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ABSTRACT

Analytical solutions to three heat transfer problems, each
involving more than one medium, are obtained by using some exact
and approximate methods.

I. In particular, for the analysis of nucleate boiling at a solid
surface, a single bubble is simulated by a point source (or a sink) of
liquid. A solution of the boundary layer type is obtained for a constant
point sink, and it is used to estimate the microlayer thickness, a
quantity useful in determining some features of latent heat transfer
due to vapor flow within the bubble.

II. The thermal effects of droplets condensing on, or evapo-
rating from, a solid surface are analyzed by solving the steady heat-
conduction equation for a spherical segment droplet on a semi-infinite
solid with suitable boundary and interface conditions, Expressions for
the temperatures, the overall heat flow and the lifetime of an evapo-
rating droplet are obtained. From these expressions, the effects of
the solid properties and the contact angle are predicted.

III. Estimates of long-time thermal contact resistances are
obtained by considering the transient thermal response of two semi-
infinite bodies in contact over (1) a circular disk; and (2) a series of
identical, equally spaced strips. The unsteady heat equation is solved
by using suitable interface conditions with each solid being at an
initially uniform but different temperature. The solution is valid for

large values of the Fourier number.
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INTRODUCTION

Many of the interesting problems in heat transfer involve more
than one medium, and quite often the analyses of these problems can-
not be treated by considering each medium separately. That is, the
analyses require the simultaneous treatment of all the media involved,
rather than an independent treatment of each medium., In some cases,
however, one medium may be effectively approximated by, let us say,
a surface, or a line, or even a point, In this thesis, we investigate
three important problems in heat transfer, each problem involving
more than one medium,

In the first problem we deal with the vapor bubbles of nucleate
boiling which grow and collapse at a solid surface. The analysis of
the heat transfer requires an estimate of heat transfer due to conduc-
tion through the ""microlayer'' of liquid between the vapor bubble and
the solid wall, and the latent heat transport due to the evaporation
from the microlayer. Such an estimate requires the knowledge of the
microlayer thickness. The calculation of the thickness is a well-
defined theoretical problem in fluid dynamics but an exact analysis
seems impracticable and approximations are, therefore, necessary.
In the present study we describe the liquid flow outside the bubble by
a source (growing bubble) or by a sink (collapsing bubble) on a rigid
plane (see Fig. 1.1). In this way we essentially reduce this two-
medium problem to a one-medium problem so far as the fluid dynam-
ics is concerned. The vapor medium properties are described by the
source or sink strength. Results, however, are obtained only for a

collapsing bubble, For a growing bubble we encounter analytical
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difficulties, presumably because of the possible reverse flows which
are suspected to exist for the case of a point source on a rigid plane.
The flow from a line source on a plane is known to have this reverse
flow (see Fig. 1.3).

In the second problem we study droplets, condensing on or
evaporating from a solid surface (see Fig. 2.1), and obtain expressions
for the quasisteady thermal resistances. This problem involves three
media — solid, liquid and vapor; but the effect of the vapor, for an
evaporating droplet, may be decoupled from the solid and liquid effects
which remain coupled with each other, For a condensing droplet, the
interactions of the properties of all three media are coupled. It will
be made evident that the contribution of each medium to the overall
thermal resistance cannot be separated from the contributions of the
other media. This interaction takes place because the interfaces of
the media are not uniform temperature surfaces except at the liquid-
vapor interface for an evaporating droplet.

The third problem deals with the transient thermal resistance
between two different solids having imperfect thermal contact. In this
case we analyze the transient thermal response of two semi-infinite
solid bodies, the plane surfaces of which are brought into contact.
Initially, each body is at a different uniform temperature. We con-
sider the possibilities when the contact is established over (1) a finite
circular disk; and (2) a series of equally spaced identical strips.

Over these regions of perfect contact we require the temperatures
and the heat fluxes to be continuous. Along the interface where there

is no contact, we may have heat transfer due to the presence of air,
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At atmospheric pressures, however, the effect of the air medium can
be ignored, and we may assume that the regions of no contact are
insulated. The problem then reduces to the heat equation for two
media, and approximate solutions are obtained by a long-time pertur-
bation scheme.

For all these problems the solutions, although approximate,
are analytical. As a result, we obtain a clear view of the effect of

the properties of the different media.



PART 1

AN ANALYTICAL ESTIMATE OF THE MICROLAYER

THICKNESS IN NUCLEATE BOILING



Nomenclature
m = RZI:{ = source strength
m = -RZI.{ = sink strength
P = pressure
R(t) = bubble radius
Ro = maximum bubble radius
r = spherical distance from origin
t = time
t, = bubble lifetime
8] = free-field radial velocity
u = radial velocity within the boundary layer
w = velocity normal to wall
z = distance normal to wall
6 = boundary layer thickness
60 = microlayer thickness
<6O> = average value of 60
3.3 o s s
n = z(|ms|/2vr )2 = similarity variable
v = kinematic viscosity
p = density of liquid

() = velocity potential



1.1 Introduction

Among the phenomena of interest in nucleate boiling at a solid
surface is the enhanced heat transfer that takes place with the onset
of such boiling. In the physical situation of present concern one has a
large temperature gradient in the liquid in the neighborhood of the
solid. Vapor bubbles grow and collapse at the solid with a lifetime of
the order of a millisecond or less, These nucleate boiling bubbles
have characteristically a maximum size of about 0.5 mm. The
analysis of the dynamics of such vapor bubbles is important for the
understanding of the physical mechanism of the increased heat trans-
fer from a hot solid to a liquid in nucleate boiling conditions.

To explain the increased heat transfer with nucleate boiling
two mechanisms have been suggested. The first supposes that the
growing and collapsing of a bubble produces a stirring of the liquid in
the region of the large temperature gradient near the solid. This
"microconvection' is then supposed to produce the increase in heat
transfer. Because of viscosity the bubble growth and collapse have
associated with them a viscous layer between the bubble base and the
solid (see Fig. 1.1). This viscous layer is known as the '"'microlayer'',
The second mechanism supposes that the important contribution
comes from the transport of latent heat. In this latter mechanism the
heat from the hot wall is conducted through the microlayer and is
transported from the bubble base to the cooler bubble cap in the form
of latent heat of vaporization from the microlayer. The contribution
of this latent heat transport in subcooled nucleate boiling has been

studied by Plesset and Prosperetti [1].
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In the determination of heat transfer rates due to these mecha-
nisms the thickness of the microlayer plays an important role and
has been the subject of several investigations. From a theoretical
point of view the calculation of the thickness of the microlayer is a
well-defined problem in fluid dynamics. However, previous attempts
[2, 3] to solve this problem have led to solutions which have been
developed and applied to slowly growing bubbles. These growing
bubbles are observed in situations in which the temperature gradient
in the liquid in the neighborhood of the solid is much smaller than the
gradients which apply to nucleate boiling. The vapor bubbles which
grow in such moderate temperature gradients not only grow much
more slowly but also attain sizes of the order of several millimeters.
These do not usually collapse on the solid but detach from it to collapse
at a distance from it. Measurements of the microlayer thickness for
such bubbles have been made by Jawurek [4] and by Voutsinos and
Judd [5] with use of optical interferometry. For the small, short-
lived nucleate boiling bubbles such measurements are not yet avail-
able.

For a spherical vapor bubble of radius R(t) growing or col-
lapsing in an unbounded liquid such as water the velocity potential in
the liquid viewed as a perfect fluid is

2"

G m s (1.1)

r

where R = dR/dt is the velocity at the bubble boundary. This
motion is the same as the motion produced by a point source (or a

sink) of liquid of strength



m_= R R . (1. 2)

Viscous effects for such unbounded spherical motion in water are un-
important. A bubble growing (collapsing) at a solid wall usually has
a nearly hemispherical shape and the liquid motion away from the wall
can be described by (1.1-1.2). At the wall, however, the no-slip
condition applies and we have a viscous boundary layer. The motion
of the liquid is similar to the case of a point source (sink) in an un-
bounded liquid where we introduce a rigid plane containing the point,
In the present analysis, we obtain an estimate of the micro-
layer thickness during the collapse of a bubble from the known solu-
tion [8] to the boundary layer equations for a constant point sink on a
plane. That is to say, we simulate a bubble of time-varying radius
R(t) by a point sink of liquid on a rigid plane in a semi-infinite liquid
(see Fig. 1.1). The strength of the sink is taken to be m = -RZI.{
(i. e., m_ = -m), An estimate of the microlayer thickness during the
growth of the bubble could not be obtained in a corresponding way be-
cause of analytical difficulties in obtaining the boundary layer solution
for a point source on a plane. In fact, such a solution does not even
exist., An attempt to obtain a solution by the usual similarity variable
method leads to physically meaningless results [6, 7]. A steady state
boundary layer solution for a constant point sink is, however, avail-
able [8] and a calculation of the boundary layer thickness is used to

give an estimate of the microlayer thickness for a collapsing bubble.



1.2 Boundary Layer Solution for a Point Sink on a Plane

The boundary layer solution for a constant point sink given by
Rosenhead [8] is presented in the present study with a more detailed
derivation. The analysis is based on the general class of axisymmet-
ric solutions by Mangler [9] and Geis [10]. With the boundary layer
approximation, the momentum equation for incompressible, axi-

symmetric flow near a plane is given by

2
ou du _ 1 9p
Car T ¥zt Toar Y

9
0z

NlG

, (1.3)

where u is the radial velocity along the plane, w is the velocity
normal to the plane, r is the spherical distance from the origin, =z
is the distance normal to the plane, v is the kinematic viscosity, p
is the pressure and p is the density. The continuity equation in
these coordinates is

58?(1-11)+-a%(rw) = 0. (1. 4)

This set of equations is valid within the boundary layer provided the
usual assumption of the boundary layer being thin is valid,

The potential flow outside the boundary layer is given in terms
of the free-field velocity U as

Ule) = ~— , (1.5)
r

where the source strength is taken to be by, & - R RZR (i. e., the
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strength of the sink is m = -R%R > 0). From the exact momentum

equation for inviscid flow, we obtain the pressure term

2
1 op _ ,dU _ _2m
"o - Yar T T35 - iy

I

In the boundary layer approximation it is assumed that (1. 6) describes
the pressure distribution within the viscous layer as well as outside it.

As a result, equation (l.3) becomes

2 2
ou ou _ 2m 9 u
u—8r+w—8z B e p— (1.7}
r 0z

For the set of equations (1. 7) and (1. 4) it is found that

1 2"
2 m=-R"R >0 , (1.8)

2vr

is a suitable similarity variable. We now assume that the radial

velocity u within the viscous layer can be expressed as

u = U f'(q) = - =1'(n) , (1. 9)
r

where f is an undetermined function of n. In order to satisfy the

continuity equation (1. 4), we require

o=

w = (ﬁ) [f-3n"] . (1.10)

Upon the substitution of (1.9) and (1. 10) into (1. 7), we obtain

frooge o441 - %) = 0 {3 11



11
which is a special case of the Falkner-Skan equation. The no-slip and

the zero normal velocity conditions require that

£(0) = f'(0) = 0 , (1.12)

and in order that u - U away from the plane, f has to satisfy the

requirement

f'(‘q)—’l as n >0 . (1. 13)

A numerical solution to this set of equations (1.11-1.13) is available
[8], and it can be used to obtain the flow velocity at any point. A
similar analysis for a point source is carried out in Section 1. 4, but

it does not lead to a physically meaningful solution.
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1.3 Microlayer Thickness

If the boundary layer thickness is defined as the distance in
which the flow velocity has attained 99% of the potential flow velocity,

then from (1. 9) it follows that

f'(n) < 0.99 . (1. 14)

From the numerical solution of (1.11-1.13) we find that (1. 14) re-

quires that

2 3)% —qg 2 . (1. 15)

Therefore, the boundary layer is the region

3

2vr” . 1
0<z§2(m) i (1. 16)
and hence the boundary layer thickness is given by
3
_ 2vr —;-‘
& = BEEE (1.17)

There is, of course, some arbitrariness in the determination of the
boundary layer thickness. If the thickness is defined as f'(n) = 0.999,
then one finds 6§ = 3(2vr3/m)%'; and if one takes f'(n) = 0. 95 one finds
5 = 0,9(2yr" fm)t,

An estimate of the microlayer thickness 60 can be obtained
if we find a suitable expression for m and then interpret ¢ as 60.
The expression for m must be consistent with the assumption that it

be a constant and it should fit the experimental data for R(t).
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The above results are valid only for the collapse of the bubble,
and we take t = 0 as the time when the bubble radius R(t) is a maxi-

mum R , i.e.,
o
R(0) = R_ . (1.18)
If tg is taken as the total bubble lifetime, then we require
1 =
R(zt,) G . {1.19)
In addition, R(t) must satisfy
2 .

R°R = -m , (1. 20)

where m is taken to be a constant, Simple integration of (1.20),

subject to the conditions (1.18) and (1.19), yields

_ 2t 3
R() = R (1 - 2553 (1.21)
(0]
and 3
W oo 2 2o (1.22)
3T '

which upon substitution into (1. 17) gives the microlayer thickness as

1
6, = 2(3vt0)2—1§-)3/2 . (1.23)
(0]

This expression may be averaged over the region beneath the bubble

to give

8 1
<6, > = wm (Bt ), (1.24)

where < 6, > is the average value of 6
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In the next section we discuss the problem of the point source
and show the difficulties we encounter in an attempt to obtain a bound-

ary layer solution.
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1.4 Point Source on a Plane

For a point source we take the free-field velocity as

m L]
UEr) = — m_= R°R > 0, (1. 25)
r

and the pressure term for inviscid flow is

Zmz
1 op _ ydu _ ™
--5 Tl Udr = - r5 . (1. 26)

If we use this term as an approximation in the momentum equation

(1.3), we obtain

2
2m 2
ou ou _ s 9 u
u-é?'l'wa—z—--——s—+v—'—? . (1.27)
T 0z
For the set of equations (1.4) and (1.27) we find
m 1 2
n =z 3 , mS:RR>0, (1.28)
2vr
to be a suitable similarity variable. By letting
Mg
u = UEK'(n) = —5 £'&) (1. 29)
r
and N
m v\2
w = ( = )[-f+3~qf'] , (1.30)
3
2r

we satisfy the continuity equation (1. 4). Upon the substitution of

(1.29) and (1.30) into (1.27) we obtain

£11Y + ff'Y - 4(1 -f'z) = 0 , (1. 31)
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which is a special case of

£ 4 £ 4 Bl -£%) = 0 . (1.32)

The no-slip and the zero normal velocity conditions require that
f(0) = £f'(0) = 0 , (1.33)

and in order that u - U away from the plane, f must satisfy the

requirement

f'() - 1 as N "0 . (1.34)

For this set of equations (1.32-1,34), it was shown by Hartree [6]

that the solution is not unique for B, < B <0 where B, = -0.1988,
We encounter the nonuniqueness because the condition (1.34) at o is
satisfied, regardless of the choice of the integration constants. Two
of the integration constants are fixed by (1.33) but one remains free
and therefore, the solution is not unique. It was later shown by
Stewartson [7] that for B < B, (B = -4, in the present case), any
solution satisfying (1.32-1.34) has f'> 1 for some values of n > 1.
In view of (1.29), this would mean that the radial velocity would in-
crease from a value zero at the plane to a value greater than ms/r2
within the viscous layer and then approach the potential flow from

above. Such behavior is unrealistic and is rejected as being physically

unacceptable,
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1.5 Discussion

The information about the boundary layer thickness just de-
scribed can be used to estimate the heat transfer rate due to evapora-
tion from the microlayer. A question arises concerning the accuracy
of the description of the collapse motion which is determined by taking
m to be a constant. In Fig. 1.2, R(t)/R0 from (1.21), which is a
direct result of this assumption, is shown as a function of 'c/t:O to-
gether with the data from measurements by Gunther and Kreith [11]
and by Gunther [12]; also plotted on the same graph are the best fits
of these data. The assumption that m is a constant is seen to be
fairly good for O<t§%to, but is less accurate as t—»%to. We should
also remark that the bubble velocity at the maximum radius for fixed m
is not zero while for the growing and collapsing bubble R = 0, at the
maximum radius. The results given by (1.23) and (1. 24) cannot be
compared with any available experimental data because none of these
deal with collapsing bubbles of nucleate boiling.

A valid solution for a time varying m would be of considerable
value but it appears to be exceedingly difficult to obtain analytically.
For a constant point source a solution of the boundary layer type does
not exist and it appears that the exact solution is quite complicated.
Presumably, the difficulty in the potential solution for a point source
arises from the regions of reverse flows so that one does not have a
monopole potential flow, The existence of such reverse flows can be
inferred from the exact solutions of the Navier-Stokes equations for
the viscous flows from a line source in a two-dimensional channel

[13-15] (see Fig. 1.3).
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The analytical model presented here for the microlayer thick-
ness has a significant advantage of simplicity. It also gives some
useful information regarding the variation of the microlayer thickness

along the solid boundary.
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=—__ Microlayer

Boundary layer

(b)

Fig, 1.1, (a) A diagrammatic representation of a typical nucleate
boiling vapor bubble with a viscous microlayer,

(b) Mathematical model (point source or sink).
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Line source

Fig. 1.3. Reverse flows resulting from a line source on a plane;
arrows indicate magnitude and direction of the fluid

velocity.
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PART 2

EFFECT OF SOLID PROPERTIES AND CONTACT ANGLE

IN DROPWISE CONDENSATION AND EVAPORATION
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Nomenclature
Bi = hp/k1 = Biot number
D, = spatial region of droplet
D, = spatial region of semi-infinite solid
3D12 = solid-liquid interface
oD, = liquid-vapor interface
oD, = solid-vapor interface
f(T ) = correction factor
g(6, Bi) = correction function
h =  heat-transfer coefficient
k1 = thermal conductivity of liquid
k2 = thermal conductivity of solid
Nu = Q/[klp ITO - Tvl] = Nusselt number
pe(T) = equilibrium vapor pressure at temperature T
P-%+i'r(x) = Legendre function of complex degree, -3 +i7
q = heat flux
Q =  overall heat flow
R = universal gas constant/molecular weight of
vapor
Ti‘ = temperature distribution in liquid
T; =  temperature distribution in solid
T;; = temperature distribution of solid-liquid

interface



if
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temperature at center of solid-liquid inter-

face

vapor temperature
temperature at large distance into solid

* y .
(T1 - To)/(Tv - T,) = dimensionless
temperature distribution in liquid

3 . :
(TZ - To)/(TV - To) = dimensionless

temperature distribution in solid
b
if

temperature distribution of solid-liquid

(T., - To)/(Tv - To) = dimensionless
interface
(T>:< -T )/T =-T ) = dimensionless

c o v o
temperature of center of solid-liquid
interface
time

lifetime of an evaporating droplet

volume of droplet

spatial coordinate
spatial coordinate

0+

accommodation coefficient
k1 / k2

contact angle
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latent heat of vaporization
base radius of droplet

initial radius of evaporating droplet

density of liquid

equilibrium vapor density at temperature T
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2.1 Introduction

In view of the lérge heat fluxes observed in dropwise condensa-
tion, this subject has received a considerable amount of attention,
Although the analysis and the physical fundamentals of the reverse
process, dropwise evaporation, are similar in many respects, most of
the effort has been concentrated on the condensation problem. Due to
the complexity of these heat-and-mass transfer processes, an exact
analysis is virtually impracticable. However, several models have
been proposed to ai:proxirnate the condensation process but oversimpli-
fications invalidate some of these. For example, Fatica and Katz [1],
Sugawara and Michiyoshi [2], and Nijaguna [3] have considered steady
heat conduction in a single droplet with a diécontinuity in the tempera-
ture along the edge. The discrepancy due to this discontinuity was
recognized by Ahrendts [4], Hurst and Olson [5] and Umur and Griffith
[6] and it was later shown [7] that such a model is inadmissible because
it predicts an infinite amount of heat flow across the droplet. Other
models [4, 6, 7] are incomplete in the sense that the condenser material
properties could not be considered and their validity is, therefore, re-
stricted to cases in which the thermal resistance between the droplet
and the vapor is dominant. However, there has been some interest in
understanding the effect of the condenser material properties, and in
one of the first analyses Mikic [8] suggested that the effect was due to
large droplets behaving as inactive areas constricting the heat flow,
Recently, this idea was further pursued by Hannemann and Mikic [9]

with some modifications of the original model. Earlier, Hurst and
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Olson [5] considered the condenser material properties by numerically
solving the heat equation for a hemispherical droplet on a flat-disk
shaped condenser.

In the present study both evaporation and condensation of drop-
lets are analyzed and the effect of the condenser (evaporator) material
is dealt with by solving the steady heat-conduction equation for a geome-
try consisting of a droplet in the form of a spherical segment on a semi-
infinite solid (see Fig. 2.1). This model assumes that the influence on
a droplet due to surrounding droplets is negligible. The results of this
analysis show that for a liquid like water condensing on (evaporating
from) a metallic solid the temperature within the solid approaches the
far-field value rapidly with distance from the edge of the droplet. There-
fore, it is quite reasonable to assume that the range of influence of a
droplet is restricted to a distance which is of the order of the droplet
size and droplets so distributed may be regarded as isolated. However,
a large droplet near several very small ones has a strong influence on
them, and the present analysis is not valid for such cases. The model
also restricts the validity of the results to systems having condensers
(evaporators) more than a few droplet radii thick. Thin solid sheets
such as foils are excluded. For the droplets of interest (less than 1 mm
diameter) the assumed droplet shape is quite reasonable because the
effect of gravity is much weaker than that of surface tension. Also for
such droplets the viscous forces dominate over gravity, and free con-
vection can be neglected (the Grashof number is less than 10 for water),
One need not consider the transient effects in the heat conduction because

the condensation or evaporation appears to be much slower than diffusion,
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That is, the time it takes for the droplet size to change by an amount
comparable with the original size is much longer than the time it takes
for the latent heat to diffuse into or out of the droplet. In solving the
steady condensation problem, the transfer of latent heat into the liquid
droplet due to the vapor flow is approximated by a mixed boundary
condition involving a heat-transfer coefficient, h, which is calculated
by using Plesset's formula [10, 11] for vapor flow onto a liquid sphere.
By using such a boundary condition we match the heat fluxes on each
side of the liquid-vapor interface. The vapor with a far-field tempera-
ture Tv deposits a heat flux h(Tv - Ts) onto the cooler liquid surface
having a temperature distribution Ts' This flux is equated with the
heat flux conducted into the droplet. For an evaporating droplet, it
follows from Plesset's results [10] that the temperature of the liquid-
vapor interface can be taken equal to the far-field vapor temperature
Tv' The solid-vapor interface for both cases is taken to be insulated
because the thermal conductivity of the vapor is much smaller than that
of the solid. This condition is not only realistic but also necessary to
obtain a nontrivial bounded solution for the temperature. Along the
solid-liquid interface perfect thermal contact is assumed and therefore
the temperature and the heat flux are required to be continuous., At
large distances into the solid the temperature is taken to be a constant,
To' For this model, exact solutions are found for an evaporating
droplet (To > TV). For the case of a condensing droplet (To < Tv)
exact solutions are found for some special values of h and approximate
solutions for other values of h. These solutions are then used to obtain
expressions for the overall heat flow Q across the droplet, the rate of

change of the droplet size, and the lifetime for an evaporating droplet.
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2.2 Mathematical Formulation

For the model described in Section 2.1, the temperature distri-

bution is given by
2, * : ;
N b it sz ) - G 3 WPIRIRRS [E—1 O (2. 1)

sk
where T;k and T, are the temperature distributions in the droplet
and the solid respectively, and D, and D2 are the corresponding

spatial regions. The boundary conditions discussed may be stated as

oy .
=ky = ® h[T1 - Tv] , for T < T; on 3D,
(2. 2)
or
TN =T, for T < T ; on 8D, |, @2.2")
1 v v o v
S 8D 2
Tl— TZ’ on 21 (2.3)
8T, oT,
k]. a_n = kz %— ’ on 8D21 » (2. 4)
8T,
= 0, on Z-)DzV 5 (2. 5)
and, at a large distance into the solid,
T, = T_, (2. 6)

where 8/9n is the outward normal derivative, 8D1V is the liquid-

vapor interface, 8D21 is the solid-liquid interface, aDZv is the
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solid-vapor interface, k1 and k2 are the thermal conductivities of
the liquid and the solid, respectively; h is the liquid-vapor heat-
transfer coefficient, TV is the vapor temperature and To is the
temperature of the solid at large distances from the droplet. To satisfy

this set of equations (2. 1-2. 6) one resorts to a toroidal coordinate sys-

tem involving the transformation [12]
z + ir = ipcoth [} (a + ip)] , (2.7)

where z and r are the coordinates for cylindrical geometry, p is
the droplet radius, and o and P are the transformed coordinates
(see Fig. 2.2). With this coordinate system, for axial symmetry, one

finds that equation (2.1) becomes

a[ sinh o aTj]Jri[ sinh o aTj]zo
c »

dat|cosha - cosp da 9B |cosh o - cospB 9P

0 < o <o, j=1,2; 1r5[3<po,j=l; 0<B<mwm j=2,

(2. 8)

where Tj = (T;‘- To)/(Tv - To). The variables cannot be separated

directly for this equation, However, by making the transformation
[12],

1
Tj = (2 cosha - 2 cos ﬁ)"vj 5 i= )2 (2. 9)

and by substitution into (2.8), one finds that the equation for vJ.,
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o
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n
o

0<a<ew, j=1,2; m<B<P, j=1; 0<p<m, j=2,

(2.10)

can be separated. The boundary conditions (2. 2-2. 6) transform into

or

and

sinﬁo 1 8v1
(1 + BT )v1 + BT (2 cosh o - 2 cos ﬁo) EI)

1

. for T0<Tv;f3:ﬁo;0_<_a<oo,

=o]~4

(2 cosh o - 2 cos ﬁo)'

(2« 11)
1
v = + , for Tv< TO; ﬁzﬁo; 0 << oo,
(2 cosha - 2 cos [30)2
' (2.11")
Vi = Yy o B=m; 0<a<w, (2. 12)
avl BVZ
EBB :—5?3—, B=m; 0<d<ow, (2.13)
GVZ
—B—ZO, ﬁ:O;O§a<oo, (2.14:)
v, <o , o,p— 0, (2.15)

where ¢ = kI/kZ’ and Bi = hp/kl is the Biot number, In the coordi-

nate system used, f = (30 corresponds to the liquid-vapor interface,

B = m to the solid-liquid interface, and B = 0 to the solid-vapor
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interface (see Fig. 2.2). At large distances from the droplet o, — 0
and therefore, equation (2. 6) is satisfied because the factor
(2 cosha - 2 cos 2[3)% in (2. 9) goes to zero.

Since all the boundary conditions are specified at constant
values of B, we require a solution involving oscillatory functions in o.

A general solution of this type for equation (2.10) is [12]

w0
v =J [Aj('r)cosh BT + Bj('r)sinh ﬁT]P_% 4 jp(cosha)dT,
o

i=1L2, (2.16)

where Aj('r) and Bj('r) are function of 7 depending on the boundary

conditions, and P ; +i-r(COSh o) is the Legendre function of complex
=2

degree, -3 + i7. By choosing vy and v, to be the following special

forms:

e ®(7)sinh(B_-B)7 + ¥(7)sinh(B-w)7T
vy =j - cosh a)dT, (2.17)

sinh(ﬁo-n')T P-% +i'r(
o

and

o0
" :j BArjcoshBT & ook wyar | (2. 18)

coshmwt -3 +iT
o

the boundary conditions (2.12), (2.14) and (2.15) are satisfied. Upon

satisfying (2. 13) we find that

V(T) = <I>("r)|:;1— tanhwT sinh(Bo-Tr)'r + cosh(ﬁ(;w)'{l . (2. 19)
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In order to obtain ¥(7) [and hence, &(T)] we need to satisfy (2.11) or
(2.11') as the case may be., In the next section we deal with an evapo-

rating droplet in which case we satisfy (2.11') exactly,



36

2.3 An Exact Solution for an Evaporating Droplet

Equation (2. 11') can be easily satisfied by expanding its right

1
2

side, (2 cosh o - 2 cos [30)- , in the integral form [12],

wcosh(ﬁo-n)'r

1
— = P, 1 g (cosha)dT .
(2cosha -2cos po)2 , coshmwr .

(2. 20)

Upon the substitution of (2.17) and (2. 20) into (2. 11'), we obtain

% 0 cosh(ﬁo-n‘)'r
(T )P_% + i.'T(COSh a)dT = ~Soih ot P__})_ + i’T(COSh a)dT .
o) (o)

(2.21)

This equation may be inverted by making use of the fact that an arbi-

00
trary function g(o), subject to the condition that j alg(o) Ida < o0,
o

may be expanded as

o0

g(a) :f G()P_y , ; (coshadr, (2.22)
(o]

where G is given by the Mehler-Fock transform [12],

)
G(n) = qtanhnnj ga)P +.1n(cosha)sinhado¢ ; (2. 23)
2

o

of g(a¢). These relations clearly imply the orthogonality of the trans-

form in the Dirac delta sense, i.e.,
o0
5(n-7) = ﬂtanh“'ﬂJ P_; + j_T(COSha)P_; +i1—,(COSh o)sinh aodox .
o) (2. 24)
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Therefore, based on this orthogonality property, we obtain from (2, 21)

cosh(ﬁo—-rr)'r

¥ir) = g TT ’ (e 220

From (2.19) it follows that

o) = :
[tanh w7 tanh(B_-m)7 + ¢ Jcosh wr

(2.26)

The heat flux, q(a), across the solid-liquid interface may be

written as

oT
q(a) = _kz(cosh o - cos 1r) - 2
P B B=m
[0 0]
—1:-2-'- (T -T)(2 ha-2cosmw) tanhw7 o(7)P ( h a)d
=% b - cos ™ Ttanhw7 &(1 -%+i"r cos T,
o

(2.27)

The overall heat flow, Q, is obtained by integrating q(&) over the

solid-liquid interface as follows:,

00

= ( P :
Q —J 2"T‘Z cosh(}t-Zcoswf LA 5anb, ode
(s

o0

€

00
4vk,p(T -T ) i
_ 1" % vJ sinhada If'rtanhn'T‘b('r)P 1, (cosha)dT|.
-§+17
o

(2coshat-2cosm)? £

(2. 28)

INIE

By letting [30 =7 in (2.20) we may represent (2cosha-2cosw) ? as

an integral. Upon doing so in (2.28) we find that



38

o 0
4‘"‘k].F.(TO-TV) x 1
= . sinhado mP_%_‘_in(cosha)dn
(o] (o]

> o]

X,:J- T tanhwT ®(7)P 4 , . (coshd)d’r} " (2.29)

-5 +1T

o

which, upon making use of the orthogonality relation (2.24), becomes

o0 [+ o}
4k p(T -T

0 = ) O(T)  qr= 4k (T -T ) sech’nr
- € coshrr O7° *TX1PUSGT ) | [tanhwT tanh6T ¥ gy "

(o] (o]

(2.30)

where 0 = (50- w) is the contact angle, This result may be written in
the dimensionless form

00

2
Nu = 41rJ aech w7 Ay ) (2.31)
[tanh w7tanh67T + €]

where Nu Q/[klp(To- Tv)] is defined as the Nusselt number. It
appears that an exact expression for the integral is not known and
therefore, it is evaluated numerically and the results are presented in
Fig, 2.3,

For most liquids evaporating from metallic solids ¢ ~ 0,01
and for such cases most of the contribution to the integral takes place

near 7 = 0. It would therefore be a good approximation to replace

tanhf7 in the demoniator by (6/w)tanh w7. By the further substitution

x = tanh w7, the integral takes the form
1
_ 4w dx PP DU PR
Na =g | === = d(g i an 0P £
o X'+ |
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which for 6 » 0 can be further approximated as

Nu = __1_“ . (2. 33)

or

p(T, - T,) . (2.34)

Equation (2.32) is exact for 6 = 0 and 6 =mw, and agrees with (2.31)

to within 20% for other contact angles when ¢ < 0,01,

%

The solid-liquid interface temperature distribution Tif can be

obtained from (2.17) or (2.18) as

o O -

= (2cosha+2) s sech wv

=

= 0. . 3L
Le=T-7F P
(o] k7 4

" [tanhwT tanh 67+¢] "2

+ i'r(COSh o)dT .

(2.35)

For the special case of a hemispherical droplet, this expression be-

comes
00
. P, + i'r(COSh o)dT
- (£ 1 -2
Ty = 2(1+£ Jcosh; o et o » i % (2.36)
14¢
By using the integral representation for o > 0 in (2.36)
ol
P, .. (cosha) =% J Ll —d¢  (2.37)
A (2 cosh a - 2 cosh ¢)?

and integrating with respect to 7, we find that the expression for Tif

reduces to
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- 3wl )

. o aJ s1nh{[1 -—cos (m)]qS} i
cosns . .

2c +e2) . sinh ¢ [2 cosh & - 2 cosh ¢J3

SIS

if =

The temperature at the edge of the droplet is obtained [by letting
o - o in (2.38)] to be T,. By letting @ - 0 in (2.36), the tempera-

sk
ture Tc at the center of the base is found to be given by

I :
o l+e \2 1 -1, 1

T =TT - 2‘(——3) [1-5 cos Tl S
o v 2¢ te

which may be approximated as Tc = (2¢ )%. These calculations clearly
show that the base temperature varies from a value close to To at the
center to 'I‘V at the edge and is clearly not uniform,

From the heat flow results, the diminishing rate of the droplet
size can be calculated and used to find the time it takes to vanish, The

rate of change of volume V is given by [7]

av _ 2 (1 -cos 9)2(2+cos 6) dp

dat "p 3 dt
sin” 6

(2. 40)

and the volume evaporation rate of the liquid in Q/(\ p P ), where )\ is
the latent heat of vaporization and Py is the density of the liquid. There-
fore, the rate of change of the droplet base radius is obtained as

Ky (T, - T,)Nu sin g

dp _
dat ~

> . (2. 41)
p)\p"lr (1 -cos@) (2+cos6)
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which upon integration leads to

2k (T - T_ )Nu . 3 1
p:pol:l' I'o “v sin™ 6 t:‘ ) 2. 42)

1T)\p1 pi (1 -cos 8)2(2 + cos 6)

where Po is the initial radius. It is not difficult to see that the

droplet takes a time

w)\p! pcz)(l - cos 9)2(2 + cos 6)
LI 3 s (2. 43)
Zkl(T - T )sin” 6 Nu
o v

to vanish,

Similar calculations can be carried out for a condensing droplet
but it turns out that the expression for Nu is much more complicated
and involves the droplet radius p. The details are discussed in the

next section.
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2.4 Approximate Solution for a Condensing Droplet

For a condensing droplet instead of satisfying (2.11') one needs
to satisfy (2.11) in order to determine &7) used in equations (2.17 -
2.19). However, an attempt to do so yields a double integral equation
for &(7) with very complicated kernels. An explicit expression for
®(7) can only be found for Bi =1 sinf and Bi -+ w. Therefore,

approximate solutions are sought and one such solution can be obtained

by finding a suitable function f(7) satisfying

00

J ‘I/(T)P_% + i"_(cosh o)dr
o

V1 lf3=l30

00

(2 coshot-2cos BO)J \I/(T)f(’T)P_% " i'r(COSh adT .

o)
(2. 44)

Substitution of (2.19) and (2. 44) into (2.11) leads to

51nB 1 . 1
J {(1 +7£To)f(7 )[ tanhmw7sinh(_-m)7+cosh(B - Tl 55T T

o

X [-El—tanh1r7+tanh([30-n)T]cosh(ﬁo- 17)1}@(7 )P_%+i,r(cosho¢)d7

- L , (2. 45)

[2 cosh o - 2 cos 50]3/2

where the right side may be written in the integral form
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[}
1 1 j 7 sinh(g - )7
= - = P, . (cosha)dr .
(2cosha -2 cos ﬁo)3 e sin l30 A coshwT ek

(2. 46)

By the substitution of this integral representation into (2.45) and by the

inversion of the integrals we obtain

o7 = sech w7
- sin®, sin O 1 sinf;1 tanhw7, .+
(1~ 2Bi1 ) Ttanh 671 £(7 )[-e- toaibowr tanh GT+1]+ 2Bi [Z tanh 6'r+1]
(2. 47)

where 6 = ([30-Tr) as in Section 2.3. Here f(7) is still an unknown
function and may be determined as an approximation by equating the
total heat flow across the liquid-vapor interface to that across the
solid-liquid interface.

The total heat flow Q across the liquid-vapor interface is

given by the Nusselt number Nu as

_ Q | ril1 -
Nu = Rp(T.- 1) _J Bl[l Tllﬁ:ﬁO:,dS : (2. 48)
S

where S denotes the surface over which we integrate. In order to
integrate T1 |[3=ﬁ over S we write (2.48) in terms of & and 6 as
o

follows:

[+.]

Nu :J 8u Bi = 1-T1|B_ﬁ}sinhada ,
5 (2 coshat+2 cos 0) %o

(2. 49)
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which, in view of (2.9), may be written as

00

Nu:J Subi 3732 . T -vllﬁ‘ﬁ sinhadao,
) (2 cosha+2 cos ) (2cosha+2cos 6)? T

(2.50)

By making use of the integral representations (2.17), (2.20) and (2. 46)

o0 Q0

we obtain
- ; 1 n sinh 6y
Nu = 81rBlf Ty f coshn P—-;—+i'q (cosha)dnl

(o) o

o0
[COSh ot _ v (7)]P (cosha)dr} sinh o dox
coshwt -3 +iT '

o

(2.51)

The substitution of (2. 19) and (2. 47) into (2. 51) and the use of the

orthogonality relation (2.24) yield

[tanh w7 _ £(7)sin 6 # el _f(7)sin6 )]
2 £(1) sin 6 2Bi tanh 67 7Tcothwrt " 7 tanh 97

‘rtanh 67 )sin 6

+ tanhw7 tanh 67 + ¢

Nu= gy sine[tanh TT, ] B «
o coshw7sinhw7T ( sin G)f('r)sm 6+ 2Bi ‘tanh 67 @ ©
cosh 67 sinh 67 " Z2Bi 'Ttanh 07" [tanhw7tanh 07+ ¢ |
(2. 52)

If the heat flow calculation is carried out at the solid-liquid interface,

the expression for the Nusselt number is
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dsS

3 8T2
Nu = (2cosh o - 2cosm) ==
€ EI'N B=

00

J (2cosh0¢+2)8 ' Sinhadaz
P B=m (2cosh a + 2)

" 1§

i

e}

o0

0
< :&J ginl o do JTtanh w7 &(1)P_y , 4, (cosh ajdr ,
. --5+1’T
o

o
(2cosha + 2)?
o
(2. 53)
which, in view of (2.28 -2.30), becomes
—EJ T e (2. 54)
coshwrT

The substitution of (2. 47) in the above expression leads to

sech2 w7 dT

e 4J"J’ (1~ Eino f('T)Sme[ta,nh Ttanh 67 + ¢ |+
2Bi 'rtanh9'r b 5

sin O tanh T
2Bi ‘tanh 67

+e]‘

(2. 55)

If one requires that the integrands in (2. 52) and (2. 55) be identical, one

obtains

7 tanh 67
TSin 6 B Rh)

£(7)
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It must be pointed out here that this expression for f(7) is not
necessarily exact. The above procedure for obtaining f(7) is effec-
tively equivalent to integrating the boundary condition (2. 11) and hence,
all the information cannot be obtained. Also, it is quite clear that to
require the integrals in (2.52) and (2. 55) to be equal, it is not neces-
sary for the integrands to be identical. Therefore, it is appropriate
to write, instead of (2.56),

_ Ttanh 67
f(’T) = Tl;l—e— . (2. 57)
By the substitution of (2.57) into (2.52) or (2.55), the expression for

Nu becomes

0
Nu = 4"J sechzv'r dr
- sin ® tanhw7 tanh 67 *
tanhw7 tanh 07 +¢ + 5B —
sinh 67

(2.58)

In the next section this expression is compared with some

exact ones for special limiting cases.
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2.5 Comparison with Exact Solutions

For the case Bi — o, the boundary condition (2. 11) simplifies

to

- . L , (2.59)

[3:[30 (2 cosha - 2 cos [30)

o)

which is the same as (2.11'), Therefore, the expression for Nu should
be the same as (2.31) and that indeed is the case when Bi - o in
(2.58).

When Bi = 1 sin 6, the first term on the left-hand side of
(2.11) is zero and ®(7) turns out to be independent of f(7). Since the
only approximation in (2.52) and (2.55) is the knowledge of f(7), the
result (2. 58) is exact for the case in which it is unaffected by f£(7),
namely Bi = } siné.

Further comparisons of (2. 58) can be made with a set of results
from the analysis by Sadhal and Martin [7] in which a solution was

obtained by assuming the droplet base temperature to be uniform at

To' For 0 < 6 < w/2, the expression for the Nusselt number was

given by
o a P'(u )
{ = i1 ¥ .k
21 Bi L a’o) ( Ho)nél nn+1)
Nu = " (2. 60)
(l+p0) 00
[a -a )- 3 anpn(”o)]
n=1
where
1 2
a_= > (l-p)tgéus, (2. 61)
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3 2, . 1, 2
Z(I'Ho)'l'iﬁbuo

a, = X 5 (2. 62)
1+ (1 -Hi)f/Bi

[ . Pl (1= p2)P, (1) - kPl ()] Pn“’)}
Cmeny LR A@ELY YOG Am - 1) -2
3n 7 2 51 ,
n(l - )
e

n > 2, (2. 63)

Ky denotes cos 6, Pn denotes the Legendre polynomial of degree n,

and ¢ =[1- 29/-rr]?“9/'lr

. This solution corresponds to the case ¢ = 0
in the present analysis, and (2.58) has exact agreement with (2. 60) for

the trivial case 6 =10, i.e.,

Nu wBi . (2. 64)

6=0, € =0

[y

However, for 6 near w/2, in (2.58) Nu behaves like ~ Bi? for
large Bi while numerical calculation of (2. 60) indicates that
Nu ~ fn Bi. The latter analysis is known to be exact for 6 = n/2 and
therefore (2. 58) does not hold for large Bi when ¢ = 0.

To make use of the information available from all the exact
solutions, a correction g(f, Bi) is made to the factor sin6/(2 Bi) in

(2.58) so that Nu may be written as
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00

2
Nu = 41TJ— sech w7 _dr7 .
tanhw7 tanh 67+ ¢ + [%%—?Jr (6, Bi)] tanhw7tanh 67

sinh 67

(2. 65)

The correction function g(6, Bi) is chosen so that when ¢ = 0, (2.65)
yields approximately the same results as those obtained in [7] and so
that the exact solutions remain unaffected. Since logarithmic behavior
in Bi is required and without g(6, Bi), (2. 65) would behave like

~ Bi%, it is appropriate to choose g(6, Bi) ~ ({n Bi)—z. Furthermore,
g(0, Bi) is required to be zero when Bi =} sinf and ¢ are both zero

because, at these values, (2.58) is exact, After a few trials, a suitable

expression for the correction function is found to be

T i3 sinf 14 1
g(6, Bi) = 1.8 sin” 6(1 - >—5=) (1 - ZBi)[ln(

sin 8,172
zeil

(2. 66)
It is important to mention that since the results (2. 60 - 2, 63) were re-
stricted to contact angles 0 < 6 < w/2, the same condition must apply
to (2. 65).

Results from the numerical integration of (2. 65) are presented
in Fig. 2.4. It can be seen that for large values ¢ the dependence of
Nu on ¢ is quite strong but, depending on the value of Bi, it gets
weaker as ¢ becomes smaller,

The droplet growth rate for this case also is given by (2. 41) but
since Nu is a complicated function of p, straightforward integration

is not possible.
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2.6 Calculation of the Liquid-Vapor Heat-Transfer Coefficient

There has been considerable interest in the problem of vapor
flow to a liquid surface. The difficulty, generally, has been in in-
cluding the effect of the bulk velocity of the vapor, and some authors
[13, 14] have dealt with this problem by introducing correction factors.
However, in Plesset's work [10] on the flow of vapor between parallel
liquid surfaces, the bulk velocity for low Mach number was considered
implicitly. This result was later extended by Plesset and Prosperetti
[11] for vapor flow between spherical and cylindrical surfaces.
| In particular, for flow from an inner sphere of radius Rv and
temperature TV to an outer spherical cavity boundary of radius Rs
and temperature T_, the bulk velocity u_ at the cavity is given [11]

by

1 e _ e
. - RT): P (Ty)-p(Ty) s
s~ Y\Zw e Rez2 %1 & ' )
V19
p%(T ) + D) ()7 p°(T,)
: v s
where y is the accommodation coefficient, pe(Tv) and pe(Ts) are
the equilibrium vapor pressures at temperatures Tv and Ts respec-
tively, and R is the ratio of the universal gas constant to the molecular
weight of the liquid and the vapor., This result can also be applied to
vapor flowing from an outer cavity boundary of radius RV and temper-

ature Tv to an inner sphere of radius RS and temperature Ts' For

this case, in the limit RV -+ o, (2.67) takes the form
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RT \! p%(T.) - p(T)
u = y( S)z ¥ 2 (2. 68)

e
P (T)
from which the vapor flux J is evaluated to be

e e
p (T )-p (T))
T = up®(T) = vy L e (2. 69)
(Z'n'RTS)2

where pe(Ts) = pe(Ts)/(RTs) is the equilibrium vapor density at
temperature Ts'

From the Clausius-Clapeyron equation pe(TV) and pe(Ts) can

be related
e
P (Ts) A Ts
-e——'—-— = €exp - ‘R—T— 1 - ",f_ » (2' 70)
) (Tv) s v

where \ is the latent heat of vaporization. For TS very close to Tv'

this may be further approximated by

A

p(T,) = pIT I - g (T, - T, )] . (2. 71)
s v

Upon substitution of this approximation into (2, 69), the heat flux
q = J\ is found to be
e Z
P (T )\

q =y (T, -T,) , (2. 72)

1
2m)? T 3/% 1 R3/2
S v
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3/2 5/2

TV e P , the heat-transfer coefficient

and by noting that Ts .

h = q/(TV - Ts) may be expressed as

. p°(T N
Sy sz sz e
2m)2 R7'° T

v

This is the result for vapor flowing onto a liquid sphere and due to
symmetry it is also valid for a hemisphere. For the general case of
vapor flowing onto an arbitrary spherical segment an expression for
h 1is not available but may, nevertheless, be approximated by (2. 73).
By taking the accommodation coefficient y to be unity as
recommended by Nabavian and Bromley [14], numerical calculations
for water at TV = 373K showthat h = 7.7 X 106 Watts/(m2 - K).

The Biot number Bi = hp/k1 for droplets ranging in size from 10 pm

to 1 mm varies from about 100 to 10, 000.
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2.7 Discussion

The results of the present study clearly illustrate the impor-
tance of the material properties of the solid and of the droplet contact
angle for both evaporating and condensing droplets. For an evapora-
ting droplet the liquid-vapor interface temperature is set at TV. If
the solid properties are ignored by setting the droplet base tempera-
ture to be T, = 2 T, calculations show that the total heat flow Q
would become unbounded, which is of course unrealistic. This behav-
ior is made quite clear by equations (2.30-2.31) from which we see
that if kZ - o0 (i.e., ¢ - 0), then Nu - «w. The overall behavior for
6 ~1 may be summed up by equation (2.34) which predicts Q as being
proportional to (klkz)%. The dependence of Q on the contact angle is
well described by (2.32).

For a condensing droplet, the analysis shows a strong depen-
dence of Q on ¢ for fn Bi~ 1/5% or {n Bi > l/e—;:. When
fn Bi » 1/ 2 , the dependence of Q is dominated by ¢ and it ap-
proaches the value Q « (klkz)% given by equations (2.32-2.34). Cal-
culations for water condensing on metals show that Bi varies from
about 100 to 10, 000 while ¢ varies from about 0, 001 to 0,01, There-
fore, the importance of considering the condenser properties is evi-
dent, especially for large droplets and/or for small contact angles.
Interestingly, the behavior Q OC(klk2 )% agrees very well with the
three experimental data points reported in the work of Griffith and
Lee [15]. This result differs from that of Nijaguna and Abdelmessih

1

[16] who obtained Q «ck,2 by considering the transient response of a

&

thin film of liquid on a semi-infinite solid. Such behavior is to be
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expected because it is an intrinsic property of transient heat flows in
all simple geometries. However, in the present analysis the propor-
tionality of Q with (klkZ )% is the result of the edge effects of the
droplet with the solid surface around it being insulated. Another
important implication of the very large Biot numbers is that the solid-
liquid interface temperature approaches high nonuniformity as in the
case of an evaporating droplet. Therefore, it would be incorrect,
under the circumstances described, to add the separate resistances of
the droplet and the solid. In general, the criterion for the separability
of resistances is the existence of an isotherm along the desired surface
of separation. For small droplets, however, the Biot number may be
small enough so that the overall resistance may be that of the droplet
alone.

To obtain a more precise theoretical prediction, one can calcu-
late the average heat flow across a given area by adding the individual
flow rates across droplets for a known size distribution. Since the
properties of the solid, the liquid, and the vapor are all considered
simultaneously, such calculations would be a step closer to a more

complete theory in the study of droplets.
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Vapor

Fig, 2.1, Physical model for the analysis.
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Fig. 2.2, Toroidal coordinate system.
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PART 3

TRANSIENT THERMAL RESPONSE OF TWO SOLID

BODIES IN PARTIAL CONTACT
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Nomenclature
a = radius of disk of contact
E 3
e = half-width of regions of no contact
3
c = ¢ w/f = dimensionless half-width of regions
of no contact
Kit/ a”
Fo, = = Fourier number
i 2
k.t/14
i
k1 =  thermal conductivity of solid 1
k2 = thermal conductivity of solid 2
J =  width of lines of symmetry
o = Laplace transform operator
o = inverse Laplace transform operator
P = Laplace transform parameter
Pn(x) = Legendre polynomial of degree n
q = heat flux
9, = average heat flux
r = cylindrical radial coordinate
R = thermal resistance
R$S = steady-state thermal resistance
Rfc =  full-contact thermal resistance
t = time
T1 = temperature distribution in solid 1

TZ = temperature distribution in solid 2



63

initial temperature of solid 1
initial temperature of solid 2

cartesian coordinate
S
x w/f = dimensionless cartesian coordinate
cartesian coordinate
y w/4 = dimensionless cartesian coordinate

cylindrical coordinate

Kronecker delta

oblate spheroidal coordinate

oblate spheroidal coordinate
dimensionless temperature distribution in
solid 1

dimensionless temperature distribution in
solid 2

Laplace transform of 91

Laplace transform of 92
thermal diffusivity of solid 1
thermal diffusivity of solid 2

Legendre transform of ®1

Legendre transform of @2
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3.0 Introduction

It is well known that when the plane surfaces of two bodies are
brought together the actual contact does not take place over the entire
interfacial area but over a fraction of that area. As a result for any
heat flow taking place across the interface, the flow lines are con-
stricted and lead to what is termed '"contact resistance'. Over the
region where there is no contact, heat may be transported by the air
present between the surfaces. At atmospheric pressures, however,
this heat transfer may be neglected, and it is quite reasonable to
assume that the areas of no contact are insulated. Under such an
assumption we have a well-defined, heat-conduction problem but the
general irregularity of the éontacting areas makes an exact analysis
virtually impracticable., For cases in which the actual contact takes
place over a small fraction of the total interfacial area, one can model
a single area of contact by assuming it to be a circular disk between
two semi-infinite solids, The areas around the disk can be taken to be
insulated (see Fig. 3. 0.1). The steady-state solution for heat flow in
this geometry is well known [1] and the transient case has been dealt
with numerically by Schneider et al. [2]. In an approximate analysis,
Heasley [3] obtained a solution to the transient case by assuming the
region of contact to be a perfectly conducting sphere between two
semi-infinite solids (see Fig. 3,0.2). This model makes the unrealistic
assumption that there is a spherical isotherm passing symmetrically
through the two solids. Other models by Heasley [3] involve one-

dimensional approximations of the heat equation and their validity is
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very restricted. In the present study the problem as posed by

Schneider et al. [2] is solved analytically by using a long-time pertur-
bation scheme ba.sed on the work done by Norminton and Blackwell [4]
for heat flow from an isothermal disk. That is, a solution to the time-
dependent heat equation is found for the problem in which two different
solids at different uniform initial temperatures are brought into contact
over a finite circular disk. The solution is valid for long time, large
thermal diffusivities or for small areas of contact; that is, large
Fourier numbers,

This model is only meaningful if the areas of contact are suffi-
ciently small (or sufficiently isolated). If, however, the fraction of the
area in contact is large, the interface may be modelled in two dimensions
by equally spaced identical strips of perfect contact with the rest of the
area of each surface being insulated (see Fig. 3.0.3). The steady heat
conduction problem for this case has been dealt with by Dundurs and
Panek [5]. Since this is a two-dimensional case, steady temperatures
at large distances from the interface cannot be kept finite., An exact
analytical solution for the transient case has not yet been found but in
the present analysis a solution valid for large time or for large fraction
of contact is obtained., This latter model is particularly useful for
machined surfaces.

In the first part of the analysis that follows, we obtain a solu-
tion for the case in which the contact is over a disk. The solution for

the other model is given in the second part.
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3.1 Unsteady Heat Flow in Two Semi-Infinite Solids with a Circular

Region of Contact

3.1.1 Statement of Problem

Two semi-infinite solids at different initial temperatures are
brought together and perfect thermal contact is established over a
finite circular region (see Fig. 3.0.1). The rest of the areas of the
contacting planes are assumed to be insulated. Far away from the
contact areas the temperature in each solid is taken to be fixed at the
initial value.

To adapt to the geometry one resorts to the oblate spheroidal
coordinate system. The prolate and the oblate coordinate systems
were used by Norminton and Blackwell [4] to obtain the large-time
temperature distribution for one-medium heat flow from isothermal
spheroids and the isothermal circular disk., In the present analysis
the case of the disk is generalized to that of two media, with the disk
temperature being nonuniform and time-varying,

The oblate spheroidal coordinate system involves the transfor-

mation
£ = d{l ¥ S - 52k T (3.1.1)
X = A . 0<n< 1, (3.1.2)
" 0< ¢<2m, (3.1.3)

where (r,z,¢$) are the usual cylindrical coordinates, (e, n,¢) are

the transformed spheroidal coordinates (see Fig., 3.1.1)and a is
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the radius of the disk. In these coordinates the heat equation

oT.

1
VT L = LB, 6.1.4)
1

for axial symmetry takes the form

T oT aT
) Z i 9 i i
N {.5:[.(.1 + e )?] +

a(e +1n) B

i=1,2,
t> 0;0< e <o 0<mn<l1l,

(3.1.5)

where t is the time, T, is the temperature distribution in the hotter
solid (say, solid 1), T2 is the temperature distribution in the other
solid (solid 2), and k1 and k2 are the corresponding thermal diffu-

sivities. The initial boundary conditions are given by

T =Ty
" t= 0<e<o; 0<7m <1, (3.1.6)
L, =Ty
T1=T2
" € = 03 t>00xyxl, (3.1.7)
N 8T1—-k 8T2
1 8¢  ~72 e
T, =Ty
. € > 00; t>0;0_<;qf_l, (3.1.8)
T, = T
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and

8T1 BTZ

-—5-7—)—:—3-7—]-:0’ n:o; t>0;0§_€<00- (3.109)
Here k1 and k2 are the thermal conductivities of the solids 1 and 2,

respectively.
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3.1.2 Analysis

It is convenient to redefine the dependent variables T1 and T2

in dimensionless forms as

T, - T T, - T

0, = = — = =20, (3.1.10)

10" %20 T~ T,,
and
T, - T
20
5 e (3.1.11)
2 Tjo- Ty

As a result the equations (3.1.5-3.1.9) become

96 86, & nz) 86,

3 2. 9% 9 g W
3l + )-ae_]+-5-‘r—1[(1-n)8n]— K 5t

t>0;0<e¢ <e, 0<n<1, (3.1.12)

subject to
91=92:0, t=0;0€e <, DEnL]; (3.1.13)
91+1—92
, e=0; t>0;, 0<n<1l, (3.1.14)
. 691_ . 862
1 3¢ ~ 2 e
91 =92=0, €« *my, t>0;0<n<], (3.1.15)

and
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391 892
_§1T=7q—=0 1"|=0; t>0;o<_€ < oo, (3.1.16)

where the symbol i, henceforth will denote i =1, 2,

By taking the Laplace transform of Gi with respect to time we

obtain
LIOY 9@, 2, 2. 2
9 2 . 8 2 17_ pa (e +n)
8€|;(1+5)3‘€]+an[(1'ﬂ)an]— Ki ®i'
0<¢ <w;0<n<l, 3.1.17)
subject to
1
G+ =G
, €=0; 0<n<l, (3.1.18)
0@ 0
k _Cil_:-k %
1 B¢ 2 Oe
@1 =®2. e >0; 0<n<l, (3.1.19)
30, 9@,
—a;]—= —5;=0, n=0; 0<e¢e <o, (3.1.20)
where -
Qe,mp) = [ e P o, n, )t , (3.1.21)

o

We now take the Legendre transform of ®i with respect to 1.

In view of the boundary condition (3.1.20), only the even powers of 7
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are needed and therefore we make the transform involving only the

even order Legendre polynomials, Thus

sz’ i(E, P) = @1(6 » N> p)PZm(ﬂ)dn 5 (3.1.22)

where m is used to denote m =0,1,2,... unless otherwise specified,
and sz(fl) denotes the Legendre polynomial of degree 2m. As a

result of (3.1.22), equations (3.1.17-3.1.22), transform into

do .

d 2 2m, i
v o [(1 +¢e ) T] -2m(2m+1 )sz, i

_ap 2
N Ky [aqu)Zm-Z, it fe % me)QZm, i F c2m¢)2m+2, i] :

0<e <o, (3:1:23)
subject to
B, o e B =0
0,175 %02 ’ e d
QZm,l sz,z " m. = 1,235 054 e =0, (3.1.24)
dd do
2m, 1 m, 2 B
kl de —--kz de » m—1,2'3poo.
and

q’Zm,l = <I>2m’2 ’ € ~ o0, (3.1.25)
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where

2m(Zm - 1)
2m T @m+1)(@m-1)

b B 8m2+4m-1
T (4dm-1)(4dm+3) °

and

(2m+1)(2m+2)

2m
(4m+1)(4m+3) °

1
For € —»w, sz i is found to behave as exp[—(p/Ki)z'ae] and

therefore, a dependent variable substitution [4]
2
®om,il¢’P) = tom, il P exp[~(p/x;)% ac] , (3.1.26)

is used. This substitution transforms equations (3.1.23-3.1.25) into

df
d 2, 2m,
l1+e%) dm ]-2m(2m+1)f m, i
dem
- 2Ralar )Gy cpy ]
1 $ 4

B -

U ( )a [a?..m 2m-2, 1+ (me 1)me,i'i-CmeZm+2,i] !

0<e <o, (3.1.27)

subject to
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1

me,l +E‘SZm,O - f2m,2

af df
2m,1 ,p 3 _ 2m, 2 p;
kg - G atom, 1] = - Bl - 6% ety
e=0, (3.1.28)

and

2m, ;70 @8 €~ (3.1.29)

The symbol 6j, Kk denotes the Kronecker delta.

As we can see, an exact solution to equation (3.1.27) is not
straightforward, and approximate solutions have to be sought.
Norminton and Blackwell [4] obtained an approximate solution by first
finding the Green's function to the left side of (3.1.27), i.e., by finding

a solution to

2) dGZm
de

Ede‘[(“‘ ] - 2m@Em+1)G, _ = 6(c - B) , (3. 1.30)
This Green's function was relatively simple to obtain because the
problem involved only one medium and the boundary conditions were
easy to satisfy. In the present case, however, similar calculations
get too cumbersome. As an alternative we assume a perturbation

1
expansion for f, i(e,p) in powers of p2,
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3.1.3 Solution by Perturbation

By letting

1
fymm, 1 & P) = 5 [E5 j()+p25)

2
m’i(e)+pfér31.i(e)+.....]

3. 1.31)

and substituting it into (3.1.27-3.1.29) we obtain the following.

Order p_o
0)
as!
d % o 3 0
&—[(l-l-g )——————d€ ]—2m(2m+1)f2m'i = 0,
0<e <0, (2. 1.32)
subject to
(0) _ ((0)
Lo, 1% 8o g = Yomy 2
, e=0, (3.1.33)
(0) (0)
o Yom, 1 . 95, 2
1 "3 = %2 4.
and
fgfl)lfo, Y (3.1.34)

For m = 0, straightforward integration of the above set (3.1.32-

3.1.34) gives the leading term

(0) -1
fo’ i(e) = Al cot € , (3. 1.35)
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where
A - 2 __"2
1 T (k1 +k2)
and (3.1.36)
K
B m e
2 T T Ky
For m > 1, f(Zor)ni = 0 satisfies (3.1.32-3.1.34) and is, therefore,
the solution,
1
Order Ei
d 2 df(er)n i (1)
a—e{(l+€ ) —5-6—-—] - 2m(2m+1)£2m,i
2 , Aty (0
_ &a m, i )
= E{(HE ) g —tefom sl 0< €< w, (3. 1.37)
3
subject to
(1) (1)
fom, s = Ltom 2
1) (1)
as! as K K
2m, 1 2m, 2 _ 1 .(0) 2 .(0)
B -t B e ‘aEK'l; fom, 1% 73 fom,2 '
1 2
e =0, (3.1.38)
and
f(er)ni =0, § =% Ga (3.1.39)
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Upon the substitution of (3.1.35) and (3.1.36) into (3.1.37-3.1.39) we

obtain
d 2 df(g)' a8, 1
2171 _ ir. = =
'a?[(l’” J =g ] = I [-1+ecot” ¢], m=0, (3.1.40)
1
4 , df(zl) . T
m,1 - - —
Lo+ 2N amemely)) =0, m=1,2,3,...
0< €< o0, (3.1.41)
subject to
(1) _ (1)
£ 1 = Tom, 2 *
1) (1)
af! df k.A, k.A
0,1 0,2  ma 11 K )
k) —gi—tk—g— = 31— + %ZJ’ .
“1 K2
1) (1)
ag’ df
k]_ "—(i‘gein'L-l'l'kz‘—"—zii‘—Tl’—g = 0, m=1,2,3,....
€ =0, (3. 1. 42)
and
f(zlrll g =0 . g (3. 1.43)

By integrating (3. 1,40) with respect to ¢ once, and dividing the

result by (1 + ez) we find that
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= = —rleot "« - ] = e (3. 1. 44)
K. & 1+e 1+ ¢

1

where -Bi denotes integration constants. By the substitution of

(3.1. 44) into (3. 1. 42) we see that

kA . kA, % kKA kA
—_ 5 - B. + — 5 - k.-B __[_.__.1_ "T] ,

N 2" %2722 T T
1 v “1 kg

which clearly results in

k. B

By +k,B, = 0 . (3. 1. 45)

Further integration of (3. 1. 44) with respect to ¢ vyields

A il -1 .
0,i - —_-{_-[e cot ~ e + Ci] + Bi cot " e , (3.1.46)

K,
1

where Ci denotes the second set of integration constants. In order to
satisfy (3. 1.38) we require C1 = C2 = -1 and the substitution of

(3.1.46) into (3.1, 42) leads to

aA1 - a,A2 .
Klz KZ?.

Upon solution of the set of algebraic equations (3.1,45) and (3. 1. 47),

explicit expressions for B1 and B2 are found to be



1 +k,) | s x|
w (kl 2) K’lz K.ZZJ
and (3.1.48)
s . . 2a_ "1 [A1 A
2 T gtk |37 %
T 2

For m > 1, we again have a trivial solution

‘21111 (e) = 0, (3. 1. 49)

which satisfies (3.1.41-3.1, 43).

Order P
L L
S+’ 52y 2m(2m+1)f(2111 . = [(1+ &) 2l Ef(Zr)n, N
1
a0 (0) (0)
+ —;'[ 2mfzm-2,i T ®2m 1 2m i * Comfomez, i
6% 6 <, 3.1.50)
subject to
@ _ @
dm 1 = Y3m 2
(2) (2)
af af
21, 1 Svi, 2 (1) ()
o e il S reniie a[?z-me,1+K_§ fom, 2] ’

«=0, (3.1.51)
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and
2) _
fom,1= O ¢« o, (3.1.52)
For m=0, (3.1.50-3.1.53) take the form
2) 2
af®)  2a%a,
-i—[(1+e2) 0’1] = X [(E+ Zez)cot-le -2¢l+ -2-?{- B.[e ot b = 8
de de ] 3 K.2 %
1
0 <€ < oo, (3.1.53)
subject to
2 & :
f(0,)1 - f(0,)2 ' £ =% I k)
(2) (2)
. dfO, 1 N dfo’ 2 _ Z[Alkl X Azk . l’.a[lel " kZBZ
1 de 2 de K. K . 1 34
1 2 K% K%
1 2
€ =0, (3.1.54b)
and
fO,i = O, € > . (3. 1.55)
Upon integrating (3. 1.53) with respect to ¢ once, and then dividing
by (1 + ez), we obtain
af?) 4ala, aB, D,
dO,l _ 3 1 [6 COt-le - 1 % 1 5 ] + ll[COt-li N Gz ] " 12,
¢ i 1+e " 1+e 1+e

(3.1.56)
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where -Di denotes a set of integration constants.

In order to
satisfy (3.1.54b) we require
Ak Ak
3. By 2
k,D; + kD, = a“[— = 3 . (3.1.57)
1 2
The integration of (3.1.56) with respect to ¢ yields
2) 2a3Ai 2 -1 L -1 -1
fO,i = -Tq—[(e - 1l)cot e-e]+—K—%ecot e+Dicot e+ E.,
i
(3.1.58)

where the integration constants are denoted by Ei’ which upon

satisfying (3.1.55) is found to be

(3.1.59)
i

In addition to (3.1.57), another relation between D

1 and D2 is
obtained by satisfying (3. 1.54a). This relation is given by

B, B A, A
D, - D, = Za[— + —f—]+-§—az——1-—3] .. (3. 1. 60)
K2 K K| %p

Explicit expressions for D, and D, are found from these two rela-
tions as
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B 3k, + 2k k

B
_ 1 1 2 2 1 2 2
Dl_(k-l'k)[ ak(_l' T)"'a’( K”"A1+—3K AZ)]’
1 K K2 1 2
1 2
and
B B2 k1 2k1+ 3k2
DZ:(k—E—y[ a.k (—1 K—;)+a(—1A +—T—A2)] .
1 2
(3.1.61)
For m=1, (3.1.50-3,1.52) may be written as
2.(2) (2) 2
X" ¢ £2.0 6. .2). 8y ot
>t —> . x¥2,1 © z
de 1+e de 1+ e 15k 1+ ¢
0 <e< o, (3.1.62)
subject to
2 2
(2)1_ (2)2 , €e=0, (3. 1. 63a)
kdf(zz')l+k E(22—)2-0 =0 3.1.63b
17 de g e =8 b Re D3N
and
A
f‘.2 MY I ¢ e, (3. 1. 64)

This set of equations may be solved by the variation of parameters.

The homogeneous part of (3.1, 62) has two solutions, Yy and ¥, given

by
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Y, = —é—[(l + 3ez)cot-le -3¢] ,
and
1 2

The particular solution to (3, 1. 62) may be written as

£ = v [y + v, eyl

where
€
1,40 = - | Twer %
o |
and .
¥y €IR,(€)
VZ, i(E) = —W.(—g)——dg
€2

Here W(£) is the Wronskian,

Yl(g) Yz(g)
el s ) 1+1§2
Yl' (€) Yz(g)
and
R.(E) = 2 azA cot'lg
i6) = 1A 2

(3.

3.

(3.

(3.

(3.

3.

(3.

. 65)

. 66)

. 67)

. 68)

. 69)

. 70)

.71)
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is the function on the right side of (3. 1. 62). By simple integration in

(3.1.68-3. 1. 69) we obtain

aZA.
i

5L = " 30,
i

1

v, [e(1 +ez)cot- € +%52] + F; (3.1.72)

and

2
a A
i 2 1 2 1 2. -1 1
Va3 —3——0Ki1[e(l+e Meot™ €)= 5 (1 + ¢)cot™ ¢ - 3¢l + G, ,

13.1.73)

where Fi and Gi denote integration constants., By the substitution of

(3.1.72) and (3. 1. 73) into (3. 1. 67) we obtain

2
a®a,
2 2 =] 1 2 -1
f‘2,)1 - 6ok;[(‘ - l)cot e -e]+F, 5{(1+3¢")cot "¢ - 3¢]
+ G.afl +3¢%]. (3.1.74)

The condition (3.1, 64) requires that G:.1 = 0. By satisfying (3. 1. 63a)

we find

R 1 i (3.1.75)

By further requiring (3.1. 63b) on (3. 1. 74) another relation between

F1 and F2 is found to be

k,F, + k,F, = 0, (3.1.76)
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and F., are

From these two relations, explicit expressions for F1 2

found to be given by

kZ 9’.3 A1 AZ]

F = i ]
1 ZE1+E2; 30 [Kl Ky

and (3. 1. 77)
ool ML A Ay
2 (k1 + kz) 30 Ky Ko
For m > 2, the solutions can readily be shown to be f(er)n 3 = 0.
'
Order p3/2
(3)
Zm,

] 2m(2m+1)f(3) 3

d [(1+e )
(2)

2
z Hom, i 2 1
= —;K. Slasd) <2l f(zr)n J+ ii(me-l)f(Zr)n,i ’

3

B¢ € , (3. 1. 78)
subject to
3) _ ¢(3) -
£ o= i 5 a g el , (3.1.79)
(3) (3)
« Hom, 1, dem,Z_a[kl 2 % B ]
1 de 2 de B %. 2m, 1 —2-_! am; é” !
K K
1 2
5B, (3. 1. 80)

and
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(3)

Zmizo’ £ W
»

For m = 0, we have

ag®) L 30A
5

0, 1] _ 2a
de ° =~ 3
i

ddT'[(l + 62)

K 1

2

aB a A.

K .
1

K.2

aB. 2 -1 -1
_I}' [e“cot "e - €] + Die cot e] v
i

2a3A.

= = [e(1 + ez)cot-le - ez]

—f—[(1+ ez)cot-le -c]- Di+ %-T—I{e (52- l)cot"le -ez]
2 i

Bicot & = ;—KT%[(()E +e)cot € -be  + 1]
i

2

2a B, 2 -1 Za,Di o
[(6e “+ 2)cot " "€ - b¢] + —1—[e cot "¢ - 1] -,
2

i
3k.
i

K.
1

subject to

k

1

(3)
dfO, 1 K
de +

B) _ (B)
fo,1 = fo,2 °

0,2 _

df(3) ak ZazA

1

2
. akz [E(D i 2a AZ) ) aBz]
-il 2 2 3K i 4

w3

1w
- l[_(D &
2 de K,.2 1 3K1

(3.1.81)

(3. 1.82)

(3.1.83a)

(3.1.83Db)
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and
B) _ -
fO,i = 10 ., € 0. (3.1, 84)
The integration of (3. 1. 82) once and the division of the result by

(1+ ez) yields

3) 3
at®) 2234,
0.3, . 3}2[(%62-1)C0t-1€-%€ +%_ez_]
de 3Ki l+e
2
2a Bi -1 2 a.Di -1 H.
+ 3 [2(¢ cot "¢ =1) + 2]+—£-[cot € - — 2]" 12 ’
%4 I+e” l+e l+e
(3. 1.85)
where - Hi denotes integration constants. By satisfying (3. 1. 80)
we obtain a relation between H1 and H2 as
k,B k,B
BN N B i -
k H; + k,H, = a | e ] . (3.1.86)
1 2
Further integration of (3. 1. 85) yields
3
) e SR a2, 2%B ul
0,i 3K372 [(e” -2e)cot "¢ - e ]+ In [(e"=1)cot™ " e = €]
i i

sl ok -1
+ —?ecot € +H.cot ¢ +L, , (3.1.87)
Ki 1 ;B
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where the integration constants are denoted by Li’ which upon re-

quiring (3. 1.81) to be satisfied turns out to be

3

Ta Ai aDi
Li = —m- == 3 (3.1.88)
k. K=
i i
Equation (3.1.79) gives a second relation between H1 and H2 as
2 B B
_ 2a 1 2 2
Hl Lo HZ - _3'_[;('-1-" _K—Z] - :'-r- (Ll L LZ) . (3. 1- 89)
Simultaneous solution of (3.1.86) and (3. 1. 89) gives
B B k.B, k,B
1 {2 2 1 2 2 11 2 2
H = o (5 atl - 2+ o’ it 28 5o, ),
1 (k1+kz) 3 . Ky K, Ky Koo ZI'l 12
and
B B k B
1 2 1 2, 2
B = &7 Ky { 3a kb= - [_“"1 + 21* ~ o h 12)}

(3.1.90)

For m > 1, f(gr)n'i =0 satisfies (3, 1. 78-3, 1, 81} and is thefe-
fore the solution,

Higher order terms may be obtained but the calculations be-
come cumbersome. In the next section the solutions obtained are

inverted to give temperature distributions valid for large values of the

Fourier number, Foi & aZ/(Kit).
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3.1. 4 Inversion of the Solutions

From (3.1.26) we see that

o= 20 )+ pae() [+t (en P @), ;e Jexpl(p/x;)2ac]

(3.1.91)
8, J(e.p) =2 [pE%) () # ... ] exp [-(o/x, Hac] (3.1.92)
5, i(€ 2 P) = S [PE5 p [-(p/x,)%ae] , .1,

and for m > 2, we may take QZm i(e, P) = 0 up to an order
i 1
pexp[-(p/«,)* ac].
By carrying out the inverse Legendre transform on ¢2m i(e, P)s

we find that ,

00
®1(€ » P) = z— (4m+1 )sz’ i(en P)sz("'])
m=0
(3.1.93)
aA.
= lA.cotnle +—]i- {—11(6 cot-le-1)+ B.coi:-le}
i
Za.ZA -1 aBi -1 -1
+ {——-[(e -1l)cot e -e] + —r[e cot "€ -1] + D, cot €}
2
by
aZA.

+ {——60,(: [(ez—l)cot'le - €]+ %Fi[(1+3e O -e]}—(3r| =)

1 a3A ZaZB

+ pz{——72[e -Ze)cot e - ]+ ——'——‘[(6 'I)COt E - ‘]

aD.

1 i | 1
' _%._[e cot” "e- 1]+ Hycot™le ) 4 _l exP[-(p/"i);aE] .
g |
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Upon the inversion of @i(e, m» p) into the time domain by the Mellin

integral, we obtain the dimensionless temperature distribution to be

o3 ae By <l s
Gi(e,q, £) = Ai(cot e) erfc| 1]+ |{ (e cot ¢~ 1) + B cot™ "€ }—r

-
2 2 2
2(Kit) Ky (wt)

ZazAl =] aBi -1 |
% l:{——-— [(e -1)cot™ "e-¢] +—[e cot” € -1]+ D, cot €}

A i K,%
i
2
a A.
i 2 -1 1 2 -1 ) 2
i {60 [(e"-1)cot e-e]+-2-Fi[(1+3e )cot e-3e]}i(3q -l)]
3 ‘ 2
< a” A, 12 +Za A
X + { 3/2[(« -2¢)cot €= e+3] [ 2 lcof te-e]
Z(TTK.t)%v 3k
i i
aD, . 2 2 1
X » 1
+—!1_[€ cot 1("1] + HiCOt l(}[4akft - -2—] 3 3 + .o-o]
i (wt™ )2

K, &
i

2 2

X exp[ - za;‘T] s (3.1.94)
i

which, after rearranging some terms, may be written as
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-1 1 s B
0.(¢,nt) = A,(cot “¢) erfc| ] + {A (e cot "¢ -1)+ e €}
i i a
Z(K t)'ﬁ
A B %-
a ip3 =1 2 7 "1 2 -1
X (“K——t—)%-l-[%—[e cot e-¢ _3]+_5_a—{(€ + 2)cot 5
i
A, 5F.k.
+ {Z-Sl[(e3-e )cot-le-ez] + —12—1-[(363+e )Cot-le -362]}(31']2-1)
8a
'Ki3/2 -1 a3 az 2
-—1—3-—C0t E]—jTI_ P TE exp[-4KEt ]. (3.1095)
2a (.t )2 i
1
For small ae/(4x it)% we may expand erfc[ae/(4xit)1] and
exp[ - aze 2/(4Kit)] to give
-1 BiK a
ei(e,q,t):Aicot e + { — cot e-A}-——r
(k. £)%
i
3
1 3 -1 1 2 7 By 1 -1 1
+[Ai[-6-e cot ¢ +1—2e "'§] 1—[( -g)cot e+-6-s]

DK A. -1 5FK 2
+—2—+{48[(€ -¢)cot e -¢ ]+——[3e +e)cot e -3¢ ]}

Pl

2 i s | 2
X (B3n -1)- 3 cot e 33 1 P sumue 2 (3.1.96)
2a (me, £ )

For the special case k1 -+ o0 we have



Al = B].Kl = D1K1 = FlKl = HlKl 3 0
and
2
A, ==,
1 43
Boxp® =2 »
™
— 4 2
Dyx; = (=3 +338° &
o™
22
Foks = 18y »
3/2 28 167 3
Hyk, ' = '[_‘z+ —Z]a .

1 10
= = 16 z 0, (3.1.97)
Ti0-T0 !
and
T, - T i p E
————'—TZ TZO =0y = g—(cot-le) erfc[ —2= 4] + —11- [{-Z—(e cot le -1)+— cot le}
1,3 =1 2 1,, & .2 .l 4
X - a_%+ E[e cot e-¢ -§]+7[e cot e-e]+—-§
3
3 i -
+ gl cot e-e?18n%-1) + (2 + pycot™e | 2,
24w 2" 4 T
9m T (kyt) 2

a €
* i 2"] ' (3.1.98)
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1
For ae/(x 2t)I <<1 , we have

6, = 2 leot 1 +l[E cot-le-l]—aj—r (3.1.99)
™ S 2
; (11'K2t)"
I -1 1 1 -1 1 5 2
i L bl o I R o R 3 e

33
+ _1_[—7_ + i]cot-le +_1_[€ COt-le-l]ﬂZ}_a—e——T L
3 “On 3 4e 3,32
€ ™ (‘ITKZ t)*

This result corresponds to the situation in which a semi-infinite solid,

initially at a uniform temperature T has a circular region at

20"

the surface exposed to a temperature T for t> 0; the remainder

10
of the surface is insulated. The results of Norminton and Blackwell
[4] agree with (3.1.98) and (3. 1. 99) only up to orders a/(mczt)%

X exp[-azez/(4|<2t)] and ac /(1n<2t)%- , respectively. For the next
higher order terms, the error in [4] is due to the omission of the
term fO(,32) (e ,p), which, as we can see in (3.1, 94) makes a
contribution of order a3/(1rK23t3 ).; exp| - aze 2/(4x2t)] along with

fo’(zz) (¢,p) and fz(’zz) (€5 p) »
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3.1.5 Calculation of Heat Flow and Interface Temperature

The total heat flow, Q , across the interface is given by

L L 2%
-Za‘r] Oe
(o]

:I 2walndn
€ =0

1"
g
et
e
.- |
QO
Y=
st

1
(38
=)
)
e
et
-
—
o
i
H
N
o
o]
5]
mICb
fa—

i
)
=)
)
~

20)

(3. 1.100)
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By the substitution of explicit expressions for A1 5 B1 and H1

into (3.1.100) we obtain the following expression for the heat flow:

k., k k k
158 2 1 2 1 | a
Q' = 4a(T10-T20)(-——k1k2) {1 Hps) w [ + r}

1 L 1
+k2) Klz' K'27- (wt)z

k k
1 .2 1 4( 1 2 2 1 1
¥ = (=) _( + )_ Zk.k ( $ )
2w (k1+k2)2 [9 . 3/2 B 3/2 9 12 K13/2 Kz3/2

1 k, k, |3 23 ]
ol ( + ) T Feaef o (3.1.101)
v (k1+k2)2 2 Z (t)2

If we define the resistance as R = (TIO-TZO)/Q , then we have,
from (3.1,101),

paj

) i gl 1 g Xad ! 3
R = R {1+ (=) 13 e g (TTFoz)

(3.1.102)
1 1
{1+ m==]
k1
1 4 Ky 3/2 k2 2 2 k2 Ko 3/2
+——R—Z-—2—|:§{(;<—l-) +(I{—1)}-§'(Tl){(q—) ¥ 1}
{1 + =}
kl
s 2 3 k, K, 3 -3/2 ul
- (‘,“r') —"'—k——"{(k—')(;—) +1} |(@Fo ) +eos .
(s e 1 "1 2
1

where R__ = (k; + kz)/[4a(T10- TZO)klkz] is the steady-state
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resistance and Fo2 = Kzn‘./a.2 is the Fourier number based on the

lower thermal diffusivity (i. e., <K1) . This result is presented in

2
Fig. 3.1.2 for contacts between copper and steel, steel and glass,
and copper and glass, with F°2 ranging between 1 and 10, 000, The
calculations show that the resistances for copper-glass and steel-
glass contacts are almost the same. This behavior results because,
for these cases, most of the resistance is that of the glass alone

and the metals (steel or copper) make very little contribution,

The interface temperature, Ti_f , along the disk of contact is

found by setting € =0 in the expression for 92 . By doing so we

obtain
T i
] B e T S (D) - A |_2
2le=0 T T,_-T, T 2R a '2 2 I
10 ~20 (1rK2t)
3 i
F A
N PR e - o7 M
1872 3a 2 zaZ 28.3 2
a3
X —__33—’ +..o- » (3'1’103)
('n'K2 t)

which, upon the substitution of the explicit expressions for the various

integration constants, becomes



it T20 *y ;2 ko [1 1 } a R A
-T k. +k 2 i - X T - Feeeraaey
107720 E1t) T owo)® Lkt ki @yt T (k)
X ﬁ%[ T %_] A E’: %2 ky ]
3 3/ T 31e
2 9
6(K1K2) Klz Ky Ky "
2
1| 51 s 1(2)2 1 k.9_+k1]
= 9 L 0 s 1
5[ 31Z ~ 31 27 W) |1t 3
2 1 2
1 a3
X IO " TR y: A ST (3.1.104)
Ky * Kzz (Tft )2‘
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3.1.6 Discussion

The present work represents a generalization and a correction
of the results obtained by Norminton and Blackwell [4]. In a numeri-
cal analysis by Schneider et al. [2], four combinations of solids
were dealt with, In each case the ratio of the time-dependent
resistance was plotted as a function of the Fourier number based on
the lower thermal diffusivity. They showed that when the resistances
ratio is plotted against the variable, X =[1 + (Kz/xl)'li]

X [KIKZ/(KI + KZ)]t:/a2 , all the four cases lie close to a single

curve. This curve, however, is not consistent with the individual
plots they obtained, but it agrees approximately with equation (3.1.101)
of the present study for Fourier numbers greater than unity.

The thermal resistance, in general, depends on the
conductivity ratio, k1/k2 , the diffusivity ratio, K1/ Ky s and the
Fourier number Kzt/a2 , where we take Ky <Ky o Schneider et
al. [2] showed that for the cases they considered, the influence of the
conductivity ratio appeared only in the steady-state part of the thermal
resistance. They concluded that when the resistance is normalized
with the steady-state value, the result depends only on the diffusivity
ratio and the Fourier number, In the present study, however,
equation (3. 1.101) shows that the conclusion of Schneider et al. [2]
is not necessarily valid. But it appears that for most materials of
practical interest, the dependence on the conductivity is rather weak.
This behavior results because large (small) conductivities generally
represent large (small) diffusivities and any dependence on the

conductivity ratio may be approximated by the diffusivity ratio.
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32 Unsteady Heat Flow in Two Semi-Infinite Solids in Contact Over

Equally Spaced Strips

3.2.1 Statement of Problem

Two semi-infinite solids initially at uniform but different
temperatures are brought together and perfect thermal contact is
established over a series of identical, equally spaced strips. The
regions between these strips are assumed to be insulated. By recog-
nizing the periodic nature of the problem, we can find planes of
symmetry and we can require that the temperature distribution is an
even function about these planes., These planes are taken to be a dis-
tance { apart., As shown by broken lines in Fig. 3,0,3, the planes
bisect the insulated regions and the regions of perfect contact. The
insulated regions are shown by double lines and are taken to be a
width 2c”,

The initially hotter solid is referred to as region 1 (yaﬂ< > 0)
and the other solid as region 2 (y>4< < 0), as shown in Fig. 3.0.3.

The initial temperatures are denoted by TIO and T20 for regions

1 and 2, respectively. In the rest of the analysis the subscripts 1 and

2 are used in reference to the properties of the corresponding regions,.
The conduction process is described by the heat equation

which, under the conditions stated for the model, may be written as



olt. 94T
1 + 1 _
2 a -
* %
ox oy
and
oéT. 9%t
2 _
+ 5 =
b3 B
ox oy
subject to
Ty = Lyps
Ty = Ty
E)T1
—x = 0,
ox
oT
2
—s = 0,
ox
and y
L=y
oT 8T2
k1 — kz——*
9y 9y
BTI ) aTZ e
NE % = F
oy oy

1 aTl
Ky ot '’
_I__BTZ
Ko ot

t=

£t =

5%

X

%

X

3

’ b4

¢

B

e
t>0;0<x st;y*>0,

* %
t>0,0<x <4;y <0,

= O

e *
x =4;t>0,y >0,

* *
x =4;t>0y <0,

% *
;t>0,¢c <x%x <1,

s %
t>0;0<x <g¢ ,

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)
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where T1 and T, denote the temperature distributions, k1 and k2
represent the thermal conductivities, ky and Ky refer to the ther-
mal diffusivities, x" and y* are the space coordinates, and t is

the time.
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3.2, 2 Analysis
By introducing convenient dimensionless variables, x = 'n-x*/ ¥,
% #
y=wy /4, c=wc /L, 6, = (Tl-TZO)/(TIO-TZO) and
6, = (TZ-TZO)/(TIO-TZO) , we can write the equations (3.2.1-3. 2, 4)

in the form

2 26 2%, 8%,
VA 5T = ) + > » t.>0; 0<x<mw; y>0,
T Ky ox oy
(3.2.5)
12 00 8202 8292
Z - + , t>0; 0<x<m y<o0,
2 ot 2 R
T K, ox oy
subject to
91 — t =03 0<x<m; y>0,
(3.2.6)
6, = 0, t = 0; 0<x<m y<O0,
891
._é_x—:o, x=0, x =qvy - > 03 y>0,
(3.2.7)
892
-5)'(—= 0, x = 0, x=m; t2>0 y<0,
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and
6,=6
a0, * % 20,
kl-—a?= kZ—W » y =0; t> 03 c<x<mw,
3.2.8)

891 892
—_— = == =0, =U; > 0; < °
By By y=0 t>0; 0<x<c

Upon taking the Laplace transform of ei with respect to time,

we obtain

2 2
2 2 0 0 ®
' pt N 1 _
- =3 +5 @1 = > + 5 0<x<mw y>0,
™ok Tk ox oy
g* o’e, 2%,
-22—@2 = 5 + " 0<x<m y<o0,
LN ox oy
(3.2.9)
subject to
e = o, x=0, x=w; yv>0,
(3.2, 10)
8@2
szo’ x=0, x=mw" y<0,

and
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1 2
3@1 8@2
k1 ay=k2 3y y y=0c<x<m,
(3.2.11)
8@1 8@2
_8}':——3}’:0' y=0;0<x<c¢c,
where
0
®, (x,,P) = o Pt 6,(x, v, t) dt , i=1,2, (3.2.12)
o
is the Laplace transform of Oi(x, v, t).
In view of (3,2.10) the solution may be written as
| PO 2 2. 2 "%
®, = 3t n2=0 a exp[ - m~ +pL /w Kl)"y] cos nx,
y 20,
and (3.2.13)
- 1
®2 — n2=0 a exp[(n2 + plz/nzxz)zy] cos nx,
v < 0.,

By the substitution of (3, 2. 13) into (3.2.11) we seethat we need to

satisfy
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0

1

> (2, -a ,)cosnx = — , CEXEH , 3.2.14

n=0 n2 nl P - ( )
00 2 2% 2 1
> [k,a . (m" + : ) +k,a (n2+-E-!--)z]cosnx=0,
- 1 nl 2 n2 2
n=0 T Ky ™K,

C<ELT ; (3.2.15)

and

M 8

2 12 2 “ 2 uff &
anl(n +-22-—) cosnx = X anz(n +-22—) cosnx =0,
n=0 T Ky n=0 ™Ky

Dx< e, (3.2.16)

Equation (3. 2. 15) can be satisfied by letting the coefficients of

cos nx go to zero, i.e.,

Ll

2

2 i
kz[n +P;2 ]
1TK2
(3.2.17)

1 n2 °
2

nl 2
2  pt
kl[n + —2—_]

™ Kl

This relation reduces the set of equations (3.2.14-3,2,16) to

g &

2 L7 .2 7
I, 87 4 =)
TI'KZ

1+ > T cOSs Nx =
k, (0> + BL—y?
1 2

8 T Ky i

T M8
(Y
g -

0112

c<x<mw, (3.2.18)
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and

)
z

2 b
2 2
anz(n +-§1—-) cosnx = 0, DExEL, (3.2.19)
nO ‘ll'Kz

It appears that an exact analytical solution to this set of dual
series is not possible to obtain, Therefore, approximate methods
are employed. A perturbation scheme for small p is used to

obtain a solution valid for large t.
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3.2.3 Solution by Perturbation

If we let
- 1 .(0) 1 (1) (2) 3/2_(3) -
ap = play + pray’ +pa+p M +....], (3.2.20)

i
substitute it into (3.2.18) and (3.2.19), expand in powers of p2,

and then multiply the resulting equations by p , we obtain

k_k.2
(0) (1) (2) 3/2_(3) 21
[agy t PRagy + pag, + P Tag 4. 1+ i]
ks
& k k k
0 2 11 2 2
R T P PR T
gzl 1 1 1
2 k k
Jl x .3 L. {0} 3/2¢_(3) 2
= By mm(= «—ja’ 1+ P "[a(1 + =)
2n By Ky Wy B2 =" N
A
] 2.3 1. 11)
= e =) ]+....}cosnx=1.
2n21r2 kl Ky KZ n2
CEXXS T, (3.2.21)

and
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1
1 2 3 o
(2D +pal) + pal) + 2/Z%0) + L1 EL 43 (20, ph a0

1r|<27- n=1
Fpla@ 4 L 1 4% 201 4 p3/2(,0) 4 1 2wy, }
P32 "2 T2 2 P lan *"3722 2n2l™:-
nmTkK nmw K
2 2
X cosnx = 0 , V£ x £ &, (3.2.22)

1
By equating terms in successive powers of p2, we obtain the

following,
Order Eo
3
NI «
Boz = et I S
LA bk e
and (3.2.23)
S%) 0, n=1,23,....
1
Order p2
k %' k
K 00
a(l)[l +'—2—ll—] + = a(l)[l +—2]cos nx = 0,
02 K. k. 2 =] D& 5
1% =
c<x<m, (3.2.24)
and
(0) 2 ol & _
a2—£+rilan2ncosnx-0, 0sx<e. (3.2.25)

TR, &
2
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For a more general case of a Fourier series of this type

00
l)\A + 2 nA cosnx = F(x), U<x<e, (3.2.26)
2 0 a=1 n -
and
1 )
sA . + X A cosnx = G(x), ¢c<x <, (3% 4 Z27)
2°0 n=1 B =

the coefficients, A ., are given by Sneddon [6] as

c ™
Ay = %[lf Jhl(t) + JG(t)dt , n=0, (3.2.28)
22
o c
and
c ™
-2 m
An i lzw-z— Ihl(t)[Pn(cos t) + Pn_l(cos t) Jdt+ JG(t)cos ntdt} :
le) C
n=1,2,3,.o.o (302029)

where the auxiliary function h1 (t) is

X
1
j F(u)du - > \A g

3N

h1 ) =

t
d j sing x dx 1
at - (cosx - cost)2

[

G(u) cos nudu]sinnx}, 0<t<c, (3.2.30)

|
M8
(1
AN
()'h—-—\=|
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and Pn(cos t) denotes Legendre polynomials,

(3.2.26) and (3.2.27) with

The equations (3.2.24) and (3. 2.25) are a special case of

Gx)=0, (3.2.31)
3
|, A
+
02 T
1 G b
la, = - , (3.2.32)
2
|:1+ k—]
1
& . m gt % =1,2,3 (3.2.33)
n n2 '’ b s
» =0, (3.2.34)
and
Fla)= - alt) oo | 0<x<c (3.2.35)
| 02 - =
nK25

t
h (®) = - 2 .10 ty

d
T 02 1TK22'I dt_[

-
X singyxdx

1
A (cosx - cost)z

which can be reduced [7] to

_ (0) J
h,(t) = -ag,

=)
x
Pl

By the substitution of (3.2.31) and (3.2.35) into (3. 2.30) we obtain

»

(3.2.36)
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Straightforward integration of (3, 2.28) and (3.2.29) leads to

AO = 4 aé%) ——ﬂln(cos 2 C) ’ (3. 2.37)
or
1) 2k1K l(k +k,)
a2 = 1 > tn (cos 7_c) . (3.2.38)
(k,x +k Ky 2)
1%2 2
and
k ¢
A = 1(112) 1 T -:I[Pn(cos c)-P__,(cos c)],
1r(k1K22-+k2 1 2)
T (P RPN (3.2.39)
Order p
k, 2 k, 2k
2 K e}
29+ 2 0s s B0+ B L 2 - L1aQlcosnx=0,
kit el 1 2251 1 %2
172 2n T
c<x<mw, (3.2, 40)
and
2
(1) SN ) N Y I () B}
a5 +Z)[a.nz+2 ) anz]ncosnx—o,
LUPY n=1 nmoK,

0<x<c. (3.2.41)
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These equations are a special case of (3. 2.26) and (3. 2. 27) with

G(x)

and

which upon substitution into (3.2.29) and (3.2.30) leads to

A

0

(1)
43.02

Za(l) 1—

J4
%
T,

0,
k.« .3
(2) 21
a 1+
02 g
k »
2
] g
kg
(2)
a'n2
0,
(1) 2
“%02 1
'l'l'lr(2

In(cos %c) (

0<

k
142

By

1’2’3,0000

o R A o

I

(3.2.42)

(3.2.43)

(3. 2. 44)

(3.2.45)

(3.2.46)

(3.2.47)

(3. 2. 48)
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Tr 4k« 342 2
2) Tyt kitks)
a = f3

02 2 L [£n(cos %—.C)]Z , (3.2.49)
™

=
1K2 %+ koK

and
2
) 2k 1%k, + k,) y
A =a, = -y T T 2ln(cos%“c);[Pn(cosc)-Pn_l(cos c)l,
™ (le 2?- + kzkll)
= 1,233,600 (3.2.50)
Order p?’/2
I K 2 k
K 0
3832)(1 i ) ¥ [afz)(l * E'Z') B '_!2—2 k_z(-l— - I—)a(l)]cosnx=0,
k ;2 / n=l 2n L1 *g- "
C<AEW, (3.2.51)
and
00 2
aézz) 4 T + = [ar(fz) PR a(r}?‘)]n cosnx = 0,
1n<2?- n=1 2n T Ko

0<x<c. (3.2.52)
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For this case we can let

Gx) = 0,

k 2 k
3) £ (1)
= 1+ =) - — -
. P

and

F(x)

L@) P o B0 0 'Y i TR - B O
02 —I k 2 & 1m mZ

(3.2.53)

(3.2.54)

(3.2.55)

(3.2.56)

a(l)

cos mx,

(3.2.57)

If we now substitute (3.2.53), (3.2.56) and (3.2.57) into (3.2.31),

we obtain
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k 2 k k
2 _(2) _¢ 2| ,1 1 1 1 2
h(t)—- aoz —T 1+F than%t+57— ;—-+;—
'm<2 1 T k1 2 1
o
X ; F s (1) J- sin mx sin%x .
T
m=1m 2 *m2 dt (cosx - cost)z
k 1 e k k
2 (2) 1 _2 l 1 2
= e - Z 1 —
K, 1 1
o
1 (1) d
X B i — [P (cost) - P_ (cost)],
an 1n2 m2 dt m-1 m

0<t<c. (3.2.58)

By using this expression for h1 (t) in (3.2.29) and (3.2.30), we

find that
k 2 k k
_ 4a(8)_ ¢ 1 2\, £ (1, 2
A0 = 02 %ln(cosic) 1+k + T + = (3.2.59)
™, 1 1\"2 1
- SN WL
4 z:_ — 3. 5 [Pm_l(cos c) - P_(cos c)]
m=1 m

or
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13 3

2
6) | BEpk R0k 4 k) L
a = [£n(cos 5 c)]
v (kpRyPt kyky2)

1

k1K2213 k1 k2 00 1

- it . S I -P
2 : 12 (KZ k7 ) n213:1 m3[ mlcosc)-b _(cos c)]
32w (klk2 + kzkl ).
(3.2.60)
and
403 &, + &k, )
A = : L 2 [!n(cos—l- c)]ZL[P (cosc)-P. .(cosc)]
n 3 1 £)3 2 n-“" n n-1
T (klxz2 + k2K12
3 k k, oo
w4 1 2 1
+ ; T T (;—2 + q)rnz:l —n:g-[Pm(cos c)-P_ _(cos c)]an,
3217 (kyry® + kyk g 2)
n = 1,2,3,0.0 (3.2061)
where B denotes the integral
mn

c

- 4
B oo =" {dt[Pm(COS t)-P__,(cos t)]}[Pn(cos t+ B _,(cos t)]dt
(3
1
_ 1 _ Pt
= [I?n(x) ]':;n-l(x)][Pn(x) + Pn_l(x)]dx . (3.2.62)
cosc

By making use of the following properties of Legendre polynomials:



116

[a- xZ)P];(x)]' +k(k+ )P, (x) = 0, Ks0,1,2,:0 (3.2.63)
Bep1&®) - B x) = @k + 1)P, (x) , k=1,2,3,... .2.64)

We obtain

Bootl,n® Ban™ | Bt B+ Bt - B 60

cos cC

X [P (x)-B _(x)ldx = (2m+l) P_x[B,(x) + B _(x)dx ,

cosc (3. 2. 65)

and
1 1

n(n+l) J Pm(x)Pn(x)d.x =z - J [(l-xz)PI;(x)]'Pm(x)dx

coscC cCos C

1
= -(l-xz)P' (x)P_ (x) : + J (l-xz)P'(x)P' (x)dx
n m n m

coscC

coscC

(3.2.66)

1
B sinzc 13;1' (cos c)Pm(cos c) + (l-xz)Pn(x)Pr'n(x)

cos c
1

- J Pn(x)[(l -x2 )Pr'n(x)]|dx

cosc
1

= sinzc[Pr;(cos c)Pm(cos c)-Pn(cos c)PlfI'l(cos c)]l+ m(m+1) J Pm(x)Pn(x)dx.

coscC
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As a result, we find that

1

sinzc
n(n+l)-m(m+l

Pm(x)I;(x) = )[1:1’1' (cos c)Pm(cos c)-Pn(cos c)l?r'l(cos c)l,

wREa m # n. (3.2.67)

For m =n, we have

1

2(m-1)P_(cosc)P (cosc)
Przn(X)dx n 1 m m-1

m[l - cosc Pm(COS ) + (2m-1)

cos C

- 2 (3.2.68)

;n Pk_l(cos c)Pk_z(cos c) :'
k=1  (2k-1)(2k-3) 5

X

which is derived from a result given by Prasad [8] for J an(x)dx.
Jo

With the use of equations (3.2.67) and (3. 2. 68) the right side

of (3.2.65) can be written in explicit form. If we denote this right

side by C___, we have
mn

1
Bl ot Bn™ Can @mt1) | P[P G Py o)lax
cosc (3.2. 69)
and
B o5 . (3.2.70)

e m-k
B =z (-1) C (3.2, 71)
k=
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An expression for agl) can now be obtained from (3. 2. 55) and

(3.2.61); it is given by

4k113(k + k)

3 1 3
1!12) = ; [£n(cos Zc)]
™ (k1 2 + k Kl )
3
k.k, 4
+ L2 (‘l— -—1 —1— [P (cosc)- P. ,(cosc)]
3 i 2 S K2 n -4
2w (klkz2 + kzkl2 )(k1+ kZ)
£k, k, k, w
e i P P B
+ - > + )z ﬁ[ > (cos c)- (cos c)l

Z. 4 1 i}
320 (il , 2tk 2) (ke Hk,) 2 "1'm=1m
A= 1,25, (3.2.72)

Terms of higher order are exceedingly complicated but may,
nevertheless, be calculated in terms of the constants an. The
coefficients of the perturbation solution can be used to obtain the
temperature distribution in region 2, For region 1, the coefficients,

a (0) + p2 a(l) + pa(z) + ..., can be obtained from the relation

nl

(3.2.17). For n = 0, we have

1
. k,ok.2 .
@) _ _ 271 (i) s _ .
ag] = T a'yy i=0,1,2, and 3; (3.2.73)
ko

and for n > 1, simple expansion of (3.2.17) for small p gives
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LN N i e 11
p?a '+ pa teee = =—=][1 - —-—)+...]
k annz Ky Ky
k k k
2 (0 1 1
[a(I?)+p3a(1)+pa(n?3+...]= E—l-a(nz)-p’-le—a(ng-pi%
1 (0) 32 K (3) 1 1 (1)
X [a' —T—( ) 2] q[anz * an‘"‘z(I(T‘ KZ ]+ PRy
fn=1,2,3;6s060 (3.2.74)

1

By equating the terms in like powers of pE, we obtain for n =1, 2,3, ...

2(0)

n1

a(l)

nl
(2)
anl

3)
2nl

ky ,(0)
- E—l— nz ?
(1)
kl nZ e
1 1 (0) a(2)
__[ @) L ) = ,
Znn" *1 "2 *n2
k
L&) ekt pd on Bl
kl[ n2 " 522 <52n2l

(3.2.75)
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3.2.4 Inversion of the Solution

The Laplace transform of the solution may be written as

©) 46

1 1 1 2 1 (@3
@ll(x. Y,P) = [E(a 0i 1, i)+ ;_12_- a(Oi)+ a(Oi)+ pza(Oi)+ eeee Jexp[-

LIyl
mK.2
1

© 2
+ = [—ll-a(l.) + a(z.) ¥ p%agi) +eeeel eXP['(n2 +'%l“)% ly [lcos nx ,

ni ni
n=1. p2 T K,

i=1,2,

(3.2.76)

The inverses of all the terms outside the summation sign and the

second term under it may be obtained directly from tables.

The other

terms may be inverted by using the convolution integral. If L_l is

used to denote the inverse operation, then we have

2
L7t expl-ap+ 2] = —%— exp[-  + 6t
2(mt’ )2

and

I;ll .14
o e il
p? (wt)2

We can write, by making use of the convolution property,

t

B.2.77)

(3.2.78)

2
" 1
£ 1—-11- exp[-a(ptp)2] = '2%‘ ——'}—37'2— exp| - ('%; + B7)ldT .

p2 L, (t-7)2T

(3.2.79)
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Upon the substitution 7 = ut, the integral becomes

2
-1 3
4 -j{ exp[-a(p+ BZ] = 5 (l-ul)%u3 73 exp|- (o + But)]du

(o]

1 2 .
- -;f,‘—‘tf expl- G + put)ldi: - 1),
o]

(3:2.,80)
and by the further substitution
2
2 _ o
V= e + But , (3.2.81)
we obtain
V=00 :
-11 ks o 2 1 3
L7 21 expl-apipr] = 55 exp(-v2)d[ 57y - 1.
p 1
v=(a?/ 44 Bty
(3.2.82)

The upper limit is « as long as a# 0 and the lower limit is large
when t is large. Therefore, it is appropriate to obtain an approxi-

1
mate expression for [1/u(v)- 1]2 for large v. From (3.2.81) we

obtain
2 2 i
= bl = apy
v
_ Y lofs,1att
T 2ptLZ T4 T8 T8 T
v v
o 1 o
:T[1+-4- 4+.¢o:o] »
4vt v

and



o 4 v
2 2
4v~t l o
= d[?(l-z—g"'.o-)-l]?
v
1
= dﬂz[l_lazp - az i ]
- a 4 I 2 ® 00
v 4vt
2 1
vt2 o
= d [1" +o-0]
& 8v2t
2¢2 2
o
= [1+—=—+....]av . (3.2.83)
8vt

The inverse given by (3. 2. 82) may now be written as

[+ o}

o | & 2
08 —11' exp[-a(p+B)?] =-lr exP(-vz)[l + %—+ cee Jdv
p? wtz ) 5 P 8v't
(a“/ 4t+Bt)2
- eXP[-(g'Z"" pll—y - — +ooe] (3. 2. 84)
2nt2 = @tz 2(8t)°/°

which is exponentially small for large t. From this result it is quite

1 1
straightforward to show that ,t-lp?- exp[-a(p+p)2] is also exponentially
small, Upon the application of these results for the inversion of

(3.2.76) we see that the entire expression under the summation sign is
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exponentially small for |y| > 0. By inverting the other terms, we

obtain for y > 0,

1 1
B Bl e 2 e, 4 K )
e 2¥1 exte] —2Y ] o0 e
VR T T 2 (k. £)2 2 T4 kon.2)2
(kyka®t kyny #) mie 68 SECeiaR + Kary =)
1
1 ’ 4, (g kz)z 1 2 Sk E(+ k,)’
X In(cos > c) T+ > - [£n(cos > c)y - - ;
A (GRS kZKIE)?’ (kyrp? + k2K13)4
k 2 k k
K,2m %)
X [4n(cos -l—c)]3— 21 (._1+ _2) s L
32(k1K23+ kzklz) m=1
3 2.2
2+ 1 2 ? 4
X [Pm(cos c)- P__(cos c)] —3 ——3—_1_- + oo Lexp [ - ;1—;1%] "
w 2(wt”)2
(3.2.85)

and for y < 0,
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i
2
leZ Iy 2k KZ (k +k )
92= Y lel‘f(:l:-'-'-'—:ln—]_|_ : : ia
(k 3 + kzkl-’-) Z‘I'I’(K t)2 T (klkz2 + kzklz)

2
4k, (k + k)
X ln(cos%c) -—1-1— +1—3 e A - [ln(COS%C)]Z (-vy)

2 1 L
(Trt)z o (kIKZZ + k2K12)3
8k (k k ) k % k k
K + K T
- : [tn(cos % c)]3 - 1.2 (_1-+ ._2)
1 12 KZ Kl
(k1K23+ k Ky ) 32(k1 2 24 kZKI )
LY 1 2 1 3 12 2
X z — [P (cos c) i _l(cos c)] T"' eene exp[- r‘tL] .
st 2(wt”)2 oz
(3.2.86)

At y = 0, the temperature distribution on each side of the
interface may be obtained by inverting ®1(x, 0, p), which may be
obtained by letting y - 0 in (3.2.76). However, a difficulty arises
in the inversion of p% because this expression by itself does not have
an inverse. But we are only interested in a solution for long time and
also, the expression p% is valid only for small p. Under these
circumstances we can obtain a meaningful inverse of p%. Let us

consider the function

1 1
F(p) = p? exp[-ap?] , o> 0. (3.2.87)
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The inverse, f(t), of F(p) is given by
1

() = £7Fp) = [- —5r+ 2
- 2(wt’)2 4(wt”)?

2
5 ] exp[- _ ®
“ (3. 2. 88)

2y =
2; and f(t)~% (1rt3) 2 for large t.

For o « 1 and small p, F(p)~
Therefore, for small p and large t, it is valid to interpret

- % (1rt3)-% as the inverse of p%. The temperature distributions on
each side of the interface may now be obtained by setting y = 0 in

(3.2.76) and then inverting @i(x, 0,p). Upon carrying out this opera-

tion we find that

00
Qi(x, 0,t) = 51’ i + a(o) —1- > a(r:i) cos nx

s (wt)2 n=o
1 © 3) ‘-
- ﬁ' Z a . CO8 NX + KX F) 1= 1. 2. (3. 2. 89)
2(1rt )2 n=o i

In this result, the inverses of the terms independent of p, i.e.,

a(fi), i=0,1,2,.... are taken to be zero as opposed to agi)d(t)

because we are only interested in large values of t.

© ,0)

. and
ni

By the substitution of expressions for ay
a(fi), i=1,2, =n=1,2,3,.... and carrying out the summation [5]

of the first series, we obtain
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ot

1 1 1
k,k,2 2k. k., (k,2- k,2)
Gl(x, 0,t) = et i i S Gl 1 In(cos %— c)
1 1 1 1 12
(klkz2 + kzklz) w(mwt)2 (klkzz + kzklz)

k2 cos i x cos” 1x 1
+ " " H(C"x)ln[ . +( 21 - 1)2]l+ ® 00 0 )
ﬂ<1K25+ kz"li) .cos 5 € cos 3¢
(3. 2. 90)
and
k 5 2k.k_( z %)
K, 2 K2 = K
Bz(x, 0,8 = 1 2: - + z - { 1 f - 12 In (cos%c)
(klk ZE+ kZKIE) w(mwt)2 (leZE + kZK 1—3_ )2
k 1 2,
1 Ccos 3 X CcCOs 3 X 1
+ 3 : H(C"x)ln[_l'*'(_—z-;—- 1)2] +...l,
(leZE Y kZKIE) cos 3 c cOos 2z [ 24

(3.2.91)

where H denotes the Heaviside step function.
The average heat flux per unit area, q,, across the interface

is given by



Q. = =(Tyq= T,n)e ['lk b dxc
av 10 207 ¢ la*y*=0

8@
1 <399
10" T20) 7 [f. By y—o} -

- . i (0) (1) 2(2)
= (T)o- Tpo)k, 3 —ﬁ-L vallepal® .,
- e b NS QIR | B !

10 T2o) ® 75,0 1 . 2 s

' 1r(k1K23+ kzkli) (wt)2

3
(k, + k,) 3
— 1 2 [l n(CQS'é—C)]Z '1_ + e e e e .
3 1 13 3%
T (k1K22+ k2 12) (wt)™)?

(3.2.92)

By taking the reciprocal of this result we obtain the average resistance,

R, for a unit area as

}_ _l. 2 -
(k, x,2 + k,k,2 1 (k, + k,) 2 .
R s == 12<k o2 (wt)2 |1 - 1 & {ln(cos c)] —+... :
172 (k %_'_ K 1.2 T t |
pRg® t Kaki®)
2
(k "z “‘21’ 1 (k) + k) 1 242
= 2 s— o
k1k2 (wt)2 1+ : : [)!n(cos2 c)] — e
(lez +k2K1 )

(3.2.93)
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which may also be written as

k
2.2
1+ g2

1 -1

[¢n(cos %c)]2 (MFo,) "+ we |

k. s &
[ 4= (=29 ]°
)

kK
(3.2.94)

1 1 1
where Rfc = (klxz2 +k2K13)(1rt)2/(k1k2) is the full contact resistance,
and Fo2 = Kzt/IZ is the Fourier number based on the lower thermal
diffusivity., This result is presented in Fig. 3.2.1, where R/Rfc is
plotted as a function of Fo,/[tn(cos %— c)]z for contacts between copper

and steel, steel and glass, and copper and glass,
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3.2.5 Discussion

The present analysis provides useful results for situations in
which we have a large fraction of the interface in contact. This corres-
ponds to the case in which c¢/m « 1. In fact, when c = 0, we have full
contact and the only terms in the solution that count are those of leading
order. These terms then satisfy the set of equations (3. 2.5-3, 2, 8)
exactly. For cases when c/rw < 1, however, the higher order correc-
tions become unrealistically large, except for correspondingly large
values of the Fourier number, Fo.1 =Kt /12.‘ As a suitable criterion
of validity, we can require that the dominant term in the highest order
be much smaller than the next lower order term. For equations
(3.2.85), (3.2.86) and (3.2.90-3.2,93) such a criterion would lead to

the condition that

2
o Tl 1 2 1?
L e [In(cosz-c)] - « Ix (3.2.95)
(k)2 + kjKy?)

Although the validity of this analysis is restricted by (3. 2. 94),
the results expose the interaction of the different parameters involved.
Being analytical solutions, they have the usual advantage over numeri-
cal solutions in which the role of the various parameters is often

difficult and laborious to interpret. The present set of results provides
an incentive for experimental work associated with the measurement

of the transient resistance for varying fraction of contact.
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Fig. 3.0. 1, Two solids in contact over a finite circular disk.



Fig. 3.0.2.
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Heasley's model: a perfectly conducting sphere

between two solids,
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Fig, 3.0,3, Two solids in contact over a series of identical,

equally spaced strips.
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Fig. 3.1.1, Oblate spheroidal coordinate system,
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