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Abstract

This thesis deals with some aspects of real-time holography, phase conjuga-
tion and four-wave mixing in photorefractive materials. These materials are par-
ticularly attractive because they can easily support real-time holograms of high
diffraction efficiency. The effect which gives rise to these holograms is non-
resonant and is operative in many crystals over the entire visible spectrum with
low power (milliwatt) continuous wave laser beams. Two interwoven lines of

research are pursued in this work.

Firstly, the phase shift between the light interference pattern and the refrac-
tive index grating, so characteristic of photorefractive holograms, and the mag-
nitude of the diffraction efficiencies available in these crystals (BaTiOg and
Sr;-xBayNb,Og) are such that a signal beam writing a hologram with a pumping
beam will often experience gain. In a four-wave mixing situation, phase conju-

gate reflectivities well in excess of unity are possible.

We describe the demonstration of several optical oscillator structures which
take advantage of this two- and four-wave mixing gain. These include a unidirec-
tional ring resonator and the linear and ring passive phase conjugate mirrors.
The linear mirror consists of a photorefractive crystal in a linear optical cavity.
When the crystal is illuminated by a signal beam, oscillation builds up in the
linear cavity, automatically providing a pair of counterpropagating beams which
pump the crystal as a phase conjugate mirror for the signal beam. The beam
coupling dynamics are such that once the oscillation has started it is possible to
maintain operation even after removal of one of the linear cavity mirrors. This
version of the linear mirror is known as the semilinear mirror. The ring mirror

feeds the signal beam transmitted through the crystal back around an optical



ring cavity to the crystal again where it becomes one of the pumps. An oscilla-
tion beam builds up which serves both as the second pump and the phase conju-
gate beam. Phase conjugate reflectivities of up to thirty per cent are easily
observed in these passive devices. Experiments are described which demon-
strate phase conjugation in these devices. Another experiment shows the intra-
cavity distortion correction capability of an argon ion laser with one of its end

mirrors replaced by a linear passive phase conjugate mirror.

The second line of work in this thesis is theoretical. The mechanism of the
photorefractive effect is discussed. A generalization of the standard rate equa-
tion model is described, and the predictions of the rate equation model and a

competing theory, the hopping model, are compared.

A coupled wave theory of two- and four- wave mixing in photorefractive cry-
stals is developed, showing the importance of the phase shift between the
interference pattern and the refractive index grating. The well known effect of
two-beam energy coupling is reviewed and applied to a unidirectional ring reso-
nator. Four-wave mixing is solved in the undepleted pumps approximation which
linearizes the theory. The effects of linear absorption are considered, and the

identity of the behaviors of the reflection and transmission gratings is pointed

out.

Fully nonlinear equations of four-wave mixing via a single grating are solved
for the transmission grating and separately for the reflection grating. Bistabil-
ity in the solutions is discussed, and the boundary conditions for regular phase
conjugation, as well as for the linear and ring passive phase conjugate mirrors
are fitted. Workable expressions for the reflectivities are presented. The dynam-
ics predicted by these theories explains the observed natures of the passive

phase conjugate mirrors including the striking abilities of the semilinear and
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ring mirrors to function even at all. In addition, boundary conditions are fitted

for the two interaction region passive phase conjugate mirror recently demon-

strated by Feinberg.

Novel interpretations of photorefractive crystals as double phase conjugate
mirrors and distortion correction elements in optical systems and circuits are

introduced, and theoretically modelled. An application in ring lasers is sug-

gested.

Finally, the relative merits of the ring, linear, semilinear and two interaction

region passive phase conjugate mirrors are discussed with regard to threshold,

reflectivity and ease of alignment.
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Chapter 1

Introduction

Phase Conjugation

When the laser was invented, it brought with it the easy availability of intense,
coherent light. The field of optics was rejuvenated, for there were still many
aspects of the interactions between light and matter that had previously gone
unexplored for lack of suitable light sources. The new physics brought with it a
wealth of applications, from the doubling of the frequency of beams of light to

the processing of optical information.

As the field of optical information processing became more sophisticated, it
became more and more important to reduce the errors introduced by imperfec-
tions in system components. Since much of the optical information in these sys-
tems lies encoded in the precise positioning of the waves of light, and the
wavelength is typically about one millionth of a meter, these errors start creep-
ing in even at extremely high machining tolerances. Unless there is provision
for automatic correction of these errors, a high quality optical system will be
bound to be very delicate. Fortunately, most of optics is invariant under time
reversal. Consider a beam of light passing through a distorting piece of optics,
such as a piece of etched glass , or a bad amplifier. If some way can be found to
produce a copy of the distorted beam, identical in all respects to the original
except that every photon in the beam has its sense of time reversed so that it
retraces the path of the original beam even back through the distortion then it
will emerge from the distortion as a perfect time reversed copy of the initial
unaberrated beam. (Fig. 1.1). We will have achieved perfect reflection, and the

gffects of the bad optics will have been cancelled out.
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Figure 1.1 Typical geometry depicting the ability of time reversal to correct for a
general spatially dependent phase aberration. A plane wave (1) incident from
the left encounters a region of nonuniform refractive index, denoted by ¢(x.y).
The resultant distorted wavefront (2) is now time reversed by a phase conjugate
mirror resulting in (3) which after retroversing the same medium, emerges (4)
bhaving the initial planar wavefronts. The small arrows schematically indicate the
(local) spatial plane wave propagation components of the given wavefront.
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Figure 1.3 Geometry of four-wave mixing in a nonlinear or holographic medium.
It As(L) is zero, then Ag(0) will be a time reversed copy of the probe, or signal
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Phase conjugation is the name that has attached itself to this time reversal
and the physical realization of a device which performs this operation is called a
phase conjugate mirror, depicted in Fig. 1.2 next to its brother, the ordinary
mirror. While an ordinary mirror reflects a diverging beam into another diverg-

ing beam, a phase conjugate mirror reflects a diverging beam back on itself into

a converging beam.

The mathematical significance of phase conjugation may be seen by consider-

ing its effect on a given optical field
E(r.t) = ¥A(r)ellET-6t) 4 YAR(r)e i(kr-ot) (1.1)
The phase conjugate, or time reversal of this field is
Epc(r.t) = BA*(r)elTRr=et) + YA(r)eit-kr-ct) (1.2)

so that the sign of the wavevector has changed sign and the amplitude A has
been replaced by its complex conjugate. Another reason for the name comes
from the field of holography. When a hologram is illuminated by a plane wave
travelling opposite to the original reference wave the diffracted wave forms what
is known as the conjugate image, as it has been called since well before the
invention of phase conjugation. In fact, one of the most common methods for
performing phase conjugation is based in this very same principle, using holo-
graphic recording materials which need not be taken out of the the optical
apparatus to be developed. The hologram is written in real time, while the object
wave is still present together with the reference wave and the time reversed
readout wave. This technique is known as four-wave mixing (Fig 1.3). The refer-
ence wave and the readout wave now enjoy equivalent status and new names:
pumps, for both read and both write the hologram pumping energy into the
phase conjugate beam, and often the object beam. There are now a large

number of different holographic gratings that can be written, both in space and



time, and the relative strengths of these gratings depends on the various non-
linear susceptibilities of the material in question. All four waves are mixed by
the holographic gratings they write, and complex recursive dynamics arise in
which the four mixing beams affect the diffraction grating, which in its turn
affects the propagation of the four mixing beams. Furthermore, there can be no
real distinction between the pumping pair and the object/conjugate pair, since
the pumps are phase conjugates of each other too. In the latter chapters of this
thesis situations will be encountered where the traditional roles of these pairs
are reversed. When the four-wave mixing induced by the grating becomes strong
enough to couple significant fractions of the beams into each other, then the
nonlinearities inherent in the recursion cause many intricate physical

phenomena. These too, will be dealt with in this thesis.

There are several other ways apart from four-wave mixing to implement
phase conjugation such as three- and six-wave mixing, and stimulated Brillouin
and Raman scattering. There are many materials which have been used in real
time holography and four-wave mixing such as dyes, semiconductors and atomic
vapors. And there are a multitude of applications: the study of the physics of the
coupling phenomena, thermal and acoustic effects, excitons, plasmas and
atomic population dynamics; nonlinear and Doppler free spectroscopy; narrow
bandpass filtering; photolithography; image transmission through optical fibers
and atmosphere, laser fusion; pulse compression; optical computing; gravita-
tional wave detection through two photon coherent states. For a review of phase
conjugation and these applications, the reader is referred to several comprehen-

sive articles in the literature! ™,



The photorefractive effect

Through the recent years’ boom in nonlinear optical phase conjugation, pho-
torefractive (PR) materials such as LiNbOs, Bi;3Sizg0s (BSO), BaTiOs and
Sr;xBazNbz0g (SBN) have been assuming ever increasing prominence due to
their unique capability for displaying sirong nonlinear effects with milliwatt

beams over the entire visible spectrum and beyond.

In the late sixties it was noticed that certain frequency doubling crystals were
subject to "optical damage" characterized by degraded phase matching due to
light induced changes in refractive index®~. These index variations persisted in
the dark, sometimes for many months, and could be erased by flooding the cry-
stal with uniform illumination. That the effect could actually be put to use was
noticed by those interested in real time volume holography who thought to use
PR materials as very dense optical memories (% 10!! bits /cm?®) and for real
time optical information processing®2%. Concurrent theoretical developments
involved both investigation of the physical mechanism whereby light intensity
was converted to refractive index variations, and the optical nonlinearities
involved in the beam coupling due to the self-developing hologram®®~38. While no
true third order constitutive nonlinearity was involved, the diffraction of two
beams into each other by the very grating they wrote resulted in strong third
order interactions. The physics of the PR effect is such that the index grating is
often /2 out of phase in space with the interference pattern and one beam is
coherently amplified at the expense of the other. The implications for coherent

optical processing are clear.

In the mid-seventies the field of phase conjugate optics began to prosper
because of potential applications in aberration correction. The main problem to

be faced was and still is the development of fast media with large nonlinearities.



While phase conjugation by four-wave mixing is often thought of in terms of non-
linear optical susceptibilities, the formal analogy with real time holography>®
has made it clear that PR materials could be used effectively in phase conjuga-
tion. As a result, a whole new branch in phase conjugate optics has been
developed®®~8, High reflectivity phase conjugation with low power lasers has
become an easy task. Resonators using PR phase conjugate mirrors have been
built**, and many new nonlinear optical devices have been demonstrated includ-

ing ring oscillators and passive phase conjugate mirrors (PPCM's)4548,

Among the PR materials that we have used so far, we find BaTiOs%® and SBN*®
most suited to experiments where large coupling strengths are required since
they have very large electrooptic coefficients. The main disadvantage of these
materials is their slow response times, typically about 10/1 sec. where I is the
total intensity of the interacting beams in mW/mm? One main research direc-
tion in the future is going to be optimization of this time; much work has
already been done with LiNbOg, where the use of reduced iron impurities seems

to be effective0,

QOutline of thesis

This thesis describes some more recent developments in the use of PR
materials in phase conjugation. Chapter 2 details the coupling mechanism for
two and four-wave mixing in PR materials, and two models of the process are
developed and compared. Chapter 3 discusses two-beam coupling and describes
an experimental demonstration of a unidirectional ring resonator based on this
effect. The four coupled wave equations of four-wave mixing phase conjugation
are introduced and their solutions in the undepleted pumps and single grating
approximations are given. The effects on phase conjugation of the spatial phase

shift between the index grating and the light interference pattern are discussed.



In Chapter 4 solutions are obtained in which no use is made of the undepleted
pumps approximation. The multistability that results from considering the full
nonlinear nature of the problem is described. In Chapter 5 application of the
theory to the new PPCM’s is explained and the results of experimental demons-
trations of these devices are shown. Novel interpretations of PR crystals as dis-
tortion correcting elements and as double phase conjugate mirrors in optical

systems and circuits are introduced.
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Chapter 2

The Photorefractive Effect

Introduction

The mechanism of the photorefractive (PR) effect is still today a subject of
ongoing debate, not so much because of any fundamental problem in physics,
but because there are so many different contributions that can be taken into
consideration, and the relative importance of these effects is different in
different materials. The basic phenomenon involves the holographic recording
of a light interference pattern (Fig 2.1). Charge carriers inside the crystal redis-
tribute themselves because of the spatially varying light intensity, whereupon
the electric field associated with the space charge operates through the elec-
trooptic effect to produce a refractive index grating. Many attempts, with vary-
ing degrees of sophistication, have been made to formulate theoretical models
of the effect!™!%, and recently, there has been considerable success in fitting
experimental results to the predictions of these theories. There is a large litera-
ture (see for example Refs. 16-28) concerning the photorefractive sensitivity of
many crystals under many different experimental conditions. It deals mainly
with two classes of crystal:

i) Oxygen octahedra ferroelectrics such as barium titanate (BaTiOg), barium
sodium niobate (Bap,NaNbs0;5), strontium barium niobate (Sr;_ Ba;Nby0q) and
potassium niobate (KNbOg), (see Fig. 2.2 for typical band structure). Many of
these crystals have the perovskite structure (Fig. 2.3)

ii) Sillenites such as bismuth silicon oxide (Bi;3SiOz, BSO) and bismuth ger-

manium oxide (Bi;3Ge0z, BGO) (see Fig. 2.4 for typical band structure).

Experiments have been done to improve the sensitivity of the crystals by



I(x)=Io(l+m cos kx)
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Figure 2.1 The photorefractive mechanism. Two laser beams intersect, forming
an interference pattern. Charge is excited where the intensity is large and
of low intensity. The electric fleld associated with the resul-
tant space charge operates through the electrooptic coefficients to produce a
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Figure 2.3 The cubic ABOg perovskite structure (after Ref. 39)
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introducing various dopants including chromium?®’, nickel??, copper?’, man-
ganese®’, rhodium®8, uranium?®®, cobalt?®’, cesium?®, and iron?’. The transition
metals are effective because they can give up and capture d electrons. They
enter the ABOj lattice substitutionally in eith/er the A or B sites, both of which
are surrounded by an octahedral array of oxygen atoms. The difference in valen-
cies can be compensated by oxygen vacancies. Iron performs particularly well as
a dopant, and has been responsible for photorefractive effects even in nominally
"pure” samples’!. By varying the reduction / oxidation state of the iron impuri-
ties, one can adjust the relative populations of charge carrier donors and

traps? (Fe?* and Fe3* respectively for electron charge carriers).

Most models of the dynamics of the charge migration have involved rate
equations, with the most complete, albeit linearized model having been formu-
lated by Kukhtarev in 1977, taking into consideration the effects of externally
applied electric fields and the recursive effects of the space charge electric field
on the space charge itself!?. His theory also included the photovoltaic effect!!, in
which the asymmetry of the crystal caused photoionized charge carriers to be
ejected into the conduction band preferentially in a particular direction relative
to the optic axis of the crystal thus giving rise to a photocurrent. The steady
state predictions of this theory have been impressively borne out in experiments
with BSO by Huignard et. al.33. In this case, the photovoltaic effect was absent, as
in the experiments of Feinberg et. al!® who used barium titanate. Feinberg and
coworkers, however, used a different theory to analyse their results. This theory,
the hopping model, involved a simple physical picture of charge carriers hopping
from site to site, with the probability to hop dependent on the local light inten-
sity and electric field. The hopping model too, gave impressive agreement with

theory.
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In the following paragraphs we will treat the rate equation model, starting
from a viewpoint somewhat more general than that used by Kukhtarev. The
hopping model will then be examined, to see the basic differences and similari-

ties with the rate equation model.

The rate equation model

We consider the writing of a holographic diffraction grating by two beams
intersecting in a slice of PR material sufficiently thin that effects due to
diffraction from one writing beam to another may be ignored; these will be
treated in depth in subsequent chapters. Suppose the intensity interference pat-

tern, possibly in motion in the x direction, is given by
I(x) = Ip + L,el0x +0) 4 [ 2g-ilx+01) (2.1)

Apart from this illumination, we also make provision in the theory for the pres-
ence of a uniform electric field Eq superimposed on the space charge field which
develops. This uniform field may be either externally applied or may be intrinsi-
cally due to the photovoltaic effect when applicable. It is assumed to be directed

along the wavevector of the grating.

Charge is excited by the periodic intensity distribution into a conduction
band, where it migrates under the influence of diffusion and drift in the internal
electric field. A periodic space charge is thus set up which in turn, modulates
the refractive index via the electrooptic effect. Since the bandgap of common PR
materials is in the ultraviolet and the holographic recording takes place in the
visible, the charge cannot be excited directly from the valence band to the con-
duction band, and this is just as well, because otherwise, the crystals would not
be sufficiently transparent for the writing of thick holograms. Let us suppose

that electrons are excited into the conduction band from a variety of different
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kinds of impurity or defect site. With each site is associated a label j which may
be discrete or continuous. For each type of site j we define the following quanti-
ties:

Ni = number density of sites of type j

q! = charge of vacant site of type j in units of electronic charge e

pi(x,t) = local number density of vacant sites of type j

o = absorption coefficient for excitation of electrons out of sites of type j

ol = recombination coefficient for sites of type j with electrons in the conduc-
tion band. The number of electrons available for distribution among these sites

can be found from considerations of charge neutrality:
Dyt = ), Nig! (RR)
i

Suppose we write a hologram, and then turn the writing beams off. A short time
later all the electrons in the conduction band have, by drift and diffusion, been
able to recombine with sites. If there are as many electrons as sites, the distri-
bution of electrons is going to be as uniform as the distribution of sites. The
whole crystal is going to be everywhere neutral, and we have no space charge
field, no hologram. So to explain the observed persistence of holograms in the

dark, we need to have more sites than electrons. That is
0< YNigl=ni < YN (2.3)
i i
Since ¢! is integral, we need at least two kinds of site. In the simplest case, we
have absorption centers (gl = 1) and traps (q' = 0).

Now we are in a position to write down the standard rate equations governing

the formation of the space charge field E(x,t)

—aé%j = od(N! =p))I(x) — olpin (R4a)
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b
I= penE+kBTug—r; (2.4d)

where n(x,t) is the number density of electrons in the conduction band, u is
their mobility and J is the electric current they comprise, kp is Boltzmann’s con-
stant, T is the temnperature and ¢ is the electric permittivity. The first equation
describes ionization and deionization of sites of type j. The second is an equa-
tion expressing charge conservation. The third is Poisson’s equation and the

fourth describes the current in terms of drift and diffusion.

Let N be the total number density of sites, p be the local number density of
vacant sites, a be an average absorption coefficient, ¢ be an average recombina-

tion coefficient, pg be the spatially averaged number density of sites in the dark.

N = ?NJ (2.5a)

p(x.t) = ?p%x,t) (2.5b)

a(x.t) = [Zj}rxj(Nj -pj)]/[Zj (N'-ph] (2.5¢)
o(xt) = zj:ojpj/zj:pj (2.5d)

pa = LN(1-q) (2.5¢)

In terms of these new variables the rate equations become

%% = a(N-p)I(x) —opn (2.6a)

on _dp 131
ot ot e Ox
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(2.8b)
oE,
ek (p—n-—pgle/e (2.8c)
I= uen.E-l—kBTp,—Z% (2.6d)

And here we have a nonlinear model, similar in spirit to the one formulated in

1977 by Kukhtarev. In the next section, we will make approximations which

linearize the theory and make it soluble.

We make the following assumptions and approximations
i) For simplicity it is assumed that there are only two types of site: traps (gi=0)
and absorption centres (gi=1).
ii) The uniform electric field Eqg is directed along the wavevector of the grating.
If there is a photovoltaic field present, the wavevector is assumed to lie along
the optic axis of the crystal, if it is uniaxial.
iii) The coefficients & and ¢ are constant in space and time. Looking at the
equations for a and o (2.5¢,2.5d) we see that if for every nonzero p!, of and ¢! are
independent of j then the above assumption is valid. In the case of two types of
site we see that this condition holds if the traps are always full - p*™P =0 or the
characteristics of traps and absorption centers are sufficiently similar that a'r@P
= @bsorption center 5p j o trap = ebsorption center
iv) We assume that the electric field E, ionized site density p and electron den-

sity n can be approximated by their first Fourier components

E = Eg + E,e= + E *ekx (2.72)
P = pp + p1e!™ + p,"e X (2.7p)
n = ng + n;e* + n,*e7= (2.7¢)

In fact it has been shown experimentally that the higher harmonics are impor-



23

tant when the modulation index approaches unity®, so that our theory is lim-
ited to cases where the modulation index of the interference pattern is
significantly less than one.

v) The zero order electron density ng is constant in time. With this assumption,
the equations become linear, and may be solved by elementary techniques. We
note that in the experimental situation of interest, the initial condition is one of
uniform charge distribution , with no illumination. The light is turned on at
time t=0 and the hologram proceeds to develop. We are interested in finding
solutions to the problem both as a function of time and in the steady state. If we
can be content with solving the problem for times long compared to the risetime
of the photocurrent (proportional to ng) then we can take it as being constant
in time. In order to apply this linearization, we need to check in each case that
the risetime of the photocurrent is small compared to the risetime of the space
charge fleld. Our experiments with BSO, for example show that this is indeed the
case.

vi) For simplicity, we also assume that a) the total density N of sites is much
greater than the density pq of sites ionized in the dark which in turn is b) much
greater than the zero order density ng of electrons in the conduction band aad
¢) n, is zero on the scale of p;. The first assumption is experimentally verified in
BSO for example by studies of the energy band structure®335, N is found to be of
the order of 10'%/cm? and pq, equal to the number density of traps is found to
be of the order of 10'¢/cm3. The second assumption is verified by measure-
ments of the photoconductivity®®, photoelectron mobility®3> and quantum
efficiency® which show ng to be of the order of 5x10!%/cm?® for Iy = 100mW/cm?.
The third assumption is justified by looking at the space charge density required
to produce the diffraction efficiencies of several percent observed in BSO, given

its electrooptic coefficients. The active space charge field cannot be directly due
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to the photoionized charge carriers; these serve mainly to mediate a redistribu-
tion of charge among the much more populous absorption centers and traps.
Several of the earlier theories, such as the one of Kim et. al.° made no explicit
mention of this much larger scale charge redistribution, and hence their predic-
tions were quite different and not as well supported by experimental evidence as
the present theory. Also, we can neglect dn;/0t in comparison with ép,/8t, for it
can only be otherwise if n; oscillates rapidly. The effects of such oscillation will

cancel out over times characteristic of the rate of change of the ionized site

density p.

Using the Fourier expansion with the other approximations we obtain, first
from (2.6c)
Po=ngo+Pa™ pa (2.8)

and then from (2.6a)

0
-——;20 = aNlg — opang ™ 0 (2.9)

The simplified equations relevant to the calculation of the space charge are

%%: oNI — opn (.10a)
p _ _10J (2.10b)
ot e Ox

9B _ (P=Pde (2.10¢)

0x £

J = penE + kBTu-g% (2.10d)

We use the Fourier expansion again, substitute (2.10d) into (2.10b) and elim-
inate n and E using (2.10a) and (2.10c) respectively, define the characteristic

OP4 _ kBTk
e L Eq = = , and

fields for drift, diffusion and space charge respectively E, =
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e
Ep = ?pﬁd—' and finally arrive at the following equation for the space charge field

P:
" dpl - . Il 0t 3
[Eq +i(Eq +E.) ] to s —p1[Ep +i(Eq ‘FEp)]*“I—o-Pclej (Eg +iEq) (2.11)

where the characteristic time tq4 is given by

tg = pa/(aNIp) (2.13)

For a grating with one micron period in BSO at room temperature the charac-
teristic fields derived from Refs. 32 and 22 are E,~ 0.1kV/cm, Eq4® 1.6kV/cm

and E; ® 10kV/cm. The solution for p, is given by

P1 _ 11/To(Ep +1E4) (et —e™¥7) (2.14)
Pa  [Eo—Qto(Eq+E,)] +i(Eq+E, +Q toEq) '
where T is the complex time constant
Eq +i(Eq+E
T o * i(Bq+E,) (2.15)

=t g T i(E, + Ep)

The space charge field is obtainable directly from this by means of Poisson’s
equation through which an additional phase shift of #/2 is introduced between
the light interference pattern and the refractive index grating. In 1977
Kukhtarev et. al. published the steady state behaviour of a similar theory. The
results, not surprisingly, were the same as the ones presented here, and have
described very well the experimental results of Huignard et. al.33. who measured
phase conjugate reflectivities of holograms in BSO as a function of grating
wavenumber k and uniform electric field Ey (see Fig. 2.5). It can be seen that
the external application of an electric field causes significant enhancement in
the reflectivity, and hence in the space charge field, in accordance with (2.14).
An increase in temperature would increase the diffusion field, and also enhance

the space charge field. These effects are due to the fact that the space charge
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tends to smooth itself out via the self-repulsion represented by E;. An applied
field Ep as well as the diffusion field E4 on the other hand, tend to make the
charge carriers assume the same distribution as the intensity. If these helpful
fields are made large compared to the damaging space charge field, an improve-
ment will result. It would not be effective to simply reduce E; by reducing the
number of traps, because of the appearance of the density of traps pg in the
denominator in the left hand side of (2.14). It has been observed experimentally
that in agreement with theory steady state diffraction efficiency is independent
of the spatially averaged light intensity Iy in KNbOg, except for intensities less
than about one watt per square centimeter (Fig. .8). For very weak beams, we
expect that leakage currents due to thermal populations of charge carriers
drain the space charge fields as they grow, thus diminishing the steady state
diffraction efficiency. The theory also indicates that the risetime should be
inversely proportional to the spatially averaged charge carrier intensity ng and
hence the total writing intensity I;. With the same exception of very low intensi-
ties, this has aiso been verified in KNbOg. (Fig. 2.7) and through our experience

with the photorefractive devices descibed in the following chapters.

The effect of moving the interference fringes at constant speed was included
in the theoretical analysis for two reasons. In the first case to search for reso-
nances® in diffraction efficiency, and in the second case to examine the possi-
blility of adjusting the phase shift 4¥3’. The physical picture is one of fringes of
the space charge field chasing the illumination fringes across the crystal. The
phase difference between this pair of fringes depends on how well the space
charge is able to keep up with the illumination travelling at velocity Q2 /k. At the
same time the crystal itself is suffering a force with frequency 0, and when this
frequency is the same as that given by the complex part of the transient time

constant 7, the response resonates.
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Q. = Eo(Ep —E,)/to
res

= B+ B + B (2.15a)

We should note that at zero applied field, the resonance isat Q = 0.

That the resonant oscillation frequency is the same as the natural oscillation
frequency of the space charge is probably a general principle, not limited by the
validity of our particular model. To find out in any real case the optimum fringe
speed, one need only record a hologram with stationary fringe illumination and
note the frequency of oscillations observed in the diffraction efficiency as it
proceeds to steady state. It should be realized that the sign of Q is very impor-
tant. It is not sufficient simply to sweep the fringes back and forth: they must be
made to travel in the proper direction across the face of the crystal. This could

be accomplished in practice by applying a sawtooth modulation to one of the

writing beams.

One area where the theory does not agree with experiment, however, is in the
observation of these predicted transient frequencies. In our experimental
experience with BSO, the magnitude of these transients has never been as large
as might be expected on the basis of the theory. Indeed it is debatable whether

or not they exist at all. The growth of diffraction efficiency seems to be simply

exponential.

One important application of photorefractive holography is the coherent
amplification of information carrying beams of light. According to the coupled
mode theory of two beam coupling which will be discussed in chapter 3, the
energy coupling between the two writing beams is maximized when the phase
shift ¢ is m/2. This is why it might be important to be able to adjust this phase
as was done in a vibration analysis experiment by Huignard and Marrakchi®’ It is

/2 when
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Eq? + EgE, + Eg?

(2.15b)

The hopping model

In this model, put forward by Feinberg and coworkers in 198013, there are a
certain number of charges in the crystal which can occupy a large number of
sites in any of a large number of permutations. In darkness, each charge stays
fixed at a site, but when charge is exposed to an optical intensity I, it tends to
"hop" to an adjacent site with a probability per second that is proportional to I.
In terms of the probability W, that a migrant charge occupies the nth site at

position X;, they expressed their theory mathematically by

dw,
Tt = ~ & Dmn[Walnexp (48¢nm) = Wnlmexp(%8¢mn)] (2.16)

where the sum is over the neighbouring sites m and the intensity at site n in I.
The rate constant Dpnexp(¥%f¢mn) measures the tendency towards light-induced
hopping from site m to site n. It is written in terms of the parameters Dy = Do
and of the static potential difference ¢, between the sites m and n. Here, g is
q/(kgT) with q the charge of the carrier. This factor ensures that the relative
site occupancy in steady state under weak uniform illumination will obey statist-
ical mechanics, viz., that W,/W, = exp(B¢nm). Specific sources of the potential are
internal fields due to charge migration, externally applied fields and intrinsic
chemical potentials. When a hologram is written by a pair of intersecting beams
of light it is the final distribution of the hopping charge that acts through the
electrooptic effect to produce the refractive index grating. Through considera-
tions of the sign of the electrooptic coefficients and the direction of coupling in
two beam amplification experiments, it was determined that in the particular
sample of barium titanate used by Feinberg et. al. the sign of the charge car-

riers was positive's,
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In the rate equation model, on the other hand, it is the distribution of empty
sites that gives rise to the principal contribution to the holographic space
charge. Variations in this distribution are mediated by the much less populous
carriers (assumed above to be electrons) excited to the conduction band by the
light interference pattern. We can interpret the rate equation model as a hop-
ping model, by realizing that an empty site has positive charge, much as a hole
in a semiconductor is positively charged. The hopping charge carrier of the hop-
ping model corresponds to the empty, or ionized site of the rate equation model
where hopping is accomplished by transfer of electrons. It turns out that under
the approximations used in each case, the steady state results of the two
theories are the same up to minor differences in the phase of the index grating
with respect to the light interference pattern. The temporal behaviors of the two
models are different, however, because of the difference in hopping dynamics;
the first thing to notice is that the charge carrier mobility which appears in the

time constant of the rate equation model is absent in the hopping model.

The total number of charge carriers in the hopping model corresponds to the
number of sites ionized in the dark in the rate equation model. Where W
appears in the hopping model, we can replace it by p/N of the rate equation. We
now proceed to a solution of the hopping model with the approximations used in
the original treatment by Feinberg et. al. It is assumed that
i) The direction of any uniform electric field and the grating wavevector are
assumed to be parallel or antiparallel to the optic axis of a uniaxial crystal.

ii) The sites are equally rather than randomly spaced by the distance s along
the wavevector.

iii) ks << 1, that is, there are many sites in the space of one grating period.

iv) The hopping constant Dp, is zero except for nearest neighbours where it

takes the value D.
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v) Typically, s® 1078 cm and 8 corresponds to room temperature (¥ 1/40eV) so
that if internal electric fields are below 50kV/cm, %8¢mn is much less than unity.

This is borne out by experimental experience in our experiments with BSO and

BaTic}g.

With these assumptions, and replacing finite differences by derivatives, we

find that the hopping model reduces to the following equation

W _ 28 _98.
= = ~Ds?—{(BWIE ~ —=W]) (2.17)

which looks very much like the charge conservation equation (2.10b) of the rate
equation model. With this in mind it becomes more understandable that the
results of the theories are so similar. Time differences arise because when the
conduction band electron density in (2.10d) is replaced by an expression in
terms of p using (2.10a) extra time derivatives are introduced into the right
hand side. If additionally

vi) the various quantities are approximable, as for the rate equation model by

their first Fourier expansions,

and we replace W by p/N we find that in terms of the characteristic fields the

equation becomes
. dp; _ . Ii o )
iBatg T p1[Eo —i(Ep +Eq)] + —-pIc ae' Y Eq —iEq4] (2.18)

where the characteristic time tg is now given by
tg = 1/(Ds?lp) (2.19)
The solution is given by

P _ ~L/lo(Eo —iEq) (et —e™")
P4 [Eo +Q toEa)] —i(Bq + Ep)

(2.20)

where T is the complex time constant
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T=t -
o Eq — i(Ed+Ep)

(2.21)

Since the steady state, stationary fringe behaviours of the two models are so
similar, it is worthwhile to examine the differences in some detail. The rate

equation model under these conditions gives

P1 _ I1/Io(Eg +iEq)
Pa EQ'*'i(Ed"’ Ep)

(2.22)

while the hopping model gives

P1 _ ~1i/To(Eo —iFq)
Pa  Eo—i(Eq+Ep)

(2.23)

Firstly, we notice that the magnitudes of these distributions are in fact the
same. Secondly, in the absence of uniform electric field, the hopping charge den-
sity is m out of phase with the light interference pattern because the light drives
the charge carriers out of the regions of high intensity. On the other hand, in
the rate equation model the excess space charge is left behind in the region of
high intensity when the charge carriers leave. Thus the space charge is in phase
with the interference pattern. And finally, the effect of a uniform electric field is
the same in each case; the grating moves in the direction of the electric field,
because while the sign of the mobile charge carriers is opposite in each case,

they also travel in different directions under the influence of the field.
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Chapter 3

Coupled Wave Equations
and the
Undepleted Pumps Approximation

Introduction

Microscopic theories of the photorefractive effect generally involve photoioni-
zation of charge carriers from impurity levels. These carriers are subject to
drift and diffusion in the spatially varying intensity of the recording beams and
the electric field associated with the resultant space charge operates through
the electrooptic effect to modulate the index of refraction. This effect is nonlo-
cal, with one manifestation being that the index grating is not in phase with the
interference pattern. For this reason, phase conjugation by degenerate four-
wave mixing in PR crystals is different in kind than phase conjugation in other
media and we cannot characterize the medium response by a simple constitu-
tive third order nonlinear constant x®). The derivation of the coupled wave

equations with the associated effective third order nonlinearities is as follows.

The refractive index grating

The basic interaction geometry is illustrated in Fig. 3.1. Four waves of equal
frequency @ and, for simplicity, of the same polarization are propagating
through the PR medium. Let the electric field amplitude associated with the jth

beam be
Ej(l‘.t) = Aj(r)exp[i(kj'r-wt)] + c.c. (31)

We solve the problem in steady state so that the A; may be taken to be time

independent. The propagation directions come in two oppositely directed pairs,
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Figure 3.1 Four-wave mixing arrangement appropriate to phase conjugation
showing the pump beams (solid) and probe and phase conjugate beams
(dashed), as well as the relative orientation of the c-axis of the crystal.
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k;, = -k; and kg = —k,, whereas the relative direction of k, and k, is arbitrary.

It is the fringes in the time independent part of the light intensity that gen-
erate the hologram, whose fringes have the same periodicity as the light
interference pattern. In general, the holographic fringes of refractive index will
have a spatial phase shift with respect to the interference pattern, so we can

write the fundamental components of the intensity induced grating as

e pam »
nje * (ATAg +AA
n=ng+ Iz ( 1A410 2 3)*cxp(ikrr) + c.c.

npe®T (A,AF +AZA,)

+ exp(ikyr) + c.c.
2 i

. npe’®T (A;AF)

exp(ikg'r) + c.c.

2 Iy
nye™ (AXA,)
+ 5 I exp(iky'r) + c.c. (3.2)
0
where
4
Ig = EII (33)
j=1

with ]; the intensity |A;|? of beam j. Through this normalization by I we antici-
pate that the coupling strengths in the PR effect are approximately independent
of total intensity, in direct contrast with four-wave mixing via nonlinear polari-
zabilities. The phases ¢, ¢, ¥m and ¢ are real and ny, ng, ny and nyy represent
the amplitudes of the various gratings. Their real and imaginary parts represent
the dispersive and absorptive components of the grating respectively.
k; = k, -k, = ks —ks, kg = k; —kg = ks —kg, ky = 2k; and kiy = 2ky. The complex
constant nIei'I. as an example, characterizes the spatial hologram written by the
intensity interference pattern of beams 1 and 4 and also that of beams 2 and 3.

These two pairs of waves are characterized by the same constant because k; —k;
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= kg —ks.

The expressions for these various constants are obtained by solving the
specific physical process responsible for the hologram formation. Expressions

for njand ¢, for example, derived from the rate equation model described in

Chapter 2 are

remE, [ EZ+EZ  [#
2 Eo® + (Eq + Ep)? |

ny = (3.4)

Eq(Eq + Ep) + Eg?
EoE,

tan ¢ = (8.5)

where n, is the ordinary refractive index, reg is the relevant electrooptic
coefficient, Ey is a superimposed spatially uniform electric field, either applied
or intrinsic (due, e.g. to the photovoltaic effect!) directed along kj, and Eq and E,
are electric fields characteristic of diffusion and maximum space charge respec-
tively. Eq = kpgTki/e and E, = epa/(¢gk;), where pq is the density of traps in the
material, kg is Boltzmann's constant, T is the temperature, e is the electron

charge, ¢ is the permittivity of the material and k; = |k;|. The electrooptic

coeflicient is given by

s = &{ Pipickne) 53/ (Kino "1y (3.62)

Where n, is n, or n, depending on whether the mixing beams are of extraordi-
nary or ordinary polarization. For crystals of the point group 4mm such as SBN
and BaTiOg the nonzero electrooptic coefficients and their conventional con-
tracted notations are r,,;, = I'ss, Igxy = I'yyz = 13, and Iy, = Iyy = ye. Equation

(3.6a) reduces te
reg = rigsin[(a + g)/2] (3.6b)

for mixing beams of srdinary polarization and
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Ter = {Ne*rggsinasing + 2ny®n,?rypcos?[(a + 8)/2] (3.8¢)
+ ng*r gcosacosfsin(a + 8)/2]/(n.n,%)

for mixing beams of extraordinary polarization where a and g are the angles of
the pump beams and the probe and phase conjugate beams with respect to the
optic axis of the crystal as shown in Fig. 3.1. The r; are the electrooptic

coefficients and n, and n. are the ordinary and extraordinary refractive indices

respectively.

In BaTiOg the large electrooptic coefficient? is rys. To observe the largest
effects it is necessary to use extraordinary polarization and to orient the crystal
so that the grating wavevector is not parallel to any of the crystal axes. In SBN
on the other hand, it is rss that is large® ( 8 107°m/V). While it is still necessary
to use extraordinary polarization, the grating wavevector can here be parallel to

the optic axis of the crystal.

Notice that according to (8.4) nj is real; the dispersive part of the grating is

dominant, and from now on, the n; will be assumed real.

The coupled wave equations
By using (3.2) in the scalar wave equation
VEE+Kk?E=0 (3.7)
and the standard slowly varying field approximation®

d2A,
dz?

dA;

dz

<< k (3.8)

we can derive four coupled wave equations with z the coordinate along the cry-
stal normal (Fig 3.1), % and % the angles of pump 1 and probe 4 with respect to

the crystal normal and a the linear absorption:
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. —gy i iy
2 dA ine inge ¢
o 0SB = T (AT + ATA A - ———(AAT +ATADAS
inmei""III 2
— ——(10 A AT Ag— chos B0, (3.92)

2c dA, _inge™ ' . inge '’ ,
GO == T—(Ax Ay +AAT)As+ T(Al Ag +AzAT)A,

=i
inpe T&

+ (AT z—cf-cosﬁlaAg (3.9b)

3 i - —ivn
e inge
- cosd, o - I {AJAS + AT A A+ —-——{Io AFAg+ A;ADA,

in
+ —-NTe-—(AsA:)A4+ %c—cos Yo0tAg (3.9¢)
0
e i
2¢ dA, inge ™! inge *T
5 cos% = I (ATA +AA)A - —T(AxAé' +AZAL)A;

ineoe PV
1nye
~ (A A As— Ecos sty (3.99)
Two beam coupling and the unidirectional ring resonator

When As and A are taken to be zero in the above equations, we recover the
well-known theory of holographic two beam coupling*®. There too, the spatial
phase difference ¢; between the light interference pattern and the index grating
plays an important role. Its sign determines the direction of energy transfer
from one beam to the other. It introduces an asymmetry that allows one beam
to be amplified by constructive interference with radiation scattered by the
grating, while the other beam is attenuated by destructive interference with
diffracted radiation. This asymmetry is available because we are using the linear
electrooptic effect, which is not invariant under space inversion and can only

arise in noncentrosymmetric media. Explicitly, the coupled wave equations for
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two beam coupling, derived from (3.9) are (see 3.16 for ¥)

da,

TS T EAIA - e (3.102)
%=+%A4IAII"'—OLA4 (3.10b)
which can be rewritten
%-: -T %5-—20&1 (3.11a)
%: I"-I-;(I)—"‘—Zal.; (3.11b)
%’3: I (_11%14)_ (3.11c)

where I' = 2Re y represents the component of the grating in quadrature and
I" =Im 7 represents the component of the grating in phase with the interfer-
ence pattern. ¥, defined as the phase of A; minus the phase of A, is the abso-
lute phase of the interference pattern. Any in-phase component of the grating
will cause this phase to vary with z so that the planes of the interference pat-
tern, and hence the grating, will be bent. Such in-phase components are com-
mon in many other real time holographic media, including centrosymmetric
ones. The asymmetry in the bent holograms cannot then be due to material
asymmetry. Indeed, inspection of (3.11c) indicates that the asymmetry is in the
relative intensities of the interacting beams. The in-quadrature component of
the grating causes energy transfer from beam 1 to beam 4 (if I' is positive),
regardless of the relative intensities of the beams. This asymmetry, as discussed
above, is in fact a property of the holographic medium. The solutions of (3.11)

are&—ﬁ
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_ Io(0)e™™=
hE) = T omone (3122)

N (2o
W) = T ao)eT (8.12b)
y=I o] (1 + L(0)/1,(0))%e"™ | (3.12¢)

(1 + (14(0)/1,(0))el™)? |

Suppose we were to build a ring resonator containing a PR crystal pumped by
beam 1 (Fig. 3.2). Then, if the amplification of beam 4 due to two beam coupling
from beam 1 were sufficient to overcome cavity losses and absorption in the cry-
stal, we could expect an oscillation beam to build up in the ring. And, as pic-
tured in the frontispiece, this is exactly what happens’. A BaTiOg crystal measur-
ing 7x4.5x4mm was used, oriented so that the angle a (Fig. 3.1) was 168° and
the angle g was 180°. It was placed in an oil filled cuvette, so as to provide some
degree of index matching; the refractive indices of BaTiOg are about 2.5. In the
photograph, this cuvette appears swamped in the red helium neon laser light,
entering from bottom right. The diffuse light which seems to spray from the left
hand side of the cuvette is due to the fanning effect®, which is probably extreme
holographic two beam amplification of stray scattered light. The mirror in the
top right is in fact a beam splitter, so that some of the oscillation beam is
transmitted to the screen. The gain exceeds the losses in the clockwise direc-
tion only, and the oscillation beam runs only in that direction. In ring dye lasers,
for example, a great deal of effort is devoted to enforcing unidirectional oscilla-

tion to eliminate spatial holeburning.

An expression for the intensity of the oscillating beam in this device is now

easily obtainable by fitting boundary conditions:

L(0) = (1 = L)L(2) (3.18)

where L represents the cavity’s fractional linear intensity loss per round trip.
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Figure 3.2 Unidirectional ring resonator. Power is transferred from pumping
beam 1 to oscillation beam 4 by holographic two beam coupling.
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The ratio of oscillating energy to pumping energy is

O 619

We note that 14(0)/1,(0) is infinite for L = 0 and becomes zero, i.e., there is no

oscillation at L = 1 —e~{T—ak

The asymmetries dealt with in this section carry over to phase conjugation
where they give rise to many striking effects. In the next section, for example, we
will show that they lead to an asymmetry between the roles of the counterpro-

pagating pumping beams 1 and 2.

The transmission grating in the undepleted pumps approximation

The problem may be simplified by making two assumptions. First, we con-
sider a holographic system whose spatial frequency response is such that of all
the gratings present in the system, only one gives rise to strong beam coupling.
This predominance of one grating is enforced in most practical situations by a
choice of the directions, polarization and coherence relationships of the four
beams relative to the crystal axes and to the application in some cases of an
electric field that enhances certain gratings. Here, we consider the case of the
transmission grating, where only nj is nonzero. In addition we make the assump-
tion % = %, for later convenience in Chapter 4, when we solve the four coupled
wave equations in the undepleted pumps approximation with negligible linear

absorption.
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The equations reduce to

dA
d_z1_= = IL(AIA:+A{A3)A4—01A1 (3.15a)
0
»*
SE o X(AAT+ATAAT + oA} (3.15b)
Z Io
dA;
o= T(AAT +AFAA, +alg (3.15¢)
¢]
T = L(MAT +ATAOAT —aa? (3.154)

where we have defined the coupling constant y by

L -
iwne !

7= % cos s 318

Secondly, in this chapter, we make use of the undepleted pumps approximation,
in which I; Ip>> I3 I;. In this case, the nonlinear terms in (3.18a,b) are of the
order of A,® or AgA,, and can be neglected. With these approximations and boun-
dary conditions appropriate for phase conjugation, (As(l) =0 and A}(0) known),

the solution of (3.18) is

Ay(z) = A,(0)e™ (3.17a)
Ag(z) = Ap(L)e®) (3.17b)

_ A(1)AN(0)etE-t)+TE  piy
Ag(z) = - AR (0) T(0)-1 (3.17¢)

[ .
AXNz) = -Af(O)eﬂ*ﬂl%%;f%] (3.174)

where

Iz)=f i exp(—x)dx (3.18)

vz 1 +r e ?*®exp(4Ex)

with r the pump ratio I;/]; and & the normalized linear absorption a/y. The
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phase conjugate reflectivity is thus

As(0) _ A1) 50)e=
AZ(0) A¥0) J(0)-1

p= (3.19)

In Fig. 3.3 we plot the phase conjugate intensity reflectivity R = |p|? as a func-
tion of pump ratio for ¥l = + 3 and for various values of the normalized linear
absorption & We see that the effect of increasing linear absorption is primarily
to decrease the reflectivity, with the greater decrease being for negative yI. We
observe too that the reflectivity for zero absorption is unchanged under the
transformation r- 1/r and - —y. This means that probe beams travelling in
opposite directions to each other will experience the same reflectivity from a
given PR phase conjugate mirror. This is of considerable practical importance in

the design of various optical resonator devices based on four-wave mixing in PR

crystals.

The integration for the function J can be explicitly performed when & is zero.

In syntax error file etv0.tbl, between lines 1505 and 1505 that case, the solutions

given in (3.18) reduce
A,(z) = A4(0) (3.20a)
Aq(z) = Az(2) (3.20b)

Ax(D)AF(0) [ eve-t) — 1|

Ag(z) = a0 | e er | (3.20¢)
AXz) = A:(O)[%(_z;_f—)f;r— (3.200)

so that the reflectivity is simply
e Tan ¢ sinh(yt) o)

A;Ag] cosh(%yl + %Inr)

When the phase shift is zero, the magnitude of the coupling strength crystal
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Figure 3.3 Phase conjugate intensity reflectivity in the undepleted pumps
approximation as a function of pump ratio I3(1)/1,(0) for coupling constant
7! = + 3 and for various values of the linear absorption normalized to 7. & = a/7.
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length product is m and the pumping beams are of equal intensity the
reflectivity becomes' infinite, corresponding to the self oscillation effect!®: we
have finite output for zero input. Figure 3.4 is a graph of the reflectivity for
various phase shifts. In each case the magnitude of the coupling strength length
product is the same. The most important feature we observe here is that with
the nonzero phase shifts common in PR four wave mixing the intensities of the
pumping beams should be unequal for optimum reflectivity. This is in direct
contrast with the situation familiar in four-wave mixing in media with a local
response where the intensities of the pumping beams should be equal. Also, with
the ninety degree phase shift common in our crystals, we find that self oscilla-
tion is not possible. However, by detuning the probe beam from the pump
beams, the holographic phase shift is changed since the slowly responding grat-
ing lags behind the moving interference fringes. Recently, Lam pointed out that
this departure from ninety degree phase shift can cause self oscillation!!. This
is shown here in the graph for phase shift 7/6. We should also mention that the
phase can be adjusted by applying an electric field; in that case, self oscillation

should again become possible.

The reflection grating in the undepleted pumps approximation

The results above were derived with reference to the case n; nonzero, where
experimental conditions were such that the inteference of beams 1 and 4, and
beams 2 and 3 induced a transmission grating. If instead, because of changes in
the relative coherence of the interacting beams or because of different crystal
orientation, it is the interference between beams 1 and 3 and beams 2 and 4
that is effective in hologram writing, then a reflection grating will result. This is
deseribed in the coupled wave equations (3.9) by taking npy nonzero, all other

coupling constants being negligible. The applicable coupled wave equations
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Figure 3.4 Phase conjugate refiectivity in the undepleted pumps approximation
for coupling strength <l =-3.627 and peaking from left to right,
¢ =0, n/6, m/3 and /2. Mirrorless self oscillation occurs here for ¢ = m/6 and
r =6.13.
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reduce to
%AEL = %(AIAE +AZA)As — A, (3.222)
d:z; = Iyo‘(AlAé' +ASAAL +oAY (3.22b)
dcf = {,‘<A1A§' +AZA)AT +aAf (3.22¢)
%‘ = %(AIA,%' +AFAL)A, —0A, (3.224)

where the coupling constant v is now given by

) i
_ —lwnpe*?

" 2ccost (R25)

So that we may compare the results for the transmission and reflection gratings
more closely, we rename the beams without changing the physics:
Ay > Ag- Ay A - A, (Fig. 3.5). It will now be easier to look for basic differences

and similarities.

T = AT +ATAA —, (3.222)
df = 170—(A1A; +AZAG)AR +oAR (3.24b)
T = ZHAAT +ATAO A + ks (3.240)
= Ziaareazagar-an? (3.244)

The close similarity between the coupled wave equations for the reflection and
transmission gratings is readily apparent. The only difference between them is
the sign of the nonlinear terms in the pump equations (3.15a,b) and (3.22a,b). It

follows immediately that the results for the transmission grating and the
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z=0

Ly i e A e Ry

Figure 3.5 A transformation to facilitate comparision between transmission and

reflection gratings.

a) The reflection grating.

b) The reflection grating rotated 90°.

c) The rotated reflection grating with renamed beams is now directly compar-

able to the transmission grating
d) The transmission grating
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reflection grating are the same in the undepleted pumps approximation. As we
show in the next chapter, however, the inclusion of pump depletion introduces

important differences in the behaviours of the two types of grating.
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Chapter 4

Exact Solution of the Coupled
Wave Equations with Negligible

Linear Absorption

Introduction

Four wave mixing coupled wave equations with pump depletion were first
solved in 1979 by Marburger and Lam who used a Lagrangian method!?. Subse-
quently, graphs of phase conjugate reflectivity much like those shown in Fig. 4.1
below were produced®. This solution, however, could not accommodate the pho-
torefractive phase shifts between interference pattern and index grating. It was
also only strictly valid for collinear pump and probe. In that case, extra polari-
zation terms arose in the coupled wave equations which spoilt the phase conju-
gate nature of the reflected signal. Since then, Kessel and Musin have presented
a solution for a very general class of nonlinear parametric processes including
four-wave mixing? This solution does not require the finding of conservation
laws for the decoupling of the equations. However, it is still only valid for local
nonlinear susceptibilities. In the paragraphs below, we find solutions for a sys-
tem with nonlocal susceptibilities, the photorefractive crystal. It should be
pointed out that all of these analyses derive the intensities and not the phases
of the various beams so that the effects of strong nonlinearities on the phases of
the output beams are not yet understood, and are the subject of current
theoretical efforts. These effects will be important in considerations of the faith-
fulness of phase conjugation and the performance of resonators employing

phase conjugate mirrors.
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The transmission grating

We develop here the exact solution of (3.15) for four-wave mixing in PR media

by the transmission grating with negligible linear absorption®. The first step is to

write down a set of conservation laws.

AA, +AsA,=c, = ¢ (4.1a)
AAT —AfA =cp (4.1b)
I} +1, =4, (4.1c)
Ip+Ig=dp (4.1d)

where ¢; = ¢, cp, d,, and d; are constants of integration. These relations may be

checked easily using the coupled wave equations.

With the help of these conservation laws, (3.15a) and (3.15b) with zero

absorption can be decoupled from (3.15¢) and (3.15d)

-gé:\—{- = - L[Aldl _AI(II + Ig) +A2’C] (4’.23)
Z IQ
T 2 [Ac* AN, +1p) + AYG] (4.2b)
dz IQ
dA
o= FlAsde —Ag(ls +1,) +AFe] (4.2¢)
o
= LAt -AXs+L) AT (+29)
z Io

By eliminating the term in I; + I; between (4.2a) and (4.2b), and the term in Ig+ 1,
between (4.2¢) and (4.2d) we find the following expressions for A;s= A;/AJ and
Agq= Ag/AT

dA,;
dz

= - {cl[c +(dy —dg)Ajp—c®A?] (4.32)
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dA.
_—dz“ = %[0 +(dz —d;)Ass—c®Ag,®] (4.3b)

Noting that I is constant because of the conservation laws, we see that these

equations are immediately integrable:

[S_De#2—5,D1e ]

Ap=-— 2c*(De # —D 1eh?) | (4.4a)
o< | "

2c*(Ee™42 —E~leM) |

where we define the following quantities

A=d;-4d, (4.5)
Q= (4% + 4|c|?* (4.6)
S, =A+Q (4.7)
© = 7Q/(2lp) (4.8)

and D and E are constants of integration.

We will first describe the application of this theory to the derivation of the
reflectivity of a phase conjugate mirror with externally provided pumps. In this

case, the amplitudes of all beams at their respective entrance faces are known.

We observe first of all that the power flux A = Ip(1) —1;(0) —14(0) is known so we
need only solve for D, E and ¢ to finally obtain the phase conjugate reflectivity.
The starting equations are the values of (4.4) at the boundaries z =0 and z = L.
The conservation law (4.1a) is also used to express the unknown field quantities
A,(1) and AX(0) in terms of ¢, Ag(0) and known fields

[s_pe#-s,Dle® |
2c*(De ™ —D7leM) |~ Ip(l)

Ap(l) = - (4.9a)
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S-D-S,D7']  1,(0)

[
A;2(0) = "l

[S_Ee™ -S,E1e# |

Asy(l) = 2c*(Ee™# —EleM) | ~

0

[s_E-s,B!

0= e@-E )

p

The procedure used to solve the equations is

a) Solve for E in terms of |c|? using (4.9¢)

S _ (A + (8% + 4]c)2#)
e [§ - (42l relei

b) Solve for p in terms of |c|? using (4.9d) and (4.10)

o= —2cT
AT + (A% + 4|c|?)*

where T = tanh w!
¢) Solve for D in terms of |c|? using (4.9a)

A%+ (A% + 4|c|2)*—zA1c|2/12(z)]*

D=
A2 — (A% + 4[c|?)% — 24 |c|3/1,(1) |

2c*(D-D7Y) |~ c* - p*14(0)

(4.9b)

(4.9¢)

(4.94)

(4.10)

(4.11)

(4.12)

d) Solve for |c|? using (4.9b), (4.11) and (4.12). We find that |c|? is given by the

roots of the following equation

(le]? =1(0)I2(1)) (AT + (A% + 4]c|®¥] + 4]c|?|T|?L,(0)(1)

+ 2] c|?1,(0)(A% + 4]c|?)¥T + T™) =0

(4.13)

e) The phase conjugate reflectivity is then given by the squared modulus of

(4.11)

When considering reflectivity as a function of the various input beam intensi-

ties, it is convenient to define the probe ratio, q:
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L)
U= o) v 50 e

so that only two parameters are required to describe the input beams: the probe

ratio q and the pump ratio r = I;(2)/1;(0). In terms of these parameters we have

I
LO) = e 1)((’q+1) (4.15a)
rl
() = ——————(r+1)(°q+ ) (4.15b)
_ 9l
L(0) = W (4.15¢)

In Fig. 4.1, for example, we plot the reflectivity of a phase conjugate mirror as a
function of the coupling strength |yl| for the case where the phase shift
between the grating and the interference fringes is 5°. The intensities of the two
pumping beams are equal {r=1) and the probe intensity is twenty per cent of
the total pumping intensity (q = 0.2). The top of the graph corresponds to the
reflectivity that would result if all the power of beam 2 were transferred to beam
3. This is the maximum reflectivity consistent with the conservation laws (4.1).

The peaks in the curve correspond to the poles in the reflectivity of a phase con-
jugate mirror with no pump depletion (R = |[tanh( 7§l—) |2 for no phase shift

between the grating and interference fringes). We have set the phase shift
slightly nonzero to demonstrate the resultant damping of the oscillatory
behaviour. The peaks bend toward the right, probably since pump depletion
causes high reflectivities to demand higher coupling strengths than are required
for the same behaviour in the undepleted phase conjugate mirror. The bending
of the peaks can even be sufficient for bistability, as can be seen in the first two

peaks of Fig 4.1,

In Fig. 4.2, we show a contour plot of phase conjugate reflectivity for yi = -3,
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Figure 4.1 Reflectivity of a PR phase conjugate mirror versus coupling strength
magnitude |yl|. The incident pump beams are of equal intensity (r = 1), the
intensity of the incident probe beam is 20% of the total incident pumping inten-
sity and the phase shift between the index grating and the interference fringes
is 5°. The four-wave mixing is via the transmission grating.
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as a function of both pump and probe ratios. The first point to notice is the
region of multistability, a direct result of the non-uniqueness of the solution of
(4.13) for a certain range of parameters. Secondly, we observe that the
reflectivity can remain finite as the pump ratio tends to infinity. This possibility
for phase conjugation in the absence of pumping beam 2 has important conse-

quences for the passive phase conjugate mirrors described below.

The basic physical difference between the two solution surfaces of Fig. 4.2 lies
in the relative phases of the two terms A;Af and AJAq in the interference factor
(A;AY + AZA5) which appears in the coupled wave equations (3.15). When the
phase conjugate mirror is operating on the main surface, the one which extends
over the entire g-r plane, the phase conjugate beam is generated so that the
interference pattern formed between itself and beam 2 is in phase with the
interference pattern formed between the forward going beams 1 and 4. On the
secondary surface, these two terms are m out of phase with each other, so that

both the grating strength and the reflectivity are diminished.

It is often convenient to be able to examine the intensities of the various
beams as a function of location z in the crystal. For example, in the next
chapter of this thesis, we will consider several devices whose boundary condi-
tions are given by the ratios of intensities of pumping beams. These ratios
appear in functions whose zeros must be found to reach a solution. Occasion-
ally, since the ratio of two negative numbers is positive, these functions will indi-
cate solutions with negative intensities which nevertheless satisfy the boundary
conditions. It is important in checking for these spurious solutions to have
expressions for beam intensities as a function of z. These may be derived by

using the amplitude ratio functions A;; and Ag, in the conservation laws (4.1).
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Figure 4.2 Contour plot of phase conjugate reflectivity for yl = -3 as a function
of both pump and probe ratios. The transmission grating is operative.
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1(2) = I;z(z)[ S } (4.162)
l(2) = [1‘1_"’1;1(3;)(12‘(1;)} (4.16b)
Is(z) = 134(2)[ _11:(122)]2‘(1:) ] (4.16c)
Iy(z) = [ 1?1;1(22)(12?5)} (4.16d)

where I = Li/I;.

The reflection grating

Our procedure for the solution of the coupled wave equations 3.24 for the
reflection grating differs significantly from that for the transmission grating,
mainly because the spatially averaged intensity Iy is no longer conserved. We
have so far only been able to demonstrate complete solutions for m/2 and zero

phase shift ¢ between index and interference patterns.

The first step is to observe that there is a simple solution for the interference

term g = (A,Af +AFAg). Using (3.24) for negligible absorption we can immedi-

ately write

dg

a =78 (4.17)
so that

g = goe”" (4.18)

This result can be used to simplify the coupled wave equations (3.24) to

dA; _ 78e”,
dz Io

(4.192)



dAz _ 780¢”" , ,

e (4.19b)
dAs _ 780e™

A IQ Ap (4190)
dAY _ 7gee”, .

5= T Al (4.194)

From these equations, we find that I is given by

Io = (4go |2 *7)7 4+ K)¥ (4.20)

where K is a constant of integration. (4.19) can then be completely decoupled by

combining (4.19b) with (4.19¢) and (4.19a) with (4.19d) to give

f:al - %%1— ~ |0y |?Ae7*72 = 0 (4.21a)
d;:f o df - |goy|?AZe*+?2 = 0 (4.21Db)
szs - %— - |goy |?Age*7M2 = 0 (4.21¢)
d;:f -7 dcf — |goy |2ARe+ 2 = 0 (4.214)

For v + ¥® = 0, corresponding to zero spatial phase shift, these equations have
constant coefficients and can be solved by elementary techniques. Otherwise,
there is no clear way to integrate them. Fortunately, for the phase shift of
greatest interest to us in the PR effect, ¢ = /2, there is an alternative way to

proceed to a solution. We make a change of variable from z to u defined by
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@-—dz = du (4.22)
0

which gives
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u= 1 lgO! ( Igc‘ ea K) (4.23)
2leol 2leol + (¢legolP +KE |
Then (4.19) becomes

dA,

Ta = oA (4.24a)
z
dAs

du goAg (4—.240)
das

Only if the phase shift ¢ = n/2 so that the coupling constant 7 is real will we be
able to work easily with the complex conjugates of the equations belonging to
(424) to proceed by standard methods to the solution with

A3(0) =0, A;(0), Ax(1) and A,(l) known:

A(u) = (4.25a)
go’i([A"S&) +A1(:) —lgoiu(l)]elgglu . [Ax(g) lgglutt) _ (l)] Igolu]
g0 go o g0

e!solu(l) - lgglult)

[ Igg|u+e !golu]

Az(LI) = Az(l) elgulu(l) e Teglu(®) (4-25b)
¥ l. lggle _ lgo!u]
(u) = [ ] A2( ) Igolu(l) Igolu(l) (4.250)
s (4.25)

x [[Aﬂ) Al(o)e—lgolu(l)]elgolu_[Al(o) lgglult) _ A4(l)] o~ el

g go” gc}ﬁ gd
eIgolu(l) - lgglult)




68
The phase conjugate reflectivity is thus given by

R = 2 tank([go u(t) (£.26)

To evaluate this expression we may use the following procedure:

a) Use the solution (4.25) in the expression (4.18) for g to find an equation

relating e to eleol®

b) Use the change of variable formula (4.23) to obtain another equation similar
to that found in a) above.

c) Using the expressions found in a) and b) to find a single equation in elEol®

- u
e Igol

and , equate coefficients of the various exponential terms to find the fol-

lowing equation whose roots give A = K/(4]go|?)

£ LRk = O L 1@y aape
|+ L= 0o 4 1) A

(4.27)

Only the upper sign yields solutions, since the right-hand side is greater than
one, and the left-hand side is less than one for the lower sign.
d) The constant A may then be used in (4.23) to find |go|u(l) and hence the

reflectivity R from (4.28).

Fig. 4.3 is a contour plot of phase conjugate reflectivity for the reflection
grating as a function of pump and probe ratios, for 9 = -3. 1t is directly com-
parable to Fig. 4.2, the contour plot for the transmission grating. We see that in
the case of the reflection grating, the reflectivity is not multivalued. Also, in con-
trast to the case of the transmission grating, it does not remain finite in the

limit of infinite pump ratic.
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Figure 4.3 Contour plot of phase conjugate reflectivity for y = =3 as a function
of both pump and probe ratios. The reflection grating is operative.
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Chapter 5

Passive Phase Conjugate Mirrors
and

Optical Aberration Correction

Introduction

Certain PR materials such as BaTiOg and SBN are endowed with electrooptic
coefficients so large (N 1000pVm™!) that values of v of the order of 103m™ are
easily obtainable with milliwatt input beams. Not only does this make it possible
to build phase conjugate mirrors with large reflectivities but also, it enables the
construction of phase conjugate resonators!™®. (PCR’s), as well as other useful
resonator devices such as passive phase conjugate mirrors (PPCM's) and uni-
directional ring resonators. The main advantage of the PPCM is that it obviates
the high quality externally provided pumping beams needed for conventional
four-wave mixing phase conjugate mirrors. In this chapter we describe the
theory and recent experimental demonstrations of several PPCM’s. Novel
interpretations of a photorefractive crystal as an error correcting optical ele-

ment and as a double phase conjugate mirror will also be introduced.

The linear and semilinear passive phase conjugate mirrors

The first passive PR phase conjugate mirror was the linear mirror®!!, a dev-
ice consisting of an appropriately oriented PR crystal lying in a cavity bounded
by two ordinary mirrors. (Fig. 5.1a). It has been used in imaging experiments
and as the end mirror of an argon ion laser. It has also proved to be amenable
to analysis by the nonlinear PR four-wave mixing theory described in the preced-

ing paragraphs. The theory has been useful in developing an understanding of
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Figure 5.1 a) Geometry of the linear passive phase conjugate mirror. The probe
is beam 4 and its phase conjugate is beam 3. The two pumping beams, 1 and 2
oscillate in the cavity bounded by mirrors M; and M;.

b) Geometry of a four wave mixing oscillator which can produce output beams
which are not phase conjugates of the input beams. (See text.) Beams 2 and 4
are provided from an external source and beams 1 and 3 build up via four wave
mixing.

c) Geometry of the ring passive phase conjugate mirror. Consistent with the
convention that the intensity of beam 3 should be zero at its entrance face, the
probe is designated as beam 2. Pump beam 4 is provided by reflection of the
probe beam by mirrors M, and Mp;. The second pump, beam 3 and the phase
conjugate beam 1 are self- induced by the nonlinear medium.

d) Geometry of the two-interaction-region mirror. It consists of a ring mirror
(using interaction region C) with a double phase conjugate mirror (using
interaction region C') in its feedback loop. Both interaction regions are inside a

single crystal whose boundary (large rectangle) gives rise to feedback by total
internal reflection.
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the more unusual features of the device. For example, we can understand the
fact that under certain circumstances, it is possible to maintain operation when

one of the external cavity mirrors is removed.

The physical basis for buildup of oscillation in the linear PPCM is the
phenomenon of light amplification by two beam coupling described in Chapter 3.
The c-axis of the crystal is oriented so that light in beam 1 is amplified by two
beam coupling from input beam 4 and is fed back by successive reflections from
mirrors M, and M;. Oscillation continues to build up until steady state is reached
for beams 1 and 2 which are now pumping the crystal as a phase conjugate mir-
ror for input beam 4. We show here how to derive the reflectivity of the device
(i.e. the intensity of beam 3 divided by the intensity of beam 4) in the slowly
varying field, negligible linear absorption and single grating approximations.
Because the pumping beams are derived from and fed by the signal beam itself,
the commonly used undepleted pumps approximation is inappropriate. Thus we
use the analysis of Chapter 4 where we derived the reflectivity of a PR phase
conjugate mirror without assuming undepleted pumps, but assuming knowledge
of their input intensities. From now on except where otherwise noted, the
theory for the transmission grating is used and all intensities are normalized by
the conserved quantity Ig. When discussing the reflection grating, this normaliza-

tion is not used.

Because the boundary conditions in the linear PPCM are not the input inten-
sities 1,(0) and I5(l), but rather the reflectivities of mirrors M; and M, some
further development of the theory is required. We make use of the functions
A,z and Ag, to fit these new boundary conditions (See (4.4),(4.10),(4.12)), assum-
ing that the mirrors are placed so that the M; —M; cavity is in resonance. The
effects of departure from cavity resonance is a topic of current theoretical and

experimental research.
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i = Ik = ﬁli; {AT + (A2T++4(|ial%’?LCzIT)C%| 2T/T(1) 2 (512)
Mz = 1/T1a(1) = 1(1)%/| c|? (5.1b)
Since
(1) = (A+1)/2 (5.2a)
and
[c]2=(A+1)3/(4M;) (5.2b)

we see that (5.1) is really a function of the single variable A, together with the
known quantities yI,M; and M;. Similarly the reflectivity R may be rewritten as a

function of these same variables. We have

_ _ T + [AZ+(A + 1)2 /M % 2
MiMe = Lol 0/hiel) = | [AZ+ (A + 1)2/Ma]% + (L+A)T/M, (5.3)
where
T = tanh( 124-[/52 +(A +1)2/M, ) (5.4)
R = Tga(0) = L+4)%| T2 (5.5)

Mg | AT+[AZ + (A + 1)2/M,]#|?

Thus the reflectivity of the PPCM may be found by solving (5.3) for A and then

using the resultant value(s) in (5.5) for R. We note that (5.3) may have multiple

roots.

We show in Fig. 5.2 a contour plot of the reflectivity R as a function of
M; and M; for a particular value of the coupling strength ¥l = -3 (i.e. with the
/2 phase shift typical of photorefractive materials). We see that towards the
left of this plot the reflectivity can be multivalued, and also that when M; is high
the reflectivity remains high even when M; is small. We shall show that thereis a

threshold coupling strength above which it is possible to obtain finite
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Figure 5.2 Contour plots of the reflectivity of the passive phase conjugate mir-
ror. Equality of contour levels in the region where the function is multivalued is
indicated by equality of line form (dashes, dots, etc.) The coupling strength
7l =-3. For the sake of clarity some of the contours at low M, and high M; have
been redrawn in an inset.
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reflectivities even in the absence of mirror M,.

But first, we consider the threshold coupling strength for the buildup of oscil-
lation from zero oscillation intensity in the M;-My crystal cavity. This

corresponds to taking I;(0)=1,(1) =0, that is, A=-1., From (5.3) the threshold

may be obtained as

MMz = exp((y+7")l) (5.6)

This fits in well with the heuristic explanation of oscillation buildup given ear-
lier; the gain in the crystal simply has to be sufficient to overcome the losses
due to the mirrors M; and M. Since the threshold depends only on the real part
of the coupling strength, it follows that a nonlinear medium with no phase shift
between the index grating and the interference pattern will not support opera-
tion beginning from zero oscillation strength. This is because of the absence in

these materials of unidirectional two beam coupling.

In addition, we see that no buildup of operation from =zero oscillation
strength is possible in the absence of mirror M, even when ! does have a real
part. However, by providing a seed beam in the M - crystal cavity, so that the
initial probe ratio is not infinite, it is possible in some cases to maintain oscilla-
tion in the absence of mirror M,;. We call this device the semilinear mirror. It
will not start itself by gain in four-wave mixing, but once initiated, it keeps
going. Kwong has recently shown that the semilinear mirror can, in fact, start
itself by seeding from the fanning effect (Ref. 10) in which light scattered from
the incident beam experiences such large gain that it leaves the crystal as a
broad, easily visible fan of light. Such behaviour could have been anticipated
from Fig. 4.2 which indicated that finite reflectivities were available at infinite
pump ratio which is exactly the situation confronting us here. It can also be

shown that semilinear operation is not possible with the use of four-wave mixing
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via the reflection grating. A semilinear mirror using the reflection grating would
have the interference term g (A;Af + A¥A3) equal to zero either at the plane z=1
or at the plane z=0, because we must have either A,(l)and Ay(l) or
A,(0) and Ag(0) zero. Since g = goe” (4.18) if g is zero at one plane, it must be

zero everywhere, so that no coupling is possible.
The theory of the transmission grating with M, =0 implies (see (5.3)) that
Lra2 2 41 1%y = [A? 2 a1 1%
tanh(~Z{A% + (8 + 1)?/M]%) = [A%+ (A +1)%/Mg] (5.7)

so that A may found from the solution of the quadratic equation

2
pzy D1 _ op (5.8)

Mg
where a is simply related to the coupling constant ¢ by
tanh(-Za) =a (5.9)
The reflectivity can therefore be written in closed form as

Mo# + (a2(14Mp)-1)¢ )P

= 5.10
Mg+2.'i'. Mg*(ﬁz(l‘*'Mg)"l)%J ( )
so that the device is at threshold with reflectivity R=R;
Mg
R, = 5.11
t (M2+2)2 ( )
when a® equals af?
af = i (5.12)
T O(1+Mp)
In terms of 7 this threshold is given by
[(1+M)%—-1
1, = (1 +MpM¥n | —2—— 5.13

It is possible to show that of the two possible values of above-threshold
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reflectivity (5.10) only the one associated with the upper sign is stable. This
mode of operation, without M; has been observed in our laboratory and, as we

describe below, has been used in the PPCM as an end mirror for an argon ion

laser.

Having examined the theory of this device, we now turn to results of two
experimental verifications of the phase conjugating nature of the linear PPCM.
The first is a demonstration of the phase conjugate imaging property of the
PPCM. The second is an experiment showing intracavity distortion correction in

an argon ion laser operated with one of its end mirrors replaced by linear and

semilinear PPCM's.

In the first experiment (Fig. 5.3) the expanded and spatially filtered output of
a dye laser illuminated a transparency T (Fig. 5.4a) The beam passed through
lens I and converged on the linear mirror, consisting of a single poled crystal of
barium titanate lying in the M,-M; resonator cavity. The reflected beam was
picked off by a beam splitter BS and photographed at the location where a phase
conjugate image would be expected. The result is shown in Fig. 5.4b. The phase
conjugating behaviour of the linear mirror is quite evident. Intensity patterns of
the oscillation beams in the M;—M; cavity are shown in Figs. 5.4c,d. These were
photographs of the intensities at mirrors M; and M; respectively. The informa-
tion in the probe beam has been filtered out, leaving speckle-like patterns due

to optical inhomogeneities in the crystal.

A phase conjugate resonator laser using the linear or semilinear pas-

sive phase conjugate mirrors

The use of phase conjugate mirrors as the end mirrors for lasers and other

resonant cavities has been a topic of considerable practical interest, especially
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Figure 5.3 The experimental arrangement used to demonstrate phase conjuga-
tion in the linear mirror. The dye laser used was a Spectra Physics 380 ring
laser with Rhodamine 6G at 579.2nm in single longitudinal mode. Using a carte-
sian coordinate system with the abscissa coincident with the beam direction, the
locations of the elements measured in centimeters were: 20x beam expander 1,
(-64,0), transparency T (-55,0), beam splitter for observing phase conjugate
reflection BS (-38,0), 14cm focal length lens 1z (-20,0), barium titanate crystal
(0.0), 50cm radius concave mirror M,, (-28,11), 50cm radius concave mirror M,
(30.-13). The c-axis of the crystal pointed in the direction of ‘the vector
(0.94,0.35). This crystal measured 7x4.5x4 mm and was poled into a single
domain so that the c-axis was parallel to the 4 mm side.
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Figure 5.4 Results of the linear mirror phase conjugation experiment.
a) The transparency T.

b) The phase conjugate beam picked off by beam splitter BS.

c) The intensity pattern of the oscillation beam on mirror M,.

d) The intensity pattern of the oscillation beam on mirror M,.
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in the field of high energy lasers where aberrations in the gain medium are a
significant problem. There are several advantages to be had in designing a laser
with a phase conjugate end mirror. These stem from differences between the
nature of the modes in resonators bounded by two ordinary mirrors and in

phase conjugate resonators (PCR’s).

Consider first the longitudinal modes of a PCR (Fig. 5.5). If the pumping
beams both have radian frequency @ and the incident beam is of frequency w =6,
then, by conservation of energy in the four photon interaction, the reflected
beam must be of frequency w+d. Thus a phase conjugate mirror 'flips” the fre-
quency of the incident beam about the frequency of the pumps. The detuning ¢
cannot be too great, otherwise phase matching problems or limitations on the
speed of response of the mixing medium will severely reduce the refiectivity. It
will take two round trips for given beam in a PCR to revert to its original fre-

quency. By that time, it will have accumulated an additional phase of
R[k(=8) — k(8] = —46l /c (5.14)

which at resonance, must be an integer multiple of 2. Thus the oscillation spec-
trum of a PCR consists of modes spaced by c¢/4l centered around the pumping
frequency. Contrast this to the behaviour of an ordinary resonator where the
longitudinal (or axial) modes are spaced by ¢/2l and are not centered around
any particular frequency. The 'half-axial” modes of a PCR were first observed by
Lind and Steel in 1981 who used sodium vapor at the D line in their phase conju-
gate mirror?, The slow response time of the PR effect unfortunately makes it

impractical to observe these half-axial modes in our experiments.

The transverse modes of a paraxial cylindrically symmetric optical cavity may

be found in terms of Hermite-Gaussian beams!? (Fig. 5.6)
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Figure 5.5 The phase conjugate resonator (PCR). An ordinary mirror with radius
of curvature R and a phase conjugate mirror enclose the general optical ele-
ments described collectively by an equivalent ABCD matrix.
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Figure 5.6 Propagating Gaussian beam.
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[A]
Eym(r) = Eo W;)-Hl[\/é ;Z‘—Z)—]Hm[vz 5%75] (5.15)

[ (x2+7)
xexpl—ﬂ{;q(;) —ikz +i(l+m+1)n

where x and y are the transverse coordinates and z is the coordinate along the
axis of symmetry, w(z), the spot size is the beam radius at its 1/e point, wg is the
spot size at the beam "waist” (z = 0), q is the all important complex beam

parameter (not to be confused with the probe ratio)

1 1 . A
= -1 : 5.16
q(z) R(z)  mnu?(z) 518
where R is the radius of curvature of the wavefronts, and 7 is given by
- -
Thewg

The effect of this factor 7 on the longitudinal modes of a PCR has been dealt
with by AuYeung et al.!

The variation of the complex beam parameter as it passes through free space
and other optical elements can be conveniently described in terms of the ABCD
matrices of geometrical optics. The beam parameter q.. after passage through
an optical element described by a particular ABCD matrix, given the input

parameter g, is®

Agim, + B

%= 5D (5.18)

After applying these mathematical tools to the PCR it turns out that the
modes are underdetermined by the radius of curvature of the ordinary cavity
mirror. Many more modes are available than in a conventional resonator, where
the radii of curvature of the two mirrors introduce more stringent boundary

conditions. A laser employing a phase conjugate mirror is able to use the extra
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modes to extract more energy from the gain medium than is possible in a con-
ventional laser. Also, the aberration correction feature of the phase conjugate

mirror makes the laser very forgiving to internal optical aberrations, as was

observed in the experiment described below.

The arrangement for the cw argon ion laser experiment is shown in Fig. 5.7.
Lasing was initially induced at the high gain line, 488.0 nm, between mirror Mg
and beam splitter BS (Fig. 5.7a). Light transmitted through the beam splitter
caused oscillation in the PPCM, the resonator consisting of a BaTiOg crystal and
mirrors M; and M;. Reflecting mirror M, was used to assist in the buildup of
oscillation. With oscillation established between M; and Mjp, the beam splitter
and the retroreflecting mirror My were removed, as shown in Fig. 5.7b. The
starting procedure described above was required since the coherence of the
fluorescence was insufficient to allow the formation of the required refractive
index grating in the crystal. Once the grating was established, the configuration
of Fig. 5.7b corresponded to an equilibrium state, and the grating in the crystal

was continuously maintained by the very beams which it coupled together.

The theory indicates that there is a certain two beam coupling strength (5.13)
in the crystal, above which it is possible to maintain oscillation between the cry-
stal and M; even in the absence of mirror M,. We were able to demonstrate such
oscillation in our laser. Fig. 5.7c depicts the starting arrangement. Once oscilla-
tion involving mirror Mz was established, the beam splitter and mirror My were

removed and the laser continued to oscillate, as shown in Fig. 5.7d.

To demonstrate the distortion correction capability of the laser with the
PPCM, we operated it in the configuration of Fig. 5.7d with a severe distortion
placed between the barium titanate crystal and the laser gain medium. Fig. 5.8b

shows a photograph of the intensity pattern of the beam exiting through mirror
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Figure 5.7 Passive phase conjugate resonator laser.

a) Starting configuration. Mirror Mg was the standard high radius of curvature
output mirror of the Spectra Physics argon ion laser. The distance from it to the
barium titanate crystal C was R20cm. Mirror M, is flat and 50% reflecting, and
mirror M; was concave 5cm radius of curvature and highly refiecting. The dis-
tances between mirror M; and the crystal, and mirror M; and the crystal were
both 4.5cm. None of these parameters was critical to the operation of the laser;
for example, M could be replaced at the same location by a 50cm concave mir-
ror. The position of the intracavity distortion D is indicated on the figure.

b) Operating configuration. The crystal is pumped as a phase conJugate mirror
by the beams shown dashed in the M;-M, cavity.

c) Starting configuration for laser without mirror M;.

d) Operating configuration for laser without mirror M,.
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Figure 5.8 a) Photograph of the output of regular laser (i.e., crystal replaced by
high reflectivity dielectric mirror) containing an intracavity distortion. The dis-
tance from the output mirror Ms is one meter. The laser intensity is 1 mW,
obtained at 38 amps laser tube current.

b)The output of the passive phase conjugate resonator laser containing the
intracavity distortion. The distance from the output mirror M3 is one meter. The
laser intensity here is 3 mW, obtained at only 21 amps laser tube current. The
power output at 38 amps is 500 mW.
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Ms. Operating the laser in a conventional fashion with the crystal replaced by a
high reflectivity dielectric mirror and with the distortion in the beam path gave
rise to the beam shown in Fig. 5.8a. The compensation effect of the PPCM is e;fi-
dent. The power output at 38 amps laser tube current in the conventional reso-

nator with the distortion inside was about 1mW compared to about 500mW with

the PPCM.

The loss of independence of the pump beams in the linear mirror results in
one difference from a regular PCR. Longitudinal modes are present in the cav-
ity, corresponding to the normal modes observed in a standing wave resonator
and have been observed by using an optical spectrum analyzer to analyze the
output of the laser. The correspondence between the modes of an ordinary
laser and a PCR laser using a PPCM is not yet well understood and is the subject

of ongoing investigations.

Intracavity distortion correction and double phase conjugation

In the preceding discussion, the laser with dynamic holographic intracavity
distortion correction capability was interpreted as consisting of an ordinary end
mirror, an argon ion laser gain medium, and a semilinear PPCM. We offer here
two alternative interpretations. In the first, the laser (Fig 5.7d) is viewed as con-
sisting of an ordinary end mirror M;, an argon ion laser gain medium , the cry-
stal as an introcavity distortion correction device and another ordinary mirror,
Ms. The second interpretation comes from noting that the aberration compen-
sation observed in the argon ion laser indicated that each of the oscillations -
one in the M;-crystal arm and the second in the Mg-crystal arm - was composed
of two oppositely traveling waves which were phase conjugates of each other
(Fig. 5.7d). The crystal thus acted simultaneously as a phase conjugate mirror to

the two beams which were incident on it, coupling, in the process, the two arms
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to each other. We can call a crystal operating in such a manner a double phase

conjugate mirror,

Are the oscillation beams in a crystal with 1,(0) =15(Z) =0 always phase conju-
gates of each other? One possibility is that oscillation beams contribute most to
the four-wave mixing process and experience maximum gain when the spatial
overlap of counterpropagating beams is maximum, that is, when they are phase
conjugates of each other. However, this explanation is inconsistent with the
behaviour of another device (Fig 5.1b) which we built with the hope that it would
be a phase conjugate mirror. A signal beam was incident on a beamsplitter and
the transmitted beam was directed by mirror M; onto a barium titanate crystal
as beam 2. The reflection from the beamsplitter was directed by mirror M; onto
the crystal as beam 4. The theory developed below indicates that with sufficient
coupling strength and n/2 phase shift between the interference fringes and
refractive index fringes, oscillation beams 1 and 3 can be expected to build up
via gratings written between beams 1 and 4 and beams 2 and 3. The wavevector
of the beam 1 - beam 4 grating must be the same as that of the beam 2 - beam 3
grating so that both combine to form a single grating coupling all four beams.

Thus we require
k, -k, = kg—k; (5.19)

where K; is the wavevector of beam j. In conventional applications of four-wave
mixing k;, kp, and k, are fixed so that (5.19) gives a unique value for kg, the
wavevector of the phase conjugate beam. Since only k; and k, are fixed in the
device of Fig. 5.1b, however, there is an extra degree of freedom manifested in
the expected and observed appearance of beams 1 and 3 as cones of light with
axis k; —k,; and surfaces including both vectors k; and k;. This means that self-

induced oscillation by four-wave mixing does not always require that the coun-
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terpropagating beams be phase conjugates of each other.

The full linear and semilinear mirrors involve feedback to the crystal of the
oscillation beams while the beamsplitter device described above does not: in the
linear and semilinear mirrors, beam 1 is reflected into beam 2 and vice versa by
external mirrors while in the beamsplitter device, the oscillation beams are lost
to the outside world. It is feedback that gives phase conjugate oscillations an

advantage in gain over other kinds of oscillation. We will return to this point

when we discuss the ring mirror in a later section.

When we come to design optical systems and circuits using a double phase
conjugating PR crystal as a compensating element, it will be advantageous to

have an expression for its transmissivity. From (5.2) and (5.8) we know that
le|? = (a? = A%)/4 = [a®(I5(1) +14(0))? — (12(1) = 1,(0))?]/4 (5.20)
The transmissivities in each direction actually turn out to be identical

_ L) _I0) _ el?

T2 L0 L0 T LOLOY
= 8%q#+#? — [q#-g¥]? (5.21)
4

where we have used the fact that the probe ratio q is simplified in this case to
1,(0)/15(1). The device may then also be interpreted as an aberration correcting
absorber, whose absorption depends on the intensity ratio of the two entering
beams. The lowest possible threshold for this device obtained from the definition

of a (5.9), is yl, = =2.

The simplest optical system involving the double phase conjugate mirror,
apart from the folded cavity laser descibed above (Fig. 5.9a), is a ring laser with
intracavity distortion correction capability (Fig. 5.9b). The optical feedback pro-

vided in the ring cavity should encourage phase conjugate operation. If the
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Figure 5.9 PR crystal acting as a double phase conjugate mirror in
a) The semilinear mirror,
b) A ring laser with dynamic intracavity distortion correction capability.
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roundtrip gain is assumed to be G, so that I,(0) = GI,(Z) and I,(I) = GIs(0), then

after fitting these boundary conditions, we find that the equilibrium value of q is

given by

q=R¢-1% 2[¢(£-1)]% (5.22)

where

£=(1-G /N1 -a? (5.23)

Such a laser is therefore bistable: (5.22) offers two solutions, which are recipro-
cals of each other. This is can be understood on the basis of the symmetry of
(5.21) in q and q7!. The gain threshold for this ring laser as derived from the

requirement £¢> 1 is simply Ga®> 1 (see 5.22). The two

The ring passive phase conjugate mirror

In this section we describe another kind of PPCM. Unlike the linear PPCM's it
generates only one of its pumping beams via nonlinear optical interactions. The
results of a theoretical analysis of this device are shown as well as experimental

verification of its action as a phase conjugate mirror!S.

In the basic implementation of this device (Fig. 5.1¢c) the signal beam 2 passes
through a photorefractive medium and returns to it as pumping beam 4 around
an optical ring cavity, here represented by mirrors M, and M;. It may be advan-
tageous to use curved mirrors or intracavity lenses to minimize diffractive loss
of any spatial information on the signal beam. The possibility then arises that
the nonlinear optical coupling in the crystal may be such that both the second
pumping beam 3 and the phase conjugate beam 1 build up as oscillation beams
in the ring cavity. We now turn to a theoretical examination of this possibility. As
in the case of the linear mirror use of the undepleted pumps approximation is

inappropriate so here too we use the depleted pumps analysis of Chapter 4.
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After fitting boundary conditions of this device, named the ring mirror, we find
that buildup of oscillation in the ring is in fact possible when the spatial phase
shift between the holographic refractive index grating and the light interference
pattern is nonzero so that advantage is taken of unidirectional beam coupling

effects typical of real time holography in PR crystals.

In previous calculations, beam 3 has been the phase conjugate beam. Here,
however, we designate beam 1 as the phase conjugate, because we wish to retain
the convention that I3(l) = 0, so that previous results may be directly adapted to
the solution required here. The phase conjugate reflectivity is then going to be
R =1;2(1). Let the product of the intensity reflectivities of the feedback mirrors

M, and M be M so that the appropriate boundary conditions for the ring mirror

(Fig. 5.1c) are
1,(0)/1;(0) =M (5.24a)
1,(0)/15(0) =M (5.24b)

(4.18) supplies the required intensities in terms of 1;5(0), I3,(0), d, and d;. Furth-
ermore, from our analysis of the linear mirror, we have available expressions for
1;2(0) and 13,(0) in terms of A and I,5(1), these are (5.8) and (5.5) respectively.
Thus, if we know d1, d2, and A we will be able to solve (5.24) for the reflectivity

I;2(1). Fortunately, these constants are immediately available to us:

_ I(0) +15(0) =1, (0) =14(0) _ 1-M
T I(0) +15(0) +1,(0) +1,(0) T 1+M

A (5.25)

where we have made use of the boundary conditions (5.24). We observe that d,
and d; may be found from the relations d; —d; =A and d; +dp; =1 so that

d, = M/(M + 1) (5.262)

and
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Figure 5.10 Reflectivity of the ring passive phase conjugate mirror as a function
of coupling strength for several values of the product M of the intensity
reflectivities of the feedback mirrors M; and M,.
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dp = 1/(M + 1) (5.26b)

The reflectivity of the ring mirror is shown in Fig. 5.10 as a function of 9l. It has
been taken to be real so that it represents the 7/2 phase shift characteristic of
holographic recording in photorefractive crystals by diffusion of charge carriers.
Curves for several values of the feedback parameter M are included. We see that
at threshold, the reflectivity is zero: this threshold may be found by solving the

boundary conditions in the limit of zero reflectivity, I;2(1) = 0. It is given by

- (M+1), M+1]
T -1 TR

Concerning the faithfulness of phase conjugation in the ring mirror, it might
be expected that since the self-induced pumping beams are not plane waves a
certain amount of distortion would be introduced: into the phase conjugate
beam. In the case of the linear mirror, physical constraints imposed by the cav-
ity mirrors may lead to filtering of the signal information from the pumping
beams, but one of the pumps in the ring mirror is simply light transmitted
through the crystal fed back to it by a passive optical system containing, at
least in the experiment described below, very little spatial filtering. In the
preceding discussion of the linear mirror, we proposed that feedback gives
phase conjugate oscillations an advantage in gain over other kinds of oscillation.
In the ring mirror we have A, =‘M’5KA2 and AJ = M'”KA{' with K the lossless linear
operator for propagation of beam 2 around the ring to beam 4. The relevant
index grating is represented in the coupled wave equations by a term propor-
tional to AFA, + AsAY which equals MAAFKA, + M#A,KAF at the crystal face (z=0).
Unless K is the identity or otherwise pathological, then both terms in the sum

will add in phase at this crystal face if and only if A, is proportional to AJ.

The apparatus of Fig. 5.11 was used to demonstrate the phase conjugating
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Figure 5.11 The experimental arrangement used to demonstrate phase conjuga-
tion in the ring passive phase conjugate mirror. An argon ion laser was used at
4BBnm in single longitudinal mode. Using a cartesian coordinate system with
the abscissa coincident with the beam direction, the locations of the elements
measured in centimeters were: 30x beam expander L, (61,0), transparency T
(30,0), beam splitter for observing phase conjugate reflection BS (5.0), 14cm
focal length 3cm dia. lens lg (41,0), barium titanate crystal (0.0), plane mirror
M,. (-9.0), plane mirror M, (-28,-20), 15cm focal length 3cm dia. lens Lg (-18,-10)
The c-axis of the crystal pointed in the direction of the vector (0.68,0.73). The
crystal measured 5.1x4.8x5.1 mm and was poled into a single domain so that
the c-axis was parallel to the 4.8 mm side.



99
nature of the ring mirror. The expanded and spatially filtered output of an
argon ion laser in single longitudinal mode at 488.0nm passed through lens lg
and illuminated an Air Force Resolution Chart. The beam then converged on the
passive phase conjugate mirror, consisting of a single poled crystal of barium
titanate in the M;—M; ring cavity. Lens L3 was provided to decrease diffractive
loss in the ring. The reflected beam was picked off by a beam splitter BS and
photographed at the location where a phase conjugate image would be expected.
The result is shown in Fig. 5.12a. The phase conjugating behaviour of the passive
phase conjugate mirror is evident although some lack of uniformity in the inten-
sity of the image is apparent. This can be seen more clearly in Fig. 5.12b, which
is the phase conjugate reflection of the uniformly expanded expanded laser
beam vignetted by the aperture of lens I,. We believe that the dark areas in the
image at six and twelve o’clock are due to losses via the fanning effect!* in which
a single beam passing through a photorefractive crystal with a sufficiently large
coupling constant loses intensity via holographic two beam coupling to a broad
fan. Figs. 5.12c¢ and 5.12d show the effect of fanning on the spatial distribution
of intensity in such a signal beam. Mirrors M; and M; were removed from the
ring mirror and holographic gratings in the crystal were allowed to decay by
dark current leakage. The uniform signal beam was then allowed to pass
through the crystal and a photograph (Fig. 5.12¢) of this beam after passage
through the crystal was immediately taken, before fanning could build up, the
time scale of hologram writing being of the order of several seconds. Fig. 5.12d
shows the same beam with intensity loss by fanning. A dark area developed, just

as dark areas developed in the phase conjugate beam of Fig. 5.12b.
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Figure 5.12 Experimental results for the ring mirror showing:

a) The phase conjugate image of an Air Force Resolution Chart.

b) The phase conjugate image of uniform expanded beam vignetted by lens Le.
¢) The effect of fanning on the signal beam with apparatus as in Figure 3,
without transparency T and mirrors M; and M;. Beam transmitted through cry-
stal before build-up of fanning.

d) Beam transmitted through crystal after build-up of fanning.
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The two-interaction-region passive phase conjugate mirror

Recently, Feinberg has reported a passive phase conjugate mirror comprising
a single crystal (Fig 5.1d) which makes use of totally internally reflecting sur-
faces of the crystal as feedback mirrors!®. We identify this device as the two-
interaction-region (2/F) mirror, since it uses two interaction regions linked

inside the single crystal.

By interpreting this device as a ring mirror containing a double phase conju-
gate mirror in its feedback loop, we can present a simple theoretical analysis
ﬁaking direct use of our previous calculations. We saw above that the transmis-
sivity of the double phase conjugate mirror is the same for both of the beams
incident on it. Thus the 2IR mirror can be thought of as a ring mirror whose
feedback M is multiplied by the effective transmission due to the double phase
conjugate mirror (5.21). We can immediately write down appropriately modified

versions of the ring mirror boundary conditions.
1,(0)/15(0) = T(A'\a")M (5.28a)
1,(0)/15(0) = T(A".a")M (5.28b)

where primed quantities refer to the double phase conjugate mirror and the A

used in the left hand side of these equations is given by

A= .L"l(_A_.’-_a_'lM_ (5.29)

1+ T(A,a')M

These equations (5.28), (5.29) must then be solved numerically for A’ and

reflectivity R = I;5(1).

Threshold versus reflectivity versus ease of alignment

Both the linear and ring mirrors have self starting thresholds ((5.8) and

(5.27)): when they are exceeded, oscillation beams of infinitesimal intensity
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experience gain. This self starting ability is not possessed by the semilinear or
RIR mirror since oscillation beams of these devices experience gain only when
their intensities are above a certain nonzero threshold. Starting these devices
thus requires seeding of their oscillation beams. The 2IR and linear mirrors
have in fact been shown to be able to start without the aid of externally pro-
vided seeding but it is believed to be dependent on effective seeding by the fan-
ning effect which is due to two beam coupling amplification of scattered light

and not to the four-wave mixing process referred to here.

Equation (5.27) shows that the threshold coupling strength in the ring mirror
for unity feedback, M = 1, is yi; =—1. The self-starting threshold for the linear
mirror is yl, =¥%InM (see (5.6)) where M is the product of the intensity
reflectivities of the linear cavity mirrors, so that with ideal feedback (M = 1) the
threshold coupling strength is zero. The threshold of the semilinear mirror with
unity reflectivity for the external mirror is found from (5.13) to be I, = —2.49,

while the threshold for the 2IR mirror with ideal feedback is yl, = —4.68.

The linear mirror thus has the simultaneous advantages of having very low
threshold and of self-starting by four-wave mixing. It does, however, require
careful alignment. Of the remaining passive phase conjugate mirrors, all of them
easily aligned, the ring mirror seems to be most attractive in that it has the
lowest threshold and is self-starting. A major advantage of the 2IR mirror has
been that it is completely self contained in a single crystal, using total internal
reflection at the crystal faces for feedback. The ring mirror can also be imple-
mented in this same manner using crystals whose surfaces are cut at appropri-

ate angles.

Figure 5.13 gives a direct comparison of the reflectivities of each of the

PPCM's for ideal feedback in each case. The zero threshold of the linear mirror
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Figure 5.13 Graphs of phase conjugate reflectivities of the various passive phase
conjugate mirrors with ideal feedback

a) The linear mirror with M; = M = 1, (solid)

b) The semilinear mirror with Mg = 1, (dots)

¢) The ring mirror with M = 1 (long dashes)

d) The two interaction region mirror with M = 1 (dashes)
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is shown and we see that the semilinear mirror reflectivity is always lower than
that of the full linear mirror, as might be expected, since with one mirror

removed, there is always going to be some extra loss. The ring mirror

reflectivity, after taking off from its threshold, soon exceeds all of them.

Conclusion

The two vital elements in this work have been the solution of the coupled
wave equations with pump depletion and the availability of PR crystals with large
coupling strengths. The value of such concurrent theoretical and experimental
work is undeniable: it has led to many new, useful devices such as passive and
double phase conjugate mirrors and their demonstration in aberration correc-
tion in lasers and image processing. In the future we can expect similarly impor-
tant developments, and as research proceeds into optimizing the photorefrac-
tive effect, the applications of these devices to problems in image processing and

aberration correction are bound to multiply.
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