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Abstract

A lamination L on T is an equivalence relation on T. In this paper, we consider lam-
inations L(y) induced by some continuous mapping ¢ : D —s C which is one-to-one
in D, ie, £ v n if and only if ¢(§) = ¢(n) for any &, n € T. The laminations
arise as in above can be characterized topologically as continuous and flat lamina-
tions. Our major question is what conditions on L can ensure that L=L(y) for some
continuous mapping ¢ : D —» C which is conformal in D. In this paper, we study
various aspects of conformal laminations and get conditions for conformality in several
configurations. We relate the conformal welding problem with the classical confor-
mal sewing problem. By the extremal length method, we obtain a generalization of
Oikawa’s condition for conformal sewings to a sufficient condition for conformal lam-
inations and also obtain necessary conditions for conformal laminations. We prove
that a continuous, flat lamination L on T is conformal if capM;=0 and the quotient
space My /L is a totally disconnected set where My, is the set of multiple points of
L. Let E be a compact subset of T. Suppose that I,, = (a,,b,) are the components
of the set T\ E. We define L to be the lamination that identifies a, and b, for each
n. We prove that if capE > 0 and E is Dirichlet regular, then the lamination L as
described above is conformal. Furthermore, the quotient space £/L is homeomorphic

to the unit circle. We also conjecture that: If capMy = 0, then L is conformal.
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Chapter 1 Introduction

A lamination L on T is an equivalence relation on T. In other words, a lamination
L on T is a way to identify points on the unit circle. For any lamination L on T,
L can be extended to an equivalence relation on D where D={|z| < 1:z € C} by
including (z,z) in L for all 2 €D. In the remaining parts of this paper, a lamination
on T is also considered as an equivalence relation on D in the above sense. In this
paper, we consider laminations induced by some continuous mapping ¢ : D — C

which is one-to-one in D.

Definition 1 Given a mapping ¢ as in above, the lamination L(yp) induced by ¢ on

T s defined by

L(g)

£ "~ 1 if and only if p(§) = o(n)

for any &, ne T.

The laminations arise as in the above definition can be characterized topologically
as continuous and flat laminations. The condition of continuity comes from the
continuity of the mapping ¢ and the flatness condition comes from the separation

properties of the Riemann sphere.

Definition 2 A lamination L on T is continuous (or closed) if L is closed in TxT,

e, énmn €T, & ~ np and &,,mn — €, 1 Tespectively as n— oo tmplies £ = 1.

Definition 3 A lamination L on T 1is flat if for any & ,&,m,n2 on T such that
£ ~ & and ny ~ ma, m and my lie on different components of T\{&;,&} implies

&1~ M.

In [23], Thurston regarded the flatness condition to be the disjointness of convex
hulls of equivalence classes in D. Intuitively, we collapse each convex hull to a point

to get the quotient space Do /L which can be embedded in the sphere topologically
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where D, = {z € C:|z| > 1}. We are going to give more details in this in the next

chapter.

Definition 4 A lamination L on T is conformal if L=L(p) for some continuous

mapping ¢ : D — C which is conformal in D.

Examples of Laminations

(1) (Welding) If the upper and lower semi-circles are welded by mean of a homeo-
morphism, we have a lamination on T. The conformality of this type of laminations is
closely related to Riemann-Hilbert boundary value problem and the type problem of
open. Riemann surfaces. This was studied by many authors before and the problem
is only partially solved. There is not much known about conformality beyond the

quasisymmetric case (cf [4, 11, 19, 20, 21, 24]).

¥ (D)
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(2) (Julia Set) There is a very important type of laminations introduced by
Thurston in [23] which is obtained from Julia sets of quadratic polynomials. This is
closely related to the local connectivity of Julia sets which has been one of the central
questions in cémplex dynamics.

Let J(c) be the Julia set for the polynomial 22 +¢ (c € C), @ = C\ J(c) (F(c) is
the filled-in Julia set). If 0Q is locally connected, then ¢ € J(c). Then let 6 be the
dyadic expression of an external angle of c. We can obtain a lamination on 7T~ "4
(T : = — z?) from the conjugate dynamic of iterating 2% +c and the flatness condition.
Thus we have a lamination on T by continuous extension.

This lamination is determined by combinatorics. The problem is whether there is
a locally connected set corresponding to this lamination. If not, J(c) is not locally

connected.

Julia set for z o 2% + €202 with t = (V5 -1)/2.

Let M, ={zeT:z % y for some y # z} be the set of multiple points of L. We
formulate our main conjecture as follows:
Main Conjecture Let L be a continuous, flat lamination on T. If capMy =0, then

L is conformal.



The zero capacity condition is essential since wé cannot collapse a set with positive
capacity to a point via conformal mappings.

In this papér, we study various aspects of conformal laminations and get condi-
tions for conformality in several configurations including some special cases of the
conjecture above. Our first result is on a special configuration of quadrilaterals. Let
0L E1 €T €% € XH ST =T LY € e € Un € Tp € Ynr < 0, and

iMoo Tn = Mg 00 Y = liMp oo n = lim, 00 Jn = 0.

Theorem 1 There is a continuous mapping ¢ from D onto C which is conformal in

D such that
0 (2n) = {€%n, eiEn ivn iin})
where z, = @(z,) for each n > 0.

The proof of this employs the extremal length and type problem method which is
extremely useful in similar kinds of problems. We are going to show the application
of this technique to the conformal lamination problem in chapter 3. The proof of the

above theorem is also presented to illustrate how the technique is applied.

Y(D)

Theorem 2 Let L be a continuous, flat lamination on T. If My has finitely many

limat points, then L is conformal.



S

This theorem is a non-trivial fact. Indeed, there can be countably many multiple
points which seem to be an obstruction at the first glance. The above theorem can
be derived as a corollary of the following which we are going to prove in chapter 4

with a potential theory approach and perturbation methods.

e (D)

\ \ \

Theorem 3 Let L be a continuous, flat lamination on T. If capM =0 and the quo-

tient space My /L is a totally disconnected set, then L is conformal.

40
(
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We shall also give an example which demonstrates the importance of the zero
capacity condition for laminations with possibly only double points. Let h: I_ — I

be a homeomorphism fixing endpoints, E_ C I_ be a Cantor set, and Ey = h(E_).

—
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Let L be definedby z ~yifr € E_and y=h(z),orye€ E_ and z = h(y),orz = y.
If cap(E_ U E})=0, then L is conformal. If A;(E_UE,) > 0, then we have examples
of h and E_ such that we do not have a conformal lamination L (the idea is given in
chapter 3). From chapter 2, any two quasisymmetrically equivalent laminations are
conformal or not simultaneously. Therefore we have a bad lamination with possibly
only double points on a set of arbitrarily small Hausdorff dimension.

On the other hand, there is a completely different type of laminations with
countably many multiple points. Let E' be a compact subset of T. Suppose that
L. - (a,,b,) are the components of the set T \ E. We define L to be the lamination

that identifies a, and b, for each n.

Theorem 4 If capE > 0 and E is Dirichlet regular, then the lamination L as de-
scribed above is conformal. Furthermore, the quotient space E /L is homeomorphic to

the unit circle.

This type of laminations are topologically on the other extreme end as those in The-
orem 3. The proof is also from potential theory and perturbation methods and so we
shall do it in chapter 4. Finally, it should be noted that our main conjecture has not
been completely proven in this paper yet. Further work can be done on improving

our results or giving counterexamples that turn down our conjecture.




Chapter 2 Background

We are going to present a brief history of the conformal lamination problem. In addi-
tion, we prove a couple of simple properties of conformal laminations which extend the
corresponding properties in conformal sewings. Then we try to reduce the conformal
welding problem to the classical conformal sewing problem. Finally, we characterize

John disk condition in terms of laminations as an application of this approach.

2.1 Quasiconformal Mappings

Let C be the complex plane and 2 C C be a plane domain. Then a sense-preserving
homeomorphism h :  — C is quasiconformal if

(1) h(x+1y) is absolutely continuous in z for almost all y and absolutely continuous
in y for almost all z,

(2) the partial derivatives are locally integrable and satisfy the Beltrami equation
% = u(z)g% for almost all z € 2

where p is a complex measurable function with |u(z)] < « < 1 for z € Q. The
function y is often called the complex dilation of h.

There is a completely geometrical definition of quasiconformal maps in terms of
(conformal) modules. A quadrilateral in C consists of a Jordan domain Q and a
sequence zi, 29, 23, 24 of boundary points of ) with positive orientation with respect
to @, and we shall denote it by Q(z1, 22, 23, 24). It follows from the Riemann mapping
theorem and classical theory of elliptic integrals that any quadrilateral Q(z1, 29, 23, 24)
can be mapped conformally onto a rectangle. All such rectangles are corresponded
under similarity transformations and therefore have the same ratio $=M(Q) where a
is the length of sides corresponding to the subarcs of Q) that joins z; to z5 and 23 to

z4 respectively with positive orientations with respect to @, and b is the length of sides
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corresponding to the subarcs of () that joins zo to 23 and z4 to z; respectively with
positive orientations with respect to Q. M(Q) is called the module of Q. A sense-
preserving homeomorphism A :  — C is quasiconformal if K (2) = supgcq Mﬁ[’%{%&
is finite (cf [2], [12]).
For any complex measurable function p(z) in a plane domain 2, we have the
following fundamental theorem in the theory of quasiconformal mappings which is

known as the “Existence Theorem” in [12].

Existence Theorem If u is a complez measurable function in a plane domain Q
with sup,cq |1(2)| < 1, then there ezists a quasiconformal map h of Q which satisfies

the Beltrami equation
% = u(2)% for almost all z € Q.

Concerning the boundary behavior of quasiconformal mappings in the unit disk,
Beurling-Ahlfors [4] found a condition for boundary maps for quasiconformal map-
pings in the unit disk which is called quasisymmetry nowadays. Let T = {|z| =1 :
z € C} and f: T — C be a sense-preserving embedding. f is quasisymmetric if

there i1s an M > 0 such that

)=/l < le(zz)—f(r3)| for any zy,20,23 € T

|21 —22] |z2—23

It was first proved by Beurling-Ahlfors [4] that any quasisymmetric map from T to
T can be extended to a homeomorphism of the closed unit disk which is a quasicon-

formal mapping in D. There is a better extension by Douady-Earle [7].

Theorem (Douady-Earle) The sense-preserving homeomorphism ¢ of T onto T
can be extended to a homeomorphism @ of D onto D that is real analytic in D and
has the following properties:

(1) If o, 7 € M6b(D), then the extension of 0 0w o T is given by g o goT.

(2) If © is quasisymmetric, then @ is quasiconformal.



It follows that (for a proof, see [12])

Theorem Let ¢ : T — C be a sense-preserving embedding. Then ¢ can be ex-

tended to a quasiconformal map from C onto C if and only if ¢ is quasisymmetry.

The image of T under a quasiconformal map from C onto C is called a quasicircle

(cf [9]).

Quasicircle Theorem Let J be a Jordan curve in C and let f be a conformal map
from D onto the inner domain of J. Then the following statements are equivalent:

(1) J is a quasicircle;

(2) diamJ(a,b) < Mla — b| for some M > 0 and a,b € J where J(a,b) is the
smaller arc of J between a and b;

(8) f has a quasiconformal extension to C;

(4) f is quasisymmetric in T.

2.2 The Conformal Sewing Problem

Two plane domains or bounded Riemann surfaces can be conformally sewn together
into a single Riemann surface by an identification of two boundary arcs (cf [1,
p.4,118]). If the sewing takes place on the unit circle (or the real axis), the con-
dition can be replaced by much weaker conditions than analyticity. The proble;m
is equivalent to find conditions on the identification such that there are conformal
mappings ¢, 2 which map the interior and the exterior of the unit disk onto the
interior and exterior of some Jordan domain and 5! o ¢; equals the given identi-
fication. Based on the existence and uniqueness for quasiconformal mappings with
prescribed dilation, Pfluger and Oikawa proved that a quasisymmetric map from T

onto T always admits sewing (cf [12], [19], [21]).

Theorem Let f: T — T be a sense-preserving homeomorphism. Then there ezist
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a quasicuele J and conformal mappings o1 : D — Q, w9 : D — Qo such that
05 o wilT = f if and only if f is quasisymmetric where Q and Qo are the interior

and ezterior domain of J.

Lehto [11], Oikawa [19], Pfluger [21] and David [6] proved conformal sewing for
other classes of homeomorphisms.

[t should be noted that conformal sewing is not always possible for a homeomor-

phism from T onto T.

Examples:

(1) Forany 0 < a <1 and b > a, let

a6 g ein)* ifo<f<n
e~im(=0/m)" if 1 <6<0.
There is no conformal sewing with the identification under f. It was shown in Oikawa
[19] by using extremal length method on the type of Riemann surface formed by

sewing the upper half-plane to the lower half-plane with 0 as a singularity.

(2) There is another example function with no sewing. Let

i}
T {$+iy:x>0,y<sin5}—){m+iy::c>0,y<0}

1
g2 {.r+iy:a:>0,y>sin;} — {z+iy:2z>0,y >0}
be conformal. In [24], Vainio showed that

gogil(zx) . ifz>0
p() =40 z=0
—gogr(—z) ifz <0

is a homeomorphism. There is no sewing by considering the module of the ring domain

formed by gluing the upper and lower half-plane along the real line with singularity
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at point 0.

2.3 Laminations

When ¢ is a continuous mapping from D into a compact, locally path-connected
metric space (X, d) and ¢|p is one-to-one, we can see that ¢ defines a lamination on

T by identifying points which are mapped to same point in X.

Definition 2.3.1 Let (X,d) be a compact, locally path-connected, metric space. For
any continuous mapping @ from D into X which is one-to-one in D, the lamination
L(X,p) (when X is the complex plane or Riemann Sphere, we do not specify it in

the notation and just write L(p)) on T nduced by ¢ is defined by

§E~nifp(€) =¢n) foréneD.

There is a complete characterization for laminations induced by the ¢’s in the above
definition. If L is a lamination induced by some continuous mapping from D into a
metric space, then it is not hard to show that L is continuous. On the other hand,
for a continuous lamination L on T, the quotient space D/L is metrizable (c.f. [5]).

Thus we have the following:

Theorem 2.3.2 Let L be a lamination on T. Then L = L(X, ) for some compact,
locally path-connected, metric space X and some ¢ € C(D, X) which is one-to-one

in D if and only iof L is continuous.

When ¢: D — C is continuous in D and one-to-one in D, there is a big restriction

on L(p) due to the separation properties of the sphere.

Theorem 2.3.3 (Thurston) Let L be a continuous lamination on 'T. Then L is flat

if and only if the convex hulls of the points which are equivalent under L are disjoint.

Proof: Suppose that L is flat. Let &,...,& ~ € and 7y, ...,Nm ~ 7 such that £ is not
equivalent to n under L. Then n,..., 7, lie on the same component I of T\{¢y,...,&,}

and so the convex hull of {m,...,n} is a subset of the convex hull of I which is
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disjoint from {37 ;¢ :0<t; <1,5% ¢ = 1}. Hence the convex hull of the points
equivalent to £ is disjoint from the convex hull of the points equivalent to 7.
Conversely, if there are &, &, n1,m2 on T such that & ~ &, n; ~ 7o and 0y, 7o lie
on different components of T\{;, &}, then the convex hull of the points equivalent

to £ is not disjoint from the convex hull of the points equivalent to . Thus £ ~ 7.
Q.E.D.

It is not hard to show that continuity and flatness are necessary for a lamination
L on T to be coincide with L(y) where ¢: D — C continuous in D and one-to-one
in D. The converse is also true by a theorem of Moore (cf [14, 15]) which became

extremely important in the theory of foliation and geodesic laminations later.

Theorem 2.3.4 Let L be a lamination on T. There is some ¢: D —» C continuous

in D and one-to-one in D such that L = L(p) if and only if L is continuous and flat.

Proof: If there is some ¢: D — C continuous in D and one-to-one in D such that
L = L(p), then L is continuous by 2.3.2. If L is not flat, there would be smooth arcs
«; beginning and ending in T which intersect transversely in D. In the image, they
would become closed curves which cross exactly once. Contradiction occurs.
Conversely, the collection of all the convex hulls of equivalent points under L is a
collection of continua which satisfies the condition in [14, 15] which is called “Upper
Semi-Continuity”. In our case, the condition is just the quotient topology of C‘/L is
equivalent to the topology induced by the Hausdorff metric. In turn, the quotient

space C/L is homeomorphic to the Riemann sphere.

Q.E.D.

There is another theorem of Moore (cf [16, 22]) which gives a strong condition

on the multiple points of L, namely, there are at most countably many of them.

Theorem 2.3.5 Let f be a homeomorphism of D into C. Then there are at most

countably many points a €C such that

f(r¢;) = a as r— 1_ (5=1,2,3)
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for three distinct points (i, (,(3 on T.
If we consider ¢’s in the class of mappings D={¢ : (D) = C, ¢ is continuous in
D and one-to-one in D}, then 9p(D) is a dendrite, i.e., a locally connected continuum

which does not contain simple closed curves.

Theorem 2.3.6 Let L be a lamination on T. There is some ¢ € D such that
L = L(y) if and only if D/L is homeomorphic with the sphere if and only if L

is continuous, flat and T /L does not contain simple closed curves.

We want to look at continuous, flat laminations on T which are induced by uni-

valent maps that can be extended continuously to D.

Definition 2.3.7 Let C4 = {¢ : D — C continuous in D and univalent in D},
Dy ={p € Cu: (D) =C}. L is conformal if L = L(p) for some ¢ € Cj.

There are some simple analogies of conformal laminations to conformal sewings.
The most natural one is the invariance of conformality under a quasisymmetric map

from T onto T.

Theorem 2.3.8 Let L, L be laminations on T such that there is a quasisymmetric
map f: T — T with x ~ y under L if and only if f(z) ~ f(y) under L. Then L is

conformal if and only if L is conformal.

Proof: It suffices to show that L is conformal implies that L is conformal. By the
Douady-Earle extension, f can be extended to a homeomorphism of D onto D which
1s quasiconformal in D.

Suppose that L is conformal. Then there is some continuous ¢ : D — C which

is univalent in D such that L = L(p). Let u be defined on C by

pe(p7H(z)) z € ¢(D)

0 otherwise.

pz) =

p is complex measure and is bounded by sup|ps| < 1. Therefore there exists a
quasiconformal homeomorphism W from C onto C with complex dilation x by the

“Existence Theorem”.



14
Let @ = W o @o f~! which is quasiconformal in D and continuous in D. Since f

is a homeomorphism,
pof=Woep inD.

This implies that L(@) = L. Also,

teosf(2) = pw(p(z)) almost everywhere in D (as ¢ is conformal)

= Jslz).
Hence jtz = 0 almost everywhere. Thus ¢ is conformal.

Q.E.D.

The restriction of any conformal lamination to a closed subarc of T is still a

conformal lamination.

Theorem 2.3.9 Let L be a conformal lamination on T. Then the restriction L|; to
any closed subarc I is conformal where L|; is defined by € ~ 1 if and only if E,n € T

and & 1s equivalent to 1 under L.

Proof: By applying a conformal mapping, we can assume that the arc I = I, the

upper semi-circle. Let f: T — {z: —1 < z < 1} U I, be defined by

etf if0<éd<n
cosf if—n1<0<0.

f(e?) =

Then as f is quasisymmetric, it can be extended into a quasiconformal mapping in D.
Let ¢ € Cy with L = L(y), we can get a conformal map ¢ such that L(p) = L(po f)

which is exactly Lz, .

Q.E.D.
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2.4 A Simple Configuration: Weldings

A welding function is a homeomorphism from I_ to I, fixing the endpoints 1, —1.
A welding function h determines a lamination by identifying = and h(z). If the
lamination determined by a welding function A is conformal, we call A a conformal
welding. In other words, h is conformal if there is a ¢ € D4 such that poh = h
on [/_. This is closely related to the classical problem on conformal sewings of the
interior of the unit disk to the exterior of the unit disk.

The converse of 2.3.9 is not true in general. An example is given by the welding

exp(imh):I_ — I, where

4 if —1/2>6> -1
2(1/2+6)2—-1/2 if0>60>-1/2.

It is a classical example (c.f. [19]) that there is a singularity at the point —1/2.
However, the weldings defined by hy(6) = 6 and

—2(1/2+6)2—1/2 if-1/2>60 > —1

hy(0) =
2(1/2+6)2—1/2 if0>0>-1/2

are conformal. Actually, h; corresponds to ¢(z) = z — 1/z and hy is analytic except
at points 0, —1/2, —1 and it can be shown by extremal length method that all of them

are weak components.

Theorem 2.4.1 Let h: I — I, be a welding function. Then the following state-
ments are equivalent:

(1) h is conformal.

(2) For some simple curve J in D with o-finite linear measure which joins —1 to 1,
the interior and exterior of the unit disk are sewn conformally via the homeomorphism

g on T defined by
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oy | Sl 220
e =
! flohof(e?) if2r>0>n

where Dy and Dy are the components of D\J with I_ and I contained in the boundary
respectively, f = F|p for F: D — D; the Riemann map from the unit disk to D,
and f = F]T for F : Do —s Dy the Riemann map from the exterior of the unit disk
to Dy such that f(1) = f(1) =1, f(-1) = f(-1) =1 and f(I_) = f(I_.) = J.

(3) For any simple curve J in D which joins —1 to 1, the interior and exterior of the

unit disk are sewn conformally via the homeomorphism g on T defined by

- flof(e® ifr>62>0
g(e?) =1¢ "
floho f(e?) 2 >0>n

where Dy and Dy are the components of D\J with I_ and I, contained in the boundary
respectively, f = F|p for F: D — D, the Riemann map from the unit disk to D;
and f = F|r for F : Doo — Do the Riemann map from the exterior of the unit disk
to Dy such that f(1) = f(1) =1, f(=1) = f(=1) =1 and f(I_) = f(I_) = J.

Proof: Suppose h is conformal. Then there is a conformal map ¢ : D — C which

can be extended continuously up to T such that ¢(h(z))=¢(z) for z € I_. Let
pr=¢oF, py=poF.

Therefore 1, @9 are conformal maps onto the interior and exterior of the Jordan

domain Q=¢(D;). Then

Lo f(ei) ifr>62>0

P73 opi(e?) = 1 o
03 o p(f(e®)) if2r >8>

Flo f(e) ifr>60>0
o3 o p(h(f(e?))) if2r>0> 7
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| Flefe®  itrze20
floho f(e) if2r >0 >

Therefore (1) implies (3). It is clear that (3) implies (2). So it remains to show (2)
mmplies (1).

Suppose that there is some simple curve J in D with o-finite linear measure which
joins —1 to 1 and that D; and D, are the components of D\J. Let ¢, @2 be the
conformal maps from the interior and exterior of the unit disk onto the interior and

exterior of the Jordan domain Q=¢(D) such that

3! opi(e?) =

1o f(e') ifm>6>0
floho f(ef) if2r>0>n

where f = F|p for F : D — D, the Riemann map from the unit disk to D; and

f =F | for F : D, — D, the Riemann map from the exterior of the unit disk to

Dy such that f(1) = f(1) =1, f(-1) = f(-1) =1 and f(I-) = f(I-) = J. Now let

go(z)z{%op— (2) z€ D,

(2 O F‘l(z) z € D,.

As @1 0 f7Y(z)=¢py 0 f71(2) for z € J, @ can be extended to a homeomorphism
on D by setting ¢(z)=¢p; o f~1(z)=p3 0 f~1(2). Therefore ¢ is a homeomorphism on
D with maximum dilation 0 except for a set of o-finite linear measure. Hence ¢ is

conformal in D. Now for z € I_,

pro f7(2)
~ pao Lol
@ o h(z).

o(z)

Hence h is conformal.

Q.E.D.
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Corollary 2.4.2 Let h: I_ — I, be a welding function. Then the following state-
ments are equivalent:
(1) h s conformal.
(2) The interior and exterior of the unit disk are sewn conformally via the homeo-

morphism g on T defined by

., {59 ifr>0>0
g9(e?) = -
fYho f(e?) if2r>0>n

where f = Flp and F : D — D_ is the Riemann map from the unit disk to the
lower unit disk D_={z € C : |z] < 1,¥(z) < 0} such that F(—-1) = -1, F(1) =1
and F(i) = 0.

(3) The interior and exterior of the unit disk are sewn conformally via the homeo-

morphism g on T defined by

" et? ifm>60>0
(e7) = -
h(e?) if2mr >0 > .

Proof: By the reflection principle, F' can be extended to a conformal map from C \ I,
onto D by letting F(z)=F(1/Z) on Do, U I_ where Do, = {z € C: |2] > 1}. Let F
be the restriction of the extension of F to Ds. Then F is analytic and so there is a
continuous extension to T. Let f=F|p=F. We have f~1(z)=F"1(z) for any z € T.
Let g be the welding as defined in (2) of 2.4.1. Therefore,

g(e)

1o f(e¥) ifr>60>0
fUhof(e?) if2r>0>m

(9\)

= ifr>60>0
f~Yho f(e?)) if2r >0 > .

It follows from 2.4.1 that (1) is equivalent to (2). We are going to show that (2)
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is equivalent to (3). Let

eim1-fEN/2 it > 9 >0

ke =3 ° |
f(e*) if2r 28 >

Therefore k is a homeomorphism of T and g = k=% o0 § o k. Therefore if k is quasi-
symmetric, then the interior and exterior of the unit disk are sewn conformally via g
if and only if the interior and exterior of the unit disk are sewn conformally via §. So
it suffices to show that k is quasisymmetric.

Let us consider the function /() = €"1=9/2 for 1 > ¢ > —1. Because
[I(t1) — I(t2)| = 2sin7|t; —t2|/4,
we have
mlty — taf /2 2 [I(t1) — U(t2)] 2 [t1 — ta.

Next for any z € I_ and ¢y € [—1,1], the ratio |I(to) — 2|/|to — 2| attains maximum
when the points z, ty and I(to) are colinear, and it attains minimum when 2 is either

—1 or 1. Therefore,
2)to — z| > |l(to) — 2| > |to — 2|
Hence we can deduce that

2/f(21) = f(22)/1f(22) = f(23)] Z [K(21) — k(22)[/[R(22) = k(23)]

for any 2z, 29, 23 € T. As f is quasisymmetric (since D_ is a quasidisk), k is also

quasisymmetric.
Q.E.D.

A John disk is a conformal disk D’ in C such that for any crosscut a of D’
dividing D into subdomains D} and Dj, we have min{d(D}),d(D5)}<cd(a) where ¢
is some positive constant and d(E) is the diameter of the set E. In [17], R.Nakki

and J.Viaisala proved the following:
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Theorem 2.4.3 (R.Nakki, J.Visild) A closed Jordan arc A C C with one end-

point at infinity is a quasiconformal arc if and only if C \ A is a John disk.

For any conformal welding function h, the image of D under ¢ is a conformal disk
for any » associated with h. If there is some ¢ such that the image of D under ¢ is

a John disk, then there is a bigger constraint on h.

Theorem 2.4.4 Let h : I_ — I, be a welding function which is conformal. Then
there exists some ¢ € D, such that (D) is a John disk and p(z) = @ o h(z) for any
x € I_ if and only if for some open quasiconformal arc J in D which joins —1 to 1,
the interior and exterior of the unit disk are sewn conformally via the quasisymmetric

homeomorphism g on T defined by

1o f(e¥) ifmr>602>0

g<ei0) - ) .
flohof(ef) if2r>0>n

where Dy and Dy are the components of D\J with I_ and I, contained in the boundary
respectively, f = F|p for F : D — D, the Riemann map from the unit disk to D
and f = F[T for F : Do, —> D, the Riemann map from the exterior of the unit disk

to Dy such that f(1) = f(1) =1, f(-1) = f(-1) =1 and f(I_-) = f(I-) = J.

Proof: If »(D) is a John disk, without loss of generality, we can assume that one
of ©(1), p(—1) is co. From 2.4.3, we can have a quasidisk D' C ¢(D) such that
©(T) C dD'. Then let J=¢~ (8D’ \ ¢(T)). From our construction as in 2.4.1, the
images of the interior and exterior of the unit disk under the conformal maps ¢; and
(o are the two components of C \ dD'. Therefore g = p3* 0 ¢, is quasisymmetric.

The converse is just similar.

Q.E.D.

Corollary 2.4.5 Let h: I_ — I, be a welding function which is conformal. If the

homeomorphism g on T defined by
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et ifT >0 >0
h(e?®) if2m >0 >,

§(e?) =

where f = F|p and F : D — D_ s the Riemann map from the unit disk to the
lower unit disk D_={z € C : |z| < 1,¥(2) < 0} such that F(—1) = —1, F(1) =1
and F (i) = 0, is quasisymmetric, then there ezists some v € D4 such that (D) is a

John disk and ¢(z) = ¢ o h(z) for any z € I_.

Proof: From 2.4.2 and 2.4.4, if g in 2.4.2 is quasisymmetric, then there exists
some ¢ € D, such that (D) is a John disk and ¢(z) = ¢ o h(z) for any z € I_.
As g=k~! o0 g o k where k is quasisymmetric, § is quasisymmetric implies that g is

quasisymmetric.

Q.E.D.
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Chapter 3 Extremal Length Conditions for

Conformality

In this chapter, we relate conformality of a lamination with the extremal length of
certain curve families which are defined in terms of the lamination. By considering the
type of the ideal component corresponding to a singular point, we get a generalization
of the Oikawa condition (cf [19]). It is not hard to get the local version of this criterion

for an isolated multiple point. Then we prove Theorem 1 in chapter 1.

3.1 The Extremal Length of a Curve Family

Let B be a Borel set in C. A curve family I in B consists of open, half open or closed

arcs or curves in B. Any non-negative, Borel measurable function p defines a metric

on B. Let

(p)=inyer [, p(2)|dz],
A(p)=/ Jp plz)2dzdy.

Thus /(p) is the infimum of the arc lengths over all curves in I' and A(p) is the area
of B under the metric induced by p.

We define the extremal length of the curve family I by

2
A(l') = sup, %‘%

where the supremum is taken over all non-negative, Borel measurable functions p
with A(p) < co. For the proofs and more properties of the extremal length of a curve

family, we refer to [3, 18, 22].

Elementary Properties of Extremal Lengths 3.1.1 Let T, IV, T'y be families of

curves in Borel sets B, B', By respectively.
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(1) (Conformal Invariance) If F is a conformal map from a domain QC B into C,
then \(F(T)) = \T).
(2) If for every v € T, there exists ¥ € I" with v/ C ~, then A([') > NMIV). In
])(u't'i(:'u,lm“. if [ C IV, then A\(T) > MI7).

( ) [k Zk ,\ rk
(4) [f the Borel sets By, are disjoint and Uy I'x C T', then 3,

< k. In particular,

1
A(Ce) — M)

Yok /\“Lk) = I\(Ui o for Ty in disjoint Borel sets Bj,.
(5) If for each v € T, there is a v, € I'x such that v, C v for every k, then

AT) > ke AMT%).

3.2 Modules of Continuity

Definition 3.2.1 Let ¢ € C4, K be a continuum in D, E C T closed and e =
w(E) C J=p(T). We define
= {v : v joins p(K), € in C},
T,(e) = {v: 7 joins p(K), e in o(D) and yN J has at most n points },
Tr(e) = {v: 7 joins p(K), e in (D) and v N J has finitely many points }.
F(e) = {77 joins o(K), e in (D) and yN J has countably many points }.

T.(e) = {v: v joins p(K), e in o(D) and w(yNJ) =0 }.

Since I',(€) C T'f(e) CT'o(e) C Tu(e) C I'(e), it follows from 3.1.1 that
AT (e)) < AMTu(e)) < Mleo(e)) < A(Ff(e)) < MT'n(e)).-
cape + O(1). Because p € Cy4, diame —3 i

By Beurling’s estimate, A\(['(e))=5 log
) — o0 as diamFE — 0.

as diamE — 0 and so A(T'(e)

Corollary 3.2.2 Ifp € C4, then
MT(e)), MTu(e)), ML(e)), A(Ts(e)), A(Tn(e))—> oo as diamE tends to 0.

We can define A,, Ay and A, in terms of the lamination L. Suppose 7 : D —

D/L is the natural projection and 7 : [0,1] — D/L joins n(K) and n(E), let 7P

D

denote 771 o 7|.-1o(D). T consists of a countable family of open arcs. Let
(D) 4 p
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Lo(E,L) = {rP : 7 joins 7(K) and n(E) in D/L and 7 N'T/L has at most n points}.

We can define I';(F, L) and ' (£, L) in a similar way.

Proposition 3.2.3 X\, (E,L) = A([',(e)) and similar equalities hold for A\ and Ay
where \,(E,L) = A(T,(E, L)).

Proof: We are going to prove the equality for A. The proof for other cases are just
similar.
o ' {¥lop ¥ € Two(e)})=Tw(E,L), so by conformal invariance of extremal

length, Ao (E, L)=A({7|eD : 7 € I'o(€)}). Therefore it suffices to show that A\(I'ws(€))=
A

oD 7 ETx(e)}). Since Aj(yNJ) =0, for any Borel measurable function p,

f,), p(Z)le| — f'yﬂ(pD p(Z)IdZI
Therefore [(p) and A(p) for the two families are the same. Hence we have the same

extremal length for both of them.

Q.E.D.

Corollary 3.2.4 Let L be a closed and flat lamination on T. If L C L(yp) for some
0 € Ca, then Ao(E, L), A\f(E,L) and \,(E, L) tend to co as diamE tends to zero.

Proof: If L C L(y), then I'y(E,L) C T, (E, L(p)). Hence
A (E, L) 2 Ma(E, L(p))
by 3.1.1. The other cases are similar.
Q.E.D.

An Example We are going to construct a continuous, flat lamination L = L(y)
for some univalent ¢ which is continuous up to the boundary except at a countable
set. It is equivalent to give a lamination of the real line since the upper half-plane is

conformally equivalent to the unit disk. Let xo(t) =t and

—n?
o (- 27 42Dt 9t <y <)

% 2
Xa(t) = ¢ ¢ 4t <t < 9
on’=(n+1)%y 0<t< 2",
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Therefore y, is an increasing homeomorphism from [0,1] onto [0,1]. Then let
dn(z) = 2n 4+ 2 — xn(z — 2n)

for 2n < 2 < 2n+1 (n > 0) which is a decreasing homeomorphism from [2n,2n + 1]
onto [2n+1,2n+2]. We can extend the definition of ¢, to the interval [-2n—1, —2n]

by taking the reflection at the origin of ¢,. The lamination L defined by
x ~yif ¢,(x) =y or ¢,(y) = z for some integer n or z and y are even integers

is continuous and closed. Under the lamination, each interval [2n,2n + 1] is glued
to the interval [2n + 1,2n + 2] with reverse orientation. Since the welding function
on (2n,2n+ 1] is bi-Lipschitz, a simply connected, open Riemann surface is obtained
by welding each pair of intervals (2n,2n + 1] and [2n + 1,2n + 2) by means of ¢,.
By the uniformization theorem, there is a univalent ¢ which is continuous up to the
boundary except at the even integers such that L=L(yp).

Consider the family of curves {fyt}%gs% where
v={24t4+is:0<s<1JU UM {2n +2 = Xn 0 Xn-10...0 X1 ()€™ : 0 < s < 1})

for each N > 0. As {%} 1<) C (2N +2+ 4 (N+1)? 9N 4+ 2 4 9~-(N+1)° ®1,L), b
3.1.1, M{m}rcct) Z An([2N +2+47 ()P apf 19 oW 1y

Let fu(s,t) =20+ 2 — Xn © Xn—10 ... 0 X1(t)e"™ and J,(s,t) = |Df.|(s,t). Since

fa is a homeomorphism in [0,1]x[3, %] which is absolutely continuous in lines,

f[f ([0,1][ p(z ) dzdy= ff[o 1)x[L,4 P (fn(S t))Jn(s,t)dsdt

(1,4
2]

for every n. Then let

2+t+1is if0<s<1
fa(s=n,t) fn<s<n+1

fls,t) =
and J(s,t)=|Df(s,t)|. Now because

i 0
o) < [ pls,t)dsds + b [ pUas, DI fals,D)lds

_ /0N+1 p(f(s,t))!%f(s’t)lds
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we have

Up)? < S p2((5,8)) T (s, B)ds x JN*L L f(s,8)[2/J (s, t)ds

Thus

Alp) 2 //01]><il

/f [ 12,8+ ZP2(fn(3,t))Jn(s,t)]dsdt

/ /N+1 )J (s, t)dsdt

> 1 [ %f(s,t)IQ/J(s,t)dS)‘ldt

(2)2dzdy + Z / / n p(2)?dzdy

([0,1]x(3, %])

v

v

1 N
= I(p)g/l2 1+ /01 I%fn(s,t)lz/Jn(s,t)ds)_ldt
1 n=1

Therefore, we have

A teracy) < {fx (1+ Z01 Jo | fals, O/ Tu(s, t)ds) Hdt} .

=2

For any n > 0 and 4 <t< gt

0 1.0 0
[ I fuls 08l s = [ 1o fuls, O/ fals, Olds
1
= [ mga(t)/gu(t)ds
where g, = Xn O Xn-19-.-0X1
= 7gn(t)/4n(t)
= mt/(n+1)%

Hence

Mirhgey) € (L0143 Ty ta
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for any N > 0 and so
Hmy oo AN (2N + 2+ 4=V+D* 2N 42 4 2-WVHD*] 1) < (4 4+ 752, L)/ log 2.

[t shows that there does not exist any ¢ € C4 such that L=L(y) by 3.2.4.

Remark We can define a lamination on the set

E'=EUUZi2n+2+ xn0...0X0E)) U(Uio(2n+2 — xn0...0 x0F))

by restricting the lamination in our example above to E’ where F is a subset of [%, %

with positive linear measure. By considering the family of curves {v;} with t € E,
we can get the same estimation of extremal lengths except a factor of ([5 %dt)‘l.
Hence the lamination is not conformal. This supplies us examples of laminations on
a compact subset E of the unit circle with A;(F) > 0. We can define a lamination
which welds a compact subset EF_ of I_ with a compact subset £, of I, similarly.
By translating this to a strip [0,00) X [0, 1], we can define the welding on the set
(UsZoxn © ... 0 xoF) U (Us2o(—Xn © ... 0 X0)F) by setting h(z) = z + ¢ when z €
Uszo(—xXn 0 ... 0 X0)E, and h(z) = xa(z) + ¢ when z € U2yXn 0 ...0 xoE. By a
similar method, we can see that this lamination is not conformal. Thus we have the

examples as described in the first chapter.

3.3 Laminations with Singularity

Let L be a closed and flat lamination on T such that D/L is homeomorphic to the
sphere. Suppose E = {{,: 27 >argg (mod N) >argé, > 0,n=1,..,N} (N >2)
is an equivalence class under L and there is no equivalence class under L with more
than two points except possibly E. The lamination is very simple combinatorially,
namely, there are points 1, € I, (n = 1,...,N) where I, is the component of T \
E with endpoints &,, Sl (mod NN) such that the lamination is just obtained by
identifying points in F and welding the intervals [&,, 7], [nn,fn+1 (mod N)] with
reverse orientations.

Suppose that there is an univalent function ¢ which is continuous in D \ E such

that for any two points (;,{o € T \ E, (; ~ (3 under L if and only if p((1) = ¢(().
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Then ¢(D\ E) is a simply connected, open set in the complex plane. It is conformally
equivalent to the unit disk or the complex plane by the uniformization theorem. If it
is the first case, the lamination L cannot be conformal. Otherwise ¢ can be extended
to a continuous function from D onto C by letting w(€s) = oo [n = 1;;N) and
L = L(p). This is a type problem of the simply connected, open Riemann surface
obtained by welding the intervals (., 7a), [, €n+1 (mod N)) forn =1,..., N with the
identifications defined by L|p\g. The ideal boundary component at E of the Riemann
surface thus obtained corresponds to 92 where Q! = (D \ E). In classical terms the
ideal boundary component at E is parabolic if C \ ¢(D \ E) is a point. Otherwise
the ideal boundary component is hyperbolic.

We can have a branch of logarithm defined on the sector argé,, < 6 <argf, (mod N)-
Then the arc I,, becomes the line segment [iargfn,iarg§n+1 (mod N)] and we can write
the welding to be ¢, (:1z) = i(argf, (mod N)-X,,(x—argfn)) where x,, is an increasing
homeomorphism from [0,argn,-argé,] onto [0,argé__ , (mod N)-argnn]. Then we have
a generalization of theorem 2 in [19] and corollary 2.2 in [24] which gives a criterion
for parabolicity. If we take N = 2 in our case, the following condition is exactly
Vaino's re-statement of Oikawa’s condition where the function ¢ in section 2.1 of [24]
is expressed by

xr'(z) ifz>0
—xo(lz]) ifz <0

1n our case for x close to 0. Then

x1(t) x20x1(t) \_, o 2 X2 0 X1(t) \_1
/(t+ 5 +<X20X1),(t)) (1 + log? 22X )~y
Iw( )\ 1,q - lp(=2)|\ 1
_/ x+ e x)) (1+1og” W’(—x)) &

by substituting * = xi(t) in the integral.

Theorem 3.3.1 Let the lamination L satisfies the assumptions at the beginning of
this section and the functions ¢n, xn as described earlier in this section. If the condi-

tion
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f [ZN 1 _+_ (t + w_%%)(l + 7|’1_210g2 1’D_Nt(ﬁl)]“ldt = 0

15 satisfied for

Xo(n) © Xo(n-1) © ... 0 Xa(l)(t) an >0
Un(t) =
t ifn=0

for any cyclic shift o of the cycle (N,N —1,...,1,0), then L is conformal.
Proof: Consider the family of curves {¢"*(*) : 0 < s < 1},,<;<;, Where
= s slog ¥NW L in
v(s) = (UNZHargén1 + ¥n(t)ei™}) U {argt) + teslos =% tims),

If we take t; small enough, then each curve in the family becomes a simple closed
curve and each of the N segments of a curve in the family lies in disjoint open sets.
Since the exponential map is conformal, we have A({e”*®}) = A({:}).

Let
a1 — Y t)e™ ifl<n<N-1
fn(st):{argsﬂ ¥n(t)

NG o
arg) + tesl8 =TT ifp = N

and J,(s,t) = |Dfa|(s,t). Since f, is a homeomorphism in [0,1]x[to, 1] and Ja(s,t)

exists almost everywhere,

J Jpaoixitom)) P(2)2428Y 2> [ fig 11x{to,e0] P (fa(55)) Jn(s, ) dsdt
for every n. Since
U(p) < TN_1 Jo p(fals,1))| £ fuls, 1) ds,
we have
Up)* < Jo[Zny P2 (Fals, ) I (s, t)]dsx g [Enls |55 fa (s, )/ Ta(s, ) ]ds.
[t is not hard to check that

T¥a(t) ifl<n<N-1

a 9 / t)
|2= fu(s, )2/ Ju(s,t) = Vol
s (7r+%log2—(“"’tt)[% (l—s—N—w Ei]l if n=N.
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Therefore

1 N 1 1 /
[ 13 g its.0Pias,olds = [+ 2102 L2 4 (1 — g 2
N— 1’/T'(,bn(t
2
- 17T%(t 1, 2¥n() )
S 2 Trrrle T )
and so
OPLE 2o 1 Siog Yy s < S5 255,00
— ilt 71—2 t w;\/(t) — 0 = n\° n\°
Integrating both sides of the inequality above from £, to ¢;, we get
i - wz//wh sty
2 WZ//OI tO,tl] (s,t))Jn(s,t)dsdt
" N % 1. o ¥n(t) Y (1)1
> /t > g L log SO+ S

If fEns -~ ” + (1 + 1 > log? ——l)(t + %)]_ldt = oo, then the extremal length

/\({‘;f/}og,g,,) = (. Hence L is conformal.

Q.E.D.

Corollary 3.3.2 Let the lamination L satisfies the assumptions at the beginning of
this section and the functions ¢,, X, as described earlier in this section. If the condi-

tion

Jo(Thog 24711 + & log? #40) 1t = oo

n=0 y; (t)

18 satisfied for

Xa(n) 0 Xa'(n—l) 0..0 Xa(l)(t) zfn >0
t ifn=10

Ua(t) =
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for any cyclic shift o of the cycle (N,N —1,...,1,0), then L is conformal.

Proof: Because

b}

(Theo B 7M1+ Frlog? 50) =1 < [S0) ot + (¢ + 22 (1 + L log? 2]

it follows from 3.3.1.
Q.E.D.

Remark The integral criteria in this section are applicable to any multiple point
without any triple or higher order multiple points nearby. The configuration is just

similar since we only consider the local behavior of the lamination.

3.4 The Quadratuple Problem

In this section, we are going to prove Theorem 1 in the first chapter. For our con-
venience, we translate the problem to a strip setting. Let I = [0,00) X [0, 1] be the
standard strip in C. Let an, @n, bn, bn be non-negative real numbers (n > 0) such

that
(1)(1,0 = 1)0 =0

(2)a, < @p < Apy1,bn < by < bpy1 for any n > 0
(3)a,,b, — 0o as n — 0.
Our goal is to show that there is a continuous mapping ¢ from IU{co} onto C which

is conformal in IntI such that ¢ ='(¢(an)) = {@n,dn, bn + 4,0, + i} for any n.

Lemma 3.4.1 There are vertical strips I, = [ck, k] X [0,1] with & < ¢kt for all
k>0 and Y32(C — cx) = 0o such that either one of the following holds for all k:
(1) [ck, k] C (an,,@n,) N (bmk,gmk) for some ng,my > 0;
(2) [cky Ck) C (Any, Qngs1) N (Emk,bmkH) for some ny, my > 0;
(3) [cks &) € (Gng, @nps1) N (bgs bm,) for some ng, my > 0;
(4) [ex, ] C (

4) [ck, € By o ) N (bmkabmk+1) for some ny, my > 0.
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Proof: Since

—
1S
3
S
i/
i)
—~~
=
3
[=aki
3
=
=

Cs

i
CeiCsiCsiCs

[O>OO) \ {anadn,bm,l;m}z,nzo =

o

3
Il
=}

(&na an+1) N (l;m, bm+1)] U

Ce

(C~ln, an+1) N (bma 5m)] U

(G

3
Il
(=]

Ce

(an, a'n) N (gma bm+1)]a

~
Il
o
3
I
o

we have either one of the following:

) Al(U;L.o=O Ug::O(an’ an) N (bmabm)) =00
(2) AU Uszo(@n @nt1) N (b, b)) = 00
) &

AI(U;lw:O U::O(&na an+1) N (b‘ﬂh bm))

(4) AU USo(an, Gn) N (b, bmt1)) = o0.

o0

Hence we can make the appropriate choice of strips in each case.
Q.E.D.

We are assuming that (1) in 3.4.1 is the case and the proof for other cases are just

similar. Moreover, we can assume that n; > my for any k& without loss of generality.

Definition 3.4.2 Let k, = max{k > 0: & < a,} and km = max{k>0:& < Bm}

for any m, n.

Lemma 3.4.3 For any integers m, n and k, k, and ky as defined are monotonically
increasing sequences of integers with
(1) ky < ky, for each n,
(2) ng. =n if and only if kn_1 + 1 < k < ky,
(3) my = m if and only if km—1+ 1 < k < kn,, and
(4) myp < n<ngifand only if k1 +1 <k < 1~cn
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Let u, be chosen such that a, < u, < @, and [a,,un]N[ck, &]=¢ for any k.
Let v, be chosen such that b, < v, < b, and [br, va]N[ck, Ck|=¢ for any k. Let

Sk =3(nk — mk) +2, Iy = & —cx, and roj (j =1, ..., kn — kn_1) be taken such that
Thl1 = 1 and Tn(+1) < Tn]-e_"sklk_

For any n > 1, the intervals

[@n + Tagh—t,_y)e” """ min(¥a5ee, 22=Fe=1) gy + 1G4, ) Mmin(agea, Safest)]

for ky_1 + 1 < k < k, are contained in (a,,u,). Also, the intervals J, =

s . = l A an—Ck anil_&n = : a _Elcn Gn41—G0n
[Gn — Tr(h—kaogye” ™ ¢ min(Z2ge, 2= G — ro (i, ) Min( e, Setl=2e)]

for k, +1 < k < I~cn and the intervals I for k,_1 + 1 < k < k,, are contained in
(un,ay,). Therefore, we can have a piecewise analytic, bi-Lipschitz homeomorphism

fn from [u,,@,] onto [a,,u,] such that f,(un) = Un, fn(@.) = a, and

G F Prh—ke_y) Min(22E0, “—"_—f"—‘—‘)e‘"s"(‘“c") tel,fork,_1+1<k<k,

f,,(f) = ln-ln(uu—au Gn—dn_1

S T 4 ~ — < <~ »
an + o T i‘_,,")(an t) te Jyfork, +1<k<k,

Similarly, we can define a piecewise analytic, bi-Lipschitz homeomorphism g, from

[vn,Bn] onto [bn, v, such that g,(vs) = vy, g,,(l;,,) =b, and

gn(t) = b, + Tn(k—ka_1) min(—“—“” ;b ,—'b"_in_l)e—”"(t_c") for t € I, and ]En_1+1 <k< ];n

The intervals [, =

jod 3 &"_l_ékn—] an“&n—l — 1 P4
[an—l + Tn(k—kn—1) mln( 2 ) 1 )6 e *y8p-1 +
. &n—l_ékn_'l an—an—1
Tn(k—kn—1) mln( B y = 2 )],

for kp_1+ 1<k <k,_, and I} =

An—0Qp—1 ), G = Tn(k—k,...l) min(un—au ! An—Gn—1 )e—"sklk]

. : —a
[an — Tn(k=kn_1) mln(ﬂn_._m, 2 4

2

for k,_y + 1 < k <k, are contained in (Gn_1,a,). Also the intervals

[I)n"i)n—l _ T"(/}n—knq)(b"_b""l) bn—bn—1 _ T"(Eu—kn-1)(b"_b"_l)e—ﬁsklk]
)

2 ATn(k=kp_1) : 2 Aro(k—kp_1)
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B i:n—k (b“ —l;"_l)
( n—l) e

[b"—[)"_l + _Wsklk bn_En-—l + r"(’-‘n_kn—l)(b"_b"_l)]
2 4r"("_kn—l) ’ 2 41‘"("”‘11—1)

fork,_1+1 <k < l~cn_1 and

_ : : (vg—by bn—ba—1 _ c rvg—by bn=bn_1\, —msili
[bn = Tn(k—ka_,) min(2az2e, 2=2=l) b, — rpe—f,_,) Min(tazls, e—e=lle |

for l~cn_1 +1<k< l~cn are contained in (I;n_l, b,). Therefore, we can have a piecewise
analytic, bi-Lipschitz homeomorphism h, from [@,_1,a,] onto [b,_1,b,] such that

D (8n—1) = o1, hnlay) = b, and

Ta(kn=kgny) (bn —Bu-1)e” ™k}

Yn — = o Ba—1-Fk,_71 Gn—Bn_1 (t - &n—l)_l t e I]’c, kn—l + 1 S k S kn—l
4rn(k—-k"_l) min( 7 ; 7 )
oo (bn—bn—1)e" "%k ”
hn t) = n(kn—kn_1) a. —t -1 " <k<
( ) yTl + 47‘3(1‘_[:“_1) min(uu ;un ’ﬂn—“n—l)( n ) t E Ik7kn—1 + 1 s k — kn—l
. vy —b bn‘i’n—l 2 o
by — 2Tt (g, — 1)) te Il ka1 +1<k <k,
\ min(*aztn, ——R=2)
where ¥, = %

Anyv finite part of the strip I with the boundary identified under f,, g, and h, is
an open Riemann surface with finitely many singularities. Since the mappings f,, g
and h,, are bi-Lipschitz, all of them are removable by a similar argument as in the last
section. Hence the strip I with the boundary identified under f,, g, and A, is a doubly
connected Riemann surface with one ideal component corresponding to co. If this
component is parabolic, then our proposition is true by the uniformization theorem.
[t suffices to show that A(I') = 0 for some curve family I consists of closed curves
after the identification which separate the ideal component at co from a compact
subset of [.

Let Fk = {7t(k)}05t51 where

Up — Ap Qp — &n—l
2 7 4

'y,(k) = ( U {an + Tn(k—k,,_l) rnln( )e_w(sklkH-iS) 10 S S S 1}) U

an—l = Ek,._l an — &n~—1
2 ’ -+

( U {&n—l =+ Tn(k—kn—1) mln( )e""(sklkt“"is) :

bn - bn— Tn k, — bn - E — .
( U { : 4 5 (kn 4/:‘,.—1)( n l)e—-n(sklk(l—t)+zs) 0<s< 1}) U
n=mg+1,..., Ngk Tn(k—k,,_l)
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g = bmk bmk - bmk—l)e-—w(sklkt'f'is) 0<s< 1} U
2 . 4 -

{er+ Q=) +15:0<s< 1}

Um

{bmk T T (k—kmy <1) min(

By similar mefhods as in the last section, it is not difficult to get A(T'x) < % There-
fore, \(I') < (L %)~! = 0 where I = UT% by 3.1.1 (4). Hence the component at co

is parabolic.
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Chapter 4 A Potential Theory Approach

We are going to prove Theorem 3 and Theorem 4 in the first chapter. When the set
M, is small (of capacity zero), the topological condition we impose on the lamination
in this chapter guarantees conformality. When the set is bigger, we can only show
conformality with a stronger regularity on the set (namely, Dirichlet regularity). We
refer to [3, 10, 22] for our reference in potential theory and related topics in complex

analysis.

4.1 The Logarithmic Capacity of a Compact Set

Let E be a compact set in C. For any positive integer n, we define
dn=dn(E)=max,,,. seelljer |2k — 2| D,
[t 1s not hard to show that d,, is monotonically decreasing and we call
capE=lim, _, d,

the logarithmic capacity of E. It is also called the “transfinite diameter”. The points
zok € E (k=1,...,n) where d,, assumes the maximum are called the Fekete points and
the the polynomial ¢,(2)=[Tg_;(2z — znk) is called the nth Fekete polynomial. We have
the property (cf [3, ch.2] and [22, ch.9]) that

capE=lim, o0 gn(2)-

Next we consider the trivial lamination on a compact set E of capacity zero which

identifies all pointsin E.

Theorem 4.1.1 Let E be any compact subset of T with zero capacity. The lamina-

tion Ly on T defined by identifying all points in E is conformal.
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We are going to prove the theorem above in the next section. Before doing that, we
give an important lemma which is given in [22, p.211] for more general E’s. We
have a better function in the lemma below than in [22] since we are considering only

compact sets.

Lemma 4.1.2 Let E CT be a compact set with zero capacity. Then there is a starlike
function h(z) = z + ... (z € D) such that
(1) h(z) > 00 as z = € if and only if { € E and

(2) h can be extended to a continuous function from D to c,
Proof: For each [ > 0, we can find n; such that
i
|gn, (2)|7 < e™* for z € H,

where H, is some open set containing E. Let 2z, (kK = 1,...,n;) be the n;-th Fekete

points of E. Then let

1

hz) = 2[R0 TIity (1 — Zak2) ™ (2 € D\ E).

Asz€ D\ E, Re(l — Znkz) > 0. And so we have 32 0L, nl—lzrlog(l — Znk?)

converges absolutely and uniformly on compact subsets of D \ E if and only if
S

172 ITiL, (1 = Z,,.2) ¥ converges absolutely and uniformly on compact subsets

of D\ E. For z € D\ E, we have

|log(l — Zpk2)| < |log|l — Zuk2]| + 27 and
d(z,FE) < |znk — 2| = |1 = Zpez| < 2.

Therefore
|log |1 — Znk2|| < max(log2,|logd(z, E)|).
From the inequality above, we have
SN Thtt | log(l = Znk2)| < 207N (max{log2, |logd(z, E)|} + 2n).

Hence [152, [Tit; (1 — Z,,k2) ™ converges absolutely and uniformly on compact sub-
sets of D\ E and thus h(z) is continuous on D \ E.
Let € € E. Since |1 —Z, 2| < 2for 2 € D\ E and |2,k = 1, for z € (D\ E) N H,
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h(2)] > Ellgn, (2)] ™7 > Ele?

which implies that h(z) — oo as z = £ if £ € E. This proves that A is analytic in D
and continuous in D.
Finally, by [22, theorem 3.18], h is starlike because the sum of all the exponents

1s —2.

Q.E.D.

4.2 A Family of Mappings on C\ [-1,1]

For any subset A of the complex plane, we denote the convex hull of A by coA, i.e.,
coA={T7_ tja; : X7_ t; =1 and a; € A, ¢t; > 0 for all j}.

Let K,=co{-1,1,i¢/n,—i/n}, K}=co{—1,1,i/n}. Thenlet g;: H, — H,\ K}
be the conformal mapping with gt (—1) = —1, ¢gF(1) = 1 and g/ (c0) = oo. Since
H, \ K is a sub-domain of the upper half-plane, we can extend g} by reflection to
a conformal map g,: C\ [~1,1] — C\ K, such that g,(—1) = —1, g,(1) = 1 and

G (00) = 0.

Lemma 4.2.1 Let ps be the spherical metric on the Riemann sphere. There exists
a subsequence {gn,} of {gn} such that for any e > 0, there is N > 0 such that for all
ne 2 N, pslgn, (2),2) <€ for any z € C\ [-1,1].

Proof: Let k(z) = z + % be the Koebe function from D onto ¢\ [-1,1]. Let f, =
k='og,ok. Then f, is an univalent function from D into D fixing 0, —1 and 1. Also,
Gn = fo(D) = k"Y(C\ K).

As k is continuous on D and K, is uniformly iocally connected, D\ G, is uniformly
locally connected. Consequently, C\anDooU(]_)\Gn) is uniformly locally connected.
By Proposition 2.3 in [22, p.23], The family of functions {f,} is equicontinuous
in D and thus it has a uniformly convergent subsequence {f,, }.

Let us denote the limit function by f. Then f(D) = lim,0 G, = D and thus f

is a Mobius transform. Because f fixes 0, —1 and 1, f must be the identity map.
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For any z € C\ [-1, Ll

ps(on(2),2) = ps(ko faok™(2),2)
= ps(ko fa(w),k(w))  wherew =k"1(z) €D

= ps(ko fa(w), ko f(w)).
Since & is a continuous mapping from D to (C, ps), it is uniformly continuous. There-
fore, for any € > 0, there is a 6 > 0 such that |

ps(k(wy), k(ws)) < € whenever |w; — ws| < 6.

As {fa,} is uniformly convergent in D, there is an N > 0 such that

| fo, (W) — f(w)| < 6 for any nx > N.
Hence, for any z € C \ [—1,1], we have

ps(gn,(2),2) < € for any ny > N.

Q.E.D.

Lemma 4.2.2 Let v be a compact continuous curve in C containing the origin and

Q be the unbounded component of C \ 7. Suppose 0 is accessible from Q@ and is not a

cut point, then for any € > 0, there is a conformal mapping g : 2 — C such that
(1) g fizes 0, oo and the image of Q under g is a Jordan domain, and

(2) ps(g(z),2) < € for any z € Q2.

Proof: Let & : @ — C\ [~1,1] be the conformal map such that ®(co) = co and
®(0) = —1 and k be the Keobe function. As ® 1ok : D — (£, ps) is a conformal
mapping from the unit disk to a simply connected domain with locally connected
boundary, it can be extended to a continuous function up to D. And by compactness

of D, for any € > 0, there is a 6 > 0 such that

ps(® 1o k(wy), @ o k(ws)) < € whenever |w; — ws| < 4.
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Consider gx=®"!0g,, 0 ® where g,, is defined as in the beginning of this section.

We can sce that each g satisfies (1) in 4.2.1. For any z € Q,

ps(Gk(2),2) = ps(@7! o ga, 0 B(2),2)
= ps(27" 0 gn, (W), 27} (w)) Where w = &(2) € C\ [-1,1]
= ps(®7" 0 gn, 0 K(E), 7" 0 k(£)) where £ = k7 (w)
= ps(® Loko fo,(€), 2t 0k(€)) (fn as defined in 4.2.1)

e

if |fn,(€) — €| < 6. However, this is true for large nj by 4.2.1. Hence we can just

take g to be g, for a large k.
Q.E.D.

Now we are ready to prove 4.1.1.
Proof of 4.1.1: Let h : D —» C be the starlike function in 4.1.2 which is continuous
up to T and let h = %

We are going to define ¢,:D — C inductively. Let {I,}3, be the collection
of components of T \ E. Take ¢y = h. Suppose @,_1:D — C is defined. From
4.2.2, there is a conformal mapping ¢, : C \ ¢na_1(I,-;) — C fixing 0, oo such
that g, o ©,_1|7, is the boundary of a Jordan domain and ps(gn(w),w) < 5=. Take
©n = ¢n © ©,—1. It is clear that each ¢, is continuous up to the boundary and
v '(0) = E.

Foranye>0,takeN>Osuchthat271v<6. Forany z € D, m >n > N,

ps(om(2),0(2)) = ps(gm 0 - 0 Gus1(pn(2)), ¥n(2))
< ps(gm(gm=10 .0 Gny1 0 Pn(2)); Gm-10 ... © Gny1 © Pn(2))
+oo + p5(9n+1(2n(2)), pn(2))
= 3 pslorlprnr(2)), 0ra(2))

k=n+1
2 1
< Z 5,;

k=n+1
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Since the function Yma(2z) = ps(@m(2),¢n(z)) is continuous on D, for any z € D,

pS((er(z)’SOn(z)) < 2—11V < €.

Therefore, ¢, is uniformly convergent in D. Let ¢ = lim,_o Yn. @ € C4 and
©(E) = {0}. It remains to show that ¢|;, is one-to-one and ¢(§) # 0 if £ € I,.

For any positive integer n, let G, = limpy00 Gm © ... © g, Which is conformal in
the unbounded component of C \ @n—1(T \ (UfZ¢ Ix)). Observe that ¢ = g, 0 Pn_1.
Because ¢,,_1(I,_1) is a simple curve with endpoints 0 which lies in the unbounded
component 2,_, of C \ wn1(T\ (UZ;& It)), Gnown_1(I,-1) is a simple curve with

endpoints 0 which lies in G,(Q,-1).

Q.E.D.

4.3 Totally Disconnected Laminations

For any closed and flat laminations on T, we call any point in the closure of the set
of multiple points a branch point. In the case L = L(ip) for ¢ € D4, all points in T
are branch points. And conversely, if L = L(y) for ¢ € C4 and all points in T are

branch points, then L = L(y) for some ¢ € D4 by 2.3.6.

Definition 4.3.1 Let L be a continuous and flat lamination on T. L is totally dis-
connected if M /L is totally disconnected, i.e., the image of the set of branch points

under the projection ™ : D — Cisa totally disconnected set.

Lemma 4.3.2 Let L be a closed and flat lamination on T. If there exists an open
subarc J of T which satisfies the following:

(1) The endpoints of J lie in My and are not equivalent under L.

(2) For any component I of J\ My, there is an open arc I C I C J such that the
endpoints of I are equivalent under L.

Then L is not totally disconnected.
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Proof: Let [, be the components of J_\ M;. Let fnzuf where the union is over all
I, C I C J such that the endpoints of I are equivalent under L. From the flatness
condition, I, and I, are either disjoint or equal. We pick out all the disjoint ones and
still denote them by I,. It is easy to show that yy=(J \ (U_; I))/L is connected.

Since
y=(J\ (U 1)) [ L=NF=y v € (J\ (U L))/ L = (N ML /L

is an intersection of countably many compact, connected sets yyy+1 C 7w, 7y is con-
nected. Thus there is a connected subset of My /L which contains at least two points.

Hence, L is not totally disconnected.

Q.E.D.

Lemma 4.3.3 For any closed and flat lamination L on T, L is totally disconnected
if and only if for any two non-equivalent points &,& € My, there exist components
I,. I, of T\ M, such that each of the two components of T \ (I; U I,) contains all the

equivalent points under L and one of the &;’s.

Proof: Suppose L is totally disconnected. Let &,& € My be two non-equivalent
points on T such that for any components I}, I of T\ M, the two components of
T\ (/, UI,) contain points equivalent to some points in the other one, i.e., (T'\ (/3 U
I5))/L is connected.

Let K; = {£€T: &~ &} and Jp, Jo be the components of T \ (K; U K») with
non-equivalent endpoints. Then (J; U Jo)/L|k,uKk, is homeomorphic to the circle and
L|j,uj, induces a totally disconnected lamination on (J; U J2)/L|k,uk, With exactly
the same property as described in the previous paragraph. It follows also that the
two points 1y, 7o in the circle corresponding to K;, K5 respectively must be branch
points. otherwise one of the sets K, Kj is bounded away from (J; U Jp) N M, which
gives a contradiction.

Therefore, without loss of generality, we can assume that & = —1, & = 1 and

the &’s do not have any other equivalent points. Let I, be the upper semi-circle and
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I_ Dbe the lower semi-circle. From 4.3.2, there is a component I of I} such that any

open arc [ € J C I has non-equivalent endpoints. Take
Jy =Int(N{J: I CJ C I, endpoints of J are equivalent to some points in I_}).

Since endpoints of J, cannot be equivalent, there is an open arc J- C I_ with non-
equivalent endpoints which are equivalent to endpoints of J, under L.

For any component I’ of J_ \ M, let 71, 72 be the components of T \ (I U I').
From our assumption, there are points & € 7v; (1 = 1,2) such that & ~ & under L.
We have one of the following: & e nNJ, & €mnNJd_oré €m\(J4UJ). In
the first case, the definition of J, gives & € v2 N I which violates our choice of 1.
In the last case, either & € yN I, or & € 2 N I_ contradicts our choice of I and
J.. Therefore & € vy N J_. It follows from the definitions of J,, J_ and the flatness
condition on L that & € 45 N J_. Since this is true for any component I’ of J_\ M,
L 1s not totally disconnected by 4.3.2. We have a contradiction.

Conversely, if for any two non-equivalent points £, &, € M, there exists compo-
nents I, Iy of T\ M such that each of the two components of T \ (I; U I5) contains
all the equivalent points under L and one of the §;’s, let 7; and 72 be the midpoints
of I) and I, respectively. Then the image of the two components of T \ {71, 72} under
the projection onto the quotient space would be two disjoint open sets containing the
image of €, and & respectively. Thus any two distinct points in My /L are separated.

Hence L is totally disconnected.
Q.E.D.

We are going to prove Theorem 3 in the first chapter now.

Theorem 4.3.4 Let L be a totally disconnected lamination on T. If My, is of capacity

zero, then L is conformal.

Proof: From 2.1.1, there is a ' € Dy such that L(¢') = Lj,. From the proof of
2.1.1, ¢/(I) is a Jordan curve for each component I of T\ M. Also Q, N Q,, = {0}

where 2, is the interior of the Jordan curve ¢'(I,), 2., is the interior of the Jordan
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curve '(I,,) and m # n. Take v, to be a Jordan arc in Q, joining an interior point
of 2, to 0.

Let us consider all pairs of components ([, I,) such that each component of
TN (L U Iy) -contains all its equivalent points under L. Let the pair Pnn = (Ym, Va)
be the corresponding pair of Jordan arcs which lie in 2, and 2, respectively. Since
there are countably many of them, we just write them as F.

We are going to define ¢, :C \ (UFn)— C and ¢, P, (k > n) inductively (note
that ¥, is a closed set). Take the pair Po=(Ymq,Yno)- Then ¥n, U ¥m, is a compact
continuous curve. By 4.2.2, there is a conformal gg : C\ (Fny U Yme) — € fixing co

such that the image of C\ (ny UYmo) is C\ D where D is a bounded Jordan domain

and

ps(90(z),2) <1 =do for any z € €\ (Yng U Ymo)-

Take @9 = go. Let ], 74 be two disjoint Jordan arcs in D with one endpoint in
the boundary that corresponds to an impression of a prime end at ¥, N ¥,,. For

Pe = (Ym, Yn), if neither v,,, nor v,, are in the pair, we will define

0o Pr=(00(7m),20(7n));

otherwise one of 7v,,, and 7., is in the pair P, say, ¥m="m,, and we will define

()OOPIC:((PO (77710) )71{)

where 7 is either 1 or 2 with the choice made such that ¢g(vm,) and < have one
endpoint in common. |
Suppose @,_; : C\ (Uyep0<k<n-17) — C is defined so that the image of
£ (Usep0<k<n—17) is the complement of a bounded connected set which is the
union of finitely many closures of Jordan domains with gluing at a finite set K,_; =

{z € C : z is the impression of a prime end at 0 for ©Yn-1}. Let
dn, = min(ming=o,...n—1 dk, MiN,2,¢ck,_, ps(2,2")) > 0.

Suppose also that ¢, _; P is defined for £ > n — 1 so that the Jordan arcs in each

pair P, have one endpoint in common. By 4.2.2, there is a g, conformal on the
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complement of the closure of the union of these two arcs, fixing co, with image the

exterior of a Jordan domain and

ps(gn(2), z) < d,/4.

Take ¢, = gn 0 ‘f’n—llé\(u . We can define ¢, P, for £ > n in a similar way

as in the case n = 0. Then let ¢, = ¢, 0 ¢’ which is conformal in D and continuous

YEPL,0<k<n 7)

up to the boundary.

For any € > 0, take N > 0 such that - <e. Forany z€ D, m >n > N,
4 )

ps(Pm(2), Pu(2)) = ps(gm 0 ... 0 gnt1(Pn(2)), Pn(2))
< p5(9m(gm=10 - © gnt1 0 Bn(2)), gm—1 0 .. © Gnt1 © Pn(2))
+.oo + ps(gn+1(@n(2)), Bn(2))
= 3 sk (@rnr(2)), Pt (2)

k=n+1

< Y di/4
k=n+1
>
k=n+4.4k+1
1
4N+1"

IN

Since Xmn(z) = ps(@m(2), Pa(2)) is continuous on D, for any z € D,

pS(‘Pm(z)’@n(z)) S ZIIV < &

Therefore, ¢, is uniformly convergent in D. Let ¢ = lim, o ¢n Which is conformal
in D and continuous in D. It remains to check that L(p) = L.

Because ¢/ (T \ M}) is in the domain of ¢, for each n, ¢ is one-to-one in T \ My,
ie., L(p) = L on T\ My. Now for &,& € My, if & ~ &, then any two I, I,
in the above construction lie in the same component of T \ {&,&} and in turn,

O (€1) = @n(&) for each n. Thus L C L(yp). If & and & are not equivalent, take

no = min{n : @, (&) # Pn(&2)}-
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Since for each m > ny,

d

“ng

IN

/)5(95710 (61)7 Lrano (61))

= pS((ano (‘51)7(15"1(51)) =+ p5(¢m(€1)7¢m(£2)) I PS(@m(fZ)’QBno(é.?))y

letting m tend to infinity,

ps(0(£1),0(&2)) = dng — p5(Pno(€1), 2(61)) — P5(Bno(E2), ©(E2))

> dny —25up Y ps(gr(Pr-1(2)), Br-1(2))
2€D g=n41
o0 dno

2 dng_nglZT

= o

-3

= 1.

Therefore L(yp) = L.
Q.E.D.
As an application of 4.3.4, we have

Corollary 4.3.5 Let h : I, — I_ be a homeomorphism fizing —1,1 and E a com-
pact subset of I, with zero capacity. If h(E) is of capacity zero, then the lamination
L is conformal where L is defined by z ~ y if x = y ,or z € E and y = h(z), or
y € E and z = h(y).

Proof: Since M; = E U h(E) and M /L is homeomorphic to E which is totally

disconnected, by 4.3.4, L is conformal.

Q.E.D.

Corollary 4.3.6 Let {dk)}i:l,...,nk (k =1,...) be a sequence of distinct ni-tuples on
the unit circle such that {g}kl)}i=1‘_“,nk, lie in one component of T \ {§§k)}i=1,,__,nk for

cach k # k'. Let L be the equivalence relation defined by
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. ; k .
&1~ & if & =&, or &) = lim_e0 51'(1,') and & = lim_, 4 €§f,‘> for some sequence
of positive integers k.
If the set of limit points of Uk=1,...,oo{fi(k)}i:l,...,nk is a finite set, then L is confor-

mal.

Proof: The quotient space My, /L is homeomorphic to a sequence of points with finitely

many limit points in C which is totally disconnected, so by 4.3.4, L is conformal.

Q.E.D.

4.4 A Lamination on Regular Compact Sets

We are going to prove Theorem 4 in the first chapter. Suppose that E is a reg-
ular compact subset of T with positive capacity and p is the equilibrium measure

determined by E. Then the Green’s function

9(z) = [glog|z — (|du({) — log capFE

with pole at infinity corresponding to E is equal to 0 everywhere on F (cf [10, ch.4]).

We need the following lemma from [22, p.66]:

Lemma 4.4.1 If g s starlike, then the limits

~

B(t) = lim,_,,_ argg(re®), g(e*) = lim,_,;_ g(re*) € C
ezist for all t and
0(2) = 2 (0)exp(—1 2 og(1 — e2)dB(t)) (z € D).

Conversely, if B(t) is increasing and B(2n) — $(0) = 2, then the above expression

represents a starlike function.

Theorem 4.4.2 Suppose that E C T is compact, reqular and capFE > 0. Let p be

the equilibrium measure determined by E. Then the function

h(z) = z(capE)*exp[-2 [ log(1 — Cz)du(()] (2 € D)
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maps D conformally onto a starlike domain
h(D) = {se"? : 0 < s < R(§),0 < <27}
where h can be extended continuously to D and |h(¢)| =1 if and only if ( € E.

Proof: The function h(z) is starlike from 4.4.1 with §(t) = u(E N I;) where I, is
the image of the interval [0,¢] under the mapping e*. Hence the angular limit A(()
exists for all ¢ € T. Since |h(2)| = |z|e”®) < 1 for 2 € D and lim,_,,_ |h(re?)| =
lim,_,,_ e”2909 = ¢=29(O = 1 if and only if ( = € € E, |h(¢)| = 1 if and only if
¢ € E. In order to show that h can be extended continuously to D, it suffices to
show that both argh(¢) and |h(¢)| are continuous for ¢ € T. As p is the equilibrium
measure, there is no atom in its support. Thus ((t) is an increasing function without
jumps. Therefore, argh(e")=0(t) is continuous.

Moreover, g(¢) = 0 on E which is the support of . Therefore g is continuous in

C (cf [10, p.69]). Hence |h(()] is also continuous in T.

Q.E.D.

The lamination L(h), where h is the starlike function in the theorem above, is very
close to the lamination we stated in Theorem4. It is not hard to see that h({)=h(n)
if and only if ¢, n € I for some component I of T \ E whenever (, n € T. However,
each I is mapped to a line segment joining an interior point of the unit disc to the
boundary. We can do perturbations similar to those we did in the previous section to
get a ¢ which is one-to-one on each I. Thus L(y) is exactly the lamination we want.

This proves Theorem 4.
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