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ABSTRACT 

We consider the problem of simultaneously putting a set of square 

matrices into the same block upper triangular form with a similarity 

transformation, and obtain a result linking the size of the largest 

block to polynomial identities . This generalizes McCoy's theorem, which 

gives necessary and suf'ficient conditions for a set of matrices over 

an algebraically closed field to be simultaneously similar to upper 

triangular matrices. 

A theorem of Specht states that when the algebra a generated by 

* a set of complex matrices satisfies the condition a= a , where * 

denotes conjugate transpose, the algebra can be simultaneously, unitarily 

block diagonalized if and only if it can be simultaneously, block upper 

triangularized. Applying this to a single complex matrix A, we see that 

* A can be unitarily block diagonalized if and only if A and A can be 

simultaneously block triangularized. Let A= H + iK, where H and K 

are Hermitian. Then A can be unitarily block diagonalized if and only if 

H and K can be simultaneously block upper triangularized. 

Hence, to study the problem of unitarily, block diagonalizing the 

matrix A, we consider the pair of Hermitian matrices H and K. We 

study the pencil xH + yK and the characteristic polynomial of this 

pencil, f(x,y,z) = det(zI - xH - yK). Motzkin and Taussky proved that 

H and K commute if and only if f(x,y,z) factors into linear 

factors. If H and K can be simultaneously block diagonalized, then 

f(x,y,z) splits into factors corresponding to the blocks, but examples 

show that the converse is not true. However, we prove that if f(x,y,a) 

has a repeated linear factor of high enough multiplicity, then H and 
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K have a coilll!lon eigenvector. We also show that if f(x,y,z) is a 

power of e. quadratic polynomial, then H and K are simultaneously, 

unita.rily similar to block diagonal ma.trices, each of which is a sum 

of identical 2 X 2 blocks. This is e. sharper version of a result 

of Kippenhahn. 

Motzkin and Taussky studied the algebraic curve of degree n 

whose equation is f(x,y, z) = O. Murnaghan and Kippenhahn independently 

showed that the curve whose equation in line coordinates is f(x,y,z) = O 

determines the numerice.1 range of the matrix A. These geometric 

interpretations yield some information about A= H + iK when 

f(x,y,z) has only a linear factor and a quadratic factor. 

Kippenhahn conjectured that if f(x,y,z) has a repeated factor, 

then A is unitarily similar to a matrix which is block diagonal. 

We verify this conjecture for n ~ 5. 
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INTRODtx:!TION 

Any square matrix with entries from a field F is similar, Tia 

a nonsingular matrix over F, to a.n upper triangul.e.r matrix, provided 

F contins the eigenvalues of A. However, given a. finite set of n x n 

matrices, n, it is not always possible to put them all in triangular 

form with the same s1m1Ja.rity. Such sets are characterized by a theorem 

of McCoy [24, 9]. If n eannot be simul.taneousJ.y upper triangularized, 

it :ma;y still be possible to put the matrices in n into the same 

block triangula.r form with the same similarity. Gaines and R. C. Thompson 

[15] used c0111111Utator relations to study such D1&trices. We study such 

sets ot matrices in Chapter 1 ; Theorem 1 links the size of the largest 

block in the :finest possible block triangular form for n to pozynomial 

identities. McCoy's theorem follows as a special case of llleorem 1 • 

Now let the field F be ¢, the field of complex numbers. If the 

* algebra a generated by n satisfies the condition O =a, then 

a theorem of Specht [40] tells us ~ can be unitarily block diagonalized, 

with diagonal blocks of sizes n1, •.• ,nt if and only if tJ can be 

simultaneously block tria.ngul.arized, with blocks of sizes n1, ••• ,nt. 

Applying this to a single matrix A, we see that A is uni tarily 

* s1rn1Jar to a block diagonal. matrix if a.nd only if A and A a.re 

simultaneously similar to block triangular ma.trices. In particular, 

* A is normal if and only if A and A are simul ta.neously similar 

to triangular matrices. Let A = H + iK, where H and K are 

Hermitian. The matrix A is normal if' and only if HK = KH, and 

A is unita.rily s1m1Jar to a block diagonal mtrix if and only if 
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H and K are a:imul.taneoualy a1rn1lar to b1ock triangular matrices. 

fb1s 'fMq' be viewed as a generalization of normal. matrices. 

Thus, studying the problem of unitarily block diagonalizing the 

matrix A is equivalent to considering the problem of simultaneously 

block triangule.rizing the pair of Hermitian matrices H and K. 

This amounts to finding subspaces which are invariant under both H 

and K. We consider the matrix pencil xH + yK and the characteristic 

polynomial. of this pencil f(x,y,z) =- det(zI - xH - yK) in order to 

study the pair H and K. Theorem 3 shows that the polynomial 

f(x,y,z) determines A = H + iK up to unitary Rim1Jarity when 

A is 2 X 2, but examples show this does not hold for larger matrices. 

:tt:>tzkin and Taussk;y [27., 28] studied pairs of matrices A and B 

with property L and the characteristic curve det(zI - xA - yB) = O • 

.Among other things., they proved that if H and K are Hermitian., 

HK = KH if and only if' the polynomial det(zI - xH - yK) factors into 

linear factors. Thus., A= H + iK is normal if and only if 

det{zI - xH - yK) factors into linear factors. F.ach linear factor 

corresponds to an eigenvalue of' A. We try to generalize this to 

matrices which a.re unita.rily similar to block diagonal matrices and 

find that if' A is unitarily similar to a block diagonal matrix., then 

f'{x.,y.,z) splits into factors which correspond to the blocks, but 

examples show the converse is not true. In particular, the presence of 

a. linear factor in f(x.,y,z) does not guarantee the existence of a 

common eigenvector for H and K. However, Theorem 4 shows that if 

the linear factor appears to a high enough multipl.icity, then H 

and K must have a common eigenvector. Kippenhahn showed that 

if f(:x:.,y.,z) is a power of a quadratic polynomial., then A is unita.rily 
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similar to a b1ock diagonal matrix. We give a new proof of this. 

The equation f(x,y,z) = O wcy be viewed as an a1gebraic curve 

of degree n--this technique is due to Motzkin a.nd Taus1ky [28]. 

Matrices in the pencil then correspond to lines through the origin; 

the intersection points of these lines with the curve f(x,y,z) = O 

correspond to eigenvalues. Using this approach, we study the situation 

where f(x,y,z) has a. linear and a quadratic factor. 

Viewed as an equation in line coordinates., f(x.,y,z) = O is the 

equation of an algebraic curve of class n. Kippenhahn [21] and 

Murnagban (30] showed this curve determines the numerical. range of A. 

We use this fact to give another treatment of the case where f(x,y,z) 

has a linear &mi a quadratic factor. 

Finally, we consider a conjecture of Kippenhahn. The conjecture 

is that if t(x,y,z) has a repeated factor, then A is unitarily 

s1m1Jar to a block diagonal matrix. Using previous theorems, we show 

the conjecture holds for n ~ 4. We then verify the conjecture for 

n = 5 with a lengthy computation. Finally, we note that Theorem 4 

would be a consequence of the conjecture. 
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I. Simultaneous Block Triangularization of Sets of Matrices and 

Unitary Block Dia.gonaJ.ization of Sets of Matrices. 

Section 1. Simultaneous triangularization of sets of matrices. 

An n x n matrix A over an algebraically closed field F can 

always be put in upper triangular form via a similarity transformation--

-1 i.e. there exists a nonsingular matrix S such that S AS . is upper 

triangular. However, given a finite set, A1, ••• ,Am of n x n matrices, 

it is not always possible to simultaneously upper triangularize 

A1, ... ,Am with the same similarity. Frobenius [11) showed that 

if the A1
1 s commute pairwise, then they can be simultaneously upper 

triangula.rized. 

Theorem (Frobenius) (11]. Let A1, ... ,Am be a set of n x n ma.trices 

over an algebraica.lJ.y closed field F. If A1Aj = AjAi for all 

i, j = 1, ... ,m, then there is a nonsingular matrix S such that 

s-1A1S is upper triangular for i = 1, ••• ,n. 

The following example shows that the converse of Frobenius's 

theorem is not true. 

and B = 
( 0

1 20) 

Then A and B are both upper triangular, but 
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and BA= 
(0

0 01) so AB I BA. 

The following theorem of McCoy characterizes sets of matrices 

which can be simultaneously upper triangularized. 

Theorem (McCoy) [9, 24]. If A1, ... ,Am is a given set of n x n 

matrices over a field F containing all of the eigenvalues of 

A1, ... ,Am then the following are equivalent. 

(I) For every scalar polynomial P(x1, ... ,xm) in the non­

commutative variables x1, ... ,xm, each of the matrices 

P(A1, ... ,Am)(AiAj - AjAi) for i,j = 1, ... ,m is nilpotent. 

(II) There exists a nonsingular matrix S such that s-1
AiS 

is upper triangular for i = 1, ... ,m. 

(III) There exists an ordering of the eigenvalues a?) of 

ea.ch Ai such that the eigenvalues of any scalar polynomial function 
( 1 ) (m) 

P(A1, .•. ,Am) of A1, ... ,Am a.re P(ak , ... ,ak ) for k = 1, . .. ,n. 

The proofs that (II) implies (III) and (III) implies (I) are 

immediate; the significance of the theorem is the assertion that (i) 

implies (II). Note that condition (I) says precisely that 

[A1, Aj] = AiAj - AjAi, the commutator of A1 and Aj, lies in the 

radical of the algebra generated by A1, ... ,Am for i, j = 1, ... ,m. 

A set of matrices satisfying (I), (II), or (III) is said to 

have property P. 
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Section 2. Block triangularization. 

In this section we examine sets of matrices which can be simul ... 

taneously put into the same block upper triangular form via a similarity 

transformation. 

Gaines and Thompson [14,15] proved a generalization of McCoy's 

theorem which deals with the case where the field F is arbitrary 

and need not contain the eigenvalues of the matrices. They replace 

condition (II) of McCoy's theorem by: 

(II)' There exists a nonsingular n x n matrix S over F 

such that each s-1A S is block tria.ngul.ar, 
i 

= 0 

0 

where, for each fixed t, 1 ~ t ~ k, the matrices 

(1) (2) (m) 
Att, Att , ••• ,Att are commutative. 

i = 1, . . . ,m. 

In this section, we study an arbitrary set of l:l(luare matrices 

over an algebraica.lly closed field and transform them into the finest 

possible block upper triangular form via a simultaneous similarity. 

Gaines [12, 14] used c~mmutator relations to study such sets of matrices 

and to obtain information about the sizes of the blocks. We will 

prove a result which links the sizes o:f the blocks to polynomial 

identities. McCoy's theorem will be a special case of this result. 
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First we review some basic theory and introduce some notation. 

Let V be an n-dimensiona1 vector space over a field F and let 

n be a set of linear transformations of V. Let a be the algebra 

of linear transformations generated by the set o over F. In the 

usual manner [ 17, Chapter IV] let (! act on V and regard V as a 

. left a-module. A subspace U of V is called an invariant subspace 

of V, relative to the set O, provided A(U) ~ U for all A in o. 

Note that U is invariant relative to n if and only if U is 

invariant relative to rl. 

Definition [17, p. 120]. A sequence of invariant subspaces 

. c : V = V t 

is called a composition series for V relative to n, provided there 

exists no invariant subspace U such that Vic Uc Vi+l for i ,~ 1, ... ,t-1. 

The set O induces a set of linear transformations on the factor spaces 

V i/v 1_ 1 ; since there is no invariant subspace U such that Vi- l c- U c V 1, 

the factor space vi/vi-l is irreducible with respect to n for i = 1, ... ,t. 

The irreducible spaces v1, v2/v1, ... ,vt/vt-l are called the composition 

factors of the series. Since V is a finite dimensional vector space, 

a composition series for V relative to n exists. (If there are 

no proper 0-invariant subspaces of v, then O c V is the only 

composition series for V. ) Now suppose O c W 1 c . . . c W 
8 

= V 

and O c v1 c ... c Vt = V are two composition series. The Jordan­

Holder theorem states that s = t and the composition factors 

w1, w2/w1, ... ,w
6
/Ws-l are isomorphic to the composition factors 

v1, v2/v1, ••• , vt/vt-l . i in some order. Let ni denote the d:unens on 
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of Vi/vi_1• The set of integers (n1, ••• ,nt} lists the dimensions 

of the composition factors and hence is uniquely determined by V 

and o. Note n1 + °2 + . . . + nt = n. If O c V is the only 

conq>osition series, t = 1 and 

Let [a11 , ••• ,a1 n1 ' a21 ' • • • 10
2 ~, ••• ,at,, ••• ,at n } be a 

t 

basis for V such that [a11 , ... ,a1 , ••• ,ail'"""'ai } is a n1 n1 

basis for v1, for i = 1, ... ,t. Represent the linear transformations 

in n as n x n matrices with elements in F, relative to the 

basis [a11 , ••• ,at I\}. Since each Vi is iIIV"ariant under n, these 

matrices assume the following block upper triangular form 

A11 ~ 
A = 0 ~2 . 

~ . 
0 0 . . . Att 

All elements below the diagonal blocks A11 , ••• ,Att are zero. The 

i'th diagonal block, Aii' is n1 x n1 and is the matrix of the 

transformation induced by A on the factor space Vi /vi_1• 

Definition. An n x n matrix A is BT(n
1

, ••• ,nt) provided A is 

block upper tria.ngu.1.8.r with t diagonal blocks of sizes n1, ••• ,nt, 

where t > 1 and n1 + ~ + • • • + nt = n. 

The set O will be called BT(n1, ... ,nt) provided all matrices 

in n are BT(n1, ... ,nt). Note that n is BT(n1, ... ,nt) if and 

only if the algebra a is BT(n1, .. . ,nt). 
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* .Definition. The set n is BT (n1, ... ,nt) provided n is BT(n1, ... ,nt) 

and the integers n1, ... ,nt are the dimensions of the composition 

factors of V relative to o. 

* Note that n is BT (n1, ... ,nt) if and only if a is 

* BT (n1, •.. ,nt). If n1, ... ,nt a.re the dimensions of the composition 

factors of V relative to o, and o is BT(m1, ... ,ms), then s < t 

and m. > n (·) for same permutation a of 1, ... ,t. 
i - a i 

Section 3. The main result of Chapter I--Theorem 1. 

Let O be a set of n x n matrices. From the discussion in 

is clear that there is a nonsingular matrix S such that 

_, I * = [S AS A€ Q} is BT (n1, ... ,nt). We wish to investigate 

the problem of determining conditions on n which force the diagonal 

blocks to be a certain size--in particular, if m = max (n1, ... ,nt}, 

what conditions on O guarantee m ~ k, for some positive integer k. 

McCoy's theorem deals with the case m = 1. We will generalize 

condition (I) of McCoy's theorem to obtain a characterization of sets 

of matrices for which m = k, where k is a positive integer. 

We first discuss some facts about po'.cynomials of matrices. 

Let P(x1, ... ,xr) be a po'.cynomial in the non-connnuting variables 

x1, ... ,xr with coefficients in F. Suppose A1, ... ,Ar are n x n 

matrices which are BT(n1, ... ,nt). Then P(A1, ... ,Ar) is also 

is the j'th diagonaJ. block of A., 
l. 

i = 1, ... ,r, then P(A1 ., .. . ,A . ) 
J rJ 

is the j'th diagonaJ. block of 
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Suppose P vanishes on alJ. r-tuples of k x k ma.trices over F. 

Let h < k and let B1, ... ,B be an r-tuple of h x h matrices 
- r 

over F. For i = 1, ... ,r let Bi denote the k x k matrix with 

Bi in the upper left hand corner and zeroes in the remaining k-h 

rows and colmnns. 

h 

= 

k-h 

Since P(B1, ••• ,Br) = o, P(B1, ... ,Br) = o. Thus P vanishes on all 

r-tuples of h x h matrices when h < k. Suppose P does not vanish 

on all r-tuples of k+1 x k+1 matrices. Then a similar argwnent 

shows that P does not vanish on alJ. r-tuples of n x n matrices 

whenever n > k+ 1 . 

The following theorem of Burnside will be needed in the proof 

of Theorem 1 . 

Theorem (Burnside) (3, 17(p. 276)]. If U is a non-zero, irreducible 

algebra of linear transformations of a finite dimensional vector space 

over an algebraically closed field, then U is the complete algebra 

of linear transformations. 

We now state and prove the main theorem of this chapter. 

Theorem 1. Let Q,(x1, ... ,xr) be a polynomial in the non-commuting 

variables x1, ... ,xr with coefficients in an algebraically closed 

field F. Suppose the equation Q,(x1, ... ,xr) = 0 is satisfied by 

every r-tuple of k x k matrices over F, but there exists an r-tuple 

of k+1 x k+l matrices over F which does not satisfy the equation. 
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* Let (1 be an algebra of n x n matrices over F which is BT (n1, .. . ,nt). 

Let m = max [n1, ... ,nt}. Then the following two conditions are 

equivalent. 

(1) m < k. 

(2) Q(A1, ... ,Ar) is in the radical of t1 for every r-tuple 

(A1, ... ,Ar) of matrices of ,:;,. 

Proof. Assume m < k and let (A1, ... ,Ar) be any r-tuple of matrices 

of IJ. Denote the j'th diagonal block of Ai by Aij' for i = 1, ... ,r 

and j = 1, ... ,t. The matrix Q(A1, ... ,Ar) is BT(n1, ... ,nt) with 

Q(A1j, ... ,Arj) as the j'th diagonal block. Since m ~ k, the hypothesis 

on Q implies Q(A1j, ... ,Arj) = O for j = 1, ... ,t. Thus all of the 

diagonal blocks of Q(A3, ... ,Ar) are blocks of zeroes. Now let C 

be any element of a. The matrix C Q(A1, ... ,Ar) is again BT(n1, ... ,nt) 

8J!ld the diagonal blocks of C Q(A1, ... ,Ar) are the products of the 

corresponding diagonal blocks of C and Q(A1, ... ,Ar). Hence all of 

the diagonal blocks of C Q(A1, ... ,Ar) are blocks of zeroes. This 

shows that C Q(A1, ... ,Ar) is nilpotent for all C in l'J. Therefore, 

Q(A1, ... ,Ar) is in the radicaJ. of !"/. 

Conversely, suppose condition (2) holds. We have 

m = ma.x [n1, ... ,nt} = ni for some i. Let 

(li = [Ai. I A .. is the i 'th diagonal block of some A E /7 } • 
l. l.J. 

If m = 1, we certainly have m ~ k. Hence, we may assume m > 1 

* Since . (7 is · BT (n1, ... , nt), the algebra O'i is an 

irreducible algebra of m x m ma.trices over F. The theorem of 

Burnside implies Oi is the complete matrix algebra, l\i_(F), of 

m x m matrices over F. Since Q(A1, ... ,Ar) is in the radical of ~ 
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for every r-tuple (A1, ••• ,Ar) of tl, the m x m matrix Q(B1, ••• ,Br) 

must be in the radical of 111 for every r-tuple (B1, ••• ,Br) of 

matrices of '11 . But rJ = Mm(F) which has a zero radical. Therefore, 

Q(B1, ... ,Br) = 0 and Q vanishes on t11 = Mm(F). By our hypothesis 

on Q, m < k. ■ 

We now show McCoy's theorem follows from Theorem 1. We will 

prove that condition (II) of McCoy's theorem follows from condition 

(I) of McCoy's theorem; the implications that (II) implies (III) and 

(III) implies (II) are straightforward. Let O = [A1, ... ,AP} be a 

set of n x n matrices over an algebraically closed field F and let 

t1 be the algebra generated by n over F. Assume condition (I) of 

McCoy's theorem holds--1.e. that [Ai, Aj] = AiAj - AjAi is in the 

radical of '1 for i,j = 1, ... ,p. We apply Theorem 1 with 

Q(x1, ½) = x1½ - ½x, and k = 1. 

We now need to show that condition (2) of Theorem 1 holds--i.e. 

that [C, D] is in the radical of rJ for any pair (c, D) of matrices 

of l'J. Since the radical is an ideal and x1 ½ - ~x1 = [ x1 , ½] 

is linear in each of its variables, we may assume C and D are 

monomials in By repeatedly applying the commutator identity 

[XY, Z] = [X, Y] Z + Y [X, Z] + [Y, Z] X + Z [Y, X] 

and using the fact that the radical of IJ is a two sided ideal, we 

r s may assume C = Ai and D = Aj where r and s are non-negative 

integei·s. Finally, we use induction on r and s and the identity 

[x°, Y] = X [x°-1, Y] + [X, Y] x11-l 

to show that if [Ai, Aj] is in the radical of t1 for i,j = 1, ... ,p, 
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then [C, D] is in the radical of a. Hence, condition (I) of 

McCoy's theorem implies that condition (2) of Theorem 1 holds. 

Therefore, m = 1 and A1, ... ,AP can be simultaneously upper 

triangularized. 

Theorem 1 immediately implies the following corollary. 

Corollary 1 . Let Q (x1, .. . , xr) be a polynomial in r non-commuting 

variables with coefficients in the algebraically closed field F. 

Suppose the equation Q(x1, ... ,xr) = 0 is satisfied by every r-tuple 

of k x k ma.trices over F, but there exists an r-tuple of 

k+l x k+1 ma.trices over F which does not satisfy the equation. 

Let (J be an algebra of n x n matrices over F and suppose 

* a is BT (n1, ... ,nt). Then if Q(A1, ... ,Ar) = O holds for every 

r-tupl.e (A1, ... ,Ar) of matrices of a, m = max fn1, ... ,nt} ~ k. 

Setting k = 1 and Q (x1, ½) = x1 ½ - ½x, in Corollary 1 

yields Frobenius's theorem. 

Section 4. Polynomial identities. 

The hypothesis of Theorem 1 calls for a polynomial Q in r 

non-commuting variables which vanishes on the space of all k x k 

matrices over F but which does not vanish for all r-tuples of 

k+1 x k+1 matrices. In this section we discuss some known examples 

of such polynomials. 

Definition. The standard polynomial in m variables is: 
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where the sum is over all. permutations a of the integers 1, ... ,m 

and the coefficient of the term x~(l)xa(2 ) ••• xa(m) is +1 

c, is an even permutation and -1 if a is an odd permutation. 

The equation S (x1, ... ,x ) = 0 is called a standard m m 

identity. Amitsur and Levitzki [1, pp. 450-455] showed that the 

if 

standard identity in 2k variables is satisfied by all 2k-tuples 

of k x k matrices. Furthermore, Levitzki [23, pp. 336-338] showed 

that the minimal degree of a polynomial identity for the complete 

matrix algebra of k x k matrices is at least 2k. Hence, s2k = O 

is a polynomial identity of minimal degree for ~(F) and the 

pozynomial s2k (x1, ... ,~k) satisfies the hypothesis of Theorem 1 . 

The polynomial P(X, Y) = [X, Y]2 is a central polynomial for 

~(F)--i.e. if X and Y are 2 x 2 matrices, then [X, Y]
2 

is always a scalar matrix. Formanek [ 1 O] and Razmyslov [ 34] constructed 

central polynomials for the algebra of k x k matrices over a field, 

for each positive integer k. The Formanek polynomial Fk(X, Y1, ... , Yk) 

is non-vanishing on ~(F) and is not a central polynomial for 

~+ 1 ( F). Hence the polynomial 

satisfies the hypothesis of Theorem 1. 

Now let A, B1, ... ,~+l be a k+2-tuple of k x k matrices. 

Let A, '.81, ... ,~+l be the k+1 x k+1 matrices obtained by adding a 

row and column of zeroes to each of A, B1, ... ,Bk+l" The matrix 
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is a block diagonal matrix with Fk+l(A, B1 , ••• ,Bk+l) in the first 

block (which has size k x k) and a 1 x 1 zero matrix in the second 

block, Fk+1(A, B1, ••• ,Bk+l) = o. Hence, Fk+1 (A, B1, ••• ,Bk+l) = O 

and Fk+l vanishes on l\_(F). Since Fk+l does not vanish on ~+1(F), 

the polynomiaJ. Fk+l satisfies the hypothesis of Theorem 1. 

Section 5. Unitary block triangularization and block diagonaJ.ization. 

We now let F be ¢, the field of complex numbers and let V 

denote an n-dimensional vector space over ¢. The following theorem 

is due to Specht [40]. We state the result a bit differently here and 

give a different proof. 

Theorem A (Specht) [40, p. 210]. Let O be a nonempty set of complex 

n x n matrices. Then there is a nonsingular matrix S such that 

s-1n S is BT(n1, •.. ,nt) if and only if there is a unitary matrix U 

-1 * ( ) such that u n u = u o u is BT nv ... , nt . 

Proof. Suppose there is a nonsingular matrix S 
_, 

such that S OS 

is BT(n1, ••• ,nt). Then V has a basis 

such that the subspace V
1
. = (o:11 , ••• ,o:1 , ••. ,o:. 1, ••• ,o:. ) 

n1 1 1 ni 

is invariant under O for i = 1, ... ,t. Thus, we have a chain of 

subspaces O c v1 c v2 c . . . c Vt = V 

0-invaria.nt and the dimension of v./v. 1 1 1-
is 

such that each V. is 
J. 

Use the Gram-

Schmidt process to construct an orthonormaJ. basis of V, 
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such that for each i = 1, ... ,t, the set 

is an orthonormal basis for V .• Let U be the change of basis 
J. 

matrix from the standard basis of V to the ~-basis. Since the 

,-basis is orthonormal, U is a unitary matrix, and since each Vi 

* is n-invariant, U 0. U is BT(n1, ••. ,nt). ■ 

Thus, if we can simultaneously put a set O of complex matrices 

into the form BT(n1, ••• ,nt) by a similarity transformation, then we 

can do this with a unitary transformation. 

Suppose now that the ma.trices in O can be simultaneously put into 

the same block diagonal form with a similarity transformation. The 

following example shows that it is not always possible to do this with 

a unitary similarity. 

Example 2. Let A= (: : ) and B = (: :) 
The vectors (:) and (: ) are a pair of linearly independent 

eigenvectors for A and B. If S = then 

and = 

However, since neither A nor B can be unitarily diagane.lized, they 

clearly cannot be simul.taneously, unitarily diagonalized. 
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Definition. A matrix A is D(n1, ... ,nt) provided it is a block 

diagonal. matrix with t diagonal blocks of sizes n1, 1½, ... ,nt, 

where n1 + ~ + ••. + nt = n and n1 < n for i = 1, ... ,t. 

A = 0 

The set n is said to be D(n1, ••• ,nt) provided every matrix in O 

is D(n1, ••• ,nt). 

* * We now consider the case where O = IJ • (A denotes the conjugate 

transpose of the matrix A.) The following theorem and its proof are 

due to Specht [40, p. 212] although we state it a bit differently 

here. 1 

'.llleorem B ( Specht ) [ 40, p. 212 ] . Let O be a nonempty set of complex 

n x n matrices and let O be the algebra generated by O over ¢. 
* Suppose a = (J • Then there exists a nonsingular matrix S such tha.t 

s-1a S is BT(n1, ... ,nt) if and only if there exists a unitary matrix 

* U such that U IJ U is D(n1, ... ,nt). 

1Barker, Eifler, and Kezlan [2] prove a similar, but sharper result 
using the Wedderburn-Artin theory of the structure of semi-simple 

* algebras. Laffey [22] proved that if a = t'J , the matrices in o 
can be simultaneously block diagonalized if and only if they can be 
unitarily block diagonalized. Laffey's method of proof can be used 
to obtain Theorem B. 
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Proof. Assume there is a nonsingular matrix S such that s-1a S 

is BT(n1, ... ,nt). By Theorem A (Specht) there is a unitary matrix 

* * U such that U .t'J U is BT(n1, ... , nt). Then r1 = a implies 

* * * * * (U t7 U) = U (JU= U a U. Since the transpose conjugate of a block 

upper triangular matrix is block lower triangular, the only nonzero 

* elements of the matrices of U l'J U are in the diagonal blocks. ■ 

Corollary 2. An n x n oomplex matrix A is unitarily similar to 

a block diagonal matrix with blocks of sizes n1, ... ,nt if and only 

* if A and A are simultaneously similar to block upper triangular 

matrices with blocks of sizes 

* Proof. Let IJ be the algebra generated by A and A . Then 

* r7 = a and Theorem B applies. ■ 

Note that for the case the corollary 

* says that A is normal if and only if A and A are simultaneously 

similar to upper triangular matrices. 

We now apply Specht' s theorem B to Theorem 1 ( Section I. 3) to 

obtain the following result. 

Theorem 2. Let O be a nonempty set of complex n x n matrices 

and let t'J be the algebra generated by O over ¢. * Assume (J = IJ . 

Let Q(x1, ... ,xr) be a polynomial satisfying the hypothesis of 

Theorem 1. Then the following are equivalent. 

( 1 ) * There is a unitary matrix U such that Un U is 

D(n1, ... ,nt) with max fn1, ... ,nt} ~ k (where k is as in 

Theorem 1 ). 

(2) Q.(A1, ... ,Ar)=O forall A1, ... ,ArE0. 
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This may be regarded as a generalization of the fact that a set O 

of norma.l matrices can be simultaneously, unitarily diagonalized if 

and only if the ma.trices in O cODD11ute [9, pp. 224-225]. 

Section 6. Some applications of Specht's theorem Band Theorem 2. 

McCoy (25] introduced the notion of quasi -co:mmutative ma.trices. 

Roth [36] and Drazin [8] generalized this concept and studied 

k-co:mmutative ma.trices. 

Definition (Drazin) [8, p. 223]. Let r be a set of n x n ma.trices 
0 

A1, ... ,Am. Define sets rk (k = 1, 2, .... ) inductively as follows. 

r = [A1, ... ,A} o m 

Definition (Drazin) [8, p. 223]. The set r
0 

= [A1, . .. ,Am} will be 

said to be quasi-commuting of the k'th order for some k > 1 provided 

Note that r1 = O means that the set is commutative. McCoy's 

property of quasi-commuting (25] is included under r2 = o. McCoy 

proved that if r 2 = o, then the matrices A1, ... ,Am have property 

P (25]. Drazin extended this result. In addition to other theorems 

about quasi-commutativity, he proved the following result. 
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Theorem (Drazin) [ 8]. Let F be algebraically closed and let 

A1, .•. ,Am be n x n matrices over F. If A1, ... ,Am are quasi­

commuting of the k'th order, for some k :: 1, then A1, ..• ,Am 

have property P. 

We now apply Drazin's theorem to Corollary 2 (Section I.5). 

* This shows that A is normal if and only if A and A are quasi -

commuting of the k' th order for some k > 1 . 

Now let A1, ••• ,Am be a set of normal matrices. Since A1 is 

* norma.l, A. is a polynomial in A .• 
l. l. 

Hence the algebra, Cl, generated 

* by A1, ... ,Am satisfies a= Cl. Using .I:a:,azin's theorem and Specht's 

theorem B, we see that the normal matrices A1, .. . ,Am connnute if and 

only if they a.re quasi-commuting of order k for some k > 1 . 

We now use Theorem 2 (Section I.5) to give an alternative proof 

of a theorem of Watters [50]. 

Theorem (Watters) [50]. If S is a set of n x n normal matrices 

and Cl is the algebra generated by S over the complex numbers, the 

matrices in S are simultaneously, unitaril.y similar to block 

diagonal matrices with blocks of size 1 x 1 or 2 x 2 if and only if 

2 2 
[A, B] P = P [A, B] 

holds for all A in l'J and B and P in s. 

To obtain this result from Theorem 2, let 

This polynomial. vanishes for all t r iples of 2 x 2 matrices, but 

not for all triples of n x n matrices whenever n :: 3 . Hence, 
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Q(x
1

, ½' x
3

) satisfies the hypothesis of Theorem 1 with k = 2 . 

Assume the second condition of Watter's theorem holds--i.e . that 

Q(A, B, P) = 0 for all A in O and B and P in S. Since 

[A, B]2 commutes with every element of (7 if and only if it commutes 

with every element of s, we clearly have Q(A, B, Z) = 0 for aJ.l 

A and Z in rJ and B in s. 

* Since (J = (J , Specht's theorem B implies that t'J is unitarily 

similar to an algebra of matrices which is D(n1, ... ,nt) where the 

numbers n1, ••• ,nt are the dimensions of the composition factors of 

the algebra O. We consider only the i'th diagonal block and hence 

may assume O = Mm(¢), where m = ni. We need to show m > 2. 

Suppose m ~ 3 and B = (bij) ES is not a scalar matrix. 

If bij f O for some if j, then 2 
[Eji' B] is not scalar, where 

Eji is the matrix. with a one in the j,i position and zeroes elsewhere. 

Thus, 

with 

does not commute with every Z E (J. If B is diagonal 

let A = E. . + E. . + E . . + E ..• 
11 lJ J1 JJ 

not scalar and hence does not commute with every 

Then 
1 

z € a. 

[A B]2 
' 

Hence 

Q(A, B, Z) = 0 for all A and Z 

implies m < 2. 

in M (¢) and B in S 
m 

is 

Finally, we consider a single n x n matrix. A of complex 

numbers. Write A = H + iK, where H and K are Hermitian. Then 

H = 
* A+A 

2 and 
* A - A 

K = 2i The matrix A is normal if and only 

* * * * if AA = A A. Note that AA = A A if and only if HK = KH. Thus, 

by Specht' s theorem B, the matrix A is normal if and on1y if 

1This argument was suggested by the referee of (39]. 
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B and K can be simul.ta.neously upper tria.ngularized. 

Now suppose A is uni tarily similar to a matrix which is 

D(n1, ... ,nt). This may be viewed as a generalization of the concept 

of normality. Again applying Specht' s theorem B, we see that A is 

unitarily similar to a matrix which is D(n1, ••• ,nt) if and only if 

* the pair A and A are simultaneously similar to matrices which are 

BT(n1, ••• ,nt). This occurs if and only if H and K are simultaneously 

similar to matrices which are BT(n1, ..• ,nt). Thus, we may study these 

generalized normal matrices by studying pairs of Hermitian matrices 

with common invariant subspaces. This idea will be used in the 

remaining chapters. 
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II. Pencils of Matrices, the Characteristic Polynomial and Property L. 

Section 1. Definition of the matrix pencil xA + yB and the 

characteristic polynomial f(x,y,z) . 

For the remainder of this work, A and B will denote n x n 

complex matrices of complex numbers . As descr ibed at the end of 

I.6, we will consider A= H + iK, where H and K are Hermitian. 

The letters H and K will always designate n x n complex, 

Hermitian matrices . 

Definition. The pencil generated £l A and B is 

[ xA + yB I x, y € ¢ }. 

Definition. The characteristic polynomial of the pencil xA + yB is 

f(x,y,z) = det(zI - xA - yB) . 

Note that f(x,y,z) is a homogeneous polynomial of degree n 

in the variables x, y, and z, with complex coefficients. Fixing 

values of x and y, say x=x 
0 

and y=y, 
0 

yields 

f(x, y ,z) = det(zI - x A - y B), 
0 0 0 0 

the usual characteristic polynomial of the matrix x A+ y B. 
0 0 

Applying a simultaneous similarity to A and B does not change 

the characteristic polynomial, for 

( ) ( -1 -1 ) det zI - xA - yB = det zl - xS AS - yS BS . 
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Section 2. The pencil xH + yK where A = H + iK. 

We will use the pencil xH + yK and the characteristic polynomial 

f(x,y,z) = det(zI - xH - yK) to study the matrix A= H + iK, where 

* H _ A+ A 
- 2 and K = 

* A - A 
21 are Hermitian. In this section 

we prove that the characteristic polynomial has real coefficients, and 

that it uniquely determines A u:p to unitary similarity when A is 2 x 2. 

Proposition 1. Let H a.nd K be n x n Hermitian matrices. Then 

the coefficients of the polynomial f(x,y,z) = det(zI - xH - yK) 

are real. 

* * Proof. If U is a unitary matrix, then U HU a.nd U KU are again 

* * Hermitian and det(zI - xH - yK) = det(zI - xU HU - yU KU). Since we 

can unitarily diagonalize H, we may, without loss of generality, 

zI - xH - yK = 

z-h1x-k11 y 

-k12y 

-k y 1n 

• 

Consider a term, 
i • k 

aijkx yJz of the polynomial f(x,y,z). In expanding 

det(zI - xH - yK), such a term arises by taking z from exactly 

k diagonal terms and x from exactly i diagonal terms. Thus, 

a .. k is a sum of numbers, each of which is the product of i eigenvalues 
l.J 

of H with the determinant of a j x j principal minor of K. Since 

H is Hermitian, it has real eigenvalues. Since K is Hermitian, any 
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principal minor of K is also Hermitian, and hence has a real determinant. 

Therefore, aijk is a real number. ■ 

Theorem 3. Let A = H1 + iK, and B = ~ + i~, where A and B 

are 2 x 2 complex ma.trices and H1, K,., ~, and ~ are Hermitian. 

Suppose det(zI - xH1 - YK,) = det(zI - ~ - y~). Then there exists 

* a unitary matrix U such that U AU= B. 

Proof. We may unitarily put A into upper triangular form, so without 

loss of generality, we may assume 

A = ( "-, 2a ) 

0 "-2 

where A 1 and x2 are the eigenvalues of A and a E ¢. 

Write x, = r 1 + is1 
and "-2 

s2 are real numbers. Then, 

* ( ;, Hl 
A+A 

= = 2 

det(zI - xH1 - YK,) = 

= r
2 

+ is
2

, where 

:,) 

det 

and K, = 

( 

z-r x-s y 1 1 

. -a(x+iy) 

r,, s
1

, r
2

, 

* A - A 
~ = 

-a(x-iy) ) 

z-r x-s y 2 2 

and 

( 
s~ 

ia 

= z2 - [(r1 + r2 )x + (s1 + s2 )y] z + (r1x + s1y)(r2x + s2y) -

- lal2(x2 + y2). 

Setting x = 1 and y = i in the equation 

det(zI - xH1 - YK,) = det(zI - ~ - y~) 

yields det(zI - A) = det(zI - B). This shows that A and B have 

-ia) 

82 
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the same eigenval.ues . Applying a unitary similarity to B, we may 

assume 

B = ( "- 1 2b ) = ~ + i1'2. 
0 "-2 

As before, we have 

det(zI - ~ - y~) 
2 

= z [(r1 + r 2 )x + (s1 + s2 )y] 

I 1
2 2 2 + (r 1x + s1y)(r2x + s2y) - b (x + y ). 

Since det(zI - xH1 - YK,) = det(zI - ~ - y~), we must have 

I a I = I b I . Hence, 
ie 

b = a e for some O < 8 < 21C • 

Let U = ( : :ie) • Then U is unitary arul 

* U AU 

Hence, A and B are uni tarily similar. ■ 

Theorem 3 shows that if A is 2 x 2 , then it is uniquely 

determined, up to unitary similarity, by the polynomial det(zI - xH - yK). 

The following examples show that this is not true for larger ma.trices. 

Example 3. 0 i i 

Let A = i a+i i 

i i -a+i 

where a is a nonzero real number . 

and B = 

0 0 0 

0 a+i ~ 

0 :i,/3 -a+i 
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0 0 0 

= 0 a 0 

O O -a 

0 0 0 

= 0 a 0 

0 0 -a 

+ i 

+ i 

0 1 1 

1 

1 1 1 

0 0 0 

0 1 JJ 

0 ,/3 1 

The eigenvectors of H1 are the standard basis vectors, 

0 

0 and scalar multiples of these three vectors. 

Since none of these are eigenvectors of K,, the matrices H1 and K, 
do not have a common eigenvector . Hence A is not unitarily similar 

to a matrix which is D(l,2). However, B is D(1,2). Hence A is 

not unitarily similar to B. 

We now compute det(zI - xH
1 

- yK1), expanding by cofactors of 

the elements of the first column. 

z -y -y 

det(zI - xH1 - yK1) = -y z-ax-y -y 

-y -y z+a.x-y 

= z [ ( z - ax - y) ( z + ax - y) - y
2

] + y [ ( -y) ( z + ax - y) - y
2

] 

-· y [ y
2 

+ y ( z - ax - y)] 

2 2 
= z [ ( z - ax - y) ( z + ax - y) - y ] + y [ -2y - y ( 2 z - 2y) ] 
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2 2 
= z [ ( z - ax - y) ( z + ax - y) - y ] - 2y z 

= z [ ( z - ax - y) ( z + ax - y) - 3Y 
2 

] • 

We now compute det(zI - xH2 - YIS)· 

z 0 0 

det(zI - ~ - YIS) = 0 z-ax-y -.../3 y 

0 - ./3 y z+ax-y 

2 
= z [ ( z - ax - y) ( z + ax - y) - 3Y ] • 

Thus, det(zI - xH1 - YK,) = det(zI - xH2 - yIS), but A is not 

uni tarily similar to B. 

Note that in Example 3, the characteristic polynomial factors 

into a linear factor and a quadratic factor. In the next example, 

the characteristic polynomial is irreducible. 

Example 4. 0 A 2 0 ff If 
Let A = 0 0 ff and B = 0 0 2 

0 0 0 0 0 0 

0 1J1 
2 2 

1 0 •ff - ~ 2 

A :: H1 + iK, = ~/f1 0 ]_Al + i ½A 0 2 2 2 2 

1 ]_Al 
2 2 

0 i ½A 

... 1 

-½A • 

0 
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0 .!.J½l 
2 2 ½# 0 -½J ·g - ½ 2 

B = ~ + i~ = .!.g, 
2 2 0 1 + i ½A 0 -i . 

.!./f1 
2 2 

1 0 i/f .2 2 i 0 

z 1 ~ - - -(x-iy) 2 2 -(x- iy) 

det(zI - xH1 - YK,) = det - .!.J
1 

(x+iy) 2 2 z - .!.jfc1cx-iy) 2 2 

-(x+iy) - .!. ~
1 

(x+iy) 2 2 z 

3 1 2 2 2 2 1 2 2 = z + [- g (x + y) - (x + y) - g (x + y )] z 

-E (x - iy)(x2 + y2) - E (x + iy)(x2 + y2) 

3 5(2 2 1 (2 2 = Z - 4 X + y ) Z - 4 X X + y ) . 

z _ .!. II<x-iy) - .!. ficx-iy) 2 ✓2 2 ✓ 2
1 

det(zI - ~ - YJS) = det - }/f(x+iy) z -(x- iy) 

- }[f(x+iy) - (x+iy) z 

3 1 2 2 1 2 2 2 2 = z + [ - g(x + y ) - if x + y ) - (x + y ) ] z 

-E (x - iy )(x 2 + Y2) - E (x + iy) (x2 + Y2) 

3 5 ( 2 2) 1 ( 2 2) ) = z - 4 x + y z - 4 x x + y = det(zI - xH, - YK, • 

We now show the polynomial. f (x, y, z) = z3 - t (x
2 

+ y2) z - k x (x2 + y
2

) 
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is irreducible. Suppose f(x,y,z) is reducible. Then it must have 

a linear factor (z - ax - ~y), since the degree of f(x,y,z) is 

three. Setting x = 1 and y = i, we see that a+ i- is an 

eigenvalue of A. Since O is the only eigenvalue of A, a+ i~ = o. 

Setting x = 1 and y = 0 shows that a is an eigenvalue of H1 and 

hence is real. Similarly, e is an eigenvalue of X, and hence is 

real. Thus, a + if,! = 0 implies a = ~ = O and the linear factor 

must be z. Since z3 - l (x2 + y2
) - } x (x2 

+ y2
) is clearly not • 

divisible by z, the polynomial is irreducible. 

FinaJ.ly, we show A is not unitarily similar to B. Suppose there 

* * * * is a unitary matrix U such that U AU = B. Then U A U = B • 

* * Hence, if W(A, A) is any word in A and A, 

* * * ** * U [W(A, A ) ] U = W(U AU, U A U) = W(B, B ) • 

* * Thus, we would have tr (W(A, A))= tr (W(B, B )) [41]. We compute 

( *)2 2 (B*)2 B2 A A and and show they have different traces. 

0 0 0 0 0 0 

* ~ (A*/ A = 0 0 and = 0 0 0 . 
2 ff 0 

1 
0 0 2 

0 0 0 0 0 
1 

0 0 2 

(A *)2 A2 = 0 0 0 0 0 0 = 0 0 

1 
0 0 0 0 0 0 0 2 

0 

0 . 
1 
4 
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0 0 0 0 0 0 

* If (B*/ B = 0 0 and = 0 0 0 

JI 2 0 2/f 0 0 

0 0 0 0 0 2$ 0 0 0 

(B*/ B2 
= 0 0 0 0 0 0 = 0 0 0 

2fi 0 0 0 0 0 0 0 2 

Since (A*)2 A2 has trace ¼ and 

A is not unitarily similar to B. 

"2 2 
(B~) B has trace 2, the matrix 

Thus, we see the polynomial det ( zI - xH - yK) uniquely determines 

A= H + iK, up to unitary similarity, if n ~ 2, but not, in general, 

if A is larger than 2 x 2. 

Section J. Property L. 

Recall from I.1 that A and B are said to have property P 

provided there exists an ordering a 1, •.• ,an of the eigenvalues of 

A and ,,, ... ,Sn of the eigenvalues of B such that the matrix 

Q(A, B) has eigenvalues Q,(ai, Si) , i = 1, • • . ,n for any polynomial 

Q, . M. Kac suggested that matrices for which xA + yB has eigenvalues 

x a. + y e., for all values of x and y, be studied . Motzkin and 
J. 1 

Taussky [27, 28] wer.e the first to study such matrices. 

. 
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Definition. If there is an ordering, a:1, ... ,a:n, of the eigenvalues 

of A and, ~,, ... ,~n' of the eigenvalues of B such that xA + yB 

has eigenvalues x a:. + y S . for all values of x and y, then A 
l. l. 

and B are said to have property L. 

Notice that property P implies property L. However, pairs of 

matrices which have property L need not have property P [27, p. 112]. 

Thus, in general, no two of the statements 

( 1 ) A and B commute, 

(2) A and B have property P, 

(3) A and B have property L, 

are equivalent, but (1) implies (2) and (2 ) implies (3). 

For pairs of Hermitian matrices, however, the three properties are 

equivalent [27]. 

Theorem (Motzkin, Taussky) [27]. If H and K are Hermitian and 

have property L, then HK= KH. 

Now suppose A has eigenvalues a:1, ... ,an and B has eigenvalues 

81, ... ,an. If A and B have property L, then xA + yB has 

eigenvalues x ai + y e i for all values of x and y. Hence 

n 

f(x,y,z) = det(zI - xA - yB ) = TI (z - a:ix - e1y) 

1=1 

Conversely, if f (x,y,z) factors into n linear factors of the form 

(z - a:.x - S.y), i = 1, ... ,n, then A and B must have property L. 
l. l. 

Furthermore, a 1, ... ,an are the eigenvalues of A, e1, ... ,en are 

the eigenvalues of B and x a:1 + y e1, for i = 1, ... ,n are the 

eigenvalues of xA + yB. So A and B have property L if and 
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oricy° if f(x,y,z) factors into n linear factors (28]. 

Reca.11 that A = H + iK is normal if and only if HK = KH. 

By the Motzkin-Taussky theorem, and the remark above, we see that A 

is normal if and only if f(x,y,z) = det(zl - xH - yK) factors into 

linear factors. Now if A is normal, there is a unitary matrix U 

* such that U AU= diag(a1, ••• ,an), where a 1, ••• ,an are the eigenvalues 

of A. Write aj = hj + ikj, where hj and kj are real, j = 1, ... ,n. 

* * 
= U HU+ i U KU. 

* * Note that U HU and U KU are again Hermitian, and that H has eigen-

values h
1

, .•• ,hn and K has eigenvalues k

1

, •.. ,kn. Thus, we have 

n 

det(zI - xH - yK) = TT (z - h.x - k.y) 
J J 

j=1 

* so each linear factor corresponds to a diagonal element of U AU. 

Section 4. ~ generalization of property 1--factors of the characteristic 
1 

polynomial. 

We saw above that if A is unitarily similar to a diagonal matrix, 

then the n diagonal elements correspond to the n linear factors of 

det(zI - xH - yK). Suppose now that A is unitarily similar to a matrix 

1Gaines [12] considered a generalized L-property and proved that if A 
and B satisfy a certain commutator relation, then the characteristic 
polynomial of 'xA + yB splits into linear and quadratic homogeneous 
factors. Taussky (46] has also studied a weak L-property. 
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which is D(n1, ... ,nt). Then H and K are simultaneously, unitarily 

similar to matrices which are D(n1, ..• ,nt). We have 

0 
* U AU = 

0 

H11 0 K, 1 0 
* * * U AU = U HU + i U KU = ~2 + i ~2 

0 
~ 

0 ~¾t Htt 

with Ajj = Hjj + i Kjj' for j = ,, ••• ,t and Hjj and K .. 
JJ 

Hermitian matrices of size nj X n .. 
J 

t 

det(zI - xH - yK) = det(zI * * TT (zI - xHjj- yKjj). Then - xU HU - yU KU) = 

Thus, 

t 

f(x,y,z) = det(zI - xH - yK) = TT 
j=1 

f .(x,y,z) 
J 

j=1 

where 

f. (x,y, z) = det(zI - xH .. - yK .. ) is homogeneous of degree nj and 
J JJ JJ 

is the characteristic polynomial of the pencil xH . . + yK. . in the 
JJ JJ 

j'th diagonal block. Thus, if H and K can be simultaneously block 

diagonalized, then the characteristic polynomial of the pencil generated 

by H and K has a nontrivial factorization, and the factors correspond 
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to the blocks in the matrices. In II.3 we used a theorem of Motzkin 

and Taussky to show that if all the factors are linear, the converse 

also holds. However, the following example shows that in general, 

the converse does not hold when there are non-linear factors. 

Example 5. 

Let H = 

0 

0 

0 

0 

a 

0 

0 

0 

-a 

where a is a nonzero 

real number, and let K = 

0 

1 

1 

1 

1 

1 

1 

1 

The matrices H and K are Hermitian and we showed in Example 3 

(II.2, pp. 26-28) that 

2 det(zI - xH - yK) = z [(z - ax - y)(z + ax - y) - 3y ] , 

but H and K have no common eigenvector. Hence, f(x,y,z) factors 

into a linear factor and a quadratic factor, but H and K are not 

simultaneously, unitarily similar to matrices which are D(1, 2). 

In their second paper on matrices with property L (28] Motzkin 

and Taussky proved the following theorem. 

Theorem (Motzkin, Taussky) (28, p. 395]. Let xA + yB be a pencil 

in which all matrices are diagonable. Then A and B can be 

diagonalized by the same similarity and therefore they commute. 

This result does not generalize to block diagonalization. The 



following example exhibits a pair A, B of 3 x 3 matrices such that 

every matrix in the pencil is similar to a matrix which is D(1, 2), 

but A and B cannot be simultaneously block diagonalized. 

Example 6. 

Let A = 

0 

0 

0 

0 

2 

0 

0 

0 

1 

and B = 

0 

1 

1 

0 0 

1 

The matrix A is diagonal. The matrix B has two distinct eigenvaJ.ues, 

namely O and 2, and hence is similar to a matrix which is D(1, 2 ). 

xA + yB = 

0 

y 

0 

2x+y 

0 

y 

Y Y x+y 

We show that for each fixed x and y, the matrix x A+ y B is 
0 0 0 0 

similar to a matrix which is D(1, 2). 

Consider the three column vectors 
(

YY) , (2x Y+ Y), and (x Y+ Y) • 

Case 1. 

Then the vectors and ( Y
O 

) are linearly independent. 
XO+ Yo 

Hence there exist scalars r and s such that 

= + 



1 0 

Let S = -r 

-s 0 

1 

r 

s 

0 

0 

1 

0 

1 

0 
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-1 
Then S = 

0 

1 

r 

s 

0 

0 

0 

0 

0 

0 

0 

0 

1 

O 2x + y y
0 0 0 

0 

= 

0 

x+y 
0 0 

0 0 

0 2x + y y
0 0 0 

0 Yo xo+ Y 

Hence x A+ y B is similar to a matrix which is D(1, 2). 
0 0 

Case 2. 
det 

(

2x + y 
0 0 

Yo 

Yo ) = O. 
x+y 

0 0 

Then {2x + y ) (x + y ) - y 
2 

0 O O O 0 
= 2x 

2 
+ 3x y = 0. 

0 0 0 

0 

Thus x (2x + 3y) = O. If x = O, then x A+ y B = y B, which is 
0 0 0 0 0 0 0 

similar to a matrix which is D(1, 2 ). If x f O, then 2x + 3Y = O, 
0 0 0 

2 
SO y = - -3 X • 

0 0 
Then x A + y B = x (A - g_3 B) = XO (3A - 2B). 

0 0 0 3 

3A - 2B = 

0 

-2 

0 0 

4 -2 

-2 -2 1 

two distinct eigenvalues, it is similar to a matrix which is D(l, 2). 



Thus, for evecy choice of x 
0 

and the matrix X A + y B 
0 0 

is similar to a matrix which is D(1,2). 

Furthermore, the characteristic polynomial. of xA + yB factors 

into a linear factor and a quadratic factor. 

z 

f(x,y,z) = det(zI - .xA - yB) = det -y 

-y 

0 

z-2x-y 

-y 

0 

-y 

z-x-y 

2 2 2 
= z [(z - 2x - y)(z - x - y) - y] = z [ z - (3x + 2y) z + (2x + 3:xy)]. 

However, we now show that A and B are not si.mul taneously 

similal' to matrices which are D( 1, 2). Suppose there were a nonsingular 

matrix S such that s-1As and s-1Bs were both D(1, 2) . Then 

[A, BJ2 would have to connnute with A. (See page 14.) We compute 

[A, B]2 and show that it does not commute with A. 

[A, B] = AB - BA = 

0 0 

[A, BJ2 = 1 -1 

-2 0 

0 0 

A [A, BJ2 = 2 -2 

-2 0 

0 

2 

1 

0 

0 

-1 

0 

0 

-1 

0 

2 

1 

• 

0 

2 

1 

and 

0 

0 

0 

[A, B]
2

A = 

0 

2 

2 

0 

0 

0 

0 

1 

1 

0 

-2 

0 

= 

0 

0 

-1 

0 

2 

0 

0 

-1 

Hence A a.nd B cannot be simultaneously silllilar to matrices which are 

D(1, 2). Thus, the theorem of Motzkin and Taussky which states that if 

0 

0 
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every matrix in the pencil xA + yB is diagonalizable, then A and 

B commute, does not extend to cover block dia.gonalization. 



40 

III. Linear Factors of the Characteristic Polynomial. 

Section 1. Linear factors of det(zI - xA - yB) 

eigenvalues of A- 1B. 

and the 

If A and B have property L, they do not necessarily have 

property P. However, if A is nonsingular, one can say something 

-1 about the eigenvalues of A B. 

Theorem (Motzkin, Taussky) [27, 48]. Let A and B have property L 

and suppose A is nonsingular. Let a 1, ••• ,an be the eigenval.ues 

of A and a
1
, ••• ,8n be the eigenvalues of B. Then the eigenvalues 

-1 _, 
of AB a.re a. 8., for i= 1, ••• ,n. 

l l 

We employ the same argument used by Motzkin and Taussky to show 

that if det(zI - xA - yB) has a linear factor (z - coc - By), and 

if A is nonsingular, -1 1 a S is an eigenvalue of A- B. Supp~se 

det(zI - xA - yB) = (z - coc - f3y) g(x,y,z) where g(x,y,z) has 

degree n- 1. Then C0c + Sy is an eigenvalue of x A + y B for 
0 0 0 0 

-1 
any pair of complex numbers x and y . Setting x = a B and 

0 0 0 
-1 we see that O is an eigenvalue of a BA - B. Hence y = - ,, 

0 

0 = det(a- 1
aA - B) = (det A)(det(a-

1
9 I - A-

1
B). 

-1 an eigenvalue of A B. 

Thus, 
-1 a s is 
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Sectj_on 2. ~ pair of n x n Hermitian matrices, H and K, which 

do ~ have ~ common eigenvector but such that 

det(zI - xH - yK) has ~ linear factor. 

SUJ;)pose f(x,y,z) = det(zI - xH - yK) = (z - ax - ~y) g(x,y,z), 

where g(x,y,z) has degree n-1. Example 5 (II . 4, p. 35) showed that 

H and K need not have a common eigenvector. The matrices in that 

example were 3 x 3. The following example shows how to construct 

a pair of n x n Hermitian matrices which do not have a common 

eigenvector, but such that f(x,y,z) does have a linear factor. 

Example 7. 0 

Let H = 

0 

0 1 1 

1 1 1 

Let K = 1 1 1 

. 
1 1 1 

0 

. . . 

. . . 

. . . 

. . . 

a 

1 

1 

1 . 

1 

n 

. 

, where a2 , ••• ,an are 

distinct real numbers. 

H and K are n x n Hermitian matrices. Consider f(x,y,z). This 

polynomial is divisible by z if and only if det(xH + yK) = o. We 

will show how to choose a 2, ... ,an so that det(xH + yK) = O. 
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0 y 

y a 2x + y 

xH + yK = y y . . . 
y y 

y . 
y . . 

a
3
x + y 

y . 

y 

y 

y . . 
. a X + y n 

Det (xH + yK) is a homogeneous polynomial of degree n in x and y. 

det(xH + yK) . . . + 
n-1 n r 1x y + r x 

n- n 

We compute the coefficients r, r 1, ... ,r. o n Clearly, r = r = o. n n-1 

To get a term of the form n-2 2 ex y , 

nonzero diagonal elements . Hence, 

we must take exactly n-2 

Now to get a term of the form cxn-3Y3, we must take exactly n-3 

nonzero diagonal elements. Thus 

Since 

r = det 
n-3 

det 

0 

1 

1 

0 1 

1 1 

1 1 

= o, 

1 

x (a sum of products of n-3 distinct ai' s) 

the coefficient r 
3 

= O. 
n-

A similar argmnent shows r 
O 

= r 1 = = rn-4 = o. 



Hence det(xH + yK) 
n-2 2 

= r 2x y n-
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and det(xH + yK) = 0 if and only if 

Thus, if we choose a 2, ... ,an to satisfy equation(*), then 

det(zI - xH - yK) will be divisible by z. If, in addition, 

o, a2, ... ,an are distinct, then the eigenvectors of H are all scalar 

multiples of the standard basis vectors. Since none of these is an 

eigenvector of K, the matrices H and K have no comm.on eigenvector. 

Thus, if it is possible to find distinct, nonzero real numbers 

a 2, ... ,an which satisfy equation(*), then one can construct Hermitian 

matrices H and K such that det(zI - xH - yK) is divisible by 

z, but H and K have no common eigenvector. Note that if a 2 = a 

and a
3 

= -a we obtain the matrices in Example 5 (II.4, p. 35). 

Section 3. A theorem about linear factors of~ multiplicity. 

As we saw above, the presence of a linear factor in the characteristic 

polynomial of the pencil xH + yK is not a sufficient condition for 

H and K to have a common eigenvector. However, if the linear 

factor occurs with a high enough multiplicity, then we can infer the 

existence of a common eigenvector . 

Before stating the main theorem of this chapter, we prove a 

lemma which will be needed in the proof. 

Lemma 1. Suppose f(x,y,z) = det(zI - xH - yK) = (z - ax - ey)r g(x,y,z), 

where z - ax - SY does not divide g(x,y,z). Then there exist 

real numbers a and b such that aa + Sb is an eigenvalue of the 
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matrix aH + bK of multiplicity exactly r. (Equivalently, 

aH + bK - (aa + ~b)I has rank n-r.) 

Proof. Since f(x,y,z) = (z - ax - Sy)rg(x,y,z), the n~ber 

ax + By is an eigenvaJ.ue of multiplicity at least r for aJ.l 
0 0 

x and y. Suppose, by contradiction, that aa + ~b is an eigen-o 0 

value of aJI + bK of multiplicity greater than r for all reaJ. 

a and b. Then (z - aa - Sb)r+l divides the polynomial. f(a,b,z ) 

for aJ.1 reaJ. vaJ.ues of a and b. This is possible if and only if 

(z - ax - av)r+1 divides f(x,y,z), which contradicts the assumption 

that z - ax - BY does not divide g(x,y,z). Hence, for some real 

a and b, the number aa + Sb is an eigenvaJ.ue of aJI + bK of 

multiplicity exactly r. Since aH + bK is Hermitian, this is 

equivalent to saying aH + bK - (aa + Bb )I has rank n-r. ■ 

Theorem 4. Let H and K be n x n Hermitian matrices. Suppose 

f(x,y,z) = det(zI - xH - yK) = (z - ax - ey)r g(x,y,z ), where 

z - ax - By does not divide g(x,y,z). n Then if r > 3, the 

matrices H and K have a connnon eigenvector corresponding to the 

eigenvalues a of H and e of K. 

Proof. We first show that without loss of generaJ.ity, we may assume 

H - aI has rank n-r (i.e. a is an eigenvalue of H of multiplicity 

exactly r) and that a = e = o. By LemmB. 1, there exist reaJ. numbers 

a and b such that aa + 8b is an eigenvalue of aH + bK of 

multiplicity exactly r. If we choose reaJ. numbers c and d so 

that det (: : ) 'f o, then the matrices aJI + bK and cH + dK 
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generate the same pencil as H and K. Since a, b, c and d are 

real, aH + bK and cH + dK a.re Hermitian. If we replace H and 

K by aH + bK and cH + dK, the polynomial f(x,y, z) undergoes 

a linear change of variable and hence has the same type of factorization. 

Hence, we may replace H and K by aH + bK and cH + dK and thus 

assume that H - aI has rank n-r. 

Next, we replace H by H - ar . 

det(zI - x(H - aI) - yK) = det ((z + ax)I - :xH - yK) 

= (z + ax - ax - ayf g(x,y, z + ax) = (z - ayf g(x,y, z + ax) 

Since z - ax - ay does not divide g(x,y,z), we see z - ay does 

not divide g(x,y, z + ax). Furthermore, H and H - aI have the 

same eigenvectors. Thus, without loss of generality, we may replace 

H by H - aI and thus assume a = o. Similarly, we may assume a = o. 

Thus, we may assume f(x,y,z) = zr g(x,y,z), where z does not 

divide g(x,y,z) and H has rank n-r. Zero is then an eigenvalue 

of H of multiplicity exactly r, and an eigenvalue of K of 

multiplicity at least r. 

We now diagonalize H with a unitary similarity, u, and apply 

* * the same similarity to K. The ma.trices U HU and U KU are again 

Hermitian, so we may assume H = diag(o, o, ... ,o, hr+1, ... ,hn) 

where hr+lhr+2 ... hn f O. Partition the matrix K into the following 

block form. 

r 

K = 

n-r 

where K, 1 is r x r, is r x (n-r) and is (n-r) x (n-r). 



Let K22 = (kij) where i,j = r+1, ... ,n. Since K is Hermitian, 

~ 2 is also Hermitian and kji = kij. 

We first show that K11 = O. 

xh + k k r+ 1 r+ 1 , r+ 1 r+ 1 , n 
xH + K = 

xh +k k r+1,n n nn 

Det(zI-xH-K) = f(x,1,z) = zr g(x,1,z). The coefficient of i z 

( ) i (-1 )n-i det zI - xH - K s times the sum of all the principal 

n-i x n-i minors of the matrix xH + K. Since the coefficient of 

i 
z is zero for i = 0,1, ... ,r-1, the sum of all the principal 

n-i x n-i minors of the matrix xH + K is zero for each i, for 

i = 0,1, ... ,r-1. 

in 

For a fixed i, the sum of all the principal n-i x n-i minors 

of xH + K is a polynomial in x of degree n-r, for each i = o, ... ,r-1. 

Th ff .. t f n-r e coe icien o x in this polynomial is 

(hr+,hr+2 ... hn) X (the sum of the principal r-i x r-i minors 

of the r x r matrix K11 ). 

Since hr+1 ... hn / o, the sum of all the principal r-i x r-i minors 

of K,, is equal to zero, for each i = o, ... ,r-1. Thus the charac­

teristic polynomial of K, 1 is )._ r = O and K, 1 is nilpotent. Since 

JC, 1 is Hermitian, K11 = O. We now have 



47 

0 0 } r 0 K12 } r 
H hr+l ] and K = = 

} ~ n-r * 
n-r 

0 K,2 y'22 

h n 

T A column vector ~ = (x1, ••• ,x
11

) is in the null space of H 

if and only if xr+l= xr+2= ... = xn = O. We will show that if 

r > ¥, it is possible to find a nonzero vector ~ = (x1, ... ,xr, o, ... ,o)T 

which is in the null space of K. This will complete the proof. 

We have K 

0 ] . r 

= . 
0 • 

0 

* i;1 ] 1S2 
n-r 

* The matrix K, 2 is n~r x r. then the null space of H, 

which we denote by ~(H), has dimension greater than i• Also, ~(K) 

has dimension greater than ~- Hence ~(H) n ~(K) ! 0 and H and 

K have a conunon eigenvector with eigenvalue zero. 

It remains to consider the case 

* If rank(K, 2 ) < r, 

* solution to the system K, 2 • 

X r 

= 

n r <-2· Then r < n-r so 

then there exists a nonzero 

0 

and we are done. 

0 
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* * We now show 1S2 cannot have rank r. If 1S2 has rank r, then 

1S2 also has rank r. Hence the r rows of 1S2 are linearly 

independent. The full matrix K has rank at most n-r, since 0 is 

an eigenvalue of multiplicity at least r. The first r rows of K 

are linearly independent, so these r rows, together with some choice 

of n-2r rows from the n-r x r matrix ( JS2 I ~2) generate 

the row space of K. Relabel the rows so that the first n-2r rows 

of satisfy this condition. Write 

0: 8r+1 ] r+l 

n-2r 

(is2 I ~2) 0: ~n-r = n-r 

v, 13 n-r+1 ] . 
r 

• 
~n 

where o:r+1, ••• ,o:n-r and v1, •.• ,yr are row vectors of length r 

and ar+1, ... ,a
0 

are row vectors of length n-r. Then each of the 

r rows is expressible as a linear combination 

of the first n-r rows of the matrix K. Since JS, is the r x r 

* zero matrix, each of the last r rows, y 1 , ... , yr' of the matrix K
12 

* is a linear combination of the first n-2r rows of K
12

. Hence, 
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* the rank of K12 is at most n-2r. K* But we assumed 12 had rank r. 

Thus, r < n-2r n a.nd r~ 3 , n contrary to the hypothesis r > 3. 

Hence K;2 cannot have rank r. ■ 

Remark. Repeated application of Theorem 4 yields a sharper result 

on the number of linearly independent, common eigenvectors of H and 

K. If H and K satisfy the hypotheses of the theorem, then they 

have a common eigenvector, corresponding to the eigenvalue a of 

H and a of K. Since H and K a.re Hermitian, Specht's theorem B 

(I .5, p. 14) implies that there is a unitary matrix U such that 

a 0 . . . 0 e 0 . . 0 

* * U HU = 0 and U KU = 0 

• H1 
. 
. 

0 0 

where H
1 

a.nd K, a.re n-1 x n-1 Hermitian matrices. Now 

, 

det(zI - xH - yK) * * = det(zI - xU HU - yU KU)= (z - ax - By) det(zI - xH1- YK,). 

Hence det(zI - xH1 - YK,) = (z - ax - Syf-
1 g(x,y,z) where z - ax - Sy 

( ) n-1 4 does not divide g x, y, z . If r-1 > -
3
-, we may apply Theorem to 

H1 a.nd K, and obtain a conunon eigenvector of H1 and ¾ with 

eigenvalue a corresponding to H1 and 13 corresponding to K, . 

The ma.1;rices H and K will thus have two linearly independent 

comm.on eigenvectors corresponding to the eigenvalue a of H and 

the eigenvalue 6 of K. Continuing in this manner, we see that 
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• > n-i H and K will have i+1 if r-1 3 , linearly independent 

common eigenvectors. ■ 

Section 4. Examples related to Theorem 4. 

The following examples illustrate Theorem 4, show that the 

inequ.a.lity r > ~ is the best possible, and show that the theorem 

does not hold for pairs of matrices which are not Hermitian. 

Example 8. This example illustrates Theorem 4. 

0 0 0 0 0 0 b b 

0 0 0 0 0 0 ab ab 
Let H = and K = 

0 0 s 0 b ab C 0 

0 0 0 -s b ab 0 -c 

where a, b, c, ands are nonzero real numbers. 

z 0 -by -by 

0 z -aby -aby 
det(zI - xH - yK) = det 

-by -aby z-sx-cy 0 

-by -aby 0 z+sx+cy 

2b22 b22] a Y - Y 

Thus H and K satisfy the hypotheses of Theorem 4, with r = 2 and 

n = 4. 
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a 

Note that 
-1 

0 

0 

is a common eigenvector of H and K with eigenvalue o. 

Example 9. 

Let K = 

Let H = 

0 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

a 

0 

0 where a is a nonzero real 

0 -a number. 

These matrices were used in Ex.ample 3 

(pp. 26-28) and in Example 5 (p. 35) . 

We showed there that det(zI - xH - yK) = z [(z - ax - y)(z + ax - y) - 3y2
] 

and that H and K have no collDllon eigenvector. Note that in this 

example, n = 3, and r = 1 = ~ and the conclusion of Theorem 4 

does not hold. Thus, this example shows that the inequality r > ~ 

is the best possible. 

Example 1 0. We use the previous example to construct a pair of 

6 6 x 6 Hermitian matrices for which r = 2 = 3 and the conclusion 

of Theorem 4 does hot hold. 

Let H = (Hl O) 
0 H1 

K, are the ;3 x 3 matrices used in Example 9. Then 

det(zI - xH - yK) 
2 

= [det(zI - xH1 - YJS) J 

= z2 [ ( z - ax - y) ( z + ax - y) - 3y
2 J2 . 
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Thus r = 2 and n = 6, so r 

We now show H and K have no common eigenvector. Suppose a 

is a common eigenvector of H and K. Write 

where a 1 and a
2 

are 3 x 1 column vectors. 

and Hence a
1 

and a
2 

must be common eigenvectors of H1 and K, . Since H1 and K, have 

no common eigenvectors, H and K cannot have a common eigenvector. 

Thus, r = J and the conclusion of Theorem 4 does not hold. 

Example 11. The construction used in Example 10 can be generalized 

to produce a pair of 3m x 3m matrices H and K such that 

Simply let H be the direct sum of m copies of the 3 x 3 matrix 

0 

= 

0 

0 

0 

a 

0 

0 and let K be the direct sum of m copies 

0 -a 

of the 3 x 3 matrix K, = 

0 1 

1 

1 

1 

1 

1 

Then the same 

argument used in Example 1 O shows that H and K have no collllllOn 

3m n eigenvector, although r = m = 3 = 3 • 
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We now give some examples which show the condition that H and K 

be Hermitian is needed. 

Example 12. 

Let A = 

0 

0 

0 

0 

0 

0 

1 

0 

and B = 

0 

1 

0 

0 

6 

-1 

0 

0 

0 

where 6 is a complex number. The matrices A and B are not Hermitian. 

det(zI - xA - yB) = det 

z 

-y 

0 

Thus we have r = 2 and n = 3 

-x 

z-ey 

y 

0 

-x 

z 

n so r > 3 . 

exactly one linearly independent eigenvector, 

The matrix A has 

1 

0 

0 

This is not 

an eigenvector of B. Hence A and B have no common eigenvector 

and the conclusion of Theorem 4 does not hold. 

Example 13. 

Let A = 

1 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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1 1 0 

1 2 1 0 
Let B - . 

0 0 0 0 

0 0 0 0 

z-x-y -y 0 -y 

-y z+x-2y -y 0 
det(zI - xA - yB) = det 

0 0 z 0 

0 0 0 z 

2 ( z-x-y = z det 
-y 

-y ) 

z+x-2y 

2 2 
c z [(z - x - y)(z + x - 2y) - y ]. 

n 4 So n = 4 and r = 2 > 3 = 3 . The eigenvectors of A a.re 

(1 0 0 O)T with eigenvalue 1, (0 1 0 O)T with eigenvalue -1, 

and f(O O a b) I a, b a.re complex Il'umbers, not both zero} with 

eigenvalue zero. 

Now B 

1 

0 

0 

0 

= 

1 

1 

0 

0 

and B 

0 

1 

0 

0 

= 
2 

0 

0 

, while B 

0 

0 

a 

b 

= 

b 

a 

0 

0 

so no eigenvector of A is an eigenvector of B. Note that both A 81'.ld 

B can be diagonalized, so Theorem 4 does not hold for a pair of 

diagonable matrices. 
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rv. A Theorem About an Algebra Generated by a Pair of Matrices 

Which Satisfy Polynomials of Degree Two. 

In this chapter we prove a theorem which will be used later 

to determine the structure of H and K when f(x,y,z) is a power 

of a quadratic polynomial. 

Theorem 5. Let C and D be n x n :matrices with elements in a 

field F, where F does not have characteristic two. Suppose there 

are polynomials of degree two, f(x) and g(x), with coefficients 

in F, such that f(C) = O and g(D) = o. Let l'7 = a(c, D) be the 

algebra generated by c, D, and I over F. Then the dimension of 

17, considered as a vector space over F, is at most 2n. 

Proof. Let f(x) = x
2 + ax + 8 and 2 g(x) = x + yx + o, where 

a, a, y, and o E F. Since f(C) = o, we have c2 + a c +~I= o. 

1 2 1 2 
Hence (c + 2 a I) + (8 - 4 a: )I= o and 

1 2 1 2 
Similarly, (D + 2 yI) = (4 v - o)I. 

1 1 Since a(c, D) = o(c+ 2 aI, D+ 2 yI), 

we may, without loss of generality, assume that c2 
= cI and n2 = dI 

for some elements c and d of F. Now let E = C + D and G = C - D. 

Since C = 
E + G 

2 and E - G 
D = 2 ' 

generate the algebra IJ. We have 

ef = c2 
+ CD + :OC + n2 and 

the matrices E and G also 

2 2 2 
G = C - CD - :OC + D • 



Hence, 2(c + d)I. Since c2 = I + EG + GE+ G2 

cl= ( c + d) I+ EG + GE 
2 4 Thus, E, G, and I generate the algebra 

rJ = a(c, D) and satisfy the relations 

( 1 ) G
2 

= 2 ( c + d )I - I 

(2) GE= 2(c - d)I - EG 

The set of all words in E, G, and I i s a linear spanning set 

for (11 considered as a vector space over F. Relation (2) shows 

that any word in E and G may be expressed as a linear combination 

of words of the form rf'Gs, where r and s are nonnegative integers. 

Relation (1) shows that EfG8 

of words of the form Ek and 

can be expressed as a linear combination 

..,kG 
l!; , where k is a nonnegative integer. 

Since E is an n x n matrix, the Cayley-Hamilton theorem 

insures that Ek can be expressed as a linear combination of 

2 n-1 
I, E, E , ... ,E for any nonnegative integer k. Hence, the set 

r -2 _n-1 ---2 n-1 } I, E, g--, ••• , .I!: , G, EG, g--G, ••• , E G 

is a linear spanning set for 17 and the dimension of t7 as a vector 

space over F is at most 2n. ■ 

Corollary 3. Let C and D satisfy the hypotheses of Theorem 5 

and asstnne further that F is algebraica.lJ.y closed. '1.1h.en r1 is 

* simultaneously similar to an algebra which is BT (n
1

, ••• ,nt) and 

each n. < 2. 
l. -

* Proof. We~ asstnne rJ is already BT (n1, ••• ,nt). Let Ci and D. 
J. 

denote the i'th diagonal blocks of C and D, respectively. Let 

, 
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(7i be the algebra of all nix ni matrices which occur as the i ' th 

diagonal block of some matrix in 17. Note that Ci and Di generate 

a1, as a.n algebra over F. Since C and D satisfy the hypotheses 

of Theorem 5, so do Ci and D . • 
J. 

Hence, the dimension of r7i as 

a vector space over F is at most 2n . . 
J. 

* Since rJ is BT (n1, ••. ,nt) , the algebra a i is an irreducible 

matrix algebra of nix ni matrices over F. The field F is 

algebraically closed, so we may use the theorem of Burnside (I.3, p.10) 

to deduce that 11. = M (F). 
J. n. Hence Oi has dimension n~ 

J. 
J. 

vector space over F. Therefore 2 
n. < 2n. 

J. J. 
and n . < 2 . ■ 

J. -

as a 

Corollary 4. Let A be a.n n x n complex matrix and suppose the 

minimal polynomiaJ. of A has degree two. Then there is a unitary 

* matrix U such that U AU is block diagonal with blocks of size 

one or two. 

* Proof. Let (J be the algebra generated by A, A and I over ¢. 

* Since the minimal pozynomia.l of A has the same degree as the 

* minimal polynomiaJ. of A, the matrices A and A satisfy the 

hypothesis of Theorem 5. Hence, by Corollary 3, the algebr a rJ 

* is similar to an algebra which is BT (n1, ••• ,nt) where n1 ~ 2 for 

* i = 1, ... , t. Since Cl = rJ , Specht' s theorem B (I. 5, p. 17) implies 

* that there is a unitary matrix U such that U r7 U is D(n1, •• • ,nt) . 

* Hence U AU is block diagonal with blocks of size one or two . ■ 
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v. The Minimal Polynomial of a Pencil. 

Section 1. Definition of the minimal polynomial of ~ pencil and 

its relation to the characteristic polynomial. 

Kippenhahn [21, pp. 210-212] considered the minimal polynomial 

of the pencil xH + yK and ma.de a conjecture which will be discussed 

in Chapter VII. In this chapter, we review Kippenhahn' s work, some­

times using a different point of view. 

Definition. Let m(x,y, z) be a homogeneous polynomial of degree k 

with complex coefficients. The polynomial m(x,y,z) is called the 

minimal polynomial of the pencil xA + yB provided it satisfies 

the following three conditions. 

(1) m(x, y, xA + yB) = 0. 

(2) If g(x,y,z) is homogeneous of degree j and 

g(x, y, xA + yB) = O, then j ~ k. 

(3) The coefficient of zk in m(x,y,z) is 1. 

One ma.y view f(x,y,z) = det(zI - xA - yB) as the usual characteristic 

polynomial of the matrix xA + yB considered as a single n x n matrix 

with entries in the polynomial ring ¢[x, y]. The minimal polynomial, 

m(x,y,z) may then be considered as the minimaJ. polynomial of the 

matrix xA + yB with entries in ¢[x, y). Now factor f(x,y,z) 

into irreducible factors. 
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f(x, y, z) 

where n:1, n:2' •.. , n:j are distinct irreducible polynomials and 

r
1
, r2' .•. ,rj are positive jntegers. Since f(x,y,z) is homogeneous, 

so are the polynomials n1, ... , n: j [ 13, p. 125]. Since m (x, y, z) 

and f(x, y, z) are the minimal and characteristic polynomial.s, 

respectively, of the n x n matrix xA + yB with entries in 

~[x, y], it follows that 

m(x, y, z) 

where 1 ~ s i ~ r i for i :::: 1, ••• , j. 

Section 2. The minimal polynomial of xH + yK. 

s . 
We saw above that m(x,y,z) J 

J(. • 

J 
For the pencil 

xH + yK, where H and K are Hermitian, we have 

Kippenhahn stated this fact but did not give the details of the proof. 

Proposition 2. Let 
r, 

f(x,y,z):::: det(zI - xH - yK):::: rt1 

and let m(x,y,z) be the minimal polynomial of xH + yK. Then 

:re .• 
J 

Then m (x, y, xH + yK) is a 
0 

polynomial expression of the matrix xH + yK and hence is an n x n 

matrix of polynomials in the variables x and y. Let 

= 1, • • •' n 

1 Thanks are due to Professor Stephen Kleiman for help with this proof. 



If x and y are real numbers, the matrix x H + y K is 
0 0 0 0 

Hermitian and hence is diagonable. 

the zero matrix for all real numbers 

Thus m (x, y, x H + y K) is 
0 0 0 0 0 

X and y • 
0 0 

This implies 

gij(x
0
,y

0
) = 0 for &11 real numbers x

0 
and y

0 
and i,j = 1, ... ,n. 

Hence gij (x, y) must be the zero polynomial for all i, j = 1, ... , n 

and we have m
0

(x, y, xH + yK) = o. Therefore m
0

(x,y,z) = n1 .•. nj = 

m(x,y,z), the minimal polynomial of xH + yK. ■ 

The following example shows that the conclusion of Proposition 2 

need not hold if the matrices are not Hermitian. 

Example 14. 

Let A = 

0 

0 

0 

0 

0 

0 

1 

0 

and B = 

where 8 is any complex number. 

z 

det(zI - xA - yB) = det -y 

0 

-x 

z-Sy 

y 

0 

1 

0 

13 

0 -1 

0 

-x 

z 

2 2 ) = z (z - By) -xyz + xyz = z (z - By = f(x,y,z). 

0 

0 

0 

We now show that (xA + yB) (xA + yB - ByI) f O and hence that the 

minima.l polynomial is equal to 

(xA + yB)(xA + yB - 8yl) = 

2 f(x, y, z) = z (z - Sy). 

0 X 0 

y By X 

0 -y 0 

-By 

y 

X 

0 

0 

X 

O -y -By 
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0 
2 xy X 

= 0 0 0 =I 0. 
2 

0 -y -xy 

Section 3. The ~ where the minimal polynomial has degree two. 

We now study the situation where the minimal polynomial of 

xH + yK has degree one or two. Note that if the minimal polynomial 

has degree one, then H and K are both scalar matrices, so this 

case is trivial. If the minimal polynomial has degree two, but 

factors into linear factors, then f(x,y,z) el.so factors into 

linear factors. Hence H and K have property L, and by 

the theorem of Motzkin and Taussky (II.3, p. 32) H and K commute. 

It remains to consider the case where m(x,y,z) is an irreducible 

quadratic. 

Kippenha.hn [21, pp. 211-212] proved that if the minimal polyno­

mial has degree one or two, and A = H + iK is not reducible by 

a unitary transformation, then A nru.st be of size 1 x 1 or 2 x 2. 

Kippenhahn's proof uses ideas which are similar to the ones used in 

the proof of Theorem 5 (IV). We use Theorem 5 to prove this result 

and then apply Theorem 3 (II. 2, p.25) to obtain a more detailed 

result. 

Theorem 6. Let A = H + iK be a complex n x n matrix, where 

n = 2m, Suppose f(x,y,z) = det(zl - xH - yK) = [g(x,y,z )]m where 

g(x,y,z) is an irr~ducible polynomial of degree two. Then A is 

unitarily similar to a block diagonal. matrix D which is the direct 

sum of m copies of a single 2 x 2 matrix. 



.Proof. By Proposition 2 (v.2,--p. 59), g{x,y,z) is the minimal -
polynomial of the pencil xH + yK. Setting x = 1 and y • 1, 

we see that g{1, i, A)= o. Since g(l, 1, z) is a polynomial 

of degree two in z, Corollary 4 (IV, p. 57) implies that A is 

unitarily similar to a. block diagonal. matrix with blocks of size 

2 x 2 or 1 x 1. Since f(x,y,z) = [g(x,y,z)]m and g(x,y,z) is 

irreducible, all of the blocks must be 2 x 2. Thus, A is unitarily 

similar to a matrix of the form 

where each Aj is 2 x 2. Let Aj • Hj + iKj, for j = 1, ..• ,m and 

set H • and K = 

m 

Tb.en f(x,y,z) • lT det(zI - xHj - yKj) = [g(x,y,z)]m. 
j=l 

Since g(x,y,z) is irreducible, det(zI - xHj - yKj) ~ g(x,y,z) 

for all j = 1, ... ,m. By Theorem 3 (II.2, p. 25), all of the Aj's 

are unita.rily similar. Hence there exist 2 x 2 unitary matrices 



* then U 

u = 

f, o I 
~ 

u ... ,. D 

and A is unitarily similar to a matrix which is the direct sum 

of m identical 2 x 2 blocks. ■ 

Remark: Theorem 3 was used in the proof' of Theorem 6 to show that 

all of the 2 x 2 blocks A j must be uni tarily similar. Since 

3 x 3 :matrices with the same characteristic polynomial. t'(x,y, z) 

need not be unitarily s1m1Je.r (see Examples 3 and 4 ot II.2, pp. 26-31) 

the conclusion of Theorem 6 need not hold if g(x,y,z) is a cubic 

polynomial. 

Kippenhahn (21, pp. 205-206] gives an example of an n x n 

matrix A = H + iK which is not similar to a block diagonal matrix, 

but such that det(zI - xH - yK) factors into m quadratic factors 

when n = 2m is even, and factors into m quadratic factors and one 

linear factor when n • 2m + 1 is odd. 'lbis shows that the splitting 



64 

of A into 2 x 2 b1ocks in Theorem 6 is due to the fact that the 

single quadratic factor g(x,y,z) is repeated m times, and not merely 

to the fact that f(x,y,z) splits into quadratic factors. We illustrate 

this for n = 4 = 2(2) with the 4 x 4 ease of Kippenhahn's example. 

Exam,Ple 15 (Kippenhahn) (21, pp. 205-206]. 

-1 0 0 0 

-1 -1 0 0 
Let A II: ... H + iK . 

0 -1 -1 0 

0 0 _, _, 

_, 1 0 0 0 i 0 0 - 2 - 2 
1 _, 1 0 i 0 i 0 - 2 - 2 2 - 2 

H - 1 1 and K = i i • 
0 - 2 -1 - 2 0 2 0 - 2 

0 0 
1 

-1 0 0 i 0 - 2 2 

1 z+x 2(rt-iy) 0 0 

det(zI - xH - yK) 
1 1 

= 2(x-iy) z+x 2(x+iy) 0 

1 1 
0 2(x-iy) z+x 2(x+iy) 

1 
0 0 2(x-iy) z+x 

Expanding this by using cofactors of elements in the first column, we get 

1 2 2 2 1 2 2 - 4(x + y )[(z + x) - 4(x + y )] 

( )4 Ji 2 2 ) )2 1 2 2 2 = z + x - 4 ,x + y (z + x + n;(x + y ) 



= 

Hence f(x,y,z) factors into two distinct quadratic factors, but the 

matrix A is not similar to a matrix which is block diagonal. 
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VI. Geometric Interpretations of f(x,y,z) = O. 

In this chapter we discuss two ways of viewing the characteristic 

polynomial. f(x,y,z) = det{zI - xH - yK) geometrically. Motzldn 

and Taussky [28] studied the algebraic curve in the projective 

x,y,z-plane defined by the equation det(zI - xA - yB) == o. Kippenhahn (21] 

showed that the equation det(zI + xH + yK) = o, considered as an 

equation in line coordinates, defines an algebraic curve such that the 

closed convex hull of this curve is the numerical range (field of 

values) of the matrix A = H + iK. Murnaghan [ 30] used a different 

approach to derive this curve and also showed that its closed, convex 

hull is the numerical range of the matrix A. 

Section 1. Geometric background. 

In this section we review some terminology and facts from 

geometry [5, 33, 37, 49]. 

We will work over the :field of complex numbers. A point in 

nonhomogeneous point coordinates is an ordered pair of complex 

numbers (x, y). If x and y are real numbers, (x, y) is called 

a real point. A point in homogeneous point coordinates is an ordered 

triple of complex numbers, (x, y, z), not all zero. If p is any 

nonzero complex number, then (x, y, z) and (px, py, pz) denote 

the same point. Thus, while a point in homogeneous point coordinates 

is given by three numbers, x, y, and z, there only two independent 
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ratios, ! and l.. 
z z One identifies the point given by homogeneous 

point coordinates (x, y, z) with the point (! l.) given in z' z 

nonhomogeneous point coordinates. The point (x, y) becomes 

(x, y, 1) in homogeneous coordinates. Aey point in homogeneous 

coordinates whose third coordinate is zero (i.e. with z::;: 0) is a 

point at infinity. 

The set of aJJ. points satisfying a homogeneous equation of degree 

one, l.x + nzy-+ nz = o, where 1, m, and n are fixed complex numbers 

is a line. If g(x,y,z) is a homogeneous polynomial of degree n, 

then the set of all points satisfying the equation g(x,y,z) = 0 

is an algebraic curve ~ degree n. A curve of degree two is a 

conic. 

Now let 1x +my+ nz = O be a fixed line and let g(x,y,z) = 0 

be an algebraic curve of degree n. Setting z = 1 yields the 

nonhomogeneous equations 

Assume m ~ o. 

l.x + my + n • O 

g(x, y, 1) = O. 

-n - 1x Then y = --­m and the solutions to 

g(x, -n - lx, 1) = O are the x-coordinates of the points common 
m 

to both the line and the curve. Since g has degree n, there are 

( -n - lx ) precisely n solutions to the equation g x, m , 1 = o, where 

multiple roots are counted according to their multiplicities. Thus, 

a line intersects an algebraic curve of degree n in n points, 

counted according to their mul.tiplicities. 
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Section 2. The method of Motzkin and Tauaslcy--the characteristic ~. 

The geometric treatment discussed in this section is due to 

Motzkin a.nd Taussky [28]. They used the algebraic curve C, determined 

by the equation f(x,y,z) • det(zI - xA - yB) = o, to study the pencil 
1 

xA + yB. The curve C is call.ed the characteristic curve of the pencil 

xA + yB. Note that C is an algebraic curve of degree n and,when 

A and B have property L, C splits into n lines. 

Since det(zI) ~ o, the point P = (o, o, 1) is not on c. 

The line y x - x y = 0 through P meets C in n points, 
0 0 

(x
0

, y
0

, zi), i = 1, ... ,n. Since det(z1 - x
0
A - y

0
B) = o, the 

zi' s are the n eigenvalues of the matrix x A + y B. A tangent 
0 0 

of C, at a point T of c, is defined as a line having an intersection 

multiplicity m > 1 at T. The point T is cal.led a point of 

2 contact. Thus, the line y x - x y is tangent to C if and only 
0 0 

if the matrix x A + y B has a multiple eigenvalue. To every multiple 
0 0 

eigelIV'8.lue there corresponds a point of contact such that the intersection 

multiplicity there equals the multiplicity of the eigenvalue. 

1 Motzkin and Taussky dealt with the case where A and B are 
n x n matrices over a field F; we shall. restrict ourselves to 
complex matrices. 

2For a more complete discussion of this definition and its relation 
to other definitions of tangent, see Motzkin and Taussky [28, p. 390]. 



Section 3. The~ det(zI - :xH - yK) = (z - ax - $y)r [g{x,y,z)] 8
, 

where g(x,y,z) has degree two. 

We now return to the pencil xH + :yK. It x
0 

and y
0 

are real 

numbers, the ma.trix x
0
H + y 

0
K is Hermitian and hence has real 

eigenvalues. 'nlus, the line y x - x y • O intersects the curve 
0 0 

f(x,y,z) m O in the n real points (x
0

, y
0

, z1 ), i = 1, ... ,n 

where z1, ••• ,z are the eigenva1ues of x H + y K. n o o 

Suppose f(x,y,z) m det(zI - xH - yK) = (z - ax - $y)r [g(x,y,z)] 6
, 

where r and s are positive integers and g(x,y,z) = O is an 

irreducible curve of degree two. Thus g(x,y,z) ... 0 is an irreducible 

conic. The line z - ax - $y = O intersects the conic in two points 

which may or may not be real points. If these points are real and 

distinct, then f(x,y,z) determines the structure of A III H + iK 

up to unitary similarity. 

!heorem 7. Let f(x,7,z) = det(zI - xH - 7K) = (z - ax - Jy)r [g(x,y,z)] 8
, 

where r and s are positive integers and g(x,y,z) • O is an 

irreducible conic. If the line z - ax - $y = O intersects the 

conic g(x,y,z) = O in two distinct real points, then the matrix 

A = H + iK is unitarily 9:fmilar to a block diagonal matrix which is 

the direct sum of s identical 2 x 2 blocks and r identical 

1 X 1 blocks. 

Proof. Let L denote the line z - ax - $y = O and let C denote 

the conic g(x,y,z) .. o. The line L intersects C in two distinct 

real points, P1 = (a1, b 1, c1 ) and P2 = (a2' b2' c2). Let L1 be the 

line through P = (o, o, 1) and P1, and let ~ be the line through 
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P and P2 . Since P is not a point of L, but P1 and P2 are 

points of L, the lines L1 and ½ must be distinct. The equation 

P • (o, o, 1) C g{x,y,z) = O 

L . z - ax - ~Y = o . 
P1• {a,, bl' c,) Lt: b

1
x - a1y = O 

P2• (~, b2' c2) ~: b2x - ~ = 0 

Let H1 = a1H + b 1K and K, • ~H + b2K. Since a1, b1, 82' and 

b2 a.re real numbers, H1 and K, are Hermitian matrices. Since 

(~ 
L, and ½ are distinct lines, det c 

and K, also generate the pencil xH + yK. Also, the algebra, 

a(H, K), generated by I, H, and K over ¢ is the same as the 

algebra, a(H1 , K, ) , generated by I, H1 , and K, over ¢. 

We now apply the techniques of Motzkin and Taussky. The line 

L1 intersects the curve :f'(x,y,z) = O in n points. Since 
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f(x,y,z) = (z - o:x - ~y)r [g(x,y,z)]s and g(x,y,z) has degree 

two, there are at most three distinct intersection points. One lies 

on the line L and the other two are on the conic c. However, 

L1 intersects the curve f(x,y,z) = O in the point P1, which 

lies on both L and C. Hence t 1 intersects f(x,y,z) c O in 

a.t most two distinct points. Thus the matrix H1 = a 1H + b 1 K be.s 

at most two distinct eigenvalues. A similar argument using the line 

½ shows that K, = a2H + b2K has at most two distinct eigenval.ues. 

Since H1 and K, a.re Hermitian, this implies that the minimal. 

polynomials of H1 and K, are of degree at most two. The matrices 

H1 and K, then satisfy the hypothesis of Theorem 5 (IV, p. 55) 

and the dimension of the algebra t1(H
1 

, K, ) is at most 2n. 

* Now a(H1, K,) = O.(H, K) = a satisfies the condition a = l'J 

for H and K are Hermitian. By Corollary 3 (IV, p. 56) and Specht' s 

theorem B (I. 5, p. 17), there is a unitary matrix U such that 

* ua U is D(n1, ... ,D..t), where for each i = 1, .. . ,t, we have n1 ~ 2. 

Using Theorem 3 (II.2, p. 25), the fact that f'(x,y,z) is the product 

of (z - ax - ~Yl and [g{x,y,z)] 8
, and Theorem 6 (V.3, p. 61) 

we see that A is unita.rily similar to a block diagonal matrix of 

the form 

(o: + i$ ) I ~ B G) • • • Q) B , r ______.., 

s times 

where I is the r x r identity matrix., and B = H' + iK' is a r 

2 x 2 matrix such that det(zI - xH' - yK') = g{x,y,z). ■ 



Example 16. 

Let A .. 

0 

i 

72 

i 

a+i 

i 

i 

i 1 -a+i 

. The matrix A was 

used in Example 3 (II.2, pp. 26-28) and in Example 5 (II.4, p. 35 ) . 

It was shown there that A is not unitarily a1m1Jar to a matrix 

which is D(1, 2), but f'(x,y,z) = z [(z - ax - y)(z + ax - y) - 3y2 ]. 

To find the intersection points of the line z = O and the conic 

2 (z - ax - y)(z + ax - y) - 3Y = o, we set z = O in the equation of 

the conic. This yields 

2 2 2 
a JC + 2y Ill O • 

(e.x + ~y)(ax - t/2y) = O. 

Since we cannot have x = y = z = O, the intersection points of the 

line and the conic are not real points. 

Section 4. Line coordinates, dual curves and foci. 

To discuss the connection between the polynomial f(x,y,z) = 

det ( zI - xH - yK) and the numerical range of the matrix A .., H + 1K, 

we need the concepts of line coordinates and dual curves [5, 33, 37, 49]. 

ibe line lJC + my + uy = O is determined. by the triple 

[l, m, n] of complex numbers. A line in homogeneous line coordinates 

is defined to be a triple of complex numbers [l, m, n], not all 

zero. The triples [l, m, n] and [pl, om, pn] denote the same line 

for any nonzero constant p. The point Q = (x
0

, y
0

, z
0

) is on the 

line [l, m, n] if and only if lJC + my + nz .. o. Thus, a line 
0 0 0 
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[l, m, n] satisfies the equation of the point Q if and only if 

the line [l, m, n] goes through Q. The homogeneous equation of 

degree one 

lx +my +nz =0 
0 0 0 

in the line coordinates 1, m, and n is the equation of the point 

Q = (xo, Yo, zo) . 

If g(x,y,z) is a homogeneous polynomial of degree n, the 

equation g(x,y,z) = O may be viewed as an equation in line coordinates. 

The set of lines [l, m, n] such that g(l,m,n) ""O can be considered 

a set ot lines in the plane which form an envelope of a curve. Thus, 

g(x,y,z) • 0 is the equation satisfied by" all lines which are tangent 

to that curve, where tangent is now used in the classical. sense. 

Thus, the equation g(x,y,z) • O can describe two curves, c1 

and c2, where c1 is the curve obtained by viewing g(x,y,z) .. O 

as an equation in point coordinates, and c
2 

arises by considering 

the equation to be in line coordinates. The curve c
2 

is called the' 

dual curve of c1. 1.be degree, n, of the polynomial g(x,y,z) is 

the number of points in which a fixed line intersects c1, and is 

also the number of tangents to c
2 

from a fixed point. The number 

n is called the class of c2 . 

A fixed algebraic curve, c, may be described by two different 

equations. Thus g1(x,y,z) = O may be the equation of C in point 

coordinates and g~/x,y,z) = O mgy be the equation of C in line 

coordinates. The degree of g1 is the degree of the curve c, and 

the degree of the polynanial ½ is the class of C. 
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F1 nal J y, we will need the definition of a focus of an algebraic 

curve. 

Definition. Let C be an algebraic curve and let F be a point 

not equal to (1, 1, 0) or (1, -1, o). 1 Let L1 be the line through 

F and (1, 1, 0) and let ½ be the line through F and (1, -i, o). 

If L1 and ~ are tangent to c, at points other than (1, 1, o) 

and (1, -i, O), the point F is called a focus of C. 

2 In general, a curve of class m has m foci, counted according 

to proper multipl.icities. A curve ot class m with real coefficients 

has m real foci, counted according to proper multiplicities, and 

m2 
- m foci which are not real. 

Section 5. The numerical range of! matrix. 

The a.J.gebraic curve whose equation in line coordinates is 

f(x,y,z) = det(zI - xH - yK) • O determines the numerical range of the 

matrix A • H + iK. In this section we review same known facts about 

the numerical range. In Section 6 we will return to the equation 

f(x,y,z) = o. 

* Definition. The set of all complex numbers w Aw, where w ranges 

* over all n x 1 column vectors of length one (i. e. w w =- 1 ) is 

called the numerical range of A and is denoted F(A). 

and 

1The points (1, i, 0) and (1, -1,) a.re called the circular points 
at infinity. 
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The numerical raJJge is al.so call.ad the fie1d of values. 

With the usual representation of complex numbers a+ i b as 

points (a,b) in the real pls.ne, one may regard F(A) as a subset 

of the real plane. Toeplitz [47] and Hausdorf [16] showed F(A) is 

a compact, convex set. If A and B a.re unita.rily equivalent, then 

F(A) = F(B). 1'he eigenvaJ.ues of A a.re contained in F(A). Since 

F(A) is convex, this implies that F(A) contains the closed, convex 

hull of the eigenvalues of A. If A is normal, then F(A) is 

equal to the closed, convex hull of the eigenvalues of A. The 

converse holds for n ~ 4, but is not true for n 2: 5 [29]. If an 

eigenvalue, a + i~ is on the boundary of F(A), then A is unita.rily 

tt1rn1Jar to a matrix ot the form 

a+ i~ 0 . . • 0 

0 

" 
• A1 . 
0 

where A1 is of size n-1 x n-1 [6, 19, 21]. 

Section 6. !'!:!, relation of f(x,y,z) = det(zI - xH - yK) to the 

numerical range of A"" H + iK. 

Kippenhahn [21] showed that the numerical range of A is the 

closed, convex hull of the set of real points of the algebraic curve 

whose equation in line coordinates is det(zI + xH + yK) = o. Thus, viewed 

as an equation in line coordiD&tes, f(x,y,z) • det(zI - xH - yK) • O is 

the equation of a curve such that the closed, conTeX hull of its real 



part is F(-A) = - F(A). 

For .the rest of this section, equations in x, y, and z are 

regarded as equations in line coordinates, unless otherwise specified. 

The algebraic curve det(zI+ xH+ yK) = 0 has class n and has real. 

coefficients. Hence it has n real foci. Kippenhahn [21] and Murnaghan 

[30] independently showed that these n real foci correspond to the 

eigenvalues of the matrix A = H + iK in the following manner. If the 

eigenvalues of A are a1 + ib 1, ••• ,an+ ibn' where and 

b 1, ••• ,bn are real, then the real foci of det(zI+xH+yK) = O a.re the 

points (a1, b 1 ), (a2' b 2 ), ••• , (an, bn ). 

The dual curve of a conic is again a conic, so a curve has degree two 

if and only if it has class two. Hence, if A is 2 x 2, the equation 

det(zI + xH + yK) = 0 defines a conic. This equation has real coefficients 

by Proposition 1 (II.2, p. 24), so the real part of the curve is a hyper­

bola, parabola, or an ellipse ( if det ( z I + xH + yK) factors into two linear 

factors, we have a degenerate ellipse consisting of a pair of points). 

Since F(,A) is bounded, the real part of det(zl+ xH+ yK) must be an 

ellipse and F(A) consists of the ellipse and its interior. The foci of 

the ellipse a.re the eigenva.lues of A. Let U be a unitary matrix such 

* * that U luJ is upper triangular. Since F(A) = F(U AU), we may assume 

A= ( x, p ) , where \
1 

and \
2 

are the eigenvalues of A. We can 
0 "-2 

also assume p is a nonnegative real number since this can be achieved 

with a 'llllita.ry similarity. Let x1 -= r 1 + is 1 and x2 = r
2

+ is2' where 

r 1, s
1
, r'ii and s

2 
are real numbers. Murnagha.n [30] showed F(A) is 

bounded by the ellipse with foci (r 1, s 1) and (r2' s
2

) and with minor 

a.xis of length p. 
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Since F(A) uniquely determines the numbers >..1, ½ and p, the 

polynomisJ. det(zI + xH + yK) uniquely determines the matrix A 

up to unitary ~1m1Jar'lty. This gives an sJ.ternate proof of 

Theorem 3 (II.2, p. 25). 

F(A) 

SUppose det(zI + xH + yK) = (z - ax - ~y)r [g(x,y,z)] 6 where 

g(x,y,z) is irreducible of' degree two. (This is the situation 

considered in Theorem 7, (VI.3, p. 69).) The curve then consists 

of the point (a, ~) and the ellipse g(x,y,z) = O. If the 

poitrt (a, ,> is on the ellipse, or is exterior to the ellipse, 

then it will be on the boUDdary of F(A). 

F(A) F(A) 
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Hence, A is unita.rilY similar to a matrix of the form 

a+ is 0 • • • 0 

0 

• 
0 

where A1 is n-1 x n-1. Applying the same argument to A1 and 

repeating the process r times, we see that A must be unita.ri:cy" 

s1rnilar to a matrix of the form (a + 1$) I e A_ where I is r -cs r 

the r x r identity matrix and ~
8 

is 2s x 2s. Using the fact 

that det(zI + xH + yK) a (z - ax - ,y)r [g(x,y,z)] 6 and Theorem 6 

(V.3, p. 61) we see that A
28 

is unita.rily similar to a block 

diagonal matrix which is a direct sum of s copies of a 2 x 2 matrix 

B = H' + iK', where det(zI + xH' + yK') = g(x,y,z). 

Note that s¢ng the point (a, e) lies outside the ellipse is 

equiva.lent to s¢ng there are two distinct, real tangent lines from 

(a, ,> to the ellipse. If we now consider (z - ax - ~y)r [g(x,y,z)] 8 = O 

as the equation of e.n algebraic curve in point coordinates, this is 

equivalent to saying the line z - ax - ey = O intersects the conic 

g(x,y,z) = O in two distinct rea.l points. This yields another proof 

of Theorem 7 (VI.3, p. 69). 

Finally, note that if the point (a, ,) lies in the interior of 

the ellipse, the curve al.one does not determine whether H and K 

have a common eigenvector. Example 3 (II.2, pp. 26-28) illustrates 

this. 
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VII. A Conjecture of Kippenhahn. 

Section 1. statement of the conjecture. 

We now consider the conjecture of Kippenhahn [21] mentioned at 

the beginning of Chapter V. Recall that if f(:x,y,z) = det(zI - xH - yK) 
r 1 rj 

= [1t1(x,y,z)] ... [1tj(x,y,z)] where 1t 1, • •• ,1tj a.re the 

distinct irreducible factors of f(x,y,z) and r 1, ••• ,rj a.re 

positive integers, then m(x,y,z ) = 1t1 ••• ,cj is the minimal 

:polynomial of xH + yK (Proposition 2, v.2, p. 59 ). Hence, the degree 

of m(x,y,z) is less than the degree of f(x,y,z) if and only if 

f(x,y,z ) has a repeated factor. Kippenhahn made the following 

conjecture. 

Conjecture (Kippenhahn) [21, p. 212]. If the degree of m(x,y,z) is 

less than the degree of f(x,y,z ), then H and K have a conmon, 

non-trivial, invariant subspace and thus A= H + iK is unitarily 

similar to a block diagonal matrix. 

Kippenhahn proved that this conjecture holds if m(x,y,z) has 

degree one or two (Theorem 6, V.3, p. 61 ). In this chapter we will 

show the conjecture holds if n ~ 5, where n is the degree of 

f(x,y,z) a.nd the size of the matrix A. We also show that Theorem 4 

(III.3, p. 44) would be a consequence of this conjecture. 

We first use Theorem 4 and Theorem 6 to show the conjecture 

holds for n < 4. If n = 2 and m(x,y,z) has degree one, then 
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m(x,y,z) = z - CXX - ~ where a and ~ a.re real numbers. Hence, 

8'Mi K • ( : ; ) • ~us the matrix 

A =- H + iK = ( a + i~ O ) 
o a+ 1, 

is scalar. 

If n = 3 and m(x,y, z) has degree less than three, the 

cha.racteristic polyn.cmieJ. f(x,y, z) must have a repeated linear 

factor. By Theorem 4., H and K have a c0D11110n eigenvector and A 

is unitarilzy-" similar to a matrix which is D(1,2). 

It n = 4 and m(x,y,z) has degree less than four, either 

f(x,y,z) has a repeated linear :factor or is the square of an 

irreducible quadratic. In the former ease, Theorem 4 appl..1.es and 

H and K have a common eigenvector. The latter case is covered 

by Theorem 6 which tells us A is unitarilzy-" ~1m1Jar to a matrix 

which is D(2, 2). 

We now examine the situation when n a 5. If m(x,y,z) has 

degree less than five, the po~al. f(x,y,z) can have a repeated 

linear f'actor or a repeated quadratic factor. If' :f(x,y,z) has a 

repeated linear factor, then Theorem 4 appl.ies and H and K have 

a common eigenvector. otherwise, we :must have 

where g{x,y,z) is irreducible of degree two. The next three sections 

are devoted to proving the following result. 
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Theorem 8. Let A a H + iK be a 5 x 5 compl.ex matrix. Suppose 

f(x,y,z) = det(zI - xH - yK) • (z - ax - Jay) [g(x,y,z)J2 where 

g(x,y,z) is an irreducible polynomial of degree two. Then A is 

unitarizy similar to a block diagonal matrix which is D(3, 2) or 

D(2, 2 1 1 ). 

Remark. If the point (a, I ) lies outside, or on the conic whose 

equation in line coordinates is g(x,y,z) • o, then Theorem 8 is 

a special case of the situation dealt with in Section VI. 6 (pp. 77-78). 

In this case, A is unitari.cy s:im1Jar to a matrix which is D(2, 2, 1 ). 

2 2 2 2 
Section 2. Reduction to the .£!.!!. f(x,y,z) = (z - ax - •y)(z - x - y ) . 

We first show that without loss of generality, we mey assume 
2 2 2 2 

f(x,y,z) • (z - ax - $Y )(z - x - y ) . We use the methods of 

Motzkin and Tauaslcy (28] discussed in Section VI.2. 

Assume f(x,y,z) = (z - ax - ,y) [g(x,y,z)]2 . We will show 

that we~ &SS\Dle g(x,y,z) = z2 - x2 - /. Since g(x,y,z) a 0 

is an irreducible conic, there are two distinct lines, L1 and ~, 

through the point P = (O, o, 1) which are tangent to g(x,y,z) a: o. 

Let a1x - ,i1y = o be the equation of L1 and let a2x - 'fl:?Y = o 

be the equation of ½, where a1, i,1, a2 and~ a.re complex numbers. 

Tb.en each of the matrices B1 a 'f)1H + 51 K and B2 • '!')1H + 61 K has 

an eigenva.l.ue of multiplicity four. Since L1 8.12d ½ a.re distinct 

( 
Tl1 61 ) lines through P, we have det r O. 

62 ~ 
Hence B1 

also generate the pencil xH + yK. 
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First consider the following specia.1 case. SUP,P<>se there exist 

rea.l numbers r and s such that & 1 a r'Jl1 and a2 a:: ~. Then 

B1 = 111 (H + rK) and B2 .., 1'l2 (H + sK). Since H + rK and H + sK 

are Hermitian, B1 and B2 can be diagonalized. Then since B1 
and B

2 
each have at most two distinct eigenvalues, B and B 

1 2 

satisfy polynomials of degree two. Hence, by Corollary 3 (IV, p. 56 ) 

the a.J.gebra generated by B1 and B
2

, denoted a(B1, B2 ), is Rimi] ar 

* to an algebra vbich is BT (2, 2, 1). Since H and K are e1ements 

of a(B1, B2 ), the matrices H and K mu.st be simultaneously s1m1Jar 

to ma.trices which are BT(2, 2, 1 ) • By Specht' s theorem B (I. 5, p. 17) 

the Hermitian :matrices H and K are then simultaneously, unitarily 

sim1Jar to matrices which a.re D(2, 2, 1) and hence A is unitarily 

similar to a matrix which is D(2, 2, 1). 

We now assume that a1 = r-n1 and s2 • •'"2 do not both hold. We 

will assume a1 ~ r,,1 for any real number r. Write 111 ""a+ ib 

and s1 • c + id where a, b, c, and d a.re real numbers. Now if 

i,1 = O, then fl'om. det ( 
111 61

) r O we know ~ ~ O. If 
~ 62 

are both diagonab1e and the argument used for the special case applies. 

So if ,,, = o, we~ assume 62 r ~ for any real number s and 

'"2 r/: o. For convenience of notation, we will assume 51 r r'T]1 for 

any real number r and 111 r/: o. nien (a., b) and (c, d) are 

linear}¥ independent and det (: : ) {, O, 



Now B1 =(a+ ib)H + (c + id)K =(all+ cK) + i(bH + dK). 

Si.nee det (: : ) f o, the Hemitian matrices H' = all + cK 

and K' = bH + dK also generate the pencil xH + yK. Also, 

det(zI - xH' - yK') = det(zI - x(aH + cK) - y(bH + dK) ) 

• det(zI - (ax+ by)H - (ex+ dy)K). 

Hence, the po~ det(zI - xH' - yK') is obtained from 

det ( zI - xH - yK) by making the linear change of' variable 

X x' a 

C 

z z' 0 

b 

d 

0 

0 

0 

1 

X 

y 

z 

a.x + by 

ex + dy 

z 

Therefore, det(zI - :xH'- yK') also factors into a linear factor 

and a repeated quadratic. Thus, without loss of generality, we may 

replace H by H', K by K', and A a H + 1K by B1 = H' + iK'. 

For convenience of notation, we will still use the letters H, K 

and A. Thus, we may assume that A has an eigenvalue it of 

multiplicity tour. 

Now write °A = r + is where r and s are real numbers. 

A - XI m (H - rI ) + i(K - sI). 

Note that det(zI - x(H - rI) - y{K • sI)) = det((z + rx + sy)I - xH - yK) 

is obtained fran det(zI - xH - yK) by making the linear change of 

variable 
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X 1 

y _. y' = 0 

z z' r 

0 

1 

s 

0 

0 

1 

X 

y . 

z 

So we may replace H with H - rI, K with K - sI, a.nd A with 

A - '1,I. 

Thus, we may assume that zero is an eigenvalue of A of 

multiplicity :four. Applying a unitary s1rn1l arily to upper triangul.arize 

A, we may assume 

a + 1, 2a12 2a13 2a14 2a15 

0 0 2~3 2~4 2825 

A = 0 0 0 2a34 2&35 . 
0 0 0 0 

0 0 0 0 0 

cxrrJy a12(x-iy) a13(x-iy) a
14

(x-iy) a15(x-iy) 

a,2<x+-iy) 0 ~3(x-iy) 924(x-iy) '25(x-iy) 

Jdl+y-K = e:,
3

Cx+iy) ~/x+iy) 0 a34(x-iy) a35(x-iy) • 

a,4(x+iy) ~4(x+iy) &34(x+iy) 0 a45(x-iy-) 

a25(x+iy) &35(x+iy) a45(x+iy) 0 



Let g(x,y, z) = z2 - (rx + BY) z - (tx2 
+ uxy + v:/ ), where 

r, s, t, u, and v are constants. The coefficient of z4 in the 

2 expansion of f(x,y,z ) • (z - ax - By) [g(x,y,z)] is then 

4 - ax - ,Y -.2(rx + sy). However, the coefficient of z in the 

expansion of det(zI - xH - yK) must be (-1 )(trace(:x:H + yK)) which 

is - ax - ~Ya Therefore, rx + sy Ill o, which yields r = s - Oo 

Thus, 
2 2 2 g(x,y,z) • z - (tx + uxy + vy ). 

The coefficient of z0 in f(x,y,z) is then 

2 2 2 
-(ax + ,y)(tx + uxy + vy ) . Thus we have 

2 2 2 
(ax + IY )(tx + uxy + vy ) • det(x:H + yK). 

Iupection of the matrix xH + yK shows that every term in the 

expansion of det(xH + yK) contains the product (x - 1y )(x + 1y) • 

x2 
+ y

2 • Therefore, x2 
+ y2 must divide (ax+ $y)(tx2 

+ uxy + vy
2 ). 

2 2 Since a and $ a.re real, tx + uxy + vy must be divisible by 

2 2 2 2 2 x + y. But then u a O and t = v, ao g(x,y,z) = z - t(x + y) 

2 2 2 2 
and t(x,y,z) • (z -ax - By)(z -t(x + y )) . 

The eigenvalues of H a.re then a, Jt, ,.ff., - ,.ff., - Jt and the 

eigenvalues of K a.re $, Jt, ..ft, - Jf,, - Jt. Since H and K 

a.re H&rmitian, they have real eigelJValues, so t is a nonnegative 

real number. We ms.y replace H and K with 
Ji 

H 
and 

K 

Ji 
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(Note t {, O as the conic is irreducible.) Hence, we ~ assume 

t 1111 1 
2 2 2 2 

and f(x,y,z) • (z - ax - $y)(z - x - y ) . 

Section 3. TWo lemmas. 

In this section we prove two lemmas which will be used to transform 

the matrix A into a form which is easier to deal with. In particular, 

the lemmas will be used to shaw A is unitarily s1m1Ja.r to a matrix 

with maey zero entries. Lemma 2 is s1m1Jar to a lemma concerning 

3 x 3 •trices which appears in a paper by Pearcy [32, p. 426). 

Lemma 2. 0 b12 b13 b14 

0 0 b23 b24 
Let B = • 

0 0 0 b34 

0 0 0 0 

Then if b12b23b34 ""o, B is unitarily i:a1m1Ja.r to a matrix of the 

0 0 c13 c,4 

0 0 0 c24 
:form . 

0 0 0 c34 

0 0 0 0 

Proof. Since b12b23o34 = o, we have b12 = o, b
23 

• o, or b
34 

• o. 

Suppose first that b12 = O. There exist real numbers q, and ♦ such 

that O ~ q, ~ 21t, O ~ ♦ ~ 2,c and eiq, b13 .. lb131 and e1t b23 .,. lb23 1. 

New if b23 {, o, choose O ~ 8 :S 2:n: such that 
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ei(psin 8 i -e •cos 8 0 

eicpcos e e1•sin e 0 
Let u = 

0 0 1 

0 0 0 

-icp e sin 8 -icp e cos e 
-1♦ -i♦ 

* 
_, -e COB 8 e sin 8 

Then u = u = 
0 0 

0 0 

0 0 * * b13 b14 

0 0 * 
* 

0 b24 * UBU - u 1111 

0 0 0 b34 
0 0 0 0 

which has the desired f01'm. 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

. The matrix U ia unitary. 

0 

0 

0 

1 

* * 0 b13 b14 

* 0 0 b24 

0 0 b34 
0 0 0 

If b34 = o, and b23 ~ o., choose real numbers cp., ♦, and e 

i♦ icp so that e b
23 

sine+ e b24 co1 e • o. 

1 0 0 0 

0 1 0 0 
Let u = 1 · -iq, . The matrix u is 

0 0 e- •sine e cos a 
-it -icp unitary. 

0 0 -e cos 8 e sin 8 
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0 0 0 0 

* -1 
0 1 0 0 

u = u - • 
i♦ ' 

-e1+cos 8 0 0 e sin 8 

0 0 e1Cf>cos e e1Cflsin 8 

* * * * 0 b12 b13 b14 0 b12 b13 b14 

* * 
* 

0 0 0 b2.li. 0 0 0 b24 
UllU = u = 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

So it remains to show that if b
23

.,. o, we can unitarily 

transform B to the desired form. If' b
23 

= O and b12 ~ o, then 

choose real numbers cp, ♦~ and e, all between O and 21t so that 

b
12 

e1t sine+ b
13 

e1cp cos e = o. 

1 0 0 0 

0 
-1♦ -

e si:a e -iq, e cos e 0 
!Aat u :a 

-i♦ e-ic:psin 8 
. The matrix u is 

0 -e cos 8 0 
unitary. 

0 0 0 1 

1 0 0 0 

0 e1tsin 8 i t 
8 0 * -1 

~ cos 
'!'hen u = u s: 

eic:pcos 8 e
1

<t>sin 8 
• 

0 0 

0 0 0 1 

. 



89 

0 0 * b13 b14 0 0 * 
b13 b14 

0 0 0 * * b24 0 0 0 b24 
tJBU = u 

* 0 0 0 b34 0 0 0 b31i, 

0 0 0 0 0 0 0 0 

which has the desired form. This concl.udes the proof of Lemma 2. ■ 

Lemma 2 is now used to prove Lemma 3. 

lemma 3. Let B be a 5 x 5 cc:npJ.ex matrix of the form 

b11 b12 b13 b14 b15 

0 0 b23 b24 b25 

0 0 0 b34 b35 

0 0 0 0 b45 

0 0 0 0 0 

and su;ppoae B bas rank at most three. Then B is unite.rily 

pjmilar to a matrix of the form 

b11 c,2 c,3 e,4 c15 

0 0 0 c24 c25 

0 0 0 0 C35 . 
0 0 0 0 C45 
0 0 0 0 0 

Proof. We consider two cases: b11 = O and b 11 ~ o. 

Case 1. b11 • o. Since the rank of B is at J10st three, 
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one ot the entries on the superdiagonal must be zero. If b12b
23

b
34 

• o, 

then by Lemma 2 there exists a lt. x 4 unitary matrix U such that 

0 b12 b13 b14 0 

0 0 b23 b24 * 
0 

u u has the form 
0 0 0 b34 0 

0 0 0 0 0 

u 
Let V be the 5 x 5 unitary matrix 

0 0 0 

0 0 c13 c,4 c,5 
0 0 0 c24 c25 

* Then VBV bas the form 0 0 0 c34 c35 

0 0 0 0 C45 

0 0 0 0 0 

0 0 

0 0 
We IlOW' apply Lemma 2 to the 4 X 4 matrix 

0 0 

0 0 

Thus, we let U be a 4 x 4 unitary matrix such that 

0 

0 

0 

0 

0 

• 

c24 

C34 

0 

0 

c,3 

0 

0 

0 

0 

0 

0 

0 

1 

c25 

c35 

C45 

0 

c14 

c24 
• 

C34 

0 

• 



0 0 

0 0 
u 

0 0 

0 0 

Then if V = 

0 0 

0 0 

V 0 0 

0 0 

0 0 

0 d12 d13 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

c24 

C34 

0 

0 

1 

0 

0 

0 

0 

c13 

0 

0 

0 

0 

d14 

~4 

0 

0 

0 

91 

c25 0 0 
~4 d25 

C35 * 
0 0 0 d35 u - . 

C45 0 0 0 4
45 

0 0 0 0 0 

0 0 0 0 

the matrix 
u 

c14 c,5 

c24 • c25 

C34 c35 * V has the form 

0 C45 

0 0 

d15 

~5 

d35 which is the desired f'orm.. 

d45 

0 

2!!!, 2. 'b11 ~ o. Since the rank of' B is at most three, 

not all of b
23

, b
34 

and b
45 

can be nonzero. Hence b23b34 b4-
5 

= o. 

AP.PJ.11ng Lemma 2, we see that there is a 4 x 4 unitary matrix U 

such that 



0 b23 b24 b25 0 0 c24 0
25 

0 0 b:34 b35 * 
0 0 0 C35 u u has the fQl"Jll 

0 0 0 b45 0 0 0 C45 
0 0 0 0 0 0 0 0 

1 0 0 0 0 

0 

Hence, letting V be the 5 x 5 unitary matrix o 

0 

0 

b11 0,2 0
13 c14 

0 0 0 c24 

* we have VBV of the form 0 0 0 0 

0 0 0 0 

0 0 0 0 

This concJ.udes the proof of Lemma 3. ■ 

u 

c,5 

c25 

0
35 • 

C45 

0 

Section 4. The proof ~ A ~ be unitariq b1ock diagonalized. 

In Section 3 of this chapter, it wa1 shown that to establish 

Theorem 8, it suffices to prove the following statement. 

Theorem 8!. Let A = H + iK be a 5 x 5 com;plex matrix. Suppose 

~ 2 2 2 2 
flx,y,z) a det(zI - xH - yK) • (z - ax - ~y)(z - x - y ) . 

Then A is unitarily s1rn1J ar to a block diagonal matrix which is 

D(3, 2) or D(2, 2, 1 ). 

• 
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2 2 2 2 
Proof. Since A• H + iK and f(x,y,z) • (z - ax - ~y)(z - x - y), 

we have det(zI - A) ,.. (z - (a + i~)) z4 and A has eigenvalues 

a+ iJ, o, o, o, o. Applying a unitary transformation to upper 

triangularize A, we ma;y- assume 

a+ iJ 2a12 2a.13 2a14 2a
15 

0 0 2
823 2a24 2a25 

A :a 0 0 0 2a34 2&35 . 
0 0 0 0 2a45 

0 0 0 0 0 

ihe m1n1mal po~om:i.&l of the pencil xH + yK is 

(z - ax - ~y)(z2 - x2 - y2 ) by Proposition 2 (v.2, :p. 59). Hence A 

satisfies the equation ( z - (a + 1$ ) ) z2 a O. ihis implies that 

A baa at least two linearly independent eigenvectors with eigenvalue 

zero. Hence A has rank at most 3. By Lemma 3, we ~ assume 

a+ i~ 2a.,2 2a
13 

2a
14 

2a
15 

0 0 0 2924- 2'25 
A IS 0 0 0 0 2a35 . 

0 0 0 0 2alt-5 

0 0 0 0 0 
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ax+Jy a12(x-iy) a1/x-iy) a,4(:z:-iy) a15(x-iy) 

.:,2<x+1y) 0 0 924(x-iy) 825(:z:-iy) 

xH + y-K • i 13(x+iy) 0 0 0 a35Cx-1y) . 
a:,4<x+1y) '24 {x+!y) 0 0 &45(:z:-iy) 

e:,5Cx+iY') ~5(x+iy) a35(x+iY') 845(x+iy) 0 

Since the minimal po.cynomial of xH + yK is (z - ax - ay)(z2- :x:2- y2 ), 

the :matrix xH + yK + (Jx2 
+ y2) I baa rank at most three for all 

values >Of x and y. Hence, as functions of x and y, the 

determinants of all the 4 x 4 minors of xH + yK + ( Jx2 + y2) I 

ll.U8t be ideutic~ equal to zero. We uae this fact to obtain a 

set of equations in the aij 'a. !ftle details of thi• ccm;,utation 

are rather lengtey; we have placed them in an appendix at the end of 

this chapter. The equations resulting f:rOll. this computation ue 

listed on the next page. 
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( 1 ) 2 ,2 2 12 ,2 12 la,31 + la,4 + la,21 + 1924 - la13 l~4 ,.. 1 

(2) a <1 - 18241
2

) + 8 12&24&14 + a,2~48 14 ,. C 

(3) • <1 - la241
2

> + 1<a,2i24a14 - a,2a24a14> • C 

(4) 182512 + fa3512 + la4512 + 192412 - la3512182412 ... 1 

(5) 8248 45825 - 0 

( 6) a13a35(1 - 19241
2

) + 8 14&45 + 8 128 25 D 0 

(7) 8 14825&24 + a,5(1 - la24l
2

) - 0 

(8) &12&248 45 .. 0 

(9) - I 12 -a13a24a35a14 - a13 a24a45 + a24•45 + a,2•15 - 825 a a 0 

(10) i(a13&24•35&14 - fa,31
2

824&45 + 924•45 - i12a15) + 8 25 J - 0 

(11) l•,31
2

825 - •13•128 35 + 1•141
2

925 - a14a24•15 

- &12&14&1t,5 - 825 + 924&45 a = 0 

(12) 1<1•131
2

825 - a,3;;:12•35 + l•14l
2
a25 - a14824a,5 

- &128 14&45- 825) + &24&45 a - 0 

(13) a24•45Ca + 1•> - 0 

(14) la12 1
2 

+ la1312 
+ la141

2 
+ la15 1

2 
+ 19241

2 
+ la25 1

2 

2 ,2 
+ la351 + 1•45 - 2 

(15) 2 2 ,2 ,2 -1•151 + 19241 (1 - la13 - la35 ) = 0 

(16) a,2~4 + a13a35824a25 - a,2i24la35l
2 

• 0 

- - 0 (17) a15845 

(18) &1418251
2 

- a15&24a25 - &14 - ~5845&12 

+ e:,4l•35l
2 

- a,3;;:35•45 ... 0 



We complete the proof by conaidering the following tive cases. 

Q!!!, ,. 1~4,2 - ,. 

Case 2. '2.i. • o. 

£!!!. 3• 19241
2 

;. ,, 824 r 0, and 825 = &45 • 0 • 

cue 4. 192412 ;. ,, 824 r o, and &45 r o. 

2!!!. 5. 192412 ;. ,, '24 ;. o, 845 • o, and a25 , o. 

£!!! ,. 1~412 .. ,. 

Then (1) illpllea a12 • a14 • O am (4) implies 82
5 

er 91.
5 

° o. 

a+ i~ 0 2a
13 

0 2a15 

0 0 0 2824 0 

Thus A a 0 0 0 0 2&35 . 
0 0 0 0 0 

0 0 0 0 0 

5 
2 

The graph of A is 

The graph of A shows that there ia a permutation •trix P such 

that PA-if is D(3, 2 ) . 
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Then (2) am (3) imply that a a , • o. hom (7) we have 

a15 1:1 O and (6) im.pl.ies a13a
35 

+ a14a
45 

+ a1282
5 

• o. Thua, we have 

0 2a12 2&13 2a14 0 

0 0 0 0 2825 
A a 0 0 0 0 2a35 . 

0 0 0 0 2a45 

0 0 0 0 0 

2 
Since A • 01 by Corolla.ry 4 (IV, p. 57) A is unitarily similar 

to a matrix vbich is D(2, 2, 1). 

Fran (7) we have a
15 

= o. Equation (6) implies a13a
35 

== O. 

a+i~ 2a
12 

2a13 2a14 0 

0 0 0 2a24 0 

A = 0 0 0 0 2a35 • 

0 0 0 0 0 

0 0 0 0 0 



5 

The graph of A is 2 

Since a13a
35 

• o., either a13 • O or a
35 

• o. Removing the edge 

[1., 3] disconnects the graph into a camponent with three vertices 

and a component with two vertices. In this case, there is a permutation 

•trix P such that mr is D(3, 2). Removing the edge [3, 5] 

disconnects the graph into a component with :tour vertices and a 

coai,onent with one vertex. Hence there is a permutation •trix P 

such that a-;t is D( Jt.., 1 ) • Since the 4 x 4 b1ock corresponds to 

2 2 2 2 
the polynomial (z - x - y ) ., A is unitarily- 1111m1Jar to a •trix 

which is D(2., 2., 1). 

Q!.!!4. 1~4,2 , 1, 824 ,. o, and &45-/, 0 • 

:Equation ( 13) implies 0: - • = o. Fram (5) we have a25 • o, 

while (7) impl.ies a
15 

• O and (8) yie1ds a12 • o. Thus, 

0 0 2a
13 

2a14 0 

0 0 0 2824 0 

A - 0 0 0 0 2&35 • 

0 0 0 0 2a45 

0 0 0 0 0 

Since ~ 4 -/, o, equation (15) impl.ies la1312 
+ la3512 

= 1. Since 

a12 • a
15 

= 92
5 

• o, equation (14) then tells us 



Let ,,, -

1 
113 = 2 (A ~) = 

99 

0 0 

0 0 

1 
0 • Let ~ = 2 (A ,i1 ) D 

&35 and let 

0 &45 
1 0 

a, 38 35 + a,4a45 

~4&45 

0 

0 

0 

• Let W be the subspace 

apanned by the three vectors 111, 'rl:2, and 11
3

• Note that A(W) c W~ 

* We now show that A (W ) C w. 

0 0 0 0 0 

0 0 0 0 0 

* 2a13 A . • 0 0 0 0 

2a14 2'a24 0 0 0 

0 0 2&35 2&45 0 

0 0 

0 0 

* * A ( 'll1 ) = 0 , A ('¾ ) = 0 and 

0 2 0 

0 la35l2+ l~5l2 



* A ('rJ3) = 
2 

100 

0 

0 

la131
2

a35 + a13a14a45 

a14a,3a35 + la,4l2a45 + l924l2a45 

0 

* * It is cJ.ear that A ('Tl1) e W and A (~) E w. We now show that 

* * A (11
3

) e w. To do this, we must show A ('1'1
3

) is a scalar multipJ.e 

of ~• To do this, it suffices to show 

First consider the left hand side. Fran equation (9) we have 

Since 924 r o, we may- divide this by 924 to obtain 

a45<1 - la13l
2

> + a13a35a14 = 0• 

tJsing 82
5 

• 0 in equation (6) we obtain a14a45 = a13a
35

( 1824 1
2

- 1 ). 

Thus &45la131
2
a35 + &,3&14&45&45 = &45la,31

2
a35 + &13Ca,3a35Cl'24l

2
- l)a45 

= la131
2
a35S,..5(l + 19241

2 
- l) = la,31

2
19241

2
835845• 

Now we work on the right hand side. 

- 2 2 2 2 
a,4a,3a35 + la,41 &358 45 + 18241 a35a45 = a358q_5(la13I - l) + 

+ &35S,..5(la,4l2 + 182412) = a35¾5(la,312- 1 + la,412 + la24l2). 



101 

since a 12 • O. Hence, the right hand side is also equal to 

Thus, we have shown the subspace W spanned by the vectors 

* 111, \, and -n3 is invariant under both A and A . This implies 

i. 
that W is also A invariant and A is uni tartly similar to a 

b1ock diagonaJ. matrix. 

£!!!5. 182412 ;, 1, 824 , o, &45 a 0, but 825 , 0 • 

a+ia 2812 
2a

13 
2a

14 
2&15 

0 0 0 2~4 2~5 

A ... 0 0 0 0 2a35 • 

0 0 0 0 0 

0 0 0 0 0 

a-i~ 0 0 0 0 

2i'12 0 0 0 0 

* 2a13 A = 0 0 0 0 • 

2i',4 2'24 0 0 0 

2a
15 2'25 2a35 0 0 



0 

0 

Let ,,, = 0 

1 

0 

Let '1'13 • O 

0 

0 

10'2 

1 
and let \ .. 2 (A 'I'll ) • 

0 

and let W be the subspace spanned by the vectors 

'1'11, 12, and ,.,3• Then W is invariant under A. We now compute 

* * * A (i,1), A (""2), and A (11
3

) and show that W is also invariant under 

* * the matrix A • First, we have that A ('111) is the zero vector. 

1 * 2 A ("13) = 

~ {a - i,S )( I a, 4 I 2 + I a, 5 I 2 ) 

a,2<la,4l2 + la,512) 

a,3<la,4l2 + la,512> 

a,4<la,4l2 + la,512> + a,4la24l2 + a,5a25a24 

a,5<la,4l2 + la,512> + i,4924a25 + a,5192512 + ;,5la35l2 

1 
2 (a - 1$) 

-a,2 
-a,3 • 

-a,4 
-a,5 
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Since a.45 = O, equation (18) ilq)lies 

a,4<1·'2512 + la35l2 - 1) • a,5a24~5. 

Thus a,4(la,4l2 + la,512) + a,4la24l2 + e:,5a24a25 m 

a14<la1~1
2 

+ la, 51
2 

+ 192412 
+ 15251

2 
+ la35 1

2 
- 1). 

From equation (7) a,4a25824 m a,5<1"241
2 

- 1) • 

Thua a,5(la,4l2 + la,512) + a,4a24i25 + a,5,&2512 + a,5la35l2 

= a,5(la,412 + la,512 + 182412 + 1~512 + la3512 - 1), 

and the 2 x 1 column vector formed from the last two entries of the 

vector ½A*(~) is a scalar multiple of the 2 x 1 column vector 

(
:,4) . Since ~3 ia the vector (1 o O O o)'1, th• first 

a,5 

entry of any vector in W can have any value. Thus, the vectors 

* * A(~) and A ('Tl
3

) Yill be linear combinations of the vectors 

'I'll, '1'12 , and 113 provided (- ) a,2 
_ is a scalar multiple of 
a,3 

r.his will cam;plete the argument that the subspace W is invariant 

* under both A and Ao 

11148.258,24 
Fram (7) we have a15 = ---- • 

192412 - 1 
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In equation ( 16) we divide by a24 and obtain 

If ja
35

!2 at, then (4) implies a.
25 

= o, and in this case we a.re 

assuming a
25 

;,. o. Hence a, 3a.35a25 

la35l2 - , 

by (4) is equal to !92
5

1
2, since in this case we have a

45 
= o. 

Hence a,2a,5a35 = a,3a,4&24la351
2

• 

- - a,3<a,4i25~24)a25 
Now 8 138 14824 + a,3a15a25 = a,3a148 24 + 2 

la24I - , 



l 05 

* Thus, the subspace W is invariant under A and A. Hence, 

both W and W ..L are invariant under A, and A is unita.rily similar 

to a block diagonal matrix. ■ 
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Section 5. Theorem 4 ~!.consequence of Kippenhahn's conjecture. 

In this section we show that Theorem 4 would be a consequence 

of Kippenhahn's conjecture. Fira-t;, we review the statement of the 
r 1 r 2 rj 

conjecture. Let f(x,y,z) = det(zI - xH - yK) = 1t1 11:2 ... nj, 

where 1t1, ..• 11:j a.re distinct, irreducible pol:ynomials a.nd 

r 1,.o.,rj are positive integers. Then the minimal polynomial 

of :xH + yK is m(x, y, z) =- 11: 1 • • • 1t j. Kippenhahn' s conjecture 

is that if the degree of m(x,y,z) is less tha.n n,(equ:ivalently, 

f'(x,y,z) has a repeated factor), then A= H + iK is unitarily 

similar to a block diagonal matrix. 

SUppose the conjecture is true. Since the characteristic polynomial. 

of a block diagonal matrix xH + yK is the product of the characteristic 

polynomials of the blocks, repeated application of the conjecture shows 

that H a.nd K a.re simultaneously s1m1Jar to block diagonal matrices, 

H' and K', such that the characteristic polynandal.s of the diagona.l 

blocks of xii' + yK' have no repeated factors. Thus, we ma;y assume 

xH + yK = 

where det(zI - xH11 - YK, 1) = 1t1o •• 11:j and det(zI - xH1i- yK11 ) 

divides det(zI - xH1_1, 1_1 - yK1_
11 1_1 ) for i = 2, 3, ... ,r. 
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Now suppose 1C 1 is linear. The polyn0mial 1t1 divides 

det(zI - xH11 - yK11) f'or i • 1, ••• ,r1• Considu what happens when 

n r 1 > 3. The f'irst r1 blocks cannot all be of size 3 x 3 or greater. 

Hence, one oft.be first r 1 blocks is of size 1 x 1 or 2 x 2. 

Since 1Cl diTides det(zI - xHii - y~1) for 1 = 1, ••• ,r1, this 

l x 1 or 2 x 2 block comes from Hermitian matrices, H11 and Kii, 

with property L. Thus, H11 and K11 can be simultaneously, unitarily 

diagonalized and H and K have a common eigeDV"ector. Thus, Theorem. 4 

follows from the Kippenhahn conjecture. 

n 
More generally, auppose " 1 has degree 4 and that r 1 > d+1 • 

Then not all of the first r 1 blocks can have size greater than d. 

Hence at least one of the first r 1 blocks is size d x d and has 

characteristic polynomial. ,r 1• Thus, H and K have a common 

d-dimensional, invariant subspace. 
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APPENDIX 

In this appendix we derive the eighteen equations listed on 

page 95. This ia done by computing 4 x 4 minors of 

xH + yK + (J x2 
+ y

2) I and setting the coefficients ot the polynomials 

obtained equal to zero. 

xH + yK + (!,? + ;2) I = 

ax+Jy + J x2+y2 a12(x - iy) a13(x - iy) a14 (x - iy) a
15

(x - iy} 

a,2<x+iy) Jx2 +y2 0 a2,1.,(x - iy) a
25

(x - iy) 

a13Cx+ 1y) 0 Jx2 +y2 0 a
35

(x - iy) 

1:,4 (x + iy) ~1/x+ iy) 0 Jx2 + ,.2 
&,~x -;) 

a
15

(x+ iy) ~
5

(x+ iy-) a35(x + iy) a45Cx + iy) X +y 

We first compute the determinant of the minor formed by rows and 

columns 1., 2, 3., and 4, expanding by cofactors of' the entries in 

column three. 

a,2(x+ iy) J./- .. ,.2 824 (x - iy) 

a1/x - iy) det a
13

(x+ iy) 0 0 

a,4 (x + 1y) ~ 4(x+ iy) Jx2 +y2 

ff
-

2 a12(x-iy) a
14

(x-iy) ax+ lly+ +y 

J~2 + 2 det a,2(x+ iy) Jx2 +y2 a24 (x - iy) + y 

a,4 (x + iy) ~ 4 (x+ iy) J 2 2 X +y 
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I 1
2 2 2 2 2 2 2 2 • - a13 (x + y )[(x + y) - 1~41 (x + y )] 

12 2 f2 2 2 2 - 2 2 
+ ✓x + y [ (ax + ~Y + 'J x + y )(x + y ) + a12a24a14 (x - 1y )(x + Y ) 

- - 2 2 I 
1
2 2 2> r 2 2 

+ &12a24a,4(x + iy)(x + Y ) - a,2 (x + Y 'IX +y . 

- la1412(x2 + y2)~x2+y2 - l92412(x2 + y2){ax+•y +fx2+y2)]. 

Remorlng t.he cOllllllOn factor (x2 + y2 ), we have 

Thus, we han: 

(2) 

(3) 

:a o. 

Next, we find the determinant of the minor formed f'rom rows and 

columns 21 3, 4, and 5, again expanding by cofactors ot the entries 

in column three. 
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J x2 +y2 aj(x-iy) a
25

(x - iy) 

Jx2+y2 det a24 (x + iy) 
2 2 ai~ -1~) 

X +y 

~
5

(x+ iy) a45(x + iy) X +y 

ff:} y 824 (x - iy) 825(x - iy) 

+ a35(x + iy) det 0 0 e.35(x - iy) 

J x2 +y2 ~ 4 (x + iy) a
45

(x - iy) 

I 1
2 ,2 12 2 2 2 

- ( a25 + l~4 + le.45 )(x + Y) 

1
2 ,2 2 2 2 - I a35 <, - I 824 Hx + Y ) 

2 ,2 2 = <1 - le.241 - l825 - le.451 - 12 ,2 12 2 2 2 
la35 + le.24 le.35 )(x + y) 

Hence, we have 

(5) 
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Now we compute the determinant of the minor formed by rows 

1,2,3, and 4 and columns 2, 3, 4, and 5. Expanding by cofactors 

of the entries in column three, we have 

- a13(x - iy) det o 

a24 (x + iy) 

a12 (x - iy) 

-Jx2 +y2 det ✓x2+y2 

~ 4(x+iy) 

824 (x - iy) 

0 

a14 (x - iy) 

a24 (x - iy) 

✓x2 +y2 

a (x - iy) 
25 

a
35

(x - iy) 

a
45

(x-iy) 

a
15

(x-iy) 

825(x - iy) 

a
45

(x - iy) 

2 2 I 
1
2 2 + a

15
(x - iy )(x + y ) - a15 a24 (x - iy) (x + iy) 

- a,4a45(x - iy)2/ x2 +y2 - a,2a25(x - iy)2✓x2 +y2 

Removing the common factor (x - iy), we have 

- [a,2a24B.45(x - iy) + a,4825a24 (x + iy) + a, 5(x + iy) 

- a.15 1~412 (x+ iy)](x - iy)~ = o. 

This yields 
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We also have a12a24a45 + a,4925a24 + a,5 - a15la241
2 

= 0 

and - a12a24a45 + a14a25a24 + a15 - a,5182412 = o. 

Adding these two equations together yields 

(7) = 0 

(8) = o. 

The 4 x 4 minor obtained by removing row five and column two is 

ax+ Sy +J x2
+y

2 a13 (x - iy) a14 (x - iy) a15 (x - iy) 

a,2(x+ iy) 0 824 (x - iy) ¾5(x - iy) 
det 

✓ 2 2 a13 (x + iy) x +y 0 a
35

(x - iy) 

✓~2 +y2 a,4 (x + iy) 0 a
45

(x - iy) 

Expanding by cofactors of the entries in the second column, this equals 

a,2(x+iy) a24 (x - iy) 825(x - iy) 

- a (x - iy) a,3(x + iy) 0 a
35

(x - iy) 
13 

a, 4 (x + iy) J x2 +y2 a
45

(x - iy) 

w a14 (x - iy) a
15

(x - iy) ax+ ~y+ y 

_ .Jx2 + y2 a,2<x + iy) 824 (x - iy) 825(x - iy) 

a.14 (x+ iy) ✓x2 +y2 a45(x - iy) 
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= - a,3(x - iy)[a.24a.35a,4(x - iy)2(x + i y ) + a,3825(x2 +y2) Jx2 +y2 

- 2 - 2 2 / 2 2 - a.13924a.45 (x - iy) (x + iy) - a.12a.35(x + y ) vx + y ] 

-J x2 +y~[924a45 (cxx+~y+ Jx2 +y2 )(x -i:y)2 + la14 12a25(x - iy)2(x+ iy) 

- ( 2 2 . / 2 2 - ( )2 + a12a,, x +y )yx +y - a14924a15 x-iy (x+iy) 

- 2 - a12a14a45 (x - i y) (x+ iy) 

- a25 (ax+ y + J x2 
+ y2 )(x - iy) /x2 + y2 ] • 

Removing the common f actor (x - iy) leaves 

[ - a,3824a35a,4(x - iy) + la.,3l
2

924a.45<x- iy) - 824a45Cx-iy) 

- a,2a,5(x+iy) + 825(ax+ 19y)] (x
2

+y
2

) 

+ [ -la, 3l2925(x + iy) + a13i12a35 (x + iy) - a24a45(cxx + 19y) - I a14 l2925(x + iy) 

+ a.14824a
15

(x + iy) + a12a14a
45

(x + iy) + a
25

(x + iy)] (x - iy )ff;l- = o. 

From this we get four equations. 

<9 > a,3a24a35a14 - la,31
2
824a45 + 824a45 + a:,2a,5 + a25 ex = 0 

<10) 1<a,3924a35a:,4 - la,3l
2

a248 45 + 824a45 - a:,2a15> + a.25' = 0 

( 11 ) la.131
2

825 - a13a,2a35 + 8248 45 a+ la,41
2
825 

- a:148 248.15 - a,28.148.45 - a.25 = o 

(12) 2 2 1<la,3I 825 - a,3a:12a35 + la, 41 825 - a,4a24a15 

- a,2a,4&45 - 825) + 924&45~ = o 
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By adding (11) to i (12) we get 

2 2 2 2 
Now, we a.re assuming det(zI -xH-yK) = (z - (ax +~y))(z - (x +y )) 

= z5 - (ax +Jy) z4 - 2(x2 +y2
) z3 + 2(ax +~y)(x2 +y2 ) z2 

2 2 2 2 2 2 + (x + y ) z - (ax + 13 y )(x + y ) . 

Since the coefficient of z3 in the expansion of det(zI - xH -yK) 

is the sum of the determinants of all the 2 X 2 principal minors of 

the matrix xH + yK, we must have 

(14) la,21 2 
+ la,31 2 

+ la,41 2 
+ la,51 2 

+ l824i
2 

+ l825f
2 

+ la351 2 
+ la451 2 

= o. 

Adding equations (1) and (4) and subtracting (14) then shows 

The minor obtained by removing row one and column four is 

/x2 +y2 a,2(x+ iy) 0 825(x - iy) 

a,3(x+ iy) 0 /x2+/ a
35

(x - iy) 
det 

a,4 (x + iy) '24 (x + iy) 0 a
45

(x - iy) 

a,5(x+ iy) ~5(:x + iy) a
35

cx + iy) J 2 2 X +y 
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Expanding by cofactors of the entries in column four, we have 

a12 (x + iy) Jx2 +y2 ~ 5(x - iy) 

-Jx2 +y2 det a,i/x + iy) ~ 4 (x + iy) a
45

(x - ·iy) 

a,5(x + iy) ~ 5 (x + iy) x +y ✓ 2 2 

a,2(x + iy) /x2+y2 825(x - iy) 

- a
35

(x + iy) det a,3<x + iy) 0 a
35

(x - iy) 

a,4(x+ iy) a24 (x + iy) a.45(x - iy) 

✓ 2 2 - - ( )2 ✓ 2 2 - ( 2 2) f22 = - x + y [e.,2a24 x + iy x + y + a, 58.45 x + y vx- + y-

+ a,4a25a25<x+ iy)
2

(x -iy) - a,5~48.25 (x+ iy)2 (x -iy ) 

- a,4(x+iy)(x
2

+y
2

) - a,2a258.45(x+1yf(x-iy)] 

- a35Cx+iy) ra,4a35Cx2+y2){x2+y2 + e:,3~4925{x+1y)2(x-1y) 

- a:,3a.45(x2 +y2)✓ x2 +y2 - a,2a24a35(x+ iy)2(x -iy)]. 

Removing the common factor of (x + iy), we get 

[- a,2~4{x+iy) - a,5a45(x-iy) - a,3~4&35a25{x+iy) 

+ i,2a24I a35l2 (x + iy) l 

+ c- a,4a25 + a:,5a24a25 + a:,4 + a:,2i25e.45 - la35l
2
a,4 

2 2 (x +y ) 

+ a, 3a35a45l (x2 + y2) ✓ x2 + y2 

= o. 
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This yields 

(a) a,2~4 + a,5a45 + a,3a35a24a25 - a,2a24la35l2 = o 

(b) a,2a24 - a,5a45 + a13a24a35a25 - a,2~4la35l
2 

= 0• 

From (a)+ (b) and (a) - (b) we obtain 

<16> a,2a45 + a,3a24a35~5 - a,2a24la35l
2 

= 0 

(17) = o. 

Finally, we have 
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