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ABSTRACT 

Analytical solutions to three heat transfer problems, each 

involving more than one medium, are obtained by using some exact 

and approximate methods. 

L In particular, for the analysis of nucleate boiling at a solid 

surface, a single bubble is simulated by a point source (or a sink) of 

liquid. A solution of the boundary layer type is obtained for a constant 

point sink, and it is used to estimate the microlayer thickness, a 

quantity useful in determining some features of latent heat transfer 

due to vapor flow within the bubble. 

II. The thermal effects of droplets condensing on, or evapo­

rating from, a solid surface are analyzed by solving the steady heat­

conduction equation for a spherical segment droplet on a semi-infinite 

solid with sui table boundary and interface conditions. Expressions for 

the temperatures, the ove r all heat flow and the lifetime of an evapo­

rating droplet are obtained. From these expressions, the effects of 

the solid properties and the contact angle are predicted. 

III. Estimates of long-time thermal contact resistances are 

obtained by considering the transient thermal response of two semi­

infinite bodies in contact over (1) a circular disk; and (2) a series of 

identical, equally spaced strips. The unsteady heat equation is solved 

by using suitable interface conditions with each solid being at an 

initially uniform but different temperature. The solution is valid for 

large values of the Fourier number. 
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INTRODUCTION 

Many of the interesting problems in heat transfer involve more 

than one medium, and quite often the analyses of these problems can­

not be treated by considering each medium separately. That is, the 

analyses require the simultaneous treatment of all the media involved, 

rather than an independent treatment of each medium. In some cases, 

however, one medium may be effectively approximated by, let us say, 

a surface, or a line, or even a point. In this thesis, we investigate 

three important problems in heat transfer, each problem involving 

more than one medium. 

In the first problem we deal with the vapor bubbles of nucleate 

boiling which grow and collapse at a solid surface. The analysis of 

the heat transfer requires an estimate of heat transfer due to conduc­

tion through the "microlayer" of liquid between the vapor bubble and 

the solid wall, and the latent heat transport due to the evaporation 

from the microlayer. Such an estimate requires the knowledge of the 

microlayer thickness. The calculation of the thickness is a well­

defined theoretical problem in fluid dynamics but an exact analysis 

seems impracticable and approximations are, therefore, necessary. 

In the present study we describe the liquid flow outside the bubble by 

a source (growing bubble) or by a sink (collapsing bubble) on a rigid 

plane (see Fig. 1. 1 ). In this way we essentially reduce this two­

medium problem to a one-medium problem so far as the fluid dynam­

ics is concerned. The vapor medium properties are described by the 

source or sink strength. Results, however, are obtained only for a 

collapsing bubble. For a growing bubble we encounter analytical 
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difficulties, presumably because of the possible reverse flows which 

are suspected to exist for the case of a point source on a rigid plane. 

The flow from a line source on a plane is known to have this reverse 

flow (see Fig. 1. 3 ). 

In the second problem we study droplets, condensing on or 

evaporating from a solid surface (see Fig. 2. 1 ), and obtain expressions 

for the quasisteady thermal resistances. This problem involves three 

media - solid, liquid and vapor; but the effect of the vapor, for an 

evaporating droplet, may be decoupled from the solid and liquid effects 

which remain coupled with each other. For a condensing droplet, the 

interactions of the properties of all three media are coupled. It will 

be made evident that the contribution of each medium to the overall 

thermal resistance cannot be separated from the contributions of the 

other media. This interaction takes place because the interfaces of 

the media are not uniform temperature surfaces except at the liquid­

vapor interface for an evaporating droplet. 

The third problem deals with the transient thermal resistance 

between two different solids having imperfect thermal contact. In this 

case we analyze the transient thermal response of two semi-infinite 

solid bodies, the plane surfaces of which are brought into contact. 

Initially, each body is at a different uniform temperature. We con­

sider the possibilities when the contact is established over (1) a finite 

circular disk; and (2) a series of equally spaced identical strips. 

Over these regions of perfect contact we require the t e mperatures 

and the heat fluxes to be continuous. Along the interface where there 

is no contact, we n1ay have heat transfer due to the presence of air. 
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At atmospheric pressures, however, the effect of the air medium can 

be ignored, and we may assume that the regions of no contact are 

insulated. The problem then reduces to the heat equation for two 

media, and approximate solutions are obtained by a long-time pertur­

bation scheme. 

For all these problems the solutions, although approximate, 

are analytical. As a result, we obtain a clear view of the effect of 

the properties of the different media. 
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PART I 

AN ANALYTICAL ESTIMATE OF THE MICROLAYER 

THICKNESS IN NUCLEATE BOILING 
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1. 1 Introduction 

Among the phenomena of interest in nucleate boiling at a solid 

surface is the enhanced heat transfer that takes place with the onset 

of such boiling. In the physical situation of present concern one has a 

large temperature gradient in the liquid in the neighborhood of the 

solid. Vapor bubbles grow and collapse at the solid with a lifetime of 

the order of a millisecond or less. These nucleate boiling bubbles 

have characteristically a maximum size of about O. 5 mm. The 

analysis of the dynamics of such vapor bubbles is important for the 

understanding of the physical mechanism of the increased heat trans­

fer from a hot solid to a liquid in nucleate boiling conditions. 

To explain the increased heat transfer with nucleate boiling 

two mechanisms have been suggested. The first supposes that the 

growing and collapsing of a bubble produces a stirring of the liquid in 

the region of the large temperature gradient near the solid. This 

11microconvection11 is then supposed to produce the increase in heat 

transfer. Because of viscosity the bubble growth and collapse have 

associated with them a viscous layer between the bubble base and the 

solid (see Fig. 1. 1 ). This viscous layer is known as the 11microlayer 11
• 

The second mechanism supposes that the important contribution 

comes from the transport of latent heat. In this latter mechanism the 

heat from the hot wall is conducted through the microlayer and is 

transported from the bubble base to the cooler bubble cap in the form 

of latent heat of vaporization from the microlayer. The contribution 

of this latent heat transport in subcooled nucleate boiling has been 

studied by Plesset and Prosperetti [1]. 
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In the determination of heat transfer rates due to these mecha­

nisms the thickness of the microlayer plays an important role and 

has been the subject of several investigations. From a theoretical 

point of view the calculation of the thickness of the microlayer is a 

well-defined problem in fluid dynamics. However, previous attempts 

[2, 3] to solve this problem have led to solutions which have been 

developed and applied to slowly growing bubbles. These growing 

bubbles are observed in situations in which the temperature gradient 

in the liquid in the neighborhood of the solid is much smaller than the 

gradients which apply to nucleate boiling. The vapor bubbles which 

grow in such moderate temperature gradients not only grow much 

more slowly but also attain sizes of the order of several millimeters. 

These do not usually collapse on the solid but detach from it to collapse 

at a distance from it. Measurements of the microlayer thickness for 

such bubbles have been made by Jawurek [ 4] and by Voutsinos and 

Judd [5] with use of optical interferometry. For the small, short-

lived nucleate boiling bubbles such measurements are not yet avail­

able. 

For a spherical vapor bubble of radius R(t) growing o r col­

lapsing in an unbounded liquid such as water the velocity potential in 

the liquid viewed as a perfect fluid is 

q, (r, t) 
r 

(1. 1) 

. 
where R - dR/ dt is the velocity at the bubble boundary. This 

motion is the same as the motion produced by a point source (or a 

sink) of liquid of strength 
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m s (1. 2) 

Viscous effects for such unbounded spherical motion in water are un­

important. A bubble growing (collapsing) at a solid wall usually has 

a nearly hemispherical shape and the liquid motion away from the wall 

can be described by (1. 1-1. 2). At the wall, however, the no-slip 

condition applies and we have a viscous boundary layer. The motion 

of the liquid is similar to the case of a point source (sink) in an un­

bounded liquid where we introduce a rigid plane containing the point. 

In the present analysis, we obtain an estimate of the micro­

layer thickness during the collapse of a bubble from the known solu­

tion [8] to the boundary layer equations for a constant point sink on a 

plane. That is to say, we simulate a bubble of time-varying radius 

R(t) by a point sink of liquid on a rigid plane in a semi-infinite liquid 

(see Fig. I. 1 ). 
2. 

The strength of the sink is taken to be m = ... R R 

(i. e. , m = -m). An estimate of the microlayer thickness during the 
s 

growth of the bubble could not be obtained in a corresponding way be­

cause of analytical difficulties in obtaining the boundary layer solution 

for a point source on a plane. In fact, such a solution does not even 

exist. An attempt to obtain a solution by the usual similarity variable 

method leads to physically meaningless results [6, 7]. A steady state 

boundary layer solution for a constant point sink is, however, avail­

able [8] and a calculation of the boundary layer thickness is used to 

give an estimate of the microlayer thickness for a collapsing bubble. 
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1. 2 Boundary Layer Solution for a Point Sink on a Plane 

The boundary layer solution for a constant point sink given by 

Rosenhead [8] is presented in the present study with a more detailed 

derivation. The analysis is based on the general class of axisymmet­

ric solutions by Mangler [9] and Geis [10]. With the boundary layer 

approximation, the momentum equation for incompressible, axi­

symmetric flow near a plane is given by 

( 1. 3) 

where u is the radial velocity along the plane, w is the velocity 

normal to the plane, r is the spherical distance from the origin, z 

is the distance normal to the plane, v is the kinematic viscosity, p 

is the pres sure and p is the density. The continuity equation in 

these coordinates is 

a a 8r (ru) + az (rw) = 0 • (1. 4) 

This set of equations is valid within the boundary layer provided the 

usual assumption of the boundary layer being thin is valid. 

The potential flow outside the boundary layer is given in terms 

of the free-field velocity U as 

U(r) 

where the source strength is taken to be 

(1. 5) 

2. 
m = - m = R R (i. e. , the s 
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strength of the sink is m = -R2.R > 0). From the exact momentum 

equation for inviscid flow, we obtain the pressure term 

1~ 
p ar 

= U dU 
dr 

2m2 
= - --5 

r 
(1. 6) 

In the boundary layer approximation it is assumed that (1. 6) describes 

the pressure distribution within the viscous layer as well as outside it. 

As a result, equation (1. 3) becomes 

(1. 7) 

For the set of equations (1. 7) and (1. 4) it is found that 

m .1 
TJ = z(--3 )l. , 

2vr 

2 • 
m = -R R > 0 (1. 8) 

is a suitable similarity variable. We now assume that the radial 

velocity u within the viscous layer can be expressed as 

where f is an undetermined function of TJ• In order to satisfy the 

continuity equation (1. 4), we require 

1 

w = (-:7"}~ [f - 3 ~•] 
2r 

(1. 10) 

Upon the substitution of (1. 9) and (1. 10} into (1. 7), we obtain 

(1. 11) 
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which is a special case of the Falkner-Skan equation. The no-slip and 

the zero normal velocity conditions require that 

f(O) = f 1 (0) = 0 (1.12) 

and in order that u -+ U away from the plane, f has to satisfy the 

requirement 

as (1. 13) 

A numerical solution to this set of equations (1. 11-1. 13) is available 

[8 ], and it can be used to obtain the flow velocity at any point. A 

similar analysis for a point source is carried out in Section 1. 4, but 

it does not lead to a physically meaningful solution. 
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1.3 Microlayer Thickness 

If the boundary layer thickness is defined as the distance in 

which the flow velocity has attained 99% of the potential flow velocity, 

then from (1. 9) it follows that 

f' (TJ) < o. 99 (1. 14) 

From the numerical solution of (1. 11-1.13) we find that (1.14) re­

quires that 

m l 
z(--)2 = TJ ~ 2 

2vr3 

Therefore, the boundary layer is the region 

2 3 1 
0 < z < 2(~) 21 ~ m 

and hence the boundary layer thickness is given by 

2 3 1 

6 :::: 2(~)~ 
m 

(1. 15) 

(1. 16) 

(1.17) 

There is, of course, some arbitrariness in the determination of the 

boundary layer thickness. If the thickness is defined as f'(TJ) = 0.999, 

then one finds 6 :::: 3 (2vr3 /m)½; and if one takes f' h1) = 0. 95 one finds 

3 l 
6 :::: O. 9(2vr /m)z.. 

An estimate of the microlaye r thickness 6 can be obtained 
0 

if we find a suitable expression for m and then interp r e t 6 as 6 . 
0 

The expression for m must be consistent with the assumption that it 

be a constant and it should fit the experimental data for R(t). 
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The above results are valid only for the collapse of the bubble, 

and we take t = 0 as the time when the bubble radius R(t) is a maxi-

mum R , i.e., 
0 

R(O) = R 
0 

If t is taken as the total bubble lifetime, then we require 
0 

In addition, R(t) must satisfy 

-m , 

(1.18) 

(1. 19) 

(1. 20) 

where m is taken to be a constant. Simple integration of (1. 20), 

subject to the conditions (1. 18) and (1. 19), yields 

R(t) = R (1 - ~)½ 
0 t 

(1. 21) 
0 

and 
R3 

2 0 m = 3 t 
(1. 22) 

0 

which upon substitution into (1. 17) gives the microlayer thickness as 

(1. 23) 

This expression may be averaged over the region beneath the bubble 

to give 

< 0 
0 

(1. 24) 

where < o 
O 

> is the average value of o 
0

• 
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In the next section we discuss the problem of the point source 

and show the difficulties we encounter in an attempt to obtain a bound­

ary layer solution. 
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1. 4 Point Source on a Plane 

For a point source we take the free-field velocity as 

U(r) 

and the pressure term for inviscid flow is 

1.£.E_ = 
p ar 

U dU 
dr 

2m2 
s = ---5-

r 

(1. 25) 

(1. 26) 

If we use this term as an approximation in the momentum equation 

(1. 3 ), we obtain 

au 
u ar + 

au 
W­az 

2m2 
s 

= --5- + 
r 

For the set of equations (1. 4) and (1. 27) we find 

( 

m )_l 
,, = z ---f 2 

2vr 
m s 

to be a suitable similarity variable. By letting 

m 
U = U ( r )f I ( TJ ) 

s 
= -2 f'(TJ) 

r 

and 

(1. 27) 

(1. 28) 

(1. 29) 

(1.30) 

we satisfy the continuity equation (1. 4 ). U,pon the substitution of 

(1. 29) and (1. 30) into (1. 27) we obtain 

(1. 3 1) 
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which is a special case of 

(1. 32) 

The no-slip and the zero normal velocity conditions require that 

f(O) = f'(O) = 0, (1. 33) 

and in order that u - U away from the plane, f must satisfy the 

requirement 

as (1. 34) 

For this set of equations (1. 32-1. 34), it was shown by Hartree [6] 

thatthesolutionisnotuniquefor /3 < /3 < 0, where /3 = -0.1988. 
0 0 

We encounter the nonuniqueness because the condition (1. 34) at oo is 

satisfied, regardless of the choice of the integration constants. Two 

of the integration constants are fixed by (1. 33) but one remains free 

and therefore, the solution is not unique. It was later shown by 

Stewartson [7] that for /3 < /3 (/3 = -4, in the present case), any 
0 

solution satisfying (1. 32-1. 34) has f' > 1 for some values of T"J > 1. 

In view of (1. 29), this would mean that the radial velocity would in-

2 crease from a value zero at the plane to a value greater than m /r 
s 

within the viscous layer and then approach the potential flow from 

above. Such behavior is unrealistic and is rejected as being physically 

unacceptable. 
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1. 5 Discussion 

The information about the boundary layer thickness just de­

scribed can be used to estimate the heat transfer rate due to evapora­

tion from the microlayer. A question arises concerning the accuracy 

of the description of the collapse motion which is determined by taking 

m to be a constant. In Fig. 1. 2, R(t)/R from (1. 21 ), which is a 
0 

direct result of this assumption, is shown as a function of tit to-
o 

gether with the data from measurements by Gunther and Kreith [11] 

and by Gunther [12]; also plotted on the same graph are the best fits 

of these data. The assumption that m is a constant is seen to be 

fairly good for O < t < .!t , but is less accurate as t-+½t . We should ~ 4 O 0 

also remark that the bubble velocity at the maximum radius for fixed m 

is not zero while for the growing and collapsing bubble R = 0, at the 

maximum radius. The results given by (1. 23) and (1. 24) cannot be 

compared with any available experimental data because none of these 

deal with collapsing bubbles of nucleate boiling. 

A valid solution for a time varying m would be of considerable 

value but it appears to be exceedingly difficult to obtain analytically. 

For a constant point source a solution of the boundary layer type does 

not exist and it appears that the exact solution is quite complicated. 

Presumably, the difficulty in the potential solution for a point source 

arises from the regions of reverse flows so that one does not have a 

monopole potential flow. The existence of such reverse flows can be 

inferred from the exact solutions of the Navier-Stokes equations for 

the viscous flows from a line source in a two-dimensional channel 

[13-15] (see Fig. 1.3). 
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The analytical model presented here for the microlayer thick­

ness has a significant advantage of simplicity. It also gives some 

useful information regarding the variation of the microlayer thickness 

along the solid boundary. 
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(a) A diagrammatic representation of a typical nucleate 

boiling vapor bubble with a viscous microlayer. 

(b) Mathematical model (point source or sink). 
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Line source 

Reverse flows resulting from a line source on a plane; 

arrows indicate magnitude and direction of the fluid 

velocity. 
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PART 2 

EFFECT OF SOLID PROPERTIES AND CONTACT ANGLE 

IN DROPWISE CONDENSATION AND EVAPORATION 



Nomenclature 

Bi = hp/k1 

DI 

Dz 

aD12 

8Dlv 

8Dzv 

f ('T ) 

g(8, Bi) 

h 

kl 

k2 

Nu 

pe(T) 

P_.!+i7 (x) 
2 

q 

Q 

R 

,:c 
Tl 

>!< 

T2 

,:, 

Tif 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 
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Biot number 

spatial region of droplet 

spatial region of semi-infinite solid 

solid-liquid interface 

liquid-vapor interface 

solid-vapor interface 

correction factor 

correction function 

heat-transfer coefficient 

thermal conductivity of liquid 

thermal conductivity of solid 

Q/[k1p IT - TI]= Nusseltnumber 
0 V 

equilibrium vapor pressure at temperature T 

Legendre function of complex degree, -½ + i'T 

heat flux 

overall heat flow 

universal gas constant/molecular weight of 

vapor 

temperature distribution in liquid 

temperature distribution in solid 

temperature distribution of solid-liquid 

interface 



T 

T 

T 

t 

t 

V 

0 

C 

0 

V 

Cl 

(3 

(30 

'I 

E 

0 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

26 

temperature at center of solid-liquid inter­

face 

vapor temperature 

temperature at large distance into solid 

>l< 
(T1 - T )/ (T - T ) = dimensionless 

0 V 0 

temperature distribution in liquid 

* (T2 - T )/ (T - T ) = dimensionless 
0 V 0 

temperature distribution in solid 

,:c 
(T "f - T )/ (T - T ) = dimensionless 

1 0 V 0 

temperature distribution of solid-liquid 

interface 

,:c 
(T - T )/T - T ) = dimensionless 

C O V 0 

temperature of center of solid-liquid 

interface 

time 

lifetime of an evaporating droplet 

volume of droplet 

spatial coordinate 

spatial coordinate 

0 + 1T 

accommodation coefficient 

kl /k2 

contact angle 



= 

= 

= 

= 

= 
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latent heat of vaporization 

base radius of droplet 

initial radius of evaporating droplet 

density of liquid 

equilibrium vapor density at temperature T 
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2. 1 Introduction 

In view of the large heat fluxes observed in dropwise condensa­

tion, this subject has received a considerable amount of attention. 

Although the analysis and the physical fundamentals of the reverse 

process, dropwise evaporation, are similar in many respects, most of 

the effort has been concentrated on the condensation problem. Due to 

the complexity of these heat-and-mass transfer processes, an exact 

analysis is virtually impracticable. However, several models have 

been proposed to approximate the condensation process but oversimpli­

fications invalidate some of these. For example, Fatica and Katz [1 ], 

Sugawara and Michiyoshi [2], and Nijaguna [3] have considered steady 

heat conduction in a single droplet with a discontinuity in the tempera­

ture along the edge. The discrepancy due to this discontinuity was 

recognized by Ahrendts [ 4], Hurst and Olson [5] and Umur and Griffith 

[6] and it was later shown [7] that such a model is inadmissible because 

it predicts an infinite amount of heat flow across the droplet. Other 

models [ 4, 6, 7] are incomplete in the sense that the condenser material 

properties could not be considered and their validity is, therefore, re ­

stricted to cases in which the thermal resistance between the droplet 

and the vapor is dominant. However, there has been some interest in 

understanding the effect of the condenser material properties, and in 

one of the first analyses Mikic [8] suggested that the effect was due to 

large droplets behaving as inactive areas constricting the heat flow. 

Recently, this idea was further pursued by Hannemann and Mikic [9] 

with some modifications of the original model. Earlier, Hurst and 
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Olson [5] considered the condenser material properties by numerically 

solving the heat equation for a hemispherical droplet on a flat-disk 

shaped condenser. 

In the present study both evaporation and condensation of drop­

lets are analyzed and the effec~ of the condenser (evaporator) material 

is dealt with by solving the steady heat-conduction equation for a geome­

try consisting of a droplet in the form of a spherical segment on a semi­

infinite solid (see Fig. 2. l ). This model assumes that the influence on 

a droplet due to surrounding droplets is negligible. The results of this 

analysis show that for a liquid like water condensing on (evaporating 

from) a metallic solid the temperature within the solid approaches the 

far-field value rapidly with distance from the edge of the droplet. There­

fore, it is quite reasonable to assume that the range of influence of a 

droplet is restricted to a distance which is of the order of the droplet 

size and droplets so distributed may be regarded as isolated. However, 

a large droplet near several very small ones has a strong influence on 

them, and the present analysis is not valid for such cases. The model 

also restricts the validity of the results to systems having condensers 

(evaporators) more than a few droplet radii thick. Thin solid sheets 

such as foils are excluded. For the droplets of interest (less than l mm 

diameter) the assumed droplet shape is quite reasonable because the 

effect of gravity is much weaker than that of surface tension. Also for 

such droplets the viscous forces dominate over gravity, and free con­

vection can be neglected (the Grashof number is less than 10 for water). 

One need not consider the transient effects in the heat conduction because 

the condensation or evaporation appears to be much slower than diffusion. 
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That is, the time it takes for the droplet size to change by an amount 

comparable with the original size is much longer than the time it takes 

for the latent heat to diffuse into or out of the droplet. In solving the 

steady condensation problem, the transfer of latent heat into the liquid 

droplet due to the vapor flow is approximated by a mixed boundary 

condition involving a heat-transfer coefficient, h, which is calculated 

by using Plesset's formula [10, 11] for vapor flow onto a liquid sphere. 

By using such a boundary condition we match the heat fluxes on each 

side of the liquid-vapor interface. The vapor with a far-field tempera ­

ture T deposits a heat flux h(T - T ) onto the cooler liquid surface 
V V S 

having a temperature distribution T . This flux is equated with the 
s 

heat flux conducted into the droplet. For an evaporating droplet, it 

follows from Plesset1 s results (1 0] that the temperature of the liquid­

vapor interface can be taken equal to the far-field vapor temperature 

T . The solid-vapor interface for both cases is taken to be insulated 
V 

because the thermal conductivity of the vapor is much smaller than that 

of the solid. This condition is not only realistic but also necessary to 

obtain a nontrivial bounded solution for the temperature. Along the 

solid-liquid interface perfect thermal contact is assumed and therefore 

the temperature and the heat flux are required to be continuous. At 

large distances into the solid the temperature is taken to be a constant, 

T . For this model, exact solutions are found for an evaporating 
0 

droplet (T > T ). For the case of a condensing droplet (T < T ) 
0 V O V 

exact solutions are found for some special values of h and approximate 

solutions for other values of h. These solutions are then used to obtain 

expressions for the overall heat flow Q across the droplet, the rate of 

change of the droplet size, and the lifetime for an evaporating droplet. 
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2. 2 Mathematical Formulation 

For the model described in Section 2. 1, the temperature distri­

bution is given by 

2 ,:, 
V T. = O, 

J 
in D., j=l,2, 

J 
(2. 1) 

* * where T 1 and T 2 are the temperature distributions in the droplet 

and the solid respectively, and D1 and D2 are the corresponding 

spatial regions. The boundary conditions discussed may be stated as 

for T < T • o v' 

(2. 2) 

or 

for T < T • 
V o' on anl V , (2 • 2 I) 

(2. 3) 

(2. 4) 

0 , on an2v, (2. 5) 

and, at a large distance into the solid, 

T 
0 

(2. 6) 

where a/ an is the outward normal derivative, an1 v is the liquid­

vapor interface, an21 is the solid-liquid interface, an2v is the 
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solid-vapor interface, k 1 and k2 are the thermal conductivities of 

the liquid and the solid, respectively; h is the liquid-vapor heat-

transfer coefficient, T is the vapor temperature and T is the 
V 0 

temperature of the solid at large distances from the droplet. To satisfy 

this set of equations (2. 1-2. 6) one resorts to a toroidal coordinate sys­

tem involving the transformation (12] 

z+ir = ipcoth[½(a+il3)], (2.7) 

where z and r are the coordinates for cylindrical geometry, p is 

the droplet radius, and a and 13 are the transformed coordinates 

(see Fig. 2. 2 ). With this coordinate system, for axial symmetry, one 

finds that equation (2. 1) becomes 

a[ 
·ha aT.] Slll __j_ 

aa cosha - cos 13 aa 
+ a I sinh a aTjl = 

a13 lcosh a - cos 13 a13 J 0 , 

o < a < oo, j = 1,2; ir ~ 13 < 13, j = l; 
0 

0 < 13 < ,r, j = 2, 

(2. 8) 

t,c 
where T. = (T. - T )/ (T - T ). The variables cannot be separated 

J J O V 0 

directly for this equation. However, by making the transformation 

[12]. 

1 
T. = (2cosha-2cos13fiv. 

J J 
j = 1,2, 

and by substitution into (2. 8 ), one finds that the equation for v ., 
J 

(2. 9) 
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av. l 
coth a _..l_ + - v. = 

aa 4 J 
0 , 

(2. 10) 

can be separated. The boundary conditions (2. 2-2. 6) transform into 

or 

and 

1 
= ----------- for T < T ; P. = P. • 0 .:S. a < oo, 

0 V I-' 1-'o' 
(2 cosh a - 2 cos /3 )2 

0 

(2. 11 ) 

1 

(2 cosh a - 2 cos /3 )2 
0 

for T < T • /3 = /30; 0 _:s. a < oo, 
V o' 

(2.11') 

/3 = 'TT; o .:s. a< oo , (2. 12) 

/3=1T; 0 __$ CL < oo (2. 13 ) 

0 , /3 = O; 0 < a < oo (2. 14) 

a, /3 --. o , (2. 15) 

where e = k
1 
/k

2
, and Bi = hp/k

1 
is the Biot number. In the coordi-

nate system used, /3 = /3 corr e sponds t o the liquid-vapor interface, 
0 

/3 = 'TT to the solid-liquid interface, a nd /3 = 0 to the solid-vapor 
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interface (see Fig. 2. 2 ). At large distances from the droplet a, /3-+ O 

and therefore, equation (2. 6) is satisfied because the factor 
1 

(2 cosha - 2 cos 2 /3)2 in (2. 9) goes to zero. 

Since all the boundary conditions are specified at constant 

values of /3, we require a solution involving oscillatory functions in a. 

A general solution of this type for equation (2. 10) is [12] 

[A . (T)cosh/3T + B.(T)sinhj3T]P 1 +. (cosha)d-r, 
J J - 2 lT 

j = 1, 2, (2. 16) 

where A.(T) and B.(-r) are function of T depending on the boundary 
J J 

conditions, and P 1 +. (cosh a) is the Legendre function of complex 
- 2 lT 

degree, -½ + iT. By choosing v 1 and v 2 to be the following special 

forms: 

V -JOO 1 -
0 

and 

~(T)sinh(/3 -/3)-r + \Jl(T)sinh(/3-,r)T 
0 

· h(/3 ) P 1 +. (cosh a)d-r , 
S lll O - 1T T - 2 1 T 

J00 

i!?(T)cosh@T h 
v2 Jo coshirT p -½ + i-r (cos a)dT , 

(2. 1 7) 

(2. 18) 

the boundary conditions (2.12), (2.14) and (2.15) are satisfied. Upon 

satisfying (2. 13) we find that 

W(T) = i!?(T)[.!. tanh,rT sinh(/3 - ,r)T + cosh(/3 - ,r)) . 
E O O J (2. 19) 
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In order to obtain w (T) (and hence, ~ (T)] we need to satisfy (2. 11) or 

(2. 11 ') as the case may be . In the next section we deal with an evapo­

rating droplet in which case we satisfy (2. 11 ') exactly. 
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An Exact Solution for an Evaporating Droplet 

Equation (2. 11 1 ) can be easily satisfied by expanding its right 
1 

side, (2 cosh a - 2 cos f3 )-2 , in the integral form [12], 
0 

1 =ioocosh{f3o-'1r)Tp i . 
---------- __ + 

17 
{cosh a)dT . 

(2 cosh a - 2 cos f3 )2 cosh 'ITT 2 
0 0 

(2. 2 0) 

Upon the substitution of {2.17) and (2. 20) into (2.11'), we obtain 

Joo ioo cosh(f3 - 'Ir )T 
'11 (T )P 1 +. (cosh a)dT = h O P 1 . (cosh a)dT . 

- 2 lT COS 'ITT -~ + lT 

0 0 

(2. 21 ) 

This equation may be inverted by making use of the fact that an arbi­

trary function g(a), subject to the condition that s: a jg(a) jda < oo, 

may be expanded as 

00 

g(a) =l G(T)P -½ + iT(cosh a)d'T, 

where G is given by the Mehler-Fack transform [12), 

00 

G(TJ) = "ltanh'lrTJ{ g(a)P 1 . (cosha)sinhada , 
-2 + 111 

0 

(2. 22) 

(2. 23) 

of g(a). These relations clearly imply the orthogonality of the trans­

form in the Dirac delta sense, i.e., 

6(11-T) = 

00 

17tanhm11 P 1 • (cosha)P 1 +. (cosh a)sinhada. 
-~tlT -2 117 

0 (2.24) 
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Therefore, based on this orthogonality property, we obtain from (2. 21) 

cosh({3 -tr}T 
0 

cash irT 

From (2. 19} it follows that 

E 

[tanh 'ITT tanh((3 -tr )T + e ]cosh trT 
0 

(2.25) 

(2. 26) 

The heat flux, q(a), across the solid-liquid interface may be 

written as 

q(a) 
{3=tr 

00 

k2 1 =-2 (T - T }(2 coshet- 2 cos tr) TtanhtrT ~T)P i+• (cosha)dT. 
p O V - 2 lT 

0 

(2.27) 

The overall heat flow, Q, is obtained by integrating q(a) over the 

solid-liquid interface as follows:. 

00 

Q = I 21r(2 h 2 f q(a)sinh ada cos Ot - cos 1T 
0 

00 [00 J 4rrk p(T -T ) . 1 o v smhada 
= e J _ JTtanhtrT ~(T)P _.l+i

7
(cosha)dT . 

(2cosha-2costr }2 2 
0 0 

(2. 28) 

1 

By letting {3 = tr in (2. 20) we may represent (2 cash Ot - 2 cos tr)- 7 as 
0 

an integral. Upon doing so in (2. 28) we find that 
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00 00 

41rk1p(T0 -T)J . [J 1 
Q= ----- sinhada h 

E COS 'IT",, 
0 0 

P 1 +. (cosha)d.,,] -2 1,, ., 

(2. 2 9) 

which, upon making use of the orthogonality relation (2. 24), becomes 

00 00 

Q = 1 o v ~(T) d _ 4 k (T T ) sech 'IT"T 4,rk p(T -T f J 2 
E coshirT T- ,r 1P o- v [tanhirrtanhth + E] ' 

0 0 

(2. 3 O) 

where 0 = (/3 - ,r) is the contact angle. This result may be written in 
0 

the dimensionless form 

Nu 
2 

sech ,rr dr 
(2. 31) 

[tanh irrtanh0r + E) 

where Nu = Q/[k1p(T - T )) is defined as the Nusselt number. It 
0 V 

appears that an exact expression for the integral is not known and 

therefore, it is evaluated numerically and the results are presented in 

Fig. 2. 3. 

For most liquids evaporating from metallic solids E ~ O. 01 

and for such cases most of the contribution to the integral takes place 

near T = O. It would therefore be a good approximation to replace 

tanh0r in the demoniator by (0/,r )tanh ,rT. By the further substitution 

x = tanh irT, the integral takes the form 

1 

Nu == 4,r i dx = 
0 [x2 + ~) 

0 f) 

1T .!. -1 {) l.] 
4(-)2 tan [<-r" 8E 1TE 

2.32) 
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which for 0 » 0 can be further approximated as 

Nu 
2,r3/2 

= -,:-
( 0 E )2 

(2. 33) 

or 

Q = (2. 3 4) 

Equation (2. 32) is exact for 0 = 0 and 0 = ,r, and agrees with (2. 31) 

to within 20% for other coptact angles when E ~ O. 01. 

* The solid-liquid interface temperature distribution Tif can be 

obtained from (2. 17) or (2. 18) as 

T -T. * 
0 1f 

Tif = T - T 
.11

00 

E sech ,rT = (2 cosha+ 2)2 --------- P 1+. (cosha)dT . 
[tanh1rT tanh 0T+ E] -2 

17 
0 V 

0 

(2. 3 5) 

For the special case of a hemispherical droplet, this expression be-

comes 

P _.1 + iT(cosh a)dT 

1 
[cosh 11'7" - l+E] 

By using the integral representation for a> 0 in (2.36) 

2 
P 1 +. (cosh a) = -

-2 17" 1T Ja ___ c_o_s_T~~-------x-d~ 

(2 cosh a - 2 cosh ~)2 
0 

(2. 3 6) 

(2. 3 7) 

and integrating with respect to T, we find that the expression for Tif 

reduces to 
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(2. 3 8) 

The temperature at the edge of the droplet is obtained [by letting 

a - oo in (2. 3 8 )] to be T . By letting a - 0 in (2. 3 6 ), the temper a­v 
>:C 

ture T at the center of the base is found to be given by 
C 

1 

(2. 3 9) 

which may be approximated as T ::::: (2e )2 • These calculations clearly 
C 

show that the base temperature varies from a value close to T at the 
0 

center to T at the edge and is clearly not uniform. 
V 

From the heat flow results, the diminishing rate of the droplet 

size can be calculated and used to find the time it takes to vanish. The 

rate of change of volume V is given by [7] 

2 
dV = ,rp 2 (1 - cos 0

3
) (2 + cos 0) !!e.,dt 

dt sin 0 
(2. 40) 

and the volume evaporation rate of the liquid in Q/ (A p 
1 

), where A is 

the latent heat of vaporization and p
1 

is the density of the liquid. There­

fore, the rate of change of the droplet base radius is obtained as 

k 1 (T - T )Nu 
0 V sin3 O 

2 (1 -cosO) (2+cos0) 
(2. 41) 
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which upon integration leads to 

[ 

2k1(T - T )Nu 
0 V 

p = Po 1 - -----,,.z--
iT AP1 Po 

3 ] 1. sin 0 2 
2 t , 

(1 - cos 0) (2 + cos 0) 
(2. 42) 

where P. is the initial radius. It is not difficult to see that the 
0 

droplet takes a time 

t 

2 2 
1rX.p

1
p

0
(1-cos 0) (2+cos 0) 

(2. 43) 
0 

to vanish. 

= 
2k1 (T - T )sin

3 
0 Nu 

0 V 

Similar calculations can be carried out for a condensing droplet 

but it turns out that the expression for Nu is much more complicated 

and involves the droplet radius p. 

next section. 

The details are discussed in the 
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2.4 Approximate Solution for a Condensing Droplet 

For a condensing droplet instead of satisfying (2. 11 1 ) one needs 

to satisfy (2. 11) in order to determine ~(T) used in equations (2. 17 -

2. 19 ). However, an attempt to do so yields a double integral equation 

for ~(T) with very complicated kernels. An explicit expression for 

~(T) can only be found for Bi = ½ sine and Bi -+ oo. Therefore, 

approximate solutions are sought and one such solution can be obtained 

by finding a suitable function f(T) satisfying 

00 

= J 'V(T)P_½ + i 
7

(cosh a)dT 

0 

00 

= (2 cosh a - 2 cos ~J J 'V(T)f(T)P_½ +i
7

(cosh a)dT . 

0 

(2. 44) 

Substitution of (2.19) and (2. 44) into (2.11) leads to 

00 • A 

J { Slll t"'. 1 1 
(l+ 2 Bi~f(T)[; tanh,r-rsinh(f3

0
-ir)T+cosh(f3

0
-ir)T] + 2 Bi T 

0 

X [.!.tanhir-r+tanh(~ -,r)-r]coshrn - ,r)-r}qi(-r)P 1 +· (cosha)dT 
E O O -~ lT 

= 
1 

[2 cosh a - 2 cos f3 ]
372 

0 

where the right side may be written in the integral form 

(2. 45) 
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00 

1 
3/2 = 

(2 cosh a - 2 cos~ ) 

1 J T sinh((30 - 1T)T 
-~ P 1 +· (cosh a)d-r • sin r--: -- 1-r o cash 'IT''T 2 

0 0 

(2. 46) 

By the substitution of this integral representation into (2. 45) and by the 

inversion of the integrals we obtain 

(2. 4 7) 

where 0 = ((3 - ,r) as in Section 2. 3. Here f ( -r) is still an unknown 
0 

function and may be determined as an approximation by equating the 

total heat flow across the liquid-vapor interface to that across the 

solid-liquid interface. 

The total heat flow Q across the liquid-vapor interface is 

given by the Nusselt number Nu as 

Nu (2. 48) 

where S denotes the surface over which we integrate. In order to 

integrate T 1 I '3='3 over S we write (2. 48) in terms of a and 0 as 
0 

follows: 

Nu = Joc __ 8_,r_B_i ___ 2_ [1 -Tl 1{3=(3o] sinh a <la , 
(2 cosh a+ 2 cos O) 

0 

(2. 49) 
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which, in view of (2. 9 ), may be written as 

00 

Nu =I __ 8_1r_B_i ____ 3 __ / ..... 2 l 1 - - vl I '3-~ )s inh Of da. 

0 
(2 cosh Of+ 2 cos 0) (2 cosh a+ 2 cos 0) 2 - o 

(2. 5 0) 

By making use of the integral representations (2. 17), (2. 20) and (2. 46) 

we obtain 

Nu 

00 

00 

J !) sinh en 
cosh 1TT) 

0 

P 1 +. (cosh a)dT)) 
-2 lT) 

ll [cash 0T ] l . X h - '1t(T) P 1 +. (cosha)dT smh a da . 
COS 1TT - 2 lT 

0 
(2. 51) 

The substitution of (2. 19) and (2. 4 7) into (2. 51) and the use of the 

orthogonality relation (2. 24) yield 

00 
[tanh 1TT _ f (T)sin 0 + e 1 _ f (T )sin 0 ] 

J 
(f(T) sin 0 _ l) 2Bi + tanh 0T T coth1rT ( T tanh 0T) 

N _ 41T Ttanh 0T sin 0 tanh1rT tanh 0T + e d 

u - l sin 0 [ tanh 1r T + ] l 7 
• 

o cosh 1rT sinh 1rT 1 _ sin 0 f (-r)sin 0 + 2Bi tanh 0-r e 
cash 0T sinh 0T ( 'Z".B'!)T tanh 0T [tanh1rTtanh 0T+ e] 

(2. 52) 

If the heat flow calculation is carried out at the solid-liquid interface, 

the expression for the Nusselt number is 



Nu = : l (2 cash a -

s 

45 

-- 4rrE J oo a T2 (2 cosh a+ 2) "aj3 sinh a da 
2 

(2 cosh a + 2) 
0 

00 

= 4rr J s inh a da 
E (2cosha+2)7. 

0 

00 

J 
7tanh 1T7 <1>(7)P 1 +. (cosh a)d7 

-2 17 

0 

(2. 53) 

which, in view of (2. 28 -2. 30), becomes 

Nu = 4,r loo <1>(7) 
E cosh ,r T d 7 • 

0 

(2. 54) 

The substitution of (2. 47) in the above expression leads to 

00 

Nu = 4w J 
0 

2 
sech 1T7 d 7 

(1 _ sin 0) f(7)sin 0 [t nh t h 0 + ]+ sin 0[tanh,rT+ ] • 
2Bi Ttanh 0T a 1TT an 7 

E 2Bi tanh 0 7 E 

(2. 55) 

If one requires that the integrands in (2. 52) and (2. 55) be identical, one 

obtains 

f (7) = 
T tanh 0T 

sin 0 
(2. 56) 
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It must be pointed out here that this expression for f (T) is not 

necessarily exact. The above procedure for obtaining f(T) is effec­

tively equivalent to integrating the boundary condition (2. 11) and hence, 

all the information cannot be obtained. Also, it is quite clear that to 

require the integrals in (2. 52) and (2. 55) to be equal, it is not neces­

sary for the integrands to be identical. Therefore, it is appropriate 

to write, instead of (2. 56 ), 

Ttanh 0T 
sin 0 

(2. 57) 

By the substitution of (2. 57) into (2. 52) or (2. 55), the expression for 

Nu becomes 

Nu J
oo 2 

sech ,rT dT :::: 4,r -~~,........,,.... 
sin 0 tanh,rT tanh 0T 

0 
tanhirT tanh 0T + e + 2 Bi 

sinh
2 

07' 

(2. 58) 

In the next section this expression is compared with some 

exact ones for special limiting cases. 
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Comparison with Exact Solutions 

For the case Bi ... co, the boundary condition (2. 11) simplifies 

= 
1 

(2 cosha - 2 cos (3 )2 
0 

(2.59) 

which is the same as (2. 11 '). Therefore, the expression for Nu should 

be the same as (2. 31) and that indeed is the case when Bi ... oo in 

(2.58). 

When Bi = ½ sin e, the first term on the left-hand side of 

(2. 11) is zero and <I> (T) turns out to be independent of f(T). Since the 

only appr oximation in (2. 52) and (2. 55) is the knowledge of f (T ), the 

result (2. 58) is exact for the case in which it is unaffected by f (T), 

namely Bi = ½ sine. 

Further comparisons of (2. 58) can be made with a set of results 

from the analysis by Sadhal and Martin [7] in which a solution was 

obtained by assuming the droplet base temperature to be uniform at 

T. For O ~ 0 ~ 1r/2, the expression for the Nusselt number was 
0 

given by 

where 

Nu :::: 

a = .!. (1 
0 2 

co 
[(1- a )-(1+µ) L 

o o n=l 

a P' (µ ) 
n n o ] 
n(n + 1) 

00 
(2. 60) 

[ ( 1 - a ) - L a P (µ ) ] 
o n=l n n o 

(2. 61) 
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~( 1 - ll 
2 ) + .!. ct> l l 

2 
4 'O 2 'O 

(2. 62) 

1 + (1 -µ
2

)½/Bi 
0 

2 
(1 - µ )[P (µ ) - µ P' (µ )]- P (0)] +.i.. o no ono n 

µ
0 

n(n-1)-2 
a = (2n+l) 

n 2 

n > 2 , (2. 63) 

µ, denotes cos 0, P denotes the Legendre polynomial of degree n, 
o n 

and ¢ = [l - 20/rr]2811T. This solution corresponds to the case E = 0 

in the present analysis, and (2. 58) has exact agreement with (2. 60) for 

the trivial case 0 = 0, i. e. , 

Nu j = ,r Bi . 
8=0, E =0 

(2. 64) 

1 

However, for e near rr/2, in (2. 58) Nu behaves like ~ Bi2 for 

large Bi while numerical calculation of (2. 60) indicates that 

Nu ~ .tn Bi. The latter analysis is known to be exact for 0 = ,r/2 and 

therefore (2. 58) does not hold for large Bi when E = 0. 

To make use of the information available from all the exact 

solutions, a correction g(0, Bi) is made to the factor sin 0/ (2 Bi) in 

(2. 58) so that Nu may be written as 
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Nu J
oo 2 

sech irT dr 
:::: 4'!T 

t h t h 0 + + [sin 0 + ( 0 B. ) ] tanh ,r 7 tanh 0 7 

0 
an ,r r an 7 e 2 Bi g , 1 . 2 

smh 0r 

(2. 65) 

The correction function g(0, Bi ) i s chosen so that when e = 0, (2. 65) 

yields approximately the same results as those obtained in [7] and so 

that the exact solutions remain unaffected. Since logarithmic behavior 

in Bi is required and without g(0, Bi), (2. 65) would behave like 

~ Bi½, it is appropriate to choose g(0, Bi)~ (ln Bi)-
2
. Furthermore, 

g(0, Bi) is required to be zero when Bi = ½ sin 0 and e are both zero 

becau se, at these values, (2. 58) is exact. After a few trials, a suitable 

expr ession for the correction function is found to be 

. . 3 sine 14 1 [ sin 0 1-
2 

g(0, B1) = 1. 8 sm 0(1 - 2 Bi) (1 - 2Bi) ln{ 2 Bi) 0 

(2. 66) 

It is important to mention that since the results (2. 60 - 2. 63) were re ­

stricted t o contact angles O .:::; 0 _,s: ,r /2, the same c ond ition rnust apply 

to (2. 65 ). 

Results from the numerical integration of (2. 65) are pre s ented 

in Fig. 2. 4. It can be seen that for large values E the dependence of 

Nu on e is quite strong but, depending on the value of Bi, it gets 

w eaker as E becomes smaller. 

The droplet growth rate for this case also is giv e n by (2 . 41) but 

since Nu is a c omplicated function of p, strai ghtfo r ward inte gration 

i s not possible. 
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Calculation of the Liquid-Vapor Heat-Transfer Coefficient 

There has been considerable interest in the problem of vapor 

flow to a liquid surface. The difficulty, generally, has been in in­

cluding the effect of the bulk velocity of the vapor, and some authors 

[13, 14] have dealt with this problem by introducing correction factors. 

However, in Plesset's work [10] on the flow of vapor between parallel 

liquid surfaces, the bulk velocity for low Mach number was considered 

implicitly. This result was later extended by Plesset and Prosperetti 

[11] for vapor flow between spherical and cylindrical surfaces. 

In particular, for flow from an inner sphere of radius R and 
V 

temperature T to an outer spherical cavity boundary of radius R 
V S 

and temperature T , the bulk velocity u at the cavity is given [11] 
s s 

by 

e e 
p (T ) - p (T ) 

V S 
(2. 67) 

where '{ is the accommodation coefficient, 
e e p (T ) and p (T ) are 

V S 

the equilibrium vapor pressures at temperatures T and T respec-v s 

tively, and R is the ratio of the universal gas constant to the molecular 

weight of the liquid and the vapor. This result can also be applied to 

vapor flowing from an outer cavity boundary of radius R and temper-
v 

ature T to an inner sphere of radius R and temperature T . For 
V S S 

this case, in the limit R -+ oo, (2. 67) takes the form 
V 
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u = (RT 5 )½ 
s y 2'TT (2. 68) 

from which the vapor flux J is evaluated to be 

e 
J = u p (T ) s s (2. 69) 

e e I where p (T ) = p (T ) (RT ) is the equilibrium vapor density at s s s 

tempe rature T . 
s 

e e From the Clausius-Clapeyron equation p (T ) and p (T ) can 
V S 

be related 

(2. 70) 

where X. is the latent heat of vaporization. For Ts very close to Tv, 

this may be further approximated by 

(T - T )] . 
V S 

(2. 71) 

Upon substitution of this approximation into (2. 69), the heat flux 

q = JX. is found to be 

q = '( (2. 72) 
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and by noting that T 312 T 
S V 

::c T 5/2 
V 

the heat-transfer coefficient 

h = q/ (T - T ) may be expressed as 
V S 

h = (2. 73) 

This is the result for vapor flowing onto a liquid sphere and due to 

symmetry it is also valid for a hemisphere. For the general case of 

vapor flowing onto an arbitrary spherical segment an expression for 

h is not available but may, nevertheless, be approximated by (2. 73 ). 

By taking the accommodation coefficient y to be unity as 

recommended by Nabavian and Bromley [14], numerical calculations 

6 2 
for water at T = 373K show that h ::c 7. 7 X 10 Watts/(m - K). 

V 

The Biot number Bi = hp/k
1 

for droplets ranging in size from 10 1.i.m 

to 1 mm varies from about 100 to 10, 000. 
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2.7 Discussion 

The results of the present study clearly illustrate the impor­

tance of the material properties of the solid and of the droplet contact 

angle for both evaporating and condensing droplets. For an evapora­

ting droplet the liquid-vapor interface temperature is set at T . If 
V 

the solid properties are ignored by setting the droplet base tempera-

ture to be T =f. T , calculations show that the total heat flow Q 
0 V 

would become unbounded, which is of course unrealistic. This behav-

ior is made quite clear by equations (2. 3 0-2. 31) from which we see 

that ii k
2 

..... oo (i.e., e ..... 0), then Nu ..... oo. The overall behavior for 

e ~ l may be summed up by equation (2. 34) which predicts Q as being 
l 

proportional to (k
1 

k
2 

)2 . The dep endence of Q on the contact ang le i s 

well described by (2. 32). 

For a condensing droplet, the analysis shows a strong depen-
l l 

dence of Q one for ln Bi~l/e 2 or ln Bi> l/e 2 . When 
l 

ln Bi » 1 / E 2 , the dependenc e of Q is dominated by E and it ap-
1 

proaches the value Q a: (k
1

k
2

)2 given by equations (2. 32-2. 34). Cal-

culations for water condensing on metals show that Bi varies from 

about 100 to 10, 000 while e varies from about 0. 001 to 0. 01. The r e ­

fore, the importance of considering the condenser properties is evi­

dent, especially for large droplets and/ or for small contact angles. 
1 

Interestingly, the behavior Q a: (k
1 

k
2 

)2 agrees very well with the 

three experimental data points reported in the work of Griffith and 

Lee (15]. This result differs from that of Nijaguna and Abdelmessih 
l 

(16] who obtained Q cc k
2

2 by considering the transient response of a 

thin film of liquid on a semi-infinite solid. Such behavior i s to be 
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expected because it is an intrinsic property of transient heat flows in 

all simple geometries. However, in the present analysis the propor-
1 

tionality of Q with (k
1 

k
2 

)2 is the result of the edge effects of the 

droplet with the solid surface around it being insulated. Another 

important implication of the very large Biot numbers is that the solid­

liquid interface temperature approaches high nonuniformity as in the 

case of an evaporating droplet. Therefore, it would be incorrect, 

under the circumstances described, to add the separate resistances of 

the droplet and the solid. In general, the criterion for the separability 

of resistances is the existence of an isotherm along the desired surface 

of separation. For small droplets, however, the Biot number may be 

small enough so that the overall resistance may be that of the droplet 

alone. 

To obtain a more precise theoretical prediction, one can calcu­

late the average heat flow across a given area by adding the individual 

flow rates across droplets for a known size distribution. Since the 

properties of the solid, the liquid, and the vapor are all considered 

simultaneously, such calculations would be a step closer to a more 

complete theory in the study of droplets. 
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Vapor 

Fig. 2. 1. Physical model for the analysis. 
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Fig. 2. 2. Toroidal coordinate system. 
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EVAPORATING DROPLET 

100 

Fig. 2.3. 

0 
1()3 

Variation of evaporating droplet Nusselt number with 

conductivity ratio e = k 1 /k2 for different contact angles. 
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PART3 

TRANSIENT THERMAL RESPONSE OF TWO SOLID 

BODIES IN PARTIAL CONTACT 



Nomenclature 

a 

* C 

C 

Fo. 
l 

1 

q 

r 

R 

t 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 
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radius of disk of contact 

half-width of regions of no contact 

* c TT/ 1 = dimensionless half-width of regions 

of no contact 

= Fourier number 

thermal conductivity of solid 1 

thermal conductivity of solid 2 

width of lines of symmetry 

La.place transform operator 

inverse La.place transform operator 

Laplace transform parameter 

Legendre polynomial of degree n 

heat flux 

average heat flux 

cylindrical radial coordinate 

thermal resistance 

steady-state thermal resistance 

full-contact thermal resistance 

time 

temperature distribution in solid 1 

temperature distribution in solid 2 



>',c 
X 

X 

y 

y 

z 

o. k J, 

E 

TJ 

01 

02 

®1 

®2 

Kl 

K2 

wl 

w2 

= 

= 

= 

= 
= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 
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initial temperature of solid 1 

initial temperature of solid 2 

cartesian coordinate 

* x rr / 1 = dimensionless cartesian coordinate 

cartesian coordinate 

* y rr / J. = dimensionless cartesian coordinate 

cylindrical coordinate 

Kronecker delta 

oblate spheroidal coordinate 

oblate spheroidal coordinate 

dimensionless temperature distribution in 

solid 1 

dimensionless temperature distribution in 

solid 2 

Laplace transform of 01 

Laplace transform of 02 

thermal diffusivity of solid 1 

thermal diffusivity of solid 2 

Legendre transform of ®1 

Legendre transform of ®2 
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3. 0 Introduction 

It is well known that when the plane surfaces of two bodies are 

brought together the actual contact does not take place over the entire 

interfacial area but over a fraction of that area. As a result for any 

heat flow taking place across the interface, the flow lines are con­

stricted and lead to what is termed "contact resistance". Over the 

region where there is no contact, heat may be transported by the air 

present between the surfaces. At atmospheric pressures, however, 

this heat transfer may be neglected, and it is quite reasonable to 

assume that the areas of no contact are insulated. Under such an 

assumption we have a well-defined, heat-conduction problem but the 

general irregularity of the contacting areas makes an exact analysis 

virtually impracticable. For cases in which the actual contact takes 

place over a small fraction of the total interfacial area, one can model 

a single area of contact by assuming it to be a circular disk between 

two semi-infinite solids. The areas around the disk can be taken to be 

insulated (see Fig. 3. 0.1). The steady-state solution for heat flow in 

this geometry is well known [1] and the transient case has been dealt 

with numerically by Schneider et al. (2]. In an approximate analysis, 

Heasley (3] obtained a solution to the transient case by assuming the 

region of contact to be a perfectly conducting sphere between two 

semi-infinite solids (see Fig. 3.0.2). This model makes the unrealistic 

assumption that there is a spherical isotherm passing symmetrically 

through the two solids. Other models by Heasley (3] involve one­

dimensional approximations of the heat equation and their validity is 
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very restricted. In the present study the problem as posed by 

Schneider et al. [2] is solved analytically by using a long-time pertur­

bation scheme based on the work done by Norminton and Blackwell [ 4] 

for heat flow from an isothermal disk. That is, a solution to the time­

dependent heat equation is found for the problem in which two different 

solids at different uniform initial temperatures are brought into contact 

over a finite circular disk. The solution is valid for long time, large 

thermal diffusivities or for small areas of contact; that is, large 

Fourier numbers. 

This model is only meaningful if the areas of contact are suffi­

ciently small (or sufficiently isolated). If, however, the fraction of the 

area in contact is large, the interface may be modelled in two dimensions 

by equally spaced identical strips of perfect contact with the rest of the 

area of each surface being insulated (see Fig. 3. O. 3). The steady heat 

conduction problem for this case has been dealt with by Dundurs and 

Panek [5]. Since this is a two-dimensional case, steady temperatures 

at large distances from the interface cannot be kept finite. An exact 

analytical solution for the transient case has not yet been found but in 

the present analysis a solution valid for large time or for large fraction 

of contact is obtained. This latter model is particularly useful for 

machined surfaces. 

In the first part of the analysis that follows, we obtain a solu­

tion for the case in which the contact is over a disk. The solution for 

the other model is given in the second part. 
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3. 1 Unsteady Heat Flow in Two Semi-Infinite Solids with a Circular 

Region of Contact 

3. 1 .. 1 Statement of Problem 

Two semi-infinite solids at different initial temperatures are 

brought together and perfect thermal contact is established over a 

finite circular region (see Fig. 3. 0.1). The rest of the areas of the 

contacting planes are assumed to be insulated. Far away from the 

contact areas the temperature in each solid is taken to be fixed at the 

initial value. 

To adapt to the geometry one resorts to the oblate spheroidal 

coordinate system. The prolate and the oblate coordinate systems 

were used by Norminton and Blackwell [ 4] to obtain the large-time 

temperature distribution for one-medium heat flow from isothermal 

spheroids and the isothermal circular disk. In the present analysis 

the case of the disk is generalized to that of two media, with the disk 

temperature being nonuniform and time-varying. 

The oblate spheroidal coordinate system involves the transfor­

mation 

2 2 1 

r = a[ (1 + E )(1 - 11 )]"i (3. 1. 1 ) 

(3. 1. 2) 

0 < </, < 2,r , (3. 1. 3 ) 

where (r, z, cJ,) are the usual cylindrical coordinates, (E, 11, </,) are 

the transformed spheroidal coordinates (see Fig. 3. 1. 1) and a is 
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the radius of the disk. In these coordinates the heat equation 

oT. 
l 

at i = 1, 2, {3. 1. 4) 

for axial symm etry takes the form 

i = 1, 2, 

t > 0; 0 < E < oo; 0 < 11 < 1 , 

{3. 1. 5) 

where t is the time, T 1 is the temperature distribution in the hotter 

solid {say, solid 1 ), T 2 is the temperature distribution in the other 

solid {solid 2 ), and k 1 and k 2 are the corresponding thermal diffu­

sivities. The initial boundary conditions are given by 

t = O; 0 < E < 00; 0 < Tl 'S... 1, {3 . 1. 6) 

E = O; t > O; 0 < 11 < 1, {3 . 1. 7) 

l E -+ oo; t > O; 0 :::_ 17 < 1, (3. 1. 8) 
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and 

11 = O; t > O; 0 < E < 00. (3 . 1. 9) 

Here k 1 and k 2 are the thermal conductivities of the solids 1 and 2, 

respectively. 
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3. 1. 2 Analysis 

It is convenient to redefine the dependent variables T 
1 

and T 
2 

in dimensionless forms as 

(3. 1. 10) 

and 

(3. 1. 11) 

As a result the equations (3. 1. 5-3. 1. 9) become 

t > Q; Q < ,E < 00, Q < T) < 1, (3. 1. 12) 

subject to 

t = O; 0 < E < oo, 0 < TJ < 1, (3. 1. 13) 

E = O; t > O; 0 :s._ TJ < 1 , (3. 1. 14) 

(3. 1. 15) 

and 
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11 = 0; t > 0; 0 < E < oo, (3. 1. 16) 

where the symbol i, henceforth will denote i = 1, 2. 

obtain 

By taking the Laplace transform of 0. with respect to time we 
l 

0 < E < 00; 0 < T) ~ 1, (3 • 1. 1 7) 

subject to 

where 

®i+!=®z 
E = 0; 0 < 11 < 1, (3. 1. 18) 

a®i a®z 
kl a;-= -k2 a";-

®i = ®2 , E -+oo; 0 < T) < 1, (3. 1. 19) 

8®2 
= a,, = o, ,, = 0; 0 < E < 00, (3. 1. 20) 

1
00 

-pt ® ( E, 11 , p) = e 0. ( E , 11, t )dt , 
l l 

0 

(3. 1. 21) 

We now take the Legendre transform of ® with respect to 11. 
l 

In view of the boundary condition (3. 1. 2 0 ), only the even powers of 11 
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are needed and therefore we make the transform involving only the 

even order Legendre polynomials. Thus 

1 

{r>2 .(e,p) =I @.(e,17,p)P2 (,1)dT), m, 1 1 m 
0 

(3.1.22) 

where m is used to denote m = 0, 1, 2, ... unless otherwise specified, 

and P 2m(17) denotes the Legendre polynomial of degree 2m. As a 

result of (3. 1. 22), equations (3. 1. 17-3. I. 22), transform into 

d 2 d{r>2m i 
-d [(l+e ) d ' ]- 2m(2m+l)m2 . 

E E m, l 

2 

= ~[a2 ~2 2 • + (e 
2 

+ b2 )~2 • + c2 ~2 +2 .] K. m m- , 1 m m, 1 m m , 1 
l 

O<E < oo, (3. 1. 23) 

subject to 

I 
~ 0 , 1 + p = {r> o, 2 m = 0 

~ = <b 2m, 1 2m, 2 m= 1,2,3, ... E = 0, (3 • 1. 24) 

and 

deb = -k 2m, 2 
2 de 

~ = <b 2m, 1 2m, 2 

m = 1, 2, 3, ... 

E _. 00, (3. I. 25) 



where 

and 

= 2m(2m - 1) 
(4m+ 1)(4m- l) 

8m
2 

+ 4m - 1 = (4m-1)(4m+3) 

= (2m+ 1 )(2m+ 2) 
(4m+ 1)(4m+3) 
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l 

For E-+oo, q,
2 

. isfoundtobehaveas exp[-(p/K
1
.)°21aE] and m, l 

therefore, a dependent variable substitution [ 4] 

1 

cl>2 .(E,p) = £2 .(E,p) exI{-(p/K.)2. aE] m, l m, l l 
(3. 1. 26) 

is used. This substitution transforms equations (3. 1. 23-3. 1. 25) into 

d 2 df2m i 
-d [ (1 + E ) d ' ] - 2m(2m + 1 )£2 . 

E E m, l 

+ .E... 2[ ( )a a2 £2 2 • + (b2 - 1 )£2 • + c2 £2 2 ·] ' Ki m m- , 1 m m, 1 m m+ , 1 

0 < E < OO, (3. 1. 2 7) 

subject to 
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f +lo = f 
2m, 1 p 2m, 0 2m, 2 

df2 l 1 d£ 
k [ m, - (...E..)~af ] = - k [ 2m, 2 

1 de K 1 2m, 1 2 de 
...E.. .l 

(K )" af2 21 2 m, 

e = 0 , (3. 1. 28) 

and 

f2 . -o m,1 
as e -,. 00 • (3. 1. 2 9) 

The symbol o. k denotes the Kronecker delta. 
J, 

As we can see, an exact solution to equation (3. 1. 27) is not 

straightforward, and approximate solutions have to be sought. 

Norminton and Blackwell [ 4] obtained an approximate solution by first 

finding the Green's function to the left side of (3.1. 27), i.e., by finding 

a solution to 

(3. 1. 3 0) 

This Green's function was relatively simple to obtain because the 

problem involved only one medium and the boundary conditions were 

easy to satisfy. In the present case, however, similar calculations 

get too cumbersome. As an alternative we assume a perturbation 
1 

expansion for f2 . (E, p) in powers of p2.. m, 1 
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3. 1. 3 Solution by Perturbation 

By letting 

I ( 0) ½ ( I ) (2) 
f2 .(E,p)=-[f 2 .(E)+pf 2 .(E)+pf2 .(E)+ ..... ] m, 1 p m, 1 m, 1 m, 1 

(3. 1. 31) 

and substituting it into (3. 1. 27-3. 1. 29) we obtain the following. 

0 
Order p 

subject to 

£~~, I + 62m, 0 

and 

f( O) = 0 
2m, i ' 

df( O) 
-k 2m, 2 

2 dE 

E ._ 0. 

(3. 1. 32) 

(3. 1. 33) 

(3. 1. 3 4) 

For m = 0, straightforward integration of the above set (3. 1. 32-

3. 1. 34) gives the leading term 

-1 A. cot 
l 

E , (3. 1. 3 5) 
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where 

and (3. 1. 3 6) 

For m > 1, 

the solution. 

f(O) = 0 satisfies (3. 1. 32-3. 1. 34) and is, therefore, 
2m, i 

l 

Order p"1 

subject to 

and 

= /1) 
2m, 2 

/1) = 0 
2m, i ' 

f(O) .] 
2m, 1 

O<E<oo, (3. 1. 3 7) 

(3. 1. 3 8) 

(3. 1. 3 9) 
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Upon the substitution of (3. 1. 35) and (3. 1. 36) into (3. 1. 37-3. 1. 39) we 

obtain 

2aA 
---r2:-[-1 + E cot- 1E], 
K.2 

1 

0< E<oo, 

m = 0, 

subject to 

/1) = 
2m, 1 

/1) 
2m, 2 

df(l) df(l) 

k 0, 1 k 0, 2 
1 de + 2 dE = m=0, 

df(l) dr' 1 ) 

kl 
2m, l+ k 2m, 2 = 0 de 2 dE ' m= 1, 2, 3, .... 

e = 0 , 

and 

r<21) = 0 ' m, i 

(3. 1. 40) 

(3. 1. 41) 

(3. 1. 42) 

(3 . 1. 43) 

By integrating (3. 1. 40) with respect to e once, and dividing the 

result by (l + E 
2

) we find that 
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aA. l B. 
--i" [cot - e - e 2 ] - 1 

K.z. l+e l+e 2 ' 
1 

(3. 1. 44) 

where -B. denotes integration constants. By the substitution of 
l 

(3. 1. 44) into (3. 1. 42) we see that 

which clearly results in 

(3. 1. 45) 

Further integration of (3. 1. 44) with respect to e yields 

il) 
0, i 

aA. 1 1 
1 [ - ] -= ---r E cot e + C. + B. cot E , 

2 l l .... 
(3. 1. 46) 

l 

where C. denotes the second set of integration constants. In order to 
l 

satisfy (3. 1. 38) we require c 1 = c2 = -1 and the substitution of 

(3. 1. 46) into (3. 1. 42) leads to 

(3. 1. 4 7) 

Upon solution of the set of algebraic equations (3.1.45) and (3. 1.47), 

explicit expressions for B
1 

and B
2 

are found to be 



78 

and 

For m > 1, we again have a trivial solution 

i 1 ) . (d = O , 
2m, 1 

which satisfies (3. 1. 41-3. 1. 43). 

Order p 

(2) 
d 2 df 2m, i (2) 

<h[(l+e) de ]-2m(2m+l)f 2m,i= 

a
2 

[ (0) (0) (0) ] 
+ - a f . + (bzm- 1 )£ 2 . + C2 f 2 +2 . , 

K. 2m 2m-2, 1 m, 1 m m , 1 
1 

subject to 

£(2) 
2m, 1 

d£(2 ) d£(2 ) 
kl 2m, 1 + k 2m, 2 = 

de 2 de 

0< e<oo, 

e = 0 , 

(3. 1. 48) 

(3. 1. 49) 

(3. 1. 50) 

(3. 1. 51) 
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and 

£(2) = 0 
2m, i ' (3. 1. 52) 

For m = 0, (3. 1. 50-3. 1. 53) take the form 

df(2) 2a2 Al. 2 2 -1 2a 
-d [(l+e 2 ) O,i] -- --[( 2 ) t 2 ]+ B [ -l 1] dE de K 3 + E co E - E 7 i e cot e - , 

subject to 

and 

l2) = 
0, 1 

£
0 

. = o , 
, 1 

. K.~ 
1 1 

0 < E < 00, (3. 1. 53) 

E = 0 , (3. 1. 54a) 

E = 0 , (3. 1. 54b) 

(3. 1. 55) 

Upon integrating (3. 1. 53) with respect to E once, and then dividing 

by (1 + E 
2 

), we obtain 

D. 
- --½-] - -½, 

l+e l+e 

(3. 1. 56) 
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where -D. denotes a set of integration constants. In order to 
l 

satisfy (3. I. 54b) we require 

= (3. 1. 5 7) 

The integration of (3.1.56) with respect to E yields 

= 
3 2a A. 

2 1 aB. 
---

1 
[(E - 1 )cof E - E] + --i E 

3Ki K.2 
l 

where the integration constants are denoted by 

satisfying (3. 1. 55) is found to be 

E. = 
l 

aB. 
l - --,-

K} 
l 

-1 -1 cot E + D.cot E+ E., 
l l 

(3. 1. 58) 

E., which upon 
l 

(3. 1. 59) 

In addition to (3. 1. 57), another relation between D
1 

and n
2 

is 

obtained by satisfying (3. I. 54a). This relation is given by 

(3. 1. 60) 

Explicit expressions for n1 and n2 are found from these two rela­

tions as 
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and 

(3.1.61) 

For m = 1, (3. I. 50-3. I. 52) may be written as 

O<E<oo, (3. I. 62) 

subject to 

I E = 0 , (3. I. 63a) 

df(2) df(2) 
k 2, 1 + k2 2, 2 = 0 

1 dE dE E = 0 , (3. 1. 63b) 

and 

£(22) = 0 , 
, i E -oo. (3. 1. 64) 

This set of equations may be solved by the variation of parameters. 

The homogeneous part of (3. 1. 62) has two solutions, y 
1 

and y
2 

given 

by 
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1[ 2 -1 ] y l = 2 ( 1 + 3 E )cot E - 3 E , (3. 1. 65) 

and 

(3. 1. 66) 

The particular solution to (3. 1. 62) may be written as 

(3. 1. 6 7) 

where 
E 

vl .(E) 

J. 
Y2(;)Ri(;) 

d; (3.1.68) = ' ' 1 W(;) 

1 

and 
E 

V2 .(E) i y 1 (; )Ri (s) 
(3. 1. 69) = W(s) d; . 

' 1 

2 

Here W(~) is the Wronskian, 

Y 1 <s > Yz (;) 

W(s) 
1 (3. 1. 70) = = 

1 + £2 
v;_ Cs> Yz (s) 

and 

2 -1 
R. (s) = 1_ ~ A cot 5 (3. 1. 71) 

1 15 K. i 1 + £2 1 
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is the function on the right side of (3. I. 62 ). By simple integration in 

(3. I. 68-3. I. 69) we obtain 

and 

vl • 
, l 

V2 . , l 

2 
a A1. 2 -1 1 2 

= -30K. [E(l +E )cot E +zE] + Fi 
l 

2 

(3.1. 72) 

a Ai 2 -1 2 1 2 -1 1 = 30K. [E(l+E )(cot E) -z(l+E )cot E-zE]+Gi, 
l 

(3. 1. 73) 

where F. and G. denote integration constants. By the substitution of 
l l 

(3.1. 72) and (3.1. 73) into (3.1. 67) we obtain 

2 
(2 ) a Ai [ 2 -1 ] !r 2 -1 ] 

f 2 , i = 60K. (E - l)cot E - E +Fi zi(l +3E )cot E - 3E 
l 

+ G !r l + 3 2] (3. 1. 7 4) 
i zl E • 

The condition (3. 1. 64) requires that G. = O. By satisfying (3. 1. 63a) 
l 

we find 

(3. 1. 75) 

By further requiring (3. 1. 63b) on (3. 1. 74) another relation between 

F 
1 

and F 
2 

is found to be 

(3. 1. 76) 
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From these two relations, explicit expressions for F 1 and F 
2 

are 

found to be given by 

k2 2 Al AZ a 
Fl = (kl + kz) 30 [-- -] 

KI Kz 

and (3. I. 77) 

kl 2 A
1 

A
2 

Fz = (kl + kz) 
~ [-- -l . 
30 K1 Kz 

For m_? 2, the solutions can readily be shown to be (2) 
f 2 . = o. m, l 

Order p312 

df(Z) 2 
= ~[(l + ?) 2m, i + 1 £(2) .]+ .!:._(b -l)f(l) . 

2 de 2m, 1 K. 2m 2m, 1 
K. l 

l 

(3. I. 78) 

subject to 

i3) 
2m, 1 

= r'3) 
2m, 2 ' e = 0 , (3. I. 79) 

df (3 ) df (3 ) k 
kl 2m, 1 + k 2m, 2 = a[-!,. f (2) + 

de 2 de j, 2m, 1 
Kl 

e = 0 , (3. 1. 80) 

and 
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f(3 ) = 0 
2m, i ' (3. 1. 81) 

For m = 0, we have 

2 
- E ] 

2 
aBi 2 -1 2 a Ai 2 1 2 

+ --r[(l + E )cot E - e] - D. + -~E (e - l)cot'" E - e ] 
K .2 1 3 Ki 

1 

aB. 2 1 
+ --,-!- [E cof e - d + D.E 

- 1 
K • 2 

1 

2 
1 l a 2 l aA. 1 cof E - - - ----r1[E cof e - 1] 

K. 3 2 1 K. 
1 

3 
-1 l 2

a Ai 3 -1 2 + Bicot E = 3/z[(6e + E )cot e - 6e + l] 
3K. 

1 

2 2a B. 2 1 2aD. 
1 + 3 K. 

1 
[(6E + 2)cot-, -6E] +---:f [e cot- E - 1] , 

1 K. 
(3.1.82) 

1 

subject to 

E = 0 , (3. 1. 83a) 

df (3 ) df(3 ) 
k 0, 1 + k 0, 2 = 

1 dE 2 de 

2 
2a A 2 aB2,, 

- ---) - --,-J , 
3K 2 j, 

Kz 

E = 0 , (3. 1. 83 b) 
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f{3) = 0 , 
0, i 
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E -oo. (3. 1. 84) 

The integration of (3. 1. 82) once and the division of the result by 

( 1 + e 
2

) yields 

df{3)_ 2a3 Ai 3 2 -1 3 
O,l = 3/2[(z E -l)cot E-zE 

de 3K. 
l 

+1~] 
2 l 2 +e 

2 
2a Bi [ -1 2 ] aDi -1 

+ 3 K. 2(e cot E -1) +--2 + -,!:-{"cot e 
1 l+e K.t'" 

H. 
__ E -]- l 

l+e
2 

l+e 
2 

l 

where - H. 
l 

(3. 1. 85) 

denotes integration constants. By satisfying (3. 1. 80) 

we obtain a relation between H1 and H2 as 

(3. 1. 86) 

Further integration of (3. 1. 85) yields 

3 a A. 
= l 3 1 

3 K_3/2 [(e -2e)cof e 

2 
2 2a Bi 2 -1 

- e ] + 3 K. [ { e -1 )cot e - e] 
l l 

aD. l 
l -

+ ~ e cot 
K. 

-1 
e + H. cot e + L. , 

1 l 
(3. 1. 8 7) 

l 
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where the integration constants are denoted by L., which upon re­
l 

quiring (3. I. 81) to be satisfied turns out to be 

L. = l . 

3 7a A . aD. 
l l 

---,3,_./...,_2 - ---r " 
9K. K. 2 

l l 

(3. I. 88) 

Equation (3. I. 79) gives a second relation between H 1 and H2 as 

(3. I. 89) 

Simultaneous solution of (3. I. 86) and (3. I. 89) gives 

and 

(3. I. 90) 

For m > 1, 

fore the solution. 

f(3 ) . = 0 satisfies (3.1. 78-3.1. 81) and is there-2m, 1 

Higher order terms may be obtained but the calculations be­

come cumbersome. In the next section the solutions obtained are 

inverted to give temperature distributions valid for large values of the 

Fourier number, Fo. 
1 

2 
= a /(K.t). 

1 
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3. 1. 4 Inversion of the Solutions 

From (3. 1. 26) we see that 

q>o .(E, p )= .!.[f(OO). (e) + p½f(ol). (E) + plo2 ). (E )+ / /lf (30\ + ••• ]exp[-(p/ K. )½aE] , 
,1 p ,1 ,1 ,1 , 1 

(3. 1. 91) 

1 (2) ½ 
cI>.2 . ( E , p ) = - [pf 2 . ( e ) + . . . ] exp [ - (p / K • ) a e] , 

,1 p ,1 1 
(3. 1. 92) 

and for m _2 2, we may take ~
2 

.(e, p) = 0 up to an order m, 1 

By carrying out the inverse Legendre transform on ~2 . (E, p), m, 1 

we find that 

00 

@(e,11,P) = ~ (4m+l)<Il2 .(e,p)P2 (11) 
1 m=O m, 1 m 

(3. 1. 93 ) 

[
l -1 1 {aAi -1 -1 } = -A.cot e +-r --r (e cot e-1)+ B.cot e p 1 - - 1 p'- K. z 

1 

2 
2a A. 2 1 aB. 1 1 + { 

3 
1[(e - 1 )cot - e -e] + ---i-[e co( e -1] + D.cot- E} 

K. j 1 
l K. 

1 

+ 
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Upon the inversion of ®.(E, 11, p) into the time domain by the Mellin 
1 

integral, we obtain the dimensionless temperature distribution to be 

-1 [ aE [ aAi -1 -1 1 
0.(E,11,t)=:=A.{cot E)erfc ----.]+ {-r(Ecot E-l)+B.cot E}---r 

l l 2(K.t)°i K.z l {,rt)Z. 
1 1 

2 

~ 
2a A. 2 1 

aB. 
+ { 

3 
1 [(E -l)cot- E-d +---:f[E 

Ki K.z 

-1 ] -1 } cot E -1 + D.cot E 
1 

2 
a A. 

+ { 1 
6OK. 

1 

1 

3 • 2 
a A. 3 -1 2 7 Za ~ 2 -1 

{ 
1 [(E -2E)cot E -E +-

3
]+-3--[(E -l)cot E -E] 3/2 K. 

3K. 1 
1 

aD i [ - 1 ] • - 1 [ a 
2 

E 
2 

1] 1 ] 
+-,- E cot E -1 + H. cot E } 4t - z -n + . • • • 

K. 2. l Ki (,rt )lo 
1 

2 2 
[ a E ] Xexp --4 t , 

K. 
1 

which, after rearranging some terms, may be written as 

(3.1.94) 
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I 1 B.K."1 I - ae - 1 1 -

[ 

1 

8.(e, 11, t) = A.(cot E) erfc[ 1] + {A.(e cot e -1) + ---cot E} 
1 1 2 (K .t )°i 1 a 

1 

1 

X 
a i[ 3 -1 2 7] ii [ 2 I .K. 

[
A BK"i D 

+ 6 E cot e-e - 3 + ba(E +2)cot- e-e]+~ 
(1TK, t)"1 2a 

1 

1 
For small ae / (4K . t)i we may expand 

1 

exp[ - a
2 

e 
2 

/(4K.t)] to give 
1 

1 

l 

erfc[ae/(4K.t)1 ] and 
1 

I B.K.a I a 
- { 11 - } 8. (e, T), t) = A. cot e + --- cot e - A. ----.--

1 1 a 1 

(3. 1. 95) 

D.K. A. 3 I 2 5F.K. 2 I 2 
1 1 { l[ - ] 1 l[ - ] + -=-z- + 48 (e -e )cot e -e + 2 3e +e )cot e -3e } 

2a 8a 

1 

2 
8 t? -1 ] a

3 
X (31') -1) - 3 cot e 3 3 1 

2a (1TK. t )Z 
1 

+ . . . . . . (3. 1. 96) 

For the special case k
1 

- oo we have 
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and 

A2 
2 = 
1T 

1 4a 
B2K2 2 = ---z , 

1T 

D2K2 = { 8 3 + _!_ )a2 
3,r 

1T 

2 

F2K2 
a = 15,r , 

H 
3/2 _ [ 28 + !i]a3 2K2 = 

9'1T2 4 
1T 

The temperature distributions for this case may be written as 

{3. 1. 97) 

and 

a 11 3 -1 2 1 2 2 -1 4 
X ----, + 3,r [t cot E -E - 3] + -z[E cot E - t] + 3 {K

2
t)°i 3,r 1T 

1 3 -1 2 2 14 8 -1 l a
3 

+ 24,r [t cot t -E ]{311 -1) + {7 + 4 ) cot E ---+ .... 
2 2 9,r 'IT {K2t)Z. 

X exp [ - ~/ 
2 
t] • (3 . I. 9 8 ) 
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1 
For aE / (K 2 t)"I << 1 , we have 

(3. 1. 99) 

{ 1 -1 1 1 -1 + 12cot E + 67"° - 6'TTE COt E 
1 5 2 

2 +~+23 
3'TTE 3 6E 'TT E 

1 [ 7 4 ] -1 + - - + - 3 cot E 3 9'TT 
3 3 ] 1 -1 2 a E 

+ 4E°" [ E cot E -1 ]11 } 3 3 1 + .... 
('TTK 2 t )2. E 'TT 

This result corresponds to the situation in which a semi-infinite solid, 

initially at a uniform temperature T 
20 

, has a circular region at 

the surface exposed to a temperature T 
10 

for t > 0 ; the remainder 

of the surface is insulated. The results of Norminton and Blackwell 
1 

(4] agree with (3. 1. 98) and (3. 1. 99) only up to orders a/(1rK2t)2. 

2 2 l 
X e.xp(-a E /(4K2t)] and aE /(irK

2
t)2., respectively. For the next 

higher order terms, the error in [ 4] is due to the omission of the 

term f 0~
3j (E ,p), which, as we can see in (3. 1. 94) makes a 

3 3 3 .!. [ 2 2 ] c ontri but ion of order a / ('TT K 2 t )'- exp - a E / ( 4K 
2 
t) along with 

f 0~~) (E , p) and f2~
2j (E, p) . 
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3. 1. 5 Calculation of Heat Flow and Interface Temperature 

The total heat flow, Q , across the interface is given by 

2 
2,ra 11 d11 

Jl ] I aT 1 2 
= ~k - - 2,ra 11d11 1 a,, 8E E =0 

0 

= 

= 

+ 

1 

J a01 
2,rakl (T 10 - T20) o BE E=O d11 

1 1 

2,rakl (T 10 - Tzo) Jo l- Al 

BlKl'i a 

3 
a + .... 

a 1 
(irK 1 t)z 

1T) 2 
2 (311 -1) 

a 

(3. 1. 100) 
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By the substitution of explicit expressions for A
1 

, B
1 

and H
1 

into (3. I. 100) we obtain the following expression for the heat flow: 

2 
{ ~) 

1T 

3 a 
+ •• ·l . (3. I. IO I ) 

If we define the resistance as R = (T10-T20 )/Q, then we have, 

from (3. I. IO I), 

I 
+ ---k--2-

(1 + k 2 ) 
1 

- 1. 
(1rFo ) z. 

2 
(3. 1. 102) 

( ~) __ l_k __ {( ~)( _2>2' + 1} (1rFo ) + .. • , 
2 k K 1. 3] -3 /2 i-1 

7T 2 Kl K 1 2 
c1 + r> 

1 
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2 resistance and Fo
2 

= K 2t/a is the Fourier number based on the 

1 ower thermal diffusivity (i.e., Kz < K 
1

) . This result is presented in 

Fig. 3. I. 2 for contacts between copper and ·steel, steel and glass, 

and copper and glass, with Fa ranging between I and I 0, 000. The 
2 

calculations show that the resistances for copper-glass and steel-

glass contacts are almost the same. This behavior results because, 

for these cases, most of the resistance is that of the glass alone 

and the metals (steel or copper) make very little contribution. 

The interface temperature, T if , along the disk of contact is 

found by setting E =0 in the expression for 0
2 

. By doing so we 

obtain 

X 

1 

7 B2K22, D2K2 
A + -=--( ,r2) + Ts 2 3a za2 -

3 a + . . . . , (3. I. I 03) 

which, upon the substitution of the explicit expressions for the various 

integration constants, becomes 
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3 
a 
3 1 

('rrt )2 
+ .... (3. 1. l 04) 
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3. 1. 6 Discussion 

The present work represents a generalization and a correction 

of the results obtained by Norminton and Blackwell [ 4]. In a numeri­

cal analysis by Schneider et al. [2], four combinations of solids 

were dealt with. In each case the ratio of the time-dependent 

resistance was plotted as a function of the Fourier number based on 

the lower thermal diffusivity. They showed that when the resistances 
1 

ratio is plotted against the variable, X = [1 + (K2/Kl ra] 
2 

X [K 1K2 /(K 1 + K2 )]t/a , all the four cases lie close to a single 

curve. This curve, however, is not consistent with the individual 

plots they obtained, but it agrees approximately with equation (3.1.101) 

of the present study for Fourier numbers greater than unity. 

The thermal resistance, in general, depends on the 

conductivity ratio, k 1/k2 , the diffusivity ratio, K
1

/K 2 , and the 

Fourier number K
2
t/a

2 
, where we take K

2 
< K 

1 
. Schneider et 

al. [2] showed that for the cases they considered, the influence of the 

conductivity ratio appeared only in the steady- state part of the thermal 

resistance. They concluded that when the resistance is normalized 

with the steady- state value, the result depends only on the diffusivity 

ratio and the Fourier number. In the present study, however, 

equation (3. 1. 101) shows that the conclusion of Schneider et al. [2] 

is not necessarily valid. But it appears that for most materials of 

practical interest, the dependence on the conductivity is rather weak. 

This behavior results because large (small) conductivities generally 

represent large (small) diffusivities and any dependence on the 

conductivity ratio may be approximated by the diffusivity ratio. 
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3.2 Unsteady Heat Flow in Two Semi-Infinite Solids in Contact Over 

Equally Spaced Strips 

3. 2. 1 Statement of Problem 

Two semi-infinite solids initially at uniform but different 

temperatures are brought together and perfect thermal contact is 

established over a series of identical, equally spaced strips. The 

regions between these strips are assumed to be insulated. By recog­

nizing the periodic nature of the problem, we can find planes of 

symmetry and we can require that the temperature distribution is an 

even function about these planes. These planes are taken to be a dis­

tance 1 apart. As shown by broken lines in Fig. 3. O. 3, the planes 

bisect the insulated regions and the regions of perfect contact. The 

insulated regions are shown by double lines and are taken to be a 

* width 2c . 

The initially hotter solid is referred to as region 1 * (y > 0) 

>!< 
and the other solid as region 2 (y < 0), as shown in Fig. 3. O. 3. 

The initial temperatures are denoted by T 10 and T20 for regions 

1 and 2, respectively. In the rest of the analysis the subscripts 1 and 

2 are used in reference to the properties of the corresponding regions. 

The conduction process is described by the heat equation 

which, under the conditions stated for the model, may be written as 
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a
2

T a
2

T 1 aT1 1 
+ 1 * * -:z --:z = at t> 0; 0 < x <.t;y>0, 

Kl 
, 

ax ay 
. 

and 

* >',< 
t > 0; 0 < x .:S, 1 ; y < 0 , 

(3. 2. 1) 

subject to 

Tl T 10 ' t = 0; 0 < x 
,:c 

= * < 1; y > 0 , 

(3. 2. 2) 

T2 T20' * * = t = 0; 0<x <l;y < 0 , 

aT1 0 , 
>:C * * --;r, = X = 0, X =l;t>0;y > 0 , 

ax 

(3. 2. 3) 

aT2 0 , * * * = X = 0, X = 1; t > 0; y < 0 , ,:~ 
ax 

and 

* * ,:c 
y = O; t > O; c < x < 1 

(3. 2. 4) 

* * * 
Y = 0· t > 0· 0 < x < c , , - , 
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where T 1 and T 2 denote the temperature distributions, k 1 and k 2 

represent the thermal conductivities, K 1 and Kz refer to the ther-

mal diffusivities, 

the time. 

* >'c 
x and y' are the space coordinates, and t is 
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3. 2. 2 Analysis 

By introducing convenient dimensionless variables, 
1,c 

X = trX / J. , 

1,c t,< 

y = try / 1 , c = ,r c / J. , 01 = ( T 1 - T 
2 0

) / ( T 1 0 - T 2 0 ) and 

0
2 

= (T
2
-T

20
)/(T

10
-T

20
), we can write the equations (3. 2.1-3. 2. 4) 

in the form 

2 801 a
2

0 a
2

0 
1 1 + 1 t >0; 0 < X < ,r; y > 0, -z-- at = 

~ 
-:-z-, 

1T Kl ay 

(3. 2. 5) 

J. 2 802 a
2

0 a
2

0 
2 + 2 t > 0; 0 < X < ,r; y < 0, -z-- 7tt = ~· 

tr K2 ~ ay 

subject to 

01 = 1 , t = 0; 0 < X < ,r; y > 0, 

(3. 2. 6) 

02 = 0 , t = 0; 0 < X < ,r; y < 0, 

a0 1 0 , X = 0, t > O; y ~ 0, 
ax = X = tr; 

(3.2.7) 

802 
0 , X = 0, t > O; y < 0, = X = ,r; 

ax 
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0 =0 J ae 1 2 ae 1 2 
y = O; t > O; kl ay = k2 ay c<x<ir, 

(3. 2. 8) 

ae1 _ ae
2 = 0 , y = O; t > O; 0 <x < C • -- -ay ay 

Upon taking the La.place transform of 0. with respect to time, 
1 

we obtain 

12 2 a2®i 
2 

+ pl ®i 
a ®1 

2 = -:-z-+ -:-7 , 2 
1T K I 1T KI ax ay 

0 < X < ,r; y > 0 , 

2 a2@ 82®2 

4-®z 
2 + = 
~ ayz 

, 
1T K2 

0 < X < ,r; y < 0 , 

(3. 2. 9) 

subject to 

a@ I 
0 , X = 0, y > 0, ax = X = ,r; 

(3. 2. 10) 

a® 2 0 , X = 0, y < 0, = X = ,r; 
ax 

and 



I 03 

®1 = 
® ] 2 8®2 a@ 

1 
kl ay = k2 8y y = O; C < X s. 1T , 

8® 1 a1E2 
0 , y = O; 0 < x < c , ay = = ay 

where 

®i (x. y. p) = I -pt e 0. (x, y, t) dt 
l 

i = 1, 2, 

is the Laplace transform of 0. (x, y, t) . 
l 

and 

In view of (3. 2. 10) the solution may be written as 

1 00 2 2 2 1. = p + !: anl exp[ - (n + pl hr Kl )2 y] cos nx, 
n=0 

® = 2 

00 

!: an2 
n=0 

y > 0 , 

2 2 2 1 
exp [ (n + pl hr K2 ),;y] cos nx, 

y < 0 . 

(3. 2. 11) 

(3. 2. 12) 

(3. 2. 13) 

By the substitution of (3. 2. 13) into (3. 2. 11) we see that we need to 

satisfy 
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00 1 
1; (an2 - anl) cos nx = p , 

n=O 
(3. 2. 14) 

(3. 2. 15) 

and 

CX) 2 · 2 ½ 00 2 i 1.. 
~ anl (n + 4--> cos nx = ~ an2 (n +1z--t cos nx = 0, 

n=O V Kl n=O V K2 

0 <x < C • (3. 2. 16) 

Equation (3. 2. 15) can be satisfied by letting the coefficients of 

cos nx go to zero, i. e. , 

2 J. 2 ½ 
k 2[n +7] 

V K 2 

2 l 
[ 2 _p.t ]z 

kl n + 2 

an2 • (3. 2. 1 7) 

V Kl 

This relation reduces the set of equations (3. 2. 14-3. 2. 16) to 

2 
2 .!. 

k
2

(n + -¥->:,. 
00 

V 1c 2 1 
~ an2 1 + 2 l cos nx = 

n=O 2 .E!_Z p 
k

1 
(n + 2 ) 

V Kl 

c<x_sv, (3.2.18) 



and 

00 

I: 
n=O 
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2 1 2 i 
an2 (n + -¥--) cos nx = 

tr K 2 
0 , O<x<c. (3. 2. 19) 

It appears that an exact analytical solution to this set of dual 

series is not possible to obtain. Therefore, approximate methods 

are employed. A perturbation scheme for small p is used to 

obtain a solution valid for large t . 
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3.2.3 Solution by Perturbation 

If we let 

= .!_ [ a(O) + p½ (1) + pa(2) + 3/2 (3) 
p n2 an2 n2 p a n2 + .... ] , (3. 2. 20) 

1 
substitute it into (3. 2. 18) and (3. 2. 19 ), expand in powers of pl., 

and then multiply the resulting equations by p , we obtain 

- 2 2 
2n 1r 

(3. 2. 21) 

and 
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+ [ (2) + .!_ 1
2 

(0)] + p3/2[ (3) + .!_ 1
2 

(l)]+ } 
P a n2 2 2 2 a n2 an2 2 2 2 a n2 • • • 

ll1TK 2 n1T1< 2 

X cos nx = 0 , 0<x<c. (3. 2. 22) 

l 
By equating terms in successive powers of p2 , we obtain the 

following. 

Order 
0 

E 

(0) 
a02 

and 

(0) 
an2 

1 
Order E-,; 

and 

= 

= 

1 

klK22 
, n = 0, i 1. 

klK2 +k2K1%. 

0 , n = 1,2,3, ..•. 

oo (1) k2 
+ ~ a n 2 [1 + kl ]cos nx = 0 , 

n=l 

c<x,:S_1T, 

a (O) l. + ; a (l) n cos nx = 0 , 
0211'~ n=l n2 

2 

0<x<c. 

(3. 2. 23) 

(3. 2. 24) 

(3. 2. 2S) 
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For a more general case of a Fourier series of this type 

1 00 

2 >..A0 + L nA cos nx = F(x), 
n=l n 

and 

1 00 

2 A 0 + L An cos nx = G(x) , 
n=l 

c<x<ir, 

the coefficients, A , are given by Sneddon [6] as 
n 

n = 0, 

and 

(3. 2. 26) 

(3. 2. 2 7) 

(3. 2. 28) 

An = ! \z;/Z f h 1 (t)[P n (cost)+ P n-l (cost) 

0 

1T 

]dt+ f G(t)cos ntdt l • 
C 

n=l,2,3, .... 

where the auxiliary function h 1 (t) is 

= 2 d 
,r dt 

J sinj.xdx , l Jx F(u)du - ~ >..Aox 
(cos x - cos t)1; 

0 0 

1T 

~ [ ~ f G(u) cos nu du] sin nx l, 0 < t < c , 
n=l ,r 

C 

(3. 2. 29) 

(3. 2. 3 O) 
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and P (cos t) denotes Legendre polynomials. 
n 

The equations (3. 2. 24) and (3. 2. 25) are a special case of 

(3. 2. 26) and (3. 2. 27) with 

and 

G(x) = 0 , 

A 
n 

(1) 
= an2 

= 0 , 

F(x) = 
(0) 

- a02 
J. 

1 

1TK2 2 

(3. 2. 31) 

(3.2.32) 

n= 1,2,3, ... (3. 2. 33) 

(3. 2. 34) 

0<x<c. (3. 2. 3 5) 

By the substitution of (3. 2. 31) and (3. 2. 35) into (3. 2. 30) we obtain 

h (t) -~a(O) J. 
1 = ,r 02 -r 

1TK2 2t 

which can be reduced [7] to 

1 
1 

1TK 2 
2 

t 1 
d f x sin ,;xdx 
dt .! ' (cos x - cos t)J. 

0 

1 
21.tan ½_t . (3. 2. 3 6) 
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Straightforward integration of (3. 2. 28) and (3. 2. 29) leads to 

or 

and 

A 
n 

Order p 

and 

(0) 1 1 = 4 a
02 

---:1ln(cos 2 c) , 
TrKz2 

n = 1,2,3, .... 

(1) 1 00 (2) 1 1 2 (0) 
a 02 ::-T + ~ [an2 + 2 2 2 an2 ] n cos nx = 0 , 

rrK2 n=l n Tr K2 

0<x<c. 

(3. 2. 3 7) 

(3. 2. 3 8) 

(3. 2. 3 9) 

(3. 2. 40) 

(3. 2. 41) 
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These equations are a special case of (3. 2. 26) and (3. 2. 27) with 

G(x) = 0 , (3. 2. 42) 

1 

(2) [ k2 K 1 ~] 
a02 1 + I 

1 kl K2 :a 
(3. 2. 43) ZAO = 

k2 
, 

1 +-
kl 

A = a (2 ) 
n n2 n = 1, 2, 3, .... (3. 2. 44) 

>.. = 0 , (3. 2. 45) 

and 

F(x) 
(1) 1 

O<x<c. (3.2.46) = - a02 ---X , 
1TK22, 

For this case we have 

(3. 2. 4 7) 

which upon substitution into (3. 2. 2 9) and (3. 2. 3 0) leads to 

(1) 1 1 ( k2) A 0 = 4 a 02 -y ln(cos "Ic) 1 + k , 
1TK2z 1 

(3. 2. 48) 



or 

and 

3 /2 Order p 

1 

(3) ( k2 K 12 ) 
a02 1 + -~ 

k K 2. 
1 2 

and 

(2 ) 1 + : [a (3 ) + 
a02 ---X ~ 2 

1TK2• n=l n 
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(3. 2. 49) 

n=l,2,3, .... (3. 2. 5 0) 

(3. 2. 51) 

O<x<c. (3. 2. 52) 
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For this case we can let 

G(x) = O , (3. 2. 53) 

(3. 2. 54) 

n = 1,2,3, .... (3.2.55) 

>,. = 0 , (3. 2. 56) 

and 

F(x) (2) 1 ( k2) 1 1
2 

(kl k2)
00 

1 (1) -= - a ---r 1 + - + - -..,-- - + - · ~ - a cos rnx, 
02 -,,; kl 2 Gk K2 Kl -1 m m2 

trK 2 tr l m-

O<x<c. (3. 2. 5 7) 

If we now substitute (3. 2. 53 ), (3. 2. 56) and (3. 2. 57) into (3. 2. 31 ), 

we obtain 



= 
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! a ~i -½ (1 + ~) 2 ½tan.!.. t + .!. ~ 
2 

1TK 2 2. 1 .2. 2 1T kl 

t 
. . 1 

Sln mx Sln jX dx 
1 

0 
(cos x - cos t)"i 

00 

X ~ -1z a!.!_1 ! [P m-l (cost) - P m(cost)] , 
m=l rn 

O<t<c. (3. 2. 58) 

By using this expression for h
1 

(t) in (3. 2. 29) and (3. 2. 30), we 

find that 

(3. 2. 59) 

00 

X ~ --½ a (l
2
) [P 

1 
(cos c) - P (cos c)] 

m=l m m m- m 

or 
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k = 0, I, 2, . . . (3. 2. 63 ) 

k = 1, 2,3,... (3. 2. 64) 

We obtain 

I 

Bm+l, n + Bmn = f [i:;,+1(x)-PX:, (x) + PX:,(x) - i:;,_1 (x)] 

COS C 

I 

X [P (x)- P 1 (x)]dx = (2m+ I) J P (x)[P (x) + P 1 (x)]dx 
n n- m n n-

co S C (3 • 2. 65) 

and 

I 

n(n+l) f Pm(x)Pn(x)dx = 

COS C 
J

l 2 I 

[ (1-x )P' (x)] P (x)dx 
n m 

COS C 

I 
(I-x

2 
)P' (x)P' (x)dx 

n m 
COS C 

COS C 

= sin
2 

c P' (cos c)P (cos c) + (l-x
2 

)P (x)P' (x) 
n m n m 

I 

COS C 

J 
l 2 I 

P (x)[(l-x )P' (x)] dx 
n m 

COS C 

(3. 2. 66) 

= sin
2
c[P'(cosc)P (cosc)-P(cosc)P'(cosc)]+ m(m+l) 

n m n m 

I 

J P (x)P (x)dx. 
m n 

COS C 
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As a result, we find that 

I 
. 2 

J P (x)P (x) = m n ( :~n) c ( +l)[P'(cos c)P (cos c)-P (cos c)P'(cos c)], nn -m m n m n m 

COS C 
m =I= n. (3. 2. 6 7) 

For m = n, we have 

1 I P!, (x)dx = (2~+ I ) ~ 
2(m-l)P (cosc)P 

1
(cosc) 

m m-
- cos c Pm(cos c) + (2m-l) 

COS C 

m Pk-I (cos c)Pk_2 (cos c) ] 
-2~ 

k= I (2k- l )(2k-3 ) 
(3. 2. 68) 

which is derived from a result given by Prasad [8] for fx P!i(x)dx. 
· o 

With the use of equations (3. 2. 67) and (3. 2. 68) the right side 

of (3. 2. 65) can be written in explicit form. If we denote this right 

side by C , we have mn 

I 

B + B = C = (2m+ 1) J Pm(x)[Pn(x)+ Pn- l (x)]dx , m+l,n mn mn 

COS C 

and 

B = C • 
I, n 0, n 

This set of difference equations can be solved to give 

Bmn = 
m 
}: 

k=l 
(-1 )m-k C 

k-1, n • 

(3. 2. 69) 

(3. 2. 70) 

(3. 2. 71) 
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An expression for al~ can now be obtained from (3. 2. 55) and 

(3. 2. 61 ); it is given by 

+ 

+ 

1 3 [ln(cos 2 c)] 

n= 1,2,3, ... (3. 2. 72) 

Terms of higher order are exceedingly complicated but may, 

nevertheless, be calculated in terms of the constants B . The 
mn 

coefficients of the perturbation solution can be used to obtain the 

temperature distribution in region 2. For region 1, the coefficients, 

anl = a~{ + p½ a~{ + pa ~i + ... , can be obtained from the relation 

(3. 2. 17). For n = 0, we have 

(i) 
a 02 ' i = 0, 1, 2, and 3 ; (3.2.73) 

and for n > 1, simple expansion of (3. 2. 17) for small p gives 
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n=l,2,3, ..... (3. 2. 74) 

l 
By equating the terms in like powers of p2 , we obtain for n = 1, 2,3,._.. 

(3. 2. 75) 
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3. 2. 4 Inversion of the Solution 

The Laplace transform of the solution may be written as 

1 

1 (0) 1 (1) (2) ½(3) pz11vl 1 ®. (x, y, p) = [-(a o· + o l . )+ --r a o· + a o· + p a o· + .... ]exp[- 1 
1 p 1 ,1 z 1 1 1 2 p 1TK. 

1 

00 1 ( 1 ) (2 ) .! (3 ) 2 1 2 
.! 

+ :E [ --r a . + a . + p 2a '. + .... ] exp(-(n + ....EL)2 jy !]cos nx , 
1 2 n1 n1 n1 2 

n= . p 1T Ki 

i = 1, 2. (3. 2. 76) 

The inverses of all the terms outside the summation sign and the 

second term under it may be obtained directly from tables. The other 

terms may be inverted by using the convolution integral. If L -l is 

used to denote the inverse operation, then we have 

~-1 [ .!] J.... exp -a(p + (3)2 = (3. 2. 77) 

and 

1 (3. 2. 78) 

We can write, by making use of the convolution property, 

i
t 

-1 1 .! a 1 r -r exp[-a(p+(3)2] = 2,r .! 3/2 
p2 (t-T)2 T 

0 

2 
exp[- (~T + (3T)]dT . 

(3. 2. 79) 
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Upon the substitution T = ut, the integral becomes 

v,-1 1 .!. 
dv -r exp[-a(p+ 13)2] = 

p'z 

a a 1 1 

= - - exp[-(-+ '3ut)]d(- - 1 )'z 1
1 2 

21rt 4ut u ' 
0 

(3. 2. 80) 

and by the further substitution 

2 a 2 
v = 4ut + '3ut , (3. 2. 81) 

we obtain 

~-1 1 [ .!.] cJ-, --r exp -a(p+j3) 2 = 
a 2 1 1 J

v=oo 

21rt ;xp(-v )d[ u(v) - 1]'z. 
pz 

v=(a
2
/4t+'3t f 

(3. 2. 82) 

The upper limit is oo as long as a =I=- 0 and the lower limit is large 

when t is large. Therefore, it is appropriate to obtain an approxi-
1 

mate expression for [l /u(v)- l]z" for large v. From (3. 2. 81) we 

obtain 

2 2 1 

u = {13t[1 - (1 - a l>z] 
V 

v2 1 a213 1 ~ = 2j3t [ 2 4 + 8 a 8 + ... ] 
V V 

2 
+.!.. 

a2j3 
= a [l 4 + •.•.• ] 

4v2t 4 
V 

and 
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1 J. [4v
2

t 1 a 213 -1 ].!. 
d~ - 1 )2 = d -z(l + 4 4 + .... ) - 1 2 

Q V 

4v2t 1 a 2 i3 J. = d[-z- ( 1 - 4 4 + • .. ) - 1] i 
Ct V 

.!. 2 2 
= d 2 vt2 [1 _ 

4
1 a- 13 _ ~

2 
+ ... J½ 

a ;4 4v t 

1 2 
= d 2 vtz [ l a + ] a - -z ... 

8v t 

(3. 2. 83) 

The inverse given by (3. 2. 82) may now be written as 

exp[-a(p+~)"z] =--r exp(-v )(1 + - 2-+ ... ]dv i 1 f oo 2 a2 

1rtZ l 8v t 

1 2 1 = ---r exp[ - (~t + ~t) ][--,:-
2,rt"z (~t)Z 

(a
2
/4t+~t)2 

1 
---3 ... / ..... 2 + • • • ] ' 
2(~t) 

(3.2.84) 

which is exponentially small for large t. From this result it is quite 

~-1 J. [ .!.] straightforward to show that ,J...; p2 exp -a(p+~)2 is also exponentially 

small. Upon the application of these results for the inversion of 

(3. 2. 76) we see that the entire expression under the summation sign is 
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exponentially small for jy I > O. By inverting the other terms, we 

obtain for y > 0, 

01 (x, y, t) = 1 -

X [P (cos c)- P 1 (cos c)J2 ]_!_ 
13 

m m- 3 3 1 

,r 2 (,rt )2 

and for y < 0, 

.! 3 
Bk2 K 1'(k1+ k 2 ) 

.! .! 4 
(k 1 K 2' + k2 K 1 ' ) 

1 
-3 
m 

l ,2 2 
+ . . . . exp [ - q] , 

(3. 2. 85) 
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X ln(cos 2
1 

c) ~ + -1-
- 3 (1rt )2 1T 

00 

X !: 
m=l 

1 2] m 3 [Pm (cos c) - P m-l (cos c)] 

(-y) 

(3. 2. 86) 

At y = 0, the temperature distribution on each side of the 

interface may be obtained by inverting ® (x, 0, p ), which may be 
l 

obtained by letting y-+ 0 in (3. 2. 76). However, a difficulty arises 
1 

in the inversion of p2 because this expression by itself does not have 

an inverse. But we are only interested in a solution for long time and 
1 

also, the expression p2 is valid only for small p. Under these 
1 

circumstances we can obtain a meaningful inverse of p2 . Let us 

consider the function 

1 1 
F(p) = p'z exp[-apz] , a> o. (3. 2. 8 7) 
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The inverse, f(t), of F(p) is given by 

f (t) 1 1 a 2 a 2 
= ~ - F (p) = [ - 3 1 + 5 1 ] exp [ - 4t ] 

2 (1rt )2 4(,rt )2 
(3. 2. 88) 

For a « 1 and small p, 
1 1 3 _.!. 

F(p)~ p2 ; and f(t)~z(irt) 2. for large t. 

Therefore, for small p and large t, it is valid to interpret 

1 3 _.!. 1 

- 2 (,rt ) 2 as the inverse of p2 . The temperature distributions on 

each side of the interface may now be obtained by setting y = 0 in 

(3. 2. 76) and then inverting ®· (x, 0, p ). Upon carrying out this opera-
1 

tion we find that 

00 

0. (x, 0, t) = 6
1 

. + a (
0
0) + _!,.- !: 

1 
' 

1 1 (,rt)2 n=o 

1 00 

!: 
n=o 

a (3 ~ cos nx 
n1 

a (l_) cos nx 
n1 

+ ... , i = 1, 2. (3. 2. 89) 

In this result, the inverses of the terms independent of p, i.e., 

a<
2
), i = 0, 1, 2, .... are taken to be zero as opposed to a<

2
) 6(t) 

nl lll 

because we are only interested in large values of t. 

By the substitution of expressions for a ~i, 
(2) 

a., i=l,2, 
n1 

n = 1, 2, 3, .... and carrying out the summation [5] 

of the first series, we obtain 



l\ (x, O, t) = 

+ 

and 

+ 
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1 
1 

1T (,rt )2 

2 
cos ½x 

H(c-x)Ln[---
1 

cos ½ X 1 l + ( 2 - 1 )2] + .... , 
COS ½ C · COS 2 C 

COS½ X 

H(c-x)l n [ --- + 
COS½ C 

(3. 2. 90) 

2 
cos ½ X 1 l 

( 2 - 1 )2] + .... , 
COS ½ C 

(3. 2. 91) 

where H denotes the Heaviside step function. 

The average heat flux per unit area, qav' across the interface 

is given by 
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dx* 

1 ~ (0) (1) ½ (2) 
~ -r a 01 + a 01 + P a 01 + • • • 
'ITK 12 . 2 

1T 

1 
1 

1 
(,rt)2 

(3. 2. 92) 

By taking the reciprocal of this result we obtain the average resistance, 

R, for a unit area as 

l l 

(k 1 K 2 a + kz K / > 
= 

klk2 

(3. 2. 93) 
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which may also be written as 

(3. 2. 94) 

1 1 1 
where Rfc = (k1K 2

2 +k2 K 1
2 )(,rt)2 /(k1k 2 ) is the full contact resistance, 

and Fo2 = K 2t/J. 2 is the Fourier number based on the lower thermal 

diffusivity. This result is presented in Fig. 3. 2. 1, where R/Rfc is 

plotted as a function of Fo2 /[1n(cos ~ c)]
2 

for contacts between copper 

and steel, steel and glass, and copper and glass. 
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3.2.5 Discussion 

The present analysis provides useful results for situations in 

which we have a large fraction of the interface in contact. This corres­

ponds to the case in which c/rr « 1. In fact, when c = 0, we have full 

contact and the only terms in the solution that count are those of leading 

order. 

exactly. 

These terms then satisfy the set of equations (3. 2. 5-3. 2. 8) 

For cases when c/rr < 1, however, the higher order correc-~ 
tions become unrealistically large, except for correspondingly large 

values of the Fourier number, I 2 . 
Fo. = K .t 1 . As a suitable criterion 

l l 

of validity, we can require that the dominant term in the highest order 

be much smaller than the next lower order term. For equations 

(3. 2. 85 ), (3. 2. 86) and (3. 2. 90-3. 2. 93) such a criterion would lead to 

the condition that 

« 1. (3. 2. 95) 

Although the validity of this analysis is restricted by (3. 2. 94), 

the results expose the interaction of the different parameters involved. 

Being analytical solutions, they have the usual advantage over numeri­

cal solutions in which the role of the various parameters is often 

difficult and laborious to interpret. The present set of results provides 

an incentive for experimental work associated with the measurement 

of the transient resistance for varying fraction of contact. 
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Region Circular 
per feet contact 

Region 2 

Fig. 3. O. 1. Two solids in contact over a finite circular disk. 



Fig. 3. O. 2. 
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Region I 

No con tact 

Perfectly 
conducting 
sphere 

Region 2 

Heasley' s model: a perfectly conducting sphere 

between two solids. 
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Lines of symmetry 

I Regio~ I 

I I 
I I 

y* I 
I 

I 
I 
I 

Regions of perfect contact 

I I 
I Region 2 I 

I 
I 
I 
I I 

Insulated regions 

I I 

Fig. 3. O. 3. Two solids in contact over a series of identical, 

equally spaced strips. 
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z 

Region I I 
77 = I 

77 = constant 

E = constant 

77=0---r 

Region 2 

Fig. 3.1.1. Oblate spheroidal c oo rdinate syste m. 
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