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ABSTRACT

Tunable couplings are a central requirement for scalable quantum processing with
superconducting quantum circuits. Practical quantum processors must dynamically
reconfigure their interaction landscape to accommodate different quantum opera-
tions, including idle, single-qubit gates, two-qubit gates, readout, and reset, while
maintaining high coherence and suppressing spurious couplings. While widely
used tunable interaction approaches rely on single-mode mediation, they are often
constrained by nearest-neighbor connectivity, limited on-off ratios, and stringent
requirements on qubit frequency allocation.

This thesis develops and studies novel strategies for tailoring tunable interactions
by moving beyond single-mode mediation, spanning multimode engineered interac-
tions and modeless interaction schemes ("many to no modes"), while accounting for
realistic constraints in superconducting hardware. Using a microwave metamaterial
waveguide realized by coupled resonator arrays, I demonstrate tunable dissipative
interactions that allow on-demand, fast, and high switching-ratio photon emission
from a transmon used as a multi-level quantum emitter. This capability is leveraged
to achieve deterministic generation of multidimensional photonic cluster states, as
well as unconditional reset and leakage reduction of frequency-tunable supercon-
ducting qubits.

Complementary to these multimode dissipative tunable interactions, this thesis also
introduces architectures that realize tunable interactions mediated by many coherent
modes or by no mediating modes. I discuss a long-range interaction scheme between
superconducting dual-rail qubits mediated by spatially extended eigenmodes of a
coupled-resonator array bus. Finally, I propose and analyze a novel modeless
coupling architecture based on a SQUID coupler which provides intrinsic cross-Kerr
interactions, enabling fast, hybridization-free CZ gates for far-detuned pairs, and
discuss its implications for miniaturization of superconducting quantum processors.
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C h a p t e r 1

INTRODUCTION

Quantum mechanics provides an exceptionally accurate description of nature when
the energy scales are sufficiently low and the physical degrees of freedom are
confined to microscopic dimensions [1–10]. Beyond its explanatory power, this
realization naturally raises a complementary question: can quantum systems be
deliberately engineered to model physical processes and provide practical utility
stemming fundamentally from their quantumness? Such an idea was articulated by
Richard Feynman in the early 1980s [11]. Since then, quantum information science
has developed the perspective that certain physical processes and computational
tasks may be most naturally and efficiently addressed using quantum hardware, such
as quantum computers and quantum simulators [12, 13], rather than through indirect
mappings onto classical binary architectures. Strikingly, it was subsequently dis-
covered that some problems admit substantial computational speedups on quantum
computers compared to their best-known classical counterparts, including integer
factorization [14], black-box search [15], and linear algebraic problems [16].

At the same time, significant progress over the past several decades has been made in
understanding and achieving precise control over microscopic quantum systems, re-
inforcing the prospect of realizing the advantages discussed above. A wide range of
physical platforms, including optical lattices, trapped ions, semiconductor quantum
dots, neutral atom arrays, and superconducting quantum circuits, have demonstrated
a high degree of experimental control, each with distinct strengths and limita-
tions [17–26].

However, the intrinsic fragility of quantum states and the difficulty of scaling co-
herent control to large systems impose significant challenges across all platforms,
necessitating carefully designed strategies. Central among these challenges is es-
tablishing fault-tolerance, which is substantially more demanding than in classical
information processing systems [27–33]. In addition, systematic engineering con-
cepts such as hierarchical abstraction, modularity, and design automation, which
have been critical to the success of modern technologies, for example, very large-
scale integrated (VLSI) circuits [34–39], have not yet been clearly formulated and
broadly demonstrated in quantum hardware.
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Among the various platforms aimed at tackling such challenges, circuit quantum
electrodynamics (circuit QED) based on superconducting quantum circuits is par-
ticularly attractive because of their strong light-matter interactions and relatively
low decoherence, enabling fast and accurate quantum operations [21, 40]. The
solid-state and engineered nature of superconducting circuits allows their properties
to be readily designed and fabricated. Moreover, the existence of simple qubit de-
signs and interaction schemes has provided easy understanding and engineering of
the system [41–47]. These features have led to significant experimental progress,
including demonstrations of many-body quantum simulators, multi-qubit proces-
sors, and quantum error correction experiments [48–53]. In the following, I briefly
review superconducting quantum circuits and define the scope of this thesis.

Superconducting quantum circuits

Superconductivity enables the flow of persistent currents with effectively zero elec-
trical resistance [54, 55]. As a result, superconducting circuits can support bosonic
resonators with exceptionally low dissipation, allowing long-lived quantum states.
Moreover, the presence of Josephson junctions and fluxoid quantization introduces
non-dissipative nonlinearities, making it possible to engineer artificial atoms with
tailored energy-level structures [24, 26, 56, 57]. These features have enabled the
discovery of extremely simple qubit designs and control principles [41, 58].

One of the key requirements for advancing superconducting quantum processors
is achieving both coherent and dissipative control of qubits. The coherence times
of superconducting qubits have steadily grown due to efforts to improve qubit de-
sign and material properties, achieving coherence times exceeding a millisecond
and stabilization of high coherence [59–65]. Single-qubit gates continue to achieve
close to coherence-limits, with infidelities below 10−4 [66, 67]. Dispersive read-
out of superconducting qubits has also crossed the error correction threshold with
improvements in readout speed and suppression of spurious measurement-induced
state transitions [46, 68–71]. These accomplishments have led to experimental
demonstrations towards low physical error rates and scalable integration [52, 53,
72–75].

Interaction design is as central as qubit design

Despite the substantial progress achieved in superconducting quantum circuits, sev-
eral core components, including qubits, couplers, and readout architectures, still
require improvement at both the fundamental and engineering levels to achieve
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performances on a utility scale [76, 77]. Central to many of these challenges is
the manner in which interactions are generated and controlled among qubits, res-
onators, and waveguides. This is because interaction schemes can expose quantum
processors to unintended couplings, additional decoherence channels, and physical
constraints that may limit the quantum hardware’s performance regardless of how
coherent individual qubits may be [42, 78–81]. In addition, such interactions must
be fast tunable in situ, as various quantum operations, such as idle, single-qubit gate,
readout, reset, and two-qubit gate, require distinct operating conditions that are not
usually compatible with each other [82, 83].

Existing approaches have predominantly relied on tunable couplings mediated or
tailored by a single bosonic mode, a strategy that has been successfully employed in
microwave quantum optics experiments and in elementary quantum operation prim-
itives such as two-qubit gates and qubit reset [44, 47, 84]. However, the increasing
demands of larger and more complex quantum systems, such as reducing leakage
errors, allowing more operating frequencies, and enabling long-range connectivity,
call for novel interaction schemes [84–86]. At the same time, candidate interaction
schemes should also be compatible with scaling strategies, such as tilability, main-
taining low crosstalk, mitigating frequency crowding and collisions, and keeping
qubit coherences high [60, 87–90]. These new engineering challenges motivate
the exploration of alternative interaction schemes that extend beyond single-mode
mediation.

Contribution and outline of the thesis

In this thesis, motivated by the aforementioned challenges, I investigate richer
tunable interaction schemes based on either many bosonic modes or effectively no
explicit bosonic modes, with the goal of expanding the performance and operational
capabilities of superconducting quantum circuits.

The outline of the thesis is as follows. First, in Chapter 2, I provide background
on tunable dissipative and coherent interactions and outline capabilities that extend
beyond those accessible with single-mode-mediated interaction schemes.

In Chapter 3, I present an implementation of tunable dissipative interactions us-
ing a structure called a metamaterial waveguide (MMWG), which consists of many
bosonic modes forming a narrow passband. When coupled to a qutrit quantum emit-
ter implemented as a transmon, this system enables on-demand frequency-selective
qutrit-waveguide coupling for single-photon emission and qubit-photon interactions.
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The narrow passband of the MMWG provides much stronger frequency-selectivity in
emission rate than what is possible with existing single-mode-mediated approaches,
which typically entails a long-tailed Lorentzian lineshape. This capability is lever-
aged to deterministically generate two-dimensional photonic cluster states with only
a single quantum emitter. The results in this chapter are published in [91].

In Chapter 4, I demonstrate fast unconditional reset and leakage reduction of a
flux-tunable superconducting qubit with state-of-the-art performance, enabled by
tunable dissipative interactions mediated by many bosonic modes. By employing
a broadband MMWG, rather than the narrowband MMWG used in Chapter 3,
simultaneous reset of multiple excited states of a transmon is achieved, thereby
suppressing error propagation caused by excitations shelved in higher excited states.
By introducing frequency selectivity into this scheme, selective reset of higher
excited states while preserving the qubit subspace, referred to as a leakage reduction
operation, is realized. The results in this chapter are published in [92].

In Chapter 5, I discuss how simultaneous long-range tunable interactions can be
achieved using multiple coherent bosonic modes. By leveraging a coupled-resonator
array bus (CRAB) and their orthogonal long-range eigenmodes, multiple long-range
interactions can exist simultaneously without allowing fundamental crosstalk chan-
nels. In this context, we use dual-rail transmons to eliminate unwanted static in-
teractions, highlighting the interplay between qubit design and interaction schemes.
An implementation strategy and design considerations are presented. This chapter
is based on an ongoing collaboration with external collaborators, a manuscript in
preparation [93], and materials presented in [94, 95].

In Chapter 6, I present a galvanic interaction scheme based on superconducting
quantum interference device (SQUID) couplers. Such couplers enable tunable,
modeless, and hybridization-free cross-Kerr coupling, which can be used for imple-
menting controlled-Z (CZ) gates. In addition, I discuss design strategies for fully
miniaturized quantum processors using merged-element transmons. The results in
this chapter have been posted as a preprint [96].

Taken together, this "many to no modes" framing of the thesis reflects the broader
perspective that the interaction design space for superconducting quantum circuits
remains rich with unexplored possibilities. The chapters that follow explore each
direction, with the shared goal of expanding the toolkit available to superconducting
quantum processors.
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C h a p t e r 2

TUNABLE INTERACTIONS IN SUPERCONDUCTING
CIRCUITS

2.1 Tunable dissipation engineering for superconducting qubits
Although quantum systems must remain coherent, controlled dissipation plays an
essential role in transferring and extracting information from quantum systems. A
representative example is a superconducting qubit used as a single photon emitter,
which provides a platform for microwave quantum optics, quantum communication,
and measurement-based quantum information processing [97–100]. In such a sys-
tem, a superconducting qubit is coupled to a waveguide that supports propagating
microwave photons, enabling the controlled transfer of quantum information from
the localized qubit to an itinerant photon. Such systems, in which quantum emitters
interact with propagating modes of a waveguide, are studied within the framework
of waveguide quantum electrodynamics (waveguide QED) [101–103].

At the same time, it is necessary to preserve the nonclassical character of the qubit
prior to photon emission, which arises from the intrinsic nonlinearity of the qubit
(e.g., anharmonicity). If the qubit is continuously strongly damped by the waveguide,
as illustrated in Fig. 2.1a, excitations can leave the qubit element almost immediately.
Consequently, the system dynamics are dominated by the linear waveguide modes,
and the system response becomes increasingly similar to that of a linear resonator. In
contrast, if the damping of the qubit to the waveguide can be tuned in situ, the state
preparation stage can be separated from the emitter-waveguide interaction steps.
Such tunable dissipation enables the preparation of nonclassical states while still
allowing efficient release of quantum information into the waveguide.

A natural way to engineer such in situ tunability in emitter-waveguide coupling is
to introduce frequency selectivity in the interactions. However, typical microwave
waveguides, such as coplanar waveguides (CPWs), support an extremely broad
passband, spanning frequencies from near DC to tens of gigahertz. As a result, some
portion of this continuum inevitably overlaps with the qubit transition frequency,
leading to continuous strong damping of the qubit. Therefore, additional frequency
selectivity must be introduced through engineered circuit elements.

A commonly used approach in superconducting quantum circuits is to insert a
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Figure 2.1: Qubit as a single photon emitter. a, Schematic of a qubit (orange, Q)
coupled to output waveguide (50Ω OUTPUT), with a broadband emission rate 𝜅𝑞
into the output waveguide. b, Schematic of a qubit coupled to output waveguide
filtered by an intermediate resonator mode 𝑅. c, Illustration of the spectral require-
ment for photon emission in the qubit-photon entanglement protocol described in
the main text. d, Emission rate into the output waveguide as a function of frequency,
shaped by the filter resonance.

microwave resonator or an auxiliary qubit ("coupler") between the qubit and the
waveguide to act as a filter, as shown in Fig. 2.1b [42]. In this configuration, the
qubit-like dressed eigenmode, which has participation of the filter mode, becomes
the mode relevant for quantum information storage. Only the component of this
dressed mode that resides in the filter mode couples directly to the environment.
The hybridization between the qubit and the filter follows a Lorentzian response,
which results in a Lorentzian spectral filtering of the density of states (DOS) seen
by the qubit. This can be formulated as follows:

|𝑒⟩ =
√︁

1 − |𝑐filter |2 |𝑒, 0⟩ + 𝑐filter |𝑔, 1 𝑓 ⟩

Γ
𝑔𝑒

OUT(𝜔𝑔𝑒) = |𝑐filter |2𝜅filter ≈
𝑔2
𝑞 𝑓

Δ2 +
( 𝜅tot

2
)2 𝜅filter, (2.1)

where |𝑔⟩ and |𝑒⟩ denote the ground state and the first excited state of the qubit,
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respectively. |𝑒⟩ is the dressed qubit-like excited state, |𝑖, 𝑗 𝑓 ⟩ denotes the tensor
product of the bare qubit state |𝑖⟩ and the bare filter state | 𝑗 𝑓 ⟩, and 𝑐filter is the
hybridization amplitude in the filter excitation in the dressed state. Γ

𝑔𝑒

OUT is the
emission rate of the qubit 𝑔− 𝑒 transition into the output waveguide, and 𝜔𝑔𝑒 is
the qubit transition frequency. 𝜔filter is the resonance frequency of the filter, and
Δ ≡ 𝜔𝑔𝑒−𝜔filter is the qubit-filter detuning. 𝜅filter is the damping rate of the filter into
the output waveguide, 𝑔𝑞 𝑓 is the qubit–filter linear coupling rate, and 𝜅tot is the total
linewidth of the filter including all decay channels. The approximation assumes the
bad-cavity limit 𝑔𝑞 𝑓 ≪ 𝜅tot, where excitation transferred to the filter mode escapes
into the waveguide before significant population builds up in the filter.

This can be viewed from the perspective of the local DOS of the waveguide seen by
the qubit. The connection between eq.(2.1) and Fermi’s golden rule can be written
as

Γ
𝑔𝑒

OUT(𝜔𝑔𝑒) = 2𝜋𝑔2
𝑞 𝑓 𝜌(𝜔𝑔𝑒)

𝜌(𝜔𝑔𝑒) =
1

2𝜋
𝜅filter

Δ2 +
( 𝜅tot

2
)2 , (2.2)

where 𝜌(𝜔𝑔𝑒) is the DOS seen by the qubit at frequency 𝜔𝑔𝑒.

Such a filter provides a minimally functional emitter-waveguide system when com-
bined with the tunability available in superconducting circuits. One approach is to
exploit frequency tunability of qubits, which is typically realized by incorporating
a SQUID composed of two Josephson junctions [41]. In flux-tunable transmons,
an external magnetic flux threading the SQUID modifies the effective Josephson
energy and consequently shifts the transition frequency of the transmon. During
idle or state preparation, the qubit transition frequency can be tuned far away from
the filter resonance so that the detuning is much larger than the filter linewidth,
thereby suppressing emission into the waveguide. During the photon emission step,
the qubit frequency can then be dynamically brought closer to the filter resonance,
resulting in a strongly enhanced emission rate.

For typical quantum information processing, we aim to achieve low probability of
errors by ensuring that the time required for individual operations is much shorter
than the coherence time of the qubits. This requirement also applies to the emitter-
waveguide or qubit-photon system, and motivates the use of the figure of merit
known as the cooperativity of the emitter-waveguide system, analogous to atom-
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cavity cooperativity in cavity QED framework [104]. Cooperativity quantifies
how efficiently quantum information is emitted into the desired waveguide channel
compared to other decay channels:

𝐶 ≡ ΓOUT
Γ′ , (2.3)

where Γ′ represents the undesired decay rate, and ΓOUT is the desired emission rate
into the output waveguide. The cooperativity is directly related to the fidelity of
the qubit-photon operations, as the typical error probability scales inversely with
cooperativity.

It is important to note that Γ𝑔𝑒

OUT at the idle or state preparation operating point
should be included in Γ′, since emission into the waveguide at this stage contributes
to undesired decay. Therefore, the achievable cooperativity in the setup discussed
above is given by

𝐶 =
max Γ𝑔𝑒

OUT

Γ
𝑔𝑒

OUT(𝜔0) + Γ′
0
<

4Δ2
0

𝜅2
tot

, (2.4)

where 𝜔0 is the idle qubit frequency, and Δ0 = 𝜔0 − 𝜔filter is the corresponding
detuning from the filter resonance, and Γ′

0 is the qubit relaxation rate in the absence
of coupling to the filter and waveguide. The inequality is obtained by setting Γ′

0 = 0.

Eq. (2.4) implies that the qubit must be sufficiently detuned such that 𝜅tot ≪ |Δ0 |.
This upper bound on cooperativity therefore sets the minimum required detuning
or, if the detuning is fixed while 𝜅filter is varied, establishes a trade-off between the
maximum achievable emission rate and cooperativity. For instance, achieving a
cooperativity on the order of 104 requires |Δ0 |/2𝜋 ≈ 1 GHz when 𝜅filter/2𝜋 ≈ 20
MHz that allows up to photon emission within tens of nanoseconds (1/𝜅filter ≈ 8
ns), which is readily achievable in typical superconducting circuits.

However, even relatively basic quantum information processing protocols require
spectral selectivity beyond what single–pole Lorentzian filtering can provide. A
representative example is the generation of a qubit–photon entangled state while
preserving a long-lived qubit storage state. In such a system, the emitter supports two
distinct excited states: a radiative state that transfers excitation into the waveguide
and a long-lived state that stores quantum information. Such a system can be realized
by using a transmon as a three–level emitter, where the first excited state |𝑒⟩ serves as
the storage state and the second excited state | 𝑓 ⟩ as the radiative state. An example
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protocol is as follows: The transmon is first prepared in an equal superposition of |𝑔⟩
and |𝑒⟩. The population in |𝑒⟩ is then transferred to | 𝑓 ⟩. Finally, emission from | 𝑓 ⟩
generates a photon in the waveguide, producing a qubit–photon entangled (GHZ)
state. The process can be summarized as

|𝑔⟩|𝑣𝑎𝑐⟩
prep
−−−→ (|𝑔⟩+ |𝑒⟩) |𝑣𝑎𝑐⟩ load−−−→ (|𝑔⟩+ | 𝑓 ⟩) |𝑣𝑎𝑐⟩ emit−−−→ |𝑔⟩|𝑣𝑎𝑐⟩+ |𝑒⟩|1⟩, (2.5)

where |𝑣𝑎𝑐⟩ denotes the vacuum of the waveguide and |1⟩ is a Fock state of a
collective mode of the waveguide. Normalization factors are omitted.

In such a protocol, it is important to protect the 𝑔−𝑒 transition during emission from
the | 𝑓 ⟩ into the waveguide, as illustrated in Fig. 2.1c. Such state-selective decay
is also useful for leakage reduction operations, where population in higher excited
states is selectively removed without disturbing the computational subspace [85,
105, 106].

However, this removes the freedom to tune the detuning Δ𝑔𝑒 ≡ 𝜔𝑔𝑒 − 𝜔filter, since
the 𝑒− 𝑓 transition frequency 𝜔𝑒 𝑓 must be close to 𝜔filter to enable photon emission.
In this situation, the relevant cooperativity can be defined as the ratio between the
desired emission from the 𝑒− 𝑓 transition and the unwanted emission from the 𝑔−𝑒
transition. Assuming no other loss channels, this gives

𝐶 =
Γ
𝑒 𝑓

OUT(𝜔𝑒 𝑓 )
Γ
𝑔𝑒

OUT(𝜔𝑔𝑒)
= 2

Δ2
𝑔𝑒 +

( 𝜅tot
2

)2

Δ2
𝑒 𝑓

+
( 𝜅tot

2
)2 ≈ 8𝜂2

𝜅2
tot
, (2.6)

where Δ𝑒 𝑓 = 𝜔𝑒 𝑓 − 𝜔filter, 𝜂 ≡ 𝜔𝑒 𝑓 − 𝜔𝑔𝑒 is the transmon anharmonicity, and the
approximation assumes Δ𝑒 𝑓 ≈ 0 and 𝜅tot ≪ |𝜂 |. The factor of two originates from
the

√
2 enhancement of the linear coupling associated with the second-excitation

matrix elements.

Thus, achievable cooperativity is already limited by the anharmonicity and the filter
linewidth, leaving little room for further improvement in cooperativity. Moreover,
the |𝑒⟩ state is subject to the long tail of the Lorentzian as shown in Fig. 2.1d. For
a typical transmon anharmonicity of 𝜂/2𝜋 ≈ −200 MHz, achieving a cooperativity
on the order of 104 requires 𝜅tot/2𝜋 ≈ 5 MHz (1/𝜅tot ≈ 32 ns). Furthermore,
anharmonicity of a transmon is typically constrained in order to suppress sensitivity
to charge noise, leaving the filter linewidth 𝜅tot as the primary remaining tuning
knob. Since 𝜅tot sets the maximum achievable photon emission rate, this imposes a
significant limitation.
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2.1.1 Shaping qubit relaxation with a metamaterial waveguide
The limitations imposed by single-pole Lorentzian filtering can be overcome by
implementing stronger spectral filtering using a multimode structure. For example,
consider the tight-binding waveguide illustrated in Fig. 2.2 where a flux-tunable
transmon is coupled to one end of a coupled resonator array. Such a structure
is referred to as a coupled-resonator-array metamaterial waveguide, or simply a
metamaterial waveguide (MMWG) in this thesis [107, 108]. A MMWG is a one-
dimensional array of microwave resonators with nearest-neighbor coupling, where
all resonators share the same resonance frequency and a uniform hopping rate, as
shown in Fig. 2.2a. Such a structure can be simply implemented by superconducting
circuits with the circuit schematic shown in Fig. 2.2b, and will be discussed in
Chapter 3. The Hamiltonian of the system is given by

𝐻̂𝑞−𝑀𝑀𝑊𝐺 =𝜔𝑞𝑞
†𝑞 + 𝜂

2
𝑞†𝑞†𝑞𝑞 − 𝑔𝑞 𝑓 (𝑞 − 𝑞†) (𝑎̂1 − 𝑎̂

†
1)

+
𝑀∑︁
𝑥=1

𝜔𝑀𝑀 𝑎̂†𝑥 𝑎̂𝑥 +
𝑀−1∑︁
𝑥=1

𝐽 (𝑎̂𝑥 − 𝑎̂†𝑥) (𝑎̂𝑥+1 − 𝑎̂
†
𝑥+1), (2.7)

where 𝜔𝑀𝑀 and 𝐽 denote the resonance frequency of the resonators and the nearest-
neighbor hopping rate in the MMWG, 𝑥 labels the resonator index, 𝑀 is the number
of resonators in the MMWG, and 𝑞 and 𝑎̂𝑥 are the annihilation operators of the
transmon and the 𝑥–th resonator, respectively.

The protection of the qubit-like eigenstate |𝑒⟩ provided by the MMWG can be
estimated by evaluating the participation of the last (𝑀–th) resonator in |𝑒⟩, following
Ref. [109]. Intuitively, when the qubit frequency is sufficiently detuned from the
resonator frequencies in the MMWG, the excitation hybridized with the qubit cannot
propagate through the chain and instead remains localized near the qubit. Under
rotating-wave approximation, we consider the following Hamiltonian:

𝐻̂𝑅𝑊𝐴
𝑞−𝑀𝑀𝑊𝐺 = 𝜔𝑞𝑞

†𝑞 + 𝜂

2
𝑞†𝑞†𝑞𝑞 +

𝑀∑︁
𝑥=1

𝜔𝑀𝑀 𝑎̂†𝑥 𝑎̂𝑥

+ 𝑔𝑞 𝑓

(
𝑞𝑎̂

†
1 + 𝑞†𝑎̂1

)
+

𝑀−1∑︁
𝑥=1

𝐽

(
𝑎̂𝑥 𝑎̂

†
𝑥+1 + 𝑎̂†𝑥 𝑎̂𝑥+1

)
, (2.8)

where Δ = 𝜔𝑞 − 𝜔𝑀𝑀 is the detuning. Since the RWA Hamiltonian is excitation-
number-conserving,
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Figure 2.2: Qubit coupled to metamaterial waveguide. a, Schematic of a qubit
(orange) coupled to a metamaterial waveguide (MMWG, green enclosure), and the
hybridization amplitudes 𝑐𝑥 as a function of resonator index 𝑥. The opposite end
of the MMWG is coupled to an output waveguide. b, Circuit schematic of a flux-
tunable transmon coupled to a metamaterial waveguide. c, Decay rate into the output
port filtered by the MMWG as a function of frequency (red) and comparison with
Lorentzian filtering (purple).

[𝐻̂𝑅𝑊𝐴
𝑞−𝑀𝑀𝑊𝐺 , 𝑞

†𝑞 +
∑︁
𝑥

𝑎̂†𝑥 𝑎̂𝑥] = 0, (2.9)

the dressed qubit-like excited state can be written as a linear combination of single-
excitation states. The corresponding eigenvalue equation in real space is

|𝑒⟩ = 𝑐0 |𝑒, 𝑣𝑎𝑐⟩ +
𝑀∑︁
𝑥=1

𝑐𝑥 |𝑔, 1𝑥⟩

(𝜔𝑞 − 𝐸)𝑐0 + 𝑔𝑞 𝑓 𝑐1 = 0

(𝜔𝑀𝑀 − 𝐸)𝑐1 + 𝑔𝑞 𝑓 𝑐0 + 𝐽𝑐2 = 0

(𝜔𝑀𝑀 − 𝐸)𝑐𝑛 + 𝐽 (𝑐𝑛−1 + 𝑐𝑛+1) = 0, (2.10)

where 𝐸 is the dressed eigenenergy, |1𝑥⟩ ≡ 𝑎̂
†
𝑥 |𝑣𝑎𝑐⟩ is the bare single-excitation Fock

state of the 𝑥–th resonator, and 𝑐𝑥 is the hybridization amplitude. The recurrence
relation can be solved using the ansatz 𝑐𝑛 = 𝑝𝑛, which yields

−Δ𝐸+𝐽 (
1
𝑝
+ 𝑝) = 0 −→ 𝑝± =

Δ𝐸

2𝐽
±

√︄(
Δ𝐸

2𝐽

)2
− 1, (2.11)
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where Δ𝐸 = 𝐸 − 𝜔𝑀𝑀 , and the bulk solution takes the form:

𝑐𝑥 = 𝐴𝑝𝑥− + 𝐵𝑝𝑥+. (2.12)

When |Δ𝐸 | > 2𝐽, the roots 𝑝± are real, corresponding to an exponentially localized
bound state. In this case, the physical solution is dominated by the root satisfying
|𝑝 | < 1. Therefore, asymptotically,

𝑐𝑥 ∝

𝑝𝑥− Δ𝐸 > 2𝐽

𝑝𝑥+ Δ𝐸 < −2𝐽
−→ |𝑐𝑀 |2 ∝

©­­­­«
1

|Δ𝐸 |
2𝐽 +

√︂(
Δ𝐸

2𝐽

)2
− 1

ª®®®®¬
2𝑀

. (2.13)

Thus, the resonator component of the qubit-like eigenstate decays exponentially away
from the qubit, as illustrated in Fig. 2.2a, strongly suppressing the participation of
distant resonators and the coupling of the qubit-like eigenstate to an external port
attached at the far end.

On the other hand, if |Δ𝐸 | < 2𝐽, the roots have complex components and the system
supports propagating solutions, meaning that the excitation becomes completely
delocalized across the MMWG. Therefore, by controlling the transmon’s 𝑒 − 𝑓

transition from the detuned (bound state) regime to resonant (propagating state)
regime, one can on-demand emit a photon into the MMWG. Still, if the 𝑔−𝑒 transition
satisfies the condition |Δ𝐸 | > 2𝐽, it enjoys the exponential suppression of decay
rate. This provides a huge improvement in cooperativity compared to single-pole
Lorentzian filtering, as shown in Fig. 2.2c. Therefore, a MMWG can provide stronger
filtering of qubit emission and frequency selectivity in photon emission, compared
to a single-mode filter, showing that tunable dissipative interactions tailored by
multiple modes can outperform single-mode filters.

2.2 Tunable coherent interaction between superconducting qubits
In this section, we review how multimode couplers can improve tunable coherent
interactions between superconducting qubits, which form the basis of entangling
gates. A native approach to realize entanglement between two transmon qubits is
to couple them using a linear coupling element, such as a capacitor as illustrated in
Fig. 2.3a, which produces a transverse coupling:
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Figure 2.3: Qubit-qubit coherent coupling. a, Schematic of two transmons (Q1,
Q2) coupled transversely via a coupling capacitor. b, Schematic of two transmons
coupled both directly (𝑔12) and through a tunable coupler (C).

𝐻̂𝑞−𝑞 = 𝜔1𝑎̂
†𝑎̂ + 𝜔2𝑏̂

†𝑏̂ − 𝑔12(𝑎̂ − 𝑎̂†) (𝑏̂ − 𝑏̂†) + 𝜂1
2
𝑎̂†𝑎̂†𝑎̂𝑎̂ + 𝜂2

2
𝑏̂†𝑏̂†𝑏̂𝑏̂, (2.14)

where 𝑎̂ and 𝑏̂ denote the annihilation operators of the two transmon modes, 𝜔1,
𝜔2 are the 𝑔−𝑒 transition frequencies, 𝜂1, 𝜂2 are the anharmonicities, and 𝑔12 is the
transverse coupling rate.

There are two native entangling mechanisms. First, the transverse coupling produces
an iSWAP interaction described by 𝑔12(𝑎̂𝑏̂† + 𝑎̂†𝑏̂) when the two transmons are
resonant with each other. Second, a ZZ (controlled-phase) interaction can arise
either through nonadiabatic swap between |𝑒𝑒⟩ and the noncomputational states
|𝑔 𝑓 ⟩ or | 𝑓 𝑔⟩, or through an adiabatic interaction under sufficient detuning. In the
latter case, the interaction rate is given by

𝜁 = 𝜔 |𝑒𝑒⟩ − 𝜔 |𝑒𝑔⟩ − 𝜔 |𝑔𝑒⟩ − 𝜔 |𝑔𝑔⟩ ≈
2𝑔2

12
(𝜔1 − 𝜔2 − 𝜂2) (𝜔1 − 𝜔2 + 𝜂1)

(𝜂1 + 𝜂2).

(2.15)

However, this system is not ideal because turning off the interaction relies on sub-
stantial tuning of the individual transmon frequencies. During idle, readout, and
single-qubit gates, the entangling interactions should be turned off. This includes
the static ZZ interaction, which is given by the same expression in eq.(2.15). Sup-
pressing this interaction requires detuning the two qubits away from each other. For
example, with 𝑔12/2𝜋 = 10 MHz and 𝜂1/2𝜋 = 𝜂2/2𝜋 = −200 MHz, achieving
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a sufficiently small ZZ interaction rate of 𝜁/2𝜋 = 40 kHz requires about 1 GHz
of detuning. This implies that the qubits must be in situ tuned over a frequency
range of roughly ≈ 1 GHz for each two-qubit gate. As a result, each qubit occupies
a large spectral window, which exacerbates frequency crowding and increases the
probability of Landau-Zener tunneling to other modes, such as spectator qubits and
two-level system (TLS) defects. Furthermore, strong flux tunability increases sen-
sitivity to flux noise and therefore degrades dephasing performance. Finally, during
frequency tuning, the |𝑒𝑒⟩ state collides with either the |𝑔 𝑓 ⟩ or | 𝑓 𝑔⟩ state, which
complicates the implementation of iSWAP interactions.

A commonly used solution to this problem is to incorporate a tunable coupler that
relocates the required tunability from the qubits to an auxiliary element [43]. One of
the most successful architectures is the tunable transmon coupler [47, 110], which
consists of a flux-tunable transmon, as shown in Fig. 2.3b. In this architecture, the
coupling between two qubits is mediated by the coupler and can be controlled in
situ by tuning the coupler frequency relative to the frequencies of the two qubits.
The effective interaction is given by

𝑔eff
12 = 𝑔12 −

𝑔1𝑐𝑔2𝑐
2

(
1

𝜔1 − 𝜔𝑐

+ 1
𝜔2 − 𝜔𝑐

)
, (2.16)

where 𝑔eff
12 is the effective transverse coupling strength between transmon 1 and

transmon 2, 𝑔1𝑐 and 𝑔2𝑐 are the coupling strengths between each transmon and the
coupler, and 𝜔𝑐 is the 𝑔−𝑒 transition frequency of the coupler transmon.

As the expression implies, the direct coupling rate 𝑔12 and the mediated coupling
term can cancel out for an appropriate choice of the coupler frequency 𝜔𝑐 during
idle. In addition, the tunability can be controlled solely by 𝜔𝑐, which eliminates the
need to tune the qubit frequencies 𝜔1 and 𝜔2. Strong interactions can be achieved
by engineering the coupling rates and the coupler frequency, without requiring
significant modifications to the qubits themselves. Variants of this tunable coupler
architecture have led to steady improvements, including improved suppression of
ZZ interactions and greater flexibility in qubit frequency placement. Such designs
have enabled two-qubit gates with nearly coherence-limited fidelities approaching
99.9% and have supported quantum error-correction experiments [52, 84, 111].

However, as quantum processors become more precise, more stringent architectural
requirements emerge. One notable demand is long-range connectivity and a larger
number of couplings per qubit, which are required for implementing quantum low-
density parity-check (qLDPC) codes that offer (asymptotically) improved logical-
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to-physical qubit encoding rates [86, 112]. Achieving such connectivity requires
extending the coupler structure to reach distant qubits, motivating new coupling
architectures.

Furthermore, placing multiple couplers on each qubit increases the capacitive load-
ing of the qubit through the coupling capacitors. This can introduce additional
interfacial dielectric loss [60, 113] and complicate the physical layout, which is
already demanding for weight-4 connectivity with a readout resonator per qubit.
Although such dielectric loss issues have been mitigated through improved fabrica-
tion techniques and larger device geometries that reduce surface participation, these
approaches begin to limit the achievable qubit packing density.

2.2.1 Multimode-mediated coherent interactions
Long-range coupling between qubits, especially over distances longer than the rele-
vant wavelength 𝜆, inevitably involves multiple modes. For instance, an open-ended
waveguide supports multiple resonances: 𝜆/2, 𝜆, 3𝜆/2 ..., yielding eigenmodes at
frequencies 𝜔𝑛 = 𝑛𝜔0, 𝑛 ∈ {1, 2, 3, . . .}.

When two qubits are coupled through a waveguide over a distance much smaller than
𝜆, the electromagnetic profile varies only weakly between the two qubits, and the
mediated interaction can be approximated as a simple capacitive coupling. However,
when the qubits are placed near the ends of a waveguide whose length significantly
exceeds 𝜆, multiple eigenmodes appear near the qubit frequencies and can mediate
the interaction.

Thus, engineering long-range interactions requires careful treatment of the eigen-
modes supported by the coupling structure. In general, two approaches can be
considered. The first approach is to use a single distributed element spanning the
entire distance, which supports multiple eigenmodes. This approach is suitable for
distances exceeding a few centimeters, for example using low-loss coaxial cables. It
has been successfully demonstrated to provide high-fidelity entanglement over long
distances and shows promise for chip-to-chip quantum operations and quantum com-
munication [114, 115]. Such structures require careful handling of low-frequency
modes that can be thermally populated, as well as mitigation of potential frequency
collisions between integer-multiple eigenmodes through multiphoton processes.

The second approach is to use a chip-scale multimode structure to mediate long-
range coupling through its collective modes, such as a MMWG, which is compar-
atively less explored. Coupled-resonator-array buses have been shown to provide
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high-contrast coupling over chip-scale distances [116, 117]. In these systems, the
interaction arises from spatial broadening of the qubit-like eigenmode as the qubit
frequency approaches the bus band, as discussed in Subsection 2.1.1. Notably, al-
though these structures can mediate long-distance coupling, they do not inherently
support low-frequency geometric modes due to the periodic enforcement of voltage
nodes and anti-nodes. In addition, the coupling between the bus structure and the
qubits can be engineered to be strong because the resonators can be implemented
as lumped-element circuits. Furthermore, multiple qubits can naturally be cou-
pled to a single bus, enabling hardware-efficient realization of higher connectivity
per qubit. In Chapter 5, we propose microwave-activated simultaneous long-range
gate schemes by leveraging the rich multimode structure of coupled-resonator-array
buses.

2.2.2 Galvanic and modeless tunable interactions
As discussed above, tunable couplings are typically engineered through mediating
modes. However, such modes can provide channels for leakage errors, spurious
coupling and crosstalk, and frequency crowding [85, 88, 118]. In addition, these
schemes intrinsically rely on hybridization between qubits and couplers, where
nonadiabatic transitions during tuning can limit achievable gate fidelity and speed.
Furthermore, the mediated couplings are typically about an order of magnitude
smaller than the underlying physical coupling rates. This often necessitates large
coupling capacitances, which introduce interfacial dielectric losses, increase the
physical footprint of qubits, and constrain capacitance budgets relevant to anhar-
monicity and field localization.

Alternatively, one can engineer pure nonlinear coupling through galvanic coupling
schemes, which provide the required nonlinearity without introducing mediating
modes. A representative example is the Quarton coupler [119], in which a SQUID
composed of multiple Josephson junctions is series-connected to two elements. The
Quarton coupler can be designed to produce cross-Kerr coupling while canceling
self-Kerr nonlinearities. Such a design does not introduce additional mediating
modes at low frequency while still allowing tunability through external magnetic
flux. In addition, it directly connects phase variables in the circuit, enabling ex-
tremely strong coupling rates while requiring only a minimal circuit footprint for
the coupling elements and does not rely on coupling capacitances.

Another representative example is the recently developed junction readout tech-
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nique [71, 120], which leverages the intrinsic nonlinearity (cross-Kerr) of Josephson
junctions for readout while canceling hybridization between the qubit and the read-
out resonator, thereby maintaining localization of the qubit eigenmode. Motivated
by these approaches, in Chapter 6 I propose a tunable coupling architecture with
a SQUID coupler that provides intrinsic cross-Kerr coupling without introducing
additional modes.

These observations suggest that scalable superconducting quantum processors, de-
manding greater functionalities while relaxing some of the design trade-offs imposed
by existing approaches, will likely require interaction schemes that go beyond single-
mode mediation. The following chapters explore three complementary directions:
engineering dissipative interactions using many modes, engineering coherent in-
teractions using multimode buses, and engineering nonlinear interactions directly
without mediating modes.
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C h a p t e r 3

DETERMINISTIC GENERATION OF MULTIDIMENSIONAL
PHOTONIC CLUSTER STATES WITH A SINGLE QUANTUM

EMITTER

With the capabilities of metamaterial waveguide (MMWG) discussed in Chapter 2,
we present a microwave quantum optics platform consisting of a transmon operated
as a qutrit quantum emitter coupled to a MMWG. Here, the MMWG serves not only
as a state-selective filter for photon emission but also as a waveguide operating in the
slow-light regime. The slow-light waveguide reduces the group velocity of itinerant
photons and provides enhanced Purcell protection, while still allowing extremely
fast on-demand photon emission. Leveraging this capability, we demonstrate de-
terministic generation of multidimensional microwave photonic cluster states. This
chapter is adapted from Ref. [91].

3.1 Introduction
Quantum entanglement is generally regarded as a necessary resource for exceeding
classical performance limits in tasks such as quantum computing, quantum commu-
nication, and quantum metrology [121–125]. In the optical domain, where photons
are the ubiquitous carriers of quantum information, multi-partite entangled states
are key resources for various quantum computation and networking protocols [98,
126]. Of particular importance are multi-dimensional cluster states, a subset of
the family of entangled graph states with utility in measurement-based quantum
computing [97, 127–129].

Reliable generation of cluster states of photonic qubits by conventional optical
means remains an outstanding challenge due to the reliance on probabilistic photon
entanglement heralding schemes [130–132]. Thus, there has been significant interest
in achieving generation of such multi-dimensional cluster states by deterministic,
resource-efficient means. Notable among these are schemes and experiments that
involve sequential emission of entangled photons via control of only one or a small
number of quantum emitters [133–136]. Note that while sequential emission from a
single coherent emitter is sufficient to generate 1D cluster states, higher dimensional
cluster states require more emitters or an additional memory element [137]. A
promising approach is based on delay lines generating a time-delayed feedback



19

mechanism, expanding the class of cluster states that can be generated with a single
emitter [138–142].

Superconducting circuit QED systems are a natural fit to implement such protocols.
In contrast to atomic-optical systems where the finite atom-photon cooperativity
is often a limiting factor [143, 144], superconducting circuit QED systems enjoy
a strong qubit-photon coupling that far exceeds the strength of other dissipative
channels due to the ease of creating microwave circuits at a deep subwavelength
scale [40]. There has been significant progress over the last decade in leveraging
superconducting qubits to generate, manipulate, and measure non-classical states of
light, including 1D cluster states [99, 100, 145–148]. However, deterministic gen-
eration of higher dimensional photonic cluster states via a single quantum emitter
has yet to be realized. Here we go beyond the previous state-of-the-art by using
time-delayed quantum feedback, implemented using an integrated slow-light waveg-
uide, for the generation of multipartite entangled photonic states, thereby achieving
generation of a 2D cluster state of microwave photons.

3.2 Cluster state generation protocol
Our approach is based on the proposal in Ref. [138], and is illustrated in Fig. 3.1a.
We couple a quantum emitter to the terminated end of a single-ended, low-group
velocity waveguide. This quantum emitter has two stable states |𝑔⟩ and |𝑒⟩, as well
as a radiative state | 𝑓 ⟩ which is highly damped to the waveguide and decays to the
|𝑒⟩ state.

Starting with the emitter in |𝑔⟩, the protocol first involves the generation of entan-
glement between the emitter and a photon mode: sequential use of a 𝜋𝑔𝑒/2 pulse
and a 𝜋𝑒 𝑓 pulse generates an equal superposition of the |𝑔⟩ and | 𝑓 ⟩ state, followed
by the decay of the fraction of the emitter in | 𝑓 ⟩ to |𝑒⟩ by emission of a photon
into the waveguide. This leaves the emitter and the first emitted photon in the
maximally entangled state |𝜓⟩ = ( |𝑔⟩ |0⟩1 + |𝑒⟩ |1⟩1) /

√
2. Repeating this control

sequence primitive leads to sequential emission of a pulse train of entangled photonic
time-bin qubits into the slow-light waveguide, with nearest-neighbor entanglement
structure equivalent to that of a 1D cluster state [134, 135], illustrated in Fig. 3.1a
as the blue colored pulses.

This pulse train is then reflected back towards the emitter by a switchable mirror
at the other end of the delay line. After a full roundtrip the photons scatter from
the quantum emitter and pick up a state-dependent scattering phase, illustrated
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Figure 3.1: Deterministic generation of 2D cluster states with a single emitter
qubit. a, General scheme for generation of 2D cluster states of photons via a single
quantum emitter qubit and time-delayed feedback. The qubit is made to emit a pulse
train of nearest-neighbor entangled photons (colored blue) into a delay line. Via
control of a switchable mirror, each emitted photon pulse is reflected at the end of
the delay line for re-scattering (blue to orange color change) by the emitter qubit.
In the device used in this work, superconducting transmon qubits are used as both
the quantum emitter (𝑄𝐸 ) and the switchable mirror (𝑄𝑀), and an array of weakly
coupled resonators comprise a slow-light waveguide, which serves as a single-ended
delay line. b, Visualization of the resulting entanglement structure. c, d, False-color
optical images of the device, comprising a slow-light waveguide (SLWG) and two
transmon qubits (false color green), with each qubit coupled to a readout resonator
(false color dark blue), a XY control-line (false color orange), and a Z fast flux-line
(false color light blue). The readout resonators (R) are probed through a coupled
resonator array Purcell filter connected to CPW feed-lines (false color light pink).
The emitted photons exit the slow-light waveguide and device via a CPW feedline
(false color dark pink).
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in Fig. 3.1a as a color change in the pulses from blue to orange. This scattering
process effectively implements an entangling controlled𝐶𝑍 gate between the emitter
qubit and the returning photonic qubit of the form |𝑔⟩ ⟨𝑔 |

⊗
I + |𝑒⟩ ⟨𝑒 | ⊗ 𝜎𝑧. The

entanglement of the emitter to the most-recently scattered photon is inherited by the
next emitted photonic qubit.

This combination of the sequential emission process and the state-dependent scat-
tering process allows for the synthesis of a 2D cluster state with shifted periodic
boundary conditions, as illustrated in Fig. 3.1b ( [138], Supplementary Section IV).
One of the two dimensions of the entanglement connectivity of such a 2D cluster
state is derived from the sequential emission of photons, whereas entanglement
along the other dimension results from the time-delayed scattering process. The
extent of the first dimension is set by the number of photon pulses that can be
generated during one round trip time 𝜏d, highlighting the role of the time-delayed
feedback.

We fabricated the device shown in Fig. 3.1c,d in order to achieve a practical re-
alization of this scheme. We implement the requisite delay line as a single-ended
slow-light waveguide comprising a periodic array of 52 coupled resonators [149]
with a round-trip delay of 𝜏d = 240 ns. The output port of the slow-light waveguide
is impedance-matched to a 50 Ω coplanar waveguide (CPW) through which emitted
itinerant photons leave the device for amplification and subsequent measurement at
the digitizer (Supplementary Section 3.7.2).

The resulting transfer function of such a slow-light waveguide is that of a flat "pass-
band" of finite bandwidth for guided modes, and a sharp extinction of transmission
outside of the passband due to the sharp decline in the photonic density of states
(DOS) of the periodic structure occurring at the band edges. The width of the
passband is 4𝐽, where 𝐽 is the coupling between unit cells in the resonator ar-
ray [109, 150]; in our device 𝐽/2𝜋 = 34 MHz and the passband center frequency is
𝜔𝑝/2𝜋 = 4.823 GHz.

On the terminated end of the slow-light waveguide we couple the emitter qubit
𝑄𝐸 , while at the other end of waveguide we couple another qubit 𝑄𝑀 . The mirror
qubit is effectively side-coupled to the slow-light waveguide, allowing it to act as
a high reflectivity mirror for single photons if the ratio between its decay rate into
the waveguide and its decoherence rate into other channels, Γ1D/Γ′, is sufficiently
high [101].
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Crucially, due to the finite width of the slow-light waveguide passband and its sharp
band edges in conjunction with an emitter anharmonicity |𝜂 |/2𝜋 of ∼280 MHz,
it is possible to tune the |𝑒⟩ → | 𝑓 ⟩ transition frequency 𝜔𝑒 𝑓 into resonance with
𝜔𝑝 while simultaneously situating |𝑔⟩ → |𝑒⟩ transition frequency 𝜔𝑔𝑒 outside the
passband of the waveguide, where the DOS of the periodic structure is negligible.
This allows for a remarkably large | 𝑓 ⟩ to |𝑒⟩ emission rate of Γ𝑒 𝑓

1D/2𝜋 ≈ 140 MHz
for 𝑄𝐸 , while strongly suppressing |𝑒⟩ to |𝑔⟩ decay to single kHz rates.

3.3 Shaped photon emission
Shaping the emitted photon pulses allows us to mitigate the effects of the waveguide’s
residual dispersion near 𝜔𝑝, and to improve the fidelity of the CZ gate after a photon
round trip. For this it is necessary to control the photon pulse shape as well as its
bandwidth, reducing it to less than Γ

𝑒 𝑓

1D [138]. We shape the pulse of the emitted
photons by a tunable qubit-waveguide interaction strength for𝑄𝐸 via parametric flux
modulation at frequency 𝜔mod of the qubit frequency [151–153], creating multiple
sidebands of each transition spaced by integer multiples of 𝜔mod. By choosing the
qubit frequency 𝜔𝑔𝑒/2𝜋 = 5.55 GHz and modulation frequency 𝜔mod/2𝜋 = 450
MHz such that 𝜔𝑒 𝑓 − 𝜔mod = 𝜔𝑝, we can control emission into the waveguide
solely through the first-order sideband of the | 𝑓 ⟩ → |𝑒⟩ transition. This is shown
schematically in Fig. 3.2a,b; in Fig. 3.2a we illustrate this emission process through
a level diagram, whereas in Fig. 3.2b we show a simplified frequency spectrum of
the particular configuration of qubit frequencies and sideband frequencies used in
our experiment.

By continuously varying the amplitude of the flux modulation AC drive during the
emission time we can vary the strength of the first-order e-f sideband and achieve
arbitrary time-dependent modulation of 𝑄𝐸 ’s emission rate Γ

𝑒 𝑓

1D(𝑡) (Supplementary
Section 3.7.3). With this capability, time-bin qubits comprising Gaussian shaped
photonic pulses are generated with excellent accuracy, as demonstrated in Fig. 3.2c.
We plot the measured photon flux of three emitted Gaussian pulses with differ-
ent bandwidths along with their respective fits, where photon flux is plotted in
normalized units (Supplementary Section 3.7.3). Emission is achieved with high
efficiency, enabling deterministic high-fidelity preparation of entangled photonic
states (Supplementary Section 3.7.3, 3.7.3).

Further, in Fig. 3.2d, we plot 𝑄𝐸 ’s population dynamics during emission, as well
as the integral of the photon fluxes plotted in Fig. 3.2c which, in the absence of
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Figure 3.2: Emission of shaped photons pulses via flux-modulation. a, Effective
level diagram of the qubit-waveguide system, showing the photon emission process.
In the |𝑖, 𝑛⟩ notation, 𝑖 denotes the state of the transmon emitter qubit, and 𝑛 denotes
the number of photons in the slow-light waveguide; when 𝜔𝑒 𝑓 − 𝜔mod = 𝜔𝑝,
the qubit’s levels assume a three-state ladder system where only the | 𝑓 ⟩ state is
selectively damped to the slow-light waveguide. b, Simplified frequency spectrum
of the emitter qubit under flux-modulation, where 𝜂 is the qubit anharmonicity.
The flux-modulation waveform is depicted as a dashed black line; the modulated
amplitude directly maps to a modulated emission rate into the waveguide that allows
for shaped emission of photon pulses. c, Measured photon flux ⟨𝑎†out𝑎out⟩ (dots)
of shaped emitted pulses, in normalized units. Black lines are Gaussian fits. d,
Measured | 𝑓 ⟩ population during shaped emission. Black lines are the scaled integral
of the photon fluxes of subfigure c.
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Figure 3.3: CZ gate between emitter qubit and previously emitted photons
via time-delayed feedback. a, Illustration of the time-delayed feedback process
realizing the 𝐶𝑍 gate between 𝑄𝐸 and its emitted photon. The photon travels one
round-trip of the slow-light waveguide and re-scatters on 𝑄𝐸 . b, Z-control of the
qubits implementing the𝐶𝑍 gate. Square pulses on 𝑍𝑀 and 𝑍𝐸 tune their respective
qubit frequencies to the middle of the passband. c, Measured photon flux of qubit
emission with the 𝑍𝑀 pulse for mirror reflection ON vs OFF. d, Measured ⟨𝑎out⟩ of
the reflected pulse after it re-interacts with 𝑄𝐸 , where 𝑄𝐸 is prepared in either the
|𝑔⟩ or the |𝑒⟩ state. The complex phase of ⟨𝑎out⟩ in both cases is normalized to the
phase of the measurement where 𝑄𝐸 is prepared in the |𝑔⟩ state. e, Reconstructed
Pauli process matrix 𝜒CZ of the 𝐶𝑍 gate between 𝑄𝐸 and its emitted photon,
demonstrating a 90% fidelity relative to the ideal gate; the procedure is shown on
the top left.

waveguide-induced distortion, would coincide with the population dynamics of 𝑄𝐸 .
We find excellent agreement between the two, indicating that the effects of the slow-
light waveguide dispersion are minimal for Gaussian pulses. Finally, we stress that
our large Γ1D allows high-efficiency emission of pulses that are tightly confined to
a time-bin window of length as small as 30 ns, which not only is crucial to increase
the size of generated cluster states given a fixed 𝜏d, but also demonstrates significant
improvement in emission speed of shaped photons over previous shaped emission
demonstrations in circuit QED systems [154–157].

3.4 Qubit-photon CZ gate implementation
In Fig. 3.3a we show a schematic of the time-delayed feedback process that imple-
ments a high-fidelity qubit-photon 𝐶𝑍 gate. An itinerant photon emitted by 𝑄𝐸

propagates through the waveguide, is reflected by 𝑄𝑀 , and propagates back towards
𝑄𝐸 . Scattering on 𝑄𝐸 with 𝜔𝑒 𝑓 tuned to be resonant with the incoming photon
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realizes the 𝐶𝑍 gate in the following way: if the emitter is in the |𝑒⟩ state, then the
returning photon will couple to the resonant e-f transition and pick up a 𝜋 scattering
phase. If the emitter is in the |𝑔⟩ state the photon will see a far-detuned transition
and pick up no scattering phase.

In Fig. 3.3c,d we illustrate the actions of reflection by𝑄𝑀 and photon re-scattering by
𝑄𝐸 on an emitted photon. In Fig. 3.3c we show the emitted photon’s flux measured
at the digitizer with the square pulse on the 𝑍𝑀 line turned on or turned off. With
the 𝑍𝑀 square pulse turned on, the photon’s arrival at the digitizer is delayed by
𝜏d, while negligible photon flux is measured at all prior times, demonstrating that
the 𝑄𝑀 reflects the itinerant photon with high efficiency. The discrepancy in pulse
magnitude between the two cases is attributable to an additional 0.6 dB loss suffered
by the reflected photon during its round-trip.

In Fig. 3.3d we show the emitted photon’s average measured field when 𝑄𝐸 is
prepared in either the |𝑔⟩ state or the |𝑒⟩ state. It is evident that the sign of the
real part of the re-scattered photon’s complex field changes when the state of 𝑄𝐸

is changed from |𝑔⟩ to |𝑒⟩, while the imaginary part of the re-scattered photon’s
complex field is negligible. This corresponds to a state-dependent 𝜋 difference in
the phase of the photon, as desired for the 𝐶𝑍 gate implementation.

In addition, we perform quantum process tomography in order to quantitatively char-
acterize the 𝐶𝑍 gate, following a procedure inspired by the tomography procedure
described in the work of Eichler et al [158]. We prepare a tomographically com-
plete set of states within the two-qubit subspace of the joint qubit-photon system,
apply the qubit-photon 𝐶𝑍 gate to the prepared state, and then perform single shot
joint measurement of the emitter qubit in one of the three axial Bloch bases and
heterodyne measurement of the photon field. From these measurements, correla-
tions between the single shot qubit measurements and single shot heterodyne field
measurements can be computed, and form a tomographically sufficient set of data
for reconstructing the full process matrix of the qubit-photon 𝐶𝑍 gate. From the

reconstructed process matrix we extract a process fidelity Tr
(√︁√

𝜒CZ𝜒ideal
√
𝜒CZ

)2

of 90%. We attribute most of the infidelity to dephasing and state preparation and
measurement (SPAM) errors, given that a measurement of the I

⊗
I idling process

matrix yields a fidelity of 92.5% (Supplementary Section 3.7.5). We note that a
similar qubit-photon 𝐶𝑍 gate was implemented before by Reuer et al. [157] with a
fidelity of 74%. We attribute the fidelity improvement in our system to the large ratio
between the slow-light-enhanced emission rate of the emitter qubit to our waveguide
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Figure 3.4: Deterministic generation of a 4-photon 2D cluster state. a, Pulse
sequence of 𝑄𝐸 control lines, and illustration of outgoing photon flux from 𝑄𝐸 .
Depiction of 𝑍𝑀 line control can be found in Fig. 3.3. Photons 1,2,3, and 4 are
represented by the colors orange, purple, green, and blue, respectively. b, Illustration
of the generated entangled state. "CZ" signifies the entanglement that arises due
to the CZ gate between 𝑄𝐸 and photon 1. c, Photon flux of individual time-bin
photonic qubits. The dotted orange line corresponds to the photon flux of the first
emitted photon in the absence of reflection by the mirror qubit, and is only shown
for illustration purposes. d, Density matrix 𝜌 of the generated 2D cluster state
obtained from photonic quantum state tomography. The height of the bars represent
the magnitudes of the elements of 𝜌, while the color of the bars represent the phases

of the elements of 𝜌. The fidelity of the generated state 𝐹 = Tr
(√︁√

𝜌𝜌ideal
√
𝜌

)2
is

70%.

and the linewidth of the itinerant photon participating in the gate, where this larger
ratio was enabled by the unique properties of our slow-light waveguide circuit.

3.5 2D cluster state generation and measurement
Finally, with our high efficiency shaped photon preparation and high fidelity 𝐶𝑍

gate, we demonstrate generation of a 2D cluster state of four microwave photons.
In Fig. 3.4a, we show the full 𝑄𝐸 control we used to generate the cluster state,
resulting in the entangled state shown in Fig. 3.4b. The control sequence consists
of four cycles of the 1D cluster state generation primitive with a 𝐶𝑍 gate between
photon 1 and 𝑄𝐸 prior to emission of photon 4. Before the last 𝜋𝑒 𝑓 pulse we also
apply a 𝜋𝑔𝑒 to 𝑄𝐸 in order to disentangle it from the photonic state upon its final
emission. The measured photon flux of the individual time-bin photonic qubits is
shown in Fig. 3.4c, where their position in time corresponds to their arrival time
at the digitizer. Note that photon 1 is emitted with a lower bandwidth than other
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photons in order to maintain the high fidelity of the CZ gate between photon 1 and
𝑄𝐸 , while photons 2, 3, and 4 are emitted more rapidly in order to more efficiently
use the fixed 𝜏d delay available.

Again following Eichler et al [158], we perform MLE-based state tomography of
the generated four-photon state using the joint moments of the photon fields, calcu-
lated from their measured single-shot field quadratures 𝐼𝑖 and 𝑄𝑖. (Supplementary

Section 3.7.4) We calculate a fidelity 𝐹 = Tr
(√︁√

𝜌𝜌ideal
√
𝜌

)2
of 70% between

the generated and the ideal expected density matrix 𝜌ideal shown in Fig. S12b, with
95% confidence interval of [69.1%, 70.4%], indicating achievement of genuine four-
partite entanglement and successful implementation of the protocol of ref. [138].
The achieved fidelity is in good agreement with our estimated state fidelity limit of
76%, which we calculate from contributions to preparation infidelity that include
the dephasing of 𝑄𝐸 (the primary source of infidelity, 𝑇∗

2 = 561 ns in this work), the
round-trip loss suffered by photon 1, and measured qubit preparation and control
errors (Supplementary Section 3.7.6).

While the four photon square cluster state that we have generated demonstrates the
viability of Pichler et al.’s protocol for multidimensional cluster state generation, it
is known that four photon square cluster states are equivalent to one-dimensional
linear cluster states of four photons under local unitary operations and graph isomor-
phism. [159]. In order to demonstrate the generation of genuinely multidimensional
cluster states, we have also generated a five photon pentagon state that is not equiva-
lent to any one-dimensional cluster state under such transformations, with a fidelity
of 61.3%, with a 95% confidence interval of [61.1%, 61.4%] (Supplementary Sec-
tion 3.7.4). Future improvements to the round trip loss of the waveguide and the
coupling architecture between the emitter and the waveguide would allow for the
generation of larger, more complex states of microwave photons with higher fidelity.

3.6 Conclusion and outlook
We have successfully implemented a resource-efficient protocol for generation of
multidimensional cluster states, utilizing a single superconducting qubit as a source
of entangled photons and a coupled resonator array as a slow-light waveguide for
time-delayed feedback, and we have used the protocol for the generation of a 2D
cluster state of four microwave photons. We accomplished this using rapid, shaped
emission of single microwave photons, as well as a high fidelity 𝐶𝑍 gate between
the quantum emitter and previously emitted photons through the controllable time-
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delayed feedback of our system.

The protocol discussed here allows for generation of larger 2D cluster states without
incorporation of additional quantum emitters. Increasing one dimension of the
entanglement connectivity in the schematic 2D cluster state in 3.1b is achievable by
increasing the number of photons that can be emitted within a single round-trip time
of the waveguide, either by introducing a delay line with increased round-trip delay or
using photon pulses with a shorter temporal extent, in conjunction with improving
the waveguide loss. Longer delays could be engineered by further reducing the
footprint of our unit cell resonators, for example by leveraging compact high kinetic
inductance superconducting resonators [160, 161], or by incorporation of acoustic
delay lines [162–164]. The other dimension of the entanglement connectivity could
be elongated by improving the coherence time of the emitter qubit, allowing for a
larger total number of coherent photon emission events (see Supplementary 3.7.6).

Furthermore, our protocol is directly extensible to protocols for generation of more
exotic entangled photonic states. As an example, the generation of 3D cluster states,
which have been proposed as a resource for realizing fault-tolerance in measurement
based quantum computation [128], could be realized by adding another time-delayed
feedback event with a second, longer delay for every photon [139, 140], achievable
by incorporation of another mirror qubit and a delay line with increased round-
trip delay. As a preliminary demonstration of performing multiple time-delayed
feedback operations on a single photon we have successfully generated a 5-photon
tetrahedral-like photonic graph state using a scheme that required two feedback
operations on one photon (see Supplementary 3.7.4). Additional progress towards
fault-tolerant applications could be realized in a conceptually straightforward manner
by modifying the photonic qubit encoding scheme to a dual-rail implementation that
would allow for unambiguous detection of photon loss events in generated graph
states [139, 165].

We therefore expect the deterministic techniques presented here using the rich
toolbox of circuit QED to not only improve upon the conventional optics-based
approaches for realizing multidimensional cluster states, but to also broaden the
scope and applicability of such states for quantum information processing.
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3.7 Supplementary Information for Chapter III
3.7.1 Measurement setup
Device fabrication

The device used in this work is fabricated on a 2 cm × 1 cm high-resistivity (10 kΩ)
silicon substrate. Fabrication details follow closely those of references [149, 166]. A
resist layer is deposited on the silicon substrate, and the ground plane, waveguides,
resonator and qubit capacitors are patterned on this resist using electron-beam
lithography. This is followed by deposition of 120 nm of aluminum (Al) at a rate
of 1 nm/s using an electron-beam evaporator. The device is left in N-methyl-2-
pyrrolidinone at 80◦C for 2.5 hours to perform liftoff of the resist layer.

The junctions are fabricated by double-angle evaporation of a suspended Dolan
bridge patterned using electron beam lithography. A 60 nm Al evaporation at 1
nm/s constitutes the first junction layer, and a 120 nm Al evaporation constitutes the
second, between which there is an intervening 20 minute oxidation period when 10
mBar of oxygen gas is admitted to the chamber of the electron beam evaporator to
grow the insulating aluminum oxide layer of the junction. After deposition of the
two junction layers, electron beam lithography is again used to pattern a ‘bandage’
layer comprising regions of aluminum that galvanically connect the bottom and top
layers of the junctions. Before deposition of the Al bandages, the device is Argon
milled for 5 minutes to remove surface oxides and facilitate galvanic connection of
the top and bottom junction layers to the bandage.

Air bridges connecting the ground plane on either side of our coplanar waveguides
are patterned using a grayscale electron-beam lithography technique. After devel-
opment of the airbridges, resist is made to reflow by placing the device on a hot
plate at 105◦C, after which 140 nm of Al is deposited at 1 nm/s on the developed
resist. Prior to the Al deposition, the device is Argon milled for 5 minutes to remove
surface oxide of the ground plane to facilitate galvanic connection between it and
the feet of the air bridges.

Measurement setup

A schematic of the fridge wiring and our room-temperature analog signal processing
electronics is shown in Fig. 3.S1. Measurements are performed in a 3He/4He dry
dilution refrigerator. The sample is wirebonded to a CPW printed circuit board
(PCB) with coaxial connectors, and is housed inside a copper box that is mounted to
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Figure 3.S1: Measurement setup. a, Schematic of the measurement wiring inside
the dilution refrigerator. See Supplementary text for further details ("dir." is short-
hand for "directional", "LP" is shorthand for "Low Pass", and "BP" is shorthand for
"Band Pass".). See Fig. 1 for electrical connections at the sample. b, Simplified
diagram of measurement wiring outside the dilution refrigerator.
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the MXC plate of the fridge with 𝑇𝑀𝑋𝐶 = 7 mK. A coil is placed on top of the copper
box for static flux tuning of the qubits, and the sample is enclosed in two layers of
magnetic shielding to suppress effects of stray magnetic fields. See refs [149, 166,
167] for more details on device fabrication.

Attenuators are placed at several temperature stages of the fridge to provide thermal-
ization of the coaxial input lines and to reduce thermal microwave noise at the input
to the sample. Our gigahertz microwave lines (XYE, XYM, Readout IN, SLWG
IN, TWPA Pump) have significantly more attenuation than our fast flux lines (ZE,
ZM) for reasons explained in ref. [168]. In addition, fast flux lines are filtered by
an 850 MHz low-pass filter below the MXC plate, which suppresses thermal noise
photons at higher frequencies while still maintaining short rise and fall times of
square flux pulses, as well as allowing transmission of AC flux drives. The tuning
coil is differentially biased by two DC input lines, with 80 kHz low-pass filters at
the 4K stage to further suppress noise photons. Furthermore, Gigahertz microwave
input lines are filtered by an 8GHz lowpass filter and all microwave lines have an
Eccosorb filter, in order to ensure strong suppression of thermal noise photons at
very high frequencies. Note also that all 50-Ω terminations are thermalized to the
MXC plate in order to suppress thermal noise from their resistive elements.

Output signals from the Purcell filter waveguide (PFWG) and slow-light waveguide
(SLWG) device lines are merged to a single amplifier chain in the following man-
ner. Their corresponding coaxial lines are connected to a circulator as shown in
Fig. 3.S1a, such that signals exiting the SLWG continue directly to the output chain,
while signals exiting the Purcell filter are first routed to the SLWG device line and
subsequently reflect off of the finite-bandwidth structure, thus finally routing them
to the output chain. Note that input signals to the SLWG IN line undergo similar
routing in order to arrive at the device.

Our amplifier chain at the "OUT" line consists of a quantum-limited traveling-wave
parametric amplifier (TWPA) [169] as the initial amplification stage, followed by
a Low Noise Factory LNF-LNC4_8C high mobility electron transistor (HEMT)
amplifier mounted at the 4K plate. For operation of the TWPA, a microwave pump
signal from Rohde & Schwarz SMB100A is added to the amplifier via the coupled
port of a 16 dB directional coupler, with its isolated port terminated in 50-Ω. We
include two isolators between the directional coupler and the sample in order to
shield the sample from the strong TWPA pump.

Outside the fridge, we further amplify output signals with amplification that is
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suitable for the dynamic range of our ADC. We note that we use a Micro Lambda
Wireless MLBFR-0212 tunable notch filter to reject the TWPA pump signal in order
to prevent saturation of the following room temperature electronics. Additionally,
we use IF amplifiers (0-1GHz bandwidth) for downconverted signals due to IQ
mixer saturation power limits.

Due to their different frequencies, we route SLWG and PFWG signals to different
downconversion stages via a 2-way power splitter, followed by a circulator at each
branch to prevent crosstalk between the two branches. The "PHOTON" branch is
connected to a IQ mixer for downconversion of ∼ 4.8 GHz photonic signals, which
are then measured by an Alazartech ATS9371 digitizer (ADC PHOTON); measure-
ment of both photonic signal quadratures 𝐼 (𝑡) and 𝑄(𝑡) comprise the heterodyne
measurement of time-dependent photon signals alluded to in Supplementary Sec-
tion 3.7.4. Meanwhile, the other branch of the power splitter is also connected
to an IQ mixer for downconversion of ∼ 7.5GHz readout signals, which are then
measured by a Keysight M3102 digitizer (ADC RO). We note that downconversion
mixers share LO signals (generated by Rohde & Schwarz SMB100A microwave
signal generators) with their upconversion counterparts (where a Zurich HDAWG is
used), in order to ensure phase drift/jitter of LO’s during upconversion are cancelled
out during downconversion. And crucially, we place additional filters before mea-
surement at the ADC in order to suppress noise outside of the IF measurement band
of interest. This not only allows for better utilization of the ADC dynamic range,
but also rejects noise at irrelevant Nyquist bands that "fold" over to the bandwidth
of measured signals; we note that this effectively improved the 𝑛noise of our photon
measurement chain by almost a factor of 2 (see Supplementary Section 3.7.4 for
more details).

3.7.2 Device characterization
Slow-light waveguide

As discussed in the 2D cluster state generation protocol proposed in ref [138],
one of the dimensions of the resultant cluster state is limited by the number of
photons that can be held in the delay line simultaneously, necessitating a delay
line with a sufficiently large round trip time 𝜏d. In this work, we realize such a
delay line via implementation of a slow-light waveguide (SLWG), which provides
large group delay for time-delayed feedback. In addition, the SLWG also provides
spectral constriction of propagating modes to a passband with a finite bandwidth,
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Figure 3.S2: Metamaterial slow-light waveguide characterization. a, False-
colored optical image of the end of the slow-light waveguide that is connected
to the CPW output waveguide, including the "tapered" boundary matching circuit
consisting of the last two resonators. The mirror qubit shunt capacitance is false
colored in green b, Full circuit model of the slow-light waveguide and coupled
qubits. c, Transient response of slow-light waveguide with narrow-band input
pulses of frequencies near around the passband. d, Transmittance of the tapered
end of slow-light waveguide, calculated from the data in subfigure c and a separate
measurement of round-trip loss. e, Photon flux of emitter qubit emission, measured
for 400 ns. After one round-trip delay of the slow-light waveguide, the initially
non-transmitted portion of the qubit’s emitted pulse can be observed.

where the photonic density of states (DOS) sharply decreases at the band edges
and is negligible outside the passband, thus enabling selective emission of the
𝑄𝐸 ’s | 𝑓 ⟩ −→ |𝑒⟩ transition, as discussed in the main text. The SLWG is physically
realized as a periodic array of capacitively coupled lumped-element superconducting
microwave resonators, with low resonator loss and negligible resonator frequency
disorder, as was demonstrated in our prior work [149]. It can be shown that such
a design allows for large group delay per resonator ∼ 1

2𝐽 , where 𝐽 is the photon
hopping rate between adjacent resonators, as well as strong emission of transmon
qubits only at qubit frequencies within the SLWG passband.

The SLWG is implemented by periodically placing 𝑁 = 50 unit cells across the
device as seen in Fig. 1d, where a unit cell consists of a lumped-element resonator
realized with tightly meandered lines providing the majority of the inductance, wider
rectangular features providing the majority of the capacitance, and with capacitive
coupling between adjacent resonators achieved via their long capacitive wings, as
shown in Fig. 1c. At the output side of the SLWG, the Bloch impedance of
the SLWG is matched to its output 50 Ω CPW via a "taper section" comprising two
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lumped element resonators, where their coupling capacitances towards the output are
gradually increased, and their capacitances to ground are correspondingly gradually
decreased to compensate for resonance frequency changes. Crucially, in order to
prevent distortion of 𝑄𝐸 photon emission, at the terminated side of the single-ended
SLWG a capacitance to ground via a long capacitive wing is placed at the left of the
first unit cell resonator (Fig. 1c), thus maintaining the resonance frequency of the
first resonator to be the same as the frequency of the other resonators, which ensures
monotonic emission from 𝑄𝐸 (as observed in separate modeling).

The corresponding circuit model of the SLWG waveguide coupled to 𝑄𝐸 and 𝑄𝑀

is depicted in Fig. 3.S2b. In the regime of 𝐶𝑔 ≪ 𝐶0, the dispersion of the SLWG is
approximately

𝜔𝑘 = 𝜔𝑝 + 2𝐽 cos (𝑘), (3.1)

where 𝜔0 = 1/
√
𝐿0𝐶0 is the resonance frequency of unit cell resonators, 𝐽 = 𝜔0

𝐶𝑔

2𝐶0
,

𝜔𝑝 = 𝜔0 − 2𝐽 is the center frequency of the passband, and the passband width is
4𝐽. To mitigate the deleterious effects in the time-domain shape of emitted photons
emerging from the higher-order dispersion [170], a sufficiently large 𝐽 is required.
On the other hand, our requirement for large group delay 𝜏𝑑 = 𝑁

𝐽
necessitates a

sufficiently small 𝐽. In order to balance the conflicting requirements of large delay
and manageable dispersion, we chose 𝐽 = 33.5 MHz as a target parameter that
corresponds to the round-trip delay of 𝜏𝑑 = 237 ns.

We thus aimed for the following target circuit parameters: 𝐿0 = 3.1 nH, 𝐶0 = 353
fF, 𝐶𝑔 = 5.05 fF, 𝐶1 = 347 fF, 𝐶1𝑔 = 8.6 fF, 𝐶2 = 267 fF, and 𝐶2𝑔 = 87 fF, yielding
𝐽/2𝜋 = 33.5 MHz, 𝜔𝑝/2𝜋 = 4.744 GHz, and the requisite impedance matching at
the boundary. As seen in Fig. 3.S2a, for the taper section the increasing coupling
capacitances are implemented as longer capacitive wings or interdigitated capacitors,
and adjustments to the resonance frequencies are achieved by both shortening the
length of the meandered lines and modifying the head capacitances. In addition,
the coupling capacitance of 𝑄𝐸 and 𝑄𝑀 to their respective unit cells, as depicted in
Fig. 1c and Fig. 3.S2a, were designed to be 2.41 fF and 5.37 fF, respectively. This
yields the qubit-unit cell coupling 𝑔𝑢𝑐 = 38.5 MHz of 𝑄𝐸 and 𝑔𝑀𝑢𝑐 = 85.6 MHz of
𝑄𝑀 via the following relation:

𝑔𝑢𝑐 =
𝐶𝐸
𝑞𝑔

2
√︃
(𝐶0 + 2𝐶𝑔) (𝐶𝐸

Σ
+ 𝐶𝐸

𝑞𝑔)
𝜔𝑝, (3.2)
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where 𝑔𝑀𝑢𝑐 is obtained by a similar calculation. As discussed in the next subsection
of the Supplementary, these small coupling capacitances lead to large emission rates
due to the slow-light nature of the SLWG, where a small group velocity 𝑣𝑔 = 𝜕𝜔

𝜕𝑘

is commensurate with a large density of states ∼ 1/|𝑣𝑔 |, which enhances emission
rates [6, 109].

In order to characterize the SLWG, we investigated the transmittance of the SLWG
boundary for an itinerant pulse by sending coherent gaussian pulses of variable
carrier frequency through the SLWG IN line and measuring their outgoing intensity
at ADC PHOTON after they pass through the device. The measurement result,
comprising distinct features separated in time that correspond to different reflection
events, is shown in 3.S2c. First, when the pulses arrive at the SLWG boundary, due
to the finite reflectance of the taper section, a fraction of the incident pulse is reflected
(and thus does not enter the SLWG) and is measured as the first bright feature in
Fig. 3.S2c. Next, the transmitted fraction of the pulse propagates through the SLWG,
completes a round-trip, and arrives at the SLWG boundary again. While a small
fraction of the pulse is again reflected due to finite reflectance, most of the energy
transmits through the boundary to constitute the second bright feature in Fig. 3.S2c.
Finally, this reflected fraction of the pulse completes a second round-trip, and is
found as the last bright feature of in Fig. 3.S2c. Note that this process continues
with more round-trips, while the measured data up to the second round-trip is used
for analysis.

We estimated the transmittance 𝑇 of the SLWG boundary via comparing the energy
contained in the second bright feature 𝐸2 and the energy contained in the last bright
feature 𝐸3, where we define the energy of the "feature" 𝐸 =

∫
|⟨𝑉 (𝑡)⟩|2𝑑𝑡, where

𝑉 (𝑡) is the measured voltage at the ADC for a particular "feature". As discussed, the
pulse corresponding to the last bright feature undergoes an additional incidence at
the SLWG boundary and an additional round-trip in the SLWG relative to the pulse
corresponding to the second bright feature. Thus, we can compare their energies
via the following relation:

𝐸3 = 𝑅(1 − 𝐿)𝐸2, (3.3)

where 𝑅 = 1 − 𝑇 is the reflectance of the boundary, and 𝐿 is the photon loss during
a round-trip. By using 𝐿 ≈ 0.1, which is obtained from the measurement of Fig. 3,
we estimate transmittance 𝑇 ≈ −1.2 dB at the center of the SLWG passband. The
transmittance, shown in Fig. 3.S2d, is measured for two different bandwidths of the
incident Gaussian pulses, such that the slow pulses (red curve) have approximately
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the same bandwidth as photon 1 of the generated cluster state (see Fig. 4) and
the fast pulses (blue curve) have approximately the same bandwidth as photon
2-4 of the generated cluster state. The difference of the transmittance between
the two cases demonstrates the necessity of adjustment of the power calibration
scaling factor 𝐺 of the output chain according to the bandwidth of the photons
(see Supplementary Section 3.7.4 for further details). Note that we measured
𝑇 via the transient response of the SLWG because the transient response more
directly captured the SLWG transmissivity for broadband itinerant signals, as well as
because the transient response is less susceptible than the steady-state response to the
compounding effects of multiple reflection events due to all impedance mismatches
at the output of the SLWG and throughout the OUT line.

Additionally, we directly investigated the effect of reflection at the SLWG boundary
on photon pulses emitted from the 𝑄𝐸 . For this measurement, shown in Fig. 3.S2e,
a photon pulse with bandwidth of 9.8 MHz is emitted from 𝑄𝐸 prepared in the | 𝑓 ⟩
state via shaped emission. This photon first propagates through the SLWG and is
partially transmitted at the tapered boundary due to the finite transmissivity of the
taper with transmittance 𝑇 ; this transmitted fraction then arrives at the ADC and the
photon flux is measured. Meanwhile, the reflected fraction of the photon undergoes
an additional round-trip in the SWLG, and thus arrives at the ADC time 𝑡 = 𝜏d later,
as seen in Fig. 3.S2e. If this returning portion of the photon field interacts with the
qubit during subsequent photon emissions, it can lead to qubit control errors as well
as an overlap of our desired photon signal with this spurious reflected signal, which
leads to measurement errors. Thus, when generating the four photon 2D cluster
state presented in Fig. 4, and the 5 photon state presented in Fig. 3.S11, we had to
ensure that photon emission did not overlap with the returning reflected portion of
previously emitted pulses. Thus, for photons emitted after 𝑡 = 𝜏d into the generation
sequence, their emission time was judiciously chosen to avoid this overlap. This is
why there is a gap in time between the measured photon flux of photon 1 and photon
4 in Fig. 4c.

Qubits

To characterize the system consisting of 𝑄𝐸 and 𝑄𝑀 coupled to our SLWG, we
performed multiple dynamical measurements. The central parameters of the sys-
tem Hamiltonian, 𝜔𝑝, 𝐽, 𝑔𝑢𝑐, and 𝑔𝑀𝑢𝑐 were obtained via fitting the results from
these measurements to the expected results from a time-domain simulation of a
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Figure 3.S3: Emitter and mirror qubit characterization. a, Left: Measured
emission dynamics of 𝑄𝐸 prepared in |𝑒⟩, where emission to the ground state is
induced via flux modulation with 𝜔mod = 450 MHz. Right: fit to tight-binding
model of equation 3.4. The fit yields SLWG center frequency of 𝜔𝑝 = 4.823 GHz,
𝑄𝐸 to first unit cell coupling of 𝑔𝑢𝑐/2𝜋 = 35.16 MHz, 𝑄𝐸 to second unit cell
coupling of 𝑔𝑛𝑢𝑐/2𝜋 = 2.27 MHz, and unit cell to unit cell coupling 𝐽/2𝜋 = 33.96
MHz. b, Left: Measured averaged field of 𝑄𝐸 emission with different mirror
detuning from the center of the passband; right: fit to single-excitation Hamiltonian
yielding an effective mirror qubit to unit cell coupling of 𝑔𝑀𝑢𝑐/2𝜋 = 57 MHz. In both
cases, the mirror is detuned away from the passband after the time indicated by the
dashed yellow line.
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model Hamiltonian. In the following paragraphs, we discuss how we performed the
measurements, and the simulation methods.

In order to investigate the interaction between 𝑄𝐸 and the SLWG, we measured
the decay dynamics of 𝑄𝐸 prepared in |𝑒⟩ interacting with the SLWG, as found
in Fig. 3.S3a (left). First, 𝑄𝐸 is prepared in the first excited state |𝑒⟩𝐸 , following
which flux modulation of 𝑄𝐸 ’s transition frequency induces an interaction between
a sideband of 𝑄𝐸 and the SLWG. This interaction time (during which the flux
modulation is on) is varied, and the sideband frequency is swept across the passband,
as indicated on the x- and y-axis of Fig. 3.S3a, respectively. Finally, the interaction
is deactivated by turning off the flux modulation, followed by readout of 𝑄𝐸 to
measure the remaining population in |𝑒⟩𝐸 . In this experiment, the flux modulation
altered the effective qubit-unit cell coupling rate 𝑔eff

𝑢𝑐 = 𝜉𝑔𝑢𝑐, where 𝜉 is the sideband
amplitude. We implemented 𝜉 = 0.22 (see Supplementary Section 3.7.3 for details
on flux modulation) in order to slow down 𝑄𝐸 ’s intrinsic emission rate, such that we
were able to perform time-resolved measurements of 𝑄𝐸 ’s dynamics without being
restricted by the limited sampling rate of our instruments. However, the resulting
decay rate is sufficiently strong such that the population in |𝑒𝐸⟩ completely decays
to ground state when the sideband is resonant with the passband of the SLWG, as
seen in Fig. 3.S3a.

The measured decay dynamics are fit to the following tight-binding interaction
picture Hamiltonian:

𝐻̂𝐸 = (𝜔𝐸
1 − 𝜔𝑝) |𝑒⟩ ⟨𝑒 |𝐸 + 𝑔eff

𝑢𝑐 (𝜎̂𝐸
+ 𝑎̂1 + 𝜎̂𝐸

− 𝑎̂
†
1)

+ 𝑔eff
𝑛𝑢𝑐 (𝜎̂𝐸

+ 𝑎̂2 + 𝜎̂𝐸
− 𝑎̂

†
2) + 𝐽

50∑︁
𝑥=1

(𝑎̂†𝑥 𝑎̂𝑥+1 + 𝑎̂𝑥 𝑎̂
†
𝑥+1),

(3.4)

where 𝜔𝐸
1 is the frequency of the sideband 𝑄𝐸 that is resonant with the SLWG, 𝜎̂𝐸

+ ,
𝜎̂𝐸
− are the raising and lowering operators of 𝑄𝐸 , 𝑎̂†𝑥 , 𝑎̂𝑥 are the raising and lowering

operators of the unit cell resonator at position 𝑥, 𝑔𝑛𝑢𝑐 is the parasitic coupling rate
of 𝑄𝐸 to the second unit cell resonator, and 𝜉 = 0.35 is the sideband amplitude that
renormalizes the following coupling rates to 𝑔eff

𝑢𝑐 = 𝜉𝑔𝑢𝑐 and 𝑔eff
𝑛𝑢𝑐 = 𝜉𝑔𝑛𝑢𝑐. Note

that 𝑔eff
𝑛𝑢𝑐 accounts for the asymmetry of the decay dynamics at frequencies near the

upper band edge and the lower band edge of the SLWG that is observed in the data,
as discussed in [149]. Also note that the interaction time of 𝑄𝐸 with the SLWG
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is shorter than 𝜏d, and thus the Hamiltonian terms involving the boundary taper
resonators of the SLWG and 𝑄𝑀 can be neglected in this model.

With this Hamiltonian, we simulated the decay dynamics of 𝑄𝐸 initially prepared in
|𝑒⟩𝐸 for various values of 𝜔𝐸

1 , as done in experiment. We restricted the simulation
Hilbert space to the vacuum state and single-excitation manifold of the system,
which is appropriate for simulation of the decay dynamics. The fit is performed
with 𝜔𝑝, 𝐽, 𝑔eff

𝑢𝑐 , and 𝑔eff
𝑛𝑢𝑐 as fit parameters, yielding 𝜔𝑝 = 4.823 GHz, 𝐽 = 33.96

MHz, 𝑔𝑢𝑐 = 35.16 MHz, and 𝑔𝑛𝑢𝑐 = 2.27 MHz, with the simulated dynamics shown
in Fig. 3.S3a (right), demonstrating excellent agreement to the data.

With these parameters, we calculate the intrinsic Γ1D of 𝑄𝐸 when it is tuned to the
middle of the passband via the formula 2𝑔2

uc/𝐽 [109, 150], where 2𝐽 is the group
velocity (per unit cell) in the middle of the passband, while 𝑔uc also corresponds
to the coupling of the qubit to each propagating mode of the passband (note that
this formula applies to a qubit end-coupled to a waveguide, while for a side-coupled
qubit the effective Γ1D is 𝑔2

uc/𝐽). The dependence of Γ1D on 𝐽 is reflective of the
slow-light effect on the emission dynamics of the qubit, where a smaller 𝐽 leads
to a smaller group velocity 𝑣𝑔 = 𝜕𝜔

𝜕𝑘
, which in 1D systems corresponds to a large

density of states 1/𝜋 |𝑣𝑔 |. Per Fermi’s Golden Rule, a large density of states boosts
emission rates for a given coupling [6]. Thus, due to the slow group velocity of
the SLWG, we are able to achieve strong emission rates without relying on bulky
coupling capacitors of the qubit to the waveguide, and instead achieve sufficient
coupling by simply bringing the qubit island within enough proximity to the unit
cell of the SLWG. This allows us to hew to the qubit design principles outlined
in ref. [171] that ensure high qubit 𝑇1. Note that we utilize this value of Γ1D for
absolute power calibration of measured field amplitudes (see App. 3.7.4).

In addition, the interaction of 𝑄𝑀 with an incident photon pulse as a function of
𝑄𝑀’s frequency was also investigated experimentally. The measurements consisted
of emitting a Gaussian photon pulse from 𝑄𝐸 with a bandwidth of 9.8 MHz and
carrier frequency 𝜔𝑝 via shaped photon emission, followed by rapid tuning of 𝑄𝑀’s
frequency to the vicinity of the passband after the photon’s one-way propagation
time of 𝑡 = 𝜏d/2 through the waveguide. This tuning is maintained for the duration
of the emitted pulse’s interaction with the mirror and then is subsequently turned
off. These measurements are performed for various 𝑄𝑀 bias frequencies during the
rapid tuning; the measured average SLWG output photon field ⟨𝑎out⟩ as a function
of 𝑄𝑀 frequency (see Supplementary Section 3.7.4 for details on measurement of
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⟨𝑎out⟩) is plotted in Fig. 3.S3b (left).

The transmitted fraction of the photon pulse upon the first incidence at the SLWG
boundary is measured as the first bright feature at time 140 ns. When 𝑄𝑀 is tuned
close to the center of the passband ("Mirror ON"),𝑄𝑀 scatters the photon pulse with
large Γ1D and thus reflects most of the energy, which is observed as the disappearance
of the first bright feature near zero detuning in Fig. 3.S3b. The second bright feature
corresponds to the fraction of the photon pulse that was reflected at the SLWG
boundary, traveled a round-trip through the waveguide, and subsequently exited the
SLWG for measurement. Note that the yellow line in Fig. 3.S3b corresponds to the
time when the 𝑄𝑀 fast flux bias is turned off, thus turning off the interaction of 𝑄𝑀

with subsequently incident photon fields.

The measured data of Fig. 3.S3b are fit to the expected output photon field, which
is simulated with the following model Hamiltonian:

𝐻̂𝐸𝑀 = 𝐻̂𝐸 (𝑡)
+ Δ𝑀 (𝑡) |𝑒⟩ ⟨𝑒 |𝑀 + 𝑔𝑀𝑢𝑐 (𝜎̂𝑀

+ 𝑎̂50 + 𝜎̂𝑀
− 𝑎̂

†
50)

+ Δ1𝑎̂
†
51𝑎̂51 + Δ2𝑎̂

†
52𝑎̂52 + 𝐽1(𝑎̂†51𝑎̂52 + 𝑎̂51𝑎̂

†
52),

(3.5)

where Δ𝑀 (𝑡), Δ1, and Δ2 are the detunings of 𝑄𝑀 , the left taper cell resonator, and
the right taper cell resonator from the center of the passband 𝜔𝑝 respectively, 𝜎𝑀

+ ,
𝜎𝑀
− are the raising and lowering operators of 𝑄𝑀 , and 𝐽1 is the photon hopping rate

between the taper cell resonators. We replicate the described rapid tuning of 𝑄𝑀

used in the experiment via the Hamiltonian time-dependent termΔ𝑀 (𝑡). In addition,
the external loading of the system to the output 50 Ω waveguide is implemented in
the model via a dissipation collapse operator in the last taper resonator with rate
𝜅 = 148 MHz (calculated from circuit parameters of the system). 𝐻̂𝐸 (𝑡) corresponds
to the Hamiltonian of equation 3.4 where 𝜉 is time-dependent, which allows us to
model shaped photon emission. The envelope of output field |⟨𝑎𝑜𝑢𝑡 (𝑡)⟩| is obtained
in the simulation via taking the time derivative of the accumulated population in
the zero-excitation ground state. This output field obtained from the simulation is
fit to the measured data by utilizing Δ1, Δ2, 𝑔𝑀𝑢𝑐, and 𝐽1 as fit parameters, yielding
Δ1 = −6 MHz, Δ2 = −70 MHz, 𝑔𝑀𝑢𝑐 = 57 MHz, and 𝐽1 = 45.4 MHz. The simulated
dynamics, shown in Fig. 3.S3b (right), demonstrates excellent agreement to the data.

In our modeling, the non-zero Δ1 and Δ2 fit values account for the asymmetry
of the measured photon field at positive detunings of 𝑄𝑀 and negative detunings
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of 𝑄𝑀 that is observed in the data. Moreover, in our model we do not include
parasitic couplings of 𝑄𝑀 to neighboring resonators, and thus any effect of parasitic
couplings on the overall Γ1D and reflectance of 𝑄𝑀 are incorporated into the one
effective coupling rate 𝑔𝑀𝑢𝑐. We note that the fitted value of 𝑔𝑀𝑢𝑐 is consistent with
the amount of transmitted energy from an incident photon that 𝑄𝑀 does not reflect,
calculated as 0.03 from the data in Fig. 3c; this corresponds to a "mirror efficiency"
of 0.97 as we have defined it.

Purcell filter

We perform conventional dispersive readout of the state of our qubits by probing
𝜆/4 coplanar waveguide resonators that are capacitively coupled to the qubits in
the dispersive regime. There is an implicit speed-fidelity tradeoff in such readout
schemes due to the Purcell decay of the qubit into the readout lines mediated by the
readout resonator to which it is coupled. Reducing the Purcell decay without adding
auxiliary circuit components requires reducing the dispersive shift of the cavity, thus
reducing readout SNR, or the readout resonator decay rate 𝜅, thus reducing readout
speed [172]. The common method for bypassing the implicit speed-accuracy tradeoff
of such a readout scheme is to add an extra layer of bath engineering via a Purcell
filter that modifies the environmental impedance seen by the qubit-resonator system
so as to maintain a desirably large 𝜅 (for rapid information gain about the qubit state)
while simultaneously suppressing decay at the qubit center frequency [172–174].

A Purcell filter can be modeled by replacing the series impedance of the output
CPW seen by the qubit-resonator system with a frequency-dependent environmental
impedance 𝑍ext(𝜔). Within such a model the qubit Purcell decay is given by [175]:

𝛾filt
𝑃 = 𝜅

𝑔2

Δ2
Re 𝑍ext(𝜔𝑞)
Re 𝑍ext(𝜔𝑟)

(3.6)

which is just the bare Purcell decay weighted by the ratio of the real impedances of the
external load at the qubit and readout resonator frequencies. Thus, by engineering
the frequency-dependence of 𝑍ext to be matched to the output CPW at𝜔𝑟 , while have
negligible real part at 𝜔𝑞, we can surpress Purcell decay while efficiently probing
the readout resonator.

A coupled resonator array, such as the one we use to implement the SLWG used in
our experiment, can be used as a Purcell filter due to its highly flexible impedance
properties, allowing for a purely imaginary Bloch impedance at frequencies outside
of its passband and a purely real Bloch impedance inside [176]. Ideally this allows
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for complete extinction of qubit Purcell decay by placing𝜔𝑄 outside the passband of
the array, while maintaining high readout speed by placing 𝜔𝑟 within the passband.
In essence, the coupled resonator array has a large nonzero density of states through
which the readout resonator can decay if 𝜔𝑟 is within the passband, while having no
density of states, and thus no available decay channels, at the qubit frequency [149].

To that end, we engineered a Purcell Filter Waveguide (PFWG) serving as a single
Purcell filter for the two readout resonators of both the emitter and mirror qubits.
The Purcell filter, which can be seen in Fig. 3.S4 a. and b., extends between two
ports of our device and replaces the usual CPW readout lines to which readout
resonators are coupled to on chip. It has the same circuit topology as the SLWG
designed for the cluster state generation scheme, comprising 54 lumped element
resonator unit cells coupled to their nearest neighbors capacitively. Referring to the
model of Fig. 3.S4b., the circuit parameters 𝐿′

0 = 1.2 nH, 𝐶′
0 = 323.5 fF, 𝐶′

𝑔 = 19.5
fF, 𝐶′

1 = 315.0 fF, 𝐶′
1𝑔 = 27.4 fF, 𝐶′

2 = 218.2 fF, 𝐶′
2𝑔 = 126.4 were targeted for the

PFWG using the same principles employed in designing the SLWG.

The transmission spectrum of the PFWG, including the two resonances of the
readout resonators, can be seen in Fig. 3.S4 c. The passband of the PFWG is
situated from 7.24 GHz to 7.9 GHz so as to safely encompass the resonances of
both 𝑄𝐸 and 𝑄𝑀 readout resonators centered at 𝜔𝑅𝑀 ∼ 7.4 GHz and 𝜔𝑅𝐸 ∼ 7.7
GHz respectively, while excluding the entire tuning ranges of the qubits and the
frequency of a pump tone at ∼ 7.95 GHz used for driving a Josephson Travelling
Wave Parametric Amplifier (TWPA) for output signal amplification. The qubit
frequency 𝜔𝑔𝑒, anharmonicity 𝜂 = 𝜔𝑒 𝑓 − 𝜔𝑔𝑒, and dispersive shift 𝜒 related to
single shot readout are listed in Table. 3.1.

Table 3.1: List of measured qubit frequency 𝜔𝑔𝑒, anharmonicity 𝜂, and dispersive
shift 𝜒 for 𝑄𝐸 and 𝑄𝑀 at zero flux bias.

𝜔𝑔𝑒/2𝜋 (GHz) 𝜂/2𝜋 (MHz) 𝜒/2𝜋 (MHz)

𝑄𝐸 6.21 -276 2.1
𝑄𝑀 6.44 -280 3.4

The readout resonators are inductively side-coupled to the PFWG by bringing the
current anti-node of the 𝜆/4 resonator into close proximity to the grounded end of
a unit cell’s meander trace, as can be seen in Fig 3.S4a, for a target resonator decay
rate of 𝜅 = 10 MHz. Due to geometric constraints each resonator was coupled to
one of the eleventh unit cells of the PFWG counted from its ends. Note that we
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Figure 3.S4: Purcell filter waveguide and readout characterization a, False-
colored optical image of the on-chip Purcell filter waveguide. The image on the
right depicts one end of the Purcell filter waveguide, while the image on the left
depicts the unit cell inductively coupled to one of the CPW readout resonators of
the qubits b, Full circuit model of the purcell filter and an inductively coupled
readout resonator. c, Transmission spectrum of the full purcell filter waveguide
with two side-coupled readout resonators 𝑅𝐸 and 𝑅𝑀 . d, Log-linear raw histogram
of single-shot readout measurement results for 100,000 ground state preparations
and 100,000 excited states preparations. Solid lines are fits to a bimodal normal
distribution. Readout fidelity = 97.6% was obtained from this histogram.
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chose inductive coupling to the PFWG via the current anti-node of the resonator
because that afforded strong coupling to the PFWG, while still allowing for capacitive
coupling to the qubit at the resonator’s charge anti-node.

The readout-unit cell coupling strength was adjusted in design by changing the
distance between the last airbridge of the readout resonator and the current anti-
node of the resonator near the meander trace of the PFWG unit cell. Moving the
airbridge closer to the coupling point reduces the overall strength of the inductive
coupling, while moving it away increases the strength. We believe the presence of
the airbridge screens the extent of magnetic fields generated by the current near the
coupling point and thus reduces the overall overlap volume of fields generated by the
resonator and the PFWG unit cell. The fabricated resonator decay rate was found
to be approximately 𝜅 ∼ 11 MHz. Moreover, the dispersive shift of the readout
resonator was measured to be 2𝜒 = 4.2 MHz for a qubit-readout resonator detuning
of Δ = 1.45 GHz, yielding a qubit-resonator coupling strength 𝑔 ∼ 140 MHz that
agrees well with the design value. The measured Purcell-protected 𝑇1 time of 𝑄𝐸

at its upper sweet spot was measured to be 20𝜇𝑠, which is more than one order of
magnitude larger than what would be expected in the absence of a Purcell filter; we
believe this 𝑇1 is ultimately limited by sample loss.

In order to optimize 𝑄𝐸 ’s single shot readout, we first found the readout probe
pulse carrier frequency and length that maximized the complex voltage contrast
between the readout transmission when 𝑄𝐸 was initialized to either |𝑔⟩ or |𝑒⟩. Due
to the distorting effects of the ripples in the PFWG transmission spectrum, the
optimal frequency of the readout probe tone was found empirically. We also chose
the optimal readout power by maximizing contrast while avoiding any powers that
led to spurious features in the 2D single shot readout signal histograms in the IQ
plane (which we attributed to readout-induced qubit transitions). To characterize
the readout fidelity we prepared 𝑄𝐸 in either the |𝑔⟩ or |𝑒⟩ state, and measured
histograms of demodulated single shot signals resulting from probing the readout
resonator. These histograms were fit to a double-Gaussian model seen in Fig 3.S4 d.
from which a ground-excited discrimination boundary was determined. The readout
fidelity with respect to this discrimination boundary was found to be 97.6%; this
high single shot readout fidelity was an important resource for the joint qubit-photon
measurements required for the quantum process tomography of the 𝐶𝑍 gate used in
the cluster state generation protocol.
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Figure 3.S5: Reconstructed step response of flux line with and without "Cryoscope"
distortion pre-compensation. The pulse sequence used for reconstructing the step
response is illustrated as an inset; see Supplementary text for further details.

3.7.3 Flux control for shaped photon emission and qubit-photon CZ gate
As alluded to in the main text, sophisticated flux control techniques for dynamical
control of the qubit frequency were critical in achieving both shaped photon emission
as well as a high fidelity qubit-photon CZ gate. Below we present a summary of the
techniques we employed in order to achieve distortion free square flux pulses at 𝑄𝐸

and 𝑄𝑀 , and precise control of the time-dependent coupling between 𝑄𝐸 and the
SLWG via flux modulation.

Distortion pre-compensation of square flux pulses

Contributions from dilution refrigerator wiring to signal distortions from flux
control lines are often temperature dependent, necessitating techniques for in
situ characterization of such distortions via the controlled qubit itself. We used
the so-called "Cryoscope" technique [177], consisting of Ramsey-type measure-
ments to reconstruct the step-response of the flux line followed by iterative digital
pre-compensation, to mitigate distortion in our 𝑍𝐸 and 𝑍𝑀 lines. With pre-
compensation, we achieved a desired flat step response within ±0.2% of error,
as depicted in Fig. 3.S5, for both qubits. The qubit measurements undertaken to
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reconstruct the step response of the flux line are shown in the inset of Fig. 3.S5.
We refer the reader to ref. [177] for a detailed description of the entire "Cryoscope"
process, and discuss small modifications to what is presented in ref. [177] below.

Firstly, we observe that we did not require real-time digital filtering given that our
pulse sequences were only ∼ 500 ns in length, and thus chose to use pre-compiled
waveforms in order to have more computational flexibility for pre-distortion. Ad-
ditionally, we note that we observed residual long-time transient responses when
applying pre-compensated flux pulses, as discussed in ref. [178]. To address this
problem, rather than waiting for decay of the transient response, a negative copy of
the flux signal is appended at the end of every sequence.

Moreover, when obtaining the reconstructed step response, we found it useful to
digitally filter the ⟨𝑋⟩(𝑡) + 𝑖⟨𝑌⟩(𝑡) data, in order to eliminate data contributions
from phase errors in the gates or population offsets, which manifest themselves
as spurious features in the spectrum of the data. Moreover, we apply oscillating
decaying exponential IIR filters of the form 1+𝐴𝑒−𝑡/𝜏IIR cos (𝜔IIR𝑡 + 𝜙IIR) in addition
to solely decaying exponential IIR filters to achieve better pre-compensation. Finally,
for the FIR short-scale precompensation, we mention that it is important to include
the smoothing effects of the Savitzky-Golay filter in calculation of the predicted
signal from the optimized FIR coefficients.

Photonic pulse shaping

As described in the main text, it is important to properly control the time-domain
shape of emitted photon pulses in order to ameliorate the effects from the SLWG’s
non-linear dispersion and to improve the fidelity of the qubit-photon CZ gate. Arbi-
trary photon pulse shapes can be achieved by controlling the time-dependent decay
rate of the 𝑄𝐸 , which necessitates a tunable interaction between 𝑄𝐸 and the SLWG.

For flux-tunable transmon qubits, such tunable interaction can be attained via sinu-
soidal flux modulation of the qubit frequency (depicted in Fig. 3.S6a) which induces
a sideband-mediated interaction with the SLWG whose strength is controlled by the
amplitude of the flux modulation AC flux drive [151–153]. In this work, we utilize
amplitude modulated AC flux pulses to dynamically control the sideband interaction
strength between 𝑄𝐸 and the SLWG, thereby achieving shaped photon pulses. In
the following paragraphs, we discuss the theory and technical details of our flux
modulation based pulse shaping technique.
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We first review the underlying physics of flux modulation by analyzing the following
Hamiltonian of a qubit coupled to a waveguide:

𝐻̂ =
1
2
𝜔𝑄 (Φ(𝑡))𝜎̂𝑧 +

∫
𝑘

𝜔𝑘 𝑎̂
†
𝑘
𝑎̂𝑘 + 𝑔𝑄

∫
𝑘

(𝜎̂−𝑎̂
†
𝑘
+ 𝜎̂+𝑎̂𝑘 ), (3.7)

where 𝜔𝑄 (Φ(𝑡)) is the qubit frequency of 𝑄𝐸 as a function of the time-dependent
flux Φ(𝑡), 𝜔𝑘 is the frequency of a propagating waveguide mode with wavevector 𝑘 ,
𝑔𝑄 is the unit cell coupling of 𝑄𝐸 , 𝜎̂+, 𝜎̂− are the raising and lowering operators of
𝑄𝐸 (note that in this model, the two levels of the qubit correspond to the |𝑒⟩ and | 𝑓 ⟩
levels of 𝑄𝐸 that participate in photon emission in our experiment) and 𝑎̂

†
𝑘
, 𝑎̂𝑘 are

the raising and lowering operators of mode 𝑘 . By going into the interaction picture
by the unitary transformation 𝑈 (𝑡) = exp[−𝑖

∫ 𝑡

0
1
2𝜔𝑄 (Φ(𝑡′))𝜎̂𝑧𝑑𝑡

′ − 𝑖𝑡
∫
𝑘
𝜔𝑘 𝑎̂

†
𝑘
𝑎̂𝑘 ],

we arrive at the following interaction Hamiltonian:

𝐻̂𝑖𝑛𝑡 = 𝑔𝑄

∫
𝑘

𝑒−𝑖(𝜙(𝑡)−𝜔𝑘 𝑡)𝜎̂−𝑎̂
†
𝑘
+ h.c., (3.8)

where 𝜙(𝑡) =
∫ 𝑡

0 𝜔𝑄 (Φ(𝑡′))𝑑𝑡′. Note that 𝑔𝑄 here is independent of 𝑘 , as is the
case for a qubit coupled to a single unit cell of an infinite periodic array of coupled
resonators [109].

Under sinusoidal modulation of external flux Φ(𝑡), we can write Φ(𝑡) = Φ𝐵 +
Φ𝐴𝐶 sin(𝜔mod𝑡), where Φ𝐵 is the the static flux bias of 𝑄𝐸 , Φ𝐴𝐶 is the AC flux
ampltiude, and 𝜔mod is the modulation frequency. The periodicity of the flux signal
allows for the 𝑒−𝑖𝜙(𝑡) term to be expanded by the following Fourier series [179]:

𝐻̂𝑖𝑛𝑡 = 𝑔𝑄

∫
𝑘

∑︁
𝑠

𝜉𝑠𝑒
−𝑖(𝜔̃𝑄−𝑠𝜔mod−𝜔𝑘)𝑡𝜎̂−𝑎̂

†
𝑘
+ ℎ.𝑐., (3.9)

where 𝜔̃𝑄 is the average of 𝜔𝑄 , and 𝜉𝑠 is the Fourier coefficient of the 𝑠-th term,
which we refer to as the "sideband amplitude". We note that because the tuning
curve is non-linear (as depicted in Fig. 3.S6a), sinusoidal flux modulation will result
in an average DC shift to the static qubit frequency 𝜔𝑄 (Φ𝐵), which is captured by
the term 𝜔̃𝑄 . Moreover, note that one can obtain the magnitudes of 𝜉𝑠 by simply
taking the Fourier transform of 𝑒−𝑖𝜙(𝑡) , as shown in Fig. 3.S6b for one set of flux
modulation and qubit parameters.

According to the RWA, we expect that only non-fast rotating terms of the Hamil-
tonian of equation 3.9 would appreciably contribute to the qubit dynamics; hence



48

we seek terms where 𝜔̃𝑄 − 𝑠𝜔mod − 𝜔𝑘 ≈ 0. Assuming that the waveguide has a
finite bandwidth passband, and that only the first lower sideband (𝑠 = 1) is resonant
with one of the passband modes, we can assume terms involving all other 𝑠 are
fast-rotating terms and discard them. This results in the final Hamiltonian:

𝐻̂𝑚𝑜𝑑 = 𝑔𝑄𝜉

∫
𝑘

𝑒
−𝑖(𝜔1

𝑄
−𝜔𝑘)𝑡𝜎̂−𝑎̂

†
𝑘
+ h.c., (3.10)

where 𝜔1
𝑄

≡ 𝜔̃𝑄 − 𝜔𝑚 is the frequency of the first lower sideband, and 𝜉 ≡ 𝜉1.
Thus, 𝜔𝑘 = 𝜔1

𝑄
will be the center frequency of emission, while photon emission

will also occur at surrounding frequencies where 𝜔1
𝑄
− 𝜔𝑘 is small; thus imparting

a finite bandwidth to any emitted photon. Note that the resultant Hamiltonian is
in an equivalent form as Eq. (3.8) up to a renormalization of the effective coupling
rate. Thus, we can tune the strength of interaction between 𝑄𝐸 and the SLWG by
controlling the sideband amplitude 𝜉 and locating the first lower sideband inside the
passband.

We are able to accurately predict the necessary AC flux drive amplitudes to achieve
desired values of 𝜉 by numerical calculation of the "sideband spectrum" of𝑄𝐸 under
flux modulation. Remembering that we are concerned with emission from the | 𝑓 ⟩
state, for this calculation, we require the functional form of the qubit tuning curve
𝜔𝑒 𝑓 (Φ), the static flux bias Φ𝐵, and the strength of the sinusoidal flux drive Φ𝐴𝐶 .
We adopted the analytical form of the transmon tuning curve from ref [179] for
accurate calculation of 𝜔𝑒 𝑓 as a function of Φ, as depicted in Fig. 3.S6a (gray solid
line), from measurement of the highest qubit frequency, the lowest qubit frequency,
and the anharmonicity 𝜂 at the highest qubit frequency.

The sideband spectrum is calculated via the Fourier Transform of 𝑒−𝑖𝜙(𝑡) , with an
example shown in Fig. 3.S6b, where the 𝑠 = 1 sideband is highlighted in red. The
spectrum yields the different 𝜉𝑠, as well as the average "DC shift" of the qubit
frequency 𝛿𝐷𝐶 ≡ 𝜔̃𝑄 − 𝜔𝑄 (Φ𝐵) which depends on both Φ𝐵 as well as Φ𝐴𝐶 . We
can leverage this DC shift effect to obtain a mapping from AC flux amplitude at the
qubit to input AC voltages to the fridge, as illustrated in Fig. 3.S6e. By inducing
𝑄𝐸 emission via flux modulation at various AC input voltages and measuring the
carrier frequency of emitted photons, we observe the average DC shift of the qubit
frequency via the changing carrier frequency of emitted photons. By comparing the
change in photon carrier frequency to numerical predictions of 𝛿𝐷𝐶 , we can obtain
the scaling factor for converting input AC voltages to Φ𝐴𝐶 at the qubit. Meanwhile,
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Figure 3.S6: Pulse shaping via flux modulation of the emitter qubit a, Illustration
of flux modulation of the emitter qubit, when the qubit has a static flux bias Φ𝐵 =

0.234Φ0 and the AC flux amplitude Φ𝐴𝐶 = 0.152Φ0, where Φ0 is the magnetic
flux quantum. The gray curve is the 𝜔𝑒 𝑓 emitter qubit tuning curve. The black
line depicts typical flux modulation amplitudes in terms of flux quanta, while the
purple curve depicts qubit frequency as a function of time under flux modulation.
𝜔̃𝑒 𝑓 corresponds to the average qubit frequency under flux modulation. b, Sideband
spectrum of the emitter qubit under flux modulation. |𝜉 | refers to sideband strength.
The red colored arrow corresponds to the sideband used to effect emission into
the SLWG in our experiment. c, Flux-modulation waveform used in experiment
to generate high-bandwidth photons 2, 3, and 4. The blue curve corresponds to a
dynamic DC correction that is used to maintain the emission frequency constant;
see text for details. d, Effective Γ1D(𝑡) obtained from the flux modulation waveform
shown in c. e, Energy spectra of qubit emission for a constant flux modulation
amplitude that is swept. Left: Energy spectra without DC shift compensation.
Right: Energy spectra with DC shift compensation, where DC shifts are calculated
theoretically assuming an specific insertion loss in the flux line for the used 𝜔mod.
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note that we obtain a similar scaling factor for converting static DC bias voltages
to Φ𝐵 at the qubit via measurements of the qubit tuning curve (note that the two
scaling factors are different due to differing DC and AC losses of the flux line).

Thus, we can achieve a desired time-dependent coupling between𝑄𝐸 and the SLWG
via flux modulation, by effecting a time-dependent 𝜉 (𝑡) via some specific Φ𝐴𝐶 (𝑡).
However, a time-dependentΦ𝐴𝐶 (𝑡) will also lead to a time-dependent 𝛿𝐷𝐶 (𝑡), which
necessitates a "DC correction" signal to maintain the emission frequency constant.
Therefore, we obtain the necessary flux drive Φ(𝑡) = Φ𝐷𝐶 (𝑡) + Φ𝐴𝐶 sin(𝜔mod𝑡)
that achieves a desired 𝜉 (𝑡) while maintaining a constant emission frequency. This
is achieved by considering a suitable range of AC flux amplitudes, and obtaining
associated Φ𝐷𝐶 correction flux biases for each flux amplitude such that for a given
Φ𝐴𝐶 , overall static qubit bias Φ𝐵, and the flux amplitude dependent correction bias
Φ𝐷𝐶 , the average qubit frequency 𝜔̃𝑒 𝑓 will be equal to 𝜔𝑒 𝑓 (Φ𝐵); see Fig. 3.S6e
(right) for demonstration of this DC correction procedure for various AC flux ampli-
tudes. Then, the sideband amplitudes 𝜉 (Φ𝐵,Φ𝐴𝐶 ,Φ𝐷𝐶) are numerically calculated
for each set of the aforementioned parameter values, with which a desired 𝜉 (𝑡) can
be mapped to the necessary Φ(𝑡) signal; see Fig. 3.S6c,d for an example. Finally,
we note that under the flux drive Φ(𝑡), the time-dependent decay rate Γ

𝑒 𝑓

1𝐷 (𝑡) of 𝑄𝐸

will be equal to Γ
𝑒 𝑓

1𝐷 · |𝜉 (𝑡) |2, where Γ
𝑒 𝑓

1𝐷 is the intrinsic decay rate of the | 𝑓 ⟩ state
given by ∼ 4𝑔2

𝑢𝑐/𝐽.

As discussed in the main text, we sought to emit Gaussian shaped photons for
our cluster state generation sequence, as illustrated in Fig. 2. We observed, both
numerically and experimentally, that shaped photons with Gaussian spectra could
be emitted by realizing the following sideband amplitude time dependence 𝜉 (𝑡):

𝜉 (𝑡) = 𝜉𝑀erf2( 𝑡
𝑡𝑅

+ 𝛿)

erf(𝑡) ≡ 2
√
𝜋

∫ 𝑡

0
𝑒−𝑡

′2
𝑑𝑡′,

(3.11)

where 𝑡𝑅 scales the erf function with respect to time, 𝜉𝑀 is the maximum attainable
sideband amplitude at a givenΦ𝐵, and the second line defines the erf function whose
square increases from 0 and converges to 1 smoothly. The spectral bandwidth of the
resultant Gaussian pulse is controlled by 𝑡𝑅, where slow (fast) increase of Γ1D(𝑡)
due to large (small) 𝑡𝑅 leads to small (large) bandwidth. Moreover, the 𝛿 parameter
shifts the entire function with respect to time, such that it reduces the time needed
to reach the maximum sideband amplitude for a given emission time and 𝑡𝑅; this is
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useful to further suppress residual | 𝑓 ⟩ population after emission for short emission
times. This parametrized time dependence is plotted in Fig. 3.S7a.

For the photonic pulses shown in Fig. 4c, photon 1 was generated by realizing the
time-dependent sideband amplitude 𝜉 (𝑡) of equation 3.11 with parameters 𝑡𝑅 = 50
and 𝛿 = 0, yielding a Gaussian pulse with 9.9 MHz bandwidth. However, for
photons 2,3,4 we chose to utilize a finite 𝛿 in order to achieve a small | 𝑓 ⟩ residual
| 𝑓 ⟩ population for the photons’ short 30 ns emission time. In order to obtain the best
𝛿, 𝑡𝑅 combination, we modeled and measured experimentally this residual population
after photon emission for a range of 𝛿, 𝑡𝑅 values, as depicted in Fig. 3.S7b,c (see
App. 3.7.2 for modeling details). We found that the combination 𝑡𝑅 = 15 ns,
𝛿 = 0.33, suppresses residual | 𝑓 ⟩ state population below 1% and constricts emitted
photon pulses to a short time-bin measurement window, and we chose this parameter
combination for emission of photons 2,3,4 depicted in Fig. 4c. We note that while
higher 𝛿 values in general result in less residual | 𝑓 ⟩ population, large 𝛿 values also
lead to distortions in the emitted Gaussian pulse; thus the parameter choice 𝑡𝑅 = 15
ns, 𝛿 = 0.33 strikes a balance between minimizing residual | 𝑓 ⟩ state population and
maintaining the approximately Gaussian shape of the emitted pulse with 17.9 MHz
bandwidth.

We also note that we realize fast unconditional reset using flux modulation, where
the |𝑒⟩ and | 𝑓 ⟩ state populations are emptied via induced photon emission. First, a
constant flux modulation signal that induces emission of | 𝑓 ⟩ to |𝑒⟩ is applied to 𝑄𝐸 .
Next, another constant flux modulation signal that induces emission from |𝑒⟩ to |𝑔⟩
is applied to 𝑄𝐸 , bringing it to the ground state. Lastly, we wait approximately 3 𝜇s
after this reset before starting qubit control, in order to allow residual emitted fields
trapped in the SLWG due to finite taper reflections to fully leave the waveguide. We
note that this reset protocol effectively thermalizes 𝑄𝐸 to the SLWG temperature;
indeed we confirm via separate measurements that the resultant |𝑒⟩ thermal popu-
lation is ∼ 1% (corresponding to an effective ∼ 50 mK temperature). Using this
unconditional reset protocol, we generate the 2D cluster state with a conservative
repetition rate of 100 kHz.

3.7.4 Radiation field quantum state tomography
In order to characterize generated multipartite entangled photonic states, we utilize
tomography methods for itinerant microwave photons that were pioneered in Circuit
QED systems by Eichler et. al. [99, 180] with suitable modifications when appro-
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Figure 3.S7: High bandwidth photon emission a, Shape of time-dependent
coupling effected by flux modulation, given by the square of the erf function:��� 2√

𝜋

∫ 𝑡/𝑡𝑅+𝛿
𝑒−𝑡

′2
𝑑𝑡′

���2, where 𝑡𝑅 and 𝛿 scale and shift the erf function with respect
to time, respectively. b Residual | 𝑓 ⟩ state population measurement after photon
emission via flux modulation with various 𝑡𝑅 and 𝛿 parameters. c Simulation of the
experiment done in part b, using the model of equation 3.4.

priate for us. Below we present a detailed summary of our entire data analysis and
tomography procedure. We conclude by presenting additional photonic quantum
state preparation and tomography results not presented in the main text.

Measurement of ⟨𝑎out(𝑡)⟩ and
〈
𝑎†out(𝑡)𝑎out(𝑡)

〉
The average photon flux

〈
𝑎†out(𝑡)𝑎out(𝑡)

〉
and average field ⟨𝑎out(𝑡)⟩ of emitted

photons are routinely measured in our experiment for the purposes of characterizing
our shaped photon emission procedure, characterizing different aspects of our time-
delayed feedback process, and obtaining mode matching functions 𝑓 (𝑡) for the dif-
ferent photonic qubits in order to obtain time-independent statistics from their time-
dependent fields (see rest of Supplementary text for further details). Measurement of
both of these quantities for an emitted photon starts with heterodyne measurement of
both quadratures, 𝐼 (𝑡) and𝑄(𝑡), of its time-dependent microwave field, via the output
chain described in Supplementary Section 3.7.1. Many measurements are performed
and their results are averaged to compute the average field ⟨𝑉 (𝑡)⟩ = ⟨𝐼 (𝑡) + 𝑖𝑄(𝑡)⟩
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and the the average photon flux ⟨𝑉2(𝑡)⟩ =
〈
|𝐼 (𝑡) |2 + |𝑄(𝑡) |2

〉
. Note that the cal-

culation of ⟨𝑉2(𝑡)⟩ results in a signal without any carrier frequency, but ⟨𝑉 (𝑡)⟩
retains the carrier frequencies of 𝐼 (𝑡) and 𝑄(𝑡) which must be removed by digital
demodulation.

Due to spurious DC shifts in the detection set-up, as well as imbalance and LO
bleedthrough in the downconversion IQ mixer, the spectrum of ⟨𝑉2(𝑡)⟩ and the
demodulated ⟨𝑉 (𝑡)⟩ will have spurious features outside of the baseband signal. In
addition, these band-limited baseband signals will also have significant noise outside
of their bandwidth. These undesirable features serve to obscure the time-dependent
shape of the baseband signal that we wish to measure, and we remove them through
digital low-pass filtering, with filter bandwidth set to be sufficiently high to capture
all of the baseband signal. At this point, the resultant demodulated and filtered
⟨𝑉 (𝑡)⟩ signal, followed by suitable normalization, can already be used as the mode-
matching function 𝑓 (𝑡), where the normalization is such that

∫
| 𝑓 (𝑡) |2𝑑𝑡 = 1.

Further, with an absolute power calibration of our output chain that maps voltage
measured at the ADC to field amplitude at the qubit (see subsequent subsection for
details on how to obtain this calibration), the digitally processed ⟨𝑉2(𝑡)⟩ and ⟨𝑉 (𝑡)⟩
signals can be suitably scaled to yield the true

〈
𝑎†out(𝑡)𝑎out(𝑡)

〉
and ⟨𝑎out(𝑡)⟩ in units

of photon/s and
√︁

photon/s, respectively. However, for the purposes of plotting in this
manuscript, we presented these quantities in terms of unitless, normalized values
⟨𝑎̃out⟩ = ⟨𝑎out⟩ /Γ̃−1/2

1𝐷 and
〈
𝑎̃
†
out𝑎̃out

〉
=

〈
𝑎†out𝑎out

〉
/Γ̃1𝐷 , where Γ̃1𝐷/2𝜋 = 40.8

MHz is the maximum expected emission rate of the | 𝑓 ⟩ → |𝑒⟩ transition under flux
modulation induced emission (see Supplementary Section 3.7.3 for further details
regarding Γ̃1𝐷). Thus, these normalized quantities express the time-dependent
photon flux and field as a fraction of the maximum expected photon flux and field,
respectively, for an excited qubit with emission rate Γ̃1𝐷 (as an illustrative example,
note that for constant flux modulation with flux amplitude that yields Γ𝑒 𝑓

1𝐷 (𝑡) = Γ̃1𝐷 ,〈
𝑎̃
†
out𝑎̃out

〉
at 𝑡 = 0 would be equal to 1).

Absolute power calibration

In order to perform quantum state tomography via heterodyne detection, we need
an absolute power calibration that maps voltage measured at the ADC to field
amplitude at the qubit’s location on the device, given by some conversion factor
𝐺. This conversion factor 𝐺 includes the following contributions: the scaling from
the quantum field 𝑎 to the physical voltage on the device, the gain of the output



54

chain from the first amplifier forward, and the detection efficiency 𝜂det. We define
𝜂det such that (1 − 𝜂det) corresponds to the fraction of the itinerant photon’s energy
that is lost before it reaches the first amplifier (which in our case is a quantum-
limited TWPA), either due to the loss or spurious reflections that are suffered by
the photon (see Fig. 3.S2e for measurement of such reflections). Generically, 𝐺
is obtained by measuring a signal at the ADC whose power at the qubit can be
independently verified. In our work, we rely on measurement of the AC Stark shift
of the qubit frequency induced by an input pulse on the SLWG as our method for
power calibration.

The procedure for obtaining 𝐺 via AC Stark shift measurements is the following.
The qubit frequency 𝜔𝑔𝑒 is detuned from 𝜔𝑝 by 740 MHz. A square pulse with
carrier frequency 𝜔𝑝 is sent into the SLWG, for varying input powers. This square
pulse induces an AC Stark shift Δ𝐴𝐶 on the qubit frequency whose magnitude is
dependent on the SLWG input power; this Δ𝐴𝐶 is measured by determining the
resonance excitation frequency of the qubit. The qubit’s resonance frequency is
measured by applying an excitation pulse to the qubit while the SLWG input pulse
is off-resonantly driving the qubit; by sweeping the excitation pulse’s frequency,
measuring the qubit response, and fitting the resultant lineshape to a Gaussian, we
obtain the resonance frequency via the Gaussian’s mean. Repeating this procedure
for all SLWG input powers, we experimentally obtain the dependence of Δ𝐴𝐶 on the
power of the SLWG input pulse. Finally, the amplitude of the SLWG input pulse is
measured at the ADC for all input powers used.

The power dependence of Δ𝐴𝐶 is then fit to the following transmon AC Stark shift
model involving five transmon levels [181]:

𝐻̂ =

𝑁=4∑︁
𝑗=0

( 𝑗Δ + 𝑗 ( 𝑗 − 1)𝜂) | 𝑗⟩ ⟨ 𝑗 | + Ω

2

(√︁
𝑗 + 1 | 𝑗 + 1⟩ ⟨ 𝑗 | + h.c.

)
, (3.12)

where { 𝑗} corresponds to the transmon levels, the SLWG drive frequency is 𝜔𝑝,
Δ = 𝜔𝑔𝑒 − 𝜔𝑝, the transmon anharmonicity is 𝜂/2𝜋 = −277 MHz, and Ω is
the Rabi frequency of the SLWG drive. Note that this Hamiltonian is obtained
from the full Hamiltonian of a transmon interacting with a classical drive by
simply going into the rotating frame of the drive (via the unitary transformation
𝑈 = exp

[
𝑖𝑡

∑
𝑗 𝑗 | 𝑗⟩ ⟨ 𝑗 |𝜔𝑝

]
) and discarding counter-rotating terms. Also note

that our model includes multiple transmon levels because the presence of multiple
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transitions, along with their associated anharmonicities, quantitatively changes the
theoretically predicted Δ𝐴𝐶 . We found that we needed up to five transmon levels
for the theoretically predicted Δ𝐴𝐶 to converge for our experimental parameters,
whereas beyond five levels changes in the predicted Δ𝐴𝐶 were negligible.

For a qubit coupled to a single-ended waveguide, the Rabi Frequency is given by
Ω = |𝛼 |

√
4Γ1D [182], where |𝛼 | is the field amplitude of the SLWG drive at the qubit,

and for our slow-light waveguide the qubit’s emission rate into the waveguide (at the
center of the passband) is given by Γ1D = 2𝑔2

uc/𝐽 [109]. The parameters 𝑔uc and 𝐽

of our device were obtained through device characterization experiments described
in Supplementary Section 3.7.2, and were directly used in this model. From this
model Hamiltonian, Δ𝐴𝐶 is numerically calculated in the following manner: first,
the Hamiltonian is diagonalized to obtain its eigenenergies. Then, the difference
between the energies of the "dressed" ground state and the "dressed" excited state is
obtained, and by subtracting Δ from this difference Δ𝐴𝐶 is finally obtained.

The fit is performed simply by using |𝛼 | = 𝑉𝐴𝐷𝐶 · 𝐺 in the model, where 𝑉𝐴𝐷𝐶 is
the amplitude of the SLWG input pulse measured at the ADC. By obtaining Δ𝐴𝐶

with 𝐺 as a fit parameter, the fit of the model to the data is shown as the black curve
in Fig. 3.S8c, showing excellent agreement to the data. The obtained fit parameter
𝐺 was henceforth used to scale all radiation field voltages measured at the ADC.
We note that by using a pulsed measurement, rather than a continuous wave (CW)
SLWG input tone, the obtained 𝐺 more accurately captures the contribution of
spurious reflections to the overall 𝜂det that is experienced by emitted pulses, and is
significantly less sensitive to ripples in the output chain transfer function.

Measuring expectation values of radiation field moments

The time-independent quantum statistics of emitted photons can be extracted
from single shot measurements of their (properly scaled) time-dependent fields
by integration with a suitable mode-matching function 𝑓 (𝑡). This integration∫

𝑓 (𝑡)𝑎out(𝑡)𝑑𝑡 = 𝐼 + 𝑖𝑄 = 𝑆 can be shown to yield single-shot measurements of
the complex quantity 𝑆 = 𝑎 + ℎ†, where 𝑎 is the mode of interest, and ℎ is the
noise mode of the detection chain. By taking many single-shot measurements, one
gains access to the statistics of 𝑎 + ℎ†, and similarly, one can also perform many
single-shot "dark" measurements of the noise mode ℎ to obtain its statistics. By
calculating the expectation values of moments of 𝑎+ ℎ† and ℎ from their single shot
measurements, the expectation values of moments of 𝑎 can thus be obtained, which
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Figure 3.S8: Absolute power calibration via AC Stark shift of emitter qubit. a,
Pulse sequence for the AC Stark Shift calibration experiment. An input square pulse
with carrier frequency 740 MHz detuned from the qubit 𝜔𝑔𝑒 is sent into slow-light
waveguide (SLWG) and drives 𝑄𝐸 . Simultaneously, a qubit excitation pulse is sent
into the 𝑋𝑌𝐸 line and arrives at the qubit at the same time the input SLWG pulse
is driving the qubit, for the purposes of determining the resonance frequency of
the AC Stark Shifted qubit. This experiment is repeated for multiple SLWG input
pulse powers. b, Level diagram depicting the detuned drive on the qubit from the
SLWG, and how that effects an AC Stark Shift of the qubit frequency. c, AC Stark
Shift measurement data. The square markers are the measured qubit frequencies
at different SLWG drive amplitudes, while the black line is fit to a model of the
expected qubit frequency due to off-resonant driving. See the Supplementary text
for more details.
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is sufficient to reconstruct the density matrix of the mode of interest.

The procedure described above can be straightforwardly extended to multiple modes.
For our experiment, the mode-matching function 𝑓𝑖 (𝑡) for each photonic time-bin
qubit is obtained by direct measurement of the average pulse shape

〈
𝑎𝑖,out(𝑡)

〉
. This

allows for single shot measurements of 𝑆𝑖 = 𝑎𝑖 + ℎ
†
𝑖

for every photon, which are then
processed into joint moments S of the form

〈
(𝑆†1)

𝑛1𝑆
𝑚1
1 (𝑆†2)

𝑛2𝑆
𝑚2
2 ...(𝑆†

𝑁
)𝑛𝑁 𝑆𝑚𝑁

𝑁

〉
.

Given that our emitter qubit is a single photon source, we take 𝑛𝑖, 𝑚𝑖 ∈ {0, 1}
by assuming that the Hilbert Space of the photonic modes can be restricted to
the single-photon manifold subspace. Note that we have experimentally verified
the single photon character of our emitted photons (for each time-bin photonic
qubit) via measurements of

〈
(𝑎†)2𝑎2〉 for various prepared photonic states, which

are plotted in Fig. 3.S9. The measured
〈
(𝑎†)2𝑎2〉 moments are close to 0 for all

prepared photonic states, corresponding to a vanishing second-order correlation
function 𝑔(2) (0) at zero time delay.

In turn, the joint photon moments
〈
(𝑎†1)

𝑛1𝑎
𝑚1
1 (𝑎†2)

𝑛2𝑎
𝑚2
2 ...(𝑎†

𝑁
)𝑛𝑁 𝑎𝑚𝑁

𝑁

〉
∀ 𝑛𝑖, 𝑚𝑖 ∈

{0, 1} can be calculated from algebraic formulas involving the measured joint mo-
ments S and the measured moments

〈
ℎ
†
𝑖
ℎ𝑖

〉
under the following simplifying as-

sumptions: the signal modes 𝑎𝑖 are uncorrelated from the noise modes ℎ𝑖, the noise
modes ℎ𝑖 are not correlated to one another, and complex-valued moments of ℎ𝑖 are
taken to be zero. These assumptions are appropriate when the noise modes ℎ𝑖 are
in a thermal state, which is typically the case when the main added noise source of
the output chain is amplifier noise (note that these assumptions were also verified
experimentally). It can be shown that the expectation values of these joint photon
moments is sufficient to uniquely reconstruct the density matrix of a multipartite
state of 𝑁 photonic qubits. While algebraic formulas relating the density matrix
elements to the joint photon moments can be derived, we instead reconstruct the
density matrix of generated photonic states via a maximum-likelihood estimation
(MLE) algorithm that uses the obtained joint photon moments as input (for more
details, see the next subsection).

MLE

We reconstruct the quantum state of the entangled microwave photons using a
maximum-likelihood estimation (MLE) state tomography technique under the fol-
lowing assumptions: (1) the Fock spaces of the bosonic modes representing indi-
vidual time-bin photonic qubits can be restricted to the single excitation manifold
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Figure 3.S9: Measurement of radiation field moments. Magnitude of measured
moments ⟨𝑎⟩ (red circles), ⟨𝑎†𝑎⟩ (blue circles), and ⟨(𝑎†)2𝑎2⟩ (gray circles), for
emitted photon pulses from 𝑄𝐸 when it is prepared in state |𝜓⟩𝐸 = cos (𝜃/2) |𝑒⟩ +
sin (𝜃/2) | 𝑓 ⟩. Dashed black lines are ideal expected moments given a qubit rotation
angle 𝜃.

(i.e.: the Hilbert space spanned by Fock states |0⟩ and |1⟩), and (2) the distributions
of the sample means of the moments of the measured photonic fields are well ap-
proximated by normal distributions in the case of many samples (i.e.: the statistical
central limit theorem holds for the distributions of the means of these moments).

In statistics a likelihood functional L(𝐷 |𝐻) is a function on a set 𝐷 of observed
statistical data sampled from a system which, assuming some underlying parame-
terization 𝐻 of the system, returns a value proportional to the probability that the
assumed parameterization would result in the observed data. Thus L encapsulates
how ‘likely’ a set of observations is under certain assumptions on the system. Given
a dataset of observations 𝐷, MLE techniques aim to explore the space of parameter-
izations of a system to find the one that maximizes a chosen likelihood functional.
Our specified goal is to find the quantum state 𝜌̂ of 𝑁 photons that best approximates
the actual photonic state we have prepared with our protocol. Thus to proceed with
an MLE approach to this state tomography problem we must identify a dataset 𝐷 we
intend to collect and a likelihood functional L(𝐷 |𝜌) over which we will optimize
𝜌.
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To identify a sufficient dataset and associated likelihood functional for MLE state
tomography of 𝑁 entangled photons, note that for a single bosonic mode 𝑎 con-
strained to the single excitation manifold, it suffices to know the expectation values
⟨𝑎⟩, ⟨𝑎†⟩, and ⟨𝑎†𝑎⟩ to uniquely reconstruct the quantum state of the mode. This
is so because linear combinations of these operators along with the identity, when
restricted to the Hilbert space of a two-level system, can reconstruct the single qubit
operators 𝜎𝑥 , 𝜎𝑦, and 𝜎𝑧 whose expectation values uniquely determine an arbitrary
single qubit state. In a similar way, unique reconstruction of the state of a joint
system of 𝑁 bosonic modes each restricted to their single excitation manifold can
be accomplished if all 22𝑁 expectations of the joint moments of the system of the
form

〈
(𝑎†1)

𝑛1𝑎
𝑚1
1 (𝑎†2)

𝑛2𝑎
𝑚2
2 ...(𝑎†

𝑁
)𝑛𝑁 𝑎𝑚𝑁

𝑁

〉
∀ 𝑛𝑖, 𝑚𝑖 ∈ {0, 1} are known.

Consider 𝐴 𝑗 ∈ {(𝑎†1)
𝑛1𝑎

𝑚1
1 (𝑎†2)

𝑛2𝑎
𝑚2
2 ...(𝑎†

𝑁
)𝑛𝑁 𝑎𝑚𝑁

𝑁
} to be one of the 22𝑁 moments

of interest for such an 𝑁 mode system. If we assume our system to be in the state
𝜌, then there will be an underlying distribution determined by 𝜌 governing the
statistics of measured values of 𝐴 𝑗 that will have some mean 𝜇 𝑗 = Tr

(
𝐴 𝑗 𝜌

)
and

variance 𝑣 𝑗 . By the central limit theorem the sample mean of 𝑁 measurements
of 𝐴 𝑗 should, for large enough 𝑁 , respect a normal distribution centered around
Tr

(
𝐴 𝑗 𝜌

)
with variance 𝑣 𝑗/𝑁 . This being the case, then the probability 𝑝(⟨𝐴̄ 𝑗 ⟩|𝜌)

of finding the sample mean of 𝑁 measurements of 𝐴 𝑗 to be ⟨𝐴̄ 𝑗 ⟩ (we use the bar
notation to emphasize that we are talking about a measured statistical value and not
a calculated quantum mechanical expectation value), assuming a system state 𝜌,
should obey [183]:

𝑝(⟨𝐴̄ 𝑗 ⟩|𝜌) ∝ 𝑒−|⟨𝐴̄ 𝑗 ⟩−Tr(𝐴 𝑗 𝜌) |2/(𝑣 𝑗/𝑁) . (3.13)

Assuming the actual variance 𝑣 𝑗 of the moment is very well approximated by
the measured sample variance 𝑣̄ 𝑗 , which it should be for large 𝑁 by the law of
large numbers, then 𝑣 𝑗 can be safely replaced by the measured variance 𝑣̄ 𝑗 in this
expression.

Consequently we find that we can define a likelihood functional inspired by (3.13)
that takes the form [158]:

L(𝐷 |𝜌) =
𝑗=22𝑁∏
𝑗=1

𝑒−|⟨𝐴̄ 𝑗 ⟩−Tr(𝐴 𝑗 𝜌) |2/𝑣̄ 𝑗 . (3.14)

This functional requires a dataset 𝐷 = {(⟨𝐴̄ 𝑗 ⟩, 𝑣̄ 𝑗 )} 𝑗=22𝑁

𝑗=1 of measured sample means
and variances of all the joint 𝑁 photon moments considered above.
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Because of the monotonically increasing nature of the logarithm, minimizing the
negative log-likelihood is equivalent to maximizing the likelihood, and taking the
negative of the logarithm of the likelihood yields

− logL(𝐷 |𝜌) =
𝑗=22𝑁∑︁
𝑗=1

|⟨𝐴̄ 𝑗 ⟩ − Tr
(
𝐴 𝑗 𝜌

)
|2/𝑣̄ 𝑗 . (3.15)

Intuitively we see that minimizing this negative log-likelihood corresponds to find-
ing the state 𝜌 whose moments minimize the mean-squared error of the measured
moments, discounting the error associated with higher variance measured moments
more than the error associated with low variance measured moments. This op-
timization problem has the form of a quadratic programming problem subject to
physicality constraints on the quantum state 𝜌 (namely that 𝜌 be trace-one and
positive semidefinite):

min
𝜌

− logL(𝐷 |𝜌)

s.t. Tr(𝜌) = 1

𝜌 ≻ 0.

(3.16)

To perform this optimization over valid states 𝜌 of an 𝑁 mode system we use the
CVXPY python library [184].

Quantum state tomography results

In addition to the quantum state tomography results of Fig. 4, we present in
Fig. 3.S10 and 3.S11 reconstructed density matrices for other generated multipar-
tite entangled photonic states (along with their associated fidelities), in order to
illustrate the flexibility of our photonic state generation method. The 97% fidelity
of the density matrix shown in Fig. 3.S10a of a prepared single photon Fock state
constitutes the quantum efficiency of our 𝑄𝐸 single photon source (measurement
errors notwithstanding). In addition, the reconstructed density matrix reveals that
our source’s emission has negligible two-photon character.

Importantly, we emphasize the capability of our platform in generating a genuine
multidimensional cluster state by presenting the generated five photon pentagon
cluster state illustrated in Fig. 3.S11a, along with its reconstructed density matrix
in Fig. 3.S11b. As mentioned in the main text, this state is not equivalent to any
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Figure 3.S10: Reconstructed density matrices of various photonic states. a,
Reconstructed density matrix of a prepared single photon Fock state |1⟩. (𝐹 =

97%). Only here, the Hilbert space includes the two-photon manifold for a single
mode in order to demonstrate the single photon character of photon emission. b-f,
Reconstructed density matrices of a two-photon GHZ state (𝐹 = 91%), a two-photon
cluster state (𝐹 = 91%), a three-photon GHZ state (𝐹 = 83%), a three-photon 1D
cluster state (𝐹 = 90%), and a three-photon triangular cluster state (where there is
all-to-all entanglement connectivity, 𝐹 = 73%). Note that time-delayed feedback
was used to generate the three-photon triangular cluster state. The Hilbert space
for each individual mode is truncated to the single-photon manifold. For each state,
density matrix elements smaller than 10% of the expected largest density matrix
element are colored gray for ease of visualization. Note that global offset phases
associated with each photon are adjusted via software in order to arrive at the density
matrices plotted here; this amounts to local-Z corrections on the states.

linear cluster state under local-Clifford gates. [159]. In the generation of this state,
we utilized microwave photons with a higher bandwidth, emitted within 30 ns, for
all the qubits participating in the cluster state. This choice was due to a stricter
timing constraint imposed by the requirement of emitting four photons (rather than
three photons, as was done for the four photon cluster state) during the round-trip
of photon 1. It should be noted that the fidelity of the qubit-photon CZ gate and the
mirror efficiency are lower when compared to that of the narrower bandwidth photon
used in generating a four photon cluster state. Further discussion on the fidelity of
the generated states can be found in more detail in Supplementary Section 3.7.6.

Furthermore, we bring particular attention to the five photon state illustrated in
Fig. 3.S11c, with measured density matrix in Fig. 3.S11d. In order to generate this
state, it was necessary to perform multiple CZ gate operations, including two CZ
gate operations for photon 1. We note that in generating this state, both photon
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1 and photon 2 (each of which have a length of approximately 70 ns) underwent
two round-trips within the slow-light waveguide, accomplished by utilizing the
switchable mirror qubit twice per photonic qubit. However, in the first round-trip
of each photon we applied our CZ gate only between photon 1 and the emitter qubit
(corresponding to the first dashed red rectangle in Fig. 3.S11c). We refrained from
applying a CZ gate between photon 2 and the emitter during this first round trip by
simply not implementing the required flux control on the emitter qubit, resulting in
photon 2 merely scattering off of the terminated end of the slow-light waveguide,
never interacting with the emitter qubit. During the second round-trips of photon
1 and photon 2, CZ gates were implemented between the emitter qubit and both
photons, thus leading to the graph state connectivity shown in Fig. 3.S11c. Such use
of two time-delayed feedback events for an emitted photon is the most fundamental
prerequisite for extending our 2D cluster state generation scheme to generation of
3D cluster states [128, 139, 140]. Thus, generation of the 5 photon state illustrated
in Fig. 3.S11, via multiple time-delayed feedback events, constitutes a preliminary
demonstration of the adaptability of our platform for future generation of 3D cluster
states of microwave photonic qubits.

We conclude this Supplementary Section by describing some technical details of
our radiation field tomography measurements that may be of interest to the reader.
Firstly, we note that when generating photonic states, lingering gate errors due to the
AC Stark shifting of the |𝑒⟩ → | 𝑓 ⟩ transition, as well as the use of flux modulation,
will result in spurious phases gained by the qubit, which will be imparted onto
the phase of emitted photons. This phase, however, is deterministic, and thus can
be compensated in hardware by suitable qubit Z-control. For the density matrix
presented in Fig. 4d, these spurious phases were compensated for by the use of
Virtual Z-gates [185] when performing 𝜋𝑒 𝑓 pulses before emission of every photon.
Thus, we were able to generate the state whose ideal counterpart is shown in
Fig. 3.S12b, and the 70% state fidelity quoted in the main text is calculated with
respect to this state. We also note that while these spurious phases correspond to local
Z-gates for every photon, which can be removed from the processed tomography
data, in practice they could hinder use of such cluster states in quantum information
applications. Thus, we chose to demonstrate this additional photon phase control in
our generation process, and we stress that the data presented in Fig. 4d did not have
any post-processing phase modification.

In addition, the measured
〈
ℎ
†
𝑖
ℎ𝑖

〉
moments reveal an effective added noise photon
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Figure 3.S11: Five-Photon cluster state with multiple time-delayed feedback
events. a, Quantum circuit for the generation of the five-photon cluster state

��𝜓ring
〉
.

In this state, the entanglement structure forms a pentagon, as shown in the diagrams
at the end of the quantum circuits. b, Reconstructed density matrix of the

��𝜓ring
〉

state. The fidelity of the generated state is 𝐹 = 61%. c, Quantum circuit for the
generation of the five-photon cluster state |𝜓tetra−1⟩. In this state, the entanglement
structure of the first four photons (photon 1-4) forms a tetrahedron, and the photon
5 is entangled to photon 4, as shown in the diagram on the right. Two time-delayed
feedback events on photon 1 (corresponding the the highlighted CZ gates) entangle
photon 1 with both photon 3 and photon 4. d, Reconstructed density matrix of
the |𝜓tetra−1⟩ state. The fidelity of the generated state is 𝐹 = 50%. Global phases
associated with each photon are adjusted via software in order to arrive at the
plotted density matrices. We note that the data for these states was taken in a
separate cooldown, and due to technical reasons, the absolute power calibration we
used was acquired from the integrated flux of a prepared single photon state.
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Figure 3.S12: Phase control of cluster state a, Quantum circuit of cluster state
generation protocol, assuming 𝑄𝐸 and photonic states prepared in ground state. b,
Ideal cluster state obtained from the quantum circuit of (a). c, Measured phase of
single photon moment ⟨𝑎⟩ as a function of the phase of virtual-Z gates applied to𝑄𝐸

during generation (blue circles). Red line shows ideal expected phase. Virtual-Z
gates applied on 𝑄𝐸 are realized by adding an offset phase to 𝜋𝑒 𝑓 pulses before
photon emission.

number of 𝑛noise ≈ 3.5, corresponding to a quantum measurement efficiency of the
output chain of 𝜂meas = (1+𝑛noise)−1 ≈ 0.22. We note that for heterodyne detection,
a finite detection efficiency 𝜂det can be shown to be equivalent to added noise in the
output chain, and we believe that the majority of 𝑛noise can be attributed to losses
and spurious reflections before the TWPA (where we estimate a total transmissivity
for emitted photon pulses of -5.5dB).

Furthermore, we note that the scaling factor 𝐺 will be slightly different for photons
of different bandwidth. This is due in part to slight differences in the effective
transmission coefficient of the tapered end of the SLWG for different bandwidth
pulses (see Fig. 3.S2d). Moreover, higher bandwidth pulses will have slightly higher
mode-matching inefficiency due to dispersion-induced distortion, which results in
a small fraction of the pulse being situated outside of its measurement time-bin
window. When generating photonic states we use up to two different bandwidths,
and we quantify the difference in their respective 𝐺 scaling factors by taking the
ratio of their measured

〈
𝑎†𝑎

〉
moments when the qubit is fully excited to the | 𝑓 ⟩

state before emission. We find a ∼ 5% difference between the two 𝐺 scaling factors,
which we take into account for calculation of joint photon moments (we use the 𝐺

obtained from Stark shift measurements for the lower bandwidth photon pulses).
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Finally, for generation of the four photon 2D cluster state, the five photon tetrahedron-
like cluster state in 3.S11c, and the five-photon pentagon cluster state in 3.S11a, we
performed 500 million, 2 billion, and 5 billion single shot measurements, respec-
tively, in order to have sufficient averaging for higher order joint photon moments;
these numbers are consistent with the predicted number of single shot measurements
required from the statistical analysis presented in ref. [186]. This corresponded to
measurement times of 6 hours, 24 hours, and 60 hours, respectively; and due to the
presence of slow qubit frequency drifts of ∼ 0.5 MHz in our experimental setup,
we recalibrated the qubit flux bias every hour during these long measurements. We
expect that the use of GPU or FPGA based methods for data processing would
significantly reduce these measurement times. Nevertheless, we note that full to-
mography of a photonic state of five itinerant microwave photons has hitherto never
been demonstrated until now.

3.7.5 Process tomography of the time-delayed feedback operation
QPT experiment design

In order to characterize the qubit-photon CZ gate implemented with our time-
delayed feedback protocol, we perform full quantum process tomography (QPT)
of the qubit-photon interaction. We again limit the Hilbert space of the bosonic
mode representing the itinerant photon to the single-excitation subspace, so the
implemented CZ gate can be considered as a quantum process mapping the Hilbert
space of an effective two qubit system to itself.

With this in mind, in characterizing our CZ implementation we are interested in
the set of quantum processes that maps two-qubit states to two-qubit states. Such
processes (outside of certain cases in which we are not concerned here, e.g.: projec-
tive measurements) are described by the set of completely-positive trace-preserving
(CPTP) linear maps from two-qubit density matrices to two-qubit density matri-
ces. [187]

Performing quantum process tomography requires identifying a complete set of
‘fiducial’ input states of the system and an ‘informationally complete’ set of mea-
surement operators [187, 188]. A complete fiducial set of input states on a 𝑑-
dimensional Hilbert space H is a set of 𝑑2 states whose density matrices span the
space of density matrices on H . An informationally complete set of measurement
operators {𝑀 𝑗 } is a set of 𝑑2 − 1 operators on H whose expectation values given a
state 𝜌, {Tr

(
𝑀 𝑗 𝜌

)
}, uniquely determine 𝜌.
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As our set of 𝑑2 fiducial input states we select all 16 possible unentangled states
of the form

��𝜓𝑞

〉
⊗

��𝜙𝑝

〉
where

��𝜓𝑞

〉
∈ {|+𝑧⟩𝑞 , |−𝑧⟩𝑞 , |+𝑥⟩𝑞 , |+𝑦⟩𝑞} and

��𝜓𝑝

〉
∈

{|+𝑧⟩𝑝 , |−𝑧⟩𝑝 , |+𝑥⟩𝑝 , |−𝑦⟩𝑝} (where we are using the conventional names for eigen-
states of the Pauli spin operators 𝜎𝑥 , 𝜎𝑦, 𝜎𝑧). For our informationally complete set
of measurement operators we select the 15 non-identity joint qubit-photon corre-
lators of the form 𝜎𝑖 ⊗ 𝑎†𝑛𝑎𝑚 (where 𝑛, 𝑚 ∈ {0, 1} and 𝜎𝑖 ∈ {I, 𝜎𝑥 , 𝜎𝑦, 𝜎𝑧}). The
expectations of these operators can be shown to uniquely specify any of the joint
qubit-photon states we are considering in our effective two qubit Hilbert space [158].
To measure the expectations of these operators for a given prepared state, we perform
single-shot heterodyne measurements of the microwave field in conjunction with
single shot measurements of the qubit polarization (after rotation to the appropriate
basis). This allows us, on a shot-by-shot basis, to compute the correlations between
the microwave field moments and the qubit polarization operators.

The experimental sequence of our QPT implementation can be seen in Fig. 3.S13.
We begin with 𝑄𝐸 and the photonic qubit in their respective ground states, after
which we prepare the state of the photonic qubit by performing an 𝑋

𝑔𝑒
𝜋 pulse on 𝑄𝐸 ,

followed by one of an 𝑋
𝑒 𝑓
𝜋 pulse, an 𝑋

𝑒 𝑓

𝜋/2 pulse, an 𝑌
𝑒 𝑓

𝜋/2 pulse, or no pulse (I𝑒 𝑓 ),
following which we use a flux modulation tone to induce shaped emission of the
photonic time-bin qubit from 𝑄𝐸 . This results in the initialized photonic time-bin
qubit state to be conditioned on the choice of 𝑒 𝑓 pulse, resulting in the states |1⟩,
|−𝑦⟩, |+𝑥⟩, or |0⟩ respectively, while 𝑄𝐸 ends in state |𝑒⟩ after flux modulation.

Before the photonic qubit finishes its propagation through one round trip of the
waveguide, we prepare 𝑄𝐸 in one of its four above specified cardinal states. When
the photonic qubit finally returns to𝑄𝐸 , both subsystems have been properly prepared
and the 𝐶𝑍 gate between the two proceeds by way of our time-delayed feedback
interaction. After the 𝐶𝑍 is completed the photonic time-bin qubit leaves the
waveguide where it is amplified and its two independent 𝐼 and 𝑄 quadratures are
measured via heterodyne detection. The 𝑄𝐸 state is also measured along one of
the three chosen polarization axes defining which qubit polarization operator 𝜎𝑖 we
are measuring. Note that the emitter state preparation is deferred until immediately
prior to the onset of time-delayed feedback, after the itinerant photon has travelled
almost the entire round-trip length of the SLWG, in order to minimize the amount
of dephasing suffered by 𝑄𝐸 before the CZ gate.

We perform the above control sequence for all 16×3 combinations of prepared states
and possible values of 𝜎𝑖. Note that, for example, while the experimental sequence
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Figure 3.S13: Experimental pulse sequence for QPT A schematic for the pulse
sequences that implement the QPT protocol for characterizing our 𝐶𝑍 implemen-
tation. The shaded regions of different coloration represent different subsequences
of the QPT protocol indicated by the italic text above or below the figure (the grey
region is time during which the photonic qubit propagates through one round-trip
of the waveguide). The bracketed lists of gates below the pulses on the XYE line
represent variable pulses corresponding to different photonic qubit state prepara-
tions (red region), 𝑄𝐸 state preparations (blue region), and 𝑄𝐸 measurement basis
rotations (yellow region).

corresponding to measuring 𝜎𝑥𝑎 and 𝜎𝑦𝑎 require different qubit basis rotation
pulses, the nature of heterodyne measurement of the microwave field means a single
experiment can be used to measure all four quantities {𝜎𝑥 , 𝜎𝑥𝑎, 𝜎𝑥𝑎

†, 𝜎𝑥𝑎
†𝑎}. We

thus perform 48 different experiments (each repeated many times) to compute the
16× 15 = 240 different expectations of the form ⟨𝜎𝑖 ⊗ 𝑎†𝑛𝑎𝑚⟩ that uniquely specify
each output state of the implemented CZ gate for each input state.

MLE

Once this data is collected, we perform a maximum-likelihood reconstruction of
the time-delayed feedback operation to find the most likely quantum process ap-
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proximating it. To do this we represent the quantum process E underlying the
time-delayed feedback operation as its 𝜒 matrix in the Pauli Product basis of 2
qubits, whereby its action on a general input state is given by

E(𝜌) =
∑︁
𝑛,𝑚

𝜒𝑛,𝑚𝑃𝑛𝜌𝑃
†
𝑚 . (3.17)

The quantity 𝜒 is a 16×16 Hermitian, positive-semidefinite matrix, and {𝑃 𝑗 } is some
enumeration of the 2 qubit Pauli group. With this representation of the time-delayed
feedback process, we use the python library CVXPY [184] to minimize the negative
log-likelihood functional of the dataset of qubit-photon correlator expectations given
the CZ process E:

− logL(𝐷 |𝜒) =
𝑖=15, 𝑗=16∑︁
𝑖=1, 𝑗=1

|⟨𝑀̄𝑖 𝑗 ⟩ − Tr
(
𝑀 𝑗 E ◦ B𝑖 (𝜌0)

)
|2/𝑣𝑖, 𝑗 , (3.18)

where 𝜌0 = |0⟩⟨0|𝑞 ⊗ |0⟩⟨0|𝑝 is the initial state of the joint qubit-photon system,
assumed to be the ground state of both systems, 𝑀 𝑗 is the 𝑗 𝑡ℎ qubit-photon correlator,
B𝑖 is the 𝑖𝑡ℎ generalized state preparation superoperator (explained in more detail
below), ⟨𝑀̄𝑖 𝑗 ⟩ is the measured sample mean of 𝑀 𝑗 given state preparationB𝑖, and 𝑣̄𝑖, 𝑗
is the sample variance of ⟨𝑀̄𝑖, 𝑗 ⟩. The free parameters available to the optimization
are the elements of 𝜒 implicitly contained in the computation of E ◦ B𝑖 (𝜌0) above.

The choice of this log-likelihood follows from exactly the same arguments as the
state tomography log-likelihood functional equation (3.15) given in Supplementary
Section 3.7.4, extended to the case of 16 simultaneous sets of state tomography
data for the 16 states E ◦ B𝑖 (𝜌0). Enforcing the CPTP physicality constraints on E
defines the quadratic programming optimization problem for finding the most-likely
Pauli-Product representation of E, 𝜒̂:

min
𝜒

− logL(𝐷 |𝜒)

s.t.
∑︁
𝑛,𝑚

𝜒𝑛,𝑚𝑃
†
𝑚𝑃𝑛 = I

𝜒 ≻ 0.

(3.19)

After the 𝜒 matrix representing our 𝐶𝑍 implementation has been reconstructed we
find the 𝐶𝑍 gate that it most closely approximates modulo any simultaneous local 𝑍
operations on either 𝑄𝐸 or the photonic time-bin qubit. These local 𝑍 gates can be
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removed in software and do not quantitatively alter the entangling nature of the 𝐶𝑍

gate we are implementing, and thus have no impact on the Tr
(√︁√

𝜒CZ𝜒ideal
√
𝜒CZ

)2

figure of merit we use to characterize the gate.

Generalized state-preparation superoperator

It is well-documented that QPT can suffer significantly from so-called state prepa-
ration and measurement (SPAM) errors, wherein errors during preparation of the
QPT input states and errors during measurement are interpreted by the tomographic
reconstruction method as errors on the process itself. We find two sources of
state-preparation error that we are able to correct for systematically by substituting
idealized state preparation unitaries for more general state preparation superopera-
tors. These sources of error are the initial thermal population of 𝑄𝐸 prior to the
application of any state preparation control pulses, which by gate set tomography of
𝑄𝐸 (we use the python library pyGSTi [189] for this) we estimate to be ∼ 1%, and
the round trip loss of ∼ 13% that the itinerant microwave photon suffers between
emission and reinteraction with 𝑄𝐸 .

To account for these errors we define the generalized state-preparation super opera-
tors {B𝑖}, each of which we factorize as the composition of three different processes:

B𝑖 = R ◦U𝑖 ◦ P . (3.20)

The process U𝑖 corresponds to the 𝑖𝑡ℎ ideal state preparation, the process P models
the 1% initial thermal population of 𝑄𝐸 , and the process R models the 13% round
trip loss of the itinerant microwave photon. P can be implemented by a pin map
on the emitter qubit’s Hilbert space: P(𝜌𝑞) = 0.99 |0⟩⟨0| + 0.01 |1⟩⟨1| for all 𝜌𝑞. R
can be modeled by a relaxation channel on the photonic qubit’s Hilbert space with
loss parameter 𝑙 = 0.13. The preparation process U𝑖 is given by the ideal processes
implementing the pulse sequences in the red and blue shaded regions of Fig. 3.S13
(i.e., photonic qubit state preparation and 𝑄𝐸 state preparation).

Readout Error Correction

In the same way that it is possible to correct for certain characterized state preparation
errors, it is also possible to correct for qubit readout measurement errors that obey
certain assumptions. By computing the confusion matrix of the single-shot𝑄𝐸 state
measurement, we can correct for identifiable readout misclassification errors that
give rise to erroneous values for qubit-photon correlator expectations.
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Consider the quantity ⟨𝜎𝑧𝑎⟩. This expectation can be computed from measured data
in the following way:

⟨𝜎𝑧𝑎⟩ = 𝑝(+1)⟨𝑎̃⟩|𝜎𝑧=+1 − 𝑝(−1)⟨𝑎̃⟩|𝜎𝑧=−1, (3.21)

where 𝑝(+1) denotes the proportion of single-shot measurements for which the
qubit polarization along the 𝑧 quantization axis was found to be +1, and ⟨𝑎̃⟩|𝜎𝑧=+1

denotes the average value of the single shot field measurements in these same cases;
with a similar computation for the −1 case.

Due to the fact that there are probabilities of mismeasurement of the qubit po-
larization, which we characterize in Supplementary Section 3.7.2, the quantity
𝑝(+1)⟨𝑎̃⟩|𝜎𝑧=+1 itself should be written as

𝑝(+1)⟨𝑎̃⟩|𝜎𝑧=+1 = 𝑝(+1| + 1)𝑝(+1)⟨𝑎⟩|𝜎𝑧=+1

+ 𝑝(+1| − 1)𝑝(−1)⟨𝑎⟩|𝜎𝑧=−1,
(3.22)

where 𝑝(+1| + 1) corresponds to the probability of measuring a qubit polarization
of +1 when the polarization was in fact +1, 𝑝(+1) is the actual probability that an
ideal measurement would have yielded a polarization of +1, and ⟨𝑎⟩|𝜎𝑧=+1 is the
actual expected value of the field conditioned on the qubit polarization along 𝑧 being
+1. There is a similar expression for 𝑝(−1)⟨𝑎̃⟩|𝜎𝑧=−1:

𝑝(−1)⟨𝑎̃⟩|𝜎𝑧=−1 = 𝑝(−1| + 1)𝑝(+1)⟨𝑎⟩|𝜎𝑧=+1

+ 𝑝(−1| − 1)𝑝(−1)⟨𝑎⟩|𝜎𝑧=−1.
(3.23)

These two expressions can be combined into a simple linear relationship between the
measured quantities 𝑝(+1)⟨𝑎̃⟩|𝜎𝑧=+1 and 𝑝(−1)⟨𝑎̃⟩|𝜎𝑧=−1 and the ‘premeasurement’
undistorted quantities 𝑝(+1)⟨𝑎⟩|𝜎𝑧=+1 and 𝑝(−1)⟨𝑎⟩|𝜎𝑧=−1:(

𝑝(+1)⟨𝑎̃⟩|𝜎𝑧=+1

𝑝(−1)⟨𝑎̃⟩|𝜎𝑧=−1

)
= 𝐶

(
𝑝(+1)⟨𝑎⟩|𝜎𝑧=+1

𝑝(−1)⟨𝑎⟩|𝜎𝑧=−1

)
, (3.24)

where 𝐶 is given by the confusion matrix:

𝐶 =

(
𝑝(+1| + 1) 𝑝(+1| − 1)
𝑝(−1| + 1) 𝑝(−1| − 1)

)
. (3.25)

This confusion matrix can be measured under the assumption of perfect state prepa-
ration by preparing the qubit many times in the ground or excited state, performing
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a single shot measurement of 𝑄𝐸 ’s state, and counting the relative proportions of
ground and excited measurements given a particular state preparation. This matrix
𝐶 can then be inverted and applied to the erroneous conditional photon moments to
give the correct moments:(

𝑝(+1)⟨𝑎⟩|𝜎𝑧=+1

𝑝(−1)⟨𝑎⟩|𝜎𝑧=−1

)
= 𝐶−1

(
𝑝(+1)⟨𝑎̃⟩|𝜎𝑧=+1

𝑝(−1)⟨𝑎̃⟩|𝜎𝑧=−1

)
(3.26)

from which the correct qubit photon correlators can be computed.

State Fidelity Confidence Intervals

The 70% state reconstruction fidelity relative to an ideal target cluster state is quoted
with a 95% confidence interval [69.1%, 70.4%] in the main text. We computed this
confidence interval using a parametric bootstrapping protocol [190] that involved
fitting the distributions of the measured photonic correlations and resampling the fit
distributions to reconstruct 1,000 bootstrap states. Each distribution of a measured
photonic correlation contains 5,000 points, where each point is computed from an
average of 100,000 single shot field measurements. Thus corresponding to each
moment was an approximately normal histogram of these 5,000 values. These
histograms could be fit and resampled to reconstruct bootstrapped versions of the
generated cluster state. We reconstructed 1,000 bootstrap copies this way, and for
each copy we computed the fidelity relative to the target cluster state. Then we
sorted these fidelities and approximated the 95% confidence interval by taking the
25𝑡ℎ element of this sorted list fidelity as the lower bound of the 95% confidence
interval and the 975𝑡ℎ element as the upper bound.

3.7.6 Sources of infidelity and future improvements
Here we examine the main sources of infidelity in our experiment that limited the
fidelity of the generated 2D cluster state and other photonic states. We discuss
how this infidelity could be ameliorated, and comment on other possible design and
hardware improvements to considerably increase the size of the cluster state.

Infidelity analysis

The main source of infidelity in this work was the poor decoherence rate 𝑇∗
2 = 561

ns of 𝑄𝐸 . We ascribe this low 𝑇∗
2 to excessive flux noise given our robust 𝑇1 = 34 𝜇s

(and measured𝑇∗
2 of over 15 𝜇s at its maximum frequency). The Ramsey decay time-

dependence was strongly Gaussian, which suggests that our dephasing is limited by
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1/ 𝑓 noise [57, 191]. In order to properly model 1/ 𝑓 noise, typical Linbladian
master-equation approaches, which assume a Markovian model of decoherence, do
not suffice. We thus modeled the effect of 1/ 𝑓 noise in our cluster state generation
sequence by simulating the state evolution of our joint system of 𝑄𝐸 (here a 3-level
system) and photonic qubits under the influence of a 𝛿(𝑡)𝑐†𝑐 term in the Hamiltonian,
where 𝑐 here is the annihilation operator of 𝑄𝐸 ’s anharmonic mode, and 𝛿(𝑡) is a
random noise signal with noise power spectral density of 1/ 𝑓 . The Hamiltonian
for state evolution is thus composed of this 𝛿(𝑡)𝑐†𝑐 term, and the time-dependent
Hamiltonian that realizes the pulse sequence depicted in Fig. 4b.

Many different realizations of this noise are realized in the following manner: a
random FFT spectrum is generated where each FFT bin is a normally distributed
random complex value (and the spectrum is conjugate symmetric), the FFT bins are
scaled according to a 1/ 𝑓 spectrum, and the inverse FFT is taken to arrive at a random
noise signal. We ensure that the generated noise signals are long enough such that
the center frequencies of FFT bins are as low as 50 Hz, in order for the resultant time
signal to have significant power at very low frequencies. Consequently, we only use
small portions of this long noisy time signal as the different realizations of 𝛿(𝑡) in our
simulations (which are confirmed to have a 1/ 𝑓 power spectrum). We simulate state
evolution of our system under different realizations of 𝛿(𝑡) and average the resultant
states in order to obtain the "average" effect of 1/ 𝑓 noise induced dephasing on
the system. We confirm that this simulation approach reproduces Gaussian shaped
Ramsey decay as well as the "spin-echo" phenomenon; and with full simulation of
our cluster state generation sequence of Fig. 4b under 1/ 𝑓 noise, we determine that
our 𝑄𝐸 dephasing results in an infidelity of ∼ 15% for the final 2D cluster state.

Secondly, the second most significant source of infidelity in our generation scheme
is the round-trip loss of the slow-light waveguide. As seen in Fig. 3c, the round-trip
loss of the slow-light waveguide corresponds to 13% energy loss for each photon
undergoing a round-trip. Note that while a limited detection efficiency 𝜂det is
compensated for in heterodyne based state tomography via the scaling factor 𝐺, loss
that occurs before the 𝐶𝑍 gate, i.e. during state generation, is not considered part of
𝜂det and directly contributes to infidelity. We find that our photon loss contributes to
∼ 5% infidelity. Further, we estimate that control and preparation errors, including
qubit thermal population (measured to be 1%), residual | 𝑓 ⟩ state population after
emission (measured to be 1%), and 𝐶𝑍 gate infidelity contribute another total ∼
4% infidelity. In total, we estimate a 76% fidelity limit for the generated state,
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which does not take into account measurement errors or other state preparation
errors. This is in good agreement of our measured fidelity of 70%. Finally, we
note that while waveguide dispersion was not a serious impediment for the photonic
state generation that we have presented, it would limit the use of higher bandwidth
photons as compared to what we used.

In addition, the infidelity error budget of the five-photon pentagon cluster state shown
in the Fig. 3.S11a, b is quantitatively different when compared to the infidelity
breakdown of the four photon cluster state. For this state, the largest source of
infidelity originates from using a higher bandwidth microwave photon for photon 1,
which is a result of a stricter timing constraint in generating this state, as mentioned
in the Supplementary Section 3.7.4. The ratio between the bandwidth of the photon
and the linewidth of the mirror qubit is reduced in this experiment, which leads to a
decrease in mirror efficiency, effectively increasing the round-trip loss [101]. From
a separate measurement, we estimate the round-trip loss for this photon to be 24%,
contributing to ∼ 12% of the infidelity. Additionally, the larger bandwidth of photon
1 reduces the fidelity of the qubit-photon CZ gate [138], accounting for ∼ 4% of the
infidelity.

On the other hand, when generating this state, the decoherence rate of the emitter
qubit was smaller, with 𝑇∗

2 ≈ 1.7 us (we note that the data corresponding to the
generation of this state was taken in a separate cooldown). With this improved
𝑇∗

2 , we estimate that the effect of decoherence on the fidelity of the generated state
is only 7%. In total, we estimate a fidelity limit of 72% for the generated state,
which includes the contribution of qubit thermal population (measured to be 1%)
and the increase in residual | 𝑓 ⟩ state population after emission (measured to be 4%)
due to a smaller maximum achievable sideband (also a consequence of the reduced
tuning range of the emitter qubit). These factors reasonably bound our measured
fidelity of 61.3%. It should be noted that this 72% estimate does not include the state
preparation error, long-term drifts in electronics, and additional measurement errors
resulting from deleterious broadening and splitting effects caused by higher-order
dispersion of the slow-light waveguide, which leads to unwanted temporal field
overlap with adjacent photons and field leakage outside the measurement time-bin,
to which photons with higher bandwidth are more susceptible.
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Scaling the size of the cluster state

Although there were limiting technical issues in our experiment, we believe there
is a straightforward path for mitigation of these issues, and realistic strategies for
extending our generation scheme to synthesis of much larger cluster states. Firstly,
we are confident that there is ample room to reduce the excessive flux noise in
our setup to state-of-the-art values [192]. Additionally, while our reliance on flux
modulation for tunable coupling between 𝑄𝐸 and the SLWG necessitates operation
at "flux sensitive" qubit frequencies, the use of tunable couplers [47, 193] between
𝑄𝐸 and the SLWG would allow operation at 𝑄𝐸 ’s "sweet spot" frequencies, thereby
increasing its resilience to flux noise. Given that 𝑇∗

2 ∼ 100𝜇s has been reported
for transmon qubits in the past, we expect that the deleterious effects of dephasing
could be nearly fully dispensed with. If even more emitter coherence were to be
required, the use of an error-corrected "logical qubit," with emission via an ancilla
qubit, could be utilized to fully suppress emitter decoherence based errors.

Furthermore, the 0.46 dB round-trip loss of our waveguide is another serious limiting
factor to our fidelity, and arises due to the limited𝑄 of our unit cell resonators, which
we estimate to be 69, 000. However, microwave superconducting resonators with
𝑄 > 1, 000, 000 have been fabricated in numerous previous works [194–196]. Thus,
with fabrication or materials improvement that have already been demonstrated, the
waveguide loss could realistically be substantially reduced. We note that while our
current compact unit cell design has sharp corners that likely induce strong electric
fields that couple to TLS, this effect could be mitigated with different geometrical
design or material improvement.

Moreover, while the SLWG’s dispersion hinders the use of higher bandwidth Gaus-
sian photon pulses due to dispersion induced broadening, our tunable coupling
capability or dispersion engineering allows for use of well-established [197, 198]
or novel [199] dispersion mitigation techniques. By compensating for the disper-
sion through signal pre-distortion, or via dispersion cancelling elements post SLWG
propagation, one could ensure that photon pulses arriving for re-scattering or for
measurement are well-confined in time, thus alleviating the problem of overlapping
broadened pulses. Such techniques would in principle enable even faster emission
of photon pulses, and thus would allow for better utilization of limited round-trip
delays.

Furthermore, achieving higher anharmonicity of 𝑄𝐸 would allow for realization
of even larger Γ1D, without compromising qubit coherence, than what was already
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achieved in this work. Increasing Γ1D would allow for even more rapid emission of
shaped photon pulses, as well as less residual | 𝑓 ⟩ population after emission, and a
high fidelity𝐶𝑍 gate with high bandwidth photons. Analysis in ref. [138] shows that
higher Γ1D improves the fidelity of CZ gates, due to decreased "dispersion" of the
𝑄𝐸 induced reflection phase near 𝑄𝐸 ’s resonance frequency that is commensurate
with the broadening of 𝑄𝐸 ’s lineshape. This reduced "dispersion" of the reflection
phase results in the overall phase gained by the photon pulse during re-scattering
to be closer to 𝜋, and reduces the distortion of the photon pulse imparted by
the re-scattering process (which improves mode-matching efficiency). Limited
anharmonicity 𝜂 of 𝑄𝐸 is the main limiting factor to the magnitude of Γ1D, as a
Γ1D significantly larger than 𝜂 would lead to more substantial leakage of the |𝑒⟩
population into the SLWG. However, by using a different superconducting qubit
design that has higher anharmonicity than the transmon [200–202], the magnitude
of Γ1D could be substantially increased without compromising other aspects of
cluster state generation. Also, achieving higher anhamonicity would allow for a
larger waveguide passband, which would lower higher-order dispersion (albeit at
the cost of less delay per resonator).

Additionally, the round-trip delay could be substantially increased in several ways.
One straightforward way is simply by increasing the number of unit cells of the
SLWG. Although that would increase the size of the device, which could introduce
spurious box modes to the sample, recent advances in microwave packaging tech-
niques could ameliorate the impact of larger device size [173, 203]. Furthermore,
the unit cell size could be reduced by leveraging compact high kinetic inductance
superconducting resonators [160, 161], allowing for more delay per area. And look-
ing forward even further, incorporation of an acoustic delay line into our system
could allow for longer round-trip delays without additional dispersion or suscepti-
bility to microwave packaging box modes [162–164], increasing the possible size
of generated cluster states even further.

We stress that in addition to increasing cluster state size, cluster state dimensionality
could be increased to 3D by coupling of another mirror qubit somewhere along the
delay line rather than at the end, which would impart the ability to perform time-
delayed feedback with two different delays. The ability to perform two time-delayed
feedback events with two different delays is the pre-requisite to generating 3D cluster
states via sequential photon emission and time-delayed feedback [139, 140], because
it allows for sufficient non-nearest neighbor entanglement between photons of the
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emitted pulse train such that the entanglement topology is that of a 3D cluster state.
While this extension of our scheme would necessitate significantly larger delays, we
believe achieving such delays is possible. Thus, we believe there is a viable path
to measurement-based quantum computation with microwave photons via photonic
resource state generation as we have described. We conclude by observing that, even
if the size of generated photonic states were to hit some practical limitation, there
are other measurement-based quantum computation schemes, such as fusion based
quantum computation [204], that only require the repeated synthesis of smaller
photonic resource states which are later "fused" into larger photonic states via linear
optical elements. Our cluster state generation scheme would be well suited to be
incorporated into such approaches, and could provide a "bridge" towards the goal
of photonic resource state generation via linear optical elements.

Finally, we note that previous works [139, 140] have performed analysis of errors
in cluster state generation in the context of fault-tolerant quantum computing. They
find that for a gate error rate of ∼ 10−3 (where "gates" in this context includes 𝑄𝐸

single qubit gates, photon emission, and the qubit-photon CZ gate) and delay line
losses of ∼ 3 · 10−5 dB/ns, one can achieve a fault-tolerance "break-even" point
where the logical error rate is lower than the gate error rate, and beyond which
logical errors are exponentially suppressed as delay line loss is decreased. State-of-
the-art single qubit gates can routinely achieve such gate error rates of 10−3, while
photon emission should in principle also achieve such error rates if there is enough
time for full emission from the | 𝑓 ⟩ state, and sufficient protection of the |𝑒⟩ state.
Furthermore as mentioned in the main text, although our reported CZ gate fidelity
was 90 %, we are able to ascribe most of that infidelity to SPAM errors via separate
measurements. From separate simulations, we expected a 97 % fidelity for the CZ
gate, and this fidelity could be increased further simply by increasing the Γ1D of
the emitter qubit. In addition, while necessary delay line losses are around ∼ 100
times smaller than our current losses in our experiment, recent and future advances
in superconducting circuit fabrication are expected to allow for 100 times (or more)
lower losses in superconducting resonators [59]. Thus, we foresee that with realistic
device and fabrication improvements, generating 3D cluster states for fault-tolerant
measurement based quantum computation with negligible logical error rates should
be feasible. Further, while single shot photon measurements along arbitrary basis
would also be necessary for quantum computation with itinerant microwave photons,
such single photon detection could be achieved with a "detector" qubit. With such a
detector, an itinerant photon’s state would be mapped to the detector qubit state’s via
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suitable time-dependent control of the detector qubit’s coupling to the waveguide,
as demonstrated in previous works [205, 206]; the "detector" qubit could then be
measured in an arbitrary basis. Lastly, we also note that with different photonic
qubit encodings, different generation and measurement protocols are also possible.
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C h a p t e r 4

FAST UNCONDITIONAL RESET AND LEAKAGE REDUCTION
OF A TUNABLE SUPERCONDUCTING QUBIT VIA AN

ENGINEERED DISSIPATIVE BATH

In Chapter 3, we show enhanced Purcell protection and demonstrate on-demand
photon emission from a superconducting qubit using parametric flux modulation,
where the dissipation is tailored by many modes. From another perspective, this
process can be interpreted as on-demand qubit reset or leakage reduction. By
further customizing the properties of the metamaterial waveguide, the same building
blocks can be adapted for these operations. Here, we demonstrate simultaneous
reset of multiple excited states and leakage reduction operation with state-of-the-art
performance. This chapter is adapted from Ref. [92].

4.1 Introduction
Fast and high-fidelity reset of qubits into fiducial states is a necessary capability of
quantum processors designed for demanding quantum information and computation
tasks [21]. In the context of quantum error-correction, high-fidelity qubit reset
minimizes faulty state preparation of auxiliary qubits, and rapid qubit reset reduces
the idling error experienced by spectator qubits [207–212]. In addition, operations
capable of resetting leakage states into the computational subspace provide the
benefit of converting uncorrectable leakage errors into correctable errors [85, 105,
106, 213, 214]. More generally, fast and accurate qubit reset improves experimental
repetition rates and state preparation fidelities, bringing the measurement times of
higher-order statistics of noisy many-qubit devices within a feasible range.

In superconducting qubit systems, reset schemes that use projective single-shot
measurement followed by conditional single-qubit control can realize reset within
a few hundred nanoseconds [215–218]. However, measurement-based conditional
reset is limited in speed by inevitable temporal overhead in post-processing, and
limited in accuracy by readout infidelity, for example due to measurement-induced
state transitions [68, 69].

More recently, state-of-the-art unconditional transmon qubit reset has been achieved
by activating resonant exchange coupling between a transmon and a damped aux-
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iliary mode such as a readout resonator, and allowing the system to decay to its
collective ground state [44, 213, 219–223]. Such reset protocols prepare the ground
state independent of the prior state of the qubit, and thus are not limited by readout
time and fidelity. In addition, unconditional reset schemes help reduce the impact
of state misclassification errors on fault-tolerant logical operations [212]. Still, the
speed of these reset schemes is limited by the decay rate of the auxiliary mode, which
is itself constrained by the need to suppress Purcell decay and, in the case where the
mode belongs to the qubit’s readout resonator, optimize readout fidelity [172, 213,
221, 224]. Furthermore, additional driving or complicated pulse shaping is required
for each additional excited state to be reset due to the narrow-banded nature of the
auxiliary modes.

In this work, we go beyond the state of the art by implementing fast, unconditional
reset of the first two excited states of a frequency-tunable transmon qubit by cou-
pling it to a broadband metamaterial waveguide (MMWG) strongly damped to a
cold environment [107, 108, 117, 149, 225]. The MMWG provides stronger pro-
tection against Purcell decay compared to single-pole Purcell filters, thanks to the
sharp extinction of its density of states (DOS) outside of its passband. This enables
significantly faster reset than in previous works by alleviating the tradeoff between
large achievable damping and idling qubit Purcell relaxation. The bandwidth of
the MMWG can be made large relative to the transmon anharmonicity, allowing for
simultaneous reset of multiple excited states. Additionally, band edges with roll-off
that is steep relative to the transmon anharmonicity provide a means for imple-
menting so-called leakage reduction units (LRUs) [214], which selectively reset the
second excited state of the transmon without corrupting the information encoded in
the computational subspace. Leveraging these capabilities of the MMWG combined
with dynamical activation of the interaction via parametric flux modulation [153,
226, 227], we demonstrate simultaneous reset of a transmon’s three lowest energy
eigenstates and an LRU that selectively resets a transmon’s second excited state.

4.2 Unconditional reset
We perform our measurements on a frequency-tunable transmon qubit (Q1) on
the same device used in Ref. [117], biased at its upper sweet-spot (USS) with
a g-e transition frequency 𝜔𝑔𝑒/2𝜋 = 7.63 GHz and an anharmonicity 𝜂/2𝜋 ≡
(𝜔𝑒 𝑓 − 𝜔𝑔𝑒)/2𝜋 = −179 MHz. The qubit has a dedicated microwave drive line for
XY control and a flux line for slow and fast frequency control.
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Figure 4.1: Schematic of the reset protocol. a, Illustration of reset of Q1. External
flux pulse Φ(𝑡) applied to the SQUID loop of Q1 causes bidirectional emission of
excitation from Q1 into the MMWG, which is damped to its external environment. b,
Tuning curve of the flux-tunable transmon qubit. Φ0 is the magnetic flux quantum.
Parking the qubit at the upper sweet-spot, where the qubit is first-order insensitive
to the external flux, a flux modulation tone of frequency 𝜔mod (dark blue curve)
modulates the qubit frequency at a frequency 2𝜔mod (red curve). The region shaded
in pale blue denotes the extent of the MMWG passband. c, Sideband picture of the
Q1 during reset operation. Gray dashed lines represent idling g-e and e-f transition
frequencies of Q1, while colored lines indicate sideband frequencies with parametric
modulation at 𝜔mod turned on. d, Energy level diagram showing flow of reset for
different states. The notation |𝑠 𝑛⟩ is shorthand for Q1 in state |𝑠⟩ and 𝑛 photons
being in the waveguide. Red and gold arrows denote modulation sidebands. Note
that states of nonzero MMWG photon number live in a band of closely spaced energy
levels, represented by the semi-opaque blue bands. The transition frequencies of
the states in these bands can also be modulated when they include excitations in
the qubit, as illustrated by the semi-opaque red rectangles representing the set of
sidebands of the |𝑒 1⟩ band, because they depend on qubit frequency.
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Q1 is capacitively coupled to a single unit cell of a MMWG comprising a 1D
coupled array of 52 lumped-element microwave resonators, as schematically shown
in Fig. 4.1a. Such a structure can be modeled as a set of harmonic modes with
a finite passband with sharp band edges, and allows rapid photon emission from
coupled modes [109, 149, 150]. At either end of the MMWG is a tapering section
consisting of four resonators that impedance-match the MMWG modes to 50 Ω

transmission lines serving as input and outputs to the waveguide, providing strong
damping to its environment across a wide and flat passband from approximately
5 GHz to 7 GHz. We measure Q1 using standard dispersive readout techniques,
with the MMWG serving as a Purcell filter waveguide for readout. Because of
the need to estimate small residual excitation population for characterizing qubit
reset on the order of the thermal population of the MMWG, achieving sufficiently
high sensitivity in single-shot readout is crucial. More details of device parameters,
readout, and thermal population of the MMWG can be found in Appendix 4.5.2
- 4.5.4.

Our qubit reset protocol is based on dynamically activating an exchange interaction
between Q1 and the MMWG modes. When Q1 is idling, detuned above the MMWG
passband, the rapid extinction of the MMWG DOS outside its band edges strongly
protects Q1 from Purcell decay through the 50 Ω ports of the MMWG. To turn on an
exchange interaction, we apply a single-tone flux modulation pulse to Q1’s SQUID
loop that activates a resonance condition between Q1 and the MMWG passband
and rapidly converts this Purcell decay protection into Purcell decay enhancement,
inducing qubit reset. More information on relaxation times (𝑇1) as a function of
qubit frequency can be found in Appendix 4.5.4 and Supplementary Material III
of [117].

As illustrated in Fig. 4.1b, c, when Q1 is biased at its USS, a flux modulation
pulse of frequency 𝜔mod and amplitude Φ𝑚 grows sidebands separated by even
integer multiples (±𝑛2𝜔mod) from the time-averaged transition frequencies. Note
that the negative convexity of the qubit’s tuning curve at its bias point shifts the
time-averaged transition frequencies of Q1 downwards.

Sidebands of the transmon that fall within the passband of the MMWG are coupled
to an effective continuum of modes and mediate radiative emission into the MMWG,
as illustrated in the energy level diagram of Fig. 4.1c and d. The rate of emission
of the transmon is roughly set by Fermi’s golden rule involving the DOS of the
MMWG and the transmon-MMWG coupling matrix element, which is determined
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by the bare coupling between Q1 and its unit cell, and the participation of the
sidebands. Multiple excited states of the transmon can be simultaneously reset by
the same mechanism, thanks to the large bandwidth of the MMWG as shown in
Fig. 4.1c and d, where the emission processes for states up to the second-excited
state are illustrated.

Emitted photons leave the waveguide at an effective damping rate 𝜅ext determined by
the finite reflectivity of the MMWG tapers and a round trip time of≈ 14 ns, estimated
from the group velocity and the number of unit cells in the MMWG [149]. Note
that full reset of both qubit and waveguide is important to avoid subsequent qubit
control errors caused by photons remaining in the waveguide potentially inducing
population revival or dephasing [149, 225].

We have chosen parametric modulation in order to avoid shelving and retrieval of
excitation in and out of long-lived resonances whose frequencies collide with Q1’s
frequency during flux tuning [228]. We find multiple such resonances, including
two-level system defects (TLSs), and MMWG modes near the band edges that are
not sufficiently damped to output lines, one of which we measure to have a relaxation
time of ≈ 1.7 us. See Appendix 4.5.5 for details of reset with direct flux tuning and
Landau-Zener-Stückelberg interference with long-lived resonances.

To calibrate a reset operation for at least the first two excited states of Q1, we first de-
fine a flux pulse Φ(𝑡;ΦA, 𝜔mod, 𝜏pulse) = ΦA E(𝑡; 𝜏pulse) sin(𝜔mod𝑡) parameterized
withΦA (modulation amplitude), 𝜔mod (modulation frequency), and 𝜏pulse (total flux
pulse duration). The envelope function E(𝑡; 𝜏pulse) is a square pulse of duration 𝜏pulse

with zero-amplitude buffers 𝜏B = 2 ns at the start and end filtered with a Gaussian
kernel of width 𝜎 = 1 ns [106]. We perform a 3D sweep of the parameters ΦA,
𝜔mod, and 𝜏pulse in order to characterize the reset at each point.

The pulse sequence for characterizing a reset operation is provided in Fig. 4.2a.
We begin by pre-resetting Q1 with a pre-calibrated reset pulse and heralding Q1 in
its ground state with high probability by using repeated rounds of projective mea-
surement with a strict discrimination boundary [220]. Our ground state preparation
has measured infidelity 1− 𝑃𝑔,HERALD ≈ 0.02%, which is significantly smaller than
the thermal population ≈ 0.1% of the MMWG. We then apply a combination of
𝜋ge and 𝜋ef pulses to prepare Q1 in its |𝑔⟩, |𝑒⟩, or | 𝑓 ⟩ state, after which we apply
the appropriate reset pulse, followed by readout of the qubit. The measured state
populations are inverted using the calibrated confusion matrix. We define the reset
error (infidelity) ≡ 1− 𝑃𝑔 to be the population not discriminated to be in the ground
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Figure 4.2: Calibration and characterization of unconditional reset. a, Pulse
sequence for characterizing reset operation. b, c, Reset errors obtained from scan of
reset pulse parameters 𝜔mod and ΦA, for Q1 prepared in |𝑒⟩ (b) and | 𝑓 ⟩ (c). Dashed
teal box indicates the scanned region for Fig. 4.3b. d, Simulation of the measurement
of b up to single-excitation subspace. e, Reset errors obtained by sweeping 𝜏pulse
with 1 ns resolution, for ΦA = 0.244Φ0 and 𝜔mod = 80 MHz (orange hollow circles
in b and c). Error bars indicate 95% confidence interval (t-test) with 30 samples,
where each sample is obtained from 50,000 single-shot measurement.
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state.

Fig. 4.2b and c shows the reset errors obtained from scanning the frequency and
amplitude of a reset pulse of fixed length 𝜏pulse = 104 ns, for prepared states |𝑒⟩ and
| 𝑓 ⟩. Thanks to the broadband nature of the MMWG, there are many frequency—
amplitude pairs that could parameterize viable reset pulses with reset errors <1%
for both prepared states. Simulation of the experiment of Fig. 4.2b agrees very well
with experimental data, replicating most of the significant qualitative features of the
data, as shown in Fig. 4.2d (see Appendix 4.5.6 for further details). Sets of curved
features found in Fig. 4.2b-d show where sidebands are dominantly interacting
with the longer-lived band edge modes of the MMWG passband. Additionally, the
interference pattern found at the upper-leftmost region (𝜔mod/2𝜋 < 40 MHz and
Φ𝐴 > 0.17Φ0) of 4.2b-d shows evidence of coherent dynamics due to the relatively
slow tuning of the qubit at lower modulation frequencies through the more coherent
band edge modes [228].

Fig. 4.2e shows reset quality at a fixed frequency and amplitude as 𝜏pulse is varied.
For a given frequency and amplitude, we define the time 𝜏𝑖𝜖 for reset of error 𝜖 such
that for 𝜏pulse > 𝜏𝑖𝜖 , 1− 𝑃𝑔 < 𝜖 , for initial state |𝑖⟩ ∈ {|𝑔⟩ , |𝑒⟩ , | 𝑓 ⟩ , ...}. We consider
this definition to take into account time required for the depletion of photons in the
MMWG after emission, which can re-excite the qubit upon spurious reflection from
the MMWG taper. Fig. 4.2e shows a frequency-amplitude pair that gives one of the
fastest resets as characterized by 𝜏𝑒1% = 44 ns, 𝜏𝑒0.3% = 51 ns, and 𝜏𝑒0.13% = 88 ns
when prepared in |𝑒⟩, with a steady-state population 𝑃s.s.

e = 0.11%(2) found from fit.
This residual excitation population is close to the qubit excited state population when
thermalized to the MMWG with its g-e transition frequency near the center of the
passband. In addition, it is clearly demonstrated that the reset achieves simultaneous
reset of multiple excited states, characterized by 𝜏

𝑓

1% = 51 ns, 𝜏 𝑓

0.3% = 70 ns, and
𝜏
𝑓

0.16% = 88 ns.

Similarly, rapid reset of multiple excited states with a small residual excited state
population of ≈ 0.2% within ≈ 97 ns is also achieved when the Q1 is biased at its
lower sweet-spot (LSS) with a g-e transition frequency 𝜔𝐿𝑆𝑆

𝑔𝑒 /2𝜋 ≈ 3.78 GHz. This
demonstrates the flexibility in choosing the idling frequency relative to the strongly
damped auxiliary modes used for unconditional reset, while maintaining the speed
and the ability to reset multiple excited states simultaneously. For the results of
unconditional reset from the lower sweet-spot, refer to Appendix 4.5.6.
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Figure 4.3: Calibration and benchmarking of LRU operation. a, Sideband
picture of the parametric modulation of Q1 during LRU. b, | 𝑓 ⟩ population after
applying LRU implemented by parametric flux modulation, with two-dimensional
scan of pulse parameters over the region indicated in Fig. 4.2 b and c (dashed teal
box). c, Resulting |𝑔⟩, |𝑒⟩, and | 𝑓 ⟩ populations obtained after applying LRU to
a qubit initially prepared in | 𝑓 ⟩, where 𝜏pulse is swept with 1 ns resolution, for
ΦA = 0.13Φ0 and 𝜔mod/2𝜋 = 179 MHz (blue hollow circle in b). Error bars
indicate 95% confidence interval (t-test) with 30 samples, where each sample is
obtained from 100,000 single-shot measurements.

4.3 Leakage reduction unit
The sharp roll-off of the DOS at the upper band edge of the MMWG relative to the
transmon anharmonicity enables implementation of leakage reduction units (LRUs),
by selectively activating dissipation of | 𝑓 ⟩ and higher excited states into the MMWG
while maintaining the coherence of the g-e subspace. Fig. 4.3a shows the desired
sideband configuration for implementing an LRU. An e-f sideband is placed within
the passband of the MMWG, inducing radiative emission from | 𝑓 ⟩ to |𝑒⟩, while the
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corresponding g-e sideband, greater in frequency by the transmon anharmonicity,
remains outside the passband.

It is desirable to minimize the time taken for the LRU so as to minimize the
decoherence suffered by the g-e subspace due to relaxation and dephasing processes
during leakage reset. This would generically require increasing the coupling of the
e-f transition to the MMWG modes, which is accomplished in our parametric reset
scheme by increasing the modulation amplitude for a given modulation frequency.
However, depending on the amplitude of modulation, higher order sidebands of
the g-e transition lying inside the MMWG passband may be of non-negligible
participation, such as the fourth order sideband of the g-e transition as illustrated in
Fig. 4.3a, and will limit the fidelity of LRU.

To determine viable parameter candidates for the LRU, we perform a more granular
frequency—amplitude sweep with total flux pulse duration 𝜏pulse = 132 ns. The
explored parameter region is that indicated by the dashed teal box in Fig. 4.2b, where
we observe insignificant |𝑒⟩ decay and we expect the second order e-f sideband to
just be entering the passband of the MMWG. In this measurement, we chose a
smoother Gaussian filter parameter 𝜎 = 3 ns and buffer duration 𝜏B = 6 ns in order
to suppress spectral broadening of the second order sideband of the g-e transition
that can induce unwanted additional radiative decay of the |𝑒⟩ state [106]. The pulse
sequence is identical to that of Fig. 4.2a. As can be seen in Fig. 4.3b, multiple
prominent regions of | 𝑓 ⟩ relaxation are visible, which we believe correspond to
interaction of the e-f transition with different modes near the upper band edge of the
MMWG.

The set of optimal LRU-parameters are found by trying to both maximize the | 𝑓 ⟩
removal fraction and minimize the impact on remaining |𝑒⟩ population following
LRU application (see Appendix 4.5.7 for further details in calibration of the LRU).
For optimal modulation frequency 𝜔mod/2𝜋 = 179 MHz and modulation amplitude
ΦA = 0.13Φ0 (blue circle in Fig. 4.3b), we plot in Fig. 4.3c the measured final state
g, e, and f probabilities as a function of LRU pulse length 𝜏pulse for an initial state
of | 𝑓 ⟩. We find the fastest LRU operation of 44 ns with a residual | 𝑓 ⟩ population of
0.285(3)%. Note that we define the time needed for LRU to be the time to the first
local minimum of the | 𝑓 ⟩ population, in contrast to the definition of the unconditional
reset time which included the time required for the depletion of MMWG, for the
following reasons. First, leakage errors are expected to occur infrequently [85], and
hence the vast majority of the time we expect no emitted photons after the LRU. Any
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time spent waiting for waveguide ringdown in those cases serves no purpose and only
incurs additional decoherence on spectator qubits. Second, in the event that leakage
has occurred and the LRU has successfully returned the leaked population back to
the computational subspace, a detected error in the next syndrome measurement
is essentially inevitable. In this case, waiting for waveguide depletion to avoid
additional computational errors is less valuable.

With the calibrated LRU, we study its efficacy in removing leakage errors over long
sequences and its decoherence impacts on the g-e subspace by utilizing randomized
benchmarking (RB). For this analysis we consider four different RB primitive se-
quences: reference, interleaved LRU ("LRU"), inject 3% leakage after each Clifford
gate ("leakage injection"), and leakage injection followed by LRU ("leakage injec-
tion + LRU"), shown schematically in Fig. 4.4a [106, 231]. Figures 4.4b and 4.4c
compare the measured ground-state survival population and leakage accumulation,
respectively, for each of these RB sequences. The RB curves are fitted to the
leakage accumulation and the survival population models provided in Ref. [229],
which allows us to extract the steady-state leakage population of the RB sequences.
When the leakage error rate per Clifford operation is significantly higher than the
relaxation rates of the leakage states, the survived population 𝑃𝑔 is expected to drop
below 50% due to the buildup of a higher steady-state leakage population, as clearly
observed in the case of "leakage injection", where 𝑃 𝑓 exceeds 20%. In contrast, we
find that the use of the LRU effectively limits the accumulation of leakage signifi-
cantly below that of the reference RB, resulting in a steady-state leakage population
of ≈ 0.08%, which is close to the readout floor. Furthermore, the use of the LRU
maintains a small steady-state leakage population of ≈ 0.09%, even when preceded
by the injection of 3% leakage. These results clearly demonstrate that the LRU is
sufficiently effective in suppressing typical leakage error rates for single- and two-
qubit gates in transmon qubits.

Noting the sufficiently small leakage accumulation in both the "Reference" and
"LRU" cases, we conduct a conventional interleaved RB (iRB) analysis [232], re-
vealing a gate infidelity of 0.72(1)%. To better understand the sources of this
infidelity, we quantify the impact of flux modulation on the g-e subspace by measur-
ing coherence with the pulse sequence shown in Fig. 4.4d. We observed a reduced
relaxation coherence time 𝑇mod

1 = 3.3 𝜇s during the flux modulation with the same
parameters as used in the LRU operation, as shown in Fig. 4.4e. Additionally, we
observe a clear reduction in 𝑇mod

1 as the modulation amplitude is increased at a
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1 and pure dephasing coherence time
𝑇mod
𝜙

measured at different ΦA, with 𝜔mod/2𝜋 = 179 MHz. 𝑇mod
𝜙

is obtained from a
relationship to Ramsey coherence time (𝑇*

2 )
−1 = (2𝑇1)−1 + 𝑇−1

𝜙
[230]. Red dashed

curve shows the calculated 𝑇mod
1 (see Appendix 4.5.7).
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fixed modulation frequency, as illustrated in Fig. 4.4f. We attribute such reduc-
tion in relaxation coherence time to the activation of higher-order g-e sidebands
within the MMWG passband, which serves as an unintended channel for photon
emission into the MMWG. This interpretation is supported by the strong agreement
with the numerically estimated 𝑇mod

1 (red dashed curve), obtained from numerical
calculation of sideband strengths and assuming constant emission rates within the
MMWG passband. We also perform a Ramsey experiment with flux modulation
activated to measure the decoherence time during the LRU operation and use this
along with 𝑇mod

1 to estimate the pure dephasing rate during modulation, 𝑇mod
𝜙

. We
find 𝑇mod

𝜙
= 3.7 us, roughly uncorrelated with the modulation amplitude, as shown

in Fig. 4.4f.

From these independent measurements, we estimate that such decay through un-
wanted sidebands contributes infidelity of ≈ 0.23% for the pulse parameters used
for LRU. Including contribution from background (idling) decoherence rates, we
estimate infidelity of 0.72(1)% for the LRU restricted to the 𝑔 − 𝑒 subspace, in
good agreement with the measured infidelity. Further improvements in infidelity is
expected for qubits with longer idling coherence time, since they allow for using a
weaker modulation amplitude and longer pulse duration for LRU, suppressing decay
through unwanted g-e sidebands. For further discussion on and analysis on LRU
fidelity, refer to Appendix 4.5.7.

4.4 Summary and outlook
We have demonstrated simultaneous unconditional reset of a transmon with residual
excitation population below 0.13% when prepared in |𝑒⟩ and below 0.16% when
prepared in | 𝑓 ⟩, in 88 ns. We additionally implement an LRU operation that resets
a transmon’s second excited state to 0.285(3)% residual excitation in 44 ns and has
an overlap infidelity of 0.72(1)% with the identity operation in the computational
subspace.

Although the reset and LRU operations presented here are remarkably fast, fur-
ther avenues for improvement are clear. The qubit-waveguide coupling could
be increased further, as the qubit relaxation times are not yet Purcell-limited
(𝑇Purcell-limit

1 > 1 s). Narrowing the passband of the waveguide would increase
the emission rate by increasing the photonic DOS in the passband. Such a nar-
rowing of the passband would also help suppress spurious reflections at the input
and output ports by improving the achievable impedance matching, and provide
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further Purcell protection during LRU by steepening the roll-off of the MMWG
band edges. Further reduction in reset time could be achieved by cutting down
on the number of unit cells of the MMWG. This would allow the MMWG to ring
down more quickly by reducing the round trip time, compensating for the increased
group delay from a narrower passband. State-of-the-art fabrication techniques and
loss-optimized MMWG design choices can suppress relaxation at idle qubit fre-
quency due to internal loss in the MMWG resonators, without compromising the
reset rate. See Appendix 4.5.4 for more details. Regarding leakage reduction, use
of a MMWG with a narrower passband could also prevent emission via higher-order
g-e sidebands through the MMWG passband [225], providing better protection of
the g-e subspace and yielding lower infidelity for the LRU. Further discussion and
analysis of LRU performance is presented in Appendix 4.5.7.

The reported reset error level is understood to be limited by the thermal population
of the MMWG. We believe the temperature of the MMWG (≈ 45 mK) was elevated
above the mixing plate temperature in our system due to an incidental overlap of
one of our TWPA pumps with the MMWG passband, and insufficient isolation
of our device from the pump tone. Ameliorating this systematic issue as well as
improving the MMWG tapering to its environment could help better reduce the
residual excitation population after reset. See Appendix 4.5.4 for further details.

While the unconditional nature of the reset obviates the need for the measurement of
the transmon state, information, partial or otherwise, about the state of the transmon
prior to reset can still be extracted by collecting the outgoing photonic field from
any damped ends of the MMWG [225, 233, 234]. This could, in the most ideal case,
allow for conversion of leakage errors into erasure errors by detecting when leakage
events occur. It is also worth noting that the demonstrated unconditional reset and
LRU in principle simultaneously reset a few higher excited states including the third
(|ℎ⟩) and the fourth excited state of the transmon, as their transition sidebands are
expected to reside within the broad passband of the MMWG. Although it has not
been characterized in this work owing to lack of sufficient coherence in these states
due to their spectral proximity to the MMWG passband, (bare 𝜔 𝑓 ℎ is expected to be
≈ 7.12 GHz, upper band edge ≈ 7.1 GHz) a device in which a MMWG possesses a
lower frequency passband would allow for characterizing reset of such states.

Finally, the reset and leakage reduction method presented here can be extended to
multi-qubit systems using a single MMWG, with a few technical considerations. To
prevent unwanted excitation swapping between qubits instead of efficient resetting,
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modulation parameters should be carefully chosen to ensure that qubit sidebands do
not overlap. For extending leakage reduction to multi-qubit systems, it is important
to address interactions mediated by the MMWG due to overlap between qubit-photon
bound states [109, 117, 235]. One possible approach is to leverage these interactions
to implement parametric multi-qubit gates or continuous multi-qubit interactions
with built-in leakage reduction. This can be achieved by selecting modulation
parameters that enable controlled interaction within the g-e subspace while placing
higher-order sidebands of the transitions involving leakage states inside the MMWG
passband. Alternatively, such interactions can be minimized by increasing the
detuning from the MMWG band edge, which reduces localization lengths. In
addition, since bound states exhibit an exponentially decaying wavefunction with
distance, selectively spacing qubits by skipping a few resonators can further reduce
unintended coupling.

4.5 Supplementary Information for Chapter IV
4.5.1 Measurement setup
Our fridge wiring is identical to that of Fig. S6 of the Supplementary Material
of [117].

Our external control electronics wiring diagram can be seen in Fig. S1 here. It is
similar to Fig. S5 of the Supplementary Material of [117], except we have removed
the 10dB of attenuation on the fast flux lines of sub-figure a. to increase the dynamic
range of our reset pulses, and the upconversion of our microwave XY signals is now
handled by two Quantum Machines Octave units, obviating the need for some of
the in-house filters, mixers, attenuators, amplifiers, and fast RF switches on those
XY lines. Note that the readout upconversion and downconversion chain continue
to use our previous in-house mixing configuration.

4.5.2 Device characterization
The circuit model of our device was identical to that of Supplementary Material
section I of [117] including fit values for the inductances and capacitances, except
that we also included the readout resonators of each qubit as lumped-element LC
resonators with center frequencies 𝜔𝑟 𝑖 fit from spectroscopy data of the device,
inductances 𝐿𝑟 = 4.5 nH, and capacitances 𝐶𝑟 𝑖 =

1
𝜔2
𝑟 𝑖
𝐿𝑟

. The readout resonators
are capacitively coupled to each qubit with capacitance 𝐶𝑞𝑟 and the unit cell of
the MMWG with capacitance 𝐶𝑤𝑟 . We did not include parasitics for the readout
resonators.
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Figure 4.S1: Estimated confusion matrix of single-shot readout. Experimentally
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matrix element are obtained over 100 repetitions, with each repetition consisting of
100,000 single-shot readouts.

4.5.3 Qubit readout calibration and characterization
We perform three-level state discrimination of Q1 with the standard transmon disper-
sive readout technique [46, 57]. Our input and output signal paths and amplification
chain for readout is identical to that of Fig. S5-6 of the Supplementary Material
of [117].

In this work, we send readout input microwave pulse at around the frequency of
R1 (the readout resonator of Q1), 𝜔drive ≈ 𝜔𝑅1, with a 248 ns-long square pulse
envelope. We start the square envelope with a 20 ns kick with two times large
amplitude for fast charging of readout resonator [236], and convolved the envelope
with a Gaussian kernel of 10 ns standard deviation.

We measure temporal downconverted signals of both the microwave signals reflected
(superscripted 𝑅) and transmitted (superscripted 𝑇) from the readout resonator and
the MMWG Purcell filter using the OPX+, in order to improve SNR by ≈ 3 dB.
For each single-shot measurement (subscripted k), we collect the signals for 348
ns, which is 100 ns longer than the input readout pulse, considering the transient
response of R1. The measured reflected and transmitted signals are then each
mapped to a pair of real numbers (𝐼𝑅

𝑘
, 𝑄𝑅

𝑘
) and (𝐼𝑇

𝑘
, 𝑄𝑇

𝑘
) by integrating them with pre-

calibrated sets of integration weights, whose definition is given in the Supplementary
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Material of [210].

The four real numbers 𝑢𝑘 𝑗 ≡ (𝐼𝑅
𝑘
, 𝑄𝑅

𝑘
, 𝐼𝑇

𝑘
, 𝑄𝑇

𝑘
) 𝑗 then characterizes the 𝑘-th single-

shot readout of Q1 prepared in state | 𝑗⟩, 𝑗 ∈ {𝑔, 𝑒, 𝑓 }. {𝑢𝑘 𝑗 } yields three clusters
of Gaussian distribution in a four-dimensional real space. Linear discrimination
boundaries for real-time state discrimination are obtained by performing linear dis-
criminant analysis (LDA) [237, 238]. We first collect in total 3 × 106 single-shot
readout data (106 for each prepared states). Instead of directly feeding the measure-
ment data into LDA, we cluster the data with Gaussian Mixture (GM) clustering
method, an unsupervised clustering technique assuming mixtures of Gaussian dis-
tributions. During tihs process, we use the GaussianMixtureAPI from the Python
package scikit-learn [220, 238], and identify the corresponding state by selecting
the state with the largest assignment probability. Next, we generate an artificially
created ideal set of data {𝑢𝑘 𝑗 ,𝑖𝑑𝑒𝑎𝑙}, numerically drawn from the individual Gaussian
distributions of each state. Finally, this ideal dataset is then fed into the LDA clus-
tering algorithm by using LinearDiscriminantAnalysis API from scikit-learn,
yielding linear discrimination boundaries. By using such artificially generated ideal
samples instead of measured data, the process of determining the discrimination
boundaries is significantly more resilient against various sources of errors including
state preparation errors, 𝑇1 relaxation, and measurement-induced state transitions.

We calibrate and characterize the readout by using readout confusion matrix 𝑀 ≡
{𝑀𝑖 𝑗 }, where 𝑀𝑖 𝑗 is the probability of assigning state |𝑖⟩ when Q1 is prepared in
state | 𝑗⟩ giving the following relationship:

PA = 𝑀P, (4.1)

where P = (𝑃𝑔, 𝑃𝑒, 𝑃 𝑓 )𝑇 is the column vector of the transmon state population and
PA = (𝑃𝐴

𝑔 , 𝑃
𝐴
𝑒 , 𝑃

𝐴
𝑓
)𝑇 is the column vector of the assigned state population. The

measured populations present in this work, unless otherwise noted, are obtained
by multiplying the inverse of the confusion matrix in order to account for the
measurement errors.

P = 𝑀−1PA. (4.2)

We aim at performing readout that is capable of accurately estimating residual excited
state populations, while maintaining sufficiently large three-state assignment fidelity
𝐹𝑅𝑂 ≡ (𝑀11 +𝑀22 +𝑀33)/3. We first run two-dimensional scan over readout pulse
frequency and readout pulse amplitude and optimize for 𝐹𝑅𝑂 . Then, we increase
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readout pulse amplitude until the probability of assigning |𝑒⟩ or | 𝑓 ⟩ when a sample
is drawn from ideal distribution of |𝑔⟩ is sufficiently small ≈ 10−4.

We start every measurement by heralding the |𝑔⟩ state using a stricter discrimination
boundary with a target probability 𝑃

target
g, HERALD = 0.9999. This minimizes the effect

of state preparation errors, and thus enables more accurate characterization of 𝑀 .
Note that negative populations that are often found in similar works may appear if
the contribution from state preparation errors are not sufficiently excluded.

Fig. 4.S1a shows the readout confusion matrices used for characterizing uncondi-
tional reset operations. We achieve readout floor 1−𝑀𝑔𝑔 ≈ 2×10−4 ≈ 1−𝑃g, HERALD

which is sufficiently small for estimating typical residual excited state population
≈ 0.1%, while maintaining high three-state readout fidelity of 𝐹𝑅𝑂 ≈ 94.3%.
Fig. 4.S1b shows the readout confusion matrices used for characterizing LRU oper-
ations. For this readout, we use a different pulse with higher amplitude in order to
better estimate residual population of | 𝑓 ⟩ states as characterized by 𝑀 𝑓 𝑒 ≈ 0.09%,
while compromising 𝐹𝑅𝑂 down to ≈ 92.3% and maintaining similar readout floor
of ≈ 2 × 10−4.

4.5.4 Characterization of metamaterial waveguide as a cold bath
Thermal population of the metamterial waveguide

The thermal population of the MMWG is responsible for residual excited state
population observed after applying the unconditional reset operations. We estimate
the thermal population of the MMWG by thermalizing Q1 to the MMWG for a
sufficiently long time and reading out the excited state population of Q1. Fig. 4.S2a
and b shows the pulse sequence used for this process. We first prepare Q1 in its |𝑔⟩
or |𝑒⟩ state using an appropriate combination of heralding into |𝑔⟩ and a 𝜋𝑔𝑒. Then,
the g-e transition frequency of the Q1 is tuned from 7.57 GHz to another frequency
𝑓 𝑔−𝑒 by sending a 200 us-long square flux pulse. Finally, we record Q1’s residual
excited state population via dispersive readout, as explained in the Appendix 4.5.3.

The measured residual excited state population 𝑃𝑒 over different 𝑓 𝑔−𝑒 at which Q1

idles is shown in Fig. 4.S2. The residual populations are almost the same for the two
prepared states over most of the range, suggesting that the Q1 reached a steady-state
at each point and the residual excited state population can be understood as the
thermal population of the MMWG. The thermal population of ≈ 0.1% at 6 GHz
corresponds to an effective temperature 𝑇eff ≈ 43 mK, which is consistent with the
values reported in various works. There is an unexpected peak at 6.684 GHz due to
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Figure 4.S2: Characterization of the thermal excitation population at various
g-e transition frequencies of Q1. a, b, Pulse sequence for characterizing thermal
population. At each measurement, Q1 is thermalized to its environment while a 200
us-long square flux pulse is applied, which brings g-e transition frequencies 𝑓 𝑔−𝑒

to various points. c, Residual Q1 excitated state population 𝑃𝑒 after thermalization,
for prepared states |𝑔⟩ (blue) and |𝑒⟩ (red). The range over which 𝑓 𝑔−𝑒 is swept
includes the MMWG passband (gray shaded region) and USS frequency (rightmost
point). The orange dashed line indicates the frequency of one the TWPA pumps
(6.684 GHz) used for readout.
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Figure 4.S3: 𝑇1 as a function of qubit frequency and comparison with the model.
Average relaxation time (𝑇1) of Q1-Q10 as a function of operating frequency 𝑓 𝑔−𝑒.
The 𝑇1 values were measured in a separate cooldown. Data points are selected for
frequency ranges where at least three qubits were measured. For better visualization,
the frequency range [5.2 GHz, 7.1 GHz], where no measured data points are available
has been omitted from the plot, indicated by diagonal break lines on the x-axis. Gray
dashed line represents a fit to the modeled relaxation time 𝑇model

1 in eq.(4.3). Black
solid line indicates the Purcell-limited relaxation time 𝑇Purcell

1 , as estimated in [117].

insufficient isolation of one of the TWPA pump driven at 6.684 GHz. This suggests
that the thermal populations could be further reduced if we isolate the signals and
noise flowing from the TWPA to the output line further (note that we use 40 dB
isolator), or avoid overlap between the MMWG passband and the frequencies of the
TWPA pumps.

Relaxation of qubits induced by metamaterial waveguide

To achieve effective reset and leakage reduction while maintaining coherence of
the qubit when idle, it is necessary to ensure a high emission rate at the sideband
frequencies and a sufficiently long relaxation rate (𝑇1) at the idle qubit frequency.
This requires a sharp roll-off in the relaxation rate near the band edge of the MMWG.
𝑇1 can be modeled as 𝑇model

1 in eq. (4.3), where the total relaxation rate is decom-
posed into background relaxation rate 1/𝑇background

1 independent of the MMWG,
Purcell-limited relaxation rate 1/𝑇Purcell

1 , and the internal-loss induced relaxation
rate 1/𝑇 internal

1 from the MMWG resonators.
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1/𝑇model
1 = 1/𝑇background

1 + 1/𝑇Purcell
1 + 1/𝑇 internal

1 (4.3)

𝑇Purcell
1 is shown in Fig.4.S3, which is numerically calculated based on the admittance

seen from the qubit node toward the MMWG output ports. Due to the multipole
nature of the MMWG, 𝑇Purcell

1 changes rapidly near the band edge. For instance,
𝑇Purcell

1 decreases from over 1 ms at 7.2 GHz to below 10 ns at 7.0 GHz. For further
details on the estimation of 𝑇Purcell

1 , refer to [117].

Another key factor determining the sharpness of the qubit relaxation rate is material
loss in the lumped-element resonators in the MMWG. Due to strong qubit-resonator
coupling and resulting hybridization, the qubit-like eigenstates inherit losses from
the resonators that are not suppressed by the bandpass filter response of the MMWG.
1/𝑇 internal

1 of a qubit coupled to one of the MMWG resonators can be approximated
as the following:

1/𝑇 internal
1 =

∑︁
𝑘

𝑝𝑘𝜅
𝑖
𝑘

𝑝𝑘 ≈
𝑔2
𝑘

(𝜔𝑞 − 𝜔𝑘 )2 ,

(4.4)

where 𝑘 = 2𝜋𝑚/𝑁 (for integer 𝑚 satisfying 𝑘 ∈ [−𝜋, 𝜋]) is the discrete wavevector
of a MMWG mode with frequency 𝜔𝑘 , internal decay rate 𝜅𝑘 , and coupling 𝑔𝑘 to
the qubit. 𝑝𝑘 represents the participation of mode 𝑘 in the hybridized qubit-like
eigenstate.

The dispersion relation of the MMWG and the coupling between the qubit and the
MMWG modes can be approximated to the following [109, 149]:

𝜔𝑘 = 𝜔𝑐 − 2𝐽 cos (𝑘)

𝑔𝑘 ≈
𝑔
√
𝑁
,

(4.5)

where 𝜔𝑐 is the center frequency of the MMWG, 𝐽 is the hopping rate between
adjacent resonators, and 𝑔 is the coupling strength, and we assume a sufficiently
long MMWG with 𝑁 resonators and periodic boundary conditions.

In the continuum limit 𝑁 −→ ∞ where Δ𝑘 = 2𝜋/𝑁 −→ 𝑑𝑘 , assuming all MMWG
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modes have the same internal quality factor 𝑄𝑖, 𝑇 internal
1 simplifies to the following:

1/𝑇 interal
1 =

𝑔2

𝑄𝑖

∑︁
𝑘

1
𝑁

𝜔𝑐 − 2𝐽 cos (𝑘)
(𝜔𝑞 − 𝜔𝑐 + 2𝐽 cos (𝑘))2

≈ 𝑔2

2𝜋𝑄𝑖

∫ 𝜋

−𝜋

𝜔𝑐 − 2𝐽 cos (𝑘)
(𝜔𝑞 − 𝜔𝑐 + 2𝐽 cos (𝑘))2 𝑑𝑘

=
𝑔2

𝑄𝑖

(𝜔𝑞 − 𝜔𝑐)𝜔𝑐 + 4𝐽2(
(𝜔𝑞 − 𝜔𝑐)2 − 4𝐽2)3/2 ,

where we use the relationship 𝜅𝑘 = 𝜔𝑘/𝑄𝑖.

By incorporating this analytical expression into eq.(4.3), we compare 𝑇model
1 with

the measured 𝑇1 values, as shown in Fig.4.S3. To mitigate site-specific variations
such as resonances with two-level system (TLS) defects that could obscure the
comparison, we use the average relaxation rate 𝑇1, avg of Q1-Q10. A fit to the data,
which shows a good agreement as shown in Fig.4.S3, suggests an estimated 𝑄𝑖 of
2.3 × 104 for the lumped-element resonators in the MMWG.

This analysis suggests that decreasing qubit-MMWG coupling enhances 𝑇 internal
1

by reducing overall hybridization. Still, the reset rate, primarily determined by
the emission rate Γ1D = 𝑔2/𝐽 at the center of the passband, can be preserved by
reducing 𝐽 proportionally to 𝑔2. This implies that a device with a narrower MMWG
passband and reduced qubit-MMWG coupling could achieve longer 𝑇 internal

1 without
compromising reset speed. For example, reducing the MMWG bandwidth from 2
GHz to 500 MHz while halving the coupling can improve 𝑇 internal

1 by a factor of four
without degrading reset performance.

Furthermore, significant improvements in quality factors are possible with recent
advances in material engineering and choosing designs optimized for loss. State-
of-the-art superconducting microwave resonators have demonstrated quality fac-
tors exceeding 106 for both lumped-element resonators and coplanar waveguide
resonators [196, 239, 240]. Incorporating such high-quality resonators into the
MMWG could further enhance𝑇 internal

1 while maintaining efficient reset and leakage
reduction.

4.5.5 Reset with direct flux tuning and long lived band edge resonances
Theoretically, direct tuning of transmon’s transition frequencies within the MMWG
provides even larger emission rate Γ1D = 𝜆2

𝑖
𝑔2

uc/𝐽 in the Markovian limit at the
center of the passband [109, 150], where 𝜆𝑖 the relevant transition matrix element
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Figure 4.S4: Reset with direct flux tuning, and probing presence and charac-
terization of the long-lived resonances. a, Quality of reset with direct flux tuning
without AC modulation. Flux pulse amplitude ΦA and flux pulse duration 𝜏pulse are
swept. b, Cross-sectional view of a at various flux pulse amplitudes (ΦA ≈ 0.2Φ0,
0.25Φ0, 0.3Φ0), showing the reset error over different pulse durations. c, Reset
errors at 𝜏pulse = 240 ns over different flux pulse amplitudes. (Cross-sectional view
of a at 𝜏pulse = 240 ns) d, Probing the presence of one of the long-lived modes by
coherent swap-interaction. Q1 is prepared in |𝑒⟩, followed by a weak parametric flux
modulation with 𝜔mod = 250 MHz. Flux pulse amplitude and flux pulse duration
are swept. e, Cross-sectional view of d (red dashed line). The measured populations
(red dots) are fitted with a damped Rabi oscillation model (gray dashed line) [241].
f, Characterization of the long-lived mode by Landau-Zener tunneling experiments.
The tuning rate of 𝑓 𝑔−𝑒 of the Q1 when it crosses the frequency of the long-lived
mode is varied by sweeping filter width 𝜎 of the Gaussian kernel used for filtering
the square flux pulses. (inset) The measured residual excited state populations (red
dots) are fitted to a model (gray dashed line). g, Measured residual excited state
population (purple dots) obtained by sweeping 𝜏pulse, with 𝜎 = 15 ns. The fit (gray
dashed line) characterizes the relaxation lifetime𝑇1 = 1.7 us of the long-lived mode.
See appendix text for details of the Landau-Zener tunneling experiment.
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for the 𝑖-th state in the transmon annihilation operator. Consequently, it is expected
that Q1 would achieve a reset error of 0.1% within 20 ns when prepared in |𝑒⟩,
significantly faster that the reset demonstrated in the main text. However, as noted
in the main text, we have chosen parametric flux modulation, in order to avoid
adiabatic shelving of excitation into other modes that are coupled to the qubit which
sets lower bound in achievable reset error and introduces non-Markovianity in the
environment [242].

Fig. 4.S4a-c shows the quality of reset by direct flux tuning. Despite the rapid
initial decay of excited states, the reset error stops decreasing and reveals coherent
dynamics dominating at longer pulse durations, over a wide range of g-e transition
frequency during the flux pulse including the entire MMWG passband.

Such phenomena can be understood by Landau-Zener-Stückelberg (LZS) interfer-
ence with two passages; a fraction of excitation is transferred to long-lived reso-
nances coupled Q1 in the frequency collision during the rising edge of the flux pulse,
and retrieved by the same mechanism during the falling edge of the flux pulse [228].

In order to test this hypothesis, we first probe the presence of a strongly-coupled
long-lived resonance by activating a sufficient weak sideband of the g-e transition
of Q1 around the upper band edge of the MMWG. We indeed observe damped Rabi
oscillation when there is a weak sideband at ≈ 7.1 GHz, which is a signature of two
coupled coherent modes, evidenced by a chevron pattern and perfect fit to a model
found in Fig. 4.S4d and e [241].

We then proceed to quantitative comparison with predictions from the theory of LZS
interference. We perform two-passage experiment, in which the time-dependent g-
e transition frequency 𝜔𝑔𝑒 (𝑡) of Q1 prepared in |𝑒⟩ crosses the frequency of the
long-lived resonance (7.1 GHz) twice, by applying a square flux pulse (without AC
modulation). Here, the tuning rate of 𝜔𝑔𝑒 (𝑡) when it crosses 7.1 GHz is controlled
by the filter width 𝜎 of the Gaussian kernel used for filtering the square flux pulse, as
illustrated in the inset of Fig. 4.S4 f. The remaining |𝑒⟩ population 𝑃𝑅 is measured
over different𝜎 from 0 ns (no filtering) to 15 ns, for a fixed duration of 𝜏pulse = 220 ns,
with buffers 𝜏B = 60 ns at the start and the end. This choice of temporal parameters
for flux pulses provides sufficient durations for the tested range of 𝜎, during which
Q1 dumps most of its excitation into the MMWG when it is inside the MMWG
passband, such that the 𝑃𝑅 is dominated by the population retrieved from the long-
lived resonance during the second passage. Therefore, theoretical prediction for this
measurement is given by the following set of equations, rather than the equations



101

assuming maximum coherence for the resonances provided in [228]:

𝑃𝑅 = 𝑃0(1 − 𝑃dia)2

𝑃dia = 𝑒−2𝜋Γ

Γ =
𝑔2

Q1-M

d𝜔𝑔𝑒/d𝑡 |𝜔𝑔𝑒=𝜔𝑀

,

(4.6)

where 𝑃0 is the revival population in the limit of an infinitely fast frequency tuning,
M denotes the aforementioned long-lived resonance with a 0-1 transition frequency
𝜔𝑀 = 7.1 GHz, and 𝑔𝑄1−𝑀 is coupling between Q1 and M. We find an excellent
agreement between the measured data and fit to eq.(4.6) with a strong coupling
𝑔Q1-M ≈ 23.6 MHz, as shown in Fig. 4.S4f. In addition, we measure relaxation
lifetime 𝑇1 = 1.7 us for the resonance M, by sweeping the flux pulse duration with
𝜎 = 15 ns, as provided in Fig. 4.S4g.

It is worth noting that the rate of adiabatic exchange of population 𝑃adia = 1 − 𝑃dia

provided in eq.(4.6) is much greater for higher excited states of the transmons, due
to their larger transition matrix elements. Consequently, this imposes challenges in
resetting higher excited states with flux tuning with some adiabaticity that would
be needed for unconditional reset of multiple excited states with narrow-banded
auxiliary modes [213]. In order to overcome this issue, we have chosen para-
metric flux modulation which provides continuous dissipation through sidebands
while interleaving multiple avoided crossing passages with long-lived resonances
coupled to transmons, which does not require knowing the presence of or careful
characterization of the relevant long-lived resonances.

4.5.6 Unconditional reset
Unconditional reset from the lower sweet-spot

In this appendix, we demonstrate the unconditional reset of a qubit when its idling
frequency is below the passband of the MMWG. By positioning the MMWG pass-
band above the qubit’s idling frequency, we can achieve a lower residual population
in the qubit after reset. This leverages the reduced thermal population at the higher
frequency band of the MMWG, which is difficult to attain at the qubit’s idling
frequency [220, 221].

We begin by biasing 𝑄1 at its lower sweet-spot (LSS), where we measure a g-e
transition frequency of 𝜔𝐿𝑆𝑆

𝑔𝑒 = 3.78 GHz and relaxation coherence time of 𝑇1 ≈ 30
us. As with the unconditional reset demonstrated in the main text for𝑄1 biased at its
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Figure 4.S5: Unconditional reset from the lower sweet-spot (LSS) a, Tuning
curve of the flux-tunable transmon qubit centered at the LSS. Φ0 is the magnetic
flux quantum. Parking the qubit at the LSS, where the qubit is first-order insensitive
to the external flux, a flux modulation tone of frequency 𝜔mod (dark blue curve)
modulates the qubit frequency at a frequency 2𝜔mod (red curve), similar to the case
when the qubit is biased at its USS. The region shaded in pale blue denotes the
extent of the MMWG passband. b, c, Reset errors obtained from scan of reset pulse
parameters 𝜔mod and Φ𝐴, for Q1 prepared in |𝑒⟩ (b) and | 𝑓 ⟩ (c). d, Reset errors
obtained by sweeping 𝜏pulse with 1 ns resolution, for ΦA = 0.4Φ0 and 𝜔mod = 180
MHz (orange hollow circles in b and c). Error bars indicate 95% confidence interval
obtained from bootstrapping.
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upper sweet-spot, illustrated in Fig. 4.S5a, we apply a parameterized flux modulation
pulse to activate sidebands within the passband of the MMWG. Fig. 4.S5b and c
display the reset errors (1−𝑃𝑔) as a function of the frequency (𝜔mod) and amplitude
(ΦA) for a reset pulse with a fixed duration of 𝜏pulse = 104 ns, for prepared states |𝑒⟩
and | 𝑓 ⟩.

Similar to the reset achieved from the USS, we find numerous frequency-amplitude
pairs that enable unconditional reset with errors below 1% for both prepared states.
Fig. 4.S5d shows the reset errors obtained by varying the total pulse duration 𝜏pulse

for the specific frequency-amplitude pair indicated by the orange circles in Fig. 4.S5b
and c. Using the reset time definition from the main text, we find 𝜏𝑒0.2% = 97 ns and
𝜏
𝑓

0.3% = 105 ns, which are faster and as accurate as previously reported unconditional
resets. This demonstrates the MMWG’s capability for rapid and simultaneous reset
of multiple excited states. Additionally, we observe a steady-state population of
0.15% from an exponential fit, corresponding to an effective temperature of ≈ 28
mK at the transition frequency of 3.78 GHz. This indicates that the MMWG
effectively provides a cold bath for reset.

Note that the population estimates shown in Fig. 4.S5d are acquired differently
from other results in this work due to limited ground state preparation fidelity,
which compromised the accuracy of the confusion matrix estimation. Instead,
we determined the state populations by fitting IQ points from 100,000 repeated
measurements to a mixture of Gaussian distributions using the GaussianMixture
API from the Python package scikit-learn. The confidence interval for the estimated
reset error was calculated through bootstrapping with 1,000 resamples.

Simulation of reset dynamics

We performed a Lindblad master equation simulation of the reset dynamics using
the QuTiP [243] python package to confirm the reset dynamics observed in measure-
ment. Because of the overhead of quantifying the transfer function of our full flux
lines for all the frequencies of interest in reset measurements, we did not attempt to
use these simulations to obtain a quantitative fit of measured data, but only to verify
that measured qualitative behaviour was expected in our best theoretical model of
the device.

We performed a full dissipationless circuit quantization procedure using the capac-
itance and inductance matrices of the device to define its Hamiltonian. Our circuit
model was identical to that of Supplementary Material section I of [117] including
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fit values for the inductances and capacitances, except that we also included the
readout resonators of each qubit as lumped-element LC resonators with center fre-
quencies 𝜔𝑟 𝑖 fit from spectroscopy data of the device, inductances 𝐿𝑟 = 4.5 nH, and
capacitances 𝐶𝑟 𝑖 =

1
𝜔2
𝑟 𝑖
𝐿𝑟

. The readout resonators are capacitively coupled to each
qubit with capacitance 𝐶𝑞𝑟 and the unit cell of the MMWG with capacitance 𝐶𝑤𝑟 .
We did not fit the parasitics for the readout resonators.

We modeled dissipation at either end of the MMWG by defining two collapse
operators on the modes corresponding to the final taper cells at either end of the
waveguide. The associated decay rates for these collapse operators were defined to
be the decay rate of the charge on the taper cell capacitor found by modeling the
last taper cells as independent (that is, not coupled to the rest of the MMWG) LC
resonators coupled capacitively to a 50 Ω resistor standing in for the environment
and solving the equations of motion for the charge. More accurate modeling would
incorporate more unit cells of the metamaterial waveguide.

Because we were not considering any drive on the system, and because of the
excitation number preserving nature of the Jaynes-Cummings Hamiltonian, and the
fact that the defined collapse operators only remove excitations from the system, we
could restrict the total number of excitations in our system to be less than some finite
value 𝑁 . We chose 𝑁 = 1 because, given the total number of degrees of freedom
in the MMWG-qubit-RO resonator system, 𝑁 = 2 was prohibitively expensive to
simulate.

We simulated reset of Q1 for different flux pulses defined by different frequency-
amplitude pairs with Q1 beginning at its upper sweet-spot and a single excitation
in the eigenstate of the full Hamiltonian with the largest overlap with the bare Q1

eigenstate. Reset was simulated using a time-dependent term in the Hamiltonian
that time-varied the frequency of Q1 according to the frequency and amplitude of
the flux pulse, assuming the same Gaussian 𝜎 = 1 ns filtering of the flux pulse in
simulation as was used in actual measurement and reset pulses of total length 104
ns. Results of the simulation can be seen in Fig. 4.2d.

Evaluation of the demonstrated reset protocol

In Fig. 4.S6, we present a comparison of experimentally demonstrated reset protocols
for superconducting qubits, evaluated by reset errors (1 − 𝑃𝑔) and the time required
to achieve these reset errors (𝑇reset) [44, 85, 213, 215, 218–223]. For conditional
reset schemes, 𝑇reset includes the time needed for readout and the application of
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Figure 4.S6: Comparison of experimentally demonstrated reset protocols. Ex-
perimentally characterized reset errors (1-𝑃𝑔) and the time to reach the quoted reset
errors (𝑇reset) of various reset schemes reported in [44, 85, 213, 215, 218–222].

feedback on the qubits. For unconditional reset schemes, we quote 𝑇reset as either
the pulse duration after which reset errors stay below the quoted reset errors or the
total reset time including depletion of auxiliary modes.

Protocol for resetting multiple qubits

The unconditional reset protocol can be extended to support the simultaneous reset
of multiple qubits, such as illustrated in 4.S7a. Owing to the broad passband
of the MMWG, multiple qubit transition sidebands can be accommodated within
the passband while suppressing unwanted crosstalk and frequency crowding. A
practical strategy is to space the sidebands of qubit transitions sufficiently far apart,
as illustrated in 4.S7b. To minimize reset errors arising from formation of dark states
between qubits or reabsorption of emitted excitations by other qubits in the MMWG,
the sideband spacing should be sufficiently larger than the spectral linewidth of each
sideband, as indicated by the green shaded regions around the arrows. Such spacing
of transition sidebands can be realized by carefully choosing parametric modulation
parameters.
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Figure 4.S7: Schematic of the reset protocol for multiple qubits with a single
MMWG a, Illustration of reset of multiple qubits 𝑄1, 𝑄2, ..., 𝑄K. External flux
pulses Φ𝑖 (𝑡), causes emission of excitation from 𝑄𝑖 into the MMWG, where 𝑖 ∈
{1, 2, ...K}. b, Strategy for placing transition sidebands for simultaneous reset
of multiple qubits. Green shaded regions around the arrows indicate the spectral
lineshapes of the sidebands.

4.5.7 Leakage reduction units
Calibration of LRU parameters

To characterize LRUs at each combination of parameters, we conduct a three-
dimensional sweep of ΦA, 𝜔mod, and 𝜏pulse. For each frequency-amplitude pair,
we determine the LRU duration 𝜏LRU(𝜔mod,ΦA) by identifying the point where the
population 𝑃f of Q1, initially prepared in | 𝑓 ⟩, reaches a local minimum, as shown in
Fig. 4.S8a. This definition of LRU duration is the same as the definition provided in
the main text. Fig. 4.S8b depicts the first excited state population 𝑃e after applying
the LRU with the calibrated 𝜏LRU, when Q1 is initially prepared in |𝑒⟩. We find
multiple LRU operation candidates, highlighted as the red triangles, where both a
short 𝜏LRU and insignificant decay of 𝑃𝑒 are simultaneously achieved. Finally, using
the interleave randomized benchmarking (iRB) technique [232], we estimate the
gate fidelity of the LRU operation, followed by virtual-Z correction, when acting as
an idling gate acting on the g-e subspace of Q1. We have only included the points
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Figure 4.S8: Calibration of LRU and impact of decoherence on infidelity in the
g-e subspace. a, 𝜏LRU over a range of (𝜔mod, ΦA) combination. 𝜏LRU is defined as
the 𝜏pulse at which 𝑃 𝑓 reaches the first local minimum when Q1 is initially prepared
in | 𝑓 ⟩, obtained from a 3-dimensional sweep of (𝜔mod, ΦA, 𝜏pulse). Note that the
points without any local minimum are colored purple. b, Remaining 𝑃𝑒 population
with a flux pulse with duration 𝜏LRU, when Q1 is initially prepared in |𝑒⟩. Red
triangles indicate the parameter combinations for LRUs tested with iRB (c). c,
Measured iRB infidelity of LRUs with different parameter combinations with 𝑇1
and coherence limits. The coherence times (𝑇1 and 𝑇∗

2 ) are obtained from coherence
measurements with the corresponding flux modulation tone applied continuously.
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where leakage population (𝑃 𝑓 < 0.02) is sufficiently low toensure effective leakage
removal, and where the population revival after reaching the first minimum is less
than 20%, excluding parameters where sufficient depletion of the MMWG modes is
not achieved.

At each candidate parameters, coherence limits of the gate infidelities (IFs) are
calculated using the following formula derived from [244]:

IF(𝑡gate, 𝑇𝜙, 𝑇1) ≡ 1 − 𝐹𝑔 ≈
𝑡gate

3

(
1
𝑇𝜙

+ 1
𝑇1

)
, (4.7)

where 𝐹𝑔 represents the gate fidelity, and 𝑡gate denotes the duration of the gate. In es-
timating infidelities, we approximate the LRU pulse as comprising two components:
a buffer duration (12 ns) for the rising and falling edge of the envelope, during
which the qubit is assumed to experience idling decoherence times (𝑇 idle

1 ≈ 12
us and 𝑇 idle

𝜙
≈ 7.3 us), and the on-time (𝜏LRU − 12 ns), during which we assume

the qubit experiences enhanced decoherence time measured under continuous flux
modulation tone, as detailed in the main text.

Fig. 4.S8c shows the distribution of LRU infidelities for the selected candidate
parameters, along with calculated coherence limits and 𝑇1 limits, which represent
the contribution of 𝑇1 to the overall coherence limit, as a function of modulation
amplitude ΦA. The LRU infidelities align well with the coherence limit, suggesting
that no other error channels play a significant role. At low ΦA, the LRU infidelities
decrease as ΦA increases, likely due to a reduced contribution from dephasing
errors as 𝜏LRU shortens. However, at high ΦA, despite the shortening of 𝜏LRU, the
LRU fidelities begin to increase significantly due to increased 𝑇1 decay rates during
the sideband interaction. These two competing contributions result in a plateau of
minimal infidelities in the range Φ𝐴 ∈ [0.13Φ0, 0.15Φ0], from which we select
the LRU parameters used in the LRU operation discussed in the main text. The
absence of candidates in the region Φ𝐴 ∈ [0.11Φ0, 0.12Φ0] is likely caused by a
collision between the average qubit frequency of Q1 (0th sideband) and a nearby
resonance, such as two-level system defects (TLSs). This hypothesis is supported
by the observed enhanced decay of 𝑃𝑒 across the entire modulation frequency 𝜔mod,
which minimally contributes to the average qubit frequency.
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Figure 4.S9: Approximation to single lossy-mode model and infidelity analysis
for LRU operation a, Resulting | 𝑓 ⟩ population obtained after applying LRU, the
same red curve in Fig. 4.3c. Black dashed line is the fit to the single lossy-
mode model given by eq. ( 4.8), with 𝑔𝑙/2𝜋 = 46.7 MHz, 𝜔𝑙/2𝜋 = 6.93 GHz,
𝜅𝑙/2𝜋 = 17.6 MHz, and 𝑃𝑠.𝑠. = 0.15%. b, Modulation frequencies 𝜔mod needed for
different Modulation amplitudes ΦA to locate the second lower (𝑚 = −2) sideband
frequency of the Q1 at the lossy mode’s frequency 𝜔𝑙 to induce resonant interaction.
c, 𝜏LRUs estimated from the single lossy-mode model, at which 𝑃 𝑓 s (i.e., full-
swap) reach their first local minima, for different modulation amplitudes ΦAs with
modulation frequency 𝜔mods provided in b. d, Measured infidelities and infidelities
estimated from eq. ( 4.10), over different ΦAs. To understand the interplay between
the optimal operating point of the LRU operation and the background decoherence
rates of the qubits, we compare infidelity estimates with the measured decoherence
rates (dashed red line), a case with improved coherence assuming 𝑇1 = 100 us and
𝑇𝜙 = 100 us (dashed brown line), and the case without any background decoherence
labeled g-e sideband limit (dashed green line). Dashed gray lines in b, c, and d
indicate the modulation amplitude ΦA = 0.13Φ0 used for LRU operation shown in
the main text, located at the plateau around the local minimum condition predicted
by the model.
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Infidelity analysis of the LRU operation and ideal MMWG design for LRU

During the flux modulation with amplitude ΦA and modulation frequency 𝜔mod, the
qubit-metamaterial interaction Hamiltonian can be written as the following, up to
double-excitation subspace.

𝐻̂int
Q-MM ≈∑︁
𝑘

∑︁
𝑗∈1,2

∑︁
𝑚

𝜆 𝑗𝑔𝑘𝜉𝑚𝑒
𝑖(𝜔𝑘−𝜔 𝑗−1, 𝑗

𝑚 )𝑡 | 𝑗 − 1⟩ ⟨ 𝑗 | 𝑎̂†
𝑘
+ ℎ.𝑐.,

where |0⟩, |1⟩, and |2⟩ indicates the transmon’s three lowest energy eigenstates |𝑔⟩,
|𝑒⟩, and | 𝑓 ⟩, 𝜆 𝑗 ≈

√
𝑗 is the matrix element of the ladder operator for the transition

between | 𝑗 − 1⟩ and | 𝑗⟩, 𝜔 𝑗−1, 𝑗
𝑚 = 𝜔 𝑗−1, 𝑗 (𝑡) + 𝑚𝜔mod is the frequency of the 𝑚-th

order sideband of the | 𝑗 − 1⟩-| 𝑗⟩ transition, 𝜉𝑚 is the amplitude of the𝑚-th sideband,
𝑘 denotes MMWG mode index, 𝜔𝑘 and 𝑎̂𝑘 are the corresponding frequency and
ladder operator, and 𝑔𝑘 is the coupling between the MMWG mode 𝑘 and the qubit.

During an LRU operation, the coherent part of the dynamics of the e-f transition is
dominated by the interaction with a single lossy waveguide mode located near the
upper band edge of the MMWG. In Fig. 4.S9a, we show the dynamics of leakage
population 𝑃 𝑓 with varied LRU duration 𝜏LRU that is accurately fitted to eq. (4.8)
describing a qubit interacting with a lossy waveguide mode denoted with index 𝑙,

𝐻eff =

| 𝑓 0⟩ |𝑒1⟩( )
Δ𝑠𝑏 − 𝑖

Γ𝑒 𝑓

2 𝑔𝑠𝑏 | 𝑓 0⟩
𝑔𝑠𝑏 −𝑖 𝜅𝑙2 |𝑒1⟩

𝑃sol
𝑓 (𝑡) = (1 − 𝑃𝑠.𝑠.)

����𝛼−𝑒𝛼+𝑡 − 𝛼+𝑒𝛼−𝑡

𝛼− − 𝛼+

����2 + 𝑃𝑠.𝑠.

𝛼± =
1
2

(
−𝑏 ±

√︁
𝑏2 − 4𝑐

)
𝑏 =

𝜅𝑙 + Γ𝑒 𝑓

2
+ 𝑖Δ𝑠𝑏, 𝑐 = 𝑔2

𝑠𝑏 + 𝑖
Δ𝑠𝑏Γ𝑒 𝑓

2
+
𝜅𝑙Γ𝑒 𝑓

4
,

(4.8)

where 𝐻eff is the effective Hamiltonian for the transmon-lossy MMWG mode’s
{| 𝑓 0⟩ , |𝑒1⟩} subspace via sideband interaction, 𝑃sol

𝑓
(𝑡) is the analytical solution

for the 𝑄1’s | 𝑓 ⟩ state population during the sideband interaction with the initial
condition 𝑃sol

𝑓
(0) = 1, Δ𝑠𝑏 ≡ 𝜔

1,2
−2 − 𝜔𝑙 is the detuning between the the lossy mode
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𝑙 and the closest sideband (𝑚 = −2) of the e-f transition, 𝑔𝑠𝑏 ≡
√

2𝑔𝑙𝜉−2 is the
effective coupling through the sideband, 𝜅𝑙 is the damping rate of the lossy mode,
Γ𝑒 𝑓 = 1/𝑇ef

1 is the bare relaxation rate of the second excited state (𝑇 𝑒 𝑓

1 ≈ 4.7𝜇s),
and 𝑃𝑠.𝑠. is the steady-state population.

On the other hand, the information encoded in g-e subspace is affected by added
decoherence by activating sidebands inside the passband of the MMWG. The total
relaxation rates of transmon’s states, Γ𝑖−1,𝑖

tot , for the |𝑖 − 1⟩ − |𝑖⟩ transition, can be
approximated by summing the decay rates of each sidebands. Assuming a constant
emission rate inside the MMWG passband, Γ

𝑖−1,𝑖
1D (𝜔) ≈ 𝜆2

𝑖
𝑔2
𝑢𝑐

𝐽
, and background

relaxation rate, Γ
𝑖−1,𝑖
0 ≡ 1

𝑇
𝑖−1,𝑖
1

, outside the passband, we can use the following
approximation:

Γ
𝑖−1,𝑖
tot ≈ Γ

𝑖−1,𝑖
0 + Γ

𝑖−1,𝑖
1D

©­«
∑︁

𝜔
𝑖−1,𝑖
𝑚 ∈Passband

|𝜉𝑚 |2ª®¬ . (4.9)

The dynamics and infidelity of LRU operations can be modeled using eq. (4.8) and
eq. (4.9). Fig. 4.S9a shows a fit to the measured 𝑃 𝑓 for the model eq. (4.8), from
which we obtain 𝑔𝑙/2𝜋 =

𝑔𝑠𝑏√
2|𝜉−2 |

= 46.7 MHz, 𝜔𝑙/2𝜋 = 6.93 GHz, 𝜅𝑙/2𝜋 = 17.6
MHz, and 𝑃𝑠.𝑠. = 0.15%. Based on this model, we find the LRU parameters 𝜔mod

(Fig. 4.S9b) and 𝜏LRU (Fig. 4.S9c) at each modulation amplitude ΦA, such that
Δ𝑠𝑏 = 0 during the flux modulation and 𝑃 𝑓 < 0.02 after the LRU operation.

With this model and using eq. (4.9) and eq. (4.7), we estimate infidelity of
LRU operations for different flux modulation amplitudes by as shown in Fig. 4.S9d
(dashed orange line), from which a good agreement with the measurement LRU
infidelity (red triangle) is found. In addition, we find that the modulation amplitude
used in the main text (dashed gray line) is close to the optimal condition predicted
by the model.

Further, we analyze the interplay between the background coherence of the qubit and
the optimal condition for LRU operation by comparing the infidelity estimates with
different coherence times assumed: 𝑇1 = 12 us, 𝑇𝜙 = 5.7 us (this device, dashed
orange line), 𝑇1 = 100 us, 𝑇𝜙 = 100 us (dashed brown line), and no background
decoherence (dashed green line, labeled g-e sideband limit). As longer background
coherence tolerates longer LRU operation, further improvements in infidelity is
achieved by using weaker modulation which suppresses higher-order sidebands
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inside the MMWG passband. Therefore, we expect LRU infidelity of ≈ 0.1% is
achievable for qubits with improved background coherence (≈ 100 us).

(4.10)

4.5.8 Microwave induced leakage reset
It is possible to perform leakage reset of a transmon dispersively coupled to a damped
harmonic resonator by driving the transmon with a microwave charge drive at the
difference frequency between the | 𝑓 0⟩ and |𝑔 1⟩ states of the coupled system [154,
220]. This has the advantage of obviating the need for modulating the transmon
frequency, thus avoiding the possibility of tuning the transmons through resonance
with any other coupled modes in its spectrum (TLS, other qubits, etc.) and allowing
leakage reset to even be performed on fixed frequency transmons.

Microwave leakage reset of a transmon capacitively coupled to a single harmonic
mode is possible because the dispersive exchange coupling weakly dresses the bare
| 𝑓 0⟩ and |𝑔 1⟩ states in part with the |𝑒 1⟩ and |𝑒 0⟩ states respectively. The dressed
states can then be coupled to one another via a charge drive on the transmon, as each
dressed state contains some component of a state that differs from some component
of the other only by a single excitation difference in the transmon part. If this driving
is resonant with the energy splitting of the two states, the dressed | 𝑓 0⟩ and |𝑔, 1⟩
states will strongly hybridize and undergo Rabi oscillations, and if the harmonic
mode is strongly damped, the hybridized state will then decay to the global |𝑔 0⟩
ground state of the system. Because such a drive will in general not be resonant with
any transitions out of the |𝑔 0⟩ or |𝑒 0⟩ states, the reset will only occur for leakage
population in the second excited state, and the logical subspace of the transmon will
be preserved.

By replacing the single harmonic mode with a metamaterial waveguide, and coupling
the transmon to a single unit cell of the waveguide, the qubit couples to the many
different harmonic eigenmodes of the metamaterial and can be reset through any of
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them. The Hamiltonian for such a system can be modeled as:

𝐻 = 𝜔𝑞𝑎
†𝑎 + 𝜂

2
𝑎†𝑎†𝑎𝑎 (4.11)

+
𝑥=𝑁∑︁
𝑥=1

𝜔𝑟𝑏
†
𝑥𝑏𝑥 + 𝐽 (𝑏𝑥𝑏†𝑥+1 + 𝑏†𝑥𝑏𝑥+1) (4.12)

+ 𝑔(𝑎†𝑏𝑥0 + 𝑎𝑏†𝑥0) (4.13)

+ Ω cos(𝜔𝑑𝑡) (𝑎 + 𝑎†), (4.14)

where 𝜔𝑞 is the transmon frequency, 𝜂 is the transmon anharmonicity; 𝑥 indexes
a periodic linear chain of 𝑁 , identical nearest-neighbor coupled resonators, com-
prising the metamaterial waveguide, each with frequency 𝜔𝑟 and nearest-neighbor
coupling 𝐽; 𝑔 is the coupling between the transmon and the resonator indexed by 𝑥0;
and Ω is the strength of a drive at frequency 𝜔𝑑 on the transmon. The second line
gives the bare metamaterial Hamiltonian, which can itself be diagonalized to give
the bare eigenmodes of the waveguide in terms of the unit cell modes, and will also
give the expression for 𝑏𝑥0 in terms of the eigenmodes. When the microwave drive
frequency 𝜔𝑑 is resonant with energy splitting between the | 𝑓 0⟩ state and the |𝑔 1⟩
state, where the 0 and 1 indices refer to the 0 and 1 photon states of the single unit
cell to which the transmon is coupled, it will induce an effective resonant coupling
between the states 𝑔̃ = 1√

2
𝜂Ω𝑔

Δ(Δ+𝜂) where Δ ≡ 𝜔𝑞 − 𝜔𝑟 [154, 220].

To give a simple example of microwave reset using such a waveguide, it is possible to
design a waveguide in a regime where 𝑔/𝐽 is small while 𝑔 is on the order of at least
a few times the FSR of the metamaterial ∼ (4𝐽/𝑁). In this regime, a microwave
drive resonant with the | 𝑓 0⟩ state and the waveguide passband will turn on a reso-
nant exchange interaction between the transmon and a bath of multiple waveguide
modes, and the transmon’s second excited state will roughly undergo exponential
decay via photon emission into the waveguide at a rate Γ ∼ 𝑔̃2

𝐽
[109]. If the ends

of the waveguide are well-damped to the environment, as with our tapered metama-
terial waveguides, the photonic excitation will propagate away and the transmon-
metamaterial system will decay to its global ground state. For 𝐽/(2𝜋) = 100 MHz,
𝑔/(2𝜋) = 250 MHz, 𝜂/(2𝜋) = −250 MHz, Δ𝑞−𝑢𝑐/(2𝜋) = −400 MHz. With these
parameters we get an FSR ∼ 8 MHz, 𝑔̃/(2𝜋) ∼ 25 MHz, and Γ1𝐷/(2𝜋) ∼ 6.5 MHz.
It is not necessary to operate in this particular regime, and the transmon leakage
population should still be theoretically resettable even if the | 𝑓 0⟩ state is so weakly
coupled that it sees well-defined modes of the waveguide, or so strongly coupled to
individual modes that it undergoes non-exponential coherent dynamics with them
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as coupled system decays.



115

C h a p t e r 5

SIMULTANEOUS LONG-RANGE TUNABLE INTERACTION
BETWEEN DUAL-RAIL TRANSMONS

As discussed in Chapter 2, achieving long-range, high-weight connectivity requires
careful consideration of, or deliberate exploitation of, the multiple modes that in-
evitably arise between superconducting qubits. In this chapter, we discuss a novel
long-range coupling architecture that leverages many coherent modes to realize
all-to-all connectivity and simultaneous entangling operations, effectively imple-
menting Mølmer-Sørensen interactions in superconducting quantum circuits.

Note that this chapter is based on ongoing collaborative research with external part-
ners. Portions of the material will appear in manuscript Golan et al. (G. Kim
among co-authors) currently in preparation [93]. Core concepts presented here have
been publicly disclosed at APS Global Summit 2025 [94, 95]. G.K. contributed
to the development of the realistic Hamiltonian and circuit design strategies, nu-
merical analysis, and architectural extensions, and proposed the nearest-neighbor
counterparts presented in this chapter.

5.1 Introduction
Fault-tolerant quantum computation requires protecting quantum information by
implementing quantum error correcting (QEC) codes [30, 31]. Entanglement plays
a key role in distributing logical quantum information across many physical qubits,
enabling resilience against local errors and allowing recovery of coherence by syn-
drome extraction [32, 187].

In superconducting quantum processors, QEC implementations have largely fol-
lowed architectures with nearest-neighbor connectivity and local syndrome measure-
ments. Representative examples include repetition codes [30], surface codes [87],
and heavy-hex codes [245]. These codes are well matched to planar superconducting
hardware due to their strong local coupling and good local control and measure-
ment of individual qubits [52, 53, 209, 210, 246]. However, such QEC codes
exhibit encoding rates that decrease either linearly or quadratically with increasing
code distance. This implies substantial physical qubit overhead for logical qubits at
large code distances, presenting a major challenge in realizing utility-scale quantum
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computation [76, 77].

Recent theoretical progress has demonstrated the existence of "good" quantum low-
density parity check (qLDPC) codes, in which the encoding rate remains constant as
the code distance increases [112]. These constructions require nonlocal connectivity
and higher-weight stabilizer measurements. Among the most promising examples
are bivariate bicycle (BB) codes [86], which achieve a constant encoding rate while
requiring only moderate long-range connectivity on top of an underlying square-
lattice architecture.

Implementing such codes in superconducting circuits presents substantial archi-
tectural challenges. Long-range connectivity over millimeter-to-centimeter scales
has been demonstrated using dedicated interconnects and couplers [114, 115, 247,
248]. However, these approaches generally require adding one physical coupling
resource per additional nonlocal edge, imposing considerable hardware overhead.
Alternatively, all-to-all coupling architectures based on a shared bus mode, such
as resonator-induced phase (RIP) gates [249, 250] or single-mode star architec-
tures [251, 252], provide hardware-efficient multi-qubit connectivity. Nevertheless,
these architectures typically allow only one entangling interaction at a time, which
may increase circuit depth.

Our recent theoretical proposal [93–95] introduces a multi-mode all-to-all coupling
architecture that enables simultaneous long-range entangling gates. The central
element is a coupled resonator array bus (CRAB) [107, 108, 117, 149], whose de-
localized eigenmodes mediate Mølmer-Sørensen interactions among spatially sep-
arated superconducting qubits [253]. The entangling interaction primitive is the
cavity-mediated cross-cross-resonance (CCCR) interaction proposed in Gorshkov
et al. [254]. To suppress parasitic cross-Kerr interactions between bus eigenmodes,
we employ dual-rail transmons (DRTs) [255–257].

In this work, we develop realistic design strategies for implementing this long-
range interaction scheme. Choosing a DRT gap frequency larger than the CRAB
bandwidth mitigates spectral crowding during microwave control. Gate speeds
across different qubit pairs are homogenized due to similar detunings from DRTs
to CRAB eigenmodes. Direct and indirect static DRT-DRT interactions mediated
by the CRAB are exponentially suppressed by inserting buffer resonators, at the
cost of only a modest reduction in gate speed. An auxiliary transmon coupled to
each unit-cell resonator enables in situ dispersion engineering and control and reset
of CRAB eigenmodes. Finally, we propose a scalable extension of the long-range
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Figure 5.1: Simultaneous long-range interaction mediated by coupled res-
onator arrays. a, Simultaneous long-range interactions between dual-rail trans-
mons (DRTs) enabled by a coupled resonator array bus (CRAB). 𝛽𝑚 (𝑥) denotes
mode amplitudes of an eigenmode 𝑚 at location 𝑥. Multiple two-qubit gates be-
tween pairs of DRTs can be executed in parallel by selecting gates mediated by
different orthogonal eigenmodes of the CRAB, as represented by light brown and
dark brown arrows. b, Schematic illustration and energy-level diagram of DRTi
coupled to eigenmode 𝑚 under cross-resonance drives. A wiggly red (blue) arrow
denotes a red (blue) sideband microwave drive with frequency 𝜔𝑅

𝑚,𝑖
(𝜔𝐵

𝑚, 𝑗
), activat-

ing a "flip-flop" ("flip-flip") interaction. c, Schematic illustration of DRTi and DRTj
coupled to eigenmode 𝑚. d, XX-parity-dependent displacement of mode 𝑚 arising
from the cross-resonance interaction enabled by sideband drives, under sufficient
detuning between red (blue) sideband drive frequency and the flip-flop (flip-flop)
transition frequency.

connectivity using a row-and-column CRAB architecture.

5.2 Long-range interaction between DRTs mediated by a CRAB
In this section, we review the gate principle presented in Ref. [93], with the setup
illustrated in Fig. 5.1. A CRAB consists of microwave resonators with identical
resonance frequencies𝜔𝑟 , coupled to their nearest neighbors with a uniform hopping
rate 𝐽. DRTs are indexed by subscript 𝑖 and placed at lattice site 𝑥𝑖. DRTi is
parked at the microwave operating frequency 𝜔𝐷𝑅𝑇

𝑖
and has a dual-rail gap Ω𝐷𝑅

𝑖,0 =

2𝑔𝐷𝑅𝑇
𝑖

, where 𝑔𝐷𝑅𝑇
𝑖

is the intra-qubit coupling. The two transmons in DRTi couple
symmetrically to the resonator at lattice site 𝑥𝑖 with a rate 𝑔𝑖. The full system
Hamiltonian, with the transmons approximated as Kerr harmonic oscillators, is
given by
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𝐻̂total = 𝐻̂CRAB +
𝑁∑︁
𝑖=1

(
𝐻̂DRT

𝑖 + 𝐻̂DRT-CRAB
𝑖

)
𝐻̂𝐶𝑅𝐴𝐵 ≡ 𝜔𝑟

𝑀∑︁
𝑥=1

𝑐†𝑥𝑐𝑥 − 𝐽

𝑀−1∑︁
𝑥=1

(𝑐𝑥 − 𝑐†𝑥) (𝑐𝑥+1 − 𝑐
†
𝑥+1)

𝐻̂𝐷𝑅𝑇
𝑖 ≡ −

Ω𝐷𝑅
𝑖,0

2

(
𝑎̂𝑖 − 𝑎̂

†
𝑖

) (
𝑏̂𝑖 − 𝑏̂

†
𝑖

)
+ 𝜔𝐷𝑅𝑇

𝑖

(
𝑎̂
†
𝑖
𝑎̂𝑖 + 𝑏̂

†
𝑖
𝑏̂𝑖

)
+ 𝐻̂

quartic
𝑖

𝐻̂
quartic
𝑖

≡ 𝜂𝑖

2

(
𝑎̂
†
𝑖

)2
(𝑎̂𝑖)2 + 𝜂𝑖

2

(
𝑏̂
†
𝑖

)2 (
𝑏̂𝑖

)2

𝐻̂𝐷𝑅𝑇−𝐶𝑅𝐴𝐵
𝑖 ≡ − 𝑔𝑖 (𝑎̂𝑖 − 𝑎̂

†
𝑖
) (𝑐𝑥𝑖 − 𝑐†𝑥𝑖 ) − 𝑔𝑖 (𝑏̂𝑖 − 𝑏̂

†
𝑖
) (𝑐𝑥𝑖 − 𝑐†𝑥𝑖 ), (5.1)

where 𝑐𝑥 denotes the resonator mode at site 𝑥, 𝑀 is the number of resonators in
CRAB, 𝑁 is the number of DRTs, 𝑎̂𝑖 (𝑏̂𝑖) denotes the left (right) transmon in DRTi,
and 𝜂𝑖 is the transmon anharmonicity.

For sufficiently large detuning |Δ𝑖 | ≫ |𝑔𝑖 |, with Δ𝑖 ≡ 𝜔𝐷𝑅𝑇
𝑖

− 𝜔𝑟 , the CRAB and
DRT sectors can be diagonalized separately and treated perturbatively. The CRAB
eigenmodes are spatially delocalized over the entire array, where eigenmode 𝑚 has
mode amplitude 𝛽𝑚 (𝑥) at site 𝑥. Consequently, the transmons in DRTi at site 𝑥𝑖

couple to mode 𝑚 with an effective rate 𝑔𝑚,𝑖 = 𝛽𝑚 (𝑥𝑖)𝑔𝑖, proportional to local mode
amplitude, as shown in Fig. 5.1b.

Under the rotating-wave approximation, the interaction between DRTi and eigen-
mode 𝑚 can be written as follows:

𝐻̂DRT-m
𝑖 = −

Ω𝐷𝑅
𝑖,0

2
𝜎̂𝑍
𝑖 + 𝜔𝐷𝑅𝑇

𝑖

(
𝑎̂
†
𝑖
𝑎̂𝑖 + 𝑏̂

†
𝑖
𝑏̂𝑖

)
(5.2)

+ 𝜔̃𝑚𝑐
†
𝑚𝑐𝑚 +

√
2𝑔𝑚,𝑖

(
(𝑎̂+𝑖 )†𝑐𝑚 + ℎ.𝑐.

)
+ 𝐻̂

quartic
𝑖

,

where 𝑐𝑚 is the CRAB eigenmode 𝑚 with frequency 𝜔𝑚, and 𝑎̂±
𝑖
≡

(
𝑎̂𝑖 ± 𝑏̂𝑖

)
/
√

2
are the symmetric and anti-symmetric eigenmodes of DRTi. The logical states are
defined as |1𝐿⟩𝑖 ≡

(
𝑎̂+
𝑖

)† |𝑣𝑎𝑐⟩𝑖 and |0𝐿⟩𝑖 ≡
(
𝑎̂−
𝑖

)† |𝑣𝑎𝑐⟩𝑖, and 𝜎̂𝑘
𝑖
, 𝑘 ∈ {𝑋,𝑌, 𝑍} are

the Pauli operators of DRTi.

As illustrated in Fig. 5.1b, two types of transitions arise: a "flip-flop" transition
between |1𝐿𝑛⟩ and |0𝐿 (𝑛 + 1)⟩ with a transition frequency close to 𝜔𝑚 −Ω𝐷𝑅

𝑖,0 , and
a "flip-flip" transition between |1𝐿𝑛⟩𝑖 and |0𝐿 (𝑛 + 1)⟩𝑖 with a transition frequency
close to 𝜔𝑚 + Ω𝐷𝑅

𝑖,0 . Each ket denotes the tensor product of the qubit states of



119

DRTi and the Fock state of mode 𝑚. These transitions correspond to entangling
interactions of the form 𝜎−

𝑖
𝑐
†
𝑚 + ℎ.𝑐. (flip-flop) and 𝜎−

𝑖
𝑐𝑚 + ℎ.𝑐. (flip-flip). We

therefore apply microwave drives at frequencies 𝜔𝑅
𝑚,𝑖

(red sideband) and 𝜔𝐵
𝑚,𝑖

(blue
sideband), chosen close to the corresponding transition frequencies, with amplitudes
Ω𝑅

𝑚,𝑖
and Ω𝐵

𝑚,𝑖
for two transmons with opposite phases:

𝐻̂drive
𝑖 =

(
Ω𝑅

𝑚,𝑖 cos
(
𝜔𝑅
𝑚,𝑖𝑡

)
+Ω𝐵

𝑚,𝑖 cos
(
𝜔𝐵
𝑚,𝑖𝑡

)) (
𝑎̂𝑖 − 𝑏̂𝑖

)
+ ℎ.𝑐.. (5.3)

These microwave drives dress the transmon eigenstates and, in concert with the
linear hybridization proportional to 𝑔𝑚,𝑖, enable cross-resonant driving of the above
transitions, realizing a cross-resonance interaction [258, 259]. Refer to [93] for
details of the perturbative derivation. We denote by 𝑐𝑚 and 𝜔̃𝑚 the dressed
CRAB eigenmode and eigenfrequency, and by Ω𝐷𝑅

𝑖
the dressed dual-rail gap.

We set 𝜔𝑅
𝑚,𝑖

= 𝜖𝑚 + 𝜔̃𝑚 − Ω𝐷𝑅
𝑖

, 𝜔𝐵
𝑚,𝑖

= 𝜖𝑚 + 𝜔̃𝑚 + Ω𝐷𝑅
𝑖

, enforce Ω𝑅
𝑚,𝑖

/Ω𝐵
𝑚,𝑖

=(
Δ𝑚,𝑖 − 𝑔𝐷𝑅𝑇

𝑖

)2 /
(
Δ𝑚,𝑖 + 𝑔𝐷𝑅𝑇

𝑖

)2, and defineΩ𝑚,𝑖 ≡ Ω𝐵
𝑚,𝑖

as the shared drive strength.

Going into the frame rotating with 𝜔̃𝑚𝑐
†
𝑚𝑐𝑚 and−Ω𝐷𝑅

𝑖

2 𝜎̂𝑍
𝑖

, second-order perturbation
theory yields, up to local phase rotations, the following effective Hamiltonian [93,
254]:

𝐻̂DRT-m
𝑖,eff = 𝜖𝑚𝑐

†
𝑚𝑐𝑚 + 𝑔CR

𝑚,𝑖 𝜎̂
𝑋
𝑖 (𝑐𝑚 + 𝑐†𝑚), (5.4)

where 𝑔𝐶𝑅
𝑚,𝑖

≈ 2𝑔𝑚,𝑖Ω𝑚,𝑖

Δ2
𝑚,𝑖

𝜂𝑖 is the cross-resonance drive rate. This corresponds to a
longitudinal interaction between DRTi and eigenmode 𝑚.

Finally, we introduce a second dual-rail transmon DRTj as shown in Fig. 5.1c
and apply consistently constructed red- and blue-sideband under sufficiently strong
drives satisfying 𝑔𝐶𝑅 ≡ 𝑔𝐶𝑅

𝑚, 𝑗
= 𝑔𝐶𝑅

𝑚,𝑖
, yielding the effective cavity-mediated cross-

cross-resonance (CCCR) interaction:

𝐻̂DRT-m
𝑖, 𝑗 ,eff = 𝜖𝑚𝑐

†
𝑚𝑐𝑚 + 𝑔𝐶𝑅

(
𝜎̂𝑋
𝑖 + 𝜎̂𝑋

𝑗

)
(𝑐𝑚 + 𝑐†𝑚). (5.5)

The resulting dynamics can be understood as conditional displacements of 𝑐𝑚 set
by the 𝑋𝑖 + 𝑋 𝑗 -parity of DRTi and DRTj, as illustrated in Fig. 5.1d. If the two DRTs
have opposite 𝑋-parities, the drive term cancels and no effective interaction occurs.
If they have the same 𝑋-parities, the term 𝑐𝑚 + 𝑐

†
𝑚 is driven with strength ±2𝑔𝐶𝑅,

producing a displacement whose direction depends on the 𝑋-parities.
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In particular, if 𝜖𝑚 is sufficiently large and the 𝑔𝐶𝑅 (𝑡) varies slowly enough for the
dynamics to be adiabatic, the dressed eigenmode 𝑐𝑚 returns to its initial state, as
illustrated in Fig. 5.1d, while the DRTs acquire a geometric phase 𝜙 proportional to
the enclosed area in the phase space of 𝑐𝑚. Eq. (5.5) then implements an effective
XX interaction between the two dual-rail transmons in the following form:

𝑈𝑋𝑋
𝑖, 𝑗 ,𝑚 ≈ 𝑒

−𝑖𝜙(𝐼𝑖+𝜎̂𝑋
𝑖
) (𝐼 𝑗+𝜎̂𝑋

𝑗
)
, (5.6)

where choosing 𝜙 = 𝜋/4 realizes a gate equivalent to a controlled-Z (CZ) gate up
to single qubit rotations. For a square drive envelope, the shortest CZ gate time is
given by 𝑇𝐺 ≈ 𝜋/(2𝑔𝐶𝑅) for 𝜖𝑚 = 4𝑔𝐶𝑅.

CCCR two-qubit gates mediated by CRAB have several advantages. First, they
provide long-range connectivity via delocalized CRAB eigenmodes, avoiding the
need to decompose the operation into sequences of SWAPs. The gate speed is
ultimately constrained by the CRAB free spectral range (FSR) to avoid populating
spectator eigenmodes, with FSR ≈ 4𝐽/𝑀 . Second, they enable simultaneous two-
qubit gates on multiple DRT pairs by using different eigenmodes, analogous to
Mølmer-Sørensen interactions realized in trapped ion systems [253, 260]. This
follows from the vanishing commutator [𝐻̂DRT-m

𝑖, 𝑗 ,eff , 𝐻̂DRT-n
𝑥,𝑦,eff ] = 0 for 𝑚 ≠ 𝑛, due to the

orthogonality of distinct CRAB eigenmodes. Additionally, the effective interaction
strength scales linearly with the external drive, in contrast to schemes with quadratic
or quartic power scaling requirements [249, 250]. Finally, the interaction scheme
requires only a single additional physical connectivity to access all-to-all coupling,
imposing minimal overhead.

It is crucial to suppress the zero cross-Kerr interaction term (𝜎̂𝑍𝑐
†
𝑚𝑐𝑚) between

qubits and CRAB eigenmodes that originates from 𝐻̂
quartic
𝑖

. For conventional trans-
mons, the static dispersive coupling (cross-Kerr) modifies the mode frequency in a
qubit-state dependent manner, thereby disrupting the intended interaction scheme
and complicating dynamical decoupling protocols [254]. In our approach, this
parasitic term is eliminated by employing dual-rail transmons and symmetrically
coupling the two constituent qubits, a configuration shown to cancel the cross-Kerr
interaction [255–257].
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Figure 5.2: Frequency allocation strategy for CRAB and DRT. a, A CRAB
with large FSR, leading to substantial variation in detuning relative to a DRT
and possible spectral proximity between red- and blue-sidebands associated with
different eigenmodes. b, A CRAB with narrow FSR, resulting in similar detunings
to a DRT. DRTi and DRTj have dual-rail gaps that are too closely spaced. c, A
CRAB with narrow FSRs, with similar detunings to a DRT. DRTi and DRTj have
sufficiently separated dual-rail gaps.

5.3 CRAB and DRT design strategies
As a proof-of-concept demonstration for simultaneous operation of long-range two-
qubit gates, we design a single CRAB system with four DRTs. In this section, we
discuss realistic design considerations and strategies.

5.4 Frequency allocation
Because the interaction scheme relies on microwave drives placed close to the
CRAB eigenmodes, and the achievable gate speed depends strongly on the detuning
between the CRAB eigenmodes and DRTs, it is essential to avoid both frequency
crowding and excessively large detuning. In this subsection, we discuss a frequency
allocation strategy for a single CRAB.

Fig. 5.2 illustrates representative failure (a, b) and success (c) scenarios. As shown
in Fig. 5.2a, if the FSR of the CRAB is too large, the detunings between a given DRT
and different eigenmodes vary substantially. This leads to significant variation in
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achievable gate times across different DRT pairs. Moreover, large FSR increases the
likelihood of frequency collisions involving other eigenmodes and their associated
red- and blue-sideband drives, unless the FSR is much larger than dual-rail gaps,
which would require an extremely large hopping rate 𝐽 ≫ 4𝑀Ω𝐷𝑅.

A practical solution is to employ a CRAB with a sufficiently narrow bandwidth
(BW) compared to the gaps of the DRTs, so that all red- and blue-sideband drives lie
outside the CRAB passband avoiding frequency collisions, as illustrated in Fig. 5.2b
and c. We therefore choose Ω𝐷𝑅

𝑖
s such that they satisfy 𝐵𝑊 ≈ 4𝐽 < min{Ω𝐷𝑅

𝑖
}. In

this regime, the detunings to different eigenmodes are comparable, thereby reducing
the variance of achievable cross-resonance interaction rates.

Finally, the dual-rail gaps must be sufficiently separated from one another. As shown
in Fig. 5.2b, if two DRTs have similar dual-rail gaps, classical crosstalk from a drive
applied to DRTi can induce unintended sideband transitions in a spectator DRTj. In
addition, parasitic static interactions between two DRTs are more likely to satisfy
a resonance condition. Therefore, as shown in Fig. 5.2c, we allocate sufficiently
distinct dual-rail gaps to suppress these frequency collisions. In summary, we
allocate the frequencies according to the following relations:

4𝐽 < min
𝑖
{Ω𝐷𝑅

𝑖 }, max
𝑖

{𝑔𝐶𝑅
𝑚,𝑖 } < |Ω𝐷𝑅

𝑖 −Ω𝐷𝑅
𝑗 | < 𝐹𝑆𝑅 × 2𝜋 ≈ 4𝐽

𝑀
. (5.7)

The first condition ensures that the CRAB bandwidth remains smaller than the
smallest dual-rail gap. The second condition constrains the separation between
dual-rail gaps to exceed the maximum achievable cross-resonance interaction rate
while remaining below the FSR. In our design, we choose 𝐽/2𝜋 ≈ 50 MHz, 𝑀 = 7,
andΩ𝐷𝑅

𝑖
≈ 220 MHz. This yields 𝐹𝑆𝑅 ≈ 30 MHz, which is sufficient for supporting

a two-qubit gate with a duration of approximately 300 ns.

5.5 Suppressing parasitic DRT-DRT interaction
The CRAB mediates linear coupling between distant qubit pairs due to the forma-
tion of bound states with long tails, as theoretically and experimentally shown in
Refs [108, 109, 117, 149]. In the dispersive regime, where |Δ𝑖 | ≫ 𝑔𝑖, the resulting
indirect linear coupling rate 𝑔indirect

𝑖 𝑗
decreases exponentially with spatial separation:

𝑔indirect
𝑖 𝑗 ∝

���� 𝐽Δ ����|𝑥𝑖−𝑥 𝑗 | , (5.8)
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where Δ is the scale of detuning. In addition, because nearest-neighbor linear
couplings are implemented by capacitive elements, the inverse capacitance matrix
introduces a direct coupling rate between transmons 𝑔direct

𝑖 𝑗
. This capacitance-

network-mediated coupling likewise decays exponentially with distance when the
coupling capacitances 𝐶𝑔 are much smaller than the scale of bare transmon and
resonator capacitances 𝐶0, i.e.,

𝑔direct
𝑖 𝑗 ∝

����𝐶𝑔

𝐶0

����|𝑥𝑖−𝑥 𝑗 | . (5.9)

Based on these considerations, we suppress the parasitic DRT-DRT linear coupling
by inserting "buffer" resonators in every other cell, such that 𝑀 = 2𝑁 − 1. This
effectively reduces parasitic interactions by approximately an order of magnitude.
As a result, the static ZZ interaction between DRTs is suppressed by approximately
two orders of magnitude. The tradeoff is a reduction of the 𝐹𝑆𝑅, and consequently
achievable gate speed, by a factor of two.

5.6 Disorder engineering
Because the long-range interaction relies on the spatial delocalization of the CRAB
eigenmodes, it is important to suppress disorder in the resonator frequencies. In
particular, since the lattice consists of two different types of resonators: resonators
directly coupled to DRTs and buffer resonators, maintaining effective translational
symmetry is critical. Moreover, as the DRTs operate within their logical subspace,
it is necessary to properly account for Lamb and dispersive shifts induced by their
coupling to the resonators.

To incorporate the effect of coupling to DRTs, we renormalize the bare frequencies
of resonators connected to DRTs by including the Lamb and dispersive shifts.
Specifically, we consider a single resonator at site 𝑥𝑖 symmetrically coupled to a
DRTi, as shown in the schematic in Fig. 5.1c, where the CRAB eigenmode is
replaced by a single resonator with couplings 𝑔𝑖. In this configuration, we estimate
the resonator’s average dressed eigenfrequency:

𝜔̄𝑥𝑖 ≡
(𝜔̃𝑥𝑖 | |0𝐿⟩ + 𝜔̃𝑥𝑖 | |1𝐿⟩)

2
, (5.10)

evaluated within the logical subspace of the DRT. We then use 𝜔̄𝑥𝑖 as the effec-
tive resonance frequency relevant for determining the long-range properties and
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Column BusRow BusDual-Rail Transmon

Figure 5.3: Row-and-column CRAB architecture. Envisioned two-dimensional
array of CRABs hosting DRTs on a square lattice with long-range connectivity. Any
long-range two-qubit gates (purple dashed line) can be decomposed into long-range
gates within a row bus (green solid line) and a column bus (blue solid line).

dispersion of the CRAB eigenmodes. In addition, to enable in situ tuning of reso-
nance frequencies and dispersion engineering, we couple an auxiliary flux-tunable
transmon at each DRT-coupled resonator. By changing the frequency of the aux-
iliary transmons, the Lamb shift experienced by the resonators can be adjusted.
These auxiliary transmons also serve as functional elements for tasks such as CRAB
eigenmode tomography, photon number detection, and reset.

5.7 Scalable CRAB-based long-range architecture
In this section, we propose a strategy for scaling the CRAB-based long-range cou-
pling scheme via a row-and-column bus architecture, as illustrated in Fig. 5.3. In
this design, dual-rail transmons are arranged on a square lattice. Each row or col-
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umn is equipped with a dedicated CRAB, which mediates long-range connectivity
along that direction. The physical connectivity overhead per qubit is limited to
two couplings to its row and column CRABs, and at most six if the underlying
nearest-neighbor connectivity is also included.

This structure enables a constant-depth construction of arbitrary two-qubit gates
between any pair of DRTs. As an example, consider implementing a two-qubit gate
between DRT1,1 and DRTM,M. The operation proceeds as follows: (1) a SWAP
operation mediated by the first-row CRAB transfers the quantum state of DRT1,1 to
DRT1,M. (2) The M-th column CRAB performs the desired entangling operation
between DRT1,M and DRTM,M. (3) A final SWAP within the first-row CRAB returns
the quantum state from DRT1,M back to DRT1,1. This sequence realizes an effective
two-qubit gate between DRT1,1 and DRTM,M.

The row-and-column CRAB architecture allows long-range connectivity without
requiring extended sequences of nearest-neighbor SWAPs [261], thereby reducing
compilation overhead and circuit depth. Moreover, the ability to perform parallel
entangling operations within a CRAB makes certain transversal gate constructions
more naturally aligned with the underlying physical system [262].

It is important to note that the side of CRAB need not be commensurate with
the DRT lattice constant. Instead, the geometry can be chosen so that every 𝐿-th
DRT couples to a given CRAB, allowing a single CRAB to mediate long-range
connectivity over physical distances of order 𝐿𝑀 . This can be achieved either
by miniaturizing the DRT footprint or by implementing the CRAB resonators as
long physical structures, such as CPW resonators. In this architecture, one can
place 𝐿 interleaved CRABs within a row, each coupling to a different residue class
modulo 𝐿. This yields connectivity over a range of order 𝐿𝑀 with O(𝐿) nearest-
neighbor operations among different residue classes and O(1) CRAB-mediated
operations. An alternative hardware-efficient way to scaling the row-and-column
CRAB architecture is to use two interleaved CRAB lattices and stagger them such
that each CRAB in one lattice stitches together two CRABs in the other lattice. In
such an architecture, the required physical connectivity per qubit is limited to at
most four.

Finally, to maximize coupling range for a given circuit depth, one may organize
CRABs in a tree-like hierarchy, enabling decomposition of a two-qubit gate be-
tween qubits separated by distance 𝐷 into O(log𝑀 𝐷) CRAB-mediated operations.
Such an architecture may be advantageous for quantum random-access memory
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(QRAM) [263] and as a "router chip" for multi-chip integrated quantum proces-
sors [264].

5.8 Propagation of errors within a CRAB
As a trade-off for prodiving all-to-all coupling, a CRAB can also propagate errors
on DRTs to other DRTs coupled to the bus. This occurs because the eigenmode
frequencies of the CRAB shift significantly depending on whether a given DRT
remains in the computational subspace or has lead into zero-excitation subspace
through an erasure event. The resulting shift 𝜒𝑔𝑔−𝐿 between mode 𝑚 and DRTi is on
the scale of the usual dispersive shift between a transmon and a harmonic resonator:

𝜒𝑔𝑔−𝐿 ≈
2𝑔2

𝑚,𝑖

Δ2
𝑚𝑖

𝜂. (5.11)

As a result, when an erasure error occurs on a spectator DRT, all eigenmodes can
shift by a few megahertz. This significantly perturbs the cross-resonance interactions
taking place elsewhere in the bus, effectively creating coherent errors on other qubits.
Critically, such a spectator erasure can occur at any time during a CR interaction,
making the resulting coherent dynamics stochastic rather than deterministic.

Understanding and mitigating this error propagation channel will be essential if
CRAB-based architectures are to be used for quantum error correction. Its impli-
cation and handling strategy for different architectures, including those discussed
in the previous section, should be carefully analyzed. Possible countermeasures
should also be developed, such as reset protocols for the entire bus and all DRTs
coupled to it, or pulse shapes engineered to be robust against such frequency shifts.

5.9 Conclusion and outlook
In this chapter, we develop a hardware-realistic framework and design strategy for
simultaneous long-range entangling interactions in superconducting circuits based
on a coupled resonator array bus (CRAB) and dual-rail transmons (DRTs). By acti-
vating cavity-mediated cross-cross-resonance interactions through sideband drives,
delocalized CRAB eigenmodes mediate long-range XX interactions without ded-
icated couplers for each nonlocal edge. Symmetric dual-rail coupling suppresses
parasitic static cross-Kerr terms, preserving clean geometric phase acquisition.

We outline practical design strategies, including frequency allocation to avoid spec-
tral crowding, suppression of static DRT-DRT interactions via buffer resonators,
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and disorder engineering by properly including frequency shifts due to coupling
to DRTs and in situ tuning enabled by auxiliary tunable transmons. Combining
these, we choose realistic conditions for design parameters for four DRTs and seven
resonators for a CRAB.

Finally, we propose scalable extensions based on row-and-column CRAB architec-
tures, enabling constant-depth long-range gates with limited connectivity overhead.
This approach provides a viable pathway toward superconducting architectures with
hardware-efficient long-range connectivity suitable for advanced quantum error-
correcting codes.
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C h a p t e r 6

A TUNABLE, MODELESS, AND HYBRIDIZATION-FREE
CROSS-KERR COUPLER FOR MINIATURIZED

SUPERCONDUCTING QUBITS

Existing tunable coupling architectures rely on hybridization between qubits and
couplers, where the nonlinear interaction inherits its nonlinearity from the qubits.
Instead, engineering not only the tunability but also the source of nonlinearity in the
coupling element itself can address several limitations present in existing tunable
coupling architectures. In this chapter, I propose a novel coupling architecture using
a SQUID coupler that provides tunable, modeless, and hybridization-free cross-Kerr
coupling between transmons. This chapter is adapted from Ref. [96].

6.1 Introduction
Superconducting quantum processors utilize capacitors to realize linear cou-
plings between circuit elements such as qubits, tunable couplers, and readout
resonators [41, 47, 57, 84, 265, 266]. However, the design of capacitances can be
constrained due to other goals, such as suppressing dielectric loss [60, 113, 267],
maintaining large qubit anharmonicity [41, 57], and optimizing the form-factor
and size of qubits [76]. Furthermore, tunable coupling schemes that utilize linear
coupling elements rely on temporal variations in mode hybridization, which can
introduce leakage errors through non-adiabatic transitions, thereby limiting gate
speed and fidelity [47, 110, 268].

Merged-element transmons (mergemons) [269–271] provide a representative exam-
ple of the challenges associated with using linear capacitive coupling. The concept
behind the mergemon qubit is to localize the qubit capacitance to the small vol-
ume of the Josephson junction, limiting the (spectral) density of two-level system
defects (TLSs) [60, 113, 267] that can decohere the qubit. Additional geometric
capacitance in the circuit, for example to implement coupling between qubits and
coupling to resonators for qubit read-out, increases the number of interacting TLS.
Reducing the strength of qubit-TLS interactions can be accomplished by enlarging
the capacitor volume and diluting the electric field intensity, however this leads to
larger and less confined qubits that are more prone to parasitic crosstalk with other
circuit elements [40, 41].
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To overcome the bulkiness and mode hybridization of standard capacitive coupling
architectures, we propose using SQUID (superconducting quantum interference de-
vice) couplers for dynamic coupling of elements. This approach is similar to other
recent junction-based coupler proposals [71, 78, 119, 120, 265, 266, 272–276],
with the distinct difference being that we focus on SQUIDs composed of Josephson
junctions with relatively small tunneling energies to preserve a desired hierarchy of
interactions and to limit the effects of junction non-idealities and noise. A primary
benefit of a junction-based coupling scheme is that it need not introduce any ad-
ditional modes to the system, modes that can serve as a channel for leakage errors
when implementing qubit gate operations [85, 213]. In conventional approaches
using linear coupling elements, entangling interactions arise indirectly from nonlin-
earities of the qubits themselves [45, 47, 84, 110, 266, 274]. In contrast, the SQUID
coupler directly introduces intrinsic cross-Kerr interactions that can be switched
on or off using external magnetic flux. As the cross-Kerr interaction does not rely
on hybridization of the interacting elements, mixing between qubits can be inde-
pendently engineered and suppressed [120]. In addition, the removal of geometric
coupling capacitors relaxes the trade-off between dielectric loss and qubit size.

Along with the potential benefits of the SQUID coupler, there are several technical
challenges that must also be considered. In particular, the effect of fabrication-
induced junction asymmetries and the presence of extraneous SQUID loops formed
via ground connections of the coupler can limit the coupler performance [276, 277].
Junction asymmetry in the SQUID coupler can lead to a reduced on-off extinction
ratio, crosstalk with spectator qubits, and in conjunction with the extraneous SQUID
loops, an increased sensitivity to magnetic flux noise. SQUID couplers used with
floating transmons eliminate the presence of extraneous outer SQUID loops [272];
however, such a design introduces sloshing modes that can mediate parasitic inter-
action and leakage errors. In this work we take a different approach, and show that
SQUID couplers formed from junctions with relatively small Josephson tunneling
frequencies (≲ 1 GHz) compared to the transition frequencies of the elements being
coupled together (∼ 5 GHz), and for junction asymmetries up to 20%, can achieve
cross-Kerr interaction rates of a few tens of MHz with high extinction ratio and low
parasitic crosstalk to neighboring elements, while maintaining low infidelity due to
typical flux noise levels.

An outline of our analysis of the proposed SQUID coupler is as follows. We begin in
Sec. 6.2 with a review of the Hamiltonian and external flux control parameters for a
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SQUID coupler mediating coupling between two detuned transmon qubits, and show
through numerical simulation of a quantized circuit model of a system with relatively
small coupler junction energies, that a high-fidelity and fast controlled-Z (CZ) gate
can be implemented with minimal adiabaticity overhead. In Sec. 6.3 we study
both perturbatively and numerically the robustness of the CZ gate performance to
coupler junction asymmetry, for small Josephson energies and relatively high qubit
frequencies. We show that coherent errors remain below 5 × 10−7 for gate times
of 22 ns over the entire range of junction asymmetry. A sensitivity analysis to flux
noise is then presented in Sec. 6.4, indicating that for small Josephson energies
the entangling phase of the CZ gate is robust to typical levels of flux noise in
superconducting circuits. In Sec. 6.5 we identify two novel forms of crosstalk that
can be mediated by the SQUID couplers, and show that both forms of crosstalk
remain sufficiently small for realistic circuit parameters. Finally, in Sec. 6.6 we
present a scalable mergemon architecture where all interactions are mediated by
junction-based SQUID couplers, highlighting the potential for realizing a fully
miniaturized quantum processor.

6.2 Tunable cross-Kerr Interaction via SQUID coupler
In order to elucidate the core aspects of the proposed coupling scheme we begin
with an analysis of the circuit illustrated in Fig. 6.1a, comprising two transmon
qubits coupled by a SQUID coupler. 𝐸𝐽,𝑖, 𝐸𝐶,𝑖, and 𝐶𝑖 are the Josephson energy,
the charging energy, and the capacitance to ground of the transmon 𝑖 ∈ {1, 2},
respectively, 𝐸𝐽,𝐶1, 𝐸𝐽,𝐶2 ≪ 𝐸𝐽,1, 𝐸𝐽,2 and 𝐶𝐶1, 𝐶𝐶2 ≪ 𝐶1, 𝐶2 are the Josephson
energies and the capacitances of the junctions in the SQUID coupler. Φ𝑒,1 and Φ𝑒,2

are external fluxes that thread the inner SQUID loop within the SQUID coupler and
the outer SQUID loop formed along the ground connection, respectively.

The Hamiltonian describing the circuit is given by

𝐻̂tot = 𝐻̂1 + 𝐻̂2 + 𝐻̂int, (6.1)

𝐻̂𝑖 = 4𝐸𝐶,𝑖𝑛̂
2
𝑖 − 𝐸𝐽,𝑖 cos 𝜑̂𝑖 (𝑖 ∈ {1, 2}) , (6.2)

𝐻̂int = −𝐸𝐽,𝐶1 cos
(
𝜑̂2 − 𝜑̂1 + 𝜑𝑒,1 + 𝜑𝑒,2

)
−𝐸𝐽,𝐶2 cos

(
𝜑̂2 − 𝜑̂1 + 𝜑𝑒,2

)
+ 𝑔𝑛̂1𝑛2, (6.3)

where 𝜑̂1, 𝜑̂2, 𝑛̂1, and 𝑛̂2 are phase and charge operators, 𝑔 = 4𝑒2𝐶𝐶/𝐶2 denotes
the charge coupling rate due to the capacitances of the coupler junctions where
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𝐶𝐶 ≡ 𝐶𝐶1 + 𝐶𝐶2, 𝐶2 ≡ 𝐶1𝐶2 + 𝐶𝐶𝐶1 + 𝐶𝐶𝐶2, and 𝜑𝑒,𝑘 ≡ 2𝜋Φ𝑒,𝑘/Φ0 (𝑘 ∈ {1, 2})
are the reduced external fluxes. Details of the circuit quantization are provided in
Appendix 6.9.1.

We introduce the flux "operating condition", 𝜑𝑒,1 + 2𝜑𝑒,2 = 0, which ensures that
the even-parity interactions, such as excitation hopping and cross-Kerr interaction,
dominate over odd-parity interactions, such as longitudinal and two-photon exchange
interactions. Under this constraint, the interaction Hamiltonian can be rewritten
using trigonometric relations as follows:

𝐻̂int |𝜑𝑒,1+2𝜑𝑒,2=0 = −Σ𝐸𝐽,𝐶 cos
(𝜑𝑒,1

2

)
cos (𝜑̂2 − 𝜑̂1)

+ Δ𝐸𝐽,𝐶 sin
(𝜑𝑒,1

2

)
sin (𝜑̂2 − 𝜑̂1) + 𝑔𝑛̂1𝑛̂2, (6.4)

where Σ𝐸𝐽,𝐶 ≡ 𝐸𝐽,𝐶1+𝐸𝐽,𝐶2 andΔ𝐸𝐽,𝐶 ≡ 𝐸𝐽,𝐶1−𝐸𝐽,𝐶2 are the total and differential
Josephson energies. The cosine term proportional to Σ𝐸𝐽,𝐶 provides even-parity
interactions, whereas the sine term with Δ𝐸𝐽,𝐶 ≪ Σ𝐸𝐽,𝐶 provides odd-parity inter-
actions. We first focus on symmetric SQUID couplers (Δ𝐸𝐽,𝐶 = 0), which leave
only the even-parity terms. The effects of junction asymmetry are discussed in the
following sections.

As 𝐸𝐽,𝐶s are small, perturbation theory can be used to calculate the effective linear
coupling rate, 𝑔eff ≡ ⟨10|𝐻̂int |01⟩, and the first- and second- order corrections,
𝜁 (1) and 𝜁

(2)
𝑐 , from the excitation-number-conserving matrix elements to the ZZ

interaction rate, 𝜁 ≡ 𝜔 ˜|00⟩ − 𝜔 ˜|01⟩ − 𝜔 ˜|10⟩ + 𝜔 ˜|11⟩:

𝑔eff = −Σ𝐸′
𝐽,𝐶 cos

(𝜑𝑒,1

2

)
𝜑
𝑧𝑝 𝑓

1 𝜑
𝑧𝑝 𝑓

2 + 𝑔𝑛
𝑧𝑝 𝑓

1 𝑛
𝑧𝑝 𝑓

2 , (6.5)

𝜁 (1) = −Σ𝐸′
𝐽,𝐶 cos

(𝜑𝑒,1

2

)
(𝜑𝑧𝑝 𝑓

1 )2(𝜑𝑧𝑝 𝑓

2 )2, (6.6)

𝜁
(2)
𝑐 =

|⟨02|𝐻int |11⟩|2
𝜔 |11⟩ − 𝜔 |02⟩

+ |⟨20|𝐻int |11⟩|2
𝜔 |11⟩ − 𝜔 |20⟩

≈
4𝑔2

eff𝜂

Δ2 − 𝜂2 . (6.7)

Here Σ𝐸′
𝐽,𝐶

≡ Σ𝐸𝐽,𝐶𝑒
−

(𝜑𝑧𝑝 𝑓

1 )2

2 𝑒−
(𝜑𝑧𝑝 𝑓

2 )2

2 captures the byproduct of normal ordering,
𝜂1, 𝜂2 ≈ 𝜂 are bare transmon anharmonicities, 𝜔1, 𝜔2 are bare transmon ground-
to-first-excited state transition frequencies, and Δ ≡ 𝜔1 − 𝜔2 is the transmon qubit
detuning. |𝑖 𝑗⟩, 𝑖, 𝑗 ∈ {0, 1} represents the bare eigenstate, where the first (second)
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Figure 6.1: Tunable cross-Kerr coupling and CZ gate via a SQUID coupler. a,
Circuit schematic of two transmons coupled via a SQUID coupler. b, ZZ interaction
rate 𝜁 and average hybridization as functions of Φ𝑒,1. Red (green) dashed line
indicates where 𝜁 is zero (maximal). Black dashed line represents 𝜁 calculated from
perturbation theory. c, Eigenfrequencies of the first 5 excited states as functions of
Φ𝑒,1 under the operating condition Φ𝑒,2 = −Φ𝑒,1/2. d, Flux waveform Φ𝑒,1(𝑡) and
the corresponding 𝜁 (𝑡), used for a 22 ns-long CZ gate. e, Coherent error of CZ
gate for various gate durations 𝑇G (red circles). Yellow dashed line represents the
contribution from non-adiabatic state transitions.
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𝐸𝐽,1/2𝜋 11.5 GHz 𝐸𝐽,2/2𝜋 20.0 GHz
𝐶1 77.5 fF 𝐶2 69.2 fF

𝐸𝐽,𝐶1/2𝜋 0.40 GHz 𝐸𝐽,𝐶2/2𝜋 0.40 GHz
𝐶𝐶1 0.78 fF 𝐶𝐶2 0.78 fF

𝜔1/2𝜋 4.49 GHz 𝜔2/2𝜋 6.33 GHz
𝜂1/2𝜋 -0.284 GHz 𝜂2/2𝜋 -0.306 GHz
Φoff 0.516 Φ0 𝜁on/2𝜋 -26.9 MHz

Table 6.1: Parameters used for numerical analysis. Parameters indicating energies
are normalized by the reduced Planck constant ℏ.

index refers to transmon 1 (transmon 2) excitation number. Bare eigenstates and
eigenfrequencies are obtained from 𝐻̂1 and 𝐻̂2. 𝜔 ˜|𝑖 𝑗⟩ are the corresponding dressed
eigenstate and eigenfrequency. Cosinusoidal terms are expanded in terms of creation
(𝑎̂†

𝑖
) and annihilation operators (𝑎̂𝑖), with corresponding phase and charge operators

𝜑̂𝑖 = 𝜑
𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖 + 𝑎̂

†
𝑖
) and 𝑛̂𝑖 = 𝑖𝑛

𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖 − 𝑎̂

†
𝑖
), where 𝜑

𝑧𝑝 𝑓

𝑖
and 𝑛

𝑧𝑝 𝑓

𝑖
are zero-point

fluctuations. See Appendix 6.9.2 for further details.

The first-order correction 𝜁 (1) originates from diagonal perturbation terms, reaching
a maximum at Φ𝑒,1 = 0 ("on") and zero at Φ𝑒,1 = 0.5Φ0 ("off"). Unlike ZZ
interactions arising from hybridization, 𝜁 (1) depends only weakly on the detuning,
allowing strong ZZ interaction rates even with a large detuning. The effective
linear coupling 𝑔eff can be reduced and can even be canceled out in the range
Φ𝑒,1 ∈ [0.0Φ0, 0.5Φ0) with appropriate choices of 𝐶𝐶 due to the relative signs of
the terms in eq. (6.5) [120, 265, 272]. With sufficiently small 𝑔eff and large detuning,
hybridization-induced ZZ interactions such as 𝜁 (2)𝑐 can be suppressed in a substantial
range of Φ𝑒,1. Under such conditions, 𝜁 (1) dominates the ZZ interaction rate, and
there is at least one idle external flux Φoff at which the ZZ interaction can be turned
off 𝜁 (Φoff) = 0 and the two transmons can idle.

In Fig. 6.1 we present a specific numerical example of the tunable cross-Kerr
coupling between two far-detuned transmon qubits for a set of coupler and qubit pa-
rameters listed in Table 6.1. Note that junction tunneling energies and capacitances
in this table are chosen to be consistent with experimentally achievable junction
parameters [24, 56, 269–271, 278, 279]. Here we directly simulate the full Hamilto-
nian in eq. (6.1) by quantizing the circuit model and without applying rotating-wave
approximations [243, 280, 281]. Fig. 6.1b shows 𝜁 as a function of Φ𝑒,1. An idle
external flux Φoff = 0.516Φ0 and a large ZZ interaction rate 𝜁on/2𝜋 = −26.9 MHz
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at Φon = 0 are found. Although 𝜁 varies appreciably, the change in eigenfrequencies
remains less than 320 MHz throughout the tuning range for both qubits, as shown
in Fig. 6.1c, minimizing susceptibility to flux noise [41, 57, 191, 282]. We chose
capacitances 𝐶𝐶/2 = 𝐶𝐶1 = 𝐶𝐶2 of the coupler that minimizes hybridization with
other states in the relevant tuning range [0,Φoff]. To quantify this, the average hy-
bridization with other states

∑
𝑚𝑛 (1 − 𝑃|𝑚𝑛⟩)/4 is used, where 𝑃|𝑚𝑛⟩ = |⟨𝑚𝑛|𝑚𝑛⟩|2

is the overlap between bare (|𝑚𝑛⟩) and dressed (|𝑚𝑛⟩) eigenstates. As shown in
Fig. 6.1b, the average hybridization is below 0.3% throughout the range [0,Φoff].

A controlled phase (CPHASE) can be implemented by dynamically tuning the
external flux from the idle bias point Φoff to Φon, and back to Φoff, as illustrated in
Fig. 6.1d. To implement a CZ gate we aim for the accumulated controlled phase to be
equal to 𝜋, i.e., −

∫ 𝑇𝐺

0 𝜁 (𝑡)𝑑𝑡 = 𝜋 (mod 2𝜋), where 𝑇𝐺 is the total gate duration and
𝜁 (𝑡) is the instantaneous ZZ interaction rate. We use a simplified adiabatic control
technique similar to that employed in Refs. [268, 283] by treating |11⟩ and |02⟩
as a two-level system, in which the rate of change in hybridization (mixing-angle)
between the two states is tailored. A target mixing-angle waveform is first generated
by convolving a square pulse with a duration of 𝛽𝑇𝐺 and a Slepian-like pulse with a
duration of (1 − 𝛽)𝑇𝐺 , in which 𝛽 controls the adiabaticity while keeping 𝑇𝐺 fixed.
The flux waveform is then obtained by mapping the mixing-angles to external flux,
and subsequently low-pass filtered by convolving with a Gaussian kernel of 𝜎 = 0.5
ns to account for realistic flux signal conditioning [106, 284]. An example waveform
Φ𝑒,1(𝑡) and the corresponding 𝜁 (𝑡) are shown in Fig. 6.1d.

The coherent error of the CZ gate as a function of 𝑇𝐺 is shown in Fig. 6.1e. For
each 𝑇𝐺 , 𝛽 is calibrated solely to achieve the target entangling phase. Under such
calibration, non-adiabatic state transitions between states that are relatively close
in frequency, such as |1̃0⟩ ↔ |0̃1⟩ and |1̃1⟩ −→ |2̃0⟩, |0̃2⟩, are dominant sources
of errors, which can be reduced by increasing 𝑇𝐺 . We find that it is possible to
implement a CZ gate with coherent errors below 3×10−7 in 22 ns, showing a minimal
adiabaticity overhead of approximately 3.4 ns compared to the minimum gate time
min 𝑇𝐺 = 𝜋/|𝜁on | ≈ 18.6 ns. This overhead may be further reduced through
more advanced adiabatic control techniques [283] and less strict filtering. Note
that the simulation uses the full Hamiltonian without employing the rotating-wave
approximation. The gate is also simulated in the presence of 𝑇1 relaxation errors,
where a coherence-limited infidelity 1− 𝐹 of approximately 1.8× 10−5 ≈ 0.8𝑇𝐺/𝑇1

is found when assuming 𝑇1 = 1 ms for both transmons [244] (see Appendix 6.9.4).
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6.3 Robustness against junction asymmetry
The odd-parity interaction is proportional to Δ𝐸𝐽,𝐶 sin (𝜑𝑒,1/2), reaching its
strongest value near the idle point of Φoff ≈ 0.5Φ0. This term includes longi-
tudinal (𝑎̂†

𝑖
𝑎̂𝑖 (𝑎̂†𝑗 + 𝑎̂ 𝑗 )) and two-photon exchange ((𝑎̂†

𝑖
)2𝑎̂ 𝑗 + ℎ.𝑐.) interactions. The

contribution to the ZZ interaction rate from the odd-parity interaction, 𝜁 (2)odd, scales
inversely with odd-parity combinations of qubit frequencies and proportionally to
higher-orders of phase zero-point fluctuations,

𝜁
(2)
odd ∼ O

(
Δ𝐸2

𝐽,𝐶
(𝜑𝑧𝑝 𝑓 )6

𝑚𝜔1 + 𝑛𝜔2

)
+ O

(
Δ𝐸2

𝐽,𝐶
(𝜑𝑧𝑝 𝑓 )4

𝜔2 𝜂

)
,

where (𝑚, 𝑛) ∈ {(1, 0), (0, 1), (2,−1), (2,−1)}. A detailed calculation is provided
in Appendix 6.9.2. Note that (𝜑𝑧𝑝 𝑓 )6 ≈ (2𝐸𝐶/𝐸𝐽)3/2 is less than 0.02 for a typical
transmon where 𝐸𝐽/𝐸𝐶 > 30. Thus, for a SQUID coupler with junction tunneling
energies (𝐸𝐽,𝐶) much less than the qubit frequencies, and for transmon qubits with
relatively small 𝜑𝑧𝑝 𝑓 , we expect that contributions to the ZZ interaction from the
odd-parity interaction will be strongly suppressed, preserving the existence of an
idle point, Φoff.

In Fig. 6.2 we study the effects of junction asymmetry in the SQUID coupler
for the nominal circuit parameters of Table 6.1. Using circuit quantization, 𝜁

is estimated as a function of junction asymmetry Δ𝐸𝐽,𝐶/Σ𝐸𝐽,𝐶 while Σ𝐸𝐽,𝐶 is
kept constant, as shown in Fig. 6.2a. Josephson energy asymmetries and junction
capacitance asymmetries are assumed to be the same. As expected from the analysis
above, we find that the ZZ interaction rate does not depend significantly on junction
asymmetry, and an idle external flux exists over the entire range of Δ𝐸𝐽,𝐶 . Estimates
of Φoff from first- and second-order perturbation theory considering up to a single
excitation difference in the total excitation number (black dashed line) shows good
correspondence with the full numerical computation from circuit quantization (red
triangles). The effect of junction asymmetry is further tested by estimating the
effect on the CZ gate coherent error, as shown in Fig. 6.2b. For the 22 ns-long
CZ gate, coherent errors remain below 5 × 10−7 for the entire range of possible
junction asymmetry (100% asymmetry corresponding to a single junction coupler
as in Ref. [265, 266]). See Appendix 6.9.5 for further details.
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Figure 6.2: Robustness against junction asymmetry. a, ZZ interaction rate as a
function of Φ𝑒,1 and junction asymmetry. Junction capacitance asymmetry is set
to be the same as the Josephson energy asymmetry. Red triangles indicate Φoff
obtained from circuit quantization, and black dashed line shows Φoff estimated from
perturbation theory. b, Coherent error of the 22 ns-long CZ gate as a function of
junction asymmetry.

6.4 Sensitivity to flux noise
In order to accurately assess the sensitivity of the proposed junction coupler archi-
tecture to magnetic flux noise, the mapping from physical external fluxes to circuit
flux variables Φ𝑒,1 and Φ𝑒,2 must account for the inductance in galvanic ground
connections [285–287]. This is particularly important when considering the tiling
of qubits and SQUID couplers on a two-dimensional lattice (see Sec. 6.6), where the
multiple pathways to ground lead to additional extraneous SQUID loops. For such
an analysis we therefore consider the SQUID coupler circuit illustrated in Fig. 6.3a
with inductances 𝐿 and 𝐿′ much smaller than Josephson inductances of the junc-
tions, modeling realistic ground connections in a square lattice tiling. Accounting
for these ground connections we see that the resultant circuit has an inner SQUID
loop threaded by external flux Φ𝑒,𝑖 and two outer SQUID loops threaded by external
fluxes Φ𝑒,𝑜 and Φ′

𝑒,𝑜, with associated reduced external flux variables 𝜑𝑒,𝑖, 𝜑𝑒,𝑜, and
𝜑′𝑒,𝑜. Refer to Appendix 6.9.1 for more details.

At 𝐿 = 𝐿′, the circuit Hamiltonian depends only on Φ𝑒,𝑖 and the differential outer
external flux ΔΦ𝑒,𝑜 ≡ Φ𝑒,𝑜 − Φ′

𝑒,𝑜, resulting in what is called a "gradiometric
SQUID coupler". The mapping between the flux parameterization of the original
SQUID coupler circuit of Fig. 6.1 and the gradiometric SQUID coupler is given by
Φ𝑒,1 = Φ𝑒,𝑖 andΦ𝑒,2 = (ΔΦ𝑒,𝑜−Φ𝑒,𝑖)/2, with the original operating conditionΦ𝑒,1+
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2Φ𝑒,2 = 0 being equivalent to ΔΦ𝑒,𝑜 = 0. Sensitivities of the qubit eigenfrequencies
to external fluxes at the operating condition in the gradiometric SQUID coupler are
given by

𝜕𝜔 |𝑖 𝑗 ⟩

𝜕𝜑𝑒,𝑖

|ΔΦ𝑒,𝑜=0 =
1
2
Σ𝐸𝐽,𝐶 sin

(𝜑𝑒,1

2

)
⟨cos (𝜑̂2 − 𝜑̂1)⟩, (6.8)

𝜕𝜔 |𝑖 𝑗 ⟩

𝜕𝜑𝑒,𝑜

|ΔΦ𝑒,𝑜=0 =
1
2
Δ𝐸𝐽,𝐶 sin

(𝜑𝑒,1

2

)
⟨cos (𝜑̂2 − 𝜑̂1)⟩, (6.9)

𝜕𝜔 |𝑖 𝑗 ⟩

𝜕𝜑′
𝑒,𝑜

|ΔΦ𝑒,𝑜=0 = −1
2
Δ𝐸𝐽,𝐶 sin

(𝜑𝑒,1

2

)
⟨cos (𝜑̂2 − 𝜑̂1)⟩, (6.10)

where we have used the approximation ⟨sin (𝜑2 − 𝜑1)⟩ ≈ 0. As can be seen from
eqs. (6.8-6.10), the sensitivity to inner SQUID flux noise scales with Σ𝐸𝐽,𝐶 , while
the sensitivity to flux noise in the outer SQUID loops scales with asymmetry in the
coupler junctions, Δ𝐸𝐽,𝐶 .

We begin with an assessment of the impact of noise in the outer SQUID loops. As
the loop area and perimeter of these outer loops can be relatively large they can
host a significant amount of flux noise [277]. In Fig. 6.3b we provide an estimate
of the echo dephasing times in the qubit states

��1̃0
〉

and
��0̃1

〉
in the presence of

flux noise as a function of Δ𝐸𝐽,𝐶 . In this analysis we consider the coupler to be
biased at the operational point, (Φ𝑒,1 = Φoff), and we assume an external flux noise
model consisting of 1/ 𝑓 noise with amplitude 𝐴Φ𝑒,𝑖

= 10−6Φ0 for the smaller inner
SQUID loop and 𝐴Φ𝑒,𝑜

= 𝐴Φ′
𝑒,𝑜

= 5 × 10−6Φ0 for the larger outer SQUID loops,
consistent with typically measured flux noise in superconducting circuits [277] and
for a circuit layout similar to that proposed below in Sec. 6.6. The echo dephasing
time is calculated as per Ref. [191]:

1
𝑇

1/ 𝑓 , |𝑖 𝑗 ⟩
𝜙,echo

=
√

ln 2

√√√
𝐴2
Φ𝑒,𝑖

�����𝜕𝜔 |𝑖 𝑗⟩
𝜕Φ𝑒,𝑖

�����2 + 𝐴2
Φ𝑒,𝑜

�����𝜕𝜔 |𝑖 𝑗⟩
𝜕Φ𝑒,𝑜

−
𝜕𝜔 |𝑖 𝑗⟩
𝜕Φ′

𝑒,𝑜

�����2, (6.11)

where we take the inner and outer SQUID flux noises to be uncorrelated, but assume
a worst-case correlation 𝛿Φ′

𝑒,𝑜 = −𝛿Φ𝑒,𝑜 between the noise in the outer SQUID
fluxes. This analysis shows that even for junction asymmetries of Δ𝐸𝐽,𝐶/2𝜋 = 160
MHz (20%) we find coherence times 𝑇𝜙,echo > 160 𝜇s, indicating that for realistic
noise and experimentally achievable junction fabrication and circuit layouts we don’t
anticipate substantial degradation in qubit coherence.

Having examined the leading contribution to qubit dephasing associated with junc-
tion asymmetry, we now set Δ𝐸𝐽,𝐶 = 0 and discuss the contribution to dephasing
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Figure 6.3: Sensitivity to flux noise. a, SQUID coupler circuit with physical
external fluxes and realistic inductive network. Capacitors are omitted for brevity.
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= 10−6Φ0 and 𝐴Φ𝑒,𝑜
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𝑒,𝑜

= 5 × 10−6Φ0. Here we assume
worst-case scenario in which the outer SQUID flux noises are anti-correlated. c,
Calculated echo dephasing time and minimum achievable gate time (𝜋/𝜁on) as a
function of Σ𝐸𝐽,𝐶 for 1/ 𝑓 flux noise with the same flux noise amplitudes as in b.
d, Coherent error of the 22 ns-long CZ gate as a function of external flux offsets,
𝛿Φ𝑒,1 and 𝛿Φ𝑒,2. Green and gray dashed lines represent the range of flux offsets
corresponding to the RMS deviation over a 1 hr drift period for 1/ 𝑓 flux noise with
amplitudes 𝐴Φ𝑒,𝑖

= 𝐴Φ𝑒,𝑜
= 𝐴Φ′

𝑒,𝑜
= 5 × 10−6Φ0, assuming an anti-correlation in

the outer SQUID flux noises.
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arising from Σ𝐸𝐽,𝐶 . In this case, since the cross-Kerr interaction rate and flux sensi-
tivity originate from the same diagonal term proportional to Σ𝐸𝐽,𝐶 , andΦoff remains
nearly unaffected, a clear trade-off exists between flux-noise-induced dephasing and
gate speed. We analyze this trade-off by comparing the echo dephasing times and
the minimum achievable gate time, min𝑇𝐺 = 𝜋/|𝜁on |.

We use the method presented in Ref. [288] to simulate the impact of flux noise
on the CZ gate error. As the maximum ZZ interaction occurs at the sweet spot,
Φ𝑒,𝑖 = ΔΦ𝑒,𝑜 = 0, we expect the entangling phase of the CZ gate to be robust against
flux noise. Figure 6.3d shows the estimated coherent error of the 22 ns-long CZ
gate as a function of static offsets 𝛿Φ𝑒,𝑖 and 𝛿(ΔΦ𝑒,𝑜) added to the flux waveform.
In this analysis we use local 𝑍̂ phases found from the zero offsets to simulate drifts
in local phases due to flux noise. The green and gray dashed curves calibrate the
zero offsets to root-mean-square (RMS) flux deviations in a 1-hour drift period for
1/ 𝑓 flux noise of amplitudes of 𝐴Φ𝑒,𝑖

= 𝐴Φ𝑒,𝑜
= 5 × 10−6Φ0 and an anti-correlation

between the two outer SQUID flux noises. From this analysis we find that the CZ
gate maintains a small coherent error below the 10−6 level over a 1-hour drift period.

6.5 Unconventional crosstalk
In an array of coupled qubits, we find that junction asymmetries in the SQUID
coupler can induce crosstalk between next-nearest-neighbor pairs of qubits, as il-
lustrated in Fig. 6.4a. This crosstalk results from odd-parity interactions, given by
𝐻̂asym−asym

𝐻̂asym−asym = Δ𝐸12
𝐽,𝐶 sin

(𝜑𝑒12
2

)
sin (𝜑̂2 − 𝜑̂1)

+ Δ𝐸23
𝐽,𝐶 sin

(𝜑𝑒23
2

)
sin (𝜑̂3 − 𝜑̂2), (6.12)

where Δ𝐸12
𝐽,𝐶

and Δ𝐸23
𝐽,𝐶

are differential Josephson energies due to junction asym-
metry within the SQUID couplers which directly connect the nearest-neighbor pair
of qubits and the next-nearest-neighbor pair of qubits, respectively, and 𝜑𝑒12 and
𝜑𝑒23 are are the corresponding external fluxes threading the SQUID couplers.

Expansion of eq. (6.12) to the third order reveals longitudinal interaction:

𝐻̂longitudinal ≈
(
𝐽12𝑎̂

†
1𝑎̂1 + 𝐽23𝑎̂

†
3𝑎̂3

)
(𝑎̂2 + 𝑎̂

†
2), (6.13)
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diagram of a with transition matrix elements (solid orange lines) due to longitudinal
interaction provided in eq. (6.13). c, ZZ interaction rate 𝜁13 calculated from circuit
quantization numerically as a function of Δ𝐸𝐽,𝐶 (purple circles). Black dashed line
indicates 𝜁13 obtained from perturbation theory. d, Circuit schematic of two trans-
mons coupled via a SQUID coupler and a spectator transmon coupled to transmon
2 over a parasitic capacitance 𝐶para. e, Spectator ZZ interaction rates 𝜁1𝑆 and 𝜁2𝑆 as
functions of spectator 0-1 transition frequency 𝜔𝑆, with 𝐶para = 30 aF. f, 𝜁1𝑆 and
𝜁2𝑆 as functions of 𝐶para, estimated at 𝜔𝑆/2𝜋 = 𝜔2/2𝜋− 60 MHz (black dashed line
in e).
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where 𝐽12 ≈ Δ𝐸12′
𝐽,𝐶

(𝜑𝑧𝑝 𝑓

1 )2𝜑
𝑧𝑝 𝑓

2 sin
( 𝜑𝑒12

2
)

and 𝐽23 ≈ −Δ𝐸23′
𝐽,𝐶

(𝜑𝑧𝑝 𝑓

3 )2𝜑
𝑧𝑝 𝑓

2 sin
( 𝜑𝑒23

2
)
.

This is equivalent to a 𝑍1𝑍3-parity-dependent driving of transmon 2, which for
detuned qubits realizes an effective ZZ interaction between transmon 1 and 3, similar
to the gate scheme described in Ref. [254]. The relevant transitions are illustrated
in Fig. 6.4b. The ZZ interaction rate 𝜁13 obtained from second-order perturbation
theory is given by:

𝜁13 ≈ (𝐽12 + 𝐽23)2

−𝜔2
−

𝐽2
12

−𝜔2
−

𝐽2
23

−𝜔2
=

−2𝐽12𝐽23
𝜔2

. (6.14)

Using circuit quantization, 𝜁13 is calculated numerically as a function of Δ𝐸12
𝐽,𝐶

=

Δ𝐸23
𝐽,𝐶

= Δ𝐸𝐽,𝐶 , and plotted in Fig. 6.4c. At each Δ𝐸𝐽,𝐶 , the junction capacitances
are updated to maintain plasma frequencies and 𝜁13 is estimated under the idle
conditions 𝜁12 = 𝜁23 = 0. The perturbative prediction of eq. (6.14) is in good
agreement with the numerical circuit quantization result, indicating that most of 𝜁13

originates from the longitudinal interaction. Note that for Σ𝐸𝐽,𝐶/2𝜋 = 0.8 GHz, a
junction asymmetry less than 20% is sufficient to suppress 𝜁13/2𝜋 below 60 kHz.

Due to the weak dependence of the cross-Kerr interaction mediated by junction
couplers, one can not rely on qubit frequency dispersion to suppress unwanted
interactions within an array of coupled qubits. As such, crosstalk in the context of
interactions with spectator qubits is a potential limitation of any SQUID-coupler-
based architecture [118, 289, 290]. As illustrated in the circuit shown in Fig. 6.4d,
SQUID couplers can propagate cross-Kerr interaction from a qubit that is not directly
coupled to a spectator qubit. In this circuit, transmon 1 and 2 are directly connected
via a SQUID coupler, and a spectator transmon of frequency 𝜔S (subscripted "S")
couples to transmon 2 with a rate 𝑔para through a parasitic capacitance 𝐶para. This
coupling hybridizes transmon 2 and the spectator qubit: 𝑎̂2 −→

√︁
1 − |𝛾 |2𝑎̂2 + 𝛾𝑎̂𝑆,

where 𝛾 ≈ 𝑔para/(𝜔2 − 𝜔S). Following eq. (6.4), this parasitic hybridization is
translated into ZZ interaction 𝜁1𝑆 between transmon 1 and the spectator as follows:

𝜁1𝑆 ≈ −Σ𝐸 ′
𝐽,𝐶 cos

(𝜑𝑒,1

2

)
(𝜑𝑧𝑝 𝑓

1 )2(𝜑𝑧𝑝 𝑓

2 )2 |𝛾 |2 ≈ 𝜁 (1) |𝛾 |2. (6.15)

This "indirect" ZZ crosstalk is maximized when the two transmons 1 and 2 exhibit
maximal ZZ interaction, i.e., during CZ gate operations. As shown in Fig. 6.4e, we
calculate 𝜁1𝑆 as a function of 𝜔𝑆 at 𝜑𝑒,1 = 0, for parameters listed in Table. 6.1,
𝐶𝑆 = 69.2 fF, and 𝐶para = 30 aF. 𝜔𝑆 is varied by changing 𝐸𝐽,𝑆. We also provide a
comparison with conventional "direct" ZZ crosstalk 𝜁2𝑆. The indirect ZZ crosstalk is
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maximized near the resonance condition 𝜔𝑆 ≈ 𝜔2 and can even be stronger than 𝜁2𝑆,
as illustrated in Fig. 6.4e and f. This adds emphasis to avoiding resonant frequency
collision 𝜔𝑆 ≈ 𝜔2 when allocating qubit frequencies [89, 291], and motivates the
suppression of stray capacitances to levels at or below tens of aF (see Fig. 6.4f).

6.6 Fully miniaturized mergemon architecture
In this section we present a qubit tiling strategy towards a fully miniaturized su-
perconducting quantum processor based on mergemon qubits coupled together with
SQUID couplers. A schematic illustration of the proposed circuit is shown in
Fig. 6.5. In this architecture all qubits and coupling elements are implemented us-
ing Josephson junctions, and free from bulky capacitor elements, greatly increasing
the possible density of qubits within the array. It is envisioned that the same oxide
barrier thickness for SQUID couplers and high-frequency mergemons can be em-
ployed, maintaining high CZ gate performance and reducing the complexity of the
circuit fabrication (see Appendix 6.9.5). Note that the same tiling strategy can also
be used for transmon qubits with dedicated shunt capacitors, simply by enlarging
the extended leads to serve as capacitor pads.

For the circuit layout proposed in Fig. 6.5 there is a common ground (blue) connected
to all of the low-voltage-side bottom junction electrodes (purple) of each mergemon
qubit. The high-voltage-side top junction electrodes (orange and yellow) of the
mergemon qubits have four lead extensions that connect each mergemon qubit to
each of its four nearest-neighbors via a SQUID coupler. The low-voltage-side
junction electrodes of the mergemon qubits, being galvanically connected to the
common ground layer, give rise to the outer SQUID loops discussed in previous
sections. The two junction electrode layers of each SQUID coupler separate the
mergemon qubits in the square lattice into alternating "high" (H) and "low" (L)
groupings, where the mergemon qubits labelled 𝑄𝐿 (colored orange) have their
top junction electrodes coupled to the upper metalization layer of each junction-
based coupler, and the mergemon qubits labelled 𝑄𝐻 (colored yellow) have their top
junction electrodes connected to the lower junction electrode of the couplers.

This separation of metallization layers avoids hop-over wiring elements and limits
the extraneous superconducting loops in the lattice of qubits. The regular square
lattice layout also gives rise to a gradiometric design that makes the circuit insensitive
to homogeneous magnetic flux [285–287, 292]. For maximal control, two flux
delivery lines per SQUID coupler are required (control lines not shown). An
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alternative is to use a flux delivery line that satisfies the operating condition ΔΦ𝑒,𝑜 =

0.

In this architecture, qubit frequencies can be dispersed over a relatively large range
thanks to the strong cross-Kerr coupling provided by the SQUID coupler even under
large qubit detunings. For instance, data qubits can be assigned to a low frequency
band around 4.5 GHz and auxiliary qubits can be assigned to a high frequency
band around 6.3 GHz. This mitigates frequency collision between nearest-neighbor
pairs, enables the use of fixed-frequency qubits, and maximizes adiabaticity in CZ
gates. To avoid accidental collision with strongly-coupled TLS defects, flux-tunable
transmons may also be used [269–271].

As illustrated in Fig. 6.5, the top junction electrode of each mergemon qubit is
galvanically connected to a lumped-element read-out resonator via a Josephson
junction for qubit state read-out. This junction-based readout technique not only
eliminates coupling capacitors for readout but can also simplify the read-out cir-
cuit by obviating the need for an additional Purcell filter [71, 120]. Moreover, the
SQUIDs introduced by junction readout can provide tunability in nonlinear inter-
actions and effective linear coupling, as demonstrated in Ref. [71]. We anticipate
that this tunability can be used for unconditional qubit reset or leakage reduction
by activating hybridization to readout resonators [44, 71, 105, 106, 213, 220, 221,
293].

The use of lumped-element readout resonators with compact footprints [72, 294–
297] further enables the miniaturized tiling of the qubit lattice. In addition, by using
a flip-chip architecture [298, 299], charge drive lines, flux delivery lines, and readout
feedlines can be placed on an opposing "wiring" chip without consuming space on
the qubit chip. Combining these features together, we estimate that a miniaturized
mergemon processor with a qubit lattice constant of 100 um is achievable, enabling
the packing of up to 106 qubits in an area of 10 cm × 10 cm that could be fabricated
on a single 6-inch wafer [76].

Looking forward, there are myriad other fabrication and layout considerations that
one can consider in such a mergemon-qubit architecture. One particularly appealing
opportunity afforded by an all-junction architecture is the utilization of acoustic
bandgap structures to engineer the phonon bath environment of the circuit elements.
As proposed [300, 301] and recently demonstrated [279, 302], by shutting off the
primary phonon bath decoherence channel of two-level-system (TLS) defects one
can dramatically improve the coherence properties of TLS, and correspondingly
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Figure 6.5: Mergemons on a square lattice for a miniaturized quantum proces-
sor. Orange (yellow) shape corresponds to high voltage side metalization for low
frequency (high frequency) qubits, where an overlap with low voltage side metaliza-
tion (purple) forms a mergemon. High voltage side metalization of each mergemon
extends to their nearest-neighbors, forming SQUID couplers. Low voltage side met-
alization is connected galvanically to ground metalization (blue), forming the outer
SQUID loops. Each mergemon is connected galvanically to its lumped-element
readout resonator (green) via a Josephson junction for junction readout. For con-
venience in illustration, elements including Josephson junctions are intentionally
displayed bigger than their realistic relative length scales. Scale bar represents the
anticipated lattice constant provided in the main text.
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the coherence properties of electrical or acoustic elements that couple to the TLS.
This effect is particularly dramatic for elements that have a small surface area such
that only a discrete set of two-level-system (TLS) are spectrally nearby, such as
in a Josephson junction. Other considerations, such as minimizing the energy
participation in the wiring leads of the tiled mergemon qubits and reducing parasitic
capacitance to spectator qubits, are described in Appendices 6.9.6 and 6.9.7.

6.7 Other uses of the SQUID coupler
In this section we consider a few alternative uses of a SQUID coupler with sim-
ilar hierarchy of coupler junction energy to operation frequency as proposed for
transmon or mergemon qubit architectures. One such interesting application is to
the engineering of two-photon exchange interactions used to dissipatively stabi-
lize cat qubits [53, 74, 303, 304]. Under the SQUID coupler operating condition
𝜑𝑒,1 + 2𝜑𝑒,2 = 𝜋, the odd-parity interaction 𝐻̂sine is obtained:

𝐻̂sine = Σ𝐸𝐽,𝐶 cos
(𝜑𝑒,1

2

)
sin (𝜑̂2 − 𝜑̂1). (6.16)

By introducing a time-dependent drive to the SQUID loop flux, 𝜑𝑒,1(𝑡) = 𝜋 +
𝜖𝑑 cos (𝜔𝑑𝑡), with 𝜔𝑑 ≈ 2𝜔1 − 𝜔2 on 𝜑𝑒,1, this yields under rotating-wave approx-
imation a two-photon exchange interaction 𝐻̂two-photon analogous to the result of
Ref. [273]:

𝐻̂two-photon ≈ 𝑔2𝑎̂
2
1𝑎̂

†
2 + ℎ.𝑐., (6.17)

where 𝑔2 ≡ 1
8𝜖𝑑Σ𝐸

′
𝐽,𝐶

(𝜑𝑧𝑝 𝑓

1 )2(𝜑𝑧𝑝 𝑓

2 ). In the dissipatively-stabilized cat qubit sys-
tem, mode 1 would be a harmonic oscillator storage mode and mode 2 could be a
transmon qubit, for instance, used for "buffering" the storage mode. Remarkably,
the 𝑔2 coupling rate is directly proportional to the bare zero-point fluctuations of
the two modes rather than their hybridized values. This separates the strength of
the two-photon dissipation from that of the self- and/or cross-Kerr induced on the
storage mode by the nonlinear buffer circuit due to mode hybridization [305, 306].
It also allows for more flexibility in allocating storage and buffer mode frequencies
than in the conventional capacitively-coupled situation, where much larger detunings
between elements may be employed.
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Another potential use of the proposed SQUID coupler lies in engineering next-
nearest-neighbor qubit interactions. For the three-transmon circuit illustrated in
Fig. 6.4c, we obtain odd-parity interactions for the operating condition 𝜑𝑒,1+2𝜑𝑒,2 =

𝜋:

𝐻̂sine−sine = Σ𝐸12
𝐽,𝐶 cos

(𝜑𝑒12
2

)
sin (𝜑̂2 − 𝜑̂1)

+ Σ𝐸23
𝐽,𝐶 cos

(𝜑𝑒23
2

)
sin (𝜑̂3 − 𝜑̂2). (6.18)

This interaction renders the same longitudinal interaction and ZZ interaction rate
𝜁13 between the next-nearest-neighbor pair provided in eq. (6.13-6.14). Notably,
𝜁13/2𝜋 can be larger than 1 MHz for Σ𝐸𝐽,𝐶/2𝜋 = 0.8 GHz as shown in Fig. 6.4f,
and can be strengthened quadratically by increasing Σ𝐸𝐽,𝐶s.

Finally, the SQUID coupler can provide tunable XX interactions that can be used for
the implementation of an adiabatic

√
iSWAP gate between dual-rail transmons [255,

307]. This is derived from the fact that a single transmon Pauli-Z (𝑍̂) operator is
equivalent to a Pauli-X (𝑋̂𝐷𝑅) operator of a dual-rail transmon that contains the
transmon up to a global phase, as follows:

(𝐼1𝑍̂2) (𝑍̂3𝐼4) = −𝑋̂𝐷𝑅,𝑎 𝑋̂𝐷𝑅,𝑏, (6.19)

where subscript 𝑖 ∈ {1, 2, 3, 4} denotes transmon 𝑖, and dual-rail transmon 𝑎 (𝑏)
consists of transmons 1, 2 (3, 4). Thus, if the SQUID coupler provides a tunable ZZ
interaction in the form of (𝜁/4) 𝑍̂2𝑍̂3 between transmons 2 and 3, this is equivalent
to a tunable XX interaction (−𝜁/4) 𝑋̂𝐷𝑅,𝑎 𝑋̂𝐷𝑅,𝑏 for the dual-rail transmons 𝑎 and
𝑏. This allows for the implementation of a

√
iSWAP gate with duration 𝑇min

𝐺
=

𝜋/|𝜁 | plus an adiabaticity overhead [255], which is as short as a CZ gate between
transmons. In the context of dual-rail qubits and erasure detection, the SQUID
coupler preserves the error hierarchy by not introducing additional channels for
leakage errors [255, 307, 308]. Furthermore, the impact of frequency noise is
suppressed by operation at the artificial sweet-spot [255, 307]. See Appendix 6.9.8
for the tiling of dual-rail transmons.

6.8 Conclusion
The SQUID coupler provides modeless and tunable cross-Kerr coupling, which
realizes a fast and high-fidelity CZ gate between transmons with minimal adiabatic-
ity overhead. Sensitivities to junction asymmetry and flux noise are suppressed
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by choosing high qubit frequencies and relatively small junction energies. Uncon-
ventional crosstalk due to parasitic hybridization to spectator qubits and junction
asymmetry are also shown to be sufficiently small for realistic circuit parameters.
SQUID couplers are particularly interesting in the context of a mergemon qubit
architecture, where junctions with small Josephson energies and reduced SQUID
loop sizes due to the absence of bulky shunt capacitors are anticipated. Using the
junction-based coupling schemes, we propose a scalable tiling strategy towards a
fully miniaturized superconducting quantum processor.

6.9 Supplementary Information for Chapter VI
6.9.1 Circuit quantization
The SQUID coupler circuit is analyzed following the standard circuit quantization
procedure [309–311]. We define external flux drops Φ𝑒,top (Φ𝑒,bot) as the external
flux drop across the top (bottom) Josephson junction of the SQUID coupler, indicated
by the blue (red) arrow, and Φ𝑒,𝐽𝑖s as the external flux drop across the transmon
junctions. The branch fluxesΦ𝐽1, Φ𝐽2 across Josephson junctions of transmon 1 and
2, and Φtop and Φbot across the top and bottom Josephson junctions of the SQUID
coupler are represented as follows:

Φ𝐽1 = 𝜙1 +Φ𝑒,𝐽1, Φ𝐽2 = −𝜙2 +Φ𝑒,𝐽2,

Φbot = 𝜙2 − 𝜙1 +Φ𝑒,bot, Φtop = 𝜙2 − 𝜙1 +Φ𝑒,top,

Φ𝑒,2 = Φ𝑒,𝐽1 +Φ𝑒,bot +Φ𝑒,𝐽2,

Φ𝑒,1 = Φ𝑒,top −Φ𝑒,bot, (6.20)

where 𝜙1, 𝜙2 are node variables of the two transmons.

The Lagrangian of the circuit is given by

L =
1
2
𝐶1( ¤𝜙1 + ¤Φ𝑒,𝐽1)2 + 1

2
𝐶2( ¤𝜙2 − ¤Φ𝑒,𝐽2)2

+ 1
2
𝐶𝐶1( ¤𝜙2 − ¤𝜙1 + ¤Φ𝑒,top)2 + 1

2
𝐶𝐶2( ¤𝜙2 − ¤𝜙1 + ¤Φ𝑒,bot)2

+𝐸𝐽,1 cos
(
2𝜋

(𝜙1 +Φ𝑒,𝐽1)
Φ0

)
+ 𝐸𝐽,2 cos

(
2𝜋

(𝜙2 −Φ𝑒,𝐽2)
Φ0

)
+ 𝐸𝐽,𝐶1 cos

(
2𝜋

(𝜙2 − 𝜙1 +Φ𝑒,top)
Φ0

)
+ 𝐸𝐽,𝐶2 cos

(
2𝜋

(𝜙2 − 𝜙1 +Φ𝑒,bot)
Φ0

)
, (6.21)
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Figure 6.S1: SQUID coupler with two transmons. a, Single-sided SQUID coupler
with two transmons. b, SQUID coupler with small inductances around ground
connection, defining physical SQUID loops.



149

and the Legendre transformation:

𝑄1 =
𝜕L
𝜕 ¤𝜙1

= 𝐶1( ¤𝜙1 + ¤Φ𝑒,𝐽1) + 𝐶𝐶 ( ¤𝜙1 − ¤𝜙2 − ¤Φe,12),

𝑄2 =
𝜕L
𝜕 ¤𝜙2

= 𝐶2( ¤𝜙2 − ¤Φ𝑒,𝐽2) + 𝐶𝐶 ( ¤𝜙2 − ¤𝜙1 + ¤Φe,12), (6.22)

provides the Hamiltonian

𝐻 = 𝑄1 ¤𝜙1 +𝑄2 ¤𝜙2 − L

=
𝐶2 + 𝐶𝐶

2𝐶2 𝑄2
1 +

𝐶1 + 𝐶𝐶

2𝐶2 𝑄2
2 +

𝐶𝐶

𝐶2 𝑄1𝑄2

+𝑄1

(
𝐶2𝐶𝐶

¤Φe,12 − 𝐶1(𝐶2 + 𝐶𝐶) ¤Φ𝑒,𝐽1 + 𝐶2𝐶𝐶
¤Φ𝑒,𝐽2

𝐶2

)
+𝑄2

(−𝐶1𝐶𝐶
¤Φe,12 − 𝐶1𝐶𝐶

¤Φ𝑒,𝐽1 + 𝐶2(𝐶1 + 𝐶𝐶) ¤Φ𝑒,𝐽2

𝐶2

)
− 𝐸𝐽,1 cos

(
2𝜋

(𝜙1 +Φ𝑒,𝐽1)
Φ0

)
− 𝐸𝐽,2 cos

(
2𝜋

(𝜙2 −Φ𝑒,𝐽2)
Φ0

)
− 𝐸𝐽,𝐶1 cos

(
2𝜋

(𝜙2 − 𝜙1 +Φ𝑒,top)
Φ0

)
− 𝐸𝐽,𝐶2 cos

(
2𝜋

(𝜙2 − 𝜙1 +Φ𝑒,bot)
Φ0

)
, (6.23)

where we have introduced the following definitions for a succinct description:

𝐶𝐶 ≡ 𝐶𝐶1 + 𝐶𝐶2,

Φ𝑒,12 ≡𝐶𝐶1
𝐶𝐶

Φ𝑒,top +
𝐶𝐶2
𝐶𝐶

Φ𝑒,bot,

𝐶2 ≡𝐶1𝐶2 + 𝐶1𝐶𝐶 + 𝐶2𝐶𝐶 . (6.24)

The irrotational constraint can be found by eliminating the terms containing time-
derivatives of the external fluxes:

𝐶2𝐶𝐶
¤Φe,12 − 𝐶1(𝐶2 + 𝐶𝐶) ¤Φ𝑒,𝐽1 + 𝐶2𝐶𝐶

¤Φ𝑒,𝐽2 = 0,

−𝐶1𝐶𝐶
¤Φe,12 − 𝐶1𝐶𝐶

¤Φ𝑒,𝐽1 + 𝐶2(𝐶1 + 𝐶𝐶) ¤Φ𝑒,𝐽2 = 0, (6.25)

which is satisfied with the following voltage-divider parameterization:

𝐶1 ¤Φ𝑒,𝐽1 = 𝐶2 ¤Φ𝑒,𝐽2 = 𝐶𝐶
¤Φ𝑒,12. (6.26)
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This reveals the relationship between the branch external flux drops and external
fluxes by solving the linear equations and integrating over time:

Φe, top = Φ𝑒,12 +
1 − 𝑑𝐶

2
Φ𝑒,1,

Φe, bot = Φ𝑒,12 −
𝑑𝐶 + 1

2
Φ𝑒,1,

Φ𝑒,2 = Φ𝑒,𝐽1 +Φ𝑒,𝐽2 +Φ𝑒,bot,

= 𝐶𝐶

(
1
𝐶1

+ 1
𝐶2

+ 1
𝐶𝐶

)
Φ𝑒,12 −

𝑑𝐶 + 1
2

Φ𝑒,1, (6.27)

Φ𝑒,12 =
𝐶1𝐶2

2𝐶2
(
(𝑑𝐶 + 1)Φ𝑒,1 + 2Φ𝑒,2

)
,

Φ𝑒,𝐽1 =
𝐶2𝐶𝐶

2𝐶2
(
(𝑑𝐶 + 1)Φ𝑒,1 + 2Φ𝑒,2

)
,

Φ𝑒,𝐽2 =
𝐶1𝐶𝐶

2𝐶2
(
(𝑑𝐶 + 1)Φ𝑒,1 + 2Φ𝑒,2

)
,

Φ𝑒,top = Φ𝑒,bot +Φ𝑒,1,

Φ𝑒,bot =

(
𝐶1𝐶2

𝐶2 − 1
)
(𝑑𝐶 + 1)

2
Φ𝑒,1 +

𝐶1𝐶2

𝐶2 Φ𝑒,2, (6.28)

where 𝑑𝐶 ≡ (𝐶𝐶1 − 𝐶𝐶2)/𝐶𝐶 is the junction capacitance asymmetry in the SQUID
coupler. Note that if both junction capacitances and the Josephson energies are
mostly proportional to the junction area, it is reasonable to assume that the Josephson
energy asymmetry and the capacitance asymmetry are the same.

We can examine the consistency of the solution by considering the extreme cases.
At 𝐶𝐶2 −→ ∞ (the bottom junction is replaced with a short), we find Φ𝑒,bot −→ 0 and
Φ𝑒,top −→ Φ𝑒,1, consistent with a shorted single junction. At 𝐶1 −→ 0 (transmon 1’s
junction is replaced with a pure inductor or open), we find Φ𝑒,bot −→ −𝐶𝐶1Φ𝑒,1/𝐶𝐶 ,
Φ𝑒,top −→ 𝐶𝐶2Φ𝑒,1/𝐶𝐶 , and Φ𝑒,𝐽1 −→ Φ𝑒,2, consistent with the DC SQUID and
the fluxonium example provided in You et al. [310]. Finally, if we remove the top
junction in the SQUID coupler,𝐶𝐶1 −→ 0, we recover the solution found in Appendix
A of Campbell et al. [265].
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The complete expression for the Hamiltonian is as follows:

𝐻̂ =

4𝐸𝐶,1𝑛̂
2
1 − 𝐸𝐽,1 cos

(
𝜑̂1 +

𝐶2𝐶𝐶

2𝐶2 ((𝑑𝐶 + 1)𝜑𝑒,1 + 2𝜑𝑒,2)
)

4𝐸𝐶,2𝑛̂
2
2 − 𝐸𝐽,2 cos

(
𝜑̂2 −

𝐶1𝐶𝐶

2𝐶2 ((𝑑𝐶 + 1)𝜑𝑒,1 + 2𝜑𝑒,2)
)

− 𝐸𝐽,𝐶1 cos
(
𝜑̂2 − 𝜑̂1 + 𝜑𝑒,top

)
− 𝐸𝐽,𝐶2 cos

(
𝜑̂2 − 𝜑̂1 + 𝜑𝑒,bot

)
+ 𝑔𝑛̂1𝑛̂2, (6.29)

where node variables are replaced by operators (variables with hats). 𝜑̂𝑖 ≡ 2𝜋
Φ0

𝜙𝑖s

are reduced flux operators, and 𝑛̂𝑖 ≡ 𝑄̂𝑖

2𝑒 are reduced charge operators. 𝐸𝐶,1 ≡
𝑒2(𝐶2+𝐶𝐶)/2𝐶2, 𝐸𝐶,2 ≡ 𝑒2(𝐶1+𝐶𝐶)/2𝐶2 are the charging energy of the two modes,
and 𝑔 ≡ 4𝑒2𝐶𝐶/𝐶2 is the charge coupling rate. External fluxes are normalized to
𝜑𝑒,𝑘 ≡ 2𝜋Φ𝑒,𝑘/Φ0 (𝑘 ∈ {1, 2}).

Under the symmetric SQUID approximation 𝑑𝐶 ≈ 0 and small junction approxi-
mation 𝐶𝐶 ≪ 𝐶1, 𝐶2 (note that the derivations up to eq. (6.29) are exact), 𝜑top and
𝜑bot approach 𝜑𝑒,2 and 𝜑𝑒,1 + 𝜑𝑒,2, and we eliminate the external fluxes from the
transmon junction potentials. As a result, we obtain the Hamiltonian provided in
the main text:

𝐻̂ ≈ 4𝐸𝐶,1𝑛̂
2
1 − 𝐸𝐽,1 cos (𝜑̂1) + 4𝐸𝐶,2𝑛̂

2
2 − 𝐸𝐽,2 cos (𝜑̂2)

− 𝐸𝐽,𝐶1 cos
(
𝜑̂2 − 𝜑̂1 + 𝜑𝑒,1 + 𝜑𝑒,2

)
− 𝐸𝐽,𝐶2 cos

(
𝜑̂2 − 𝜑̂1 + 𝜑𝑒,2

)
+ 𝑔𝑛̂1𝑛̂2. (6.30)

Bringing back the asymmetry and the 𝐶𝐶 terms, the ideal external flux constraint
𝜑𝑒,1 = −2𝜑𝑒,2 produces the following full-circuit Hamiltonian without the approxi-
mations:

𝐻̂ |𝜑𝑒,2=−𝜑𝑒,1/2 =

4𝐸𝐶,1𝑛̂
2
1 − 𝐸𝐽,1 cos

(
𝜑̂1 −

𝐶2𝐶𝐶

2𝐶2 𝑑𝐶𝜑𝑒,1

)
4𝐸𝐶,2𝑛̂

2
2 − 𝐸𝐽,2 cos

(
𝜑̂2 +

𝐶1𝐶𝐶

2𝐶2 𝑑𝐶𝜑𝑒,1

)
+ 𝑔𝑛̂1𝑛̂2

− Σ𝐸𝐽,𝐶 cos
(𝜑𝑒1

2

)
cos

(
𝜑̂2 − 𝜑̂1 +

(𝐶1 + 𝐶2)𝐶𝐶

2𝐶2 𝑑𝐶𝜑𝑒,1

)
+ Δ𝐸𝐽,𝐶 sin

(𝜑𝑒1
2

)
sin

(
𝜑̂2 − 𝜑̂1 +

(𝐶1 + 𝐶2)𝐶𝐶

2𝐶2 𝑑𝐶𝜑𝑒,1

)
. (6.31)
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where Σ𝐸𝐽,𝐶 ≡ 𝐸𝐽,𝐶1+𝐸𝐽,𝐶2, Δ𝐸𝐽,𝐶 ≡ 𝐸𝐽,𝐶1−𝐸𝐽,𝐶2 ≈ 𝑑𝐶Σ𝐸𝐽,𝐶 , and trigonometric
relations are used to group cosine and sine terms. Within the cosinusoidal terms
that contain the node variables, the external flux terms are suppressed to the scale
of 𝑑𝐶𝐶𝐶/𝐶1 and 𝑑𝐶𝐶𝐶/𝐶2, which are approximately 0.002 assuming a modest
asymmetry of 𝑑𝐶 ≈ 0.2 and 𝐶𝐶 used in this work. This validates the perturbative
analysis without including these terms.

For the SQUID coupler shown in Fig. 6.S1b, which reflects the realistic circuit
shown in the tiling schematic Fig. 6.5, circuit quantization should be aided by
properly considering the equilibrium node phases set by the small inductances
around the low-impedance outer loops. Nodes 𝐿 (left), 𝑅 (right), and 𝐶 (center),
and the corresponding node fluxes 𝜙𝐿 , 𝜙𝑅, and 𝜙𝐶 , are introduced by the inductor
network consisting of 4 inductors with inductances 𝐿, 𝐿′ ≪ 𝐿𝐽 , where 𝐿𝐽 is the
inductance of the Josephson junctions. In this circuit, we introduce three external
fluxes Φ𝑒,𝑖,Φ𝑒,𝑜, and Φ′

𝑒,𝑜 threading the three distinct SQUID loops.

Defining external flux drops at the inductors as Φ𝑒,𝐿 and Φ′
𝑒,𝐿

, the following set of
equations is obtained due to fluxoid quantization:

2Φ′
𝑒,𝐿 − (Φ𝑒,𝐽1 +Φ𝑒,top +Φ𝑒,𝐽2) = Φ′

𝑒,𝑜,

2Φ𝑒,𝐿 + (Φ𝑒,𝐽1 +Φ𝑒,bot +Φ𝑒,𝐽2) = Φ𝑒,𝑜,

Φ𝑒,top −Φ𝑒,bot = Φ𝑒,𝑖,

−→ 2Φ𝑒,𝐿 + 2Φ′
𝑒,𝐿 = Φ𝑒,𝑖 +Φ𝑒,𝑜 +Φ′

𝑒,𝑜 ≡ ΣΦ𝑒 . (6.32)

As it is assumed that 𝐿 and 𝐿′ are small, the node phases 𝜙𝐿 , 𝜙𝑅, and 𝜙𝑏 are localized
around the equilibrium points 𝜙𝐿0, 𝜙𝑅0, and 𝜙𝐶0. The inductive energy is given by

𝐸ind =
1
2
𝐸𝐿 (𝜙𝐿 +Φ𝑒,𝐿)2 + 1

2
𝐸𝐿 (−𝜙𝑅 +Φ𝑒,𝐿)2

+ 1
2
𝐸′
𝐿 (𝜙𝐶 − 𝜙𝐿 +Φ′

𝑒,𝐿)2 + 1
2
𝐸′
𝐿 (𝜙𝑅 − 𝜙𝐶 +Φ′

𝑒,𝐿)2, (6.33)

where 𝐸𝐿 ≡ (Φ0/2𝜋)2/𝐿 and 𝐸𝐿 ≡ (Φ0/2𝜋)2/𝐿′ are inductive energies of the
inductors. The equilibrium points are found by minimizing eq. (6.33) through
solving the following set of equations:
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𝜕𝐸ind
𝜕𝜙𝐶

= 𝐸′
𝐿 (𝜙𝐶 − 𝜙𝐿 +Φ′

𝑒,𝐿) − 𝐸′
𝐿 (𝜙𝑅 − 𝜙𝐶 +Φ′

𝑒,𝐿),

𝜕𝐸ind
𝜕𝜙𝐿

= 𝐸𝐿 (𝜙𝐿 +Φ𝑒,𝐿) − 𝐸′
𝐿 (𝜙𝐶 − 𝜙𝐿 +Φ′

𝑒,𝐿),

𝜕𝐸ind
𝜕𝜙𝑅

= −𝐸𝐿 (−𝜙𝑅 +Φ𝑒,𝐿) + 𝐸′
𝐿 (𝜙𝑅 − 𝜙𝐶 +Φ′

𝑒,𝐿),

−→ 𝜙𝐿0 = −𝜙𝑅0 =
𝐸′
𝐿
Φ′

𝑒,𝐿
− 𝐸𝐿Φ𝑒,𝐿

𝐸𝐿 + 𝐸′
𝐿

, 𝜙𝐶0 = 0. (6.34)

The role of 𝜙𝐿0 and 𝜙𝑅0, compared to the single-sided SQUID coupler, is to shift the
external flux drops on qubit 1 and 2 byΦ𝑒,𝐽1 −→ Φ𝑒,𝐽1−𝜙𝐿0 andΦ𝑒,𝐽2 −→ Φ𝑒,𝐽2+𝜙𝑅0.
Thus, the irrotational constraint and the subsequent algebra yields

𝐶1
¤̃Φ𝑒,𝐽1 = 𝐶2

¤̃Φ𝑒,𝐽2 = 𝐶𝐶
¤Φ𝑒,12,

Φ̃𝑒,𝐽1 ≡ Φ𝑒,𝐽1 − 𝜙𝐿0, Φ̃𝑒,𝐽2 ≡ Φ𝑒,𝐽2 + 𝜙𝑅0, (6.35)

Φ𝑒,𝑜 = (Φ𝑒,𝐽1 − 𝜙𝐿0) + (Φ𝑒,𝐽2 + 𝜙𝑅0) +Φ𝑒,bot

+ 2Φ𝑒,𝐿 + 𝜙𝐿0 − 𝜙𝑅0

= Φ̃𝑒,𝐽1 + Φ̃𝑒,𝐽2 +Φ𝑒,bot +
𝐸′
𝐿
(2Φ𝑒,𝐿 + 2Φ′

𝑒,𝐿
)

𝐸𝐿 + 𝐸′
𝐿

,

−→Φ̃𝑒,𝐽1 + Φ̃𝑒,𝐽2 +Φ𝑒,bot = Φ𝑒,𝑜 −
𝐸′
𝐿

𝐸𝐿 + 𝐸′
𝐿

ΣΦ𝑒 . (6.36)

The last line in eq. (6.36) indicates that the solutions found for the single-sided
SQUID coupler can be used as follows:
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Φ𝑒,1 ≡Φ𝑒,𝑖, Φ𝑒,2 ≡ Φ𝑒,𝑜 −
𝐸′
𝐿

𝐸𝐿 + 𝐸′
𝐿

ΣΦ𝑒,

Φ𝑒,12 =
𝐶1𝐶2

2𝐶2
(
(𝑑𝐶 + 1)Φ𝑒,𝑖 + 2Φ𝑒,2

)
,

Φ̃𝑒,𝐽1 =
𝐶2𝐶𝐶

2𝐶2
(
(𝑑𝐶 + 1)Φ𝑒,1 + 2Φ𝑒,2

)
,

Φ̃𝑒,𝐽2 =
𝐶1𝐶𝐶

2𝐶2
(
(𝑑𝐶 + 1)Φ𝑒,1 + 2Φ𝑒,2

)
,

Φ𝑒,top = Φ𝑒,bot +Φ𝑒,1,

Φ𝑒,bot =

(
𝐶1𝐶2

𝐶2 − 1
)
(𝑑𝐶 + 1)

2
Φ𝑒,1 +

𝐶1𝐶2

𝐶2 Φ𝑒,2. (6.37)

Φ𝑒,2 converges to Φ𝑒,𝑜 as the ratio of the outer loop inductances approaches 0
𝐿/𝐿′ −→ 0 (𝐸′

𝐿
/𝐸𝐿 −→ 0), consistent with the single-sided SQUID coupler. A special

case emerges at the symmetric inductances 𝐿 = 𝐿′ −→ Φ𝑒,2 = (ΔΦ𝑒,𝑜 − Φ𝑒,𝑖)/2,
at which the circuit is sensitive only to the differential of the outer external fluxes
ΔΦ𝑒,𝑜 ≡ Φ𝑒,𝑜 − Φ′

𝑒.𝑜, thus called a "gradiometric SQUID coupler", and the inner
external flux.

Finally, the operating condition Φ𝑒,1 + 2Φ𝑒,2 = 0 can be re-expressed as follows, for
the general case and the gradiometric case:

(1 −
𝐸′
𝐿

𝐸𝐿

)Φ𝑒,𝑖 + 2(Φ𝑒,𝑜 −
𝐸′
𝐿

𝐸𝐿

Φ′
𝑒,𝑜) = 0,

𝐿=𝐿′
−−−−→ ΔΦ𝑒,𝑜 = 0. (6.38)

6.9.2 Perturbation theory
Normal-ordered expansion of cosinuosidal operators

To expand the cosinusoidal terms with phase variables 𝜑𝑖 using annihilation (𝑎̂𝑖)
and creation (𝑎̂†

𝑖
) operators, the terms can be rewritten with displacement operators

D𝑖 (𝛼) ≡ 𝑒𝛼𝑎̂
†
𝑖
−𝛼∗𝑎̂𝑖 with the corresponding amplitudes 𝛼 = ±𝑖𝜑𝑧𝑝 𝑓

𝑖
as follows:

cos 𝜑̂𝑖 = cos (𝜑𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖 + 𝑎̂

†
𝑖
))

=
1
2

(
𝑒𝑖𝜑

𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖+𝑎̂†𝑖 ) + 𝑒−𝑖𝜑

𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖+𝑎̂†𝑖 )

)
=

1
2

(
D(𝑖𝜑𝑧𝑝 𝑓

𝑖
) + D(−𝑖𝜑𝑧𝑝 𝑓

𝑖
)
)
, (6.39)
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sin 𝜑̂𝑖 = sin (𝜑𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖 + 𝑎̂

†
𝑖
))

=
1
2𝑖

(
𝑒𝑖𝜑

𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖+𝑎̂†𝑖 ) − 𝑒−𝑖𝜑

𝑧𝑝 𝑓

𝑖
(𝑎̂𝑖+𝑎̂†𝑖 )

)
=

1
2𝑖

(
D𝑖 (𝑖𝜑𝑧𝑝 𝑓

𝑖
) − D𝑖 (−𝑖𝜑𝑧𝑝 𝑓

𝑖
)
)
. (6.40)

Using the normal-ordered representation obtained from the Baker-Campbell-
Hausdorff formula D𝑖 (𝛼) = 𝑒−

|𝛼 |2
2 𝑒𝛼𝑎̂

†
𝑖 𝑒−𝛼

∗𝑎̂𝑖 [312], we obtain the following
normal-ordered expansions:

cos 𝜑̂𝑖

=
𝑒−

(𝜑𝑧𝑝 𝑓
𝑖

)2

2

2

(
𝑒𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂
†
𝑖 𝑒𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂𝑖 + 𝑒−𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂
†
𝑖 𝑒−𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂𝑖
)

= 𝑒−
(𝜑𝑧𝑝 𝑓

𝑖
)2

2
∑︁
𝑛

2𝑛∑︁
𝑘=0

(−1)𝑛 (𝜑𝑧𝑝 𝑓

𝑖
)2𝑛

𝑘!(2𝑛 − 𝑘)! (𝑎̂†
𝑖
)𝑘 (𝑎̂𝑖)2𝑛−𝑘 , (6.41)

sin 𝜑̂𝑖

=
𝑒−

(𝜑𝑧𝑝 𝑓
𝑖

)2

2

2𝑖

(
𝑒𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂
†
𝑖 𝑒𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂𝑖 − 𝑒−𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂
†
𝑖 𝑒−𝑖𝜑

𝑧𝑝 𝑓

𝑖
𝑎̂𝑖
)

= 𝑒−
(𝜑𝑧𝑝 𝑓

𝑖
)2

2
∑︁
𝑛

2𝑛+1∑︁
𝑘=0

(−1)𝑛 (𝜑𝑧𝑝 𝑓

𝑖
)2𝑛+1

𝑘!(2𝑛 + 1 − 𝑘)! (𝑎̂
†
𝑖
)𝑘 (𝑎̂𝑖)2𝑛+1−𝑘 , (6.42)

which are used for calculating matrix elements and perturbative analyses provided
in the main text.

Estimating zero-point fluctuations

Expanding the cosine potential in the bare transmon Hamiltonians 𝐻̂𝑖 produces the
following expression up to the second order:

𝐻̂𝑖 ≈
(
8𝐸𝐶,𝑖 (𝑛𝑧𝑝 𝑓

𝑖
)2 − 𝐸𝐽,𝑖𝑒

−
(𝜑𝑧𝑝 𝑓

𝑖
)2

2 (𝜑𝑧𝑝 𝑓

𝑖
)2

)
𝑎̂
†
𝑖
𝑎̂𝑖

+
(
−4𝐸𝐶,𝑖 (𝑛𝑧𝑝 𝑓

𝑖
)2 + 1

2
𝐸𝐽,𝑖𝑒

−
(𝜑𝑧𝑝 𝑓

𝑖
)2

2 (𝜑𝑧𝑝 𝑓

𝑖
)2

)
(𝑎̂2

𝑖 + (𝑎̂†
𝑖
)2). (6.43)

The condition to eliminate the 𝑎̂2
𝑖
+ (𝑎̂†

𝑖
)2 term and the normalization condition

𝑛
𝑧𝑝 𝑓

𝑖
𝜑
𝑧𝑝 𝑓

𝑖
= 1/2 yield the following equation that enables calculating 𝜑

𝑧𝑝 𝑓

𝑖
numeri-
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cally:

(𝜑𝑧𝑝 𝑓

𝑖
)4𝑒−

(𝜑𝑧𝑝 𝑓
𝑖

)2

2 =
2𝐸𝐶,𝑖

𝐸𝐽,𝑖

. (6.44)

ZZ interaction rate

ZZ interaction rate obtained from perturbation theory 𝜁pert is calculated up to the
second-order and single excitation number differences that are considered to provide
the leading contributions to the ZZ interaction rate, with the following breakdown:

𝜁pert ≈ 𝜁 (1) + 𝜁
(2)
𝑐 + 𝜁

(2)
odd, (6.45)

where the even-parity interaction is responsible for the first-order contribution 𝜁 (1)

and the second-order contribution 𝜁
(2)
𝑐 due to excitation-number-conserving transi-

tions up to a single-excitation hopping, and the odd-parity interaction due to junction
asymmetry accounts for the second-order contribution 𝜁

(2)
odd due to single-excitation-

number differences.

The 𝜁
(2)
odd is calculated as follows:

𝑔𝑖 𝑗 𝑘𝑙 ≡ ⟨𝑖 𝑗 | 𝐻̂int |𝑘𝑙⟩, 𝜔𝑖 𝑗 ≡ ⟨𝑖 𝑗 | 𝐻̂0 |𝑖 𝑗⟩ ,

𝐸sin
𝐽,𝐶 ≡ Δ𝐸𝐽,𝐶𝑒

−
(𝜑𝑧𝑝 𝑓

1 )2+(𝜑𝑧𝑝 𝑓

2 )2

2 sin
(𝜑𝑒,1

2

)
,

𝑔0100 = 𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

2 , 𝑔1000 = −𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

1 ,

𝑔0201 =
√

2𝐸sin
𝐽,𝐶

(
𝜑
𝑧𝑝 𝑓

2 − 1
2
(𝜑𝑧𝑝 𝑓

2 )3
)
,

𝑔2010 = −
√

2𝐸sin
𝐽,𝐶

(
𝜑
𝑧𝑝 𝑓

1 − 1
2
(𝜑𝑧𝑝 𝑓

1 )3
)
,

𝑔1110 = 𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

2

(
1 − (𝜑𝑧𝑝 𝑓

1 )2
)
,

𝑔1101 = −𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

1

(
1 − (𝜑𝑧𝑝 𝑓

2 )2
)
,
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𝑔1211 =
√

2𝐸sin
𝐽,𝐶

(
1 − (𝜑𝑧𝑝 𝑓

1 )2
) (

𝜑
𝑧𝑝 𝑓

2 − 1
2
(𝜑𝑧𝑝 𝑓

2 )3
)
,

𝑔2111 = −
√

2𝐸sin
𝐽,𝐶

(
1 − (𝜑𝑧𝑝 𝑓

2 )2
) (

𝜑
𝑧𝑝 𝑓

1 − 1
2
(𝜑𝑧𝑝 𝑓

1 )3
)
,

𝑔2001 = 𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

2

(
−
√

2
2

(𝜑𝑧𝑝 𝑓

1 )2

)
,

𝑔0210 = −𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

1

(
−
√

2
2

(𝜑𝑧𝑝 𝑓

2 )2

)
,

𝑔3011 = 𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

2

(
−
√

6
2

(𝜑𝑧𝑝 𝑓

1 )2 +
√

6
6

(𝜑𝑧𝑝 𝑓

1 )4

)
,

𝑔0311 = −𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

1

(
−
√

6
2

(𝜑𝑧𝑝 𝑓

2 )2 +
√

6
6

(𝜑𝑧𝑝 𝑓

2 )4

)
, (6.46)

𝜁
(2)
odd =

∑︁
𝑖 𝑗

(−1)𝑖+ 𝑗𝐸
(2)
𝑖 𝑗 ,odd

=
𝑔2

3011
𝜔11 − 𝜔30

+
𝑔2

0311
𝜔11 − 𝜔03

−
𝑔2

0210
𝜔10 − 𝜔02

−
𝑔2

2001
𝜔01 − 𝜔20

+
𝑔2

2111
𝜔11 − 𝜔21

+
𝑔2

1211
𝜔11 − 𝜔12

+
2𝑔2

1110
𝜔11 − 𝜔10

+
2𝑔2

1101
𝜔11 − 𝜔01

−
𝑔2

2010
𝜔10 − 𝜔20

−
𝑔2

0201
𝜔01 − 𝜔02

−
2𝑔2

1000
𝜔10 − 𝜔00

−
2𝑔2

0100
𝜔01 − 𝜔00

≈ −(𝐸sin
𝐽,𝐶𝜑

𝑧𝑝 𝑓

1 𝜑
𝑧𝑝 𝑓

2 )2 ×
(
(𝜑𝑧𝑝 𝑓

1 )2

2𝜔1 − 𝜔2
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(𝜑𝑧𝑝 𝑓

2 )2

2𝜔2 − 𝜔1

+
4(𝜑𝑧𝑝 𝑓

1 )2

𝜔1
+

4(𝜑𝑧𝑝 𝑓

2 )2

𝜔2
+ 4𝜂1

𝜔2
1
+ 4𝜂2

𝜔2
2

)
∼ O

(
Δ𝐸2

𝐽,𝐶
(𝜑𝑧𝑝 𝑓 )6

𝑚𝜔1 + 𝑛𝜔2

)
+ O

(
Δ𝐸2

𝐽,𝐶
(𝜑𝑧𝑝 𝑓 )4𝜂

𝜔2

)
, (6.47)

where 𝜔1 and 𝜔2 are the bare 0-1 transition frequencies of the two qubits,
(𝑚, 𝑛) ∈ {(1, 0), (0, 1), (2,−1), (−1, 2)}, and the approximations (𝜑𝑧𝑝 𝑓 )2 ≪ 1
and |𝜂1 |, |𝜂2 | ≪ 𝑚𝜔1 + 𝑛𝜔2 are used.

6.9.3 Simulation methods
Numerical simulation tools

Python packages scQubits [280] and QuTiP [243] are used for numerical circuit
quantization, diagonalization, and time-domain simulation.
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Computational subspace

ZZ turn-off pointΦoff is found by sweepingΦ𝑒,1 under the constraintΦ𝑒,2 = −Φ𝑒,1/2.
At this point, we perform numerical diagonalization to identify computational eigen-
states. The mapping between the dressed eigenstates and the bare eigenstates is found
by the hierarchical diagonalization procedure [313, 314].

Gate fidelity

The coherent error (1 − 𝐹𝐺) of the CZ gates is estimated using the standard average
gate fidelity [244]:

𝐹𝐺 (𝑈̂) =
Tr(𝑈̂†

𝑝𝑟𝑜 𝑗
𝑈̂𝑝𝑟𝑜 𝑗 ) + |Tr(𝑈̂†

𝐶𝑍
𝑈̂𝑝𝑟𝑜 𝑗 ) |2

20
, (6.48)

where 𝑈̂𝑝𝑟𝑜 𝑗 ≡ 𝑃̂𝑈̂𝑃̂† is the simulated unitary propagator projected onto the com-
putational subspace with the projector 𝑃̂, and 𝑈̂𝐶𝑍 is the ideal unitary for a CZ gate,
represented with computational eigenstates.

For gate infidelities (1−𝐹) including incoherent processes, we use the standard gate
fidelity involving Kraus operators [244]:

𝐹 (𝑈̂) =
Tr(∑𝑘 𝑀̂

†
𝑘
𝑀̂𝑘 ) +

∑
𝑘 |Tr(𝑀̂𝑘 ) |2

20
, (6.49)

where 𝑀̂𝑘 ≡ 𝑃̂𝑈𝐶𝑍𝐺̂𝑘 𝑃̂
†, and 𝐺𝑘s are the Kraus operators.

By solving the following optimization problem, we report the coherent error and
gate infidelity after eliminating the effect of local phases that can be canceled out
by virtual-Z operations [315]:

min𝜙1,𝜙2

(
1 − 𝐹𝐺 (𝑈̂𝑒−𝑖𝜙1 𝑍̂1𝑒−𝑖𝜙2 𝑍̂2)

)
, (6.50)

min𝜙1,𝜙2

(
1 − 𝐹 (𝑈̂𝑒−𝑖𝜙1 𝑍̂1𝑒−𝑖𝜙2 𝑍̂2)

)
, (6.51)

where 𝑍̂1 and 𝑍̂2 are Pauli-Z operators of the qubits.

Hilbert space truncation

In order to run time-domain simulations within a feasible computation time, the
Hilbert space is truncated to include up to the 40 lowest energy eigenstates. To
examine the effect of Hilbert space truncation, we sweep the Hilbert space dimension
𝑑𝑖𝑚(H) and estimate the coherent error of the 22 ns-long CZ gate shown in the
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Figure 6.S2: Effect of Hilbert space truncation. Coherent error of the simulated
22 ns-long CZ gate as a function of Hilbert space dimension 𝑑𝑖𝑚(H) (blue solid
line). 𝑑𝑖𝑚(H) = 40 (green dashed line) is used for the time-domain simulations
reported in the main text, and 𝑑𝑖𝑚(H) = 28 (orange dashed line) is used for CZ
gate simulation with relaxation process.

main text, as shown in Fig. 6.S2. For 𝑑𝑖𝑚(H) ≥ 40, the change in the coherent
error is less than 2× 10−8, which is sufficiently small to estimate the coherent errors
of 3×10−7 reported in the main text. For incoherent simulations in Appendix 6.9.4,
we use 𝑑𝑖𝑚(H) = 28 to reduce computation time, while maintaining the numerical
errors from Hilbert space truncation below 10−6.

6.9.4 Gate fidelity in the presence of relaxation error
By simulating the Lindblad master equation, the performance of the CZ gate is
examined in the presence of Markovian relaxation, as shown in Fig. 6.S3. We model
the relaxation process by adding bare transmon’s annihilation operators as jump
operators

√︁
1/𝑇1𝑎̂𝑖, where 𝑇1 is the bare relaxation time of the transmons. We use

the same 𝑇1s for both qubits. To construct the bare annihilation operators, we use
the hierarchically diagonalization procedure [313, 314].

The gate infidelity is fitted to a linear model shown in eq. (6.52):
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Figure 6.S3: Gate fidelity in the presence of Markovian relaxation. Infidelity of
the simulated 22 ns-long CZ gate as a function of relaxation time (𝑇1) of the two
transmons (red dots). Blue dashed line is a fit to eq. (6.52).

1 − 𝐹 ≈ 𝑎
𝑇𝐺

𝑇1
+ 𝑏, (6.52)

recovering 𝑎 = 0.799 and 𝑏 = 4.5 × 10−7, which is consistent with the prediction
𝑎 = 0.8 based on the analysis in Ref. [244].

6.9.5 SQUID couplers with various circuit parameters
Circuit parameters available for idle operation and robustness against
capacitance targeting

The existence of at least one idle operating pointΦoff at which the ZZ interaction rate
is turned off 𝜁 (Φoff) = 0 is crucial. This condition can be found approximately by
investigating the following expression obtained from the second-order perturbation
theory:

𝜁pert(𝜑𝑒,1) = −Σ𝐸 ′
𝐽,𝐶 cos

(𝜑𝑒,1

2

)
(𝜑𝑧𝑝 𝑓

1 )2(𝜑𝑧𝑝 𝑓

2 )2 +
4𝑔2

eff𝜂

Δ2 − 𝜂2 , (6.53)

𝑔eff = −Σ𝐸 ′
𝐽,𝐶 cos

(𝜑𝑒,1

2

)
𝜑
𝑧𝑝 𝑓

1 𝜑
𝑧𝑝 𝑓

2 + 𝑔𝑛
𝑧𝑝 𝑓

1 𝑛
𝑧𝑝 𝑓

2 . (6.54)
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Figure 6.S4: ZZ interaction rates and hybridization. a, ZZ interaction rate
obtained from circuit quantization, as a function of total SQUID coupler capacitance
𝐶𝐶 and external flux Φ𝑒,1, while other parameters are the same as the Table. 1 in
the main text. Yellow (light blue) dashed line line corresponds to the case where
the coupler junctions have the same plasma frequency as transmon 1 (transmon
2). Orange dashed line indicates the capacitance used in the analysis presented
in the main text. Gray dashed curve shows the Φoff predicted from perturbative
analysis. b, Average hybridization

∑
𝑚𝑛 (1 − 𝑃|𝑖 𝑗⟩)/4 as a function of 𝐶𝐶 and Φ𝑒,1.

c, ZZ interaction rate as a function of qubit 2 frequency 𝜔2 and Φ𝑒,1, with other
parameters are the same as the Table. 1 in the main text. 𝜔2 is varied by changing
𝐸𝐽,2. Yellow dashed line represents qubit 1 frequency 𝜔1. d, Average hybridization
as a function of 𝜔2 and Φ𝑒,1. In b and d, Gray dashed lines indicate the biases Φ𝑒,1
where the effective linear coupling is canceled 𝑔eff(Φ𝑒,1) = 0, predicted from the
perturbation theory. e, Coherent errors of the simulated CZ gates as functions of
gate duration 𝑇𝐺 , for different 𝐶𝐶 .
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When the two qubits are far-detuned, |Δ| ≫ |𝜂 |, the sign of the second term in 𝜁pert

is negative, as transmon anharmonicities are negative. Thus, the ZZ interaction rate
can be turned off only at 𝜑𝑒,1 > 𝜋 at which the first term becomes positive. As
𝜁pert(0) > 0 is always satisfied, the following condition guarantees the existence of
an idling external flux due to the intermediate value theorem:

0 ≤ 𝜁pert(2𝜋) = Σ𝐸′
𝐽,𝐶 (𝜑

𝑧𝑝 𝑓

1 )2(𝜑𝑧𝑝 𝑓

2 )2

+
4(Σ𝐸′

𝐽,𝐶
𝜑
𝑧𝑝 𝑓

1 𝜑
𝑧𝑝 𝑓

2 + 𝑔𝑛
𝑧𝑝 𝑓

1 𝑛
𝑧𝑝 𝑓

2 )2𝜂

Δ2 − 𝜂2 . (6.55)

As the first term is always positive, the second term originating from the hybridiza-
tion, which is negative, should be suppressed. This is achieved by reducing the
charge coupling rate 𝑔 and increasing the absolute value of qubit-qubit detuning |Δ|.

In contrast, when the two transmons are in the straddling regime 𝜔02, 𝜔20 < 𝜔11

or |Δ| < |𝜂 |, the second term in eq. (6.54) becomes positive and the idle operating
point would be located at 𝜑𝑒,1 < 𝜋, if it exists.

Fig. 6.S4a shows the ZZ interaction rates as functions of external flux calculated
using circuit quantization and numerical diagonalization, as 𝐶𝐶 is swept. We find
that at sufficiently small 𝐶𝐶s, the idle operating point exists. Comparison of the
plasma frequency 𝜔𝑝,𝐶 of the coupler junctions to the plasma frequencies of the
qubit junctions’ 𝜔𝑝,1 and 𝜔𝑝,2 shows that an idle operating point can exist without
requiring extreme oxidation conditions to lower 𝜔𝑝,𝐶 further. The existence of an
idle operating point at 𝜔𝑝,𝐶 = 𝜔𝑝,2 and its robustness against 𝐶𝐶 implies that the
same junction oxidation condition used in one of the qubits can be used for junctions
in SQUID couplers. The average hybridization can be suppressed to or below 1%
for a similar range of 𝐶𝐶s that provides an idle bias point, as found in Fig. 6.S4b.
In addition, such junction processes with thick oxide barriers ease junction area
targeting due to their smaller tunneling energy per area.

Fig. 6.S4c shows the ZZ interaction rates as the qubit 2’s g-e transition frequency
is swept, by varying 𝐸𝐽,2. Qubit 1’s g-e frequency is approximately at 4.49 GHz.
As expected, Φoff > 0.5Φ0 (𝜑𝑒,1 > 𝜋) exists for sufficiently large detuning, and
Φoff < 0.5Φ0 (𝜑𝑒,1 < 𝜋) in the straddling regime.

To examine the tolerance of SQUID coupler operation against circuit parameter
targeting inaccuracy and to explore available junction plasma frequencies for the
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Figure 6.S5: CZ gate with junction coupler. a, Circuit diagram of the junction
coupler. b, Coherent error of the CZ gate as a function of gate duration 𝑇𝐺 ,
implemented by the junction coupler. Dashed yellow line represents the contribution
from the non-adiabatic state transitions.

junctions in the SQUID coupler, we estimate the coherent errors of the CZ gates
for different 𝐶𝐶 for the 10 shortest gate durations, as shown in Fig. 6.S4e. We
assume an asymmetry 𝑑𝐶 = Δ𝐸𝐽,𝐶/Σ𝐸𝐽,𝐶 = (𝐶𝐶,1 − 𝐶𝐶,2)/𝐶𝐶 = 10 % for the
two junctions in the SQUID couplers, in which we correlate the asymmetry in the
junction energies and the capacitance. We find that all𝐶𝐶s in the wide range of [0.95,
3.98] fF provide fast and high-fidelity CZ gates with small adiabaticity overheads,
showing the robustness of the gate scheme against coupler capacitance targeting.
Note that the difference in the minimum CZ gate time is due to the change in the
hybridization-induced ZZ interaction rate 𝜁 (2) originating from charge coupling.

Junction coupler

The limit in which the asymmetry is 100 percent or -100 percent corresponds to the
case in which one of the junctions in the SQUID coupler is eliminated, as shown in
Fig. 6.S5a. The interaction Hamiltonian is thus provided as follows:

𝐻̂int ≈ −𝐸𝐽,𝐶 cos (𝜑̂2 − 𝜑̂1 + 𝜑𝑒) + 𝑔𝑛̂1𝑛̂2

= −𝐸𝐽,𝐶 cos (𝜑𝑒) (𝜑̂2 − 𝜑̂1)
+ 𝐸𝐽,𝐶 sin (𝜑𝑒) (𝜑̂2 − 𝜑̂1) + 𝑔𝑛̂1𝑛̂2, (6.56)

where 𝜑𝑒 ≡ 2𝜋Φ𝑒/Φ0. The SQUID coupler interaction Hamiltonian is mapped
to the junction coupler interaction Hamiltonian under Σ𝐸𝐽,𝐶 ,Δ𝐸𝐽,𝐶 −→ 𝐸𝐽,𝐶 and



164

a

9

8

7

6

5Fr
eq

ue
nc

y 
(G

H
z)

|01〉
|10〉

|11〉
|02〉
|20〉

c

CC (fF)

Av
er

ag
e 

H
yb

rid
iz

at
io

n 
10-1

10-2

10-3

1.8 2.0 2.2 2.4 2.6

ζ/
2π

 (M
H

z) 101

0

102

100

-100

-101

Av
er

ag
e 

H
yb

rid
iz

at
io

n 10

4

10-2

10-3

10-4

100

10-1

0.0 0.2 0.4 0.6 0.8 1.0
Φe,1/Φ0

0.0 0.2 0.4 0.6 0.8 1.0
Φe,1/Φ0

d

on

CPHASE

off

TG (ns)
30 35 40 45

10-1

10-7

10-4

10-5

10-6

10-2

Co
he

re
nt

 E
rr

or

50 55

10-3

60

b

e
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red line represents the ZZ interaction turn-off point Φoff. e, Coherent error of the
CZ gate implemented with the straddling regime parameter.
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Φ𝑒,1 + Φ𝑒,2 −→ Φ𝑒. Defining Φ𝑒,1 ≡ −2Φ𝑒, we can compare the junction coupler
with the SQUID coupler in a consistent way.

The junction coupler is an extreme example that shows the robustness of the SQUID
coupler against the junction asymmetry. The junction coupler still yields an idle
external flux and allows the implementation of a high-fidelity adiabatic CZ gate as
efficient as the symmetric SQUID coupler, whose coherent error is presented in
Fig. 6.S5b. However, they induce longitudinal interactions that act as the crosstalk
channel when chained with more couplers and qubits, as discussed in the main text.

CZ gate in straddling regime

The SQUID coupler can be used for implementing a CZ gate between two transmons
in a stradling regime. In this example, the transmon 2 frequency 𝜔2 is brought
close to 𝜔1 to satisfy the straddling condition 𝜔 |20⟩, 𝜔 |02⟩ < 𝜔 |11⟩, as shown in
Fig. 6.S6b. In this parameter regime, it is crucial to suppress linear coupling, due
to their relatively large contribution to the ZZ interaction rate. We choose 𝐶𝐶 that
minimizes the average hybridization at Φ𝑒 = 0, as found in Fig. 6.S6a.

As discussed earlier, the idle external flux Φoff is less than 0.5Φ0 in the straddling
regime, as shown in Fig. 6.S6c. Similarly to the pair of transmons that are far-
detuned, a CZ gate can be implemented by dynamically tuning the external flux. We
find that a 43 ns-long CZ gate with coherent error of 10−6 can be implemented as
illustrated in Fig. 6.S6e, showing the utility of the SQUID coupler in the straddling
regime.

6.9.6 Calculation of losses from interfacial dielectric layers
As the SQUID coupler does not require capacitive coupling from the planar ca-
pacitance, the capacitance to ground from the lead for galvanic connection can be
suppressed. This allows us to use narrower metalizations and gaps to the ground
while keeping the losses from contaminated interfacial dielectric layers small. The
interfacial loss due to the geometry presented in Fig. 6.S7a is modeled by approx-
imating the leads to coplanar waveguides (CPWs) of a uniform geometry, with the
lead width 𝑊 and the gap to ground 𝐺 being the CPW parameters.

The capacitance of a single mergemon to ground can be broken down into junction
capacitance 𝐶𝐽 and lead capacitance 𝐶𝐿𝑒𝑎𝑑 , as illustrated in the circuit diagram
provided in Fig. 6.S7b. Thus, the contribution of the leads to the quality factor
𝑄𝐿𝑒𝑎𝑑 can be modeled as the following:
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1
𝑄𝐿𝑒𝑎𝑑

=
𝑈𝐿𝑒𝑎𝑑

𝑈𝑡𝑜𝑡

∑︁
𝑖∈{𝑀𝑆,𝑆𝐴,𝑀𝐴}

𝑈𝑖

𝑈𝐿𝑒𝑎𝑑

tan 𝛿𝑖

≈ 𝐶𝐿𝑒𝑎𝑑

𝐶Σ

∑︁
𝑖∈{𝑀𝑆,𝑆𝐴,𝑀𝐴}

𝑝𝑖,𝐶𝑃𝑊 tan(𝛿𝑖), (6.57)

where𝑈𝐿𝑒𝑎𝑑 and𝑈𝑡𝑜𝑡 are the energy stored in leads and the total energy, respectively,
and𝑈𝑖 is the energy stored in the interfacial layer 𝑖, 𝑝𝑖,𝐶𝑃𝑊 is the surface participation
for interfacial layer 𝑖 calculated by approximating the lead geometry as a CPW
assuming that the entire energy is stored in the leads (i.e., the denominator is𝑈𝐿𝑒𝑎𝑑),
tan 𝛿𝑖 is the corresponding loss tangent, and𝐶Σ = 𝐶𝐽 +𝐶𝐿𝑒𝑎𝑑 is the total capacitance
of the mergemon. We consider the three interfacial layers: metal-to-substrate (MS),
substrate-to-air (SA), and metal-to-air (MA).

We provide the analytically calculated 𝐶𝐿𝑒𝑎𝑑 in Fig. 6.S7b and c as a function of
two parameters: the lattice constant (𝑎) and the lead width𝑊 , following the formula
provided in Ref. [317], for silicon substrate with 𝜖𝑠𝑖 = 11.47 and gap to ground𝐺 = 8
um. In this model, 𝐶𝐿𝑒𝑎𝑑 is directly proportional to the total length of the leads,
which we assume to be 2.5×lattice constant, considering the four connections to the
nearest-neighbor qubits and the connection to the readout resonator, as illustrated in
Fig. 6.S7a. To reduce 𝐶𝐿𝑒𝑎𝑑 , we consider the trenching of the substrate and assume
a filling factor of 10%. The following analysis assumes a lattice constant of 100 um.

Surface participation as a function of lead width is calculated by approximating the
lead geometry as a CPW and using the analytical model provided in Refs. [316], as
shown in Fig. 6.S7. We assume a uniform thickness of 2 nm for the contaminated
dielectric for all interfacial layers. MS, SA, and MA relative permittivities of 11.4,
10, and 4, respectively, are used to consistently cite the loss tangents provided in
Ref. [318]. To account for the effect of substrate trenching that reduces MS and
SA participations and increases MA participation [239, 319], the MS, SA, and MA
participations are multiplied by 1/4, 1/3, and 4, respectively.

Finally, the contributions to the quality factor are calculated using eq. (6.57), as-
suming 𝐶Σ of 80 fF, shown in Fig. 6.S7. The MS and SA loss tangents are obtained
from [318]. Considering using Tantalum films for the leads, which are known to
provide one of the cleanest MA surfaces [240, 320–323], we use the MA loss tan-
gent provided in Ref. [321] with consistent scaling considering the interfacial layer
thickness and the relative permittivity as suggested by Ref. [239]. As expected, the
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Figure 6.S7: Calculation of the losses from the interfacial dielectric layers. a,
A single mergemon modeled as a cross-shaped metalization (orange), where the
mergemon junction is located at the center and the other parts of the metalization is
considered "leads". Ground metalization (blue) is connected to the low voltage side
metalization of the mergemon at the center (hidden). b, Circuit schematic of the
mergemon. 𝐶𝐽 denotes the contribution from the junction, and 𝐶𝐿𝑒𝑎𝑑 indicates the
contribution from the leads. c, Analytically calculated 𝐶𝐿𝑒𝑎𝑑 as a function of the
lattice constant. A gap to ground 𝐺 of 8 um and a lead width 𝑊 of 1 um are used.
d, Analytically calculated 𝐶𝐿𝑒𝑎𝑑 as a function of the lead width. A gap to ground
𝐺 of 8 um and a lattice constant of 100 um are used. e, Analytically calculated
surface participation as a function of the lead width using the formula provided in
Ref. [316]. Trenching factors of 1/4, 1/3, and 4 are multiplied to MS, SA, and MA
interfaces, respectively. f, Analytically calculated 𝑄𝐿𝑒𝑎𝑑 and the contributions to
𝑄𝐿𝑒𝑎𝑑 from each interfacial layers as functions of the lead width.
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Figure 6.S8: Parasitic capacitance estimation. a, Geometry for electrostatics
simulation. Lattice constant (𝑎), RO gap width (𝑏), parasitic capacitances 𝐶𝑑𝑖𝑎𝑔 and
𝐶𝑁𝑁𝑁 are denoted. b, d, 𝐶𝑑𝑖𝑎𝑔 and 𝐶𝑁𝑁𝑁 as functions of lattice constant, for RO
gap width = 50 um. c, e, 𝐶𝑑𝑖𝑎𝑔 and 𝐶𝑁𝑁𝑁 as functions of RO gap width, for lattice
constant = 100 um. Simulations are conducted with two different substrate material
settings: silicon and SOI.

quality factor improves as the lead widens due to the decrease in surface participa-
tion, which stagnates at 𝐺 ≪ 𝑊 as the increase in 𝐶𝐿𝑒𝑎𝑑 catches up. For a lead
width of 1 um, we find 𝑄𝐿𝑒𝑎𝑑 ≈ 8.7×106, whose contribution to the relaxation time
is 𝑇 𝐿𝑒𝑎𝑑

1 = 1/(𝜔𝑄𝐿𝑒𝑎𝑑) ≈ 309 us for a 𝜔/2𝜋 = 4.5 GHz qubit.

6.9.7 Parasitic capacitance
The parasitic capacitances in the proposed tiling scheme is estimated by finite-
element method (FEM), using the COMSOL electrostatic simulation module. We
model the metalizations in the mergemon processor as shown in Fig. 6.S8a. Each
colored cross (orange, yellow) with a label 𝑄𝑖 𝑗 represents the high voltage side
metalization of the mergemon at (𝑖, 𝑗) location, including the elongated leads for
galvanic connection to the SQUID couplers. We assume lead thicknesses of 1um.
The placeholders for SQUIDs are modeled as capacitors between nearest-neighbor
qubits, with footprints of 5 um × 5 um and gaps between high voltage side leads of
1um. The distance between the leads and the ground metalization (blue) is 8um. We
consider two different substrates: 1) a 500 um-thick silicon substrate with relative
permittivity of 𝜖𝑟 = 11.47, and 2) silicon-on-insulator (SOI) substrate with a 220
nm-thick suspended silicon layer, a 3 um-thick vacuum gap layer, and a 725 um-thick
silicon handle layer [167]. For both substrates, the layer above the metalizations is
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set to vacuum.

In this model, the elongated leads for realizing the galvanic connection are expected
to determine the bulk of the capacitance. We identify two crucial dimensions that
contribute to parasitic capacitances. First, the lattice constant (𝑎) determines the
proximity among the leads and the perimeter of the leads. Second, the width of the
gapped regions to locate the lumpled element readout resonators (RO gap width, 𝑏)
determines the amount of ground metalization around each lattice site for a given
lattice constant, which screens the electric field. Note that the leads extended from
the low voltage metalization of the mergemons are omitted to reduce computation
overhead, omission of which would likely lead to overestimation of the parasitic
capacitances.

Fig. 6.S8b-e show the estimated parasitic capacitances as functions of the afore-
mentioned parameters. We plot the two largest parasitic capacitances: the diagonal
parasitic capacitance 𝐶𝑑𝑖𝑎𝑔 between the lattice sites (𝑖, 𝑗) and (𝑖 + 1, 𝑗 + 1) and the
next-nearest-neighbor parasitic capacitance 𝐶𝑁𝑁𝑁 between lattice sites (𝑖, 𝑗) and
(𝑖 + 2, 𝑗) or between lattice sites (𝑖, 𝑗) and (𝑖, 𝑗 + 2), as illustrated in Fig. 6.S8a.

We find that increasing the lattice constant reduces parasitic capacitances, for the
same RO gap width. This indicates that the reduction in the parasitic capacitances,
due to the increase in the ground metalization area, is faster than the increase in the
parasitic capacitance originating from the longer lead lengths. The increase in the
RO gap width significantly strengthens the parasitic capacitances by reducing the
ground metalization area. For the combination of parameters that yields a sufficient
amount of ground metalization (large 𝑎, small 𝑏), the parasitic capacitances of
the two different substrates become closer in value. This implies that the bulk of
the parasitic capacitances are mediated by the stray capacitances in the vacuum
layer above the metalizations in such parameter regimes. We find that for the
lattice constant of 100 um and the RO gap widths of 50 um, parasitic capacitances
are approximately 30 aF or lower for both substrate materials. As mentioned in
the main text, simulations including substrate trenching and galvanic connection
elements to an opposing chip are expected to estimate smaller stray capacitances by
reducing substrate filling factors and adding more ground metalizations that screen
electric fields.
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Figure 6.S9: Tiling transmons with shunt capacitors and dual-rail transmons on
a square lattice. a, Transmons tiled on a square lattice. High voltage metalization
(yellow, orange) provides the shunt capacitor needed for transmon. Josephson
junctions are located at the center of each unit cell, illustrated as the overlap between
the high voltage metalization and the low voltage metalization (purple) that are
each galvanically connected to the four extended leads. b, Dual-rail transmons tiled
on a square lattice. Each unit cell consists of two transmons, which are coupled
capacitively. The overlap between the high voltage leads (yellow, orange) and
the ground metalization (blue) represents a single Josephson junction needed for
implementing a fixed-frequency transmon or two Josephson junctions forming a
SQUID loop needed for implementing a frequency-tunable transmon.

6.9.8 Tiling transmons with shunt capacitors and dual-rail transmons
The tiling strategy for conventional transmons with planar shunt capacitance can be
obtained simply by widening the leads and gaps to ground starting from the merge-
mon tiling scheme, as illustrated in Fig. 6.S9a. The presence of shunt capacitors
requires the outer SQUID loops to be enlarged, which poses a trade-off between
dephasing due to flux noise in the outer SQUID loops and the dielectric loss from
the contaminated interfacial layers on capacitor pads. The bulky capacitor pads
may also mediate larger stray capacitance, which can lead to more spectator ZZ
interactions.

In contrast, the use of dual rail transmons suppresses the effect of flux noise, due
to the protection against frequency noise provided by their operation at artificial
sweet-spots [255, 307]. We provide a tiling example with dual-rail transmons in
Fig. 6.S9b, where each unit cell consists of two capacitively coupled transmons.
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C h a p t e r 7

OUTLOOK AND FUTURE DIRECTIONS

Taken together, the results reported in this thesis suggest that the number and nature
of mediating modes constitute an important design degree of freedom for super-
conducting quantum processors. In this chapter, we outline several directions for
extending the experimental platforms and circuit architectures developed here, and
discuss potential applications of these ideas. Direct extensions of the work presented
in individual chapters are discussed within those chapters and the corresponding
supplementary information.

7.1 Novel platform for microwave quantum optics
In Chapter 3, we demonstrate deterministic generation of multidimensional mi-
crowave photonic cluster states. The on-demand single-photon emitter and the
slow-light waveguide developed for this work have numerous potential applications
in microwave quantum optics. In this section, we discuss two possible extensions
of this experimental platform.

7.1.1 Dual-rail encoded microwave optics platform
The ability to detect losses in itinerant photons is helpful for establishing fault-
tolerance in measurement-based quantum information processing with flying
qubits [139, 324]. Dual-rail encoding of microwave photons allows detection
of loss events [307, 308, 325, 326], by encoding a qubit in the manifold with
a fixed excitation number. Such dual-rail encodings can be implemented with a
slow-light waveguide system in several ways. The sharp and flat passband enables
frequency-bin dual-rail encoding [326] with minimal higher-order dispersion, the
slow group velocity enables time-bin dual-rail encoding [156, 327], and using two
slow-light waveguides with two coupled emitters enables spatial dual-rail encoding.

7.1.2 Single photon absorption
Being able to completely absorb a single photon with a qubit allows full control
of quantum information, including readout in an arbitrary basis, which is cru-
cial for measurement-based quantum computation [97]. Photon absorption using
time-reversed shaped coupling has been demonstrated with high-efficiency in the
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microwave domain [205, 328, 329]. The slow-light waveguide provides precise
control over photon propagation and arrival time while offering dynamically tun-
able strong emitter-waveguide coupling, making the platform naturally suitable for
high-efficiency photon absorption. In a preliminary measurement using the device
from Chapter 3, we recover approximately 87.6% of the initial population upon
re-absorption of an emitted photon with the same emitter, accounting for photon
loss, mirror efficiency, and the readout confusion matrix.

7.2 Dissipation engineering
We propose a "bright-dark" double-band metamaterial in which each unit cell
consists of two resonators in resonance that form hybridized symmetric and anti-
symmetric eigenmodes. Under sufficiently small inter-unit-cell coupling, the sym-
metric and anti-symmetric eigenmodes form disjoint passbands. At the end of the
metamaterial where the waveguide couples to the output, if the last two resonators
(the last unit cell) are coupled symmetrically to the output, only the symmetric
eigenmodes couple strongly to the environment, making the corresponding pass-
band "bright". In contrast, the anti-symmetric eigenmode passband remains coher-
ent, which we refer to as the "dark" band. Such a metamaterial waveguide provides
a Purcell filter with a sharp band edge necessary for fast qubit readout and reset
via the bright band [91, 92, 117], while the dark band can be used for coherent
long-range interactions between superconducting qubits or for information storage.
This architecture provides a hardware-efficient route to color the dissipation while
preserving coherence in protected bands.

7.3 Engineering intrinsic nonlinearities
In Chapter 6, we propose SQUID couplers with perturbatively small Josephson
energies for controllable nonlinear interactions. Here we discuss several additional
directions for engineering intrinsic nonlinearities in superconducting quantum cir-
cuits that remain relatively unexplored.

7.3.1 Galvanic nonlinear coupling architecture
Engineering purely nonlinear coupling, such as Quarton couplers [119], junction-
based readout schemes [71, 120], and SQUID couplers, has largely focused on
cross-Kerr interactions with transmons. However, the broader design space of
galvanically coupled nonlinear circuits remains only partially explored. In particular,
the parameter regimes that favor such architectures, their compatibility with other
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nonlinear interaction mechanisms such as longitudinal coupling and multi-photon
processes, and their interaction with different qubit and resonator archetypes are still
open questions. Because galvanic coupling can provide strong and direct nonlinear
interactions, small and conceptually simple circuit architectures may prove useful.

7.3.2 Slightly tunable superconducting qubits
Flux-tunable qubits are often challenged by the excessively large tunability of their
transition frequency, which exposes the qubit to flux noise and leads to dephasing.
This typically arises from the relatively large accessible Josephson energies in a
SQUID loop, limited by lithographic constraints. The use of thick oxide barriers,
as suggested in Chapter 6, would release this constraint by enabling junctions with
substantially smaller critical currents for the same area. This approach would make
it feasible to realize transmons with only minute tunability.

7.3.3 Junction readout with small 𝐸𝐽

Junction readout techniques have been proposed and demonstrated to provide
high-performance readout of superconducting qubits and robustness against
measurement-induced state transitions [71, 120]. In these approaches, suppressing
the self-Kerr of the readout resonator requires reducing zero-point fluctuations
of phase. This typically necessitates making the readout resonator highly ca-
pacitive, which increases its physical footprint or otherwise introduces additional
dielectric loss. Moreover, an additional coupling capacitor is often required to
cancel hybridization between the qubit and the readout resonator, further increasing
complexity and footprint.

An alternative approach is to employ junctions with sufficiently small Josephson
energy realized using thick oxide barriers. Such junctions suppress self-Kerr non-
linearities, allow the use of less capacitive, more compact readout resonators, and
eliminate the need for a separate capacitor for hybridization cancelation.
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