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ABSTRACT

Chapter I

Calculatiohs are reported for low energy e-N, scattering cross
sections in the static-exchange approximation. The approach used
involves solving the Lippmann-Schwinger equation for the transition
operator in a sub-space of Gaussian functions. New features of
the method are analytic evaluation of matrix elements of the free
particle Green's function and analytic transformation to obtain
single—center expansion coefficients for the scattering amplitude.
"Results are presented for the total elastic and rotational excitation
_cross sections and the momentum transfer cross section for incident
electron energies of 0.5 to 10 eV. Comparison with other theoretical
and experimental data is included.

Thev second paper of this chapter presents cross sections for
e -CO scattering in the static exchange approximation. The method
of calculation is the T-matrix discrete-basis-set method as updated
by Fliflet, Levin, Ma and McKoy (previous paper) along with the
variational correction approach of Fliflet and McKoy. We extract
the “n resonance parameters at equilibrium internuclear separation
and compare with other theoretical and semi-empirical results.
Moméntum transfer cross sections are compared with the experimental

data of Land and the theoretical calculatioil of Chandra.



Chapter II

Results are presented in this first paper for rotational and
vibrational-rotational excitation of H, by electron impact in the
static—exchangé approximation. Using the T-matrix discrete-basis=-
set approach as described in the first paper of Chapter I we solve
the fixed-nuclei 'scattering problem at several internuclear separations.
Comparisons of our results with the experimental data of Linder and
Schmidt and with other calculated results are given.

In the second paper of this chapter we obtain vibrational and
vibrational-rotational excitation cross sections of N, by electron
impact via the 2IIg resonance in the static-exchange approximation.
To obtain highly accurate phase shifts in the Hg channel we use the
variational correction of Fliflet and McKoy applied to the discrete-
basis-set method of Fliflet, Levin, Ma and McKoy. As in e-H,
vibrational excitation, the approach involves solving the fixed-
nuclei scattering problem at several internuclear separations.

From these calculations one extracts the parameters necessary to
calculate resonanf vibrational cross sections in a-compound state
model.” Our results are compared with the experimental data of
Wong et al., and other theoretical calculations.

| Finally, the last paper discusses a simple model to include
pol'«irization effects in shape resonances, The position and width
of the 2eV shape resonance in e-N, scdt_tjef\ing are calculated by
solving the T-matrix equations with the sfatic-exchange field of

the N, case of the N, compound state. Resonance parameters
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obtained at the equilibrium separation of the molecule agree well
with semi-empirical results. Most importantly, the procedure can

be readily applied at several internuclear separations.

Chapter III

As was mentioned in Chapter I, an important refinement of
the original T-matrix method is the analytic evaluation of Gaussian
Iﬁatrix elements of the free particle Green's function. Previous
calculations evaluated these matrix elements by a numerical
quadrature which was in practice restricted to cases of axial
symmetry. In this chapter the derivation of a method for generating
higher order Gaussian matrix elements is presented. Although this
procedure is applicable to polyatomic systems, we list here only
the types of matrix elements necessary for 2, II and A symmetries

of a linear molecule.

Chapter IV

In this chaptér a method for obtaining scattering wave functions
at arbitrary energies is presented. Minimization of the variance
integral for a trial wave function expanded in discrete basis functions
only provides a criterion for choosing thé expansion coefficients of
the wave function. By using a separable representation of the
scattering potential only one new class df?m\;ltrix elements appears

in the evaluation of the variance integral which is not already
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required in the diagonalization of the Hamiltonian. The method is
applied to some model potentials and to s-wave scattering for helium

in the static-exchange approximation.
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CHAPTER I

Discrete Basis Set Calculations for
FElastic Scattering from

Diatomic Systems



INTRODUCTION.

The difficulty one encounters in electron-molecule collision
processes is due to the presence of a nonspherical potential describing
the interaction for an electron with a molecule. Unlike the atomic
case, the application of purely numerical techniques in an ab initio
manner is considerably more difficult. The importance of electron-
molecule cross sections in several different areas of research
encourages the development of a method which allows treating the
nonspherical nature of the scattering potential in an accurate and
efficient way.

This chapter describes the extension of such a method to the
cases of elaétic scattering from molecular N, and CO. The approach
of Rescigno, McCurdy and McKoy1 involves representing the
scattering potential by its projection onto a set of Gaussian basis
functions and solving the Lippmann-Schwinger equation for the
transition operator in the discrete function subspace. The essential
new features whicl.l have been incorporated in their original formulation
of the T-matrix method may be summarized as follows: calculation
of the Gaussian matrix elements of the free particle Green's function
analytically;2 analytic treatment of the molecular orientation by use
of azsingle—center expansion for the scattering amplitude;3 and,
application of the Kohn variational formufla4 for the partial-wave
K-matrix to correct first order errors due to the difference between

the true scattering potential and that obtained by projection onto a



discrete basis set, i.e., V-Vt The first two new features of the

T-matrix method are discussed in detail in the papers of this chapter
and Chapter III. A summary of the essential steps in the derivation
of the variational correction of Fliflet and McKoy4 is given in the
second paper of this chapter. Their method was first applied to
elastic e-H, scattering and subsequently has been used to obtain

very accurate results in elastic and vibrationally inelastic e-N,
scattering (see Chapter II). In terms of earlier attempts to include
variational corrections for scattering processes, 2,6 their procedure
is the first to successfully apply the Kohn formulation7 to a non-
spherical target using discrete basis functions only.

This T-matrix method is first applied to e -N, scattering at
low energies in the static-exchange approximation. The results are
compared with other theoretical calculations and the experimental
values of the total scattering and momentum transfer cross section.
This work employs the first two new features of the T-matrix method
that are described above, but does not include a variational correction
for first order err;)rs due to V—Vt.

The second paper presents momentum transfer cross sections
for low energy e-CO elastic scattering in the static-exchange
approxiination. Again our results are compared with other theoretical
calculations and experimental values for ;he momentum transfer cross
section. Unlike its isoelectronic countéri)ai't, namely N,, it is
necessary to include a variational correctibn for errors in V—Vt to

obtain meaningful e -CO results.



In addition to showing that the T-matrix method is successful
in predicting reasonable elastic scattering results, the calculations
described in this chapter lay the ground-work for ab initio studies
of vibrationally inelastic processes presented in Chapter II. Similar
use of a variational correction as in CO allows one to extract
resonance parameters with a high degree of accuracy. Secondly,
both papers show that vigorous inclusion of static—exchaﬁge effects
produces eigenphase sum and cross section energy dependence that

indicate the presence of a shape resonance.
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Discrete-basis-set Calculation for
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7
I. INTRODUCTION

The importance of electron-molecule collision processes in
several areas of current research interest provides a strong incentive
for development of accurate methods of ab initio calculation. Dis-
crete basis set methods are of particular interest since the lack of
spherical symmetry makes the application of numerical techniques
considerably more difficult for molecules than for atoms. Theoretical
work in electron-molecule scattering has been reviewed by Takayanagil
and by Golden et g.ﬁ , and more recently by Temkin. ’ Systems larger
than H, for which electronically elastic scattering results have been
obtained include N,, CO, and COZ?-9 Discrete basis set methods
have been applied to H,, N,, and qu.)ﬂa To date the most sophisticated
calculations have employed numerical techniques. The most accurate
calculation using discrete basis set methods is the R-matrix calcula-
tion of Schneider11 for H,. The advantages and limitations of the
various approaches referenced above have yet to be thoroughly evalu~
ated.

The subject of this paper is the discrete basis function method
for non-spherical potential scattering introduced by Rescigno,
McCurdy, and McKoy.1 e The approach involves representing the
potential by its projection onto a set of Gaussian basis functions and
solving the Lippman-Schwinger equation ﬁ(or the transition operator in
the q!iscrete function subspace. We report new features of the methed

and its application to electronically elastjé e-N, scattering in the

static-exchange approximation.
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Solving the Lippman-Schwinger equation in a basis set requires

an efficient method for computing matrix elements of the free-particle
Green's function. In previous calculations this involved a numerical

14
adrature and was in practice restricted to cases of axial symmetry.

qu
As Ostlund has shown, these matrix elements may be evaluated ana-
lytically.16 We have extended Ostlund's results for s- and p-type
(;,a,ussiansm’17 up to Gaussiansof f-type symmetry and now use these
reéults in our computational procedure. An important feature of our
prescription for the Green's function is that it is directly applicable
to polyatomic systems.

In previous applications of the methad, elastic cross sections
were obtained from fixed-nuclei scattering amplitudes by numerically
avera'ging over target orientation.10 To calculate rotational excitation
and momentum transfer cross sections, it is desirable to treat the
target orientation dependence analytically. This is now achieved by
means of a single center expansion for the scattering amplitude. We
stress that the dynamical problem, represented by the Lippman-
SChwinger equation, is solved as before using a multicenter basis set.
The matrix elements involved in the transformation to the single-
centér expansion for the scattering amplitude are evaluated analyti-
cally. We also point out that, since the matrix elements used to con-
struct the basis set representation of the potential are evaluated using
techniques developed for bound state calc‘\{llations,1 ’ all the matrix
elem;ents required in our prescription for;‘sgattering are now treated
analytically using formulas completely épplicable to polyatomic

systems.
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In this work our results do not include a variational correction

for first order errors due to the truncation of the potential. Including
the correction would require considerable additional computational
effort and it is interesting to demonstrate that useful results can be
obté.ined_ using moderately sized basis sets even when the correction is
omitted. The calculation of variationally stable results will be the
subject of future work. In the next section a simple method for reduc-
ing variational error at very low energies is discussed.

ReSults are presented for the total elastic and momentum
transfer cross sections calculated in the fixed-nuclei approximation;
and also for total rotational excitation cross sections calculated in the
adiabatic-nuclei approximation. We compare our cross sections with
the theoretical results of Burke and Sinfailam® and with the experi-
mental data of Golden19 and of Englehardt et ?:l.zo Our results are
dominated by a resonance in the 2II o channel in qualitative agreement

with experiment and other calculations.
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II. THEORY

In the fixed nuclei approximation the Schrédinger equation for

the scattered electron is of the form (in atomic units)

2

<.;v2+v(R,g)—l‘2->w§(R,s>=0 (1)

where V(R, r) is an optical potential for the effective interaction be-
 tween the target and the séattered electron which depends paramet-
rically on the relative coordinates of the target nuclei (denoted by R).
The vector subscript k indicates the dependence of the wavefunction
on direction as well as the magnitude of the incident momentum for a
non-spherical target. The scattering wavefunction vanishes at the

origin and has the asymptotic form

1 ik-r eikr] (2)

vi o~ —1— |5 i (3)
£ (217)3/2[ s '

asr — . This corresponds to the normalization
+ .+
(V/k'!ll/k):G(}S‘,lj') (3)

Rather than solve Eq. (1) directly, we work with the Lippman-

Schwinger equation for the transition matrix
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T=U+UG, T, (4)

where U= 2V and Go+ is the free-particle Green's function for the

outgoing wave boundary condition. The T matrix solution of Eq. (4)

satisfies the identity:
FITIE) = (1UI¥) "

where k, k' denote plane-wave states of the form

1 ik. r
e~ ~ .

= (21r)3/2

In our notation the T matrix is related to the scattering matrix S

according to

S=1-in6(E-E")T, (7
and is related to thé scattering amplitude according to

fy (B) = -2r (¥IT|k) (8)

where ;3 =K.

In actual calculations it is conveni"ent\ to work with the K matrix

defined by the relation
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G 1K1K = - KT (®)

where ll,g(P) is the scattering wavefunction for the standing wave

poundary condition. The on-shell K matrix satisfies the relation

s L+iK (10

Defining K' = -—3— K, the Lippman-Schwinger equation for the K’

matrix is:

' P
K =U+UG, K | (11)

where Glz is the free-particle Green's function for the standing wave
boundary condition.

‘To solve Eq. (4) the potential is projected onto a subspace of
square-integrable functions {‘Pa}‘ This forms an N x N matrix

generalization of the separable potential approximation:

Vi) = ) g, () CalVIB) gy () - (12)
a, B

Inserting the truncated potential V t, Eq. (4) becomes a matrix equa-

tion with solution

Tt - [1 -t Gj]‘l 0 (13)
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The momentum representation of the on-shell T matrix is obtained

by the transformation:

oy,

(K| TR = )
a,f

(Kla) (a|T[) (BlK) . (14)

The truncated potential is constructed from a basis set of Cartesian
‘Gaussian functions of the form

2
ah (] m n ~elr-al
By = Nlmn(x - AX)_ (y - Ay) (z -'Az) e (15)

where Nlmn is a normalization factor. The basis function centers,
denoted by A in Eq. (15), are placed at the target nuclei and at the
center of mass. Cartesian Gaussian functions are widely used in
molecular bound state calculations due to their convenient analytical
propert'iesf8 The matrix solution Tt involves Gaussian matrix ele-
nients of the free-particle Green's function
Cuy [k D<K i)

3
(p: |1GT(E) |p.) = lim dk (16)
1' ° ‘.‘LJ e*0+.f qz-k2+i€

2
Where E = % . Similarly, the matrix solution K' involves

Gaussian matrix elements of the free-particle Green's function

i

: . . (el k) Cklp)
(] Gy (B) lyy) = P [’k ———2—]

2

Q- K

(17)

where P denotes principal value integration.
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As shown by Ostlund these matrix elements can be reduced

analytically to an error function with complex argument for which
efficient algorithims exist.21 Based on Ostlund's techniques for
evaluafing scattering integrals involving Gaussian and plane-wave
function, we have developed a straightforward procedure for deriving

. r
formulas for matrix elements of G: (or G, ) involving Gaussians of
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arbitrary center and symmetry type. Formulas for s- and p-type

Gaussians have also been obtained by Ostlundl.7 A description of our
analytical proéedure and results for Gaussians of up to f-type sym-
metry will be published elsewhere. Formulas for s- and p-type
Gaussian matrix elements of FGO are given in Appendix I.

In order to treat the target orientation dependence of the
scattering analytically, we‘use a single-center expansion of the
scattering amplitude. For simplicity consider the case of a linear
molecule. In the body-fixed frame with z-axis along the internuclear

“axis, the wavefunction and scattering amplitude have the expansions:l

o = Y Y g (0 Y (DY) (18)
@7 gorm
@A) L Y, B Y 6 (19)
24'm

The radial wavefunctions have the asymptotic form:

21

o i 2 [ouf e-i(kr-nn/z)_su,mei(kr-,qfr/z)} -

asr — o, The single center expansion coefficients for the S matrix
and the scattering amplitude are related according to:

N}

_ 1
bom = 55 Gogrm ~ Oer)
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The single-center expansion of the on-shell T matrix is of the form

1\ .2'-£ " ®
KITIE) = %03 ™ T 09 Y G Y0 (0 =
£4'm |

Equating the right-hand sides of Eqs. (14) and (22) and using the

spherical expansion of a plane wave,

ik.r _ \iL. o ¥ 8 (23)
%% = 4m )iy, () Yy (DY, (),
{m
we obtain the single center expansion for Tt:
t 2k N\ . )
Topm= 7)), $ig Ygm! @) (@I T[8)CBLip Yy . (24)
Comparing equations (7), (21), and (24), shows
{0 .

- ap

Noting that the single-center expénsion of the K’ matrix has the same

form as Eq.(22),and recalling that K’ = -27 K, we have
t \" 3 ; . 3
:Ku,m=-kz Cig Ygp L) @ [K'1B) B lig Yy ) (26)

af

The transformations (24), (25), and (26) involve the matrix element
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23
A ’ A . .
( ugq«é (x) lig (kr) Yo (r)) . As pointed out by Schneider, these
matrix elements may be evaluated analytically. The technique
for evaluating the single-center transformation matrix elements and

formulas for s- and p-type Gaussians are given in Appendix II,

It is convenient to express the scattering amplitude in the labo-
ratory frame with z-axis in the direction of incident momentum.
Usin_g the rotational properties of spherical harmonics and introduc-

24

ing the rotational harmonics defined in Edmonds, we find that the

scattering amplitude in the laboratory frame is given by

f (RgF=any B a,Rpd 9 x

22’ mm’

X =
x D) (8) Yy 4T) (27)

where R denotes the internuclear separation (for a diatomic) and B denotes the
target orientation in the laboratory frame (in general a function of

three Euler angles). The symbol r’ denotes the scattering angles in
the laboratory frame. Temkin et al. express the laboratory frame

scattering amplitude in the form™
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(R AR () (&) (8) ¥, A7) - (29

2¢'mm’
Comparing Egs. (25),(27), and (28) yields the prescription for the

fixed-nuclei dynamical coefficients:

2,g 5B = - Jarer+ it x

¥

x ) (g Yyl (@ T1B) (BligYyry) . (29)
ap

To calculate rotational excitation cross sections we use the

adibatic nuclei approximation
£, (B3~ T) = (ep (RA) (R g, £ € (R,E)) (30)

where 81-., 81" are wavefunctions for the target nuclei. This
approximation, due to Chase  and applied to electren-molecule
scattering by Chang and Temkinf7 is valid when the speed of the pro-
jectile is fast compared to the motion of the target nuclei.

The static-exchange approximation for the scattering potential
is obtained by representing the electronic part of the scattering wave-
function by an anti-symmetrized product state

v 1

-l Aleq,2 -, N)yT (N+1 31
NIy Lo ¥y (N+1)) 31
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. +
where @ is the Hartree-Fock wavefunction for the target and 4/5

is the wavefunction for the projectile. Substitution of the wave function
(31) into Schrodinger's equation leads to the non-local static-exchange

potential for a closed-shell target:

v:?--i— +2(2J.-K.) (32)
“31"5[ j b4

where J and K are the usual Coulomb and exchange operators. The
first term on the right-hand side of Eq. (32) is summed over target
nuclei, the second is summed over occupied orbitals.

At very low scattering energies variational error due to the
difference V - Vt may be reduced by solving Eq. (4) at eigenenergies
of the separable Hamiltonian

Ht=Z|a><a|H|B>(B| . (33)

op

To see this, consider the positive energy eigenfunctions Xk (r)

which satisfy

and are determined by diagonalization of g._Ht.
We are interested in the conditions under which the solution

Xy of Eq. (34) is proportional to the scattering wavefunction
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Ui= b + GO T oy (35)

~ ~.

Clearly, this is not true in general because the scattering wavefunction
depends on the direction of the incident particle and this boundary
condition is not taken into account in the diagonalization of Ht, How-
evér, at very low energy ‘P; and X, are dominated by the lowest
contributing partial wave an:i, hence, have approximately the same
‘behavior at the origin. It follows that in this energy range ll/gt and
are approximately proportional,

Xk

U@~ Ccwx (@, (36)

if we assume that the effect of truncating the kinetic energy operator
in Ht is small. The Kohn prescription for the variationally stable

28
scattering amplitude is:

S t 2 t t
flg,lg:flgl,g“” (zl/g,I(H-E)lz//g) . (37
If our discrete basis set is adequate to represent X beyond the
effective range of the potential, then approximation (36) may be

used in Eq. (37). Since Xy 1s determined by a variationally stable

procedure, the second term on the right hand side of Eq. (37) vanishes
through first order. Hence P

f

1

2 t
ff{,’}i + 0*(v-vYhH (38)

~

L

y K

when E =k’/2 is an eigenenergy of ut .
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III. CALCULATIONS AND RESULTS

The truncated static-exchange potential Vt is calculated
in two steps. The first involves an SCF calculation for the occupied
orbitals of the target. A standard basis set of contracted Cartesian
Gaussian functions is used. In the second step matrix elements of the
static-exchange potential, defined by Eq. (32), are computed over a
larger set of uncontracted functions, called the scattering basis set.
The scattering basis includes the primitive (uncontracted) Gaussians
used in the target SCF calculation. This insures orthogonality between
.the scattering subspace and the target orbital subspace. This require-
ment may be relaxed under certain conditions as noted below. The
scattering basis also includes functions which account for components
of the scattering subspace which cannot be constructed from the
target SCF basis. In this calculation the target basis set is augmented

by adding diffuse functions at the center or on the nuclei.

The ground state of N, has the electron configuration

.IEg(lcrg)2 (10‘1)2(;‘zog)?'(ZO‘u)2 (30g)2(11ru)4. In the SCF calculation we

use a [4s 3px3py 3p, 2d,

leus plus two diffuse p, functions on the center. The [4s3p] basis is

i ach nuc-
zzdyz 2d,, ] contracted basis set on each

constructed from a (9s5p) set of primitives using the contraction
coefficients suggested by Dunning.2 ° The choice of d-type functions,
which are necessary to obtain an accurate quadrupole moment, is due
to Truhlar et 31.30 The quadrupole moméht for this basis is -1.02a.u.
For a homonuclear diatomic the scattering potential is block

2 2

n 2
diagonal in the symmetries Zg, ZZ'u, I, Hg, ... and, hence, the
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Lippman-Schwinger equation may be solved separately for each case.
In this work we consider scattering in the % and II channels.
Table I lists the scattering basis sets for each symmetry. Target
pasis functions of d-type symmetry are omitted in the scattering basis
sets since these functions have little effect at the incident energies
considered. The basis set calculations are carried out using standard

pound state molecular integral programs.

To investigate the convergence of the scattering basis set, we
varied the basis functions for each symmetry in preliminary calculations.
Alternate basis sets were constructed in several ways., The use of con-
tracted basis functions was rejected due to the lack of a criterion for |
choosing the contraction coefficients. One would not expect the contrac-
tion coefficients used in the SCF calculation to be appropriate, and this

"was verified in test calculations. Adding diffuse functions at the nuclear
centers instead of at the center of mass had little effect except in certain
cases when this led to linear dependence problems associated with com-
puter round-off error. This occurred, for example, when diffuse two-
center s~-type functions were included in the calculation for Eu symmetry.
Varying the number of diffuse functions added to the SCF basis, or adding
tight functions, also had little effect. At the scattering energies con-
sidered in this work little effect was found for d-type functions. These
functions are probably more important at higher energy. The basis sets
listed in Table 1 respresent a consensus of our experience with basis
Bets to date. Apart from fluctuations assqgiated with variational insta-
bility, and within the constraints discussed above, our results are insen-
sitive to changes in the basis set. We estimate the uncertainty in our

Cross sections due to lack of basis set convergence at about 20%. Below

2 eV this error may be larger.
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In these calculations we work with the Lippman-Schwinger
equation for the T matrix, Eq. (4), which is solved for each incident
electron energy and scattering symmetry. The dynamical coefficients
a0'm of the fixed nuclei theory are then obtained using Eq.(29).
For the range of scattering energies considered here, we find that
the coupled partial-wave expansion for the scattering amplitude may

pe truncated with negligible error after 6 partial-waves.

In the fixed-nuclei approximation, the total elastic cross
25
section is given by

o= Z l2ggrm %720 +1) . (39)
£¢'m

Our results from 0.5 to 10 eV are shown in Fig. 1, together with the

’ 19
experimental data of Golden and the static-exchange approximation
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results of Burke and Sinfa.ilam.4 Vibrational structure present in

the data of Golden is not shown. The peak in the cross sections is
due to a shape resonance in the 2II g channel.

Results obtained directly from T matrix calculations for a
selected grid of incident momenta are indicated by x's in Fig. 1.
Failure of these points to form a smooth curve is attributed to varia-
tiohal error in the difference V-Vt. As Fig. 1 shows, this effect is
quite small for incident energies above 3 eV; however, below 3eV
the effect becomes large. Our results obtained directly from T
matrix calculations for energies below 3 eV are shown in Fig. 2.
Note that Fig. 2 is plotted in terms of incident electron momentum.
As discussed in the preceding section, we expect a reduction in varia-
tional error at the eigenenergies of Ht. Since eigenenergies are
different for different symmetries, an interpolation procedure must
be used. In this work we interpolate the matrix elements of the on-
shell, coupled partial-wave K matrix. F¥or energies below the 2Hg
resonance, these matrix elements are slowly varying. Our results
obtained by interpolation from T matrix calculations at eigenenergies
of H! are shown by the solid curve in Fig. 2 and by the +'s in Fig. 1.
At very low energy the slope of the total elastic cross section should
approach zero (for S-wave scattering in the static-exchange approxi-
mation). Instead, below k =0.2a.u. our results obtained by interpo-
lati?n drop off anomolously. We attribufe this behavior to the basis
set ;Lpproximation for the potential which;bgcomes increasingly
inadequate at very low energy. The daéhed line in Fig. 2 shows the

diagonal phase shift results of McCurdy et @1_.12
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The momentum transfer cross section is defined by

do
0., = [d(cos8) ———— (1 - cos9) . (40)
AR f d(cos 6)
Setting
_do _ gEAL P, (cos ), | (41)
d(cos 6) T
we have
o = Ay -5 A (42)

In the fixed-nuclei approximation, the expansion coefficients for the

7
differential cross section are given by:

1 -\

A = (22 +1)(2x + 1)(£200 | LOY(L X 00 | LO) X

L= ) (2£+1)(2x +1)(4200 | LO)(L' X 00| L0
L2 3 mp

] e *
(mp [T p) (O "mp | Tme p)a g g2y 5 - )

where (£,£,m;m,|€;m;) is a Clebsch-Gordon coefficient. Our results

4
for 0, are shown in Fig. 3 with the results of Burke and Sinfailam
o 20
and the data, inferred from swarm experiments, of Englehardt et al.

In the adiabatic-nuclei approximation the total rotational exci-

. i . . 27
tation cross section is given by:
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_1)ym+n

k., T
i gt A,
95~y k- Z Y00'm *00'p (205 1)
£ mp

x Z'(u'm, -m |JO) (£0y, -1 [30) (300 [§0) . (44)
J

In this work we set the ratio kj' /kj equal to unity. Owur results and
the results of Burke and Sinfailam are shown in Fig. 4. Note that
0,4 is larger than o,_, in the resonance region, indicating the

nearly pure d-wave character of the resonance.

IV. DISCUSSION AND CONCLUSIONS

This calculation shows that useful electron-molecule scatter-
ing information can be obtained using moderately sized basis sets and
working entirely within the discrete basis function subspace. Two
methods of improving the accuracy of our results are currently beirg
investigated. One approach is to improve the flexibility of the basis
set by adding Gaussian functions of d-type and higher symmetry. The
other approach involves the calculation of a variational correction for

errors in the scattering amplitude due to the difference V-Vt.

A method for computing a variational correction for the K matrix is
currently being applied to e-H, elastic scattering and will be descrihed
in a future paper. Preliminary results viﬁ‘di’cate good convergence prop-
erties for the scattering basis sets of the type used in the present

calculation.
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The discrepancy between our results and the diagonal phase
shift results of McCurdy et al  below 2 eV is not understood and will
be investigated further. In this energy range the approximation in-
volved in the "ow-£L-spoiling"” method of McCurdy et al should be valid.

An important feature of our method for calculating the dynamical
coefficients a,gs . Of the fixed-nuclei theory of TemkKin et al is that
it d.oes not involve single-center expansions of the potential or scatter-
ing wavefunction as part of the solution of the scattering problem. Thus
the usual convergence questions concerning these expansions do not
arise in our method.

The dynamical coefficients a, 'm refer to the asymptotic part
of the scattering wavefunction and converge rapidly at low incident
energy since then only partial waves with low £ are significantly
scattered by the target. In the case of e-N, scattering below 10 eV we
find that the coefficients a, ., 5 7 £,°=0,1,...,5;m=0, £ 1are
sufficient to describe the scattering amplitude. This partial wave
expansion for the scattering amplitude should not be confused with the
expansion for the total scattering wavefunction. At low incident energy
many more partial waves contribute to the scattering wavefunction in
the region of the target molecule than contribute in the asymptotic
region. The high £ partial wave components of the scattering wave-
function are due to singularities in the potential at the target nuclei.

Morrison and Collins31 have recently analyzed the partial wave
cloge-coupling method for e-N, scattering in the static approximaticn.
They find that convergence of the 2Eg cross section requires that
partial waves be included up to: A = 14 in the multipole expansion of
the electronic part of the potential, x = 28 in the multipole expansion

of the nuclear part of the potential, and £ = 26 in the expansion of the
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scattering wavefunction. In contrast the partial wave close-coupling

calculation of Burke and Sinfailam for e-N, scattering in the static-
exchange approximation includes only A= 0,2, 4 in the multipole
expansion for the static potential and £ = 0, 2, 4, 6 in the partial wave
expansion for the zzg scattering wavefunction. Morrison and Collins
show that the unconverged static potential 22 g cross section lies
above the converged result at low incident energy. Figure 1 of this
work shows that the total scattering cross section of Burke and
Sinfailam is a factor of two larger than ours at 1 eV incident energy.
Thus it is probable that lack of convergence in the calculation of Burke
and Sinfailam accounts for most of the discrepancy between their re-
sults and ours. Buckley and Burke have recently analyzed the calcu-
lation of Burke and Sinfailam and they find that the latter's results are
not converged. Unfortunately, Buckley and Burke do not present their
own static-exchange results for e-N, scattering.

Our results show that the static-exchange approximation for
scattering is in qualitative agreement with experimental results for
the total elastic and the momentum transfer cross sections although
polarization and other electron correlation effects are clearly impor-
tant. The displacement of our resonance peak to about 1. 5eV above
the position observed experimentally, and the rapid drop in the experi-
mental cross section below 0.5 eV incident energy are attributed pri-
maﬂly to polarization of the target by the scattered electron. Methods

for including polarization in our prescription for scattering are

currently being investigated.
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APPENDIX I: GAUSSIAN MATRIX ELEMENTS OF
FREE-PARTICLE GREEN'S FUNCTION

The Fourier transform of a normalized Cartesian Gaussian
is given by

(2m)3/4 L+min

(g 1 B3 = —=
e v(2£-1)11(2m-1)11(2n-1)1! = ZJE)

><H(}"y

k . 2
G Hy () k-4 /e (A1)

2Va

where Hi(x) is a Hermite polynomial. Substituting (Al) into the
Fourier integral representation for Gaussian matrix elements of the

free-particle Green's function Eq. (16),

a2 |GEE) s ) = }71—(‘;1@571 x
X [(2€-1)11 (20" -1)11 (2m-1)11 (2m’ -1)11 @n-1)11 @n-1)11 ]2
o gi-fHmem’en-n’ [k e'a2<2+211§-13 y
K- i€
X H (X )H, (——)H () H, (~Z) (A2)

Eava J‘mzx/‘m; “zrnzfg
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where € is a positive infinitesimal, E = q2/2, and

_ o+ B
iap (A3)

Substituting the spherical expansion for a plane wave, Eq. (22), for
ik . i ,

%' T in Eq. (Al), and carrying out the angular integrations, the

following formulas for Z and II symmetries and s-and p-type func-

tions are obtained:

(073 + B}E 2
Moo | Go lHooo? = AL (A4.1)
al EB
(ot 1GH oy = A p (T -
\Hoo1 | G | Koo ? = P, (B)Il (A4.2)
oA B
(Koor Gi ~ ) = _é_[.._ Bl +41
| oot | Go | oo ) Joe ip, (R, +3 I, } (A4.3)

aA B
(.~ 1gt ~ A2 R I 2
Kioo I Gy Iuloo ) = Jah [' T%‘ng(g) I, +% Pz(B) X

4 1 4
X g+§%} : (A4.4)

In E i
qs. (A4.1) to (A4.4), the integrations over k are denoted by

2

In _ e dkkne-ak .
L Bt kR

/, ¢ R (A5)



32
where jL(kR) is a spherical Bessel junction. The constant

A :/% (ap)~3/%, (A8)

PL(E) is a Legendre polynomial, and

As shown in reference 15, the principal value part of this integral
may be reduced to an error function with complex argument. Expli-
cit expressions for the real (principal value) part of the integrals

appearing in Eq. (A4) are:

2 N 2 .
Rel, = 5 ¢4 Re LelqR ert (22_ 4 i\/id)] (A8.1)
2
Relz = queIZ + ‘/Z; a-3/2 e R /4a (A8.2)

2 . .
Re If = L. g™ Re [(i%‘- 3. elqRerf(z—R— +ivaq ) -

) R =
2 -1/2
Vi -R/4a 2 ] (A8.3)
9 R
Rel, = = Rel, - Rel, _\ (A8.4)

R
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The imaginary parts are given by

m n-=1 -aq2 F ( R) (AQ)
InlIL i “7 a € JL a :
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APPENDIX HI: BESSEL GAUSSIAN OVERLAP INTEGRALS

To derive analytic formulas for the transformation matrix
aA ,.

elements (pln'l‘n (g)ljl(kr) Yo (r) >, we insert the spherical expan-
sion for a plane wave, Eq. (22), on both sides of Eq. (Al), the Fourier
transform of a Gaussian, and equate coefficients of YZM (}g) . For
an s-type Gaussian we have immediately:
2m\3/4 2
( o ) e"k /40]

aA
(Booo 1L Yrm? = 1 (kA) Yy (). (A10)

Derivation of formulas for Gaussian of higher symmetry is straight-

forward. For p-type Gaussians we obtain:

ol _(2m3/4 k -K'/4 L-M)(L+M) .
Choor iy, Yypp= (2D — /4 [,/A(EZLH))((I;;ug)]L—l(kA)YL-l,M(kA) ;

i £L+M+1)(L-Mfl) ;
(2L+1)(2L+3)

(A1L1)

L1 Yy, m (A) ]

aA 27.3/4 k_ _-K/4
(Bigo i, Y =(7})/4§—ﬁek/o’ X

(L-M)(L-M-1) . .
g { (2L+1)(2L-1) 1A Yy v () +
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(LAM2)(LAMA) vy 5
’ J(2L+1)(2L+3) T4 )L+1,M+1(~)

(L+M)(L+M-1) i eA)Y
(2L+1)(2L-1)

L-1,M-1(&) -

—
¢ (L-M+2)(L-M+1) j

A Y A) | (a11.2
(2L+1)(2L+3) L1 (BA Yy @) | )

3/4 k e-k2/4 a
2Va

aA 2
(Boro lip Yy = 1(5) 8

\ﬁL-M)(L—M-l) LAY B

X
(2L+1)(2L-1)
(L+M+2)(L+M+1) . AT ¥ (A) .
’ \/(2L+1)(2L+3) UFSRCORS WET VIVEC.
(L+M)(L+M-1) . KA)Y & g
' (2L+1)(2L-1) bl L-1,M-1'=
' N
. [ (L=M+2)(L-M+1) i1 (KA)Y g pyop (B[ (ALL.3)

(2L+1)(2L+3)
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TABLE I. Scattering basis sets
Ty "z
A =(0,0,+1.034) (0,0,+1.034) (0,0,0) A=(0,0,£1.034) . (0,0,+1.034) (0,0,0)
(£, m,n n)*=(0,0,0) - (0,0,1) (0,0,0) (4, m, n)=(0,0,0) (0,0,1) (0,0,1)
5909. 44 26, 786 0.128 59009. 44 26.786 0.1
- 887. 451 5. 9564 0.0768 887. 451 5.9564 0.06
204. 749 1.7074 0. 0461 204, 749 1.7074 '0.036
59. 837 0.5314 0. 0276 59. 837 0.5314 0.0216
19, 9981 0.1654 0.0166 19. 9981 0.1654 0.0130
2,686 0. 00995 2.686 0.0078
7.1927 0.00597 7.1927 0. 003
0.7 0.003 0.7 0.0015
0.213 0. 0015 0.213
0. 006
2 2 .
o, _EE_
A=(0,0,+1.034) (0,0,0) A=(0,0,%1.034)
(£, m, n)=(1,00) (1,0,0) (£, m, n)=(1,0,0)

26.1786 0. 0992 26. 786 0. 0357
5.9564 0. 0595 5. 9564 0.0214
1.7074 0. 0357 1.7074 0.0129
0.5314 0.0214 0.5314 0.00772
0.276 0.0129 0.276 0. 00463
0.1654 0.00772 0.1654 0.00278

0. 004 0. 0992 0.00167
0. 002 0. 0595 0. 001
0. 0007

o7y
Adenotes the coordinates of the center of the basis function “an( 1

(1 m, n) denotes the symmetry type of “Lmn (r).



FIG. 1.

FIG. 2.

FIG. 3.

FIG. .4,

40
Total scattering cross section. Broken solid line:
this work. The crosses indicate results obtained
directly from T matrix calculations. The plusses
indicate results obtained from T matrix calculations
at eigenenergies and interpolation of K matrix.
Circles: experimental data of Golden,19 observed
vibrational substructure is not shown. Dashed
line: static-exchange results of Burke and .

Sinfailam

Total cross section below 2IIg resonance.
Crosses are defined as in Fig. 1.

Solid line: results obtained by interpolation from
T matrix calculation at eigenenergies. Dashed

line: diagonal phase shift results of McCurdy et al.”

Momentum transfer cross section. Broken solid
line: this work. Crosses and plusses are defined
as in Fig. 1. Circles: experimental data of

Englehardt et al’’ Dashed line: static exchange

results of Burke and Sinfailam.

Rotational excitation cross sections. Solid lines:
this work. Dashed lines: results of Burke and

Sinfailam.
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SECTION B

Low Energy e -CO Scattering in the

Static-exchange Approximation
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L. INTRODUCTION

-~

Ab initio calculations are an important source of dynamical infor-
mation for low-energy electron-molecule collision processes. The
complexity of these calculations has limited applications for the most
part to ‘simple homonuclear diatomics such as H,, v N,, " and By ’
Elastic scattering by N, has received particular attention because the
2IIg shape resonance is characteristic of low-energy electron scattering
by molecﬁles. ® Several calculations have shown that the static-exchange
approximation for the electron-molecule interaction potential accounts
for most of the dynamical features of e - N, scattering even though
polarization effects are not included. vt Advantages of the static-
exchange approximation are that it involves no adjustable parameters
and it treats the exchange interaction correctly.

An important test of a theoretical model is the ability to correctly
reproduce dynamical trends when applied to different systems. In this
regard it is of interest to apply the static-exchange approximation tc
low-energy e - CO scattering, especially in light of the considerable
theoretical attention given to the isoelectronic e - N, system. The ab-
sence of inversion symmetry in CO introduces important new dynami=
cal features due to the strong coupling between odd and even partial
waves and the presence of a permanent dipole moment. However,
one expects a strong family resemblance between the cross sections
and resonance parameters of these two isoelectronic systems. In the

case of N, and CO this has been verified experimentally as discussed
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in a review by Schulz.6

More recently, experimental data for the momentum transfer
cross section of CO have been obtained by Land,8 and semi-empirical
results for the resonance parameters of the 211 resonance in CO have
been obtained by Zubek and Szmytkowski. i Theoretical results for
e - CO scattering have been obtained by Chandraw from a numerical
close~-coupling calculation which used a pseudopotential plus a semi-
empirical polarization potential

This paper reports a theoretical study of low-energy e - CO
scattering in the static exchange approximation. The theoretical
approach is the T-matrix discrete-basis-set method for electron-
molecule scattering introduced by Rescigno, McCurdy, and McKoy, o
and developed by McKoy and coworkers. e This approach has been
successfully applied to electron scattering by qu-m and N:’ ! in the
static-exchange approximation. The method makes use of a separable

form of the potential

Vil |ed(a|v]By(B]| (1)
aB

where {| @)} is a finite set of Gaussian functions. The scattering

amplitude or the K-matrix for the truncated potential Vt contains

i
errors Jdue to the difference V - Vt. These errors are corrected to

first order by application of the variatioﬁal formula for the partial-

12
wave K-matrix
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S T - t t
Kgo'm = Kgorm + 2K G [ (V=-VO) [ ) (2)
where wltdlm is a scattering wave function for the potential Vt.

This study considers the energy region in which the scattering is
dominated by short-range interactions. Thus, only low partial-wave
elements of the K~-matrix are important and the effect of the long-range
dipole moment is small. Eigenphases and eigenphase sums are pres-
ented for the S and ‘n scattering symmetries. The width and position
of the 2II shape resonance is obtained from the eigenphase sum. The

momentum transfer cross section is calculated in the fixed-nuclei

approximation.

II. THEORY

In the fixed-nuclei approximation the Schrodinger equation for an

elastically scattered electron is of the form:

[-V + U®R,T -kZ]wE(R,B =0 (3)

where U = 2V and R is the internuclear separation for a diatomic.

Except as noted, atomic units are assuméd throughout. The incident-

direétion dependence of the scattering wave function may be expanded
1 4

in the partial-wave series

v 6 - [ D g () ¥ (R (4)
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In the case of a linear target with internuclear axis along the z-axis,

‘Pk im ‘mvay m turn be expanded in the partial-wave series

Vicom ) = 27 8gg7y (6, 7) Ve () (5)

Equation (5) defines a set of radial continuum functions with the aymp-

totic form for standing boundary conditions:

as r— « , where j, (kr), y, (kr) are regular and irregular spherical
Bessel functions.

The scaled K-matrix
2
K, = "? K (7)
satisfies the Lippmann-Schwinger equation
K=U+ UG K (8)

where Gf is the principal~value part of the free-particle Green's

i
function, Inserting the separable potential Ut = 2Vt

}

into Eq. (8) leads

to the finite matrix equation

(a|K'|B) = (alU|B) +25<a|u|a><a|Gf;6><6|K’|B>(9)
Q
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which has the solution

t

kto (1-vteP)'u (10)

’fhe on-shell partial-wave K-matrix is obtained by the transformation

Kbgr = "k 2 Cig Yo |00 Ca K[ B) €8 ligs Yy > (1)

The solution K'tcorresponds to the wave function -
Vitm = Pram * Go K't%zm (12)
Introducing the single-center expansion
t - t A
Yicm () = QE €00’y 6 ) Ygr (1) (13)
leads to the asymptotic form

t ' t
Yiim ™ ?’ [igr0ggr = g Kgrgm 1 Yorpy (14)
asr— . Thus wltdlm satisfies the appropriate boundary conditions
for use in the Kohn variational formula [{Eq.(2)] . The distorted-wave
approximation form of Eq. (2) follows from the fact that the free-

particle Green's function is not approximated in Eq. (12). "
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The scattering amplitude in the laboratory-frame (with z’- axis
in the direction of the incident electron) has the single-center expan-
15
sion (for a diatomic target)

- ~ 4 # 2")* A
5 =2 agp W) oY) (®) ;) (&)

a Yﬂm

r () (15)
where R’ denotes the target orientation angles and r denotes the
scattering angles in the laboratory frame. The dynamical coefficients

introduced by Temkin et ills are given by4

Bl e -
agy (6 R) = i "V an(20'+ 1) %} (1-iK)gpm Kowgr (16)

The single-center expansions are defined with respect to the center-
of-mass of the target.
In the fixed-nuclei approximation the total elastic cross section

5 o 15
1s given by

o= lag, |°/(200+1). 17
T u'm‘“m‘/( +). (17)

The momentum-transfer cross section is defined as

do
d(cos @)

@ = g‘d(cosf)) (1-cosf)

m i
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where . is the differential cross section per unit polar angle
d(cos 0)

averaged with respect to target orientation. The momentum-transfer

cross section may be expressed as4’ 1

om=41r(Ao-—;—Al) | (18a)
where

1
A - —1 ¥ [(20+1)(2x+ 1)) (€2 00| LO) A’ 00| LO)
L 4p@2L+1) '
m
4 !’
X (@Amp | Lm+p)@ XN my [Lm+p) agy %y, - (18b)

Garrett17 and Takayanagim have shown that due to the presence
of a permanent dipole moment, which gives rise to a long-range r?
potential, the total fixed-nuclei cross section diverges for hetero-
nuclear molecules. The time-averaged field of a rotating dipole is
zero, hence, one obtains finite total cross sections \by taking account
of the rotational motion of the target. As shown by Garrett17 the
divergence of Eq. (17) for polar moleculeg» is due to the divergence of
the forward scattering cross section. The momentum-transfer cross
section, however, has a weighting factor§6f~(1 - cos 8) which removes
contributions from forward scattering. Chandramhas proved that -

is finite for polar molecules in the fixed-nuclei approximation.
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The width and position of a shape resonance in nonspherical

potential scattering can be extracted from the eigenphase sum by

applying the formula

A(k) = £(k) + tan™ [5%2575] (192)
, r-

where T and Er are the resonance width and position and A is the
eigenphase sum. The function f(k) represents the nonresonant

scattering and may be expanded in powers of kzz

2 4

f(k) = a, +a2—15- + a4~15~ Foevnnnn . (19b)

2 4

The static-exchange potential for a closed-shell diatomic

molecule is of the form

ay - a
V- - - v D (20,-K,) (20)
|T-Al |r-B| &1
where the Coulomb operator
o= (T p, (T)
1@ = oty 200 (21)

<> —>,l

|5-F

and K is the corresponding exchange operator. The nuclear charges
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are denoted by Z A and Z, the nuclei are located at A and B, and N

B ’

is the number of occupied orbitals ¢y - The variational formula
: . t t

[Eq. (2)] involves the matrix elements (wklmi U | t//kﬂpm) and

(‘Pltdm | Ut l Wf{ﬂ’m> . The latter is given by:

Wgm| U ¥irm? = (g Yo [ K" Go + 1) U (1+ Go K) [5gr Vg )
(22)

and involves only components of K’ Gf , and U within the discrete-

basis-set subspace. The matrix element

t ¢ B t () _ex) .
“’uklmIU“Pkl'm} 'g‘g <gAQmp Yme(U -U )'gl'quqm>

(23)

is evaluated using single-center expansions of the Coulomb interaction

and each occupied orbital:

¢ (1) = zS‘Z bom () Yom_(7) - (24)

t th t (i) () (ex)
Expressions for ¢ 80 pm |u | 8¢ qm ), U =U U are

given in Ref. 20. The direct matrix element involves a multipole
expansion of the static potential:

v @ = z? WV, (1) P, (1), (25)
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where P)\ is a Legendre polynomial. A prescription for obtaining a

numerical representation of the continuum orbital gi ¢’y 18 given in

Ref. 12.

OI. CALCULATIONS AND RESULTS

The electronic configuration of the ground state of CO is
x‘lZ+ 10° 20" 30" 40" 650" 17" . To construct the
static-exchange potential we preformed an SCF calculation for the
ground state at an internuclear separation of 2. 132a. u. The SCF
basis set consisted of a (9s, 5p, d) set of primitive Gaussians on each
nucleus contracted to [4s,3p,d |]. The exponents and contraction
coefficients of this basis, which are due to Dunning, “ are given in

‘Table I. A. The dipole moment of the CO ground state in this basis is
0. 106 a. u. |

The truncated scattering potential Ut is constructed separately
for the Z and I séattering symmetries’,.‘1 The scattering basis set in-
clude_s the uncontracted Gaussians used to represent occupied orbitals
of the same symmetry as well as more diffuse Gaussians. The scat-
tering basis sets used in this calculation are listed in Table 1 B.

Our prescription for the matrix element ¢ lpl«tﬂm | U | ‘Pfuz'm>
inv?lves single-center expansions of the occupied orbitals [Eq.(24) ],
the static potential [Eq.(25)] , and the sb;’cattering functions [Eq.(13)] .
To converge the static potential matrix element we included
S, 0, ...,30 in the expansion of cach occupied orbital; A - 0,...,30

in the expansion of the electronice part of the static potential, and
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A=0,..9 60 in the nuclear part; and £’ = 0,..., 30 in the expansion
of the scattering wave function. Evaluation of the exchange potential
matrix elements involves a five-fold sum over the expansion indices
of the occupied orbitals, the Coulomb interaction, and the continuum
functions. This summation over partial-wave indicés was truncated by
means of a cutoff on the magnitude of individual terms in the expansion.
This cutoff was typically on the order of 107° or 10™°, The one- and
two-electron radial integrals that occur in the expansions for
<‘P1t<!lm | U ‘ Yo’ m ) are evaluated by Simpson's rule quadrature. A
variable mesh was used for these quadratures with the step size in-
creased for larger distances from the origin. The two sets of radial
increments used in this calculation are presented in Table II. We used
the finer mesh (grid B in Table II) to improve the numerical accuracy
of the exchange radial integrals for II symmetry scattering in the
energy region of the shape resonance. All other radial integrals were
evaluated using grid A in Table II. The numerica<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>