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lV 

Abstract 

A lam ination Lon Tis an equivalence relation on T. In this paper, we consider lam­

inations L( tp) induced by some continuous mapping c.p : f> --t C which is one-to-one 

in D , i.e ., ( Lzl 7J if and only if c.p(() = c.p(17) for any ~' 1J E T . The laminations 

arise as in above can be characterized topologically as continuous and flat lamina­

tions. Our major question is what conditions on L can ensure that L=L( c.p) for some 

continuous mapping c.p : f> --t C which is conformal in D. In this paper, we study 

various aspects of conformal laminations and get conditions for conformality in several 

configurations. We relate the conformal welding problem with the classical confor­

mal se,ving problem. By the extremal length method, we obtain a generalization of 

Oikawa's condition for conformal sewings to a sufficient condition for conformal lam­

inations and also obtain necessary conditions for conformal laminations. We prove 

that a continuous, flat lamination L on T is conformal if capML=O and the quotient 

space !vfi/ L is a totally disconnected set where ML is the set of multiple points of 

L. Let E be a compact subset of T. Suppose that In = (an , bn) are the components 

of the set T \ E . We define L to be the lamination that identifies an and bn for each 

n. 'vVe prove that if capE > 0 and E is Dirichlet regular, then the lamination L as 

clescri bed above is conformal. Furthermore, the quotient space E / L is homeomorphic 

to the unit circle. We also conjecture that: If capML = 0, then L is conformal. 
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Chapter 1 Introduction 

A lamination L on T is an equivalence relation on T . In other words, a lamination 

L on T is a way to identify points on the unit circle. For any lamination L on T , 

L ca.n be extended to an equivalence relation on f> where D={l z l < 1 : z E C} by 

including (z, z) in L for all z ED. In the remaining parts of this paper, a lamination 

on T is also considered as an equivalence relation on f> in the above sense. In this 

paper, we consider laminations induced by some continuous mapping l.f) : f> --+ C 
which is one-to-one in D. 

Definition 1 Given a mapping l.f) as in above, the lamination L(i.p) induced by l.f) on 

T is defined by 

l L~) rJ if and only if i.p(~) = l.f)(TJ) 

for any l , 17 ET . 

The laminations arise as in the above definition can be characterized topologically 

as continuous and flat laminations. The condition of continuity comes from the 

continuity of the mapping l.f) and the flatness condition comes from the separation 

properties of the Riemann sphere. 

Definition 2 A lamination L on T is continuous {or closed) if L is closed in TxT, 

i .e. , ln , 1711 E T , ln ~ TJn and (n, TJn ➔ l , TJ respectively as n➔ oo implies ( = TJ. 

Definition 3 A lamination L on T is fiat if for any 6, 6, TJi, 'T/2 on T such that 

l1 ~ l2 and 171 ~ T/2, TJ1 and TJ2 lie on different components of T\ { 6, 6} implies 

l1 ~ 'T/1-

In [23], Thurston regarded the flatness condition to be the disjointness of convex 

hulls of equivalence classes inf>. Intuitively, we collapse each convex hull to a point 

to get the quotient space :000 / L which can be embedded in the sphere topologically 
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where D"° = { z E C : I zl > 1}. \Ve are going to give more details in this in the next 

chap ter. 

'f (lDoo) 

...... / .... 
I 

/ 
I 

- ~- ' - ' ,,. ,·. ' 
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Definition 4 A lamination L on T is conformal if L=L(cp) for some continuous 

mapping ,;; : f> --+ C which is conformal in D. 

Examples of Laminations 

( 1) (Welding) If the upper and lower semi-circles are welded by mean of a homeo­

morphism, we have a lamination on T. The conformality of this type of laminations is 

closely related to Riemann-Hilbert boundary value problem and the type problem of 

open Riemann surfaces. This was studied by many authors before and the problem 

is only partially solved. There is not much known about conformality beyond the 

quasisymmetric case (cf [4, 11, 19, 20, 21, 24]}. 

\ I / 

-
,I 
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(2) (.Julia Set) There is a very important type of laminations introduced by 

Thurstoll in [23] which is obtained from Julia sets of quadratic polynomials. This is 

closely related to the local connectivity of Julia sets which ha.s been one of the central 

qu rst ioll s in complex dynamics. 

Let J(c ) be the Julia set for the polynomial z2 + c (c EC), D = C \ J(c) (J(c) is 

the filled-in Julia set) . If an is locally connected, then c E J(c). Then let 0 be the 

dyadic expression of an external angle of c. We can obtain a lamination on U r-ne 

(T ::: 1--t :: 2 ) from the conjugate dynamic of iterating z2 +c and the flatness condition. 

Thus we have a lamination on T by continuous extension. 

This lamination is determined by combinatorics. The problem is whether there is 

a locally connected set corresponding to this lamination. If not, J( c) is not locally 

connected. 

.: Julia ,,,_.l f,. z .... z1 + r1"'' z wilh I = ( ~ - I )/2 . 

Let ML = {x ET: x !:., y for some y # x} be the set of multiple points of L. We 

formulate our main conjecture a.s follows: 

Main Conjecture Let L be a continuous, flat lamination on T . If capML = 0, then 

L is conj ormal. 
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The zero capacity condition is essential since we cannot collapse a set with positive 

capacity to a point via conformal mappings. 

In this paper , we study various aspects of conformal laminations and get condi­

tions for conformality in several configurations including some special cases of the 

conjecture above. Our first result is on a special configuration of quadrilaterals. Let 

0 < Xn+l < Xn < Xn < ... < i1 < 7r, -7r < Yi < •·· < Yn < Yn < Yn+l < 0, and 

Theorem 1 There is a continuous mapping cp from f> onto C which is conformal in 

D such that 

where Zn = <p(xn) for each n > 0. 

The proof of this employs the extremal length and type problem method which is 

extremely useful in similar kinds of problems. We are going to show the application 

of this technique to the conformal lamination problem in chapter 3. The proof of the 

above theorem is also presented to illustrate how the technique is applied. 

'fCJD) 
\ 

I 

\f 
/ 

> ..._ 
.;,,, 

-
I 

\ \ 

Theorem 2 Let L be a continuous, flat lamination on T. If ML has finitely many 

limit points, then L is conformal. 
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This theorem is a non-trivial fact. Indeed, there can be countably many multiple 

points which seem to be an obstruction at the first glance. The above theorem can 

be derived as a corollary of the following which we are going to prove in chapter 4 

\\·itb a potential theory approach and perturbation methods. 

\.f CID) 
\ \ \ 

/ 

Theorem 3 Let L be a continuous, fiat lamination on T. If capML=O and the quo­

tient space Mi/ L is a totally disconnected set, then L is conformal. 

'f (JD) 

\ I 
I 

) ~o-o-Q-000-0~ 

' \ \ 

We shall also give an example which demonstrates the importance of the zero 

capacity condition for laminations with possibly only double points. Leth: L ~ / + 

be a homeomorphism fixing endpoints, E_ CL be a Cantor set, and E+ = h(E-). 
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Let l be defi11 ed by x ~ y if x E E_ and y = h(x) , or y E E_ and x = h(y) , or x = y. 

If c;-lp( E_ U E+) =O , then Lis conformal. If Ai(E_ U E+) > 0, then we have examples 

of h and E_ such that we do not have a conformal lamination L (the idea is given in 

chapter 3). From chapter 2, any two quasisymmetrically equivalent laminations are 

conformal or not simultaneously. Therefore we have a bad lamination with possibly 

only double points on a set of arbitrarily small Hausdorff dimension. 

On the other hand, there is a completely different type of laminations with 

countably many multiple points. Let E be a compact subset of T . Suppose that 

In = (an , bn) are the components of the set T \ E. We define L to be the lamination 

that identifies an and bn for each n. 

Theorem 4 If cap£ > 0 and E is Dirichlet regular, then the lamination L as de­

scribed above is conformal. Furthermore, the quotient space E / L is homeomorphic to 

the unit circle. 

This type of laminations are topologically on the other extreme end as those in The­

orem 3. The proof is also from potential theory and perturbation methods and so we 

shall do it in chapter 4. Finally, it should be noted that our main conjecture has not 

been completely proven in this paper yet. Further work can be done on improving 

our results or giving counterexamples that turn down our conjecture. 

) \fJ(JD) 
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Chapter 2 Background 

\Ve are goi ng to present a brief history of the conformal lamination problem. In addi­

tion, we prove a couple of simple properties of conformal laminations which extend the 

corres ponding properties in conformal sewings. Then we try to reduce the conformal 

we lding problem to the classical conformal sewing problem. Finally, we characterize 

.John di sk condi t ion in terms of laminations as an application of this approach. 

2.1 Quasiconformal Mappings 

Let C be the complex plane and D ~ C be a plane domain. Then a sense-preserving 

homeomorphism h : D ----* C is quasiconformal if 

(1) h(x +iy) is absolutely continuous in x for almost ally and absolutely continuous 

in y for almost all x, 

(2) the par tial derivatives are locally integrable and satisfy the Beltrami equation 

i; = µ( z )i~ for almost all z ED 

where p is a complex measurable function with lµ(z)I < K < 1 for z E D. The 

funct io11 f- l is often called the complex dilation of h. 

There is a completely geometrical definition of quasiconformal maps in terms of 

( conformal) modules. A quadrilateral in C consists of a Jordan domain Q and a 

sequence z1 , z2 , z3 , z4 of boundary points of Q with positive orientation with respect 

to Q, and we shall denote it by Q(z1 , z2 , z3 , z4). It follows from the Riemann mapping 

th eorem and classical theory of elliptic integrals that any quadrilateral Q(z1, z2 , z3 , z4 ) 

can be mapped conformally onto a rectangle. All such rectangles are corresponded 

under similarity t ransformations and therefore have the same ratio t=M(Q) where a 

is the length of sides corresponding to the subarcs of 8Q that joins z1 to z2 and z3 to 

z4 respec tively with positive orientations with respect to Q, and bis the length of sides 
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corresponding to the subarcs of aQ that joins z2 to z3 and z4 to z1 respectively with 

positive orientations with respect to Q. M(Q) is called the module of Q. A sense­

preserving homeomorphism h : D --1 C is quasiconformal if K(D) = supQ-cn .MMh(Q)) 
- (Q) 

is fini te (cf [2] , [12]). 

For any complex measurable function µ(z) m a plane domain D, we have the 

following fund amental theorem in the theory of quasiconformal mappings which is 

know n as the "Existence Theorem" in [12]. 

Existence Theorem If µ is a complex measurable function in a plane domain D 

with sup:En jµ( z)I < 1, then there exists a quasiconformal map h ofD which satisfies 

the Beltrami equation 

~; = µ(z) ~~ for almost all z E D. 

Concerning the boundary behavior of quasiconformal mappings in the unit disk, 

Beurling-A hlfors [4] found a condition for boundary maps for quasiconformal map­

pings in the unit disk which is called quasisymmetry nowadays. Let T = {lzl = 1 : 

z E C} and f : T --1 C be a sense-preserving embedding. f is quasisymmetric if 

t here is au .M > 0 such that 

It was first proved by Beurling-Ahlfors (4] that any quasisymmetric map from T to 

T can be extended to a homeomorphism of the closed unit disk which is a quasicon­

formal mapping in D. There is a better extension by Douady-Earle [7] . 

Theorem (Douady-Earle) The sense-preserving homeomorphism <p of T onto T 

can be extended to a homeomorphism (p off> onto f> that is real analytic in D and 

has the following properties: 

(1) rt CJ, T E j\,f ob(D), then the extension of CJ O <p O T is given by CJ O <{J O T. 

(2) If <p is quasisymmetric, then (p is quasiconformal. 
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It follows that (for a proof, see [12]) 

Theorem Let cp : T ------+ C be a sense-preserving embedding. Then 'P can be ex­

tended to a quasiconf ormal map from C onto C if and only if 'P is quasisymmetry. 

The image of T under a quasiconformal map from C onto C is called a quasicircle 

(cf [9]). 

Quasicircle Theorem Let J be a Jordan curve in C and let f be a conformal map 

from D onto the inner domain of J. Then the following statements are equivalent: 

( 1) J is a quasicircle; 

(2) diam.J(a, b) :S Mia - bl for some M > 0 and a, b E J where J(a, b) is the 

smaller arc of J between a and b; 

( 3) f has a quasiconf ormal extension to C; 

( 4) f is quasisymmetric in T. 

2.2 The Conformal Sewing Problem 

T wo plane domains or bounded Riemann surfaces can be conformally sewn together 

into a single Riemann surface by an identification of two boundary arcs ( cf (1, 

p.4,118]). If the sewing takes place on the unit circle (or the real axis), the con­

dition can be replaced by much weaker conditions than analyticity. The problem 

is equivalent to find conditions on the identification such that there are conformal 

mappings cp 1, cp2 which map the interior and the exterior of the unit disk onto the 

interior and exterior of some Jordan domain and cp21 o cp1 equals the given identi­

fication . Based on the existence and uniqueness for quasiconformal mappings with 

prescribed dilation, Pfluger and Oikawa proved that a quasisymmetric map from T 

onto T always admits sewing (cf (12], [19], (21]). 

Theorem Let f : T ------+ T be a sense-preserving homeomorphism . Then there exist 
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o. quo.sichde J and conformal mappings cp 1 : D --+ D, cp2 : D = --+ D= such that 

cp21 o cp , IT = J if and only if f is quasisymmetric where D and D= are the interior 

and exterior domain of J . 

Lehto [11), Oikawa [19], Pfluger [21] and David [6] proved conformal sewing for 

other classes of homeomorphisms. 

It shou ld be noted that conformal sewing is not always possible for a homeomor­

phism from T onto T. 

Examples: 

( 1) For any 0 < a ::; 1 and b > a, let 

if O ::; 0 ::; 1r 

if -'Tr ::; 0 ::; 0. 

There is no conformal sewing with the identification under f. It was shown in Oikawa 

[19] by using extremal length method on the type of Riemann surface formed by 

sewing the upper half-plane to the lower half-plane with O as a singularity. 

(2) There is another example function with no sewing. Let 

.9 l 

.92 

{x + iy: x > 0, y <sin.!_}--+ {x + iy: x > 0, y < 0} 
X 

{x + iy: x > 0, y >sin.!_}--+ {x + iy: x > 0, y > 0} 
X 

be conformal. In [24], Vainio showed that 

92 o 911(x) 

cp(x) = O 

if X > 0 

x=O 

is a homeomorphism . There is no sewing by considering the module of the ring domain 

formed by gluing the upper and lower half-plane along the real line with singularity 
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at point 0. 

2.3 Laminations 

\iVhen <.p is a continuous mapping from f> into a compact, locally path-connected 

met ri c space (X , d) and <p lo is one-to-one, we can see that <.p defines a lamination on 

T by ident ifying points which are mapped to same point in X. 

Definition 2.3.1 Let (X, d) be a compact, locally path-connected, metric space. For 

any continuous mapping <p from f> into X which is one-to-one in D , the lamination 

L (X , r.p) (when X is the complex plane or Riemann Sphere, we do not specify it in 

the notation and just write L( <p)) on T induced by <p is defined by 

( ~ TJ if r.p(() = r.p(TJ) for~' TJ ED. 

There is ,t complete characterization for laminations induced by the r.p's in the above 

defini tion. If L is a lamination induced by some continuous mapping from D into a 

metric space, then it is not hard to show that L is continuous. On the other hand, 

for a continuous lamination L on T, the quotient space f> / L is metrizable ( c.f. [5]). 

Thus we have the following: 

Theorem 2.3.2 Let L be a lamination on T . Then L = L(X, r.p) for some compact, 

locally path- connected, metric space X and some cp E C(D, X) which is one-to-one 

in D if and only if L is continuous. 

When r.p : f> --+ C is continuous inf> and one-to-one in D, there is a big restriction 

on L ( <p ) clue to the separation properties of the sphere. 

Theorem 2.3.3 (Thurston) Let L be a continuous lamination on T. Then Lis fiat 

i.f ond only ·i.f the convex hulls of the points which are equivalent under L are disjoint. 

Proof: Suppose that L is flat . Let 6, ... , ~n ~ ~ and r,1, ... , T/m ~ TJ such that ~ is not 

eq ui val en t to TJ under L. Then T/I, .. . , T/m lie on the same component I of T\ { 6 , ... , ~n} 

and so the convex hull of {TJ1, .. . , TJm} is a subset of the convex hull of I which is 
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disjoint from {I:;1=1 ti(i : 0 ~ ti ~ 1, I:;1=1 ti = l }. Hence the convex hull of the points 

equi valent to ( is disjoint from the convex hull of the points equivalent to f/. 

Conversel_v, if there are ( 1,6,f/i , f/2 on T such that (1 ~ 6, f/i ~ f/2 and f/1 , f/2 lie 

on different components of T\{6,6}, then the convex hull of the points equivalent 

to ( is not disjoint from the convex hull of the points equivalent to Tl · Thus ( ~ rJ. 

Q.E.D. 

It is not hard to show that continuity and flatness are necessary for a lamination 

L on T to be coincide with L( r.p) where r.p: f> --t C continuous in f> and one-to-one 

in D . The converse is also true by a theorem of Moore (cf [14, 15]) which became 

extremely important in the theory of foliation and geodesic laminations later. 

Theorem 2.3.4 Let L be a lamination on T. There is some r.p: f> --t C continuous 

in D and one-to-one in D such that L = L( r.p) if and only if L is continuous and fiat. 

Proof: If there is some r.p : D --t C continuous in f> and one-to-one in D such that 

L = L( r.p), then L is continuous by 2.3.2. If L is not flat , there would be smooth arcs 

cl'; beginning and ending in T which intersect transversely in D. In the image, they 

would become closed curves which cross exactly once . Contradiction occurs. 

Conversely, the collection of all the convex hulls of equivalent points under L is a 

collection of continua which satisfies the condition in [14, 15] which is called "Upper 

Semi-Continuity". In our case, the condition is just the quotient topology of C/ L is 

equivalent to the topology induced by the Hausdorff metric. In turn , the quotient 

space C / L is homeomorphic to the Riemann sphere. 

Q.E.D. 

There is another theorem of Moore ( cf [16, 22]) which gives a strong condition 

on the multiple points of L, namely, there are at most countably many of them. 

Theorem 2.3.5 Let f be a homeomorphism of D into C . Then there are at most 

countably many points a EC such that 

J{r(i) ➔ a as r➔ L (j=l, 2,3) 
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for three distinct points ( 1 , ( 2 , ( 3 on T. 

If we consider <p's in the class of mappings D={ cp : cp(D) = C, cp is continuous in 

f:> and one-to-one in D}, then 8cp(D) is a dendrite, i.e., a locally connected continuum 

which does not contain simple closed curves. 

Theorem 2.3.6 Let L be a lamination on T. There is some cp E D such that 

L = L( cp) if and only if D / L is homeomorphic with the sphere if and only if L 

is continuous, fiat and T / L does not contain simple closed curves. 

\Ve want to look at continuous, flat laminations on T which are induced by uni­

va lent. maps that can be extended continuously to f:> . 

Definition 2.3. 7 Let CA = { cp : f:> ---+ C continuous in D and univalent in D}, 

D A = {cp E CA: cp(D) = C}. Lis conformal if L = L(cp) for some cp E CA. 

There are some simple analogies of conformal laminations to conformal sewings. 

The most natural one is the invariance of conformality under a quasisymmetric map 

from Tonto T . 

Theorem 2.3.8 Let L , L be laminations on T such that there is a quasisymmetric 

map f : T---+ T with x ~ y under L if and only if J(x) ~ J(y) under L. Then L is 

conj orrnal if and only if L is conformal. 

Proof: It suffices to show that L is conformal implies that L is conformal. By the 

Douady-Earle extension, f can be extended to a homeomorphism off:> onto D which 

is qnasiconformal in D. 

Suppose that L is conformal. Then there is some continuous cp : D ---+ C which 

is univalent in D such that L = L(cp) . Letµ be defined on C by 

µ is complex measure and is bounded by sup lµtl < 1. Therefore there exists a 

quasiconformal homeomorphism W from C onto C with complex dilation µ by the 

"Existence Theorem" . 
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Let 'P = vV o <po 1-1 which is quasiconformal in D and continuous in f.> . Since f 

is a homeomorphism, 

(po f = W o <p inf.> . 

This impli es that L( 9) = L. Also , 

µw( <p (z)) 

~lJ(z). 

almost everywhere in D (as <p is conformal) 

Hence µ0 = 0 almost everywhere. Thus (p is conformal. 

Q.E.D. 

The restriction of any conformal lamination to a closed subarc of T is still a 

conformal lamination. 

Theorem 2.3.9 Let L be a conformal lamination on T. Then the restriction Ll1 to 

any closed subarc l is conformal where Llr is defined by ( ~ rJ if and only if( , f/ E I 

and~ is equivalent to T/ under L. 

Proof: By applying a conformal mapping, we can assume that the arc I = I+ the 

upper semi-circle. Let J: T----* {z: -1 :s; z :s; 1} U I+ be defined by 

if O :s; 0 :s; 1r 

if -7f :s; 0 :s; o. 

Then as f is quasisymmetric, it can be extended into a quasiconformal mapping in D. 

Let rp E CA with L = L( <p ), we can get a conformal map (p such that L( (p ) = L( <po f) 

,vhich is exactly Lil+· 

Q.E.D. 
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2.4 A Simple Configuration: Weldings 

A welding function is a homeomorphism from L to I+ fixing the endpoints 1, -1. 

A welding function Ji determines a lamination by identifying x and h(x). If the 

lamination determined by a welding function h is conformal, we call h a conformal 

welding. In other words, h is conformal if there is a r.p E DA such that r.p o h = h 

on I_. This is closely related to the classical problem on conformal sewings of the 

in terior of the unit disk to the exterior of the unit disk. 

The converse of 2.3.9 is not true in general. An example is given by the welding 

exp(inh): L ~ I+ where 

h(0) = 
{ 

0 

2(1/2 + 0) 2 
- 1/2 

if -1/2 ~ 0 ~ -l 

if O ~ 0 ~ -1/2. 

It is a classical example (c.f. [19]) that there is a singularity at the point -1/2. 

However, the weldings defined by h1 (0) = 0 and 

{ 

-2(1/2 + 0) 2 
- 1/2 if -1/2 ~ 0 ~ -l 

h2(0) = 
2(1/2 + 0) 2 - 1/2 if O ~ 0 ~ -1/2 

are conformal. Actually, h1 corresponds to r.p(z) = z - l/ z and h2 is analytic except 

at points 0, -1/2, -1 and it can be shown by extremal length method that all of them 

are weak components. 

Theorem 2.4.1 Leth : L ~ I+ be a welding function. Then the following state­

ments are equivalent: 

( 1) h is conj ormal. 

(2) For some simple curve J in D with CJ-finite linear measure which joins -1 to l, 

the interior and exterior of the unit disk are sewn conformally via the homeomorphism 

g on T defined by 
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where D1 and D2 are the components ofD\J with f_ and I+ contained in the boundary 

respectively, f = F/T for F : D --+ D1 the Riemann map from the unit disk to D1 

and .f = F /T for f : D 00 --+ D 2 the Riemann map from the exterior of the unit disk 

to D2 such that f(l) = ](1) = 1, f(-1) = ](-1) = 1 and f(L) = ](L) = J . 

(3) For any simple curve J in D which joins -1 to 1, the interior and exterior of the 

unit disk are sewn conformally via the homeomorphism g on T defined by 

g(e'o) = ~ . 
. { J- 1 of(ei8

) if1r 2 0 2 0 

J- 1 oho f(e 18
) if 21r 2 0 2 1r 

where D 1 and D2 are the components ofD\J with f_ and I+ contained in the boundary 

respectively, f = F/T for F : D --+ D1 the Riemann map from the unit disk to D1 

and .f = F/T fo r F : D 00 --+ D2 the Riemann map from the exterior of the unit disk 

to D 2 such that J(l) = ](1) = 1, J(-1) = ](-1) = 1 and f(L) = ](L) = J . 

P roof: Suppose h is conformal. Then there is a conformal map cp : D --+ C which 

can be extended continuously up to T such that cp(h( z ))=cp (z) for z EL. Let 

cp1 = cp o F, cp2 = cp o F. 

Therefore cp1 , cp2 are conformal maps onto the interior and exterior of the Jordan 

domain 0=<.p (D1). Then 

<?2 1 o ({) 1 ( ei0 ) { J-1 of (ei0) if 1r 2 0 2 O 

'P21 o cp(f (ei0)) if 27f 2 0 2 1r 

{ J-1 o f(ei0) if 1r 2 0 2 0 

({)21 o tp (h(f (ei0))) if 27f 2 0 2 1r 
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if 1r 2: 0 2: 0 

Tlicn,forc (1) implies (3). It is clear that (3) implies (2). So it remains to show (2) 

i m p Ii es ( 1 ) . 

Suppose that there is some simple curve Jin D with o--finite linear measure which 

joins -1 to 1 and that D 1 and D2 are the components of D\J. Let cp 1 , cp2 be the 

conformal maps from the interior and exterior of the unit disk onto the interior and 

exterior of the Jordan domain D=cp(D) such that 

9 2 ° 9i(e'
0

) = _ . 
-l . { J-l O f(eiO) if 7r 2: 0 2: 0 

1-1 oho f(e 10
) if 21r 2: 0 2: 1r 

where J = FIT for F : D ----t D 1 the Riemann map from the unit disk to D1 and 

J = FIT for fr : D 00 ----t D 2 the Riemann map from the exterior of the unit disk to 

D2 such that J(l) = ](1) = 1, f(-1) = ](-1) = 1 and f(L) = ](L) = J. Now let 

As cp 1 o 1-1(z)=cp2 o J- 1(z) for z E J, cp can be extended to a homeomorphism 

on D by setting cp(z)=cp1 o J- 1(z)=cp2 o J- 1(z). Therefore cp is a homeomorphism on 

D with maximum dilation O except for a set of O"-finite linear measure. Hence cp is 

conformal in D. Now for z EL, 

Hence h is conformal. 

cp(z) cp1 o f- 1(z) 

cp2 o J-1 o h(z) 

cp o h(z). 

Q.E.D. 
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Corollary 2.4.2 Leth : L --+ I+ be a welding function. Then the following state­

ments arr: equivalen t: 

( 1 ) Ii is r:onf ormal. 

(2) Th e interior and exterior of the unit disk are sewn conformally via the homeo­

morphism g on T defined by 

wlu:rr: f = F IT and F : D --+ D_ is the Riemann map from the unit disk to the 

lower uni t disk D_={ z EC : !z! < 1/ s(z) < O} such that F(-1) = -1 , F(l) = 1 

and F (i) = 0. 

(3) The interior and exterior of the unit disk are sewn conformally via the homeo­

morphism g on T defined by 

Proof: By t he reflection principle, F can be extended to a conformal map from C \ I+ 

onto D by letting F( z)=F(l/z) on D00 UL where D00 = { z E C : !z! > 1 }. Let .F 
be the res tri ction of the extension of F to D00 . Then .F is analytic and so there is a 

cont inuous extension to T . Let ]=FIT=f. We have J- 1(z)=J-1(z) for any z ET. 

Let g be the we lding as defined in (2) of 2.4.1. Therefore, 

g( ei0) { J-I o f(ei0) if 1r 2: 0 2: 0 

J-I(h o f(eie)) if 27f 2: 0 2: 1r 

{ 
eie if 1r 2: 0 2: 0 

f-1(h o f( eiB)) if 21r 2: 0 2: 7f . 

It fo llows from 2.4.1 that (1) is equivalent to (2). We are going to show that (2) 
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is equivalent to (3) . Let 

k(e'8 ) = . - -
. { eirr(l- f(ei0))/2 if 1f > 0 > Q 

f(e 18
) if 21r :2: 0 2: 7r . 

Therefore k is a homeomorphism of T and g = k- 1 o go k. Therefore if k is quasi­

syrnrnetri c, then the interior and exterior of the unit disk are sewn conformally via g 

if ;-U1d on ly if the interior and exterior of the unit disk are sewn conformally via g. So 

it suffices to show that k is quasisymmetric. 

Let us consider the function l(t) = eirr(l-t}/2 for 1 :2: t 2 -1. Because 

we have 

Next for any z E L and t0 E [-1, l], the ratio ll(to) - zl/lto - z l attains maximum 

when the points z, t0 and l(t0 ) are colinear, and it attains minimum when z is either 

-1 or 1. Therefore, 

2lto - zl :2: ll(to) - zl :2: Ito - zl. 

Hence ,ve can deduce that 

for any z1, z2 , z3 E T. As f is quasisymmetric (since D_ is a quasidisk), k is also 

quasisymmetric. 

Q.E.D. 

A J ohn disk is a conformal disk D' in C such that for any crosscut a of D' 

dividing D into subdomains D'i and D2, we have min{d(D'i),d(D2)}:::;cd(a) where c 

is some positive constant and d(E) is the diameter of the set E . In [17], R.Nakki 

and J. V aisala proved the following: 
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Theorem 2.4.3 (R.N akki, J. Viiisiilii) A closed Jordan arc A C C with one end­

point at infinity is a quasiconformal arc if and only if C \ A is a John disk. 

For a u_v conformal welding function h, the image of D under cp is a conformal disk 

for ;:i 11_, . -? assoc ia ted with h. If there is some cp such that the image of D under cp is 

a .John disk, then there is a bigger constraint on h. 

Theorem 2.4.4 Leth : L ---+ J + be a welding function which is conformal. Then 

there exists some cp EDA such that cp(D) is a John disk and cp(x) = cpo h(x) for any 

.T E I_ if and only if for some open quasiconformal arc J in D which joins -1 to l, 

the interior and exterior of the unit disk are sewn conformally via the quasisymmetric 

homeomorphism g on T defined by 

g(e' ) = ~ . 
.0 { J- 1 o f(eiO) if 1r 2: 0 2: 0 

1-1 oho J(e'8 ) if21r 2: 0 2: 1r 

where D 1 and D 2 are the components ofD\J with L and I+ contained in the boundary 

respectively, .f = FIT for F : D ---+ D 1 the Riemann map from the unit disk to D 1 

and f = FIT for F : D 00 ---+ D2 the Riemann map from the exterior of the unit disk 

to D2 such that J(l) = ](l) = l, f(-1) = ](-1) = 1 and f(L) = ](L) = J. 

Proof: If cp (D) is a John disk, without loss of generality, we can assume that one 

of 9( 1), 9 (-l) is oo. From 2.4.3, we can have a quasidisk D' ~ cp(D) such that 

cp (T) C fJD' . Then let J=cp- 1(fJD' \ cp(T)). From our construction as in 2.4.1, the 

images of the interior and exterior of the unit disk under the conformal maps Cf)1 and 

9 2 are the two components of C \ EJD' . Therefore g = cp21 o cp1 is quasisymmetric. 

The converse is just similar. 

Q.E.D. 

Corollary 2.4.5 Leth : L ---+ J + be a welding function which is conformal. If the 

homeomorphism g on T defined by 
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g(e'e) = - .-
. { ei0 if 1r 2 0 2 0 

h(e'e) if 21r 2 0 2 1r , 

where .f = F IT and F : D --t D_ is the Riemann map from the unit disk to the 

lower uni t disk D_={ z EC: Jzl < 1,~(z) < O} such that F(-l) = -l, F(l) = 1 

and F ( i) = 0, is quasisymmetric, then there exists some <p E DA such that <p(D) is a 

John disk and <p (x) = <p o h(x ) for any x EL . 

P roof: From 2.4.2 and 2.4.4, if g in 2.4.2 is quasisymmetric, then there exists 

some <p E DA such that 1.p (D) is a John disk and 1.p (x ) =<po h(x) for any x E L. 

As g= k- 1 o g o k where k is quasisymmetric, g is quasisymmetric implies that g is 

quasisymmetric. 

Q.E.D. 
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Chapter 3 Extremal Length Conditions for 

Conformality 

In this chapter, we relate conformality of a lamination with the extremal length of 

certain curve families which are defined in terms of the lamination. By considering the 

type of the ideal component corresponding to a singular point, we get a generalization 

of the Oikawa condition (cf [19]) . It is not hard to get the local version of this criterion 

for an isolated multiple point. Then we prove Theorem 1 in chapter 1. 

3.1 The Extremal Length of a Curve Family 

Let B be a Borel set in C. A curve family r in B consists of open, half open or closed 

arcs or curves in B . Any non-negative, Borel measurable function p defines a metric 

on B . Let 

l(p)=inf,Er J, p(z)ldzl, 

A(p)= J J8 p(z)2dxdy. 

Thus l (p) is the infimum of the arc lengths over all curves in rand A(p) is the area 

of B under the metric induced by p. 

We define the extremal length of the curve family r by 

~ .X(r) = supp A(p) 

where the supremum is taken over all non-negative, Borel measurable functions p 

with A (p) < oo. For the proofs and more properties of the extremal length of a curve 

famil y, we refer to [3, 18, 22] . 

Elementary Properties of Extremal Lengths 3.1.1 Let r, f', rk be families of 

c1.lrves in Borel sets B , B' , Bk respectively. 
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(1) (Conformal Invariance) If F is a conformal map from a domain n~ B into C, 
then ,\(F( f )) = ,\ (f). 

(2) If for every I E r , there exists,' E f' with,' ~ ,, then >.(r) > ,\(f'). In 

7m1·t·icular, if f ~ f' , then ,\(f) ~ >.(f'). 

(3) A( 0~ rd :s; L k A(~kl. 

( 4) ff the B orel sets Bk are disjoint and Uk f k ~ f, then Lk ,\(t) S >./r) . In particular, 

L k >-(k) = >-( 0~ l'k) for rk in disjoint Borel sets Bk, 

(5) If for each I E r , there is a ,k Erk such that ik ~ 1 for every k, then 

3.2 Modules of Continuity 

Definition 3.2.1 Let c.p E CA , K be a continuum in D , E ~ T closed and e = 
c.p(E) ~ J = c.p(T). We define 

f( e) = {,: 1 joins c.p( K), e in C}, 

f 11 (e) = { 1 :, joins c.p( K) , e in c.p(D) and I n J has at most n points}, 

r f ( e) = {, : , joins c.p ( I<) , e in c.p(D) and I n J has finitely many points } . 

r :-o ( e) = {, : r joins c.p( I<) , e in c.p(D) and , n J has countably many points } . 

r w(e) = {,:, joins c.p( K) , e in c.p(D) and w(, n J) = 0 }. 

Since r n(e) ~ r 1(e) ~ r 00 (e) ~ r w(e) ~ f(e), it follows from 3.1.1 that 

,\(f(e)) :s; ,\(fw(e)) :s; >.(r oo(e)) :s; >.(r1(e)) S >.(rn(e)). 

By Beurling 's estimate, ,\(f(e)) = 2\_ log ca~e + 0(1). Because c.p E CA, diame---* 0 

as diam£--+ 0 and so ,\(f(e))---* oo as diamE---* 0. 

Corollary 3.2.2 If cp E CA, then 

,\(f(e)), ,\(f w(e)), ,\(f 00 (e) ), >.(r 1(e)), >.(fn(e))---* oo as diamE tends to 0. 

We can define An, ,\ f and >. 00 in terms of the lamination L. Suppose 7r : f:> ---* 

D/L is the natural projection and T: (0,1]---* D/L joins 1r(K) and 1r(E), let TD 

denote 7r -
1 o T l r-1 orr( D ) · TD consists of a countable family of open arcs. Let 
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L ,( E , L) ={TD : T joins n(K) and n(E) in D/L and TnT/L has at most n points} . 

\Ve can define r 1(E , L) and f 00 (E , L) in asimilar way. 

Proposition 3.2.3 >-n(E,L) = >.(fn(e)) and similar equalities hold for AJ and >. 00 

where >. 11 (E, L ) = >. (r n(E , L)) . 

Proof: We are going to prove the equali ty for >. 00 . The proof for other cases are just 

similar. 

<p- 1({, I\Oo: , E f 00 (e)})=f00 (E,L), so by conformal invariance of extremal 

length , >-oo( E , L)=>-( { , l<pD : ' Er oo(e)} ). Therefore it suffices to show that >-(r oo(e))= 

>- ( b l\Oo : , E r oo ( e)}). Since A1 ( 1 n J) = 0, for any Borel measurable function p, 

Therefore l (p) and A(p) for the two families are the same. Hence we have the same 

extremal length for bo th of them. 

Q.E.D. 

Corollary 3.2.4 Let L be a closed and fiat lamination on T . If L ~ L(cp) for some 

tp E CA, then >. 00 (E , L) , >-1(E, L) and >-n(E, L) tend to oo as diamE tends to zero. 

Proof: If L ~ L (r_p), then fn(E , L) ~ f n(E , L(r_p)). Hence 

by 3. 1. 1. The other cases are similar. 

Q.E.D. 

An Example We are going to construct a continuous, flat lamination L = L(cp ) 

for some univalent <p which is continuous up to the boundary except at a countable 

set. It is equivalent to give a lamination of the real line since the upper half-plane is 

cimfo r111 aJly equivalent to the unit disk. Let xo(t) = t and 

Xn (t) = 4-n2 :::; t:::; 2-n2 

0 :::; t :::; 2n2
. 
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Therefore x11 is an increasing homeomorphism from [0 ,1] onto [0 ,1]. Then let 

<Pn (x) = 2n + 2 - Xn(x - 2n) 

for 2n:::; :r S 2n + 1 (n 2: 0) which is a decreasing homeomorphism from [2n , 2n + 1] 

onto [2n+ 1, 2n+2]. \Ve can extend the definition of <Pn to the interval [-2n-1, -2n] 

by taki 11g the refl ect ion at the origin of <Pn. The lamination L defined by 

x ~ y if ¢ 11 ( x) = y or <l>n (y) = x for some integer n or x and y are even integers 

is continuous and closed. Under the lamination, each interval [2n, 2n + 1] is glued 

to the interval [2n + 1, 2n + 2] with reverse orientation. Since the welding function 

on (2n, 2n + l] is bi-Lipschitz, a simply connected, open Riemann surface is obtained 

by weldin g each pair of intervals (2n, 2n + 1] and [2n + 1, 2n + 2) by means of <Pn· 

B_v the uniforrni zation theorem, there is a univalent <p which is continuous up to the 

boundary except at the even integers such that L=L( <p ). 

Consider the family of curves { ,t} l<t<l where 
4 - -2 

11 = {2 + t + is : 0 S s S 1} U (U~=i{2n + 2 - Xn o Xn-1 o ... o XI (t)eiirs : 0 S s ~ l}) 

for each N > 0. As { ,t} l<t < l C r 1([2N + 2 + 4-(N+l)2, 2N + 2 + 2-(N+ll
2
], L), by 

2 - -2 

3.1.1 , >.({,t}½'.::t'.::½) 2: >.N([2N+2+4-(N+l)2,2N+2+2-(N+ll
2
],L) . 

Let f 11 (s, t) = 2n + 2 - Xn o Xn-1 o ... o X1(t)eiirs and ln(s , t) = IDfnl(s, t). Since 

.f11 is a homeomorphism in [0,1] x [¼, ½] which is absolutely continuous in lines, 

for every n. Then let 

{ 

2 + t + is 
J(s , t) = 

fn(s-n,t) 

if 0 ~ s ~ l 

if n ~ s ~ n + l 

and J (s , t )= ID.f (s, t)I- Now because 

l (p) 
r1 N fl fj 

< Jo p(s, t)dsdt + L lo p(fn(s, t))I 
08

fn(s, t)lds 
0 n=l 0 

{ N +I f} 
lo p(f (s, t))I 

08
J(s, t)lds 
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we have 

l(p)2 s; lf+ 1 p2(J(s,t))J(s,t)ds x lf+l 1%sf(s,t)l 2 /J(s,t)ds. 

Thus 

A(p) > 

> 

> 

> 

= 

Therefore , we have 

2 2 
For any n > 0 and 4-n s; t s; 2-n , 

Hence 

11 a a 
- lo I asfn(s, t)l/1 atfn(s, t)jds 

- lo 1 

7r 9n ( t) / g~ ( t) ds 

where 9n = Xn o Xn-1 o ... o Xi 

= 7r 9n ( t) / g~ ( t) 

= 1rt/(n + 1)2. 
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for any N > 0 and so 

It slim\·s that there does not exist any <p E CA such that L=L( <p ) by 3.2.4. 

Remark W e can define a lamination on the set 

E' =EU (U~=0 (2n + 2 + Xn o ... o xoE)) U (U~=0 (2n + 2 - Xn o ... o xoE)) 

by rest ri cting the lamination in our example above to E' where E is a subset of[¼,½] 

with positive linear measure. By considering the family of curves {,t} with t E E, 

we can get the same estimation of extremal lengths except a factor of (JE ½dt)-1. 

Hence the lamination is not conformal. This supplies us examples of laminations on 

a compact subset E of the unit circle with A1(E) > 0. We can define a lamination 

which welds a. compact subset E_ of L with a compact subset E+ of I+ similarly. 

By translating this to a strip [O, oo) x [O, 1], we can define the welding on the set 

(U~=O Xn O .•. 0 xo E) LJ (U~=o(-xn O ..• 0 xo)E) by setting h(x) = X + i when X E 

u ~=o(-xn O . . . 0 xo) E , and h(x) = Xn(x) + i when X E u~=O Xn O .. . 0 xoE. By a 

similar method , we can see that this lamination is not conformal. Thus we have the 

examples as described in the first chapter. 

3.3 Laminations with Singularity 

Let L be a closed and flat lamination on T such that f> / L is homeomorphic to the 

sphere . Suppose E = { (n : 21r >arg(n+l (mod N) 2arg(n 2 0, n = 1, ... , N} (N 2 2) 

is an equivalence class under L and there is no equivalence class under L with more 

than two points except possibly E. The lamination is very simple combinatorially, 

na.mely, there are points TJn E In (n = 1, ... , N) where In is the component of T \ 

E with endpoints (n, (n+l (mod N) such that the lamination is just obtained by 

identifying points in E and welding the intervals [(n, TJnl, [TJn, (n+I (mod N)l with 

reverse ori entations . 

Suppose that there is an univalent function <p which is continuous in f> \ E such 

that for any two points ( 1,(2 ET\ E, ( 1 ~ (2 under L if and only if <p ((i) = <p((2). 



28 

Then <p( D \ E) is a simply connected, open set in the complex plane. It is conformally 

equ ivalent to the unit disk or the complex plane by the uniformization theorem. If it 

is the first case, the lamination L cannot be conformal. Otherwise <p can be extended 

to a continuous function from D onto C by letting cp( ~n) = oo ( n = l, ... , N) and 

L = L( <p ). This is a type problem of the simply connected, open Riemann surface 

obtained by welding the intervals ((n, 7Jnl, [7Jn, (n+l (mod N)) for n = l, ... , N with the 

identificat ions defined by LIT\£· The ideal boundary component at E of the Riemann 

smface thus obtained corresponds to 8D where D = <p(D \ E). In classical terms the 

ideal boundary component at E is parabolic if C \ cp (D \ E) is a point. Otherwise 

the ideal boundary component is hyperbolic. 

We can have a branch of logarithm defined on the sector arg(n :S 0 :Sarg~n+l (mod N) . 

Then the arc I 11 becomes the line segment [iarg(11 ,iarg(
11
+1 (mod N)] and we can write 

the welding to be </>n(ix) = i(arg(
11
+1 (mod Nrx11 (x-arg(11 )) where Xn is an increasing 

homeomorphism from [0,arg7711-arg(11 ] onto [0,arg(
11
+1 (mod Nrarg7711 ] . Then we have 

a. generali zation of theorem 2 in [19] and corollary 2.2 in [24] which gives a criterion 

for parabolicity. If we take N = 2 in our case, the following condition is exactly 

Vaino 's re-s tatement of Oikawa's condition where the function <pin section 2.1 of [24] 

is expressed by 

if X > 0 

if X :S 0 

in our case for :r close to 0. Then 

by substi t uting x = X i (t) in the integral. 

Theorem 3.3.1 Let the lamination L satisfies the assumptions at the beginning of 

t.his section and the functions </>n, X n as described earlier in this section. If the condi­

tion 
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Ji [I::N-1 ~ + (t + VJN(t)) (l + ...1.. log2 VJN(t) )J-ldt = 00 0 n=O ,µ~( t) ,µ~(t) 1r2 t 

{ 

Xa(n) 0 Xa(n-l) 0 •·· 0 Xa(l) (t) if n > 0 
?/Jn(t) = 

t ifn=O 

for any cyclic shift CJ of the cycle (N, N - 1, ... , 1, 0), then L is conformal. 

Proof: Consider the family of curves { eht(s) : 0 ::; s ::; 1 }to:s;t:s;t
1 

where 

If we take t 1 small enough, then each curve in the family becomes a simple closed 

curve and each of the N segments of a curve in the family lies in disjoint open sets. 

Since the exponential map is conformal, we have .X( { ei-rt(s)}) = .X( { ,t}). 

Let 

_ { arg(n+l - '1/Jn (t)ei1rs if 1 ::; n ::; N - 1 
J,, ( s' t) - Y:..tiJ!l . 

arg6 + teslog t +t1rs if n = N 

a nd J11 (s , t) = ID.fnl(s, t). Since fn is a homeomorphism in [O,l]x[to, ti] and ln(s, t) 

exists almost everywhere, 

f ffn([O ,l]x[to,t,]) p(z) 2dxdy 2: J f[O,l)x[to,ti] p2 (Jn(s, t))Jn(s, t)dsdt 

for every n. Since 

\\·c have 

It is not hard to check that 

if 1 ::; n ::; N - l 
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Therefore 

1 N O 
.lo [?; I as J,, ( s' t) 1

2 
/ J 11 ( s' t) l ds 

l(p) 2[~
1 

'lj;,,(t) + (1 + ~ log2 7PN(t) )(t + 1PN(t) )]-1 :s; 7f f1
[~ p2 (J,,(s, t))J11 (s, t)]ds 

~ 'lj;~(t) 1r2 t 'lj;'tv(t) lo ~ 

Integrating both sides of the inequality above from t0 to t1, we get 

7TA(p) 
N 

= 1r L j J, p(z)2dxdy 
n= 1 /n ([0,1) X [to,t1]) 

N 

> 7f L J r p2(Jn(s, t))Jn(s, t)dsdt 
n=l J[O,l)x[to,ti] 

> l(p)2 J.t1 (}:11P7(t) + (1+~log21PN(t) )(t + 'lj;~(t) )J-ldt 
to n=l 'lj;11 (t) 7f t 7PN(t) 

If f[I: N -J 1/J .,(t ) + (1 + l....Iog2 ,f;N(t))(t+ ,PN(t))J-1dt = oo then the extremal length 
JO n= I ,j,;, (I) rr2 t ,j;N(t) ' 

..\ ( { r, }0.:::1.:::1 1) = 0. Hence L is conformal. 

Q.E.D. 

Corollary 3.3.2 Let the lamination L satisfies the assumptions at the beginning of 

this section and the functions ¢11 , Xn as described earlier in this section. If the condi­

tion 

is satisfi ed for 

r ("N Wn(t))-1(1 + J....1og2 ,PN(t))-ldt = 00 
JO L-n=O ,J;~(t) rr2 t 

{ 

Xa(n) 0 Xa(n-1) 0 ... 0 Xa(I)(t) if n > 0 
1/J,,(t) = 

t if n = 0 
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for any cyclic shift CJ of the cycle (N, N - 1, ... , 1, 0) , then Lis conformal. 

Proof: Because 

( ,;:--- N ~)-1(1 + ...L log2 'PN( t))-1 < [""'N-1 'Pn (t) + (t + 'PN( t))(l + ...L log2 1PN (t))J-l 
L.., n=O il• ~ (t) ,,.2 t - L.,n=O ,J,~(t) ,µ~(t) ,,.2 t ' 

it follows from 3.3.1. 

Q.E.D. 

Remark The integral criteria in this section are applicable to any multiple point 

without any triple or higher order multiple points nearby. The configuration is just 

similar si nce we only consider the local behavior of the lamination. 

3.4 The Quadratuple Problem 

In thi s section, we are going to prove Theorem 1 in the first chapter. For our con­

venience , we translate the problem to a strip setting. Let I = [0, oo) x [0, 1] be the 

standard strip in C . Let an, an, bn, bn be non-negative real numbers (n 2: 0) such 

that 

( 1 ) o.o = bo = 0 

(2)a,, < a,, < an+ l , bn < bn < bn+l for any n 2: 0 

(3)0.11 , b,, ---+ oo as n ---+ oo. 

Our goal is to show that there is a continuous mapping tp from I U { oo} onto C which 

is conformal in Intl such that (f)-l ( tp ( an)) = {an, an, bn + i, bn + i} for any n. 

Lemma 3.4.1 There are vertical strips h = [ck, ck] x (0, 1] with ck < ck+1 for all 

k 2 0 and L ~o ( ck - ck ) = oo such that either one of the following holds for all k: 

(1) [ck ,<\ ] C (a,,k,ank ) n (bmk,bmk) for some nk,mk 2: 0; 

(2) [ck, ck] C (ank,andi) n (bmk,bmk+1) for some nk,mk 2: 0; 

(3) [ck,2\ ] C (ank,ank+1) n (bmk,bmk) for some nk,mk 2: O; 

(4) [ck,ck] C (ank,an k) n (bmk,bmk+1) for some nk,mk 2: 0. 
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Proof: Since 

00 00 [ u u (an, an) n (bm, bm)] u 
n=Om=O 
00 00 [ u u (an, an+l) n (bm, bm+1)] U 

n=Om=O 
00 00 [ u u (an, an+I) n (bm, bm)] u 

n=Om=O 
00 00 [ u u (an, an) n (bm, bm+1)l, 

n=Om=O 

we have either one of the following: 

(1) A1(U~=0 u:=0(an,an) n (bm,bm)) = oo 

(2) A1(U~=0 u:=0(an,an+1) n (bm,bm+1)) = oo 

(3) A1(U~=ou:=o(cin,an+d n (bm,bm)) = 00 

(4) A1(U~=ou:=o(an,an) n (bm,bm+d) = 00. 

Hence we can make the appropriate choice of strips in each case. 

Q.E.D. 

We are assuming that (1) in 3.4.1 is the case and the proof for other cases are just 

similar. Moreover , we can assume that nk 2: mk for any k without loss of generality. 

Definition 3.4.2 Let kn = max{ k 2: 0 : i\ < an} and km = max{ k 2: 0 : Ck < bm} 

for any m, n. 

Lemma 3.4.3 For any integers m , n and k , kn and km as defined are monotonically 

increasing sequences of integers with 

(l ) kn ~ kn for each n , 

(2) nk = n if and only if kn-I + l ~ k ~ kn, 

(3) mh: = m if and only if km-l + l ~ k ~ km, and 

(-1) 111 1, ::::; n s; nk if and only if kn-l + l ~ k ~ kn. 
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Let Un be chosen such that an < Un < an and [an, Un]n[ck, ck]=¢ for any k. 

Let Vn be chosen such that bn < Vn < bn and [bn , vn]n[ck, ck]=¢ for any k . Let 

sk = 3(nk - mk) + 2, lk = ck - ck, and Tnj (j = 1, ... , kn - kn-1) be taken such that 

For any n ~ 1, the intervals 

for kn-!+ 1 ~ k ~ kn are contained in (an, Un)- Also, the intervals Jk = 

for kn + 1 ~ k ~ kn and the intervals h for kn-1 + 1 ~ k ~ kn are contained in 

( 1L11 , an). Therefore, we can have a piecewise analytic, bi-Lipschitz homeomorphism 

fn from [un, an] onto [an, Un] such that fn(un) = Un , fn(an) = an and 

Similarly, we can define a piecewise analytic, bi-Lipschitz homeomorphism gn from 

[vn, bn] onto [bn, Vn ] such that gn(vn) = Vn, gn(bn) = bn and 

(t) b + • (3!..n..::::.2.u bn-bn-1) -:rrsk(t-q) C t E / d k~ +1 < k < k~ gn = n r n(k-kn- il mm 2 , 4 e 10r k an n-1 _ _ n· 

The in tervals I~ = 

[ 
. • (~ Un-iin 

an - 7 n(k-kn_i)ffi1Il 2 , 4 
!) • (~ On-<in ) an - r n(k-kn-d min 2 ' 4 

for k,, _ 1 + 1 S k S kn are contained in (an-l,an) - Also the intervals 
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for kn- I + 1 :'S k '.S kn are contained in (bn-1, bn). Therefore, we can have a piecewise 

analytic, bi-Lipschitz homeomorphism hn from [an-I, an] onto [bn-I, bn] such that 

h,,(a.,, _ i) = bn-l , hn(an) = bn and 

hn (t) = 

Where Yn = b,, -.~" - l 

A11,v finite part of the strip I with the boundary identified under fn, 9n and hn is 

an open Riemann surface with finitely many singularities. Since the mappings fn, 9n 

and hn are bi-Lipschitz, all of them are removable by a similar argument as in the last 

section . Hence the strip I with the boundary identified under fn, 9n and hn is a doubly 

connected Riemann surface with one ideal component corresponding to co. If this 

component is parabolic, then our proposition is true by the uniformization theorem. 

It suffices to show that >.(r) = 0 for some curve family r consists of closed curves 

after the identification which separate the ideal component at co from a compact 

subset of I. 

{ 
(k)} Let rk = I t O<t<I where 

,t) ( - u { an + r n(k-kn-il min( Un ; an' an -/n-1 )e-1r(sklkt+is) : Q :s; S '.S 1}) LJ 
n - »lk,··· ,nk 

0:S s:S l})u 

LJ { bn - bn-1 + r n(kn-kn-il (bn - bn-l) e-1r(sklk(l-t)+is) : Q :'S 
8 

'.S 1}) U 
n=mk+l, .. ,,nk 2 4rn(k-kn-il 
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{ b + r . . min(Vmk - bmk bmk - bmk-l)e-rr(sklkt+is): 0 < 8 < l} U 
mk mk(k-kmk-i) 2 , _ 4 - -

{ck + (1 - t)lk +is: 0 :s; s :s; l} 

By sim il ar methods as in the last section, it is not difficult to get >.(rk) :s; t- There­

fore , >- (r) :s; (L ~)- 1 = 0 where r = urk by 3.1.1 (4) . Hence the component at 00 

is parabolic. 
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Chapter 4 A Potential Theory Approach 

We are going to prove Theorem 3 and Theorem 4 in the first chapter. ·when the set 

Aft, is small ( of capacity zero)., the topological condition we impose on the lamination 

in thi s chapter guarantees conformality. When the set is bigger, we can only show 

conformality with a stronger regularity on the set (namely, Dirichlet regularity). We 

refer to [3, 10, 22] for our reference in potential theory and related topics in complex 

an alysis. 

4.1 The Logarithmic Capacity of a Compact Set 

Let E be a compact set in C. For any positive integer n, we define 

It is not hard to show that dn is monotonically decreasing and we call 

the logarithmic capacity of E. It is also called the "transfinite diameter". The points 

z,,1.- EE (k=l , .. . ,n) where dn assumes the maximum are called the Fekete points and 

the the polynomial Qn ( z) = rrk=l ( z - Znk) is called the nth Fekete polynomial. We have 

the property ( cf (3, ch.2] and [22, ch.9]) that 

Next we consider the trivial lamination on a compact set E of capacity zero which 

identifies all points in E. 

Theorem 4.1.1 Let E be any compact subset of T with zero capacity. The lamina­

tion Lr: on T defined by identifying all points in E is conformal. 
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\Ve are going to prove the theorem above in the next section. Before doing that , we 

give an important lemma which is given in [22, p.211] for more general E's . We 

have a better fun ction in the lemma below than in [22] since we are considering only 

compact sets . 

Lemma 4.1.2 Let E CT be a compact set with zero capacity. Then there is a starlike 

function h (z) = z + ... (z ED) such that 

(1) h (z) -t oo as z -t ( if and only if~ EE and 

(2) h can be extended to a continuous function from D to C. 

Proof: For each l > 0, we can find n, such that 

where H, is some open set containing E. Let Zn,k (k = 1, ... , n1) be the n1-th Fekete 

points of E . Then let 

As z E f> \ E , Re(l - Zn,kZ) > 0. And so we have I:~0 I:;!:1 ~ log(l - Zn1kz) 

converges absolutely and uniformly on compact subsets of f> \ E if and only if 
l 

Il~ o TT;~, (1 - zn,kz f~ converges absolutely and uniformly on compact subsets 

of p \ E . For z E f> \ E , we have 

Therefore 

I log(l - Zn1kz )I ~ I log 11 - Zn1kzll + 21r and 

d( z, E) ~ lzn,k - z l = ll - Zn1kzl ~ 2. 

From the inequali ty above, we have 

I 

Hence TI~o TI~~1 (1- Zn,kz)-~ converges absolutely and uniformly on compact sub-

se ts of D \ E and thus h(z ) is continuous on f> \ E. 

Let ~ EE. Since 11 -Zn1kzl ~ 2 for z ED\ E and lzn,kl = 1, for z E (D \ E) n Hi , 
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which implies that h(z) -+ oo as z -+ ( if ( E E. This proves that h is analytic in D 

and continuous in D. 

Finally, by [22, theorem 3.18], his starlike because the sum of all the exponents 

is - 2. 

Q.E.D. 

4.2 A Family of Mappings on C\ [-1,1] 

For any subset A of the complex plane, we denote the convex hull of A by coA, i.e., 

coA={I:J=1 t1a1 : Lj=l t1 = 1 and a1 EA, t1 2: 0 for all j} . 

Let I<,, = co{-1 , 1, i/n, -i/n} , Kt=co{-1, 1, i/n}. Then let g;t: H+ --t H+ \Kt 
be the conformal mapping with gt (-1) = -1, gt (1) = 1 and gt ( oo) = oo. Since 

H + \ !(,; is a sub-domain of the upper half-plane, we can extend gt by reflection to 

a. conformal map 911 : C \ [-1 , 1) --t C \ Kn such that 9n(-1) = -1 , 9n(l) = 1 and 

_q,, (oo ) = oo . 

Lemma 4.2.1 Let Ps be the spherical metric on the Riemann sphere. There exists 

a subsequence {g,,k} of {gn} such that for any c > 0, there is N > 0 such that for all 

n1., 2 N, Ps(9nk (z), z) < c for any z EC\ [-1 , 1). 

P roof: Let k(z) = z +~be the Koebe function from D onto C \ [-1, 1]. Let fn = 

k- 1 og,,ok. Then f n is an univalent function from D into D fixing 0, -1 and 1. Also, 

As k is continuous on D and Kn is uniformly locally connected, D \ Gn is uniformly 

locally connec ted . Consequently, C\ Gn=D00 U(D \ Gn) is uniformly locally connected. 

By Proposition 2.3 in [22, p.23], The family of functions {f n} is equicontinuous 

in D and thus it has a uniformly convergent subsequence {fnk}. 

Let 11s denote the limit function by f . Then f (D) = limn➔oo Gn = D and thus f 

is a J!o/Jiu s transform . Becal!_se f fixes 0, -1 and 1, f must be the identity map. 
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Ps(k o fn o k- 1 (z), z) 

Ps(k o fn(w), k(w)) 

Ps(k o fn(w), k o f(w)). 

where w = k- 1(z) ED 

Since I.: is a continuous mapping from JS to (C, Ps), it is uniformly continuous. There­

fore, for any E > 0, there is a 6 > 0 such that 

As {f nk} is uniformly convergent in JS , there is an N > 0 such that 

Hence , for any z EC\ [-1 , l], we have 

Q.E.D. 

Lemma 4.2.2 Let 'Y be a c0mpact continuous curve in C containing the origin and 
I 

D be the unbounded component of C \ 'Y · Suppose O is accessible from D and is not a 

w t point, then for any E > 0, there is a conformal mapping g : n --+ C such that 

( 1) g fixes 0, oo and the image of n under g is a Jordan domain, and 

(2) Ps(g( z ), z ) < E for any z En. 

Proof: Let cp : D --+ C \ [ -1, l] be the conformal map such that cf) ( oo) = oo and 

<1>(0) = -1 and k be the K eobe function . As cp- 1 o k : D --+ (D, Ps) is a conformal 

mapping from the unit disk to a simply connected domain with locally connected 

boundary, it can be extended to a continuous function up to JS. And by compactness 

of D, for any E > 0, there is a 6 > 0 such that 
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Consider .iJk=<I>- 1 o gnk o <I> where gnk is defined as in the beginning of this section. 

\V<' can sec th a t each gk satisfies (1) in 4.2.1. For any z E fl, 

Ps(<I>- 1 o gnk o <I>(z), z) 

Ps(<I>- 1 o gnk(w), <I>- 1(w)) where w = <I>(z) EC\ [-1, 1] 

Ps(<I>- 1 o gnk o k((), <I>- 1 o k(O) where ( = k-1(w) 

Ps(<I>- 1 o k o fnk((),<I>-l o k(()) Un as defined in 4.2.1) 

< E 

if link(() - (I < o. However, this is true for large nk by 4.2.1. Hence we can just 

take g to be [}k for a large k. 

Q.E.D. 

Now we are ready to prove 4. 1. 1. 

Proof of 4.1.1 : Leth : D---+ C be the starlike function in 4.1.2 which is continuous 

up to T and let h = ¼-
- ~ 

We are going to define <pn:D ---+ C inductively. Let {In}~=O be the collection 

of components of T \ E. Take <po = h. Suppose 'Pn-i:D ---+ C is defined. From 

4.2.2 , there is a conformal mapping gn : C \ 'Pn-1Un-1) ---+ C fixing 0, oo such 

th at g,, o <?n-ik is the boundary of a Jordan domain and Ps(gn(w),w) < / ... Take 

tp,, = g11 o Yn -l · It is clear that each 'Pn is continuous up to the boundary and 

For any E > 0, take N > 0 such that ,fr, < E. For any z ED, m > n 2: N, 

PS ( 'Pm ( Z), 'Pn ( Z)) 

m 

L Ps(gk('Pk-1(z)),'Pk-1(z)) 
k=n+l 

m 1 
< L 2k 

k=n+l 
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Since the function Xmn(z) = p5(cpm(z),cpn(z)) is continuous on IS, for any z EIS, 

Therefore, 'Pn 1s uniformly convergent in IS. Let <p = limn-too 4?n. <p E CA and 

r.p(E) = {O}. It remains to show that cpk is one-to-one and cp(~)-/= 0 if~ E In, 

For any positive integer n, let Gn = limm--+oo 9m o ... o 9n which is conformal in 

the unbounded component of C \ 4?n-1(T \ (U;;;:J h)). Observe that <p = 9n o 4?n-1· 

Because r.p 11 _ 1(Jn_i) is a simple curve with endpoints O which lies in the unbounded 

component Dn-1 of C \ 'Pn-1(T \ (u;;;:J h)), Gn O 4?n-1Un-d is a simple curve with 

endpoints O which lies in Gn(D 11 _i). 

Q.E.D. 

4.3 Totally Disconnected Laminations 

For any closed and flat laminations on T, we call any point in the closure of the set 

of multiple points a branch point. In the case L = L(cp) for cp EDA, all points in T 

are branch points. And conversely, if L = L( <p) for cp E CA and all points in T are 

branch points, then L = L( <p) for some cp E DA by 2.3.6. 

Definition 4.3.1 Let L be a continuous and fiat lamination on T. L is totally dis­

connected if J'vh/ L is totally disconnected, i.e., the image of the set of branch points 

under the projection 1r : D ----t C is a totally disconnected set. 

Lemma 4.3.2 Let L be a closed and fiat lamination on T. If there exists an open 

subarc J of T which satisfies the following: 

( 1) The endpoints of J lie in lvh and are not equivalent under L. 

(2) For any component I of J \ lvh, there is an open arc I~ J ~ J such that the 

endpoints of J are equivalent under L. 

Then L is not totally disconnected. 
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Proof: Let I,, be the components of J \ lvh. Let ln=U J where the union is over all 
~ ~ 

I 11 i;;;; I i;;;; J such that the endpoints of I are equivalent under L. From the flatness 
~ -

condit ion , I,, and Im are either disjoint or equal. We pick out all the disjoint ones and 

still denote them by in . It is easy to show that ,N=(J \ (U;;'= 1 ln))/ Lis connected. 

Siuce 

is an intersection of countably many compact, connected sets tN+l C tN, 1 is con­

nected . Thus there is a connected subset of lvh/ L which contains at least two points. 

Hence, L is not totally disconnected . 

Q.E.D. 

Lemma 4.3.3 For any closed and fiat lamination L on T, L is totally disconnected 

if and only -~ f for any two non-equivalent points 6, 6 E lvh , there exist components 

I 1. h of T \ A1 L such that each of the two components of T \ (11 U !2) contains all the 

eq1tivalent points 1tnder L and one of the (i 's. 

Proof: Suppose L is totally disconnected. Let 6, 6 E ML be two non-equivalent 

points on T such that for any components Ii, /2 of T \ lvh, the two components of 

T \ (!1 Uh) contain points equivalent to some points in the other one, i.e., (T \ (11 U 

12 ))/L is connected. 

Let I(; = {~ET : ~ ~ ~;} and 11 , h be the components of T \ (K1 U K 2) with 

non-equivalent endpoints. Then ( J 1 U J 2) / LIKiuK2 is homeomorphic to the circle and 

LI J,uJ
2 

induces a totally disconnected lamination on (J1 U J2)/LIK1 uK2 with exactly 

the same property as described in the previous paragraph. It follows also that the 

two points 771, 772 in the circle corresponding to K 1 , K 2 respectively must be branch 

poin ts . otherwise one of the sets K
1

, K
2 

is bounded away from (1
1 

U 1
2

) n lvh which 

gives a co11t radi ction. 

Therefore, without loss of generality, we can assume that ( 1 = -1, 6 = 1 and 

the ~i's do not have any other equivalent points. Let I+ be the upper semi-circle and 
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L be the lower semi-circle. From 4.3.2, there is a component I of I+ such that any 

open arc I <:;;; J <:;;; I+ has non-equivalent endpoints. Take 

-1+ = Int (n{J: I~ J <:;;; I+, endpoints of J are equivalent to some points in L}). 

Since endpoints of l+ cannot be equivalent, there is an open arc J_ ~ L with non­

equivalent endpoints which are equivalent to endpoints of l+ under L. 

For any component I' of J_ \ Jvh, let ,1, ,2 be the components of T \ (I U I'). 

From our assumption, there are points(; E 1; (i = 1, 2) such that 6 ~ 6 under L. 

\Ve have 01ie of the following: 6 E 11 n l+, 6 E 1 1 n J_ or 6 E 1 1 \ (J+ U J_). In 

the first case, the definition of l+ gives 6 E 12 n I+ which violates our choice of I. 

In the last case, either 6 E I n I+ or 6 E 12 n f_ contradicts our choice of I and 

1+· Therefore ( 1 E 1 1 n J_. It follows from the definitions of l+, J_ and the flatness 

conditi on on L that 6 E 12 n J_. Since this is true for any component I' of J_ \ !Vh, 

L is not totally disconnected by 4.3.2. We have a contradiction. 

Conversely, if for any two non-equivalent points 6 ,6 E lvh, there exists compo­

nents I 1, h of T \ !Vh such that each of the two components of T \ (Ii Uh) contains 

all the equivalent points under L and one of the (;'s, let T/l and T/2 be the midpoints 

of / 1 a.nd 12 respectively. Then the image of the two components of T \ { T/l, TJ2} under 

the projection onto the quotient space would be two disjoint open sets containing the 

image of ~1 and 6 respectively. Thus any two distinct points in !Vhf Lare separated. 

Hence L is totally disconnected. 

Q.E.D. 

Vie are going to prove Theorem 3 in the first chapter now. 

Theorem 4.3.4 Let L be a totally disconnected lamination on T. If lvh is of capacity 

zero , then L is conformal. 

Proof: From 2.1.1, there is a cp' EDA such that L(cp') = LML· From the proof of 

2.1.1 , cp'(l) is a Jordan curve for each component I of T \ Mi. Also On n Om= {O} 

where Dn is the interior of the Jordan curve cp' Un), Dm is the interior of the Jordan 
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cu rve r.p' (Jm) and m i- n. Take 'Yn to be a Jordan arc in Dn joining an interior point 

of nil to 0. 

Let us consider all pairs of components (Im , In) such that each component of 

T \ (/m U /,i) contains all its equivalent points under L . Let the pair Pmn = (,m, 'Yn ) 

be the corresponding pair of Jordan arcs which lie in Dm and Dn respectively. Since 

there are countab ly many of them, we just write them as Pk . 

\Ve are go ing to define 'Pn :C \ (Uin)--+ C and 'PnPk (k > n) inductively (note 

that U 1'n is a closed set). Take the pair Po=(1m 0 ,,n0 ). Then 1no U imo is a compact 

continuous curve. By 4.2.2, there is a conformal go : C \ (i'no U imo) --+ C fixing oo 

such that the image of C \ (i'no U 1'mo) is C \ D where D is a bounded Jordan domain 

and 

Ps(go (z ), z) < 1 = do for any z EC\ (1n0 U 'Ym0 ). 

Take <po = g0 . Let 1 ~, 1~ be two disjoint Jordan arcs in D with one endpoint in 

the boundary t hat corresponds to an impression of a prime end at imo n i'no. For 

A= bm, 1n), if neither 'Ymo nor 'Yno are in the pair , we will define 

otherwise one of 'Ymo and 'Yno is in the pair Pk, say, ,m='Ymo, and we will define 

where i is either 1 or 2 with the choice made such that rp0 (,m0 ) and ,; have one 

endpoint in common. 

Suppose 4?n -l : C \ (U,EPk ,O:Sk:Sn-I 1) --+ C is defined so that the image of 

C \ (U,EPk,O:Sk:Sn-t i') is the complement of a bounded connected set which is the 

union of finitely many closures of Jordan domains with gluing at a finite set Kn-I = 
{z EC: z is the impression of a prime end at 0 for 'Pn-i}- Let 

d11 = min(mink=O, ... ,n-1 dk, minztz'EKn-i Ps(z, z')) > 0. 

Snppose also that r.p 11 _ 1Pk is defined for k > n - l so that the Jordan arcs in each 

pair P1. have one endpoint in common. By 4.2.2, there is a 9n conformal on the 
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complement of the closure of the union of these two arcs , fixing oo, with image the 

exterior of a Jordan domain and 

Take <,?n = gn O <,?n-ilc,(LJ - )· We can define 'PnPk fork> n in a similar way 
-yEPk,OS k$n "I 

as in the case n = 0. Then let 'Pn = 'Pn o <p1 which is conformal in D and continuous 

up to the boundary. 

For any € > 0, take N > 0 such that ~ < €. For any z ED, m > n ~ N, 

PS ( 'Pm ( Z), lf!n ( Z)) Ps(9m o .. . o 9n+I('Pn(z)), lf!n(z)) 

< Ps(gm(9m-1 O ••• O 9n+I O 'Pn(z)),9m-1 O ... O 9n+I O 'Pn(z)) 

< 

m 

k=n+I 
m do 
~ 4k+l 

k=n+l 
1 

< 4N+l . 

Since Xrnn(z) = Ps(<?m(z ), ip11 (z)) is continuous on f>, for any z E f>, 

Ps(lf!m(z), lf!n(z)) :'.S ~ < €. 

Therefore, cp11 is uniformly convergent inf>. Let <p = liIDn--+oo !f!n which is conformal 

in D and continuous inf>. It remains to check that L(cp) = L. 

Because cp'(T \ ML) is in the domain of 'Pn for each n, <pis one-to-one in T \ ML, 

i.e. , L(<p) = L on T \ M1, Now for 6,6 E M1, if 6 ~ 6, then any two ImJn 

in the above construction lie in the same component of T \ { 6, 6} and in turn, 

011((1) = t?11((2) for each n. Thus L ~ L(cp). If ~1 and ~2 are not equivalent, take 

no = min{ n : 'Pn(6) -f. 'Pn(6)}. 
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Since for ench m > n0 , 

dn 0 < Ps('Pno(6), 'Pno(6)) 

< Ps('Pno((i),<pm((1)) + Ps(9?m(6),9?m(6)) + Ps('Pm(6),'Pn0 (6)), 

letting m tend to infinity, 

00 

Therefore L( 9 ) = L. 

Q.E.D. 

As an application of 4.3.4, we have 

Corollary 4.3.5 Leth : J + -* L be a homeomorphism fixing -1, 1 and Ea com­

pact subset of I+ with zero capacity. If h(E) is of capacity zero, then the lamination 

L is conformal where L is defined by x ~ y if x = y ,or x E E and y = h(x), or 

y E E and x = h(y). 

Proof: Since A!JL = EU h(E) and lvh/ L is homeomorphic to E which is totally 

disconnected, by 4.3.4, L is conformal. 

Q.E.D. 

{ (k)} lk ) Corollary 4.3.6 Let (i i=l, .. ,N (' = 1, ... be a sequence of distinct nk-tuples on 

the unit C'ircle such that { (r) h=l, .. . ,nk, lie in one component of T \ { ~?) h=l, .. ,,nk for 

each k i- k'. Let L be the equivalence relation defined by 
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(1 ~ 6 if (1 = 6 , or 6 = lim1---too d~i) and 6 = lim1---too d~i) for some sequence 

of posi tive integers k1. 

ff the se t of limit points of Uk=l, .. . ,oo { ~Jkl L=1 , ... ,nk is a finite set, then L is confor­

med. 

Proof: The quotient space Mi/Lis homeomorphic to a sequence of points with finitely 

many limit points in C which is totally disconnected, so by 4.3.4, L is conformal. 

Q.E.D. 

4.4 A Lamination on Regular Compact Sets 

We are going to prove Theorem 4 in the first chapter. Suppose that E is a reg­

ular compact subset of T with positive capacity and µ is the equilibrium measure 

determined by E. Then the Green's function 

g(z) = JEloglz-(ldµ(()-logcapE 

with pole at infinity corresponding to Eis equal to O everywhere on E ( cf [10, ch.4]). 

'Ne need the following lemma from [22, p.66]: 

Lemma 4.4.1 If g is starlike, then the limits 

exist for all t and 

Conversely, if /J(t) is increasing and /3(21r) - /3(0) = 21r, then the above expression 

represents a starlike function . 

Theorem 4.4.2 Suppose that E C T is compact, regular and capE > 0. Letµ be 

the equilibrium measure determined by E . Then the function 

h( z ) = z(capE) 2exp[-2 fE log(l - (z)dµ(()] {z ED) 
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maps D conformally onto a starlike domain 

h(D) = {se;0
: 0 ~ s :S R(0) , O :S 0 ~ 21r} 

where h can be extended continuously to D and lh(()I = 1 if and only if (EE. 

Proof: The function h(z) is starlike from 4.4.1 with /J(t) = µ(En It) where It is 

the image of the interval [O , t] under the mapping eis. Hence the angular limit h( () 

exists for all ( E T. Since lh(z)I = lzle-29 (z) < 1 for z ED and lim,._1_ lh(reit)I = 

limr-+l - e-29 (r() = e- 29 (() = 1 if and only if ( = eit E E, lh(()I = 1 if and only if 

( E E. In order to show that h can be extended continuously to f> , it suffices to 

show that both argh(() and lh(()I are continuous for (ET. Asµ is the equilibrium 

rneasure, there is no atom in its support. Thus /J(t) is an increasing function without 

jumps. Therefore , argh(eit)=/J(t) is continuous. 

Moreover, g( () = 0 on E which is the support of µ. Therefore g is continuous in 

C (cf (10, p.69)). Hence lh(()I is also continuous in T. 

Q.E.D. 

The lamination L(h), where his the starlike function in the theorem above, is very 

close to the lamination we stated in Theorem4. It is not hard to see that h(()=h(rJ) 

if and only if(, 'T/ E l for some component I of T \ E whenever (, rJ E T. However, 

each l is mapped to a line segment joining an interior point of the unit disc to the 

boundary. We can do perturbations similar to those we did in the previous section to 

get a cp vvhich is one-to-one on each I. Thus L(<p) is exactly the lamination we want. 

This proves Theorem 4. 



49 

Bibliography 

[l] Ahlfors, L. V., Sario , L.: Riemann Surfaces. Princeton Math . Ser. 26 , Princeton 

Univ. Press, 1960. 

[2] Ahlfors, L. V. : Lectures on Quasiconformal Mappings. Van Nostrand Co, Prince­

ton , 1966. 

[3] Ahlfors, L. V. : Conformal Invariants: Topics in Geometric Function Theorey. 

McGraw-Hill Book Co, New York, 1973. 

[4] Beurling, A., Ahlfors , L. V.: The Boundary Correspondence under Quasiconfor­

mal Mapp ings. Acta Math. 96 (1956), 125-142. 

[5] Bourbaki , N .: General Topology. Springer, Berlin, 1988. 

[6] David , G.: Solutions de ['equation de Beltrami avec II µ 11 00 = 1. Ann. Acad. Sci . 

Fenn. Ser. A I Math. 13 (1988), 25-70. 

[7] Douady, A., Earle, C. J .: Conformally Natural Extension of Homeomorphisms 

of the Circle . Acta Math . 157 (1986) , 23-48. 

[8] Duren , P. L.: Univalent Functions. Springer, Berlin, 1983. 

[9] Gehring, F . W .: Characteristic Properties of Quasidisks. Seminaire de 

Mathematiques Superieures, Montreal, 1982. 

[10] Landkof, N. S.: Foundations of Modern Potential Theory. Springer, Berlin, 1972. 

[11] Lehto, 0. : Homeomorphisms with a given dilation. Proceedings of the Fifteenth 

Scandinav ian Congress (Oslo, 1968) . Lecture Notes in Math. 118, Springer, 

Berlin (1970), 58-73. 



50 

[12] Lehto, 0. , Virtanen, K. I.: Quasiconformal Mappings in the Plane. Springer, 

Berlin , 1973. 

[13] iVIilnor , .J.: Dynamics in One Complex Variables: Introductory Lectures. Preprint 

Sto ny Brook, 1990. 

[14] Moore, R. L.: On the Foundations of Plane Analysis Situs. Trans. Amer. Math. 

Soc. 17 (1916) , 131-164. 

[15] Moore, R. L.: Concerning Upper Semi-continuous Collections of Continua. 

Trans. Amer. Math. Soc. 26 (1925), 416-428. 

[16] Moore, R. L. : Concerning Triads in the Plane and the Junction Points of Plane 

Continua. Proc. Nat. Acad. Sci. USA 14 (1928), 85-88. 

[17] Niikki, R ., Viiisiilii, J .: John Disks. Expo. Math. 9 (1991), 3-43. 

[18] Ohtsuka, K.: Dirichlet Problem, Extremal Length and Prime-ends. Van Nostrand 

Reinhold , 1970 . 

[19] Oikawa, K. : Welding of Polygons and the Type of Riemann Surfaces. Kodai 

IVIath. Sem. Rep. (1961), 37-52. 

[20] Oikawa, K. : A Remark to the Construction of Riemann Surfaces by Welding. J. 

Sci. Hiroshima Univ. Ser. A I Math. (1963), 213-216. 

[21] Pfluge r, A.: Uber die Konstruktionen Riemannscher Fliichen durch Verheftung . 

.J . Indi an Math. Soc. 24 (1960) , 401-412. 

[22] Pomrnerenke, Ch.: Boundary Behavior of Conformal Maps. Springer, Berlin, 

1992. 

[23] Thurston , W .: Unpublished Preprint. 

[24] Vainio, J . V.: Conditions for the Possibility of Conformal Sewing. Ann. Acad. 

Sci. Fenn . Ser. A I Math. Dissertationes 53, 1985. 




