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ABSTRACT
The present investigation concerns quadratic residue codes, quasi-
cyclic binary codes and symmetry codes. We show how to regard such a
code as an ideal in an algebra generated by a group of automorphisms of

the code. We then use the algebra to establish a square-root bound on

the minimum weight of the code.

We begin by proving that any linear code may be regarded as an

ideal in a suitable polynomial ring.

In chapter 2 we present the extended quadratic residue codes of
length (q+1), where q 1is an odd prime power. We construct these
codes in an elementary way from representations of the special linear

group, SL,(q).

We then establish a square root bound on the minimum weight in the
quasi-cyclic binary codes constructed by V. K. Bhargava, S. E. Tavares,
and S.G.S. Shiva. The bound is tight and is achieved only by the
[8,4,4] Hamming code. This result answers a question raised by
F. J. MacWilliams and N.J.A. Sloane in 'The Theory of Error-Correcting
Codes'. The proof rests on viewing these binary codes as ideals in a

group algebra over GF(4).

In chapter 4 we extend the construction for symmetry codes given
by V. Pless to fields other than GF(3). Given an odd prime power q,
and a finite field F of odd characteristic containing ,/-q, we
construct a [2q+2,q+1] symmetry code over F. We establish a square
root bound on the minimum weight in this enlarged family of symmetry

codes. When = -1 (mod 4) this bound is tight and is achieved by an
[8,4,4] code over GF(7).
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Finally let q= -1 (mod 8) be an odd prime power and let C(q)
and C(q)* be the two extended binary quadratic residue codes of length
(q+1). We show how to regard C(q) and C(q)* as one-sided ideals in
a binary group algebra and that the appropriate product is a 2-dimen-
sional ideal. This allows us to prove that if d 1is the minimum
weight in C(q) then (d- 1)2 -(d-1) +1 -st>q where s, t are
non-negative integers with s =0 (mod 4), and t odd. The integers
s and t depend on the way the non-zero entries of a codeword of
minimum weight are distributed among the coordinate positions. We prove
that (d-1)%-(d-1) +1=q onlyif q=7 and d =4. When s =0
we establish a correspondence between codewords of minimum weight d

in C(q) and d x d Hadamard submatrices of the (q+1) x (q+1)

Paley-Hadamard matrix.
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INTRODUCTION

In coding theory we consider a set F of q distinct symbols
which is called the alphabet. In practice q 1is generally 2 and
F=1{0,13. In most of the theory q is a prime power and F = GF(q).
We then form the set of all possible n-tuples of elements of F. If
F is a field then we denote this set by Vn(F) (or by Vn(q) if
F = GF(q)) and interpret it as an n-dimensional vector space over F.

We shall denote the zero vector by 0 and the all-one vector by 1.

Given x, y € Vn(F) we define the distance d(x,y) between x
and y to be the number of coordinate positions in which x and vy
differ. This is a natural distance function to use since we shall be
interested in the number of errors in a word that is spelled incor-
rectly. Given x e Vn(F) we define the weight wt(x) of x to be the
number of non-zero entries, i.e., wt(x) = d(x,0). For r >0 and for

X € Vn(F) we define the sphere of radius r with center at x by

Br(x)-= {y e Vn(F) : d(x,y) < r}.

Consider a subset C of Vn(F) with the property that the
distance between any two distinct vectors in C 1is at least (2e+1).
If we take any vector x in C and change t coordinates, where
t <e (i.e., we make t errors) then the resulting vector still
resembles x more than any of the other vectors in C. That is it has
a smaller distance to x than to any other vector in C. If we know

C we can correct the t errors.

The purpose of coding theory is to study such e-error-correcting

codes. An e-error-correcting code C in Vn(F) is said to be perfect
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UB_(x) =V (F).

xeC © n

In this case the spheres of radius e about the codewords are disjoint

and they exhaust Vn(F).

A Tinear [n,k] code over F is a k-dimensional subspace of
Vn(F). The error-correcting capacity of a code is determined by the
minimum distance between all pairs of distinct codewords. For an
arbitrary code consisting of K codewords there are (;) comparisons
to make to find this minimum distance. For a linear code C we have
the following advantage. If x, ye C then x-ye C and
d(x,y) = d(x-y,0) = wt(x-y). Thus the minimum distance is equal to
the minimum weight among all non-zero codewords. An [n,k,d] code is
a linear code for which d is the minimum weight among all non-zero

codewords. In the present investigation we shall only be concerned

with 1inear codes.

A monomial matrix is the product of a diagonal matrix with a
permutation matrix. Thé error-correcting properties of a code depend
on the minimum weight and this is unaltered by a monomial transformation
of the underlying vector space. We say that two [n,k] codes C and
D are isomorphic if there exists an n x n monomial matrix M such
that CM = D. An automorphism of an [n,k] code C is an nxn
monomial matrix M such that CM = C. The automorphisms of C form

a group which we shall denote by Aut(C).

In chapter 2 we construct quadratic residue codes of length gq
where q 1is an odd prime power. Two members of this family of 1inear

codes are particularly interesting. The first is the binary Golay
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[23,12,7] code and the second is the ternary Golay [11,6,5] code. The
codes were discovered by M.J.E. Golay [5 ], an electrical engineer. The
binary code is a perfect 3-error-correcting code and the ternary code is
a perfect 2-error-correcting code. The automorphism group of each code
involves a sporadic simple group. The automorphism group of the binary
code is isomorphic to the Mathieu group M23, and if G 1is the auto-
morphism group of the ternary code then G/{+I} is isomorphic to the

Mathieu group NH].

Many codes with good error-correcting properties are also invariant
under large automorphism groups. In this thesis we consider three
infinite families of linear codes. Each code is invariant under a large
automorphism group and we use the symmetries of the code to establish

Tower bounds on the minimum weight.
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CHAPTER 1. LINEAR CODES AS IDEALS IN POLYNOMIAL RINGS

We begin by proving that any linear code may be regarded as an

ideal in a suitable polynomial ring.

THEOREM 1. Let F be a field, let g = {e],...,en} be the standard

basis for Vn(F), and let C be a k-dimensional subspace of

Vn(F).

Let f(x), g(x) € F[x] be polynomials with deg f(x) =n - k and
deg g(x) = k, and let h(x) = f(x) g(x).

Then there exist polynomials gs(x) e F[x], s=1, ..., n, each
of degree < n -1 such that the maps

e, -~ gs(x) s=1, ..., n

extend linearly to a vector space isomorphism & between Vn(F) and
the F-algebra R = F[X]/(h(x)). Under this isomorphism £ the code C

corresponds to the principal ideal generated by f(x).

PROOF. We may suppose that C # Vn(F) so that for some 1, e, g C.
For convenience we assume i =1. Let Cys +ves € be a basis for the
code C and extend this to a basis 8’ = {by,...;b . +C{s...5c ) of
Vn(F), where by = e;. We may suppose that f(x) and g(x) are both
monic and we set

and g(x) = xk - gk_]xk'] = vee = gy

The matrix MW given below determines a linear transformation T with

respect to the basis g’
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The principal submatrix in the upper left-hand corner is the
companion matrix of f(x) and the principal submatrix in the lower
right-hand corner is the companion matrix of g(x). The characteristic

polynomial of M’ is h(x) = f(x) g(x).

We have

and by F(T) TP = cipqs 320, 1, ooy ko1,
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and so the vectors b]Tj, j=0,1, ... n-1, are a cyclic basis for
Vn(F). Therefore MW 1is non-derogatory and the minimum polynomial of
M  is h(x). The polynomial h(x) is the monic polynomial of smallest

degree such that b]h(T) = 0.

We now define polynomials gs(x), s=1, ..., n, each of degree

< (n-1), by setting
e, = b]SS(T) € 2Ty suay N (2)

Note that g](x) = 1. The polynomials gs(x), s=1, ..., n are

linearly independent and the linear map £ : Vn(F) + R determined by
&, = gs(x) S % by wusy Ny

is bijective. An appeal to (1) reveals that the linear map &£

identifies the code C with the principal ideal (f(x)) in R.

EXAMPLE 1. Take F = GF(2) and take C to be the [5,2] binary code

spanned by the vectors ¢ = (11001) and Cy = (01110). Choose

3 Z

f(x) =x"+x+1 and g(x) = x“ +x + 1. Then

h(xf = f(x) g(x) = x5 + x4 +1.

If b-l = (10000), b2 = (01000), and b, = (00100) then

3
g = {by sbysb3.Cqy5co} is a basis for Vg(2). The matrix

b] b2 b3 ¢y Co
b] 0 1 0 O
b2 0 0 1 0 0
W = b3 1 1 0 1 0
¢4 0 0 O 0 1
cz_? 0 0 1 1_
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determines a linear transformation T with respect to the basis g’.

We have
b.l = & E: e *> 1
b]T = e E e, > X
b]T2 = e, £ : e; > x2
b1T3 = eg E % e > X
b]T4 =€ g = ey x4.
Thus
g(c]) = E(e] te, * es) =1 +x + x3
Elc,) = Ele, eyt ey) = x+xl 4
and g(c]4-c2) =1+ x2 + x3 + x4.

The map & didentifies the code C with the principal ideal

(1 +x + x3) in FEX]/(XS+X4+])'

REMARKS. (1) An [n,k] code C over a finite field F is called
cyelic if (CO’CT""’Cn-]) e C implies (Cn;l’CO”"’cn-Z) e C.

The map

s o o @ n-1
£ ¢ (ao,a],...,an_]) >agta;x+ ta (X

is a vector space isomorphism between Vn(F) and the polynomial ring
R = F[X]/((xn_])). Notice that multiplication by x in R
corresponds to the cycle shift

(agsayseeesay 1) > (@ _ysaps--052, 0)

in Vn(F). It follows that the code C corresponds to an ideal in R.

This ideal is principal and is generated by a polynomial g(x) that

divides (x"-1).
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The linear map g] is weight preserving; the weight wt(v) of a
vector v e Vn(F) is equal to the number of non-zero coefficients of
E](v). However the linear map & of theorem 1 need not respect

weights in this way.

(2) We may choose the polynomial f(x) of theorem 1 to have
(n- k) distinct zeros s eees Oy in some extension field K of

F. Let H be the n x (n-k) matrix with entries
(H):: = £:(a;) i=1,...,n3 j=1, ...,n-k.

where the polynomials gi(x) are defined in (2). If ae Vn(F) then
aeC if and only if f(x)|g(a). Now

a = [(g(a))(ay)]

and so

C={aeV(F):aH=0]}
The matrix H 1is called a parity check matrixz for C.

EXAMPLE 2. We return to the code C of example 1. The zeros of
3 2 4

f(x) =x"+x+1 are o, a", o € GF(8). The matrix
T 1 1]
2 4
a a a
H = az a4 o
4 2
a a Q
3 6 5
& (0} a

is a parity check matrix for C.

Chapter 1 is joint work with Mrs. F. J. MacWilliams. The results

presented here appear as a Bell Laboratories Technical Memorandum.
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CHAPTER 2. QUADRATIC RESIDUE CODES

We shall present the extended quadratic residue codes of length
q+1, where g is an odd prime power. When q 1is prime these codes
become the classical quadratic residue codes. Examples include the
ternary [12,6,6] Golay code and the binary [24,12,8] Golay code. The
original construction is due to H. N. Ward [19]. We shall construct the
codes in an elementary way from representations of the special linear
group, SLz(q). A different elementary construction is given by

J. H. van Lint and F. J. MacWilliams in [8].

Let G be the group generated by the monomial matrices given
as (1), (2) and (3) below. The rows and columns of each matrix are
indexed by the elements of the projective line GF(q) U {«}. If
j € GF(q) then we shall write j =0, j=0, or j#0O according
as j 1is zero, Jj 1is a non-zero square, or Jj is a non-square
respectively. We adopt the standard conventions about operations

involving o.

(1) T., i e GF(g); the matrix corresponding to the permutation

1’
(z>z+1)
(2) Pi’ i =[0O; the matrix corresponding to the permutation
(z»1iz2)

and (3) a matrix Tt corresponding to the permutation (z--1/z)

given by
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g, if j=0 and i =o
1, if j=o and 1 =0
(r)ij = 1, if j=-1/1 and i =0
-1, if j=-1/i and i #
0, otherwise
q-1
2

where ¢ = (-1)

If q=1 (mod 4) then T has the form

squares non-squares

o 0 -1/i -1/k
01 0
squares i 0 1 0
0 0
non-squares k -1

and if q= -1 (mod 4) then Tt has the form

squares non-squares

= 0 -1/k -1/1
1 0
squares i 1
0 0
non-squares k -1
| o 0_|
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EXAMPLES. When q =5,

« 0 1 2 3 4
«[0 1] 0 0 0 0
ot of 0o 0o 0o o
110 o/l 0 0 0 1
.- 20 o 0 -1 0 0
310 o/l o0 0 -1 0O
4o of 1 0o o0 o0
and when q = 7,
« 0 1 2 3 4 5 6
«[0 -1l 0 0 0 0 0 0
oft oJ o 0o 0 0 0 O
10 of 0 0 0 0o 0 1
240 0o 0 0 1 0 0 O
" 3l0 ol 0 -1 0 0 0 O
410 ol 0 o 0 0 1 O
510 o] o 0 -1 0 O
6 [0 0] -1 0 0 0 0

If q=1 (mod 4) then- G affords a representation of Lz(q). If
q= -1 (mod 4) then G affords a representation of SLZ(q). The

a d
H = 4 :a deGF(q), a#0
0 a

of SLz(q) is the stabilizer of a one-dimensional subspace. The

subgroup

representations are induced from the 1inear representation of H

with a kernel of index 2.
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We define

-1 (mod 4)

J-9, if g
Jg, if q

1}

n

1 (mod 4)

The extended quadratic residue code C(q) over € is the subspace of

V_.(C) spanned by the rows of the matrix M(gq) given below. The

q+1
rows and columns of M(g) are indexed by the elements of the projective

Tine GF(q) U {=}.

- ) GF(Q)
ofg|1 . .. ... 7]

€

M(q) = GF(q) : W+ 81
€ -

where
0, if j =1
(W).. =<1, if j -1 =

EXAMPLES. The code C(5) over € 1is the row space of the matrix.

« 0 1 2 3 4
f[Al1 1 1 1 1
of1l,F 1 -1 1
M1l /B 1 -1 A
2l 1.1 1 . F 1 A
Bl a1 1 B
a1l a0 a1 1 A
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and the code C(7) over C 1is the row space of the matrix

/7] 1 1 1 1 1 1 7]
of -1(/~7 1 1 -1 1 -1 -
1| -1 -1./-7
-1 71 1
A1 -1 AT 11 A
S I VA S
1 I TR T B B V&Y A
A R T HR R B B VA

—
—
]
-
-—
]
—

M(7)

o (3,] > w n
[}
—
]
—_—
—

Let n be a fixed non-square. We use the elementsof the projective line

GF(q) U {»} to index the rows and columns of a matrix A and we set
-1, if i=j==
(M):: =<1, if i#® and j =ni
0, otherwise

We define C(q)* = C(q)A. When q= -1 (mod 4) we choose n = (-1).

*
EXAMPLE. Choosing n = 2 we see that the code C(5) 1is the row space

of the matrix

© 0 1 3 4
o281l 1 1 1 1]
of 1[5 -1 1 1 4
1 -1f1 - 10
2l - 1l-1 1 1 a1 B
3 .11 5 -1 1
S I E R T S BV |
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THEQOREM 1.1. The codes C(q) and C(q)* are invariant under the group

G and are interchanged by X.

If gq= -1 (mod 4) then C(gq) and C(q)* are both self-dual and
if q=1 (mod 4) then C(q)" = C(q)*.

*
Figure 1 provides a summary of properties of C(q) and C(q) .

q+'| = i C(Q)
//A\\C
\\\\\::::::;////’
Figure 1.

PROOF. If m. is the row of M(q) indexed by i then

m

5

3

e |
"

‘for j e GF(q),

i'J 1%5?
(2) m1.PJ = mij’ for j =0,
smo, if 1 =
m_, if i=0
and (3) mt = o
m_]/i, if i =

-m-]/_i, if i #D

Thus C(q) is invariant under G. Another calculation gives

_'| _
(4) A Tix = Ti/n’
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(5) AV P.A =P,
1 1
-1 _
and (6) X TX = -T(Pnz).

1GA55 (G,-I). Since the code C(q)* is invariant

We conclude that A~
under A'] G\, it is invariant under G. Since Az = Pn2 and since

P.g is an automorphism of C(q) the matrix A interchanges C(q)

and C(q)*.

If g=1 (mod 4) then mA.m forall ie GF(q) U {«}. If
M is a monomial matrix with each non-zero entry + 1 then multiplica-
tion by M preserves the dot product. Thus (mmx) M1C(q) M for all
Me G and it follows that C(q) . C(q)*. A similar argument proves
that C(q) and C(q)* are both self-orthogonal when q = -1 (mod 4).
Since A 1is non-singular, dim C(q) = dim C(q)* 5.9%lu Since G acts
transitively on the coordinate positions and since m_ - mmx is a
q+](Gi). The forces

* : . 1
C(q) n C(q) = {0} and dim C(q) = dim C(q) = 9%— .

vector of weight 1, we have C(q) + C(q)* =V
*

*
REMARKS. Direct calculation reveals that C(q) and C(q) are both

invariant under the matrix p corresponding to the permutation

n

(z+2P), where qg=p and p is prime. Let ¢ = (G,p).

If eq is a square in GF(s) and if s # 2%, p* then we may
regard each vector m; as a vector in Vq+](s). The extended quadratic
residue code C(q) over GF(s) 1is defined to be the GF(s) span of
the vectors m., where i e GF(q) U {«»}. The code C(q)* over GF(s)
is then the GF(s) span of the vectors m.X, where i e GF(q) U {«}.
Since eq is a square in GF(sz) we may always define extended
2)-

* -
quadratic residue codes C(q) and C(q) over GF(s Every matrix

in ¢ has all non-zero entries + 1 and may be viewed over any finite
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field. The same arguments that we used to prove Theorem 1.1 apply and

all the conclusions of that theorem remain valid.

EXAMPLE. Since 11 = -1 (mod 4) and since - 11 = (1)% (mod 3) the
ternary code C(11) is well defined. This code is the [12,6,6]

ternary Golay code and it is the row space of the matrix given below

©« 0 1 2 3 4 5 6 7 8 9 10
o1 1 1 1 1 1 1 1 1 1 1 1]
gt 1 1 -1 3 1 1 A -1 9 1 3
fl=l =T 1 1 =1 T 1 1 -1 <1 =1 1
2111 a1 1 1 a1 1 1 A1 A A
3-1 21 1 -1 1 1 a1 1 1 1 A A
alsT &1 &t 1 &1 1 1 414 1 1 1 S
5-1 -1 -1 -1 1 -1 1 1 -1 1 1 1
6-1 1 -1 -1 -1 1 -1 1 1 -1 1 1
71101 1 a1 a1 a1 a1 1 A
gl<t 1 1 1 &1 A1 =y T 1 1T 1 4
of-1 -1 1 1 1 -1 a1 a1 1 a1 7
01 1 a1 1T 1 1 a1

Viewing the vectors m. as vectors in Vq+1(2a) gives ms = 1

m.4m.
for all i e GF(q) U {«}. However the vectors —17—1, i, je GF(q)U {=},

span C(q) over €, andthe Z-span of these vectors is invariant under
1468

G. The only entries that are not rational integers are — and either
negatives and l%§- are the roots of
2
f(z) = 22 -7+ (];5 ) .

If g=+1 (mod 8) then f(z) = z(z-1) (mod 2). Working over GF(2)

m. + m
we take S:l%i§-= 1, lé}ﬁ.: 0, and we set m; =m_, and m% = 12 :

for i e GF(g). The extended binary quadratic residue code C(q) is
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defined to be the row space of the matrix

© m'
(=]

GF(q) m;

The vector m/ =1 and if ie GF(q) then

g_ . o
5 T J @
(m) . = 1, if j-1=0

0, otherwise

Working over GF(2) the matrix X 1is a permutation matrix. The binary
code C(q)* is defined to be the GF(2) span of the vectors mgx,
where i € GF(q) U {=}. Working over GF(2) the group G 1is a group
of permutation matrices. The codes C(q) and C(q)* remain invariant
under G and the orthogonality properties of C(q) and C(q)* also
remain unchanged. We have C(q) N C(q)* = {0,1} and

C(q) + C(q)* = {w:w+1=0}.

EXAMPLES. The binary code C(7) 1is the row space of the matrix

« 0 1 2 3 4 5 6
ST 1 1 1 1 1 1 1]
of o 1 1 o 1 0 0
M o o 1 1 0 1 0
20 o 0 0o 1 1 0 1
31 1 0 0 0 1 1 0
aft o 1 0 0 0 1 1
51 1 0 1 0 0 0 1
61 1 1 0 1 0 0 0

This is the [8,4,4] Hamming code.
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If x is a root of the polynomial

22 +z-1=0

then GF(9) = GF(3)(x).

We have
x1 = X x2 =1 - x
X% = -(1+x) K=
x5 = =X x6 = -1 + X
x7 =1 + x x8 = ]

The binary code C(9) is the row space of the matrix.

o 0 1 (=1) x (1+x) (x=1) (=x) (1-x) =(1+x)

o1 1 1 1 1 1 11 17
o0lo o 1 1 0 o0 1 0 1 0
110 1 0 1 1 o0 o 0 0 1
Ao 1 1 0 0 7 0 1 0 0
x{ 0 0 1 0 0 1 1 0 0 1
+x/0 o 0o 1 1 o 1 1 0 o©
x-110 1 0 0o 1 1 0o 0 0
x| 0 0 0 1 0 1 o 0 1 1
1-x{0 1 0 0 0 0 1 1 0 1

-+x)l0 o 1 0 1 0o 0 1 1 0_|

This code is a [10,5,4] code.

If q# 1 (mod 8) then

f(z) = 22 + 2z + 1 (mod 2)
and so f(z) splits in GF(4) and in any field GF(22a). Let

w € GF(4) be a primitive cube root of unity and set ];'6 = w, and

m +m.
Lil%i§ = wz. Let m; =m_ and mg = “2 1 for ie GF(q). The
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extended quadratic residue code C(q) over GF(4) 1is defined to be

the row space of the matrix

© m;
GF(q)| m}

The vector m; =1 and if i e GF(g) then

W€, if
CAPEP A (1)

1, if j-1=03

0, otherwise

@

Working within GF(4) the matrix A 1is a permutation matrix. The code
C(q)* over GF(4) 1is defined to be the GF(4) span of the vectors
nﬁk, where i e GF(q) U {«=}. Working within GF(4) the group ¢ is

a group of permutation matrices. Again the codes C(q) and C(q)*
remain invariant under ¢ and the orthogonality properties of C(q)

and C(q)* are not changed. We also have C(q) N C(q)* = (1), and
C(q) + C(q)" = {w:w-1=0}.

EXAMPLE. The code C(3) over GF(4) 1is the row space of the matrix

© 0 1 2
off 1 1 ]
0?2 w 1 0
1 wz 0 w 1
21’ 1 0 w

2. A SQUARE ROOT BOUND ON THE MINIMUM WEIGHT.

Let F be a field and suppose that the extended quadratic residue
codes C(gq) and C(q)* are defined over F. Let Q and Q* be the

subspaces of Vq(F) obtained from C(q) and C(q)* respectively
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by taking each codeword and deleting the entry indexed by «. The
matrix A and the matrices Ti’ i e GF(q) fix the coordinate position

*
indexed by . The two codes Q and Q are invariant under the group

T

(T : ie GF(q)) and have the properties described in Figure 2.

Q+Q
/,\\
KR/

Q z dimQ, Q = &L

The map

. T -
ieGF(q) '

is a vector space isomorphism between Vq(F) and the group algebra A

over F with basis the matrices in T. Since

(Zc].Ti) Te =2 €T,

ili+]

: *
the map y 1is an A-module homomorphism and we may regard Q and Q
as ideals in the commutative algebra A. Since the matrices Ti are

linearly independent in A the map
X eTy) » Ecy)

from A to F 1is well defined. This substitution map is a ring

homomorphism.
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THEOREM 2.1. If d 1is the minimum weight in C(q) then

(1) (d-1)% 5 q
and (2) if q= -1 (md 4) then
(d-1)% - (d-1) +1 > q.

PROOF. Since ¢ acts transitively on the coordinate positions there

exists

V= (aseeingsens) € Q)

with a_=1 and wt(v) = d. Since v 1is orthogonal to (§,1,...1)

or to (-8,1,...,1) we have 21 a, = +5. Now
ieGF(q)

vy = (Z aiTi) €eQ and vA = = aiTm') € Q*.
The product v](v]A) e QQ° and since QQ*gg QN Q" we have
vi(vyA) = (Za,T) (D ayT 4) = k(Z T.) (2)
where k e F. The substitution map gives
gk = & ai)2 = egq # 0.

The number of different non-zero terms on the left-hand side of (2) is

at most (d-1)2. This proves (1).
When q= -1 (mod 4), we have n = -1, and (2) becomes
W) = Ca,T)EaT) = (1)ET,) (3)

The number of different non-zero terms on the left-hand side of (3) is

2

at most (d-1)° - (d-1) +1. This proves (2).

REMARKS. A different proof of theorem 2.1 is given by J. H. van Lint
and F. J. MacWilliams in [8]. Equality holds in (1) for the binary

code C(9) and equality holds in (2) for the binary Hamming code C(7).
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In [19] H. N. Ward proves that whatever the field F, the minimum

weight in the code C(qz) over F ds always q + 1.

H.C.A. van Tilborg [18] generalized theorem 1.2 as follows

THEOREM 2.2. Suppose q = -1 (mod 8) 1is prime. Let d be the minimum
weight in the binary code C(g). Then

(a) If (d-1)%-(d-1)+1>q then (d-1)2-(d-1)+1>q+12
and (b) If (d-1)%-(d-1)+1=q then d=8t+4 and q= 64t2+40t+7
for some t. Furthermore there exists a projective plane of order

(d-2).

Part (a) of theorem 2.2 also holds when q is a prime power. The
proof rests on analysis of (3) and is essentially the same as that given
in [18]. 1In chapter 5 we shall prove that (d- 1)2- (d=-1)+1=q only
if g=7 and d =4. Theorem 2.3 is an intermediate result. It is a
special case of a theorem of E. F. Assmus, Jr., H. F. Mattson, Jr.,

and H. E. Sachar [11].

THEOREM 2.3. Let q = -1 (mod 8) be an odd prime power. Suppose the

minimum weight d in the binary code C(q) satisfies

(d-1)% - (d-1) +1 =q .

Then the vectors of minimum weight (d-1) din Q are the lines of a

projective plane of order (d-2).

PROOF. We identify a vector v e Vq(2) with the set of field elements
that index the non-zero entries of v. Equation (3) reveals that the
vector Vi € Q 1is a difference set in the elementary abelian group
GF(g). The corresponding symmetric block design is the projective plane

PG(2,d- 2). The lines of this projective plane are the vectors
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v1T. j e GF(q).

i’
Let we Q be a vector of minimum weight (d-1). Since the code

C(q) 1is self-orthogonal the vector w meets every line in an odd

number of points. There is a line v]Tk that meets w in at least

3 points. If there is a point P of v]Tk not on w then every other

Tine through P also meets w. But this forces wt(w) > (d-2) +3

contradicting the choice of w. We conclude that w = v1Tk as

required.
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CHAPTER 3. QUASI-CYCLIC BINARY CODES.

We establish a square root bound on the minimum weight in the
quasi-cyclic binary codes constructed by V. K. Bhargava, S. E. Tavares,
and S.G.S. Shiva [2]. The proof rests on viewing the codes as ideals in
a group algebra over GF(4). Theorem 2.6 answers a question raised by
F. J. MacWilliams and N.J.A. Sloane in "The Theory of Error-Correcting
Codes" [10]. Theorems 2.3, 2.4 and 2.5 provide information about the
way the non-zero entries of a codeword of minimum weight are distributed

among the coordinate positions.

Let g= 3 (mod 8) be an odd prime power. The quasi-cyclic binary
code C(g) 1is that subspace of V2q+2(2) spanned by the rows of the
matrix M(g) given below. The rows of M(g) are indexed by the
elements of the projective 1ine GF(q) U {®}. The columns are indexed

by two copies of the projective line distinguished by the letters

4 and r.
GF(q) GF(q)
2o 4 i T T T
«[0f0..... oj1 ... .. 1
0|1 0
M(q) = GF(q) i|. Iy : s (1)
] 0 _
where
1, if j-1i=0 or if j =i
(S);: =

0, otherwise
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EXAMPLE. The code C(3) 1is the row space of the matrix

b fy 1 M43 Y9 B1 TL-1)

«[0]0 0 0o |11 1 1 7]
0{1{1 o 0 o1 1 0
M(3) =1 (1]0 1 0 [0]0 1 1
(-1 fo o 1 jofr o 1 |

The code C(3) is the [8,4,4] Hamming code. In general if q 1is prime

then S is a circulant matrix.

We always have dim C(q) = q + 1 and since

ss! = (92—1)1+ (%‘)J

I +J (mod 2),

it follows that C(q) 1is self-dual. Note that every row of the matrix
M(q) has weight divisible by 4. Since C(q) 1is self-orthogonal it
follows by induction that any sum of the rows of M(gq) has weight
divisible by 4. Thus all weights in C(q) are divisible by 4.

It is straightforward to prove that the automorphism group
Aut(C(q)) contains

(i) a permutation

T = (Zwrm)(zoro) coese (‘a_ir-_i) ceecee

which interchanges the ¢ and r coordinates in (1),

and (ii) the permutations in P[L(2,q) applied simultaneously to

the £ and r coordinates in (1).
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Recall that the group P[L(2,q) consists of all permutations of

g
GF(q) U {«} that have the form <z+az +b>, with a, b, c,d, € GF(q),
cz +d

ad - bc a non-zero square and o an automorphism of GF(q). Let

Ti = (z+-z+1i) for i e GF(q).

2. A SQUARE ROOT BOUND ON THE MINIMUM WEIGHT.

Let

be a vector in C(g). Let
d; (v)
and dz(v)

|{i e GF(q) : a; # 0] s
|{i e GF(q) : b; # 0}].

Since C(gq) is self-orthogonal and since (1;0) and (03;1) are

vectors in C(q) we have

a = 2 a, and b = 2 b, (3)
®  jeGF(q) | ®  jeGF(q) '

LEMMA 2.1. If (a3b) e C(q) then (a+bja) and (bja+b) e C(q).

PROOF. Note that if (a3b) € C(q) and (a+bja) e C(g) then so is
(bja+b). The code C(q) 1is the row space of M(q) and it suffices
to prove the 1lemma for the rows of this matrix. Let Mi be the row of

M(q) indexed by i. If the 1lemma holds for M, then it holds for

0

Mi’ i # », because Mi is obtained from MO by applying the

permutation Ti simul taneously to the g and r coordinates in (1).
Now M_ = (051) and (0+13;0) e C(q). It remains to show that

c=(1,f;1,1,0,...,0) € C(q) where f e Vq(2) and (f)j = 1
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if and only if j 1is a non-zero square. If j € GF(gq) then let n;

be the number of times (j-1i) 1is a square (or j-i=0) as i runs
through the non-zero squares in GF(g). We set q = 8m + 3. We have
ng =0 and if j # 0 then Perron's theorem (pg-519 of [10] and [13])

reveals that nj =2m+ 1. It follows that

c=M + M,
ieGF(q)

i a non-zero square

and the proof is complete.

We now view the binary code C(q) as a code of length (q+1)
over GF(4). F. J. MacWilliams and M. Karlin were the first to employ
this technique and further information may be found on page 508 of [10].
Let w e GF(4) be a primitive cube root of unity and let

¥ 3 V2q+2(2) - Vq+1(4) be given by

W A (am,...,a. .

i’ © i i?
where
0, - if a; = b1 =0
w, if a. =1 and b, =0
_ i i
T \e?, if a;=0 and b, =1
1, if a; = bi = ]

Since w2 +w+1=0 we have v(x+y) = v(x) + y(y). The map ¥y
jdentifies C(q) with the extended quadratic residue code (QR code)
of length (q+1) over GF(4) (see chapter 2, page 18). The extended

QR code is spanned by 1 and the vectors XTi, i e GF(q),
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where

w, if j=o
w, 1if j=20
1, if j=0

0, otherwise

If v =(asb) e V2q+2 then y(v) = wa + wzb. Note that
vy(a+bsa) = wz(wa+w2b)
and y(bsa+b) w(wa'+w2b).

EXAMPLE. The map y identifies C(3) with the row space of the

matrix

1T 1 1 1
w 1 wz 0
w 0 1 wz
w wz 0 B

Thus we may regard C(3) as an extended cyclic [4,2] code over GF(4).

Define C(q)* = C(q) ¢, where ¢ is the permutation (z- -z)
applied simultaneously to the g and r coordinates in (1). Note
that q= -1 (mod 4) and so (-1) 1is a non-square in GF(q). The
map Yy identifies the binary code C(q)* with the complementary
extended QR code of length (q+1) over GF(4). In chapter 2 we

proved that the codes have the properties described in Figure 1.
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*

C(q) n C(q) =<

Figure 1.

Let R and R* be those subspaces of Vq(4) obtained from C(q) and
C(q)* respectively by taking each codeword and deleting that entry
indexed by «. Let X be the permutation of GF(q) given by

(z>-2). Then the subspaces R and R have the properties described

in Figure 2.

V(4) =R+R
o8 =

» 7% *

A R dimR,R*=9‘2*—1
kK
R R = (1)

Figure 2.
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*
The two codes R and R are invariant under the group

T= (T ie GF(q)). The map

ieGF(q) | !
is a vector space isomorphism between Vq(4) and the group albegra A

over GF(4) with basis the permutations in T. Since

the map & 1is an A-module homomorphism. Each subspace in Figure 2
corresponds to an ideal in A. Since the permutations Ti are linearly

independent in A the map
(Ze,T.) > (Zcy)

from A to GF(4) is well defined. This substitution map is a ring

homomorphism.
Let d be the minimum weight in the binary code C(q). Define

Q* = {v=(as;b) e C(q) : a_=b_= 1 and wt(v) = d}
9]

and = {v=(asb)eC(q):a_=1,b_=0and wt(v) = d} .

*
We have not been able to prove that Q is always non-empty but we do

have

LEMMA 2.2. (1) The set @ 1is non-empty.
(2) If xe @ and d](x) > dz(x) then either
(i) q9=3 and x = (1:0)
or (ii) there exists v e @ with dy(v) = dy(x) +1
d](v) = dz(x) -1.
(3) If veQ and dz(v) > d](v) then there exists
X € Q with dl(x) = dz(v) -1 and d2(x) = d](v) + 1.
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PROOF. (1) Let v = (aj;b) be a codeword of minimum weight. Suppose

that for all i e GF(q) U {«} we either have a; =b; =1, 0r a, =1
and b, = 0, or a; = 0 and bi = 0. Then (bja+b) € C(g) and
wt(bsa+b) < wt(asb), with equality only ff b=0. If b=20 then
analysis of M(q) shows a = 1. In particular v # (asa) for any
ae Vq+](2). By applying a suitable automorphism we may choose

v = (a3b) so that g = 1 and b_ = 0.

(2) Let x =(c;d) e with di(x) > dy(x). If x# (150) then
the argument of part (1) reveals that there exists j e GF(q) with
dj =1 and cj = 0. Let o be an automorphism that interchanges the
indices j and «, and let v = (x)otr. Then d2(v) = d](x) +1 and
d](v) = dz(x) -1 as required. If (1;0) e @ then the minimum weight

d is (q+1). But by a theorem of C. L. Mallows and N.J.A. Sloane [11]

d_<_4[2222]+4,

(3) is proved in the same way as (2) and we omit the details.

we must have

and so q = 3.

We now define

t = d -d
TZé{I Z(V) 1(V)|}

THEOREM 2.3. If @  is non-empty and if

= dy (v) = dof
s Tzé*{I](V) »(V) 3

then the minimum weight d satisfies
(d-1)2 - (d-1) +1 - st >2q + 1 (4)

PROOF. Let

X = (1y.0es85900030500.5D:5...) €Q

e
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with d.l(x) = <(d'; 't> and dz(x) = <-(d;]2ﬁ> Since Tt e Aut(C(q))

there exists

— 'l . *
v={(1, ,ci,...,l,...,di,...)en
with d1(v) = <(d—'§-&> and d2(v) = (jd—'gﬁ> . Now
2 =w2c1.T1. +w22d1.T1. e R
d - T . 46" 55T *
an x]—cu}"_,ai__i wEbi_ieR.

*
Since A 1is a commutative algebra RR =R N R and we have

X = X (Se T (ST ) + u(TeN(Tb,T )

4

(TdT(Za,Ty) + (ZeT(ZbyT )

qu(ST,) + kp?(ZT,), (5)

where k1, k2 € GF(2). Since 1 = + wz, the substitution map gives
k= (Zd,)(Zb,) + (Zd,)(Tay) + (Te,)(Tb,)

and ky = (Ze;)(Zay) + (Zd;)(Zay) + (Ze;)(Zby)

Now (3) reveals that k]' 1 and k, =0. Since k, =0 we have

(Ze; TN (ZayT ) = (Zd, T ) (Za,T L) + (EciTi)(EbiT-i)

and so (5) gives
(Z)Ti) = (EdiTi)(EbiT-i) £ (ZciTi)(ZaiT-i) . (6)

Counting non-zero coefficients in (6) gives

<(d-§)-s><(d-]2)+t> & <(d-§)+s><(d-12)-t> >q.

This reduces to (4) and the theorem is proved.
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REMARKS. If v e @ then (3) implies that d](v) is odd and dz(v) is

even. Thus t 1is odd and so is not 0. If v e Q* then d](v) and
d2(v) are both odd and d](v) + d2(v) =d-2. Since d =0 (mod 4)

we have d1(v) = dz(v) (mod 4) and so s is a multiple of 4.

When q =3, we have d =4 and (d-1)% - (d-1) +1=2q+1.

*
The set Q@ consists of the three vectors given below.

= (1 1 0 0o ;1 0 0 1)
X, = (1 0 1 0; 1 1 0 0 )
x3=(1 0 0 1 51 0 1 0 )

Notice that s = 0.
The code C(11) 1is the [24,12,8] Golay code. If

©«012345678910 «012345678910
x=(11000000000 0; 01101110001 0)
and v=(10101110001 0;11000000000 0)

*
then it is straightforward to check that x e Q@ and v e Q . Note

that
(Z73) =TT+ Ty + T3+ T a+T g+T o) + (Ty+Tg4 T+ Ts+Tg)T,
as predicted by (6). Notice that s =4, t =5 and
(d-1)% - (d-1) +1 - st = 2q + 1.

By lemma 2.2, or by inspection when g = 3, there exist vectors

veQR with dz(v) i d](v). We now define

= i do(v) - d (
' dﬂvﬂgﬂvf Al
VEQ
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THEOREM 2.4. The minimum weight d satisfies

2 2
@51) +ir§2) - (d-1) +13>q (7)

PROOF. By part (3) of lemma 2.2 there exists

X &= [TosessBaneinilsasssDssons) &8

i i

with d1(x) = < d-1 ; r-2 ) and dz(x) = <%Q:ll%££;g%>_ Now
x]=uKEaﬂ})+wQEbﬂ})€R
xh = w(Da,T )+ o (ThT ) e R .

Since x(x;A) e RA R we have
x (g0 = oH(Za, T (Za,T_y) + u(ZhyT,)(Zb,T )
(DT NZbT )+ (ZbT)(ZayT )
= k(D T,) + kp?(DT.)

where k1, ko € GF(2). Applying the substitution map reveals k] =0
and k2 = 1. We conclude that

(Z7,) = (Za,T)(ZayT_y) + (ZbyT (ST s) (8)

Counting non-zero coefficients in (8) gives

<§d-1);§r-2}>2 " <£EiL§iLZL>2 - (d-1)+1>q

This reduces to (7) and the theorem is proven.

REMARK. When q =3, we have d =4 and r =1, and equality holds
in (7).

THEOREM 2.5. The minimum weight d satisfies

4 2
Lg%ll- - %T'+ t>q (9)
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PROOF. By (3) of Temma 2.2 there exists

v = (1,...,ai,...;0,...,b.,...) €N

with dy(v) = <(d‘l ‘t> and dy(v) = (“i—‘;ﬂ> and

R PR T . ey S R

s R i
with d](x) = KQ:ll%ﬁE:gl. and dz(x) = LQ:ll%LELEL . Now
_ 2
vy = w(ZDaiTi) +w (Z)biTi) € R
*
and x = w(Ze.T,) +w(DdT.)eR .

The arguments used to prove theorems 2.3, 2.4, and 2.5 show that
VyXp = mZ(ZDTi) and that
(ZT;) = (3,7 )(DeiT_) + (ZbT(ZT))

Counting non-zero coefficients in (10) gives

((d-12>-t> ((d—'l);(t-Z)) . <(d-]2)+t> ((d-])-z-(t-21> -

This reduces to (9) and the theorem is proven.

THEOREM 2.6. The minimum weight d satisfies
(d-1)% - (d-1) +1 > 2q + 1

If equality holds in (11) then q=3 and d = 4.
PROOF. If t < ,/d-T +1 then theorem 2.4 gives

2
(@D (@)

and (11) holds. If t =,/d-1 + 8 then theorem 2.5 gives

s
y- =gt - -l (81} ~8(5-1) 24

and (11) holds even when & = 1. This proves (11).
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If equality holds in (11) then theorem 2.4 gives

(t-2)°

> (d-3) (12)
and theorem 2.5 gives

t(t-2) < (d-1). (13)

Equations (12) and (13) force d =4. If d =4 then (11) implies

q = 3 and the proof is complete.

REMARKS. Let Q bean [g+1 ,45?3 extended QR code over any finite
field where the prime power 2 = -1 (mod 8). If d is the minimum
weight in Q then

(d-1)% - (d-1) +1 > L. (14)

In [10] F. J. MacWilliams and N.J.A. Sloane asked if there was a square
root bound on the minimum weight in the double circulant binary codes
analogous to (14). Theorem 2.6 answers this question. Theorems 2.3,
2.4, and 2.5 also give information about the way the non-zero entries
of a codeword of minimum weight are distributed among the coordinate

positions.

Figure 3, below, is taken from page 509 of [10] and is a list of
parameters of the first few quasi-cyclic binary code C(q). Here n is

the block length, k is the dimension and d 1is the minimum distance.

n k d

C(3) 8 4 4
c(11) 24 12 8
C(19) 40 20 8
C(27) 56 28 12

C(43) 88 44 16
C(53) 108 54 20

Figure 3.
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Sometimes theorem 2.6 allows us to calculate the minimum weight d

directly. If q=27 then 4|d and (d-1)% - (d-1) +1 > 55. We
conclude that d > 12. But by a theorem of C. L. Mallows and
N.J.A. Sloane [11].

56
i.e., d<12. Hence C(27) 1is a [56,28,12] code.

The results presented in Chapter 3 will appear in the IEEE

Transactions on Information Theory.
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CHAPTER 4. SYMMETRY CODES

We begin by extending the construction for symmetry codes given by
V. Pless [14] to fields other than GF(3). We then prove a decomposition
theorem for these codes in terms of the extended quadratic residue
codes introduced in chapter 2. Theorem 2.5 gives a square root bound

on the minimum weight in this enlarged family of symmetry codes.

Let q be an odd prime power. Again if j € GF(g) then we write
j=0, j=0 or j#0O accordingas j 1is zero, Jj 1is a non-zero
square, or j 1is a non-square respectively. Let F be a finite field
of odd characteristic for which (-q) =, and set @ =./-q. The
symmetry code S(q) over F 1is the subspace of v2q+2(F) spanned by
the rows of the matrix M(q) given below. The rows of M(q) are
indexed by the elements of the projective line GF(q) U {«}. The
columns are indexed by two copies of the projective 1ine distinguished

by the letters £ and r.

GF(q) GF(q)
f‘” ZO I,.i Y'm Y‘O Y‘i
810 . . & o s 0 e
01}0 €
M(q) =
] o1 " (1)
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(L
where ¢ = (-1) 2 , and where
0, if i=3
W5 =41, if J-i=0
-1, if j-1#0

Notice that W = ewT. If q=-1 (mod 3) then (-q) = (1)2 and the

ternary symmetry code S(q) 1is defined. V. Pless constructs ternary
symmetry codes in [14] and investigates their properties in

[15,16, and 17].

EXAMPLE. The ternary symmetry code S(5) 1is the row space of the

matrix

Lo dg 41 Lo L3 Ly T, ,Tg Ty Yo T3 Ty
wF] 0 0 0 0o ojof1 1 1 1 {T
ojoj1 o o0 0 Oj14f{0 1T -1 -1 1
110/j0 1 0 O Oj1}1 O -1 -1
M(5) = 2/0j0 O 1 0 Of1}-1 1 0 1 -1 (2)
3jojo o0 0 1 O41 -1 -1 1T 0 1
4/[0j0 0o 0 O 11 {1 -1 -1 1 0

This is the [12,6,6] ternary Golay code.

We always have dim S(q) = (q+1). Perron's theorem [13] gives

T

WW =9qI -J
and so M(q) M(q)T = e2 +ql = 0.
0 I +
It follows that S(gq) is self-dual. If ¢ = 9
; -el 0



40

then
0 [0 . 0]
0
M(q)(M(q)o) =6 |+ | -ew’ +w | = 0.
0

and so ¢ s an automorphism of S(gq).

Suppose q = -1 (mod 4). On page 12 of chapter 2 we defined the
extended quadratic residue code C(q) over F to be the row space of

the matrix H given below

GF(q)

) i

9 |1 . 1]
-1

H=GF(q) || W+ el (3)
-1
where

0, if j=1
-1, if j-1#0

The complementary code C(q)* is the row space of H’ where

GF(q)

ool . . . T]
-1
6F(a) || W - el (4)
-1

HI
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THEOREM 1.1. Suppose q = -1 (mod 4).

Given a, b € Vq(F), then (a,b) € S(q) if and only if

a+becC(q) and a -be C(q)*
PROOF. We have M(q)(1+¢) = [H,H] and M(q)(1-¢) = [-H’,H']. Now

S(q) = S(q)(1+¢) + S(q)(1-9)
and from (3) and (4) we have
S(q)(1+¢) = {(f,f) : fe Clq)}
and S(a)(1-¢) = {(-9,9): g e C(q)"}.
If (a,b) e S(q) then (a,b) = (f+g,f-g) for some f e C(q) and

*
g e C(Q) . Thus
a+b=2feC(q) and (a-b) = 2g ¢ C(q)*

The argument is easily reversed and we omit the details.

Let G be the group generated by ¢ and by the monomial matrices

given as (1) through (5) below. Every matrix is of the form [g g]

where A and B are square monomial matrices of size (q+1). The
rows and columns of both A and B are indexed by the elements of the

projective 1ine GF(q) U {=}.

(1) Ti’ i e GF(q); the matrix corresponding to the permutation

(z+z+1i) applied simultaneously to the ¢ and r coordinates in (1).

(2) Pi’ i =[; the matrix corresponding to the permutation

(z>iz) applied simultaneously to the £ and r coordinates in (1).

(3) p; the matrix corresponding to the permutation (z+2P)

(where q = pn and p is prime) applied simultaneously to the £ and r
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in (1).
A O
(4) 1 = where
0 A
e, if j=0 and i = o
1, if j== and i=0
(A)ij = 1, if j=-1/1 and i =0
-1, if j=-1/i and i #0O
0, otherwise
-Dk 0
(5) Q = , k#0O, where
0 Dk
A, if i=jce
(Dk)ij = 1, if 1 #o and j = ki

0, otherwise

Dn 0

0 D

Let n be fixed non-square, let X = and set

S(q) = S(g)A. When gq'= -1 (mod 4) we choose n = (-1).

THEOREM 1.2.

(1) ;\“gx S (Tpqupe@ -

(2) The codes S(q) and S(q)* are both invariant under g.

(3) The codes S(q) and S(q)* have the properties described

in Figure 1 below.



s(q) A S(q)"  dim S(q), S(q)" = q+1.

*

S(q) n s(q) = {0}.

Figure 1.

The proof is very similar to the proof of theorem 1.1 of chapter 2

and we omit the details.

2. A SQUARE ROOT BOUND ON THE MINIMUM WEIGHT

Let

be a vector in S(q). Let

Q.
et
~~~
<
S
n

|{i e GF(q) : a; # 03]

and

o
n
—~
<
S
[}

|{i e GF(q) : bi £ 03] .

Since S(q) is self-orthogonal and since (6,0,...,0;0,1,...,1) and

(0,-€5...5,-€30,0,...,0) are vectors in S(gq) we have

Ba_ = -2 b, and 6b_=¢ 2 a; (5)
ieGF(q) ieGF(q)

Let d be the minimum weight in S(q). Define

Q* = {v = (a,b) e S(q) : a_#0,b_ # 0 and wt(v) = d}

dj .

and Q ={v = (a,b) e S(q) : a_#0, b_=0and wt(v)
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LEMMA 2.1. If the set Q* is empty then

(1) The set Q is non-empty.

(2) If xeQ and dl(x) > d2(x) then there exists v e Q@ with
dz(v) = d](x) +1 and d1(v) = dz(x) -1

and (3) If veqQ and dz(v) > d1(v) then there exists x € @ with

(=1
—
—
>
N
1]
(e
n
~~
<
o
]

1 and dz(x) & d1(v) + 1.

PROOF. (1) Let v = (aj;b) be a codeword of minimum weight. Analysis
of (1) shows a = 0 is impossible and b = 0 1is impossible. If

a # 0 and bi # 0 for some i e GF(q) U {m} then there exists an
automorphism M such that VM e Q*. This contradicts Q* = ¢ and by
applying a suitable automorphism we may choose v = (aj;b) so that

a_ #0 and bm = 0.

(2) Let x = (c3;d) e @ with d](x) > dz(x). The argument of
part (1) reveals that there exists j e GF(q) with dj # 0 and
cj = 0. Let M be an automorphism that interchanges the indices J
and «, and let v = xM¢. Then d2(v) = d](x) +1 and

d](v) = dz(x) - 1 as required.
(3) 1is proved in the same way as (2) and we omit the details.
When Q* is non-empty define

= d (v) - dyf
s rxé*{l](v) (V)13

*
and when Q is empty define

t = max{d,(v) - dy (V)]
r\r;:é{ o(Vv) = dy(v)]
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Let R and R* be the subspaces of qu(F) obtained from S(q)

*
and S(q) respectively by taking each codeword and deleting the two
entries indexed by «. Let A1 be the matrix obtained from X by
deleting the two rows and columns indexed by «. From Figure 1 we see

*
that the subspaces R and R have the properties described in

Figure 2.

_ *

/\ . . 2
M dimR, R =g+ 1

Ly

RAR = ((130):(051))

Figure 2.

Let A be the matrix algebra over F spanned by ¢ and by
Tis i e GF(g). Since ¢Ti = Ti¢ the matrices T., 9T, i e GF(q) are

a basis for A. The linear map ¢ : V2 (F) > A given by

q
F,:(...,ai,...;...,bi,...)-» b aiT1.+¢ b biTi
ieGF(q) ieGF(q)

is bijective. The matrices Ti and ¢ act as automorphisms of R
and R*. These matrices also act on A by right multiplication.
Since

{CCaT,) + T bT} ¢ = (<€) Tb,T, + ¢ Za,T;

and {(Za;Ty) + 6(Z b,T4)} Tj =>a,T

1 9%] +¢2biT

i+]

the map £ 1is an A-module homomorphism. This allows us to regard
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R and R* as ideals in A. Since the matrices T1. are linearly

independent in A the map
( a;Ty) » (Za;)

is a well defined map from the subalgebra of A spanned by the matrices

T1. to F. This substitution map is a ring homomorphism.

*
THEOREM 2.2. If Q@ 1is non-empty then the minimum weight d satisfies

(d-2)% - 5% > 2 (6)
PROOF. Let
v={(a, s8550003D s sbis.. ) € Q"
with d, (v) =( = '5> and dy(v) = (ﬁk%)ls-) Then
2 =Za1.T1. + ¢Eb].T1. e R
and Vi) =Za1.Tm. + ¢Eb1.Tm. e R*.

*
Since A is a commutative algebra RR" c RN R and we have

Vi) = a7 ) (T a,T

ini

) - eC biTi)(Z biTni)

“+

o{(Z a;T;) (D byT

i ni

) + S bT)E aT )]

1

ki T) + koS T,) (7)
where k], k2 € F. The substitution map gives
kz = 2(231)@ bi)

and from (5) we have k, # 0. Counting non-zero coefficients in (7)

zéd-g)% 6d-§)+§> >q

This reduces to (6) and the theorem is proved.

gives
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THEOREM 2.3. If Q* 1is empty then the minimum weight d satisfies

(d-1 )/22 . tfz Ft>q (8)

PROOF. Let

vV = (am,...,ai,...;bm,...,bi,...) € Q

with dy(v M_> and d( <Lu)+_> By part (3) of

lemma 2.1 there exists

X = (c o5 wslhnanes it soonsBagese] & O

— :
with ((d 1)+(t 2)> and dyfx) = <gd 1)-(t- 2)> Then
A 2
V-l = (Za'iT'i) i ¢(E biTi) e R
*
and Wy = (Zc1Tm) + (2 d1Tn1) e R.

It follows that ViWy = kQD'Ti), where k # 0. The usual counting

argument gives

<(d1) ><d1+(t2> <d1)+t)(d1) t2> -

This reduces to (8) and the theorem is proved.

THEOREM 2.4. If Q* is empty and if q = -1 (mod 4) then the minimum

weight d satisfies
2 i
(d'ql )/2+ (t'z)/z' (d']) + 1 Z q (9)
PROOF. By part (3) of lemma 2.1 there exists

X = (cm""’Ci"“;dm*""di"") )

with d( (sg_lut_a) and )Quw_zx)
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Then

x
—
"

(TegTy) + o d,T,) e R

*
and X123y = CiT-i) + o(2 diT-i) e R.

It follows that x](x1k1) = kCE'Ti) where k # 0. The usual counting

argument gives

4y ()% + dy(x)? = (d(x) + dy(x)) + 13 g

and this reduces to (9).

THEOREM 2.5. The minimum weight d satisfies

(d-1)% > 2q - 1 (10)

If g= -1 (mod 4) then d satisfies
(d-1)2 - (d-1) +1 > 2q + 1 (11)
and equality holds only if d =4 and q = 3.

PROOF. If @ is non-empty then by theorem 2.2 we have (d-2)2 > 2q
and both (10) and (11) hold.

If Q* is empty then by theorem 2.3 we have (d- 1)2 >2q-1. If
Q* is empty and if q = -1 (mod 4) then (8) and (9) hold. The
argument used to prove theorem 2.6 of chapter 3 shows that
(d-l)2 - (d-1) +1 > 29 +1 and the equality holds only if d =4 and

q-=3.

REMARKS. The symmetry code S(3) over GF(7) 1is the row space of the

matrix
Ly 4y A L(_]) "o To M r(_])
o [2]10 0 0 ol 1 1 1]
0102 O 0 -110 1 -l
M(3) = 1 (0|0 2 0 -1{-1 0 1
(-1)jojo o 2 111 -1 0
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From (11) we see that S(3) 1is an [8,4,4] code over GF(7). Since

(d- 2)2 <2q-1, it follows from theorem 2.2 that Q" s empty.

Figure 3 below is taken from page 511 of [10] and is a list of
parameters of the first five ternary symmetry codes. Here n is the
block Tength, k 1is the dimension and d is the minimum distance.

n k d
S(5) 12 6 6
S(11) 24 12 9
S(17) 36 18 12
S(23) 48 24 15
S(29) 60 30 18

Figure 3.

Theorem 2.5 only allows us to find the exact minimum weight directly in
the first two cases. If q =11 then 3|d and (d-1)2- (d-1)+1 > 22.

We conclude that d > 9. But by a theorem of C. L. Mallows and

N.J.A. Sloane [11],
n
d < 3Efé} + 3

i.e. d <12. Hence the ternary code S(11) is a [24,12,9] code.
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CHAPTER 5. MULTIPLYING VECTORS IN QUADRATIC RESIDUE CODES.

Let gq

-1 (mod 8) be an odd prime power and let C(q) and
C(q)* be the two extended binary quadratic residue codes of length
(g+1). In this chapter we show how to regard C(q) and C(q)* as
one-sided ideals in a binary group algebra and we show that the
appropriate product is a 2-dimensional ideal. This allows us to prove

that if d 1is the minimum weight in C(q) then
2
(d-1)% - (d-1) +1 - st>q

where s, t are non-negative integers with s =0 (mod 4), and t
odd. The integers s and t depend on the way the non-zero entries
of a codeword of minimum weight are distributed among the coordinate
positions. When s = 0 we establish a correspondence between code-
words of minimum weight d in C(q) and d x d Hadamard submatrices

of the (gq+1) x (q+1) Paley-Hadamard matrix.

In chapter 2 we defined the extended binary quadratic residue code
C(q) to be the subspace of Vq+](2) spanned by the rows of the matrix
M(g) given below. The rows and columns of M(q) are indexed by the

elements of the projective 1ine GF(q) U {=]}.

GF(q)
© 1
T eennn... 1
1
M(q) = GF(q) i S (1)
1
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where

1, if j-1=Q3
()55 = (2)
0, otherwise

EXAMPLE. The code C(7) 1is the row space of the matrix

P I I
— = o0 - 0 O 0o|— o
— 0 - 0 0 O — |4 —
O —- 00 O — ==
0 00 — — o ==&
O o — — o — o= wu
© 4 - o = o ol|=|o

- o0 0o o —~ — OoOo|— w

o 0P w NN~ O 8

This is the [8,4,4] Hamming code. Notice that the incidence matrix

of the projective plane PG(2,2) 1is a principal submatrix of M(7).

If q is prime thén C(q) 1is a classical quadratic residue code.

The matrix S 1is a circulant and C(gq) ds an extended cyclic code.

We replace 0 by (-1) throughout M(q) to obtain a (1,-1)
matrix P(q). If we regard P(q) as an integral matrix then P(q)
is the Hadamard matrix constructed by R.E.A.C. Paley in [12]. Since
g= -1 (mod 8) we may write q +1 =4t + 4 where t 1is odd. We

have

SS ((2t+1)-t) I + tJ (4)

J (mod 2).
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It follows that C(q) 1is self-orthogonal. Note that every row of the
matrix M(q) has weight divisible by 4. Since C(q) is self-orthogo-
nal it follows by induction that any sum of rows of M(q) has weight

divisible by 4. Thus all weights in C(q) are divisible by 4.
Recall that the group P[L(2,q) is represented by all permutations

of GF(q) U {«] that have the form z+ 3£ +b with
cz +d

a, b, ¢, d, € GF(q), ad - bc a non-zero square, and o an auto-
morphism of GF(q). This group is generated by the permutations given

as (1), (2), (3) and (4) below.

—~
—_—
N
—
i

(z+z+1), for 1 e GF(q),
(2) P, =(z-»iz), for i =0,

(3) p=(z+2P) (where p is prime and q = p™), the permutation

corresponding to the Frobenius automorphism of GF(q),

and (4) T = (z»-1/2).
We adopt the standard conventions about operations involving o.
LEMMA 1.1. If m; is the row of M(g) indexed by i then

i3 7 Mg

—~
—t
S
3
—
]

for j e GF(q),

—
N
3
v

n
3

iP5 ij° for j =0,
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m , if i =o

My + m s if i=0
m_1/i + mys if i=0Q

ma/i %Myt M, if 140

The calculations are not difficult and we omit the details. They also
follow from the definitions on page 16 and from calculation (3) in the
proof of theorem 1.1 of chapter 2. It follows that the code C(q) is
invariant under P[L(2,q). Let A be the permutation (z-+-z) and
Tet C(q)* = C(q)A. The code C(q)* is spanned by the vectors

*

my = m_jyr for e GF(q) U {=}. We have

e =1 (5)
1, if j==
*
and if i # o '(mi)j = {1, if j-1i#0O (6)

0, otherwise

*
Since A normalizes P[L(2,q) the code C(gq) 1is also invariant
under PrL(2,q). In chapter 2 we proved that the codes C(q) and

C(q)* have the properties described in Figure 1.



c(q) n c(q) = (1)

Figure 1.

Let Q and Q* be the subspaces of vq(2) obtained from C(q)

and C(q)* respectively by taking each codeword and deleting the
entry indexed by «. We have Q* = QA and Q* nNaQ=«1).

We specialize theorem 2.1 of chapter 2 to give
THEOREM 1.2. If d 1is the minimum weight in C(q) then
' 2
(d-1)¢ - (d-1) +1 > q.
We also recall theorem 2.3 of chapter 2.
THEOREM 1.3. Suppose the minimum weight d in C(q) satisfied
2 -
(d=-1)° - (d-1) +1 = q.

Then the vectors of minimum weight in Q are the 1ines of a projective

plane of order (d-2).

We are now ready to prove our generalization of theorem 1.2.
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2. A STRONGER FORM OF THE SQUARE ROOT BOUND

We may write v e Vq+](2) in the form

v = (a ,...,ai,...;b N, .

® (I
® i (-1)
non-zero squares non-squares.
Define
di(v) = |{i:2,#0 and i# =}
and dy(v) = [{i:b;#0and i#0}]

Since C(q) 1is self-orthogonal and since (1;0) and (03;1) are vectors
in C(q) we have

a = 2 a. and b, = b. (7)

let R and R be the subspaces of Vq_](2) obtained from C(q)
and C(q)* respectively by taking each codeword and deleting the
entries indexed by « and 0. From Figure 1 we see that the subspaces

R and R* have the properties described in Figure 2.

*
Vq_](Z) =R+ R
R /.A\ R* dimR,R*=9;—],
R/

R N R* = ¢(051),(1:0))

Figure 2.
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In section 1 we defined vectors m  and m: for k e GF(q) U {=}. Let

*
Xy and Xy be the vectors obtained from My and m: by deleting the
entries indexed by «» and 0. Then we have R = (x) : ke GF(q) U {=})

and R = (x, : ke GF(q)U {=}).

Since 12 =1, and since rPir = Pi“ the group
D={P,,P,T:i=0} 1is dihedral of order (q-1). Let B be the
binary group algebra with basis the elements of D. Let £ : R-> B be

the linear map given by

5:(“”%“”L”%““)+Z%h+2bﬁh

* *
and let & : R - B be the linear map given by

*

£ : (""Ci"“"""di"") +ZC1P1. +Ed1.PiT.

Since the elements of D are linearly independent, £ and g* are
injective. We have Tpi = Pi_]T and T(Z:Pi) = (ZDPi) T, and so

§ and g* agree on RN R*. Every element of D acts as an
automorphism of both R and R*. The group D also acts on the
algebra B by left and right multiplication. The next lemma connects

the different group actions.

LEMMA 2.1. (1) If v eR" and de D then £ (vid) = de (v).

(2) If veR and de D then £(vd) = g(v) d.

(3) The subspace £(R) 1s a right ideal of B and the subspace
£ (R™) s a left ideal of B.

*
PROOF. (1) If v = (ceesCisunnsonnsdisnn) € R then

* *
PJ-E (v) = Pj(EciPi +Zd1.P1.T)
=Z;C1'P1'j +2dipijT

* *
= £ (V PJ)
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and € (v )

T cyPy + T dyP.1)

24Py + 2 ciPaT

*, *

£ (v1).

Part (2) is similar to (1) and we omit the details. Part (3)
follows from parts (1) and (2).

Henceforth we shall identify R with £(R) and R* with g*(R*).

This allows us to multiply vectors in R* by vectors in R.
If X = (""fi"";""gi"°') then

1, if i-1=g(or if -i-(-1) #0O)

0, otherwise

1, if -1 -1 =0g(or if i-(-1) # O)

and g, =

0, otherwise

From (6) we have x(_;) = (""gi"";""fi"")' Identifying R with

* * *
£(R) and R with & (R) gives
Xy =Z f;Py + 2 957Py
and x(_;) = 2 9;P; +2f1.P1.r
The results in this section rest on the following calculation.

LEMMA 2.2. If Xy, x(_T) are as above then

(x(_;))(x]) = 1(ZP;)
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PROOF. Since B 1is a binary algebra we have

(x(_]*))(x]) (Z g4Py + T FPTNS P, + T gytPy)

n

= (TP .

Now we prove that every coefficient Ck = 1 (mod 2).

¢ = [{(1,3): g;#0, g5#0 and j=ik}]

+

[((1,3) £ £3£0, £5#0 and j=ik}|.

Thus C = (x1)(x] Pk)T, the inner product of the vectors Xq and X1Pk

T

in Vq_](Z). Since xk=x1Pk we have ck=(x.|)(xk) . If S s the

matrix defined in (2) then (S)]0 =0 and (4) gives

t, if k#1

Cx
2t +1, if k=1

where g+ 1 =4t +4. Since t 1is odd cy = 1 (mod 2) as required.
LEWMA 2.3. RR = ((ZP.), ©(ZP)).

PROOF. If J = (T Pi)’ r(ZPi)) then J 1is an ideal in B. From

lemma 2.2 we have

*
We multiply on the right by Pk and apply lemma 2.1 to give
(X(_'T)) xk = (2 PT) (8)
for all k =O. Multiplying (8) on the right by 1 yields

(X)X x * %g) = (DR}
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Since Xg = (X P.) e J we have

(x( 1)) (%) € 9 (9)

for all k = @d. Equations (8) and (9) force

*

(x(.1)) Re 9. (10)

Multiplying (10) on the left by T, and by Pk for all k =[O, we

obtain R'R cJ and the proof is complete.

Since the permutations Pi are linearly independent in B the

map

(ZeiPy) » (2 cy)

is well-defined. This substitution map is a ring homomorphism from the

subalgebra of B spanned by the permutations P to GF(2).

We define
*

Q = {v=(a;b)eC(q):am=b =1 and wt(v) = d}

and Q ={v= (a;b)eC(q):aw=1, bn=0 and wt(v) =d}.

0

Then we define

= d (v) - d
s T%*{h(v) (V) [3
and t = max{ [d)(v) - dy(Vv)|}.
VEQ

THEOREM 2.4. The minimum weight d satisfies
(d-1)2 - (d-1) +1 - st > q (11)

PROOF. There exists

¥ = (Ty00a,d

with d](v) = (ﬂd—']z-)—‘i> and dz(v) = <d']2 ?t> . Since T e Aut(C(q))



there exists

with d( (gg_zl_> and  dyf <d—2L)

=Ea1-P1. +Zb1.TP1. e R

*
and Wy =Zd1.P1. +Z}c1.P1.r e R .

Thus Wivy € R*R and from lemma 2.3 we have

W‘]V] = (EdiPi)(EaiPi) + (Ecipi)(ZbiPi)

+

t{(ZePyag N (ZagPy) + (ZdiPy) (TP,

K (ZPy) + kyt(TP,) (12)

where k], k2 € GF(2). The substitution map gives
i = (Z4,)(Za,) + (Tc,)(Tb,)
and ky = V‘c )(Za ) + (Edi)(zbi)

and from (7) we have k1 =1 and k2 = 1. Counting non-zero
coefficients in (12) using k] =1 or k2 = 1 depending on the sign

of £+t gives

<(d-§)-§(<d-12>+t> ; <(d-§)+s><(d-12)-t> o led)

This reduces to (11) and the theorem is proved.

REMARKS. If v e @ then (7) implies that dl(v) is odd and dz(v) is
*

even. Thus t 1is odd and so it not 0. If veQ then d](v) and

d2(v) are both odd and d](v) + dz(v) =d-2. Since d=0 (mod 4)

we have d](v) = d2(v) (mod 4) and so s 1is a multiple of 4.
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When q =7 we have d =4 and (d- 1)2 - (d-1) +1 =q. The

*
set @ consists of the three vectors given below

w 1 2 4 ;0 (-1)(-2)(-4)
(110031 0 0 1)
(1T o1o031 1 0 0)
(1t oo1;1 0 1 0)

Notice that s = 0.
The code C(23) 1is the [24,12,8] Golay code. If

»123468912131618; 0(-1)(-2)(-4)(-6)(-8)(-9)(-12)(-13)(-16)(-18)

v=(100010000000;01 1 0 0O 0 1 1 1 0 0)
and
w=(100010000000;10 O 1 1 1 0 0 0 1 1)

then it is straightforward to check that ve Q and we Q* using (41)

on page 498 of [10]. We have
vy = P4 + r(P1+P2+ P3+ P9+P]2+ P]3) e R

*
(P4+ P6+ P8+ P16+ P18) + P4r e R.

and W1

It is easily checked that Wy = (ZDPi) + r(Z]Pi) and in particular
we have

+ Py(Py+ P +P +P,+ P, +P

(2%)=PMP4¢ +P,+P,.+P A] ot Pyt Pyt Py, 13L

4% Pt Pg*Prgt Prg)

2

Notice that s =4, t=5 and (d-1)° - (d-1) +1 - st = q.

We now define

= min{ |d -d 5
r ?;gfl 1(V) 2(V)l}

THEQOREM 2.5. The minimum weight d satisfies
(d-1)2 - (d=1) + 1 - ((d-3)-r%) > g (13)
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PROOF. Let
¥ = (]""’ai"";0""’bi"") e
with d](v) = <’d'; ig> and d2(v) = <LQ:%1££> . Then
v]=2%h+2bﬁheR
*
and vll =EbiP1. +ZaiP1.r e R.

Since B 1is a binary algebra and since (v1l) v € R*R we have

kt(ZP,) (14)

where k e GF(2). The substitution map gives k = 1. Counting
different non-zero terms in (14) gives

2

4 (2 + ()% - (4 (V) +dy(v)) +1 3 (35D,

and so

2 2

<?Q:%l:£> + <&Q:%liﬁ> = ld=1} %25 9%1.
This reduces to (13) and the proof is complete.
THEOREM 2.6. If the minimum weight d satisfies
2 -

(d-1)% - (d-1) +1 =g

then d =4 and q = 7.

PROOF. By theorem 2.4 we have (d- 1)2 -(d-1) +1 - st>q, where
s, t>0 and t is odd. This forces s = 0. By theorem 1.3 the
vectors of minimum weight in the code Q are the lines of a projective
plane PG(2,d-2). If L1, N Ld_1 are the lines through 0 then

Li N Lj = {0} if 1 # j.
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Since s = 0, every line Li contains (g%g) non-zero squares and

(Q%g- non-squares. Note that (d- ]>(g%g) . (g%l) and that each

non-zero square is on a unique line L. It follows that

P = (Pi: i=0) acts transitively on L], s wa Ld-]’ and that the

stabilizer of a line is the subgroup generated by Py, where Yy is a

primitive (g%g root of unity in GF(q). Hence there exist non-zero

squares Y., Z; € GF(q), i=1, ..., d -1, with ¥ = 1 such that

1
- J - J ii= ___d-2
Ly = {0y.y"s(-z5)y": 5= 150,557

for i=1,...,(d-1). Since the vector L, (-1) contains 0 we
d-2

have L]T(_]) =.Lm for.some line Lm. If d>8 tﬁen (—5—0 ?_3 and
there exist (y'-1), (v3-1) e LlT(_]) such that (yJ-1) = Yk(y1-1),
for some k # 0. If a = yj -1 = yk+i - Yk then L]T(_1) and

L]T(-Yk) are distinct lines in PG(2,d-2) and 0, o€ L]T(_])rIL]T(_Yk).
This is impossible and we conclude that d = 4. If d =4 then (4)

implies q =7 and the proof is complete.

As a corollary we have the following theorem on cyclic projective

planes.

THEOREM 2.7. Let @ be a cyclic projective plane of order (d-2)
Wwith d-2=2 (mod 8) and with q = (d-2)% + (d-2) +1 a prime.

If 2 1dis a primitive (Q%L) root of unity in GF(q) then

g8 = PG(2,2).

PROOF. We note that q = (d-1)% - (d-1) + 1 and that q = -1 (mod 8).
We may suppose that the points of g8 are labelled with the elements of
GF(q) and that g is invariant under the cyclic permutation (z+z+1).

If L= {e],...,ed_]} is a line in g then L 1is a difference set in
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GF(g). The rows of the incidence matrix of @ span a cyclic code W.

The linear map

- q-1
(ao,...,aq_]) > ay tagx+ + aq_]x

allows us to regard W as an ideal in the polynomial ring

K = GF(2) Clearly we have W = (( Zx%1)) and
3

1

Y aayy

d-1 . d1
(DD x®) =1 ¢ x + 00+ 3]
i=1 i=1

in K. Let o be a primitive qth root of unity in an extension field

of GF(2) and let

o(x) = T (x-a’) and (1 ='1];rD<x-a">.
Since 2 is primitive g%l root of unity in GF(q) the polynomials
go(x) and g](x) are irreducible in GF(2)[x]. Since GF(2)[x] 1is a
unique factorization domain and since

go(¥) 9y (x) =T + x+ «ov 4 41

we have W = (go(x)) or W= <g1(x)). But it is well known that
Q= (go(x)) and Q* = {91(x)). Indeed this is the way the classical
quadratic residue codes are usually defined. The result now follows

easily from theorem 2.6.

This connection between cyclic projective planes and quadratic

residue codes was pointed out by van Tilborg in [18].

3. THE CASE s =0

In view of theorems 2.4 and 2.5 the possible values of the
parameters s, t, and r are of interest. We have seen that s is

divisible by 4 and that t, r are both odd. When s = 0, theorem 2.4
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gives the same bound on the minimum weight as theorem 1.2. In this

section we consider a consequence of the condition s = 0.

*
For every vector v e Q we definea dxd matrix D(v) with
all entries + 1. We use the elements of v to index the rows and

columns of D(v).

where

1, if j -1 =0

-1, otherwise

Notice that D(v) 1is a principal submatrix of the Paley-Hadamard

matrix P(gq) that is defined in section 1.

THEOREM 3.1. If s = 0' then for every v € Q* we have

D(v) D(v)T = D(v

PROOF. Let di be the row of D(v) indexed by i. Since s = 0,

* - -
every vector x € @ contains (QEQ) non-zero squares and (952)

*
non-squares. If iev and i#« then vI_ e Q . The row d,

must have d/2 entries 1 and d/2 entries (-1), and so

&
d,d_ = 0.
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*
Let xeQ , let B e x be a non-zero square and set

k]=]{aex:a=D and o -g =0},
ky = [{aex:a=0 and a-p#0} .
k3=l{aex a#0 and o -8 =0},
and ky = |[{eex:afO and o - #0} .
Since x e Q* we have
k +ky = (58 -1 and kg + K, = (D) (16)
Since xT_B e we have
_ (42 | (d=2
ky * kg = ( 5 ) and ky + Ky = ( 5 ) -1 (17)
Since xt e Q* and since -1/8 € xt we have XTT]/B € Q*.
Hence
d-2 _ ; =
(—2—)-1-l{aex.a#O,mand-l/a+1/B-D}]
= [{oex:af0, »and £2 = (18)
and (g%g) = |{cex:a#0,=and -1/a +1/g # O}
= |[{uex:at0, =and 2B 40|, (19)
From (18) we have
= (4-2
ky + kg = ( 5 ) -1 (20)
and from (19) we have
_ (42
ky + Ky = ( 5 ). (21)
Together (16), (17), (20) and (21) imply
=k = = (44 = (4R
k] = k2 = k4 = ( 7 ) and Ky ( 7 ) + 1. (22)

Let di’ dj(i,jfm), be two distinct rows of D(v). Without loss we

may suppose i - j =[0O. We have

(vT_i) T( = vT

i-5) T Vg
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If oevl_, then a=k-1i forsome kev and if o e VT_j then

a’ = k! -j for some k’/ e v. If we set x = vT_i and B =j - i

then (22) implies
T

didj =1 .1+ Hinjj + HiiHji + k.l ¥ k4
"k2‘k3
= 0.
This proves D(v) D(v)T = dI and since L -H we also have

p(v)T D(v) = dI.

EXAMPLE. There are 620 codewords of minimum weight 8 in code C(31).
Since the group PSL2(31) acts 3-homogeneously on GF(31) U {=} the
codewords of weight 8 are the blocks of a 3-design. The seven codewords
of weight 8 that contain «, 0 and 1 are listed below. The semi-

colon separates non-zero squares from non-squares

Vi ® fes 1, 9, 283 0, 6; 26, 27}
V2 = {“; ]’ 5, ]4; ’ 6, ]]9 30}
Vg =f{= 1, 16, 19; 0, 3, 6, 23]
Vg == 1, 2, T 12, 15}

Vg = {= 1, 9, 18;
V6 = {m, ], 7, 20;
= {Qa ]: Ss 25;

, 11, 15, 23]
, 3, 11, 27
, 15, 3, 13]

o o o o o o o
-
o
-

Now

Q" = {v;P; ke GF(31, k=0, and 1 = 1,...,7]

and we conclude that s = 0.
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The matrix

« 1 9 25 0 6 26 27

o111 1 1 1 1 1 1]

111 1 -1 -1 1 1 A

gf1l <1 1 -1 1 -1 1

251111 -1 <1 -1 a1 1 1

D(v;) = 0]1[1 1 1 -1 -1 -1 -
611 -1 1 1 a1 1 4

26111 1 -1 1 -1 -1 7

27711 a1 a1 1 1 A A

is an 8 x 8 Hadamard matrix. If
W, = [y, 2, 8 75 35 15; 17, 27},

W, = {o, 4, 5, 7, 9, 19; 17, 29},
Wy = {e, 1s 25 75 By 163 3, 13];
4

Wy = {= 2, 4, 8, 9, 145 3, 17}

then a similar argument shows that

Q= {wP : ke GF(31), k = O, and i =1,2,3,4].

We conclude that t =3 and r =1.

Chapter 5 is joint work with David B. Wales. The results presented
here will be submitted to the SIAM Journal on Algebraic and Discrete

Methods.
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