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ABSTRACT

Describing the dynamics of open systems is essential for fault-tolerant quantum
computation. Under Markovian assumptions, we can characterize dissipative dy-
namics via the Lindbladian. Using Bell sampling, we provide an efficient, ansatz-
free Lindbladian learning algorithm with polynomial-time classical postprocessing.
Motivated by the prevalence of state preparation and measurement (SPAM) noise on
near-term devices, we also introduce the first efficient SPAM-robust protocol capable
of learning the gauge-independent components of sparse Lindbladians to arbitrary
precision in the presence of constant-order SPAM error. In doing so, we provide the
first rigorous characterization of the gauge degrees of freedom in noisy Lindbladian
learning, precisely identifying which components remain learnable under SPAM

noise.
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Chapter 1

INTRODUCTION

Practical-scale quantum computing requires large numbers of qubits. However,
as quantum devices continue to scale to hundreds of qubits, they have become
increasingly susceptible to noise, making quantum error correction essential. While
substantial progress has been made in this area, achieving fault tolerance requires
careful characterization of the underlying generators governing the dynamics of

quantum hardware in order to engineer devices to mitigate the effects of this noise.

In the idealized setting of noiseless Hamiltonian evolution, this task has been exten-
sively studied under the Hamiltonian learning problem [1-18]. Existing Hamiltonian
learning approaches fall into one of two categories: learning from unitary dynamics
[2-10, 17, 18] or learning from specialized states (e.g. Gibbs states or steady states)
based on the Hamiltonian [11-18]. Under various sets of assumptions, several
Hamiltonian learning algorithms have even achieved optimal scaling (e.g. shortest
evolution time for learning from dynamics) [3, 4, 8, 10, 12]. Nevertheless, since
these algorithms operate under the assumption of noiseless evolution, we cannot use
them to capture the dynamics of quantum devices in general, which are typically

dissipative in nature.

This limitation motivates the study of Lindbladian learning and certification as
a framework for characterizing open systems [19-24]. A range of approaches
for learning Lindbladians has been proposed, including convex optimization [19,
20], steady-state methods [21], and derivative estimation [22, 23]. However, the
exponential state space renders many of these algorithms intractable for systems with
large numbers of qubits, requiring structural assumptions like locality to operate
in polynomial evolution time [22]. Recent work by Ivashkov et al. addresses the
nonlocal setting with an ansatz-free algorithm achieving optimal sample complexity
[23]. Nevertheless, their derivative-based approach requires solving a large linear
system, leading to classical post-processing costs that can scale exponentially in the
number of qubits in the worst case. Naturally, this motivates the first question we
aim to answer in this thesis: can we learn Lindbladians with both efficient evolution

time and classical post-processing without any prior structural assumptions?

A further practical challenge arises from state preparation and measurement (SPAM)
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errors, which significantly impact near-term quantum devices. While prior work has
incorporated robustness to SPAM noise, these results typically rely on restrictive
assumptions, such as small or local error models [22, 23]. More general tech-
niques, such as gate set tomography [19], can handle arbitrary SPAM error but incur

exponential time overhead, making them impractical for large systems.

Beyond these computational challenges, SPAM error introduces a more fundamental
issue: it induces gauge degrees of freedom in the learning process, under which
distinct Lindbladians become operationally indistinguishable [19]. As a result,
certain components of the Lindbladian are inherently unlearnable in the presence
of SPAM noise, regardless of the learning protocol. This raises a second central
question: what aspects of a Lindbladian are identifiable under general SPAM error,

and can the learnable components be extracted efficiently?

In this thesis, we address both questions. First, we develop an algorithm for learning
sparse, potentially nonlocal Lindbladians with efficient evolution time and polyno-
mial classical post-processing. Second, we provide a complete characterization of
the gauge degrees of freedom induced by SPAM error, thereby identifying precisely
which components of a Lindbladian are learnable and which are fundamentally un-
observable. Building on this characterization, We present an efficient protocol for

recovering all learnable parameters in the presence of unstructured SPAM noise.

In particular, we will begin by laying out the foundational concepts of open system
evolution and the properties of quantum channels in Chapter 2. In Chapter 3, we
will analyze Lindbladian learning in the noiseless setting to demonstrate an efficient
Lindbladian learning algorithm with polynomial classical post-processing time. In
Chapter 4, we will demonstrate the effect of SPAM error on the Lindbladian learning
process, first characterizing the coefficients of the Lindbladian that are unlearnable
in the presence of SPAM error before outlining an algorithm to learn the remaining
components of the Lindbladian efficiently. Finally, in Chapter 5, we will discuss the
overall conclusions of this thesis as well as the future directions and applications of

these findings.

1.1 Notation and Conventions
Before introducing the theory, we will first establish the notation and conventions
that will be used throughout the thesis.



Pauli Group
We define the n-qubit Pauli group (without phase) as P, = {I, X, Y, Z}®", where

1 0 01 0 —i 1 O
[ = , X = , Y=
01 1 0 i 0 0 -1
We will enumerate Paulis P, € P, viaa2n-bit string b = (b*, b*) where b*, b* € F,

where

b

n
Py =i () X% 2"
i=1

where b* - b* = 37, b¥b? (mod 2) is the bitwise inner product modulo 2. For
two Paulis P,, P, we encode their commutation relations via the symplectic inner
product (-, -) such that

PPy = (=) P, P,

where for two 2n-bit strings a = (a*, a®) and b = (b*, b*), we define
{a,by =a*-b*—a*-b* (mod 2)

Bell States

For our Bell sampling procedures, we define the four two-qubit Bell states as follows:

o 100y +[11) _, _ 100y —|11)
") = — |D~) — 5
Py = 01) + [10) v = |01) — |10)

V2

As a shorthand, we will typically write |®,) = |®*)®",

V2

Norms
We will utilize various norms to characterize superoperators. For a given superop-

erator @ : C™" — C™ we define its diamond norm || - ||, as follows:

[®fle = max [[(®&L)X],
X:[|x]<1

where

lAll: = Tr (Vata)

is the trace norm, X € C"" and T : C"™" — C™" denotes the identity superop-

erator.



Chapter 2

OPEN SYSTEMS AND LINDBLADIANS

In quantum mechanics, closed systems are evolved in unitary fashion according to
the operation U(t) = ="', where H is the Hamiltonian of the system. However,
in practice, physical systems we deal with are rarely closed, motivating the need
for a theory of open-systems. In this chapter, we will establish the foundations of
open-systems by first introducing the notion of quantum channels before discussing

Markovian time evolution under the Lindbladian.

2.1 Quantum Channel Formalism

While closed systems are transformed via unitary operations, open systems are
evolved via quantum channels. Consequently, while the purity of states is preserved
as a closed system evolves, the same does not hold true in general for open systems.
For instance, a spin can interact with oncoming photons, performing measurements
on its state that cause any potential superposition to decohere into a mixed state.
Consequently, to represent transformations for open quantum systems, we require
a more robust formalism known as quantum channels. We will discuss four for-
malisms for investigating such channels: CPTP maps, isometries, Kraus operator

decompositions, and Choi matrices.

CPTP Maps
To precisely define what a quantum channel is, we look at its abstract mathematical

definition.

Definition 2.1.1 (Quantum Channel). A superoperator ® : B(Hy) — B(Hy) is a
quantum channel if and only if it is both completely positive and trace-preserving
(CPTP).

As the name implies, trace-preserving simply implies that for any operator A, the
superoperator @ satisfies
Tr(®[A]) = Tr(A)

A map @ : B(Hy) — B(Hy) is completely positive if and only if for any operator
A € B(H; ® Hg), we have that

A0 = (D Ix)(A) =0,
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where Iy is the identity map on the Hilbert space Hpg. Intuitively, this means
that if we extend our density matrix to include an auxiliary system unaffected by
the quantum channel, this transformed system must remain a valid density matrix.
While this definition is rigorous, it does little to explain intuitively what a quantum

channel represents. To understand this, we require the following formalisms.

Isometry
An open system only exists as such in reference to a larger environment, which
collectively form a closed system. Consequently, we can view a quantum channel as
merely the result of a unitary transformation when we trace out this auxiliary system.
Formally, for any quantum channel &, we can define anisometry V : Hy — Ha@HE
such that

&lpl = Trp(VpV')

This isometry V is known as the Stinespring dilation.

Kraus Operators
To conveniently represent a superoperator, we can use the Kraus operator decompo-

sition. Defining an orthonormal basis {|&;)g} that spans HE, we have that
&lpl = Tre(Vev') = 3 (14 ® Ele)VeV (I ® |€)e) = Y| KipK]
i i

Here, these K; operators are known as Kraus operators. Given a Kraus operator
decomposition, we can also construct the Stinespring dilation by defining V such
that

VIy) = Z&-Iz/x) ® |i)

While any completely positive superoperator admits a Kraus decomposition, we
require additional constraints on K; for the quantum channel to be trace-preserving.
In particular, since & maps density matrices to other density matrices, we must have
that Tr(E[p]) = 1. By cyclicity of trace, we have that this gives us the following

sufficient and necessary condition for a Kraus operator decomposition to correspond

D KiKi=1
i

It should be noted that the similar statement }}; K; K;f = I does not hold in general,

to a quantum channel:

instead only holding when &[1] = I. Channels which obey this relation, such as the
depolarizing and dephasing channels, are called unital while those that do not obey

this, like the amplitude-damping channel, are called non-unital.



Choi States

It is often convenient to unfold superoperators into operator form, allowing us
to write them as matrices. One common formalism for doing so is the Choi-
Jamiotkowski isomorphism. In particular, we define the Choi state by considering
the action of the quantum channel acting on one qubit of n Bell-pairs, which gives

us the following:

J (&) = (I @ E)(|Pu)(Psl) = Z [l e &0 {1
irj

Intuitively, we can write the Choi matrix in block form as follows:

10O &1 - E(0)2" - 1)
7e)=| SO
E(=1(O0) - e 827 - D@ - 1)

This form is useful for checking certain properties like complete-positivity that
would be difficult to verify otherwise. For instance, we have that & is completely
positive if and only if J (&) = 0.

2.2 Other Superoperator Matrix Representations
Beyond Choi states, there exist a number of other useful formalisms for expressing
superoperators in matrix form, which we will employ extensively throughout this

thesis.

Chi Matrix
The first formalism we consider is the Chi matrix (also known as the process matrix).
This matrix encodes the coefficients of a superoperator in an operator expansion of

our choice. Formally, we define the Chi matrix as follows:

Definition 2.2.1 (Chi Matrix / Process Matrix). For a given operator basis {F;},
the Chi matrix for superoperator &(A) = ; ; )(ijF,-AF]T is defined as the coefficient
matrix x (&) = (xij)

For our purposes, we will always assume our operator basis to be the Pauli basis $,,.
We will use this matrix to provide a compact representation of the Lindbladian with
respect to its expansion in the Pauli basis. Furthermore, by fixing the basis of our

operator decomposition, we can formally define the notions of support and sparsity:
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Definition 2.2.2 (Support). For a superoperator & = }; ; xijPipP;, we define the
support S of & as
S={i:3jst xij#0oryxj #0}

Definition 2.2.3 (M-sparse). A superoperator & : C¢ — C¢ is said to be M-sparse
if and only if |S| < M, where S is the support of E.

For n-qubit Lindbladian learning to be efficient, we must assume M = poly(n) in
our operator basis of choice (i.e. the Pauli basis) for learning to be efficient, as we

would have to learn an exponential number of coefficients otherwise.

Pauli Transfer Matrix

The second matrix formalism we are interested in is the Pauli Transfer Matrix (PTM).
The PTM describes the action of a given supeoperator on each Pauli. This formalism
is especially convenient for Pauli-diagonal superoperators like Pauli channels or
Pauli Lindbladians, as the resulting PTM is diagonal. We formally define the PTM
as follows:

Definition 2.2.4 (Pauli Transfer Matrix). For a given superoperator &E(P;) =
2. TijPi, where P;, P; € P,, we define the Pauli transfer matrix as R(E) = (T;;),
where |

Tj = - T(PE(P))

Furthermore, the PTM is amenable to algebraic manipulation. Since the Pauli
transfer matrix acts as a linear transformation on the Pauli basis, we can write the
PTM for the composition & o E; as the product of their individual Pauli transfer
matrices:

R(E108E) = R(ENR(E2)

2.3 Lindbladians

Just as the Hamiltonian H generates the evolution of closed systems, the Lindbladian
L analogously describes the evolution of open systems. In particular, this evolu-
tion is governed by the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation,

expressed compactly as follows:

p=L[p]

Solving this differential equation gives us that

p(t) = e“[p(0)]



Derivation

To derive the form of the Lindblad operator, we consider the evolution of the state
under small time-steps [25]. Assuming Markovian evolution, we have that the state
p at time ¢ + ot is entirely determined by the state at 7. In practice, this assumption
may not hold, as it is possible for information to flow out of a system at some time
and return at a later time. Nevertheless, the Markovian description provides a good
approximation in many cases. Under this assumption, we have that there exists a

quantum channel & = ¢%'< that takes
E:p(t) - p(t+61) =~ p(t) + 6t L[p(1)] + O(61%)
Expanding out the quantum channel in terms of its Kraus operators, we have that

&lp(n] = ) Kip(K] ~ p(1) +6:.Lp(1)]
7

Without loss of generality, we can fix Ky = I + O(8t), meaning that for each of the
remaining Kraus operators with j > 0, K; = O( V61). Intuitively, we can interpret
this as meaning that the probability of a discontinuous jump to some other state
occurring over the time dr is given as O(dt). With these assumptions in mind, we

have the following ansitze for our Kraus operators:

I+6t(-iH+K) j=0
V6tL; j>0

where H, K are Hermitian matrices and L; are jump operators. These H,K, L
operations are all taken be constant order in ¢z. Substituting this into the Kraus

decomposition of &, we have that
Elp(0)] = p(1) + 6 | ~i[H. p()] + Y Lip()L} +{K.p(n}| +O(6)
j>0
Furthermore, by the normalization property of quantum channels (5 K;K ;i =1),
we find that .
— __ Tr.
K=~ dLlL,
j>0
Altogether, comparing the linear order term of &[p(¢)] to the Taylor expansion

obtained previously, we obtain the following canonical form of the Lindbladian:

1
LipLy - S{L;L;. p} @.1)

Llpl = ~i[H.p] + )
J
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Physically, H represents the Hamiltonian of the open system, driving a unitary
style of time evolution, while the L; terms represent instantaneous transitions to
other states driven by interactions between the system and its environment, such
as projective measurements or Pauli errors, with the anticommutator term serving
as an appropriate normalization term. For this reason, we often decompose the
Lindbladian as

L=Ln+Lp,

where Ly = —i[H, p] is the Hamiltoniantermand Lp = 3 [Lij; - %{L;Lj, p}]
is the dissipative term. The form in (2.1) can be thought of as writing the Lindbla-
dian in a diagonal basis. If we wish to use any arbitrary operator basis {F},} for our

jump operators, we can alternatively write
: 1
Llpl = ~ilH.p] + ) Yab [FapF; - 5{F) Fa,p}] , (2.2)
a,b

where y forms a positive semi-definite matrix. We can then convert this form back
into the other by diagonalizing this matrix and using the orthogonal eigenvectors

weighted by the square root of the eigenvalues to define L ;.

Conversion Between Formalisms

For our purposes, we are interested in working with the Chi matrix rather than
coefficients in (2.2). The Chi matrix coefficients will therefore possess additional
algebraic structure that should be analyzed more carefully. Referring to (2.2), we

have that choosing the operator basis {P,}, we have that

Xab = Yab>

for P4, P, # 1. This arises trivially due to the fact that the only term in (2.2) with
non-identity operators acting on both sides corresponds to y,, P, 0 Pp. Similarly, for

P, = P, = I, we observe that
1
Yoo |p — 5{1,0} =0

Consequently, yoo = O for all Lindbladians. Hence, we have that yqo is dependent
on other elements of the Chi matrix. In particular, since H is traceless, the only

contribution arises from

Yab
—Z ; {PpPa, p} = —Z)’jjp
a=b i
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Hence, we have that when P, = P), = I,
Xab = —Zm = —Z)(jj
J J

Lastly, we consider the elements where P, # [ and P, = I, and vice versa. For
Py,=1Iand P, = Q,

[0, p]

| =

1
PupPp — E{PbPa,P} =
For P, = I and P, = Q instead, we have
1 1
PapPy = 5{PpPa, p} = 51p, 0]

Consequently, adding these two terms together, we have

D210, p] = itm(yp0[Q. p)

As we can see here, we obtain a Hamiltonian-like term, introducing a gauge degree
of freedom in the definition of the Hamiltonian. In particular, this is equivalent to

the inhomogeneous transform
Lj—>L}:Lj+ajI (23)

’ 1 % T
H—oH :H+Z;yj (aij—ajLJ.) 2.4)

If we choose the global phase convention such that Tr(L;) € R, Tr(L;) > 0, we can

then choose a; such that each L/ is traceless, in which case

1
x ¥
ZZ)/]- (aij —aij)
J

since a; = aj. =Tr(L;) = Tr(L;). Consequently, under this gauge transformation,

Tr =0,

we can choose all the jump operators to be traceless whilst maintaining the traceless

property of the Hamiltonian, in which case we fix all yo, = y50 = O.

Consequently, all contributions to yop and ypo must come from the Hamiltonian
and anticommutator terms. Starting with the latter, we have that for anticommuting
Paulis P,, Py,

Yab
2

Yba

{PbPa,p} + T{PbPaap} = iIm[yab]{PbPa,p}
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Similarly, if P,,, P,, commute, we have that
Yab Yoa

2 2
If we define the Hamiltonian as H = )| j h;P;, we have that

~i[H,p] = =i ) h;[P},p]
J

{PpPy,p} + —{PpPas,p} = Re[var [{PpPa, p}

Altogether, we therefore have the following correspondence between the two forms:

Lemma 2.3.1 (Lindbladian Chi Matrix). Given a Lindbladian L in the form of
(2.2), we can express the Chi matrix as
Yab a, b+0
¥ —ihp + % Zm WmmebYmmeb A= 0,b#0

ab =
ihg + % 2om WmmeaYmmea a#0,b=0

— 2k Ykk a=0,b=0

where wgqp € {1, £i}.

Furthermore, we note that the sum of the form %Zm Wm.mebYmmeb € R, and

likewise for the sum with a.

Useful Properties

Lindbladians possess a number of useful algebraic properties that we will utilize ex-
tensively throughout this paper to demonstrate that a given superoperator constitutes
a valid Lindbladian. By definition, we have that a superoperator £ is a Lindbladian

if and only if it generates a CPTP map e'< for all £ > 0.

For this to be true, there exist a number of necessary conditions that £ must satisfy.
To preserve the physical validity of the density matrix at all times, we have that
Lindblad evolution must be hermiticity-preserving and trace-preserving. As a result
of this, we have that Tr(£[A]) = 0 for any operator A. This follows intuitively from

cyclicity of trace:
: i Loy
L(A) = —i[H,A] + ) LAL] - F(L{Li A} = Tr[L(4)] =0
Furthermore, we have that the eigenvalues of the Lindbladian all have real parts that

are negative so that all the eigenvalues of e£’ have absolute value bounded above by
1.
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Beyond properties concerning the validity of the Lindbladian, we can also explicitly
bound the diamond norm of £ under sparsity assumptions. However, to do so, we

begin by first proving the following helper result:

Lemma 2.3.2. For a superoperator of the form ® = ApB, we can bound the
diamond norm of ® as
1Plls < [|Allco|I Bllcos

where || - || denotes the operator norm.

Proof. By the definition of the diamond norm, we have that

[®fle = max [[(®&1)X]
X:lIx[i<1

Upper bounding the term inside the trace norm, we can apply Holder’s inequality

for Schatten norms to get the following:
[(Pl) X = (A X(B&I)|l1 < (Al X[[1[[(B&D)le0 = [[Allool[ XI[1 1| Blloo
Since || X||; < 1, this means that

(@& DXl < [[Alleo I Blloo

Having proven Lemma 2.3.2, we are now ready to bound the diamond norm of an
M -sparse Lindbladian.

Lemma 2.3.3 (Lindblad Bound). Foran M-sparse Lindbladian L = Y., , xapPapPp

with |xap| < 1, we bound the diamond norm of L as follows:

ILllo < M?

Proof. Using triangle inequality and applying Lemma 2.3.2, we have that

1Ll < D xapl1PapPylle < > Lxan] < M
a,b a,b

since ||P||c = 1 for any Pauli P. O
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Chapter 3

NOISELESS LINDBLADIAN LEARNING

As we demonstrated in the previous chapter, the Lindbladian dictates the dynamics
of open systems under Markovian assumptions. In practice, however, we typically
do not know the Lindbladian of a system beforehand due to its phenomenological
nature. Consequently, in this chapter, we will consider the inverse problem: recon-
structing the Lindblad generator from observed dynamics. To this end, we provide
an efficient algorithm for ansatz-free Lindbladian learning, wherein we first learn
the Pauli support of the Lindbladian via Bell sampling before applying targeted
parameter estimation techniques to recover the coefficients. We precisely formulate

the Lindbladian learning problem as follows:

Problem 1. Given black-box access to the time-evolution operator e'~ for any time

t, can we efficiently learn the Chi matrix of an M-sparse Lindbladian L[p] =
2ij XijPipP;?

For our purposes, we will assume normalization such that | y;;| < 1foralli, j. Using

the algorithm depicted schematically in Figure 3.1, we will prove the following:

Result 1 (Nonlocal Sparse Lindbladian Learning). Given an M-sparse Lindbladian
L, we can learn x (L) to e-accuracy in time

T:a'(%“)

et

Note that we employ o (+) notation to hide poly-logarithmic factors for the sake of

clarity.

3.1 Learning the Support

In Lindbladian learning, k-locality is commonly assumed to restrict the support of
the Hamiltonian to a constant number of Pauli terms [22]. However, so long as the
support of the Lindbladian is guaranteed to be polynomial in size, we can always
learn the Lindbladian efficiently. To demonstrate this, we utilize Bell sampling, a
procedure by which we can sample from the support of a unitary operation by using

n Bell pairs.
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(a) On-Diagonal and Hamiltonian Support Learning 1 — Xoot
. Xiit
o
e Im[xo;]*t*
[0) b b A

(b) Off-Diagonal Learning (Unitary)

Xoot

Xt
[0y = H C HHA
] ﬂ 0.
1oy & & [
(c) Off-Diagonal Learning (Non-Unitary)
0 ] A ot
0] Xinct
0y 4 H HHA
= 2, i .m
[0) O D (A

Figure 3.1: Lindbladian coefficient learning via Bell sampling. (a) Protocol for
learning diagonal components of Lindbladian £ = X, ; xi;PipP;, where i = J,
as well as support of Hamiltonian outside dissipator support and its products. By
measuring in the Bell basis after evolving a Bell state, we can sample Paulis with
probability corresponding to the coeflicients of the Lindbladian. (b) By performing
either C o« P; + P; or C o P; +iP;, depending on which is Clifford, we can
estimate the real and imaginary components of the off-diagonals, respectively, via
Xgo and x;, for k =i @ j, which form linear combinations of known diagonal and
unknown off-diagonal coefficients. (c) For the remaining coefficients, we perform
an effective non-unitary transformation via an isometry @ and post-selection on the
measurement outcome of the extra ancilla qubit.

Fact 3.1.1. Given a unitary U = ), u, Py, we can sample a Pauli P, with probability
| |2-

Proof. Suppose we are given a n qubit unitary U = ), u,P,. Using a system of
n qubits as well as n ancillas, we can sample from the Pauli distribution of U as
follows. Initialize a state consisting of n EPR pairs between the system and the
ancillas:

|®,) = |@F)®"
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If we now apply U ® I, we get the following:

(U® IZ")lq)n> = U® 12n|q)+>®n

= Z Mx ® Py, & Ipn |q)+>®n
x€{00,01,10,11}" ie[n)
Here, P, = i“?X%Z". We then note that (Py; ® I)|®*) = |®7), (P1o ® I)|®*) =
¥*), (P11 ® I)|®*) = i|[?7). Consequently, every one of the 4" Pauli operators
corresponds to a unique choice of n Bell states. Since these states are all orthogonal,

measuring in the Bell basis is akin to sampling a Pauli P, with probability |u,|>. O

Empirically, this technique has been successfully utilized in Hamiltonian learning
protocols, enabling Heisenberg-limited scaling [4]. Furthermore, recent concurrent
work has demonstrated its utility for Lindbladian support learning [23]. Our work
builds on this foundation by leveraging Bell sampling for both support and coefficient
learning, eliminating the need to solve linear systems of exponential size in the
classical postprocessing step. To see how this can be accomplished, we first extend
this procedure to the open system framework, giving us an analogous statement to

Fact 3.1.1 for quantum channels.

Lemma 3.1.1. For a given quantum channel E[p]| = 3., , EapPap Py, we can sample
Pauli Py with probability &gy.

Proof. Performing the same Bell measurement procedure as before, we have the

following:

Pr[Pi] = (@pn|(1 ® Pr)(I @ E)[|Dn){Pn|] (I ® Pi)|Dy)
= Zfab(cbnl(I@ Pi)(I ® Py)|@p){D@p|(I ® Pp)(I ® Py)|Dy)
a,b

- Z Eap{@p|(I ® PrPy)|®n){(@,|(I ® PpPy)|Dy)
a,b

= Z EabOakOpk
a,b

= Ekk

O

In the context of Hamiltonian learning, Bell sampling can be used to ascertain the

support of the Hamiltonian by evolving for short time such that U(t) = 7 ~
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I — itH, meaning that any non-identity Pauli obtained via Bell sampling is likely
to be present in the Hamiltonian. Extending this intuition to the Lindbladian case,
we can see that Bell sampling allows us to measure the support of the terms in the
diagonal of y(£). We formally state this in Corollary 3.1.1.

Corollary 3.1.1. Given a Lindbladian L = ., xapPapPp with traceless jump
operators Lj, we can sample any Pauli Py € \J; supp(L;) with probability ~ xyyt
if Py # 1, and probability ~ 1 + yoot if Py = L.

Proof. Assume traceless jump operators just as before. Define the Lindbladian in

terms of the following Pauli expansion:
LI1= D XabPa+ P
a,b

For small time ¢, we have that

Unpl = etV [pl ~ p +1L[p]

From here, applying Lemma 3.1.1 and matching terms, we directly get the result

stated above. O

Consequently, Bell sampling serves as a powerful tool to both probe the support
and also estimate the diagonal coefficients themselves via Monte Carlo experiments.
Recalling the discussion in the first part, the support of the diagonal elements directly
tells us the support of the dissipative component of the Lindbladian. In particular, we
have that defining the diagonal support set S, forall i, j € S, the only nonzero terms
with contributions from the dissipator in y (L) are y;; and Re[xox] = Re[xxo],
where P, o« P;P;. Hence, when we adapt our protocol to learn the off-diagonal
components of y (L), we can restrict the number of coefficients we need to learn to

a quantity that is quadratic in M (up to logarithmic factors as we will later see).

Nevertheless, while this method allows us to completely characterize the support
of the dissipator, we are left with little information about the Hamiltonian support
Sy, corresponding to the imaginary components of the elements in the top row and
leftmost column of y (L), i.e. Im[xo;] = —Im[y;o]. Since the Hamiltonian is
defined independently from the jump operators, and the on-diagonal contributions
of the Hamiltonian are only observable in the second-order terms, we need to adjust
our sampling procedure accordingly to ensure that we can also find these terms. To

simplify matters, we can assume that we will try to estimate potential Hamiltonian
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contributions for any of the terms Re[ yox] = Re[ yxo] mentioned previously which

arise from the dissipator term.

Consequently, we only concern ourselves with separately learning Sy, = Sy \ (Sy N
S’), where 8’ = {a® b : a,b € S}. Since there are no quadratic contributions
from the dissipator term for the Sy Bell sampling probabilities, the quadratic order
contribution is dominated by the actual Hamiltonian term itself. In particular, we

have the following lemma:

Lemma 3.1.2. For any Pauli P, € S, we can sample these Paulis with probability

~ Im| ymo]*t* for small t.

Proof. As we saw previously, expanding to linear order ignores the contribution of
the linear term. Hence, we must expand e£’ to quadratic order to get the Hamiltonian
contribution. Since we are only considering those terms in the Hamiltonian which
cannot be formed from Paulis in the support of the jump operators or their pairwise
products, we have that for P, € S, the only quadratic order term Py, [¥)(¥|Py
arises from the Hamiltonian term itself. Hence, we have that for a Hamiltonian
H= Zj h;P;, we have that

Pr[P,] ~ h2t* = Im[yom]*t

m

O

Since we will be evolving for time ¢ < 1, these quadratic terms will be somewhat
more challenging to sample compared to the linear order dissipator support terms.
Consequently, Hamiltonian support learning will prove to be the bottleneck for this
protocol, as we will later see. To determine how much overhead this incurs, we
need to determine the optimal evolution time ¢ to choose to minimize the overall
time evolution. In general, prolonged time evolution increases the likelihood of
sampling the desired outcomes, forming the cornerstone of sample-efficient learning
approaches [23]. Consequently, choosing longer evolution times often results in
less evolution time overall. However, this also introduces higher-order terms in the
time evolution, which complicates the analysis of the sampling probability bounds.
Picking an optimal time, therefore, requires finding the longest interval for which
we can evolve without incurring Taylor error larger than the order of the smallest

probability we need to measure.

In Appendix A, we show that the Taylor series error for the linear order probabilities

can be bounded as etayior < O(M 2¢2) for small ¢. This intuitively follows from the
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fact that there are at most O (M) pairs of Paulis in S whose product is proportional to
a given Pauli in S. Consequently, since there are independent contributions on the
left and right sides, we have contributions from O(M?) terms in the second-order
expansion. Since we need this error to be on the order of the smallest probability
in the linear order sampling regime, which happens to be O(et), this forces us to
choose t = O(e/M?), meaning the smallest probability is on the order of O (¢?/M?).
Performing concentration analysis via Hoeffding’s inequality, this naturally gives us
a sample complexity of N = o (M?/€?) and time evolution of T = o (1/€) here. In
other words, we can learn the dissipator support with Heisenberg-limited scaling up
to logarithmic factors. Altogether, we write the dissipator support learning protocol

as follows.

Algorithm 1 Nonlocal Dissipator Support Learning

Input: Query access to &[] = ¢'£[-], accuracy threshold e, sparsity bound M

1: SetS «— 0
. Sett «— O(e/M?).
: Set N «— O (—M2 lofz(M/é))
cfori=1,...,Ndo

Sample Pauli P; from &, via Bell sampling

Update S—Suj
end for
return S
Output: Candidate dissipator support set S

AN A S

Remark 3.1.1. While we denote the set S returned here as the "dissipator support”,
we note that S does not technically cover the entire support of the dissipator Lp.
In particular, the anticommutator terms may produce Paulis that lie outside S
Nevertheless, we can always recover these terms using the fact that they all take the
form of Prp or pPy, were Py oc P;P; for Paulis P;, P; € S.

For the Hamiltonian terms, we instead perform analysis on the third-order term,
where a Taylor error bound of sgay] o SOM 413) forces us to choose t < O(e?/M*)
since the smallest probability is on the order of O(€?t?) = O(e%/M*). Choosing a
smaller evolution time for the Hamiltonian terms may seem antithetical given that
these terms are harder to sample; however, due to the potential for the third-order
contribution to significantly perturb the probability of sampling in an uncontrollable
fashion, we are ultimately compelled to choose a shorter evolution time to ensure that

the Taylor error is properly controlled. Hence, we instead have a sample complexity
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of Ny = 5(M8/e6) and an evolution time of Ty = 5(M4/e4). This then gives us

the following protocol for learning the Hamiltonian support.

Algorithm 2 Nonlocal Hamiltonian Support Learning

Input: Query access to &,[-] = e'£[-], accuracy threshold €, sparsity bound M,
dissipator support S
1: SetSy — {a®b:a,beS}
2: Setty «— O(e?/M*)
3. Set Ny « O (%)
4: fori=1,..., Ny do
5:  Sample Pauli P; from &;,, via Bell sampling
6 Update SH — SH Uj
7: end for
8: return SH
Output: Candidate Hamiltonian support set Su

Putting these results together, we obtain the following theorem and corollary:

Proposition 3.1.1 (Nonlocal Lindbladian Support Learning). Given an M-sparse
Lindbladian L with dissipator and Hamiltonian support S, Sy, we can learn sets
S, Sy such that S € S, Sy C Sy with high probability in total evolution time
M*logM

!

T:O(

Corollary 3.1.2 (Nonlocal Lindbladian Dissipator Support Learning). Given a

purely dissipative M-sparse Lindbladian L with support S, we can learn S such
that S € S with high probability in total evolution time

log M

r-o(*)

€

Note that here, we assume that probability of success ¢ is some constant very close
to zero. The proof of correctness for these theorems follows trivially from applying
Corollary 3.1.1 and Lemma 3.1.2 and the subsequent error analysis. Consequently,
S ¢ S and Sy C Sy with high probability. Nevertheless, this also implies that our
algorithm is likely to oversample the support sets. In order to bound how large these

sets are, we require Lemma 3.1.3.

Lemma 3.1.3. Let S, Sy be the support sets returned by Algorithms I and 2. We
then have that |S| < O(M log M) and |Sy| < |S|? + O(M log M), respectively,
with high probability.
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The full proof of this lemma is provided in Appendix A. Intuitively, however,
this result arises from an application of the multiplicative Chernoff bound on the
probability of sampling outside the support of the dissipator and Hamiltonian,
which is then bounded by the Taylor error analyzed earlier. Ultimately, this lemma
affirms that we only oversample the dissipator and Hamiltonian support sets by a
polylogarithmic factor of M, meaning that the mismatch in size does not introduce

any significant overhead in terms of the number of coefficients we have to estimate.

3.2 Learning Coefficients

Now that we have learned the support, we are ready to learn the actual coefficients
of the Lindbladian. Previous approaches to coefficient learning relied on various
tomography methods such as expectation value derivative estimation [22, 23] to re-
cover the coeflicients. However, if the Paulis in the Lindbladian are highly nonlocal,
this potentially requires solving a linear system of exponential size. Consequently,
we aim to derive a coeflicient learning algorithm that is both efficient in evolution

time and avoids potentially intractable classical post-processing.

Learning the Diagonal Elements

From Corollary 3.1.1, we have that Bell sampling allows us to probe the support of
the entire Lindbladian by sampling with probability proportional to the Chi matrix
coefficient times the time we evolve for. Consequently, by measuring the frequency
with which we sample, we can estimate these coefficients. We previously observed
that by evolving for time = O(e/M?), the probability of sampling a given diagonal
coefficients pyj differs from yjx? by at most O(€?/M?). Hence, if this error is
suppressed by a sufficiently large constant factor, we can learn yjj to e-accuracy
with enough samples. Applying the Hoeffding bound, we have that estimating the
probability to accuracy O(e?/M?) with high probability requires N = 5(M 4/et)

samples, giving us Proposition.

Proposition 3.2.1 (Complexity of On-Diagonal Coefficient Learning). Given an
M-sparse Lindbladian L with dissipator support S, we can learn the diagonal

components of x (L) in total evolution time

2
T:()(W)

e3

Remark 3.2.1. While the evolution time bound of T = O (M?/€3) presented in
Proposition 3.2.1 is sufficient for our purposes, it should be noted that this bound
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can be optimized further. In particular, if we frequently twirl the Lindblad evolution
to isolate the diagonal components, we can use the eigenvalue estimation procedure
defined in Chapter 4 paired with knowledge of the support via Bell sampling to
remove a factor of 1 | € without introducing exponential classical overhead. However,
because this cannot be used to improve the runtime of off-diagonal learning, and it
does not change the overall runtime of the Lindbladian learning algorithm due to
the complexity of learning the Hamiltonian support, we utilize this simpler bound

for the remainder of this chapter.

It should also be noted that during the coefficient estimation procedure, we will
estimate coeflicients for the Paulis we oversampled in the support. Consequently,
we can discard these Paulis by checking if they fall below some coefficient threshold.
For instance, we can simply choose the parameters accordingly so that we learn the
off-diagonals to €/2-accuracy instead of e-accuracy, meaning that any Pauli not
found in the support will have a learned coefficient below €/2 with high probability.
As a small caveat, it should also be noted that while the sampling probability is
given approximately as yxxt for k # 0, we have that the probability of sampling
the identity is approximated as 1 + yoof = 1 — ¢ 210 Xkk- Writing the on-diagonal

learning algorithm in full detail, we have the following procedure:

Algorithm 3 Nonlocal On-Diagonal Lindbladian Coefficient Learning

Input: Query access to &[] = e'£[-], accuracy threshold e, sparsity bound M,

learned dissipator support S

Initialize all yyx, px = 0.

Sett « OLE/MZ)

Set N «— O (M*/€*)

for{=1,...,Ndo
Sample Pauli Py from &, via Bell sampling
If k € S, update py — pi + 1/N

end for

Set foo <~ (po— 1)/t

for k € S\ {0} do

10: Set ¥rx < pr/t

11: if Yrr < % then

e A AR I ey

12: Reset yrx < 0 and remove k from S
13:  end if
14: end for

A

15: return yix, S
Output: Nonzero learned coefficients yx and new dissipator support S
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Since this algorithm modifies the learned support to give us the true dissipator
support with high probability, we have that the size of |S| = O(M). Consequently,
by Lemma 3.1.3, we have that |Sy| < O(M?).

Learning the Off-Diagonals

Now that we have learned the diagonal elements of y (L), we now focus on learning
the rest of the y matrix. To accomplish this, we need to mix the components of the
x matrix such that the off-diagonal elements appear on the diagonal. We can do
this by applying Clifford operators before performing the Bell basis measurement.

In particular, consider the following sets of operators shown in Table 3.1.

Transformation | [P;, P;] = 0?7 | Unitary | Component Learned
P; + Pj N Y Re[)(,-j]
Piiipj Y Y Im[)(ij]
P,'iin N N Im[)(,-j]

P; + Pj Y N Re [Xij]

Table 3.1: Types of transformations required to extract the real and imaginary
components of the cross-terms.

The first two transformations are proportional to Clifford operators. In particular, if

we define
P[+Pj ) =
L J R ] =
\/E [Pl’P_]] - O

we can prove the following result.

Lemma 3.2.1. The operators C;; are Clifford operators.

Proof. Choosing P; = X,P; = Z gives us C;; = H, which is trivially Clifford.
Furthermore, choosing P; = XX,P; = YY gives us C;; « (X ® X)(S ® S)CZ.
Since every pair of anticommuting Paulis can be mapped to every other pair of
anticommuting Paulis via Clifford operators, and likewise for commuting Paulis,

this means that any operator of the prescribed form is a Clifford. O

For the other two non-unitary transformations, we can implement these using ancilla

qubits and post-selection. In particular, suppose we define the Kraus operators K ;—;.

as follows:
P,’iiP/
: Pi,P;} =0
+ 2 { 220
Kij =\ pr, (3.2)

[Pi,Pj]=0
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With these operators, we then have the following lemma.

+
Lemma 3.2.2. The operators K: j form a complete set of Kraus operators.

Proof. Working out the commuting and anticommuting cases for Kl“—; we have that

IiiP[Pj

P, ,P:}=0
(KI'J_;')TK; = IJ_eriP () 3.3)
ERE P, P =0
Hence, in both the anticommuting and commuting cases, we have that
(KH)'K + (K;) 'K =1
O

From Lemma 3.2.2, we can define a Stinespring dilation ®;; that maps
0) ® [¢) = 10) ® K} 1w) + 1) ® K;; 1)

Consequently, by performing this isometry and measuring the ancilla qubit, we can

effectively apply these non-unitary transformations to the system.

To demonstrate how these transformations affect the Lindbladian coefficients, we

need only consider terms of the form
Llpl = xiuPipP:i + xijPipP; + x;iPjpPi + xjjPipPj + ... (3.4)

This is due to the fact that these are the only terms that can be mapped to diagonal
terms of the form p and P;P;pP;P;, which can be probed via Bell sampling.
Defining Py oc P;P;, we have that these transformations give us the following new
coefficients x(, and y;, in the Chi matrix expansion for £ = 7 o L, where 7 is
any one of the four transformations specified in Table 3.1. Altogether, this gives us

the following table:

T [Pi, P;] = 07 Xoo Xk
Cij - C,-;- N 5 Ovii + xjj + 2Re[xi 1) | 5 (i + xjj — 2Re[xij])
Cij - G Y 5O + xj + 2Im i) | 3O+ x7 = 2Im[xi])
K5 (KT N 7O+ xjj = 2Imxi 1) | g O+ xg; + 2Im Ly ])
K5 (KT Y ;O + xjj = 2Reyi]) | 50 + xjj + 2Re[xi;])

Table 3.2: Coeflicients of Chi matrix expansion of 7 o L for terms p and Py pPy.
Note that for the Kraus operators, the transformations shown above correspond to
the unnormalized coefficients. To renormalize these terms, we have to divide by
Kl?—;. = Tr(Klf—;.eL’ [p](Klf—;.)T)), which corresponds to the probability of measuring
ancilla 0 in the case of + and measuring ancilla 1 in the case of —.
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As we can see, these transformations give us linear combinations of coefficients
from which we can neatly recover the off-diagonal coefficients. In particular, for the
Clifford transformations, we can simply estimate the real and imaginary components

of x;; by taking Yoo X X kE

However, for the Kraus transformations, extracting the off-diagonal components
requires extra computation. Due to the non-unitary nature of the transformations, we
have to renormalize the state by a factor of 1/ K_ where K— = Tr(K el [p](K ;—;.)T))

corresponds to the probability of applying Klfj and K. respectwely. In Appendix
1+ (Pi) o 1(Pi)
2 2

A, we show that this normalization factor reduces neatly to either

from which we then arrive at the following lemma:

Lemma 3.2.3. The normalization factors K— Tr(K+ Lip ](K:—;)T)) with t =
O(e/M?) satisfy the following bound with hlgh probability:

5 < 0(6)

This lemma implies that Kl.ij differs from 1/2 by at most O(€), meaning that we will
sample each Kraus operator with almost equal probability. This implies that we can
estimate the sampling probabilities for both Kraus operators to similar precision for
each. After we rescale the estimated probabilities by Kli] we can then take x(, + x,
for both the + cases, and then take their average deviation to recover the real and

imaginary components.

Further error analysis on K;—’j in Appendix A elucidates that the sampling complexity
N = O(M*/€*) utilized in the on-diagonal case is sufficient for both estimating these
normalization coeflicients to the desired accuracy and estimating the coefficients
themselves to O(€)-accuracy. Since this is the sample complexity for a single off-
diagonal component, and we have O (M?) off-diagonal elements to learn at most, we

have a sample complexity of O(M®/e*). Hence, we have the following proposition:

Proposition 3.2.2 (Complexity of Off-Diagonal Coefficient Learning). Given an
M-sparse Lindbladian L with dissipator support S and Hamiltonian support Sh,
we can learn all the nonzero off-diagonal components of x (L) in total evolution
time o
r=0 ( : )

€
Notably, for coefficient learning, we did not have to treat the Hamiltonian terms

any different from the others, as the unitary technique mentioned previously inserts
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Im[ yox ] into the linear order diagonal terms. Altogether, we have the following two

algorithms:

Algorithm 4 Lindblad Off-Diagonal Coefficient Learning via Cliffords

Input: Query access to &,[-] = e'£[-], accuracy threshold €, sparsity bound M,

— e e
L T

15:
16:
17:

R A A o

learned coefficient support S’
Initialize y,, = O for all (a, b) € S’ where a £ b
Sett « O(e/M?)
Set N « O (M*/€*)
for a, b €S st.a<bdo
Set p1,p2r <0
for{=1,...,Ndo
Sample P,, from C;; o &; via Bell sampling
if P,, = I then
Update p; « p; + 1/N
else if P,, < P,P; then
Update py < pr + 1/N
end if
end for
Set fup — 52 (p1 = p2)
Set Xpa = /\’}:b
end for
return y.,

Output: Partially learned off-diagonal coefficients v,
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Algorithm 5 Lindblad Off-Diagonal Coeflicient Learning via Isometries

Input: Query access to &[] = e'£[-], accuracy threshold e, sparsity bound M,

— = = = = = e e
A A T S el

18:
19:
20:

R N o T

learned coefficient support S”

Initialize {5 = O for all (a, b) € S” where a # b
Sett « O(e/M?)
Set N — O (M*/€*)
fora,b € S”st.a<bdo
Set pO, pM kup — 0
fort=1,...,Ndo
Sample P,, from @;; o (I ® &) via Bell sampling with ancilla output ¢
Update k,p < kgp + /N
if P, =1or P,, <« P,P;, then
if ¢ = 0 then
Update p@ « p© + 1/N
else
Update p) «— p + 1/N
end if
end if
end for . <a b>
Set Xap < ((1 - Kab)p(o) —K bp(l))
Set Xpa = Xab
end for
return y.,

Output: Partially learned oft-diagonal coefficients v,

3.3 Full Noiseless Learning Algorithm

Combining all the support learning and coeflicient learning subroutines, we obtain

the following algorithm:

Algorithm 6 Nonlocal Sparse Lindbladian Learning

Input: Query access to &[] = ¢'£[-], accuracy threshold e, sparsity bound M

1:

hal

e J W

Run Algorithm 1 to recover the dissipator support set S

Run Algorithm 3 to learn Yz and recover the trimmed dissipator support set S
Run Algorithm 2 to recover the Hamiltonian support set Sy

Define support sets S’ =(S x S) U ({0} x Sy) U (Sy % {0}) and 8" =(S x
S) U ({0} x 82) U (82 x {0})

Run Algorithm 4 to get coefficients )2(}))

Run Algorithm 5 to get coefficients /\(( )

Fora # b s.t. (a,b) € S”, set Xab < )((b) +)2£2b)
Fora # b s.t. (a,b) € S’\S”, set Xab <—X(b)

: return (Yqp)

Output Learned Chi matrix (y,p) for Lindbladian £
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Furthermore, combining all the evolution times for each of these subroutines, we

obtain the result posited at the beginning of the chapter:

Theorem 3.3.1. Given an M-sparse Lindbladian L[p] = X;; xijPipP;, we can
learn coefficients x;; s.t.
IXij — xijl < €

with high probability for all i, j in total evolution time

4
T:O(Mlﬂ)

et

using Algorithm 6.

The proof of this theorem follows trivially by combining the results of Propositions
3.1.1, 3.2.1, and 3.2.2. This result matches the e-dependence of the evolution time
posited in [23], allowing us to efficiently learn the Lindbladian without requiring

exponential classical postprocessing at the cost of only an additional factor of o (M).
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Chapter 4

SPAM-ROBUST LINDBLADIAN LEARNING

While the previous algorithm operated under noiseless assumptions, in practice,
noise is an unavoidable part of quantum devices, and must therefore be properly
accounted for. In particular, SPAM error poses a significant risk by making state
preparation and measurement operations unreliable. Since primitives like Bell
sampling require frequent measurements, these methods are infeasible to implement
on our current devices. Consequently, in this chapter, we will investigate how to
mitigate the effect of SPAM error on the learning process, allowing us to learn much
of the Lindbladian without any hindrance. For our purposes, we will assume the
following bound on the SPAM error, as defined in [4]:

Definition 4.0.1 (SPAM Error). We define the state preparation noise as an error
channel &y, applied after the ideal state preparation channel and the measurement
error as an error channel E.q5 applied before the ideal measurement channel. We

then bound the distance between these channels and their ideal counterparts as
||8prep - I”o + ||8meas - Illo < ESpAM,»

where espay is the bound on the SPAM error.

Having defined the SPAM error threshold £spam, we can now formulate the problem

we aim to solve in this chapter:

Problem 2. Given a SPAM error threshold espay ~ O(1), what components of the

Lindbladian Chi matrix are possible to efficiently learn to arbitrary accuracy?

To answer this question, we provide the following three central results:

Result 2 (Unlearnability). There exist n-qubit Lindbladians L such that the compo-
nents Re[ xi;] for [P;, P;] = 0 and Im| ;] for {P;, P;} = O that cannot be learned

to arbitrary accuracy.

Result 3 (SPAM-Robust Lindbladian Learning). Given an M-sparse Lindbladian

L, we can estimate the learnable components of x (L) to e-accuracy in time

M13n)

es

Tza(
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Result 4 (SPAM-Robust Lindbladian Learning with Known Support). Given an

M-sparse Lindbladian L with known support set S, we can estimate the learnable

components of x (L) to e-accuracy in time

M5n)

e3

T:5(
with efficient classical postprocessing.

4.1 Gauge Degrees of Freedom

To characterize the unlearnable components of the Lindbladian, we employ the
notion of a gauge. In quantum learning theory, there often exist parameterized
transformations of the operators in any experimental setup that yield identical ex-
perimental outcomes, meaning that it is impossible to exactly characterize the nature
of these operators in isolation. The parameter that controls these transformations is
referred to as a gauge degree of freedom. To define a gauge degree of freedom in the
Lindbladian learning context, we consider the most general form of an experiment

to learn a Lindbladian £, consisting of the following sequence:
(Mo Epeas © Uy © etNL o---oUo ell£ °© Sprep)p 4.1)

where each U;[-] = U; - Ul.T corresponds to a unitary operation and M corresponds
to the ideal measurement channel. We define a gauge degree of freedom 6 to
be a variable such that there exists some parameterization £ = £(6), 8}, =
Eprep(6), Efpeas = Emeas (0) such that the experiment

(Mo Efeas o Uy © eNLo. o U, o et o Srl)rep)p’ 4.2)

is indistinguishable from that shown previously, with both the error channels still
satisfying Definition 4.0.1:

1Ebrep = L llo + [1Emeas = L llo < Espams,

By identifying gauge degrees of freedom for certain classes of Lindbladians, we
determine the coefficients of the Chi matrix that are gauge dependent and therefore

cannot be learned in general.

Single-Qubit Lindbladians
Before analyzing the general n-qubit case, we begin by analyzing candidate degrees

of freedom for single-qubit Lindbladians. In order for (4.2) to be equivalent to (4.1),
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we consider conjugation transformations of the Lindbladian: £’ = Ao Lo A™!, as
e't" = Aoe'L o A1, Substituting this into (4.2), we have that if A commutes with
each U;, then choosing Sf,rep = Ao&Eprep and &/ o = Emeas oA~ ! results in complete
equality between (4.2) and (4.1). Since we are permitting any unitary transformation,
we require A to commute with all unitary channels. To satisfy this condition, we
therefore choose A to be a depolarizing channel. With this transformation defined,
we now prove that this transformation constitutes a valid gauge transformation and

identify the components it affects.

Proposition 4.1.1 (Single-Qubit Lindbladian Gauge Dependence). There exist SPAM
error channels Eprep, Smeas such that for any single-qubit Lindbladian L, under the

gauge transformation

LHL/:e_GFOLOeQF

’ __-6r
Eprep = Eprep =€ 0 Eprep
’ or
8meas = Smeas = 8meas ce ,

where |
I' = Z[3p - XpX -YpY - ZpZ],
the components Re[xox] and Im[yi;] are affected by a factor of e for any

Pi, P, Py € {X,Y,Z} withi # j.

To demonstrate the existence of this gauge degree of freedom, we must first show that
the transformed error channels are both valid and satisty the SPAM error bound, after
which, we must then demonstrate that the transformed Lindbladian still generates
a CPTP map. To validate the error channels, we utilize the following lemma for

n-qubit depolarizing channels:
Lemma 4.1.1. There exist n-qubit depolarizing channels &, and &, satisfying
€1 =T llo +1E2 = Llls < Espam
such that
&l = e o8
E=&o0 et
constitute valid depolarizing channels for 0 < 0 < —In(1 — espap/4), where

1
r=— [(4" ~1p - Z PipP;

i#0
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is the generator for n-qubit global depolarizing channels and the new error channels

satisfy

1E] = Tllo + 185 = I lo < &spam

Note that this lemma holds for any n > 1, which will be crucial for the next
section, where we deal with the multi-qubit case. This lemma demonstrates that
by picking Eprep, Emeas adversarially to be global depolarizing channels, we can
generate a collection of error channels that still obey the SPAM constraint for
0 < 0 < —In(1 — espam/4), indicating that 6§ can be of constant order in the
worst case. This lemma is rigorously proven in Appendix B, however, a graphical

demonstration is provided in Figure 4.1.

Having constrained 6, we can now focus on showing the validity of the Lindbladian.

To this end, we utilize the following lemma:

Lemma 4.1.2. For any single-qubit Lindbladian L, the transformed operator L' =
e % o L o e is a valid Lindbladian for all 6 > 0.

This lemma follows intuitively from the geometric description of single-qubit CPTP
maps (see Figure 4.2). Specifically, every single-qubit map can be described as a
mapping of the Bloch sphere to an ellipsoid contained entirely within [26]. The
parameterization of this ellipsoid is intricately linked to the Pauli transfer matrix
of the CPTP map. Most importantly for our purposes, the leftmost column of the
Pauli transfer matrix encodes the translation of the center of the ellipsoid relative to
the center of the Bloch sphere. Since the gauge transformation simply suppresses
this column, we have that our gauge transformation effectively makes the Lindblad
evolution more unital. Since the unital version of the Lindblad evolution operator
is trivially contained inside the Bloch sphere, the convexity of the Bloch sphere
dictates that shrinking the leftmost column by any factor e~ for # > 0 will still

produce a valid Lindbladian.

To conclude the proof for Proposition 4.1.1, we now analyze the largest possible
shift that can occur in the coefficient values. From Lemma 4.1.1, we had that 0 <
0 < —In(1 — espam/4), assuming the prescribed form of the noise. Consequently,

we have that the multiplicative shift is given as
1—e™ = espam/4

As mentioned previously, the only affected component of the Lindbladian was the

leftmost column of the PTM. The elements in this column correspond directly to
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Er

Figure 4.1: Error channels after gauge transformation depicted for a single
qubit. The transformation e~" acts as a depolarizing channel, compressing the
image of &;, while ¢! expands the image of &,. We can only choose 6 such that &,
remains a quantum channel (i.e. the map does not expand outside the Bloch sphere)
and &; does not move too far from the identity channel 7.

Figure 4.2: Lindblad evolution after gauge transformation depicted for a single
qubit. The transformation e " - " shrinks the deviation of the center of the ellip-
soid, shifting it towards the origin, effectively making the time evolution operator
more unital. Since this ellipsoid always remains within the Bloch sphere for 6 > 0,
we have that £’ is always a valid Lindbladian in the single-qubit case.
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linear combinations of Im[y;;] and Re[xo«] for P;, Pj, Py € {X,Y,Z}, withi # j.

Since these components y,5 can be changed by a multiplicative factor of O (espam),
we have that if espam ~ O(1) as is typical, then we cannot learn these components

to e-accuracy, thereby demonstrating Proposition 4.1.1.

Multi-Qubit Lindbladians

Having established this degree of freedom in the single-qubit case, we are now
ready to extend it to the n-qubit regime. As we increase the dimensionality of the
system, we observe that every component of the leftmost column of the Pauli transfer
matrix is composed of 4" coeflicients of the Chi matrix. Consequently, changing
any of these components requires updating 4” components. Naturally, this means
that unlike the single-qubit case, the global depolarizing channel approach will not
necessarily yield a valid Lindbladian when applied to every n-qubit Lindbladian.

As a simple counterexample, consider the Lindbladian
1 . ) 1
Llp] = Z(XI +iYD)p(XI —iYI) + Z{II -ZI,p}

This is a single-qubit Lindbladian extended to act trivially on another qubit. The
only nontrivial element in the PTM here corresponds to |Z1)){{II| (here we denote
|P)) as the vector corresponding to Pauli P). Expanding this out in terms of an

operator expansion, we have that
ZDY(H) = Z1 ) PipP;
i

Hence, we must add 16 Pauli terms to the Lindbladian to alter this value. Since
the only Paulis in the original Lindbladian are 11, X1,Y1, ZI, which are closed
under multiplication (up to a phase), this means that we would need to add Paulis
that cannot be formed from products of Paulis in this set. Hence, the resulting

superoperator cannot be a Lindbladian as the Chi matrix would no longer be PSD.

Therefore, rather than showing that there exists a nontrivial gauge transformation
under which all Lindbladians transform into Lindbladians, we instead shift our focus
to constructing families of Lindbladians that cannot be distinguished in the presence
of SPAM error. In Appendix B, we demonstrate that by constructing Lindbladians
consisting of a global depolarizing generator and depolarizing channels that have
been left multiplied by specific Paulis, we can construct Lindbladians that are gauge-

dependent, satisfying the following lemma:
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Lemma 4.1.3. There exists a Lindbladian L[p] = X, p XabPapPp such that under

the depolarizing transformation
L,(Q) — e—er o -E o eGF’

the resulting superoperator L' = 3., , X!, PapPyp is a Lindbladian for 6 > 0, and
Im[ x| differs from Im[ xqp| by a multiplicative factor of e™? for {P,, Py} = 0 and
Re[x),] differs from Re[ xa»] by a multiplicative factor of e~ for [P,, Pp] = 0.

Taken together, Lemmas 4.1.1 and 4.1.3 give us the following theorem on unlearn-

ability.

Theorem 4.1.1 (Unlearnability). There exist SPAM error channels &1, &, satisfying
the threshold espay such that the following holds true:

For every Pauli pair P;, Pj, there exists a Lindbladian L = },; ; xi;Pip P for which
components Im| ;] or Re[ x;;] cannot be learned to arbitrary accuracy, depending

on whether P;, P; anticommute or commute, respectively.

4.2 Learnable Coefficients
Having established the gauge-dependent components of the Lindbladian, we now
demonstrate how to learn the remaining components. The protocol is described in

full in Figure 4.3.

Diagonals

Just as before, we begin with the on-diagonal components. Without Bell sampling,
we no longer possess the ability to test the support of the Lindbladian. Consequently,
we must fall back on estimation procedures that utilize linear systems to recover the
Lindbladian coefficients from strategic measurements. To see how this manifests
for the diagonal components, we consider the simplified case where all the nonzero

coeflicients lie on the diagonal, meaning we have a Pauli Lindbladian:

Lemma 4.2.1 (SPAM-Robust Learning of Pauli Lindbladians). Given a Pauli Lind-
bladian L(p) = Y,pyp[PpP — pl, we can learn the coefficients yp in SPAM-robust

fashion.

Proof. Since all the jump operators are Paulis, we can express any Pauli Lindbladian

in the following form:

Llpl =) yp[PpP - p]
P
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(a) On-Diagonal and Hamiltonian Learning

(Pg, i)
Y| = D) X
(b) Off-Diagonal Learning
(Py, my.)
y | = ) X

Figure 4.3: SPAM-Robust Lindbladian Learning. (a) Protocol for learning diag-
onal and Hamiltonian components of Lindbladian £ = }; ; x;;P;pP; using eigen-
value my from Pauli twirled evolution on a Py +1-eigenstate and compressed sensing.

(b) Modified protocol for estimating off-diagonals by inserting a Clifford C after
Lindblad evolution.

In the Heisenberg picture, we therefore have that
£700] = Y yp[POP - Q] = > yp[((-D"P - 1)Q] = =2} yp(P,0)0,
P P P

where
I {P,0}=0
0 [P,Q]=0

(P,Q) =

Hence, we have that any Q € P, is an eigenoperator of L. As such, we have that
e L[Q] = e ¥2r 7P<P,Q)Q
Consequently, by choosing a Q eigenstate with eigenvalue +1, we can compute the

rates yp by solving the resulting system. Note that the contributions above are from
Paulis P which anticommute with Q.
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We now account for the effects of SPAM error on the system. Suppose we have state
preparation and measurement error channels &, &;. If we now apply Pauli twirling
to each of these channels, we get effective Pauli channels &7, 8&. Let us denote the
eigenvalues corresponding to each Pauli Q as 41, 42. If we now apply these

noisy channels in tandem with the Lindbladian evolution, we have that
(&0 oL o eENlol = A glage 2 xr PP

We can now evolve for two different times #q,#, to learn the eigenvalues corre-
sponding to Q and then divide them to remove the effect of the SPAM error. With
enough choices of Paulis O, we can then estimate all the coefficients since each

linear combination of yp coefficients is linearly independent. O

As we saw, by estimating ratios of Pauli eigenvalues to a certain accuracy threshold,
we can compute the coefficients yp by solving the resulting linear system. We can
transform any Lindbladian into a Pauli Lindbladian through the application of Pauli

twirling. We define the twirled Lindbladian as follows:
Liw =Ep-p, [PL[PpP]P] (4.3)

In order to approximate evolution under Ly, we can evolve under L for short time
and then twirl, repeating this procedure until we evolve for the full duration 7. To

bound the error incurred in this procedure, we utilize the following lemma:

Lemma 4.2.2 (Lindbladian Pauli Twirling). Given an M-sparse Lindbladian L,
let &[p] = e'L™ be the evolution operator under the twirled Lindbladian. Define
&l el = (Epep, [Pe!L/"[PpP]P])". We can then bound the diamond distance

between these channels as follows:

, M3t?
18, ~ &l <O ( ) ,

fort < O(r/M?).

We derive this lemma in Appendix C by considering a telescoping sum argument,
where we then use the number of terms in the Lindbladian to bound the diamond
distance. Using the Holder Matrix Inequality [27], we have that for any observable
0,

Tr[0(&; . [p] = ElpD] < OIIplIE; L] = Exlplllg,
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where 1/p +1/g = 1for 1 < p,q < co. Choosing p = oo and ¢ = 1, we have that

|O|lc = 1 for any Pauli observable O, meaning that

Tr[O(&E[p] = € [pD] < I1E[p] = E '[Pl < 11E - &'l

Consequently, since we bounded the diamond distance before, we have that choosing
sufficiently large r allows us to control the error in the eigenvalue estimation. Never-
theless, we must first figure out the accuracy to which we must learn the eigenvalue

in the first place. We can do this with the following lemma:

Lemma 4.2.3. Given f| = Ae’, f» = Ae?”', we have that to estimate y to accuracy

O(n), we need to estimate fi, f> to accuracy O(Ante?"), O(Ante®"), respectively.

The uncertainty analysis for this result is presented in Appendix C. Dedicated error
analysis of the linear system in Appendix D demonstrates that we need to estimate
=2 pyp{P, Q) to accuracy O(¢). Taken together, this means that if we choose the
maximum evolution time ¢t ~ O(1/M) (since y ~ O(M) in the worst case), we need
to learn the eigenvalues at the two times to accuracy O (Ae/M), where A = 1 pA2 0.
Consequently, the smaller the eigenvalue is, the more accurately we have to estimate
this coefficient, as expected. To quantify how small these eigenvalues can possibly

be, we use the SPAM error bound. To this end, we have the following lemma:

Lemma 4.2.4. Given the SPAM error bound espay as stated in Definition 4.0.1,
the eigenvalues for the twirled state preparation and measurement error channels,
notated &\, &), respectively, the absolute value of the product of their eigenvalues

is lower bounded by

[A1,042,0] = 1 = espam

for espap < 1.

Consequently, performing the same Hoeffding analysis as before, we choose a sample
complexity of N = o (M?/€?) to estimate these eigenvalues to the desired accuracy.
Using the established compressed sensing result [28] stated in Theorem D.2.1, we
have that K = O(Mn log? M) probes are sufficient to learn these coefficients, giving

us the following proposition.

Proposition 4.2.1 (Complexity of SPAM-Robust On-Diagonal Coefficient Learn-

ing). Given an M-sparse Lindbladian L with dissipator support S, we can learn
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the diagonal components of x (L) to e-accuracy in SPAM-robust fashion in total

evolution time

M?nlog®> M
T:O(&)

€2

with high probability.

Furthermore, the algorithm for Proposition 4.2.1 is given as follows.

Algorithm 7 SPAM-Robust On-Diagonal Lindbladian Coeflicient Learning

Input: Query access to &[] = ¢'£[-], accuracy threshold e, sparsity bound M
1: Initialize all yxx = O.

2: Sett «— O(1/M)
3: Setr «— O(M?/e)
4 Set K «— O(Mnlog®> M)
5: Set N «— O (M?/€?)
6: fork=1,...,Kdo
7:  Set p](cl),pfcz) «—0
8:  Sample Pauli Q; € P,
9: for¢=1,...,Ndo
10: Prepare state py = 1+2Q", twirling before and after state preparation.
11: Evolve under &, = (Ep~p, [PE;/ [PpP]P])"
12: Measure Qj to obtain my, twirling before and after, updating p,(cl) —
pl(cl) + mk/N
13:  end for
14: fort¢=1,...,Ndo
15: Prepare state py = HZQ" , twirling before and after state preparation.
16: Evolve under &} Ly
17: Measure Qj to obtain my, twirling before and after, updating pl(<2) —
pl(f) + mk/N
18:  end for
19: end for
20: Let yg « %ln (p,(cz)/pl(cl)) for all £

21: Solve compressed sensing problem given {Qx, v« }ke[x] using £;-optimization
to recover Yy and support S

22: return i, S

Output: Nonzero learned coefficients yx; and dissipator support S

Off-Diagonals
Having demonstrated how to learn the on-diagonals, we now address the off-
diagonals. One potential approach is to conjugate the Lindbladian by 7" and Clifford

gates and apply the same twirling procedure as before, allowing us to evolve for a
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longer time whilst enabling the off-diagonal coefficients to show up on the diago-
nals. However, this approach only works for Re[ x;;] where {P;, P,;} = 0. Intuitively,
Piiin

this is because there can be no unitary transformation such that P; — —=—* for

commuting P;, P; since unitary transformations preserve eigenvalues.

Consequently, we instead refer to the approach we utilized in the noiseless case,
where we simply applied linear combinations of Paulis before performing Bell
measurements to extract the off-diagonal components. Since the Pauli-Lindblad
evolution we were performing previously was twirled to remove all the off-diagonal
contributions, we now need to evolve without suppressing these contributions. How-
ever, this also means that we cannot evolve for as much time since the higher-order

terms will become significant. To this end, we consider the evolution
Ep-p,[P(Cij o e*)[p]P] (4.4)

to learn either the real or imaginary component of the coefficient y;;. Here, we have
that

1 1 ) ,
(Ci]-oeﬁ)[p] ~ Cjlp+tLp]+...] = EP,~pP,~+§PJ~ij+tZ){kkPkaanon—dlag)
k

We denote the eigenvalue corresponding to this effective channel as 1. Since the
error decays in the same fashion as it did for the noiseless leaning protocol, we
again choose t = O(e/M?). In Appendix C, we demonstrate that this choice of
t is not only sufficient to suppress the Taylor series error, but also to measure the
eigenvalues themselves to the desired accuracy. However, it should be noted that
for this procedure, rather than evolving from times ¢ and 2¢, we instead opt for times
0 and ¢ to measure the SPAM contribution directly. This is because the eigenvalue
can be close to zero for this procedure, making it difficult to estimate the square
of the Pauli channel eigenvalue, like we were able to do last time. Using the same
Hoeffding analysis as before as well as K = O(Mnlog® M) Pauli probes for each of
the O(M?) off-diagonals, this gives us the following proposition:

Proposition 4.2.2 (Complexity of SPAM-Robust Off-Diagonal Coeflicient Learn-
ing). Given an M-sparse Lindbladian L with dissipator support S, we can learn
the off-diagonal components of y (L) to e-accuracy in SPAM-robust fashion in total
evolution time

€3

5 2
T:O(M nlog M)

with high probability.
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The corresponding algorithm for this proposition is given as follows:

Algorithm 8 SPAM-Robust Oftf-Diagonal Lindbladian Coeflicient Learning

Input: Query access to &[] = e'£[-], accuracy threshold e, sparsity bound M,

1:
2:
3:
4:
5:
6:
7
8
9

10:
11:
12:
13:
14:

15:

16:
17:

18:

19:
20:
21:

22:

23:
24:
25:

learned dissipator support S
Initialize all ;. = 0.
Sett < O(e/M?)
Set K «— O(Mn log®> M)
Set N « O (M*/€*)
Define S® = {a®b:a,becS}
Define coeflicient support S =(8xS) USSP x{0}) U ({0} xS?)
for (a,b) € &’ wherei < j do
fork=1,...,Kdo
Set p,(co),p,(cl) «—0
Sample Pauli Q; € P,
for{=1,...,Ndo
Prepare state py = 1+2Qk , twirling before and after state preparation.
Evolve under C,j, o &;
Measure Qy to obtain my, twirling before and after, updating p,(:) —

pf{l) +my /N

end for
for{=1,...,Ndo
Prepare state py = 1+2Qk, twirling before and after state preparation.

Measure Qy to obtain my, twirling before and after, updating p,(co) —
pl({o) + my / N
end for
end for
Let yx « %ln (p,((l)/p,(f))) for all k
Solve compressed sensing problem given {Qg,Vi}ke[x] using £i-
optimization to recover )2; ;

Compute fup = “52 (¥, — Kpo) for k = a @ b.
end for
return y.,

Output: Nonzero learned gauge-independent off-diagonal coefficients y,p

Hamiltonian Coefficients

The last part of the Lindbladian that we can always estimate without worrying about

gauge-degrees of freedom are the Hamiltonian terms. Just as before, we consider

the case where the Hamiltonian terms are outside {a ® b : a,b € S}. To do this,

we need to consider a modification to Lemma 4.2.2:

Lemma 4.2.5 (Second-Order Lindbladian Pauli Twirling). Given an M-sparse Lind-
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,2
bladian L, let &; [ p] = et Lot 5 (L= (Lo)], Define
& ,1pl = (Ep-p,[Pe't/"[PpP]P])"

We can then bound the diamond distance between these channels as follows:

, M3
18, — Erllo <O ( ) ,

72

fort <O(r/M?)

Hence, we have that the trotterized evolution that we performed previous can also
be used to approximate evolution under L + 5- [(£L?)tw — (Liw)?] for time ¢. Since
everything is twirled here, we have that this is still diagonal in the Pauli basis. Writing

the Hamiltonian as H = }}; h; P, we have that for the Hamiltonian terms outside the
. . . h2t
support of the dissipator, the coefficient of the term P;pP; is given as —--. Hence,

to estimate /1, to O(€)-accuracy, we need to estimate this coefficient to O(€*t/r)-
accuracy. Consequently, we have that the compressed sensing problem now involves
an O(M?)-sparse solution vector and coefficient estimation to O(€*t/r)-accuracy.
Performing the same error analysis as before, we now find that we need to learn each
eigenvalue to accuracy O(e*/M?®), which by the same Hoeffding derivation gives

us the following result:

Proposition 4.2.3 (Complexity of SPAM-Robust Hamiltonian Coefficient Learn-
ing). Given an M-sparse Lindbladian L with dissipator support S, we can learn
the Hamiltonian components of y (L) to e-accuracy in SPAM-robust fashion in total
evolution time

8

MBnlog? M
Tzo("_og)

with high probability.

As we can see, this quadratic order terms are much more difficult to estimate due to
their suppression under twirling. Consequently, the runtime of the algorithm will

be bottlenecked by the Hamiltonian learning protocol.

The algorithm is nearly identical to the on-diagonal learning one, with the only

difference being different parameter choices:
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Algorithm 9 SPAM-Robust Hamiltonian Coeflicient Learning

Input: Query access to &[] = e'£[-], accuracy threshold e, sparsity bound M,
learned dissipator support S

1: Initialize all y;; = 0.

2: Sett «— O(1/M)

3: Setr « O(M*/€?)

4: Set K «— O(M*n log® M)

5: Set N «— O (MIZ/ES)

6: fork=1,...,Kdo

7: Set p](cl),p,(f) —0

8:  Sample Pauli Q; € P,

9. fort=1,...,Ndo

10: Prepare state py = 1+2Q" , twirling before and after state preparation.

11: Evolve under &, = (Ep~p, [PE;/ [PpP]P])"

12: Measure Qj to obtain my, twirling before and after, updating pl(cl) —
pl(cl) + mk/N

13:  end for

4. fort=1,...,Ndo

15: Prepare state py = 1+2Q" , twirling before and after state preparation.

16: Evolve under Sét,r

17: Measure Qj to obtain my, twirling before and after, updating p,(f) —
p,(cz) + my /N

18:  end for

19: end for

20: Let y; « %ln (p,(cz)/pl(cl)) for all £

21: Solve compressed sensing problem given {Qy, ¥« }ke[k] using ¢;-optimization
to recover all y;;

22: return y;;

Output: Nonzero learned coefficients y;;, including the Hamiltonian terms

4.3 Full SPAM-Robust Learning Algorithm
Combining the three previous algorithms, we obtain the full protocol for learning
Lindbladians in SPAM-robust fashion:

Algorithm 10 SPAM-Robust Sparse Lindbladian Learning

Input: Query access to &[-] = ¢'£[-], accuracy threshold €, sparsity bound M
1: Run Algorithm 7 to recover the on-diagonals yxx and dissipator support set S
2: Run Algorithm 8 to learn off-diagonals Y,
3: Run Algorithm 9 to estimate off-diagonals y,, that have not yet been learned
4: return (yqup)

Output: Learned Chi matrix (y,p) for Lindbladian £
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Furthermore, we have that the runtime is given by the following theorem:
Theorem 4.3.1. Given an unknown M-sparse, n-qubit Lindbladian L[p]| = ¥; ; xijPipP;,

we can learn the gauge-independent components of the chi matrix y;; in the presence

of SPAM-error espayy < 1 — O(1) in evolution time

-0 (M13n10g2M)
e
such that for all gauge-independent yj,
LXij — xijl <€

with high probability.

Consequently, we can indeed estimate all the gauge-independent components of the
Lindbladian using evolution time 7' = poly (M, n, 1/€). Nevertheless, one important
caveat of this technique is that solving the resulting linear system requires nontrivial
classical postprocessing in general. In particular, to solve the ¢; optimization
problem used to compute the compressed sensing solution via a technique like
LARS [29], we require a computational cost of O(KN?) = o (16"Mn), which is

exponential in the number of qubits.

To get around this issue, we can also consider the case where the support of both the
Lindbladian and Hamiltonian are known a priori, which is the case under certain
reasonable physical assumptions such as k-locality. Firstly, this means that the
separate Hamiltonian term measuring procedure is no longer required, as these terms
can simply be measured during the typical cross-term analysis. Furthermore, from
a computational perspective, knowing the support transforms the £; optimization
problem into a more tractable £, optimization problem, which gives us polynomial

runtime, as analyzed in Appendix D. This then gives us the following theorem:

Theorem 4.3.2. Given an unknown n-qubit Lindbladian L[p] = X; ; xijPipP;
with known support superset S for the dissipator and Sy for the Hamiltonian,
where |S U Sg| < M we can learn the gauge-independent components of the chi
matrix x;; in the presence of SPAM error espay < 1 — O(1) in evolution time
M3nlog* M
T=0 (—n = )
€
and classical post-processing time O (M>n log2 M) such that for all gauge-independent
Xij»
LXij — xijl < €,
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with high probability.

This then gives us a similar protocol to Algorithm 10, where instead of using ¢
optimization, we can use £, optimization constraining the measurement matrix based
on the support sets given. Furthermore, the Hamiltonian learning protocol is no
longer necessary, since we can instead learn all the off diagonals using Sy and
Algorithm 8. For detailed analysis of the time complexity of solving the linear

system with knowledge of the support, see Appendix D.
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Chapter 5

CONCLUSIONS AND OUTLOOK

In this thesis, we developed the first efficient ansatz-free Lindbladian learning al-
gorithm with polynomial-time classical postprocessing. We achieved this by using
Bell sampling to probe the support of both the dissipative and Hamiltonian parts
of the Lindbladian and then measure the corresponding coefficients based on the
probability of sampling each outcome. Furthermore, we provide the first characteri-
zation of Lindbladian gauge dependence in the presence of unstructured SPAM error
as well as the first efficient SPAM-robust procedure for learning gauge-independent

components.

From an experimental standpoint, Lindbladian learning offers a method of charac-
terizing Markovian noise in quantum devices [30]. Unlike data-intensive techniques
such as quantum process tomography, this algorithm facilitates sample- and time-
efficient reconstruction of sparse, nonlocal error models without assuming structural
knowledge a priori. Nevertheless, by its very definition, the Lindbladian framework
is fundamentally limited to memoryless dynamics. Capturing non-Markovian effects
ubiquitously observed on spin-boson and superconducting systems instead requires
alternative methods such as memory kernel or neural network-based approaches
[31, 32].

Regarding broader theoretical applications, Lindbladian learning presents a po-
tential candidate for achieving quantum advantage in Markov random field learn-
ing. Markov random fields (MRFs) represent the dependency structure of high-
dimensional probability distributions via graphical models, where edges encode
conditional dependencies between random variables and joint distributions are de-
fined by clique potentials on the vertices [33]. Classically, learning k-local MRFs
fromi.i.d. samples is constrained by the noisy parity barrier, necessitating a runtime
of n®%) [34, 35]. While recent breakthroughs have demonstrated that sampling from
Glauber dynamics can bypass this barrier to achieve learning in time O(n?logn)
assuming constant locality [36], these classical methods struggle as the interactions
become non-local or highly complex. By leveraging the ability to learn sparse,
nonlocal Lindbladians efficiently, one could potentially reconstruct the generators

of these dynamics efficiently. This offers a pathway to learning nonlocal MRFs that
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may be classically intractable.

Despite these applications and theoretical promises, there remain several important
technical challenges. In particular, ansatz-free Lindbladian learning appears to
be bottlenecked by Hamiltonian support learning, which requires 1/e* scaling of
evolution time to learn due to the dominance of the dissipative terms and the inability
to directly suppress them. Consequently, it remains an open question whether the
Hamiltonian terms can be learned more efficiently in the presence of Lindbladian
noise [23]. Given that rescaling and inverting dynamics enables Heisenberg-limited
scaling of noiseless ansatz-free Hamiltonian learning [4], it remains to be seen
whether techniques for approximately inverting Lindbladian dynamics, such as the
continuous Petz recovery map, can provide analogous improvements in the noisy
setting [37].

Similar challenges also arise in the SPAM-robust procedure, where the need to
simultaneously estimate the coefficients to high precision and have the error be
sufficiently small produces an evolution time on the order of 1/€®. While this could
be reduced to 1/€> by assuming knowledge of the Hamiltonian support a priori, it
remains to be seen whether we can learn the Hamiltonian terms in less time using
techniques such as Prony’s method. Moreover, while we outline a universal learning
algorithm that works for all Lindbladians, there could be certain coefficients that are
still learnable for large classes of Lindbladians. Consequently, it remains an open
question how these components can be learned, and how exactly gauge-dependence

restricts the applicability of these approaches.

Future research directions will focus on resolving these open questions and address-
ing the practical constraints of near-term quantum hardware. First, an important
objective is to investigate the aforementioned approaches for improving the scal-
ing of Hamiltonian learning in noisy settings. Specifically, it remains to be seen
whether approximate inversion techniques, spectral estimation methods such as
Prony’s method, or alternative dynamical protocols can reduce the evolution-time

requirements for learning Hamiltonian components.

Beyond these error-scaling optimizations, another direction of practical interest is in-
vestigating the specific gauge degrees of freedom that arise when the experimenter’s
control is strictly restricted to noiseless single-qubit unitaries. While we assumed
access to arbitrary ideal n-qubit control operations for our analysis, multi-qubit gates
suffer from poor fidelity in practice and are deeply limited by hardware topology.

Characterizing the emergent gauge degrees of freedom under a restricted single-
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qubit control architecture will therefore provide a more experimentally relevant

notion of learnability.
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Appendix A

NOISELESS LEARNING ERROR AND COMPLEXITY
ANALYSIS

In this chapter, we will rigorously prove the central results of the Lindblad learning
algorithm in Chapter 3. We begin by deriving the complexity results for support

learning, after which we then prove the results for coefficient learning.

A.1 Support Learning Sample Complexity and Time Evolution

In the main text, we developed a method to learn the support of the Lindbladian
by performing Bell sampling at different time resolutions and checking what Paulis
we sample. The aim of this section is to rigorously justify the support learning

complexities claimed in Proposition 3.1.1 and Corollary 3.1.2.

Proposition 3.1.1 (Nonlocal Lindbladian Support Learning). Given an M-sparse
Lindbladian L with dissipator and Hamiltonian support S, Sy, we can learn sets

S , 5;1 such that S ¢ S ,Sy C SAH with high probability in total evolution time
M*logM
T-0 (#)

€
Corollary 3.1.2 (Nonlocal Lindbladian Dissipator Support Learning). Given a
purely dissipative M-sparse Lindbladian L with support S, we can learn S such
that S C S with high probability in total evolution time

log M
r-o[*)

€

Proof. To find the optimal evolution time, we must first perform error analysis on
the probabilities of sampling Paulis in the support of the Lindbladian. We begin by
analyzing the support of the jump operators. Analyzing the Taylor series error, we
have that

2
ETaylor < O %(‘PI(I ® P)(I® L)WY ® Pk)I‘I’>)

t2
=05 > Xavxaw (¥I( ® PL)(1 © PuPur) ¥)CEI(I @ Py Py) (1 © Pi)IY)
a,b

t2
=0 5 XabXa'v' (Y| (1 & PrPoPy)|P)(P|(I ® Py PpPr)|¥)
a,b
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Since there are at most | M /2] Pauli pairs Pj,P;. € supp(L) s.t. PJ-P;. oc Py, we

have that assuming € < |yq»| < 1,
2.2
ETaylor < O(M~t7)

for + < 1. In order for the error to be deemed insignificant, it must affect the prob-
ability of sampling a given Pauli by at most a constant factor times the probability.

Since the worst-case probability is Pr[Py]| = €t, we require

2.2 €t
gTaylorSO(M t)SE — < M2

for some large constant C > 1. Since the {th degree diagonal term in the time-
evolution operator can receive contributions from at most O(M2(‘=1) terms, we
have that any choice of t < O(1/M?) is sufficient for the contribution from the

higher-order terms to be asymptotically insignificant.

Hence, choosing t = ®(e/M?), we have that

62
Pr[P;] = Q(et) = Q (W)

We now find the optimal sample complexity to cover the entire support of the
Lindblad jump operators with high probability. Using a coupon-collector style
argument, we have that the probability of never sampling one of the Paulis in the
support is at most

2

N
Pr[missing Pauli] < M (1 -Q (%)) <0

Hence, we have that to succeed with probability at least 1 — ¢, we require sample

complexity

NoO (leoggM/é))

€
Since we evolve for time ¢ = O(e/M?), we have that the total time evolution required
is

P (log(M/(S))

€

Consequently, we can learn the entire support of the jump operators in Heisenberg-

limited evolution time, up to logarithmic factors in M.

We can now perform the same analysis for the Hamiltonian terms that are not
supported by the jump operators. Just as before, we consider the leading order error

term, which, using the same reasoning as before, scales as

H 4.3
8Taylor = O(M t )
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. h2t?
Since Pr[Py] ~ &-,

Consequently, we have that for some large constant Cy > 1, we require

. . 2.2
we have that the worst-case error is given as Pr[Py] =~ %

H 43 €T e’
Eaylor < O(M I)ST == lSO(ﬁ)

Hence, we have that the probability of sampling a Hamiltonian element is lower

bounded as

66
Consequently, repeating the same coupon-collector proof from before, we have that

the required sample complexity is

NZO (Mglog(M/é))

€6

Given the size of each time-step, we therefore have that the total evolution time
required is given as

!

_— (M4 1og(M/5))

As mentioned previously, we will assume 6 ~ O(1) to be a very small constant. O

A.2  Oversampling the Support
Having established these complexities, we now demonstrate that oversampling only

introduces logarithmic overhead via Lemma 3.1.3.

Lemma 3.1.3. Let S, Sy be the support sets returned by Algorithms I and 2. We
then have that |S| < O(M log M) and |Sy| < |S|? + O(M log M), respectively,
with high probability.

Proof. We begin by analyzing the number of non-identity Paulis we sample for the
dissipator support. From Algorithm 1 we have that the sample complexity is chosen
to be

N=oO (leog(M/é))

€2

Based on the Taylor expansion we performed, we have that the sum of the Taylor
error bounds for each individual Pauli in the support of the dissipator forms an
upper bound on the probability of sampling outside the support of the dissipator. In
particular, since etaylor < O(M 2¢2) for each Pauli, we have that the probability of

sampling outside the support is upper bounded as

Pout = O(M3t2) = O(GZ/M)
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Consider a set of indicators {X;};c(x] where X; = 1 if sample i lies outside the

support and 0 otherwise. We have from the multiplicative Chernoff bound that

N ,
- 1)2N
Z Xi > aNpout| < exp (_M)
i=1 a+1

Pr

Since Npou < O(M log M), we have that
Pr(M' >a-O(MlogM)) < exp(—O(aMlogM)),

where M’ = }; X; is the number of Paulis sampled outside the support. Conse-
quently, we have that with high probability, M’ < O(aM log M) for some sufficiently

large constant . Consequently, we have that

IS| <M+ M =0(Mlog M)
with high probability.
For the Hamiltonian support, we have that

Ny=O (Mglog(M/é))

€6
Here, we have that since the second-order terms in the Lindbladian are all in Sy,
we simply care about the third-order error term, meaning

Pout, H = O(Mst?q = 0(66/M7)

Performing the same Chernoff analysis as before with Ny pou, v < O(M log M), we
get the same bound for the number M}, of Paulis sampled outside the true support
set Sy

Pr (M}, > a-©(Mlog M)) < exp (-O(aMlogM)),

Consequently, we have that
ISul < IS1* + Mj, < |SI* + O(M log M)
with high probability. O
A.3 Diagonal Coefficient Learning Complexity
Having learned the support, we now focus on the evolution time required to learn

the coeflicients. Starting with the diagonal coefficients, we now rigorously recover

the time complexity stated in Proposition 3.2.1.
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Proposition 3.2.1 (Complexity of On-Diagonal Coefficient Learning). Given an
M-sparse Lindbladian L with dissipator support S, we can learn the diagonal
components of x (L) in total evolution time

M?logM )

€3

T:O(

Proof. We previously observed that by evolving for time t = O(e/M?), the prob-

ability of sampling a given diagonal coefficients py; differs from its linear order
2
to rescale yt by MT we have that with high probability,

approximation y! by at most for some large constant C > 1. Since we have

€
o _€
|Xkk — Xkk] < ok

where yix 1s the true empirical coefficient. Consequently, if we can obtain an

estimate yix for yixx with accuracy threshold at most (1 - %) €, we can get

ki — xkil < €,

with high probability, as desired. Hence, this procedure allows us to learn these

coeflicients to e-accuracy.

Since we know that this time-resolution is sufficient to learn this coefficient to e-
accuracy, we now consider the sample complexity necessary to achieve this. Since
learning each coefficient to e-accuracy implies learning the individual probabilities

Ykkt to O(€?/M?) accuracy, Hoeffding’s inequality states that

62 64
Pr|| ik — t> <2exp|-2N
(lek /\/kkl C,Mz) p( C,2M4)

Taking a union bound over all k € S , we have that

. € et
Pr (Vk Rk = Xkklt 2 C’M2) < O(MlogM) - exp (—ZNC—) <6

Consequently, we have to learn all the diagonal coefficients to e-accuracy with
probability at least 1 — §, we require sample complexity
M*log(M /5
N:O( %E/))
€
With our choice of time resolution, this means that the total evolution time required

for this step is

-0 (leog(M/(S))

e3
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A4 Off-Diagonal Coefficient Complexity

Now that we have learned the diagonal coefficients, we focus on the off-diagonals.
For the off-diagonal analysis, we begin proving that the normalization factor is close
to 1/2, as stated in Lemma 3.2.3.

Lemma 3.2.3. The normalization factors K;_} = Tr(Ki.eL’ [p](K;—;.)T)) with t =

O(e/M?) satisfy the following bound with high probability:

1
Kiij - 5‘ <0(e)

Proof. We had that the renormalization factor as
K5 = Tr(Ke™ [p](K)1),

which corresponds to the probability of applying K;;. and K. respectively. We can

write these probabilities in term of expectation values as follows. Using (3.3), we

1+(2Pk> or 1—(2Pk) )

have that K;—“I. must be one of either

In order to bound this expectation value, we use the previously derived fact that for
Pauli Py,
Tr((E - &) plPr) < IE - &'l

Taking & = e'L and & = T, this means that we can bound the distance between the
expectation value before and after evolution as ||J£" — I'||,. Since £ is M-sparse, we
have that y(£) as at most O(M?) nonzero elements, all of which have magnitude

at most 1, giving us that
IL]ls < O(Mz) — ||et£ — Tl < eO(er) _1

Taking = O(e/M?) means that this bound effectively becomes O(€). For any Bell
state, we have that (P;) = 0 for P # I, as operating with a Pauli on one side of the

Bell pairs produces an orthogonal n-qubit Bell state. Consequently, this means that
Tr(e'“[p] Py)| = O(e)

Consequently, we have that

:_1

ii T3 < 0(e)

K

O

Having shown that Kl.ij is close to 1/2, we now show that the evolution time required
matches that of Proposition 3.2.2.
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Proposition 3.2.2 (Complexity of Off-Diagonal Coefficient Learning). Given an
M-sparse Lindbladian L with dissipator support S and Hamiltonian support Sh,
we can learn all the nonzero off-diagonal components of x (L) in total evolution
time 4

r=0 (_3)

€

Proof. To ensure that we estimate K;—’j to the desired accuracy, we perform the
following analysis. We have that the probability p; of sampling a given Pauli Py

can be estimated to the following accuracy:

&5 Dk = K5pk| < |R3j = k51 Pi + k551Px — pirl < O(et)
Assuming we measure py to O(et)-accuracy, this means that taking p ~ O(1) in the
maximal case implies that a sufficient accuracy to estimate /?l’—; isO(et) = O(e*/M?).
Consequently, the number of samples originally used to estimate the coeflicients is
itself sufficient to estimate the probabilities of choosing each ancilla qubit to the

desired accuracy.

Altogether, we have that each oft-diagonal coeflicient can be learned using

4
N:O(M 10%(1/(5))
€
samples, or
2
T:O(M 10g3(1/5))
€

evolution time. Since we have to learn O(M?) off-diagonals, we have that the total

sample complexity and evolution time are given as follows:

NZO (M6log4(1/6))
€

-0 (M4log3(1/6))
€
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Appendix B
GAUGE DEGREE OF FREEDOM ANALYSIS

In this chapter, we will rigorously prove the unlearnability results in Chapter 4. We
begin by deriving the transformed error channels before working with the trans-

formed Lindbladians.

B.1 Error Channel Gauge Transformation
We now set about proving Lemma 4.1.1 by showing that there exist transformed

error channels that satisfy the desired conditions.

Lemma 4.1.1. There exist n-qubit depolarizing channels &, and &, satisfying
1E1 = Zllo + |1E2 = T |lo < espam
such that

&l = e o8

E=&0 e

constitute valid depolarizing channels for 0 < 0 < —In(1 — espay/4), where
r=L @ - > PipP;
) 4 g i#0 P

is the generator for n-qubit global depolarizing channels and the new error channels

satisfy

1E = Tllo + 1€ = T ||o < espam

Proof. As stated before, we consider the transformation

E- & =eMog

Exr> E =8 0™

In the n-qubit case, we define the generator I" by

Flel = 5; [(4" ~Dp =) PipP;

i#0
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Computing the Pauli transfer matrix of this generator, we have that
00 1 0
R(T) = (0 1) = R(e™) :( )

For this mapping to produce a gauge transformation, we must have that the transform
channels are still CPTP and that they still satisfy the SPAM-robustness criterion:

I1E] =T llo + IE; = Ilo < espam

Since our error channels are uniformly depolarizing, we can express them as follows:

&l = (1= p)l 1+ piTil D5,

We can bound the diamond distance between &;[p] and I as follows:

1
1 - Tl = 2p; (1 _ 47) <2,

Consequently, we can choose p| + py < 8™ to ensure that the SPAM constraint is
satisfied. We now check when 81, 85 are CPTP. We have that

1 0
K@ = (0 (1 —p,->1)

R(ED) = (1 0 )

Hence, we have that

0 e?(1-p)I
.1 0
R(Sz)_(o e’(1- Pz)I)

Hence, we have that this transformation simply yields new depolarizing channels

with probabilities p/, p} given as follows:

pi=1-¢"(1-py)

py=1-¢"(1-p)
Here, we impose two constraints on p’ and p}. Firstly, we need to satisfy the SPAM
constraint, meaning that

ESPAM
2

pi+ph=2-e(1-p))-e(1-py) <
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Secondly, while 0 < p} < 1, we have that p’, can be negative if 6 is left unconstrained.

Hence, we must have that
ph=1-e’(1-p2) 20 = 6 <-In(1-py)

Using the first derivation condition, we find that the # that maximizes the LHS of
the first inequality is given as:

1 (1-
0" = —1n [—2!
2 \l-p2

Substituting this into the original expression, we have that
’ ’ _0* 9*
pi+py<2-e’ (1-p1)—e’ (1-p2)

1—11

o) (1 PR (1 - )

1-p2 1-pi
=2- (1-p1) - (1-p2)
1-p; 1-p>
=2-2y/(1-p))(1 - p2)
< ESPAM
2
Hence, we must have that
2-2/(T=p(1 - p) < =5
2
(1=p))(1-p) > (1- 22M)
ESPAM géPAM
1-pi—p2+ > 1 -
P1—Pp2+pip2 =2 > 16
ESPAM ‘(’%PAM
+ py — < —
P1tp2—p1p2 = > 16

We can observe that this bound is saturated by choosing p; = p» = espam/4, which
also satisfies the necessary constraint for the original channel to be SPAM-robust.

For this choice of pi, p», we have that
0<6<—In(1 - espam/4)

Hence, for this choices of parameters, this transformation produces valid quantum

channels &}, &) that satisfy the SPAM-robust requirement. O
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B.2 Single-Qubit Lindbladian Gauge Transformation

Having shown the validity of the error channel, we now demonstrate the validity
of the transformed Lindbladian. Starting with the single-qubit case, we now prove
Lemma 4.1.2.

Lemma 4.1.2. For any single-qubit Lindbladian L, the transformed operator L' =

e % o £ o e is a valid Lindbladian for all 6 > 0.

Proof. Recall that for any operator A,
Tr[L(A)] =0

Hence, we have that the Pauli transfer matrix of the Lindbladian is given as

R(L) = (S 1&)

Consequently, we have that

0 0
R €_9F.£€9F —
( ) e'r M
In other words, we have that

L'pl = LIp] = (1 =) (r-P)D[p],

where P = (X,Y,Z) and D is a uniform depolarizing channel. We can show that

this PTM corresponds to a Lindbladian geometrically. Computing the PTM for ¢'£,

R(e,i):( 1 0)

fot =My g o™

Letusdenote d(t) = /0[ e""Myp ds. In general, we have that a CPTP map transforms

we have that

the Bloch sphere into a rotated ellipse that lies entirely within said sphere, with the
center being located at d(¢) [26]. Consequently, shifting the center to e~?d(z)
means that the ellipsoid still lies within the Bloch sphere. Hence, this is a valid
Lindbladian. O

B.3 Multi-Qubit Lindbladian Gauge Transformation

Since there exist Lindbladians that are not mapped to valid Lindbladians under
this type of gauge transformation, we instead focus on proving the existence of
Lindbladians that can be transformed. To this end, we prove Lemma 4.1.3 as

follows:
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Lemma 4.1.3. There exists a Lindbladian L[p] = X, p XabPapPp such that under

the depolarizing transformation
£/(9) — e—ﬁr O,L oe@r

the resulting superoperator L' = 3., , X!, PapPyp is a Lindbladian for 6 > 0, and
Im[ x| differs from Im[ xqp] by a multiplicative factor of e™® for {P,, Py} = 0 and
Re[x!, ] differs from Re[ xqp»| by a multiplicative factor of e~ for [P,, Pp] = 0.

Proof. Suppose we have a Lindbladian £ where
L()=R

for some R € #,. We have that in the PTM representation, this element can be
expressed as the following operator expansion by performing left multiplication on

a uniformly depolarizing channel:
1
R = 72 ) RP;pP;
J

Consequently, if we want £’(I) = e R, we can subtract this expression from the

original Lindbladian giving us the following:

L'[p] = L[p] -

iPPj

To ensure that £’ is a Lindbladian, we can have the coefficients for all the terms
being subtracted be equal to 4l,, in the original £, as this means that choosing 6 > 0
means we effectively supress these terms exponentially, with them going to O as

6 — oo.

To get terms of the form RP;pP;, we can choose jump operators of the form

Lj= ——(P, + RP))

on+1/2
Note that these jump operators need not be unique. In particular, consider Py =
wRP ;. We have that

Ly = —(Py+ RPy) = ——(P; + RP;) = wL;

1
n+1/2 n+l /2
Hence, we have that Ly and L are effectlvely identical jump operators, as they differ
only by a phase. Consequently, to account for this double counting, we include the

additional factor of 1/V2. Consequently, we have that

1
L,-pLj+Lka,t (P +RP))p(Pj+P;R) = L-[P;pP;+RP;pP+RPpPi+PipP]
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Hence, we have that these L;, Ly jump operators collectively capture both the
RP;pP; and RP;pP; terms. Hence, if we now iterate over all the Pauli terms with

this construction, we would have that

> LipLl= 4% > [PjpP; + RP;pP]
J J

Hence, the gauge transformation simply suppresses the second term here. Nev-

ertheless, we have not yet accounted for the normalization terms —%{L;L PP}

Evaluating L; L, we have that

; 1
LiL;

1
L :—22n+](Pj+PjR)(Pj+RPj):47(I+PjRPj)

We note that P;RP; = +R depending on whether P; and R commute or not. Since

R commutes with exactly half of the Paulis, we have that
1 + 1
5 2 ALiLjpY = =5 {L.p} = —p
J

Hence, we have that the normalization term only affects the on-diagonal of the Chi
matrix. Altogether, this means that which this choice of jump operators, the entire

Lindbladian £ is given as

1

Llp] = 7

D [PipP; + RP;pP;]  p

J
Consequently, we have that the transformed Lindbladian is given as

1

L)) =

> [PipP; + e "RP;pP;] - p

J

Showing that this particular £’ is still a Lindbladian follows in straightforward

fashion. In particular, taking & — oo, we have that

Lol = 35 Y [PipPs = pl.

J

which is simply a Pauli Lindbladian. We can then write £’(6)[p] as the following

convex combination:

L'O)[p] = e LIp] + (1= e™) L (0)[p]

Since L(60)[p] is a convex combination of Lindbladians for all 6 > 0, we have that
L’(0)[p] is a valid Lindbladian.
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We now find the components of this Lindbladian that are gauge-dependent. In
particular, we can see that when [R, P J-] = 0, we have that RP; = P for some
P, € P,. Hence, we have that the term RP;pP; + RP;pP) affects the real
component of y;r. On the other hand, if {R, P;} = 0, we have that RP; = +iPy.
Consequently, we have that RP;pP; + RPypP) affects the imaginary component
of yjr. Since the commutation relation between P; and R is identical to that
between P; and Py, we have that Re[y;] for commuting P;, Py and Im[ ] for

anticommuting P;, P; are the gauge-dependent coeflicients.

Furthermore, since we can perform this Lindbladian construction for all R € $,, we

have that this extends to all choices of P;, Py. O
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Appendix C

SPAM-ROBUST LEARNING ERROR ANALYSIS

Having demonstrated which components are unlearnable, we now consider how to
learn the remaining components in evolution time 7 = poly(M,n,1/€). In this
section, we will prove all the results pertaining to SPAM-robust learning presented
in Chapter 4.

C.1 Twirled Lindblad Evolution
To bound the error in simulating evolution under the twirled Lindbladian, we prove
Lemma 4.2.2.

Lemma 4.2.2 (Lindbladian Pauli Twirling). Given an M-sparse Lindbladian L,
let &[p] = 'L be the evolution operator under the twirled Lindbladian. Define
&l el = (Epp, [Pe'L/"[PpP]P])". We can then bound the diamond distance

between these channels as follows:

, M3t?
18, - &l <O ( ) ,

fort < O(r/M?).
Proof. Using a telescoping sum argument, we have that
I&;, — &dllo < rIIE, | = Eiello
Expanding this out to second order, we have that
18 = Eulls = [Ep-, [P/ [P PIP] = 500", = O (j—inu:z)tw - L3l

In order to bound this diamond norm term, we use the fact that for a superoperator
A X > AX, ||Alls < ||A]lo- Consequently, we have that for any superoperator
Blpl = 2 xijPipPj, we have that

181l < > x|
LJ

Since each element of the chi matrix of £ has absolute value at most 1 and at most

O(M?) terms contribute to each element of the chi matrix of £, we have that



66
(LD wllo < O(M?) and ||(Liw)?|lo < O(M?). Hence, we have altogether that

M3t2
ler, - &l <o (* 1)
Note that since kth order error terms scale as ’k”r[ ikﬂ , we have that this bound holds
fort/r < O(M~?) O

C.2 On-Diagonal Uncertainty Analysis

Having bounded the Trotterization error, we now determine the accuracy to which
we need to measure the exponential eigenvalue in order to recover the exponent to
the desired accuracy. In the main text, we accomplished this using Lemma 4.2.3.

We now prove this as follows:

Lemma 4.2.3. Given fi = Ae"', f» = Ae™", we have that to estimate y to accuracy

O(n), we need to estimate fi, f» to accuracy O(Ante?"), O(Ante®"), respectively.

Proof. For f = e, we have that to estimate y to accuracy on the order of n, we

need to estimate f to accuracy

of =

of i
67’67 O (nte”)

This means that if we evolve for times ¢ and 2¢, we need to estimate % to accuracy
O(nte?"). We have that

'6(f2/f1) ~ 5_f2 + 6_f1 ~nt = 6f1 ~ O(An[eyt),éfz ~ O(Al]tezyt)

~lhA Lo N

Since A = A1,942,0, we now demonstrate how to lower bound these quantities via

Lemma 4.2.4. To accomplish this, we first prove the following helper lemma:

Lemma C.2.1 (Twirling Diamond Distance). Given a CPTP map &, and its Pauli-
twirled version &y, [ -] = 4% 2. Pi&E[P; - P;]P;, we have that

1€ = Tllo < IE = Il

where 1 is the identity channel.
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Proof. Using triangle inequality, the invariance of diamond distance under unitary

transformations, and the fact that 7 is invariant under twirling, we have that

”8tw - I”o

1
i D PE[P- PP - T

<

_ 4inZP,.(ea ~I)[P;- P,]P;

i

1
< 47Z”P,((";—.Z—)[PlPl]Pl”o

= 5 2 le-Tl.

= &= I,

With this, we are now ready to prove Lemma 4.2.4:

Lemma 4.2.4. Given the SPAM error bound espay as stated in Definition 4.0.1,
the eigenvalues for the twirled state preparation and measurement error channels,
notated &\, &), respectively, the absolute value of the product of their eigenvalues
is lower bounded by

[A1,042,0] = 1 = espam

for espamy < 1.

Proof. For any Pauli channel & = ) p ppPpP, we have that
1
16 =Tl =2(1=p1) = pr=1-3lE Tl

since diamond distance is twice the total variation distance of the weights. Since
each eigenvalue is a linear combination of the Pauli weights with +/— factors based
on commutation relations, we have that the smallest eigenvalue can be lower bounded

as
ﬂminZPI—ZPP=2P1—1=1—||8—I||o
Pzl

Consequently, for the SPAM error channels &7, &}, we have that

Aol > 1= |IE =Tl =18 =Tlle = 1= IE = Tlo = IE1 =T |lo = 1 — espam
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Consequently, so long as espam < 1, we have that

|[A1,042,0] = 1 — espam

Choosing t = O(1/M) and n = O(e€), we now can prove Proposition 4.2.1:

Proposition 4.2.1 (Complexity of SPAM-Robust On-Diagonal Coefficient Learn-
ing). Given an M-sparse Lindbladian L with dissipator support S, we can learn
the diagonal components of x (L) to e-accuracy in SPAM-robust fashion in total
evolution time

)

M?nloe’ M
T:O(&)

with high probability.

Proof. Assuming that espam < 1 — O(1), we have that by Lemmas 4.2.3 and 4.2.4,
we just need to learn each eigenvalue to accuracy O(e/M). Revising the Trotter

step analysis in Lemma 4.2.2, this means that

By Hoeftding’s inequality, we need to sample

A421og(1/5))

€2

N:O(

to estimate each eigenvalue. Since each experiment uses t = O(1/M) time, this

means that the time per probe is given as O MILZ(M;)
€

. Intuitively, the number of
Pauli probes scales approximately linearly with the size of the support up to logarith-
mic factors. In particular, in Appendix D, we show that using K = O(Mn log? M)

probes is sufficient to solve for the coeflicients.

Consequently, we have that the overall evolution time required to learn the diagonal
coeflicients is given as
)

M?nlog®> M
T:O(&)
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C.3 Off-Diagonal Uncertainty Analysis

Performing this same analysis for Proposition 4.2.2, we have the following:

Proposition 4.2.2 (Complexity of SPAM-Robust Off-Diagonal Coeflicient Learn-
ing). Given an M-sparse Lindbladian L with dissipator support S, we can learn
the off-diagonal components of y (L) to e-accuracy in SPAM-robust fashion in total

evolution time

M3nlog* M
T:o(&)

e3

with high probability.

Proof. We begin by expanding out
L 1 1 , .
(Cijoe~")[p] = Cij[p+tL[p]+...] = EP,~pP,-+§P_,~pPJ-+tZ)(kPkak+(n0n-d1ag)
k

For small time 7, we therefore have that the eigenvalues of the twirl of this are given

as

N =

Ag = =[(=D)FD 4 (=1)FrD] 4 IZ(_1)<Pk’Q>XI/ck =a + bt,
k

Since the eigenvalue can potentially be extremely small here, we need to instead
measure A = A1 oA o directly without evolving. Denoting estimates y; = Adp and
yo = A, we have that

0 0

Since |1g| < 1, we have that choosing 6y, 6yg ~ O(Aet) is sufficient. Since we

[0l = O(er)

require et ~ M?*t%, we set t = €/M? just as we did for the ideal learning protocol.
Hence, we will estimate these eigenvalues to accuracy €2/M?. This gives us a

sample complexity of

4
N-oO (M 10g4(1/6))
€
and evolution time of )
-0 (M 10g(1/§))
€3

per Pauli probe. Since the number of coefficients we have to estimate is of the same
order as before, we require K = O(Mnlog? M), giving us a total evolution time per
coefficient of

&3

-0 (M3n10g2M)
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Since we have O(M?) off-diagonals to estimate, this gives us a total evolution time
of

-0 (MSnlogzM)
&3

C.4 Hamiltonian Uncertainty Analysis
For the Hamiltonian terms, we need to extend the twirling result as demonstrated in
Lemma 4.2.5.

Lemma 4.2.5 (Second-Order Lindbladian Pauli Twirling). Given an M-sparse Lind-
2
bladian L, let &, ,[p] = ! Lovt 5 [(LDm=(Lw)*] Define

&,,1p] = (Bp-p, [P/ [PpP]P])’

We can then bound the diamond distance between these channels as follows:

M3F3
r2 )’

IE], — &illo <O (
fort < O(r/M?)
Proof. Using a telescoping sum argument, we have that
16, = Errlle <rlIEL, 1 = Exprallo
Expanding this out to third order, we have that

2 o2y 2
1E),.1 = Eirllo = [Bpap, [P L/ [P - PIP] = !t/ o lE (e
’M?
r3

sO(

The bound here is obtained from the fact that each of the diagonal elements of L£*
is of order at most O(M?¥), meaning that twirling the Lindbladian and taking the

sum gives a bound of O(M%*1). Hence, we have altogether that

IE, - &l <O ( .
,

O
Using the same error analysis we did for Proposition 4.2.1, we can compute the

evolution time for learning the Hamiltonian terms, as described in Proposition
4.2.3.
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Proposition 4.2.3 (Complexity of SPAM-Robust Hamiltonian Coefficient Learn-
ing). Given an M-sparse Lindbladian L with dissipator support S, we can learn
the Hamiltonian components of x (L) to e-accuracy in SPAM-robust fashion in total

evolution time

T:O(M13nlog2M)

e

with high probability.

Proof. Substituting € — €2t/r in the on-diagonal derivation means that we need
to estimate the exponential eigenvalues to accuracy O(e%t?/r). Since the diamond
distance that we computed in Lemma 4.2.5 bounds the accuracy we can estimate

the eigenvalue, we need

Consequently, this means that we need to estimate each eigenvalue to accuracy
O(e*t/M?). Choosing the maximal ¢+ ~ O(1/M), this means that the required
estimation accuracy is O(e*/M?®). Hence, Hoeffding’s inequality gives us a sample
complexity of

N:O(Mlzlog(l/é))

€8
Furthermore, because we evolve for time ¢t = O(1/M), this means that each Pauli

probe requires evolution time

. O(M”log(l/é))

e

However, since our signal has potential support on O(M?) possible Paulis, we
require K = O(M?nlog®> M) Pauli probes. Hence, the total evolution time is given

as

MB3nlog?> M
T:O(n_og)

es
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Appendix D

SOLVING THE LINEAR SYSTEM

In the main text, we mentioned that the linear system for the coefficients obtained via
the SPAM-robust technique can be solved efficiently. We will explicitly demonstrate
this result in this chapter. From before, we had that each Pauli probe for a given

Pauli Q allowed us to noisily estimate the linear combination —2¢ ) p(P, Q)yp.

D.1 Compressed Sensing Problem
This type of linear system we aim to solve falls under the umbrella of compressed

sensing [38]. In particular, the compressed sensing problem as framed as follows:

Problem 3 (Compressed Sensing). Suppose we are given noisy data’y = AXxg + e,
where A € CK*N where K < N, xo € CV is taken to be M-sparse, meaning that
there are at most M nonzero coefficients in Xo, and the error satisfies ||e||> < n. How

do we recover a M-sparse signal x* such that |x* —xo||» < €, for some threshold €?

Note that ||x* — xo|l» < € = [|Ix* — xo||e < €, meaning that the solution to
this problem is sufficient for our purposes. This problem can be formulated as the

following convex program:
min ||x||; subjectto |[Ax-y|» <7

Under certain assumptions on A, it can be shown that solving this convex program
yields a solution x* s.t.
Ix* = xoll < Cn

for some constant C [38]. In particular, if A obeys the restricted isometry property
(RIP), the bound above holds. This property is defined as follows:

Definition D.1.1 (Restricted Isometry Property). Let A € CK*N and 1 < M < K be

an integer. If for every M-sparse vector v € CV (i.e. |v|o < M), we have that
(1=8)[Ivl3 < lIAV]5 < (1 +8)[IVI3,

then A is said to be (M, 6)-RIP.
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Consequently, if we can show that the measurement matrix used for the Pauli probes
satisfies RIP with high probability for a reasonable number of measurements, we
can determine a sufficient bound on error for the eigenvalue exponents to recover

the Lindbladian coeflicients to the desired accuracy.

D.2 Relation with the Walsh-Hadamard Transform

In order to demonstrate that our measurement matrix satisfies RIP, we consider its

relation to the Walsh-Hadamard matrix.

Definition D.2.1 (Walsh-Hadamard Operator). Using the Hadamard operator H, =
X + Z, we define the Walsh-Hadamard operator H,, = H?".

We can then relate these Hadamard operators to the Pauli pattern matrix as follows.

Proposition D.2.1. The n-qubit Pauli Pattern matrix A, = (a;;), where a;j =

(Pi, P;) is related to the Walsh-Hadamard operator via
ln - 2An = Hy,,

forall n € N, where 1,, is a 4" X 4" matrix of ones.

Proof. We begin by observing that defining
B,=1,-2A,,
which gives us a matrix B,,, where

+1 [Pi,Pj] =0

(Bn)ij =
-1 {P,P;}=0

We then continue via induction. Consider the base case n = 1. Here, we have that

Br=t= 0 4

-1 -1 1

— = = e
—
|
—
I
—_

Consequently, we trivially have that the base case holds.

For the induction step, we assume that this statement holds for n = k — 1. We can

write any k-qubit Pauli in the form P; = Pf_k) ® P§k), where Pl.(_k) is an n-qubit
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Pauli. Let us define the bitstring corresponding to the k — 1-qubit Pauli as i_; and
that for the Pauli on the last qubit as i;. Consequently, we have that

PPy = (P @ PP @ PY) = (Bioi)i (B PPy
Since (Br)i; = (Bi-1)i_,j_ (B1)iyj.» we then have by our induction hypothesis that
By =Bi-1 ® B = Hy(4—1) ® Hy = Hy,
Hence, since these pattern matrices have the same tensor product relation, we have

that they are identical. O

Furthermore, recall that }}p yp = 0 by the definition of a Pauli Lindbladian. Con-
2
T
will obtain a linear system with measurement matrix given by Hy,. Consequently,

sequently, we have that 1, = 0. Consequently, if we scale each (Q) by %, we
sampling random Pauli probes can be understood to effectively be sampling from

rows of this Walsh-Hadamard transform.

We can demonstrate that a measurement matrix composed by subsampling from the
Walsh-Hadamard transform satisfies RIP with high probability using the following

theorem:

Theorem D.2.1 (Unitary Sub-Sampling [28]). For sufficiently large N and k, a
unitary matrix U satisfying ||U|le < O(1/VN), where || - ||« denotes the s norm
on the elements of U, and a sufficiently small 6 > O, the following holds. For some
K = O(log*(1/6)67%2 - M -1og*>(M /) - log N), let A € CK*N be a matrix whose
K rows are chosen uniformly and independently from the rows of U, multiplied by
W. Then, with probability 1 — 2710gN10e(M/9) the marrix A is (M, 6)-RIP.

Since %Hzn is unitary and satisfies the || - || bound in Theorem D.2.1, we have
that assuming a small constant § ~ O(1), we can construct a measurement matrix
that is (M, §)-RIP with high probability using K = O(Mnlog> M) Pauli probes.
Consequently, after rescaling the coefficient matrix, this means that if A € CK*N
represents our subsampled Walsh-Hadamard Matrix and y € CX is the vector of
learned ). p(1 — 2(P, Q))yp values,
‘ 1
VK

where ¥ is the learned signal. Consequently, choosing 7 = O(€) means that we

Ay =y)|| <sn = [I7-7l2=<Cn,

2

have to learn y s.t.
1Ay = yll2 < O(eVK),
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which can be accomplished by simply learning the result from each experiment to
accuracy O(€). Hence, learning each exponent in the experiment to accuracy O(€)

is sufficient to learn the coefficients to accuracy on the order of €.

D.3 Compressed Sensing with Known Support

Lastly, we analyze the compressed sensing setup when the support of the signal
is known. Here, we assume that the signal has sparsity M, and the measurement
matrix is given by A € REXN and satisfies (k, §)-RIP, we have that the truncated
matrix A’ € RE*M | where only the columns in the true support are kept, we have

that for a given error vector e (where ||e||> < 77), we have that

V1+6
1-6

IATA) AT ell2 < I(ATA) lopllA el <

Consequently, just as before, for 7 = O(¢€) sufficiently small and § a small constant,
we can estimate the solution to e-accuracy. Furthermore, since A’ € REXM the time
complexity for this scales as O (KM?) = O(M>nlog® M).

For our purposes, because we have to perform this for O (M?) coefficients, this gives

an overall post-processing time of O(M>n log? M).
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