by look-
ing at the equation modulo (c1, ..., ¢, ), where it gives kd; = 5 mod (cq,...,c,).
The other coefficients are then uniquely determined inductively. The condi-
tion on pu in Definition 3.4.33 ensures that we obtain a recursion that we can
solve, thus ¢; is uniquely determined from P. We have proved the existence
of a matrix Py satisfying Conditions (ii) and (iii) of the induction. Now we
prove uniqueness. Let P, and P, be two matrices satisfying (i) and (iii). In
particular, they are solutions of the equation [K, P] = ¢(Py_1) — (k — 1) Py_1,
so there exists a diagonal matrix A such that P, = P. + A. Condition (iii)
gives (P, + A) — k(P, + A) € imadg. Since P, already satisfies (iii) and A is
diagonal, we deduce from the uniqueness in the previous paragraph that A = 0.

Hence P, = lgk, concluding the induction.

Now we prove Conditions (a)-(c) assuming that there exists ®(u) = Y j50 Pru* €
GL(m, Ro[u]) solving (3.4.36). In particular Py € GL(m, Ry). Multiplying
(3.4.36) on the left by ® and isolating the u* term, we obtain for k = —1 and
k > 0 respectively:

KPO - PoK/,
/{ZPk + KPk+1 + (MD)Pk + HPk = Pk_HK/ + Pk(,LL/D) + PkH/

Let Q = Py, it satisfies Condition (a). For any 1 <1i < r we have deg-¢; =
¢; -deg +d;c;. By comparing the coefficient of the formal variable deg we obtain
p = ', verifying Condition (b). Looking at the u° term, using K = PyK'F;*

and modding out (¢;)1<i<,, We obtain
K(PPy')— PPy'K +H=PyH'P;' mod (cy,...,c).

Since [K, P;(Py)~'] has vanishing diagonal, Condition (c) follows. O
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3.5 Application: quantum cohomology of projective bundle

In this section, we study the decomposition of the maximal A-model F-bundle
associated to a projective bundle. We prove the existence of the decomposition
when restricting the F-bundle to a point, as well as the uniqueness of the
decomposition (Theorems 3.5.16 and 3.5.20). In Section 3.5, we state the
analogous results in the case of a blowup of algebraic varieties (Theorems 3.5.22
and 3.5.24).

Let X be a smooth complex projective variety of dimension d, V' — X a vector
bundle of rank m on X, P := P(V') the associated projective bundle of lines in
V, and write 7: P — X. We fix an ample divisor class wy € H*(X,Z), and a
homogeneous basis {7} }o<i<y of H*(X,Q) extending {1,wx}.

A-model F-bundle of P at the limiting point

We have the following classical decomposition of the cohomology of P, as a

special case of Leray-Hirsch theorem (see [59, Theorem 4D-1]).

Proposition 3.5.1. Let h == c¢1(Op(1)). We have the splitting isomorphism

of cohomology groups

m—1 T

iso: Hom = @ H*(X,Q)[-2i] =" 5(P,qQ). (3.5.2)
i=0
Lemma 3.5.3. We have
Kp=n"Kx —mh—n"c,V.
Proof. Tt follows from the relative Euler sequence
0—Qpx = Op(-1) @7 VY = Op — 0

that
KP/X = —mh — ’/T*Cl‘/.

Hence
Kp=m"Kx + Kp)x =7 Kx —mh—7"c,V. O

Recall that we fixed an ample class wx on X. Let wp = m*wyx.

Lemma 3.5.4. The class wp is nef and satisfies Assumption 3.2.22.
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Proof. Since wx is ample, its pullback wp is nef. Furthermore, there exists
e > 0 such that wx + e(e1Tx + ¢1V') is ample. Then, by Lemma 3.5.3, we
have wp + ec1 P = m*(wx + e(c1Tx + ¢1V)) + emh. It is ample, since it is the
sum of a nef class and an ample class ([94, Corollary 1.4.10]). We conclude by
Lemma 3.2.23. O

Using the homogeneous basis {7 }o<;<n of H*(X,Q), we produce a homoge-
neous basis
{7 ()W, 0<i< N, 0<j<m-—1}

of H*(P,C) extending wp. We denote by {t;,} the induced linear coordinates
on H*(P,C).

Let (H, V)/B denote the maximal A-model F-bundle of P constructed from wp,
with base point 0 € H*(P,C) (see Example 3.2.25). Write (¢,t = {t;;, (1,7) #
(1,0)}) for the coordinates on B. Let b denote the closed point of B, given
by ¢ = 0,t = 0, which we refer to as the limiting point in this section. Let
K and Gy, denote the restrictions of the operators K and G at the limiting
point (see Definition 3.2.17).

Let us compute the matrices of Ky, and Gy, under the splitting iso in (3.5.2).
We have
Gy — m—1

Glim = . )

and Ky, is computed in the following proposition.

Proposition 3.5.5. The operator Ky, on H*(P,C) has the following matriz
with respect to the splitting in (3.5.2):

C1TX + 61V m(l - Cmv)
m alx +aV —MCp—1V
Klim = m
alx +aV —mecaV

m alx +cV—meV
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Proof. Consider four operators K7, ..., K4 on Hyy, such that for v € H*(P,C) ~

Hgpie, we have

1. Ki(y) =7"(a1Tx)U~,
3. K3(y) =71*c;V U, and

4. K4() = p«q*y, where p,q: P xx P — P are the projections.

By Lemma 3.5.3, the classical multiplication by ¢, Tp has matrix K +mKs+ K3.

The non-classical part of Kj;,,, is expressed in terms of 3-pointed Gromov—Witten
invariants of the form (c; P, 71,72>§,3 for an effective curve class 8 # 0 such
that 8 - wp = 0 and cohomology classes 71,72 € H*(P,C). Fix such a (3, by
the projection formula, we have - wp = (m,() - wx. Since wy is ample, this
implies that 7,5 = 0, i.e. § = 6[L] for [L] the class of a line in a fiber of 7 and
d € Nog (0 = 0 gives the classical contribution). By the divisor axiom and

Lemma 3.5.3, we have

<CIP7 71772>€,3 = (ﬂ : Clp) <’717’72>§,2 = 5m<71772>g,2‘

Let M := Mg»(P,d[L]) denote the moduli stack of 2-pointed rational stable
maps of class 5. By the Riemann-Roch formula, the virtual dimension dim.; M
of M is equal to dim P — 3+ [y¢1(P)+2=d—2+m(d +1). Since 3 is a fiber

class, the evaluation map
ev1><eV2:]\/[—>P><P

factors through
Pxx PCPxP.

In order to have nonzero counts, we need dimy;; M < dim P X x P which implies
that 6 = 1, i.e. the curve class can only be [L]. We then have an isomorphism

evy Xeve: M S Pxy PC P xP.

In particular, M is smooth, so [M|'" = [M]. Under this isomorphism, the
operator

v evy (ev?y U [M]Vir) = eV .eVyy
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is equal to mK,. Therefore, the non-classical contribution to Kj;,, is mKj.

We obtain
Klim = 1800 (Kl + ng + K3 + TTLK4) 9] Z'SOil. (356)

Now let us calculate the four matrices K7, ..., Ky. For any o; € H*(X, C)[—2i],
we have
7 (eiTx) U (M Un*a;) = B U (e Tx U ay),

hence K; = (e1TxU) -idpy,,,. Similarly, we have that K3 = (¢;V'U) - idp,

split *

Fori=0,...,m — 1, we have
hU (R Ur*a;) = A" Uy,

When i =m — 1, by [16, Eq. (20.6)] we have

m—1
hU (W™ P U ;) = " U o = — Z hi U T (Cm—sV U y1).
=0

So
—cnV
1 —Cp—1V
Ky = :
1 —cV
1 —cV

For any «o; € H*(X,C)[-2i], i = 0,...,m — 1, since m o p = 7o ¢q, by the
projection formula we have
peq" (W' U e;) = p.(q*(h) U g*n"a;) = p.(q"(h") Up™m*eq) = p.g*(R') U,

Since p.q*(h?) € H?=(m=D)(P,C), it vanishes unless i = m — 1, in which case
it is equal to the identity. We deduce that the matrix of K4 has only one

nonzero block: the top-right corner, which is idg«(x c).
Substituting the above computations into (3.5.6), we conclude the proof. [

Decomposition of Kj;,

In this subsection, we study the generalized eigenspaces of Kj;,. We will con-
sider the commutative subalgebra C[t, c1, .. ., ¢,;,] of Endc(H* (X, C)) generated

by the commuting nilpotent operators

t=c;TxU and c¢;=¢VU (1<i<m).
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Let d .= Gy = i(degyx —dim X), where degy(a) = iov for o« € H/(X,C). We
have the commutation relations

d,t]=t, [d,c;=ic;. (3.5.7)

Lemma 3.5.8. 1. There exists ¢ = (¢i;) € GL(Hspue) with entries ¢;; €
Cleyy ..oy, and Ay = MU € Cley, . .., ¢) C Ende(H*(X,C)) such that

t+C1 A1

Ksplit = ¢_1Klim¢ = . +m
t+ C1 )\m

2. Up to reordering the blocks, for 1 <1 < m we have

i-1_ ¢ 2 2m
Ai=&7"—— mod(c],ca...,Cp), {=em.
m

In particular the i-th diagonal block of Kgpiie s the cup-product with an element
in H*(X,C) whose H*-component is c;Tx.

Proof. As an element of Mat(m x m,Clcy,...,cyl]), we have Ky, = (t +

c1)Id,, + mM, where M is the companion matrix

0 1—c,
—Cm—1

M=]| 1 —Cm2 | . (3.5.9)

1 —C1

The characteristic polynomial of M is A™ + >>"7' ¢, ;A" + (¢, — 1). Modulo
(c1,...,Cp) this polynomial has simple roots given by m-th roots of unity. Since
it is monic, we can lift these roots to Clcy, ..., c,,] by solving the equation

order by order. (1) follows.

For (2), the characteristic polynomial of M modulo (c?,cs, ..., c,,) is
e 1= (A4 2o
m

We deduce that mA; = me " — c; modulo those classes, proving (2). O
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Lemma 3.5.8 implies that K);,, has m generalized eigenspaces, all isomorphic
to H*(X,C), matching the setup of Section 3.4. The splitting considered in
(3.4.32) is given by the modified isomorphism

isoo ¢ ' Hyy = H*(P,C). (3.5.10)

We will use the following lemma to check Condition (c) of Theorem 3.4.34.

Lemma 3.5.11. Let H = Diag(pu,- -, ftm) € GL(Hgpie) be a block diagonal
matriz with scalar entries. Let ¢ = (¢;;) € GL(Hgp1i) be as in Lemma 3.5.8.
Assume that 31 <jcpm iy = 0. Then (97 o Ho @)y =0 forall1 <i<m.

Proof. As in the previous lemma, we view ¢ and H as elements in Mat(m x
m,C[cy,...,cn]). By construction, ¢ diagonalizes the companion matrix
M € Mat(m x m,Cley, ..., cy)) from (3.5.9). Let A = Diag(Ay,...,Ay). By

construction we have M¢ = ¢A. For every 1 < i < m, we deduce
Omi = Ai®1iy P1i = Nid2i, G20 = Nid3is+ , Om—1i = Ai@mi-
Similarly, for ¢ :== ¢! we have that A1) = )M, and we obtain for all 1 <i < m
Aivin = Vg, Nithia = iz, ooy Aibim—1 = Yimy Nithim = Vi1
In particular for 1 <7 < m, we have

1/%1@511‘ = ¢i2¢2i == wimqui'

We deduce

(0 oHod)= Y viy(H)jidu=vadu Y ;=0 D

1<j<m 1<j<m

Remark 3.5.12. The automorphism ¢ mod (cy,...,c,,) gives the initial

condition for the gauge equivalence in Theorem 3.5.16. Since it diagonalizes

the (block) circulant matrix M mod (cy,...,cy) it can be chosen to be the
matrix
1 £t .. g=(m=1)
A I S S (S
Q=—1=1. :

i 5—(m—1) (5—(m—.1))m—1
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Example 3.5.13 (Trivial bundle case). If V' = O%™ is a trivial vector bundle,

2mi

then ¢; = 0 for 1 <4 < m. In particular, we have \; = !, where £ = e¢™m .

Example 3.5.14 (P'-bundle case). Let V' be a rank 2 bundle over X of
dimension d. Then the classes (A1, A2) are obtained by solving the quadratic
equation

N4cAd+c—1=0,

where c; is the cup product with ¢;V. Since (¢2)% = (c3)% = 0, the discriminant

A = c? — 4cy + 4 admits a square-root in C|cy, ¢o] given by

meafidoesa( g (1) ()

1<n<g

Using the quadratic formula, we obtain the roots (i = 1,2)

n
1<n<$

Uniqueness of the decomposition

In this subsection, we prove the uniqueness of the decomposition of the maximal
A-model associated to a projective bundle, as well as its existence at the
limiting point (Theorems 3.5.16 and 3.5.20). We will consider a maximal
A-model F-bundle (H', V') of X’ :=[I", X with a shifted base point, and use
Theorem 3.4.34 to construct a gauge equivalence between the F-bundle (H, V)
of P and (H',V’) over the base points. The uniqueness results will follows

from Theorem 3.4.34 and the extension of framing theorem.

We have .
H (X', Q) = @H*(X, Q). (3.5.15)
i=1

Let w' € H?*(X’',Q) denote the class corresponding to (wx,...,wx) under
(3.5.15), it is ample so Assumption 3.2.22 is satisfied.

Fix a homogeneous basis of H?(X’, Q) extending w’. Complete it to a homoge-
neous basis of H*(X’, Q) by adding the elements {T;, degT; # 2} in each copy
of H*(X,Q).

Let A(a) € H*(X’,C) be a cohomology class at which the quantum product
is well-defined. We produce (H',V’')/B’, the maximal A-model F-bundle of
X' associated to w’ with base point A(a) as in Example 3.2.25. Let (q,t)
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denote the coordinates on B’, and let b’ denote the closed point of B’, given by
t =0,q = 0, which we refer to as the limiting point for X’.

Using the last observation of Lemma 3.5.8, we will interpret K, as the
K-operator of (H', V') for certain values of A(a).

Fori € {1,...,m} and j such that degT; # 2, we denote by a; ; the coordinate
of A(a) along the basis element 7} in the i-th copy of H*(X,C) in H*(X',C).

Theorem 3.5.16. There exists an F-bundle isomorphism
CI)(“) : (H7 V)|b — (,H,7 V,)|b’a

whose components ®;; (as power series in u) are given by the cup-product with
elements in H*(X,C) if and only if the coordinates of the base point A(a)
satisfy
degT; — 2
Z eg#jai,jjﬂj = 01V + m)\i, (3517)

j: degTj#2

where \; was defined in Lemma 3.5.8.

Furthermore, in this case ® is uniquely and explicitly determined by the H°-
components of @;;|u—o, and A(a) is uniquely determined by (3.5.17), up to a
shift in @, H*(X,C).

Proof. The bundles H|, and H'|, are trivial by definition, their fibers are
identified with Hgyye through (3.5.2) and (3.5.15), and the the connections V
and V' are framed. We use Theorem 3.4.34 to prove the proposition.

The matrices of Ky, Gum were computed in Section 3.5. Write Vg, |p =

uau - u_leplit + Gsplit: we have

Gx
Gsplit =
Gx

To compute Ky, note that the class w' is ample. In particular, the restriction
to ¢ = t = 0 of the quantum product associated to ®“ is the classical cup-
product. Then, K, is block diagonal, and its i-th block is given by

degT; — 2
(Ksplit)ii = (ClTX + Z 2](11'7]‘7}) U. (3518)

j: degTj#2



7

Thus, after identifying the fibers with Hgp¢, the connections V|, and V'|y lie in
F(Hgpiit, id, Gx, (T;U)o<j<n), see Definition 3.4.33. We apply Theorem 3.4.34
with K = —Kgpit, D = Ggpiit, H =0, K’ = —Kj;,, and

/
H = Glim - Gsplit =

m—1
2
Assume first that the coordinates of A(a) satisfy (3.5.17). Let ¢ = (¢;) €
GL(Hsp1it) denote the automorphism from Lemma 3.5.8. Equations (3.5.17)
and (3.5.18) imply that ¢ 'Kjn¢ = Kgpi, which is Condition (1) of the
theorem. Condition (2) is satisfied with g = p/ = 1. Condition (3) follows from
Lemma 3.5.11 and our choice of H. We conclude that the connections V|, and
V'|y are gauge equivalent through a bundle isomorphism ®(u) satisfying the

conditions of the theorem.

Now, assume that there exists a bundle isomorphism ®(u) as in the theorem,
in particular each component ¢;; of ®|,—o is given by the cup-product with
a cohomology class. Let ¢ = (¢;;) € GL(Hgpit). Since ®(u) is a gauge
equivalence, we have in particular ¢~ Kji,¢ = Kgpiie. Recall from (3.5.18) that
Kt is block diagonal, and that its coefficients are given by the cup-product
with cohomology classes in H*(X,C). The assumption on the components of
®|,—o implies that ¢ diagonalizes Ky, viewed as an element of Mat(m x m, R),
where R = {a — zUa | z € H*(X,C)}. The eigenvalues of Ky, as an
R-linear map were computed in Lemma 3.5.8, they are (¢;Tx + 1V + m\;)U
with 1 < ¢ <m. In particular, A(a) satisfies (3.5.17).

The uniqueness part of the theorem follows from the uniqueness of Theo-

rem 3.4.34, and the non-degeneracy of the Poincaré pairing. O

Remark 3.5.19. If the H%-component of the base point A(a) is 0, then the
quantum product converges at A(a) by Lemma 3.2.15.

Theorem 3.5.20. Let (f,®): (H,V)/B — (H',V')/B’ be an isomorphism of
F-bundles. Then

1. The bundle map ® is uniquely and explicitly determined by its restriction to
be B.
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2. The base map f is uniquely and explicitly determined by ils restriction to

b e B, up to a multiplicative constant in the q direction.

Proof. The F-bundle (H',V’')/B’ is framed by definition. Since ' is ample,
at the point b’ the quantum product reduces to the classical cup-product. In
particular (1,...,1) € H*(X’,C) is a cyclic vector. The theorem thus follows
from a direct application of Proposition 3.4.31. O

We refer to [72] regarding the existence of the isomorphism.

Case of blowups of algebraic varieties
In this subsection, we state the analogs of the results in Section 3.5 in the case

of blowups of algebraic varieties.

Let X be a smooth projective complex algebraic variety, and o: Z — X a
smooth closed subvariety of codimension m > 2. Let 7: X — X be the
blowup of X along Z. Similar to the projective bundle case, we have a classical

decomposition

iso: H*(X,Q) & néé H*(Z,Q)[—2i] = H*(X,Q). (3.5.21)

=1

Let X' == X UI[™;' Z. Fix an ample class wx € H*(X, Q).

Let (#H,V)/B denote the maximal A-model F-bundle of X associated to the nef
class m*wx, with base point b =0 € H* (5(/, Q) and coordinates (q,t). Fix a class
Ala) € H(X',C) ~ H*(X,C) ® ®1<j<;n1 H*(Z,C) at which the quantum
product is well-defined. Let (H’, V')/B’ denote the maximal A-model F-bundle
associated to the class (wx, o *wx, -+ ,0*wy), with base point &' = A(a) and
coordinates (g, t) such that ¢ =t = 0 at b'. Since X’ is a disjoint union, (H', V')
is the product of a maximal A-model F-bundle associated to X and wx, and

m — 1 copies of maximal F-bundles associated to Z and c*wx.

We can prove a result analogous to Theorem 3.5.16. For 1 < i < m, let ¢;
denote the cup-product with ¢;(Nz/x). The polynomial A™ 4+ 37;_g i + A
has m distinct roots A; = \;U € Clcy, ..., ¢y, with

, N
=0, A =20t ARZX g g X, ),
m—1
where £ = em=T and 2 < i < m, up to a permutation of the indices {2,...,m}.

Those are the analogs of the eigenvalues computed for Kj;,, in the projective

bundle case.
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Let {S;}1<j<dim i+ (z,c) be a basis of H*(Z, C) extending o*wyx. For 1 <i <m,
let A;(a) denote the component of A(a) in the i-th summand of (3.5.21), and

for 2 < i < m decompose it as

AZ(CL) = Z a@ij.
J

Using the splitting (3.5.21), we can view an element ® € Ende(H*(X,C)) as a
matrix ((Di,j)lgi,jﬁma with @171 S EndC(H*(X, (C)), and q)i,i S Endc(H*(Z, C))

for 2 < i < m. The following result is analogous to Theorem 3.5.16.

Theorem 3.5.22. Let A(a) € H*(X',C) be a cohomology class at which
the quantum product is well-defined, such that Ay(a) € H*(X,C), and for

2 <1 <m, we have

deg, S; — 2
Y Sl s Nkt oD (3529

j: deg S;#2

Then, there exists an F-bundle isomorphism ®: (H,V)|, = (H',V')|y.

Furthermore, if we restrict the coefficients of ® to lie in a universal algebra as
in the projective bundle case, then ® is uniquely determined by its restriction

to u = 0, and the base point A(a) is uniquely determined up to a shift in
H*(X,C) o @™, H*(Z,C).

A direct consequence of Proposition 3.4.31 is the following, which is analogous
to Theorem 3.5.20.

Theorem 3.5.24. Let (f,®): (H,V)/B — (H',V')/B’ be an isomorphism of
F-bundles. Then

1. The bundle map ® is uniquely and explicitly determined by its restriction to
be B.

2. The base map f is uniquely and explicitly determined by ils restriction to

b € B, up to a multiplicative constant in the q direction.

We refer to [72] regarding the existence of the isomorphism.
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Chapter 4

A PLUCKER COORDINATE MIRROR FOR PARTIAL FLAG
VARIETIES AND QUANTUM SCHUBERT CALCULUS

This chapter is based on [96], joint work with Changzheng Li, Kon-
stanze Rietsch, and Mingzhi Yang.

4.1 Introduction

Mirror symmetry is a fascinating phenomenon arising in string theory: two
apparently completely different objects on A-model and B-model give rise to
equivalent physics. Mathematical descriptions of mirror symmetry, in terms of
equivalence of mathematical structures, were first made for pairs of Calabi-Yau
manifolds in early 1990s (see e.g. [68]). The (closed string) mirror symmetry
was extended to Fano manifolds X on the topological A-model soon after by
Givental [49, 51] and Eguchi-Hori-Xiong [37]. In this case, the topological
B-model is given by a Landau-Ginzburg model (X , W), consisting of a non-
compact Kéhler manifold X and a holomorphic function W : X — C called
the superpotential. Mirror symmetry predicts equivalences between both sides

on various levels. For instance on one level, the (small) quantum cohomology

ring QH*(X) should be isomorphic to the Jacobi ring Jac(W') of W.

Studying mirror symmetry for X a priori requires a good construction of
the mirror superpotential W. However, this is only known for certain Fano
manifolds, with toric Fano manifolds and complete intersections inside toric
manifolds being typical examples, following work of Givental [49, 51] and
Hori-Vafa [69]. In this article, we will focus on the case when X = Fl(n,)
is a partial flag variety parameterizing flags of quotient vector subspaces of
C™. Special cases include complex Grassmannians Gr(k,n) and complete
flag variety F¢,. Candidate Landau-Ginzburg models for Gr(k,n) and F¥¢,
were constructed by Eguchi-Hori-Xiong [37] and Givental [50] respectively.
They were later generalized to F¢(n,) by Batyrev-Ciocan-Fontanine-Kim-van
Straten [7]. See also [108] for a construction using holomorphic disk counts.
Here different approaches turned out to result in identical versions of the
superpotential, namely arriving at a particular Laurent polynomial Wy, defined

on a complex torus of dimension dimF¢(n,). It turned out that there is a
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toric degeneration of F¢(n,) with the central fiber a singular toric variety X,
and the superpotential Wy, coincides with the superpotential mirror to X, as
constructed by Givental and Hori-Vafa. This superpotential, however, does not
contain enough information to be an honest mirror superpotential for F¢(n,)
sometimes. For instance for Gr(2,4) the correct mirror superpotential would
be expected to have 6 = dim H*(Gr(2,4)) critical points, but W;,, only has 4.

In [118], the second-named author wrote down a Lie theoretical superpotential,
namely a function Fy;. : Zp — C defined on a subvariety Zp of B_. Here G is
a connected complex reductive Lie group, and P is a parabolic subgroup of G
containing a Borel subgroup B_. This function had appeared separately earlier
in a different context, as part of a theory of geometric crystals [10]. It is shown
in [118] that the fiberwise critical locus of Fy;. is isomorphic to (an open dense
part of) the so-called Peterson variety stratum Yp in the flag variety G/B_.
This relates the superpotential Fi,;. to quantum cohomology via the remarkable
isomorphism of Dale Peterson’s, described in his unpublished lecture notes
[113], between C[Yp] and the small quantum cohomology ring QH*(GY/P")
of the Langlands dual flag variety. A proof of Peterson’s isomorphism for the
type A case, that is for G¥/PY = F{(n,), was given in [117]. Some other cases
were covered in [927 |, and the general case was proved in a recent preprint
[26]. The combination of both isomorphisms leads to mirror symmetry for
flag varieties on the level of small quantum cohomology. Namely, the ring
QH*(GY/PY), with inverse quantum parameters adjoined, is isomorphic to the

(fiberwise) Jacobi ring of Fre.

This is not the end of the story, but only the end of the beginning. The
function JFi,;. is defined quite indirectly, and it is desirable to find a compact
expression in terms of coordinates on the mirror space Zp. In the special case
of Fl(n,) = Gr(n — k,n), a natural isomorphic interpretation of the mirror
space was given in [103]. There, Zp was identified with a trivial family over
C* with fiber a particular open log Calabi-Yau subvariety in the Langlands
dual Grassmannian Gr(k,n). Moreover, [103] gave a very compact and clean
expression for Fi;. using the Pliicker coordinates of Gr(k,n). This also led to

an improved mirror symmetry result on the higher level of D-modules.

One generalization of this Gr(n—k, n) construction is to cominuscule Grassman-
nians of other types. The fiber of the mirror space is then inside the Langlands

dual minuscule Grassmannian, which has (generalized) Pliicker coordinates,
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due to its embedding into the projective space of a minuscule representation.
Corresponding coordinate presentation of Fr,;. have been individually obtained
for quadrics [111], Lagrangian Grassmannians [110], the Cayley plane and the
Freudenthal variety [124].

The generalization of Gr(n — k,n) of interest to us here is the partial flag
variety X = F{(n,). As the first main result of this paper, we provide a
Pliicker coordinate formula version JF_ of the superpotential Fi;. for this case.
To construct the domain we consider the Langlands dual partial flag variety
Ft,, = Fl,, .. o,
in the dual vector space of C". Let (P\G)° denote the complement of the

Knutson-Lam-Speyer anti-canonical divisor —Kpy,, [88], which consists of

.n = P\ G that parameterizes flags of vector subspaces V,,,

(n — 1+ r) irreducible components (see Proposition 4.3.5).
Theorem 4.1.1. There is an isomorphism
V- Zp — (P\G)° x ] C;, where I := {ny, -+ ,n,}.
iel?

The superpotential F_ := Fpze 0 =" : (P\G)° x [] C; — Cis of the form

iel?

]T ]327(1 Ez: q;iVi 41 + }E: Ui 5415

ieIP

consisting of (n — 1 + r) summands, and these satisfy

Pﬂ

1. the v;,;4; are all of the form for some Pliicker coordinates;

2. the u; ;41 are of the form %’ ificIP orifl<i<mnyorn,<i<n-—1.
Otherwise, if n; < i < n;4; for some j € {1,---,r — 1}, then wu;;4;
is of the form % with each f; a quadratic polynomial in the Plicker
coordinates;

3. all v;;11 and w; ;41 have pole of order 1 along a (unique) irreducible

component of —Kpy, .

In fact, the denominators in the summands of F_ are precisely the defining

equations of the irreducible components of —Kpy,, [95].

The isomorphism W_ will be constructed explicitly in Definition 4.3.3. Explicit
expressions for v; ;41 and w; ;41 will be given in Theorem 4.3.10. Here we

provide an example to give a first impression.
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Example 4.1.1. For FY,, = Fly 4.7 — P(A?C") x P(\*CT7), we have

F - q2% i q4p1467 n Pa7 n P24P1567 — P14P2567 T P12D4567 n D2346 i P3as7 I P13 i p1235.
DPe7 Paser P17 P23P1567 — P13P2567 T P12D3567 P2345 P3456 P12 P1234

Remark 4.1.2. A straightforward generalization of the superpotential in [103]
leads to another superpotential 7 defined on (P, \G)° x ];e;» C;. The Pliicker
coordinate expression of F, however, appears to be complicated and does not
have the similar good properties (especially property (3) above). We refer to
Examples 4.3.2 and 4.3.24 for a comparison of F, and F_ in the case of the
complete flag variety F'/s.

Remark 4.1.3. In [57], Gu and Sharpe proposed a construction of ‘non-abelian’

mirrors, examples of which included F¢(n,). Their approach is closely related
to [69] but involves more variables than the dimension of F¢(n,) (see also
[56]). Their mirror diverges already in the Grassmannian case from the mirror
constructions [37, 103, 118] that are related to ours here, see [57, Section 4.9].

Another mirror construction inspired by viewing flag varieties as non-abelian
GIT quotients was given by Kalashnikov [81]. Namely, Kalashnikov proposed a
generalization of the superpotential from [103] for Gr(n — k,n) to partial flag
varieties F¢(n,) in the form of a rational function on a product of Grassmanni-
ans, expressed explicitly in terms of Pliicker coordinates, which recovers the
aforementioned Laurent polynomial W, in a cluster chart. Kalashnikov also
described a relation (on the level of critical points) between her superpotential

and Gu-Sharpe’s superpotential in a special case.

To compare the Kalashnikov formula with our F_, consider the partial flag
variety Fl(n,) = F¢(4;2,1). Kalashnikov’s superpotential is a rational function
on Gr(2,4) x Gr(1,2) x (C*)? described in terms of Pliicker coordinates [p;;; Px]
by A X
Wicas :@_i_pzzﬁréh +@+ G2pP13P2 +@+?.
D12 D23 D14 D34 b1 P2

Our superpotential F_ is a rational function on F'¢; 9.4 x (C*)?, given in terms

of [pk; pz‘j] by

FfIQ1]£+QQ@+]2+@+%-
P4 P3a D1 P12 P23

Apart from the formula looking more complicated, the superpotential Wy
turns out not to have the full set of critical points in this example. Namely,

while F_ has 12 critical points along its ¢; = ¢2 = 1 fiber, in agreement with
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dim H*(F¢(4;2,1)) = 12, one of these critical points, the one with critical value

—3, is missing for Wkai|q=(1,1)-

Let us now recall that, on the A-side, the (small) quantum cohomology ring
QH*(X) = (H*(X,C)® Clq],-) of the Fano manifold X is a deformation of
the classical cohomology ring H*(X, C) by incorporating genus zero, 3-point
Gromov—Witten invariants. The quantum multiplication by the first Chern

class of X induces a linear operator
¢(q): QH (X)) — QH*(X); fr—a(X) -8

depending on the values of the deformation parameters q = (¢;);, also called
quantum parameters. Here we treat the ¢; as nonzero complex numbers, so
that QH*(X) = H*(X) as vector spaces. On the B-side, we consider the
superpotential W = W, with the quantum parameters fixed correspondingly.

Now let us state a celebrated folklore conjecture in mirror symmetry.

Conjecture 4.1.4. The eigenvalues of the first Chern class operator é1(q)

coincide with the critical values of the mirror superpotential Wy.

There has been very little progress on this conjecture in the past two decades.
The case of toric Fano manifolds was first proved by Auroux [? |, which was
also known to Kontsevich and Seidel. Recently, Yuan [131] proved that the
critical values of the family Floer mirror Landau-Ginzburg superpotential are
the eigenvalues of the first Chern class, under certain assumptions. The cases
of complex Grassmannians and quadrics were proved implicitly in [103] and

[70] respectively.

As a central result of this paper, we prove a theorem that implies this conjecture

for any partial flag variety X = F{(n,).

Let us write ¢ = (¢u,,-** ,¢n,) for the quantum parameters associated to
F¢(n,), and view them as coordinates on an algebraic torus that we denote by

[Lier C;. Let us consider the (fiberwise) Jacobi ring,

Jac(F_) = O ((P\G)o < I1 c;) /(0o Fo), (4.1.5)

ielP

where we are taking partial derivatives of F_ in the (P\G)° directions only.

Using Theorem 4.1.1, and the isomorphism between fiberwise Jacobi ring of
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JLie and quantum cohomology resulting from [113, 117, 118], we obtain an

isomorphism of rings
0 Jao(F-) < Q' (X)lg;h, - ). (4.1.6)

See Section 4.4 for a more detailed description. We can now state our second

main theorem.

Theorem 4.1.2. For the class [F_] of F_ in the Jacobi ring Jac(F_), we have

where ¢;(X) is the first Chern class of X = F{(n,), as element of the small

quantum cohomology ring.

The above theorem is stated again in an isomorphic form in Theorem 4.4.11,
using a version Fp of the superpotential whose domain relates more directly
to the Peterson variety. By interpreting the critical values of F_ as eigenvalues
for the operator of multiplication by [F_] on Jac(F_), we obtain the following

corollary.

Corollary 4.1.3. Conjecture 4.1.4 holds for X = F{(n,) and the mirror
superpotential F_.

We note that isomorphically changing the domain of the superpotential does
not affect the critical values. Therefore the same corollary holds for Fi,., and
Fr. We also note that Fr and F_ look to be related by the chiral map in [43].

An exciting aspect of this part of our paper is the interaction between the
Conjecture 4.1.4 in mirror symmetry and identities in quantum Schubert
calculus. The quantum cohomology ring QH*(F¢(n,)) has a C[q]-basis of
Schubert classes o, that is indexed by permutations in .S,, with descents at
most in n;, for j € {1,---,r}. The study of the ring structure of QH*(F{(n,))
in terms of this basis, referred to as (type A) quantum Schubert calculus,
is an area of great independent interest from the viewpoint of enumerative
geometry. One of the most central problems is to find a manifestly positive
formula for the Schubert structure constants in the quantum product of two
Schubert classes. Another topic of interest is the study of identities among
quantum products of Schubert classes. For example, the quantum Schubert

polynomials [29, 38] are expressions for general Schubert classes as polynomials
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in special Schubert classes. The quantum Giambelli formula [11] for complex
Grassmannians is another example. It turns out, that mirror symmetry also
helps us find identities of this kind. Let us illustrate this from the perspective

of the following natural question. Consider the isomorphism © from (4.1.6)

Question 4.1.4. What are the preimages of the Schubert classes in Q H*(F¢(n,))
under O7

Assuming the answer, one may expect to find relations in QH*(F¢(n,)) simply
by studying the mirror superpotential. Indeed, in the special case of F¢(n,) =
Gr(n — k,n), our F_ turns out to coincide with the superpotential F of [103]
(see Example 4.3.25). Therefore, we have ©~!(a,,) = [p,], where p,, denotes the
(suitably normalised) Plicker coordinate corresponding to the Grassmannian
permutation w, as described in [103]. Each term in F_ turns out to reveal a
quantum cohomology relation, see [103, Remark 6.2], recovering an instance
of the known quantum Pieri-Chevalley formula in this case. For more general
partial flag varieties the question above can be answered for certain Schubert
classes using work of Peterson, see Section 4.4. This means that quantum
Schubert calculus relations involving these classes can be viewed as relations in

the Jacobi ring.

The approach of using the superpotential for understanding quantum cohomol-
ogy was used also in [23]. Namely, one can consider partial derivatives of the
superpotential which naturally represent the zero class in the Jacobi ring, and
translate these into quantum cohomology relations via the mirror isomorphism.
Following this approach, [23] obtained certain relations involving ‘quantum

hooks’ via Wia.

Our final result is a set of quantum Schubert calculus identities related to our
formula for F_. The proof of Theorem 4.1.2, turns out to involve showing
each term in F_ corresponds to specific class in quantum cohomology. This
requires certain relations to be proved in QH*(F¢(n,)). For instance, the term

b24P1567—P14P2567 1P12PA56T ) Fixample 4.1.1 relates to an identity
P23P1567 —P13P2567 T P12P3567

02401567 — 014 02567+ 012 Oa567 = (02301567 — 013 02567 +01203567) - (013 +01235)

in quantum Schubert calculus. Note that we have simplified the notations,
for instance by 094 above we mean the Schubert class 09413567 indexed by the

Grassmannian permutation 2413567 in one-line notation. The above identity
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is equivalent to the following simpler one by using quantum Chevalley-Monk

formula [18, 29, 104],

01526347 * 02314567 — 02516347 * 01324567 + 03516247 * 01234567 = 0. (4-1‘7)

Our final theorem, that we prove concurrently with Theorem 4.1.2, gives new
relations in quantum Schubert calculus of QH*(F¢(n,)), including identity

(4.1.7) as one example.

Theorem 4.1.5. In QH*(F{(n,)), there are quantum relations of the form

> (~D)Vlow, 010,400 = 0.

J
We will postpone the explanations of the relevant notations to Section 5, and
will restate the identity fully in Theorem 4.5.2. The proof of the above
theorem goes via the complete flag variety F/,, using Peterson’s remarkable
extension property (see Proposition 4.5.11). The proof of Theorem 4.1.2 is

closely linked to to the above result.

Remarks for further directions

Closed string mirror symmetry in full generality at genus zero predicts an
isomorphism on the level of Frobenius manifolds. The notion of a Frobenius
manifold was first introduced by B. Dubrovin in 1990s [36], while the first
construction of a Frobenius manifold could date back to K. Saito [120] in early
1980s in the name of flat structures using his primitive form theory. Mirror sym-
metry predicts that the Frobenius manifold associated to the Gromov-Witten
theory of a Fano manifold X (the big quantum cohomology ring of X') should
be isomorphic to the Frobenius manifold of the mirror Landau-Ginzburg model
(X , W) associated to an appropriate Saito’s primitive form. This was indirectly
proved for complex Grassmannians in [30, 86] by a reduction to the case of
projective spaces [4]. The case of quadrics was recently proved in [70], where
the verification of Conjecture 4.1.4 is an important step. We expect that our
Theorem 4.1.2 will play an important role in studying mirror symmetry F¢(n,)

on such level as well.

For the mirror symmetry on the intermediate level of D-modules, the Pliicker
coordinate versions of the superpotential of Fi,;. play a very important role
in proving an explicit injective morphism of D-modules for complex Grass-

mannians and quadrics [103, 111]. An implicit isomorphism of D-modules
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for minuscule Grassmannians was proved in [93]. A proof for an equivariant
D-module isomorphism for general GV /PY was recently given in [28]. However,
the isomorphism therein seems not explicit enough either. Moreover, verifica-
tion of the Gauss-Manin connection along z-direction was missing, which is an
indispensable piece in the mirror symmetry on the level of Frobenius manifolds.
We believe that our Theorem 4.1.2 will be helpful towards getting a better

understanding of the D-module mirror symmetry for F¢(n,).

Conjecture 4.1.4 also appeared in the context of Kontsevich’s homological mirror
symmetry [90], which is one main approach to (open string) mirror symmetry
(in addition to another main approach by Strominger-Yau-Zaslow [126]). For
GY /P, homological mirror symmetry was so far only proved for complex
Grassmannians G(n — k, n) with n prime [20], beyond the projective space case
covered earlier [1]. Here it is important to understand the superpotential F_
in a Floer theoretical way, which has only been achieved for very few cases
including Gr(2,n) [67]. It will be desirable to understand the superpotential

more deeply.

Another closely related direction is about the Gamma conjecture I and its
underlying conjecture O proposed by Galkin-Golyshev-Iritani [44]. Here con-
jecture O concerns the eigenvalues of the aforementioned linear operator ¢é;|q=1.
For flag varieties GV /P", conjecture O has already been proved in [24], while
the Gamma conjecture I was only known for very few cases including complex
Grassmannians and quadrics. One main approach to Gamma conjecture I in
[45] relies on a B-side analogy of conjecture O and a conifold condition. Our
Theorem 4.4.11, together with [24], ensures the B-side analogy of conjecture O.
Therefore it will play an important role in the study of the Gamma conjecture

[ for F¢(n,) via this approach.

Finally, we would propose a deeper interaction between mirror symmetry and
quantum Schubert calculus for GY/PY. Indeed, for the type C case, some
conjectural quantum relations in the quantum cohomology of a Lagrangian
Grassmannian were given in [110, Conjecture 4.1], inspired by Conjecture 4.1.4.
Even in type A, we would ask which quantum relations arise from the natural
partial derivatives of the mirror superpotential F_ via the mirror isomorphism.
We also note that some new quantum relations in QH*(F¢(n,)) related with
a cluster algebra structure were discovered in [60]. It will be interesting to

investigate whether these relations could also be revealed using cluster charts
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in the domain of F_.

The paper is organized as follows. In Section 2, we introduce the basic notions.
In Section 3, we construct two superpotentials F.., and provide the Pliicker
coordinate expression of F_. In Section 4, we prove Theorem 4.1.2 by assuming
Lemma 4.4.12 first. Section 5 is devoted to a proof of Lemma 4.4.12 in terms
of equivalent identities on quantum product of Schubert classes. Finally, in the

Appendix we provide a description of F_ using Young diagrams.
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4.2 Preliminaries

We review some background in Lie theory (see e. g. [13] for details).

Notation
Let G = GL,(C). Let B; and B_ denote the upper-triangular and lower-
triangular Borel subgroups of G with unipotent radicals U, and U_, respectively.

Then T'= B_ N B, is the maximal torus of diagonal matrices in G.

Let b_,b,,u_,u,, b be the Lie algebras of B_, B,,U_,U, and T respectively.
Let A = {aq,---,a,-1} be the standard base of simple roots, and R (resp.
R.) be the set of (positive) roots. That is, we have the Cartan decomposition

gl(n,C) =b® P ga Wwith ga,assiteta;, =CE;; V1<i<j<n,

acR
where E; ; is the matrix with entry 1 in row ¢ and column j and zeros elsewhere.
We will view elements of A as lying in the character group of T', so that
t;

a; . T — C :=C\{0}; t=diag(ty, - ,t,) — a(t) = -
i+1

For any positive integers k,m with k& < m, we denote the integral interval
[k,m] == {k,k+1,--- ,m}, and simply denote [m] := [1,m]. Set I = [n — 1].
The Weyl group W of gl(n, C) is generated by simple reflections s; = s,,, i € I.
We will freely identify W with the Weyl group Ng(7T')/T of G as well as the

symmetric group S,, by using the isomorphisms

ot
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where (Z,Z + 1) = S = SZT for Sl = eXp(Ei7i+1) exp(—EHLZ-) eXp(EMH).

Moreover, we let £ : W — Zx>o be the standard length function. For w =
Siy -+ Si,, with m = f(w), the element w = §;, -+ 8;,, € Ng(T') is independent

of the reduced expression chosen.

We let P D B_ be a parabolic subgroup of G. Set Ip ={i € [ | §; € P} and
I" =T\ Ip. We write

P
1 :{nla"' 7nT}7
where 1 <ny<ny<---<n, <n-—1.

Let Wp be the Weyl subgroup of W associated to P, and W be the set of

minimal length coset representatives in W/Wp. Precisely,
Wp = (s;|i€lp), W' ={uecW]|Lllus;) > Ll(u), Vi Ip}.

Denote by wp (resp. w!’, wy) the longest element in Wp (resp. WE, W).

The Langlands dual group GV to G is again GL(n, C), but plays a different role.
Let BY, PY, TV, AY be the Langlands dual versions of By, Py, T, A, respectively.
The base AY for GV are canonically identified with the set {ay, -+, )/ ;} of
simple coroots for G. In particular, we have s,, = s,v. The Weyl group for
GV is again W, and Ipv = Ip for any parabolic subgroup P of G containing
B, or B_. The deeper relationship between the original group GL,(C) and
its Langlands dual group is described by the geometric Satake correspondence
[48, 100, 106].

Langlands dual flag varieties

A partial flag variety is a quotient of GL(n,C) by a parabolic subgroup on
the left or right. We can think of it as parameterizing flags of subspaces (of
row vectors) in Hom(C", C) or flags of quotients of the space C" (in column
vectors), to be precisely described below. Since we will focus more on the
B-side of mirror symmetry, we will use G there, and leave GV for the A-side of

mirror symmetry.

On the B-side, recall that P O B_ is the parabolic subgroup of G with

I” = {ny,--- ,n.}. Denote ng := 0 and n,,, := n, and set

Clj = nj —nj_l, VJ - [’l”—l— 1]
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Then P consists of block-lower-triangular matrices in G with block-diagonal
matrices of the form diag{M;, Ms,--- , M,1}, where each M; is an a; X a;

invertible matrix.

Consider the partial flag variety F'¢,, = F,, ... n,., that parameterizes flag of

vector subspaces V,,; in Hom(C",C), namely
Floy={Vy, C---CV,, C Hom(C",C) [dimV,,, = n;,1 < j <r}.
The Lie group G transitively acts on F'¢,,, on the right, inducing an isomorphism
Tp: P\G = Fe,,.

The isomorphism 7p sends Pb to the partial flag V, such that V;,, is spanned

by the first n; row vectors of the matrix b for all j € [r].

On the A-side, we consider the partial flag variety F¢(n,) = Fl(n;n,,--- ,nq)

that parameterizes flag of quotients, namely
Fi(n,) ={C" - Ay, = -+ > Ay, = 0 dimA,, =ny, Vje[r]}/~.

Here A, ~ A, if and only if there are isomorphisms A, — A;lj making the
diagram of the two flags of quotients commutative. There is a canonical
isomorphism

GV /PY =5 Fi(n,),

which sends gPV to the class of a flag A, of quotients such that the kernel of
C" — A, is the vector subspace spanned by the last n — n; column vectors of

the matrix ¢ for all .

We remark that there are many canonical isomorphisms between group quotients
and different parameterizations of flag varieties floating around. Here we are
taking the above isomorphisms, to fit the philosophy of Langlands dual as well
as the word “mirror". It does not matter much if different isomorphisms are

taken.

Open Richardson varieties
For v,w € W, with v < w with respect to the Bruhat order, we have the open

Richardson subvarieties,

R, . = (B \B_v'B,)N(B_\B_w 'B_) C B_\G,

VW
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R, = (B\Bo 'B_)N (B \Byw 'By) € BL\G.

These are smooth and irreducible of dimension ¢(w) — ¢(v) [85].Note that the
intersections above are empty if v £ w. The Zariski closures are called a
(closed) Richardson varieties and denoted by R, and R,

> Tespectively. We
will also consider the following (open) Richardson varieties in G/B_.

RE = (B.9B_/B_)N(B_wB_/B_) C G/B_,
RE, = (B_oBy/By) N (BywBy/By) C G/B;..

Open Richardson varieties and their projections will be our main target spaces
on the B-side.

We use the notation (P\G)° for the top-dimensional projected open Richardson
variety inside P\G, namely (P\G)° = prp(R
prp: B_\G — P\G.

idwowp) Under the projection

Schubert varieties

On the A-side, we consider the Bruhat decompositions

X=G"/P'= || BLoP'/P'= || BY@P'/P".

veW P weW P

The Zariski closures of the (opposite) Schubert cells BY9PY/PY and BYwP" /P,
X? = BYoPV/PY, X, := B aPV/PY

are (opposite) Schubert varieties in X. They are of codimension ¢(v) and
dimension ¢(w) respectively. It is well-known that the classical cohomology
ring H*(X,Z) has a Z-basis of Schubert classes o,:

HY(X,Z)= @ Zo,, where o, :=P.D.[X"] € H*")(X,7Z),

veW?r

and P.D.[X"] stands for the Poincaré dual of the fundamental homology class
of X".

4.3 The Pliicker coordinate superpotentials
In this section, we will construct two versions of a superpotential for X =
GY/PY defined on projected open Richardson varieties for G. The first su-

perpotential F, is a straightforward extension of a construction for complex
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Grassmannians given in [103]. It has a natural formula in terms of Pliicker
coordinates in the Grassmannian case, as was shown in [103], but this formula
does not generalise well to more general partial flag varieties. The construc-
tion of the second superpotential F_, which has a natural Pliicker coordinate

presentation in general, is the main outcome of this section.

The superpotential F, generalising [103]
Recall we have the following (open) Richardson variety in B, \G,

Rid = (By\ByB-) N (B4 \Bywp'wy 'By) C By \G

id,wowp

and the projection map prp, : By \ G — P\ G, where P, is upper-triangular
parabolic subgroup with I+ = {n;,--- n,}. It is shown in [88, Lemma 3.1]
that prp,_: R — (P\G)° = prp, (R

. wowp iwpwp) 18 an isomorphism. More-

over, implicitly from [88], the projected open Richardson variety prp, (Rij

id,wowp>

is the complement of an anti-canonical divisor in P, \ G.

As in [103], we use GL(n,C) as the starting point instead of PSL(n,C) used
in [118], and thus need to cut down to a codimension one subtorus in 7. The

torus T has an adjoint action by W. Consider the invariant subtorus

TV ={teT|t,=1, it =t,Yw € Wp}.

We define a map

vy BoNULT"Pipig'U, — (P\G)° x I C;
iel?

b_ = uitpiing “ug — (Pob_,q(t))

where
TV = I1 C;
iel? (4.3.1)
Eoalt) = (an () an (t)):

It follows from [118, Section 4] and [88] that ¢, is an isomorphism.

Definition 4.3.1. We define the superpotential F, by

Foi(PAGr x T1.C 25 BLAUTYripig U, — C
iclP
n—1

(Pyb_,q(t)) — b_ = urtipting 'ug = el (ur) +ef(ug).

i=1
Where e} : Uy — C is the map that sends v = (u;;) in Uy to its (k, k+ 1)-entry,
namely ej(u) = uy4+1. This is well-defined by [118, Lemma 5.2].
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This definition is a direct translation of the Lie-theoretic superpotential defined
in [118] via the isomorphism . If P, is a maximal parabolic, then this
definition agrees with the one used to give a Pliicker coordinate superpotential
for Grassmannians in [103]. In general, viewing F,, as a rational function on
the partial flag variety P, \ G (depending additionally on parameters ¢;), there
will be a Pliicker coordinate formula also in the partial flag setting. However, it
turns out that this construction gives a superpotential that is not as well-suited

for being expressed in terms of Pliicker coordinates as we would like.

Example 4.3.2. Consider the complete flag variety GV /BY for GL3(C) and
the associated superpotential F, . Fix a representative b_ of P, b_. For a subset
I of {1,2,3} let p; denote the minor of b_ with column set I and row set the

last |I| many rows. Then

Fo(Pib_, (q1,q2)) = P2 P q2p1p13 n q1p2p12‘
p1 P12 DP3p12 P1P23

This example will be useful for comparison between F, and our alternative ver-

sion of the superpotential that we construct in Section 4.3 (see Example 4.3.24).

Superpotential Fi;,
We now give the construction of the original Lie theoretic superpotential JFie
in a form that is suitable for our applications. The following definition is a

slight change of conventions on [103, Definition 6.3] and [118].

We recall the definition of the torus 77 and the isomorphism from (4.3.1), as
well as the maps e} : U, — C. We also recall that P O B_ is the parabolic
subgroup of G with I* = {ny,--- ,n,}.

Definition 4.3.2 (The Lie-theoretic superpotential). Let Zp := B_NU, T "VPip iUy .
Define the map Fr;. : Zp — C by

n—1 n—1
bo = utpliguy +—  — (Z ef(u) + X e;‘(ug)) :
i=1 i=1

It is an important fact that the map Fi;. is well-defined even though u; and

ug are not uniquely determined by b_, see [118, Lemma 5.2].

The superpotential F_

In this section we give a non-standard isomorphism from Zp to the product of
i&,wowp> with HiGIP C;
The superpotential 7 will then be defined as a function on (P\G)°® X [I;¢;r C;.

the projected open Richardson variety (P\G)° = prp(R
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We start by considering the isomorphism

v Zp =B_nN U+TWPw1;1w0U+ — (B_ N U+u')1§1w0U+) X HiGIP CZ
b_ = uytip gusy — (b=t"1b_,q(t)),

where q(t) is as in (4.3.1). Here the first factor of the right-hand side may

be considered as fiber of Zp where t equals to the identity element. The

(n; = i, (t) can also be obtained directly using minors of b_.

We translate the superpotential Fr;. to a function on the right-hand side
above, and write down a formula for it for future reference. Namely, we have

b = dipliig @ for b € B_ N Uptip iUy, Then
fLie o '7 (ZA) (qz zGIP - Z Uz 41 + Z qzvz i+1 + Z U; a+1 ] - (433>
ic€lp ieI?f

The main step in the construction now is to make a choice for v for which only
the quantum terms in the formula above will appear, and the other ©; ;11 vanish.
Recall that Rld wpwy = B-By N BywpwoB, /B,. We define the variety

Z = Upbp'ig NphigU_ N B_By, (4.3.4)

which will play a central role in our constructions.

Lemma 4.3.5. Consider the intersection B_ N Uip inUy and the variety

Z as defined above. We have the following isomorphisms

Cl: B_ﬂU+w1;1w0U+ — RE

1d W pwWo
b —  bB.,

<2 : Z — Rld W pwo
z — 2By.

We consider the composition ( = (3 o (1,
(: B_NUpphigU, — Z
b =z,

where z € Z is the unique representative with 2B, = IA)B+.

Proof. The map (; is just the restriction to the fiber over e € TWP of the
isomorphism B_ N U, TWFiphinU, = RE x TP from [118, Section 4.1].

1d ;W pwWo

We now show that (5 is an isomorphism.
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Note that RE" is the open dense subset of the Bruhat cell BywpwoB, /By

id,wpwo

obtained by intersecting with opposite big cell B_B, /B.. We have the fac-

torisation Uy = Uf Uy, p, where

Ur = U, Nip'Usiip, (4.3.6)

U+7P = U+ N w}_glU_wp,

and the map u — wwp ioB, from U, restricts to an isomorphism U -
BiwpwyBy /B, . Equivalently, the projection map g +— gB, restricts to an
isomorphism

Ul ip'ig —+ BiwpwyBy /By (4.3.7)

We now rewrite the definition of Z as follows,

Z = Upbphin NwphioU_ N B_B,
= (Us np'Uyaisp) ' N B_ By

= Ulp'ig N B_B;.

It follows that (4.3.7) restricts to an isomorphism Z — R’ and this is

id,wpwg?

precisely the map (s. O]

Lemma 4.3.8. Recall that (P\G)° = prp(R
(4.3.4). We have an isomorphism

and let Z be as defined in

id,wowp )

T Z — (P\G)°,
z Pz.

Proof. Note that

R =R

id,wow p

g = B_\(B_1p' By N B_1iy ' B_)uiy.

wp,Wwo

Consider Uf and U, p as defined in (4.3.6) and the factorisation Uy = U, pUY.
The Bruhat cell B_\B_1p' By is isomorphic to U via the map u — B_ip'u.
It follows that

wp'UP N B_wig'B- — B_\(B_wp'By N B_1iy'B-)

4.3.9
wp'u > B_ip'u. (4.3.9)

is an isomorphism. We can rewrite the definition of Z as follows,

Z = UppripNiprigU- N B_B,
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= ! (1pUiop! NaigU_ting ") 1isg N (Bt B )uig
= (wp'UY N Bty B_) .
We now translate both sides of the isomorphism from (4.3.9) by wy and obtain

an isomorphism
. Z = Ry
z — B_z.

id,wowp?

The composition of 7’ above with the isomorphism R

= (P\G)° from
[88] is the map 7 : Z — (P\G)°, which proves that 7 is an isomorphism. [

id,wowp

Definition 4.3.3 (The superpotential F_). We denote by 1 _ the composition

of isomorphisms, where B = B_ N U1 iU,

Vo Zp s Bx [IC 8 zx [ ¢ =8 (P\G)F x [] C.
ielP ielP ielP

We now define the superpotential F_ by
F_ = Fre ot (P\G)° x H C, — C.

iel?

Notations for F_

In summary, we have shown above that we may write any element of (P\G)°

uniquely as Pz for some z € Z. We can then write
z = v phig (4.3.10)
for a unique v € U,. Next let b :=((z) € B_ N UvpingU,. We can write
b=zu"t = v Mplieut, (4.3.11)

for a unique v € U,. Finally, the superpotential F_ is computed by

‘F—(PZJQ) - fLie oy (6 Qz zGIP Z Vi it+1 + Z q;iVii+1 + Zuzz—l-la

i€lp ielf
(4.3.12)
using the description of F;. in (4.3.3).

Definition 4.3.4. Given z € Z we will always use the notations above for the

related elements Z;, v, u with be BN U phingUy and u,v € UY, satisfying

bB+ = ZB+,
o 11
z = v hbpy,
b = zu !t =v Mptieut

We will also let b:= b1 = wig " po.
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We can immediately simplify the formula (4.3.12) using the following lemma.

Lemma 4.3.13. Let z € Z. For v € Uy as in Definition 4.3.4, we have that

v € wp'Upibp, and therefore the entry Viit1 =0 for alli € Ip.

Remark 4.3.14. This lemma says that v € UL, in the notation (4.3.6) from
Lemma 4.3.5.

Proof of Lemma 4.3.13. By (4.3.4) we have that z € wp'inU_. The lemma

follows from this and the fact that v = wplapz". O

As a consequence of Lemma 4.3.13 we have the formula,

F PZ,q Z qiVi,i+1 + Z Ui i+1, (4315)

ielP

for F_ in terms of u,v.

We can now use the formula (4.3.15) as our starting point for studying F_.
The rest of this section will be devoted to giving a compact description of F_

in terms of Plicker coordinates.

The description of Z

We first give a concrete description of our variety
Z = Upbphig Np'igU- N B_By. (4.3.16)
Recall that a; = n; — nj_; where I” = {ny,...,n,}.

Lemma 4.3.17. Let 1,; denote the a; X a; identity matrir. If z € Z then z is
of the following form,

* * Sk * I,
* * ook (=)™, 0
i . 0 0 (4.3.18)
* (=111, 0
(=)™ I, 0 0

nxn

We write z = v "bp"bg as in Definition 4.5.4. Then the matriz v € U, has its

non-zero above-diagonal entries given by

_ ni+1
Unjvnj+1 - (_1) ! an7n—nj+1+1-
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Proof. Given square matrices A;, we let diag{A;, -, A,,} denote the block-

diagonal matrix with diagonal blocks A;. Similarly we write

Ay
As
antidiag{A;,--- , A, } :=

Am
for the anti block-diagonal matrix with blocks A;.

We have that Z C Up'iip N wpligU_. Tt follows that 2 € Z has anti-
diagonal blocks according to wp"1y, and all other non-zero entries must lie
above and to the left of these blocks.

By direct calculation we have wy = antidiag{1, —1,--- ,(=1)""'}. Moreover,

wp is block diagonal with j-th diagonal block given by antidiag{1, —1,--- ,(—=1)%~1}.
Therefore wp' = diag{l(il), e ,Igﬂ)} where [j([j) := antidiag{(—-1)%~'---  —1,1}.
It follows that wp'iy is an anti-diagonal block matrix with top right-hand

block given by I,,, and (j + 1)-st block given by (—1)" 1,

aj4+19

Wpig = antidiag{l,,, (—1)" Loy, -+, (—=1)" L, . }. (4.3.19)
Here the overall signs of the blocks follow from the fact that the n;,;-st row of
wp! is the row vector 6,77, and the (n — n;)-th column of 1y is (—1)"4;, ;.

This finishes the proof that the matrix z has the form indicated in (4.3.18).

We can now check the formula for v, »,+1. We apply v to 5}5% 41, giving

VT = 2 p - Oy g = (=) 20, (4.3.20)
Here we used the inverse of (4.3.19),
g p = antidiag{(—1)"" Lo, -+, (—1)" Loy, I, }- (4.3.21)
From (4.3.20) we get
(W )yt = (=1)" 20 ey 41
The formula now follows, since (v™")n, n,41 = —Vn, ;41 O

Remark 4.3.22. The complete description of Z is that it consists of those
matrices of the form (4.3.18) for which the upper left-hand corner minors are
all non-vanishing. This final condition encodes the intersection with B_ B, in
(4.3.16).
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A Pliicker coordinate formula for F_

For positive integers 7 < m, we denote by ([’;ﬂ) the set of subsets J of [m] of

C

cardinality j. We denote the complement J{ [m]\ J simply as J¢ whenever

m) =
J C [m] is well understood. We always write .J, J¢ as increasing sequences, and

define |J| := > ;c ;1.

We consider the Pliicker embedding

n

Pl: P\G —> PO s pln)
Pg <[pK1 (9)]1(16(["])7 s ,[pkr(g)]KTE@TJ))

ny
where the Pliicker coordinate pg,(g) of Pg is the determinant of the n; x n;

sub-matrix of g with first n; rows and the columns from Kj;.

The next proposition is a combination of Propositions 2.2 and 3.9 in [95] with

respect to the quotient P\ G, which was also implicitly contained in [88].

Proposition 4.3.5. The projected open Richardson variety (P\G)° = prp(R

id,wowp )

is the complement of the anti-canonical divisor —Kp\¢ in P\G, where
_KP\G = Zprp(ﬁs_i,wowp) + Z prp<ﬁi;,wosiwp)'
el ielf

Definition 4.3.6. For any homogeneous polynomial p in Pliicker coordinates,

we denote V(p) i= {Pg € P\G | p([pili - » [P 1, )(Pq) = 0} and define
V(pix): if ke {ny, - ,n.},
V(Din\fe+1,0—n1+H]) if1<k<ng,
V(Dlk—ny+1,4])» iftn, <k<n-1,
Dk = [ ]
it n; <k <mnjq with j € [r—1
V( Z . (_1)‘J|p[k]\J 'pju[]%+17n])7 ’ N ! ,
JE([m?jif}]) where k:=n-—-n; 1 +k—n;
V(p[nfnk,nﬂ,n]% itk e {n, cee N — 1+ 7“}.

The following proposition from [95], provides explicit equations for the irre-
ducible components of the the anti-canonical divisor —Kp¢ in terms of Pliicker

coordinates.
Proposition 4.3.7 ([95, Theorem 4.1]). We have

B Prp(Re, wowp ) if 1 <k<n-1,

k= S .
prP(Rid,wgsnkirwlwp) if n S k S n—1+ T,

and Z’,;‘;ll” Dy, is an anti-canonical divisor in P\G, denoted as —Kp\¢.
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We will give a Pliicker coordinate expansion of F_ where each summand has a
pole of order 1 along a (unique) irreducible component Dy, of —Kp\¢, giving

rise to a bijection between divisors D;, and summands of F_.

For any n X m matrix A € M, »,(C), we let A,(A) denote the minor with
row set J and column set K, whenever the sub-matrix is a square matrix. We
will need the following generalization in [53] of the famous Cramer’s rule in

linear algebra.

Lemma 4.3.23 (Generalized Cramer’s rule). Let A € GL,(C) and X,Y €
Myxm(C) such that AX =Y. For any J € (“ﬂ) and K € ([TD where

I <min{n,m}, we have

where Ay (J, K) denotes the matriz constructed from A by order-preserving

replacing the column set J of A by the column set K of Y.

The special case of X = A~! in the generalized Cramer’s rule yields Jacobi

Theorem for the minors of an inverse matrix immediately as follows.

Corollary 4.3.8 (Jacobi Theorem). Let A € GL,(C). For any J, K € ([7])
where [ € [n], we write J¢ = [n]\ J and K¢ = [n] \ K in increasing sequences.

We have
(_1)\J\+|K|

Af(ATY) = ————AJ"(A).
det A

Using Lemma 4.3.17, we have the next key proposition.

Proposition 4.3.9. Let z € Z. We define b, u and v as in Definition 4.3.4, so

that b = wig "wpv = uz~'. Then

[i]
A[ifl]u{z#l}(z)

Uijir1 = ATl , forany i€ [n—1];
[i](z)
il | NG
Conppoln oy Ny e = with € 1],
Viip1 = Ayl 11 ()
0, otherwise.

Proof. Since u € Uy and b€ B_, wehave 4 :=u"' € U, and b:=b"' € B_.

For m = n —i, we let @™ (resp. IA)(m)) be the n x m matrix obtained by taking
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the last m columns of @ (resp. lA)) Since b = uz !, we have za(™ = h(™ . By

using Lemma 4.3.23 and noting be B_ and det z = 1, we have

ﬁn—m,fn—m+1 = A[{TT;L]_m}U[n_m+27n] (@(m) )

= det(zjm ({n — m} U[n —m +2,n], [m]))

~

=—( H bjj)AE]—l]u{i-&-l}(z)v

Jj=n—m+1
n—m+1,n]/ ~(m n “ ;
j=n—m+1
Thus for i € [n — 1], we have
2 [7]
Uig1 = — Qi1 = Uiy A[i_l]ul{iﬂ}(z)
1,1 1,1 1 AE}(}J)

By Lemma 4.3.13, we have v; ;41 = 0 if i # {n,--- ,n,}; We recall that by
Lemma 4.3.17, z is of the form (4.3.18) and therefore for j € [r] we have

_ n;+1
Unj,anrl - (_1) ’ an,nfnj+1+1

= (—1mARY ()

(1) (1) (1) A[{Tf]—nm+1};{q—nj+l,n1\{n—nj1}(2)
A[nj—nj—i—l,n] (2)

_ A[{T:f}—nm+1}u[n—nj+1,n}\{n—nj-1}(Z).

A%Zj—]nj—i-l,n} (Z)

]

Theorem 4.3.10. Let (¢n,, -, Gn,) denote the coordinates of (C*)" = ] C;.
iel?

The superpotential F_ : (P\G)° x (C*)" — C is given by the explicit formula

" o nugi 41 inact = Lit1\{i
F = Z [i—1]u{i+1}U[n—n1+i+1,n] + Z Z Si(J) 4 Z [i—n,+1i+1\{}
i=1 Dliluln—n1+i+1,n] j=1i=n;+1 im=not1  Pli-ne+1,

3 sttt} | § o Pl oo\ (nongma).
j=1 Din;) =1 Din—n;+1n]

where

ZJE([min{HL%}]\{i}) E(J) (— 1) Ile[ifl]U{iJrl}\J "Pyufi+1n]
1=y

SU) —

ZK([m;n{i,i}]) (=D)Vlppys - D jui+1,n]

1=nj
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1, ifi+1é¢J,
—1, ifi+1eld

with 4 =n —nj,, +i—n; and €(J) =

Proof. We let 13, b,u,v be defined as in Definition 4.3.4 for given z € Z. By

Lemma 4.3.13, we have

f Pqu Z szzz+1+zuzz+17

iel”?

Since by Proposition 4.3.9 u; ;41 and v; ;41 are quotients of minors of z, it
suffices to interpret those minors by the Pliicker coordinates. Recall that for
subsets K € (Z?), pr(z) = A[I?j](z) is the determinant of the submatrix of z
with first n; rows and columns from K. Therefore if i € {n,--- ,n,}, this is
already done for both w;;+; and v; 41, as given in the last two sums of the
expression of F_. Recall that z is of the form (4.3.18). For i < n; then both
AE]fl]u{iH}(z) = A%ﬂl}u{zﬂ}u[n n1+i+1 n]( z) and A%(@ = Aﬁb][n ny+i+1 n]( z)
hold. Then we have

_ Pli-1u{i+1}uln—nq+i+1,n]

Uiit1 =
Pliuln—ni+i+1n]

Next we consider the case 7 > n,. Let 0,, denote the zero matrix with

rows and v columns. then the last (i — n,) rows for minors AE]_”U{Z. +1}(z)

and AH( ) are both given by ((—1)”*[1-,“, OinhanT) . The Laplace
(i—ny) X3
expansion on the last (i — n,) rows leads to the third sum in the expression of

F_ immediately.

It remains to discuss u; ;4 for the case n; < i < n;4; for some j € [r — 1].

Denote k =i — n;. The first ¢ rows of z is given by

* * * * * Iy,
* * * x (=)™, 0
; ; ; : : 0 0
* * * (=1)"-1l,, 0 0 0
£ (=1 O,k 0 0 0)

Here the first column block has size n — n;;;. Using Laplace expansion on the

last k£ rows, we obtain

AELI]U{iJrl}(’Z): 3 (_1)|[zenj+1,z}|+u|€(J>A%ng]}U{ZHN() -
Je (=10t
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where z; is the determinant of the submatrix with columns from J and last
k rows. Since the last k row is (* (=1)™1Iy Opaypy—k 0 -+ 0). Its
last nonzero column is in position i := n—n;;+k, so we may assume that
J C [\ {i} where I = min{i + 1,1}, as otherwise z; = 0 for .J occurring in

the above sum. Similarly and more easily, we set | = min{i,7} and have

A[z]( ) Z ( 1)|[z n;+1, Z]|+|J|A[n]] (Z) - 25,

[4] 2] \J
Te(¥)
Since z is of the specified form as above, we have z; = epyupn—n,,,+k+1,n) and

2] = EDJUln—n, 41 +k+1,)» 0 Which € = +1 depends only on {ni,---,n;}. Hence,
(1
A[z—l]u{z‘+1}(z)

NE

we have ;41 = = Sl-(j ) and the proof is complete. O

Example 4.3.24. When I¥ = I, we have that P\G is a complete flag variety.
In this case, there is no SZ-(j ) -term, and the superpotential F_ is simply given

by

n—i,n]\{n—i+1
ZP —1ugi+yy + ZQZM
i=1 Pli] i=1 Pln—i+1,n]

Example 4.3.25. When I” = {k}, we have that P\G is the complex Grasss-
mannian Gr(k,n). In this case, there are no SZ-(j ) -terms, and the superpotential

F_ is simply given by

b Zp[z NU{i+1}U[n—k+i+1, n]+ Z Pli—k+1,i4+1\ {5} +p[k 1|u{k+1} _'_qkp[nfk,n]\{nkarl}.
i=1 Pliluln—k+i+1,n] i=k+1  Pli—k+1,) Dk Pin—k+1,n]

4.4 Quantum cohomology of partial flag varieties

The main result of this section will be to show that the image of the super-
potential in the Jacobi ring agrees with the the first Chern class under the
known isomorphism with quantum cohomology (Section 4.4). This result is
Theorem 4.4.11.

On the A-side, we consider the small quantum cohomology ring of X = GV /P,
denoted by QH*(X). It is an associative and commutative algebra over
Clgn,, -+, qn,] With a basis given by the Schubert classes o,, where g, are

formal variables.
QH*<X) - (C[qnp Tt 7Q’nr] ® H*(Xv Z)

The structure constants are defined through the 3-point, genus-zero Gro-

mov—Witten invariants of X. There is also an enumerative meaning of these
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constants (see e.g. [41]). Recall that the number r occurs in the isomorphism

GY/PY = Fl(n,) = Fl(n;n,,--- ,ny).

A permutation w € S, is an element in W if and only if w(n; +1) <--- <
w(njyp) for all 0 < j < 7. In particular, if w = sp, 417+ 8n;, 1 < j <,
1 <17 < nj, then o, is called a special Schubert class. The following is a special

case of the quantum Pieri rule in [29].

Proposition 4.4.1 (Ciocan-Fontanine). Let w be a Grassmannian permutation
with w(l) < -+ < w(m) and w(m + 1) < --- < w(n) for some m = n;,
1 <j<r. Then in QH*(X), we have

Ow - Osnj = Z Owty, T Z Qn;Owr,
a<n;<b, L(wr)=Ll(w)—L(T)
L(wtgp)=C(w)+1
where {4, is the transposition interchanging a and b, 7 := s,,; * 85,41 X = -+ X

Snj+171 ' Snj,1 : Sn]’72 X X Snj,1+1~

Remark 4.4.1. Since w is a Grassmannian permutation, there is at most one
quantum term in the expansion of the product o, s, - Note that the condition

l(wt) = L(w) — €(7) is equivalent to w(n;) > w(nji), w(n; +1) < w(n;—; +1).

Peterson isomorphism

In this section we state three theorems of D. Peterson, of which the proofs may
be found in [117, Section 4].

Definition 4.4.2. For 1 < i < m < n, we define a rational function G}* on
G/B_ as follows:

{m—i+1}U[m+2,n] (
el 9)
Gzn gB, — [m+1,n]
( ) A[m+1,n](g)

[m+1,n]

Definition 4.4.3 (Peterson variety). Let ) denote the (type A) Peterson
variety, which is the projective subvariety of G/B_ cut out by the relation

* x 0 ... 0
g_lfg ceb_@ (@gaz> = 0 s (442)
i€l )
* * %
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where ¢ represents gB_ and f is the principal nilpotent

We set
yp = y N BJr’u')pB,/B,,

and refer to this intersection as the Peterson variety associated to the parabolic

subgroup P.

Theorem 4.4.4 (D. Peterson). Let Vp be the Peterson variety associated to

the parabolic subgroup P. There is a unique isomorphism

O(Yp) — QH*(GY/PY),

G?j = (_]‘>io-5n]-—i+1"‘5n

J

where 1 <7 <r,1<¢<n;and G?j is as constructed in Definition 4.4.2.

Remark 4.4.3. The isomorphism we are using differs from the one used in
[117] by signs.

Remark 4.4.4. The rational function G}" is a regular function on the Schubert
cell BywpB_/B_ if m e I7.

More generally, for a Grassmannian permutation w, with w(1) < --- < w(m)
and w(m+1) < --- < w(n) for some 1 < m < n, we can define a rational
function G,, on G/B_ as follows:

ALwmD gy

. —[m+1n]
Gw(ng) T A[erl,n} (g)

[m+1,n]

We use Glwm+bs-wml(gB ) := G, (gB_) for short. This will not lead to any
misunderstanding since our n is fixed throughout the paper. Then we have the
following result, by [117, Prop 11.3].

Proposition 4.4.5. If w is a Grassmannian permutation with descent m and
m € I, then the isomorphism in Theorem 4.4.4 sends G, to (—1)"™q,,.
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Theorem 4.4.6 (D. Peterson). Let Ap := Vp N (B_wyB_/B_). Then

the map in Theorem 4.4.4 induces an isomorphism between O(Xp) and
QH(GY/P)lgn s+ a4 ]

We may also refer to X'p as Peterson variety. We recall that X'p can be described

using Toeplitz matrices using an idea going back to B. Kostant.

Theorem 4.4.7 (D. Peterson). Consider the following variety of lower-triangular

Toeplitz matrices given by

T2 I
Xp=Sb_=| " | b_ € BlipiinB,

l‘n .« .. :L‘2 xl
The map Xp — Xp sending b_ to b_wyB_ is an isomorphism.

Critical points of the superpotential

We have the following isomorphism 1z which is a version of an isomorphism
from [118, Section 4.1],

Vg BoNUL TV uplioUy — RE < [ Ci

w p,wW0
ieIf

b_ = Ultw;1w0U2 — '(ﬁR(b,) = (b,’u.}oB,, (Oénl(t)x:l)
Define Fr by

Fri=Freog' 1 RE . x [[ C; —C.

wp,Wo
iel?

We now consider the ring

JCZC(.FR) =0 (RSP@O X H C;) /(8725; wOJT"R), (445)

ielP ’
where we are taking partial derivatives of Fx in the Rﬁ;wo directions, and
which we refer to as the (fiberwise) Jacobi ring of Fx. This ring describes the
critical points of Fg along the fibres of the projection pry : RE X [[;c/p C,—

wp,wo
*
HiGI‘D (Cq .

The next theorem shows that the Jacobi ring of Fg is isomorphic to the

coordinate ring of the Peterson variety Xp. Namely, Consider the subvariety
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of RE 4o X ILierr C; cut out by the ideal (0

wp wo Of r) of partial derivatives

-
wp,w
of Fg along Rg};wo. We denote the corresponding subvariety in Zp = B_ N
U, TP ptigUy by Z§*. The theorem stated below is a direct translation of

[118, Theorem 4.1] with our notation.

Theorem 4.4.8. We have that Z¢" = Xp. Moreover, the subvariety
Ur(Z3") € Ry < 11 €5,
ielP
which is defined by the ideal (O -
W p W,
of the first projection pr; : R, X Ilicrr Co — RE

wp,wo wp,wo "

Fr) is isomorphic to X'p via the restriction
0

Proof. We have the following result proved in [118] that we state for the

parabolic subgroup @ := Py . Let us set TWe .= Wy “TVPiy. We define
Fo: Zo=B nUT"ugug'Uy — C,
B, = ulwawgluQ — Zz 6?(161) + Zz e;‘(u2),

and its restrictions
Foi: Zoi = B-NUihigiy Uy — C.
Then it is shown in [118] that the critical points of ) lie in Xq. Namely,
ZG% = {b_ € B_N Uiy Uy | 0Fgz(b) =0} = Xo N Zgy,

where X is as in Theorem 4.4.7. Moreover the fiberwise critical point variety

Zg™ (union over all fibers Zg?) agrees with Xg.

We can now compare .7:"Q with our superpotential Fr;.. We have that

Frie(b- = uittplivgus) = Fo(b=' = uy igug tup )
where t = 1 " pt i p iy = g 't iy, Therefore, b_ is a critical point of the
analogous restriction JFie, if and only if b~! is a critical point of .73@75 and we
have that the critical point variety Z&* of Fi; is equal to the inverse of Xo.
Finally, the inverse of X is precisely Xp (using that the inverse of a Toeplitz
matrix is again Toeplitz). It follows that 1z (Z&) projects to Xp, thanks to

Theorem 4.4.7 O

Corollary 4.4.9. The fiberwise Jacobi ring Jac(Fg) of the superpotential Fpr
is isomorphic to the quantum cohomology ring QH*(X)[q, !, -, ¢, ]
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Proof. The Jacobi ring is related to QH*(X)[q, !, -+ ,q,'] by

Jac(Fr) — O(Xp) (Theorem 4.4.8)
= QH*(GY /P! a)] (Theorem 4.4.6).

O

We have the following corollary of Theorem 4.4.8 that we record for use later

on. Suppose q € [[;¢;r C;. Define
Fq: B_NUiphigUy — C (4.4.6)

by Fq(b) = Frie 0y 1(b,q). This is precisely the function from (4.3.3), but

now with quantum parameters fixed.

Corollary 4.4.10. If b is a critical point of Fq, then th = v1(b, q) is a Toeplitz

matrix.

Proof. In the notation from the proof of Theorem 4.4.8, we have b is a critical
point of Fq if and only if th is a critical point of Fi ;. But the critical points
of Fiies lie in Zg, which equals to Xp by Theorem 4.4.8. Therefore tb is a
Toeplitz matrix. O

Image of first Chern class
The following theorem is the main result in this section, the proof of which is

in the end of this subsection.

Theorem 4.4.11. Let 6 be the isomorphism Jac(Fr) — QH*(X)[q, !, , ¢,
in Corollary 4.4.9. Let [Fg| be the class of superpotential Fg in the Jacobi

ring. Then we have
0([Fr]) = ar(X).
The proof of Theorem 4.4.11 will occupy the rest of the paper.

Fix q € [lie;r C;, and recall the map Fq : B- N UiphingUy — C defined
in (4.4.6). Let us consider b € B_ N Utp iUy and let z, u, v and b be as in
Definition 4.3.4. We then have

b= wiy "ipv = uz"t (4.4.7)

Also recall that b_ = tb = tb~!, with t € TWr corresponding to q via (4.3.1).

The following lemmas are key ingredients in the proof of Theorem 4.4.11.
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Lemma 4.4.8. Let n; € I”. Then vy, ;41 = —tzj “GY (b_igB_).
nj

Proof. Since u,v € U, and g "ip = antidiag{(—1)"Io,.,, -+, (=1)" Loy, Lo, },

we have

A[”]‘]

[njfl]U{nj+1}((U>
AL)
[n—nj+1,n] .1 .
A[nj—f]u{nj+1}(wo "ipv)
A[nfnj#»l,n]
[n;]
A[nfanrl,n] (b)

[n;—1]U{n;+1}

A[nfnr#l,n] (b)

[n;]

Unj,nj—l—l =

(1 "0 pv)

Note that for the diagonal entries of ¢ we have that t,, 11 = tn,40 = =1ln, .,

where 0 < 57 < r. Therefore, we have
[n—n;+1,n]
v o A[njf{]u{nj+1}(b)
n;jn;+1 — —11. n
Al

[n—nj+1,n] 1
_ tnj+l [’njfﬁU{njﬁ»l}(bt )
tnj A%n_nj—i_l’n](bt*l)

;]

[n;]U[n;+2,n] _
tnj+1 A[n]—nj]J (tb 1)

tay AP (151

[n—ny]

tod
= — tj+1G1J(b_wOB_)

nj

where in the second to last equality one needs to apply Corollary 4.3.8. [

The situation for u; ;44 is slightly more complicated.

Lemma 4.4.9. Let 1 <i <n —mn,. Suppose b is a critical point of Fq, then
Ui i+1 = Un—np n—n,+1-

Proof. Since u € U, we have u; ;41 = A%ngl}(u) By Collorary 4.3.8,
we have that A{Zmzfl}(u) = —Agil}(ufl). Applying generalized Cramer’s
rule, see Lemma 4.3.23, to the equation b=' = zu~!, we have Ag}ﬂ}(u_l) =
det z,1 ({1}, {i+1}). Now since b is a critical point of F,, we have that th = tb~"
is a Toeplitz matrix by Corollary 4.4.10. Note that ¢, .1 =t 40 = -+ =1,.

Therefore for 1 <7 < n — n, we have

det 21 ({i}, {i + 1}) = det 211y ({i} {i + 1})
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— b det 2 ({1}, i + 1)
=t det zgp-1y({n — n, }, {n — n, +1})
=det zp-1({n — n.},{n —n, + 1}).

Therefore, we have shown that w; ;41 = Up—n, n—n,+1 Whenever b is a critical

point of Fq for 1 <7 <n —n,.
m

Lemma 4.4.10. Let i =n —n; for some 1 < j < r. Suppose b is a critical
point of Fq, then u; ;1 = —G7’ (b_1gB_).

Proof. Since u,v € U, and g "ip = antidiag{(—1)""Io,.,, -+, (=1)" Loy, Lo, },
we have
{n—n;}U[n—n;+2,n]
. A[nfnj+1,n] ! (U’)
Un—njn—n;+1 = [n—nj+1,n]
[n—nj;+1,n] (U)

A[{Tzzj]—nj}u[n—n]‘—i-ln} (uwo_lwp)

A[n—nj—l—l,n]
[n]
A[{:j]fnj}u[nfanrQ,n} (b)
n—n;i+1,n
A{nj} ’ ](b)
Afl:j]fnj}u[nfanrQ,n} (btil)

n—n;i+1l,n _
A{"ﬂ ’ ](bt Y

(utirg "1op)

Now since b is a critical point of Fq, we have that th =tb'is a Toeplitz
matrix by Corollary 4.4.10. So that its inverse bt ! is also a Toeplitz matrix.
Therefore, we have
{n—n;}Un—m;+2,n] 7, [n—nj+1,n] _
Ap S () AV S PP (s 1).

Then it follows as in the proof of Lemma 4.4.8 that t,_n; n—n;+1 = —GY (b_inB_).

]

Lemma 4.4.11. Letn —ny <i <n —1. Suppose b is a critical point of Fq,
then Ui 41 = —G?l (b_woB_).
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[
Alimajugisny )
e

form (4.3.18), if we set d = ¢ — (n — ny), then d < min{i,n, } and we have
[4] {d}u{d+2,i]}
A[’L 1}u{1+1}(z) A[z d] (2)
[ d+1,i
Afj(2) AT )

d d+2,i
Ai{z }(;J]{-l— ]}(b )

d+1,i _
Ao
Recall that b_ = tb = tb~!. Note that th=tg=--=t,and 1 <d<d+1<

ny. So we have

Proof. By Proposition 4.3.9, we have u; ;11 = . Since z is of the

{d}u{d+2,il} ;-1

Wiip1 = _A[i?z]i ] -

7,2 _;'_1,7; _
Aplg (071

A{d}u[d+2 l](tb )

[n—n1]

AL )
G{d}u[d+2 7 (b_’IU()B_>
G L(b_ioB.)

— —G?l (b_wQB_) .

The last equality follows from Proposition 4.4.1 and the isomorphism in Corol-
lary 4.4.9. [

Lemma 4.4.12. Suppose n —njy1 < i@ <n—mn; for somel < j <r—1.
Suppose b is a critical point of Fq, then

Uiit1 = —(G?j(b,wOB,) + G?Hl(bfwoBf))'

We leave the proof of this lemma to the next section. Now we are ready to

prove Theorem 4.4.11 assuming the above lemmas.

Proof of Theorem 4.4.11. Let be B_ NUwp iUy and let 2, u, v and b be as
in Definition 4.3.4. Also recall that b_ = tb and Iy = 1,

we have FR(bwaBfacn = J—'.Lie(bf) = f,(PZ,q) > QiVii+1 T Z Ui, i+1-

iel?
Suppose that b is a critical point of F,. Then by Corollary 4.4.9 and the above
lemmas, we have

r

0([Fr]) = 3 (nj1 = nj1)os, = a(X) € QH(X).

J=1
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4.5 Proof of Lemma 4.4.12 and Quantum Schubert calculus

The goal of this section is to prove the most difficult of the lemmas, which is
Lemma 4.4.12.

Equivalence of Lemma 4.4.12 and an identity in quantum Schubert

calculus

We first prove that Lemma 4.4.12 is equivalent to the identity in quantum

Schubert calculus stated in the following theorem.

Definition 4.5.1. Recall that we are considering n —n;y; <7 < n —n; for

some 1 <j<r—1 andlet d:=i— (n—n;z). We set

= :{Je ([;]) |Jm[nj+d+1,n]:®},

and define Weyl group elements w; € W for certain J € = as follows. For
J={j1i<jo< - <ja} €5 let {z1 <mg < -+ <mi_q} = [i]\J.

1. If n; > d, then w; is the following permutation

{w(l) < - <wng)}={1<jp<-<ju<i+1<i+2<.---<i+n;—d}
{wn; +1) < <whjp)={n1 <i+nj—d+1<i+n—d+2<---<n-—1}
{w(n]+1+1) o <w(nj+2>}:{x2 < < Tpjio-mgp <TL}

[w(nspa+1) < - < W)} = {Buyaonyprit < -+ < T}

2. It n; <d, and z1 < j,,41 then wy is defined by

D)< <w(ng)y ={n < <n}

(
(
{fwnj +1) < <wnje)f ={r2 < < Tpjyn;,, <N}
{wnje+1) < <wn)} = {Tn; yn1 <+ < Ti_a).

Example 4.5.1. Suppose n; =2,ny =4,n=7. Let j =1 and i = 4 (which

indeed satisfies n —n;41 <7 <mn —mn;). Then d =1 and

a:{JeGﬂme[]— }—Hu{%{%}

Since n; = 2 > d = 1 we have a Weyl group element w; for each J € =
Suppose J = {j1 } and [4] \ J = {21, 29, x3}. Then the definition of w is

wy(1) =j1, wy(2) =5 w;3)=x1, w;4)=6, w;(5) =1z w;(6)=uxs,

nj+1) < <wnjp) ={z1 <jpp1 < - <jag<i+l<---<n-—1}
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For our three choices of J this gives the following three Weyl group elements,
wi1y = 1526347, Wi2y = 2516347, wy3}y = 3516247,

with descents at 2 and 4, so in W7,

We can now state our theorem. Note that since w; € W, we have an associated
Schubert class o,,,. If a permutation w € W7 is Grassmannian, so that it is
determined by the values w(1) < ... < w(m) up to m = ny for some k, then

we may write gy (1), wim)} for 0. Recall that we set |J| := ;4.

Theorem 4.5.2. Consider X = GY/P" and fix i such that n—n;;1 < i < n—n;
for some 1 < j <r —1. Let d := i — (n —nj;1). For each w; defined above
we consider o,,, € QH*(X), and we set 0, := 0 for J € Z where w; is not
defined. Then the identity

S (=D, 00, 1a =0 (4.5.2)

JeE

holds in QH*(X).

Remark 4.5.3. The quantum product o supy1m] sy consists of at most

one quantum part, say ¢,,,,0.,. The above definition of w; is an explicit

7

description of such a class.

Lemma 4.5.4. The formula for w;;+1 in Lemma 4.4.12 is equivalent to the

corresponding identity in Theorem 4.5.2.

Proof. We use determinantal identities to rewrite the u;;1; in Lemma 4.4.12.

[2]
A[z‘—1]u_{i-‘-1}(7")

e

By Proposition 4.3.9, we have u; ;41 = . Using Laplace expansion

on the first n — n;;; columns, we have

_ I AN CAJ
AM (z) Jez(%i])( 1) A[n—anrl](Z) A[n—nj+1+1,i—l]u{i+1}<z)
[i—1]u{i+1} _ d

Aj(2) S (=DVIARY, (2) - A (2)

n—mn;ii [n—nj11+1,0
(4] 7
7€)

where d := i — (n — nj41). Since z is of the form (4.3.18), we have that the
—n]-+1+1,z'—1}u{i+1}(z) vanishes if O ({n;+d}U[n;+d+2,n]) # 0,
(z) vanishes if JN[n;+d+1,n] # 0. If we set

A={J¢ <[§>|Jm({nj+d}u[nj+d+2,n]):®}

determinant A‘[;
and A‘[]

nfnj+1+1,i]
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and Z={J € ([ZD |J N [n; +d+ 1,n] =0} as already defined, then we have

[i\J
JE%ZU(_]-)'J'A[W,—?’L]J,—J(2) . A[{I—le.,.l-‘rl,i—l]u{i-‘rl}(z)
d

[\J
Jez(:[”)(_l)le[n_nj“](Z> ' A[;—nmﬂ,il(z)
d
> n(J)(—l)MA[i]\J (,z) . AJU{n-7+d}U[nﬂ'+d+27n](z)

Jea =] ]
= — iINT JU[nj+d+1,n]
D (_1)|J|AH\_%H](2) . A[n_njj} (2)

Jjez
in which n(J) is the function

1, ifn;+d+1¢J
—1, ifnﬁ%—d-+],€ J

n(J) =

Since b™! = zu~! and u € U,, we have

> n(J)(_1)|J|AF}\J () AT AU+l

Jea n—nj41 )
JZE:E(_]-)‘JIA{;]J\_‘;j-&-l](Z) LA )
(ALY, 0 ARy
A6 AT
We recall that b_ = tb = tb~!. Note that b4l = lpyq2 = -+ = by, for all

0<j3<r Sincen; <n;+d<n;+d+1<n;, we have

Z n(J)(—l)‘JIA[Z]\J (bil) . AJU{nj+d}U[nj+d+2,n](bfl)

jea [n—n+1] [n—n;]
Ujiy1 = — iNJ _ JU[nj+d+1,n] /4 _
L OMARY, 0 - AT
i \J _ JU{n;+d}U[n;+d+2,n _
I ) (OFIARY, ) - AR
- T _ JUIn,+d+1m]
EOVIARY, @) AT @
3 n(J)(—1)‘J|G[i]\‘](b_w03_) . GJu{nj+d}u[nj+d+2,n](b_wOB_)
JeA
= (_1)|J\G[i]\J(b_wOB_) . GJu[nj+d+1,n](b_wOB_)
JEE

Applying the isomorphism in Corollary 4.4.9, we see that the formula for u; ;44
in Lemma 4.4.12 is equivalent to the following identity in QH*(X).
S (Do) Ton, ) - Tmgrang + D (=D 000 (T a5,

JeE Je=
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= Z 77(J)<_1)|J|UJU[i+l,n] * O([1,nj+d—1U{n;+d+1})\J -

JeA
(4.5.5)
It remains to show that this is exactly the identity in Theorem 4.5.2.
Assume that J = {j; < j2 < --- <]jaq}, then by Proposition 4.4.1,
O JUfi+1,n] * O-Sanrl = Z O {31, ds—1osFLjst 1, sidsit1,-,n} + anleJ.
1<s<d
Here, we set o, . jo_1jst1isrt, sjasis.m}y = 0 if either s = d and j; = 4 or
js + 1 =jsi1 holds. We divide the above sum into two parts as follows
CiJ) = D O dumrdetLiorso dasit 1o n}
1<s<d—1
Co(J) = 01 jurdat it 1, n}
Similarly, we have
U[lrnj+d]\J ’ Usnj = Z O-[lvnj+d}\{jly"'7js—17js*17js+17""jd} + D2(J)
1<j<d
= Dy(J) + Do(J)
Here, D;(J) is defined as
Di(J) = Y Ot +d\ i doris—List1ioda)
1<j<d
where we set o1 n;+d]\{j1, jo_1.ja—Lijss1,ja) = O if either s =1 and j; =1 or

js — 1 =js_1 holds. And Dy(J) is defined as follows

Ot nj4d—1)Un;+d+1}\J, if nj+d & J,

0, 1fnj—i—d€J

DQ(J) =

Note that since nj1 > n; + d, we have w(n;11) > w(n;) and therefore there
are no quantum terms in the product oy, a7 - s, by the remark after
Proposition 4.4.1.

If nj+d € J, namely, j; = n; + d, then directly from the definition of A and =

we have

S (=D () opmrang = Y (I(=D0 10 Oy d-110{nd 1\

JeE JeA
nj+d€J ’ﬂj+d+1€J
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If nj +d ¢ J, then we have

S D)Yosipsim Do) = D> (D) (=D osii1m - O(ms+d10{n,+dr 1T

Jez JeA
n]-+d¢J nj+d+1€J

Moreover, for J = {j; < jo < -+ < ja}, we denote J} = {j1, - ,js_1,]s +
17j8+17” ' 7jd} and ‘]s_ = {j17 e 7.].8717.]'8 - 17js+17' o 7jd}' Then

d
> DYlo g - D) = D2 > (=D lo i - 0 s

JeE Jes s=1

Since o7, . qps- # 0 only if J7 € J, in which case (J7)] = J € E, we have

d d—1
Z Z(_l)maJu[iH,n} O nd\J; = Z Z(_1)|J|+10Jju[i+1,n] “Ofn+d\J+

Je=E s=1 JeZ s=1

> (_1>|J|+10Jd+u[z‘+1,n] "O[Lng+d)\J-

Je=
nj+d€J

Therefore, we have

S (=) () oppraqut Y. (—DYIC(T) - opncap g+ Y (— Do i D1 () = 0.

Je= JEE Je=
nj+d¢J

We therefore see that the identity (4.5.5) is equivalent to the identity

S (=)ow, 00 m a0 =0

Jex

in Theorem 4.5.2. Hence, the statement follows. O

The structure of the proof of Lemma 4.4.12 and Theorem 4.5.2 is now the
following. We will first prove Theorem 4.5.2 in the special case where n; +
nj+1 < n. It then follows that Lemma 4.4.12 holds whenever n; + n;;; < n,
because of Lemma 4.5.4. Next, we introduce a symmetry on the domain of the
superpotential Fg that allows us to deduce the statement of Lemma 4.4.12 for
n;+mn;j11 > n from the one for n; +n;;1 < n. Finally, we obtain Theorem 4.5.2
for n; + n;11 < n, since this proposition and Lemma 4.4.12 are equivalent in
every case. This strategy also shows an interaction between mirror symmetry

and quantum Schubert calculus.
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A special case of Theorem 4.5.2
In this section we prove Theorem 4.5.2 in the case where n; +n;,1 < n. To do
this we first prove a version of the identity (4.5.2) in the quantum cohomology

of the complete flag variety F¢,, in the following key lemma.

Lemma 4.5.6. Assume that nj+n;1 < n. With notations as in Theorem 4.5.2,
the following identity, obtained simply by replacing the Schubert classes in
(4.5.2) with corresponding ones for Fl,, holds in the quantum cohomology ring
QH*(F¢,).

Z(_1)|J|05J0€,nj+d]\J =0.

Jez
To prove the above lemma, we need some preparation. Recall that a permutation
w is called 321—awoiding if there does not exist i < j < k such that w(i) >
w(j) > w(k). The key observation in the proof of Lemma 4.5.6 is the following

lemma, that the permutations w; arising above are all 321—avoiding.

Lemma 4.5.7. The permutations w; constructed in Definition 4.5.1 are

321—awvoiding.

Proof. We will argue by contradiction. Consider the case n; > d first. Suppose
that there exists iy < jo < ko satisfying w;(ig) > ws(jo) > wy(ke). Sinceig < jo
and wy (i) > ws(jo), we must have n; + 1 < jo. If we assume that jo < njyq,
then we must have jo = n; + 1 since w;(ip) > w;(jo). So we have w;(jo) = 1.
However, this is in contradiction with jo < ko and w;(jo) > wy(ko). Therefore
we must have jo > n;1q. Since jo < ko and wy(jo) > wy(ko), we have jo = njio
and wy;(jo) = m. But this is in contradiction with w;(ig) > w;(jo). In
conclusion, for the case n; > d, w; is a 321 —avoiding permutation. The case

n; < d can be proved similarly. O]

Remark 4.5.8. For example, the identity in Lemma 4.5.6 coming from
F((7,4,2), where n; =2,n;.; =4andi=4,d=1, is
B B B B B B
O 1526347 * 02314567 — 02516347 ~ 1324567 T 03516247 * O1234567 = O;
and it involves only 321-avoiding permutations.

Definition 4.5.3. Let w € S,, be a permutation, then the code of w is defined

as

c(w) = (e, 2,7+, )
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where ¢; == #{j]i < 7, w(j) < w(i)}.
Definition 4.5.4. Let w be a 321—avoiding permutation with code c(w) =
(1, ,cn). The flag of the partition is defined as ¢p(w) = {j1 < jo < -+ <
Ji} = {Jle; > 0}. We define a skew partition A/u by embedding it into Z x Z

as follows:
Ak — p = Cjy

Mup={(k,h)  1<k<lLk—ji—c;, +1<h<k—j}

Example 4.5.9. We continue with the example from Remark 4.5.8.

1. If w = 1526347, then the code of w is ¢(w) = (0, 3,0,2,0,0,0). And we
have {j1 < ja} = {2 < 4} with [ = 2. Then we have

k=1,1-2-34+1<h<1-2
k=22-4-24+1<h<2-—4

Therefore, the skew partition is gp with A = (3,2) and p = (0,0).

2. If w = 2516347, then the code of w is c(w) = (1,3,0,2,0,0,0) with flag
¢(w) = {1,2,4}. Then

k=11-1-14+1<h<1-1
k=22-2-3+1<h<2-2
k=33-4-2+1<h<3-4
Therefore, the skew partition is A/u = r with A = (3,3,2) and p =
(2,0,0).
3. If w = 3516247, then the code of w is c(w) = (2,3,0,2,0,0,0) with flag
¢(w) ={1,2,4}. Then
k=1,1-1-2+1<h<1-1
k=22-2-3+1<h<2-2
k=3,3—4-2412+1<h<3—4

Therefore, the skew partition is A/u = Bl with A = (3,3,2) and p =
(1,0,0).
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In [12], Schubert polynomial &, is explicitly written down in a determinantal

formula for a 321—avoiding permutation as follows.

Theorem 4.5.5 (Corollary 2.3 of [12]). Let w be a 321—avoiding permu-
tation with flag ¢(w) = (¢1 < --- < ¢) and skew partition \/p. Let

X; = (z1,29, - ,2;). Then we have
S,y = det(hy—p;—i+5 (X)) 1<ij<i

where h,.(X;) is the complete homogeneous symmetric polynomial of degree r

in variables X;.

In [87], A.N. Kirillov defines quantum Schubert polynomials and conjectures
that the quantum version of the above determinantal formula holds as well,
see [87, Conjecture 1]. We will verify this conjecture in the quantum cohomology
ring of the complete flag variety F¢,, using the work of [38]. This should have
been known to the experts (see e.g. [23, formula (6)]). Since we are not aware of
this formula appearing in form of a theorem, we state it here as Theorem 4.5.10

and provide a detailed argument for completeness.

Definition 4.5.6. Let (G;, be the matrix

1 ¢ 0 - 0
_1 1’2 q2 DY 0
0 -1 z3 --- 0
0O 0 0 - =z

The quantum elementary polynomial E¥ is defined by the following formula
k .
det(1+ AGy) =Y EFXN
i=0
And we set EF =0ifi < 0ori> k.

By setting ¢; = ¢z = -+ = 41 = 0, EF recovers the ordinary elementary
symmetric polynomial ef = ef(zy,- -+, zy). Let €;,..,, =€}, ---€" be standard
elementary monomial. The following lemma is a classical result, and can be

found in [101].



Lemma 4.5.10. Let I,, be the ideal in Z[xq,- - ,x,] generated by e}, --- ,e
then each of the following forms a Z—basis in Zlxy, -+ ,x,|/1,:

1. the standard elementary monomials €;,..;, ,, with 0 <y < k;

2. the Schubert polynomials &, for w € S,.

Moreover, each of these families spans the same vector space L, C Z|xy,- - , Ty,

which is complementary to I,.

Therefore, any Schubert polynomial &,, is uniquely a linear combination of
standard elementary monomials with integer coefficients. In [38], the quantum
Schubert polynomial is defined as the linear combination of the quantum

elementary monomials F; = E}l -+« K™ with the same coefficients. Namely,

T im

we have

Definition 4.5.7. The quantum Schubert polynomial &% for a permutation
w € S, is defined as

q — L .
G4 = iy iy,
where the coefficients «;,..;,_, are the same as the coefficients found in the

classical expansion G, = > i, 1 €iyip 4 -

We recall the quantum analogue of Lemma 4.5.10 proved in [38].

Lemma 4.5.11. Let I? be the ideal in Z[qy,- - , gn-1][T1,- -, T,] generated by
EY -+ [ E" then each of the following determines a Z|q|—basis in Zlq, x|/14:

1. the quantum standard elementary monomials E; with 0 <1, < k;

17 in—17

2. the quantum Schubert polynomials &% for w € S,,.

Moreover, each of these families spans the same vector space L: C Z[q, x| which

is complementary to I1.

One of the main results in [38] is the following

Theorem 4.5.8 (Theorem 1.2 of [38]). The map

(e Z[Ql? T 7QH71H$17 o ,$n] — QH*(IFKTL)
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sending x1 + - - - 4+ z; to O'SBZ_ € QH*(F¢,) is a surjective ring homomorphism
with kernel /! generated by ET,---,E]. Under the induced isomorphism

Zlq,x)/12 = QH*(F{,), the coset of the quantum Schubert polynomial &Y is
B

w*

sent to the corresponding quantum Schubert class o

Now we are ready to prove the quantum version of the determinantal formula

for a 321—avoiding permutation.

Definition 4.5.9. We call Hf := det(Efff;ll)lgmgl the quantum complete ho-

mogeneous polynomial in &k variables of degree [. Set H;, ... ;. , = Hil1 o H M

In—1"

Remark 4.5.12. H} € I if iy >n —k.

Theorem 4.5.10. Let w be a 321—avoiding permutation with flag ¢(w) =
(¢1 < -+ < ¢) and skew partition A\/p. Let X; = (x1, 29, ,x;). Then in
Z[q,x]/12 we have

&% = det(Hx, it (Xo,))1<ij<h-

Proof. We consider the involution w of Z[q, - , ¢u—1][z1, - , x,] defined by
w(g) = —Tpt1-k and w(qx) = G, for 1 < k < n. According to [38], I¢ is an
invariant subspace for the involution w. Therefore w induces an automorphism

on Z[q,x]/I1. Moreover, we have

W(EBiyiy_y) = Hiy iy W(Hiyiy ) = By W(GL) = 6L e

Therefore it suffices to show

S wwe = det(Ex, —p;—ivj(Xn—g,))1<ij<k

Note that the right hand side of the equality is a linear combination of quantum
standard elementary monomials by the definition of determinants. Then by
Lemma 4.5.11 it suffices to show that the coefficient of any standard elementary

monomial E;, .. with 0 < i, < k on the right hand side is the same as in

. »infl
the definition of the quantum Schubert polynomial. But by Definition 4.5.7, it
suffices to show this in the classical case. However, by applying involution to

Theorem 4.5.5, we have the following equality in Z[zy, - ,z,|/1I,

Suwguwwy = det(ex;—p;—ivj(Xn—g;))1<ij<k
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Since the right hand side is a linear combination of e;, .. ;. , and the stan-

dard elementary monomials e;, ... with 0 < 7, < k span a vector space

77;n71
complementary to I,,, by discarding the other monomials in the expansion
of the determinant, we get the formula Guguww, = Yo<iy <k Qir-in_1 Cir-in_1 S

wanted. O

Remark 4.5.13. In the proof we used the involution w, therefore we are only
able to prove the identity &% = det(Hy,_,;—i+;(Xg,))1<ij<k in the quotient
ring Z[q, z]/I%. However, the original conjectural identity in [87] is stated in
the ring Z[q, x].

We now use this theorem to prove Lemma 4.5.6.

Proof of Lemma 4.5.6. Using the isomorphism Z[q, z]/I? = QH*(F¢,,), we may
identify &9 with o2 and treat H,(X;) as an element in QH*(F(,). Also we
use x for the multiplication. Since w; is a 321—avoiding permutation by
Lemma 4.5.7, we are able to apply Theorem 4.5.10. The proof is divided into

two cases: n; > d and n; < d.

1. Consider the case n; > d first. Then for J ={j; <---<js€=={J €
(@)Uﬂ n;+d+1,n] =0}, let {1 <o < -+ <zig} = [i|\J, wy is

the following permutation

{wl) < - <wng)}={1<je<-<ju<i+1<i+2<.---<i+n;—d}
{wn; +1) < <whjp)={r1 <i+nj—d+1<i+n—d+2<---<n-—1}
{wlnjm +1) < <wnj)f ={r2 < - < Tnjpn, ., <N}

{fwnje+1) < <wn)} ={Tn; pn;11 <+ < Ti_a).

The code of wy is c(wy) = (j1 — 1,jo — 2, ,ja—dyi —d,i—d,--- ;i —

d,0,i—d—1,---,i—d—1,0,---,0,n —n,4s,0,---,0) with flag ¢(w;) =

(1,2,--- ,nj,nj+2,n;+3,---,,njt1,nj12). Then it determines a skew

partition A/, where

A=(—d,---,i—dyi—d—1,---,i—d—1,n—njs) with n; many i —d
and ;41 —n; — 1 many ¢ —d — 1;

Then by Theorem 4.5.10, we have 08 = det(H., . —r+s(Xo.))1<r, s<nji1-

Here we do assume njis < n, the case n;yo = n can be dealt with
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similarly. We are going to use Laplace expansion on the first d columns
of this determinant. Let R = (ry < --- < ry) € (["jd“]) be row index
for the expansion, and denote Mg for the cofactor (with sign) obtained
by removing the first d columns and rows indexed by R. Then Laplace

expansion says that
det(HAr—us—r-&-S(X@-))1§T,8§nj+1 = Z MRXdet(H/\7-—us—7"+s(qur))lSSSdJER'
R

We observe that My is independent of J since it involves only the last
njp1 — d columns of det(Hy, _,, —r+s(Xg,))1<rs<n,,, and only the first d

items of p depend on J. Therefore, we have

Z (_1>|J|05J0-€,nj+d]\J

JeE
JEE R
= Z Mp Z (‘UM det(H, —py—rts(Xg,))1<s<drer X O-[Iinj—&-d}\J'
R JeE
The Schubert class aﬁnj L\ 18 indexed by a Grassmannian permutation,
which in particular is a 321 —avoiding permutation. Let oo = (a1, -+, oy, )
be the corresponding partition such that J U {a; +nj, -, ap, + 1} =

[1,n; + d]|. Then we have

O-[linj+d}\J = det(Haa7a+b(an+1fb))1§a,b§nj-
We will construct an (n; +d) x (n; + d) matrix Ag. We define the first d

row vectors of Ag to be

(HAT_"'—i"Fd‘f‘l (X¢r ) Y H>\7'_7’—i+d+2 (X¢7 ) y T H)\T_T’—i‘f‘d"rnj +d(X¢7))

where 7 runs through R = (r; < --- < rg). And we define the last n; row

vectors of Ap to be

(Hlf’njfl+b(X’nj+lfb)7 H27nj71+b(Xn]'+1*b)7 ] Hnj+dfnjfl+b(an+1fb>>

where b run through [1,n;].

Next we show that det Az = 0. We will prove this by showing that either
Ap contains two identical row vectors or Ar contains a zero row vector.
We observe that A\, —r—i+d+ ¢, = 0, therefore, in order to show that Ag

contains two identical row vectors it suffices to prove that ¢, =n; +1—b
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for some r € R and b € [1,n], namely, RN [1,n;] # 0. Now suppose we
have the opposite, namely RN [1,n;] = 0. Then we have r; > n; + 1 and
rq > nj+d. So we have \,, —rq —i+d = —¢,, < —(n; + d). Therefore
the d* row of Ag is a zero vector since H,,(X) := 0 for m < 0. In

conclusion, we have det Ag = 0.

Note that A, is independent of J € = and ps = i —d — (js — $), so
A — s —7+8 =N —1r—1+d+js. Also note that o, —a+b =
aq+(n;+1—a)—n; —1+b, while o, + (n; + 1 —a) lies in the complement
of J C [1,n; +d]. By our assumption that n; + n;41 < n, we have
i>n;+d=n;+i—(n—nj). Therefore we have = = (["7+d]) Then

by taking the Laplace expansion on the first d rows of Agr, we see that
det Ag = > (=) det(Hy, p,—rio(Xo,))1<scdrer X 0 0 vap -
JEE
Therefore, under the assumption n; + n;41 < n, we have

Z( 1)|J|%JU[1 n;+d)\J

Je=

_ ZMR S (=) det(Hy, —p,—rss(Xo,))1<acdrer X Of  taps

Je=

:ZMRdetAR
R

=0.
. For the case n; < d, the proof is similar. Let J ={j; <--- <j;} € 2=

{(Je (NInn+d+1,n =0} Let {ay < - < zi_g} = [i]\J. We

consider those J with z; < j,;4+1 only. Then w; is defined as

{w@) <. <wny)} ={ih < <jn;}

{w(n; +1) < --<w(nj+1)}:{:c1<jnj+1<---<jd<i+1<--~<n—1}
{w<n]+1 + ) < w(nj+2>} = {x2 < < Tjipongy < n}

{w<nj+2 + 1) < w(n)} = {xnj+2_nj+1+1 <0< xi—d}'

The code of wyis C(U)j) = (j1_1’j2_27 e ajnj_nju Ovjnj+1_nj_2ajnj+2_

nj—=3, -+ ja—d—1,i—d—1,i—d—1,-+ i—d—1,0,--+ 0,0 — ;42,0 ,0)
with flag ¢(wy) = (1,2,--- ,nj,n; +2,n; + 3,--- ,nj41,nj12). Then it

determines a skew partition A\/u, where

A=(G—-d,---,i—dyi—d—1,---,i—d—1,n—n;s) with n; many i — d
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and ;41 —n; — 1 many ¢ —d — 1;

We notice that the flag ¢(w;) and the skew partition A/u are the same
as the case n; > d. Therefore, the rest of the proof is similar to the case
nj Z d.

]

Example 4.5.14. We demonstrate the idea of the above proof in the following
identity.

B B B B B B _
01526347 * 02314567 — 02516347 * 01324567 T 03516247 * T 1234567 — V-

Applying the determinantal formula, we see that

oB et [ H3(X2) Hi(X2) GB et [ H1(X2) Ha(X1)
1526347 H(X)) Hy(X4) 3 2314567 Ho(Xs) Hy(X)) ;
Hi(X1) Hy(X1) Hs(Xy)
J2%16347 =det | Hy(Xy) H3(X2) Hi(X2) |, 0-1%24567 = det ( 510)(;) Zz(§1> ) ;
H_5(Xy) Hi(Xs) Hz(X4) -1(X2) HolX)
B T B Ho(X2) Hi(Xy)
03516047 = det Hi(X2) H3(X2) Hy(X2) [, 0Oiasaser = det Ho1(Xy) Ho(X))
Hoy(Xa) Hi(Xa) Hy(Xa) S
We write
Y G R oI T i
1526347 Hi(X)) Ho(X,) 3( X2 4( X2

0 Hi(X4) Ha(Xy)

Notice that the last two columns of these 3 x 3 matrix are the same, so it

suffices to prove that

Hi(Xs) Ha(X)) Hi(X>2) Ha(X1) Ho(X2) Hi(X1)
1 x det 7H1(X1)det +H2(X1)det =0,
( Ho(X2) Hi(X1) ) ( H_1(X2) Ho(X1) ) ( H_1(X2) Ho(X1) )

Hi(X2) Hz(Xy) Ho(X2) Hi(X1)
— Ho(X>) det + Hy(X2) det =0.
H_1(X2) Ho(X1) H_1(X2) Ho(X1)
These follow from the Laplace expansion of the following identities respectively.
Hy(X7) H(X5) Hy(Xy)
det HI(XI) Ho(X2> HI(XI) = 0,
1 == H()(Xl) Hfl(X2> H()(Xl)
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Hi(X5) Hi(X5) Hy(Xy)
det H()(Xz) Ho(Xg) Hl(Xl) =0.
0=H_1(Xs) H_1(X5) Ho(X1)

[t remains in this section to deduce the identity (4.5.2) also in the partial flag

variety setting. We use the following result due to Dale Peterson.

Proposition 4.5.11 (Proposition 11.1 in [117]). Let w € W and let o2 be the
corresponding quantum Schubert class regarded as a function on the Peterson
variety Vp_ for the complete flag variety. Let 62 be the rational function on
the closure Y = Vp_ that agrees with o2 on Vp. If w € WT, then 7, restricts

to a regular function on Yp C Y, and this restriction represents the quantum
Schubert class of € QH*(GY/PV) associated to w.

This proposition implies that any identity in quantum Schubert calculus for the
complete flag variety G¥/BY = F¢,, involving only Schubert classes of the form
o8 for w € W¥ and without quantum parameters, holds also in QH*(GY /PV)
with o2 replaced by of. As a consequence we have the following corollary;

namely we obtain Theorem 4.5.2 in the case n; + n;; < n.

Corollary 4.5.12. Let n —n;;1 <@ <n—n; forsome 1 < j <r—1 and
d:=1i—(n—mn;41). Let = and w; be as defined in Definition 4.5.1. Assume
that n; +n;41 < n. Set o,, := 0 if w; is not defined. Then the following
identity holds in QH*(X),

Z(_l)lJlaw,]g[l,nj+d]\J == O

Je=
Proof of Lemma 4.4.12

Lemma 4.5.15. Suppose n —nj1 < i <n—mn; for somel < j <r—1.
Assume additionally that n; +n; 1 < n. [flA) is a critical point of Fy, then

Ui it1 = —(G?j(b,u')oB,) + G?Hl(bfwoBf))-

Proof. The statement is a direct consequence of Corollary 4.5.12 combined
with Lemma 4.5.4. O

Definition 4.5.13. We define a group involution on G = GL,(C) using a

combination of inverse, transpose and conjugation by g,

g 7(g) = 1o(g ") iy
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Let Q D B_ be the parabolic subgroup with I¢ = n—I" = {n—n,,--- ,n—n, }.

It is straightforward to check that our involution has the following properties.

1. 7(P) = Q and 7(Uy) = U,.
2. T(lbp) = ’LUQ.

3. for x € Uy we have the relationship 7(z); ;11 = Zp—in_it1, for the entries

just above the diagonal.

Lemma 4.5.16. Suppose n —njy < i < n—mn; for somel < j <r—1.
Assume additionally that n; +nj 1 > n. [fg is a critical point of Fy, then

Ujip1 = —(GY (b_igB_) + Gy (b_1pB_)). (4.5.17)

Proof. Since b € B_NU 1ip iU, , we have that 7(b) € B_ﬂU+wélon+. We

A

can now apply Lemma 4.5.15 to 7(b), where we must replace P by (). Namely for

~

7(b), Lemma 4.5.15 says that, if n; = n—(n—n;) < n—i < n—(n—n;i1) = nj41,
and (n —n;) 4+ (n —nj11) < n (which is equivalent to our assumptions on i),
then

T(Wn-in-it1 = —(G1 " (1(b-)woB-) + Gy 7" (1(b- )i B-)).

Recall that
)
G (gB_) ;= —tln
NP == )

[m+1,n]

Now we deduce that
GTﬁm<T(b,)woB,) = GT(b,U.)oB,),

using Jacobi’s theorem. Moreover by property (3) above, we have 7(u),—j n—it1 =
u;;+1. Therefore the identity (4.5.17) holds. O

Proof of Lemma 4.4.12 and Theorem 4.5.2. Lemma 4.4.12 follows from the
combination of Lemmas 4.5.15 and 4.5.16. We showed in Lemma 4.5.4, that
Theorem 4.5.2 is true if and only if Lemma 4.4.12 holds. Since Lemma 4.4.12

has now been proved, we are done. O
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4.6 Appendix

In this Appendix we give a translation of the Pliicker coordinate formula for

the superpotential F_ using Young diagrams.

For 1 < k < n, we consider the set of partitions inside k x (n — k) rectangle,
Pem i ={(A, M) €Z5 [n—k>X > X > > A >0}

There is a bijection

<[Z]> = Preps S =01 0e) = AS) =0 — ko2 = 2,51 — 1),

Geometrically, we consider the k x (n — k) rectangle of k(n — k) unit boxes. A
positive path of such rectangle is a path starting from the lower left hand corner
and moving either upward or to the right along edges, towards the upper right
hand corner. In particular, a Pliicker coordinate pj,...;, is naturally viewed as
the positive path that moves upwards precisely at the 71,72, -+, jx-th steps.
Moreover, the boxes above the positive path p; form the partition A(J). We

therefore use the following notation convention

_ _ (k)
D7 =Px = Pyp()

where the superscript (k) is used to indicate that the Young diagram YD(\) of

the partition A is inside k X (n — k) rectangle. In particular,

_ _ (k)
Plk] = P(o,--,0) = Py -

Example 4.6.1. The Young diagrams of the partitions (4,4, 4) and (3,2,0) in

P37 are given as follows.

(4,4,4)  (3,2,0)

The Pliicker coordinate py46 for Gr(3,7) corresponds to the partition (3,2,0).

By (m!, 057!) we mean the partition (m,---,m,0,---,0) € Py, with [ copies
of m. The Young diagram YD(m!,0*7!) is an [ x m rectangle (jx,,, and
YD(1,0571) = 0. We call (m!,0"") a mazimal partition in Py, if | = k or
m =n — k holds.
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Definition 4.6.1. Let A € Py, and v € Py_q n—q. We define

k )
p(k) _ pg{g(m]“r)\) if m* +Ae Pk,”?
Orxm, YDA
* o 0, otherwise;
p(k) L pg()D((n k)e,v)» if ((n - k)a’ V) c Pk,na
Oox(n_p,YDW) = _
ok YOO 0, otherwise.

Definition 4.6.2. Let k <l <nand 1 <m < — k. We define

(k) (0 ._ _ 1\lpl+km, (k) O]
L(pDkX"" pl:’“ m)x (n— l)) Z ( 1)“ pYD(M) pD(l m)X(n— l)7YD((mk/:u))

n<mk
where (m*/11)¢ € Prmar denotes the conjugate of (m — g, -+ ,m — py). We
define
(k) (0 o _\el+km (k) ()
L(pDkxmﬂ P0Gy (n— l)> - Z (=¥ PYD(u) POy yx (n1y Y D((N /1))
BN s #m

where N = (m + 1,m*1); (N/p)® € Prmirs denotes the conjugate of
(m — pg, -+ ym — o, 0) if iy =m+1, or of (m — pug, - -+ ,m — g, 1) if g < m.

Theorem 4.6.3. In terms of the Pliicker coordinates indexed by Young dia-

grams,
1 (n1) —inj-nj—1 ], (ny) (nj+1)
F_= — PO Uix (n— ny)H S ! ’ <pDn xm,0 pD(n J+17 m)x(n—anrl))
> oy 22 LT ) )
= D'Lx(nfnl) J= m= DnJXm D(n 1 m)X(nfnj+1)
n—nr—1 p(EInT) T ( 3) (n]) ( )\q
nr><11 D n X(n— 'nJ n
py O Z mO ", —n,
Dnrxz @ J=1 Dn X(n—mj;)

J
where [0, x (n—n;) \@n; denotes the Young diagram obtained by removing n;—n;_,
boxes from the last column of [, x(n—n,) and removing n;,; — n; boxes from

the last row, with the removal of the box at the bottom-right corner double

counted.

Proof. It suffices to discuss the Si(j )_terms in Theorem 4.3.10. (Other terms

therein are direct translations to Young diagrams.)

(ny) (nj+41)

For the denominator L(pDn P00 m>x(n_nj+l)) as above, where m =i —nj,

we define a map a : {J|J € (m)} — {pulp < mmi} as follows: it sends
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J ={ay, ..., an} to the Young diagram a(J) with aq, ..., a,, steps horizontal. Tt

follows directly that « is a bijection. It remains to check the following facts:

1. Je <[mir;ff’z}]> if and only if the join Doy, —m)x(n—nj,1), YD((m*/a(J))°)
is inside the n; 1 x (n — n;41) rectangle.

min i,i — (nj+1)
2. For J € <[ ,,{1 }])7 we have Pyufi+in = pD(JnH YD((m*/a(J))e)

j+1—m)><(n—nj+1)7
and ppjg = pg%)(a( 7). In p?rt)icular( for)J = [m], the corresponding
g 41

product is the leading term PO s POy 1 —myx(nmyan)”
By definition, J € ([minrii’g}]) if and only if the numbering of the first m vertical
steps of the Young diagram JU[§+1, n| are ay, ..., a,, and JU[E—H, n] is inside the
njt1 % (n—n;1) rectangle. Notice that Y D((m™ /a(J))¢) is the Young diagram
(@m —m,...,ar — 1). Thus when the join O, —m)x(n—n;41), YD((m" /a(J))°)
is inside the nj1q X (n — n;41) rectangle, the numbering of its first m vertical
steps are exactly aq, ..., a,,, and hence coincides with the Young diagram of
a(J U [i + 1,n]). Therefore in this case, the Pliicker coordinates are also

identified.

The arguments for the numerators are similar. Let A" = (m + 1,m™™!).
Here we define o : {J|J € ([”;Z]\i)} — {plp < XN, # m} as follows:

o' sends {a,...,a,} to the (unique) Young diagram o'(J) inside A" with
[i + 1] ~ {i,aq,...,a,} steps vertical and gy # m. Such map is a bijection.

Again we can similarly check the following facts:

1. Je ([min{ig’z}]\i}) if and only if the join O, ,, —ym)x(n—n;.1), YD((X'/a'(J))°)

is inside the nj11 X (n — n;41) rectangle.

(nj)

= pYD(a,(J)) and

2. For J € Cmm{itnl’m\i}), we have py_1ufit1)

(nj+1)

Paoitrn] = PO, om0 YD o (1))

When o (J); = m+1. Let J = {ay,...,an}. (\/a'(J))¢ is a partition given by
the conjugate of (m — pg, ...,m — u2,0), and we have the fact that a,, # i+ 1
and YD((\' /' (J))¢) is the Young diagram (a,, —m, ...,a; — 1). Thus when
the join On,,y—m)x(n—nys1), YD((X'/&/(J))) is inside the njpq x (n — njiq)



132

rectangle, the numbering of its first m vertical steps are exactly aq, ..., a,, and
hence it coincides with the Young diagram of J U [i + 1,n]. Therefore the
Pliicker coordinates are also identified. The argument about other parts is

similar. O

Example 4.6.2. For F'l5 47, we have

— +
F - Pa7 4 DP24P1567 — P14P2567 T P12D4567 n P2346 i P3as7 i P13 4 P1235 X QZ@ i q4p1467
b7 p23p1567 - p13p2567 + P12p3567 D2345  P34as6 P12 P1234 Per Pase67
(2) ( (4) (4)
(2) p P — Do + p@ P D 9 4 (2)

- P EFI @ p@ Ej E:I pé) p|(:|) p@
= + + +—5 + + —F + qg + qu .

(2) (4) (4) 2 (4) (2) (4)

PR P

mEmnm| pEI p@ pl:l P@ﬂLp@ p E pﬁ Dy Dy
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Chapter &

UNFOLDING OF EQUIVARIANT F-BUNDLES AND
APPLICATION TO THE MIRROR SYMMETRY OF FLAG
VARIETIES

This chapter is based on [65], joint work with Thorgal Hinault,
Changzheng Li, Tony Yue YU, and Shaowu Zhang.

5.1 Introduction

Motivations

For a smooth complex projective variety X, the Gromov—Witten invariants
of X are roughly counts of algebraic curves in X with given genus, class, and
constraints (see [9, 54, 1297 |). We can organize the rational (i.e. genus zero)

Gromov-Witten invariants into a generating series as follows.

Fix a homogeneous basis (7})o<;<ny of H*(X,Q), and let (7;)o<;<n denote
the dual basis with respect to the Poincaré pairing. Let Q[NE(X,Z)] denote
the completion of QINE(X,Z)] = Q[¢” | 3 € NE(X,Z)] with respect to the
maximal ideal (¢°, B # 0).

The genus 0 Gromov—Witten potential is a formal power series
=3 = > (T Tigati - ti, € QINE(X, D)][to, ... tn],

where (- - >§n denotes the Gromov-Witten invariants of X of genus 0, class
£ and cohomological constraints T, ,...,T; . It gives rise to the big quantum

cohomology of X, i.e. a deformation of the classical cup product on H*(X,Q):

PO
TorTy—= 2 proon

A simpler version called small quantum cohomology is the restriction of the big
quantum cohomology to t; = 0, for all ¢ = 0,..., N (or equivalently, by the
divisor axiom of Gromov—Witten invariants, for all ¢ with degT; # 2). The

idea of small quantum cohomology appeared before the big version, first in
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[19], where the small quantum cohomology of a quintic Calabi-Yau threefold
was computed using the mirror manifold’s periods. This computation led to
the curve counting invariants of the quintic that were previously unknown, and
sparked decades of research of enumerative geometry and mirror symmetry

from the mathematical viewpoint.

The small quantum cohomology mirror symmetry was proved in various cases,
such as complete intersections in projective spaces in [98?7 | and toric complete
intersections in [51, 99, 116]. Given that the small quantum cohomology is
the restriction of the big quantum cohomology, a natural question is whether
mirror symmetry still holds for the big quantum cohomology. The big quantum
cohomology mirror symmetry was proved for projective spaces in [5], for quadric
hypersurfaces in [71], for P? via tropical geometry in [55], for toric varieties in
[76, 77, 115], and for toric Deligne-Mumford stacks in [32].

One tool for such an extension is the reconstruction theorem for Gromov-Witten
invariants by Kontsevich-Manin [? |, which is the prototype of the universal
unfolding of Frobenius manifolds by Hertling-Manin [64] and that of logarithmic
Frobenius manifolds by Reichelt [114]. This is the essential ingredient in the
proof of big quantum cohomology mirror symmetry for projective spaces in
[4, 5]. Tt is shown that the big quantum cohomology can be reconstructed from
the small under the condition that the small quantum cohomology (or the
classical cohomology) is H?-generated. The Hertling-Manin unfolding theorem
applies more generally to so called (TE)-structures, or F-bundles (H,V)/B,
where H is a vector bundle over B x Spfk[u] and V is a flat connection on H
with poles at u = 0, such that V25, and V¢ are regular for any tangent vector
field € on B. The H?-generation condition is then replaced by two conditions
called (IC) and (GC). For b € B, the residues V¢|p0) and V29, |50) are
endomorphisms of the fiber H;. An element v € H;, satisfies the (GC)
condition if the iterated action of these endomorphisms on v generate Hy .
It satisfies the (IC) condition if the map & € TyB — Vie|p0)(v) is injective.
Under those two conditions, the F-bundle admits a universal unfolding into a

maximal F-bundle.

Another tool for such an extension from small to big quantum cohomology
is the reconstruction from a semisimple point. In the context of Frobenius
manifolds, the structure around a semisimple point was studied in [33, 36],

and a reconstruction result was proved in [8, 105]. Teleman also studied
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semisimplicity in the context of topological field theories in [127].

In this paper, we aim to establish the big quantum cohomology mirror symmetry
for flag varieties, in the sense of isomorphism of big quantum D-modules. The
small quantum cohomology mirror symmetry for general flag varieties was
recently established in [28], as an isomorphism of small quantum D-modules. In
general the small quantum cohomology of flag varieties is neither H2-generated,
nor semisimple, so neither of the above reconstruction methods can be applied

here.

The main discovery of this paper is that an analogous H?-generation condition

can be recovered if we work equivariantly with respect to a torus action.

We first extend the definition of F-bundle (from [66, 84]) to equivariant F-bundle
(see Definition 5.2.10). Since the connection Vy, is not linear with respect to
the equivariant variables, we need to work with infinite rank F-bundles over an
infinite dimensional base. Nevertheless, most of the data can still be reduced
to a finite rank (T)-structure relative to Hj(pt, Q).

Next we extend the (IC) and (GC) conditions to the equivariant setting, and
establish an unfolding theorem for equivariant F-bundles under these conditions
(see Theorem 5.3.36).

For application to the mirror symmetry of flag varieties, we produce an unfold-
ing of the B-model by constructing an appropriate unfolding of the Landau-
Ginzburg superpotential. We further check the various conditions on the big
quantum D-module of flag varieties, and apply our equivariant unfolding theo-
rem to obtain the mirror symmetry theorem for the big quantum cohomology

of flag varieties.

Main results

An F-bundle (H,V) over some base B consists of a vector bundle H over
B x Spfk[u] and a meromorphic flat connection V with poles at u = 0, such
that V25, and V¢ are regular for any tangent vector field £ on B. If the
connection V is only defined in the directions of B, we call (H, V) a k-linear
(T)-structure. In order not to create confusion in the infinite rank/dimension
setting, we formulate F-bundles and (T)-structures in purely algebraic terms in
Section 5.2, replacing the vector bundle by a free module, and the connection

by derivations.
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Let us explain the various conditions involved in our equivariant unfolding
theorem. Let k be a field of characteristic zero, R a k-algebra and (H, V) an
F-bundle (resp. a (T)-structure) over R[t;,i € I] for a countable set I, with
fiber H at t =0, u = 0. Residues of V induce K = V 29, |u=t=0 € Endg(H),

p: €P RO, — Endg(H), 0, —> Vo, lu=t=0;

el

and for any v € H,

My @ Ratl — H, ati — Vuati |u:t:0(v)'
i€l
The F-bundle (H, V) is called mazimal if there exists v € H such that p, is an

isomorphism, and v is called a cyclic vector. We further define the following

conditions on v (see Definition 5.3.15)

(IC) The map p, is injective.

(GC) The orbit of v under the action of the subalgebra R[im u, K| C Endg(H)
(resp. R[im u| C Endg(H) in the case of a (T)-structure) is H.

(GC’) The condition (GC) is satisfied after base change to Frac(R).

The conditions (IC) and (GC) were originally formulated in [64] as necessary
conditions to obtain the existence and uniqueness of a maximal unfolding.
We find that when working relative to a ring, condition (GC’) is enough for
uniqueness, while conditions (IC) and (GC) need to be complemented by the
assumption that coker y, is free in order to construct a maximal unfolding (see

Theorem 5.1.3 for a precise statement).

Equivariant unfolding theorem

For our application to the mirror symmetry of a flag variety X = G/P, the F-
bundle associated to the quantum cohomology of X does not satisfy conditions
(GC) or (GC’). Our new idea is to consider the equivariant quantum cohomology
of X induced by the natural torus action. Note that while the associated (T)-
structure is linear over R := H}(pt,k) and of finite rank, the connection Vg,
in the u-direction connection is not R-linear due to the nontrivial grading on
R. Therefore, the associated F-bundle can only be defined over the base field k,
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and hence has infinite rank and depends on infinitely many variables, indexed

by a k-basis of H}(X, k).

We introduce the notion of equivariant F-bundle in Definition 5.2.10. Let
I be a finite set and choose a k-linear basis of a k-algebra R indexed by a
countable set K. Let t; = {t; x| (¢, k) € I x K} denote formal parameters over
k, and t; = {t;|¢ € I} formal parameters over R. An equivariant F-bundle
consists of the data {(H, V), (Hgr, Vg),a}, where (H, V) is a k-linear F-bundle
over k[t;] and {(Hg,Vg),a} is an R-linear lift over R[t;] of the k-linear
(T)-structure underlying (#H, V). An unfolding of an equivariant F-bundle is an
extension over a bigger formal base (see Definition 5.3.33). We also generalize
the notion of framing (from [66, Definition 2.9]) to equivariant F-bundles
(Definition 5.2.13), which consists of framings for the k-linear F-bundle and
the R-linear (T)-structure that are compatible under the lift.

We extend the (IC), (GC), (GC’) and maximality conditions to equivariant
F-bundles by requiring that the R-linear (T)-structure satisfy those conditions.

Our main theorem is the following unfolding theorem for equivariant F-bundles.

Theorem 5.1.1 (Unfolding of equivariant F-bundles, Theorem 5.3.36). Let
F =A{(H,V),(Hr,VR),a} be an equivariant F-bundle over K[t;], and fix

v E %R|u:tI:0-

1. If v satisfies (IC), (GC) and coker p, is free, then F admits a mazximal

unfolding with a cyclic vector induced from v.

2. Ifv satisfies (GC’), then any two mazimal unfoldings of F with cyclic vectors

induced from v are isomorphic under a unique isomorphism.

Furthermore, any framing for F induces a unique framing on a mazximal

unfolding.

The fist step in our proof is to establish a formal version of the Hertling-Manin
unfolding theorem in the finite rank case (see Theorem 5.1.3). Then we use
it to unfold the R-linear (T)-structure. Finally we conclude by unfolding the
k-linear F-bundle in the u-direction. The key observation for the last step is
the very useful Lemma 5.3.1. It states that an equivariant F-bundle is uniquely
determined by the underlying (T)-structure and the value of the u-direction

connection at one point, under the assumption that the (T)-structure admits a
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framing. This assumption always holds for the k-linear (T)-structure associated

to an equivariant F-bundle by Proposition 5.3.4 and Lemma 5.2.6.

Proposition 5.1.2 (Lemma 5.3.1). For k = 1,2, let I}, be a countable set
and (Mg, Vi)/R[tj,j € It] an F-bundle. Let (f,®): (H1, Vi)o — (Ha, V2)o be
a morphism of (T)-structures. Assume the (T)-structure (Hq,V1)o admits a

framing. Then

1. Vi is uniquely determined by the underlying (T)-structure and V1,|t, o,
and any such data determine a unique F-bundle connection extending the
(T)-structure.

2. (f,®) is an isomorphism of F-bundles if and only if (f,®)|;, =0 is an

isomorphism of F-bundles.

Here is our formal version of the Hertling-Manin unfolding theorem we men-

tioned above. We also deduce a version for (T)-structures in Corollary 5.3.30.

Theorem 5.1.3 (Formal Hertling-Manin unfolding, Theorem 5.3.28). Let R
be an integral domain containing Q. Let (H,V)/R][t1,...,td] be a finite rank
F-bundle. Let v e H/(t1,... ta, u)H.

1. If v satisfies (I1C), (GC) and coker u, is free, then there ezists a mazximal

unfolding with a cyclic vector induced from v.

2. If v satisfies (GC’), then any two maximal unfoldings of (H,V) with cyclic

vectors induced from v are isomorphic under a unique isomorphism.

Furthermore, any framing for (H,V) induces a unique framing on a mazimal

unfolding.

Our proof follows mostly the original proof of Hertling and Manin, which was
carried out in the complex analytic setting. In particular, we produce unfoldings
using the (GC) condition in Lemma 5.3.16, which is the formal analogue of
(64, Lemma 2.9]. While the original proof uses analytic methods to construct
a framing of the (T)-structure in which the u-direction has a logarithmic pole

at u = 1, we show that the proof actually works in any framing trivialization.

Since we are working over an integral domain R, the (IC) and (GC) conditions

are not sufficient to prove existence, and we have to require that coker p, is free
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in order to construct a maximal unfolding. This ensures that we can extend
a basis of im pu, to a basis of H/(t1,...,tq, u)H. We prove the uniqueness by
observing that under (GC’), an unfolding (H’, V') is characterized by a choice
of framing before unfolding and the action of V' on a section that extends
v. This allows us to compare unfoldings through their action on a section
extending v, and to establish the isomorphism. A priori, the isomorphism we
produce is only defined over Frac(R), but we note that it is in fact defined over
R if the unfoldings are. A key result is the canonical extension of framing for

(T)-structures (Proposition 5.3.4), which was essentially proved in [66].

Application to mirror symmetry of flag varieties

We apply Theorem 5.1.1 to the mirror symmetry of flag varieties G/ P, where G
is a simply-connected complex simple Lie group and P is a parabolic subgroup
of G. We begin by reviewing some relevant progress on the mirror symmetry

of flag varieties.

On the A-side, there was a remarkable presentation of the small quantum coho-
mology ring QH*(G/P) in terms of Peterson variety given in the unpublished
lecture notes [113] by Peterson. This was partially verified in [25, 92, 117],
and was recently proved in [26] in full generality. On the B-side, Rietsch
constructed a mirror Landau-Ginzburg model (X}, W) for G/P in [118], and
showed the coincidence between the critical loci of W and the Peterson variety
strata. As a consequence, we obtain a first level of small quantum cohomology
mirror symmetry in the sense of a ring isomorphism QH*(G/P) = Jac(W).
We refer to [77 | and the references therein for more relevant studies in the
special case G = SL(n+ 1,C).

Furthermore, on the A-side, we can consider the Dubrovin connection on the
trivial QH*(G/P)-bundle over C*, which endows the vector bundle with a
quantum D-module structure. The flag variety G /P admits a natural torus
action by the maximal torus T" of GG, so that we can consider the equivariant
quantum D-module structure as well. On the B-side, we consider the Brieskorn
lattice Go(X %, W, p) assoicated to Rietsch’s equivariant superpotential mirror
to G/P (see Section 5.4 for more details). The small quantum cohomology
mirror symmetry in the sense of isomorphism of small quantum D-modules has
been studied for certain Grassmannians in [93, 103, 111, 112}, and was recently

established in [28]. In the present paper, we first reformulate this in terms of
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an isomorphism F4 = FB of equivariant F-bundles. Then, as an application

of Theorem 5.1.1, we obtain the following.

Theorem 5.1.4 (Big quantum D-module mirror symmetry, Theorem 5.4.35).
The A-model big equivariant F-bundle F4P® is isomorphic to the B-model big
equivariant F-bundle FBP8. The isomorphism is uniquely determined by the

small equivariant quantum D-module mirror symmetry.

By taking the non-equivariant limit of the isomorphism in Theorem 5.1.4,
we obtain a non-equivariant version of the big quantum cohomology mirror

symmetry for flag varieties, see Theorem 5.4.38.

Note that the small quantum cohomology QH"(G/P) can be neither semisimple
nor H2-generated, such as is the case when G/P = SG(2,2n) is the Grassman-
nian of isotropic planes in Lie type C,, (see [22]). Therefore, the application of
our unfolding theorem is essential in such cases, for which neither the unfolding

in [64] nor the semisimple reconstruction in [127] can be applied.

In addition to the mirror statement above, we further anticipate the complex
analytic convergence of the mirror map, as well as the compatibility with the
pairings on the F-bundles. These aspects present promising directions for

future research.
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5.2 (T)-structures and equivariant F-bundles
We fix a field k of characteristic zero, a k-algebra R and a k-linear basis (A )rex
of R, with K a countable set.

Completions
We set the conventions for completions of rings of polynomials in infinitely

many variables, following [76, §2.1]. Our reference for topological algebra is
(39, 0§7].
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Let I be a countable set indexing indeterminates t; = {t¢;,i € I}. We denote
by N the set of almost zero integer sequences indexed by I. Let M be a
module or ring, we denote by M|¢;] the module consisting of formal power
series Y en() Aat$, where 1 ==L ti and a, € M. It is the projective limit
of the modules M[t;,i € I'], where I’ C I runs through finite subsets. For two
countable sets I and I”, we have M[t;,i € I][t;,i € I"] ~ M[t;,i € TUI"].

If M is linearly topologized by the descending chain of submodules { M)} e,
we equip M|t;] with the linear topology induced by the submodules

Mti]rz = { Z ant$, a, € M) for all a € I}, (5.2.1)

aeNW)

where A € A and Z ¢ N is a finite set of exponents. The convergence of
a sequence for this topology means that the sequence of coefficients of each
monomial converges in M. Hence, if M is complete, so is M[t;]. If R is a
topological ring and M is a topological R-module, then R[t] is a topological
ring and M t;] is a topological R[t;]-module. If R is a topological k-algebra,
then R[t;] is a topological k[t,]-algebra.

Let R be a discrete ring, let M be an R-module. The closure of the monomial
ideal (t;,4 € I) C R[t;] is the ideal J = {f € R[t(], fli,=0 = 0}. If I is
finite, those two ideals coincide and the topology on M[t;] is equivalent to the
usual (¢;,7 € I)-adic topology. When [ is infinite, the J-adic topology is finer,
which means that for any finite subset Z C N there exists n € N such that
J"M(tr] € MJt/]z.

Remark 5.2.2. Let I be a countable set, t; = {t;,7 € I} a set of indeterminates.
Let R be a topological ring. Here are a few facts we will use about modules
over R[tr].

1. If M is a free R-module, then M[t;] is free, and we have a canonical
isomorphism M ®p R[t;] ~ M[t;] given by m ® 1+~ m.

2. If M and M’ are free R-modules, there is a canonical isomorphism of
R[t;]-modules

HOHIR[[tIH (M[[t[]], M/[[t]]]) =~ HOHIR(M, M/)[[t[]]

3. If R is discrete and M is a free R-module, an element ® € Endgp,j(M[t])

is an isomorphism if and only if ®|;,—o € Endg(M) is an isomorphism.
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For (3), we may reduce to the case ® = 1+ f with f € J Endg(M)[t;].

Then it suffices to prove that the sequence ¥, :== S (—1)* f* converges in
Endg(M)[t]. Form > nwehave ¥,,—¥,, = >7° (= 1)*f* € J" Endg(M)[t].
Since the J-adic topology is finer than the topology (5.2.1), the sequence (¥,,),,
is a Cauchy sequence. Since Endg(M) is a discrete space, it is complete. We

conclude that (¥,,), converges to an element ¥ such that oW = W o o = 1.

F-bundles and (T)-structures

We equip R with the discrete topology. Given a countable set I, the derivations
O, R[t;;i € I] — R[t;,i € I] are continuous and linearly independent.
Hence, it makes sense to define a (partial) connection in the ¢-directions on a

R[t;,i € IT-module H by specifying its action on 9, for all j € I.
Definition 5.2.3 (F-bundle, (T)-structure). Let I be a countable set and
tr = {tl,l S I}

1. An (R-linear) F-bundle (H,V) over R[t/] is a free R[t;,u]-module H to-
gether with a (R-linear) connection

Vati H— uilfH,
Vaui H— u*27{

satisfying the flatness condition.

2. An (R-linear) (T)-structure (H,V) over R[t/] is a free R[t;, u]-module H

together with a (R-linear) connection in the ¢-directions
V{;)ti :H— U_1H

satisfying the flatness condition.

A morphism of F-bundles (resp. (T)-structures) (f,¢): (H,V)/R[t;] — (H',V')/R[t,]
consists of a continuous map of R-algebras f: R[t;] — R[t;], and a contin-

uous map of R[t;, u]-modules ¢p: H — f*H' = H @pp, . R[tr,u] such that

oV =[fV'oq

Underlying an F-bundle (H, V) over R[t;] is an R-linear (T)-structure (H, V)
over R[tr] obtained by forgetting Vy,. This defines a functor (-)¢ from R-linear
F-bundles to R-linear (T)-structures.
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Let (H,V) be an R-linear (T)-structure over R[t;]. A trivialization of the

(T)-structure is a choice of isomorphism H ~ H ®@pg R[t;, u], where H is a
free R-module (necessarily isomorphic to H/JH, where J is the closure of the
ideal (t7,u)). Under such an isomorphism, the connection V decomposes as
Vo, = 0 +u ' Ai(tr, u), with A; € Endg(H)[t;,u]. We refer to A; as the
connection matrix in the direction t;. Different choices of trivialization produce

connection matrices related by the usual gauge-transformation formula.

We introduce special trivializations called framings.

Definition 5.2.4 (Framing). 1. A framing for an R-linear F-bundle (resp. an
R-linear (T)-structure) (H,V)/R][t;] is a trivialization in which the connection

matrices only have negative powers of u.

2. A morphism of framed F-bundles (resp. (T)-structures)

(f.¢): (H,V)/R[t:]] = (H',V')/R[t,]

is compatible with the framings if it is constant when read in framing trivializa-
tions. More precisely, the framings H ~ H @ R[t;,u] and H' ~ H' ®g R[t;, u]

induce an isomorphism
Hompys, ) (H, f*H') = Homp(H, H')[t7, u].
The condition is that the image of ¢ is independent of ¢; and w.

Lift of (T)-structures
Recall that we have fixed R a k-algebra and a k-basis A = (A, k € K) of R.

Let I be a countable set, we introduce two sets of formal variables
tr = {ti,iel}, t; = {t“k,(Z,k) EIXK}.
There is a continuous morphism of R-algebras

w)\i R[{tﬂ] — R[[t[]], t; — Z )\kti,k- (525)

keK

This induces a functor (H,V)/R[t;] — (H,V)/k[t;] from R-linear (T)-

structures to k-linear (T)-structures.

Lemma 5.2.6. Let R be a k-algebra with a fized k-basis X = (A, k € K).
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1. There exists a functor (H,V)/R[t;] — (H,V)/k[t;] from R-linear (T)-
structures to k-linear (T)-structures. It is obtained by applying the change of
variable (5.2.5) and forgetting the R-linear structure.

2. Any framing for (H,V)/R[t;] induces a framing for (H,V)/k[t].

Proof. Let (H,V) be an R-linear (T)-structure over R[t;]. We define # to be
the k[t;]-module obtained by forgetting the R-linear structure on H® g, R[t:].

To define the (T)-structure connection V we fix a trivialization H ~ H ®@p R[t;].
This induces an isomorphism H~ H @y k[t/], where H denotes the k-module
obtained from H by forgetting the R-linear structure. We have a map of
k[t;, u]-algebras

Ux: Endg(H)[t;, u] — Endy(H)[t;,u], (5.2.7)
given by applying the change of variable ¥, and forgetting the R-linear structure.
Fix (i,k) € I x K, and write Vo, = Oy + u Ay(tr,u), with A;(tr,u) €
Endgr(H)[tr, u]. We then set

68%,6 = at“@ + u_lAkKi (t17 U)a

where A; = U A(A;). The chain rule and the flatness of V imply that V is flat,
producing a k-linear (T)-structure (#, V) over k[t;]. It is easily checked that
this (T)-structure is independent of the choice of trivialization for (#H, V).

We now check functoriality. Let (f,¢): (H,V)/R[t;] — (H',V')/R[s,] be a
morphism of (T)-structures. Let (H, V)/k[t;] and (H',V')/k[s,] denote the
induced k-linear (T)-structures. There exists a unique morphism of k-algebras

f: k[s;] — k[t;] making the following diagram of R-algebras commutative

R[s;] —— R[t]
J%‘ N wa
R[s;] 225 R[t,].

It is characterized by the relations ¥ o f(s;) = Yrex Mf(s;x) for all j € J,
and is automatically continuous. The morphism of R[t;, u]-modules ¢: H —
H' ®@r[s,u RItr, u] induces a morphism of k[t;, u]-modules o:H—H Qk[ss,u]
k[t;, u] obtained by forgetting the R-linear structure of the map of R[tr, u]-

modules

H ®R[t1,u]] R[[t[,u]] @) 7‘[/ ®R[[3J7u]] R[[t[, U]] ®R[t1,u]] R[[t[, u]]
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~ (7‘[/ OR[s,,u] R[sy, u]]) O R[s;.u] R[t;, u].

Forgetting the R-linear structure, the right-hand side is naturally isomorphic
to H' Qu[s,u] k[tr, u]. Fixing trivializations of the (T)-structures, we directly
check that the pair ( f , @) is compatible with the connections. We omit the
check that this is compatible with composition of morphisms. By construction,
a framing trivialization for (#, V) induces a framing trivialization for (H, V),

concluding the proof. O

Remark 5.2.8. The functor (%, V)/R[t;] — (H,V)/k[t;] defined above for
(T)-structures is analogous to the composition of inverse image functor ¢ and

the restriction of scalars from R to k in the theory of D-modules.

Definition 5.2.9. An R-linear lift of a k-linear (T)-structure (H, V)/k[t/] is
the data of an R-linear (T)-structure (Hg, Vg)/R[t;] and an isomorphism of
k-linear (T)-structures a: (H, V) = (Hr, Vr).

Equivariant F-bundles
Definition 5.2.10 (Equivariant F-bundle). Let I and J be countable sets. An
R-equivariant F-bundle over k[t;] consists of the following data {(H, V), (Hg, Vr), a}.

1. (H,V) is a k-linear F-bundle over k[t,], and

2. a: (H,V)o = (Hr, Vi) is an R-linear lift of the underlying (T)-structure
(H,V)o, where Hp, has finite rank as a R[t7, u]-module.

A morphism of equivariant F-bundles
(B.Br) I ! / / /
{<,H7 V)? (HRv vR)? Oé}/k[[t[]] B {(H Y )7 ( R> vR)v Q }/k[[t«]]]

consists of

1. a morphism of k-linear F-bundles 5: (H,V) — (H', V'), and

2. a morphism of R-linear (T)-structures Sg: (Hgr, Vr) = (H%, Vi),

such that the following diagram of k-linear (T)-structures commutes

(H,V)o —— (H, V)
Ja l‘“’ (5.2.11)

(Hr, Vi) 2 (Hp, Vi)
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Remark 5.2.12. 1. We identify a k-linear F-bundle (H, V) with the k-equivariant
F-bundle {(H, V), (H,V)o,id}, where we choose 1 € k as a k-basis of k. This
defines a fully faithful functor.

2. When dimy R = 1, equivariant F-bundles correspond to k-linear F-bundles of
finite dimension and parametrized by finitely many variables, up to isomorphism.
Indeed, after choosing the basis given by 1 € R the change of coordinate (5.2.5)
is the identity and the formal variables ¢; and t; agree. Given an equivariant
F-bundle F = {(H, V), (Hr, Vr), a}/k[t;], using o we see that H has finite
rank over k[¢;] because Hp does, and we can define a u-direction connection on

‘Hp compatible with the (T)-structure, making a an isomorphism of F-bundles.

Definition 5.2.13. 1. A framing for an equivariant F-bundle {(#, V), (Hg, V&), a}
is the data of framings for (H,V) and (Hg, Vg), such that a: (H,V)y —
(Hg, Vi) is compatible with the induced framings.

2. A morphism (8, Bgr) of framed equivariant F-bundles is compatible with the

framings if both § and (i are compatible with the framings.

Remark 5.2.14. A morphism of equivariant F-bundles (3, Sr) is uniquely
determined by S and the R-linear lifts through (5.2.11). Similarly, a framing
of equivariant F-bundle is uniquely determined by the framing on the R-linear
lift.

5.3 Unfolding of equivariant F-bundles
Recall the setting of Section 5.2, k is a field of characteristic 0 and R is a

k-algebra of countable dimension.

Framing of (T)-structures

In this subsection, we prove that an F-bundle (#,V) is characterized by the
underlying (T)-structure and the restriction of the F-bundle to a point using
framing of (T)-structures (see Lemma 5.3.1). We deduce a criterion for lifting
a morphism of (T)-structures to a morphism of F-bundles. We also prove the
existence of framing and extension of framing results for (T)-structures over a

noetherian base.

Lemma 5.3.1. Fork = 1,2, let I}, be a countable set and (Hg, Vi)/R[t;, j € Ii]
be an F-bundle. Let (f,®): (H1,V1)o — (Hz, V2)o be a morphism of (T)-

structures. Assume that the (T)-structure (Hi, V1) admits a framing.
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1. Vy is uniquely determined by the underlying (T)-structure and Vg, |t; =o,
and any such data determine a unique F-bundle connection extending the
(T)-structure.

2. (f,®) is an isomorphism of F-bundles if and only if (f,®)[;, =0 is an

isomorphism of F-bundles.

Proof. For (1), fix a framing trivialization H ~ H ® R[t;,i € I;,u] of the
underlying (T)-structure. In this trivialization, write V15, = 9, +u~'T" and
Vi, = 0, + u2U. By assumption, the endomorphism 7" is independent of u.

The flatness equations for the u-direction and ¢;-direction give for all 7 € I

. K
U _ i 0

YU TN = T + o YU, TY. 3.2
ot 50 +u (U, T"] +u U, T"] (5.3.2)

Any U solving this system of equations gives rise to an F-bundle structure
extending the (T)-structure. Then (1) reduces to proving that for any initial
condition Uy(u) € Endgp,y(H[u]), there exists a unique U(t,u) solving (5.3.2)
with U(0,u) = Up(u). Introduce the differential operators D;: X — % +
uwtadp:(X), where adp: = [T, -]. Then (5.3.2) can be written as D;(U) = —T",

and we need to prove that the system is compatible for any initial condition.

Since V; is flat, by comparing degrees in u, we have for all 7,57 € I;

or _oT _
ot; oty )

uiTﬂ:u< (5.3.3)

It follows that

0 0
[Di, Dj] = [0y, 0,,] + u_lqat’adw} + [adTh atD +u?[adyi, adyy]
7 J

=t ( adatiTj - adathi ) +u? ad[Tz"Tj] =0.

Hence, by the usual theory of linear system of ODEs, the system is compatible
if and only if for all 4, € I, we have D;(T7) = D;(T"). This follows from the
flatness equations (5.3.3). We can thus construct a unique solution inductively
on the number of variables from any initial condition. If I; is finite, we obtain
a solution in finitely many steps. If I; ~ N is infinite, we construct a solution
in the projective limit lim Endr(H)[t1, ... tn, u] = Endr(H)[t;,i € I1,u] ~
Endgy, ier o (H ® R[t;,i € I, u]). (1) is proved.

For (2), the first direction is obvious. For the converse, if ®|;, o is an isomor-

phism, then the R[t;,]-module map ® is an isomorphism (see Remark 5.2.2).
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The connection V) = ® ! o f*V, 0 & defines an F-bundle structure on
H. By assumption, the underlying (T)-structure agrees with (H, V), and
Vio,ltr,=0 = Vi g, lt;,=0. 1t follows from the uniqueness in (1) that V, = Vy,
hence (f, ®) is a morphism of F-bundles. O

For (T)-structures defined over a Noetherian base R[ti,...,t,], results from

(66, §4.1] imply the existence of framing trivializations.

Proposition 5.3.4. Let (H,V)/R[t1,...,t,] be an R-linear (T)-structure.
Any trivialization of H|—o extends uniquely to a framing of (H, V).

Proof. Fix a trivialization H ~ H ® R[ty,...,t,,u] lifting the trivialization
of H/(t1,...,tn)H. Write the connection as Vs, = 9, + u™'T*(t,u). We
want to show that there exists a unique gauge transformation P(t,u) €
GL(H[t1, .., tn,u]) with P(0,u) = id such that uP~'8% + P~'T'P is in-
dependent of u for all 1 <4 < n. This amounts to solving the system of PDEs

(1<i<n)

oP
ot
where Py = P(t,0) and 7", = T"(¢,0), with the initial condition P(0,u) = id.

Uniqueness is clear, as the system provides recursive relations for the coefficients

u (=T'P+ PPy T By),

of P, and existence follows from [66, Lemmas 4.17, 4.18, 4.20]. The arguments

there still apply, because we assume that R contains Q. O]

Fix I a finite set, let (H,V)/R[t;] be a (T)-structure of finite rank n € N. Let
vy € H/(tr,u)H. Any choice (hq,...,h,) of R[t;, u]-basis for H provides a
trivialization through the isomorphisms
7—[ ~ @ R[[t[,u]]hl ~ R@n ®R R[[t],u]].
1<i<n
We call a basis (hy, ..., h,) good for (H,V) if it induces a framing trivialization.
We say that it extends vy if hy is a lift of v;. Proposition 5.3.4 implies that any
basis of H/(t;,u)H lifts uniquely to a good basis of (H, V). More generally,

we have the following.

Lemma 5.3.5. Let I and J be finite sets. Let (f,®): (H,V)/R[t;]] —
(H',V')/R[t,;] be a morphism of finite rank (T)-structures. Assume that ®|;,—o

s an isomorphism.
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1. Any good basis (hy, ..., hy) of (H,V) induces a unique good basis (hY, ..., h)
of (H', V') such that ®(hy) = f*(h},) for all 1 <k <n.

2. ® is uniquely determined by its restriction to H|¢,—o.

Proof. The assumptions imply that ® is an isomorphism of R[t;, u]-modules.

In particular, we have isomorphisms of R[u]-modules
M) H = f*H () f*H = H/(t)H (5.3.6)
A good basis (h], ..., hl) for (H', V') is uniquely characterized by its projection

to H'/(t;)H’. This value is uniquely specified by the condition ®(h;) = f*(h},)
using the isomorphism (5.3.6), which proves (1).

For (2), we note that ® is uniquely determined by the image of a good basis
(hi,...,hy) of (H,V). By (1), the image (®(hy),...,P(h,)) is a good basis for
f*(H', V'), In particular, it is uniquely determined by its restriction to t; = 0,
which only depends on ®|;,—. The proof is complete. O

Formal Hertling-Manin unfolding theorem
In this subsection, we prove an analogue of the Hertling-Manin unfolding
theorem for (TE)-structures (see [64, Theorem 2.5]) for formal R-linear F-

bundles and (T)-structures.

Definition 5.3.7 (Unfolding of (T)-structure, F-bundle). Let R be a k-algebra,
I and J countable sets. Let (H,V)/R[t;] be an R-linear (T)-structure (resp.
F-bundle). An wunfolding of (H,V) is a morphism of (T)-structures (resp.
F-bundles) (i,¢): (H,V)/R[t;] — (H',V')/R][t,], where

1. I C J and i: R[t;] — R[t;] is the quotient by the closure of the ideal
(t;,j € J\I), and
2. ¢: H — i*H’ is an isomorphism of R[t;, u]-modules.
A morphism between two unfoldings vi: (H,V) — (Hy, Vi) for k = 1,2, is

a morphism of (T)-structures (resp. F-bundles) (f,v): (Hz2, V2) = (H1, V1)

such that v is an isomorphism and the following diagram commutes

(H,V)

(Ha, V) ) (H1, V1),
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Remark 5.3.8. In the above commutative diagram, assume that (Hy, Vi)
depends on finitely many variables indexed by a finite set Ji for k = 1,2, and

write
u, = (ix, 0x) + (H, V)/R[t1] — (H2, Va)/R[t,,]-

Then for any two morphisms (f, 1), k = 1,2, between the unfoldings ¢, and
t1, we have 91 = 1. In other words, the morphism on the base f determines
the bundle map. Indeed, the commutativity of the diagram implies that
@5k © ¢g = ¢y This determines 1y, —o = ¢1 0 ¢ '|¢,,—0. By Lemma 5.3.5, ¢y
is uniquely determined by 1| 1, =0, thus 1 = 1.

Remark 5.3.9. When [ and J are finite, given an unfolding of R-linear

(T)-structures
(i> ¢) : (H7 V)/R[[t[]] — (7-[/7 v/>/R[[tJ]]7
any framing for (H, V)/R[t;] induces a unique framing for (H', V')/R[t,], and

vice versa. Indeed, ¢ takes the framing trivialization for (#, V) to a framing
trivialization for *(H’, V'), which is uniquely determined by its restriction to
the fiber i*H'|;,—0 = H'|t,—0. We can extend this to a framing trivialization for
(H', V') by Proposition 5.3.4.

Lemma 5.3.10. For k = 1,2, let I, be countable sets, and let
(f;®): (H1, V1)/R[t:] — (Ha, V2)/R[ts]

be an unfolding of R-linear (T)-structures. Assume the (T)-structure (Ha, V2)
admits a framing. Given an F-bundle structure (Hy,VE) on (Hi, V1), there
exists a unique F-bundle structure (Ha, V%) on (Ha, Va) such that (f,®) is an
unfolding of F-bundles.

Proof. Since (f, ®) is an unfolding of (T)-structures, we have isomorphisms of
RJu]-modules
Hilt—o =~ f*Halt=0 =~ Halty—o- (5.3.11)

Under this isomorphism, the restriction V|, —o produces a F-bundle connection
on Hsly,—o. Since the latter admits a framing, applying Lemma 5.3.1(1) we
obtain a unique F-bundle (H,, V1) extending the (T)-structure (Hz, Vy). We
now check that (f,®) is a morphism of F-bundles. By construction, the
connections f*VZ and ® o VI o ®~! are F-bundle connections on f*V, which

coincide at t; = 0, and with the same underlying (T)-structures. The framing
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for (Ha, V2) induces a framing on f*(Hz, V5), as can be seen by fixing a framing
trivialization of (Hs, Vs) and pulling it back under f. Then, it follows from
Lemma 5.3.1(1) that those two F-bundle structures agree. Hence, (f, ®) is a

morphism of F-bundles.

For uniqueness, note that the F-bundle connection V1 is uniquely determined
by its restriction to ¢, = 0 since (Ha, V») admits a framing, and that V|;,—o

is uniquely specified by V|, through the isomorphisms (5.3.11). O

For an R-linear (T)-structure (H, V)/R][t/], there is a morphism of R-modules
(66, Remark 2.3]

p: € RO, — Endg(H), (5.3.12)
el

(9,51. — Vuati

u=0,t;=0
where H := H/JH with J the closure of the ideal (¢;,u). For each v € H we

obtain an evaluation map of R-modules:

1o € RO, — H, (5.3.13)

& — u(§)(v).

Furthermore, if (#, V) is an F-bundle, we also have a residue endomorphism
in the u-direction K = [u*Vy,]|u=t=0 € Endg(H). We introduce the notion
of maximal (T)-structure and maximal F-bundle, analogous to [66, Definition
2.6).

Definition 5.3.14 (Maximal (T)-structure, maximal F-bundle). Let R be a
k-algebra, I a countable set, and J C R[t;,u] the closure of the ideal (t;,u).
An R-linear (T)-structure, or F-bundle, (H, V)/R[t;] is mazimal if there exists
v € H/JH such that the map p, is an isomorphism. We call such a v a cyclic

vector.

The Hertling-Manin unfolding theorem guarantees the existence and uniqueness
of a maximal unfolding under certain conditions, which we introduce in the

next definition.

Definition 5.3.15. Let I be a countable set, (H,V)/R[t;] an R-linear (T)-
structure (resp. F-bundle), and J C R[t;, u] the closure of the ideal (¢;,u). We
define the following conditions on an element v € H := H/JH.:



152
(IC) The map p, in (5.3.13) is injective.

(GC) The orbit of v under the action of the subalgebra R[im u] C Endg(H)
(resp. R[im p, K| C Endg(H)) defined by evaluation on v is H.

(GC’) The condition (GC) is satisfied after base change to Frac(R).
If v satisfies (GC), we say that v is a generating vector for (H, V).

The following lemma provides a construction of unfoldings under the (GC)
condition. It is analogous to [64, Lemma 2.9], except that we use framings of

(T)-structures to avoid the analytic argument used there.

Lemma 5.3.16. Let (H©, VO)/R[ty, ..., t4] be an F-bundle of rank n satis-
fying the (GC) condition, let vy € H/(t;,u)H®) be a generating vector. Let
(h&o), ., B9 be a good basis of (HV, V) extending vi. Fiz € > 1 and let

fi,oooy fn € R[t1, ... tq, S1,. .., 8¢ whose restrictions to s =0 are 0.

Then there exists an unfolding v: (H©, VO /R[t1,... ts] — (H,V)/R[t1,... ta,51,...

such that, if (hy, ..., h,) denotes the good basis of (H, V) induced from (hﬁ‘”, .., hO)
(see Lemma 5.3.5), we have for 1 < j </
u:O(hllu:()) == Z a::hlyu:o (5317)

j

i=1

[uVasj]

Any two unfoldings satisfying (5.3.17) are isomorphic under a morphism (id, 1),

where Y identifies the canonical extensions of the good basis (hz(-o))lgign.

Proof. Set t .= {t1,...,tq}. We consider the case { = 1, as we can always

decompose an unfolding as a sequence of 1-dimensional unfoldings.

Let H := R®™. The good basis (h§°)
H ®p R[t,u]. Let H = H Qg R[t,s,u]. We first prove that there exists a
unique connection V on H such that ¢ = (i,¢): (H®,V©®) = (H,V) is an
unfolding satisfying (5.3.17). This is equivalent to constructing unique matrices

T(t,s),S(t,s),U(t,s) € Mat(n x n, R[t, s]) such that the connection form

)1<i<n Provides an isomorphism ¢: H© =

1 1 1
Q= STt s)dt; + aS(t, s)ds + — > Up_a(t, s)u"du

i=1 k>0

satisfies:
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(a) the flatness equation d2 + QA Q =0,

(b) T'(t,0) and Uy(t, 0) coincide with the connection matrix of V(® in (hgo))lgigm

and

(c) S(t,s)er = X1 Zie;, where (e;)1<i<n is the canonical basis of H/(u)H =
R®" ®r R[t, SH.

We further decompose the matrices into powers of s, and write T (t) (resp.
Sw(t), Upw(t)) for the coefficient of s¥ in T%(t, s) (resp. S(t,s), Ux(t,s)). We

will construct the matrices order by order in s.

Condition (a) is equivalent to the following system of equations:

[S,T"]=0 (5.3.18)
[S,U_5] =0 (5.3.19)
0, T" = 0,,8 (5.3.20)
OU o =[U_1,5]—8 (5.3.21)
OU = [Up1, 5] (> 1) (5.3.22)
[T°,79] =0 (5.3.23)
[U_5, T =0 (5.3.24)
0,17 = 0,1 (5.3.25)

O U_o=[U_1, T - T" (5.3.26)
O Up = [Upyr, T (k> —1) (5.3.27)

We prove by induction on m € N that there exists unique matrices 77 (¢) and
Ukw(t) for 0 <w < m and S,(t) for 0 < w < m — 1 such that the equations
(5.3.18) through (5.3.22) are satisfied modulo s™, the equations (5.3.23) through
(5.3.27) are satisfied modulo s™*!, condition (b) is satisfied and condition (c)

is satisfied modulo s™.

For m = 0, condition (b) provides the matrices Ti(t) and Uy o(t), and the
equations (5.3.23)-(5.3.27) are satisfied modulo s by flatness of V().

Now assume the induction carried out until step m, we prove step m + 1. We
only need to construct the matrices Tf;1 +15 Ugmg1 and S, so that the various

conditions of the induction are satisfied. The construction of a unique matrix
Sy, such that (5.3.18), (5.3.19) and condition (c) are satisfied modulo s™! is
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as in (i) of the proof of [64, Lemma 2.9]. The matrices T}, and Uy 11 are

uniquely determined by imposing equations (5.3.20)-(5.3.22) modulo s™*.

It remains to check that equations (5.3.23)-(5.3.27) hold modulo s™2, assuming

that equations (5.3.18)-(5.3.27) hold modulo s™*!. Since they hold at s = 0,

we simply check that the s-derivative of these equations is zero modulo s™**.

For (5.3.23) we have modulo s™*!

O[T, T7) = [0,T", T?] + [T*, 0, T
= [0}, S, TJ'] + [Ti,ath]
— —[S, 8,51TJ] - [athi, S]
=0.

For (5.3.24) we have modulo s™*!

For (5.3.25) we have modulo s™*!
35(((9t1T] - 8t].Ti) — (%&;Tﬂ - @gjf)sTi — @giatjs - 3tj8ti5 — 0
For (5.3.26) we have modulo s™"!

0u (0,Uo+ T+ [TV UL1]) = 0, [U_y, 8] — 0,5 + 0,8 + [0.T", Uy + [T'0,U_1]
(0,U1, 8] + [U-1,8,,5) + [0, 9, U] + [T, [Us, S]]
[[U(J?Ti]u S] + [Tia [UOv S”

0,

where on the first line we used (5.3.20) and (5.3.21), on the second line we used
(5.3.20) and (5.3.22), on the third line we used (5.3.27), and on the last line
we used the Jacobi identity and (5.3.18). For (5.3.27) we have modulo s™

Os (atiUk + [Ti’ Uk+1]) = Oy, [Uk+1, 5] + [88Ti7 Upt1] + [Ti, OsUh11]
= [01,Us+1, S] + [T*, 05Uy 41]
= [[Uks2, T, 8] + [T, [Ugs2, S]]
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=0.

This finishes the induction step, and proves the existence.

For uniqueness up to isomorphism, assume that ¢/: (@, V(@) — (H', V') is
another unfolding satisfying (5.3.17). We prove that it is isomorphic to the
unfolding (H, V) constructed above. Let ¢: H — H' denote the R[t, s, u]-
module isomorphism obtained by identifying the good bases obtained from
(hg"))lgign. Then the connection form of ¢~ o V/ 0 % in the trivialization
of H given by (ey,...,e,) satisfies conditions (a), (b) and (c) above. Thus
1oV oty = V, and we conclude that (id¢): (H,V) — (H', V') is an

isomorphism of unfoldings. O

Lemma 5.3.16 says that under the (GC) assumption, an unfolding ¢: (H®, V(©) —
(H, V) is uniquely determined up to isomorphism by the choice of a good basis

(hi,...,hy,) extending a cyclic vector, and the action of the connection on h;.

Theorem 5.3.28 (Hertling-Manin for F-bundles). Let R be an integral domain
containing Q. Let (H,V)/R[t1,...,td] be a finite rank F-bundle. Let v €
H/(th PN ,td, ’LL)H

1. If v satisfies (IC), (GC) and coker u, is free, then there ezists a mazximal

unfolding with cyclic vector induced from v.

2. If v satisfies (GC’), then any two maximal unfoldings of (H,V) with cyclic

vector induced from v are isomorphic under a unique isomorphism.

Furthermore, any framing for (H,V) induces a unique framing on a maximal

unfolding.

Proof. Let n denote the rank of H, and ¢ := n — d. We assume ¢ > 0, as
otherwise the evaluation map p, cannot be injective and a maximal unfolding
of (H#,V) does not exist. Write ¢t = {t1,...,t;} and s = {sy,...,s,}. Fix a
good basis (hi, ..., h,) for (H,V) extending v, i.e. with hq|i—y—o = v.

For (1), let N € Mat(n x d, R) denote the matrix of the evaluation map
Wy Let fi ..., fn € R[t,s] with fi(t,0) = 0. Applying Lemma 5.3.16 we
obtain an unfolding ¢: (H,V)/R[t] — (H',V')/R][t,s]. Let v € H'/(t, s, u)H’
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corresponding to v, the matrix of the evaluation map p,, in the good basis

obtained from (hi>1§i§n is
(v (5

Since v satisfies (IC), the columns of N form a basis of im p, C H/(t1, ..., ta, u)H.

t:s:O)lsiSn’lngE) € Mat(n X n, R) (5329)

Since coker p,, is free, by the basis extension theorem, we can extend this basis
to a basis of H/(ty,...,tq,u)H by adding elements {vy,...,v}. Any choice
(fi,..., fn) such that the vector (%’t;szo)lgign corresponds to v, for all
1 < k < £ gives rise to a maximal unfolding, since the columns of (5.3.29) then

form a basis of H. This proves (1).

We now prove (2). For k = 1,2, let v, = (ig, ¢1): (H,V) — (H}, V}) be a
maximal unfolding. In the good bases induced from (h;)1<i<, the 1-forms
defining the (T)-structures are closed by (5.3.25), hence can be written as
u"'dAy, for a unique Ay € Mat(n x n, R)[t, s] satisfying Ax(0,0) = 0. The
first column of Ay provides n elements of R[t,s] that define a map of R-
algebras ¢y, : R[t,s] — R[t, s]. Since the unfoldings are assumed to be maximal,
di)y|i=s=o is an isomorphism. This follows from the fact that, by construction,
its matrix in the basis (dty,...,dtq,ds1,...,ds;) coincides with the matrix
of the evaluation map for (H',V'). We deduce that ¢, € Autg(R[t,s]). If
(fy3): (H1, V1) = (Ha, Va) is an isomorphism of unfoldings, then f*dA, = dA,;
which implies As o f = A;. In particular ¢ o f = 11, and this determines
f uniquely, since 15 is an isomorphism. In turn, this determines j uniquely
by Remark 5.3.8. Conversely, let f = 15" 011 and define j: H| — f*H)
by identifying the good bases induced from (h;)1<;<,. In particular, we have
diy = dipgodf, therefore f*(H), V4) is a maximal unfolding whose action on the
cyclic section that extends hy agrees with that of (H/, V/). After base changing
to Frac(R), the (GC) condition is satisfied. It follows from Lemma 5.3.16 that
(f,j) is compatible with the connections and is an isomorphism of unfoldings
after base changing to Frac(R). But f (resp. j) is invertible over R (resp.

R]t, s,u]) by construction, so the unfoldings are isomorphic over R.

The last claim follows from the extension of framing result in [66, Theorem

1.3]. The proof is complete. O

Corollary 5.3.30 (Hertling-Manin for (T)-structures). Let R be an integral
domain containing Q. Let (H,V)/R[t1,...,td] be a finite rank (T)-structure.
Letv € H/(t1, ..., tg,u)H.
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1. If v satisfies (IC), (GC) and coker u, is free, then there exists a mazximal

unfolding with cyclic vector induced from v.

2. If v satisfies (GC’), then any two maximal unfoldings of (H,V) with cyclic

vector induced from v are isomorphic under a unique isomorphism.

Proof. Let n denote the rank of H. Writet = {t1,...,tq} and s = {s1,..., Sn_a}.
We choose an F-bundle structure (H, V') /R[¢] lifting the (T)-structure (H, V).
Then (H, V) satisfies the conditions of Theorem 5.3.28(1), producing a max-
imal unfolding of F-bundle. Since being maximal is a property of the (T)-

structure, the unfolding of the underlying (T)-structure is maximal, proving
(1).
For (2),let ¢t1: (H,V)/R[t] — (H1,V1)/R[t,s] and ta: (H,V)/R[t] — (Ha, Va)/R][t, 5]

be two maximal unfoldings of (T)-structures, with cyclic vector induced from
v. Since the base of (H, V) has finitely many variables, it follows from Proposi-
tion 5.3.4 that it admits a framing. This induces a framing on any unfolding by
Remark 5.3.9. Thus, we can apply Lemma 5.3.10 and extend the two unfoldings
t1 and ¢y uniquely to maximal unfoldings of the F-bundle (H, V). We conclude
from Theorem 5.3.28 that they are isomorphic under a unique isomorphism,
hence the same holds for the underlying unfoldings of (T)-structures. This

concludes the proof. O

Remark 5.3.31 (Existence when R is not a field). Let R be an integral domain,
(H,V)/R][t1,...,t4] be a finite rank F-bundle, and v € H = H/(ty, ..., tq, u)H.

1. If v only satisfies (IC) and (GC’), we know that a maximal unfolding
exists after base change to Frac(R). In fact, the maximal unfolding is defined
over any localization R’ of R such that coker u, ®p R’ is a free module, by
Theorem 5.3.28(1).

2. Let (H,V) — (H', V') be an unfolding. We obtain maps p and g’ as in
(5.3.12). Let A := R[im ] and A" := R[im p'| denote the associated commuting
subalgebras of Endg(H). We have A C A C C(A’) C C(A), where C(-)
denotes the commutant algebra. Let fi,: A — H and fi: A" — H denote the
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evaluation on v. From the commutative diagram

0 A A’ AJA —— 0
Jﬁv ) Jﬁ; l
0 H—%H 0,

we obtain the long exact sequence
0 — ker g, — ker i, — A’/ A — coker i, —> coker fi, — 0.

If the unfolding is maximal, we have A" = im ' and i, is an isomorphism.
We deduce that ker i, = 0 and coker i, ~ A’/ A. Then, v satisfies the (IC)
condition but not necessarily the (GC) condition. In the special case when
A =C(A), a maximal unfolding exists if and only if v satisfies (IC) and (GC).

This is illustrated in Example 5.3.32.

Example 5.3.32. Let R = kﬂ)\l, )\2]], H = R®3 and H =H Xpr Rﬂtl, tg]] Let

(€1, €2, e3) denote the canonical basis of H. We consider the matrices

0 0 1 0 X O
A=1Ids, B=1|)N 0 0|, C=B*=] 0 0 X\
0 /\2 0 )\1/\2 0 0

Assume V is an F-bundle connection on H such that u(d;,) = A and u(9,,) = B.
We have R[im ] = RA® RB & RC and R[im p] = C(R[im p]). It follows from
Remark 5.3.31(2) that there exists a maximal unfolding with cyclic vector
v = aey + Pey + ey if and only if v satisfies (IC) and (GC). The matrix of
the evaluation map fi,: R[im ] — H with respect to the bases (A, B,C) and

<€1a €2, 63) iS

a 7 A2
ﬁv = 6 /\10[ )\17 )
v Af Al

whose determinant is A2\ + A333 + A\1v% — 3\ Aa87y. The vector v satisfies
(IC) and (GC) if and only if this determinant is invertible. For v = e3, this
determinant is A\; and we conclude that the associated maximal unfolding
is defined over k[, \2J[\{!]. For v = ey, this determinant is A3 and the

associated maximal unfolding is defined over k[A1, Ao][(A3)7!].
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Unfolding theorem for equivariant F-bundles
In this subsection, we prove the unfolding theorem for equivariant F-bundles.
The strategy is to unfold the R-linear (T)-structure using Corollary 5.3.30, and

then extend it in the u-direction using Lemma 5.3.1.

Definition 5.3.33. Let R be a k-algebra, and let I be a countable set.

1. An unfolding of k-linear equivariant F-bundle {(H,V), (Hgr, Vr), a}/k[t/]
is a morphism of equivariant F-bundles (¢, tg) such that ¢ is an unfolding of k-
linear F-bundles and ¢ is an unfolding of R-linear (T)-structure. In particular,

¢ and tp are compatible with the R-linear lifts as in (5.2.11).

2. A morphism of unfoldings is a morphism (3, Bg) of equivariant F-bundles
such that both 5 and g are morphisms of unfoldings. In particular, (3, 5r)

commutes with the unfolding maps.

3. An equivariant F-bundle is mazimal if the underlying R-linear (T)-structure

is maximal.

Lemma 5.3.34. Let I be a countable set. Let (H,V)/R[t;] be an F-bundle.
A framing for the (T)-structure (H,V)o is a framing for the F-bundle if and
only if it restricts to a framing of F-bundles at t; = 0.

Proof. The framing provides a trivialization H ~ H ®@g R[t;, u]. Write Vo, =
O, + u'Ti(t) and Vy, = 9, + u2U(t,u). By Lemma 5.3.1(1), U(t,u) is
uniquely determined by the system of differential equations (5.3.2) and the
initial condition U(0,w). Write U(t,u) = Y pso Up—a(t)u”. The differential

equation implies for all £k > 0

oU}
ot;

= _[7-'27 Uk+1]'

Since we have the initial condition Uy(0) = 0, we deduce that Uy(t) = 0 for all
k > 0 by applying [66, Lemma 4.8(1)] inductively on the number of variables.

The reverse direction is obvious. O

Proposition 5.3.35. Let I and J be finite sets, and R be a k-algebra without
zero divisors equipped with a fixed basis. Let F — F' be an unfolding of k-linear

equivariant F-bundles. Then any framing on F extends uniquely to a framing

on F'.
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Proof. Uniqueness follows from the uniqueness of extension of framing for

(Hg, V&), together with Remark 5.2.14.

We now prove the existence part. Assume F admits a framing and
(8,8r): F ={(H, V), (Hr, Vr),a}/k[t;]] — F'={(H, V'), (Hg, V), o'} /k[t,]

is an unfolding. By Remark 5.3.9, the framing for (Hg, V) produces a unique
framing on (H%, V). By Lemma 5.2.6(2), this framing induces a framing
on (Hr, V%), thus a framing on the (T)-structure (#/, V') under o/. By
construction, under S3|¢,—o, the framing constructed on (#', V') coincides with
the initial framing of (#H,V). We conclude from Lemma 5.3.34 that it is a
framing of F-bundle. This concludes the proof. O

Theorem 5.3.36 (Unfolding of equivariant F-bundles). Let F = {(H, V), (Hgr, Vr), a}
be an equivariant F-bundle over k[[t;], and fiz v € Hgr/(t;,u)Hr.

1. If v satisfies (IC), (GC) and coker p, is free, then F admits a maximal

unfolding with cyclic vector induced from v.

2. If v satisfies (GC”), then any two mazximal unfoldings of F with cyclic vector

induced from v are isomorphic under a unique isomorphism.

Furthermore, any framing for F induces a unique framing on a mazximal

unfolding.

Proof. We prove (1). For the R-linear (T)-structures, there exists a maximal
unfolding by Corollary 5.3.30

Br: (Hr, Vr)/R[t]] — (Hg, Vi)/R[t].
By functoriality, we obtain an unfolding of k-linear (T)-structures
Broa: (H,V)o/k[t/] — (H, Vi) /K[ts].

By Proposition 5.3.4, the R-linear (T)-structures admit framings. Those
framings induce framings on the k-linear (T)-structures by Lemma 5.2.6(2).
Hence we can apply Lemma 5.3.10 to define an F-bundle structure (N'R, AV/’If )
extending the k-linear (T)-structure (H, V%), such that Sz o a becomes
an unfolding of F-bundles. Then {(H}, VE), (H, Vi),id} is an equivariant

F-bundle and (Sg o «, Sr) is a maximal unfolding of F with cyclic vector v.
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We now prove (2). For k = 1,2, let

(Brs Brx): {(H, V), (KR, VR),a} = {(Hi, Vi), (Hrk VRE), 0k}

be two maximal unfoldings of equivariant F-bundles, with cyclic vectors v, €
Hri/(ts,u)Hry induced from v. By Corollary 5.3.30, there exists a unique

isomorphism of R-linear (T)-structures
isor: (Hr1,Vr1) = (Hr2, VR2)

such that Sro = isog o fr1. This induces an isomorphism for the underlying

k-linear (T)-structures
iso == oy ' o isog o ay: (Hi, V1) — (Ha, Va),

and it satisfies By = 1 o iso. It suffices to show that iso is compatible with the
u-direction. Since [ are unfoldings of F-bundles, they restrict to isomorphisms
of F-bundles at t; = 0. Hence iso is compatible with the u-direction at t; = 0.
Since the k-linear (T)-structures come from finite R-linear (T)-structures, they
admit framings. Then Lemma 5.3.1(2) implies that iso is an isomorphism
of F-bundles. We conclude that (iso, isog) is an isomorphism of equivariant
F-bundles compatible with the unfoldings. This isomorphism is unique, since

(iso,isog) is uniquely determined by isog. (2) is proved.

The last statement is a special case of Proposition 5.3.35. The theorem is

proved. O

5.4 Application to mirror symmetry of flag varieties

In this section, we apply our equivariant unfolding theorem to obtain the
big D-module mirror symmetry for flag varieties G/P of general Lie type
(Theorem 5.4.35).

We start with the k-linear F-bundles given by the equivariant small quantum
D-module for G/P on the A-side, and another one by the equivariant Gauss-
Manin system with respect to Rietsch’s superpotential on the B-side (see [118]).
Note that both F-bundles are of infinite rank, as the equivariant parameters are
not yet included in the base ring. Moreover, their R-linear (T)-structure lifts
coincide with the D-module structures defined in [28], and are thus isomorphic
to each other as shown therein. We will construct a suitable unfolding on the

B-side, and apply our equivariant unfolding theorem to deduce the isomorphism
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between the unfoldings on both sides. We remark that in general, the classical
cohomology of G/P is not generated by the divisor classes and the small
quantum cohomology is not semisimple, so that neither the unfolding in [64]

nor the semisimple reconstruction in [127] is directly applicable.

Equivariant F-bundles for G/P

Equivariant quantum cohomology ring of G/P

Let G be a simply-connected complex simple Lie group, and P be a parabolic
subgroup of GG containing a Borel subgroup B C G. Let B_ denote the
opposite Borel subgroup, and then T := B N B_ is a maximal torus of G.
Let A = {ay,...,a,} be a basis of simple roots, and {wy, - ,w,} be the
fundamental weights. The Weyl group W = N (T')/T is generated by simple
reflections s; := s,,. The Weyl subgroup Wp of P is generated by the simple
reflections s, with a € Ap == {a; € A | s;,P C P}. Let £ : W — Zs( denote
the standard length function, and wy (resp. wp) denote the longest element in
W (resp. Wp). Denote by W¥ C W the subset of minimal length representative
of the cosets W/Wp.

The flag variety X = G/P is a Fano manifold. It parametrizes partial flags
(resp. isotropic partial flags) in a complex vector space when G is of type A
(resp. B, C, D). For each w € W7, there are Schubert varieties X* :== BwP/P
(resp. X, = B_wP/P) of (co)dimension ¢(w) inside X. We have
H'(X,Z) = @ ZPD(X,)),
weWw?r
where PD(+) denotes the Poincaré dual, and
Hy(X,Z)= D Z[X™]

a€A\Ap
For each w € WP, the Schubert variety X, (resp. X¥) is invariant under
the natural T-action on X, so that it defines a fundamental class in the T-
equivariant Borel-Moore homology. This class is identified with a T-equivariant
cohomology class in H2™ (X,C) (resp. HAAmX W)y C)) denoted as o,
(resp. o). The fundamental weights produce equivariant parameters for the
T-action which we denote by A = (Aq,...,\,). We have identifications

Hi(pt,C) = C[Ay,..., A\ = C[)], (5.4.1)
H;(X,C)= & C[)ow. (5.4.2)

weWwr
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To be more precise, we view w; as a character in Hom (7", C*), and denote by C_,
the one-dimensional representation of T' viewed a vector bundle over a point.
Then we take \; = ¢! (C_,,) and consequently we have \; = —w;. We denote
by (-, -) the equivariant Poincaré pairing on H7 (X, C). The C[\|-bases {c*},,
and {0}, are dual with respect to the Poincaré pairing, i.e. (0,,0") = y..
In the following, we denote by C()) the fraction field of C[A] = C[Ay, ..., A,].

Lemma 5.4.3 ([17, Lemma 5.11]). The localized equivariant cohomology of X,
H7(X) ®cpy C(N) ds generated by the element 3= ca\ap 05, as a C(N)-algebra,

Remark 5.4.4. The above lemma shows that H;(X,C) is generated by
HZ(X, C) after localization. This also follows from [30, Lemma 4.1.3], and can
be generalized to any smooth projective variety admitting a torus action with

finitely many attractive torus-fixed points by [2, Lemma 1].

Let Mg, (X, d) denote the moduli space of m-pointed stable maps to X of
genus zero and degree d € Hy(X,Z), and ev;: My ,(X,d) — X denote the
i-th T-equivariant evaluation map. The moduli space My ,,(X,d) carries a
T-action, and has a T-equivariant virtual fundamental class [Mg, (X, d)]'".
For 71, ...,vm € H7(X,C), we have the genus-zero, m-point equivariant Gro-
mov—Witten invariant

(Viyeeos Ym)d = /7 Cevi(m)U---Uevr (7m) € C[A]. (5.4.5)
[Mo,m (X, d)]VT

We introduce the necessary choices of bases, and associated coordinates, in
order to define the equivariant big quantum cohomology ring of X. Write
A\ Ap ={aj,...,q; } and WP = {v, -+ Joy} with v; = s, for 1 <j <.
We introduce Novikov variables ¢ = (qi,...,q,) corresponding to the basis
{[X?]|ae A\ Ap} of HQ(X,Z). For d € Hy(X,Z), we have d = Y= ; d;[ X™'7]
and denote ¢¢ := I[j_, qJ . We use {7;} for the C[\]-linear coordinates of

H%(X), whose elements are of the form o = Y | 7,0,,.
As a module, the equivariant big quantum cohomology ring is
QU™ (X) := H7(X, C) ®c Clg][r].

It encodes all genus zero Gromov—Witten invariants in the quantum product
*Pie - defined by

blg Tiy " Tiy n d
UU T O-’w - Z Z Z Z <O-U70-wa0- 70-1)2'17"' 7le-m>dq 0'77.

m)!
neEWP m>0i1,....im dEH2(X,Z)
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Here the coefficient of 7;, - - - 7;, is indeed a polynomial in ¢ since X is Fano.

Denote q; := ¢;e™ and = I, q~;-ij . Letting 7; = 0 for all ¢ > r and using the
divisor axiom for Gromov—Witten invariants, we obtain the equivariant small

quantum cohomology ring
QH;’(X) = H;’(Xa (C) Qc (C[Cj] with Oy % Oy = Zn,d <Uva Ow, Un)d qdan'
The next lemma follows directly from Lemma 5.4.3 and [122, Lemma 2.1].

Lemma 5.4.6. The localized equivariant small quantum cohomology of X,
QH(X) ®cpy C(A) is generated by {os, | o € A\ Ap} as a C(N)[q]-algebra.

Remark 5.4.7. By further taking the nonequivariant limit A = 0, we obtain
the small quantum cohomology QH*(X), which could be non-semisimple. For
instance for G of type C,, and Ap = A\{as}, we obtain the isotropic Grassman-
nian SG(2,2n) = {V < C*" | dimV = 2,Q(V,V) = 0}, where (2 is a symplectic
form on C?". It is shown in [22] that QH*(SG(2,2n)) is not semisimple. Tt is
easy to see that QH*(SG(2,2n)) is not generated by H?*(SG(2,2n),C) either.

Equivariant F-bundle structures for G/P

We recall that 7 = (71, ,7n) are the C[A] coordinates of H}(X) dual to

the standard basis we chose, ¢ = (¢1,--- ,¢.) are the Novikov variables and
A= (A1, ,\,) are the equivariant variables. For k = (ky,...,k,) € N", we
set AF = [T", A and |k| = X", k;. It is expected but remains unsolved

in general that the big quantum cohomology is convergent around 7 = 0.

Therefore we work on the formal neighborhood of 7 = 0.

Let k := C(q) be the fraction field of C[g], and let R = k[\]. We fix the k-basis
A = (A k € N*) of R. We obtain k-linear coordinates 7 = {7;;,1 < i <
N,k € N"} on H;(X,k) associated to the k-basis (o,,A\*,1 <i < N,k € N").

There is a continuous morphism of R-algebras

Ya: R[] — R[7], 7 — Z )\kTM.
keNn

We define a k-linear equivariant F-bundle equivariant F-bundle

FA,big — {(HA,big’ VA,big% (Hg,big’ vg,bi_‘]), a}/k[[»-r]]
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associated to the equivariant big quantum cohomology as follows. The R-linear
(T)-structure (K", V4""¥) is given by the R[r, u]-module

My = Hi(X,k) ©g R[],
vazg afj+u_l(<o_vj+)\ ) b1g)7

where 1 < j < N and we set A\;; = 0 for j > r. Here i; are the index of
A\ Ap ={ay,...,q;}. The k-linear F-bundle (H4P"& VAPE) has underlying
k[7, u]-module

HAPE — 12 (X k) @ k[T, u],

and the connection V4P# is specified by:

Vg;b;g aT]k_i_u ()\k(o.v]+)\ ) blg),

Abig A,big A,big
V,ua Gr szig .

Here,
GrPe = 49, + Eblg + pa,
where 4 is the k[7, y]-linear grading operator on the fiber H}.(X, k) linear
defined by
pa(Neay,) = (C(v) + [k ) Moo,

and E}f‘ig is the Euler vector field measuring degree on the base k[7], given by
deg(q;)

Eblg Z 5 TJO + Z 1 — f Uj |k|)7’j,k87j7k,

1<5<r 1<j<N
kENn

where {(v;) =1 for 1 < j <r and the degree deg(g;) is defined as
deg(q;) = 2/ c1i(Tayp).

Under the change of variables R[7] — R[7], 7, — Yjpenn A*7i, the data
{(Ha"® ViaP®) id} provides an R-linear lift of the underlying (T)-structure
(HADPe vADPiE)  We obtain the A-model big equivariant F-bundle

fA7big _ {('HA’big, vA,big)’ (HA ,big VA bzg) ld}/kﬂTH

Remark 5.4.8. For 1 < j < r, consider the line bundle L; = G xp C,wij

: Abi
over G/P. Since cf(L;) = 05, —wi;, = 0y, + A;;, we can write V¢ =
J

J

Oy, +utef (L;)x2e. For j > r, VA & are not Welghted.
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Remark 5.4.9. The flatness of VA% in the u-direction follows from a similar

argument to that in [32, Section 3.2] .

By restricting to the small locus 7; = 0 for (K49, VAP9) and 7;, = 0 for

(Hg,big’ ngis’) when j > r, we obtain the A-model small equivariant F-bundle
FA = {(HA V), (Ha, Vi), id} K[ r<,],

where 7<, = {7, 1 < i <r k € N"} parametrizes the k-linear F-bundle, and

T<y = {7, 1 < i < r} parametrizes the R-linear (T)-structure.

The quotient maps k[r] — k[7<,] and R[7] — R[r<,] together with the
natural identification of the fibers produce an unfolding of the equivariant
F-bundle ,: F4 — FAbie,

Proposition 5.4.10. The morphism v: F4 — FAY® js a mazimal unfolding

of k-linear equivariant F-bundles, with cyclic vector given by 1 € H3(X, k).

Proof. We have already proven the morphism ¢ : 4 — F4P# is an unfolding,
and it remains to check that (H4, V) is maximal. We take the cyclic vector
v=1¢€ Hz"8|,_u—o = Hi(X,k). The R-linear evaluation map is the

N
poer: @ RO, — Hip(X,k)

Jj=1

aTj — Vuafj |T:u:0(1> = Uvj + >\1]

Since {0y, }; is an R = k[\] basis of H}.(X,k) by equation (5.4.2), p,—1 is an

R-isomorphism and we conclude that ¢ is maximal unfolding. O

The small D-module mirror symmetry for G/P
In this section, we review the B-side of mirror symmetry for for G/P as in [118],
construct a R-linear (T)-structure (H2, V&) from the Gauss-Manin connection,

and state the small mirror symmetry as in [28].

Small D-module mirror symmetry

Let GV be the Langlands dual group of G, and TV, BY, PV be the Langlands
dual of T, B, P respectively. Rietsch’s equivariant mirror superpotential is a

triple (X%, W, p). Here X} is a subvariety of G¥ x Z isomorphic to

((GY/PY)\ =Kgvpv) x Spec Clga; € A\Ap],
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where Z is the center of the Levi subgroup of PY, —Kqv,pv is the anti-canonical
divisor of the dual partial flag variety G/P" given in [88]. The holomorphic
function W : X5 — C is the non-equivariant mirror superpotential of G/P,
and p : X — TV is a morphism which gives information on the equivariant

part of Rietsch’s original mirror superpotential W + In ¢(; h) (see [118]).

Denote by Q(X)/Z) the space of holomorphic i-forms over X}, with respect to
Z = Spec C{cjiﬂ ’ a; € A\AP}

via the aforementioned isomorphism. Identify the Lie algebra tV = Lie(T") with
t*. Let {(\;)*} C (tV)* be the dual base of {)\;} C t, and mepv € QN (TV;tY)
denote the Maurer-Cartan form of T".

In [28], the B-model D-module (GO(X}é, W, p), V) consists of a C[\, u][¢]-
module defined by

Go(X Y W, p) = coker ((C[/\, ] @e QXY Z) <25 C, u] e QXY /Z)),

0=1® <ud+dW/\ — Zn:)\j(p*(()\j)*,mcw)) /\).

=1

It is equipped with a meromorphic connection having a logarithmic pole in the

g;-direction
Vo (1)) = [Con, () + u_laa?/w Y Ay (i, 5 ()7 mep Y]
i j=1

Here p"‘<(/\j)*7 chv> € QY (X}/Z), and 9,V are linear on C[\, u).

Remark 5.4.11. For any w € C[\ u] ® Q*P(X)/Z), w = gw for some
g € O(Xp) and wy € Q*P((GY/PY)\ —Kgv/pv) . We have the Lie derivative

)
Lo, (w) = gEwo.

The small quantum D-module mirror symmetry holds for G/P in the following

sense.

Proposition 5.4.12 ([28, Theorem 1.2]). There exists a unique C[\, u][G*!]-

linear map

satisfying the following:
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1. @ s bijective, and preserves the connection,

2. D, ([Q]) = 1, where Q is the unique (up to sign) volumn form in Q*°P(X}/7Z),
whose restrictions to every torus chart of (G /PY)\ —Kgv,pv is equal to the

standard volumn form +dz N\ -+ Ndzg /21 ... 2k,
3. at the semi-classical limit, we have a ring isomorphism

(I)UZD : JaC(X]\:/’v W>p) i) QH;(G/P) [q~1_17 T >q~r_1]7 (5414)

4. D intertwines the shift operators (see [28, Sections 3.3 and 4.5]), and

5. D preserves the Z-grading.

In (5.4.14), Jac(X %, W, p) denotes the Jacobi ring, which is the coordinate ring
of the scheme-theoretic zero locus of certain relative 1-forms in Q' (X} x t/Z x t)
(see [28, Definition 4.9] for more details). It corresponds to setting u = 0 in
the B-model D-module.

We remark that the above isomorphism is a bit implicit. Below we provide an

example with explicit isomorphism of small quantum D-modules from [103].

Example 5.4.15. For G/P = Gr(3,5) = {V < C° | dimV = 3}, the
Langlands dual flag variety GY/PY is the Grassmannian Gr(2,5) — P?  whose
image is defined by the Pliicker relations pu,a,Pasas — PayasPasas + PayasPagas = 0
for 1 <a; < ay <ag <as <5. In this case, —Kgv/pv = {p12P23p3apaspis = 0}.
The W-part of Rietsch’s equivariant superpotential is given by

szﬁ—l—%—i—%—l—d&—l—@

P12 P23 P34 Pas P15
The degree of the inhomogeneous coordinate 6;; = % is equal to 2(i + j — 3).
The volume form €2 = dal?’d%‘*dg”g%gd%‘*da% is of degree 0. For 1 <1 < 7 <5,
23VU34Y45V15

P ir ([0:5€Y]) = 0, with w € S5 the unique permutation satisfying w(4) =6 — 7,
w(5) =6 —iand w(l) < w(2) < w(3).

Equivariant F-bundles formulation

In our setting of (T)-structures, we need to replace the logarithmic §;-directions
with a regular meromorphic connection in y;-directions. This is achieved by

the D-module inverse image under

¥1: CIAu)[G ] — CA ]l [y<]
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@i — qie”,

where y<, = {y;,1 <1 <r}. For the purpose of applying our reconstruction
theorem to obtain big mirror symmetry, we need to further take the fraction

field of ¢ and formalize u. So we compose 1, with the following base change

v2: CIN, (g [y<r] — CIA ullg™ ) ly<r] ®cpgzr g Clo)[ul-

Namely we have the following, where we recall k = C(q) and R = k[A].
Y= 0t CIN @] — Rly<r, ul. (5.4.16)
The B-model R-linear (T)-structure (H5, VE) is the D-module inverse image
1/)*<<G0(X1\§, W, p), V)), whose underlying R[y<,, u]-module is
Hp = Go(Xp, W, p) ® Rly<,, ul,

and the connection is given by

Vi, (1) = [0, 60+ 0 5% = 3 i, 70 mer )|
(5.4.17)

Next we define the B-model k-linear F-bundle. Fix the k-basis of R given
by A = (A\f k € N") and let y<, = {y;i,1 < i < r,k € N*}. Consider the

following change of variables

1/}>\ : R[[yéra u]] — R[[YST; u]] (5418)

Yi — Z Ak,%’,k;-
kENn

The underlying (T)-structure (H?, V?) of the B-model k-linear F-bundle is
defined as the D-module inverse image 1} (H%5, V&) and restrict scalars from

R to k, as in Lemma 5.2.6. Explicitly, the underlying k[y<,, u]-module is
HB = GO(X]\;a W7p) X R[[ygrv UH,

equipped with a regular meromorphic connection

w—ut Zn;)\j (Layi’kp*<()\j)*, chv>>w},
=

L OW
Vh, ) = [£a, )+ 58

where W is in variables y; . The u-direction is defined in Eq. (5.4.21), its
definition uses the grading operator on the B-model, which we now define. We
first construct a grading on Q*P(X}/7) @ k[y<,, u].
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Construction 5.4.19 (Grading on differential forms). We construct a k[y <, u]-
linear operator up on QP(X}Y/7Z) ® k[y<,,u], which defines a grading on

differential forms.

Recall that Q*P(X}/Z)@k[y<,, u] is a rank 1 free module over (9( )[[y<7~, ul.
The choice of Q in Proposition 5.4.12(2) produces a basis of this module. For
any differential form w = A2 with h € O( )[[Y<r, u], we define

() = 125 g
where the degree operator degy is defined on functions in O(X}) using the
Gm-action on X constructed in [28, Lemma 4.6], and extended by k[y<,, u]-
linearity. Using the Jacobian isomorphism (5.4.14) and the grading operator pi4,
we can describe degy as follows. For any local chart, we take a coordinate system
(z:); so that z; are homogeneous. For a monomial function h € (’)((GV J/PY)\

—K(;v/pv), we have degy(h) = 2dh where d € Z is given by:

T d .
(Z )y 0y )@ﬁm‘)y () = dBi " (R),
i=1 4

where h denotes the image of h in Jac(X 3, W,p) and 2= is the Jacobi

mir

isomorphism (5.4.14). It is then extended to a k[y<,, u]-linear operator on
O(Xp)ly<r,ul

We use the simple example of X = CP' case to illustrate the definition of deg.

Example 5.4.20 (up for CP'). For X = CP', we have k = C(g). The equivari-
ant (small) quantum cohomology QH:(X) is isomorphic to k[H, \]/(H?— HX—
q), where ¢ has degree 4. The mirror X} is the family G,, x Spec C[¢g*!] —
Spec C[¢*!], the superpotential is W = z+ % and the Jacobi ring Jac(Xp, W, p)

A u=0,y=0

is isomorphic to k[z, 271, \]/ (1 -2 —) The mirror isomorphism ®;

S — 2 at

u =0, y =0 is given the morphism of k[A]-modules defined by z — H.

We have degy(g2®) = qdegy(2®) = 6¢23, where the last equality follows from

the computation:

deg(Q) g u=0,y= 0
( 9 qaq + 1A CI)rnlr

= )\2H+qH+q)\)

+ /M) (N*H + gH + g)\)
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The u-direction connection of the B-model k-linear F-bundle (H?, V?) is
defined as
Ve, =GCr" — Vg, (5.4.21)
Gr? == ud, + Eg + ps,
where u0, measures the degree in u, pp is the grading operator on differential

forms (see Construction 5.4.19), and Ep is the Euler vector field measuring
the degree of the y-variables and accounting for the degree of ¢:
deg(q;)
Ep = Z 9 ’ 8%’,0 - Z ’k‘yj»kayj,k'

1<j<r 1<j<r,keN”

In the following proposition, we note that even though upg is only defined on
differential forms, the total grading operator Gr” is well-defined on equivalences

classes.

Proposition 5.4.22. The grading operator Gr® produces a well-defined opera-

tor on HE.

Proof. Let K denote the rank of Q'(X)/Z). We only need to prove that for
any (K — 1)-form 7, there exists a (K — 1)-form 7’ such that
Gr” ((ud + dWA)n) = (ud + dWA) (5.4.23)

Fix a torus-invariant local chart with coordinates (z;); and write

K
n= Zgi(27Q7YST7u)Lazi ( /\ dZJ) :
i j=1

Let

=3 ((ud, + Ep + degg)(g:) + <1 - degB(Zi)>9ibaz¢ ( ;_(\ dzj)'

p 222‘
A direct computation shows that this choice of 7 satisfies (5.4.23). We conclude
that Gr” descends to an operator on HZ, completing the proof. O
We note the following property of g, which we will use in Proposition 5.4.31.

Lemma 5.4.24 (Leibniz rule for ug). The grading operator pup on differential

forms pp (see Construction 5.4.19) satisfies the Leibniz rule:

15(91922) = g11(9282) + gaB(91€2),

for any g1, 9, € O(Xp) @ k[y<,,u].
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Proof. The statement follows from the facts that the Jacobian isomorphism

—0,y=0 deg(q; .
Drir ¥ ) %qja%j + ) satisfies the

Leibniz rule. O

is a ring isomorphism, and that (

By construction, the data {(HE, VE),id} is an R-linear lift of the k-linear (T)-

structure (H?Z, VP)y, and we obtain the B-model small equivariant F-bundle
‘FB = {(HBa VB)a (Hf’m vﬁ)a 1d}/k[[y§rﬂ

Lemma 5.4.25 (Proposition 5.4.12(5)). For h € O((GY/PY)\ — Kgv\pv), we

have

" d ; 0 _ _
i=1 J
The following proposition essentially follows from Proposition 5.4.12. Here we

add the explanation in detail for completeness.

Proposition 5.4.26. The A-model small equivariant F-bundle F* over k[T<,]
is isomorphic to the B-model small equivariant F-bundle F? over k[y<,]
under an isomorphism ((mirk, D ppir k), (mir, (IDmir)> where @i, is as in Proposi-
tion 5.4.12, O is the induced k-linear map, and miry: vy, j, — T; 5, mir: y; —

7; identify the variables of the equivariant F-bundles.

Proof. Our construction of B-model small equivariant F-bundle
FP = {(/HBv VB)7 (,Hg’ vg)v id}/k[[YST]]
consists of the (T)-structure obtained as D-module inverse image:

(H, V3) = ¢ (Go(Xp, W, p), V),
(H”, V") = (a0 0)" (Go(Xp, W.p), V),

where 1) and 1, are base change maps defined in equations (5.4.16) and (5.4.18),
together with a u-direction on (H?, V5).

Our construction of A-model small equivariant F-bundle F4 = {(H4, V4),
(H4a,V4),id} k[7<,] in Section 5.4, can also be written as (T)-structures
(HA,VA) and (H4a, V4) obtained as D-module inverse image under the same

maps, together with a u-direction on (H4, VA4).
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By the functoriality of pullback, the isomorphism in Proposition 5.4.12 induces

an isomorphism
((mirg, Prirk), (mir, @) ): FB— FA

of the underlying (T)-structures. It suffices to prove that in our setting ®,;, is

also graded, i.e. that (mirg).Ep = F4 and
(I)mir,lk o GrB = mirﬂtgrfl o q)mir,ky (5427)

where mirﬂ";GrA is the grading operator on miry#H 4 induced from Gr. The
compatibility of the Euler vector fields is clear from their definition and the
fact that miry identifies the variables y<, and 7<,. For (5.4.27), we need to
check that for all f € O(X))[y<:, u], we have

Prnir ik ([(u0y + Ep + 1) (fQ)]) = (u0y + Ep + pa)(Pmir k ([f])).

Since both sides are linear in ¢ and satisfy the Leibniz rule for y and u, it
suffices to check the equation for f € (’)((G’V/PV)\ — KG\//pv).

In this case, the left-hand side reduces to @, k([p(f2)]). For the right-
hand side, observe that @, ([f2]) is obtained by first applying the mirror
map (5.4.13) from [28] to [f(2], and then pulling back under the change of
variables §; — g;e2=x ¥+ Hence Qi k([ f2]) is a power series in the variables
{gie2r ¥k} i, with coefficients in H(X, C). For an equivariant cohomology
class a € H7(X,C), we have

Gi—— 9 <q ezk/\ yzka> _ 0 (qiezk)‘kyi’ka)-
dq; Yi0

It follows that at y = 0, the right hand side is

deg 0
8%’

(udy + Ep + pra)(Pumir k([f€Y)) ( Oy +Z )(@mir,k([fﬂ]))

= (I)mir,k([/LB(fQﬂ)a

where the last equality follows from Lemma 5.4.25. So this implies that
the bundle map is compatible with u-direction at y = 0. This implies by
Lemma 5.3.5 that Eq. (5.4.27) holds for any y. We deduce that (miry, @i k)

is an isomorphism of F-bundles, concluding the proof. O
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The big D-module mirror symmetry for G/P

In this subsection, we prove the big D-module mirror symmetry for G/P in the
framework of equivariant F-bundles. We first construct a maximal unfolding
of the small B-model equivariant F-bundle by unfolding the superpotential
W (Construction 5.4.28). In particular, we discuss freeness in Lemma 5.4.30
and Proposition 5.4.29, and flatness in Propositions 5.4.29 and 5.4.31. We
obtain the equivariant big mirror symmetry for flag varieties in Theorem 5.4.35,

and deduce a non-equivariant version in Theorem 5.4.38.

Unfolding of the B-model
We fix formal variables y = {y,...,yn} and y = {yix, 1 <i < N,k € N*}.

Construction 5.4.28 (Unfolded superpotential). For any r < j < N, let
fi = (e ") Yo,,) € Jac(X}, W,p). Let f; € O(X}) be a lift of f; such
that the function f; is independent of y, ..., y,. The unfolded superpotential
W is N

W=W+ 3 ufi

j=r+1

Similar to the previous section on the small B-model equivariant F-bundle, we

now associate to W the big B-model equivariant F-bundle

FhBbig . {(HB,big’ VB,big)’ (Hg,big’ V}B;,big)’ ld}/k[[Y]]

We first construct an R-linear (T)-structure (He"®, V1'"8) | consisting of a

R[y, u]-module defined by
HEPE = coker (R[[y,u]] gt Qtor-1(xY/7) RN R[y, u R QtoP(XI\é/Z)>’

0=1® (ud—l— AW A — zn: A (p™((A\j)", merv)) /\),

J=1

equipped with a connection defined by

Vas([w]) =

Lo, (W) + u_l?/vw —ut zn: Aj (Layip*<()\j)*, chv>>w] :

Yi j=1

Proposition 5.4.29. The data (HL"¢, Vi "®)/R[y] defines an R-linear (T)-

structure.
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Proof. We first check that Hg’big is a free R[]y, u]-module. By construction we
have Hg’bigbzrﬂzo = HE, which is a finite free R[y<,,u]-module (see [28, p.
52]). Since y;w € im(0) if and only if w € im(0), the element y; is torsion-free.

Hence, the freeness of Hp'™ follows from Lemma 5.4.30 below. The flatness of

V58 follows from the facts that %‘f — f, is independent of yi, . . .,yy, that
[Lo,,, Lo,,] =0, and that [Ls, ,1,,] = 0. —
Lemma 5.4.30. Let Ry be a commutative unital ring and M be an Ro[z1, -+ , z2m]-

module such that z; is torsion-free for all 1 < i <m. Let Qy,...,Qy € M. If
{Q, -, Qn} is an Ro-basis of M/(zy, ..., zm)M, then {Q1, -+ ,Qn} C M is

an Rolz1, -+, zm]-basis of M|z, , zm].

Proof. By Nakayama lemma [132, §VIIL.3, Corollary 2], {2, - ,Qxy} gener-

ates M as an Ry[z1,- - , zp]-module. It remains to prove the freeness.

We first treat the case m = 1. Let g;(z1) € Ro[z1] be coefficients such that
> i 9i(21)Qs = 0. Since {€;} induces a basis of M/z; M, we have g;(0) = 0.
Assume ¢; has no terms of degree less than or equal to b — 1 in 27, i.e. we can

write g; = 22h;. Then we have

Since 2? is torsion-free in M, we deduce that Y, h;€2; = 0, which implies
hi(0) = 0. Hence, g; has no terms of degree less than or equal to b. By

induction on b, this implies g; = 0.

The case m > 2 follows from the case m = 1 by a direct induction on the

number of variables. The proof is complete. ]

The k-linear F-bundle (H? e VB ie) /k[y] is given by the D-module inverse
image of (HE"® V5" under the map of R[u]-algebras R[y,u] — R[y,u]
given by y; = S penn Ay x. More explicitly:

HEPE = HEE @, Ky, ul,

13;2;“] B uljz:)‘j (Layiykp*<()\j)*, chv>>w ,

Vo 9([w]) = |La,,, (W) +u

ayi,k
equipped with the u-direction connection

Bvbig o—_ B;blg .
vuau — Gr - VE};lg’
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GrPbe .— 49, + E};ig + i,

where the Euler vector field is given by

; deg(q;)
Ep =% , 0y 0+ >, (L=L(v) = |kDy;x0y, .

1<5<r 1<j<N,keNn

and where the grading on differential forms pp (see Construction 5.4.19) is
extended to a k[y, u]-linear operator. Similar to Proposition 5.4.22, the total

grading operator Gr”® lifts to 75

Proposition 5.4.31. The big Gauss-Manin connection VP9 is flat.

Proof. The underlying (T)-structure of (HZ & VEDbie) is flat, as it is obtained
from the R-linear (T)-structure (Hﬁ’bﬁg, V%big), whose flatness was established
in Proposition 5.4.29. We check the flatness in the u-direction as follows. We
have:

B,bi B,bi B,bi B,bi B,bi B,bi
Vi g bl — 1 GpBhis g Ebie) g hibis b
“u Yj.k Yj,k Y5,k

big
EB

Since the underlying (T)-structure of (HZP & VEbi8) is flat, we have

B,big Bbig| B,big _ _ N B,big
VONE VAN = Vite = —(-tw) - RIVEE (5.432)
We claim that the grading structure is compatible with the connection, in the
sense that
ig wBbi B,bi
{Gerbg, v%ﬂ = —(1— () ~ [K)VEDE. (5.4.33)

When 1 < j < r, the equality holds because V? is flat. When r +1 < j < N,

the equality holds because for any [w] € HP9 we have

GrPP8([fw]) — f;GrPP8([w]) = [¢(v)) fiw],
GrPPe([u'w]) — u ' GrP P8 ([w]) = —[u"w],
GrPPe([\w]) — NP GrPPE([w]) = [[k|NFw],

where we use Lemma 5.4.24 and the homogeneity of the elements f;, u™!

and A\*. Note that f; is homogeneous of degree £(v;) by our choice of lift in
Construction 5.4.28. Now, flatness follows from equations (5.4.32) and (5.4.33),
concluding the proof. O]

Similar to the A-model, we note that the quotient maps k[y] — k[y<,] and
R[y] — R[y<] induce an unfolding of equivariant F-bundles tp: F?¥ — FBbis,
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Proposition 5.4.34. The morphism vg: F? — FPP® is a mazimal unfolding
of k-linear equivariant F-bundles, with cyclic vector given by [Q] := @1 (1),
where 1 € H3(X, k) is the cyclic vector on the A-side.

Proof. We only need to check that F5%# is a maximal unfolding of F? with
cyclic vector induced from [Q]. By definition of B8 for » < j < N we have

<I>mw<{uvg glgi| 0([QD> — (D;TS&:O(ij) —0,.
Yy | ly=u= 2
For 1 < j < r, by Proposition 5.4.26 we have
B,big A
@ml’f‘ < |:UVR78yJ-:| y:uzo([Q]>> — [uvat]:| |t:u:0<1) = O-’U]' .

Since @, is an isomorphism and {o,,,1 < j < N} is a basis of H7(X, k), we

conclude that the unfolding is maximal. O]

Mirror symmetry

Now we can show the big D-module mirror symmetry for X = G/P in the

following sense.

Theorem 5.4.35 (Equivariant big mirror symmetry). There ezists a unique

isomorphism of equivariant F-bundles

((mirﬂi’ig, (D?riigr,k>7 (mirbig7 obiE >> . pBbig __, TAbig
extending the small mirror map ((mirk,q)mmk), (mir, q)mir)) in Proposition
5.4.96.

Proof. By Proposition 5.4.10, we have a maximal unfolding of the small A-model
equivariant F-bundle, given by F4 — FAPe  Composing the small mirror
isomorphism ((mirk,q)mir,k), (mir, CIDmir)> . FA4 — FB of Proposition 5.4.26,
with the B-model maximal unfolding ¢« : FZ — FBbe we obtain another

maximal unfolding F4 — FB:big,

To apply Theorem 5.3.36 and obtain a unique isomorphism F4-bis — FB:bie
we need to check the small A-model equivariant F-bundle satisfies the (GC?)
condition as in Definition 5.3.15. We take v = 1 € Hi(X,k) = HA|,—u—o. After
base change to Frac(R) = k()\), we have the evaluation map of k(A)-modules:

s @ k(WO — Hy (X, k) @ k()), (5.4.36)

1<j<r
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Or; = 11(07,) (1) = 0y, + Ay,

By Lemma 5.4.6, H7(X,k) ® k(A) is generated as a k(\)-algebra by o, for
1 < j < r, so the orbit of v = 1 under the action of R[im y] is the fiber
HA/ (11, ..., Tn, u)Ha@p Frac(R), and (GC’) is verified. The proof is complete.

O

We deduce a non-equivariant limit of the theorem by applying the base-change
associated to the quotient map R — R/(\). This corresponds to setting
A = 0 in all the previous formulas. We use the superscript Ay to indicate
that the non-equivariant limit is taken. We note that since R/(\) ~ k, in the
non-equivariant limit the equivariant F-bundles can be reduced to k-linear
F-bundles (see Remark 5.2.12).

On the A-side, we have 7; = Z)\kTM = T;0. The big quantum D-module
(HAPBA ADiEA) is an F-bundle over k7] = k[, ..., 7n] defined by

2{AbigN0 H*(X, (C) ® k[[ﬂ u]],
VA ,big,\o arj + uflo-vj*bigy)\o’

A,blg,)\o _ A,big,\o A,big, Ao
Vuau = Gr - szigv\o )

where GrP&ro — 49 + Ezig“\o + pa, with the Euler vector field

Ebzg Ao — Z Z (1 - g(vj))TjaTj'

1<5<r 1<j;<N

deg

On the B-side, we have y; = > My, . = 9;0. The non-equivariant big Gauss-
Manin system is an F-bundle (HBPedo VBbPer) over ky] = kfyi, ..., yn]
defined by

HBVE — coker (Ky, u] © Q7 (X}/7) -2 At DV, [y, o] @ Q(XY/2)),
VB ,big, Ao E + aiw
(‘9y]

Vféljig’% = ud, —u'W (by Proposition 5.4.37 below).

Proposition 5.4.37. At the non-equivariant limit, we have VB B — 9, —

uW.
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Proof. In this proof, to simplify notations we drop the superscript A\g. For any
[w] € HPPe we can write w = gQ where g € O(X})[y,u] and © is given in
Proposition 5.4.12(2). We have

VIR (1990 = [udu(9%) + ER*(9)2 + (92| — VI (99)

big
EB

- :uau(gﬁ) + g (g9) — u_lEZig(W)QQ}

= |udu(99) + pp(g92) — u™ ' gGrPPEONQ) + g, (W)Q + guus(WVQ) |

We claim that Gr®P8(WQ) = WQ, or equivalently that W is homogeneous
of degree 1 as an element of O(X))[y,u]. By [27, Lemma 4.3], we have

D (WVQ]) = 1(G/P), hence W is homogeneous of degree 1 since P,
is graded (Proposition 5.4.12(5)). For r < j < N, our choice of lift in
Construction 5.4.28 shows that Gr"(y, £,Q) = ER%(y;) f;Q + yus(f;Q) =
y; f;€). Since W is independent of u, we have

Vi /(1992) = [u0u(99) — W€ + [upis(99) + gun(WQ)].

By [28, Remark 4.13] and the references therein, after fixing local coordinates

(z;); we can write 0 = /\’71 By Lemma 5.4.24, we have

212K

K

(o) = 3 S unl=).

=1

Consider the K — 1 form n = 3K, géazi/iB(ZiQ)- We have:

K
udn = u Z dZ] Ao, (%) +ugy d(baziﬂB(ZiQ))

B,)= 1 =1

= UZ
i=1

and
_ K oW
dW A1 = lzzl T%d% A (gbazi ,UB(ZiQ))
We deduce that
{u,uB(gQ) + QMBO/NVQ)} = [<Ud + dW/\)Ti} =0,

concluding the proof. O
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As a direct consequence of Theorem 5.4.35, we obtain the following non-

equivariant big D-module mirror symmetry.

Theorem 5.4.38 (Non-equivariant big mirror symmetry). The non-equivariant
limit of (mirﬁig, CDbmiigrk) in Theorem 5.4.35 gives an isomorphism of k-linear
F-bundles

Abig o wBbigho) ~ B,big, o ' B,big,\o
(’H v =~ (u v .

This isomorphism is uniquely determined by the non-equivariant small mirror

isomorphism.

Proof. The existence is clear. The uniqueness follows from [66, Proposition

4.27], which applies because the F-bundles are maximal and admit framings. [
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