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ABSTRACT

Part I. Using a high-resolution crystal spectrometer we have
measured the energy splitting of the pionic 5g-4f and 5f-4d transitions in
Ti. The observed fine structure splitting of 85.2+ 3.0 eV agrees with
the calculated splitting of 88.1 eV, arising from the relativistic fine-
structure correction term of the Klein-Gordon equation or the Relativistic
Schradinger equation and from small corrections due to vacuum polarization,

strong interaction, and electron screening.

Part II. We have observed that the energies of K x rays in Ta,
Eu, Lu, and W depend on the method of excitation of the atoms. For
example, the energy of the Ta Koi x ray emitted after electron capture
of %W has been found to be lower by 0.78 £0.04 eV compared to the
fluorescent Ta Koy x ray. Similarly, we have observed that the Ta Ko
x ray emitted after internal conversion following B-decay of '°'Hf is
higher by 0.7 *0.1 eV in energy compared to the same fluorescent Ta x ray.
The observed shift in Ta cannot be explained by such known mechanisms
as the chemical, magnetic hyperfine, isotope, isomer, and shake-
off effects alone. However, these mechanisms éeem to explain most of

the observed shift in Eu, Lu, and W.
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PART I

EXPERIMENTAL DETERMINATION OF THE RELATIVISTIC
FINE-STRUCTURE SPLITTING IN A PIONIC ATOM



CHAPTER 1

INTRODUCTION

The motivation of this work is to provide a test of the equation of
motion for a spinless particle in a Coulomb field. For spin % fermions
tests of the Dirac equation were implemented to great accuracy. For
example, the latest measurement of the electron g-factor anomaly agrees
with the QED calculations to better than one part per mi]]ion.(l) No

such tests have been done for spin 0 bosons.

More specifically one would ask: Do the relativistic equations

such as the Relativistic Schrddinger equation(z) and the Klein-Gordon

(3) (3,4)

equation correctly describe spinless particles? It is well known

that for a charged spinless particle in a Coulomb field these two |
equations predict a removal of the degeneracy between states of different
angular momenta %, belonging to the same principal quantum number n.

To Tleading order, i.e. (%?-“, both the Relativistic Schrodinger
equation and the Klein-Gordon equation predict identical relativistic

"fine-structure" corrections (Sec.2.1), given by

SE = -mc? [% (Lo’ (1—}%--2—)] \ (1.1)

An example of the splitting of levels is shown in Fig. 1. The predictions

6
of the two equations differ in the terms of order (%%-) and higher.

It is the purpose of this thesis to report on a precision mea-

Ly

surement of the fine structure splitting to order (Z%Q » and discuss
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FIG. 1. An example of the relativistic fine-structure
splitting of n=4 and 5 levels for a spinless particle in a
Coulomb field.



the feasibility of further measurements of the splitting to order

6
(%%- in order to answer the above question.

In this chapter we discuss the general aspects of the measurement
of the fine-structure splitting. Theoretical considerations are given
in Chapter 2. The experimental methods are described in detail in

Chapter 3. We draw a conclusion of our experiment and discuss further

measurements in Chapter 4.

1.1 Pionic Atom and the Measurement of the Relativistic Fine-Structure

Splitting

One of the few systems that have a spinless boson in a Coulomb field
is the pionic atom, consisting of a n and a nucleus. It is produced by
stopping a m beam in matter. After the capture of a m by an atom, the
m  cascades toward the nucleus and pionic x rays are emitted. Since
the mass of a pion is about 273 times larger than that of an electron,
the pion is much closer to the nucleus in a pionic atom than the electron
in a hydrogen-like atom (for the same quantum numbers). As a consequence,
vacuum polarization plays an important role in a pionic atom. Fortunate-
ly, the vacuum polarization effect can be calculated very accurately.
The strong interaction between the pion and the nucleus shifts and
broadens the energy levels. This correction can be calculated to about
10% accuracy. Pionic atoms (except pionic H atom) are always
surrounded by electrons. The screening effect of the electrons should
also be taken into consideration in calculating the energy levels of the

pionic atom. Details of the above effects are discussed in Chapter 2.



Complete discussions of pionic atoms can be found in review artic]es.(5’6)

One way to test the correction (1.1) is to measure precisely the
energy splitting, which we called the relativistic fine-structure
splitting, of pionic x rays emitted during the transition of the m
between two energy levels with different principal quantum numbers,

No such measurement has been reported until recently. In a recent
experiment designed to measure the mass of the m by measuring the pionic
X-ray energy, Carter et aZ.(7) have observed the fine-structure
splitting for the 6-5 and 7-6 transitions in Au, T1, and Pb. The 6-5
transitions have large strong interaction corrections and are not well
suited for precise evaluations of the splitting. The 7-6 transitions,

on the other hand, have negligible strong interactions. The 7i-6h and
7h-6g peaks, however, are not fully resolved by the Ge detector used in
the experiment. The aim of our experiment was to determine the energy
splitting to an accuracy of 1% for transitions where the corrections of the
strong interaction effect and the electron screening effect are small, using

a high resolution bent-crystal spectrometer.(g)

For the present experiment we have chosen the 5g - 4f and 5f - 4d
transitions in m -Ti (Z=22). These transitions are particularly
suited to our crystal spectrometer technique, and the various corrections
to be applied to the observed transition energies are well understood,

as will be explained in the following chapter.



CHAPTER 2

THEORETICAL CONSIDERATIONS

In this chapter we discuss the various contributions to the
binding energy of a pion in its orbits. The principal contribution to
the binding energy comes from the point Coulomb interaction. Smaller -
contributions arise from vacuum polarization, strong interaction,
electron screening, and nuclear finite size. Numerical calculations of
the energy levels in a pionic atom are also discussed. The calculated
splitting of the n -Ti 5-4 transitions is presented in Sec. 2.5. The

reasons to choose these particular transitions are given in Sec. 2.6.

2.1 Coulomb Interaction

The unscreened Coulomb potential is given by

vc=e¢=-z‘%. (2.1)

According to the (non-relativistic) Schrodinger equation

_)2
it = (- g ed)y (2.2)

(9)

(in units of c=h=1) the energy eigenvalues are

m
i
]
NV

Z 2
(=% . (2_.3)

The eigenstates with the same n but different 2's are degenerate. Since



the velocity of the 7 at low n levels in a pionic atom is not negli-
gible compared to the velocity of light, e.g. V= 0.04c at n=4 for 7Z=22, a

relativistic generalization of Eq. (2.2) is needed.’

(2)

One procedure as discussed in Goldberger and Watson is to replace

the kinetic energy operator in Eq. (2.2) by its relativistic generaliza-

tion V- V% +m? | One obtains the Relativistic Schrodinger equation
s B _ =
e ¥ T (VoV2+m? + ed) v. (2.4)

Expanding the square root in Eq. (2.4)

Ve, v
AT

>

N

and treating the terms of order (—%—) or higher as a perturbation, one
. (4) Zoy"
obtains for the energy levels to order (_ﬁq

Another relativistic generalization of Eq. (2.2) is the well known

(3)

Klein-Gordon equation

(i 55 - e0)?p= (- V+md)y . (2.6)

i L
In general, this is true for any atom.



It predicts(3) for the energy levels

m

Eng = T (2.7)
with

2

A= ( Lo .
A n-z-‘/z-+/(2+‘/z)2-(la52>

N
The expansion of Eq. (2.7) to order (%%) gives

o n 3 [0 B 2] e

Egs. (2.5) and (2.8) are identical.

The difference of solutions of Egs. (2.4) and (2.6) to order

6
(%%J will be discussed in Sec. 4.3 and Appendix C.

2.2 Vacuum Polarization

The electronic vacuum polarization effect arises from the emission
and reabsorption of virtual electron-position pairs. The Feynman
diagrams that illustrate the Towest order corrections of this effect

are shown in Fig. 2. The range of this effect is approximately equal

to the Compton wavelength of the electron P ﬁL-= 386 fm. At the
e
n=4 and 5 states in a pionic Ti atom, the distance between the pion

and the nucleus is smaller than xe. Therefore, vacuum polarization
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FIG. 2. Feynman diagrams of the lTowest order corrections
of vacuum polarization.
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affects the energies of these states.

To order aza (Fig. 2(a)) and for a spherically symmetric

nuclear charge distribution p(r) the vacuum polarization potential

VVP can be written as(lo)

oo

Vyp(r) = 2—2‘; fe Jrotr) X555 A5 ] ar,

with
x(g) = fm—l-z(ulf)(l-l)"/z exp (-2£2)d
] b4 22 Z2 p - Z s
McKee(ll) has expanded x(&) into a series, with the results

xe) s X [a(20)" exp(-26) +b, (26)™ "1 g (20)]

where Ei(Zg) is the exponential integral

f exgzg-Z £z) dz,
1

(2.9)

(2.10)

and found that cutting off the expansion at a, and b, introduced an

error no larger than about 0.01%. The remaining coefficients are:

ao 0.88358 az= 0.00331 bo= -1

a1 0.02376 ay =-0.00318 b= 0

a, =-0.00708 b, = 1/320



L1

We followed the work of McKee to calculate VVP(r) numerically in order

to calculate the corrected energy levels.

Voge1(12)

has evaluated numerically the higher-order vacuum
polarization potentials, a”(Za) (Fig. 2(b)) and a(Za)?® (Fig. 2(c)).
The corrections due to these potentials are small. So we treated them

as a perturbation in our calculation.

2.3 Strong Interaction

The strong interaction between a w and the nucleons affects
the energy levels of a pionic atom. Two parts play a role. (1) The
elastic scattering

mAN >+ N | (2.11)

shifts the energy levels. (2) The absorption

m + N+ N->N+N (2.12)

broadens the energy levels. Owing to the conservation of energy and

momentum ,  the absorption of a m by one nucleon N in a nucleus, i.e.
T + N~+>N, (2.13)

is not possible.
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The strong interaction potential VSI between a m and the nucleus
in a pionic atom can be derived from the two basic mechanisms (2.11)
and (2.12). Under the assumptions that (1) the incident m wave under-
goes multiple scattering with the nucleons, (2) the interaction
between the m and nucleons is of very short range (6(?ﬁ-—FN) type),
and (3) the correlations of two nucleons have zero range, Ericson and
Ericson(13) have shown that the wavefunction ¥ of the pion obeys the
equation

+2 =
(V2 +Kk?) ¢y = vSI R (2.14)

with k* = (E-V)2-m?. V is the potential describing the electromagnetic
interaction and VSI'describes the strong interaction as

e > Qo (?‘)
r) -ve.

->

Vv DT S
1-4% Oto(—Y‘)) v

= 1
where VL(?) and ao(?) are functions of the nucleon densities and the m-N
scattering amplitudes, and u is the reduced mass of the pion-nucleus
system. The potential VSI has a local term VL’ as well as a

velocity dependent term.

Practically, in order to calculate the effect of VSI on the energy
levels in a pionic atom, an additional parameter & was introduced to

take into account the finite range of the nucleon-nucleon correlations

so that

Vg - 515 (v (F) + V-2 (M), (2.15)
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where

and VL and o, can be expressed as

V= - [bylo o)) ty +baloy =py) t, + PBeR, (9 +0)) t

+ 1 " 2.16
tBlpp(pn ep) tz] ( )

o, = -4m [Co (pn+p ) t1 tcy (On"p ) t1+icopp(0n+pp)t2

P p

5 iclpp(pn - pp)tz] .

m m
Here t;=(1+ aﬂ), t,= (1+ Eﬁﬂ—), o and P are densities of
N N

neutrons and protons, and the quantities bo, bi, Bos By, Co» C15 Cos Ch
and & are empirical parameters that can be determined from the measured
level shifts and broadenings due to the strong interaction effect.

For pionic atoms of atomic numbers Z=6 to 22, the above parameters have

been determined, by a least-squares fit to the existing data, to be:(16)

bo = -0.02845(56) m Co = 0.255(52) m~?
b, = -0.0672(76) m~ cy = 0.081(67) m"*
Bo = 0.0899(45) m~* C, = 0.34(22) m-®
By = 0.56(18) m:* C, =-2.6(1.4) m_®

]

g = 1.99(74)
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The numerical method to solve Eq. (2.14) with the potential (2.15)

will be discussed in Sec. 2.5.

2.4 Electron Screening

A pionic atom is formed when a m is captured in the Coulomb
field of an atom. Most of the atomic electrons originally associated
with the atom are still around the nucleus. Some of them, especially
the ns electrons, have a non-negligible probability of being
inside the m orbit and thus screen the Coulomb field, changing the

energy levels of the pionic atom. It has been shown(17’18)

that, in
a pionic atom of atomic number Z, when the m orbit is inside the
electronic K-shell the electron density is practically equal to the
electron density of a normal atom of atomic number Z-1, since the m

screens one unit of charge from the nucleus.

For a spherically symmetric electron density pe(r), the electron

screening potential in a pionic atom is

r oo

VES(r) = i’gﬁ“— fpe(t)tz dt+ 4ma fpe(t)tdt
0 r
o0 r
tz
= 4wy, fpe(t)tdt— 4o fpe(t) (t-T)dt
0 0
= Vo -Vi(r). (2.17)

Vo is the electron potential at the origin and does not contribute to

(12)

the screening correction. Vogel has evaluated VES numerically to
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about 3% accuracy, using the relativistic Hartree-Fock-Slater method

for the pe(r) calculation. We followed his results, assuming that the
pionic atom is not ionized, in particular, that both K-electrons are
present, to evaluate the screening corrections in the pionic Ti 5-4

transitions.

While the  cascades down toward the inner levels, Auger electrons

may be ejected so that the electron shells around a pionic atom may be
m
< (-
x 7 8

of pionic 8-7 transitions in an atom (given by Eq. (2.3)) are higher than

partially ionized. Since

), it turns out that the energies

the electronic K-absorption edge of that atom. The K-electrons which
contribute most to the electron screening may thus be ejected during the
8-7 transitions or the following transitions. The validity of the
assumption of two K-electron screening in our calculation depends on

the refilling rate of the K-holes. It does not affect the result of
this experiment, since the screening correction to the total splitting of
the m-Ti 5-4 transitions is only -1.4 eV which is smaller than the.
experimental error of 3.0 eV. Other experiments, e.g. the measurement

of m mass to 5 ppm(lg)

or the experiment we discuss in Sec. 4.3,
essentially depend on the refilling rate. An experimental study of this
refilling rate by measuring the electron screening corrections of pionic

transitions in several pionic atoms has been proposed.(zo)

2.5 Numerical Calculation

Numerically the Klein-Gordon equation was solved with the

potentials VC’ VVP and VSI as given in (2.1), (2.9) and (2.15). The
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electron screening potential V

ES in (2.17) was treated as a perturbation

term. This means that we solved the Eq. (2.14) with V =VC * Vyps and

calculated the contribution of electron screening as

AEpg = <¥|¥ggly>:

Let E=m + € and consider the finite mass of nuclei,Eq. (2.14) becomes

V2 (- Ve -Vyp)
23“’*[8"’51* 7m L

It is useful to rewrite Eq. (2.19) in the following form:

1

2p 2m

Let f=zry and

then we have

- > (E-VC—VVP)
5= Ve (l+g) Vy+ (e-VCNVP4}+ ——— | -V ¥=0.

(2.18)

(15)

(2.19)

(2.20)

(2.22)
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Then the coupled first order Eqs. (2.21), (2.22) are solved numerically,

with the normalization condition
JvPr2dr = [f2dr=1. (2.23)

By turning off the VVP and VSI individually, we can get the
correction to the energy levels due to each of them. The effect of
nuclear motion beyond the reduced mass correction,pointed out by Seki(21),
was calculated and turned out to be negligible in the pionic Ti 5-4
transitions. So does the effect of finite size nuclear charge distri-

bution, since in the states we consider the overlap of the m orbit and the

nucleus is almost zero.

The calculated fine-structure splitting of the pionic 5-4 transi-
tions, and the corrections due to the effects discussed above are shown

in Table 1.

2.6 Choice of the Pionic Transitions for this Experiment

The pionic transitions for this experiment were chosen by consid-

ering the information contained in Figs. 3-5. In Fig. 3 the (non-
2
relativistic) transition energy to order (%%) as a function of the

atomic number Z is plotted. Fig. 4 shows the energy splitting, due to a
. _

point Coulomb interaction to order (%%J , of the circular tran-

sitions, (ni, L; =0, -1)-+(nf, fe=ng -1), and the noncircular transi-

tions, (n.,

; 2. =n. -2)-+(nf, 9}.=nf -2), between two consecutive

1 1

principal quantum numbers n, and Ne as a function of Z, as predicted by
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TABLE 1. Calculated fine structure splitting of the

pionic Ti 5-4 transitions (in eV).

5g-4f 5f-4d Difference
Point Coulomb Interaction 40386.9 40446.1 59.2
Vac. Pol. aZo (exact) 82.7 108.8 26.1
Higher Order Vac. Pol. 0.7 1.0 0.3
Strong Interactions® 0.0 3.9 3.9
Electron Screem’ngb -4.4 -5.8 -1.4
Total 40465.9 40554.0 88.1

%The uncertainty is about 10%.

bA maximum value is given corresponding to the presence of two 1s
electrons.
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Eq. (1.1). Fig. 5 illustrates the pionic x-ray yields, defined as the

probability of emission of the x ray under consideration per m stop

in the target, according to a cascade ca]cu]ation.(zz)
We have chosen the pionic Ti (Z=22) 59-4f and 5f-4d transitions

for four reasons. (1) The transition energies are about 40.5 keV,

well suited to our bent-crystal spectrometer. (2) Both transitions

exhibit small strong interaction shifts and electron screening effects.

The strong interaction shifts the 4d level by 3.9 eV, and the b5g, 5f, 4f

levels by negligible amounts (Table 1). The electron screening affects

the splitting by only -1.4 eV. (3) The pionic Ti 5g-4f and 5f-4d

transitions can be well resolved by our bent-crystal spectrometer, which

has a resolution of about 30 eV FWHM at 40.5 keV (Sec, 3.1). ‘According

to Eq. (1.1) the splitting has the value E(5f-4d) - E(5g-4f) =59.2 eV.

In order to compare this value with the experiment, corrections due

to vacuum polarization, strong interaction and electron screening have

to be included. As shown in Table 1 the total calculated splitting

is 88.1 eV, with the maximum uncertainty estimated to be 1 eV. (4) The

two transitions have reasonably high x-ray yields. According to the cascade

calculation, the yield of w - Ti 5g-4f x rays is 24% and that of 5f-4d

is 5% (Fig. 5). With these x-ray yields and the m beam intensity (~ 108

m /sec) available at Los Alamos Meson Physics Facility (LAMPF) where this

experiment was done, we estimated a peak counting rate of about l/min(23)

even though the efficiency, defined as the number of x rays detected at

the peak of the diffraction line divided by the number of x rays emitted

from the source (target), of our bent-crystal spectrometer is only 107%.
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CHAPTER 3

EXPERIMENTAL METHOD AND RESULTS

In this chapter we describe the experimental part of this work in
detail. The general setup, the bent-crystal spectrometer, monitor detec-
tor, background, and electronics used are discussed. We also report here
the calibration of the spectrometer, data~taking procedures and analysis.

The measured results are presented in the last section.

3.1 Experimental Setup

This experiment was carried out at the East Leg of the Stopped Muon
Channel (SMC) at LAMPF. The lay-out of the channel and the experiment is
shown in Fig. 6 and Fig. 7. Pions were produced when the 800 MeV proton
beam of intensity 300 pA hit the production target A2. Negative pions of
momenta 140 MeV/c were selected by two bending magnets BMO1, BMO2, and
fourteen quadrupole magnets QMO1 to QM14. The magnets were tuned to
optimize the stopping rate of pions in the Ti target. The experimental
area can be divided into three parts: (1) the target area which contains
a polyethylene (CH») deérader and a metallic Ti target, (2) the crystal
éave which contains a curved quartz (310) crystal, a sSine-screw box
and a Ge(Li) monitor detector, and (3) the slit cave which contains a
17.7 cm long curved slit and an array of high purity Ge detectors. The
control and data signals are connected to anon-line PDP 11/34 computer.

Details of each part are discussed below.

a) Target area. Besides the negative pions, the m beam contains also
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muons and electrons generated from the production target A2 and the decay
of the pions. The intensity ratio m:u:e is about 3:2:0.5obtained from a time

.of flight study. With the help of a wire chamber we found that the beam was

about 25 cm wide and 15 cm high. The polyethylene degrader slowed down

the m's so that they could be stopped by the Ti target. A range curve
that shows the counting rate of 4 -3 and 5 -4 pionic x rays seen by the
monitor detector as a function of the degrader thickness is given in Fig. 8.
The maxima of the 4-3 and 5-4 curves were at 12 cm CH, thickness.

So we chose the thickness of degrader to be 12 cm. The Ti target had a
surface density 1.3 g/cm® which equaled about twice the absorption length
~for the pionic x rays. Two different sizes of the Ti target were used.

One was 10 x 10 cm?® and the other was 14 x 10 cm?. The angle of the Ti
target with respect to the m beam could be controlled remotely by a Slo-

(24)

Syn stepping motor and was set to 40° to optimize the pionic x-ray inten-

sity. During the experiment the u~ beam intensity was about 10° n /sec.
About 10% of the pions were stopped by the Ti target and 1 x 10° 5-4 pionic

Ti x rays were emitted from the target per second.

b) Caltech-LAMPF bent-crystal spectrometer. The bent-crystal

spectrometer used for this experiment has been described in detail in
Ref. 8. Here we review the main parts of the spectrometer and discuss
some modifications from Ref. 8. The spectrometer consists of two units,
the crystal unit and the slit-detector unit. They were mounted in two
independent, well shielded concrete caves, as illustrated in Fig. 7.

The curved crystal at 2.3 m distance from the target consisted of an

11.5 x 9 cm? (310) quartz slab, 0.13 cm thick, with an aperture of 5 x 7 cm?.
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A Hartmann test(25)

was performed to study the aberrations of the focus of
the crystal (Appendix A). It showed that the bending radius Rf was

201.1 cm and the width of the aberration pattern at the best focal
position was 0.12 mm, which corresponds to 18.6 eV at 40.5 keV. The
lattice distance d of the (310) planes is 1180.1 mA at 18°c.(26)

When the crystal was set at the angle that satisfies the Bragg condition
2d sin®=nx (3.1)

where X is the wavelength of the pionic x rays and n an integer denoting
the order of diffraction, which was 1 in this measurement, the pionic

x rays were diffracted and focused into a resolving slit. The slit was
at 201.1cos 6 cm away from the crystal. It had a width of 0.15 mm and
a length of 17.7 cm. As we use a long slit and an extended source
(target) we must carefully consider the three-dimensional geometrical
conditions leading to vertical divergence. The locus of the focal points
is no longer a straight 1ine, but the intersection of a cone and a cylinder

(8)

with a radius of Rfcosze. Our slit was curved with a radius of 197.5cm
and had its azimuthal direction adjustable to fit the x-ray wavelength.
The detector array behind the slit consists of four high purity Ge

detectors, hence referred to as GE detectors.1

" Each of them is 4 cm high,
0.5 cm wide, and 0.5 cm thick and has an energy resolution of 1 keV FWHM
at 40 keV.

The resolution of a bent-crystal spectrometer has contributions

TManufactured by the Space Technology Products Laboratory of the General

Electric Company, King of Prussia Park, Pennsylvania.
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from the aberrations of the focal spot of the crystal, the slit width,

the size of source, the crystal mosaic spread,(27) and the natural width
of the 1ine we want to measure. The mosaic spread of our bent quartz (310)
crystal is about 10 sec (of arc), which corresponds to 15 eV at 40.5 keV.
This means that 15 eV FWHM is the resolution of our spectrometer at

40.5 keV for a point y-ray source and an infinitesimal slit. During this
experiment the total resolution of our spectrometer was found to be

32 eV FWHM for the 10 x 10 cm? target at 40.5 keV.

¢) The monitor detector. A Ge(Li) detector was used to monitor

the m~ beam intensity and normalize accordingly the counting rate of the
GE detectors. It has a sensitive area of a circular disk with a 2-inch
diameter. The monitor detector, looking into the Ti target, was set
behind the crystal and out of the way of the diffracted pionic x rays

(as shown in Fig. 7). Fig. 9 shows the energy spectrum seen by this
detector. The energy reso]ution was 0.9 keV FWHM at 40 keV. The 5g - 4f
and 5f - 4d transitions could not be resolved here. For better statistics
the counts under the 4-3 peak were used for normalization in the data

analysis (Sec. 3.4).

d) Background. Due to the low efficiency of the bent-crystal spec-
trometer and the high background of neutrons and y rays near a powerful
accelerator, the background problem is very important. It is critical
for the feasibility of the precision experiment under discussion, and
if shown feasible, contributes to the estimate of the running tﬁme and
the accuracy Of our measurement of the energy splitting (Sec. 3.3 and

Appendix B). The separation of the spectrometer into two parts, with a
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1.2 m thick concrete wall between them, helped to reduce the background
considerably. A 10 cm lead shield covered about 4/5 of the 4n
solid angle around the detector array. The good energy resolution of
the GE detectors also helped to reduce the background. We managed to

get a background rate of 0.2 counts/min in our final pionic Ti 5-4

spectra.

Six cylindrical veto tanks, with a diameter of 15 cm, filled with
NE 235H liquid scintillator were constructed and used to cover about
1/3 of the 4w solid angle, outside the lead shield of the detector

array. It turned out that they did not help to reduce the background.

e) Electronics. The block diagram of the electronics we used is

shown in Fig. 10. The spectrometer control and data taking were handled
by a PDP 11/34 computer via a Tennecomp Hyccups-M Data Acquisition
System.(28’29) The signal from each detector was divided into two parts:
a linear signal and a fast timing signal. With the help of discrimina-
tors and OR gates we had an event signal. It was combined with the
beam gate (7% duty cycle and 120 pulses/sec) through an AND
gate. This beam-gated event signal was input to the multiplexer control
before its corresponding linear signal was accepted by the multiplexers
and digitized by the 8 k-channel ADC. The linear signals from the

four detectors of the array went through a mixer router. The three
multiplexers had a similar routing function. The mixer router and the
multiplexers allowed us to use only one ADC to generate five energy

spectra from the five detectors.
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The computer could set and read the angular position of the
crystal with the help of a DR 11-C stepmotor 1nterface,(29) a home-

made Mark IV controller, and a read-out box. The whole system

could run automatically with the help of a FOCAL-11 program.

3.2 Calibration
The angular position of the crystal was set with the help of a

sine screw,(30’31)

and read in units of screw divisions (S.D.). The
sine screw was designed in such a way that the crystal could be turned
in units proportional to sin 6, to make the relation between $.D. and

wavelength Tinear, i.e.
x=m(S.D.) + a. (3.2)

After each setup of the spectrometer, a calibration with x rays or y rays
of known energies is necessary. In this measurement we used Eu Ku,,, and
Sm Kay,2 X rays, since their wavelengths are very close to the pionic

1ines under investigation. The energies, wave]engths(32)

and Bragg
angles 6 of the calibration lines as well as those of the w -Ti 5-4

lines are listed in Table 2. The calibration Eu and Sm x rays were produced
by fluorescent excitation of Eu,0; and Sm,0, targets (0.15 g/cm? and
0.13 g/cm® respectively) using a 3-Curie 2*!Am source, which emits

59.54 keV y rays. These targets, 8 cm x 8 cm in size, were placed in

front of the **'Am source substituting for the Ti target. The



TABLE 2.

Comparison of the energies, wavelengths, and

the Bragg angles of the calibration lines and the n~ - Ti

5-4 1ines.

E

(keV) (mA*)3 ()

Eu Ka, 41.5422 298. 446" 7.28
Koiz 40.9019 303.118 7.39
nm-Ti 5f-4d 40.5535 305.732 7.46
5q-4f 40.4659 306.. 394 7.47

sm K, 40.1181 309..040P 7.54
Kotz 39.5224 313.698 7.65

aO* 0
1A = 1.0000205(56) A (Ref. 32).

b

0%
The errors of these wavelengths are 0.002 mA .
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observed x-ray profiles were analyzed by comparing with the convolu-

tion of Gaussian and Lorentzian functions over a linear background(33)

2
ooexp [_ 427’12§1—1'! ]

J*

f(1) = Bo+B1 1 +A di', (3.3)

2
(.il_c)2+ I“

% T

where c¢ is the centroid of the 1ine. The Lorentzian widths TI''

of these x rays are well known and are listed in Table 3. In the
least-squares fits the following parameters were varied: By, B,

A, T, and c; and T' was fixed. A typical fit is shown in Fig. 11.

The centroids, in units of S.D., of the four x-ray lines were then obtained.
In Fig. 12 we plotted the wavelengths of the calibration lines as a function
of their centroids. The expected positions of the pionic lines were

also indicated. The errors were too small to be shown in this scale. We
noted that the linearity of the sine screw assumed in Eq. (3.2) was

well confirmed. A Tlinear fit gave us the slope m and the offset a.

During the experiment two target positions were chosen. In the
second position the Ti target was lower by 0.25 cm than in the first
position (see Sec. 3.3). Independent calibrations were carried out for
both positions. Tables 4a and 4b summarize the wave1engths,centroids“of

the calibration peaks and the results of the linear fits for both positions.
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TABLE 3. Natural Tlinewidths of the calibration x rays
in energy and wavelength units,

Natural Linewidih o020

0

(eV) (mA)
Eu Koy 24..96 0.1793
Koz 25.22 0.1869
sm Koy 23.60 0.1818
Koia 23.87 0.1894

aSee Ref. 34.

bErrors were estimated to be 3%
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TABLE 4a. Summary of wavelengths and centroids of
the calibration peaks.

Lines Wavelength A Centroid (S.D.)
(m&*) 1st Position 2nd Position
Eu Ka, 298.446(2) 298.038(2) 298.033(2)
Koo 303.118(2) 302.686(2) 302.686(2)
Sm Koy 309.040(2) 308.572(2)  308.578(2)
Koz 313.698(2) 313.204(2) 313.221(2)
TABLE 4b. Result of the linear fit to A =m(S.D.)+a.
1st Position 2nd Position
0%
Slope m (mA /S.D.) 1.0057(2) 1.0044(2)
0%
Offset a (mA ) -1.302(72) -0.888(81)
Correlation -1.689 x 10-3 -2.148 x 10-3

< g_>
Gma.
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3.3 Data Taking

The 5g -4f and 5f - 4d peaks were continuously scanned in rapid
succession. A scan encompassed 18 to 22 points. The interval between
two points was 0.10 S.D. which corresponded to 13.3 eV. One scan
lasted about three hours. 62 scans were taken. At each spectrometer
position during each scan the energy spectra of the GE detectors and
the monitor detector-wefe measured for a certain amount of time and
stored on magnetic tapes. The choice of the counting-time interval 1§
discussed below. Besides controlling the spectrometer and taking data
for each scan-position, our on-line system also calculated the monitor
rate in the neighborhood of the 4-3 1ine and summed the signal counts, in
the energy window of 40.5+ 1.0 keV (for m~ -Ti 5-4's), seen by the
GE detectors. The monitor rate was about 600/min. In case the rate
dropped below 60% of this value ("beam off" periods), the measurement
of the 5 spectra was repeated at the same spectrometer position. The
values of the summed signal counts were printed out immediately so that
we could have a preliminary spectrum of the m -Ti 5g-4f and 5f-4d

transitions during the experiment.

To minimize the statistical error of the splitting, the
measurement periods for the weak peak (5f -4d) were longer than those
for the strong peak (59 -4f). The optimum countihg periods were found
by the following considerations. An empirical formu]a(35) which gave the
error of the centroid o. as a function of the resolution I', the background

to peak ratio R, and the total number of signal counts N was derived

by Stephen Kellogg (Appendix B). For a large R (> 0.5), the empirical
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formula is

(0]
+ = 0.7160 3&‘/2 . (3.4)

Let the error of the difference in centroid of two lines 1,2 be Oy then

R1+L/ Rz + L
o2 = gé + ogz = (0.7160T)2 ( le + sz ) . (3.5)

Here we neglected the correlation of c; and c2, Since in our case the
two lines were fully resolved and the correlation turned out to be
negligible. Let f be the ratio of the two signal counting rates s, and

s .
Sz, i.8. f= Ei’ and t;, t, the two counting time intervals, then

R2=fR1 5 N1=t1$1 ’ No = ty8, = (T—tl)Sz (3.6)

where T(= t;+tz) is proportional to the total beam time. To minimize

do'dz dzOé
2 . . 3 = O" >0 9
oy 1in Eq. (3.5) by using Egs. (3.6) and setting at, dtz
we obtained
Yy o [ TUR+ %) (3.7)
t (Ry +%)

In our case, let 1 be the 5g-4f line and 2 be the 5f-4d line, we had

fzs5, R;Z0.5, and %%‘5 4. Therefore, the counting time interval of
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the points under the weak peak was, in general, chosen to be four times

longer than those under the strong peak.

We divided the total scans into three groups, in the order of the time
sequence, I, II, and III. In group I, which contained 50% of the total
data, a Ti target of a size 10 c¢cm x 10 cm was used. In groups II and
III, which contained 10% and 40% of the total data respectively, a
10 cm x 14 cm target was used. Between groups Iand II, there was
accelerator maintenance for 16 hours. Between groups II and III, the
target position was Jowered by 0.25cm. After the maintenance the beam
density had changed. We could not see the expected 40% increase of the
pionic x rays due to a larger target. The data of the three groups were

analyzed separately.

The spectrometer was calibrated with good statistics during the main-
tenance period and once again at the end of the beam-time. The results

of these calibrations were shown in Table 4.

The energy calibrations of the GE detectors were checked and the
temperature in the crystal cave was measured every day. Detector channel 1
turned out to have a slight gain shift. The other channels were very
stable. The temperature increased smoothly by a rate of i per week,

following the trend of the season.

3.4 Data Analysis

A flow chart which shows the procedures of data analysis is shown

in Fig. 13.
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FIG. 13. Flow chart of data analysis procedures. Here i

indicates the spectrometer position, j indicates the scan number

and k indicates the GE detector number.
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The first part of the analysis was done by using a FOCAL-11 program on
the PDP 11/34 computer. We had 5 spectra for each scan-position (jth scan,
ith position). The monitor spectrum had a strong 4 - 3 peak. This peak
was least-squares fitted to a Gaussian function over a linear background.

The area Aij within the fitted Gaussian function was used to normalize
the signal counts of the GE detectors. The counting rate of the GE
detectors was very low, a few counts per minute. The GE spectra looked
flat. For each of these spectra, the sum of the number of counts inside
the energy window of 40.5% 1.0 keV was calculated. Let us denote
this sum dijk’ where K=1 to 4 indicates the GE detectors. The numbers

d and the counting time interval Tij were brought back to

Aije dijk

Caltech for further analysis using an IBM/370 computer.

In each group, for each spectrometer position i we summed dijk
over the detectors k and the scans j to get the signal count S+ We

also summed Aij over j and divided the result by 3000, an arbitrary
constant introduced for convenience of calculation, to get Mi‘ S, was
then divided by Mi to get the normalized signal count X; . Since the
percentage error of Mi was negligible compared with that of Si» the
error of X is /E;/Mi. The resulting spectra, which are the pionic Tj

5 -4 spectra we want, are shown in Fig. 14. In Fig. 14 the vertical

coordinate has been properly scaled to counts per minute.

The final three spectra were then fitted to the sum of two

Gaussian functions with identical widths above a linear background
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2 z
f(]') = BO +Bl1' + Al exp[_w] + A, exp [- M ] (3.8)

pe i

with Ay, Az, c1, C2, Bo, B1, and T (except for group II) as variable
parameters. Since we had very little data in group II, we had to use

a fixed ' to get a reasonable fit. The results of the fitted centroids
C1, C2 are shown in Table 5. Those of the fitted amplitudes A,, A, are
shown in Table 6. The fitted curves are also shown in Fig. 14. The
x2's per degree of freedom of fits I, II, and III are 0.7, 0.9, and 0.9

respectively.

3.5 Results
From the measured centroid (S.D.) and the calibration shown in
Table 4b, we can get the wavelength A by Eq. (3.2), i.e.

A=m(S.D.)+ a .

Since the errors of m and a are highly correlated, we have

- 2 2 2 2 2
gy = \[(S.D) opt o3 t 2(S.D.)<<omo&>+ m* o(s.p.) . {3.9)

The calculated A, and 9y are shown in Table 5. To transform X into

energy E, we used the relation EXx =2wHic and the values of K and c given

® (32)

0
in Ref. 36. Taking into account that 1A* = 1.0000205(56) A we got

0%
EA= 12398.26(8) eV A . (3.10)
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TABLE 5. Measured centroids, wavelengths, energies,
and the fine-structure splitting of the pionic Ti 5g-4f
and 5f-4d transitions.

Group  Measured?*P 5g-4f 5f-4d -Sp]}g\&}"g
Quantities

S.D. 305.937(10) 305.304(32)

I A 306.389(10) 305.753(32)
E 40465.7(1.3)  40549.9(4.2) 84.2(4.4)
s.D. 305.873(34) 305.125(83)

11 i 306.325(34) 305.573(83)
E 40474.2(4.5)  40573.8(11.0) 99.6(11.9)
S.D. 305.894(16) 305.260(28)

111 A 306.341(16) 305.705(28)
E 40472.1(2.1)  40556.3(3.7) 84.2(4.3)

Weighted mean of the splitting 85.2(3.0)

0%
ax‘s are in units of mA . E's are in units of eV.

0
bey = 12398.26(8) eV A”.
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TABLE 6. Measured peak intensity ratio of the
pionic Ti 5g-4f and 5f-4d transitions,

Group Peak height ofa Peak height ofa Ratio
Pt ¢ Ae/As (%)
I 2.77(0.27) 0.48(0.12) 17.3(4.6)
I1 1.55(0.44) 0.27(0.21) 17.4(14.4)
III 2.14(0.26) 0.49(0.11) 22.9(5.8)
Mean of Ratio 19.3(3.5)

Apeak heights A, and A, are in units of signal counts per 3000 monitor
counts.
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Also shown in Table 5 are the energies calculated according to Eq. (3.10).

We then have the measured energy splitting by taking the difference of the
energies of the 5g-4f amd 5f-4d transitions. The results of the three

groups are consistent with each other. The weighted mean of them is

our final result of the energy splitting, 85.2(3.0) eV.

In Table 6, it is shown that the measured peak intensity ratio A2/A;

is (19.3+3.5)%. This is in agreement with the yield ratio 0.05/0.24 (Z21%)

(see Fig. 5) according to a cascade calculation.



CHAPTER 4

DISCUSSION

The systematic errors in this experiment are discussed in the
first section. We draw a conclusion of the present work in the
second section. At the end a possible extension of this experiment

is discussed.

4.1 Systematic Errors

As we compare the measured energies of the w -Ti 5g-4f and 5f-4d
transitions with the calculated ones in Table 1, we have to consider the
systematic errors associated with our experiment. There are two sources of
systematic error. (1) The distribution of pions stopped in the Ti target
and the distribution of 2*'Am powder in the fluorescense source for
calibration x rays were not identical. The stopped pions were about
uniformly distributed over the Ti target. But the **'Am powder was dis-
tributed more in the Tower part than in the upper part of the source.

So the pionic x rays and the calibration x rays illuminated the crystal
differently. A systematic error as large as 0.03 S.D.(equivalent to

4 eV at 40 keV) could be generated. (2) Another source of systematic error
is the temperature change. It affects the interplanar distance d of

the crystal. Our spectrometer has a temperature correction 0.005 mx*/°c
(Ref. 8). Since the temperature in the crystal cave increased by a rate
of 1°C/week, a systematic error of less than 0.6 eV could be generated.

However, these mentioned systematic errors have a negligible effect on
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the result of our measured energy splitting, since we took the dif-
ference of the two pionic transition energies and their systematic

errors cancelled each other.

4.2 Conclusion

The observed energy difference of the pionic Ti 5g-4f and 5f-4d
transitions is 85.2 £3.0 eV. The calculated splitting is 88.1 eV. In
comparing the two values we note that there is good agreement between
experiment and calculation. The present results thus constitute a
test of the relativistic equations of motion (Relativistic Schrgdinger

and Klein-Gordon) for a charged spinless particle in a Coulomb field.

4.3 Outlook

To order (%%i* the relativistic Schrgdinger (RS) and Klein-
Gordon (KG) equations predict the same energy levels, Eqs. (2.5) or
(2.8), for a charged spinless particle in a Coulomb field. The pre-
dictions differ in the terms of order (%%)Gand higher. It can be shown

6
(Appendix C) that to order (%%) the difference in energy eigenvalues

predicted by these two equations is

AnSL : (Enfl) KG —(Enl)RS B <wnz|3_;alf [+2’ [—62’ e¢]]|¢n2> > (4.1}

here the ¢h£ is the eigenfunction of the non-relativistic Schradinger

equation (2.2). It is also shown in Appendix C that
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7o\ © 3n - na(e+1)

S Ry
A W T D

n{ 16

The difference in energy splittings, predicted by the Klein-Gordon and

Relativistic Schrodinger equations, of the transitionsv(ni, Ly =n, -1) »

(nf, 2f==nf-1) and (ni, 2% = n; -2) > (nf, 2% = nf-—Z) is

DE = (A - A . )-(, o -A o). (4.3)
n;-Ng nflf nili anf n;%;
D;. _ for transitions of energy 40 -60 keV as a function of the atomic

i~ Mg
number Z is plotted in Fig. 15.

The double commutator term in Eq. (4.1), called the Darwin term, is
analogous to the zitterbewegung correction of the Dirac theory. Exper-
imental verification of this term is as important as the observation of

37)

the Lamb shift( in an electronic atom. One way to verify this term

is to measure the energy difference of the transitions (ni, 21) >
I . ..

(nf,kf) and (nj, zi)-+(nf, xf) to sufficient accuracy to tell the

difference between the predictions of the Klein-Gordon and Relativistic

Schrddinger equations. Before this measurement becomes feasible great

improvements in both theoretical calculation and experimental tech-

nique have to be achieved.

Let us choose the pionic Fe(Z=26) 5-4 transitions as an example to
discuss the improvements. The Darwin term contributes to the energy

splitting by 0.17 eV. In order to verify the existence of this term
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the uncertainties of the calculated and measured values of the energy
splitting must be smaller than about 1/3 of the Darwin term contribu-
tion, say 0.05 eV, so that we will have a three-standard-deviation
verification. Table 7 shows the calculated difference in energy of the
pionic Fe 59 -4f and 5f - 4d transitions according to the Klein-Gordon
equation. The calculated energy splitting is 164.2 eV with an uncer-
tainty of 1.3 eV which comes mainly from the uncertainty of the strong
interaction correction. Our knowledge of the strong-interaction effect
in pionic atoms is improving through new experimental data of the level

shifts and broadenings.(38'40)

We hope that someday one will be able to
calculate the strong interaction correction in the energy splitting of

the m -Fe 5-4 transitions with accuracy better than 0.05 eV. There are
three possible improvements in the experimental technique. (1) Increase the
pion beam intensity. When the LAMPF accelerator runs with the full

proton beam intensity 1 mA, it will provide 3 times more pions than it
does now. (2) Improve the resolution of the crystal. It was shown

(27)

by Sumbaev that, by selecting a special directfon to cut the quartz
(310) crystal slab, the elastic quasi-mosaic spread could be minimized

to 1.9 sec (of arc). The resolving power of the crystal, compared

to that in the present experiment, can be increased by 5-6 times (with
some sacrifice in efficiency). (3) Develop a position sensitive detector
for x rays. The goal is to have a position resolution better than

0.15 mm. Then one does not need a slit. In this way one can measure

the whole spectrum simultaneously, instead of measuring it step by steap.

This improvement will increase the counting time interval for each
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TABLE 7. Calculated energy difference in the pionic

Fe 59-4f and 5f-4d transitions according to the Klein-Gordon
equation.

Difference in Energy

(eV)
CouTomb 116.3
Vacuum Polarization 36.9
Strong Interaction 12,78
Electron Screening -1.7
Total Splitting 164.2

4Calculated according to the optical-potential parameters
given in Ref. 15. Uncertainty is about 10%.

b :
Assume screening of two 1s electrons.
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position by a factor of about 20, compared with the present technique

using a slit.

If the above mentioned improvements materialize, one will be
able to verify experimentally the existence of the Darwin term of the

Klein-Gordon equation for a spinless particle in a Coulomb field.
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PART II
DEPENDENCE OF K X-RAY ENERGY UPON THE MODE OF EXCITATION
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CHAPTER 5
INTRODUCTION

Atomic K x rays serve as an important and widely used energy-
calibration standard as they are easily available and conveniently span
the energy region up to 100 keV. The high resolution of a curved
crystal spectrometer makes it possible to study a number of relatively
small effects which, nevertheless, have to be taken into account when
using atomic K x-ray standards. For example, the energy of a K x ray
depends on the nuclear finite size and mass (isotope shift) and on

(41)

the chemical composition of the source (chemical shift). Besides

these well studied and understood effects, the energy of a K x ray may
also depend on the method of excitation. We have 1nvestigated(42'44)'
this problem for the commonly used excitation modes: fluorescence,
electron capture, and internal conversion, for K x rays in Ta, Eu, Lu,
Tm, and W. Several mechanisms contributing to the difference in K
X-ray energy between these modes of excitation were established. We
also found unexpectedly that the energies of the K x rays in Ta vary by
as much as 1 eV. This large shift is not yet theoretically understood.

-
Similar work on W Ko, x ray was done earlier by Beer and Kern,(4°)

(46)

and by Borchert. Recently, systematic studies of the K x-ray shifts

(47-49) The

have been carried out by us and by Borchert et al.
results show that the energies of K x rays indeed depend, to a certain
degree, on the mode of excitation.

It should be stressed that the use of K x rays as an energy

standard is only part of the motivation of our study. Indeed, the
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quantal description of inner atomic shells is very accurate. The

small effects in K x-ray energies are manifestations of important
physical phenomena. Thus, for example, the measurement of the isotope
shift is a useful tool for determining nuclear sizes; the measurement
of the chemical shift helps to determine which of the valence electrons
participate in chemical bonds. The study of x-ray energy shifts .
will help, in the end, not only to provide a better energy standard

but also to understand the interplay of nuclear, atomic, chemical,

and solid state phenomena.

In this thesis we present a complete description of our exper-
imental procedure (Chapter 6) and the results (Chapter 7). The known
effects contributing to the x-ray shifts and further planned exper-

imental work are discussed in Chapter 8.
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CHAPTER 6
EXPERIMENTAL METHOD

The experimental setup, the x-ray sources, data acquisition and

analysis are discussed in this chapter.

6.1 Experimental Setup

The experimental setup is shown schematically in Fig. 16. The
Caltech-LAMPF bent-crystal spectrometer, used for this measurement, has
been described in Ref. 8. Here a smaller quartz (310) crystal than that
of Part I was used. It is 1.5 mm thick and has an aperture 5 cm wide
X 4 cm high. The bending radius of the crystal is 198.5 cm. The width
of the 17 cm long curved slit was chosen to be 0.2 mm. The spectrometer

has a total resolution of 93 eV FWHM at 60 keV, and 41 eV at 40 keV.

The x-ray sources were mounted on a wheel and could be turned into
position in a sequential manner with the help of a stepping motor. The
wheel could hold four sources at one time. Each source was continuously
rotated about its own axis to smooth out the azimuthal variation of the
source distribution. The collimator had an aperture of 0.95 cm, which
is smaller than the size of the x-ray sources (see Sec. 6.2). The
collimator thus precisely defines the active source position for dif-
ferent sources. The spectrometer control and data acquisition system

will be discussed in Sec. 6.3.
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6.2 X-Ray Sources

The radioactive sources used in this experiment were prepared by
thermal neutron irradiation. To make a source AZ, the enriched isotope
A'lz was distributed uniformly in a capsule made of 99.99% pure alum-
inum. The two parts of the capsule were then press-fitted and welded
together (see Fig. 17). The loaded capsule was irradiated by thermal
neutrons, with a flux of 2.5 x 10'* n/cm?sec, for 75-300 hours. The
preparation and usage of the sources are listed in Table 8. The
dimensions of the sources and fluorescence targets are shown in Fig. 17.
The fluorescence (f%2) x rays in Ta, Lu, Tm, and W were emitted from
targets irradiated by !'®3Gd,0; sources, (except in run 1, discussed in
Sec. 7.1, where the radioactivity of *®2Ta,0s excites the Ta atoms in
the source to generate Ta f% x rays), and those in Eu were emitted from
targets irradiated by ®°Yb,0;. The electron-capture (EC) or internal
conversion (IC) x rays were emitted from the sources themselves. The

partial decay schemes, deduced from information given in Refs. 50 and

51, of these sources are shown in Figs. 18-22 and are discussed below.

The EC x rays of Ta are emitted from '®'W and '®'W0s sources, due
to the refilling of K vacancies generated after electron capture. The
IC x rays of Ta are emitted from a *®!Hf0, source. The radioactive nucleus
183 f p-decays to the excited states of !81Ta. Several y-transitions
in the final nucleus '®!Ta have a large probability for K-electron
internal conversion. Those transitions are shown by thick arrows in
the partial decay scheme of !81Hf (Fig. 19). The transition energy, the

transition mode, and the relative yield of the ejected K electrons are
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(a)

EC or IC SOURCE
(b) 1.27 cm

f9 TARGET

f2 SOURCE

FIG. 17. Configurations of the x-ray sources for
(a) electron capture or internal conversion, and

(b) fluorescence.
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TABLE 8. The preparation and usage of the radioactive
sources used in this experiment.

Source Preparation Usage
mass enrichment material irradiation timed
(mg) (%) (hr)
1eny 50 6.93 180y 293 Ta(EC) x rays
18140, 63 6.93 18040, 293 Ta(EC) x rays
15364,05 92 13.26 15264,03 293 (1) ig fl”?;esgsd
W targets.
(2) Eu(EC+IC)

X rays.
lalysn, 50 94 1804¢0, 218 Ta(IC) x rays
189Yho04 4 13.4 168Yh,034 96 To fluoresce

Eu targets.
Y734£0, 6.7 6.7 174050, 96 Lu(EC+IC) x rays
Ly 20 100 M 260 W(IC) x rays
18273,05 20 100 18173,05 260 W(IC) x rays

AThe flux was 2.5 x 10'* n/cm?sec.
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FIG. 18. Partial decay scheme of '8W.
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1/2" 42 .5 days
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FIG. 19. Partial decay scheme of '®!Hf.
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FIG. 20. Partial decay scheme of !°3Gd.
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FIG. 21. Partial decay scheme of '7°Hf.
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8 115 days
182 B
TA E (keV) 1,
- 2
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3% Y
42| 113.67 1488
42% =1 N
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3" SIES] 8468 1374 2.2 ns
= p &148°
2 ga\gv ’ 1289 1.04 ns
2" | 1100.10 100 1.37 ns
30%
of u‘\JI 0
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FIG. 22. Partial decay scheme of !'®2Ta.



72

given on the top, left, and right sides of each thick arrow respective-
ly. After each internal conversion the IC x rays are emitted in about
10717 sec, much before the next y-transition takes place, since the Tife

time of the related excited state in '®'Ta is longer than 10-!!sec.

The '°3Gd;0; source emits both EC and IC x rays of Eu. The EC
x rays are emitted immediately following each electron capture (in
~10~'7 sec). After about 10~ '° sec the internal conversion may occur
and IC x rays may be emitted. From the information provided in Ref. 50 we
deduced that 68% of the Eu x rays out of a '°3Gd source were related

to EC and 32% were related to IC.

The EC and IC x rays of Lu are emitted froma *7°Hf0, source in a
similar way as Eu x rays from !'®3Gd,03. One has 86% EC x rays and 14%

IC x rays.

The IC x rays of W are emitted from a '®%Ta,0s(or *®2Ta)source similar
to the Ta x rays emitted from a 8'Hf0, source. The partial decay scheme
of '®2Ta is shown in Fig. 22. The four transitions indicated by thick

arrows have non-negligible probabilities of internal conversion.

6.3 Data Acquisition

In the pionic fine-structure splitting experiment reported in
Part I, we measured the energy difference of two x rays emitted from
the same source (the Ti target). The splitting we measured is about
three times larger than the spectrometer resolution. In the present
experiment we were measuring the energy difference of x rays emitted

from different sources and the shift we were looking for was only about
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1/100 of the spectrometer resolution. Therefore, systematics errors
had to be eliminated with great care. Instead of scanning one x-ray
line from one source at a time, we undertook the following data acqui-

sition procedure.

The x rays emitted from the four sources A, B, C, and D were
compared almost simultaneously. The x-ray line was scanned in steps
of 0.05 m&. One scan consisted of 25 steps for Kug; or Kaz lines, and
41 steps for KB;,3 lines. Since KRy and KB; lines are close to each
other, they were measured in the same scan. In the beginning (the first
spectrometer position of the first scan) the x rays from source A were
detected by the GE detectors and were counted for a counting period
(which depends on the source strength). Then the sample wheel was
turned to bring source B into position. After all the sources had
been measured, we returned to the source A for another measurement
before we moved the spectrometer to the next position. At the second
position we measured sources B, C, D, A, and B. This went on until
we measured A, B, C, D, and A at the last position of the scan. Then
the spectrometer was moved to position 1 for scan 2 starting with source
B. After four scans we completed one cycle, which we called a "data
unit".

The spectrometer control and data acquisition system is shown in
Fig. 23. Detectors #1 and #2 were coupled together as the top chann:l
and detectors #3 and #4 were coupled as the bottom channel. Each

channel had an energy resolution of 2 keV FWHM at 40-60 keV. The window
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of the single channel analyzer (SCA) was set to be * 2 keV around the
enefgy of the x rays under investigation. At the end of each counting
period, the number of counts in the scaler was recorded on a magnetic
tape through the scanner. The scanner then sent a signal to the home-
made MKII controller which controlled the crystal and the sample wheel

with the help of two stepping motors.

6.4 Data Analysis

The raw data, stored on the magnetic tape, were computer analyzed
every three to four days. For each data unit, the computer summed the counts
belonging to each source at the same position to form an x-ray profile.

For Ka x-ray lines, this profile was fitted to a Gaussian function

above a linear background,

) 2
. f(i) = By, + B;1 + Aexp[-ﬂﬁﬁgglli)] s (6.1)
It

by a least-squares program. The variable parameters were the elevation Bo
and the slope B, of the background, the amplitude A, the centroid c,

and the width I'. Fig. 24 shows two typical profiles from one data unit of
a8 Ta Ka, measurement and their least-squares fits. The profile of the
KBi,3 1ines was fitted to the sum of two Gaussian functions above a

linear background.

The 1ine shifts sj between any two samples and its erroro_

J
were computed from the differences of the fitted centroids and errors 1in

the jth data unit. The weighed mean & of the shifts from all the data
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units were calculated. The internal error

1
o; = (6.2)
b
J (o, )?
%]
and the external error
\[ L5 (e,5) (6.3)
g- = s.-8
o N(N-1) 5 9

were also calculated and compared. The comparison of these two errors
provided a check of the statistical consistency of our data. The

larger one of them Was assigned as the error of s .
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CHAPTER 7
RESULTS

The experimentally determined K x-ray energy shifts in Ta, Eu,
Lu, Tm, and W are reported in this chapter. Comparisons with other

available results are presented.

7.1 Ta X Rays

Five different runs were undertaken to measure the Ta Ko; x-ray
shift between '®'W0; and Ta,0s(f%) samples. The results are shown in

Table 9. Run 1 is our first measurement of the x-ray energy shift
(42)

for different excitation modes. b

The tantalum oxide Ta20s was
used as a fluorescence source. Ta atoms in the source were excited by
the radioactivity of their neighboring unstable nuclei '®?Ta. In runs
2-5 the Ta20s target (300 mg/m”) was irradiated by the strong y rays of
97 and 103 keV from a '°%Gd20s source. Runs 2-5 were separated in time
by several months while x-ray shifts of other 1ines were studied. In
run 5 a Nal detector was used instead of the GE detectors. We plotted
the results of these five runs in Fig. 25 to show that the large shift

in Ta Koa x rays emitted from Y80, compared to those produced by

fluorescence was well confirmed.

Besides the oxide samples mentioned above, the EC and f2 K x rays
of Ta from four sources, ®!W, 80 , Ta metal (300 mg/cm?), and
Ta,0s (300 mg/cm?) were compared. A summary of the results is

presented in Table 10, lines 1-4. Lines 3 and 4 represent the chemical
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TABLE 9. Experimental results of Ta Ko; x-ray

shift between '®'W0; and Ta,0s(f2%) from different runs.

Run No. Everyg, = Era,04(f10)
1 -0.67(0.13)
2 -0.78(0.07)
3 -0.81(0.14)
1 -1.04(0.24)
5 -0.59(0.25)
Mean -0.77(0.05)
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shifts of Ta K x rays. Our measured chemical shifts of Ta Ko, x rays,
0.07(0.06) eV from W-W0; and 0.10 (0.08) eV from Ta-Ta,0s agree within

the errors with the result of Sumbaev et al§52), which is 0.11(0.03) eV.

Two runs with the IC x rays were taken, each involving a set of
four sources. The first set contained '®W, *®!W0j;, Ta,0s(fL) and
18140, and the second set contained ®!W, 81W0,, '®1Hf0,, and '°'Hf0,.
The results of these two runs are listed in 1ines 5-8 of Table 10.

As can be seen, there is a large energy shift in Ta K x rays between
18140 and '8'Hf0,. For Taz0s(fL) - *®'Hf0, we observed a shift of the
same magnitude and sign as for '®W0; - Ta,0s(f2). The result of

181Hf0, - 182Hf0, in line 8 provided a null test of the experiment.

7.2  Eu X Rays

We have examined the energies of the Eu K x rays emitted after
EC in '°3Gd and compared them to the fluorescent K x rays. The fluores-
cence samples consisted of Eu metal (200 mg/cm?) as well as Eu203(200

mg/cm?) backed by a 3-Ci source of °Yb,0s.

In the measurement of Eu K x-ray shifts we compared two samples
at one time. The results are shown in Table 10. We can calculate the
chemical shifts (Eu-Eu,03) from the first two entries of the Eu results,
“and compare them with the results of Smirnov et aZ.(SB) (Table 11).

The measured shifts between '°3Gd,0; and Eu203(f2) will be discussed in

Chapter 8. The third entry of the Eu results represents a null test.
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TABLE 11. Chemical shift of the Eu K x rays

EEu(meta]) - EEUan (i.e¥).
Lines This work Smirnov et ala
Koty 0.72(0.06) 0.644(0.011)
Kaip = 0.582(0.015)
KB1 1.46(0.31) 1.450(0.040)
KB3 1.03(0.51) 1.730(0.050)

qpef. 53,
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7.3 Lu X Rays

In a similar fashion we compared the Lu K x rays associated with
electron capture of '7°Hf with the Lu fluorescent K x rays. Fluorescent
x rays were produced in a Lu20; sample (300 mg/cm?) with the help of

the '°3Gd source. The results are shown in Table 10.

7.4 Tm X Rays

As a further test, the Tm Ko; x-ray energy shift was measured for
two fluorescent Tm samples excited with y rays of different energies;
One sample was excited by the 2*'Am vy ray (59.54 keV) and the other one
by the !'°3Gd vy rays (97 and 103 keV). The ***Am vy ray is only 150 eV
above the K edge of Tm. The ejected electron will still be in the
immediate vicinity of the atom when the x ray is emitted since the half
life of the K hole is about 10~!7sec. The results are given in Table 10.
No difference in energy is seen between the two situations. Our results
may be compared with the results of Ref. 54, which showed that the
differences between the L; and K internal conversion electron lines in
24%1pm are constant within 5 eV for electron energies between 7 and

450 keV.

7.5 W X Rays

Two measurements have been carried out to compare the W Koy X rays
emitted from '%2Ta (metal), '%%Ta20s, W(fR) and WO;(fL). The fluorescent
W K x rays were emitted from a W foil (290 mg/cm?) and four WOs; targets

(250 mg/cm?® or 315 mg/cm?) excited by '°3Gd,0s. A summary of the results
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is presented in Table 10. The shifts of W-W0s and Ta-Ta.0s agree with

the chemical shift of W Koy, 0.11(0.03) eV, measured by Sumbaev et aZ.(SZ)

The mean of the shifts W-Ta and W0;-Ta20s, -0.36(0.07) eV, should be

(45)

compared with the results of Beer and Kern , -1.8(0.5) eV, and

(46)

Borchert , 0.10(0.22) eV, as shown in Fig. 26.
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CHAPTER 8
DISCUSSION

In this chapter we discuss the mechanisms which should be
considered in an attempt to understand the observed energy differences.
We then compare the measured shifts with the sum of the various non-

negligible contributions. Further experimental work is also described.

8.1 Magnetic Hyperfine Interaction

Before a K x kay can be emitted, a 1s vacancy has to be created
by fluorescence, internal conversion, or electron capture, etc. If the
nucleus has a nonzero spin, the remaining 1ls electron may be in one
of the two hyperfine states, due to the coupling of its spin gé(= 2 )
with the spin of the nucleus Yf. The energies of the two hyperfine

states are shifted by

A i = 1

> > _Z—If L4 F‘If+ 2
bg=hlp* 5 = A (8.1)

i =1.- %

'§'(If'+1) if Fal.~ ik

> > > - . '
where F=I1.+S_, and A is the magnetic hyperfine interaction constant.
For A we use the expression(55’56)
3

P I TP S " -

where 1y is the nuclear magnetic moment, Hp is the Bohr magneton, and

Q= /1-(Za)2. Let P(F) be the population of the hyperfine component with
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a  total angular momentum F, then the energy of the observed K X=ray

line is shifted by
A
AE= 5 [1P(Io+%) - (Ic+1) P(Io-%)]. (8.3)

For a nuclear transition of multipolarity ; (electvon capture or
internal conversion) from an initial nuclear state of spin f}to a fiha]
nuclear state of spin T}, where the angular momentum of the ejected
fermion (a neutrino for electron capture or an electron for internal

+
conversion) is S, one obtains

P(F)= (2x #1) (2F +1) (8.4)

by considering the coupling of the angular momenta and summing over

all projections (see Appendix D). The energy shift AE and the popu-
lation P(F) for A =0 and 1, and S=% are listed in Table 12. The non-
statistical population for A=1 (and S = %) causes a nonzero energy

shift. In electron capture this is the case for the allowed Gamow—TeTler
transitions and for some first forbidden transitions, as recognized

and experimentally verified by Borchert et al.(47) In internal conversion,
an analogous x-ray shift is expected, and has been observed in the M1

case(57) (57)

by Egorov et al.
The calculated magnetic hyperfine shifts GMS are listed in

Table 13. One has to remember that these calculated GMS'S have
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TABLE 12. Population P(F) and energy shift AE of K x rays

for nuclear transitions with A=0 and l,and S=%.

AL = I - 11. Populations P(F) Energy Shift AE
Fel.+ % Fel.- %
0 Rl f 0
21f+1 21f+1
I I
7 f+1
1 0 - %A
ZIf+1 2If+1
1 0 1 - l‘5/\(.?f.+1)
i 1 0 55 AT
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TABLE 13. Calculated magnetic hyperfine shifts®,
Source | Transition Relative wd AE Total Magnetic .
Mode and % 1 If Yield Hyperfine Shift
i (nm) (ev) Syc (eV)
WS
11y gc 1005 | 972t w2t 0.5 2.3  0.84 a0
92" 927 0.3 5.2 -0.42¢
101yf IC 100% 32¢ 572t 0.05x0.5 3.25%  -1.59
s/2* 7/2%  0.07x0.02 2.3  -1.06 0.13
972t 72%  0.26x0.8 2.3  0.84
15364 EC 68% 3/2" 52t 0.2 1.53  -0.42
2" 527 0.3 3.259 .0.87
2 oyt 0. 2.0f  -0.26¢
32" szt 0.12 2.0 -0.55
-0.40
f
IC 32% 52t 32t 0.21x0.98 2.0 0.38
32" 52t 0.62x0.98 153 -0.41
- ' d
17sy¢ EC 86% 5/2 s/2t  0.86 3.2"  -0.40
s/ 12" 0.1 " .12
-0.48
IC 143 2t 52t o0.x0.97 3.2 0.99
s/2t a2t o.s3a 3aM 1.2
1027, IC 1008 | 4 3 0.05x0.11  2.0'  o.7a
¥ < 0.11x0.96 2.0 0.7 0.36
: e 0.480.92 170 0.63

3pefer to Figs. 18-22.

§ =1 (AE)1 (%), summed over all transitions,
MS

For example, in '7SHf

5MS--0.48 eV=(-0.40 x 0.86 - 1.26 x0.14) x 0.86 + (0.99 x 0.42

“Nucl. Data Sheets 9, 347 (1973).

d

Pure A = 1 assumed

®Nucl. Data Sheets 9, 351 (1973).

f Ref. 59.

x 0.97 - 1.24 x 0.53) x 0.14.

9Based on Nilsson state assignment 5/27 (532].

hBased on Nilsson state assignment 5/2+ [402].

Tpef. s8.

Ju's are in units of nuclear magneton,
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sometimes an inherent uncertainty caused by the unknown relative role of
A=1and A=0 parts in AI =0 first forbidden electron capture. For
internal conversion we calculated only the contribution of M1 transi-
tions under the assumption that the population of the ejected electron
in its final states of angular momenta S=X + % and A~ % is statis-

tical for E1 and E2 transitions (see Appendix D).

8.2 Other Known Contributions to the X-Ray Shift

Besides the magnetic hyperfine interaction, the following effects

may also contribute to x-ray shifts:

a. Isotope and isomer shifts. The variation of nuclear charge

distribution in different isotopes and isomers affects the 1s electronic

(41,60) In the cases

state, shifting all K x rays by the same amount.
of Ta and Lu, we compared the K x rays emitted by identical isotopes.

In Eu and W, however, the fluorescence data were obtained with the natural
mixture of Eu isotopes and W isotopes, while the electron capture source
contained only 3%ty and the B~ decay source contained only '82W.

There are 52.2% *°3Eu and 47.8% '°'Eu in natural Eu.(so) The measured

61) So the

isotope shift of Eu K x rays is AEisi-1s53 = 0.186 eV.(
energies of the K x rays emitted from a EU203(fg) sample are shifted
upwards by 0.09 eV, compared to those from a '*3Gd EC source by the isotope
shift effect. Natural W contains 26.4% '®%W,  14.4% '°°W,  30.6%
1euy and 28.4% 155, (%0) The known isotope shifts of W K x rays

are AEiea-1es = 0.083, OEisz-1sy = 0.092, and AE es-1ee = 0.152 ev.(62764)

So the isotope shift contributes 0.08 eV to the measured *°*Ta -W(fg)
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shift of W K x rays.

The known isomer shifts in Ta, Eu, and W are considerably smaller

.(60)

than the isotope shifts and thus are not included in Table 14 in

Sec. 8.3.

b. Chemical shift. The K x-ray energy is known to depend on
(41)

the configuration of the outer atomic electrons. There is an
energy shift between x rays emitted from an element in different chem-
jcal compounds. When comparing an electron capture (element Z + 1)
source with a fluorescence source (element Z) one often encounters a
similar effect, because a K x ray is emitted after each K capture
before the outer electron shell rearrangement takes p1ace§34’49) Among
the sources we studied, a noticeable effect of this type is expected
only for Eu. We assume that the Gd;02 has a valence electron confi-
guration similar to the two-valentEu (Eu metal). The e]ectron-capturé
related Eu K x rays emitted from the '°%Gds;0, source are, therefore,
shifted with respect to the K x ray of the three valent Eu inEu203 by
the "equivalent chemical shift". The Eu K x rays accompanying inter-
nal conversion, however, are emitted after the Eu atom has returned

to its normal three-valent oxide state, and thus do not have the
chemical shift. Since 68% of the K x rays emitted from *°3Gd;0, are
immediately related to electron capture, one can use 0.68(E

Eu metal”
EEu.0 ) as the chemical shift correction for the '°3Gd,0s source. The
2V3

experimentally measured Eu x-ray chemical shifts of Smirnov et al.

(see Table 11) are used in Table 14.
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c. Shake-off effect. As an electronic 1s vacancy is created

the atomic potential changes suddenly, causing partial ionization of
the atom. The degree of ionization of the individual electron shells
was calculated by Carlson et aZ.(65) Generally one expects a larger
shake-off effect when electron vacancies are produced by fluorescence

or by internal conversion than by electron capture. The atom will

remain partially ionized when K x rays are emitted (in ~10-17 sec).

The contribution of this effect is estimated to be less than 0.1 eV

for the cases we studied.(48’49)

8.3 Conclusion

The obversed shifts and the theoretically expected shifts
described above are listed in Table 14 for ten different measurements.
The corrected shift Ecorr is calculated by subtracting the listed
contributions from the observed shift, and plotted in Fig. 27. It
shows that the above-enumerated effects are able to explain most of
the observed shift in Eu, Lu, and W. However, a surprisingly large

(74) have confirmed

shift remains in Ta. Recently, Borchert et al.
experimentally this shift in Ta.

In conclusion, as a result of the present work and that of
Refs. 47-49 and 57, several mechanisms of x-ray shifts have been identi-
fied. Therefore, in formulating new x-ray standards it is important
to give due consideration to the mode of production. The large shift

in Ta is not understood and further experimental and theoretical work

is needed.
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F1G. 27.
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MEASUREMENT NO.

Corrected shifts for different measurements (see Table 14).
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8.4 Further Experimental Work

A possible origin of the unexpected Ta x-ray shift is the solid
state effect. The Ta atom from '®!W EC (or !®Hf B-decay) is in the W (or
Hf) lattice, whereas the Ta atom in the fluorescence target is in the
Ta lattice. The difference in solid state structure may cause an

energy shift of x rays, as observed by Shaburov et az. ©6:67)

for Ce

and Sm K x rays. In order to check this possibility we are measuring
the energy shifts of Ta Ko; x rays between Ta metal, WTa and HfTa alloys
containing small amounts of Ta. The dilute alloy should to a certain
degree simulate the situation encountered in the EC or IC source,

where the Ta atom emitting x rays is in the W or Hf lattice. Ta (2%)
and W (98%) were arc-melted together and left in a liquid phase for
about five minutes. The same process was repeated three times. The

WTa alloy was then cooled down to the temperature of liquid nitrogen.

The alloy became brittle at that temperature and was broken into powder.
The HfTa alloy (with 2.5% Ta) was made by rf welding and ground into
powder. The alloy targets were made of these powders. The Ta K x rays
from four targets irradiated by a high-flux x-ray tube were compared.
The four targets, 3.4 cm in diameter, are Ta foil (0.22 g/cm?), Ta
powder (0.29 g/cm?), WTa alloy (0.32 g/cm?), and HfTa alloy (0.20 g/cm?).

The preliminary results are shown in Fig. 28. The first measurement is

a null test. The dotted points are the corresponding AE ‘s, given

corr
in Table 14. It is unlikely that these results will fully explain
the large shift in Ta. However, a non-zero shift between the WTa

alloy and Ta metal has been observed. We plan to continue this



97

1.0 . . .
T
i
0.5 =
- @ o %
>
@
fe=
b
5 —-0s -
-1.0f ¢
L i A
(1) (2) (3)

MEASUREMENT NO.

FIG. 28. Results of the alloy measurement: (1) AE(Ta foil
-Ta powder) = 0.00(0.06) eV, (2) AE(WTa alloy-Ta powder) = -0.46
(0.14) eV, and (3) AE(HfTa alloy-Ta powder) = 0.11(0.14) eV.

Dotted points indicate the corresponding AE 's from Fig. 27.

caorr



98

experiment with alloys containing different concentrations of Ta, and
hope that the new results will shed 1ight on the origin of the so far

unexplained shift in the Ta K x rays.
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APPENDIX A

HARTMANN TEST OF THE CRYSTAL CURVATURE

(25)

The Hartmann test is designed to test the curvature of the

crystal. The centroids of y-ray peaks diffracted by different portions
of the crystal are measured. Owing to the imperfection of the bending
of the crystal these centroids differ by small amounts. By illustrat-
ing this aberration in a Hartmann diagram, we can determine the best

focal position and the width of the aberration pattern at that position.

In our test the 63 keV y rays from a 1.5 Ci '®°Yb source were
used. The circular source, 1 cm in diameter, was put at 46 cm behind
the crystal. Distance between the crystal and the slit was 198.5 cm.
The slit width was 0.10 mm. 10 portions in the crystal aperture
were chosen, as indicated in the up-right corner of Fig. A.1. Each
portion had a size 0.4 x 3 cm®. The measured centroids of the 63 keV
v-ray peaks are listed in Table A.1, and so are the relative shifts.
The results are illustrated in Fig. A.1l. We found that the width of
the aberration pattern at best focus was 0.12 mm, if we neglected the
portion 5 which was apparently bad. The best focal position was found
to be 1.9 cm from the slit position. Therefore, the optimum crystal to

slit distance for the 63 keV vy rays is 198.5+ 1.9 =200.4 cm and the

200.4

- - 0 s
oy =201.1 cm, where ¢ (=4.8%) is

bending radius of the crystal is

the Bragg angle,
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TABLE A.1 Centroids and their relative shifts
in the Hartmann test.?d

Crystal Portion Centroid c; Centroid Shifts dib
(s.D.) (S.D.)

1 195.28 ‘ 0.28
2 195.06 0.06
3 195.00 0

4 194.88 -0.12
5 194.51 -0.49
6 195.38 0.30
7 195.25 0.17
8 195.08 0

9 194.88 ' -0.20
10 194 .86 -0.22

AErrors of measured centroids were about 0.01 S.D.

; 30, 31
S.D. represents Screw Division ofothe Sine Screw( »31)

of our spectrometer. 1 S.D.Z 1 mA 1in wavelength units.
b , = = -

For 2=1 to 5, di c; G,

FOY‘ 14=6 tO 10, d’l:=c1:-ca.
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FIG. A.1. Hartmann test of the quartz(310) crystal. The horizon-
tal scale of this diagram is 150 times the vertical scale. The ten
numbered positions in the crystal aperture, looking to the slit, are
indicated in the up-right corner.
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APPENDIX B

CENTROID ERROR IN THE PRESENCE OF A LARGE BACKGROUND+
To determine the error in the centroid of a Gaussian for the

specific case of a high background rate, computer generated random data

wereused to simulate a spectrum where N =total number of counts under

the Gaussian excluding background was varied between 200 and 5000 and

R =background to peak ratio was varied from 0 to 10. The centroid

errors(cc) were then computed by a standard 1east-squaresvfitting program.

The results of these fits are plotted in Fig.B.lin a dimensionless

representation. I' is the full-width-half-maximum of the Gaussian. For a

large R (2 0.5), the working empirical formula is

ag
c . ,}_R’f_ B.
z 0.7160 = - (B.1)

For a small R the relation rapidly approaches the analytically determined

Ne

R=0 (no background) case

ag
c . 1
+ 0.6006 7y - (B.2)

Note that Eq. (B.1) overestimates o, by on1y 20% for R z 0.

1'The present study was carried out by Stephen Kellogg.



103

"y JUPISUOD 404 N 4O UOLIOUNY B SB 1/°0 paALuap A|[edLdidug ‘1°9 914

(NVISSNVO ¥3AGNN SINNOD) N

A6 AS Al 00s 00l

{00

"0




104

APPENDIX C

DARWIN TERM OF THE KLEIN-GORDON EQUATION

In general, the Klein-Gordon (KG) equation for a boson in an electro-
-
magnetic potential (A, ¢)

L >
(i - e9)2 ¥ = (V- eh)2y +n?y (c.1)
can be re-written in the two-component ]anguage(68) as
> 2 <*> 2
. 3
2800 - o) + o 3+ es] o0 (c.2)
= Hd = nm+e+ 0
-+ >
where 11=(é_?), P =(_?é), T =-1V-eA,
i L]
AR _ w2 _me
°= 5 L e=nz- + e¢, and 0= pme
L

e is an even operator that does not couple the two components of &. 0
is an odd operator that couples the two components. By performing the
Foldy-Wouthuysen transformation(69)

o =e* 0

L (c.3)
H' = 'S He™*S
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with s= - gﬁ-no, the odd term 0' in H' becomes smaller than 0 by

order of %-. Applying the Foldy-Wouthuysen transformation three times
6

to Eq. (C.2) it turned out that, to order (%%J > the Klein-Gordon

equation (€.2) becomes

i_aim: H"'(Dm
ot
with
>0 >y > 6
m = TT_____1I___ m + 1 ["*2 >2 ]
H n(m+2m ams * Tems ) + ed 5o LT ,[ﬂ' , e¢] . (C.4)

The first term of Eq. (C.4) is the expansion of the Hamiltonian of the
Relativistic Schrddinger (RS) equation. The double commutator term, called
the Darwin term, accounts for the difference of the KG and RS equations.

For a spinless particle in a Coulomb field, we have K==O and
%==E. Therefore, to order (%%f, the difference 1in energy level

predicted by the two equations is

A . = (E

ng -

nl)RS
1 5> 2 > 2
[P ,[P s e¢]
32m*

where Wﬁg is the eigenstate of non-relativistic Schrodinger equation
(2.2).

nl)KG o'

(Ve

) (cs)
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Let us evaluate the expectation value in (C.5). For simplicity

. £ 1 il 0 . . o
we will use < 0% =< wnzlolwnz> and V = ed — . From

and its conjugate we can simplify Eq. (C.5) to

ng ‘1‘5'1n1_3{<(5r:2'v):;2’ V]>' <[; V] (Eonz‘ V)>}

&P )
S (E PZ%D : (C.6)

Since [32, %-] = - é%-g% (for r # 0), Eq. (C.6) becomes

>
n

A L_lz <__§ _é?...> (c.7)

ng -

It can be shown that, for 2 # 0

b 4a
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and(70)

(mZa)* (3n% - 2 (2 +1))
2n® (ot %) (L +1) (e + %) 2(2-%)

< > =

1
r“

Therefore, by Eqs. (C.6)-(C.9)

A= - (Ey© 3n° - n2 (g + 1)
nL 16 "0 (g+%) (2+ 1) (0+X) 2 (2 -%)

for 2 # 0.

(C.9)

(C.10)
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APPENDIX D
POPULATION OF THE MAGNETIC HYPERFINE COMPONENTS

The nuclear transition (electron capture or internal con-

version) under consideration has an initial state

[i>=[I;m > [(ls)s >

and a final state
[f > = [Ieme > Beme>|5ms>,

where |I, m, >, |[Icmc > are the nuclear states, l(ls)i > denotes the
two~1s-electron system that has an angular momentum 0, |Se|ne> is

the remaining 1s electron state with Se =1, and lSlnS> denotes the
outgoing neutrino (electron capture case) or electron (internal conversion
case) state. IIfmf >and ISen% > are coupled to from the final state
|FmF >.  We would like to find the probability that the hyperfine

component with F =If+ % or F =If'- % is populated.

Let Txm be the nuclear transition operator having a multipolarity ).
A

By the conservation of angular momentum, we get the following relations:

> > ->

If= Ii + A

> -> g

A=-S - S (D.1)
> > -+ > >

I.=F + § = ].%{~1).
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The symbolic representation of the coupling of the angular momenta is
shown in Fig. D.1.
The amplitude of the transition |Iim1(1s)§ >~>-|FmF >|SmS > is

*
. . . 2
B = E <Ifmf|TAmA|I1mi> <ssgmem [T, |(1$)o ><I S mem |Fme>. (D.2)

m fme A
By the Wigner-Eckart theorem*’Y) and the definition.of the inner product
of tensors(72) we get

= m
A=<|l]l> 2 (-1)™ < Ly amemy [Teme >< Sk mem | A-my>

<If% me m IFmF>, (D.3)

e
where  <|| ||> denotes the reduced matrix term which is independent of
F and the m's. Using the contraction of three Clebsch-Gordan
coefficients(73) and the coupling of angular momenta given in (D.1),

one can show that

AP
A =<||[|>(—1)'1‘A+3S+211+F'ms'mF —Loe, 0T JOFHL
ST 1
§ I F
<FSmem_|I.m, > . (D.4)
Fs'* i I 5 N
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FIG. D.1. Symbolic representation of the
coupling of the angular momenta.
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Since the final states with different Me (or ms) are orthogonal to

each other, we sum the squares of A over m. (or ms) to get the total

F
transition rate. With the help of

2: [<FSmm_[I.m, >|? =1
mF (Or ms) F's 11

and the normalization of

2P(F) =1,
F

one can get

P(F) =(2 +1) (2F+ 1) : . (D.5)

Furthermore, i1f the population of the outgoing fermion in its
final state of angular momenta S= X+ % and A- % is statistical,

i.e. proportional to 2S5+ 1, then the shift given by Eq. (8.3) is

S I, I

1 A
AE = (2s+1) F | 1.(2x+1) (2142
2(Ati)+1 +2(A-35) 41 Zs: )2 [ predtl] 2]

- (141) (2n1) (21,)
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A 5§ I, I#4%
T a2 (20+1) 1(1641) 222(25+1) [{ U } - :

A 11
=gz (21) 1 (Ig+) [21f+1 21f+1:|

Here we have used the relation

k a b k a b
};(2k+1)(2h+1) { } { }=ah :
h ¢ d g ¢ d 9
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