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Abstract

Part T

The Tinear distributed parameter filtering problem is considered
for systems of engineering interest. In particular, the boundary con-
ditions and observation processes considered represent those encountered
in practice. The intent is to consolidate the theoretical results rele-
vant to engineering applications and to provide a unified structure to
facilitate implementation of these results through a complete and con-
sistent set of formal derivations. When necessary, previous results are
extended.

The types of observation processes considered are

- continuous time, discrete space

- discrete time, discrete space.
The discrete time case includes both instantaneous and Timited time
average observations. And the discrete space case includes both point-
wise and integral observations. Based on the orthogonal projection lemma,
the minimum variance estimate is derived.

To examine the effect of stochastic boundary conditions, second
order systems with mixed and Dirichlet boundary conditions

are considered.

Part II
Aspects of air quality analysis that must be characterized with
statistical methods are considered. The evaluation of air quality models

is considered in detail. First, an evaluation framework is developed.



The significance of evaluations of validity, accuracy and efficiency are
dfscussed. Then, the specific aspect of accuracy assessment is addressed.
The emphasis is placed on practical and objective methods. An extensive
package of specific methods is set forth for use with air quality models.
The package has been coded in FORTRAN. A description of the code is
included.

In an attempt to increase the understanding of characterizations of
long-term data, observed frequency distributions of air pollutant con-
centration ieve]s are critically analyzed with respect to their statis-
tical description. It is demonstrated that several common distributions
can be used to fit observed data, one of which is the popular log-normal
distribution. The observation that concentration distributions for all
averaging times are approximately log-normal can be explained if the
short averaging time data are themselves assumed to be log-normally dis-
tributed. Tﬁe near log-normality of pollutant concentration frequency
distributions can be explained on the basis of the near log-normality of
wind speed distributions, although this explanation does not establish
that wind speed distributions are solely responsible for observed con-
centration distributions. It is concluded that pollutant concentration
frequency distributions are the result of complex phenomena and cannot be
predicted exactly, but that the approximate Tog-normal character of the
distributions is useful from a practical point of view and can be under-
stood qualitatively on the basis of the relation between wind speed and

concentration.
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PART I. LINEAR DISTRIBUTED PARAMETER FILTERING: OBSERVATION PROCESSES
AND BOUNDARY CONDITIONS FOR ENGINEERING SYSTEMS



Chapter 1

Introduction



Research concerned with the linear distributed parameter filtering
problem has matured to the stage at which a unifying presentation of
the problems, the derivations and the results is beneficial. As our
orientation is to eventual applications, we emphasize completely
specified results for the problems we consider. We define the linear
distributed parameter filtering problem in a consistent manner for a
variety of observation processes and boundary conditions. All of the
filter derivations are based on the orthogonal projection lemma. In
this chapter we introduce the filtering problem and specific problems

and aspects to be studied.

1.1 Introduction

In this work we develop linear distributed parameter filters for
systems with boundary conditions and observation processes of the types
encountered in the analysis of engineering systems. This first section
consists of a general introduction to the filtering problem, with par-
ticular reference to alternative types of boundary conditions and ob-
servation processes. The purpose of sdch a general introduction is to
provide a basis for the summary of previous theoretical work presented
in Section 1.2. The particular systems and observation processes we
consider are specified in the final section of the chapter.

The linear distributed parameter fi]tering‘pfob1em deals with
estimating the state of a stochastic systém governed by an equation of
the type ‘
%% = Lxu + Gw



where u is the state vector of the system, w a stochastic input, Lx a
linear partial differential operator, and G a matrix. (The system will
be more carefully defined later.) We desire to estimate the state based
on observations of the system. Due to the fundamentally random nature
of physical processes, these observations are corrupted by random
errors. The observations are expressed in the form
z=Hy +v

where z is the observation vector, v a random observation error, and H
a bounded linear operator.

There are a number of possible variations to this basic problem.
We are concerned, in particular, with the different types of boundary
conditions and observation processes. In the derivation of the dis-
tributed parameter filters, it is frequently assumed that the boundary
conditions are deterministic, i.e.,

Bxu ) hb
where Bx is an appropriate linear operator and hb is a known determin-
istic function. A more general form of the boundary conditions includes
both deterministic and stochastic inhomogeneities,
Bxu ) hb * "

where Wy is a stochastic function. Although there are many systems for

which deterministic boundary conditions apply, for the majority of

real systems stochastic boundary inputs will be present.



(V)
.

Relative to the observation processes, the most frequently con-
sidered process in theoretical developments is, in fact, physically
impossible to implement. In this case it is assumed that observations
are taken continuously in time and at every point in the spatial domain
In practice, observations are generally made at discrete locations, with
the sampling being point-wise or integral. For certain state variab]es
it is possible to make observations continuously in time, but frequently
it is preferable, or necessary, to sample discretely in time on either

an instantaneous or an average basis.

1.2 Distributed Parameter Filters: Summary

The last decade has been a period of active research on the distrib-
uted parameter filtering problem. Through both rigorous and formal
approaches a reasonably complete theory and set of algorithms have been
developed. In the following tables this progress is summarized. Our
focus here is on the formal development of filters useful for linear
engineering systems. For completeness, references to rigorous theories
and to filters for nonlinear systems are provided in Tables 1.6 and 1.7
respectively.

Some background references to the study of distributed parameter

systems are given in Table 1.1"A summary of the references to formal
approaches for the linear f11tering\prob1em is given in Table 1.2. In

Tables 1.3 — 1.5 these referenceénare further discussed.



Table 1.1

Distributed Parameter Systems -

Background References

Reference Comments

Athans 1970 Discussion of tentative approaches to unsolved
problems in the practical implementation of the
theories of distributed parameter systems.

Robinson 1971 Survey of control--theory and applications.

Curtain 1975a Review of filtering theory. Focuses on the
rigorous theories.

Polis and Survey of parameter identification--theory and

Goodson 1976 applications.

Ray 1977a Survey of filtering--theory and applications.

Ray 1977b Survey of control, filtering and identification--
applications.

Tzafestas 1978 Extensive review of all previous results in

distributed parameter filtering.




continuous

OBSER-
VATIONS
IN SPACE

Discrete

*
Observations continuous on the boundary.

Table 1.2

Formal Linear Distributed Parameter Filters
Classified by the Type of Observation Process Considered

OBSERVATIONS IN TIME

Continuous

Discrete-Instantaneous

(Table 1.3)

Tzafestas and
Nightingale 1968a, b

Tzafestas 1969,
1972a, b, 1973

Meditch 1971
Atre 1972

Atre and Lamba
1972a, b, c*

Kumar and Sage 1972

Shukla and
Srinath 1972

Padmanabhan and
Colantuoni 1974

Reddy and Rajamani
1975a, b

Lee 1976

Padmanabhan and
Colantuoni 1974

(Table 1.4)
Thau 1969
Meditch 1970™%, 1971

Sakawa 1972

Shukla and
Srinath 1972

Tzafestas 1972a

Padmanabhan and
Colantuoni 1974

(Table 1.5)
Thau 1969

Padmanabhan and
Colantuoni 1974

Aidarous and Ghonaimy
1976

A single integral observation.
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1.3 Specification of the System and Observation Processes

As stated in Section 1.1 we are interested in the linear distrib-
uted parameter filtering problem for systems with stochastic boundary
conditions and for observation processes that are dis-
crete in space. In this work we present a unified discussion of these
particular problems. First, in Chapter 2, we treat the problem of
discrete spatial obéervation processes for linear systems with deter-
ministic boundary conditions. Three types of discrete spatial observation
processes are considered. They are:

- continuous time

- discrete-instantaneous time

- discrete-average time.

Then, in Chapter 3, we show how these results can be extended in
specific cases to systems with stochastic  boundary conditions. We
have chosen to consider a specific class of Tinear systems
and two types of boundary conditions. This allows us to completely
specify the results. In most previous work, consideration of more
general cases has necessitated leaving unspecified functions in the
final result, '

Tables 1.8 and 1.9 summarize the cases considered in this work and

1ist other references, if any, also containing the filters.

)
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Table 1.8

Linear Distributed Parameter Filters Considered in Chapter 2

Qo

System: L Lxu + G(x, t)w(x, t) + h(x, t) xeD £ %

(o3

Boundary Conditions: Deterministic, Bxu = hb xedD

Observation Process - References Also
Discrete Space Containing Filter
Continuous Time As indicated in Section 1.2,

this filter is widely available.
z(t) = { M(x, thu(x, t)dD, + v(t) (For example, see Sakawa, 1972
D or Padmanabhan and Colantuoni,

1974.,)
Discrete-Instantaneous Time Padmanabhan and Colantuoni,1974,
2(t,) = JDM(X, gulx, t)dD + v(t,)
Discrete-Average Time None
t
z(tk) = J k J M(x, t)u(x, t)dD_dt
X
tk -1 D

+ v(tk)




Table 1.9

Linear Distributed Parameter Filters Considered in Chapter 3

2

au 3 "u

System: =% = a,(x, t) =5 + a,(x, t)
2 2 1

8 X

0 <x <1 0<t

Boundary Condition

32 + OLO(X, t)u + G(x, t)w(x, t) + h(x, t)

References Also Containing Filter

Mixed

[¢1<t>a2(1, £) QU el(t>u] .

= hl(t) + wl(t) 3 9 nonsingular

Dirichlet

el(t)u = hl(t) + Wl(t) ;

x=1

91 nonsingular

None for the specific system
considered. Another second
order system has been considered
by Sakawa (1972).

None

Observation Process: Discrete Space; Discrete and Continuous Time



We now specify the system and observation processes considered.
The n-dimensional state vector, u(x, t), is governed by the partial

differential equation

Lu =28 - Lu=G6(x, t) wx, t) + h(x, t) (1.1)
defined for t > 0, xeD. The domain, D ,is a connected subset of £-
dimensional Euclidean space Rt with boundary surface 3D. LX is a Tinear,
partial differential operator with respect to the spatial coordinate x.
w(x, t) is an n-dimensional stochastic input, white in time, h is a

known n-dimensional input, and G(x, t) is a known n x n matrix.

The initial condition for (1.1) is
u(x, 0) = uo(x) (1.2)
*
and the boundary condition 1is
B U = hb(x, t) + wb(x, t) xedD (1.3)

where Bx is a linear operator. When the stochastic terms are absent,

the problem is assumed to be well-posed.

*
As indicated in Table 1.9, only for a specific class of these systems
is the full stochastic boundary condition problem considered.
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The initial condition is unknown, with its first two moments given,

E{up(x)} = up(x)

(1.4)
e ugx) = Tolx)) (uglx') - Tolx"))T} = Polxs x').
The stochastic inputs have the following properties

E{w(x, t)} =0

(1.5)
EQulx, £ wiix's £} = alx, x', 1) s(t - t')

E{wb(x, t)} =0

(1.6)

E{wb(x, t) wg(x', t')} = Qb(x, x', t) &(t - t')

where Q(x, x', t) and Qb(x, x', t) are non-negative definite n x n matrix
functions. (The matrix S(x, x', t) is said to be non-negative definite,
in a generalized sense, if f J nT(x")S(x", x" 5 t)n(x" )dD wdD w = O
for all n(x).) b

We are interested in observation processes in which there are p
discrete observation locations. zi(t) denotes the m-dimensional obser-
vation vector at the ith observation location. Observations may be made

in the domain or on the boundary., We employ the compact notation (Kumar
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and Seinfeld, 1978),

todenote the overall pm-dimensional observation vector. The three types

*
of observations considered are

1

continuous time

z(t) = JDM(x', t) u(x', t) dDX. + v(t) (1.7)

discrete-instantaneous time

z(tk) = [DM(x', tk) u(x', tk) de. + v(tk) (1.8)

discrete-average time**

t
260 = | © ] M, o) ul, t) a0 det + vt ), (1.9)
o1 D '

M(x, t) is the known overall pm x n observation matrix, and it represents

a matrix consisting of the p observation matrices at the individual

locations, i.e.,
Ml(x, t)

M(X, t) = s ®,

L]

Mp(x, t)

. :
T?e following chart explains the temporal observation process nomen-
Clature,
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Temporal Observation Process Nomenclature

System ]Continuousl
u(t)
v/

Sampling [Instan’]caneoﬁ

Observation
Process

Transmission |Continuous| |Discrete| [Continuous| [Discrete]

z(t) z(tk) z(t) z(tk)

The recording of observations may be considered as a two-step

process; sampling the system and transmitting the observations. For a
continuous system, we may sample a system either in an instantaneous

or in an average manner and then transmit the result either continuously
or discretely. We consider three of these processes. The fourth,
continuous-average or moving average as it is commonly referred to, is
not considered.

**In the case of discrete-average observations the observation noise includes
both sampling and transmission noise. The noise occurring in the sampling
process is averaged over the interval t, to ty_j. Thus, Equation (1.9) may

be expressed ty . ty
2 = [ [ mesenute enmee + [T g0t vl
tgy D -1 (1.9a)
where
ty
W) = [ vslenae + vy,

Yg

t
k-1
is the sampling noise and Vo is the transmission noise. For Vg and Vo

defined as independent white noises with properties

and

Equation (1.12) can be expresse

Elvg(t)vg(t')} = Rg(t)s(t - )
ECvp(t)ve(ty)) = Rp(t)ey,
t

vtV (6 =R(5 )8 = || Rg(edat! + Relt)| 8- (1.12a)

t-1
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The observation noise, v, is a pm-vector, assumed to be zero-mean and

white. For continuous time observations the properties of v(t) are

E{v(t)} =0
; Ry, q(t)e Ry (1)
E{v(t)v (t')} = R(t)s(t - t') = | : s(t - t')  (1.10)
Ro, l(t)"'Rp, p(t)

where R is a known positive definite pm x pm matrix and
Edvs (EVI(E) = Ry s(0)a(t - £ (L.11)
J 1]
Similarly, for discrete time observations the properties of v(tk) are

E{v(tk)} =0

Ry, 1(tdeoRy o)
E{v(tk)vT(t1)} = R(t) 6 = | : : 51 (1.12)

.l(tk)r'°R ) (tk)

RP, ps P

where R is a known positive definite pm x pm matrix and

T ) H
E{vi(tk)vj(t])} - Ryj(t )8y (1.13)
Finally, Ugs Ws Wy and v are all defined to be independent of each other.

The observation processes have been expressed as integrals over the



domain D. In applications one usually has point-wise observations. By
taking the Timit to small volumes of integration we can represent such

a process. The observation matrices become

Mi(x, t) = Mi(t)G(x - xi) % 15 sses B
and the observations are
'zi(t) = Mi(t)u(xi, t) + vi(t) 1= 1y eons Be
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Chapter 2

Distributed Parameter Filters:

Deterministic Boundary Conditions
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In this chapter we present the Tinear distributed parameter filters
for the three types of discrete space observation processes defined in
Chapter 1. We specify the filtering problem, summarize the results, and

derive the filters.

2.1 Introduction

The system and observation processes we consider are as given in
Section 1.3 with deterministic boundary conditions. Stochastic
boundary conditions are considered in Chapter 3. In Section 2.2
we introduce the necessary notation and define the estimate we seek.
The filters for the three observation processes are presented in Section
2.3 and derived in Section 2.4. The derivations follow the formal pro-
cedure of Tzafestas and Nightingale (1968a) and are based on the ortho-
gonal projection lemma (see Appendix A).

There are three differences in the exact specification of the
problems considered in the derivations and in the summary, Table 2.1.
These differences arise because of differences in the purposes of the
derivations and the summary. In the derivations we wish to present the
essentials of the filtering problem uncluttered by slight extensions.,
However, in the summary we wish to present the filters in forms more
useful for applications. The three différences are stated in the

following table.
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Derivations Summar
Spafia] Observations Integral Point-Wise
Deterministic Inputs h=0
hb =0 hb
Mean of Initial Condition Ub =0 [

2.2 Specification of the Filters: Notation and Criterion

We begin by defining the following terms:

u(x, t|t") Optimal estimate of
u(x, t) based on
observations through
time t',

u(x, t|t)

u(x, t) - u(x, t|t') Error in estimating
u(x, t) by the
optimal estimate.

u(x, t)

u(x, tjt')

]

edutx, £)t0iT(x', £ ey
Pixs tlt"; x', tit")

Plxs £[t's %' VL™
Pixs x¥y £]8)

1]

P(x, x', t) = P(x, tlt; X', tlt) Er‘r‘or“ covariance
matrix.
w(ix, t[t") : Any admissible esti-
: mate of U(x, t).
n(x) . Arbitrary vector.

A ~
where u, u, w, and n are n-vectors and P is an n x n matrix.
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To facilitate working with the optimality criterion, we introduce

the following inner product and norm,

¥ =<n(), yx)> = [ alxy(edan,,
D

(Y5 Y,) = E{<n(x), yq(x)><n(x), yp(x)>}

1

[ ] el (Ovgixendntxt o,
D D

Hen?= o0 = [ [ aTeeely ey Tt nge e, g,
D D

where y is an n-vector,
We seek an estimate at time t which is unbiased and the optimal
Tinear combination of the observations through time t. The two forms

of the estimate for the case uy =0, h =0, hy =0 are
t
olx, £[6) = 7 B(x, £, t)z(t)de! (2.1)
0

for continuous time observations and
k
U)(xs tkltk) = Z B(X, tk’a’ tj>2(tj) (2.2)
j=1

for discrete time observations. Thus, to/find the optimal w we must find
the optimal B. The optimal B(x, t, t') is denoted A(x, t, t'), i.e.

ke, t] = Jt Alx, t, t9)z(t')dt",
0
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The criterion for optimality is that the error covariance matrix

be minimized. That is, we seek to minimize the scalar function

- {U n () (ulx's £) - ulx' tlt))de']Z}
D

for all n. Or, as expressed in the inner product notation; we seek

A

U, such that
Hull = J[u- e (2.9)
for all Q.

2.3 Summary of Results

The filters derived in this chapter are summarized in Table 2.1.
For all three of the observation processes, the initial and boundary

conditions are

Q(x, 0) = Tx) (2.4)

Plxs; x's 0) = P [x, x*)

0(
and

BXU(X) = hb(x’ t)
xedD S (2.5)
BXP(x, x', t) =.0.
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For the discrete-average observations, a boundary condition is also

required for P(x, t|tk o X t']tk _p)e Itis
B, P(Xs tlt, _ g3 x's t't, ;) =0, xedD. (2.6)

2.4 Derivation of the Filters

The approach taken in this chapter to deriving the filters is based
on the orthogonal projection lemma. The orthogonal projection Temma
la)
characterizes the optimal estimate, U, of the state, U, out of the set
of admissible estimates Q. The lemma states
JU=-UJ]l = J]U - a] if and only if

(U-U,q) =0 (2.7)

for all Q, and furthermore, if another estimate U' also satisfies (2.7),

then
10 -d =0 . (2.8)

2.,4.1 Continuous Time Observations

For the continuous time observation process the optimality con-

dition, Equation (2.7), becomes
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[ ] e jt e, £)2 ()
D D . (2.9)

- BT(x™, t, t')dt' n(x" )dD udD u = O

for all n and B,
The following theorem leads directly to the criterion for A(x, t

3

t'), the optimal B(x, t, t').
Theorem 2.1

0(x, t) satisfies the optimality condition, Equation (2.9), if and
only if
. T e _ !
Efi(x, t) 2' ()} =0 L t>t (2.10)

Proof

Sufficiency: Obvious

Necessity: Let B(x, t, t') = E{ﬁ(x, t)zT(t')}. Then (2.9) becomes

t
jOJD JDHT(xlI)B(x'l, ts t')BT(x"_‘ , t, t')n(X'")de..de," A

g will be non-negatfve definite and thus not satis-

Unless B = 0, BB
fy this equation. Thus, (2.10) holds. #

We will find it expedient to write Equafion (2.10) as

t
Efu(x, t)z'(t")) - J Alx, t, t)E{z(t)2' (¢ ) dt" = 0, t> t' (2.11)
0
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and
Efi(x, t)aT(x', t')} =0 , t =t (2.12)

follows directly. Equation (2.10) will be referred to as the Wiener-
Hopf equation (for continuous time observations).

In a sense, the filtering problem is solved; we have in Equation
(2.11) an implicit equation for A. However, the form of Equation (2.11)
is impractical in that it is not recursive. We proceed to find the
more practical, recursive filter. |

Consider the derivative of the Wiener-Hopf equation with respect to

time. Using the form in Equation (2.11) we have

E [Q!igi_il zT(t')} - Alx, ts t)E [z(t)zT(t'ﬁ

t 1}
-J 2Ax, £, t) E{z(vWthW] dt" =0 , t>t'. (2.13)

After rearrangement, use of (2.11), (1.7) and (1.1), and attention to

the stochastic properties of v and w, Equation (2.13) becomes

dA(x, t, t")
at

Jt {LXA(X, t, t%) - Alx, t, t) {

M(x', t)A{x‘, s t")de.-
0 v

D

CE {2(tM)2T(t)) dt" =0 Lt >t . (2.14)

We now show that
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LXA(x, ts t') = Alx, & £) jD M(x', t)A(x', t, t')de.

A(x, t, t') _

bt ’ t Ztl o (2.15)

Proof of Equation (2.15)

Let C(x, t, t') denote the left hand side of (2.15). Then if
A(x, t, t') satisfies the Wiener-Hopf equation, so does A + C.

Thus both

t
a(x, t) = JO A(x, t, t')z(t')dt’ and

t
a'(x, t) = J [A(x, t, t') + C(x, t, t')]z(t')dt’
0
are optimal estimates of u(x, t). By the orthogonal projection

lemma (Equation (2.8)) we have

JSIZJDJD nT(xmeter, ¢, e {2(em)2 (¢)

. CT(X'", t . tlll).n (xlll)de "dellldt"dtl" - 0 .

But E {z(t")zT(tm)} can be shown to be positive-definite. Thus
C= 0, and (2.15) holds. # i
Equation (2.15) is used to find a differential expression for G(x, t).

Taking the derivative with respect to time of the defining equation for
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u(x, t), we have

A t ‘
au'(‘a‘—lxé t = A(X, t, t)Z(t) g JO aA(x’aE’ t ) Z(t')dt'. (2-16)

Substituting (2.15) into (2.16)yields,

%% (x, t) = Li(x, t) + Alx, t, t)
. {z(t) - JD M(x', t)a(x', t)de.} ] (2.17)

The gain, A(x, t, t), remains to be determined. We will make a
notational change and denote A(x, t, t) as K(x, t). Starting again

with the Wiener-Hopf equation and using (2.12) and (1.7) we have

fD E{i0 tuT(x', t)pmT(x", £1)dD,

_JDE{ﬂx,tﬁwxh'ﬂ)}wkf’twd%'

+ € {ulx, ()} - efitx, V(e } =0, et (2.18)

which reduces to
[E{G(x, D (x', t-)}MT(x', t)dD, . = Alx, t, tOR(t') , t> t'. (2.19)
D

Both sides of (2.19) are continuous in t, thus we can take the limit

t' > t. Doing so results in
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K(x, t) = jD P(x, x', t)MT(x', t)dDX,R"l(t) . (2.20)

The estimate 1s specified by Equations (2.17) and (2.20) and the
initial and boundary conditions

G(x, o) =0 (2.21)
Bxﬁ(x, t) =0,  xedD . (2.22)

We can now derive the equation for the error covariance matrix.

The error, u(x, t),is given by

[

QO
ct

(x, t) = Lxﬁ(x, t) - K(x, t) JD M(x', t)u(x"', t)de.

+ G(x, t)w(x, t) - K(x, t)v(t) , t>0, xD. (2.23)
With initial and boundary conditions
u(x, 0) = uy(x)
Bu(x, t) =0 , xedD . (2.24)

The solution to this partial differential equation can be expressed in

terms of the Green's function matrix ¢, as follows

: t
u(x, t) = jD %, T x", 0)%)(x“)d0;“'+ jO jD H{xs T x"s £")

B0, Elx, ) - K(x, E)v(E) ) dDudet L (2,25)
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where
§_. . ! { = . ] '
5 o(x, t; x', t') Lx®(x, tr 2's ')
- K(x, t) J M(x", t)a(x", t; x', t')de“
D
Time |, ev0(x, t5 x', t') = I8(x - x') (2.26)

o(x, t; x', t') =0 , xedD .

Directly from the definition of P(x, x', t) and (2.26) we can determine

P to be given by

14

1 - [ ' )
5t (X, X t) = pr(xy X t) + P(X, Xy t)LX'

- K(x, t)R(EK (x', t) + 6(x, £)Ax, x', )G (x', t)

(2.27)
P(x, x', 0) = Py(x, x') (2.28)
P(x, x's, t) =0 , xedD . | [ 2.29)

The complete filter is given by Equations (2.17), (2.21), (2.22),
(2.20), (2.27), (2.28), and (2.29). These equations can be rewritten in
terms of the individual components of the observation matrix and R as

follows (the initial and boundary conditions remain unchanged),
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=L U(x, t) # J Pix, x", t) ;?i:: ;2{:: M. (x", t)R*(x s R B)

= 1 =

{ (t) - JD ML (X", t)a(x™, t)dD ...} o (2.30)

Q|
ol
’\

BP (] _— [] ] T
51-(x, x', t) = LXP(x, x', t) + P(x, x', t)LX.

+ G(x, t)Q(x, x', t)GT(X', t) - JDJ Pix. X", Z Z

J=1 J=
T n i‘ " m
. Mj(x , t)R (xj, X3 t)Mi(x ' t)P(x", x', t)dDﬁ.deu.(2.31)

2.4.2Discrete-Instantaneous Time Observations*

In considering discrete time observations we divide the problem
into two parts, prediction and up-dating. During the interva]
ty 1 <t <t nonew information is available, thus we predict an
estimate_of the state based on the past estimate at time te -1 At
time t, an observation is recorded and we up-date the estimate based on
this observation.

The prediction equations were derived by Tzafestas and Nightingale
(1968a) and are given in Table 2.1. We derive the up-date equations.

Using difference equations instead of differential equations, the
procedure of Section 2.4.1 for continuoué time observations is followed

here for discrete-instantaneous observations. From the orthogonal pro-

- .
The orthogonal projection lemma is applied in Appendix B to discrete

time observations of lumped parameter systems.



jection 1ehma, the optimality condition, Equation (2.7), becomes

(x");zi:: Hx", ) 2T(t) BT (x", £, t;)n(x" )dD, udD,w = 0 (2.32)

for all n and B.

The theorem for the Wiener-Hopf equation is now stated.

Theorem 2;@

u(x, tk) satisfies the optimality condition, Equation (2.32), if
and only if

. T _ B

Proof

Follows directly from Theorem 2.1. #
Again, Equation (2.33) will be referred to as the Wiener-Hopf
equation (for discrete-instantaneous observations), and the following

forms will also be useful.

k

ulx, t)z' (¢} - Z Alx, ty £)E {2(t5)2'(t;)

3 =1

{]
o
v

1< i

IA

k  (2.34)

W(x, 58 (x', t) =0, 121 =k (2.35)
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Consider the difference of the Wiener-Hopf equation at times tk and

te Z10

- T w~ T :
E ju(x, tk)z (ti)] - E {u(x, L 1)z (ti) =0,1<i=<k-1. (2.36)
Using (2.34) and rearranging terms we have

E{[u(xs 1) - ulxs t ]2 (e ] - Al o BIE [2(8)27(t))]
k=1 : :
- 22:: [, ts t5) = ALk, b _ps t)] E {2t (8))]

4= 1
=0 , 1=i=sk-1. (2.37)

The state, u(x, tk),can be expressed in terms of the Green's function

matrix, ¥, as follows

u(x, t,) = JDw(x, tes x's b ulxts g 404Dy

t
+ J ; J (%, ts x', )G(X', tw(x', t1)dD,dt"
L D

k -1
(2.38)
where a—y-(x £ x', ') =L w(g t: %Y, )
at 9 b 9 x (9 9 9
1im allx, ts x', t') = I8(x - x')
t=>%
Y(x, t; x', t') =0 , xedD. (2.39)
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After rearrangement, use of (2.38), (2.34), and (1.8), and attention to

the stochastic properties of v and w, Equation (2.37) becomes

k -1
> {[L?(x, fs X'y b DAY b s £d0 - AG s tji]
J=1

AR o )| ] ML g0vcL g g DA b g, a0,

- [AG b b)) - AGG b tj)]} E {z(tj)zT(ti)} =0,1=isk-1.

In aproof analogous to that for Equation (2.15) we can use the orthogonal

projection lemma ( Equation (2.8)) to prove the following

[an(x, tes x5 t l)A(x', te - 1o tj)de' - A(x, LA tj)]

- Alxs ts tk)IDJD MOx"s t W (x's £ 3 x"s b A" £ s tj)de"de.
-[AG o t) = At s )] =0, 15 k-1 (2.40)

Taking the difference between Q(x, tk) and G(x, ty . 1) and sub-

stituting (2.40), we find a recursive equation for a(x, tk),
u(x, t,) = JDW(x, tes X' )0k T, b )dD Ly + A(K, s t)

'{z(tk) - JDM(X', t,) !Dw(x', tes x"s b 1)G(x", t, 1)de..dDX.}
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= G(x, tlt, )+ A, s t) {2(t)

JD M(x', ¢ )a(x', t e, )do L), (2.41)
where 0(x, tkltk _ 1) is the previously defined optimal prediction of
u(x, tk).

Alx, t,» t,) is determined by substituting Equations (2.41), (2.35),

and (1.2) into the Wiener-Hopf equation for i = k. Renaming A(x, tyo tk)
to be K(x, tk) we obtain

E‘{[[y(x, tk) - u(x, tkltk } 1)] - K(x, tk)[D M(x', tk)
s ulx's t) - G0x', )t ]dD - K(x, tIV(t) ]

.[L M(x"’ tk)[u(X", tk) _ G(X"’ tk|tk _ 1)]dDX" + V(tk)]T} = 0

(2.42)
and thus,
K(x, t,) = f P(x, x", t, |t )MT(x"' t, )dD_m
* kT A B L T | » /TP
D
. ] ] " T "
{JDJD M(x", t )P(x", x", tklgk _m(x, t)
. 0 -1
de.de" + R(tk)! = (2.43)

The up-dated error covariance matrix is determined by direct sub-

stitution. It is
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P(x, X's tk) = P{x, x', tk|tk _ 1)
- J P(x, x", t, |t )MT(x“ t,)dD KT(x' %) (2.44)
S Lk B | » Ly /A0 s Yo .

The up-dated filter is given by Equations (2.41), (2.43), and
(2.44). These equations can be rewritten in terms of the individual

components of the observation matrix and R as follows,

u(x, tk) = u(x, tkltk _ 1)

p p
" T, m K*
R D DI e
j=1i=1

.{Z-‘(tk) - JDMi(x"’ tk)a(x"; tkltk - l)den }delll (2.45)

P(x, x', tk) = P(x, x', tkltk ) 1)

p P
" T, m
- JDJDP(X, x"y t lt, ) E E Mi(x75 )
jel i=1
# n " ]
Ko (M (x"s £ )P(x", x', t lt, _ 1)dD, udD (2.46)

f . " " T, m
K.. = JDJDMJ'(X ’ tk)P(X s X tkltk - 1)M1(X

5 £ )dDudD i+ Ro(ty)

(2.47)

2.4.3 Discrete-Average Time Observations

For the discrete-average time case the filter derivation proceeds
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essentially as in Section 2.4.2. The differences that do exist arise
because z(tk) contains information from the entire interval t, _, =

£t = tk that has been compressed into one datum. The derivation will be
sketched here.

The Wiener-Hopf equation for discrete-average time observations
is identical to the one for discrete-instantaneous time observations,
Equation (2.33). Equations (2.34) and (2.35) also apply. After taking
the difference of the Wiener-Hopf equation at times tk and tk _ 1 We can

prove the analog to Equation (2.40), which is,

UDW(X’ tk; x.s tk - I)A(X', tk - 1’ tJ)del = A(X, tk - 1’ tJ)]

t
k 1 ' ) [N " ]
Sl b 1| C [ M, ewc, e e b DA g tg)
Be-
© dD udD, et - [A(x, b, t5) - Alx, t _ s t)] =0, 1= ik 1.

(2.48)

Taking the difference between (x, tk) and Q(x, ty, _ 1% after considerable

rearrangement and introduction of U(x, t'ltk _ 1) we have
Q(x, t,) = 0x, tlty, ) + AKX, g, t)

t
‘ {z(tk) - J . JD M(x', t')a(x", t' e, _ )dD ,dt’ ¢ .

t
k-1 (2.49)
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Again, renaming A(x, teo tk) to be K(x, tk), we employ the Wiener-Hopf

equation at i = k and determine K(x, tk),

t
- k . ! ' T ] ] 1
K(x, t,) = Jt JD P(x, Lt oo X' vt 1)M (x', t )de.dt
k -1
e 1)
. M(x', t')P(x', t'[t ; X" Bt )
k-1 %> k -1
t, _1't .’D’D
. MT(x" t")dD_.dD,dt"dt' + R(t,) = (2.50
; D K : .50)

The up-dated error covariance matrix is
] = ]
P(x, x', tk) = P(x, x', tkltk _ 1)

b
- th IJDP(x, el _ s x" Mt )

M (x", t")de"dt“KT(x', t,). (2.51)

In the equations for K(x, tk) and P(x, x', tk) we need the value of
P(x, tltk _ps Xt t'ltk _ 1) fort, _,=st'< ts t . This is straight-
forward to determine from the prediction equation. P(x, tltk _ 1;x‘,t'!

t 1) is given by

¥ (x, tlt, 43 x's t't, )= QEI:(x' £t 5% tlt, o)
5t o BT s XD Y ) =g L U s x bty

= LP(x, tlt, _ 45 %' tht, _) st Sttt (2.52)

k



with initial condition P(x, t'ltk _p X' t'ltk _ 1) given by the
prediction covariance equation and boundary condition

BXP(x, tltk _ps X t'ltk _ 1) =0 , xedD.

The up-dated filter can be rewritten in terms of the individual com-

ponents of the observation matrix and R as follows,

t
A - k sxyME "

p p .
e T 11} 1]
PRRCIRTATS
=1 1i=1
z.(t,) - th J M. (x", t")G(x", t"|t )dD dt"]dD dt™
157Kk t ] ’ ’ k - 1 x" o
k -1

{2.53)

t

| k C
P(x, x', t,) = P(x, x', t |t ) - J J J J
? * %k ’ k' "k -1

t, {07t D

3 . T +
. 1] n n n
P(x, tylt, _ g5 x" t"t, _ ) E E : My (", £K5 ()
j=1 i=1

CM(x", P, e s x's tylt o 4)dD, .dthdD,dt"
‘ (2.54)
K (t,) = th J th J M. (x" t")P(XL t"lt <X tmlt )
Jittk D)t D3’ SR S LA S

!

° T " " 1] 1" | “ | ‘
MI(x", £")dDdt"dD, udt" + Ry (ty) - (2.55)



CHAPTER 3

Distributed Parameter Filters:

Stochastic Boundary Conditions
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In this chapter we present the filters for linear distributed param-
eter systems with stochastic boundary conditions. Such boundary con-
ditions contain both deterministic and stochastic terms and are of the
form

Bxu = hb * b

where hb and W, are deterministic and stochastic functions, respectively.

3.1 Introduction

A specific class of systems from those given in Section 1.3 is con-
sidered in this chapter. In most previous work, consideration of more
general cases has necessitated leaving unspecified functions in the
final result. Consideration of a specific class of systems enables us
to derive the filters completely such that no additional functions need
to be determined for implementation. The class of systems we consider is

Domain, D - one dimensional

Spatial Operator, Lx - second order partial differential operator

Boundary Operator, B, - mixed or Dirichlet.

X ;
Many engineering systems are of this class and the extension to different
domains, in particular, higher dimensions,?invo]ves no new concepts
relative to filtering theory.

We shall see that the effect of the stochastic
boundary conditions on the filter is independent of the observation

process. (There is one interesting exception; the case of Dirichlet
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boundary conditions with observations on the boundary. This is dis-
cussed in Section 3.3.2.) Although we do not discuss continuous time,
continuous space observation processes, such processes are, as noted in
Chapter 1, frequently considered in the literature. We note that the
results presented in this chapter can be applied directly to such
processes.

Section 3.2 contains the specifications of D, Lx’ and Bx and the
summary of the results. Sections 3.3.1 and 3.3.2 contain the derivations
of the filters for mixed boundary conditions and Dirichlet boundary con-

ditions, respectively.

3.2 Summary of Results

As discussed in Section 3.1, the system we consider is as follows

Lu = gz L o = G(x, t)w(x, t) + h(x, t) xeD, 0 <t (3.1)
where
2
Lx- 2(x t) x +OL1(X t)a +0L0(x t) (3.2)

and D is the normalized interval 0 < x < 1, with initial condition

u(x, 0) = uO(x), and boundary conditions |

Bou

[ttt 0 T o] 1 <ml) s ugle) (3.3

1]
N =

%u=PﬂU%u,ﬂg%+%HN]x_ hy(t) +wi(t).  (3.4)

|
—



The stochastic boundary inputs, o and Wy, are independent, zero mean,
and white with covariance matrices Qo(t) and Ql(t), respectively. The
coefficients a, ¢, and 6 are nxn matrices. The boundary conditions

are considered in three cases,

Case I - mixed (flux and state terms); 9% and ¢1 are nonsingulars

observations in the domain, D, and/or on the boundary

Case II - Dirichlet (state term): eo and 61 are nonsingular, ¢0 =

¢1 = Q;observations restricted to the domain

Case III - Dirichlet (state term); 60 and 81 are nonsingular, ¢O &=

¢1 = 0;observations on the boundary and in the domain.
It will be clear that the filters for combinations of the above cases
(e.g. ¢0 =0, ¢1 nonsingular) follow directly from the three cases con-
sidered.

For Case I, the three observation processes discussed in Chapter 2
are all considered. The partial differential equations for {(x, t) and
P(x, x', t) are not affected by the stochastic  boundary
conditions for u(x, t). These partial differential equations are those
presented in Table 2.1 for each of the respective observation processes.
The single set of boundary conditions in Table 3.1 for Case I applies to
all of the observation processes considered.

Similarly, for Case II, the partial d%fferentia] equations for
i(x, t) and P(x, x', t) are those presenteq=in Table 2.1 for each of the
respective observation processes, and the/éihéle set of boundary con-

ditions for all three observation processes is given in Table 3.1.
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For Case III, the results indicate that if the system boundary con-
ditions are of the Dirichlet type then only for continuous time obser-
vations is it useful to take observations at the boundary. Thus, we will
only be concerned with this type of observation process. The boundary
conditions in Table 3.1 for Case III apply only for continuous time ob-
servations. The partial differential equations for G(x, t) and P(x, x',
t) are those presented in Table 2.1 for this process. Discrete time
boundary observations need not be considered for reasons discussed in

Section 3.3.2.

3.3 Derivation of Filters

The central concept in these derivations is the formal use of the
Green's function form of the solution for a partial differential
equation to show that a boundary inhomogeneity may be represented in the

differential equation, (Stakgold, 1967; Sakawa, 1972).

In the derivations, only the x = 1 boundary condition will be taken
to be stochastic. The x = 0 boundary will be taken to be deterministic.
The effect of the stochastic term at x = 0 will be obvious and is included
in Table 3.1. At both boundaries we set the deterministic term equal to

0 to avoid obscuring the derivations.

Before treating Cases I and II separately and in detail, we develop
here the common elements of these dérivations. Much of the background
mathematical development is identical in these derivations and they
follow the same logical arguments. (The derivation in Case III also
draws on these concepts, but remains substéntial]y different.)

In Cases I and II the derivations proceed as follows.
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Step 1 The system boundary conditions are made deterministic by
specifying the stochastic inhomogeneity in the partial
differential equation.

Step 2 Application of the known filter for the case of determin-
istic boundary conditions yields an estimate equation with
deterministic boundary conditions. The effect of the
stochastic inhomogeneity enters in the covariance equation.

'Step 3 The effects of the stochastic inhomogeneity is specified in

the boundary conditions for the covariance.

‘As background material, we discuss first the form of the filters
previously derived for deterministic boundary conditions and then the

Green's function form of the solution to a partial differential equation.

We start by noting that the system and filters presented in

Chapters 1 and 2 may be expressed as follows,

du _
- System 5T " Lxu = W(x, t) + H(x, t) (3.5)

- Filters

- Continuous time observations

ke LU= Sﬁ(x,:t) + H(x, t) (3.6)

¥ Qw(x, x', t) (3.7)



R0.
- Discrete time observations

- Prediction
ol ~
5t - L0 = Hix, t) (3.8)
opP T
5t - LeP - PLv = Qlx, x*, t) (3.9)
- Up-Date

Not a function of W,

with appropriate initial conditions. The boundary conditions are
deterministic and in particular those for the covariance equation
are homogeneous.

H represents all deterministic inputs and W all stochastic inputs,
with E {W(x, t)wT(x', t')} = Qw(x, x's t)S(t - t'). Sa and Sp are not
functions of W.

Equations (3.6) - (3.9) show the influence of stochastic inputs on
the filtering equations. Their effects are the same for all of the
observation processes considered. We see that W enters into the covar-
jance equation and that the estimate equation is unaffected by the
presence of the stochastic inputs. In the filter derivations we will.
'add' stochastic inputs to the sysfem equation, thus it is important
that we see clearly what the effects will, be.

We now develop the Green's function form of the solution to systems

of the forms "

= ou _ = ;
Lu = 5t Lxu Tu(x, t) (3.10)

and
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oP T _ '
5t - LP - PL = Tolx, x', t) (3.11)

where Lx and the domain are as given in Section 3.2.
. *
Introduce the adjoint Green's function matrix, ¥ , defined by the

following system

-op”

* * * %

Lx‘b(x, t; x ,t)=—3—t—-l-x¢ =0 (3.12)

L* * 92 T * 9 T, ¥ T *

g U = S;E- %, (xs t)v ) - 7% (%7 (%s t)¥ )+ op(x, t)V (3.13)
with end condition

Tim w*(x, t; x', t') = I8(x - x') (3.14)

A

and boundary conditions to be specified later. The operators L: and L:
are the adjoints of the operators Lx and Lx’ respectively. Note that w*
is related to the Green's function matrix ¥, introduced in Equation
(2.39), by the‘relationship w*T(x', t'y x, t) = v(x, t; x's t'). In
spite of this simple relationship we prefer to use w* in this discussion
because it is most natural to do so.

By integration by parts it can be shown that

t 1 LT . oar s
J J ¥oLou - (Lav ) updx'dt! =;ﬁ
0’0 X ]

t T T T
+ J [-w*azgﬁr+<%P-w*a2)-w*a1>u]dv

T t

*
¥ udx'

0

1

5 (3.15)

0
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D00 B - - rle e

*f =T B ® | *  * 1 (1 AT «
-|v Lou| PV -V PlL ¥ |fdx"dx"dt' = J J ¥ Py dx" dx"
X X 0’0 0
t (1 *1  3p ‘9 *T *T ] % . 1
! Jo JO["” o g + (o) - v O‘1>P L
t 1 T
+ Jo Jo v [gi o o+ P (L (oau™) - aIw*>] derde’ | L (3.16)

Using Equations (3.12) and (3.14) we find the 'solution' for u and P to

be
1
u(x, t J (x s Dz by t)u (x")dx'
0
+ J J (", ' x, t)Lx.u(x', t')dx'dt'
t ] ]
- | [-w (x's 50, thay(x', 1) X )
0
< Q“T (x t'; x, t)o,(x' t‘)>
ax b ] 9 t] 2 9
*l | 1
-y (x', t'; x, t)al(x', t')) u(x', t')] dt' ) (3.17)
and

O | b *
P(x, x', t) = J J v (x", 05 x, t)PO(X", x")y (x", 0; x', t)dx"dx"
0°-°0
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L Pl *T 8P()(" x" t') m
+ J JO Jo bo(x", th x, t) [ 5T - LP(x", x5, t')

- P(x", x", t')LIu.]w*(x"ﬂ t'; x', t) dx"dx"dt'

t (1 %7 ap(xn " '
- - " 5 u ' s X 5 £')
Jo Jo [ Yoo(x" bt X, t)oy(x", t') T

! <7<>8'x"r ("0 v x, t)a,(x", t'))

*1 * 1
=Y (x", t'; x, t)al(x", t')) P(x", x", t") v (x", t'; x', t)dxX"dt' .

t (1 T 7 nmooLy
- J J' v {x"s £ %, t)[— 9P (x ’Bx,"’ t) o‘;(x"', t')w*(x'", t'y x%, t)
070 %

+ P(x", x", t')<g;n;(“£(x"2 e, t X, t))
. 1
- a{(x"u t)v (x", t'; x', t)]dx"dt' (3.18)
0

Equations (3.17) and (3.18) hold for the boundary conditions of both Case
*

I and Case II. The boundary conditions on ¥ have yet to be specified.

To proceed with our discussion we must now consider the two cases indiv-

idually.

3.3.1 Mixed Boundary Conditions

For Case I, the adjoint boundary CGnditions are
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* %l 3 *1 *T S _
Bgv = 5;'(W az) -V (Gl - %9 90)] - 0— 0
(3.19)
* x| 3 *T * =1 _
s = [ 0 ey - (“1'¢181>]x=1'°

Recall that we have set only the x = 1 boundary condition on u to be

stochastic. Thus the system boundary conditions are
Bu=[¢a ?_!+eu] =0
0 072 9x 0 ¥ = 0
(3.20)
- au .
Egl = ["’1"‘2 ax T 61“] _ .o wlt) .
x =1
Combining Equations (3.17), (3.19) and (3.20) we have for u,
rl a7
u(x, t) = v (x', 03 x, t)uo(x')dx'
0
(tloaT
+ j o [xY, B's %, BT (x'y t')dx'dt?
Jo Jo .
rt T " |
v (1, t'5 x, t)o; (t")wy(t')dt! ‘ (3.21)
0

which is equivalent to

n1 *T . )
u(x, t) = v (x", 0; x, t)uo(x')dx'
o .

o
e e e Ty e
‘0’0



65,
+ o7l (e wy(E)2s(x! - 1) | dxrdtr . (3.22)
Equation (3.22) is the solution to
Lu = T,(x, t) + ¢11(t)w1(t)26(x - 1) (3.23)
with deterministic boundary conditions. Thus we have shown that u can-be
equivalently described by (3.10) with (3.20) as the boundary condition

or by (3.23) with deterministic boundary conditions.

Based on Equations (3.18) and (3.19), we can also show that the co-

variance, P, described by Equation (3.11) with boundary conditions

| BOP(O, x's t) =0
(3.24)
, _1T
BIP(1, x*, £) = Q(£)0]" (£)8(x* - 1)
is equivalent to the specification
\ A
s - Lp =Pl = To(x, x', t)
-1 £y
+ 28(x - 1)¢1 (t)Ql(_t)¢’1 (t)S(x' - 1)2 (3.25)

with homogeneous boundary conditions at both x = 0 and x = 1.
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- We now have all of the background material and can proceed through

the derivation.

Step 1 - The system is described by Equation (3.1) and the stochastic
boundary conditions (3.20). An equivalent specification of the system

is

Lu =21 u=6x, thlx, t) + 26(x - 1)¢i1(t)wl(t) (3.26)

with deterministic boundary conditions.,

Step 2 - The filter for this system is known from the results of Chapter
2. It is

3T xﬁ = SG(X, t) (3-27)

(3.28)

ML
+26(x - o7 (6)0 (00871 (B8(x* - D2 (3.29)
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1]
o

ByP(0, x', t)
(3.30)
ByP(1, x', t)

1]
o
e

Step 3 - The covariance described by Equations (3.29) and (3.30) is

equivalently specified as

g‘% - LyP - PLI- = Sp(x, x', t) *+ G(x, £)Q(x, x', )61 (x', t) (3.31)

|
o

BOP(O, X', t) =
(3.32)

;
B1P(Ls x's £) = Q (8)e]" (D)8(x! - 1) .

Equations (3.27), (3.28), (3.31) and (3.32) and the appropriate initial
conditions represent the filters for the stochastic boundary conditions
of Case I.

3.3.2 Dirichlet Boundary Conditions

In Cases II and III we consider Dirichlet boundary conditions.
First we will consider Case II; that is, the case of no observations on

the boundary.
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The system boundary conditions are

(3.33)

>

| =
]
D

[ =
|

= wl(t).

As for Case I, Equations (3.17) and (3.18) are the main elements in this
derivation and we start by defining the appropriate adjoint boundary

conditions. For Case II, the adjoint boundary conditions are

By = ™ = 0
. b x =10
(3.34)
o* w*T ) w*Te 57
E iy =1 .

Combine Equations (3.17), (3.33) and (3.34) and note that the following
relationship holds by the properties of the derivative of the delta

function

Jt [8 P | I . ] . 6—1 N, (t')dt!
) O ST (x', ' x, t)>d =1a2(1, t)6, (¢ )y

{3.35)

tl g "
J J’ VR (x', ths x, tlay(l, t)e, (t')wy(th)2s'(x' - 1)dx'dt!



69

It thus follows that u can be described by the equation
Lu = T,(x, t) + a,(1, )67 (t)w (£)28" (x - 1) (3.36)

with deterministic boundary conditions.

Based on Equations (3.18) and (3.34), we can also show that the co-

variance, P, described by Equation (3.11) with boundary conditions

BOP(O, x's t) =0
| (3.37)
BiP(L, x', 1) = 0 (1) [op(1, wes k) [Torxr - 1)

is equivalent to the specification

ap T - ] ' "1
35 - LeP - PL = Tplx, x', ) +28%(x - 1)9(1, t)87(£)Q(t)

[ay(1, 007 (0)] T8 (x* - 1)2 (3.38)

with homogeneous boundary conditions. The three step derivation previ-

ously outlined is now followed and the results are as stated in Table 3.1.
We conclude this chapter on sfochastic boundary conditions

by considering continuous time observations on the boundary for

systems with Dirichlet boundary conditions. As indicated in Table 3.1,

we introduce a minor amount of additional notation in treating this type

of observation process. Let there be p + 2 observations with the total

observation vector denoted Z and defined by
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C2(t) ] 'Jl M(x', thu(x', t)dx'] [ v(t) ]
0
26) = [z90t) | = | M(tu(o, t) + | vBee) (3.39)
_zg’(t)J _ M‘l’(t)uu, t) ! Lvtl)(t)_

where z represents the p observations in the domain and zg and z?

represent the boundary observations at x = 0 and x = 1, respectively.
The boundary observation errors, vg and v?, are zero mean and have

second moment properties defined by

( [v(t) i W
T T
E vg(t) [}T(t') vg (t') V? (t')] L
\ _"tl)(t)_
R(t) 0 o |
= | o RD(t) 0 |e(t -t (3.40)
| 0 0 R’l’(t)_

where R(t), Rg(t), and R?(t) are positive definite, and we set vg and
v? to be independent of each other and of v. The terms z, M, v and R
are defined as they were in Chapter 1.

In deriving the filter for this case Qe will only consider the x =1

boundary to be stachastic . Thus we will nbt.consider observations at the

n

x = 0 boundary and the terms in Equations.(3339)'and (3.40) relating to

i

x = 0'are to be removed. The system boundary conditions are
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™
—

| =

]

D
Py

| =

]

= wl(t). (3.41)

Fina11y, as in the derivations in Chapter 2, we set h = 0 and Ub = 0.
The system may now be specified with deterministic boundary conditions

and system equation

%% - L = G(x, t)w(x, t) + o,(1, t)[éil(t)wl(tilzs'(x - 1). (3.42)

We seek the estimate of the form

% [ b [} Z(t') '
w(x, t) = Jo [ Bk, &, ') By(xs t, t )] [z?(t.) dt (3.43)

which minimizes the error covariance matrix. Following the conventions

b

in Chapter 2, U, A, and A1 are the optimal w, B and B?, respectively.

Based on the orthogonal projection lemma the optimality condition is

i

1,1 t T B'(x", t, t')
L AT Y T b '

J "o | E{u(x ,t)[z (t) 2t >] ¥ 2

o dt'n(x")dx'dx" =0 , (3.44)

for all n, B and Bb This condition leads directly to a Wiener-Hopf

1°
equation which can then be expressed as the following two separate
relationships
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Efi(x, t)2 (t)} =0, t >t
and

T
E{G(x, t)z? (t')} =0 ,t>t'.
Alternative expressions for these equations are
T & T
Efulx, t)z' (t")} - JO [A(x, t, tE{z(t")z' (t")}
+ A?(x, E, t")E{z?(t“)zT(t‘)}] dt" =0, t > t'
and
b! e bT
Equ(x, t)z1 (t')} - [A(x, t, t")Etz(t")z1 (t')
J0
b by puy b
+ Al(x, t, t")E zl(t")z1 (t)i|dt"=0,t>t".
Differentiating (3.46a) and (3.46b) with respect to t we have

t
JO Cixs t, t")E{z(t")2T(t") ) dt”

t
+ JO C?(x, t, t")E{z?(t“)zT(t')|dtu =0,t>¢t"
and '

t T
Jo Clx, t, t")E{z(t")z) (t') ] dt"

e 5 cx, t)e{ (") b ey} dtt = 0, ¢ > ¢
g 1 b o LA T | =Y

where

(3.45a)

(3.45b)

(3.46a)

(3.46b)

(3.47a)

(3.47b)
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8 11
C(x, t, t") = - AQX’BE’ tl+ LxA(Xs ts t")

1
- Ax, t, t)jo M(x', t)A(x', t, t")dx’ (3.48a)

and b
3A1(x’ t, t)

ot

b wy = _ b n
Cl(x, t, t") = + LxAl(X, ty 4")

1
- Alx, t, t)JO M(x', t)Af(x', t, t")dx'.  (3.48b)

Equations (3.48a) and 3.48b) are not exactly analogous because, for

1 .
£t > ¢, E{z?(t)z?(t')' and Elz?(t)zT(t'): vanish whereas E[z(t)zT(t')]
and E{z(t)z?T(t')l do not.

It can be shown that C and C? vanish and that the differential ex-

pression for U becomes

A 1
%% (x, t) = Lxﬁ(x, t) + A(x, t, t)[?(t) - JO M(x', t)t(x', t)dx']

+ Atl)(x, By tlzeiE) 5 (3.49)

with deterministic boundary conditions. A(x, t, t) and A?(x, t, t) are

found to be

A( - = Jl ' g 1 [ =1
X, t, t) = K(x, t) = . P(x, x', t)M (x', t)dx'R “(t) (3.50)

e T ]
A(x, £, 1) = ay(1, 8 ()a (8107t (M) (K2 ()28 (x - 1)

(3.51)
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where

;
K (t)==[R§<t) + M (t)e;l()g ()o]!

.
(t)M? (t)] : (3.52)

The error covariance equation is thus,

55 (o x's 1) = LP(x, x', t) + Plx, x', t)LT = K(x, DR(OKT(x', t)

+ 6(x, £)Q(x, x'5 £)6T(x", £) + 28" (x - 1)oy(1, £)07(t)

T T -1
°[Ql(t) - q (07t (e (0)k (t)M?(t)egl(t)ol<t)]

L
S 817 (t)ay(l, t)8'(x' - 1)2 (3.53)

with homogeneous boundary conditions. The filter can alternatively be
written with an inhomogeneous boundary condition at x = 1. The partial
differential equations for u and P are then those in Table 2.1 and the
boundary condition is that given in Table 3.1.

The filters for discrete-instantaneous time and discrete-average
time boundary observations have also been investigated. Both of these
discrete time filters are impractical. In the instantaneous case no
information is gained by taking such obserYations. In the case of
averaged observations, the computational burden would be excessive.

In the instantaneous case, the reason‘fOr this result is clear.
Discrete-instantaneous time boundary observations yield a characterization

of an input (the boundary value) at an instant. The influence of an



input at an instant is infinitesimal; thus, no information is gained

that can be used to estimate the state.
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CHAPTER 4

Summary
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In this work, we have considered the linear distributed parameter
filtering problem for systems of engineering interest. Formal proce-
dures have been employed in developing filters for a variety of obser-
vation processes and boundary conditions. Integral and point-wise
spatial observation processes, along with continuous and discrete
temporal observation processes, have been considered. For the case of
deterministic boundary conditions, the filters have been developed for a
general linear system. In order to provide filters which are completely
specified, for systems with stochastic boundary conditions a specific

linear system has been considered.
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APPENDIX A

Orthogonal Projection Lemma
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In this appendix we provide a proof of the orthogonal projection
lemma. The lemma is well known and the proof is essentially that of
Kalman and Bucy (1961). Because the proof is available elsewhere, we
include it here only as a reference-point for the reader. This being
our purpose, we do not use the abstract form of the lemma as it is
stated in the introduction to Section 2.4. Rather, we consider it as

it specifically applies to distributed parameter estimation.

Lemma

[ e fueces © - 6t 1B 0 - 36, 0T (e, d,,
‘D‘D

IA

rDIDnT(X')E{[u(X', t) - w(x', t)]u(x", t) - w(x", t)]T}n(X")de.de..

(A.1)
(i) if and (ii) only if

fDJDnT(x')E{[u(x', £ - alx's O], o] a0 Ao, =0, (A2)

for all n and w and (iii) furthermore, if another estimate 02 also satis-

fies (A.2) then

f I E‘[G(x , t) - Gy(x', t)][a(x", t) - G s 81 }n(x" dp ,dD, .
D/‘D

=0. (A.3)
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Proof
(i) Consider the identity

n (x )E [u (x', t) - w(x's t)][ulx", t) - w(x", t)] }n(x")dD dD "
D/‘D

D

vz [ [ nTE{Exs 0 - a(x, 60, £ - e, ©37ja(x")dp, dD,

D'D

+

|
-,
|
I

J nT(x )E [y(x , t) - G(x', t)][ul(x", t) - G(x", t)] }n(x")dD dD "

; Dn (x )E [ﬁ(x » t) - w(x', t)][0(x", t) - w(x", t)] }n(x“)de.de" .

Note that G - w is an admissible estimate of u, thus by the hypothesis ,
Equation (A.2), the middle term vanishes and (A.1) holds.

(ii) Assume (A.2) does not hold. Then there exists an wy such that
[ T 1 ] ] " T ]} - =
n (xDE{[ulx', t) - a(x', t)][w(x", £)] n(x")dD, ,dD, . = o # O,
D/D v

Consider another estimate wy = g+ o, - Then

[D[DnT<x'>E{[u(x', 1) - uplc's O], £) - gl )] fn(x")do, 14D, ,

JDJDHT(X')E{[U(X', t) - G(x', t)][u(x", t) - a(x", t)]T}n(x")de.de"
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- 20p + 02 JDJDnT(x’)E{[ml(x', t)]ﬂnl(x", t]T}n(x")de.de" :

For an appropriate o, the sum of the last two terms will be negative and

thus (A.1) will not hold.

(iii) If both G and G, satisfy (A.2), then

2

IDJDnT(x')E{[G(x', t) - Gy(x', t)] [w(x", t)]T}n(x")de.de" "y

Note that U - 02 is an admissible estimate of u, thus (A.3) follows. #
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APPENDIX B

Certain Lumped Parameter Filters
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In the éourse of developing the linear distributed parameter filters
presented in this work, certain lumped parameter filters were also devel-
oped. First, we consider discrete time observation processes with con-
tinuous systems. The resulting filters are not new results. However,
the derivations are presented here because they represent applications of
the orthogonal projection lemma technique and as background material to
the distributed parameter filters in Chapter 2. Second, we discuss the
influence on a lTumped parameter filter of a deterministic input and a non-
zero mean initial condition. The results are entirely intuitive and, in
fact, in the distributed parameter developments we dismiss them as such.
We feel that it is of value to present, at least in a simple case, a

proof of the intuitive results.

B.1 Introduction

Consider the system governed by the linear ordinary differential

equation

d () = F(t)u(t) + G(t)w(t) + h(t) (B.1)

defined for t > 0. The state vector, u, is n-dimensional. w(t) is an
n-dimensional stochastic input, white in time, h is a known n-dimensional

input, and F(t) and G(t) are known nxn matrices. The initial condition

!

for (B.1) is

u(0) = u (B.2)

0"
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When the stochastic terms are absent, the problem is assumed to be
well-posed.

The initial condition is unknown, with its first two moments given,

E{UO} = EO
(B.3)
— — 1T
E{[uo - uo][uO - uo] } = B,
The stochastic input has the properties
Efw(t)} = 0
(B.4)
{ T ] } o ]
Eyw(t)w (t'); = Q(t)s(t - t')
where Q is a non-negative definite nxn matrix.
The three types of observations considered are
continuous
z(t) = M(t)u(t) + v(t) (B.5)
discrete-instantaneous
z(tk) = M(tk)u(tk) + v(tk) (B.6)
discrete-average
t i
2(t) = [* Meule)det + () - (8.7)
t :
k -1 :

The observation vector, z, is m-dimensiondal.: M is the known mxn obser-
vation matrix and v is the m-dimensional observation noise. For continu-

ous observations the properties of v(t) are
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E{v(t)} =0
(8.8)
e{v(t)vT(t')} = R(t)8(t - t')

where R(t) is a known positive definite mxm matrix. Similarly, for

discrete time observations the properties of v(tk) are
E{v(tk)} =0
E{v(t Wity) ] = R(t,)s
k 1 k’ 7kl
where R(tk) is a known positive definite mxm matrix. Finally, up, w

and v are all defined to be independent of each other.

In working with the filters we will use the following notation

a(t]t') Optimal estimate of u(t)
based on observations through
time t'.

a(t) = a(t|t)

a(t|t') = u(t) - a(t]t") Error in estimating u(t) by
the optimal estimate.

P(t[t'; t[t") = E{ﬁ(tlt')aT(t"|t"3}

P(t|t') = P(t]t'; t|t")

P(t) = P(t|t; t|t) ' Error covariance matrix.

w(t]t') Any admissible estimate of

u(t).
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n Arbitrary vector.
Y = <ny> = nT_y

(¥;» Y2) = E{on ypans 2] = nlEfyyy, T
Y] 2 = (Y, V) = nTE{ny}n

where G, U, w, n and y are n-vectors and P is an nxn matrix.
The form of the estimate we seek will be defined in each of the
following sections. The criterion for optimality is that the error

covariance matrix be minimized. That is, we seek to minimize the

E[{J[um ; w(tlt)]ﬂ

for all n. Or, as expressed in the inner product notation, we

scalar function

seek G, such that
[[ul] = ||u - @] (B.10)

for all Q. The optimal estimate, G, is characterized by the orthogonal
projection lemma, which is given in‘Section 2.4.

In Sections B.2 and B.3 we consider discrete-instantaneous and
discrete-average observations, respectively. As in the distributed param-
eter cases we derive these filters under the conditions h = 0 and Ub = 0.
Then, in Section B.4 we discuss the effects of removing these restrictions

in the case of continuous observations.
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B.2 Discrete-Instantaneous Observations

This problem has been discussed by others, for example, see
Jazwinski (1970). Of course, this problem must be considered in two
parts; prediction in between observations, and up-date at the time of an
observation. The prediction equations were originally derived by Kalman
and Bucy (1961) and are given below. We consider the derivation of the

up-date equations. The prediction equations are
db _ ~
gt (tlt, _ ) = F(oactle, ) (B.11)

& el )= Fopeele, )+ (el DF ()

4=

6(t)Q(t)6T(t) , b, <t t, (.12)

The up-dated estimate which we seek is of the form

k
ot lt) = D Bt t)z(ty) . (8.13)
j=1
Thus to find the optimal w we must find the optimal B. The optimal B is

denoted A, i.e. K

it,) = Z Alt, » tj)z(ts).
j=1

Using difference equations instead of differential equations, the

procedure of Kalman and Bucy (1961) for continuous observations is
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followed here for discrete-instantaneous observations. From the
orthogonal projection lemma, the optimality condition, Equation (2.7),

becomes

k
T -
A 2{: E{u(tk)zT(tk)}BT(tk, tn =0, (8.14)
i=1
for all n and B. The Wiener-Hopf equation (for discrete observations)

follow directly. The estimate must obey the conditions

E{ﬁ(tk)zT(ti)} =0 , ti=t, . (B.15)

Now consider the difference of the Wiener-Hopf equation at times t, and
Y -1

Efa(e)2'(t;) ) - elilt, _ P2’ (t) =0 , 1=isk-1.  (B.16)

The state, u(tk), can be expressed interms of the system transition

matrix, ¥, as follows

t
() = Wit Pult o+ [ K ulgs £e(E (et (8.17)

t
where k -1

(85 ') = F(E)u(ts t')
(B.18)
p(ts t) = 1.
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Using this expression for u(tk), Equation (B.16) becomes

k -1
ji: ey tj)E{z(tj)zT(ti)} =0 , 1=i=<k-1 (B.19)
=1
where
Cltes t5) =[wltys AL g5 t5) = At 15 t5)]

Altys LMt (s t _ 1)A(tk -1 tj)
- [Alt,» t;) - At _ g tj)] . (B.20)

C(tk; tj) vanishes and we are then able to find a recursive equation for

a(t,),
0(t,) = Ot lt, _ ;) + Alt,, tk)[z(tk) - M(t At [ty 1J (8.21)

where G(tkltk _ 1) is the previously defined optimal prediction of u(tk).

A(tk, tk) is determined by using the Wiener-Hopf equation for i = k.
The up-dated error covariance matrix follows by direct substitution.
Together with (B.21), the following equations comprise the up-dated

filter

Alt,s t) = K(t,)

= P(t,|t, _ 1)MT(tk)[M(tk)P(tkltk C M) + R(tk?}-l

(B.22)
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P(t) = P(e It _ ) - Pt lt, _ M (£ KT () (8.23)

B.3 Discrete-Average Observations

Using the innovations technique, this filter has also been derived
by Fujishige (1975). Because the derivation using the orthogonal
projection lemma so closely parallels derivations already presented, we
will make only a few comments here.

The appropriate Wiener-Hopf equation is (B.15). From this it

follows that the difference equation for A is given by

b
- Al t) jt MOEDU(E'sE,  EAlE s t)
k -1

- [A(tk, tj) - A(tk -1 tj)] =0 4, 1= j=sk-1. (B.24)
The filter equations are

t
a(t,) = alt |t _ )+ K<tk)[%<tk> [ menoce g 1>dt']
k -1
(B.25)

t
5 k . g T 1]
k =1 p
(B.26)
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K(t,) = bt It,  at'|t, M (t')dt
s LS L LV
k-1
. {th th MOEP(E [t _ 3t [t, M (t")dt"dt!
Mo« 17 w1
+ R(t,) }‘1 : (B.27)
along with
dP(t|t Sl )
k- D8I 1) ,
It = F(t)P(tltk R t'ltk _ 1),
< ! <
g _ =B etst (B.28)

which is determined from the prediction equations.

B.4 Continuous Observations with a.Deterministic Input and Non-Zero
Mean Initial Condition

In this section we discuss the influence on a lumped parameter filter
of a deterministic input and non-zero mean initial condition. We present
a proof of the intuitive results. Of course, the results are that the
initial condition for the estimate is the mean of the system initial con-
dition and that the deterministic input appears as an additive term in
the differential equation for the estimate. |

The essential distinction between the derivations previously pre-
sented and this one is the form of the estimate. Instead of seeking an

estimate which is only a Tinear combination of the observations; the
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estimate in this case also incorporates our a priori knowledge of the
influence of h and Ub on the state. Thus, the optimal estimate is of

the form
£ t _
a(t) = Jo A(t, t")z(t')dt' + [0 Al(t, t')h(t')dt" + Ao(t)uO . (B.29)

In addition to requiring that the estimate minimize the error co-
variance, we also require that it be unbiased (i.e., E{G(t)} = E{u(t)}) .
Imposing this requirement constrains A1 and AO’ and the estimate takes

the form
t

t
G(t) = j A(t, t')z(t')dt’ +J [w(t; £)
0 0

t
- J A(t, t")M(t")w(t"; t')dt"] h(t')dt'
tl

t
+ [w(t; 0) - JO A(t, t'IM(t")u(t's O)dt'] Uy (B.30)

where § is the system transition matrix. Note that the estimation error

can be expressed as

t

U(t) = u(t) - 0(t) = [w(t; 0) u(0) - Ty) + | wlts t')e<t'>w(t')dt']

0

t
_ Jo A(ts t')[M(t')[lb(t'3 0)(u(0) - Uy

-tl
+ J p(t's t")G(t")w(t")dt" + .V(t')H dt'. (B.31)
0

Now consider the state u, defined by



97

du
T () = F(t)u,(t) + G(t)w(t) (B.32)
where the initial condition has the properties
E{uc(0)} =0
(B.33)
E{u(0)us(0)} = Py
and F, G, w, and PO are as previously defined. Consider also the
observation
z,(t) = M(t)u,(t) + v(t) (B.34)
and the estimate
n t
G.(t) = J A(t, £z, (t)dt" . (B.35)
0
Note that
_ i
w(1) = u(ts 0)(u(0) - ag) + | w(t, tHE(EIN(E )AL (8.36)

70

and that the estimation error for u, is the same as that for u, with A

replaced by A,. Thus, A(t, t') = A (t, t'), and it follows that

t
ou)=mu)+hwu,v)mvmv+wu,mio.

(B.37)
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We know Q,(t), thus the filter follows directly,

%%-(t) = F(t)a(t) + K(t) [z(t) - M(t)a(t) | + h(t)

(B.38)
0(0) = ¥, |
P (£) = F(t)P(t) + P(L)F'(t) + G(£)Q(L)G' (t) - K(E)R(E)K'(t)

(B.39)
P(O) = P,

K(t) = PCEMT(E)R™L(t) .



99.

PART II. STATISTICAL ANALYSIS OF AIR POLLUTANT OBSERVATIONS AND
MODEL PREDICTIONS
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Chapter 1

Introduction
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Efforts to analyze urban air quality are often beset by the
seemingly contradictory problems of a simultaneous paucity and abundance
of pertinent information. The required meteorological, emissions and
ambient concentration data reach virtually unmanageable proportions.

But more data, of even finer spatial and temporal resolution, are still
needed to answer unsolved questions. To deal effectively with both of
these problems, techniques that are essentially statistical must be
introduced. Statistical techniques allow large volumes of information
to be summarized compactly by identifying basic characteristics of the
data. Then, knowledge of these basic characteristics allows the use of
relatively small amounts of further information to interpret future or
related data sets.

Observations and model predictions serve complementary purposes in
engineering. The observations form the ultimate base on which models
are built, and the models help in understanding the principles that lead
to the observations. In Chapter 2 the role of observations in assessing
model accuracy is discussed. Here, great amounts of information have to
be summarized by relatively small number of measures of performance.

The need is to be able to make a decision as to the adequacy of a given
model. In Chapter 3 observed frequency distributions are investigated
through the use of highly simplified models. Here, the underlying

statistical nature of air quality concentrations is explored.
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Chapter 2

Evaluation of Air Quality Models: The Accuracy of

Predictions Relative to Observations
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1. INTROBUCTION

The development and application of air quality simulation models are
areas of fundamental interest in the effort to control air quality in
urban airsheds. Air quality modeling has reached the stage of maturity
at which a large variety of increasingly sophisticated models are being
developed and proposed for applications. Thus there exists a need to
concurrently develop a framework for the evaluation of these models.

Then, within such a framework, consistent and general schemes need to be
developed to perform the various model evaluation tasks.

Model evaluation is a problem of long-standing concern, and nearly
every discussion of a given model's development or application contains
comments relative to some aspect of that model's performance. In Table 1
representative references to prior air quality model evaluation studies
are listed. A clear need exists for a comprehensive discussion of air
quality model evaluation along with the development of general evaluation
methods.

The research presented here is directed at two aspects of this probler
First, in the remainder of this section, we develop a framework for the
evaluation of the performance of air quality models. Second, in Section 2
we present quantitative methods for assessing the accuracy of model pre-
dictions relative to physical obsérvations. The final result is a package
of accuracy assessment methods thét when exercised will provide a meanin-
ful evaluation of this aspect of,ﬁﬁe\performance of an air quality model.
This package, AQMAAP, has been coded in FORTRAN. A discussion of the

code is given in the Appendix.
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1.1 Evaluation Framework

The evaluation of an air quality model generally focuses on the
accuracy of the model's predictions relative to observations. This is
the approach taken in this work, and it is a logical approach because it
attempts to answer the 'bottom line' question, "How well does the model
predict actual concentrations?" or "Does it work?" However, it is often
overlooked that this approach represents only a part of the total model
evaluation problem. Two other major issues must be addressed: the first
is validity and the second is efficiencx.

Before focusing on model accuracy in the next section, we will
propose an overall evaluation framework,'theintent‘of which is to provide
a perspective for accuracy assessment. In Figure 1 we outline the model
evaluation problem from the stage of fundamental model development through
to application.

Validity refers to the fundamental correctness of the model formu-
lation. The assessment of model validity is based on scientific principles,
i.e. the relationships or equations which cbmprise the model. The first
issue is the adequacy of the representation of the physics and the chemistry
of the system. When the system is complex, it is difficult to index
quantitatively the validity of the entire model. Rather, it may be neces-
sary to assess individually the correctness of the representation of
various mechanisms which together influence fhe system. This separation
virtually necessitates that the overall evaluation will be qualitative.

Whereas in assessing model validity the emphasis is placed on the

segments that comprise the model, in assessing model accuracy the emphasis
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Figure 1

Evaluation of Urban Scale, Photochemical

Air Quality Models

Fundamental Model
Development

Scientific Fundamental
Principles Correctness

Computational Model
Development

Ability to
Observations Replicate Known
Conditions

Computational Model
Implementation

Comparison of
Value of Infor-
mation Output
to Cost

Costs

Model Application
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shifts to the model as a complete unit, with a shift from evaluation of
the beginning of the modeling process, scientific principles, to the end,
actual output. Aécuracy assessment measures the ability of the model to
replicate known conditions. The main Timitation to a complete study of
accuracy is the availability of data to set the standard against which
the model is to be judged. In Section 2 we discuss in detail the quan-
titative methods for accuracy assessment. However, even here, it is
difficult to arrive at a single quantitative index of model accuarcy. We
will always be Teft to form a qualitative summation of the results of the
various methods.

As air quality models receive increasing attention in policy decision
applications, the interest in their efficiency also increases. Because of
lTimited resources it is usually necessary to compare the value of a model's
information output to the costs associated with running the model.* Effi-
ciency may at first appear to be a quantitative measure for model evalu-
ation; the qualitative aspect enters into the 'value of the information
output' part. A model does not necessarily have twice the information
content if it has four vertical grid layers instead of two. Any measure
of efficiency ultimately reflects an opinion in defining the important
outputs and the constraining costs. -

In concluding this discussion of the evaluation framework, we have

*We define cost in a broad sense that includes time and resources in
addition to direct dollar outlays. Thus, the obvious cost is in computer
expenses, but if three or four months are required to acquire and assemble
the input data base, then this is also a significant cost. Of course, we
could assign a dollar value to time and resources and then use a single
unit of cost. Such an approach becomes artificial, however, when we are
constrained by time or computer equipment Timitations.
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two general comments. The first relates to the process of evaluation
and the second to the results of evaluation.

Air quality model evaluation has been presented in this discussion
as a serial process, progressing through stages from development to
application. As a conceptualization, this allows us to identify and
isolate the important aspects of model evaluation. In an ongoing model
development effort, the evaluation process will not follow this form
explicitly. The various stages will often occur in parallel and with
considerable feedback. In practice, all of the stages are interdependent.
The framework we have presented must be used as a framework and not a
flowsheet.

The result of a model evaluation is not simply a single index of
total performance. It is clear that air quality models are too complex
for this. In the final analysis, subjective judgements, based on

knowledge of the physical problem being studied, are necessary.
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2.  ACCURACY ASSESSMENT:

2.1 Introduction

As defined in Section 1, accuracy refers to the ability of a model
to replicate known conditions. In some situations it may be possible,
due to characteristics of the process or of the model, to specify a
single index of accuracy; this is decidely not the case for air quality
models. With air quality models there is typica11y a very Tlarge number
of predictions and observations. Thus, a given model is generally not
uniformly 'good' or 'bad' in all of its predictions. Rather than in-
sisting on a one-to-one comparison of predictions and observations, it
is important to identify the characteristics of a 'good' model and to
assess model accuracy on the basis of these characteristics. In Section
2.2 we will identify a variety of methods which, collectively, form the
basis for assessing the accuracy of air quality models.

In this work we discuss the direct comparison of model predictions
to physical observations. Accuracy assessment need not be solely based
on such comparisons. Comparisons can be made relative to input parameters.
For example, in a study simulating many days, an index of direct pre-
diction to observation comparison can be analyzed as a function of daily
emissions. A model may not necessarily perform as well at one level of
emissions as another, and this type of ana1ysis is sensitive to such
behavior. Mass fluxes also reflect very basic characteristics of the air
quality in an airshed. Observed and predioted mass fluxes can be compared
by forming the new variable, mass flux, based on the input parameters,

emissions and transport variables.
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Direct comparisons of model predictions with physical observations
are the basic accuracy assessment methods and thus we focus on them.

The methods involving the input parameters are important but are not as
general nor as objective. Computer codes for the direct comparison can

be written independently of detailed knowledge of the model to be evalu-
ated. Codes involving the input parameters tend to be more model specific
because different models, even of the same physical process, will require
different details in their respective inputs. Also, the farther removed
from the raw data, the more subjective the judgments that may have to be built
into the analysis become. If these judgments involve issues similar to those
encountered in the model development itself, then the risk exists that

the model evaluation is biased by .our judgments. An example is in the
determination of the wind field from the data at a few observation
locations. Different models treat this problem differently and so would
different evaluation schemes.

As menpﬁoned earlier, air quality models are sufficiently complex
that accuracy must be assessed by a variety of methods. Before presenting
specific methods, we discuss the two levels at which predictions can be
directly compared to observations. At the second level the evaluations
become more meaningful because we are adding to the assessment more
implicit information about the nature of the data.

‘Level 1 assessment does not employ any ﬁnformation concerning the
process.being modeled and considers the observations and predictions to
be:two sets of data which should inherently Le\equiva1ent. In essence,

~at.this.level we measure the degree to which the two sets are in fact

equivalent. Level 1 evaluations are generally meaningful to perform on
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models of any process and they represent the quality of the model's fit
to the observations on an average or overall basis. These two character-
istics are, respectively, the strength and the weakness on Level 1 methods.

Level 2 methods are similar to those of Level 1 in that it is assumed
that the two sets of data should inherently be equivalent; however, they
do account for the particular process being modeled and the use to which
the model results will be put. These considerations lead to methods that
consider the aspects of the data which indicate whether or not the model
will be useful for its intended application. Thus, in contrast to Level 1
methods, these methods are process specific and only measure the model's
performance based on specific aspects of the data. In the broadest sense,
air quality models may be used either for (1) evaluating current or
proposed emission control strategies, or (2) increasing our knowledge in
the science of atmospheric pollution. In this discussion we will be con-
cerned with only the first use of air quality models. It is for this use
that comparisons to physical observations are most relevant. Various
indices of air quality are used to evaluate tHe effect of control strat-
egies. Thus, a useful model must produce similar values to the observations
for the air quality indices. The Level 2 methods of comparison measure
this characteristic of the model.

It is extremely important to realize that there are three fundamental
difficulties in comparing air quality observations to predictions of the
type we are considering. First, on the scale of the model, the observations
are spatially pointwise, whereas the predictions represent volume averages.
Second, the observations contain instrument errors. Errors in the model

input parameters present the final problem. Even if the model is an ideal
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formulation of the air pollution process, the predictions will be in
error if the inputs are in error. In evaluating the results of an
accuracy assessment study these factors must be remembered. The presence
of these factors is one reason why many diverse methods are needed for a
meaningful assessment.

Next, we discuss methods for Level 1 and Level 2 assessment.

2.2 Assessment Levels 1 and 2

The list of possible methods for assessing model accuracy is indeed
lengthy, the fundamental reason for which is simply the sheer number of
data values that must be dealt with. (A relatively modest evaluation
effort might involve hundreds of values, and in a comprehensive regional
model comparison study the number may reach into the millions.) Thus,
the number of potentially meaningful ways to organize and reorganize the
information for inspection is definitely substantial. The data could be
viewed temporally, spatially, spectrally, or relative to frequency dis-
tributions. Superposed on these classes of organization are the many
possible forms of averaging. |

In Table 2 we catalog many of the accuracy assessment methods that
have been purposed for comparing air'qua1ity model predictions to physical
observations. No claim is made that this cata]og is necessarily complete;
rather, it is representative and includes the important concepts.

From this catalog a general accuracy assessment package, AQMAAP, has

been developed. We now discuss the methods that comprise AQMAAP.
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The basic nomenclature for the concentration values is
Ci(xj’dk’t]): Observed concentration of specie i, at location Xj’
on day dk and at time t].

6i<xj’dk’t1)’ Predicted concentration.

Mi: Number of species.

Mj: Number of locations.

Mk: Number of days.

M]: Number of hours of interest»during each day.

Many of the methods will represent averaged properties of the data.
Because there are three independent indices (location, day, hour) there
are many ways to treat the data in determining averaged properties. Five
such ways appear particularly useful for air quality data. It is important
to consider the data in this many ways to first have a general measure of
the model performance and then to look at more specific measures. In this
manner, systematic or important isolated deficiencies in the model may be
uncovered. Most of the Level 1 methods in AQMAAP will treat the data in
each of the five ways. To avoid needless repetition we use a notation
that allows each of the five to be denoted by one set of equations. Tabie 3
lists the five averaging processes along with the interpretations of the
shorthand notation. The meaning of the notation will become clear once we
have discussed the measures of accuracy aséessment.

The Level 1 methods are classified info two types: analysis of
residual and analysis of trends. In the first, we examine the differences
between the observations and predictions. Ideally, the residuals would
all be identically zero. In the second, we conceptually order the obser-

vations from smallest to largest, then examine the degree to which the
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corresponding predictions follow the identical ordering.

(A) Analysis of Residuals

Denote the residual as W, where

Mean Error
Mean error measures the average bias in the predictions and indi-

cates whether the model predominantly over or under predicts. The general
form of the mean error is

u_i(n) = %ﬁ wi(m,n).*
m:

Root Mean Square Error Centered at the Mean

v This RMS function measures the average spread of the residuals.

It is insensitive to the bias. The general form is defined

M 2
oy = [§ 2 by - w0
m=1

*
As an example of the shorthand notation, g is the residual w. and there
is no function f. The mean error over all times is

k
ug(xj) = ’MI“Z; ]]E_:,w X52dysty)

and the mean error over all locations is

M.
_ 121
dkst]) - M“' .i(x°sd st'l) .
J J=1
th

In this equat1on, f is the square root and g is the squared difference
between the residual and the corresoond1nq mean error. Thus,

o [1 o ok L) 2]
o =[F4—.imkk§_; Z(Wx’dt 'Oi):l'

J j=1

us (
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Error Bands

In contrast to the above averaged measure of the spread, we can
evaluate the model relative to a prescribed degree of spread by finding
the percentage of the predictions which fall within a given band around
the observations. This band may be based on an absolute concentration,
* Yy, ppm, or a percentage, * Zi% of the observed value. The absolute
error band measure is ai(”) = the percentage of residuals from set 'm'

within * y; ppm. The percentage error band measure is Bj(n) = the per-

centage of residuals from set 'm' within * z.% of ci(m,n).

Residual Plots

Residual plots provide a summary picture of the nature of the
bias and the spread for the model. Five types of plots are of specific
value for air quality models. Two residual histograms are included in
AQMAAP: a histogram based on all of the residuals for a given specie,
and individual histograms for each location. By plotting the residuals
in other ways we can determine if there are certain conditions under
which the model is good, while others under which it is poor. Thus, we
also plot the residuals versus time of day, versus location and versus

observation magnitude.

(B) Analysis of Trends

Methods for analyzing residuals pyimari]y indicate the absolute
fit of the predictions to the observations. Predictions based on funda-
mentally wrong relationships can have measures of the residuals that

appear similar to those for soundly based predictions. By analyzing the
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trends of the predictions relative to the observations we gain further
information indicating whether or not the predictions at least obey the

same relationships as the observations.

Correlation Coefficient

The correlation coefficient measures the degree to which the
magnitude of the predictions increases linearly with the magnitude of
the observations. The coefficient, however, is insensitive to the extent
of the increase. If the predictions increase linearly at only 1/10 the
rate of the observations the correlation coefficient will still be one.

The realtionships defining the correlation coefficient are

b 3 fyming o]

m=1

pylm) = M M :
43 () T ()
m=1 m=1
oo 1 M
v1(m,n) = ci(m,n) - 61(n) 61(n) = ¥ :E; 6i(m,n)
m=
1 M
ni(m,n) = ci(m,n) - Ei(n) Ei(n) =N Zz:ci(m,n).

3
il
—

Linear Least-Squares Curve Fit

In addition to the correlation coefficient, we can also measure
the average increase in the observations as the observations increase.
The slope parameter of the Tinear 1east-sduafes curve fit is this measure.
The intercept parameter measures the bias if the slope parameter is very

nearly one. Otherwise, the slope so strongly influences the intercept



that it has no particular independent interpretation.

We seek to minimize

M
;1,,— Z [Ei(m,n) - ci(m,n)]2
m=1 )
when gi is defined
g;(m,n) = 6:(n)€;(m,n) + ¢.(n).

Thus, the slope and intercept are

M
5 3 vy (mun)n; (m,n)3
]

- m—
o) 1 o 2
w3 vy (mon)
and T _
¢1(n) = E'l(n) - e.](n)e.l(n) °
respectively.

Aside from the plots of residuals the above methods can all be
applied in each of the five manners of averaging in Table 3. Of course,
we can now further average the quantitative measures themselves. Par-
ticularly popular are spatial averages of the temporal averaged measures
and the converse. The value of such repeated averaging is, however,
dubious because physical interpretations of the measures become tenuous
and too much averaging tends to obscure the very deficiencies one is
seeking to identify.

The Level 2 methods assess a model relative to its :potential

use for evaluating control strategies. These methods measure the ability
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of the model to produce the same values as the observations for air

quality indices.

Analysis of Indices of Air Quality

The most common indices of air quality relate to maximum

values. We consider spatial and temporal maximum values.

Concentration Hotspots

On an hourly basis we determine the locations of the observed
and predicted hotspots. Then we report Yis the percentage of times the

model accurately predicted the location of the hotspot of specie i.

Concentration Peaks

At each location we determine both the magnitude and the time
concentration peaks. The predictions may bé basically accurate near the
peak but still fail to reproduce exactly the peak value itself. Instead
of basing our judgment on only one value we also characterize the group
of highest values for a specie. Because air quality data may span more
than one order of magnitude, geometric parameters are appropriate. We
compare the geometric mean and standard geometric deviation of the upper
ten percent of the data. The peak measures are

magnitude error,

Ei(xj’dk) {%ixlfi(xj,dk,t])] - max[ci(xj,dk,t]a}
]

t

time error,

1]

{time of ¢ max] - {ti‘me of € max]}

Ti(xj,dk)
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geometric mean,

X M0
i J exp {ﬁig Z]n C.i(xj’m)}

A (x:) =
m=1
: , ”55
A (x:) = exp{o— In 6.(x.,m§
it MlO o 1]

and standard geometric deviation,

- Mo 2

- 1 o Ji
wi(xj) exp{i’110 n; ( 1nc1-(xj,m) 1n,>\1.(xj)) J }

M -

10

s _ 1 & & 2
lp.l(x\]) = exp{% m§= 1(1nC1(Xj ,m) = 1n>\1(XJ)) _J }

where M10 = (MkM1)/10

mth largest value; m =1, ..., MlO'

(%)
—
>
.
-
3
~
|

Frequency distribution

Another standard manner of indexing air quality data aside from max-
imum values is relative to their frequency distributions. It is common,
for example, to seek the concentration that occurs at the 99th, 90th or
50th percentile and, conversely, to seek the percentage of time that
certain air quality levels are exceeded. ATl of this information is
compactly summarized on a frequency distribution plot. These plots are

drawn for each location.

Exposure

The final index of air quality that we will compare is a simple
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measure of exposure. We compare the ppm-hour exposure of a receptor at

each of the observation locations.

Mk M

1 1 ]

Gi(xj) = ME— j{: Fﬁ— :E: s (x d t )- (t] - t]-l)
k=1 1=1

. L ok i o

(31(Xj) = M'Z M—] C (X dk T) (t.‘ = t]—l)
k=1 1=1
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3.  SUMMARY

The final result of this work is the development of the FORTRAN
code AQMAAP. AQMAAP represents a general and extensive package for
assessing the accuracy of air quality models. Thé discussion of the
total model evaluation framework places AQMAAP in the proper perspective
for interpretation of its output.

The methods presented here are both meaningful and practical for
studies ranging from small one model validations with a few days data to
large multiple model comparisons with possibly a few months data. The
package is also quite general and objective. Essentially, it requires
only the observed and predicted concentration values for inputs. No
information on the model or details of the field study need to be pro-
vided. For these reasons, any user can assess any air quality model

without extensive alterations and with a minimum of subjective judgments.
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APPENDIX. AQMAAP, Air Quality Model Accuracy Assessment Package

A.1 Description
AQMAAP is a FORTRAN coded package of methods for the assessment of

the accuracy of air quality models. The scope and attributes of the
principles behind AQMAAP have been discussed in the preceding sections of
this chapter. This appendix describes the FORTRAN package itself.

AQMAAP consists of 41 subroutines comprising the individual methods,
15 supporting subroutines, and 7 main or driver routines. In Table A.1,
the assessment methods and the corresponding subroutines are listed.

The package is running on the IBM 370 at the California Institute
of Technology Computing Center. Aside from bookkeeping infor-
mation (i.e., identification of the data sets and specification of the
methods to be exercised), the only inputs are the observation and pre-
diction data sets. A few statements (mainly a single group of DIMENSION
statements) in the code are dependent on the size of the data sets. In
the following section the necessary information for operating AQMAAP at

any installation for any size data set is discussed.



Table

129.

A.1

AQMAAP

Assessment Method Subroutines

Assessment Method

Subroutine Name

LEVEL 1
Mean Error

Over all times and locations
Over all times

Over each day

Over each hour

Over all locations

Root Mean Square Error
Centered at the Mean

Over
Over
Over
Over
Over

all times and locations
all times

each day

each hour

all Tocations

Absolute Error Bands

Over
Over
Over
Over
Over

all times and Tocations
all times

each day

each hour

all locations

Percentage Error Bands

Over
Over
Over
Over
Over

all times and locations
all times

each day

each hour

all locations

Residual Histogram

Over all times and locations

Over

all times

E11111
E11011
E12011
E13011
E10111

EIT11E
E11012
E12012
E13012
E10112

E11121
E11021
£12021
E13021
E10121

E11122
E11022
E12022
E13022
E10122

E11131
E11031
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Table A.1 (continued)

Assessment Method Subroutine Name

Residual Plots

Residuals versus observation magnitude E11133
Residuals versus location E11134
Residuals versus time E11135

Correlation Coefficient

Over all times and locations E11141
Over all times E11041
Over each day E12041
Over each hour : E13041
Over all locations £10141
Linear Least Squares

Over all times and locations E11142
Over all times E11042
Over each day E12042
Over each hour E13042
Over all locations E10142
LEVEL 2

Magnitude of Daily Concentration Peaks £E22051
Time of Daily Concentration Peaks E22052
Location of Concentration Hotspots E20156
Peak Geometric Parameters E21062
Daily Exposure E22071

Frequency Distribution Plot
Over all times £E21061
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A.2 Operational Aspects

Tables A.2 - A.5 detail the operation of AQMAAP. Tables A.6 and A.7
provide additional information that may be pertinent for operating AQMAAP
at another installation.

The operation of AQMAAP requires that a few parameters be set by the
user. Most of these relate to the size of the data set. The remaining
parameters give the user control over the error band criteria and some
flexibility in the presentation of the plots. In Table A.2 the program
parameters are listed.

The three inputs to AQMAAP are, first, the identification of the
data sets, then, the data sets themselves and finally, the specification
of the methods to be exercised. The proper input sequence and FORTRAN
formats are listed in Table A.3. Five averaging processes are used in
AQMAAP. As discussed in Table 2.2, a different set of indices is averaged
for each averaging process. The corresponding measure of accuracy is
then computed as a function of the remaining indices (including the specie
index). These indices are specified in Input section (3). Any partic-
ular method need only be exercised over a selected portion of the data
set. For example, the mean error evaluation over all times might only be
computed at a few locations instead of at all locations. Table A.4
elaborates on these input codes. A sample input deck is shown in Table A.5.

\

Table A.6 indicates which of the 15 supporting subroutines are used
in each of the main routines. Eleven additional routines available at the
California Institute of Technology Computing Center (CITCC) are used in

AQMAAP. These routines are referenced and cataloged in Table A.7.
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