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ABSTRACT

Managing risks arising from decision-making under uncertainty is a paramount
challenge in many sustainability and energy applications. The threat of climate
change paired with the increasing complexity of energy systems has made it more
important than ever to develop artificial intelligence (AI) and machine learning (ML)
methods that can address these challenges. However, standard Al and ML methods
suffer from a trade-off between accuracy and reliability. While modern Al models
are increasingly capable and accurate, they generally lack rigorous uncertainty
quantification for reliability guarantees. On the other hand, traditional methods for
uncertainty quantification often rely on strong assumptions and are not designed to

optimize decision quality.

This thesis develops new methods for overcoming this trade-off by learning uncertainty
representations that are directly useful for decision-making. The first part of the
thesis studies batch decision problems, where a model is trained on historical data
and then used to make one-shot decisions. A central theme is that good predictions
alone are not enough: the uncertainty must be shaped to match the downstream task.
Instead, we develop a general framework for decision-focused learning of uncertainty
representations, which can be tailored to a wide range of optimization problems and
risk guarantees. By leveraging differentiable optimization, we develop end-to-end
methods for learning calibrated confidence scores for achieving tail-risk guarantees,
uncertainty sets for robust optimization, and generative models for Wasserstein
distributionally robust optimization. We also extend decision-focused learning to
diffusion models so that full predictive distributions can be used for stochastic
optimization. Across energy storage, generator scheduling, and related applications,
these methods improve robustness and decision quality while retaining theoretical

guarantees or tractable optimization.

The second part of the thesis turns to sequential decision-making. For voltage
regulation in distribution grids with uncertain topology, the thesis develops an online
control algorithm with a finite-mistake guarantee, showing that safe control can be
achieved even while the system is still being learned. The thesis also introduces Sus-
tainGym, a benchmark suite of reinforcement learning environments for sustainability
applications, including electric vehicle charging, electricity markets, datacenters,
cogeneration, and building control. SustainGym exposes realistic distribution shifts,

physical constraints, and multi-agent interactions that are often absent from standard
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benchmarks, and it reveals how brittle off-the-shelf reinforcement learning (RL)
methods can be in these settings. We develop a new family of distributionally robust
RL algorithms that can learn policies with strong out-of-distribution generalization
guarantees, and we show that these methods can achieve superior performance in

SustainGym and game-playing environments.

Taken together, the thesis argues for a general principle: uncertainty should be
learned, calibrated, and evaluated in terms of the decisions it enables. By connecting
uncertainty quantification, optimization, online learning, and reinforcement learning,
this work provides both theory and practical tools for building reliable decision

systems in sustainability-critical applications.
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Chapter 1

INTRODUCTION

Because we almost never have perfect information about the environment in which
we, or systems that we design, act and behave, decision-making under uncertainty is
ubiquitous. In real-time operations of the energy grid, for example, grid operators
face significant uncertainty in both energy demand and supply. Demand can vary
with industrial activity, weather, and other exogenous factors, while supply can vary
with weather-driven uncertainties in wind and solar generation. When optimizing
grid-scale battery storage operations, uncertainty in future energy prices requires risk
management strategies to maximize expected utility without incurring excessive risk
[6]. For scheduling compute jobs, data centers themselves must manage uncertainty
in future workloads while seeking to maintain certain levels of performance and
to minimize their carbon footprint [214, 118]. While this thesis primarily focuses
on uncertainty in sustainability and energy applications, the challenges of decision-
making under uncertainty are likewise apparent in other domains; where appropriate,

we occasionally refer to medical, financial, and game-playing applications.

Notably, the types of uncertainties our systems confront are often growing in
complexity and scale. Recent evidence suggests that anthropogenic climate change
itself is accelerating [88], so addressing sustainability challenges is evermore urgent
yet challenging. Furthermore, energy systems are becoming more complex, with
more distributed energy resources, renewable generation, and controllable loads.
Part of the challenge is that, with more data available, we design more complex

systems, and we expect our systems to handle correlated uncertainties.

Over the past decade, artificial intelligence (AI) and machine learning (ML) methods
have achieved significant breakthroughs across a wide range of domains, including
game-playing [178, 245, 137], visual understanding [134], and natural language
understanding [45]. These methods have also been increasingly applied to decision-
making problems in sustainability applications such as energy systems [195, 206,
312], datacenter scheduling [214, 118], and building control [316, 273, 318]. These
successes suggest that AI/ML methods hold promise as powerful tools for addressing

uncertainty.

Nonetheless, existing methods for uncertainty quantification still suffer from two
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closely related limitations. First, they often do not come with guarantees that are
broadly applicable to modern Al tools, especially when the downstream objective
depends on tail behavior, robustness, or constraint satisfaction rather than on
average prediction error alone. Second, systems today largely separate uncertainty
quantification from decision-making, treating the two as separate steps even when the
relevant uncertainty representation should depend on the task itself. This separation
can be particularly problematic in high-stakes settings, where a well-calibrated
predictor may still induce poor decisions if its uncertainty is shaped incorrectly, or
where a deterministic predictor fails to capture the variability that matters for the
task [55, 123, 256, 203, 284, 246, 237, 119, 112].

This thesis seeks to address both of these shortcomings. First, how can we establish
rigorous uncertainty quantification and risk control guarantees, suitable for modern
Al tools? We seek to make minimal assumptions about the data and the Al model to
achieve widely applicable guarantees. Second, and more importantly, how can we
co-design how we do uncertainty quantification for decision-making? The trade-off
for making minimal assumptions is that the guarantees can naively be quite weak. So
instead of making assumptions on the data or AI model, can we leverage information
about the structure of the decision-making task? That is, we propose learning

decision-focused uncertainty representations optimized for the target task.

1.1 Challenges and Prior Work

Uncertainty quantification. Uncertainty quantification is widely studied across
the field of ML, and a broad range of metrics has been developed to characterize
the uncertainty of model predictions. For example, probabilistic machine learning
places considerable emphasis on calibration. Whereas it has long been known
that loss functions based on proper scoring rules should yield calibrated models
[96], this theoretical guarantee is only valid in the limit of infinite training data
and globally optimal optimization algorithms. Moreover, calibration alone is not
sufficient, because a model can be perfectly calibrated while still having little or no

predictive value if it merely reproduces marginal statistics.

Related work has also focused on quantifying uncertainty through prediction intervals,
or more generally, prediction sets, which are intended to contain the ground truth labels
with high probability. This is known as achieving marginal coverage. Conformal
prediction and its distribution-free finite-sample guarantees [278, 233, 9] have made

important progress in this direction, but many methods are still evaluated primarily



3

by nominal coverage or set size rather than by their effect on the downstream decision.
Two models can have the same coverage rate while inducing very different actions,
and a slightly larger prediction set may be harmless in one application and harmful
in another. Likewise, a method that improves coverage can still degrade the final
decision if the uncertainty set is poorly aligned with the optimizer that uses it. The
thesis therefore treats uncertainty representations as decision objects, not as auxiliary
diagnostics.

Decision-focused learning. A separate line of work studies predict-then-optimize
and decision-focused learning (DFL) [73, 78, 175, 226]. These methods recognize
that prediction error is not always aligned with decision quality, and they differentiate
through the downstream optimization problem so that training can target the actual
task loss. This is a decisive improvement over purely predictive training when the

eventual action depends on the structure of the decision problem.

However, much of the DFL literature still relies on deterministic point estimates. In
applications where the downstream cost is sensitive to tails, ambiguity, or rare events,
point estimates are often too impoverished. A point prediction can be accurate
on average while still producing a risky or conservative decision. Conversely, a
probabilistic prediction may be well calibrated but not shaped in a way that supports
the downstream objective. The thesis develops methods that retain the decision-aware
spirit of DFL while incorporating calibrated uncertainty, risk control, or learned

generative models.

Online learning and reinforcement learning. Uncertainty also appears in sequen-
tial decision-making, where the controller acts repeatedly and the environment may
change over time. Online learning and reinforcement learning (RL) naturally address
this type of setting, but their guarantees are often weaker than the finite-sample
or robustness guarantees available in the batch decision literature. In practice, RL
benchmarks are also frequently too idealized to stress-test algorithms in realistic
sustainability settings. This thesis therefore studies sequential control through two
complementary lenses: an online voltage control problem with explicit stability
guarantees, and a benchmark suite for sustainability-focused RL that exposes realistic

distribution shifts, physical constraints, and multi-agent interaction.

Bayesian decision-making. The Bayesian framework is another classical response

to uncertainty. It begins with a prior over the data-generating process, updates



Table 1.1: Thesis overview

Chapter decision- uncertainty risk / robustness
making task representation guarantee
§2 plug-in scalar confidence tail risk control
optimization  score
§3 robust uncertainty marginal coverage
§ optimization  (prediction) set
< . . .
© §4 Wasserstein ambiguity (credal) set (none)
DRO
§5 stochastic predictive distribution, (none)
optimization  scenario samples
§6 voltage uncertainty set finite mistake
.g control
s §8 reward ambiguity set Q-value lower bound
maximization

to a posterior after observing data, and then computes a Bayes-optimal decision
under that posterior. This is conceptually elegant and often statistically powerful.
In large-scale sustainability systems, however, the choice of prior can be difficult to
justify, and posterior computation or downstream Bayes-optimal optimization can
quickly become expensive. For the purposes of this thesis, a frequentist perspective is
more appropriate: it allows distribution-free guarantees, makes minimal assumptions,
and keeps the method focused on the operational decision rather than the subjective

prior.

1.2 Thesis Contributions

Table 1.1 summarizes the structure of the thesis. The thesis is split into two parts.
Part 1 studies the batch decision setting, where a model is trained on a dataset and
then used to make one-shot decisions. Part 2 studies the online setting with sequential

decisions.

Part 1: batch decision-making

In Part I, we focus on decision problems that belong to the predict-then-optimize
paradigm [73, 291, 78, 175, 226] which encompasses a wide range of applications
ranging from grid-scale battery storage scheduling to medical image segmentation.

In the predict-then-optimize paradigm, the decision problem can be modeled by an
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optimization problem with decision variables z (belonging to a well-defined and
known feasible region Z), an unknown parameter y, and a known objective function
f(y,z). Naturally, if y is perfectly known, we could directly solve the following

optimization problem to obtain the optimal decision:

Zopt = argmin f(y, z).
z€Z
However, since we assume y is unknown, we may instead rely on a ML model to
predict y from some observable contextual features x € X, where (x, y) share a joint
distribution . One simple approach is to train a ML model $4(x) to predict y from
x, and then solve the optimization problem with the “plug-in” predicted value,

(x) = arg rélin f(Fe(x),2),

plug-in
g

hence the name, “predict-then-optimize.” More generally, besides the plug-in
approach, we can explore other policies, denoted z¢(x), that map the input x to a
decision z. We will generally measure the performance of the policy by the expected

task loss
F(8) = By~ [f (3, 20(x))],

which is the expected value of the objective function when the decision is made
according to the policy z¢(x) and the true parameter is y. We may also want our
policy to satisfy certain reliability guarantees, such as controlling the tail risk of
the task loss or ensuring robustness under distribution shift, expressed in the form
R(zg) < a for some function R and threshold @ € R. Thus, our overall objective is
as follows:

m@in F(6) subjectto R(zp) < a. (1.1)

Whereas the plug-in approach described above is a natural baseline, it does not
necessarily optimize the task loss F'(6) or satisfy the reliability constraint R(zg) < «.
Instead, Part I of this thesis develops methods that aim to more directly optimize the

problem in (1.1).

The crucial difficulty is to both satisfy the reliability guarantee and learn good ML
model parameters 6. At a high level, our approach is two-fold. First, we approach the
constraint satisfaction problem by developing novel methods to accurately quantify
the uncertainty of the ML model with theoretical guarantees, which we can then
translate into constraint satisfaction guarantees. Second, we develop algorithms for

end-to-end differentiation through the entire optimization problem (1.1) to enable
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standard gradient-based optimization of the ML models, while preserving desired
reliability guarantee. Each of the chapters in Part I explores different types of policies
zg leveraging specific uncertainty quantification approaches with correspondingly

different reliability guarantees.

Chapter 2 introduces conformal risk training, which generalizes conformal risk
control from expected loss to optimized certainty equivalent risks, including CVaR,
and then differentiates the risk-controlling procedure through the training loop. In
this chapter, the ML model produces a point prediction whose risk is then controlled
by a conformal procedure, but the point prediction is no longer treated as a fixed
object. Instead, it is trained end-to-end with the risk-control parameter so that the
model learns to place its uncertainty where it matters most for the downstream
decision. This allows the model to become risk-aware: the learned predictor is
shaped by how its uncertainty affects the final decision. Experiments on grid-scale
battery storage optimization and a tumor image segmentation problem show that this

can substantially improve decision quality while preserving the desired risk bound.

Chapter 3 moves from scalar risk control to set-valued uncertainty. It develops
an end-to-end framework for conformally calibrated uncertainty sets in conditional
robust optimization. The key idea is to learn the nonconformity score and the
downstream decision jointly, so that the uncertainty set is calibrated and decision-
aware at the same time. The chapter also shows that partially input-convex neural
networks can represent a broad class of convex uncertainty sets while preserving
tractable robust optimization. This yields a practical method for learning uncertainty

sets that are expressive but still structured enough to optimize.

Chapter 4 takes the same decision-aware perspective but replaces prediction sets
with learned conditional distributions and ambiguity sets. Rather than calibrating a
set around a point predictor, it learns a conditional generative model and couples
it to a Wasserstein distributionally robust optimization layer. In this setting, the
ML model predicts a distribution over the uncertain parameter, and the downstream
decision is formed by optimizing against an ambiguity set centered at that learned
distribution. This makes it possible to propagate uncertainty through the decision
problem in a way that is both flexible and tractable. The resulting Gen-WDRO
method is evaluated on the grid-scale battery storage, where it improves robustness

to distribution shift while remaining end-to-end differentiable.

Chapter 5 studies stochastic optimization with diffusion models. Standard DFL

methods typically rely on deterministic point estimates, but many real problems are
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inherently distributional. This chapter proposes a diffusion-based DFL framework
that learns a full conditional distribution and optimizes the downstream decision under
samples drawn from that distribution. In this case, the ML model directly predicts
a distribution, and the downstream decision is optimized with respect to scenario
samples from that distribution. The chapter develops both a reparameterization-based
gradient estimator and a lightweight score-function estimator, the latter of which
achieves comparable decision quality with dramatically lower memory usage. The
chapter shows that diffusion models are a strong alternative to simpler parametric
uncertainty models when the decision problem depends on the full shape of the

distribution.

Part 2: online sequential decision-making

The second part of the thesis turns to online control problems with sequential decision-
making. In these problems, the controller interacts with the environment repeatedly
over time, and the environment may change in response to the controller’s actions.
This setting is more complex than the batch setting because the controller must learn
while acting, and it must also account for how its actions affect future states of the
environment. The chapters in Part II study two different types of sequential decision
problems: an online voltage control problem with explicit stability guarantees, and a
benchmark suite for sustainability-focused reinforcement learning (RL) that exposes

realistic distribution shifts, physical constraints, and multi-agent interaction.

Chapter 6 studies voltage regulation on a distribution grid with unknown topology.
The key technical challenge is that the controller must act before the topology is fully
identified, and yet it must still keep the system stable. The chapter combines online
nested convex body chasing with robust predictive control to obtain a finite-mistake
guarantee. This is a strong form of safety in a sequential setting: the controller
is allowed to make some errors while learning, but the total number of voltage

violations is provably bounded.

Chapter 7 introduces SustainGym, a benchmark suite for reinforcement learning
in sustainability applications. The environments model tasks such as EV charging,
battery participation in electricity markets, carbon-aware datacenter scheduling,
cogeneration, and building control. SustainGym is designed to expose realistic
distribution shifts, physical constraints, and multi-agent interactions that are often
missing from standard RL benchmarks. The chapter shows that off-the-shelf RL

methods are brittle in these settings, which highlights the need for more robust



algorithms and more realistic evaluation environments.

Chapter 8 aims to address some of the shortcomings of multi-agent RL algorithms
tested on SustainGym in Chapter 7 by developing a new family of distributionally ro-
bust multi-agent RL algorithms that can learn policies with strong out-of-distribution
generalization guarantees. The key idea is to extend the individual-global-maximum
(IGM) principle from value factorization to a distributionally robust setting, which
yields a novel definition of robust individual action values that are compatible with
decentralized greedy execution. The resulting DrIGM-compliant algorithms can be
implemented as robust variants of existing value-factorization architectures (e.g.,
VDN/QMIX/QTRAN) without bespoke per-agent reward shaping. The chapter
shows that these methods can achieve superior performance in SustainGym and

game-playing environments.

1.3 Conclusion and Future Outlook

Across all of these chapters, the same design question reappears in different forms:
what is the right representation of uncertainty for the decision at hand? Sometimes
the answer is a calibrated threshold, sometimes a prediction set, sometimes a
learned ambiguity set, and sometimes a sequential model of the system itself. The
thesis argues that uncertainty should not be treated as an abstract statistical output.
Uncertainty should be learned, shaped, and evaluated in terms of how it affects the

final decision.

Taken together, the thesis develops a coherent perspective on learning decision-
focused uncertainty representations. The common pattern is to make the uncertainty
object itself part of the optimization problem, rather than a passive byproduct
of prediction. This yields methods that are better aligned with the objectives of
sustainability systems, and it suggests a general roadmap for future work: build
uncertainty representations that are not only statistically meaningful, but also

decision-aware, tractable, and robust enough for real-world deployment.

The final chapter of this thesis (Chapter 9) outlines some areas where the work of
this thesis is readily extended, while also posing some open problems at the frontiers

of decision-making under uncertainty.
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Chapter 2

CONFORMAL RISK TRAINING: END-TO-END OPTIMIZATION
OF CONFORMAL RISK CONTROL

This chapter is primarily based on the following paper:

[306] Christopher Yeh, Nicolas Christianson, Adam Wierman, and Yisong Yue. 2025. Conformal
Risk Training: End-to-End Optimization of Conformal Risk Control. In Advances in Neural
Information Processing Systems. Vol. 38. San Diego, CA, USA, (Dec. 2025), 70056-70092.
https://proceedings.neurips.cc/paper_files/paper/2025/hash/6559542£75
b4452ebaaf82094c7defb7-Abstract-Conference.html.

2.1 Introduction

We study the problem of training deep learning models that are used for potentially
risky downstream decision making. For example, in high-stakes tasks such as tumor
classification, doctors need models that achieve both good overall classification
accuracy and provably bounded false negative rate, to ensure that the health risk
of a false negative prediction (i.e., misclassifying a tumor as benign) is sufficiently
prioritized in model predictions. In such settings, it is important to design a unified
approach (trained model and decision-making policy) that simultaneously controls

for the desired level of risk while maximizing the utility of downstream decisions.

One promising paradigm is risk control. Given a (pre-trained) model whose
predictions are used by a decision policy parameterized by 4 € A, the goal is to
choose A such that E[L(1)] < a for some loss function L and risk level . Many
common goals can be framed as risk control problems: bounding the false negative
rate of a classifier, producing predictive uncertainty sets that satisfy a target coverage

level, ensuring factuality of large language model outputs, etc. [11, 122].

The conformal risk control (CRC) method [11] introduces a sufficient criterion for
solving the risk control problem when the loss function L is monotone. While CRC
is elegant and simple, the original formulation has several limitations. First, CRC
is limited to controlling the expected loss of L, while more general notions of risk
are critical for high-stakes problems in the real world. Notably, the original paper
on CRC [11] poses an open question on how to tackle more general notions of risk
beyond expected loss, such as the conditional value-at-risk (CVaR). Second, because

CRC is purely applied post-hoc (i.e., given a pre-trained model) to model outputs


https://proceedings.neurips.cc/paper_files/paper/2025/hash/6559542f75b4452ebaaf82094c7defb7-Abstract-Conference.html
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without providing any feedback to the model, it may significantly degrade model

performance.

In this chapter, we propose a theoretical and algorithmic framework, called conformal
risk training, that extends CRC to enable end-to-end training and is applicable to tail

risk formulations such as CVaR. Our key contributions are as follows:

1. First, we develop a risk control method for controlling the general class of
optimized certainty-equivalent (OCE) risks [24, 23], a broad class of risk
measures that includes as special cases the expected loss (generalizing the
original CRC method) and the conditional value-at-risk (CVaR) [300]. In
particular, the CVaR formulation partially answers an open question posed
by the original CRC paper [11]. The key insight is that any OCE risk can
be bounded by a monotone transformation of the loss, thereby preserving the

monotonicity required for CRC-style methods.

2. Second, we propose conformal risk training, a method that trains a model and
the conformal risk control procedure end-to-end. Our method substantially
generalizes the method of conformal training of uncertainty sets [254, 311] to
the conformal risk control setting. This trains the model to be “risk aware”—i.e.,
it learns to produce predictions that maximize performance while minimizing

downstream risk.

3. Finally, we demonstrate empirically that fine-tuning models using conformal
risk training leads to significant performance improvements while guaranteeing
satisfaction of risk constraints. We present results for maximizing model
specificity while controlling false negative rate on a tumor image segmentation
task, as well as maximizing average profit while controlling tail-risk of losses

in a battery storage operation task.

Related work. Previous works that explore post-hoc conformal risk control either
bound the expectation of a monotone loss function, or provide a high-probability
bound for (possibly) more general losses. We use the term “post-hoc” to refer to
procedures that are applied to the outputs of a pretrained prediction model without
further fine-tuning of the model. Within the class of bounds on expected losses,
conformal prediction (CP) [278, 233, 9] bounds expected miscoverage loss for
set-valued predictions, whereas conformal risk control (CRC) [11] generalizes CP to
bound the expectation of any bounded monotone loss function. For high-probability
risk bounds, Risk-Controlling Prediction Sets (RCPS) [21] bound the expected loss

of set-valued predictors for monotone losses, whereas Learn Then Test (LTT) [10]
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bounds more general risks and non-monotone losses at the cost of typically looser
bounds from having to apply a family-wise error correction procedure. Recently, [52]
developed a high-probability bound for the family of distortion risk measures which
includes CVaR. While [11] shows how to convert a high-probability risk bound to
an expected risk bound, it is not clear that their methodology can be extended to
directly bound more general risks like CVaR. As such, to the best of our knowledge,
our work is the first conformal-style approach that provides a certain (as opposed to
high-probability) bound on risk measures beyond expected loss for monotone loss

functions.

Several prior works within the CP literature have also explored calibrating model
uncertainty during training. Conformal training [254] and related works [77, 59,
190] introduced methods for incorporating CP differentiably during model training
by treating part of each minibatch as a pseudo-calibration set. These works primarily
focus on reducing the size of calibrated prediction sets. In contrast, our conformal
risk training method is the first to incorporate conformal risk control differentiably
during model training and is compatible with more general performance objectives
such as reducing the false positive rate of a classifier or minimizing an expected
decision loss. We show in Section 2.10 that conformal training is a special case of

our method.

Beyond the conformal prediction literature, a number of works in the machine
learning literature (e.g., [146, 75, 152]) have introduced risk-sensitive objectives
into learning; while these methods may, for example, reduce CVaR risk, they do not

come with risk control guarantees.

Finally, our work is related to methods from ‘“predict-then-optimize” [78] and
decision-focused learning [ 175, 226], especially the growing literature on decision-
focused uncertainty quantification (UQ). These methods aim to generate prediction
sets that optimize some downstream decision-making objective while still maintaining
calibration. Several of these methods are applied post-hoc to (potentially) decision-
agnostic models [267, 60, 135], whereas others have combined conformal training
with decision-focused learning [106, 311]. Our conformal risk training method
builds upon this decision-focused UQ literature: whereas these prior works have
largely focused on set-valued predictions and their associated risks, our method

allows for more general risk measures.

Outline. This chapter is structured as follows. Section 2.2 introduces our overall

problem setting and reviews the standard CRC result. Section 2.3 introduces our
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broad generalization to the conformal control of OCE risks, of which standard
CRC is a special case, and shows that this framework can be extended to more
general assumptions in the specific case of CVaR risks. Section 2.4 introduces
our conformal risk training procedure and discusses how the gradient of the risk-
controlling parameter can be computed. Section 2.5 highlights key experimental
results, and Section 2.6 concludes. Additional experimental results are presented in

Section 2.7, and all proofs are deferred to Section 2.8.

Notation. [N] denotes the set {1,2,..., N}. [x], denotes the function max{0, x}.
1[-] is the indicator function, while 1, is a length-d vector of ones. (% denotes a
partial derivative; 4 denotes the total derivative. d f(x) is the subdifferential of a

function f at a point x.

2.2 Preliminaries and Background on Conformal Risk Control

A primary goal in the training and deployment of machine learning (ML) models is
to achieve both good overall performance and to ensure reliable deployment through
the control of some notion of risk. To achieve this dual goal, existing approaches
follow a two-stage, “Pretrain, then Risk Control” approach. First, an ML model with
parameters 0 € ® C RP is trained to minimize a standard training objective, such as
cross-entropy for classification. Then, after training, the decision-maker applies a
post-hoc risk control procedure to the model to guarantee provably bounded risk.
Formally, let L : ® X A — R denote a (random) mapping from model parameters
6 € O and an “aggressiveness” parameter A € A to some loss. The decision-maker
seeks to choose the parameter A to ensure that risk—the expectation of the loss L—is

bounded at a chosen level a:
E[L(6,1)] < a. 2.1)

For instance, in a tumor image segmentation problem, L may denote the fraction of
false negative pixels on a randomly drawn image, and « is a desired upper bound
on the false negative rate (FNR). The aggressiveness parameter A € [0, 1] can be
chosen as the threshold used to distinguish positive predictions from negative ones.
Thus, a smaller A will yield more positive predictions and a lower false negative rate,
and a greater A will yield more negative predictions and a higher false negative rate.

See Example 1 for a more detailed description of this task.

A number of post-hoc approaches to control the risk of pretrained machine learning
models have been proposed in the literature. Most notable is the approach of

conformal risk control (CRC) [11], which gives a distribution-free, finite-sample
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methodology to provably enforce the risk bound (2.1). In the remainder of this
section, we will omit the model parameters 6 as an input to the loss function L, since
the results hold beyond the case of controlling the risk of machine learning model

decisions.

CRC assumes that the decision-maker has a dataset {L1, ..., Ly} of previous loss
functions, and that the goal is to control the marginal loss of the next instance:

E[L,+1(4)] < a. This can be done under several mild assumptions.

Assumption 1. A C Ris a closed and bounded set with minimum value Ay, = min A.
The set {L; : A — R}f\i Jil is a set of exchangeable, left-continuous random functions.
Furthermore, B : A — R is a left-continuous function that almost surely upper
bounds each L; pointwise, so that foralli € [N+1], Pr(VA e A: L;(1) < B(1)) = 1.

N+1

Assumption 2. The functions {L;};_}" are almost-surely nondecreasing, and B is

nondecreasing.

Assumption 3. The risk control problem is feasible. That is, the desired risk level
a € R is chosen such that E[|Ly+1(Amin)] < a.

Under these assumptions, CRC gives the following approach for selecting A to control

risk.

Proposition 1. Under Assumptions 1 and 2, let @ € R be a desired risk level and
define the set A as

N
A={1eA|h(A) <a}, where h() = ﬁ (B(/l) + Z L,-(/l)) . 2
i=1

Then, for any A € A, we have E[Ly.1(1)] < «. Furthermore, if Assumption 3 holds,

then choosing A := max{Amin, sup A} ensures risk control: E[Ly4(1)] < a.

We make three brief remarks. First, the CRC procedure we describe above in
Proposition 1 is actually a mild generalization of the original method in [11]; in
particular, we allow the risk upper bound B to be a function of A, whereas prior work
assumes B to be a constant. In practice, this allows us to achieve tighter bounds on the
risk. Second, we assume that the functions L; are left-continuous and nondecreasing
and we choose A via the supremum, following the convention of [151]; on the other
hand, the original CRC paper [11] assumes right-continuous and nonincreasing

functions L; and chooses a conservativeness parameter A via the infimum. These
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Algorithm 1 Conformal Risk Control (CRC)

Require: parameter space A = [Amin, Amax], loss functions {L; : A — R}fi T
upper-bound B : A — R, risk threshold @ € R, numerical tolerance € > 0
function CRC(A, {L;}Y |, B, @, €)

A — Amin, A — Amax

while 1 — 1 > e do
Ae—(1+2))2
if 72 (B(A)+ XN, Li(1) <athenl«— lelsed — A

return A

approaches are equivalent up to reflection of the parameter A. Finally, observe that
due to monotonicity of the function 4(1), the risk controlling parameter A can be
computed in practice through bisection search; see Algorithm 1 for a full description

of this approach.

Standard CRC (Proposition 1) provides a sufficient criterion for choosing the
parameter A to ensure bounded marginal (i.e., expected) loss. However, it does not
address the control of more general notions of risk; in the next section, we will show
that this framework can be broadly extended to the control of the general family of

optimized certainty equivalent risks.

2.3 Conformal Risk Control for Optimized Certainty Equivalents

The previous section describes the control of expected loss to achieve the risk bound
(2.1). However, in real-world, high-stakes applications, decision-makers may seek
to control their risk beyond just the expected loss, especially if they are sensitive
to losses of particular magnitudes. In general, they are faced with the problem of
controlling their loss L under some chosen risk measure R, which maps from random

variables to R:
R[L(1)] £ a. 2.3)

While the CRC methodology described in the previous section can be extended to
achieve the more general risk control (2.3) in certain special cases, such as when R is a
quantile (see [11, Section 4.2]), there are many other important notions of risk which
this approach cannot directly accommodate. For instance, in [11, Section 4.2], the
authors pose the question of whether CRC or some other approach can be extended to
enforce the risk control bound (2.3) when R is the conditional value-at-risk (CVaR),

a common risk measure in financial and energy systems applications [220, 141, 184,
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172].

In this section, we answer this question in the affirmative, proving that in fact,
CRC can be extended to control any risk in the broad family of optimized certainty

equivalent risks, defined as follows.

Definition 1 ([24, 23]). A risk measure R mapping a real-valued random variable
X to R is an optimized certainty equivalent (OCE) risk measure if R[X] can be
expressed as

R[X] = infr + E[¢(X - 1)],

where ¢ : R — R U {400} is a disutility function that is nondecreasing, closed, and

convex with ¢(0) = 0and 1 € 0¢(0).

The family of OCE risks includes a number of practical and popular risk measures,
including mean-variance and entropic risks [146]. Moreover, the conditional value-

at-risk can also be shown to be an OCE risk measure with the disutility function

dcvar® (x) = ﬁ [x]+.

Definition 2 ([221, 220]). Let X be a real-valued random variable, and let F be
its cumulative distribution function. The conditional value-at-risk of X at level
6 € [0, 1), denoted CVaR’ [X], is the average value of X on its -tail, or the 1 — 6
fraction of its largest outcomes. If X has a density, then CVaR°[X] = E[X | F(X) >
8]. For general random variables X, CVaR®[X] can be expressed via the variational
Sformula
1
CVaR’[X] = inft + —— E[X —1].
aR7LX] = infr+ 5 BIX — 1]
In Theorem 1, we show that the CRC methodology described in Proposition 1 can be

broadly generalized to accommodate any OCE risk measure.

Assumption 4. The OCE risk control problem is feasible. That is, the desired risk

level a is chosen such that R[Ly+1(Amin)] < a.

Theorem 1. Suppose Assumptions 1 and 2 hold, and fix a,t € R. Let R be an OCE
risk measure with disutility function ¢. Define the exchangeable random functions
{Liy: A> R by Li (1) =1t + ¢(Li(A) — 1), and let B,(1) =t + p(B(A) —1).
Define

N
hi(2) := ﬁ (Bzu) ) L-,zu)) , (24)
i=1
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and let A, = {1 € A | hy(1) < a}. For every 1 € A, R[Lyii ()] < a.

Furthermore, if Assumption 4 holds, then choosing A := max{Amin, sup A;} ensures
risk control: R[Ly+1(1)] < a.

The key insight underlying this theorem is that for any OCE risk, /4, is nondecreasing
in A. This structure gives rise to the conformal OCE risk control (CORC) algorithm

shown in Algorithm 2, which computes 1 using bisection search.

Theorem 1 is a strict generalization of the original CRC methodology in Proposition 1.
By choosing the disutility ¢(x) = x, the risk measure R is simply the expectation,
and we recover the setting of controlling expected risk. In this special case, for all

t € R, we have
Vie [N]: Zq‘,z =L;, B =B8B, ilt(/l) = h(4), Az = A,

thus recovering Proposition 1 exactly. Moreover, Theorem 1 answers positively the
question from [11] of whether CRC can be generalized to control the CVaR, since
the CVaR is an OCE risk measure. In fact, it is possible to obtain an even more
general result in the specific case of controlling the CVaR. Specifically, we may relax

the condition in Assumption 2 that the losses L; are nondecreasing.

Assumption 5. All {L; fi Tl and B are monotonic in A. Note that within the set

of functions {B} U {L,-}f.\i +11, we allow for some functions to be monotonically
nondecreasing (e.g., Ly, L3), while others may be monotonically nonincreasing (e.g.,

L,, B).

Even under this milder assumption on the structure of the losses L;, we can obtain

the following risk control guarantee for the CVaR.

Theorem 2. Suppose that Assumptions 1 and 5 hold. Fix any § € [0,1) and
a € R. Define A; as in Theorem 1 using the disutility function Povars (X) = 11—6 [x]+
Then, for every t € [B(Amin), @] and A € A, we have the risk control bound
CVaR’ [Ly+1 (V)] < a.

While the above result is written specifically for the case of CVaR, we note that the
result can be extended to some, but not all, other OCE risk measures; see Section 2.8
for further details. Theorem 2 motivates the conformal CVaR control algorithm,

which we present in Algorithm 2. Note that Theorem 2 is only non-vacuous
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Algorithm 2 (Post-hoc) Conformal OCE Risk Control (CORC)

Require: parameter space A = [Amin, Amax ], functions {Li}[]\i \» upper-bound B, risk
threshold @ € R, numerical tolerance € > 0, hyperparameter t € R
function CORC(A, {L;}Y |, B, @, €, t, disutility ¢ : R — R)

A — Amin, A — Amax

while 1 — 1 > e do
Ae—(1+2))2
if 7(A,1) < thend < delse A — A > I is defined in (2.4)

return A

N

function CoNFORMALCVARCONTROL(A, {L; }l=1 ,

[0,1))
if @ < B(Apin) ort ¢ [B(Anin), @] then return A,

return CORC(A, {L;}Y |, B, @, €, 1, ¢cypo)

B, a, €, t, quantile level § €

when B(Amin) < a@; otherwise, assuming feasibility of the risk control problem

(Assumption 4), we can still use A, to obtain the desired bound.

Compared to the standard CRC result (Proposition 1), Theorems 1 and 2 both involve
an additional hyperparameter ¢. For the risk bounds to hold, ¢ should not depend
on the calibration data {L, ..., Ly} used to select the risk control parameter A. In
practice, we recommend using an additional held-out set of losses {L], ..., L} (e.g.,
the training set), and picking the ¢ that yields the largest risk control parameter on
this set.

While the conformal OCE and CVaR risk control procedures we have proposed in
this section enable controlling substantially more general risks than the original CRC
framework, such a post-hoc risk control procedure may still come with a substantial
cost upon ML model deployment. For example, applying CRC to control the false
negative rate of a model for tumor segmentation may come at the cost of a large false
positive rate (see Figure 2.1 in our experiments). Because CRC is designed to be
applied post-hoc to a pretrained model, there is no existing approach to remedy this
degradation in performance. To improve performance while guaranteeing controlled
risk, a better approach would train or fine-tune models subject to a constraint
enforcing risk control. Designing a methodology to accomplish this goal is the focus

of the next section.



19

Algorithm 3 Conformal Risk Training

Require: training set {(x;, y,-)}f.‘i |» parameter space A = [Amin, Amax |, upper-bound
B : A — R, disutility ¢ : R — R, risk threshold @ € R, initial model
parameters 6

function CoNFORMALRISKTRAINING({ (x;, y;) lﬂ;’ N B, ¢, a,0)
for mini-batch D C [M] do
Randomly split batch: (Dcal, Dpred) < D
Define loss functions L;(6, A1) := L(x;, y;, 0, 4) fori € D¢y
Define cost functions £;(6, 1) := £(x;,y;,0,4) fori € Dpreq

With £ as defined in (2.4), compute,

A(f) ;= argmin  min
AeA Z‘E[B(/lmin)sa'] |Dpred|

>0,

1€Dpred
st. i (6,1) < a
fori € Dpreq do
Compute (sub)gradient of objective dO; := d¢;(0, 1(0))/do
Update 6 using (sub)gradients: },;cp . d6;

pred

2.4 Conformal Risk Training

Returning to the setting described at the start of Section 2.2, the loss function L
typically depends on the output of an ML model with parameters 6 € ©. To explicitly
denote this relationship, we write L(6, 1), and we define h(6, A1) (equation 2.2) and
h: (6, 2) (equation 2.4) accordingly in terms of {L;(8, /l)}l].\i ;- The CRC (Section 2.2)
and CORC (Section 2.3) procedures for picking A treat the model parameters 6 as

fixed. Thus, we call them “post-hoc” procedures.

However, as we show in our experiments, this separation of pre-training model
parameters € and performing risk control post-hoc leaves substantial room for
improvement. Instead, in this section, we consider the problem of jointly optimizing
the model parameters 6 and the risk control parameter A, which we call the end-to-end
optimal risk control problem:

HerGr)l,i/{leA E[€(8,4)] s.t. R[L(6,4)] < a, (2.5)

where £ : ® X A — R is a cost function that measures model performance and
is differentiable almost everywhere. Note that we are specifically concerned with
settings where the cost function ¢ depends on the risk control parameter A. For a
standard training objective such as cross-entropy where ¢ only depends on the model

parameters 6 but not on A, the end-to-end optimal risk control problem (2.5) reduces
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to standard empirical risk minimization.

The following example concretely illustrates the roles of £ and L for the problem of
optimizing specificity in tumor image segmentation while controlling false negative

rate.

Example 1. In tumor image segmentation, an input image X € X = R¥3 (rep-
resented as a flattened array of RGB pixels) has a corresponding binary label
Y € Y ={0,1}¢, where 1 indicates the presence of a tumor at a given pixel location.
Let fy : X — [0, 1]1¢ denote a segmentation model parameterized by 0 that outputs
a predicted probability that each pixel is tumorous. If A € [0, 1] is the decision
threshold, let Y(0,1) € Y denote the binarized prediction, i.e., for all j € [d],
7(6,2) i =1[fo(X); = A]. Then, the fraction of false negative predictions is

YAY(6,2 1
L(6,2) ::1—%:1—m Z 1[fo(X); > ] (2.6a)
jZYJ':l
1
=7 2 We(); <Al (2.6b)
jZ Yj:]

where |-| counts the number of ones in a binary vector. Clearly, L is nondecreasing
in A. The expected loss B[ L(6, )] gives the FNR of the model fy, and we can pick A
to control the FNR to be less than some target threshold «.

However, in addition to controlling FNR, doctors and patients may also want to
reduce false positives (i.e., optimize specificity). We can approximate the fraction of

false positives in an image with

_ 1 fO(X)j -4
€(6,2) = 7] j:;Oa(—T )

where T is a temperature hyperparameter.

As in the post-hoc CRC setting, we usually do not have access to the exact distribution
of L (nor the distribution of £). Instead, we only have a dataset of i.i.d. (or
exchangeable) samples ¢; and L; fori € [ N], from which we can form the end-to-end
optimal CORC problem:

N
) 1 -
— i . <. .
,nin ; (0,0 st h(6,0) <a 2.7)
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We can equivalently express (2.7) as a bi-level optimization problem. The outer

problem minimizes over 6, whereas the inner level chooses a risk-controlling A:

N
1
Ieréiél I ; (;(0,4(0)), where A(6) := argmin —

N
1 -
E (;(0,Q) s.t. hy(0,2) < a.
AeA N im t

=1
(2.8)
We shall assume that Assumption 4 holds, so in case the inner optimization problem

in (2.8) is infeasible, we set A1(0) = Anin to ensure risk control.

To solve (2.8) via gradient descent, we need to compute the gradient
d¢; ¢ o0t d4
— = — — -—(6). 2.
2 (6.4(6)) = ZL(6.4(6)) + 5 (6.4(8)) - 75(6) 2.9)

The key challenge lies in computing the derivative g—g (0). Fortunately, as we will
show in Section 2.4, this derivative can be computed exactly in many common

settings.

Assuming for now that we can compute % (@), we propose the conformal risk training
method (Algorithm 3) for solving the general end-to-end CORC problem.! Inspired
by the conformal training method [254], conformal risk training splits each minibatch
of training data D into two halves, D¢, and Dpeq. We use the pseudo-calibration
set D¢q to form the loss functions L; and compute the risk control parameter A(6),
while we use Deq to form the cost functions £;. Note that after training a model
with conformal risk training, we use a fresh calibration dataset (and thus a fresh set

of Li,...,Ly) to compute A(6) for use on a test input.

Computing the gradient in conformal risk training

This section discusses the computation of the gradient g—g (0). This is challenging in
general, as it requires differentiating through the optimal solution of the lower-level
CORC problem in (2.8), which may in general be nonconvex. Fortunately, it is
possible to compute this gradient in many practical settings. In the following
(informal) theorem, we give a high-level description of two cases in which we can
compute this gradient; see Section 2.8 for a formal statement of the theorem and its

proof.

Theorem (Informal version of Theorem 3, Section 2.8). Suppose Assumptions 1
and 2 hold and the inner problem in (2.8) is feasible. Under mild differentiability

!'The name “conformal risk training” was coined by David Stutz on his blog. However, to the
best of our knowledge, we are the first to actually develop a concrete methodology for end-to-end
conformal risk control.


https://davidstutz.de/some-research-ideas-for-conformal-training/
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conditions, we may obtain a closed-form expression for d/l () in the following two

cases.

(i) if {fi}f\; | are strictly decreasing in A, and {B} U {Li}f\; | are piecewise constant
inA;
(ii) if{fi}f\;l are strictly convex or strictly monotone in A, and {B} U {Li}f.il are

convex in A.

Note that when considering certain OCE risks like the CVaR in Theorem 3, the nonde-
creasing assumption (Assumption 2) can be relaxed to monotonicity (Assumption 5)

in a similar manner as done in Theorem 2.

The gradient for conformal training [254] follows as a special case of (i) above (see
Section 2.10). We now show that case (i) also applies immediately to the FNR loss

considered in Example 1.

Example 2. Recall the setting of Example 1. Given a dataset D, = {(X;, Y,)}f\i 1
drawn exchangeably from P, let L;(6,1) := 1 —|Y; A Yi(6,2)|/|Yi|. Clearly, every
L; is bounded by B = 1. Following the conformal risk control procedure, using the

form (2.6) of the loss, and noting that each ¢; is strictly decreasing in A, we may pick

N
() := max {1 € [0,1] Z Z 1[f3(X); <Al |<a
=1

J: (Yy);=1
(2.10)

Assuming that all values fy(X;); are unique, then according to the proof of Theo-
rem 3(i) (see Section 2.8), the optimal value A(6) = fo(X;); for some specific (i, j).

Thus, the gradient is
da(9) d
— = —fu(X));.
do def@( l)]

2.5 Experiments

In this section, we present experimental results for our conformal risk training method
on two problems: (1) controlling false negative rate in tumor image segmentation
[11], and (2) controlling CVaR of losses in grid-scale battery storage operation [73].
Code to reproduce our results is available on GitHub,? and additional experimental

results and details are reported in Sections 2.7 and 2.9.
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Figure 2.1: Results for the tumor image segmentation problem (Section 2.5) across
different FNR thresholds a with 10 random seeds. (left) All three methods show
FNR controlled at level @. (middle) Whereas only applying CRC post-hoc results in
very large FPR, our method (conformal risk training, in green) is able to significantly
reduce FPR without sacrificing FNR. (right) Our method generally picks a higher
classification threshold A than the baselines, suggesting that it is less conservative.

Controlling false negative rate in tumor image segmentation

We adopt the colonoscopy gut polyp image segmentation problem setup explored
in [11, Section 3.1] and described in Example 1. We use a pre-trained PraNet [82]
as our model fy, and we split images from 4 public datasets (CVC-ClinicDB [26],
CVC-ColonDB [25], ETIS-LaribPolypDB [244], Kvasir-SEG [120]) into training,
calibration, and test splits. In Figure 2.1, we compare the FNR and false positive
rate (FPR) on the test set across three different models: (1) “post-hoc CRC” applied
directly to the pre-trained PraNet; (2) “cross-entropy” refers to the fine-tuning PraNet
using cross-entropy classification loss and then applying CRC; and (3) “conformal
risk training” refers to fine-tuning PraNet using our method described in Section 2.4.
For each model, we try 10 different random seeds for dividing the calibration and test

splits, and we vary the target FNR « across three different values (0.01, 0.05, 0.1).

As Figure 2.1 shows, all three models have their expected FNR controlled at the target
level @. However, for the “post-hoc CRC” and ““cross-entropy” baselines, applying
post-hoc CRC comes at a significant cost to the FPR, reaching as high as 80% FPR
when the target FNR is 1%. In contrast, our conformal risk training method reduces
FPR on average by 23-42% across the a levels. Furthermore, our method yields
larger average values of A than the baselines, suggesting that our method reduces

conservativeness while maintaining the risk guarantee.

Controlling CVaR tail risk from battery storage operations
Energy resource operators seek electricity price forecasting models which deliver

optimal expected profit while ensuring that the risk of losses due to poor predictions is

2https://github.com/chrisyeh96/conforma1—risk—training


https://github.com/chrisyeh96/conformal-risk-training
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adequately controlled. We adopt a grid-scale battery operation problem [73], where
a battery operator predicts electricity prices Y € R’ over a T-step horizon and uses
the predicted prices to decide how much to charge (z € RT) or discharge (z°* € RT)
the battery, subject to constraints on the battery’s state of charge expressed in terms
of the net charge 7" € R”. The input features X include the past day’s prices and
temperature, the current day’s energy load forecast, and other date-related features.
The battery has capacity C, charging efficiency y, and maximum charge/discharge
rates ¢'™ and ¢®®. The task loss function f represents the multiple objectives of
maximizing profit, battery health by discouraging rapid charging/discharging (with
weight €"™P), and flexibility to participate in other markets by keeping the battery

near half its capacity (with weight €1°*):
i inll2 2 2
f(y,z) — (Zm _ Zout)Ty + ramp (”Zln” + ||Z0ut|| ) + Eﬂex ||Znet|| ,
with the following constraint set Z for z := (7", z°, z") € R3:

0< Z1n < Cln,

A

O < Zout < Cout

’

Z — (Zin’ Zout’znet) c R3T —C/2 < Znf:t < C/Z, - (211)

t
Vi e [T]: 7 := Z yzr ="
=1

Following [73], wesetT =24, C =1,y = 0.9, ¢ = 0.5, ¢®"* = 0.2, €™ = 0.1, and
€4MP = (.05.

If z € Z, then clearly Az € Z forall A € A = [0, 1]. We can thus implement a
A-dependent decision-maker via a “decision-scaling” rule zg(x, 1) = AZ¢(x), where
Zo(x) = argmin .z f($¢(x),2) and $ : X — Y is a neural network pre-trained to
minimize mean squared error in predicting electricity prices.> We use the task loss
£(0,1) = f(Y,z9(X, A)) as our training objective, which is strictly convex in A, and
we apply CVaR control to the financial risk term L(6, 1) := /l(fign(X ) = 29"(X))TY.
We construct a monotone-increasing upper bound B(A) := 1004 based on the
empirical observation that our decision-maker Zy satisfies (219“ (x)=2g"(x)) Ty < 100
on our training and validation sets. Note that Theorem 2 enables us to control the

CVaR of L(6, 1), which may either be monotone nondecreasing or nonincreasing in

3We do not train a model to directly map features x to decisions z because z must satisfy constraints.
Instead, we train §¢ to predict electricity prices, and then define the decision Z¢(x) as a function of

Vo(x).
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Figure 2.2: Results from the battery storage problem (Section 2.5) across different
CVaR quantile levels ¢ and risk control thresholds @, with 10 random seeds. (top) All
three methods show CVaR risk controlled at the target level @. (bottom) Comparison
of the relative increase in profit (i.e., negative task loss) achieved by different methods
over the post-hoc CRC baseline. Higher values are better.

A; in contrast, the traditional CRC method (Proposition 1) does not apply, as it only
allows for controlling the expectation of L when it is nondecreasing.

Because L and B are both convex in A and differentiable almost everywhere in (6, 1),
A(0) is the solution to a convex optimization problem, and Theorem 3(ii) allows us
to compute the derivative d4(6)/d8 by differentiating through the KKT conditions

of the convex optimization problem [3].

We compare test set tail risk and task loss across three different models: (1) “post-hoc
conformal CVaR control” applied directly to the pretrained price prediction model
Vo; (2) “fine-tune task loss” refers to fine-tuning y4 using a decision-focused task-loss
[73] and then applying conformal CVaR control; and (3) “conformal risk training”
refers to fine-tuning y4 using the procedure described in Section 2.4. For each model,
we try 10 different random seeds for dividing the validation and test splits, and we vary

the target CVaR tail risk @ € (2,5, 10) and the quantile level § € (0.9, 0.95,0.99).

As Figure 2.2 (top) shows, all three models have their CVaR tail risk controlled at the
target level . However, in Figure 2.2 (bottom), it is clear that whereas fine-tuning
using the task loss does not improve average task loss when controlling for tail
risk, our conformal risk training method achieves between 7.2% and 22.6% mean

improvement in task loss (i.e., higher average profit) compared to the “post-hoc
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Table 2.1: Sensitivity of task loss and tail risk to relative changes in hyperparameter ¢
on the battery storage problem. Values given show mean + 1 standard deviation of the
task loss Ex y)~p[f(Y,429(X))] and financial tail risk CVaR‘(SX’Y)ND [/l(ﬁgn(X) -
25" (X)) Y] for 10 models $ trained with different random seeds. ¢ is calculated as
t = (1 + At)to, where ty denotes the optimal value of 7 tuned on the training set.

a=2 a=5 a =10
At 6=09 0.95 0.99 6=09 0.95 0.99 6=09 0.95 0.99

-05 -86+32 -43+16 -15+05 -213+80 -107+40 -39+12 -356+63 -214+79 -7.7x25
-0.1 -8.6+32 -43+16 -18+05 -213+79 -107+40 -44+13 -356+63 -21.5+79 -89+26

S 0 86432 -43+1.6 -1.8+05 -213+79 -107+40 -45+13 -356+63 -215+7.9 -9.0+2.6
= 0.1 -86+32 -43+16 -18+05 -213+79 -107+40 -46+12 -356+63 -21.5+79 -9.1%25

05 -86+32 -43+16 -17+04 -213+79 -107+40 -41+10 -356+63 -21.5+79 -83+2.0
. -05 16+03 1.6+03 1.1£02 39+0.8 40+£08 28+0.6 7.1+22 80x15 56=+1.1
= 0.1 1.6 +£0.3 1.6+03 13+02 39+0.8 40+08 33+0.6 7.0£22 81+x15 65+12
% 0 1.6+03 1.6x03 13+02 39+0.8 40+£08 33+06 7.0+22 81+15 6.6x1.2
;>j 01 16+03 16+03 13+02 39408 40+£08 34+06 7.0+22 81x15 67+12

05 16+03 1.6+03 1.2+0.3 39+0.8 40+0.8 3.1+0.7 7.0+£22 8.1+15 62+1.5
0.0+00 00+£0.0 08+0.3 0.0+0.0 0.0+0.0 2.0+0.7 0.1+0.1 0.1+0.1 41+15

-~
S

conformal CVaR control” baseline at all tested risk thresholds @ and quantile levels
J.

Sensitivity to r hyperparameter. As noted in Section 2.3, conformal CVaR control
requires picking a hyperparameter ¢ € [ B(Apin), @], which we set to the value 7 that
yields the largest risk control parameter A on the training set. To understand the
sensitivity of conformal CVaR control to the choice of 7, we computed task loss and
the empirical CVaR of financial risk under both relative (Table 2.1) and absolute
(Table 2.3) perturbations of ¢t away from #9. Empirically, we find that the task loss
and CVaR are not very sensitive to changes in #; the task loss from perturbed 7 tends

to be close to (within 1 standard deviation of) the task loss from #.

2.6 Conclusion

We have developed the conformal OCE risk control method, which is a strict
generalization of the original CRC procedure. In particular, this allows us to directly
control the CVaR tail risk, unlike previous works which only control expected losses
or provide high-probability bounds. We have also developed conformal risk training,
which generalizes the conformal training procedure from conformal prediction to
the setting of conformal OCE risk control, and our experiments show significant

improvements in model performance over applying post-hoc CRC alone.

Limitations and future directions. The main limitations of conformal OCE risk
control are the same limitations that apply to standard CRC: the risk control guarantee

only applies to monotone and exchangeable losses. For conformal risk training, while
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Table 2.2: Comparison of cross-entropy loss, false negative rate (FNR), and false
positive rate (FPR) across baseline methods (“post-hoc CRC” and “cross-entropy’)
and our conformal risk training (CRT) method. The « values in the different
columns indicate the level at which FNR is controlled by CRC. The a value in
parenthesis following “CRT” indicates the FNR threshold enforced during conformal
risk training.

cross-entropy a=0.01 a=0.05 a=0.1

loss FNR FPR FNR FPR FNR FPR
post-hoc CRC 2.8+0.1 0.009 +0.003  0.841+0.014  0.048+0.008 0.524+0.022  0.101 £0.019  0.256 + 0.035
cross-entropy 29+0.2 0.008 +£0.003  0.811+0.049  0.050+0.014 0.580+0.106 0.101 £0.017  0.293 + 0.092
CRT (@ =.01) 11.9+04 0.008 £ 0.005  0.465 +0.057 - - - -
CRT (a = .05) 5.8+2.5 . . 0.049 +0.014  0.385 +0.054 . -
CRT (a = .1) 7.8+6.1 - 0.106 £0.021  0.152 +0.041

we derive the exact gradient in some common cases, we do not provide a complete

characterization of when the gradient exists.

Future work may examine the tightness of the conformal OCE risk control bound and
consider generalizations of CRC to other families of risk measures such as distortion
[52] or coherent risk measures [15]. We believe that conformal OCE risk control will
be of particular interest to high-stakes applications in finance, robotics, and LLM

alignment, where provable tail risk guarantees are critical.

2.7 Additional Experimental Results

Tumor image segmentation. Figure 2.3 shows a random selection of 8 images
from the test set, along with the corresponding predictions made by the baseline
methods (“post-hoc CRC” and “cross-entropy’”) compared to our “conformal risk
training” method. Evidently, our method significantly reduces false positives (shown
in teal) without significantly increasing false negatives (shown in red), especially
when the false negative rate is controlled at a very low @. Note that the marginal
risk control guarantee offered by the CRC procedure (Algorithm 1) ensures that false
negative rate will be controlled at the target level on average over test examples,
while individual examples might exceed the target false negative rate. This is why in
certain cases, our method (“‘conformal risk training”) might exceed the false negative
rate of other methods (e.g., in the 7th column of the @ = 0.05 case in Figure 2.3),

while on average, it guarantees the target false negative rate.

We would also like to emphasize the decision-focused nature of our method. As
shown in Figure 2.1, further training the pre-trained image segmentation model with
the PraNet weighted cross-entropy loss [82] and then applying post-hoc CRC (shown

in orange) does not improve model performance over directly applying post-hoc CRC
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(a) @ = 0.01

OSSO

(b) @ =0.05

(c)a=0.1

Figure 2.3: Predictions on 8 randomly selected images from the test set for the tumor
image segmentation problem (Section 2.5). Black and white pixels indicate correct
outputs. False positives are shaded teal; false negatives are shaded red.
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Figure 2.4: Values of the decision scaling factor A for the battery storage problem
(Section 2.5) across different CVaR quantile levels 6 and risk control thresholds
a, with 10 random seeds. Higher values indicate more aggressiveness and larger
charge/discharge decisions.
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Figure 2.5: Comparison of financial tail risk (top) and task loss (bottom) as a function
of calibration set size on the battery storage problem (Section 2.5), across different
CVaR quantile levels ¢ and risk control thresholds a, with 10 random seeds. Here,
post-hoc conformal CVaR control is applied to the pre-trained prediction model yg.

to the pre-trained model (shown in blue). This observation is verified in Table 2.2,
where we see no meaningful difference in performance between the “post-hoc CRC”
and “cross-entropy” rows. In contrast, at a given false negative rate (FNR) risk level
a, our conformal risk training method achieves lower false positive rate (FPR) but

incurs higher cross-entropy loss.

Battery storage operations. In Figure 2.4, we show values of the decision scaling
factor A obtained through our conformal risk training approach compared with the
baselines described in Section 2.5. In general across values of the CVaR quantile

level ¢ and risk control threshold «, it appears that our conformal risk training
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Table 2.3: Sensitivity of task loss and tail risk to absolute changes in hyperparameter
t on the battery storage problem described in Section 2.5. Values given show
mean =+ 1 stddev of the task loss E(x y)~p [ f (Y, 12¢(X))] and the financial tail risk
CVaR‘(SXJ)~ 5 [AEN(X) —29" (X)) TY] for 10 models 9, trained with different random
seeds. t is calculated as ¢t = 19 + At, where ¢ denotes the optimal value of ¢ tuned
on the training set. In the case that 7y + At ¢ [B(Amin), @], no values are given, as

66 9

indicated by “-”.

a=2 a=5 a =10
At 6=09 0.95 0.99 6§=09 0.95 0.99 §=0.9 0.95 0.99
-5 - - - - - - - - -6.5+0.9
-2 - - - - - -33+1.2 - - -8.2+25
-1 -1.3+0.2 - - —4.1+1.2 - - -9.1+£23

= 0 -86+32 -43x16 -1.8x05 -213+79 -107+4.0 -45+13 -356+63 -21.5+79 -9.0+2.6

M1 68+19 -44:1.1 -1.0£07 -199+67 -113+3.6 -45+08 -354+63 -222+75 -93+2.1
2 -07+03 -08+00 00+00 -181+55 —113+3.1 -34+13 —-34.8+62 -226+7.0 -89+15
5 00£0.0 00+00 00£00 -04+09 -1.9+07 0000 -322+72 -21.9+56 -48+35
-5 - - - - - - - - 4.4+03
_ =2 - - - - - 23+£06 - - 59+1.0
= -1 - - 0.9+0.1 - - 3.0+0.5 - - 6.6 +0.7
% 0 16+03 1.6+03 13+02 39+08 40+08 33+06 70+22 81x15 66+12
s o1 13£03 17+02 08+06 37+08 43+06 3405 70+21 8414 6910
© 2 01:01 03:01 00:00 34+08 4306 2612 69+21 86+13 6711
5 0.0£00 0000 00£00 01201 07+03 0000 62+17 8410 3830
o - 00+00 00+00 08+03 00+00 00£00 20+07 01+01 01+01 4115

method yields values of A that are larger on average than the alternative methods.
This implies that our method is able to learn to deploy more aggressive decisions,
and employs a greater portion of the battery capacity when charging/discharging
than the alternative methods. In other words, by learning to use a larger scaling
factor A while preserving the risk constraint, the electricity price forecasting model
trained via conformal risk training becomes more “calibrated” in regard to risk. In
addition, as the value of ¢ increases, the scaling factor A decreases across all methods,
reflecting the increased need to make more conservative decisions in settings where

losses on the extreme tail must be controlled.

Conformal CVaR control performs better when the calibration set is larger. As shown
in Figure 2.5, a larger calibration set generally reduces the task loss and achieves

a tighter CVaR bound closer to « (i.e., not being overly conservative). The reason

1
N+1

expression for /,(1). Increasing N reduces the effect of the upper bound B and

a larger calibration set size N helps is because the term B, (1) appears in the
enables choosing larger (less conservative) 4. However, there are diminishing gains

as N increases.

In Table 2.3, we compute the task loss and CVaR financial tail risk on the test
set under perturbations of the hyperparameter ¢ from the tuned value #y. Because

Theorem 2 only holds when ¢ € [ B(Amin), @], we exclude reporting results when the
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perturbed ¢ is outside of the required interval. We find that while our 7y tuned based
on the training set is not always optimal for the test set, it is generally close to the

optimal.

2.8 Deferred Proofs
Throughout the proofs, we sometimes rely on the property that a disutility function
¢ : R — RU {+00} corresponding to an OCE risk measure (Definition 1) is a closed

function. For completeness, we provide the definition of a closed function below.

Definition 3 ([28]). A function f : R — R U {+0} is closed if its epigraph
epi f := {(x,1) € R? | f(x) <t} is a closed set in R?.

Proof of Proposition 1

Define the set

N+1
o . N 1
AN :={1eA|RQ) < a}, h R(1) i= —— L;(1),
{1eA|R() <a}, where R(A) NH; ()

and recall the definition of the set A from (2.2), which we state again below:

N
A:={1eA|h(Qd) <a}, where h(d) := —Ni - (B(/l) + Z L,-(/l)) .
i=1

Since L; < B almost surely for every i € [N], R < h almost surely. Therefore,
h(1) < @ implies R(1) < @ almost surely, so A C A’ almost surely.

Define 1 := sup A and 1’ := sup A’. We follow the convention that sup ) = —co.
Since A C A’ almost surely, we have 1 < U almost surely.

We now consider two cases based on whether A’ is empty or not.

1. Suppose A’ = 0. Then A = () almost surely, so it is (vacuously) true that for all
A1eAE[Lys1 (D] < a.
If Assumption 3 holds, then 1 = A’ = —co almost surely, so A = max{Amin, 1} =

Amin almost surely. Therefore, E[Ly+1(A)] < a.

N+1
i=1
left-continuous functions, so R is also left-continuous; (2) A’ contains at least

2. Suppose A’ is non-empty. In this case, 1’ = max A’ because (1) {L; are

one point; and (3) we assume that A is closed.
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Let E be the random multiset of loss functions {L1, ..., Ly+1}, and observe that

A’ is a constant conditional on E. The random functions L; are exchangeable,

which implies that
LN+1 (/i,) | E ~ Uniform {Ll (/i,), ey LN+1 (/i,)} .

Therefore,

B Lyt (D) | E] = 1 3 Li(¥) = R(D),
i=1

Note that R is a random function, because the L;’s are random. By the law of
total expectation (i.e., by further taking an expectation over the random multiset
E), we have

E[Ly+1()] =E[RQ)] <a

where the expectation is over randomness from E, and the inequality comes

from the definitions of A’ and .U’.

Since Ly is nondecreasing almost surely and A < A’ almost surely, we have
E [LN+1(/D] <E [LN+1(/?)] <a.
Since 1 = sup A and Ly, is nondecreasing almost surely,

VieA: E[Lyii (D] <E[Lys1(D] < a.

If Assumption 3 holds, then observe that both
E[Ly+1(D] <@ and  E[Ly+1(Amin)] < .

Therefore, E[Ly+1(1)] < a.

Proof of Theorem 1
Lemma 1. If ¢ : R —» R U {+o0} is a disutility function corresponding to an

optimized certainty equivalent risk (Definition 1), then ¢ is left-continuous.

Furthermore, if ¢ only takes on real values, then ¢ is continuous.
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Proof of Lemma I. From the definition of an optimized certainty equivalent risk
(Definition 1), ¢ : R — R U {+0c0} is a closed, convex, nondecreasing function. By

[28, Proposition 1.1.2], closedness implies ¢ is lower-semicontinuous.

Next, we show that since ¢ is lower-semicontinuous and nondecreasing, it is left-
continuous. Fix any xo € R. Since ¢ is monotone, it has a left-limit at xo, which we
shall call L:

L :=1lim ¢(x).

xTxo
Since ¢ is nondecreasing, L < ¢(xo). Choose any increasing sequence {x, € R},

that converges to xo. Then by definition of left-limit, we have
lim ¢(x,) — L.
Lower semicontinuity at xo yields
¢(xo) < lim inf ¢(x) <liminf ¢(x,) = lim $(x,) = L.

We have thus shown L < ¢(xg) < L, so ¢(xo) = L, so ¢ is left-continuous at xo.

Since x( was arbitrary, ¢ is left-continuous on all of R.

For the case where ¢ is real-valued (i.e., is never infinite), then it is a well-known

fact that convex real-valued functions are continuous. O]

Proof of Theorem 1. Fix any t € R. By Lemma 1, ¢ is left-continuous. Since
(9, {Li}f\; Jil, B) are nondecreasing left-continuous functions, and the composition
of nondecreasing left-continuous functions remains nondecreasing left-continuous,
({Li4}N*', B;) are nondecreasing left-continuous functions. Furthermore, we have

B;(A) > L;;(1) almost surely.
For any de A,, we have
R[Ly+1(1)] = }gﬂgE [7+ ¢ (Ln+1 (D) = )]

<E[t+¢(Lys1(A) —1)] = E[Lys1,(A)]

<a,
where the last inequality comes from Proposition 1. [
Proof of Theorem 2

Theorem 2 states that CVaR risk can be controlled when the loss functions L; are

monotone, as opposed to the stronger nondecreasing requirement from Proposition 1.
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In this section, we prove the more general result (Proposition 2) that when L; are
monotone, any OCE risk measure whose disutility function can be written as the
composition of another OCE risk measure’s disutility ¢p,se and [.]+ can also be
controlled. We then show that Theorem 2 follows as corollary of this more general

result.

Lemma 2. If f : R —» RU {400} is a closed function (Definition 3), and g : R — R

is continuous, then f o g is closed.

Proof of Lemma 2. Let (x,,t,) be a sequence of points in epi(f o g) such that
(xu,ty) — (x,t). By definition of epigraph, f(g(x,)) < t,, so (g(x,),t,) € epi f.
Since g is continuous, g(x,) — g(x), and thus (g(x,),t,) — (g(x),t). Since f
is closed, epi f is closed, so (g(x),7) € epi f. In other words, f(g(x)) < t, so
(x,1) € epi(f o g).

Thus, we have shown that every convergent sequence of points in epi( f o g) converges

within epi( f o g), so epi(f o g) is closed. Therefore, f o g is closed. O

Proposition 2. Suppose that Assumptions 1 and 5 hold. Fix any a € R, and let
Dbase : R = R U {+o0} be a disutility function for some OCE risk measure. Let
R be the OCE risk measure corresponding to the transformed disutility function
B (x) := Pvase([x]+), and define A, as in Theorem 1 using this transformed disutility
function ¢. Then, for every t € [B(Amin), @] and every A € A,, we have the risk
control bound R[Ly41(1)] < a.

Proof of Proposition 2. First, we show that ¢ is a valid disutility function. By
definition of a disutility function, ¢pa 1S convex, closed, and nondecreasing. ¢
is convex because it is the composition of a convex, nondecreasing function ¢p,se
and a convex function [-];. ¢ is nondecreasing because it is the composition
of two nondecreasing functions. By Lemma 2, ¢ is closed because it is the
composition of a closed function @p,se and a continuous function [-];. Furthermore,
?(0) = ¢pase([0]+) = 0. Finally, to show that 1 € d¢(0), we consider two
cases. If x < 0, then ¢(x) — ¢(0) = ¢(0) — ¢(0) = 0 > x. If x > 0, then
d(x)—d(0) = Ppase(x) = xsince 1 € IPpase(0). Thus, forallx € R, ¢(x)—¢(0) > x,
which shows that 1 € d¢(0). Therefore, ¢ is a valid disutility function.
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Fix any ¢ > B(Apin). Following Theorem 1, we define

Lii(2) ==t +¢(Li(A) —1) Vie [N +1]
B;(A) :i=t+ ¢(B(A) —1).

We will establish that L; ; is nondecreasing and left-continuous. By Assumption 5, L,
ismonotone in A. If L; is nondecreasing in A, then clearly [ L;(1)—] . is nondecreasing
in A as well. If L; is decreasing in A, observe that L;(Anin) < B(Anin) < t almost
surely, so [L;(4) — t]+ = 0 almost surely, for all A € A. Therefore, [L;(1) — ]+
is almost surely nondecreasing in 4. By Assumption 1, L; is left-continuous, so
[L;(A)—t]4 is likewise left-continuous in A. @pase 1S also nondecreasing (by definition
of disutility function) and left-continuous (by Lemma 1). The composition of two
nondecreasing left-continuous functions remains nondecreasing and left-continuous,
s0 ¢(L;(A) — 1) = ¢pase([Li(A) — t]+) is nondecreasing and left-continuous in A.
Therefore, E,-,, is nondecreasing and left-continuous.

By a similar argument, B, is also nondecreasing and left-continuous. Furthermore,
since B(1) > L;(A) almost surely, and ¢ is nondecreasing, we have B,(1) > L; (1)

almost surely.
Thus, B; and {]:i»f}z]'\; J{l satisfy Assumptions 1 and 2. Therefore, by Proposition 1, for
every A € A,

R[Ly+1(D)] = iggE |7+ ¢ (Lya1 (1) = 1)]

<E[t+¢ Ly (D) —1)] =B [Ly+1, (D]

<a.

We remark that if + < @ (which requires @ > B(Apin)), then A, is almost surely
nonempty. Note that B, (Aynin) =t < a. Every I:l-,t is almost surely bounded above

by B,, so Zi,t(/lmin) < a almost surely. Therefore, Ay, € /A\t almost surely.

On the other hand, if 7 > «, then A, is almost surely empty. This is because for every

A € A, we have
B/(A) 2 Li;() = Liy(Amin) =t > @ almost surely,

so () = (I?t(/l) +3V, Zi,,(/l)) > « almost surely. Therefore, for t > a,

Proposition 2 is almost surely vacuously true.

O
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Proof of Theorem 2. Theorem 2 follows as a corollary of Proposition 2, where we

set Ppase = ¢CVaR‘5' Then, ¢ = ¢CVaR5:

[x]+ = ¢CVaR" (x).

]

1
$(x) = Prase([x]+) = beyare (I¥]+) = 7 Ix]+ ]+ = 7=

Theorem 3 and its Proof

We start by stating and proving several technical lemmas that will help in the proof

of Theorem 3. Throughout this section, we abbreviate “almost everywhere” as “a.e.”

Lemma 3. If L : A — R is convex and ¢ : R — R U {+o0} is convex and
nondecreasing, then the function L : A x R — R U {+c0} defined by L(A,1) :=
t+ ¢(L(A) —1t) is convex in (A,1).

Proof. Leta € [0, 1], and fix any (41,1), (12,12) € A X R. Suppose L is convex
and ¢ is convex and nondecreasing. Then,

L(adi + (1 =a)dy, at; + (1 —a)tr)

=at1 + (1 —a)t, + p(L(ad; + (1 —a)dy) — (at; + (1 —a)ty))

<ati + (1 —a)tr + p(aL(Ay) + (1 —a)L(A) — (at; + (1 —a)ty))

=at; + (1 —a)ip + ¢(a(L(41) —11) + (1 —a)(L(A2) — 1))

<ati+ (1 -a) +ag(L(1) —t1) + (1 —a)p(L(12) — 12)

=al(A1,t)) + (1 —a)L(2,1).

Lemma 4. Suppose L : ® x A — R is a 0-1 step function in A of the form
L(6,4) =1[g(0) < 1]

where g : ® — R is a continuous function whose level sets have measure zero. Then,

L is continuous a.e. in 0.

Proof. Fix A € R, and define the preimages U = g~!((=0, 1)), V = g7 1((4, )),
and W = g~1({4}). Clearly, ® = U UV U W. Since the level sets of g have measure

zero, W has measure 0.

Since g is continuous, U and V are open sets. For any 6§ € U, L(6, 1) = 1 is constant,

so L is continuous on U. Likewise, L is constant and hence continuous on V.

Thus, L is continuous in § everywhere except on W, a set of measure 0. 0
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Lemma 5. Suppose L : ©® X A — R is piecewise constant, left-continuous, and

nondecreasing in A with the form

L(6,2) = co(0) + ) ¢;(0) - 1[g;(0) < A]
JjeN

where (¢; : © — R) ez, and (g; : ® — R)jen are continuous functions, (c¢;(6)) jen
are nonnegative, and (g;(0)) jen is nondecreasing. Assume that the level sets of

(g7)jent have measure zero.

Let ¢ : R — R be an OCE disutility function, and let t € R. Then, the function
L : 0 x A — Rdefined as

LB, =t + (LB, —1) =t +¢|co(d) —t + ch(e) 1[g;(0) < ]
JEN

is continuous a.e. in 0, piecewise-constant left-continuous nondecreasing in A, and

can be written in the same form as L, i.e.,

L(8, ) = Go(0) + ) €;(0) - 1[g;(0) < A]
JEN

where (€)jez, are continuous functions and (¢;(60))jen are nonnegative.

Proof. For all k € N, define

k
ch(0) ==t +¢|co(6) -1+ Zc,-(e) .
j=1

Since ¢ is a nondecreasing function and (c;(6)) ;e are nonnegative, (c;. (6))jez, is
a nondecreasing sequence of reals. (c;),cz, are continuous by assumption, and ¢ is

continuous by Lemma 1, so (c;.) jez, are continuous functions.

Observe that L is also piecewise-constant left-continuous nondecreasing in A:

cp(0), A€ (-c0,81(0)]
ci(0), A€ (gr(0),gr1(0)].

L(6,2) =

Thus, we can write

L(6,2) = Go(0) + ), &;(0) - 1[g,(6) < A,
JjeN
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where
¢o(0) = cy(0), ¢;j(0) = c}(@) - c}_l(Q) Vj eN.

Because (09(9)) jez, are nondecreasing, (¢;(6)) en are nonnegative. Furthermore,

(¢}) ez, inherit continuity from (c;.) JE€Zs -

By Lemma 4, each 1[g;(6) < A] is continuous a.e. in 6. The product of continuous
a.e. functions is continuous a.e., so each term ¢;(6) - 1[g;(6) < 4] is continuous a.e.
in 6. The countable sum of continuous a.e. functions remains continuous a.e., so L

is continuous a.e. in 6. L]

Now, we are ready to state the formal assumptions needed for Theorem 3.

Assumption 6. The functions B and {L,-}f.\i | are of the form

BQ) =bo+ ) bj-1[d; <],  Li(8,2) = cio(0) + Y i ;(6) -1[g:;(6) < A]
JEN JeEN

where

1. (cij:0 — R)e[ny,jez, and (gi,j : © — R)ie[n),jen are continuous functions;

2. (bj € R)jew and (c; j(6))ie[n],jen are nonnegative;

3. (dj € R)jew and (gi,j(0)) e for all i are nondecreasing sequences, and
{d;}jen U {gi;j(0)}ic[n),jen are all unique; and

4. (gi,j)ie[n),jen are differentiable a.e., and all of their level sets have measure

Zero.

Assumption 7. Suppose that the inner problem in (2.8) exhibits strong duality (e.g.,
Slater’s condition holds). Let u(0) denote the optimal Lagrange multiplier arising
from the dual problem to (2.8). Define

A, if Zfi | Ui is strictly increasing in A

£(6,1) :=1-2, ifZ?il {; is strictly decreasing in A -
% Zfil 4 (6, 4), ifo.\il ¢ is strictly convex in A

The following regularity conditions hold:

1. 86—/1{7 exists and is continuously differentiable in (0, A) in a neighborhood around
(6,4(0));

2. BU {Li}f\i , are twice continuously differentiable in (0, A) in a neighborhood
around (6, A(0));
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3. ¢ is twice continuously differentiable in neighborhoods around B(A(6)) —t and
L; (9 A(0)) —t for eachi E [N]; and
20(0,1(0)) + u(8) - 27y (0,4(0)) G (6,2(6))

a P ‘”2 is invertible.
u(8) - 53 (0, 1(0)) hz(9,/l(9)) -«

6/12

With these assumptions stated, we now state the full version of Theorem 3.

Theorem 3. Let ¢ : R — R be an OCE disutility function. Suppose Assumptions 1
and 2 hold and that the inner problem in (2.8) is feasible.

(i) Suppose 2,1'11 {; is strictly decreasing in A; the set {0 € ® | h,(0,1) = a} has
measure zero for all A; and {B} U {L,-}i]\;1 are piecewise constant in A. Under
the standard differentiability and regularity conditions in Assumption 6, we may
obtain a closed-form expression for 42 a7 a-e.

(ii) Suppose Zi:l ¢; is strictly convex or strictly monotone in A, and { B} U {L,-}?i |
are convex in A. Under the standard differentiability and regularity conditions

in Assumption 7, the derivative dg (0) exists and has a closed-form expression.

Proof. Setting (i). By Lemma 5, each L; (6, ) := t + ¢(L;(6, 1) —t) is piecewise-

constant left-continuous nondecreasing in A and can be written in the form

Lis(0,2) = &r0(0) + >~ &(6) - 1[g:;(0) < I,

JeN

where (¢; ;) jez, are continuous functions and (¢; j(0)) jen are nonnegative. Similarly,

B; is piecewise-constant left-continuous nondecreasing and can be written in the

form
Bi(A) =ho+ ) b;-1[d; < ]
jeN
where (b ;) ey are nonnegative. Thus, ,(6, 1) := (B,(/l) + 2N, Lis(6, /1)) is

piecewise-constant left-continuous nondecreasing in /l and can be written in the form

hi(0,0) = ci”(0) + > " (0) - 1[5} (0) < a1.
JjeN

The sequence of steps is given by
(g;h)(e))jeN = sort_ascending({d; } jen U {gi,; (0) }ie[n],jen),

which yields a strictly increasing sequence because {d;} jen U {gi,j(6) }ie[n], jen are

all unique by assumption. The nonnegative coefficients (cﬁ.h)(e)) jez, are defined
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appropriately in terms of (b j)jez, and (& j)ie[N],jez,» and (c}h)) jez, inherit their

continuity.

The functions (g;h) )jen are differentiable a.e. and continuous; these properties
are inherited from (d;);en (which are constant) and (g; ;)ic[n],jen (Which are

differentiable a.e. and continuous by assumption).

By Lemma 5, each i,-,, is continuous a.e. in 6. B; is constant in , and therefore also
continuous in . &, is a countable, weighted sum of B, and Zi’, fori € [N], soitis

continuous a.e. in 4.

Recall from (2.8) that

A(0) := argmin —

N
1 -
£;(6,4) s.t. h(6,1) L.
ming; 3 6(6.0) st (6. < a

=1
Because each ¢; is strictly decreasing in A, we may equivalently write the optimization
problem as maximizing A subject to the constraint on /, and leave the optimal solution
A(60) unaffected:
A(0) = max A s.t. h;(6,2) < a.
AeA

By assumption, the optimization problem is feasible and 7,(6,1) # « 6-almost
everywhere. Thus, for all 6 except on a negligible set, one of the two following cases
must hold:

1. 7,(6,2) < a for every A € A.

Then, A1(6) = max A. We showed above that /,(6, max A) is continuous a.e.
in 6. Thus, for 0 a.e., there exists a neighborhood N (8) around 6 for which
h, (6, max A) < a for all @ € N(6). Thus, 1(6) = max A for all & € N(6), so
g—g(@) = %maxA =0.

2. There exists an index k € N such that

k
() + Z ¢ (0)-1[g" () < 2(0)] < e,
j=1

k+1
() + Z () - 1[g" () < 2(0)] > e
j=1

In this case, because the objective seeks to maximize A and (g](.h)(H)) jenisa

strictly increasing sequence, A(6) = g,(ffl (6).
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(h) (h)
k+1 k+1

tiable at 6. Consider any entry 6, of the parameter vector 6, and let e, denote

As shown above, g,/ is differentiable a.e. Now, suppose that g, /. is differen-
the standard unit basis vector along coordinate ¢g. Then the partial derivative of

A with respect to 6, is

o1 A0 + se,) — (6
OL i A0 E 520) = 2(O)
(99 5—0 Ry
(h)
A(0 + se,) — (7]
A+ 5eq) ~ g} (6)
s—0 S
h h
~ lim gl(c+)1(9 +5eq) - g,E+)1(9)
- s—0 S
(h)
— gk+1 (9)

The third equality comes from observing that (c;h)) jez, and (gj.h) )jen are

continuous functions, so there exists an € > 0 such that for all s € [0, €],

k
c(()h)(H + sey) + Z c;h)(H + sey) - l[g;h)(é +sey) < A0+ sey)] <a
J=1
k+1
c(()h)(e +se,) + Z cﬁh)(é +5e,) - l[g;h)(e +seq) < A0 + se,)] >
J=1
Thus, for all s € [0, €], (0 + se,) = gk+1(9 + seg).

()
91 _ 98k . da gk+l
Since 36, = 90, for all coordinates g, we have 43 (0) = (6).

Therefore, we have derived a closed-form expression for 3—;(0) almost everywhere.

Setting (ii). Since ¢ is convex and nondecreasing, {B;} U {I:i,t},]'\i , are convex in 4

by Lemma 3. Therefore, h, is convex in A.

Recall from (2.8) that

A(0) —argmln—Z€(9 ) s.t. 1(6,2) < a.
AeA i

If Zf\; | ti 1s strictly increasing (or decreasing) in A but not strictly convex in 4,
observe that we may replace the objective % Zf\i 1 G with simply A (or —A4) in (2.8)
without changing the solution A(6). Concretely, let

A, if Zfl 1 Gi 1s strictly increasing in A

£(0,4) :=1 -4, if XN, ¢ is strictly decreasing in 2
LYN €(0,2), if XY, ¢ is strictly convex in A
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Then,
A(9) = argmin £(0, 1) s.t. 7,(6,2) < a. (2.12)
AeA
Since A(6) is the solution to a convex optimization problem whose objective ¢ is
either strictly convex or convex and strictly monotone, the solution is unique. Every
convex optimization problem can be equivalently reformulated as a convex conic
problem [3]. Then, the implicit function theorem, applied to the KKT equality

conditions, gives sufficient conditions for d’l (0) to exist [7, 4, 3].

Specifically, define the Lagrangian £ : A X R x ® — R and the function g :
AXRx0 — R?by

LA, 0):=000,0) +u-(hi(6,1) — )
8= (4, 1,0)

g4, p,0) = 3 .
p (he(6,2) - @)

The KKT equality conditions for primal-dual optimality of (1(8), u(6)) are precisely
given by

8(A(0), u(6),0) =
By the implicit function theorem [19], if

(a) (2.12) satisfies strong duality (e.g., if Slater’s condition holds);

(b) g(A(0), u(6),0) =0

(c) giscontinuously differentiable in (A, u, ) in a neighborhood around (A(8), u(6), 8);
and

(d) 6(1 ) (A(0), u(0), ) is invertible,

then the derivative d/l (0) exists and is given by

d1(9) dg g
de _ _ 98
[3_5(9)]— [au )u(e) 1(6),0)| = 2((6), 1(6),6).

Assumption 7 directly satisfies condition (a), and the KKT equality conditions satisfy

condition (b). Condition (c) is satisfied if %, gﬁ, and 6h’ are continuously differen-

tiable in (6, A) in a neighborhood around (8, A(0)). Assumption 7.1 guarantees that

this holds for gﬁ, and Assumptions 7.2/7.3 guarantee that this holds for 7, and %.
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Finally, note that

dg
(A(6), 1(0), 0)
d(1, 1)
2 ~ 2 ~ 7
_ |2 06.40)) + u(8) - Zzhe(6,4(8)) G (6.4(6))
K(8) - G (6.(6)) hu(6,2(0)) —a
which Assumption 7.4 specifies is invertible, thus satisfying condition (d). [

We now briefly remark on Theorem 3(i)’s use of Assumption 6.4 and its relevance
in practice. Recall that Assumption 6.4 assumes g; ; : ® — R is differentiable a.e.
and its level sets have measure zero. The following two lemmas show that both
of these conditions are easily satisfied if g; ; is a neural network with Lipschitz
continuous activation functions and a bias term in its final output layer. For instance,
in Example 2, g; ;(6) = fo(X;); is the output of a neural network fy (albeit a neural
network with a more complex U-Net [223, 82] architecture than a MLP).

Lemma 6. A multi-layer perceptron (MLP) with Lipschitz continuous activation
functions is locally Lipschitz continuous and therefore differentiable a.e. with respect

to its parameters.

Specifically, let gg : ® — R" denote a K-layer MLP for some K € N, defined

recursively as

8k(0) := gk (01:x) := ok (Wi - gr-1(01:4-1) + Di) Vk € [K]
go € RY is the fixed input to the MLP.

Here, (Wi, by) are the weight matrix and bias vector in each layer k, and we use
the shorthand notation 01.;, == (Wy.k, b1.k), and 6 := 01.x. If each o is a Lipschitz
continuous activation function, then g is locally Lipschitz continuous and therefore

differentiable a.e. in 6.
Proof. We use induction on k. For the base case k = 0, g is constant and therefore
(locally) Lipschitz continuous.

Now, fix some 6 and suppose gx—1 is locally Lipschitz continuous in a neighborhood

N (6) around 6 with local Lipschitz constant Lj_;:

Vo' e N(0) : llge-1(8") = gk-1(O)I < Li—1 16" - 01
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Define 71 := supyep o) 161l < o0 and gx—1 := [[gx-1(0) || + Lx—1 diam(N()) so that
llgk-1(8")|| < g1 for all & € N(6). Let My be the Lipschitz constant of o. Then,
for all 9, 6’:

gk (') — g (Ol

= ||low (W - gr=1(8) + b)) — ok (Wi - g—1(6) + by
< My |Wy - gr—1(6') + b — (Wi - gk-1(6) + by

< My (|[W) - g=1(6") = Wi - g1 (0)|| + ||2, — b))
< My (|[W) - g=1(8") = Wi - g1 (O)|| + 116" = 611) -

We have

Wi - gk-1(6") = Wi - gi—1 ()|

=|\W} - gk=1(8") = W} - gr—1(8) + W, - gr—1(6) — Wi - gk—1(0) ||
<[|Wi - gx-1(6") = Wi - g1 (O)| + Wy - 8k-1(8) = Wi - g1 (0)
< |[Will ligk-1(6") = g1 (Ol + W} — Wi|[ llgx-1(O)]]

< Li-110" =01 + 16" = 6|l gx-1.

Putting these results together yields
18k (0") — g (Ol < My (ALk—1 + Gx—1 + 1) [0 = 0|
Thus, gy is locally Lipschitz in 8 on the neighborhood N () with Lipschitz constant
Ly =M (L1 + gk-1+1).
Hence, by induction, g is locally Lipschitz in 6. Finally, by Rademacher’s Theorem

[33, Corollary 4.12], gk is differentiable a.e. U]

Lemma 7. Let W C R" be an open set, and let h : W — R be a continuous function.
If g : WXR — Ris defined by g(w, b) := h(w) + b, then for every ¢ € R, the c-level
setof g, L :={(w,b) € WX R | g(w, b) = c}, has measure zero.

Proof. First, we establish measurability of L.. g is measurable because it is
continuous, and L. = g~!({c}) is the preimage of the Borel measurable singleton set
{c}. Therefore, L. is a measurable set, and its indicator function 1, _ is a measurable

function.
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For any m € N, let 4,, denote the Lebesgue measure on R™. Then,
Aust(L) = [ 10 00.) s (0.)
R}‘L+
= / / 1..(w,b)dA;(b)dA,(w) Tonelli’s theorem
n JR

:/n/l]({b Eng(W,b) :C})d/ln

= /Rn/h({c — h(w)}) da, {b|gw,b) =c}t={c—h(w)}
= / ) 0da, =0 singleton sets have 0 measure
]
Convexity of h

In this section, for ease of exposition, we write /2(A, ¢) instead of (). The following

proposition is used to show that (2.13) is convex.

Proposition 3. Under the assumptions of Theorem 1 or Theorem 2, h(A,t) is
nondecreasing in A and convex in t. Furthermore, if {Li}fi | and B are convex, then

h is jointly convex in (A, 1).

Proof. First, we show that (1, ) is nondecreasing in A.

e In the setting of Theorem 1 (i.e., Assumptions 1 and 2), the functions
{B,Ly,...,Ly} are all nondecreasing. Since ¢ is also nondecreasing, L; ,; and
B, are also nondecreasing. Thus, 4 is nondecreasing in A.

* In the setting of Theorem 2 (i.e., Assumptions 1 and 5 with CVaR risk),
we showed in Section 2.8 that Ei,, and B, are nondecreasing. Thus, h is

nondecreasing in A.

Second, we show that (4, r) is convex in r. We start by showing that B, (1) is convex

int. Forany a € [0, 1],

Bars(1-a)(A) = at + (1 —a)t + ¢(B(1) —at + (1 - a)1)
=at+(1—-a)t+¢(a(B(A)—1t)+ (1 —a)(B(A) —1))
<at+ (1 —a)t+a¢p(B(A) —1t)+ (1 —a)p(B(1) —t) ¢ isconvex
=aB;() + (1 —a)B;().

An identical argument shows that LJ is convex in 7. Since £ is the sum of functions

that are convex in ¢, /4 is convex in .
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If {Li}f.\; , and B are convex (in A), then by Lemma 3, {Zi,t}fi , and B, are all convex

in (A,1). Since 7 is their mean, it is also convex in (1, 7). O

2.9 Experimental Details

Computational resources Our experiments were performed on two computers

with the following hardware:

1. 2x AMD EPYC 7513 32-Core CPUs, 4x NVIDIA A100 GPUs (80GiB GPU
memory each), 1 TiB RAM

2. Intel Core 19-12900KS CPU, 2x NVIDIA RTX A6000 GPUs (48GiB GPU
memory each), 125 GiB RAM

Our code is written in Python and primarily relies on the PyTorch [202] deep learning

library. We use the Adam optimizer [133].

Tumor image segmentation

Datasets We used images from 4 public datasets (CVC-ClinicDB [26], CVC-
ColonDB [25], ETIS-LaribPolypDB [244], Kvasir-SEG [120]), yielding a total of
2,188 images with per-pixel binary mask labels. Following a similar setup to [82],
we used 1,450 images from the CVC-ClinicDB and Kvasir-SEG datasets to form a
training set; we used the same training split as [82]. From the remaining 738 images,
we created 10 different val (400 images) / test (338 images) splits from different

random seeds.

Note that unlike [82], we did include the “CVC-300" dataset in our test set, as
“CVC-300” is a duplicate of CVC-ColonDB.

Model fine-tuning We use a pretrained PraNet [82] model, which features a
Res2Net [93] backbone and a U-Net-like [223] decoder. During model fine-tuning,
we only update the weights of the decoder; we keep the Res2Net backbone weights
frozen. We tune the learning rate with a grid search over (1072, 1073, 107, 1073,
107%). Models are trained with a batch size of 400 for up to 100 epochs with

early-stopping after 10 epochs of no improvement on the val set.

We compare two different forms of fine-tuning, as shown in Figure 2.1.

* “cross-entropy”’ fine-tuning refers to using the same multi-scale binary cross-

entropy loss that [82] used to pretrain the PraNet model.



47

* “conformal risk training” refers to using the gradient (2.9). Recall that Example 2
derives the exact expression %(09) = % fo(X;); where j is the index of some
pixel in some image i of the training minibatch. This gradient may have high
variance because it is the gradient through the model’s output on exactly a single
pixel among an entire minibatch of images. In practice, we reduce the variance
of the gradient estimator by averaging the model’s gradient over other pixels
with similar model outputs:

dag) 1 d
N — — (X))
do M Z do f 0( l) Jj
(i.j)el
for the M indices I = {(iy, jk)}i/":1 whose values f3(X;,);, are closest to A(6).
(We set M dynamically to be 0.5% of the number of positive pixels in each

minibatch.) This approach is inspired by the variance reduction techniques
introduced by [114, 190], which show reduced gradient estimation variance at
the expense of possibly incurring some estimation bias. We leave it to future

work to formally analyze bias-variance trade-off of this gradient estimator.

Computational efficiency Our conformal risk training procedure imposes neg-
ligible computational overhead compared to fine-tuning using the standard binary
cross-entropy loss. For each minibatch of M images with d pixels each, the only
overhead is incurred by the binary search procedure from Algorithm 2. In practice,
we implement this by sorting the model outputs { fo(X;),}ie[m], je[4]> Which requires
O(Mdlog Md) time complexity and took on average <50 milliseconds of wall-clock

time per minibatch.

Battery storage operations

Dataset We use the same dataset as Donti et al. [73] in our battery storage problem.
In this dataset, the target y € R?* is the hourly PJM day-ahead system energy price
for 2011-2016, for a total of 2189 days. However, whereas Donti et al. [73] excluded
any days whose electricity prices are too high (>$500/MWh), our conformal risk
training method is specifically designed to handle tail-risk, so we did not exclude
these “outliers.” For predicting target for a given day, the inputs x € R”” include the
previous day’s log-prices, the given day’s hourly load forecast, the previous day’s
hourly temperature, and several calendar-based features such as whether the given

day is a weekend or a US holiday.

Unlike Donti et al. [73], we did not include the given day’s hourly temperature as

input features, as such features are unavailable in practice (although temperature
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forecasts may be available). To make the problem instance more challenging, we
also added i.i.d. N (0, V20) noise to the price targets.

We take a random 20% subset of the dataset as the test set; because the test set is
selected randomly, it is considered exchangeable with the rest of the dataset. For
each of 10 seeds, we further use a 65%/35% random split of the remaining data for

training and calibration.

Decision constraints We note that we use a different, but equivalent, parame-
terization of the battery state-of-charge constraints. Donti et al. [73] use the task
loss

2
Ssate _ %1 + ramp (”Zin”2 + ”Zout”Z)

T
f(y, Z) — Z yt(zin _ Zout)l + Gﬂex
t=1

with constraints, forallr =1,...,7T:

state state state out in
ZO = C/Z’ Zt = Zt—l - Zl + VZt 9
0<z"<c™ 0<™<c™ o<z <C.

Instead of using a 75

variable to represent state of charge, we equivalently express
the task loss and constraints in terms of a variable z"' € R” representing the
difference of the state of charge from the starting point. Letting z = (', z°U, ")

denote the decision vector, we have
f(y, Z) — yT(Zin _ Zout) + Eﬂex ||Znet||2 + €ramp (“Zin”2 + ||Zout||2)

with the constraint set Z from (2.11). This reparameterization is necessary for the
decision variable z to satisfy our “decision-scaling” requirement: if z € Z, then
VA€ [0,1],1z € Z.

Model and fine-tuning Our price forecasting model J4 is a fully-connected
multilayer perceptron (MLP) with 3 hidden layers, each with 256 units, LeakyReLU

activation, and batch normalization [115] layers. We use a batch size of 400.

We pretrain the MLP to predict prices using a mean squared error (MSE) loss.
During pretraining, we tune the learning rate across (107#, 1073, 1073, 1072, 1072,
10719, and we use L2 weight decay strength of 10~*. We pretrain for up to 500

epochs with early-stopping after 20 epochs of no improvement on the val set.

During fine-tuning, we tune the learning rate with a grid search over (1072, 1073,
1074, 107) and we keep the 107 L2 weight decay. We fine-tune for up to 100
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epochs with early-stopping after 10 epochs of no improvement on the val set. During
fine-tuning, we use a 90%/10% weighted combination of the fine-tuning loss and the
MSE loss.

We compare two different forms of fine-tuning, as shown in Figure 2.2.

* “task loss” refers to fine-tuning the model y4 using the decision-focused learning
task loss from [73]. As explained in Section 2.5, we define the decision for an
input x as

Zg(x) = argmin f($¢(x), ),

€Z
and the task loss incurred is f(y, Zg(x)). Thus, “task loss” fine-tuning refers to

using f(y, Zg(x)) as the training loss function.

* “conformal risk training” refers to using the gradient (2.9). In this battery storage
problem, we seek to control the CVaR tail risk of the financial term L (6, 1) =
/l(fie“(X) 20" (X)) 'Y while minimizing the task loss £(0, 1) = f(Y, 124(X)).
We seek to solve

in E - Y, A29(X
,Jin Eoxy)-p [f(Y,26(X))]

st CVaR?, ) o [A(E(X) - 23(X) Y] <

During each minibatch of training, we pick the ¢ that allows for the largest 4. In

other words, we pick A(6) by solving the convex optimization problem

A(0) = argmax maxA  s.t. 7;,(6,4) < @, B(Amin) <1 < a. (2.13)
AeA teR

This problem is convex because /4, is jointly convex in (4, #) by Proposition 3.

d/l(@)

The gradient term is then given by Theorem 3(ii) with the ¢y, gs disutility

function.

Computational efficiency Our conformal risk training procedure imposes neg-
ligible computational overhead compared to fine-tuning using the task loss. For
each minibatch, the main overhead incurred is from solving and differentiating
through (2.13), which we found in practice to require on average <50 milliseconds of

wall-clock time per minibatch using cvxpylayers [3].
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2.10 Conformal Risk Training Subsumes Conformal Training
In this section, we illustrate how our method, conformal risk training, includes

conformal training (ConfTr) from Stutz et al. [254] as a special case.

Consider the multi-class classification problem with classes Y = {1,...,K}. For
a nonconformity score function sy : X X Y — R parameterized by 6, conformal

prediction [278, 233, 9] forms a prediction set
Co(X;0) ={k eV |se(X,k)<1-2a}.

The overall goal posed by Stutz et al. [254] is to optimize inefficiency (i.e., minimize
the average size of the conformal prediction set) subject to a minimum coverage
rate. The minimum coverage constraint can be expressed using the loss function
L(6,4) := 1[s¢(X,Y) > 1 — 2], which is left-continuous and nondecreasing in
A. Since E[L(0,1)] = Pr(se(X,Y) > 1—-1) = Pr(Y ¢ Cy(X; 1)), the constraint
E[L(6,4)] < a is equivalent to Pr(Y € Cy(X;2)) > 1 —a.

To optimize inefficiency, Stutz et al. [254] proposes using a cost function that is the

sum of a soft assignment of classes:

K
£(0, 1) := max (0, ZO‘ ((1 4 _TSG(X’ k)) - 1) ,
k=1

where T is a temperature hyperparameter. Thus, this problem is an instance of the
end-to-end optimal risk control problem
in E[£(0,4 t. E[L(6,1)] < a.
min E[((6.0)] st E[L(O.D)] <a
Given a dataset D = {(Xi,Yl-)}f\i , drawn exchangeably from P, let L;(6,1) :=

1[s¢(X;,Y;)) > 1 — 2]. Clearly, every L; is bounded by B = 1. Following the
conformal risk control procedure, and noting that larger values of A yield lower
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objective values, we may pick

N
—(1+Z1 so(Xi, Y) > 1 - ]) }

1

A(0) := sup {/l eR

A€eR

sup

(1 + > (1= 1[s6(X;, ¥;) < 1 —/1])) < a}

N
{ N+12159(X1,Y)<1—/1]_a} (2.14)

i=1

i

N
AeR I[SQ(X,',Y,')S 1—/1] Z(N+1)(1—a)}
=1

~S0.(I(N+ D) (1-a)1)

where s4,( ) denotes the j-th smallest value of the set S := {s¢(X;,¥;)}Y, U {co}. By
Proposition 1, 1(60) satisfies Pr(Y € Cy(X;1(0))) > 1 -«

We note that whereas Stutz et al. [254] approximates ﬁ using differentiable

approximate ranking and sorting operations, the gradient can be computed exactly
[114, 311, 190]. That is, if s¢(X;, Y;) is differentiable w.r.t. 6 foralli = 1,..., N and

if g, ([(N+1)(1-e)]) 1 unique amongst the calibration scores, then by [311, Theorem 2]

dae) _ — L so(Xo (), Yor))s ifa> ght

do 0, otherwise

where k = [(N +1)(1 —a)] and o : [N] — [N] denotes the permutation that sorts
the scores in ascending order, such that s¢(Xy(;), Yo (i) < S6(Xo(j), Yor(j)) for all

1<j.
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Chapter 3

END-TO-END CONFORMAL CALIBRATION FOR
OPTIMIZATION UNDER UNCERTAINTY

The previous chapter presented a general framework for combining conformal risk
control guarantees with end-to-end learning using differentiable optimization, and it
demonstrated how the framework can be instantiated for prediction models that output
a single point estimate. This present chapter focuses on another specific instance of
the framework: learning set-valued uncertainty representations for conditional robust
optimization. Here, the risk guarantee is a coverage guarantee on the uncertainty
sets, achieved using conformal prediction, which is a special case of conformal risk
control. In addition, we propose to represent general convex uncertainty sets with
partially input-convex neural networks, which are learned as part of our framework.
Our approach consistently improves upon two-stage estimate-then-optimize baselines

on concrete applications in energy storage arbitrage and portfolio optimization.

This chapter is primarily based on the following paper:

[311] Christopher Yeh*, Nicolas Christianson*, Alan Wu, Adam Wierman, and Yisong Yue. 2025.
End-to-end conformal calibration for optimization under uncertainty. Transactions on Machine
Learning Research, (Dec. 2025). https://openreview.net/forum?id=yM8gkTOL9H.

which is licensed under the Creative Commons Attribution 4.0 International License
(CC BY 4.0).

3.1 Introduction

Well-calibrated estimates of forecast uncertainty are vital for risk-aware decision-
making in many real-world systems. For instance, grid-scale battery operators
forecast electricity prices to schedule battery charging/discharging to maximize
profit, while accounting for forecast uncertainty to mitigate financial or operational
risk. Similarly, financial investors use forecasts of asset returns with uncertainty

estimates to maximize portfolio returns while minimizing downside risk.

Traditional approaches to decision-making under uncertainty often follow an
“estimate-then-optimize” (ETO) paradigm [55], in which the uncertainty estimation

and decision-making stages are decoupled. In the “estimation” stage, a predictive

lhttps ://creativecommons.org/licenses/by/4.0/
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model is trained to forecast a target quantity along with an uncertainty set. In
the “optimization” stage, this uncertainty estimate informs a downstream decision.
Crucially, the cost or performance of the downstream decision is typically not fed

back into the training of the predictive model.

A recent line of work [55, 203, 281, 56] has made steps toward bridging the gap
between uncertainty quantification and robust optimization-driven decision-making,
where optimization problems take a forecast uncertainty set as a parameter, as is
common in energy systems [302, 201] and financial applications [99, 213]. However,

existing approaches are suboptimal for several reasons:

1. Lack of decision-aware training: The predictive model is typically not
trained with feedback from the downstream objective. Because the downstream
objective is often asymmetric with respect to the forecasting model’s errors,
prediction models trained with decision-agnostic losses may achieve high
predictive accuracy but still perform poorly on the decision-making objective.

2. Restricted uncertainty set parameterizations: To preserve tractability of
the robust optimization problem, uncertainty sets are often constrained to
simple parametric forms (e.g., boxes or ellipsoids), limiting the expressivity of
uncertainty estimates.

3. Calibration challenges: Because neural network models are often poor at
estimating their own uncertainty, the forecasts may not be well-calibrated.
Recent approaches such as isotonic regression [142] and conformal prediction
[233] have made progress in providing calibrated uncertainty estimates from
deep learning models, but such methods are typically applied post-hoc to
trained models and are therefore difficult to incorporate into an end-to-end

training procedure.

As such, there is as of yet no comprehensive methodology for training calibrated
uncertainty-aware deep learning models end-to-end with downstream decision-
making objectives. In this work, we provide the first such methodology. We make

three specific contributions corresponding to the three issues identified above:

1. We develop a framework for training prediction models end-to-end with
downstream decision-making objectives and conformal-calibrated uncer-
tainty sets in the context of the conditional robust optimization problem.
This framework is illustrated in Figure 3.1 (bottom). By including differen-
tiable conformal calibration in our model during training, we close the loop

and ensure that feedback from the uncertainty’s impact on the downstream
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then Input N ML > task-agnostic loss £ Input N ML > calibration __uncertainty_y | I,IOIJ,USE, 7(19015101\4’ task 10is
i) model 6 (e.g., MSE, NLL, pinball) z model 8 set optimization z* f(z,y,2%)
Optimize procedure
(ETO) 1
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Our v nonconformity conformal calibrated X9 5 robust, task 1
FEnd-to-End In];ut» mi\rﬁ‘l g [ score function = calibration ——  (1-a)-confidence set —>| m}"j'gy‘{j(f,) f(z,9,2) ——decision—» f(::y z??:))
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(E2E) A I

1 gradient ﬁ (2,9, z5(x)) 1

Figure 3.1: Whereas prior “estimate-then-optimize” (ETO, top) approaches separate
the model training from the optimization (decision-making) procedure, we propose
a framework for end-to-end (E2E, bottom) conformal calibration for optimization
under uncertainty that directly trains the machine learning model using gradients
from the task loss.

objective is accounted for in the training process, since not all model errors nor
uncertainty estimates will result in the same downstream cost. This end-to-end
training enables the model to focus its learning capacity on minimizing error
and uncertainty on outputs with the largest decision-making cost, with more

leeway for outputs that have lower costs.

2. We propose using partially input-convex neural networks (PICNNs) as

the nonconformity score function for conformal prediction, enabling the
approximate parametrization of arbitrary compact, convex uncertainty
sets in the conditional robust optimization problem. To the best of our
knowledge, no existing works use PICNNs to parametrize such arbitrary convex
uncertainty sets. Due to the universal convex function approximation property
these networks enjoy [54], this approach enables training much more general
representations of uncertainty than prior works have considered, which in turn
yields substantial improvements on downstream decision-making performance.
Importantly, PICNNs are well-matched to our conditional robust optimization
problem: we show that the robust problem resulting from this parametrization
can be reformulated as a tractable convex optimization problem.

. We propose an exact and computationally efficient method to differentiate
through the conformal prediction procedure during training. Unlike prior
work [254], our method gives exact gradients, without using approximate

ranking and sorting methods.

Finally, we evaluate the performance of our approach on two applications: an energy

storage arbitrage task and a portfolio optimization problem. We demonstrate that
the combination of end-to-end training with the flexibility of the PICNN-based
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uncertainty sets consistently improves over ETO baseline methods. The performance

benefit of our end-to-end method is apparent even under distribution shift.

3.2 Problem Statement and Background

Our problem is defined formally as follows: suppose that data (x, y) € R” x R" is
sampled i.i.d. from an unknown joint distribution #. Upon observing the input
x (but not the label y), an agent makes a decision z € RP. After the decision is
made, the true label y is revealed, and the agent incurs a task loss f(x,y, z), for some
known task loss function f : R”™ X R"” x R” — R. In addition, the agent’s decision

must satisfy a set of joint constraints g(x, z) < 0 coupling x and z.

As an illustrative example, consider an agent who would like to minimize the costs of
charging and discharging a battery over 24 hours in a day. The agent may use weather
forecasts and historical observations x to predict future energy prices y. Based on the
predicted prices, the agent decides on the amount z to charge or discharge the battery.
The task loss f is the cost incurred by the agent, and the constraints g include limits
on how fast the battery can charge as well as the maximum capacity of the battery.

This example is explored in more detail in Section 3.5.

Because the agent does not observe the label y prior to making its decision, ensuring
good performance and constraint satisfaction requires that the agent makes decisions
z that are robust to the various outcomes of y. A common objective is to choose z to
robustly minimize the task loss and satisfy the constraints over all realizations of y
within a (1 — @)-confidence region Q(x) C R”" of the true conditional distribution
P(y | x), where @ € (0, 1) is a fixed risk level based on operational requirements.
In this case, the agent’s robust decision can be expressed as the optimal solution to
the following conditional robust optimization (CRO) problem [55]:

Z¥(x) := argmin max f(x,9,z) s.t. g(x,z) <0. (3.1)

zeRP  FEQ(x)

After the agent decides z*(x), the true label y is revealed, and the agent incurs the

task loss f(x,y,z*(x)). Thus, the agent seeks to minimize expected task loss

E(ey~p [f(x,y,25(x))] - (3.2)

While the joint distribution # is unknown, we assume that we have a dataset
D = {(x;, yl-)}f\; , of i.i.d. samples from #. Then, our objective is to train a machine
learning model to learn an approximate (1 — @)-confidence set Q(x) of possible y
values for each input x. Formally, our learned Q(x) should satisfy the following

marginal coverage guarantee.
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Definition 4 (marginal coverage). An uncertainty set Q(x) for the distribution P

provides marginal coverage at level (1 — @) if P(, yy.p (y € Q(x)) > 1 - a.

Comparison to related work. The problem of constructing data-driven and
machine-learned uncertainty sets with probabilistic coverage guarantees for use in
robust optimization has been widely explored in prior literature (e.g., Bertsimas and
Thiele [32], Bertsimas et al. [29], Alexeenko and Bitar [5], and Goerigk and Kurtz
[97]). Chenreddy et al. [55] first coined the phrase “conditional robust optimization”
for the problem (3.1) and considered learning context-dependent uncertainty sets
Q(x) in this setting. However, their approach results in a mixed integer optimization
that is intractable to solve for large-scale problems. Moreover, they follow the
“estimate then optimize” (ETO) paradigm [79]. As shown in Figure 3.1 (top), the
ETO paradigm separates the machine learning model training from the decision
optimization. The lack of feedback from the downstream task loss during model
training in ETO generally leads to uncertainty sets Q(x) which yield suboptimal
results. Several other recent papers follow the ETO paradigm using homoskedastic
ellipsoidal uncertainty sets [123], heteroskedastic box and ellipsoidal uncertainty sets
[256], and a “union of balls” parametrization of uncertainty [203]. In our experiments
(Section 3.5), we demonstrate consistent improvements over the methods of Johnstone
and Cox [123] and Sun et al. [256].

Closest to our work is an “end-to-end” formulation of the CRO problem posed by
Chenreddy and Delage [56], which aims to learn conditional uncertainty sets Q(x)
using a weighted combination of the downstream task loss along with a “conditional
coverage loss” to promote calibrated uncertainty. However, they focus solely on
ellipsoidal uncertainty sets, and their conditional coverage loss does not provably
ensure coverage for their learned uncertainty sets. In our experiments, we do not
compare against Chenreddy and Delage [56] because we only consider other methods

with a provable coverage guarantee.’

A concurrent related work by Wang et al. [281] approaches the problem of learning
unconditional uncertainty sets for robust optimization, while achieving robust
constraint satisfaction guarantees. While their method also uses an end-to-end task

loss, we find their use of the same uncertainty set Q for every problem instance

2As of the time of writing, the approach of Chenreddy and Delage [56] also suffers from substantial
inconsistencies between their code implementation and the equations from their paper. In particular,
the conditional coverage loss proposed in their paper is not implementable, as it will (almost surely)
yield zero gradients.
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(i.e., Q is independent of x) to be highly restrictive. For example, in the context
of our battery control problem, this restriction would disallow the use of weather
forecasts and historical price data to estimate uncertainty in future energy prices.’
They also use restrictive uncertainty set parametrizations such as box, ellipsoidal,
and polyhedral uncertainty. Moreover, their guarantee on constraint satisfaction
requires an assumption on the convergence of their algorithm to an approximate
stationary point; however, this convergence is only guaranteed asymptotically, and

not in finitely many samples.

An alternative line of research designs post-hoc conformal prediction sets aimed at
minimizing decision costs in robust classification problems [ 135, 60]. However, to
date, it is unclear how to adapt these methods, which produce discrete uncertainty

sets, for regression settings.

In contrast, our work overcomes these limitations: we incorporate differentiable
conformal calibration during training to ensure that uncertainty is learned end-
to-end in a manner that is both calibrated and minimizes task loss. We apply
split conformal post-hoc calibration during inference for provable guarantees on
coverage. Furthermore, we use partially input-convex neural networks [8] to directly
parameterize the nonconformity score function in conformal prediction, enabling a
general and expressive representation of arbitrary conditional convex uncertainty

regions that can vary with x and be used efficiently in robust optimization.

Beyond the above closely related work, this chapter builds upon and contributes to
several different areas in machine learning and robust optimization; see Section 3.8

for a comprehensive discussion.

3.3 End-to-End Training of Conformally Calibrated Uncertainty Sets

In this section, we describe our proposed methodological framework for end-to-end
task-aware training of predictive models with conformally calibrated uncertainty for
the conditional robust optimization problem (3.1). Our overarching goal is to learn
uncertainty sets Q(x) which provide (1 — @) coverage for any choice of @ € (0, 1),
and which offer the lowest possible task loss (3.2). To this end, we must consider

three primary questions:

1. How should the family of uncertainty sets €(x) be parametrized?

3 After the present paper’s submission, the authors of Wang et al. [281] updated their preprint and
expanded their formulation to accommodate conditional uncertainty sets.
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2. How can we guarantee that the uncertainty set Q(x) provides coverage at level
1 -a?

3. How can the uncertainty set Q(x) be learned to minimize expected task loss?

Figure 3.1 (bottom) illustrates the key parts of our framework to answer these
questions. First, we use a machine learning model to parametrize a nonconformity
score function sy, and we define the uncertainty set Q(x) to be a g-sublevel set
of sg(x,-). Second, we use conformal calibration to pick g to enforce marginal
coverage. Third, we backpropagate gradients through both the robust optimization
and conformal calibration steps to update the machine learning model, thereby
enabling end-to-end learning. Section 3.3 describe each of these parts in detail, and

Algorithm 4 shows pseudocode for both training and inference.

For the rest of the paper, we make the following assumptions on the functions f and

g to ensure tractability of the resulting optimization problem.

Assumption 8. We assume the task loss has the form f(x,y,z) = yTF(x, z) + f (x, 2),
where F(x, z) is an affine function of z and f(x, z) is convex in z. Furthermore, we

assume that g(x, z) is convex in z.

Technically, the assumption on f can be relaxed to the more general setting where f
is a conic-representable saddle function that is convex in z and concave in y [124],
which admits an automated dual representation [230]. However, we believe the core
ideas for our exposition and proofs are much more straightforward with the stronger

assumption in Assumption 8.

Representations of the uncertainty set

We consider convex uncertainty sets of the form

Qy(x) ={9 eR" | 59(x,9) < q}, (3.3)

where sg : R X R" — R is an arbitrary nonconformity score function that is convex
in ¥, g is a scalar, and 6 collects the parameters of a model that we will seek to learn.
Note that this representation loses no generality; any family of convex sets Q(x)
can be represented as such a collection of sublevel sets of a partially input-convex
function s(x, $). This particular representation is chosen due to the ease of calibrating
sets of this form via conformal prediction to ensure marginal coverage, as we will

describe in Section 3.3.
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In choosing a particular score function sg, one must balance two considerations: first,
the generality of the sets Qg(x) that sy can represent, and second, the tractability
of the resulting robust optimization problem (3.1). We will now show that our
representation (3.3) generalizes commonly-used box and ellipsoidal uncertainty
sets, which are known to have tractable robust problems; later, in Section 3.4, we
will propose to approximate more general convex uncertainty sets using partially

input-convex neural networks.

Box uncertainty sets. A simple uncertainty representation is box uncertainty where
Q(x) = [y(x),y¥(x)] is an n-dimensional box whose lower and upper bounds depend
onx. Let hp : R" — R" X R" be a neural network that estimates lower and upper
bounds: hg(x) = (hlg0 (x), hgi (x)). To represent a box uncertainty set in the form
(3.3), we define a nonconformity score function that generalizes scalar conformalized

quantile regression [222]:

so(x,y) = max(||a(x) = ||, .||y = AE 0)]|..)-

Then, the uncertainty set (3.3) becomes
Qu(x) = R (0) = a1, W) + 1] = |y(x), 50 -

Given a box uncertainty set Qy(x), we can take the dual of the inner maximization
problem (see Section 3.9) to transform the robust optimization problem (3.1) into an
equivalent form that is convex, and hence tractable, under Assumption 8:
z(x) = arg min min  (y(x) - Y)) v+ y(x)TF(x,2) + f(x,2)
v n —_— —

ZeRP (3_4)
st. v>0,v—F(x,2) >0, g(x,2) <0.

Ellipsoidal uncertainty sets. Another common form of uncertainty set is ellipsoidal
uncertainty. Suppose a neural network model #y : R — R" x S predicts mean
and covariance parameters hg(x) = (ug(x), Zg(x)), so that P(y | x;6) = N(y |
tg(x),Xg(x)) denotes a predicted conditional density, where N (- | u,X) is the
multivariate normal density function. In this case, we define the nonconformity score

function based on the squared Mahalanobis distance [123, 256]

so(x,¥) = (v = po(x)) T (Zg(x)) ™' (v — po(x)),

which yields uncertainty sets (3.3) that are ellipsoidal:

Qy(x) = {5 | (9 = o))" (Zo(x)) ™' (9 = ko (x)) < g}
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Let Ly(x) denote the unique lower-triangular Cholesky factor of X4(x) (i.e., Xg(x) =
Lg(x)Lg(x)T). Taking the dual of the inner maximization problem and invoking
strong duality (see Section 3.9), we transform the robust optimization problem (3.1)

into an equivalent form that is convex, and hence tractable, under Assumption 8:

z5(x) = arg]rR}lin VLo (x)TF(x, 2) 2 + po(x) " F(x,2) + f(x,2)
Z€RP 3.5
s.t.  g(x,z) <0,

Conformal uncertainty set calibration

As long as the uncertainty set 4(x) can be expressed in the form (3.3), we can
use the split conformal prediction procedure at inference time to choose a value
q that ensures Qg (x) provides marginal coverage (Definition 4) at any confidence
level 1 — . The split conformal procedure assumes access to a calibration dataset
Dca = {(x;, yl-)}f‘;’ | drawn exchangeably from . We refer readers to Angelopoulos

and Bates [9] for details on this procedure.

Lemma 8 (from Angelopoulos and Bates [9], Appendix D). Let D .y = {(x;, y,-)}?;’ .

be a calibration dataset drawn exchangeably (e.g., i.i.d.) from P, and let s; =

so(xi,vi). If g = QUANTILE({si}l].‘;Il, 1 — a) (see Algorithm 4) is the empirical

W—quantik of the set {si}f.‘;[ , and (x,y) is drawn exchangeably with D cq,

then Qg(x) has the marginal coverage guarantee

l—a<Pyyp,(yex)<l-a+

M+1

We use split conformal prediction, rather than full conformal prediction, both
for computational tractability and to avoid the problem of nonconvex uncertainty
sets that can arise from the full conformal approach, as noted in Johnstone and
Cox [123]. For the rest of this chapter, we assume a € [ﬁ, 1) so that g =
f.‘i » 1 —a) < oois finite. Thus, for appropriate choices of the score

function sy, the uncertainty set Qy(x) is not unbounded.

QuaNTILE({s;}

While the split conformal prediction procedure in Lemma 8 ensures that the uncer-
tainty set Qg (x) satisfies (1 — @) coverage at inference time, this process does not
address the question of fraining the uncertainty set 4(x) (via the score function sg)
to ensure optimal task performance while maintaining coverage. In Section 3.3, we
propose applying a separate differentiable conformal prediction procedure during

training to address this challenge.
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Algorithm 4 End-to-end conformal calibration for robust decisions under uncertainty
N
=1

function TraIN(training data D = {(x;, y;) }:' ,, uncertainty level «, initial model
parameters 6)
for mini-batch B c {1,..., N} do
Randomly split batch: B = (Bcal, Bpred)
Compute g = QUANTILE({s¢ (X}, ¥i) }ieBoy» | — @)
fori € Byreq do
Solve for robust decision zj (x;) using (3.4), (3.5), or (3.8)
Compute gradient of task loss: d6; = 0 f (x;, yi, 7 (x:))/06
Update 6 using gradients ) ;¢ Byrea 40i

function INFERENCE(model parameters 6, calibration data Deay = {(x;, yi)}¥,,

uncertainty level a, input x)
Compute g = QUANTILE({s¢(X, ¥) } (£,5)eDe> 1 — @)
return robust decision z}(x) using (3.4), (3.5), or (3.8)

function QuANTILE(scores S = {s,-}f.‘;l \» level B)

S(1)>+ - - » S(M+1) = SORTASCENDING(S U {+00})
return s([(u-+1)p1)

End-to-end training and calibration

Thus far, we have discussed how to calibrate an uncertainty set Qg (x) of the form (3.3)
to ensure coverage, and we described two choices of score function sg parametrizing
common box and ellipsoidal uncertainty sets. However, to ensure that the uncertainty
sets Qg (x) both guarantee coverage and ensure optimal downstream task performance,
it is necessary to design an end-to-end training methodology that can incorporate
both desiderata in a fully differentiable manner. We propose such a methodology in
Algorithm 4.

Our end-to-end training approach minimizes the empirical task loss
| &
) =— ) (0
(0) =~ Z: ()

using minibatch gradient descent, where £;(6) = f(x;,yi,z;(x;)). This requires
differentiating through both the robust optimization problem as well as the con-

formal prediction step. The gradient of the task loss on a single instance is

dé
a9
through the Karush—Kuhn—-Tucker (KKT) conditions of the convex reformulation of

= g—{(x,-,y,-,zg(x,-)) . %(x,-), where %(x,-) is computed by differentiating

the optimization problem (3.1) (i.e., the problems (3.4), (3.5)) following the approach
of Amos and Kolter [7], under mild assumptions on the differentiability of f and g.
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Note that the gradient of any convex optimization problem can be computed with

respect to its parameters as such [3, Appendix B].

To include calibration during training, we assume that for every (x, y) in our training
set, s¢(x, y) is differentiable w.r.t. § almost everywhere; this assumption holds for
common nonconformity score functions, including those used in this chapter. We
then adopt the conformal training approach [254] in which a separate ¢ is chosen

in each minibatch, as shown in Algorithm 4. The chosen ¢ depends on 6 (through

eaq
q 06’

where g_e requires differentiating through the empirical quantile function. Whereas

s9), and z; *(x;) depends on the chosen g. Therefore 669 involves calculating -+

Stutz et al. [254] uses a smoothed approximate quantile function for calculating g,
we find the smoothing unnecessary, as the gradient of the empirical quantile function
is unique and well-defined almost everywhere. Importantly, our exact gradient is
both more computationally efficient and simpler to implement than the smoothed

approximate quantile approach. See Section 3.10 for more details.

After training has concluded and we have performed the final conformal calibration
step, the resulting model enjoys the following theoretical guarantee on performance
(cf. Sun et al. [256, Proposition 1]).

Proposition 4. Under the same assumptions as Lemma 8, the task loss satisfies the
following bound with probability at least 1 — « (over x,y, and the calibration set
Dcal):

Sy, 75(0) < min max f(x.9.2) st glx2) <0 (3.6)
Proof. When y € Qy(x), the definition of z}(x) (3.1) guarantees that (3.6) holds.
By Lemma 8, Py , p., (¥ € Qg(x)) > 1 -a. O

We note that in practice, training models from scratch using only the task loss
sometimes leads to poor local optima. Instead, in our experiments, we pretrain
our models with a standard loss function (e.g., negative log-likelihood for the
mean-variance predictor used in ellipsoidal uncertainty sets), and then we fine-tune
the model using the task loss. This is a standard heuristic commonly used in the
decision-focused learning and predict-then-optimize literature [73, 175]. Section 3.11

provides more details on our training procedure.
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Figure 3.2: Consider a robust portfolio optimization problem with 2 assets, where
y € R? is a random vector of asset returns, and the decision z € R? represents
portfolio weights: max, minjeq —z'9 s.t. z > 0, 17z < 1. Let the distribution of
asset returns y be uniform over 3 discrete points (black). The optimal box (blue),
ellipse (orange), and PICNN (green) uncertainty sets are shown with their robust
decision vectors z*. The flexibility of the PICNN uncertainty representation allows
it to achieve the lowest expected task loss.

3.4 Representing General Convex Uncertainty Sets via PICNNs

The previous section discussed how to train calibrated box and ellipsoidal uncertainty
sets end-to-end to optimize the downstream task loss. However, both box and
ellipsoidal uncertainty sets have restrictive shapes which may yield suboptimal task
performance. If Qg(x) could represent any arbitrary convex uncertainty set, this
more expressive class would enable obtaining better task loss. Figure 3.2 illustrates
an example where a general convex uncertainty set representation provides a clear

advantage over box and ellipsoid uncertainty.

To this end, we propose to directly learn a partially-convex nonconformity score
function sy : R™ X R" — R that is convex only in the second input vector. Fixing x,
any g-sublevel set {§ € R" | s¢9(x,$) < g} of sy is a convex set, and likewise every
family of convex sets can be expressed as the g-sublevel sets of some partially-convex

function. To implement this approach, we are faced with two questions.

1. How should we parametrize the score function sg so Qq(x) can approximate
arbitrary convex sets? A natural answer is to parametrize sy with a partially input-
convex neural network (PICNN) [8], which can efficiently approximate any partially-
convex function [54]. We consider a PICNN defined as sg(x,y) = Wrop +Vry+ by,

where
09 =0, up = X, W, = W, diag([Wyu; + wi]4)
urs1 = ReLU (Rjuy +17) V; =V, diag(Viug + v;) (3.7)
Ol+1 = ReLLU (W[O'[ + Vly + b[) , b1 = Blul + B[,



64

with weights 8 = (R, r;, Wi, Wi, w;, Vi, Vi, vi, By, b;)|-,- The matrices W; are con-
strained to be entrywise nonnegative to ensure convexity of sy with respect to y. For

ease of notation, we assume all hidden layers o, . . ., o have the same dimension d.

2. Does the chosen parametrization of Qg(x) (via PICNNs) yield a tractable
reformulation of the CRO problem (3.1)? Fortunately, we show in the following

theorem that the answer is yes.

Theorem 4. Let Qy(x) = {9y € R" | s¢(x, ) < g}, where sg is a PICNN as defined in
(3.7). Then, under Assumption 8, the CRO problem (3.1) with uncertainty set Qq(x)

is equivalent to the following convex (and hence tractable) minimization problem:

z,(x) = argmin min 1 b0,9) v + f(x,2)

Z€RP yeR2Ld+
F(x,2) 3-8)
0

st. AO)Tv= ,v>0, g(x,2) <0

where A(0) € RELAXDX(n+Ld) qnd b(9, q) € RY2A*! gre constructed from the
weights 6 of the PICNN (3.7), and b also depends on q.

We prove Theorem 4 in Section 3.9; the main idea is that when Qg(x) is a sublevel
set of a PICNN, we can equivalently reformulate the inner maximization problem in

(3.1) as a linear program and take the dual to yield a tractable minimization problem.

Since the PICNN uncertainty sets are of the same form as (3.3) and yield a tractable
convex reformulation (3.8) of the CRO problem (3.1), we can apply the split conformal
procedure detailed in Section 3.3 to choose ¢ € R and obtain coverage guarantees
on Qy(x), and we can employ the same end-to-end training methodology from
Section 3.3 to train calibrated uncertainties end-to-end using the downstream task
loss. In some cases during training, the inner maximization problem of (3.1) with
PICNN-parametrized uncertainty set may be unbounded (if 4 (x) is not compact)
or infeasible (if the chosen ¢ is too small causing Qg(x) to be empty). This will
lead, respectively, to an infeasible or unbounded equivalent problem (3.8). We can
avoid this concern by adjusting the PICNN architecture to ensure its sublevel sets are
compact and by suitably increasing ¢ when needed to ensure Q(x) is never empty.
Such modifications do not change the general form of the problem (3.8) and preserve
the marginal coverage guarantee for the uncertainty set y(x); see Section 3.9 for

details.
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3.5 Experiments
In this section, we present experimental results for our E2E method against several

ETO baselines. Code to reproduce our results is available on GitHub.*

Problem descriptions
We consider two tasks: price forecasting for battery storage operation and portfolio

optimization. Their task loss functions and constraints satisfy Assumption 8.

Price forecasting for battery storage. This problem comes from Donti et al. [73],
where a grid-scale battery operator predicts electricity prices y € R’ over a T-step
horizon and uses the predicted prices to decide a battery charge/discharge schedule
for price arbitrage. The input features x include the past day’s prices and temperature,
the next day’s energy load forecast and temperature forecast, binary indicators of
weekends or holidays, and yearly sinusoidal features. The operator decides how
much to charge (z" € R”) or discharge (z°"* € RT) the battery, which changes the

state

battery’s state of charge (z*%¢ € R”). The battery has capacity B, charging efficiency

out

v, and maximum charging/discharging rates ¢™ and ¢°". The task loss function

represents the multiple objectives of maximizing profit, flexibility to participate in
other markets by keeping the battery near half its capacity (with weight 1), and
battery health by discouraging rapid charging/discharging (with weight €):

2
out”z.

SState _ gl + €||Zin||2 + E”Z

T
Fo) =) 3@ =), + 4
=1

The constraints are, forallt =1,...,T,

state __ state __ _state out in
g =B/2, = - vz,

0< Z1n < Cm’ 0< Zout < cout’ 0< Ztstate <B.

Following Donti et al. [73], wesetT =24, B =1,y =0.9, ™ = 0.5, ot = (.2,
A1 =0.1,and € = 0.05.

Portfolio optimization. We adopt the portfolio optimization setting and synthetic
dataset from Chenreddy and Delage [56], where the prediction targets y € R" are the
returns of a set of n securities, and the decision z € R”" sets portfolio weights. The
task loss is f(y,z) = —y 'z, with constraints z > 0, 17z = 1. The synthetic dataset
consists of (x,y) € R? x R? drawn from a mixture of three 4-D multivariate normal

4https ://github.com/chrisyeh96/e2e-conformal
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distributions. We provide data details in Section 3.11 and experimental results in

Section 3.7. The results are similar to those for battery storage, except that portfolio

optimization is a lower-dimensional and easier problem.

Baseline methods

We implemented several “estimate-then-optimize” (ETO) baselines, listed below,

to compare against our end-to-end (E2E) method. These two-stage ETO baselines

are trained using task-agnostic losses such as pinball loss or negative log-likelihood

(NLL). To ensure a fair comparison against our E2E method, we also apply conformal

calibration to each ETO method after training to satisfy coverage.

e ETO denotes models with identical neural network architectures to our E2E

models, differing only in the loss function during training. The box uncertainty
ETO model is trained with pinball loss to predict the 5 and 1 — 5 quantiles.
The ellipsoidal uncertainty ETO model is trained with a multivariate normal
negative log-likelihood loss. For the PICNN ETO model, we train sy using
a negative log-likelihood loss by interpreting sg as an energy function—i.e.,
Po(y | x) o exp(—sg(x, y))—yielding the loss NLL(6) = In sg(x, y) +1n Zy(x),
where Zy(x) = /yeRn exp(—sg(x,¥)) dy, following the approach of Lin and Ba
[164]. More details of the ETO models are given in Section 3.11.

ETO-SLL is our implementation of the box and ellipsoid uncertainty ETO
methods from Sun et al. [256]. Unlike ETO, ETO-SLL first trains a point estimate
model (without uncertainty) with mean-squared error loss. Then, ETO-SLL box
and ellipsoidal uncertainty sets are derived from training a separate quantile
regressor using pinball loss to predict the (1 — @)-quantiles of absolute residuals
or {,-norm of residuals of the point estimate. Unlike ETO which can learn
ellipsoidal uncertainty sets with different covariance matrices for each input x,
the ETO-SLL ellipsoidal uncertainty sets all share the same covariance matrix
(up to scale).

ETO-1]C is our implementation of the ellipsoid uncertainty ETO method by
Johnstone and Cox [123]. Like ETO-SLL, ETO-J]C also first trains a point
estimate model (without uncertainty) with mean-squared error loss. ETO-JC

uses the same covariance matrix (with the same scale) for each input x.

Battery storage problem results

Figure 3.3 (top) compares task loss performance for different uncertainty levels

(@ € {.01,.05, .1, .2}) and the different uncertainty set representations for the ETO
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Figure 3.3: Task loss performance (mean +1 stddev across 10 runs) for the battery
storage problem with no distribution shift (top) and with distribution shift (bottom).
Lower values are better.

baselines against our proposed E2E methodology on the battery storage problem with
no distribution shift. Our E2E approach consistently yields improved performance
over all ETO baselines, for all three uncertainty set parametrizations, and over all
tested uncertainty levels @. Moreover, the PICNN uncertainty representation, when
trained end-to-end, provides up to 42% relative improvement in performance over
the best ETO box uncertainty set and up to 209% relative improvement over the best
ETO ellipse uncertainty set. We also show the corresponding coverage obtained by
the learned uncertainty sets in Figure 3.4 (top); all models obtain coverage close to
the target level, confirming that the improvements in task loss performance from our

E2E approach do not come at the cost of worse coverage.

In Section 3.7, we present additional results on the battery storage problem, including
value-at-risk (VaR) and conditional value-at-risk (CVaR) metrics which show that
the E2E approach consistently outperforms the ETO baselines on tail risk as well. In
addition, Table 3.1 shows the per-epoch computational time required by our E2E
approach compared with the two-stage baselines. While E2E requires additional
training time, the training time is dominated by time spent solving the conditional
robust optimization problem (3.1) for every training example at every epoch. The
development of GPU-accelerated solvers [37] may help significantly speed up

the optimization, though we do not explore GPU-accelerated optimization in our
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Figure 3.4: Coverage (mean +1 stddev across 10 runs) for the battery storage problem
with no distribution shift (top) and with distribution shift (bottom). The dotted
black line indicates the target coverage level 1 — . Our E2E models achieve similar
coverage to the ETO baselines, confirming that the lower task loss of our E2E models
does not come at the expense of worse coverage.

implementation.

Performance under distribution shift

The aforementioned results were produced without distribution shift, where our
training and test sets were sampled uniformly at random, thus ensuring exchangeability
and guaranteeing marginal coverage. In this section, we evaluate our method on
the more realistic setting with distribution shift by splitting our data temporally;
our models are trained on the first 80% of days and evaluated on the last 20% of
days. Figure 3.8 plots the underlying time series data and visually highlights the
distribution shift. Figures 3.3 (bottom) and 3.4 (bottom) mirror Figures 3.3 (top)
and 3.4 (top), except that there is now distribution shift. We again find that our
E2E approach consistently yields improved performance over all ETO baselines,
for all three uncertainty set parametrizations, and for all tested uncertainty levels
a. Likewise, the PICNN uncertainties, when trained end-to-end, improve on the
performance offered by box and ellipsoidal uncertainty. We unsurprisingly find
that, under distribution shift, the models do not provide the same level of coverage
guaranteed in the i.i.d. case, as the exchangeability assumption needed for conformal

prediction no longer holds. The ellipsoidal and PICNN models tend to provide worse
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coverage than the box uncertainty, which we believe reflects how ellipsoidal and
PICNN uncertainty sets offer greater representational power, and thus might be fitting
too closely to the pre-shift distribution, which impacts robustness under distribution
shift. Devising methods to anticipate distribution shift when training these more
expressive models, and in particular the PICNN-based uncertainty, remains an

interesting avenue for future work.

3.6 Conclusion

In this work, we develop the first end-to-end methodology for training predic-
tive models with uncertainty estimates (with calibration enforced differentiably
throughout training) that are utilized in downstream conditional robust optimization
problems. We demonstrate an approach utilizing partially input-convex neural
networks (PICNNG) to represent general convex uncertainty regions, and we perform
extensive experiments on a battery storage application and a portfolio optimization
task. Whereas prior works on two-stage estimate-then-optimize approaches empha-
sized “the convenience brought by the disentanglement of the prediction and the
uncertainty calibration” [256], our results highlight that such “convenience” comes
at a substantial cost; our end-to-end approach, combined with the expressiveness of
the PICNN representation, has clear performance gains over the traditional two-stage

methods.

A number of interesting directions for future work on learning decision-aware uncer-
tainty in an end-to-end manner remain. First, while our PICNN-based uncertainty
set representation allows the parametrization of general convex uncertainty sets,
future work may explore nonconvex uncertainty regions. Doing so may require
eschewing the analytical methods for differentiating through convex optimization
problems and instead use, e.g., policy gradient methods for passing gradients through
general stochastic and robust optimization problems. Second, developing end-to-end
methods to target conditional calibration (as opposed to marginal calibration) remains
an active research direction. Finally, one may explore other types of constraints
besides uncertainty set-based robustness, such as value-at-risk (VaR) or conditional

value-at-risk (CVaR) constraints.

3.7 Appendix: Additional experimental results

Experimental results: Battery storage

In Figures 3.5 and 3.6, we plot the (1 —a)-value-at-risk (VaR) and (1 — «)-conditional
value-at-risk (CVaR) [271] of the task loss obtained via our method on the battery
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storage problem to evaluate model robustness. In particular, for each target coverage
level 1 —a, we evaluate VaR!~®[task loss] and CVaR!~®[task loss] for both the ETO
baseline(s) and our E2E methodologies across box, ellipsoid, and PICNN uncertainty
sets. In general, it is clear that our E2E methodology uniformly improves over ETO,
and while the performance of E2E ellipsoid is close to that of E2E PICNN, the latter
appears to perform better for certain a. These results highlight that our methodology
improves not only the average task loss, but robustness more generally, even when

compared with the robust ETO baselines.

The optimal task losses shown in black dotted lines in Figures 3.3, 3.5 and 3.6 are the
lowest achievable task loss on the test set given perfect knowledge of the target y. The
optimal task loss is calculated for each example (x, y) in the test set as f(x, y, z;pt)
where
ngt = argmin f(x,y, z) s.t. g(x,z) <0.
Z€RP

Performance. In Table 3.1, we report the wall-clock time for pretraining, optimiza-
tion, and end-to-end training. These times were measured on a machine with 2x
AMD EPYC 7513 32-Core Processors, 1TiB RAM, and 4 NVIDIA A100 GPUs
(although only 1 of the GPUs was used in these experiments). The “pretrain” column
gives the time per epoch of training with the standard loss function (pinball loss for
Box, negative log-likelihood loss for Ellipse and PICNN). The “optimize” column
gives the time needed to compute the decision zj(x) given a pretrained model. The
“E2E” column gives the time per epoch of E2E training, which requires computing
7, (x) for each training and calibration example. Evidently, the bulk of the time spent
on E2E training comes from computing the decision z} (x); the additional overhead
from computing the gradient through the KKT conditions of the optimization problem

is much less than solving the optimization problem itself.

We note that in theory, E2E times should always be higher than the optimization
time. The optimization time accounts for the time required to compute zj(x),
and E2E training additional accounts for the time required to compute the gradient
;—gz’g (x). However, in practice, the optimization time depends heavily on the choice of
numerical solver. In our implementation, we use the default cvxpy solver (Clarabel)
for the optimization step in ETO, whereas we use the default cvxpylayers solver
(SCS) during E2E training. In the case of the Ellipse and PICNN uncertainty sets,
the SCS solver is generally faster than Clarabel; hence, Table 3.1 counterintuitively

reports lower E2E training times for Ellipse and PICNN than optimization times.
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Figure 3.5: Similar to Figure 3.3, except that the value plotted is the VaR!'~? [task loss]
(mean +1 stddev across 10 runs) on the test set for the battery storage problem with
no distribution shift (top) and with distribution shift (bottom). Lower values are
better.

Table 3.1: Time per epoch of pretraining, optimization, and end-to-end training,
measured in seconds (wall-clock time). Values are mean +1 stddev across 10 epochs.
Lower values are better.

pretrain optimize (train+val) E2E training

Box 0.03 £0.01 4.29 £ 0.07 6.34 £ 0.32
Ellipse  0.03 = 0.01 7.79 £ 0.06 7.12 £1.28
PICNN 4.20 +0.20 50.49 £ 0.19 33.24 £0.25

We further note that the optimization and E2E training times reflect our particular
implementation, but significantly faster times are likely possible. In particular,
we solve all of the optimization problems (in both the ETO optimization step and
during E2E training) using CPU-based solvers; however, recently developed GPU-
accelerated solvers may be able to reduce the optimization time required by orders of

magnitude, especially when solving a batch of problems with the same structure [37].

Experimental results: Portfolio optimization
Tables 3.2 and 3.3 show the task loss and coverage results for the portfolio optimization
problem. We again find that our E2E approach generally improves upon the ETO

baselines at all uncertainty levels a, with the exception of box uncertainty, where all the
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Figure 3.6: Similar to Figure 3.3, except that the value plotted is the
CVaR'~?[task loss] (mean =1 stddev across 10 runs) on the test set for the battery
storage problem with no distribution shift (top) and with distribution shift (bottom).
Lower values are better.

methods achieve similar performance. Our PICNN-based uncertainty representation,
when learned end-to-end, performs better than box uncertainty and comparably
with ellipse uncertainty. The similarity in performance between E2E ellipsoidal
uncertainty and E2E PICNN uncertainty is likely due to the underlying aleatoric
uncertainty (i.e., the uncertainty in $(y | x)) generally taking an ellipsoidal shape—
the conditional distribution £ (y | x) is a Gaussian mixture model, and it tends to
have a dominant mode (e.g., see Figure 3.7). In terms of coverage, we find that all
the models and training methodologies obtain coverage very close to the target level,
confirming that the improvements in task loss performance from our E2E approach

do not come at the cost of worse coverage.

Because the conditional distribution P (y | x) for the portfolio optimization problem is
2-dimensional, we can visualize the conditional distribution as well as the uncertainty
sets estimated by our Tr_nodels. Figure 3.7 plots the conditional density for input

= [—1.167 0.024] , along with the @ = 0.1 uncertainty sets Qg(x) and the
resulting decision vectors zj; (x) for each uncertainty set parametrization. Uncertainty
sets and decision vectors from both ETO and E2E models are shown in different colors.
The key takeaway from this figure is that smaller uncertainty sets (which is what

ETO training tends to produce) do not always result in lower task loss. Furthermore,
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Table 3.2: Task loss performance (mean + 1 stddev across 10 runs) for the portfolio
optimization problem. Lower values are better, and the best performance for each
uncertainty-level « is highlighted. The results show that our E2E methods consistently
outperform the ETO baselines.

uncertainty level a

0.01 0.05 0.1 0.2
ETO Box -1.16 £ 042 -137+0.12 -1.39+0.13 -1.41+0.12
ETO Ellipse -1.09+£0.12 -1.24+0.11 -1.29+0.10 -1.33+0.10
ETO PICNN -095+0.24 -1.11+0.24 -1.20+0.22 -1.31+0.16
ETO-SLL Box -141+0.13 -142+0.12 -142+0.12 -144 +0.11
ETO-SLL Ellipse -1.12+0.22 -137+0.12 -140+0.12 -143 +£0.12
ETO-JC Ellipse -1.16+0.17 -140+0.11 -142+0.11 -1.44 +0.11
E2E Box -1.21 £0.44 -140+0.14 -143+0.11 -143+0.10
E2E Ellipse -1.48+0.12 -147+0.11 -1.48+0.11 -147 £0.11
E2E PICNN -145+0.14 -148+0.10 -148+0.10 -147 +0.11

Table 3.3: Coverage (mean +1 stddev across 10 runs) for the portfolio optimization
problem. Our E2E models achieve similar coverage to the ETO baselines, confirming
that the lower task loss of our E2E models does not come at the expense of worse

coverage.
uncertainty level a
0.01 0.05 0.1 0.2
ETO Box 984 +£.007 .947 +£.017 902 +.017 .786 + .020
ETO Ellipse .988 +£.004 .944 +.020 .894 +.022 .794 +.027
ETO PICNN 989 +.006 .949 +.014 .901 £.019 .801 +.034
ETO-SLL Box 985+ .012 945 +.021 .885+.030 .796 +.029
ETO-SLL Ellipse .989 +£.011 .945 +.024 .885 +.039 .795 +.030
ETO-]JC  Ellipse .991 +.006 .953 +£.017 .902 +.026 .796 +.026
E2E Box 989 £.006 .949 +.012 903 +.016 .785 +.019
E2E Ellipse .992 +£.006 .954 +.010 .903 +.022 .798 +.022
E2E PICNN 993 +.002 .953 +.010 912+ .017 .798 +.024

the more flexible parametrization of the PICNN allows it to learn uncertainty set

shapes that may be more amenable to the downstream robust decision task than box

or ellipsoidal uncertainty, even if the resulting uncertainty set has a larger or odder

shape.
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Figure 3.7: This figure plots the density of the conditional distribution £ (y | x)
for x = [—1.167 0.024]T from the portfolio optimization problem, with darker
colors indicating higher density. Also plotted are the @ = 0.1 uncertainty sets Qg (x)
(dashed lines) and the resulting decision vectors zg (x) (arrows) for each uncertainty
set parametrization. Results for ETO models are shown in blue, whereas results for
E2E are shown in orange. The “true” y sampled from £ (y | x) is drawn in green,
and the task loss for this example is computed using this y. The decision vectors
have been artificially scaled larger to be easier to see.

3.8 Appendix: Related Work

“Task-based” or ‘“‘decision-focused” learning. The notion of “task-based” end-
to-end model learning was introduced by Donti et al. [73], which proposed to
train machine learning models in an end-to-end fashion to minimize a downstream
stochastic optimization objective. To achieve this, the authors backpropagate
gradients through a stochastic optimization problem, which is made possible for
various types of convex optimization problems via the implicit function theorem [73,
7, 3]. However, Donti et al. [73] does not train the model to estimate uncertainty and
thereby does not provide any explicit guarantees on robustness on their decisions
to uncertainty. Our framework improves upon this baseline by yielding calibrated

uncertainty sets which can then be used to obtain robust decisions.

Another line of related works relies on surrogate loss functions to approximate
the gradient of the downstream task loss, typically in settings where the exact
gradient does not exist or is otherwise hard to compute. For example, the “Smart
Predict, then Optimize” approach [78] specifically considers differentiating the
solution of linear programs, whereas Wilder et al. [291] differentiates the solution of
discrete (combinatorial) optimization problems. As with Donti et al. [73], though,
these approaches focus only on average task loss without any estimation of model
uncertainty, thereby lacking explicit guarantees on the robustness of the resulting

decisions. A recent survey by Mandi et al. [175] provides a comprehensive review of
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existing decision-focused learning approaches.

Uncertainty Quantification. Various designs for deep learning regression models
that provide uncertainty estimates have been proposed in the literature, including
Bayesian neural networks [38, 90], Gaussian process regression and deep kernel
learning [218, 292, 166], ensembles of models [144], and quantile regression [222],
among other techniques. These methods typically only provide heuristic uncertainty

estimates that are not necessarily well-calibrated [183].

Post-hoc methods such as isotonic regression [ 142] or conformal prediction [233] may
be used to calibrate the uncertainty outputs of deep learning models. These calibration
methods generally treat the model as a black box and scale predicted uncertainty
levels so that they are calibrated on a held-out calibration set. Isotonic regression
guarantees calibrated outputs in the limit of infinite data, whereas conformal methods
provide probabilistic, finite-sample calibration guarantees when the calibration set is
exchangeable (e.g., drawn 1.i.d. from the same distribution) with test data. These
calibration methods are generally not included in the model training procedure
because they involve non-differentiable operators, such as sorting. However, recent
works have proposed differentiable losses [77, 254] that approximate the conformal
prediction procedure during training and thus allow end-to-end training of models
to output more calibrated uncertainty. As approximations, these methods lose the
marginal coverage guarantees that true conformal methods provide. However, such
guarantees can be recovered at test time by replacing the approximations with true

conformal prediction.

Robust and stochastic optimization. The optimization community has proposed
a number of techniques over the years to improve robust decision-making under
uncertainty, including stochastic, risk-sensitive, chance-constrained, distributionally
robust, and robust optimization (e.g., Ben-Tal et al. [22], Shapiro et al. [236],
Nemirovski and Shapiro [185], and Rahimian and Mehrotra [216]). These techniques
have been applied to a wide range of applications, including energy systems operation
[324, 184,76, 326,205,289, 31, 57] and portfolio optimization [99, 213, 29]. In these
works, the robust and stochastic optimization methods enable selecting decisions (grid
resource dispatches or portfolio allocations) in a manner that is aware of uncertainty,
e.g., SO an energy system operator can ensure that sufficient generation is available
to meet demand even on a cloudy day without much solar generation. Typically,

however, the construction of uncertainty sets, estimated probability distributions
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over uncertain parameters, or ambiguity sets over distributions takes place offline
and is unconnected to the eventual decision-making task. Thus, our proposed
end-to-end approach allows for simultaneous calibration of uncertainty sets with

optimal decision-making.

3.9 Appendix: Maximizing over the uncertainty set

We consider robust optimization problems of the form

min max ' Fz + f(x,2) s.t. $€Q(x), g(x,2)<0.
zeRP HeR"

For fixed z, the inner maximization problem is

max $'Fz s.t. $ € Q(x),
yeR™

which we analyze in the more abstract form

maxc'y s.t. y€eQ
yeRn

for arbitrary ¢ € R" \ {0}. The subsections of this appendix derive the dual form of

this maximization problem for specific representations of the uncertainty set €2.

Suppose y is standardized or whitened by an affine transformation with u € R" and

invertible matrix W € R

Ytransformed = W_l(y - ﬂ)

so that Q is an uncertainty set on the transformed Yyansformed- 1hen, the original

primal objective can be recovered as

CTy = CT(WYtransformed +u) = (WC)Tytransformed + CT,U-

In our experiments, we use element-wise standardization of y by setting W =

diag(ysq), where ygq € R” is the element-wise standard-deviation of y.

Maximizing over a box constraint
Let [y, y] € R" be a box uncertainty set for y € R". Then, for any vector ¢ € R", the

primal linear program

max c'y s.t.
yeR”

|*<
IA
~
IA
~<|

has dual problem

min [yT —yT] 14 s.t. [In —In] v=c, v2=0,

veR2n
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which can also be equivalently written as

min (y-y)'v+y'c s.t. v>20, v-c2>0.
yveRN - -

Since strong duality always holds for linear programs, the optimal values of the
primal and dual problems will be equal so long as one of the problems is feasible, e.g.,
so long as the box [)_1, y] is nonempty. We can thus incorporate this dual problem

into the outer minimization of (3.1) to yield the non-robust form (3.4).

Maximizing over an ellipsoid

For any ¢ € R"\ {0}, £ € S}, and g > 0, the primal quadratically constrained linear
program (QCLP)

max ¢’y st (y-w)'E(y-p<gq
yeR”

has dual problem

o1
min —c ' Xc+pu'c+vg s.t. v>0.
veR 4y

By Slater’s condition, strong duality holds by virtue of the assumption that g > 0
(which implies strict feasibility of the primal problem), and thus the primal and dual
problems have the same optimal value. Moreover, since X is positive definite and
g > 0, this problem has a unique optimal solution at v* = ﬁIILTCHz, where L is
the unique lower-triangular Cholesky factor of X (i.e., ¥ = LLT). Substituting v*
into the dual problem yields

Va||Le|l, + u"e.
Plugging this into (3.1) yields the non-robust form (3.5).

We write the dual objective in terms of the Cholesky factor L because our predictive
models for ellipsoidal uncertainty directly output the entries of L (see Section 3.11).
Note, however, that the dual problem solution can be equivalently written in terms of

the square-root of X, because
2
||LTc||§ =c"LLTc=c"3c=c"22x12; = ”2”%”2.

Proof of Theorem 4: Maximizing over the sublevel set of a PICNN
Let sy : R X R" — R be a partially input-convex neural network (PICNN) with

ReLU activations as described in (3.7), so that sg(x, y) is convex in y. Suppose that
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all the hidden layers have the same dimension d (i.e.,VI =0,...,L —1: W, € RAxd
V; € R b, € RY), and the final layer L has W, € R v, e R b; e R. Let

¢ € R" be any vector. Then, the optimization problem

max c'y s.t. so(x,y) < q (3.9)
yeR”

can be equivalently written as

- (??,?.%ULGRCI cly (3.10a)
s.t. o7 >04 Vi=1,...,L (3.10b)

o1 = Wiop+Viy + b vi=0,...,L-1 (3.10¢)

Wyiop +Viy +bL < q. (3.10d)

To see that this is the case, first note that (3.10) is a relaxed form of (3.9), obtained
by replacing the equalities 07,1 = ReLU (W;07 + V;y + b;) in the definition of the
PICNN (3.7) with the two separate inequalities 0741 > 07 and 0741 = Wio+Viy+ by
foreach/ =0,...,L — 1. As such, the optimal value of (3.10) is no less than that
of (3.9). However, given an optimal solution y, o, ..., o to (3.10), it is possible
to obtain another feasible solution y, 0, ..., 6 with the same optimal objective
value by iteratively decreasing each component of oy until one of the two inequality
constraints (3.10b), (3.10c) is tight, beginning at / = 1 and incrementing / once all
entries of oy cannot be decreased further. This procedure of decreasing the entries
in each o7 will maintain problem feasibility, since the weight matrices W; are all
assumed to be entrywise nonnegative in the PICNN construction; in particular, this
procedure will not increase the left-hand side of (3.10d). Moreover, since one of the
two constraints (3.10b), (3.10c) will hold for each entry of each &7, this immediately
implies that y is feasible for the unrelaxed problem (3.9), and so (3.9) and (3.10)

must have the same optimal value.

Having shown that we may replace the convex program (3.9) with a linear equivalent

(3.10), we can write this latter problem in the matrix form

y

max cly s.t. A <b
yeR”, oy,..., o eR4 .

oL
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where
-1 ] r 0d
—I 0,
A=V -1 e R@LATDx(neLd) | _p | @ R2LA*L
Wi
- - —la —br-
VL Wi | g —bL]

(3.11)
By strong duality, if this linear program has an optimal solution, its optimal value is

equal to the optimal value of its dual problem:

min 5Ty st ATy= [ ¢ ] y>0. (3.12)
yeR2Ld+1 0Ld

We can incorporate this dual problem (3.12) into the outer minimization of (3.1) to
yield the non-robust form (3.8). For a more interpretable form of this dual problem,
let v(® denote the portion of the dual vector v corresponding to the i-th block-row
of matrix A, indexed from 0. That is, v = Vid+1:(i+1)a Tor i = 0,...,2L — 1.
Furthermore, let u = v>r44+1 be the last entry of v. Written out, the dual problem
(3.12) becomes

L

min u(qg—>byr) - Z blTv(L+l)
1=0

v . vyCL-DeRd neR
S.t. [VOT e V{] VId+l: = C
WITHV(L”“) vy 0 —9, Vi=0,...,L-1

y > 0.

Ensuring feasibility of the PICNN maximization problem

As noted at the end of Section 3.4, it may sometimes be the case that the inner
maximization problem of (3.1) is unbounded or infeasible when Qg (x) is parametrized
by a PICNN, since in general, the sublevel sets of the PICNN might be unbounded,
or the g selected by the split conformal procedure detailed in Section 3.3 may be
sufficiently small that Qg(x) = {J € R" | s4(x, §) < g} is empty for certain inputs x.

We can address each of these concerns using separate techniques.

Ensuring compact sublevel sets. To ensure that the PICNN-parametrized score

function sy (x, y) has compact sublevel sets in y, we can redefine the output layer by
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setting V1, = 01x, and adding a small £*° norm term penalizing growth in y:
se(x,y) = Wrop + €llylle + Do, (3.13)

where € > 0 is a small penalty term, and where all the remaining parameters and
layers remain identical to their definition in (3.7). This modification ensures that, for
any fixed x, s¢(x, y) has compact sublevel sets, since o7 > 0 by construction (3.7)
and the penalty term €||y||c Will grow unboundedly large as y goes to infinity in any
direction, so long as € > 0. Moreover, so long as € is chosen sufficiently small and
the PICNN is sufficiently deep, this modification should not negatively impact the

ability of the PICNN to represent general compact convex uncertainty sets.

Using this modified PICNN (3.13), the maximization problem (3.9) can be written

as an equivalent linear program

max c'y (3.14a)
yGRn T1yeens O'LERd
kER
st. o7 >0y vi=1,...,L (3.14b)
o1 = Wiop+Viy + by vVi=0,...,L-1 (3.14¢)
K2 Yi, K2 =Y Vi=1,...,n (3.144d)
Wiror + ek + by < g (3.14e)

where the equivalence between (3.9) and (3.14) follows the same argument as that
employed in the previous section when showing the equivalence of (3.9) and (3.10).
We can thus likewise apply strong duality to obtain an equivalent minimization form
of the problem (3.14) and incorporate this into the outer minimization of (3.1) to

yield a non-robust problem of the general form (3.8).

Ensuring Q4 (x) is nonempty. If the ¢ chosen by the split conformal procedure is
too small such that Qg (x) is empty, i.e., ¢ < gmin Where

Gmin := min sg(x, 9), (3.15)
yeRn

then we simply increase g to gmin SO that Qg (x) is guaranteed to be nonempty. That

is, for input x, we set

q = max ;IElIIRr'I’ SG(X’ j})’ QUANTILE({SH(XZ" )’i)}(xi,y,»)eDcap 1- Cl’) .

This preserves the marginal coverage guarantee, as increasing ¢ can only result in a

larger uncertainty set Qg (x).
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In theory, gmin varies as a function of 6, and it is possible to differentiate through
the optimization problem (3.15) using the methods from Agrawal et al. [3] since the
problem is convex and sy is assumed to be differentiable w.r.t. 6 almost everywhere.
However, to avoid this added complexity, in practice, we treat gmin as a constant. In

other words, on inputs x where we have to increase g to gmin, We treat g—g =0.

3.10 Appendix: Exact differentiable conformal prediction
In this section, we prove how to exactly differentiate through the conformal prediction

procedure, unlike the approximate derivative first introduced in [254].

Theorem 5. Let @ € (0, 1) be a risk level, and let s; := sg(x;, y;) denote the scores
computed by a score function sy : R™ x R" — R over data points {(x,-,y,-)}?;ll.

Suppose sq¢(x;, y;) is differentiable w.r.t. 6 foralli = 1,..., M.

Define spr41 := 0. Leto : {1,... ., M+1} — {1,..., M+1} denote the permutation
that sorts the scores in ascending order, such that s,y < sq(j) for alli < j. For
simplicity of notation, we may write s(;y := Sq ;).

Let g = QUANTILE({S,-}?;I » 1 — @) where the QuantiLE function is as defined in

Algorithm 4. That is, q = sk, where k :==[(M +1)(1 —a)] € {1,...,M, M + 1}.
If s(k) is unique, then

d_q _ %SO(XUU{), ya'(k)), l‘fa’ Z ﬁ

deg 0, otherwise.

Proof. First, whena € (0, ﬁ), we have k = M + 1, so g = oo is constant regardless

of the choice of 6. Thus, S—Z =0.

Now, suppose @ > ﬁ The QuAaNTILE function returns the k-th largest value of

{s,'}f.‘fl U {oo}. Since we assume sk is unique, we have d(sl—q = 1[i = k]. Finally,
- (i)

we have

d(] M dq ds; M dq dS(l') ds(k) d ( )
49 ~ Lids,do = = —5¢(Xo(k)> :
dé i=1 ds; d¢ p ds(l.) de dé dg 0 Kok, Yo (k)

]

The two key assumptions in this theorem are that (1) s4 is differentiable w.r.t. 6, and
(2) s(k) is unique. When s¢ is a neural network with a common activation function

(e.g., ReLU), (1) holds for inputs (x, y) € R™ x R" almost everywhere and 6 almost
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everywhere. Regarding (2), in practice, just as the gradient of the max function is
typically implemented without checking whether its inputs have ties, we do not check

whether s is unique.

3.11 Appendix: Experiment details

Our experiments were conducted across a variety of machines, including private
servers and Amazon AWS EC2 instances, ranging from 12-core to 128-core machines.
Our ETO experiments benefited from GPU acceleration across a combination of
NVIDIA GeForce GTX 1080 Ti, Titan RTX, T4, and A100 GPUs. Our E2E
experiments did not use GPU acceleration, due to the lack of GPU support in the

cvxpylayers Python package [3].

In all experiments, we use a batch size of 256 and the Adam optimizer [133]. Models
were trained for up to 100 epochs with early stopping if there was no improvement in

validation loss for 10 consecutive epochs.

For box and ellipsoid ETO baseline models, we performed a hyperparameter grid
search over learning rates (107+>, 1074, 10733, 1073, 10723, 1072, 10~!) and L2
weight decay values (0, 107*, 1073, 1072). For PICNN ETO models we performed
a hyperparameter grid search over learning rates (107, 1073, 1072) and L2 weight
decay values (10‘4, 1073, 10‘2).

Uncertainty representation

Box uncertainty. Our box uncertainty model uses a neural network /g with 3
hidden layers of 256 units each and ReLLU activations with batch-normalization. The
output layer has dimension 2n, where dimensions 1 : n predict the lower bound.
Output dimensions n + 1 : 2n, after passing through a softplus to ensure positivity,

represents the difference between the upper and lower bounds. That is,

hleo(x) _ he(x)lzn
hbi(x) ho(x)1: + softplus(hg(X)ps120) |

This architecture ensures that hgi (x) > hle0 (x).

In the two-stage ETO baseline, we first train Ay to estimate the a/2- and (1 — a/2)-
quantiles, so that [hlg0 (x), kP (x)] represents the centered (1 — )-confidence region.
Quantile regression is a common method for generating uncertainty sets for scalar
predictions by estimating quantiles of the conditional distribution P (y | x) [222].

For scalar true label y, quantile regression models are commonly trained to minimize
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pinball loss (a.k.a. quantile loss) where £ is the quantile level being estimated:

B-(y=39), ify>y

pinballg (9, y) = _
(1-B)-(F-y), ify<y.

To generalize the pinball loss to our setting of multi-dimensional y € R”, we sum the

pinball loss across the dimensions of y: pinballs(9, y) = 2y pinballg ($;, yi).

Our end-to-end (E2E) box uncertainty models use the same architecture as above,
initialized with weights from the trained ETO model. We found it helpful to use a
weighted combination of the task loss and pinball loss during training of the E2E
models to improve training stability. In our experiments, we used a weight of 0.9 on
the task loss and 0.1 on the pinball loss. The E2E models used the best L2 weight
decay from the ETO models, and the learning rate was tuned across 1072, 1073, and
1074,

Ellipsoidal uncertainty. Our ellipsoidal uncertainty model uses a neural network %y
with 3 hidden layers of 256 units each and ReLLU activations with batch-normalization.
The output layer has dimension n + n(n + 1)/2, where dimensions 1 : n predict
the mean py(x) and the remaining output dimensions are used to construct a lower-
triangular Cholesky factor Lg(x) of the covariance matrix Xg(x) = Lg(x)Lg(x)".
We pass the diagonal entries of Lgy(x) through a softplus function to ensure strict

positivity, which then ensures X4 (x) is positive definite.

For the ETO baseline, we trained the model using the negative log-likelihood (NLL)

loss

NLL@O) =+ " ~InN(y | (), (o),
(x,y)eD

where N (- | u, X) denotes the density of a multivariate normal distribution with

mean u and covariance matrix X.

Our end-to-end (E2E) ellipsoidal uncertainty models use the same architecture as
above, initialized with weights from the trained ETO model. We found it helpful to
use a weighted combination of the task loss and NLL loss during training of the E2E
models to improve training stability. In our experiments, we used a weight of 0.9 on
the task loss and 0.1 on the NLL loss. The E2E models used the best L2 weight decay

from the ETO models, and the learning rate was tuned across 1072, 1073, and 1074,

PICNN uncertainty. Our PICNN has 2 hidden layers with ReLLU activations.
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For the battery storage problem, we used 64 units per hidden layer. We did not
run into any feasibility issues for the PICNN maximization problem, so we did not

restrict V;, as described in Section 3.9, and we set € = 0.

For the portfolio optimization problem, we tried 32, 64, and 128 units per hidden
layer, finding that 32 units worked best. We did run into feasibility issues for the
PICNN maximization problem, which we resolved by setting V; = 01, as described

in Section 3.9. This change alone was sufficient, and we set € = 0.

For the ETO baseline, we take inspiration from the approach by Lin and Ba [164] to
give probabilistic interpretation to a PICNN model sy via the energy-based model
Po(y | x) = zoy exp(=sa(x, ) where Zy(x) := [ ., exp(=so(x, 7)) dy is the
normalizing constant. We train our ETO PICNN models with an approximation to the
true NLL loss based on samples from the Metropolis-Adjusted Langevin Algorithm
(MALA), a Markov Chain Monte Carlo (MCMC) method. We refer readers to our

code for the specific hyperparameters and implementation details we used.

Note that under this energy-based model, adding a scalar constant ¢ to the PICNN (i.e.,
sg(x,y) + ¢) does not change the probability distribution. That is, exp(—sg(x, y))
exp(—sg(x,y) + ¢). To regularize the PICNN model, which has a bias term in its
output layer, we therefore introduce a regularization loss of wer, - s¢(x, y)2 where
Wazero 18 @ regularization weight. This regularization loss encourages sq(x, y) to be

close to 0, for all examples in the training set. In our experiments, we set Wyero = 1.

Our end-to-end (E2E) PICNN uncertainty models use the same architecture as above,
initialized with weights from the trained ETO model. Unlike for box and ellipsoidal
uncertainty which used a weighted combination of task loss and NLL loss, our E2E
PICNN uncertainty models are trained only with the task loss. Similar to the ETO
PICNN model, we also regularize the E2E PICNN. Here, we add a regularization
loss of wy - g*, where wq 18 a regularization weight and g is the conformal prediction
threshold computed in each minibatch of E2E training. This regularization loss term
aims to keep g near 0; without this regularization, we found that g tended to grow
dramatically over training epochs with poor task loss. In our experiments, we set
wq = 0.01.

The E2E models used the best L2 weight decay from the ETO models. For the
battery storage problem, we tested learning rates of 1073 and 10~*. For the portfolio

optimization problem, we used a learning rate of 5 x 107.
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Price forecasting for battery storage. We use the same dataset as Donti et al.
[73] in our price forecasting for battery storage problem. In this dataset, the target
y € R?* is the hourly PIM day-ahead system energy price for 2011-2016, for a total
of 2189 days. Unlike Donti et al. [73], though, we do not exclude any days whose
electricity prices are too high (>500$/MWh). Whereas Donti et al. [73] treated these
days as outliers, our conditional robust optimization problem is designed to output
robust decisions. For predicting target for a given day, the inputs x € R'°! include
the previous day’s log-prices, the given day’s hourly load forecast, the previous day’s
hourly temperature, the given day’s hourly temperature, and several calendar-based

features such as whether the given day is a weekend or a US holiday.

For the setting without distribution shift, we take a random 20% subset of the dataset
as the test set; because the test set is selected randomly, it is considered exchangeable
with the rest of the dataset. For the setting with distribution shift, we take the
chronologically last 20% of the dataset as the test set; because load, electricity prices,
and temperature all have distribution shifts over time, the test set is not exchangeable
with the rest of the dataset. Figure 3.8 illustrates the data from the distribution shift
setting, where the electricity price tends to be lower and has lower variability in the
test set compared to the training/validation splits. For each seed, we further use a

80/20 random split of the remaining data for training and calibration.
Portfolio optimization. For the portfolio optimization task, we used synthetically

generated data. We sample x € R?, y € R? from a mixture of three 4-D multivariate

Gaussian distributions as used in [56]. Formally,

~paN(ta, Za) + pp N(p, Zp) + pe N (e, Z¢)

where p, + pp + p. = 1. Specifically,

1 aAGMM

a=09, = 1 — N c = —— 1 - 5

Pa=¢ Pb py—— 1( ¢), p P 1( ®)
T
Ha = 04, #b:[() 55 O] , Me = Up,
1 0 0.37 0

5 0 1.5 0 0 5 5 s 1 5

a = , = as c = as

037 0 2 o7l PO GMM

0 0 073 3
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Figure 3.8: Visualization of data from the battery storage problem under distribution
shift. The train/val splits are sampled randomly from the range 2011-01-04 to
2015-10-20, whereas the test set comprises 2015-10-21 to 2016-12-31. These plots
evidently show that the electricity price is generally lower in the test set and also has
lower variability by both hour of day and the daily maximum temperature.

for some ¢ € [0, 1] and agmm € [0, 1]. In our experiments, we used ¢ = 0.7 and
agmM = 0.9. (Chenreddy and Delage [56] do not disclose the values of ¢ and agmm
chosen for their experiments.) For each random seed, we generate 2000 samples and
use a (train, calibration, test) split of (600, 400, 1000).
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Chapter 4

ROBUST ENERGY STORAGE OPERATION VIA GENERATIVE
WASSERSTEIN DISTRIBUTIONALLY ROBUST OPTIMIZATION

Whereas the previous two chapters focused on end-to-end differentiation through
conformal risk control guarantees, this chapter and the subsequent chapter eschew
formal risk guarantees and instead focus on end-to-end differentiation through
decision problems where the uncertainty is represented by a distribution, as opposed
to a single point estimate or a set. In particular, this chapter focuses on learning
conditional distributions for distributionally robust optimization (DRO) problems,
where the “learned uncertainty representation” is a distributional ambiguity set

defined by a Wasserstein ball around the learned conditional distribution.

This chapter is primarily based on the following paper:

[295] Han Xu and Christopher Yeh. 2025. Robust energy storage operation via generative Wasser-
stein distributionally robust optimization. In NeurIPS 2025 Workshop on Tackling Climate
Change with Machine Learning. San Diego, CA, USA, (Dec. 2025). https://www.climat
echange.ai/papers/neurips2025/79.

4.1 Introduction

Machine learning techniques are widely used for predicting uncertain quantities for
decision-making under uncertainty in many real-world problems including energy
systems [73, 161], finance [61], supply chain management [121], among many
other domains. Traditional predict-then-optimize and estimate-then-optimize (ETO)
approaches first train predictive models for prediction accuracy, then use predictions
in downstream optimization [78]. However, this separation between training and
optimization causes misalignment: prediction errors optimized for statistical metrics
may severely degrade decision quality which is also known as the “optimizer’s curse”
[248]. End-to-end (E2E) approaches (also known as decision-focused learning [175])
address this by training models to directly minimize downstream decision costs using

differentiable optimization [73].

Recent E2E approaches have explored incorporating risk aversion by predicting an
uncertainty set instead of a point estimate for the uncertain parameter, and then
solving a robust optimization (RO) problem [56, 281, 311] to minimize the worst-

case cost over the learned uncertainty set. However, the E2E-RO approach has two


https://www.climatechange.ai/papers/neurips2025/79
https://www.climatechange.ai/papers/neurips2025/79
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limitations. First, to ensure tractability, E2E-RO requires the uncertainty set to be
convex, which limits the expressivity of the uncertainty representation. Additionally,

the worst-case optimization approach can lead to overly conservative solutions [268].

Instead of learning an uncertainty set for the uncertain parameter, an alternative
approach is to quantify uncertainty around a learned conditional distribution of the
parameter. In this work, we propose a novel generative Wasserstein distribu-
tionally robust optimization framework (Gen-WDRO) that combines generative
modeling with distributionally robust optimization for end-to-end learning.
Our approach provides a flexible uncertainty representation, and we demonstrate
robustness against distribution shift in experiments on a battery storage optimization
problem. By improving battery storage profitability, this approach shows its potential
for supporting the deployment of energy storage systems that enable greater renewable

energy integration and climate mitigation.

4.2 Related Works

Robust End-to-End Learning. Donti et al. [73] pioneered task-based end-to-end
learning, which trains models to minimize decision costs rather than prediction
error. Differentiable optimization layers [3] enable tractable gradient computation
through convex programs. Yeh* et al. [311] utilize conformal prediction to calibrate
uncertainty sets and employ input-convex neural networks to represent general convex

uncertainty sets.

Distributionally Robust End-to-End Learning. Costa and Iyengar [61] developed
KL-divergence-based distributionally robust portfolio optimization. Ma et al. [171]
proposed generic differentiable DRO layers for mixed-integer problems using second-
order cone ambiguity sets, mentioning the possibility of using Wasserstein distance
to construct ambiguity sets but without experimental validation. Nguyen et al.
[186] propose a conditional distributionally robust optimization strategy that solves
conditional DRO problems without requiring explicit learning of the conditional
distribution. Liang et al. [161] propose using DRO to solve two-stage decision-
making problems in an end-to-end manner, though they do not learn conditional

distributions.

Generative Models for Decision-Making. Our work is also related to generative
modeling which has been applied in various fields such as image generation [112]
and drug design [169]. In the context of decision-making, Wang et al. [284] employ



89

generative models to learn conditional distributions for CVaR optimization. Rather
than using robust optimization, they directly optimize the CVaR value as their

objective function.

Unlike existing work, our approach integrates generative modeling with DRO for
end-to-end learning under distribution shift, providing both flexible conditional

distribution learning and enhanced robustness guarantees.

4.3 Problem Formulation and Methodology

Problem Statement

Consider an agent that observes an input x € R” and must make a decision z € R?
without knowing the future outcome y € R". Once z is chosen and y is revealed, the
agent incurs a task loss f(x, y, z) defined by a loss function f : R” X R" X R? — R.
We assume that the decision z must adhere to hard constraints g(x, z) < 0 which do
not depend on the future outcome y. The future outcome y is uncertain and only
influences the cost function f(x, y, z). Let P denote the unknown joint distribution
of (x,y). The agent’s goal is to minimize the expected cost while satisfying the

constraints:
Z5(x) ;= argmin EF[ f(x, y,2) | x] s.t. g(x,2) <0 4.1)
Z

where EF[- | x] denotes conditional expectation given x.

The above problem cannot be solved directly since the conditional distribution
P(y | x) is not known. Instead, we assume the agent has access to a set of i.i.d.
samples {(x;, yi)}l].\i , from the joint distribution P. Given the samples, we then
learn a conditional distribution Pg(- | x) with learnable parameters 6 to estimate
the conditional expectation E*[ f(x, y,z) | x]. However, the learned conditional
distribution may not be accurate, or distribution shifts may occur, leading to poor
decision-making performance under the learned distribution. To address this issue,
we propose using distributionally robust optimization (DRO) to ensure that the
decision is robust against an ambiguity set of distributions B, (Pg(- | x)) that is
centered at the learned conditional distribution Py(- | x) with some distribution

metric d(-, -):
B,(Po(- | %)) = {Q e PR") : d(Q,Py(- | x)) < p}. (4.2)

In this case, the agent’s robust decision policy can be formulated as the following
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DRO problem:

Z"(x) :=argmin  max EQ[f(x,y,2)] st g(x,z) <0 4.3)
T QeBy(Po(lx)

Ambiguity Set Construction and Problem Tractability
Our challenge is to ensure tractability and differentiability of the robust decision policy
(4.3) so that we can learn a conditional distribution By (- | x) from the data samples in
an end-to-end way. We model the conditional distribution By (- | x) with a conditional
normalizing flow (CNF) [293]. Because computing an ambiguity set directly around a
CNF model is intractable, we instead approximate the learned CNF with an empirical
distribution. For each input x, we sample M predictions {ﬁi}l’.‘;’ | from the learned
CNF to construct a discrete empirical distribution Qu(y) = % Z,]-Z | 95,- Then, we
construct the ambiguity set (4.2) using the Wasserstein metric

dw(Q,Qu) =  inf / ly = Il dy(y.y) 44)
vel'(Q,Qar) JRXR"

where I'(Q, QM) is the set of all joint distributions y on R” x R" with marginals Q

and Qy, and || - || is any norm on R”. In our experiments, we use the 2-norm || - ||.

The following theorem shows that the DRO problem (4.3) based on this ambiguity
set can be reformulated as a tractable convex optimization problem under certain

conditions.

Theorem 6. Suppose the task loss function has the form f(x,v,z) = f(x,z2)+{y, Fz)
where F € R™P, and both f(x, z) and the constraint function g(x, z) are convex in
z. Then, problem (4.3) with ambiguity set Bp(QM) based on the Wasserstein metric

can be reformulated as the convex optimization problem

M
. ~ 1 A
< (x) = argmin p||Felle + f(r.2) + o2 > (9 F2) s1.g(x.9) <0 (45)
¢ i=1

where || - || is the dual norm of the norm || - || used in the definition of the Wasserstein
distance (4.4).

The proof of this theorem is a simple application of [179, Corollary 5.1] by

reformulating the inner maximization problem in (4.3).

Notice that the choice of the radius p is flexible. In our approach, we employ a
neural network to learn the radius p as a function of the input x. In practice, the
uncertainty of the learned distribution can vary depending on the specific input x, so

it is important for the radius p to adapt accordingly.
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Figure 4.1: Our proposed Gen-WDRO method utilizes a CNF to generate a discrete
distribution and a DRO layer to improve robustness. The parameters are updated
using gradients from the task loss.

End-to-End Training

Algorithm S End-to-end training of the Gen-WDRO method.
function TraiN(training data D = {(x;, y;) }f\i |» initial model parameters 6)
for mini-batch B c {1,..., N} do
fori € Bdo

Compute the gradient of the likelihood loss gk,

Sample M i.i.d. samples {J; }M from the CNF neural network.
Solve the convex optimization problem 4.5).

Compute the gradient of the task loss: gtas’k Of(xi,yi, 2" (xi))/06.

Update parameters 6 using the gradients }};cp ®askg laSk + ahkghk

After reformulating the DRO problem as a convex optimization problem, we propose
a methodology in Algorithm 5 to enable end-to-end training of the decision-making
policy. For simplicity, the parameters of both the CNF model and the neural network
for p are collectively denoted as 6. Our end-to-end training approach uses mini-batch

gradient descent to minimize a weighted loss function

6(0) = —arix log Po(y; | x;) + @askf (xi, yir 27 (%))

which accounts for both the likelihood loss of the CNF neural network and the
task loss of the decision-making policy. The gradient of the likelihood loss g;ik =

i 7 log Py (yi | x;) is computed as in [293]. The gradient of the task loss on a single

instance is g := |(x, vi,2Y) B8 ae |, where e* |, can be computed by differentiating

through the Karush- Kuhn -Tucker (KKT) conditions of the convex reformulated DRO

M 52 5)’: %6_,0
i=1 89; 06 dp 06°

and the gradients % 62 - and 32 can be computed by dlfferentlatlng through the convex

problem (4.5) [3]. Spemﬁcally, can be expressed as az =)

optimization problem.
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4.4 Experimental Results

We consider the problem of grid-scale battery storage participating in day-ahead
electricity markets, where the operator seeks to optimally schedule charging and
discharging operations for the next day to maximize profit through price arbitrage
while satisfying operational constraints. We follow the same setup as in Donti et al.
[73]. The input features x include the past day’s prices and temperature, the next
day’s energy load forecast and temperature forecast, binary indicators of weekends
or holidays, and yearly sinusoidal features. The operator utilizes these features to
predict future energy prices y € R’ over a T-step horizon, and decides how much and
when to charge (z" € RT) or discharge (z°* € R”) the battery, together represented

by the decision variable z.

The battery is characterized by its storage capacity B, charging efficiency y, and
maximum charging and discharging rates c;, and c,,;, respectively. The objective
function balances multiple goals: profit maximization, and maintaining operational
flexibility by keeping the battery state of charge near 50% of capacity (weighted by

parameter A) to enable participation in multiple markets:

T BIP
FOi = ) ma = g + a5 - =
=1
with constraints given by
M =B/2, M= -yt Vi=1,....T

0<z"<c™, 0<zM™<c™, 0<zZ™ <B.

Following [73], we setT =24, B=1,y = 0.9, ¢ =0.5,c°"=0.2,and 1 =0.1.

We set the following parameters for our proposed Gen-WDRO model: @, = 0.8,
alik = 0.2, and M = 10.

We evaluate our approach on this problem under distribution shift, where the test set
is corrupted with Gaussian N (0, 0.3) noise added to standardized future electricity
prices. This simulates the increased volatility expected from growing renewable

energy penetration.

Figure 4.2 compares our Gen-WDRO approach (with trainable radius) against other
baselines: ETO-0 and ETO-0.8, representing two-stage estimate-then-optimize
approaches using fixed-radius DRO layers with p = 0 and p = 0.8 (p = 0.8 is

chosen as the mean radius from our Gen-WDRO model), and fixed-radius variants
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Figure 4.2: Performance comparison on the battery management problem. Each
method is tested on 438 test cases, and 0.95-CVaR is adopted for robustness
comparison. Lower values are better.

Gen-WDRO-0 and Gen-WDRO-0.8. The “Opt” benchmark represents the optimum

obtained using ground-truth prices for optimization.

Our Gen-WDRO method demonstrates superior robustness with the best 0.95-CVaR
performance,’ and outperforms baselines. Additionally, Gen-WDRO achieves
more stable performance compared to fixed-radius approaches and substantially
outperforms ETO methods. This shows that learning the uncertainty radius end-to-

end, rather than fixing it, leads to better performance.

4.5 Conclusion

We have presented a generative Wasserstein distributionally robust optimization (Gen-
WDRO) method for end-to-end decision-making under uncertainty. By integrating
generative modeling with DRO, our approach enables flexible conditional distribution
learning and enhances robustness against distribution shifts. Experimental results
demonstrate its potential for helping robust decision making in electricity markets
and power systems despite distribution shift, providing a pathway for scaling energy
storage deployment to support higher renewable energy penetration and climate

goals.

!The a-conditional value-at-risk (CVaR) of a random variable X is defined as E[X | X > g (X)],
where g o (X) is the @-quantile of X [271]. CVaR is a common metric for evaluating robustness [281,
284].
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Chapter 5

DIFFUSION-DFL: DECISION-FOCUSED DIFFUSION MODELS
FOR STOCHASTIC OPTIMIZATION

This chapter concludes Part I of the thesis by focusing on learning a conditional
distribution from which we sample scenarios for stochastic optimization. We can
think of this approach as learning “decision-focused scenarios,” and the scenarios
form our learned uncertainty representation. In particular, we propose to learn the
conditional distribution using a diffusion model, which is a powerful generative
modeling framework that has achieved state-of-the-art performance in various
domains. We then optimize the decision by solving a stochastic optimization problem
with samples drawn from the diffusion model. We also propose a lightweight score
function estimator that avoids backpropagation through the sampling process, which
is memory and compute-intensive. Our approach consistently outperforms strong

baselines in decision quality across various tasks.

This chapter is primarily based on the following paper:

[323] Zihao Zhao, Christopher Yeh, Lingkai Kong Kong, and Kai Wang. 2026. Diffusion-DFL:
decision-focused diffusion models for stochastic optimization. In The Fourteenth International
Conference on Learning Representations. (Apr. 2026). https://openreview.net/forum
?id=uhv3£80jmG.

5.1 Introduction

Many real-life decision-making tasks require selecting actions that minimize a cost
function involving unknown, context-dependent parameters. These parameters must
often be predicted from observed features. For example, in supply chain management,
future product demand must be estimated before deciding how much inventory to
order [263]. A common approach is the predict-then-optimize pipeline, where a
predictive model is first trained using a loss function such as mean squared error
(MSE), and the resulting predictions are then passed to an optimization solver to
guide decisions. While simple and widely adopted, this two-stage method can be
misaligned with the true objective: minimizing decision cost. In particular, lower

prediction error does not always lead to higher-quality decisions [30, 78].

Decision-focused learning (DFL) addresses this misalignment by integrating the

prediction and optimization stages into a single end-to-end framework [73, 291,


https://openreview.net/forum?id=uhv3f80jmG
https://openreview.net/forum?id=uhv3f80jmG
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175]. Unlike the two-stage approach, DFL trains the prediction model specifically to
improve decision outcomes, often resulting in solutions with lower regret. However,
most existing DFL methods rely on point (deterministic) predictions as inputs to the
optimization layer, despite the fact that in many real-world scenarios, the underlying
parameters are inherently uncertain and may follow complex distributions. Ignoring

this uncertainty can lead to overconfident models and degraded decision quality [138].

In this work, we introduce a novel DFL approach that leverages diffusion probabilistic
models to capture the environment uncertainty in an end-to-end fashion. Here, we
use a conditional diffusion model [266] to represent the distribution of uncertain
parameters given contextual features. The advantage of integrating a diffusion model
into DFL is that, unlike simple distribution predictions (e.g., Gaussian), diffusion
models can capture multi-modal or complex distributions. However, the sequential
sampling procedure of diffusion models introduces a challenge when training a
diffusion model end-to-end for stochastic optimization. To address this, we develop
two algorithms: reparameterization and score function. First, the reparameterization
trick is a common approach that expresses a random sample as a deterministic
function of the model parameters and some noise, and we can backpropagate through

sampled prediction to solve the DFL problem.

However, this approach can be very costly in memory and computation because
it requires differentiating (and therefore tracking gradients) through the diffusion
sampling process. To address this, we introduce a lightweight score function estimator
that avoids differentiating through the sampling process. Specifically, we use a score
function surrogate to approximate the gradient of the diffusion predictor and plug it
into the KKT (Karush-Kuhn-Tucker) implicit-differentiation approach to obtain the
total derivative of the decision objective. In addition, we further mitigate the high
variance that arises from using only score functions for a few steps by employing a
tailored importance sampling strategy. Specifically, instead of sampling diffusion
timesteps uniformly, we assign sampling probabilities proportional to the gradient
magnitude at each timestep, which keeps the estimator unbiased while substantially

reducing its variance.

We evaluate our proposed methods in various applications, including (synthetic)
product allocation, energy scheduling, and stock portfolio optimization. Experimental
results show that our diffusion DFL methods consistently outperform all baselines,
with larger gains on larger-scale problems. Moreover, the score function estimator

achieves decision quality comparable to that of the reparameterization method, while
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significantly reducing GPU memory usage from 60.75 GB to 0.13 GB.
The contributions of this chapter are the following:

* We introduce the first DFL method that uses diffusion models to capture the
downstream uncertainty and employs the reparameterization trick for end-to-end
gradient estimation.

* We propose a lightweight score function estimator that avoids backpropagat-
ing gradients through the reverse process in the reparameterization method,
significantly reducing memory and computation cost.

* We evaluate our methods in three real-world optimization tasks and observe

consistent improvements over strong baselines.

5.2 Related Works

Decision-focused learning. DFL is a growing and increasingly influential approach
that trains models end-to-end to directly optimize decision quality rather than
minimize prediction error [73, 291, 175]. Despite the success in aligning learning
objectives with decision-making, a limitation of most existing DFL methods is that
they typically rely on deterministic point predictions of uncertain parameters [291,
234]. By ignoring distributional uncertainty, deterministic point predictions cannot
represent the full outcomes and may lead to lower decision quality [284]. Empirically,
classic DFL was observed to struggle in high-dimensional and risk-sensitive real-

world settings with significant uncertainty [174].

Therefore, the gap in uncertainty modeling motivates the need for more comprehensive
DFL with stochastic predictions, where several works have started integrating
uncertainty awareness into the DFL pipeline [246, 284, 237, 119]. For instance,
[284] proposes a generative DFL approach (Gen-DFL) based on normalizing flow
models as the predictor. However, normalizing flows require a bijective network

architecture, which restricts the expressiveness of the stochastic predictor.

In this chapter, we propose using diffusion models [112] as a more expressive
predictor. By leveraging diffusion models in the DFL paradigm, our approach
extends DFL by predicting an accurate full distribution of the unknown parameters,
which addresses the overconfidence of deterministic optimization and better aligns

with downstream decision-making needs.

Orthogonally, [246] propose using score function gradient estimation to extend DFL
to settings with non-differentiable optimization solvers. However, their approach

relies on predictors for which the score admits a closed-form expression. In contrast,
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the score cannot be computed in closed form for diffusion models. To address this,
we approximate the score using the gradient of the ELBO as a surrogate and provide

a theoretical bound on the approximation error.

Diffusion models in optimization. Diffusion probabilistic models have achieved
great success in modeling high-dimensional data distributions in recent years [249,
252, 69]. Originally popularized for image generation and related structured outputs,
their ability to capture multi-modal and high-variety distributions has made them
attractive beyond vision tasks, such as combinatorial optimization [258, 229] and
black-box optimization [140, 139].

To our best knowledge, however, no prior work has integrated diffusion models into
a predict-then-optimize learning pipeline for decision tasks. By using a conditional
diffusion model, we can learn a rich distribution over the uncertain inputs and then
propagate this uncertainty through to the downstream decision via gradient-based
training (score function and reparameterization). This approach combines the
strengths of expressive generative modeling and DFL to improve decision quality

under uncertainty.

5.3 Problem Statement

Decision-focused learning

We consider a general predict-then-optimize setting [73, 78], where the goal is to
make decisions under uncertainty about a key problem parameter. Given a feature
vector x € X and a prediction of an unknown parameter y* € Y, the decision-maker
selects z € R? to minimize a decision loss function f:y xR4 — R, which measures
the cost of applying decision z when the true parameter is y*. We assume a joint

distribution D over (x, y*) pairs.

DFL integrates prediction and optimization into a unified framework. The goal is
to learn a decision function z; X > R4, parameterized by 6, that minimizes the

expected decision loss,

min F(6) := Egeyy~n LF (7 25 (0))]-

The decision zj(x) is typically obtained by solving an optimization problem involving
a prediction of the uncertainty parameter. Most DFL methods [175] use a deterministic

point prediction yg(x) of the uncertain parameter y*:

Z5(x) = argmin f(yp(x),z), st Gz<h, Az=Db,
Z
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where G € R™4 h € R", A € RP*?_p € R? are constraint problem coefficients’.

In contrast, we consider a probabilistic model Py(- | x) for the uncertain parameter

y* and let z3(x) be the solution to a stochastic optimization problem:
zp(x) = argminEy p, (.0 [f(y,2)], st Gz<h, Az=0b. (5.1
Z

We aim to learn the model parameter 6 such that z; minimizes the expected decision
loss F(6). By the chain rule, the derivative of F is

dF () _ - Of(y*, z5(x)) dz(x)
dg ~ D 9z de

However, computing this gradient (specifically, the % term) is challenging because

z, is implicitly defined by a nested optimization problem. A common solution is to
differentiate the KKT system that implicitly defines z, w.r.t. 6 [7]. Another crucial
point is the selection of the stochastic predictor in DFL, which in the paper we choose

to use diffusion models to represent Py.

Diffusion probabilistic model

To generate complex multi-modal and high-dimensional distributions, diffusion
probabilistic models [112] are a promising approach. Diffusion models couple a fixed
noising chain with a learned reverse denoising chain. Let yy € R? denote a sample
from the real data distribution ¢g(yo) and {8; € (0, 1)}tT=1 denote the noise schedule.
Define a; = 1 — 8; and a; = HL 1 @. The forward process q adds Gaussian noise at
each step ¢ to y; through yr:

Cl(ytl)’t—l):N(YZ;Vl_,Bz)’t—l’,BzI)a t:1,...,T,

which guarantees that ¢(yr | yg) converges to a standard normal distribution as
T — oo with common schedules (a7 — 0). Note that y, can be equivalently sampled
without iterating through intermediate time steps: y; = Va;yo + V1 — @€, where

€ ~ N(0, ) is a Gaussian noise.

In the reverse process p, the diffusion model predicts the unknown added noise by

o1 | y) = Nie1; po(yist), o), (5.2)

whose mean pg(-, t) is parameterized by a neural network predictor and variance

is either fixed (0? = ;) or learned. The combination of p and ¢ is equivalent to a

'We consider affine constraints in our main paper for simplicity. The extension from affine
constraints to general convex constraints follows a similar derivation as in the linear case.
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hierarchical variational auto-encoder [272], and thus can be optimized by using the
evidence lower bound (ELBO) as the loss function [113].

Conditional Diffusion Model. Throughout this chapter, x denotes contextual features,
and every transition probability is conditioned on x [266]. We use Py(-|x) for the
diffusion model’s conditional distribution for generated data and py(y,—; | y;, x) for

its Markov transitions.

5.4 Stochastic Optimization and Reparameterization Estimator

Real-world decision problems often face significant uncertainty in their parameters.
Optimizing with a stochastic predictor (e.g., diffusion model) yields better results than
deterministic optimization, by explicitly modeling the uncertainty and optimizing
the expected cost. Figure 5.1 illustrates a simple example: any deterministic solution
ends up at an extreme decision with a higher expected cost, while the stochastic
solution averages costs across likely outcomes and selects an interior decision with a

lower expected cost.

3(a) Per-sample Decision Cost f(y, z) (b) Expected Decision Cost E[f(y, z)] 5 (c) Predicted vs True Distribution
ez * True ,‘. --=- True 'f‘\
@ % 2.0 Sto K 4 Sto i
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Figure 5.1: A comparison of deterministic vs. stochastic optimization with cost
function exp(—yz), as described in Section 5.6. (a) Each curve represents a cost
function given a sample y. For any fixed y, the deterministic optimization decision
lies at one of the boundaries (z* = O or z* = C). (b) When averaging the cost function
over many samples of y, the stochastic optimization decision lies in the interior of
the feasible region instead of on the boundary. Thus, any deterministic optimization
decision is suboptimal. (¢) A probabilistic (diffusion) model captures a distribution
over Y that closely resembles the true bimodal distribution.

Solving stochastic DFL. Formally, in the stochastic case, the optimality condition
for the decision problem must consider an expectation. The stationarity condition for

decision problem Eq. 5.1 becomes
V. L0, 2,vx) =Byop, (10 [Vof (7, 2)] + GTA"+ ATV =0,

where £ denotes the Lagrangian. Note that the dependency on 6 in the stationarity

condition is in the distribution. Therefore, we need to handle this dependency
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carefully while differentiating the KKT system with respect to 6:

0 * * * a * *
%(VZL(Q,Z ,AS, v X)) = %(Ey,\,})g(.pc) [V.f(y,2)] +GTA" + ATv") = 0.

distributional gradient

(5.3)

To resolve the dependence of both the predictive distribution Py(y | x) and the
decision z* on @, we first adopt the reparameterization trick [132] for the diffusion
model. From Section 5.3, recall that the diffusion sampling process introduces
Gaussian noise at each step. Thus, we can reparameterize the reverse process by
fixing all the random draws (Gaussian noises). Formally, a sample y ~ Py(y | x)
can be expressed as a transformation y = R(e€,6 | x) of a base Gaussian noise
sample € ~ P(€), where R is differentiable in 6. This makes the diffusion sampling
a deterministic function of . Then we have

VoEyp, 10 [f (7, 2)] = Beep(e) [(VoR(€,01x)) TV, f (v, 2)]. 54

Next, we incorporate this into the optimization. Following Eq. 5.3, we can formalize
a KKT system that contains derivatives of zy, A*,v* and VyE, p,(1x) [f (¥, 2)].

Plugging the reparameterized gradient estimator into the KKT system, we can solve

for ddzee and then obtain the total derivative of the final objective F' by multiplying
jz—g [73] (see proof in Section 5.9):

ar |’ T T -1 T2 ®
JF e H G A Ee-p(e)[(VoR(€,01x)) " V7, f(y. 25)]
20 - 0 D(A*)G D(Gzyz—h) 0 0

0 A 0 0 0

(5.5)

where H = E,_p,(.|x) [VgZ f(y,zy)] is the Hessian of the Lagrangian with respect to
z, and D (v) denotes a diagonal matrix with v on its diagonal. In practice, one can
sample € from a certain distribution (e.g., Gaussian) multiple times to estimate the
expectation and then obtain the gradient. This gives us reparameterization-based
diffusion DFL using Eq. 5.5 to run stochastic DFL optimization.

5.5 Score Function Estimator
A major obstacle to implementing the total gradient (Eq. 5.5) is the need to back-
propagate through the diffusion sampling process. In most cases, the diffusion

model’s generative process is complex and multi-step (e.g., 1000 steps), which makes
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backpropagating through all those steps memory-intensive and prone to instability.
To address this, we propose a score function’ gradient estimator for the diffusion
model, which circumvents explicit backpropagation through all sampling steps. The
key idea is to rewrite the Jacobian Vyy in terms of the score Vylog Py(y | x), and

then approximate the score with the diffusion model’s ELBO training loss.

Transform the Jacobian into Score Function
We begin by rewriting the gradient of expectation as an expectation of a score
function using the log-trick [180]. Formally, if y ~ Py(-|x) and f is a function not

dependent on 6, then by the log-derivative trick we have

VoEyry (o) [f (7, 2)] = Eyepy (o) [f (7, 2) - Valog Pe(y | x)]. (5.6)

Intuitively, instead of differentiating the output y through each diffusion step, we only
need to compute the gradient for the final log-likelihood, which avoids the need to
differentiate through the diffusion sampling process and yields an efficient estimator
for the gradient.

Then, one remaining difficulty is that directly computing the exact Vg log Py(y | x)
is complicated in practice because Py(y | x) is defined as the marginal probability of
y after integrating out the latent diffusion trajectory. To obtain a computationally
efficient estimator, we use the diffusion model’s training objective as a surrogate for
the log-likelihood. Specifically, diffusion models are typically trained by maximizing
an ELBO that lower-bounds the log-likelihood:

log Py(yo) =10g/pe(yo|y1)po(y1|yz) < pe(yr-1lyr) pe(yr) dy1.1

L po(yeilys) (v7)

=1ogEy, ~4(y,1y,_)Vie[T Pe
Yi~q(yelyi-1)Vie[T] i q(yelye-1)

T
Po(Yi-1lys)
> By, ~q(y;ly,1)Vee[T log ————— +log py(yr) (5.7)
Ve~q(yelyi-1)Vte[T] [; aiyi1)

=: ELBO(y¢;0), (5.8)

where we have applied Jensen’s inequality. To approximate Vglog Pg(yo | x)

conditioned on x, we use the gradient of the conditional ELBO loss as a surrogate:

Vglog Py(yo | x) ~ Vg ELBO(yo | x;6). (5.9)

’In this chapter, the score function refers to the statistical score Vg log Pg(y | x) (gradient of
log-likelihood w.r.t. model parameters), as opposed to Stein’s score Vyp(y; | y;-1,x) often used in
the diffusion literature.
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Figure 5.2: Cosine similarity between the reparameterization and score function
gradient across different dimensions.

To motivate this approximation, we provide a theoretical justification for the surrogate
ELBO gradient.

Proposition 5 (ELBO gradient approximation error). Denote the joint score function

by s¢(z;y0) = Vglog pe(yo,2). If sup, |lse(z; y0)ll < B(6, yo) for some finite upper
bound B(0, yo) > 0, then

IVg log Py(yo) — Vo ELBO(yo; 0)||
< V2B(0, yo)VKL(g(yix | yo) | pa(yiz | ¥0))-

See Section 5.9 for proof and more details. Consequently, whenever the variational
posterior (diffusion reverse process) is a good approximation of the target distribution
(diffusion forward process), so that the KL. divergence term is small, the ELBO
gradient is guaranteed to be close to the true score. This justifies our use of
Vo ELBO(y0; 6) as a surrogate for Vg log Py(yo).

In practice, we first sample a final output y from the diffusion model given contextual
features x. We then sample a subset of k timesteps {¢,72,...,#;} (k < T) and
run forward noising process g to generate the trajectory {y;,, s, ..., ¥z, }. Asin
DDPM [112], we adopt the simplified form of ELBO = E; (7] y,.¢, [Il€; — €4 (y1, 1) 171
We evaluate the ELBO on the sampled trajectories and compute its gradient w.r.t. 6

as an estimation of the true score.

Empirical evidence suggests that the ELBO gradient closely tracks the true score, as

shown in Figure 5.2, making Eq. 5.9 a reliable proxy in practice.
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Overall Gradient for Score Function
By plugging the ELBO gradient approximation from Eq. 5.9 into Eq. 5.6, we can
express the KKT conditions without using reparameterization and thus obtain the

score function-based derivative:

T -1
P AN GT AT] [Byeryin [Vaf (v.2) (VoELBO(y1x: 6)) 7]
5~ 0| [P@AIG D(Gz—h) 0 0
0 A 0 0 0

(5.10)

Practical algorithm — weighted ELBO gradient. To compute the score surrogate

in practice, we found it convenient to treat the total gradient as an importance-weighted

form:
dFF d
20 ~ EEYNPH(.M[ detach[wy(y)] - ELBO(y|x, 0)], (5.11D)
| —— S ———
importance weight, no grad in 6 1-step forward

where wg(y) is the importance weight simplified from Eq. 5.10 (see Section 5.9 for
complete form). This yields a weighted-ELBO gradient estimator: we treat wy(y)
as a stop-gradient weight and only differentiate the ELBO w.r.t. 6, greatly reducing
computations. We implement the entire gradient computation as a user-friendly
PyTorch autograd module: the forward pass returns the optimal decision z* (and

A*,v*), and the backward pass computes the gradient fl—g as derived above.

Variance-reduction strategy. While the score-function estimator is effective, a
naive implementation of the weighted ELBO loss in Eq. 5.11 can suffer from high
variance, leading to unstable training. In practice, we found that carefully designing
the sampling strategy for the ELBO loss is crucial to obtaining low-variance and
stable gradients. To reduce the variance, we utilize the method from Improved
DDPM [188] for choosing diffusion steps. Specifically, instead of uniform sampling,

we use importance sampling over timesteps with probability p, and weights 1/p;:

Vo(ELBO
V4ELBO® =E,_, le(—’)] :

4
where p, « VE[||V4(ELBO,)||?] and Zpt =1.
t

This method remains unbiased, but the variance is minimized. In essence, this
approach gives less weight to the early timesteps that have large gradients and more

weight to later timesteps.
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5.6 Experiments
We evaluate the performance of our diffusion-based DFL approaches on a variety of

tasks, comparing against several baseline methods. Specifically, we consider:

* Two-stage predict-then-optimize baselines: a deterministic MLP, a Gaus-
sian probabilistic model, and a diffusion model trained to minimize prediction
error [78].

* Deterministic DFL: a deterministic MLP model with end-to-end DFL train-
ing [73].

* Gaussian DFL (both reparameterization and score function): a Gaussian proba-
bilistic model with end-to-end stochastic DFL training; see details in Appendix 5.9.

* Offline Contextual Bandits: solving the full-information contextual bandit using
policy-based learning [41]. Note that this method ignores the constraints of the
optimization. See details in Appendix 5.9.

* Diffusion DFL (ours): our diffusion model predictor, trained with either repa-

rameterization or score-function gradient estimators.

Architectural and training details for all methods are summarized in Section 5.9, and

code for our experiments is available on GitHub.?

Synthetic Product Allocation Task

In this example, we consider a factory that decides how much to manufacture for
each of d € N products. The parameter Y € R¢ represents the profit margin for
each product, i.e., ¥; is the profit per unit of product i; due to uncertainty in market
conditions, Y is uncertain. The factory’s decision z € [0, C]¢ represents how much
of each product to manufacture, where C is the maximum capacity for each product.
For simplicity, we do not consider any contextual features x in this example. That
means DFL learns a distribution that generates y that can minimize the decision

objective.

Suppose that the factory has a risk-averse cost function f(y, z) = exp(—y'z), which
indicates that the factory wants to put a larger weight on the product with higher
profit* ¥;. Under uncertainty, the decision-maker seeks to minimize the expected
cost by solving a stochastic optimization problem:
Z>skto € arg min Ey~Pg(-|x) [exp(—yTz)] .
ze[0,C]4

3https://github.com/GT-KOALA/Diffusion_DFL
“Here, we have ignored the degenerate case y = 0. To deal with the degenerate case, one could
add a zero-centered bump function c(y) to the objective f(y, z).
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In this stochastic case, the optimal investment z, . typically lies in the interior of the

sto
feasible region, which balances the potential high reward of investing against the risk

of losses.

Experimental setup. We simulate the uncertain parameter Y drawn from a mixture

of Gaussians,

Y, % poN(a,0d) + (1= p) - N(=b,c?).

Specifically, we set p = 0.8,a = 1,b = 3,0 = 0.15,C = 2. We train each model
(deterministic, Gaussian, diffusion) on this distribution in a decision-focused manner
(for DFL methods) or on pure regression (for two-stage), and evaluate the expected
cost achieved by the resulting decision z;(x). We present the results of one product
(d = 1) in Figure 5.1 and 10 products (d = 10) in Table 5.1.

Power Scheduling Task

In this experiment, we evaluate our method on a real-world energy scheduling problem
from Donti et al. [73]. This task involves a 24-hour generation-scheduling problem
in which the operator chooses z € R** (hourly generation). Given a realization y
of demand, the decision loss penalizes shortage and excess with asymmetric linear
costs (v and 7y, ) plus a quadratic tracking term; the decision must also satisfy a
ramping bound ¢,. Let [v]; := max(v,0). We have the decision loss as the quadratic

problem:

1
min Eypy iy [f (7, 2)] ZEy~P9( ) [75 —ale Yela = yile + 5 - |
s.t. |z; — zi—1| S ¢, foralli € {1,2,...,24}.

Experimental setup. We use more than 8 years of historical data from a regional
power grid [204]. Feature x includes the previous day’s hourly load, temperature,
next-day temperature forecasts, non-linear transforms (lags and rolling statistics),
calendar indicators, and yearly sinusoidal features. Given x, the prediction model
Py(-]x) outputs a distribution over y € R?**. We report the test decision cost

in Table 5.1 and a held-out horizon in Figure 5.7.

Stock Market Portfolio Task
In this experiment, we apply our diffusion DFL approach to a financial portfolio
optimization problem under uncertain stock returns. Here, the random vector y € R”

represents the returns for the n assets on the next day, and the decision z € R”



106

represents the portfolio weights allocated to those assets. We consider a mean-
variance trade-off decision loss: maximize expected return while keeping the risk
(variance) low. This can be written as minimizing a loss that is a negative expected
return plus a quadratic penalty on variance:

a

Tyuvl~ _ T
ST Yy LTy L

min By-po(x) [f (3, 2)] = Eypy iy

st.z'1=1,0<z <1,

where @ > 0 is a risk parameter and constraints enforce that z is a valid portfolio. In
practice, the deterministic solution may concentrate heavily on a few assets and yield
a low average return, whereas a stochastic approach can achieve higher returns by

accounting for variance.

Experimental setup. We have daily prices and volumes spanning 2004-2017 and
evaluate on the S&P 500 index constituents [212]. The features x € R2® include recent
historical return, trading volume windows, and rolling averages. The immediate-
return predictor Py(-|x) predicts the next day’s price. We report the performance of
different DFL baselines with 50 portfolios in Table 5.1 and other sizes of portfolios

in Section 5.7.

Table 5.1: Results for different optimization tasks. Our two diffusion DFL methods
achieve the best and second-best decision quality in all 3 tasks, significantly better
than other baselines. Bolded values are the best in test task losses; underlined values
are the 2nd-best. Mean + standard error across 10 runs.

Synthetic Example Power Schedule Stock Portfolio
Label / Method RMSE| Task] RMSE| Task] RMSE| Task (%)}
Two-stage (TS)
Deterministic TS 0.639i()_()() ].98714)4()() 0.12014)4()() 41.239i3_|g 0.027i()_()() 0.0407014).()4
Gaussian TS 0.72014)_()() 1.27214)_3; 0.11714)_()() 5.58014}_45 0.18814)_()3 0.100]014)_()4
Diffusion TS 0.905.0.00 0.393.000 0.147 000 7.901.0976 0.455:0.00 0.13%.0.03
Offline Contextual Bandits
Policy-based Learning 0.873&)1]() 0.568&)(()3 4.712&)(1() 4.440L1).17 0.064&).()() 1.74070L().41
Decision-focused learning (DFL)
Deterministic 0.640i()_()() ].98714)_()() 4.997i<)_]() 4.32414}_35 0.03214)_()() 0.0707014)_()()

Gaussian Reparameterization 0.707.0.00 1.169.0 03 4.525.012» 3.724.005 0.189.403 0.08% .0 3
Gaussian Score Function 0.708i()_()() 1.132i()_()() 4'713i().15 4.08714}_()(, 0.1874;()_()3 0.14070i()_()5
Diffusion Reparameterization 0.852.; 0.365.0.00 3.141.0.06 3.152.003 0.063.0.00 4.17%_0 24
Diffusion Score Function 0.849i()‘1|() 0.3624;()‘()() 2.893i()‘|;3 Mi”.()z 0.067i|;.()() 3.980704;().3]
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5.7 Discussion of Experimental Results and Ablation Study

Discussion of Results in Table 5.1

Two-stage vs. DFL. As shown in Table 5.1, across all three experiment tasks, we
find that end-to-end DFL leads to better downstream decisions than the conventional
two-stage approach. Conventional two-stage methods minimize RMSE during
training, but this often leads to poor downstream decisions. In contrast, all variants
of DFL directly minimize the decision cost during training and thus achieve lower

decision costs.

Offline Contextual Bandits vs. DFL. Table 5.1 shows that the policy-based
offline bandit method can outperform two-stage approaches on tasks such as power
scheduling and portfolio tasks, since it directly optimizes the downstream task
objective rather than training a predictor with a surrogate loss. It is also competitive
with deterministic and Gaussian DFL variants. One reason is that, in some settings
(such as the synthetic task), DFL with deterministic optimization (the Gaussian
case can be written in closed-form as a deterministic optimization) fails to represent
multi-modal distributions on uncertain parameters and is therefore a fundamentally
poor policy class that does not include the optimal policy. An expressive enough

OCB policy class, on the other hand, can learn a strong context-to-action policy.

Nevertheless, Diffusion-DFL remains consistently superior to offline contextual
bandits: by incorporating the known optimization structure and coupling a flexible
generative model with the downstream solver, it can better capture complex decision

distributions and deliver higher-quality decisions.

Deterministic vs. Stochastic Optimization. Our results show that stochastic DFL
methods outperform deterministic DFL in terms of decision quality on every task.
By modeling uncertainty, stochastic predictors enable the decision optimization to
account for risk and variability in outcomes. For instance, in the portfolio experiment,
the deterministic DFL yields only 0.07% return, whereas a Gaussian DFL modestly
improves that, and our diffusion DFL achieves nearly 4% average return. These
gains come from the stochastic models’ ability to predict uncertainty: instead of
committing to a point prediction of y, the stochastic DFL produces decisions for a

range of possible outcomes.

Benefits of Diffusion DFL. Among the stochastic approaches, including baselines

using Gaussian models, our diffusion DFL method consistently delivers the best
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decision performance. In particular, the diffusion model’s strength is the capacity
to capture complex, multi-modal outcome distributions that a simple parametric
Gaussian cannot represent. The Gaussian DFL sometimes falls short of the optimal
decision quality. The diffusion model, on the other hand, can represent more intricate

distributions of y, leading to decisions that better reflect complex scenarios.

Ablation Study

Comparison Cost for Reparameterization and Score function. A key finding from
our ablation study is the computational advantage of the score-function approach
over the reparameterization. Here, we measure the trade-off between training cost
and the final decision performance for different gradient estimators and sampling

budgets.

In Figure 5.3 (a), we see that all variants reach similar final performance on the
test set, indicating that even using as few as 50 samples is sufficient to optimize the
decision quality accurately. Figure 5.4 plots the GPU memory cost alongside the
final test loss. The reparameterization method is very computationally expensive,
requiring about 60 GB of GPU memory for backpropagating through all diffusion
steps. In contrast, the score-function with 50 samples achieves virtually the same test
loss as the reparameterization method (difference within 0.02) while using an order
of magnitude less memory. Even with 10 samples, though slightly worse in loss, it
still outperforms the deterministic baseline and uses a tiny fraction of the compute.
These results validate that the score-function approach retains the decision-quality
benefits of diffusion DFL while dramatically cutting computational requirements,

making diffusion DFL practical even for complex problems.

Gradient variance reduction. As discussed in Section 5.5, using the score function
estimator allows us to avoid backpropagating through the entire diffusion sampling
process by only sampling a limited number of diffusion timesteps per update. The
reason behind this is that a naive implementation, sampling timesteps uniformly at
random, would yield a very high variance in the gradient estimates, which then leads
to unstable training. Intuitively, early diffusion steps (large noise levels) dominate
the ELBO loss and its gradients, so if they happen to be sampled, they contribute
disproportionately and noisily. With a small random subset of timesteps, the gradient
estimate can thus be highly imbalanced and noisy, which causes training divergence

in practice.

To address this, we adopt an importance sampling strategy for choosing diffusion
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— sf 10 sf50 —-= rp —— score fn IS score fn
\ u
|

n 8 I n 8
(%] (7]
o o
— —
L [Ny
[a) [a)
+J +J
0 0
L 4 S

\ ,W- .

0 10 20 30 40 50 0 10 20 30 40 50

Epoch Epoch

Figure 5.3: Learning curves for (a) score function with 10 and 50 samples (sf 10
and sf 50) and reparameterization (rp), (b) score function and importance-weighted
score function with 10 samples.
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Figure 5.4: Computation cost vs. performance trade-off for diffusion DFL training

timesteps. Empirically, as shown in Figure 5.3 (b), the learning curves with the
importance-weighted sampler are much smoother and more stable than with the
uniform sampler. The score-function DFL training no longer diverges; instead,
it converges cleanly, indicating that our variance reduction strategy successfully

stabilizes the training process for diffusion DFL.

Comparison on different problem sizes. A key challenge for DFL is scalability: as
the decision dimension grows, many methods degrade significantly [175]. In this
experiment, we investigate the performance of DFL methods under various decision
dimensions in the stock portfolio. Specifically, we set the decision dimension range
from 10 to 100 and report the test regrets. As summarized in Figure 5.5, the regret gap

between diffusion-DFL and Gaussian and deterministic methods increases with the
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Stock Portfolio — Performance in Regret
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Figure 5.5: Test regret vs. decision dimension d in the stock portfolio task.

growth of dimensionality, which demonstrates that diffusion DFL scales effectively

in more complex decision settings.

5.8 Conclusion

We propose the first diffusion-based DFL approach for stochastic optimization, which
trains a diffusion model to capture complex uncertainty in problem parameters.
We develop two end-to-end training techniques to integrate the diffusion model
into decision-making: reparameterization and score function approximation. As
demonstrated with empirical evidence, the score function method drastically reduces
memory and computation cost while achieving similar performance to reparameteri-
zation and being easy to train. Empirically, diffusion DFL achieves state-of-the-art
results on multiple benchmarks, consistently outperforming both traditional two-stage

methods and prior DFL approaches.

5.9 Appendix

Notation. We let g—){ denote the Jacobian matrix where (g—){)u = ng; and V, f :=

(9L)" denote the gradient. For a vector v, D(v) denotes a diagonal matrix with
v on its diagonal. Let P(-) denote a probability distribution and p(-) denote a
probability density; in particular, for diffusion models we use Py for the model’s

output distribution and py for transition densities.

In this appendix, we derive the decision optimization problem with general convex

constraints rather than merely linear constraints. Assume the optimization problem
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1s
zp(x) =argminEy p (19 [f(y,2)], st h(x,2) <0, g(x,2) =0
Z

where h(x, z) < 0 denotes the convex inequalities constraints and g(x, z) = 0 denotes

the equality constraints.

Proofs for Section 5.4

Proposition 6 (Reparameterization trick in diffusion models). Let T € N*, and
suppose the reverse diffusion model defines a Gaussian distribution in Eq. 5.2 with
fixed scalars oy > 0 and a standard normal prior yr ~ N(0,1I). Let {&},T:O be
i.i.d. N(0,I). Then the model output y can be expressed as a transformation
y = R(eo.1, 0 | x) of a base noise distribution € ~ P(€), where R is differentiable in

6. Also assume Ey_p,(.1x) [ f(y,2)] is continuously differentiable. Then we have

T
VoEy-po (10 [f (7, 2)] = Bevp(e) (Z (l_[]

where A, 6”"(y’ ) g, = %y’t’”) and we define []°

T

Vyf(R(e.61x),2) |,

=1

u= 1
Proof. The conditional diffusion reverse process is defined as

Vi1 = o (ye, 1, X) + 0761, yr = €r,

where the noise term o€, is f-independent. Differentiating both sides w.r.t. 6

gives
ayl—l _ 6#0(ylat’x) aﬂ@(yt’t,x) ayl’
= + .
00 00 0y, 00
Denote Bt ) Bt ) 3
/-19 Yt,t’x /-19 yt’t’x }’t
Ai=——r———— Jyi=—"— G; = —.
! a0 ! Ay, T 00

Thus, we have
Gt—l = At + J[G[, GT = 0

Our final goal is:

0yo
VoR(eo.1,0|x) = = Gy

90

= A J1A2+J1J2A3 + -4+ J ~--JT1A,
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where we define ]_[2:] Jy := 1. Then, we have

VoEy-p, (10 [f (7, 2)] = Vo Eepie)[f (R(€, 6]x),2)]
= EE~P(€) [VOf(R(E’ le), Z)]
= Eep(e) [VoR(€,0 | X) TV, f(R(e, 0]x),2)]

T

Vyf(R(é’ 9|X), Z)

T

-1
= EE~P(6) (Z (h Ju
u=1

s=1

Ag

]

Lemma 9 (Gradient of Reparameterization method). Assume the model prediction y
can be expressed as a transformation y = T(€,0 | x), € ~ P(€). The total derivative

of the decision objective F w.r.t. 8 can be computed as

T -1
i ar H GT 07| [Eeep(o[(VoT (e, 01x))TVZ f(2*, y)]
5 =" 0] [P@)G D(h(x.z") 0 0
0 0 0 0 0

where H = Ey_p,(|x) [V%Zf(y, 7] + V%Z(/l*Th(x, Z")) is the Hessian of the La-
grangian with respect to z, G = V_ h(x,z") is the Jacobian of the inequality

constraints in z*, and Q = V,g(x, z") is the Jacobian of the equality constraints in

*

Z.

Proof. At the primal-dual optimal solution (z, 4, v;) to Eq. 5.1, the following KKT

conditions must hold:

V. .L(0,zy, A, ve; x) = 0,
g © h(x,zy) =0,
g(x,z5) =0

Adg =>0,v9 >0,

h(x,zy) <0.

Since h does not depend on 6 here, we can apply Proposition 6 to the KKT conditions
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to get

OVL  OVLOT VLI  OVLIV'
a0 dz 00 = ox* 96  9v: 90
= Ee-p(o)[(VoT (€, 01x)) TV (V£ (2", )]

« e 07"
+ (B [VES (9] + V2 h(x,2)) =
N2 N2
+V h(x,z) 50 +V.g(x,27) 50
=0.
0" © h(x,z") E N 0" © h(x,z") 04"
oz* 06 o* 00
N4 o*
= D(1")V ¥ D * =0.
(A)Veh(x.2) 5o + D(h(x.2) Z = 0
In matrix form, we have
H GT 0" % Ee-p(e)[(VoT (€,01x)) TV, (27, y)]
DG D(h(x,z)) 0 ||| =- 0 ,
0 0 0 1% 0

where H = By p, (10 [V3f (2", 9)] + VLU Th(x,2%) + V2(»"Tg(x,2)), G =
V. h(x,z*),and Q = V,g(x, z*). Furthermore, if equalities and inequalities are affine

(as in main paper), H reduces to E,_p,(.|x) [V%Zf(y, Z*)] since ngh = V%Zg =0.

By chain rule, we have

dF T [z
dF _ d—] [%]
o*
o o | |%
T -1
zcll_; H G’ o7 ]EE~P(E)[(V9T(€,9|)C))TV% (% )]
=—| 0| |DA)HG D(h(x,z*) 0 0
0 0 0 0 0

Proofs for Section 5.5

Proposition 7. Let Py(y | x) be a probability density parameterized by 6 € ©, and
let f: Y xR? = R be a scalar-valued function that does not depend on 6. Fix any
z € RY. Suppose that there exists some neighborhood N(6y) C © around 6y € ©
such that the following 3 assumptions are satisfied:
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1. Forall 8 € N(6y), the function h(y) := Py(y | x) f(y, z) is integrable;

2. Forall 8 € N(6y) and almost all y € Y, the gradient VyPy(y | x) exists; and

3. There exists an integrable function g - Y — R that dominates VoPy(y | x).
That is, for all 0 € N(0o) and almost all y € M, ||VoPo(y | X)||; < 1g(¥)]-

Then,
VoEy-py(1v) [f (¥, 2)] = Byepy (1) [f (¥, 2) - Volog P, (y | x)].

Proof. We make use of the log-derivative trick:

Puly 1)+ Valog Pu(y 1) = 225 50P 3 1) = Pay(y ),
Then

VoEy p (v [f (¥, 2)]

=0 [ 10.9Pu 108y

= /y Vo [f(3,2) Pg,(y | x)] dy (by Leibniz integral rule)

= / f(,2) Pgy(y | x) Vglog Py, (y | x) dy (by log-derivative trick)
Y
=Ey-py, (1) [£(y,2)Vglog Pg,(y | x)] .

]

Lemma 10 (Gradient of Score Function). The fotal derivative of the decision objective
F w.rt. 0 can be computed as

T -1
dF = H GT 0| [Byeryin [Vof (2 ) (BT
=" 0| [PA)G D(h(x,z")) 0 0

0 0 0 0 0

Proof. Differentiating this KKT system w.r.t. § and applying Proposition 7 yields
ov. L N ov. L oz" N ov. L oa* N ov.L ov*
00 0z 00 ol 06 ov* 00
= Eyepy (0 [Vof (2%, ¥) (Vg log Pg(y1x)) "]

oz"
06

+ (Byepy (o [VEF (5 )] + VE(*Th(x, 27)))

oA ov*

k k v
+ V. h(x,z") 50 +V,g(x,z%) 50 =0.
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0" © h(x,z") oz N 0" © h(x,z*) 01"

0z* 00 oA* 060
=D(A")V,h(x,7") 50 + D(h(x,z")) 50 0.
In matrix form, this becomes
H GT 0" |% Ey[V.f(z",y)(Volog Pe(y | x))7]
DG D(h(x,z") 0 ||%]|=- 0 ,
0 0 0% 0
(5.12)
where H = Eyp, (0 [VE (25, )] + VE (U Th(x, 2)), G = V h(x,z%).
Applying the chain rule to ' now gives
dF17 0z*
dz* a6
aE_ 1] |ax
o 9
)4
01 1%
T -1
& H G’ Q" |By~ry(in [V2f (2%, ¥)(Valog Pe(y | x))7]
=-10 D(A*)G D(h(x,z*)) O 0
0 0 0 0 0

Then, we replace Vg log Pg(y | x) with the gradient of ELBO score for sample y and

have
T -1
N GT Q7] [Byeruto[Vaf () - (Vo ELBO(6:3))]
7 =" 0| [P@)G D(h(x.z) 0 0
0 0 0 0 0

]

Remark 1 (Why we cannot compute the gradient using score-matching). One
may attempt to apply the chain rule Vglog Pg(y|x) = VgyV,log Pe(y|x), and
then estimate Vylog Pg(yi+1lx) = V,log Po(yis1lyr, x) = s¢(ys,t,x) via score-
matching [253 ] (using the learned score sq¢(y;, t, x) of the diffusion model). However,
this approach is invalid in our setting: Under the log-trick, y is treated as a free
variable and 6 enters only through Py(y|x), so the pathwise term Vgy does not exist
(see Section 5.9 for derivation). Our ELBO-based surrogate (Eq. (5.9)) avoids this

obstacle entirely.
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Based on the results in Lemma 10, we have

4T ¢
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I [4E H GT Q"] [By-rp(io[Vaf (25 y) - (Ve ELBO(6;))7]
8- 0 D(A*)G D(h(x,z")) O 0
| 0 | 0 0 0 | 0
_ 5T ~—1
& H GT 0T [Byeruco[Vef (2 ) ELBO]
=—|0| [DAYG D(h(x,z*)) 0 70 0
| 0 | 0] 0 0 | 0
=u(0)T
p [V.f(z* )]
= =5 Bv~poCl [u(6)7 0 ELBO]
0
1=We(J/)
d

e

Eywpa(.pc) [detach[wy(y)]ELBO].

Gradient Error of ELBO vs. Log-likelihood

Under mild assumptions, we can prove an upper bound for the error of our ELBO

gradient approximation. Recall from Eq. 5.7, we define ELBO as a lower bound for

log-likelihood. Here, we can actually write an equality relationship between them:

log Pg(yo) = ELBO(yo;6) + KL(¢(2) || pe(zlyo)).

where z denotes a latent variable and

ELBO(yo, 0) := Ey(;)[log pe(x,2)] — E4(z)[log q(2)].

Let denote the score function as sg(z; yo) := Vg log pg(yo, z). We immediately have

the following two results:

Volog Pg(yo) = Vg log/ po(y0,2) dz

1

Po(yo)
1
/ Po(yo,2)Vglog pe(yo,z) dz
Po(yo)

:/V(Jlogpe(yo,z)mdz
po(yo)
= Ep,(zlyo) [Valog pe(yo, 2)]

=E,zlyo) [56(z5 y0)].

/ Vaopo(yo,2) dz
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Similarly,

Vo ELBO(y0; 0) = Vg Ey (o) [log pe(y0, 2)]
=Ey(;)[Valog po(yo,2)]
= Ey(z)[s6(z;y0)]-

Then we are ready to state the following proposition:

Proposition 8 (ELBO gradient approximation error). Denote the joint score function

by se(z; yo) = Valog pe(y0,2). If sup,, |Ise(z; yo)ll < B(, yo) for some finite upper
bound B(0, yo) > 0, then

IVglog Py(yo) — Vg ELBO(yo; )|
< V2B(8, yo)VKL(g(y17 | yo) Il po(yiz | y0)).

Proof.

IVolog Po(y0) — Vo ELBO(y0; O) Il = ||Ep, (2lye) [50(25 Y0)] = Bz [s0(z: yo)|

_ H [ @0 patz 1y - ate) de

< / Is0(z:y0) (pa(z | yo) = q()Il dz
_ / Iso(z o)l 1poz | yo) — q(2)] dz
< B0, y0) / oz | y0) - q(2)] dz

= B(0,y0) - 2TV(q(2), pe(z | yo))
< V2B(0,y0)VKL(q(2) || po(z | y0)).

where TV denotes the total variation distance of probability measures: TV(p, g) =
% / |g(x) — p(x)|dx, and the last inequality is due to TV(q, p) < ,/%KL((] |l p). O

In the context of the diffusion model, the latent variable z = y;.7 is the diffusion
trajectory, ¢ (y1.7) is the distribution over the diffusion trajectory y.7, and pg(y1.7]y0)
is the corresponding diffusion reverse process. Thus, whenever the variational
approximation is good (small KL), the ELBO gradient is provably close to the true

SCore.
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Empirical evidence for ELBO gradient approximation

Assume our model is 6§ = (A, B, c), and the noise is predicted by €y(y;,t,x) =
Ay + Bix + ¢;. True data y ~ N (Wx, I). In this way, there is a closed-form solution
for true Vy log p(yolx) since y is a Gaussian and y; = Va;yo + V1 — aye.

Distribution of Cosine Similarities (True Grad vs Score_ELBO)
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Figure 5.6: Cosine similarity between the true gradient and the estimated gradient
using a linear model.

Deterministic Optimization and Gaussian Model in Stochastic Optimization
Deterministic Optimization Since deterministic can also be viewed as a reparame-
terization trick without any randomness €, we can reuse our derivation in Section 5.4

and compute the gradient V. F(x) by Eq. 5.5.

Gaussian Model in Stochastic Optimization Since there are many recent papers
that use the Gaussian model as a predictor for stochastic DFL, we also claim that it

has the reparameterization and score function form.

1. Reparameterization with Gaussian Model. Also using the reparameterization
trick:

VH]Ey~P9(~|x) [f(y’ Z)] = EE~P(€) [VQyTVyf(y’ Z)] .

But with the predictor instantiated as a Gaussian model, i.e., y is computed by

y = R(€,0|x)) " and R is a Gaussian model.

2. Score Function with Gaussian Model. Recall we need to approximate the term

log Py(y|x) for the diffusion model. However, this term has a closed-form
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for a Gaussian model. Assume our Gaussian model is N (uy, Xg), then the

negative log-likelihood is

1 -
log Po(y [ x) = =51y - Ho) "2y (v — po) + logdet Zg + d log(27)].

Then, the gradient for the score function can be calculated using Vg log Pg(y |
x). Gaussian models are powerful tools for many DFL tasks. However, we
want to claim that the diffusion model is more general and requires less model

tuning and model assumptions.

Connections with Offline Contextual Bandit Methods

DFL and offline contextual bandits both involve learning from contextual features
to make decisions, but they differ in key assumptions and objectives. Specifically,
in DFL, the decision z is a solution of solving a known optimization problem, with
explicit constraints and objective (e.g., quadratic objective with convex constraints).
In other words, DFL explicitly incorporates the known structure of the decision
task into the learning problem. Predict-then-optimize methods specifically aim
to leverage this structure of the optimization problem to learn better predictions
under fewer samples. This incorporation of task structure is the key motivation for

predict-then-optimize methods.

In an offline bandit view, each decision (action) z is obtained by a policy that is learned
directly without using the fact that z comes from solving a particular optimization
problem. In theory, if the model is expressive enough, an offline bandit algorithm can
learn the decision with enough samples, but it may ignore the underlying optimization

structure and thus require more samples.

Here, we implement an offline full-information (the true cost function is revealed)
contextual bandit method using policy-based learning methods. Specifically, we first
sample a batch B from the offline dataset, and then compute the decisions (actions)
by a policy network ¢. Our goal is to train the policy network ¢ to minimize the
following loss function:

1
B

After training T epochs, we evaluate ¢ in a test set and report the results.

DL Fe), ).

(x,y)eB

L(¢) =

Training Details and Hyperparameters

We summarize our model settings for the deterministic DFL, Gaussian DFL, and
diffusion DFL in Table 5.2.
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Table 5.2: Architectural and training differences among deterministic, Gaussian, and
diffusion-based DFL methods.

Parameter Deterministic Gaussian MLP Diffusion Model
MLP
Model Architecture
Trunk (layers X 2 x 1024 2 x 1024 2 x 1024
width)
Activation ReLU/SiLU ReLU/SiLU SiLU
Inputs x € R% x € R% [ye, £, x]
Time embedding — — Sinusoidal ¢ (16-d) — 2
FC + SiLU
Output head $ e R u(x), log o?(x) éo(ys,1,x)
Uncertainty None (point)  Gaussian Diffusion process
N (u, diag(0?)) Py(y | x)
Training
Loss MSE(y) Gaussian NLL Weighted denoising
MSE
DFL gradient Implicit diff. (1) Reparam (Gaussian) (1) Reparam (Diffusion)
via KKT (2) Gaussian score (2) Weighted-ELBO
score
Sample size M — 10/25/50 10/25/50
(synthetic / power /
portfolio)
Learning rate 1x107* Reparam: 1 x 107> Reparam: 1 x 1073
(typical) Score-fn: 8 x 107° Score-fn: 8 x 107°

Inference

Procedure

Use y directly

Sample M outputs y™)

Reverse diffusion to get
M samples y\™)




121

For all experiments, we perform 10 random seeds to evaluate variability.

Implementation Details Stochastic optimization introduces two main computa-
tional bottlenecks: (i) sampling multiple Monte Carlo instances from the diffusion
model, and (ii) repeatedly solving the downstream optimization problem. We address

both in our implementation:

* Parallel diffusion sampling. We sample in parallel across many noise
realizations, which makes efficient use of hardware and reduces the per-

sample overhead. In our supplementary material, for each task (power_sched,

stock_portfolio, synthetic_example), thefile {task}/diffusion_opt.py

implements the function sample_elbo, which accepts batched inputs and
runs the diffusion sampler for the entire batch in parallel. This allows us to

draw many Monte Carlo samples in one single forward pass.

* Parallel optimization solving. The downstream optimization solver is also
executed in parallel across different samples. In {task}/cvxpy_{task}.py,
the function cvxpy_{task}_parallel_kkt constructs a batched KKT sys-
tem for the Monte Carlo samples and solves these batched KKT systems in
parallel (across CVXPY worker jobs).

Details of synthetic task

In this example, we consider a factory that decides how much to manufacture for
each of d € N products. The parameter Y € R? represents the profit margin for
each product, i.e., ¥; is the profit per unit of product i; due to uncertainty in market
conditions, Y is uncertain. The factory’s decision z € [0, C]¢ represents how much
of each product to manufacture, where C is the maximum capacity for each product.
For simplicity, we do not consider any contextual features x in this example. That
means DFL learns a distribution that generates y that can minimize the decision

objective.

Suppose that the factory has a risk-averse cost function f(y, z) = exp(—y'z), which
indicates that the factory wants to put a larger weight on the product with higher
profit ¥;. Intuitively, if the factory knew Y exactly, then the optimal strategy would
be all-or-nothing: set z; = C if ¥; > 0, or z; = 0 if ¥; < 0. Likewise, with respect to a
point prediction of ¥, the optimal deterministic decision z;, € {0, C }¢ is attained on

the boundary of the feasible set.
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Under uncertainty, the decision-maker seeks to minimize the expected cost by

solving a stochastic optimization problem:

Zio € argminEy_p, (v [exp(—y T 2)].
z€[0,C]4
sto

feasible region, which balances the potential high reward of investing against the risk

In this stochastic case, the optimal investment z7, . typically lies in the interior of the

of losses.

Then, we compute the necessities for diffusion DFL:
H =By py(n[V28(z 0] + (1) TVLh(x,2") = exp(-y 2)yy"
G = V;h(x,z") = —exp(=y2)y.

For reparameterization, we have

dloss | [ 8z
(dloss)T _ [ e ] [629]
"

do 0 90
T -1
_ | H G' a7 2l (Voy) TV2 g(2%, yi)
0 D(A*)G D(h(x,z")) 0
where V2 g(z*,y) = exp(—y"2)(yz" — I4) in this case.
For the score function, we have
_ 1T r a=1r
(dloss)T _ %Zfs H G' Ey[Vzg(z*,y)(dEﬁ% B
do | 0 | [D(A)G D(h(x,z9))| | 0
- 1T 1 1-171 ,
N = B GT 37 it Veg () (FgeO T
0 | | DG D(h(x,z%)| | 0

Details on power schedule task

This task involves a 24-hour electricity generation scheduling problem with uncertain
demand. The decision z € R?* represents the electricity output to schedule for each
hour of the next day. The uncertainty y € R>* represents the actual power demand
for each of the 24 hours. The goal is to meet demand as closely as possible at
minimum cost. We also consider a decision cost function that penalizes storage,

excess generation, and ramping following [73]:

1. Let y, and vy, be the per-unit costs of shortage (not meeting demand) and
excess (over-generation), respectively. We use y; = 50 and y, = 0.5 in our

experiment.
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2. Let ¢, be a penalty on hour-to-hour changes in generation. We use ¢, = 0.4 in

appropriate units.

Formally, if z = (z1,...,224) and y = (y1,..., y24), the loss for a single day is

1
min Eypy o [f (7, 2)] Z Ey~ry o [vsDyi = zil+ + velzi = yile + 5 (zi = i)'l
s.t. |z —zi—1| < ¢, foralli € {1,2,...,24}.
Then, we compute the necessities for diffusion DFL:

H=Ey p,10[V5e(z" )] + (1) V2h(x, %) = I,

11 0 ---0
o -1 1 --- 0
G =V,h(x,7") = .
0 0 -1 1
For reparameterization, we have
T [ oA
(dloss).l. _ [dcl,?fs] [%]
oA
do 0 =
T -1
_ | H G' S (Voyi) TVE g (2", i)
0 D(A*)G D(h(x,z")) 0
where VZ ¢(z*, y) = —I in this case.
For the score function, we have
_ 1T r -1r
(ossyr _ e H GT E,y[Veg(z", y) (E579)T]
do | 0 | |PU)G D(h(x,z)| | 0
_ 1T r -1r
N = GT a7 Lty V=g (2 o) (E )T
| 0 | [P(A)G D(h(x,z9))| | 0 '

Dataset. We use real, public historical electricity load data from the PIM regional
grid [204]. The features x for each day include: the previous day’s 24-hour load
profile, the previous day’s temperature profile, calendar features, and seasonal
sinusoidal features. In total, d, = 150 features for each day were constructed. We
normalized all input features for training. The target label y is the next day’s 24-hour

load vector.
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Figure 5.7: Results on the 24-hour power grid scheduling task.

For completeness, we include an extended comparison of different sample sizes in
Figure 5.9, which further highlights that additional samples yield diminishing returns
in accuracy while linearly increasing compute cost. We also find that adding a small
regularizer during DFL training can help the model learning the data distribution

and avoid some bad local minima, leading to a stable training process.
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Figure 5.8: Train, validation, and test DFL loss for diffusion DFL using score
function vs. reparameterization. Solid lines show the mean loss over multiple runs
with different random seeds; shaded regions indicate standard deviation across runs.
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Figure 5.9: Comparison between different sample sizes for score function and
reparameterization.

Details on stock portfolio task

We consider a mean-variance portfolio optimization problem with uncertain returns.
Here y € R” represents the random next-day returns of n assets (stocks), and z € R”
are the portfolio weights we assign to each asset (the fraction of our capital invested

in each stock). Our goal is to maximize expected return while keeping the risk
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(variance) low. This can be written as minimizing a loss that is a negative expected

return plus a quadratic penalty on variance:

. a
min Bypy(y [f (3, )] = Ey-py(i) EzTnyz -y'z

st.z'1=1,0<z <1.
Then, we compute the necessities for diffusion DFL:

H =By p,1o VAL )] + () TVLAX,Z*) + VE(r T g(x,2%)) = @Byep,yi0 vy 1
* Il’b

G:Vzh(x,z):[ }
-1,
Q=Vzgxz)=1".

For reparameterization, we have

dloss1' [0z
dz* a0
(dloss)T _ 5 Py
de 2.
0 a0
T -1
dloss" T gy GT Q7| [mZEi(Vey)TVa8( y)
~ — 0 D(/l*)G D(h(X, Z*)) 0 0
0 0 0 0 0

where ngf(z*, y) = Ey[2ay Tz — 1] in this case.

For the score function, we have

N G 07| [By[Vag(e", ) (4ELBO)T)
( i Y= 0 DG D(h(x,z*)) 0 0
0 0 0 0 0
des1' g GT 07| [ I Vag(e v (2T
~—| 0 D(A)G D(h(x,z*)) O 0
0 0 0 0 0

where V_g(z*, i) = ayiy/z* = yi.

Dataset. We use daily stock prices from 2004-2017 for constituents of the S&P
500 index [212]. We obtained this data via Quandl’s API (specifically WIKI pricing
data; the user will need a Quandl API key to replicate. We compute daily returns for

each stock (percentage change). To construct features x, we use a rolling window of
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recent history for each asset. Specifically, for each day, a data point is for predicting
next day’s returns: we include the past 5 days of returns for each of the n assets,
past 5 days of trading volume for each asset, plus some aggregate features. To avoid
an explosion of dimension with large n, we also include PCA-compressed features:
we take the top principal components of the last 5-day return matrix to summarize
cross-asset trends. In the end, for n = 50 assets, we ended up with d, = 28 features.
All features are normalized and we use a time-series split: first 70% of days for
training (2004-2013), next 10% for validation (2014), last 20% for test (2015-2017).
We evaluate performance on the test set by simulating the portfolio selection every

day and computing the average return achieved.

(Additional task) Details on inventory stock problem

We also validate our approaches on a toy inventory control problem. In this task,
the uncertain demand y is drawn from a multi-modal distribution (a mixture of
Gaussians), where we vary the number of mixture components K to control the

distribution complexity:

K
px) = Y mid(x;y, %)),
j=1
where 7} is the probability of choosing component j and ¢ (x; u;, X ;) is a multivariate
Gaussian density with parameter (u;,%;). The cost function follows the standard
newsvendor formulation with piecewise penalties for under-stock and over-stock:

1 1
f(r,2) =coz + quf +eply = 2le+ 5[y - 23) +enlz - yls

+ 3z =1,

Our learning objective is to minimize the expected cost over this stochastic demand,

i.e., a stochastic optimization problem:

mzin L(O) = Ey-p(x) [f(v,2)] s.t.0<2z< Zmax-

We compare a deterministic DFL. model against our diffusion DFL model on this toy
task. Figure 5.10 summarizes the results, where the diffusion model (stochastic DFL)
achieves substantially lower regret on average than the deterministic model. Besides,
we observe that the decision z obtained by our diffusion method closely tracks the
true optimal decisions z* by capturing the multi-modal demand uncertainty, whereas

the deterministic predictor’s decisions deviate more. In Figure 5.10 (c), we directly



127

Regret Distribution z Distribution 10 Win-rate (lower cost wins)
method
0.8 74.8%

0.2 >t 4 (0]
%‘ . Det 0.6
c N ;
8 0.1 2 ggias = 0.4 25.2%

0.0 0 0.0

0 10 20 True Sto Det Sto Det
Regret Method

Figure 5.10: Toy decision task comparing deterministic and diffusion DFL. Left:
distribution of per-instance regret (lower is better). Middle: distribution of chosen
decision z in the lower-level; the stochastic method tracks the true distribution z*
more closely. Right: pairwise win-rate on test set; a large fraction of costs from
the stochastic method are lower than the deterministic one, indicating that modeling
uncertainty yields better decisions.
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Figure 5.11: Prediction distribution for inventory stock problem.

compare the decision outcomes via a win-rate: the fraction of test instances where
one method achieves a lower cost than the other. The diffusion DFL method attains
a win-rate of about 75% against the deterministic baseline, which confirms that

modeling uncertainty leads to better downstream decisions

Additional Related Works and Discussions

Stochastic optimization Making decisions under uncertainty is a classic topic in
operations research and machine learning [235]. Stochastic optimization formulations
explicitly consider uncertainty by optimizing the expected objective over a distribution
of unknown parameters. A common approach is the Sample Average Approximation
(SAA) [136, 14, 287], which draws many samples from the estimated distribution
and solves an approximated deterministic problem minimizing the average cost.
While SAA can handle arbitrary uncertainty distributions in theory, it becomes
very computationally expensive and still does not consider the distribution during

optimization [130]. It will lead to optimizing the sample mean, which may yield a
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decision that performs poorly if reality often falls into one of several distinct models
far from the mean [130, 78].

When is Diffusion-DFL useful? Our experiments suggest that Diffusion DFL will
be especially useful in decision-making settings where the uncertain parameter
in the objective is high-dimensional, has a multimodal distribution, and limited
training data is available. We believe that promising directions of future work include
accommodating uncertainty in constraints in addition to the objective function,
investigating the trade-off between model calibration and decision-making quality,

and adapting Diffusion DFL to online decision-making settings.

Offline Contextual Bandits (OCB) Offline contextual bandit approaches provide
an alternative way to learn decisions from contextual features by directly optimizing
a policy that maps each context to an action [2, 187, 41, 89, 227]. A key difficulty
is that feedback is typically partial: the log reveals rewards only for actions taken
by a behavior policy, so learning and evaluation rely on off-policy estimators and
assumptions such as overlap between the learned and behavior policies. Recent
OCB methods address this challenge via optimistic or pessimistic objectives [187,
283], variance control [155, 154, 286], conservative regularization [261], and robust
optimization [305] to avoid out-of-distribution actions. In all these methods, the
policy is learned purely from logged data, without using the fact that the decision
comes from solving a particular optimization problem. This is fundamentally
different from DFL in terms of the prior knowledge and optimization structure.
In DFL, the decision z is a solution of solving a known optimization problem,
with explicit constraints and objectives. In this chapter, we empirically show that

Diffusion-DFL achieves better performance than the policy-based OCB method.
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Chapter 6

ONLINE LEARNING FOR ROBUST VOLTAGE CONTROL
UNDER UNCERTAIN GRID TOPOLOGY

In this chapter, we investigate the problem of online learning for robust voltage control
in power distribution systems under uncertainty in grid topology. The goal is to
design an online learning algorithm that can adaptively adjust voltage control actions
while accounting for uncertainties in the grid topology arising from line outages
or changes in automatic switches. Unlike previous chapters, this chapter does not
use end-to-end learning approaches, or even gradient-based optimization methods.
Instead, this chapter builds upon the framework of online convex optimization (OCO)
and shows how OCO can be used to learn uncertainty sets for a robust controller in

the context of the voltage control task.

This chapter is primarily based on the following two papers, both of which are
licensed under the Creative Commons Attribution 4.0 International License (CC BY
4.0)!:

[307] Christopher Yeh, Jing Yu, Yuanyuan Shi, and Adam Wierman. 2024. Online learning for
robust voltage control under uncertain grid topology. IEEE Transactions on Smart Grid, 15,
5, (Sept. 2024), 4754-4764. doi:10.1109/TSG. 2024 .3383804.

[308] Christopher Yeh, Jing Yu, Yuanyuan Shi, and Adam Wierman. 2022. Robust online voltage
control with an unknown grid topology. In Proceedings of the Thirteenth ACM International
Conference on Future Energy Systems. Association for Computing Machinery, (June 2022),
240-250. 1sBN: 9781450393973. doi:10.1145/3538637.3538853.

6.1 Introduction

Operators of electricity distribution grids must maintain voltages at each bus within
certain operating limits, as deviations from such limits may damage electrical
equipment and cause power outages [95, 103]. This “voltage control” or “voltage
regulation” problem has been well-studied, e.g., [219, 328, 181] and the references
therein. Voltage control devices and algorithms aim to guarantee grid stability and
minimize the costs associated with control inputs. While classic voltage regulation
devices such as tap-changing transformers are effective in dealing with slow voltage
variations [232, 91], increasing penetration of renewables leads to faster variations,

and a growing body of literature has focused on inverter-based controllers that

lhttps ://creativecommons.org/licenses/by/4.0/
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can respond quickly by adjusting their active and reactive power set-points. Most
of these works cast voltage control as an optimization problem and then propose
different centralized or decentralized algorithms depending on the communication

infrastructure.

Typically, voltage control algorithms assume exact knowledge of the underlying
grid topology. This includes centralized controllers such as algorithms based on
model predictive control (MPC) which optimize control decisions for a short-term
horizon. [101] uses MPC to manage distributed generation and energy storage
systems, whereas [173] proposes a robust MPC controller that is robust to uncertainty

in the forecasts of future loads and solar generation.

However, the exact grid topology and line parameters are often not known, and
using existing voltage control algorithms with incorrect grid information may lead to
problems with grid stability [200, 153]. For example, parts of the grid may undergo
reconfiguration due to load balancing or unplanned maintenance, as frequently as
every hour of the day [63, 159, 65, 80]. This problem is exacerbated by the increasing
integration of distributed energy resources (DERs), such as photovoltaic (PV) and
storage devices. Especially in distribution grids, where DERs are not owned or
operated by the electricity utility, the grid operator may lack up-to-date information
about the grid topology [162]. While a grid operator can install sensors to help
identify the current network topology, unless such sensors are densely deployed (at
great cost), uncertainty about the topology remains. Thus, distribution grid operators
cannot expect to operate with perfect topology information and the design of voltage

control algorithms robust to unknown grid topology is crucial.

There are several families of existing algorithms that do not require knowing the
network topology: decentralized controllers, model-free controllers, and controllers
that first try to infer the network topology. While decentralized voltage control
algorithms are generally efficient to implement, such controllers lack voltage stability
guarantees when the load is time-varying [39, 156, 328, 264, 210]. Likewise,
model-free controllers based on deep reinforcement learning do not require knowing
the network topology, but they generally have no performance or voltage stability
guarantees and are therefore not suitable for safety-critical infrastructure [74, 285, 297,
94, 257]. Some recent works [243, 85, 62] have proposed methods for introducing
stability guarantees for model-free deep reinforcement learning approaches. Their
main tool is Lyapunov stability theory, from which a structural constraint for stable

controllers is derived, and policy optimization with the constraint is performed.
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However, their stability guarantees are only valid over an infinite time horizon, and
achieving good performance with deep reinforcement learning generally requires
large amounts of historical training data. In contrast, our proposed framework jointly
learns the system model (consistent with data) and stable controller in an online
fashion, achieving a finite-mistake guarantee and good performance without relying

on historical data.

Another standard approach for handling uncertainty about network topology is to first
estimate the topology and line parameters using a form of system identification with
data and then apply a standard voltage control algorithm using the identified network
topology. There is a growing literature of such data-driven methods, e.g., [129, 162,
200, 153, 81, 43,51, 12,296, 191, 66, 53]. A common approach is to leverage least
squares for system model estimation. The estimation and therefore control guarantees
depend on statistical modeling of measurement noise (e.g., Gaussian). In contrast, we
leverage online learning in order to be robust against any bounded disturbances, such
as modeling errors and adversarial noise. While least squares-based algorithms focus
on asymptotic estimation convergence, e.g. [44, 313], we present a finite mistake

guarantee that is crucial for safe transient system behavior.

Another prominent approach is to use graphical models for topology reconstruc-
tion [64], via maximum likelihood methods while enforcing other structural restric-
tions like low-rank and sparsity. However, these methods that first perform some form
of system identification have drawbacks. First, the estimated topology and/or system
dynamics may be imperfect [238], and applying standard voltage control algorithms
using these imperfect estimates may still lead to system instability. Second, these
methods either assume access to historical data or require acquiring data online over
hundreds of time steps, during which the stability of the system is ignored [162, 64].
In contrast, our proposed approach does not perform system identification separately
from control; the joint operation of our robust controller with the system dynamics

estimation gives rise to our stability guarantee.

Contributions

We propose a new approach for voltage control over an uncertain grid topology that
does not perform system identification and voltage control separately. Instead, our
approach robustly learns to stabilize voltage within the desired limits directly, without

prior knowledge of the topology and without needing to precisely learn the topology.

Our approach takes ideas from online nested convex body chasing (NCBC) [13] and
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robust predictive control and combines them using a new learning framework [111]
to design a voltage control algorithm. Intuitively, we use a NCBC algorithm to track
the set of topologies that are consistent with the observed voltage measurements—as
more measurements are taken, the set of consistent topologies shrinks (and so the
sets are nested). As these measurements are taken, a form of robust predictive control
is used for voltage control, where the robustness guarantee is used to ensure that
the uncertainty about the topology can be handled. Our main result (Theorem 7)
provides a finite error stability bound for the overall controller, which is summarized
in Algorithm 6. This represents the first voltage control algorithm that is provably

robust to large uncertainty about network topology.

In addition to providing theoretical guarantees, we demonstrate the effectiveness
of our proposed approach using a case study of a 56-bus distribution grid from the
Southern California Edison (SCE) utility [84]. In this setting, we give the controller
no prior information about the topology of the grid, yet the controller quickly narrows
down the set of topologies and line parameters that are consistent with its observations
and adjusts reactive power generation to keep voltages within desired safety limits
when faced with disturbance. In fact, our controller’s performance nearly matches
that of controllers which assume perfect knowledge of the topology, even when given

only partial observations of bus voltages.

6.2 Model

We study voltage control on an unknown grid topology. We consider a radial (tree-
structured) power distribution network represented as a connected directed graph
G =(N,&E),where N ={0,1,2,...,n} is the set of buses (nodes) and & ¢ N X N
is the set of lines (directed edges). Let the network be rooted at bus 0 (the substation
or slack bus), and let other buses be branch buses. Let C € N denote the subset
of buses with controllable reactive power injection. Because the network is radial
and rooted at bus 0, there is a unique path #; from bus O to any other bus i. For
branch buses, let v € R" be their squared voltage magnitudes and p + ig be their
complex power injection, where p € R" (units W) is the net active power injection,

and ¢ € R" (units var) is the net reactive power injection. The DistFlow branch
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equations [17] for a distribution grid are as follows, for all j € N and (i, j) € &:

—pj = Pij —rijlij - Z Pk (6.12)
k:(jk)es

~4j = Qi —xilii = ), Qi (6.1b)
k:(jk)es

vj = vi = 2(rijPij + xijQij) + (r]; + x;)ij (6.1c)

P2 + Q2
lij = Y 2 (6.1d)
Vi

where P;; and Q;; represent the active power and reactive power flow on line
(i, 7), and r;j,x;; > O are the real-valued line resistance and reactance (units Q).
Equations (6.1a) and (6.1b) represent the real and reactive power conservation at bus

J, and (6.1c) represents the voltage drop from bus i to bus j.

Assuming the branch power losses (r;;/;;, x;;1;;) are negligible yields the simplified

DistFlow equations [ 18], which can be rearranged into
v=Rp+X*q+ voln (6.2)

where v? € R” is the known, constant squared voltage magnitude at the substation,

and R*, X* € S" are computed from the network topology and line parameters

Rl?"j = 2Zrhk, Xl-"J‘. = Zthk, i,j € [n] (6.3)
(h.k)eP;NP; (h.k)eP;NP;
with [n] := {1,...,n} [156]. (S" is the set of symmetric n X n matrices.) R*, X*

are positive definite with nonnegative entries [83], and the largest entry of each row

of these matrices is along the diagonal, since

Xl-j- = 2thk < Zthk = X;f

g (6.4)
(h.k)eP;NP; (h,k)eP;

and likewise for Rl?"j <R

We assume that the active power injection p is exogenous but that reactive power at
each bus can be decomposed as g = g+ ¢°, where g° is the “controllable” component
and ¢¢ is the “exogenous” (i.e., uncontrollable) component. Following [156], we
define vP* = R*p + X*¢° +1°1,, € R" (“par” stands for “partial””) representing the
exogenous effects on voltage. Then, v = X*¢¢ + vP¥, which can be modeled as a

discrete-time linear system

v(t+1) = X*g°(t) + vP¥(2). (6.5)



135

Consistent Robust
model chasing control oracle

‘ Dataset D, X, in - - qN?ZV _st?t)e+ u(t)
[(w(a), v(i + 1), u(@), ¢°(D)]iy . . t+ 1) = o(t) + X*u(t) + w(t)

T Append (v(t),v(t + 1), u(t), ¢%(t)) to dataset

Figure 6.1: Online robust voltage control framework

Substituting u(¢) = g°(t) —q°(t — 1) (change in controllable reactive power injection)
and w(r) = vP¥(¢) — vP¥ (¢ — 1) (change in exogenous noise) yields the linear
dynamical system

v(t+1) =v(t) + X u(t) + w(r). (6.6)

The voltage control problem [84] is to drive the squared voltage magnitudes of
each bus from an initial state v(1) € R” into a given multi-dimensional interval
[v,v] € R";itis possible that v(1) does not start within the interval due to some large
initial disturbance. For all ¢ > 2, the voltage control algorithm aims to maintain v(z)
within [v, V], ideally as close as possible to a “nominal” value v"°™ € [v, V], typically

nom

V™M = (v +V)/2. The cost for deviating from v"°™ is measured by ||v(¢) — v“°m||%v

for some positive semidefinite matrix P,,, where ||x||i = x ' Ax.

At each time step, buses may change their reactive power injection g¢(#) in order to
regulate the voltage close to v'®™. The reactive power injection (including ¢¢(0)) is
limited within a given bound [¢, ¢] € R”. Buses not in C do not have any ability to
control the reactive power injegtion: VigcC. q,= g, = 0. We do not place any hard
“ramp constraints” on u (7). However, we impose a quadratic ramping cost ||u(t) ||%,u

where P, is a positive semidefinite matrix.

In summary, the voltage control problem is to determine an online sequence of reactive
power injections ¢“(1), g°(2), ... to drive voltages v(7) to a desired interval [v, V]
while minimizing voltage violation and control costs ||v(7) — vnomlliv + ||u(t) ||%u. In

this work, we solve the voltage control problem in the setting where X* is unknown.

6.3 Robust Online Voltage Control
In this section we introduce our robust online voltage control algorithm (Algorithm 6)

and its performance bound (Theorem 7), which is the main result of this chapter.
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Algorithm

As shown in Figure 6.1, the algorithm has two main components: a consistent
model chasing algorithm SEL (Algorithm 6, step 2) and a robust control oracle I1
(Algorithm 6, step 3). SEL and IT are combined by adapting ideas from [111].

The model chasing algorithm SEL selects a consistent model for the robust control
oracle IT out of all plausible models that are consistent with the online observations
and prior knowledge of the grid. The selection may use any competitive NCBC
algorithm, which is the online problem of choosing a sequence of points within
sequentially nested convex sets, with the aim of minimizing the sum of distances
between the chosen points [13]. In our experiments, we use a simple projection-based
NCBC algorithm, detailed in Section 6.5.

The robust control oracle I1 is a novel robust predictive controller (Theorem 9). The
robustness guarantee of II is necessary for the analysis which integrates SEL with I1
to provide the finite mistake guarantee of the overall algorithm. We remark that other
choices for either component are possible, as long as they provide the guarantees

needed in the analysis in Section 6.4.

Intuitively, SEL and IT are combined in a way such that SEL always reduces the
uncertainty about the unknown model whenever I1 outputs an action that causes a
voltage limit violation. This means that IT cannot take too many “bad” actions before

the system uncertainty is small.

Assumptions
Before presenting the main results, we introduce three assumptions that underlie our

analysis and discuss why they are both needed and practical.

Assumption 9. The change in noise is bounded as
vir o lw()lle <77,

where w(t) = vP¥(¢) — vP¥ (¢ — 1). n* € [0,7] is a constant (possibly unknown),

while 17 is a known upper-bound.

This first assumption is standard and bounds the noise in the dynamics. It represents
realistic behavior in power systems where the active and exogenous reactive power

injections do not vary dramatically between time steps, as can be seen by expanding
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w(t):
w(t) = vP¥ (1) —vP¥(r - 1)
=R*(p(t) —p(t = 1)) + X*(¢°(t) — ¢°(r = 1)).

For example, if the net active and exogenous reactive power injection is the same at

time steps ¢ and ¢ — 1, then w(z) = 0.

An unknown n* indicates uncertainty in the maximum variability of the exogenous
power injections. Unlike [308] which assumes a fixed 1, our inclusion of both an
unknown n* and a known upper-bound 7 allows more flexibility in our algorithmic

design and the incorporation of prior knowledge.

Assumption 10. The true model X* lies within a known compact, convex uncertainty
set X € S NRP". (S is the set of n X n positive semidefinite matrices, and RI" is

the set of n X n matrices with nonnegative entries.)

Our second assumption bounds the uncertainty about the network topology and
line parameters. It ensures that the unknown true model parameters X* belong to
a compact, convex set X, which is a minimal assumption necessary for proving an
analytic guarantee. P; = X x[0,77] forms the initial “consistent set” (see Definition 6)

for our consistent model chasing algorithm SEL.

This assumption is realistic, as a grid operator should have at least some prior
knowledge about the distribution grid topology and the range of possible line
parameters, even if they do not have the exact values. In cases where the grid has
multiple possible topologies due to switches, X could be set to the convex hull of the

corresponding X matrices.
Definition 5 (||-||, and ||-||, 5). For any matrix X € S" and scalars i, > 0, define

PR

i=1 j=i

n n
S+ Y X2 = o+ || X2,

i=1 j=i

X1l := llvech(X)]l, =

XM as -

where vech(X) is the half-vectorization of X defined as
vech(X) = [Xi1, X2, -, X1 X22, Xo3, s X oo Xpg] T € RMOFD/2,

For any sets X C S" and A C R, we define diameters diam(X) and diam(X X A)

with respect to the norms ||-|| , and ||-|| 5 s, respectively.



138

These norms isometrically map our parameter space to Euclidean space, enabling us
to take advantage of known results on NCBC within Euclidean space. For the norm
|||l .5, the hyperparameter ¢ trades off the weight between X and 7 in the norm. The

choice of ¢ is discussed in Section 6.5.

In practice, we consider uncertainty sets of the form

X, = {X € §" ARM

1X = X*[la < @ ||X*],
Vi,je[n]: X < X

with diam(X,) = 2« ||X*|| .- Alarger « yields a larger uncertainty set. From
Section 6.2 (e.g., (6.4)), we know that X* € X,,.

Furthermore, we can incorporate partial knowledge we may have of the network
topology and/or line parameters by adding constraints to the description of X.
For example, if we know that the lowest common ancestor between buses i, j in
the network is bus k, then we can add the following constraint on X, which is a
consequence of (6.3):

0, k=0
Xij = (6.7)
Xk, otherwise.
If we additionally know the values for some line parameters x;;, we may be able to

further constrain some entries of X, again by applying (6.3).

Assumption 11. There exists a compact, convex set VP* C R" such that Vt > 0 :

VP (1) € VP Furthermore, for some known € > 0,

VPt e PP X e X.
dg¢ € lg.9] s.t. Xgc+ W elv+(m+e)l,v-(n+el].

Our final assumption is about the existence of feasible control actions for the robust
control oracle. This assumption can be interpreted as either a bound on the noise, or a
requirement that the controllable reactive power injection be flexible enough to satisfy
the demand of any admissible noise. It represents the reasonable assumption that
a grid operator should have installed enough controllable reactive power injection
capability to perform voltage control. Intuitively, the i padding is required for
robustness to the noise w(¢), while the € padding is required for robustness to model

uncertainty (i.e., uncertainty about X*).
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Algorithm 6 Online Robust Voltage Controller
Inputs
* desired nominal squared voltage magnitude: v"°™ € R”
* limits on the squared voltage magnitude: [v,Vv] c R"
* limits on the reactive power injection: [¢,q] C R”
« initial state: v(1), g¢(0) € R” B
* state and action cost matrices: P,, P, € S}
* compact convex uncertainty set for the model parameter: X c S N R*"
* compact convex uncertainty set for exogenous voltage quantities: VP c R”
* upper bound for noise: 77 > 0
* robustness padding: € > 0
» weight for slack variable: > 0
» weight for noise accuracy: 6 > 0

Procedure

1. Initialize an empty trajectory Do = [ |. Sett = 1.

2. Query the model chasing algorithm for a new consistent parameter estimate:
(Xt’ﬁt) « SEL[Dq].

SEL[D,] := NCBC(P;, Xt—l,ﬁl—l) (6.8a)
X eX, Hel0,7]

R Y(vi, Vis1, Ui, q5) € Dy
P = (X, %) ¥ i ! (6.8b)

|Vier —vi — Xui”oo <7
R

3. Query the robust control oracle for the next control action: u(¢) « II £ (v(1)).

g 5 (v(2)) := argmin Igﬁl%n " — v“"mllév + ||u||%,u + p&? (6.9a)
ueR” +
st.g2q°(t-1)+u=yq (6.9b)
P =v(t) + Xu (6.9¢)
. 1
= 5+ lul (694)

Vi k=120 27— (k-1  (6.9)

where p = de/(1 + 6||§—g||2).

4. Apply the control action u(z). Observe the system transition to v(t + 1) =
v(t) + X*u(t) + w(t) and ¢°(¢) = ¢“(t — 1) + u(z).

5. Append (v(z),v(t + 1),u(t), g°(t)) to the trajectory:

D, = [(v(i),v(i + 1), u(i), g ()] -

6. Increment ¢ < ¢ + 1. Repeat from Step (2).
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Main result

We now state our main result, which is a finite-error bound for Algorithm 6.

Theorem 7 (Main Result). Under Assumptions 9 to 11, Algorithm 6 ensures that
the voltage limits will be violated at most @ diam(X X [0,77]) + 1 times, where

p = H(ﬂﬁﬂ and y(m) is the competitive ratio of the NCBC algorithm in m-

. . : 1
dimensional Euclidean space, where m = 1 + %

If n* is known, then the voltage limits will be violated at most @ diam(X) + 1

+1
£ —andm = %

a4l

times, where p =

To the best of our knowledge, this result is the first provable stability bound for
voltage control in a setting where the network topology is unknown. It highlights
that Algorithm 6 can ensure stability even after unknown changes to the network
topology, e.g., due to maintenance, failures, etc., without the need to perform system
identification while remaining robust to any bounded and potentially adversarial

perturbations satisfying Assumptions 9 and 11.

Intuitively, this result guarantees that the model chasing algorithm SEL will learn
a “good enough” model for control quickly. When the robust controller IT makes a
mistake, the model chasing algorithm will learn from that mistake and significantly
reduce the set of consistent models. Because the initial set of consistent models
is bounded, and this set shrinks a significant amount after each mistake, the total
number of mistakes is bounded. Note that this finite mistake bound implies finite-time

convergence to safe voltage limits without an explicit finite-time bound.

To interpret the error bounds in Theorem 7, we notice that they are proportional
to the diameter of the parameter space and the competitive ratio y(m) of the
NCBC algorithm, and inversely proportional to the oracle robustness margin p.
Because of computational tractability concerns, our experiments implement SEL
with a greedy projection-based NCBC algorithm with yi(m) = 7(m — Dm™? [13,
Theorem 1.3], rather than the state-of-the-art Steiner point method which can achieve
Ysteiner (M) = m /2 [46]. As our case studies show, in practice the projection-based
NCBC algorithm performs much better than the worst-case bound. We note that
any other NCBC algorithm with a finite competitive ratio can be used in (6.8a)
in Algorithm 6. Investigating whether widely-used estimation methods, like least
squares, have a finite competitive ratio would be an interesting avenue for future

research.
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Note that for Theorem 7 to hold, the optimization problem for the robust control oracle
IT should first be solved without the slack variable ¢ in Algorithm 6. This ensures
that if (X;,7,) is sufficiently close enough to the true model, then the algorithm will
not make a mistake. In the case that II is infeasible initially (e.g., when the initial
model estimate is far from the true model), it should be solved again with a slack
variable, which ensures feasibility. However, solving I1 twice is unnecessary in

practice, and so we have written Algorithm 6 to reflect its practical implementation.

We outline a proof of Theorem 7 in the next section. We want to highlight one piece
of that proof that is of independent interest. In particular, a major step in the proof is
to provide a feasibility guarantee for the robust control oracle component IT of the
algorithm, which is done in Theorem 9.

6.4 Proofs

We now prove our main result Theorem 7. Our proof builds on and adapts the
approach of [111], which outlines a general framework for integrating model chasing
and robust control. To explain the general framework, we first consider a discrete-time

nonlinear dynamical system
X1 = fo(Xp ur) + Wy, X0 given, (fiow)eF,

where x € & C R" is the system state and u € U C R™ is the control input.
The unknown function f, and disturbance sequence w € £°(Z;R") belong to an
uncertainty set F, and the disturbance is bounded as ||w||,, < 77. Assume that ¥
has a compact parametrization (T,K, d), where T : K — () is a mapping from a
parameter space K to a set of functions and disturbances such that ¥ C (Jyck T[6].
9 (F) denotes the powerset of . Let d denote a metric on K, so (K, d) is a compact

metric space.

The control objective is specified as a sequence of indicator “goal" functions
G =(Go,Gi1,...). Each G, : X XU — {0, 1} encodes a desired condition per time
step t:

G:(x;,u;) = 1[x;, u, violate desired condition at time 7].

The main result of [111] specifies a set of sufficient conditions for a finite-mistake
guarantee—i.e., )" Gi(x;,u;) < oo. These conditions decouple online robust
control into separate online learning and robust control components. The online
learning component requires a consistent model chasing algorithm SEL, which
takes as input the current observed trajectory D; = [(x;, Xi+1, ul-)];:] and outputs an

estimated parameter 6; € K which must be consistent with D;.
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Definition 6 (Consistent Parameter). We say 6 € K is consistent with D, if there
exists (f,w) € T[0] such that

V(x, Xee1,u) € Dyt X1 = f(Xp, 1) + Wy

Let P, denote the set of all parameters consistent with D,; P; is called the consistent
set. We say SEL is y-competitive if },7> | d(6;,6;-1) <y maxgek d(Pe, 6) holds for

a fixed constant y > 0, which we call the competitive ratio.

The robust control component requires a control oracle I1, which given the current
state x; and a parameter 6,, outputs a control action u; = Ilp, (x;) that is robust for all
systems that are close to ;. In particular, we call a control oracle p-robust for control
objective G, if all trajectories in S"[p; 6] achieve G after finitely many mistakes.
S"[p; 6] is defined as the set of all possible trajectories generated by I1, for all 4
such that d(6, §) < p:

Do = [(xta-xl+1’ut)];i1 :

) T[a],
sl [p;0] = u; = H@(x;) (f,w) e T[6]

d(8,0) <p

Xe1 = [, up) + wy
We refer readers to [111] for a more detailed discussion of consistent model chasing
algorithms and p-robust control oracles. As a summary, if SEL chases consistent
models and IT is a robust oracle for G, then the resulting Ay (SEL) algorithm achieves

a finite mistake guarantee, which is stated in the following.

Theorem 8. [/11, Theorem 2.5] Assume that SEL chases consistent models and 11
is a robust oracle for objective G. Then for any starting point xo and trajectory
[Cxr, ur)]72,, generated by An(SEL) (illustrated in Figure 6.1), the following mistake
guarantees hold: (i) If 1 is robust, then 3,2y Gi (X1, u;) < oo; (ii) If I1 is uniformly

p-robust and SEL is y-competitive, then

(S} l_[ 2)/ .

Z G:(x;, u;) < max {1, M, } — diam(K) + 1

=0 P
where M}} denotes the worst case total mistakes of the p-robust control oracle I1.
To apply Theorem 8 to prove Theorem 7, we need to prove that (i) the proposed

algorithm (6.8) chases consistent models and has a bounded competitive ratio,

and (ii) the proposed robust algorithm in (6.11) is a p-robust control oracle, for



143

bounded disturbance in the system topology. In particular, the correspondence of the

definitions is as follows. We have 6§ = (X, ), and

K=Xx[0,7], v(1),¢°(0) given
d((X,m), (X",n) = 1(X,n) = (X", 1) |as
Fv,u) =v+Xu, [[W|. <n,

TG = (W) [ Ve 20 T+ 3 w(z) e Vo
7=1

where vgar =v(1) = Xq°(0)
F=|J TG

(X,meXx[0,n]

Gi(v(1)) =1[v() € [y, V]].

We begin by proving that the set P; defined in (6.8b) in Algorithm 6 is consistent
with the trajectory D;.

Lemma 11 (SEL is consistent). Suppose Dr is a trajectory of voltage measurements

and control actions taken up to time T':

Dy = [(v(0),v(t + 1), u(t), ¢“())]/, -
The set
XeX, fel07]
pro=(x.0) Y(v(t),v(t + 1),u(t),Aq (1)) € DTA: | 6.10)
v +1) =v(t) = Xu(@®)|lo <7

v(t+1) = Xq°(r) € VP

is a consistent set for Dy, i.e., (X,A) is consistent (Definition 6) if and only if
(X.7) € Pr.

Proof. Consider any (X,7) € Pr. For t € [T], define
fv,u) :=v+ Xu, w(r) :=v(t+1) —v(t) — Xu(r)

50 (1)l < 7 and v(t + 1) = (1), u(t)) +w(¢). Define v := v(1) - £¢¢(0),
soforall t > O,

- t
vgar + Z w(t) =v(t+ 1) — Xqg°(1) € VP,

=1
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Thus, (f, W) € T[(X,A)], so (X, 7) is consistent with Dr.

Conversely, suppose (X, 7)) is consistent with D7, which implies the existence of
f(v,u) := v+Xu and W satisfying || W], < Asuchthatv(t+1) = F(v(1), u(t))+Ww (7).
Rearranging yields w(r) = v(r + 1) — v(r) — Xu(r), so (X,7) satisfies the norm

constraint in (6.10). Now define
. t
Viz 00 vPE(r) = v(r + 1) - RgC(r) = vP" + Z W(r)
7=1

S0 VP (1) € VP gatisfies the remaining constraint in (6.10). O

Observe that each P, is a closed, bounded, and convex set. Furthermore, P; is
non-empty, since (X*,n*) € P,. Intuitively, P, is the smallest set containing all
parameters that could generate the observed trajectory D, along with a corresponding

admissible sequence of noise compatible with Assumptions 9 to 11.

The consistent sets are nested P, C P;_1, and each P, is a nonempty compact convex
subset of the parameter space X X [0,77]. To apply the Euclidean NCBC results of
[13, 46], we use the linear map

®(X,n) := [vech(X), 6],

which is an isometric identification between (X x [0,7], |||, s) and a subset of
Euclidean space (R, ||-||,). This reduces the model-chasing component to standard

NCBCinm = @ + 1 dimensions. The corresponding lemma is as follows.

Lemma 12 (SEL is competitive). Suppose the NCBC algorithm applied by SEL is
v(m)-competitive on nested convex subsets of Euclidean space R™. Then, under
the identification ®(X,n) = [vech(X), 61", the model-chasing algorithm SEL is
¥ (m)-competitive on (X X [0,77], ||| o s)-

Proof. Let m = @ + 1. The normed vector space (S" X R, |||, 5) is isomet-
rically isomorphic to the Euclidean space (R, ||-||,) because the map ®(X,n) =

[vech(X), 6n]T is a linear bijection from S” X R to R™ and preserves the norm:
1D(X,7) = DX, )5 = 1X = X'|IZ + 6% In—n'I* = |(X.n) = (X" )%

Therefore, the NCBC competitive guarantee transfers directly from Euclidean space
to the parameter space used by SEL, so any y(m)-competitive NCBC algorithm in

R™ induces a y(m)-competitive selector in our setting.
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When 1* is known, the map vech(-) is an isometric identification between (S", |||/ ,,)

and Euclidean space (R*"*D/2 ||-||,), so the same argument applies with m =
n(n+l) ]

2
In our experiments, we instantiate SEL with the greedy projection algorithm from
[13]. Applying [13, Theorem 1.3] and noting that Vd € N : (wg/w4-1) < m, where
wy denotes the surface area of the d-sphere, we obtain the explicit Euclidean bound
y(m) = m(m — 1)m™/%. This concrete bound is useful for interpreting the worst-case

mistake guarantee in Theorem 7, but it is not needed for the abstract reduction above.

Finally, we show that our controller IT is p-robust. In particular, we prove that IT¢

makes no mistakes (Mg = () given consistent parameters (X,7) € P;.

Theorem 9 (I1 is p-robust). Under Assumptions 9 to 11, suppose (X, %) € P,, where

P, is given in (6.10) fort > 1. Define p = m. Then, the following optimization
problem is feasible: -

min 9" = v™™|13 + [|ul|? (6.11a)

ueRrn v Pu
st. g=2q°(t-1)+u=g (6.11b)
P =v(t) + Xu (6.11c)

R 1

k:77+P(5+||M||2) (6.11d)
v+k1 9V v -kl (6.11e)

Further, the solution of (6.11), u(t), guarantees voltage stability for all (X,n) €
X x [0,77] such that ||(X,n) — (X, H)|las < p. That is, v(t) + Xu(t) + w(t) € [v, V]
for all w(t) such that ||w(?)]|« < 1.

Observe that (6.11) corresponds to (6.9) in Algorithm 6 with the slack variable set
to zero. We note that the robustness margin p decreases as [¢, ¢] increase. The
intuitive reason is that the voltage is more sensitive to changes in X when the range
of possible u’s expands. Therefore, a fixed voltage buffer of € in constraints (6.9d)

and (6.11d) affords less robustness to changes in X as [g.q] gets larger.

Proof of Theorem 9. First, we will show that the following two conditions are
sufficient for feasibility of the optimization problem and p-robustness for the solution

u.
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* Feasibility: k <np+e€

* Robustness: k > 77 + pw/(é + ||M||%

Then, we will show that our choices of k and p satisfy these sufficient conditions.

To derive the sufficient condition for feasibility, define
VPEE(t — 1) == v(t) — Xg“(t = 1)

as the conjectured noise when we assume the underlying parameter is X. Since
X € P, and P, C P,_;, we have ;ﬁ(t — 1) € VP¥. Then, by Assumption 11, there
exists g¢ € [g, q] such that

v+ @+l 2 Xg+ vt —1) v — (7 + €)1
Setu = g — g“(t — 1) (which satisfies (6.11b)) and define

() :=v(t) + Xu=v(t) + X[q° — ¢°(t = 1)]
= Xq¢ + 0¥ (1 - 1).
Recalling (6.6), we can interpret v’ (u) as the one-step voltage prediction (without
disturbance) under the model X given control action u and the current voltage v (7).

We thus have
v+@+e)l 29 (u) 2v—(7+e€)l.

Therefore, as long as k <77 + €, u will satisfy constraint (6.11e).

Next, we derive the sufficient condition for robustness. Let u be a solution of (6.11),
so it satisfies (6.11e). Let (X,n) € X X [0,77] be arbitrary parameters satisfying
1(X,n) = (X,A)||ss < p. Define px := || X — X||». By Lemma 13,

—px lully 12 (X = R)u % px [ull, 1. (6.12)

Furthermore, suppose
-n1 w(t) < nl. (6.13)

Adding together the 3 inequalities (6.11e), (6.12), (6.13) yields
v+ (k= px llully =m1 2v(t) + Xu + w(r)
2V = (k= px llull, -m1.

Clearly, if kK — px ||ul|, —n > 0, then the desired robustness condition is satisfied.

Since
(X, m) = (R I2 g = ok + 6% In = il* < p2
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we have | — 17| < %w/pz - p%. This impliesn < 7 + %ﬂ/pz - p%. Therefore, we can

express the robustness condition in terms of 7:

1
kzn+<qp? — px + px llully = f(px).

For p > 0, f(px) is strictly concave and twice-differentiable and therefore achieves

its maximum when f’(px) = 0. This maximum value is 7} + p /5% + ||u||§. Thus, if
k is at least this value, then we achieve robustness.

Finally, we show that our choices of k and p satisty the sufficient conditions. Since
a+b>Va?+ b2 forall a,b > 0, our choice of k satisfies the robustness condition:

. 1 . 1
k=1H+p (3 + ||u||z) > 1 +p\/§ + [Jull3.

Note that while setting k = 77 + p,lélz + ||u||% would also satisfy the robustness

condition, this expression would make (6.11) a nonconvex optimization problem.

The remaining step is to satisfy the feasibility condition. We must choose p such that
n+p (% + ||u||2) < 7n+e. Sincej < 7, it suffices to find p such that p (% + ||u||2) <e.

As |lull, < |lg — qll2, setting p = satisfies the inequality. O

de
o]
+6|/9—¢ 5

In the case where n* is known, a similar proof shows that k = * + p ||u||, and

o = m satisfy feasibility and robustness. (This can be seen as the 6 — oo

limiting case of Theorem 9 such that consistent model chasing only updates X and

keeps /j = n* fixed.)
Lemma 13. Forall A € S", b € R", and a € R;,

lAll, < = —albll;12Ab 2 a|bll,1.

Proof. Let A; denote the i™ row of A. By symmetry of A,

n i—1 n
2 2 2 2
143 = DA% = D Ak + QAL
j=1 k=1 j=i
n n
2 2 2
<> DAL =1Al} <,
k=1 j=k

so ||Ai]l, < @. Then
—a [[blly < = lAill 16112 < (Ab): < ||Adll, 161l < @b,

This holds for all i € {1, ..., n}, which yields the desired result. O
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Figure 6.3: Voltage profile of 7 buses without control, simulated with (a) linear
dynamics (6.2) and (b) nonlinear balanced AC dynamics (6.1).

Finally, combining Theorem 9 with Lemma 12 and applying Theorem 8 completes
the proof of Theorem 7.

6.5 Case Study

We demonstrate the effectiveness of Algorithm 6 using a case study based on a
single-phase 56-bus network (n = 55) from the Southern California Edison (SCE)
utility (Figure 6.2), with line parameters r;;, x;; from [84, Table 1]. Even though our
algorithm only has guarantees for the linear power flow model (6.2), we show that

our algorithm works well on both the linear model and the more realistic nonlinear
DistFlow model (6.1).

Experimental Setup

Following [210], we adapt real-world load and PV data from [27] for the 56-
bus network by adding power injection (scaled by the PV generation) at buses
C=1{2,4,7,8,9,10,11,12,13,14, 15,16, 19, 20, 23, 25, 26, 32}. Exogenous active
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and reactive power injection measurements are taken at each bus at 6-second intervals
over a 24-hour period. Figure 6.3 plots these values for several buses to illustrate the
setting considered. We assume that controllers with reactive power injection capacity

are available at every node. The network parameters used in our experiments are:

« nominal squared voltage magnitude at the substation v* = y™°™ = (12kV)?

« squared voltage magnitude limits [v, V] = [0.95, 1.05]pu = [11.4%, 12.6*]kV?>
* reactive power injection limits [¢g, g] = [-0.24,0.24]MVar

* state and input cost matrices P, - 0.11, P, = 10/

initial state v(1) = R*p(0) + X*¢¢(0) +v°1, ¢¢(0) = 0

In comparison to previous papers in the voltage control literature, our reactive power
injection limits [g, g] are slightly more generous than +0.2 MVar used in, e.g., [210].
We choose i().ZZ MVar because even a controller with perfect knowledge of the
future would need reactive power injection capabilities of at least +0.238 MVar in

order to maintain v(¢) € [v, V] (if ¢ = —¢) under linear dynamics (6.2).

We set n = 10, which upper-bounds the maximum change in exogenous noise

observed in our data, which is ~ 8.6:

n* = max [R*(p(1) = p(1 = 1)) + X*(a° (1) - q° (1 = D) ..

We fix € = 0.1. In order to satisfy the requirement in Assumption 11 that v(t) €
[v+ (77 +€),v— (7+¢€)], the reactive power injection capabilities must exceed
+0.528 MVar. As we show in experiments with only +0.24 MVar range of control,
though, Assumption 11 does not need to be fully satisfied in order for our method to

still provide strong empirical results.

For the robust controller I1, we set slack variable weight 8 = 100 and VP* =
[vPA yPar] to be a rectangle around the true noise. Under linearized system dynamics,
vPA () is calculated as described in Section 6.2, and then we set

. . par _ . par _. _ par
Vie[n]: W8 = minv; (1), P, = max v; (1).

Under nonlinear system dynamics, we approximate vP¥ () as the nodal squared
voltage magnitudes when ¢°(¢) = 0 (as shown in Figure 6.3), and we add 0.5kV?

padding which empirically suffices as a convex outer approximation of VP:
VP = minvP(r) — 0.5, VP = max v (1) +0.5.
- t t

As mentioned previously, we use a greedy projection-based NCBC algorithm [13]

in SEL that minimizes the movement distance ||(X;, %;) — (X;_1, A;_1)||a.s between
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Table 6.1: Performance of our method simulated under linear system dynamics (top)
and nonlinear system dynamics (bottom). See Section 6.5.

Info provided # mistakes avg. violation max violation
Unknown 662.2 +435.1 0.43 £0.16 4.40 + 2.59
Topo-14 917.0 + 155.2 0.34 £ 0.12 493 +2.19
Lines-14 1085.8 + 186.6 0.57 £ 0.29 2.55 £ 1.09
Known 88.0 0.07 0.12
Unknown 16.0 + 15.8 0.68 + 0.56 2.74 +2.39
Topo-14 0.5+0.6 2.21 £2.56 2.90 + 3.38
Lines-14 0.5+0.6 1.01 £1.20 1.45+1.73
Known 0.0 0.00 0.00
nested convex sets P; C P;_:
NCBCpoi (P, Xt—l, fi-1) = argmin || (X, 1) — (Xl‘—la M-l as- (6.14)
(X’U)GPI

This achieves competitive ratio yproj(m) = w(m — Dm™/2.

To keep the optimization problem (6.8) computationally tractable for consistent model
chasing, our implementation does not use the full trajectory D as in the constraints
of the consistent set (6.10). Instead, we include the 20 latest observations and 80
more observations sampled uniformly at random (v(¢), v(t + 1), u(t), g“(t)) ~ D.
This provides a computationally tractable approximation of the uncertainty set. In
our experiments on linear system dynamics, we found that X, selected using this
approximation was always in the consistent set defined by the full trajectory D, when
allowing for small numerical inaccuracies introduced by the CVXPY optimization

solver.

Unless otherwise stated, we initialize 7j; = 0. We initialize X; by adding noise
to the true X* in two ways. First, we scale each line impedance x;; by a random
factor o id Uniform[0, 2]. Second, we randomly permute the bus ordering, so X|
corresponds to a permuted grid topology. Finally, we project X; into the uncertainty
set X, with @ = 1.

Except for the experiments shown in Figure 6.6, we fix § = 20 which empirically
strikes a balance between minimizing the modeling error || X; — X*||» and overfitting

noise.
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Figure 6.4: (a)-(d) Voltage profiles of 7 different buses simulated under linear
system dynamics (6.2). Dotted black lines indicate voltage limits [v, V]. (a) II+SEL
initialized with random X € X,. (b) like (a) but the topology for buses 1-14 is known.
(c) like (a) but the topology and line parameters for buses 1-14 are known. (d) like (a)
but X = X* is fixed and known so only 7} is learned (e) Convergence of X, towards
true X™* (solid lines, left axis) and estimated 7 (dotted lines, right axis). Notice that
even when || X; — X*||» does not reach 0, the controller still performs quite well.
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Figure 6.5: Voltage profiles of 7 different buses simulated under balanced nonlinear
AC power flow (6.1). Parallels Figure 6.4.
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Figure 6.7: Balanced nonlinear AC power flow simulation of the voltage profiles
under different algorithms with partial control and observation. The dark colors
plot the mean voltages across 4 random initializations of X; and the light shading
plots +1 standard deviation. (a) bus 18 (b) bus 30.

Experimental Results

Our experimental results demonstrate the ability of Algorithm 6 to stabilize the
system without knowledge of the network topology, providing good voltage control
performance even though it still has significant uncertainty about the topology at
the end of the experiments. We test our algorithm under both the linearized system
dynamics (6.5) as well as the more realistic nonlinear balanced AC power flow setting
(6.1) simulated using Pandapower [269]. The convex optimization problems for SEL
and IT are solved with CVXPY [70] using the MOSEK solver [182]. Code for our
simulations is available on GitHub.?

Zhttps://github.com/chrisyeh96/voltctrl
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Linearized power flow with full control Our first set of experiments, shown in
Figure 6.4 and Table 6.1 (top), tests our algorithm’s performance on the SCE-56
bus network under linearized system dynamics (6.5). Different amounts of network
information are provided to the consistent model chasing algorithm SEL via the
initial consistent set X,, ranging from no information (“unknown,” Figure 6.4a),
information about the edges among the first 14 buses but not the line impedances
(“topo-14,” Figure 6.4b), information about the edges and line impedances among
the first 14 buses (“lines-14,” Figure 6.4c), and complete information about the
network (“known,” Figure 6.4d). Because the buses in the SCE 56-bus network
are numbered in a topological ordering, the “topo-14" setting adds constraints of
the form (6.7) for all of the first 14 buses, and the “lines-14" setting constrains all
X € Xy such that X;; = Xi"j‘. foralli,j e {1,...,14}.

As shown in Figure 6.4e, incorporating more prior knowledge about the network
into the initial uncertainty set reduces the model estimation error ||X — X*||a.
Furthermore, the model estimation error decreases the most dramatically when the
voltage violations are the largest. However, we note that lower model estimation

error does not always result in fewer mistakes in our experiments.

Table 6.1 quantifies our algorithm’s performance under varying amounts of initial
network information. A “mistake” refers to any time step where any bus’ voltage
violated the limits [v,V]. “Avg. violation” refers to the average absolute squared-
voltage violation

mean max(v;(t) = Vi, v, = vi(1)).

i€[n], te[T]: vi(1)¢[y;.vi]

“Max violation” is like “avg. violation” but replaces the mean with a max. Results

given show the mean and standard deviation over 4 random initializations of X;.

Nonlinear power flow with full control Our second set of experiments test our
online controller on the standard balanced AC power flow model (6.1). As in the
linearized power flow experiments, we compare Algorithm 6’s performance across
varying levels of prior information (Figure 6.5 and Table 6.1, bottom). Even though
the controller is designed under the assumption of linearized voltage dynamics, our
algorithm still performs well in the nonlinear simulation. The performance improves
progressively, with less voltage violation and smaller overall deviation from the

desired steady state voltage as it is provided more information.
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Nonlinear power flow with partial observation and partial control We also test
our proposed online controller in the partial observation and partial control setting.
In Figure 6.7, we withhold voltage observations and control authority from buses
i €{8,18,21,30,39,45,54} by setting ql.c(t) = 0 for all . We simulate the voltage
profiles across 4 random initializations of X; and plot the mean and +1 standard
deviation. Despite the more challenging setting, the performance of Algorithm 6
remains strong. We again observe in Figure 6.7 that adding prior topology and line

parameter information marginally improves the performance of Algorithm 6.

Varying 6 In Figure 6.6, we demonstrate the effect of varying ¢ on the performance
of our algorithm. From a theoretical perspective, Theorem 7 shows that our algorithm
achieves a finite mistake bound for every 6 > 0, and this bound is minimized by
taking ¢ to be very large. What happens when using a large ¢, though, is that the
model chasing algorithm may overfit to noise until a time when the noise is too
large, forcing the algorithm to increase the noise bound (e.g., around the 16h mark in
Figure 6.6). This leads to inconsistent performance in the short term, albeit with
perhaps better worst-case performance. In contrast, a smaller ¢ allows more of the
network uncertainty to be captured in a larger noise 77 term at the cost of learning a

less accurate X, but the decrease in modeling error || X; — X*|| , becomes monotonic.

In practice, 6 should be treated as a prior “confidence” about how close the initial
guess of 7j is to n*. § should be larger when there is greater confidence that 7j is close

to the true n*.

Detecting topology changes Finally, we consider the challenge of responding to
a change in the distribution grid topology in real-time. If the topology changes
from one radial grid to another due to switches, new observed data may render
the consistent set empty. That is, when consistent model chasing (6.14) becomes
infeasible, we are assured that the topology has changed. At this point, we may reset
the algorithm by discarding the observed trajectory D, and reinitializing consistent
parameter estimates from the original consistent set P;. Figure 6.8 demonstrates this
on linear system dynamics, where we introduce a topology change at the 12h mark.
We replace lines 33 — 40 and 46 — 48 with new lines I — 40 and 10 — 48, which

maintains a radial distribution grid.



155

—— unknown
topo-14
— lines-14

Oh 4h 8h 12h 16h 20h 24h

timet

Figure 6.8: Demonstration of the detection of a topology change under linear system
dynamics. Convergence of X, towards X* is plotted in solid lines (left axis), where
X* changes at the 12h mark. The topology change triggers a reset of the consistent
model chasing algorithm. Estimated 7 is plotted in dotted lines (right axis).

6.6 Conclusion

This chapter provides the first controller that establishes a finite-mistake guarantee for
voltage control in a setting with uncertainty in both the grid topology and load and
generation variations. We showed that our proposed algorithm is able to learn a model
of the grid dynamics in an online fashion and provably (under linearized voltage
dynamics) converge to a stable controller. Further, simulated experiments on a 56-bus
distribution grid demonstrate the effectiveness of our algorithm even under more
realistic nonlinear dynamics. We demonstrated how to incorporate prior knowledge
about the network topology and line parameters to improve performance, while also
extending our algorithm to the partial observability and partial controllability setting

which may better reflect real-world scenarios.

As the current algorithm is centralized, future works may consider decentralized
approaches to topology-robust voltage control in order to enable faster real-time
control with ideas from [315]. Another direction is to extend the current algorithm
to the time-varying topology setting with techniques from works such as [314].
Further studies may also explore loosening the radial topology assumption and test
our algorithm on unbalanced 3-phase AC grids to accommodate a wider range of
distribution grids. This would be a challenging, but important, extension. Finally, an
interesting algorithmic extension is to consider computationally efficient convex body
chasing algorithms with better competitive ratios. Existing methods based on Steiner
point [13, 46] achieve nearly-optimal competitive ratio but are computationally
inefficient in high dimension settings such as voltage control, so designing efficient

approximate Steiner point algorithms could potentially lead to significant performance
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improvements.
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Chapter 7

SUSTAINGYM: REINFORCEMENT LEARNING
ENVIRONMENTS FOR SUSTAINABLE ENERGY SYSTEMS

In the second two chapters of this part of the thesis, we shift our focus to reinforcement
learning (RL), which is a very general framework for sequential decision making
under uncertainty. Unlike in previous chapters where we are able to leverage specific
domain knowledge encoded in the structure of optimization problems, RL takes a
more general approach to learning control policies directly from interactions with
the environment. This makes RL a promising tool for optimizing complex systems,
but it also presents unique challenges, particularly in the context of sustainability
applications where data can be scarce and the consequences of suboptimal actions

can be significant.

This chapter is focused on the development of SustainGym, a suite of RL environ-
ments designed to test the performance of RL algorithms on realistic sustainable
energy system tasks. The environments cover a range of applications, including
electric vehicle charging, carbon-aware data center job scheduling, and more. Each
environment is designed to test RL algorithms under realistic distribution shifts and
in multi-agent settings, which are common in real-world sustainability problems. We
show that standard off-the-shelf RL algorithms leave significant room for improving
performance and highlight the challenges ahead for introducing RL to real-world
sustainability tasks. The next chapter will build upon the environments introduced in
this chapter to investigate the problem of learning robust multi-agent policies that
can perform well under distribution shifts, which is a critical challenge for deploying

RL in real-world sustainability applications.
This chapter is primarily based on the following paper:

[310] Christopher Yeh et al. 2023. SustainGym: reinforcement learning environments for sustainable
energy systems. In Advances in Neural Information Processing Systems. Vol. 36. Curran
Associates, Inc., New Orleans, LA, USA, (Dec. 2023), 59464-59476. https://proceedin
gs.neurips.cc/paper_files/paper/2023/hash/ba74855789913e5ed36£87288af
79e5b-Abstract-Datasets_and_Benchmarks.html.

7.1 Introduction
While reinforcement learning (RL) algorithms have demonstrated tremendous success

in applications ranging from game-playing, e.g., Atari and Go, to robotic control,


https://proceedings.neurips.cc/paper_files/paper/2023/hash/ba74855789913e5ed36f87288af79e5b-Abstract-Datasets_and_Benchmarks.html
https://proceedings.neurips.cc/paper_files/paper/2023/hash/ba74855789913e5ed36f87288af79e5b-Abstract-Datasets_and_Benchmarks.html
https://proceedings.neurips.cc/paper_files/paper/2023/hash/ba74855789913e5ed36f87288af79e5b-Abstract-Datasets_and_Benchmarks.html
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e.g., [178, 245, 137], most RL algorithms continue to only be benchmarked using
toy environments—e.g., OpenAl Gym [42]. These toy environments generally
do not have realistic physical constraints, nor realistic environmental shifts over
time. Furthermore, these environments are generally limited to single-agent systems,
whereas real-world systems tend to involve coordination and/or competition between
actors. The realism gap limits the reliable deployment of off-the-shelf RL algorithms

in real-world systems.

Developing better RL algorithms to address these challenges requires a means of
empirically benchmarking and comparing the performance of different algorithms
in real-world settings. Our inspiration comes from progress in supervised machine
learning (ML), where widespread adoption of breakthrough techniques was fueled
by large datasets with standardized benchmarks, such as ImageNet for computer
vision [225] and the GLUE benchmark for natural language processing [279]. More
recently, many supervised learning datasets have been created to address specific
real-world sustainability challenges, such as monitoring global progress towards

sustainable development goals [309].

In this work, we introduce SustainGym, a suite of 5 RL environments that realistically

model sustainability settings, summarized in Table 7.1:

* EVChargingEnv models the problem of scheduling electric vehicle (EV)
charging to meet user needs while minimizing CO, emissions.

* ElectricityMarketEnv models a grid-scale battery storage system bidding
into the electricity market to generate profit (through price arbitrage) and
reduce CO, emissions.

* DatacenterEnv models a datacenter deciding on a “virtual capacity curve”
to shift flexible jobs towards times of day with lower CO, emissions.

* CogenEnv models a combined cycle cogeneration plant producing steam and
electricity to meet local demand while minimizing fuel usage and ramp costs.

* BuildingEnv models the thermal control of building energy systems to reduce
the total electricity consumption while satisfying the user-specified temperature

requirement.

A key feature of SustainGym environments is their support for testing RL algorithms
under realistic and natural exogenous distribution shifts, which generally fall under

two categories:

1. Shifts in demand. In each environment, RL agents choose actions to satisfy
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Table 7.1: Summary of environments included in SustainGym and their features.
The “Single agent” and “Multi-agent” rows indicate what an individual RL agent
controls in that environment.

A
$ § ¢ R
Eav § s & $ §
& S F S 3
S I~ ¥ 3
& & 9
&
Control charging rates  market bids for virtual dispatch set heating supply
task for EV a grid- capacity curve  points for for buildings
charging connected for a turbines
stations battery storage carbon-aware
system data center
Modeled charging generic test (loosely) a specific generic DoE
after networks at case (IEEE Google data combined commercial
Caltech & JPL RTS-GMLC)  center cycle gas reference
generation building
plant in the models
U.S.
Single all EV single battery  single data all 4 turbine all buildings
agent charging system center units
stations
Multi-agent one EV N/A N/A one turbine one room,
charging unit, cooperative
station, cooperative
cooperative
Actions discrete or discrete or continuous mixed discrete  discrete or
continuous continuous & continuous  continuous
Rewards cost + CO, cost + CO, penalty + CO,  cost + CO; temperature
difference +
energy use
Distribution MOER, EV MOER, load MOER renewable outdoor
shift arrivals wind temperature

penetration

some “demand” that is often affected by the behavior of unmodeled agents.

For example, in EVChargingEnv, the demand is the amount of energy that

needs to be delivered to EVs that have arrived at the charging network. This

demand changed significantly at the start of the COVID-19 pandemic when

EV drivers changed their driving behaviors (Figure 7.2).

2. Shifts in environmental parameters. Real-world environments are rarely static,

and SustainGym environments reflect changing environment parameters due

to temporal and/or climate changes. For example, a battery storage controller

for ElectricityMarketEnv makes decisions to minimize marginal CO,
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emissions, but the distribution of CO, emissions varies over time as power

plants are added to or removed from the electric grid (Figure 7.1).

Notably, the distribution shifts reflected in SustainGym are unlike the “sim-to-real”
or offline-vs-online RL distribution shifts that have been more commonly studied
in the literature. The sim-to-real distribution shift comes from imperfect modeling
of the environment, whereas the offline-to-online RL distribution shift is caused
by a change in the policy used to generate trajectories. In contrast, the exogenous
distribution shifts in SustainGym are not due to imperfect environments nor policy
mismatches, but rather more fundamental changes in the transition dynamics of
the Markov decision processes. Note that only the transition dynamics experience

distribution shift; the state space, action space, and reward functions do not change.

Two other similar lines of work to the distribution shifts in SustainGym are non-
stationary RL environments [194] and distributionally robust RL [247]. However,
whereas nonstationary RL typically evaluates an RL agent’s performance over the
course of a changing environment, SustainGym benchmarks RL agents’ ability to
generalize to new (unseen) distribution shifts. Distributionally robust RL generally
assumes that the set of environmental distributions are known at training time, which

is not necessarily the case for the settings considered in SustainGym.

In addition to modeling realistic distribution shifts, SustainGym is distinctive for its
inclusion of multi-agent interactions, physical constraints, and mixtures of discrete

and continuous actions, as summarized in Table 7.1.

To demonstrate the use of the SustainGym, we perform experiments with off-
the-shelf RL algorithms. We find that these algorithms have mixed performance
on SustainGym. Furthermore, we show that distribution shifts may reduce the
performance of these algorithms significantly, demonstrating a need for more robust
algorithms. Finally, comparisons against non-RL baselines and oracles show that RL

has significant room for improvement.

The main text of this chapter summarizes key design choices and experimental
observations for SustainGym. Details can be found in Section 7.6. Code, licenses,

and instructions for using SustainGym can be found on GitHub.!

Related Work. Prior work related to SustainGym includes ConservationGym,
which focuses on ecological applications [145], PowerGridWorld for power system

modeling and simulation [34], and CityLearn for simulation of demand response and

lhttps ://github.com/chrisyeh96/sustaingym/


https://github.com/chrisyeh96/sustaingym/
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Figure 7.1: (left) MOER values from two different regions (a.k.a. “balancing
authorities”) in California, Pacific Gas & Electric (PGE) and Southern California
Edison (SCE). Solid line is the mean MOER over all days in a month at a given time
of day. Shaded region is +1 std. dev. (right) MOER forecast error increases with the
forecast horizon.

urban energy management [273], among others. RL environments and algorithms
for both EV charging [149, 126, 1] and electricity markets [280, 298, 49] have also
been released. Compared to these works, the unique aspects of SustainGym are its
focus on tracking estimated CO, emissions and its ability to test RL algorithms in
settings with challenging distribution shifts, physical constraints, and interactions
between multiple agents. We expect SustainGym to serve as a benchmark for the

progress of RL algorithm development for sustainable energy systems.

7.2 Environments
This section introduces the 5 environments in SustainGym and summarizes their

design choices.

Marginal CO; emissions. Three environments (EVChargingEnv, Electricity
MarketEnv, DatacenterEnv) impose a cost Pco, (in $/kgCO;) on the simulated
CO, emissions induced by the actions of an agent as a result of changes in electricity
consumption. To do so, our environments use data on California’s historical
marginal operating emissions rate (MOER, in kgCO,/kWh), which is the increase
in CO, emissions per increase in energy demand. The MOER at time 7 is denoted
m; € R4, and the forecasts generated at time ¢ for the next k time steps are denoted
Wipak—1)t € R*. By default, we use k = 36. Figure 7.1 shows how MOER values

and their forecasts vary across time and between different regions in California.
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Figure 7.2: EV arrival vs. departure times for the Caltech EV charging network.
Historical data is in blue, and log-likelihood contours from a 30-component GMM
are in orange. The distribution of EV arrival and departure times changed noticeably
when the COVID-19 pandemic began in early 2020.

EVChargingEnv

EVChargingEnv uses ACNSim [149] to simulate the charging of EVs based on
actual data gathered from EV charging networks between fall 2018 and summer
2021 [148, 147]. ACNSim is a “digital twin” of actual EV charging networks at
Caltech and JPL, which have n = 54 and 52 charging stations (abbrv. EVSEs,
Electric Vehicle Supply Equipment), respectively. ACNSim accounts for nonlinear
EV battery charging dynamics and unbalanced 3-phase AC power flows, and is thus
very realistic. ACNSim (and therefore EVChargingEnv) can be extended to model
other charging networks as well. When drivers charge their EVs, they provide an
estimated time of departure and amount of energy requested. Because of network
and power constraints, not all EVSEs can simultaneously provide their maximum

charging rates (a.k.a. “pilot signals”).

Each episode starts at midnight and runs at 5-minute time steps for 24 hours. At each
time step, the agent simultaneously decides all n EVSE pilot signals to be executed
for the duration of that time step. Its objective is to maximize charge delivery while

minimizing carbon costs and obeying the network and power constraints.

Observation Space. An observation at time ¢ is s(¢) = (t,d, e, m;_1, My pyp—1|1)-
t € [0, 1] is the fraction of day. d € Z" is estimated remaining duration of each EV
(in # of time steps). e € R’} is remaining energy demand of each EV (in kWh). If
no EV is charging at EVSE i, then d; = 0 and ¢; = 0. If an EV charging at EVSE i
has exceeded the user-specified estimated departure time, then d; becomes negative,

while e; may still be nonzero.

Action Space. EVChargingEnv exposes a choice of discrete actions a(t) €

{0,1,2,3,4}", representing pilot signals scaled down by a factor of 8, or con-
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tinuous actions a(t) € [0, 1]" representing the pilot signal normalized by the
maximum signal allowed M (in amps) for each EVSE. Physical infrastructure in a
charging network constrains the set A, of feasible actions at each time step 7 [147].
Furthermore, the EVSEs only support discrete pilot signals, so (A; is nonconvex. To
satisfy these physical constraints, EVChargingEnv can project an agent’s action a(t)
into the convex hull of A, and round it to the nearest allowed pilot signal, resulting
in final normalized pilot signals d@(7). ACNSim processes d(¢) and returns the actual
charging rate Ma € R’} (in amps) delivered at each EVSE, as well as the remaining
demand e;(r + 1).

Reward Function. The reward function is a sum of three components: r(t) =
p(t) —cy(t) — cc(t). The profit term p(t) aims to maximize energy delivered to the
EVs. The constraint violation cost cy(#) penalizes network and power constraint
violations. Finally, the CO; emissions cost c¢¢ (), which is a function of the MOER
m; and charging action, aims to reduce emissions by encouraging the agent to charge
EVs when the MOER is low.

Distribution Shift. EVChargingEnv supports real historical data as well as data
sampled from a 30-component Gaussian Mixture Model (GMM) fit to historical data.
We fitted GMMs to 4 disjoint historical periods, as defined in [158]. Figures 7.2
and 7.6 show the distribution of arrival and departure times in each of these 4 periods,
for both the historical data as well as the GMM log-likelihoods. From these figures,
it is evident that the pattern of user arrival and departure times changes over time,
with the most drastic shift happening between Fall 2019 and Spring 2020, which is
when the COVID-19 pandemic began.

Multiagent Setting. The multiagent setting features n agents, each deciding the
pilot signal for a single EVSE. The reward is split evenly among the agents. Each
agent obtains the global observation, except that the estimated remaining durations
and energy demands for other EVSEs are delayed by 7, time steps.

ElectricityMarketEnv

ElectricityMarketEnv simulates a realtime electricity market for 33 generators
and 1 8OMWh battery storage system connected on a 24-bus congested transmission
network based on the widely-used IEEE RTS-24 test case [255], with 5-minute
settlements and load data from IEEE RTS-GMLC [20]. While Electricity

MarketEnv is not modeled after any particular real-world transmission network, the
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RTS-GMLC electricity load profile was designed to be representative of a modern

transmission network located in the southwestern U.S.

All participants submit bids to the market operator (MO) at every time step. Based on
the bids, the MO solves the multi-timestep security-constrained economic dispatch
(SCED) problem which determines the price and amount of electricity purchased
from (or sold by) each generator and battery to meet realtime electricity demand.
Each episode runs for 1 day, with 5-minute time intervals. The agent controls the
battery system and is rewarded for submitting bids that result in charging (buy) when
prices are low, and discharging (sell) when prices and CO, emissions are high, thus

performing price arbitrage.

Observation Space. An observation is

s(t) = (t,e,alt = 1), -1, Pr—ts Li—1s Lo k=1, M1, Wgepk—112) -

t € [0, 1] represents the time of day. e € R is the agent’s battery level (in MWh).
a(t — 1) € R%*k is the previous action taken. x,_; € R is the previous dispatch (in
MWh) asked of the agent. p,_; € R, is the previous price experienced by the agent
(in $/MWh). [;_; € R, is the previous demand experienced by the agent (in MWh),

while f,;,+ r—1 € RF is the forecasted demand for the next k steps.

Action Space. An agent action is a bid a(t) = (a,a?) € Rk x R%, representing
prices ($/MWh) that the agent is willing to pay (or receive) for charging (or
discharging) per MWh of energy, for the next k + 1 time steps starting from time ¢.
The generators are assumed to always bid their fixed true cost of generation. The
environment solves the optimal dispatch problem to determine the electricity price
p: and the agent’s dispatch x; € R, which is the amount of energy that the agent is
obligated to sell into or buy from the grid within the next time step. The dispatch in
turn determines the storage system’s next energy level. We also provide a wrapper

that discretizes the action space into 3 actions only: charge, do nothing, or discharge.

Reward Function. The reward function encourages the agent to maximize profit
from charging decisions while minimizing associated carbon emissions. It is a sum
of three components: r(t) = rg(t) + rc(t) — cr(t). The revenue term rg(t) = p.x;
is the immediate revenue from the dispatch. The CO; emissions reward term
rc(t) = Pco,mx; represents the price of CO; emissions displaced or incurred by
the battery dispatch. The terminal cost ¢y (z), which is nonzero only when ¢t = T,

encourages the battery to have the same energy level at the end of the day as when it
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started. We also provide an option to delay all reward signals until the terminal time

(intermediate rewards are 0).

Distribution Shift. Distribution shift for ElectricityMarketEnv comes from
changes in both electricity demand and MOER profiles between summer and winter

months.

DatacenterEnv

DatacenterEnv is a simulator for carbon-aware job scheduling in datacenters,
which aims to reduce the carbon emissions associated with electricity usage in a
datacenter. Carbon-aware job scheduling is premised upon two facts: (1) a significant
fraction of a datacenter’s workload (e.g., up to 50% in some Google datacenters [274,
270]) is comprised of low priority jobs whose execution can be delayed, and (ii) the
carbon intensity of the electric grid fluctuates predictably over time. Therefore, if the
execution of low priority workload is delayed to a time of day with “greener” energy,

the datacenter’s carbon emissions can be minimized.

DatacenterEnv is loosely modeled after a Google datacenter. We assume that
jobs are scheduled according to a priority queue, with jobs spread evenly across the
available machines. Following Radovanovic et al. [214], we implement workload
execution delay by artificially limiting the total datacenter capacity with a virtual
capacity curve (VCC) at each time step. If more jobs are enqueued than the VCC
permits, then the jobs must wait until the VCC is raised high enough to allow the
jobs to run. Simulation is carried out by replaying a sample of real job traces from a
Google cluster from May 2019 [270]. One timestep in the environment corresponds

to one hour, and each episode lasts the whole month.

Observation Space. An observation s(7) = (a(t — 1), d;, n, 1it;.1423,) € R?” con-
tains the active VCC a(r — 1) set from the previous time step, currently running
compute load d;, number of jobs waiting to be scheduled 7, as well as the forecasted
MOER for the next 24h r;.;423)s.

Action Space. At time ¢, the agent sets the VCC, a(t) € [0, 1], for the next time
step. This action denotes the fraction of the datacenter’s maximum capacity allowed

to be allocated by the scheduler.

Reward Function. The reward consists of two components that encourage the
agents to trade-off between scheduling more jobs and reducing associated carbon
emissions. The first component penalizes the agent when jobs are scheduled more

than 24h after they were originally submitted. The second component is a carbon
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demand (right) on a 15 minute basis for 253 days in CogenEnv dataset, with 6
random traces highlighted for each.

emissions cost. Formally, the reward is specified as

23
r(t) = d; - my + 1 mod 24=0) max | 0,0.97w; — C Z a(t - h)
h=0
where d; - m; is the carbon emissions, C is the datacenter’s maximum capacity, and

wy, is the total job-hours of enqueued jobs on that day.

Distribution Shift. The distribution shift in DatacenterEnv comes from changes
in the MOER between 2019 and 2021.

CogenEnv

CogenEnv simulates the operation of a combined cycle gas power plant tasked with
meeting local steam and energy demand. Conventional dispatchable generators
suffer decreased efficiency as a result of frequent ramping, posing a particular
challenge as increasing penetrations of variable renewables necessitate larger and
more frequent ramps to ensure supply-demand balance. Thus, optimal operation of
cogeneration resources requires balancing the competing objectives of minimizing
fuel use, anticipating future ramp needs, and ensuring delivery of sufficient energy

and steam to the grid.

While CogenEnv models a specific combined cycle gas generation plant in the U.S.
(anonymized and location withheld for security reasons), the basic environment setup
is a representative prototype of more general dispatchable resource generation control
tasks, due to its complexity (the number of variables, mixed continuous/binary
decisions, complementary trains of the plant all needing to be controlled together). In
addition, the environment is readily modifiable to accommodate other cost structures
(e.g., changing the relative magnitude of the constraint penalties vs. the ramping

cost).
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Observation Space. An observation takes the form

S(t) = (T9a(t - 1)9 ’Tl‘2[+ka Pl‘:[+kaHl‘Zl‘+k9dp dq 71.[7 n-f

tt+k’ 4k’ Utk Uitk

where 7 = 1/96 is the time (normalized by number of 15 minute intervals in a day),

a(t — 1) is the agent’s previous action, Ty.+x, Pss+k, and H;,.j are current and k

p
t:it+k and

are current and k forecast steps of electricity and steam demand, respectively,

forecast steps of temperature, pressure, and relative humidity, respectively, d
q
dt:z+k

p
and ﬂt:t+k

respectively.

and 7Tf

-+ are current and k forecast steps of electricity and fuel price,

Action Space. The action space is a vector a(z) € R! specifying dispatch setpoints
and other auxiliary variables for all turbines in the plant. Specifically, for each of
three gas turbines, the agent specifies (a) a scalar turbine electricity output, (b) a
scalar heat recovery steam flow, (c) a binary evaporative cooler switch setting, and (d)
a binary power augmentation switch setting. In addition, for the steam turbine, the
agent specifies (a) a scalar turbine electricity output, (b) a scalar steam flow through

the plant condenser, and (c) an integer number of cooling tower bays employed.

Reward Function. The reward function is comprised of three components:
r(t) = = (rp(a(0); T, P, Hy) + 1y (a(t);a(t = 1)) + re(a(n); df . df)) -

r¢(a(t); Ty, Py, Hy) is the generator fuel consumption in response to dispatch a(?).
rr(a(t);a(t — 1)) is the ramp cost, captured via an ¢; norm penalty for any change
in generator electricity dispatch between consecutive actions. r.(a(t); d”, d}) is a
constraint violation penalty, penalizing any unmet electricity and steam demand, as
well as any violation of the plant’s dynamic operating constraints. The sum of these

three components is negated to convert costs to rewards.

Distribution Shift. CogenEnv considers distribution shifts in the renewable gener-
ation profiles, and specifically, increasing penetration of wind energy. This increased
variable renewable energy on the grid necessitates more frequent ramping in order
to meet electricity demand, and may pose a challenge for RL algorithms trained on

electricity demand traces without such variability.

Multiagent Setting. The multiagent setting treats each turbine unit (each of the
three gas turbines and the steam turbine) as an individual agent whose action is the
turbine’s electricity dispatch decision and auxiliary variable settings. The negative

reward of each agent is the sum of the corresponding turbine unit’s fuel consumption,
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ramp cost, and dynamic operating constraint penalty, as well as a shared penalty for
unmet electricity and steam demand that is split evenly across agents. All agents

observe the global observation.

BuildingEnv

BuildingEnv considers the control of the heat flow in a multi-zone building so as
to maintain a desired temperature setpoint. Building temperature simulation uses
first-principled physics models. Users can either choose from a pre-defined list
of buildings (Office small, School primary, Apartment midrise, and Office large)
and three climate types and cities (San Diego, Tucson, New York) provided by the
Department of Energy (DoE) Building Energy Codes Program [207] or define a
customized BuildingEnv environment by importing any self-defined EnergyPlus
building models. Each episode runs for 1 day, with 5-minute time intervals (H = 288,
7 = 5/60 hours).

Observation Space. For a building with M indoor zones, the state s(¢) € R¥*4

contains observable properties of the building environment at timestep ¢:

s(t) = (T1(0), ..., T (1), Ta(1), Ta (1), Q9 (1), QP (1)),

where T;(1) is zone i’s temperature at time step ¢, QP(¢) is the heat acquisition from
occupant’s activities, Q9HI(¢) is the heat gain from the solar irradiance, and Tg(f)
and Tg(¢) denote the ground and outdoor environment temperature. In practice,
the agent may have access to all or part of the state variables for decision-making
depending on the sensor setup. Note that the outdoor/ground temperature, room
occupancy, and heat gain from solar radiance are time-varying uncontrolled variables

from the environment.

Action Space. The action a(t) € [—1, 1] sets the controlled heating supplied to
each of the M zones, scaled to [—1, 1].

Reward Function. The objective is to reduce energy consumption while keeping
the temperature within a given comfort range. The default reward function is a

weighted ¢, reward, defined as

r(t) = =(1=p) lla@®)ll, - BIT** () = T(1)]l2

where T8 (f) = [Tltarget(t), ce, Tlt;rgm(t)]T are the target temperatures and 7'(¢) =
[T1(¢),...,Ty(2)]" are the actual zonal temperatures. BuildingEnv also allows

users to customize reward functions by changing the weight term S or the parameter
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Table 7.2: Distribution shift experiments

Environment What shifts Original setting Shifted setting
EVChargingEnv EV sessions, MOER  Summer 2019 Summer 2021
DatacenterEnv MOER May 2019 May 2021
CogenEnv Wind penetration 0 MW wind 300 MW wind

BuildingEnv Ambient temperature Summer 2004 ~ Winter 2003

p defining the £, norm. Users can customize the reward function to consider CO;

emissions and temperature constraints such as upper and lower temperature bounds.

Distribution Shift. BuildingEnv features distribution shifts in the ambient out-
door temperature profile 7g which varies with different seasons. BuildingEnv
supports the distribution shifts due to the variation of seasons, located cities of
the buildings, and can examine the challenges brought by such shifts in the RL

environment.

Multiagent Setting. In the multiagent setting for BuildingEnv, each agent controls
the heating action for a single zone in the building. It must coordinate with other
agents to maximize overall reward. Each agent obtains the same global observation

and reward.

7.3 Experiments

For each of the 5 environments in SustainGym, we implemented baseline non-RL
algorithms as well as off-the-shelf RL algorithms trained using either RLLib [160]
or Stable-Baselines3 (SB3) [215]. For most environments, we tested off-policy soft
actor-critic (SAC) [102] and on-policy proximal policy optimization (PPO) [231].
Note that neither RLLib nor SB3 has an implementation of SAC that supports mixed
discrete and continuous actions, as found in CogenEnv. For EVChargingEnv, we
also tested multi-agent implementations of PPO and SAC, where the same policy is
shared across agents. Non-RL algorithms tested include random policies and model
predictive control (MPC), which is a model-based controller. Detailed descriptions
of the implementations for each algorithm, including hyper-parameter tuning, are
given in Section 7.6. Finally, to test distribution shift, we trained RL agents in
both “original” and “shifted” environments, then compared their performance on the

shifted environment, as described in Table 7.2.



trained on
6 : B Summer 2019
@ [ Summer 2021
c :
3 H
g4 :
o H
> -
g2 g
0
Offline  Greedy MPC-3  Random PPO PPO-d SAC MA-PPO MA-PPO-d MA-SAC
optimal
Algorithm
(a) EVChargingEnv
150000 : H
125000 : -20
8 : 2
¢ 100000 : -
= 5 —40
% 75000 : ]
o o
> 50000 é 2 -60
© g ©
O 25000 ; a : trained on
0 : -80 : . 2019
: = 2021
—25000 s 3
Random SAC SAC discrete MPC PPO SAC DDPG
Algorithm Algorithm
(b) ElectricityMarketEnv (c) DatacenterEnv
le7
0 i 2000 i
I 0o —
c -1 ~2000 ?
El H c g
2 8 £ -4000 g
& g 2 :
> 5 : 2 -6000 :
8 : _ 2 -8000
trained on © 3
N OMW wind © ~10000 :
-3 wind trained on
[ 300MW wind —12000 o Summer
. -14000 [N Winter
Random PPO MA-PPO

Algorithm

(d) CogenEnv

MPC Random SAC PPO PPO discrete A2C A2C discrete

Alaorithm

(e) BuildingEnv

170

Figure 7.4: Experimental results for all 5 environments comparing performance on
the shifted environment between RL algorithms trained on the original environment
(blue) and RL algorithms trained on the shifted environment (orange). Policies using
discretized actions are indicated with “-d”, and multi-agent policies are prefixed with

“MA-". For a complete description of the experiments, please see Section 7.6.
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7.4 Discussion and Conclusion

Our experiments, shown in Figure 7.4, demonstrate a wide range of outcomes for
off-the-shelf RL algorithms, with no single algorithm outperforming all the rest. In
EVChargingEnv, for example, most of the RL algorithms perform no better than
random actions, with the exception of multi-agent PPO with discrete actions. On
DatacenterEnv and BuildingEnv, we notice a wider spread of returns across the
different RL algorithms. In contrast, model-based MPC algorithms, where available,

tend to perform more consistently than most RL algorithms.

In terms of distribution shift, we see a wide range of outcomes between agents trained
on the original environments versus the shifted environments. Surprisingly, in Cogen
Env, both single-agent and multi-agent policies trained on the shifted environment
perform worse on the shifted environment than agents trained on the original
environment. We believe this result may be due to the increased variability of shifted
environment, making the shifted environment harder to learn in. In Datacenter
Env, the shift in MOER values shows essentially no effect on agent performance.
In EVChargingEnv, agents trained on the shifted environment generally perform
slightly better than agents trained on the original environment. In BuildingEnv,

agents trained on the shifted environment perform much better.

These results highlight that the distribution shifts present in SustainGym environments
provide substantial opportunities for future research, including robust RL algorithms
[199] as well as online learning under distribution shift. Developing RL algorithms
that are robust to these natural distribution shifts will be critical for deploying
RL in the real-world high-impact sustainability settings such as those modeled by

SustainGym environments.

Multi-agent RL. SustainGym is currently designed to support multi-agent RL
in 3 environments, with the goal of upgrading all environments with multi-agent
support in the future. In the two environments for which we tested multi-agent RL
policies (EVChargingEnv and CogenEnv), the multi-agent PPO (MA-PPO) policies
out-performed all other RL policies. We suspect that this may be because the
action spaces in these environments factorize well across agents, so the multi-agent
policies can learn more efficiently. Furthermore, we suspect that multi-agent policies
may have the potential of performing better under distribution shift, since their
environments are naturally non-stationary during training. We notice this to be true

for both EVChargingEnv and CogenEnv: of the RL policies trained on the original



172

environments, the multi-agent policies performed best when tested on the shifted

environment.

Future work. SustainGym is under active development, with several key directions

of future work:

* Comprehensive support for multi-agent RL. Currently, only 3 out of the 5
environments support multi-agent RL. We are working to extend the two other
environments ElectricityMarketEnv and DatacenterEnv to the multi-
agent RL setting. For ElectricityMarketEnv, we plan on introducing
multiple batteries into the same transmission network, each controlled by
separate competing agents. This will be the first competitive multi-agent RL
environment in SustainGym. (All other environments feature cooperative multi-
agent RL.) For DatacenterEnv, we plan on introducing multiple datacenters
spread across geographic regions to enable both temporal and geographic
carbon-aware load shifting. Each datacenter would be its own agent.

* Different degrees of distribution shift. Currently, SustainGym environments
feature a binary choice of distribution shift: an original environment, and
a shifted environment. We plan on introducing more settings with varying
degrees of distribution shift.

* More environments. We welcome new environment ideas and contributions to
SustainGym and are working with potential collaborators to extend the scope

of environments.

Limitations We conclude by acknowledging general limitations of SustainGym.
First, SustainGym only captures very limited dimensions of sustainability (i.e., energy
and CO, emissions) and does not account for other aspects such as water usage and
other pollutants associated with energy production. We welcome collaboration with
experts in these other sustainability domains to help us improve the sustainability
mission of SustainGym. Second, SustainGym is limited in the types of distribution
shifts that are considered. Finally, while SustainGym environments have been
designed to be reasonably representative of various sustainable energy settings, there
is inevitably a gap between SustainGym simulations and actual hardware systems.
A detailed discussion of the representativeness, generalizability, and limitations of

each environment can be found in Section 7.6.
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7.5 Metadata

Hosting and maintenance

SustainGym is hosted as a Python package on GitHub and PyPI. SustainGym is
semantically versioned, and the version accompanying this publication is designated
v1.0.

A guide for contributors is available in the GitHub repo.
The following authors are the maintainers for each environment in SustainGym:

* EVChargingEnv: Christopher Yeh
ElectricityMarketEnv: Christopher Yeh

* DatacenterEnv: Christopher Yeh
e CogenEnv: Nicolas Christianson
BuildingEnv: Chi Zhang

Licenses and responsibility

SustainGym as a whole is released under a CC BY 4.0 license.2 However, the Cogen
Env and accompanying code is released under a more restrictive CC BY-NC-SA 4.0
license,’ per the terms of the model provider Enexsa. These licenses are available in

our GitHub repo.

Intended uses

SustainGym is intended as a testbed for RL algorithms in sustainability-focused en-
ergy systems. While significant efforts have been undertaken to make the SustainGym
environments closely match real-world systems, performance on SustainGym envi-

ronments is not a guarantee of performance on real-world systems.

7.6 Environment and Experiment Details
EVChargingEnv
Assumptions. In addition to the description given in Section 7.2, EVChargingEnv

makes the following assumptions:

* EVs staying overnight can be ignored. Upon the start of each episode, we
assume the garage is empty. Analysis of historical traces on the adaptive
charging network show that at most 12 cars at one time stay through midnight.

Because this number is small compared to the number of stations, we do not

thtps ://creativecommons.org/licenses/by/4.0/
3https://creativecommons.org/licenses/by-nc-sa/4.0/


https://github.com/chrisyeh96/sustaingym
https://pypi.org/project/sustaingym/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
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Figure 7.6: Like Figure 7.2, but for the JPL charging network.

expect the assumption of an empty garage at the start of the day to significantly
impact the accuracy of the environment in representing real-world settings.

* All EVs have identical batteries. Because ACN-Data does not include data
on the model of each EV, yet ACN-Sim models battery charging dynamics
which vary based on battery capacity, we assume that all EVs contain 100
kWh batteries and come with an initial state of charge such that if the EV
were charged to the amount of the user-requested energy, the battery would be
full. Energies requested over 100 kWh are capped at 100 kWh. We use the
Linear2StageBattery battery model within ACN-Sim.

Thus, each historical charging session includes time of EV arrival, estimated

departure, actual departure, energy delivered, and EVSE ID.
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Feasible action space. Let £ denote physical infrastructure resources (e.g., trans-
formers or breakers) in the charging network. These infrastructure resources are
characterized by (A, ¢, ¢, v) where A € RI<IXm accounts for the charging network
layout, ¢ € R" is the voltage phase angle of each EVSE, ¢ € RI£! is the capacity limit
for each resource, and v € R, is the EVSE voltage (in kV). Along with the demand
at each EVSE, (A, ¢, c¢) defines the time-dependent set of valid actions (A,. Lastly,
let M = 32 denote the maximum allowed pilot signal (in amps) for each EVSE.

When an agent gives the environment its desired normalized pilot signals a(¢) € [0, 1],
the projection into the convex hull of A, is performed by solving the following

convex optimization problem:

min |la(t) —all, (7.1a)
aeR”

st. 0<a;<1 Vie{l,...,n} (7.1b)

Mayvt < e; Vie{l,...,n} (7.1¢)

n
Z AiMa:e’?| < ¢ Vie L (7.1d)

i=1

7]

Here, j = V-1 is the imaginary number and I; is the aggregate current through
constraint [ € L. The quantity Md;vt computes the energy (in kWh) to be charged
from EVSE i during the next time step. The continuous pilot signals Ma are then
rounded to the set of discrete pilot signals supported by each EVSE, resulting in the
final pilot signals Mda(t).

Reward function. The profit term p(¢) aims to maximize the amount of energy
delivered to the EVs. Let 7 € R, denote a fixed marginal profit (in $/kWh) that
the EV charging network earns for each unit of energy delivered and v € R, be the

voltage (in kV) of the charging network. Then,
p(t)=n Z Mayvt =naMa' vt
i=1

where 1 denotes a vector of all ones. The constraint violation cost cy(¢) aims to

reduce physical constraint violations and encourage the agent’s action a(¢) to be in
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A;. We penalize violation costs with a weight Ay (in $/kWh), so

ev(t) = Ay Z max{[;(¢) — c;, 0}vt
leL
where [; is the electrical current and c¢; is the maximum current capacity at resource
[. By default, we set Ay = 0.01.

Finally, the CO, emissions cost c¢ () aims to reduce emissions by encouraging the
agent to charge EVs when the MOER is low. We have

n
ce(t) = Pco,m; Z Ma;vt = Pcozm,MdTlvr
i=1

Model predictive control (MPC). As a baseline non-RL algorithm, we consider
a model predictive control (MPC) controller similar to what is proposed in [147].
Let w < k denote the length of the lookahead window (up to the number of MOER
forecast steps k). Then, at every time step ¢, the MPC controller solves the following

optimization problem:

w—1
max (m = Pco, k) Ma* T 1vr (7.22)
al,....av-leRr o
st. 0<ak<1 Vk €{0,...,w—1} (7.2b)
w—1
Md*vr < e (7.2¢)
k=0
ak =0 Vie{l,...,n}, k>d; (7.2d)
n
AliMafej‘bi <c¢y, Vie L, ke{0,...,w—-1}

(7.2e)

The optimization problem plans pilot signals for the next w time steps to maximize
revenue and minimize forecasted carbon emissions cost. (7.2¢) ensures that the pilot
signals do not over-charge the EVs. (7.2d) prevents charging EVs after their estimated

departure times. (7.2e) is the usual infrastructure constraint.

Only the first planned pilot signal Ma® is used. It is rounded to the set of discrete
pilot signals supported by each EVSE, resulting in the final pilot signal Md(z). On
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the next time step, the MPC algorithm resolves the optimization problem. Figure 7.4a

shows the distribution of returns for “MPC-3”, which sets w = 3.

Training. The entire summer 2021 period [158] was selected as the testing period.
We performed three splits: 1) by RL algorithm (PPO and multi-agent PPO vs. SAC
and multi-agent SAC), 2) continuous vs. discrete action space, and 3) training
data generated by GMMs based on out-of-distribution data (summer 2019) vs. in-
distribution data (summer 2021). In each of the four cases, we used action projection
during training and testing, eliminating costs of network violations. We tested 3
learning rates for each algorithm: PPO (5e-6, 5e-5, 5e-4) and SAC (le-2, le-3,
le-4). These learning rates were chosen as the default RLLib learning rates for each
algorithm, scaled by factors of 10, 1, and 0.1. For each learning rate, three different
random seeds were tested, and the model with the best training performance was

selected.

Representativeness and Generalizability. EVChargingEnv, as mentioned in
Section 7.2, is based on the actual EV charging networks in place at Caltech and
the Jet Propulsion Laboratory (JPL), both located in Pasadena, California, U.S.A.
EVChargingEnv uses a “digital twin” of these networks, called ACN-Sim [149],
as well as real historical EV charging data [148], in the simulation of the RL
environment. While different EV charging networks may have different constraints,
the adaptive EV charging problem is similar across all networks (i.e., deciding pilot
signals for EVSEs to maximize energy delivery while minimizing costs and satisfying
network and power constraints). In this way, EVChargingEnv is very representative
of this type of control task. Furthermore, the code for ACN-Sim is open-source and
well-documented,* which allows EVChargingEnv to be extended to model other

charging networks as well.

Limitations. As mentioned under “Assumptions” above, EVChargingEnv uses
some simplifying assumptions, in part because of limited data availability. Further-
more, the reward function in EVChargingEnv currently assigns a fixed marginal
profit per unit of energy delivered to an EV, whereas larger EV charging networks
are often affected by time-varying wholesale electricity prices. Finally, electricity

grid failures and communication failures are not modeled in EVChargingEnv.

4https ://acnportal.readthedocs.io/


https://acnportal.readthedocs.io/
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ElectricityMarketEnv

System Model and Motivation. ElectricityMarketEnv aims to simulate grid-
scale battery storage systems participating in an energy market for a regional
transmission network. A battery has two objectives: make profit from price arbitrage
(buy low, sell high) while minimizing its associated CO; emissions. The CO;,

emissions are accounted for when both charging and discharging:

* When a battery charges energy from the grid, it incurs the CO, emissions
associated with grid’s current marginal emissions rate (MOER).

* When a battery discharges energy into the grid, it offsets other generators that
would have had to supply more electricity, thereby reducing CO, emissions

commensurate with the grid’s current MOER.

Network congestion refers to physical limits on transmission line capacity that prevent
a generator from supplying electricity to a load at an arbitrary bus (a.k.a. “node”)
on the network. Such constraints lead to inefficiencies but are present in almost all
real-world transmission networks. Thus, modeling these transmission constraints is

important for ensuring electricity grid reliability.

The parameters of ElectricityMarketEnv are listed in Table 7.3. The default
environment is based on the Region 1 in the IEEE Reliability Test System (RTS)
[20], with 5-minute settlements (6 = 5/60 hours), an episode length of T = 288 (1
day), and a lookahead horizon of 4 = 36 steps (3 hours). The IEEE RTS network
features N = 24 nodes (a.k.a. buses) connected with M = 38 lines. Connected to
the network are Ng = 33 conventional thermal generators and Np = 17 loads. The
network is slightly modified to add a single (Np = 1) 80MWh battery system located
at bus 11, with maximum charge/discharge rate b¢ = pd = 20MW, and initial and
final state of charge (SOC) x = 0, x’ = x/ = 40MWh. Charge/discharge efficiency is
setto n° = ¢ = 0.95, and the minimum generation limit for all generators is changed

wgza

We assume that an independent system operator (ISO) solves standard security-
constrained economic dispatch (SCED) with the DC (decoupled) power flow equations.
“Security-constrained” means that line limits are respected. The formulation has the

following features:

* 3 classes of market participants: generators, loads, and storage
* DC PF equations

¢ Line flows and constraints
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¢ Linear cost functions

¢ Nodal demand timeseries

The formulation lacks the following features that may be considered important in a

practical implementation of SCED:

* Unit commitment for thermal units
* Line and generator outage contingencies, e.g., N — 1 security
* QOperating reserves

* Piecewise linear and quadratic generator cost functions

Flexible, curtailable load

Renewable generators

* Generator ramping constraints

Battery storage. There are Np batteries in the system, of which only one is seeking

to learn an optimal bidding strategy. Assign index k = 1 to this unit.

The bid must satisfy power bounds and non-simultaneity. The strategic battery must
manage its own state of charge. The other B — 1 batteries are assumed to be managed

by the ISO. We do not consider the possibility of simultaneous charge/discharge.

The state of charge evolution of each battery is linear in charge/discharge efficiency
parameters 7y, n?. The charge/discharge limits and the SOC constraints are assumed
to be known by the system operator for all units and are not part of the strategic
agent’s bid. The initial state of charge in each interval is given by the solution from

the previous interval’s lookahead optimization.

Generation and load. There are Ng generators in the system, with potentially
multiple generators at each node. We do not consider ramping limits on generators
or non-convexities from start-up and shutdown costs and constraints. The generators
are constrained between their minimum (g = 0) and maximum production limits g.

It is assumed that a feasible unit commitment exists for the given g and g.

The load vector d, € RV? is taken to be fixed (inflexible load). The demand prediction

for T > ¢t is given by d., provided by an hourly day-ahead forecast.

Powerflow equations and line limits. The line susceptance matrix is B =

diag(By, ..., By) € RIM where B; € R is the susceptance of line ;.

The matrix C € {-1,0, 1}M is node-edge incidence matrix of the graph.
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The slack bus of the network is assigned WLOG to node index i = 1. By convention

the voltage angle of this node is fixed:
91’1‘ = 0 Vt

Given a vector of nodal real power injections p, € R", the power flows along lines in
the network f, € RM is given by f; = Hp, with the generation shift matrix H € RM*N

defined as H := BCT (CBCT)".

Economic dispatch problem. We implement a version of SCED called multi-
interval lookahead real-time economic dispatch. In this version of the market clearing,
the systems operator seeks to clear the market sequentially for each timestep (e.g.,
every 5 mins), optimizing over the current interval ¢ plus a lookahead horizon of
h additional intervals. Only the solution from interval ¢ is retained; the remaining
h decisions are advisory. In systems with intertemporal constraints (e.g., energy
storage, unit commitment, ramping), it is necessary to perform this multi-interval
dispatch to improve ex-post optimality and as well as to retain feasibility. In practice,

North American ISOs all solve a version of multi-interval dispatch.

For interval ¢, the multi-interval SCED problem is
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t+h | Ng Np
min ¢ & gre+ Yy b8 .= > pe . (7.3a)
gt,bﬁ,bﬁi ; ; k,t ; k.t k, k.t k,
st. Z[d],gl, b, biT]T =p, VT =t,...,t+h
(7.3b)
A L 17p6=0 Vr=t,...,t+h
(7.3¢)
Ui, u; L |Hp| < % Yr=t,...,t+h
(7.3d)
d. =d, Vr=t,....,t+h
(7.3e)
ggngg Yr=t,...,t+h
(7.31)
0 <bS <be Vr=t,...,t+h
(7.3g)
0 <bd <bd VT =t,...,t+h
(7.3h)
X; = X;_| + diag(n°)bSs — diag(n?)~'bds Vr=t,...,t+h
(7.31)
X <x; <X YTr=t,...,t+h
(7.3))
Xt—l = X:_] (7.3k)
Xioh = X0 (7.31)

Here, x;_, is the state of charge decision from the previous interval. The constraint
says that the current state of charge is whatever the battery was charged/discharged

to in the previous dispatch.

In order to ensure that the battery is never simultaneously charging and discharging
; c d
(ie.,forevery k € {1,...,Npy}and 7 € {t,...,t + h}, at most one of by . and by
should be nonzero), we can instead formulate the problem as a mixed-integer linear

program:



183

t+h | Ng Np

min, ¢ 2. ; ¢t gur+ ; b~ bt (7.4)
st. Z[d],gl,bST,bdT]T = p. Vr=t,....,t+h (7.4b)
1'p.6=0 Yr=t,....,t+h (7.4c)
|Hp,| < £ Vi=t,...,t+h (7.4d)

d, =d, Vi=t,...,t+h (7.4e)
g<g <g Vr=t,...,t +h (7.4f)

z. € {0, 1}V Vr=t,...,t+h (7.4g)
0<bi<b oz, Vr=t,...,t+h (7.4h)
0<bi<biol-z) Ve=t,...,t+h (7.4

X: = X;_| + diag(n)b¢ — diag(n?)~'b? Vi=t,...,t+h (14

X <X <X Vr=t,...,t +h (7.4k)
X-1 =X, (7.41)

Xpap = X' (7.4m)

However, the mixed-integer linear program does not produce dual-variables the same
way that the original linear program does. In order to recover nodal prices, we first
solve the mixed-integer linear program to determine the optimal values for z,. Then,
in the linear program, we replace b¢ with b¢ ® z, and bd with b © (1-12;), and we
solve the linear program to get the nodal prices from the dual variables. Although
this procedure requires solving two optimization problems (first the MILP, and later
the linear program), in practice solving the linear program is very fast, since the

optimization variables can be initialized to their optimal values from the MILP.

Market clearing and settlement. The market clears when optimization problem
(7.3) has a feasible solution, denoted (g;, bf™, b?*). The nodal vector of market
clearing prices 7 € RV (in $/MWh) is defined by a function of dual variables
A

mo= AL+ H (" = py")

For each interval ¢, the settlement rule for generator k at node i is:

1. Generator k produces power g,
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2. Generator k receives revenue 7; g}i ;

The settlement rules for loads and batteries are analogous. When a battery is charging
(b, > 0), it pays the nodal price; when it is discharging (bz . > 0), it receives the

nodal price.

Representativeness and Generalizability While ElectricityMarketEnv is
not modeled after any particular real-world transmission network, it simulates the
transmission network from the widely-used IEEE Reliability Test System (IEEE
RTS-24) [255]. As the IEEE RTS-24 test case did not include electricity load data,
we chose to incorporate load data from the recent 2019 IEEE RTS-GMLC update
[20], which was designed to be representative of a modern transmission network
located in the southwestern U.S., featuring a variety of renewable and distributed
generators as well as representative electricity load profiles. According to industry
experts, both the IEEE RTS-24 and IEEE RTS-GMLC are simplified but standard test
cases. Furthermore, ElectricityMarketEnv has a modular design and is readily

modified to simulate a particular network.

The multi-time-step security-constrained economic dispatch problem (SCED) im-
plemented in ElectricityMarketEnv (7.3) is also representative of how market
operators schedule generators and determine nodal prices in most electricity markets
in the U.S.A.

Limitations Designing ElectricityMarketEnv to be easy to use necessitated
some limitations in what could be modeled. First, the default IEEE RTS-24 network
only features 24 buses, which is smaller than most real-world transmission networks.
However, because each step of the environment requires solving a mixed-integer
linear program, a larger test case would have significantly increased the amount of
time taken in the environment and thus slowed down any RL training. Users who
wish to test their RL algorithms in larger transmission networks are welcome to

modify ElectricityMarketEnv for their needs.

Second, ElectricityMarketEnv is only based on data representative of modern
electricity markets in the U.S.A., whereas many regions around the world still feature
vertically-integrated energy monopolies and/or “traditional” electricity markets that

may not necessarily solve a similar SCED optimization problem.

Finally, ElectricityMarketEnv only features distribution shifts in the form of

changes in the marginal carbon emissions and load profiles between summer and
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winter months. In the real-world, distribution shifts also occur when more generators
are added to the network, when older generators are retired, and when the transmission
network changes (e.g., when new transmission lines are added or upgraded, or when

transmission lines are taken offline by extreme weather events).

DatacenterEnv

System Model and Motivation. DatacenterEnv is inspired by the carbon-aware
job scheduling approach adopted by Google’s datacenters, as described in [214].
The Google approach can be summarized as follows. Each day, the system plans
the 24-hour virtual capacity curve (VCC) for the next day by solving a constrained
optimization problem whose objective is to minimize a weighted sum of expected
carbon emissions and expected peak power consumption. The main constraint is that
the VCC for the next day must sum to the 97th-percentile of the predicted total daily
capacity requirement. Capacity is measured in terms of normalized CPU compute
units. The VCC artificially limits the total datacenter capacity at each hour, forcing
enqueued jobs to be scheduled later than they would otherwise run. The goal is to
reduce the number of running jobs when the carbon intensity of the electrical grid
(CO, emissions per electrical energy used) is high, and run more jobs when the
carbon intensity is low. By time-shifting jobs, the datacenter is able to reduce its

CO, emissions.

The VCC-based approach to carbon-aware job scheduling is scheduler-agnostic as it
works with any scheduler (e.g., a FIFO queue, or a priority queue). The details of
job placement (which physical machine runs each job) and job prioritization (which

jobs run first) are up to the scheduler.

Whereas the Google approach plans a whole day’s VCC at once, DatacenterEnv
allows RL agents to plan the VCC one hour at a time. Furthermore, Datacenter
Env makes the following simplifying assumptions compared to the Google approach

described above:

* DatacenterEnv does not provide any predictions of the next-day predicted
total daily capacity, instead relying on the reward function to penalize an agent
for failing to plan a VCC that meets 97% of the day’s capacity.

* DatacenterEnv does not account for peak power consumption.

* DatacenterEnv uses a simple scheduler based on a priority queue, and jobs
are randomly placed on any available machine. Machine constraints are not

accounted for.
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In DatacenterEnv, the data used to simulate a datacenter workload is subsampled
from Cluster A from the Google Cluster Workload Traces May 2019 dataset [270].
The 47,276 jobs in our subsample include widely varying priorities, ranging from O
(low priority) to 450 (high priority, latency-sensitive). We assume that our datacenter

consists of 101 i1dentical machines.

Training. We trained PPO, SAC, and deep deterministic policy gradient (DDPG)
[163] RL algorithms on DatacenterEnv using PyTorch with RLLib’s default

hyperparameters for 60 episodes.

Representativeness, Generalizability, and Limitations. DatacenterEnv is
loosely based on a Google data center from May 2019. As most datacenters
do not disclose their exact job scheduling mechanisms and machine specifications,
DatacenterEnv uses several simplifying assumptions. It uses a simple priority
queue for scheduling jobs, and it assumes that there are no constraints for which jobs
can be placed on which machine. However, DatacenterEnv does use a subsample of
actual job traces from a Google datacenter in May 2019, which includes information
for each job such as priority, duration, and compute usage. As DatacenterEnv is
specifically based on the VCC framework used by Google’s approach to carbon-aware
datacenters, it does not reflect efforts by other cloud computing providers such as
Microsoft [118] that may incorporate carbon emission estimates directly into the

decision-making of their datacenter job schedulers.

Because Google only released datacenter job traces from May 2019, our ability to
provide distribution shifts in DatacenterEnv over time is limited. We have thus
chosen to only test shifts in the marginal carbon emissions rate, even though more
realistic distribution shifts would also include changes in the statistics of datacenter

jobs and in the capacities of the datacenter machines.

CogenEnv

System Model and Motivation. In the single-agent cogeneration environment,
the agent controls a combined-cycle gas power plant with three gas turbines and
one steam turbine. Gas power plants, similar to other conventional dispatchable
generation types, suffer from loss of efficiency and degradation as a result of ramping
energy generation up and down, thus necessitating the development of dispatch
algorithms that can balance the tradeoff between fuel efficiency and ramp magnitude

by anticipating future ramp needs while meeting demand in the highly constrained
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decision space. Such algorithms are even more crucial during the ongoing energy
transition, as large quantities of variable and intermittent solar and wind resources are
added to the grid. The variability of these resources requires dispatchable generators
to ramp more frequently to balance supply with demand, and thus, dispatch algorithms
that have been deployed historically may be suboptimal if they do not consider these
ramp needs. The problem of dispatchable power plant operation in the face of
uncertain renewable generation is thus an important problem, as better algorithms
for generator dispatch will ensure that the performance and fuel efficiency of thermal

generators will not degrade as renewables penetration increases.

The foundation of the system model in CogenEnv is a neural network that maps
ambient conditions and dispatch variables to plant fuel consumption and other
variables related to plant operation and constraints. This model was developed in
partnership with Beyond Limits and Enexsa. A summary of the plant model inputs
and outputs is provided in Table 7.5. In the table, “GT” abbreviates “Gas Turbine”
and “HRSG” abbreviates “heat recovery steam generator”. In brief, a generator
dispatch decision includes generator outputs and steam flows for each of the three gas
turbines, along with auxiliary binary decisions concerning the state of an evaporative
cooler and power augmentation mode for the gas turbine. The dispatch decision
also includes a generator output, condenser steam flow, and cooling tower bay count
for the steam turbine. This dispatch decision, when provided to the plant model
in conjunction with ambient temperature, pressure, and relative humidity (together
comprising entries 1 through 18 in Table 7.5), yield a number of outputs (entries 19
through 47) detailing the fuel consumption of each turbine unit (entries 23-31) and
of the plant as a whole (entry 22), the electric power generation of the plant (entry
19), the plant steam production (entry 20), and a number of dynamic operating limits

on the dispatch variables (entries 32-47).

Action Space. The action space for the single-agent environment is a vector
a(t) € R specifying a dispatch decision for the cogeneration plant, and specifically,

specifying values for entries 4 through 18 of Tables 7.5.

Observation Space. As described in the main body of the paper, observations take
the form

S(f) = (T’a(f - 1)’Tl:t+kaPl:t+kaHtit+k’ dp dq 7Tp 7Tf

tit+k’ Ctit+k’ U tit+k U tit+k/
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where 7 is a normalized time — we consider each episode to be a single day, broken
into 15 minute intervals, so 7 = /96 — and a(¢ — 1) is the previous action. T4,
P q P f
Proies Herkes iy o iy o Trp rit+k
of future forecasts of temperature, pressure, relative humidity, electricity demand,

and 7 are vectors of the current and k steps
steam demand, electricity price, and fuel price, respectively. The units and limits of
temperature, pressure, and relative humidity are as in entries 1 through 3 of Table 7.5,
electricity demand has units MW, and steam demand is in klb/h. While we do not
use electricity and fuel prices in the reward for this environment, we include them in
the observation to allow for modification of the agent reward to incorporate financial
incentives; gas price data was obtained from the Henry Hub Natural Gas Spot Price
dataset (https://www.eia.gov/dnav/ng/hist/rngwhhdm.htm) and electricity
price data was obtained from historical day-ahead prices at the Houston zone of the
ERCOT grid (https://www.ercot.com/mp/data-products/data-product-
details?id=NP4-180-ER).

Reward Function The reward for the agent is defined as
r(t) = = (rp(a(0); T, P, Hy) + 1y (a(t);a(t = 1)) + re(a(n); df . df)) -

The term r ¢ (a(t); T;, P;, H;) is the generator fuel consumption in response to dispatch
decision a(7); this is exactly the total fuel consumption of the plant (entry 22 of
Table 7.5) resulting from model inputs (73, P;, H;, a(t)). The term r,(a(¢); a(t — 1))
is the cost of ramping electricity generation up or down. Defining a(t) to be the jth
entry of Table 7.5 (so j ranges from 4 to 18 to include all entries comprising the

action space), the ramp cost is defined as

rr(a(t);a(t=1)) = - (las(t) —as(t = 1)| + |ag(t) — ag(t — 1)]
+lan(t) —ap(t - 1| +|ae(t) —ae(t = 1))).

In our experiments, we set the penalty magnitude § = 2, following [58]. The
third term, r.(a(t); d?, d}'), penalizes two types of constraint violation: the first is
supply-demand imbalance. Let x(f) € R’ be a vector containing plant model inputs
and outputs as in Table 7.5; then x9(7) is the total power output of the plant and x,((7)
is the total steam output of the plant. The form of the penalty on supply-demand

imbalance is as follows:
ria(t);dl,dl) =y - (max{0,d’ - x19(t)} + max{0, d{ — x2()}).

The second type of constraint violation penalized is that of the dynamic operating

constraints. These are determined by the plant outputs in entries 32 through 47


https://www.eia.gov/dnav/ng/hist/rngwhhdm.htm
https://www.ercot.com/mp/data-products/data-product-details?id=NP4-180-ER
https://www.ercot.com/mp/data-products/data-product-details?id=NP4-180-ER
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of Table 7.5, and constrain dispatch variables to lie within certain intervals. This

penalty takes the following form:

™ (a(n);dl,dl) =y - (max{0,x4(r) — x32()} + max{0, x33() — x4(r)}
+ max{0, xg(r) — x34(#)} + max{0, x35(r) — x3(r)}
+ max{0, x12(#) — x36(¢) + max{0,x37(7) — x12(2) }
+ max{0, x7(¢) — x33(¢t)} + max{0, x39(¢) — x7(¢)}
+max{0, x11(¢) — x40() } + max{0, x41(¢) — x11(2)}
+ max{0, x15(¢) — x42(¢)} + max{0, x43(7) — x15(1)}
+ max{0, x17(¢) — x44(¢)} + max{0, x17(7) — xa5(1)}

+max{0, x16(7) — x46(¢)} + max{0, x47(¢) — x16(1)}).

In our experiments, we set the penalty magnitude parameter v = 1000. The total
constraint violation penalty is simply the sum of the supply-demand violation penalty

r$d(a(t); d?, d!) and the dynamic operating constraint penalty r?yn(a(t); ar,dl).

Distribution Shift. In our distribution shift scenario, we consider the addition of 300
MW of wind energy onto the grid, which increases variability of net energy demand
and changes the shape of load profiles. We obtain simulated wind speed profiles
using the WIND Toolkit [131] at an altitude of 100m at (39.970406, —128.77481)
at 15 minute intervals, and transform these into electricity generation profiles using
the power curve for an IEC Class 2 turbine, scaling to obtain a maximum generation
level of 300 MW.

Multi-Agent Setting. In the multi-agent version of the environment, each of the
four agents represents one of the blocks of the cogeneration plant: the first three
control the three gas turbine blocks, and the fourth controls the steam generation
block. Each agent observes the global observation, but controls only the variables
relevant for its block — thus, agent 1 controls variables 4 through 7 in Table 7.5,
agent 2 controls variables 8 through 11, agent 3 controls variables 12 through 15,
and agent 4 controls variables 16 through 18. Each agent’s reward only includes
the terms relevant for its unit - thus, for instance, agent 1 pays fuel cost according
to entry 25, ramp cost B - (|a4(t) — a4(t — 1)|), and dynamic operating constraint
penalty y - (max{0, x4 (1) —x32(r) } + max {0, x33(r) —x4(¢) } + max{0, x7 (1) —x33 (1) } +
max{0, x39(¢) — x7(¢)}). However, the supply-demand imbalance constraint penalty

is shared equally amongst all agents: each pays %rid(a(t); dr,d?).
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Training. We train and test the performance of several algorithms on 250 days of
data (ambient conditions, demands, and prices) between May 2021 and January 2022.
For the testing environment, we use the scenario with 300 MW of wind generation.
We performed two splits: 1) by algorithm (PPO vs. random actions), and 2) training
data with out-of-distribution data (300 MW wind generation) vs. in-distribution data
(no wind generation). We tested 3 learning rates for PPO and multi-agent PPO: 5e-6,
Se-5, Se-4. For each learning rate, three different random seeds were tested, and the

model with the best training performance was selected.

Representativeness, Generalizability, and Limitations CogenEnv is based on an
actual combined-cycle power plant operated in the U.S.A. The general configuration
has remained unchanged, but certain parameters such as generation capacity of
units have been changed to protect the original data. More specifically, the general
configuration of gas turbines, steam turbine, cooling tower, and binary setpoints
are the same. Temperature and pressure settings of intermediate pressure and high
pressure steams are also the same. However, some design parameters such as
power and steam generation capacities of each unit and units’ efficiencies has been
scaled/shifted.

According to our collaborator Mehdi Hosseini at Beyond Limits: “Gas and steam
turbines are generally modeled by simulating the Brayton and Rankine thermodynamic
cycles. Besides the considered setpoints, some gas turbines might include extra
minor setpoints like switching the duct burner on and off, which is considered
always on in this model. The behavior of the steam turbine is more complex and
interrelated with the structure of the condenser and cooling tower. In this simulation,
a forced air cooling tower structure is employed, a typical method in combined
cycle power plants. It’s worth noting that using a different cooling system might
influence the efficiency and generation limits of the steam turbine. In summary,
the model accurately represents single or multi-gas turbine power plants, as well as

combined-cycle power plants with a forced air cooling tower.”

Finally, the distribution shift modeled in CogenEnv comes from changes in external
renewable wind energy penetration, which causes greater need for ramping of fuel-
based generators, leading to higher ramping costs. The is reflective of actual changes
and challenges occurring in modern electricity grids, often referred to as the “duck
curve problem” [48]. However, CogenEnv currently does not model other sources of

distribution shift such as changing fuel prices.
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BuildingEnv

Observation space. BuildingEnv considers a building with M indoor zones. The
observation s(¢) € RM*4 is the concatenation of the zonal observations 7'(¢) € RM

and the environmental observations s (¢) € R*:

s(t) = [T()7, s ()"]T
T(1) = [T (1), ..., Ty (D)]7
s (1) = [Te (1), To (1), Q9™ (1), OP ()] .

We split the observation s(7) into the two components to emphasize that 7'(¢) is
affected by the agent’s control actions, whereas s°"V(¢) is the set of exogenous
time-varying environmental variables that are unaffected by the agent’s control

actions. The descriptions for each of these variables can be found in Table 7.6.

Action space. The action space in BuildingEnv can be configured to operate in

either continuous or discretized mode.

In the continuous mode, the action a(z) = [a(¢),...,ap(t)]" represents a set of
controllable actions for building heat control, where a;(t) is the controlled heating

supplied to zone i, normalized such that a;(7) € [-1, 1].

In the discretized mode, the action space is quantized into a finite set of discrete
values. Specifically, the action for each zone i is represented as an integer a?iscre‘e(t),
where a?iscrete(t) € [0,200]. This discrete representation is derived by scaling and
translating the continuous action a;(¢) from the range [—1, 1] to the discrete range
[0,200]. After the environment selects a discrete action, it is remapped back to the

continuous range of [—1, 1] by

( ) a;iiscrete(t) |
a(r) = |+——|-1,
’ 100

where the scaling and translation align the discrete action space [0, 200] with the
continuous action space [—1, 1]. This discretization allows for a finite, yet sufficiently
granular, set of actions and enables the action space to adapt to environments where

a more discrete control is required.

The resulting heat supply from the HVAC system to zone i at time 7 is given by

h,
OMN1) = awi O™,
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where w; is the efficiency coeflicient for the HVAC system in zone i and Q?’max 1s

the maximum heat supply from the HVAC in zone i.

Given an action a(t), the BuildingEnv.step() method simulates the next state

via the physics-based state transition model described below.

System model. The building simulation builds upon the physics-principled en-
vironment in [318], which includes a reduced linear Resistance-Capacitance (RC)
model for heat transfer with nonlinear residual modeling for occupants’ activities

and solar irradiance. The zonal thermal dynamics are given by

dT; T, -T; :
G = Z —jR +0M+ 05 + 00, (7.5)

jeNG) T

where N (i) is the set of zones neighboring zone i. That is,
N@) ={je{l,....,M,G,E} | j #i, zone j shares a wall with zone i}.

The set N (i) may include G and E, if zone i is on the ground floor or connected to
the outside environment, respectively. C; is the thermal capacitance (in J/K), and
R; ; = R; ; is the thermal resistance (in K/W) between zones i, j. If zone i and j are
not neighboring zones (i.e., j ¢ N(i)), wesetR; ; = R;; = +o0. Q? is the controlled
heating/cooling flow distributed to each zone as described above. Q} and Qf adhere
to models outlined in the EnergyPlus documentation [71], which represent the heat
accumulation in zone i from solar heat acquisition from windows and indoor human

activities, respectively.

To capture the solar heat acquisition from windows, let agyy denote the coefficient
determining the solar heat gain for windows, A;’Vin be the window area for zone i
(in m?), and Q%M1 (¢) be the heat gain from global horizontal irradiance (in W/m?).

Then the accumulated solar heat from windows at time ¢ can be calculated as
Q3(1) = agmr - AV - QG (1),

To calculate heat gain originating from human activities at time ¢, Q?(t), we consider
N; to symbolize the population in zone i, and QP(¢) signifies the discernible heat
contributed by a single individual’s activities. We assume that the number of people
in each zone does not change over the course of the simulation, and we leave the task

of modeling time-varying population for future work. Then,

QP (1) = QP(1) - N;.
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The computation of sensible heat per individual denoted as Q »(t), is given by a

polynomial function from the EnergyPlus documentation [71, p.1299],

OF(1) = ¢y + comy + cam? + c4T (1) — csm T (1) + cm>T (1) — c7T2(1)

+ Cgmﬂ_"z(t) - 09m,27_"2(t),

where m; signifies the population metabolic rate (in W) at time ¢, T (¢) = % Zfz 1 T:(2)
is the average zone temperature, and cy, . . ., cg are constants that have been deduced
by fitting sensible heat data under a variety of conditions. Both Q}(¢) and Q? (1)
fluctuate over time and embody heat emanations from the environment and occupants’

activities that are beyond control.

The state evolution in (7.5), together with the definitions of Q?, o Q? can be written
as

T(t) = AT(t) + Bu(t) + Df(T(1)), (7.6)

where u(t) = [Tg(1), Te (1), a1 (1), . . ., ap (1), QSH(£)] 7. Let the indicator variables
1g,; := 1[G € N(i)] and 1g; := 1[E € N (i)] encode zone i’s connectivity to the

ground and the outside environment, respectively. Then the A and B matrices are

(3 = 4 2N 1 e 1, M
JEN() CiR(; T MC; CiR, " MC CiRi.m | MC
1 cpN2 S i e cpN>
A= GRy1 T MG, JEN() GR,; 7 MG
1 cpNp-1
Cym-1RM-1m ~ MCpy
1 cpNm . . ~1 cp Ny
CMmRM 1 MChy JEN(D) CMRM’J‘ MCM_
lG,l lE,l WIQ}?max O O CVGHIA\INm-
C1RG,1 C1Rg, G 6]
h,max win
1g, 1g» 0 w20, 0 aguIA)
B = | CRaca C2Re 2 &) &)
1g,m 1g.m 0 0 WMQI;QmaX acuiA}"
| CvRe,mv CumREM Cu Cu
T
The vector D in Eq (7.6) is defined as D = ]g—l' ]g—j cee ]g—ﬁ , and the nonlinear

function for sensible heat calculation is

F(T(0) = 0P(t) = caT (1)

=cy+com; + C3m,2 —csm, T(1) + cﬁmtzf(t) - C7T2(t) + csmtfz(t) - C9mt2T2(t).

We convert the continuous-time system model into a discrete-time model,

Tk + 1] = AT[k] + Bu[k] + D f[k]

(7.7)
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where the discrete-time system matrices A, B, f_ are obtained from the continuous-
time model parameters A, B, f(T(t)) using zero-order hold method with dis-
cretization time AT. In particular, A = ¢4, B = A"1(A — B, and f[k] =

DAY £ (T (7)) dr.

Reward function. The main objective of building control is to reduce energy
consumption while keeping the temperature within a given comfort range. There-

fore, the reward function penalizes both temperature deviations and HVAC energy

consumption:
r(t) ==(1=p) lla@®)l, = BIT* () =T (D)l ,
where T®e(r) = [T,"*(r), ..., T, ()] T are the target temperatures. The

parameters 8 and p are user-customizable scalars, where S trades off between the
energy consumption and temperature deviation penalties, and p determines the
norm used. An important future direction is to incorporate CO, emissions into

consideration in the default reward function for building control environment.

Building and weather types for simulation. The prototype buildings included
in BuildingEnv are derived from the Department of Energy (DOE) Commercial
Reference Building Models. The models include 16 commercial building types
in 19 locations. Users can download all models at https://www.energycode
s.gov/prototype-building-models. Since BuildingEnv is compatible with
EnergyPlus, users could also create their own model in the EnergyPlus editor and
load the generated table file into the BuildingEnv.

* Available building types: ApartmentHighRise, ApartmentMidRise, Hospital,
HotelLarge, HotelSmall, OfficeLarge, OfficeMedium, OfficeSmall, OutPa-
tientHealthCare, RestaurantFastFood, RestaurantSitDown, RetailStandalone,

RetailStripmall, SchoolPrimary, SchoolSecondar, Warehouse.

* Available cities and weather types: Ho Chi Minh City (Extremely Hot
Humid), Dubai (Extremely Hot Dry), Honolulu (Very Hot Humid), New
Delhi (Very Hot Dry), Tampa (Hot Humid), Tucson (Hot Dry), Atlanta (Warm
Humid), El Paso (Warm Dry), San Diego (Warm Marine), New York (Mixed
Humid), Albuquerque (Mixed Dry), Seattle (Mixed Marine), Buffalo (Cool
Humid), Denver (Cool Dry), Port Angeles (Cool Marine), Rochester (Cold
Humid), Great Falls (Cold Dry), International Falls (Very Cold), Fairbanks
(Subarctic/Arctic).


https://www.energycodes.gov/prototype-building-models
https://www.energycodes.gov/prototype-building-models
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Code:

from sustaingym.envs.building import BuildingEnv, ParameterGenerator
params = ParameterGenerator(

building='0Officelarge’, weather='Warm_Marine’, location=’SanDiego’)
env = BuildingEnv(params)

Output:

HHH#HBHHHHBRHHH#HALL Zones from Ground###########H
BASEMENT [Zone index]: ©
DATACENTER_BASEMENT_ZN_6 [Zone index]: 1
CORE_BOTTOM [Zone index]: 2
PERIMETER_BOT_ZN_3 [Zone index]:
PERIMETER_BOT_ZN_2 [Zone index]:
PERIMETER_BOT_ZN_1 [Zone index]:
PERIMETER_BOT_ZN_4 [Zone index]:
DATACENTER_BOT_ZN_6 [Zone index]: 7
GROUNDFLOOR_PLENUM [Zone index]: 8

CORE_MID [Zone index]: 9

PERIMETER_MID_ZN_3 [Zone index]: 10
PERIMETER_MID_ZN_2 [Zone index]: 11
PERIMETER_MID_ZN_1 [Zone index]: 12
PERIMETER_MID_ZN_4 [Zone index]: 13
DATACENTER_MID_ZN_6 [Zone index]: 14
MIDFLOOR_PLENUM [Zone index]: 15

CORE_TOP [Zone index]: 16

PERIMETER_TOP_ZN_3 [Zone index]: 17
PERIMETER_TOP_ZN_2 [Zone index]: 18
PERIMETER_TOP_ZN_1 [Zone index]: 19
PERIMETER_TOP_ZN_4 [Zone index]: 20
DATACENTER_TOP_ZN_6 [Zone index]: 21
TOPFLOOR_PLENUM [Zone index]: 22

BUH#HHHBRHH AR BB H AR R RH AR BB R A AR R HH AR R REHHH

(o2 IV, B N V¥

Figure 7.8: Importing OfficeLarge in BuildingEnv.

Example. A practical usage example is demonstrated in Figure 7.8. The intent of
this code excerpt is to imitate an “Officelarge” type structure in San Diego, with
“Warm Marine” weather conditions, employing arbitrarily selected actions. Upon the
creation of a building model, comprehensive zone information is then displayed as
shown in Figure 7.8. At each control time step, the RL agent observes the present
state s(7) and produces a corresponding action a(¢). The environment Building
Env, in turn, incorporates this action and integrates it into the building state-space
model to project the subsequent state s(z + 1) for the approaching time step. Each
episode runs for 1 day, with 5-minute time intervals (H = 288, 7 = 5 minutes). The
agent controls the supplied heat flow to each zone and is rewarded for maintaining
the desired temperature at the minimum electricity usage. Figure 7.9 visualizes
the indoor temperature in different zones of OfficeLarge for 1 day without control,
initialized at 13.2°C.
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Simulated Indoor Temperature: OfficeLarge, San Diego

— Zone 0 Zone 12

Zone 1 Zone 13

Zone 2 — Zone 14

Zone 3 Zone 15

—— Zone 4 Zone 16

Zone 5 Zone 17

—— Zone 6 —— Zone 18

Zone 7 Zone 19

% —— Zone 8 —— Zone 20

© Zone 9 Zone 21

L — Zone 10 Zone 22

£ Zone 11 Outdoor
@

10°C = /

8°C

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
Time of the Day (h)

Figure 7.9: Simulated indoor temperature in different zones of OfficeLarge for 1 day
without control.

Model predictive control (MPC). As a baseline non-RL algorithm, we consider a
model predictive control (MPC) controller similar to the EVChargingEnv environ-
ment. At every time step ¢, with a lookahead window w, the MPC controller solves

the following optimization problem,

t+w—1

min Z (1=8) lla(k)ll, + BIT" (k) = T (k)|l2 (7.82)
a(t),....,a(t+w—1) pa—
st. —1=Za;(k)21,Vie{0,..., M} ,Vke{t,....,t +w—1}
(7.8b)
building dynamics in (7.7) , (7.8¢)

and implements action a*(¢). MPC method has complete model knowledge and
perfect predictions about building occupancy [Ny, Ny, ..., Ny], the ground and
environmental temperature 7g(k), Tg(k), solar irradiance QCH(k) for k = ¢,¢ +
1,...,t+w—1. (7.8b) ensures that the control signals are feasible, and (7.8c) follows
the building physics model in (7.7) which uses a zero-order hold discretization method
to derive from the continuous-time model with discretization interval as AT = 1/12

hour.

Multiagent Environment. The multiagent setting pairs each zone with one agent,
so that each agent i is only responsible for action a;(¢). Currently, we let every agent
observe the complete building state space, and each agent receives the same global

reward. For future directions, we plan on implementing a separate local state space
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for each agent and also imposing a total power constraint (e.g., ||a(z)||; must be

bounded by some limit).

Training We trained Proximal Policy Optimization (PPO), Soft Actor-Critic (SAC),
and Advantage Actor Critic (A2C) [177] Reinforcement Learning algorithms on the
BuildingEnv environment using PyTorch and StableBaselines3. These algorithms
were applied to an "OfficeSmall" type building situated in a "Hot Dry" climate,
specifically in Tucson. The training and testing periods were set in the winter
(January 2003) and summer (July 2004) sections, respectively. The models were
trained during both the winter and summer sections, but testing was conducted solely
in the winter section to assess the impact of distribution shifts. We experimented
with two learning rates for each of PPO, SAC, and A2C: 3e-4 and 3e-5 for PPO and
SAC, and 7e-4 and 3e-4 for A2C. The model demonstrating the best performance in

training was subsequently selected for further analysis.

Representativeness and Generalizability BuildingEnv is designed to ensure
broad generalizability across diverse building scenarios. We have integrated an
extensive collection of standard prototype building models coupled with a variety of
weather conditions, encompassing the majority of Reference Building types. These
models are based on the Department of Energy (DOE)’s Commercial Reference
Building Models, offering a robust foundation for simulation. Furthermore, the
environment is highly customizable. Users have the flexibility to adjust parameters
such as the wall material, the solar heat gain coefficient of windows, and the ground
temperature specific to the building’s location. For researchers and developers
seeking even more specificity, there is also an option to define custom building
models using EnergyPlus. Users can then input the resulting output input data file
(IDF), along with the corresponding EPW weather file, into BuildingEnv, providing

a custom simulation experience.

Limitations Beyond the modeled weather variations, occupancy dynamics also
introduce distribution shifts in building energy management. While Building
Env provides mechanisms to simulate occupants in different zones with set activity
schedules, truly replicating the unpredictability of human behavior remains a complex
endeavor. For instance, we can configure a room to have four individuals engaged
in seated work from 1pm to 4pm, followed by three individuals running from 4pm

to S5pm, with the room being vacant after Spm. Despite these features, there are
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certain distribution shifts that BuildingEnv does not currently address, such as
equipment failures, external environmental impacts like nearby construction or urban
heat island effects, and the nuances of building aging. However, it is worth noting
that the modular design of BuildingEnv provides a foundation that is conducive to
future enhancements and adaptations, allowing for the incorporation of additional

sources of distribution shift as our understanding of building dynamics evolves.
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Table 7.3: ElectricityMarketEnv parameters. The k-th entry of a vector g; is

denoted g ;.

Param. Domain Unit Description

t [1,...,T] 5 min index of real-time interval (usually 5-
15 min)

T Zy number of periods in each epoch, typ-
ically 1 day for 5 min intervals

h {0,1,...,T} length of the lookahead horizon

T [t,...,t+ h] 5 min index of the interval in each multi-
interval lookahead subproblem

N Zy number of nodes in network

M Zy number of lines in the network

Ng Zy number of generators

Np Zy number of loads

Np Z, number of batteries

i [1,...,N] index of node

J [1,..., M] index of line

k [1,...,Ng,Np, Ng] index of generator, load, or battery

B RMxM Q! network susceptance matrix

C {=1,0, 1} VM node-line network incidence matrix

T {~1,0, 1}Nx(Np+NG+2N3) participant-to-node mapping matrix

H RM*N generation shift factor matrix

fmax RM MVA  maximum power flow along each line

&, RND MW vector of predicted (average) load in
interval ¢

gg Rivc MwW min/max generation limits (assumed

B to be time invariant)

be, bd RiVB MW max charge/discharge limits (assumed
to be time invariant)

X, X RiVB MWh min/max state of charge limits (as-
sumed to be time invariant)

x! Riv B MWh final state of charge required at interval
T

x? Ri\’ B MWh initial state of charge at beginning of
epoch

N> ni (0, 1] charge and discharge efficiency of bat-
tery k

ci’ ; R4 $/MWh  marginal cost of generator k in interval
t

ci’j R4 $/MWh marginal cost of battery k charging in
interval ¢

ci’j R4 $/MWh marginal cost of battery k discharging

in interval ¢




200

Table 7.4: Definitions of problem variables. Variables are optimized in the economic

dispatch problem.

Variable Domain Unit Description

p: RN MW vector of nodal power injections in interval ¢

d; RND MW vector of load power injections in interval ¢

g RNG MW vector of generator power injections in interval ¢

b{ RivB MW vector of battery charging power injections in
interval ¢

b;i Rf 5 MW vector of battery discharging power injections in
interval ¢

X; Rf B MWh vector of battery states of charge in interval ¢

A R Lagrange multiplier corresponding to the power
balance constraint 17p; = 0

ur RM Lagrange multiplier vectors corresponding to up-
per/lower line limit constraints

Ty RN $/MWh  market-clearing nodal price vector for interval ¢
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Table 7.5: Summary of input and output variables for CogenEnv plant model

Num.  Variable Description Variable Group Type Feasible Region Unit

1 Air Temperature Ambient Conditions  Input [32, 115] °F

2 Air Pressure Ambient Conditions  Input [14,15] PSIA
3 Air Relative Humidity Ambient Conditions  Input [0, 1] -

4 GT1 Generator Output Turbine Block 1 Input [41.64, 168.3] MW

5 GT1 Evaporative Cooler Switch Turbine Block 1 Input {0, 1} -

6 GT1 Power Augmentation Switch ~ Turbine Block 1 Input {0, 1} -

7 GT1 Steam Flow Turbine Block 1 Input [403.2,819.6] klb/h
8 GT2 Generator Output Turbine Block 2 Input [41.49, 168.4] MW

9 GT?2 Evaporative Cooler Switch Turbine Block 2 Input {0, 1} -

10 GT2 Power Augmentation Switch ~ Turbine Block 2 Input {0, 1} -

11 GT?2 Steam Flow Turbine Block 2 Input [396.7,817.4] klb/h
12 GT3 Generator Output Turbine Block 3 Input [46.46,172.4] MW

13 GT3 Evaporative Cooler Switch Turbine Block 3 Input {0, 1} -

14 GT3 Power Augmentation Switch ~ Turbine Block 3 Input {0, 1} -

15 GT3 Steam Flow Turbine Block 3 Input [439.0, 870.3] klb/h
16 Steam Generator Output Steam Turbine Input [25.65, 83.54] MW

17 Steam Flow through Condenser Steam Turbine Input [-1218,-318.1] klb/h
18 Number of Cooling Tower Bays Steam Turbine Input {1,...,12} -

19 Net Electric Power Output Plant Output - MW

20 Net Steam Export Plant Output - klb/h
21 Auxiliary Power Consumption Plant Output - MW

22 Total Fuel Consumption Plant Output - klb/h
23 GT1 Fuel Flow Turbine Block 1 Output - klb/h
24 HRSG1 Fuel Flow Turbine Block 1 Output - klb/h
25 Block 1 Total Fuel Consumption Turbine Block 1 Output - klb/h
26 GT2 Fuel Flow Turbine Block 2 Output - klb/h
27 HRSG?2 Fuel Flow Turbine Block 2 Output - klb/h
28 Block 2 Total Fuel Consumption Turbine Block 2 Output - klb/h
29 GT3 Fuel Flow Turbine Block 3 Output - klb/h
30 HRSG3 Fuel Flow Turbine Block 3 Output - klb/h
31 Block 3 Total Fuel Consumption Turbine Block 3 Output - klb/h
32 GT1 Min Power Turbine Block 1 Output - MW

33 GT1 Max Power Turbine Block 1 Output - MW

34 GT2 Min Power Turbine Block 2 Output - MW

35 GT2 Max Power Turbine Block 2 Output - MW

36 GT3 Min Power Turbine Block 3 Output - MW

37 GT3 Max Power Turbine Block 3 Output - MW

38 GT1 Min Steam Turbine Block 1 Output - klb/h
39 GT1 Max Steam Turbine Block 1 Output - klb/h
40 GT2 Min Steam Turbine Block 2 Output - klb/h
41 GT2 Max Steam Turbine Block 2 Output - klb/h
42 GT3 Min Steam Turbine Block 3 Output - klb/h
43 GT3 Max Steam Turbine Block 3 Output - klb/h
44 Steam Let-Down Flow Min Limit ~ Steam Turbine Output - klb/h
45 Steam Let-Down Flow Max Limit ~ Steam Turbine Output - klb/h
46 Steam Turbine Min Power Steam Turbine Output - MW

47 Steam Turbine Max Power Steam Turbine Output - MW
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Table 7.6: Definitions of BuildingEnv variables.

Variable Domain Unit Description

T; (1) R °C temperature in zone i at time ¢

Ts(1) R °C ground temperature at time ¢

Tx(1) R °C outdoor/ambient temperature at time ¢

oSt (1) R, W/m? heat gain from solar irradiance per square meter

at time 7 (“GHI” is an acronym for “global hori-
zontal irradiance”)

(1) R w heat acquisition from solar irradiance in zone i
at time ¢

Qf(t) R4 w heat acquisition from occupants’ activities in
zone i at time ¢

Q?(t) R w heat acquisition from HVAC in zone i at time ¢

N;(1) N number of occupants in zone i at time ¢

A;’Vi“ R, m? window area for zone i

Q?’max R, W maximum heat acquisition from HVAC in zone i

a;(t) [-1,1] action value, normalized heat acquisition from
HVAC in zone i at time ¢ (+ for heating, — for
cooling)

w; [0, 1] efficiency coefficient for HVAC in zone i
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Chapter 8

DISTRIBUTIONALLY ROBUST COOPERATIVE MULTI-AGENT
REINFORCEMENT LEARNING VIA ROBUST VALUE
FACTORIZATION

Motivated by the shortcomings of existing RL and multi-agent RL algorithms seen
on SustainGym from the previous chapter, this chapter investigates the problem of
learning robust policies for cooperative multi-agent reinforcement learning (MARL)
under distribution shifts. In particular, we focus on value-factorization methods for
cooperative MARL, which are a popular class of algorithms that learn a centralized
value function that can be factorized into individual value functions for each agent.
These methods typically rely on the individual-global-maximum (IGM) principle,
which states that the optimal joint action can be recovered by taking the greedy
action with respect to each agent’s individual value function. However, in real-world
settings, environmental uncertainties can lead to distribution shifts that violate the
IGM principle, resulting in suboptimal performance. To address this issue, we
introduce the concept of Distributionally Robust IGM (DrIGM), which requires that
each agent’s robust greedy action aligns with the robust team-optimal joint action.
We show that DrIGM holds for a novel definition of robust individual action values,
which is compatible with decentralized greedy execution and yields a provable
robustness guarantee for the whole system. Empirically, on high-fidelity SustainGym
simulators and a StarCraft game environment, our methods consistently improve

out-of-distribution performance.
This chapter is primarily based on the following paper:

[209] Chengrui Qu, Christopher Yeh, Kishan Panaganti, Eric Mazumdar, and Adam Wierman.
2026. Distributionally robust cooperative multi-agent reinforcement learning with value
factorization. In The Fourteenth International Conference on Learning Representations. (Apr.
2026). https://openreview.net/forum?id=2T3L0pqI0O0.

8.1 Introduction

Multi-agent reinforcement learning (MARL) is a popular framework for studying how
multiple agents compete or cooperate in complex environments such as video game
playing [276], economic policy design [325], wireless network communications
[211], and power grid control [94], among others. In this work, we focus on the

cooperative MARL setting, where each agent can only observe its local history, and


https://openreview.net/forum?id=2T3LOpqIOO
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agents must collaborate to achieve a joint goal. To address partial observability and
reduce real-time communication costs, a widely used paradigm is centralized training
with decentralized execution (CTDE) [193]. During training, agents may aggregate
global information, coordinate credit assignment, and learn a team structure; at

deployment, each agent must act myopically based on its own local history.

The CTDE paradigm is typically realized through value factorization methods (e.g.,
VDN [259], QMIX [217], QTRAN [251]). A key concept that underpins the success
of these methods is the individual-global-maximum (IGM) principle [251], which
aligns each agent’s greedy action with the team-optimal joint action via a suitable
value factorization. However, most examples where the success of this principle
is demonstrated are in virtual tasks (e.g., games [277] and grid worlds [150]). It
remains unclear whether this principle maintains its reliability in real-world domains,

where modeling is imperfect and execution is noisy.

In practice, a major obstacle facing cooperative MARL is environmental uncertainty
[242]: team performance can drop sharply when the deployed environment deviates
from the training environment due to model mismatch, system noise, and the sim-
to-real gap [320, 16]. While environmental uncertainty presents challenges in
single-agent RL settings, it is a more significant hurdle in cooperative MARL, where
partial observability and inter-agent coupling can cause small mismatches to cascade

into coordination failures [50, 107].

In single-agent RL, uncertainty in the environment is commonly addressed by
distributionally robust RL (DR-RL) techniques [290, 265, 189, 196, 241] which seek
policies that perform well under adversarial perturbations of a nominal environment
model. Single-agent DR-RL is well-explored; however extending DR-RL to the
cooperative MARL setting is fundamentally more challenging. In particular, each
agent acts on a local history yet shares a team reward coupled with teammates’
actions, making it nontrivial to define individual robust Q-functions that both evaluate
worst-case outcomes and remain compatible with IGM for decentralized greedy
execution. Reward engineering can help empirically, but only a narrow class of
shaping functions can provably preserve optimality [86], even in the single-agent
setting. Thus, we seek a principled route to distributional robustness for cooperative

MARL that remains compatible with decentralized greedy execution.

Contributions. In this chapter, we introduce a family of distributionally robust
cooperative MARL algorithms for the CTDE setting. Our central technique is
Distributionally robust IGM (DrIGM), a robustness principle that requires each
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agent’s robust greedy action to coincide with the robust team-optimal joint action,

thereby preserving decentralized greedy execution.

We first show, via a concrete counterexample, that naively adopting individual robust
action-value functions from single-agent DR-RL, where each agent considers its own
worst case, does not guarantee decentralized alignment (IGM) in the cooperative
multi-agent setting. We then provide a sufficient condition under which DriIGM
holds: when individual robust action-value functions are defined with respect to the

worst-case joint action-value function, DrIGM is guaranteed.

Next, we derive DrIGM-compliant robust variants of existing value factorization
architectures (VDN, QMIX, and QTRAN), by training on robust Q-targets while
retaining the CTDE information structure. The resulting methods are scalable, easy
to implement on top of existing codebases, and maintain robustness at execution

without requiring bespoke individual robust value design.

Finally, we evaluate our DrIGM-based algorithms on a realistic simulation of an
HVAC control task in SustainGym [310], as well as on SMAC, a StarCraft [I-based
multi-agent game-playing environment [228]. Across out-of-distribution settings,
our methods outperform non-robust value factorization baselines and a recent robust
cooperative MARL baseline, consistently mitigating sim-to-real degradation on

operational metrics.

Brief discussion of related work. Robustness in cooperative MARL has been
studied along several axes: adversarial or heterogeneous teammates [153, 125,
157], state/observation and communication perturbations [100, 317], risk-sensitive
(tail-aware) objectives under a fixed model [239], and explicit model uncertainty
[143,320, 319, 165]. Most of the works on model uncertainty adopt a distributionally
robust optimization viewpoint and targets Nash solutions with provable algorithms,
often assuming full observability or individual rewards [319, 127, 170, 35, 242, 165].
In this work, we focus on the cooperative CTDE regime with partial observability
and a single team reward, providing a systematic framework for robustness to model
uncertainty without real-time communication. For an extended discussion of related

works, see Section 8.7.

8.2 Background and Problem Formulation
Notation. For a set X, |X| denotes its cardinality and A(X) the probability
simplex over X. We write []; X; for the Cartesian product. For N € N, we let
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[N]:={1,...,N}. Let [x]+ := max{0, x}.

Cooperative Dec-POMDPs. A cooperative multi-agent task with N agents is
modeled as a Decentralized Partially Observable Markov Decision Process (Dec-
POMDP):

G = (SAANL, P AOL oL y),s

with joint action space A := [[;¢[y) A;i. At time £, each agent i obtains an individual
observation ol’. := 0(s") from its observation space O;, chooses an action a§ € A,
a bounded joint reward r(s’,a’) is received, where a’ := (a},...,al) € A is the
joint action, and then the state evolves via s'*! ~ P(- | s’,a’). Here we assume the
joint observation (o1, . .., o) can recover the full state.' Each agent i acts using a

t—1
i

history-based policy 7;(- | hl) with Al := (0?, a?, e, 0 ,af‘l, o}); the joint policy
ism = (my,...,my). Weuse H! to denote the space of possible histories for agent i up
to time 7. In the following sections, we will omit the superscript ¢ to avoid notational
clutter. The joint action-observation history is denoted h € H := [];c;y) H;. Given
the current state s, the joint history h and the joint action a, we denote the joint
action-value function under policy 7 by Qg’t" (h, a), which can be reduced to |S x A|
dimension as we assume the joint observation can recover the full state. We use
QF (h,a) := max, Q" (h, a) to denote the optimal joint action value.

CTDE. Centralized training with decentralized execution (CTDE) leverages global
information during learning while executing individual policies from individual

histories. A common CTDE approach is value factorization, which learns an optimal

P

it (h, @) and individual action-value functions [QZP (hi, ai)lie(n

joint action-value Q

that satisfy the following individual-global-max (IGM) principle [251].

Definition 7 (IGM). We say that individual action-value functions [QfD TH X A —
R]ie[n) satisfy the individual-global-max (IGM) principle for an optimal joint action-
value function QF : H x A — R under joint history h = (hy,...,hy) € H
if

arg max Qf(hl,al), ...,argmax Q,Iz,(hN,aN) C arg max Qf;t(h, a).
aj an a

IGM ensures that greedy individual actions are jointly optimal w.r.t. Qf;t, enabling

decentralized execution without test-time communication.

'Formally, we assume that o = (o7 (+),...,on(-)) : S — [1lie[n] O: is injective. Equivalently,
there exists a (deterministic) decoding map g : [[;c(y) O; — S such that g(o(s)) = s forall s € S.
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Robust Dec-POMDPs. To capture model error and deployment shift, we consider
an uncertainty set  of environment models around a nominal PY. In Dec-POMDPs,
we work with a history-based view: let Py 4(-) denote the transition kernel over next
joint histories h’, given the current joint history h and the joint action a. We assume
a history-action rectangular uncertainty set.

P= || Pra PracAB), @.1)

(h,a)eHxA

e.g., balls around Pﬁ’a under a probability metric with radius p > 0. This rectangu-
larity assumption is widely adopted in DR-RL literature [35, 242, 170], and ensures

that a robust policy exists.

Given a function Q : ‘H X A — R, define the robust Bellman operator T as

. (8.2)

(70)(h,a) :=r(s,a) +vy . inf  Ep-.p,, [ma% QO(h',a’)
a’e

h,aeph,a
Under standard assumptions (bounded rewards, y € (0, 1)) and rectangularity in
eq. (8.1), 7 is a y-contraction on the space of bounded Q, so it has a unique fixed
point Qgt [117] which satisfies

Ol(h.2) = inf OfG,(h.a),  V(h,a) € H x A. (8.3)
€

We call Qgt the optimal robust joint action-value function for the Dec-POMDP, and

it admits a deterministic robust greedy joint policy 7*(h) € arg max, Qf;t(h, a).

Robust Cooperative MARL. We study robust cooperative MARL under the CTDE
setting. Given a model uncertainty set $, our goal is to learn decentralized policies
that maximize Qgt. That is, we aim to find [7 : H; = A;]ie[n], such that

(n¥,...,m%) € argmax Q7 (-, a).
a

Specifically, we seek a value factorization method that automatically generates
robust individual action values, thereby enabling a decentralized policy. This is
non-trivial for two reasons. First, no individual reward signals are available, so
robust individual action values are ill-defined a priori. Second, directly defining
robust individual action values from the single-agent DR-RL literature can break
standard value factorization. As we demonstrate in example 3, robust individual
actions may not align with the robust joint action. These challenges motivate the
central question of our work: Can we construct robust individual utilities and a
mixing scheme such that decentralized greedy actions recover the joint maximizers
of ng thereby enabling a robust CTDE framework?
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8.3 Distributionally Robust IGM (DrIGM)

To address the question above, we propose a novel principle for robust value
factorization that builds upon the IGM principle while explicitly incorporating

robustness.

Distributionally Robust IGM (DrIGM) Principle

Definition 8 (DrIGM). Given an uncertainty set P, we say that robust individual
action-value functions [er."b i Hi x A; — Rlien) satisfy the Distributionally
robust IGM (DrIGM) principle for the optimal robust joint action-value function
Qgt : H x A — R under joint historyh = (hy, ..., hy) € H if

arg max QrIOb(hl, ai),...,argmax Qﬁ\‘,’b(hN, ay)| C argmax Q% (h, a).
a

aj an

DrIGM extends classical IGM to the robust setting by requiring that the robust joint
greedy action induced by Qf;t factorizes into robust individual greedy actions from
[Q,r-Ob]ie[N]. Note that when $ = {P} is a singleton (i.e., there is no uncertainty),
then DrIGM is equivalent to IGM.

Satisfying DrIGM is nontrivial. In particular, the single-agent definition er."b (s,a) =
infpep Qf (s, a), commonly adopted in the DR-RL literature, does not ensure DriIGM
when applied with a global uncertainty set. As shown in Example 3 in section 8.8,
an adversarial model P € # that minimizes one agent’s value need not coincide with
the adversarial model P’ € P that minimizes the joint value. As a result, robust
individual greedy actions may fail to align with the robust joint greedy action. Similar
inconsistencies arise even under agent-wise uncertainty sets defined in Shi et al.
[242] for essentially the same reason. This highlights the need for a new formulation

of robust individual action values to support a consistent robust CTDE framework.

In robust cooperative MARL, the primary concern is the robustness of the entire
system, as opposed to robustness of individual agents. Thus, it is sufficient to consider
the worst case for the joint action value, rather than independently for each agent.
Motivated by this idea, we show that the robust individual action value defined under

a global worst-case model can guarantee DriIGM.

Theorem 10. Given a global uncertainty set P defined in eq. (8.1), suppose
for all P € P, there exist [QfD lierny satisfying IGM for Qf:)t under joint history



209
h= (h],...,hN) € H. Let

P¥"™'(h,a) € arg ;g;f) QP (h,a), (8.4)

a € arg max Qgt(h, a), (8.5)
a

denote the global worst-case model and the robust joint greedy action, respectively.

For each agent i € [ N], define the robust individual action-value functions er.Ob as
OF (hia)) = 0 ™ (i, ay). (8.6)

Then, [Q{Ob]ie[ ~) satisfy DrIGM for Qf;t under joint history h.

The proof of Theorem 10 can be found in Section 8.9. Theorem 10 demonstrates that
by anchoring individual robust action values to the global worst-case model evaluated
at the robust joint greedy action, individual robust greedy actions become aligned
with the robust joint greedy action. This construction resolves the misalignment
problem that occurs when individual adversaries differ from the global adversary.
More broadly, the result highlights that robust CTDE is achieved not by independently
robustifying each agent, but by coordinating all agents against a shared adversarial
model tied to the team’s worst-case joint outcome. This perspective offers a
principled foundation for designing robust value factorization methods that maintain

decentralized execution while ensuring robustness guarantees.

Common factorization methods satisfy DrIGM. Having established that robust
individual action values can be consistently defined via Theorem 10, we now examine
whether these values are compatible with standard factorization methods used in
cooperative MARL.

Theorem 11. Given P defined in eq. (8.1), for a joint history h € H, suppose for all

P € P, there exist individual action-value functions [Qf]ie[N] satisfying one of the

following conditions for all a = (ay,...,aN) € A:
Otu(h,a) = > O (i, a), (VDN)
i€[N]

0P (h,

9%ua) o e v, (QMIX)
007 (i, a;)

P P 0, a=a,
D, Of (hia) = O (h,a) + Viu(h) = (QTRAN)

="}
H
PI

i€[N] >0,
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wherea := [a;]ie[n) witha; := argmax,, Qf(hi, a;) and Vio (h) := max, OF (h,a)—
2.ie[N] Qf(h,-, a;) with a = [a;];c(n). Then [er.(’b]ie[N] as defined in eq. (8.6) satisfy
DrIGM for Q% under joint history h.

tot

The proof of Theorem 11 can be found in Section 8.9. Theorem 11 shows that
when the underlying individual Q-functions satisfy the structural conditions of VDN
[259], QMIX [217], or QTRAN [251], the robust individual action values [er."b] ie[N]
constructed from eq. (8.6) automatically satisfy DrIGM. This result ensures that
robust CTDE can be realized directly within widely used value factorization frame-
works, enabling principled distributionally robust extensions of existing algorithms.
Moreover, as long as the test environment lies within the prescribed uncertainty
set, this approach yields a provable robustness guarantee, as formalized in the next

theorem.

Theorem 12. Given P defined in eq. (8.1), suppose the robust individual action
values er.Ob satisfy definition 8. If the test environment model Pieg is included in the
uncertainty set (i.e., Pes € P), then the robust joint action values provably lower

bound the real joint action values in Pieg.

0% (h,a) < 0l (h,a), VheH, acA.
The proof of Theorem 12 can be found in Section 8.9.

Robust Bellman Operators under Specific Uncertainty Sets

To design training loss functions, we next present the DrIGM-based robust Bellman
operators for two common uncertainty designs: p-contamination and total variation
(TV), which are well-studied in the single-agent distributionally robust RL literature
[303, 197, 301, 72, 167, 198, 288, 321]. Both types of uncertainty sets consider

perturbations of size p € (0, 1] around a nominal model P°.
The p-contamination uncertainty set is defined as (for all h € H and a € A)
Pha = {P € A(‘H) ’Ph,a =(1- p)P;)La + PVha, Vv € A(H) is arbitrary} , (8.7

with corresponding robust Bellman operator

(@) ’ ’ ’
(TQro0) (h,2) = r(s,2) + y(1 = p) By pp |max Qi (hS,... iy, &)

(b) /7 ’ -/ -/
= r(s,a)+y(l-p) ]Eh,NPga[Qf;(h oo hysal, .. ,aN)] ,
(8.8)
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Figure 8.1: Overview of our robust value factorization algorithms. Because the robust
individual action-value functions satisfy DrIGM, greedy actions can be computed
efficiently in a decentralized manner while the function parameters are trained with a
robust TD loss based on global reward.

where @ = argmax Qf"b(h; ,a’). Here, (a) follows from robust Bellman operator as
in the single-agent setting due to the h X a-rectangularity from eq. (8.1). (b) follows
from the DrIGM principle where robust individual greedy actions are aligned with

the robust joint greedy action.

Similarly, the TV-uncertainty set is defined as (for allh € H and a € A)
Pua={P e ACH) | TV(P, P),) < p}, (8.9)

with corresponding robust Bellman operator,

(T QW) (h,a) = r(s,a) — inf Y Eypo, ( — (I =p)n(s,a)

ne[o’p(lﬂ)

+

n(s,a) — QL (W, ... . Wy, @, .. .,a'N)] ) (8.10)
+

where 7(s, a) is the dual variable.

The derivation of the robust Bellman operators relies on a “fail state” assumption
(assumption 12); the proof is provided in section 8.10. In the next section, we show

how DrIGM leads to practical robust value factorization algorithms.

8.4 Algorithms: Robust Value Factorization

Overall framework. Guided by DrIGM, we develop six robust value factorization
algorithms by combining two types of uncertainty sets (p-contamination, TV-
uncertainty) with three different value factorization architectures (VDN, QMIX,
QTRAN). The overall framework is illustrated in algorithm 7 and fig. 8.1, while

detailed pseudocode for each variant can be found in section 8.11. Concretely,
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we collect trajectories using e-greedy exploration and train the robust individual
action-value network using TD-learning [260]. For stability, robust one-step targets

are evaluated using target networks, which are updated periodically.

Algorithm 7 Robust value factorization

1: Input robustness parameter p, target network update frequency f, and &
2: Initialize replay buffer D

3: Initialize robust individual action-value networks [Q™°°],c[y] with random
parameters 6

4: Initialize factorization networks that produce ta with random parameters 6
5: Initialize target parameters 6~ = 6

6: for episode e = 1,...,E do

7 Observe initial state s and observation 0? = 0(s") for each agent i.

8: fortr=1,...,T do

9: Each agent i chooses its action a! using e-greedy policy.
10: Take joint action a’, observe the next state s**!, reward 7' and observation

o'*! = oy(s™!) for each agent i

11 Store transition (h’, a’, 7', h’*!) in replay buffer D
12: Sample a mini-batch of transitions (h, a, r,h’) from D

13: Calculate TD loss Ltp using eq. (8.14)
14: Update 6 by minimizing Ltp
15: Update 6~ = 6 with frequency f

Robust individual action-value networks. Each agent i uses a DRQN (Deep
Recurrent Q Network)-style network that maps its local history 4; (observations and
past actions) to action-values Q;(4;, a;), following an MLP encoder — LSTM core
— MLP output architecture. For our training procedure, we follow the approach
from Hausknecht and Stone [105]. We sample mini-batches of sub-trajectories from
the replay buffer O and use bootstrapped random updates. We use 8 burn-in steps to
warm-start the LSTM state and only take the last step output to calculate the loss
and update the networks. This procedure is computationally and memory efficient
while achieving performance comparable to sequential updates from the start of each

episode.

Factorization networks. We instantiate three networks for robust value factoriza-

tion:

1. VDN factorizes the robust joint action-value as the sum of robust per-agent
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values,

N
#,VDN _ b
onYPN(ha) = > O (b, a).
i=1
2. Beyond direct summation, QMIX uses a monotone mixing network

POMIX(h a) = fQ(hi,a1), ..., Q%0 (hy,ay), s), (8.11)

where s is the global state. A lightweight hypernetwork takes s as input
and outputs the layer weights of fy; to ensure 8Q£EQMIX /OO > 0 (the
QMIX monotonicity constraint), we enforce elementwise nonnegativity on
these weights via an absolute-value (or softplus) transform. Biases remain

unconstrained.

3. QTRAN Ilearns a separate joint action-value function QZZ;QTRAN (h,a) and a
baseline Vio(h). For efficiency and scalability, the joint network shares the
encoder/head with the individual DRQN modules. In addition to the robust
TD loss, QTRAN imposes two consistency terms to align the factorized and
joint values:

Lon = (05N 8 - QL™ N (b ) + Vi) (8.12)

2

Loope = (min[0FY"N (h,a) - 05N (h, ) + Viu(0), 0]) . (8.13)

where the Q is the detached Q value for training stability. Intuitively, Loyt
enforces equality at the (robust) greedy joint action, while Lo, penalizes
positive slack elsewhere, recovering the QTRAN constraints in our robust

setting.

TD Loss. Given the robust Bellman operator 7~ defined in eq. (8.2) for a Dec-
POMDP setting, the generic form of the TD-loss is
2

Lt = (Qf(h.a:0) — (TQL(.:67) (h.a) (8.14)

where 6 is the network parameters, and 6~ is the target network parameters for
training stability. Specifically, for p-contamination uncertainty sets, by the robust
Bellman operator in eq. (8.8), we have

2

L1p = (ta(h, a;6) = (r(s,a) +y(1 - p) By po Qo (W, &'; 9_))) (8.15)
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For TV uncertainty sets, by the robust Bellman operator in eq. (8.10), we have

Ltp = (Qit(h, a;6) —r(s,a) +y By po [ - (I=p)n(s,a)

2
s, - Ot | (516
where 7 : 8 X A — R is calculated by minimizing the following empirical loss:
1 ’ ’
Lawa(, Q) = = > ||n(s,2) -max@f,(w,a)| - (1-p)n(s,a)].
|D| a ;
(hah')eD

(8.17)

8.5 Experiments

SustainGym

We evaluate our proposed robust value factorization methods on SustainGym [310],
a recent benchmark suite designed to simulate real-world control tasks under
distribution shift. We focus on multi-agent environments for smart building HVAC
control, which inherently involve stochastic dynamics, distribution shifts, partial
observability, and inter-agent coupling. These environments are particularly well-
suited to test robustness, as the environmental models can vary across days and
building locations (thus climate conditions). More details about the environment
and the experiment setup are provided in section 8.12. Our code can be found at

https://github.com/crqu/robust-coMARL.

Evaluation protocol. To assess generalization under distribution shift (i.e., model
uncertainty), we adopt the following protocol. In the training phase, each algorithm
is trained on a single environment. For robust MARL baselines that require multiple
environments, we follow their standard protocol and train them on a fixed set of
environments. In the evaluation phase, trained policies are deployed on unseen
configurations that differ from those used in training, simulating realistic deployment
where distribution shifts inevitably arise. This design allows us to explicitly measure
robustness to changes in environment dynamics rather than simple memorization of

training conditions.

Baselines. We compare our robust value factorization methods against:

* Non-robust factorization methods: VDN, QMIX, and QTRAN trained without

robustness considerations, representing the standard CTDE paradigm.


https://github.com/crqu/robust-coMARL
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 Existing robust CTDE baseline: the multi-agent group distributionally robust
algorithm from Liu et al. [165], which we refer to as “GroupDR”. While the
original work used only the VDN architecture, we extend the algorithm to QMIX
and QTRAN for completeness.

VDN QMIX QTRAN
1.0
= :F:\\’?‘q 087g
£ ot z
< + 4 T - &
‘:: * 06 £
3 & 4 i t . 1 l t 1 &
= T - 0. 4";’
= =
> E
= 022
0.0
1.0
=
=] 08°F
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S E
Q —— Non-robust t-- GroupDR (baseline) ~ —f— Robust (ours) 2z
1 1
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shift level - shift level - shift level -

Figure 8.2: Normalized performance (averaged over 5 independent training runs,
with error bars showing standard error) across different environment configurations
for our robust MARL algorithms and other baselines. Each panel corresponds to
one value factorization method. Robustness gain is the difference in reward (shaded
area) between Robust (ours) and Non-robust, which shows the out-of-distribution
performance improvement from the robust training.

Experiment 1: climatic shifts. We first test robustness under shifts induced by
changes in climate conditions. Results (averaged over five seeds) are shown in
fig. 8.2. Our robust MARL algorithms consistently outperform both non-robust
counterparts and the group DR baseline. Notably, performance degradation scales
with the severity of the shift (e.g., env_6 deviates most from the training environment,
env_1), but our methods maintain relatively high returns. In contrast, the GroupDR
baseline exhibits little sensitivity to shift severity, reflecting its reliance on worst-case

rewards computed only from configurations encountered during training.

Experiment 2: seasonal shifts. We next evaluate robustness to seasonal shifts,
training algorithms on season_1 data and evaluating on season_2. Results are
reported in table 8.1, showing mean and standard error of normalized episodic returns.
The results show that robust value factorization algorithms with TV uncertainty set

achieve consistent robustness gain against seasonal shifts.
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Table 8.1: Performance under seasonal shifts for our robust MARL algorithms and
other baselines (mean + standard error over 5 independent training runs). Values
outperforming both the non-robust and group DR baselines are highlighted in bold.

Factorization Methods VDN QMIX QTRAN
Non-robust 0.877 £0.012 0.895 +£0.008 0.816 = 0.036
baseline (GroupDR) 0.624 + 0.040 0.499 +0.022 0.508 + 0.048
Robust (T'V-uncertainty) 0.898 = 0.008 0.916 + 0.006 0.861 + 0.006
Robust (p-contamination) 0.869 + 0.013  0.911 + 0.005 0.825 + 0.028

Table 8.2: Performance under climatic and seasonal shifts for our robust MARL
algorithms and other baselines (mean + standard error over 5 independent training
runs). Values outperforming both the non-robust and group DR baselines are

highlighted in bold.

Factorization Methods VDN QMIX QTRAN
Non-robust 0.440 +£ 0.040 0.478 £0.052 0.654 = 0.066
baseline (GroupDR) 0.624 £ 0.056 0.383 £0.053 0.520 + 0.049
Robust (T'V-uncertainty) 0.627 = 0.049 0.520 + 0.048 0.733 + 0.026
Robust (p-contamination) 0.551 = 0.039 0.500 + 0.075 0.682 + 0.026

Experiment 3: climatic and seasonal shifts. Finally, we test on the most extreme
case, where we have distribution shifts arising from climatic and seasonal shifts.
The results are presented in table 8.2, with our robust MARL algorithms achieving
10-40% higher average reward than the non-robust baseline. Notably, QTRAN-based
robust MARL algorithms demonstrate strong out-of-distribution performance and

stability.

Choice of p. Theoretically, p should be chosen based on prior estimation of the
model uncertainty level. Practically, we select p by training on env_1 and validating
on env_2 and env_3, which yields stable performance without overfitting to a single
shift.

Robustness in cooperative MARL. A noteworthy finding is that robustness in
cooperative MARL does not necessarily entail reduced performance in the training
environment. Unlike in single-agent robust RL, where conservatism often penalizes
in-distribution returns, explicitly modeling robustness here mitigates errors from
partial observability and decentralized execution. In several cases, robust training

even improves in-distribution performance relative to non-robust baselines, suggesting
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that robustness can simultaneously enhance stability and adaptability in multi-agent

systems.

StarCraft 11

We additionally conduct experiments in SMAC [228], a well-known benchmark
consisting of two teams of agents engaged in cooperative combat scenarios based
on StarCraft II. We focus on the hard 3s_vs_5z map. In the test environment, we
introduce distribution shift by adding noise to each agent’s observation of every enemy
unit’s normalized position, sampled from N (0,0.75%). Since QTRAN has been
shown to perform poorly on SMAC [250], we report results for the p-contamination
uncertainty set using only VDN and QMIX (averaged over five seeds) in fig. 8.3.
The results demonstrate that for small values of p, our robust MARL algorithms

significantly improve out-of-distribution performance.
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Figure 8.3: Performance of our robust MARL algorithms and their non-robust
baselines in SMAC (3s_vs_5z map). Each algorithm is evaluated every 10,000
environment steps, with each evaluation averaged over 32 episodes. Shaded regions
denote the standard error across 5 random seeds. For small p, the robust algorithms
significantly outperform their non-robust counterparts.

Robustness parameter evaluation. We further compare the final performance of
our algorithms against their non-robust baselines, reporting the improvement in the
test win rate for different choices of p relative to the baseline. The results (averaged
over five seeds) are shown in fig. 8.4. Interestingly, the test win rate first increases
as p grows, and then decreases. This observation aligns with our theory: when
p is small relative to the shift level, explicitly modeling distribution shift during

training yields improved out-of-distribution performance. However, when p becomes
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large, the robust MARL algorithms become overly conservative, leading to degraded

performance.
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Figure 8.4: Improvement in final test win rate of our robust MARL algorithms over
their non-robust baselines in SMAC (3s_vs_5z map) for different values of p. Error
bars denote the standard error across 5 random seeds.

8.6 Conclusion

In this work, we introduce Distributionally robust IGM (DrIGM), a robustness
principle for cooperative MARL that extends the classical IGM property to settings
with environmental uncertainties. Whereas naively “robustifying” individual agent
policies fails to align robust individual policies with the joint robust policy, the
DrIGM offers a principled framework for constructing robust individual action values
that remain aligned with the joint robust policy, thereby enabling decentralized

greedy execution under uncertainty.

Building on this foundation, we derive DrIGM-based robust value factorization
algorithms for VDN, QMIX, and QTRAN, trained via robust Bellman operators
under standard uncertainty sets (p-contamination and total variation). Empirically,
on a high-fidelity building HVAC control benchmark, our methods consistently
mitigate out-of-distribution performance degradation arising from climatic and
seasonal shifts. On a StarCraft II game-playing benchmark, our methods likewise
improve out-of-distribution performance under added observation noise. Unlike
single-agent robust RL, where conservatism often harms in-distribution returns, we
find that robustness in cooperative MARL can simultaneously enhance stability and

adaptability.

While we introduced the DrIGM framework for a global uncertainty set, we be-
lieve it may be possible to further extend this framework. Future work includes

developing DrIGM-compliant algorithms under agent-wise uncertainty sets and
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exploring additional training paradigms (e.g., decentralized training) to further

broaden applicability.

Reproducibility statement

We release a GitHub repository containing all code, configuration files, and scripts
needed to reproduce our results, including data generation and figure plotting. All
proofs for the main paper are stated in Section 8.9. Algorithm pseudocode is also

provided in Section 8.11.

8.7 Related Work

Single-agent Distributionally Robust RL (DR-RL). The single-agent setting
is typically formalized as a robust Markov decision process (MDP). A substantial
literature studies finite-sample guarantees for distributionally robust RL, exploring
a variety of ambiguity-set designs [117, 299, 294, 128, 109, 247, 110, 98, 68,
262, 196, 224, 67, 176]. Most relevant to our work are tabular robust MDPs with
(s, a)-rectangular uncertainty sets defined by total-variation balls [303, 197, 301,
72,167, 198] or p-contamination models [288, 321], for which minimax dynamic

programming and learning algorithms admit provable performance bounds.

Value factorization methods for cooperative MARL. Value factorization is the
standard mechanism for scalable cooperative MARL under CTDE. Early work adopts
simple additivity (VDN [259]), while QMIX [217] learn a state-conditioned monotone
combiner to enlarge the function class without violating the IGM requirement.
QTRAN [251] further relax the monotonicity assumption with consistency constraints.
Other approaches include attention-based mixers (e.g., QAtten [304], REFIL [116]),
dueling-style decompositions (QPlex [282]) and residual designs (ResQ [240]).
Building on this body of work, we develop robust value-factorization algorithms
with provable robustness guarantees under model uncertainty, enabling robust

decentralized execution in partially observable cooperative settings.

Robustness in MARL. In general MARL, robustness is typically studied within
Markov games, where uncertainty can be modeled in different components, such
as the state space [104, 108, 327, 322], other agents [ 153, 125], and environmental
dynamics [319, 165]. We refer readers to Vial et al. [275] for an overview. This
work considers robustness to model uncertainty, primarily studied via distributionally
robust optimization (DRO) [216, 92, 29, 75, 36, 87, 208, 179, 192], where most

prior efforts target Nash equilibria and provide provable (actor-critic / Q-learning)
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algorithms [319, 127, 170, 35, 242, 165], often under full observability or individually

rewarded settings. We complement this line by addressing the cooperative, partially
observable CTDE regime, where agents receive a single joint reward and act only

local observations.

In cooperative MARL, robustness has been modeled along several complementary
axes, including adversarial (Byzantine) teammates [157], state/observation distur-
bances [100], communication errors [317], risk-sensitive objectives that guard against
tail events under a fixed model [239], and explicit model uncertainty [143, 320].
Focusing on the last category, Kwak et al. [143] address model uncertainty with
sparse, execution-time communication, whereas Zhang et al. [320] study settings in
which each agent observes the full state and receives individual reward. Similarly,
Bukharin et al. [47] also considers settings where each agent receives individual
reward, and they achieve robustness by controlling the Lipschitz constant of each
agent’s policy. In contrast, our work targets robustness to model uncertainty in
the cooperative CTDE setting, complementing prior approaches by providing a
systematic framework that does not require real-time communication and operates

under partial observability with a single team reward.

8.8 Examples

Example 3 (Naive single-agent robust action values cannot guarantee DrIGM).
Consider a robust cooperative two-agent task (illustrated in fig. 8.5) with action
spaces Ay = Ay = {1, 2}, state space S = {so, S1, 52, 53, S4}, and uncertainty set
P = {Py, P,}. Let so be the initial state, and let s1,s2,53 and s4 all be absorbing
states with zero reward. We assume each agent observes the full state. For Py, all
the transitions are fully deterministic. P, differs from Py only in transitions on joint
actions (1,2) and (2, 1), given by:

2

1
P(S211,2) = 3 P(S311,2) =

b

W] —= W] N

2
P(SZ | 29 1) = g’ P(S3 | 29 1) =

As shown in fig. 8.5, the optimal joint action value function at state s is (we omit the
v/(1 =) factor for clarity)

Piiso,1,1) =07, 0F1(s0,1,2) =0.4, 0F1(s50,2,1) =1.0, 01 (s0,2,2) =0.7;

tot tot tot tot

P2 (50, 1,1) = 0.7, QF(s0,1,2) = 0.8, 02(50,2,1) =0.6, QF2(50,2,2) =0.7.

tot tot
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Therefore, the robust joint action-value function Qgt(s, a) = infpep Qgt(s,a) is
given by:

0% (50,1,1) = 0.7, OF (50,1,2) =0.4, Q% (50,2,1) =0.6, QOF (50,2,2) =0.7,

It is straightforward to check that the following individual action-value functions
(01"} jera) satisfy QL (s, a1, a2) = QF (s, a1) + QF (s, az) forall s € S and P € P,
which is a special case of the classical IGM property:
OV (s0,1)=0,  O'(50,2) =03, 0F(s0,1)=0.7, Q}'(s50,2) = 0.4,
0 (s0,1) = 0.2, O(50,2) =0.1, 0F(50,1)=0.5, 02*(50,2) = 0.6.
Suppose the robust individual action-value function is defined as Q;Ob(s, a) =

infpep Qf) (s,a), as in the single-agent DR-RL literature. Therefore, the robust

individual action-value functions are given by:
0" (s0,1) =0, Q""(s0,2) = 0.1, OF"(s0,1) =0.5, Q¥ (s0,2) = 0.4,

At 50, these robustifications fail to satisfy DriGM:

2,1) = (arg max Q™(so, a), argmax Q%"(so, az))
aj

az

¢ argmax Q% (so,a) = {(1,1),(2,2)}.

Figure 8.5: (a) MDP under transition kernel Py, (b) MDP under transition kernel P,.
The two differ in their transition probabilities to s, and s3.

Example 4 (DrIGM can address cases where IGM fails.). Consider a similar robust
cooperative two-agent task (illustrated in fig. 8.6) with action spaces Ay = Ay =
{1,2}, state space S = {so, s1, 52, 53, S4}, and uncertainty set P = {P1, P»}. Let

Py be the training and testing environment. For Pi, all the transitions are fully
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deterministic, the optimal joint action value function at state sq is (we omit the

v/ (1 =) factor for clarity):

0F (50, 1,1) = 0.7, QF1(50,1,2) = 0.4, OF'(s50,2,1) = 1.0, QL1 (50,2,2) = 0.5.

tot tot

P, differs from Py in that all actions leads to S4. Therefore, the optimal joint action

value function at state s is (we omit the y /(1 — ) factor for clarity):
P _ P _ P _ P _
Qi (50,1,1) = 0.4, Q:(50,1,2) =04, 0,:(s50,2,1) = 0.4, Q,;(50,2,2) =0.4.

tot

It can be verified that P does not admit a VDN-style value decomposition, but the

worst case, P», admits a feasible VDN-style value decomposition.

@ all actions

(b)
Figure 8.6: (a) MDP under transition kernel Py, (b) MDP under transition kernel P;.

8.9 Proofs
Proof of Theorem 10
Proof. Recall that for all a € A, we have

Qloi(h.2) = inf O, (h, a) (eq. (8.3))
PY°™'(h,a) € arg inf QP (h,a). (eq. (8.4))
(S
Thus, Qg:om(h’a) (h,a) = Qgt(h, a). In eq. (8.4), we also defined

a € argmax Q% (h, a).
aeA
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PWOI‘S[ (h,ﬁ)

i

Since P¥°"'(h,a) € P, by assumption there exist [Q

PWOl'St (h, ﬁ)
for Q.

liern) that satisfy IGM

under h. Therefore,

aj an

(arg max er"b(hl, ai),...,argmax Qf{,’b(hN, aN))

= (arg max waom(h’ﬁ) (hy,ay),...,argmax Qf,wom(h’ﬁ) (hy, aN)) (eq. (8.4))
aj anN
cargmaxQ”. ¥ (h,a) (IGM)
a
C arg max Qf::ors{(h’a) (h,a) (eq. (8.4))
a
= arg max Qgt(h, a),
a
which shows that [Q{Ob]ie[N] satisfy DrIGM under h. ]

Remark 2. The statement of Theorem 10 assumes that for all P € P there exist
[Qf]l-e[N] satisfying IGM for QL under joint history h € H. However, we note
here that this assumption can be relaxed to only requiring that there exist [Q;]ic[n
satisfying IGM for QP under h.

tot

Remark 3. As shown in Example 3, an adversarial model P € P that minimizes one
agent’s value need not coincide with the adversarial model P’ € P that minimizes
the joint value. Theorem 10 circumvents this problem by directly considering the

global worst case, i.e.,
O (hiyap) = 0] ™ (hyy ay). (8.18)
Given this definition, a robust joint action is given by a = (1, 1) or (2,2), and there
exist robust individual action-value functions given by:
0" (s9,1) = 0.2, Q""(s50,2) = 0.1, OF"(s0,1) =0.7, QF"(s50,2) = 0.4,

where the robust individual action is given by a; = 1,a, = 1. Alternatively, another

set of individual action-value functions are given by:
O (s0,1) =0,  Q1(50,2) = 0.3, QF"(s0,1) = 0.5, 05"(s0,2) = 0.6,

where the robust individual action is given by a\ = 2, ar = 2. Either way, the robust

individual actions are aligned with the joint actions.

Proof of Theorem 11

Proof. We proceed by proving that IGM holds for under each of the three conditions
given in Theorem 11. By Theorem 10, it suffices to show that DrIGM holds for each
of the three conditions given in Theorem 11.
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VDN condition. Given a joint history h € H, for any P € $, we have

Q{())t(h’a) = Z le(hi,ai), Va = (aj,...,an) € A.
i€[N]

Let g; = argmax, QF (h;,a;) fori € [N], and let @ = [a;];c{ny). Then, for any
ac A,

Otu(h,a) = > Of (hi, ay),

i€[N]

< > 0F(ha) (Definition of a;)
i€[N]

— 0P (h 3

= Qior(h, ).

This implies that
arg max Qf(hl, ai),...,argmax Qﬁ(hN, ay)| € argmax Qf;t(h, a),
a an a

SO [Qf lierny satisfy IGM for Qf;t under h. Therefore, by Theorem 10, [Q™P]

i lie[N]
satisfy DrIGM for Qf;t under h.

QMIX condition. Given a joint history h € H, for any P € P, suppose the
following monotonicity property holds:

901y (h,
LM e
907 (hi, a;)

Let a; = argmax,, Qf(hi,ai) fori € [N], and let @ = [a;];c[n). Given that
00{(h,a)/0Q% (hi,a1) > 0 and a; = argmax, QY (hi,a1), we have (for any
aeA

Q[[())t(h’ a) < Qt[())t(h’ al’ az,..., CZN).

Applying the same logic to all i € [N] yields that for any a € A,

oF (h,a) < 0F (h,a1,as, ..., an) (8.19)
= Ol (h,a). (8.20)
This implies that
arg max Qf(hl, a),...,argmax Qf,(hN, ay) | € arg max Qgt(h, a),
aj an a

30 [QF];e[ny satisfy IGM for QF under h. Therefore, by Theorem 10, [Q7"] ;]
satisfy DrIGM for Qgt under h.
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QTRAN condition. Given a joint history h € H, for any P € ¥, we have (for all
a= (al,...,aN) € A):

(=]
&1

A . a=a
D08 (hisa;) = Ol (h, a) + Vi () = (8.21)
i=1 0, a

v
+H+
V]

’

where a = [d;];e(n) with a; = argmax,, Q,P(hi, a;) and Vi (h) = max, Qtlz)t(h’ a) —
Al OF (h;, a;). Therefore,

N
Qlor(h,8) = > OF (i, @) + Viex(h) (eq. (8:21))
i=1
= max Qf;t(h, a), (Definition of V(h))
This implies that
arg max Qf(hl, ai),...,argmax Qﬁ(hN, ay)| € argmax Qf:)t(h, a),
ai an a

SO [QfD lie[ny satisfy IGM for Qf;t under h. Therefore, by Theorem 10, [er.(’b]ie[ N
satisfy DrIGM for Qgt under h.

Combining the three cases concludes the proof of Theorem 11. 0

Proof of Theorem 12
Proof. Recall that given an uncertainty set #, the robust joint action value is defined

as,
0% (ha) = inf OF(h.a). V(h,a) € H x A. (8.22)
€

Given that Py € P, we directly have:

0F (h,a) < QF='(h,a), Vhe H, ac A. (8.23)

ot
This concludes the proof. [

8.10 Robust Bellman Operators

We start by introducing the assumptions needed to derive the robust bellman operators.

Assumption 12 (Fail-state [198]). The robust Dec-POMDP has a fail state s ¢ such
that
r(sp,a) =0 and P, a(sy) =1, Vae A, VP eP. (8.24)



226

This requirement is mild, as fail states naturally arise in both simulated and physical
systems. For example, in robotics, a configuration where the robot falls and cannot
recover, whether in simulators such as MuJoCo or in real hardware, serves as a

natural fail state. We can further relax it to the following assumption.

Assumption 13 (Vanishing minimal value [168]). The underlying RMDP satisfies
min V. (s) = 0. (8.25)
seS

Without loss of generality, we also assume that any initial state s| ¢ arg mingcgs tht(s).

This assumption states that the lowest achievable robust value across all states is
normalized to zero. The exclusion of the minimizing state as the starting point rules

out the degenerate case where the agent begins with zero guaranteed return.

p-contamination uncertainty set. Given a p-contamination uncertainty set defined

in eq. (8.7), the robust bellman operator can be expanded as:

(TPQ)(h’ a) = I"(S, a) + '}’P lnf Eh/”Ph,a

h,a€% h,a

max o, a’)] ) (8.26)

=r(s,a) +y(1-p) Eppy [ﬁnj‘;,f Q(h’,a") (8.27)
+ pmin V7. (5). (8.28)
s’eS

Under assumption 12 (assumption 13), we obtain that:

(77Q)(h,a) = r(s,a) +y(1 = p) By _po [;ng;ls O(h, a’)]
(assumption 12 (assumption 13))

=r(s,a)+y(l-p) Eh’~Pﬁ [O(W,a")], (definition 8)

=1 _ rob s 7
where a; = arg max, Q°°(h}, aj).

TV-uncertainty set. Leveraging Panaganti et al. [198, Proposition 1], given a
TV-uncertainty set defined in eq. (8.9), the robust bellman operator can be expanded
as:

(Tta) (h, a) = I"(S, a) - il’lf2 ’th,NPg!a (p [U(S, a) _ Y},nef:s th(‘)’t(s//) —n

n€l0. 55 +

). (8.29)

+ [1(s,) - max or (W, a)
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Under assumption 12 (assumption 13), we obtain that:

(TQk)(h,a) = r(s,a)~ inf th,NPﬁ’a(—(l—p)n(s,a)

n€l0. 505

+

n(s,a) —max Q% (W, a’)] )
a’eA 4

(assumption 12 (assumption 13))

)

(definition 8)

=r(s,a) - inf VEh'NPg ( - (1-p)n(s,a)

2
n€l0. 5=

—/

+ |n(s,a) —glgy)[gQgt(h’,...,h;\,,al,...,d;\,)

8.11 Algorithms
We offer a full description of our algorithms in this section, presented in algorithms 8
to 13.

Algorithm 8 Robust VDN with p-contamination uncertainty set

1: Input robustness parameter p, target network update frequency f and &

2: Initialize replay buffer D
3: Initialize [Q?Ob],-e[ ~] With random parameters 6
4: Initialize target parameters 6~ = 6
5: for episode e = 1,...,E do
6: Observe initial state s° and observation 0? = 0;(s") for each agent i.
7: fort=1,...,T do
8: Each agent i chooses its action a! using e-greedy policy.
9: Take joint action a’, observe the next state s**!, reward 7' and observation
o'*! = oy(s™) for each agent i
10: Store transition (h’,a’, 7', h’*!) in replay buffer D
11: Sample a mini-batch of transitions (h, a, r,h’) from D
12: Seta’ = [arg max, er."b(h;, a’; 607)]iern
1 Set Qroi (. 216) = Tiepn) Q1 (hi. a3 0)
4 Set Qo; (W, &367) = Fiepn) Q1" (1], a3 67)
1> Set y= = r + y(1 - p) Q"N (W, &5 67)
16: Calculate TD loss Ltp = (Ql:"PN(h, a; 6) — y'reet)2
17: Update 6 by minimizing Ltp

18: Update 6~ = 0 with frequency f
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Algorithm 9 Robust QMIX with p-contamination uncertainty set

1: Input robustness parameter p, target network update frequency f and &

2: Initialize replay buffer D
3: Initialize [er.(’b] ie[n] and mixing network fy with random parameters 6
4: Initialize target parameters 6~ = 6
5: for episode e = 1,...,E do
6: Observe initial state s° and observation 0? = 0(s") for each agent i.
7: fort=1,...,T do
8: Each agent i chooses its action a! using e-greedy policy.
9: Take joint action a’, observe the next state s**!, reward 7' and observation
o'*! = oy(s™!) for each agent i
10: Store transition (h’, a’, s', 7/, h’*!, s'*1) in replay buffer D
11: Sample a mini-batch of transitions (h, a, s, 7, h’, s") from D
12: Seta’ = [arg max, er."b(h;, a’; 607)]iern
b Set Q1o M (h,2;60) = f((Q°(hi, i3 0) ey 5)
14 Set Qi ™M™ (W, &507) = fo- ((QI° (A}, @} 07))iewy» ')
b Set yrEt = 1+ y(1 = p) Qi ™ (W, &5 67)
6: Calculate TD loss Ltp = (QQQMIX(h, a; f) — ytaeet)?
17: Update 6 by minimizing Ltp
18: Update 6~ = 6 with frequency f

8.12 Experiment details

Task Description

We test our algorithms and baseline algorithms in BuildingEnv in [310]. This
environment considers the control of the heat flow in a multi-zone building so as to
maintain a desired temperature setpoint. Building temperature simulation uses firsz-
principled physics models, to capture the real-world dynamics. The environmental
model and reward functions can differ from three climate types and locations (San

Diego, Tucson, New York), which jointly decide the climate.

Episode. In BuildingEnv, each episode runs for 1 day, with 5-minute time
intervals. That is, the horizon length H = 288, and the time interval length 7 = 5/60
hours. We set the discount factor y =~ 0.997 by using H as the effective horizon

length H = ﬁ
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Algorithm 10 Robust QTRAN with p-contamination uncertainty set

1: Input robustness parameter p, target network update frequency f and &

2: Initialize replay buffer D

3 Initialize [Ql?"b]ie[ N> z;QTRAN and VZ;’QTRAN with random parameters 6
4: Initialize target parameters 6~ = 6

5: forepisodee = 1,...,E do

6: Observe initial state s and observation 0? = 0(s") for each agent i.
7: forr=1,...,Tdo

8: Each agent i chooses its action a! using g-greedy policy.

9: Take joint action a’, observe the next state s'! reward r' and observation

05” = 0;(s"*!) for each agent i

10: Store transition (h’,a’, 7', h’*!) in replay buffer D
11: Sample a mini-batch of transitions (h, a, r, h’) from D
12: Setd’ = [arg max,, Q™ (1), a};07) ]iern)
b Set yuret = r 4y (1 = p) Qi (W, &5 67)
14: Calculate TD loss Ltp = (Qz;QTRAN(h, a; f) — ytareet)2
15: Calculate Lop using eq. (8.12)
16: Calculate Lyop using eq. (8.13)
17: Update 6 by minimizing L = Ltp + Lopt + Lnopt
18: Update 6~ = 6 with frequency f

State Space. For a building with N indoor zones, the state contains observable

properties of the building environment at timestep ¢:

s(t) = (T1(0), ..., Tn (1), Te (1), T5 (1), Q%11 (1), 07 (1)), (8.30)

where T;(¢) denotes zone i’s temperature at time step 7, Q7 (¢) is the heat acquisition
from occupants’ activities, QGH 1 () is the heat gain from the solar irradiance, and

T (t) and Tg () denote the ground and outdoor environment temperature.

Observation Space. For agent i, given the current state s(z), its observation o;(t)

is given by:

0i(t) = oy(s(1))
= (T;(1), Tp (1), T (1), Q"1 (1), @ (1)). (8.31)
That is, agent i can observe the tempature at zone 7, the heat acquisition from

occupants’ activities, the heat gain from the solar irradiance, and the ground and

outdoor environment temperature.



230

Algorithm 11 Robust VDN with TV uncertainty set
1: Input robustness parameter p, target network update frequency f and &

2: Initialize replay buffer D
3: Initialize [er."b],-e[ ~] With random parameters 6
4: Initialize dual network r¢ with random parameters &
5: Initialize target parameters 6~ = 6
6: for episodee =1,...,FE do
7. Observe initial state s” and observation o) = 07(s%) for each agent i.
8: forr=1,...,T do
9: Each agent i chooses its action a! using e-greedy policy.
10: Take joint action a’, observe the next state s'*!, reward r’ and observation
o'*! = oy(s™!) for each agent i
11: Store transition (h’,a’, s, r’, h'*!) in replay buffer D
12: Sample a mini-batch of transitions (h, a, r, s, h’)
13: Calculate dual loss Lgy, using eq. (8.17)
14: Update ¢ by minimizing Lgya
15: Sample another mini-batch of transitions (h, a, s, 7, h’) from D
16: Seta’ = [arg max,, Q™ (1!, a};07)]ierw)
7 Set QN (h,2360) = iy Q1 (his i3 6)
18 Set Qi (W, &307) = Fiepn) Q1" (1], a3 67)
15 Set yUEt = 1 4y (1 - p)ne(s.a) — y[ne(s,a) — QL PN (W& 67)],
20: Calculate TD loss Ltp = (QQVDN(h, a; §) — ylaree)2
21: Update 6 by minimizing Ltp
22: Update 6~ = 6 with frequency f

Action Space. At time ¢, agent i’s action is a scalar a;(t) € [—1, 1], which sets the

controlled heating supplied to zone i. The joint action a(t) = (a(),...,an(t))

Reward Function. The objective is to reduce energy consumption while keeping
the temperature within a given comfort range. Therefore, the reward function is a

weighted average of these two goals:

r(t) = =(1=pBlla)ll2 - BT = T(1)]l2, (8.32)
where Tt — (Tltarget(t), . ,Tlt\?rget) are the target temperatures and T(r) =
(T (t),...,Ty(1)) are the actual zonal temperature, and || - ||2 denote the ¢, norm.

We use the same default hyperparameter S across all experiments.
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Algorithm 12 Robust QMIX with TV uncertainty set
1: Input robustness parameter p, target network update frequency f and &

2: Initialize replay buffer D
3: Initialize [er.(’b] ie[n] and mixing network fy with random parameters 6
4: Initialize dual network n¢ with random parameters &
5: Initialize target parameters 6~ = 6
6: for episodee =1,...,FE do
7. Observe initial state s” and observation o) = 07(s%) for each agent i.
8: forr=1,...,T do
9: Each agent i chooses its action a! using e-greedy policy.
10: Take joint action a’, observe the next state s'*!, reward r’ and observation
o'*! = oy(s™!) for each agent i
11: Store transition (h’,a’, s, r’, h'*!) in replay buffer D
12: Sample a mini-batch of transitions (h, a, r,h’)
13: Calculate dual loss Lgy, using eq. (8.17)
14: Update ¢ by minimizing Lgya
15: Sample another mini-batch of transitions (h, a, s, 7, h’) from D
16: Seta’ = [arg max,, Q™ (1), a};07)]ierw)
17 Set Qo M (h,2;60) = fy((Q°° (hi, i3 0) ey 9)
18 Set Qpo (W, &5607) = fo- ((QF° (M, @3 607)iein) 5')
1 Set Yt =+ y(1 = p)ne(s,a) — y[ne(s,a) — Q- (W, &3 67)]4
20: Calculate TD loss Ltp = (Q?;;QMIX(h, a; g) — ytareen)?
21: Update 6 by minimizing Ltp
22: Update 6~ = 6 with frequency f

Environmental Uncertainty. The environmental model and reward functions can
differ from three climate types and locations (San Diego, Tucson, New York), which
jointly decide the climate. Besides, BuildingEnv contains distribution shifts in the

ambient outdoor temperature profile 7¢ incurred by seasonal shifts.

Experiments Setup.

We implement distributionally robust algorithms with two types of uncertainty sets
(p-contamination [321], TV-uncertainty[198]) and three different value factorization
methods (VDN [259], QMIX [217], QTRAN [251]). We also implement the
GroupDR MARL algorithm from [165], also with these three different value
factorization methods. Each experiment is run independently with 5 different random

seeds.
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Algorithm 13 Robust QTRAN with TV uncertainty set
1: Input robustness parameter p, target network update frequency f and &

2: Initialize replay buffer D
3 Initialize [Ql?"b]ie[ N> z;QTRAN and VZ;’QTRAN with random parameters 6
4: Initialize dual network 77, with random parameters &
5: Initialize target parameters 6~ = 6
6: for episodee =1,...,E do
7 Observe initial state s° and observation 0? = 0;(s") for each agent i.
8: fort=1,...,T do
9: Each agent i chooses its action a! using e-greedy policy.
10: Take joint action a’, observe the next state s**!, reward 7' and observation
o'*! = g;(s'*1) for each agent i
11 Store transition (h’,a’, s, r’, h’*!) in replay buffer D
12: Sample a mini-batch of transitions (h,a, r, s, h’, s”)
13: Calculate dual loss Lqy, using eq. (8.17)
14: Update & by minimizing Lgya
15: Sample another mini-batch of transitions (h, a, s, 7, h") from D
16: Setd’ = [arg max,, O™ (1}, a};07)liern)
7 Set et = r + (1= p)ne(s, a) = y[ne(s,a) — Q@ N (W, @507) ]
18: Calculate TD loss Ltp = (QQQTRAN(h, a; f) — ytareet)2
19: Calculate Loy using eq. (8.12)
20: Calculate Lyop using eq. (8.13)
21: Update 6 by minimizing L = Ltp + Lopt + Lnopt
22: Update 6~ = 6 with frequency f

Hyperparameters. Training lasts 600 episodes with parameter updates every 2
steps and target updates every 25k steps. Replay buffer size is 10k; batch size is
64. We use e-greedy exploration with £ annealed from 1.0 to 0.01 over 120k steps.

Hidden layer size is 64.

Environment configurations. The environment configurations we use throughout
the three experiments are shown in Table 8.3 where Env_1 is the training environment,
and the other environments are numbered in order of how much they differ from

Env_1.

Robust individual Q-networks. Each agent employs a recurrent Q-network [105],
encoding its local observation concatenated with the previous action (one-hot).

Features pass through a fully connected layer with ReLLU, followed by a single-layer
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Environment Weather Location
Env_1 Hot_Dry Tucson
Env_2 Hot_Humid Tampa
Env_3 Very_Hot_Humid Honolulu
Env_4 Warm_Dry El Paso
Env_5 Cool_Marine Seattle
Env_6 Mixed_Humid New York

Table 8.3: Environment configurations for SustainGym BuildingEnv.

LSTM (hidden size 64). The final hidden state is projected into Q-values. We
optimize with RMSprop (Ir = 5 x 107).

Mixing networks (QMIX). Following TorchRL [40], we use hypernetworks to
generate state-dependent mixing weights while enforcing monotonicity. Per-agent
Q-values are embedded, passed through ELU, and projected to a scalar joint Q.
A state-conditioned bias is added via a two-layer MLP. Optimizer: RMSprop (Ir
=5x107.

QTRAN Networks. We implement joint action-value and state-value networks as
in Son et al. [251]. The joint action is encoded by concatenated one-hots, projected
with ReLLU, and optionally combined with agent features. The state-value network
processes the global state and summed agent features in parallel, concatenates them,

and outputs a scalar. Both use Adam (Ir = 1073).

Dual networks (TV uncertainty). The global state and joint action (concatenated
one-hots) are separately embedded via ReLU MLPs, concatenated, and passed
through another ReLLU layer before a final linear projection to a scalar. Optimizer:
Adam (Ir = 1073).

GroupDR training. GroupDR first fits a contextual-bandit-based worst-case
reward estimator to estimate the worst-case reward, using data from Env_1 to Env_5
collected under a VDN-trained behavior policy. Using this estimator, we then train
the individual Q-networks by randomly sampling episodes from Env_1 to Env_5.

(For fairness, Env_6 is never used for training by any method.)



234

Normalized Return. Because the reward in BuildingEnv is negative, we normal-

ize the returns to [0, 1] by the following transformation:

. Return + 9000
Normalized_return = 9000 (8.33)

Experiment 1: climatic shifts. During training, we train each algorithm in Env_1
by sampling episodes from Day 1 to Day 200. During evaluation, we evaluate each
algorithm in Env_1 to Env_6, by sampling 50 episodes from Day 1 to Day 200 in
each environment. This setup demonstrates distribution shift induced by climate

differences.

Experiment 2: seasonal shifts. During training, we train each algorithm in Env_1
by sampling episodes from Day 1 to Day 200. During evaluation, we evaluate
each algorithm in Env_1, by sampling 50 episodes from Day 400 to Day 600 in
each environment. This setup demonstrates distribution shift induced by seasonality

within the same location.

Experiment 3: climatic and seasonal shifts. During training, we train each
algorithm in Env_1 by sampling episodes from Day 1 to Day 200. During evaluation,
we evaluate each algorithm in Env_6, by sampling 50 episodes from Day 400 to Day
600 in each environment. This setup demonstrates the combined effects of climate

and seasonal shifts.
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Chapter 9

CONCLUSIONS AND FUTURE DIRECTIONS

9.1 Conclusion

This thesis has studied how uncertainty representations can be learned, calibrated,
and optimized in service of downstream decisions. Across the batch and online
settings, the central message has been consistent: uncertainty should not be treated
as a passive byproduct of prediction. Instead, the uncertainty object itself — whether
a scalar risk threshold, a prediction set, a learned ambiguity set, or a robust value

function — should be designed with the decision problem in mind.

In the batch setting, the thesis developed several end-to-end methods for learning
decision-focused uncertainty representations. Conformal risk training (Chapter 2)
extended conformal risk control from expected losses to tail-risk objectives such as
CVaR, enabling predictors to be trained jointly with a risk-controlling procedure.
Chapter 3 then moved from scalar risk control to set-valued uncertainty, showing
how conformally calibrated prediction sets can be learned end-to-end for conditional
robust optimization. Gen-WDRO (Chapter 4) further generalized this idea by learning
conditional distributions and coupling them to a Wasserstein distributionally robust
optimization layer, while diffusion-based decision-focused learning (Chapter 5)
showed that rich generative models can support stochastic optimization through
end-to-end training. Taken together, these chapters demonstrate that uncertainty

quantification and decision-making need not be separate stages.

The online part of the thesis explored how uncertainty can support sequential
control and reinforcement learning in realistic sustainability applications. Chapter 6
established a finite-mistake guarantee for online voltage control under unknown
grid topology, showing that safety and learning can be combined in a provable way.
SustainGym (Chapter 7) provided a benchmark suite that exposes distribution shift,
physical constraints, and multi-agent interaction in sustainability settings, making
it easier to evaluate RL methods in environments that resemble real deployment
challenges. Finally, DrIGM (Chapter 8) extended the individual-global-maximum
principle to distributionally robust multi-agent RL, enabling decentralized greedy
execution under uncertainty while preserving robust value alignment. These results

suggest that decision-focused uncertainty representations are equally valuable in
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sequential settings, where they can improve both stability and generalization.

9.2 Future Directions
While this thesis has established the importance of decision-focused uncertainty
representations, there are many exciting directions for future work that build on the

core idea of learning such representations.

Online conformal tail risk control. An important extension of conformal CVaR
control is to the online, adversarial setting. In this regime, the learner would face a
sequence of losses or constraints that may vary over time, and the goal would be to
make decisions with provable regret guarantees rather than only batch risk-control
guarantees. A natural target is sublinear regret for both the objective and the risk
constraint, which would provide an online analogue of the finite-sample guarantees
developed in the batch setting. Achieving this would require combining ideas from
online learning, adaptive calibration, and risk-sensitive optimization in a way that

remains tractable under minimal assumptions.

Decision-focused learning for non-convex problems. Most of the decision-
focused learning methods developed in this thesis rely on convex or otherwise
structured downstream optimization problems, where differentiation through the
decision layer can be handled analytically or with efficient implicit methods. Many
applications of interest, however, are non-convex. Extending decision-focused
learning to this regime would substantially broaden its scope. One promising
direction is to leverage policy-gradient methods, including deterministic policy
gradients, to optimize decision-focused objectives when the downstream problem
is not amenable to convex differentiation. A key challenge will be to preserve
the decision-awareness of the training objective while managing the additional

optimization instability introduced by non-convexity.

Using learned uncertainty more directly in RL. The DrIGM framework demon-
strates that learned uncertainty can be incorporated into RL through robust value
functions that preserve decentralized execution. More generally, there may be several
other ways to inject learned uncertainty into RL algorithms. One possibility is to use
uncertainty estimates to guide exploration, rather than only to robustify evaluation or
policy execution. Another is to couple uncertainty-aware representations more tightly

with model-based planning or offline RL, where distribution shift and extrapolation
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error are central concerns. Exploring these directions could yield RL algorithms
that are not only more robust, but also more sample-efficient and better aligned with

real-world risk management.

Real-world deployment in sustainability and energy systems. Finally, one
direction that this thesis did not explore in depth is the real-world deployment of the
methods developed here. While the theoretical and empirical results are promising,
there are many practical challenges to deploying these methods in operational
sustainability systems, including issues of scalability, interpretability, and integration
with existing control frameworks. Future work that bridges the gap between research
and practice, perhaps through partnerships with industry or utilities, could help to
validate and refine these methods in real-world settings, ultimately contributing to

more sustainable and resilient energy systems.

The broader lesson of the thesis is that uncertainty representations are most useful
when they are learned with the decision in mind. Future work that continues to unify
statistical guarantees, optimization, and control is likely to be especially valuable in
safety-critical sustainability systems, where the costs of miscalibrated uncertainty

can be substantial.
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