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ABSTRACT 

The present investigation concerns quadratic residue codes, quasi­

cyclic binary codes and syrrmetry codes. We show how to regard such a 

code as an ideal in an algebra generated by a group of autoroorphisms of 

the code. We then use the algebra to establish a square-root bound on 

the minimum weight of the code. 

We begin by proving that any linear code may be regarded as an 

ideal in a suitable polynomial ring. 

In chapter 2 we present the extended quadratic residue codes of 

1 ength ( q + 1), where q is an odd prime power. We construct these 

codes in an elementary way from representations of the special linear 

group, SL2( q). 

We then establish a square root bound on the minimum weight in the 

quasi-cyclic binary codes constructed by V. K. Bhargava, S. E. Tavares, 

and S.G.S. Shiva. The bound is tight and is achieved only by the 

[8,4,4] Hanming code. This result answers a question raised by 

F. J. MacWilliams and N.J.A. Sloane in 'The Theory of Error-Correcting 

Codes'. The proof rests on viewing these binary codes as ideals in a 

group algebra over GF(4). 

In chapter 4 we extend the construction for syrrmetry codes given 

by V. Pless to fields other than GF(3). Given an odd prime power q, 

and a finite field F of odd characteristic containing Fa., we 

construct a [2q+2,q+l] symmetry code over F. We establish a square 

root bound on the minimum weight in this enlarged family of symmetry 

codes. When q = -1 (rood 4) this bound is tight ahd is achieved by an 

[8,4,4] code over GF(7). 
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Finally let q = -1 (mod 8) be an odd prime power and let C(q) 

* and C(q) be the two extended binary quadratic residue codes of length 

* (q+ 1 ). We show how to regard C(q) and C(q) as one-sided ideals in 

a binary group algebra and that the appropriate product is a 2-dimen­

sional ideal. This allows us to prove that if d is the minimum 

weight in C{q) then (d-1) 2 - (d-1) + l - st> q where s, t are 

non-negative integers with s = 0 (mod 4), and t odd. The integers 

s and t depend on the way the non-zero entries of a codeword of 

minimum weight are distributed among the coordinate positions. We prove 

that ( d- 1 )2 - ( d - 1) + 1 = q only if q = 7 and d = 4. When s = 0 

we establish a correspondence between codewords of minimum weight d 

in C{q) and d x d Hadamard submatrices of the {q+ l) x {q+ 1) 

Paley-Hadamard matrix. 



Acknowledgements. 

Abstract. . . 

Introduction .. 

V 

CONTENTS 

Chapter 1. Linear codes as ideals in polynomial rings. 

Chapter 2. Quadratic residue codes ....... . 

2. A square root bound on the minimum weight. 

Chapter 3. Quasi-cyclic binary codes ...... . 

2. A square root bound on the minimum we·ight. 

Chapter 4. Sy1T111etry codes .............. . 

2. A square root bound on the minimum weight .. 

Chapter 5. Multiplying vectors in binary quadratic residue 

co des . . . . . . . . . . . . . . . . . . . . . 

2. A stronger fom of the square root bound . 

3. The cases= 0 ............ . 

References. . . . . . . . . . . . . . . . . . . . . . . . . . . . 

ii 

iii 

1 

4 

9 

19 

24 

26 

38 

43 

50 

55 

64 

69 



INTRODUCTION 

In coding theory we consider a set F of q distinct symbols 

which is called the alphabet. In practice q is generally 2 and 

F = [0,1]. In roost of the theory q is a prime power and F = GF{q). 

We then form the set of all possible n-tuples of elements of F. If 

F is a field then we denote this set by Vn(F) (or by Vn{q) if 

F = GF{q)) and interpret it as an n-dimensional vector space over F. 

We shall denote the zero vector by Q and the all-one vector by l• 

Given x, ye Vn{F) we define the distance d(x,y) between x 

and y to be the number of coordinate positions in which x and y 

differ. This is a natural distance function to use since we shall be 

interested in the number of errors in a word that is spelled incor­

rectly. Given x e Vn(F) we define the weight wt(x) of x to be the 

number of non-zero entries, i.e., wt(x) = d(x,Q). For r > 0 and for 

x e Vn(F) we define the sphere of radius r with center at x by 

B ( X) . = [ y e V ( F) : d ( X ,y) < r} . r n -

Consider a subset C of Vn ( F) with the property that the 

distance between any two distinct vectors in C is at least (2e+ l). 

If we take any vector x in C and change t coordinates, where 

t ~ e (i.e., we make terrors) then the resulting vector still 

resembles x more than any of the other vectors in C. That is it has 

a smaller distance to x than to any other vector in C. If we know 

C we can correct the t errors. 

The purpose of coding theory is to study such e-error-correcting 

codes. An e-error-correcting code C in Vn(F) is said to be perfect 
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if 
· U B ( X) = vn ( F) . 
xeC e 

In this case the spheres of radius e about the codewords are disjoint 

and they exhaust Vn(F). 

A linear [n,k] code over F is a k-dimensional subspace of 

Vn(F). The error-correcting capacity of a code is detennined by the 

minimum distance between all pairs of distinct codewords. For an 

arbitrary code consisting of K codewords there are (~) comparisons 

to make to find this minimum distance. For a linear code C we have 

the following advantage. If x, ye C then x - ye C and 

d(x,y) = d(x-y,Q_) = wt(x-y). Thus the minimum distance is equal to 

the minimum weight among all non-zero codewords. An [n,k,d] code is 

a linear code for which d is the minimum weight among all non-zero 

codewords. In the present investigation we shall only be concerned 

with linear codes. 

A monomial matrix is the product of a diagonal matrix with a 

pennutation matrix. The error-correcting properties of a code depend 

on the minimum weight and this is unaltered by a roonomial transfonnation 

of the underlying vector space. We say that two [n,k] codes C and 

D are isomorphic if there exists an n x n monomial matrix M such 

that CM= D. An autoroorphism of an [n,k] code C is an n x n 

monomial matrix M such that CM= C. The autoroorphisms of C fonn 

a group which we shall denote by Aut(C). 

In chapter 2 we construct quadratic residue codes of length q 

where q is an odd prime power. Two merrbers of this family of linear 

codes are particularly interesting. The first is the binary Golay 
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[23,12,7] code and the second is the ternary Golay [11,6,5] code. The 

codes were discovered by M.J.E. Golay [5 ], an electrical engineer . The 

binary code is a perfect 3-error-correcting code and the ternary code is 

a perfect 2-error-correcting code. The automorphism group of each code 

involves a sporadic simple group . The automorphism group of the binary 

code is isomorphic to the Mathieu group M23 , and if G is the auto­

morphism group of the ternary code then G/(±I} is isomorphic to the 

Mathieu group t-, 1. 

Many codes with good error-correcting properties are also invariant 

under large automorphism groups. In this thesis we consider three 

infinite families of linear codes. Each code is invariant under a large 

automorphism group and we use the synmetries of the code to establish 

lower bounds on the minimum weight. 
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CHAPTER 1. LINEAR CODES AS IDEALS IN POLYNOMIAL RINGS 

We begin by proving that any linear code may be regarded as an 

ideal in a suitable polynomial ring. 

THEOREM 1. Let F be a field, let 6 = (e1 , ... ,en} be the standard 

basis for Vn(F), and let C beak-dimensional subspace of 

Vn(F). 

Let f(x), g(x) e F[x] be polynomials with deg f(x) = n - k and 

deg g(x) = k, and let h(x) = f(x) g(x). 

Then there exist polynomi~ls ;s(x) e F[x], s = 1, ... , n, each 

of degree .:5 n - 1 such that the maps 

es -+- ;s ( x) s = 1 , ... , n 

extend linearly to a vector space isomorphism ; between Vn(F) and 
F[x] the F-algebra R = /(h(x))· Under this isomorphism ; the code C 

corresponds to the principal ideal generated by f(x). 

PROOF. We may suppose that Ci Vn(F) so that for some i, e. ,! C. , 
For convenience we assume i = 1. Let c1, ... , ck be a basis for the 

code C and extend this to a basis e' = (b1 , ... ,bn-k'cl , ... ,ck} of 

Vn(F), where b1 = e1. We may suppose that f(x) and g(x) are both 

manic and we set 

and 

f(x) 

g(x) 

= xn-k _ f xn-k-1 
n-k-1 

k k-1 = x - gk_1x 

The matrix M' given below determines a linear transformation T with 

respect to the basis a' 
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bl a, \ 

' ' 0 
b2 ' ' ' ' ' '\. 

' ' a 
' ' '\. 

' ' ' ' ' '\. ' '\. 

' ' 0 ' ,'1 
M' = 

' ' b n-k f O fl f f ' n-k-2 n-k-1 
'1 

' 0 '1 cl ' '\. 
'\. ' 0 ' ' ' ' 'o ' 1 

ck 9<)9, 9k-2 9k- l 

The principal submatrix in the upper left-hand corner is the 

companion matrix of f(x) and the principal submatrix in the lower 

right-hand corner is the companion matrix of g(x). The characteristic 

polynomial of M' is h(x) = f(x) g(x). 

We have 

bl Tj = bj+l j = 0, 1 , ... , n-k-1 , 

bl f(T) = cl , ( 1 ) 

and bl f(T) Tj = cj+ 1 , j = 0, 1 , ... , k-1 , 
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and so the vectors 

Therefore 

b1 Tj , j = 0, l , ... , n - l , a re a eye l i c basis far 

M' is non-derogatory and the minimum polynomial of 

h(x). The polynomial 

degree such that b1h(T) = 0. 

h(x) is the manic polynomial of smallest 

We now define polynomials ~s(x), s = l, ... , n, each of degree 

< ( n - 1 ) , by setting 

(2) 

Note that ~1(x) = l. The polynomials ~s(x), s = 1, ... , n are 

linearly independent and the linear map ~ : Vn(F) + R determined by 

is bijective. An appeal to (1) reveals that the linear map ~ 

identifies the code C with the principal ideal (f(x)) in R. 

EXAMPLE 1. Take F = GF(2) and take C to be the [5,2] binary code 

spanned by the vectors c1 = (11001) and c2 = (01110). Choose 

f(x) = x3 + x + 1 and g(x) = x2 + x + 1. Then 

• 5 4 h(x) = f(x) g(x) = x + x + 1. 

If bl = (10000), b2 = (01000), and b3 = (00100) then 

a' = [b1 ,b2 ,b3 ,c1 ,c2J is a basis for v5( 2). The matrix 

bl bz b3 cl c2 

bl O l O O 0 

bz O O l 

M' = b3 l l 0 

cl O O 0 

Cz O O 0 

0 0 

l 0 

0 l 

l l 
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determines a linear transformation T with respect to the basis a'. 

We have 

bl = e l ; e1 + l 

bl T = e2 ~ e2 + X 

2 bl T = e3 ; e3 + X 
2 

b T3 = e5 ~ 
3 

1 e5 + X 

b T4 = e4 ~ 
4 

l e4 + X 

Thus 

~( c,) = ~(e1 + e2 + e5) = l + X + x3 

;(c2} = ~(e2 + e3 + e4) = X + x2 + x4 

and ~( c1 + c2} = 1 + x2 + x3 + x4 . 

The map ; identifies the code C with the principal ideal 
3 F(x] 

(1 + x + x) in /(x5+x4+l)· 

REMARKS. (1) An [n,k] code C over a finite field F is called 

cyclic if (c0,c1 , ... ,cn-l) e C implies (cn.:.l ,c0, ... ,cn_2) e C. 

The map 
X + ... + a xn-1 

n-1 

is a vector space isoroorphism between Vn(F) and the polynomial ring 
F[x] 

R = /((xn_1 ))' Notice that multiplication by x in R 

corresponds to the cycle shift 

(aO,al , ••• ,an_,)+ (an_,,ao,···,an-2) 

in Vn(F). It follows that the code C corresponds to an ideal in R. 

This ideal is principal and is generated by a polynomial g(x) that 

divides (xn-1). 
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The linear map ~l is weight preserving; the weight wt(v) of a 

vector v e Vn(F) is equal to the number of non-zero coefficients of 

~l (v). However the linear map ~ of theorem l need not respect 

weights in this way. 

(2) We may choose the polynomial f(x) of theorem l to have 

(n- k) distinct zeros a1, ... , an-k in some extension field K of 

F. Let H be the n x (n- k) matrix with entries 

(H) . . = ~-(a.) , J , J i=l, ... ,n; j=l, . . . , n - k . 

where the polynomials ~i(x) are defined in (2). If a e Vn{F) then 

a e C if and only if f(x)J~(a). Now 

and so 

The matrix H is called a parity aheak matrix for C. 

EXAMPLE 2. We return to the code C of example l. The zeros of 

f(x) = x3 + x + l are ·a, a2, a4 e GF(8). The matrix 

l l l 
2 4 

Ct Ct Ct 

H = 2 4 
Ct Ct Ct 

4 2 
Ct Ct Ct 

3 6 5 
Ct a a 

is a parity check matrix for C. 

Chapter 1 is joint work with Mrs. F. J. MacWilliams. The results 

presented here appear as a Bell Laboratories Technical Memorandum. 
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CHAPTER 2. QUADRATIC RESIDUE CODES 

We shall present the extended quadratic residue codes of length 

q + l, where q is an odd prime power. When q is prime these codes 

become the classical quadratic residue codes. Examples include the 

ternary [12,6,6] Golay code and the binary [24,12,8] Golay code. The 

original construction is due to H. N. Ward [19]. We shall construct the 

codes in an elementary way from representations of the special 1 inear 

group, SL 2(q). A different elementary construction is given by 

J. H. van Lint and F. J. MacWilliams in [8]. 

Let G be the group generated by the roonomial matrices given 

as (1), (2) and (3) below. The rows and columns of each matrix are 

indexed by the elements of the projective line GF(q) u [~}. If 

j e GF(q) then we shall write j = 0, j = □, or j f □, according 

as j is zero, j is a non-zero square, or j is a non-square 

respectively. We adopt the standard conventions about operations 

involving ~. 

( l ) 

(z-+-z+i) 

( 2) 

(z-+- iz) 

T.' , i e GF( q); the matrix corresponding to the permutation 

P., i= □; , the matrix corresponding to the permutation 

and (3) a matrix -r corresponding to the permutation (z-+- -1/z) 

given by 
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e:, if j = 0 and i = a) 

1 , if j = a) and i = 0 

(-r) .. = 1 , if j = -1 /i and i = D 
lJ 

-1 ' if j = -1/i and i f □ 

0, otherwise 

tl 
where e: = ( -1 ) 2 . 

If q = 1 (mod 4) then T has the form 

squares non-squares 
m O -1/i -1/k 

00 - 1 -0 0 0 
a 1 0 

squares i 
0 1 0 

0 a 
non-squares k -1 

..... -
and if q = -1 (mod 4) then T has the form 

squares non-squares 
00 0 -1/k -1/i - -

00 0 -1 a 0 
1 0 

squares i 1 
0 0 

non-squares k -1 
0 0 - -
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EXAMPLES. When q = 5, 

0 1 2 3 4 

CX> 0 1 0 0 0 0 

0 1 0 0 0 0 0 
t----+--------4 

10 0 0 0 0 1 

T = 2 0 0 0 -1 0 0 

and when q = 7, 

T = 

3 0 0 0 0 -1 0 

4 0 0 1 0 0 0 

oo O 1 2 3 4 5 6 

oo O -1 0 0 0 0 0 0 

0 1 0 

1 0 0 

2 0 0 

3 0 0 

0 0 

0 0 

0 0 

0 -1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

4 0 0 0 0 0 0 1 0 

5 0 0 0 0 0 -1 0 0 

6 0 0 -1 0 0 0 0 0 

If q = 1 (mod 4) then· G affords a representation of L2(q). If 

q=-1 (mod4) then G affords a representation of SL2(q). The 

subgroup 

H = r ~ :-] : a, d e GF( q) , a f O} 

of SL2(q) is the stabilizer of a one-dimensional subspace. The 

representations are induced from the linear representation of H 

with a kernel of index 2. 



We define 
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0 
= [:J=q, if q = -1 (mod 4) 

Jq , i f q = 1 ( mod 4 ) 

The extended quadratic residue code C(q) over t is the subspace of 

Vq+l([) spanned by the rows of the matrix M(q) given below. The 

rows and columns of M(q) are indexed by the elements of the projective 

line GF(q) U (a:,}. 

a:, GF( q) 

a>ol ...... 1 

M( q) = GF( q) W + oI 

e: 

where 

0, if j = i 

( W) .. 
lJ 1 ' if j - i = □ 

1 , if j - i 'f □-

EXAMPLES . The code C( 5) over £ is the row space of the matrix. 

Cl) 0 1 2 3 4 

Cl) 5 1 1 1 1 1 

0 1 Js 1 -1 -1 1 

1 1 1 j5 1 -1 -1 

2 1 -1 1 Js 1 -1 
3 1 -1 -1 1 j5 1 

4 1 1 -1 -1 1 j§_ 
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and the code C{7) over t is the row space of the matrix 

00 0 l 2 3 4 5 6 

l l l l l l l 

0 -1 l l -1 l -1 -1 

l -1 -1 j7f l l -1 l -1 

2 -1 -1 _, Fi l l -1 l 
M(7) = 

3 -1 l -1 -1 J-7 1 1 -1 

4 -1 -1 1 -1 -1 J-f 1 1 

5 -1 1 -1 1 -1 -1 Ff 1 

6 -1 1 1 -1 1 -1 -1 

Let n be a fixed non-square. We use the elements of the projective line 

GF{q) u (00) to index the rows and columns of a matrix A and we set 

-1, if i: j: 00 

( >-.) . . = l , if i f 00 and j = n i 
lJ 

0, otherwise 

* Wedefine C(q) =C{q)A. When q=-l(mod4) wechoose n=(-1). 

* EXAMPLE. Choosing n = 2 we see that the code C(5) is the row space 

of the matrix 

00 0 l 2 3 4 

l l l l l 

0 -1 ./5 -1 l l -1 

l -1 l -1 Js -1 l 

2 -1 -1 l l -1 ./5 
3 -1 -1 ./5 -1 l l 

4 -1 l l -1 ,/5 -1 
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THEOREM 1 .1. The codes C(q) * and C(q) are invariant under the group 

G and are interchanged by >... 

If q = -1 ( mod 4 ) th en C ( q ) and * C(q) are both self-dual and 

* if q = 1 (mod 4) then C(q) = C(q)J.. 

* Figure l provides a sulTITlary of properties of C(q) and C(q) . 

C ( q) C(q) * 

C(q) n C(q)* = [Q} 

Figure l. 

PROOF. If m. is the row of M(q) indexed by i then 
1 

( l ) m.T. 
1 J = mi+j, ·for j e GF(q), 

( 2) m.P. 
1 J 

= m .. , 
lJ 

for j = □, 

e:mo, if i = c:o 

m , if i = 0 
c:o 

and ( 3) m, T = 
1 if i = D m-1/i' 

-m -l / i, if i f □ 

Thus C(q) is invariant under G. Another calculation gives 
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(5) A-l PiA = Pi' 

and (6) A_, TA= -T(Pn2). 

* We conclude that A-lGA S: (G,-I). Since the code C(q) is invariant 
-1 2 under A GA, it is invariant under G. Since A = Pn2 and since 

Pn2 is an automorphism of C(q) the matrix A interchanges C(q) 

* and C(q) . 

If q = 1 (rood 4) then m
0

/ .L mi for all i e GF(q) U [a:iJ. If 

M is a monomial matrix with each non-zero entry ± 1 then multiplica­

tion by M preserves the dot product. Thus (m A) M .L C(q) M for all 
a:, 

* Me G and it follows that C(q) .L C(q) . A similar argument proves 

* that C(q) and C(q) are both self-orthogonal when q = -1 (mod 4). 

Since A is non-singular, dim C(q) = dim C(q)* ~ g~l. Since G acts 

transitively on the coordinate positions and since m - m A is a 
a:, a:, 

* vector of weight 1, we have C(q) + C(q) = Vq+l (a:). The forces 

* * .9±1 C(q) n C(q) = [Q} and dim C(q) = dim C(q) = 2 . 

REMARKS. Direct calculation reveals that C(q) and C{q) * are both 

i nva ri ant under the matrix p corresponding to the permutation 

(z+zP), where q = pn and p is prime. Let q = (G,p). 

If e:q is a square in GF( s) and if s i iJ., p(J. then we may 

regard each vector mi as a vector in Vq+l(s). The extended quadratic 

residue code C{q) over GF(s) is defined to be the GF(s) span of 

* the vectors mi, where i e GF(q) u [a:iJ . The code C(q) over GF(s) 

is then the GF(s) span of the vectors mi A' where i e GF(q) u [a:iJ. 

Since e:q is a square in GF(s 2) we may always define extended 

quadratic residue codes C(q) and C(q)* over GF(s 2). Every matrix 

in q has all non-zero entries ± l and may be viewed over any finite 
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fie 1 d. The same arguments that we used to prove Theorem 1 .1 apply and 

all the conclusions of that theorem remain valid. 

EXAMPLE. Since 11 == - 1 ( mod 4) and since - 11 = ( 1 ) 2 ( mod 3 ) the 

ternary code C(ll) is well defined. This code is the [12,6,6] 

ternary Golay code and it is the row space of the matrix given below 

CD 0 1 2 3 4 5 6 7 8 9 10 
CD 1 1 1 1 1 1 1 1 1 1 1 1 
0 -1 1 1 -1 1 1 l -1 -1 -1 1 -1 

1 -1 -1 1 1 -1 1 l 1 -1 -1 -1 1 
2 -1 1 -1 1 1 -1 1 1 l -1 -1 -1 
3 -1 -1 1 -1 1 1 -1 1 1 1 -1 -1 
4 -1 -1 -1 1 -1 1 1 -1 1 1 1 -1 
5 -1 -1 -1 -1 1 -1 1 1 -1 1 1 1 
6 -1 1 -1 -1 -1 1 -1 1 1 -1 1 1 
7 -1 1 1 -1 -1 -1 1 -1 1 1 -1 1 
8 -1 1 1 1 -1 -1 -1 1 -1 1 1 -1 
9 -1 -1 1 1 1 -1 -1 -1 1 -1 1 1 

10 -1 1 -1 1 1 1 -1 -1 -1 1 -1 1 

Viewing the vectors mi as vectors in Vq+l(2a) gives m; = l 
m .±ffi. 

for all i e GF(q) u (cc]. However the vectors 1
2 

J, i, j e GF{q) U (cc}, 

span C(q) over t, andthe ZZ-span of these vectors is invar:-iant under 

q. The only entries that are not rational integers are ¥ and either 

negatives and 1f are the roots of 

If q == ± 1 { mod 8) 

we take ( -l ) +o = 1 , 
2 

2 1 o2 
f( z) = z - z + { i-) . 

then f(z) = z(z-1) (mod 2). Working over GF(2) 
m. + m 

l+o 0 d , d , 1 co - 2- = , an we set mcc = m
00

, an m; = 2 

for i e GF(q). The extended binary quadratic residue code C(q) is 
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defined to be the row space of the matrix 

0:)[ m'] 
GF( q) m~ 

The vector m' = l 
C0 

and if i e GF(q) then 

tl if j = C0 2 ' 
( m'.) . = l ' if j - i 

1 J 

0, otherwise 

=o 

Working over GF(2) the matrix A is a pennutation matrix. The binary 

* code C(q) is defined to be the GF(2) span of the vectors m;A, 

where i e GF{q) u [CD}. Working over GF(2) the group G is a group 

* of pennutation matrices. The codes C(q) and C(q) remain invariant 

under G and the orthogonality properties of C(q) and C( q) * al so 

* remain unchanged. We have C( q) n C( q) = [Q_,lJ and 

C(q) + C(q) * = [w : w • l = OJ . 

EXAMPLES. The binary code C(7) is the row space of the matrix 

C0 0 l 2 3 4 5 6 
C0 l l l l l l l l 

0 l 0 l l 0 l 0 0 

l l 0 0 l l 0 l 0 

2 l 0 0 0 l l 0 l 

3 l l 0 0 0 1 l 0 

4 l 0 l 0 0 0 l l 

5 l l 0 l 0 0 0 l 

6 l l l 0 l 0 0 0 -
This is the [8,4,4] Hamming code. 
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If x is a root of the polynomial 

2 z +z-1=0 

then GF(9) = GF(3)(x). 

We have 

x1 = x 

x3 = -(1 +x) 

5 
X = -X 

x7 
= 1 + X 

2 
X = l - X 

4 
X = -1 

6 
X = -1 + X 

x8 = l 

The binary code C( 9) is the row space of the matrix. 

co 0 1 (-1) X {l +x) { x-1) { -x) (1-x) -{l+x) 
co l 1 l l l l 1 1 l 1 
0 0 0 l 1 0 0 1 0 l 0 
1 0 1 0 1 1 0 0 0 0 1 

-1 0 l 1 0 0 1 0 1 0 0 

X 0 0 1 0 0 1 1 0 0 1 
1 +x 0 0 0 1 1 0 1 1 0 0 
x-1 0 1 0 0 1 1 0 0 1 0 

-x 0 0 o· 1 0 1 0 0 1 1 
1-x 0 1 0 0 0 0 1 1 0 1 

-{l +x) 0 0 1 0 1 0 0 1 1 0 

This code is a [10,5,4] code. 

If q -1. ±1 {mod 8) then 

f{z) = z2 + z + 1 {mod 2) 

and so f{z) splits in GF{4) and in any field GF(22a). Let 

we GF(4) be a primitive cube root of unity and set 1; 0 = w, and 
m +m. co , 

2 for i e GF{q). The 
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extended quadratic residue code C(q) over GF(4) is defined to be 

the row space of the matrix 

=[ m'] 
GF(q) m; 

The vector m' = 1 
a:) 

and if i e GF(q) then 

£ if j w , = a:) 

(rrr.). w, if j = i ( 1 ) = 
l J 1 , if j - i = □ 

0, other.'lise 

Working within GF(4) the matrix A is a pennutation matrix. The code 

* C(q) over GF(4) is defined to be the GF(4) span of the vectors 

~A, where i e GF(q) u [=J. Working within GF(4) the group q is 

a group of pennutation matrices. Again the codes C(q) and C(q) * 

remain invariant under q and the orthogonality properties of C(q) 
* * and C(q) are not changed. We also have C(q) n C(q) = (l}, and 

* C( q) + C( q) = [w : w • l =OJ. 

EXAMPLE. The code C( 3) over GF(4) is the row space of the matrix 

a:) 0 1 2 
a:) 1 1 1 1 

0 2 1 0 w w 

1 2 0 1 w w 

2 2 1 0 w w 

2. A SQUARE ROOT BOUND ON THE MINIMUM WEIGHT. 

Let F be a field and suppose that the extended quadratic residue 

* * codes C(q) and C(q) are defined over F. Let Q and Q be the 

* subspaces of Vq(F) obtained from C(q) and C(q) respectively 
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by taking each codeword and deleting the entry indexed by m. The 

matrix A and the matrices Ti, i e GF{q) fix the coordinate position 

* indexed by m. The two codes Q and Q are invariant under the group 

T = (Ti: i e GF{q)) and have the properties described in Figure 2. 

V (F) = Q + Q q 
* 

Q * n+l dim Q, Q = 2 

* QnQ =<l) 

Figure 2. 

The map 

is a vector space isomorphism between Vq(F) and the group algebra A 

over F with basis the matrices in T. Since 

(6 c. T.) T. = 6 c. T ·+. 
l l J l l J 

* the map y is an A-module hoioomorphism and we may regard Q and Q 

as ideals in the corranutative algebra A. Since the matrices Ti are 

linearly independent in A the map 

(6 c.T .) + (6 c.) 
l l 1 

from A to F is well defined. This substitution map is a ring 

homomorphism. 
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THEOREM 2.1. If d is the minimum weight in C(q) then 

(1) 2 (d-1) ~q 

and (2) if q = -1 (rrod 4) then 

(d-1) 2 - (d-1) + 1 > q. 

PROOF. Since G acts transitively on the coordinate positions there 

exists 
v = (a=, ... ,ai, ... ) e C(q) 

with a = 1 and wt(v) = d. Since v is orthogonal to (o,1, ... 1) 
Q) 

or to (-o,1, ... ,1) we have I; ai = ±o. Now 
ieGF(q) 

* v1 = (I; ai Ti) e Q and v1 A = (I; ai T ni) e Q • 

The product v1(v1A) e QQ* and since QQ* s Q n q* we have 

v1(v1A) = (r; a.T.)(I; a.T .) = k(i: T.) 1 , , n, , 

where k e F. The substitution map gives 

( 2) 

The number of different ·non-zero terms on the left-hand side of (2) is 

at rrost (d- 1 )2. This proves (1). 

When q= -1 (mod4), we have n = -1, and (2) becomes 

( 3) 

The number of different non-zero tenns on the left-hand side of (3) is 

at roost (d-1) 2 - (d-1) + 1. This proves (2). 

REMARKS. A different proof of theorem 2.1 is given by J. H. van Lint 

and F. J. MacWilliams in [8]. Equality holds in (1) for the binary 

code C(9) and equality holds in (2) for the binary Hamming code C(7). 
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In [19] H. N. Ward proves that whatever the field F, the minimum 

weight in the code C(q2) over F is always q + 1. 

H.C.A. van Tilborg [18] generalized theorem 1 .2 as follows 

THEOREM 2.2. Suppose q = -1 (mod 8) is prime. Let d be the minimum 

weight in the binary code C(q). Then 

(a) If ( d - 1) 2 - ( d - 1 ) + 1 > q then ( d - 1) 2 - ( d - 1 ) + 1 > q + 12 

and ( b) If ( d - 1) 2 - ( d - 1 ) + l = q then d = 8t + 4- and q = 64 t 2 + 4Ot + 7 

for some t. Furthenrore there exists a projective plane of order 

( d - 2) . 

Part (a) of theorem 2.2 also holds when q is a prime power. The 

proof rests on analysis of (3) and is essentially the same as that given 

in [18]. InchapterSweshall prove that (d-1) 2-(d-l)+l=q only 

if q = 7 and d = 4. Theorem 2.3 is an intermediate result. It is a 

special case of a theorem of E. F. Assmus, Jr., H. F. Mattson, Jr., 

and H. E. Sachar [ l ]. 

THEOREM 2.3. Let q = -1 (mod 8) be an odd prime power. Suppose the 

minimum weight d in the binary code C(q) satisfies 

2 (d-1) -(d-l)+l=q. 

Then the vectors of minimum weight (d-1) in Q are the lines of a 

projective plane of order ( d - 2). 

PROOF. We identify a vector v e Vq(2) with the set of field elements 

that index the non-zero entries of v. Equation (3) reveals that the 

vector v1 e Q is a difference set in the elementary abelian group 

GF(q). The corresponding symmetfic block design is the projective plane 

PG(2,d- 2). The lines of this projective plane are the vectors 
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v1Tj, j e GF(q). 

Let we Q be a vector of minimum weight (d- 1). Since the code 

C(q) is self-orthogonal the vector w meets every line in an odd 

number of points. There is a line v1 Tk that meets w in at least 

3 points. If there is a point P of v1 Tk not on w then every other 

line through P also meets w. But this forces wt(w) ~ (d- 2) + 3 

contradicting the choice of w. We conclude that w = v1 Tk as 

required. 
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CHAPTER 3. QUASI-CYCLIC BINARY CODES. 

We establish a square root bound on the minimum weight in the 

quasi-cyclic binary codes constructed by V. K. Bhargava, S. E. Tavares, 

and S.G.S. Shiva [2]. The proof rests on viewing the codes as ideals in 

a group algebra over GF(4). Theorem 2.6 answers a question raised by 

F. J. MacWilliams and N.J.A. Sloane in "The Theory of Error-Correcting 

Codes 11 [10]. Theorems 2.3, 2.4 and 2.5 provide information about the 

way the non-zero entries of a codeword of minimum weight are distributed 

among the coordinate positions. 

Let q = 3 (mod 8) be an odd prime power. The quasi-cyclic binary 

code C{q) is that subspace of v2q+2(2) spanned by the rows of the 

matrix M(q) given below. The rows of M{q) are indexed by the 

elements of the projective line GF{q) u [=}. The columns are indexed 

by two copies of the projective line distinguished by the letters 

;, and r. 

GF{q) 

-
CIO O O , , 

0 1 

M( q) = GF( q) i 

l -
where 

{, ' 
if j - i 

( s) .. = 
1J 

0, otherwise 

0 1 1 . 

0 

0 

= □ or if 

GF(q) 
r. 

1 -. . 1 

s 

-

j = i 

( 1) 
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EXAMPLE. The code C(3) is the row space of the matrix 

,t 
Cl) .ta .t, ,t(-1) rCI) ro r, r ( -1 ) 

Cl) 0 0 0 0 1 1 1 1 

0 1 1 0 0 0 1 1 0 

M(3) = 1 1 0 1 0 0 0 1 1 

(-1) 1 0 0 1 0 1 0 1 -
The code C(3) is the [8,4,4] HaITTTiing code. In general if q is prime 

then S is a circulant matrix. 

We always have dim C{q) = q + 1 and since 

= I + J ( mod 2), 

it follows that C(q) is self-dual. Note that every row of the matrix 

M{q) has weight divisible by 4. Since C(q) is self-orthogonal it 

follows by induction that any sum of the rows of M{q) has weight 

divisible by 4. Thus all weights in C(q) are divisible by 4. 

It is straightforward to prove that the autoroorphism group 

Aut(C(q)) contains 

(i) a pennutation 

••••• (,t.r .) ••••• 1 _, 

which interchanges the .t and r coordinates in (1), 

and (ii) the permutations in Pfl(2,q) applied simultaneously to 

the .t and r coordinates in (1 ). 
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Recall that the group PrL(2,q) consists of all pennutations of 

GF(q) u (a,J that have the fonn (z+az:+b),with a,b,c,d,e GF(q), 
CZ +d 

ad - be a non-zero square and cr an automorphism of GF(q) . Let 

Ti = ( z -+ z + i ) for i e GF ( q) . 

2. A SQUARE ROOT BOUND ON THE MINIMUM WEIGHT. 

Let 

be a vector in 

and 

C(q). Let 

ct1 ( v) = I ( i e GF( q) 

ct2(v) = l(i e GF{q) 

: ai r OJ I , 
bi , oJ 1 . 

Since C( q) is self-orthogonal and since (l_;Q) and (Q.;l) are 

vectors in C(q) we have 

a = I; a . and b = :B b . 
a, ieGF(q) 1 

co ieGF(q) 1 

LEMMA 2.1. If (a;b) e _C(q) then (a+ b;a) and (b;a+ b) e C(q). 

( 2) 

(3) 

PROOF. Note that if (a;b) e C(q) and (a+ b;a) e C(q) then so is 

(b;a+b). The code C(q) is the row space of M(q) and it suffices 

to prove the lemma for the rows of this matrix. Let Mi be the row of 

M(q) indexed by i. If the lerruna holds for M0 then it holds for 

Mi, i r a,, because Mi is obtained from M0 by applying the 

pennutation Ti simultaneously to the ! and r coordinates in (1). 

Now M = (O;l) and (Q_+ l;Q) e C(q). It remains to show that 
co - -

c = (1,f;l ,1,0, ... ,0) e C(q) where f e Vq(2) and (f)j = 1 
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if and only if j is a non-zero square . If j e GF(q) then let nj 

be the nurrber of times (j- i) is a square (or j- i = 0) as i runs 

through the non-zero squares in GF(q). We set q = 8m + 3. We have 

n0 = 0 and if j 'f O then Perren's theorem (pg-519 of [10] and [13]) 

reveals that n. = 2m + l . 
J 

It follows that 

c = M + 6 
o:i ieGF(q) 

M. , 
i a non-zero square 

and the proof is complete. 

We now view the binary code C(q) as a code of length (q+l) 

over GF(4). F. J. MacWilliams and M. Karlin were the first to employ 

this technique and further information may be found on page 508 of [10]. 

Let we GF(4) be a primitive cube root of unity and let 

Y: v2q+2(2) + Vq+l(4) be given by 

y: (a , ... ,a1., ... ;b , ... ,b., ... ) + (c , ... ,c., ... ) 
0:1 0:1 , 0:1 , 

where 

0, if a. , - b - i = 0 

w, if a. = l and b. = 0 
c . 

, , 
= 2 , 

if a. 0 and b. = l w = , , , 
l , if a. = b. = l , , 

Since w2 + w + l = 0 we have y(x + y) = y(x) + y(y). The map y 

identifies C(q) with the extended quadratic residue code (QR code) 

of length (q+l) over GF(4) (see chapter 2, page 18). The extended 

QR code is spanned by l_ and the vectors xT i, i e GF(q), 
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where 

2 if j w , = CX) 

(x). 
w, if j = 0 

= 
J 1 , if j = □ 

0, otherwise 

If V = (a;b) e v2q+2 then y(v) 2 =wa+wb. Note that 

y(a+b;a) 2 2 = w (wa + w b) 

and y(b;a+ b) 2 w(wa + w b). 

EXAMPLE. The map y identifies C(3) with the row space of the 

matrix 

CD 0 1 (-1) 

1 1 1 1 

1 2 0 w w 

0 1 2 w w 
2 0 1 w (Jj 

Thus we may regard C(3) as an extended cyclic [4,2] code over GF(4). 

* Define C(q) = C(q) cp, where ¢ is the permutation (z+ -z) 

applied simultaneously to the t and r coordinates in (1 ). Note 

that q = -1 (mod 4) and so (-1) is a non-square in GF(q). The 

* map y identifies the binary code C(q) with the complementary 

extended QR code of 1 ength ( q + 1) over GF(4). In chapter 2 we 

proved that the codes have the properties described in Figure 1. 
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* C(q) + C(q) = [te vq+l(4): t • l =.OJ 

;:'\ 
(z-+-z) 

\__j 
dim C(q), C(q)* = g;l 

* C(q) n C(q) = (l) 

Figure 1. 

* Let R and R be those subspaces of Vq(4) obtained from C(q) and 

* C(q) respectively by taking each codeword and deleting that entry 

indexed by m. Let A be the permutation of GF(q) given by 

* (z-+-z). Then the subspaces R and R have the properties described 

in Figure 2. 

R 

* = R + R 

0 
~ 

R n R* = (l) 

Figure 2. 

* R * g:1-dim R, R = 2 
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* The two codes R and R are invariant under the group 

T = (Ti : i e GF( q)). The map 

t,; : (co, ... , c. , ... ) ~ I; c. T. 
, i eGF( q) 1 , 

is a vector space isoroorphism between Vq(4) and the group albegra A 

over GF(4) with basis the permutations in T. Since 

(I;c.T .) T. = I; c.T ·+·, 
1 1 J 1 1 J 

the map t,; is an A-roodule hoioorrorphism. Each subspace in Figure 2 

corresponds to an ideal in A. Since the permutations Ti are linearly 

independent in A the map 

from A to GF(4) is well defined. This substitution map is a ring 

horroroorphi sm. 

Let d be the minimum weight in the binary code C{q). Define 

* n =[v={a;b)eC{q):a=b=land wt(v)=d} 
CD CD 

and n = (v={a;b)eC{q):a =l,b =Oand wt(v) = dJ. 
CD CD 

* We have not been able to prove that n is always non-empty but we do 

have 

LEMMA 2.2. ( 1 ) The set n is non-empty. 

(2) If x e n and d1(x)>d2(x) then either 

( i) q = 3 and X = (}_:Q_) 

or (ii) there exists v e n with d2(v) = d1(x) + 1 

dl ( v) = d2 ( x) - l . 

( 3) If v e n and d2 ( v) > dl ( v) then there exists 

x e n with dl ( X) = d2 ( v) - 1 and ct2 ( X) = dl ( V) + 1 . 
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PROOF. (1) Let v = (a;b) be a codeword of minimum weight. Suppose 

that for all i e GF{q) u (CX)J we either have ai = bi = 1, or ai = l 

and b; = 0, or ai = 0 and b; = 0. Then (b;a+ b) e C(q) and 

wt(b;a+ b) < wt(a;b), with equality only if b = 0. If b = O then 

analysis of M(q) shows a= l• In particular v /: (a;a) for any 

a e Vq+l(2). By applying a suitable au~oJOOrphism we may choose 

v = ( a ;b) so that a = 1 and b = 0. 
CX) CX) 

(2) Let x=(c;d)en with d1(x)>d2(x). If x/:(l;Q) then 

the argument of part (1) reveals that there exists j e GF(q) with 

dj = 1 and cj = 0. Let cr be an autoroorphism that interchanges the 

indices j and a>, and let v = (x)cn. Then d2(v) = d1(x) + 1 and 

d1 (v) = d2(x) - 1 as required. If (l;Q) en then the minimum weight 

d is (q+ 1). But by a theorem of C. L. Mallows and N.J.A. Sloane [11] 

we must have 

and so q = 3. 

(3) is proved in the same way as (2) and we omit the details. 

We now define 

* 

t = max( jd2(v)- d1 (v) I} 
ven 

THEOREM 2.3. If n is non-empty and if 

then the minimum weight d satisfies 

( d - 1 ) 2 - ( d - 1 ) + 1 - st > 2q + l 

PROOF. Let 

(4) 
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with dl (x) = ((d-p-t) and d2(x) = ((d-v+t)- Since T e Aut( C( q)) 

there exists 

with 

and 

v = (l, ... ,ci, ... ;l, ... ,di, ... ) 

d (v) = ((d-Z)+s\ and d (v) = ((d-2)-s) 
1 2 / 2 2 • 

v1 = w I:; c. T. + w2 I:; d. T. e R , , , , 

* e Q 

Now 

2 * x1 = w I:; a . T . + w I:; b . T . e R . , _, , _, 
* * Since A is a co1T1Tiutative algebra RR c: Rn R and we have 

v1 x1 = w 2 ( I:; c . T . )( I:; a . T . ) + w ( I:; d . T )( ~ b . T . ) , , , _, , , _, 
+ (I:;d.T.)(I:;a .T . ) + (I:;c.T.)(I:;b .T .) , , , _, , , , _, 

(5) 

where k1, k2 e GF(2). Since 2 1 = w + w , the substitution map gives 

and k2 = ( I:; c . )( I:; a . ) + ( I:; d . )( I:; a . ) + ( I:; c . )( I:; b . ) , , , , , , 
Now (3) reveals that k1 = 1 and k2 = 0. Since k2 = 0 we have 

(I:;c.T . )(I:;a.T .) = (I:;d.T.)(I:;a.T .) + (I:;c.T.)(I:;b.T .) , , , _, , , , _, , , , -1 

and so (5) gives 

(I:;T.) = (I:;d.T.)(I:;b .T .) + (I:;c .T.)(I:;a.T .) . (6) , , , , _, , , , _, 
Counting non-zero coefficients in (6) gives 

((d-~)-s)((d-p+t) + ((d-~)+s)~d-1)-t) ~ q. 

This reduces to (4) and the theorem is proved. 
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REMARKS. If v e Q then (3) implies that d1(v) is odd and d2(v) is 

* even. Thus t is odd and so is not 0. If v e Q then d1(v) and 

d2(v) are both odd and d1 (v) + d2(v) = d - 2. Since d = 0 (mod 4) 

we have d1(v) = d2{v) (mod 4) and so s is a multiple of 4. 

When q = 3, we have d = 4 and ( d - l ) 2 - ( d - l ) + l = 2q + l . 

* The set Q consists of the three vectors given below. 

J, 0:, 10 ,,, J,(-1) r ro r, r ( -1) 0:, 

x, = ( l l 0 0 l 0 0 l ) 

x2 = ( l 0 l 0 ; l l 0 0 ) 

X3 = ( l 0 0 l ; 1 0 l 0 ) 

Notice that s = 0. 

The code C( 11 ) is the [24,12,8] Golay code. If 

0:, 0 l 2 3 4 5 6 7 8 9 10 0:, 0 l 2 3 4 5 6 7 8 9 10 

X = (1 l 0 0 0 0 0 0 0 0 0 0; 0 1 1 01110001 0) 

and V = (1 0101110001 0; 1 1 0 0 0 0 0 0 0 0 0 0) 

* then it is straightforward to check that x e Q and v e Q • Note 

that 

O:Ti) = To(To+T_1+T_3+T_4+T_5+T_g) + (T1+T3+T4+T5+Tg)To 

as predicted by (6). Notice that s = 4, t = 5 and 

( d - 1 ) 2 - ( d - 1 ) + 1 - st = 2q + 1 . 

By lemma 2.2, or by inspection when q = 3, there exist vectors 

v e Q with d2(v) > d1(v). We now define 
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THEOREM 2.4. The minimum weight d satisfies 

2 2 
(d21) + (r-2) - (d-1) + 1 > q 

2 - ( 7) 

PROOF. By part (3) of lemma 2.2 there exists 

x = (l, ... ,ai, ... ;O, ... ,bi, ... ) ea 

with dl(x) = (lct-l);(r-2)_) and dz(X) = ((d-1)2(r-2J). Now 

x1 = w ( I: a i 1; ) + w 
2 

( I; bi 1; ) e R 
2 * x1 A = w ( I; a . T . ) + w ( I; b . T . ) e R . , -, , _, 

* Since x1(x1).) e Rn R we have 

2 x
1

(x
1

).) = w (I;a.T.)(I;a.T .) + w(I;b.T.)(I;b.T .) , , , _, , , , _, 

where k1, k2 e GF(2). Applying the substitution map reveals k1 = 0 

and k2 = l. We conclu~e that 

Counting non-zero coefficients in (8) gives 

((ct-1);( r-2))2 + ~d-1 lz(r-21)
2 

_ (d-1) + 1 ~ q 

This reduces to (7) and the theorem is proven. 

REMARK. When q = 3, we have d = 4 and r = 1, and equality holds 

in (7). 

THEOREM 2.5. The minimum weight d satisfies 

(9) 
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PROOF. By (3) of lenma 2.2 there exists 

v = (1, ... ,ai, ... ;O, .. .,bi, ... ) en 

with dl ( v) = (( d-i )-t) and d2( v) = (( d-p+t), and 

x = (l, ... ,ci,. .. ;O, ... ,di, ... ) en 

Now 

The arguments used to prove theorems 2.3, 2.4, and 2.5 show that 

v1 x1 = w2( 6T i) and that 

(6T,) = (6a,T.)(~c.T .) + (6b.T.)(6d.T .) (10) 
l l l l -1 l l l -1 

Counting non-zero coefficients in (10) gives 

~ d-p-t) ~ d-1 )~( t-2)) + (( d-1)+t) ( ( d-1) z( t-2)) :C:: q 

This reduces to (9) and the theorem is proven. 

THEOREM 2.6. The minimum weight d satisfies 

( d - 1 ) 2 - ( d - 1 ) + 1 ~ 2q + 1 

If equality holds in (11) then q = 3 and d = 4. 

PROOF. If t < Ja:T + 1 then theorem 2.4 gives 

(d-1)
2 

(d-1) > q 
2 - 2 -

and (11) holds. If t = Ja:T" + g then theorem 2.5 gives 

2 
( d-1 ) _ ( d-1 ) _ 'a-1 (g _ l ) _ g(~

2 
_ l ) > q 2 2 ✓ u-1 -

and (11) holds even when g = 1. This proves (11 ). 

( 11) 
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If equality holds in (11) then theorem 2.4 gives 

2 (t-2) ~(d-3) ( 12) 

and theorem 2.5 gives 

t( t - 2) ~ ( d - l ) . ( 1 3) 

Equations (12) and (13) force d = 4. If d = 4 then (11) implies 

q = 3 and the proof is complete. 

REMARKS. Let Q be an Le+ 1, .e;l3 extended QR code over any finite 

field where the prime power ~ = -1 (mod 8). If d is the minimum 

weight in Q then 

(d-1) 2 - (d-1) + 1 > L. (14) 

In [10] F. J. Macwilliams and N.J.A. Sloane asked if there was a square 

root bound on the minimum weight in the double circulant binary codes 

analogous to (14). Theorem 2.6 answers this question. Theorems 2.3, 

2.4, and 2.5 also give information about the way the non-zero entries 

of a codeword of minimum weight are distributed among the coordinate 

positions. 

Figure 3, below, is taken from page 509 of [10] and is a list of 

parameters of the first few quasi-cyclic binary code C(q). Here n is 

the block length, k is the dimension and d is the minimum distance. 

n k d 

C(3) 8 4 4 
C( 11) 24 12 8 
C(l 9) 40 20 8 
C( 27) 56 28 12 
C( 43) 88 44 16 
C(53) 108 54 20 

Figure 3. 
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Sometimes theorem 2.6 allows us to calculate the minimum weight d 

directly. If q = 27 then 4jd and (d-1) 2 - (d-1) + 1 ~ 55. We 

conclude that d > 12. But by a theorem of C. L. Mallows and 

N.J.A. Sloane [11 ] . 

d < 4[
56

] + 4 - 24 

i . e. , d < 12. Hence C(27) is a [56,28,12] code. 

The results presented in Chapter 3 will appear in the IEEE 

Transactions on Infonnation Theory. 
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CHAPTER 4. SYMMETRY CODES 

We begin by extending the construction for syrnnetry codes given by 

V. Pless [14] to fields other than GF(3). We then prove a decomposition 

theorem for these codes in terms of the extended quadratic residue 

codes introduced in chapter 2. Theorem 2.5 gives a square root bound 

on the minimum weight in this enlarged family of symmetry codes. 

Let q be an odd prime power. Again if j e GF(q) then we write 

j = 0, j = □, or j i □ according as j is zero, j is a non-zero 

square, or j is a non-square respectively. Let F be a finite field 

of odd characteristic for which (-q) = □, and set e = Fq. The 

symmetry code S(q} over F is the subspace of v2q+2(F) spanned by 

the rows of the matrix M(q} given below. The rows of M(q} are 

indexed by the elements of the projective line GF(q} u (Q}. The 

columns are indexed by two copies of the projective line distinguished 

by the letters L and r. 

GF( q) GF(q) 

l= lo li rm ro r. , 
m -8 0 0 0 l . . . . . f 
0 0 e: 

M(q} = 
8 I w ( l ) 

GF( q) i . 
0 e: - -
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c.9.:l) 

where E=(-1) 2 , and where 

0, if i = j 

(w) .. = l , if j - i = □ 
lJ 

-l , if j - i r □ 

Notice that W = EWT. If q = -1 (mod 3) then (-q) = (1 )2 and the 

ternary symnetry code S(q) is defined. V. Pless constructs ternary 

syrrmetry codes in [14] and investigates their properties in 

[15, 16, and l 7]. 

EXAMPLE. The ternary sy1TTI1etry code S(S) is the row space of the 

matrix 

00 

0 

l 

M( 5) = 2 

3 

4 

... 
l 
0 

0 

0 

0 

0 -

0 

1 
0 

0 

0 

0 

0 0 0 0 0 

0 0 0 0 1 

1 0 0 0 1 
0 1 0 0 1 

0 0 1 0 1 

0 0 0 1 1 

This is the [12,6,6] ternary Golay code. 

-
l 1 l 1 1 

0 1 -1 -1 1 
1 0 l -1 -1 

-1 l 0 l -1 
-1 -1 l 0 1 
1 -1 -1 1 0 -

( 2) 

We always have dim S(q) = (q+ l ). Perren's theorem [13] gives 

wwT = qI - J 

and so M(q) M(q)T = e2 + qI = 0. 

It follows that S(q) is self-dual. If $ = r O Iq~~ 

[Elq+l J 



then 

M(q)(M(q)cp)T = e 
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0 0 . . . 0 

0 

-EW T + W = 0. 

0 

and so ¢ is an autormrphism of S(q). 

Suppose q = -1 (mod 4). On page 12 of chapter 2 we defined the 

extended quadratic residue code C(q) over F to be the row space of 

the matrix H given below 
GF{q) 

00 i 
00 e 1 1 

-1 
H = GF(q) i . w + er ( 3) 

-1 

where 

0, if j = i 

(W) .. = 1 ' lJ 
if j - i = □ 

-1 ' if j - i ! □ 

* H' The complementary code C(q) is the row space of where 

GF(q) 
00 i 

00 -e 1 1 

-1 

H' = GF(q) i . w - er (4) . 
-1 
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THEOREMl.l. Suppose qs-1 (mod4). 

Given a, be Vq(F), then (a,b) e S(q) if and only if 

* a+ be C(q) and a - be C(q) . 

PROOF. We have M(q)(l +¢) = [H,H] and M(q){l-¢) = [-H' ,H']. Now 

S(q) = S(q)(l + ¢) + S(q)(l-¢) 

and from (3) and (4) we have 

S(q)(l + ¢) = ((f,f) f e C(q)J 

and * S(q)(l-¢) = ((-g,g): g e C(q) J. 

If (a,b) e S(q) then (a,b) = (f+ g,f-g) for some f e C(q) and 

* g e C(q) . Thus 

a+ b = 2f e C(q) * and (a-b) = 2g e C(q) . 

The argument is easily reversed and we omit the details. 

Let q be the group generated by ¢ and by the 1TOnomial matrices 

given as (1) through (5) below. Every matrix is of the fan,, [~ ~] 

where A and B are sq·uare monomial matrices of size (q+l). The 

rows and columns of both A and B are indexed by the elements of the 

projective 1 i ne GF( q) u ( c:o} . 

(1) Ti, i e GF(q); the matrix corresponding to the permutation 

(z-+z+ i) applied simultaneously to the;, and r coordinates in (1). 

(2) Pi, i = o; the matrix corresponding to the permutation 

(z-+ iz) applied simultaneously to the J, and r coordinates in (1). 

(3) p; the matrix corresponding to the permutation (z-+ zP) 

(where q = pn and p is prime) applied simultaneously to the ;, and r 
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in ( l ) . 

( 4) T = [: :J where 

£ ' if j = 0 and i : CD 

l ' if j : CD and i = 0 

(A) . . = 
lJ 

1 , if j = -1 / i and i = □ 

-1 ' if j = -1/i and i t: □ 

0, otherwise 

( 5) = [Dk OJ k f □, where Qk , 
0 Dk 

-1 , if i = j : CD 

(Dk) .. = 
lJ 

1 , if i f CD and j = ki 

0, otherwise 

Let n be fixed non-square, let A= ~n :J and set 

* S(q) = S(q)A. When q·s -1 (mod 4) we choose n = (-1 ). 

THEOREM l . 2. 

-1 (1) A 4Ac(-I 2q+2,q). 

(2) The codes S(q) 

(3) The codes S(q) 

in Figure 1 below. 

* and S(q) are both invariant under q. 

* and S(q) have the properties described 
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Vzq+z(F) = S(q) + S(q) * 

* dim S(q), S(q) = q+ 1. 

* s ( q) n s ( q ) = (QJ . 

Figure 1. 

The proof is very similar to the proof of theorem 1 .1 of chapter 2 

and we omit the details. 

2. A SQUARE ROOT BOUND ON THE MINIMUM WEIGHT 

Let 

be a vector in S(q). ~et 

and 

d1 ( v) = I ( i e GF ( q) : a i r OJ I 

d2(v) = j(i e GF{q) bi 1' OJI. 

Since S{q) is self-orthogonal and since (e,o, ... ,0;0,1, ... ,1) and 

(0,-£, ... ,-£;0,0, ... ,0) are vectors in S(q) we have 

ea = -6 b. and eb = £ 6 ai 
00 

ieGF{q) 1 00 
ieGF{q) 

(5) 

Let d be the minirrum weight in S{q). Define 

* n = [v = (a,b) e S{q) : a f: 0, b -/: 0 and wt(v) = dJ 
00 00 

and n = (v = (a,b) e S(q) : a r 0, b = 0 and wt(v) = dJ . 
00 00 
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LEMMA 2.1. * If the set n is empty then 

(1) The set n is non-empty. 

(2) If x en and d1(x) > d2(x) then there exists v en with 

d2(v) = d1(x) + 1 and d1(v) = d2(x) - 1 

and (3) If v en and d2(v) > d1(v) then there exists x en with 

d1 ( x) = d2 ( v) - 1 and d2 ( x) = d1 ( v) + 1 . 

PROOF. (1) Let v = (a;b) be a codeword of minimum weight. Analysis 

of (1) shows a= 0 is impossible and b = 0 is impossible. If 

ai f O and bi f O for some i e GF{q) U [m) then there exists an 

* * automorphism M such that vM en . This contradicts n = ¢ and by 

applying a suitable autoroorphism we may choose v = (a;b) so that 

a i O and b = 0. 
m m 

(2) Let x = (c;d) en with d1 (x) > d2(x). The argument of 

part (1) reveals that there exists j e GF(q) with dj f O and 

cj = 0. Let M be an autoroorphism that interchanges the indices j 

and m, and let v = xM¢. Then d2(v) = d1(x) + 1 and 

d1 (v) = d2(x) - l as required. 

(3) is proved in the same way as (2) and we omit the details. 

* When n is non-empty define 

* and when n is empty define 
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* Let R and R be the subspaces of v2q(F) obtained from S(q) 

* and S(q) respectively by taking each codeword and deleting the two 

entries indexed by m. Let Al be the matrix obtained from A by 

deleting the two rows and columns indexed by m. From Figure 1 we see 

* that the subspaces R and R have the properties described in 

Figure 2. 

* = R + R 

* 

* Rn R = <(l;.Q);(Q.;}_)) 

Figure 2. 

* dim R, R = q + 1 

Let A be the matrix algebra over F spanned by ¢ and by 

T;, i e GF(q). Since ~Ti = Ti¢ the matrices Ti, ¢Ti i e GF(q) are 

a basis for A. The linear map ~ : v2q(F) + A given by 

~: ( ... ,ai, ... ; ... ,bi, ... ) + 6 aiTi + ¢ 6 biTi 
ieGF(q) ieGF(q) 

is bijective. The matrices T. and ¢ act as autotrorphisms of R , 
* and R. These matrices also act on A by right multiplication. 

Since 
( G a . T.) + ¢ G b. T.)} ¢ = ( -e:) 6 b. T. + <P 6 a,· T1• l l l 1 1 1 

and 

the map ~ is an A-module homomorphism. This allows us to regard 



R and R* as ideals in A. 

independent in A the map 
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Since the matrices T. are linearly , 

(I; a . T . ) -+ (I; a . ) , , , 
is a well defined map from the subalgebra of A spanned by the matrices 

Ti to F. This substitution map is a ring homomorphism. 

* THEOREM 2.2. If Q is non-empty then the minimum weight d satisfies 

PROOF. Let 

with 

and 

* v = (a~, ... ,ai, ... ;b~,···,bi, ... ) e Q 

d (v) -((d-2)-s) and d (v) = ((d-2)+s\ 1 - 2 2 2 -; • 

v1 = I; a . T . + ¢ :B b . T . e R , , , , 
* v1 "l = I; a . T . + ¢ I; b . T . e R . , n, , n, 

* * 

Then 

Since A is a commutative algebra RR c Rn R and we have 

v1(v1>.1) = (I;aiTi)(I;aiTni) - e:(I; biTi)(I;biTni) 

+ ¢[ (6 a. T.) (I; b. T . ) + (I; b. T. )(6 a. T 
1
.)} , , , n, , 1 1 n 

= k . (6 T . } + k

2

¢ (6 T . } 

l l l 

where k1, k2 e F. The substitution map gives 

( 6) 

( 7) 

and from (5) we have k2 r 0. Counting non-zero coefficients in (7) 

gives 

This reduces to (6} and the theorem is proved. 
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THEOREM 2.3. If n* is empty then the minimum weight d satisfies 

PROOF. Let 

v = (a , ... ,a., ... ;b , ... ,b., ... ) en = 1 = 1 

with dl (v) = 0d-p-~ and dz(v) = 0d-1)+' . By part (3) of 

1 emma 2 .1 there exists 

x = (c , ... ,c
1
., ... ;d .... ,d., ... ) en 

= = 1 

with dl(x) = 0d-l);!t-2)) and dz(x) = 0d-l)z!t-2)). 

v1 = (~a.T.) + ¢{L: b.T.) e R 
1 1 1 1 

and * w1 = {L; c . T . ) + ¢ (~ d . T . ) e R . 
1 n1 1 n1 

Then 

It follows that v1w1 = k{L; Ti), where k r O. The usual counting 

argument gives 

0d-v-9 0d-l );!t-2l) + 0d-p+9 ((d-1 lz(t-2)) > q. 

This reduces to (8) and the theorem is proved. 

* THEOREM 2.4. If n is empty and if q = -1 (mod 4) then the minimum 

weight d satisfies 

(9) 

PROOF. By part (3) of lemma 2.1 there exists 

x = (c , ... ,c., ... ;d ~ .... ,d
1
., ... ) en 

= 1 = 



48 

Then 
x1 = (6 c . T . ) + ¢ (6 d . T . ) e R 

l l l l 

and * x1 :\l = (6 c. T . ) + ¢(6 d . T . ) e R . 
l -1 1 -1 

It follows that x1(x11.1) = k(6 Ti) where k r 0. The usual counting 

argument gives 

and this reduces to (9). 

THEOREM 2.5. The minimum weight d satisfies 

( d - 1 ) 2 ~ 2q - 1 

If q = -1 (mod 4) then d satisfies 

( d - 1 ) 2 - ( d - 1 ) + 1 > 2q + 1 

and equality holds only if d = 4 and q = 3. 

( 1 0) 

(11 ) 

PROOF. If n* is non-empty then by theorem 2.2 we have (d-2) 2 > 2q 

and both (10) and (11) hold. 

If n* is empty then by theorem 2.3 we have (d-1) 2 > 2q- l. If 

* n is empty and if q = -1 (mod 4) then (8) and (9) hold. The 

argument used to prove theorem 2.6 of chapter 3 shows that 

(d-1 )2 - (d-1) + 1 > 2q + 1 and the equality holds only if d = 4 and 

q = 3. 

REMARKS. The syrrmetry code S(3) over GF(7) is the row space of the 

matrix 

00 -2 0 0 0 0 1 1 1 -
0 0 2 0 0 -1 0 1 -1 

M( 3) = 1 0 0 2 0 -1 -1 0 1 
( -1) 0 0 0 2 -1 l -1 0 - -
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From (11) we see that S(3) is an [8,4,4] code over GF(7). Since 

(d- 2) 2 < 2q- 1, it follows from theorem 2.2 that n* is empty. 

Figure 3 below is taken from page 511 of [10] and is a list of 

parameters of the first five ternary syrrmetry codes. Here n is the 

block length, k is the dimension and d is the minimum distance. 

n k d 
S(S) 12 6 6 

S( 11) 24 12 9 

S(l 7) 36 18 12 

S(23) 48 24 15 

S(29) 60 30 18 

Figure 3. 

Theorem 2.5 only allows us to find the exact minimum weight directly in 

the first two cases. If q = 11 then 3ld and (d-1 )2- (d-1) + 1 > 22. 

We conclude that d > 9. But by a theorem of C. L. Mallows and 

N. J . A. Sl oa ne [11 ] , 

d < 3Gn2J + 3 

i.e. d < 12. Hence the ternary code S(ll) is a [24,12,9] code. 
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CHAPTER 5. MULTIPLYING VECTORS IN QUADRATIC RESIDUE CODES. 

Let q = -1 (mod 8) be an odd prime power and let C(q) and 

* C{q) be the two extended binary quadratic residue codes of length 

{q+l). * In this chapter we show how to regard C{q) and C(q) as 

one-sided ideals in a binary group algebra and we show that the 

appropriate product is a 2-dimensional ideal. This allows us to prove 

that if d is the minimum weight in C{q) then 

2 (d-1) - (d-1) + l - st~q 

where s, t are non-negative integers with s = 0 (mod 4), and t 

odd. The integers s and t depend on the way the non-zero entries 

of a codeword of minimum weight are distributed among the coordinate 

positions. When s = 0 we es4ablish a correspondence between code­

words of minimum weight d in C{q) and d x d Hadamard submatrices 

of the (q+l) x {q+l) Paley-Hadamard matrix. 

In chapter 2 we defined the extended binary quadratic residue code 

C{q) to be the subspace of Vq+l{2) spanned by the rows of the matrix 

M{q) given below. The rows and columns of M{q) are indexed by the 

elements of the projective line GF{q) U [a>]. 

GF( q) 
a) i 

a) l l ........ l 
l 

M{q) = GF{q) i s ( l ) 

. 
l 



where 

( s) . . = 
lJ 
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1, if j-i=o 

0, otherwise 

EXAMPLE. The code C(7) is the row space of the matrix 

C0 0 1 2 3 4 5 6 
C0 l l l l l l l l 
0 l 0 l l 0 l 0 0 

l l 0 0 l l 0 1 0 

2 1 0 0 0 1 1 0 1 
M(7) = 3 l 1 0 0 0 1 l 0 

4 l 0 1 0 0 0 1 1 

5 1 1 0 1 0 0 0 1 
6 l 1 1 0 1 0 0 0 

( 2) 

{ 3) 

This is the [8,4,4] Hanming code. Notice that the incidence matrix 

of the projective plane PG(2,2) is a principal submatrix of M( 7). 

If q is prime then C(q) is a classical quadratic residue code. 

The matrix s is a circulant and C(q) is an extended cyclic code. 

We replace 0 by ( -1 ) throughout M( q) to obtain a (1,-1) 

matrix P( q) . If we regard P(q) as an integral matrix then P{q) 

is the Hadamard matrix constructed by R.E.A.C. Paley in [12]. Since 

q = -1 (mod 8) we may write q + 1 = 4t + 4 where t is odd . We 

have 

SST = ( ( 2t + 1) - t) I + t J 

= J ( rood 2). 

(4) 
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It follows that C(q) is self-orthogonal. Note that every row of the 

matrix M(q) has weight divisible by 4. Since C(q) is self-orthogo­

nal it follows by induction that any sum of rows of M(q) has weight 

divisible by 4. Thus all weights in C(q) are divisible by 4. 

Recall that the group Pfl(2,q) 

of GF(q) U (ooJ that have the form 

is represented by all permutations 

{+azcr+i;\, with 
\- cz0+d} 

a, b, c, d, e GF(q), ad - be a non-zero square, and cr an auto­

morphism of GF(q). This group is generated by the permutations given 

as (1), (2), (3) and (4) below. 

( 1) T . = ( z + z + i ) , f o r i e G F ( q ) , 
l 

(2) P. = (z+ iz), 
1 

for i = □, 

(3) p = (z+zP) (where pis prime and q = pn), the permutation 

corresponding to the Frobenius automorphism of GF(q), 

and (4) -r = (z+ -1/z). 

We adopt the standard conventions about operations involving oo. 

LEMMA 1. 1. If m. is the row of 
1 

M(q) indexed by i then 

(1) m.T. 
1 J = m; + j , for j e GF(q), 

(2) m.P. 
1 J 

= m .. , 
lJ 

for j = □, 

( 3) m.p = m.p, 
1 l 



( 4) m.T = 
l 
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m, if i = m 
m 

if i = □ 

m-l/i + "1a + mm, if i /: □. 

The calculations are not difficult and we omit the details. They also 

follow from the definitions on page 16 and from calculation (3) in the 

proof of theorem 1 .1 of chapter 2. It follows that the code C{q) is 

invariant under Pr L(2,q). Let >.. be the pennutation (z-+ -z) and 
* * let C(q) = C(q)>... The code C{q) is spanned by the vectors 

m7 = m(-i)>.. for i e GF(q) U (mJ. We have 

* m = m = 1 ( 5) 
m m 

1 , if j = m 

* and if i 'f m .(m.) . = l , if j - i 'f □ 
l J 

(6) 

0, otherwise 

* Since >.. normalizes PrL(2,q) the code C{q) is also invariant 

under PrL(2,q). In chapter 2 we proved that the codes C(q) and 

* C(q) have the properties described in Figure l. 
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* C{q) +C{q) =(veVq+l{2):v•l_=O} 

C{q) * * n+l C(q) dim C(q), C(q) =2 

* C{q) n C(q) = (l_) 

Figure 1. 

* Let Q and Q be the subspaces of vq(2) obtained from C{q) 

* and C{q) respectively by taking each codeword and deleting the 

* * entry indexed by =· We have Q = QA and Q n Q = ( l_}. 

We specialize theorem 2.1 of chapter 2 to give 

THEOREM 1 .2. If d is the minimum weight in C{q) then 

. 2 
(d-1) - (d-1) + 1 > q. 

We also recall theorem 2.3 of chapter 2. 

THEOREM 1 .3. Suppose the minimum weight d in C(q) satisfied 

(d-1) 2 - (d-1) + 1 = q. 

Then the vectors of minimum weight in Q are the lines of a projective 

plane of order (d- 2). 

We are now ready to prove our generalization of theorem 1 .2. 
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2. A STRONGER FORM OF THE SQUARE ROOT BOUND 

We may write v e Vq+l(2) in the fonn 

Define 

and 

i ( -i ) 

non-zero squares non-squares. 

d1 ( v) = I [ i : ai F O and i F Cl:) JI 

d2(v) = l(i:bif0and iFO]I 

Since C(q) is self-orthogonal and since (l;Q) and (Q;l) are vectors 

in C(q) we have 

a = 6 a . and b0 = 6 b . 
Cl:) i=o 1 i=o 1 

(7) 

* Let R and R be the subspaces of Vq_1(2) obtained from C(q) 

* and C(q) respectively by taking each codeword and deleting the 

entries indexed by Cl:) and 0. From Figure 1 we see that the subspaces 

* R and R have the properties described in Figure 2. 

V 1(2)=R+R q-

R 

Figure 2. 

* 

R* * tl dim R, R = 2 , 
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In section l we defined vectors * mk and mk for k e GF(q) u (~J. Let 

* * xk and xk be the vectors obtained from mk and mk by deleting the 

entries indexed by ~ and 0. Then we have R = (xk: ke GF(q) u [~J) 

* * and R = (xk: ke GF(q) U (~J). 

Since ./ = 1, and since -rPiT = Pi-1 the group 

D=(Pi,PiT:i= □ J isdihedraloforder (q-1). Let B bethe 

binary group algebra with basis the elements of D. Let ~ : R + B be 

the linear map given by 

~: ( ... ,a
1
., ... ; .•. b

1
., ... ) +6a.P. +6b,TP. 

1 1 1 1 

* * and let ~ : R + B be the linear map given by 

* Since the elements of D are linearly independent, ; and ; are 

injective. We have TPi = Pi_,-r and T(6Pi) = (6Pi) T, and so 
* * ; and ; agree on Rn R. Every element of D acts as an 

* automorphism of both R and R. The group D also acts on the 

algebra B by left and right multiplication. The next lerrma connects 

the different group actions. 

* * * * * LEMMA 2.1. ( 1 ) If V e R and d e D then ; ( v d) = d; ( v). 

( 2) If v e R and d e D then ;(vd) = ;(v) d. 

( 3) The subspace ;( R) is a right ideal of B and the subspace 

* * ; ( R ) is a 1 eft idea 1 of B. 

PROOF. ( 1 ) then 

* * PJ. ~ ( V ) = P . ( 6 C • P . + 6 d . P . T ) 
J 1 1 1 1 

=6C-P .. +_6d.P .. T 
1 lJ 1 lJ 

* * =~(vP.) 
J 
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and * * 
-rt,; (v ) = -r(I; c/i + I; d/iT) 

=""'d.P. 1 +""'c.P. 1-r LJ , ,- LJ , ,-

* * =t,;(VT). 

Part (2) is similar to (1) and we omit the details. Part (3) 

follows from parts (1) and (2). 

* * * Henceforth we shall identify R with t,;(R) and R with t,; (R ). 

* This allows us to multiply vectors in R by vectors in R. 

If x1 = ( ... ,fi, ... ; ... ,gi, ... ) then 

and 

f. = 
1 

g. = 
1 

r,, if i -1 = □ (or if -i-(-1) 'Io) 

lo, 

)1 , 

lo, 

otherwise 

if -i-1 =o(orifi-(-l)'lo) 

otherwise 

From (6) we have x(-;) = ( ... ,gi, ... ; ... ,fi' ... ). Identifying R with 

* * * t,;(R) and R with t,; (R) gives 

x1 = 6 f . P. + 6 g.-rP. 
1 1 1 1 

and * X(-1) =69/i +6f/iT 

The results in this section rest on the following calculation. 

LEMMA 2.2. * If x1 ,x(-l) areasabovethen 
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PROOF. Since B is a binary algebra we have 

* ( X ( -1 ) ) ( Xl ) = ( 6 g · p · + 6 f · p · T )( 6 f · p. + 6 g. T p . ) 
11 11 11 l l 

= T[(6g.P. 1H6g.P . ) + (6f.P. 1H6f.P.)} 
l 1- l l l 1- l l 

Now we prove that every coefficient ck= 1 (mod 2). 

C = k and j = i k} I 

+ l[(i,j):fi!O, fj!O and j=ikJI, 

Thus ck= (x1 )(x1Pk)T, the inner product of the vectors x1 and x1Pk 

in Vq_1(2). Since xk = x1Pk we have ck= (x1)(xk)T. If S is the 

matrix defined in (2) then (s) 1O = O and (4) gives 

C = k { 

t, if k f 1 

2t + 1, if k = 1 

where q + 1 = 4t + 4. Since t is odd ck= 1 (mod 2) as required. 

PROOF . If J = (( 6 Pi), T(6 Pi)) then J is an ideal in 8. From 

lemma 2.2 we have 

We multiply on the right by Pk and apply lerrma 2.1 to give 

(8) 

for all k = o. Multiplying (8) on the right by T yields 
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Since x0 = (~Pi) e J we have 

(9) 

for all k = o. Equations (8) and (9) force 

( 1 0) 

Multiplying (10) on the left by -r, and by Pk for all k = □, we 

* obtain RR c J and the proof is complete. 

Since the permutations Pi are linearly independent in B the 

map 

is well-defined. This substitution map is a ring horromorphism from the 

subalgebra of B spanned by the permutations Pi to GF(2). 

We define 

* n = [v= (a;b) e C(q): ao:> = b0 = 1 and wt(v) = dJ 

and n = [v= (a;b) e C(q): ao:> = 1 ! b0 = 0 and wt(v) = dJ. 

Then we define 

and t = max[ I d1 ( v) - d2 ( v) I J . 
ven 

THEOREM 2.4. The minimum weight d satisfies 

2 ( d - 1 ) - ( d - 1) + 1 - st ~ q 

PROOF. There exists 

(11) 



there exists 

and 

* 
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* w = (1, ... ,ci, ... ;1, ... ,di, ... ) e Q 

v1 = 6 a. P. + 6 b. TP. e R 
1 l l 1 

* w, =6d.P. +6c.P.T e R. 
l l 1 1 

Thus w1v1 e RR and from le1T111a 2.3 we have 

where k1, k2 e GF(2). The substitution map gives 

and 

( 1 2) 

and from ( 7) we have k1 = 1 and k2 = 1 . Counting non-zero 

coefficients in (12) usirig k1 = 1 or k2 = 1 depending on the sign 

of ± t gives 

0d-~)-~~d-v+t) + ~d-~)+~~d-v-9 ~ (921) . 

This reduces to (11) and the theorem is proved. 

REMARKS. If v e Q then (7) implies that d1(v) is odd and d2(v) is 

* even. Thus t is odd and so it not 0. If v e Q then d1(v) and 

d2(v) are both odd and d1 (v) + d2(v) = d - 2. Since d = O (mod 4) 

we have d1 (v) = d2(v) (mod 4) and so s is a multiple of 4. 
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When q = 7 we have d = 4 and (d-1) 2 - (d-1) + l = q. The 

* set Q consists of the three vectors given below 

C0 1 2 4 ; a ( - l )( - 2 )( -4 ) 

(1 l a 0 ; l a a l ) 

(1 a l 0 ; l l a a ) 

(1 a a l ; l a l a ) 

Notice that s = a. 

The code C(23) is the [24,12,8] Golay code. If 

col 2 3 4 6 8 9 l 2 l 3 16 l 8 ; 0 ( -1 )( -2 )( -4 )( -6 )( -8) ( -9 )( - l 2 )( -1 3 )( -1 6 )( -1 8) 

v=(lOOOlOOOOO 00;01 l O O O l l l O 0) 
and 
w = ( 1 a a 01 a a a o o o a ; 1 a a 1 1 1 o a a 1 1 ) 

* then it is straightforward to check that v e Q and we Q using (41) 

on page 498 of [10]. We have 

v
1 

= P4 + -r(P
1 

+ P
2

+ P
3

+ P9 + P12 + P13) e R 

and * wl = (P4 + P6+ Pa+ P,6+ pl8) + P4T e R • 

It is easily checked that w1v1 = (i:Pi) + -r(i:Pi) and in particular 

we have 

(i:Pi) = P4(P4+P5+Pa+P,5+Pl8) + P4(P1+P2+P3+Pg+P12+P13). 

Notice that s = 4 , t = 5 and ( d - 1) 2 - ( d - 1 ) + l - st = q . 

We now define 

r = min[ I d1 ( v) - d2 ( v) I J . 
ven 

THEOREM 2.5. The minimum weight d satisfies 

(d-1) 2 - (d-1) + 1 - ((d-3)-r2) > q (1 3) 
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PROOF. Let 

with Then 

and * v1.\ = I; b.P. + I; a.P.-r e R . , , , , 
* Since B is a binary algebra and since (v1.\) v

1 
e RR we have 

( v, .\) v, = -r ( ( I; b . P. 1 )( I; b. P.) + ( I; a. P . 1 )( I; a . P. ) J 
1 ,- 1 1 1 ,- 1 1 

= kT(I:;Pi) (14) 

where k e GF(2). The substitution map gives k = l. Counting 

different non-zero terms in (14) gives 

and so 

This reduces to (13) and the proof is complete. 

THEOREM 2.6. If the minimum weight d satisfies 

(d-1) 2 - (d-1) + 1 = q 

then d = 4 and q = 7. 

PROOF. By theorem 2.4 we have (d-1) 2 - (d-1) + 1 - st> q, where 

s, t > 0 and t is odd. This forces s = 0. By theorem 1 .3 the 

vectors of minimum weight in the code Q are the lines of a projective 

plane PG(2,d-2). If L1, ... , Ld-l are the lines through O then 

Li n Lj = (OJ if i r j. 



63 

Since s = 0, every line Li contains (d2
2) non-zero squares and 

(d2
2) non-squares. Note that (d-1 )(d2

2) = (92
1) and that each 

non-zero square is on a unique line L .. It follows that . l 

P =(Pi: i=O) acts transitively on L1, ... , Ld-l' and that the 

stabilizer of a line is the subgroup generated by Py, where y is a 

primitive (d22) root of unity in GF{q). Hence there exist non-zero 

squares yi, z; e GF{q), i = 1, ... , d - 1, with y1 = 1 such that 

L - ( 0 j ( ) j . • - 1 d-2} i - ,y i y , -zi y ' J - , ••• '2 

for i = 1, ... ,(d-1). Since the vector L1T(-l) contains 0 we 

have L1 T(-l) = Lm for some line Lm. If d ~ 8 then (d2
2

) ~ 3 and 
• • • k i 

there exist (y1-l), (yJ-1) e L1T(-l) such that (yJ-1) = y {y -1), 
• k+i k 

for some k f 0. If a= yJ -1 = y - y then L1T(-l) and 

L1T(-yk) are distinct lines in PG(2,d-2) and 0, a e L1T(-l)nL1T(-yk)· 

This is impossible and we conclude that d = 4. If d = 4 then (4) 

implies q = 7 and the proof is complete. 

As a corollary we have the following theorem on cyclic projective 

planes. 

THEOREM 2.7. Let a be a cyclic projective plane of order (d- 2) 

with d - 2 = 2 ( mod 8) and with q = ( d - 2) 2 + ( d - 2) + l a prime. 

If 2 is a primitive (921) root of unity in GF{q) then 

a= PG(2,2). 

PROOF. We note that q = (d-1) 2 - (d-1) +land that q = -1 (mod 8). 

We may suppose that the points of B are labelled with the elements of 

GF{q) and that a is invariant under the cyclic permutation (z+ z+ 1 ). 

If L = (e1 , ... ,ed_1} is a line in B then L is a difference set in 
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GF{q). The rows of the incidence matrix of 3 span a cyclic code W. 

The linear map 

allows us to regard W as an ideal in the polynomial ring 
d-1 

Cl early we have W = (( I; xei)) and 
i =1 

in K. Let a be a primitive qth root of unity in an extension field 

of GF(2) and let 

g0(x) = TT (x-ai) and g1(x) = TT (x-ai). 
i=O iiO 

Since 2 is primitive 921 root of unity in GF(q) the polynomials 

g0(x) and g1(x) are irreducible in GF(2)[x]. Since GF(2)[x] is a 

unique factorization domain and since 

gQ{x) 91 (x) = 1 + X + ... + X q-1 

we have W = (g0(x)) or W = (g1(x)). But it is well known that 
* . 

Q = (g0{x)) and Q = (g1(x)). Indeed this is the way the classical 

quadratic residue codes are usually defined. The result now follows 

easily from theorem 2.6. 

This connection between cyclic projective planes and quadratic 

residue codes was pointed out by van Tilborg in [18]. 

3. THE CASE s = 0 

In view of theorems 2.4 and 2.5 the possible values of the 

parameters s, t, and r are of interest. We have seen that s is 

divisible by 4 and that t, r are both odd. When s = 0, theorem 2.4 
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gives the same bound on the minimum weight as theorem l .2. In this 

section we consider a consequence of the condition s = 0. 

* For every vector v en we define a d x d matrix D(v) with 

all entries ± l. We use the elements of v to index the rows and 

columns of D(v). 

where 

co ; 

00 1 1 .......... l 

1 

0( v) = i • 

. 
l 

H 

r
l, if j - i = □ 

(H) .. = 
lJ -1, otherwise 

Notice that D(v) is a principal submatrix of the Paley-Hadamard 

matrix P(q) that is defined in section l. 

* THEOREM 3.1. If s = 0 then for every v en we have 

D(v) D(v)T = D(v)T D(v) = dI 

PROOF. Let di be the row of 

* every vector x en contains 

D(v) indexed by i. Since 

(d22) non-zero squares and 

* 

s = 0, 

non-squares. If i e v and i I co then vT_i en. The row di 

must have d/2 entries l and d/2 entries (-1), and so 
T d.d = 0. 

1 co 
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* Let x e n , 1 et S e X be a non-zero square and set 

k -1 - j[CL e x ; CL = □ and CL - s = D) I , 
k = 2 I [CL e x ; CL = □ and CL - s F D} I , 
k -3 - l[CL e x : CL F □ and CL - s = □JI , 

and k4 = l[CL e x : CL F □ and Ct - s "f D} I . 
* Since x en we have 

* Since xT_S en we have 

* * Since xt en and since -1/S ext we have xtr1113 en. 

Hence 

(d22) - 1 = 

= 

and (¥) = 

= 

From (18) we have 

and from (19) we have 

I [CL e x : CL f 0, = and -1/CL + 1/S = □JI 

l[a. e x : a. I 0, = and CL~S = □} I 

l[a e x : CL F 0, = and -1/CL + 1/S F □JI 

j[a e x ~ I : a. f 0, = and 'f □} . 
CL 

(d-2) k2 + k3 = -2- · 

Together (16), (17), (20) and (21) imply 

(d-4) (d-4) k1 = k2 = k4 = 4 and k3 = 4 + 1. 

( 16) 

( 17) 

( 18) 

( 19) 

(20) 

( 21 ) 

(22) 

Let di' dj(i,jf=), be two distinct rows of D(v). Without loss we 

may suppose i - j = □. We have 

( vT . ) T( . . ) = vT . . _, 1-J -J 
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If a e vT . 

-1 
then a = k - i for some k e v and if a' e vT . -J then 

a' = k' - j for some k' e V. If we set X = vT . 
-1 

and s = j - i 

then (22) implies 

T -d .d . - l 
l J 

• l + H .. H . . + H .. H .. + kl + k4 l J JJ 11 J l 

- k2 - k3 

= 0. 

This proves D(v) D(v)T = dl and since HT= -H we also have 

D( v ) T D( v ) = d I. 

EXAMPLE. There are 620 codewords of minimum weight 8 in code C(31 ). 

Si nee the group PSL2( 31) acts 3-homogeneously on GF(31) U (=) the 

codewords of weight 8 are the blocks of a 3-desi gn. The seven codewords 

of weight 8 that contain =, 0 and 1 are listed below. The semi-

colon separates non-zero squares from non-squares 

V -1 - ( =, 1 ' 9, 25; 0, 6, 26, 27) 

V -2 - ( =, 1 , 5, 14; 0, 6, 11, 30) 

V3 = ( =, 1 , 16, 19; 0, 3, 6, 23) 

V4 = ( .:o, 1 , 2, 7; 0, . 6, 1 2, 15) 

V5 = ( =, 1 , 9, 18; 0, 11 , 15, 23) 

V -6 - (=, 1 , 7, 20; 0, 3, 11, 27) 

V7 = ( =, 1 , 5, 25; 0, 15, 3, 13) 

Now 

* = (vi Pk; k e GF ( 31 , k = D, and = 1, ... ,7) n ; 

and we conclude that s = 0. 
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The matrix 

CD 1 9 25 0 6 26 27 
CD 1 1 1 1 l 1 l l 
l 1 -1 1 -1 -1 1 1 -1 
9 1 -1 -1 l -1 1 -1 1 

25 l 1 -1 -1 _, -1 1 1 
D( v1) = 0 1 1 1 1 

_, _, 
-1 -1 

6 1 -1 
_, 1 1 -1 1 -1 

26 1 _, 1 _, 1 -1 -1 1 
27 1 1 -1 -1 1 1 -1 -1 

is an 8 X 8 Hadamard matrix. If 

w, = [ cc, 2, 5, 7; 3, l 5, 17, 27], 

w2 = [ cc, 4, 5, 7, 9, 19; 17, 29], 

w3 = [cc, 1 ' 2, 7, 8, 16; 3, 13], 

W4 = [a:, 2, 4, 8, 9, 14; 3, 17] 

then a similar argument shows that 

n = [w;Pk : k e GF( 31), k = D, and i = 1,2,3,4]. 

We conclude that t = 3 and r = l. 

Chapter 5 is joint work with David B. Wal es. The results presented 

here will be submitted to the SIAM Journal on Algebraic and Discrete 

Methods. 
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