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ABSTRACT 

Part I of this thesis describes the theoretical and experimental 

aspects of a new area in coherent optics known as phase conjugate optics. 

By using nonlinear optical mixing techniques, the complex conjugate of an 

arbitrary incident monochromatic wave can be generated. In particular, 

the theory of the degenerate four-wave mixing technique is presented. 

Experimental observation of phase conjugate wave front generation in a 

liquid crystal material (MBBA) is described. The ability of the conjugate 

wave front to correct for phase aberration is demonstrated. The quantum 

mechanical origin of the nonlinear third order su sceptibility responsible 

for the four-wave mixing process is illustrated in an atomic system. 

Because of a finite memory time of such an atomic system, the electromag­

netic waves taking part in the mixing process need not occur simultane­

ously. The applications of the phase conju ga tion process to real-time 

information processing and the characteristics of a phase conjugate reson­

ator are discussed in detail. 

The ability of an optical fiber to confine the propagation of elec­

tromagnetic waves over a long distance and within a small cross sectional 

area implies that large optical intensities can be maintained over a long 

" interaction length even at moderate incident optical power. Part II of 

this thesis describes some third order nonlinear optical phenomena that 

have been observed under this condition. Es pecially, phase conjugation 

by degenerate four-wave mixing in a fiber has been shown to require sig­

nificantly less pumping power. The theoreti ca l and experimental studies 

of four-wave mixing in a liquid-filled fiber are presented. 
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Extensive experimental efforts have been devoted over the last 

few years to the study of stimulated Raman scattering and the oscilla­

tion of the Stokes radiation inside fibers. A detailed theoretical 

treatment will be given here to describe these effects. The analysis 

shows that pump depletion due to the nonlinear process is very important 

in describing the stimulated Raman scattering in low loss fibers and is 

the dominant saturation effect in a fiber Raman oscillator. Finally, 

the implications of nonlinear optical phenomena to fiber optic communi­

cation will be mentioned. 



-vi-

Table of Contents 

Part I 
PHASE CONJUGATE OPTICS 

Chapter l - Introduction 

l.l Outline of Thesis, Part I 

1.2 The Main Features of Phase Conjugate Optics 

Chapter l References 

Chapter 2 - Phase Conjugate Optics and Real Time Holography 

l 

l 

2 

5 

7 

2.1 Properties of a Phase-Conjugate Wave Front 7 

2.2 Phase Conjugate Wave Front Generation by Nonlinear 9 
Optical Mixing 

2.3 Real Time Holography 15 

Chapter 2 Referenc es 17 

Chapter 3 - Phase Conjugation by De ge nerate Four-Wave Mixing 18 
in an Isotropic Nematic Substance 

3.1 The Experimental Arrang ement 

3.2 Theoretical Background 

3.3 Experimental Results 

3.4 Conclusion 

Chapter 3 References 

Chapter 4 - Phase Conjugation by Photon Echoes 

18 

21 

26 

33 

35 

36 

4.1 Photon Echo in Two-Level Atomic Systems 36 

4.2 The Effect of Relaxation Time 43 

4.3 Phase Conjugation in a Three-Level Atomic System 45 

Chapter 4 References 48 



-vii-

Chapter 5 - Applications of Phase Conjugate Optics 

5. l Corrections of Phase Aberrations 

5. 2 Real Time Spatial Information Processing 

5.3 A Phase Conjugate Resonator 

Chapter 5 References 

Part II 

NONLINEAR OPTICAL PHENOMENA IN OPTICAL FIBERS 

Chapter l - Introduction 

49 

49 

50 

58 

68 

69 

l .l Motivations for Studying Nonlinear Optical 69 
Effects inside Fibers 

1.2 Properties of Optical Fibers 70 

1.3 The Main Features of Nonlinear Optical Effects 73 
inside Fibers 

l .4 Outline of Thesis, Part II 75 

Chapter l References 76 

Chapter 2 - Phase Conjugation by Degenerate Four-Wave Mixing 77 
in Optical Fibers 

2.1 Analysis of Degenerate Four-Wave Mi xing inside 77 
an Optical Fiber 

2.2 Demonstration of Degenerate Four-Wave Mixing in 84 
a Liquid-Filled Fiber 

Chapter 2 References 91 

Chapter 3 - Stimulated Raman Scattering in Optical Fibers 92 

3.1 Intro'duction 

3.2 The Small Signal Theory 

92 

93 

3.3 Spontaneous and Stimulated Raman Scattering in 95 
Long Low-Loss Fibers 



-viii-

Appendix 

Chapter 3 References 

114 

117 

Chapter 4 - Theory of C\-J Ra~ n Oscillation in Optical Fibers 119 

4. l Analysis 119 

4.2 Discussion 

Chapter 4 References 

Chapter 5 - Conclusion 

5.1 Other Nonlinear Optical Phenomena in Fibers 

5.2 Application to Fiber Optic Communication 

Chapter 5 References 

129 

135 

136 

136 

137 

139 



Part • I 
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Chapter l 

INTRODUCTION 

l.l Outline of Thesis, Part I 

In Chapter 2, the properties of a phase-conjugate wave front will 

be discussed, and a theory of phase conjugation using degenerate four-

wave mixing will be presented. The latter analysis uses a coupled wave 

formalism and was first derived by Yariv and Pepper. Their 

treatment will be summarized in Chapter 2 as backgrouhd information and 

to facilitate the discussions in the subsequent chapters of this thesis. 

The observation of phase-conjugate wave front generation by degenerate 

four-wave mixing in a nematic substance (MBBA) will be described in 

Chapter 3. The third order nonlinear susceptibility x( 3) of the 

material is treated as a phenomenological constant in the discussions 

given in Chapters 2 and 3. In Chapter 4, it will be shown that because 

of a finite "memory" time of an atomic system, the electromagnetic waves 

illuminating such a medium need not be present simultaneously, and the 

conjugate wave front can be observed in the form of a photon echo. The 

analysis will use a perturbation approach, and will illustrate how the 

nonlinear susceptibility x( 3) .can be derived using quantum mechanical 

considerations. Finally, some applications of phase conjugation will 

be described in Chapter 5. 
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1 .2 The Main Features of Phase Conjugate Optics 

A new research area in coherent optics has emerged and has been re­

ceiving increasing attention from. many scientists as its important appli­

cations are recognized. Phase conjugate optics is the name which seems 

to have been accepted to describe this new field. The main feature of 

phase conjugate optics is the generation of an electromagnetic wave with 

a phase distribution which is, at each point in space, the exact opposite 

of that of an arbitrary incoming monochromatic wave. The wave front, 

after being generated, proceeds to propagate in the opposite direction, 

retracing the original path of the incoming wave. Thus, the phase rever­

sal or conjugation process results in what is frequently called a time­

reversed replica of the incident wave. If we consider, as an example, an 

incoming spherical wave front diverging from a point with a radius of 

curvature R, its conjugate-replica will be an outgoing spherical wave 

front converging toward the same point with a radius of curvature -R. 

Phase conjugation techniques have been used in the past for imaging 

through phase distorting media; well known examples can be found in 

holography [l] and adaptive optical systems [2]. The new and attractive 

feature, which differentiates phase conjugate optics from the previous 

techniques, is the use of nonlinear optical mixing to generate in real 

time, without the need for intermediate electronics, and with amplifica­

tion if desired, a time-reversed replica of an incident wave. 

The first experiments in phase-conjugate optics were performed in 

1970 both in the USSR [3] and the Netherlands [4]. The theoretical under­

standing of the effect was, however, only qualitative and the work seems 
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to have slowed down or shifted to more conventional holographic directions. 

Using stimulated Brillouin scattering, Zeldovich and collaborators 

[5] demonstrated phase conjugation in the backward scattered beam. Yariv 

independently proposed [6,7] the use of three-wave mixing in crystals for 

real time holography and to compensate for the distortion that arises due 

to the modal dispersion in transmitting pictorial_ information through a 

single multimode optical fiber. Phase conjugation using this technique 

was subsequently demonstrated by Avizonis et al [8]. More recently, 

Hellwarth [9] showed that four-wave mixing [3,4] eliminates the phase 

matching restriction inherent in the three-wave process. Yariv and Pepper 

[10] applied the formalism of nonlinear opti cs to show that the four-wave 

process is capable of amplifying an incident wave, as well as rendering 

its complex conjugate version and, in the li mit of sufficient pump ing, 

of mirrorless oscillation. The mi xing utilizes an optically induced 

polarization which is cubic in the electric field strength. This third 

order nonlinear polarization, though of a higher order than that involved 

in the second order (three wave) mi xing, is not restricted to asymmetric 

crystals and can occur in any material as, for example, any crystal, 

liquid, or gas. 

The first observations of phase conjugation by degenerate four-wave 

mixing were reported by Stepanov et al [3]. Amplified phase conjugate 

reflection and parameteric oscillation were demonstrated by Bloom, Liao, 

and Economou [ll] and by Pepper, Fekete, and Yariv [12]. The last exper­

iment used cs2 as the nonlinear medium and a Q-switched laser was required 

to provide the large optical intensitie.s necessary to observe the effects. 
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However, the nonlinear index can be increased considerab1y if the optical 

frequency is chosen to be close to that of an atomic transition. This 

has led to the use of low power laser sources for performing similar ex­

periments in sodium [ll ,13] and rubidium vapors [14]. 

Many physical phenomena can be used to perform four-wave phase conju­

gation. Fundamentally it is necessary that the local optical properties 

of the medium depend essentially instantaneously on the optical intensity. 

Physical effects used to date include the Kerr effect [15] (change of 

index of refraction proportional to the intensity), saturable optical ab­

sorption [16,17], and generation of free [4] and localized electrons [18]. 

More.recently, phase conjugation via real-time holography in barium 

titanate [19] and BS0 crystals [18] were reported. The same results have 

also been observed in the infrared (10.6 µm) in germanium [20], SF6, NH3, 

etc. 

Four-wave mixing can be shown to be analogous to holography. Many 

applications normally associated with holography can thus be performed 

via nonlinear optical mixing in real time. 
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Chapter 2 

PHASE CONJUGATE OPTICS AND REAL TIME HOLOGRAPHY 

2.1 Proeerties of a Phase-Conjugate Wave Front 

Phase conjugate optics is an area in coherent optics which involves 

the use of nonlinear optical techniques for real-time processing of elec­

tromagnetic fields [l]. Specifically, it is concerned with the generation 

of a wave front which is the complex conjugate of an incident monochromatic 

wave. Before discussing in detail the techniques that can be used to pro­

duce such conjugate wave fronts, it is appropriate to define exactly what 

a conjugate wave front is, and to describe its properties. 

Consider a component of an incident electromagnetic wave 

E.(t,t) = Re{A(r) exp[i(wt- k.-f)J} 
l 

(2. l) 

+ 
which is propagating with a wave vector k and oscillating at an optical 

frequency w . The complex amplitude A(r) contains both amplitude and 

phase information of the field. The complex conjugate of this field is 

defined to be 

(2.2) 

It is clear that E is obtained by taking the complex conjugate of the r 
spatial part of E., and it describes a wave propagating in the opposite 

l 

direction to that of Ei. The field Ei' as it propagates inside a lossless 

dielectric medium with a real permittivity c (r), obeys the scalar wave 

equation 

(2.3) 
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If the field is also assumed to be traveling in the positive z direction, 

equation (2.3) implies that 

2 2 ➔ 2 aA 
'v A+ [w µE(r)-k ]A -•2ik == 0 az (2.4) 

The complex conjugate of equation (2.4) is 

(2.5) 

and can be recognized as the wave equation describing the propagation of 

the conjugate wave Er which is therefore a legitimate solution of Maxwell's 

equations. In general, in a lossless dielectric medium, there are two 

solutions to Maxwell's equations; they are two counter-propagating waves 

which are the complex conjugate of each other. When the conjugate wave is 

generated at a plane z == z
0

, it propagates in the negative z direction and 

retraces the original path of the incident wave, evolving as the complex 

conjugate of the incident wave at all points for z < z . The phase fronts 
0 

of the two waves are identical in shape except that they move in opposite 

directions. 

A frequently quoted application of phase conjugation is its ability 

to compensate for phase distortions. For example, if an incident plane 

wave passes through a phase distorting medium such as a poor quality 

optical component, it will acquire an undesirable phase exp[i ¢(x,y)]. 

The conjugate of this distorted wave, after being generated, will have a 

phase of exp[-i¢(x,y)], which, upon retracing the original path through 

the phase distorting medium, will emerge as a plane wave with the phase 

aberration exactly cancelled. 
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2.2 Phase-Conjugate Wave Front Generation by Nonlinear Optical Mixing 

The techniques proposed to date for phase conjugation include stimu­

lated scattering and nonlinear optical mixing. In the case of three-wave 

mixing, first proposed by Yariv [2,3], two input waves: E1, at a frequency 
➔ 

wand a wave vector k1(w), and an intense pump wave, E2, at a frequency 2w 
➔ 

and a wave vector k2(2lu) are incident simultaneously on a crystal. A 

nonlinear polarization proportional to EfE2 is formed in the medium in 

addition to the linear polarization. This second order nonlinear polari­

zation, occurring only in crystals lacking inversion symmetry, acts as a 

source which radiates a third wave, E3, at the difference frequency 

* 2w-w = w and with a spatial-amplitude distribution proportional to E1E2. 

As an example, 

El 
l = 2 Al exp{ i [wt - kl ('.;j ) ·r]} + c.c. (2.6) 

l ->- ➔ 

E2 = 2 A2 exp{i[2wt- k2(2w)·r]} + c.c. (2. 7) 

and 

E3 = l {. -+ ->- } 

2 A3 exp 1[wt- k3(L., )•r] + c.c. (2.8) 

* where A3 rr A
1
A2. In the event that E2 is a plane wave, E3 becomes the 

conjugate replica of E
1 

and, in this case, travels in the fon,ard direc-
-+ 

tion. The field E3 propagates in the crystal with a wave vector k3(cu ), 
➔ ->-

~1hi le the polarization source has a 1·1ave vector k2(2w)- k1(w). Effective 
->- ->- ➔ 

transfer of energy from E2 to E3 is possible only if k3(w) ~ k2(2w) - k1 (w). 

This is known as the phase matching condition. If this condition is not 

fulfilled, the wave fronts of E3 radiated at the different regions of the 

crystal do not add up in phase, and destructive interference will reduce 
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-+ -+ -+ 
the amplitude of the E3 so generated. If 6k = ik2(2w) - k

1
(w)-k3(w)I 

is the mismatch in wave vectors, the crystal length that can be used 

such that there is minimal destructive interference effect is about 

n/ i:,k [4], which typically is around 50 ~m. Thus phase matching is an 

important consideration when a long interaction length is wanted to gen­

erate a strong E3. Usually exact phase matching can be satisfied along 

one direction only. This causes a limitation on the angular divergence 

of the input wave which can be tolerated, and hence on the amount of 

information or distortion that can be conjugated or corrected. 

An alternative process, v1hich overcomes the pha se matching require­

ment, is what is now known as degenerate four-wave mixing [5-8]. All the 

optical fields involved in the mixing process are of the same frequency, 

w, hence the name degenerate. The geometry of the interaction is shown 

in Figure 2.1 [8]. A nonlinear medium, for example, carbon disul phide 

(cs2), is illuminated by two intense pump beams, A1 and A2, both at fre­

quency w. These waves are chosen to be plane waves 

(2.9) 

and 
(2.10) 

which are counter-propagating such that the sum of their wave vectors 
-+ -+ 
k
1

(w) + k2(w) = 0. Upon incidence, along an arbitrary direction, of an 

arbitrary input wave 

(2.11) 

-·>-
at the same frequency w but vii th a wave vector k4 (w), a third order 
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nonlinear polarization 

+ C .C. 

(2.12) 

is formed. It radiates to give a field 

(2.13) 

➔ ➔ ➔ ➔ 

also at the frequency w, but with a wave vector k3(w) = k1 + k2 - k4 that 

is equal to -k
4

(w). X(3) is a third order nonlinear susceptibility ten­

sor element of the medium. The backward going wave E3, with an ampli­

tude proportional to A;, in turn combines with the two pump waves to 

induce a third order nonlinear polarization, 

+ _ 1 (3) * . ➔ ➔ ➔ ➔ 
P~Lw-w - 2 X A

1
A

2
A

3 
exp{ 1[(w+w-w)t - (k

1
+k

2
-k

3
)-r]} + c.c. 

(2.14) 

which radiates into E4. The phase matching condition is automatically 
➔ ->-

satisfied in this process, since k3 = -k4. The two waves, without loss 

of generality, can be assumed to be counter-propa ga ting along the z 

direction. The evolution of the amplitudes, A3(z) and A4(z), is obtained 

by solving the wave equation 

2 
4rr _a_ P 
/ at2 NL 

(2.15) 

for each wave with its appropriate driving term given in equations (2.12) 

and (2.14), respectively. Neglecting the depletion of the pump beams E1 

and E2, and using the approximation 

for j = 3 ,4 
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two coupled equations can be obtained from the wave equation: 

and 

• * A* l K 4 

dA* 
4 • A - = l K dz 3 

(2.16) 

(2.17) 

where K* = 
2nw X(3)A A and n is the linear index of refraction of the en l 2 

nonlinear medium. The solutions, when expressed in terms of the boundary 

values A3(L) and A4(o) are 

A (z) = cos! Klz A (L) + i K*sinl KI (z-L) A*(o) 
3 COSj Kj.L 3 jK[COSj KjL 4 

(2.18) 

and 

(2.19) 

z = 0 and z = L specify the boundaries of the interaction region as shown -in 

Figure 2.7. In particular, when there i s only an incident wave A4(o) at 

z. = 0 with A3(L) = 0, (2.18) yields 

(2.20) 

vthil e at the other end ( z = L) 

(2.27) 

The counter-propagating conjugate pair, E3 and E4, coupled together through 

the nonlinear polarization, can be amplified simultaneously. The energy 

comes from the two pump beams. The coupling between E3 and E4 which is 

intermediated via the pump waves E1 and E2 serves as a feedback mechanism 

with gain, allowing the oscillation of this conjugate pair if suffi cient 
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pump power is furnished. 

The nonlinear medium, used under the condition prescribed above, 

can be viewed as a mirror, refle~ting an input wave E4 to give a back­

ward wave E3 oc E;. The difference between such a conjugate mirror and a 

conventional one lies in the fact that the reflected wave is a time­

reversed replica and retraces the exact path of the incident wave; 

whereas the reflected wave from a conventional mirror obeys the conven­

tional law of reflection. The intensity reflectivity of the conjugate 

mirror, as given in equation (2.20), is tan2(!K!L) which depends on the 

nonlinear properties of the material and the pump power. When 

!KIL > f, tan!K!L > 1 and amplified reflection will occur; and at 

!KIL= f, an infinite reflectivity, corresponding to self-oscillation, 

is predicted. 

In the above analysis, E3 and E4 are plane waves. However, the 

result obtained is also applicable to waves of arbitrary phase front or 

transverse spatial dependence. This is because the solutions given in 

equations (2. 18) to (2.21) are independent of the propagating direction 
➔ 

and thus describe plane waves with any wave vector k. An incident wave 

with a particular phase front and transverse spatial dependence can be 

expressed as a linear superposition of plane waves with different wave 

vectors. Each of these plane waves will give rise to its own conjugate 

plane wave with identical nonlinear reflectivity. A conjugate replica of 

the incident wave front is obtained when the individual conjugate plane 

waves are superposed together. It has been assumed implicitly in this 

argument that the individual plane waves traverse an identical 



-15-

interaction length L. This is an approximation which is valid only when 

the transverse wave vector components are small. It therefore imposes a 

limitation on the angular diverg~nce of the incident wave. 

2.3 Real-Time Holography 

An alternate viewpoint of four-wave mixing has a direct analogy in 

holography [5,6,9]. The incident (object) wave E4 interferes with a 

(reference) pump beam, say E1, to form a grating which then diffracts the 

other counter-propagating (reconstruction) pump beam, E2, to give the con­

jugate image wave, E3. At the same time, the interference of E4 and E2 

forms a hologram which diffracts E1 to yield E3. The backward conjugate 

wave in turn forms a grating with either pump to diffract the other, re­

sulting in the amplification of the incident object wave. Figure 2.2 

shows the hologram recording and the reconstruction processes [9]. Four­

wave mixing, however, differs from the conventional holographic experi­

ments in the simultaneity o{ the grating formation and the reconstruction 

steps. This makes possible the processing of information in real time. 

The name, real-time holography, has been frequently used to refer to this 

kind of nonlinear optical means of wave front generation. 
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Fig. 2.2 (a) The recording and (b) the reconstruction of a hologram 



-17-

Chapter 2 - REFERENCES 

l. A. Ya riv, IEEE J.Q.E. QE-1 4, 650 (1978). 

2. A. Yariv, Appl. Phys. Lett. 28, 88 (1976) . 

3. A. Yariv, J. Opt. Soc . Amer. 66, 301 (1976). 

4. A. Yariv, Quantum Electronics, 2nd ed. (New York: Wiley, 1975). 

5. B. I. Stepanov, E. V. Ivakin, and A. S. Rubanov, Soviet Phys. Dokl. l§_, 

46 (1971). 

6. J. P. Woerdman, Opt. Comm. £, 212 ( 1970) . 

7. R. w. Hellwarth, J. Opt. Soc. Amer. ~' l (1977). 

8. A. Yariv and D. M. Pepper, Opt. Lett. l, 16 (1 977) . 

9. A. Yariv, Opt . Co mm . e , 23 (1 978). 



-18-

Chapter 3 

PHASE CONJUGATION BY DEGENERATE FOUR-\,JAVE r1IXING IN AN 

ISOTROPIC NEMATIC SUBSTANCE 

In this chapter, an experiment which demonstrates the qeneration 

of a phase-conjugate wavefront by degenerate four-wave mixing is described. 

The ability of the conjugate v1avefront to compensate for phase distortion 

is verified. The conjugation process takes place in a material, p-methoxy­

benzylidene p-n-butylaniline ([ '18BA) v1hich is a nematic liquid crystal 

material at room temperature. The experiment 1r1as, hov,ever, done in the 

isotropic phase of this material v1hich manifests some field-induced short 

range order above the transition temperature Tc. Extensive studies of 

nonlinear optical phenomena in this material hav2 been reported else-

where. [l-6]. Their findings, v,ihich are rel0.vant to the phase-conju0ation 

experiment, will be descri~ed later in this chapter. The main emphasis 

here 11ill be on the verification of the theory presented in Chapter 2. The 

liquid crystal (r,H3BA ) merely provides us 1t1ith one of the many nonlinear 

media in which the interaction can take place; and thus the specific 

material properties of the medium Hi 11 be discussed only ~vhen necessary. 

3.1 The Experimental Arrangement 

The experimental set-up is shown in Figure 3.1. The laser source 

was a Q-switched ruby laser operated in a single longitudinal and transverse 

mode. The linearly polarized (s-polarization) laser pulse had a duration 

of about 20 nsec, and a typical energy of 10 milli.ioules. The intensity 
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of the beam varied transversely as exp(-r2/w~) with a beam radius w
0 

of 

0.33 mm. The laser pulse was divided by a beam splitter (BSl) into two 

beams which passed through the sample cell in opposite directions, to 

provide the two pump beams required for the four-wave mixing interaction. 

The fie 1 d at the plane of the laser output mirror was imaged by t\'-10 6m 

radius-of-curvature mirrors onto a plane at the center of the sample cell. 

The path length between the laser and the cell vias therefore 12 m, and 

this provided a round trip length of 24 m, or equivalently, 80 nsec delay 

to prevent feedback of the pulse back to the laser. Ho1--1ever, it 1t1as 

discovered that when the two pump beams \vere so aligned as to propagate 

exactly opposite to each other in the sample cell, the laserv,as still 

perturbed and its output energy VJas reduced. A smal 1 portion of the laser 

energy v,as diverted by a beam splitter (BS2) to serve as the signal wave. 

Its polarization was converted by a quarter-wave plate and a polarizer 

(Pl) to be orthogonal (p-polarized) to those of the two pump 1t1aves. The 

signal beam entered the cell almost parallel to th~ pump waves. The angle 

was limited to about ten mi 11 i radians to a 1101t1 for a 1 arge overlap of the 

beams, and hence a large interaction region. 

The nonlinear medi UIT! 1l1as p-methoxy-benzyl i dene p-n-butyl aniline 

(MBBA) contained in a 5.7 cm long quartz cell. This is an opaque nematic 

liquid crystal at room temperature. It turns transparent at temperatures 

above T = 42.5°C, at v,hich point the material passes into the isotropic 
C 

phase. Its properties at temperatures near and above the transition 

point, Tc, have been investigated elsewhere [l-6] , and it has been found 

to possess a very high nonlinear susceptibility at these temperatures, 
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thus making it a suitable material for phase-conjugate wavefront genera­

tion. 

The twos-polarized counterpropagating pump waves and the p­

polarized signal \vave induced a nonlinear polarization inside the 11BRA 

which radiated a p-polarized conjugate wave. The conjugate beam propagated 

backward along the path of the signal wave, and was directed by a beam 

splitter (BS3) to a detector. The polarizer P2 in Figure 3. l passerl only 

the p-polarized conjugate wave and rejected any s-polarized li ght that 

was caused by scattering of the intense pump waves. 

3.2 Theoretical Background 

The specific material properties of the l·lGBA and the pulseri nature 

of the experiment make it necessary to modify the analysis given in the 

last chapter which is intended for steady state W four-1>1ave mixinq. 

The polarization P of a material is, in general, a function of the 

applied optical fields E and is expressed conventi onally as a power series 

of the applied fields [7], 

P = x-E + x( 2) :EE+ x(3):EEE + ... (3. l) 

The first term describes the familiar linear susceptibility. The second 

term describes the lmvest order nonlinear effects vihich include second 

harmonic generation and surn or difference frequency t•iave generation. Due 

to the presence of an inversion symmetry, the lm,iest order nonlinear effect 

in an isotropic material is the third term in the above series, which 

describes effects such as four-wave mixing, Raman scattering, and self­

focusing of vrnves. The properties of the third order nonlinear polarization 
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in an isotropic medium and, in particular, of MBBA, ~vill be given belrn'-1. 

Tile third order nonlinear polarization in an isotropic medium is 

[6 J 

pp)( w) 
1 

= l 6[xP~ .E.( w)E . (w)E~( w) + xP~ .E.( u.l )E.( w)E~( w) 
j llJJ 1 • J J lJlJ J 1 J 

( 3) * + X· ... E.(w)E.( w)E.( w)J (3.2) lJJl J J 1 

The nonlinear susceptibility tensor X· ·k n is made up of t \-JO parts; for 
1 J' x., 

example, xP)__ is typically written as [5] 
lJJl 

( 3) _ l 
X··--- 24 (o +2 i3 ) (3.3) lJJl 

a is an electroni c contribution whi ch is due to the optical field induced 

deformation of th e electron cloud around t he mo l ecul es; B is th e nucl ear 

part which is du e to th e molecul ar res pons e to th e apolied fi elds . It has 

been found by Shen et al. [6] that the e lectronic contribution to the 

third order nonlinear susceptibility in f!iBBA is negligibl e , and the only 

nonvanishing susceptibility tensor element is xP)__ v!hich, in this case, 
·1 J J l 

is equal to 11 S Unlike the electrons which can respond instantaneousl y 

to the applied optical fields, the nucl ear response is slowe r and has 

longer relaxation time. The relaxation time of the nucl ear response for 

MBBA varies inversely as temperature, ranging from 800 nsec near the tran­

sition tempe r ature Tc to about 40 ns ec at l0 °C. above Tc [6]. Since the 

laser pulse in the exp eri ment 1vas only 20 nsec, the actual nonlinear sus ­

ceptibility due to the transien t effect \~ould be smaller than that of the 

steady s tate case. 
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The conjugate field will now be de rived with the assumption that 

both the pump pulses are not depleted and the signal pulse re ma ins un­

changed. Because of the pulsed nature and the Gaussian profiles of the 

v1aves, a more complete analysis, which can deal viith the amplification of 

the signal and conjugate pulses similar to the coupled wave formalism in 

the last chapter, has not been found. In this small signal analysis, th e 

two pump pulses inside the nonlinear medium are written as 

-+ ->- -+ . ,,__ l . v, o . k 2 
E1(x,t) = E1(x,t)x = 2 A1 wTzT exp[,( wt-kz+n(z) - 2- )] 

2R(z) 

[ -r2 - CJ. • l ) l l z 2 "' 
x exp 2 ] exp[-j (z+z L] exp[- l 2 (t-c) Jx + c.c. (3.4) 

W (z) T p 

and the signal pulse is 

kr2 -r2 2RTTT) J exp[-2~ -J 
w ( z) 

-a l l l z 2 /'. 
x exp[-y (z +2 L)] exp[- 2 2 (t-z) ]y + c.c. 

T 

( 3. 6) 

p 

x and y are unit vectors. For simplicity, all th e pul ses are assumed to 

be propagating along the z axis which passes throu gh th e sample cell. z = 0 

is located at the center of the cell; w(z) and R(z) are the usual beam 

radius and the radius of curvature of a Gaus s ian be am. Their definitions 
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are [8] 

vi ( z) = VI [l+(Q_)2]l/2 ~ Q_ 
0 2 TIW

0 TTVI O 

for large z (3.7) 

and 2 
R(z) z[l + 

m,1 o 2 
= (-;;z) J ~ z for large z (3.8) 

w
0 

is the beam radius at z= 0, n(z) in equations (3.4)-(3.6) is 

-1 ZA tan (-i), a. is the attenuation of the 'v•rnve intensity per unit length, 
mv

0 

and Lis the length of the cell. The pulse is taken to be traveling at 

the speed of light in free space, c, with a 1/e intensity pulse width of 

Tp. The third order nonlinear polarization induced in the MBBA is [9] 

- oo 

(3.9) 

- oo 

-7 v,here T is the relaxation time of the nuclear response, T is 2.2 x 10 

sec at 44.5°C at 1•1hich the experiment \'Jas performerl [6]. The radiated 

field due to the induced polarization source is formally given as [10] 

00 00 

-oo -oo 

l 2 _ o(t'+J-Jx-x'l-t) u >- ->-, • c dt'd3+x' -2 [-2 P~,L(x ,t )] ---'----------. 
c 8t' ,i 1x-x'J 

(3. 10) 

After much tedious but straightfor:1ard calculation, 1!Je find that the 

radiated field outside the nonlinear medium at the detector shown in 

Figure 3.1 is approximately 
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exp[- l (t+3..) - _J__
2 

(t+~)2J + c.c. 
T C 

2 
. C 

LP 

(3.11) 

1t1here 'ti~= vi/13 and w1 (z) = JzJA/m·1~. Hence, the radiated pulse is also 

a Gaussian beam, but it has a smaller beam waist. Due to the self­

focusing effect, the spot size w0 of the input pulses inside the medium 

is generally smaller than that of the laser output outside the medium. 

The amplitude A
3 

in equation (3.11) is calculated to be 

2 T 
A = l 6TT 2- exp-L (-2.)2 

3 \ -r 2T 
(3.12) 

\'/here n is the inde x of refraction of tile medium and E:: is the energy in 
p 

each pump pulse. L is the length of the interaction region, which eff 
is smaller than the length of tile sample cell becuase of mi salignment of 

the beams. In the ex periment, it was found that if th e t1,10 beams \I/ere 

exactly counterpropagating to each other, the ruby laser would be per­

turbed, and thus the pump beams were intentionally misaligned slightly. 
->- -+ 

Also, in the calculation of E3(x,t), the signal pulse was assumed to 

overlap spatially vlith the two pump pulses. In the experiment, the sig­

nal pulse came in at an angle of 10 milliradians with respect to the cump 

pulses, and therefore further reduced the effective interaction vol urne. 

* A3 is shown to be proportional to A4. The derivation can be carried out 

in the same v1ay if A4 is spatially dependent. 
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3. 3 Experimental Results 

In this section, the temporal and spatial behaviors and the energy 

of the conjugate beam observed in the experiment vlill be discussed. 

A typical pump pulse, shown in Figure 3.2a had a Gaussian profile 

with a 1/e width of about 25 nsec. The conjugate beam, detected only 

when all three input pulses were present, was shown in Figure 3.2b to 

have a similar pulse \•1idth as predicted in the last section. In a medium 

such as cs2, in which the response time is shorter, the conjugate pulse 

observed v,as typically shorter than the pump pulse because it is generated 

by the multiplication of three Gaussian pulses. In MBBA "the nonline arity 

is mainly due to a consequence of electric field induced changes in the 

motions of nucl ei whose electrons then respond linearly to the applied 

fields." [ll]. The long relaxation time of the nucl ea r response inte­

grates out the envelopes of the modulation pulses as shown in equation 

(3.9), thus giving rise to a conju gate pulse that is similar to the pump 

pulse. 

To verify the conjugate nature of the radiated field and its 

ability to compensate for phase distortions, the following tests we0e 

carried out. First, a mirror M, as shovm in Figure 3.1, vJas placed next 

to the sample cell to retroreflect the signal beam, and Figure 3.3a shows 

the spatial quality of the beam. Then a phase aberrator was inserted in 

the path of the signal beam and the picture of the reflected beam from 

the mirror M was taken. The beam had therefore passed through the aber­

rator twice. Figure 3.3b shows such a picture in v,1hich the aberrator \.'las 

a piece of transparent double-stick Scotch tape. The mirror was then re­

moved to allow the four-1-1ave mixing to take place. Figure 3.3c shows the 
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20 nsec/div 
pump pulse 

(a) 

~ 

20nsec/div 
conjugate pulse 

( b) 

Fig. 3.2 The temporal profiles of a typical (a) pump pulse and 

{b) conjugate pulse 



(a) 

Beam reflected 
from a mirror 

(b) 

Beam reflected from a 
mirror with an 

aberrator in its path 
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Fig. 3.3 

( C) 

Conjugate beam with 
the aberrator in its path 

(d) 

Conjugate beam 
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generated conjugate beam which passed through the same aberrator 

before incidence onto the film. Figure 3.3d finally shows the oicture 

of the conjugate beam with the aberrator removed. Since the conjugate 

beam had a different intensity th an the mirror-reflected signal beam, 

Figure 3.3a and Figure 3.3b 1·1ere taken with the appropriate neutral den­

sity filter in front of the film to simulate the intensity of the conju­

gate beam. The correction for phase distortion by the conjugate beam is 

quite evident. The ability of the conjugate beam to correct for differ­

ent degrees of phase distortion was illustrated in Figures 3.4 and 3.5. 

Both Figures 3.4a and 3.5a shovJ the mirror-reflected signal beams 1,11hich 

had passed through their corresponding aberrators hvi ce. Figure 3. 4b 

and Figure 3.5b show the corrections by the conjugate beams. 

The energy of th e conju ga t e beam was measured and expresse d as a 

percentage of th e in put signal energy . Th e result vtas plotted in Figure 

3.6 as a function of pump puls e energy. Th e data points fit very Hell 

to the solid curve tan 2 ( □ .209 E ), suoaestino the coupled wave formalism p _,_ _, 

of the previous chapter might still be app licabl e to descri be the pres ent 

situation, because it does predict this kind of functional dependence on 

the pump energy. The nonlinear co efficient S was, hm,iever, much smaller 

than what was expected. It was shown by Sh en et ·al. [5] that the spot 

size of an intense laser pulse has a very complicated nature due to the 

transient self-focusing effect ins ide the MBBA; and self-focusing of the 

laser beam was indeed detected in this experi ment. Th e refore the effec­

tive interaction volume was very small, giving rise to a v,eak conjugate 

signal from which the nonlinear coeffici ent was deduced. 
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(a) 
Reflection from a mirror with an aberrator 

in the path of the beam 

(b) 
Conjugate beam with the sa~e aberrator 

in the path 

Fig. 3.4 
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(a) 
Reflection from a mirror with an aberrator 

in the path of the beam 

(b) 
Conjugate beam with the same aberrator 

in the oath 

Fig. 3.5 
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----~ 0 

>- 50 -·-> -u 
(1) -(1) 40 a:: 
'-
0 
(1) 
C: 

C: 
0 30 z 

0 2 3 

Pump Pulse Energy(millijoule) 

Fig. 3. 6 The nonlinear refl ecti vi ty versus the pump pulse energy 
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3.4 Conclusion 

In Section 3.2, the theoretical background of the experiment was 

presented. The radiated field d_ue to the mixing of thr!:e pulsed Gaussian 

beams in the MBBA was derived. The derivation assumed that the two pump 

waves and the signal \'lave remained unchanged, and therefore any coupling 

bet\-Jeen the signal and its conjugate v1ave 't✓ as neglected . It 1t1as shown 

that the radiated f ie ld would also be a Gauss1 Jn beam with a smaller beam 

1t1aist than that of the input beams, but it vJOuld have a pulse width 

identical to that of the input pulses. It was a small signal analysis 

corresponding to the linear region of the coupled wave formalism of 

Chapter 2. It predicted a nonlinear reflectivity that vwuld be propor­

tional to the square of the pump energies. 

The experimental results described in Section 3.3 verified the 

qualitative features of the analysis. The observed conjugate wave was 

Gaussian and had the correct temporal behavior. Its ability to compen­

sate for phase distortion was also demonstrated. There were, however, 

two dis crepan ci es between the analysis and the experiment. The nonlinear 

reflectivity varied as tan2(0.209 sp) instead of s~- This suggested 

that the pump pulse energies were high enough such that the small signal 

analysis was not adequate to describe the interaction taking place inside 

the medium. It showed a functional dependence of the nonlinear reflec­

tivity on the pump pulse energies simil ar to that predicted by the 

coupled wave formalism for the CW plane ~ave case. 

The second discrepancy 11as that the nonlinea r coefficient B, 

deduced from the nonlinea r reflectivity, was aboJt 10 times smaller than 
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the reported value [6]. This was attributed to the misalignment of the 

beams and the presence of self-focusing inside the medium. Both factors 

combine to reduce the interaction region and hence the energy of the 

conjugate wave. 
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Chapter 4 

PHASE CONJUGATION BY PHOTON ECHOES 

All the optical mixing schem~s for phase conjugation require the 

simultaneous illumination of a medium with several intense optical beams. 

There is, however, another phase reversal technique which uses the finite 

11 memory 11 time of the atoms in the 11 mi xing 11 medium. This technique does 

not require the optical fields to be present simultaneously. 

Heer and McManamon [l] first pointed out that wave front correction 

and phase conjugation can take place in a photon-echo geometry involving 

forward traveling noncoincident four-wave mi xing. Shiren [2] later showed 

that a backward conjugate echo can res ult when two of the n6ncoincident 

input pulses are opposite to each other. 

In this chapter, these ideas will be explored and a perturbation theory 

will be used that can be applied to more general situations. The treatment 

results in a formulation of the problem that is simil ar to the perturba­

tional description of CW nonlinear optical mix ing [3]. It also includes 

the effects of collisional relaxation (T1 ,T2) on the process of conjugate 

echo formation. In Chapters 2 and 3, the nonlinear susceptibility was 

taken to be a phenomenological constant. The analysis presented in this 

chapter will illustrate how the nonlinear susceptibility of an atomic sys­

tem can be derived quantum mechanically. 

4.1 Photon Echo in Two-Level Atomic Syst ems 

Consider an en semble of two-level atoms with energy levels Es and 

E (E > E ). It will be assumed for the mo ment that no collisions take m m s 
place so that the relaxation times are t aken as infinite. The atoms are 



-37-

subjected to three pulses of duration 6 of optical radiation of the same 

frequency w but traveling along arbitrary directions 

i==l,2,3 ( 4. l ) 

The pulse amplitude envelopes Ei(t) are shown in Figure 4.1. The pulses 

may or may not coincide and the pulse areas are taken to be much smaller 

than n. To establish a bridge between the problem described above and the 

~onventional nonlinear optics (where the three fields exist simultaneously) 

the problem will be solved using a perturbation expansion of the time 

evolution operator [4,5]. The objective here is to find the polarization 

induced in the atomic medium which is third order in the applied fields. 

The wave function ~(t) at time tis related to its value ~(t
0

) at an 

earlier time t , according to 
0 

H 
~(t) = exp[-i 11° (t-t

0
)] ~(t

0
) 

A 

~ lg><glexp[-iw
9
(t-t')J\l(t') exp[-i i (t'-t

0
)]dt}V(t

0
) 

(4.2) 

where w = E /t). The total Hamiltonian is the sum of the unperturbed value g g 
A A 

H
0 

and the perturbation V(t), and 

A ➔ ➔ -),-
V(t) = - µ•E(r,t) (4.3) 

A -► ➔ 

with µ being the atomic dipole moment operator and E(r,t) treated as a 

classical variable. Only the zero and first order terms in the expansion 

of the time evolution operatof are included. 
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In the limit of small "area" pulses (µE c5 /fi) « l ( c5 = pulse dura­

tion) and negligible dephasing during the pulse (w -w -w) c5 << l, the m s 
operator G(l)(t-t ) which represents the effect (to first order in E) of 

0 

a pulse at ti on the wave function becomes 

" (l) i o . ➔ ➔ +" 
U (ti) = 2-h exp[±1 (wt; - k; •r)J I lg ><gl E~µ. 

g J J 
(4.4) 

- - * + A g = m ors, E. = E., E. = E., J·=x, y, or z. ~le take (11 .) = 11 • J J J J '"'J ms '"'Jms 
form ts and zero otherwise. It follows that if at t; the atom is in 

the ground state Is > then G(l)(t.) causes it to make a transition to the 
1 

excited state Im> and vice versa. In the first case we use the lower(-) 

superscript, while in the second case we use the upper(+) superscript. 

The choice of E~( = E.) or E~( = E~) is due to the fact that only terms with 
J J J J 

near vanishing resonance denominators are retained in the derivation lead-

ing to equation (4.4). 

We define the eigenfunction ~(l ,0, 3), as an example, as that com­

ponent of iµ (t) that is due to "scatter ing" from Is > to Im> at t
1 

(by E
1

) 

and from Im> back to Is > at t 3 (by E3), i.e., 

We can now use the formalism to calculate the j component of the induced 

atomic dipole moment <µ .(t) > following the sequence of three pulses. 
J 

Specifically, we will look first for a dipole moment which is proportional 

to E~E
2
E
3

. Such a dipole moment results from <t/J (0,0, 3)l µjl t/J (l ,2,o) > and 

from <t/J ( □, 2 , □ )1 µ. l t/J (l ,o, 3)>. To calcul ate the fir st term we apply equa-
J 

tion (4.4) to obtain 
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l/J (l ,2,0) = (~)2 JJ lmsJJ2sm E~E2 exp{-i[( wtl-kl·;)+ wm(t2-tl) 

(4.6) 

( l 2 0) l/J ' ' thus represents a component of iµ (t) which underwent a scattering 

Js> + Jm> absorbing a photon from E1 followed by Jm> + Js > scattering due 

to the emission of a photon to E2. Similarly, 

l/J(0,0,3) = 1~ JJ 3ms E; exp{-i[ (wt3 - k3· ; ) + wm(t-t3) + ws (t3-tl )]} Jm> 

(4. 7) 

When the time t 1 is taken without loss of generality, as zero , the induced 

dipole moment at t > t 3 is 

(4.8) 

where wms = wm - ws . 

A calculation of the contribution due to <l/J (o, 2,o)J µ .J l/J (l ,o, 3)> 
J 

gives a result identical to (4.8). The total value of <µ. > is thus twice 
J 

that given by (4.8). Let the resonance offset parameter be 6 = (w - w). ms 

An inhomogeneou s distribution of resonant frequencies is described by a 

normalized lineshape function g( 6). 

tained by summing <µ .> over all 6 . 
J 

The induced polari zation P. i s ob­
J 

The result is 
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00 

P. = N f <µ.> g(6) d6 
J J 

- oo 

00 

where S(t) = f g( 6) ei 6td6 is the Fourier transform of the normalized 
00 

lineshape function g( 6), and N is the dipole moment density. 

For an even g( 6) the function S(t-t2-t3), hence Pj' is essentially 

zero except for a duration ~ 2n/6112 centered on 

where 6112 is the width of g( 6). During this period the sample will radi­

ate a photon echo provided the phase matching conditions are satisfied. If 
➔ -+-

the pulses E2 and E3 are exactly opposite, k2 + k3 = 0, then the radiated 
->-

echo at t=t2 +t3 v1ill propagate according to (4.9) in the direction -k1, 

i.e., the reverse of the direction of E1. These results have been noted 

by Shiren [2], who applied the formalism of photon echoes. Our perturba­

tion approach brings out specifically the field dependence E~E2E3 which is 

in a form identical to that used to describe four-wave conjugation in con­

ventional nonlinear optics terminology [3]. It should be recalled, 

however, that here E1(t), E2(t), and E3(t) do not necessarily coincide in 

time. 

By comparing equation (4.9) with equation (2.12) or (2.14), it is 

obvious that the induced polarization given in (4.9) can be expressed as 

a product of a third order nonlinear susceptibility x(3) and the applied 

fields. The analysis presented in this section shows how X(3) can be 
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derived. The formalism is general and is applicable to describe the in­

teraction of other systems with pulse~ or continuous optical waves. 

The output wave radiated by the polarization (4.9) is the complex con­

jugate of the first wave E1(t). In holographic terms we can describe the 

process as one whereby a "hologram" is written into the atomic medium by 

pulses E1(t) and E2(t) which do not coincide in time. An interrogation 

pulse at t 3 opposite in direction to E2(t) gives rise to the backward read­

out echo at t= t 3 +t2 which is the conjugate replica of E1(t). If pulses 

E2 and E3 are parallel to each other as well as to pulse E1, i.e., 
➔ ➔ ➔ 

k1 =k2 =k3, then the induced echo has, according to (£L9), a spatial depen-
➔ ➔ 

dence of exp[i(wt-k1•r)J. It is thus radiated in the forward direction. 
➔ ->- ➔ ➔ 

The special case of E2(r,t) = E3(r,t) is of interest. The pulse 
*2 ->- ➔ ->-

formed is proportional to E1 E2 exp{ i[wt - (2k2 - k1) • r ]} and occurs, accord-
➔ ➔ 

ing to (4.10), at t=2t2. If k1 =k2 then the pulse is radiated in the 

forward direction and can be recognized as the usual forward photon echo 

[6]. It is interesting to note that although only two pulses are applied, 

the phenomenon involves a third order mixing, except that two of the fields 

(E2 and E3) are degenerate. The demonstrations of phase conjugation by 

photon echo have been reported recently [7,8]. 

It is also of interest to inquire about the possibility of an echo 

proportional to E1E;E3 in which the second pulse is conjugated. An analy­

sis similar to the above reveals that such an echo occurs at t=t3 -t2 < t 3 

and is thus unrealizable except for the special case t 2 = 0, i.e., pulses 

E1 and E2 coincide. 
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4.2 The Effect of Relaxation Time 

To determine the effect of the population relaxation time (T
1

) 

and dephasing collisions (T2) on _the intensity of the radiated pulse, 

the induced dipole moment can be alternatively obtained as 

(4.11) 

where p , the density matrix operator, can be expressed as a perturbation 
. . _ (0) (l) (2) (l) series, 1.e., p .. - p .. + p .. + p .. + • • •. Specifically, p .. obeys the 

lJ lJ lJ lJ lJ 

following equation of motion , 

dp~~) 
lJ 

dt 
( l) iw . . p .. 

Jl lJ 

-i A .-" (0) =-z-[V (t), p ] .. 
II 1 J 

i ,j = l ,2 (4.12) 

F • • T l T d ( O) • d t • d b th • th l l or 1 = J, i j equa s 1 , an P.i i 1 s e ermine y e 1 energy eve 

(0) -thermal equilibrium population. For i jj, T .. equals T2, and p .. - 0. 
lJ lJ 

Equation (4.12) is obtained by using a perturbation expansion of the den-

sity matrix operator [9] in terms of the applied fields, and we shall 

look for a term in p12 that is proportional to the product of the three 

applied fields. 

Upon the incidence of the first pulse, only the off diagonal den­

sity matrix elements, p12 and p21 , are perturbed to first order in E1. 

The driving term on the right hand side of (4. 12) i s proportional to 

(p~~) - p~~))E
1 
(t). After the perturbation due to the first pulse, pl2 
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evolves as exp[t(i w - -1 )] and in the limit of small 6, ms T2 
= . µlsm ;;: ( (0) (0)) E 

-1 ~ u P71 - 022 l 

X exp[ i (wt 1 - t 1 • r)] exp[ ( iWmS - f-) ( t-tl)] 
2 

(4.13) 

The second pulse affects the diagonal elements, 011 and 022 , giving rise 

to perturbation terms proportional to E; E2. In this case, the driving 

term in (4.12) is the product of E2(t) and the Pi1)(t) given in (4.13). 

011 and 022 then evolve as exp(-t/T1) after the second pulse. 

When the third pulse arrives, 012 and 021 are affected by driving terms 

proportional to E3(t)( pi~)(t)- o~1)(t)) when the on-diagonal elements are 

given in (4.14). Thus 012 and 021 are proportional to E;E2E3 and evolve 

as exp[t(iwms -i
2

)J fort > t 3. Setting t 1 = 0, the final expression for 

the induced polarization is 

(4.15) 

At the height of the echo at time t=t2+t3, the effect of relaxation is 
l l thus to reduce the radiated field by the factor exp[- T(2t2)-r(t3-t2)J. 
2 l 

It is thus necessary that the time delay t 2 betitmen the first and second 

pulses be short compared with the homogeneou s relaxation time T2. 
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4.3 Phase-Conjugation in a Three-Level Atomi c System 

The above formalism can be easily applied to de scribe the interac­

tion between a multilevel atomic $ystem and a multipulse sequence (provided 

all the pulses have areas very much smaller than TT ). We shall next 

consider an interesting case of a three-level system with energy levels 

E , Eb and E (E > Eb > E ) . The three atomic states are connected by the a c c a 

nonzero dipole matri x elements µab and µbc' while µac is taken to be zero. 

The atoms are subjected to three pulses, each of width 8 at times t 1, t 2, 

and t 3, respectively. The first two pulses are of the same frequency 

w1 = w2 ~ wba' but can have different polarizations and wave vectors. They 

modulate the atomic state populations , which, in turn, sc atte r the third 

applied pulse which has frequency w3 ~ web· The i ndu ced dipole moment 

that involves all the three appli ed fi elds is cau sed by 

<iJJ (0,2,0)! µ . jiJ; (l ,0,3) > and <l)J (l ,O,O)! u -l iJ! (0,2,3) > resulting in 
J J 

<µ .> 
J 

i 8 3 
= (2ti) µlabµ2baµ?bcµjcb ElE;E3 

➔ ->- ➔ ➔ 

x exp{i[w3t- (k1-k2-k3)-r + (wba-w1)(t2-t1)+ (wcb-w3)(t-t3)J} 

(i 8)3 * 
+ 2tt µlabµ2baµ3bcµjcb E1E2E3 

When summed over the inhomogeneous distribution of the resonant frequencie s 

of the atoms, it is observed that a max imum superradi ant superposition of 

all the individual atomic polarizations i s formed at t 3, provided that 
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t 2 = t 1 . To include the relaxation effect, the density matrix operators 

are solved and the induced polarization at t > t 3 and for the case t 2 =t1 =o 

is 

( * ➔ ➔ ➔ 
x lE/2E3 exp{i[w3t- (k1-k2+k)·rJ} 

+ E;E2E3 exp { i[w3 t - ( -k1 +k2 +k)-i':J \} (4.17) 

The first term of this polarization gives rise to a radiated field of fre-
➔ W3 

quency w3 and v.,,ave vector kr ~vith kr = c n(w3), pro 11ided 

(4.18) 

where n(w3) is the material index of refraction at w3. The roles of E1 

and E2 are reversed in the second term of the induced polarization. In an 

atomic medium in which wba = wcba w3 can be ma de equal to w1, and (4.18) 

is easily satisfied. In particular, E1 and E3 can be chosen to be the two 

counterpropagating pump fields and a backward conjugate replica of E2 is 
➔ 

produced independent of the direction of k2. 

The phase matching condition of (4.18) can also be met in a bire­

fringent or an isotropic medium. Figure 4.2 shows a graphic construction 

for satisfying the phase matching condition in an isotropic medium for 
-)- ->-

W3 > w2 = w1. Given some choice of k1 (0.l1) and k2(w1) the direction of 
➔ ➔ 

k3(w3) and the radiated field kr( w3) is determined· as shown. 
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Chapter 5 

APPLICATIONS OF PHASE CONJUGATE OPTICS 

5.1 Corrections of Phase Aberrations 

The most frequently quoted example for the application of pha se 

conjugation is the correction of aberrations that arise when an optical 

wave passes through a phase distorting medium. Consider the example of 

sending spatial information which is encoded on an optical carrier wave. 

After propagating through a communication channel, such as a multimode 

optical fiber, the information is scrambled due to undesired pha se di s ­

tortion. In the case of a multimode fiber, this ari ses from the fact 

that each mode propagates with a different phase velocity. If a conju­

gate wave is generated at this po int to reverse the phases and then 

allowed to propagate throu gh anothe r similar section of the fiber, the 

phase acquired by each fiber mode is cancelled, and the information thus 

recovered. Another important potential application of phase conjugation 

involves the corrections of aberrations in la ser amplifiers and in other 

dynamic optical systems in real ti me. A possible method is illustrated 

in Figure 5.1. The figure shows a configuration designed to focu s the 

output of a high power pulsed laser amplifier on a very small target, 

shown in the figure. 

If the output of the amplifier were to be focused directly on the 

target, the distortion of the amplifier medium during the pump pulse 

would make it impossible to obtain a diffraction limited spot si ze thus 

reducing the available inten sity. 
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In the compensation scheme the target 2 is illuminated by the 

output of a low power laser oscillator l (CW or pulsed). The reflected 

light 3 is collimated by lens 4 and traverses the amplifier 5 in re­

verse (away from the target). The distorted wave front 6 is incident 

on the conjugator 7 and is reflected as a conjugate wave 8. The wave 

retraverses the amplifier 5, emerging as a plane wave 9 which is 

focused on the target as a diffraction limited spot. 

A most important attribute of this scheme is its ability to 

track a moving target provided the distance traversed during the round 

trip time from the target to the conjugator is small compared to the 

spot size. As a matter of fact, if the gain of the amplifying med"ium 

is sufficiently high and/or the reflection of the conjugator is strong, 

then an oscillation mode can exist in which the target serves as one 

reflector while the conjugate reflector completes the resonator. In 

this mode of oscillation [l] the beam autotracks the moving target. The 

low pm~er illuminating laser (l in Fig. 5.1) is not needed in this mode 

of oscillation. 

5.2 Real-Time Spatial Information Processing 

The analogy between real-time holography and four-wave mixing 

was pointed out in Chapter 2. It is natural to expect that four-wave 

mixing will have applications that are normally associated with conven­

tional holography. Conventional holographic techniques are used exten­

sively in coherent image processing such as pattern recognition and 

spatial filtering. Various schemes to use nonlinear optical effects 

for performing image processing have been proposed [2-4]. In this 
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section, a scheme will be presented to show ho\v four-wave mixinq can be 

utilized to perform, in real time, the spatial convolution and corre­

lation of images. 

Consider the nature of the resultant field produced by simultane­

ously mixing three optical fields, all of radian frequency w, incident 

upon a thin medium possessing a third order nonlinear optical suscepti­

bility, x (3), centered at the common focal plane of two identical 

lenses of focal length f. The geometry is illustrated in Figure 5.2. 

Each field is specified spatially at the front focal plane of its 

respective lens with the following amplitudes: 

El 
l i(kz-wt) = 2 A1(x,y , z) e + c.c. 

E2 
l -i(kz+wt) 

= 2 A2(x,y,z ) e + c.c. 

l i(kz-wt) ( 5. l ) E4 = 2 A4(x,y,z) e + c.c. 

where A1 ,4(x,y,O) = u1 ,4(x,y), and A2(x,y,4f) = u2(x,y). Fields E1 and 

E2 are essentially counterpropagat ing, with E4 being parallel to these 

fields and separated either spat ially [e.g., shifted by (xs,ys)] or via 

orthogonal polarizations. The ui conta in the input information to be 

convolved or correlated, which can, for example, be in the form of 

phase and/or amplitude transparencies. 

For a given thin lens, with an index of refraction n, a maximum 

thickness 6 and a focal length f, its effect on an incident optical 

wave is represented by a tran smissi on function [5] 

[ • ik ( 2 2)] exp 1 kn l1 - 2f x +y . Furthermore , for a given electromagnetic wave 
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distribution u(x,y) at the plane z = 0, the scalar diffraction theory 

states that the wave distribution for z > 0, in the Fresnel approxima­

tion, will be [5] 

l • k 2 2 
u(x,y,z) = i \ z exp(ikz) exp[;

2 
(x +y )] 

co 

II . k 2 2 • k 
x dx'dy'u(x' ,y') exp[1z (x' +y' )]exp[-~ (xx'+yy' )] 

- CO (5.2) 

Taking z = 0 to be the front focal plane of the lens L1 in Fig. 5.2, it 

can be shown that a field A
1 

(x,y) defined in equation (5.l), after 

traveling from the front focal plane to the lens L
1 

and passing through 

the len s , is of the form 
co 

A1 (x,y, f ~ z ~ 3f) = ~~- exp[ik(n t'.\+z)J H dx'dy'u1 (x' ,y') 
- CO 

[ ik ( z)( 2 2,J [ i2n ( )] x exp IT 2-f x' +y' ) exp - ~ f xx'+yy' ( 5. 3) 

Similarly, A2 after propagating through lens L2 has the form 
co 

A2(x,y, f ~z~3f) = ;} exp[ik(n,'\ +4f-z)J JI dx'dy'u2(x' ,y') 
- co 

[ ik(z 2)( ,2 ,2)] [ i2rr ( , , )] exp - -- - x +y exp - -- xx +yy 2f f H (5.4) 

Anticipating the mixing process of interest, the complex conjugate of A4 

(after propagating through lens L
1

) is 
co 

- co 

[ ik (Z z)( ,2 ,2)] [i2 ·rr ( '.1. ')] exp - -- - -- x +y exp -- -·- xx , yy 
2f f \ f 

( 5. 5) 
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The fields A1, A2, and A; become directly proportional to the Fourier 

transforms of their respective u. at the back focal plane of the lenses, 
l 

i.e., z=2f, and are approximately the Fourier transforms of the u. if 
l 

the first exponents in the integrands of the three above equations can 

be neglected. This happens when 

(5.6) 

where r. is the spatial extent of u .. 
l l 

We now place a medium centered at the focal plane f of thickness 
C 

z [satisfying the constraint (5.6)], which possesses a third order nan-o 

linear optical susceptibility, x (3)_ Without loss of generality, we 

assume a transparent, lossless medium, and neglect linear refractive ef­

fects. 

The compl ex amplitude of nonlinear polarization at w=01+u1 -w 

generated by the mixing of the three waves is, according to equation 

(2.12) 

(5.7) 

where repeated indices are summed over the field polarizations. The 

resultant field, A3, is given by 

2 
->- _ 4 TTw J ➔ 1 ➔ -+ 3 ~>-A3 ( x) - - - 2- PNL (x ) G(x,x') d x' 

C 

vJhere 
->--),-

G(x,x') 

(5.8) 

( 5. 9) 

is the Green function that satisfies the wave equation . Using (5.3), 
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(5.4), and (5.5) in (5.7) and (5.8), as well as condition (5.6), and 

integrating over the volume of the nonlinear medium, it is found that 

A3, after having passed through the lens L
1

, is 

z x (s) 
i2TTW 0 

--,,-=-- exp[i2k(n6+2f)] 
:\2t2 C 

00 00 

-oo _ oo 

z x ( 3) 
= _ i 2m.u _o--=---,,,-- [ ( ) J ( ) ( ) ( ) c /fZ exp i2k n6+2f u1 -x,-y * u2 -x,-y ~u4 -x,-y 

(5.10) 

The symbols* and~ denote the standard operat ions of convolution and cor­

relation, respectively [5]. It has been assumed that x (3) is uniform 

throughout the nonlinear medium. A degenerate four-wave mixing interaction 

in the common focal volume of a two-l ens system can therefore lead to the 

operations of spatial convolution and correlation of optically encoded 

fields. The extension of these concepts to real time matched filters, 

pattern recognition, and other forms of imag e processing follov1s directly. 

Equation (5.10) is the primary result. The spatial convolution of 

u1(-x,-y) and u2(-x,-y) is obtained by making u4(-x,-y) a point source. 

Similarly, the correlation operation is performed by placing information 

on fields u
1 

and u4, with u2 being a point source. The point source will 

actually be a diffraction limited small Gaussian spot; and the finite 

spot size, in the focal plane fc in Fig. 5.2, of the "point source" input 

will ultimately limit the spatial frequency bandwidth of the above op~ra­

tions. 
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The approximations used in the above analysis place upper limits 

on both the resolution (or spatial frequency bandwidth), and the effici­

ency (or nonlinear gain) of the interaction. The Fresnel approximation 

is related to fmax' the greatest spatial frequency present, by 

(5.11) 

This same approximation also places an upper limit on the input field spot 

size, which is given by 

d < (5.12) 

Hence, the maximum nu mber of resolution elements possible is derivable 

through (5.11) and (5.12) yielding 

N ma x (5.13) 

Using values of 10 cm and 0.5 µ for f and ;\ , respectively, leads to a value 

3 -1 of 10 cm for f , which corre sponds to a grid of l000xl000 resolution max 

elements per square centimeter. 

The second constraint, (5.6), yields an upper limit to the nonlinear 

gain of the interaction. From (5.6) we obtain 

2 2 2 
'TT w 

0 (5.14) 

where w
0 

is the spot size in the focal plane. For Gaussian beams, the 

value of b
0 

corresponds to 2 TT ti mes the confocal parameter [6]. 

The maximum number of resolution elements given in (5.13) has been 

derived with the assumption that the waves can be of infinite extent. In 
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actuality, the finite spot size of the Gaussian "point source" in the 

focal plane determines the maximum spatial frequency of the convolution 

or correlation operation. It can be shown that the number of resolution 

elements is 

(5.15) 

where ct1 is the spatial extent of the input field, and d2 is the input 

aperture size of Gaussian "point source," assuming both are satisfying 

the Fresnel approximation (5. 12). It follows that for a given input 

power and choice of lens focal length, the output power with information 

present in the two input fields is related to that for no information 

present by 

p 
out; nfo 

(5.16) 

Thus, we see that there is a tradeoff between the spatial bandwidth 

product, N, and the output power (or nonlinear gain) of the interaction. 

5.3 A Phase Conjugate Resonator 

It has been mentioned that a nonlinear material, when used in the 

four-wave mixing geometry, can be treated as a conjugate mirror. If 

such a mirror is used to replace one of the two conventional mirrors 

that form a laser cavity, it has been observed that there is no stability 

condition necessary for oscillation to occur [7]. It also compensates 

phase distortion contributed by any poor intracavity optical components 

which otherwise would degrade the optical quality of the laser output 

beam. 
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In this section, an analysis is presented to derive the stability 

criterion and mode spectra of a laser resonator of v,hi ch one of the 

mirrors is replaced by a phase conjugator. The phase-conjugate reflec­

tion is taken to be caused by a four-wave nonlinear interaction. The 

geometry of such a phase conjugate resonator is shown in Figure 5.3. 

Consider an incident Gaussian field 

2 2 
E. = E.(r ) exp[i(wt-kz-k2r )-r2J + c.c. 

1 1 p W 
(5.17) 

with a complex amplitude E.(r), a radius of curvature p , and a spot size 
1 

w, which is also frequently written as 

2 
E. = E.(r) exp[i( wt-kz- 2kr )] + c.c. 

1 1 q. 
1 

The complex radius of curvature q. in (5.18) is defined as 
1 

l l i).._ 
- 2 
TrW 

(5.18) 

(5.19) 

The effect of a pha se-conjugate mirror i s to reflect such an incident 

field to give its conjugate replica, leaving the wave front and the spot 

size unchanged. The reflected field is 

2 2 
Er a: Ei(r) exp[i(wt+kz+~~) - SJ+ c.c. 

w 

which can also be expressed as 
2 

E a: E~(r) exp[i(wt+ kz- 2kr )] + c.c. 
r 1 qr 

The reflected field complex radius of curvature i s 

l l iA _ l - - - 2 - - --:J;" 
qr p 

TrW q. 
1 

(5.20) 

(5.21) 

(5.22) 
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Using the conventional ray matrix formalism [6] which describes the 

effects of optical components on Gaussian beam propagation, the phase­

conjugate mirror can be represented by a "ray" matrix 

M = = (5.23) 

with the output and input complex radii of curvature related by 

* Aq. + B 
1 

* Cq. + D 
1 

(5.24) 

The conjugation operation on the qi in this case is a unique feature of 

the conjugate mirror and is absent in the conventional usage of a ray 

matrix. It follows directly that the ordinary ray matrix formalism [6] 

for treating the propagation of Gaussian beams through a sequence of op­

tical componen t s can be applied also in the case wh en one of the elements 

in the sequence is a phase conjuga t e mirror. Using the matrix in (5.23) 

to represent the conjugate mirror, the complex output radius of curvature 

qout at any plane following the conjugate mirror is related to the input 

complex radius of curvature, q., by 
1 

(5.25) 

(
AT 

where CT Br\ is the product of all the ray matrices representing 
DT) 

the optical components, including the conjuga te mirror, in the sequence. 

All the matrices in the sequence are assumed to be real and the conju­

gation operation on q. can be performed at any plane. 
1 
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Consider the situation sketched in Figure 5.3 . The resonator is 

bounded on one end by a mirror having a radius of curvature, R, contain­

ing arbitrary intracavity optical components described collectively by 

an A'B'C'D' matrix, M', for optical propagation from left to right, and 

again by an A"B"C"D" matrix, M", for propagation from right to left. The 
"" 

resonator is bounded on the other end by a phase-conjugate mirror. In 

order to investigate the stability criterion for such a cavity, the 

standard self-consistent formalism is applied and the complex radius of 

curvature of the beam is required to reproduce itself after one round 

trip. Choosing a plane to the immediate right of the real mirror, we 

trace a beam that propagates to the ri ght and get, after one round trip, 

the fo 11 owin g matrix product: 

(

' Al 
\ ! B"\ 

I 

0 \ / A' 
\ 

Bl\ l 0 \ , A" I l BI \ 
I ' . 

\ ! I \ : I 

~l 
= ! = ! i I ' ' I l -2 r l 

l / \ C" 
I 

-1 / \c I o• / \ c, o, / R - 011;' 0 

I l o \ / l 0 

( \ f 
= 

I -2 1 : \. 0 -1 \ R / \ 

(5.26) 

where we have used the relation 

( 5. 27) 

which can be shown straightforwardly, using the reciprocity property of 

the group of optical elements represented by~• (or~"). The result is 

quite obvious if it is realized that the combination of any lossless and 

passive optical components and a phase conjugate mirror can be represented 

as the conjugate mirror itself, due to its time reversing nature. Self-
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consistency demands the field to reproduce itself at the aforementioned 

plane after one round trip, and hence, 

(5.28) 

Upon solving for the beam parameters it is found that 

P = -R (5.29) 

that is, the radius of curvature of the Gaussian beam matches that of 

the real mirror at the plane of the mirror, which can either be a concave 

or a convex mirror. There is no constraint on the spot size of the beam 

and also no stability condition for such a cavity. The result obtained 

is independent of the cavity length and the intracavity optical compon­

ents, in marked contrast to the properties of a conventional Fabry-Perot 

resonator. A typical Gaussian mode which is self-consistent for one 

round trip is sketched in Figure 5.4a. 

In conventional resonators, all allowed eigenmodes are obtained 

by demanding a single round trip self-consistent solution. However, in 

the case of a phase-conjugate resonator, it is possible to have allowed 

modes which will reproduce themselves after two round trips. Further­

more, by simple ray tracing, it can be shown that, due to the time­

reversing nature of the conjugate mirror, the rays repeat themselves 

after two round trips. Using the same procedure as before, the ray 

matrix describing the beam propagation for two round trips is 

(M, )2 = I (5.30) 
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where I is the identity matrix. Since the conjugate mirror is encoun­

tered twice in this case, the conjugation operation on q is cancelled. 

Hence, in contrast to the single round trip case, any complex radius of 

curvature (i.e., both p and w) at the initial plane will yield a self­

consistent solution. The resonator is stable for any real convex or 

concave mirror. In Figure 5.4b, a Gaussian beam satisfying the two­

round-trip self-consistent requirement is sketched. 

It has been shown above that there exists a lar9e range of 

Gaussian beam parameters that satisfy the self-consistency criterion 

for both the one- and two-round- trip case. This multitude of acceptable 

solutions follows from the very nature of the phase-conjugate mirror. 

Since only one constraint is specified within the resonator, in this 

case the curvature of the real mirror, and together with the fact that 

the conjugate mirror replicates any field incident upon its surface, no 

unique set of p and w exists within the phas~ conjugate resonator. 

In the above analysis, the frequency w of the Gaussian beam is 

the same as that of the pump waves illuminating the nonlinear medium 

where the four-wave mixing takes place. If the incident wave is at a 

frequency w+o while the pump waves are at the frequency w, the induced 

nonlinear polarization and hence the reflected conjugate wave, is at a 

frequency w+w-(w+o) = w-8. The frequency deviation o can be greater or 

smaller than zero. Specifically, if the incident Gaussian beam is 

2 
E. = E.(1)exp{i[(l +i )wt - (l +i )kz - (l +i ) 

2
kr_ J} 

l l w W W qi 
+ c.c. ( 5. 31 ) 

where k = wn/c, the reflected field from a conjugate mirror located at 

z = 0 is 
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(5.32) 

which can be rewritten as 

(5.33) 

where 

(5.34) 

The reflected field, at the frequency w-8, propagates with a slightly 

different radius of curvature. The ray matrix, relating q. to q in 
l r 

the same \'lay as given in (5.24), is represented by 

(5.35) 

which reduces to the matrix in (5.23) when 8 is zero_ Using the same 

self consistent formalism, this ray matrix can be used to find the con­

straints on p and iv for the one- and two-round-trip case. It can be 

shown in a straightforward way that no solution exists for the one round­

trip case, and a unique solution exists for the two-round-trip case, 

leading to interesting longitudinal and transverse mode spectra. However, 

the reflectivity of the conjugate mirror decreases rapidly with increas­

ing j 8 j due to phase mismatching [8] and hence these spectra are not 

easily observable and will probably be of limited practical importance. 

The phase conjugate resonator is useful mainly when used in the 

degenerate case when all oscillating modes are locked to the same fre­

quency w as that of the pump beam. It will correct for any intracavity 
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phase aberrations and has been experimentally found to allow oscilla­

tion even in a conventional unstable cavity configuration [9]. 

Other applications of phase conjugate optics include optical fil ­

tering [8,10], compensation for group velocity dispersion in communica­

tion channels [ll], optical gating, and others. Active research is 

still going on in this relatively new area. Many promising and exciting 

applications are yet to be explored. 
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Chapter I 

INTRODUCTION 

1.1 Motivations for Studying Nonlinear Optical _Effects Inside Fibers 

The use of low-loss optical fibers for communication purposes has 

already become a reality. Large research efforts [l] have been devoted 

to the study of fiber properties such as the materials, scattering, and 

absorption losses, dispersion, mode characteristics, and fabrication 

techniques, etc. The objective is to understand and thus to control the 

transmission of light inside fibers under different conditions. The 

problems are primarily concerned with the linear response of the fibers 

to optical radiation. There exist, however, reasons for investigating 

nonlinear effects inside the fiber [2]. One reason is that of pure aca­

demic interest. An optical fiber is capable of guiding electromagnetic 

waves over long distances, with little attenuation, and simultaneously 

confining them to a small cross sectional area. This results in a long 

interaction region of high optical intensity even with small incident 

optical power. This situation is favorable for observing nonlinear op­

tical phenomena, making the experiments and the measurements of non­

linear material properties a great deal easier. There are also practical 

motivations. In optical communication, it is desirable to increase the 

distances between repeater stations, which necessitates the use of large 

optical power for signal transmission. It is thus crucial to know the 

limitations of the fibers in handling large optical powers [3]. For 

example, it will be important to know the threshold power level for 
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various nonlinear effects and their effect on signal transmission. 

There are also devices built or proposed, such as the fiber oscilla­

tors [4,5] and some fiber gyro, based on the principle of nonlinear 

optical effects. The study of nonlinear optical phenomena in fibers 

will help to improve the performance of such devices and the invention 

of new devices. 

1.2 Properties of Optical Fibers 

The properties of optical fibers and their use for information 

transmission are reviewed briefly in this section. The structure of a 

typical optical fiber consists of a cylindrical core surrounded by a 

cladding layer which in turn is protected by an outer jacket region. 

When an electromagnetic wave travels along such a fiber, its energy 

propagates mainly inside the core medium, the wave being guided by total 

internal reflection at the core and cladding interface because the re­

fractive index of the core is made slightly higher than that of the 

cladding. A component of the electric field propagating inside the 

fiber can be written, for example, as 

Ex= w exp(i wt) + c.c. ( l. l ) 

where w, the complex field amplitude, obeys the wave equation, 

2 w2 2 
'v W + 2 n ( X ,y )W = 0 ( l. 2) 

C 

w is the oscillation frequency of the wave and c is the velocity of 

light in vacuum. n(x,y) is the index of refraction profile of the 

fiber and is uniform along the guiding direction z. The general 
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solution of equation (l.2) is 

(l. 3) 

Amn is an arbitrary constant andtmn(x,y) is the (m,n) eigenmode of the 

fiber. amn and Bmn are the attenuation constant and the propagation 

constant of the (rn,n) mode, respectively. The functional form of 

lmn(x,y) depends on the particular index of refraction profile of the 

fiber [6]. In general, there are two kinds of modes, the guided modes 

and the radiation modes, analogous to the bound and free states of a 

particle in a potential well in quantum mechanics. The energy of the 

electromagnetic wave in a guided mode is confined in the fiber core 

region, while the energy radiates out of the fiber for a radiation mode. 

These eigenmodes form a complete set so that any el ectromagnetic wave 

distribution can be expand ed in terms of a linear combination of them. 

The modes can also be normalized such that 

00 00 

f f dx dy l~ .(x,y) E (x,y) = o. o. 
1 J mn 1m J n 

( l. 4) 

- 00 - 00 

The propagation constant of a guided mode lies in the range kn < 8 < kn c- mn- o 

where nc is the refractive index of the cladding layer and n
0 

is the re-

fractive index at the core center. If Bmn is smaller than knc, then the 

mode is a radiation mode. The number of guided modes depends on the 

geometry of the fiber, the wavelength of the propa gating light, and the 

difference in refractive indices between the core and the cladding. 

The frequently used method for information transmission throuqh 

optical fibers consists of encoding the data into a train of light pulses, 
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sending them through a fiber, and then decoding the pulse sequence to 

recover the data at the receiving end. Because of group velocity dis­

persion, the pulses spread out in width as they travel along the fiber 

and eventually will overlap each other, resulting in a loss of informa­

tion. This effect thus imposes a limit on the amount of information that 

can be transmitted per second. When direct pictorial transmission is 

desired, a bundle of fibers is used to transmit the spatial distribution 

of the light intensity of the illuminated object or picture. The resolu­

tion of the image that can be transmitted is limited by the diameter of 

the individual fiber in the bundle; and only two-dimensional pictorial 

information can be transmitted. In principle, three-dimensional pic ­

torial information, i.e., both amplitude and phase, can be tran smitted 

through a single multimode fiber [7]. The resolution of the picture is 

determined, in this case, by the number of guided modes of the fiber. 

However, the incident picture field excites many fiber modes, each of 

which propagates vdth a sli ghtly different phase velocity. At the re­

ceiving end of the fiber, each mode has acquired a different phase, and 

the pictorial information is lost if the relative phase differences 

exceed 2n. This condition imposes a limit on the length of the fiber 

that can be used and the number of excited fiber modes, hence the resolu­

tion of the picture, allowed. 

The technology of fiber manufacturing has made significant progress 

lately. Fiber loss is now approaching the limit of Rayleigh scattering, 

with attenuation less than one dB/km. Also, by controlling the refractive 

index profile of the fiber, it is possible to reduce the modal phase and 
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group velocity dispersions. It has been discovered that both the absorp­

tion and material dispersion go through a minimum at a wavelength of 

l.3 µm. This has led to the development of new coherent sources operat­

ing at this wavelength. 

l .3 The Main Features of Nonlinear Optical Effects Inside Fib~rs 

Nonlinear optics was actively pursued only after the development 

of high power lasers because these nonlinear effects are small and require 

large optical intensities in order to be observed. Typically, the signal 

is proportional to the product of the light intensity I and the length L 

of the interaction region [2]. Large optical intensity can be achieved 

by focusing a laser beam with a l ens into a small spot within the non­

linear medium. However, this beam diffracts rapidly, and the length over 

which the high optical intensity can be mainta i ned is limited. For a 

given laser power P, the product 

2 

I· L 
p 1TWO p 

( l. 5) = -2 ->-- - >-
1TWO 

\v
0 

is the radius of the spot size and the inter~ction length is limited 
mv 

by diffraction to be the confocal parameter, T [8]. Thus I-Lis a 

constant and is independent of how strongly the beam is focused. 

The nonlinear effects which occur inside optical fibers are not 

different from those observed in the bulk material. The only difference 

is in the geometry of the interaction region. If the same laser power 

Pis coupled by a lens into a fiber, the product 

I· L 
p 

= - 2. L ( l. 6) 
Tiro 
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where r
0 

is the core radius and Lis the fiber length. For a single 

mode fiber, r
0 

is on the order of several wavelengths; and for a several 

meter long fiber, the term in equation (1.6) is six orders of magnitude 

larger than the term in equation (l.5). This implies that nonlinear 

effects which require pulsed, Q-switched megawatt power lasers in order 

to be observed in the bulk can be observed with CW powers of several 

watts in a fiber. The power requirement can be further reduced if a 

longer fiber is used. There are, however, a couple of limitations on the 

length of the fiber to be used. The first limitation is the loss in the 

fiber itself. . -1 Each fiber has a loss coefficient a expressed 1n cm or 

dB/km. If the fiber length is longer than 1/a , the signal and the input 

powers are severely attenuated and the output will be small. Another 

limitation is the coherence length of the incomin g light. Some nonlinear 

effects are proportional to the product of the amplitudes of the pump 

waves in stead of their intensities. This implies that in order for the 

signal generated in different sections of a fiber to add up in phase, the 

pump waves have to maintain a constant phase throughout the v1hole interac­

tion region. Therefore, if the length of the fiber is longer than the 

coherence length of the pump waves, destructive interference will occur 

to reduce the amplitude of the output signal. Nonlinear processes such 

as the stimulated Raman scattering depend on the intensity of the pump 

v,ave and a re therefore not subject to this con straint. 

Fiber materials such as glass or liquid for liquid-filled hollow 

fiber are amorphous. These substances have a macro scopic inver s ion sym­

metry. This implies that nonlinear processes such as second harmonic 
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generation and three-wave mixing, where the induced nonlinear polariza­

tion is even order in the electric field, cannot occur inside these 

fibers [8]. The processes that will be discussed in this part of the 

thesis are third order nonlinear processes which can occur in any mate­

rial. 

1.4 Outline of Thesis Part II 

In Chapter 2, a theory and an experiment for phase-conjugate wave 

front generation by degenerate four-wave mixing in a liquid filled fiber 

are described. In Chapter 3, a model for describing the stimula t ed Raman 

scattering will be given. Emphasis will be on fused silica fiber. A 

theory for C~J Raman oscillation in optical fibers will be pres ented in 

Chapter 4. The analyses of Raman scattering and Raman oscillation dis­

cussed in Chapters 3 and 4 are easily applicable to describe the stimu­

lated Brillouin scattering process. These two stimulated proces ses are 

the most intensively studied nonlinear effects inside fibers in the last 

ten years. Other nonlinear effects will be mentioned in Chapter 5, and 

their applications will be discussed. 
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Chapter 2 

PHASE CONJUGATION BY DEGENERATE FOUR-WAVE MIXING IN OPTICAL FIBERS 

2.1 Analysis of Degenerate Four-Wave Mixing inside an Optical Fiber 

The phenomenon of four-wave mixing is a third order nonlinear op­

tical process; generally it needs high-laser-beam intensities and long 

interaction lengths in order to be observable. These conditions become 

less constraining when the interaction takes advantage of near-resonant 

atomic transitions. However, due to the ability of an optical fiber to 

guide light within a small cross-sectional area and over a long distance, 

even a small incident light power results in a sufficient intensity 

inside the fiber for nonresonant nonlinear phenomena and devices to be 

studied. The application of four-wave mixing to the generation of phase­

conjugate wave fronts was discussed in detail in Part I. In this section 

the possibility of four-wave mixing in multimode optical fibers will be 

discussed. It will be found that complex image fields can be phase­

conjugated and amplified without loss of spatial information, i.e., 

without mode mixing. A calculation shows that this can be done on a CW 

basis with moderate (~ l watt) pump powers in a few meters of fiber. This 

suggests that four-wave mixing in fibers is a serious candidate for real­

time holographic applications including image transmission and compensation 

for distorting media. 

The basic geometry involved in the experiment is illustrated in 

Figure 2.1. An input field E. is incident on a fiber whose core medium 
l 

possesses an appreciable third-order nonlinear coefficient X(3)_ The 
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input field Ei may correspond to an image field transmitted by another 

fiber or to some other field whose phase conjugate is sought. The fiber 

is multimode with a number of propagating modes essentially equal to the 

number of resolution elements contained in the incident field E .. The 
l 

fiber is pumped simultaneously by two strong, oppositely traveling 

fields, Epl and Ep2 whose frequency is the same as that of Ei A re­

flected field Er, generated by the four-wave mixing interaction, will 

be shown to be a complex conjugate of the input field. For sufficiently 

intense pump waves, Er will be an amplified phase conjugate version of 

the input field E .. 
l 

The pump waves are taken as 

i (wt - s1 z) 
e + c.c. 

i (wt+ s1 z) 
e + c.c. ( 2. l ) 

These pump fields will be coupled ideally into the lowest order propa­

gating mode of the fiber so that their confinement over the full inter­

action length is assured. The input signal wave Ei and the reflected 

output wave E are expanded in terms of the propagating eigenmodes r 

ti(x,y) of the fiber as 

E. = -2
1 2 B (z)c (x,y) 

1 m m m 

i (wt - B z) 
e m + c.c. 

i(wt+ BQ, z) 
e + c.c. (2.2) 

The complex amplitudes B (0) are determined by the input conditions. We 
m 

are seeking a solution for Bm(z) and Am(z). The wave equation is 
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The functions Ci (x,y) satisfy (2.3) with PNL = 0 

and are orthonormal such that 
00 

- 00 

Substituting equation (2.2) into equation (2.3), 

2 
µ cl (->- ) = - 2 PNL r,t 

at 

Using (2.4) to e}iminate the fir st factor inside the 
d A 

assuming that I-fl « I Bi Ai l leads to 
dz 

In a similar fashion we obtain for the input field 

( 2. 3) 

(2.4) 

(2.5) 

( 2. 6) 

square bracket , and 

(2. 7) 

The induced nonlinear polarization is third order in the fi el d amplitudes 

and is taken as 

(2.9) 
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Substituting (2.9) into (2.7), we obtain 

In a similar fashion from (2.8), 

or by conjugation (and taking Epl, Ep2, and x(3) as real) 

dB* i B z m ,c m l Sm dzcm(x,y) e = 
m 

e 

(2.10) 

-i B z Q, 

(2.11) 

Multiply (2.10) by Gs and integrate over the cross section using (2.5) 

dA . 2 x (3) i( B - B )z 

J J 
s l W µ l. B*(z) e m s EplEp2cmS dx dy dz - 2BS m m c.s. 

(2. l3a) 

and from (2.12) 

dB* . 2 (3) i( B - B )zJJ s l w µX I A (z) e m s EplEp2tmCs dx dy dz - 213s m m 
C. S. 

(2.13b) 

Equations (2.13) are the basic coupling equations. We note that a given 

mode As of the reflected field is coupled to all modes Bm of the incident 

field. This is undesirable, since it causes a loss of spatial information. 

Two physical facts combine to remedy this mode scrambling: (a) We note 

that for a length of fiber L >> 2n(B - B )-1,modes A and B are grossly 
m s s m 

mismatche·d so that no cumulative power exchange between them can take 

place unless Sm= Bs· (b) In addition, if the pump fields Ep1(x,y) and 

Ep2(x,y) are more or less uniform over the cross section, then the overl ap 
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integrals appearing in (2.13) are zero unless m = s. The combined ef­

fect of (a) and (b) is that a given reflected mode A of the reflected s 
field couples a1most exclusively to the incident field mode of the same 

index, i.e., to Bs. We thus have: 

. 2 x(3) 
l W )J * 

2S E lE 2B s p p s 

. 2 (3) 
l W JJX 

2S E lE 2A s p p s 
(2.14) 

Since the input field Ei is specified, the mode amplitudes Bs (z = 0) are 

given. Another boundary condition is that the reflected field E is zero r 
at the output end z = L of the fiber, so that A (L) = 0. With these s 
boundary conditions we can solve (2.14), obtaining 

(2.15) 

w2 x (3)E E 
where Ks 

tion and 

= JJ pl p2 
2r3s Equations (2.15) display the same amplifica-

oscillation features as the plane wave case [l]. We are particu-

larly interested in what happens to the image information. We find that 

at z = 0, 

(2.16) 

The total reflected image field can be reconstructed,us ing equation (2.2), 

as 
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= -i tan KL I } B~(O) C9, (x,y) exp(i wt) + c.c. 
9, 

(2.17) 

where, neglecting the weak dependence of K on s, we took K - K. The s s 
original input field is, according to (2.2) 

B9,(0) ,c ( ) iwt 
Ei (x,y,z = 0) = I 2 l....2 x,y e + c.c. 

9, 
(2.18) 

so that as far as the total complex field amplitudes are concerned, we 

have 

The reflected field at the fiber input is thus pn amplified (for 

KL > n/4) complex conjugate replica of the input field. 

(2.19) 

The tremendous advantage of performing the phase conjugation inside 

a fiber is due to the fact that pu mp waves can be launched as fiber modes 

so that large pump intensities over the whole interac tion path can result 

from moderate pump powers. If we consider, as an example, a multimode 

fiber with a core diameter of 20 µm which is filled with cs2 and take the 

two pump wave powers as l watt, we obtain (using x(3) :::,: 1.2 x ,o-12 esu) K 

-4 -1 "' 5 x 10 cm , so that KL "' l is achieved with a fiber length of 

L = 20m. It should be noted that if the pump propa ga tes as a low order 

mode, the overlap integrals of (2.13) may be appreciable for near-lying 

modes, i.e., incident and reflected modes of different indices can inter­

act. This interaction, however, is negligible, since the phase mismatch 

(B - 6 )L can be shown to be >> 2n in the above example. s m 

The theory and example presented above clearly demonstrate the ad-

vantage of performing four-wave mixing in long fibers. Under such 
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conditions, it is important to consider the effect of optical absorption. 

If the intensity absorption coefficient of the four waves involved in 

the interaction is taken as a , we obtain instead of equation (2.19), 

-2iK tan(Kel) exp(-} al) 
Er(x,y,O) = a tan( K l) + 2K • E7(x,y,O) (2-20 ) 

e e 

[ 2 l 2 l/2 where Ke= K exp(-al) - (2 a ) J . It follows from (2.20) that for 

substantial reflections we need fulfill al « l, K > } a . If al » l, 

then 

( 2. 21 ) 

The pump intensity in the above example is below that for the onset of 

stimulated Brillouin scattering in cs2 and also is such that amplified 

spontaneous Stokes radiation is insianificant [2]. 

2.2 Demon stration of D_egenerate Four-\,Jave Mixing in a liguid-Fil7_ed 

Fiber 

In this section, the observation of cw backward-wave generation 

using degenerate four-wave mixing in a nonresonant medium will be re­

ported. The interaction took place inside a 3m long cs 2-filled 4 µm i.d. 

optical fiber. Defining the backward-wave conversion efficiency as the 

ratio of the reflected wave intensity to the input wave intensity, a 

0.45% conversion efficiency was measured with a pump power of 6 mW inside 

the fiber. 

In the experiment sketched in Fig. 2.2, the pump and the probe waves 

originated from a cw single transverse and longitudinal mode argon ion 
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laser, operating at a wavelength of 5145~. The las~r output had a 10 m 

long coherence length, which ensured the coherence of the nonlinear inter­

action over the entire fiber length. The two fiber ends and · the objective 

lenses were carefully aligned to allow maximum coupling of the two 

linearly polarized pump beams into the lower order fiber modes. Typi­

cally, fifty percent of the incident light was coupled into each end. 

Each fiber end was securely positioned inside a stainless steel cs2-

filled cell (not shown in the figure). The cs2 inside the cell was under 

a nitrogen pressure of 80 psi, which prevented the liquid from boiling 

when i 11 umi na ted by the focused pump beams. The probe beam, whose pmver 

was roughly equal to that of the pump beams , was introduced nearly paral­

lel to the forward-going pump beam, Epl, and was coupled into the fiber 

by the same objective lens. Since the probe beam was sliohtly separated 

from the on-axis pump beam, the coupling efficiency was typically a fac­

tor of five lower than that of Epl. All the beams were chopped {at 57 Hz) 

to reduce the duty cycle (and consequently to inhibit th e degradation of 

cs2) of the optical fields as well as to allow the usage of temporal 

discrimination techniques for the detection of the backward signal. The 

probe b~am also passed through an optical isolator consisting of a linear 

polarizer and quarter-wave plate prior to coupling into the fiber. This 

isolator served two functions. First, it minimized any spurious Fresnel 

reflected probe signals from interfering with the backward-going wave. 

Second, being a polarization dependent phase 11 aberrator, 11 the isolator 

would pas s only the conjugate probe field, which could correct for this 

phase "distortion." Hence, the conjugate reflection ofanRHCP field, 

which is also an RHCP ~vave, will be passed by the isolator in contrast 
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to an LHCP wave which is the result of a Fresnel reflection. 

Due to the proximity of the probeand pump fields (constrained by 

the aperture of the objective lens), additional background noise arose 

from both the forward-going pump, Epl (via Fresnel reflections), and the 

counter-propagating pump, Ep2 (due to the residual throughput from the 

fiber). Attempts to reduce these background noise sources via polariza­

tion discrimination were not utilized due to polarization scrambling of 

the fields within the 3m long fiber. In order to extract the conjugate 

signal from the background by using temporal discrimination techniques, 

the pump beams and the probe beam were chopped with different "on" dura­

tions as shown in Fig. 2.3. The conjugate wave was generated only in the 

time interval when both the pumps and the probe passed through the chopper. 

During the interval when the beams did not overlap in time, the light de­

tected was due to the Fresnel reflection of Epl and the residual through­

put of Ep2, plus residual Fresnel reflections of the probe wave that 

leaked through the isolator . The conjugate signal was obtained by sub­

tracting the signal detected during the non-overlapping time intervals 

from that of the overlapping time interval. The conjugate signal disap­

peared when either pump beam was blocked. For an input power of 6 mW in 

each pump beam within each fiber end, a conversion efficiency of 0.45% 

was observed. For n=l.628, o. =2.5xl0-3cm-l [3] and (21Tx (3))/n = 

1 .l x 10-11 esu [4], equation (2.20) predicts a conversion efficiency of 

0.23%. The discrepancy between theory and experiment can be attributed 

to the rough estimate of the conjugate signal as well as the values of 

a and x( 3) used in (2.20). 
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The pump powers we used were well below the threshold for both 

stimulated Brillouin scattering and Raman scattering [2]. The backward 

wave was observed only when both pump waves and the probe wave overlapped 

in time, even at a larger pumping power; thus other nonlinear effects 

such as optically induced birefringence or thermally induced index of 

refraction changes could not have generated the signal that was observed. 

Although there is polarization scrambling inside the fiber, a simple con­

sideration of the magnitudes of the various third order susceptibility 

tensor elements [5] shows that the dominant backward-wave signal is in­

deed proportional to the complex conjugate of the probe signal. 

In a separate experiment, we used only two waves, Epl and Ep2' 

which were chopped with different duty cycles. In this case, al .6 m 

long 7 µn i.d. cs2-filled fiber was used. Prior to enterin9 the objec­

tive lens, Epl passed through a crosshair made of fine wires, so that its 

diffracted wave had additional structure surrounding the central spot. The 

purpose of the crosshair was to divert some energy of Epl to higher order 

fiber modes. The light in the : igher order modes essentially served as 

the probe wave as mentioned in the previous experiment. A backward-going 

wave was also detected as in the previous case. With Epl blocked, a 

bright spot was observed that was due to the residual light from EpZ 

emanating from the fiber. When both Epl and EpZ illuminated the fiber, 

we observed additional spatial structure in the form of a peripheral ring, 

which was not due to the Fresnel reflection of Epl· At higher pump powers, 

distinct dots were seen that surrounded the central bright spot. This 

indicated that a backward-going wave with its energy mainly located in the 

higher order fiber modes was generated. 
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In conclusion, a cw backward-wave generation by four-wave mixing 

in optical fibers was demonstrated. In addition, the phase conjugate 

interaction was shown to be able to correct for polarization dependent 

aberrations and distortions such as optical component birefringence. 

The lifetime of the cs2-filled fiber was rather short(on the order of a 

few hours), especially when subjected to continuous laser beam illumina­

tion. Other Kerr media such as benzene or possibly a mixture of cs2 and 

benzene may alleviate this problem and thus yield potential practical 

device applications. Finally, I would like to point out that high 

fidelity phase conjugation has been demonstrated with multimode pump 

waves [6,7]. 
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Chapter 3 

STIMULATED RAMAN SCATTERING IN OPTICAL FIBERS 

3.1 Introduction 

Stimulated Raman scattering is probably the most intensively 

studied nonlinear optical phenomenon in fibers. Since the first demon­

stration of a fiber Raman oscillator in 1970 [l], significant progress 

has been made in this area [2-10]. Raman scattering in waveguides made 

of cs2 [l], benzene [3], hydrogen [11], and fused silica [12] have been 

investigated. Special attention has been devoted to silica fiber be-

cause of the broad band width of its Raman cross section, which offers 

a large tuning range for a silica fiber Raman laser. The Raman effect 

in a molecular medium is an inelastic photon scattering proces s where a 

pump laser photon is absorbed and a St okes photon is emitted with the 

simultaneous excitation of a vibrational mode of the molecule. The fre­

quency of the Stokes photon is down-shifted from that of the pump photon 

by the vibrational frequency. At sufficiently intense pump po1t1er, this 

process becomes a stimulated effect. The molecular medium in the presence 

of the pump wave can provide gain to an electromagnetic wave at the St okes 

frequency and is capable of amplifying any spontaneously scattered light. 

The theory of stimulated Raman effect has been extensively di scussed by 

many authors [13-16]. The usual analysis treats the pump wave as a con­

stant throughout the medium so that only the wave equ ations for the 

vibrational wave and the Stokes wave need be considered. However, when . 

the length of the medium is 100 m, or even l km which is the case for 

Raman scattering in an optical fiber, a new treat ment including the 
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depletion of the pump wave is necessary to adequately describe the 

interaction. 

This chapter considers the probl em of forward Raman scattering 

process in a single transverse mode fiber. Both pump wave depletion 

and spontaneous scattering are considered in the analysis. Analytic 

solutions of the governing differential equations are obtained. The 

conditions under which a nondepleted pump approximation is valid are 

examined. Expressions are derived for the maximum fiber loss and the 

minimum fiber length, which allow significant pump to Stokes wave con­

version. It is shown that for a given fiber length, there is an opti­

mal pumping power, or at a given pump power, an optimal fiber length 

that yields maximum first order Stokes power output. Good agreement 

with published experi mental results in thres hold power prediction is , 

obtained. The treatment is general enou gh to describe Raman scatter­

ing in any fiber, either silica or liquid-filled fiber. 

3.2 The Small Si gnal Theory 

Before discussing in detail a complete treatment of the sti~u­

lated Raman process in fiber, the small signal theory [17] 111ill be 

summarized. The depletion of the pump wave due to the nonlinear process 

is neglected in this theory by limiting the discuss ion to cases of low 

convers ion efficiency such that the generated Stokes-wave power is 

smaller than the pump-wave power at every point along the fiber. The 

pump power Pp is assumed to propa gate along the fiber as 

P (z) - P exp(-a z) 
p po P 

(3. l) 
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Ppo is the input pump power at the fiber input end, z = 0. a is the 
p 

fiber attenuation constant at the pump frequency. The governing equation 

for a forward traveling Stokes wave is 

dPS -
- - -a p +~pp dz s s A p s (3.2) 

Psis the Stokes power, as is the attenuation coefficient of the fiber 

at the Stokes frequency. g is the frequency-dependent Raman gain coef­

ficient in units of cm/Watt. A ig the cross sectional ~rea of the fiber. 

The solution to equation (3.2) is 

gP 
P (z) = P exp{-a z+~ [l - exp(-a z)J} s so s a p p 

( 3. 3) 

In an actual experiment, the Stokes power input Pso is zero and any 

Stokes power output is due to amplified spontaneous scattering. It will 

be shown in the next section that this spontaneous scattering amplifica­

tion can be modelled by assuming a fictitious input of one photon per 

mode (both transverse and longitudinal) of the fiber. Therefore, for 

z > 0, 

Ps(z) = L 
transverse 

mode 

The frequency dependence of g can be taken as Lorentzian, i.e., 

2 (l:i\JR/2) 
g( \J ) 

(3.4) 

(3.5) 

gs is the peak gain centering at the central frequency \)sand l:i\JR is the 

Raman linewidth. Since the major contribution to the integral in equation 
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(3.4) comes from a small frequency region (v-v) centered on v , the s s 

gain coefficient can be approximated as 

and thus 

(v-v )2 

s_ 2] 
(tivR/2) 

g ( V) "' g [l -s 

r "'l I (hv ) 
transverse s 

g p 
exp{- z + s po 

C\ A 
Clp 

mode 

where the effective bandwidth is 

(3.6) 

[l - exp(-apz)J~ Beff 

(3. 7) 

(3.8) 

The result in equation (3.7) implies that even though the Raman gain is 

frequency dependent as given in (3 . 5), the Stokes wave output behaves 

as if the gain is a constant, gs, over a finite band width, Beff' and 

zero elsewhere. 

3.3 Spontaneous and Stimulated Ra man Scattering in Long Low Loss Fibers 

In this section, a model is presented for describing the stimu­

lated Raman scattering process, in the forward direction, through a 

single transverse mode fiber. Pump wave depletion that is due to the 

nonlinear interaction, plus spontaneous scattering are both incorporated 

in our model. The previous analysis due to Smith [17], which neglects 

pump depletion by the stimulated process but allows for linear absorp­

tion of the pump, is found to be valid in the case of high loss fibers, 

which were the only ones available when Smith considered this problem. 
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The neglect of pump depletion is not valid in treating today's low loss 

fibers (< 4 dB/km); and the present analysis constitutes an extension 

to this practically important case. 

Consider the total pump power to be concentrated in only one 

pump mode and to be injected into the end of a single transverse mode 

fiber at z = 0. As this pump wave propagates along the fiber, it is de­

pleted by linear absorption in the fiber as well as by down conversion 

to Stokes photons. The differential equation governing n , the pump 
p 

wave photon number, is 

dn 
_Rdz + apnp = -y n ( n + l + n + l + • • • + n + l ) op sl s2 sq 

Subscripts p ands refer to the pump and Stokes photons; 

(3.9) 

o, is the 
p 

absorption constant of the fiber at the pump wave frequency; y
0 

is the 

nonlinear gain constant associated with the Raman process; n . is the 
SJ 

photon number of the Jth longitudinal Stokes modes; q is the number of 

Stokes _modes participating in the interaction. The integer l that goes 

with each Stokes mode accounts for the spontaneous scattering into that 

mode [16]. Each n . obeys the equation 
SJ 

dn . 
~ - + a n . = y n (n . + l) 

dz s SJ op SJ 

The total Stokes photon number is 

q 
I 

j=l 
n . 

SJ 

and it satisfies the equation 

(3.10) 

(3.11) 
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dn 
d/ + 0·sns = yonp(ns+q) (3.12) 

as is the absorption constant of the fiber at the Stokes frequency. The 

initial conditions are 

n (z = 0) = n p po 

nsj (z = 0) = n sjo ( 3. 13a) 

ns ( z = 0) = r n . = n 
j=l SJO so 

and we define 

(3.13b) 

to be the total input photon number. 

In equations (3.9)-(3.13) we made the approxima tion that the gain 

constant y is the same for all the q modes partaking in the interaction. 

The exact procedure would be to allow each Stokes mode j to have a ga in 

yj = y( vj) which is proportional to the Raman line shape. The nonde­

pleted pump analysis shows that the correct result i s obtained if we 

take yj to be a constant over an effective Stokes input bandwidth Beff 

and take it as zero elsewhere. This is due to the combined frequency 

dependence of y( vj) and the exponential nature of the amplification proc­

ess, which, together discriminate strongly against Stokes modes removed 

from line center. In the presence of a finite Stokes wave input of band­

width 6v , the effective bandwidth following the derivation in the last 
s 

section is 
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n ~l/2 
(3.14) 

[l -exp(-a, z)]+ (6vR/ 6v )2) 
p s 

6vR is the Raman linewidth. In the absence of a Stokes wave input, any 

significant Stokes wave buildup at the fiber output end is due to 

single-pass superradiant emission. In this case, 

(3.15) 

for large z. The effective number of Stokes modes q is taken as the 

number of longitudinal fiber modes falling within Beff and is 

(3.16) 

where neff is the effective mode index of refraction (in practice essen­

tially the fiber core index), and Lis the length of the fiber. 

We have compared the results of the analysis based on the effective 

bandwidth concept to a numerical analysis using a frequency dependent 

gain. The results, described further in this chapter, justify the use 

of B f-. e t 

In silica fibers, Stokes shifts are confined to a frequency less 

than several hundred wave numbers [12], and hence ap is nearly equal to 

as. This is especially true in the l )J in wavelength region where a is 

near its minimum and da/d \ is small. We shall assume that this is 

indeed the case, and let ap = as= a . Adding equation (3.9) and equa­

tion (3. 12), we get 
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(3.17) 

Hence, the total photon number varies as 

n + n = n exp ( - az) p S 0 
(3 .18) 

This is merely a photon conservation statement indicating that the non­

linear interaction conserves photons; and a decrease in the total photon 

number is due solely to absorption in the fiber medium. Substituting 

equation (3.18) into equations ( 3.9) and (3.12), we have 

dn 

dz
p + n [ a + qy + y n exp(- az) J = p O O 0 

(3.19) 

and 

(3.20) 

Equations (3.1 9), (3.2'J), and (3.10) with the initial conditions (3.13) can 

be solved exactly. The solutions (vihose d2rivations are given in the 

J-\ppendi x) are 

n
0 

exp(-az) 
=--~-- (3.21) 

ns(z) = no exp(-az) s +n 
l+E;,+n 

( 3. 22) 

n exp(-az) 
tsjq_ E, + l n) nsj(z) 

0 = 
l+ E;,+n nso q 

(3.23) 

where 

(3.24) 
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and 

y n oo 

n = qy exp[qy z - __Q_2_ exp(- az)] I 
o o a i=O 

(3.25) 

t(z) describes the conversion from pump to Stokes photons due to a 

finite Stokes photon input n . n (z), on the other hand, describes so 

amplified spontaneous scattering. 

For typical pumping pmvers of a fev,1 watts, npo » q and 

npo » nso' so that n
0 

:::e npo· The s2ries in Eq. (3.25) can very v1ell 
yono 

be approximated for large z by --exp(-a-), and 
y onpo 

(3.26) 

We note that in this case n is identical to ~ as given by equation 

(3.24) provided the input Stokes photon number nso is taken to be q. 

That is, the spontaneous emission output can be vie1,.,red as due to an 

input of one Stokes photon per mode. It is apparent that the amplified 

spontaneous scattering can be modelled alternatively by ignoring the 

spontaneous effect altogether in the differential equations, provided 

an equivalent input of l photon per mode is assumed. 

In order to relate our model to the experimental results, equa­

tions (3.21)-(3.26) are re\AJritten in terms of po1t1er. Pp and Ps are 

used to denote the power in the pump and Stokes v,aves, respectively. 

The changes in the following notation is self explanatory. Equations 

(3.21)-(3.26) become 
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P exp(-az) 
p ( z ) = ____ o ----~----
p l + s +n (3.27) 

\) 
s + n P

5
(z) = 2-p exp(-az) 

\) 0 l + s + n p 
(3.28) 

\) s P
O 

exp(-ca ) p . 1 
Psj(z) (~ s + - n) = l + s + n \)p so q 

( 3. 29) 

~ pso g p s = y-- exp{~ [l - exp(-az) ]} 
\Js po aM 

(3.30) 

(3.31) 

In equations (3.30) and (3.31) we have omitted a factor exp(qy
0
z) which 

\) 

is close to l even for very large z. P
0 

is defined to be P + _E..p · . po \Js so 
vp and \Js are the pump and Stokes wave frequencies, respectively. V i S 

g 

the group velocity in the fiber medium. /J, is th e effective cros s sec­

tional area of the fi ber . gs is the Raman ;,m.;e r gain coefficient nor­

mally measured in experiments. his Plan ck 's constant. 

Let us consider some of the consequences of equations (3.27)­

(3.31). l~h en s +n « l, 

( 3. 32) 

In this limit, the conversion to Stokes photons is negligible and Pp(z) 

according to equation (3.32) is attenuated only by the fi ber loss a . 

vs 
Ps(z) ~ - P exp(-az) 

\)p 0 
(3.33) 
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The conversion is completed and all the pump power has been transferred 

vs -
to Stokes power. l,Jhen - ( E; + n) - l, P equals P . He define this con-

vp p s 
dition as the threshold con dition. The input pump povIer v-1hich causes 
\) s 
- (E;+n) = l at z= L is referred to as the threshold pm•Jer. Hhen 
\)p 

Po!::'. ppo >> Pso' 

qhv v g P l s g s o 
= ~ (Pso + L ) exp{~ [l - exp(-o:z)J} ( 3. 34) 

\) s 
Fi g u re 3 . l s hows - . [ E; ( z ) + n ( z ) J 

\)p 

for different values of o,. The 

parameters used in plotting the curves are P = l watt, P = 0, 
0 so 

- l -10 
AP= 1.06 µm, \ = 1.12 µm, 6vR = 400 cm , gs= 5xl0 cm/i•I, and 

A= ,o- 7cm2 [17]. 

For o:z >> l , 

(3.35) 

(3.36) 

and is independent of z. If it is smaller than l, then as sho'-'m in Fig. 

3.3, no significant stimulated conversion from pump to Stokes photons 

will take place. The expression in Eq. (3.35) equals l when o, = o:max' 

which is defined as 

(3.37) 
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a is therefore the upper limit of fiber loss for efficient photon max 
\) 

conversion. Curve (f) in Figure 3. l shows 2- (~ + n) at amax For those 
\) p 

given input and fiber parameters, amax is 150 dB/km. In the limit 

ClZ << l ' 

(3.38) 

and is independent of a. If it is smaller than l, no significant stimu­

lated conversion v-iill take place, no matter hm,, small a is. The expres­

sion in equation (3.38) equals l, i.e., threshold obtains at a fiber 

length z = Lmin, given by 

L . n11n ( 3. 39) 

L . is interpreted as the minimum fib er length req uired for strong con­
mm 

version even at zero loss. For the case shrn,m in Figure 3.1, L. is 
mm 

29 meters. a and L . are related by the equation max min 

Cl L . = l max min ( 3.40) 

Figure 3.2 shov1s Pp(z) and Ps(z) for a, = 5x l0-5cm-l ("-'2 0 dB/km), 

a high conversion efficiency case . \-./e note the severe pump depletion 

occurring at z > 30 m . . Figure 3.3 sho11s P (z) and P (z) for a . In 
p s max 

this small conversion effici ency case, Pp(z) varies roughly as exp(-az) 

throughout the v1hole fiber. In Figures 3.2 and 3.3, \ve also plotted 

P
0 

exp(-az), which, when compared with Pp(z), indicates the region in 

which a nondepleted pump approximation is valid. Th e same input and 
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fiber parameters are used for Figures 3.1, 3.2, and 3.3. It is apparent 

from Figures 3.2 and 3.3 that for a given input pump power there is an 

optimal fiber length Lopt' which results in maximum Stokes power output. 

Conversely, for a given fiber length L, there is an optimal pump pmver 

that will give maximum first order Stokes power output. Maximum Stokes 

,,,hen dndsz = 0. power occurs " Equation (3.12) tells us that np ~ aJ y
0 

at 

that point. Thus. 

(3.41) 

and from equation (3.28), 

(3.42) 

From these relations, we can readily calculate the optimal pump power 

or optimal fiber length. 

To test the validity of our model ~ve solved nu me rically for np(z) 

and nsj(z), for a particular case, assuming a Lorentzian Raman gain 

profile y(vj) centered on the Stokes frequency vs. A Stokes photon input 

v.Jith a Gaussian spectral profile is assumed. It has a band,..Jidth 6vs 

equal to 800 cm-l centered on vs. \1e divide the frequency space into 

-1 equal segments 40 cm v-1ide. y is then taken to be constant in each 

segment but different from one segment to another. The behavior of np 

and the injected Stokes photons is described by the equations 

dn 10 
____£_ + Cl n dz pp I y .(N.+p)n 

._ 10 J SJ p 
J-- ' 

(3.43) 

and 
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dN . 
---2..J_ + a N = y .n ( ~l . + p) 

dz s· sj J p SJ 

where Y· = y (v -). 
J J 

(3.44) 

It is assumed that the input pump photon number is n (z=O)=lo14. p 

N . is the number of Stokes photons in the j th frequency segment which 
SJ 

l·s 40J. cm-l f away rom v . 
S . 

The initial excitation of the Stokes modes 

is taken as 

40. \ 2 "] 
N5 /z = 0) = 10

10 
exp [- ( 6v3z} (3.45) 

-1 6 The number of Stokes modes, p, in one 40 cm segment is 6 x 10 for a 

l km long fiber. The Raman gain constant of the j th segment is 

Y· = J ( 3. 46) 

L-'
111e·rc0 y • ,o-17 -l d +~ R l. "d+h A • 400 -l ,, 

0 
1s cm an . .,11e aman 1ne vn "· u\JR 1s . _ cm The ab-

sorption constant of the fiber is assu~ed to be ap = as= l0-5cm- 1. 

Figure 3.4 shows the numerical solutions of Nsj(z) for j from Oto 10. 

The plot for j =-10 to O is a mirror image and is omitted. In the figure, 

l □- 10 N .(z) is shrn•m in steps of 5 meters from z = 0 to z = 150 meters. 
SJ 

At z= 150 meters, Nso is 2.5xl013 and it drops, 80 cm-l away, to \z• 

equal to 8 x 1012 , indicating a full spectral width at half maximum at 

-1 z = 150 m smaller than 160 cm . The numerical solution shml/S that the 

Stokes wave band1t1idth is a function of distance, decreasing v,ith z until 

maximum conversion is reached. At this point the linear absorption begins 

to dominate and the ba;·1dv1i dth stays constant for the remainder of the fiber 
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lengths. Figure 3.5 shows np(z) and ns(z) obtained both numerically 

and analytically. The close agreement, especially for large z, het1-'leen 

the t\10 results is apparent. This justifies the use of the effective 

bandwidth (3.14); however, the analytica l solution does not yield de­

tailed information about the spectral evolution of the Stokes radiation. 

As a further test of the validity of the model, our solutions 

are compared with published experimental results. At small Stokes power, 
g p 

P (L) is proportional to exp{~ [l - exp( - aL)J}. The rapid nonlinear s ~ 

rise in P as P is increased was indeed observed and reported [3]. 
S 0 

Another test is the prediction of threshold pumping power of the single-

pass superradiant emission. 
\ \ 

Threshold occurs 1·1hen -- 11 = l or 
\) p 

q hvs vg {gsPthreshold 
p 2xp a.A [l-exp(-al)]} 
threshold L 

-· l (3.47) 

is the power of the fictitious input of one photon per mode 

for the superradiant emission. • 
11efl 

q 1s C Beff' and Beff is given by 

equation (3 . 15). Thus the threshold occurs when 

hvs 6vR [ no. A l /2 
2pthreshold g/thresho l d[l -exp(-o,L)]J 

Consider the case of a recent experiment [18]. A silica fiber, 175 m 

long ~-Jith an effective core area of 4.58x l0- 7cm2 \'/as pumped at 1.06 µrn. 

Stokes wave output was observed at 1.12 µm. The loss coeffici ent of 
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( -5 - l - ll of the fiber v✓ as 4 dB/km a= 0.92 x lO cm ), g
5 

1tIas 0.92 x lO cm/\~, 

-l and the Raman line width 6vR was taken to be 400 cm . Threshold was 

reported to occur at P = 70 W. Our calculation, using equation (3.48) 
0 

and the above data, gives Pthreshold = 58 W. A similar experiment was 

performed using a pure-germania (Ge0
2

) core fiber of length 1.5 m and 

-8 2 
area 7 x 10 cm . Stokes output was observed at l .116 pm \·!hen, again, 

pumped at 1.06 µm. The exact value of gs is not available. It is, 

hoviever, kno,t1n to be "-'lO times that of silica [19]. 6vR is roughly 

- 1 · l ( ) • -4 - 1 100 cm . The fiber is ossy 300 dB/km 1t1ith a = 6.9xl0 cm . The 

measured Pthreshold was 135 Wand our calculation gives 112 W. The 

aqreement with theory is reasonable. The 20% discrepancy may be due to 

possible polarization scrambling in the fiber and to the presence of 

backward scattering. 

To summarize, vie have presented a model for describing the fon,,ard 

Raman scattering in single mode fibers. We accounted for pum~ wave 

depl etion and spontaneous scattering in the model. Analytic solutions 

of the governing differential equations \>./ere obtained. In the limit of 

negligible pump depletion, our results reduce to those of the small sig­

nal theory. The dependence of the pump and Stokes vIaves 1 evolution on 

the fiber losses, a , was examined. We showed that a nondepleted pump 

approximation is valid 1,,•1hen t+n « l, 1-'1hich is true for large o, or short 

fiber length. In particular, if a> amax' pump )Ov1er does vary as 

exp(-az) throughout the ~vhole length of even a very long f ·iber. This 

may require a to exceed 100 dB/km in some cases, and this attenuation 

factor is larger than that of today 1 s lmv loss fibers. Hm-Jever, if 
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L < L . , the nondepleted pump approximation is valid even for very lov, 
mm 

loss fibers. We calculated the optimal pumping power or the optimal 

fiber length resulting in a maximum first order Stokes power output. 

Finally, the theory \-Jas compared vii th experimental results. 
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App en di x 

To solve equation (3. 19) 

dnn 
---Ldz + n [ a + qy + y n exp(-az)J = p O O 0 

we change variable 

and obtain 

2 
Y n 

0 p 

dx 
dz - x[a+qy +y n exp(-uz)] = -y 

0 O O 0 

(A. l ) 

(A.2) 

(A.3) 

Yono 
Introducing an integrating factor exp[-( a+qy

0
)z + ·-a-exp(-az)], we 

get 

yono f x = exp[(a+qy )z - -- exp (- o:z)J{ -y exp[-( a+qy )z' 
0 CJ, 0 0 

with C as the integration constant to be determined. Using integration 

by parts, 

1 Y~o 
x = - exp(az) + exp[ (a+qy )z - -- exp(-az)] 

n0 . o a 

I qy o Yono } 
{ - exp[-qy z' +-· - exp(-az')]dz' + C 

n
0 

o a 
(A.5) 

Letting 

Yono 
u = -- exo(- az) a . (A.6) 
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qyo qyo 
-qy - . --1 

the integral in Eq. (A.5) becomes ~ (-0·-) a J u a exp(u)du. 
ano Yono 

This can be integrated easily v1h·en the integrand is rev-1ritten in terms 

of a series. After substituting back equation (A.6), we obtain 

yono Q, 
00 

(-
0

- ) exp[-( Q,a+qy
0
)z]J y 0n0 

x I • ( Q, + · ) 9, i . • +Cexp[( a+qy )z--- exp(-o.z)J 
Q,=O a qy 

O 
• o a 

• (A. 7) 

C is now determined by the initial condition 

x(z=O) 

Finally, \-ve have 

v1he re 

and 

n exp(-az) 
0 n = 

p l+E;+ n 

n y n 
_ SO { 0 0 r ( )]} E; - - exp qy z + - .- . L l - exp - az 

npo o a 

(A. 8) 

(A. 9) 

(A.10) 

y n oo 

11 = qy
0 

exp[qy z - __Q_Q_ exp(-az)] I 
Yono Q, 
(-o. -) {l - exp[- (Q.a+qy 0)z]} 

o a Q,=O ( Q,a + qy o) Q, ! 

(A.11) 

(A. 12) 

from equation (3. 18); therefore 
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n . can now be written by inspection. It is verified that 
SJ 

n
0 

exp(-az) n 
l ( sjo ~ + l n) + c- + n n q 

c, S 0 
(A.14) 
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Chapter 4 

THEORY OF Cl✓ RAMAN OSCI LLATI m~ IN OPTI CJ\L FIBERS 

In the last chapter, both 'the pump depletion and the spontaneous 

scattering effects 1-vere incorporated into the analysis of the fon\lard 

stimulated Raman scattering in a single-mode fiber. It was shown that 

the nondepleted pump approximation is invalid for low loss fibers. The 

consideration of pump depletion is even more critical in understanding 

the oscillations of the Stokes and the Bri llouin shifted waves. A 

simplified oscillator theory has been presented that does account for 

pump depletion in the case of CW Brillouin ring oscillators [l]. \,Je 

present here an analysis of the CW stimulated Raman oscillation in optic­

al fibers. A method is derived to calculate the steady state output 

pm,;er of the SRS wave v,hen the input pump pm'ler and the relevant pa.ram­

eters of the fiber resonant cavity are known. Good agreement with pub­

lished experimental results is obtained. The evolution of the oump and 

the Stokes waves along the fiber are calculated. An expression for the 

threshold pump power is obtained. The oscillation condition and higher 

order Stokes waves generation are discussed. 

4.1 Analysis 

Consider a situation as depicted in Figure 4.l. A l aser beam is 

coupled by a l ens L
1 

into a single mode fiber inside a Fabry-Perot reson­

ator. The presence of this pump bea~ inside the fib e r medium gives rise 

to a gain for an electromagnetic wave at a different (Stokes) frequency 

because of the stimulated Rar~an effect. Mirrors t·l1 and M2 are highly 
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reflective at this Stokes frequency. As the pump pm"ler is increased, 

the round trip gain for the Stokes wave will eventually exceed the loss 

and result in oscillation. The prism couples out a small fraction of 

the Stokes wave and also prevents the residual pump beam from being 

reflected back into the pumping laser. A large pump to Stokes wave con­

version is usually attained, and hence the loss of the unused pump 

power in this geometry is unimportant. 

There are three waves propagating inside the fiber. A pump wave 

of frequency vp travels in the forv1ard direction. It generates a for­

ward and a backward traveling Stokes wave at a frequency v , v1hich is 
s 

down-shifted from vp by the vibrational frequency of the molecular 

medium. A classical treatment [2] of the stimulated Raman scattering 

process shows that the optical powers of the three v1aves obey the follov1-

i ng equations: 

dP v 
-2.. = - a.P - _£ _g_ p (P + p ) 
dz p vs A p f b 

( 4.1) 

(4.2) 

and 

(4.3) 

Pp' Pf' and Pb refer to the pump v,Jave power, the forward Stokes wave 

power, and the backward Stokes wave power, respectively. The first term 

on the right side of each equation is due to the linear absorption in 

the fiber medium, v✓ here vie have assumed the absorption coefficient, a , 

to be identical for the three waves. The second terms on the right 
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sides of the equations describe the nonlinear stimulated process and 

couple the three vJaves together. A is the effective core area of the 

single mode fiber, and g is the Raman gain constant in units of cm/~1. 

z is the distance measured along the fiber with z = 0 being th e end at 

which the pump 1>1ave is injected into the fiber. tfo assume a Cvi steady 

state situation, with the Stokes wave oscillation al ready established. 

The problem of how the oscillation builds up from the spontaneous Raman 

scattering is not considered here. During oscillation, the intracavity • 

Stokes-photon flux is so high that stimulated scattering is the dominant 

photon-conversion process. We are therefore justified in neglecting 

the spontaneous emission terms in our equations. \~e note that be caus e 

of the depolarization effects inside a fiber, a slightly smaller Raman 

gain constant will have to be used in the above equations. 

The boundary conditions of the waves are: 

p 
po (4.4) 

(4.5) 
and 

(4.6) 

Lis the total length of the fiber, and P is the amount of pump prn,;er po 

actually coupled into the input end of the fiber. R7 and R2 are the 

effective power reflectivities relating the counte r-propagatinq Stokes 

\rJaves at the t\vo fiber ends; the values of the reflectivities have taken 

into account the lens coupling loss, the fiber end loss, the prism loss, 

and the mirror transmission loss on e ach side of the fiber. 
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As the Stokes wave propagates along the fiber, it is attenuated 

exponentially as exp(-az) due to scatteri ng and linear absorption in 

the medium. At the same time , it is amplified exponentially as 
z 

exp[f J P (z' )dz'] due to the stimulated Raman effect. 
p 

The evolution 

0 
of each Stokes 1-1ave is governed by the sarr.e physical mechanisms; and 

equations (4.2) and (4.3) differ only because of the counterpropagating 

nature of the tv10 1-1aves. It follm,1s directly from (4.2) and (4.3) that 

= K (4. 7) 

where K is a z-independent constant. Using the boundary conditions in 

(4.5) and (4.6), it follows directly from (4.7) that 

(4.8) 

This equation specifies a relation between the end values of each Stok es 

wave. An alternative relation can be obtained by integ rating (4.2) and 

(4.3) with the result 

L 

exp[al - * J 
0 

P (z)dz] 
p 

(4.9) 

Equating the above tv10 relations i mmed iately leads to an oscillation 

condition for th e Stokes waves, namely, 

L 

(R1R2)112 exp[- al + ! f Pp( z) dz] = l 
0 

(4.10) 

Equation (4.10) i s a statement of the fact that for oscillation the r GJnd 
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trip gain of the Stokes wave is equal to its loss which consists of 

absorption inside the fiber medium and other cavity loss es accounted 

for by R1 and R2" The pump "profile" Pp(z) \,Jill adjust itself so that 

(4.10) is satisfied, even when the pump power exceeds the threshold 

value for oscillation. This is the basis of gain saturation in a Raman 

oscillator. 

The Stokes output pov1er is proportional to P fl and no distinc­

tion sh all be made bet\t1een them hereafter. t,Je no1rl proceed to solve 

for the Stokes output power, Pfl' and the residual pump power, 

Pp(z= L) ~ Ppl , for a given input pump power, Ppo Substitute 

Pf= K/Pb into (4.l), divide (4.3) by (4.l), and then integrate the re­

sulting equation. We obtain 

(4.11) 

C is a constant and (4. ll) describes a parametric trajectory in the 

space of Pp, Pf' and Pb. It relates the three \'laves at an arbitrary z 

within the fiber, In particular, at z= L, (4.11) can be reduced to 

(4.12) 

Equations (4.5), (4.6), and (4.8) are used in obtaining (4.12). l~e 

have thus express ed the Stokes output power Pfl as a function of the 

input and residua·! pump po1r1ers , Ppo and Ppl' res pectively. Equation 
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(4.12) provides one of the two equations needed for solv ing Pfl and 

p pl. 

It can be shown from (4.1), (4.2), and (4.3) that 

dv 
dz = - a,U (4.13) 

where 
vs vs 

v = -P +Pf-Pb and u = vPp+Pf+Pb. This is a statement 
\)p p p 

of the fact that the total photon number i s conserved during the Raman 

process and the only loss mechanism is due to the absorption by the 

fiber medium. We note that solving for u, v, and K [defined in (4.7)] 

is equivalent to solving Pp, Pf' and Pb, each of which can be expressed 

in terms of the former three parameters. In particular, when (4.11) is 

vvritten in terms of u, v, and K, and using (4.13) to eliminate u in the 

resulting equation, l eads to the differential equation 

- gvo l /2 
exp[~ (v -v)J} -

a vs o . 
(4.1 4) 

v-1here v
0 

is v(z=O). Integrating (4.14) results in 

V 
0 

I 
v(z) 

-gvo -1/2 
exp[- ( v - v1

) J} = z aAv o s 
(4.15) 

This equation will enable us later on to calculate Pp, Pf, and Pb within 

the fiber. At z = L vie have 

-gv -1/2 
x exp[~ (v

0
-v 1 

)]} - = L 
s 

(4. 16) 
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vJhere vl = v(z=L). v
0

, vl, and K can all be expressed in terms of Pfl 

and Ppl' and (4.16) is the second equation, which together with (4.12) 

vdll allm'i us to solve for the brn unknowns, Pfl and PL. The integral 
. p 

in (4.16) can be performed by straightforward numerical techniques. It 

is also discovered that a linear approximation of the exponential term 

in the integrand makes (4.16) integrable and the Pfl and Ppl values thus 

calculated agree closely \'lith the exact values obtained by the numerical 

technique. A method has thus been derived that allows the prediction of 

the Stokes output and the residual pump powers, when the input pump 

power and the fiber-resonator parameters are knovm. l✓ e wi 11 illustrate 

the usefulness of this method by applyin ~J it to a typical example. It 

will also be shown that in addition to finding Pfl and Ppl' our treatment 

enables us to calculate Pp(z), Pf(z), and Pb(z) at all z's along the fiber. 

1o illustrate how to make use of the results derived in the preced­

ing section, we shall consider the case of a recently reported high effi­

ciency C\✓ Raman-fiber oscillator [3]. The experimental setup \'/as the 

same as that depicted in Figure 4.1. From the provided data~ 

-11 -5 -1 -8 2 / g = 0 . 9 x l O cm/t✓, a = 3 . 9 x l O cm , A = 9 . 9 x l O cm - , c v p = 0,.5145 µm, 

c/vs = 0.5280 µm, R1 = 0.7, and R2 = 0.4. The pumping power Ppo was 4 

watts. A Pfl is calculated according to (4.12) for an assumed value of 

Ppl· This pair of Ppl and Pfl in conjunction with equations (4.5), (4.6), 

and (4.8) is then used to find the corresponding v
0 

and vl which, in turn, 

v1hen substituted into (4.16), determine L. This L \vill be the length of 

a fiber having these particular Ppl and Pfl values at its output surface 

for the given pump pov1er and resonator parameters. Hence, by varying 
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Ppl from zero to Ppo' we are able for each value of Ppl to calculate 

the corresponding Stokes output power and also determine the fiber length 

required to observe such an output. According to (4.12), some Ppl values, 

which are close to either Ppo or zero, result in negative values for Pfl" 

This occurs either when Lis too short to provide a sufficient interac­

tion length, or when Lis too .long so that attenuation per pass is too 

large. In both cases, there is no oscillation and they will not concern 

us here. We have plotted in Figure 4.2, using the above mentioned data, 

Ppl and Pfl for different pump power values with L along the horizontal 

axis. In the figure, the Ppl and Pfl at a particular L value are the pre-

dieted residual pump and Stokes output powers if an experiment is done 

using a fiber length of that L value. In the reported experiment the 

1 ength of the fiber used ~\las 100 m. At a pump pot1er of 4 1•1atts the 

es ti mated Stokes pm-1er after lens L2 (see Fig. 4. l ) \'JaS reported to be 

corresponding to a Pfl of 2.3 \~. Ppl v1as estimated to be 0.5 H. Our 

calculation shown in Figure 4.2 indicates that for L = 100 m and 

2\~, 

Ppo = 4\~, Pfl is 2.5\-J and Ppl is 0.1\!J. The agreement betv1een the cal­

culated and the reported values is quite reasonable. 

In addition to predicting the Stokes output and the residual pump 

powers, it is also possible to calculate for a given fiber l ength L, 

Pp, Pf, and Pb at each point along the fiber. For example, fn the above 

mentioned case for which Ppl and Pfl and hence K, v
0

, and vl have been 

calculated, a v(z) value i s substituted into (4.15) to find z. This z 

is then the distance measured along the fiber where v(z) has that par­

ticular value. Moreover, u(z) at this point i s also knovm as provided 
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by (4.13) and (4.14). Consequently, Pp, Pf, and Pb are obtained in terms 

of the v(z), u(z), and K values. Therefore, by varying v(z) from v to 
0 

vl, we are able to determine Pp(z), Pf(z), and Pb(z) for each z calculated. 

Figure 4.3 shows the evolution of the three powers along the 100 m fiber 

of our example for a 4W input pump po1t1er. The rapid depletion of the 

pump wave due to the conversion to Stokes photons is evi .dent. 

4.2 Discussion 

It is apparent, as shown in Figure 4.2, that for a given input 

pump power there is an upper limit to the amount of Stokes output power 

obtainable from a fiber Raman oscillator. According to (4.12), when 
aA P pl = 9 , the Stokes output is maximum and is equal to 

tn [ ( R R ) l 12 ~ J + iL P - l 
l 2 gPpo aA po 

p fl (max) = --v-------'-~-----~ 

_g_ _e_ [ l - R - ( R R ) l 12 ( l - _l -) J 
o,A vs 2 l 2 R

1 
• 

(4.17) 

The correct fiber length, lopt' to obtain this maximum Stokes output, 

can be determined from (4.16), since Ppl and PfL are known. A fiber 

length that is shorter than lopt yields smaller Stokes output power be­

cause the interaction length is shorter, resulting in smaller gain per 

pass. A fiber length longer than Lopt also results in smaller Stokes 

output power because the loss per pass is l arger . L t' at 4 watt pump­op , 

i ng pm'ler of our example, is about 5 7 meters. Using a fiber of this 

l ength should produce, at the specified pump power, higher Stokes output 

than what was reported. When designing a fiber Raman rc.sonator v1hich is 

intended to be pumped at a constant input power, Lopt is obviously an 

important parameter, although as shm-m in Figure 4.2, small deviations 
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from this optimum value are easily tolerated. 

We derived in (4.10) the oscillation condition for the fiber Raman 

laser . \,Jhen the pump power is increased from zero to a value such that 

this condition is barely satisfied, the oscillating intracavity Stokes 

power is very small. At this threshold situation, the pu111p power will 

behave as Ppt exp(- az), where Ppt is the threshold input pump power. The 

exponential behavior of the pump follows directly from (4.1), the pump 

beam being attenuated only by the absorption of the medium in the 

absence of any Stokes wave. Upon substituting this threshold pump power 

behavior into (4 .10) , the required threshold pump input for oscillation 

is obtained as 

(4.1 8) 

This is calculated to be 1.35\~ v-ihen th e data provided in the reported 

experiment of our example are used. The actual th res ho 1 d value measured 

in the experiment 1,,as reported to be 1 \~. 

An interesting feature which results from (4.1 0) is that above 

threshold (Ppo > Ppt), JL Pp(z)dz is independent of the input pump povier 

0 
Ppo The total absorption of the pump power by the fiber is then 

L 

a J Pp(z)dz = Ppt[l - exp(-al)] 

0 

(4.19) 

When the input pump power exceeds the threshold value, saturation 

effect keeps the single pass gain constant so as to maintain the os ci 11 a­

ti on condition described by (4.10). This is achieved because, as the 

Stokes intensity increases, the nonlinear coupling al so increases, 
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resulting in an extremely f ast draining of the photons from the pump 

wave. The pump wave becomes very much depleted after a short distance, 

so that the Stokes 'f'iave gain in the rest of the fiber is reduced, and 

the overall gain per pass remains clamped. Thus pump depletion is the 

dominant saturation effect in the fiber Raman laser. 

In our analysis, we have neglected the higher order Stokes waves 

generation, which arises because the forward and backward propagating 

Stokes waves inside the fiber can act as pump waves to generate their 

ovm dovm-shifted Stokes waves. For simp li city, v-1e shall consider only 

the second order forf'lard Stokes \,;ave and demonstrate that it is insig­

nificantly smal 1. The second order backward Stokes vrnve is of the same 

order of rnagnitud,2 as its forward counterpart, ~,1hile the third and 

higher order Stokes waves are even smaller . The power of the seconrl 

order for:1ard Stokes 1.-iave, denoted by Pf obeys the equation 

the solution of v1hich at z= Lis 

L 

Pfl = Pfo exp{-aL + g; f [Pf(z) + Pb(z)]dz} 
0 

(4.20) 

( 4. 21) 

Equations (4.2) and (4.3) that describe Pf and Pb will have additional 

loss terms to account for the second order nonlinear effect. However, 

the ori gi nal solutions of (4.2) and (4.3) will be the upper li mits to 

the solutions when the second order effect is incorporated. Therefore, 

for our purpose, which is to estimate the maximum second order Stokes 
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wave that can possibly be generated, it is adequate to simply use the 

previous calculated values of Pf and Pb in (4.21). Remembering our 

definition of u, 

L L i [Pf(z)+Pb(z)]dz = f 
0 

L 

u{z)dz vs f 
\)p 0 

P ( z) dz 
p 

Upon using (4.13), (4.1 8 ), and (4.19), equation (4 .22) becomes 

L 

f [P f(z) + Pb(z)]dz 
0 

l vs A l 
= - [ v - v ] - - - [ al - - 9,n ( R R ) ] 

o, o L vp g 2 l 2 -

(4. 22) 

(4.23) 

vJhich is expressed in terms of previously calculated values. Thus Pfl 

can be obtained from (4.21) and (4.23). Since there is actually no 

finite Pfo' and any second-order Stokes pov1er build-UP i s clue to ampli­

fied spontaneous scattering, we shall arbitrarily assume one photon per 

mode as a fictitious in put for Pf [4]. Using a Lorentz ian ga in constant 

with a 400 cm-l line width [5] and the data provided in our examp le, Pfl 

is estimated to be only about 30 µW. This justifies our neglect of the 

higher order Stokes v1aves in the analysis. 

In conclusion, we have presented a detailed treatment of a stimu­

lated Raman fiber las er . We have demonstrated how the Stokes output 

power and the res idual pump power can be calculated from a known input 

pm'ler and the resonator parameters. In addition, the evolution of the 

pump and the Stokes waves along the fiber are calculated. Our result 

is compared with published experimental data and reasonable agreement 

is obtained. The threshold pump power and the oscillation condition at 

and above threshold are discus sed . Higher order Raman effect is shrn·m 
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to be negligible, confirming that pump depletion is the dominant satura­

tion effect. 
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Chapter 5 

CONCLUSION 

5.1 Other Nonlinear Optical Phenomena in Fibers 

Stimulated Brillouin Scattering 

Next to Raman scattering, Brillouin scattering has been most 

intensively studied insi.de fibers [l-6]. It is similar to Raman scat­

tering except for the fact that the light scatters off an acoustic \11ave 

in the material. The shift in frequency of the scattered light is 

typically small, on the order of gigahertz, and it has a highest gain 

in the backward direction. Thus in an optical fiber, stimul ated 

Brillouin scattering is observed in the backward direction, oopos ite to 

that of the pump wave. The equations governing th e pump power P and 
p 

the sc.attered powe r P8 are 

and 
dP 8 -= a.P dz B 

\) 

The frequency shift \) - \) is 2nv _£. 
p B c 

( 5. l ) 

(5.2) 

n is th e index of refraction of 

the material, and vis the acoustic wave velocity. Equations (5.l) and 

(5.2) are identical to (4.l) and (4.3) except that the quantities asso­

ciated with the Stokes waves are replaced by those associated with Bril­

louin waves. The small signal theory given in Section 3. 2 can be 

directly applied to describe the situation at hand. A complete treatment 

including the nonlinear pump depletion can only be carried out numeri­

cally. No analytic solution has been found except for the trivial case 
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of zero fiber loss (a = 0). However, the theory of CW Raman oscillation 

presented in the last chapter can be easily used to describe the oscil­

lation of the Brillouin shifted waves inside fiber. Experimentally, 

considerable research efforts ha~e been devoted to this area. CW 

operation of Brillouin fiber ring oscillators [3] have been demonstrated 

with input pump powers less than l W. Recently, mode locking of the 

radiation in the first order Brillouin-shift wave of a fiber Brillouin 

oscillator was reported [6]. 

There are several other nonlinear optical phenomena observed in­

side fibers. These include nondegenerate four-wave mixing [7-9], self­

phase modulation [10,ll], optical Kerr effect [12], and coherent anti­

Stokes Raman scattering [13]. They are all interesting third order 

nonlinear effects observed in either glass or liquid fibers, and have 

important implications for fiber optic communication. 

5.2 Applications to Fiber Optic Communication 

It was pointed out in Chapter l that one reason for looking into 

nonlinear optical phenomena inside fibers is to understand the limitation 

of fiber capability in handling large optical power. It has been shown 

in the last two chapters that it is possible for most of the energy car­

ried by a pump wave to be . transferred to a Stokes wave at a different 

frequency. This may be undesirable for communication purposes because 

a detector located at the receiving end of a fiber may have a frequency 

dependent response. Furthermore, the cross section for stimulated Bril­

louin scattering is very large in glass, implying that this effect will 

impose a limit on the amount of power that can be transmitted through a 
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fiber. Other effects such as spectral broadening and pulse shaping by 

means of self-phase modulation in fibers are also important factors to 

be considered in fiber optic communications. 

The Raman oscillator provides laser oscillation at the Stokes fre­

quency, and because of the large bandwidth of the Raman cross section 

in silica, the laser output of such a fiber Raman oscillator can be 

tuned over a large frequency range. This has already led to the use of 

this device as a source for probing fiber properties [14,15] in the 

near infrared region (l .3 µm) where silica fibers have minimum absorp­

tion and dispersion. 
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