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ABSTRACT

We consider the problem of simultaneously putting a set of square
matrices into the same block upper triangular form with a similarity
transformation, and obtain a result linking the size of the largest
block to polynomial identities. This generalizes McCoy's theorem, which
gives necessary and sufficient conditions for a set of matrices over
an algebraically closed field to be simultaneously similar to upper
triangular matrices.

A theorem of Specht states that when the algebra ¢ generated by
a set of complex matrices satisfies the condition & =<7*, where ¥
denotes conjugate transpose, the algebra can be simultaneously, unitarily
block diagonalized if and only if it can be simultanéously, block upper
triangularized. Applying this to a single complex matrix A, we see that
A can be unitarily block diagonalized if and only if A and A* can be
simultaneously block triangularized. Let A = H + iK, where H and K
are Hermitian. Then A can be unitarily block diagonslized if and oniy if
H and K can be simultaneously block upper triangularized.

Hence, to study the problem of unitarily, block diagonalizing the
matrix A, we consider the pair of Hermitian matrices H and K. We
study the pencil xH + yK and the charascteristic polynomial of this
pencil, f(x,y,z) = det(zI - xH - yK). Motzkin and Taussky proved tha£
H and K commute if and only if f(x,y,z) factors into linear
factors. If H and K can be simultaneouély block diagonalized, then
f(x,y,2z) splits into factors corresponding to the blocks, but examples
show that the converse is not true. However, we prove that if f(x,y,a)

has a repeated linear factor of high enough multiplicity, then H and
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K have a common eigenvector., We also show that if #£(x,y,z) is a
power of a quadratic polynomial, then H and K are simultaneously,
unitarily similar to block diagonal matrices, each of which is a sum
of identical 2 X 2 ©blocks. This is a sharper version of a result
of Kippenhahn,

Motzkin and Taussky studied the algebraic curve of degree n
whose equation is f(x,y,z) = O. Murnaghan and Kippenhahn independently
showed that the curve whose equation in line coordinates is f(x,y,z) = O
determines the numerical range of the matrix A. These geométric
interpretations yield some information about A = H + iK when
f(x,y,z) has only a linear factor and a quadratic factor.

Kippenhehn conjectured that if f(x,y,z) has a repeated factor,
then A is unitarily similar to a matrix which is block diagonal.

We verify this conjecture for n <5,
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INTRODUCTION

Any square matrix with entries from a field F is similar, ﬁa'
e nongingular matrix over F, to an upper triangular matrix, provided
F contins the eigenvelues of A. However, given & finite set of n x n
matrices, (, it is not always possible to put them all in triangular
form with the same similarity. Such sets are characterized by a theorem
of McCoy [24, 9]. If Q eannot be simultaneously upper triangularized,
it may still be possible to put the matrices in () into the same
block triangular form with the same similarity. Gaines and R. C. Thompson
[15] used commutator relations to study such matrices. We study such
sets of matrices in Chapter 1; Theorem 1 links the size of the largest
block in the finest possible block triangular form for (Q to polynomial
identities. McCoy's theorem follows as a special case of Theorem 1,

Now let the field F be ¢, the field of complex numbers. If the
algebra (7 generated by ( satisfies the condition 7 = (1*, “then
a theorem of Specht [40] tells us ~7 can be uniterily block diagonalized,
with diagonal blocks of sizes Dyseseyh

t

simultaneously block triangularized, with blocks of sizes Dyspeo .,nt.'

Applying this to a single matrix A, we see that A is unitarily

if and only if ~ can be

similar to a block disgonsl matrix if and only if A and A are
simultaneously similar to block triangular mstrices. In particular,
A is normal if and only if A and A* are simudtaneously similar
to triangular matrices. ILet A =H + 1K, where H and KX are
Hermitian, The matrix A is normel if and only if HK = KH, and

A is unitarily similsr to a block diagonal matrix if and only if



H and K are simultaneously similar to block triangular matrices.
This may be viewed as a generalization of normal matrices.

Thus, studying the problem of unitarily block diagonalizing the
metrix A is equivalent to considering the problem of simultaneously
block trieangulerizing the pair of Hermitian matrices H and K.

This amounts to finding subspaces which are invarisnt under both H

and K. We consider the matrix pencil xH + yK and the characteristic
polynomial of this pencil f£(x,y,z) = det(zI - xH - yK) in order to
study the pair H and K. Theorem 3 shows that the polynomial
£(x,y,2) determines A = H + 1K up to unitary similarity when

A is 2 X 2, but examples show this does not hold for larger matrices.

Motzkin end Taussky [27, 28] studied pairs of matrices A and B
with property L and the characteristic curve det(zI - xA - yB) = 0.
Among other things, they proved that if H and K are Hermitian,

HK = Ki if and only if the polynomial det(zI - xH - yK) factors into
linear factors. Thus, A =H + iK is normel if and only if

det(zI - xH - yK) factors into linear factors. Each linear factor
corresponds to an eigenvalue of A. We try to generslize this to
matrices which are unitarily similar to block diagonal matrices and
find thet if A 1is unitarily similar to a block diagonal matrix, then
f(x,y,2) splits into factors which correspond to the blocks, but
examples sghow the converse is not true. In particular, ‘the presence of
a linear factor in f(x,y,z) does not guarantee the existence of a
common eigenvector for H and K. However, Theorem 4 shows that if
the linear factor appears to a high enough multiplicity, then H

and K must ha.fe a8 common eigenvector. Kippenhahn showed that

if f(x,y,z) is a power of a quadratic polynomial, then A is uniterily
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similar to a block diagonal matrix. We give a new proof of this.

The equation f(x,y,z) = O may be viewed as an algebraic curve
of degree n--this technique is due to Motzkin and Taussky [28].
Matrices in the pencil then correspond to lines through the origin;
the intersection points of these lines with the curve f(x,y,z) =0
correspond to eigenvalues. Using this approach, we study the situation
where £(x,y,z) has a linear and a quadratic factor.

Viewed as an equation in line coordinates, f(x,y,z) =0 is the
equation of an algebraic curve of class n. Kippenhahn [21] and
Murnaghan [30] showed this curve determines the numerical range of A.
We use this fact to give another treatment of the case where f£(x,y,z)
has a linear and a guadrstic factor.

Finally, we consider a conjecture of Kippenhahn. The conjecture
is that if f£(x,y,z) has a repeated factor, then A is unitarily
similar to a block diagonal matrix. Using previous theorems, we show
the conjecture holds for n < 4, We then verify the conjecture for
n = 5 with a lengthy computation. Finally, we note that Theorem 4

would be & consequence of the conjecture.



I. Simultaneous Block Triangularization of Sets of Matrices and

Unitary Block Diagonalization of Sets of Matrices.

Section 1. Simultaneous triangularization of sets of matrices.

An nx n matrix A over an algebraicelly closed field F can
always be put in upper triangular form via a similarity transformation--
i.e. there exists a nonsingular matrix S such that s 'as is upper
triangular. However, given a finite set, A1,...,Am of nx n matrices,
it is not always possible to simultaneously upper triangularize
A1""’Am with the same similarity. Frobenius [11] showed that
if the A,'s commute pairwise, then they can be simultaneously upper

i
triangularized.

Theorem (Frobenius) [11]. Let AyseeesA  be a set of nx n matrices

over an algebraically closed field F. If AiAj = Ain for all

i, j=1,...,m, then there is a nonsingular matrix S such that

S-1AiS is upper trianguler for i = 1,...,n.

The following example shows that the converse of Frobenius's
theorem is not true.
0 1 1 0
Example 1. ILet A = snd B = .
00 0 2

Then A and B are both upper triangular, but



AB = and BA = so AB # BA.

The following theorem of McCoy characterizes sets of matrices

which can be simultaneously upper triangularized.

Theorem (McCoy) [9, 24]. 1If Apseeash is a given set of nx n
matrices over a field F containing all of the eigenvalues of
A1""’Am. then the following are equivalent.

(I) For every scalar polynomial P(x1,...,xm) in the non-
commutative variables XyseeerX s each of the matrices
P(A1,...,Am)(AiAj - Ain) for i,j =1,...,m 1is nilpotent.

(II) There exists a nonsingular metrix S such that S-1AiS
is upper trianguler for i =1,...,m.

(III) There exists an ordering of the eigenvalues aéi) of
each A, such that the eigenvalues of any scalar polynomial function

i
P(AT""’Am) of AyseeesA  are P«xﬁ1),...,a£?)) for k= ly.iens

The proofs that (II) implies (III) and (III) implies (I) are
immediate; the significance of the theorem is the assertion that (I)
implies (II). Note that condition (I) says precisely that
Ay - Ay 1 3?
radical of the salgebra generated by Al""’Am for 3, §J = Vyumeplle

[Ai’ Aj] = A the commutetor of A, and A lies in the

A set of matrices satisfying (I), (II), or (III) 4is said to

have property P.



Section 2. Block triangularization.

In this section we examine sets of matrices which can be simul-
taneously put into the same block upper triangular form via a similarity
transformation.

Gaines and Thompson [14,15] proved a generalization of McCoy's
theorem which deals with the case where the field F is arbitrary
and need not contain the eigenvalues of the matrices. They replace

condition (II) of McCoy's theorem by:

(II)'" There exists a nonsingular n x n matrix S over F

such that each S-1AiS is block triangular,

. . i
Agi) A$;) c e A$k)
s’1Ais = 0 (;) . e e (i) i=1,00.,m.

@ B e Aii)

where, for each fixed t, 1 <t <k, the matrices

A1) ,@) @)

b 2 Bpg reeeafiyy’ are commutative.

In this section, we study an arbitrary set of gguare matrices
over an algebraically closed field and transform them into the finest
possible block upper triangular form via a simultaneous similarity.
Gaines [12, 14] used commutator relations to study such sets of matrices
and to obtain information about the sizes of the blocks. We will
prove a result which links the sizes of the blocks to polynomial

identities. McCoy's theorem will be a special cage of thig result.
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First we review some basic theory and introduce some notation.

Let V Dbe an n-dimensional vector space over a field F and let
Q0 be a set of linear transformations of V. Let & be the algebra
of linear transformstions generated by the set O over F. In the
usuel manner [17, Chapter IV] let 7 act on V and regard V as a
~left ~Z-module. A subspace U of V is called an invariant subspace
of V, relative to the set Q, provided A(U)c U for all A in Q.
Note that U i1s invariant relative to  if and only if U is

inverisnt relstive to 7.

Definition [17, p. 120]. A sequence of invariant subspaces

ocv.evea . . c VvV, =V

T 2 S -

is called a composition series for V relative to (, provided there

exists no invariant subspace U such that V., c UC Vi "

i 1 fOI‘ i:’ ]’ono,t'1o

The set O induces a set of linear transformstions on the factor spaces
Vi/Vi_1; since there is no invariant §®space U such that Vi-l x| o Vi’
the factor space V:.L/Vi__1 is irreducible with respect to O for i = 1,...,t.
The irreducible spaces V,, va,/vv...,V,G/v,‘;_1 are called the composition
factors of the series. Since V 1is a finite dimensionel vector space,

a composition series for V relative to Q exists. (If there are

no proper (-invariant subspaces of V, then O c V is the only

composition series for V.) Now suppose O C W1 C. . .C W8 =V

and OCV. <, . .CV, =V are two composition series. The Jordan-

1 t
Holder theorem states that s =t and the composition factors

Woy Wy/Wosee ,WS/WS_1 are isomorphic to the composition factors

V1’ V2/ V1’ e V’c/ Vt-1 in some order. Let n, denote the dimension
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of Vi/vi-1' The set of integers {n1,...,nt} lists the dimensions

of the composition factors and hence is uniquely determined by V

i

and Q. Note n1+n2+. . .+nt n. If 0=V is the only
composition series, t =1 and n, = n.

Let {a11,o..,a1 n], a21,.00’a2 x)2’...’at1’...’at nt} be a

basis for V such that {a”,...,a1 n1"°"a11""’ai ni} is a

basis for Vi, for i =1,...,t. Represent the linear transformations
in Q0 as nx n matrices with elements in F, relative to the
}. Since each V

tqt i

matrices assume the following block upper triangular form

basis {a”,... 50 is inveriant under (), these

O o o o
o
=

All elements below the diagonal blocks A11”" ’Att are zero. The

117 is n, X ng and is the matrix of the

transformation induced by A on the factor space V, /Vi—1 g

i'th diagonal block, A

Definition. An nx n matrix A is BT(nl,...,nt) provided A is
block upper triangulear with + diagonal blocks of sizes Dipecosll s

where t >1 and n1+n2+...+n = n,

t
The set Q will be called BT(n1,... ,nt) provided all matrices
in Q are BT(nI,...,nt). Note that Q is BT(n1,...,nt) if and

only if the algebra 7 is B‘l‘(n1,...,nt).
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*
Definition. The set Q is BT (n1,...,nt) provided (O is BT(nl,...,nt)

and the integers Dy500.,0, are the dimensions of the composition

t
factors of V relative to Q.
*
Note that (Q is BT (n1,...,nt) if and only if 7 is
*
BT (n.],ooo,nt). If n.‘,ooo’n_t
factors of V relative to Q, and Q is BT(m1,...,mS), then s <

are the dimensions of the composition

d.

and miznc(i) for some permutation ¢ of 1,...,%t.

Section 3. The main result of Chapter I--Theorem 1.

Let Q@ be a set of n X n matrices. From the discussion in
I.2, it is clear that there is a nonsingular mstrix S such that
slgs = {s'1As| Aeql} is BT*(n1,...,nt). We wish to investigate
the problem of determining conditions on () which force the diagonal
blocks to be a certain size--in particular, if m = max {n1,...,nt},
what conditions on () guarantee m <k, for some positive integer k.
McCoy's theorem deels with the case m = 1. We will generalize
condition (I) of McCoy's theorem to obtain a characterization of sets
of matrices for which m = k, where k is a positive integer.

We first discuss some facts about polynomials of matrices.
Let P(xl,... ,xr) be a polynomisl in the non-commuting variables
XyseeesX, with coefficients in F. Suppose A1""’Ar are nx n
matrices which are BT(n1,...,nt). Then P(A1,...,Ar) is also
BT(nI,...,nt) and if Aij is the J'th diagonmal block of A,
i=1%...5ry, then P(Al,j""’Arj) is the j'th diegonal block of

P(A1, ...,Ar).
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Suppose P vanishes on all r-tuples of k x k matrices over F.
Let h<k and let B1""’Br be an r-tuple of h x h matrices

over F. For i=1,...,r let B, denote the k x k matrix with

i

Bi in the upper left hand corner and zeroes in the remaining k-h
rows and columns.
k-h
r—'—‘t[—-)
0
Bi = [
k-h 0

Since P(ﬁi,...,ﬁ;) = 0, P(B1,...,Br) = 0, Thus P vanishes on all
r-tuples of h X h matrices when h < k. Suppose P does not venish
on all r-tuples of k+1 x k+1 matrices. Then a similar argument
shows that P does not vanish on all r-tuples of n x n wmatrices
whenever n > k+1,

The following theorem of Burnside will be needed in the proof

of Theoren 1,

Theorem (Burnside) [3, 17(p. 276)]. If U is a non-zero, irreducible
algebra of linear transformations of a finite dimensionsl vector space
over an algebraically closed field, then U is the complete algebra

of linear transformations.
We now state and prove the main theorem of this chapter.

Theorem 1. Let Q(x],...,xr) be a polynomial in the non-commuting
variasbles KyseoesX, with coefficients in an algebraically closed
field F. Suppose the equation Q(x1,...,X}) = 0 is satisfied by
every r-tuple of k x k matrices over F, but there exists an r-tuple

of kt+l x k+1 matrices over F which does not satisfy the equation.
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Let 7 be an algebra of n x n matrices over F which is BT*(nl,...,nt).
Let m = max {n1,...,nt}. Then the following two conditions are
equivalent.

(1) m<k.

(2) Q(A1,...,Ar) is in the radical of 7 for every r-tuple

(A1, - .,Ar) of matrices of 7.

Proof. Assume m <k and let (A1,...,Ar) be any r-tuple of matrices

of 7. Denote the j'th diagonsal block of A, by A for 1 = lyeenyt

i ij’
and Jj = 1,...,t. The matrix Q(Al”“’Ar) is BT(n1,...,nt) with
Q(A1j""’Ar,j) as the j'th diagonal block. Since m < k, the hypothesis
on Q implies Q(Au,...,Arj) =0 for j=1,...,t. Thus all of the
diagonal blocks of Q(Ai"”’Ar) are blocks of zeroes. Now let C

be any element of 7. The matrix C Q(A1,...,Ar) is again BT(n1,...,nt)
and the diagonal blocks of C Q(A1 ,...,Ar) are the products of the
corresponding diagonal blocks of C and Q(Al"" ’Ar)' Hence &all of

the diagonal blocks of C Q(A1,...,Ar) are blocks of zeroes. This

shows that C Q,(A1,...,Ar) is nilpotent for a11 C in . Therefore,
Q(A1,...,Ar) is in the radical of 7.

Conversely, suppose condition (2) holds. We have

m = mex {n1,...,nt} =n, for some i. Let
= t 77
ay {Aﬁl A;; is the i'th diagonal block of some A e }.

If m=1, we certainly have m < k. Hence, we may assume m > 1
and ﬂi;‘ 0. Since @7 is- BT*(n1,...,nt), the algebra 7, is an
irreducible algebra of m x m matrices over F. The theorem of -
Burnside implies A is the complete matrix algebra, Mm(F), of

m x m matrices over F. Since Q(A1,...,Ar) is in the radicel of 7
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for every r-tuple (A1""’Ar) of 7, the mx m matrix Q(Bl’“"Br)
must be in the radical of 7, for every r-tuple (31"'°’Br) of
metrices of 7,. But 7= Mm(F) which has a zero radical. Therefore,
Q(Bl’”"Br) =0 and Q vanishes on 7, = Mm(F). By our hypothesis

on Q@ m<k. B

We now show McCoy's theorem follows from Theorem 1. We will
prove that condition (II) of McCoy's theorem follows from condition
(I) of McCoy's theorem; the implicetions that (II) implies (III) and
(III) implies (II) are straightforward. Let 0O = {AV...,AP} be a
set of n x n matrices over an algebraically cloged field F and let
7 be the algebra generated by Q over F. Assume condition (I) of
McCoy's theorem holds--i.e. that [Ai’ A;j] = A A

i
redical of <~ for i,j =1,...,p. We apply Theorem 1 with

- AA. is in the
J i

Qxys %) = X%, - %%, and k=1,

We now need to show thaet condition (2) of Theorem 1 holds--i.e.
that [C, D] 4is in the radical of ~ for any pair (C, D) of matrices
of 77. Since the radical is an ideal and X%y = XX, = [x1, x2]
is linear in each of its variables, we may assume C and D are

monomiels in A1,... ,AP. By repeatedly applying the commutator identity
[xy, z] =[x, Y12 +Y [X, 2] + [Y, 2] X + Z [Y¥, X]

and using the fact that the radical of # is a two sided ideal, we

o
1

integers. Finally, we use induction on r and s and the identity

moy assume C = A, and D=A§ where r and s are non-negative

X%, Y] = x X7, ¥] + (%, Y] &7

to show that if [Ai’ A;j] is in the radical of 7 for i,j = 1,...,D)
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then [C, D] is in the radical of 7. Hence, condition (I) of
McCoy's theorem implies that condition (2) of Theorem 1 holds.
Therefore, m = 1 and A1""’AP can be sgimultaneously upper
triangularized.

Theorem 1 immediately implies the following corollary.

Corollary 1. Let Q,(x.|,...,xr) be a polynomial in r non-commuting
variables with coefficients in the algebraically closed field F.
Suppose the equation Q(x1, ...,xr) = 0 is satisfied by every r-tuple
of k x k matrices over F, but there exists an r-tuple of

k+1 x k+1 matrices over F which does not satisfy the equation.

Let 7 be an algebra of n x n matrices over F and suppose

7 1is BT*(n1,...,nt). Then if Q(AI"“’Ar) = 0 holds for every

r-tuple (A1""’Ar) of matrices of 7, m = max {n1,...,nt} < k.

Setting k =1 and Q,(x1, x2) = XX, - XX, in Corollary 1

yields Frobenius's theorem,

Section 4. Polynomial identities.

The hypothesis of Theorem 1 calls for a polynomial Q in r
non-commuting variables which vanishes on the space of all k x k
metrices over F but which does not vanish for all r-tuples of
k+1 x k+1 matrices. In this section we discuss some known examples

of such polynomials.

Definition. The standard polynomial in m variables is:

Sm(x1,...,xm) = 2 t Xa(.‘ )XO’(E) o o o o(m)
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where the sum is over all permutations o of the integers 1,...,m
and the coefficient of the term xc(”xd(e) . . xo(m) is +1 if

o 1is an even permutation and -1 if ¢ is an odd permutation.

The equation Sm(x1,...,xm) = 0 ig called a standard
identity. Amitsur and Levitzki [1, pp. 450-455] showed that the
standard identity in 2k variables is satisfied by all 2k-tuples
of k x k matrices. Furthermore, Levitzki [23, pp. 336-338] showed
that the minimsl degree of a polynomial identity for the complete
matrix algebra of k x k matrices is at least 2k. Hence, Szk = 0
is a polynomial identity of minimal degree for Mk(F) and the
polynomial Sak(xI,...,xek) satisfies the hypothesis of Theorem 1.
The polynomial P(X, Y) = [X, Y]2 is a central polynomial for
ME(F)--i.e. if X and Y are 2 x 2 matrices, then [X, Y]2
is always a scalar matrix. Formanek [10] and Razmyslov [34] constructed
central polynomials for the algebra of k x k matrices over a field,

for each positive integer k. The Formanek polynomial Fk(X, Yipeee ’Yk)

is non-venishing on Mk(F) and is not a central polynomial for

M (F). Hence the polynomial
Gk(z, p o8 Y1,...,Yk) = [&, Fk(x, Y1,...,Yk]

satisfies the hypothesis of Theorem 1.

Now let A, B1""’Bk+1 be a kt2-tuple of k x k matrices.

Let A&, 51,...,51(_” be the k+1 x k+1 matrices obtained by adding a

row and column of zeroes to each of A, B1,...,Bk+1. The matrix

Fk+1(A’ B1,...,Bk+1) must be a scalar matrix. Since Fk+1(A’ Biyeoos K1)
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is a block diagonel matrix with Fk+1 (A, B ) in the first

1 , o0 0 ’Bk+1
block (which has size kx k) and & 1 x 1 zero metrix in the second

blOck, Fk+1 (A, B1’...,Bk+1) = O. Hence, Fk+] (A’ B“,'."Bk'*']) = O

end F_ . vanishes on Mk(F)‘ Since T,

the polynomial Fk+1 satisfies the hypothesis of Theorem 1.

does not vanish on M, (r),

Section 5. Unitary block triangularization and block diagonalizetion.

We now let F be ¢, the field of complex numbers and let V
denote an n-dimensionsl vector space over (. The following theorem
is due to Specht [4O]. We state the result a bit differently here and

give a different proof.

Theorem A (Specht) [40, p. 210]. Let Q be a nonempty set of complex
nx n matrices. Then there is a nonsingular matrix S such that
sla s is BT(nV...,nt) if and only if there is a unitery metrix U
such that U"Q U= U*Q U is BT(nV...,nt).

Proof. Suppose there is a nonsingular matrix S such that S-1O S

is BT(n1,...,nt). Then V has a basis

{a ’a ’ouc’a ’a ,oo.,a ,oot,a ’ooo,a }
11 12 1 n, 21 2 ns t1 t n,

such that the subspace V, = (0fjqpeees®y [ penesQyqsoneslly ni)

is invariant under Q for i =1,...,t. Thus, we have a chain of

subspaces 0c V1 c V2 o = Vt =V  such that each Vi is

Q-invariant and the dimension of Vi/Vi_1 is n,. Use the Gram-

i.
Schmidt process to construct an orthonormsl basis of V,

{ﬁ ’000,,8 ,B ,cao,ﬂ ,-oa,s ,oo.,a }
11 1 n, 21 2112 t1 tnt
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such that for each i = 1,...,t, the set

{911,000’31 n,‘,..."ai1’... ’i ni}

is an orthonormal basis for Vi‘ Let U be the change of basis
matrix from the standard basis of V +to the pg-basis. Since the
8-basis is orthonormel, U is a unitary matrix, and since each Vi
is Q-invariant, U*Q U is B'I'(n1,...,nt). B

Thus, if we can simultaneously put a set (Q of complex matrices
into the form BT(n1, - ,nt) by a similarity transformation, then we
can do this with a unitary transformation.

Suppose now theat the matrices in (Q can be simultaneously put into
the same block diagonel form with a similarity transformation. The
following example shows that it is not always possible to do this with
a unitary similerity.

11 1 2

Example 2. Iet A= and B = .
0 2 0 3
1 1
The vectors and are a pair of linearly independent
0 1
1 1
eigenvectors for A and B. If S = » then
(O
-1 1 0 -1 1 0
S AS = and S BS = .
0 2 0 3

However, since neither A nor B can be uniterily diagenallzed, they

clearly cannot be simultaneously, unitarily diagonalized.
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Definition. A matrix A is D(n1,...,n ) provided it is a block
—_— t
diagonal matrix with t diagonal blocks of sizes n,, n2,...,nt,

where n, + n, * o e & F n, =n and ny <n for i=1,...,t.

11 O
A = s Where Aii is ni X n, .

The set Q is said to be D(n1,...,nt) provided every matrix in Q

is D(n1,aoo,nt)-

* *

We now consider the case where 7 =7, (A denotes the conjugate
transpose of the matrix A.) The following theorem and its proof are
due to Specht [40, p. 212] although we state it a bit differently

here.‘l

Theorem B (Specht) [40, p. 212]. Let Q be a nonempty set of complex
nx n matrices and let 7 be the algebra generated by ( over ¢.

*
Suppose 7 =¢ . Then there exists a nonsinguler matrix S such thst
1

S a@s is BT(n1,...,nt) if and only if there exists a unitary matrix

¥*
U such that U7 U is D(n1,...,n,c)-

1Barker, Eifler, and Kezlan [2] prove a similar, but sharper result
using the Wedderburn-Artin theory of the structure of semi-simple

algebras. Iaffey [22] proved that if =7 =17*, the matrices in Q
can be simultaneously block diagonalized if and only if they can be
unitarily block diagonalized. Laffey's method of proof can be used
to obtain Theorem B,
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Proof. Assume there is a nonsingular matrix S such that S—1(] S
is BT(n1,...,nt). By Theorem A (Specht) there is a unitary matrix
3 *

U such that U~7 U is BT(n1,...,nt). Then 7 =¢ implies

* 3 * * *
(UZU) =U@7U=U¢7U, Since the transpose conjugate of a block
upper triangular metrix is block lower triangular, the only nonzero

*
elements of the matrices of U7 U are in the diagonal blocks. B

Corollary 2. An n x n complex matrix A is unitarily similar to

a block diagonal matrix with blocks of sizes DyyeeosDy if and only
*

if A and A are simultaneously similar to block upper triangular

matrices with blocks of sizes DyyeeesDye

*
Proof. Let 7 be the algebra generated by A and A . Then

*
7 =77 and Theorem B applies. B

Note that for the case B =0, =...=n = 1, the corollaxy
says that A is normel if and only if A and A* are simultaneously
similar to upper triangular matrices. _

We now apply Specht's theorem B to Theorem 1 (Section I.3) to

obtain the following result.

Theorem 2., Let Q Dbe a nonempty set of complex n x n matrices
and let 7 be the algebrs generated by Q over ¢ Assume 7 = 7*.
Let Q(x1,... ,xr) be a polynomial satisfying the hypothesis of
Theorem 1, Then the following are equivelent.
(1) There is a unitary matrix U such that U*Q U is
D(n1,...,nt) with max {n1,...,nt} <k (where k is as in
Theorem 1).

(2) Q(A1,...,Ar) = 0 for all A,...,A; €d.
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This may be regarded as a generalization of the fact that a set Q
of normal matrices can be simultaneously, uniterily diagonalized if

and only if the matrices in Q commute [9, pp. 224-225].

Section 6. Some applications of Specht's theorem B and Theorem 2.

McCoy [25] introduced the notion of quasi-commutative matrices.
Roth [36] and Drazin [8] generalized this concept and studied

k-commutative matrices.

Definition (Drazin) [8, p. 223]. Let TO be a set of n x n matrices

AjsevesA . Define sets T (k =1, 2,....) inductively as follows.

Fo = {A1’000,Am}
Ty = { (A A1 [ 4,5 =15.0.0,m)
T,=1{1[a,c 1 ]¢c qely y and 1=1,...,n

Definition (Drazin) [8, p. 223]. The set T, = {A1,...,An3 will be

said to be guasi-commuting of the k'th order for some k > 1 provided

P =Oo

k

Note that F1 = 0 means that the set is commutative. McCoy's
property of quasi-commuting [25] is included under i = 0. MecCoy
proved that if P2 = O, then the matrices A]""’Am have property
P [25]. Drazin extended this result. In addition to other theorems

about quasi-commutativity, he proved the following result.
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Theorem (Drazin) [8]. Let F be algebraically closed and let
Al""’Am be n X n matrices over F, If A1,...,Am are gquasi-
commuting of the k'th order, for some k > 1, then Al”"’Am

have property P.

We now apply Drazin's theorem to Corollary 2 (Section I.5).

This shows that A is normal if and only if A and A" are quasi-
commuting of the k'th order for some k > 1.

Now let A1""’Am. be a set of normal matrices. Since Ai is
normal, A: is a polynomial in Ai' Hence the algebra, &, generated
by Al""’Am satisfies @ =<7*. Using Drazin's theorem and Specht's
theorem B, we see that the normsl matrices A1,...,Am commute if and
only if they are quasi-commuting of order k for some k > 1,

We now use Theorem 2 (Section I.5) to give an alternstive proof

of a theorem of Watters [50].

Theorem (Watters) [50]. If S is a set of n x n normal matrices

and (¢ is the algebra generated by S over the complex numbers, the

matrices in S are simultaneously, unitarily similar to block

diagonal matrices with blocks of size 1 x 1 or 2 x 2 if and only if
(A, B]2P = P[4, 3]2

holds for 211 A in ~# and B and P in S.
To obtain this result from Theorem 2, let

Q(x x,) = [x Fx, - x, [x in

17 %o X3 1# Hgld ¥g = Hg LXKy Kl =

This polynomial vanishes for all triples of 2 x 2 matrices, but

not for all triples of n X n matrices whenever n > 3. Hence,
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Q% %o x3) satisfies the hypothesis of Theorem 1 with k = 2.
Assume the second condition of Watter's theorem holds--i.e. that
o(a, By P) =0 forall A in 7 and B and P in S, Since
[A, B]2 commutes with every element of ~# if and only if it commutes
with every element of S, we clearly have Q(A, B, Z) = O for all
A and Z in 7 and B in S,
Since 7 = 4* s Specht's theorem B implies that ~ is unitarily
similer to an algebra of matrices which is D(n1,...,nt) where the

numbers Dyyeceyny are the dimensions of the composition factors of

t
the algebra 7. We consider only the i'th diagonal block and hence

may assume (7 = Mm(¢), vhere m = n We need to show m > 2.

i'
Suppose m >3 and B = (bij) € S is not a scalar matrix.

i 3 bij # 0 for some i # j, then [Eji’ 3]2 is not scalar, where

Eji is the matrix with a one in the j,i position and zeroes elsewhere.

Thus, [E,ji’ ]3]2 does not commute with every Z € 7. If B is diagonal

with b Jet A=E.. +E.. +E,
ii

2
+ E... Then A, B is
ij Ji Jd 4, B]

11 * Pyy :
not scalar and hence does not commute with every Z € 7. Hence

Q(A, By Z) =0 for ell A and Z in Mm(¢) and B in S

implies m <2,

Finally, we consider a single n X n matrix A of complex
numbers. Write A =H + iK, where H and K are Hermitian. Then

* *
A+ A A - A

5T 5 The matrix A is normel if and only

* * * *
if AA = A A, Note that AA = A A if and only if HK = KH. Thus,

by Specht's theorem B, the matrix A 1is normal if and only if

"Mhis argument was suggested by the referee of [39].
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H and K can be simultaneocusly upper triangularized.

Now suppose A is unitarily similar to a matrix which is
D(n1,...,nt). This mey be viewed as a generalization of the concept
of normslity. Again applying Specht's theorem B, we see that A is
unitarily similar to a matrix which is D(n1,...,nt) if and only if
the pair A and A* are simultaneously similar to matrices which are
BT(nl,...,nt). This occurs if and only if H and K are simultaneously
similar to matrices which are BT(n1,...,nt). Thus, we may study these
generslized normal matrices by studying pairs of Hermitian matrices
with common invariant subspaces. This idea will be used in the

remaining chapters.
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II. Pencils of Matrices, the Characteristic Polynomial and Property L.

Section 1. Definition of the matrix pencil xA + yB and the

characteristic polynomial f(x,y,z).

For the remainder of this work, A and B will denote n X n
complex matrices of complex numbers. As described at the end of
1.6, we will consider A =H + iK, where H and K are Hermitian,
The letters H and K will always designate n x n complex,

Hermitian matrices.

Definition. The pencil generated by A and B is

{xA+yB | x, ye¢l.

Definition. The characteristic polynomial of the pencil xA + yB is

£(x,y,2) = det(zI - xA - yB).

Note that f(x,y,z) is a homogeneous polynomial of degree n
in the variables x, y, and 2z, with complex coefficients. Fixing

velues of x and y, say x =X

o and y = Yo ylelds

f(xo, yo,z) = det(zI - x B - yoB),

the usual chearacteristic polynomial of the matrix on + yoB.
Applying a simultaneous similarity to A and B does not change

the characteristic polynomial, for

" =
det(zI - xA - yB) = det(zI - xS s - ¥yS BS).
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Section 2. The pencil xH + yK where A =H + iK.

We will use the pencil xH + yK and the characteristic polynomial
f(x,y,z) = det(zI - xH - yK) to study the matrix A = H + iK, where

A +A* A A*
and K = -

5 —51 are Hermitian. In this section

H =

we prove that the characteristic polynomial has real coefficients, and

that it uniquely determines A up to unitary similarity when A is 2 x 2.

Propogition 1. Let H and K be nx n Hermitian matrices. Then
the coefficients of the polynomial f(x,y,z) = det(zI - xH - yk)

are real.

Proof. If U 1is a unitary matrix, then U*H'U and U*KU are agein
Hermitian and det(zI - xH - yK) = det(zI - XU HU - yU*KU). Since we

can unitarily diagonalize H, we may, without loss of generality,

assume H = diag(hv h2""’hn)' Letting KX = (kij)’ we have
z—hlx-k”y —k12y 3 . e 'k1ny
2T - xH - yK = k¥ ERXElY . kY .

e

K T
Consider a term, + Jzk of the polynomial f(x,y,z). In expanding

ay ,jkx v
det(zI - xH - yK), such a term arises by taking z from exactly
k diagonal terms and x from exactly i diagonal terms. Thus,

8, is a sum of numbers, each of which is the product of i eigenvalues

ijk
of H with the determinant of a J x J principal minor of K. Since

H is Hermitian, it has real eigenvalues. Since K is Hermitian, any
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principal minor of K is also Hermitian, and hence has a real determinant.

Therefore, aijk is a real number. B

Theorem 3. Let A =H, +iK1 and B=I-I2 +1K2, where A and B
are 2 X 2 complex matrices and HT’ K.‘, H?, and Kg are Hermitian.

Suppose det(zI - xH, - yK1) = det(zI - xH, - yKa). Then there exists

*
g unitary matrix U such that U AU = B.
Proof. We may unitarily put A into upper triangular form, so without

loss of generality, we may assume

where A, and )\, are the eigenvalues of A and a e (.

Write x1 =r, + :ls1 and )\2 =T, + is,, where Tir 8y Yoy and
s, are real numbers. Then,
* r a * s, -ia
A+ A 1 A - A 1
HeETE O - e -
a S, a 8
Z-r X-8.y -a(x-iy)
det(zI - xH, - yK1) = det _
-a(x+iy) Z-T X~5,Y

2
= z° - [(r1 + rz)x + (s1 + sz)y] z + (r1x + s1y)(r2x + sey) -

2, 2 2
- le|"(x" + ¥7).
Setting x =1 and y =1 in the equation
det(zI - xH, - yK,) = det(zI - xH, - yK;)

vields det(zI - A) = det(zI - B). This shows that A and B have
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the same eigenvalues. Applying a unitary similarity to B, we may
assume

A 2b

B = = H2 + iK2.
As before, we have

det(zI - xH, - ¥K,) = 2 - [(ry + ry)x + (5 + s,)y]

g, 2 2
+ (rgx + sy)(rx + 85y) - [B]7(x" + ¥7).

Since det(zI - xH, - yK1) = det(zI - xH, - yl%), we must have

la| = |b]. Hence, b =a e™® for some © <9 <o,
1 0
Iet U = 18 o Then U is unitary and
0 e
1 0 )\1 aeie A1 a,eie
U AU = = = B,
-10 ie
0 e 0 7\2e 0 )\2

Hence, A and B are unitarily similar. B

Theorem 3 shows that if A is 2 x 2 , then it is uniquely
determined, up to unitery similarity, by the polynomisl det(zI - xH - yK).

The following examples show that this is not true for larger matrices.

Example 3. 0 - i 0 0 0
et A = |1 a+i i and B = 0 a+ti i3
i i -ati 0 i/3 -ati

where & 1s a nonzero resl number.
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0O 0 © o 1 1
A = H1 * iK1 = 0 a 0 + i 1 1 1
0 0 -a 1 1 1
0 0 0 (0] 0 0
B = Hy,+iK, = 0 a O + i 0o 1 /3
0O 0 -a 0 /3 1
The eigenvectors of H1 are the standard basis vectors,
g 0 0
O}, 11, 0 and scalar multiples of these three vectors.
0 0 1

Since none of these are eigenvectors of K1, the metrices H1 and 'K1
do not have a common eigenvector. Hence A 1is not unitarily similar
to a matrix which is D(1,2). However, B is D(1,2). Hence A is
not unitarily similar to B.

We now compute det(zI - xH, - yKl), expanding by cofactors of

the elements of the first column.,

Z -y -y
det(zI - B, - yK1) = -y Z-8X-y -y
-y -y z+8x-y

= z{(z—a-X-y)(Z+aX-y)-y2]+y[(-y)(Z+aX-y)-y2]
2
-y ly +y(z -ax -y)]

= z[(z-aX~y)(Z+aX-y)-y2]+y[-2y2-y(22-2y)]
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z [(z ~ax -y)(z + ax - y) - yg] - 2y°2

]

z [(z -ax -y)(z + ax - y) - 3y2].

We now compute det(zI - wH, - yKé).

7 0] 0]
det(zI - xH, - yKé) = 0 z-ax-y =-+/3 ¥

0 -3y z+ax-y
¢ ol - ot w gz + 88~} = W

Thus, det(zI - xH, - yK1) = det(zI - xi, - yKé), but A is not

uniterily similar to B.

Note thet in Example 3, the characteristic polynomial factors
into a linear factor and a quadratic factor. In the next example,

the characteristic polynomial is irreducible.

Example k4. 0 1 > ) ] il
5 5 5

Tet A = 0 0 % gnd B =| 0 0 o | .
0 0 0 0 0 0

1N ‘ iv/f
% 5@ L 0 -3/z -4
0 0
1 1 . i /1
L é’\/; g i 5/% o



(]
N} —
o
Nof —
o3

(&)

]

N e
o
]
rOf
NO| =

B = Hy+ ik, = %J;: 0 1 + 4 % 5 0 3
1\/1’ if

z - 2 [Mx-1y) -(x-1y)
2V 2

det(zI - xH, - yK,) = det " l(x+iy) z - l(x--iy)

1 K1 2\ 2 2Ve
~(x+iy) - l\/T—‘(x-f:Ly) z

2\V2

z3+[—%(x2+y2)—(x2+y2)—%(Xg‘ryg)]z

i}

- )6E ¢ ) - f e+ i)GE 4 P)

z3-Z—(x2+y2)z-l1:x(x2+y2).

I

S N YOS Ny e

det(zI - i, - yK,) = det - %-\/;-_(xﬂy) % -(x-1iy)
- %-\/;:(}Hiy) ~(x+iy) z

= z3+[-%;(x2+y2)—g;(x2+y2)—(x2+y2)]z
Sp - i)6E ¥R - g xr )GE 4P
= z3-15:(x2+y2)z-111-x(x2+y2) = det(zI-xH1-yK1).

We now show the polymomial f(x,y,z) = 23 - 1% (x2 + y2) z - 11; x (x2 + yg)
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is irreducible. Suppose f(x,y,z) is reducible. Then it must have
a linear factor (z - 0x - By), since the degree of f(x,y,z) is
three. Setting x =1 and y =1, we gsee that o + i8 is an
eigenvalue of A. Since O is the only eigenvalue of A, «a + if = O,
Setting x =1 and y = O shows that @ 1is an eigenvalue of I-I1 and
hence is real., Similarly, 8 is an eigenvalue of K1 and hence is
real. Thus, O + ip = O implies & =@ = O and the linear factor
must be z. Since 23 - E— (x2 + ye) = I}x (x2 + y2) is clearly not
divisible by =z, the polynomial is irreducible.

Finally, we show A is not unitarily similar to B. Suppose there

*

* * %
is a unitary matrix U such that UAU=B. Then UAU=B.

¥* *
Hence, if W(A, A') is any word in A and A,
* * * * ¥ *
U [w(a, A')] U=W(UAU, UAU) =W(B, B ).

* *
Thus, we would have tr (W(A, A )) = tr (W(B, B )) [41]. We compute

* *
(A )2 & and (B )2 5 and show they have different traces.

0 0 0 0 0 0
* *
A = ;— 0 0 and (A )2 = 0 0 0 .
{1 1
2 5 0 5 0 0
¥*
(A )2 22

-

I

P

POf = (@] @]
(@] (@]
(@] (@]
O @)
(@] (@]
o Nj-
il
o o
o o
o o
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0 0 0 0 0 0
* ¥*
2 = ;— 0 0 and (B )2 = 0 0 o |-

0 0 0 0 0 2 /s 0 0
*.2
(B)Be.-: 0 0 0 0 0 0 = 0 0
2%0 0 0 0 0 0 0 2

% >
Since (A )2 2% has trace 1]‘- and (B’r)2 B has trace 2, the matrix

A is not unitarily similar to B.

Thus, we see the polynomial det(zI -~ xH - yK) uniquely determines
A =1+ ik, up to unitary similarity, if n X2, but not, in general,

if A is larger than 2 x 2.

Section 3. FProperty L.

Recall from I.1 that A and B are said to have property P
provided there exists an ordering 2P ...,an of the eigenvalues of
A and ﬂ1,... ’Bn of the eigenvalues of B such thet the matrix
Q(A, B) has eigenvalues Q(oci, Bi)’ i=1,...,n for any polynomial
Q. M. Kac suggested that matrices for which xA + yB has eigenvalues
X ai +y Bi, for all values of x and y, be studied. Motzkin and

Taussky [27, 28] were the first to study such matrices.
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Definition. If there is an ordering, QAiyeee ’an’ of the eigenvalues
of A and, 91,...,Bn, of the eigenvalues of B such that xA + yB
hes eigenvalues x ai +y Bi for all veluves of x and Yy, then A

and B are said to have property L.

Notice that property P implies property L. However, pairs of
matrices which have property L need not have property P [27, p. 112].
Thus, in general, no two of the statements

(1) A and B commute,

(2) A and B have property P,

(3) A and B have property L,
are equivalent, but (1) implies (2) and (2) implies (3).
For pairs of Hermitian matrices, however, the three properties are

equivalent [27].

Theorem (Motzkin, Taussky) [27]. If H and K are Hermitian and

have property L, then HK = KH.

Now suppose A has eigenvalues ®Ayreeesy and B has eigenvalues
61,...,Bn. If A and B have property L, then xA + yB has

eigenvalues x ai +y Bi for all values of x and y. Hence
n

f(x,y,z) = det(zI - xA - yB) = [ (z - ax - Biy)
i=1

Conversely, if f(x,y,z) factors into n linear factors of the form
(z -aix - Biy), i=1.,..yn, then A and B must have property L.
Furthermore, a1,...,an are the eigenvalues of A, Bl"“’en are
the eigenvalues of B and xai +y Bi’ for i=1,...,n are the

eigenvalues of xA + yB. So A and B have property L if and
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only if f(x,y,z) factors into n linear factors [28].
Recall that A = H + iK is normal if and only if HK = KH.
By the Motzkin-Taussky theorem, and the remark above, we see that A
is normal if and only if f(x,y,z) = det(zI - xH - yK) factors into
linear factors. Now if A 1is normml, there is a unitary matrix U
such that U*AU = diag(a1,...,an), where Q... s are the eigenvalues

of A. Write aj = h,j + ikJ., where h,j and kj are real, J = 1,...,0.
* o L)
UAU = diag(a1,...,an) = dla.g(h1,...,hn) + 1 d1a,g(k1,...,kn)
* *
=UHU + 1 U KU.
% *

Note that U HU and U KU are again Hermitian, and that H has eigen-
values h1""’hn and K has eigenvalues k1""’kn‘ Thus, we have

n
det(zI - xH - yK) = l | (z - hjx - kJ.y)
J=1

*
80 each linear factor corresponds to a diagonal element of U AU,

Section k4, A generalization of property L--factors of the characteristic
1
olynomial.,

We saw above that if A is unitarily similar to a diagonal matrix,
then the n diagonal elements correspond to the n linear factors of

det(zI - xH - yK). Suppose now that A is unitarily similer to a matrix

1Gaines [12] considered a generalized L-property amd proved that if A
and B satisfy a certain commutator relation, then the characteristic
polynomial of xA + yB splits into linear and quadratic homogeneous
factors. Taussky [46] has also studied a weak L-property.



34
which is D(n1,...,nt). Then H and K sare simultaneously, unitarily

similar to matrices which are D(n1,...,nt). We have

A4q 0O
U*
AU = A22
O Agy
where Aii is ni,x n, . Also,
H
1 S8
% * * O O
UAU=UHU+ 1 U KU = H22 + 1 KéE
O ey O Ret

jth A, =H.., +1K.. fo } = Vst d H. i K
WL gy = g Jge = A= Lyvewsh SR S49 9 459
Hermitian matrices of size nJ X nj.

t
* *
Then det(zI - xH - yK) = det(zI - xU HU - yU KU) = | | (2I - xHjJ.— yKJ.j).
J=1
t
Thus, f(x,y,z) = det(zI - xH - yK) = ! ! fj(x,y,z) where
J:

fj(x,y,z) = det(zI - xHjj - ijj) is homogeneous of degree ny and

is the characteristic polynomial of the pencil XHjj + ijj in the
j'th diagonal block, Thus, if H and K can be simultaneously block
diagonalized, then the characteristic polynomial of the pencil generated

by H and K has a nontrivial factorization, and the factors correspond
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to the blocks in the matrices. In II.3 we used a theorem of Motzkin
and Taussky to show that if all the factors are linear, the converse
also holds. However, the following example shows that in general,

the converse does not hold when there are non-linear factors.

Example 5. 0 (0] 0
Iet H = ] a 0 where a 1is a nonzero
(0] (0] -8
0 1 1
real number, and let K = 1 1 1 .

The matrices H and K are Hermitian and we showed in Example 3

(I1.2, pp. 26-28) that

det(zI - xH - yK) =z [(z - ax - y)(z + ex - y) - 3y2] ’

but H and K have no common eigenvector. Hence, f(x,y,z) factors
into a linear factor and a quadratic factor, but H and X are not

simultaneously, unitarily similar to matrices which are D(1, 2).

In their second paper on matrices with property L [28] Motzkin

and Taussky proved the following theoremn.

Theorem (Motzkin, Taussky) [28, p. 395]. Let xA + yB be & pencil
in which all matrices are diagonable, Then A and B can be

diagonalized by the same similarity and therefore they commute.

This result does not generslize to block diagonalization. The
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following example exhibits a pair A, B of 3 x 3 matrices such that
every matrix in the pencil is similar to a matrix which is D(1, 2),

but A and B cannot be simultaneously block diagonalized.

Example 6. 0 0 0 0 0 0

The matrix A is diagonal., The matrix B has two distinct eigenvalues,

namely O and 2, and hence is similar to e matrix which is D(1, 2).

0 0 0
xA + yB = y 2x+y y
¥y y x+y

We show that for each fixed X, and Yo the matrix on + yoB is

similar to & matrix which is D(1, 2).

y 2x +y y
Consider the three column vectors ’ , and .

Jy y X+y

Case 1. 2x + y y

det ° e ° # O.
Yo MR
2x°+ Yo Yo
Then the vectors and are linearly independent.
Yo Xt Yo

Hence there exist scalars r and s such that

y'0 2x0 * y'O y0
= r + 8 °
y-0 y-O x0+ yO
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1 0 0 1 0 0
let S =| -r 1 O || Then S'1 = r 1 0 .
-8 0 1 s 0 1
1 0] 0 0 0 (0]
=1
S (on + yoB)S = r 1 0 0 2x+y, ¥,
s 0 1 0 ¥ xo+ .
0 0 0
= 0 2xo+ yo yo .
" Yo %Y

Hence x A +y B is similar to a matrix which is D(1, 2).

Case 2. 2x +y y
- det = = 0.

X +
(o] OyO

Yy
Then (2x +y )(x+y ) -3y° = 2x°+3xy =0
o Y0"Yo Yo o (o) 0’0o *

Thus xo(2xo+ 3y°) =0, If x =0, then xA +y3B=yB, which is

similar to a matrix which is D(1, 2). If xo;é 0, then 2x_+ 3y_ =0,

so y = - %—xo. Then x A +y3B = xo(A - -23—B) = ;9.(31\. - 2B).
0 0] 0
34 - 2B = -2 y =2
-2 -2 1
Det(A\I - (3A - 2B)) = A3 - 57\2 = 12(1 - 5). Since 3A - 2B has

two distinct eigenvalues, it is similar to a matrix which is D(1, 2).
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Thus, for every choice of X, and Yoo the matrix on + yoB
is similar to a matrix which is D(1,2).
Furthermore, the characteristic polynomial of xA + yB factors

into a2 linear factor and a quadratic factor.

b4 0] 0
f(x,y,z) = det(zI - xA - yB) = det | -y Z-2X-y -y .
¥ -y Z =X~y

=Z[(z-2X-y)(z-x-y)-y2]=z{22-(3x+2y)2+(2x2+3w)}.

However, we now show that A and B are not simultaneously
similar to matrices which are D(1, 2), Suppose there were a nonsingular
matrix S such that S 'AS and S 'BS were both D(1, 2). Then
[A, B]2 would have to commute with A. (See page 14.) We compute

[a, BI® and show that it does not commite with A.

0 0 0 0 0 0 0o o0
[A, B] =AB - BA = 2 2 2 - 0 2 1 = 2 0
1 1 1 0 2 1 1 -1

0 0 0
(4, 13]2 = 1 4 0 |

-2 0o -1

0O © 0 0 0 0
2 2

A [a, B]® = 2 2 0 and [A, BI'A = 0 -2 o |,

2 0 - 0 0 -1

Hence A and B cannot be simultaneously similar to matrices which are

D(1, 2). Thus, the theorem of Motzkin and Taussky which states that if
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every matrix in the pencil xA + yB is diagonalizable, then A and

B commte, does not extend to cover block diagonalization.
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711, Linear Factors of the Characteristic Polynomial.

Section 1. Linear factors of det(zI - xA - yB) and the

eigenvalues of NG

If A and B have property L, they do not necessarily have
property P, However, if A is nonsingular, one can say something

about the eigenvalues of A'1B.

Theorem (Motzkin, Taussky) [27, 48]. ILet A and B have property L

and suppose A is nonsingular. Let « ""’Oh be the eigenvalues

1
of A and 61,...,Bn be the eigenvalues of B. Then the eigenvalues

=1 -1
of A B are ai Bi’ for i= 1,...,1’1.

We employ the same argument used by Motzkin and Taussky to show
that if det(zI - xA - yB) has a linear factor (z - ox - By), and
if A is nonsingular, o' is an eigenvalue of A" B, Suppose
det(zI ~ xA - yB) = (z - ax - By) g(x,y,2z) where g(x,y,z) has
degree n-1. Then oxo + Byo is an eigenvalue of on + yoB for
any pair of complex mumbers x_ = and y . Setting x_ = o '8 and
Y, = -1, we see that O is an eigenvalue of o 'BA - B. Hence
0= dét(a"aA - B) = (det A)(det(a'1e I-A""

an eigenvalue of A7 'B,

)e Thus, a8 is
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Section 2, A pair of n x n Hermitian matrices, H and K, which
do not have a common eigenvector but such that

det(zI - xH - yK) has a linear factor.

Suppose f(x,¥y,z) = det(zI - xH - yK) = (z - ax - By) &(x,¥y,2),
where g(x,y,z) has degree n-1, Example 5 (II.4, p.35 ) showed that
H and KX need not have a common eigenvector. The matrices in that
example were 3 X 3. The following example shows how to construct
a pair of nx n Hermitian matrices which do not have a common

eigenvector, but such that f(x,y,z) does have a linear factor.

Example 7. 0
%

Let H = 053 s Where a2”"’an are
\ distinct real numbers.

(01

n

0 1 1 5 ¢ & 1%

1 1 1 s 42 1}

Iet K = 1 1 1 ¢ o & 1 .

° °
e o
° o

-3 0 o o
-
—
°
e
°
-

H and X are nx n Hermitian matrices. Consider f(x,y,z). This
polynomial is divisible by 2z if and only if det(xH + yK) = O. We

will show how to choose «,,...,0_  so that det(xH + yK) = O.
2 n
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0 y y - . . ¥
Y aex +y Y . ° ° J

xH +yK = v v a3x +y . . y %
y y Yy . o . anx ty

Det(xH + yK) is a homogeneous polynomial of degree n in x and vy.

n n-1 n-1 n
deﬁ(xH + yK) = rY T ATE .. .tr X yHr X,

We compute the coefficients Tor TyseeesT o Clearly, ro=ro = 0.
To get a term of the form cxn'2y2, we must teke exactly n-2
nonzero diagonsl elements. Hence,

n
r = (-1)Z 00

...at a ...a
n-2 o0 3 i-171+1 n

Now to get a term of the form cxn-3y3, we must take exactly n-3

nonzero diagonal elements. Thus

rn_3 = det 1 1 1 X (a sum of products of n-3 distinct ai's)
1 1 1
0 1 1
Since det 1 1 1 = 0O, +the coefficient rn_3 = 0,

A similar argument shows r =r, = ... =71 = O,
0 1 n-U
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Hence det(xH + yK) = rn_exn-z;y2 and det(xH + yK) = O if and only if
n
* L -
(%) r o= ( 1)i§2 QOlaen sy 40y qeety = 0.

Thus, if we choose ag,...,an to satisfy equation (*), then

det(zI - xH - yK) will be divisible by z. If, in addition,

O, a2,...,an are distinct, then the eigenvectors of H are all scalar
multiples of the standard basis vectors. Since none of these is an
eigenvector of K, the matrices H and K have no common eigenvector.
Thus, if it is possible to find distinct, nonzero real numbers
ae,...,an which satisfy equation (%), then one can construct Hermitian
matrices H and K such that det(zI - xH - yK) is divisible by

z, but H and K have no common eigenvector. Note that if o, = a

2

and a3 = -a we obtain the matrices in Example 5 (II.4, p. 35).

Section 3. A theorem about linear factors of high multiplicity.

As we saw above, the presence of a linear factor in the characteristic
polynomial of the pencil xH + yK is not a sufficient condition for
H and K to have a common eigenvector. However, if the linear
factor occurs with a high enough multiplicity, then we can infer the
existence of a common eigenvector.

Before stating the main theorem of this chapter, we prove a

lemma which will be needed in the proof.

Lerms, 1. Suppose f£(x,y,z) = det(zI - xH - yK) = (z - ax - ey)’ e(x,v,2),
where z - Qx - By does not divide g(x,y,z). Then there exist

real numbers a and b such that Qa + Bb 1is an eigenvalue of the
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matrix eH + bK of multiplicity exactly r. (Equivalently,

aH + bK - (oa + Bb)I has rank n-r.)

Proof. Since f(x,y,z) = (z - ax - 8y) e(x,y,z), the number

axo + Byo is an eigenvalue of mult‘iplicity at least r for all
X, and Yo Suppose, by contradiction, that «Qa + 8b is an eigen-
value of &H + bK of multiplicity greater than »r for all real

a and b, Then (z - Qa -Bb)rH

divides the polynomial f(a,b,z)
for 81l real values of a and b. This is possible if and only if

(z - ax - B}v)ﬂ.I divides f(x,y,z), which contradicts the assumption
that z - ax - By does not divide g(x,y,z). Hence, for some reel

e and b, the number Qs + 8b 1is an eigenvalue of aH + HK of
multiplicity exactly r. Since aH + bK is Hermitian, this is

equivalent to saying aH + bK - (@a + Bb)I has rank n-r. B

Theorem 4. Let H and K be n x n Hermitian matrices. Suppose

f(x,y,z) = det(zI - xH - yK) = (z - ox - By)r g(x,y,z), where
n
3‘)

matrices H and K have a common eigenvector corresponding to the

z - 0x - By does not divide g(x,y,z). Then if r > the

eigenvalues @ of H and B of K.

Proof. We first show that without loss of generality, we may assume |
H - QI has rank n-r (i.e. a is an eigenvalue of H of multiplicity
exasctly r) and that O =8 = O, By Lemms 1, there exist real numbers
a and b such that CGa + Bb is an eigenvalue of aH + bK of
multiplicity exactly r. If we choose real numbers ¢ and d so

a b

that det £ 0, then the matrices aH + bK and cH + dK
e 4
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generate the same pencil as H and K. Since a, b, c and d are

real, aH + bK and cH + dK are Hermitian. If we replace H and

K by aH + bK and cH + dK, the polynomial £(x,y,z) undergoes

a linesr change of variable and hence has the same type of factorization.
Hence, we may replace H and X by aH + bK and cH + dK and thus
assume thet H - I has rank n-r.

Next, we replace H by H - oI,

det(zI - x(H - aI) - yK) = det ((z + ax)I - xH - yK)

= (z +ax - ox - 8y)¥ g(xy, z +ox) = (z - By)" &(xy, z +ax)

Since 2z - ax - By does not divide g(x,y,z), we see z - By does
not divide g(x,y, z + 0x). Furthermore, H and H - @I have the
same eigenvectors. Thus, without loss of generality, we may replace
H by H -QI and thus assume O = O, Similarly, we may assume B = O,
Thus, we may assume f£(x,7,z) = 2z g(x,¥y,z), where z does not
divide g(x,y,z) and H has rank n-r. Zero is then an eigenvalue
of H of multiplicity exactly r, and an eigenvalue of K of
multiplicity at least r.

We now diagonalize H with a unitary similarity, U, and apply
the same similarity to K. The matrices U*HU and U*KU are again

Hermitian, so we may assume H = diag(0, O,...,0, hr+1""’hn)

where h b ...h # 0., Partition the matrix K into the following

42

block fornm,
'y n-r
L

K1 ?2 ] ¥
K o2 ] R

where K, is rxr, K, is rx (n-r) and Kae is (n-r) x (n-r).
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let K,, = (kij) where i,j = r+1,...,n. Since K is Hermitian,

K, is also Hermitien and k,, = k...
2 Ji ij

We first show that K11 = 0,

Kn K2
th+1 * k'r+1,r+1 -t kr+1,n
xH + K =
K* p .
12 °
er,n T th+knn

Det(zI -3M - X) = £(x,1,2) = ¥ g(x,1,z). The coefficient of z> in
det(zI -xH -K) is (_1)n-i times the sum of all the principal
n-i X n-i minors of the matrix xH + K. Since the coeffieient of
zi is zero for i = 0,1,...,r-1, the sum of all the principal
n-i ¥ n-i minors of the matrix xH + K is zero for each i, for
1=0150007-1,
For a fixed i, the sum of all the prinecipal n-i x n-i minors
of xH + K is a polynomial in x of degree n-r, for each 1 = 0,...,r-1.

n=r

The coefficient of x in this polynomial is

(h_..h_....h )X (the sum of the principal r-i X r-i minors
r+1 r+2 n

of the r x r matrix K11).

Since hr+1°"hn # 0, the sum of all the principal r-i x r-i minors
of K11 is equal to zero, for each i = 0,...,r-1. Thus the charac-
teristic polynomial of K51 ige AT = 0 and K11 is nilpotent. Since

K11 is Hermitian, K11 = 0. We now have
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A column vector § = (x1,...,xn)T is in the null space of H

if and only if x

r+1=x =, . .=x =0, We will show that if

r+2 n

r > %’ it is possible to find a nonzero vector § = (x,, eesX,

which is in the null space of K. This will complete the proof.

°e»

0
- r
We have K 0

e o O M e o
gl
N

*
The mabrix K12 is n-rxr. If r > g, then the null space of H,

which we denote by MN(H), has dimension greater than Also, T7(K)

i
2'

has dimension greater than Hence T(H) N N(K) £ 0 and H and

2
5
K have a common eigenvector with eigenvalue zero.

It remains to consider the case r < g. Then r < n-r 8o
re.nk(KTe) <%, If rank(K?a) < r, then there exists a nonzero

X, 0
solution to the system K12 : = & and we are done.
X 0

r

5 050000

)T
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how K., th nk iy
We now show K.l2 cannot have rank r, If K12 has rank r, then
K12 also has rank r. Hence the r rows of K_l2 are linearly
independent. The full matrix K has rank at most n-r, since O is
an eigenvalue of multiplicity at least r. The first r rows of K
are linearly independent, so these r rows, together with some choice

*
of n-2r rows from the n-r x r matrix (1(12 l 1(22) generate

the row space of K. Relabel the rows so that the first n-2r rows

*
of (K12 | 1(22) satisfy this condition. Write

|
ar+1 l Br+1
s I n-2r
e I °
* _ o I B

(Klz l Kzz) = e e W
Y'I : Bn-r+1
: | r
YI‘ { EIl

where ar+1”"’an-r and Yi2ecesY, 8are row vectors of length r

and Br+1""’sn are row vectors of length n-r. Then each of the

1 Prr+1
I YOws Yo Bn-r 0 is expressible as a linear combination
Yr IBn

of the first n-r rows of the mstrix K. Since K]1 is the rx r

*

zero matrix, each of the last r rows, Vs ooV of the matrix K12

*
is a linear combination of the first n-2r rows of K12. Hence,
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* *
the rank of K12 is at most n-2r. But we assumed K12 had rank r.
n

Thus, r <n-2r and r < 2 contrary to the hypothesis r > 3

_3’

*
Hence K12 cannot heve rank r.H

Remark. Repeated application of Theorem 4 yields a sharper result

on the number of linearly independent, common eigenvectors of H and
K. If H and K satisfy the hypotheses of the theorem, then they
have s common eigenvector, corresponding to the eigenvalue Qa of

H and B of K, Since H and K are Hermitian, Specht's theorem B

(1.5, p. 14) implies that there is & unitary matrix U such that

]

(@)

§,

C:*

&

]

O B

*
U HU

i
"o

(o]
o

where H1 and K1 are n-1 x n-1 Hermitian matrices. Now

* *
det(zI - xH - yK) = det(zI - xXUHU - yU KU) = (2 - ax - By) det(zI - H, - yK1).

)r-l

Hence det(zI - xH, - yK1) = (z -ax - By g(x,y,z) where z -0x - By

does not divide g(x,y,z). If r-1 > 9—5-1-, we may apply Theorem 4 to

H. and K1 and obtain a common eigenvector of H

1 and K‘, with

1
eigenvalue @ vcorresponding to H1 and B corresponding to K1
The matrices H and X will thus have two linearly independent

common eigenvectors corresponding to the eigenvalue @ of H and

the eigenvalue B of K. Continuing in this manner, we see that
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n-i

3 H and X will have i+1 linearly independent

if r-i >

comnon eigenvectors. B

Section 4. Examples related to Theorem k4,

The following examples illustrate Theorem 4, show that the

4
3

does not hold for pairs of matrices which are not Hermitian.

inequality r > is the best possible, and show that the theorem

Example 8. This example illustrates Theorem k.

0 0 0 0 0 0 b b

0 0 0 0 0 0 ab ab
Let H = and K =

0 0 s (0] b ab c 0

0 0 0 -8 b ab 0 -C

where a, b, ¢, and s are nonzero real numbers.

Z 0 -by ~-by

0 Z -aby -aby
det(zI - xH -~ yK) = det

-by -aby Z-SX-CYy 0

-by -aby 0 z+sx+cy

2
- [(sx + cy)? - azbey v - 622 A2

2 22
z [aebeye(sx +cy) - aabzyg(sx + cy) + b2y (sx + ey) - by (sx + cy)l

+

= z2[22 - (sx + cy)2 = 2a2b2y2 - 2b2y2].

Thus H and X satisfy the hypotheses of Theorem 4, with r =2 and

n==4,
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a
-1
Note that is a common eigenvector of H and K with eigenvalue O,
(0]
0
Example 9. 0 0 0
et H = 0 a 0] where e 1is a nonzero real
0] 0 -8, number.
0 1 1
Iet K = 1 1 1 . These matrices were used in Example 3
1 1 1 (pp. 26-28) and in Example 5 (p. 35).

We showed there that det(zI - xH - yK) =z [(z - ex - y)(z + ax - y) - 3y2]

end that H and KX have no common eigenvector. Note that in this

example, n=3, and r=1= 3 and the conclusion of Theorem L
does not hold., Thus, this example shows that the inequelity r >%
is the best possible.
Example 10. We use the previous example to construct a pair of
6 x 6 Hermitian matrices for which r =2 = g and the conclusion
of Theorem 4 does not hold.

H1 0 K1 0
Let H = and K = vhere H1 and

0 H, 0 K

K1 are the 3 x 3 matrices used in Example 9. Then

det(zI - xH - yK) = [det(zI - xH, - yK1)]2

= iz -ax -y)(z + ax - ¥) - 3y2]2.
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Thus r=2 and n=6, so r=%.

We now show H and X have no common eigenvector. Suppose

is a common eigenvector of H and K. Write

a
a = 1 where Ot1 and a2 are 3 X 1 column vectors.
(o4
2
Hia, K%y
Then H(@) = and Ka) = . Hence a, and «
H.C [0 1 2
1% B

must be common eigenvectors of H1 and K.I Since H1 and K_‘ have

no common eigenvectors, H and K cannot have a common eigenvector.

Thus, r = % and the conclusion of Theorem 4 does not hold.

Example 11. The construction used in Example 10 can be generalized

to produce a pair of 3m x 3m matrices H and K such that

det(zI - xH - yK) = 2°[(z - ax - y)(z + ax - y) - 3y° ™

Simply let H be the direct sum of m copies of the 3 x 3 matrix

0 0 0
H1 = 0 a O | and let K be the direct sum of m copies
0] 0 ~-a

-—
ol
-

of the 3 x 3 matrix K1 = . Then the same

-
—
—

argument used in Example 10 shows that H and K have no common

eigenvector, although r =m = jm_n

3 3°
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We now give some examples which show the condition that H and K

be Hermitian is needed.

Example 12, 0 1 0 0 0 0
Let A = C 0 1 and B = 1 B8 0]
0 0 0 o -1 0

where £ 1s a complex number. The matrices A and B are not Hermitian.

Z -X 0]
det(zI - xA - yB) = det | -y z-By -X

0] v z
2
= 2°(z - By) - Xz + xyz = z°(z - By).

Thus we have r =2 and n=3 so r > = . The matrix A has

3
1

exactly one linearly independent eigenvector, O | . This is not

0
an eigenvector of B. Hence A and B have no common eigenvector

and the conclusion of Theorem 4 does not hold.

Example 13, 1 0 ) 0

Let A = .



5k

Ilet B = o

zZ-X-y -y 0 <y
-y z2+x -2y -y 0]
det(zI - xA - yB) = det
0 0 z 0
0 0 0 Z
Z=X-y =¥
=22 det =22[(z -x -y)(z + x - 2y) —ye].
-y Z+xX=-2y

So n=14 and r=2>£31—=%—. The eigenvectors of A are
(1 0 0 0)T with eigenvelue 1, (0 1 0 0)T with eigenvalue -1,

and {(0 O a b) | a, b are complex numbers, not both zero } with

eigenvalue zero.

1 1 0 1 0 b

0] 1 1 2 0 a
Now B = and B = , while B =

0 0 0 0] a 0]

0 0 0 0 b 0

80 no eigenvector of A is an eigenvector of B. Note that both A and
B can be diagonalized, so Theorem 4 does not hold for a pair of

diagonable matrices.
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IV. A Theorem About an Algebra Generated by a Pair of Matrices

Which Satisfy Polynomials of Degree Two.

In this chapter we prove a theorem which will be used later
to determine the structure of H and K when f(x,y,z) is a power

of a quedratic polynomiel.

Theorem 5. Let C and D be n x n matrices with elements in a
field F, where F does not have characteristic two. Suppose there
are polynomials of degree two, f(x) and g(x), with coefficients
in F, such that f£(C) = 0 and g(D) = 0. Let ~ =7(C, D) be the
algebra generated by C, D, and I over F. Then the dimension of

7, consgidered as a vector space over F, is at most 2n.

Proof., Let f(x) = x? +ax +B and g(x) = x? + vyx + §, where
Q, B, v, and § € F, Since f£(C) = 0, we have 02 +a C + BI = O,

Hence (C + %—a 12+ (8 - ,}ae)l =0 and (C + ;—al)g = (11;@2 - B)I.

Similarly, (D + % yI)2 = (,} «(2 - §)I. Since #(C, D) = q(c+%a1, D+ % vI),

we may, without loss of generality, assume that 02 =c¢I and I? = dI

for some elements ¢ and 4 of F, Now let E=C+D and G =C - D.

E+G E -G

Since C = 5 and D = 5 s the matrices E and G also

generate the algebra <. We have

E2 = C2 + CD + DC + IF and G-2 = C2 - CD - DC + D2.
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2
Hence, 4+ G2 = 2(C2 + D2) = 2(c + d)I. Since ¢ = E2 * B Z =l

EG + GE
) I+ —g—— - Thus, E, G, and I generate the algebra

(C'f'd

cl = 5

7 =a(C, D) and satisfy the relations

(1) F=2(c+ad)I-F

(2) GE =2(c - d)I - EG

The set of all words in E, G, and I 1is a linear spanning set
for 7, considered as a vector space over F. Relation (2) shows
that any word in E and G may be expressed as a linear combination
of words of the form E’rGS, where r and s are nonnegative integers.
Relation (1) shows that ErGS can be expressed as a linear combination
of words of the form Ek and EkG, where k is a nonnegative integer.

Since E is an n x n matrix, the Cayley-Hamilton theorem

insures that Ek can be expressed as a linear combination of

=1
I, E, E2,...,En for any nonnegative integer k. Hence, the set

(I, E, By.u, B2, G, EG, BG,...,E° G}

is a linear spanning set for 7 and the dimension of 7 as a vector

space over F is at most 2n. B

Corollary 3. Let C and D satisfy the hypotheses of Theorem 5

and assume further that F 1is algebraically closed. Then 7 1is
*

simultaneously similar to an algebra which is BT (n1, .o .,n,c) and

< 2.
each n:.L _2

*
Proof. We may assume 7 is already BT (n1,...,nt). Let C, and D,

b
denote the i'th diagonal blocks of C and D, respectively. Let

s
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7y be the algebra of all n, x n, matrices which accur as the i'th
dia:gona.l block of some matrix in 7. Note that C 5 and Di generate
-"1’ as an algebra over F., Since C and D satisfy the hypotheses
of Theorem 5, so do Ci and Di' Hence, the dimension of ﬂi as
a vector space over F is at most 2ni.

Since 7 is BT*(nl,... ,nt), the algebra /7, is an irreducible
matrix algebra of n, X 1, matrices over F. The field F is
algebraically closed, so we may use the theorem of Burnside (I.3, p.10)

to deduce that 45_ = Mn (F). Hence (/i hag dimension n? as a

1

vector space over F., Therefore n?_ < 2ni and n, <2. L

Corollary 4, Let A be an n x n complex matrix and suppose the

minimal polynomial of A has degree two. Then there is a unitary
*

matrix U such that U AU is block diagonal with blocks of size

one or two.

Proof. ILet 7 be the algebra generated by A, A* and I over ¢.
Since the minimal polymomial of A* has the same degree as the
minimal polynomiel of A, the matrices A and A’ satisfy the
hypothesis of Theorem 5, Hence, by Coraellary 3, the algebra 7

*
is similar to an algebra which is BT (nl,...,nt) where n, <2 for

1
#*
i=1,.0.5t. Since @7 =7, Specht's theorem B (I.5, p.17) implies
*
that there is a unitary matrix U such that U~ U is D(n.l,...,nt).

*
Hence U AU is block diagonal with blocks of size one or two. B
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V. The Minimal Polynomial of a Pencil.

Section 1. Definition of the minimel polymomial of a pencil and
its relation to the characteristic polynomial.

Kippenhahn [21, pp. 210-212] considered the minimal polynomial
of the pencil xH + yK and made a conjecture which will be discussed
in Chapter VII. In this chapter, we review Kippenhahn's work, some-

times using a different point of view.

Definition. Let m(x,y,z) be a homogeneous polynomial of degree k
with complex coefficients. The polynomial m(x,y,z) is called the

minimal polynomial of the pencil xA + yB provided it satisfies

the following three conditions.
(1) m(x, y, xA + yB) = O.
(2) 1If g(x,y,z) is homogeneous of degree j and
g(x, y, XA + yB) = 0, then Jj >k,

(3) The coefficient of 25 in m(x,y,z) is 1.

One may view f(x,y,z) = det(zI - xA - yB) as the usual characteristic
polynomial of the matrix xA + yB considered as a single n X n matrix
with entries in the polynomial ring ¢[x, y]. The minimal polynomial,
m(x,y,z) may then be considered as the minimal polynomial of the
matrix xA + yB with entries in ¢[x, y]. Now factor f(x,y,z)

into irreducible factors.
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I'_I I'? r
f(x)yrz)’—" [7‘1(){,5’:2)] [“Q(X:Y:Z)] "o e e [“'j(x)Y;z)] J

where %, n2,..., “,j are distinet irreducible polynomials and
Ty TopeeesTy are positive integers. Since f(x,y,z) is homogeneous,
so are the polynomials Tipeees T [13, p. 125]. Since m(x,y,2z)
and f(x,y,z) are the minimal and characteristic polynomials,
regpectively, of the n X n matrix xA + yB with entries in
$lx, yl, it follows that

8

5 82 3
m(x,y’z) = [7‘1(ny)2)] [ﬂz(x:yyz)] o o o [“J(X)y:z)]

where 1< 8, <r, for i= l,00.5J

i i

Section 2, The minimal polynomial of xH + yK,

S 8

We saw above that wm(x,y,z) = n11 P an. For the pencil

xH + yK, where H and X are Hermitian, we have s, =5s.= ., . . =

1 2
Kippenhahn stated this fact but did not give the details of the proof.
r, r
Proposition 2. Let f(x,y,z) = det(zI - xH - yK) = L njj

and let w(x,y,z) be the minimal polynomial of xH + yK. Then

w(x,yz)=n 0, ... e

1 2

Proof. Let mo(x,y,z) = & +%,. Then mo(x, y, xH+ yK) is a

1. ° j

polynomial expression of the matrix xH + yK and hence is an n X n

matrix of polynomials in the variables x and y. Let

mo(x, ys xH + yK) = (gij(x,y)> bsd = Tyusesh

1Th:a.nks are dvue to Professor Stephen Kleiman for help with this proof.
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If X, and s are real numbers, the matrix xOH + yoK is
Hermitian and hence is diagonable. Thus mo(xo, Yoo X H* yoK) is
the zero matrix for all real numbers X, and Yoe This implies
gij(xo’yo) = 0 for all real numbers x and y and i, j= T,...,n
Hence gij(x,y) must be the zero polynomial for all i, J = 1,...,n
and we have mo(x, y, xH + yK) = 0. Therefore mo(x,y,z) = K eaedl, =

1 g
n(x,y,2), the minimal polynomial of xH + yK. B

The following example shows that the conclusion of Proposition 2

need not hold if the matrices are not Hermitian.

Example 1l.
0 1 0 0 0 0
Let A = 0 0 1 and B = 1 B 0
0 0 0 0 -1 0

where $ is any complex number.

z -X 0]
det(zI - XA - yB) = det | -y z-By X
0 y zZ

- 358 - By) -xyz + xyz = 22(z - By) = f(x,¥,2).

We now show that (xA + yB) (xA + yB - 8yI) # O and hence that the

minimal polynomial is equal to f(x,y,z) = 22(2 - By).

(xA + yB)(xA + yB - ByI) = y By x y 0 x
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Section 3. The case where the minimal polynomial has degree two.

We now study the situation where the minimal polynomial of
xH + yK has degree one or two. Note that if the minimal polynomiel
has degree one, then H eand K are both scalar matrices, so this
case is trivial. If the minimal polynomial has degree two, but
factors into linear factors, then f(x,y,z) also factors into
linear factors. Hence H and KX have property L, and by
the theorem of Motzkin and Taussky (IL.3, p. 32) H and K commute,
It remains to consider the case where m(x,y,z) is an irreducible
quadratic,

Kippenhahn [21, pp. 211-212] proved thet if the minimal polymo-
mial has degree one or two, and A = H + iK is not reducible by
a unitery transformation, then A must be of size 1x 1 or 2Xx 2.
Kippenhahn's proof uses ideas which are similar to the ones used in
the proof of Theorem 5 (IV)., We use Theorem 5 to prove this result
and then apply Theorem 3 (II.2, p.25) to obtain a more detailed

result.

Theorem 6. Let A = H + iK be a complex n X n metrix, where
n=2m Suppose f(x,y,z)= det(zI - xH - yK) = [g(x,y,2)]" where
g(x,y,2) is an irreducible polynomial of degree two. Then A is
unitarily similer to & block diagonal matrix D which is the direct

sum of m copies of a single 2 X 2 wmatrix,
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proof. By Proposition 2 (V.2,p. 59), g(x,y,z) 1s the minimel
polynomial of the pencil xH + yK. Setting x =1 and y =i,

we see that g(1, i, A) = 0. Since g(1, i, z) is a polynomial

of degree two in 2z, Corollary 4 (IV, p. 57) implies that A is
unitarily similar to a block diagonel matrix with blocks of gize

2x2 or 1x 1, since f(x,y,z) = [g(x,¥,z)]" and g(x,y,z) is
irreducible, all of the blocks must be 2 x 2., Thus, A is unitarily

similar to a matrix of the form

A
Az\
An
where each A, 1s 2x 2. Let Ay = H, +iK;, for J=1,...,m and
5, 5
gset H = H2 and K = 1(2
Hy K

m
Then £(x,y,2) = l l det(zI - xHy - yKJ) = [g(x,y,2) 1"
j=1

Since g(x,y,z) is irreducible, det(zI - xH‘j - yKJ) = g(x,y,2)

for a1l J = 1,...,m. By Theorem 3 (II.2, p.25), all of the Ad's
ere unitarily similsr. Hence there exist 2 x 2 unitary matrices
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3*
Ua, U3,ooo,Um Buch that UJAJUJ = A1

for J=2,...,m. If we get

0
0 1
o UQ\
U
m
A, A,
%
then U A, ¥ = A, = D
Ay A

and A is unitarily similer to a matrix which is the direct sum

of m identical 2 x 2 blocks. @

Remark: Theorem 3 was used in the proof of Theorem 6 to show that

all of the 2 x 2 blocks A, must be unitarily similsr. Since

J
3 x 3 matrices with the same characteristic polynomial £(x,y,z)
need not be unitarily similer (see Examples 3 and 4 of II.2, pp. 26-31)
the conclusion of Theorem 6 need not hold if g(x,y,z) is a cubic

polynomial.

Kippenhahn [21, pp. 205-206] gives an example of an n x n
matrix A = H + 1K which is not similer to a block diagonal matrix,
but such that det(zI - xH - yK) factors into m quadratic factors
when n =2m is even, and factors into m quadratic factors and one

linear factor vhen n =2m + 1 1s odd, This shows that the splitting
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of A into 2 x 2 blocks in Theorem 6 is due to the fact that the
single quadratic factor g(x,y,z) is repeated m +times, and not merely
to the fact that f£(x,y,z) splits into quadratic factors. We illustrate

this for n =4 = 2(2) with the 4 x 4 case of Kippenhshn's example.

Exsmple 15 (Kippenhehn) [21, pp. 205-206].

let A = = H+ 1K .

1 i
-1 b 0 0 0 - 5 0 0
T $ o0-% o
H = a.n.d K = o
0 14 .1 o L1 o _1
T2 2 2 2
1 i
0 0 -5 - o o 5 o
z+x %—(xﬂ—iy) 0 0
det(zI - xH - yK) = %-(x-iy) 2x ;-(xuy) 0
0 %—(x-iy) z+x ;_-(x+iy)
0 0 %-(x-iy) Z+x

Expanding this by using cofactors of elements in the first column, we get
1, 2 2
£(x,5,2) = (z + x)[(z + x)3 - é-(x + ¥y )z + x)]
1, 2 2 2 1,.2 2
- gl + ¥z + x)” - g +y7)]

= (z + x)h - %—(xz + ye)(z + x)2 + -1%(12 + y2)2
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3+¢5)(x2+y2) (z + 2 - (—-gﬁ3' )(x2+y2) :

Hence f(x,y,z) factors into two distinct quadratic factors, but the

= (Z+X)2-

matrix A is not similar to a metrix which is block diagonal.
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VI. Geometric Interpretations of f(x,y,z) = O.

In this chapter we discuss two ways of viewing the characteristic
polynomial £(x,y,z) = det(zI - xH - yK) geometrically. Motzkin
and Taussky [28] studied the slgebraic curve in the projective
X,¥,z~-plane defined by the equation det(zI - xA - yB) = O. Kippenhahn [21]
showed that the equation det(zI + xH + yK) = 0, considered as an
equation in line coordinates, defines an algebraic curve such that the
closed convex hull of this curve is the numericel range (field of
values) of the matrix A = H + iK. Murnaghan [30] used a different
approach to derive this curve and also showed that its closed, convex

hull is the numerical range of the matrix A.

Section 1. Geometric background.

In this sectlon we review some terminology and facts from
geometry [5, 33, 37, 49].
We will work over the field of complex numbers. A point in

nonhomogeneous point coordinates is an ordered pair of complex

numbers (x, y). If x and y are real numbers, (x, y) is called

a real point. A point in homogeneous point coordinates is an ordered

triple of complex numbers, (x, y, z), not all zero. If p is any
nonzero complex mumber, then (x, y, z) and (px, py, pz) denocte
the same point. Thus, while & point in homogeneous point coordinstes

is given by three numbers, ==, y, and z, there only two independent
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ratios, )zt— and % One ldentifies the point given by homogeneous
point coordinates (x, y, z) with the point (g, %) given in

nonhomogeneous point coordinates, The point (x, y) becomes
(x, ¥, 1) in homogeneous coordinates. Anmy point in homogeneous
coordinates whose third coordinate is zero (i.e. with 2z =0) is a

point at infinity.

The set of all points satisfying a homogeneous equation of degree
one, lx +my+nz = 0O, where 1, m, and n are fixed complex numbers
is a line. If g(x,y,z) is a homogeneous polynomiel of degree n,
then the set of all points satisfying the equation g(x,y,z) =0

is an algebraic curve of degree n. A curve of degree two is a

conic.
Now let lx + my + nz = O be a fixed line and let g(x,y,z) =0
be an algebraic curve of degree n. Setting z =1 ylelds the

nonhomogeneous equations
lIx+my +n=0

E(x: Y 1) =0,

-n -~ 1x

Assume m #£ O, Then y = ——= and the solutions to
-n - 1x
g(x, —— 1) = 0 are the x-coordinates of the points common

to both the line and the curve. Since g has degree n, there are

precisely n solutions to the equation g(x, :.‘.1__"_.3_-?‘;., 1) = 0, where

m
multiple roots are counted according to their multiplicities. Thus,
a line intersects an algebraic curve of degree n in n points,

counted according to their multiplicities.
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Section 2. The method of Motzkin and Taussky--the characteristic curve.

The geometric treetment discussed in thie section is due to
Motzkin and Taussky [28]. They used the algebraic curve C, determined
by the equation f(x,y,z) = det(zI - xA - yB) = 0, to study the pencil

xA + yB.1 The curve C is called the characterigtic curve of the pencil

xA + yB. Note that C is an algebraic curve of degree n and,when
A and B have property L, C splits into n lines,

Since det(zI) # O, the point P = (0, O, 1) is not on C.
The line yox =Xy = O through P meets C in n points,
(xo, Yo zi), i=1,...,n, Since det(zi ~-xA - yoB) = 0, the
z,'s are the n eigenvalues of the matrix on + yoB. A tangent

i

of C, at e point T of C, is defined as a line having an intersection
multiplicity m > 1 at T. The point T is called a point of

co:»zrt;a.ct.2 Thus, the line VX = X ¥ is tengent to C if and only

if the matrix on + yoB has a multiple eigenvalue. To every multiple
eigenvalue there corresponds a point of contact such that the intersection

multiplicity there equals the multiplicity of the eigenvalue.

1Motzk:l.n and Taussky dealt with the case where A and B are
ny n matrices over a field F; we shall restrict ourselves to
complex matrices.

2Ft)r a more complete discussion of this definition and its relation
to other definitions of tangent, see Motzkin and Taussky [28, p. 390].
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Section 3. The case det(zI - xH - yK) = (z - ax - 8y)* [e(x,¥,2)]15,
where g(x,y,z) bas degree two.

We now return to the pencil xH + yK. If X and y, ere real
numbers, the matrix xOH + yoK is Hermitian and hence has real
eigenvelues. Thus, the line VX - xy = 0 intersects the curve
£(x,¥,z) = 0 in the n real points (xo, Yy zi), i=1,...,n

where ZysesesZ, are the eigenvalues of on + yoK.

Suppose f£(x,¥,z) = det(zI - xH - yK) = (z - ax - 8y)* [g(x,¥,2)1%,
where r and s are positive integers and g(x,y,z) = O is an
irreducible curve of degree two. Thus g(x,y,z) = O is an irreducible
conic. The line 2z -Qx - By = O intersects the conic in two points
which may or may nct be real points. If these points are real and
distinct, then f(x,y,z) determines the structure of A = H + iK

up to unitary similarity.

Theorem 7. let £(x,y,z) = det(zI - xH - yK) = (z - ax - 8y)* [g(x,¥y,2)1°%,
where r and s are positive integers and g(x,y,z) = O is an
irreduecible conic. If the line z - ax - 8y = O intersects the

conic g(x,y,z) = O in two distinct real points, then the matrix

A=H+ iK is unitarily similar to a block diagonel matrix which is

the direct sum of s identical 2 x 2 blocks and r identical

Proof. Iet I denote the line z -Qx - 8y =0 and let C denote
the conic g(x,y,z) = O, The line L intersects C in two distinct

real points, P, = (a1, b, c1) and P, = (a2, b, c2). Let L, be the

line through P = (0, O, 1) and P,, aod let L, be the line through
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P and P2. Since P is not a point of L, but P1 and P2 are

points of L, the lines L, and 1.2 must be distinct. The equation

1

of L

is bx-a.1y-0 and the equation of I? is b

ll’..2

X - 8,

oY = 0.

1 1 2

P= (0, o, 1) C: S(I:Y;Z) =0

L: z-0x-8y=0

By= (ays By €,) Lyt byx - &y =0
Let H1 = a1H + blK and K1 = a.2H + b2K. Since L b1, 8y and

b2 are real numbers, H‘1 and 1(1 are Hermitien matrices. Since

a; b,

& by

L, and L, are distinct lines, det # 0, and H

1
and K1 also generate the pencil xH + yK. Also, the algebra,
d(H, K), generated by I, H, and X over ¢ is the same as the
algebra, 7(H,, K, ), generated by I, H,, and K, over ¢.

We now apply the techniques of Motzkin and Taussky. The line

L, intersects the curve £(x,y,z) = 0 in n points. Since
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r
£(x,3,2) = (z - ax - 8y)" [&(x,y,2)]° and g(x,7,z) hes degree
two, there are at most three distinct intersection points. One lies
on the line I and the other two are on the conic C. However,

L, intersects the curve f(x,y,z) = O in the point P,, vhich

1
lies on both L and C. Hence L, intersects £(x,y,z) = 0 in
at most two distinet points. Thus the matrix H1 = a1H + b1K has
at most two distinct eigenvaelues. A similar argument using the line
L2 shows that KI = e.2H + b2K has at most two distinct eigenvalues.

Since H, and I(1 are Hermitian, this implies that the minimel

1
polynomials of H, and K are of degree at most two. The matrices

H, and K, then satisfy the hypothesis of Theorem 5 (Iv, p. 55)

1
and the dimension of the algebra a(Hl, 1(1) is at most 2n.

Now (H,, K,) =7(H, K) =7 sstisfies the condition 7 =7
for H and K are Hermitian. By Corollary 3 (IV, p.56) and Specht's
theorem B (I.5, p. 17), there is a unitary matrix U such that

*
Uq U is D(n1,...,nt), vhere for each 1 =1,...,t, we have n, <2.

1
Using Theorem 3 (II.2, p. 25), the fact that f£(x,y,z) is the product
of (z -ax - By)" and [g(x,y,2)]°, and Theorem 6 (V.3, p. 61)
we see that A is unitarily similar to a block diagonal matrix of
the form

(a+1s)1r® B®.. .®B,

\-—-——V—_/
s times

where Ir is the r x r identity matrix,and B = H' + iK' is a

2 x 2 maetrix such that det(zI - xH' - yK') = g(x,y,z). B



Exsmple 16, 0 i i

Iet A = i a+i i . The matrix A was

i i -a+i

used in Example 3 (II.2, pp. 26-28) and in Example 5 (II.%, p. 35).
It was shown there that A is not unitarily similar to a matrix
which is D(1, 2), but £(x,¥,z) = z [(z - ax - y)(z + ax - ) - 3521
To find the intersection points of the line 2z = O and the conic

(z ~ex - y)(z + ax - ¥y) -3y2==0, we set 2z = O in the equation of

the conic. Thie yields

a2x2 + 2y2 = 0.

(ex + 4/2 y)(ax - W2 y) = 0.

Since we cannot have x =y = z = O, the intersection points of the

line and the conic are not real points.

Section 4., Line coordinates, dusl curves and foci.

To discuss the comnection between the polynomial f£(x,y,z) =

det(zI - xH - yK) and the numerical range of the matrix A = H + iK,

we need the concepts of line coordinates and dual curves [5, 33, 37, 49].
The 1line 1x + my + ny = O is determined by the triple '

(1, my, n] of complex numbers. A line in homogeneous line coordinates

is defined to be a triple of complex numbers [1, m, n], not all
zero. The triples [1, m, n] and [pl, pm, pn] denote the same line
for any nonzero constant p. The point Q = (xo, Yo zo) is on the

line [1, m, n] if and only if 1x  + my_ + nz_ = O. Thus, a line
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[1, m, n] satisfies the equation of the point Q if and only if
the line [1, m, n] goes through Q. The homogeneous equation of
degree one

lx°+nwo+nz°=t0

in the line coordinates 1, m, and n is the equation of the point
Q= (xo.v Yo? Zo)-

If g(x,y,z) 1is a homogeneous polynomial of degree n, the
equation g(x,y,z) = 0 may be viewed as an equation in line coordinates.
The set of lines [1, m, n] such that g(l,myn) = O can be considered
a set of lines in the plane which form an envelope of a curve. Thus,
g(x,y,2z) = 0 1is the equation satisfied by all lines which are tangent
to that curve, where tangent is now used in the classical sense.

Thus, the equation g(x,y,z) = O can describe two curves, C

1

and C,, where C, is the curve obtained by viewing g(x,y,2) = 0

as an equation in point coordinates, and 02 srises by considering
the equation to be in line coordinates. The curve 02 is called the’
dual curve of C,. The degree, n, of the polynomial g(x,y,z) is
the number of points in which & fixed line intersects C1 , and is

also the number of tangents to C, from a fixed point. The number

2
n is called the class of 02.

A fixed slgebraic curve, C, may be described by two different
equations. Thus g, (x,¥,2z) = O may be the equation of C in point
coordinstes and gg(x,y,z) = O may be the equation of C in line
coordinetes. The degree of 8, is the degree of the curve C, and

the degree of the polynomial & is the class of C.
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Finelly, we will need the definition of a focus of an algebraic

curve,

Definition. Let C be an algebraic curve and let F be a point

not equal to (1, 1, 0) or (1, -4, 0).1 Iet 1, be the line through

1
F and (1, 1, 0) and let L, be the line through F and (1, <1, 0).
If L and L, are tangent to C, at points other than (1, i, 0)

end (1, -i, 0), the point F is called a focus of C.

In general, a curve of class m has m2 foei, counted according
to proper multiplicities. A curve of class m with real coefficients
has m real foel, counted according to proper multiplicities, and

m2 -m foei which are not real.

Section 5. The numerical range of a matrix.

The algebraic curve whose equation in line coordinates is
£(x,y,2z) = det(zI -~ xH - yK) = O determines the numerical range of the
matrix A = H + iK. In this section we review some known facts about
the numerical range. In Section 6 we will return to the equation

£(x,y,2) = O.

*

Definition. The set of all complex numbers w Aw, where w ranges
*

over al1l nx 1 column vectors of length one (i.e., ww =1) is

called the numerical range of A and is denoted F(A).

* T 2 2
F(A) = {wiAw | w = (w1,...,wn) s W€ ¢, and T Iwil =117.
i=1

1me points (1, i, 0) anmd (1, -i,) are called the circular points
at infinity.
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The numerical range is also called the field of values.

With the usual representation of complex numbers a + ib as
points (a,b) in the real plane, one may regard F(A) as a subset
of the reel plane. Toeplitz [47] and Hausdorf [16] showed F(A) 1is
a compact, convex set. If A and B are unitarily equivalent, then
F(A) = F(B). The eigenvalues of A are contained in F(A). Since
F(A) 1is convex, this implies that F(A) contains the closed, convex
hull of the eigenvalues of A, If A is normal, then F(A) is
equal to the closed, convex hull of the eigenvalues of A. The
converse holds for n <4, but is not true for n > 5 [29]. If an
eigenvalue, « + ig is on the boundary of F(A), then A is unitarily
similar to a matrix of the form

a+ig | 0 . . . O

0

>

o

where A, is of size n-1 x n-1 [6, 19, 21],

1

Section 6. The relation of f(x,y,z) = det(zI - xH - yK) to the
numerical range of A = H + iK,

Kippenhahn [21] showed that the numerical range of A is the
closed, convex hull of the set of real points of the algebraic curve
whose equation in line coordinates is det(zI + xH + yK) = O, Thus, viewed
a8 an equstion in line coordinstes, f£(x,y,z) = det(zI - xH - yK) = 0 is

the equation of a curve such that the closed, convex hull of its real
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part is F(-A) = - F(A).
For the rest of this section, equations in x, y, and z are
regarded &s equations in line coordinates, unless otherwise specified,
The algebraic curve det(zI+ xH+yK) = 0 has class n and has real
coefficients, Hence it has n real foci. Kippenhahn [21] and Murnaghan
[30] independently showed that these n real foci correspond to the
eigenvalues of the matrix A = H + iK in the following manner. If the

eigenvalues of A are & +ib1,...,an+ ibn, where Bireoesr B and

1
b.yeessb_ are real, then the real foci of det(zI+xH+yK) = 0 are the
1 n

points (a.1, ‘o1), (a.2, b2),...,(a.n, bn).

The dual curve of & conic is again & conic, 8o a curve has degree two
if and only if it has class two, Hence, if A is 2x 2, the equation
det(zI+xH+yK)=0 defines & conic. This equation has real coefficients
by Proposition 1 (IL.2, p. 24), so the real part of the curve is a hyper-
bola, parabola, or an ellipse (if det(zI+ xH+ yK) factors into two linear
factors, we have a degenerate ellipse consisting of a pair of points).
Since F(A) is bounded, the real part of det(zI+xH+yK) must be an
ellipse and F(A) consists of the ellipse and its interior. The foci of
the ellipse are the eigenvalues of A, Let U be a unitary matrix such
that U AU is upper triangular. Since F(A) = F(U AU), we may sssume

AP
A= s Where 7\1 and 12 are the eigenvalues of A, We can

0 12

also assume p 18 & nonnegative real mumber since this can be achieved

with & unitary similarity. Let 7\1 =r, + 131 and 7\2 = r2+ 182, where

T 84 T, ond s, are real mumbers. Murnaghan [30] showed F(A) is

2
bounded by the ellipse with foci (rj, 81) and (r2, s2) and with minor

axis of length op.
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Since F(A) uniquely determines the numbers A\q» A, and p, the
polynomisl det(zI + xH + yK) uniquely determines the matrix A
up to unitery similarity. This gives an alternate proof of

Theorem 3 (II.2, p. 25).

F(A)

Ay =Tyt is1 = (r1, 31)

A = Tt is2 -+ (r2, 32)

Suppose det(zI + xH + yK) = (z - ax - 8y)" [g(x,¥,2)]° where
g(x,¥,z) is irreducible of degree two. (This is the situation
considered in Theorem 7, (VI.3, p. 69).) The curve then consists
of the point (x, 8) and the ellipse g(x,y,z) = 0. If the
point (@, B) is on the ellipse, or is exterior to the ellipse,

then it will be on the boundary of F(A).

(@, 8)
F(a) F(A)
(@, 8)
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Hence, A 1is unitarily similar to a matrix of the form

a + is o . . . O

0

0

where A1 is n-1 x n-1. Applying the same argument to A1 and
repeeting the process r times, we see that A must be unitarily
similar to a matrix of the form (o + ip) Ir ® 1\2s vhere Ir is
thé r x r identity matrix and Azs is 28 x 28, Using the fact
that det(zI + xH + yK) = (z - ax - gy)" [g(x,y,2)]° and Theorem 6
(V.3, p. 61) we see that A, is unitarily similar to a block
diagonal matrix which is a direct sum of s copies of a 2 x 2 matrix
B = H' + 1K', where det(zI + xH' + yK') = g(x,¥,2).

Note that saying the point (0, 8) lies outside the ellipse is
equivalent to saying there are two distinct, real tangent lines from
(@, 8) to the ellipse. If we now conmsider (z - ax - py)* [g(x,y,2)1% = 0
as the equation of an algebraic curve in point coordinates, this is
equivalent to saying the line z - Qax - gy = 0 intersects the conle
g(x,¥,2z) = O in two distinet real points. This yields another proof
of Theorem T (VI.3, p. 69).

Finally, note that if the point (@, 8) lies in the interior of
the ellipse, the curve alone does not determine whether H and K
have a common eigenvector. Example 3 (II.2, pp. 26-28) illustrates
this.
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VII. A Conjecture of Kippenhahn.

Section 1. Statement of the conjecture.

We now consider the conjecture of Kippenhahn [21] mentioned at
the beginning of Chapter V. Recall that if f(x,y,z) = det(zI - xH - yK)
o r
1
= [ﬂ1(x,y,z)] ¥ & B [ﬂj(x,y,z)] J here STOIRT S the

distinet irreducible factors of f(x,y,z) and Tipeeesr, arTe

J
positive integers, then m(x,y,z) = Tie o o %, is the minimel

J
polynomial of xH + yK (Proposition 2, V.2, p. 59 ). Hence, the degree
of m(x,y,z) is less than the degree of f(x,y,z) if and only if
f(x,y,z) has a repeated factor. Kippenhshn made the following

conjecture.

Conjecture (Kippemhshn) [21, p., 212], If the degree of m(x,y,z) is
less than the degree of f(x,y,z), then H and K have a common,
non-trivial, inveriant subspace and thus A = H + iK is unitarily

similar to a block diagonal matrix.

Kippenhehn proved that this conjecture holds if m(x,y,z) has
degree one or two (Theorem 6, V.3, p. 61). In this chapter we will
show the conjecture holds if n <5, where n 1is the degree of
f(x,y,z) and the size of the matrix A. We also show that Theorem 4
(II1.3, p. 44 ) would be a consequence of this conjecture.

‘We first use Theorem 4 and Theorem 6 to show the conjecture

holds for n<4, If n=2 and m(x,y,z) has degree one, then
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n(x,y,z) = z -Qx - gy vwhere O and @ are real numbers. Hence,

a 0 p 0
H = and K = . Thus the matrix
0 o 0 ]
a + ip 0
A=H+ iK = is scalar.
0 a + ip

If n=3 and m(x,y,z) has degree less than three, the
characteristic polynomial f(x,y,z) must have a repeated linear
factor. By Theorem 4, H and K have a common eigenvector and A
is unitarily similaer to a metrix which is D(1,2).

If n=4 and m(x,y,z) has degree less than four, either
£(x,y,2) has & repeated linear factor or is the square of an
irreducible quedratic. In the former case, Theorem 4 applies and
H and X have a common eigenvector. The latter case is covered
by Theorem 6 which tells us A is unitarily similar to a matrix
vhich is D(2, 2).

We now examine the situation when n = 5. If m(x,y,z) has
degree less than five, the polynomisl f£(x,y,z) can have a repeated
linear factor or a repested quadratic factor. If f(x,y,z) has a
repeated linear factor, then Theorem U4 applies and H and K have

a conmon eigenvector. Otherwise, we must have
2
£2(x,¥,2) = (z - ax - py) [g(x,y,2)]

wvhere g(x,y,z) is irreducible of degree two. The next three sections

are devoted to proving the following result.
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Theorem 8, Iet A=H + iK bea 5 x 5 complex matrix. Suppose
£(x,y,z) = det(zI - xH - yK) = (z - ax - By) [g(x,y,z)]2 where

g(x,¥,z) is an irreducible polyncmial of degree two. Then A 1is
uniterily similar to a block diagonsl metrix which is D(3, 2) or

n(2, 2, 1).

Remark. If the point (@, #) liee outside, or on the conic whose
equation in line coordinates is g(x,y,z) = O, then Theorem 8 is
a special case of the situation dealt with in Sectiom VI.6 (pp. TT-T8).
In this case, A is uniterily similer to a matrix which is D(2, 2, 1).

2
Section 2, Reduction to the case f(x,y,z) = (z -ax - py)(ze- x2- y2) .

We first show that without loss of generality, we mey assume

2
f(x,y,z) = (z -ax - by)(z2 - x2- yz) . We use the methods of

Motzkin and Taussky [28] discussed in Section VI.2.

Assume f£(x,y,z) = (z - ax - fy) [g(x,y,z)]2 . We will show

thet we mey assume g(x,y,z) = 22 - x° - yz Since g(x,y,z) = O

is an irreducible conic, there are two distinet lines, L1 and 12,
through the point P = (0, O, 1) which are tangent to g(x,y,z) = O.

Let §;x - N,y = O be the equation of L, and let §,x - T,y =0

1
be the equation of La, where 51, 111, 52 and 112 are complex numbers.

Then each of the matrices B, = 'n1H + 6. K and 32 = MH+ 8K has

1

an eigenvalue of multiplicity four. Since L, and L;_, are distinet

1

M 8
lines through P, we have det 1 A # 0. Hence B

& T

and B

1 2

also generate the pencil xH + yK.
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First consider the following special case. Suppose there exist
real numbers r and 8 such that 51=rn1 and 52"5'”2’ Then

B, ='n1(H+rK) and Ban'nz(H+sK). Since H + rK end H + sK

are Hermitian, B1 and 32 can be diagonalized. Then since ]3.I
and 32 each have at most two distinet eigenvalues, B1 and 32

satisfy polynomials of degree two. Hence, by Corollary 3 (IV, p.56)
the algebra generated by B, and B,, denoted d(B1 5 32), is similar
to an algebrs which is BT (2, 2, 1). Since H and K ere elements
of 4(31, Ba), the matrices H and K must be simulteneously similar
to matrices which are BT(2, 2, 1). By Specht's theorem B (I.5, p. 17)
the Hermitian metrices H and K are then simultaneously, unitarily
similar to matrices which are D(2, 2, 1) and hence A is unitarily
similar to a matrix which is D(2, 2, 1).

We now assume that 51 = r‘t‘|1 and 52 = s‘n2 do not both hold. We
will assume 3, # rf, for eny real mumber r. Write 7, =a + ib

and 51 =¢ + id where a, b, ¢, and d are real numbers. Now if

0, th det L 0 Jnow 0. If
m, = 0, then from # we n £0. I

T &
8, = 8T, holds and M, =0, then B, = §,K and 32=Tb(n+ sK)
are both diagonable and the argument used for the special case applies.
So if 111==O,wema.yassme 52,‘8112 for any real number s and

M # 0, TFor convenience of notation, we will assume 3, # rf, for

any reel mmber r and 111;40. Then (&, b) and (c, d) are

linearly independent and det ¢ 0,
e d
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Now B, = (a + ib)H + (¢ + 1d)K = (aH + cK) + i(bH + dK).
a b

Since det # 0, the Hermitian matrices H' = aH + cK
c d

and X' = bH + dK also generate the pencil xH + yK. Also,

det(zI - xH' - yK') = det(zI - x(aH + cK) - y(bH + dK))

= det(zI - (ax + by)H - (ex + dy)K).

Hence, the polynomial det(zI - xH' - yK') is obtained from

det(zI - xH - yK) by meking the linear change of variable

X x' 8 b 0 x ax + by
y|—®» |y | = c d 0 y = ex + dy

Z z! 0 0 1 A z

Therefore, det(zI - xH'- yK') also factors into a linear factor
and a repeated quadratic. Thus, without loss of generality, we may

replace H by H';, K by K'; and A=H + iK by B, = H' + iK',

1
For convenience of notation, we will still use the letters H, K
and A. Thus, we may asssume that A has an elgenvalue 3 of
multiplicity four.

Now write A =r + is vwhere r and 8 are real numbers.
A-\I=(H-rI)+i1i(K - 8I).
Note that det(2zI - x(H - rI) - y(X =~ 8I)) = det((z + rx + sy)I - xH - yK)

is obtained from det(zI - xH - yK) by making the linear change of
variable



Yy T y! = 0 1 0 Yy

So we may replace H with H - rI, K with K - s8I, and A with
A -2l

Thus, we may assume that =zero is an eigenvalue of A of
multiplicity four. Applying a unitery similarily to upper triangularize

A, we may assume

o + 1p 2a12 28.13 29.1 M 23.1 5
0] 0 2323 28’21& 29,25
A = 0 0 0 29.31‘ 28.35
0 0 0 0 29.1‘.5
0 (4] 0 0 0

ax+By a,,(x-1y) 83 x-iy) &) (x-iy) 85 x-1y)

a, (x+iy) 0 a3 (x-iy) oy, (x-dy) &y (x-iy)
XE+yK = 513(x+iy) 5:23(x+iy) 0 aBu(x-iy) L x-iy) | .
21 h(x"'iy) ;21,_ (x+iy) ;31!- (x+iy) 0 ahs(x'iy)

315(x+iy) 525(x+iy) 335(x+iy) Ehs(xﬂy) 0



85

Iet g(x,y,z) = 7 - (rx + 8y) 2 - (tx2 + uxy + v-ya), where
r, 8, t, u, and v are constants. The coefficient of z’+ in the
expansion of f(x,y,z) = (z - ax - By) [g(x,y,z)]2 is then
- 0x - By -.2(rx + sy). However, the coefficient of zh in the
expansion of det(zIl - xH - yK) must be (-1)(trace(xH + yK)) which
is - Qax - By. Therefore, rx + sy = O, which ylelds r =8 = 0,
Thus, g(x,y,z) = & - ('t;x2 + uxy + vyg).

The coefficient of 2z° in #£(x,y,z) is then

2
~(ox + p:r)(tx2 + uxy + vy2) . Thus we have
2 2.2
(ax + By)(tx” + uxy + vy~ ) = det(xH + yK).

Inspection of the matrix =xH + yK sghows that every term in the

expension of det(xH + yK) contains the product (x - iy)(x + iy) =

12 + y2. Therefore, x2 + y2 mugt divide (ox + gy)(tx2 + uxy + vya).

Since ¢ and £ are real, tx2 + uxy + vy2 must be divigible by

x2 + y2. But then u=0 and t =v, 8o g(x,y,2z) = = t;(x2 + ya)
2 2 2.2
and £(x,y,z) = (z -ax - 8y)(z° - +(x" +y7)) .
The eigenvalues of H are then «, /%, /%, - &, -/t and the

eigenvalues of K are 8, /%, V&, -%, ~ /5. Since H and K

are Hermitian, they have real eigenvelues, so t 18 a nonnegative

real number. We may replace H and X with gL and -L.

Vi
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(Note t # O as the conic is irreducible.) Nence, we may assume

2 2
t=1 and £(x,y,z) = (z - ax - 8y)(z" - xa - y2) N

Section 3. Two lemmas.

In this section we prove two lemmas which will be used to transform
the matrix A into & form which is easier to deal with. In particular,
the lemmas will be used to show A is unitarily similsar to a matrix
with many zero entries. ILemma 2 is similar to a lemms concerning

3 x 3 matrices which appears in s paper by Pearcy [32, p. 426].

Lemms, 2., (0] b12 b13 bm
0 0 b b,
Ilet B = 23 2!" °
0 0 0
b3y
0 0 0 0

Then if 1)1213231)3l+ =0, B is unitarily similer to a matrix of the

0 0 c:1 3 011&
. 0 0 0 Coy
OTTR .
0 0 0 °3h
0 0 0 0

Proof. Slnce b12b23b3h =0, we have b, B =0, = 0, or b3k = 0,

12 by3

Suppose first that b 0. There exist real numbers ¢ and ¢ such

12~
that 0< <8, O< ¢ <20 and o Pb _ = |b,| eand e b__ = |b,.]|
=938 VL9 S 13 23 23"

Now if b23,40, choose O < § <2x such that
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|b23| sin @ + |b13| cos @ = O,

eiPain o -eltcos 9 0

Iet U =

0
ei“’cos 2] ei*sin ® 0 0
. The matrix U is unitary.

0

0 0 1

0 0 0 1

e 1Py ) e-iq’cos ) 0

(¢
* 1 eMeos 0 e lgin g 0 0
Then U =U = .
0 0 1 0
0 0 0 1
¥* * *
) 0 b13 'b.“‘ 0 0 b13 bﬂt
% *
w100 O | e _ [0 0 0 by
0 0 0 b3h 0 0 0 b3j+
0 o 0 ) 0 0 0 0

which has the desired form.

If by, = 0, and bys # 0, choose real numbers ¢, ¢, and ©

iy ip -
so that e b23 gsin 6 + e bzh cos @ = O,

1 0 9] 0

o

1 0 0
Iet U = : e The matrix U is
0 0 e Veint & Vs 6

Y | unitary.
0 =@ i'cos ;] @ 1°psin 2]

©
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0 0 0 0
g 0 1 0 0 ‘
(0] 0 e“sin ] -eivcos ]
0 0 eiq’cos 8 eiq’sin e
¥* * *
O b, P35 by 0 by Pyg by
%* *
0 0 0 b 0 0 0 b
¥*
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

So it remains to show that if 1)23 = 0, we can unitarily

transform B to the desired form. If byy = 0 end b, % 0, then

choose real numbers ¢, $, and 6, all between O and 2n so that

iy ip
b12e sj_ne+b13e cos 8 = O,
1 0 0 0
0 e Mginoe e'icpcos 8 O
Iet U = - -igp . The matrix U 1is
0 -e *cos ® e “'gin @ 0
uniteary.
0 0 (¢) 1
1 0 0 0
1 0 ei*sin 9 aei*cos 8 0

* .
Shen U =0U =
0 eicPcos ] eiq’sin ] 0

0 0 0 1
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* ¥*

0 0 b13 b‘lh 0 0 b13 b“‘_
*

0 0 0 b, 0 0 0 b,

¥*

UBU = U 2h - ill-
0 ¢ 0 b3l+ 0 0 0 b3‘+

) 0 0 0 0 0 0 0

which has the desired form. This concludes the proof of lLemma 2. B

Lemms 2 is now used to prove Lemms 3.

Ienms 3. Iet B bea 5x 5 complex matrix of the form

By P Dz By By
0 0 by by By
0 0 0 by by
0 0 0 0 by
o o o o0 0

and suppose B has rank at most three. Then B is unitarily

similar to a matrix of the form

Pir %2 %3 S G5
0 0 0 VN 5
0 0 0 0 c35 .
0 0 0 0 chS

o
(o)
o
o
o

Proof. We consider two cases: b,, =0 end b,, # 0.

Case 1. b” = 0, Since the rank of B is at most three,
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one of the entries on the superdisgonsl must be zero. If b12b23b3h = 0,
then by Iemma 2 there exists & 4 x 4 unitary matrix U such that

b

0 by By By O 0 &3 oy
0 0 b b »® 0 o 0 e
U 23 2k U has the form 2k .
0 (¢] 0 b3h 0 0 0 c3h
(%) 0 0 0 (0] 0 0 0
0
0
U
Iet V be the 5x 5 unitary matrix 0 ”
0
\ 0 0 0 0 1

0 0 c13 c1h c15
0 0 0 czh c25
3*
0 (0] s
Then VBV has the form 0 °3h c35
0 0 0 0 chB
0 0 0 0 0
0 C cah c25
0 0 °3k c35
We now apply Lemma 2 to the U4 x 4 matrix .
0 0 0] c
45
0 0 0 0

Thus, we let U be & 4 x 4 unitery matrix such that
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0 0 °21L 025 (6] 0 d21+ d25
0 0 0O o 0
. % %) I35
0 0 0 ¢,s 0O o 0 dhs
o o0 0 0 0 0 0 0
[1 0 0 0 0
0
Then if V = 0 " the metrix
U
0
o |
0 0 c13 °11+ c15
0 0 0 S - S5
*
v 0 0 0 °3h c35 v has the form
0 0 0 0 0
0 4 d43 9y, 4y
° o 0 4, 45
0 0 0 0 d35 vwhich is the desired form.
0 o0 0 0 dhs
o o 0 0 0

Case 2. b, # O, Since the rank of B is at most three,
not all of b23, b3h and th can be nonzero. Hence b23b3hbl+5 = 0,
Applying Lemms 2, we see that there iz 2 4 x 4 unitary matrix U
such that



0
by By, Ppg 0 0 ¢ ey
0O 0 b, b . 0 0 0 e
U 3 35| ¢*  nas the farm 35
0 0 0 b 0 0 o ¢
o 0o o0 0 o 0 0 o0
110 o o o
0
Hence, letting V be the 5 x 5 wunitery matrix | O
U
0
0
By G2 S3 Sy %5
(o) 0 0 cau c25
we have VBV oftheform |0 ©0 O 0O 0 |
0 0 0 0 o
o o o o0 o0

This concludes the proof of ILemms 3. @

Section 4. The proof that A can be unitarily block diagonslized.

In Section 3 of this chapter, it was shown that to esteblish
Theorem 8, it suffices to prove the following statement.

Theorem 8', Iet A =H+ iK bea 5x 5 complex metrix., Suppose

£{x,y,2) = det(zI - xH - yK) = (2 - ax - py)(z2 - X - y2)2.
Then A is uniterily similer to a block diagonal matrix which is
D(3, 2) or D(2, 2, 1).
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2 2 2.2
Proof. Since A =H + iK amd f(x,y,z) = (z -ox - 8y)(z° - x -y"),
we have det(zI - A) = (z - (o + 1)) zl" eand A has eigenvalues
a+ i, 0, 0, 0, 0. Applying & unitary transformation to upper

triangularize A, we may assume

a + ip 23.12 2a Zaw 2a

13 15

0 0 2323 28’2# 2a.2 5

A = 0 0 o 28.3)4 28.3 5 .
0 0 0o 0 2&1*5
0 0 0 0 0

The minimel polynomial of the pencil xH + yK is
2 2 2
(z -ox - By)(z° - xX* - ¥°) by Proposition 2 (V.2, p. 59). Hence A
satisfies the equation (z - (@ + 18)) z° = 0. This implies that
A has at least two linearly independent eigenvectors with eigenvalue

zero., Hence A has rank at mogst 3. By Lemma 3, we may assume

83 = 8 = 0.
o + ip 2a.12 2&13 29.1 L 23.‘5
0 0 0 2321‘ 29,25
A = 0 0 0 0 28.35 .
0 0 0 0 2&1‘5
0 0 0 0 0
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oaxtBy  a,,(x-iy) a,3(x-iy) 8y, (x-1y) a15(x-iy)

a,,(x+y) 0 0 8y, (x-1y) 8y5(x-1y)
xH + yK = 5.'13(x+iy) 0 0 0 a.35(x-iy)

ay,(xHy)  a, (x+iy) 0 0 8y, 5(x-1y)

'515(x+iy) 325(x+1y) E3S(x+iy) Ehs(xﬂy) 0

Since the minimal polynomial of xH + yK is (z - ax - ﬂy)(zz- - yz),
the matrix xH + yK + (\/;2_;,2) I has renk st most three for all
values 6f x and y. Hence, as functions of x and y, the
determinents of all the 4 x 4 minors of xH + yK + (\lxe + y2) I
must be identically equal to zero. We use this fact to obtain a
set of equations in the a8, J's. The details of this computation
are rather lengthy; we have placed them in an appendix at the end of
this chapter. The equations resulting from this computetion are

listed on the next page.



(1)
(2)
(3)
()
(5)
(6)
(1)
(8)
(9)
(10)
(1)

(12)

(13)

(14)

(15)
(16)
(17)

(18)

99
2 2 2 2 2 2
|a13| * Ia‘lkl ¥ Ia"|2| + I‘th - |a13| I%hl o

2 - - -
@ (1 - lay|7) + appmy8,, +a 88, =C

2 - - _
Q- layl™) + 1(a 50, - 8p8,8,) =

lags!® + tagsl® + laysl® + lay 1% - JagslPlay,|® =1

ooy Bysts = O

a13335(1 - |a2u|2) tam o e e = 0

814855, * 851 - Ith'z) ik

212885 = °

& 3%1835%y, '“13|2°2h°u5 t B8y t Bty m By @ = 0

= P -
1(ay 38,8558, - a5l Spylys * ByBys < Biotys) By B = 0
2 = 2 —
|2y 8p5 = By3h1a8as * |8y, [Tays - 814224215
- 80885 - 85 t Ay =0
i(|a |2 -a.8.a._+|a laa. -2 a
13! 85 = 843212235 1! %5 = B85
- a12a1hal+5- 3.25) + aauaus g8 =0
°2h"l+5(a + i) =0
2 2 2 2 2 2
la, " + |a13| + lag,I° + |a15| + lag, |° + |a25|
+ |a |2 + |a |2
35 45

2 2 2 2
'la“lsl * IaalJ (1 = |a13| - |a35| ) =0

2108 + 813835585 - Eﬁzaéh|°3512 =0
31 585 = ©

E11:,l"‘25|2 - Byshytas - By - By o8y,
*Eplagsl® - T =0
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We complete the proof by considering the following five cases.

Case 1. |a2,“|2 =1,
Case 2, &y = 0.

Case 3. lo,zhlgyh, &), # 0, and 8,5 = &y = O,
case k. |ay,|® 41, 8y, #0, and a5 4o
Case 5. Iaghlay“, apy # 0y s =0, and a,  # 0.

Case 1. '°'2h'2 =1,

Then (1) implies 9'12-"1!;-0 and (4) implies a.gsna.hsao.

a+3ig O 29.13 0 2;15
0 0 (0] 28“211. 0
Thus A = _o (¢} 0 0 29.35 .
0 0 0 0 0
0 (¢} 0 0 0
1
9.
2
The graph of A is
b 3

The graph of A shows that there is e permutation matrix P such
that BAP s D(3, 2).
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Case 2. 9'21; =0,

Then (2) and (3) imply that @ = f = O, From (7) we have

85 = 0 and (6) implies 813835 + 885 * 88 = 0. Thus, we have

0 20,1 2 219,1 3 29..| L 0

0 0 0 0 23,2 5
A = 0 0 0 0 2a35

0 ) 0 0 28'1;5

9] 0 0 0 0

Since AZ = 0, by Corollary 4 (IV, p. 57) A is unitarily similar
to a matrix which is D(2, 2, 1).

Case 3. am,lo, |a.2h|;4‘l,and 85 = &g = 0.

From (7) we have 85 = 0. Equation (6) implies 83835 = 0.
oa+ig 2&1 > 2&1 3 E'a1 4 0
(4] 0 0 2&2)* 0
A = 0 0 0 0 28.35 2
0 (0] 0 0 0
0 0] 0 0 (9)
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The graph of A 1is 2

Since a either a.. =0 or a_,_ = O, Removing the edge

13%35 = % 13 35

[1, 3] disconnects the graph into a component with three vertices

and & component with two vertices. In this case, there is a permutation
matrix P such that PAPT s D(3, 2). Removing the edge [3, 5]
disconnects the graph into a component with four vertices and a
component with one vertex. Hence there 18 a permutation matrix P

such that PAPT is D(k, 1). Since the k4 x 4 block corresponds to
the polynomial (2 - x® - 32), A is unitarily similsr to & matrix

vhich is D(2, 2, 1).

Case k4, la.zhla # 15 &, # 0, and ahs;‘c.

Equation (13) implies o =f = O, From (5) we have a

25 =
vhile (7) implies a,

=0 and (8) ylelds a,, = 0. Thus,

p) 12

0 0 28.1 3 28.1 i 0
0 0 0 2°2h 0
= 0 0 0 0 2 -
A 835
0 0 0 0 2&1"5
0 0 0 0 0

Since aah;‘o, equation (15) implies |a.13|2 + |a35|2 =1, Since

B1p = 815 = 85 = 0, equation (14) then tells us
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0 (o]
0 0
let N, =|0|. let N, =2 (aM,) = ays| end let
0 o5
1 0
®13%35 * Pu®ys5
Sou%y5
Tl3 = ';: (a Tlg) = 0 . Iet W be the subspace
0
0

spamned by the three vectors 1,, T,, and ‘n3. Note that A(W) CW.

*
We now show that A (W) C W,

0 0 0 0 0
0 0 0 0 0
¥* —
A = 23.13 0 0 (0] 0
25.'.‘2'. 2§2h 0 0 0
& 0
0 0 2335 2&1‘5
0 0
0 0
* *
A(n) =|0| , A(n) = 0 and
(0] 0
2 2
0 [N
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0
0
¥*
A(n,) 2 -
3 le .|“a.. + &, .a
5 13! 235 * 813885

- 2 2
ay83%35 * Loy ey + fay, ey
0

It 15 clear that A'(,) €W and A'(T,) e W. We now show that
A*('n3) € W. To do this, we must show A*('n3) is a scalar multiple
of 'na. To do this, it suffices to show
a[|a|2a+§'aa]=a[3aa+|a|2a ¢ |ay [Pe 1
k517131 T35 13714745 35 14713735 14" hs5 2! “h5°°
First consider the left hand side. From equation (9) we have

8 & a, - |e.|%e, 8. +8,8., =0

13%235%1 4 13! Z24%ys5 T %24%y5 .
Since &, # 0, we may divide this by a,, to obtain

8, (1 - |a |2)+a.aE =0
b5 13 13735 14 .
2

Using 85 = O in equation (6) we obtain 81,85 = °’139‘35(|a'2!+| = 1 )
Thusala |2a + @o8.8) 8y = & Ia |2a + 8, .(8,8.-(] |2-1)a

45'%13! 835 7 ®1301455%5 = Sy5183] B35 T 8131843835110, 45

2 2 2 2
= [oy317ags2y5 (1 + lagy ™ = 1) = fay317|ay, [Fagsm.
Now we work on the right hand side,
2
|

B8+, Paca . + la, |2 ( 1)
B1u213%35 + 1oyl agetys + oy |Tagce o = agoe (o ]™ - 1) +

2 2 2 2 2
+ a3sa)‘.5('a1ul + Ia'2hl ) == 8.358.’*5(|8-13| -1 +|a1h| * Ia2)+| )'
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2 2 2 2 2
Now from equation (1) we have |313| + Iaml + ey l” -1 = |a13| |a21+' 5
since a,, = 0. Hence, the right hand side is also equal to
|a |2|a |2a a Thus A*('n ) is a sealar multiple of
13! I8yl 83585 3 P M-

Thus, we have shown the subspace W spanned by the vectors
‘n1, ’n2, and 'ﬂ3 is invariant under both A and A*. This implies
that W"L is also A invariant and A 1is unitarily similar to a

block diagonal matrix.

case 5. lay,]° £1, &y #0, a5 = 0 but s f 0.

a+ig 2a 28 23.1 4 2a

12 13 15
(¢} 0 0 2&2)‘. 2525
A = 0 0 0 o 285 | -
0 0 0 0 )
0 0 ) 0 0
a-ip 0 0 ) 0
2312 0 0 0 0
A = 23, O 0 0 ol .
23'1,,, 2a,, © 0 0
2 a 0 0

29.15 23.25 28.35
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0 a1 + |9.15|2

¢ 148y * 858s
et N, =|0 and let 1, = ;—(A n1) = 215a35

a2y, 0

315 0

1

)
Let 1‘]3 =( O and let W be the subspace spanned by the vectors

0

0

‘n1, 'n2, and ‘n3. Then W is invariant under A. We now compute

* * ¥*
A (n1 ), A (Tb)’ and A (n3) and show that W is élso invarient under

*
the matrix A . First, we have that A (“1) is the zero vector.

1 2 2
"2' (a - 19)(|&ml + |a15l )

E-la(la]hla + Ia"‘slz)

— 2 2
%A*(T‘Q> - 8'13”8'1)1_' + |a15| )

= 2 2y o = s+ B
°‘1h(|°‘1hl + |a.15| )+°’1h|°‘2h| + 858,00,

- 2 2, . = s 2
ayglagl™ + lay5l7) + 2ypeyeys + 8 5leyl

1g(ct - i8)

%12

Sek

215

(ST

+ a15|a

35

2
|
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Since 85 = 0, equation (18) implies

- 2 2 - -
am(l"asl * ""35| =) = aaye

- 2 2 - 2 = -
Thus alh(h'ﬂtl + |a15| )+a“|a2hl L

- 2 2 2 2 2
a1h(|a1k| + I’“‘s' + Ia'ah' + |9~25| + |9'35l -1).

From equation (7) ;1)4;253211. - ;15(|"2h'2 -1) .

- 2 2 - - s 2 - 2
Thus a.15(|a.1,+| + |a15l ) + 814805 + a15l9.25| + a.15|a35|
|2 IZ

"'la - 1),

_ 2 2 2
= Fsllag "+ lagsl™ + ey, [” + Jays 35

and the 2 x 1 column vector formed from the last two entries of the

1

*
vector = A (112) is a scalar multiple of the 2 x 1 column vector

|

8y

a1

. Since 7, 1is the vector (nm o o o O)T, the first

entry of eny vector in W can have any value. Thus, the vectors

A*(‘na) and A*(n3) will be linear combinations of the vectors

8
N» Tys end T, provided | '° | is e scalar mitiple of

a3

Sl P55 ) 1 how et | 12 8142y * ®15%5

815835 213 #15%35

= 0,

This will complete the argument that the subspace W is invaeriant

under both A and A .

%14 %25%)
From (7) we have = B e———

15 2
lagul 4
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In equation (16) we divide by a,), &and obtein

o 2 -
a12(1 - }a.35| ) + 81383585 = 0.

Ir Iav.35|2 = 1y then (L) implies 85 = 0, eand in this case we are
2 o 8 353'2&22
assuming &, # 0. Hemce |e |“-140 and a,, = :
5 35 12 >
laggl™- 1

(2, ;E35°‘2 5) (a, 1;;25"‘22; )9'35
('8'35|2' 1 )(laaz‘_le" 1 )

Thus 3:125.'1 5835 =

2 2 2, 2 2 2
Now (laggl™= 1)(fap, ("= 1) = Jags|®lay, [° - lay,[° - Jag]

by (k) is equal to |325|2, gince in this case we have 8, = 0.

—_— - 2
Hence a,,8,8,; = a13ama2h|a35| .

By 3(9’11;“25”'2& )"‘25
5
|a2l|.| -1

Now 8,388, * 83858,; = 8,588, *+

_ ( Jag, %= 1 + Jaysl®

8138148, | lg : ). Since &5 = 0, equation (k)
Byl -

P
implies '9'2“2 + |a.25l2- 1= |a35| (|a2h|2' 1). This shows that

- - R 2 -
81328y + 8132505 = 8'13&11(-8'2’4,8'35| = 88 5855 Hence,

a..8., + &, .8 a,
det( 14724 15 25 12),_:0.

#15%35 13

- 1, which
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3
Thus, the subspece W is inveriant under A and A . Hence,
both W and W'Lare invarient under A, and A is unitarily similar

to & block diagonal matrix. @
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Section 5. Theorem 4 as a consequence of Kippenhahn's conjecture.

In this section we show that Theorem 4 would be & consequence

of Kippenhahn's conjecture. First, we review the statement of the
r. r r
conjecture., Let f(x,y,z) = det(zI - xH - yK) = 1(11 n22 . % & njj,

where Tise o o Wy &TE distinct, irreducible polynomials and

J
TiseeosT j are positive integers. Then the minimal polyncmial

of ¥ +yK is m(x,y,z) = x Kippenhahn's conjecture

1e o o X 3
is that if the degree of m(x,y,z) is less than n,(equivalently, |
f(x,y,z) has a repeated factor), then A =H + iK is unitarily
gimiler to a block diagonal matrix.

Suppose the conjecture is true. Since the characteristic polynomial
of a block diagonsl matrix xH + yK is the product of the characteristic
polynomials of the blocks, repeated application of the conjecture shows
that H and K are simultaneously similar to block diagonal matrices,
H' and K', such that the characteristic polynomials of the dlagonal

blocks of xH' + yK' have no repeated factors. Thus, we may assume

e T AT
x +¥y
xH + yK = 322 ](22\
s~ yK:f.‘r
where det(zI - xH, - yK.n) = Mo ow s " and det(zI - xH, . - yKii)

divides det(zI - xH K

i"], 1-1) for i 32, 3,...,1‘.

i-1, 1-1 ~ ¥
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How suppose "y is linear. The polynomial T divides

det(zI - i, - yKu) for i=1,...,r,. Consider what happens when
r, > =, The first r1 blocks cannot all be of size 3 x 3 or greater.
Hence, one of the first r, blocks is of size 1x1 or 2x 2,

Sinee =, divides det(zI - xH, - yKli) for 1 =1,...,r,, this

1

1Tx 1 or 2x 2 block comes from Hermitian matrices, Hii and Kii’

with property L. Thus, Hii and Kii can be simultaneously, uwnitarily

diagonelized and H and K have a common eigenvector. Thus, Theorem L
follows frem the Kippenhahn conjecture.

More generelly, suppose %, has degree d and that r, >£T é

Then not 2ll of the first r, blocks can have size greater than d.

1

Henee at least one of the first »r, blocks is size d x d and has

1

charecteristic polynomial =« Thus, H and K have a common

1.

d-dimensional, invariant subspeace.
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APPERDIX

In this appendix we derive the eighteen equationsg listed on
page 95. This ia donme by computing 4 X 4 minors of
/ 2 2
xH + yK + ( x + y) I and setting the coefficlients of the polynomials

obteined equal to zero.
xH + yXK + (sz +y2) I =

ax+9y+\/x2fy2 a,o(x - 1y) a,3(x-=Lv) am(x-iy) ‘15("'1’)

8 (x+1y) J2 4y 0 ooy (x-1¥) ey (x-1y)
'513(:: +1y) 0 x2 +y2 0 3,35(:: -1y)
,,(x+ 1) By (x4 1) 0 e aa-1y)
315(x+ iy) ;25(x+iy) '535(x+ iy) :hS(x+ iy) ﬁ?-«-—yz

We first compute the determinant of the minor formed by rows and
columns 1, 2, 3, and I, expanding by cofactors of the entries in

column three.

3:12(x+ iy) \./za-t-ya agh(x-iy)
a13(x-iy) det '513(x+ iy) 0 . o
Ep(xely) By lxety) x4y

ox +fy + \/;Ewe 8, (x-1y) am(x-iy)
+ Jx2+ y2 det §1a(x+1y) \/x2+y2 aah(x-iy)

'é.-m(x+iy) Eeh(x"’iy) J?T};Q
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= -|a13|2(x2 & PNGEE + 5F) - lam‘le(x2 + %))
+ m[(ax + By + 12+y2)(x2 + ) 8588, (X - ) + )
2 2.2 2

- & 2
+ Bty (x + 1) + ¥7) - a7 ¢ YPINE ¥

- oy 1268 + PINSE 5 - oy P65 + ¥ ) ax+py +° %))

Removing the common factor (x2 + ya), we have

2 2 2 2., 2 2
[-laggl™ + faysl g% + 1 = L8y 1 = lagpl® - lagy I°1" +57)
+lox + By + a88 (x - 1Y) + 28,8, (x + 1Y)

- laahla(ax + 8y)] x2+y2 = 0,

Thus, we have:

2 2 2 2 2 2
(1) |a13| B |a1hl + Ia12| + |’«2)+l = Ia13| la*2)4,| =1
(@) Bl - "'21;'2) + a8y, + B0y 8y, = O

(3) (1 - '“214'2) + 4(ay58,8, - 815858,,) =0 .

Next, we find the determinant of the minor formed from rows and

columns 2, 3, 4, and 5, again expanding by cofactors of the entries
in column three.
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2 2
X +y

8, (:-iy) ags(x-iy)
1:2-!-y2 det Ezh(x+iy) \;x +y2 8, (x - iy)

325(1:4- iy) Ehs(x+ iy) J X +y

Vi + . 8y, (% - 1¥) 825(1: - iy)

+ a35(x +1iy) det 0 0 a35(x - iy)

= 2
th(x+iy) X +y2 ahs(x'i3')

2 2 s
= (x + y2) + aghahsazs(x - iy)(x2 +y2 x° + y2

+ Ezhghs"es(x + :'Ly)(:\:2 + ya)\/x2+ ¥
2 2 2,, 2 9.2
- (lagsl™ + fag, |7 + a5V (=" + ¥7)
2
- lagsl®(1 - lay, I%)6E + v%)°

2
|

2 2 2 2 DD 5.2
= (1 - |a2)+' - 'a'gsl & Ia')_,_S - l8.35| + |a'2h| |a35| )(x ¥y )

+[a2hah5;25(x - iy) + ;21;5145&25(" P18+ PIVE + 2 = o
Hence, we have
|2

2 2 2 2 2
(l,') la’zsl % I&35| + lahsl * Ia'ghl = |a2)+l |a'35

(5) a2’+8’h5325 =0,
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Now we compute the determinant of the minor formed by rows
1,2,3, and 4 and columns 2, 3, 4, and 5. Expanding by cofactors

of the entries in column three, we have

X ry oy, (x - iy) ags(x - iy)

- a13(x-iy) det 0 0 a35(x-iy)

Eeh(“ iy) x +y2 a,+5(x -iy)

ala(x-iy) a.w(x-iy) a.15(x-iy)

- x2+2 det 2+2 (x - iy) (x -1y)
NX +y" de X +y ay), (x - 1y a5(x - 1y
&), (x+1y) X +y° ahs(x-iy)

= ay385(1 - Iaahla)(xz + ) (x - 1y)°
VA y2[a.,gza.g.kams(::—iy)3 + 88558, ( - i1y)? (x + 1y)
+ 8y s(x- 1) 67 +37) - 8 gley, |2 - )% (x+ 1)
- awah,)_(x-iy)e\/ X +y - a12a25(x-iy)2Vx2+y2 "
Removing the common factor (x - iy), we have
2 2 2
[a13a35(1 » lazb,l ) + & 1y%ys5 * a12a25](x-iy)(x +y°)

= [ama.zha.hs(x-iy) + 8‘1h8'25£21|.(x+iy) + als(x+ iy)
= a15|a2h|2(x+iy)](x-iy)vx2+y2 = 0,

This yields

2
(6) a13a35(1 » |a2h| ) + 81,85 * 8ol = 0.
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- 2
Ve aleo have &8585 + 81858y, *+ 815 - 85lay |" =0

I
2

2 2
—— = 840885t By)8rc8,) t 8y - aL15!‘5’2“

Adding these two equations together yields

[
()

() e85ty * 8501 - 1)

(8) 812%,%5

The 4 x 4 minor obtained by removing row five and column two is

ax + By +V x%—y2 a13(x - iy) aw(x - iy) a15(x = dy)

2ot a,,(x+1y) 0 8y, (x - 1y) &25(X-iy)
5,3(:: +1y) Vi +y 0 a35(x - iy)
31h(x +1iy) 0 x +y ahs(x - iy)

Expanding by cofactors of the entries in the second column, this equals

a(x+1y) e, (x-1iy) aes(x-iy)\

- 313(:: -iy) 513(x+ iy) 0 a35(x -iy)

8y, (x+1y) +y° ahs(X-iy)]

ox + By+\}xe+y2 a1h(x -iy) 3,15(1( - 1y) ‘

a(x+iy) &, (x-1iy) azs(x—iy)

am(x+ iy) x2+y2 a,,rs(x~iy)}

VAN
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= 13(x - 1y)ley e 00, (x - iy)? (x+ 4y) + a,3a25(x + IV +5F
- 51382kah5(x—1y) (x+1y) - 8,5 35(x e PINE R ]
- \/?T?[a%%(mew Vi P (x - 1) + law|2a25(x-iy)2(x+ iy)
+ 512a15(x2+y2)\/:?+—3? - Emagha,s(x—iy)‘?(xﬂy)

- E,iaamabrs(x e iy)e(x +iy)

- azs(ax+ v+ \/x2+y2)(x-iy)\/x +y 1.

Removing the common factor (x - iy) leaves
- 2
[ - a13a.2ha35am(x-iy) + |a13| aghahs(x-iy) - a,ahahs(x-iy)
- 512a15(x+i.v) + ‘25(""” By)] (o +3°)
+ [ -|a13| 3.25(x+1y) + a13 - 35(x+:1y) - a2hau5(ax+By) ~ |a1h|2a25(x+ iy)
+ a1ha2ha15(x+iy) + a12a1hau5(x+ iy) + azs(x+1y)] (x-iy)‘/xzﬂré

From this we get four equationms.
- 2 -

(9) 81980103501 = 18131 885 + By8ys + Bypey g v ey = 0
. = 2

(10) i(ay 38,8358, - |25 885 ¥ BoBys - B1pBys) 8 B = O

(11) la |2 - B BB+ 8,8 O+ |8 |2
13! 85 7 843810835 T o5 14! 85
- 8481815 = 845885 - 8y = O

2 - ) -
(12) 1(lay3l a5 = 813010055 + 1oy, 1Pans - 8y)80,2¢5
- 2108 8)5 - 85) + 88 B =0
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By adding (11) to i (12) we get

(13) sy el + 18) = o,

2
Now, we are sssuming det(zI -xH -yK) = (z-(ax +5y))(22 - (x2+y2))
& 2P = (ax +py) zh - 2(x2+y2) 23 + 2(c +5y)(x2+y2) R
2 2
+ (x2+y2) z - (ax +By)(x2+y2) "
Since the coefficient of z3 in the expansion of det(zI -xH -yK)

is the sum of the determinants of all the 2 X 2 principal minors of
the matrix =xH + yK, we must have
2 2 2 2 2 2
(1h) Ia12' + '3131 + la1h| * la15l + Iaghi + Ia25'
2 2
+ |a35| + Iahsl = 0.
Adding equations (1) and (%) and subtracting (14) then shows

(15) Iagh‘2(1 = la13|2 - I335l2) - |a15|2 =0,

The minor obtained by removing row one and column four is

a,,(x+1y) Vi© +y° 0 ay5(x - 1y)
st 513(x+iy) 0 Vi +y? a35(x—iy)
e

ay, (x+1y) &, (x+1iy) 0 8,5 (x - iy)

E1S(x+ iy) 325(x+iy) §3s(x+iy) X +y
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Expanding by cofactors of the entries in column four, we have

a,5(x+1y) Vo +y° ags(x-iy)
-\/x2+y2 det | a,, (x+iy) a, (x+1iy) ahS(x-‘iy)

'515(X+iy) ay5(x+iy) x4y

212(x+1y) x2+y2 aes(x-iy)

- 8.35(x+iy) det a13(x+iy) 0 8.35(x-iy)

Ew(nu-iy) E2h(X+ iy) ahs(x-iy)

= - x2+3,r2 [31252h(x+iy)2\/x2+y2 +3.15ah5(x2+y2) x2+y2

b Bty (x+ 13)7 (x - 1Y) - B8y, 85 (x+ 1) (x - 1y)
- 2 s
i a1h(x+iy)(x +y2) ' 812a253h5(1+13f)2(x -iY)]
- - 2 2 2 2 —_ - 2
- a35(x+iy) [ama?’s(x +y IV +y° a13a2ha25(x+iy) (x - iy)
- ) -

- a13a,‘5(x2+y2) X +y° - a,2a2h835(x+ 3y)% (x - 13)1.

Removing the common factor of (x + iy), we get

[- :12;21;(’“' iy) - 'a—1 S&hs(x -] = 31352h—35a25(x+1y)
+ 312§2h|a35|2(x+1y)] (" +5°)

- I - on o
+ L= ageps + 8oy tys + 8y * B8ase s - [ags]%ay,

- - 2
$ 8‘133359‘145] (x2+y2) x2+y

n
e
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This yields

o owm | — B o 2
(a) aip8y), + 81585 + 8138508, 8,5 - a12“2&'8‘35' =0

= - v o o — 2
(b) a8, - Byslps + RygfnBaclse = 312a2h|335’ = 0.
From (a) + (b) end (a) - (b) we obtain

© B .- == = = 2
(16) 1285 + 813883585 - 8158, |og5]" =0

Finally, we have

" 2 - - e ww = 2
(18) &gy lansl™ - ay58py8p5 - 21y - Bpe8ys8yp + a1h'a35'

-8

13%35%5

= 0,
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