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ABSTRACT 
~ 

This thesis is not about changing the world. Its scope is much 

more modest; we wish only to descr ibe a very small part of it . In fact, 

we will usually restrict ourselves to only three or four at oms at any 

one time. 

This thesis is a collection of seven theoretical studies on elemen­

tary chemical processes. In each of the studies we have used a quantum 

mechanical framework to descr ibe a particular chemical system. In 

nearly every case we have formulated the problem exactly. That is, we 

have made no mathematical approximations to the governing equations . 

Because these problems are too complex to be solved analytically, we 

have turned to computers to solve them numer ically. Once the appro­

priate equations have been derived, each study becomes an exercise in 

numerical techniqu~s and computer programming. The crucial step, 

interpretation of the numbers, comes lasto 

In the first chapter we examine a model that describes energy 

transfer in the collinear collision of two diatomic molecules. In this 

system the diatomics are homonuclear Morse oscillators and interact 

through an exponentially repulsive potential. We compare our results 

with previous quantum calculations and find that the older results were 

not converged with respect to the number of basis functions . A compar­

ison with the adiabatic approximation of Clarke and Thiele shows that 

the approximate results are reasonably accurate at all but the highest 

collision energies. 

The second chapter is a study of the importance of low energy 

reaction probabilities in calculating low temperature rate constants. It 
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is limited to the collinear H + H2 reactive system using a realistic 

potential energy surface. We show that the integral which relates 

probabilities to rate constants must be calculated carefully in order to 

avoid numerical errors. We show that this was not done by other 

workers and has probably led to an incorrect conclusion concerning the 

isotope dependence of the transmission coefficient. 

The third chapter is a survey of resonances in the reactive 

scattering of collinear H + H2 and its symmetric isotopic variants. 

From the survey we note trends and differences in the resonance 

strengths and positions caused by the various mass combinations. 

This leads us to propose a simple model for collinear scattering which 

should predict resonances. In fact, it correctly predicts their relative 

strengths and their positions to better than 0. 08 eV. 

The fourth chapter is an extensive study of the effect of barrier 

heights on vibratiorial deactivation in collinear scattering. The five 

surfaces used were for the H + FH system with barriers ranging from 

1. 5 kcal/mole to 40 kcal/mole. The motivation for the study comes 

from recently published work which indicates that the correct barrier 

in the HFH arrangement channel is much closer to 40 kcal/mole than 

the often used 1. 5 kcal/mole. The results indicate that the large bar­

riers significantly reduce the rate of collisional deactivation via reac­

tion, but that nonreactive deactivation is roughly constant for a wide 

range of barrier heights. 

In Chapter 5 we propose a method to describe collinear breakup 

collisions of the form A + BC - A + B + C. The method is general and 

can be applied to systems in which the energy is too low to allow 
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dissociation. It has been applied to the H + H2 reaction and found to 

accurately reproduce reaction probabilities at low energies. The 

central idea is to use a discrete pseudo-vibrational basis set which can 

describe both bound and continuum states naturally. This preliminary 

work points the way to further calculations . 

In the last two chapters we move t o thr ee- dimensional collisions. 

Chapter 6 is a comparison of two independent calculations of reactive 

scattering in an actual chemical system, one by Elkowitz and Wyatt 

(EW) and the other by Schatz and Kuppermann (SK). The comparison 

shows that the results are qualitatively and quantitatively different. It 

further shows that differences lie in the separate formulations of the 

problem and that the SK method is numerically converged while the EW 

is not. We note that the EW method used certain approximations that 

were not investigated and conclude that their results are in error. 
! 

In the last chapter we consider the difficulty of doing exact quan-

tum calculations for even simple reactive systems and propose a mathe­

matical approximation that preserves the accuracy of the exact results. 

The approximation arises from the neglect of certain off-diagonal 

angular momentum terms in the Hamiltonian and thus reduces the 

number of coupled equations to be solved simultaneously. We find that 

the computation time can be reduced by as much as a factor of 20. 
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VALIDITY OF TIIE ADIABATIC APPROXIMATION FOR 

VIBRATIONAL ENERGY TRANSFER IN COLLISIONS 

BETWEEN DIATOMIC MOLECULES t 

John P. DWYER* and Aron KUPPERMANN 

Arthur Amos Noyes Laboratory of Chemical Physics, t 

California Institute of Technology, Pasadena, California 91125, USA 

(Received ) 

Accurate quantum mechanical transition probabilities for 

vibrational to vibrational and vibrational to translational energy trans­

fer in collinear collisions of two hydrogen molecules were calculated 

for a model potential by numerical integration of the Schrodinger 

equation. The accuracy of these calculations was checked by conser­

vation of flux and convergence tests and by verifying that they satisfied 

a rigorous the ore~ proven by Clarke and Thiele. These accurate 
'· 

results were then used to determine the range of validity of the adia­

batic approximation of Thiele and Katz as applied to this model system 

by Clarke and Thiele. This approximation yielded probabilities which 

agreed with the accurate ones to 10% or better for total energies E up 

to 6.1 (in units of diatom vibrational quanta). However, at E = 7. 9 

these approximate results could be off by a factor of 1. 5 or higher. 

t Research supported in part by the Air Force Office of Scientific 

Research, Grant AFOSR 73-2539. 

* In partial fulfillment of the requirements for the Pho D. degree in 

Chemistry at the California Institute of Technology. 

!contribution No. 5395. 
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1. Introduction 
~ 

In a recent paper [1] (hereafter called I) Clarke and Thiele 

studied energy transfer in the collinear collision of two diatomic 

molecules. After reducing the problem to a pseudo atom-diatom 

collision (using a method developed by Zelechow et al. [2], they 

used the adiabatic approximation of Thiele and Katz [3] and the first 

order distorted wave T and K matrix methods to calculate vibrational­

vibrational (V-V) and translational-vibrational (T-V) transition 

probabilities. In a previous paper [ 4] (hereafter called II), Riley and 

Kuppermann calculated the exact quantum transition probabilities for 

the same system. Because of the special form of the interaction 

potential used, (exponentially repulsive), part of the calculation can 

be done analytically. From this information, Clarke and Thiele were 

able to show that sbme of the probabilities calculated in II must be 

inaccurate. We have redone the Riley and Kuppermann calculations 

and have found that the number of basis functions which had been used 

was insufficient for convergence. Using larger basis sets we have 

obtained converged results which also satisfy the conditions derived 

in I. 

We will briefly examine the equations to be solved. A more 

complete treatment is given by Riley [5]. The diatomic molecules 

are assumed to be harmonic oscillators, confined to move on a 

space-fixed straight line while the intermolecular potential is 
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exponentially repulsive and dependent only on the nearest end-atom 

separation. The Schrodinger equation to be solved is 

a2 a2 1 a2 -a (r-y-(3x) 
[ (- _ + y2 ) + w (- - + x2 ) - - -- + e - E] ,, , (x y r) = 0 

a y2 a x2 µ. a r2 'Y ' ' 

where r describes the intermolecular separation, x and y are 
(1) 

related to the intramolecular separations, µ is an effective 

mass of the system, E is the total energy, w and (3 are measures of 

the relative frequencies of the oscillators,and a is a length which 

describes the nearest end-atom repulsion. All of these parameters 

are in reduced units O Following I and II we treated the case of 

identical homonuclear diatomics, which results in µ = ½, (3 = 1, and 

w = 1. The value of a was taken to be 0. 2973 as before, which is 

appropriate for describing a collision between two hydrogen molecules. 

We define the refe:pence hamiltonian H0. by 

a2 
2 a2 2 

Ho(x,y) = (- ay2 +y) +w(- ax2 +x ), 

whose eigenfunctions and eigenvalues are denoted by <I> ij (x, y) and 

W .. , respectively, i and j being the vibrational quantum numbers of 
I] 

the isolated molecules. The separability of the x and y coordinates 

in eq. (2) permits us to write 

<I> .. (x, y) = cp . (y) cp. (x) 
1) 1 ] 

and 

W ij = (2i + 1) + w (2j + 1). 

(2) 

(3) 

(4) 
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n'm' The solutions it,, (x, y, r) of eq. (1) can be expanded in the <I> .. (x, y) 
1] 

basis set to give 

n'm' 
it,, (x, y, r) 

N-1 M-1 

6 ~ n'm' 
= n=O m=O fnm (r) <P.nm (x, y) 

n' = 0, . o • , N - 1 

m' = O, ... , M - 1 

(5) 

where N and M are the number of eigenstates in the expansion fo r 

coordinates y and x, respectively. For the present case N = M, and 

the transition probabilities are considered converged when increasing 

N produces in them an acceptably small change. 

Substituting eq. (5) into eq. (1) gives the following set of 

coupled differential equations 

I I I I I I 

[f~ (r)]" = [V~ (r) - k~] f~ (r) 

where 

and 

1 

knm = [µ(E - W nm)] 2, 

the integrations implied in eq. (7) being performed over the x and y 

coordinates. These equations are solved by a method described 

previously [5). 

(6) 

(8) 



6 

3. Results and Discussion 

The results for N = 5 and N = 6 are presented in tables 1 and 2 

for a variety of transitions and of total energies (in units of diatom 

vibrational quanta). Included are the values of Riley and Kupper ma nn 

(N = 3) and those of Clarke and Thiele. In I , Clarke and Thiele 

present a partial decoupling scheme which reduces the problem to a 

pseudo atom-diatom collision. Although they used approximate 

methods to calculate transition probabilities, they showed rigorously 

that 

poo-11 
---=2 
Poo -02 

where P ij-k£ is the probability of going from the i, j states of the 

initial molecules to the corresponding k, £ states of the final ones. 

On the basis of this result they were able to conclude that certain of 

the transition probabilities calculated in II are incorrect. Table 3 

lists this ratio for various choices of N. First note that the results in 

tables 1 and 2 are nearly identical for N = 5 and N = 6. The largest 

discrepancy is 1 part in 2000. In addition, table 3 shows that the ratio 

P 
00 

_ 11 /P 
00 

_ 02 has converged to 2 to within this accuracy, in agree­

ment with Clarke and Thiele 's predictions. From this and the fact 

that flux conservation is satisfied in these calculations to six significant 

digits, we conclude that our results have not only converged but are 

also accurate. At the lowest energies (4.1 and 4. 5) the Clarke and 

Thiele approximate results agree with our accurate ones to better than 
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1 %. In general, the inaccuracy is less than 10% for all transitions at 

E < 6. 1. However, at E = 7. 9, their result for the 01 - 20 transition 

is too large by a factor of about 2. 

For V-V transitions, the results of Riley and Kuppermann 

are in good agreement with ours for the transition involving the lowest 

internal excitation (01 - 10) . As expected, the agreement is some­

what worse for higher internal excitation transitions. For T-V 

transitions, the agreement is good only for the lowest four energies 

of the 00 - 01 transition. 

We conclude that the adiabatic method of Thiele and Katz gives 

results for this model problem in good agreement with the exact 

quantum probabilities for all but the highest energies considered. 
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Table 2. Transition. probabilities for the T- V energy transfer of 1 and 2 quanta. 

Riley and Clarke and 

Transition Ea) Kuppermannb) Thielec) M = N = 5 M = N = 6 
M = N= 3 

00 - 01 4.1 0.169 X 10- 5 0.167 X 10-a 0. 1665 X 10-5 0.1665 X 10-a 

4.5 0. 784 X 10-• 0. 802 X 10-4 0. 7883 X 10-4 0. 7884 X 10- 4 

5.0 0. 650 X 10-s 0. 672 X 10-~ 0. 6503 X 10-3 0. 6503 X 10-, 

5.5 0. 231 X 10-2 0.244 X 10-2 0. 2325 X 10-i 0. 2325 X 10- l 

6.1 0. 641 X 10-2 0. 701 X 10-2 0. 6568 X 10-2 0. 6568 X 10- 2 

7.0 0.174 X 10-1 0.207 X 10-1 0.1879 X 10-1 0.1879 X 10-1 

7.9 0. 326 X 10-1 0. 439 X 10-1 0. 3854 X 10-1 0. 3854 X 10-1 

01 - 11 6. 1 0.195 X 10-5 0.169 X 10-5 0.1691 X 10-s 0.1691 X 10- 5 

7.0 0. 826 X 10-s 0. 675 X 10_, . 0. 6513 X 10-3 0. 6512 X 10-s 

7.9 0. 653 X 10-2 0. 514 X 10-2 0. 4745 X 10-2 0. 4745 X 10-2 

01 -02 6.1 0.111 X 10-5 0.324 X 10-5 0. 3238 X 10-5 0. 3237 X 10-5 

7.0 0.152 X 10-s 0.128 X 10-2 0. :l168 X 10-3 0.1188 X 10- 2 

7.9 0.444 X 10-s 0.122 X 10-1 0. 8269 X 10-2 0. 8270 X 10-2 

01 - 20 6.1 0. 560 X 10-r 0.115 X 10➔ 0.1216 X lo-• 0.1216 X lo-• 

7. 0 0.455 X 10-4 0. 629 X 10-4 0.1139 X !0-3 0. 1139 X 10-s 

7.9 0.413 X 10-3 0. 258 X 10-2 0.1314 X 10-2 0.1314 X 10-2 

00-11 6.1 0.150x 10-r 0. 998 X 10-5 0. 1128 X 10-T 0.1128 X 10-7 

7.0 0.224 X 10-. 0. 989 X 10-5 0.1262 X 10-4 0.1262 X 10➔ 

7.9 0.397 X 10-s 0.120 X 10-s 0.1945 X 10-3 0.1944 X 10-' 

00-02 6.1 0. 350 X 10- 5 0.494 X 10-1 0. 5638 X 10-1 0. 5639 X 10-a 

7.0 0.189 X 10-5 0.494 X 10-5 0. 6308 X 10-• 0. 6309 X 10-5 

7.9 0.181 X 10-. 0. 599 X 10-4 0. 9720 X 10-4 0. 9722 X 10-4 

a) Total energy in units of diatom vibrational quanta. 

b) References [4] and [5]. 

c) Reference [l], using the adiabatic method of Thiele and Katz (3] except for the 00 - 11 and 00-:- 02 

transitions, for which the "corrected" adiabatic results are given. 
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Table 30 Ratio of P 
00 

_ 11 and Poo -02 probabilities. 

Riley and 
Ea) Kuppermannb) M = N =4 M = N = 5 M = N = 6 

M = N = 3 

6.1 4 0314 1. 998 2.000 2.000 

7.0 11. 84 2.012 2. 001 2.000 

7.9 21. 96 2.185 2.000 2.000 

a) Total energy in units of diatom vibrational quanta. 

b) From the data of references [4] and [5]. 
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CHAPTER 2. 

The Importance and Treatment of Low Energy Reaction 

Probabilities for Low Temperature Rate Constants 



13 

Two papers have been published [ 1, 2] in which the authors reach 

conflicting conclusions on the importance of transmission coefficients 

in calculating isotope effects, especially at low temperatures. Each of 

the studies was limited to the collinear H + Hz reactive system and its 

deuterium-substituted variants. 

In the first paper [1] , Wu, Johnson, and Levine calculated exact 

quantum transmission probabilities using a close-coupling method form­

ulated in natural collision coordinates. The potential energy surface 

used was the semi-empirical Porter-Karplus (3] (PK) H3 surface. The 

reactions they studied on this surface were the deuterium substitutes of 

H + Hz: 

H + Hz - Hz+ H (a) 

D + Dz - Dz+ D (b) 

D + Hz 
__. 

DH +H (c and d) ..--

H + Dz 
__. 

HD+ D (e and f) ...-

H +DH - HD+H (g) 

D +HD - DH+ D (h) 

From the exact transmission probabilities, one can calculate the 

exact rate constant, which is given by (in the notation of Wu, Johnson, 

and Levine) 

1 1 00 • 
k t (T) = (21rµkTf2 . t l f. exp(-E./kT) J P (ER1 , i) 
ra e Q1f (T) i 1 1 0 r 

x exp(-Ek/kT)dEk , (1) 

where Ek is the relative translational energy, k is Boltzmann's constant, 
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E. is the internal energy of state i ( with degeneracy f. ) , Q
1
int is the 

1 1 

·reactant partition function, Pr is the reaction probability from state i 

to all possible final states, and µ = m A mBC/(m A+ mBC) is the reduced 

mass of the initial A + BC system. In the temperature range considered 

(200-1250°K), only the ground vibrational state is significantly populated 

and eq. (1) reduces to (assuming no gr ound state degeneracy) 

1 00 

krate(T) = (2TTµkTf2 f P r (ER, 0)exp(-ER/kT)dER , (2) 
0 

0 
where ER = ER. One can write an analogous equation for the classical 

hard sphere model of reactive scattering where the classical transmission 

probability P c(ER) = 1 for ER > E0 and P c(ER) = O for ER < E0 and 

where E
0 

is the barrier height along the reaction coordinate corrected 

for the difference in the zero-point energies between the activated com­

plex and the reactant. This correction is important because the barrier 

height is not equal to the minimum energy necessary to clear the barrier. 

That energy is actually equal to the difference between the activated 

complex zero-point energy (measured relative to the bottom of the di­

atom potential) and the asymptotic zero-point energy . The ratio of the 

quantum rate constant to the classical rate constant is called the trans­

mission coefficient, K(T), and is given by 

00 

f P r(ER)exp(-ER/kT)dER 
K(T) = 0 

00 

f Pc(ER)exp(-ER/kT)dER 
0 

0 00 

= exp(E /kT) f p (E )exp(-E /kT)dE 
kT r R R R 

0 
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- (~'½ 0 - kT) exp(E /kT)krate(T). (3) 

The transmission coefficient is a measure of the deviation of the chem­

ical system from classical mechanics. The isotope effect is measured 

by the ratio of the rate constants (at a temperature T) for two isotopically 

different read ions. In transition state theory, this ratio is directly 

proportional to the ratio of the transmission coefficients and inversely 

proportional to the square root of the reduced masses. 

Using the exact quantum transmission probabilities for each of 

reactions ( a)-(h), Wu et al. calculated the transmission coefficients 

corresponding to each reaction. They found that at each temperature, 

the transmission coefficients for all eight reactions were roughly com­

parable, differing at most by 45%. From this they concluded that the 

isotope effect is dominated by other factors ( differences in zero-point 

energies and differences in reduced masses) and is not strongly affected 

by transmission coefficients. In other words, in calculating the ratios 

of rate constants of two reactions, the ratio of transmission coefficients 

may be set to unity. This conclusion, if correct, allows one to neglect 

the transmission coefficient calculations (which requires exact prob­

abilities) in determining the isotope effect. 

In a more recent paper [ 2], Truhlar, 

Kuppermann, and Adams also studied the isotope effect in the collinear 

H + H2 exchange reaction in the 200-1250°K temperature range. The 

potential energy surface that they used [ 4] was a Wall-Porter (5] fit 

to the SSMK surface [6], which is a surface different from the one used 

by Wu et al. They used a modified version [ 4] of the finite-difference 
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boundary-value method of Diestler and McKoy [7] to calculate exact 

quantum transmission probabilities for reactions (a)-(f). They found, 

however, that by setting the ratio of transmission coefficients to unity 

(i.e., isotope independent), transition state theory predicted ratios of 

rate constants in error by as much as a factor of 4. 6 at 200 °K and 0. 56 

at 300 °K. This is a contradiction to the conclusions of Wu et al. at 

low temperatures. 

The discrepancy could be attributed to a couple of factors 

(assuming no simple arithmetic error is involved). One, the potential 

surfaces used in the two studies are not identical. This could be critical 

for low temperature studies, because small changes in the barrier 

(thickness, height), for example, could significantly affect transmission 

probabilities calculated at or below the classical threshold. Two, the 

difference could arise from the way low energy probabilities were treated 

in calculating rate constants. At very low translational energies, Pr 

changes by orders of magnitude. The method by which low energy 

probabilities are interpolated may be important for low temperature 

rate constants. 

In order to resolve the contradictory conclusions of Wu et al. and 

Truhlar et al., it is important to remove the possibility of the first type 

of error. To do this we have calculated exact quantum transmission 

probabilities for the H + H2 exchange reaction using the close-coupling 

method of Kuppermann [ 8] as applied to the PK surface. Using these 

results, we have calculated both rate constants and transmission coeffi­

cients in the range 200-1000°K. These results can be compared 

with those of Wu et al. 
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As mentioned above, the method by which low energy probabilities 

are interpolated is critical. In an earlier study, Truhlar and Kupper­

mann [ 4] found that the transmission probability could be accurately 

represented at classically forbidden energies (0 . 043 eV < ER < 0. 151 eV) 

by 

where VO = 0. 286 e V and {3 = 51. 1 e v-1
. However, this expression 

extrapolates to an incorrect value for ER = 0. The small deviation 

(~ 5 x 10-7
) produces large errors in the rate constant at 250°K. They 

found a more accurate fit at very low energies (0. 005 eV < ER < 0. 083 

eV) to be 

where V0 = 45. 9 eV and {3 = 0. 309 eV-1
• This expression extrapolates 

to the correct value of P r(0). The conclusion to be drawn is that when 

calculating rate constants from eq. (2), one should not interpolate prob­

abilities but rather logarithms of probabilities. 

In this present work, we calculated transmission probabilities at 

energies as low as 10-6 eV, where the reaction probability is 9.5 x 10-20
• 

We have found that it is much more accurate to interpolate log Pr(ER) than 

P (E ) . Low temperature rate constants calculated from linearly inter-r r 
polated probabilities can be in error by as much as an order of magni-

tude. Linear and quadratic interpolation of log Pr gave rate constants 

which agreed to within 2%. Figure 1 is a plot of P r(ER) on a log scale 

versus translational energy. The linearity of the plot demonstrates the 

need to interpolate log P r(ER) at low energies. In our rate constant 
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calculation we employed both a Simpson rule and a trapezoidal rule 

integration method. The results agreed to within 2% at all temperatures. 
I 

For all the results presented here we have used the Simpson rule 

method. 

It is difficult to compare directly the work of Wu et al. with our 

results for two reasons. One, Wu et al. did not publish their rate 

constants, only their transmission probabilities and transmission coeffi­

cients. Two, the transmission probabilities that they published are 

given to only three decimal places, precluding any values smaller than 

10-3
• The latter makes an accurate calculation of low temperature rate 

constants difficult or impossible. 

In our rate constant calculation we found that neglecting probabili­

ties smaller than 3. 2 x 10-5 (ER < 0. 09 eV) lowered the rate constant at 

200°K by only 1%. Because Wu et al. considered translational energies 

as low as O. 078 eV, neglect of lower energy probabilities should not 

have significantly affected their rate constant calculation at the temp­

eratures considered. Figure 2 is a comparison of P r(ER) from our 

results and from Wu et al. We can see that there are no gross differ­

ences between the two. In Table 1 we have listed the rate constants of 

Wu et al. which we calculated using eq. (3) and their published values of 

the transmission coefficients. In calculating their rate constants, we have 

used their value of the zero-point energy, O. 2689 eV. For comparison 

we have listed rate constants calculated from our transmission prob­

abilities using a more accurate (9] value for the zero-point energy of 

O. 258 eV. One can see that only at very high temperatures is there 

reasonable (~ 10%) agreement between the results; at low temperatures 
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our results are larger by as much as a factor of two. In Table 2 we 

have listed transmission coefficients as published by Wu et al. and 

those calculated from our rate constants using two values for E0
, one 

from Wu et al. and the more accurate one. The agreement at very low 

temperatures is poor, with the differences as large as a factor of t wo. 

While this does not pinpoint the source of any possible error, it 

does show that the contradictions that existed between Wu et al. and 

Truhlar et al. continue to exist between our results and those of Wu et 

al. , even though we are using the same potential energy surface. 

To resolve this, we calculated rate constants from the published 

transmission prd>abilities of Wu et al. Because their published prob­

abilities are not sufficiently precise, we have repeated the calculations 

using P r(ER) ± 0. 0005. Another difficulty is that Wu et al. listed their 

probabilities by total energy, whereas rate constants must be calculated 

using translational energy. Thus we calculated rate constants from their 

probabilities using both their inaccurate value for the zero-point energy 

and the accurate value [9] . All of these calculations are in Table 3. 

Two things are noteworthy. One, none of the low temperature rate 

constants are close to the Wu, Johnson and Levine results in Table 1. 

At or below 400 °K, the difference is greater than 23%. Two, our rate 

constants (column two of Table 1) lie between the corresponding values 

in the last two columns of Table 3, indicating that their probabilities 

may be good enough to calculate accurate rate constants if the correct 

zero-point energy is used. 

For a final comparison we have calculated transmission coeffi­

cients from the rate constants in Table 4. Columns one through three 
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use the (inaccurate) values of zero-point energy and E0 given by Wu ~ 

al. Columns four through six use the more accurate values. One can 

see that none of the low temperature transmission coefficients agr ee with 

the results published by Wu, Johnson, and Levine. Our results, in 

column two of Table 2, generally are outside the possible range of their 

transmission coefficients calculated using inaccurate values for E0 and 

zero-point energy. Using their probabilities as published and using 

accurate values for zero-point energy and E0
, their transmission coeffi­

cients ( column four of Table 4) differ from ours ( column two of Table 

2) by only 7. 8% at the lowest temperature and 1% or less at all higher 

tern perature s. 

We have seen the importance of low energy probabilities in calcu­

lating low temperature rate constants. Equally important, however, is 

the way in which the probabilities are interpolated for the integral in 

eq. (2). Care must be taken to ensure that the probabilities are inter­

polated in a manner consistent with their analytical representation. In 

light of these results, the conclusions of Wu, Johnson, and Levine 

regarding isotope-independent transmission coefficients should be 

reexamined. Because Truhlar et al. used an interpolation procedure 

similar to ours, their rate constants seem to be accurate. Unless the 

two potential surfaces (the Wall-Porter fit to the SSMK and the PK) are 

quite different, transmission coefficients will not be isotope-independent 

at temperatures below 400 °K. 
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Table 1 

Comparison of rate constants for H + H2 

( a) 
krate T) 

T(°K) 
WJL b) present workc) 

200 

300 

400 

500 

800 

900 

1000 

4.64(-l) d) 

2. 07(1) 

1. 61(2) 

5.98(2) 

4. 83( 3) 

7. 27(3) 

1. 02(4) 

a) The units are cm/(molec•sec). 

9.42( - 1) 

3.16(1) 

2. 23(2) 

7. 73(2) 

5. 66(3) 

8. 37(3) 

1.15( 4) 

b) Wu, Johnson and Levine, ref. [1); zero-point energy: 0. 2689 eV. 

c) Zero-point energy: 0. 2727 eV. 

d) Numbers in parentheses are powers of ten by which entries should be 

multiplied. 
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Table 2 

Comparison of transmission coefficients for H + H2 

K (T)a) 

T( °K) WJLb) presentc) presentd) 
work work 

200 30.2 47.6 61. 5 

300 6. 79 8.88 10.52 

400 3.68 4.47 5.08 

500 2.66 3.11 3. 44 

800 1. 73 1. 90 2.03 

900 1. 61 1. 75 1.85 

1000 1. 52 1. 64 1. 72 

a) Unitless. 

b) Wu, Johnson and Levine, 
0 

ref. [1]; E = 0. 2624 eV. 

c) E 0 = 0. 258 eV. 

d) E0 = 0. 2624 eV. 
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~ 

Fig. 1. A plot of the transmission probability as a function of transla­

tional energy. The energy range is from 0.07 eV to 0.13 eV. The 

probabilities range from 10-6 to 10-2
• 

Fig. 2. A plot of the transmission probability as a function of total 

energy in the range of O. 35 eV to 0. 50 eV. The solid line represents 

results from the present calculation. The squares are taken from 

Wu et al., ref. [1]. 
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CHAPTER 3. 

Resonances in Collinear Reactive Scattering: 

A Simple Model 
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I. INTRODUCTION 

Resonances are well established in theoretical quantum studies of 

collinear chemical reactions. Exact quantum results on the H + H2 

system, reported by Truhlar and Kuppermann, 1 show both transmission 

and reflection probabilities to be strongly oscillatory. Bowman and 

Kuppermann2 compare the quantum results with semi-classical and 

quasi-classical results and find that the oscillations are not reproduced. 

Schatz and Kuppermann 3 argue that it is the interference of direct and 

compound mechanisms which contributed to these resonances. That is , 

the oscillations are strictly quantum mechanical phenomena and are 

difficult to produce with quasi-classical and semi-classical methods. 

Schatz 4 later discusses the types of resonances which occur in the H + 

H2 reaction, using the SSMK surface. 5 He points out that the first 

resonance at O. 6 eV (total energy) is largely adiabatic (and therefore 

a shape resonance) but that the next two at 0. 9 eV and 1. 276 eV have 

nonadiabatic behavior (and therefore are internal or Feshbach reso­

nances). However, they find that the 1. 276 eV resonance is not asso­

ciated with just one virtual state, and they were not able to easily 

separate adiabatic and nonadiabatic effects. The 0. 9 eV resonance was 

associated primarily with the second vibrational state of H3 • 

Central to understanding the physical origin of resonant processes 

is the development of simple models that mimic the real system. Using 

natural collision coordinates and a close-coupling technique to solve the 

Schrodinger equation for the Porter-Karplus6 H3 surface, Levine and 

Wu 7 calculate transmission and reflection probabilities for the collinear 

H + H2 reaction. Then they define static channel potentials to be 
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where V(s) is the potential along the reaction pathway and € (s) is the n 
local eigenvalue of the eigenfunction calculated in the transverse direc-

tion. At the saddle point (s = 0), the € are eigenvalues of the symmetric n 
stretch of H3 , and V n has a relative minimum for n = 2 and 3. Levine 

and Wu maintain that these static potentials can hold bound or quasi­

bound states. They conclude that internal excitations to these states 

are possible and represent Feshbach resonances. They maintain that 

vibration in the s-direction ( corresponding to the approach of the atom 

and diatom, and therefore asymmetric stretch) is "drained" into the 

transverse direction (symmetric stretch mode), thus trapping the H3 

molecule for a couple of vibrational periods. Eventually, the vibration 

drains back into the s-motion and the reaction proceeds to its conclusion. 

In a later paper, Wu, Johnson, and Levine8 argue that the resonances 

are due to a dynamic channel potential. As an example they write the 

dynamic channel potential for the one-vibration approximation. The 

result is just the static potential VO plus an energy-dependent matrix 

element. They remark that the dynamics may be altered by the inclu­

sion of closed states. In that same paper, Wu et al. examine reso­

nances of one isotopic variant, D + D2 • They note that the dynamic 

potentials for D + D2 are not as deep as those for H + H2 (in the one-

state approximation) and that the D + D2 resonance is not as strong as 

the H + H2 • They do not consider any other isotopic variants in their 

discussion of resonances, and they do not use their model to predict 

quantitatively resonance strengths or positions. 
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The analysis by Wu et al. provides some insight into the origin of 

resonances in chemical systems, but it does not provide a simple 

method to predict their strength and position. While it is clear that the 

difference between resonance strengths in the H + H2 and D + D2 systems 

is caused by the mass differences, it is not clear whether the difference 

is caused by a change in the reduced mass, the mass of the central 

atom, the masses of the end atom, or something else . 

In this paper we analyze the results of close-coupling calculations 

on several collinear chemical systems. From the analysis we develop 

a simple model which predicts the relative strengths and positions of 

Feshbach resonances in collinear systems. 
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CLOSE-COUPLING CALCULATION 

Because there are very few two-dimensional (2-D) and three­

dimensional (3-D) results available, 9 we have restricted this study to 

collinear reactive systems. In order to study systematically the origin 

of resonances in several systems, we have limited this work to the 

following symmetric isotopic variants of the H + H2 system ; 

H + H2 ---+ H2 + H ( 1) 

D + HD ---+ DH + D (2) 

T + HT - TH + T (3) 

H + DH ---+ HD +H ( 4) 

D + D2 ---+ D2 + D (5) 

H + TH ---+ HT+ H (6) 

In all cases the potential surface used was the Porter-Karplus6 H3 

surface. 

To calculate reaction probabilities, we used a close-coupling 

technique that has been described elsewhere10, 16 and applied to other 

systems. ll, 12 

We will denote PTI and PTT as the nonreactive and reactive transi­

tion probabilities from reactant state v = i to product state v = j, respec­

tively. Ei is the translational energy relative to initial state v = i. 

Figure 1 shows a spectrum of P~o for reaction (1). The rapid oscilla­

tion at E0 = 0. 60 eV was analyzed by Schatz 4 to be a Feshbach (internal 

excitation) resonance. Figures 2-6 show the corresponding spectra for 

reactions (2)-( 6). In all of the figures there is an oscillation or inflec­

tion in the reactive probability near E0 = 0. 60 eV. 



34 

What is striking is that for the first three chemical systems the oscilla­

tion is quite rapid, for the next two systems, relatively weak, and for 

the last, HTH, there seems to be no resonance at all . Another inter ­

esting feature of the spectra is the grouping by resonance strength . 

The systems with the strongest resonances always have hydrogen as 

the central atom. Deuterium is the central at om in the weaker reso­

nances and tritium is the central atom in the weakest. For a given 

central atom, the strength of the resonance seems to be independent of 

the masses of the end atoms, the reduced masses of the diatoms, the 

system reduced mass, and the system skew angle. (These last two 

quantities are described in Appendix A.) Table I summarizes this 

information. This is not meant to imply that a strong resonance will 

occur only if hydrogen is the central atom. Both the H + FH and D + FH 

reactions have strong resonances 4 in the P~ spectrum (see Fig. 7). 

What is important to note is that doubling the masses of the end atoms 

in the H + FH system does not significantly affect the strength of the 

resonance near 0. 4 eV. We can conclude that for given potential sur­

faces the isotope effect on resonances is not caused by the masses of 

the end atoms. 
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III. MODEL 
~ 

In this section we will develop a crude model that is able to pre­

dict the relative strengths of resonances for different model systems. 

The model will be applied to a symmetric collinear reactive chemical 

system (A + BA). 

In Appendix A we developed a mass scaled coordinate system that 

transformed the Hamiltonian to a form involving only one reduced mass, 

µ. We can define polar coordinates in this system as follows, 

l 

P = (~2 + x~2 )2 . 

As shown in Appendix A, 0 <a< tan-1(mB/µ). Figure 8 is a contour 

plot of the H + H2 surface in the mass-scaled coordinates. At the 

beginning of the reaction, when A is far from BC, x~ is large and 

(because BC is bound) x~ is small. As the reaction progresses, x~ 

becomes smaller. In order to proceed to reaction, the system must 

begin to "turn the corner". If this were viewed in polar coordinates, 

p would remain relatively constant and a would be changing rapidly. 

Because the a motion is much faster than the p motion, there is a 

crude decoupling of the two coordinates. The decoupling approximation 

is best near the symmetric stretch line, or a = a /2. This approxi-max 
mation is analogous to the Born-Oppenheimer approximation where 

electronic motion is much faster than nuclear motion. In that case, the 

nuclei are said to move in the field of the electrons, or to move on 

electronic potential surfaces. In our present case, the decoupling of 
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the two motions is not that complete, but it may be possible to develop 

a -potentials that are parameterized by different values of p. 

At the minimum and maximum values of a the potential diverges 

because each of those two points correspond to the middle atom super­

imposed on each of the end atoms. A cut of the potential at constant p, 

which spans all values of a, is a one - dimensional box with infinitely 

high walls. At large p (and for symmetric systems) the box has a 

symmetric double well. Asymptotically the eigenvalues of the double 

well are pairwise degenerate and correspond to AB eigenvalues, one 

for each arrangement channel. At small p there is only a single well, 

whose corresponding eigenvalues are much greater than the asymptotic 

values because V(p1 , a) > V(p2 , a) for p1 « p2• We can define eigenpoten­

tials, E.(p), to be the eigenvalues of the constant p cuts for all p > O. 
1 

These are, in effect, the a-fields in which the p motion takes place. 

Each of these eigenpotentials are a function of p only, and therefore in 

this approximation determine the p motion. We can now solve the one­

dimensional Schrodinger equation on each surface ( eigenpotential). If 

the decoupling idea is an accurate reflection of the reaction near the 

barrier and if resonances result from motion near the barrier, then one 

would expect the one-dimensional wavefunctions to exhibit resonance 

behavior near the resonance energies. 

The eigenpotentials are found by solving the Schrodinger equation 

for a particle in a cut at constant p, 

(7) 

where ¢. is the eigenfunction solution of that equation. Figure 9 shows 
1 
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some eigenpotentials for i = 0-7 of the H + H2 systems . Note that the 

eigenpotentials become pairwise degenerate for large p. Some of the 

even eigenpotentials (i = 2, 4, 6), which are eigenvalues of symmetric 

eigenfunctions, .exhibit shallow wells whose minima are about 0.10 eV 

below the asymptotic values of E.(p). These same eigenpotentials have 
1 

small barriers of about 0. 05 eV. None of the odd eigenvalues (corre -

sponding to antisymmetric eigenfunctions) have either wells or barriers . 

The eigenpotentials of the other symmetr ic hydrogen systems have 

similar trends. One other fact, which is not apparent from the graphs, 

is that some of the eigenpotentials are deep enough and wide enough to 

hold bound states. 

Because the eigenpotentials were developed analogously to elec­

tronic adiabatic surfaces, we conclude that, in the approximation, there 

is no coupling between the surfaces. Because there is no coupling, the 

Schrodinger equation in polar coordinates (see Appendix B) reduces to 

d2g .(p) ti 2 
1 

+ [E.(p) - -- - E]g/p) = 0, 
dp2 1 8µp2 

where E is the total energy and g/p) is the scattering wavefunction 

describing p-motion. This equation may be easily solved for any 

(8) 

E > E .(oo), 
1 

using the Numerov15 method of integration. For each 

eigenpotential, the equation was integrated from small p [ E/p) » E] to 

large p ( ~ 12 bohr) where the solutions had become periodic . Equation 

(8) was solved at 100 equally spaced [ E - E/oo) ~ O. 005 eV] 

energies for each eigenpotential. The phase shift, <\(E), and its deriv­

ative, [ do /E) / dE] , were calculated and plotted as a function of energy. 

The solutions were converged, i.e . , beginning at smaller p and 
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integrating further did not change the phases by more than 0. 001 radians. 

The phases calculated from the odd eigenpotentials (which were 

calculated from antisymmetric eigenfunctions) show no unusual behavior 

for any of the hydrogen systems; they decrease monotonically with energy. 

Figure 10 shows the phase, <'\(E), resulting from Eip) of the H + H2 

system. (dl\/dE), which is related to the lifetime by T = n (do./dE) is 
l 

shown in Fig. 11. For all energy values, do/ dE < 0 and seems to have 

do/dE = 0 as the asymptotic limit. Figures 10 and 11 are typical of all 

of the eigenpotentials except for E2(p) of each hydrogen system. In a 

couple of cases do/dE does not increase monotonically (see Fig. 12), 

but it is always negative unless calculated from E2(p). Figures 13 and 

14 show o2(E) and do2(E)/dE for the H + H2 system. One should note that 

the peak of the do2(E)/dE curve is positive and gives a lifetime of 

1. 02 x 10-12 sec. This is a factor of 20 larger than the reported4 life­

time. This resonance behavior of the p-motion corresponds to an 

internal excitation (Feshbach resonance) in the H3 vibrational manifold. 

do2(E) / dE has the same behavior in two other systems, D + HD and T + 

HT. From Figs. 4 and 5, one would expect the predicted lifetime to be 

much smaller for the H + DH and D + D2 systems. Figures 15 and 16 

show do2(E)/dE for those systems. Two things are important. One, 

the derivatives of the phase shifts are the same order of magnitude, 

corresponding to similar resonance strengths in Figs. 4 and 5. Two, 

the peak of the do 2(E)/dE curve in the H + DH (or D + D2) system is 

much smaller than the corresponding peak in the H + H2 ( or D + HD and 

T + HT) system, thus correctly predicting the relative strengths of the 

resonances. From Fig. 6, one can see that there is no resonance in 
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the H + TH system near 0. 60 eV. Figure 17 shows that this is also the 

prediction of the model, the dl\(E)/dE curve is never positive. Table II 

is a summary of this information. 

Equally important as the predictions of the relative strengths of 

resonances are the comparisons between the actual and predicted posi­

tions of the resonances in the energy spectrum . In every case (except 

H +TH, where there is no resonance) the resonances were predicted to 

be at a lower translationsl energy than exact calculations showed. The 

differences ranged from 0.019 eV (T+HT) to 0.080 eV (H+DH). These 

are summarized in Table II. It is interesting to note that the ordering 

of the exact resonance energies is nearly preserved in the predicted 

resonance energies. 

In concluding this section we will look briefly at another resonance 

in the P~ spectrum of the H + H2 system, this one at Ea = 1. 033 eV. A 

plot of do/dE for each of the H + H2 eigenpotentials shows no oscillatory 

behavior. However, a closer examination reveals that Eip) holds a 

bound state at Ea= 0. 949. This implies that the model predicts a reso­

nance whenever an eigenpotential holds a bound state, or do/dE.,goes 

positive. The other systems for which we have close-coupling calcula­

tions of the second Feshbach resonance (D + D2 , H + DH, and D + HD) 

have bound states below the actual resonance ( < 0. 10 eV). Generally, 

the bound states predict the resonance energies less accurately than 

plots of do /dE. The estimation of lifetimes is meaningless because a 

bound state has an infinite lifetime. 



40 

IV. SUMMARY 
~ 

After transforming the Schrodinger equation into mass-scaled 

center-of-mass coordinates (Delves' coordinates), we defined the polar 

coordinates p and a. We then showed that p-motion and a-motion are 

roughly uncoupled near the symmetric stretch line, analogous to the 

uncoupling of electronic and nuclear motion in the Born-Oppenheimer 

approximation. We developed the idea of eigenpotentials (which are 

analogous to electronic adiabatic surfaces) and used them to solve the 

Schrodinger equation governing p-motion. When the phase shifts and 

their derivatives are calculated, most of them show no unusual behavior. 

A few, however, [ do2(E) / dE] , were oscillatory and positive near the 

resonance energies ( ~ O. 050 eV) calculated by an exact close-

coupling method. In the model calculation, these were interpreted to be 

resonances. The lifetime predicted by the model for the H + H2 system 

was too large by a factor of 20. However, the relative strengths and 

the ordering of the resonance energies were preserved. In fact, for the 

H + TH system, the close-coupling calculation shows no resonance and 

the model predicts the same. 

For the next resonance, the model has no oscillatory behavior in 

do/ dE near the resonance energy. Instead, a bound state in Eip) was 

identified with the resonance. 

We found that the only simple correlation between the masses of 

the atoms involved and the strength of the resonances was with the 

central atom. Within the hydrogen system, the smaller the skew angle 

the more intense the resonance. Because the skew angle is given by 

a = tan-\mB/µ), decreasing mB (with constant µ) will produce a smaller 
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skew angle. As the skew angle is made smaller, the system must "turn" 

a sharper corner in proceeding from reactants to products. When the 

turn becomes too sharp, the system is trapped in the symmetric stretch 

region, and it produces a resonance. 
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APPENDIX A. 
~ 

In center of mass coordinates, the Hamiltonian for a collinear 

atom-diatom system may be written as 

JC = 
ox2 

1 

(A . 1) 

This is written in the coordinates which describe atom A incident on 

diatom BC, wher e B is the central atom. x2 is just the BC internuclear 

distance and x1 is the distance from A to the center of mass of BC. The 

reduced masses are defined as 

and 
mA(mB + me) 

µ A, BC = mA + mB + me 

where mA, mB, and me are the masses of atoms A, B, and C, respec­

tively. An analogous Hamiltonian may be written for atom C incident on 

diatom BA. Using the Hamiltonian in this form , with two different 

reduced masses in each arrangement channel, the associated Schrodinger 

equation would be difficult to solve. It is important to transform the 

Hamiltonian to a form involving only one reduced mass which is inde­

pendent of arrangement channel. Such a transformation, first proposed 

by Delves13 and Hirschfelder and Jepsen14 is 
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x; ~ 0:~BCC) ¼x,. 

The Hamiltonian becomes 

JC = (A. 2) 

where l 

µ = (µ A, BC ·µBC) 4 

1 

= [(mAmBmC)/(mA + mB + mC)]a (A. 3) 

and is called the system reduced mass. If we define a polar angle a to 

be -1(~) a = tan x~ , 

a is limited by r1 = 0 and r2 = 0, or a . = 0 and a = mm max 
tan-\mB/µ). a.max is called the skew angle of the system and is inde-

pendent of arrangement channel. Systems with a relatively small 

central mass toµ ratio will have a small skew angle, and the system 

must "turn" a sharp corner to proceed to reaction. 

The Hamiltonian in polar coordinates becomes 

1 a) + P ap + V(p , a). 
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APPENDIX B 
~ 

In this appendix we will develop the Schrodinger equation in polar 

coordinates, which can be used to solve collinear scattering problems. 

As shown in Appendix A [Eq. (A . 2)], the Hamiltonian in mass scaled 

polar coordinates may be written as 

n2 
( 1 a2 a2 1 a) JC - - - - - + - + -P ap + V(p,a) . 

- 2µ p2 aa2 ap2 

1 

If the solution is written as p-2 G /P, a), the Schrodinger equation is 

_ ~2 [a2G/p, a) + __!_ a
2

G/p, a)]+ [v(p, a) _ _!f_] G.(p, a) 
µ ap2 p2 aa2 8µp2 J 

(B .1) 

where E is the total energy. 

We now define a complete orthonormal basis set, {<Pi}, such that 

2 (-n 2 d ¢i p,a) _ _ (- _ 
- - --- + V(p,a)<j>.(p,a) = E. p)<j).(p,a), 

2µp2 da2 1 1 1 
(B. 2) 

where ¢/p,a) is parametrically dependent on p. If G/p,a) is expanded 

in terms of these basis functions, the Schrodinger equation becomes 

(after some manipulation) 

_I~J (p) + £_ E.(p) d
2
g.. [-2 

dp2 p2 I 

n2 - --
8µp 

2 - E]g .. (p) I] 

-2 

+ ~ [V .. , (p) - .L. V .. ,( p)] g., .(p) = 0 , 
i 11 p2 11 I J 

where the g .. 's are the coefficients of expansion and 
I] 

~ax 
v .. ' (p) = J ¢/p,a)V(p)¢

1
.(p,a)da . 

11 0 

(B . 3) 
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TABLE I. 

Resonance Central End Diatom Delves' Skew Reaction Atom IAtom Reduced Reduced Strength Massa Mass Mass Mass Angle 

H + H2 ---+ H2 + H strong 1 1 0.50 0.58 60.0° 

D + HD ---+ DH + D strong 1 2 0.67 0. 89 48.2° 

T + HT ---+ TH + T strong 1 3 0.75 1.13 41.4° 

H + DH ---+ HD + H weak 2 1 0.67 0.71 70.5 ° 

D + D2 ---+ D2 + D weak 2 2 1.00 1.15 60.0 ° 

H + TH ---+ HT + H none 3 1 0.75 0.77 75 . 5° 

a All of the masses are relative to mH = 1. 
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TABLE II. Resonance energies , Eres 
' 

exact and predicted. 

Reaction res a Eres (eV) ~E (eV) Eexact (eV) pred 

H + H2 .- H2 + H 0.598 0.544 0.54 

D +HD.- DH+ D 0.534 0.504 0.030 

T +HT.- TH+ T 0.510 0.491 0.019 

H +DH.- HD+ H 0. 582 0.502 0.080 

D + D2 .- D2 + D 0.508 0.452 0.56 

H +TH.- HT+ H none none 

a All energies are measured relative to the ground vibrational state of 

the diatom in each system o 
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FIGURE CAPTIONS 

FIG. 1. R The reactive v = 0 to v = 0 transition probability, P 
00

, 

for the H + H2 system. The abscissa is translational energy in eV in 

the range 0. 0 eV to 1. 0 eV. 

FIG. 2. P~ for the D + HD system in the translational energy 

range O. 0 e V to 1. 0 e V. 

FIG. 3. P~0 for the T + HT system in the translational energy 

range from 0. 0 eV to 1. 0 eV. 

FIG. 4. P~ for the H + DH system in the translational energy 

range from 0. O eV to 1. 0 eV. 

FIG. 5. P~0 for the D + D2 system in the translational energy 

range from 0. 0 eV to 1. 0 eV. 

FIG. 6. P~o for the H + TH system in the translational energy 

range from 0. 0 eV to 1. 0 eV. 

FIG. 7. P~O for the H + FH system ( dashed line) and D + FD 

system (solid line) in the translational energy range of each system 

from 0. 0 eV to 0. 5 ev. 

FIG. 8. A contour plot of the H + H2 surface in Delves' (mass scaled) 

coordinates. The spacing between contours is O. 3 eV beginning with 

O. 3 eV. The abscissa and ordinate are measured in units of bohr. 

FIG. 9. The first eight eigenpotentials, E.(p) for the H + H2 1 

system. The ordinate is in eV and is measured from the bottom of the 

H2 well . The abscissa is in bohr. 

FIG. 10. The phase shift, 6iE), versus translational energy, 

calculated using Eip) of the H + H2 system. The ordinate is measured 

in radians and the abscissa in eV. 
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FIG. 11. The energy derivat ive of the phase shift , [ do iE) / dE] , 

versus translational energy, calculated using E4(p) of the H + H2 system . 

The ordinate is in units of rad/eV and the abscis sa in unit s of eV. 

FIG. 12 . [ d(\(E) /dE] versus translational energy , calculat ed 

using € 5(p) of the D + HD system. The unit s are the same as in Fig. 11. 

FIG. 13. 62(E) versus t ranslational energy, calculated using 

E2(p) of the H + H2 system. Units are the same as in Fig . 10. 

FIG. 14. (d62(E) / dE] versus t r anslational ener gy, calculated 

using E2(p) of the H + H2 system. Units are the same as in Fig . 11. 

FIG. 15. [ do 2(E)/dE] versus translational energy, calculated 

using E2(p) of the H + DH system. Units are the same as in Fig. 11. 

FIG. 16. [ do2(E) / dE] versus translational energy, calculated 

using Eip) of the D + D2 system. Units are the same as in Fig . 11. 

FIG. 17. [ do2(E)/dE] versus translational energy, calculated 

using E2(p) of the H + TH system. Units are the same as in Fig. 11. 
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CHAPTER 4. 

The Effect of Increasing the Barrier Height in 

Collisional Deactivation of Vibrationally Excited HF by H 
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I. Introduction 
~ 

A central interest in chemical dynamics is energy transfer proc­

esses. These processes include electronic (de)excitation, vibrational­

vibrational (V-V) energy transfer , vibrational-translational (V-T) energy 

transfer, and permutations with rotational energy. An immediate appli­

cation of theoretical chemical dynamics is the chemical laser, the most 

important of which are the FH2 and ClH2 lasers. 

Several theoretical approaches have been used to understand V-V 

and V-T processes in diatom-diatom systems. Shin1 recently developed 

a model for the system 

DF(v = n) + DF(v = 0) - DF(v = n - 1) + DF(v = 1). 

The model assumes dimer formation through hydrogen bonding. There 

is good agreement with experiment at T < 300 °K, where there is little 

rotational motion. 

Exact quantum calculations of diatom-diatom systems have gener­

ally been restricted to collinear collisions. 

Riley and Kuppermann2 and Dwyer and Kuppermann3 calculated 

V-V and V-T probabilities for a model H2 -H2 collinear system. The 

model assumed a harmonic oscillator potential for the diatomics and an 

exponential repulsive potential for the nearest end atoms. 

Considerable work has been done in atom-diatom V-T reactions . 

Thompson 4-s has used a quasi-classical trajectory technique to study 

systems of the type H + HX, X + HX, X + X2 , and X + H2 where Xis a 

halide atom. In his study6 of vibrational deexcitation of HF by H (or D) 

atoms, Thompson found that both vibration-rotation (V-R) and V-T 
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processes were important. He also found that a number of multi­

quantum V-V transitions were significant. In spite of this, he 

calculated rate constants on the assumption that only single quantum 

jumps occurred. The potential he used was a semi-empirical LEPS 

surface with a barrier of 28. 6 kcal/mole in the collinear H + FH 

arrangement channel. 

Schatz and Kuppermann9 have done an exact quantum mechanical 

study of collinear H + FH systems. The surface used was Muckermann's 

number 5 LEPS potential. lO The surface has a small well where the 

minimum reaction pathway intersects the symmetric stretch line, which 

is typical of LEPS surfaces. The well is 0. 51 kcal/mole below the barrier 

height of 1. 7 4 kcal/mole. They calculated reactive and nonreactive prob­

abilities with initial translational energies between 0. 01 eV and 1. 5 eV 

and rate constants from 200 to 1000°K. Two important conclusions were 

drawn. One, reactive probabilities and rate constants were generally 

larger than nonreactive ones over a large range of energies and temp­

eratures. Two, multi-quantum transitions were roughly as probable as 

single quantum jumps. Wilkins 11 reports very similar results in a 

three-dimensional (3-D) classical trajectory calculation on a different 

LEPS surface (but with roughly the same collinear barrier height, 1. 4 

kcal/mole). In addition, Wilkins found that V-T deactivation is more 

efficient than V-R deactivation. 

It has been recently reported that the HFH collinear barrier height 

may be much higher than previously thought.12,17 Bender et al.12 report 

ab initio calculations ( configuration interaction) which give a barrier 

height of 49 kcal/mole. They reason that the small error in their 
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calculation(~ 5 kcal/mole) implies that the true barrier is not lower 

than 40 kcal/mole. They conclude that F-atom exchange cannot be an 

important mechanism for vibrational deactivation of HF by H. 

In a shock tube study of the reaction of H atoms with DF, Bott16 

estimated that the activation energy for F atom exchange was greater 

than 19 kcal/mole and probably close to 34 kcal/mole. He was certain 

that the LEPS surface was incapable of describing that reaction because 

of its small barrier . 

The purpose of this study is to examine the effect of the barrier 

height on the dynamics of the H + FH collinear system; specifically, 

vibrational deactivation of HF by H atoms. We have used an exact 

quantum mechanical ( close-coupling) formulation, which has been 

described elsewhere. 9 The potential energy surfaces (which will be 

described in detail in Sec. II) have barrier heights ranging from 1. 5 

kcal/mole to 40 kcal/mole. In Sec. III we present a discussion of the 

results. 
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For this study we need several potential energy surfaces which 

are alike except for the barrier height. Using surfaces which already 

exist is unsatisfactory. Even if one could find surfaces with the desired 

barrier heights, other aspects of the surfaces would differ and not allow 

a consistent comparison of the dynamics . Bowman and Kuppermann13 

have developed a simple method which allows one to design a surface to 

meet nearly any specification. It is a modification of the Wall-Porter 

method of rotating a Morse function (Fig. 1). The potential is given by 

where R1 and R2 are the two HF internuclear distances, f3, D, and Qeq 

are the Morse parameters, and 0 and 1 are given by 

and 

The origin of the system, (R1, R~), is the point about which the Morse 

function rotates. The advantage of the Bowman-Kuppermann method 

over the Wall-Porter formulation is that /3, D, and ieq are not neces­

sarily analytical functions of 0. Instead, values for the parameters 

are chosen at several values of 0 and then splined together to form a 

smooth curve. 

The first surface developed was quite similar to Muckermann's 

surface 5 0 To do this we chose a swing point of R~ = R~ = 7. 0 bohr 
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and used the Muckermann surface to calculate the Morse parameters 

as a function of 0. We chose enough points (11) on the !eq graph so 

that when splined together the l~uckermann(0) and t!~line(0) were 

indistinguishable. The same procedure was used for [3(0). 

For D( 0) we found it more convenient to assume 

To solve for A, B, and C, we need to supply D at three angles, 0 = 0°, 

0 = 45 •, and an arbitrary choice of 0 = 22 °. All of the values of D were 

taken from the Muckermann surface 5. To increase the barrier height, 

only D (45 °) was changed. All other Morse parameters were held 

constant. Plots of the minimum reaction pathway for both Muckermann 

surface 5 and one created by the Bowman-Kuppermann method (with a 

2. 0 kcal barrier height) are shown in Fig. 2. For R1 > R~ (R2 small), 

the surface was assumed to have the same value as at R1 = R~ , and 

similarly for R2 > R~ (R1 small). This produced a slight upward shift 

(~ O. 0168 kcal/mole = O. 7 mV) in the bottom of the well relative to HF 

dissociation. We have developed surfaces with 1. 5, 10. 0, 20. 0, 30. 0, 

and 40. 0 kcal/mole barrier heights. The parameters for D(0) are given 

in Table I for each of these surfaces. Figure 3 is a contour plot of the 

20 kcal/mole surface. 

The actual calculation uses a close-coupling technique which has 
. 14 15 been apphed to several other systems. ' For higher energies, the 

vilirational basis contained as many as 24 eigenfunctions in order to get 

converged results accurate to 2% or better. 
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Ill. Results 
~ 

In this section we will present nonreactive and reactive transit ion 

probabilities for deactivation from excited vibrational states . Then we 

will examine rate constants for several transitions. 

First let us define a few symbols. P~ and P~ are the nonreactive 
l] l] 

and reactive (in this case, F atom exchange) transition probabilities, 

respectively, from the i th vibrational state to the j th vibrational state. 

En is the translational energy relative to the nth vibrational state of the 

reactant diatom. 

The first spectrum (Fig. 4) is the P~o transition for two surfaces, 

Muckermann's surface 5 and the 1. 5 kcal/mole barrier height surface. 

The results are quite similar over a range of 1. 5 eV, which is expected 

as one surface (1. 5 kcal/mole) was created from the other. The slight 

differences arise from the fact that "cuts" of the LEPS surface are not 

really Morse potentials and DGaussian(e) and oMuckermann(e) are not 

identical. The next four figures depict transition probabilities P~o 

from each of the 10. 0, 20. 0, 30. 0, and 40. 0 kcal/mole surfaces, 

respectively. These spectra demonstrate the expected effect of 

increasing the barrier height on reactive probabilities. As the barrier 

is increased, it takes increasingly more translational energy to pro­

ceed to reaction. If we define the threshold energy, Eth' as the energy 

at which P~ = 0. 001, Table II shows that for all but the smallest 

barrier height the threshold of reaction is about 75% of the barrier 

height. 

Figures 9-13 show reactive and nonreactive deactivation prob­

abilities from v = 3 to v = 2 for all five surfaces. Once the barrier 



75 

has been effectively surmounted by increasing the translational ener gy, 

the reactive probability is generally larger than the nonreactive pr ob ­

ability. The figures also demonstrate that there is a threshold for 

reactive transitions (shown in Table II) that increases linearly with the 

barrier height. A comparison of the second and third columns of Table 

II indicates that except for the 1. 5 kcal/mole surface the t r anslational 

energy threshold for a reactive process from v = 3 is significantly 

lower (~ 40%) than the threshold for a reactive process from v = 0. 

This implies that vibrational energy is effective in overcoming the 

barrier. At low translational energies, which are the most important 

energies in determining rate constants, the nonreactive probabilities 

are larger than the reactive ones. 

A significant conclusion from previous studies6, 9 of this system was 

that multiquantum transition probabilities were of the same magnitude 

as single quantum transitions. Although both of the studies were done 

on systems with very low barriers, we find that multiquantum transi-

tions are still significant with larger barriers. Figures 14 and 15 

illustrate this for the 1. 5 kcal/mole and 20 kcal/mole surfaces . For 

the largest barrier ( 40. 0 kcal/mole) the 3-0 transition probabilities are 

relatively small. The largest reactive probability is 0. 06, which is 

about a factor of five smaller than the 3 -2 probability. 

Because multiquantum transitions are important, we will examine 

total reactive and nonreactive deactivation probabilities from v = 6 and 

5, which we will denote as I: P 6j and LP 5j, respectively. The results 

indicate that there is almost no deactivation (reactive or nonreactive) 

from v = 6 on the 30 kcal/mole and 40 kcal/mole surfaces in the energy 
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range considered (0. 0 eV < E6 < 0. 32 eV). Similarly, there is little 

deactivation from v = 5 on the 40 kcal/mole surface (0. 0 eV ::s E5 < 

0. 7 eV). This probably resulted from the narrow translational energy 

range. In Figs. 16-18 we have plotted ~Pr{ N as a function of transla­

tional energy for the 1. 5, 10, and 20 kcal/mole surfaces. As before, 

deactivation by reactive collisions is more probable than by nonreactive 

collisions for all surfaces and at all energies above a threshold energy . 

At energies greater than threshold, the total probability for deactiva­

tion (reactive plus nonreactive) is about 0. 75. The probability of 

deactivation from v = 6 shows similar trends; once the effective barrier 

has been crossed, the probability of deactivation is quite high, between 

0. 8 and 0. 9. 

Using the transition probabilities presented in this paper, we have 

calculated rate constants from the equation 

k~(N)(T) = J00

p~(N) exp(-E./kT)dE. , 
1) 0 1) 1 1 

where E. is the translational energy of the reactant diatomic in vibra-
1 

tional state i, k is Boltzmann's constant, T is the temperature in K, 

and P is the transition probability. We will let kf (N) denote the reactive 

(nonreactive) rate constant of deactivation from state i to all other states. 

Figure 19 is a plot of a reactive rate constant for a single quantum 

deactivation transition, ks~ , and it demonstrates what we intuitively 

expect. As the barrier height is increased from 1. 5 kcal/mole to 

40 kcal/mole, k~ decreases for any temperature in the range 200 K to 

1000 K. The corresponding nonreactive transitions do not show this 

trend, and in fact for temperatures below 300 K, the rate constants 
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slowly increase as the barrier height is increased. Whereas the 

reactive rate constants may differ by several orders of magnitude as 

the barrier is increased, the nonreactive rate constants differ by less 

than an order of magnitude at all temperatures and by a factor of 5. 0 

at 300 K. 

Table II contains the Arrhenius parameters for the reactive 3 - 2 

transition. For both low temperature and high temperature cases, the 

activation energy, E:, increases with the barrier height. E: is signif­

icantly smaller in the low temperature region, where low translational 

energies are important in calculating rate constants. This deviation 

from the high temperature linearity probably results from the impor­

tance of vibrational energy in overcoming the barrier. At higher 

temperatures, molecules are mare likely to have a larger translational 

energy and the relative importance of vibrational energy is diminished. 

A comparison of Figs. 19 and 20 shows that the reactive and nonreactive 

rate constants from the low barrier height surfaces are of comparable 

magnitude. For the large barrier height surfaces (20. 0, 30. 0, and 

40. 0 kcal/mole) k~ is orders of magnitude larger thank~. 

In Fig. 21 we have plotted Is~ and isr:: as a function of temperature 

for the three surfaces, with 1. 5, 20, and 40 kcal/mole barrier heights. 

In this figure one can see that multiquantum reactive rate constants are 

at least as large as the rate constants for single quantum transitions 

for all three surfaces. Rate constants for multiquantum nonreactive 

transitions, isr::, become much smaller than the corresponding single 

quantum rate constant~ as the barrier is increased. 
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In Fig. 22 we have plotted rate constants for the collinear reactions 

H + FD (v = 3) --+ HF (v = 0) + D 

H + FD (v = 3) --+ H + FD (v = 0) 

D + FH (v = 3) --+ DF (v = 0) + H 

D + FH (v = 3) --+ D + FH (v = 0) 

along with the H + FH results, all using the 20 kcal/mole surface . The 

figure indicates that substitution of H by D does not qualitatively affect 

the results; reactive rate constants are generally larger than the non­

reactive rate constants. When D is substituted for H in the target di­

atom, both the reactive and nonreactive rate constants become smaller. 

This is a result of the difference in total energy available for reaction; 

even though the translational energies are equal, the vibrational energy 

of the v = 3 state in DF is 0. 43 eV less than the vibrational energy of 

the same state in HF. 

In Fig. 23 we examine k~ and k~ as a function of temperature 

for three surfaces. As with the individual reactive rate constants, k~ 

decreases steadily with increasing barrier height. Except for the 

smallest barrier height, the rate constants for total nonreactive 

deactivation are roughly constant as the barrier is increased. 

From Fig. 23 we can conclude that below 1000 K there is no 

significant deactivation by a fluorine atom exchange mechanism for 

surfaces with large (~ 40 kcal/mole) barrier heights. 
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~ 

We have shown that increasing the barrier height in a collinear 

chemical system affects the dynamics in several ways. There is a 

threshold above which reactive collisions are generally more probable 

than nonreactive ones. Below that threshold, nonreactive collisions are 

more probable for systems with barrier heights greater than 10. 0 kcal/ 

mole. This is reflected in the rate constants over a wide range of temp­

eratures (200:-1000 K). At the temperatures considered, F-atom 

exchange is not an efficient mode of deactivation for systems with the 

larger barrier heights. The translational energy threshold for F-atom 

exchange is generally lower than the barrier height, indicating that 

vibrational energy is effective in promoting the reaction. Finally, 

multiquantum transition probabilities are of the same magnitude as 

single quantum transitions for all barrier heights considered and must 

be considered in calculating deactivation rate constants. 
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TABLE I. D(0) parameters for different barrier heights. 

Barrier A B C Height 
(kcal/mole) (kcal/mole) (kcal/mole) (rad-1) 

1. 5 0.01681 1.4832 13.434 

10. 0.01681 9. 9832 25.268 

20. 0.01681 19.983 29.575 

30. 0.01681 29.983 32.093 

40. 0.01681 39.983 33.879 



81 

TABLE II. Threshold of Pn with different barrier heights. 

Barrier Height Eth: Threshold of Pn (eV) 

(kcal/ mole) i=0, j=0 i=3, j=0 

1. 5 (0. 065 eV) 0.022 0.025 

10. (0. 43 eV) 0.31 0.18 

20. (0. 87 eV) 0.69 0.39 

30. (1. 30 eV) 1.05 0.68 

40. (1. 73 eV) 1.43 0.79 
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FIG URE CAPTIONS 

FIG. 1. Coordinate system used by the Bowman-Kuppermann method of 

creating potential energy surfaces with rotated Morse functions . 

FIG. 2. The minimum reaction pathway as a function of swing 

angle 6. The dashed line is from Muckermann's surface 5; the solid 

line is from a 2 kcal/mole barrier height surface. 

FIG. 3. A contour plot of the 20 kcal/mole barrier height HFH surface. 

The axes are the HF internuclear distances (in bohr) and the contours 

range from 0. 3 eV to 1. 5 eV in steps of 0. 3 eV. 0. 0 eV is defined as 

the bottom of the HF potential. 

FIG. 4. P~ as a function of translational energy E0 • 

The solid line was calculated using the Muckermann surface (see Ref. 9) 

and the dashed line using the 1. 5 kcal/mole surface. The energy range 

is from O. 0 eV to 1. 5 eV. 

FIG. 5. P~o as a function of translational energy E0 in 

the range of O. 0 eV to 3. 0 eV. It was calculated using the 10 kcal/mole 

surface. The arrow on the abscissa indicates the height of the barrier. 

FIG. 6. P~ for the 20 kcal/mole surface. Units and 

markings are the same as in Fig. 5. 

FIG . 7. P~ for the 30 kcal/mole surface. Units and 

markings are the same as in Fig. 5. 

FIG. 8. • P~0 for the 40 kcal/mole surface. Units and 

markings are the same as in Fig. 5. 

FIG. 9. The probability of deactivation from v = 3 to 

v = 2 using the 1. 5 kcal/mole surface. The dashed line is the reactive 

probability and the solid line is the nonreactive probability. The abscissa 
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is the initial translational energy E3 and is in the range O. 0 eV to 1. 6 eV. 

The arrow indicates the opening to excited vibrational states of HF. 

FIG. 10. P~ (solid line) and P~ (dashed line) calculated 

using the 10 kcal/mole surface. Units and markings are identical to 

Fig. 9. 

FIG. 11. P~ (solid line) and P~ (dashed line) calculated 

using the 20 kcal/mole surface. Units and markings are identical to 

Fig. 9. 

FIG. 12. P~ (solid line) and P~ ( dashed line) calculated 

using the 30 kcal/mole surface. Units and markings are identical to 

Fig. 9. 

FIG. 13. P~ (solid line) and P~ (dashed line) calculated 

using the 40 kcal/mole surface. Units and markings are identical to 

Fig. 9. 

FIG. 14. P~ (solid line) and P~ (dashed line) calculated 

using the 1. 5 kcal/mole surface. Units and markings are identical to 

Fig. 9. 

FIG. 15. P~ (solid line) and P~ (dashed line) calculated 

using the 20 kcal/mole surface. Units and markings are identical to 

Fig. 9. 

FIG. 16. The probability of deactivation from v = 5 to 

all other states calculated using the 1. 5 kcal/mole surface. The solid 

line is the sum of all nonreactive transitions, the dashed line the sum of 

all reactive transitions, and the dashed-dotted line the sum of all transi-

tions. The abscissa is initial translational energy E5 in the range 0. 0 

eV to O. 8 eV. The arrow indicates the opening of the v = 6 vibrational 

state of HF. 
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FIG. 17. LP~ (solid line), LP~ (dashed line), and LP~+ LP~ 

(dashed-dotted line) calculated using the 10 kcal/mole surface. Units 

and markings are the same as in Fig. 16. 

FIG. 18. LP~ (solid line), LP~ (dashed line), and LP~+ LP~ 

(dashed-dotted line) calculated using the 20 kcal/mole surface. Units 

and markings are the same as in Fig. 16. 

FIG. 19. An Arrhenius plot of the rate constant for the reactive v = 3 

to v = 2 transition for the 1. 5, 10, 20, 30, and 40 kcal/mole surfaces. 

The units of Is~ are (cm/molecule-sec). The abscissa is measured in 

units of 1000 K/T and T (200 K $ T !:: 1000 K). 

FIG. 20. Is~ calculated using the 1. 5, 10, 20, 30, and 40 kcal/mole 

surfaces. The units are the same as in Fig. 19. 

FIG. 21. ~ and Is~ using the 1. 5, 20, and 40 kcal/mole surfaces. 

The units are the same as in Fig. 19. 

FIG. 22. Arrhenius plots of !so for the HFH and DFH systems using 

the 20 kcal/mole barrier height surface. 

FIG. 23. Arrhenius plots of k~ and k~ for the 1. 5, 20, and 40 kcal/ 

mole surfaces. 
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I. INTRODUCTION 

In recent years there have been several1 exact quantum mechanical 

studies of collinear reactive scattering. Most of these ( electronically 

adiabatic) reactions are of the form 

A+B-AB+C 

- A + BC, 

where, in general, the wavefunctions describing these reactions have 

not included any contributions from the continuum, i.e., the dissociated 

triatomic system. In order to calculate reliable transition probabilities, 

only collision energies significantly smaller than dissociation energies 

have been used. 

One recent study2 outlined a method to calculate collinear quantum 

mechanical dissociative cross sections, but the author was unable to 

include reactive scattering (rearrangement collisions) in the formalism 

and he published no results. 

Three questions immediately arise. What are the cross sections 

for collinear reactions at high (near dissociation) energies? To what 

degree does the inclusion of the continuum in the calculation affect 

reactive and nonreactive cross sections? What are the cross sections 

for dissociation? In Secs. II and III we present a general method to 

calculate reactive, nonreactive, and dissociative cross sections for the 

collinear collision of atom A with diatom BC. In Sec. IV we examine 

the unusual nature of some of these cross sections. Finally, in Sec. V 

we present preliminary results for the collinear H + H2 reaction using a 

realistic potential surface. 
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II. COORDINATE SYSTEMS AND COUPLED EQUATIONS 

Consider the collinear arrangement of atoms A, B, and C, where 

;A, ;B, and ;Care the respective laboratory coordinates and B is the 

central atom. The Hamiltonian for this system is 

JC = 
-ti 2 a2 

-- -
2mA a;A 

where mA, mB, and me are the masses of atoms A, B, and C, respec­

tively, and V is the adiabatic potential energy surface that determines 

the nuclear motion. 

We can define internuclear coordinates r 1 and r 2 by 

and a center of mass coordinate R by 

R = 
mA~A + mB;B + mC~C 

(mA + mB + me) 

Then the Hamiltonian becomes 

JC = - ti.22 [ mlA a2 + _1_ ( a2 + .L - 2 a2 ) + _1 _ __l__ 
2 m 2 2 me '.:l 2 

arl B arl ar2 arl ar2 ur2 

where 

(2) 

and V is a function of only the internuclear distances because we have 

assumed there are no external forces. If we let TCM be the kinetic 
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energy of the center of mass and partition the Hamiltonian by 

Ii 2 32 

:JC = Ho - 2M 8R2 ' (3) 

we find that the total wavefunction '11 may be written as 

(4) 

where 

and the plane wave describes the motion of the center of mass. The 

remaining part, tj;(r 1 , r 2), contains the chemistry; it describes the 

internal motion of the triatomic system. We can transform H0 to a set 

of center of mass coordinates by 

and 

where 

i. e. , x~ is the distance between A and the center of mass of BC. The 

new Hamiltonian becomes 

where 

32 

3x' 2 
2 

mA(mB + me) 
µA,BC = M 

We now want to transform the Hamiltonian so that it uses only one 

reduced mass. This transformation, first proposed by Delves
3 

and 

(5) 
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Jepsen and Hirschfelder, 4 can be written 

X1 = (µ A, BC)¼ x' 
µBC 1 

1 

X2 = (µBC )4 ~ . 

~A,BC 

Then the Hamiltonian becomes 

where 
1 

µ = (µA,BCµBC)° 2 

l 

= [(mAmBmc)/M)2. 

(6) 

The Hamiltonian, as we have developed it, is well suited for the 

arrangement channel A+ BC, because one of the coordinates, ~, is a 

measure of the internuclear distance of BC. To describe the other 

arrangement channel (AB + C), we need a new set of coordinates, Zi, z2 , 

such that 

Z , r 
2 = 1 

In these coordinates the Hamiltonian may be written 
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whereµ. is the same reduced mass as before. We can define polar 

coordinates p, a by 

The limits of a are at r 1 = 0 and r 2 = 0. At r 1 = 0, we have tan a = 

(7) 

(8a) 

(8b) 

(mB/µ), andatr2 =0, tana =0, sothatforH3 , a . =0anda = mm max 
1T /3. Figure 1 shows the semi-empirical Porter-Karplus5 (PK) H3 

surface (in the collinear configuration) in internuclear (r1 , r 2) coordinates, 

while Fig. 2 shows it in Delves' (x1 ,x2) coordinates. 

In polar coordinates, the Hamiltonian is written 

H = - - -- -- + - + - - + V(p a) ti
2 

( 1 a
2 

a
2 

1 a ~ 
o 2µ. p2 aa2 ap2 P ap , , 

and the corresponding Schrodinger equation at energy E is 

H0 lt,'j(p, a) = Eit-'/P, a) , 

where it,, j is the fh solution. If we let 

1 

it-'/P, a) = p -z G/p, a) , 

the Schrodinger equation becomes 

(9) 

(10) 

= EG/p, a) . (11) 

Now we will expand G .(p, a) in a complete set of pseudo-vibrational 
) 

basis functions, ¢.(p,a), such that 
1 
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(12) 

where cf>/p,a) is parametrically dependent on p. The boundary condi­

tions are cf>/p,0) = cf>i(p,amax) = 0. An example of V(p,a) (p = 5.0 

bohr) for the PK H3 surface is given in Fig. 3 with a corresponding basis 

function (i = 7). Figure 4 shows the same eigenfunction, but for the DH2 

system. It is important to note that even at energies above dissociation 

the basis functions are discrete. This is because at a . and a mm max 
the potential diverges, which implies that the basis functions are eigen-

functions of an infinitely deep well. In other words, we now have a 

discrete (albeit infinitely large) representation of the continuum. This 

is in contrast with the usual basis function expansion which includes only 

the bound vibrations of the triatomic or (asymptotically) the diatomic 

molecule. 

The eigenfunctions and eigenvalues are found numerically by a 

finite difference method, specifically the Givens-Householder6 method 

for real symmetric matrices. In this paper we will refer to those 

states whose eigenvalues are below dissociation as bound and those 

states whose eigenvalues are above dissociation as dissociated. 

Expanding tJ!/P, a) in terms of this basis, we get 
00 

1 1 '\' 

tJ;.(p,a) = p-2 G.(p,a) = p-2 /..J gi
3
.(p,p) cf>/p,a) , 

J J i=l 
(13) 

where g .. depends parametrically on p, although tJ;
1
. does not. Rigor-

IJ 
ously, the number of terms is infinite, but in practice only a sufficient 

number of terms are included to achieve a preset degree of converg­

ence. Substituting Eqs. (12) and (13) into Eq. (11) gives 
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li2 d2g .. (p, p) -
- 2 L IJ 2 </>i(p,a) + (p2/p2) L gi/p,p)[Ef - V(p,a)] </>i(p,a) 

µ i dp i 

+ [v(p,a) - li
2
2] Lgi{P,P)¢/p,a) = ELgi

1
.(p,p)¢i(p,a). (14) 

Bµp i i 

If we premultiply by </>i,(p,a) and integrate over the range of a, we get 

the following coupled equations in the single variable p, 

where 
Oimax 

Vii' (p,p) = f </>/p,a)V(p,a)</>i,(p,a)da (16a) 
0 

and 
amax 

Vii'(p) = J <t>/i:>,a)V(p,a)</>i,(p,a)da. (16b) 
0 

In matrix notation this can be written 

g" = y(p )g(p) ' 
~ - ~ 

(17) 

where 

- -
and E P is a diagonal matrix whose elements are E P. Equation ( 17) 

~ 1 

represents the coupled equations that must be solved. When the solu-

tions are known asymptotically, they are used to calculate the scatter­

ing matrix (S-matrix) and, ultimately, the cross sections. The next 

section details a method for solving these equations. 



118 

III. METHOD OF SOLUTION 

An efficient method to solve coupled second-order differential 

equations like Eq. (17) has been developed by Gordon. 7 The method 

uses the (matrix) function g and its first derivative g' at p = Pp_ and 

propagates them to p = Pr. The accuracy of the method increases as 

the step size Pr - p £ decreases. To do the propagation, the effective 

potential U(p) is approximated by an analytical reference potential. 
~ 

The usual choice is a linear approximation, 

(19) 

where pc is the midpoint of the interval Pr - p ! . Because the reference 

potential has a simple analytical form, the solutions to 

g" (p) = !_!o (p )g(p) 
s:::f .... ~ 

(20) 

are easily found. If the reference potential is a constant over the inter­

val; the solutions are sines and cosines, if the potential is linear, the 

solutions are Airy functions; if the potential is quadratic, the solutions 

are parabolic cylinder functions. Normally we chose the linear approxi­

mation as a compromise between efficiency and accuracy. However, at 

large values of p, the potential becomes flat and it is often necessary to 

use a constant reference potential. 

and 

The exact solutions to Eq. (17) can be written as 

g = Aa + Bb 
Rf. M~ ttt: 

g' = A'a + B'b 
IS zz ~z 

(21a) 

(21b) 

where A and B are the Airy function solutions of Eq. (20), and a and 
~ ~ ~ 
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b are slowly varying functions of p. Because they are slowly varying, 
,:. 

f and g can be accurately found by the first-order expansions, 

(22a) 

and 
(22b) 

At very small values of p, all three atoms are very close together 

and the potential is strongly repulsive. In this classically forbidden 

region, the wavefunction tJ; must have zero amplitude, which implies 

that g = 0. Using this initial condition, the solution matrix g is propa-
~ % 

gated to larger p. When \ p - p I is small, fewer states are required to 

accurately describe tJ;j than when the difference is large. In order to 

keep the number of basis functions to a minimum, the basis set is 

recalculated at new values of p as g is propagated radially. This 
~ 

requires a transformation of i and f every time a new basis is calcu-

lated. Because both tJ;j and its derivative (dtJ;j/dp) are continuous, 

dtJ;. 
____.'._l 
dp 

and 
(23) 

00 

'\' ,new( - ) new(- ) 
= _ugiJ. P,Pnew <Pi Pnew'a • 

1=1 

(24) 

If we left-multiply both sides of each equation by ¢~ew( Pnew' a), inte­

grate over the range of a and recall that the ¢i's are orthonormal, we 

get 
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<X) 

\1 ,old( - ) (- -
/ • .J giJ. P,Pold Oki Pnew'Pold) 
l=l 

In matrix notation, 

and 

(25) 

(26) 

To avoid loss of particle flux, 0 should be orthogonal, which is rigor-
= 

ously satisfied if both the new and old basis sets are complete, but is 

approximately satisfied otherwise. The smaller the difference Pnew -

p old' the closer ~ will be to satisfying this orthogonality condition. 

At this point it is appropriate to discuss a rigorous decoupling 

procedure for symmetric (A + BA) systems. Because the potential 

V(p,a) is symmetric about the line a = (amax/2), the eigenfunctions of 

Eq. (12) are alternately symmetric and antisymmetric. This implies 

that every other term in the potential matrix V [Eq. (16)] vanishes. 
~ 

Alternatively, V may be written so that it is block diagonal, which 
~ 

implies that the solutions,gs(p,p),associated with the symmetric eigen-
:::: 

functions (see Fig. 3),may be solved independently from the solutions, 

ga(p,p),associated with the antisymmetric eigenfunctions. In other 
~ 

words, one set of solutions is given by 

\1 s( - s -i/1 · = u g .. P' P )r+.. ( p' a) J . lJ ~l 
1 

and another by 
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This decoupling of the equations reduces the computation time that 

increases with the cube of the number of basis functions . For nonsym­

metric systems, the equations remain fully coupled as long as the pr op­

agation is in polar coordinates. 

As p becomes large, one intuitively expects the equations to 

decouple further, whether there is symmetry or not. This is because 

the barrier between the two arrangement channels is wide (several bohr ) 

and high (perhaps a couple of eV larger than the translational energy). 

This implies that there is no interaction or coupling between the two 

arrangement channels if p is large enough. This is clearly shown in 

Fig. 4 where the amplitude of one eigenfunction is almost completely 

localized in one arrangement channel. Of course, the dissociative part 

of the wavefunction (i.e., that part associated with basis functions whose 

eigenvalues are above the continuum threshold) is not decoupled in this 

way. The dissociative eigenfunctions span the complete range of a and 

have nonzero coupling with the bound eigenfunctions in both arrangement 

channels. A discussion of the decoupling of the dissociative wavefunc­

tions from the bound wavefunctions is given in Appendix A. 

When the arrangement channels become decoupled, that is, when 

the elements in the potential matrix which couple different arrangement 

channels become sufficiently small, we switch from polar coordinates 

(p, a) to rectangular coordinates (x1 , x2 ) and (z1 , z2 ) for A + BC and 

AB + C, respectively. To do this we must project each solution 't/lj and 

its derivative d't/1-/dx. (d't/1./dz.) onto a new basis set of the coordinate 
] 1 ] 1 
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x2 (z2 ). Because the wavefunction is continuous, we have in the A + 

BC arrangement channel 

'\' I ( - I( - \' - I 
uhij X1,X1)Xi X1,~) = ~gi/P,P)<t\(p,a) , 
i l 

where hL is a solution of 

ti2 I" - x1 I - '\' -
- - h .. (x1 ,x1) + (E. - E)h .. (x1 ,x1) + u [v .. ,(x1 ,x1) 

2µ l] l l] ., 11 
l 

-Vii,(x1)]h!,/x1 ,x1) = 0 

and is to be propagated in the coordinate x~ . x ! is a basis function 

that is a solution of 

Solving for hL we get 

(27) 

(28) 

(29) 

(30) 

when p and a are related to x2 by Eqs. ( 8a) and ( 8b). The limits on the 

integral are determined by the classically forbidden regions of the 

potential where x ! vanishes. 

Similarly, the derivative of the wavefunction must be continuous: 

(31) 

which gives 

h!;(x,,X,) = J~ [g!:,j(p,j,)(Op/ax1)4>m(P,a) + g!i,{P,P)</>~(P,a) 

x ( aa /ax,)] x. !< X,, x,,)dx, , (32) 
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where the prime indicates differentiation with respect to the explicit 

variable. 

Equation ( 28) and the analogous one in the AB + C arrangement 

channel can be solved using the Gordon method, as before. Solutions 

are propagated until there is no more coupling between the different 

states in each arrangement channel. The dissociative states are never 

projected, but are propagated in polar coordinates. 
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IV. CROSS SECTIONS 

Asymptotically, there is no coupling and Eq. (15) takes the form 

of a Riccati-Bessel8 equation. The /h solution, lV·,becomes 
] 

·k' N ~I M 
-I :X1 I \' I I I 1 x1 I \' II I II 1 

e J X·(~)+ L;S .(k./k )2 e n X (x)+ L;S .(k./k )2 
J nJ J n n 2 nJ J n 

n=l n=l 

where I, II, and III denote arrangement channels A + BC, AB + C, and 

A + B + C, respectively, and we have assumed for the purpose of illus­

tration that the /h solution has type I incident flux. The wave numbers 

are defined by 

and 

The Sn/s are the scattering matrix (S-matrix) elements that are calcu­

lated in the usual way ( see Appendix B) . 

It is important to note that the discrete basis set has provided a 

discrete S-matrix. If we make the approximation that the infinite sum 

can be truncated, we will be able to calculate cross sections for disso­

ciation. 

The cross sections for reactive and nonreactive scattering (i.e., 

bound-to-bound transitions) are given by 
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a . = 
nJ (34) 

where Jn(Jj) is the outgoing (incoming) flux in vibrational state n(j) and 

in direction y1 (y~ ). In physical coordinates (x~ ,~) the flux in the A+ BC 

arrangement channel is given by 

If we define J(x~ ) as the total flux in direction x~ , 

then 

(36) 

The outgoing flux in each vibrational state n is given by 

(37) 

Because the incoming flux J j = (lik} / µ), the nonreactive j- n cross sec­

tion from initial arrangement channel A+ BC is just 

(38) 

Similarly, for reaction to arrangement channel II (AB + C) 

a . = I srr. I 2 • 
nJ nJ 

(39) 

For dissociation from an initially bound state, the cross sections 



126 

are more complicated. First we will show that the distribution of trans­

lational energy among the dissociated atoms A, B, and C is a function 

of the final scattering angle a in configuration space. Let v 1 be the 

relative velocity of atom A to the center of mass of BC and v2 be the 

velocity of B relative to C. Because 

and 

we get 

From this it follows that 

and 

(40a) 

(40b) 

(40c) 

where VA, VB, and Ve are the center of mass velocities of atoms A, B, 

and C, respectively. Because the total kinetic energy is 

the fraction of the total energy for each of atoms A, B, and C is given 

by 
(41a) 

(41b) 
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and 

1 1 

Ee/ET = [me/(mB + me)][(mA/M)2 cos a + (mB/mef2 sin a] 2, (41c) 

respectively. Graphs of these ratios as a function of a are shown in 

Fig. 5 for the H3 surface. As one might expect , EB/ET is a symmetric 
E E 

function and _A_(a) = _Q_(,r/3 - a). The derivation has assumed that 
ET ET 

V(a) = 0 for all a, which is valid in the limit p = oo. 

Because the energy distribution is a function of a, it is useful to 

find the probability of a transition from a bound state j to an angle a at 

p = oo. The total radial flux between a and a + da is given by 

(fi/ µ) Im [ 11,'*( aljl /a p)] pda 

I 
~
. '\' '\' III III ID* -TH ] 

= (ti µ)kj Im ll.J l.J Xn (a)xn' (a)Snj ~'j da. 
n n' 

The cross section is 

For a given total energy ET, only one of EA' EB, and Ee is independent 

and it is necessary only to determine the cross section for particle A to 

have final energy between EA and EA - dE A. From Eq. ( 41a) 

max ET(mB + me) 
EA = 

M 
1 

which implies that E A/Efax = cos
2 

a or a = cos1(E A/Efax )2 . There-

fore, the cross section for a transition from a bound state j to three 

dissociated atoms with atom A having energy between EA and EA - dE A 

is 
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v. APPLICATION TO THE H3 ~ 

In principle, this method of calculating cross sections is appli­

cable to any collinear atom-diatom system, if the potential surface is 

known. In choosing a suitable system, we should consider several 

factors. First, the system should be simple. A difficult system, one 

with a large exothermicity or a deep diatomic potential, might require 

an excessive number of basis functions for convergence, making it 

difficult to assess the limitations of the method. Second, to test a new 

method, a system for which comparable exact results are available 

should be chosen. Agreement between the results of different methods 

is a necessary condition for their validity. Third, although it is not 

essential, it might be useful to use a realistic potential surface. The 

results might have some physical meaning, particularly if the 11true" 

reaction is collinearly dominated. Finally, it would be very helpful if 

there were symmetries in the reaction, because such symmetries help 

to locate errors and reduce the computing time. The Hg surface fits all 

of the above criteria. In addition, the small masses involved will make 

the quantum effects more pronounced. 

Although more accurate surfaces are available, 11 we have chosen 

the Porter-Karplus Hg surface5 because it is reasonably accurate, easy 

to calculate, and has been used by previous investigators. 1d The poten­

tial does have an anomaly at very small internuclear distances that is, 

however, easily resolved. 12 

Before examining the results, one should note that in the collinear 

world, cross sections are dimensionless and equal to probabilities. We 

will let P~ and P~ denote the reactive and nonreactive transition 
lJ lJ 
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probabilities from state i to state j. For any numerical calculation 

there are a number of adjustable parameters. Among these are the 

number of basis functions, the number of points used in calculating the 

basis functions, and the beginning and stopping points of the integration. 

All of the results presented here are converged with respect to these 

parameters. The values for some of these parameters are listed in 

Table I. Another criterion of reliability is found in the unitary condition, 

st S = 1. We required that the sum of the squares of absolute values of 

any column or row of the S matrix be within 1 % of unity. 

The results presented herein are for low translational energies, 

with up to three open vibrational states. In Fig. 6, P~ (the circles) is 

plotted as a function of translational energy and compared with the 

results (the x's) of Schatz, Bowman, and Kuppermann1d for the same 

system. For low energies (E 0 < O. 65 eV), the agreement is excellent, 

which indicates that the method is at least successful in determining 

bound-to-bound transition probabilities. At larger energies, there is 

some discrepancy, sometimes as large as 14%. Because the present 

work was converged, the work by Schatz et al. was repeated with more 

basis functions, more points per basis function, etc. The results were 

invariant to the parameter changes. It was felt that the major difference 

between the method of Schatz et al. and the present work was that they 

assumed the dissociative region to be energetically infinitely high, while 

we considered it to have its correct finite value. For very low collision 

energies, this difference should have an insignificant effect. When 

Schatz' s method was repeated with more of the correct dissociative 

region included, the results were unaltered. 
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The only other possible source of error that might be energy­

dependent is the projection [see Eqs.(27)-(32)]. In order to do the 

integral in Eq.(30), one must know each g1(p,p) and q}(p,a) at each 

point along the line x1 = x1 • To do this exactly would require knowledge 

of each ft" and q} at ~150 points (see Table I), more than is needed in the 

rest of the entire calculation. To facilitate this, we assumed that each 

¢1 is roughly constant throughout the projection region (ap ~ 1 bohr) and 

that each gI could be found through a fifth-order Taylor expansion about 

a known value of gI . The Taylor expansion appears adequate, because 

a fourth-order expansion gives the same results. However, it is clear 

that the basis functions change significantly over a distance of 1 bohr. 

In fact, to assure accuracy, the basis sets are recalculated every 0. 3 

bohr in the rest of the calculation. The approximation of constant ¢I 

will be worse at higher energies because higher basis functions will 

become more and more important in the calculation. To date we have 

not made the modifications necessary to test this source of error. 

In spite of the discrepancies between the two curves, one can see 

that there is good qualitative agreement throughout the energy range and 

that the resonances are well reproduced. 

There is some interest in cross sections at very low translational 

energies. Figure 7 is a semilog plot of P~ for the results of Ref. ld 

and the present work, and one can see that the agreement between them 

is very good. Using these results, we have calculated rate constants 

for the reactive 0- 0 transition. The rate constants are given byl e 

.! oo R -E./kbT 
k .. (T) = (2µA,BC1rkbT)-2 f piJ.(Ei)e 1 dEi' 
~ 0 
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where kb is Boltzmann's constant, Tis the temperature in K, and Ei is 

the translational energy of the system with the initial diatomic BC in 

vibrational state v = i. The range of Ei used in calculating the integral 

was 0. 003 eV to 1. 0 eV. Using energies outside this range did not alter 

the rate constants. In Table II one can see that there is some disagree­

ment at very low temperatures (~ 4%) but that it all but vanishes at high 

tern perature s. 

From the above comparisons, we conclude that this method of 

calculating collinear bound-to-bound transition probabilities is satis­

factory and promises to be useful for dissociative collisions. With the 

general validity of the method established, we will be able to ascertain 

the importance of closed dissociative eigenfunctions for bound-to-bound 

transition probabilities. 

Rather than use the PK surface to examine dissociative transitions, 

it might be more instructive to use a surface that has far fewer bound 

states (~ three or four). This would permit one to reach dissociative 

energies with much less computational effort than if the PK surface 

were used. Such a shallow surface could easily be created by using the 

Bowman-Kuppermann13 modification to the Wall-Porter14 method of 

rotating Morse functions. 
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APPENDIX A 
~ 

To show that dissociative eigenfunctions decouple from bound 

eigenfunctions, we need to show that [see Eq. (15)] 

Vu,(P,P) - (p
2
/p

2
)Vu,("ii) 

vanishes. The integrals in these matrices have the form 

(A. l) 

where B denotes a bound eigenfunction and D a dissociative eigenfunction. 

Let us assume the p is always within a neighborhood €max of p; 

that is, p = p + E, where I€ I < €max· If we expand Vii,(p,p) in a 

Taylor's expansion, we get (neglecting higher order terms) 

v .. ,(p + E,p) = v .. ,(p) + v~., (p)E , 
11 11 11 

(A. 2) 

where the prime denotes a derivative with respect top evaluated at p. 

Expanding ( p 2 
/ p2

) gives 

-2 / 2 [ ;- 2;-2 ] 2 ;-( p / p ) = 1 - E p + € p - . . . = 1 - 2€ p . (A. 3) 

Substituting Eqs. (A. 3) and (A. 2) into (A.1) gives 

v .. , (p) + v~., (p) € - v .. , ("ii)+ (2E/p)v .. , ("ii) = v~.,(p)€ 
11 11 11 11 11 

asp - oo. Therefore, to show (A.1) vanishes, we need only show that 

v .. , (p) becomes a constant asymptotically. For simplicity we will 
11 

assume that the potential is symmetric and of the form 

V( p, a) = oo , 

V(p,a) = V0 , 0 < a < a', a - a' < a < a ax' and VO< 0 max m 
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V(p,a) = 0 elsewhere. 

If both the eigenfunctions are either symmetric or antisymmetric 

[ otherwise Eq. (A.1) trivially vanishes], the integral becomes 

a' 
2V0 J ¢B(a) ¢D(a)da. * 

0 

As p becomes very large, the range of the integral becomes smaller 

and smaller. When a' is sufficiently small, ¢D will have no oscillations 

within the range of the integrand and is, therefore, essentially a constant 

for O < a < a'. The integral now becomes 

a' 
C" f ¢B(a)da , 

0 

where C" is a constant. For the potential we have chosen 

{3 -

Thus we have as p - oo 

a' 

1 
2 

Vu,(P) = C'f sin{3ada 
0 

= C cos {3a' . 

As a'-0, this integral converges to a constant C, which is what we 

wanted to show. 

* The upper limit on the integral is not strictly accurate. In fact, the 
bound eigenfwiction dies off exponentially for a>a'. However, this does 

not affect the argument given here. 
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\ 

APPENDIX B 
~ 

Asymptotically, the general numerical solution to the Schrodinger 

equation is 

M N L 
'\' I I '\' II II -½ '\' III III t/1· = L.J g .. (x1)x -(~) + l.J g .. (z1)x; (z2) + p L.J g .. (p)x. (a) . 

J . l lJ 1 • l lJ 1 • -l lJ 1 l= l= 1-
(B. l) 

The g's may be written as linear combinations of exponentials (incoming 

and outgoing parts) but are usually written as linear combinations of 

sines and cosines to avoid complex arithmetic: 

and 
gIII = sin kIIIP BIII + cos kIIIP Am ' - ~ ~ ~ ~ 

cos k1xv etc., are diagonal matrices of the form 
~ 

sin J9c1 
0 

• • 
• • • kl sm Mx1 

(B. 2) 

Because there are K = L + M + N solutions, il is an M x K matrix, £II 

is an N x K matrix, and gIII is an L x K matrix. We can define square 
~ 

K x K matrices as follows: 

sin kp = 
~ 

0 

0 

0 0 

sin kz1 
~ 

0 

0 

sin kp 
= 
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gl 
• 

g = g11 A = 
~ tit ~ 

g111 
%, 

Analogous matrices exist for cos kp, g', and B. We can now write 
':\::. ~ ~ 

g = sin kp A + cos kp B 
~ le Sl:11 ~ ~ 

and 
g' = k cos kp B - k sin kp A 
~ ~ ~ s::, s:: ,::s ~ 

where k is the diagonal matrix 
~ 

Solving for A and B gives = ~ 

and 
-1 

1:t = sin kp g + k cos kp g' . 
~ ~ ::s ~ z ~ 

Because the physical wavefunction has the form 
1 

g = k-Z(cos kp + sin kp R) , 
~ ~ % ~ e 

we must take linear combinations of (B. 3) to fit (B. 7): 

g = (sin kp B + cos kp A) P . 
~ ~ ~ ~ z ~ 

This implies that 

(B. 3) 

(B. 4) 

(B. 5) 

(B. 6) 

(B. 7) 
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and 

The scattering matrix is given by9 ' 1 O 
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TABLE I. Parameters for numerical integration. 

Number of basis functions in each arrangement channel 

Number of points/basis function - polar coordinates 

Number of points/basis function - rectangular coordinates 

Beginning point of integration 

10-14 

350 

150- 190 

1. 5 bohr 

Projection point 

Stopping point of integration 

Distance between basis sets 

7. 0 bohr 

10.0-15.0 bohr 

0. 3 bohr 
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TABLE II. Rate constants k00(T) (cm/ molecule-sec). 

Temperature, K Ref. ld This Worka 

200 9.42(-1) 9.86 (-1) 

300 3.16 (1) 3. 25 (1) 

400 2. 23 (2) 2. 27 (2) 

. 500 7. 73 (2) 7. 83 (2) 

600 1. 83 (3) 1. 85 (3) 

700 3. 47 (3) 3. 50 (3) 

800 5. 66 (3) 5. 70 (3) 

900 8. 37 (3) 8. 42 (3) 

1000 1.15(4) 1.16(4) 

a Numbers in parentheses are the powers of 10 by which each number 

should be multiplied. 
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FIGURE CAPTIONS 

FIG. 1. The lines are equipotentials of the collinear PK 

H3 surface in internuclear (r1 , r 2) coordinates. The zero of energy is 

dissociation. The dashed lines represent contours of the potential for 

energies below dissociation, while the solid lines are for values above 

dissociation. The abscissa and ordinate are in bohr and the contours in 

ev. 

FIG. 2. The lines are equipotentials of the collinear PK 

surface in mass-scaled (x1,~) coordinates. Units and designations are 

identical to Fig. 1. 

FIG. 3. A cut of the collinear PK DH2 potential V( p, a) is 

plotted at p = 5. 0 bohr, with an associated eigenfunction <p ( p, a). The 

abscissa is measured in units of amax = 50. 77°, the ordinate in eV. 

The solid horizontal line indicates the position of the corresponding 

eigenvalue. 

FIG. 4. A cut of the collinear PK H3 potential V(p, a) is 

plotted at p = 5. 0, with an associated <p ( p, a). The abscissa is in 

degrees and the ordinate in eV. The solid horizontal line indicates the 

position of the corresponding eigenvalue. 

FIG. 5. A plot of the fraction of the relative kinetic energy partitioned 

among the dissociated atoms A, B, and C as a function of a in the limit 

p = oo, for the collinear PK H3 system. 

FIG. 6. Plot of the O - O reactive probability (P~o) calculated by two 

methods. The x's are from Ref. ld. The circles are from the present 

work. The abscissa is in translational energy (eV). 
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FIG. 7. Compares the results from Ref. ld and the present work at 

low energies on a semilog scale. The abscissa is in translational 

energy ( eV). 
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Fig. 6. 
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Fig. 7. 
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CHAPTER 6. 

A Comparison of Two Exact Quantum Mechanical 

Calculations of a Three-Dimensional Reactive System 
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I. INTRODUCTION 

There is considerable interest in studying three-dimensional 

reactive scattering using an exact quantum mechanical formulation. If 

a reliable calculation on a chemical system were made, one would be 

able to compare the results with those of approximate theories and to 

find the limits of validity and the degree of accuracy. Recently, two 

papers1' 2 have been published which give results on the H + H2 system. 

In each case, an exact quantum mechanical formulation was used, and 

the same potential energy surface3 was used. However, the results do 

not agree. The purpose of this paper is to examine the two methods 

and sets of results more closely and to discover why the discrepancy 

exists. 

One paper, by Elkowitz and Wyatt1 (hereafter called I), gives 

para-to-ortho integral cross sections in the energy range of 0. 55 to 

0. 85 eV total energy. The second paper, by Schatz and Kuppermann2 

(hereafter called II), reports calculations done from a total energy of 

O. 40 eV to 0. 70 eV. As reported in II, the cross sections from the two 

methods of the lowest para-to-ortho transition agree to within 20% over 

the energy range 0. 60 eV to 0. 70 eV. However, the cross sections on 

the next para-to-ortho transition differ by a factor of 2. 5 over the same 

energy range. 

In Sec. II we will briefly examine the two methods of calculation 

for differences which might affect the results. In Sec. III we present 

reaction probabilities at 0. 60 eV from each of the methods and a third 

set calculated by using the potential surface actually used by Elkowitz 

and Wyatt in the computer program used by Schatz and Kuppermann. 
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Using these results we will draw some conclusions about the validity of 

the two methods. 

II. METHODS OF CALCULATION 

As reported in I, Elkowitz and Wyatt express the Hamiltonian 

operator in natural collision coordinates and divide it into three parts. 

The first describes motion along the reaction coordinate, the second 

vibration (using a local Morse potential), and the third internal rotation 

as well as tumbling of the triatomic plane. The wavefunction is expanded 

in a basis formed from the products of (local) Morse oscillators and 

(local) hindered asymmetric top states. The close-coupled differential 

equations were solved at several values of E and for many partial waves. 

At energies less than or equal to 0. 60 eV, the basis included 12 rotations 

in the v = 0 vibrational state, six in the v = 1 state, and four in the v = 2 

state. At higher energies the basis was partitioned 30/ 16/ 4. Ostensibly, 

the potential surface used was the Porter-Karplus3 (PK) semi-empirical 

surface. However, that surface was not used directly. Instead, the 

potential was written as the sum of four terms. 5 The first is just the 

translational potential along the reaction path. The second term is a 

local Morse potential fit to the collinear PK surface. The third term 

is the rotational potential and is fit to an analytical expression. The 

fourth term is the deviation from the PK surface. It is assumed to be 

small and is ignored. In this treatment there is no coupling between 

rotational and vibrational states. When the Hamiltonian for this method 

was derived, 4 four kinetic energy terms were neglected. All of these 

terms vanish for large values of the reaction coordinate. One of these 
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couples the translational motion and the tumbling motion, but has no 

contribution for total angular momentum, J = 0, which is the value of J 

for the results presented herein. 

Schatz and Kuppermann develop their method of reactive scatter­

ing in one paper5 and apply the method to the PK surface in II. Unlike 

Elkowitz and Wyatt, they do not use natural collision coordinates, but 

use just center of mass, mass-scaled coordinates. The wavefunction 

is expanded in partial waves and then in a vibration-rotation basis set. 

As with I, the basis set is a local basis. The resulting close-coupled 

differential equations are solved and the scattering matrix calculated. 

The basis that was used differed depending on which partial wave was 

being calculated, but typically it had four vibrations with 30 rotations 

for v = 0 and v = 1, and 20 rotations for v = 2 and v = 3. For J = 0, the 

basis had five vibrations and eight rotations in each vibration. In Table 

III of II, Schatz and Kuppermann present results which demonstrate the 

convergence of the results with respect to the number of vibrational 

basis functions. In Table I we present results which show that the 

results are converged with respect to the number of rotational functions 

as well as vibrational functions. The potential surface used was osten­

sibly, as with Elkowitz and Wyatt, the PK surface. Actually, the 

potential was expanded in a series of Legendre polynomials. In practice, 

only a small number of terms is used in the expansion. Convergence 

with respect to the number of terms was shown in Table IV of II. For 

the PK surface, three terms were usually sufficient to insure accuracy 

of~ 5%. 
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III. RE SULT S AND DISCUSSION 

In Fig. 1 we present nonreactive and reactive transition proba­

bilities for three types of calculations. All were done at 0. 60 eV total 

energy and for J = 0 using the PK surface. The transitions (vjm. -+ 
J 

v'j'm~) are for v = v' = 0, m. = m~ = 0, and j = 0 to all possible values 
J J J 

of j'. Type 1 are the results from the Elkowitz and Wyatt formulation. 

Type 2 are the results from the Schatz and Kuppermann formulation. 

The third type requires some explanation. The scattering program 

used is from Schatz and Kuppermann. The potential surface is from 

Elkowitz and Wyatt (EW) and was expanded in Legendre polynomials (as 

was the PK surface in II). As Table II shows, more terms were required 

for convergence (five rather than three), indicating that PK and EW sur­

faces are not identical. A comparison of Type 1 and Type 2 reactive 

and nonreactive probabilities show that over a broad range of values 

the two methods give quite different results. For large j' (and therefore 

low values of the probability) the ratio of Type 1 and Type 2 nonreactive 

probabilities can be several orders of magnitude, but even at small j' 

values the ratio is as large as 6. 5. For small j' reactive transitions, 

the ratio of Type 1 to Type 2 probabilities is as large as 1. 6, but for 

large j', it is again several orders of magnitude. Thus the only point 

of close agreement is for reactive O-+ j' (j' ~ 2) transitions. This differ­

ence can be accounted for in two ways. Either the potentials used are 

different (and we have seen above that, at least superficially, this is 

true) or the two methods produce different results. To see if the 

methods differ, we used the EW potential and the Schatz and Kuppermann 

formulation, i.e., Type 3 results. 
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For nonreactive results, the Type 1 and Type 3 calculations 

agree over a broad range of j' (and hence probabilities) to within a factor 

of three. For j' ~ 2, the reactive transit ions agree to within a factor of 

1. 5, and for j' 2: 3, all but one of the corresponding transitions agree to 

within a factor of six. This indicates that the formulations are indeed 

different. That is, they give quantitatively different results . 

To see if the potential surfaces used differ, one should compare 

Type 2 and Type 3 calculations. For all nonreactive transitions , the 

agreement between Type 2 and Type 3 is substantially worse than the 

agreement between Type 1 and Type 3. For all but the highest j', the 

Type 3 reactive transitions agree with the Type 2 results to within a 

factor of three. 

To summarize, for nonreactive transitions, changing the poten­

tial has the most pronounced effect. For reactive transitions, changing 

either the potential or the formulation changes the results drastically, 

with the larger change due to the formulation. 

It is worthwhile to consider the rotational distributions of reac­

tive transitions. In II this was considered, and low j to j' distinguish­

ab le atom cross sections were found to have a temperature-like distri­

bution. For three-dimensional collisions the (J = 0) transition prob­

ability between rotational states j and j' (and v = v' = 0) may be written 

where Tj and Aj are the independent parameters. Ej is the energy of 

the product rotational state and E~; = E - Ej' -E 0
, i.e., the product 

translational energy relative to state j'. E0 is the v' = j' = 0 zero point 
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energy . If we plot PO,OjO-Oj'O/p(E~;)(2j' +1) on a logarithmic scale a s 

a function of Ej', the resulting curve should be linear with a slope 

inversely proportional to Tj, if the distribution of product rotational 

states is temperature-like. In Fig. 2 we see that for the results calcu­

lated by Elkowitz and Wyatt (Type 1), the calculated temperature is 

490°K. The results reported by Schatz and Kuppermann (Type 2) give 

a value of 275 °K. This again clearly demonstrates the differences 

between the two calculations. The Type 3 results (the EW potential in 

the Schatz and Kuppermann formulation) give a temperature of 296 °K. 

The close agreement between the Type 2 and Type 3 temperature 

parameters and the large difference between the Type 1 and Type 3 

parameters emphasizes that the difference between the Type 1 and 

Type 2 reactive calculations lies not in the potential but in the formu­

lation. 
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IV. SUMMARY 
~ 

We have briefly examined two formulations for reactive scatter­

ing as applied to H + H2 which give different results. We have shown 

that the two calculations did not use the same potential but that this only 

affected the nonreactive results. We have demonstrated that one set of 

results (Type 2) were converged with respect to the number of terms in 

the rotation~vibration basis set. The other set of results (Type 1) were 

apparently not tested for convergence. In addition, Type 1 results were 

calculated using a much smaller basis. The Type 2 formulation used all 

of the terms of the Hamiltonian in the calculation. The Type 1 formula­

tion neglected some Coriolis terms and the effect of ignoring such terms 

was not investigated. We demonstrated that for reactive collisions the 

major difference between Type 1 and Type 2 calculations was not the 

potential surface but the formulation. Because the Type 2 results were 

shown to be converged, we conclude that the Type 1 results are in error. 
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TABLE I. Nonreactive and reactive transition probabilities for 

E = 0. 6 e V. Type 1 calculation. 

Transition 
(vj-v'j') Reactive Basis Set 

J=0 or 
' ' m.=m.=0 Nonreactive J J (N = 40)a (N = 60)b 

oo- 02 N 0.740 0.739 

01 - 03 N 0.226 0.227 

oo- 00 R 0.0249 0.0248 

oo- 01 R 0.0418 0.0420 

01 - 01 R 0.0715 0.0709 

a Four vibrations, eight rotations/vibration (jmax = 7). 

b Six vibrations, ten rotations/vibration (jmax = 9). 
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TABLE III. Nonreactive and reactive transition probabilities for 

E = 0. 6 eV. Type 3 calculation (five-term expansion). 

Transition Reactive Basis Set 
(vj -+ v'j') or J=0 (N = 40)a (N = 60)b m. =m~ =0 Nonreactive 

00-+ 02 N 0.307 0.306 

01 -+ 03 N 0.304 0.304 

00-+ 00 R 0.0320 0.0324 

00-+ 01 R 0.0528 0.0531 

01 -+ 01 R 0.0864 0.0877 

a Four vibrations, eight rotations/vibration (jmax = 7). 

b Six vibrations, ten rotations/ vibration (jmax = 9). 
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FIGURE CAPTIONS 

FIG. 1. A plot of reactive (top) and nonreactive (bottom) transition 

probabilities for the 000 - 0j' 0 transition, j' = 0 - 6. The energy is 

0. 60 eV and J = 0. The (-0--) are Type 1 results, the ( --□ -- ) are 

Type 2 results, and the (- • t:..- •) are Type 3 results. 

FIG. 2. A plot of Po, 000-0j'0 /p(E~; )(2j' + 1) versus Ej' on a log scale 

at a total energy of 0. 60 eV. The (--0--) are Type 1 results, the 

( --□ -- ) are Type 2 results, and the (- 0 t:..- •) are Type 3 results. 
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CHAPTER 7. 

Angular Momentum Decoupling Approximation in 

Reactive Scattering: Application to H + H2 
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I. Introduction 
~ 

There have been some recent attempts1- 5 to calculate accurate 

quantum mechanical cross sections for three-dimensional reactive atom­

diatom collisions. In one paper (hereafter referred to as I), Schatz and 

Kuppermann 2 developed the theory and method necessary to solve the 

Schrodinger equation for these systems. The technique, called close­

coupling, involves expanding the wavefunction in vibration-rotation basis 

functions, generating solutions of the coupled equations in each of the 

three arrangement channels, and smoothly matching these solutions at 

the boundary between the channels . The smoothly matched solutions are 

then used to calculate the scattering matrix (S-matrix) from which transi­

tion probabilities and cross sections are obtained. In another paper3 

(hereafter referred to as II), they present results for the H + H2 reaction 

using the Porter-Karplus6 potential energy surface. Using a different 

close-coupling formulation based on natural collision coordinates, 

Elkowitz and Wyatt 4, 5 have also reported results on the H + H2 system. 

The computer time necessary to calculate fully converged reactive 

and nonreactive cross sections can be enormous. Schatz and Kupper­

mann2 have reported that one partial wave at one energy can require as 

much as 47 minutes (on an IBM 370/158) just to integrate the coupled 

equations. In order to calculate converged nonreactive differential 

cross sections, as many as 34 partial waves may be required (reactive 

cross sections require about 15 partial waves for convergence). 

Clearly, an approximate method that requires considerably less com­

puter time but preserves the current level of accuracy ( ~ 5%) is 

urgently needed. 
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In order to find accurate scattering solutions to the Schrodinger 

equation, one must use large vibration-rotation basis sets which may 

total 100 states. We will see later that some of these states are not 

coupled to others, thus reducing the dimensionality of the problem. 

Even so, it is often necessary to solve 30 coupled equations simultane­

ously. It is the manipulation of these large ( 30 x 30) matrices which 

slows the computation. Because the computation time increases with 

the cube of the number of states, one can see that it would be more 

efficient to solve the Schrodinger equation ten times, three states at a 

time, than to solve it once with 30 states. Therefore, to reduce signifi­

cantly computation times, one should develop an approximation which 

uncouples many of the states. 

One idea is to use an angular momentum decoupling (tumbling 

decoupling) approximation. In a triatomic system there is a quantum 

number, call it n, that is associated with the tumbling of the triatomic 

plane. (In this paper n will often be called the projection of the rota­

tional quantum number, j.) The central idea of the tumbling decoupling 

approximation is to neglect the coupling in the Hamiltonian between 

states of different n. 
Because the number of projections, n increases linearly with 

the number of rotational states included in the basis set, this approxima­

tion can be used effectively in one of two ways. The smaller number of 

coupled equations allows one to include more vibrational and rotational 

basis functions and, therefore, to investigate higher energies or sys­

tems that require more basis functions. On the other hand, one can use 
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the same basis and perform the calculations with significantly smaller 

computer times and, therefore, be able to sample more energies within 

a certain range. We have chosen the latter approach in order to investi­

gate the validity of the approximation for reactive and nonreactive 

scattering. 

In Sec. II we discuss the basic idea of the tumbling decoupling 

approximation and formulate it in two different schemes. We compare 

these schemes with previous attempts in nonreactive and reactive 

scattering. In Sec. III we present an analysis of the computation time 

saved by the approximations. Section IV contains the results, prob­

abilities and cross sections from the H + H2 reaction using the Porter­

Karplus surface. A careful comparison with the fully coupled Schatz 

and Kuppermann results3 is included. In Sec. V we give a summary of 

the more significant findings and the limits of the approximations. 
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~ 

In this section we will present the ideas and equations necessary 

to develop two tumbling decoupling approximations, called simple 

decoupling (SD) and proper decoupling (PD) . A complete treatment of 

the fully coupled problem is given in I. First we will consider the 

solution of the Schrodinger equation for an atom-diatom collision. 

The notation used here is identical to the notation in I. Consider 

a triatomic system with atoms Aa, Af3' and A0. Following I, !:.A is the 

mass-scaled 7, 8 position vector from Av to AK, ~A is the mass-scaled 

position vector from the center of mass of A~ K to AA, and y is the 

angle from _;:_A to ~X' where 'A. v K is any cyclic permutation of et.{36. In 

arrangement channel A coordinates, where atom A'A. is far from diatom 

AvAK, the Schrodinger equation can be written 

{ ;I\; (J~A + J~A) + 0(r;1,, 1)_, Y;1,l - E }µ\r_;1,, !!xl ~ O , (2. 1) 

where 
1 

µ = [ mA m vm K / ( mX + m v + m K)] 2 (2. 2) 

and mv, m'A., mK are the masses of Av, Ax, and AK, respectively. We 

may write an analogous equation for each of the other two arrangement 

channels, K and v. 1/JA is expanded in simultaneous eigenfunctions of 

;f, Jz, and the Hamiltonian to give 

ctJ J 

1/lx(:£.x' !!x) = L L c JMit/' JM(:£.x, ~) • 
J=O M=-J 

(2 . 3) 

In space-fixed coordinates, xyz {with the origin at the center of mass of 

the triatomic system), the polar and azimuthal angles of ~A and :£.x are 

denoted as 0A, cpA and er , <Pr , respectively. As explained in I, body-
A X 
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fixed coordinates can be defined by rotating the space- fixed axes through 

the Euler angles, a = cp"'A., (3 = e"'A., and y = 0. The resulting body-fixed 

zA axis is chosen to lie along~. The angle 1/JA defines the tumbling of 

the triatomic system around ~A. We expand each partial wave in (2. 3) 

in elements of Wigner rotation matrices a s follows: 

J 

1/l~(r_A,~) = L 0 i1n (cpA ,eA,O)l/J;n (rA,RA,YA,1/lx), 
n =- J "'A A 

A 

(2. 4) 

where nA, the tumbling quantum number in arrangement channel A, is 

the component of the total angular momentum J around ~A. When Eqs. 

(2. 4) and (2. 3) are substituted into Eq. (2.1), we get 

(2. 5) 

where 

.Th -ti2 
H --

nA,nA - 2µ 

Hn n ±1 = -ti2 (J(J +l) -nA(nA±l)]½j:' 
"'A' X 2µRA 

(2. 7) 

and j: are the lowering and raising operators of the rotational angular 

momentum j;\. 

Now lfJ3n is expanded in spherical harmonics which are simul­
A 

taneous eigenfunctions of j ~ and~¾., 

00 

= . L Y. n(YA,1/IA)w;J. n (r"'A.,RA).(2.8) 
1A = I nA I 1x A A A 
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A little more manipulation and integration finally gives 

and 

jA (jA + l)n 2 

2 
2µ. r ;.\ 

2 1 1 

-ti 2 (J(J+l) - nA(nA±l)]2(jA(jA +1) -nA(nA ±1)]2 
2µ.RA 

I nA I :s J, jA , 

Here the nA coupling is explicit. One can see that it occurs only 

(2 . 10) 

(2. 11) 

(2.12) 

in the kinetic terms and that the potential coupling is diagonal in 0:.\ . 

We can now make the angular momentum decoupling approximation. We 
.Th.j 

will neglect the terms tn l± 1. This is the central approximation for 
' 

both decoupling schemes presented here; the differences between the 

two will be detailed in a discussion of the matching. 

This decoupling scheme has been used extensively by other workers 

• t. tt • 9- l l d ·t tl • t. att • 12 1n nonreac 1ve sea ering, an qui e recen y 1n reac 1ve sc er1ng. 

However, many of these workers further approximate terms in Eq. (2. 10) 
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(see Appendix). In nonreactive scattering, 

2 

1\ [ J( J + 1) - 20~ + jA (jA + 1)] 
2µRA 

has been replaced by n2 
J(J + 1)/2µR~ (Pack10) or 112

£:.\ (l:.\ + 1)/2µR~ 

(McGuire and Kouri 9). McGuire and Kouri found that decoupled 

integral cross sections of elastic collisions (in the He-H2 system) 

differed from the fully coupled results by less than 1 %, while inelastic 

integral cross sections were in er ror by 4%. 

Elkowitz and Wyatt12 have recently report ed results using a J -z 
conserving approximation for the reactive H + H2 system . The method 

was adapted from their fully coupled formulation and incorporates the 

Jz-conserving ideas of McGuire and Kouri and Pack. They report total 

cross sections for j - j' transitions which agreed with their fully coupled 

results to about 7%. However, they did not report any differential cross 

sections, cross sections of individual (i.e., n. - n~) transitions, or 
J J 

any nonreactive cross sections. 

With the neglect of nA coupling, each set of equations with a differ­

ent nA may be integrated in each arrangement channel separately. (In 

the H3 system, each of the three arrangement channels are identical and 

the coupled equations are solved in only one of the channels.) In the 

fully coupled calculation positive and negative nA are uncoupled by a 

unitary transformation. This so-called parity decoupling, 3 which is 

rigorous and is normally applicable to any triatomic system, cannot be 

used here. The decoupling approximation has uncoupled all nA from 

each other; to say that positive and negative nA are also uncoupled is 

redundant. 



173 

Because the target diatom (H2) is homonuclear, there is no coup­

ling between even and odd jA in arrangement channel A. This symmetry 

decoupling, 3 which is rigorous, further reduces the number of equations 

that must be solved simultaneously. It can be used simultaneously with 
;\,O 

the decoupling approximation. Because V. J.~ and the diagonal part of 
.Thj JA A 

the kinetic energy, t0 ~ , are independent of the sign of nA [see Eqs. 
A' A 

(2. 8), (2.10), and (2.12)], only nA > 0 need be considered in the calcu-

lation. 

As described in I, we must now relate the wavefunction w}n in 
A 

arrangement channel A coordinates to the wavefunction w5n in arrange­
v 

ment channel v coordinates. This can be written using Wigner rotation 

matrices, 

(2.13) 

where .::i
11
A is the angle between R

11 
and¾. The v and K channels and 

the K and A channels are analogously related. The important thing to 

notice is that this equation allows mixing between states of different 0 

in different arrangement channels. In the simple decoupling procedure 

we set 

(2.14) 

This assumption forces the scattering matrix to be diagonal in O. In the 

proper decoupling procedure, as in the fully coupled procedure, this 

assumption is not made, and the mixing occurs. There is no significant 

difference in the computation times for the two approximations. 

Once the coupled equations have been solved in each arrangement 

channel and the resulting solutions smoothly matched, one can calculate 
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the S-matri.x, §J• The S-matri.x is related to transition probabilities 
.,.,_ 

and scattering amplitudes, which are related to differential and integral 

cross sections. The reactive (nonreactive) transition probability from 

state vjmj 
13 

to state v'j'mj,with total angular momentum J is defined to 

be 

Reactive (nonreactive) differential cross sections are given by 

where JJ is the transition matrix and is defined by 

J J 
dm.m(,(0) = Dm.m(,(O,0,O) 

] ] ] ] 

(Wigner rotation matrices14 ), \rj is the wave number , and 

0 is the scattering angle, which is defined as the angle between the velocity 

vector of the incident atom and the velocity vector of the product atom. 

The differential cross section may be integrated over the polar angles 

to yield integral cross sections, 

00 

QR(N) - _!I_ \' (2J 1) I TR(N) 12 
v1·m.-v'1"'m~ - 2 Li + J v1·m.-v'1·'m' • 

J ]
1 

¾j J =0 ' J j' 

The cross sections as written are nonphysical; they describe a distin­

guishable-atom triatomic system. For our application, H + H2 , the 

atoms are indistinguishable and we must convert the cross sections to 

physical ones by post-antisymmetrization. 2 
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It was shown in I that the nonreactive scattering amplitude, 

f~m.-v'j'm~, = 0,if j-j' is odd. This implies that all nonreactive cross 
' J J 

sections will vanish for j-j' odd. 

III. Com utation Times 

An analysis of Table II in II indicates that the computation times 

for the integration of the coupled equations increase with the cube of the 

number of channels. These equations can be decoupled rigorously by 

two procedures. Parity decoupling , which can be used on any triatomic 

system, can be used to decouple equations labelled by nx > 0 from those 

labelled nx < 0. The second procedure, symmetry decoupling, can be 

used only on those arrangement channels in which the diatom is homo­

nuclear (i.e., H2). In an example considered by Schatz and Kuppermann, 

a certain choice of vibrational and rotational quantum numbers led to a 

(J.2: 4) basis of 100 channels. Using symmetry and parity decoupling, 

the 100 channel basis can be divided into four uncoupled parts, two with 

30 channels and two with 20 channels. If the compute time t is given by 

a L n~ = t , 
. 1 
1 

(3 .1) 

where n. is the number of channels for a given solution (i.e ., 30), and 
1 

a is the time constant, we find that a= 6. 7 x 10-4 min. If we examine 

the same problem (i.e., 100 channels) using the angular momentum 

decoupling approximation (and applying symmetry decoupling), we find 

that it divides into ten solutions, two with each of two, four, six, eight, 

and ten channels. (Recall that the scattering matrix is invariant to the 

sign of nx and therefore only nx > 0 need be considered.) Using Eq. 
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(3.1) we see that t = 2. 4 min, which is a factor of 20 faster than the 

exact calculation. 

Table I gives a more detailed comparison of times from paper II, 

actual computation times with the simple and proper decoupling methods 

and the potential computation times using Eq. (3.1). The reasons for the 

difference in columns four and five are twofold. First, the alterations 

for decoupling made to the computer program used in II were made in 

the most expedient but not in the most efficient manner possible. Second, 

the computation time increases as n2 for small n. There were virtually 

no differences in the time required for matching for the fully coupled, 

proper decoupled, or simple decoupled methods. For the fully coupled 

calculation, the integration was roughly 77% of the total compute time 

necessary for calculating the S matrix. Using the decoupling approxi­

mation, that percentage has been reduced to as little as 36%. 
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IV. Results 
~ 

In this section we will examine transition probabilities, phases of 

S-matrix elements, total cross sections, and differential cross sections 

of individual transitions, i.e., transitions between states labelled by 

vjmj . We will also consider transition probabilities and cross sections 

that have been summed over final projections and averaged over initial 

projections. These states are identified by the quantum numbers vj. 

We will consider nonreactive, reactive, and antisymmetrized transitions 

and will denote them by N, R, and A, respectively. The energy range 

considered is from O. 3 to O. 7 eV total energy in which only one vibra­

tional state is open. 

In Fig. 1, the reactive probability, P~ 000_ 010 (i.e., J = 2), is 
' plotted as a function of total energy E for the three types of calculations, 

the fully coupled method, the proper decoupled method, and the simple 

decoupled method. One can see that the agreement between the approxi­

mations and the exact method is generally good even though the prob­

ability changes 15 orders of magnitude. The phase of the S-matrix 

element is defined to be 

for any individual transition. In Fig. 2 we have plotted the phases of the 

same reactive transition, ? 000_ 010,as a function of energy. The 
' 

figure shows that over the range of energies considered, the phase 

changes by ten radians. For most energies, the error for both approx­

imations is less than 0. 10 radians. These two figures together indicate 

that for m. = 0 to m~, = 0 transitions, both the proper and simple 
] ) 
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decoupling methods can accurately reproduce the exact S-matrix ele­

ment. The largest error for both methods in the magnitude and phase 

of the S-matrix element is at the lowest energy, O. 30 eV. 

P~ 000_ 010 is plotted as a function of total angular momentum J 
' in Fig. 3 for two different energies . One can see that for both energies 

the PD calculation gives results in better agr eement with the full calcu­

lation than does the SD calculation for an m. = 0 to m~, = 0 transition. 
] ] 

This figure clearly demonstrates another point. For J = 0, the two 

approximations agree with the fully coupled calculation exactly. When 

J = 0, the maximum absolute value of n (or mj) is zero, and there is 

no decoupling of different n. (This is explained in I, where In I s 

min(J, j).] Another important point is that 

reactive probabilities tail off around J = 9 for energies at or below 

0. 60 eV. Figure 4 illustrates the same points at E = 0. 60 eV for a 

different transition, 010- 020. It is apparent from these two figures 

that the SD probabilities are usually larger than the exact probabilities 

and that the PD results are usually smaller. Figure 5 is a plot of the 

phases corresponding to the transitions in Figs. 3 and 4, and Fig. 6 

contains the errors of the PD and SD phases with the exact phases. 

First, even though the PD probabilities are significantly better than the 

SD probabilities, the phases of both approximations have about the same 

error. Second, as J is increased, the error in the phases increases 

(indicating some sort of cumulative effect), and at large J (J ~ 9), it can 

be as large as 1. 5 radians. Third, the phases of the approximate S­

matrix elements are always less than the exact phases. 
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As shown in the last section, pr obabilities are weight ed by 2J + 1 

in calculating cross sections. Figure 7 is a plot of (2J + 1) x P~ 000_ 010 
' versus J at 0. 60 eV. This figure more corr ectly emphasizes the differ -

ences between the PD and SD methods. From this we expect that the 

cross sections for individual m. = 0 tom~,= 0 transitions will be too 
J J 

large by the SD method and too small (with a smaller absolute err or) by 

the PD method. 

Because there is no mixing between n;.\ and 0
11 

in the SD method, 

probabilities and cross sections of reactive transitions between mj 

and m~,, where m. -,,t. -m~,, will vanish. However, in the PD method, 
J J J 

there is mixing and nonzero probabilities exist for all transitions. 

Figure 8 illustrates a comparison of the fully coupled calculations with 

the PD calculation at E = 0. 6 eV for the transition P~ 011 _ 000. Note 
' that the PD method gives probabilities that are in error of up to two 

orders of magnitude. Equally important is that the transition prob­

abilities are over an order of magnitude smaller than those for mj = 

mj' = 0. This is what makes the decoupling approximation useful. 

Summed and averaged probabilities and cross sections will be dominated 

by them. = m~, = 0 transition. Because the decoupling methods give 
J J 

good results for that transition, the summed and averaged cross sections 

(which are the experimental observables) should be reasonably accurate. 

Figure 9 is a plot of the reactive transition probability P~ 011 _ 01 _1 as 
' 

a function of J . Although the error between the approximations and the 

full calculation is large (with SD giving better results), the fully coupled 

result is very small compared with the m. = m'., = 0 transition. This 
J J 

transition is not expected to contribute strongly to the summed and aver-

aged cross section. 
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Figure 10 is a plot of the summed and averaged 00-01 reactive 

transition probabilities at E = 0. 60 eV. It shows that the SD probabilities 

are larger than the fully coupled results and that the PD results are 

smaller. This is the same ordering as in the 000- 010 reactive transi­

tion (see Fig. 3). However, the error in the PD results has increased 

(to a maximum of 14%) while the error in the SD results decreased 

~ 35% . This indicates that transitions other than m. = m~, = 0 do not 
J J 

contribute strongly to a summed and averaged probability, but that they 

are not negligible. 

Nonreactive transitions behave differently. Figure 11 is a plot of 

P~ 000_ 020 versus J at 0. 60 eV for all the three methods. The figure 
' shows that the two approximations are in close agreement with each 

other over a wide range of J, but that both are in quite poor agreement 

with the fully coupled calculation. The figure also indicates that non­

reactive transition probabilities are non-negligible over a wide range of 

J, which is different from reactive transitions. Figure 12 shows 

P~ll-Ol-l at 0. 60 eV. Previously, we found that the corresponding 

reactive transition probabilities (see Fig. 9) did not contribute strongly 

to the summed and averaged result. For nonreactive transitions, it is 

clear that P~ 0ll-0l-l is as important as P~ 010_ 010. Figure 13 
' ' 

shows that the summed and averaged probabilities P~ 00_ 02 for the PD 
' 

approximation agree very well with the fully coupled calculation, much 

better than the corresponding reactive transition P~O-Ol (see Fig. 10). 

As discussed previously, 15 nonreactive collisions span a wider 

range of atom-molecule distances than do reactive collisions, which 
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increases the importance of kinematic coupling . A method which 

decouples the angular momentum terms will give individual , nonreact ive 

results which are poorer than the reactive results . Nonreactive transi­

tion probabilities from m. = 0 to m( ~ 0 are orders of magnitude too 
] ] 

small in the PD approximation. This, plus the fact that the summed 

and averaged results agree quite well, indicat es that in the approxima­

tions all flux is transferred from different m(, to m'., = 0 for the same j . 
] ] 

We now turn our attention to integral cross sections. Fir st we 

will consider reactive and nonreactive (distinguishable atom) cross 

sections. Figure 14 is a plot of Q~00_ 010 for all three methods and a 

plot of the relative error of the decoupling approximations with the exact 

calculation. It reflects the information in Figs. 1 and 3 in three ways. 

One, the PD method is significantly better than the SD method. Two, 

the cross sections agree remarkably well as Q changes by 14 orders of 

magnitude. Three, the error is largest at the lowest energy, 0. 30 eV. 

In Fig. 15 one can see that the summed and averaged cross section 

Q~O-Ol is best reproduced by the PD method, although the error for the 

SD method is smaller than it was for Q~00_ 010. Figures 16 and 17 

show Q~00_ 020 and Q~0_ 02 (note, j = 2 is closed at E = 0. 30 eV). For 

the individual transition, the PD results are clearly better, but the 

quality of the SD results is significantly improved (and the PD results 

worsened) by summing and averaging. In Fig. 17, neither approxima­

tion is significantly better. In short, the PD method gives significantly 

better reactive integral cross sections for individual transitions than 

does the SD method, but sometimes only slightly better when the cross 

sections are summed and averaged. 
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One can deduce from the nonreactive probability plots (see Figs. 

11 and 12) that individual SD and PD nonreactive cross sections will 

agree quite poorly with the full calculation. However, summed and 

averaged nonreactive integral cross sections, Q~0_ 02 ( see Fig. 18), 

agree at least as well as the reactive cross sections of Figs. 15 and 17. 

The reactive and nonreactive cross sections shown assume that 

the atoms are distinguishable, which they are not. The physical, or 

antisymmetrized, cross sections allow us to look at ortho-to-para, 

para-to-ortho, ortho-to-ortho, and para-to-para transitions. In Fig. 

19 we have plotted summed and averaged integral cross sections for a 

para-to-ortho transition (00 - 01) and for the para-to-para transition 

(00- 02). The top plot Q&_01 (p -o) shows nothing new because it is 

equal to 3 x Q~_01 . Because Q~0_ 02 is much larger than Q~0-02' 

Qt0_ 02 (o-o) (the bottom plot) looks very similar to Figo 18. Figure 

20 is a plot of an ortho-to-para transition, Qt _ 00, and an ortho-to­

ortho transition, Qt1 _ 03 . The first one is exactly equal to Q~l-OO and 

gives no new information. The second one, Qt1_ 03 , is strongly domi­

nated by the nonreactive S-matrix elements. At 0. 60 eV, the error is 

large (~ 30%) compared with the quality of the rest of the calculations. 

In the remainder of this section we will consider differential 

cross sections (DCS), in particular, j = 0 to j' = 1 and j = 0 to j' = 2 at 

E = O. 60 eV. Because para-to-ortho and ortho-to-para transitions are 

proportional to the corresponding reactive cross sections, we will look 

only at the antisymmetrized j = 0 to j' = 1 transition. 

In Fig. 21 we compare the PD and SD methods with the fully 

coupled calculation for the individual differential cross section 
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at00_ 010( 0R). ( eR is defined as the angle between the velocity vector 

of the product molecule and the velocity vector of the incident atom.) 

Near 0R = 180 °, the error between the PD cross section and the fully 

coupled cross section is large ( ~ 25%). At angles below 0R = 135 °, the 

agreement is much better. The SD calculation gives better results near 

eR = 180°, but below eR = 150° the PD results are superior. 

In calculating integral cross sections from differential cross sec­

tions, a(0R) is weighted by sin eR. Figure 22 is a plot of at00_ 010 x 

sin 0R and illustrates that even if the SD results are better than the PD 

results at eR ~ 180°, the PD method will produce better integral cross 

sections. A comparison of Fig. 23 [ at0_ 01 ( 0R)] with Fig. 21 reveals 

that the SD error is smaller after summing and averaging, whereas the 

PD error is slightly larger. However, weighting by sin 0R (Fig. 24) 

shows that the PD results are still better. 

In Fig. 25 we have plotted the reactive differential cross section 

a~0_ 020(0R) at 0. 60 eV. One can see that both the SD and PD cross 

sections are in poor agreement with the fully coupled cross sections . 

The summed and averaged results (Fig. 26) are no improvement. In 

fact, Fig. 27 shows that the SD results are better than the PD results 

when weighted by sin 0R. This is a reflection of Fig. 1 7, where we saw 

that Q~_02 (SD) was significantly better than Q~0_ 02 (PD) at 0. 60 eV. 

However, these large errors are irrelevant for observable cross 

sections because the antisymmetrized results are completely dominated 

by the nonreactive portion. Figure 28 shows a DCS for the same indi­

vidual transition at 0. 60 eV. As expected from probability plots, there 

is no agreement between the PD method and the fully coupled calculation. 
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Even the shape of the DCS is not preserved, as it was for reactive 

transitions. However, Fig. 29 shows that the two methods agree well 

throughout the entire 0-7T range of 0 for o-~0_ 02 . 

As mentioned before, . other workers9, lO have studied nonreactive 

systems using an angular momentum decoupling method. As outlined in 

the Appendix, the central idea is to repla ce the L2 operator by the eigen­

value f( "i + l)ti 2 , thus neglecting diagonal terms (which we have included). 

In their original paper, 9 McGuire and Kouri identified ""i with the final 

orbital angular momentum f, while PacklO set "i = J. Since then, Kouri 

and McGuire16 ' 17 have used "i = J and "i = J - j. These calculations were 

less successful than the original choice of f = f, and recently several 

papers18- 24 have appeared that support the original9 choice for ""i. In 

each of these, theoretical or computational arguments are made for the 

best choice of f. There are no arguments given for neglecting other 

diagonal contributions to L2
• 

The nonreactive systems that were studied by this method included 

He + H2 and He + HC.Q. The elastic scattering integral cross sections 

differed from exact close coupling results by less than 1 % and inelastic 

(low j) cross sections by less than 4%. 9 These results are a little more 

accurate than the results presented in this paper. The major difference 

in quality between the two sets of results is in the DCS. As shown in 

Ref. 9, there is perfect agreement between the decoupled results and 

the exact results for e > 150°, and the agreement becomes better at 

lower angles as the energy is increased. This is in contrast to the 

results in Fig. 29, which show that the agreement is generally good at 

all angles but never perfect for any finite range of 0. This difference is 
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either caused by the atom-diatom interaction or the decoupling methods . 

Because the number of partial waves necessary to describe nonreact ive 

scattering is about the same for H + H2 and He + H2 , 
22 the difference 

may lie with the decoupling methods. Future work must determine 

which method is more appropriate for reactive scattering. 
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Exact quantum mechanical solutions t o atom-molecule scattering 

problems can require substantial computation times. We found that the 

major reason was the large number of coupled equations to be solved. 

If some of the states could be uncoupled from each other, the number of 

equations to be solved simultaneously (and the computation time required 

to solve them) would be reduced. When the Schrodinger equation is 

written in the coupled equation form, it is apparent that the potential 

matrix is diagonal in the tumbling quantum number, n. This , and the 

weakness of centrifugal coupling, led to an angular momentum decoupling 

approximation in which terms in the Hamiltonian that coupled states of 

different n were neglected. This approximation, which has been used 

successfully in nonreactive scattering, has been applied in this paper to 

reactive scattering. 

Two slightly different decoupling schemes, called proper decoup­

ling and simple decoupling, have been presented. They differ, not in the 

integration of the Schrodinger equation, but in the matching procedure. 

One method (PD) allows mixing between states of different n and in 

different arrangement channels, whereas the other (SD) does not. 

It was shown in II that for atom-diatom systems which preferen­

tially react in the collinear orientation (of which H + H2 is an example) 

there is a quasi-selection rule; mj = m;, = 0 reactive transition prob­

abilities are much larger than other reactive probabilities. Because n­
coupling has been neglected ( except between arrangement channels) by 

both decoupling approximations, one expects mj = m;, = 0 reactive 

transition probabilities to also be dominant . These two facts together 
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insure that the decoupled PRJ .0 , ., 0 will agree closely with the cor-
' VJ -v J 

responding exact result. For all transitions the PD results are in error 

by less than 7% and the SD results by as much as 60%, which indicates 

the importance of 0-mixing between different arrangement channels. 

Nearly all of the PD probabilities were smaller than the corresponding 

exact ones, and nearly all of the SD results were larger. For other 

reactive transitions, both the SD and PD results were in error by as 

much as several orders of magnitude. 

The integral cross sections corresponding to the above probabili­

ties showed similar trends. While the cross section Q~O-v'j'O changed 

14 orders of magnitude, the PD results agreed with the exact to better 

than 10%, except at low energies. The SD results, while preserving 

the shape of the cross section curve, were in error of up to 60%. For 

j - j + 1 transitions, the summed and averaged results had about the 

same accuracy. For j - j + 2 transitions, which are dominated by non­

reactive contributions in calculating the antisymmetrized ( or physical) 

cross section, the summed and averaged PD and SD results were in 

error by about 20%. Reactive differential cross sections were similar 

in that j - j + 1 (mj = mj' = 0) transitions were best reproduced by the 

PD method. 

We found that all individual nonreactive transition probabilities 

were poorly reproduced by either approximation. This is not surprising, 

because nonreactive collisions involve orientations besides the collinear 

one. However, summed and averaged probabilities agreed well, with 

errors less than 3%. Because nonreactive j - j + 2 cross sections are 

much larger than the corresponding reactive ones, the antisymmetrized 
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cross sections are almost identical to the nonreactive cross sections . 

We found that at most energies the summed and averaged nonreactive 

( or antisymmetrized) integral PD cross sections agreed with the exact 

ones to better than 10%. The corresponding DCS had the correct shape 

and had a maximum error of 10%. 

The computation times for the two decoupling methods are identical, 

and the savings over the exact method can be as high as a factor of 20. 
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In this Appendix we will examine the differences between the fully 

coupled and several decoupled formalisms. In arrangement channel X, 

the Hamiltonian operator may be written 
L2 

-li2 1 o2 RA 
H(!!x,!:.A) = 2µ R oR2 RA+ 2 R2 + hA(rx) + ~V(ffx,r_x,Yx), 

A X µ A 

where 
2 

L2 

h,x (r ,x) 
-ti2 _!_ _o_r + rA 

+ v;\ (rA) , = 
2µ rx or2 A 2µr~ A 

vx(r;\) 
limit 

V ,>t (RX' r A' y ;\) ' = R -co 
A 

and 

In the decoupling formalism, the only term that will be changed will be 

2 / 2 2 (LR 2µRx). In terms of other operators, LR may be written as 
;\ A 

where 

.r = 1i
2

[-a2 - cote -
0
- -

1 

oe~ x 08). sin2 ex 

2 cos 0A 
0
2 

] + . 2 6 
sm A o <f\ otJ;A 

[ si:' Yx 

2 
1 

0 (· :J]' 2 -li2 _o_ + 
Lr = - smyA 

A oit{ sinyA oyA 
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and 

J2 -n2 
a2 

= 
zi\. ol/12 

i\. 

The last two terms of L~ contain all of the n-coupling information. 
i\. 

The approximation we have used is to neglect the last two terms. That 

is, our approximation may be written 

The approximation used by Pack is simply Lk = J 2
• The approxima­

;\ 

tion used by McGuire and Kouri is only a part of the J 2 operator, 
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TABLE I. 

Integration Times (IBM 370/158) 

Na Full Proper and Potential J Calculationb' c Simple Times Decoupling 

0 40 11 11 11 

1 90 42 13 9 

2 88 37 8 3.7 

3 92 36 7 2.4 

4 100 47 8 2.4 

a N is the number of total channels for a given partial wave, J. 

b These numbers are taken from II. 

c The computation times are in minutes. 



192 

References 
~ 

1. A. Kuppermann and G. C. Schatz, J. Chem. Phys. 62, 2502 
"" 

(1975). 

2. G. C. Schatz and A. Kuppermann, J . Chem. Phys. 65, 4642 ,,_,.._ 

(1976). 

3. G. C. Schatz and A. Kuppermann, J. Chem. Phys. 65, 4668 
"" 

(1976). 

4. A. B. Elkowitz and R. E. Wyatt, J. Chem. Phys. 62, 2504 
""'-

(1975). 

5. A. B. Elkowitz and R. E. Wyatt, J. Chem. Phys. 63, 702 (1975). 
"'-" 

6. R. N. Porter and M. Karplus, J. Chem. Phys. 40, 1105 (1964). ,,_,.._ 

7. L. M. Delves, Nucl. Phys. !!_, 391 (1959); ibid. ~' 275 (1960). 

8. D. JepsenandJ. 0. Hirschfelder, Proc. Natl. Acad. Sci. USA 

45, 249 (1959). 
"'-" 

9. P. McGuire and D. J. Kouri, J. Chem. Phys. 60, 2488 (1974). 
"'-" 

10. R. T Pack, J. Chem. Phys. 60, 633 (1974). 
"" 

11. R. B. Walker and J. C. Light, Chem. Phys. 7, 84 (1975) . .,..._ 

12. A. B. Elkowitz and R. E. Wyatt, Mol. Phys. 31, 189 (1976). 
"" 

13. v is the vibrational quantum number, j is the rotational quantum 

number and mj is the tumbling quantum number. The final 

m~, = Q ., , but the initial m. = -Q .. 
J J J J 

14. A. S. Davydov, Quantum Mechanics, translated by I. Schensted 

(NEO Press, Ann Arbor, Michigan, 1966), Chap. 6. 

15. A. Kuppermann, G. C. Schatz, and J. P. Dwyer, Chem. Phys. 

Lett. 45, 71 ( 1977). 
"'-" 

16. D. J. Kouri and P. McGuire, Chem. Phys. Lett. ~' 414 (1974). 



193 

17. P. McGuire, Chem. Phys. 13, 81 (1976). 
""" 

18. Y. Shimoni and D. J. Kouri, J. Chem. Phys. 65, 3372 (1976). 
""" 

19. R. Goldflam and D. J. Kouri, J. Chem. Phys. 66, 542 (1977). 
"'"" 

20. S. Green, L. Monchick, R. Goldflam, and D. J. Kouri, J. 

Chem. Phys. 66, 1409 (1977). 
""" 

21. R. T Pack, J. Chem. Phys. 66, 1557 (1977). 
~ 

22. Y. Shimoni and D. J. Kouri, J. Chem. Phys. 66, 2841 (1977). 
• "'"" 

23. G. A. Parker and R. T Pack, J. Chem. Phys. 66, 2850 (1977). 
""" 

24. L. Monchick and S. Green, J. Chem. Phys. 66, 3085 (1977). 
""" 



194 

~ 

FIG. 1. Pr 000-0l0 versus total energy E (in eV). The solid line 
' 

represents results of the fully coupled calculation (from paper II), the 

open triangles are results of the SD method, the open squares are 

results of the PD method, and the darkened squares are overlapping 

results of the PD and SD methods. 

FIG. 2. The upper graph is a plot of the phases c/>r 000-0l0 (in radians) 
' 

of the reactive S-matrix element sr 000-0l0 (the same transition as in 
' 

Fig. 1) as a function of total energy. Designations are the same as in 

Fig. 1. The lower graph is a plot of the absolute error (versus E) of 

the PD and SD phases with the exact phase. SD results are denoted by 

(-•A - ·) and PD results by(-- □--). 

FIG. 3. P~ 000_ 010 versus total angular momentum J for all three 
' methods at two energies, 0. 60 and 0. 50 eV. The fully coupled results 

are denoted by (--0--). The other designations are identical to Fig. 2. 

R FIG. 4. P J 010_ 020 versus J at 0. 60 eV for all three methods. The 
' designations in this figure and all following figures are identical to 

those in Fig. 3. 

FIG. 5. The phases of the S-matrix elements versus J for the transi­

tions in Figs. 3 and 4. The PD and SD results are denoted by(--□--). 

FIG. 6. The error between the approximate and exact phases plotted in 

Fig. 5. 

FIG. 7. (2J + 1) x P~ 000_ 010 as a function of J for the three methods 
' 

at E = 0. 60 eV. 
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R FIG. 8. PJ 011 _ 000 versus J for the PD method and the fully coupled 
' 

method at E = O. 60 eV. 

R FIG. 9. PJ 011_ 01 _1 versus all three methods at E = 0.60 eV. 
' 

FIG. 10. The summed and ayeraged P~, 00_ 01 ver sus J at E = 0. 60 eV 

for all three methods . 

N FIG. 11. P J 000_ 020 versus J at E = 0. 60 eV for all three methods . 
• ' 
N FIG. 12. P J 011 _ 01 _1 versus J at E = O. 60 eV for all three methods. 
' 

N FIG. 13. P J 00_ 02 versus J at E = O. 60 eV for the PD and fully 
' 

coupled methods. 

FIG. 14. The upper graph is a plot of the reactive integral cross sec­

tion (in bohr2
) Q~O-OlO versus E (in eV) for all three methods. The 

lower graph is a plot of the relative error between each approximation 

and the exact calculation. 

FIG. 15. The upper graph is a plot of Q~O-Ol versus E for all three 

methods. The lower graph is a plot of the relative errors in the 

approximations. 

FIG. 16. The upper graph is a plot of Q~0_ 020 versus E for all three 

methods. The lower graph is a plot of the relative errors in the approx­

imations. 

FIG. 17. The upper graph is a plot of Q~0_ 02 versus E for all three 

methods. The lower graph is a plot of the relative errors of the approx­

imations. 

FIG. 18. The upper graph is a plot of Q~0_ 02 versus E for the PD and 
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exact methods. The relative error of the PD method is in the lower 

graph. 

FIG. 19. The upper graph is a plot of a para-to-ortho integral cross 

section, Qcic)_01 versus E for all three methods. The lower graph is a 

plot of a para-to-para integral cross section Q*0_ 02 versus E for the 

PD and exact methods. 

FIG. 20. The upper graph is a plot of an ortho-to-para integral cross 

section Qt_00 versus E for all three methods. The lower graph is a 

plot of an ortho-to-ortho integral cross section Q~1 _ 03 versus E for the 

PD and exact methods. 

FIG. 21. The differential cross section a~00_ 010 (in bohr2 /sterad) at 

O. 60 eV as a function of reactive scattering angle OR (in degrees) for all 

three methods, 

FIG. 22. 

FIG. 23. 

FIG. 24. 

acioO-OlO x sin OR versus 0R at 0. 60 eV for all three methods. 

A a 00_ 01 versus BR at 0. 60 eV for all three methods. 

acic)_01 sin OR versus 0R at O. 60 eV for all three methods. 

R FIG. 25. o- 000_ 020 versus BR at 0.60 eV for all three methods. 

FIG. 26. a~_02 versus 0R at 0. 60 eV for all three methods. 

FIG. 27. a~0_ 02 sin 0R versus OR at O. 60 eV for all three methods. 

FIG. 28. o-~00_ 020 versus Oat O. 60 eV for the PD and exact methods. 

FIG. 29. a~0_ 02 versus 0 at O. 60 eV for the PD and exact methods. 
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PROPOSITION 1 

Abstract 

It is proposed to calculate transition probabilities for a 

model collinear electronically nonadiabatic (ENA) reaction using 

an exact quantum mechanical formulation . In order to study the 

effects of changing the coupling between two potential energy sur­

faces we will use a series of parameterized coupling surfaces. In 

this manner we \'Jill study the effect of coupling strength, position 

and range. We expect to determine whether accurate coupling sur­

faces are necessary to calculate accurate reaction cross sections 

for ENA reactions. 
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PROPOSITION l 

A basic assumption in much of theoretical chemical scattering 

is the Born-Oppenheimer (BO) approximation . 1 The validity of this 

assumption res ts on the fact that bound electrons have kinetic enerqi es 

comparable to the nuclei, have masses at least three orders of maqni­

tude smaller than the nuclei, and therefore have much qreater veloci­

ties than the nuclei. Because of this, one can assume, usually to a 

very good approximation, that the electronic and nuclear motions are 

uncoupled. Physically, this means that the electrons adjust instan­

taneously to the motion of the nuclei. 

This may be described mathematically by writing the wavefunction 

for a molecular system as 

~(r,R) = I ~.(R) ¢. (r;R) 
. l l 
l 

( l ) 

where~ and¢ are the nuclear and electronic wavefunctions, respec­

tively, R denotes all of the nuclear coordinates and r denotes all of 

the electronic coordinates. Note that each ¢i is parametrically depen­

dent on the nuclear coordinates. When one substitutes eq , (1) into 

the time independent Schrodinqer equation, premultiplies by ¢i and 

integrates over all r, one 9ets the following set of coupled equations 2 

(for a two-atom system) 
+ 

l 2 J.. K.. + 
1 [S .. (- ~ vR - E) + V .. (R) + __u_ - __u_ • VR] ~,.(R) = 0 , (2) t lJ cµ lJ µ µ 

where 
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s .. = <<t> -1 <t> .> 
l J l J 

V .. = Si j ( Z l • z2 / R) + <¢. I H 1 I ¢ . > lJ l e J 

l< .. ➔ ( 3) 
= <¢ - I VRI cp .> 

lJ l J 

J .. 1 2 = <<t>il- 2 1/Rl<t>/ lJ 

and Hel is the electronic Hamiltonian . 

One approach is to choose molecular wave f unctions for the basis 

¢i, i .e., eigenfunctions of Hei · This basis can be made orthonormal 

and 
S .. = o . . 

l J l J 

where E. ( R) is defined by 
l 

V . . = E
1
. ( R) o .. 

lJ lJ 

(4) 

The various Ei are called electronic potential surfaces or adiabatic 

surfaces. It is on these surfaces that one normally visualizes nuclear 

motion. 

The coupling between different electronic states is given by the 

terms Jij and Kij of equation (2). In most atom-molecule or molecule ­

molecule scattering calculations to date , theorists have been in ­

terested only in collisions on one surface (adiabatic collisions) . That 
➔ 

is, they have assumed that the coupling terms Jij and Kij are negli -

gible. For many years, theoretical chemists and physicists have studied 
2-6 atom-atom collisions involving more than one electronic surface, 

i.e., electronically nonadiabatic (ENA) reactions. More complex 
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molecular collisions \vere largely ignored because the necessa ry tool s 

(high-speed computers and fast numerical techniques) were not avail­

able . Now that theoretical chemists have developed techniques for 

solving electronically adiabatic molecula r reac tions, 7-9 they have 

begun to consider ENA molecular reactions. As with electronically 

adiabatic collisions , the ENA calculations fall into three broad cate ­

gories: quasiclassical, semiclassical and quantum formulations. 

Using a quasiclassical framework, Preston, Tully and co­

workerslO-l3 have developed a trajectory surface hopping (TSH) model. 

The model assumes that all degrees of freedom (except electronic) may 

be treated classically. One begins a trajectory in an asymptotic 

region (i.e., the distance between the reagents is large and they do 

not interact) on the ground state electron surface and follows it until 

an avoided crossing with an excited electronic surface is reached. At 

this point one calculates the probability on 11 hopping 11 from one surface 

to another. Then the original and new trajectories, each on a differ­

ent surface, are continued with appropriate velocity corrections until 

another avoided crossing is reached, where the probability calculation 

is repeated . Ultimately, each of these trajectories must reach an 

asymptotic region on one of the surfaces. Each of the trajectories is 

weighted according to the probability calculation made in midreaction . 

When enough trajectories have been calculated, total cross sections 

for reaction on each surface are calculated. 

Tully and Preston12 and Krenos et al. 16 applied this model to the 

exchange reaction 
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+ HD + D+ H + D2 
-.:,. 

~ 
+ H + D2 -- HD+ + D 

and its isotopic variants. They were able to compare their results 

• th • t l 4- 16 d f d 1 • • A . . . w, expenmen s an oun qua 1tat1ve agreement. maJor d1ff1-

culty in comparing the calculations with experiment is the potential 

surfaces used. Because the first excited state and the coupling terms 

were not well known in the systems they studied, Tully and coworkers 

calculated the surfaces and coupling tenns with the diatomics in 

molecules with zero overlap (DIMZO) method. 17 Although it is easy to 

calculate surfaces this way, they are not ve~y accurate. lO More im­

portantly, the DIMZO method has no adjustable parameters and is 

inflexible. 

Other work has been done using a semiclassical formulation. 

Restricting the atom-diatom collision to a fixed plane, DeVries and 

George18 studied the nonreactive quenching of fluorine by H2. The 

three electronic surfaces they used were calculated by the DIMZO method 

similar to Tully et al . 19 Instead of choosing basis functions which 

diagonalized the electronic Hamiltonian (an adiabatic representation) 

they chose a basis which diagonalized He1+ Hso (spin-orbit Hamiltonian) 

asymptotically(a diabatic representation). Their reason was that 

either representation is adequate, and that the diabatic one requires 

much less computation time. 20 They did not compare their results with 

either experiments or other calculations, but were able to conclude 

that for processes with the same threshold, crosslengths were ordered 

inversely proportional to the magnitude of the energy defect. In 
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another study Laing et al. 21 calculated transmission probabilities 

on a one-dimensional surface using semiclassical techniques . Their 

results showed that transmission probabilities are significantly al­

tered by the inclusion of energetically inaccessible electronic 

states. 

Using a quantum formulation, Rebentrost and Lester22 calcu l ated 

the quenching of fluorine by H2. The calculation used adiabatic 

representation and restricted the H2 to a fixed bond length , and thus 

studied the competition between electronic-rotational and electronic 

translational energy transfer. They found that the nonresonant 

(j=O to j=O) transition agreed roughly with the quasiclassical results 

of Tully, 19 but that the resonant (j=O to j=2) transition dominated 

by over an order of magnitude. 

Bowman 23 calculated reaction probabilities (all other semiclassi­

cal and quantum results have not allowed reaction) for a model collinear 

atom-diatom ENA system using an exact quantum foundation. Rather than 

choosing adiabatic basis and calculating surfaces and coupling terms, 

Bowman merely chose two surfaces which crossed (which were, implicitly, 

the choice of some diabatic representation) and a mathematically con ­

venient form for the coupling potential. The coupled equations which 

govern this model system are 
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where x1 and x2 are the mass-scaled center of mass coordinates of an 

atom-diatom system, H11 and H22 are the two potential surfaces, and 

H12 is the coupling surface. The wavefunction ~ is expanded in a vibra­

tional basis set, and the resulting vibrationally and electronically 

coupled equations are solved to find transition probabilities. Other 

workers 26 have since used a very similar method for studying ENA reac ­

tions with the DIMZO potential surfaces . 

All of this research (classical, semiclassical, and quantum) has 

been done without an accurate coupling potential. Most of the studies 

have used potential surfaces without adjustable parameters , which have 

been shown to be inaccurate. 

Because the correct coupling terms have not been calculated in many 

molecular systems, it is important to understand the effect that chang­

ing the coupling potentials has on the reaction dynamics. It is 

proposed, therefore, to generate a series of coupling surfaces, with 

adjustable parameters, and study collinear reaction dynamics with each 

of the coupling surfaces using an exact quantum formulation. Specifi­

cally, we propose to study ENA reactions involving two electronic 

surfaces and a coupling surface. Because this is a model calculation, 

the actual electronic surfaces used need not be accurate. An adequate 

choice is the pair of surfaces used by Bowman: two identical Wal l­

Porter24 fits to the SSMK25 surface, with one surface displaced from 

the other. The coupling surface Bowman used was 

= 0 

where the only restriction was that the coupling surface be located near 
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the crossing seam. One can see that the coupling surface tails off 

like a gaussian in the transverse direction and exponentially as the 

atom and diatom are separated . Near the strong interaction region 

(x2 < x20 ) the coupling surface vanishes abruptly. 

Because this coupling surface was chosen arbitrarily , we first 

want to test the effect of changing the shape of the surface . Speci -

fically, 

It would 
_, 

like x2 

use surfaces which behave like -2 
x2 

-sx2 
ore 2 for large x2 . 

probably not be useful to use long range coupling surfaces 

Such potentials would require solving the coupled equations 

to very large values of x2, thus requiring an extraordinary amount of 

computation time. 

In addition, it is important to study the effect of changing 

the strength of the coupling surface. In a limited study Bowman 

found that a reactive nonadiabatic transition probability (between 

ground vibrational states) increased quadratically with the coupling 

strength, y. Krenos et al. 16 , on the other hand, estimated that non­

adiabatic cross sections were largely insensitive to the probability 

of a surface hop. Finally, we should study the effect of abruptly 

truncating the coupling surface and the effect of changing the position 

of the coupling surface. 

Results from these calculations would be very yseful. If non­

adiabatic transition probabilities are largely insensitive to the 

strength of the coupling (as Krenos claims) or to the shape of the coupl­

ing surface, then accurate scattering calculations would require only 

a few ab initio points to generate an approximate surface. However, 
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high sensitivity to the coupling strength or shape implies a need for 

accurate surfaces to accurately study atom-molecule ENA reactions . 
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PROPOSITION 2 

Abstract 

It is proposed to calculate ab initio the second excited 

electronic state (1rr) of AlH and determine the height of the poten ­

tial barrier. The proposed method is a generalized valence bond 

(GVB) calculation, followed by a configuration interaction (CI) 

calculation . It is further proposed to calculate the predissocia­

tion lifetime of the molecule in the 1rr state. 
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PROPOSITION 2 

In 1940, Herzberg and Mundie 1 presented evidence that the poten ­

tial curves of the 1rr states of RH, AlD and possibly AlH have relative 

maxima at the finite internuclear distance R. That is , at larger the 

potential curves are repulsive and at smaller R they are attractive . 

They further indicated that the observed barrier he ight s for AlH and 

AlD are not the same, and agreed with Olsson 2 that this is caused ~Y 

a tunneling effect. 

Recent theoretical work3' 4 has predicted such a barrier for the 
1rr state of BH at the internuclear distance that Herzberg and Mundie 

experimentally found it to exist. A smaller barrier for the 3rr state 

was also predicted theoretically. The only theoretical work5' 6 to date 

on AlH was restricted to the ground state 1r+. 

We propose to calculate the potential curves for the ground 

state ( 1r+) and low lying excited states (3rr, 1rr) of AlH. If maxima are 

found in the potential curves, we further propose to calculate the life­

times of these states. 

The interest in both BH and AlH stems from their similar elec­

tronic structure of boron and aluminum. Both have a core of electrons 

(ls 2 and ls 22s 22p6 respectively), and a similar outer shell (2s22p1 

and 3s23p1 respectively). It is this similarity,and previous work on BH, 

which we should exploit in order to understand AlH. 

A. Experimental Evirlence 

To determine whether a potential maximum exists in an electronic 

state, Herzberg and Mundie examined the rotational fine structure of 
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successive vibrational levels. In the emission spectra they observed 

a breaking off of the rotational fine structure for various vibra­

tional levels. This breaking off occurs because the higher rotational 

levels are completely unstable. 

The effective potential energy can be written 

where U
0

(R) is the rotationless potential energy, and µ is the reduced 
dUJ(R) 

mass. The effective potential reaches a maximum v1hen dR = 0 , or 

11 
U~(Rmax) = -2-R.....,3,__ 

1rcµ max 
J(J+l) 

where Rmax is the position of the maximum. One can plot the maximum 

of each effective potential curve as a function of J(J+l). For a sys­

tem in which the rotationless curve does not have a maximum at finite 

distances, the curve will intersect the ordinate at U
0

( 00 ). The slope 

of the curve at the ordinate vanishes, corresponding to a slope of 
2 -ti'/2ncµR at R = 00 • If the rotationless curve hns a maximum, the maxi-

mum for successive J will be at approximately the same position. In 

this case, a plot of the maximum of the effective potential vs. J(J+l) 
2 should be approximately a straight line with a slope of ~/2nµcRmax 

In effect, Herzberg and Mundie plotted the ener9y level from the 

last observed rotational spectrum [vs.J(J+l)], plotted the first miss­

ing energy level and said that the true breaking off point must occur 

somewhere between the two points. This was done for three (AlD and BH) 
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or two (AlH) vibrational states. A line fit to the points was linear, 

and the intersection of the line with the ordinate gave the relative 

maxima of the potential curve of the rotationless state. 

By this method they found that the 1rr states of AlH, AlD and 

BH each had a relative maximum. The value of R for AlH was within max 
0.5% of the value for AlD. More interesting is that the observed bar­

rier forAlHis 165 cm-l less than the barrier for AlD, which they 

attributed to a tunneling effect. Because the difference is quite 

small, they concluderl that the tunneling effect is very slight. 

Although the 1rr state may have a relative maximum (and therefore 

a relative minimum), the state might be bound by only a couple of 

hundred wave numbers, if at all. Herzberg has noted the state at 
-1 l + -1 23763 cm above the bottom of the E state. This is only 515 cm 

above the dissociation limit10 of the lE+ state (3.01 eV). The uncer­

tainty in this limit(± .05 eV) implies the state might be bound by 

only 111 cm~1 (0.013 eV). 

B. Theoretical Work 

1. BH 

Blint and Goddard3•4 have calculated the low lying electronic states 

of BH using the generalized valence bond (GVB) method. Each of the 

3rr and the 1n states was found to have a maximum; the lower lying 3n 

state was predicted to have a barrier of 0.026 eV and the 1n state a 

barrier of 0.15 eV. The origin of the barrier lies in the coupling 

of the orbitals on boron and hydrogen. At large inter~atomic distances 

the coupling is predominantly intra-atomic and repulsive. As the 
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atoms are brought closer together, the predominant coupling is inter­

atomic and attractive, corresponding to bond fonnation. 

2. AlH 

Previously there have been only two ca1culations 5' 6 on AlH, both 

on the electronic ground state. Both calculations used a Hartree-Fock 

method to calculate the potential curve and several molecular proper­

ties. One paper noted the similarity between the electronic struc­

tures of BH and AlH, noted the previous discovery of temperature 

independent paramagnetism of BH in the gas phase, and presented re­

sults which predicted the same for AlH. 

~Je have made preliminary calculations of the ground and first 

two excited electronic states of AlH which indicate the limited value 

of the Hartree-Fock calculations near the equilibrium point. The basis 

set was of roughly double zeta quality. On aluminum we used 36 

Gaussian primitives contracted to 18 functions. 7 To generate a polar­

ization function we used one of the 3d Slater functions from Cade and 

Huo, and following Dunning8, converted it to a Gaussian function. For 

hydrogen we used 4 primitives9 contracted to 3. We again used a polar­

ization function from Cade and Hua and converted it to a Gaussian. 

To calculate an accurate potential surface (more accurate than 

Cade and Huo5) one must do a series of calculations at several internu­

clear distances. The first calculation is a straight Hartree-Fock 

(HF). This method determines the wavefunctions by a self-consistent 

and iterative method. The second calculation is a generalized valence 

bond (GVB) approach, in which the final orbitals from the HF calculation 
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are used as starting guesses. In the GVB method, one 11 splits 11 lone 

pairs or bonding pairs of electrons with unoccupied orbitals , which 

allows the electrons to correlate. Finally, one does a configuration 

interaction (CI) calculation within the GVB space . 

The first set of calculations we made were at the equilibrium 

distance of the ground state of the Al H molecule. The results, in 

Table I, demonstrate the inability of the Hartree- Fock method to 

predict accurately the dissociation energy . The Hartree-Fock calcu­

lations are in error by about 22% or 0.65 eV. The GVB results are in 

error by 2%, or 0.07 eV. 

The energy of the first excited state, 3rr, is plotted as a func­

tion of enerqy in Fiqure lb for two types of calculations. The first 

curve (dashed line) is from a GVB calculation, and has a substantial 

hump near 4.25 bohr. This calculation was done by splitting the 

bonding pair with a nx and any orbital to include angular correla­

tion, and with two o orbitals to foclude in/out correlation. We found 

that at R = 3.114 bohr, in/out correlation had a very little effect. 

The second type of calculation is called SOGVB. This calculation 

can optimize the spin orbit coupling, but does not include all of the 

correlation effects of a GVB calculation. The results (solid line, 

Fig. lb) clearly demonstrate the importance of optimizing this coupl­

ing at intermediate internuclear distances, but also illustrate its 

relatively small effect at large distances. The results for the 1rr 

state (Fig. la, solid line SOGVB, dashed line GVB) show similar trends. 

For both states the GVB calculations on AlH seem to be converging to 
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the asymptotic values for Al+H, indicating that the calculations are 

consistent. There is no theoretical evidence that the 1
rr state is 

bound, which is in accordance with experiment. 

To proceed further one must be careful that the CI calculations 

on AlH and aluminum atom are consistent with each other. Othen~i se, 

the potential curve of AlH will not converge to the asymptotic value 

of Al+H. 

In the CI calculation we want to include the optimum orbitals 

from both the GVB and SOGVB calculations. To do this we could use the 

singly occupied TI orbital from the SOGVB calculation and the other 

virtual TI orbitals from the GVB calculation. Of course, all of these 

orbitals must be mutually orthogonalized. A possible choice of con­

figurations for the CI calculation would be to use all single excita­

tions from each of the GVB configurations. 

C. Lifetimes 

If a diatomic molecule is in a vibrationally and/or rotationally 

excited state of an electronic state with a hump, it may decay by one 

of two competing processes. One is deexcitation to a lower electronic, 

vibrational or rotational state; and the other is predissociation by 

tunneling. Following Davydov, 11 an approximate expression for the 

transmission coefficient is given by 

X 

- ~ f2 D = exp r, ✓211 ( U -E ) d x 

xl 

where x1 and x2 are defined by U(x1) = U(x2) = E, 11 is the reduced 
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mass, U is the potential of the rotationless state, and Eis the 

energy. The lifetime is given by 

l 
T = - T /D 2 0 

where T
0 

is the period of oscillation. 
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Tab le l 

Calculations of 1r+ State of AlH at R = 3.114 bohr e 

AlH 

Al 

Dissociation 
Energy 

Hartree Focka 

-242. 4634 h 

-241.8765 h 

2 . 36 eV 

aFrom Reference 5 

bPresent work 

cFrom Reference 10 

- 242. 4861 h 

-241.8781 h 

2.94 eV 

Experi mentc 

3. 01±0 . 05 eV 
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PROPOSITION 3 

Abs tract 

It is proposed to calculate reaction cross sections for 

the collinear F+H 2 reaction with a classical trajectory method . 

We propose to test a new method to select initial and final con­

ditions of the trajectories in a manner which should satisfy the 

principle of microscopic reversibility. Because microscopic 

reversibility is often violated in classical calculations, the 

proposed resolution should eliminate the ambiguity between 11 for­

ward 11 and II reverse 11 reacti ans. 



249 

PROPOSITION 3 

For many years 1 classical trajectory calculations have been a 

primary tool in understandinq the dynamics of chemical reactions. 

Although exact quantum mechanical calculations have been made for 

simple atom-diatom reactive systems ,2 classical trajectory methods 

have already been applied3 to systems which will always be inaccessible 

by exact quantum methods . Because classical mechanics is used so fre­

quently to understand phenomena which are fundamentally quantum in 

nature , it is important to understand the range of validity of trajec­

tory calculations. 

Classical calculations are , by their very nature, an unsatisfac­

tory means with which to understand chemical reactions. Rigorously , 

they can only ascertain whether a trajectory is reactive or not . Many 

recent trajectory calculations, 4-9 however, have qone further and 

calculated cross sections for transitions from specific initial vibra­

tional and rotational states to specific final vibrational and rota­

tional states. These so-called quasiclassical calculations are the 

subject of this proposition. 

In order to calculate state to state transition probabilities for 

simple (atom-diatom) molecular systems, one must be somewhat arbitrary. 

Classically, vibrational and rotational quantum numbers (v and j, 

respectively) assume a continuous distribution. However, most trajectory 

calculations have been made with the assumption that the initial dis­

tribution of internal energy is quantal, even if no assumption was made 

for the final distribution. Then the internal energy of the products 
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is partitioned between rotation and vibration (which is not rigorous) 

and finally the continuous distribution of v and j are arbitrarily 

partitioned to yield only integer values for the quantum numbers. 

Although seldom acknowled9ed, this seeminctly cavalier approach can 

lead to meaninqless results. 

It is not expected , of course ~ that quasiclassical calculations 

will be able to describe resonances and other grossly quantal phenom- " 

ena. The hope is that they will be able to describe the broad 

features of cross sections or rate constants. At very low tempera­

tures, tunneling is an important mechanism and classical mechanics 

cannot accurately calculate rate constants . If the temperature is too 

high, resonances may be important and classical mechanics is again 

inadequate. It is at medium temperatures (~ 500-1000°K) that classi­

cal rate constants should be most accurate. 

In fact, classical mechanics often has great difficulty describ­

ing these qeneral features. In a comparison of classical and quantum 

results on a collinear H+H2 surface, Bowman and Kuppermann 10 found that 

the general shape of the probability curve was preserved, but that none 

of the quantum oscillations were reproduced. Oscillations in the clas­

sical results were found to have no correspondence to the quantum re­

sults. This is perhaps expected, because classical trajectories are 

not designed to give such detailed {quantum) information. They found 

that below 900°K the classical rate constants differed from the exact 

quantum results by more than a factor of 1.25. More importantly, they 

found that the reaction probability from the v = l state to the v = 2 
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state, P~2, had nonzero reaction probability at energies below the 

threshold of the v = 2 state. This bizarre behavior can be attributed 

to the method of assigning final quantum numbers. Briefly, if the vibra­

tional energy spacing is qiven by 6En = En+l- En' the trajectory is 

assigned a vibrational quantum number n whenever its final vibrational 

energy Ev is in the range 

1 1 E - ;,;- 6E l < E < E + -2 6E n c. n- - v - n n ( 1 ) 

This rather arbitrary assignment obviously leads to the above diffi­

culty. In a later paper, Schatz et al. 11 compare classical, semi­

classical and quantum results for the collinear F+H2 reaction. One of 

their more striking results was that microscopic reversibility does 

not hold for the classical results.16 That is, transition probabilities, 

P~j' for the forward reaction (F+H2 + FH+H) are not equal to transition 

probabilities, P~., for the reverse reaction (FH+H + F+H2). In fact, 
Jl 

the energy dependence of the forward and reverse probabilities are not 

even similar. This result brings into question the validity of any 

classical trajectory calculations. ~priori, one is unable to decide 

which calculation, the forward or the reverse, is to be considered the 

classical result. Yet many authors 5a, 7 invoke microscopic reversibil­

ity without ascertaining its validity. 

The origin of this problem is again the assignment of initial 

and final quantum numbers. The initial quantum conditions (for H2) 

are assigned over a very small energy range (in fact, a delta function) 

and the final conditions (for HF) over an energy range with roughly 
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the vibrational energy spacing. For the reverse reaction the reverse 

assignments are made . This lack of symmetry between i nitial and f i nal 

conditions will lead to different reaction probabilities, depending on 

whether forward or reverse trajectories are used . 

It is the purpose of this proposition to suqgest a method by 

which a more rational and symmetric assignment of initial and final 

quantum numbers can be made . By this method , microscopic reversibility 

will not be grossly violated and the simple ideas of class i cal mechan ­

ics will be retained without the additional complexities . With this 

new assignment it is proposed to study the collinear F+H2 reaction 

(both forward and reverse), to test its accuracy both in self-consistency 

(microscopic reversibility) and as compared with quantum results for the 

same system. If the collinear classical results are improved, it is 

further proposed to test the method on 3-0 trajectory calculations . 

One of the most thorough explanations of the classical mechanical 

equations describing a reactive atom-diatom system is given by Karplus et 

al. 1 For collinear calculations the situation is much less complex because 

there is no need to consider choices for the impact parameter , the 

orientation of the diatom, or the initial rotational energy. Norma ll y 

the atom-diatom system is assigned a total energy E, a vibrational state 

v (with corresponding energy Ev) and implicitly a translational energy 

E-Ev. After the atom and diatom have come together and separated 

(either from reaction or nonreaction) , the internal energy does not 

correspond directly to any vibrational state. In fact, the internal 

energy is a continuous distribution. The normal procedure [given in 
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eq. (l)] utilizes all of the trajectories . It is the partitioning 

of trajectories into discrete vibrational states which allows one to 

study enerqy transfer processes. The procedure sugqested herein i s t o 

accept only a small fraction of all trajectories as being correct ; in 

particular those whose final internal energy is within some small en­

velope about the final vibrational energy eigenvalues . Li kewise , the 

initial assignment of internal energy should be made not as a delta 

function, but as some distribution in an envelope about the desired 

eigenvalue. The disadvantage of this procedure is the i ncrease in com­

putation time. As the envelope is made smaller, the percentage of un­

acceptable trajectories increases . The primary advantage is that the 

straightforward ideas of classical mechanics are retained and micro­

scopic reversibility may no longer be violated. To see the latter point , 

assume that the only acceptable trajectories were those which began and 

ended with vibrational energy corresponding exactly to vibrational 

states. If enouqh trajectories were run, that is, if the phase angle 

of each vibration were sufficiently sampled, then the results from tra­

jectories of both the forward and reverse reactions must be identical . 

This is because each trajectory can be reversed and run until the i ni ­

tial conditions are obtained (assuming no numerical errors) . Semiclassi ­

cal methods, 13 which use such a search procedure, do not violate 

microscopic reversibility . The condition which is proposed is less 

severe and correspondingly less accurate. As shown by MillerJ 2b the 

final (continuous) quantum number is often a smooth function of initial 

conditions. Thus if one trajectory is found to satisfy the boundary 
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conditions, it should be much easier to find additional trajectories. 

In other words, the search process may not be as time consuming as it 

first appears. 

Other workers have suggested alternative methods to resolve the 

microscopic reversibility problem. Miller13 and Essen, Billing and 

B 14 t • • • • l 11 f. l aer sugges averaging over 1n1t1a as we as ,na quantum numbers. 

This process satisfies microscopic reversibility and gives results which 

agree poorly with the quantum results of one system13 (collinear 

H+ H2) and moderately well with the quantum results of another14 (col­

linear H + Cl 2). It appears that in the latter system, total reaction 

rate constants are adequately predicted. 

Another group15 has suggested that the best way to decide 

whether to accept quasiclassical forward or reverse reaction calcula­

tions is to see which agrees more closely with the prediction of thresh­

old behavior by semiclassical techniques. The method suffers from the 

fact that one must know the semiclassical results. Additionally, it 

does nothing to decide the relative worth of the forward and reverse 

results at energies well above threshold. 

Although the method we propose requires more computation time 

than the usual quasiclassical methods, it is simpler than semiclassical 

methods and should afford a direct assessment of trajectory calcula­

tions. Collinear reactions are a particularly useful beginning point 

because they do not involve the complications of rotation and require 

far fewer trajectories than 3-D calculations to achieve 11 good statis­

tics 11
• Because it is not known ~ priori how sma 11 to make the energy 

envelopes, it may be necessary to make several calculations with 
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different envelopes until consistent results are obtained . 

If the collinear calculations prove successful , it would be wor th ­

while to consider 3-0 reactions . Because energy levels are more contin­

uous in 3-0 reactions (especially if the rotational spacing is small) 

violations of microscopic reversibility,may not be so severe . 
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PROPOSITION 4 

Abs tract 

It is proposed to study the scattering of metastable argon 

(Ar*) off HBr in a crossed molecular beam and to detect the 

metastable. Cross sections would be measured at collision 

energies up to 2 eV in order to compare them with values extrapo­

lated from 0.2 eV. In addition we propose a new method of 

detecting and distinguishing different metastable products from 

each other. In this way we can measure the branching rates of 

Ar*+ HBr -~Ar*+ HBr 

and Ar* + HBr ~ (ArBr)* + H 

to see if the second reaction has contributed to scattered meta­

stable intensities in previous experiments. 
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PROPOSITION 4 

Recent experimental studiesl-B of collisions of metastable rare 

gas atoms (lifetimes ~1 sec11 ) with ground state atoms and molecules 

have demonstrated that the excited atoms behave similarly to ground 

state alkali atoms. Winicur, Fraites and Bentley3 have used a crossed 

molecular beam apparatus to determine the well depth (E) and position 

of the attractive well (r) between metastable arqon (Ar*) and krypton. m . 

They found E and rm in this system to be the same as E and rm in 

K+ Kr (within experimental error), and substantially different from the 

parameters in Ar+ Kr. This behavior is not surprisinq. Rare gas atoms 

(Rg) form closed shell systems. An electron excited from a p orbital 

(ls in helium) to an outers orbital will look much like the corres ­

ponding alkali atom with a Z number one larger. The effective radius 

of the metastable atom will be larger and it should behave as if it 

has one valence electron. Metastable helium behaves somewhat differ­

ently because of the large excitation energy. Often, collisions of 

He* with other ground state atoms or molecules will cause Penning 

ionization (He*+ M ~ He+ M+ + e-) and associative ionization 

(He*+ M ~ HeM+ + e-). Recent cross molecular beam experiments, 5 

however, have shown that elastic scattering of He* and Kr is much more 

similar to Li+ Kr than He+ Kr. Chen et al 7 report similar results 

for He*+ Ne and He*+ Ar. Other work6 has focused on metastab 1 e rare 

gas atoms scattered by simple diatomics, in particular Ar*+ HBr. 

Although Ar* was found to behave quite similarly to K, the experimental 

data were, in some respects ambiguous. 
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The usual approach in analyzing crossed beam results is to choose 

an analytical (parameterized) form for the interaction potential. Usu-

ally spherical symmetry is assumed. A quantum scattering calculation is 

made using this potential to see if the experimental data are reproduced. 

The parameters are changed iteratively until a good fit with experimen-
6 

tal results is obtained. This was done for the Ar*+ HBr potential, and it 

was found that the wide angle data could not be reproduced, although an 

excellent fit was obtained for low angles. The sharp drop in observed 

intensity (relative to calculated intensity) was ascribed to quenching of 
Cl 

Ar* by HBr. 

The ambiguity in this study is t,"ofold. First, the authors were 

unable to determine what fraction of the scattered events went by the 

pathway Ar*+HBr ~(ArBr)*+H. The detector they used was only able to 

detect metastable particles without regard to mass, etc. Second, the 

authors used several functional forms for the threshold behavior of the 

the opacity function to describe the quenching cross sections. All of 

these forms fit the experimental data adequately at the four energies • 
considered, even though at higher energies they behave quite differently. 

To resolve these problems it is proposed to study the scattering 

of Ar* by HBr in a crossed molecular beam apparatus. Following previous 

workers, a supersonic beam of ground state Ar atoms is to be excited by 

electron impact and crossed at right angles by a collimated supersonic 

beam of HBr. We propose to use appropriate detectors which will ascertain 

whether some of the collisions proceed to (ArBr)* products. We further 

propose to study the process at higher collision energies so that the 

correct opacity function can be determined. 
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Previous quenching experiments have usually focused on the quench­

ing of He(2 1S) and He(2 3S) , both of which are metastable, by a ground 

state atom. In one crossed beam experiment Chen, Haberland Lee7 studied 

He(2 1s,23s)+Ne and Ar. First they gathered data from He* (85% 1s, 

15% 3s) +Ar and then they used a lamp to quench all the 1s to 3s and re­

peated the experiment. The difference between the two scattered intensi­

ties (normalized by beam composition) gave the 1s scattered intensity. 

They used an iterative procedure to calculate a MSV (Morse-Spline-van der 

Waals) potential 9 from the low angle scattering data for each of the 

metastable states. They calculated the opacity function for quenching from 

the classical definition 

( l) 

where I
0
b is the observed intensity of He* and lel is the expected 

elastic scattering intensity calculated from the fitted MSV potentials. 

This implicit one-to-one relationship between the scattering angle and 

the impact parameter is valid only for angles beyond the rainbow angle. 

The authors then calculated the total quenching cross section from 

00 

a(E) = 2TI f Ob(b,E)b db 
0 

(2) 

They did not fit the opacity function to an analytical form (as a func­

tion of energy) because the experiment was done only at one energy. 

In a more recent cross beam experiment, __ £_!:_aites and Winicur~_~'t_l!_died 

elastic collisions of Ar* and HBr. They fitted the low an9le scattering data 
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to a relatively inflexible LJ(l2,6) potential, calculated the elast ic DCS, 

and ascribed thewide angle difference between the calculated and observed 

cross sections to quenching of Ar* to the ground state . They did the ex­

periment at four different collision energies and found that the thresh­

old angle for quenching decreased monotonicany with increasing collision 

energies . They converted the opacity function (which is a function of the 

impact parameter, b) to one which is a function of the angular mome atum 

quantum number, i. The experimental data were fitted to 

Pl im 
= -, _+_e_x_p..,..[ (.,..,,i--L-,-.) /-d-=-] 

C 

(3) 

where P1. , L , and dare all parameters . They further found that Lc and 
lm C 

P
1

. could be represented as logarithmic functions of the energy E. ,m 
The quenching cross section is given by 

(4) 

whereµ is the reduced mass of the system. 

To get the energy dependence d was assumed to be constant , and 

Plim = 1.0 whenever the function form gave values greater than unity. 

The quenching cross sections calculated from Eq . (4) fit the experi­

mental cross section at four near-threshold enerqies quite well. This 

is not surprising since the opacity function has three adjustable 

parameters. l·Jithout any justification Fraites et al extrapolated the 

opacity function to 2.0eV (ten times the energy of the fitted points) and 

plotted the resulting extrapolated quenching cross section. The only 

previous work18 (from a flowing pulse -discharge apparatus) gave 
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thermal quenching cross sections which differ from those of Fraites and 

Wini cur by an order of magnitude . What we propose is to extend t he ex­

periment to higher collision energies and find the correct energy depen­

dence of the quenching cross section. 

The second half of this proposition is a new technique to dis­

tinguish between different types of metastables. In their study Fraites 

and Winicur detected metastables by the emission of secondary electrons 

from an electron multiplier . Ground state atoms below 5 eV do not pro-

duce secondary electrons and charged particles are deflected beforehand. 

In this way metastables are detected but are not distinguished from one 

another. In other words, they were unable to tell what contribution 

(if any) came from (ArBr)*. As previously noted, Ar* is very similar 

to K. This behavior extends to the ionization potential (IP) which is 

4.3 eV lO for Kand 4.2 eV 11 for Ar* (as opposed to 15.7 eV lO for Ar). 

This unique behavior allows us to use a surface-ionizer (SI) detector11 -13 

to ionize the metastables. The resulting positive ions can be sent 

through a mass spectrometer, and thus metastables are distinguished by 

mass. The success of this technique depends on the low work function of 

the SI detector, a metal strip or foil which will ionize atoms or mole­

cules of low IP. Thus, ground state atoms and molecules will not be 

detected. This technique should have wide application in the discrim­

ination of various metastable atoms and molecules . 

Finally, we suggest one further improvement. In detennining the 

interaction potential between Ar* and HBr, one should use a Dunham­

SPF14 ,15 expansion. This potential form has been shown 16 , 17 to be much 
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more flexible than the usual Leonard-Jones potential, and will be a 

more accurate representation of the Ar*-HBr potential . 
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PROPOSITION 5 

Abstract 

It is proposed to study the rate of collisional deactivation 

of vibrationally excited HF by He in a cross ed molecular beam ap­

paratus. The HF beam is to be excited by an HF laser. Beyond the 

scattering center the vibrational populations of HF are to be deter­

mined by laser induced fluorescence. From this information the 

relative rates of deexcitation from v = 2 to v = 1, v = l to v = 0, 

and v = 2 to v = 0 can be determined. 
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PROPOSITION 5 

A chemical laser is successful i f the pumping of exci t ed vibra­

tional stat es is rapid compared with the rate of spontaneous or 

collisional deactivation . In order to fully un derstand the operat ion 

of a chemical laser, one mus t study t he vari ous deactivation processes 

that may take place . In t he F+H2 system, the first three excited 

vibrational states of HF are populated , and lasing may take place from 

each of them (6v = 1) . The HF may be collisionally deactivated by H2, 

H, F3, HF or buffer gases. Reactions with H or F may leave the 

products in the ground state. A definitive study of deactivation 

processes in HF may lead to insights as to why (or why not) other 

chemical systems produce lasing. 

Deactivation (or relaxation) processes in diatomics have been 

extensively studied by other workers. The usual approach is to mix 

two or more gases (one of which has been vibrationally excited) in a 

flow system and observe the laser induced fluorescence several centi ­

meters downstream, by which time many collisions have taken place . 

By varying the partial pressures one can deduce the relaxation rates. 

Laser induced fluorescence has been widely used as a tool for 

determining final state distributions of reaction products . In a 

study of vibrational populations of OH resulting from H+N02, Brophy 

et a, 1,2 used a dye laser to excite the various vibrational levels of 

OH to an excited electronic state . The resulting fluorescence is in 

the ultraviolet and relatively easy to detect . A similar method (exci­

tation to a higher electronic state and observing the fluorescence) has 
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3 4 been used to monitor the products in the photolysis of ICN and c2N2. 

In hydrogen halide systems the technique is more difficult to 

apply because the vibrationally excited diatomics do not have a higher 

bound electronic state to which they can be excited. One must induce 

fluorescence directly to lower vibrational states. •-The fluorescence 

photons can be monitored directly by commercially available IR detec-

tors. Unfortunately, these are generally very noisy unless cooled to 

low temperatures. This technique has been used to measure vibrational 

relaxation of DCl (v = l) by Cl and Br and HBr (v = l) by Br, 5 and to 

monitor the reaction of HCl (v = l)+ 0,H. 6 Deactivation of HF (v = l) 

or DF (v = l) by co2,7' 9 hydrogen halides,B-lO,l 9 H2(D2), 11 hydrogen 

atoms, 12- 16 polyatomic molecules, 17 and rare gases 18 ,31 , 32 have all 

been studied in flow systems. In these studies the rate constants for 

deactivation by rare gas atoms are generally acknowledged to be much 

smaller than those for deactivation by various diatomics. Some workers 31 

could only determine upper limits for the rate constants, while others 18 , 32 

had conflicting results. Room temperature rate constants for deactiva-

tion of DF (v = l) by H2lO,ll differ by as much as a factor of 6. 7, and 

those for HF (v = l) deactivation by H12 ,l 5,l 6 differ by a factor of 100. 

The reported errors in these experiments range from 10% to 40%. Experimen­

tal relaxation rates of HF (v = l) by HF (v = 0) 16 ,20 differ by over an 

order of magnitude. Efforts to measure deactivation from higher vibra­

tional states 13 have been largely unsuccessful. Large errors arise from 

unknown wall effects, uncertain temperatures (in the case of shock 

tubes), uncertain pressures, and competing reactions whose rate constants 
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are poorly known. In many cases, wall effects in flow systems are not 

taken into account. 

Theoretical studies usually have been limited to deactivation of 

HF or OF by various atoms. 22 - 25 •33 These studies are of limited value 

because the methods have generally been classical trajectories and the 

surfaces used have since been shown to be grossly incorrect. 14 •21 

Calculated vibrational deactivation rate constants of HF are at least 

an order of magnitude larger than experimental rate constants . An in­

teresting result of these classical calculations and other collinear 

quantum calculations 26 •27 is that multiquantum collisional deactivation 

transitions are as probable as single quantum transitions, even when 

the potential surfaces are very different. 

This phenomenon has not been observed experimentally. Previous 

experiments 13 •19 •28 which examined deactivation from higher vibrational 

states of HF used kinetic models which allowed only tw=l. It would be 

interesting, then, to measure experimentally multiquantum deactivation 

rate constants. The flow systems reviewed above can only measure bulk 

rate constants and it is often difficult to make them quantitative . A 

crossed beam experiment, which measures deactivation rate constants 

from single collisions, has the potential for more quantitative results. 

Laser induced fluorescence is ideally suited for such an experiment 

because it allows population measurements in very dilute concentrations. 

Because of the aforementioned theoretical work, the most interest­

ing system would be D +HF (v). However, it would first be instructive 

to try something simpler, like He+HF (v). The advantage would be an 
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easily generated, clean beam, whereas the former reaction would require 

some sort of D generation and knowledge of other relaxation rate con­

stants [i.e., D2+ HF (v)J. 

Therefore, to determine whether multiquantum transitions are im­

portant in the collisional relaxation of diatomic molecules, we propose 

to study the inelastic scattering of HF and He in a series of experi­

ments in a crossed molecular beam apparatus. In order to determine 

temperature dependent rate constants, the experiments should be run at 

several collision energies. There are, in effect, two experiments . The 

first will entail exciting the HF beam to v = 1, which is subsequently 

scattered by He,and measuring the resultant vibrational populations. In 

the second experiment, HF is to be excited to v = 2, scattered by the He 

and again the final vibrational populations measured. The experiments 

are to be run at energies low enough so that excited vibrational levels 

of HF are not collisionally pumped. 

HF is to be excited to v = 1 by a pulsed HF laser. This technique 

has been used in nearly all of the flow systems reviewed above and in 

d b • t 29 some crosse earn exper1men s. For the second experiment HF can be 

excited to v = 1 and v = 2 by absorption of radiation from an HF laser 

operating on (1-0) and (2-1) transitions. This technique has been used 

by several workers 13 • 19 •28 , 30 to study excited state deactivation. 

The detection system has been used previously, but primarily in 

flow systems and shock tubes. By irradiating the scattered products 

with a low resolution HF laser, 6v = 1 fluorescence can be induced. The 

resulting IR radiation is collected over a large solid angle and the 
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photons counted by a commercially available InSb IR detector. Because 

these detectors are "noisy", it is necessary to cool them to liquid 

nitrogen temperatures. Even then the signal-to-noise (S/N) is about 

1/1 or worse. One group5 has cooled the detector to liquid He tem­

peratures and achieved S/N ratios of 10/1 before any signal averaging. 

In spite of the added difficulty of a liquid He cooling system, this 

is the suggested route for this experiment. 

Pulsing the laser is in principle equivalent to chopping the HF 

beam. However, the laser pulse is generally much better defined and 

allows a natural way to detect scattered products. The detector should 

have a gate which opens only when there is fluorescence to be detected, 

and for an equal time when there is no fluorescence. The modulated 

laser output, together with signal averaging, may make it possible to 

increase S/N to as high as 100/1, which is obtainable in bulk experi­

ments. 

The first experiment will measure the fluorescence from HF (v = 1) 

which has not decayed via collisions. The second experiment will mea~ 

sure fluorescence from v = 2 and v = 1. Because v = l is being popu­

lated as well as depopulated (v = 2 + v = 1, v = l + v = 0), the 

difference between the fluorescence v = l in the two experiments will 

give the relative rate of v = 2 + v = 1. Because fluorescence of 

v = 2 will give the relative rate of depopulation of v = 2 (to v=l,O) 

subtraction of the v = 2 + v = l rate wi 11 give v = 2 + v = 0 rate. 

Implicit in this is a calibration which gives the relative populations 

of v = 0,1 ,2 before scattering, detector efficiency, fluorescence effi­

ciency, etc. 
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This experiment could be extended to v = 3 levels, and if one 

were particularly ambitious, to deactivation by D atoms. This last 

experiment would be especially useful in understanding the HF laser 

which is pumped by 

F + H2 + HF(v = 1,2,3) + H 

The proposed experiments are complex but all of the techniques 

involved have been used previously . The type of information which can 

be gathered should further the understanding of the relative importance 

of various deactivation processes in chemical lasers. 
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