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ABSTRACT

This thesis develops numerical and theoretical approaches for understanding and
analyzing singularity formation in Partial Differential Equations (PDEs). The sin-
gularity formation in the Navier-Stokes Equation (NSE) is famously challenging as
one of the seven Clay Prize problems. Unlike simpler equations such as the Non-
linear Heat (NLH) or Keller-Segel (KS) equations, where formal asymptotics near
blowup are better understood, the intrinsic complexity of NSE makes quantitative
analytical treatment difficult, if not impossible, without numerical guidance.

Building on numerical insights, Chapter 2 3 and 4 introduce a robust analytical
framework to simplify and systematize pen-and-paper proofs for singular PDEs.
We present a novel approach based on enforcing vanishing modulation conditions
for perturbations around approximate blowup profiles, complemented by singularly
weighted energy estimates. Blowups are proven with a clear notion of stability,
with rates automatically inferred, without the need to know the asymptotics a priori
or explicit spectral information of the linearized operator. We demonstrate the
efficacy of our method on PDEs with complicated asymptotics, such as NLH and
the Complex Ginzburg-Landau (CGL) equation, and address the open problem of
singularity formation in the 3D KS equation with logistic damping. We also provide
a roadmap for extending our techniques to singularities involving multiple scales.

In Chapter 5 and 6, we develop and refine numerical approaches that facilitate deeper
insights into singularity formation. We demonstrate that machine learning methods
significantly enhance our capability to identify and characterize potential blowup
solutions with high precision. We improve on existing Physics-Informed Neural
Network (PINN) and Neural Operator (NO) frameworks. Moreover, we present a
novel machine learning paradigm, the Kolmogorov-Arnold Network (KAN) archi-
tecture, whose interpretability and excellent scaling properties are achieved through
learnable nonlinearities inspired by the Kolmogorov-Arnold representation theorem.

Chapter 7 introduces Exponential Multiscale Finite Element Method (ExpMsFEM),
developed to efficiently solve challenging multiscale PDEs beyond elliptic prob-
lems, such as the Helmholtz equation. We construct adaptive local bases, proving
exponential convergence theoretically and demonstrating superior computational
performance in practice. Like KAN, ExpMsFEM exemplifies how insights from
theory can guide the design of high-performance solvers with theoretical guarantees.
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C h a p t e r 1

INTRODUCTION

Much of this thesis is motivated by the challenge of understanding singular behaviors
in nonlinear partial differential equations, exemplified by the 3D incompressible
Navier–Stokes equations (NSE):

u𝑡 + u · ∇u = −∇p + 𝜈Δu, ∇ · u = 0 . (1.0.1)

The 3D NSE is a cornerstone of mathematical physics and fluid dynamics, yet foun-
dational questions—such as whether smooth initial data can develop singularities in
finite time—remain open. Singular behaviors like blowup and turbulence not only
raise deep theoretical issues but also complicate numerical simulation and physical
interpretation.

This thesis is guided by a central principle: that rigorous analysis and numerical
insight are most powerful when developed in tandem. Our work illustrates how
numerical methods not only provide guidance and experimental evidence for con-
jectures but also serve as a foundation for rigorous proofs and inspire new analytical
frameworks. In turn, the theoretical insights yield more robust, interpretable, and
generalizable numerical methods.

More generally, we consider finite-time singularities in evolution equations of the
form

𝑎𝑡 = 𝐹 (𝑎), lim sup
𝑡→𝑇−

∥𝑔(𝑎(𝑡))∥𝐿∞ = ∞, 𝑇 < +∞ , (1.0.2)

where 𝑔(𝑎) is the quantity of interest, such as 𝑎 itself or its gradient ∇𝑎.

A canonical mechanism for finite-time blowup is via self-similar solutions, which
take the form

𝑎(𝑥, 𝑡) = (𝑇 − 𝑡)𝛼𝑈̃ (𝑦) , 𝑦 = 𝑥(𝑇 − 𝑡)𝛽 . (1.0.3)

This ansatz exploits the scaling symmetry of the equation, reducing the original PDE
to a time-independent profile equation for 𝑈̃. Typically, 𝑈̃ is smooth and bounded,
making both analysis and computation more tractable. Substituting into the original
equation and equating powers of 𝑇 − 𝑡, one obtains a steady-state equation of the
form

F (𝜆̃, 𝑈̃) = 0 , (1.0.4)
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where the scalar 𝜆̃ related to 𝛼 and 𝛽 governs the blowup rate, and the operator F
consists of a scaling operator plus the original operator 𝐹. Specific forms of F will
be illustrated in the examples that follow.

The study of blowup in the self-similar regime thus reduces to analyzing the existence
and stability of solutions to (1.0.4). Since the profile is now a ‘nice’ function,
one naturally asks: can numerical methods help identify such profiles, and more
importantly, can they inform or even enable rigorous proofs?

A common strategy is to solve (1.0.4) directly by casting it as an optimization
problem for 𝑈̃ and the associated scaling parameter 𝜆̃, where neural networks be-
come relevant due to their expressive power and seamless integration to modern
computations at scale. However, one must build on techniques tailored to these
specifically challenging problems. In particular, we build on operator learning and
introduce Scale-Informed Neural Operator, which encodes scaling symmetries of
PDEs, and Fourier Continuation for (Physics-Informed) Neural Operators for PDEs
on the whole space. We also build on high-precision training of Physics-Informed
Neural Networks (PINNs), where exact enforcement of asymptotics and hard con-
straints becomes crucial for upgrading numerical candidates to rigorous proofs.
Motivated by the goal of symbolic profile recovery, we propose the Kolmogorov-
Arnold Network (KAN) architecture, which offers greater interpretability and com-
positional expressivity compared to conventional neural networks.

Alternatively, one can introduce artificial time marching and solve the equation
forward in time with appropriate initial data, with the hope of converging to the
steady profile. This dynamical approach, however, requires precise control over
unstable directions, often arising from continuous symmetries such as scaling or
translation. Ruling out these instabilities forms a key aspect of both our theoretical
framework and our numerical design.

To upgrade from numerical candidates with residue to a rigorous proof, perturbative
argument and stability analysis are required. One can either use a fixed-point
argument to establish solutions to the nonlinear equation (1.0.4) of the perturbation
around the approximate profile, or analyze the convergence to the steady state of its
time-dependent counterpart.

Specifically, we consider a perturbative ansatz of the form 𝜆̃ = 𝜆̄ + 𝜆, 𝑈̃ = 𝑈̄ +𝑈,
and substitute it into (1.0.4). This yields a perturbed equation of the form

0 = L(𝜆,𝑈) + N (𝜆,𝑈) + E , (1.0.5)
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where L is the linearized operator associated with F at (𝜆̄, 𝑈̄), N is the nonlinear
part, and E is the residue from the approximate profile, which can be made arbitrarily
small via high-precision computation and verified with computer-assisted proofs.

A clear characterization of stability is therefore crucial in either approach. A
common strategy is to introduce a carefully chosen energy norm 𝐸 , typically induced
by an inner product on a Hilbert space, under which the linear, nonlinear, and residual
terms satisfy:

(L,𝑈)𝐸 ≤ −𝑐1∥𝑈∥2
𝐸 , (N ,𝑈)𝐸 ≤ 𝑐2∥𝑈∥3

𝐸 , ∥E∥𝐸 ≤ 𝑐3 , (1.0.6)

with positive constants. Here, 𝑐3 is very small with 𝑐2
1 > 4𝑐2𝑐3. Then we can

construct an energy ball in either approach and demonstrate the existence and
stability of a solution to (1.0.5). Of course, the construction of the norm is extremely
challenging and requires a case-by-case analysis. Nonetheless, we provide a general
recipe for a range of equations using singular weights, capturing localized behaviors
of the solution.

In practice, one needs to deal with potentially unstable directions. Some of those
are induced by scaling symmetries of the equation, and one can enforce local or-
thogonality constraints to those directions via the introduction of extra scaling
parameters in the artificial time formulation, perturbing the symmetries, which con-
stitutes one of our key theoretical and numerical contributions. Full stability and
exact asymptotics can be inferred or precisely computed without prior knowledge,
amenable to the case of implicit profiles and computer-assisted proofs. In other
cases where only finite codimensional stability is expected, we couple the argu-
ment with a topological argument handling the unstable modes. For even more
challenging scenarios where damping is hard to extract directly for the linearized
operator L, one can decompose it into a coercive one plus a compact perturba-
tion. Applying finite-rank approximations to the compact part, one can formally
regard it as a nonlinear component and only needs to verify boundedness invert-
ing on the finite-dimensional space, where computer-assisted proofs can again be
applied. We rigorously established the open problem of nonuniqueness of Leray
solutions in the 3D incompressible Navier-Stokes equation [210]. Intuitively, the
onset of nonuniqueness occurs after the singularity time, and building upon previous
works, we reduce the problem to constructing a forward self-similar profile whose
associated linearized operator admits a positive eigenvalue. We numerically com-
pute the approximate profile and the eigenpair first, before rigorously establishing
the existence of the exact solutions by a perturbative argument.
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The remainder of this chapter is organized around the central themes introduced
above. We highlight our contributions in developing both theoretical frameworks
and numerical tools, including ideas that extend beyond self-similarity. Beyond sin-
gularity formation, we also point to broader connections with scientific computing,
AI for science, and machine learning, where the methodologies developed here may
provide useful perspectives and technical ingredients for related problems.

1.1 Numerics Inspire Proofs: Blowup via Local Modulations
We will elaborate on the general theoretical framework for stability analysis around
an approximate profile, based on the perturbative formulation in (1.0.5) and the
damping/nonlinearity/residue bounds in (1.0.6). As mentioned before, the linear
damping estimate constitutes the most crucial part. We built upon the series of
seminal works developed by Chen-Hou-Huang [76, 72, 70, 73] to introduce singular
weights in 𝐿2 estimates and extract damping. As an illustrative example, consider
the following rescaled Riccati-type equation:

𝑢̂𝜏 = −𝑢̂ − 1
2
𝑧𝑢̂𝑧 + 𝑢̂2 , (1.1.1)

where it can be interpreted as the Riccati ODE 𝑎𝑡 = 𝑎2 in the self-similar ansatz

𝑎(𝑥, 𝑡) = (𝑇 − 𝑡)−1𝑢̂(𝑥(𝑇 − 𝑡)−1/2,− log(𝑇 − 𝑡)) .

Equation (1.1.1) admits a family of explicit steady states 𝑢̄ = (1 + 𝑐𝑧2)−1. These
profiles are known to be stable under even perturbations that vanish to fourth order
at the origin.

Towards rigorously proving it, we can establish linear dynamical stability for even
perturbations of 𝑂 (𝑧4) at the origin by a 𝐿2 estimate with singular weight |𝑧 |−𝛼

capturing the vanishing order at the origin. To be specific, we compute the damping
estimate by an integration by parts near the origin as

(L𝑢, 𝑢𝜌) ≈ (−1 + (𝜌𝑧)𝑧
4𝜌

+ 2𝑢̄) (𝑢, 𝑢𝜌) ≈ 5 − 𝛼
4

(𝑢, 𝑢𝜌) .

For 𝛼 > 5, which corresponds to the vanishing order of 𝑢 greater than 2, we thus have
damping near the origin. Notice that in this simple case, the initial vanishing order
of the perturbation is preserved throughout the dynamics. To control the nonlinear
terms, we complement the singularly-weighted 𝐿2 estimate with a high-order 𝐻𝑘

estimate for sufficiently large 𝑘 .

Building on this idea, we established the finite time singularity of a modified Hou-Li
model [219]. The Hou–Li model was introduced in [215] as a 1D reduction of the
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3D axisymmetric Navier–Stokes equations along the symmetry axis. To be specific,
the axisymmetric NSE (in cylindrical coordinates) takes the form

𝑢1,𝑡 + 𝑢𝑟𝑢1,𝑟 + 𝑢𝑧𝑢1,𝑧 = 2𝑢1𝜓1,𝑧 + 𝜈Δ𝑢1 ,

𝜔1,𝑡 + 𝑢𝑟𝜔1,𝑟 + 𝑢𝑧𝜔1,𝑧 =
(
𝑢2

1

)
𝑧
+ 𝜈Δ𝜔1 ,

−
[
𝜕2
𝑟 + (3/𝑟)𝜕𝑟 + 𝜕2

𝑧

]
𝜓1 = 𝜔1 ,

where 𝑢1 = 𝑢𝜃/𝑟, 𝜔1 = 𝜔𝜃 , 𝜓1 = 𝜓𝜃/𝑟, and 𝑢𝜃 , 𝜔𝜃 , and 𝜓𝜃 are the angular velocity,
angular vorticity, and angular stream function, respectively. The Hou-Li model, of
the following form:

𝑢1,𝑡 + 2𝜓1𝑢1,𝑧 = 2𝜓1,𝑧𝑢1 + 𝜈𝑢1,𝑧𝑧 ,

𝜔1,𝑡 + 2𝜓1𝜔1,𝑧 =
(
𝑢2

1

)
𝑧
+ 𝜈𝜔1,𝑧𝑧 ,

−𝜓1,𝑧𝑧 = 𝜔1 ,

is a reduction in the sense that if (𝜔1, 𝑢1, 𝜓1) is an exact solution of the 1D model,
we can obtain an exact solution of the 3D Navier-Stokes equations by using a
constant extension in 𝑟. The model became particularly relevant in the investigation
of potential interior singularities for NSE, and the authors in [215] established its
well-posedness in 𝐶𝑚.

Since the discovery and proof of the Hou-Luo scenario of boundary singularity in
the Euler equations [298, 299, 73], Hou discovered new numerical evidence that
the 3D axisymmetric Euler and Navier-Stokes equations develop potential singular
solutions at the origin [212, 213]. Hou’s numerical simulations revealed that the
axial velocity 𝑢𝑧 = 2𝜓1 + 𝑟𝜓1,𝑟 near the peak of 𝑢1 is significantly weaker than 2𝜓1.
This weakening is attributed to the shift between the maxima of 𝜓1 and 𝑢1: 𝜓1

peaks at 𝑟 = 𝑟𝜓 , while 𝑢1 peaks at 𝑟 = 𝑟𝑢 with 𝑟𝜓 < 𝑟𝑢, implying 𝜓1,𝑟 < 0 near
the maximal of 𝑢1. Thus the axial velocity 𝑢𝑧 is actually weaker than its value at
𝑟 = 0, highlighting that the original Hou–Li model—being confined to the symmetry
axis—fails to capture this subtle, yet critical, three-dimensional effect. To better
understand this phenomenon and its relation to singularity formation, we introduce
the following 1D weak advection model.

𝑢𝑡 + 2𝑎𝜓𝑢𝑧 = 2𝑢𝜓𝑧 + 𝜈𝑢𝑧𝑧 ,

𝜔𝑡 + 2𝑎𝜓𝜔𝑧 =
(
𝑢2

)
𝑧
+ 𝜈𝜔𝑧𝑧 ,

−𝜓𝑧𝑧 = 𝜔 ,

(1.1.2)

where 𝑎 is a parameter that measures the relative strength of advection in the Hou-Li
model. We established the following theorems in [219]:
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Theorem 1.1.1. For the weak advection model (1.1.2) in the inviscid case 𝜈 = 0,
there exists a constant 𝛿 > 0 such that for 𝑎 ∈ (1 − 𝛿, 1), the weak advection model
(A.1.5) develops a finite time singularity for some 𝐶∞ initial data. Moreover, there
exists a self-similar profile (𝜔∞, 𝜔∞, 𝜔∞) corresponding to a blowup that is neither
expanding nor focusing. More precisely, the blowup solution to (A.1.5) has the form

𝜔(𝑥, 𝑡) = 1
1 + 𝑐𝑢,∞𝑡

𝜔∞ , 𝑢(𝑥, 𝑡) =
1

1 + 𝑐𝑢,∞𝑡
𝑢∞ , 𝜓(𝑥, 𝑡) =

1
1 + 𝑐𝑢,∞𝑡

𝜓∞ ,

for some negative constant 𝑐𝑢,∞ with a blowup time given by 𝑇 = −1
𝑐𝑢,∞

.

Theorem 1.1.2. Consider the Hou-Li model (A.1.4) in the inviscid case 𝜈 = 0.
For any 𝛼 < 1, (A.1.4) develops a finite time singularity for some 𝐶𝛼 initial data.
Moreover, there exists a 𝐶𝛼 self-similar profile corresponding to a blowup that is
neither expanding nor focusing.

Theorem 1.1.3. Consider the weak advection model (A.1.5) with viscosity. There
exists a constant 𝛿1 > 0 such that for 𝑎 ∈ (1 − 𝛿1, 1), the weak advection model
(A.1.5) develops a finite time singularity for some 𝐶∞ initial data.

We leave the details and the proofs concerning the Hou-Li model to Appendix A.

In the remainder of this section, we elaborate on our framework for proving
finite-time blowup in PDEs beyond classical self-similar or fully stable scenar-
ios, using local modulation and singularly-weighted energy estimates. In many
cases—especially when viscous terms are present—the blowup deviates from ex-
act self-similarity. To capture these behaviors, we introduce additional modulation
parameters that enforce vanishing conditions locally, allowing us to infer both the
blowup rate and its stability directly from the modulation dynamics. Those modula-
tions, stemming from computational concerns of numerical stability, turn out to be
keys to the theoretical stability. We illustrate this framework across a sequence of
increasingly complex examples. In Subsection 1.1.1, we discuss the semilinear heat
equation, which resembles the Riccati toy model (1.1.1). Subsection 1.1.2 follows
as a much more technical resolution of the complex Ginzburg-Landau equation with
its full stability without symmetry assumptions. We solve the open problem of
the singularity formation of the 3D Keller-Segel equation with logistic damping in
Subsection 1.1.3, where we combine modulation analysis with a topological argu-
ment to handle finite codimensional instability. We emphasize key conceptual ideas
here for clarity, and refer to Chapter 2 for a complete treatise of the semilinear heat
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equation based on [218], while leaving the technically challenging parts of complex
Ginzburg-Landau [77] and 3D Keller-Segel equations [286] to Chapters 3 and 4.

1.1.1 Nonlinear heat equation
We consider the semilinear heat equation, one of the simplest and best-studied PDEs
with singularities.

𝑎𝑡 = Δ𝑎 + 𝑎2 ,

with the blowup profile

𝑎(𝑥, 𝑡) ∼ 1
𝑇 − 𝑡 𝑢̄

(
𝑥√︁

(𝑇 − 𝑡) | log(𝑇 − 𝑡) |

)
, 𝑢̄(𝜉) = 1

1 + |𝜉 |2/8
.

One can see that its blowup scaling resembles the Riccati-type equation, except
for a log-correction. Moreover, in its blowup scaling, the diffusion term becomes
asymptotically small and to its leading order coincides with (1.1.1). This log-
correction is of course subtle to compute and capture, requiring special attention.

Inspired by (1.1.1), we employ a similar stability argument using singularly-weighted
𝐿2 norm and a high-order 𝐻𝑘 norm. Extra modulations are required to ensure the
vanishing conditions of the perturbation, which are inspired by numerical computa-
tions aimed at capturing the steady-state profile. We thus introduce general rescaling
beyond self-similarity as

𝑢̂(𝑧, 𝜏) = 𝐶̂𝑢 (𝜏)𝑎(𝐶̂𝑙 (𝜏)𝑧, 𝑡 (𝜏)) ,

where

𝐶̂𝑢 = 𝐶̂𝑢 (0) exp
( ∫ 𝜏

0
𝑐𝑢 (𝑠)𝑑𝑠

)
, 𝐶̂𝑙 = exp

(
−

∫ 𝜏

0
𝑐𝑙 (𝑠)𝑑𝑠

)
, 𝑡 =

∫ 𝜏

0
𝐶̂𝑢 (𝑠)𝑑𝑠,

with 𝑐𝑢 and 𝑐𝑙 being determined. We introduced the extra degree of freedom 𝐶̂𝑢 (0),
which we will later choose to be small for the estimates of the viscous term. The
renormalized equation for 𝑢̂ reads as

𝑢̂𝜏 = 𝑐𝑢𝑢̂ − 𝑐𝑙𝑧𝑢̂𝑧 + 𝑢̂2 + 𝐶̂𝑢
𝐶̂2
𝑙

𝑢̂𝑧𝑧 .

We then consider the approximate profile 𝑢̄ = (1 + 𝑧2/8)−1 that solves

𝑐𝑢𝑢̄ − 𝑐𝑙𝑧𝑢̄𝑧 + 𝑢̄2 = 0, for 𝑐𝑢 = −1 , 𝑐𝑙 = 1/2 .
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If we enforce that 𝑢 is an even function satisfying 𝑢(0, 𝜏) = 𝑢𝑧𝑧 (0, 𝜏) = 0 for all time
𝜏, we have by the dynamic rescaling equation,

𝑐𝑢 + 𝑢̄(0) +
𝐶̂𝑢𝑢̄𝑧𝑧 (0)
𝐶̂2
𝑙
𝑢̄(0)

= 0 , 𝑐𝑢 − 2𝑐𝑙 + 2𝑢̄(0) + 𝐶̂𝑢 (𝑢̄𝑧𝑧𝑧𝑧 (0) + 𝑢𝑧𝑧𝑧𝑧 (0))
𝐶̂2
𝑙
𝑢̄𝑧𝑧 (0)

= 0 .

Defining

𝜆(𝜏) = 𝐶̂𝑢 (𝜏)
𝐶̂2
𝑙
(𝜏)

= 𝐶̂𝑢 (0) exp
( ∫ 𝜏

0
(𝑐𝑢 (𝑠) + 2𝑐𝑙 (𝑠))𝑑𝑠

)
,

we can simplify the normalization constraints into

𝑐𝑢 −
1
4
𝜆 = 0 , 𝑐𝑢 − 2𝑐𝑙 −

(3
2
+ 4𝑢𝑧𝑧𝑧𝑧 (0)

)
𝜆 = 0 .

This gives

𝑐𝑢 =
1
4
𝜆 , 𝑐𝑙 = −(5

8
+ 2𝑢𝑧𝑧𝑧𝑧 (0))𝜆 ,

from which we derive the ODE for 𝜆 as

𝜆𝜏 = 𝜆(𝑐𝑢 + 2𝑐𝑙) = −(1 + 4𝑢𝑧𝑧𝑧𝑧 (0))𝜆2 .

We can formally infer the log-correction from the asymptotics𝜆 ≈ 1/𝜏 ≈ | log (𝑇 − 𝑡) |−1.
Those extra modulations ensure that we can work in the singularly weighted space,
and we generalize to high dimensions via different spatial scalings in different co-
ordinates. Computations also corroborate our theoretical findings beyond the small
perturbation regime; for details see Chapter 2.

1.1.2 Complex Ginzburg-Landau equation
We consider the complex Ginzburg-Landau equation

𝜓𝑡 = (1 + 𝚤𝛽)Δ𝜓 + (1 + 𝚤𝛿) |𝜓 |𝑝−1𝜓 − 𝛾𝜓,

which reduces to the semilinear heat equation we have considered when 𝛽 = 𝛿 =

𝛾 = 0, 𝑝 = 2, while connecting with the nonlinear Schrödinger equation in the limit
𝛽, |𝛿 | → ∞. It enjoys a similar blowup law with log corrections, and we aim to
establish full stability beyond the assumption of even symmetries.

Upon introducing the phase-amplitude decomposition, we obtain

𝜕𝑡𝑢 =
[
Δ − |∇𝜃 |2

]
𝑢 − 𝛽

(
2∇𝑢 · ∇𝜃 + 𝑢Δ𝜃

)
+ 𝑢𝑝 − 𝛾𝑢,

𝑢𝜕𝑡𝜃 = 𝛽
[
Δ − |∇𝜃 |2

]
𝑢 + 2∇𝑢 · ∇𝜃 + 𝑢Δ𝜃 + 𝛿𝑢𝑝 .

One sees that to the leading order in 𝑢, it resembles the nonlinear heat equation again,
and we can adopt a similar stability argument, with the following extra difficulties,
however.
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• We need to deal with full stability, corresponding to modulations of terms
all the way to second-order at the origin, with 1 + 𝑑 + 𝑑 (𝑑 + 1)/2 degree of
freedom in 𝑑-dimension. We thus introduce a matrix rescaling in space as:

𝑈 (𝑧, 𝜏) = 𝐻 (𝜏)𝑢
(
R(𝜏)𝑧 +𝑉 (𝜏), 𝑡 (𝜏)

)
,

Θ(𝑧, 𝜏) = 𝜃
(
R(𝜏)𝑧 +𝑉 (𝜏), 𝑡 (𝜏)

)
, 𝑡 (𝜏) =

∫ 𝜏

0
𝐻𝑝−1(𝑠)𝑑𝑠,

where R(𝜏) ∈ R𝑑×𝑑 is upper triangular, 𝑉 (𝜏) ∈ R𝑑 and 𝐻 (𝜏) ∈ R+. The
modulation corresponds to the symmetries of the equation, with 𝑑 − 1 extra
modulation parameters. Similarly to the semilinear heat equation, we now
have a matrix Q = 𝐻𝑝−1R−1R−1,𝑇 capturing the log-correction and making
the viscous terms formally small.

• General nonlinearity and the phase equation necessitate a lower bound of 𝑈:
we use the maximal principle and a weighted 𝐿∞ estimate.

• Sharp decay estimates of ∇𝑖𝑈 require almost tight power for the weights and
interpolation and embedding inequalities.

• Coupling of amplitude and phase needs a top-order energy estimate with
special algebraic structure to cancel out top-order terms in diffusion.

𝒟𝑈 = ΔQ𝑈 − 2𝛽⟨∇𝑈,∇Θ⟩Q −𝑈⟨∇Θ,∇Θ⟩Q − 𝛽𝑈ΔQΘ ,

𝒟Θ = 𝛽
ΔQ𝑈

𝑈
+ 2

⟨∇𝑈,∇Θ⟩Q
𝑈

− 𝛽⟨∇Θ,∇Θ⟩Q + ΔQΘ .

We construct top-order energy as

( |∇𝑘𝑊 |2, 𝜌𝑘 ) + (|∇𝑘Φ|2,𝑈2𝜌𝑘 ) ,

where𝑊,Φ are the perturbations in𝑈 = 𝑈̄ +𝑊,Θ = Θ̄ +Φ.

We refer to Chapter 3 for the technical details and estimates.

1.1.3 3D Keller-Segel equation with logistic damping
We now demonstrate the applicability of our method to singularity beyond full
stability and without an explicit approximate profile. We focus on 3D Keller-Segel
equation, a classical chemotaxis model, with a quadratic logistic damping term
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−𝜇𝜌2 modeling density-dependent mortality rate and show the existence of finite-
time blowup solutions with nonnegative density and finite mass for a sharp range of
𝜇 ∈

[
0, 1

3
)
. To be specific, consider the model

𝜕𝑡𝜌 = Δ𝜌 − ∇ · (𝜌∇𝑐) − 𝜇𝜌2,

Δ𝑐 + 𝜌 = 0.

The logistic damping makes the model inherently nonlocal, even in the radial sym-
metric assumption, unlike the original Keller-Segel equation, where a partial mass
formulation could be introduced to make it local. Nonlocality makes the construc-
tion of approximate profiles challenging, and we deploy a phase-portrait method to
establish the existence of a profile, treating the viscous term again as asymptotically
small. To be specific, the radial profile satisfies

𝑄 + 𝛽𝑦 · ∇𝑦𝑄 = ∇𝑦𝑄 · ∇𝑦Δ−1
𝑦 𝑄 + (1 − 𝜇)𝑄2,

with asymptotics𝑄 = 1
1−𝜇−|𝑦 |

2 𝑗0+𝑂 ( |𝑦 |2 𝑗0+2) near the origin, where 𝛽 = 1
3(1−𝜇)+

1
2 𝑗0 .

The left-hand side of the profile equation corresponds to the blowup scaling.

To establish the existence of the profile and make the viscous terms small, we require

1
3(1 − 𝜇) < 𝛽 <

1
2
,

which coincides with the sharp range of 𝜇.

We now conclude finite codimensional stability by introducing the rescaling

𝑦 =
𝑥

𝜆2𝛽 ,
𝑑𝜏

𝑑𝑡
=

1
𝜆2 ,

𝜆𝜏

𝜆
= −1

2
, 𝜌(𝑡, 𝑥) = 1

𝜆2Ψ (𝜏, 𝑦) .

The equation in the rescaled variable is

𝜕𝜏Ψ = 𝜆2−4𝛽ΔΨ − Ψ − 𝛽𝑦 · ∇Ψ + ∇Ψ · ∇Δ−1Ψ + (1 − 𝜇)Ψ2.

Consider the perturbative ansatz

Ψ = 𝑄 + 𝜀𝑢 (𝜏, 𝑦) + 𝜀𝑠 (𝜏, 𝑦), with 𝜀𝑢 (𝜏, 𝑦) =
𝐾∑︁
𝑗=0
𝑐 𝑗 (𝜏)𝜒(𝑦) |𝑦 |2 𝑗 .

For sufficiently large 𝐾 , we have stability of the perturbation 𝜀𝑠 using singularly-
weighted estimates, provided that 𝜀𝑠 vanishes to 𝑂 ( |𝑦 |2𝐾+2) near the origin, which
will be enforced by local modulations of the coefficients 𝑐 𝑗 .
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We can solve the dynamic equations for 𝑐 𝑗 as
¤𝑐 𝑗 = 𝑗0− 𝑗

𝑗0
𝑐 𝑗 + 𝜆2−4𝛽 [ΔΨ] 𝑗 + [𝑁 (𝜀𝑢)] 𝑗 , 0 ≤ 𝑗 < 𝑗0,

¤𝑐 𝑗0 = 𝜎0, 𝑗0𝑐0 + 𝜆2−4𝛽 [ΔΨ] 𝑗0 + [𝑁 (𝜀𝑢)] 𝑗 , 𝑗 = 𝑗0,

¤𝑐 𝑗 = 𝑗0− 𝑗
𝑗0
𝑐 𝑗 +

∑ 𝑗−1
𝑖=0 𝜎𝑖, 𝑗𝑐𝑖 + 𝜆

2−4𝛽 [ΔΨ] 𝑗 + [𝑁 (𝜀𝑢)] 𝑗 , 𝑗0 < 𝑗 ≤ 𝐾.

One can perform a standard bootstrap argument coupled with topological arguments
to derive a finite codimensional stability with dimension 𝑗0 + 1. Notice that here
𝑗0 < 𝑗 ≤ 𝐾 corresponds to fake unstable directions. We leave the technical details
to Chapter 4.

1.2 Numerics Provide Basis for Proofs: High Precision NNs and KANs
In this section, we discuss the numerical tools we have developed for efficient
computations of the profile; see the prototype equation (1.0.4). We will highlight
how machine learning tools can contribute to the computation, especially when the
profile is unstable, where numerical time marching might struggle with stability
issues. The tools developed have a much broader impact beyond the interest of
singularity formation, on general applications in scientific computing, AI for science,
and general machine learning.

In Subsection 1.2.1, we discuss our contribution to operator learning, where we
introduced Fourier continuation to deal with non-periodic problems, and also intro-
duced Scale-Informed Neural Operator for scaling invariance of PDEs. We discuss
the high-precision training of PINNs via exact enforcement of hard constraints and
asymptotics in Subsection 1.2.2. KAN: Kolmogorov–Arnold Networks as a more
interpretable and scaling-efficient neural network architecture, is introduced in Sub-
section 1.2.3. We sketch the high-level ideas here, and refer to our articles [313,
281] for details on developments on operator learning, Chapter 6 based on [445] for
high precision PINN training, and Chapter 5 based on [293, 292, 446] for a complete
overview of KAN.

1.2.1 Neural Operator with Fourier continuation and scaling invariance
Neural Operators (NOs) [277, 257] stand as an important idea to learn mappings
directly between function spaces via parametrization of a nonlinear mapping in the
spectral space by neural networks, thus offering the discretization-invariance prop-
erty regardless of the physical mesh. In the context of PDE solving, NO aims to learn
the solution operator directly, and can be coupled with the data loss and the physical
loss, resulting in the Physics-Informed Neural Operator (PINO). Originally, PINO
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leverages differentiation in the Fourier spectral space and is best suited for problems
defined on a periodic domain. We extended the methodology by introducing Fourier
continuation in FC-PINO [313] to deal with problems in the whole space, partic-
ularly suited for the aforementioned problems of singularity formation. FC-PINO
enables efficient learning of blowup profiles, and more generally, families of pro-
files across varying scaling parameters—thanks to the operator learning formulation.
Related to the scale-invariance in PDEs, we introduced the Scale-Informed Neural
Operator [281]. Scale-consistency helps each model extrapolate to unseen scales,
including the challenging Helmholtz and Navier-Stokes simulations. We refer to the
details in our papers [313, 281]. Building on operator learning, which integrates
supervised data with PDE constraints, we envision leveraging known profiles from
similar equations to guide profile discovery in new regimes.

1.2.2 High precision training of PINNs
Motivated by the need for a numerical profile with high precision to be upgraded
to a rigorous proof (1.0.6), we developed a high precision training procedure of
PINNs on an unbounded domain in [445]. This approach emphasizes exact en-
forcement of asymptotic behavior, incorporation of hard constraints, and the use
of advanced second-order optimization methods. We demonstrated an accuracy
4-digits better than previous state-of-the-art by the important work [449], in terms
of a 2D Boussinesq equation related to the 3D Euler singularity on the boundary
[73]. We fully open-sourced our codebase to facilitate future developments and re-
producibility. Full technical details are provided in Chapter 6. Beyond architectures
and physical inductive biases, we also work on developing optimizers for scalable
and high-precision training, including our Self-scaled SOAP optimizer, and work
on more challenging PDEs with singularities, including the weak convection model
introduced in [289].

1.2.3 KAN
Partially motivated by an exact symbolic search for blowups, we proposed Kol-
mogorov–Arnold Networks (KANs) [293], as an interpretable alternative to modern
machine learning architectures. The prevalent fully connected neural network, or
Multi-Layer Perceptrons (MLPs), has learnable linear weights between layers and
fixed nonlinear activation functions. It is the nonlinearity that renders them expres-
sivity, albeit it often comes at the cost of a huge number of parameters to be trained.
KANs leverage the Kolmogorov-Arnold representation theorem, which reduces the
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representation of a multivariate function to a composition of univariate functions.
This compositional construction aligns well with modern machine learning, and
we generalize it to arbitrary depth. Better scaling laws are established under the
compositionally smooth assumption empirically and theoretically, for a wide range
of benchmarks of symbolic regression, PDE solving, and larger-scale problems of
imaging. KANs demonstrate greater expressivity than MLPs and are particularly
effective at capturing high-frequency components [446].

We further demonstrated the capacity of KANs to address a wide range of scientific
problems [292], highlighting their synergy with AI for science. We also developed
effective initialization schemes for KAN training [391] and integrated KAN into
Operator Learning, providing a more interpretable and expressive alternative to
existing Neural Operator frameworks [264]. We leave the detailed discussions to
Chapter 5.

1.3 Numerics with Provable Guarantees: EKHMC and ExpMsFEM
Finally, in the last section, we talk about how insights from theory can guide the
design of competitive solvers with theoretical guarantees.

We introduce two such methods: a preconditioned second-order sampler, Ensemble
Kalman Hamiltonian Monte Carlo (EKHMC), in Subsection 1.3.1, and a state-of-
the-art multiscale PDE solver, the Exponential Multiscale Finite Element Method
(ExpMsFEM), in Subsection 1.3.2. We sketch the high-level ideas here and refer
to Chapter 7 for a detailed exposition of ExpMsFEM, based on [81, 83, 82]. A full
treatment of EKHMC appears in Appendix B, based on [291].

1.3.1 EKHMC
Consider the task of sampling from a target distribution

𝜋(𝑞) = 1
𝑍𝑞

exp(−Φ(𝑞)) ,

which arises naturally in Bayesian inverse problems, among other applications.
The simplest approach is via simulation of the Langevin equation, which has the
target density as its invariant distribution. Variants of Langevin dynamics have
been proposed to boost convergence to the target distribution, among which are
the Hamiltonian Monte Carlo with an auxiliary velocity variable introduced, and
the preconditioning method to sample the target distribution with large condition
numbers. Building upon the works of the Ensemble Kalman Sampler [158], where
an interacting particle system was introduced to approximate the covariance as a
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preconditioner, we proposed a second-order sampler [291] with empirically faster
mixing rates.

d𝑞
d𝑡

= 𝑝 ,

d𝑝
d𝑡

= −C𝑞 (𝜌)𝐷Φ(𝑞) − 𝛾𝑝 +
√︃

2𝛾C𝑞 (𝜌)
d𝑊
d𝑡

.

We showed that EKHMC is affine-invariant and proposed a gradient-free version
of the algorithm. In the context of Bayesian inverse problems with linear forward
maps, we further demonstrated that the associated mean-field dynamics preserve
Gaussianity and converge to the target distribution at a rate independent of the linear
operator. We leave the detailed discussions to Appendix B.

1.3.2 ExpMsFEM
Consider the model problem in a bounded domainΩ ⊂ R𝑑 with a Lipschitz boundary
Γ. Here, 𝑑 = 2. For generality, the boundary can contain disjoint parts Γ = Γ1 ∪ Γ2

where Γ1 corresponds to the Dirichlet boundary conditions and Γ2 corresponds to
the Neumann and Robin type boundary conditions. The model equation is:

−∇ · (𝐴∇𝑢) +𝑉𝑢 = 𝑓 , in Ω

𝑢 = 0, on Γ1

𝐴∇𝑢 · 𝜈 = 𝛽𝑢, on Γ2 .

(1.3.1)

Here, 𝐴,𝑉, 𝛽 are functions in 𝐿∞(Ω) and can be rough, which makes the solution
oscillating and difficult to solve. The vector 𝜈 is the outer normal to the boundary.
In particular, when 𝑉 = 0, the equation is the standard elliptic equation [81]. If
𝑉𝑢 = −𝑘2𝑢 and 𝑢 is a complex-valued function, one obtains the Helmholtz equation
[83] with wavenumber 𝑘 .

Standard finite element methods often fail to resolve such problems accurately due
to the limited regularity of the solution. The key challenge is to design numerical
methods that adapt to the multiscale structure of the problem. The core idea is to
construct local basis functions that adapt to the local coefficients of the equation.
These bases allow efficient compression of the operator and can be reused to solve
multiple problems with varying right-hand sides.

One key observation we proposed is to reduce the task of an accurate finite ele-
ment solution to an accurate approximation. To be precise, we demonstrated via
a posteriori estimates that once the bases can serve as good approximations to the
solutions, the numerical solution automatically becomes a quasi-optimal approxi-
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mation. Moreover, by a careful design of the local-to-global coupling, we showed
that we only need to achieve a good approximation on each of the local patches.

Next, we discuss how to construct local approximations. This was achieved by a
harmonic-bubble splitting. Roughly speaking, the harmonic part depends only on
the information on the boundaries of the patch, and the bubble part depends only on
the local right-hand side information. Even for challenging cases like the Helmholtz
equation, we show that the bubble component remains small and that the harmonic
part admits exponentially accurate approximation via oversampling. We rigorously
proved exponential convergence and designed our algorithm to achieve such accu-
racy using only online basis functions, complemented by an offline modification of
the right-hand side. We leave the detailed discussions and numerical experiments
to Chapter 7.
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C h a p t e r 2

BLOWUPS VIA LOCAL MODULATIONS: NONLINEAR HEAT

In this chapter and the two subsequent chapters, we present our framework for infer-
ring the precise law and stability of blowups beyond self-similarity via local mod-
ulations and singularly-weighted estimates, based on [218, 77, 286]. For problems
with full stability, such as nonlinear heat (NLH) [218] or complex Ginzburg-Landau
(CGL) [77] equations, we use a novel idea of enforcing stable normalizations for
perturbations around the approximate profile and establish a weighted 𝐻𝑘 stability,
thereby avoiding the use of a topological argument and the analysis of a linearized
spectrum. This result generalizes the 𝐿2-based stability argument to blowups that
are not exactly self-similar and can be adapted to higher dimensions. Full anisotropic
scaling can be introduced to establish full stability beyond any symmetry assump-
tion. The log correction for the blowup rate is automatically inferred via the local
normalization conditions, captured by the energy estimates and refined estimates of
the modulation parameters.

Crucially, this framework is applicable even when only numerical blowup profiles
are available, providing a path toward rigorous analysis guided by computation.
For cases involving finite-codimensional stability, our method can be combined
with a topological argument. We illustrate those two points by solving the open
problem of singularity formation in the 3D Keller–Segel (KS) equation with logistic
damping [286]. Finally, numerical experiments confirm the effectiveness of our
normalization strategy, even under large perturbations outside the strict theoretical
regime.

For illustrative purposes, we present our framework in the setting of the NLH
with even symmetry, covering both the fully stable and finite-codimensional cases
in Section 2.5, in this chapter. Finally, in Section 2.6, we outline directions for
extending this methodology to handle blowups involving multiple scales, and discuss
prospects for turning the modulation approach into a robust computational algorithm
beyond the search for singularities. The more technically involved cases, such as the
CGL and 3D KS with logistic damping, are addressed in detail in the two following
chapters respectively.
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2.1 Introduction
We consider the semilinear heat equation

𝑎𝑡 = Δ𝑎 + 𝑎2, (2.1.1)

where 𝑎(𝑡) : R𝑛 → R, subject to the boundary condition lim|𝑥 |→∞ 𝑎(𝑥, 𝑡) = 0 and an
initial data 𝑎(0) = 𝑎0. Several blowup criteria were established in the past, dating
back to the works of Kaplan [242], Fujita [156], Levine [268], Friedman-McLeod
[153], etc. We refer to the book [380] for a comprehensive review on this subject.
Given our interest in the singularity formation, in particular in characterizing blowup
solutions to (2.1.1), we only mention works in this direction in the following, where
a precise law of the blowup can be identified.

Singularity formation in nonlinear PDEs is generally connected to a group of sym-
metries associated with the problem under consideration. For the classical nonlinear
heat equation (2.1.1), it is invariant under the scaling transformation

∀𝜆 > 0, 𝑎𝜆 (𝑥, 𝑡) =
1
𝜆2 𝑎

( 𝑥
𝜆
,
𝑡

𝜆2

)
, (2.1.2)

in the sense that if 𝑎 is a solution to (2.1.1), so is 𝑎𝜆 with the rescaled initial
data 𝑎0,𝜆 = 1

𝜆2 𝑎0
(
𝑥
𝜆

)
. The earliest application of this scaling invariant property to

equation (2.1.1) that we are aware of is the work by Berger-Kohn [27], where the
authors developed a so-called rescaling algorithm to capture the blowup profile

𝑎(𝑥, 𝑡) ∼ 1
𝑇 − 𝑡 𝑢̄

(
𝑥√︁

(𝑇 − 𝑡) | log(𝑇 − 𝑡) |

)
, 𝑢̄(𝜉) = 1

1 + |𝜉 |2/8
. (2.1.3)

This blowup behavior is in agreement with classification results rigorously estab-
lished in the works of Filippas-Kohn [150], Filippas-Liu [151], Herrero-Velazquez
[197] and Velazquez [439] under the assumption of type-I blowup, namely that
lim sup
𝑡→𝑇

∥𝑎(𝑡)∥𝐿∞ (𝑇 − 𝑡) < +∞, otherwise, the blowup is of type-II. In particular,

Herrero-Velazquez [199] showed that the blowup behavior (2.1.3) is generic in di-
mension 1, and they claimed the same for higher dimensions in an unpublished
work. A rigorous construction was later established by Bricmont-Kupiainen [45] to
provide concrete examples of initial data leading to blowup behaviors classified in
the works mentioned above. The method developed in [45] was generalized in the
work of Merle-Zaag [324] through spectral analysis and a topological argument to
establish the existence and stability of blowup solutions to (2.1.1) with the behavior
(2.1.3).
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It is worth mentioning that the scaling invariance (2.1.2) gives rise to the notion of
energy-criticality in the sense that

∥𝑎𝜆∥ ¤𝐻1 = 𝜆
𝑛−6∥𝑎∥ ¤𝐻1 ,

and the problem (2.1.1) is called energy-critical if 𝑛 = 6, energy-subcritical if 𝑛 ≤ 5
and energy-supercritical if 𝑛 ≥ 7. It is well known that the only type-I blowup
occurs in the energy-subcritical case (i.e., 𝑛 ≤ 5) from the work of Giga-Kohn
[163, 164, 165], Giga-Matsui-Sasayama [166] (see also [167] for the case of convex
domains and Quittner [379] for non-convex domains). The blowup in the energy-
critical and supercritical cases is more subtle, where type-II blowup may also exist
as predicted in [198] and [149] through formal matching asymptotic expansions.
Concrete examples of initial data leading to type-II blowup for (2.1.1) with a general
nonlinearity |𝑎 |𝑝−1𝑎 were exhibited in several works [196], [331], [89], [90], [369],
[405], [372], [370], [187], [371], [188] and references therein. In particular, the
Type II blowup constructed in [188] for the energy-critical case in dimension 𝑛 = 6
corresponding to the exponent 𝑝 = 2 considered in this present work. Partial
classification of type-II blowup was provided in [312, 311] and [91], even though a
complete classification of all blowup patterns still remains open.

In this chapter, we are interested in adopting the idea of dynamic rescaling to pro-
vide rigorous proofs for the semilinear heat equation with a clear notion of stability.
Specifically, just like in numerical algorithms, we introduce proper rescaling condi-
tions to ensure the stability of the perturbation around the approximate steady state,
whose proof constitutes the main goal of this chapter. We adopt a 𝐿2-based sta-
bility analysis with properly chosen singular weights and normalization conditions,
inspired by the line of work pioneered by [76, 72], and present our main result as
Theorem 2.1.1. We introduce the weighted Sobolev space E𝑘 for 𝑘 = 2𝑛 + 10:

E𝑘 =
{
𝑢 : ∥𝑢∥2

E𝑘 = ∥𝑢∥2
𝜌 + 𝜇∥∇𝑘𝑢∥2

𝜌𝑘
< +∞

}
, (2.1.4)

where ∥ · ∥𝜌 stands for the weighted 𝐿2-norm with the weight functions 𝜌, 𝜌𝑘 being
defined in (2.3.1), (2.3.3), and the constant 𝜇 will be detailed later in (2.3.5).

Theorem 2.1.1. Let 𝑘 = 2𝑛 + 10, there exist positive constants 𝐶0 and 𝜆0 such that
for 0 < 𝜆 < 𝜆0 and if the initial perturbation 𝑔 is even1 and satisfies ∥𝑔∥E𝑘 ≤ 𝐶0𝜆,
the equation (2.1.1) with initial data

𝑎(𝑥, 0) = 𝜆−1 (𝑢̄(𝑥) + 𝑔(𝑥)) ,
1We call a multivariate function 𝑎 even if it is even in each one of the coordinates, namely if

𝑎(𝜉1𝑥1, 𝜉2𝑥2, · · · , 𝜉𝑛𝑥𝑛) = 𝑎(𝑥1, 𝑥2, · · · , 𝑥𝑛) for any 𝜉𝑖 ∈ {−1, 1}.
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admits a solution 𝑎(𝑥, 𝑡) that blows up in some finite time 𝑇 . Moreover, we have the
following convergence in E𝑘 ,

lim
𝑡→𝑇

(𝑇 − 𝑡)𝑎
(
((𝑇 − 𝑡) | log(𝑇 − 𝑡) |) 1

2 𝑧, 𝑡

)
= 𝑢̄(𝑧).

Remark 2.1.2. Using the scaling invariance of (2.1.1), we can introduce an initial
rescaling in space (corresponding to introducing 𝐶̂𝑙 (0) in the dynamic rescaling
formulation (2.2.4) in Section 2.2) to obtain a result comparable to the theorems in
[45, 324] that characterize the blowup time precisely. Here we highlight obtaining
the correct rate and, for the sake of simplicity, do not rescale in space at 𝑡 = 0.

Remark 2.1.3. We work under the even assumption for illustration purposes of
the dynamical rescaling technique developed in this chapter. We refer to our sub-
sequent work [77] on the complex Ginzburg-Landau equation for a generalized
dynamical rescaling technique to remove the even assumption, where translational
and rotational modulations were introduced; see step 1 in Section 1.2 therein.

Compared with most of the aforementioned works on semilinear equations that work
in parabolic scaling, we work in variables that correspond to the true blowup scaling
and obtain stability precisely with respect to the weighted 𝐻𝑘 norms we construct,
instead of resorting to a topological argument to identify the existence of the initial
data for blowup.

2.1.1 Literature review and main contributions
The idea of dynamic rescaling formulation or the modulation technique to study
blowup was originally introduced in the numerical study of self-similar blowup
of the nonlinear Schrödinger equation [451, 418, 417, 315, 263]. Later on, the
formulation has been generalized to various dispersive problems, both as numerical
techniques and as an analysis tool; see for example nonlinear Schrödinger equation
[246, 321], compressible Euler equations [49], and the nonlinear heat equation [27,
324]. Recently, this modulation technique has been adopted to establish self-similar
singularity for incompressible Euler equations in [135, 72, 73].

When the equation admits an analytical approximate profile for blowups, analyzing
the spectrum of the linearized operator has proven to be useful for establishing the
blowup in many cases; see for example, the semilinear heat equation [45, 324] and
the 2D Keller-Segel equation [385, 92]. While this methodology is powerful, it
hinges on the fact that we are able to construct a simple and analytical approximate
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steady state and can analyze the spectrum of the linearized operator explicitly (for
semilinear heat equations) or at least asymptotically (for Keller-Segel equations).
In this chapter, we provide a proof of blowup for the semilinear heat equation
without analyzing the eigenvalues or the eigenfunction of the linearized operator
at all, and we rule out the unstable directions via a clear characterization of a
singularly weighted Sobolev space, instead of using Brouwer’s fixed-point theorem
and a topological argument. This framework can be adopted even if we only have a
numerical or implicit profile and do not have explicit information on the spectrum
of its linearized operator; see the follow-up work by the last author and collaborators
[286] on 3D Keller-Segel equation with logistic damping.

On the other hand, a direct 𝐿2 [76] or 𝐿∞-based [73] stability argument with ap-
propriate normalization conditions has been proven successful, even if no explicit
approximate steady state can be identified. In fact, they are often combined with a
numerical profile and rigorous computer-assisted proofs. See [76, 70, 219] for appli-
cations in various 1D models for the Euler equations, [72, 73] for 3D axissymmetric
incompressible Euler equations, and [320] for the compressible Navier-Stokes equa-
tion (and the accompanying paper on the compressible Euler equation [319]). The
nature of the blowup in [319, 320] and the current work is quite similar in the sense
that the dominant behavior of the rescaled equations is driven by the inviscid part,
although in each case one must use different scaling to get the precise asymptotic
behavior. The methodology can be roughly summarized in the following two steps.
Firstly, we link self-similar singularity with convergence to a steady state using the
dynamic rescaling equation and obtain approximate steady states either analytically
or numerically. Then, upon choosing appropriate normalization conditions, we
can perform linear and nonlinear stability estimates to show that the perturbation
around the approximate steady state will remain small. Therefore, we can obtain a
self-similar blowup with rates prescribed by the normalizing constants.

This chapter adopts the 𝐿2-based methodology to establish blowups beyond the
self-similar setting; see also [93] on the 1D inviscid primitive equation and [24] on
the harmonic map heat flow, where log corrections were also observed. We show
that one can obtain the correct blowup rate by imposing proper vanishing conditions
on the perturbation, without a priori knowledge of a formal blowup rate. Compared
with a self-similar blowup, the crucial difference is that now we have an algebraic,
instead of exponential, convergence of the normalizing constants in the rescaled
time 𝜏, inferred for example, by (2.2.2).
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Another contribution is that we introduce different spatial rescalings in 𝑛 different
dimensions in Section 2.2.2, giving enough degrees of freedom for the normalization
conditions. Those different rescaling constants in different dimensions will indeed
converge to the same rescaling constant close to the blowup time. This approach
may shed some light on the generalization of the dynamic rescaling framework to
higher dimensions for other problems. We believe our method is robust for type-I
singularities, especially for problems having non-self-adjoint linear operators, see
for example our follow-up work [77] on the complex Ginzburg-Landau equation.
Finally, we demonstrate our choice of normalization to be effective even beyond the
regime of small perturbations, in Section 2.4 based on numerical experiments.

2.1.2 Notations
Throughout the chapter, we use (·, ·) to denote the inner product on 𝐿2(R𝑛): ( 𝑓 , 𝑔) =∫
R𝑛 𝑓 𝑔. We use 𝐶 to denote absolute constants dependent only on the dimension 𝑛,

which may vary from line to line. We use 𝐴 ≲ 𝐵 for positive 𝐵 to denote that there
exists a constant 𝐶 > 0 such that 𝐴 ≤ 𝐶𝐵. We adopt the notation of the Japanese
bracket as ⟨𝑧⟩ =

√︁
1 + |𝑧 |2 .

2.2 Dynamic Rescaling Formulation and Normalization Conditions
In this section, we discuss our dynamic rescaling formulation. Via enforcing local
vanishing modulation conditions, we derive the law of the blowup formally and
motivate the choices of singular weights for stability analysis.

2.2.1 1D case
We focus on the 1D case first and generalize to higher dimensions in Section
2.2.2. For the semilinear heat equation (2.1.1), we introduce the dynamic rescaling
formulation

𝑢̂(𝑧, 𝜏) = 𝐶̂𝑢 (𝜏)𝑎(𝐶̂𝑙 (𝜏)𝑧, 𝑡 (𝜏)) ,

with

𝐶̂𝑢 = 𝐶̂𝑢 (0) exp (
∫ 𝜏

0
𝑐𝑢𝑑𝜏) , 𝐶̂𝑙 = exp (

∫ 𝜏

0
−𝑐𝑙𝑑𝜏) , 𝑡 =

∫ 𝜏

0
𝐶̂𝑢𝑑𝜏 .

Here, we introduce an extra degree of freedom 𝐶̂𝑢 (0) as in [70, 219], which we will
later choose to be small for the estimates of the viscous term. We have

𝑢̂𝜏 = 𝑐𝑢𝑢̂ − 𝑐𝑙𝑧𝑢̂𝑧 + 𝑢̂2 + 𝐶̂𝑢
𝐶̂2
𝑙

𝑢̂𝑧𝑧 .
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We know there exists an approximate profile 𝑢̄ = (1 + 𝑧2/8)−1 which solves

𝑐𝑢𝑢̄ − 𝑐𝑙𝑧𝑢̄𝑧 + 𝑢̄2 = 0 , 𝑐𝑢 = −1 , 𝑐𝑙 = 1/2 .

By using the dynamic rescaling formulation, we reduce the problem of establishing
a blowup in the physical variables and quantifying its blowup rate to the problem
of establishing stability in the dynamic rescaling formulation. We want to show
that 𝑢̂ converges to the steady state 𝑢̄ of the dynamic rescaling equation and the
normalization constants also converge. We put the ansatz

𝑢̂ = 𝑢̄ + 𝑢 , 𝑐𝑢 = 𝑐𝑢 + 𝑐𝑢 , 𝑐𝑙 = 𝑐𝑙 + 𝑐𝑙 .

We will elaborate on how to enforce normalization conditions 𝑐𝑢 and 𝑐𝑙 such that
the perturbed solution 𝑢 of the dynamic rescaling equation is stable for all time.
Namely, we want to show that 𝑢 remains small for all time, and thus 𝑐𝑢, 𝑐𝑙 will
correspond to the correct blowup scaling.

If we enforce that the even perturbation satisfies 𝑢(0) and 𝑢𝑧𝑧 (0) vanish for all time,
by the dynamic rescaling equation we have

𝑐𝑢 + 𝑢̄(0) +
𝐶̂𝑢𝑢̄𝑧𝑧 (0)
𝐶̂2
𝑙
𝑢̄(0)

= 0 , 𝑐𝑢 − 2𝑐𝑙 + 2𝑢̄(0) + 𝐶̂𝑢 (𝑢̄𝑧𝑧𝑧𝑧 (0) + 𝑢𝑧𝑧𝑧𝑧 (0))
𝐶̂2
𝑙
𝑢̄𝑧𝑧 (0)

= 0 . (2.2.1)

Define

𝜆 =
𝐶̂𝑢

𝐶̂2
𝑙

= 𝐶̂𝑢 (0) exp (
∫ 𝜏

0
𝑐𝑢 + 2𝑐𝑙𝑑𝜏) ,

we can simplify the normalization condition into

𝑐𝑢 −
1
4
𝜆 = 0 , 𝑐𝑢 − 2𝑐𝑙 − (3

2
+ 4𝑢𝑧𝑧𝑧𝑧 (0))𝜆 = 0 .

Therefore we solve
𝑐𝑢 =

1
4
𝜆 , 𝑐𝑙 = −(5

8
+ 2𝑢𝑧𝑧𝑧𝑧 (0))𝜆 . (2.2.2)

And thus we can simplify the ODE for 𝜆 as

𝜆𝜏 = 𝜆(𝑐𝑢 + 2𝑐𝑙) = −(1 + 4𝑢𝑧𝑧𝑧𝑧 (0))𝜆2 . (2.2.3)

Remark 2.2.1. Notice that formally, when the perturbation is small, we can further
solve this ODE to obtain

𝜆 ≈ 1/𝜏 = 1
| log (𝑇 − 𝑡) | .

Therefore, the effect of the viscosity terms can be treated perturbatively. We will
make this heuristic argument rigorous later on by choosing 𝐶̂𝑢 (0) small.
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Remark 2.2.2. To motivate our choice of normalization conditions, we can plug in
an ansatz 𝜌 = 𝑧−𝛼 for the singular weight we use in the 𝐿2 estimate, and calculate
linear damping for the evolution of 𝑢. Via an integration by parts, we know that up
to the linear part near the origin, we have

(𝑢𝜏, 𝑢𝜌) ≈ (−1 + 1
4
(𝜌𝑧)𝑧
𝜌

+ 2) (𝑢, 𝑢𝜌) = (1 − 𝛼 − 1
4

) (𝑢, 𝑢𝜌) .

We calculate that we need 𝛼 > 5 to extract linear damping, and therefore we need
to enforce the perturbation 𝑢 to vanish to higher orders.

Of course, we need to take care of nonlinear estimates. Thus, the singular weights
cannot be as simple as 𝜌 = 𝑧−6, but this serves as the starting point of our stability
analysis.

2.2.2 nD case
A crucial idea in the 𝑛-dimensional case is that we introduce 𝑛 different scaling
parameters in different directions. This gives us more freedom to enforce the
normalization conditions and obtain a perturbation with the same vanishing orders.
Consider

𝑢̂(𝑧, 𝜏) = 𝐶̂𝑢 (𝜏)𝑎(𝐶̂1
𝑙 (𝜏)𝑧1, 𝐶̂

2
𝑙 (𝜏)𝑧2, · · · , 𝐶̂𝑛𝑙 (𝜏)𝑧𝑛, 𝑡 (𝜏)) ,

with the same 𝐶̂𝑢 and 𝑡 (𝜏) defined as before, and

𝐶̂𝑖𝑙 = exp (
∫ 𝜏

0
−𝑐𝑖𝑙𝑑𝜏) . (2.2.4)

The equation for 𝑢̂ is

𝑢̂𝜏 = 𝑐𝑢𝑢̂ −
∑︁
𝑖

𝑐𝑖𝑙𝑧𝑖𝑢̂𝑖 + 𝑢̂
2 +

∑︁
𝑖

𝜆𝑖𝑢̂𝑖𝑖 , (2.2.5)

where we use the short-hand notation for partial derivatives: we denote 𝑓𝑖 = 𝜕𝑧𝑖 𝑓

and 𝑓𝑖 𝑗 = 𝜕𝑧 𝑗𝜕𝑧𝑖 𝑓 . Using the same radial approximate steady state 𝑢̄, 𝑐𝑙 , 𝑐𝑢 and a
similar ansatz

𝑢̂ = 𝑢̄ + 𝑢 , 𝑐𝑢 = 𝑐𝑢 + 𝑐𝑢 , 𝑐𝑖𝑙 = 𝑐𝑙 + 𝑐
𝑖
𝑙 , (2.2.6)

we can enforce the same normalization condition that 𝑢 is of 𝑂 ( |𝑧 |4). Notice that
if we choose 𝑢 to be an even perturbation, we only need to enforce 𝑢(0) = 0 and
𝑢𝑖𝑖 (0) = 0. Those 𝑛 + 1 constraints can be solved exactly to obtain

𝑐𝑢 =
1
4

∑︁
𝑖

𝜆𝑖 , 𝑐
𝑖
𝑙 = −

∑︁
𝑗

𝜆 𝑗 (
1 + 4𝛿𝑖 𝑗

8
+ 2𝑢𝑖𝑖 𝑗 𝑗 (0)) , (2.2.7)
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where 𝛿𝑖 𝑗 = 1 if 𝑖 = 𝑗 , and 0 otherwise. Here we define

𝜆𝑖 =
𝐶̂𝑢

(𝐶̂𝑖
𝑙
)2

= 𝐶̂𝑢 (0) exp (
∫ 𝜏

0
𝑐𝑢 + 2𝑐𝑖𝑙𝑑𝜏) ,

and we obtain the ODE for 𝜆 as follows:

𝜕𝜏𝜆𝑖 = 𝜆𝑖 (𝑐𝑢 + 2𝑐𝑖𝑙) = −(
∑︁
𝑗

4𝑢𝑖𝑖 𝑗 𝑗 (0)𝜆 𝑗 + 𝜆𝑖)𝜆𝑖 . (2.2.8)

Notice that (2.2.7), (2.2.8) are consistent with (2.2.2), (2.2.3) in the 1D case.

2.3 Stability of Perturbation and Finite Time Blowup
Building upon the general strategy of a weighted 𝐿2-based stability argument as in
[76, 72], we will prove Theorem 2.1.1 in this section. We denote 𝜆 = max𝑖 𝜆𝑖.

2.3.1 𝐿2 stability analysis
Plugging in the ansatz (2.2.6) into the dynamic rescaling equation (2.2.5) and using
the fact that 𝑢̄ is an approximate steady state, we write down the evolution equation
for 𝑢 as follows:

𝑢𝜏 = 𝐿 (𝑢) + 𝑁 (𝑢) +
∑︁
𝑖

𝐹𝑖 (𝑧, 𝜏) +
∑︁
𝑖

𝜆𝑖𝑉𝑖 (𝑢) ,

where we reorganize the different terms into the linear, nonlinear, error, and viscous
terms respectively as

𝐿 = (−1 + 𝑐𝑢)𝑢 −
∑︁
𝑖

(1
2
+ 𝑐𝑖𝑙)𝑧𝑖𝑢𝑖 + 2𝑢̄𝑢 , 𝑁 = 𝑢2 ,

𝐹𝑖 =
1
4
𝜆𝑖𝑢̄ − 𝑐𝑖𝑙𝑧𝑖𝑢̄𝑖 + 𝜆𝑖 (𝑢̄𝑖𝑖 +

∑︁
𝑗

1
2
𝑢𝑖𝑖 𝑗 𝑗 (0)𝑧2

𝑗 𝜒( |𝑧 |)) ,

𝑉𝑖 = 𝑢𝑖𝑖 −
∑︁
𝑗

1
2
𝑢𝑖𝑖 𝑗 𝑗 (0)𝑧2

𝑗 𝜒( |𝑧 |) .

Here 𝜒(𝑧) is a 1D even smooth cutoff function such that 𝜒(𝑧) = 0 for |𝑧 | ≥ 2 and
𝜒(𝑧) = 1 for |𝑧 | ≤ 1. We introduce such a cutoff function to make each one of
the four terms integrable in the weighted 𝐿2 space. We name and group the terms
in such a way that is convenient for our analysis. The “linearized operator 𝐿” is
obtained by treating the scaling parameters 𝑐𝑢 and 𝑐𝑙 as known parameters, although
they actually depend on 𝑢. As a result, the “linearized operator 𝐿” actually contains
nonlinear terms in the original physical variables.
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To show that the dynamic rescaling equation is stable for even perturbations and
converges to a steady state, we will perform a weighted 𝐿2 estimate with a singular
weight 𝜌 and a weighted 𝐿2 norm

𝜌 = |𝑧 |−5−𝑛 + 10−3 |𝑧 |1−𝑛 , ∥ 𝑓 ∥𝜌 = ( 𝑓 2, 𝜌)1/2 . (2.3.1)

We choose such a weight to extract damping near the origin as in Remark 2.2.2, while
also having good control of growth at infinity, to make 𝐿∞ and thus the nonlinear
estimates easier. Via an integration by parts2, we have a standard 𝐿2 estimate for
the linear part:

(𝐿, 𝑢𝜌) = ( [(−1 + 𝑐𝑢) +
1
2

∑︁
𝑖

(1
2
+ 𝑐𝑖𝑙)

(𝑧𝑖𝜌)𝑖
𝜌

+ 2𝑢̄]𝑢, 𝑢𝜌) .

We plug in the singular weight (2.3.1), using𝑂 (𝜆) notations due to the form (2.2.7),
and simplify as

(−1 + 𝑐𝑢) +
1
2

∑︁
𝑖

(1
2
+ 𝑐𝑖𝑙)

(𝑧𝑖𝜌)𝑖
𝜌

+ 2𝑢̄

=𝑂 ((1 + |∇4𝑢(0) |)𝜆) − 1
4
+ 0.006

4(10−3 + 𝑧−6)
− 2𝑧2

8 + 𝑧2 .

By a straightforward computation and the AM-GM inequality we have

0.006(8 + 𝑧2) − 4(10−3 + 𝑧−6)2𝑧2 = 0.048 − 0.002𝑧2 − 8𝑧−4 ≤ 0 .

Therefore, we have the simple linear stability

(𝐿, 𝑢𝜌) ≤ (−1
4
+𝑂 ((1 + |∇4𝑢(0) |)𝜆)) (𝑢, 𝑢𝜌) ≤ (−1

4
+ 𝐶 (1 + |∇4𝑢(0) |)𝜆)∥𝑢∥2

𝜌 .

The estimate of the nonlinear term is straightforward:

(𝑁, 𝑢𝜌) ≤ ∥𝑢∥∞∥𝑢∥2
𝜌 .

2We can justify the integration by parts here, and similarly the subsequent ones, by a density
argument. Notice that both terms are indeed integrable. For compactly supported smooth functions,
we can, of course, do integration by parts since the boundary integral vanishes as the radius goes to
infinity. For general cases, we can take a sequence of compactly supported smooth functions that
approximates the functions in the weighted spaces and then take limits. By the Cauchy-Schwarz
inequality, the integrals also converge, and we validate the integration by parts. Such approximate
functions exist since we can first truncate the function in an annulus 𝜖 ≤ |𝑧 | ≤ 1/𝜖 such that the norm
outside of the annulus is small; then the weighted norm is equivalent to a regular 𝐿2-norm and we
can approximate by compactly supported smooth functions inside the annulus [430] and zero extend
to the whole space.
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Now we compute the error terms. We compute 𝑢̄𝑖𝑖 = − 𝑢̄2

4 + 𝑧2
𝑖
𝑢̄3

8 . As a consequence,
we use Fubini’s principle to arrive at∑︁

𝑖

𝐹𝑖 =

∑
𝑖 𝜆𝑖

4
(𝑢̄ + 1

2
𝑧 · ∇𝑢̄ − 𝑢̄2) +

∑︁
𝑖

𝜆𝑖

2
(𝑧𝑖𝑢̄𝑖 +

𝑧2
𝑖
𝑢̄3

4
)

+
∑︁
𝑗

∑︁
𝑖

𝜆𝑖𝑢𝑖𝑖 𝑗 𝑗 (0)
2

(4𝑧 𝑗 𝑢̄ 𝑗 + 𝑧2
𝑗 𝜒( |𝑧 |)) .

Using the fact that 𝑢̄ is an approximate solution to the dynamic rescaling equation,
we know that the first term vanishes. We can compute to simplify∑︁

𝑖

𝐹𝑖 = −
∑︁
𝑖

𝜆𝑖𝑧
2
𝑖 |𝑧 |2

𝑢̄3

64
+

∑︁
𝑗

∑︁
𝑖

𝜆𝑖𝑢𝑖𝑖 𝑗 𝑗 (0)𝑧2
𝑗

2
(𝜒( |𝑧 |) − 𝑢̄2) .

We know that the error term is 𝑂 ( |𝑧 |4) at 𝑧 = 0 and 𝑂 ( |𝑧 |−2) at ∞; thus lies in the
weighted space. We conclude that

(
∑︁
𝑖

𝐹𝑖, 𝑢𝜌) ≤ 𝐶 (1 + |∇4𝑢(0) |)𝜆∥𝑢∥𝜌 .

The viscous part is more subtle since we need to deal with the singularity carefully.
Notice that

|∇2𝜌 | ≲ |𝜌/|𝑧 |2 | .

We do integration by parts twice to derive

(𝑉𝑖, 𝑢𝜌) = (−1
2
𝑢𝑖𝑖 𝑗 𝑗 (0)𝑧2

𝑖 𝜒(𝑧) |𝑧 |,
𝑢

|𝑧 | 𝜌) − (𝑢𝑖, 𝑢𝑖𝜌) − (𝑢𝑖, 𝑢𝜌𝑖)

≤ −∥𝑢𝑖∥2
𝜌 + 𝐶 ( |∇4𝑢(0) |2 + ∥ 𝑢|𝑧 | ∥

2
𝜌) .

Finally, we decompose the whole space into the near field 𝐼 = [−1, 1]𝑑 and its
complement 𝐼𝑐, notice that 𝑢 = 𝑂 (𝑧4) at 𝑧 = 0, we have the estimate

∥ 𝑢|𝑧 | ∥
2
𝜌 ≲

∫
𝐼

𝑢2

|𝑧 |7+𝑛
+

∫
𝐼𝑐
𝑢2𝜌 ≲ (sup

𝐼

𝑢

|𝑧 |4
)2 + ∥𝑢∥2

𝜌 ≲ ∥∇4𝑢∥2
∞ + ∥𝑢∥2

𝜌 .

Denote 𝐸2
0 = (𝑢, 𝑢𝜌). We collect the 𝐿2 estimate as

1
2
𝜕𝜏𝐸

2
0 = (𝐿 + 𝑁 +

∑︁
𝑖

(𝐹𝑖 + 𝜆𝑖𝑉𝑖), 𝑢𝜌) ≤ (−1
4
+ 𝐶 (1 + ∥∇4𝑢∥∞)𝜆 + ∥𝑢∥∞)𝐸2

0

+ 𝐶𝜆(1 + ∥∇4𝑢∥∞)𝐸0 + 𝐶𝜆∥∇4𝑢∥2
∞ .

(2.3.2)
To close the 𝐿2 estimate, we need higher-order estimates to control 𝐿∞ norms.
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2.3.2 Higher order stability analysis
Consider the weighted 𝐻𝑘 norm for 𝑘 = 2𝑛 + 10:

𝐸2
𝑘 (𝑢) = (∇𝑘𝑢,∇𝑘𝑢𝜌𝑘 ) , 𝜌𝑘 = 1 + 10−3𝑘 |𝑧 |2𝑘+1−𝑛 , (2.3.3)

and we will estimate
1
2
𝜕𝜏𝐸

2
𝑘 = (∇𝑘𝐿 + ∇𝑘𝑁 +

∑︁
𝑖

(∇𝑘𝐹𝑖 + 𝜆𝑖∇𝑘𝑉𝑖),∇𝑘𝑢𝜌𝑘 ) .

Before we start, we will state the following lemma concerning interpolation in-
equalities of lower order terms and 𝐿∞ estimates of a Morrey-type. We define the
weighted auxiliary norms 𝐷 𝑗 = ∥∇ 𝑗𝑢⟨𝑧⟩ 𝑗+(1−𝑛)/2∥2. By (2.3.1) and (2.3.3), we
know that 𝐷0 ≲ 𝐸0, 𝐷𝑘 ≲ 𝐸𝑘 .

Lemma 2.3.1. For any 𝜈 > 0, there exists a 𝐶 (𝜈) such that the inequalities hold:

𝐷 𝑗 ≤ 𝜈𝐷𝑘 + 𝐶 (𝜈)𝐷0 , 0 ≤ 𝑗 < 𝑘 ,

∥∇ 𝑗𝑢⟨𝑧⟩𝑖+1/2∥∞ ≲ ∥∇ 𝑗+𝑛𝑢⟨𝑧⟩𝑖+(𝑛+1)/2∥2, 0 ≤ 𝑗 , 𝑖 .

Proof. We use an integration by parts to compute for 𝑘 > 𝑗 > 0:

𝐷2
𝑗 = −

∑︁
𝑖

∫
(𝜕2
𝑖 ∇ 𝑗−1𝑢 · ∇ 𝑗−1𝑢⟨𝑧⟩2 𝑗+1−𝑛 + 𝜕𝑖∇ 𝑗−1𝑢 · ∇ 𝑗−1𝑢𝜕𝑖 ⟨𝑧⟩2 𝑗+1−𝑛) .

Noticing that (𝜕𝑖 ⟨𝑧⟩2 𝑗+1−𝑛)2 ≲ ⟨𝑧⟩2 𝑗+1−𝑛⟨𝑧⟩2 𝑗−1−𝑛, by Cauchy-Schwarz inequalities,
we have 𝐷2

𝑗
≲ 𝐷 𝑗−1(𝐷 𝑗 + 𝐷 𝑗+1). By a weighted AM-GM inequality, we compute

for any 𝜈 > 0, 𝐷2
𝑗
≤ 𝜈𝐷2

𝑗+1 + 𝐶 (𝜈)𝐷
2
𝑗−1.

Now we prove the first interpolation inequality. Since 𝜈 is arbitrary, we only need
to prove for 𝑗 = 𝑘 − 1, which we can use induction on 𝑘 and the obtained inequality
𝐷 𝑗 ≤ 𝜈𝐷 𝑗+1 + 𝐶 (𝜈)𝐷 𝑗−1 to conclude.

For the second inequality, we borrow the idea of proof for the embedding (3.13) of
Proposition 1 in our follow-up paper [77]. We can assume 𝑢 ∈ 𝐶∞

𝑐 by a density
argument and consider WLOG 𝑧 ∈ R𝑛 with 𝑧𝑖 ≥ 0 for all components. In the region
Ω(𝑧) = {𝑦 ∈ R𝑛, 𝑦𝑖 ≥ 𝑧𝑖} we have |𝑦 | ≥ |𝑧 | for any 𝑦 ∈ Ω(𝑧). By Lebniz’s rule and
the Cauchy-Schwarz inequality, we have

|∇ 𝑗𝑢(𝑧) | ≲
∫
Ω(𝑧)

|𝜕1𝜕2 · · · 𝜕𝑛∇ 𝑗𝑢(𝑦) |𝑑𝑦

≲ ∥∇ 𝑗+𝑛𝑢⟨𝑦⟩𝑖+(𝑛+1)/2∥2(
∫
|𝑦 |≥|𝑧 |

⟨𝑦⟩−2𝑖−𝑛−1𝑑𝑦)1/2 .

We thus collect the pointwise bound and conclude the proof of the inequality. □
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With the lemma in mind, we denote the terms as lower order terms (l.o.t. for short)
if their 𝜌𝑘 -weighted 𝐿2-norms are bounded by 𝜈𝐸𝑘 +𝐶 (𝜈)𝐸0 for any 𝜈 > 0. Notice
that for 0 < 𝑗 ≤ 𝑘 , ∇ 𝑗 𝑢̄∇𝑘− 𝑗𝑢 are l.o.t. since we can estimate

|∇ 𝑗 𝑢̄ |𝜌1/2
𝑘

≲ ⟨𝑧⟩−2− 𝑗 ⟨𝑧⟩𝑘+(1−𝑛)/2 ≲ ⟨𝑧⟩𝑘− 𝑗+(1−𝑛)/2 ,

and thus their 𝜌𝑘 -weighted 𝐿2-norms are bounded by 𝐷𝑘− 𝑗 . Therefore we collect
the linear estimate via an integration by parts and 𝑂 (𝜆) notations as

(∇𝑘𝐿,∇𝑘𝑢𝜌𝑘 ) ≤ ([−1 − 𝑘

2
+ 1

4
(𝑧𝜌𝑘 )𝑧
𝜌𝑘

+ 2𝑢̄]∇𝑘𝑢,∇𝑘𝑢𝜌𝑘 )

+ 𝐶 (1 + ∥∇4𝑢∥∞)𝜆𝐸2
𝑘 + 𝜈𝐸

2
𝑘 + 𝐶 (𝜈)𝐸

2
0 .

We can compute the damping as

−1 − 𝑘

2
+ 𝑛

4
+ 1

4
(2𝑘 + 1 − 𝑛)10−3𝑘 |𝑧 |2𝑘+1−𝑛

1 + 10−3𝑘 |𝑧 |2𝑘+1−𝑛 + 2
1 + |𝑧 |2/8

≤ −1
2
,

where the last inequality is equivalent to

(1 + |𝑧 |2/8) (2𝑘 + 2 − 𝑛 + 10−3𝑘 |𝑧 |2𝑘+1−𝑛) − 8(1 + 10−3𝑘 |𝑧 |2𝑘+1−𝑛) ≥ 0 ,

which can be implied by an AM-GM inequality via

3𝑛 + 10−3𝑘

8
|𝑧 |2𝑘+3−𝑛 ≥ (2𝑘 + 3 − 𝑛) (3𝑛

2
) 2

2𝑘+3−𝑛 ( 10−3𝑘

8(2𝑘 + 1 − 𝑛) )
1− 2

2𝑘+3−𝑛 |𝑧 |2𝑘+1−𝑛

> 10−3𝑘/8(106𝑘/(2𝑘+3−𝑛)) |𝑧 |2𝑘+1−𝑛 > 8 × 10−3𝑘 |𝑧 |2𝑘+1−𝑛 .

We collect the linear estimate by choosing a small enough 𝜈 to get

(∇𝑘𝐿,∇𝑘𝑢𝜌𝑘 ) ≤ (−1
4
+ 𝐶 (1 + ∥∇4𝑢∥∞)𝜆)𝐸2

𝑘 + 𝐶𝐸
2
0 .

For the nonlinear term ∇𝑘𝑁 , by Leibniz’s rule, we know that it will be a linear
combination of ∇𝑘− 𝑗𝑢∇ 𝑗𝑢. For a typical term, assume WLOG that 𝑗 ≤ 𝑘/2. By the
interpolation lemma, we have

∥∇𝑘− 𝑗𝑢∇ 𝑗𝑢∥𝜌𝑘 ≤ 𝐷𝑘− 𝑗 ∥∇ 𝑗𝑢⟨𝑧⟩ 𝑗 ∥∞ ≲ 𝐷𝑘− 𝑗𝐷 𝑗+𝑛 ≲ (𝐷𝑘 + 𝐷0)2 .

Therefore, we can collect the nonlinear estimate

(∇𝑘𝑁,∇𝑘𝑢𝜌𝑘 ) ≤ 𝐶 (𝐸𝑘 + 𝐸0)2𝐸𝑘 .

For the error term, notice that ∇𝑘𝐹𝑖 is 𝑂 (𝑧−2−𝑘 ) at ∞. Therefore, it is square
integrable with the weight 𝜌𝑘 and we can estimate

(∇𝑘𝐹𝑖,∇𝑘𝑢𝜌𝑘 ) ≤ 𝐶𝜆(1 + ∥∇4𝑢∥∞)𝐸𝑘 .
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We estimate the viscous term using integration by parts twice

(∇𝑘𝑉𝑖,∇𝑘𝑢𝜌𝑘 ) = −(∇𝑘𝑢𝑖,∇𝑘𝑢𝑖𝜌𝑘 )−(∇𝑘𝑢𝑖,∇𝑘𝑢(𝜌𝑘 )𝑖) ≤
1
2
(∇𝑘𝑢,∇𝑘𝑢(𝜌𝑘 )𝑖𝑖) ≤ 𝐶𝐸2

𝑘 .

Finally, we gather our 𝐻𝑘 estimate as

1
2
𝜕𝜏𝐸

2
𝑘 ≤ (−1

4
+ 𝐶 (1 + ∥∇4𝑢∥∞)𝜆)𝐸2

𝑘 + 𝐶𝐸
2
0 + 𝐶 (𝐸𝑘 + 𝐸0)2𝐸𝑘

+ 𝐶𝜆(1 + ∥∇4𝑢∥∞)𝐸𝑘 + 𝐶𝜆𝐸2
𝑘 .

(2.3.4)

Using again the interpolation lemma, we know that ∥∇4𝑢∥∞ + ∥𝑢∥∞ ≲ 𝐸𝑘 + 𝐸0.
Combined with (2.3.2), we know that there exists a constant 𝜇0, such that for
0 < 𝜇 < 𝜇0, if we consider the energy

𝐸2 = 𝐸2
0 + 𝜇𝐸2

𝑘 , (2.3.5)

we have the estimate

1
2
𝜕𝜏𝐸

2 ≤ (− 1
10

+ 𝐶 (1 + 𝐸)𝜆)𝐸2 + 𝐶𝐸3 + 𝐶𝜆(1 + 𝐸)𝐸 + 𝐶𝜆𝐸2 .

Namely that

𝜕𝜏𝐸 ≤ (− 1
10

+ 𝐶𝐸𝜆 + 𝐶𝐸)𝐸 + 𝐶𝜆 + 𝐶𝜆𝐸 . (2.3.6)

Notice that here 𝐶 ≥ 1 is an absolute constant.

2.3.3 Finite time blowup
Recall the ODE (2.2.8) for 𝜆𝑖, and noticing that 𝜆 = max𝜆𝑖, we define 𝛾 = 1/𝜆.
𝛾(0) = 1/𝐶̂𝑢 (0) will be the constant we choose now. The ODE for 𝛾 is

𝜕𝜏𝛾 = −𝜕𝜏𝜆𝑖
𝜆2
𝑖

= 1 + 4
∑︁
𝑗

𝑢𝑖𝑖 𝑗 𝑗 (0)
𝜆 𝑗

𝜆𝑖
, 𝑖 = argmax𝜆𝑖 .

a priori estimate yields |∇4𝑢(0) | ≤ 𝐶𝐸 . We can assume WLOG that 𝐶 ≥ 1.
Defining 𝐺 = 𝐸𝛾, we have

|𝜕𝜏𝛾 − 1| ≤ 4𝑛𝐶
𝐺

𝛾
. (2.3.7)

We will show that 𝐸 decays as 1/𝜏. We calculate an ODE for 𝐺:

𝜕𝜏𝐺 ≤ (− 1
10

+ 𝐶𝐸𝜆 + 𝐶𝐸)𝐺 + 𝐶 + 𝐶𝐸 + 𝐸 (1 + 4𝑛𝐶
𝐺

𝛾
)

≤ (− 1
10

+ 2𝐶
1
𝛾
)𝐺 + 𝐶 + 8𝑛𝐶𝐺2( 1

𝛾
+ 1
𝛾2 ) .

(2.3.8)
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We choose 𝐶̂𝑢 (0) = 1/𝛾(0) ≤ 1/(10000𝑛𝐶2) small enough such that if we start
from 𝐺 (0) < 100𝐶, we will have the bootstrap estimate

𝐺 < 100𝐶, 𝛾 ≥ 𝛾(0) ≥ 10000𝑛𝐶2 (2.3.9)

for all time via a standard bootstrap argument.

Proof of the bootstrap bound (2.3.9). In fact, we know by (2.3.7) that 𝜕𝜏𝛾(0) > 0.
Assume that the bootstrap estimate is false, then by continuity, there exists a rescaled
time 𝜏0 > 0 such that (2.3.9) holds for 0 < 𝜏 < 𝜏0 and either 𝐺 (𝜏0) ≥ 100𝐶 or
𝛾(𝜏0) ≤ 𝛾(0). We compute by (2.3.7) that in (0, 𝜏0), 𝜕𝜏𝛾 ≥ 1 − 400𝑛𝐶2

10000𝑛𝐶2 > 0 which
rules out the latter case. As a consequence, we estimate the ODE for 𝐺 (2.3.8) in
(0, 𝜏0) as

𝜕𝜏𝐺 ≤ − 1
20
𝐺 + 𝐶 + 𝐺 1

50
.

By continuity, we estimate 𝜕𝜏𝐺 (𝜏0) < 0 and we conclude that the former case cannot
hold either. We reach a contradiction and conclude the bootstrap. □

Based on the bootstrap estimates, we have the following estimate for 𝛾:

|𝜕𝜏𝛾 − 1| ≤ 400𝑛𝐶2

𝛾
.

Thus 𝛾/𝜏 → 1 as 𝜏 → ∞. Thus we have

| (𝐶̂𝑢)𝑡 + 1| = | (𝐶̂𝑢)𝑡𝑡𝜏
𝐶̂𝑢

+ 1| = | (𝐶̂𝑢)𝜏
𝐶̂𝑢

+ 1| = |𝑐𝑢 + 1| = |𝑐𝑢 | ≤
𝑛

4𝛾
, 𝜏𝑡 = 1/𝐶̂𝑢 .

We can finally show that there exists a blowup time 𝑇 > 0, such that

lim
𝑡→𝑇

𝐶̂𝑢

𝑇 − 𝑡 = 1 , lim
𝑡→𝑇

𝜏

| log(𝑇 − 𝑡) | = 1 .

Moreover, defining 𝜅 =
∑
𝑖

1
𝜆𝑖

, we compute the following ODE

𝜕𝜏𝜅 = 𝑛 + 4
∑︁
𝑖

∑︁
𝑗

𝑢𝑖𝑖 𝑗 𝑗 (0)
𝜆 𝑗

𝜆𝑖
≤ 𝑛 + 4𝑛𝐶

𝐺

𝛾2 𝜅 ≤ 𝑛 +
400𝑛𝐶2

𝛾2 𝜅 .

Therefore for sufficiently large 𝜏, 𝜕𝜏𝜅 ≤ 𝑛 + 800𝑛𝐶2 𝜅

𝜏2 . We integrate and get for
sufficiently large 𝜏, 𝜅 ≤ 𝑛𝜏 + 1600𝑛2𝐶2 log 𝜏. Therefore since 𝜆 = max𝜆𝑖 = 1/𝛾 →
1/𝜏, we have 𝑛 ≤ lim inf

∑
𝑖
𝜆
𝜆𝑖

≤ lim sup
∑
𝑖
𝜆
𝜆𝑖

≤ 𝑛. Namely we get 𝜆𝑖𝜏 → 𝜆𝑖
𝜆
→ 1,

and thus we arrive at the law

lim
𝑡→𝑇

𝐶̂𝑖
𝑙√︁

(𝑇 − 𝑡) | log(𝑇 − 𝑡) |
= lim
𝑡→𝑇

√︄
𝐶̂𝑢

(𝑇 − 𝑡)𝜆𝑖𝜏
= 1 .
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Therefore for 𝐶0 = 100𝐶, 𝜆0 = 1/(10000𝑛𝐶2) and for initial data satisfying the
assumption of Theorem 2.1.1, we know that 𝛾(0) = 1/𝜆 and 𝑢 = 𝑔 defined in the
rescaled formulation satisfy the bootstrap assumption. We conclude Theorem 2.1.1
based on the asymptotics of 𝐶̂𝑢, 𝐶̂𝑖𝑙 .

2.4 Numerical Experiments
In this section, we conduct numerical experiments to corroborate our analysis that
our choice of normalization in Section 2.2 indeed preserves a stable blowup and
therefore we are able to capture the log-correction numerically, both in the 1D case
and in the case of higher dimensions with nonradial perturbations. We remark that
our proofs in the work are derived independently of the numerical results in this
section.

Data availability statement: The data and the code will be available upon request.

In practice, we hope to compute the profile even if we do not have prior knowledge.
Therefore in our numerical experiment, we solve (2.2.5) with initial data as a large
perturbation to the approximate steady state. We will compute 𝑢̂ dynamically and
recall that our choice of normalization 𝑐𝑙 , 𝑐𝑢 in (2.2.1) ensures that 𝑢̂(0), 𝑢̂𝑧𝑧 (0)
remain constants in time.

2.4.1 1D case
In our numerical study, we choose the initialization that is more general than the
assumption of our theorem as

𝑢̂(0, 𝑧) = (1 + 𝑧2/8 + 𝑧4/10)−1 , 𝐶̂𝑢 (0) = 1 , 𝜆 = 1 .

At each time step 𝜏𝑚, we first determine the normalization constants as

𝑐𝑢 = −𝑢̂(0) − 𝜆𝑢̂𝑧𝑧 (0)
𝑢̂(0) , 𝑐𝑙 =

𝑐𝑢

2
+ 𝑢̂(0) + 𝜆𝑢̂𝑧𝑧𝑧𝑧 (0)

2𝑢̂𝑧𝑧 (0)
.

Next, we can determine the time step 𝑘 via the standard numerical stability conditions
for a convection-diffusion equation, and then we use the 4-th order Runge-Kutta
scheme for the discretization in time and a cubic spline for the discretization in
space to evolve the equation

𝑢̂𝜏 = 𝑐𝑢𝑢̂ − 𝑐𝑙𝑧𝑢̂𝑧 + 𝑢̂2 + 𝜆𝑢̂𝑧𝑧 .

Finally, we update our 𝜆 for time 𝜏𝑚+1 = 𝜏𝑚 + 𝑘 by a 4-th order Runge-Kutta
discretization scheme of the ODE

(log𝜆)𝜏 = (2𝑐𝑙 + 𝑐𝑢) .
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We use a fixed nonuniform mesh in space with even symmetry considered, and our
computational domain is [0, 105] with 2000 gridpoints in space. We report that
after 109 iterations in time, the rescaled time 𝜏 ≈ 3.9887 × 105 and log(𝐶̂𝑢) ≈
−3.9886 × 105. This means that the amplitude of the solution in the physical space
grows exp(3.9886 × 105) times, which is impossible to compute if we do not use
a dynamic rescaling formulation. We remark that the computation is very stable
and we stopped after 109 iterations only due to concerns of computational time. In
theory, we can compute for an arbitrarily long time and witness an arbitrary growth
of the amplitude in the physical space.

To see that the profile 𝑢̂ converges indeed to the steady state 𝑢̄, we plot the profile after
𝑚 = 5 × 104, 5 × 105, 5 × 106, 107, 1.5 × 107, 2 × 107 iterations and compare it with
the steady state. We see that the profile converges fast; see Figure 2.1. Furthermore,
we investigate the convergence rate of the profile. Define 𝛾(𝜏) = sup𝑧{𝑢̂(𝜏) − 𝑢̄}.
We plot 𝛾𝜏 after 2×107 until 5×107 iterations, corresponding to 𝜏 ∈ [218, 11638].
We see that the residue is approximately of order 1/𝜏; see Figure 2.2. However, we
are only using a finite domain and as time becomes larger, the effect of the finite
domain size becomes more obvious, and 𝛾𝜏 will increase slightly.

To see that we can recover the correct convergence rate, we plot (1/2 − 𝑐𝑙)𝜏 and
(𝑐𝑢 + 1)𝜏 in time to see that they indeed converge to the correct constant 5/8 and
1/4 respectively and therefore will give the correct log-scaling; see for example
indicated by (2.2.2). Again for visualization purposes, we only plot for the first
5 × 107 iterations and we can see that they converge to the desired constants very
fast; see Figure 2.3.

2.4.2 2D case
For the 2D example, we choose a nonradial initialization as

𝑢̂(0, 𝑥, 𝑦) = (1 + (𝑥2 + 𝑦2)/8 + 𝑥4/100)−1 , 𝐶̂𝑢 (0) = 1 , 𝜆1 = 𝜆2 = 1 .

At each time step 𝜏𝑚, we first determine the normalization constants as

𝑐𝑢 = −𝑢̂(0, 0) −
𝜆1𝑢̂𝑥𝑥 (0, 0) + 𝜆2𝑢̂𝑦𝑦 (0, 0)

𝑢̂(0, 0) ,

𝑐1
𝑙 =

𝑐𝑢

2
+ 𝑢̂(0, 0) +

𝜆1𝑢̂𝑥𝑥𝑥𝑥 (0, 0) + 𝜆2𝑢̂𝑥𝑥𝑦𝑦 (0, 0)
2𝑢̂𝑥𝑥 (0, 0)

,

𝑐2
𝑙 =

𝑐𝑢

2
+ 𝑢̂(0, 0) +

𝜆1𝑢̂𝑥𝑥𝑦𝑦 (0, 0) + 𝜆2𝑢̂𝑦𝑦𝑦𝑦 (0, 0)
2𝑢̂𝑦𝑦 (0, 0)

.
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Figure 2.1: Comparison of the profile to the approximate steady state

Next, we can determine the time step 𝑘 via the standard numerical stability conditions
for a convection-diffusion equation, and then we use the 4-th order Runge-Kutta
scheme for the discretization in time and a cubic spline for the discretization in
space to evolve the equation

𝑢̂𝜏 = 𝑐𝑢𝑢̂ − 𝑐1
𝑙 𝑥𝑢̂𝑥 − 𝑐

2
𝑙 𝑦𝑢̂𝑦 + 𝑢̂

2 + 𝜆1𝑢̂𝑥𝑥 + 𝜆2𝑢̂𝑦𝑦 .

Finally, we update our 𝜆1, 𝜆2 for time 𝜏𝑚+1 = 𝜏𝑚 + 𝑘 by a 4-th order Runge-Kutta
discretization scheme of the ODE

(log𝜆𝑖)𝜏 = (2𝑐𝑖𝑙 + 𝑐𝑢) , 𝑖 = 1, 2 .
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Figure 2.2: Plot of the residue multiplied by the rescaled time

We use a fixed nonuniform mesh in space with even symmetry considered, and our
computational domain is [0, 4000] with 200 gridpoints in space in each direction.
To see that we can recover the correct convergence rate, we plot 𝑅𝑖 := (1/2 − 𝑐𝑖

𝑙
)𝜏

and 𝑅𝑢 := (𝑐𝑢 + 1)𝜏 as a function of 𝜏 after 107 iterations to see that they indeed
converge to the correct constant 3/4 and 1/2 respectively and therefore will give
the correct log-scaling; see for example indicated by (2.2.7). We can see that they
converge to the desired constants very fast; see Figure 2.4.

2.5 Finite Codimensional stability
In this section, we will briefly sketch the high-level idea to study high-order van-
ishing type-I blowup for the 1D semilinear heat equation (2.1.1) under radial (even
symmetric) setting.



35

0 2000 4000 6000 8000 10000 12000

Rescaled time tau

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0 2000 4000 6000 8000 10000 12000

Rescaled time tau

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

Figure 2.3: Fitting the law of the normalization constants. Left: (1/2 − 𝑐𝑙)𝜏 − 5/8
versus 𝜏; right: (𝑐𝑢 + 1)𝜏 − 1/4 versus 𝜏.

2.5.1 Self-similar renormalization and the approximate solution
For any fixed 𝑚 ∈ Z>1, we introduce the self-similar coordinate

𝑦 =
𝑥

𝜆
1
𝑚

,
𝑑𝜏

𝑑𝑡
=

1
𝜆2 , 𝜏

���
𝑡=0

= 0,
𝜆𝜏

𝜆
= −1

2
, (2.5.1)

and corresponding renormalization

𝑎(𝑡, 𝑥) = 1
𝜆2𝑈 (𝜏, 𝑦) , (2.5.2)

then 𝜆(𝜏) = 𝜆0𝑒
− 1

2 𝜏 and𝑈 solves the equation

𝜕𝜏𝑈 = 𝜆2− 2
𝑚𝑈𝑦𝑦 −𝑈 − 1

2𝑚
𝑦 · ∇𝑈 +𝑈2, (2.5.3)

where the diffusion term can be regarded as a perturbation since 2 − 2
𝑚
> 0. This in

turn motivates us to find an approximate solution solving the equation

−𝑈 − 1
2𝑚

𝑦 · ∇𝑈 +𝑈2 = 0. (2.5.4)

In particular, this equation can be explicitly solved by

𝑈∗(𝑦) = (1 + 𝑐𝑦2𝑚)−1. (2.5.5)

Here 𝑐 > 0 is a constant, and 𝑚 > 1 describes the vanishing order of the next order
expansion of𝑈∗ near the origin.
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Figure 2.4: Fitting the law of the normalization constants for 2D.

2.5.2 Linear stability
We fix 𝑚 > 1 and 𝑐 = 1 in (2.5.5), and plug the ansatz 𝑈 = 𝑈∗ + 𝜖 into (2.5.3), it
then follows that 𝜀 solves

𝜕𝜏𝜀 = 𝜆2− 2
𝑚𝑈𝑦𝑦 + L𝜀 + 𝜀2,

where the linearized operator reads

L𝜀 = −𝜀 − 1
2𝑚

𝑦𝜕𝑦𝜀 + 2𝑈∗𝜀. (2.5.6)

Next, we introduce a weighted 𝐿2
Θ

space with singular weight Θ(𝑦) = 𝑦−4𝑚−4 near
the origin to extract damping, which is the essential step to close the nonlinear
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stability. Via the integration by parts, we have the coercivity near the origin

(L𝜀, 𝜀)𝐿2
Θ
=

((
−1 + 2𝑈∗ +

(Θ𝑦)𝑦
4𝑚Θ

)
𝜀, 𝜀

)
𝐿2
Θ

≈ − 3
4𝑚

(𝜀, 𝜀)𝐿2
Θ
. (2.5.7)

In particular, with careful analysis, there is a small constant 0 < 𝜅 = 𝜅(𝑚,𝑈∗) ≪ 1
such that (2.5.7) can be extended to

(L𝜀, 𝜀)𝐿2
Θ+𝜅

≤ − 1
4𝑚

(𝜀, 𝜀)𝐿2
Θ+𝜅
. (2.5.8)

Additionally, we need to introduce the higher Sobolev norm ¤𝐻𝐾̄ to close the bootstrap
argument. Precisely,

(L𝜀, 𝜀) ¤𝐻𝐾̄ =

((
−1 − 𝐾̄

2𝑚
+ 2𝑈∗ +

1
4𝑚

)
𝜕𝐾̄𝑦 𝜀, 𝜕

𝐾̄
𝑦 𝜀

)
𝐿2

+𝑂 (∥𝜀∥𝐻𝐾̄−1 ∥𝜀∥ ¤𝐻𝐾̄ )

≤ −2𝐾̄ − 4𝑚 − 1
4𝑚

∥𝜀∥2
¤𝐻𝐾̄ +𝑂 (∥𝜀∥𝐻𝐾̄−1 ∥𝜀∥ ¤𝐻𝐾̄ ), (2.5.9)

where the leading order enjoys damping once we choose 𝐾̄ = 𝐾̄ (𝑚) ≫ 1.

2.5.3 Modulation ODEs and nonlinear stability
With the singular weight Θ(𝑦) = |𝑦 |−4𝑚−4 given previously, introducing a cutoff
function 𝜒, we can further radially decompose 𝜀 into

𝜀(𝜏, 𝑦) = 𝜀𝑢 (𝜏, 𝑦) + 𝜀𝑠 (𝜏, 𝑦), with 𝜀𝑢 =

𝑚∑︁
𝑗=0
𝑐 𝑗 (𝜏)𝜒(𝑦)𝑦2 𝑗 , (2.5.10)

such that 𝜀𝑠 (𝜏, 𝑦) = 𝑂 (𝑦2𝑚+2) near the origin, which yields an ODE system for
modulation parameters {𝑐 𝑗 }𝑚𝑗=0:

¤𝑐 𝑗 =
(
1 − 𝑗

𝑚

)
𝑐 𝑗 + [𝜀2

𝑢] 𝑗 + 𝜆2− 2
𝑚 [𝑈𝑦𝑦] 𝑗 , 0 ≤ 𝑗 < 𝑚 − 1,

¤𝑐𝑚 = [𝜀2
𝑢]𝑚 − 2𝑐0 + 𝜆2− 2

𝑚 [𝑈𝑦𝑦]𝑚, 𝑗 = 𝑚.
(2.5.11)

Here [ℎ] 𝑗 is the 2 𝑗-th order coefficient of Taylor expansion of ℎ(𝑟) at the origin.
Additionally, 𝜀𝑠 = 𝑂 (𝑦2𝑚+2) solves the equation

𝜕𝜏𝜀𝑠 = L𝜀𝑠 + 2𝜀𝑢𝜀𝑠 + 𝜀𝑠 + 𝐺 [𝜆,𝑈, 𝜀𝑢],

with the modulation term 𝐺 [𝜆,𝑈, 𝜀𝑢] = 𝑂 (𝑦2𝑚+2) given by

𝐺 [𝜆,𝑈, 𝜀𝑢] =
(
𝜆2− 2

𝑚𝑈𝑦𝑦 + L𝜀𝑢 + 𝜀2
𝑢

)
−

𝐾∑︁
𝑗=0

[
𝜆2− 2

𝑚𝑈𝑦𝑦 + L𝜀𝑢 + 𝜀2
𝑢

]
𝑗
𝜒𝑦2 𝑗 .

Finally, we can use the standard topological argument together with (2.5.7) and
(2.5.9) to derive the nonlinear stability with finite codimension 𝑚 + 1.
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Remark 2.5.1. We expect that this nonlinear stability result can be improved to
finite-codimension 𝑚−1, which is two dimensions lower than our previous findings.
The key underlying reason is the presence of two degrees of freedom, namely, the
choice of the blowup time 𝑇 > 0 and the shrinking rate. These degrees of freedom
can be utilized through a matching argument to recover the corresponding unstable
directions as in [273, 275].

Alternatively, one may employ a method of dynamical rescaling to establish stability
with finite codimension 𝑚 − 1. Specifically, we modify the coordinate (2.5.1) as

𝑦 =
𝑥

𝜇
1
𝑚

,
𝑑𝜏

𝑑𝑡
=

1
𝜆2 , 𝜏

��
𝑡=0 = 0,

𝜆𝜏

𝜆
= −1

2
+ 1

2
𝑐𝑎,

𝜇𝜏

𝜇
= −1

2
− 𝑚𝑐𝑠 .

We then define the corresponding renormalization

𝑢(𝑡, 𝑥) = 1
𝜆2𝑈 (𝜏, 𝑦).

Under this coordinate transformation,𝑈 satisfies

𝜕𝜏𝑈 = 𝜆2𝜇−
2
𝑚𝑈𝑦𝑦 + (−1 + 𝑐𝑎)𝑈 −

(
1

2𝑚
+ 𝑐𝑠

)
𝑦𝜕𝑦𝑈 +𝑈2,

where the parameters (𝑐𝑎, 𝑐𝑠) are determined by the modulation conditions

𝑈 (𝜏, 0) = 𝑈∗(0) and [𝑈 (𝜏, 0)]𝑚 = [𝑈∗]𝑚,

and we eliminate neutral modes by fixing 𝑐0 = 𝑐𝑚 = 0. By applying a similar argu-
ment of modulation ODEs, we obtain the nonlinear stability with finite codimension
𝑚 − 1. Notably, introducing extra scaling parameters to perturb the scaling sym-
metry is crucial for extending the argument to the nonradial setting; see previous
works by the second author and collaborators [77, 218].

Remark 2.5.2. Compared with the semilinear heat equation, analyzing the Keller-
Segel equation with logistic damping involves several additional challenges. For
example, the profile𝑈∗ introduced in (2.5.5) is an explicit solution to the first-order
and separable local equation (2.5.4). In contrast, for Keller-Segel equation with
logistic damping, the associated profile equatiois inherently nonlocal and cannot be
trivially solved. This nonlocality requires a more delicate analysis.

Moreover, since there is no explicit nontrivial solution to the profile equation, addi-
tional effort is required to derive quantitative properties of the profile𝑄. Combined
with the nonlocal nature, these complexities make the establishment of linear coer-
civity of Keller-Segel equation more intricate than in the case of the semilinear heat
equation. Detailed strategies to handle these obstacles will be presented in Section
4 of [286].
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2.6 Future works
Having established our robust framework of blowups via local modulations and
singularly weighted estimates, we outline some potential directions for generalizing
our methods for more challenging singularities with multiple scales, and towards
investigation as promising numerical methods.

An intriguing blowup phenomenon happens with a traveling-wave type singularity,
say of the following

𝑤̄(𝑥, 𝑡) = (𝑇 − 𝑡)−3/2Ω̄( 𝑥 − 1/2(𝑇 − 𝑡)1/2

(𝑇 − 𝑡) ) .

One goal is to generalize the idea of local modulations to traveling-wave type
singularities, where there are two scales at play: the inner scale that determines the
blowup profile at 𝑥 = 1/2(𝑇 − 𝑡)1/2 +𝑂 (𝑇 − 𝑡), and the outer scale that determines
the blowup location at 𝑥 = 𝑂 ((𝑇 − 𝑡)1/2). We have demonstrated that via arguments
of local modulations, the outer scale is shown to be stable, leveraging the precise
vanishing order of the profile and making the perturbation vanish at a higher order.

By studying this simple model, one can gain insights to establish singularity for more
complicated models like Keller-Segel or potentially Navier-Stokes equations, which
involve multiple blowup scales. Again, our framework of local modulations comes at
the benefit of using only limited non-explicit information of the approximate profile,
seamlessly amenable to computations of profiles and computer-assisted proofs.

On the other hand, numerical investigations showcased the efficiency of our method
in the computation of the semilinear heat equation [218]. As indicated by our analy-
sis, we enforced 𝑢̂(0, 𝑡) and ∇2𝑢̂(0, 𝑡) to be constant for data with even symmetries.
In practice, one can come up with more stable enforcement of those vanishing con-
ditions, say with a splitting method to enforce those constant quantities, potentially
improving the numerical stability of our method. Implementation of the numerical
methods for general classes of blowups, including those with multiple scales, is of
immediate future interest.

For general nonlinear steady-state equations, one approach is to introduce artificial
time and perform time marching for convergence. Since we demonstrated that
a clever nonlinear rescaling can rule out the potentially unstable directions and
enhance convergence, we have reasons to believe that our methodology can be
adopted broadly as numerical solvers beyond singularity formation.
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C h a p t e r 3

BLOWUPS VIA LOCAL MODULATIONS: COMPLEX
GINZBURG-LANDAU

Building upon the idea in [218], we establish the stability of the type-I1 blowup with
log correction for the complex Ginzburg-Landau equation. In the amplitude-phase
representation, a generalized dynamic rescaling formulation is introduced, with
modulation parameters capturing the spatial translation and rotation symmetries of
the equation and novel anisotropic modulation parameters perturbing the scaling
symmetry. This new formulation provides enough degrees of freedom to impose
normalization conditions on the rescaled solution, completely eliminating the unsta-
ble and neutrally stable modes of the linearized operator around the blowup profile.
It enables us to establish the full stability of the blowup by enforcing vanishing
conditions via the choice of normalization and using weighted energy estimates, for
a non-variational problem. No topological argument or spectrum analysis is needed,
opening up the possibility to tackle a wide range of type-I singularities. The log
correction for the blowup rate is automatically inferred via the local normalization
conditions, captured by the energy estimates and refined estimates of the modulation
parameters.

3.1 Introduction
We consider the complex Ginzburg-Landau equation

𝜓𝑡 = (1 + 𝚤𝛽)Δ𝜓 + (1 + 𝚤𝛿) |𝜓 |𝑝−1𝜓 − 𝛾𝜓, (CGL)

where 𝜓(𝑡) : R𝑑 → C, 𝛽, 𝛿, 𝛾 are real constants and 𝑝 > 1. The model equation
(CGL) was first derived by Stewardson and Stuart in [424] (see also [109], [120])
to examine afresh the problem of plane Poiseuille flow in a wave system. The
equation is also used to describe various phenomena in many fields, among which
are nonlinear optics with dissipation [329], turbulent behavior [41], Rayleigh-Bénard
convection or Taylor-Couette flow in hydrodynamics [122], [344], [343], reaction-
diffusion systems [186], [229], [399], [404], the theory of superconductivity [30],
[66], [125], [171], etc. For further details on the physical background and derivation

1A blowup solution is of Type I if it satisfies the bound lim𝑡→𝑇 (𝑇 − 𝑡)−
1

𝑝−1 ∥𝑢(𝑡)∥∞ < ∞,
otherwise, blowup is of Type II.
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of the complex Ginzburg-Landau equation, we refer to the surveys [9], [328], and
the references therein.

The local Cauchy problem has been well established through a semigroup approach
in the works [169, 168, 170]. A solution to (CGL) blows up in finite time if
lim𝑡→𝑇 ∥𝜓(𝑡)∥𝐿∞ (R𝑑) = +∞ for some 𝑇 < +∞. Singularity formation has been
intensively studied for the two limiting models of (CGL): the classical nonlinear
heat equation in the limit 𝛽, 𝛿, 𝛾 → 0,

𝜕𝑡𝜓 = Δ𝜓 + |𝜓 |𝑝−1𝜓, 𝜓(𝑡) : 𝑥 ∈ R𝑑 → R, (NLH)

and the nonlinear Schrödinger equation in the limit 𝛽, |𝛿 | → ∞,

𝚤𝜕𝑡𝜓 + Δ𝜓 + 𝜇 |𝜓 |𝑝−1𝜓 = 0, 𝜇 = ±1. (NLS)

We refer to [380] and [147] for intensive lists of references from the early 1960s
concerning blowup results of these two equations. However, singularities in (CGL)
(collapse, chaotic, or blowup) are much less understood in comparison with what
have been established for (NLH) and (NLS). The study of singularity in (CGL) is a
challenging problem due to the lack of variational structure, no maximum principle,
non-self-adjoint linearized operator, etc. Nevertheless, singularity in (CGL) was
experimentally reported in [253], [254] where the authors described an extensive
series of experiments on traveling-wave convection in an ethanol/water mixture and
collapse solutions were observed. We have a sharp sufficient criterion for collapse
in (CGL) for the case of subcritical bifurcation described in [434]. In [148], the
authors used the modulation theory and numerical observations to show that the
collapse dynamic is governed in the (CGL) limit of the 𝐿2-critical cubic (NLS).
For the existence of blowup, there are the results of [63] and [64] in which the
authors studied (CGL) for the case 𝛽 = 𝛿. In [50, 395], [373], the authors gave some
evidence for the existence of a radial solution that blows up in a self-similar way,
their arguments were based on the combination of rigorous analysis and numerical
computations. In [470] and [310], the authors rigorously constructed particular
examples of initial data for which the solutions of (CGL) blow up in finite time for
(𝛽, 𝛿) in the subcritical range

♭∗ := 𝑝 − 𝛿2 − 𝛽𝛿(𝑝 + 1), ♭∗ > 0 (subcritical range). (3.1.1)

The constructed blowup solution in the subcritical case admits the asymptotic be-
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havior

𝜓(𝑥, 𝑡) ∼ | log(𝑇 − 𝑡) |𝚤𝜇
[
(𝑇 − 𝑡)

(
𝑝−1+ 𝑐𝑝 |𝑍 |2

) ]− 1+𝚤 𝛿
𝑝−1
, 𝑍 =

𝑥√︁
(𝑇 − 𝑡) | log(𝑇 − 𝑡) |

,

(3.1.2)
where the constants 𝑐𝑝 and 𝜇 are given by

𝑐𝑝 =
(𝑝 − 1)2

4♭∗
> 0 , 𝜇 = − 𝛽(1 + 𝛿2)

2♭∗
. (3.1.3)

The spectral analysis for a non-self-adjoint operator developed in [310] can be
implemented for other problems where an energy-type method is not applicable, see
for example [161]. The blowup for the critical range, ♭∗ = 0, was solved in [348],
[130] following the approach of [310]. The blowup for (CGL) in the supercritical
range, ♭∗ < 0, has recently been solved in [131] for the special choice 𝛽 = 0. We
remark that in the mentioned works ([470], [310], [348], [130], [131]), the authors
focused on the case of dimension 𝑑 = 1, and briefly described the stability properties
of constructed blowup solutions through a spectral approach in a restricted (well-
prepared) class of initial data. One can go further in the spectral analysis to establish
type II singularities, for example, the energy supercritical case for (NLH) in [196]
and for (NLS) in [322].

In this chapter, we aim to develop a new approach based on the dynamical rescaling
formulation and the energy method to study blowup solutions to (CGL). Compared
to the aforementioned works that employ radial scalings to the spatial variable cor-
responding to the scaling symmetry, our approach has the following key novelties.
We introduce novel nonradial, anisotropic scalings to the spatial variable that breaks
the scaling symmetry and incorporates it, along with modulation parameters cap-
turing the symmetries of the equations, to develop a novel generalized anisotropic
rescaling in Step 1 in Subsection 3.1.2. This new approach allows us to use a purely
energy-based method to establish asymptotically self-similar blowup in (CGL) and a
clear notion of stability capturing the logarithm correction (3.1.2) in the subcritical
case for a large class of initial data in all dimensions 𝑑 ≥ 1. Throughout this
chapter, we use the amplitude-phase representation,

𝜓(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)𝑒𝚤𝜃 (𝑥,𝑡) , (3.1.4)

where 𝑢 and 𝜃 are real-valued functions of time and space solving the coupled system

𝜕𝑡𝑢 =
[
Δ − |∇𝜃 |2

]
𝑢 − 𝛽

(
2∇𝑢 · ∇𝜃 + 𝑢Δ𝜃

)
+ 𝑢𝑝 − 𝛾𝑢, (3.1.5a)

𝑢𝜕𝑡𝜃 = 𝛽
[
Δ − |∇𝜃 |2

]
𝑢 + 2∇𝑢 · ∇𝜃 + 𝑢Δ𝜃 + 𝛿𝑢𝑝 . (3.1.5b)
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The case 𝛽 = 0 is related to a class of reaction-diffusion equations appearing in the
study of pattern formation, see for example [186] and references therein.

3.1.1 Main result
For any 𝑘 ≥ 1, we introduce the functional spaces 𝔈𝑘 and 𝔉𝑘

𝔈𝑘 =

{
𝑤 : ∥𝑤∥𝔈𝑘 =

𝑘∑︁
𝑗=0

∥∇ 𝑗𝑤∥𝜌 𝑗 < +∞
}
, 𝔉𝑘 =

{
𝜙 : ∥𝜙∥𝔉𝑘 =

𝑘∑︁
𝑗=1

∥∇ 𝑗𝜙∥ 𝜌̊ 𝑗 < +∞
}
,

(3.1.6)
where ∥ · ∥𝜌𝑘 and ∥ · ∥ 𝜌̊𝑘 stand for the standard weighted 𝐿2-norm with 𝜌𝑘 and 𝜌̊𝑘
being defined as in (3.1.28). Let 𝑈̄ be the universal profile

𝑈̄ (𝑧) =
(
𝑝 − 1 + (𝑝 − 1)2

4♭∗
|𝑧 |2

)− 1
𝑝−1
, ∀ 𝑧 ∈ R𝑑 , (3.1.7)

and 𝑉0 be a non-degenerate global maximizer of 𝑢0 defined by

𝑉0 = arg max 𝑢0(𝑧), 𝑢0(𝑉0) > 0, −∇2𝑢0(𝑉0) ≻ 0, (3.1.8)

where 𝐴 ≻ 0 means that 𝐴 is a positive definite matrix. The main result of this
chapter is the following theorem.

Theorem 3.1.1 (Existence and stability of blowup solutions to (CGL)). Consider
𝛽, 𝛿 in the sub-critical range (3.1.1), i.e. ♭∗ > 0, 𝑝 > 1 and 𝑑 ≥ 1. Let
𝐾 = 𝐾 (𝑑, 𝑝) ∈ N be defined as in (3.1.29). There exists an open set O ⊂ 𝔈𝐾 × 𝔉𝐾

of initial data 𝜓0 = 𝑢0𝑒
𝚤𝜃0 with the property (3.1.8) such that the corresponding

solution 𝜓 = 𝑢𝑒𝚤𝜃 to (CGL) blows up in finite time 𝑇 and the following asymptotic
behaviors hold.

(i) (The amplitude-phase decomposition)


𝐻 (𝑡)𝑢
(
R(𝑡)𝑧+𝑉 (𝑡), 𝑡

)
−𝑈̄ (𝑧)





𝔈𝐾

+



𝜃 (R(𝑡)𝑧+𝑉 (𝑡), 𝑡

)
−𝜇(𝑡)−𝛿 log 𝑈̄ (𝑧)





𝔉𝐾

≤ 𝐶

1 + | log(𝑇 − 𝑡) | ,
(3.1.9)

where 𝐻 (𝑡) and 𝜇(𝑡) are scalar functions, R(𝑡) is an upper triangular matrix and
𝑉 (𝑡) is a vector in R𝑑 ,

lim
𝑡→𝑇

𝐻 (𝑡)𝑝−1

𝑇 − 𝑡 = 1, lim
𝑡→𝑇

R(𝑡)√︁
(𝑇 − 𝑡) | log(𝑇 − 𝑡) |

= I𝑑 , lim
𝑡→𝑇

𝑉 (𝑡) = 𝑉𝑇 , (3.1.10)
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for some 𝑉𝑇 ∈ R𝑑 , and 𝜇(𝑡) admits the expansion2

𝜇(𝑡) = − 𝛿

𝑝 − 1
log(𝑇 − 𝑡) − 𝑑𝛽(1 + 𝛿2)

2♭∗
log | log(𝑇 − 𝑡) | + 𝜇̂(𝑡), lim

𝑡→𝑇
𝜇̂(𝑡) = 𝜇̂𝑇 ,

(3.1.11)
for some scalar function 𝜇̂(𝑡) and 𝜇̂𝑇 ∈ R.

(ii) (𝐿∞ asymptotic behavior)


| log(𝑇−𝑡) |𝚤
𝑑𝛽 (1+𝛿2 )

2♭∗ (𝑇−𝑡)
1+𝚤 𝛿
𝑝−1 𝑒−𝚤 𝜇̂(𝑡) 𝜓(R(𝑡)𝑧+𝑉 (𝑡), 𝑡)−𝑈̄1+𝚤𝛿





𝐿∞

≤ 𝐶

1 + | log(𝑇 − 𝑡) |𝜎′ ,

(3.1.12)
where 𝜎′ = min

{
1, 4

𝑝−1
}

and 𝐶 = 𝐶 (𝑢0, 𝜃0) > 0.

Remark 3.1.2 (Description of the set O of initial data). For initial data 𝑢0 satisfying
the property (3.1.8), we can define an upper triangular matrix M0 with M0,𝑖𝑖 > 03

and the rescaled variables (𝑈0,Θ0)

𝐻0 =
𝜅0

𝑢0(𝑉0)
, M𝑇

0M0 = −𝜅0∇2𝑢0(𝑉0)
𝜅2𝑢0(𝑉0)

= 𝐻0
∇2𝑢0(𝑉0)

𝜅2
, 𝜅0 = 𝑈̄ (0), 𝜅2 = 𝜕2

1𝑈̄ (0),

𝑈0(𝑧) = 𝐻0𝑢0(M−1
0 𝑧 +𝑉0), Θ0(𝑧) = 𝜃0(M−1

0 𝑧 +𝑉0),
(3.1.13)

where 𝑈̄ is defined in (3.1.7). Since ∇𝑢(𝑉0, 0) = 0, by definition, (3.1.13) implies
the following normalization

𝑈0(0) = 𝜅0 = 𝑈̄ (0) , ∇𝑈0(0) = 0 , ∇2𝑈0(0) = ∇2𝑈̄ (0) = 𝜅2𝐼𝑑 . (3.1.14)

Let 𝜈 > 0 be small, 𝜖2 and𝐶𝑏 be defined in (3.1.30) and (3.3.7), the set of initial data
in Theorem 3.1.1 consists of initial data (𝑢0, 𝜃0) satisfying (3.1.8) and its rescaled
variable (𝑈0,Θ0) satisfies

𝑈0𝑈̄
−1−𝜖2 > 2𝐶𝑏, 𝐻

𝑝−1
0 < 𝜈, 𝑢0(𝑉0)−𝑝tr(∇2𝑢0(𝑉0)) < 𝜈, (3.1.15)

and

∥𝑊0∥𝔈𝐾 = ∥𝑈0−𝑈̄∥𝔈𝐾 < 𝜈, ∥Φ0∥𝔉̄𝐾 := ∥Θ0−𝛿 log 𝑈̄∥𝔉𝐾−1+∥⟨𝑧⟩𝐾−
𝑑
2 ∇𝐾 (Θ0−𝛿 log 𝑈̄)∥𝐿2 < 𝜈.

(3.1.16)
2While the 𝔉𝐾 norm in (3.1.9) only involves ∇𝑖𝜙, 𝑖 ≥ 1 and 𝜇(𝑡) does not play a role in (3.1.9),

we keep 𝜇(𝑡) in (3.1.9) to indicate that it captures the phase of 𝜓. See (3.1.11), (3.1.12).
3Simple linear algebra shows that M is uniquely determined.
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The last quantity in (3.1.15) is invariant under the parabolic rescaling: 𝑢0,𝑙 (𝑧) =

𝑙1/(𝑝−1)𝑢0(𝑙1/2𝑧). We will use its smallness to show that the viscous terms are small
compared to the nonlinear terms. The lower bound 𝑈0𝑈̄

−1−𝜖 > 2𝐶𝑏 in (3.1.15)
ensures that 𝑈0(𝑧) ≠ 0 for any 𝑧, without which can lead to low regularity of
rescaled velocity |𝑈 |𝑝 of 𝑢𝑝 (3.1.5a).

Remark 3.1.3 (Positive definiteness of the Hessian of the initial data). While the
limiting blowup profile 𝑈̄ (3.1.7) is isotropic near 𝑧 = 0, we do not need to assume
that the initial data 𝑢0 is isotropic near 𝑉0, i.e., ∇2𝑢0(𝑉0) is close to 𝑐𝐼𝑑 for some
𝑐 ≠ 0. By introducing the upper triangular matrix R(𝑡) in the rescaling (see
(3.2.1)), we can handle a much larger class of initial data with non-degenerate
global maximizer (3.1.8).

Remark 3.1.4. The asymptotics of the blowup solution (3.1.12) recovers the con-
structed result of Masmoudi-Zaag [310] for the case 𝑑 = 1. The set of initial
data leading to the blowup solution described in Theorem 3.1.1 contains different
elements (see Remark 3.1.2) from the one described in [310] which is a subset of
𝐿∞(𝑅) via spectral analysis of a non-selfadjoint linear operator. We note that there
is a free phase-shift 𝜇̂ in (3.1.12) corresponding to the phase invariant of (CGL)
that was fixed to be 𝜇̂(𝑡) = 0 in [310] by a specific choice of initial data through
a topological argument. We remark that the relaxing asymptotics (3.1.10) and
(3.1.11) are natural for rigorous stability analysis in all dimensions 𝑑 ≥ 1 treated
in this chapter.

Note that the asymptotic behavior (3.1.9), (3.1.12) involves the 4 parameter functions
𝐻,R, 𝑉 and 𝜇 (or 𝜇̂) which are responsible for all the symmetries of (CGL).4

Theorem 3.1.1 is stated in terms of the rescaled profiles, with a singular weight at
the origin. We note that the condition (3.1.8) and parameters M0, 𝐻0, 𝑉0 in (3.1.13)
are 𝐶2-stable if the global maximizer is unique. We can therefore simplify the
assumptions in Theorem 3.1.1 to obtain the following stability results with a more
explicit description of the open set of initial data.

Theorem 3.1.5 (Stability of blowup solutions to (CGL)). Let 𝐾 = 𝐾 (𝑑, 𝑝) ∈ N

be defined as in (3.1.29), and H𝐾 ,𝔉𝐾−1 be the norms defined in (3.3.9), (3.1.6).
Suppose that (𝑢0, 𝜃0) satisfies the assumptions (3.1.8), (3.1.15), (3.1.16) and 𝑉0

4Although 𝐻 (𝑡) is absent in (3.1.12), we can replace the factor (𝑇 − 𝑡)1/(𝑝−1) by 𝐻 (𝑡) using
(3.1.10).
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is the unique global maximizer: 𝑢0(𝑉0) > 𝑢0(𝑧) for all 𝑧 ≠ 𝑉0. There exists
𝜖0 = 𝜖0(𝑢0) > 0 such that if

∥𝑢̃0 −𝑢0∥H𝐾 + ∥(𝑢̃0 −𝑢0)𝑈̄−1−𝜖2 ∥𝐿∞ + ∥𝜃0 − 𝜃0∥𝔉𝐾−1 + ∥⟨𝑧⟩𝐾−
𝑑
2 ∇𝐾 (𝜃0 − 𝜃0)∥𝐿2 < 𝜖0,

(3.1.17)
the solution 𝜓̃ = 𝑢̃𝑒𝚤𝜃 to (CGL) with the initial data 𝜓̃0 = 𝑢̃0𝑒

𝚤𝜃0 blows up in finite
time𝑇 . Moreover, there exists 𝐻 (𝑡),R(𝑡), 𝑉 (𝑡), 𝜇(𝑡) satisfying (3.1.10) and (3.1.11)
such that (3.1.9) and (3.1.12) hold for (𝑢̃(𝑡), 𝜃 (𝑡)) with 𝑇 being replaced by 𝑇 .

From the proof of Theorem 3.1.5, it can be shown that 𝜖0 depends on 𝑢0 through its
certain norms. We do not state the dependence explicitly for simplicity.

Remark 3.1.6. The assumptions in Theorems 3.1.1,3.1.5 are satisfied, e.g. for
𝑢0 = 𝐶𝑈̄, 𝜃0 = Θ̄0 with𝐶 sufficiently large. The weighted norms ∥ · ∥H𝐾 (3.3.9) and
∥ · ∥𝔉𝐾 (3.1.6) are well-defined for sufficiently smooth functions with fast decay. We
do not require that 𝑢0 − 𝑢̃0 agrees up to O(|𝑧 − 𝑉0 |𝑘 ), 𝑘 > 0 near the maximizer 𝑉0

of 𝑢0.

3.1.2 Dynamic rescaling formulation with extra modulation parameters
The dynamic rescaling formulation or the modulation technique was developed
to study singularity formation in the nonlinear Schrödinger equation [315], [263]
numerically and various nonlinear PDEs; see the comprehensive references on
(NLH), (NLS), and related models in [380], [147]. Recently, researchers also
generalized this technique for fluid mechanics [72, 73, 74], [135]. We can establish
singularity in two steps. Firstly, one constructs an approximate steady state of the
dynamic rescaling equation (analytically or numerically). Secondly, one performs
linear and nonlinear stability analysis for perturbation around the approximate steady
state with appropriate normalization conditions. The law of blowup will then be
prescribed by the normalizing constants. One can establish stability using a 𝐿2-
based [76, 75] or 𝐿∞-based [73] argument. In these arguments, one of the crucial
steps is to design appropriate singular weights depending on the profile, and then
use the weights to derive damping terms for the energy estimates. The approach
does not require an explicit profile and is robust to small perturbations, which makes
it possible to combine weighted energy estimates for stability analysis, a numerical
implicit profile, and computer-assisted proofs to construct blowup solutions. See
for example, [73, 74] for applications in 3D incompressible Euler equations with
smooth data and [76, 75], [70], [219] for related 1D models.
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In [218], the authors generalized the 𝐿2-based methodology to establish a type-I
blowup for the semilinear heat equation beyond the self-similar setting where there is
a logarithm correction in the self-similar scaling for the spatial variable. Compared
with previous works [45], [197], [324], [115], [310] where the authors heavily relied
on a spectral analysis with detailed properties of the associated linearized operator
to establish the existence and stability, we simply suppress unstable directions and
neutral modes via a clear characterization of weighted Sobolev spaces, without us-
ing Brouwer’s fixed-point theorem or a topological argument. The correct Type I
blowup rate is automatically inferred by enforcing proper vanishing conditions of the
perturbation. We remark that for Type I blowup, there is indeed a link between the
vanishing conditions at the origin and the vanishing coefficients projected onto the
unstable and neutral spectral eigenfunctions. It is worth mentioning that the method
used in [218] shares a similar approach to that of [115], where the authors employed
self-similar variables and derived the blowup law by imposing orthogonality condi-
tions on the perturbation with respect to the eigenfunctions (Hermite polynomials)
of the associated linear operator in an exponentially weighted 𝐿2 space. In particu-
lar, these orthogonality conditions are analogous to the vanishing conditions at the
origin in the correct blowup variables considered in [218]. A further explanation of
this connection is discussed in Step 2 in Section 3.1.3.

A generalized dynamical rescaling formulation with extra modulation param-
eters5. In this article, we further generalize the above framework and the ideas in
[218]. In particular, it consists of three main steps:

Step 1 (Renormalization with extra modulation parameters): The renormalization is
an essential step in the study of nonlinear PDEs with symmetries including incom-
pressible/compressible fluids equations. For the equation (CGL), there are trivial
symmetries (see Section 3.2.1) from which we introduce the following renormaliza-
tion in terms of the amplitude-phase representation 𝜓(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)𝑒𝚤𝜃 (𝑥,𝑡) ,

𝑈 (𝑧, 𝜏) = 𝐻 (𝜏)𝑢
(
R(𝜏)𝑧+𝑉 (𝜏), 𝑡 (𝜏)

)
, Θ(𝑧, 𝜏) = 𝜃

(
R(𝜏)𝑧+𝑉 (𝜏), 𝑡 (𝜏)

)
, 𝑡 (𝜏) =

∫ 𝜏

0
𝐻𝑝−1(𝑠)𝑑𝑠,

(3.1.18)
where R(𝜏) ∈ R𝑑×𝑑 is a upper triangular matrix, 𝑉 (𝜏) ∈ R𝑑 and 𝐻 (𝜏) ∈ R+. Here,
𝐻 is responsible for time, 𝑉 for spatial translation.

5The modulation parameters are also known as normalization constants in the dynamic rescaling
formulation.
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The key novelty is that in addition to modulation parameters corresponding to the
symmetries, we introduce extra anisotropic modulation parameters. Instead of
applying the same rescaling to 𝑧𝑖, we rescale 𝑧𝑖 with different but similar scalings
following the ideas [218]. See also a recent work [211] on the generalized Navier-
Stokes equations, in which the author developed a generalized dynamic rescaling
formulation by using different rescalings for the 𝑟 and 𝑧 directions respectively
and a self-similar blowup was observed numerically. In the case of (CGL), we
rescale 𝑧𝑖 with scaling slightly perturbed from the parabolic scaling. We remark
that the choices of different scalings for 𝑧𝑖 violate the scaling symmetries. Yet, in
the case of (CGL), we will show that the violation is asymptotically small and R(𝜏)
converges to 𝑐(𝜏)𝐼𝑑 asymptotically for some scalar function 𝑐(𝜏). Therefore, the
above renormalization (3.1.18) asymptotically agrees with the classical dynamical
rescaling formulation [73, 74], [76, 75]. These extra parameters provide us extra
𝑑−1 degrees of freedom, and we have crucial 1+𝑑+ 𝑑 (𝑑+1)

2 degrees of freedom in total
in choosing the dynamic variables 𝐻 (𝜏), 𝑉 (𝜏),R(𝜏). A natural idea to represent
the scaling in 𝑧𝑖 and capture the rotation symmetries is to choose R(𝜏) = 𝐷 (𝜏)𝑄(𝜏)
with a diagonal matrix 𝐷 and an orthogonal matrix 𝑄. Yet, it is challenging
to parametrize a time-dependent orthogonal matrix in R𝑑×𝑑 . We overcome this
difficulty by using the upper triangular matrix R(𝜏) with 𝑑 (𝑑+1)

2 parameters.

To determine these modulation parameters, we impose normalization conditions on
∇𝑖𝑈 (0), 𝑖 = 0, 1, 2, so that the perturbation of𝑈 vanishes 𝑂 ( |𝑧 |3) near 𝑧 = 0 and we
can perform weighted energy estimates mentioned above. Note that the number of
(different) equations and that of the degrees of freedom are exactly the same. For
(CGL), these conditions allow us to completely eliminate the unstable and neutrally
stable modes of the linearized operator. See Step 2 in Section 3.1.3 for more details.

Step 2 (Equations of the profiles and modulation parameters): We derive the equa-
tions of 𝐹 = (𝑈,Θ) and matrix (or vectors) Q(𝜏) governing the modulation param-
eters R(𝜏), 𝑉 (𝜏), 𝐻 (𝜏),

𝜕𝜏𝐹 = 𝒩𝐹 (𝐹,Q), 𝑑

𝑑𝜏
Q = 𝒩Q (𝐹,Q), (3.1.19)

where 𝒩𝐹 is a nonlinear function and 𝒩Q is a matrix. Then the rescaling system
is completely determined, and we further construct the approximate steady state
(𝐹̄, Q̄) analytically or numerically.

Step 3 (Stability analysis and the log correction): In general, we do not know a-
priori that the approximate steady state (𝐹̄, Q̄) is stable in some suitable topology.
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Nevertheless, if we can establish stability of (𝐹̄, Q̄) following the strategy mentioned
above and𝐻 (𝜏)𝑝−1 is integrable, then we can obtain finite time blowup using (3.1.18)
and the law of blowup will then be prescribed by the normalizing constants.

For (CGL), we will use the energy method with an energy 𝐸 for the perturbation
𝐹 − 𝐹̄ to establish

𝑑

𝑑𝜏
𝐸 ≤ −𝑐1 · 𝐸 + 𝐶tr(Q) + 𝑙.𝑜.𝑡., 𝑑

𝑑𝜏
tr(Q) ≤ −𝑐2 · tr(Q)2 + 𝑙.𝑜.𝑡.,

for some 𝑐1, 𝑐2, 𝐶 > 0, where Q is a positive definite matrix and 𝑙.𝑜.𝑡. denotes
some terms that are very small. The second ODE of tr(Q) further implies that
|tr(Q)| ≲ (1 + 𝜏)−1. A further refinement of this algebraic decay in the self-similar
time implies a log correction log(𝑇 − 𝑡) in the blowup rate. We will elaborate more
in Step 2 in Section 3.1.3.

One can thus hope to combine the above method for a log correction and the
framework [73, 74] to problems with numerical steady states, while spectral analysis
heavily hinges on a simple and analytical approximate steady state with explicit
(nonlinear heat [324]) or at least asymptotical spectral information of the linearized
operator (Keller-Segel [92]). For example, constructing a smooth (approximate)
steady state in the dynamic rescaling equations analytically for 3D incompressible
Euler or Navier-Stokes equations (NSE) is challenging and remains an open problem.
On the other hand, constructing a numerical approximate steady state with computer-
assistance is much more feasible. See [73, 74], [450], [445] for the construction in
3D Euler equations. For NSE, self-similar blowup with a perfect self-similar scaling
has been ruled out [433], [341]. Yet, one can construct a blowup violating these
non-blowup results by adding a log correction in the spatial variable. See numerical
evidence on the singular behavior of NSE with a potential logarithm correction in
the potential blowup by the second author [213].

3.1.3 Ideas of the blowup analysis
We first discuss some of difficulties in the study of singularity formation in (CGL).
Then we follow the generalized dynamic rescaling framework to establish the ex-
istence and stability of asymptotically self-similar blowup solutions to (CGL) by
briefly discussing the strategy and main ideas of our analysis.

Difficulties: Compared with (NLH) or (NLS), the analysis for the complex Ginzburg-
Landau equation (CGL) has the following additional challenges.
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1. The complex Ginzburg-Landau equation (CGL) is not of a gradient form, render-
ing energy estimates hard. To overcome this challenge, we use the amplitude-phase
representation (3.1.4), (3.1.5) to analyze (CGL).

2. We remove the even symmetry assumption of the perturbation required in [218]
to recover full stability. Without the even symmetry assumption, we have more
potentially unstable modes for the linearized operator. We control these unstable
modes using the generalized dynamic rescaling formulation in Step 1 in Section
3.1.2.

3. We consider the whole range of the nonlinearity 𝑝 > 1. For the analysis of
the phase equation (3.1.5b) and the nonlinearity 𝑢𝑝 (3.1.5a), (3.1.5b), we need to
bound the rescaled amplitude𝑈 from below, which we establish using the maximal
principle and a weighted 𝐿∞ estimate. Due to the non-integer power 𝑝 to control
∇𝐾 (𝑈 𝑝) in the 𝐻𝐾 estimate, which leads to terms like 𝑈 𝑝−𝐾 (∇𝑈)𝐾 , we need to
obtain sharp decay estimates for ∇𝑖𝑈. This is done by choosing an almost tight
power in the far field of the weight for the weighted 𝐻𝑘 energy estimates and using
interpolation and embedding inequalities following [78]. An additional difficulty
comes from the coupling between 𝑢, 𝜃 in the viscous terms in (3.1.5a), (3.1.5b). We
design the top order energy with a special algebraic structure to cancel out the top
order terms and show that the viscous terms have a good sign. See Step 3(b) in
Section 3.1.3.

Ideas and strategy: We briefly discuss the strategy and main ideas of our analysis.

Step 1 (Dynamical rescaling formulation): We follow Step 1 in Section 3.1.2 to
perform the rescaling (3.1.18). Then, we introduce the following factors governing
the evolution of these parameters

𝐻𝜏

𝐻
= 𝑐𝑈 , 𝑐𝑈 = − 1

𝑝 − 1
+ 𝑐𝑊 , M = 𝑒−

𝜏
2 R−1, V = −R−1𝑉𝜏, P = M𝜏M−1.

(3.1.20)

Step 2 (Normalization and vanishing conditions): Let 𝑈̄ be the profile defined in
(3.1.7). To determine the law for the parameter functions 𝐻 (𝜏), 𝑉 (𝜏),R(𝜏), we
enforce the following normalization conditions on the amplitude𝑈:

𝑘 = 0, 1, 2, ∇𝑘𝑈 (0, 𝜏) = ∇𝑘𝑈̄ (0). (3.1.21)
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Since ∇2𝑈 ∈ R𝑑×𝑑 is symmetric, we have 1 + 𝑑 + 𝑑 (𝑑+1)
2 different equations, which

match the degrees of freedom of the dynamic variables exactly. The above conditions
determine the initial modulation parameters 𝐻 (0),R(0), 𝑉 (0) and the leading order
system of 𝑐𝑊 ,P,V (3.1.20)

𝑐𝑊 =
2(1 − 𝛽𝛿)

4♭∗
tr(Q) +𝑂 (E0), V = 𝑂 (E0), P = 𝑂 ( |Q| + E0), where Q = 𝐻𝑝−1𝑒𝜏MM𝑇 ,

(3.1.22)
where E0 tracks some lower order terms depending on the perturbation (𝑊,Φ)
(3.1.24a), (3.1.24b) and Q. The main unknown Q ∈ R𝑑×𝑑 (a positive definite
matrix) solves the following ODE

𝑑

𝑑𝜏
tr(Q) = −tr(Q2) +𝑂 (E0 |Q|) ≤ −1

𝑑
(tr(Q))2 +𝑂 (E0 |Q|). (3.1.23)

From (3.1.23), (3.1.22), (3.1.20), we can control all the modulation parameters. A
refined estimate using tr(Q) and tr(Q−1) yields Q = 1

𝜏
I𝑑 +𝑂 (𝜏−3/2+), together with

an asymptotic refinement of the phase yield the asymptotics in Theorem 3.1.1. See
Section 3.2.3 for deriving (3.1.22), Section 3.4 for the estimates ofQ and Proposition
3.4.2 for the refinement of the phase.

Roughly speaking, imposing (3.1.21) for 𝑈 is equivalent to imposing local orthog-
onality conditions for the perturbation𝑊 = 𝑈 − 𝑈̄ to 1, 𝑧𝑖, 𝑧𝑖𝑧 𝑗 , 1 ≤ 𝑖, 𝑗 ≤ 𝑑. These
functions are all the neutrally stable and unstable modes of 𝐿 = Id − 1

2 𝑧 · ∇, which
behaves similarly to the main linearized operator ℒ𝑈̄ in (3.1.24a) for |𝑧 | small. We
then get a damping in the weighted 𝐿2 energy estimate.

Step 3 (Stability analysis): We linearize (𝑈,Θ) around the approximate steady state
(𝑈̄, Θ̄) defined in (3.1.7) and (3.1.27) and obtain the equations for the perturbation
𝑊 = 𝑈 − 𝑈̄,Φ = Θ − Θ̄,

𝑊𝜏 = ℒ𝑈̄𝑊 +ℱ𝑈 +𝒩𝑈 +𝒟𝑈 , ℒ𝑈̄𝑊 =
(
− 1
𝑝 − 1

+ 𝑝𝑈̄ 𝑝−1 − 1
2
𝑧 · ∇

)
𝑊,

(3.1.24a)

Φ𝜏 = −1
2
𝑧 · ∇Φ +ℱΘ +𝒩Θ +𝒟Θ, (3.1.24b)

where ℱ𝑈 ,𝒩𝑈 ,𝒟𝑈 ,ℱΘ,𝒩Θ,𝒟Θ are small residue, nonlinear, and viscous terms
(3.3.3), and will be treated perturbatively. Below, we outline the stability estimates
and focus on the linear part and the viscous terms.

(a) Estimates of the (𝑊,Φ) : ℒ𝑈̄ to the leading order is the linearized equation for
the Riccati equation or the semilinear heat equation. With the vanishing conditions
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∇𝑘𝑊 = 0, 𝑘 = 0, 1, 2 (3.1.21), we obtain its stability using weighted 𝐻𝑘 estimates
with singular weights. See [218] in the case of 𝑝 = 2 and [77], [76, 75], [70].

The right-hand side of (3.1.24) only involves ∇Φ, which enjoys better stability. We
estimate ∇Φ by performing a similarly weighted 𝐻𝑘 estimate (starting from 𝑘 = 1)
on (3.1.24b) and exploiting the term −1

2 𝑧 · ∇Φ.

In the nonlinear estimates and the estimates of the phase, we need to control 1/𝑈.
We use the maximal principle and a weighted 𝐿∞ estimate to obtain a lower bound
of𝑈.

(b) Estimates of the viscous terms: For the viscous terms 𝒟𝑈 ,𝒟Θ (3.2.9), the main
difficulty is the coupling between 𝑈 and Θ. At the top 𝐻𝐾 estimate, the highest
order derivative terms read

∇𝐾𝒟𝑈 = ΔQ∇𝐾𝑈 − 𝛽𝑈ΔQ∇𝐾Θ + 𝑙.𝑜.𝑡. := 𝐼1 + 𝐼2 + 𝑙.𝑜.𝑡.,

∇𝐾𝒟Θ = 𝛽
ΔQ∇𝐾𝑈
𝑈

+ ΔQ∇𝐾Θ + 𝑙.𝑜.𝑡. := 𝐼3 + 𝐼4 + 𝑙.𝑜.𝑡.,

where ΔQ𝐹 is a weighted elliptic operator defined in (3.2.6). The terms 𝐼1, 𝐼4
lead to damping terms of ∇𝐾+1𝑈 and ∇𝐾+1Θ via integration by parts. To control
𝐼2, 𝐼3, we exploit their cancellation using the energy 𝐽1 below with some weight 𝜌𝐾
independent of𝑈,Θ and couple their estimates in 𝐽2

𝐽1 =

∫
( |∇𝐾𝑊 |2+𝑈2 |∇𝐾Φ|2)𝜌𝐾 , 𝐽2 =

∫
((−𝛽𝑈ΔQ∇𝐾Θ)·∇𝐾𝑈+(𝛽

ΔQ∇𝐾𝑈
𝑈

)·𝑈2∇𝐾Φ)𝜌𝐾 .
(3.1.25)

Applying integration by parts, 𝐽2 reduces to some lower order terms and we can
close the viscous estimates. For estimates of intermediate-order terms, we use
interpolation inequalities following [78].

(c) Choosing the weights: To extract damping in the energy estimates, we need to
design various suitable weights. The weights (3.1.28) for𝑊 are very similar to those
of the semilinear heat equation [218]. They are singular near 𝑧 = 0 for the lower
order energy estimates and regular for the top order energy estimates so that the
viscous terms will have a good sign. In addition, we choose an almost optimal rate
at the infinity for these weights to obtain a sharp decay estimate for (𝑊,Φ) using
interpolation and embedding following [78].

Organization of the chapter: The rest of the chapter is organized as follows. In
Section 3.2, we introduce the generalized dynamic rescaling formulation using the
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symmetries of (CGL) and derive the ODEs governing the modulation parameters.
Section 3.3 is devoted to the stability analysis of the profile. In Section 3.4, we
establish the asymptotics of the blowup rate. In Section 3.4.3, we prove Theorem
3.1.1 and Theorem 3.1.5.

Notations: We use 𝚤 to denote the imaginary number, 𝑓 to denote approximate
profiles for the variable 𝑓 , e.g.,𝑈̄, rather than conjugates, and (·, ·) to denote the inner
product on R𝑑: ( 𝑓 , 𝑔) =

∫
R𝑑 𝑓 𝑔. For a weight 𝜌, we denote ∥ 𝑓 ∥𝜌 = ( | 𝑓 |2, 𝜌)1/2.

For matrix notations, we use tr(𝑅) to denote the trace of a matrix 𝑅, T𝑢 (𝑅) to denote
the upper triangular part of 𝑅; namely (T𝑢 (𝑅))𝑖 𝑗 = 𝑅𝑖 𝑗1𝑖≤ 𝑗 . We use 𝛿𝑖 𝑗 = 1𝑖= 𝑗 to
denote the Kronecker delta function, and |T| := (∑𝑖 T2

𝑖
)1/2 with summation over

all entries T𝑖 to denote the tensor norm of a tensor T, e.g., higher-order derivatives
∇𝑘 𝑓 . We use 𝐶 to denote an absolute constant only dependent on the constants
𝑝, 𝛽, 𝛿, 𝛾 and the dimension 𝑑, which may vary from line to line. 𝐶 (𝜇) denotes a
constant depending on 𝜇. We denote 𝐴 = 𝑂 (𝐵) or 𝐴 ≲ 𝐵 if there exists an absolute
constant 𝐶 > 0, such that |𝐴| ≤ 𝐶𝐵, and denote 𝐴 ≈ 𝐵 if 𝐴 ≲ 𝐵 and 𝐵 ≲ 𝐴.
Furthermore, we denote

Λ = 𝑧 · ∇, ⟨𝑧⟩ =
√︁

1 + |𝑧 |2 . (3.1.26)

Parameters and special functions: We introduce

Θ̄ =
𝛿

𝑝 − 1
𝜏 + 𝛿 log 𝑈̄ , 𝑐𝑝 =

(𝑝 − 1)2

4♭∗
, 𝜎 = − 2

𝑝 − 1
. (3.1.27)

We choose the weights for the 𝐻𝑘 estimates as follows:

𝜌𝑘 = |𝑧 |−6+𝜖−𝑑+2𝑘 + 𝑐0 |𝑧 |−2𝜎−𝜖−𝑑+2𝑘 , 0 ≤ 𝑘 ≤ 𝑑 + 5
2

, 𝜌𝑘 = 1 + 𝑐1 |𝑧 |−2𝜎−𝜖−𝑑+2𝑘 ,
𝑑 + 5

2
< 𝑘 ,

𝜌̊𝑘 = |𝑧 |2𝑘−1−𝑑 , 0 < 𝑘 ≤ 𝑑

2
, 𝜌̊𝑘 = 1 + |𝑧 |2𝑘−1−𝑑 ,

𝑑

2
< 𝑘 < 𝐾 , 𝜌̊𝐾 = 𝑈2𝜌𝐾 ,

(3.1.28)
where we determine the constants in the following order:

𝐾 = 2𝑑 + 4 + 2
⌈

𝑝 + 1
min{𝑝 − 1, 𝑐𝑝}

⌉
, (3.1.29)

𝜖= min{ 𝑝 − 1
5(𝑝 + 3) (𝐾 + 𝑝) ,

4
5(𝑝 + 3) (𝐾 + 𝑝) }, 𝜖2 =

(𝑝 − 1)𝜖
4

. (3.1.30)

For 𝑐0, 𝑐1 used in (3.1.28), we determine 𝑐0 via (3.3.26) and 𝑐1 via (3.3.47). Note
that 𝑐0, 𝑐1 only depends on 𝐾, 𝜖, 𝑝, 𝛿. Hence, they are considered as fixed constants
throughout the chapter.
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3.2 Generalized dynamical rescaling formulation
In this section, we introduce a generalized dynamic rescaling formulation and de-
compose the complex Ginzburg-Landau equation into the equation of the phase and
the amplitude. We will consider a linearization around the approximate profiles and
choose the modulation parameters based on the vanishing conditions. Finally, we
will estimate the ODE of the modulation parameters.

3.2.1 Symmetries and renormalization
We exploit the following symmetries of equation (CGL) to study stability for general
perturbation, which will motivate our choice of rescaling. If 𝜓(𝑥, 𝑡) solves (CGL),
all of the following also solves (CGL):

1. Phase shift: 𝜓𝑎 (𝑥, 𝑡) := 𝑒𝚤𝑎𝜓(𝑥, 𝑡), for 𝑎 ∈ R.

2. Parabolic scaling for 𝛾 = 0: 𝜓𝑙 (𝑥, 𝑡) := 𝑙1/(𝑝−1)𝜓(𝑙1/2𝑥, 𝑙𝑡), for 𝑙 ∈ R.

3. Translation: 𝜓𝑏 (𝑥, 𝑡) := 𝜓(𝑥 − 𝑏, 𝑡), for 𝑏 ∈ R𝑑 .

4. Rotation: 𝜓𝑅 (𝑥, 𝑡) := 𝜓(𝑅𝑥, 𝑡), for orthogonal matrix 𝑅𝑅𝑇 = 𝐼𝑑 .

We use the symmetry groups of the parabolic scaling via a rescale in amplitude, of
the translation via a shift in space, and of the rotation via a rotation and rescaling
in the spatial variable parametrized by an upper triangular matrix. In sum, we can
exploit modulation with 1+𝑑+ (𝑑+1)𝑑

2 degree of freedom. The phase shift invariance
corresponding to a constant addition in Θ is taken care of in (3.1.11) and (3.1.12).
It is irrelevant to the dynamical modulation of stability since the right-hand sides
of (3.1.5a) and (3.1.5b) only involve the derivatives of Θ. We remark that the
modulation of symmetries due to Galilean transformations, including the rotation
symmetry, has been used successfully to obtain shock formation in compressible
Euler equations with fine characterization [48]. Below, we will use a general
upper triangle matrix, which simplifies the parametrization of the time-dependent
orthogonal matrix.

For solution𝜓 to (CGL), we consider the amplitude-phase form𝜓(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)𝑒𝚤𝜃 (𝑥,𝑡) ,
where 𝑢(𝑡) : 𝑥 ∈ R𝑑 → R+ and 𝜃 (𝑡) : 𝑥 ∈ R𝑑 → R. For the amplitude 𝑢 and phase
𝜓, we introduce the generalized dynamic rescaling formulation

𝑈 (𝑧, 𝜏) = 𝐻 (𝜏)𝑢
(
R(𝜏)𝑧+𝑉 (𝜏), 𝑡 (𝜏)

)
, Θ(𝑧, 𝜏) = 𝜃

(
R(𝜏)𝑧+𝑉 (𝜏), 𝑡 (𝜏)

)
, (3.2.1)
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where the main unknown parameter functions are R ∈ C1 ([𝜏0, +∞),R𝑑×𝑑
)

a non
degenerate upper triangular matrix, 𝑉 ∈ C1 ([𝜏0, +∞),R𝑑

)
and 𝐻 is given by

𝐻 = 𝐻 (0) exp (
∫ 𝜏

0
𝑐𝑈 (𝑠)𝑑𝑠) , 𝑡 (𝜏) =

∫ 𝜏

0
𝐻𝑝−1(𝑠)𝑑𝑠 . (3.2.2)

In a compact form, we have

𝑈 (𝑧, 𝜏)𝑒𝚤Θ(𝑧,𝜏) = 𝐻 (𝜏) (𝑢𝑒𝚤𝜃)
(
R(𝜏)𝑧 +𝑉 (𝜏), 𝑡 (𝜏)

)
, 𝜓 = 𝑢𝑒𝚤𝜃 . (3.2.3)

We decompose the solution into the approximate steady states (3.1.27), with pertur-
bations𝑊,Φ:

𝑈 = 𝑈̄ +𝑊 , Θ = Θ̄ +Φ , 𝑐𝑈 = − 1
𝑝 − 1

+ 𝑐𝑊 , 𝐻 = 𝑒
− 𝜏
𝑝−1𝐶𝑊 . (3.2.4)

If R(𝜏) is a scalar factor and𝑉 = 0, (3.2.3) reduces to the standard dynamic rescaling
formulation, see e.g., [75, 76, 72]. If R(𝜏) is a diagonal matrix and𝑉 = 0, it reduces
to a formulation similar to [218]. We will show that R is close to some identity
matrix and 𝑉 is some lower order term.

We first compute the spatial derivative

∇𝑈 = 𝐻𝑒−𝚤Θ∇𝜓R − 𝚤𝐻𝜓𝑒−𝚤Θ∇Θ ,

∇2𝑈 = 𝐻𝑒−𝚤ΘR𝑇∇2𝜓R−𝚤𝐻𝑒−𝚤Θ(∇𝜓R∇Θ𝑇+∇ΘR𝑇∇𝜓𝑇 )−𝐻𝜓𝑒−𝚤Θ∇Θ∇Θ𝑇−𝚤𝐻𝜓𝑒−𝚤Θ∇2Θ .

We then write from (CGL) the equation for𝑈,

𝑈𝜏 = −𝚤Θ𝜏𝑈 + 𝑐𝑈𝑈 − (1
2
𝑧 + P𝑧 + V) · ∇𝑈 − 𝚤𝑈 (1

2
𝑧 + P𝑧 + V) · ∇Θ + (1 + 𝚤𝛿)𝑈 𝑝 − 𝐶 𝑝−1

𝑈
𝛾𝑈

+ (1 + 𝚤𝛽) (ΔQ𝑈 + 2𝚤⟨∇𝑈,∇Θ⟩Q −𝑈⟨∇Θ,∇Θ⟩Q + 𝚤𝑈ΔQΘ) ,

where P,V are related to the matrix R as

M = 𝑒−𝜏/2R−1, V = −R−1𝑉𝜏, P = M𝜏M−1, Q := 𝐶 𝑝−1
𝑊

MM𝑇 , (3.2.5)

and we use the notation

ΔQ 𝑓 := tr(Q∇2 𝑓 ) , ⟨𝑥, 𝑦⟩Q := 𝑥𝑇Q𝑦 , ∀𝑥, 𝑦 ∈ R𝑑 . (3.2.6)

Taking the real and imaginary parts we arrive at the following equations for 𝑈 and
Θ:

𝑈𝜏 = 𝑐𝑈𝑈 − (1
2
𝑧 + P𝑧 + V) · ∇𝑈 +𝑈 𝑝 − 𝐶 𝑝−1

𝑈
𝛾𝑈 +𝒟𝑈 , (3.2.7)

Θ𝜏 = −(1
2
𝑧 + P𝑧 + V) · ∇Θ + 𝛿𝑈 𝑝−1 +𝒟Θ , (3.2.8)
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where 𝒟𝑈 and 𝒟Θ consist of the viscous terms and the nonlinear quadratic term we
define the viscous terms as follows:

𝒟𝑈 = ΔQ𝑈 − 2𝛽⟨∇𝑈,∇Θ⟩Q −𝑈⟨∇Θ,∇Θ⟩Q − 𝛽𝑈ΔQΘ , (3.2.9a)

𝒟Θ = 𝛽
ΔQ𝑈

𝑈
+ 2

⟨∇𝑈,∇Θ⟩Q
𝑈

− 𝛽⟨∇Θ,∇Θ⟩Q + ΔQΘ . (3.2.9b)

We will show that the diffusion and Q, 𝑐𝑊 ,V,P, 𝐻𝑝−1 are lower order terms. See
Remark 3.2.2. Dropping these terms and setting 𝜕𝜏𝑈 = 0, we obtain the leading
order parts of (3.2.7) and (3.2.8):

− 1
𝑝 − 1

𝑈̄ − 1
2
Λ𝑈̄ + 𝑈̄ 𝑝 = 0 , Θ̄𝜏 = −1

2
ΛΘ̄ + 𝛿𝑈̄ 𝑝−1 ,

whose solution are given by the approximate profiles (𝑈̄, Θ̄) defined in (3.1.7),
(3.1.27).

3.2.2 Initial rescaling and normalization conditions
We will choose some proper initial modulation parameters 𝐻 (0), 𝑉 (0),M(0) and
the dynamic variables 𝑐𝑊 ,V,P such that the perturbation 𝑊 vanishes to the third
order. We denote the following constants

𝜅0 = 𝑈̄ (0) = (𝑝 − 1)−
1
𝑝−1 , 𝜅2 = 𝜕2

1𝑈̄ (0) = −
2𝑐𝑝𝜅0

(𝑝 − 1)2 , 𝜅4 = 𝜕4
1𝑈̄ (0) =

12𝑝𝑐2
𝑝𝜅0

(𝑝 − 1)4 .

(3.2.10)

Given initial data (𝑢, 𝜃) (3.2.3) satisfying (3.1.8), we first defineM0, 𝑉0, 𝐻 (0),Θ0,𝑈0

using (3.1.13). Then we determine other initial rescalings and initial data using

𝑉 (0) = 𝑉0, M(0) = M0, R(0) = M−1
0 , Θ(𝑧, 0) = Θ0(𝑧), 𝑈 (𝑧, 0) = 𝑈0(𝑧).

We impose the following normalization conditions in time as

𝑈 (0, 𝜏) = 𝑈̄ (0) = 𝜅0 , ∇𝑈 (0, 𝜏) = ∇𝑈̄ (0) = 0 , ∇2𝑈 (0, 𝜏) = ∇2𝑈̄ (0) = 𝜅2𝐼𝑑 .

From (3.1.14), the above holds for 𝜏 = 0. By the ansatz (3.2.3), it reduces a
dynamical condition in time

𝜕𝜏∇𝑘𝑈 (0, 𝜏) = 0 , 𝑘 = 0, 1, 2 ,

which we can use (3.2.7) to simplify as

𝑐𝑈 + 𝜅𝑝−1
0 − 𝐻𝑝−1𝛾 + 𝒟𝑈 (0)

𝜅0
= 0,

𝜅2V = ∇𝒟𝑈 (0),

(𝑐𝑈 − 1 + 𝑝𝜅𝑝−1
0 − 𝐻𝑝−1𝛾)𝛿𝑖 𝑗 − (P𝑖 𝑗 + P 𝑗𝑖) +

𝜕𝑖 𝑗𝒟𝑈 (0) − V · ∇𝜕𝑖 𝑗𝑈 (0)
𝜅2

= 0 ,
(3.2.11)
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for any indices 𝑖, 𝑗 . Notice that the inverse of an upper-triangular matrix is still
upper-triangular, and as a consequence P = M𝜏M−1 is upper-triangular. We can
further simplify the equations for 𝑐𝑈 and P by the ansatz (3.2.4) as follows:

𝑐𝑊 = −𝒟𝑈 (0)
𝜅0

+𝐻𝑝−1𝛾 , (1+𝛿𝑖 𝑗 )P𝑖 𝑗 = −𝒟𝑈 (0)
𝜅0

𝛿𝑖 𝑗 +
𝜕𝑖 𝑗𝒟𝑈 (0) − V · ∇𝜕𝑖 𝑗𝑊 (0)

𝜅2
,

(3.2.12)
for any 𝑖 ≤ 𝑗 . We will estimate equations (3.2.12) and (3.2.11) in the next subsection.

3.2.3 ODE for the modulation parameters
In this subsection, we simplify equations (3.2.12) and (3.2.11) to derive a leading
order ODE. We will treat the perturbations 𝑊,Φ as low-order terms and estimate
them in Section 3.3. Denote

Γ = max
0≤𝑘≤5,1≤𝑙≤5

(∥∇𝑘𝑊 ∥∞, ∥∇𝑙Φ∥∞) , E0 = |Q|(Γ + Γ4) + 𝐻𝑝−1. (3.2.13)

Clearly, we have Γ𝑖 |𝑄 | ≲ E0, 1 ≤ 𝑖 ≤ 4. We use E0 to track some lower order terms.

Lemma 3.2.1. We have the following estimates for the modulation parameters:

𝑐𝑊 =
2(1 − 𝛽𝛿)
(𝑝 − 1)2 𝑐𝑝tr(Q) + O(E0) , V = O(E0) , (3.2.14)

and

P = O(|Q|(1 + Γ4) +𝐻𝑝−1) , Q𝜏 = −(Q𝑢 +
1
2
Q𝑑)Q − Q(Q𝑇𝑢 +

1
2
Q𝑑) + O(E0 |Q|),

(3.2.15)
where Q𝑢,Q𝑑 are the strictly upper part and diagonal part of Q.

Remark 3.2.2. Formally to the leading order when we take the trace, we have

tr(Q)𝜏 ≈ −tr(Q2) , tr(Q−1)𝜏 ≈ −𝑑 .

Recall that Q = 𝐶
𝑝−1
𝑊

MM𝑇 is positive. We can estimate tr(Q), tr(Q−1) and obtain
Q ≈ 𝜏−1I𝑑 . Therefore Q, 𝑐𝑊 ,V,P are indeed small and the viscous terms can be
treated perturbatively. We will make this heuristic rigorous by choosing 𝐻 (0) =

𝐶𝑊 (0) small; see Section 3.3.6. Although we allow anisotropicity in the initial data,
the profile will converge to a isotropic one, i.e. Q will converge to a diagonal matrix.

Proof. Notice that by (3.2.9a), we have

𝒟𝑈 = tr(Q𝑆1) , 𝑆1 = ∇2𝑈 − 2𝛽∇𝑈∇Θ𝑇 −𝑈∇Θ∇Θ𝑇 − 𝛽𝑈∇2Θ . (3.2.16)
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We can simplify (3.2.12) by an asymptotic expansion of 𝑆1 near the origin up to the
second order.

𝑈̄ = 𝜅0 +
𝜅2

2
|𝑧 |2 + 𝜅4

24
|𝑧 |4 +𝑂 ( |𝑧 |6) , ∇Θ̄ =

𝛿

𝑈̄
∇𝑈̄ = 𝛿

𝜅2

𝜅0
𝑧 +𝑂 ( |𝑧 |3) ,

∇2𝑈̄ = 𝜅2𝐼𝑑 +
𝜅4

6
|𝑧 |2𝐼𝑑 +

𝜅4

3
𝑧𝑧𝑇 +𝑂 ( |𝑧 |4) ,

∇2Θ̄ =
𝛿

𝑈̄
∇2𝑈̄ − 𝛿

𝑈̄2∇𝑈̄∇𝑈̄
𝑇 = 𝛿( 𝜅2

𝜅0
𝐼𝑑 + ( 𝜅4

6𝜅0
−
𝜅2

2

2𝜅2
0
) ( |𝑧 |2𝐼𝑑 + 2𝑧𝑧𝑇 )) +𝑂 ( |𝑧 |4) .

Decomposing 𝑈 = 𝑈̄ +𝑊,Θ = Θ̄ + Φ (3.2.4) and using Γ (3.2.13) to control the
perturbation𝑊,Φ, we expand

𝑆1 = 𝜅2(1 − 𝛽𝛿)𝐼𝑑 + ( 𝜅4

3
+ (−2𝛽 − 𝛿)𝛿

𝜅2
2
𝜅0

− 𝛽𝛿( 𝜅4

3
−
𝜅2

2
𝜅0
))𝑧𝑧𝑇

+ ( 𝜅4

6
− 𝛽𝛿(

𝜅2
2

2𝜅0
+ 𝜅4

6
−
𝜅2

2
2𝜅0

)) |𝑧 |2𝐼𝑑 +𝑂 ( |𝑧 |4 + Γ + Γ3) .

The estimates for∇𝑖𝑆1 are similar. We have chosenΓ (3.2.13) to control∇𝑘𝑊,∇𝑘+1Φ

with high enough order 𝑘 . In particular, for an error term 𝐼 in 𝑆1 bounded by
|𝑧 |4 + Γ + Γ3, e.g.,(𝑈 − 𝑈̄)∇2(Θ − Θ̄), we have

|∇𝑖 𝐼 | ≲ |𝑧 |4−𝑖 + Γ + Γ3, 𝑖 = 1, 2.

Since we only need the expression at 𝑧 = 0, the error term 𝑂 ( |𝑧 | 𝑗 ), 𝑗 ≥ 1 vanishes
in the following derivations. For this reason, we do not track the constant associated
with |𝑧 | 𝑗 .

As a consequence, we have the expressions for derivatives of 𝒟𝑈 as

𝒟𝑈 (0) = 𝜅2(1 − 𝛽𝛿)tr(Q) +𝑂 (E0) , ∇𝒟𝑈 (0) = 𝑂 (E0) ,

𝜕𝑖 𝑗𝒟𝑈 (0) = 𝛿𝑖 𝑗 (1 − 𝛽𝛿) 𝜅4

3
tr(Q) + 2((1 − 𝛽𝛿) 𝜅4

3
− (𝛽 + 𝛿)𝛿

𝜅2
2
𝜅0
)Q𝑖 𝑗 +𝑂 (E0) .

We plug the estimates into (3.2.12) and (3.2.11) and get

𝑐𝑊 = −𝜅2

𝜅0
(1 − 𝛽𝛿)tr(Q) +𝑂 (E0) , 𝑣 = 𝑂 (E0) ,

P = T𝑢
[ 𝜅4

6𝜅2
(1 − 𝛽𝛿)tr(Q)𝐼𝑑 + ((1 − 𝛽𝛿) 𝜅4

3𝜅2
−

(
𝛽 + 𝛿)𝛿 𝜅2

𝜅0

) (
2Q − diag(Q)

) ]
− T𝑢 ( 𝜅2

2𝜅0
(1 − 𝛽𝛿)tr(Q)𝐼𝑑) +𝑂 (E0) ,

where we recall that T𝑢 is the upper-triangular part of the matrix. Notice that by
(3.2.10), we have the relationship

𝜅4

6𝜅2
= 𝑝

𝜅2

2𝜅0
, (1 − 𝛽𝛿) 𝜅4

3𝜅2
− (𝛽 + 𝛿)𝛿 𝜅2

𝜅0
= (𝑝 − 𝛿2 − 𝛽𝛿(1 + 𝑝)) 𝜅2

𝜅0
= −1

2
.
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Therefore, we collect

P + 𝑝 − 1
2

𝑐𝑊 𝐼𝑑 = −T𝑢 (Q − 1
2

diag(Q)) +𝑂 (E0) . (3.2.17)

Recall that M𝜏 = PM by definition, and we can compute

Q𝜏 = (𝑝−1)𝑐𝑊Q+𝐶 𝑝−1
𝑊

(PMM𝑇+MM𝑇P𝑇 ) =
(
P+ 𝑝 − 1

2
𝑐𝑊 𝐼𝑑

)
Q+Q

(
P+ 𝑝 − 1

2
𝑐𝑊 𝐼𝑑

)𝑇
.

If we decompose 𝑄 into the strictly upper, lower, and diagonal parts as Q = Q𝑢 +
Q𝑇𝑢 + Q𝑑 , then we can simplify

Q𝜏 = −(Q𝑢 +
1
2
Q𝑑)Q − Q(Q𝑇𝑢 + 1

2
Q𝑑) + EQQ + QE𝑇Q , EQ = 𝑂 (E0).

and we conclude the proof of the lemma. □

Remark 3.2.3. In the above ODE of Q, we get −1 for the coefficient of Q2 since
we have normalized the profile (3.1.27). The factor 𝑝 − 𝛿2 − 𝛽𝛿(1 + 𝑝) > 0
(corresponding to the subcritical case) appears in the constant 𝑐𝑝. For the critical
case

𝑝 − 𝛿2 − 𝛽𝛿(1 + 𝑝) = 0 ,

without such a normalization, we can see that if we do something similar, the
coefficient of Q2 will be zero. We could keep track of the next order terms of size Γ

to derive a system of size |Q|3. This can potentially help us establish a result similar
to [130] but we do not pursue it here.

3.3 Stability analysis and finite time blowup
In this section, we perform stability analysis and establish nonlinear stability of the
perturbation around the approximate steady state following the ideas and strategy
outlined in Section 3.1.3.

We linearize (3.2.7) and (3.2.8) around the approximate profile as in ansatz (3.2.4)
and obtain the equations of the perturbations as follows:

𝑊𝜏 = ℒ𝑈̄𝑊 +ℱ𝑈 +𝒩𝑈 +𝒟𝑈 , (3.3.1)

Φ𝜏 = −1
2
ΛΦ +ℱΘ +𝒩Θ +𝒟Θ , (3.3.2)
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where we recall from (3.2.9a) and (3.2.9b) the definition of 𝒟𝑈 and 𝒟Θ, and define
the linear, residue, and nonlinear parts respectively as

ℒ𝑈̄𝑊 = 𝑐𝑈̄𝑊 − 1
2
Λ𝑊 + 𝑝𝑈̄ 𝑝−1𝑊 , Λ = 𝑧 · ∇,

ℱ𝑈 = 𝑐𝑊𝑈 − (P𝑧 + V) · ∇𝑈 − 𝐶 𝑝−1
𝑈

𝛾𝑈 , 𝒩𝑈 = (𝑈̄ +𝑊)𝑝 − 𝑈̄ 𝑝 − 𝑝𝑈̄ 𝑝−1𝑊 ,

ℱΘ = −(P𝑧 + V) · ∇Θ , 𝒩Θ = 𝛿((𝑈̄ +𝑊)𝑝−1 − 𝑈̄ 𝑝−1) .
(3.3.3)

We will group the terms by integrability: ℒ𝑈 and 𝒩𝑈 vanish to the third order at the
origin. Recall that by Lemma 3.2.1 and Remark 3.2.2, we know that Q, 𝑐𝑊 ,V,P
are small. The viscous terms 𝒟𝑈 , 𝒟Θ are small of order |Q| with a typical size of
1/𝜏. Also obviously 𝐻 = 𝐶𝑊𝑒

−𝜏/(𝑝−1) is small.

We define the weighted 𝐻𝑘 energy as follows

𝐸2
𝑘 = ( |∇𝑘𝑊 |2, 𝜌𝑘 ) , 0 ≤ 𝑘 ≤ 𝐾 , 𝐹2

𝑘 = ( |∇𝑘Φ|2, 𝜌̊𝑘 ) , 0 < 𝑘 ≤ 𝐾 .
(3.3.4)

Our goal is to prove the following nonlinear stability results.

Theorem 3.3.1. Denote 𝐸Q = tr(Q). There exists 0 < 𝐸∗ < 1 sufficiently small and
𝜇3 > 0, such that for any initial perturbation satisfying

𝑈𝜌 > 2𝐶𝑏, 𝐸 (0) < 𝐸∗, 𝐸Q < 𝐸∗, 𝐻𝑝−1(0) < 𝐸∗, (3.3.5)

we have the following estimates for all 𝜏 > 0

𝐸Q (𝜏) ≤ min(2𝐸Q (0), 4𝑑/𝜏), 𝑈 (𝜏) > 𝐶𝑏𝑈̄1+𝜖2 , 𝐻𝑝−1(𝜏) < 𝐻𝑝−1(0)𝑒−𝜏/2,

𝐸 (𝜏) ≤ 𝑒−𝜆𝜏/2(𝐸 (0) + 𝜇3𝐻
𝑝−1(0) + 𝜇3𝐸Q (0)) + 𝜇3 min(𝐸Q (0), 1/𝜏).

(3.3.6)
Here𝐶𝑏, 𝐻 (𝜏), 𝐸 (𝜏), 𝜖2 are defined in (3.3.7), (3.2.2), (3.3.50), and (3.1.30). More-
over, the bootstrap assumptions 3.3.2, 3.3.9, 3.3.10 (introduced below) hold for all
𝜏 > 0.

Note that the parameters 𝜇1, 𝜇2 will be introduced in the proof in Section 3.3.6.

We impose the following weak bootstrap assumptions for nonlinear estimates. To
control 1/𝑈, which will appears in the estimate of𝒩𝑈 ,𝒩Θ, we impose a lower bound
on 𝑈, which is almost comparable with 𝑈̄, up to a small power. To simplify the
notations in the nonlinear estimates and to ensure that R,M are invertible (3.2.5),
(3.2.4), we impose the following weak assumptions on the energy 𝐸𝑖, 𝐹𝑗 and det(Q).
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Assumption 3.3.2. Let 𝜖2 be defined in (3.1.30). We impose the following bootstrap
assumptions

𝑈 ≥ 𝐶𝑏𝑈̄1+𝜖2 , 𝐶𝑏 = min
|𝑧 |≤1

𝑈̄−𝜖2 (𝑧)/4 > 0, (3.3.7)

max(𝐸𝐾 , 𝐸0, 𝐹𝐾 , 𝐹1) ≤ 1, det(Q) > 0. (3.3.8)

Below, we will first establish some functional inequalities in Section 3.3.1. We will
start with the 𝐿2 analysis of perturbations 𝑊 and ∇Φ in Sections 3.3.2, 3.3.3, and
then build higher-order estimates in Section 3.3.4. We obtain a lower bound of the
amplitude 𝑈 via the maximal principle in Section 3.3.5, inspired by [75]. Then we
close the nonlinear estimates and prove Theorem 3.3.1 via a bootstrap argument in
Section 3.3.6.

3.3.1 Functional inequalities
In this section, we establish a few functional inequalities, which will be used to
estimate the decay of the solution and close the nonlinear estimates. We introduce
the following norms

| | 𝑓 | | ¤H 𝑘 := | |∇𝑘 𝑓 𝑔1/2
𝑘

| |𝐿2 , | | 𝑓 | |H 𝑘 := | | 𝑓 | | ¤H 𝑘 + || 𝑓 | | ¤H0 , 𝑔𝑘 = ⟨𝑧⟩−2𝜎−𝜖−𝑑+2𝑘 .

(3.3.9)
By definition of 𝜌𝑘 (3.1.28) and (3.3.4) for 𝐸𝑘 , we have

𝑔𝑘 ≲ 𝜌𝑘 , | | 𝑓 | | ¤H 𝑘 ≲ 𝐸𝑘 , | | 𝑓 | |H 𝑘 ≲ 𝐸0 + 𝐸𝑘 . (3.3.10)

We define the low-order terms E1, E2 that we later show to be small:

E1 := |Q| + 𝐻𝑝−1 +
∑︁
𝑖≤𝐾−1

𝐸𝑖 +
∑︁

1≤ 𝑗≤𝐾−1
𝐹𝑗 + (𝐹𝐾 + 𝐹1 + 𝐸𝐾 + 𝐸0)2,

E2 := |Q| + 𝐻𝑝−1.

(3.3.11)

We treat E1 as a lower order term since it either contains nonlinear terms or energy
with order lower than 𝐸𝐾 , 𝐹𝐾 . Note that E2 is the low-order term of order 𝑃 in
Lemma 3.2.1 by asuming (3.3.8), which implies Γ ≲ 1. See (3.3.15).

Following Lemma C.4 in [78], we have the following weighted interpolation and
embedding inequalities.

Proposition 3.3.3 (Interpolation). Let 𝜎 = − 2
𝑝−1 and 𝜖 be the constants defined

in (3.2.10), (3.1.30). For any 𝜇 > 0, there exists a constant 𝐶 (𝜇), such that the
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following interpolation inequalities hold:

𝐸𝑘 ≤ 𝜇𝐸𝑙 + 𝐶 (𝜇)𝐸0 , ∀0 ≤ 𝑘 < 𝑙 ≤ 𝐾 , (3.3.12a)

𝐹𝑘 ≤ 𝜇𝐹𝑙 + 𝐶 (𝜇)𝐹1 , ∀1 ≤ 𝑘 < 𝑙 ≤ 𝐾 , (3.3.12b)

| | 𝑓 | | ¤H 𝑘 ≤ 𝜇 | | 𝑓 | | ¤H 𝑙 + 𝐶 (𝜇) | | 𝑓 | |H0 , ∀0 ≤ 𝑘 < 𝑙 ≤ 𝐾. (3.3.12c)

Moreover, we have the following embedding

|∇𝑙𝑊 | ≲ ⟨𝑧⟩−𝑙+𝜎+𝜖/2 min(𝐸𝑙+𝑑 , | |𝑊 | |H 𝑙+𝑑 ), ∀0 ≤ 𝑙 ≤ 𝐾 − 𝑑 , (3.3.13a)

|∇𝑙Φ| ≲ ⟨𝑧⟩−𝑙+1/2𝐹𝑙+𝑑 , ∀1 ≤ 𝑙 ≤ 𝐾 − 𝑑 − 1 . (3.3.13b)

As a result, for 𝑘 < 𝑙, we have the following product rule for 𝑖 ≤ 𝑛, 𝑗 ≤ 𝑚 with
𝑖 + 𝑑 ≤ 𝑛, or 𝑗 + 𝑑 ≤ 𝑚,

| |∇𝑖𝐹∇ 𝑗𝐺𝑔
1/2
𝑖+ 𝑗 | |𝐿2 ≲ | |𝐹 | |H𝑛 | |𝐺 | |H𝑚 . (3.3.14)

Finally, assuming (3.3.8), for 0 ≤ 𝑖 ≤ 𝐾, 1 ≤ 𝑗 ≤ 𝐾 and Γ defined in (3.2.13), we
have

𝐸𝑖 ≲ 1, 𝐹𝑗 ≲ 1, Γ ≲ 1. (3.3.15)

Since 𝐾 (3.1.29) is absolute, 𝑙, 𝑘 ≤ 𝐾 , and the parameters 𝑐0, 𝑐1 in the weights
(3.1.28) and norms depend on absolute constants 𝐾, 𝜖 (3.1.30), we only need to
track the constants related to 𝜇.

Proof. (a) Interpolation inequalities. To prove (3.3.12), we use integration by
parts. For (3.3.12a), we compute for 𝐾 > 𝑘 > 0 that

𝐸2
𝑘 = −

∑︁
𝑖

∫
(𝜕2
𝑖 ∇𝑘−1𝑊 · ∇𝑘−1𝑊𝜌𝑘 + 𝜕𝑖∇𝑘−1𝑊 · ∇𝑘−1𝑊𝜕𝑖𝜌𝑘 ) .

Notice that the weights (3.1.28) satisfy

𝜌2
𝑘 ≲ 𝜌𝑘+1𝜌𝑘−1 , (𝜕𝑖𝜌𝑘 )2 ≲ 𝜌𝑘𝜌𝑘−1 .

Combined with a Cauchy-Schwarz inequality, we obtain

𝐸2
𝑘 ≲ 𝐸𝑘−1(𝐸𝑘 + 𝐸𝑘+1) .

Since 𝜖 only depends on 𝐾 (3.1.30), by a weighted AM-GM inequality (𝑎𝑏 ≤
𝜈𝑎2 + 1/(4𝜈)𝑏2), for any 𝜇 > 0, we have

𝐸2
𝑘 ≤ 𝐶 (𝜇)𝐸

2
𝑘−1 + 𝜇𝐸

2
𝑘+1 .
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From here, to conclude the first inequality, since 𝜇 > 0 is arbitrary, we only need
to that show it holds for 𝑘 = 𝑙 − 1, which we can combine the above estimates for
𝑘 = 1, 2, .., 𝑙 − 1 to establish.

The proof of (3.3.12c) follows from the same argument.

For the second inequality (3.3.12b), we can repeat the same procedure to conclude,
provided that the weights 𝜌̊𝑘 satisfy the same inequalities for 𝐾 > 𝑘 > 1 (3.1.28):

𝜌̊2
𝑘 ≲ 𝜌̊𝑘+1 𝜌̊𝑘−1 , (𝜕𝑖 𝜌̊𝑘 )2 ≲ 𝜌̊𝑘 𝜌̊𝑘−1 .

When 𝑘 + 1 < 𝐾 , this is obvious. For 𝑘 = 𝐾 − 1, we only need to show

⟨𝑧⟩2𝐾−1−𝑑 ≲ 𝜌̊𝐾 ≈ 𝑈2⟨𝑧⟩−2𝜎+2𝐾−𝜖−𝑑 ,

which is true, since by the choice of 𝜖, 𝜖2 (3.1.30) and the bootstrap Assumption
3.3.2 we have

𝑈 ≥ 𝐶𝑏𝑈̄1+𝜖2 ≈ ⟨𝑧⟩𝜎−𝜖/2, 2𝜖 < 1.

(b) Embedding (3.3.13). To prove the 𝐿∞ estimates (3.3.13), one can proceed
as in [218] and invoke the weighted Morrey-type inequality. Below, we present
a simpler proof. By a density argument, we can assume that 𝑊 ∈ 𝐶∞

𝑐 . Without
loss of generality, we fix 𝑧 ∈ R𝑑 with 𝑧𝑖 ≥ 0 and estimate ∇𝑙𝑊 (𝑧). Consider the
region Ω(𝑧) = {𝑦 ∈ R𝑑 , 𝑦𝑖 ≥ 𝑧𝑖}. We have |𝑦 | ≥ |𝑧 | for any 𝑦 ∈ Ω(𝑧). Denote
𝛿 = −2𝜎 − 𝜖 − 𝑑 > −𝑑 (3.1.30). We have

|∇𝑙𝑊 (𝑍) | ≲𝑙
∫
Ω(𝑧)

|𝜕1𝜕2..𝜕𝑑∇𝑙𝑊 (𝑦) |𝑑𝑦 ≲𝑙 | |⟨𝑦⟩𝑙+𝑑+𝛿/2∇𝑙+𝑑𝑊 | |𝐿2

( ∫
|𝑦 |≥|𝑧 |

⟨𝑦⟩−2𝑙−2𝑑−𝛿𝑑𝑦
)1/2

.

For 0 ≤ 𝑙 ≤ 𝐾 − 𝑑 − 1, using 𝜌𝑙+𝑑 ≳ ⟨𝑦⟩2(𝑙+𝑑)+𝛿 (3.1.28), −2𝑙 − 𝑑 − 𝛿 − 1 < −1, and
the first inequality (3.3.12a) with 𝑘 = 𝑙 + 𝑑 < 𝐾 , for any 𝜇 > 0, we further obtain

|∇𝑙𝑊 (𝑦) | ≲𝐾 𝐸𝑙+𝑑 (
∫
𝑅≥|𝑦 |

⟨𝑅⟩−2𝑙−2𝑑−𝛿𝑅𝑑−1𝑑𝑅)1/2 ≲𝐾 𝐸𝑙+𝑑 ⟨𝑦⟩−𝑙−(𝑑+𝛿)/2.

Rearranging the power on both sides, we prove (3.3.13a).

The proof of (3.3.13b) with 1 ≤ 𝑙 ≤ 𝐾 − 𝑑 − 1 is similar by replacing 𝑊 by ∇Φ
in the above argument and using 𝜌̊𝑙+𝑑 ≳ ⟨𝑦⟩2(𝑙+𝑑)+𝛿2 for 𝛿2 = −𝑑 − 1 (3.1.28) and
−2𝑙 − 𝑑 − 𝛿2 − 1 = −2𝑙 < −1 for 𝑙 ≥ 1.

(c) Other inequalities. For (3.3.14), without loss of generality, we assume that
𝑖 + 𝑑 ≤ 𝑛. Using 𝑔1/2

𝑖+ 𝑗 ≲ ⟨𝑧⟩𝑖𝑔1/2
𝑗

, 𝜎 + 𝜖
2 < 0 (3.3.12c), we prove

| |∇𝑖𝐹∇ 𝑗𝐺𝑔
1/2
𝑖+ 𝑗 | |𝐿2 ≲ | |𝐹 | |H 𝑖+𝑑 | |∇ 𝑗𝐺𝑔

1/2
𝑗

| |𝐿2 ≲ | |𝐹 | |H𝑛 | |𝐺 | |H𝑚 .
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The inequalities (3.3.15) follow from (3.3.12a), (3.3.12b) and the assumption (3.3.8).
□

Combining Assumption 3.3.2 and the decay estimates (3.3.13a), (3.3.13b), we have
the following estimates.

Corollary 3.3.4. Denote𝑊 = 𝑈̄−𝑈. Under the Assumption 3.3.2, for any 𝛼 ∈ [0, 1]
and any 𝑞 ∈ R we have

⟨𝑧⟩𝜎−𝜖/2 ≲ 𝑈 ≲ ⟨𝑧⟩𝜎+𝜖/2,

| (𝑈̄ + 𝛼𝑊) (𝑧) |𝑞 ≲ 𝐶 ( |𝑞 |)⟨𝑧⟩𝜎𝑞+|𝜖𝑞 |/2,

| |𝑈̄ + 𝛼𝑊 | |H𝐾 , | |𝑈 | |H𝐾 ≲ 1,

(3.3.16)

where 𝜎, 𝜖 are defined in (3.2.10). As a result, for 𝑖 + 𝑗 ≤ 𝐾 , we have the following
estimates for the weights

𝜌̊𝑖 ≲ 𝜌𝑖 ⟨𝑧⟩𝜎+𝜖/2−1/2, 𝑖 ≤ 𝐾 − 1, 𝜌̊𝐾 ≲ 𝜌𝐾 ⟨𝑧⟩𝜎+𝜖/2,

𝜌𝑖+ 𝑗 ≲ 𝜌𝑖 ⟨𝑧⟩2 𝑗 , 𝜌̊𝑖+ 𝑗 ≲ 𝜌̊𝑖 ⟨𝑧⟩2 𝑗 .
(3.3.17)

Proof. (a) Estimate of 𝑈. By definition of 𝜖2 (3.1.30), we get − 2
𝑝−1 (1 + 𝜖2) =

− 2
𝑝−1 − 𝜖

2 . Thus, under Assumption 3.3.2, we yield

𝑈 ≳ 𝑈̄1+𝜖2 ≳ ⟨𝑧⟩−
2
𝑝−1−

𝜖
2 .

Since 𝑈̄ + 𝛼𝑊 = 𝑈̄ + 𝛼(𝑈 − 𝑈̄) = 𝛼𝑈 + (1 − 𝛼)𝑈̄, which is between 𝑈, 𝑈̄, and
𝑈̄,𝑈 > 0, using (3.3.13a), 𝐾 > 𝑑 (3.1.29) and the above estimate, we prove

| (𝑈̄ + 𝛼𝑊) | ≲ 𝑈̄ +𝑈 ≲ (1 + 𝐸𝐾 + 𝐸0)⟨𝑧⟩𝜎+𝜖/2, | (𝑈̄ + 𝛼𝑊) |−1 ≲ min(𝑈̄,𝑈)−1 ≲ ⟨𝑧⟩−𝜎+𝜖/2.

The first estimate with 𝛼 = 1 implies the upper bound for𝑈 in (3.3.16). Raising the
above estimates to |𝑞 |-th power proves the second estimate in (3.3.16).

For the last estimate in (3.3.16), using triangle inequality, |∇𝑖𝑈̄ | ≲ ⟨𝑧⟩𝜎−𝑖, and
(3.3.10), we prove

| |𝑈̄ + 𝛼𝑊 | |H𝐾 + ||𝑈̄ +𝑊 | |H𝐾 ≲ | |𝑈̄ | |H𝐾 + ||𝑊 | |H𝐾 ≲ 1 + 𝐸0 + 𝐸𝐾 ≲ 1.

(b) Estimate of weights. We consider (3.3.17). Using 𝑈 ≲ ⟨𝑧⟩𝜎+𝜖/2, clearly, we
have

|𝑧 | ≤ 1 : 𝜌̊𝑖 ≲ 𝜌𝑖 ≲ 𝜌𝑖 ⟨𝑧⟩2𝜎+𝜖−1,

|𝑧 | ≥ 1 : 𝜌̊𝑖 ≲ |𝑧 |2𝑘−1−𝑑 ≲ 𝜌𝑖 ⟨𝑧⟩2𝜎+𝜖−1, 𝑖 ≤ 𝐾 − 1, 𝜌̊𝐾 ≲ 𝑈2𝜌𝐾 ≲ 𝜌𝐾 ⟨𝑧⟩2𝜖+𝜖 .
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For ( 𝑓 , 𝜏) = (𝜌,−2𝜎−𝜖) or ( 𝜌̊,−1) and 𝑖+ 𝑗 < 𝐾 , from the definition of 𝑓𝑖 (3.1.28),
we have

𝑓𝑖+ 𝑗 ≲ 𝑓𝑖 ≲ 𝑓𝑖 ⟨𝑧⟩2 𝑗 , |𝑧 | ≤ 1, 𝑓𝑖+ 𝑗 ≈ |𝑧 |2𝑖+2 𝑗+𝜏−𝑑 ≲ |𝑧 |2𝑖+𝜏−𝑑 ⟨𝑧⟩2 𝑗 ≲ 𝑓𝑖 ⟨𝑧⟩2 𝑗 , |𝑧 | ≥ 1.

For 𝑖 + 𝑗 = 𝐾 , the above estimate still holds for 𝑓 = 𝜌. For 𝜌̊𝑖 and 𝜌̊𝐾 , using
𝑈 ≲ ⟨𝑧⟩𝜎+𝜖/2, we obtain

𝜌̊𝐾 ≲ ⟨𝑧⟩2𝜎+𝜖 𝜌𝐾 ≲ ⟨𝑧⟩2𝐾−1−𝑑 = ⟨𝑧⟩2𝑖−1−𝑑 ⟨𝑧⟩2 𝑗 ≲ 𝜌̊𝑖 ⟨𝑧⟩2 𝑗 .

We complete the proof of (3.3.17). □

Proposition 3.3.5. Suppose that (3.3.8) holds true. For 0 ≤ 𝑘 ≤ 𝐾, 𝑗1 + 𝑗2 ≤ 𝑘 and
any 𝛼 ∈ [0, 1], denote

𝑉 = 𝑈̄ + 𝛼𝑊, 𝐼( 𝑗1, 𝑗2) = ∇ 𝑗1𝑊1 · ∇ 𝑗2𝑊2∇𝑘− 𝑗1− 𝑗2𝑉 𝑝−2.

We have the following product estimates

| |𝐼( 𝑗1, 𝑗2) | |𝑔𝑘 ≲ | |𝑊1 | |Hmax ( 𝑗1 ,𝐾−1) | |𝑊2 | |Hmax( 𝑗2 ,𝐾−1) , (3.3.18)

and

| |𝑊1𝑊2𝑉
𝑝−2 | |H𝐾 ≲ ( | |𝑊1 | |H𝐾−1 | |𝑊2 | |H𝐾 + ||𝑊1 | |H𝐾 | |𝑊2 | |H𝐾−1), (3.3.19a)

| |𝑊1𝑊2𝑉
𝑝−2 | |𝜌0 ≲ | |𝑊2 | |𝜌0 | |𝑊1 | |H 𝑑 . (3.3.19b)

Moreover, we have

| |⟨𝑧⟩𝜎+𝜖/2∇𝑙+1𝑈∇𝑚 (𝑈−1) | |𝑔𝑘 ≲ | |𝑈 | |Hmax(𝑙+1,𝑚,𝑘 ) , 𝑙 + 𝑚 = 𝑘 ≤ 𝐾, (3.3.20)

|∇𝑙+1𝑈 · ∇𝑚 (𝑈−1) | ≲ ⟨𝑧⟩−𝑙−𝑚, 𝑙, 𝑚 ≤ 𝐾 − 1 − 𝑑, (3.3.21)

Proof. A direct computation yields

𝐼 𝑗1, 𝑗2 ≤
∑︁

2≤𝑞≤𝑘+2,

∑︁
∑𝑞

𝑙=1 𝑗𝑙=𝑘, 𝑗𝑙≥0

𝐼 ®𝑗 ,𝑞, 𝐼 ®𝑗 ,𝑞 = |𝑉 |𝑝−𝑞 · |∇ 𝑗1𝑊1 | |∇ 𝑗2𝑊2 |
𝑞∏
𝑙=3

|∇ 𝑗𝑙𝑉 |.

(3.3.22)
Here ®𝑗 stands for the tuple ( 𝑗1, 𝑗2, · · · , 𝑗𝑙). For a fixed ( 𝑗 , 𝑞), we denote

𝐽1 = 𝑊1, 𝐽2 = 𝑊2, 𝐽𝑙 = 𝑉, 𝑙 ≥ 3, 𝑖 = arg max
𝑙≤𝑞

𝑗𝑙 .

If there are more than one index 𝑎 with 𝑗𝑎 = arg max𝑙≤𝑞 𝑗𝑙 , we just pick one of them.
Clearly, we have 𝑗𝑙 ≤ 𝑘/2, 𝑙 ≠ 𝑖 (3.1.29). By Proposition 3.3.3 (3.3.13a), we have

|∇ 𝑗𝑙𝐽𝑙 | ≲ ⟨𝑧⟩− 𝑗𝑙+𝜎+𝜖/2 | |𝐽𝑙 | |H 𝑗𝑙+𝑑
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Applying the above 𝐿∞ estimates to 𝐽𝑙 , 𝑙 ≠ 𝑖, and Corollary 3.3.4 for 𝑉 = 𝑈̄ + 𝛼𝑊 ,
we obtain

𝐼 ®𝑗 ,𝑞 ≲ |∇ 𝑗𝑖𝐽𝑖 |
∏
𝑙≠𝑖

⟨𝑧⟩− 𝑗𝑙+𝜎+𝜖/2 | |𝐽𝑙 | |H 𝑗𝑙+𝑑 ⟨𝑧⟩ (𝑝−𝑞)𝜎+|𝑝−𝑞 |𝜖/2. (3.3.23)

Combining the exponents of the ⟨𝑧⟩· terms, and using the definitions of 𝜎 = − 2
𝑝−𝑞

(3.2.10) and 𝜖 (3.1.30), we yield

𝜉 =
∑︁

1≤𝑙≠𝑖≤𝑞
(− 𝑗𝑙 + 𝜎 + 𝜖/2) + (𝑝 − 𝑞)𝜎 + |𝑝 − 𝑞 |𝜖/2

= −(𝑘 − 𝑗𝑖) + (𝑝 − 𝑞 + 𝑞 − 1)𝜎 + (𝑝 + 𝑞 + 𝑞 − 1)𝜖/2 = −(𝑘 − 𝑗𝑖) − 2 + (𝑝 + 𝐾)𝜖 < −(𝑘 − 𝑗𝑖).
(3.3.24)

Since 𝜌1/2
𝑘

⟨𝑧⟩−(𝑘− 𝑗𝑖) ≲ 𝜌𝑘− 𝑗𝑖 (3.1.28), applying weighted 𝐿2 bound to ∇ 𝑗𝑖𝐽𝑖, we
further obtain

𝐼 ®𝑗 ,𝑞 ≲ | |𝐽𝑖 | |H 𝑗𝑖

∏
𝑙≠𝑖

| |𝐽𝑙 | |H 𝑗𝑙+𝑑 .

Since 𝑗𝑙 + 𝑑 ≤ 𝑘/2+ 𝑑 ≤ 𝐾 −1 for 𝑙 ≠ 𝑖, 𝑘 ≤ 𝐾 , 𝑗𝑖 ≤ 𝑘 , and | |𝑉 | |H𝐾 ≲ 1+𝐸0 +𝐸𝐾 ,
we obtain 𝑗𝑙 + 𝑑 ≤ max( 𝑗𝑙 , 𝐾 − 1) and thus

𝐼 ®𝑗 ,𝑞 ≲ | |𝑊1 | |Hmax( 𝑗1 ,𝐾−1) | |𝑊2 | |Hmax( 𝑗2 ,𝐾−1) .

Using max(𝑝−𝑞, 0) +𝑞 ≤ 𝑝+𝐾 +𝑞 and summing the estimates of 𝐼 ®𝑗 ,𝑞, we conclude
the proof of (3.3.18).

The estimate (3.3.19a) follows from summing the estimates of 𝐼( 𝑗1, 𝑗2) (3.3.18) over
( 𝑗1, 𝑗2) with 𝑗1 + 𝑗2 ≤ 𝐾 , and using the fact that we have 𝑗1 ≤ 𝐾 − 1 or 𝑗2 ≤ 𝐾 − 1.
The estimate (3.3.19b) follows from applying 𝐿2(𝜌0) estimate to𝑊2 and 𝐿∞ estimate
to𝑊1, 𝑉 similar to the above.

For the last estimate (3.3.20), we note that 𝑈 = 𝑈̄ +𝑊 . Applying the Leibniz rule,
we obtain

|∇𝑙+1𝑈∇𝑚 (𝑈−1) | ≲
∑︁

1≤𝑞≤𝑘+1,

∑︁
∑𝑞

𝑙=1 𝑗𝑙=𝑘+1, 𝑗1≥1, 𝑗𝑙≥0

𝑇®𝑗 ,𝑞, 𝑇®𝑗 ,𝑞 = |𝑈 |−𝑞 ·
𝑞∏
𝑙=1

|∇ 𝑗𝑙𝑈 |.

Denote 𝑖 = arg max𝑙 𝑗𝑙 . Applying the above estimates of 𝐼 ®𝑗 ,𝑞 with (𝐽1, .., 𝐽𝑙), 𝑉, 𝑝−𝑞
replaced by (𝑈,𝑈, ..,𝑈),𝑈,−𝑞 (3.3.22)-(3.3.24), and using max(−𝑞, 0) = 0, 𝑞 ≤
𝐾 + 1, we obtain

|⟨𝑧⟩𝜎+𝜖/2𝑇®𝑗 ,𝑞 | ≲ |∇ 𝑗𝑖𝑈 |⟨𝑧⟩𝜉
∏
𝑙≠𝑖

| |𝑈 | |H 𝑗𝑙+𝑑 ,
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where

𝜉 = 𝜎 + 𝜖
2
+

∑︁
1≤𝑙≠𝑖≤𝑞

(− 𝑗𝑙 + 𝜎 + 𝜖
2
) + (−𝑞)𝜎 + | − 𝑞 | 𝜖

2

= −(𝑘 + 1 − 𝑗𝑖) + (−𝑞 + 𝑞)𝜎 + (𝑞 + 𝑞)𝜖/2 = −(𝑘 − 𝑗𝑖) − 1 + (1 + 𝐾)𝜖 < −(𝑘 − 𝑗𝑖).

Using 𝑗𝑙+𝑑 ≤ 𝐾/2+𝑑 < 𝐾, | |𝑈 | |H 𝑗𝑙+𝑑 ≲ | |𝑈 | |H𝐾 for 𝑙 ≠ 𝑖, 𝜌1/2
𝑘

≲ 𝜌
1/2
𝑗𝑖

⟨𝑧⟩𝑘− 𝑗𝑖 , 𝑞, 𝑗𝑖 ≤
𝑘 + 1, and applying weighted 𝐿2 estimate to ∇ 𝑗𝑖𝐽𝑖, we establish

| |⟨𝑧⟩𝜎+𝜖/2𝑇®𝑗 ,𝑞 | |𝑔𝑘 ≲ | |𝑈 | |H 𝑗𝑖 (1 + ||𝑈 | |H𝐾 )𝑞−1 ≲ | |𝑈 | |H 𝑘+1 .

Combining the estimates for 𝑇®𝑗 ,𝑞 with different ®𝑗 , 𝑞, we conclude the proof of
(3.3.20).

For (3.3.21), denote 𝑘 = 𝑙 +𝑚. Applying 𝐿∞ estimate to each term ∇ 𝑗𝑙𝑈 in 𝑇®𝑗 ,𝑞 and
noting that 𝑗𝑙 ≤ max(𝑙 + 1, 𝑚) ≤ 𝐾 − 𝑑, we prove

𝑇®𝑗 ,𝑞 ≲ ⟨𝑧⟩𝜉 ≲ ⟨𝑧⟩−𝑘−1/2,

where we have used

𝜉 =
∑︁

1≤𝑙≤𝑞
(− 𝑗𝑙 + 𝜎 + 𝜖

2
) + (−𝑞)𝜎 + | − 𝑞 | 𝜖

2
= −(𝑘 + 1) + 𝑞𝜖 < −𝑘 − 1/2.

We complete the proof. □

3.3.2 𝐿2 stability analysis of the amplitude
In this section, we estimate the weighted 𝐿2 energy 𝐸2

0 = (𝑊,𝑊𝜌0) (3.3.4). In the
following energy estimates, without specification, we will assume that the bootstrap
Assumption 3.3.2 holds true, Namely

𝑈 ≥ 𝐶𝑏𝑈̄1+𝜖2 , 𝐶𝑏 = min
|𝑧 |≤1

𝑈̄−𝜖2 (𝑧)/4 > 0,

max(𝐸𝐾 , 𝐸0, 𝐹𝐾 , 𝐹1) ≤ 1, det(Q) > 0.

We will show that the following lemma holds.

Lemma 3.3.6 (Weighted 𝐿2 estimate). Under the bootstrap assumption 3.3.2, it
holds

1
2
𝑑

𝑑𝜏
𝐸2

0 ≤ (−𝜖
8
+ 𝐶E1)𝐸2

0 + 𝐶E2𝐸0 . (3.3.25)

or some absolute constant 𝐶 > 0.
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Proof. Notice that 𝑊 vanishes at the origin to the third order so this choice of
singular weight induces a well-defined energy. We have by (3.3.1) that

1
2
𝑑

𝑑𝜏
𝐸2

0 = (ℒ𝑈̄𝑊,𝑊𝜌0) + (𝒩𝑈 ,𝑊𝜌0) + (ℱ𝑈 +𝒟𝑈 ,𝑊𝜌0) .

For the leading order linear term, we have via integration by parts that

(ℒ𝑈̄𝑊,𝑊𝜌0) = (𝑑0𝑊,𝑊𝜌0) ,

where we calculate the damping

𝑑0 := 𝑐𝑈 + 1
2𝜌0

∇ · (𝑑𝑈̄𝑧𝜌0) + 𝑝𝑈̄ 𝑝−1 = − 1
𝑝 − 1

+ 𝑝𝑈̄ 𝑝−1 + 1
4𝜌0

∇ · (𝑧𝜌0)

= − 1
𝑝 − 1

+ 𝑝

𝑝 − 1 + 𝑐𝑝 |𝑧 |2
+
(−6 + 𝜖) |𝑧 |−6+𝜖 + ( 4

𝑝−1 − 𝜖)𝑐0 |𝑧 |
4
𝑝−1−𝜖

4( |𝑧 |−6+𝜖 + 𝑐0 |𝑧 |
4
𝑝−1−𝜖 )

≤ −𝜖
8
.

The last inequality amounts to

4𝑝( |𝑧 |−6+𝜖 + 𝑐0 |𝑧 |
4
𝑝−1−𝜖 ) + ((−6 − 4

𝑝 − 1
+ 3𝜖

2
) |𝑧 |−6+𝜖 − 𝜖

2
𝑐0 |𝑧 |

4
𝑝−1−𝜖 ) (𝑝 − 1 + 𝑐𝑝 |𝑧 |2)

≤ −(𝑝 − 1) |𝑧 |−6+𝜖 − 𝜖

2
𝑐0𝑐𝑝 |𝑧 |2+

4
𝑝−1−𝜖 + 4𝑝𝑐0 |𝑧 |

4
𝑝−1−𝜖 ≤ 0 .

The last inequality is implied by a weighted AM-GM inequality provided that( 𝜖𝑐0𝑐𝑝

2(6 + 4
𝑝−1 − 2𝜖)

)6+ 4
𝑝−1−2𝜖

( 𝑝 − 1
2

)2 ≥
( 4𝑝𝑐0

8 + 4
𝑝−1 − 2𝜖

)8+ 4
𝑝−1−2𝜖

. (3.3.26)

Notice that 𝜖 ≤ 1/2 is fixed to be small. We can choose a sufficiently small constant
𝑐0 > 0 such that we can conclude the linear estimate(

ℒ𝑈̄𝑊,𝑊𝜌0
)
≤ −𝜖

8
𝐸2

0 . (3.3.27)

The nonlinear estimate is more subtle due to the general nonlinearity 𝑝. We use
Taylor’s expansion or Newton-Leibniz’s formula twice to derive

𝒩𝑈 = 𝑊2𝑝(𝑝 − 1)
∫ 1

0
(1 − 𝛼) (𝑈̄ + 𝛼𝑊)𝑝−2𝑑𝛼 . (3.3.28)

Using Proposition 3.3.5 (3.3.19b) with (𝑊1,𝑊2) = (𝑊,𝑊) and E1 defined in
(3.3.11), we obtain

| |𝑊2(𝑈̄ + 𝛼𝑊)𝑝−2 | |𝜌0 ≲ | |𝑊 | |H 𝑑 | |𝑊 | |𝜌0 ≲ (𝐸0 + 𝐸𝑑)𝐸0 ≲ E1𝐸0,
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which implies

| (𝒩𝑈 ,𝑊𝜌0) | ≤ ∥𝒩𝑈 ∥𝜌0𝐸0 ≲ E1 | |𝑊 | |𝜌0𝐸0 ≲ E1𝐸
2
0 . (3.3.29)

Finally, we estimate the viscous and residue terms together. We group the terms
to make them integrable. Consider a fixed 1D smooth cutoff function 𝜒 such that
it equals 1 in [−1, 1] and 0 outside of [−2, 2]. We use the notation 𝑓̃ to denote
functions only differing from 𝑓 near the origin, where they equal the residue of
𝑓 when expanded until its second-order Taylor’s expansion at the origin, via the
cutoff function 𝜒. For illustrative purposes, we will explicitly write down 𝑓̃ by the
expansions

𝑓 = ( 𝑓 (0) + 𝑧𝑇∇ 𝑓 (0) + 1
2
𝑧𝑇∇2 𝑓 (0)𝑧)𝜒( |𝑧 |) + 𝑓̃ ,

where 𝑓̃ vanishes to the third order at the origin. By the choice of the modulation
parameters in (3.2.11), it’s easy to see that6

ℱ𝑈 +𝒟𝑈 = 𝑐𝑊𝑈 − P𝑧 · ∇𝑈 − 𝑣 · ∇̃𝑈 − 𝐻𝑝−1𝛾𝑈 +𝒟𝑈 := ℱ̃𝑈 +𝒟𝑈 . (3.3.30)

Each of the terms in ℱ̃𝑈 vanishes to the third order at the origin. Notice that
𝜌𝑘 = 𝜌0 |𝑧 |2𝑘 , for 𝑘 = 1, 2, 3. Recall the definition of E1, E2 from (3.3.11). By
Lemma 3.2.1, we have that

∥ℱ̃𝑈 ∥𝜌0 ≲ E2(1 + 𝐸0 + 𝐸1 + ∥∇̃𝑊 ∥𝜌0) .

We can decompose the integral region into the near field 𝐼 = [0, 1]𝑑 and the rest of
the outer region 𝐼𝑐 to estimate

∥∇̃𝑊 ∥𝜌0 ≲ (
∫
𝑧∈𝐼

|𝑧 |𝜖−𝑑)1/2 sup
𝑧∈𝐼

|∇̃𝑊/|𝑧 |3 | + ∥∇̃𝑊 |𝑧 |∥𝜌0 ≲ Γ + 𝐸1 .

Here we recall the definition of Γ, 𝐸𝑘 in (3.2.13) and (3.3.4). Combined with
Proposition 3.3.3, we have the residue estimate

| (ℱ̃𝑈 ,𝑊𝜌0) | ≲ E2𝐸0 . (3.3.31)

For the viscous term, we notice as in (3.2.16), we can write

𝒟𝑈 = tr(Q𝑆1) , 𝑆1 = 𝑆11 + 𝑆12 + 𝑆13 + 𝑆14 .

6Note that 𝑈̃ does not denote the perturbation.
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We estimate the four terms respectively. We compute

∥𝑆11∥𝜌0 = ∥∇̃2𝑈∥𝜌0 ≲ 1 + ∥�∇2𝑊 ∥𝜌0 ≲ 1 + Γ + 𝐸2 ,

where in the last inequality we use again the decomposition of the integral into the
near and far fields. For the remaining three viscous terms, we estimate similarly as
follows:

∥𝑆12∥𝜌0 = 2|𝛽 |∥ �∇𝑈∇Θ𝑇 ∥𝜌0 ≲ 2|𝛽 |∥∇̃𝑊�∇Φ𝑇 ∥𝜌0 + (1 + Γ)2 ≲ Γ(Γ + 𝐸1) + (1 + Γ)2 ,

∥𝑆13∥𝜌0 = ∥ �𝑈∇Θ∇Θ𝑇 ∥𝜌0 ≲ ∥𝑊∇̃Φ�∇Φ𝑇 ∥𝜌0 + (1 + Γ)3 ≲ Γ2(Γ + 𝐸0) + (1 + Γ)3 ,

∥𝑆14∥𝜌0 = ∥�𝑈∇2Θ∥𝜌0 ≲ ∥𝑊∇̃2Φ∥𝜌0 + (1 + Γ)2 ≲ Γ(Γ + 𝐸0) + (1 + Γ)2.

We can collect the viscous estimate by Proposition 3.3.3 and Assumption 3.3.2:

| (𝒟𝑈 ,𝑊𝜌0) | ≲ E2(1+𝐸0+𝐸1+𝐸2+Γ)3𝐸0 ≲ E2(1+𝐸0+𝐸𝐾)3𝐸0 ≲ E2𝐸0 . (3.3.32)

We thereby conclude the proof of Lemma 3.3.6 using (3.3.27), (3.3.29), (3.3.31),
and (3.3.32). □

One sees that we already have leading order damping in the 𝐿2 estimates. However,
to close the nonlinear estimates, we will need higher order estimates to control the
𝐿∞ norms.

3.3.3 𝐻1 stability analysis of the phase
We consider the weighted 𝐻1 norm of the phase 𝐹2

1 = (∇Φ,∇Φ𝜌̊1) (3.3.4). We
choose this norm since Φ does not decay at the origin. We will show that the
following lemma holds.

Lemma 3.3.7 (Weighted 𝐻1 estimate). Under the bootstrap assumption 3.3.2, it
holds

1
2
𝑑

𝑑𝜏
𝐹2

1 ≤ −1
8
𝐹2

1 + 𝐶 (𝐸𝐾−1 + 𝐸0)2 + 𝐶E2𝐹1 , (3.3.33)

for some absolute constant 𝐶 > 0.

Proof. We have by (3.3.2) that

1
2
𝑑

𝑑𝜏
𝐹2

1 = (∇(−1
2
ΛΦ) + ∇𝒩Θ + ∇ℱΘ + ∇𝒟Θ,∇Φ𝜌̊1) .

For the leading order linear term, we have via integration by parts that

(𝜕𝑖 (−
1
2
ΛΦ), 𝜕𝑖Φ𝜌̊1) = −1

4
(𝜕𝑖Φ, 𝜕𝑖Φ𝜌̊1) .
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Therefore we have the linear estimate

(∇(−1
2
ΛΦ),∇Φ𝜌̊1) = −1

4
𝐹2

1 . (3.3.34)

For the nonlinear estimate, we again use Newton-Leibniz’s formula to get

𝒩Θ = 𝛿((𝑈̄ +𝑊)𝑝−1 − 𝑈̄ 𝑝−1) = 𝛿(𝑝 − 1)𝑊
∫ 1

0
(𝑈̄ + 𝛼𝑊)𝑝−2𝑑𝛼 . (3.3.35)

It is not difficult to see that ⟨𝑧⟩𝜎+ 𝜖 −1
2 ∈ H 𝑖 for any 𝑖 ≥ 0 since 𝜖 − 1 < 0. Note

that 𝜌̊1 (3.1.28) is locally integrable and 𝜌̊1 ≲ ⟨𝑧⟩𝜎+ 𝜖 −1
2 𝑔1. Applying 𝐿∞ estimate

for𝑊, 𝑈̄ +𝛼𝑊 from Corollary 3.3.4, (3.3.13a) in Proposition 3.3.3, and Proposition
3.3.5 (3.3.18) with𝑊1 = ⟨𝑧⟩𝜎+ 𝜖 −1

2 ,𝑊2 = 𝑊, 𝑗1 = 0, 𝑗2 = 1, 𝑘 = 1, we obtain

| |∇𝒩Θ | | 𝜌̊1 ≲ | |∇𝒩Θ | |𝐿∞ ( |𝑧 |≤1) + ||𝑊1∇𝒩Θ | |𝑔1 ≲ 𝐸0 + 𝐸𝐾−1 + ||𝑊1∇𝒩Θ | |𝜌1

≲ 𝐸0 + 𝐸𝐾−1 + ||𝑊2 | |H𝐾−1 ≲ 𝐸0 + 𝐸𝐾−1.

We can collect the nonlinear estimate, via an AM-GM inequality as follows:

| (∇𝒩Θ,∇Φ𝜌̊1) | ≤ 𝐶∥∇𝒩Θ∥ 𝜌̊1𝐹1 ≤ 𝐶 (𝐸0 + 𝐸𝐾−1)2 + 1
8
𝐹2

1 . (3.3.36)

For the residue estimate, we have

| (∇ℱΘ,∇Φ𝜌̊1) | ≤ ∥∇ℱΘ∥ 𝜌̊1𝐹1 ≲ E2(1 + 𝐹1 + ∥∇2Φ∥ 𝜌̊1)𝐹1 ≲ E2𝐹1 . (3.3.37)

For the viscous estimate, we have

|∇𝒟Θ∥ 𝜌̊1 ≲ E2

(
∥ ∇

3𝑈

𝑈
∥ 𝜌̊1 + ∥∇

2𝑈

𝑈
∥ 𝜌̊1 ∥

∇𝑈
𝑈

∥∞ + ∥∇𝑈
𝑈

∥∞∥∇2Θ∥ 𝜌̊1

+ (∥∇
2𝑈

𝑈
∥∞ + ∥∇𝑈

𝑈
∥2
∞)∥∇Θ∥ 𝜌̊1 + 1 + 𝐹1 + ∥∇3Φ∥ 𝜌̊1

)
.

(3.3.38)

To estimate the integral 𝐿2( 𝜌̊1), we apply 𝐿∞ estimate in the region |𝑧 | ≤ 1 and
(3.3.20) and 𝜌̊1 ≲ ⟨𝑧⟩𝜎+𝜖/2𝑔1 ≲ ⟨𝑧⟩𝜎+𝜖/2𝑔2 to the region |𝑧 | ≥ 1:

| |∇𝑙𝑈/𝑈 | | 𝜌̊1 ≲ | |∇𝑙𝑈/𝑈 | |𝐿∞ ( |𝑧 |≤1) + ||⟨𝑧⟩𝜎+𝜖/2∇𝑙𝑈/𝑈 | |𝑔1 ≲ 1 + 𝐸0 + 𝐸𝐾 ≲ 1, 𝑙 = 2, 3.

Applying (3.3.21) with (𝑙, 𝑚) = (1, 0), (0, 0), we get

|∇𝑙+1𝑈/𝑈 | ≲ 1. (3.3.39)

As a consequence, we can simplify the viscous estimate as follows:

|∇𝒟Θ∥ 𝜌̊1 ≲ E2(1 + 𝐹1 + ∥∇2Φ∥ 𝜌̊1 + ∥∇3Φ∥ 𝜌̊1) . (3.3.40)
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Finally, since 𝜌̊1 is 𝐿1 integrable and 𝜌̊𝑖 ≲ ⟨𝑧⟩2𝑖−2 𝜌̊1 (3.3.17), we can decompose
the integral region into 𝐼 = [0, 1]𝑑 and the rest of the outer region 𝐼𝑐 as in the 𝐿2

estimate of the amplitude to compute

∥∇𝑙Φ∥ 𝜌̊1 ≲ sup
𝑧∈𝐼

|∇𝑙Φ| + ∥∇𝑙Φ|𝑧 |2𝑙−2∥ 𝜌̊1 ≲ Γ + 𝐹𝑙 , | |∇𝑙Θ̄| | 𝜌̊1 ≲ 1, 𝑙 = 2, 3 .

We use Proposition 3.3.3 and the bootstrap assumption (3.3.8) to further obtain

∥∇𝑙Φ∥ 𝜌̊1 + ||∇Θ̄∥ 𝜌̊1 ≲ 1 + 𝐹1 + 𝐹𝐾 ≲ 1.

Here we recall the definition of Γ, 𝐹𝑘 in (3.2.13) and (3.3.4). Plugging in the estimate
in (3.3.40) and combined with (3.3.34), (3.3.36), and (3.3.37), we establish Lemma
3.3.7. □

3.3.4 𝐻𝐾 stability analysis
For the estimate at the highest order, we consider the weighted 𝐻𝐾 energies (3.3.4)

𝐸2
𝐾 = ( |∇𝐾𝑊 |2, 𝜌𝐾) , 𝐹2

𝐾 = ( |∇𝐾Φ|2,𝑈2𝜌𝐾) .

In this section, we will establish the following lemma.

Lemma 3.3.8 (Weighted 𝐻𝐾 estimate). Under the bootstrap assumption 3.3.2, we
have

1
2
𝑑

𝑑𝜏
(𝐸2

𝐾 + 𝐹2
𝐾) ≤ −𝜖

8
(𝐸2

𝐾 + 𝐹2
𝐾) + 𝜇0E1(𝐸𝐾 + 𝐹𝐾) (3.3.41)

for some absolute constant 𝜇0 > 0.

3.3.4.1 Estimates of the amplitude

Recall the definitions of ℒ𝑈̄ ,𝒩𝑈 ,ℱ𝑈 from (3.3.3). We have

1
2
𝑑

𝑑𝜏
𝐸2
𝐾 = (∇𝐾 (ℒ𝑈̄𝑊) + ∇𝐾𝒩𝑈 + ∇𝐾ℱ𝑈 + ∇𝐾𝒟𝑈 ,∇𝐾𝑊𝜌𝐾) .

For the leading order linear term, we can calculate the damping similarly as in
the 𝐿2 estimates. A direct computation yields 𝑈̄ 𝑝−1 ∈ H 𝑖 (3.1.27) for any
𝑖 ≥ 0. Using the Leibniz rule, the product rule (3.3.14) in Proposition 3.3.3 with
𝑖 + 𝑗 = 𝐾, 𝑗 ≤ 𝐾 − 1, 𝑚 = 𝐾 − 1, 𝑛 = 𝑖 + 𝑑, and 𝑔𝐾 ≈ 𝜌𝐾 (3.1.28), (3.3.9), we yield

| |∇𝐾 (𝑈̄ 𝑝−1𝑊)−𝑈̄ 𝑝−1∇𝐾𝑊 | |𝜌𝐾 ≲
∑︁
𝑗≤𝐾−1

∇𝐾− 𝑗 | |𝑈̄ 𝑝−1 | |H 𝑖+𝑑 | |𝑊 | |H 𝑗 ≲
∑︁
𝑗≤𝐾−1

𝐸 𝑗 ≲ E1.

Therefore, we can compute

∇𝐾 (ℒ𝑈̄𝑊) = 𝑐𝑈̄∇𝐾𝑊−1
2

∑︁
𝑖

𝑧𝑖∇𝐾𝜕𝑖𝑊−𝐾
2
∇𝐾𝑊+𝑝𝑈̄ 𝑝−1∇𝐾𝑊+𝑂 (Rℒ,𝐾), | |Rℒ,𝐾 | |𝜌𝐾 ≲ E1.
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We can calculate the damping similar to the 𝐿2 case as follows:

𝑑𝐾 := − 1
𝑝 − 1

− 𝐾

2
+ 𝑝𝑈̄ 𝑝−1 + 1

4𝜌𝐾
∇ · (𝑧𝜌𝐾)

=
𝑝

𝑝 − 1 + 𝑐𝑝 |𝑧 |2
− 1
𝑝 − 1

− 𝐾

2
+
𝑑 + (2𝐾 + 4

𝑝−1 − 𝜖)𝑐1 |𝑧 |
4
𝑝−1−𝜖−𝑑+2𝐾

4(1 + 𝑐1 |𝑧 |
4
𝑝−1−𝜖−𝑑+2𝐾)

≤ −𝜖
8
,

where the last inequality holds for a sufficiently small 𝑐1, which we defer till (3.3.47)
where we combine this damping with the estimates of the nonlinear term in the phase
equation.

For the nonlinear term, we use Netwon-Leibniz’s formula twice as in the 𝐿2 estimate
(3.3.28), to derive

| (∇𝐾𝒩𝑈 ,∇𝐾𝑊𝜌𝐾) | ≲ sup
𝛼∈[0,1]

(1 − 𝛼)∥∇𝐾 (𝑊2(𝑈̄ + 𝛼𝑊)𝑝−2)∥𝜌𝐾𝐸𝐾 .

Since | | 𝑓 | |𝜌𝐾 ≲ | | 𝑓 | |H𝐾 (3.1.28), (3.3.9), using the product estimate (3.3.19a) with
(𝑊1,𝑊2) = (𝑊,𝑊) and | | 𝑓 | |H𝐾 ≲ 𝐸0 + 𝐸𝐾 (3.3.10), we obtain

| (∇𝐾𝒩𝑈 ,∇𝐾𝑊𝜌𝐾) | ≲ 𝐸𝐾 | |𝑊 | |H𝐾 | |𝑊 | |H𝐾−1 ≲ 𝐸𝐾 (𝐸𝐾 + 𝐸0) (𝐸0 + 𝐸𝐾−1) ≲ 𝐸𝐾E1.

(3.3.42)

Recall E2 from (3.3.11). For the residue term, we have via integration by parts that

| (∇𝐾ℱ𝑈 ,∇𝐾𝑊𝜌𝐾) |≲ E2(𝐸2
𝐾 + 𝐸𝐾 + (|∇𝐾𝑊 |2, |𝑧 · ∇𝜌𝐾 | + |∇𝜌𝐾 |)) .

Since we have |∇𝜌𝐾 |⟨𝑧⟩ ≲ 𝜌𝐾 , we can conclude the residue estimate

| (∇𝐾ℱ𝑈 ,∇𝐾𝑊𝜌𝐾) | ≲ E2(𝐸𝐾 + 𝐸2
𝐾)≲ E1𝐸𝐾 . (3.3.43)

3.3.4.2 Estimates of the phase

We have
1
2
𝑑

𝑑𝜏
𝐹2
𝐾 =

(
∇𝐾 (−1

2
ΛΦ) + ∇𝐾𝒩Θ + ∇𝐾ℱΘ + ∇𝐾𝒟Θ,∇𝐾Φ𝑈2𝜌𝐾

)
+

(
ℒ𝑈̄𝑊 +𝒩𝑈 +ℱ𝑈 +𝒟𝑈 ,𝑈 |∇𝐾Φ|2𝜌𝐾

)
.

Notice that the weight is time-dependent. We remark that it is essential to pair
the two linear terms and the two residue terms together to cancel out the leading
order term via integration by parts. For the leading order linear term, we have via
integration by parts that

(∇𝐾 (−1
2
ΛΦ),∇𝐾Φ𝑈2𝜌𝐾) + (ℒ𝑈̄𝑊 +𝒩𝑈 ,𝑈 |∇𝐾Φ|2𝜌𝐾) = (𝑑𝐾 , |∇𝐾Φ|2𝑈2𝜌𝐾) ,
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where we can calculate the damping

𝑑𝐾 =
−𝐾
2

+ 1
4𝜌𝐾

∇ · (𝑧𝜌𝐾) −
1

𝑝 − 1
+ 𝑈

𝑝

𝑈
< 𝑑𝐾 +𝑈 𝑝−1 − 𝑈̄ 𝑝−1 .

Notice that by (3.3.28), (3.3.13a) in Proposition 3.3.3 with 𝑙 = 0, and Corollary
3.3.4, we can further estimate

|𝑈 𝑝−1 − 𝑈̄ 𝑝−1 | ≲ sup
0≤𝛼≤1

|𝑊 (𝑈̄ + 𝛼𝑊)𝑝−2 | ≲ (𝐸0 + 𝐸𝐾−1) (1 + 𝐸𝐾 + 𝐸0)𝑝+2) ≲ E1.

(3.3.44)
For the residue term, similarly via integration by parts, we have

| (∇𝐾ℱΘ,∇𝐾Φ𝑈2𝜌𝐾) | + |(ℱ𝑈 ,𝑈 |∇𝐾Φ|2𝜌𝐾) |≲ E2(𝐹𝐾 + 𝐹2
𝐾 + (∇ · ((𝑃𝑧 + 𝑣)𝜌𝐾)

2𝜌𝐾
, |∇𝐾Φ|2𝑈2𝜌𝐾))

≲ E2(𝐹𝐾 + 𝐹2
𝐾) ≲ E1𝐹𝐾 ,

(3.3.45)
where the inequality is again by the fact that |∇𝜌𝐾 |⟨𝑧⟩ ≲ 𝜌𝐾 .

For the nonlinear term, using Newton-Leibniz’s formula (3.3.35), we obtain

|∇𝐾𝒩Θ | ≤ 𝐼0,𝐾 + 𝐶
∑︁
𝑗≤𝐾−1

𝐼0, 𝑗 , 𝐼𝑖, 𝑗 = 𝛿(𝑝 − 1) · ∇ 𝑗𝑊 · ∇𝐾− 𝑗 (𝑈 + 𝛼𝑊̄).

Applying (3.3.18) in Proposition 3.3.5 with (𝑊1,𝑊2, 𝑗1, 𝑗2, 𝑘) = (𝑈,𝑊, 0, 𝑗 , 𝐾 − 𝑗)
and 𝑈̄ ∈ H 𝑖 (3.3.16), we obtain

| |𝑈𝐼0, 𝑗 | |𝜌𝐾 ≲ | |𝑈 | |H𝐾 | |𝑊 | |H𝐾−1 ≲ 𝐸0 + 𝐸𝐾−1 ≲ E1.

Recall 𝜌̊𝐾 = 𝑈2𝜌𝐾 (3.1.28). For 𝑗 ≤ 𝐾 − 1, the above estimate implies

| |𝐼0, 𝑗 | | 𝜌̊𝐾 = | |𝑈𝐼0, 𝑗 | |𝜌𝐾 ≲ E1, | (𝐼0, 𝑗 ,∇𝐾Φ𝜌̊𝐾) | ≲ | |𝐼0, 𝑗 | | 𝜌̊𝐾𝐹𝐾 ≲ E1𝐹𝐾 . (3.3.46)

The term 𝐼0,𝐾 is trickier and we need to estimate by an AM-GM inequality:

((𝑈̄ + 𝛼𝑊)𝑝−2∇𝐾𝑊,∇𝐾Φ𝑈2𝜌𝐾) ≤
1
2
∥(𝑈 1

2 (𝑈̄ + 𝛼𝑊)
𝑝−2

2 ∇𝐾Φ∥2
𝜌̊𝐾

+ 1
2
∥𝑈 1

2 (𝑈̄ + 𝛼𝑊)
𝑝−2

2 ∇𝐾𝑊 ∥2
𝜌𝐾
,

where we pair one of𝑈 in𝑈2 with 𝜌1/2
𝐾

to get 𝜌̊1/2
𝐾

. Applying𝑈 = (1−𝛼)𝑊+𝑈̄+𝛼𝑊 ,
Newton-Leibniz’s rule for (𝑈̄ + 𝛼𝑊)𝑝−1 − 𝑈̄ 𝑝−1, Proposition 3.3.3 for 𝑊 , and
Corollary 3.3.4 for 𝑈̄ + 𝑠𝑊, 𝑠 ∈ [0, 1], which are similar to the estimate of 𝒩Θ

(3.3.35), we obtain

𝑈 (𝑈̄ + 𝛼𝑊)𝑝−2 ≤ (𝑈̄ + 𝛼𝑊)𝑝−1 + 𝐶 |𝑊 (𝑈̄ + 𝛼𝑊)𝑝−2 | ≤ 𝑈̄ 𝑝−1 + 𝐶 sup
𝑠∈[0,1]

|𝑊 (𝑈̄ + 𝑠𝑊)𝑝−2

≤ 𝑈̄ 𝑝−1 + 𝐶 (𝐸𝐾−1 + 𝐸0) ≤ (min{𝑝 − 1, 𝑐𝑝})−1⟨𝑧⟩−2 + 𝐶E1,
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where we extract a decay at the far field for the leading order term. We can calculate
the damping

𝛿(𝑝 − 1) (min{𝑝 − 1, 𝑐𝑝})−1⟨𝑧⟩−2 + 𝑑𝐾

≤ 𝛿(𝑝 − 1) (𝑝 + 1)
min{𝑝 − 1, 𝑐𝑝}(1 + |𝑧 |2)

− 1
𝑝 − 1

− 𝐾

2
+
𝑑 + (2𝐾 + 4

𝑝−1 − 𝜖)𝑐1 |𝑧 |
4
𝑝−1−𝜖−𝑑+2𝐾

4(1 + 𝑐1 |𝑧 |
4
𝑝−1−𝜖−𝑑+2𝐾)

.

Recall the definition of 𝐾 in (3.1.29) and similar to the 𝐿2 damping, we can use
a weighted AM-GM inequality to conclude for a sufficiently small positive 𝑐1, we
have

(𝑝 − 1)𝛿(min{𝑝 − 1, 𝑐𝑝})−1/2⟨𝑧⟩−1/2 + 𝑑𝐾 ≤ −𝜖
8
. (3.3.47)

As a consequence, we collect the linear and nonlinear estimates of the phase, and
the linear estimate of the amplitude together as follows:(
∇𝐾 (ℒ𝑈̄𝑊),∇𝐾𝑊𝜌𝐾

)
+

(
∇𝐾 (−1

2
ΛΦ +𝒩Θ) +

ℒ𝑈̄𝑊 +𝒩𝑈

𝑈
,∇𝐾Φ𝑈2𝜌𝐾

)
≤ −𝜖

8
(𝐸2

𝐾 + 𝐹2
𝐾) + 𝐶E1(𝐸𝐾 + 𝐹𝐾) .

(3.3.48)

3.3.4.3 Estimates of the viscous terms

Finally, we estimate the viscous terms. The simpler term can be estimated as follows:

(𝒟𝑈 ,𝑈 |∇𝐾Φ|2𝜌𝐾) ≤ ∥𝒟𝑈

𝑈
∥∞𝐹2

𝐾 ≲ E1𝐹𝐾 . (3.3.49)

The last inequality is derived similarly to the 𝐻1 viscous estimates in (3.3.38),
(3.3.39).

We group leading order viscous terms as follows and estimate them together:

(∇𝐾𝒟𝑈 ,∇𝐾𝑊𝜌𝐾) + (∇𝐾𝒟Θ,∇𝐾Φ𝑈2𝜌𝐾) ,

and we will use integration by parts to cancel out the leading order terms and extract
damping. Recall the definition of the viscous terms in (3.2.9). For any tensor 𝑓 , we
define

| 𝑓 |2Q =
∑︁
𝑖

(∇ 𝑓𝑖)𝑇Q∇ 𝑓𝑖 ,

where we sum over its scalar entry components 𝑓𝑖.
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Notice that |∇𝜌𝐾 | ≲ 𝜌𝐾 . We compute the damping of the amplitude using integration
by parts and the Cauchy-Schwarz inequality as

(∇𝐾ΔQ𝑈,∇𝐾𝑊𝜌𝐾) ≤ 𝐶E1𝐸𝐾 − (|∇𝐾𝑊 |2Q , 𝜌𝐾) + 𝐶 |Q|1/2∥∇𝐾𝑊 ∥𝜌𝐾 ∥|∇𝐾𝑊 |Q ∥𝜌𝐾

≤ 𝐶E1𝐸𝐾 − 1
2
( |∇𝐾𝑊 |2Q , 𝜌𝐾) .

Using (3.3.13a) from Proposition 3.3.3 and (3.3.16), we get

|∇𝑈 | ≲ 𝑈, |∇(𝑈2𝜌𝐾) | ≲ |∇𝑈 |𝑈𝜌𝐾 +𝑈2 |∇𝜌𝐾 | ≲ 𝑈2𝜌𝐾 .

Similarly, we compute the damping of the phase as

(∇𝐾ΔQΘ,∇𝐾Φ𝑈2𝜌𝐾) ≤ 𝐶E1𝐹𝐾 − 1
2
( |∇𝐾Φ|2Q ,𝑈

2𝜌𝐾) .

For the four intermediate terms in the viscous terms

𝐼1 = ⟨∇𝑈,∇Θ⟩Q , 𝐼2 = 𝑈⟨∇Θ,∇Θ⟩Q , 𝐼3 =
⟨∇𝑈,∇Θ⟩Q

𝑈
, 𝐼4 = ⟨∇Θ,∇Θ⟩Q ,

we can simply control their weighted norms using the diffusion term.

We consider the most challenging term 𝐼3. Using the Leibniz rule, (3.3.20) in
Proposition 3.3.5, we obtain

| |𝐼3 | | 𝜌̊𝐾 ≲
∑︁

0≤𝑖≤𝐾
| |𝐼3,𝑖 | | 𝜌̊𝐾 , 𝐼3,𝑖 = (∇𝑖∇𝑈

𝑈
,∇𝐾−𝑖+1Θ)Q .

For 1 ≤ 𝑖 ≤ 𝐾 − 1, applying (3.3.21) to ∇𝑈/𝑈 if 𝑖 ≤ 𝐾/2 + 1 < 𝐾 − 𝑑 − 1 and
(3.3.12) to Θ if 𝑖 > 𝐾/2, which implies 𝐾 − 𝑖 + 1 ≤ 𝐾/2 + 1 < 𝐾 − 𝑑 − 1, we obtain

|𝐼3,𝑖 | ≲ |Q|(⟨𝑧⟩−𝑖 |∇𝐾−𝑖+1Θ| + ⟨𝑧⟩−(𝐾−𝑖) |∇𝑖 (∇𝑈/𝑈) |).

Since 𝑖 ≤ 𝐾 − 1, 𝐾 − 𝑖 + 1 ≤ 𝐾 , using the estimate (3.3.17) for weights

𝜌̊
1/2
𝐾

≲ ⟨𝑧⟩𝑖−1 𝜌̊
1/2
𝐾−𝑖+1, ⟨𝑧⟩−(𝐾−𝑖) 𝜌̊1/2

𝐾
≲ 𝜌̊

1/2
𝑖

≲ ⟨𝑧⟩𝜎+𝜖/2𝜌
1/2
𝑖
,

and (3.3.20), we obtain

| |𝐼3,𝑖 | | 𝜌̊𝐾 ≲ |Q|( | |∇𝐾−𝑖+1Θ| | 𝜌̊𝐾−𝑖 + ||⟨𝑧⟩𝜎+𝜖/2∇𝑖 (∇𝑈/𝑈) | |𝜌𝑖 ) ≲ |Q| ≲ E1.

For 𝐼3,0, 𝐼3,𝐾 , we use the Cauchy-Schwarz inequality to compute that its 𝜌𝐾 norm
is bounded by

E1 + |Q|1/2(∥∇Θ∥∞∥|∇𝐾𝑊 |Q ∥𝜌𝐾 + ∥∇𝑈
𝑈

∥∞∥𝑈 |∇𝐾Φ|Q ∥𝜌𝐾 ) .
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Similarly, we have the estimates for the other three viscous terms 𝐼1, 𝐼2, 𝐼4. Combined
with (3.3.39), we can use the Cauchy-Schwarz inequality to derive that(
− 2𝛽∇𝐾 ⟨∇𝑈,∇Θ⟩Q − ∇𝐾 (𝑈⟨∇Θ,∇Θ⟩Q),∇𝐾𝑊𝜌𝐾

)
+

(
2∇𝐾 ⟨∇𝑈,∇Θ⟩Q

𝑈
− 𝛽∇𝐾 ⟨∇Θ,∇Θ⟩Q ,∇𝐾Φ𝑈2𝜌𝐾

)
≤ 𝐶E1(𝐸𝐾 + 𝐹𝐾) +

1
8
(( |∇𝐾𝑊 |2Q , 𝜌𝐾) + (|∇𝐾Φ|2Q ,𝑈

2𝜌𝐾)) .

Finally, for the last two viscous terms, we use integration by parts to cancel out the
leading order terms. Applying estimates similar to the those for 𝐼3 in the above, we
can extract the leading order terms, which involve ∇𝐾+2𝑈 or ∇𝐾+2Θ,

−𝛽
(
∇𝐾 (𝑈ΔQΘ),∇𝐾𝑊𝜌𝐾

)
= −𝛽(𝑈ΔQ∇𝐾Θ,∇𝐾𝑊𝜌𝐾) +𝑂 (E1𝐸𝐾) +

1
16

( |∇𝐾Φ|2Q ,𝑈
2𝜌𝐾),

𝛽

(
∇𝐾 ΔQ𝑈

𝑈
,∇𝐾Φ𝑈2𝜌𝐾

)
= 𝛽

(ΔQ∇𝐾𝑈
𝑈

,∇𝐾Φ𝑈2𝜌𝐾

)
+𝑂 (E1𝐹𝐾) +

1
16

( |∇𝐾𝑈 |2Q , 𝜌𝐾).

Now, we use 𝑈 = 𝑈̄ +𝑊,Θ = Θ̄ + Φ and integration by parts to cancel out the
leading order terms.

− (∇𝐾ΔQΘ,∇𝐾𝑊𝑈𝜌𝐾) + (∇𝐾ΔQ𝑈,∇𝐾Φ𝑈𝜌𝐾)
= − (∇𝐾ΔQΦ,∇𝐾𝑊𝑈𝜌𝐾) + (∇𝐾ΔQ𝑊,∇𝐾Φ𝑈𝜌𝐾) +𝑂 (E1(𝐸𝐾 + 𝐹𝐾))

=
∑︁
𝑖, 𝑗

(
Q𝑖 𝑗 (−𝜕𝑖 (𝜕𝑗∇𝐾Φ · ∇𝐾𝑊) + 𝜕𝑗 (𝜕𝑖∇𝐾𝑊 · ∇𝐾Φ)),𝑈𝜌𝐾

)
≤𝐶E1(𝐸𝐾 + 𝐹𝐾) +

1
16𝛽

(( |∇𝐾𝑊 |2Q , 𝜌𝐾) + (|∇𝐾Φ|2Q ,𝑈
2𝜌𝐾)) .

We notice that the remaining terms from integration by parts are controlled since
|∇(𝑈𝜌𝐾) | ≲ 𝑈𝜌𝐾 .

Combining the viscous estimates with the estimates (3.3.42), (3.3.43), (3.3.45), and
(3.3.48), we conclude the proof of Lemma 3.3.8.

3.3.4.4 Summary of the 𝐻𝐾 estimates

Using (3.3.12a), (3.3.12b) in Proposition 3.3.3, for any 𝜇 > 0, we obtain

E1 ≤ |Q| + 𝐻𝑝−1 + 𝐶 (𝜇) (𝐸0 + 𝐹1) + 𝜇(𝐸𝐾 + 𝐹𝐾) + (𝐸0 + 𝐹1 + 𝐸𝐾 + 𝐹𝐾)2.

By Lemma 3.3.8, choosing 𝜇 < 𝜖
16𝜇0

and then collecting (3.3.41), (3.3.33), and
(3.3.25), we obtain that there exists a sufficiently small constant 1 > 𝜈1 > 𝜈2 > 0,
𝜈2 determined after 𝜈1, such that for the energy

𝐸2 = 𝐸2
𝐾 + 𝐹2

𝐾 + 1/𝜈1𝐹
2
1 + 1/𝜈2𝐸

2
0 , (3.3.50)
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the following estimate holds

1
2
𝑑

𝑑𝜏
𝐸2 ≤ − 𝜖

16
𝐸2+𝐶 ( |Q|+𝐻𝑝−1)𝐸+𝐶𝐸3 , ⇐⇒ 𝑑

𝑑𝜏
𝐸 ≤ − 𝜖

16
𝐸+𝜇1( |Q|+𝐻𝑝−1)+𝜇1𝐸

2 ,

(3.3.51)
for some absolute constant 𝜇1 > 0. Here, the constant 𝐶 would depend on 𝜈1, 𝜈2.
Once we fix 𝜈1, 𝜈2, then𝐶 becomes a fixed constant 𝜇1. The estimate holds provided
that Assumption 3.3.2 is valid.

3.3.5 Lower bound of the amplitude
We now prove the bootstrap Assumption 3.3.2 by estimating the lower bound of𝑈𝜌,
for the weight 𝜌 = 𝑈̄−1−𝜖2 . We will proceed with a maximal principle argument and
a barrier argument. Notice that

∇𝑈 =
∇(𝑈𝜌) −𝑈∇𝜌

𝜌
, ∇2𝑈 =

∇2(𝑈𝜌) −𝑈∇2𝜌

𝜌
−∇(𝑈𝜌)∇𝜌

𝑇 + ∇𝜌∇(𝑈𝜌)𝑇 − 2𝑈∇𝜌∇𝜌𝑇
𝜌2 .

We compute by (3.2.7) that

𝜕𝜏 (𝑈𝜌) = P𝑈 (𝑈𝜌), P𝑈 𝑓 = 𝐴0 𝑓 + 𝐴1 · ∇ 𝑓 + tr(𝑄∇2 𝑓 ). (3.3.52)

where the coefficients 𝐴0, 𝐴1 of the parabolic operator P𝑈 are:

𝐴0 = 𝑐𝑈 − 𝐻𝑝−1𝛾 +𝑈 𝑝−1 + (1
2
𝑧 + P𝑧 + V) · ∇𝜌

𝜌
− ΔQ𝜌 − 2𝛽⟨∇𝜌,∇Θ⟩Q

𝜌
+ 2

⟨∇𝜌,∇𝜌⟩Q
𝜌2 − ⟨∇Θ,∇Θ⟩Q − 𝛽ΔQΘ ,

𝐴1 = −(1
2
𝑧 + P𝑧 + V + 2

Q∇𝜌
𝜌

+ 2𝛽Q),

Notice that 𝑈̄ is the approximate steady state and |∇𝜌 |⟨𝑧⟩ ≲ 𝜌. We can calculate
the damping using the nonlinear estimate (3.3.44) and Lemma 3.2.1 that:

𝐴0 = 𝑂 (E1) − 𝜖2
𝑧 · ∇𝑈̄
𝑈̄

, 𝐴1 = −(1
2
𝑧 + P𝑧) +𝑂 (E1), |P | ≲ E1.

Next, we define a barrier function 𝐹 = 𝑈̄−4𝜖2 . Since |𝑧 ·∇𝐹 | ≲ 𝐹, |∇𝑖𝐹 | ≲ 𝐹, 𝑖 = 1, 2,
we get

P𝑈𝐹 = (𝑂 (E1) − 𝜖2
𝑧 · ∇𝑈̄
𝑈̄

+ 𝐴1 · ∇𝐹
𝐹

)𝐹 + tr(Q∇2𝐹)

= (𝑂 (E1) − 𝜖2
𝑧 · ∇𝑈̄
𝑈̄

− 1
2
𝑧 · ∇𝐹
𝐹

)𝐹 = (𝑂 (E1) − (𝜖2 − 2𝜖2)
𝑧 · ∇𝑈̄
𝑈̄

)𝐹 = (𝑂 (E1) + 𝜖2
𝑧 · ∇𝑈̄
𝑈̄

)𝐹.

- For |𝑧 | ≥ 1, we derive by the form of 𝑈̄ in (3.1.27) the lower bound − 𝑧·∇𝑈̄
𝑈̄

≥ 𝜇𝑈,2

for some positive constant 𝜇𝑈,2 . Recall the definition of E1 (3.3.11) and 𝐸 ≲ 1 from
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(3.3.50) and Assumption (3.3.8). Since |Q| ≲ tr(Q), for some positive constant
𝜇𝑈,1, we have

𝐴0 ≥ 𝜇𝑈,2𝜖2−𝜇𝑈,1(tr(Q)+𝐻𝑝−1+𝐸) , P𝑈𝐹 ≤ (𝜇𝑈,1(tr(Q)+𝐻𝑝−1+𝐸)−𝜇𝑈,2𝜖2)𝐹.
(3.3.53)

- For |𝑧 | ≤ 1, since 𝜌 is bounded on the interval and we recall the definition of Γ
(3.2.13), we can estimate

𝑈𝜌 = 𝑈̄−𝜖2 +𝑊𝜌 ≥ 4𝐶𝑏 − 𝐶Γ ≥ 4𝐶𝑏 − 𝜇𝑈,3𝐸 , (3.3.54)

for some positive constant 𝜇𝑈,3. Here we use the definition of 𝐶𝑏 in Assumption
3.3.2.

Hence, by enforcing 𝐸, |Q| + 𝐻𝑝−1 sufficiently small, we will verify the following
bootstrap assumption.

Assumption 3.3.9.

𝐴0 > 0, P𝑈𝐹 < 0, |𝑧 | ≥ 1, 𝑈𝜌 > 2𝐶𝑏, |𝑧 | ≤ 1. (3.3.55)

Now, we consider Ω𝑐 = 𝑈𝜌 + 𝑐𝐹 for 𝑐 > 0. From Corollary 3.3.4 and the choice of
𝜖2, we obtain

𝑈𝜌 ≲ ⟨𝑧⟩𝜎+𝜖/2⟨𝑧⟩−𝜎+𝜖/2 = ⟨𝑧⟩𝜖 , 𝐹 = 𝑈̄−4𝜖2 ≳ ⟨𝑧⟩8𝜖2/(𝑝−1) ≳ ⟨𝑧⟩2𝜖 .

Under the assumption (3.3.55) and 3.3.2, for any 𝑐 > 0, we have

Ω𝑐 (𝑧) > 2𝐶𝑏, |𝑧 | ≤ 1, lim
|𝑧 |→∞

Ω𝑐 = ∞.

Using the above estimates of P𝑈 , we get

𝜕𝜏Ω𝑐 = 𝜕𝜏 (𝑈𝜌) = P𝑈 (𝑈𝜌 + 𝑐𝐹) − 𝑐P𝑈𝐹 = P𝑈Ω𝑐 − 𝑐P𝑈𝐹 > P𝑈Ω𝑐 .

By choosing initial data with𝑈𝜌 > 2𝐶𝑏 and then applying the maximal principle to
the operator P𝑈 on |𝑧 | ≥ 1, we obtain

Ω𝑐 > 2𝐶𝑏, 𝑈𝜌 + 𝑐𝐹 ≥ 2𝐶𝑏, |𝑧 | ≥ 1.

Since 𝑐 is arbitrary, taking 𝑐 → 0, we prove 𝑈𝜌 > 2𝐶𝑏 for |𝑧 | ≥ 1, which along
with (3.3.55) for 𝑈𝜌 concludes 𝑈𝜌 ≥ 2𝐶𝑏,∀𝑧 ∈ R𝑑 and strengthens (3.3.7) in
Assumption 3.3.2.

In Section 3.3.6, we prove Assumption 3.3.9.
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3.3.6 Bootstrap argument and blowup
In this section, we prove Theorem 3.3.1 by combining previous estimates and use a
bootstrap argument.

Recall the ODE of 𝑄 from Lemma 3.2.1 and E0, Γ from (3.2.13)

Q𝜏 = −(Q𝑢 +
1
2
Q𝑑)Q − Q(Q𝑇𝑢 + 1

2
Q𝑑) + O(|Q|E0), E0 = |Q|(Γ + Γ4) + 𝐻𝑝−1.

(3.3.56)

Since the parameters 𝜈𝑖 in the energy 𝐸 (3.3.50) have been chosen as some absolute
constants, under the bootstrap assumption 3.3.2, we get

𝐸 ≲ 1, Γ ≲ 𝐸0 + 𝐸𝐾 ≲ 𝐸 ≲ 1, E0 ≲ |Q|Γ + 𝐻𝑝−1 ≲ |Q|𝐸 + 𝐻𝑝−1. (3.3.57)

Taking trace on both side of (3.3.56) and then using Q = Q𝑢 + Q𝑇𝑢 + Q𝑑 ,

tr((Q𝑢 +
1
2
Q𝑑)Q + Q(Q𝑢 +

1
2
Q𝑑)𝑇 ) = tr((Q𝑢 +

1
2
Q𝑑 +

1
2
Q𝑑 + Q𝑇𝑢 )Q) = tr(Q2),

|Q| ≈ tr(Q), tr(Q2) =
∑︁

𝜆2
Q,𝑖 ≥

1
𝑑
(
∑︁

𝜆Q,𝑖)2 =
1
𝑑
(tr(Q))2,

where 𝜆Q,𝑖 is the eigenvalue of Q, and the above estimates, we get for a constant 𝜇2:

𝜕𝜏tr(Q) ≤ −tr(Q2)+𝜇2(𝐸 tr(Q)2+𝐻𝑝−1tr(Q)) ≤ −1
𝑑
(trQ)2+𝜇2(𝐸 (trQ)2+𝐻𝑝−1tr(Q)).

(3.3.58)

Recall 𝑐𝑊 from (3.2.4). To simplify the nonlinear estimates, in addition to bootstrap
assumption 3.3.2, we impose the following assumption

Assumption 3.3.10.

|𝑐𝑊 | < 1
2

min((𝑝 − 1)−1, 1), 𝐸 (𝜏) < min( 1
4𝑑𝜇1

,
𝜖

32𝜇2
), (3.3.59)

where 𝜇1 is the constant in (3.3.50). We denote

𝜖1 = 𝜇2𝐻
𝑝−1, 𝑎(𝜏) = exp(𝜇2

∫ 𝜏

0
𝐻𝑝−1(𝑠)𝑑𝑠), 𝜆 =

𝜖

32
. (3.3.60)

Consequence of bootstrap assumptions. We perform the energy estimates under
the assumptions (3.3.59) and 3.3.2 and show that these estimates can be strengthened.

Using (3.2.2), (3.2.4), we obtain (𝑝 − 1)𝑐𝑈 (𝑠) = −1 + (𝑝 − 1)𝑐𝑊 (𝑠) ≤ −1
2 and

𝐻𝑝−1(𝜏) ≤ 𝐻𝑝−1(0) exp(
∫ 𝜏

0
(𝑝−1)𝑐𝑈 (𝑠)𝑑𝑠) ≤ 𝐻𝑝−1(0) exp(−𝜏/2), −1

𝑑
+𝜇2𝐸 (𝜏) < − 1

2𝑑
.

(3.3.61)
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We can solve the ODE of (tr(𝑄))−1 using the above estimate and (3.3.58) to obtain

𝜕𝜏𝐸
−1
Q ≥ 1

2𝑑
− 𝜇2𝐻

𝑝−1𝐸−1
Q , 𝐸Q := tr(Q).

By choose 𝐻𝑝−1(0) small enough such that exp(2𝜖1) < 2, for any 0 ≤ 𝑠 ≤ 𝜏, we get

𝑎(𝜏)𝑎(𝑠)−1 ≤ 𝑒𝜖1
∫ 𝜏

0 exp(−𝑠/2)𝑑𝑠 ≤ 𝑒2𝜖1 < 2, 𝑎(𝜏)−1𝑎(𝑠) > 1
2
, 𝑎(0) = 1.

Solving the above ODE, we yield

𝐸−1
Q (𝜏) ≥ 𝑎(𝜏)−1𝐸−1

Q (0) + 1
2𝑑

∫ 𝜏

0
𝑎(𝜏)−1𝑎(𝑠)𝑑𝑠 ≥ 1

2
(𝐸−1

Q (0) + 1
2𝑑
𝜏),

𝐸Q (𝜏) ≤ min(2𝐸Q (0), 4𝑑/𝜏).
(3.3.62)

Using (3.3.59), the above estimates, and − 𝜖
16 + 𝜇1𝐸 < − 𝜖

32 = 𝜆 (3.3.60), we obtain

𝑑

𝑑𝜏
𝐸 ≤ −𝜆𝐸 + 𝐶 (𝐸Q + 𝐻𝑝−1(0)𝑒−𝜏/2).

Solving the ODE and using (3.3.62), we obtain

𝐸 (𝜏) ≤ 𝑒−𝜆𝜏𝐸 (0) + 𝐶
∫ 𝜏

0
𝑒−𝜆(𝜏−𝑠) (min(𝐸Q (0),

1
𝑠
) + 𝐻𝑝−1(0)𝑒−𝑠/2)𝑑𝑠,

where 𝐶 is some absolute constant and can depend on 𝜖, 𝜆. Since 𝜆 < 1/2, by
decomposing the integral into 𝑠 < 𝜏/2 and 𝑠 ≥ 𝜏/2, we obtain

𝐸 (𝜏) ≤ 𝑒−𝜆𝜏 (𝐸 (0) + 𝐶𝐻𝑝−1(0)) + 𝐶
(
𝐸Q (0)

∫ 𝜏/2

0
𝑒−𝜆(𝜏−𝑠)𝑑𝑠 +

∫ 𝜏

𝜏/2
𝑒−𝜆(𝜏−𝑠) min(𝐸Q (0), 1/𝜏)𝑑𝑠

)
≤ 𝑒−𝜆𝜏/2(𝐸 (0) + 𝜇3𝐻

𝑝−1(0) + 𝜇3𝐸Q (0)) + 𝜇3 min(𝐸Q (0), 1/𝜏)
(3.3.63)

for some absolute constant 𝜇3 > 0.

Plugging the above estimates and (3.3.57) into Lemma 3.2.1, and using 𝐸 ≲ 1
(3.3.59), we get for some 𝜇4 > 0:

|𝑐𝑊 (𝜏) | < 𝐶 (𝐸Q (𝜏)+𝐸Q (𝜏)𝐸 (𝜏)+𝐻𝑝−1(𝜏)) < 𝜇4(min(𝐸Q (0), 1/𝜏)+𝐻𝑝−1(0)𝑒−𝜏/2).
(3.3.64)

Continuation of the bootstrap assumptions. For initial data satisfying

𝐸 (0) < 𝐸∗, 𝐸Q (0) < 𝐸∗, 𝐻𝑝−1(0) < 𝐸∗, (3.3.65)
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with 𝐸∗ sufficiently small, we obtain from (3.3.62), (3.3.63), (3.3.64) the following
estimates

𝐸 (𝜏) ≤ 𝑒−𝜆𝜏/2𝐸∗(1 + 2𝜇3) + 𝜇3 min(𝐸∗, 1/𝜏) < 𝐸∗(1 + 3𝜇3), 𝐸Q (𝜏) < 2𝐸∗, |𝑐𝑊 | < 𝜇4𝐸∗,

𝐻𝑝−1(𝜏) ≤ 𝐻𝑝−1(0) < 𝐸∗, 𝐸 (𝜏) + tr(Q) + 𝐻𝑝−1 < (4 + 3𝜇3)𝐸∗.

Therefore, there exists 𝜈3 > 0 such that for 𝐸∗ < 𝜈3, the bootstrap assumption
(3.3.59) can be strengthened and continued. Plugging the above estimates into
(3.3.53), (3.3.54) we obtain

𝐴0 ≥ 𝜇𝑈,2𝜖2−𝜇𝑈,3(3𝜇3+4)𝐸∗, P𝑈𝐹 ≤ (𝜇𝑈,2(4+3𝜇3)𝐸∗−𝜇𝑈,2𝜖2)𝐹, 𝑈𝜌 ≥ 4𝐶𝑏−𝜇𝑈,3(1+3𝜇3)𝐸∗.

By further requiring𝐸∗ to be sufficiently small, the Assumption 3.3.9 can be strength-
ened and continued. The 𝐿∞ estimate in Section 3.3.5 strengthens (3.3.7) in the
Assumption 3.3.2. Using the definition (3.3.50) and the above estimate for 𝐸 , we
obtain

(𝐸0 + 𝐸𝐾 + 𝐹1 + 𝐹𝐾) (𝑡) ≤ 𝐶 (𝜈1, 𝜈2)𝐸∗,

which strengthens the first inequality in (3.3.8) in Assumption 3.3.2 by further
choosing 𝐸∗ to be small enough.

For the second inequality in (3.3.8), applying the Jacobi’s formula 𝑑
𝑑𝜏

det(Q(𝜏)) =
det(Q(𝜏))tr(Q−1 𝑑

𝑑𝜏
Q) to (3.2.15) and using tr(𝐴𝐵) = tr(𝐵𝐴),Q = Q𝑢 + Q𝑑 + Q𝑇𝑢 ,

we obtain
𝜕𝜏 det(Q) = det(Q) · tr(−Q +𝑂 (E0)).

From the above estimates, |Q| and E0 remain uniformly bounded for all 𝜏 > 0.
Since det(Q(0)) > 0, we prove det(Q) ≥ det(Q(0))𝑒−𝐶𝜏, which strengthens the
second inequality in (3.3.8). This concludes the proof of Theorem 3.3.1.

3.4 Refined asymptotics
In this section, building on Theorem 3.3.1, we obtain sharp asymptotics stated
in Theorem 3.1.1. In Section 3.4.1, we estimate the sharp blowup rates for the
amplitude similarly as in [218]. In Section 3.4.2, we estimate the asymptotics
related to the phase and prove 𝐿∞ convergence. In Section 3.4.3, we combine
Theorem 3.3.1, Propositions 3.4.1 and 3.4.2 to prove Theorem 3.1.1.

3.4.1 Asymptotics of the amplitude and blowup rate
We use 𝑂𝑖𝑛 and 𝐶𝑖𝑛 to track any constant depending on the norm of the initial data
tr(Q(0)), tr(Q−1(0)). We have the following results for the asymptotics.
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Proposition 3.4.1. Suppose that the initial data (𝑈,Θ,Q, 𝐻) satisfy the assumption
in Theorem 3.3.1. We have the following asymptotics for the modulation parameters���𝐻 (𝜏)𝑝−1

𝑇 − 𝑡 (𝜏) −1
��� ≲ 𝐶𝑖𝑛⟨𝜏⟩−1, lim

𝜏→∞
𝜏

| log(𝑇 − 𝑡 (𝜏)) | = 1, lim
𝑡→𝑇

R(𝑡)√︁
(𝑇 − 𝑡) | log(𝑇 − 𝑡) |

= 𝐼𝑑 .

(3.4.1)

We consider 𝜏 ≥ 2. Note that 𝐸∗ < 1. We focus on the asymptotics as 𝜏 → ∞ and
the decay rate in 𝜏.

Refined estimate of Q. By inserting (3.3.63) and (3.3.61) into (3.3.58), we get

𝜕𝜏𝐸Q ≤ −1
𝑑
𝐸2
Q + 𝐶 (( 1

𝜏
+ 𝑒−𝜆𝜏/2)𝐸2

Q + 𝐸Q𝑒
−𝜏/2) ,

for some absolute constant 𝐶 > 0. Since 𝐸𝑄 > 0, we arrive at the ODE

𝜕𝜏𝐸
−1
Q ≥ 1

𝑑
− 𝐶 ( 1

𝜏
+ 𝑒−𝜆𝜏/2) − 𝐶𝐸−1

Q 𝑒
−𝜏/2 .

By introducing the integrating factor 𝑎(𝜏) = exp(−𝐶𝐸∗
∫ 𝜏

1 𝑒−𝑠/2𝑑𝑠), and using the
fast convergence |𝑎(𝜏)/𝑎(𝑠) − 1| ≲ 𝐸∗𝑒−𝑠/2, 𝑎(𝜏) ≥ 𝑒−𝐶𝐸∗ for 1 ≤ 𝑠 < 𝜏, we can
solve the above ODE and obtain

𝐸−1
Q ≥ 1

𝑑
𝜏 +𝑂 (log 𝜏) + 𝐸−1

Q (2)𝑒−𝐶𝐸∗ ≥ 1
𝑑
𝜏 +𝑂𝑖𝑛 (log 𝜏).

Since tr(Q) = ∑
𝜆Q,𝑖, we know that

min(𝜆Q,𝑖) ≤
1
𝑑
𝐸Q ≤ 1

𝜏
+𝑂𝑖𝑛 (

log 𝜏
𝜏2 ). (3.4.2)

Next we estimate tr(Q−1). From (3.3.56), we have by (3.3.57) that

𝜕𝜏tr(Q−1) = 𝑑 − 2tr(EQQ−1) ≤ 𝑑 + 𝜇2(𝐸𝐸Q + 𝐻𝑝−1)tr(Q−1).

By the above estimates of 𝐸Q , and the same estimates of 𝐸 and 𝐻𝑝−1 in (3.3.63)
and (3.3.61), we have that for sufficiently large 𝜏, there exists a 𝜇5 such that

𝜕𝜏tr(Q−1) ≤ 𝑑 + 𝐶

𝜏2 tr(Q−1).

We conclude that

tr(Q−1) ≤ 𝑑𝜏 +𝑂 (log 𝜏) + tr(Q−1(2)) ≤ 𝑑𝜏 +𝑂𝑖𝑛 (log 𝜏)
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Using tr(Q−1) = ∑
𝑖 𝜆

−1
Q,𝑖, we obtain

max(𝜆Q,𝑖) ≥
𝑑

tr(Q−1)
≥ 1
𝜏
+𝑂𝑖𝑛 (

log 𝜏
𝜏2 ). (3.4.3)

Combining the above estimates, we obtain

tr(Q−1)tr(Q) ≤ 𝑑2 +𝑂𝑖𝑛 (
log 𝜏
𝜏

).

Using tr(Q𝛼) = ∑
𝜆𝛼Q,𝑖, 𝛼 = 1,−1, we derive

tr(Q−1)tr(Q) =
∑︁

𝜆Q,𝑖
∑︁

𝜆−1
Q,𝑖 = 𝑑

2 +
∑︁
𝑖< 𝑗

(
√︄
𝜆𝑄,𝑖

𝜆Q, 𝑗
−

√︄
𝜆Q, 𝑗
𝜆Q,𝑖

)2.

It follows(√︄ 𝜆Q,𝑖
𝜆Q, 𝑗

−

√︄
𝜆Q, 𝑗
𝜆Q,𝑖

)2
= 𝑂𝑖𝑛

( log 𝜏
𝜏

)
, ∀𝑖 < 𝑗 ,

max(𝜆Q,𝑖)
min(𝜆Q,𝑖)

= 1 +𝑂𝑖𝑛 ((
log 𝜏
𝜏

)1/2).

Combining the above estimate with (3.4.2) and (3.4.3), we have that each one of the
eigenvalue satisfies

𝜆Q,𝑖 =
1
𝜏
+𝑂𝑖𝑛 (𝜏−3/2

√︁
log 𝜏) = 1

𝜏
+𝑂𝑖𝑛 (𝑎𝜏), 𝑎𝜏 = 𝜏

−3/2+𝜖3 , 𝜖3 =
1

10
.

Since Q is symmetric and Q(𝜏) = 𝑅(𝜏)Λ𝑅(𝜏)𝑇 for Λ = diag(𝜆Q,1, .., 𝜆Q,𝑑) and
some orthogonal matrix 𝑅, which satisfies |𝑅(𝜏) | ≤ 𝐶 for 𝐶 independent in 𝜏, the
above estimates further imply,

Q = 𝑅(𝜏)
(1
𝜏
𝐼𝑑 +𝑂𝑖𝑛 (𝑎𝜏)

)
𝑅(𝜏)𝑇 =

1
𝜏
𝐼𝑑 +𝑂𝑖𝑛 (𝑎𝜏). (3.4.4)

Estimate of R and blowup rate. Recall from (3.2.4), (3.2.5)

M = 𝑒−𝜏/2R−1, Q = 𝐶
𝑝−1
𝑊

MM𝑇 = 𝐶
𝑝−1
𝑊

𝑒−𝜏/2R−1(𝑒−𝜏/2R−1)𝑇 = 𝑀𝑄𝑀
𝑇
𝑄 , 𝑀𝑄 := 𝐶 (𝑝−1)/2

𝑈
R−1.

Note that R,M, 𝑀𝑄 are upper triangular matrices. Due to 𝑀𝑄,𝑖𝑖 (0) > 0 and the
non-degeneracy 0 < det(Q) = det(𝑀𝑄)2 =

∏
𝑀2
𝑄,𝑖𝑖

for all 𝜏 from (3.3.8), by
continuity, we have 𝑀𝑄,𝑖𝑖 (𝜏) > 0, which are the eigenvalues of 𝑀𝑄 , 𝑀

𝑇
𝑄

. For each
real eigenpair (𝜆, 𝑣) of 𝑀𝑇

𝑄
with | |𝑣 | |2

𝑙2
= 1, we obtain

𝜆2 = 𝜆2 | |𝑣 | |2
𝑙2
= 𝑣𝑇𝑀𝑄𝑀

𝑇
𝑄𝑣 = 𝑣

𝑇Q𝑣 = 𝜏−1 | |𝑣 | |2
𝑙2
+𝑂𝑖𝑛 (𝑎𝜏) = 𝜏−1 +𝑂𝑖𝑛 (𝑎𝜏).
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Since 𝑀𝑄,𝑖𝑖 > 0 is a eigenvalue of 𝑀𝑄 , we obtain

𝑀𝑄,𝑖𝑖 = 𝜏
−1/2(1 + 𝜏𝑂 (𝑎𝜏))1/2 = 𝜏−1/2 +𝑂 (𝜏1/2𝑎𝜏) = 𝜏−1/2 +𝑂 ((log 𝜏)1/2/𝜏).

Next, we estimate the strictly upper part of 𝑀𝑄: 𝑀𝑢
Q . Taking the trace, we get∑︁

𝑖≠ 𝑗

𝑀2
𝑄,𝑖 𝑗 = tr(𝑀𝑄𝑀

𝑇
𝑄)−

∑︁
𝑖

𝑀2
𝑄,𝑖𝑖 = tr(Q)−

∑︁
𝑖

𝑀2
𝑄,𝑖𝑖 = 𝑑/𝜏−𝑑/𝜏+𝑂 (𝑎𝜏) = 𝑂 (𝑎𝜏)

which implies 𝑀𝑢
Q = 𝑂 (𝑎1/2

𝜏 ). Comparing the strictly upper part Q = (𝑀𝑄,𝑑 +
𝑀𝑢
𝑄
) (𝑀𝑄,𝑑 + 𝑀𝑢

𝑄
)𝑇 , we get

𝑀𝑢
𝑄𝑀𝑄,𝑑 = Q𝑢 − (𝑀𝑄,𝑢𝑀

𝑇
𝑄,𝑢)

𝑢 = 𝑂 (𝑎𝜏), 𝑀𝑢
𝑄 = 𝑂 (𝑎𝜏)𝑀−1

𝑄,𝑑 = 𝑂 (𝑎𝜏𝜏1/2).

Therefore, we conclude,

𝐶
(𝑝−1)/2
𝑈

R−1 = 𝑀𝑄 =
1
√
𝜏
𝐼𝑑 +𝑂𝑖𝑛 (𝜏1/2𝑎𝜏) =

1
√
𝜏
𝐼𝑑 +𝑂𝑖𝑛 (𝜏−1+𝜖3). (3.4.5)

Using (3.2.2), we define the blowup time as 𝑇 = 𝑡 (∞). Using (3.2.2) for 𝑡 (𝜏),
Lemma 3.2.1 and (3.3.59) for 𝑐𝑊 , and (3.3.64), (3.3.6), (3.4.4) for tr(Q), E0, we
obtain

𝑡𝜏 = 𝐻
𝑝−1, (𝑝−1)𝑐𝑊 =

𝜇5

𝜏
+𝑂𝑖𝑛 (𝑎𝜏), | (𝑝−1)𝑐𝑊 | < 1

2
, 𝑎𝜏 = 𝜏

−3/2+𝜖3 , 𝜇5 =
2(1 − 𝛽𝛿)𝑑𝑐𝑝

𝑝 − 1
.

(3.4.6)

Using (3.2.2), (3.2.4), for 𝜏 ≥ 2, 𝑠 > 0, we obtain

𝐻𝑝−1(𝜏 + 𝑠)
𝐻𝑝−1(𝜏)

= 𝑒−𝑠𝐹 (𝜏, 𝑠), 𝐹 (𝜏, 𝑠) := 𝑒(𝑝−1)
∫ 𝜏+𝑠
𝜏

𝑐𝑊 (𝑧)𝑑𝑧 .

Since | (𝑝 − 1)𝑐𝑊 (𝑠) | < min( 1
2 , 𝐶𝜏

−1), using |𝑒𝑥 − 1| ≲ |𝑥 | (𝑒𝑥 + 1), 𝜕𝑠𝐹 (𝜏, 𝑠) =

(𝑝 − 1)𝑐𝑊 (𝜏 + 𝑠)𝐹 (𝜏, 𝑠), 𝐹 (𝜏, 0) = 1, for 0 ≤ 𝑧 ≤ 𝑠, we obtain

|𝐹 (𝜏, 𝑠) − 1| ≲ 𝑠/𝜏(𝐹 (𝜏, 𝑠) + 𝐹 (𝜏, 0)) ≲ 𝑒𝑠/2𝑠/𝜏,
|𝑐𝑊 (𝜏 + 𝑧) − 𝜇5𝜏

−1 | ≲ | (𝜏 + 𝑧)−1 − 𝜏−1 | + 𝑎𝜏 ≲ 𝑧𝜏−2 + 𝑎𝜏,

which implies

|𝑐𝑊 (𝜏 + 𝑧)𝐹 (𝜏, 𝑧) − 𝜇5𝜏
−1 | ≲ |𝑐𝑊 (𝜏 + 𝑧) (𝐹 (𝜏, 𝑧) − 1) + (𝑐𝑊 (𝜏 + 𝑧) − 𝜇5𝜏

−1) | ≲ 𝑎𝜏 + 𝑒𝑧/2𝑧𝜏−2 + 𝑧𝜏−2,

|𝐹 (𝜏, 𝑠) − 1 − 𝑠𝜇5𝜏
−1 | ≲ 𝑠 max

0≤𝑧≤𝑠
|𝑐𝑊 (𝜏 + 𝑧)𝐹 (𝜏, 𝑧) − 𝜇5𝜏

−1 | ≲ 𝑒𝑠/2𝑠2𝜏−2 + 𝑠𝜏−3/2+𝜖3 .
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Therefore, integrating 𝐻 𝑝−1 (𝜏+𝑠)
𝐻 𝑝−1 (𝜏) for 𝑠 from 0 to ∞ and using the above estimates, we

get

𝑇 − 𝑡 (𝜏)
𝐻𝑝−1(𝜏)

=

∫ ∞

0

𝐻𝑝−1(𝜏 + 𝑠)
𝐻𝑝−1(𝜏)

𝑑𝑠 =

∫ ∞

0
𝑒−𝑠𝐹 (𝜏, 𝑠)𝑑𝑠 =

∫ ∞

0
(1 + 𝜇5𝑠𝜏

−1)𝑒−𝑠𝑑𝑠 +𝑂𝑖𝑛 (𝜏−3/2+𝜖1)

= 1 + 𝜇5𝜏
−1 +𝑂𝑖𝑛 (𝜏−3/2+𝜖1),

(3.4.7)
where we use

∫ ∞
0 𝑠𝑒−𝑠𝑑𝑠 = 1. Since (𝑝 − 1)𝑐𝑈 = (𝑝 − 1) (𝑐𝑈 + 𝑐𝑊 ) = −1 +𝑂 (𝜏−1),

we further obtain

log(𝑇−𝑡 (𝜏)) = (1+𝑂 (𝜏)−1) log(𝐻𝑝−1) = (1+𝑂 (𝜏)−1) (𝑂𝑖𝑛 (1)+
∫ 𝜏

0
(𝑝−1)𝑐𝑈) = −𝜏+𝑂𝑖𝑛 (log(𝜏)).

(3.4.8)

Combining (3.4.5), (3.4.7), (3.4.8), we prove (3.4.1) and Proposition 3.4.1.

3.4.2 Asymptotics of phase and 𝐿∞ convergence
In this section, our goal is to prove the following convergence.

Proposition 3.4.2. Suppose that the initial data (𝑈,Θ) satisfy the assumption in
Theorem 3.3.1. We have

|𝑈 (𝑧, 𝜏)𝑒𝚤(Θ−𝐴(𝜏)) − 𝑈̄1+𝚤𝛿 | ≲ min(⟨𝑧⟩𝜎+𝜖/2⟨𝜏⟩−𝜖 , ⟨𝜏⟩max(−1,2𝜎)). (3.4.9)

where 𝐴(𝜏) satisfies the following estimate for some constant 𝐶𝑖𝑛 depending on the
initial data

|𝐴−𝐴̄| ≤ 𝐶𝑖𝑛, 𝐴(𝜏) :=
𝛿

𝑝 − 1
𝜏+Φ(𝜏, 0), 𝐴̄(𝜏) := −𝛿 log(𝑇 − 𝑡 (𝜏))

𝑝 − 1
−𝑑𝛽(1 + 𝛿2) log | log(𝑇 − 𝑡 (𝜏)) |

2♭∗
.

(3.4.10)

Proof. We will first estimate Φ(0) and then prove convergence.

Estimate of Φ(0). Firstly, we compute 𝐴𝜏, 𝐴̄𝜏. Using (3.3.2), we perform similar
computations to the proof of Lemma 3.2.1 to compute that

Φ𝜏 (0) = −𝑣 · ∇Φ(0) +𝒟Θ(0) = 𝑂 (E0) + (𝛽 + 𝛿) 𝜅2

𝜅0
tr(𝑄) .

Applying (3.4.4) and the estimates (3.3.6), (3.3.57) for E0, we yield

𝐴𝜏 (𝜏) =
𝛿

𝑝 − 1
− 𝑑 (𝛽 + 𝛿)

2♭∗𝜏
+𝑂𝑖𝑛 (𝜏−3/2+𝜖1), 𝐴̄𝜏 (𝜏) =

𝛿

𝑝 − 1
𝑡𝜏

𝑇 − 𝑡 −
𝑑𝛽(1 + 𝛿2)𝑡𝜏

2♭∗ | log(𝑇 − 𝑡) | (𝑇 − 𝑡) .
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Using 𝑡𝜏 = 𝐻𝑝−1 (3.4.6), (3.4.7), and (3.4.8), we yield

𝑡𝜏

𝑇 − 𝑡 (𝜏) =
𝐻𝑝−1

𝑇 − 𝑡 (𝜏) = 1−𝜇5

𝜏
+𝑂𝑖𝑛 (𝜏−3/2+𝜖1), 𝑡𝜏

(𝑇 − 𝑡) log(𝑇 − 𝑡) =
1
𝜏
+𝑂𝑖𝑛 (log(𝜏)𝜏−2).

Using the definition of 𝜇5 (3.4.6), 𝑐𝑝 (3.1.27), we conclude

𝐴𝜏 − 𝐴̄𝜏 = (−𝑑 (𝛽 + 𝛿)
2♭∗

+ 𝜇5𝛿

𝑝 − 1
+ 𝑑𝛽(1 + 𝛿2)

2♭∗
) 1
𝜏
+𝑂𝑖𝑛 (𝜏−

3
2+𝜖3)

=
𝛿

𝜏
(
2(1 − 𝛽𝛿)𝑑𝑐𝑝

(𝑝 − 1)2 − 𝑑 (1 − 𝛽𝛿)
2♭∗

) +𝑂𝑖𝑛 (𝜏−
3
2+𝜖3).

The first term vanishes due to (3.1.27) for 𝑐𝑝. Since the error term is integrable in
𝜏 ≥ 2, we conclude the asymptotics of the phase (3.4.10).

𝐿∞ convergence. Recall Θ = Θ̄ + Φ (3.2.4). Integrating (3.3.13b) with 𝑙 = 1, we
obtain

|Φ(𝑧) −Φ(0) | ≲
∫ 1

0
|∇Φ(𝑡𝑧) |𝑑𝑡 ≲ 𝐸

∫ 1

0
⟨𝑡𝑧⟩−1/2𝑑𝑡 ≲ 𝐸 ⟨𝑧⟩1/2. (3.4.11)

Using𝑈 = 𝑈̄ +𝑊 (3.2.4), we decompose

𝐽 := 𝑈𝑒𝚤(Θ−Θ̄−Φ(0))−𝑈̄ = 𝑈𝑒𝚤(Φ−Φ(0))−𝑈̄ = 𝑊𝑒𝚤(Φ−Φ(0))+𝑈̄ (𝑒𝚤(Φ−Φ(0))−1) = 𝐼+ 𝐼 𝐼 .

Appyling (3.3.13a) to 𝐼, (3.4.11) and |𝑒𝚤𝑥 − 1| ≲ min( |𝑥 |, 1) to 𝐼 𝐼, and 𝐸 ≲ ⟨𝜏⟩−1

(3.3.6), we prove

|𝐽 | ≲ ⟨𝑧⟩𝜎+𝜖/2𝐸 + ⟨𝑧⟩𝜎 min(𝐸 ⟨𝑧⟩1/2, 1) ≲ min(⟨𝑧⟩𝜎+𝜖/2(𝐸 + 𝐸 𝜖 ), 𝐸 + 𝐸−2𝜎)
≲ min(⟨𝑧⟩𝜎+𝜖/2⟨𝜏⟩−𝜖 , ⟨𝜏⟩max(−1,2𝜎)).

Since Θ − Θ̄ − Φ(0) + 𝛿 log 𝑈̄ = Θ − 𝐴(𝜏) (3.1.27) and (3.4.10), we get 𝑈𝚤𝛿𝐽 =

𝑈𝑒𝚤(Θ−𝐴(𝜏)) − 𝑈̄1+𝚤𝛿. Since |𝑈𝚤𝛿 | = 1, the above estimate conclude the proof of
(3.4.9). □

3.4.3 Proof of Theorem 3.1.1
In this section, we prove Theorem 3.1.1 with the open set O prescribed in Remark
3.1.2.

Verification of assumptions in Theorem 3.3.1. We first choose 𝜈 < 1 in (3.1.15)
for Theorem 3.1.1. Following the proof of Corollary 3.3.4, we obtain𝑈0 ≲ ⟨𝑧⟩𝜎+𝜖/2.
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Using the definitions (3.3.4) of 𝐹𝐾 and (3.1.16) of the norm 𝔉̄𝐾 , and (3.1.28), we
get

𝜌̊𝐾 = 𝜌𝐾𝑈
2 ≤ 𝐶⟨𝑧⟩2𝜎+𝜖 𝜌𝐾 ≥ 𝐶 (1 + |𝑧 |−𝑑−2𝐾), 𝐹𝐾 ≤ 𝐶∥Φ∥𝔉̄𝐾 .

From (3.1.6), (3.3.50), we obtain 𝐸 ≤ 𝐶𝐸𝑖𝑛. By choosing 𝜈 = 𝑐𝐸∗ in (3.1.15) with
𝑐 > 0 sufficiently small, the assumptions (3.1.15) implies the assumptions (3.3.5)
in Theorem 3.3.1 except for 𝐸Q < 𝐸∗. Using the definitions of M0, 𝐻 (0) (3.1.13)
R0,Q (3.2.5), and 𝐶𝑊 (0) = 𝐻 (0) (3.2.4), we obtain

tr(Q(0)) = 𝐻 (0)𝑝−1tr(MM𝑇 ) = 𝐻 (0)𝑝−1tr(M𝑇M) = 𝐶𝑢0(𝑉0)−𝑝tr(∇2𝑢0(𝑉0))

for some absolute constant𝐶. Therefore, by further choosing 𝑐 small in 𝜇 = 𝑐𝐸∗, we
obtain |𝐸Q | < 𝐸∗ from the last assumption in (3.1.15). We verify the assumptions
in Theorem 3.3.1 and can use the results in Theorem 3.3.1, and Propositions 3.4.1
and 3.4.2.

For the time 𝑡 in Theorem 3.1.1, we use the change of variables 𝑡 = 𝑡 (𝜏) (3.2.2).
Then we only need to prove Theorem 3.1.1 in terms of the self-similar time 𝜏.

Proof of estimates (3.1.9), (3.1.12). Using Theorem 3.3.1, we obtain the estimates
(3.3.6), which along with the relation between (𝑈,Θ), (𝑢, 𝜃) and 𝑊 = 𝑈 − 𝑈̄,Φ =

Θ − Θ̄ prove (3.1.9) in Theorem 3.1.1.

To obtain (3.1.12) and (3.1.11), we choose 𝜇(𝑡 (𝜏)) = 𝐴(𝜏), 𝜇̂(𝑡) = 𝐴(𝜏) − 𝐴̄(𝜏).
Using Θ − 𝐴 = Θ − 𝐴̄ − 𝜇̂ and the formula of 𝐴̄ (3.4.10), we obtain

𝐽 : = | log(𝑇 − 𝑡) |𝚤
𝑑𝛽 (1+𝛿2 )

2♭∗ (𝑇 − 𝑡)
1+𝚤 𝛿
𝑝−1 𝜓(R(𝑡)𝑧 + V(𝑡), 𝑡)𝑒−𝚤 𝜇̂(𝑡) = (𝑇 − 𝑡)

1
𝑝−1𝐻−1𝑈 (𝑧, 𝜏)𝑒𝚤(Θ(𝑧,𝜏)−𝐴̄−𝜇̂)

= (𝑇 − 𝑡)
1
𝑝−1𝐻−1𝑈 (𝑧, 𝜏)𝑒𝚤(Θ(𝑧,𝜏)−𝐴(𝜏)) .

We denote
𝐽2 = 𝑈 (𝑧, 𝜏)𝑒𝚤(Θ(𝑧,𝜏)−𝐴(𝜏)) .

Using the limits 𝐻 (𝜏)/(𝑇 − 𝑡)1/(𝑝−1) → 1 and 𝜏/| log(𝑇 − 𝑡 (𝜏)) | → 1 as 𝜏 → ∞
(3.4.1), and the estimate (3.4.9), we prove

|𝐽 − 𝑈̄1+𝚤𝛿 | ≲ | (𝑇 − 𝑡)
1
𝑝−1𝐻−1 − 1| · |𝑈̄1+𝚤𝛿 | + (𝑇 − 𝑡)

1
𝑝−1𝐻−1 |𝐽2 − 𝑈̄1+𝚤𝛿 |

≲ 𝐶𝑖𝑛 (1 + 𝜏)𝜂 ≲ 𝐶𝑖𝑛 (1 + | log(𝑇 − 𝑡 (𝜏)) |)𝜂,

where 𝜂 = max(−1, 2𝜎).
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Proof of rates (3.1.10), (3.1.11). Next, we show that 𝑉 (𝜏) converges as 𝜏 → ∞ in
(3.1.10). From Lemma 3.2.1 for V, the decay estimates for Q, 𝐸 in Theorem 3.3.1,
and R(𝜏) → 0 as 𝜏 → ∞ in Proposition 3.4.1, we obtain

|R(𝜏)V(𝜏) | ≲ (1 + 𝜏)−2.

Since the upper bound is integrable in 𝜏, using |𝑉𝜏 (𝜏) | = |R(𝜏)V(𝜏) | (3.2.5), we
prove that 𝑉 (𝜏) converges as 𝜏 → ∞. The asymptotics (3.1.11) follows from the
definition of 𝜇 and (3.4.1).This ends the proof of Theorem 3.1.1.

3.4.4 Proof of Theorem 3.1.5
To prove Theorem 3.1.5, we only need to show that for 𝜖0 = 𝜖0(𝑢0), assumption
(3.1.17) implies that 𝑢̃0 is in the open set O in Theorem 3.1.1.

Estimates of 𝑉̃0, M̃0, 𝐻̃0. Since 𝑉0 is the unique maximizer and ∇2𝑢0(𝑉0) ≻ 0, for
𝛿1 sufficiently small, we obtain that 𝑢̃0 admits a global non-degenerate maximizer
𝑉̃0 close to𝑉0

7 with |𝑉0−𝑉̃0 | → 0 as | |𝑢̃0−𝑢0 | |𝐿∞ → 0. Using embedding (3.3.13a)
in Proposition 3.3.3, we obtain

| |𝑢0 − 𝑢̃0 | |𝐶2 ≲ | |𝑢0 − 𝑢̃0 | |H𝐾 .

Denote
𝛿1 := | |𝑢0 − 𝑢̃0 | |H𝐾 , 𝛿2 := |𝑉0 − 𝑉̃0 |.

Using continuity and the above embedding, we obtain

lim
𝜖0→0

|𝑉̃0−𝑉0 | = lim
𝜖0→0

𝛿2 = 0, |𝑢̃0(𝑉̃0)−𝑢0(𝑉0) | ≲ 𝛿1+𝛿2, |∇2𝑢̃0(𝑉̃0)−∇2𝑢0(𝑉0) | ≲ 𝛿1+𝛿2.

(3.4.12a)

Upon choosing 𝜖0 > 0 small, we can define the initial modulation parameters
(3.1.13) 𝐻̃0, M̃0 associated with 𝑢̃0 and obtain

lim
𝜖0→0

|M̃0 −M0 | + |𝐻0 − 𝐻̃0 | = 0. (3.4.12b)

We denote by 𝑈̃0 the rescaled variables for 𝑢̃0:

𝑈̃0 = 𝐻̃0𝑢̃0(M̃−1
0 𝑧 + 𝑉̃0). (3.4.13)

7Since for any 𝛿 > 0, there exists a 𝑟 > 0, such that 𝑢0 (𝑉0) > 𝑢0 (𝑉0 + 𝑧) + 𝛿, |𝑧 | > 𝑟, we obtain
|𝑉̃0 −𝑉0 | < 𝑟 when 𝛿1 < 𝛿/2.
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Verification of assumptions. We show that (𝑢̃0, 𝑈̃0) satisfies assumptions (3.1.15).
The implicit constants can depend on 𝑢0.

Firstly, assumptions (3.1.8), (3.1.15) for 𝑢̃0 except for

𝑈̃0𝑈̄
−1−𝜖2 > 2𝐶𝑏 (3.4.14)

follow from continuity and choosing 𝛿1 small. Condition (3.4.14) follows from the
assumption (3.4.14) for𝑈0, (3.1.17), the triangle inequality, and choosing 𝜖0 small.

Next, we verify (3.1.16) for 𝑈̃0, i.e.

| |𝑈̃0 − 𝑈̄0 | |𝔈𝐾 < 𝜈. (3.4.15)

Using the definition (3.4.13), we decompose 𝑈̃0 − 𝑈̄ as follows

𝑈̃0−𝑈̄ = 𝐻̃0

(
𝑢̃0(M̃−1

0 𝑧+𝑉̃0)−𝑢0(M̃−1
0 𝑧+𝑉̃0)

)
+
(
𝐻̃0𝑢0(M̃−1

0 𝑧+𝑉̃0)−𝑈̄0

)
:= 𝐽1+𝐽2.

(3.4.16)

For 𝐽1, using a change of variable, (3.4.12a), the assumption (3.1.17) for 𝑢0 − 𝑢̃0,
and the embedding (3.3.13a), we obtain

| |𝐽1 | |H𝐾 ≲ | |𝑢0 − 𝑢̃0 | |H𝐾 ≲ 𝜖0, lim
𝜖0→0

max
|𝑧 |≤1

|∇𝑖𝐽1 | = 0, for 𝑖 = 0, 1, 2, 3. (3.4.17)

Denote 𝐻1 = 𝐻̃0𝐻
−1
0 ,M1 = M0M−1

0 , 𝑉1 = M0(𝑉̃0 − 𝑉0). For 𝐽2, using 𝑢0(𝑧) =

𝐻−1
0 𝑈0(M0(𝑧 −𝑉0)) (3.1.13) and a change of variable, we obtain

𝐽2 = 𝐻̃0𝐻
−1
0 𝑈0(M0M−1

0 𝑧 +M0(𝑉̃0 −𝑉0)) − 𝑈̄0 = 𝐻1𝑈0(M1𝑧 +𝑉1) − 𝑈̄

= 𝐻1(𝑈0 − 𝑈̄) (M1𝑧 +𝑉1) +
(
𝐻1𝑈̄ (M1𝑧 +𝑉1) − 𝑈̄

)
:= 𝐽21 + 𝐽22.

From (3.4.12b), we obtain that M1 − 1 = 𝑜(1), 𝐻1 − 1 = 𝑜(1), 𝑉1 = 𝑜(1). Since
| |𝑈0 − 𝑈̄0 | |𝔈𝐾 < 𝜈, by choosing 𝜖0 small enough, we yield

| |𝐽21 | |𝔈𝐾 < 𝜈. (3.4.18)

Using the smoothness of 𝑈̄ and the embedding (3.3.13a), we obtain

lim
𝜖0→0

| |𝐽22 | |H𝐾 + max
|𝑧 |≤1,𝑖≤3

|∇𝑖𝐽22 | = 0. (3.4.19)

Next, we show that for 𝑓 with ∇ 𝑗 𝑓 (0) = 0, 𝑗 ≤ 2 and 𝑖 ≤ 𝐾 , we have

| |∇𝑖 𝑓 | |𝜌𝑖 ≲ | | 𝑓 | |H𝐾 . (3.4.20)
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Using the definition of 𝜌𝐾 (3.1.28), 𝔈𝐾 (3.1.6), 𝑔𝑘 ,H𝐾 (3.3.9), and embedding
(3.3.13a), for 𝑓 with ∇ 𝑗 𝑓 (0) = 0, 𝑗 ≤ 2, we have

| |∇𝑖 𝑓 | |𝜌𝑖 ≲ | |∇3 𝑓 | |𝐿∞ | | |𝑥 |3−𝑖1|𝑥 |≤1 | |𝜌𝑖 + ||∇𝑖 𝑓 | |𝑔𝑖 ≲ | | 𝑓 | |H𝐾 , 𝑖 ≤ 3,

| |∇𝑖 𝑓 | |𝜌𝑖 ≲ | |∇𝑖 𝑓 | |𝐿∞ | |1|𝑥 |≤1 | |𝜌𝑖 + ||∇𝑖 𝑓 | |𝑔𝑖 ≲ | | 𝑓 | |H𝐾 , 𝑖 ≤ (𝑑 + 5)/2.

For 𝑑+5
2 < 𝑖 ≤ 𝐾 , 𝜌𝑖 and 𝑔𝑖 are equivalent and (3.4.20) follows from (3.3.12c). From

the definition of 𝑈̃0 and 𝐽𝑖, for 𝑙 ≤ 2, 𝑖 = 1, 2, we obtain ∇𝑙𝐽21(0) = 0,∇𝑙 (𝐽1 +
𝐽22) (0) = 0. Applying (3.4.20), we obtain

| |𝐽1 + 𝐽22 | |𝔈𝐾 ≲ | |𝐽1 + 𝐽22 | |H𝐾 ,

which goes to 0 as 𝜖0 → 0. Since the inequality (3.4.18) is strict, for 𝜖0 small
enough, we prove (3.4.15). Condition (3.1.16) follows from a similar argument, we
conclude the proof of Theorem 3.1.5.
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C h a p t e r 4

BLOWUPS VIA LOCAL MODULATIONS: KELLER-SEGEL

The Keller-Segel equation, a classical chemotaxis model, and many of its variants
have been extensively studied for decades. In this work, we focus on 3D Keller-
Segel equation with a quadratic logistic damping term −𝜇𝜌2 (modeling density-
dependent mortality rate) and show the existence of finite-time blowup solutions
with nonnegative density and finite mass for any 𝜇 ∈

[
0, 1

3
)
. This range of 𝜇 is

sharp; for 𝜇 ≥ 1
3 , the logistic damping effect suppresses the blowup as shown in

[240, 431]. A key ingredient is to construct a self-similar blowup solution to a related
aggregation equation as an approximate solution, with subcritical scaling relative
to the original model. Based on this construction, we employ a robust weighted 𝐿2

method to prove the stability of this approximate solution, where modulation ODEs
are introduced to enforce local vanishing conditions for the perturbation lying in
a singular-weighted 𝐿2 space. As a byproduct, we exhibit a new family of type I
blowup mechanisms for the classical 3D Keller-Segel equation.

4.1 Introduction
Chemotaxis is a widespread natural phenomenon, and it occurs when organisms,
such as body cells or bacteria, detect and move toward chemical signals in their
surroundings. A principal mathematical description of chemotaxis is provided by
the Keller-Segel system: 

𝜕𝑡𝜌 = Δ𝜌 − ∇ · (𝜌∇𝑐),

Δ𝑐 + 𝜌 = 0,
(KS)

where 𝜌 represents the density of the bacteria and 𝑐 denotes the concentration of
the self-emitted chemical substance. The model captures two key processes: the
diffusive effect of random bacterial motion and the directed movement of bacteria
toward the highest concentration of the chemical. For a broader introduction to
chemotaxis, see [62, 208, 209].

Biologically, beyond the competition between diffusion and bacterial aggregation,
the limitation of resources and overcrowding necessitate introducing the bacterial
mortality rate that further suppresses the aggregation process. In particular, we con-
sider the following 3D coupled parabolic-elliptic Keller-Segel system with logistic
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damping 
𝜕𝑡𝜌 = Δ𝜌 − ∇ · (𝜌∇𝑐) − 𝜇𝜌2,

Δ𝑐 + 𝜌 = 0,
(KS-D)

where−𝜇𝜌2 (𝜇 ≥ 0) represents the logistic damping rate. For additional background
on (KS-D) and related models, we refer the interested readers to [155, 203, 362,
410, 431].

4.1.1 Background
4.1.1.1 Classical Keller-Segel equation: global existence v.s. finite-time

blowup

For the classical Keller-Segel equation (KS), the total mass 𝑀 (𝑡) =
∫
𝜌(𝑡, 𝑥)𝑑𝑥 is

conserved for all time. Additionally, the system (KS) admits a one-parameter family
of scaling invariance:

𝜌(𝑡, 𝑥) → 1
𝜆2 𝜌

( 𝑡
𝜆2 ,

𝑥

𝜆

)
, 𝑐(𝑡, 𝑥) → 𝑐

( 𝑡
𝜆2 ,

𝑥

𝜆

)
, ∀ 𝜆 > 0. (4.1.1)

We remark that this scaling invariance also holds for (KS-D).

In two dimensions, the total mass 𝑀 = 8𝜋 serves as a crucial quantity determining
the global existence and finite-time blowup of the system (KS). Specifically, it
has been shown that finite-time blowup occurs whenever 𝑀 > 8𝜋 with initial data
𝜌0 ∈ 𝐿1

+((1 + |𝑥 |2), 𝑑𝑥), while global-in-time existence with a uniform 𝐿∞ bound
holds when 𝑀 < 8𝜋, see [34, 123].

Nevertheless, the critical mass threshold does not exist for the three-dimensional
model (KS). In fact, even with a tiny total mass, there is a radial solution that
develops a finite-time singularity found by Nagai [337]. Beyond the radial case,
Corrias, Perthame, and Zaag [102] demonstrated that blowup occurs whenever the
second moment of the initial density is sufficiently small in comparison to the total
mass, while weak solutions exist globally if the initial density has a suitably small
𝐿

3
2 norm. Interested readers can refer to [31, 32, 351, 421] for more results.

4.1.1.2 Classical Keller-Segel equation: singularity formation

Over the last several decades, the singularity formation for the classical Keller-Segel
equation (KS) has been well studied. For the 2D case, since the model is in the 𝐿1
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critical sense, Naito and Suzuki [338] verified that any finite-time blowup solution
to (KS) is of type II1. In particular, Raphaël and Schweyer [385] provided a precise
construction of a radially stable finite-time blowup solution of the form

𝜌(𝑡, 𝑥) ≈ 1
𝜆2(𝑡)

𝑈

(
𝑥

𝜆(𝑡)

)
, 𝑈 (𝑥) = 8

(1 + |𝑥 |2)2 , (4.1.2)

where the blowup rate

𝜆(𝑡) =
√
𝑇 − 𝑡𝑒−

√︃
| ln(𝑇−𝑡 ) |

2 +𝑂 (1)
, 𝑡 → 𝑇.

Subsequently, this result has been extended to several refined scenarios, including
nonradial blowup, multi-bubble blowup without collision, and the simultaneous
collision of two collapsing bubbles. For further details, we refer the interested
reader to [52, 92, 96].

Unlike the 2D case, the 3D Keller-Segel system exhibits a large variety of blowup
mechanisms. Notably, there is a countable family of radial self-similar blowup
solutions of the form

𝜌𝑠 (𝑡, 𝑥) =
1

𝑇 − 𝑡𝑄𝑠

(
𝑥

√
𝑇 − 𝑡

)
, 2 (4.1.3)

which have been identified in [42, 195, 346]. In particular, there is an explicit
self-similar solution given by

𝜌𝑠∗(𝑡, 𝑥) =
1

𝑇 − 𝑡𝑄𝑠∗

(
𝑥

√
𝑇 − 𝑡

)
, with 𝑄𝑠∗(𝑥) =

4(6 + |𝑥 |2)
(2 + |𝑥 |2)2 , (4.1.4)

whose radial stability has been verified by Glogić and Schörkhuber [173]. Recently,
Li and the third author [274, 275] extended this stability theory to the nonradial
setting. Beyond self-similar blowup solutions, other non-self-similar formations
have also been identified. For example, Collot, Ghoul, Masmoudi, and Nguyen
[95] discovered a collapsing-ring blowup solution, and Nguyen, Nouaili, and Zaag
[347] found a type I blowup solution with a log correction on the shrinking rate.
Additionally, Hou, Nguyen, and Song [217] recently found a type II blowup solution
under axisymmetry, whose local leading-order profile coincides with the rescaled
stationary solution of the two-dimensional Keller-Segel equation as given in (4.1.2).

1The solution of (KS) exhibits type I blowup at 𝑡 = 𝑇 if

lim sup
𝑡→𝑇

(𝑇 − 𝑡)∥𝜌(𝑡)∥𝐿∞ < ∞.

Otherwise, the blowup is of type II.
2It exactly matches the scaling invariance (4.1.1) of the classical Keller-Segel system (KS).
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4.1.1.3 Blowup or no blowup with logistic damping

To detect the core mechanism behind the bacterial aggregation, we can rewrite the
aggregation term in (KS) or (KS-D) as

∇ · (𝜌∇Δ−1𝜌) = ∇Δ−1𝜌 · ∇𝜌 + 𝜌2.

In this expression, ∇Δ−1𝜌 · ∇𝜌 is the advection term, which, along with the effect
of the diffusion term, cannot lead to the finite-time blowup. Consequently, the main
factor causing the blowup is 𝜌2.

If the logistic damping term −𝜇𝜌2 in (KS-D) is replaced by a stronger term of the
form −𝜇𝜌𝑝 with 𝜇 > 0 and 𝑝 > 2, then the aggregation effect is always suppressed.
Precisely, the smooth solution always exists globally in time, regardless of how
concentrated the initial density is, see [431].

In the scenario of quadratic damping −𝜇𝜌2 (corresponding to (KS-D)), Tello and
Winkler [431] proved that the global existence is guaranteed for any 𝜇 > 0 in two
dimensions. For higher dimension 𝑑 ≥ 3, they further demonstrated that global
existence holds provided 𝜇 > 𝑑−2

𝑑
. Subsequently, Kang and Stevens [240] verified

the global existence in the critical case 𝜇 = 𝑑−2
𝑑

with 𝑑 ≥ 3. In the subcritical regime
with 𝜇 ∈

(
0, 𝑑−2

𝑑

)
, Fuest [155] partially bridged the gap by proving that finite-

time blowup occurs in a bounded domain for 𝜇 ∈
(
0, 𝑑−4

𝑑

)
in higher dimensions

𝑑 ≥ 5. However, to the best of the authors’ knowledge, prior to the present work,
it remained an open problem whether blowup occurs for 𝜇 ∈ ( 𝑑−4

𝑑
, 𝑑−2
𝑑
) with 𝑑 ≥ 5

and 𝜇 ∈ (0, 𝑑−2
𝑑
) with 3 ≤ 𝑑 ≤ 4.

Regarding the weaker damping term −𝜇𝜌𝑝 with 1 < 𝑝 < 2, for higher dimensions
𝑑 ≥ 5, Winkler [452] verified the existence of finite-time blowup solution when
1 < 𝑝 < 3

2 + 1
2𝑑−2 . Subsequently, for dimensions 𝑑 ∈ {3, 4}, Winkler [453]

demonstrated finite-time blowup for 1 < 𝑝 < 7
6 . This range was later significantly

extended by Fuest [155], where the author established the finite-time blowup for
1 < 𝑝 < 3

2 in dimensions 𝑑 = 3 and for 1 < 𝑝 < 2 in dimensions 𝑑 ≥ 4.

4.1.2 Main result

The principal objective of this work is to establish the optimal blowup result to
(KS-D) in three dimensions. Specifically, we establish the existence of a smooth
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finite-time blowup solution to (KS-D) with nonnegative density and finite mass for
any 0 ≤ 𝜇 < 1

3 in three dimensions.

In the literature, most blowup results for chemotaxis equations are obtained either by
tracking the evolution of some appropriate functional (such as the second moment)
to obtain a contradiction [34, 102, 123], or by working in the radial setting where the
mass accumulation function satisfies an ODE [155]. However, the damping term
−𝜇𝜌2 in (KS-D) destroys the structures that these proofs rely on. In particular, it
leads to a time-decreasing mass and breaks the divergence form structure that the
classical Keller-Segel equation (KS) enjoys, thereby making these classical methods
too limited to obtain the sharp blowup result for (KS-D).

Motivated by the various singularity formation results, ranging from the nonlinear
heat equation [45, 94, 218, 324], nonlinear wave equation [124, 248], nonliear
Schrödinger equation [325, 323], incompressible fluids [73, 74, 76, 219, 136, 135],
compressible fluids [47, 78, 320], we adopt a strategy based on the direct construction
of finite-time blowup solutions via the stability analysis of an approximate blowup
solution. And the precise statement of the main theorem is as follows:

Theorem 4.1.1 (Existence of finite-time blowup to (KS-D) with finite mass). For
any fixed 0 ≤ 𝜇 < 1

3 , let 𝑗0 be an integer such that

𝑗0 ≥ 𝐽 :=
3(1 − 𝜇)
1 − 3𝜇

+ 1 > 1, (4.1.5)

it then follows that

𝛽 = 𝛽( 𝑗0, 𝜇) :=
1

3(1 − 𝜇) +
1

2 𝑗0
<

1
2
. (4.1.6)

In addition, under these choices, there exists a radially nonnegative 𝜌0 ∈ 𝐶∞
0 (R3)

3 such that the related smooth solution to (KS-D) exhibits finite-time blowup at
𝑡 = 𝑇 < ∞. Moreover, the solution satisfies

𝜌(𝑡, 𝑥) = 1
𝑇 − 𝑡

[
𝑄

(
𝑥

(𝑇 − 𝑡)𝛽

)
+ 𝜀

(
𝑡,

𝑥

(𝑇 − 𝑡)𝛽

)]
, 𝑥 ∈ R3, 𝑡 ∈ [0, 𝑇), (4.1.7)

where
3Since 𝜌0 ∈ 𝐶∞

0 (R3), the total mass of the system is necessarily finite. Additionally, with the
nonnegativity of initial data 𝜌0, an argument analogous to [274, Theorem A.1] ensures that the
corresponding solution remains nonnegative in its lifespan.
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• (Existence of profile). 𝑄 is a unique smooth radial decreasing solution to the
equation:

𝑄 + 𝛽𝑦 · ∇𝑦𝑄 = ∇𝑦𝑄 · ∇𝑦Δ−1
𝑦 𝑄 + (1 − 𝜇)𝑄2, (4.1.8)

with the initial data

𝑄(0) = 1
1 − 𝜇 and 𝜕

(2 𝑗0)
𝑟 𝑄(0) = −(2 𝑗0)! < 0. (4.1.9)

• (Smallness of error term). There exists 𝑠 = 𝑠(𝜇) ∈ Z≥1 sufficiently large and
constants 𝐶 > 0 and 𝜖 > 0 such that the error term 𝜀 satisfies

∥𝜀(𝑡)∥𝐻𝑠 (R3) ≤ 𝐶 (𝑇 − 𝑡)𝜖 , ∀ 0 ≤ 𝑡 < 𝑇.

Comments on Theorem 4.1.1.

1. Optimality in blowup results for Keller-Segel equation with logistic damping.

Theorem 4.1.1 shows the existence of a finite-time blowup solution to 3D Keller-
Segel equation with logistic damping (KS-D) for any fixed 0 ≤ 𝜇 < 1

3 . This result
provides the optimal blowup threshold for (KS-D) and completes the long-standing
conjecture proposed in [155, 431] as mentioned in Subsection 4.1.1.3.

Moreover, our method is robust enough to extend naturally to higher dimensions
𝑑 ≥ 3, resulting in an analogous sharp blowup regime. Specifically, for 𝜇 ∈

[
0, 𝑑−2

𝑑

)
with 𝑑 ≥ 3, there always exists a finite-time blowup solution to (KS-D).

When the damping term is weakened to −𝜇𝜌𝑝 with 𝜇 > 0 and 1 ≤ 𝑝 < 2, the
problem becomes simpler, as this term can also be viewed primarily as a perturbation
of the dominant aggregation effect. Concretely, one could use 1

𝑇−𝑡𝑄
(

𝑥
(𝑇−𝑡)𝛽

)
with 𝑄

constructed in Theorem 4.1.1 with 𝜇 = 0 as an approximate solution. Alternatively,
one may use the self-similar solution (4.1.4) of the classical Keller-Segel equation
(KS) as an approximate solution. Then, we could apply the stability theory developed
in this work or [173, 275] to establish the existence of finite-time blowup for any
𝜇 > 0 and 𝑝 ∈ [1, 2) in three dimensions. Since this problem is easier to handle,
we do not pursue this in detail and only study (KS-D) with essential difficulty.

2. New blowup mechanism for classical Keller-Segel equation in 3D.

For 3D classical Keller-Segel equation (KS), by applying Theorem 4.1.1 with 𝜇 =

0, we have constructed a countably infinite family of blowup solutions, whose
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asymptotic behavior is given by

𝜌(𝑡, 𝑥) ≈ 1
𝑇 − 𝑡𝑄𝛽 𝑗

(
𝑥

(𝑇 − 𝑡)𝛽 𝑗

)
, ∀ 𝑡 ∈ (0, 𝑇),

where 𝛽 𝑗 = 1
3 + 1

2 𝑗 <
1
2 for all 𝑗 ≥ 4 and each 𝑄𝛽 𝑗 solves (4.1.8) with 𝛽 = 𝛽 𝑗 . This

blowup is an "abnormal" Type I blowup, in the sense that it does not match natural
scaling (4.1.1) 4. Consequently, as a by-product of Theorem 4.1.1, we establish a
new family of blowup mechanisms for 3D classical Keller-Segel equation (KS).

3. Extension of Theorem 4.1.1.

Theorem 4.1.1 establishes the precise blowup mechanism for the density but does
not address its stability. Nevertheless, by following the standard approach outlined
in [94, 275], one can construct a finite-codimensional Lipschitz stable manifold of
radial initial data such that the corresponding solutions to (KS-D) exhibit blowup
dynamics similar to in (4.1.7).

Besides, a natural extension to the nonradial blowup can be expected by using the
spectral method from [57, 58, 71, 78]. Alternatively, following the argument in [77],
one might introduce a matrix system of modulation ODEs to realize it. Furthermore,
noting that the blowup solution constructed in Theorem 4.1.1 is highly localized,
one can expect a finite-time blowup solution in a bounded domain by adapting the
cut-off technique from [57, 58]. However, as the main focus of this work is on
the existence of finite-time blowup solutions to (KS-D), we do not pursue these
generalizations in detail here.

In addition, our method is expected to be sufficiently robust to potentially shed light
on other models, such as the nonlinear heat equations. As a further motivation for
the linear and nonlinear analysis for the Keller-Segel equation (KS-D) in Section
4.4 and Section 4.5, we briefly outline this in Section 4.2 for 1D semilinear heat
equation.

4.1.3 Proof strategy and related key highlights.
4.1.3.1 Key idea of the construction: diffusion term as a perturbation.

4We take the ansatz 𝜌(𝑡, 𝑥) = 1
(𝑇−𝑡 )𝑎𝑄

(
𝑥

(𝑇−𝑡 )𝑏

)
and plug it into (KS-D). Requiring that all

terms in the resulting equation have the same strength, the exponents must satisfy 𝑎 = 2𝑏 = 1. This
choice precisely coincides with the scaling symmetry (4.1.1) of the equation. We refer to blowup
solutions satisfying this form as exhibiting natural self-similar blowup, in analogy with (KS-D).
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Motivated by the explicit self-similar blowup solution (4.1.4) to the classical Keller-
Segel equation (KS), a direct idea is to seek an analogous self-similar solution
matching the natural scaling for the damped system (KS-D). Specifically, since
(KS-D) satisfies the scaling invariance (4.1.1), one is led to consider special solutions
of form

𝜌𝜇 (𝑡, 𝑥) =
1

𝑇 − 𝑡𝑄𝜇

(
𝑥

√
𝑇 − 𝑡

)
,

where 𝑄𝜇 solves

𝑄𝜇 +
1
2
𝑦 · ∇𝑄𝜇 = Δ𝑄𝜇 + ∇ · (𝑄𝜇∇Δ−1𝑄𝜇) − 𝜇𝑄2

𝜇 . (4.1.10)

However, the damping term−𝜇𝜌2 significantly complicates the problem by breaking
the divergence structure of (KS). In particular, the partial mass

𝑚𝜌 (𝑟) :=
∫
𝐵(0,𝑟)

𝜌(𝑥)𝑑𝑥, (4.1.11)

is invalid to simplify the equation (4.1.10) into a second order local differential
equation, resulting (4.1.10) essentially a third-order differential equation for general
𝜇 ∈

(
0, 1

3

)
, which, to the best of authors’ knowledge, is quite difficult to analyze and

is still open.

Instead, we adopt an alternative approach inspired by [77, 218, 320, 319, 347, 352],
where the first step is to neglect the diffusion term and construct a self-similar
blowup solution for the following 3D aggregation equation

𝜕𝑡𝜌 = ∇𝜌 · ∇Δ−1𝜌 + (1 − 𝜇)𝜌2, (4.1.12)

in the form
𝜌(𝑡, 𝑥) = 1

𝑇 − 𝑡𝑄
(

𝑥

(𝑇 − 𝑡)𝛽

)
, with 𝛽 <

1
2
, (4.1.13)

where the profile 𝑄 satisfies (4.1.8). We then choose (4.1.13) as an approximate
solution to the original system (KS-D), which breaks the natural scaling of (KS-D),
thus making the diffusion term Δ𝜌 subcritical and allowing it to be treated as a
perturbation relative to the dominant aggregation term.

Compared to (4.1.10), the equation (4.1.8) is effectively second-order and much
more tractable. By restricting to radial solutions and introducing the averaged mass
of 𝑄 in the ball 𝐵(0, 𝑟)

𝑓𝑄 (𝑟) :=
1
𝑟3

∫ 𝑟

0
𝑄(𝑠)𝑠2𝑑𝑠, (4.1.14)
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(4.1.8) can be reformulated as an ODE system in terms of (𝑄, 𝑓𝑄) (see (4.3.3)). The
formation of solutions to (4.3.3) is through the dynamical system and a standard
phase portrait analysis (See Figure 4.3 and Lemma 4.3.2). These methods have
been instrumental in recent developments concerning the construction of smooth
profiles for implosion, gravitational collapse, and collapsing-expanding shocks [47,
183, 184, 234, 235, 320]. The regularity of self-similar solutions serves as a
fundamental criterion for solution admissibility and plays a crucial role in ensuring
the existence of a nontrivial solution in the context of the present problem.

4.1.3.2 Compatibility of 𝜇 < 1
3 : insights from the phase portrait analysis.

One of the main goals of our chapter is to figure out the existence of the smooth
nontrivial radial solution to (4.1.8) for some 𝛽 < 1

2 , which can be further simplified
into finding a smooth curve connecting

𝑃0 :=
(

1
1 − 𝜇 ,

1
3(1 − 𝜇)

)
, 5 (4.1.15)

and the origin 𝑂 under the ODE system for (𝑄, 𝑓𝑄) given by (4.3.3). We classify
the problem into three cases based on the relative position between 𝑓𝑄 = 𝛽 and 𝑃0,
and analyze the corresponding phase portraits:

Case I. 𝑃0 lies strictly above the line { 𝑓𝑄 = 𝛽}: 𝛽 < 1
3(1−𝜇) (See Figure 4.1).

We remark here that in Case I
(
𝛽 < 1

3(1−𝜇)
)
, motivated by the related phase portrait

(see Figure 4.1), the flow field around 𝑃0 is directed toward 𝑃0. Consequently, 𝑃0

is a stagnant point in this case and𝑄(𝑟) ≡ 1
1−𝜇 is the only smooth solution to (4.3.3)

with (𝑄(0), 𝑓𝑄 (0)) = 𝑃0 that can be obtained. Therefore, to obtain a nontrivial
solution to (4.3.3) with (𝑄(0), 𝑓𝑄 (0)) = 𝑃0, it is necessary for 𝛽 to satisfy

1
3(1 − 𝜇) ≤ 𝛽 <

1
2
. (4.1.16)

This requires that 𝜇 < 1
3 , which aligns exactly with the optimal range of 𝜇 provided

in Subsection 4.1.1.3 and Theorem 4.1.1.

Case II. 𝑃0 lies on the line { 𝑓𝑄 = 𝛽}: 𝛽 = 1
3(1−𝜇) (See Figure 4.2).

Case III. 𝑃0 lies strictly below the line { 𝑓𝑄 = 𝛽}: 𝛽 > 1
3(1−𝜇) (See Figure 4.3).

5With the singular term 1
𝑟

appearing on the right-hand side of the ODE system (4.3.3), the choice
of initial data (𝑄(0), 𝑓𝑄 (0)) = 𝑃0 should be required to ensure that 𝑄 is smooth near 𝑟 = 0.
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Figure 4.1: 𝑄 𝑓𝑄-plane with 𝑃0 above the line 𝑓𝑄 = 𝛽. In this case, there is only a
trivial solution solving (4.3.3) with (𝑄(0), 𝑓𝑄 (0)) = 𝑃0.

Figure 4.2: 𝑄 𝑓𝑄-plane with 𝑃0 on the line 𝑓𝑄 = 𝛽. In this case, though it seems
possible to have a solution curve connecting between 𝑃0 and the origin 𝑂 from the
phase portrait, with the overwhelming singularity on the right-hand side of (4.3.3),
after some careful analysis, the only possible smooth solution starting from 𝑃0 to
should be the trivial one: (𝑄(𝑟), 𝑓𝑄 (𝑟)) ≡ 𝑃0.

4.1.3.3 Stability analysis beyond the spectral theory.

After selecting the self-similar blowup solution (4.1.13) of the aggregation equation
(4.1.12) as an approximate solution to (KS-D), we then proceed to study the pertur-
bation dynamics near the profile 𝑄 under the self-similar coordinate (4.4.2), which
constitutes the key to our stability analysis.
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Figure 4.3: 𝑄 𝑓𝑄-plane with 𝑃0 below 𝑓𝑄 = 𝛽. In this case, we can always choose
countably many {𝛽 𝑗 } 𝑗 (see Theorem 4.1.1 and Lemma 4.3.2 for more details) such
that there exists a smooth solution curve (the red curve in the figure) lying in M and
connecting 𝑃0 and the origin 𝑂 simultaneously, we will discuss this case in more
details later in Lemma 4.3.2.

In the literature, one of the natural approaches to address this problem is to analyze
the spectral properties of the associated linearized operator. Such analysis typically
relies on compactness arguments [47, 58, 142, 236, 274, 325, 320] or other more
intricate operator theory, e.g. studying the precise or approximated spectrum of the
linearized operator [95, 217, 275, 324, 347]. For problems with an explicit profile
available, studying the spectrum of the linearized operator around the profile yields
useful information for stability, e.g. [95, 275, 324]. However, for more complicated
dynamics with only implicit or numerically approximate profiles, as is our case,
obtaining the spectral information becomes significantly more challenging.

Alternatively, we adopt a robust approach based on energy estimates with a singular
weight appropriately chosen. Linear stability can be extracted via enforcing local
vanishing conditions of the perturbation at the origin, using only limited information
of the profile. The idea was first demonstrated via the seminal works of [73,
76] in the self-similar case, and later on generalized by the second author with
collaborators to type I singularities beyond self-similarity [77, 218] with the blowup
law automatically inferred. Such a stability argument via singular weights will be
further amenable to computer-assisted proofs. In this chapter, we further generalize
the idea to the finite-codimensional stability case by studying this open problem.
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4.1.4 Structure of the chapter.

In Section 4.2, we briefly discuss the approach for handling the finite-codimensional
stability of blowup solutions to the 1D semilinear heat equation by introducing the
singular weights. Motivated by this illustrative example, we then focus on the
Keller-Segel equation with logistic damping term (KS-D). In Section 4.3, given
any fixed 𝜇 ∈

[
0, 1

3

)
, we establish the existence of nontrivial solutions to equation

(4.1.8) with an appropriate choice of 𝛽 ∈
(

1
3(1−𝜇) ,

1
2

)
, the quantitative properties of

the approximate profiles will be investigated as well. For the stability analysis, we
first examine the coercivity of the linearized operator in the 𝐿2

𝑤 sense with 𝑤 being
sufficiently singular at the origin, as detailed in Section 4.4. Finally, in Section 4.5,
we will study the nonlinear stability to complete the proof of Theorem 4.1.1.

4.1.5 Notations.
We denote

⟨𝑟⟩ =
√︁

1 + 𝑟2.

And we define a radial smooth cut-off function 𝜒 on 𝐵(0, 1) by

𝜒(𝑥) =


1, if |𝑦 | ≤ 1,

0, if |𝑦 | ≥ 2.
(4.1.17)

Based on this, we define the smooth cut-off function on 𝐵(0, 𝑅) by

𝜒𝑅 (𝑥) := 𝜒
( 𝑥
𝑅

)
. (4.1.18)

For any given weighted function 𝑤 : R3 → R, we define 𝐿2
𝑤 (R3) the weighted inner

product by

(𝑔1, 𝑔2)𝐿2
𝑤 (R3) =

∫
R3
𝑔1(𝑥)𝑔2(𝑥)𝑤(𝑥)𝑑𝑥,

and the weighted 𝐿2 space 𝐿2
𝑤 (R3) by the collections of all functions of 𝑔 satisfying

∥𝑔∥2
𝐿2
𝑤

:= (𝑔, 𝑔)𝐿2
𝑤
< ∞.

Furthermore, we define 𝐶∞
0 (Ω) as the collection of all 𝐶∞(R3) functions with

compact support in Ω ⊂ R3.

For any fixed 𝑚 ∈ Z≥0, we define ¤𝐻2𝑚 the collection of all functions satisfying

∥𝑔∥2
¤𝐻2𝑚 =

∫
R3

|Δ𝑚𝑔 |2𝑑𝑥 < ∞,
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and define ¤𝐻2𝑚+1 the collection of all functions satisfying

∥𝑔∥2
¤𝐻2𝑚+1 =

∫
R3

|∇Δ𝑚𝑔 |2𝑑𝑥 < ∞.

In addition, we denote 𝐻𝑘 (R3) for the collection of all functions with finite ¤𝐻𝑚

norm for all 0 ≤ 𝑚 ≤ 𝑘 . And 𝐻𝑘
𝑟𝑎𝑑

is the collection of all radial functions lying in
𝐻𝑘 . Moreover, wewrite 𝐻∞(R3) := ∩∞

𝑘=0𝐻
𝑘 (R3).

If ℎ(𝑥) = ℎ ( |𝑥 |) is a smooth radial function on R3, then ℎ(𝑟) can be approximated
by the Taylor expansion at the origin:

ℎ(𝑟) =
𝑀∑︁
𝑗=0

[ℎ] 𝑗𝑟2 𝑗 +𝑂 (𝑟2𝑀+2), with [ℎ] 𝑗 :=
𝜕
(2 𝑗)
𝑟 ℎ

(2 𝑗)!

�����
𝑟=0

, (4.1.19)

where [ℎ] 𝑗 is the 2 𝑗-th order coefficient of Taylor expansion of ℎ(𝑟) at the origin.

4.2 Motivating example of 1D semilinear heat equation
In this section, to illustrate the ideas of proof more clearly, we first consider the
simpler 1D semilinear heat equation as a motivating example. Precisely, we will
briefly sketch the high-level idea to study high-order vanishing type-I blowup for
the 1D semilinear heat equation under radial (even symmetric) setting:

𝑢𝑡 = 𝑢𝑥𝑥 + 𝑢2. (HEAT)

4.2.1 Self-similar renormalization and the approximate solution
For any fixed 𝑚 ∈ Z>1, we introduce the self-similar coordinate

𝑦 =
𝑥

𝜆
1
𝑚

,
𝑑𝜏

𝑑𝑡
=

1
𝜆2 , 𝜏

���
𝑡=0

= 0,
𝜆𝜏

𝜆
= −1

2
, (4.2.1)

and corresponding renormalization

𝑢(𝑡, 𝑥) = 1
𝜆2𝑈 (𝜏, 𝑦) , (4.2.2)

then 𝜆(𝜏) = 𝜆0𝑒
− 1

2 𝜏 and𝑈 solves the equation

𝜕𝜏𝑈 = 𝜆2− 2
𝑚𝑈𝑦𝑦 −𝑈 − 1

2𝑚
𝑦 · ∇𝑈 +𝑈2, (4.2.3)

where the diffusion term can be regarded as a perturbation since 2 − 2
𝑚
> 0. This,

in turn, motivates us to find an approximate solution to the equation

−𝑈 − 1
2𝑚

𝑦 · ∇𝑈 +𝑈2 = 0. (4.2.4)



105

In particular, this equation can be explicitly solved by

𝑈∗(𝑦) = (1 + 𝑐𝑦2𝑚)−1. (4.2.5)

Here 𝑐 > 0 is a constant, and 𝑚 > 1 describes the vanishing order of the next order
expansion of𝑈∗ near the origin.

4.2.2 Linear stability
We fix 𝑚 > 1 and 𝑐 = 1 in (4.2.5), and plug the ansatz 𝑈 = 𝑈∗ + 𝜀 into (4.2.3), it
then follows that 𝜀 solves

𝜕𝜏𝜀 = 𝜆2− 2
𝑚𝑈𝑦𝑦 + L𝜀 + 𝜀2,

where the linearized operator reads

L𝜀 = −𝜀 − 1
2𝑚

𝑦𝜕𝑦𝜀 + 2𝑈∗𝜀. (4.2.6)

Next, we introduce a weighted 𝐿2
Θ

space with singular weight Θ(𝑦) = 𝑦−4𝑚−4 near
the origin to extract damping, which is the essential step to close the nonlinear
stability. Via the integration by parts, we have the coercivity near the origin

(L𝜀, 𝜀)𝐿2
Θ
=

((
−1 + 2𝑈∗ +

(Θ𝑦)𝑦
4𝑚Θ

)
𝜀, 𝜀

)
𝐿2
Θ

≈ − 3
4𝑚

(𝜀, 𝜀)𝐿2
Θ
. (4.2.7)

In particular, with careful analysis, there is a small constant 0 < 𝜅 = 𝜅(𝑚,𝑈∗) ≪ 1
such that (4.2.7) can be extended to

(L𝜀, 𝜀)𝐿2
Θ+𝜅

≤ − 1
4𝑚

(𝜀, 𝜀)𝐿2
Θ+𝜅
. (4.2.8)

Additionally, we need to introduce the higher Sobolev norm ¤𝐻𝐾̄ to close the bootstrap
argument. Precisely,

(L𝜀, 𝜀) ¤𝐻𝐾̄ =

((
−1 − 𝐾̄

2𝑚
+ 2𝑈∗ +

1
4𝑚

)
𝜕𝐾̄𝑦 𝜀, 𝜕

𝐾̄
𝑦 𝜀

)
𝐿2

+𝑂 (∥𝜀∥𝐻𝐾̄−1 ∥𝜀∥ ¤𝐻𝐾̄ )

≤ −2𝐾̄ − 4𝑚 − 1
4𝑚

∥𝜀∥2
¤𝐻𝐾̄ +𝑂 (∥𝜀∥𝐻𝐾̄−1 ∥𝜀∥ ¤𝐻𝐾̄ ), (4.2.9)

where the leading order enjoys damping once we choose 𝐾̄ = 𝐾̄ (𝑚) ≫ 1.
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4.2.3 Modulation ODEs and nonlinear stability
With the singular weight Θ(𝑦) = |𝑦 |−4𝑚−4 given previously, we further radially
decompose 𝜀 into

𝜀(𝜏, 𝑦) = 𝜀𝑢 (𝜏, 𝑦) + 𝜀𝑠 (𝜏, 𝑦), with 𝜀𝑢 =

𝑚∑︁
𝑗=0
𝑐 𝑗 (𝜏)𝜒(𝑦)𝑦2 𝑗 , (4.2.10)

such that 𝜀𝑠 (𝜏, 𝑦) = 𝑂 (𝑦2𝑚+2) near the origin, which yields an ODE system for
modulation parameters {𝑐 𝑗 }𝑚𝑗=0:


¤𝑐 𝑗 =

(
1 − 𝑗

𝑚

)
𝑐 𝑗 + [𝜀2

𝑢] 𝑗 + 𝜆2− 2
𝑚 [𝑈𝑦𝑦] 𝑗 , 0 ≤ 𝑗 < 𝑚 − 1,

¤𝑐𝑚 = [𝜀2
𝑢]𝑚 − 2𝑐0 + 𝜆2− 2

𝑚 [𝑈𝑦𝑦]𝑚, 𝑗 = 𝑚.

(4.2.11)

Additionally, 𝜀𝑠 = 𝑂 (𝑦2𝑚+2) solves the equation

𝜕𝜏𝜀𝑠 = L𝜀𝑠 + 2𝜀𝑢𝜀𝑠 + 𝜀2
𝑠 + 𝐺 [𝜆,𝑈, 𝜀𝑢],

with the modulation term 𝐺 [𝜆,𝑈, 𝜀𝑢] = 𝑂 (𝑦2𝑚+2) given by

𝐺 [𝜆,𝑈, 𝜀𝑢] =
(
𝜆2− 2

𝑚𝑈𝑦𝑦 + L𝜀𝑢 + 𝜀2
𝑢

)
−

𝐾∑︁
𝑗=0

[
𝜆2− 2

𝑚𝑈𝑦𝑦 + L𝜀𝑢 + 𝜀2
𝑢

]
𝑗
𝜒𝑦2 𝑗 .

Finally, we can use the standard topological argument together with (4.2.7) and
(4.2.9) to derive the nonlinear stability with finite codimension 𝑚 + 1.

Remark 4.2.1. We expect that this nonlinear stability result can be improved to
finite-codimension 𝑚−1, which is two dimensions lower than our previous findings.
The key underlying reason is the presence of two degrees of freedom, namely, the
choice of the blowup time 𝑇 > 0 and the shrinking rate. These degrees of freedom
can be utilized through a matching argument to recover the corresponding unstable
directions as in [273, 275].

Alternatively, one may employ a method of dynamical rescaling to establish stability
with finite codimension 𝑚 − 1. Specifically, we modify the coordinate (4.2.1) as

𝑦 =
𝑥

𝜇
1
𝑚

,
𝑑𝜏

𝑑𝑡
=

1
𝜆2 , 𝜏

��
𝑡=0 = 0,

𝜆𝜏

𝜆
= −1

2
+ 1

2
𝑐𝑎,

𝜇𝜏

𝜇
= −1

2
− 𝑚𝑐𝑠 .

We then define the corresponding renormalization

𝑢(𝑡, 𝑥) = 1
𝜆2𝑈 (𝜏, 𝑦).
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Under this coordinate transformation,𝑈 satisfies

𝜕𝜏𝑈 = 𝜆2𝜇−
2
𝑚𝑈𝑦𝑦 + (−1 + 𝑐𝑎)𝑈 −

(
1

2𝑚
+ 𝑐𝑠

)
𝑦𝜕𝑦𝑈 +𝑈2,

where the parameters (𝑐𝑎, 𝑐𝑠) are determined by the modulation conditions

𝑈 (𝜏, 0) = 𝑈∗(0) and [𝑈 (𝜏, 0)]𝑚 = [𝑈∗]𝑚,

and we eliminate neutral modes by fixing 𝑐0 = 𝑐𝑚 = 0. By applying a similar argu-
ment of modulation ODEs, we obtain the nonlinear stability with finite codimension
𝑚 − 1. Notably, introducing extra scaling parameters to perturb the scaling sym-
metry is crucial for extending the argument to the nonradial setting; see previous
works by the second author and collaborators [77, 218].

Remark 4.2.2. Compared with the semilinear heat equation (HEAT), analyzing
the Keller-Segel equation with logistic damping (KS-D) involves several additional
challenges. For example, the profile 𝑈∗ introduced in (4.2.5) is an explicit solution
to the first-order and separable local equation (4.2.4). In contrast, for (KS-D) with
𝜇 ∈

(
0, 1

3

)
, the associated profile equation (4.1.8) is inherently nonlocal and cannot

be trivially solved. This nonlocality requires a more delicate analysis, which will be
carried out in Section 4.3.

Moreover, since there is no explicit nontrivial solution to (4.1.8) with (4.1.9), addi-
tional effort is required to derive quantitative properties of the profile𝑄. Combined
with the nonlocal nature of (KS-D), these complexities make the establishment of
linear coercivity of the Keller-Segel equation more intricate than in the case of the
semilinear heat equation (HEAT). Detailed strategies to handle these obstacles will
be presented in Section 4.4.

4.3 Existence of profile via phase-portrait method
This section is devoted to the existence of smooth profile solving (4.1.8) when 𝜇 < 1

3
with the appropriate choices of 𝛽. Firstly, note that for any radially symmetric
function 𝑅(𝑦) satisfying 𝑅(𝑦) → 0 as |𝑦 | → ∞,

∇Δ−1𝑅(𝑦) = 𝑦

|𝑦 |3

∫ |𝑦 |

0
𝑅(𝑠)𝑠2𝑑𝑠, (4.3.1)

Then, under the radial symmetric assumption, (4.1.8) becomes(
1
𝑟2

∫ 𝑟

0
𝑄(𝑠)𝑠2𝑑𝑠 − 𝛽𝑟

)
𝑄′(𝑟) −𝑄 + (1 − 𝜇)𝑄2 = 0. (4.3.2)
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If 𝑓𝑄 ≠ 𝛽, by introducing 𝑓𝑄 (cf. (4.1.14)), then we obtain an ODE system of
(𝑄(𝑟), 𝑓 (𝑟)) for 𝑟 > 0: 

𝑄′(𝑟) = 1
𝛽− 𝑓𝑄

(1−𝜇)𝑄2−𝑄
𝑟

,

𝑓 ′
𝑄
(𝑟) = 𝑄−3 𝑓𝑄

𝑟
.

(4.3.3)

Remark 4.3.1. For notational simplicity, in the subsequent discussion of this section,
we introduce the following notations: we write 𝑓 := 𝑓𝑄 , and 𝑄𝑖 := [𝑄]𝑖 and
𝑓𝑖 := [ 𝑓 ]𝑖 for any 𝑖 ∈ Z≥0, where 𝑓𝑄 is given in (4.3.3), [𝑄]𝑖 and [ 𝑓 ]𝑖 are the
2𝑖-th order coefficients of Taylor expansion of 𝑓 and𝑄 at the origin respectively (cf.
(4.1.19)).

Our main result of this section is as follows, which gives the existence of the
nontrivial smooth solutions to (4.3.3) and the asymptotic behavior of the related
solutions when 𝑟 = 0 and 𝑟 → ∞.

Lemma 4.3.2. For any fix 𝜇 ∈ [0, 1
3 ), let 𝛽 := 𝛽( 𝑗0, 𝜇) = 1

3(1−𝜇) +
1

2 𝑗0 with arbitrarily
fixed 𝑗0 ≥ 𝐽 > 1 where 𝐽 is defined in (4.1.5). Then, for any 𝑄 𝑗0 < 0, there exists a
unique smooth solution (𝑄(𝑟), 𝑓 (𝑟)) to (4.3.3) on 𝑟 ≥ 0 with initial conditions:

(𝑄(0), 𝑓 (0)) =
(

1
1 − 𝜇 ,

1
3(1 − 𝜇)

)
and 𝜕

2 𝑗0
𝑟 𝑄(0) = (2 𝑗0)!𝑄 𝑗0 . (4.3.4)

Moreover, the solution (𝑄(𝑟), 𝑓 (𝑟)) satisfies

1. (𝑄(𝑟), 𝑓 (𝑟)) is analytic near the origin. Precisely, there exists 𝜖 > 0 such
that (𝑄(𝑟), 𝑓 (𝑟)) can be expressed as Taylor series

𝑄(𝑟) =
∞∑︁
𝑗=0
𝑄 𝑗𝑟

2 𝑗 and 𝑓 (𝑟) =
∞∑︁
𝑗=0

𝑓 𝑗𝑟
2 𝑗 , ∀ 𝑟 ∈ [0, 𝜖], (4.3.5)

where {𝑄 𝑗 } 𝑗≥0 and { 𝑓 𝑗 } 𝑗≥0 satisfy the following recurrence relations

𝑓 𝑗 =
1

2 𝑗 + 3
𝑄 𝑗 , ∀ 𝑗 ≥ 0, (4.3.6)

and

𝑄 𝑗 =



1
1−𝜇 , 𝑗 = 0,

0, 0 < 𝑗 < 𝑗0,∑ 𝑗−1
𝑖=1

(
2𝑖

2( 𝑗−𝑖)+3+(1−𝜇)
)
𝑄𝑖𝑄 𝑗−𝑖

2 𝑗
(
𝛽− 1

2 𝑗−
1

3(1−𝜇)

) , 𝑗 > 𝑗0.

(4.3.7)
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2. Both 𝑄(𝑟), 𝑓 (𝑟) > 0 are strictly positive for 𝑟 ∈ [0,∞) and monotonically
decrease from 𝑄0 = 1

1−𝜇
(
respectively, 𝑓0 = 1

3(1−𝜇)
)

to 0 as 𝑟 → +∞.

3. For any 𝑗 ≥ 0, there exists a constant 𝐶 = 𝐶 (𝛽, 𝑄, 𝑗) > 0 such that

|𝜕 ( 𝑗)𝑟 𝑄(𝑟) | + |𝜕 ( 𝑗)𝑟 𝑓 (𝑟) | ≤ 𝐶 ⟨𝑟⟩−2− 𝑗 for 𝑟 ∈ R+. (4.3.8)

In particular, 𝑄 ∈ 𝐻∞(R3).

Proof. Step 1. Solve (4.3.3) via Taylor expansion. We assume that ( 𝑓 (𝑟), 𝑄(𝑟))
can be expanded into the following forms:

𝑓 (𝑟) =
∞∑︁
𝑗=0

𝑓 𝑗𝑟
2 𝑗 , 𝑄(𝑟) =

∞∑︁
𝑗=0
𝑄 𝑗𝑟

2 𝑗 ,

which yields that

𝑟 𝑓 ′(𝑟) =
∞∑︁
𝑗=0

2 𝑗 𝑓 𝑗𝑟2 𝑗 , 𝑟𝑄′(𝑟) =
∞∑︁
𝑗=0

2 𝑗𝑄 𝑗𝑟
2 𝑗 .

Next, we substitute these expressions into the ODE system (4.3.3) and match coeffi-
cients to establish (4.3.6) and (4.3.7). Precisely, we first expand the second equation
in (4.3.3) to get that

∞∑︁
𝑗=0

2 𝑗 𝑓 𝑗𝑟2 𝑗 =

∞∑︁
𝑗=0

(
𝑄 𝑗 − 3 𝑓 𝑗

)
𝑟2 𝑗 .

which directly induces (4.3.6).

Next, we expand (𝛽 − 𝑓 )𝑟𝜕𝑟𝑄 = (1 − 𝜇)𝑄2 −𝑄, the first equation in (4.3.3). Using
the identity ©­«

∞∑︁
𝑗=0

ℎ 𝑗𝑟
2 𝑗ª®¬ ©­«

∞∑︁
𝑗=0

𝑘 𝑗𝑟
2 𝑗ª®¬ =

∞∑︁
𝑗=0

(
𝑗∑︁
𝑖=0

𝑘𝑖ℎ 𝑗−𝑖

)
𝑟2 𝑗 ,

the left-hand side of the equation becomes

©­«𝛽 −
∞∑︁
𝑗=0

𝑓 𝑗𝑟
2 𝑗ª®¬ ©­«

∞∑︁
𝑗=0

2 𝑗𝑄 𝑗𝑟
2 𝑗ª®¬ = 𝛽

∞∑︁
𝑗=0

2 𝑗𝑄 𝑗𝑟
2 𝑗 −

∞∑︁
𝑗=0

(
𝑗∑︁
𝑖=0

2𝑖𝑄𝑖 𝑓 𝑗−𝑖

)
𝑟2 𝑗

=

∞∑︁
𝑗=0

(
2𝛽 𝑗 −

𝑗∑︁
𝑖=0

2𝑖𝑄𝑖 𝑓 𝑗−𝑖

)
𝑟2 𝑗 ,
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and the right-hand side of the equation becomes

(1 − 𝜇)
∞∑︁
𝑗=0

(
𝑗∑︁
𝑖=0

𝑄𝑖𝑄 𝑗−𝑖

)
𝑟2 𝑗 −

∞∑︁
𝑗=0
𝑄 𝑗𝑟

2 𝑗 =

∞∑︁
𝑗=0

(
(1 − 𝜇)

𝑗∑︁
𝑖=0

𝑄𝑖𝑄 𝑗−𝑖 −𝑄 𝑗

)
𝑟2 𝑗 .

Comparing the coefficients on both sides, we obtain that

2𝛽 𝑗𝑄 𝑗 −
𝑗∑︁
𝑖=0

2𝑖𝑄𝑖 𝑓 𝑗−𝑖 = (1 − 𝜇)
𝑗∑︁
𝑖=0

𝑄𝑖𝑄 𝑗−𝑖 −𝑄 𝑗 , ∀ 𝑗 ≥ 0.

Replacing 𝑓 𝑗−𝑖 by using (4.3.6), we decouple the recurrence relations for {𝑄 𝑗 }∞𝑗=0
into

2𝛽 𝑗𝑄 𝑗 −
𝑗∑︁
𝑖=0

2𝑖
2( 𝑗 − 𝑖) + 3

𝑄𝑖𝑄 𝑗−𝑖 = (1 − 𝜇)
𝑗∑︁
𝑖=0

𝑄𝑖𝑄 𝑗−𝑖 −𝑄 𝑗 , ∀ 𝑗 ≥ 0.

In particular,
(1 − 𝜇)𝑄2

0 −𝑄0 = 0, for 𝑗 = 0,

and𝑄(0) = 𝑄0 = 1
1−𝜇 exactly solves this equation. For 𝑗 ≥ 1, we isolate the highest

index term 𝑄 𝑗 to obtain

2 𝑗
(
𝛽 − 1

2 𝑗
− 1

3(1 − 𝜇)

)
𝑄 𝑗 =

𝑗−1∑︁
𝑖=0

(
2𝑖

2( 𝑗 − 𝑖) + 3
+ (1 − 𝜇)

)
𝑄𝑖𝑄 𝑗−𝑖 .

In particular, applying 𝑗 = 1 to the equation together with the fact that 𝛽 < 1
2 and

1 + 1
3(1−𝜇) > 1, it induces

2
(
𝛽 −

(
1
2
+ 1

3(1 − 𝜇)

))
𝑄1 = 0, ⇒ 𝑄1 = 0.

Iteratively, with the choice of 𝛽 = 1
3(1−𝜇) +

1
2 𝑗0 ,

𝛽 − 1
2 𝑗

− 1
3(1 − 𝜇) =

1
2 𝑗0

− 1
2 𝑗

≠ 0, ⇒ 𝑄 𝑗 = 0, ∀ 2 ≤ 𝑗 < 𝑗0.

Similarly, with 𝜕2 𝑗0
𝑟 𝑄(0) = 𝑄 𝑗0 < 0 determined in (4.3.4),

𝛽 − 1
2 𝑗

− 1
3(1 − 𝜇) ≠ 0, ⇒ 𝑄 𝑗 =

∑ 𝑗−1
𝑖=1

(
2𝑖

2( 𝑗−𝑖)+3 + (1 − 𝜇)
)
𝑄𝑖𝑄 𝑗−𝑖

2 𝑗
(
𝛽 − 1

2 𝑗 −
1

3(1−𝜇)

) , ∀ 𝑗 > 𝑗0.

Hence, we obtain the recurrence relation (4.3.7).
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We remark here that under the previous argument, if 𝛽 − 1
2 𝑗 −

1
3(1−𝜇) ≠ 0 for all

𝑗 ≥ 1, then 𝑄 𝑗 = 0 for all 𝑗 ≥ 1. In this case, 𝑄(𝑟) ≡ 1
1−𝜇 , which is a constant

solution and not our focus. Hence, to obtain a non-constant solution, we must give
the vanishing condition that 𝛽 − 1

2 𝑗0 − 1
3(1−𝜇) = 0 for some 𝑗0 ≥ 2, which exactly

matches the choice of 𝛽.

Step 2. Analyticity of (𝑄, 𝑓 ) near the origin. First of all, recalling [184, Lemma
B.1], there exists a universal constant 𝑎 > 0 such that for all 𝐿 ∈ N,∑︁

𝑖+ 𝑗=𝐿
𝑖, 𝑗>0

1
𝑖2 𝑗2

≤ 𝑎

𝐿2 , (4.3.9)

which, by using the fact that 𝐿 𝑗 ≥ 𝑖 for any 1 ≤ 𝑖, 𝑗 ≤ 𝐿 − 1, yields that∑︁
𝑖+ 𝑗=𝐿
𝑖, 𝑗>0

1
𝑖 𝑗3

≤
∑︁
𝑖+ 𝑗=𝐿
𝑖, 𝑗>0

𝐿

𝑖2 𝑗2
≤ 𝑎

𝐿
. (4.3.10)

Next, we are devoted to the estimates of coefficients of the Taylor expansion deter-
mined in (4.3.7). Precisely, we claim that there exists 𝐾, 𝛼 > 0, such that

|𝑄 𝑗 | ≤
𝐾 𝑗−𝛼

𝑗2
, ∀ 𝑗 ≥ 𝑗0, (4.3.11)

where 𝐾, 𝛼 > 0 satisfy

|𝑄 𝑗0 | ≤
𝐾 𝑗0−𝛼

𝑗20
and

𝑎𝐾−𝛼

1
2 𝑗0 −

1
2( 𝑗0+1)

<
1
2
. (4.3.12)

In fact, we proceed by induction. For 1 ≤ 𝑗 ≤ 𝑗0, it automatically holds with (4.3.7)
and (4.3.12). We now assume that (4.3.11) holds for any 𝑗0 ≤ 𝑗 ≤ 𝐿, then by using
(4.3.7), (4.3.9), (4.3.10), (4.3.11) and (4.3.12), we obtain

𝑄𝐿+1 =
1

2(𝐿 + 1)
(
𝛽 − 1

2(𝐿+1) −
1

3(1−𝜇)

) ∑︁
𝑖+ 𝑗=𝐿+1
𝑖, 𝑗>0

(
2𝑖

2 𝑗 + 3
+ (1 − 𝜇)

)
𝑄𝑖𝑄 𝑗

≤ 1

2(𝐿 + 1)
(

1
2 𝑗0 −

1
2( 𝑗0+1)

) ∑︁
𝑖+ 𝑗=𝐿+1
𝑖, 𝑗>0

(
2𝑖

2 𝑗 + 3
+ (1 − 𝜇)

)
𝐾𝐿+1−2𝛼

𝑖2 𝑗2

≤ 𝐾𝐿+1−2𝛼

2(𝐿 + 1)
(

1
2 𝑗0 −

1
2( 𝑗0+1)

) ∑︁
𝑖+ 𝑗=𝐿+1
𝑖, 𝑗>0

(
1
𝑖 𝑗3

+ 1
𝑖2 𝑗2

)
≤ 𝐾𝐿+1−𝛼

(𝐿 + 1)2 ,
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which yields the validity of (4.3.11) with 𝑗 = 𝐿 + 1, hence we have closed the
induction and verified the claim.

The analyticity of 𝑄 at the origin then follows from Cauchy’s convergence criterion
for power series. Precisely, there exists 𝜖 = 𝜖 (𝐾) ≪ 1 such that the series

𝑄(𝑟) =
∞∑︁
𝑗=0
𝑄 𝑗𝑟

2 𝑗 , with 𝑄 𝑗 determined in (4.3.7),

is absolutely convergent on [0, 𝜖]. The analyticity of 𝑓 (𝑟) = ∑∞
𝑗=0 𝑓 𝑗𝑟

2 𝑗 on 𝑟 ∈ [0, 𝜖]
simply follows (4.3.6) and the analyticity on [0, 𝜖] of 𝑄.

Step 3. Extend (𝑄, 𝑓 ) to [0, +∞). At this stage, our objective is to extend the
previously constructed solution to R+, and verify that both 𝑓 (𝑟) and 𝑄(𝑟) will
asymptotically decay to 0 and the solution curve (see the red curve in Figure 4.3))
remains within M with

M :=
{
(𝑄, 𝑓 )

��� 0 < 𝑄 < 𝑄0,
𝑄

3
< 𝑓 < 𝛽

}
.

Here, recalling (4.3.3) or Figure 4.3, we observe that both (𝑄(𝑟) and 𝑓 (𝑟)) are
strictly decreasing once the solution curve stays within M, i.e.

𝑄′(𝑟) < 0, 𝑓 ′(𝑟) < 0 if (𝑄(𝑟), 𝑓 (𝑟)) ∈ M . (4.3.13)

We first claim that there exists 𝜈 ∈ (0, 𝜖) such that (𝑄(𝑟), 𝑓 (𝑟)) ∈ M, ∀ 𝑟 ∈ (0, 𝜈].
To verify this, since

𝑑 𝑗

𝑑𝑟 𝑗
𝑄(0) = 0, ∀ 1 ≤ 𝑗 < 2 𝑗0 and

𝑑2 𝑗0

𝑑𝑟2 𝑗0
𝑄(0) = (2 𝑗0)!𝑄 𝑗0 < 0,

it follows that both𝑄(𝑟) and 𝑓 (𝑟) are strictly decreasing on [0, 𝜈] for some 0 < 𝜈 ≤
𝜖 ≪ 1. Consequently, the portion of the solution curve for 𝑟 ∈ [0, 𝜈], which begins
at 𝑃0 (4.1.15), remains within the lower-left area of 𝑃0. Furthermore, it continues
to be representable as a graph, meaning that there is a smooth function F with

𝑓 = F (𝑄) on 𝑄 ∈
[
𝑄0 − 𝜈𝑄 , 𝑄0

]
,

for some 0 < 𝜈𝑄 ≪ 1. By chain rule, (4.3.3), (4.3.5), (4.3.6) (4.3.7) and 𝑗0 ≥ 𝐽 > 1,

F ′(𝑄0) =
𝑑𝑓

𝑑𝑄

���
(𝑄, 𝑓 )=𝑃0

= lim
𝑟→0+

(𝑄(𝑟) − 3 𝑓 (𝑟)) (𝛽 − 𝑓 (𝑟))
(1 − 𝜇)𝑄2(𝑟) −𝑄(𝑟)

=
𝛽 − 𝑓0

(1 − 𝜇)𝑄0

𝑄 𝑗0 − 3 𝑓 𝑗0
𝑄 𝑗0

=
1

2 𝑗0

(
1 − 3

2 𝑗0 + 3

)
<

1
2 𝑗0

≤ 1
4
<

1
3
.
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Thus, the slope of the solution curve at 𝑃0 is strictly less than that of the line 𝑓 = 1
3𝑄,

which contains the lower boundary of M. So by adjusting 0 < 𝜈 ≪ 1 if necessary
and using the smoothness of F , we conclude that the curve {(𝑄(𝑟), 𝑓 (𝑟))}𝑟∈(0,𝜈]
lies above 𝑓 = 1

3𝑄. This has verified the claim.

Next, we prove that the solution curve remains in M for all 𝑟 ∈ (0,∞). In fact,
ensured by the Cauchy-Lipschitz theory, with the strict decay property of the solution
within M (see (4.3.13)), there are only three possible scenarios:

1. there exists 𝑟𝐸1 ∈ (0,∞], such that the solution exits the region M at a point(
𝑄𝐸1,

𝑄𝐸1
3

)
through the line 𝑓 = 𝑄

3 , where 𝑄𝐸1 = 𝑄(𝑟𝐸1) ∈ (0, 𝑄0);

2. there exists 𝑟𝐸2 ∈ (0,∞], such that the solution exits the region M at a point
(0, 𝑓𝐸2) through the 𝑓 -axis, where 𝑓𝐸2 = 𝑓 (𝑟𝐸2) ∈ (0, 𝑓0);

3. the solution escapes M at the origin 𝑂.

We now eliminate scenarios (1) and (2) by contradiction arguments.

For the scenario (1), we assume that it occurs. Since (𝑄(𝑟), 𝑓 (𝑟)) is strictly
decreasing before reaching the line 𝑓 = 𝑄

3 , together with Cauchy-Lipschitz theory,
the solution curve can be further extended on 𝑄 ∈ [𝑄𝐸1, 𝑄0] and represented as
𝑄 ↦→ F (𝑄) with F a smooth function.

On the one hand, since {(𝑄(𝑟), 𝑓 (𝑟))}𝑟∈(0,𝑟𝐸1 ) ⊂ M, it follows that 𝑓 (𝑟) > 1
3𝑄(𝑟)

for any 𝑟 ∈ (0, 𝑟𝐸1) and 𝑓 (𝑟), 𝑄(𝑟) is strictly decreasing on 𝑟 ∈ (0, 𝑟𝐸1), thus
together with 𝑓 (𝑟𝐸1) = 1

3𝑄(𝑟𝐸1),

F ′(𝑄𝐸1) = lim
𝑟→𝑟−

𝐸1

𝑓 (𝑟) − 𝑓 (𝑟𝐸1)
𝑄(𝑟) −𝑄(𝑟𝐸1)

≥ lim
𝑟→𝑟−

𝐸1

1
3𝑄(𝑟) − 1

3𝑄(𝑟𝐸1)
𝑄(𝑟) −𝑄(𝑟𝐸1)

=
1
3
.

On the other hand, recalling the ODE system (4.3.3) together with 𝑓 (𝑟𝐸1) = 1
3𝑄(𝑟𝐸1)

again, we compute

F ′(𝑄𝐸1) = lim
𝑟→𝑟−

𝐸1

(𝑄(𝑟) − 3 𝑓 (𝑟)) (𝛽 − 𝑓 (𝑟))
(1 − 𝜇)𝑄2(𝑟) −𝑄(𝑟)

= 0 <
1
3
,

which contradicts our assumption and hence we have ruled out the scenarios (1).

Regarding the second scenario (2), by an argument analogous to that of the first case,
the solution curve can be extended on 𝑓 ∈ [ 𝑓𝐸2, 𝑓0] and represented as 𝑓 ↦→ Q( 𝑓 )
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with Q a smooth function, and thus

{(𝑄(𝑟), 𝑓 (𝑟))}
𝑟∈

(
0,𝑟𝐸2

) = {(Q( 𝑓 ), 𝑓 )}
𝑓 ∈

(
𝑓𝐸2 , 𝑓0

) ⊂ M . (4.3.14)

Recall (4.3.3) again, Q( 𝑓 ) is governed by the equation

Q′ =
(1 − 𝜇)Q2 − Q
(Q − 3 𝑓 ) (𝛽 − 𝑓 ) , ∀ 𝑓 ∈ [ 𝑓𝐸2, 𝑓0], (4.3.15)

whose local wellposedness near 𝑓 = 𝑓𝐸2 is well established by the Cauchy-Lipschitz
theory. Nevertheless, besides the nontrivial solution curve given in (4.3.14), we
observe that {(0, 𝑓 )} 𝑓 ∈[ 𝑓𝐸2 , 𝑓0] is also a satisfied solution curve, which leads to a
contradiction and hence we have ruled out the scenario (2).

Consequently, we have shown that the solution curve could only exist M at the
origin 𝑂, i.e. in scenario (3). To conclude this step, it suffices to verify that

lim
𝑟→∞

(𝑄(𝑟), 𝑓 (𝑟)) = (0, 0). (4.3.16)

In fact, similar to the previous argument, the solution curve can be further smoothly
extended and represented as 𝑄 ↦→ F (𝑄) on [0, 𝑄0]. Additionally, using (4.3.13)
again, the function 𝑟 ↦→ 𝑄(𝑟) is one-to-one and thus 𝑟 can be expressed by 𝑟 = R(𝑄)
on 𝑄 ∈ [0, 𝑄0], with R solving

R′(𝑄) = R(𝑄) 𝛽 − F (𝑄)
(1 − 𝜇)𝑄2 −𝑄

,

which follows from the inverse function theorem and (4.3.3). Then, a direct compu-
tation together with (4.3.4), (4.3.6), (4.3.13) and the fact that R(𝑄0

2 ) ∈ (0,∞) yields
that

lim
𝑄→0+

lnR(𝑄) = lnR
(
𝑄0

2

)
+ lim
𝑄→0+

∫ 𝑄

𝑄0
2

𝛽 − F (𝑄̃)
(1 − 𝜇)𝑄̃2 − 𝑄̃

𝑑𝑄̃

> lnR
(
𝑄0

2

)
+ (𝛽 − 𝑓0) lim

𝑄→0+

∫ 𝑄

𝑄0
2

(
1

𝑄̃ − 1
1−𝜇

− 1
𝑄̃

)
𝑑𝑄̃ = +∞,

and thus we have verified (4.3.16) and finished this step.

Step 4. Uniqueness. Assume that there exist two smooth solutions (𝑄 (1) , 𝑓 (1)) and
(𝑄 (2) , 𝑓 (2)) solving the system (4.3.3) with the same initial conditions (4.3.4), then
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by the 𝐶∞ continuity of 𝑄 at the origin and a similar argument as in Step 1 and Step
3, it can be verified that (𝑄 (𝑖) , 𝑓 (𝑖)) satisfies

𝑄
(1)
0 = 𝑄

(2)
0 =

1
1 − 𝜇 , 𝑄

(1)
𝑗

= 𝑄
(2)
𝑗

= 0 (with 1 ≤ 𝑗 < 𝑗0 − 1) , 𝑄
(1)
𝑗0

= 𝑄
(2)
𝑗0
< 0,

(4.3.17)

and both 𝑄 (𝑖) (𝑟) and 𝑓 (𝑖) (𝑟) are strictly decreasing on R+ for both 𝑖 = 1, 2. Next,
we study the difference between these two solutions. Denote

(△𝑄, △ 𝑓 ) := (𝑄 (1) −𝑄 (2) , 𝑓 (1) − 𝑓 (2)),

which solves the following ODE system:
(△𝑄)′ = 1

𝛽− 𝑓 (1)
(1−𝜇) (𝑄 (1)+𝑄 (2) )△𝑄−△𝑄

𝑟
− (1−𝜇) (𝑄 (2) )2−𝑄 (2)

𝑟

△ 𝑓
(𝛽− 𝑓 (1) ) (𝛽− 𝑓 (2) ) ,

(△ 𝑓 )′ = △𝑄−3△ 𝑓
𝑟

.

We define
E(𝑟) := |△𝑄(𝑟) |2 + |△ 𝑓 (𝑟) |2,

and compute

E′ = 𝐼 + 𝐼 𝐼,

with 𝐼 = 2
△ 𝑓 △𝑄 − 3(△ 𝑓 )2

𝑟
+ 2

(1 − 𝜇) (𝑄 (1) +𝑄 (2)) − 1
(𝛽 − 𝑓 (1))𝑟

(△𝑄)2,

𝐼 𝐼 = −2
(1 − 𝜇) (𝑄 (2))2 −𝑄 (2)

𝑟

1
(𝛽 − 𝑓 (2)) (𝛽 − 𝑓 (1))

△ 𝑓 △𝑄,

By using Cauchy inequality, strictly decreasing fact of 𝑄 (𝑖) (𝑟) and 𝑓 (𝑖) (𝑟), (4.3.4)
and (4.3.6), we bound 𝐼 by

𝐼 ≤
(
1 + 2

(1 − 𝜇) (𝑄 (1) (0) +𝑄 (2) (0)) − 1
(𝛽 − 𝑓 (1) (0))

) E(𝑟)
𝑟

= (4 𝑗0 + 1) E(𝑟)
𝑟

.

Applying condition (4.3.17) along with the Cauchy’s inequality, there exists constant
𝑀 = 𝑀 ( 𝑗0, 𝜇, 𝑄 (1) , 𝑄 (2)) > 0 such that

𝐼 𝐼 ≤ 𝑀 |△ 𝑓 △𝑄 | ≤ 𝑀E(𝑟),

which yields that

E′(𝑟) = 𝐼 + 𝐼 𝐼 ≤ (4 𝑗0 + 1) E(𝑟)
𝑟

+ 𝑀E(𝑟).
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Applying Gronwall’s inequality,

0 ≤ E(𝑟) ≤ E(𝛿)
( 𝑟
𝛿

)4 𝑗0+1
𝑒𝑀 (𝑟−𝛿) , uniformly for 𝑟, 𝛿 > 0.

Since (𝑄 (𝑖) , 𝑓 (𝑖)) (with 𝑖 = 1, 2) satisfy the same initial conditions (4.3.17), it follows
that

𝜕
𝑗
𝑟 E(𝑟)

���
𝑟=0

= 0, ∀ 0 ≤ 𝑗 ≤ 4 𝑗0 + 2,

which implies that

lim
𝛿→0+

E(𝛿)
𝛿4 𝑗0+1 𝑒

−𝑀𝛿 = 0.

By the squeezing theorem, it follows that E(𝑟) ≡ 0 for any 𝑟 ≥ 0. Consequently, we
conclude 𝑄 (1) ≡ 𝑄 (2) and this completes the uniqueness.

Step 5. Decay estimate of 𝑄 and its derivative. Based on the discussion in Step 3,
both 𝑄(𝑟) ↘ 0 and 𝑓 (𝑟) ↘ 0 as 𝑟 → ∞. Next for any fixed 𝜈0 > 0, recalling the
choice of 𝛽 = 𝑓0 + 1

2 𝑗0 , there exists 𝑀0 = 𝑀0(𝜈0) ≫ 1 such that

0 < (1 − 𝜈0)𝑄(𝑟) ≤ 𝑄(𝑟) − (1 − 𝜇)𝑄2(𝑟) ≤ 𝑄(𝑟), ∀ 𝑟 ≥ 𝑀0,

and − 2 𝑗0 ≤ − 1
𝛽 − 𝑓

≤ −1
𝛽
< 0.

From the ODE (4.3.3) satisfied by 𝑄(𝑟), these inequalities imply

−2 𝑗0𝑄
𝑟

≤ 𝑄′(𝑟) ≤ − (1 − 𝜈0)𝑄
𝛽𝑟

, ∀ 𝑟 ≥ 𝑀0,

hence

𝑄(𝑟) ≤ 𝑄(𝑀0)
(
𝑟

𝑀0

)− 1
𝛽
(1−𝜈0)

, ∀ 𝑟 ≥ 𝑀0.

In particular, since 𝛽 < 1
2 , we can choose 𝜈0 > 0 sufficiently small such that 1−𝜈0

𝛽
< 2.

This allows us to find a constant 𝐶 = 𝐶 (𝛽, 𝑀0) > 0 such that

𝑄(𝑟) ≤ 𝐶 ⟨𝑟⟩−2 , ∀ 𝑟 ≥ 0. (4.3.18)

Moreover, using the second equation in (4.3.3), there exists a constant𝐶 = 𝐶 (𝛽, 𝑀0) >
0 such that

0 < 𝑓 (𝑟) = 1
𝑟3

∫ 𝑟

0
𝑄(𝑠)𝑠2𝑑𝑠 ≤ 𝐶

𝑟3

∫ 𝑟

0

𝑠2

⟨𝑠⟩2 𝑑𝑠 ≤ 𝐶 ⟨𝑟⟩−2 , ∀ 𝑟 ≥ 0. (4.3.19)
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For the derivatives of 𝑄(𝑟) and 𝑓 (𝑟), applying 𝜕 𝑗−1
𝑟 (with 𝑗 ≥ 1) to (4.3.3) and

using the base decay estimates (4.3.18) and (4.3.19), a straightforward induction
then shows that

|𝜕 ( 𝑗)𝑟 𝑄(𝑟) | ≤ 𝐶 ⟨𝑟⟩−2− 𝑗 , (4.3.20)

for some constant 𝐶 = 𝐶 (𝛽, 𝑀0, 𝑗) > 0.

Finally, combining the 𝐶∞ smoothness of 𝑄, the above decay bound on 𝜕 ( 𝑗)𝑟 𝑄 (cf.
(4.3.18) and (4.3.20)), and the standard identity 𝐷𝑔 = 𝑥

|𝑥 | · ∇𝑔 for radial function 𝑔,
we can verify that 𝑄 ∈ 𝐻∞(R3). This completes the proof of the lemma. □

Based on Lemma 4.3.2, one naturally obtains the existence of a smooth profile
satisfying (4.1.8). More precisely, we have the following result.

Corollary 4.3.3 (Existence of smooth self similar profile). Under the assumptions of
Lemma 4.3.2, for any fixed [𝑄] 𝑗0 < 0, there exists a unique smooth radial symmetric
solution 𝑄 ∈ 𝐻∞(R3) to (4.1.8) satisfying

𝑄(0) = 1
1 − 𝜇 , and 𝜕 (2 𝑗0)𝑟 𝑄(0) = (2 𝑗0)![𝑄] 𝑗0 < 0. (4.3.21)

In particular, 𝑄(𝑟) is strictly radially decreasing with respect to 𝑟 ≥ 0 and satisfies
the decay estimates (4.3.8).

4.4 Linear theory
Starting from this section, we fix 𝜇 ∈ [0, 1

3 ) and a positive integer 𝑗0 ≥ 3(1−𝜇)
1−3𝜇 +1 > 1,

then we have
𝛽 =

1
3(1 − 𝜇) +

1
2 𝑗0

∈
(
0,

1
2

)
. (4.4.1)

We now introduce the self-similar coordinate:

𝑦 =
𝑥

𝜆2𝛽 ,
𝑑𝜏

𝑑𝑡
=

1
𝜆2 , 𝜏

���
𝑡=0

= 0,
𝜆𝜏

𝜆
= −1

2
, (4.4.2)

and the corresponding renormalization

𝜌(𝑡, 𝑥) = 1
𝜆2Ψ (𝜏, 𝑦) . (4.4.3)

The equation (KS-D) can be mapped into the renormalization system of Ψ:

𝜕𝜏Ψ = 𝜆2−4𝛽ΔΨ − Ψ − 𝛽𝑦 · ∇Ψ + ∇Ψ · ∇Δ−1Ψ + (1 − 𝜇)Ψ2, (4.4.4)
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where, from (4.4.2), the function 𝜆 is

𝜆(𝜏) = 𝜆0𝑒
− 1

2 𝜏, ∀ 𝜏 ≥ 0, (4.4.5)

with initial data given by 𝜆
���
𝜏=0

= 𝜆0 > 0.

Next, we consider a solution to the above equation in perturbative form

Ψ = 𝑄 + 𝜀,

where 𝑄 is a solution to the PDE (4.1.8), corresponding to the fixed parameters 𝜇
and 𝑗0, whose existence is established in Lemma 4.3.2. Direct computation shows
the residue 𝜀 solves

𝜕𝜏𝜀 = L𝜀 + 𝜆2−4𝛽ΔΨ + 𝑁 (𝜀), (4.4.6)

where L is the linear operator

L𝜀 = −(𝜀 + 𝛽𝑦 · ∇𝜀) + ∇𝜀 · ∇Δ−1𝑄 + ∇𝑄 · ∇Δ−1𝜀 + 2(1 − 𝜇)𝑄𝜀, (4.4.7)

and 𝑁 (𝜀) is the nonlinear term

𝑁 (𝜀) = ∇𝜀 · ∇Δ−1𝜀 + (1 − 𝜇)𝜀2. (4.4.8)

For the linear operator L given in (4.4.7), we will prove its coercivity in the sense
of 𝐿2

𝑤 for some weight 𝑤 sufficiently singular at the origin. Precisely, we have the
following result:

Proposition 4.4.1 (Coercivity of L in 𝐿2
𝑤). For L given in (4.4.7), there exists a

weight defined by
𝑤(𝑦) := |𝑦 |−𝐴 + 𝐵, (4.4.9)

where (𝐴, 𝐵) ∈ Z+ × R+ satisfy 𝐴 ≫ 4 𝑗0 + 3 and 𝐴
4 ∈ Z>0, such that L satisfies the

coercivity in the following sense:

(L𝑔, 𝑔)𝐿2
𝑤
≤ −1

8
∥𝑔∥2

𝐿2
𝑤
, ∀ 𝑔 ∈ 𝐿2

𝑤 (R3) radially symmetric. (4.4.10)

Remark 4.4.2. Due to the limited quantitative properties of𝑄 available from Lemma
4.3.2 and the nonlocal structure of the operatorL, it is difficult to identify the optimal
value of 𝐴 explicitly, in contrast with the situation for the heat equation discussed
in Section 4.2. Nevertheless, the existence of some 𝐴 satisfying (4.4.10) is sufficient
for our subsequent analysis.
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Proof of Proposition 4.4.1. First of all, for any 𝑔 ∈ 𝐿2
𝑤, by integration by parts,

(4.3.1) and the fact that 𝑦 · ∇𝑤 = −𝐴|𝑦 |−𝐴,

−𝛽
∫

(𝑦 · ∇𝑔)𝑔𝑤𝑑𝑦 = 𝛽

2
(−𝐴 + 3)

∫
𝑔2 |𝑦 |−𝐴𝑑𝑦 + 3𝐵𝛽

2

∫
𝑔2𝑑𝑦,

and ∫ (
∇𝑔 · ∇Δ−1𝑄

)
𝑔𝑤𝑑𝑦 = −1

2

∫
𝑄𝑔2𝑤𝑑𝑦 + 𝐴

2

∫
𝑔2 𝑓𝑄 |𝑦 |−𝐴𝑑𝑦, (4.4.11)

with which, recalling the definition of L ( see (4.4.7)), we split (L𝑔, 𝑔)𝐿2
𝑤

into the
following three parts:

(L𝑔, 𝑔)𝐿2
𝑤
= 𝐼𝑆𝐼 + 𝐼𝐿𝑂 + 𝐼𝑁𝐿𝑂 , (4.4.12)

where

𝐼𝑆𝐼 :=
(
−1 + 𝛽

2
(−𝐴 + 3)

) ∫
𝑔2 |𝑦 |−𝐴𝑑𝑦 + 𝐴

2

∫
𝑔2 𝑓𝑄 |𝑦 |−𝐴𝑑𝑦 +

(
3
2
− 2𝜇

) ∫
𝑔2𝑄 |𝑦 |−𝐴𝑑𝑦,

𝐼𝐿𝑂 :=
(
−𝐵 + 3𝐵𝛽

2

) ∫
𝑔2𝑑𝑦 +

(
3
2
− 2𝜇

)
𝐵

∫
𝑔2𝑄𝑑𝑦, 𝐼𝑁𝐿𝑂 :=

∫ (
∇𝑄 · ∇Δ−1𝑔

)
𝑔𝑤𝑑𝑦.

Here 𝐼𝑆𝐼 denotes the sum of local terms involving the singular weight |𝑦 |−𝐴, 𝐼𝐿𝑂
denotes the sum of local terms without singular weight, and 𝐼𝑁𝐿𝑂 denotes the sum
of nonlocal terms.

Estimate of 𝐼𝑆𝐼 . By Lemma 4.3.2, 𝑄 and 𝑓𝑄 are both radially decreasing. Moreover,
recalling the initial conditions of (𝑄(0), 𝑓𝑄 (0)) given in (4.3.4) and the definition
of 𝛽 in (4.4.1), 𝐼𝑆𝐼 can be estimated by

𝐼𝑆𝐼 ≤
(
−1 + 𝛽

2
(−𝐴 + 3)

) ∫
𝑔2 |𝑦 |−𝐴𝑑𝑦 +

(
𝐴

2
𝑓𝑄 (0) +

(
3
2
− 2𝜇

)
𝑄(0)

) ∫
𝑔2 |𝑦 |−𝐴𝑑𝑦

=

(
−1 +

1
3(1−𝜇) +

1
2 𝑗0

2
(−𝐴 + 3) + 𝐴

6(1 − 𝜇) +
(
3
2
− 2𝜇

)
1

1 − 𝜇

) ∫
𝑔2 |𝑦 |−𝐴𝑑𝑦

=

(
1 + −𝐴 + 3

4 𝑗0

) ∫
𝑔2 |𝑦 |−𝐴𝑑𝑦, (4.4.13)

where the coercivity becomes linearly stronger as 𝐴 ≫ 1 grows.

We remark here that the derivation of (4.4.13) is rather delicate. Precisely, one
might naturally expect that the term 𝑔 + 𝛽𝑦 · ∇𝑔 alone provides enhanced coercivity
with increasing 𝐴. However, this gain is offset by the contribution 𝐴

2

∫
𝑔2 𝑓𝑄 |𝑦 |−𝐴𝑑𝑦,
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which greatly diminishes the coercivity originating from the scaling term. Never-
theless, with the estimate given in (4.4.13), we find that this essential obstacle can
be almost exactly controlled via the fact that 𝛽 − 𝑓𝑄 (𝑟) ≥ 𝛽 − 𝑓𝑄 (0) = 1

2 𝑗0 > 0.

Estimate of 𝐼𝐿𝑂 . Again, by Lemma 4.3.2,𝑄 is radially decreasing and



|𝑦 |− 1

2 𝜕𝑟𝑄





𝐿2
<

∞, so there exists 𝑅1 = 𝑅1(𝑄) ≫ 1 such that

3
2
𝑄(𝑅1) ≤

1
1000

and



|𝑦 |− 1

2 𝜕𝑟𝑄





𝐿2 ( |𝑥 |≥𝑅1)

≤ 1
5000

. (4.4.14)

Noting that 𝛽 < 1
2 , we may now estimate the lower-order term 𝐼𝐿𝑂 as follows:

𝐼𝐿𝑂 ≤
(
−𝐵 + 3

4
𝐵

) ∫
𝑔2𝑑𝑦 +

(
3
2
− 2𝜇

)
𝐵

(∫
|𝑦 |≤𝑅1

𝑔2𝑄𝑑𝑦 +
∫
|𝑦 |≥𝑅1

𝑔2𝑄𝑑𝑦

)
≤ −𝐵

4

∫
𝑔2𝑑𝑦 +

(
3
2
− 2𝜇

)
𝐵𝑄(0)𝑅𝐴1

∫
|𝑦 |≤𝑅1

𝑔2 |𝑦 |−𝐴𝑑𝑦 +
(
3
2
− 2𝜇

)
𝐵𝑄(𝑅1)∥𝑔∥2

𝐿2

= −3𝐵
16

∥𝑔∥2
𝐿2 +

(
3
2
− 2𝜇

)
𝐵𝑄(0)𝑅𝐴1 ∥𝑔∥

2
𝐿2
|𝑦 |−𝐴

. (4.4.15)

Given the limited qualitative information about 𝑄, the term involving 𝑄 cannot be
directly controlled, especially the integral of

∫
|𝑦 |≤𝑅1

∫
𝑔2𝑄𝑑𝑦, where 𝑄(𝑦) = 𝑂 (1)

on 𝐵(0, 𝑅1). To address this, we will absorb this term using the previous coercivity
(4.4.13) by choosing 0 < 𝐵 ≪ 1 sufficiently small.

Estimate of 𝐼𝑁𝐿𝑂 . By Cauchy’s inequality, the nonlocal term involving in 𝐼𝑁𝐿𝑂 can
be controlled pointwise by

1
𝑟2

∫ 𝑟

0
|𝑔(𝑠) |𝑠2𝑑𝑠 =

1
4𝜋𝑟2

∫
𝐵(0,𝑟)

|𝑔(𝑦) |𝑑𝑦 = 1
4𝜋𝑟2

∫
𝐵(0,𝑟)

|𝑔(𝑦) | |𝑦 |− 𝐴
2 |𝑦 | 𝐴2 𝑑𝑦

≤ 1
4𝜋𝑟2

(∫
𝐵(0,𝑟)

𝑔2(𝑦) |𝑦 |−𝐴𝑑𝑦
) 1

2
(∫

𝐵(0,𝑟)
|𝑦 |𝐴𝑑𝑦

) 1
2

=

√︄
1

4𝜋(𝐴 + 3) 𝑟
𝐴
2 −

1
2 ∥𝑔∥𝐿2

|𝑦 |−𝐴
,

(4.4.16)

and this induces that����� ∫ (
∇𝑄 · ∇Δ−1𝑔

)
𝑔 |𝑦 |−𝐴𝑑𝑦

����� = ∫
|𝜕𝑟𝑄 |

(
1
|𝑦 |2

∫ |𝑦 |

0
|𝑔(𝑠) |𝑠2𝑑𝑠

)
|𝑔 | |𝑦 |−𝐴𝑑𝑦

≤

√︄
1

4𝜋(𝐴 + 3) ∥𝑔∥𝐿2
|𝑦 |−𝐴

∫
|𝜕𝑟𝑄 | |𝑔 | |𝑦 |− 𝐴

2 −
1
2 𝑑𝑦 ≤

√︄
1

4𝜋(𝐴 + 3)




|𝑦 |− 1
2 𝜕𝑟𝑄





𝐿2
∥𝑔∥2

𝐿2
|𝑦 |−𝐴

,

(4.4.17)
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which, by choosing 𝐴 ≫ 1 sufficiently large, can be absorbed in (4.4.13). Similarly,
repeating the previous argument, together with the choice of 𝑅1 ≫ 1 (see (4.4.14)),
the 𝐿2 component of 𝐼𝑁𝐿𝑂 can be controlled by:

𝐵

∫ (
∇𝑄 · ∇Δ−1𝑔

)
𝑔𝑑𝑦 ≤ 𝐵∥𝑔∥𝐿2

(∫
|𝑦 |≤𝑅1

|𝜕𝑟𝑄 | |𝑦 |− 1
2 |𝑔 |𝑑𝑦 +

∫
|𝑦 |≥𝑅1

|𝜕𝑟𝑄 | |𝑦 |− 1
2 |𝑔 |𝑑𝑦

)
≤ 𝐵

100
∥𝑔∥2

𝐿2 + 50𝐵𝑅𝐴1


𝜕𝑟𝑄 |𝑦 |− 1

2


2
𝐿2 ∥𝑔∥2

𝐿2
|𝑦 |−𝐴

+ 50𝐵


𝜕𝑟𝑄 |𝑦 |− 1

2


2
𝐿2 ( |𝑦 |≥𝑅1) ∥𝑔∥

2
𝐿2

≤ 𝐵

50
∥𝑔∥2

𝐿2 + 50𝐵𝑅𝐴1


𝜕𝑟𝑄 |𝑦 |− 1

2


2
𝐿2 ∥𝑔∥2

𝐿2
|𝑦 |−𝐴

. (4.4.18)

The idea of handling this term is similar to 𝐼𝐿𝑂 , and we can use the smallness of
0 < 𝐵 ≪ 1 to absorb 𝐵

∫
|𝑦 |≤𝑅1

(
∇𝑄 · ∇Δ−1𝑔

)
𝑔𝑑𝑦 by the coercivity (4.4.13). Hence

combining (4.4.17) and (4.4.18) yields

𝐼𝑁𝐿𝑂 ≤
(√︄

1
4𝜋(𝐴 + 3)



|𝑦 |− 1
2 𝜕𝑟𝑄




𝐿2 + 50𝐵𝑅𝐴1



|𝑦 |− 1
2 𝜕𝑟𝑄



2
𝐿2

)
∥𝑔∥2

𝐿2
|𝑦 |−𝐴

+ 𝐵

50
∥𝑔∥2

𝐿2 .

(4.4.19)

Conclusion of coercivity. Combining the estimates (4.4.13), (4.4.15) and (4.4.19),
we obtain that

(L𝑔, 𝑔)𝐿2
𝑤
≤ −1

8
𝐵∥𝑔∥2

𝐿2 +
(
1 + −𝐴 + 3

4 𝑗0
+

√︄
1

4𝜋(𝐴 + 3)




|𝑦 |− 1
2 𝜕𝑟𝑄





𝐿2

) ∫
𝑔2 |𝑦 |−𝐴𝑑𝑦

+
((

3
2
− 2𝜇

)
𝐵𝑅𝐴1𝑄(0) + 50𝐵𝑅𝐴1



|𝑦 |− 1
2 𝜕𝑟𝑄



2
𝐿2

)
∥𝑔∥2

𝐿2
|𝑦 |−𝐴

,

with 𝑅1 = 𝑅1(𝑄) > 0 chosen as in (4.4.14). Next, we choose 𝐴 ≫ 4 𝑗0 + 4 with
𝐴
4 ∈ Z>0 such that

1 + −𝐴 + 3
4 𝑗0

≤ −1, and

√︄
1

4𝜋(𝐴 + 3)




|𝑦 |− 1
2 𝜕𝑟𝑄





𝐿2

≤ 1
100

, (4.4.20)

then we choose 0 < 𝐵 = 𝐵(𝐴, 𝑅1, 𝜇) ≪ 1 sufficiently small such that(
3
2
− 2𝜇

)
𝐵𝑅𝐴1𝑄(0) + 50𝐵𝑅𝐴1



|𝑦 |− 1
2 𝜕𝑟𝑄



2
𝐿2 ≤ 1

100
,

so that we obtain that

(L𝑔, 𝑔)𝐿2
𝑤
≤ −1

8
∥𝑔∥2

𝐿2
|𝑦 |−𝐴

− 1
8
𝐵∥𝑔∥2

𝐿2 = −1
8
∥𝑔∥2

𝐿2
𝑤
,

which completes the proof of (4.4.10). □
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In addition, to study the nonlinear stability of 𝑄 in Section 4.5, it is necessary to
establish the coercivity properties of the linearized operator L in a higher order
Sobolev space ¤𝐻2𝐾+4 with 𝐾 = 𝐴

4 . The precise statement is as follows:

Proposition 4.4.3 (Coercivity of L in ¤𝐻2𝐾+4). Let 𝐴 > 0 be as given in Proposition
4.4.1, and define 𝐾 := 𝐴

4 ∈ Z≥1. Then there exists constant 𝐶 = 𝐶 (𝑄, 𝐴, 𝐵, 𝑗0, 𝜇) >
0 such that

(L𝑔, 𝑔) ¤𝐻2𝐾+4 ≤ −1
8
∥𝑔∥2

¤𝐻2𝐾+4 + 𝐶∥𝑔∥2
𝐿2 , ∀ 𝑔 ∈ 𝐻2𝐾+4

𝑟𝑎𝑑 . (4.4.21)

Proof. By the definition of L given in (4.4.7),

(L𝑔, 𝑔) ¤𝐻2𝐾+4 = 𝐼 + 𝐼 𝐼 + 𝐼 𝐼 𝐼 + 𝐼𝑉, (4.4.22)

with

𝐼 := −
(
Δ𝐾+2 ((𝑔 + 𝛽𝑦 · ∇𝑔)) ,Δ𝐾+2𝑔

)
𝐿2
, 𝐼 𝐼 :=

(
Δ𝐾+2

(
∇𝑔 · ∇Δ−1𝑄

)
,Δ𝐾+2𝑔

)
𝐿2
,

𝐼 𝐼 𝐼 :=
(
Δ𝐾+2

(
∇𝑄 · ∇Δ−1𝑔

)
,Δ𝐾+2𝑔

)
𝐿2
, 𝐼𝑉 :=

(
Δ𝐾+2 (2(1 − 𝜇)𝑄𝑔) ,Δ𝐾+2𝑔

)
𝐿2
.

First, observe that by scaling invariance, the term 𝐼 can be computed as

𝐼 = −1
2
𝑑

𝑑𝜆

�����
𝜆=1




Δ𝐾+2
(
𝜆𝑔(𝜆𝛽𝑦)

) 


2

𝐿2
= −

(
𝛽

2
(4𝐾 + 5) + 1

)
∥Δ𝐾+2𝑔∥2

𝐿2 . (4.4.23)

For the term 𝐼 𝐼, recalling (4.3.1), we rewrite ∇Δ−1𝑄 = 𝑟 𝑓𝑄e𝑟 with e𝑟 = 𝑦

|𝑦 | . Then
by Lemma 4.3.2, [47, Lemma A.4], integration by parts, Gagliardo-Nirenberg
inequality, and Young’s inequality, there exists a uniform constant𝐶 = 𝐶 (𝐾,𝑄) > 0
such that

𝐼 𝐼 ≤
((
∇Δ𝐾+2𝑔 · ∇Δ−1𝑄

)
,Δ𝐾+2𝑔

)
𝐿2

+ 2(𝐾 + 2)
(
(𝜕𝑟 (𝑟 𝑓𝑄))Δ𝐾+2𝑔,Δ𝐾+2𝑔

)
𝐿2

+ 𝐶


𝑟 𝑓𝑄



𝑊2𝐾+4,∞ ∥𝑔∥𝐻2𝐾+3 ∥𝑔∥ ¤𝐻2𝐾+4

≤2(𝐾 + 2)
(
(𝜕𝑟 (𝑟 𝑓𝑄))Δ𝐾+2𝑔,Δ𝐾+2𝑔

)
𝐿2

+ 1
100

∥𝑔∥2
¤𝐻𝐾+2 + 𝐶 ∥𝑔∥2

𝐿2 . (4.4.24)

Since 𝑄(𝑟) is radially decreasing by Lemma 4.3.2,

𝑓𝑄 (𝑟) =
1
𝑟3

∫ 𝑟

0
𝑄(𝑠)𝑠2𝑑𝑠 ≥ 1

𝑟3𝑄(𝑟)
∫ 𝑟

0
𝑠2𝑑𝑠 =

1
3
𝑄(𝑟),

which yields that

𝜕𝑟 (𝑟 𝑓𝑄 (𝑟)) = 𝑄(𝑟) − 2 𝑓𝑄 (𝑟) ≤ 3 𝑓𝑄 (𝑟) − 2 𝑓𝑄 (𝑟) = 𝑓𝑄 (𝑟), ∀ 𝑟 > 0.
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Hence, by the decreasing fact of 𝑓𝑄 given by Lemma 4.3.2, (4.4.24) can be improved
to

𝐼 𝐼 ≤
(
2(𝐾 + 2) 𝑓𝑄 (0) +

1
100

)
∥𝑔∥2

¤𝐻2𝐾+4 + 𝐶∥𝑔∥2
𝐿2 . (4.4.25)

For the term 𝐼 𝐼 𝐼, following the argument in (4.4.16), we first compute∫ (
∇Δ𝐾+2𝑄 · ∇Δ−1𝑔

)
Δ𝐾+2𝑔𝑑𝑦 =

∫ ��𝜕𝑟Δ𝐾+2𝑄
�� ( 1
𝑟2

∫ 𝑟

0
|𝑔(𝑠) |𝑠2𝑑𝑠

) ��Δ𝐾+2𝑔
��𝑑𝑦

≤
(∫

|𝜕𝑟Δ𝐾+2𝑄 | |𝑦 |− 1
2 |Δ𝐾+2𝑔 |𝑑𝑦

)
∥𝑔∥𝐿2 ≤




|𝑦 |− 1
2 𝜕𝑟Δ

𝐾+2𝑄




𝐿2
∥𝑔∥𝐿2 ∥𝑔∥ ¤𝐻2𝐾+4 ,

which, by Lemma 4.3.2, Gagliardo-Nirenberg inequality, and Young’s inequality,
yields that there exists 𝐶 = 𝐶 (𝐾,𝑄) > 0 such that

𝐼 𝐼 𝐼 ≤
∫ (

∇Δ𝐾+2𝑄 · ∇Δ−1𝑔
)
Δ𝐾+2𝑔𝑑𝑦 + 𝐶 ©­«

2𝐾+4∑︁
𝑗=1

∥∇2𝐾+5− 𝑗𝑄∥𝐿∞ ∥∇ 𝑗+1Δ−1𝑔∥𝐿2
ª®¬ ∥𝑔∥ ¤𝐻2𝐾+4

≤ 𝐶∥𝑔∥𝐻2𝐾+3 ∥𝑔∥ ¤𝐻2𝐾+4 ≤ 1
100

∥𝑔∥2
¤𝐻2𝐾+4 + 𝐶∥𝑔∥2

𝐿2 . (4.4.26)

Finally, for 𝐼𝑉 , by Lemma 4.3.3, Gagliardo-Nirenberg inequality and Young’s in-
equality again,

𝐼𝑉 ≤ 2(1 − 𝜇)
∫

𝑄 |Δ𝐾+2𝑔 |2𝑑𝑦 + 𝐶
2𝐾+3∑︁
𝑗=0

∥∇2𝐾+4− 𝑗𝑄∥𝐿∞ ∥∇ 𝑗𝑔∥𝐿2 ∥Δ𝐾+2𝑔∥𝐿2

≤
(
2(1 − 𝜇)𝑄(0) + 1

100

)
∥𝑔∥2

¤𝐻2𝐾+4 + 𝐶∥𝑔∥2
𝐻2𝐾+3 . (4.4.27)

Consequently, combining (4.4.23), (4.4.25), (4.4.26), (4.4.27), along with the choice
of 𝛽 < 1

2 from (4.4.1), Lemma 4.3.2, the selection of 𝐴 from (4.4.20) and 𝐾 := 𝐴
4 ,

one finds that

(L𝑔, 𝑔) ¤𝐻2𝐾+4 ≤
(
− 𝛽

2
(4𝐾 + 5) + 2𝐾 + 4

3(1 − 𝜇) + 1 + 3
100

)
∥𝑔∥2

¤𝐻2𝐾+4 + 𝐶 ∥𝑔∥2
𝐿2

=

(
− 𝐴 + 8

4 𝑗0
+ 3𝛽

2
+ 1 + 3

100

)
∥𝑔∥2

¤𝐻2𝐾+4 + 𝐶 ∥𝑔∥2
𝐿2 ≤ −1

8
∥𝑔∥2

¤𝐻2𝐾+4 + 𝐶∥𝑔∥2
𝐿2 ,

and thus, we have completed the proof of (4.4.21). □

4.5 Nonlinear stability
In this section, building upon the coercivity properties of the operator L established
in Section 4.4, we proceed to analyze the nonlinear stability of 𝑄. Then, based on
this nonlinear stability, we will conclude this section by constructing a finite-time
blowup solution to (KS-D) for any 𝜇 ∈

[
0, 1

3

)
with finite mass and nonnegative

density.
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4.5.1 Ansatz and modulation
Recalling the ansatzΨ = 𝑄+𝜀, where 𝜀 is radially symmetric and solves the equation
(4.4.6), we further decompose 𝜀 as motivated by Proposition 4.4.1:

𝜀(𝜏, 𝑦) = 𝜀𝑢 (𝜏, 𝑦) + 𝜀𝑠 (𝜏, 𝑦), with 𝜀𝑢 (𝜏, 𝑦) =
𝐾∑︁
𝑗=0
𝑐 𝑗 (𝜏)𝜒(𝑦) |𝑦 |2 𝑗 , (4.5.1)

where 𝜒 is a radial smooth cut-off function on 𝐵(0, 1) defined in (4.1.17), and
𝐾 = 𝐴

4 ∈ Z is as in Proposition 4.4.3. The coefficients {𝑐 𝑗 }𝐾𝑗=0 are chosen such that
the component 𝜀𝑠 satisfies the vanishing condition at the origin

𝜕
2 𝑗
𝑟 𝜀𝑠 (𝜏, 0) = 0, ∀ 0 ≤ 𝑗 ≤ 𝐾. (4.5.2)

In particular, we split 𝜀𝑢 as

𝜀𝑢 (𝜏) = 𝜀𝑢,𝑟𝑒𝑎𝑙 + 𝜀𝑢, 𝑓 𝑎𝑘𝑒 , (4.5.3)

where 
𝜀𝑢,𝑟𝑒𝑎𝑙 (𝜏, 𝑦) :=

∑ 𝑗0
𝑗=0 𝑐 𝑗 (𝜏)𝜒(𝑦) |𝑦 |

2 𝑗 ,

𝜀𝑢, 𝑓 𝑎𝑘𝑒 (𝜏, 𝑦) :=
∑𝐾
𝑗= 𝑗0+1 𝑐 𝑗 𝜒(𝑦) |𝑦 |2 𝑗 .

(4.5.4)

Remark 4.5.1. Recalling that the singular weight introduced in Proposition 4.4.1
might not be sharp, the decomposition (4.5.1) allows for stable components to be
included in 𝜀𝑢. One can distinguish the unstable and stable parts as in (4.5.4).
For further intuition regarding decomposition (4.5.4), we refer the readers to the
modulation ODE system (4.5.9).

4.5.1.1 Coefficients of the Taylor expansion of L𝜀𝑢

With the vanishing condition (4.5.2), one can derive the modulation equations for
{𝑐 𝑗 }𝐾𝑗=0. A crucial step in this process is to compute the Taylor expansion at the
origin of each term appearing in (4.4.6). As a preliminary, we focus in this section
on determining the Taylor coefficients of L𝜀𝑢 at the origin.

Specifically, recalling the definition of L from (4.4.7), and Taylor expansions of
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(𝑄, 𝑓𝑄) at the origin given in (4.3.5), we obtain for any 𝑟 ∈ (0, 𝜖],

L𝜀𝑢 = −(𝜀𝑢 + 𝛽𝑟𝜕𝑟𝜀𝑢) + 𝑓𝑄 (𝑟𝜕𝑟𝜀𝑢) + 𝑟𝜕𝑟𝑄
(

1
𝑟3

∫ 𝑟

0
𝜀𝑢 (𝑠)𝑠2𝑑𝑠

)
+ 2(1 − 𝜇)𝑄𝜀𝑢

= −
𝐾∑︁
𝑗=0
𝑐 𝑗𝑟

2 𝑗 − 𝛽
𝐾∑︁
𝑗=0

2 𝑗𝑐 𝑗𝑟2 𝑗 + ©­«
∞∑︁
𝑗=0

[ 𝑓𝑄] 𝑗𝑟2 𝑗ª®¬ ©­«
𝐾∑︁
𝑗=0

2 𝑗𝑐 𝑗𝑟2 𝑗ª®¬
+ ©­«

∞∑︁
𝑗=0

2 𝑗 [𝑄] 𝑗𝑟2 𝑗ª®¬ ©­«
𝐾∑︁
𝑗=0

𝑐 𝑗

2 𝑗 + 3
𝑟2 𝑗ª®¬ + 2(1 − 𝜇) ©­«

∞∑︁
𝑗=0

[𝑄] 𝑗𝑟2 𝑗ª®¬ ©­«
𝐾∑︁
𝑗=0
𝑐 𝑗𝑟

2 𝑗ª®¬ .
Applying (4.3.6), (4.3.7) and [𝑄] 𝑗0 = −1, this yields that

[L𝜀𝑢] 𝑗 = −𝑐 𝑗−2𝛽 𝑗𝑐 𝑗 +2 𝑗 [ 𝑓𝑄]0𝑐 𝑗 +2(1−𝜇) [𝑄]0𝑐 𝑗 =
𝑗0 − 𝑗

𝑗0
𝑐 𝑗 , ∀ 0 ≤ 𝑗 < 𝑗0,

and

[L𝜀] 𝑗0 = −𝑐 𝑗0 − 2𝛽 𝑗0𝑐 𝑗0 + 2 𝑗0 [ 𝑓𝑄]0𝑐 𝑗0 + 2 𝑗0 [𝑄] 𝑗0
𝑐0

3
+ 2(1 − 𝜇) [𝑄]0𝑐 𝑗0 + 2(1 − 𝜇) [𝑄] 𝑗0𝑐0

= 𝜎0, 𝑗0𝑐0, where 𝜎0, 𝑗0 = −
(
2
3
𝑗0 + 2(1 − 𝜇)

)
.

Similarly, for 𝑗0 + 1 ≤ 𝑗 ≤ 𝐾 , there exists {𝜎𝑖, 𝑗 } = {𝜎𝑖, 𝑗 (𝜇, 𝑗0)} ⊂ R such that

[L𝜀] 𝑗 =
𝑗0 − 𝑗

𝑗0
𝑐 𝑗 +

𝑗−1∑︁
𝑖=0

𝜎𝑖, 𝑗𝑐𝑖, ∀ 𝑗0 + 1 ≤ 𝑗 ≤ 𝐾.

In summary, [L𝜀𝑢] 𝑗 , the 2 𝑗-th order coefficient of the Taylor expansion of L𝜀𝑢 at
the origin, satisfies

[L𝜀𝑢] 𝑗 =


𝑗0− 𝑗
𝑗0
𝑐 𝑗 , 0 ≤ 𝑗 < 𝑗0,

𝑗0− 𝑗
𝑗0
𝑐 𝑗 + 𝜎0, 𝑗0𝑐0, 𝑗 = 𝑗0,

𝑗0− 𝑗
𝑗0
𝑐 𝑗 +

∑ 𝑗−1
𝑖=0 𝜎𝑖, 𝑗𝑐𝑖, 𝑗0 + 1 ≤ 𝑗 ≤ 𝐾.

(4.5.5)

4.5.1.2 Modulation equations.

Next, we derive the modulation equations for {𝑐 𝑗 }𝐾𝑗=0 under the restriction given in
(4.5.2), building on the previous preliminary results. Concretely, with the decom-
position of 𝜀 in (4.5.1) and the equation (4.4.6),

𝜕𝜏𝜀𝑠 = L𝜀𝑠 + 𝑁 (𝜀𝑠) + ∇𝜀𝑢 · ∇Δ−1𝜀𝑠 + ∇𝜀𝑠 · ∇Δ−1𝜀𝑢 + 2(1 − 𝜇)𝜀𝑢𝜀𝑠 + 𝐺 [𝜆,Ψ, 𝜀𝑢],
(4.5.6)
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where the modulation term 𝐺 [𝜆,Ψ, 𝜀𝑢] is defined as

𝐺 [𝜆,Ψ, 𝜀𝑢] := 𝜆2−4𝛽ΔΨ −
𝐾∑︁
𝑗=0

¤𝑐 𝑗 𝜒(𝑟)𝑟2 𝑗 + L𝜀𝑢 + 𝑁 (𝜀𝑢). (4.5.7)

Since 𝜀𝑠 = 𝑂 (𝑟2𝐾+2) at the origin as indicated in (4.5.2), and by the definition of L
given in (4.4.7), L𝜀𝑠 = 𝑂 (𝑟2𝐾+2) at the origin, the following holds

𝜕𝜏𝜀𝑠−
(
L𝜀𝑠 + 𝑁 (𝜀𝑠) + ∇𝜀𝑢 · ∇Δ−1𝜀𝑠 + ∇𝜀𝑠 · ∇Δ−1𝜀𝑢 + 2(1 − 𝜇)𝜀𝑢𝜀𝑠

)
= 𝑂 (𝑟2𝐾+2),

which requires the modulation term 𝐺 [𝜆,Ψ, 𝜀𝑢] = 𝑂 (𝑟2𝐾+2) at the origin. Noting
that 𝐺 [𝜆,Ψ, 𝜀𝑢] can be expanded as follows:

𝐺 [𝜆,Ψ, 𝜀𝑢] = 𝜆2−4𝛽ΔΨ −
𝐾∑︁
𝑗=0

¤𝑐 𝑗 𝜒𝑟2 𝑗 + L𝜀𝑢 + 𝑁 (𝜀𝑢)

= 𝜆2−4𝛽
𝐾∑︁
𝑗=0

[ΔΨ] 𝑗 𝜒𝑟2 𝑗 −
𝐾∑︁
𝑗=0

¤𝑐 𝑗 𝜒𝑟2 𝑗 +
𝐾∑︁
𝑗=0

[L𝜀𝑢] 𝑗 𝜒𝑟2 𝑗 +
𝐾∑︁
𝑗=0

[𝑁 (𝜀𝑢)] 𝑗 𝜒𝑟2 𝑗

(4.5.8)

+ 𝜆2−4𝛽 ©­«(Δ𝑄 + 𝜀𝑢) −
𝐾∑︁
𝑗=0

[Δ𝑄 + Δ𝜀𝑢] 𝑗 𝜒𝑟2 𝑗ª®¬ + 𝜆2−4𝛽
(
Δ𝜀𝑠 − [Δ𝜀𝑠]𝐾 𝜒𝑟2𝐾

)
+ ©­«L𝜀𝑢 −

𝐾∑︁
𝑗=0

[L𝜀𝑢] 𝑗 𝜒𝑟2 𝑗ª®¬ + 𝑁 (𝜀𝑢) −
𝐾∑︁
𝑗=0

[𝑁 (𝜀𝑢)] 𝑗 𝜒𝑟2 𝑗 ,

where (4.5.8) has fewer orders of vanishing at the origin. Hence (4.5.8) should be
imposed to vanish at the origin, then together with (4.5.5), this yields the following
modulation equations onto the coefficients {𝑐 𝑗 }𝐾𝑗=0:

¤𝑐 𝑗 = 𝑗0− 𝑗
𝑗0
𝑐 𝑗 + 𝜆2−4𝛽 [ΔΨ] 𝑗 + [𝑁 (𝜀𝑢)] 𝑗 , 0 ≤ 𝑗 < 𝑗0,

¤𝑐 𝑗0 = 𝜎0, 𝑗0𝑐0 + 𝜆2−4𝛽 [ΔΨ] 𝑗0 + [𝑁 (𝜀𝑢)] 𝑗 , 𝑗 = 𝑗0,

¤𝑐 𝑗 = 𝑗0− 𝑗
𝑗0
𝑐 𝑗 +

∑ 𝑗−1
𝑖=0 𝜎𝑖, 𝑗𝑐𝑖 + 𝜆

2−4𝛽 [ΔΨ] 𝑗 + [𝑁 (𝜀𝑢)] 𝑗 , 𝑗0 < 𝑗 ≤ 𝐾.

(4.5.9)

In conclusion, we obtain an ODE-PDE system in terms of
(
{𝑐 𝑗 }𝐾𝑗=0, 𝜀𝑠

)
, which

couples equations (4.5.6) and (4.5.9). Moreover, the modulation term 𝐺 [𝜆,Ψ, 𝜀𝑢]
in (4.5.6) can be further expressed as follows:

𝐺 [𝜆,Ψ, 𝜀𝑢] = 𝜆2−4𝛽 ©­«(Δ𝑄 + 𝜀𝑢) −
𝐾∑︁
𝑗=0

[Δ𝑄 + Δ𝜀𝑢] 𝑗 𝜒𝑟2 𝑗ª®¬ + 𝜆2−4𝛽
(
Δ𝜀𝑠 − [Δ𝜀𝑠]𝐾 𝜒𝑟2𝐾

)
+ ©­«L𝜀𝑢 −

𝐾∑︁
𝑗=0

[L𝜀𝑢] 𝑗 𝜒𝑟2 𝑗ª®¬ + 𝑁 (𝜀𝑢) −
𝐾∑︁
𝑗=0

[𝑁 (𝜀𝑢)] 𝑗 𝜒𝑟2 𝑗 . (4.5.10)
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4.5.2 Bootstrap argument.
We take 𝛿𝑔 ≪ 1 satisfying

𝛿𝑔 ≪ min
{1

8
, 2 − 4𝛽,

1
𝑗0
,

1
|𝜎0, 𝑗0 |

, 𝐴−1, 𝐵
}
, (4.5.11)

and introduce the function

𝑑𝑟𝑒𝑎𝑙 (𝜏) :=

√√√√
1
2

𝑗0−1∑︁
𝑗=1

𝑐2
𝑗
+ 10
𝛿2
𝑔

𝑐2
0 +

1
4|𝜎0, 𝑗0 |

𝑐2
𝑗0
, (4.5.12)

which describes the behavior of 𝜀𝑢,𝑟𝑒𝑎𝑙 . The main result is as follows:

Proposition 4.5.2 (Bootstrap). There exists 0 < 𝛿𝑔 ≪ 1 satisfying (4.5.11) such
that there exists (𝛿0, 𝛿1, 𝛿2, 𝛿3, 𝛿 𝑗0+1, 𝛿 𝑗0+2..., 𝛿𝐾) with

𝛿0 ≪ 𝛿3 ≪ 𝛿 𝑗0+1 ≪ 𝛿 𝑗0+2 ≪ 𝛿 𝑗0+3 ≪ ... ≪ 𝛿𝐾 ≪ 𝛿1 ≪ 𝛿2 ≪ 𝛿
1
2
3 ≪ 𝛿𝑔 ≪ 𝑄(2),

(4.5.13)
such that for any 𝜆(0) = 𝜆0, 𝜀𝑠 (0) ∈ 𝐿2

𝑤 ∩ ¤𝐻2𝐾+6
𝑟𝑎𝑑

(R3) and {𝑐 𝑗 (0)}𝐾𝑗= 𝑗0+1
6 satisfying

|𝜆0 | + |𝜆0 |2−4𝛽 + ∥𝜀𝑠 (0)∥𝐿2
𝑤 (R3) + ∥𝜀𝑠 (0)∥ ¤𝐻2𝐾+4 (R3) +

𝐾∑︁
𝑗= 𝑗0+1

|𝑐 𝑗 (0) | ≤ 𝛿0, (4.5.14)

there exists {𝑐 𝑗 (0)} 𝑗0𝑗=0 such that the radial solution to (4.4.4) with initial datum

(Ψ0, 𝜆0) = ©­«𝑄 +
𝑗0∑︁
𝑗=0
𝑐 𝑗 (0)𝜒 |𝑦 |2 𝑗 +

𝐾∑︁
𝑗= 𝑗0+1

𝑐 𝑗 (0)𝜒 |𝑦 |2 𝑗 + 𝜀𝑠0, 𝜆0
ª®¬ ,

globally exists and can be split into (4.5.1) satisfying the following for all 𝜏 ≥ 0:

• (Control the 𝐿2 base norm of stable part 𝜀𝑠)

∥𝜀𝑠 (𝜏)∥𝐿2
𝑤
≤ 𝛿1𝑒

− 1
2 𝛿𝑔𝜏 . (4.5.15)

• (Control the higher regularity of stable part 𝜀𝑠 via ¤𝐻2𝐾+4 norm)

∥𝜀𝑠 (𝜏)∥ ¤𝐻2𝐾+4 ≤ 𝛿2𝑒
− 1

2 𝛿𝑔𝜏 . (4.5.16)

• (Control the real unstable part 𝜀𝑢,𝑟𝑒𝑎𝑙)

𝑑𝑟𝑒𝑎𝑙 (𝜏) ≤ 𝛿3𝑒
− 7

10 𝛿𝑔𝜏 . (4.5.17)
6With this regularity assumption on initial data, together with (4.4.2) and (4.4.3), by the standard

fixed point arguments as in [336] or [274, Appendix A], the local wellposedness can be ensured and the
related solution to (KS-D) satisfying 𝜌 ∈ 𝐶0

𝑡

(
[0, 𝑇𝑚𝑎𝑥), 𝐻2𝐾+6

𝑥 (R3)
)
∩ 𝐶1

𝑡

(
[0, 𝑇𝑚𝑎𝑥), 𝐻2𝐾+4

𝑥 (R3)
)
.



128

• (Control the fake unstable part 𝜀𝑢, 𝑓 𝑎𝑘𝑒)

|𝑐 𝑗 (𝜏) | ≤ 𝛿 𝑗𝑒−
7

10 𝛿𝑔𝜏, ∀ 𝑗0 + 1 ≤ 𝑗 ≤ 𝐾. (4.5.18)

Remark 4.5.3. In what follows, the estimates (4.5.27), (4.5.32), (4.5.35), and
(4.5.36) yield the requirements on {𝛿𝑖} summarized in (4.5.13). Notably, the con-
stants 𝐶 > 0 appearing below, which might vary from line to line if necessary, are
all independent of {𝛿𝑖}. Therefore, we can choose appropriate {𝛿𝑖} in a manner to
close Proposition 4.5.2.

Remark 4.5.4. Proposition 4.5.2 is the center of the chapter. As in [94, 325],
Proposition 4.5.2 will be proven via contradiction using the topological argument
as follows: given

(
𝜆0, 𝜀𝑢, 𝑓 𝑎𝑘𝑒 (0), 𝜀𝑠 (0)

)
satisfying (4.5.14), we assume that for any

𝜀𝑢,𝑟𝑒𝑎𝑙 (𝜏, 𝑦) =
∑ 𝑗0
𝑗=0 𝑐 𝑗 (𝜏)𝜒(𝑦) |𝑦 |

2 𝑗 satisfying (4.5.17) when 𝜏 = 0, the exit time

𝜏∗ = sup
{
𝜏 ≥ 0 :

(
𝑑𝑟𝑒𝑎𝑙 , {𝑐 𝑗 }𝑁𝑗= 𝑗0+1, 𝜀𝑠

)
satisfy (4.5.15)-(4.5.18) simultaneously on [0, 𝜏]

}
(4.5.19)

is finite. We then look for a contradiction under the assumptions of Proposition 4.5.2.
Subsequently, we study the flow satisfying (4.5.15)-(4.5.18) on [0, 𝜏∗]. Specifically,
we will show that the bounds in (4.5.15), (4.5.16), and (4.5.18) can be further
improved within the bootstrap regime. This implies that the only possible scenario
for the solution to exit the bootstrap regime is for the real unstable condition (4.5.17)
to fail as 𝜏 > 𝜏∗. Moreover, using the outer-going flux property of 𝑑𝑟𝑒𝑎𝑙 at the exit
time 𝜏 = 𝜏∗, we conclude a contradiction via Brouwer’s fixed point theorem.

4.5.3 A priori estimates
4.5.3.1 Preliminaries

In the section, as preliminaries, we are devoted to the estimate of [ΔΨ] 𝑗 with
0 ≤ 𝑗 ≤ 𝐾 , which is the coefficient of Taylor expansion of ΔΨ with the 2 𝑗-th order
at the origin. And the main result is as follows:

Lemma 4.5.5. Under the bootstrap assumption of Proposition 4.5.2, as for the
function Ψ defined in (4.4.3), there exists a uniform constant 𝐶 = 𝐶 (𝐾) > 0 such
that the quantity [ΔΨ] 𝑗 := 1

(2 𝑗)!𝜕
2 𝑗
𝑟 ΔΨ(0) satisfies

��[ΔΨ] 𝑗
�� ≤ 

𝐶 (𝐾), 0 ≤ 𝑗 < 𝐾,

𝐶 (𝐾) + 𝐶 (𝐾)∥𝜀𝑠∥𝐻2𝐾+4 , 𝑗 = 𝐾.
(4.5.20)
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Proof. Recall the decomposition of Ψ defined in (4.5.1),

[ΔΨ] 𝑗 =
1

(2 𝑗)!𝜕
2 𝑗
𝑟 [ΔΨ] (0) = 1

(2 𝑗)!𝜕
2 𝑗
𝑟 Δ𝑄(0)+ 1

(2 𝑗)!𝜕
2 𝑗
𝑟 Δ𝜀𝑢 (0)+

1
(2 𝑗)!𝜕

2 𝑗
𝑟 Δ𝜀𝑠 (0),

where, by bootstrap assumptions (4.5.17) and (4.5.18), there exists a constant 𝐶 =

𝐶 (𝐾) > 0 such that����� 1
(2 𝑗)!𝜕

2 𝑗
𝑟 [Δ𝑄] (0)

����� +
����� 1
(2 𝑗)!𝜕

2 𝑗
𝑟 (Δ𝜀𝑢) (0)

����� ≤ 𝐶 (𝐾), ∀ 0 ≤ 𝑗 ≤ 2𝐾.

For 𝜕2 𝑗
𝑟 Δ𝜀𝑠 (𝜏, 0), note that 𝜀𝑠 = 𝑂 (𝑟2𝐾+2) at the origin,

𝜕
2 𝑗
𝑟 Δ𝜀𝑠 (0) = 0, ∀ 0 ≤ 𝑗 ≤ 𝐾 − 1.

In addition, for 𝜕2𝐾
𝑟 Δ𝜀𝑠 (𝜏, 0), by Sobolev inequality, there exists 𝐶 = 𝐶 (𝐾) > 0

such that

|𝜕2𝐾
𝑟 Δ𝜀𝑠 (𝜏, 0) | ≤ 𝐶

��[𝜀𝑠 (𝜏)]𝐾+1
�� ≤ 𝐶 |∇2𝐾+2𝜀𝑠 (𝜏, 0) |

≤ 𝐶∥∇2𝐾+2𝜀𝑠 (𝜏)∥𝐿∞ ≤ 𝐶∥𝜀𝑠 (𝜏)∥𝐻2𝐾+4 . (4.5.21)

Consequently, combining all of the arguments above immediately yields (4.5.20).
□

Lemma 4.5.6 (Estimates of terms related to 𝜀𝑢). Under the bootstrap assumptions
of Proposition 4.5.2, for the function 𝜀𝑢 defined in (4.5.1), 𝑁 (𝜀𝑢) is compactly
supported on 𝐵(0, 2) and satisfies

𝐾∑︁
𝑗=0

���[𝑁 (𝜀𝑢) (𝜏)] 𝑗
��� + 


𝑁 (𝜀𝑢) (𝜏)





𝐻2𝐾+4

≤ 𝐶
𝐾∑︁
𝑗=0

|𝑐 𝑗 (𝜏) |2, ∀ 𝜏 ∈ [0, 𝜏∗], (4.5.22)

for some uniform constant 𝐶 = 𝐶 (𝐾) > 0. In addition, L𝜀𝑢 ∈ 𝐻2𝐾+4 and satisfies

𝐾∑︁
𝑗=0

���[L𝜀𝑢 (𝜏)] 𝑗 ��� + 

L𝜀𝑢 (𝜏)

𝐻2𝐾+4 ≤ 𝐶
𝐾∑︁
𝑗=0

|𝑐 𝑗 (𝜏) |, ∀ 𝜏 ∈ [0, 𝜏∗], (4.5.23)

for some uniform constant 𝐶 = 𝐶 (𝐾,𝑄) > 0.
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Proof. Recalling the definition of 𝜀𝑢 given in (4.5.1), and 𝑁 (𝜀𝑢) = ∇Δ−1𝜀𝑢 · ∇𝜀𝑢 +
(1 − 𝜇)𝜀2

𝑢, we check

𝑁 (𝜀𝑢) = (𝑟𝜕𝑟𝜀𝑢)
1
𝑟3

∫ 𝑟

0
𝜀𝑢 (𝑠)𝑠2𝑑𝑠 + (1 − 𝜇)𝜀2

𝑢

=

𝐾∑︁
𝑗1, 𝑗2=0

(
2 𝑗1𝑐 𝑗1𝑐 𝑗2
2 𝑗2 + 3

+ (1 − 𝜇)𝑐 𝑗1𝑐 𝑗2
)
𝑟2 𝑗1+2 𝑗2

=

2𝐾∑︁
𝑗=0

( ∑︁
𝑗1+ 𝑗2= 𝑗

2 𝑗1𝑐 𝑗1𝑐 𝑗2
2 𝑗2 + 3

+ (1 − 𝜇)𝑐 𝑗1𝑐 𝑗2

)
𝑟2 𝑗 , ∀ 𝑟 ≤ 1

8
.

This yields���[𝑁 (𝜀𝑢)]𝑖
��� = ����� ∑︁

𝑗1+ 𝑗2= 𝑗

2 𝑗1𝑐 𝑗1𝑐 𝑗2
2 𝑗2 + 3

+ (1 − 𝜇)𝑐 𝑗1𝑐 𝑗2

����� ≤ 𝐶 (𝐾) 𝐾∑︁
𝑗=0

|𝑐 𝑗 |2, ∀ 0 ≤ 𝑖 ≤ 𝐾.

In addition, by using Gagliardo-Nirenberg inequality and supp 𝜀𝑢 ∈ 𝐵(0, 2),

∥𝑁 (𝜀𝑢)∥𝐻2𝐾+4 ≤ 𝐶 |𝜀𝑢∥2
𝐻2𝐾+5 ≤ 𝐶

𝐾∑︁
𝑗=0

|𝑐 𝑗 |2,

which concludes (4.5.22). To verify (4.5.23), it is a direct result of (4.5.5) that there
exists a constant 𝐶 = 𝐶 (𝐾,𝑄) > 0 such that���[L𝜀𝑢]𝑖��� ≤ 𝐶 (𝐾,𝑄) 𝐾∑︁

𝑗=0
|𝑐 𝑗 |, ∀ 0 ≤ 𝑖 ≤ 𝐾.

Additionally, recall (4.3.1), Lemma 4.3.2 and supp 𝜀𝑢 ⊂ 𝐵(0, 2), similar to the
argument in (4.4.26) and (4.4.27), by using Gagliardo-Nirenberg inequality, there
exists a constant 𝐶 = 𝐶 (𝐾,𝑄) > 0 such that

L𝜀𝑢

𝐻2𝐾+4 ≤




 − (𝜀𝑢 + 𝛽𝑦 · ∇𝜀𝑢) + ∇𝜀𝑢 · ∇Δ−1𝑄 + 2(1 − 𝜇)𝑄𝜀𝑢




𝐻2𝐾+4 (𝐵(0,2))

+ ∥∇Δ−1𝜀𝑢 · ∇𝑄∥𝐻2𝐾+4

≤ 𝐶∥𝑄∥𝐻2𝐾+5 ∥𝜀𝑢∥𝐻2𝐾+5 ≤ 𝐶
𝐾∑︁
𝑗=0

|𝑐 𝑗 |.

This completes the proof of (4.5.23). □
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4.5.3.2 𝐿2
𝑤 estimate of 𝜀𝑠.

This section is to improve the 𝐿2
𝑤 (R3) estimate of 𝜀𝑠 under the bootstrap assumptions

of Proposition 4.5.2. And the main result is as follows:

Lemma 4.5.7 (𝐿2
𝑤 estimate of 𝜀𝑠). Under the assumptions of Proposition 4.5.2,

there exists a constant 𝐶 = 𝐶 (𝑄, 𝐴, 𝐵, 𝛿𝑔) > 0 such that

𝑑

𝑑𝜏
∥𝜀𝑠∥2

𝐿2
𝑤
≤ −𝛿𝑔∥𝜀𝑠∥2

𝐿2
𝑤
+ 𝐶 ©­«𝜆4−8𝛽 + 𝑑2

𝑟𝑒𝑎𝑙 +
𝐾∑︁

𝑗= 𝑗0+1
|𝑐 𝑗 |2

ª®¬ ∀ 𝜏 ∈ [0, 𝜏∗] .

(4.5.24)

In particular, the bootstrap assumption (4.5.15) can be improved to

∥𝜀𝑠 (𝜏)∥𝐿2
𝑤
≤ 1

2
𝛿1𝑒

− 𝛿𝑔

2 𝜏, ∀ 𝜏 ∈ [0, 𝜏∗] .

The proof of Lemma 4.5.7 is lengthy; thus, we separate the 𝐿2
𝑤 estimate of the

modulation term 𝐺 [𝜆,Ψ, 𝜀𝑢] defined in (4.5.7). The estimate is as follows:

Lemma 4.5.8 (Estimate on modulation term 𝐺 [𝜆,Ψ, 𝜀𝑢]). Under the bootstrap
assumption of Proposition 4.5.2, as for 𝐺 [𝜆,Ψ, 𝜀𝑢] defined in (4.5.7), there exists a
uniform constant 𝐶 = 𝐶 (𝑄, 𝐴, 𝐵) > 0 such that

∥𝐺 [𝜆,Ψ, 𝜀𝑢] ∥𝐿2
𝑤
≤ 𝐶𝜆2−4𝛽 + 𝐶

𝐾∑︁
𝑗=0

|𝑐 𝑗 |. (4.5.25)

Proof of Lemma 4.5.8. Recall (4.5.10), 𝐺 [𝜆,Ψ, 𝜀𝑢] = 𝑂 (𝑟2𝐾+2) at the origin, then
by applying Taylor expansion with the form of integral residue at the origin onto
𝐺 [𝜆,Ψ, 𝜀𝑢],

𝐺 [𝜆,Ψ, 𝜀𝑢]



2
𝐿2
𝑤 ( |𝑦 |≤1) ≤ 𝐶

∫
|𝑦 |≤1

|𝐺 [𝜆,Ψ, 𝜀𝑢] |2
1

|𝑦 |4𝐾
𝑑𝑦

≤ 𝐶


𝐷2𝐾𝐺 [𝜆,Ψ, 𝜀𝑢]



2
𝐿∞ ≤ 𝐶∥𝐺 [𝜆,Ψ, 𝜀𝑢] ∥2

𝐻2𝐾+2 .

For the case with |𝑦 | ≥ 1,

𝐺 [𝜆,Ψ, 𝜀𝑢]



𝐿2
𝑤 ( |𝑦 |≥1) ≤ 𝐶



𝐺 [𝜆,Ψ, 𝜀𝑢]



𝐿2 ( |𝑦 |≥1) ≤ 𝐶∥𝐺 [𝜆,Ψ, 𝜀𝑢] ∥𝐻2𝐾+2 .
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Consequently, together with the definition of 𝐺 [𝜆,Ψ, 𝜀𝑢] in (4.5.10), Lemma 4.5.5,
(4.5.21), and Lemma 4.5.6, this concludes that

∥𝐺 [𝜆,Ψ, 𝜀𝑢] ∥𝐿2
𝑤
≤ 𝐶∥𝐺 [𝜆,Ψ, 𝜀𝑢] ∥𝐻2𝐾+2

≤ 𝐶𝜆2−4𝛽 ©­«∥Δ𝑄 + 𝜀𝑢∥𝐻2𝐾+2 + ∥Δ𝜀𝑠∥𝐻2𝐾+2 +
𝐾∑︁
𝑗=0

��[Δ𝑄 + 𝜀𝑢] 𝑗
�� + [Δ𝜀𝑠]𝐾

ª®¬
+ 𝐶∥L𝜀𝑢∥𝐻2𝐾+2 +

𝐾∑︁
𝑗=0

��[L𝜀𝑢] 𝑗 �� + 𝐶∥𝑁 (𝜀𝑢)∥𝐻2𝐾+2 + 𝐶
𝐾∑︁
𝑗=0

��[𝑁 (𝜀𝑢)] 𝑗
��

≤ 𝐶𝜆2−4𝛽 (1 + ∥𝜀𝑠∥𝐻2𝐾+4) + 𝐶 ©­«
𝐾∑︁
𝑗=0

|𝑐 𝑗 | + |𝑐 𝑗 |2ª®¬ ≤ 𝐶𝜆2−4𝛽 + 𝐶
𝐾∑︁
𝑗=0

|𝑐 𝑗 |.

for some uniform constant 𝐶 > 0, and thus we have concluded the proof. □

Next, we are devoted to the proof of Lemma 4.5.7.

Proof of Lemma 4.5.7. Recall that 𝜀𝑠 solves the equation (4.5.6),

1
2
𝑑

𝑑𝜏
∥𝜀𝑠∥2

𝐿2
𝑤
= (𝜕𝜏𝜀𝑠, 𝜀𝑠)𝐿2

𝑤
= 𝐼 + 𝐼 𝐼 + 𝐼 𝐼 𝐼 + 𝐼𝑉,

with

𝐼 := (L𝜀𝑠, 𝜀𝑠)𝐿2
𝑤
, 𝐼 𝐼 :=

(
∇𝜀𝑢 · ∇Δ−1𝜀𝑠 + ∇𝜀𝑠 · ∇Δ−1𝜀𝑢 + 2(1 − 𝜇)𝜀𝑢𝜀𝑠, 𝜀𝑠

)
𝐿2
𝑤

,

𝐼 𝐼 𝐼 := (𝑁 (𝜀𝑠), 𝜀𝑠)𝐿2
𝑤
, 𝐼𝑉 := (𝐺 [𝜆,Ψ, 𝜀𝑢], 𝜀𝑠)𝐿2

𝑤
.

Step 1. Estimate of the small linear term 𝐼 𝐼. The small linear term 𝐼 𝐼 can be written
as 𝐼 𝐼 := 𝐼 𝐼1 + 𝐼 𝐼2 + 𝐼 𝐼3 with

𝐼 𝐼1 :=
(
∇𝜀𝑢 · ∇Δ−1𝜀𝑠, 𝜀𝑠

)
𝐿2
𝑤

, 𝐼 𝐼2 :=
(
∇𝜀𝑠 · ∇Δ−1𝜀𝑢, 𝜀𝑠

)
𝐿2
𝑤

, 𝐼 𝐼3 := (2(1 − 𝜇)𝜀𝑢𝜀𝑠, 𝜀𝑠)𝐿2
𝑤
.

First of all, repeating (4.4.17), together with the fact that supp 𝜀𝑢 ⊂ 𝐵(0, 2), there
exists 𝐶 = 𝐶 (𝐴) > 0 such that 𝐼 𝐼1 can be controlled by

𝐼 𝐼1 ≤ 𝐶


|𝑦 |− 1

2 𝜕𝑟𝜀𝑢



𝐿2 ∥𝜀𝑠∥2

𝐿2
𝑤
≤ 𝐶∥∇𝜀𝑢∥𝐿∞ ∥𝜀𝑠∥2

𝐿2
𝑤
.

For 𝐼 𝐼2, direct computation shows

𝐼 𝐼2 =

∫ (
∇𝜀𝑠 · ∇Δ−1𝜀𝑢

)
𝜀𝑠𝑤𝑑𝑦 =

1
2

∫
∇𝜀2

𝑠 · ∇Δ−1𝜀𝑢𝑤𝑑𝑦

= −1
2

∫
𝜀2
𝑠𝜀𝑢𝑤𝑑𝑦 −

1
2

∫
𝜀2
𝑠∇Δ−1𝜀𝑢 · ∇𝑤𝑑𝑦 ≤ 𝐶∥𝜀𝑢∥𝐿∞ ∥𝜀𝑠∥2

𝐿2
𝑤
, (4.5.26)
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where the last inequality holds by Cauchy-Schwarz inequality together with the
pointwise estimate

|∇Δ−1𝜀𝑢 · ∇𝑤 | =
����� ( 1
𝑟2

∫ 𝑟

0
𝜀𝑢 (𝑠)𝑠2𝑑𝑠

)
(𝜕𝑟𝑤)

����� ≤ 𝐶 (𝐴)∥𝜀𝑢∥𝐿∞𝑤.
For 𝐼 𝐼3, it can be directly controlled by

𝐼 𝐼3 ≤
��� (2(1 − 𝜇)𝜀𝑢𝜀𝑠, 𝜀𝑠)𝐿2

𝑤

��� ≤ 2(1 − 𝜇)∥𝜀𝑢∥𝐿∞ ∥𝜀𝑠∥2
𝐿2
𝑤
.

In sum, the small linear term 𝐼 𝐼 can be estimated by

𝐼 𝐼 ≤ 𝐶∥𝜀𝑢∥𝑊1,∞ ∥𝜀𝑠∥2
𝐿2
𝑤
.

Step 2. Estimate of the nonlinear term 𝐼 𝐼 𝐼. We begin by performing integration
by parts and using a similar argument in (4.5.26), it then follows that there exists
𝐶 = 𝐶 (𝐴) > 0 such that

𝐼 𝐼 𝐼 =

(
∇𝜀𝑠 · ∇Δ−1𝜀𝑠 + (1 − 𝜇)𝜀2

𝑠 , 𝜀𝑠

)
𝐿2
𝑤

≤ 𝐶∥𝜀𝑠∥𝐿∞ ∥𝜀𝑠∥2
𝐿2
𝑤
.

Step 3. Summary of the estimates. Combining all of the estimates above, (4.4.10),
(4.5.11), (4.5.13) and (4.5.25), and applying Young’s inequality, we obtain that there
exists a constant 𝐶 = 𝐶 (𝑄, 𝐴, 𝐵, 𝛿𝑔) > 0 such that

1
2
𝑑

𝑑𝜏
∥𝜀𝑠∥2

𝐿2
𝑤
≤ −1

8
∥𝜀𝑠∥2

𝐿2
𝑤
+ 𝐶 (∥𝜀𝑢∥𝑊1,∞ + ∥𝜀𝑠∥𝐿∞) ∥𝜀𝑠∥2

𝐿2
𝑤
+ 𝐶 ©­«𝜆2−4𝛽 +

𝐾∑︁
𝑗=0

|𝑐 𝑗 |ª®¬ ∥𝜀𝑠∥𝐿2
𝑤

≤ −
𝛿𝑔

2
∥𝜀𝑠∥2

𝐿2
𝑤
+ 𝐶 ©­«𝜆4−8𝛽 +

𝐾∑︁
𝑗=0

|𝑐 𝑗 |2ª®¬ ,
which concludes (4.5.24). Hence, recalling the bootstrap assumptions (4.5.15),
(4.5.16), (4.5.17) and (4.5.18), and by Gronwall’s inequality,

∥𝜀𝑠 (𝜏)∥2
𝐿2
𝑤
≤ 𝑒−𝛿𝑔𝜏∥𝜀𝑠 (0)∥2

𝐿2
𝑤
+ 𝐶

∫ 𝜏

0
𝑒−𝛿𝑔 (𝜏−𝑠)

©­«𝜆4−8𝛽 (𝑠) + 𝑑2
𝑟𝑒𝑎𝑙 (𝑠) +

𝐾∑︁
𝑗= 𝑗0+1

|𝑐 𝑗 (𝑠) |2ª®¬ 𝑑𝑠
≤ 𝑒−𝛿𝑔𝜏∥𝜀𝑠 (0)∥2

𝐿2
𝑤
+ 𝐶

∫ 𝜏

0
𝑒−𝛿𝑔 (𝜏−𝑠)

©­«𝜆4−8𝛽
0 𝑒−(2−4𝛽)𝑠 + ©­«𝛿2

3 +
𝐾∑︁

𝑗= 𝑗0+1
𝛿2
𝑗

ª®¬ 𝑒− 7
5 𝛿𝑔𝑠

ª®¬ 𝑑𝑠
≤

𝛿2
0 + 𝐶

©­«𝜆4−8𝛽
0 + 𝛿2

3 +
𝐾∑︁

𝑗= 𝑗0+1
𝛿2
𝑗

ª®¬
 𝑒−𝛿𝑔𝜏, ∀ 𝜏 ∈ (0, 𝜏∗], (4.5.27)
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for some constant 𝐶 = 𝐶 (𝑄, 𝐴, 𝐵, 𝛿𝑔) > 0 independent on each 𝛿𝑖. Ttogether with
(4.5.13) and (4.5.14), this yields that

∥𝜀𝑠 (𝜏)∥𝐿2
𝑤
≤ 1

2
𝛿1𝑒

− 1
2 𝛿𝑔𝜏, ∀ 𝜏 ∈ [0, 𝜏∗],

hence we have concluded the proof. □

4.5.3.3 ¤𝐻2𝐾+4 estimate of 𝜀𝑠.

This section is to improve the ¤𝐻2𝐾+4(R3) estimate of 𝜀𝑠 under the bootstrap assump-
tions of Proposition 4.5.2. The main result is as follows:

Lemma 4.5.9 ( ¤𝐻2𝐾+4 estimate of 𝜀𝑠). Under the assumptions of Proposition 4.5.2,
there exists a constant 𝐶 = 𝐶 (𝑄, 𝐴, 𝐵, 𝛿𝑔) > 0 such that the following inequality
hold uniformly in 𝜏 ∈ [0, 𝜏∗]:

𝑑

𝑑𝜏
∥𝜀𝑠∥2

¤𝐻2𝐾+4 ≤ − 1
16

∥𝜀𝑠∥2
¤𝐻2𝐾+4 + 𝐶∥𝜀𝑠∥2

𝐿2 + 𝐶
©­«∥𝜀𝑠∥4

𝐻2𝐾+4 + 𝜆4−8𝛽 +
𝐾∑︁
𝑗=0

|𝑐 𝑗 |2ª®¬ .
(4.5.28)

In particular, the bootstrap assumption (4.5.16) can be improved to

∥𝜀𝑠 (𝜏)∥ ¤𝐻2𝐾+4 ≤ 1
2
𝛿2𝑒

− 𝛿𝑔

2 𝜏, ∀ 𝜏 ∈ [0, 𝜏∗] .

Proof. Recall that 𝜀𝑠 solves the equation (4.5.6),

1
2
𝑑

𝑑𝜏
∥𝜀𝑠∥2

¤𝐻2𝐾+4 = 𝐼 + 𝐼 𝐼 + 𝐼 𝐼 𝐼 + 𝐼𝑉,

with

𝐼 :=
(
Δ𝐾+2L𝜀𝑠,Δ𝐾+2𝜀𝑠

)
𝐿2
,

𝐼 𝐼 :=
(
Δ𝐾+2

(
∇𝜀𝑢 · ∇Δ−1𝜀𝑠 + ∇𝜀𝑠 · ∇Δ−1𝜀𝑢 + 2(1 − 𝜇)𝜀𝑢𝜀𝑠

)
,Δ𝐾+2𝜀𝑠

)
𝐿2
,

𝐼 𝐼 𝐼 :=
(
Δ𝐾+2𝑁 (𝜀𝑠),Δ𝐾+2𝜀𝑠

)
𝐿2
, 𝐼𝑉 :=

(
Δ𝐾+2𝐺 [𝜆,Ψ, 𝜀𝑢],Δ𝐾+2𝜀𝑠

)
𝐿2
.

Estimate of small linear term 𝐼 𝐼. For the small linear term 𝐼 𝐼, since 𝜀𝑢 ∈ 𝐶∞
0 (R3)

with support in 𝐵(0, 2), together with integration by parts, Sobolev inequality,
Gagliardo-Nirenberg inequality and (4.3.1), there exists uniform constant 𝐶 =
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𝐶 (𝐾, 𝜇) > 0 such that

𝐼 𝐼 ≤
(
Δ𝐾+2

(
∇𝜀𝑠 · ∇Δ−1𝜀𝑢

)
,Δ𝐾+2𝜀𝑠

)
𝐿2

+
(
Δ𝐾+2

(
∇𝜀𝑢 · ∇Δ−1𝜀𝑠 + 2(1 − 𝜇)𝜀𝑢𝜀𝑠

)
,Δ𝐾+2𝜀𝑠

)
𝐿2

≤
(
∇Δ𝐾+2𝜀𝑠 · ∇Δ−1𝜀𝑢,Δ

𝐾+2𝜀𝑠

)
𝐿2

+ 𝐶
2𝐾+4∑︁
𝑗=1

∥∇2𝐾+5− 𝑗𝜀𝑠∥𝐿2 ∥∇ 𝑗+1Δ−1𝜀𝑢∥𝐿∞ ∥𝜀𝑠∥ ¤𝐻2𝐾+4

+ 𝐶∥∇2𝐾+5𝜀𝑢∥𝐿2 ∥∇Δ−1𝜀𝑠∥𝐿∞ (𝐵(0,2)) + 𝐶
2𝐾+4∑︁
𝑗=1

∥∇2𝐾+5− 𝑗𝜀𝑢∥𝐿∞ ∥∇ 𝑗+1Δ−1𝜀𝑠∥𝐿2

≤ 𝐶∥𝜀𝑢∥𝐻2𝐾+6 ∥𝜀𝑠∥2
𝐻2𝐾+4 . (4.5.29)

Estimate of nonlinear term 𝐼 𝐼 𝐼. For 𝐼 𝐼 𝐼, by integration by parts, there exists a uni-
form constant 𝐶 = 𝐶 (𝐾, 𝜇) > 0 such that

𝐼 𝐼 𝐼 =

(
Δ𝐾+2

(
∇𝜀𝑠 · ∇Δ−1𝜀𝑠

)
,Δ𝐾+2𝜀𝑠

)
𝐿2

+ (1 − 𝜇)
(
Δ𝐾+2(𝜀2

𝑠 ),Δ𝐾+2𝜀𝑠

)
𝐿2

≤ 𝐶
(
∥𝜀𝑠∥𝐿∞ + ∥∇2Δ−1𝜀𝑠∥𝐿∞

)
∥𝜀𝑠∥2

𝐻2𝐾+4 + 𝐶
2𝐾+4∑︁
𝑗=2

∥𝜀𝑠∥𝐻2𝐾+6− 𝑗 ∥𝜀𝑠∥𝐻 𝑗 ∥𝜀𝑠∥ ¤𝐻2𝐾+4

+ 𝐶
2𝐾+3∑︁
𝑗=1

∥𝜀𝑠∥𝐻2𝐾+5− 𝑗 ∥𝜀𝑠∥𝐻 𝑗+1 ∥𝜀𝑠∥ ¤𝐻2𝐾+4

≤ 𝐶∥𝜀𝑠∥3
𝐻2𝐾+4 . (4.5.30)

Estimate of the modulation term 𝐼𝑉 . For the modulation term 𝐼𝑉 , recalling (4.5.10),
(4.5.21), (4.5.22) and (4.5.23), there exists a uniform constant 𝐶 > 0 such that


𝐺 [𝜆,Ψ, 𝜀𝑢] − 𝜆2−4𝛽Δ𝜀𝑠




 ¤𝐻2𝐾+4
≤ 𝐶𝜆2−4𝛽 + 𝐶

𝐾∑︁
𝑗=0

|𝑐 𝑗 |,

which, by the non-negativity of 𝜆 (see (4.4.5)), yields that

𝐼𝑉 =

(
Δ𝐾+2𝐺 [𝜆,Ψ, 𝜀𝑢],Δ𝐾+2𝜀𝑠

)
𝐿2

= 𝜆2−4𝛽
(
Δ𝐾+2Δ𝜀𝑠,Δ

𝐾+2𝜀𝑠

)
𝐿2

+
(
Δ𝐾+2

(
𝐺 [𝜆,Ψ, 𝜀𝑢] − 𝜆2−4𝛽Δ𝜀𝑠

)
,Δ𝐾+2𝜀𝑠

)
𝐿2

= −𝜆2−4𝛽∥∇Δ𝐾+2𝜀𝑠∥𝐿2 +
(
Δ𝐾+2

(
𝐺 [𝜆,Ψ, 𝜀𝑢] − 𝜆2−4𝛽Δ𝜀𝑠

)
,Δ𝐾+2𝜀𝑠

)
𝐿2

≤ 𝐶 ©­«𝜆2−4𝛽 +
𝐾∑︁
𝑗=0

|𝑐 𝑗 |ª®¬ ∥𝜀𝑠∥ ¤𝐻2𝐾+4 . (4.5.31)
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Conclusion of the estimates. Noting that 𝐼 has been handled in Proposition 4.4.3,
combining (4.4.21), (4.5.30), (4.5.29) and (4.5.31) concludes that

𝑑

𝑑𝜏

1
2
∥𝜀𝑠∥2

¤𝐻2𝐾+4 ≤ −1
8
∥𝜀𝑠∥2

¤𝐻2𝐾+4 + 𝐶∥𝜀𝑠∥2
𝐿2

+ 𝐶 ©­«∥𝜀𝑠∥2
𝐻2𝐾+4 + 𝜆2−4𝛽 +

𝐾∑︁
𝑗=0

|𝑐 𝑗 |
ª®¬ ∥𝜀𝑠∥𝐻2𝐾+4 ,

which, together with Young’s inequality, yields (4.5.28). Hence, recalling the boot-
strap assumptions (4.5.15), (4.5.16), (4.5.17) and (4.5.18), by Gronwall’s inequality,

∥𝜀𝑠 (𝜏)∥2
¤𝐻2𝐾+4

≤ ∥𝜀𝑠 (0)∥2
¤𝐻2𝐾+4𝑒

− 1
16 𝜏 + 𝐶 ©­«𝛿2

1 + 𝛿
4
2 + 𝛿

2
3 + 𝛿

4−8𝛽
0 +

𝐾∑︁
𝑗=0
𝛿2
𝑗

ª®¬
∫ 𝜏

0
𝑒−

1
16 (𝜏−𝑠)𝑒−𝛿𝑔𝑠𝑑𝑠

≤ 𝐶 ©­«𝛿2
0 + 𝛿

2
1 + 𝛿

4
2 + 𝛿

2
3 + 𝛿

4−8𝛽
0 +

𝐾∑︁
𝑗=0
𝛿2
𝑗

ª®¬ 𝑒−𝛿𝑔𝜏, ∀ 𝜏 ∈ [0, 𝜏∗] . (4.5.32)

Combining the assumptions on the coefficients (4.5.11) and (4.5.13), this yields that

∥𝜀𝑠 (𝜏)∥ ¤𝐻2𝐾+4 ≤ 1
2
𝛿2𝑒

− 1
2 𝛿𝑔𝜏, ∀ 𝜏 ∈ [0, 𝜏∗],

and hence we have concluded the result. □

4.5.3.4 Estimate of 𝜀𝑢, 𝑓 𝑎𝑘𝑒.

This section is dedicated to improving the bootstrap assumption (4.5.18) under the
bootstrap assumptions of Proposition 4.5.2. The main result is stated as follows:

Lemma 4.5.10 (Estimate of 𝜀𝑢, 𝑓 𝑎𝑘𝑒). Under the assumptions of Proposition 4.5.2,
for any 𝑗0 + 1 ≤ 𝑗 ≤ 𝐾 , there exists a constant 𝐶 = 𝐶 (𝜇, 𝐾, 𝑗0, 𝛽) > 0 such that

𝑑

𝑑𝜏
𝑐2
𝑗 ≤ − 1

𝑗0
𝑐2
𝑗 + 𝐶𝜆8−4𝛽 + 𝐶

𝑗−1∑︁
𝑖=0

|𝑐𝑖 |2 + 𝐶
𝐾∑︁
𝑖=0

|𝑐𝑖 |4, ∀ 𝜏 ∈ [0, 𝜏∗] . (4.5.33)

In particular, the bootstrap assumption (4.5.18) can be improved to

|𝑐 𝑗 (𝜏) | ≤
1
2
𝛿 𝑗𝑒

− 7𝛿𝑔
10 𝜏, ∀ 𝜏 ∈ [0, 𝜏∗] . (4.5.34)

Proof. Recalling (4.5.9), 𝑐 𝑗 solves the ODE

¤𝑐 𝑗 =
𝑗0 − 𝑗

𝑗0
𝑐 𝑗 + 𝜆2−4𝛽 [ΔΨ] 𝑗 +

𝑗−1∑︁
𝑖=0

𝜎𝑖, 𝑗𝑐𝑖 + [𝑁 (𝜀𝑢)] 𝑗 , for any 𝑗0 < 𝑗 ≤ 𝐾.
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Then by Young’s inequality, (4.5.20) and (4.5.22), there exists 𝐶 = 𝐶 (𝐾, 𝑗0, 𝜇) > 0
such that

1
2
𝑑

𝑑𝜏
𝑐2
𝑗 = 𝑐 𝑗 ¤𝑐 𝑗 = 𝑐 𝑗

(
𝑗0 − 𝑗

𝑗0
𝑐 𝑗 + 𝜆2−4𝛽 [ΔΨ] 𝑗 +

𝑗−1∑︁
𝑖=0

𝜎𝑖, 𝑗𝑐𝑖 + [𝑁 (𝜀𝑢)] 𝑗

)
=
𝑗0 − 𝑗

𝑗0
𝑐2
𝑗 + 𝜆2−4𝛽 [ΔΨ] 𝑗𝑐 𝑗 +

𝑗−1∑︁
𝑖=0

𝜎𝑖, 𝑗𝑐𝑖𝑐 𝑗 + [𝑁 (𝜀𝑢)] 𝑗𝑐 𝑗

≤ − 1
2 𝑗0

𝑐2
𝑗 + 𝐶𝜆8−4𝛽 + 𝐶

𝑗−1∑︁
𝑖=0

|𝑐𝑖 |2 + 𝐶
𝐾∑︁
𝑖=0

|𝑐𝑖 |4.

By Gronwall’s inequality, (4.5.11) (4.5.13), (4.5.14), and bootstrap assumption
(4.5.17) and (4.5.18), there exists a constant 𝐶 = 𝐶 (𝐾, 𝑗0, 𝛽) > 0 such that

𝑐2
𝑗 (𝜏) ≤ 𝑒

− 1
𝑗0
𝜏
𝑐2
𝑗 (0) + 𝐶

∫ 𝜏

0
𝑒
− 1
𝑗0
(𝜏−𝑠)

[
𝜆

4−8𝛽
0 𝑒−(2−4𝛽)𝑠 + ©­«𝛿2

3 +
𝑗−1∑︁

𝑖= 𝑗0+1
𝛿2
𝑖

ª®¬ 𝑒− 7
5 𝛿𝑔𝑠

+ ©­«𝛿4
3 +

𝐾∑︁
𝑖= 𝑗0+1

𝛿4
𝑖

ª®¬ 𝑒− 14
5 𝛿𝑔𝑠

]
𝑑𝑠

≤ 𝑒−
1
𝑗0
𝜏
𝑐2
𝑗 (0) + 𝐶

©­«𝜆4−8𝛽
0 + 𝛿2

3 +
∑︁

𝑗0+1≤𝑖≤ 𝑗−1
𝛿2
𝑖 + 𝛿4

3 +
𝐾∑︁

𝑖= 𝑗0+1
𝛿4
𝑖

ª®¬ 𝑒− 7
5 𝛿𝑔𝜏

≤ 𝐶 ©­«𝛿2
0 + 𝜆

4−8𝛽
0 + 𝛿2

3 +
𝑗−1∑︁

𝑖= 𝑗0+1
𝛿2
𝑖

ª®¬ 𝑒− 7
5 𝛿𝑔𝜏 ≤ 1

4
𝛿2
𝑗𝑒

− 7
5 𝛿𝑔𝜏, ∀ 𝜏 ∈ [0, 𝜏∗],

(4.5.35)

which concludes the proof. □

4.5.4 Control of real unstable part.

Proof of Proposition 4.5.2.

Improvement of the bootstrap assumptions. Arguing by contradiction, suppose that
there exists an initial triple (𝜆0, 𝜀𝑢, 𝑓 𝑎𝑘𝑒 (0), 𝜀𝑠 (0)) satisfying (4.5.14) such that for
any 𝜀𝑢, 𝑓 𝑎𝑘𝑒 (0) with 𝑑𝑟𝑒𝑎𝑙 (0) ≤ 𝛿3, the exit time 𝜏∗ defined in (4.5.19) is always
finite. Then, by Lemma 4.5.7, Lemma 4.5.9 and Lemma 4.5.10, combining with the
continuity of the solution to system (4.4.4) with respect to 𝜏, there exists 0 < 𝜖𝜏∗ ≪ 1
such that (4.5.15), (4.5.16) and (4.5.18) hold for all 𝜏 ∈ [0, 𝜏∗ + 𝜖𝜏∗].
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Outer-going flux property. In light of the preceding argument, the only possible
mechanism by which the solution exits the bootstrap regime is the failure of the
bootstrap assumption for the real unstable component 𝜀𝑢,𝑟𝑒𝑎𝑙 , specifically when this
assumption ceases to hold on [0, 𝜏] for some 𝜏 > 𝜏∗. Moreover, by the local
well-posedness of the system (KS-D), it follows that the mapping 𝜏 ↦→ 𝑑𝑟𝑒𝑎𝑙 (𝜏) is
continuous. If we define the set

𝐵(𝜏) :=
{
{𝑐 𝑗 } 𝑗0𝑗=0 ∈ R 𝑗0+1 :

√√√√
1
2

𝑗0−1∑︁
𝑗=1

𝑐2
𝑗
+ 10
𝛿2
𝑔

𝑐2
0 +

1
4|𝜎0, 𝑗0 |

𝑐2
𝑗0
≤ 𝛿3𝑒

− 7
10 𝛿𝑔𝜏

}
,

then by the contradiction assumption, the following holds
{𝑐 𝑗 (𝜏)} 𝑗0𝑗=0 ∈ 𝐵(𝜏), ∀ 𝜏 ∈ [0, 𝜏∗],

{𝑐 𝑗 (𝜏)} 𝑗0𝑗=0 ∈ 𝜕𝐵(𝜏), 𝜏 = 𝜏∗.

Recalling the modulation ODE system satisfied by the coefficients {𝑐 𝑗 } 𝑗0𝑗=0 as given
in (4.5.9), and invoking Young’s inequality in conjunction with Lemma 4.5.5 and
Lemma 4.5.6, there exists a constant 𝐶 = 𝐶 (𝛿𝑔, |𝜎0, 𝑗0 |, 𝐾, 𝑗0) > 0 independent of
{𝛿𝑖}, such that the quantity 𝑑𝑟𝑒𝑎𝑙 defined in (4.5.12) satisfies

𝑑

𝑑𝜏
𝑑2
𝑟𝑒𝑎𝑙 (𝜏) =

𝑗0−1∑︁
𝑗=1

𝑐 𝑗 ¤𝑐 𝑗 +
20
𝛿2
𝑔

𝑐0 ¤𝑐0 +
1

2|𝜎0, 𝑗0 |
𝑐 𝑗0 ¤𝑐 𝑗0

=

𝑗0−1∑︁
𝑗=1

𝑗0 − 𝑗

𝑗0
𝑐2
𝑗 +

20
𝛿2
𝑔

𝑐2
0 +

1
2
𝑐0𝑐 𝑗0 + 𝜆2−4𝛽 ©­«

𝑗0−1∑︁
𝑗=1

𝑐 𝑗 [ΔΨ] 𝑗 +
20
𝛿2
𝑔

𝑐0 [ΔΨ]0 +
1

2|𝜎0, 𝑗0 |
𝑐 𝑗0 [ΔΨ] 𝑗0

ª®¬
+
𝑗0−1∑︁
𝑗=1

[𝑁 (𝜀𝑢)] 𝑗𝑐 𝑗 +
20
𝛿2
𝑔

𝑐0 [𝑁 (𝜀𝑢)]0 +
1

2|𝜎0, 𝑗0 |
𝑐 𝑗0 [𝑁 (𝜀𝑢)] 𝑗0

≥ −𝐶𝜆4−8𝛽
𝑗0∑︁
𝑗=0

���[ΔΨ] 𝑗
���2 − 𝛿2

𝑔

160
𝑐2
𝑗0
− 𝐶

𝐾∑︁
𝑗=0

��[𝑁 (𝜀𝑢)] 𝑗
��2

≥ −𝐶𝜆4−8𝛽 −
𝛿2
𝑔 |𝜎0, 𝑗0 |

40
𝑑2
𝑟𝑒𝑎𝑙 − 𝐶𝑑

4
𝑟𝑒𝑎𝑙 − 𝐶

𝐾∑︁
𝑗= 𝑗0+1

|𝑐 𝑗 |4.

Consequently, under the contradiction assumption that 𝑒
7

10 𝛿𝑔𝜏
∗
𝑑𝑟𝑒𝑎𝑙 (𝜏∗) = 𝛿3, and

in light of bootstrap assumptions (4.5.14), (4.5.17), and (4.5.18), together with
coefficient restrictions (4.5.11) and (4.5.13), we deduce the outer-going flux property
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on 𝜕𝐵(𝜏∗):

𝑑

𝑑𝜏

(
𝑒

7
5 𝛿𝑔𝜏𝑑2

𝑟𝑒𝑎𝑙 (𝜏)
) �����
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5 𝛿𝑔𝜏𝑑2
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7
5 𝛿𝑔𝜏

𝑑

𝑑𝜏
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𝑟𝑒𝑎𝑙 (𝜏
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5 𝛿𝑔𝜏

∗
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𝑟𝑒𝑎𝑙 (𝜏
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5 𝛿𝑔𝜏

∗ |𝑐 𝑗 (𝜏∗) |4

≥ 7
5
𝛿𝑔𝛿

2
3 − 𝐶𝜆

4−8𝛽
0 −

𝛿2
𝑔 |𝜎0, 𝑗0 |

40
𝛿2

3 − 𝐶𝛿
4
3 − 𝐶

𝐾∑︁
𝑗= 𝑗0+1

𝛿4
𝑗 ≥ 𝛿𝑔𝛿2

3 > 0. (4.5.36)

Brouwer’s topological argument. Firstly, for any 𝛿 > 0, we define the following
convex subset on R 𝑗0+1:

B𝑟𝑒𝑎𝑙 (0, 𝛿) :=

{𝑐 𝑗 }
𝑗0
𝑗=0 ∈ R 𝑗0+1 :

√√√√
1
2

𝑗0−1∑︁
𝑗=1

𝑐2
𝑗
+ 10
𝛿2
𝑔

𝑐2
0 +

1
4|𝜎0, 𝑗0 |

𝑐2
𝑗0
< 𝛿

 .
By the local well-posedness theory for (KS-D) and contradiction assumption (4.5.19),
we establish the continuity of the map 𝜀𝑢,𝑟𝑒𝑎𝑙 (0) ↦→ 𝜀𝑢,𝑟𝑒𝑎𝑙 (𝜏∗(𝜀𝑢,𝑟𝑒𝑎𝑙 (0))), where
𝜏∗(𝜀𝑢,𝑟𝑒𝑎𝑙 (0)) denotes the exit time associated with

(
𝜆0, 𝜀𝑢,𝑟𝑒𝑎𝑙 (0), 𝜀𝑢, 𝑓 𝑎𝑘𝑒 (0), 𝜀𝑠 (0)

)
satisfying the initial condition (4.5.14). Accordingly, we define a mapping Φ :
B𝑟𝑒𝑎𝑙 (0, 1) ↦→ 𝜕B𝑟𝑒𝑎𝑙 (0, 1) as follows:

{𝑑 𝑗 } 𝑗0𝑗=0 ∈ B𝑟𝑒𝑎𝑙 (0, 1) ↦→ {𝑐 𝑗 (0)} 𝑗0𝑗=0 := {𝛿3𝑑 𝑗 } 𝑗0𝑗=0 ∈ BR 𝑗0+1 (0, 𝛿3)

↦→ 𝜀𝑢,𝑟𝑒𝑎𝑙 (0, 𝑦) =
𝑗0∑︁
𝑗=0
𝑐 𝑗 (0)𝜒(𝑦) |𝑦 |2 𝑗

↦→ 𝜀𝑢,𝑟𝑒𝑎𝑙 (𝜏∗, 𝑦) =
𝑗0∑︁
𝑗=0
𝑐 𝑗 (𝜏∗)𝜒(𝑦) |𝑦 |2 𝑗

↦→ {𝑑 𝑗 (𝜏∗)} 𝑗0𝑗=0 :=
{ 1
𝛿3
𝑒

7
10 𝛿𝑔𝜏

∗
𝑐 𝑗 (𝜏∗)

} 𝑗0
𝑗=0

∈ 𝜕B𝑟𝑒𝑎𝑙 (0, 1),

whose continuity is ensured by the local well-posedness of (KS-D). In particular,
when {𝑑 𝑗 } 𝑗0𝑗=0 ∈ 𝜕B𝑟𝑒𝑎𝑙 (0, 1), by the outer-going flux property of the flow as indi-
cated in (4.5.36), 𝜏 = 0 is exactly the exit time, and it leads toΦ = 𝐼𝑑 on the boundary
𝜕B𝑟𝑒𝑎𝑙 (0, 1). However, with the continuity of Φ on the nonempty compact convex
set B𝑟𝑒𝑎𝑙 (0, 1), we conclude that −Φ has a fixed point on the boundary 𝜕B𝑟𝑒𝑎𝑙 (0, 1),
which contradicts to the assertion that Φ = 𝐼𝑑 on the boundary. Consequently, the
proof of Proposition 4.5.2 has been completed. □
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4.5.5 Existence of finite blowup solution to (KS-D) with finite mass.
This section is devoted to the study of the existence of the finite-time blowup solution
to (KS-D) for any fixed 0 ≤ 𝜇 < 1

3 and concludes the chapter.

Proof of Theorem 4.1.1. Firstly, for any fixed 𝜇 ∈
[
0, 1

3

)
, we choose 𝑄 constructed

in Lemma 4.3.2 and fix the weight 𝑤 as specified in Proposition 4.4.1. Then as
indicated in Proposition 4.5.2, there exist 𝛿𝑔 ≪ 1 and {𝛿𝑖} satisfying (4.5.11) and
(4.5.13), such that the result shown in Proposition 4.5.2 holds.

Construction of nonnegative initial data with finite mass. Firstly, since 𝑄 ∈ 𝐻2𝐾+4

as guaranteed by Lemma 4.3.2, we can choose 𝜆0 ≪ 𝛿0 sufficiently small and
𝑅2 ≫ 1 sufficiently large such that the following estimates hold:

∥(𝜒𝑅2 − 1)𝑄∥𝐿2
𝑤
+ ∥(𝜒𝑅2 − 1)𝑄∥ ¤𝐻2𝐾+4 ≪ 𝛿0, (4.5.37)

where 𝜒𝑅2 is a cut-off function on 𝐵(0, 𝑅2) defined by (4.1.18). It then follows that
there exists {𝑐 𝑗 (0)} 𝑗0𝑗=0 such that Proposition 4.5.2 holds with the initial datum

(
𝜆0, 𝜀𝑠 (0, 𝑦), 𝜀𝑢,𝑟𝑒𝑎𝑙 (0, 𝑦), 𝜀𝑢, 𝑓 𝑎𝑘𝑒 (0, 𝑦)

)
:= ©­«𝜆0, (𝜒𝑅2 − 1)𝑄,

𝑗0∑︁
𝑗=0
𝑐 𝑗 (0)𝜒(𝑦) |𝑦 |2 𝑗 , 0ª®¬ .

(4.5.38)
In other words, there exists 𝜀𝑢,𝑟𝑒𝑎𝑙 (0, 𝑦) such that the solution to (4.4.4) with initial
data

Ψ0 = 𝑄 + 𝜀𝑠 (0) + 𝜀𝑢,𝑟𝑒𝑎𝑙 (0) + 𝜀𝑢, 𝑓 𝑎𝑘𝑒 (0) = 𝜒𝑅2𝑄 +
𝑗0∑︁
𝑗=0
𝑐 𝑗 (0)𝜒(𝑦) |𝑦 |2 𝑗 ⊂ 𝐶∞

0 (R3),

globally exists in 𝜏 and satisfies (4.5.15)-(4.5.18) on [0, +∞), and the corresponding
solution Ψ(𝜏) can be decomposed into Ψ(𝜏) = 𝑄 + 𝜀(𝜏) with

∥𝜀(𝜏)∥𝐻2𝐾+4 ≤ ∥𝜀𝑢 (𝜏)∥𝐻2𝐾+4 + ∥𝜀𝑠 (𝜏)∥𝐻2𝐾+4

≤ 𝐶 ©­«𝛿1 + 𝛿2 + 𝛿3 +
𝐾∑︁

𝑗= 𝑗0+1
𝛿 𝑗

ª®¬ 𝑒− 1
2 𝛿𝑔𝜏, ∀ 𝜏 > 0,

for some universal 𝐶 > 0. In addition, in view of the fact that 𝑄 is radially
decreasing, together with the condition (4.5.13), we obtain that

Ψ0(𝑦) ≥ 𝑄(2) − 𝐶∑ 𝑗0
𝑗=0 |𝑐 𝑗 (0) | ≥

1
2𝑄(2) > 0, ∀ |𝑦 | ≤ 2,

Ψ0(𝑦) = 𝜒𝑅2 (𝑦)𝑄(𝑦) ≥ 0, ∀ |𝑦 | ≥ 2,
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which yields the non-negativity of Ψ0. Now, returning to the original equation
(KS-D), and recalling (4.4.2), (4.4.3) and (4.4.5), the nonnegativity of initial density
𝜌0 can be guaranteed:

𝜌0(𝑥) =
1
𝜆2

0
Ψ0

(
𝑥

𝜆
2𝛽
0

)
∈ 𝐶∞

0 (R3).

Finite time blowup. Recalling (4.4.2), we know that

𝑑𝜆

𝑑𝑡
=
𝑑𝜆

𝑑𝜏

𝑑𝜏

𝑑𝑡
= −𝜆

2
1
𝜆2 = − 1

2𝜆
, with 𝜆(0) = 𝜆0,

which implies that 𝜆(𝑡) blows up at 𝑇 = 𝜆2
0 and 𝜆(𝑡) is given by

𝜆(𝑡) =
√
𝑇 − 𝑡 =

√︃
𝜆2

0 − 𝑡, ∀ 𝑡 ∈ [0, 𝑇).

Consequently, the solution to (KS-D) with initial data 𝜌0 is of form

𝜌(𝑡, 𝑥) = 1
𝑇 − 𝑡 (𝑄 + 𝜀)

(
𝑡,

𝑥

(𝑇 − 𝑡)𝛽

)
,

with
∥𝜀(𝜏)∥𝐻2𝐾+4 ≤ 𝜖0(𝑇 − 𝑡)

𝛿𝑔

2 ,

for some 0 < 𝜖0 ≪ 1. Consequently, we have concluded the proof of Theorem
4.1.1.

□
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C h a p t e r 5

KOLMOGOROV-ARNOLD NETWORK

In this chapter, we present Kolmogorov-Arnold Network (KAN), a novel deep learn-
ing architecture inspired by the Kolmogorov-Arnold representation theorem, mostly
based on our works [293, 292, 446]. Partially motivated by the need for symbolic
computation of singularities, KANs offer a powerful tool for science, especially
when interpretability is desired. Compared to prevalent Multi-Layer Perceptrons
(MLPs) with fixed activation functions on nodes (“neurons”), KANs have learnable
activation functions on edges (“weights”). KANs learn interpretable 1D functions
on their edges whose connection graph is also simple enough to be explained.
Through examples in mathematics, KANs are shown to be useful “collaborators”
helping scientists (re)discover mathematical and physical laws. Moreover, KANs
are shown to be more accurate and have faster scaling laws than MLPs in function
fitting and PDE solving, both theoretically and empirically.

Theorem

Formula

(Shallow)

Model

(Shallow)

Model

(Deep)

Multi-Layer Perceptron (MLP) Kolmogorov-Arnold Network (KAN)
Universal Approximation Theorem Kolmogorov-Arnold Representation Theorem

f(x) ≈
N(ϵ)
∑
i=1

aiσ(wi ⋅ x + bi) f(x) =
2n+1
∑
q=1

Φq

n

∑
p=1

ϕq,p(xp)

Model

fixed activation functions

on nodes 

Formula

(Deep)

learnable weights

on edges 

learnable activation functions

on edges 

sum operation on nodes 

MLP(x) = (W3 ∘ σ2 ∘ W2 ∘ σ1 ∘ W1)(x) KAN(x) = (Φ3 ∘ Φ2 ∘ Φ1)(x)

W1

σ1
W2
σ2

W3 Φ3

Φ2

Φ1
x x

MLP(x) KAN(x)

linear, 

learnable

nonlinear,

fixed nonlinear,


learnable

(a) (b)

(c) (d)

Figure 5.1: Multi-Layer Perceptrons (MLPs) vs. Kolmogorov-Arnold Networks
(KANs)
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5.1 Introduction
Multi-layer perceptrons (MLPs) [190, 108, 206], also known as fully-connected
feedforward neural networks, are foundational building blocks of today’s deep learn-
ing models. The importance of MLPs can never be overstated, since they are the
default models in machine learning for approximating nonlinear functions, due to
their expressive power guaranteed by the universal approximation theorem [206].
However, MLPs often lack interpretability, which makes them less useful for tasks
when interpretability is key, e.g., when we want to extract symbolic formulas from
datasets. In science, symbolic functions are prevalent, e.g., 𝐸 = 𝑚𝑐2 (energy-mass
relation), 𝑟 = 𝑎

1+𝑒cos𝜃 (ellipse), 𝑝 = 𝑒−
𝐸
𝑘𝑇 /𝑍 (Boltzman distribution). Although

MLPs can numerically approximate these functions to a reasonable accuracy, they
cannot reveal symbolic structures of these equations.

Therefore, we need a representation theorem that is more aligned with symbolic
representations than the universal approximation theorem. In our search, the good
old Kolmogorov-Arnold representation theorem (KA theorem) came to our atten-
tion. Although the KA theorem has long been considered irrelevant for learn-
ing [172] because the theorem does not guarantee smoothness, we are more op-
timistic about the smoothness of deeper representations. For example, as we will
show, 𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4) = exp(sin(𝑥2

1+𝑥
2
2)+sin(𝑥2

3+𝑥
2
4)) can be smoothly represented

by a three-layer network, but a two-layer network that attempts to fit this function
leads to pathological representations.

Unsurprisingly, the possibility of using Kolmogorov-Arnold representation theorem
to build neural networks has been studied [422, 255, 283, 261, 266, 145, 333]. How-
ever, most work has stuck with the original depth-2 width-(2𝑛 + 1) representation,
and many did not have the chance to leverage more modern techniques (e.g., back
propagation) to train the networks. Our contribution lies in generalizing the origi-
nal Kolmogorov-Arnold representation to arbitrary widths and depths, revitalizing
and contextualizing it in today’s deep learning world, as well as using empirical
experiments to highlight its potential for AI + Science due to its accuracy and
interpretability.

Named after the two great mathematicians, Andrey Kolmogorov and Vladimir
Arnold, this new type of network is called the Kolmogorov-Arnold Network (KAN).
Like MLPs, KANs have fully-connected structures. However, while MLPs place
fixed activation functions on nodes (“neurons”), KANs place learnable activation
functions on edges (“weights”), as illustrated in Figure 5.1. Each learnable weight
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parameter in an MLP is replaced by a learnable 1D function (parametrized as a
spline) in a KAN. KANs’ nodes simply sum incoming signals without applying any
non-linearities.

Although interpretability is our initial motivation to develop KANs, KANs demon-
strate impressive accuracy and fast scaling laws as well, both theoretically and
empirically. Despite their elegant mathematical interpretation, KANs are nothing
more than combinations of splines and MLPs, leveraging their respective strengths
and avoiding their respective weaknesses. Splines are accurate for low-dimensional
functions but suffer from the curse of dimensionality (COD) problem. MLPs, On
the other hand, suffer less from COD thanks to their ability to learn features and
compositional structure, but are less accurate than splines in low dimensions. KANs
have MLPs on the outside and splines on the inside, combining the best of two things
into one.

The chapter is organized as follows: is organized as follows: In Section 5.2, we
introduce the KAN architecture, analyze the network’s approximation ability, and
propose two training techniques to make KANs interpretable and accurate. In
Section 5.3, we show that KANs are interpretable and can be used for scientific
discoveries. We use a knot theory example from mathematics to demonstrate that
KANs can be helpful “collaborators” for scientists. In Section 5.4, we show that
KANs are more accurate than MLPs for data fitting and PDE solving with better
scaling laws. We discuss the superiority of KANs learning high-frequency functions
in Section 5.5. We discuss related works, follow-up works inspired by our work,
and draw conclusions in Section 5.6.

5.2 Kolmogorov–Arnold Networks (KAN)
Multi-Layer Perceptrons (MLPs) are inspired by the universal approximation theo-
rem. We instead focus on the Kolmogorov-Arnold representation theorem, which
can be realized by a new type of neural network called Kolmogorov-Arnold net-
works (KAN). We review the Kolmogorov-Arnold theorem in Section 5.2.1, to
inspire the design of Kolmogorov-Arnold Networks in Section 5.2.2. Section 5.2.3
provides mathematical description of KANs’ expressive power. Section 5.2.5 and
Section 5.2.4 propose techniques to make KANs accurate and interpretable.

5.2.1 Kolmogorov-Arnold representation theorem
Vladimir Arnold and Andrey Kolmogorov established that if 𝑓 is a multivariate con-
tinuous function on a bounded domain, then 𝑓 can be written as a finite composition
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of continuous functions of a single variable and the binary operation of addition.
More specifically, for a smooth 𝑓 : [0, 1]𝑛 → R,

𝑓 (x) = 𝑓 (𝑥1, · · · , 𝑥𝑛) =
2𝑛+1∑︁
𝑞=1

Φ𝑞
©­«
𝑛∑︁
𝑝=1

𝜙𝑞,𝑝 (𝑥𝑝)
ª®¬ , (5.2.1)

where 𝜙𝑞,𝑝 : [0, 1] → R and Φ𝑞 : R → R. In a sense, they showed that the
only true multivariate function is addition, since every other function can be written
using univariate functions and sum. One might naively consider this great news
for machine learning: learning a high-dimensional function boils down to learning
a polynomial number of 1D functions. However, these 1D functions can be non-
smooth and even fractal, so they may not be learnable in practice [375]. Because
of this pathological behavior, the Kolmogorov-Arnold representation theorem was
regarded as theoretically sound but practically useless [375].

However, we are more optimistic about the usefulness of the Kolmogorov-Arnold
theorem for machine learning. First of all, we need not stick to the original Eq. (5.2.1)
which has only two-layer non-linearities and a small number of terms (2𝑛+ 1) in the
hidden layer: we will generalize the network to arbitrary widths and depths. Deeper
and wider networks potentially have stronger expressive power with smooth func-
tions. Moreover, most functions in science and daily life are often smooth and have
sparse compositional structures [282], potentially facilitating smooth Kolmogorov-
Arnold representations.

5.2.2 KAN architecture
Suppose we have a supervised learning task consisting of input-output pairs {𝑥𝑖, 𝑦𝑖},
where we want to find 𝑓 such that 𝑦𝑖 ≈ 𝑓 (𝑥𝑖) for all data points. Eq. (5.2.1) implies
that we are done if we can find appropriate univariate functions 𝜙𝑞,𝑝 and Φ𝑞. This
inspires us to design a neural network which explicitly parametrizes Eq. (5.2.1).
Since all functions to be learned are univariate functions, we can parametrize each
1D function as a B-spline curve, with learnable coefficients of local B-spline basis
functions 1. Now we have a prototype of KAN, whose computation graph is exactly
specified by Eq. (5.2.1) and illustrated in Figure 5.1 (b) (with the input dimension
𝑛 = 2), appearing as a two-layer neural network with activation functions placed on
edges instead of nodes (simple summation is performed on nodes), and with width
2𝑛 + 1 in the middle layer.

1Details in Appendix 5.7.1 and illustrated in Figure 5.13 right.
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As mentioned, such a network is known to be too simple to approximate any function
arbitrarily well in practice with smooth splines! We therefore generalize our KAN
to be wider and deeper. The key insight comes from the analogy between MLPs
and KANs. In MLPs, once we define a layer (which is composed of a linear
transformation and nonlinearties), we can stack more layers to make the network
deeper. To build deep KANs, we should first answer: “what is a KAN layer?” It
turns out that a KAN layer with 𝑛in-dimensional inputs and 𝑛out-dimensional outputs
can be defined as a matrix of 1D functions

𝚽 = {𝜙𝑞,𝑝}, 𝑝 = 1, 2, · · · , 𝑛in, 𝑞 = 1, 2 · · · , 𝑛out, (5.2.2)

where the functions 𝜙𝑞,𝑝 have trainable parameters (parameterized as B-splines, see
Appendix 5.7.1), as detaild below. In the Kolmogov-Arnold theorem, the inner
functions form a KAN layer with 𝑛in = 𝑛 and 𝑛 out = 2𝑛 + 1, and the outer functions
form a KAN layer with 𝑛in = 2𝑛 + 1 and 𝑛out = 1. So the Kolmogorov-Arnold
representations in Eq. (5.2.1) are simply compositions of two KAN layers. Now it
becomes clear what it means to have deeper Kolmogorov-Arnold representations:
simply stack more KAN layers!

The shape of a general KAN is represented by an integer array

[𝑛0, 𝑛1, · · · , 𝑛𝐿], (5.2.3)

where 𝑛𝑖 is the number of nodes in the 𝑖th layer of the computational graph. We
denote the 𝑖th neuron in the 𝑙th layer by (𝑙, 𝑖), and the activation value of the (𝑙, 𝑖)-
neuron by 𝑥𝑙,𝑖. Between layer 𝑙 and layer 𝑙 + 1, there are 𝑛𝑙𝑛𝑙+1 activation functions:
the activation function that connects (𝑙, 𝑖) and (𝑙 + 1, 𝑗) is denoted by

𝜙𝑙, 𝑗 ,𝑖, 𝑙 = 0, · · · , 𝐿 − 1, 𝑖 = 1, · · · , 𝑛𝑙 , 𝑗 = 1, · · · , 𝑛𝑙+1. (5.2.4)

The pre-activation of 𝜙𝑙, 𝑗 ,𝑖 is simply 𝑥𝑙,𝑖; the post-activation of 𝜙𝑙, 𝑗 ,𝑖 is denoted by
𝑥𝑙, 𝑗 ,𝑖 ≡ 𝜙𝑙, 𝑗 ,𝑖 (𝑥𝑙,𝑖). The activation value of the (𝑙 + 1, 𝑗) neuron is simply the sum of
all incoming post-activations:

𝑥𝑙+1, 𝑗 =

𝑛𝑙∑︁
𝑖=1

𝑥𝑙, 𝑗 ,𝑖 =

𝑛𝑙∑︁
𝑖=1

𝜙𝑙, 𝑗 ,𝑖 (𝑥𝑙,𝑖), 𝑗 = 1, · · · , 𝑛𝑙+1. (5.2.5)
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In matrix form, this reads

x𝑙+1 =

©­­­­­«
𝜙𝑙,1,1(·) 𝜙𝑙,1,2(·) · · · 𝜙𝑙,1,𝑛𝑙 (·)
𝜙𝑙,2,1(·) 𝜙𝑙,2,2(·) · · · 𝜙𝑙,2,𝑛𝑙 (·)

...
...

...

𝜙𝑙,𝑛𝑙+1,1(·) 𝜙𝑙,𝑛𝑙+1,2(·) · · · 𝜙𝑙,𝑛𝑙+1,𝑛𝑙 (·)

ª®®®®®¬︸                                                 ︷︷                                                 ︸
𝚽𝑙

x𝑙 , (5.2.6)

where 𝚽𝑙 is the function matrix corresponding to the 𝑙th KAN layer. A general KAN
network is a composition of 𝐿 layers: given an input vector 𝑥0 ∈ R𝑛0 , the output of
KAN is

KAN(x) = (𝚽𝐿−1 ◦𝚽𝐿−2 ◦ · · · ◦𝚽1 ◦𝚽0)x. (5.2.7)

We can also rewrite the above equation to make it more analogous to Eq. (5.2.1),
assuming output dimension 𝑛𝐿 = 1, and define 𝑓 (x) ≡ KAN(x):

𝑓 (x) =
𝑛𝐿−1∑︁
𝑖𝐿−1=1

𝜙𝐿−1,𝑖𝐿 ,𝑖𝐿−1

(
𝑛𝐿−2∑︁
𝑖𝐿−2=1

· · ·
(
𝑛2∑︁
𝑖2=1

𝜙2,𝑖3,𝑖2

(
𝑛1∑︁
𝑖1=1

𝜙1,𝑖2,𝑖1

(
𝑛0∑︁
𝑖0=1

𝜙0,𝑖1,𝑖0 (𝑥𝑖0)
)))

· · ·
)
,

(5.2.8)
which is quite cumbersome. In contrast, our abstraction of KAN layers and their
visualizations are cleaner and intuitive. The original Kolmogorov-Arnold represen-
tation Eq. (5.2.1) corresponds to a 2-Layer KAN with shape [𝑛, 2𝑛+1, 1]. Notice that
all the operations are differentiable, so we can train KANs with back propagation.
For comparison, an MLP can be written as interleaving of affine transformations W
and non-linearities 𝜎:

MLP(x) = (W𝐿−1 ◦ 𝜎 ◦ W𝐿−2 ◦ 𝜎 ◦ · · · ◦ W1 ◦ 𝜎 ◦ W0)x. (5.2.9)

It is clear that MLPs treat linear transformations and nonlinearities separately as
W and 𝜎, while KANs treat them all together in 𝚽. In Figure 5.1 (c) and (d),
we visualize a three-layer MLP and a three-layer KAN, to clarify their differences.
We use 𝑘-th order B-splines to parameterize the nonlinearities, and implementation
details of KANs are left in Appendix 5.7.1.

Remark: Complexities. Assuming a KAN with depth 𝐿, width 𝑁 , grid size
𝐺, spline order 𝑘 . The model has 𝑂 (𝑁2𝐺𝐿) parameters. Suppose a training
batch has size 𝐵, memory usage is 𝑂 (2𝑘𝐵𝑁2𝐺𝐿), the number of operations is
𝑂 (2𝑘𝐵𝑁2𝐺𝐿) both for forward and backward runs. The 2𝑘 factor is due to the
recursive computation of order 𝑘 splines.
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5.2.3 KAN’s approximation abilities and scaling laws
Recall that in Eq. (5.2.1), the 2-Layer width-(2𝑛 + 1) representation may be non-
smooth. However, deeper representations may bring the advantages of smoother
activations. To facilitate an approximation analysis, we still assume smoothness
of activations, but allow the representations to be arbitrarily wide and deep, as in
Eq. (5.2.7). To emphasize the dependence of our KAN on the finite set of grid
points, we use 𝚽𝐺

𝑙
and Φ𝐺

𝑙,𝑖, 𝑗
below to replace the notation 𝚽𝑙 and Φ𝑙,𝑖, 𝑗 used in

Eq. (5.2.5) and (5.2.6).

Theorem 5.2.1 (Approximation theory, KAN). Let x = (𝑥1, 𝑥2, · · · , 𝑥𝑛). Suppose
that a function 𝑓 (x) admits a representation

𝑓 = (𝚽𝐿−1 ◦𝚽𝐿−2 ◦ · · · ◦𝚽1 ◦𝚽0)x , (5.2.10)

as in Eq. (5.2.7), where each one of the Φ𝑙,𝑖, 𝑗 are (𝑘 + 1)-times continuously dif-
ferentiable. Then there exists a constant 𝐶 depending on 𝑓 and its representation,
such that we have the following approximation bound in terms of the grid size 𝐺:
there exist 𝑘-th order B-spline functions Φ𝐺

𝑙,𝑖, 𝑗
such that for any 0 ≤ 𝑚 ≤ 𝑘 , we have

the bound

∥ 𝑓 − (𝚽𝐺
𝐿−1 ◦𝚽

𝐺
𝐿−2 ◦ · · · ◦𝚽

𝐺
1 ◦𝚽𝐺

0 )x∥𝐶𝑚 ≤ 𝐶𝐺−𝑘−1+𝑚 . (5.2.11)

Here we adopt the notation of 𝐶𝑚-norm measuring the magnitude of derivatives up
to order 𝑚:

∥𝑔∥𝐶𝑚 = max
|𝛽 |≤𝑚

sup
x∈[0,1]𝑛

��𝐷𝛽𝑔(x)
�� .

We leave the proof and an in-depth discussion on the implications of the theorem in
Subsection 5.7.2. Asymptotically, provided that the assumption in Theorem 5.2.1
holds, KANs with finite grid size can approximate the function well with a residue
rate independent of the dimension. This comes naturally since we only use splines
to approximate 1D functions. In particular, for 𝑚 = 0, we recover the accuracy in
𝐿∞ norm, which in turn provides a bound of RMSE on the finite domain, which
gives a scaling exponent 𝑘 + 1. Of course, the constant 𝐶 is dependent on the
representation; hence it will depend on the dimension. Notice that if the assumption
in the theorem holds for a shallow KAN, it automatically holds for a deeper KAN by
setting the remaining layers to identity. We also remark that: since the assumption
in the theorem is a strong one, the neural scaling law should not be expected to be
universally applicable to all machine learning applications.
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KANs take advantage of the intrinsically low-dimensional compositional repre-
sentation of underlying functions. This result shares an analogy to the rate in
generalization error bounds of finite training samples, for a similar space studied
for regression problems; see [207, 252], and also specifically for MLPs with ReLU
activations [402]. On the other hand, for general Sobolev or Besov spaces, sharp
approximation rates have been obtained for ReLU-MLPs (and more generally MLPs
with most piecewise polynomial activation functions) [464, 22, 412]. These rates ex-
hibit the curse of dimensionality, which is unavoidable due to the fact that Sobolev
and Besov spaces with fixed smoothness are very large in high dimensions. By
leveraging the representations of KANs using MLPs, we can provide a more general
version of approximation theory in a larger function class, establishing KANs as
universal approximators, as stated below.

We establish that MLPs can be represented using KANs of a comparable size.
Specifically, we show that any MLP with the ReLU𝑘 activation function can be
reparameterized as a KAN with a comparable number of parameters. This shows
that the approximation and representation capabilities of KANs are at least as good
as MLPs.

Theorem 5.2.2. Let Ω ⊂ R𝑑 be a bounded domain. Suppose that a function
𝑓 : R𝑑 → R can be represented by an MLP with width 𝑊 ≥ 1, depth 𝐿 ≥ 1, and
activation function 𝜎𝑘 = max(0, 𝑥)𝑘 for 𝑘 ≥ 1. Then there exists a KAN 𝑔 with
width 𝑊 , depth at most 2𝐿, and grid size 𝐺 = 2 with 𝑘-th order B-spline functions
such that

𝑔(x) = 𝑓 (x) (5.2.12)

for all x ∈ Ω.

As a corollary, we can draw conclusions about the approximation capabilities of
KANs by leveraging existing results about MLPs (see for instance [21, 267, 251,
413, 414, 204, 295, 409, 465, 412, 463, 462]). For example, we have the following
result giving optimal approximation rates for very deep KANs on Sobolev spaces
(see for instance [3] for the background on Sobolev spaces).

Corollary 5.2.3. Let Ω ⊂ R𝑑 be a bounded domain with smooth boundary, 𝑠 > 0
and 1 ≤ 𝑝, 𝑞 ≤ ∞ be such that 1/𝑞 − 1/𝑝 < 𝑠/𝑑. This guarantees that the compact
Sobolev embedding𝑊 𝑠 (𝐿𝑞 (Ω)) ⊂⊂ 𝐿𝑝 (Ω) holds.

Let 𝑊0 := 𝑊0(𝑑) be a fixed width (depending upon the input dimension 𝑑). Then
for any 𝑓 ∈ 𝑊 𝑠 (𝐿𝑞 (Ω)) and any 𝐿 ≥ 1, there exists a KAN 𝑔 with width𝑊0, depth
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𝐿, and grid size 𝐺 = 2 with 𝑘-th order 𝐵-spline functions such that

∥ 𝑓 − 𝑔∥𝐿𝑝 (Ω) ≤ 𝐶𝐿−2𝑠/𝑑 , (5.2.13)

where 𝐶 is a constant independent of 𝐿.

This result, which follows immediately from Theorem 5.2.2 and the approximation
rates for ReLU (and more generally piecewise polynomial) neural networks derived
in [412], shows that very deep KANs attain an exceptionally good approximation rate
on Sobolev spaces. In particular, in terms of the number of parameters 𝑃 they attain
an approximation rate of 𝑂 (𝑃−2𝑠/𝑑), while a classical (even non-linear) method of
approximation can only attain a rate of 𝑂 (𝑃−𝑠/𝑑) [118]. This phenomenon, which
is often called superconvergence [117], also occurs for very deep ReLU𝑘 networks.
However, it comes at the cost of parameters which are not encodable using a fixed
number of bits and thus is not practically realizable [466, 412].

Now that the basic architecture of KANs is in place, we propose a few techniques
to make KANs accurate and interpretable.

5.2.4 Tricks for interpretability: pruning and symbolifying KANs
How do we choose the KAN shape? If we know that the dataset is generated via the
symbolic formula 𝑓 (𝑥, 𝑦) = exp(sin(𝜋𝑥) + 𝑦2), then we know that a [2, 1, 1] KAN is
able to express this function. However, in practice we do not know the shape a priori,
so it would be nice to have approaches to determine this shape automatically. The
idea is to start from a large enough KAN and train it with sparsity regularizations
followed by pruning. One may even symbolify activation functions into symbolic
functions like exp, sine, etc, to make KANs a useful tool for symbolic regression.
The idea is to match learned spline functions with candidates in a symbolic function
library specified by human users and replace the spline functions with the best-fitting
ones.

5.2.5 Tricks for accuracy: grid update and grid extension
Grid update Since input data and (especially) hidden activations can have time-
varying ranges in training, we update grids on the fly based on the statistics of
input/activation ranges. The grid is initialized to be in [-1,1] (e.g., when 𝐺 = 5, the
grid points are [-1, -0.6, -0.2, 0.2, 0.6, 1.0]), but once it receives input/activations, say,
in the range [-3,3] (the maximum and minimum values are 3 and -3, respectively),
the grid will be updated to [-3,3] (correspondingly, grid points become [-3,-1.8,-
0.6,0.6,1.8,3.0]) to accommodate the whole range.



151

Figure 5.2: Fitting the function 𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4) = exp( 1
2 (sin(𝜋(𝑥2

1+𝑥
2
2))+sin(𝜋(𝑥2

3+
𝑥2

4)))). (a) 3-Layer KAN admits smooth representations. (b) The 2-Layer KAN
learns highly oscillatory representations. (c) The 3-layer KAN achieves lower
losses and has a smaller train-test gap than the 2-layer KAN.

Grid extension A spline can be made arbitrarily accurate to a target function as the
grid can be made arbitrarily fine-grained. This good feature can be inherited by
KANs. By contrast, MLPs do not have the notion of “fine-graining”. For KANs,
one can first train a KAN with fewer parameters and then extend it to a KAN with
more parameters by simply making its spline grids finer, without the need to retrain
the larger model from scratch. The main idea of grid extension is: for each 1D
function defined on a coarse grid, we determine the coefficient of a finer grid using
least squares that minimize the difference between the two curves evaluated on data
samples. Details of how to perform grid extension are included in Figure 5.13.

5.2.6 Benefits of deep KANs
It is one of our major contributions to generalize the 2-layer KA representations to
multiple layers. Although it is challenging to prove the benefits of deeper KANs
theoretically, we want to present a concrete example where 3-layer KANs admit
smooth representations while 2-layer KANs do not. We consider fitting a function
𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4) = exp( 1

2 (sin(𝜋(𝑥2
1 + 𝑥

2
2)) + sin(𝜋(𝑥2

3 + 𝑥
2
4)))) where we draw sam-

ples (3000 training, 1000 training) uniformly from [−1, 1]4. We train a 3L KAN
([4,2,1,1]) and a 2L KAN ([4,9,1]) with the LBFGS optimizer for 250 steps, with
increasing 𝐺 = 3, 5, 10, 20, 50 (50 steps for each 𝐺). As shown in Figure 5.2, we
see that the 3-layer KAN has smooth representations (as expected, since the parse
tree of the symbolic formula has depth 3), while the 2-layer KAN learns highly
oscillatory functions on some edges. The 3-layer KAN also achieves lower losses
than the 2-layer KAN. While the 3-layer KAN has a small train-test gap, the 2-layer
KAN starts to overfit at large grid sizes.
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Figure 5.3: KANs are interpretable for simple symbolic tasks.

5.3 KANs Are Interpretable
In this section, we show that KANs can be interpretable on synthetic toy tasks and
realistic research questions in math and physics.

Synthetic toy datasets We first examine KANs’ ability to reveal the compositional
structures in symbolic formulas. Three examples are presented in Figure 5.3. KANs
are able to reveal the compositional structures present in these formulas, as well as
learn the correct univariate functions. (1) Multiplication 𝑓 (𝑥, 𝑦) = 𝑥𝑦. KAN
computes it via the equation 2𝑥𝑦 = (𝑥 + 𝑦)2 − (𝑥2 + 𝑦2). (2) Division of positive
numbers 𝑓 (𝑥, 𝑦) = 𝑥/𝑦. KAN computes it via exp(log𝑥 − log𝑦). (3) Deeper
compositions 𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4) = exp(sin(𝑥2

1 + 𝑥
2
2) + sin(𝑥2

3 + 𝑥
2
4)).

Application to Mathematics: Knot Theory Knot theory is a subject in low-
dimensional topology that sheds light on topological aspects of three-manifolds
and four-manifolds and has a variety of applications, including in biology and
topological quantum computing. In [110], supervised learning and human domain
experts were utilized to arrive at a new theorem relating algebraic and geometric
knot invariants. They use network attribution methods to find that the signature
𝜎 is mostly dependent on meridinal distance 𝜇 (real 𝜇𝑟 , imag 𝜇𝑖) and longitudinal
distance 𝜆. We show that KANs can not only identify these important variables
with much smaller networks and much more automation, but also present some
interesting new results and insights.

We treat 17 knot invariants as inputs and signature as outputs. Similar to the setup
in [110], signatures (which are even numbers) are encoded as one-hot vectors and
networks are trained with cross-entropy loss. We find that an extremely small
[17, 1, 14] KAN is able to achieve 81.6% test accuracy (while DeepMind’s 4-layer
width-300 MLP achieves 78% test accuracy). The [17, 1, 14] KAN (𝐺 = 3, 𝑘 = 3)
has≈ 200 parameters, while the MLP has≈ 3×105 parameters. It is remarkable that
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Figure 5.4: Knot dataset. Supervised mode (left): we rediscover DeepMind’s three
important variables. Unsupervised mode (right): we discover three “new” relations
without supervision.

KANs can be both more accurate and much more parameter efficient than MLPs
at the same time. In terms of interpretability, we scale the transparency of each
activation according to its magnitude, so it becomes immediately clear which input
variables are important without the need for feature attribution (see Figure 5.4 left
top): signature is mostly dependent on 𝜇𝑟 , and slightly dependent on 𝜇𝑖 and 𝜆, while
dependence on other variables is small. We then train a [3, 1, 14] KAN on the three
important variables, obtaining test accuracy 78.2% (Figure 5.4 left bottom).

We attempt to make discoveries beyond DeepMind’s in the unsupervised learning
mode, where we treat all 18 variables (including signature) as inputs. We train 200
networks with different random seeds. They can be grouped into three clusters, with
representative KANs displayed in Figure 5.4. These three groups of dependent vari-
ables are (1) rediscovering DeepMind’s relation in unsupervised learning. (2) cusp
volume is by definition of the multiplication of two translations. (3) short geodesic
𝑔𝑟 is upper bounded by two times of injecitivy radius [367]. It is interesting that
KANs’ unsupervised mode can rediscover several known mathematical relations.
The good news is that the results discovered by KANs are probably reliable; the bad
news is that we have not discovered anything new yet. It is worth noting that we
have chosen a shallow KAN for simple visualization, but deeper KANs can probably
find more relations if they exist. We would like to investigate how to discover more
complicated relations with deeper KANs in future work.
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5.4 KANs Are Accurate
In this section, we demonstrate that KANs are more accurate at representing func-
tions than MLPs in various tasks (regression and PDE solving). When comparing
two families of models, it is fair to compare both their accuracy (loss) and their
complexity (number of parameters). All experiments reported in the work are re-
producible on CPUs, usually within minutes, at most in a day. Codes are built based
on PyTorch [363].
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Figure 5.5: Compare KANs to MLPs on five toy examples. KANs can almost
saturate the fastest scaling law predicted by our theory (𝛼 = 4), while MLPs scales
slowly and plateau quickly.

Toy datasets In Section 5.2.3, our theory suggested that test RMSE loss ℓ scales
as ℓ ∝ 𝑁−(𝑘+1) = 𝑁−4(𝑘 = 3) with model parameters 𝑁 . However, this relies
on the existence of a smooth Kolmogorov-Arnold representation. As a sanity
check, we construct five examples we know have smooth KA representations: (1)
𝑓 (𝑥) = 𝐽0(20𝑥), which is the Bessel function. Since it is a univariate function, it can
be represented by a spline, which is a [1, 1] KAN. (2) 𝑓 (𝑥, 𝑦) = exp(sin(𝜋𝑥) + 𝑦2).
We know that it can be exactly represented by a [2, 1, 1] KAN. (3) 𝑓 (𝑥, 𝑦) = 𝑥𝑦. We
know from Figure 5.3 that it can be exactly represented by a [2, 2, 1] KAN. (4) A
high-dimensional example 𝑓 (𝑥1, · · · , 𝑥100) = exp( 1

100
∑100
𝑖=1 sin2( 𝜋𝑥𝑖2 )) which can be

represented by a [100, 1, 1] KAN. (5) A four-dimensional example 𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4) =
exp( 1

2 (sin(𝜋(𝑥2
1 + 𝑥

2
2)) + sin(𝜋(𝑥2

3 + 𝑥
2
4)))) which can be represented by a [4, 4, 2, 1]

KAN. The empirical scaling for KANs is quite aligned with theory and outperforms
MLPs.

Fitting Images We task KANs with three images: (1) The Cameraman picture is
the standard picture for the image fitting task. (2) The turbulence profile is taken
from PDEBench [428], demonstrating high-frequency and fractal behavior typical in
scientific computing. (3) Van Gogh’s The Starry Night is quite challenging because
it contains fine-grained details as well. In addition to MLPs, We compare KANs
with these stronger baselines: (A) MLP with random Fourier features (MLP_RFF).
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Figure 5.6: Image fitting task (a PDE solution from PDEBench [428]). KAN
outperforms baseline methods in terms of PSNR.

Before feeding input coordinates x ≡ (𝑥, 𝑦) to the MLP, we first augment them
into a higher-dimensional feature space Φ(x) = (x,Φ1(x), · · · ,Φ𝑁 𝑓 (x)), where
Φ𝑖 (x) = (cos(s𝑖 · x), sin(s𝑖 · x)), 𝑖 = 1, · · · , 𝑁 𝑓 , and s𝑖 ∼ N(0, 𝑠2) (𝑠 controls the
frequency bias). We choose 𝑁 𝑓 = 50 and 𝑠 = 3, 30. (B) SIREN [415] uses
sines as activation functions in MLPs and uses large initialization for the first layer
(effectively creating high-frequency features). To compare KANs and baselines as
fairly as possible, we try two control strategies (same shape or number of parameters)
and report both performance (measured by PSNR) and efficiency (wall time). For
all baseline models, 1 means their width is the same as KAN 1, while 2 means
their number of parameters is (approximately) the same as KAN 1 (

√
𝐺 times wider,

where 𝐺 = 10 is the grid size used in KAN 1). We also explore KAN 2, which uses
a finer grid (𝐺 = 100 instead of 𝐺 = 10) for the first layer only (inspired by the idea
of random Fourier features in the input layer). The whole image is treated as the
training set and there is no test set. All models are trained with the Adam Optimizer
for 15000 steps with learning rate decay (5000 steps for learning rate 10−3, 10−4 and
10−5), with batch size 1024, on a V100 GPU.

We have a few observations from the results: (1) KANs are comparable to or even
outperform baseline methods (including SIREN) in terms of PSNR, however with
more training time. (2) Having random features in the inputs is useful for MLPs,
especially high-frequency random features (𝑠 = 30 outperforms 𝑠 = 3). We may
also understand KANs’ superior performance as being good at generating random
features in early layers. By changing the grid size in the first layer from 𝐺 = 10 to
𝐺 = 100 (KAN 2), PSNR significantly increases with little additional overhead in
training time. We show the turbulence profile in Figure 5.6.
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Figure 5.7: The PDE example. We plot L2 squared and H1 squared losses between
the predicted solution and ground truth solution. First and second: training dynamics
of losses. Third and fourth: scaling laws of losses against the number of parameters.
KANs converge faster, achieve lower losses, and have steeper scaling laws than
MLPs.

Solving partial differential equations (PDEs We consider a Poisson equation with
zero Dirichlet boundary data. ForΩ = [−1, 1]2, consider the PDE 𝑢𝑥𝑥+𝑢𝑦𝑦 = 𝑓 with
zero boundary condition. We consider the data 𝑓 = −𝜋2(1+4𝑦2) sin(𝜋𝑥) sin(𝜋𝑦2) +
2𝜋 sin(𝜋𝑥) cos(𝜋𝑦2) for which 𝑢 = sin(𝜋𝑥) sin(𝜋𝑦2) is the true solution. We use the
framework of physics-informed neural networks (PINNs) [382, 244] to solve this
PDE, with the loss function given by losspde = 𝛼loss𝑖 + loss𝑏 := 𝛼 1

𝑛𝑖

∑𝑛𝑖
𝑖=1 |𝑢𝑥𝑥 (𝑧𝑖) +

𝑢𝑦𝑦 (𝑧𝑖) − 𝑓 (𝑧𝑖) |2 + 1
𝑛𝑏

∑𝑛𝑏
𝑖=1 𝑢

2 , where we use loss𝑖 to denote the interior loss, dis-
cretized and evaluated by a uniform sampling of 𝑛𝑖 points 𝑧𝑖 = (𝑥𝑖, 𝑦𝑖) inside the
domain, and similarly we use loss𝑏 to denote the boundary loss, discretized and
evaluated by a uniform sampling of 𝑛𝑏 points on the boundary. 𝛼 = 0.01 is the
hyperparameter balancing the effect of the two terms. KANs are shown to have
Pareto frontiers than MLPs for this simple example.

5.5 KANs Have Less Spectral Bias
In this section, from the perspective of learning and optimization, we study the
spectral bias of KANs compared with MLPs. Standard MLPs with ReLU activations
(or even tanh) are known to suffer from the spectral bias [381, 460, 459], in the sense
that they will fit low-frequency components first. This is in contrast to traditional
iterative numerical methods like the Jacobi method that learn high frequencies first
[460]. Although the spectral bias acts as a regularizer that improves performance for
machine learning applications [381, 472, 376, 476, 152], for scientific computing
applications, it may be necessary to learn high-frequencies as well. To alleviate
the spectral bias, high-frequency information has to be encoded using methods like
Fourier feature mapping [415, 429, 23, 349], or one needs to use nonlinear activation
functions more similar to traditional methods; see for example, the hat activation



157

function [205] which resembles a finite element basis. We demonstrate that KANs
are less biased toward low frequencies than MLPs. We highlight that the multi-
level learning feature specific to KANs, i.e. grid extension of splines, improves
the learning process for high-frequency components. Detailed comparisons with
different choices of depth, width, and grid sizes of KANs are made, shedding some
light on how to choose the hyperparameters in practice. We remark that although the
spectral bias is considered a form of regularization which is desirable for machine
learning tasks [381, 472, 376, 476, 152], for scientific computing applications it is
typically important to capture all frequencies and so the spectral bias may negatively
affect the performance of neural networks for such applications [443, 386, 55, 205].

5.5.1 Spectral bias theory for shallow KANs
We consider the spectral bias properties of KANs with a single layer. This theory
is very similar to the theory developed in [205, 475, 394] for the spectral bias of
single hidden layer MLPs. The key observation is that a single layer KAN is a linear
model. In particular, we see that if 𝐿 = 1 then the KAN applied to an input x ∈ R𝑑

is (for simplicity, we consider the case of a KAN without the SiLu non-linearity)

KAN(x, 𝜃)𝑖 =
𝑑∑︁
𝑗=1

𝐺+𝑘−1∑︁
𝑙=1

𝑐𝑖 𝑗 𝑙𝐵𝑙 (𝑥 𝑗 ), (5.5.1)

where 𝜃 = {𝑐𝑖 𝑗 𝑙} are the parameters of the KAN. Here 𝑖 = 1, ..., 𝑑′ where 𝑑′ is the
dimension of the output, 𝑗 = 1, ..., 𝑑, and 𝑙 = 1, ..., 𝐺 + 𝑘 − 1. Note that the only
parameter here is the grid size 𝐺, since the width is determined by the input and
output dimensions.

Based upon this, we can analyze least squares fitting with shallow KANs. In
particular, let Ω = [−1, 1]𝑑 be the (symmetric) unit cube in R𝑑 , let 𝑓 : Ω → R𝑑

′ be
a target function we are trying to learn, and consider the (continuous) least squares
regression loss

𝐿 (𝜃) =
∫
Ω

∥ 𝑓 (x) − KAN(x, 𝜃)∥2𝑑x. (5.5.2)

Due to the representation (5.5.1), this loss function is quadratic in the parameters 𝜃.
Let 𝑀 denote the corresponding Hessian matrix, i.e. so that

𝐿 (𝜃) = (1/2)𝜃𝑇𝑀𝜃 + 𝑏𝑇𝜃.

This Hessian matrix (indexed by 𝑖, 𝑗 , 𝑙) is given by

𝑀(𝑖, 𝑗 ,𝑙),(𝑖′, 𝑗 ′,𝑙′) =


∫
Ω
𝐵𝑙 (𝑥 𝑗 )𝐵𝑙′ (𝑥 𝑗 ′)𝑑x 𝑖 = 𝑖′

0 𝑖 ≠ 𝑖′.
(5.5.3)
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The convergence of gradient descent on the least squares regression is determined by
the eigendecomposition of the Hessian matrix 𝑀 which is estimated in the following
theorem. The theorem is essentially a generalization of the fact that the Gram matrix
of the B-spline basis is well conditioned (see for instance [119], Theorem 4.2 in
Chapter 5).

Theorem 5.5.1. Given a single hidden layer KAN with grid size 𝐺, degree 𝑘 B-
splines, input dimension 𝑑 and output dimension 𝑑′, let 𝑀 denote the Hessian matrix
defined in (5.5.3) corresponding to the least squares fitting problem (5.5.2). Then
the eigenvalues 0 ≤ 𝜆1(𝑀) ≤ · · · ≤ 𝜆𝑁 (𝑀) (here 𝑁 = (𝐺 + 𝑘 − 1)𝑑𝑑′) satisfy

𝜆𝑁 (𝑀)
𝜆𝑑′ (𝑑−1)+1(𝑀) ≤ 𝐶𝑑 (5.5.4)

for a constant 𝐶 depending only on the spline degree 𝑘 .

Theorem 5.5.1 shows that away from 𝑑′(𝑑 − 1) eigenvectors the matrix 𝑀 is well
conditioned. This means that gradient descent will converge at the same rate in all
directions orthogonal to these 𝑑′(𝑑 − 1) eigenvectors. Note that since the number
of eigenvectors we must remove is independent of the grid size 𝐺, we expect that
when 𝐺 is relatively large most components of the KAN will converge at roughly
the same rate toward the solution. Thus the KAN with a large number of grid points
will not exhibit the same spectral bias toward low frequencies seen by MLPs. We
remark that in constrast the Hessian associated with a two layer ReLU MLP with
width 𝑛 has a condition number which scales like 𝑛4 [205], which explains the strong
spectral bias exhibited by ReLU MLPs.

Remark 5.5.2. We note that the 𝑑′(𝑑−1) eigenvectors which must be excluded is not
an artifact of the proof. In fact, this is due to the fact that the KAN parameterization
is not unique. Indeed, the constant function 𝑓 (𝑥) = 1 can be parameterized in 𝑑
different ways by using the B-splines in each of the 𝑑 different directions. This am-
biguity gives rise to directions in parameter space where the function parameterized
by the KAN doesn’t change and this results in degenerate eigenvectors of the matrix
𝑀 .

The analysis given is necessarily highly simplified and heuristic. In particular,
we only analyze a single layer of the KAN network and consider the continuous
least squares loss. Nonetheless, we argue that it gives an explanation for why we
would expect KANs to have a significantly different spectral bias than MLPs, and
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in particular why we expect that they learn all frequencies roughly similarly. In the
remainder of this section, we experimentally test this hypothesis and compare the
spectral bias of KANs with MLPs on a variety of simple problems. We implement
these numerical experiments using the pykan package version 0.2.5.

5.5.2 1D waves of different frequencies
In the first example, we take the same setting as in [381] and study the regression
of a linear combination of waves of different frequencies. Consider the function
prescribed as

𝑓 (𝑥) =
∑︁

𝐴𝑖 sin (2𝜋𝑘𝑖𝑧 + 𝜑𝑖) , 𝑘 = (5, 10, · · · , 45, 50).

The phases 𝜑𝑖 are uniformly sampled from [0, 2𝜋] and we consider two cases of
amplitudes: one with equal amplitude 𝐴𝑖 = 1 and another with increasing amplitude
𝐴𝑖 = 0.1𝑖. We use a neural network, either ReLU MLP or KAN, to regress 𝑓

sampled at 200 uniformly spaced points in [0, 1], with full batch ADAM iteration
as the optimizer with a learning rate of 0.0003. For MLPs, we train with 80000
iterations as in [381]; for KANs, we only train with 8000 iterations. Normalized
magnitudes of discrete Fourier transform at frequencies 𝑘𝑖 are computed as | 𝑓𝑘𝑖/𝐴𝑖 |
and averaged over 10 runs of different phases.

We plot the evolution of | 𝑓𝑘𝑖/𝐴𝑖 | during training across all frequencies; see Figures
5.8, 5.9 for comparisons of MLPs and KANs with different sizes for equal and
increasing amplitudes respectively. KANs suffer significantly less than MLPs from
spectral biases. Once the size of KANs, especially the grid size and depth is large
enough, KANs almost learn all frequencies at the same time, while even very deep
and wide MLPs still have difficulties learning higher frequencies, even with 10x
epochs!

5.5.3 Gaussian random field
In this example, we consider fitting functions sampled from a Gaussian random
field. The target function 𝑓 is sampled from a 𝑑-dimensional Gaussian random field
with mean zero and covariance exp(−|𝑥 − 𝑦 |2/(2𝜎2)). Here small 𝜎 corresponds
to rough functions and large 𝜎 corresponds to smooth functions.

To approximate the Gaussian random field, we sample 𝑓 using the KL expansion
[243]. We sample 𝑁 = 5000 points uniformly from [−1, 1]𝑑 and calculate the
(empirical) covariance matrix 𝐾 . Then we truncate its first 𝑚 < 𝑁 eigenpairs 𝜆𝑖, 𝜙𝑖,
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Figure 5.8: 1D wave dataset, where the target function has equal amplitudes of
different frequency modes. Under various hyperparameters, MLPs manifest strong
spectral biases (top), while KANs do not (bottom). Note that the y axis (training
steps) of MLP is 10 times that of KAN.

Figure 5.9: 1D wave dataset, where the target function has increasing amplitudes of
different frequency modes. Under various hyperparameters, MLPs manifest severe
spectral biases (top), while KANs do not (bottom). Note that the y axis (training
steps) of MLP is 10 times that of KAN.
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with the cutoff threshold 𝜆𝑚+1 < 0.1𝜆1 ≤ 𝜆𝑚 and sample 𝑓 approximately via

𝑓 =
∑︁
𝑖≤𝑚

𝜆𝑖𝜉𝑖𝜙𝑖,

where 𝜉𝑖 are i.i.d standard Gaussians 𝑁 (0, 1). For 𝑓 with different scales 𝜎 and
dimensions 𝑑, we split the points into 80% training and 20% testing points. We
use MLPs and KANs with different sizes to regress on the training set, with the
mean squared loss as the loss function. For MLPs, we use 500 iterations of
LBFGS iteration, and for KANs, we use the grid extension technique, with grid
sizes (10, 20, 30, 40, 50), each trained with 100 iterations of LBFGS.

We plot the loss curves here and compare the losses of different scales 𝜎 and
dimensions 𝑑, using an MLP of 6 layers and 256 neurons in each hidden layer,
and KANs with 10 neurons in each hidden layer and 2, 3, 4 layers; see Figure
5.10 for the regression loss on the training set with dimensions 2, 3, 4 and scales
2𝑖, 𝑖 = 0,−1,−2,−3. We see that for larger scale and smoother functions, MLP
performs better, while for smaller scale and rough functions, KANs perform better
without suffering much from spectral biases, and grid extension is especially helpful.
We remark that one can choose smaller grid sizes of KANs for smoother functions
and obtain more accurate regressions.

Precisely since KANs are not susceptible to spectral biases, they are likely to
overfit to noises. As a consequence, we notice that KANs are more subject to
overfitting on the training data regression when the task is very complicated; see
the second line of Figure 5.11. On the other hand, we can increase the number
of training points to alleviate the overfitting; see the last line of Figure 5.11 where
we increased the number of training and test samples by 10x. We remark that the
current implementation of grid extension is prone to oscillation after refining grids
during the undersampled regime, as observed in [390], and we will improve it in
future works.

5.5.4 PDE example
In this example, we solve the 1D Poisson equation with a high-frequency solution,
similar to [460]. To be precise, consider the equation with zero Dirichlet boundary
condition

−𝑢𝑥𝑥 = 𝑓 in[−1, 1] , 𝑢(−1) = 𝑢(1) = 0 . (5.5.5)

Here for a frequency 𝑘 ∈ N, the right-hand-side and the associated true solution are

𝑓 = 𝜋2 sin(𝜋𝑥) + 𝜋2𝑘 sin(𝑘𝜋𝑥), 𝑢 = sin(𝜋𝑥) + 1
𝑘

sin(𝑘𝜋𝑥).
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Figure 5.10: The Gaussian random field dataset. Training losses of MLP and KANs,
with different scales and dimensions.

The different frequencies are normalized in a way that for 𝑘 > 1, the ground truth
has the same energy (𝐻1) norm. We use the variational form of the elliptic equation
and the associated Deep Ritz Method [467]. Parametrizing 𝑢 by a neural network,
we minimize the loss

𝜆

∫ 1

−1

(
1
2
𝑢2
𝑥 − 𝑓 𝑢

)
𝑑𝑥 + 𝑢2(−1) + 𝑢2(1).

For frequencies 𝑘 = 2, 4, 8, 16, 32, we use 2000 uniformly spaced sample points
and the neural network using an MLP of 6 layers and 256 neurons in each hidden
layer and a KAN of 2 layers with 10 neurons in the hidden layer. We choose the
hyperparameter 𝜆 = 0.01 balancing the energy and boundary loss and perform
LBFGS iterations. For MLPs, we use 200 iterations, and for KANs, we use grid
sizes (20, 40), each trained with 100 iterations. We plot the relative 𝐿2 and 𝐻1

losses compared to the ground truth in Figure 5.12. We can see that KANs perform
consistently better, and the residue barely deteriorates when the frequency increases,
whereas it becomes extremely hard for MLPs to optimize when 𝑘 = 16, 32.
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Figure 5.11: The Gaussian random field dataset. Test losses of MLP and KANs,
with different scales and dimensions. Increasing the number of samples by 10x
helps overfitting.

5.6 Conclusions and Discussions
Inspired by the Kolmogorov-Arnold representation theorem, we propose the Kolmogorov-
Arnold Networks (KANs) as promising alternatives to MLPs. Our contributions are
three-fold: (1) we put the KA theorem in the perspective of modern machine learn-
ing, relating to MLPs, and generalize the representation from two-layer to multiple
layers via the KAN layers introduced, greatly enhancing expressive power. (2) we
show that KANs are interpretable, serving as a useful tool for scientific discoveries.
(3) we show that KANs are accurate and have nice scaling laws via theory and exper-
iments. The major limitation of this work, however, is that our numerical examples
focus on various aspects of science and are relatively small-scale. The scalability
and extensibility of KANs for large-scale machine-learning tasks are left as future
work. Especially we want to highlight the potential of applications of KANs to AI
for Science tasks, since KANs can extract interpretable information from data to
provide scientific insights, and reversely from scientific prior to build better models
[292].
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Figure 5.12: Solving PDEs. 𝐿2 and 𝐻1 losses of MLP and KAN with different
frequencies of the solution.

5.6.1 Related works
Kolmogorov-Arnold theorem and neural networks. The connection between
the Kolmogorov-Arnold theorem (KAT) and neural networks is not new in the
literature [374, 403, 422, 255, 283, 261, 266, 145, 230, 377], but the pathological
behavior of inner functions makes KAT appear unpromising in practice [374].
Most of these prior works stick to the original 2-layer width-(2𝑛 + 1) networks,
which were limited in expressive power and many of them are even predating back-
propagation. Therefore, most studies were built on theories with rather limited or
artificial toy experiments. More broadly speaking, KANs are also somewhat related
to generalized additive models (GAMs) [4], graph neural networks [471] and kernel
machines [419]. The connections are intriguing and fundamental but might be out
of the scope of the current work.

Our contribution lies in generalizing the Kolmogorov network to arbitrary widths
and depths, revitalizing and contexualizing them in today’s deep learning stream, as
well as highlighting its potential role as a foundation model for AI + Science.

There are also subsequent works exploring other parametrizations of activation
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functions in the KAN formulation, including special polynomials [5, 406, 423],
rational functions [6], radial basis function [276, 426], Fourier series [457], and
wavelets [40, 407]. Active follow-up research focuses on applying KANs to various
domains, such as partial differential equations [447, 411, 390] and operator learning
[2, 411, 342], graphs [44, 112, 247, 473], time series [438, 160, 458, 159], computer
vision [86, 10, 269, 85, 407, 35], and various scientific problems [287, 288, 461,
194, 259, 272, 7, 285, 366, 378].

Neural Scaling Laws (NSLs). NSLs are the phenomena where test losses behave as
power laws against model size, data, compute etc [241, 192, 176, 200, 408, 19, 327,
420]. The origin of NSLs still remains mysterious, but competitive theories include
intrinsic dimensionality [241], quantization of tasks [327], resource theory [420],
random features [19], compositional sparsity [374], and maximum arity [326].
This work contributes to this space by showing that a high-dimensional function
can surprisingly scale as a 1D function (which is the best possible bound one
can hope for) if it has a smooth Kolmogorov-Arnold representation. Our work
brings fresh optimism to neural scaling laws. We have shown in our experiments
that this fast neural scaling law can be achieved on synthetic datasets, but future
research is required to address the question whether this fast scaling is achievable
for more complicated tasks (e.g., language modeling): Do KA representations exist
for general tasks? If so, does our training find these representations in practice?

Mechanistic Interpretability (MI). MI is an emerging field that aims to mechanis-
tically understand the inner workings of neural networks [354, 318, 441, 141, 339,
477, 290, 140, 107]. MI research can be roughly divided into passive and active
MI research. Most MI research is passive in focusing on understanding existing
neural networks trained with standard methods. Active MI research attempts to
achieve interpretability by designing intrinsically interpretable architectures or de-
veloping training methods to explicitly encourage interpretability [290, 140]. Our
work lies in the second category, where the model and training method are by design
interpretable.

Learnable activations. The idea of learnable activations in neural networks is
not new in machine learning. Trainable activations functions are learned in a
differentiable way [177, 145, 384, 474] or searched in a discrete way [33]. Activation
function are parametrized as polynomials [177], splines [145, 36, 11], sigmoid
linear unit [384], or neural networks [474]. KANs use B-splines to parametrize
their activation functions.
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Symbolic Regression. There are many off-the-shelf symbolic regression methods
based on genetic algorithms (Eureka [127], GPLearn [178], PySR [104]), neural-
network based methods (EQL [309], OccamNet [128]), physics-inspired method
(AI Feynman [435, 436]), and reinforcement learning-based methods [335]. KANs
are most similar to neural network-based methods, but differ from previous works
in that our activation functions are continuously learned before symbolic snapping
rather than manually fixed [127, 128].

Physics-Informed Neural Networks (PINNs) and Physics-Informed Neural Op-
erators (PINOs). In Section 5.4 PDE, we demonstrate that KANs can replace the
paradigm of using MLPs for imposing PDE loss when solving PDEs. We refer to
Deep Ritz Method [467], PINNs [382, 244] for PDE solving, and Fourier Neural
operator [277], PINOs [280, 257, 313], DeepONet [296] for operator learning meth-
ods learning the solution map. There is potential to replace MLPs with KANs in all
the aforementioned networks.

AI for Mathematics. AI has recently been applied to several problems in Knot
theory, including detecting whether a knot is the unknot [181, 245] or a rib-
bon knot [182], and predicting knot invariants and uncovering relations among
them [226, 105, 106, 110]. For a summary of data science applications to datasets
in mathematics and theoretical physics see e.g. [396, 191], and for ideas how to
obtain rigorous results from ML techniques in these fields, see [180].

5.7 Appendix
5.7.1 Implementation details of KAN
Implementation details. Although a KAN layer Eq. (5.2.5) looks extremely simple,
it is non-trivial to make it well optimizable. The key tricks are:

(1) Residual activation functions. We include a basis function 𝑏(𝑥) (similar to
residual connections) such that the activation function 𝜙(𝑥) is the sum of the
basis function 𝑏(𝑥) and the spline function:

𝜙(𝑥) = 𝑤𝑏𝑏(𝑥) + 𝑤𝑠spline(𝑥). (5.7.1)

We set

𝑏(𝑥) = silu(𝑥) = 𝑥/(1 + 𝑒−𝑥) (5.7.2)
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Figure 5.13: Left: Notations of activations that flow through the network. Right: an
activation function is parameterized as a B-spline, which allows switching between
coarse-grained and fine-grained grids.

in most cases. spline(𝑥) is parametrized as a linear combination of B-splines
such that

spline(𝑥) =
∑︁
𝑖

𝑐𝑖𝐵𝑖 (𝑥) (5.7.3)

where 𝑐𝑖s are trainable (see Figure 5.13 for an illustration). In principle 𝑤𝑏 and
𝑤𝑠 are redundant since it can be absorbed into 𝑏(𝑥) and spline(𝑥). However,
we still include these factors (which are by default trainable) to better control
the overall magnitude of the activation function.

(2) Initialization scales. Each activation function is initialized to have 𝑤𝑠 = 1 and
spline(𝑥) ≈ 0 2. 𝑤𝑏 is initialized according to the Xavier initialization, which
has been used to initialize linear layers in MLPs.

(3) Update of spline grids. We update each grid on the fly according to its input
activations, to address the issue that splines are defined on bounded regions but
activation values can evolve out of the fixed region during training 3 Grid updates
(grid size 𝐺1 → 𝐺1) use the same least square method as grid extensions (grid
size 𝐺1 → 𝐺2 > 𝐺1).

2This is done by drawing B-spline coefficients 𝑐𝑖 ∼ N(0, 𝜎2) with a small 𝜎, typically we set
𝜎 = 0.1.

3Other possibilities are: (a) the grid is learnable with gradient descent, e.g., [456]; (b) use
normalization such that the input range is fixed. We tried (b) at first but its performance is inferior
to our current approach.
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Parameter count. For simplicity, let us assume a network

(1) of depth 𝐿,

(2) with layers of equal width 𝑛0 = 𝑛1 = · · · = 𝑛𝐿 = 𝑁 ,

(3) with each spline of order 𝑘 (usually 𝑘 = 3) on𝐺 intervals (for𝐺 +1 grid points).

Then there are in total 𝑂 (𝑁2𝐿 (𝐺 + 𝑘)) ∼ 𝑂 (𝑁2𝐿𝐺) parameters. In contrast, an
MLP with depth 𝐿 and width 𝑁 only needs 𝑂 (𝑁2𝐿) parameters, which appears to
be more efficient than KAN. Fortunately, KANs usually require much smaller 𝑁
than MLPs, which not only saves parameters, but also achieves better generalization
(see e.g., Figure 5.5 and 5.7) and facilitates interpretability. We remark that for 1D
problems, we can take 𝑁 = 𝐿 = 1 and the KAN network in our implementation
is nothing but a spline approximation. For higher dimensions, we characterize the
generalization behavior of KANs with a theorem below.

5.7.2 Proofs
Proof of Theorem 5.2.1. By the classical 1D B-spline theory [111] and the fact that
Φ𝑙,𝑖, 𝑗 as continuous functions can be uniformly bounded on a bounded domain, we
know that there exist finite-grid B-spline functionsΦ𝐺

𝑙,𝑖, 𝑗
such that for any 0 ≤ 𝑚 ≤ 𝑘 ,

∥(Φ𝑙,𝑖, 𝑗◦𝚽𝑙−1◦𝚽𝑙−2◦· · ·◦𝚽1◦𝚽0)x−(Φ𝐺
𝑙,𝑖, 𝑗◦𝚽𝑙−1◦𝚽𝑙−2◦· · ·◦𝚽1◦𝚽0)x∥𝐶𝑚 ≤ 𝐶0𝐺

−𝑘−1+𝑚 ,

with a constant 𝐶0 independent of 𝐺. We fix those B-spline approximations.
Therefore we have that the residue 𝑅𝑙 defined via

𝑅𝑙 := (𝚽𝐺
𝐿−1◦· · ·◦𝚽

𝐺
𝑙+1◦𝚽𝑙◦𝚽𝑙−1◦· · ·◦𝚽0)x−(𝚽𝐺

𝐿−1◦· · ·◦𝚽
𝐺
𝑙+1◦𝚽

𝐺
𝑙 ◦𝚽𝑙−1◦· · ·◦𝚽0)x

satisfies
∥𝑅𝑙 ∥𝐶𝑚 ≤ 𝐶1𝐺

−𝑘−1+𝑚 ,

with another constant independent of 𝐺. Finally notice that

𝑓 − (𝚽𝐺
𝐿−1 ◦𝚽

𝐺
𝐿−2 ◦ · · · ◦𝚽

𝐺
1 ◦𝚽𝐺

0 )x = 𝑅𝐿−1 + 𝑅𝐿−2 + · · · + 𝑅1 + 𝑅0 ,

we know that (5.2.11) holds for another constant 𝐶 independent of 𝐺. □

Remark: We can be more precise about the dependence of the constant 𝐶 in the
theorem. Define the compositionally smooth function class C𝑛,𝑊,𝐿,𝑘as the class of
functions in the form of (5.2.10) such that the input dimension equals 𝑛, the width
or max0≤𝑖≤𝐿 𝑛𝑖 in the definition (5.2.3) equals 𝑊 ≥ 𝑛, depth equals 𝐿, smoothness
equals 𝑘 . Then 𝐶 only depends on𝑊, 𝐿, 𝑘 and max ∥𝜙𝑙,𝑖, 𝑗 ∥𝐶𝑚 .
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Proof of Theorem 5.2.2. We will show that each layer of an MLP with the activation
function 𝜎𝑘 can be represented by a KAN with two hidden layers, width𝑊 and grid
size 𝐺 = 2 with degree 𝑘 B-splines. By composing such layers, we obtain the
desired result.

For a single layer of MLP, we consider the linear part and the non-linear activation
separately. We first observe that on any compact subset of R𝑊 the linear function

𝑥𝑖 =

𝑊∑︁
𝑗=0
𝑎𝑖 𝑗𝑥

𝑖𝑛
𝑗 + 𝑏𝑖 (5.7.4)

can be represented with a single KAN layer of width 𝑊 by setting 𝜙𝑖 𝑗 to the linear
function

𝜙𝑖, 𝑗 (𝑥) = 𝑎𝑖 𝑗𝑥 +
𝑏𝑖

𝑛
. (5.7.5)

We claim that this linear function can be exactly represented on any interval [−𝑅, 𝑅]
in the form (5.7.1). To do this, we first set 𝑤𝑏 = 0 and choose the grid points for the
B-splines to be

{−(2𝑘 − 1)𝑅,−(2𝑘 − 3)𝑅, ...,−𝑅, 𝑅, ..., (2𝑘 − 3)𝑅, (2𝑘 − 1)𝑅}.

Note that based upon the KAN architecture, this corresponds to the extension of the
uniform grid 𝑡0 = −𝑅, 𝑡1 = 𝑅 which has grid size 𝐺 = 1. It is also easy to verify
that there are (𝑘 + 1) B-splines supported on this grid, whose restriction to [−𝑅, 𝑅]
span the space of polynomials of degree 𝑘 . Thus, in particular, any linear function
on [−𝑅, 𝑅] can be represented as a linear combination of these B-splines.

Next, we consider the non-linear activation, which is given by the coordinatewise
application of 𝜎𝑘 , i.e.

𝑥𝑜𝑢𝑡𝑖 = 𝜎(𝑥𝑖). (5.7.6)

This can be represented by a single hidden layer KAN by setting

𝜙𝑖, 𝑗 (𝑥) =

𝜎𝑘 (𝑥) 𝑖 = 𝑗

0 𝑖 ≠ 𝑗 .
(5.7.7)

We claim that the functions 𝜎𝑘 can be represented in the form (5.7.1) on any finite
interval [−𝑅, 𝑅]. To to this, we again set 𝑤𝑏 = 0 and choose the grid points for the
B-splines to be

{−𝑘𝑅,−(𝑘 − 1)𝑅, ...,−𝑅, 0, 𝑅, ..., (𝑘 − 2)𝑅, (𝑘 − 1)𝑅}.
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This grid is the grid extension of the uniform grid 𝑡0 = −𝑅, 𝑡1 = 0, 𝑡2 = 𝑅 which has
grid size 𝐺 = 2. It is easy also to verify that there are (𝑘 + 2) B-splines supported
on this grid and that any piecewise polynomial on [−𝑅, 𝑅] with a single breakpoint
at 0 which is 𝐶𝑘−1 is a linear combination of these B-splines. Hence the function
𝜎𝑘 can be represented on [−𝑅, 𝑅] in the form (5.7.1) using this grid.

The proof is now completed by composing these layers and choosing 𝑅 sufficiently
large so that for any input 𝑥 ∈ Ω (which is bounded) the inputs and outputs of every
neuron in the original MLP lie in the interval [−𝑅, 𝑅]. □

Proof of Theorem 5.5.1. We first observe from (5.5.3) that the matrix 𝑀 is block
diagonal with 𝑑′ identical blocks. Denoting these (𝐺 + 𝑘 −1)𝑑× (𝐺 + 𝑘 −1)𝑑 blocks
by 𝐵, it thus suffices to prove that

𝜆(𝐺+𝑘−1)𝑑 (𝐵)
𝜆𝑑 (𝐵)

≤ 𝐶. (5.7.8)

To do this, we analyze the blocks 𝐵 and note that they take the form

𝐵 =

©­­­­­«
𝐶 𝐷 · · · 𝐷

𝐷 𝐶 · · · 𝐷
...

...
. . .

...

𝐷 𝐷 · · · 𝐶

ª®®®®®¬
. (5.7.9)

Here the diagonal sub-blocks 𝐶 ∈ R(𝐺+𝑘−1)×(𝐺+𝑘−1) are the Gram matrix of the
one-dimensional B-spline basis, i.e.

𝐶𝑖 𝑗 =

∫ 1

0
𝐵𝑖 (𝑥)𝐵 𝑗 (𝑥)𝑑𝑥, (5.7.10)

and the off-diagonal sub-blocks 𝐷 ∈ R(𝐺+𝑘−1)×(𝐺+𝑘−1) are rank one matrices

𝐷 = 𝑣𝑣𝑇 , (5.7.11)

where the vector 𝑣 ∈ R𝐺+𝑘−1 is given by

𝑣𝑖 =

∫ 1

0
𝐵𝑖 (𝑥)𝑑𝑥. (5.7.12)

It is well-known that the Gram matrix 𝐶 is well-conditioned uniformly in 𝐺 for a
fixed 𝑘 , i.e. 𝜆𝐺+𝑘−1(𝐶)/𝜆1(𝐶) ≤ 𝐾 for a fixed constant 𝐾 depending only upon 𝑘 .
See for instance [119], Theorem 4.2 in Chapter 5, where it is shown that the 𝐿2-norm
of a spline and the properly scaled ℓ2-norm of its B-spline coefficients are equivalent
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up to a constant depending only on 𝑘 . This is equivalent to the well-conditioning of
the Gram matrix 𝐶.

In addition, we can easily verify using Jensen’s inequality (or Cauchy-Schwartz)
that 𝐷 ⪯ 𝐶. Indeed, letting 𝑤 ∈ R𝐺+𝑘−1 we see that

𝑤𝑇𝐷𝑤 =

(∫ 1

0
𝑓 (𝑥)𝑑𝑥

)2

≤
∫ 1

0
𝑓 (𝑥)2𝑑𝑥 = 𝑤𝑇𝐶𝑤, (5.7.13)

where the function 𝑓 (𝑥) = ∑𝐺+𝑘−1
𝑖=1 𝑤𝑖𝐵𝑖 (𝑥).

Let 1 ∈ R𝑑 be the vector of ones and note that

(𝑣 ⊗ 1) (𝑣 ⊗ 1)𝑇 =

©­­­­­«
𝐷 𝐷 · · · 𝐷

𝐷 𝐷 · · · 𝐷
...

...
. . .

...

𝐷 𝐷 · · · 𝐷

ª®®®®®¬
(5.7.14)

so that 𝐵 − (𝑣 ⊗ 1) (𝑣 ⊗ 1)𝑇 is a block diagonal matrix with diagonal blocks 𝐶 − 𝐷.
We proceed to upper bound the largest eigenvalue of 𝐵 by

𝜆(𝐺+𝑘−1)𝑑 (𝐵) = max
∥𝑤∥=1

𝑤𝑇𝐵𝑤

= max
∥𝑤∥=1

𝑤𝑇

©­­­­­«
𝐶 − 𝐷 0 · · · 0

0 𝐶 − 𝐷 · · · 0
...

...
. . .

...

0 0 · · · 𝐶 − 𝐷

ª®®®®®¬
𝑤 + (𝑤𝑇 (𝑣 ⊗ 1))2.

(5.7.15)

Writing 𝑤 = (𝑤1, ..., 𝑤𝑑) with 𝑤𝑖 ∈ R𝐺+𝑘−1 and
∑𝐺+𝑘−1
𝑖=1 ∥𝑤𝑖∥2 = 1 and using that

𝐷 = 𝑣𝑣𝑇 , we get the bound

𝜆(𝐺+𝑘−1)𝑑 (𝐵) ≤ max
∥𝑤1∥2+···+∥𝑤𝑑 ∥2=1

𝑑∑︁
𝑖=1

𝑤𝑇𝑖 𝐶𝑤𝑖 +
(
𝑑∑︁
𝑖=1

𝑣𝑇𝑤𝑖

)2

−
𝑑∑︁
𝑖=1

(𝑣𝑇𝑤𝑖)2

≤ max
∥𝑤1∥2+···+∥𝑤𝑑 ∥2=1

𝑑∑︁
𝑖=1

𝑤𝑇𝑖 𝐶𝑤𝑖 + (𝑑 − 1)
𝑑∑︁
𝑖=1

(𝑣𝑇𝑤𝑖)2

(5.7.16)

Since 𝐷 ⪯ 𝐶 we have (𝑣𝑇𝑤𝑖)2 ≤ 𝑤𝑇
𝑖
𝐶𝑤𝑖 which gives the bound

𝜆(𝐺+𝑘−1)𝑑 (𝐵) ≤ 𝑑 max
∥𝑤1∥2+···+∥𝑤𝑑 ∥2=1

𝑑∑︁
𝑖=1

𝑤𝑇𝑖 𝐶𝑤𝑖 = 𝑑𝜆𝐺+𝑘−1(𝐶). (5.7.17)



172

Next, we lower bound the 𝑑-th eigenvalue of 𝐵. For this, we use the Courant-Fisher
minimax theorem to see that

𝜆𝑑 (𝐵) = max
𝑊𝑑

min
𝑤∈𝑊𝑑 , ∥𝑤∥=1

𝑤𝑇𝐵𝑤, (5.7.18)

where the maximum is taken over all subspaces of 𝑊𝑑 of codimension < 𝑑. We
consider the specific subspace

𝑊𝑑 = {(𝑤1, ..., 𝑤𝑑); 𝑣𝑇𝑤𝑖 = 0 for all 𝑖 = 1, ..., 𝑑} ⊕ span(𝑣 ⊗ 1) (5.7.19)

and observe that for any (𝑤1, ..., 𝑤𝑑) with 𝑣𝑇𝑤𝑖 = 0 we have

𝑤𝑇𝐵𝑤 =

𝑑∑︁
𝑖=1

𝑤𝑇𝑖 𝐶𝑤𝑖 ≥ 𝜆1(𝐶)
𝑑∑︁
𝑖=1

∥𝑤𝑖∥2 = 𝜆1(𝐶)∥𝑤∥2, (5.7.20)

while for the 𝑤 = 𝑣 ⊗ 1 (which is orthogonal) we have

𝑤𝑇𝐵𝑤 =

𝑑∑︁
𝑖=1

𝑣𝑇𝐶𝑣 + (𝑑 − 1)
𝑑∑︁
𝑖=1

∥𝑣∥2 ≥ 𝜆1(𝐶)𝑑∥𝑣∥2 = 𝜆1(𝐶)∥𝑤∥2. (5.7.21)

Thus, 𝜆𝑑 (𝐵) ≥ 𝜆1(𝑊). Combining these bounds and using the well-conditioning
of the Gram matrix 𝐶, we get

𝜆(𝐺+𝑘−1)𝑑 (𝐵)
𝜆𝑑 (𝐵)

≤ 𝑑
𝜆𝐺+𝑘−1(𝐶)
𝜆1(𝐶)

≤ 𝐾 (5.7.22)

for a constant 𝐾 which only depends upon 𝑘 . This completes the proof. □



173

C h a p t e r 6

HIGH PRECISION PINNS IN UNBOUNDED DOMAINS:
APPLICATION TO SINGULARITY FORMATION IN PDES

In this chapter, we investigate the high-precision training of Physics-Informed Neural
Networks (PINNs) in unbounded domains, with a special focus on applications to
singularity formation in PDEs. We propose a modularized approach and study the
choices of neural network ansatz, sampling strategy, and optimization algorithm.
When combined with rigorous computer-assisted proofs and PDE analysis, the
numerical solutions identified by PINNs, provided they are of high precision, can
serve as a powerful tool for studying singularities in PDEs. For 1D Burgers equation,
our framework can lead to a solution with very high precision, and for the 2D
Boussinesq equation, which is directly related to the singularity formation in 3D
Euler and Navier-Stokes equations, we obtain a solution whose loss is 4 digits
smaller than that obtained in [449] with fewer training steps. We also discuss
potential directions for pushing towards machine precision for higher-dimensional
problems.

6.1 Introduction
singularity formation is one of the key challenges in the study of partial differential
equations (PDEs). Unlike well-posed equations, where one can apply classical
existence and uniqueness theorems, singularities often occur in certain solutions of
nonlinear PDEs, where we only have guarantees of existence for a short time, but
the solution may blow up in finite time. The study of singularities often involves a
case-by-case approach and is related to some of the most intriguing mathematics and
physical properties, such as the onset of turbulence in the Navier-Stokes equations.
The singularity of the Navier-Stokes equations is one of the seven Millennium
Prize Problems [146]: widely regarded as the most fundamental and challenging
problem in analysis, and is still open. One of the key difficulties in the study of
singularities is the lack of understanding of the singularity pattern and its mechanism.
The computation of the singularity itself, or infinity, is intractable numerically. A
general roadmap is thus to first propose a plausible singularity ansatz that renders the
computation feasible, then find candidates of such blowup by numerical simulations,
and finally verify the stability of such an ansatz by PDE analysis.
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We are often interested in a special structure of singularity: self-similar singularity.
Self-similarity relates to the invariance of the solution under scaling transformations
and reduces singularity to the existence of a self-similar profile. To be precise, for the
quantity of interest 𝑢(𝑥, 𝑡), we put the ansatz 𝑢(𝑥, 𝑡) = (𝑇−𝑡)−𝛼𝑈 (𝑥(𝑇−𝑡)−𝛽), where
𝑈 is the profile function independent of time, 𝑇 is the blowup time, and 𝛼 > 0, 𝛽
are the scaling exponents to be determined. Now we can reduce the computation
of an infinite 𝑢 to the computation of a finite, smooth profile 𝑈, along with scaling
exponents 𝛼, 𝛽 to be inferred. Physics-Informed Neural Networks (PINNs) [382]
serve as a powerful tool to find such profiles, with the scaling parameters jointly
inferred as inverse problems. It was first introduced in the context of identifying
singularity profiles in [449] and has seen success even in problems that are unstable
for traditional numerical methods. While PINNs offer a powerful tool to search for
candidate profiles, solutions identified by PINNs are often of limited accuracy and
far from applicable to rigorous PDE analysis, to the best of the authors’ knowledge.

In this work, we aim to systematically study the high-precision training of PINNs,
with a special focus on applications to solve profile equations governing singularity
formations in PDEs, in fluid dynamics and beyond. We will take a modularized
perspective without diving into sophisticated tricks and investigate the following
aspects: a good neural network ansatz representing the profile function, a good
sampling strategy to tackle the infinite domain with a special focus on imposing
boundary conditions, and a good optimization algorithm to train the neural network.
We apply our findings to the 1D Burgers equation and the 2D Boussinesq equation,
obtaining a precision amenable to rigorous PDE analysis for the 1D Burgers equa-
tion and 4 digits better than [449] with fewer training steps for the 2D Boussinesq
equation. The 2D Boussinesq equation shares many similarities with the 3D ax-
isymmetric Euler equation for the ideal fluid without viscosity; see the pioneering
works of [76, 73, 74] for the connection between the two equations, where the au-
thors used the connection to establish singularity formation for the 3D axisymmetric
Euler with boundary.

6.2 Related Works
6.2.1 PINNs
Neural networks have witnessed success in solving PDEs and surrogate modeling in
math and science. PINNs in particular have been widely used due to their flexibility
and applicability to a wide range of problems [54, 382, 244]. The key idea of PINNs
is to enforce the PDE constraints at a set of collocation points and to minimize the
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residual of the PDEs as a loss function. By posing the solution of PDEs as an
optimization problem, PINNs are especially suited to solve inverse problems [383,
469, 297, 468], where the solution of the PDE and the underlying parameters can
be jointly inferred. In [449], the authors used PINNs to study the blowup of the 1D
Burgers equation, the 1D family of generalized Constantin-Lax Majda equations,
and the 2D Boussinesq equation.

Another line of work, operator learning [257], focuses on learning the solution
operator instead of learning a single instance of solution, where Fourier Neural
Operators (FNOs) [277, 278, 279, 281] and DeepONets [296] are two families of
representative works in this direction. Once a solution operator is learned, it can
be evaluated in a resolution-free manner at any point in the domain. Data are
often augmented to enhance the solution accuracy, while the loss function can also
incorporate the PDE constraints, termed Physics Informed Neural Operator (PINO)
[280]. In [313], the authors used PINO with Fourier continuation to study the
blowup of the 1D Burgers equation.

6.2.2 Self-similar singularity and computer assisted proofs
Self-similar singularity of the ansatz 𝑢(𝑥, 𝑡) = (𝑇 − 𝑡)−𝛼𝑈 (𝑥(𝑇 − 𝑡)−𝛽) is generic in
the study of singularity formation in PDEs, where one uses the scaling invariance
of the PDE and can reduce the computation of an infinite 𝑢 to the computation of
a finite, smooth (approximate) profile 𝑈. Such structures exist even in the simple
Riccati ODE 𝑢𝑡 = 𝑢2 with an exact solution 𝑢 = (𝑇 − 𝑡)−1.

The approximate profile can be identified via explicit construction or numerical
computation. Working in the rescaled, self-similar variables and performing stability
analysis around the profile 𝑈 provides a powerful tool to establish the singularity
formation, for nonlinear Schrodinger equations [315, 321], incompressible fluids
[136, 72, 76, 73, 219], compressible fluids [320, 319], and beyond. Until recently,
most of the works relied on an explicit profile and spectral information of the
associated linearized operator to establish linear and nonlinear stability. In [73, 74],
the authors used computer-assisted proofs with a sophisticated numerical profile
obtained by solving the dynamic rescaling equations in time to obtain an approximate
steady state. By analyzing the stability of the approximate profile, they established
the singularity formation for the 2D Boussinesq equation and the 3D axisymmetric
Euler equation with boundary. And in [218, 77], the authors provided a framework
using only local information for stability analysis, bypassing spectral information
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and allowing for numerical profiles with computer-assisted proofs, for problems
beyond self-similarity.

6.2.3 Towards high precision training
Various methods have been proposed in the literature to improve the accuracy of
PINNs. One line of work focuses on a better representation of the solution. In
[327, 448], the boosting technique was proposed, where a sum of a sequence of
neural networks with decreasing magnitude was used to learn the solution; at each
stage, a new neural network is trained to learn the residual. To overcome the
spectral bias [381] of multilayer perceptrons (MLPs), or the favor of learning low-
frequency modes [459, 460] in the solution, one can use Fourier feature encoding
[415, 429, 345], or different activation functions [233, 232, 205, 475, 446]. In
particular, Kolmogorov-Arnold Networks (KANs) [292, 293] that leverage nonlinear
learnable activation functions and the Kolmogorov-Arnold representation theorem
were proposed and further investigated in the PINN setting [447, 411, 432]. Another
line of work improves the optimization landscape during the training of PINNs.
Various optimizers, which we will detail in Subsection 6.3.3, have been proposed
to improve the convergence rate. Adaptive design of points sampling [8, 454, 390]
and adaptive weighting of different terms [442, 455, 314] in the loss function were
also proposed to improve the accuracy of PINNs.

We will only focus on applying hard constraints and choosing a good optimizer in
this work and leave the exploration of more sophisticated tricks for future work.

6.3 Methodology
We outline our methodology of high-precision training for PINNs on the whole
space in this section. We work under the general formulation of the profile equation

𝐿 (𝑈, 𝜆) = 0,

where𝑈 (𝑦) is the profile function, 𝜆 is a set of scaling parameters to be determined,
and 𝐿 is the nonlinear differential operator. For our problems of interest, 𝑈=0 will
be a trivial solution satisfying the equation.

6.3.1 Infinite domain
The key challenges we are facing here are sampling and learning on an infinite
domain. For a given budget of a finite number of sampling points, we need to
sample the domain in a way that the resulting solution is accurate and generalizes
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well throughout the domain. In the meantime, We want the neural network to be
able to represent the profile function and the initialization of parameters to favor
learning of such representations. To this end, we adopt an exponential "mesh" in our
sampling strategy: Consider an auxiliary variable 𝑧 such that 𝑦 = sinh(𝑧) = 𝑒𝑧−𝑒−𝑧

2 ,
and sample 𝑧 uniformly in a finite region. Here we choose the sinh transformation as
in [449] to respect the parity of the functions, detailed in the subsequent subsection.
Such a transformation maps roughly 𝑧 ∈ [−30, 30] to 𝑦 ∈ [−5 × 1012, 5 × 1012].

Boundary conditions are another important aspect when learning on the whole space.
For our problems of interest, 𝑈 by itself will not have sufficient decay at infinity,
and one approach adopted in [449] is to impose Neumann boundary conditions at
infinity, or numerically on the boundary of the domain of the 𝑧 variables. To rule
out the trivial solution 𝑈 = 0, we need to enforce a nondegeneracy condition, often
posed at the origin. We will discuss the enforcement of these conditions in the
following subsection. We refer to this formulation as boundary conditions using
weak asymptotics.

On the other hand, we can enforce stronger information on the boundary. If we know
the exact asymptotic behavior of the solution at infinity as 𝑔, for example a power
law, we can introduce a smooth cutoff function 𝜒 with 𝜒(0) = 0, 𝜒(∞) = 1 and the
ansatz 𝑈 = 𝑈̃ + 𝜒𝑔. We can then enforce Dirchlet boundary conditions at infinity
for 𝑈̃ represented by the neural network. We refer to this formulation as boundary
conditions using exact asymptotics. We will demonstrate for the 1D example that
PINNs using exact asymptotics will outperform those using weak asymptotics by a
large margin.

A priori, the exact asymptotics information is not available, and one can first train
a neural network 𝑈𝑤 with boundary conditions using weak information, and distill
the information of asymptotics 𝑔 from𝑈𝑤. We refer to this formulation as boundary
conditions using hybrid asymptotics. For example, for the 2D Boussinesq equation,
borrowing ideas from [73], one can use function fitting and symbolic regression to
extract asymptotics 𝑔 from 𝑈𝑤, filtering out the noisy residues, such that 𝑔 is a
symbolic function approximating 𝑈𝑤 at infinity. We will leave this approach to
future work.

6.3.2 Hard constraint
Hard constraints are important concepts in the parametrization of the solution space
for PINNs. When enforced properly, they will guarantee physical properties of the
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solution [297, 389, 332, 132], and can impose the solution to be in the correct
manifold. While most of the previous works focus on hard constraints of bound-
ary conditions, we emphasize the enforcement of hard constraints in the following
senses: the parity of the learned function and the nondegeneracy conditions. Em-
pirically we observe a better convergence rate and a more stable solution when
enforcing hard constraints.

Parity. For a function 𝑓 (𝑦𝑖, 𝑦̂𝑖) even/odd in the variable 𝑦𝑖, we train a neural
network with the following ansatz 𝑓 = ( 𝑓𝑛𝑛 (𝑦𝑖, 𝑦̂𝑖) ± 𝑓𝑛𝑛 (−𝑦𝑖, 𝑦̂𝑖))/2.

Nondegeneracy conditions. As discussed in the previous subsection, we need to
enforce nondegeneracy conditions to rule out the trivial solution𝑈 = 0 when using
weak asymptotics. For example, for the 1D Burgers equation, we know that 𝑈 is
odd and necessarily 𝑈′(0) = −1; we can enforce 𝑈′′′(0) = 6. We will enforce a
hard constraint via Taylor expansion at the origin as𝑈 = −𝑧 + 𝑧3 + 𝑧4𝑈1, for an odd
function 𝑈1. Similarly for the 2D Boussinesq equation, we enforce 𝜕1Ω(0, 0) = −1
and Ω is odd in 𝑧1 via a Taylor expansion as Ω = −𝑧1 + 𝑧1𝑧2Ω1 + 𝑧2

1Ω2, where Ω1,Ω2

are even and odd functions in 𝑧1 respectively.

6.3.3 Optimizer: Self-Scaled BFGS methods
A common practice of training PINNs is to use the Adam optimizer. As a stochastic
first-order method, Adam is known to be robust and efficient in training deep neural
networks and can empirically escape local minima. To further improve convergence
to the minimizer, one can apply second-order methods with a higher convergence
rate, like L-BFGS, after training with Adam for a few epochs. While this seems
to be a gold standard in the training of PINNs [387], various optimizers have been
investigated, including variants of second-order quasi-Newton methods [387, 444],
and optimizers using natural gradients [334, 238, 84]. We highlight and use the
self-scaled BFGS methods proposed in [12, 13] and introduced to the PINNs context
in [437, 250]. BFGS methods use an approximation of the inverse of the Hessian
matrix to precondition the gradient for the update direction. To be precise, consider
the parameters Θ𝑘 and learning rate 𝛼𝑘 at step 𝑘 , with loss function J (Θ), then the
update rule for Θ is

Θ𝑘+1 = Θ𝑘 − 𝛼𝑘𝐻𝑘∇J (Θ𝑘 ).

Different choices of updating the approximate inverse Hessian 𝐻𝑘 lead to different
optimizers, and L-BFGS in particular is a memory-efficient way for the updates by
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storing only vectors instead of the whole matrix. The self-scaled BFGS methods
use a scaling compared to the standard BFGS update of the inverse Hessian. More
precisely, for the auxiliary variables

𝑠𝑘 = Θ𝑘+1 − Θ𝑘 , 𝑦𝑘 = J (Θ𝑘+1) − J (Θ𝑘 ),

𝑣𝑘 =
√︁
𝑦𝑘 · 𝐻𝑘 𝑦𝑘

[
𝑠𝑘

𝑦𝑘 · 𝑠𝑘
− 𝐻𝑘 𝑦𝑘

𝑦𝑘 · 𝐻𝑘 𝑦𝑘

]
,

we have for the scalers 𝜏𝑘 and 𝜙𝑘 :

𝐻𝑘+1 =
1
𝜏𝑘

[
𝐻𝑘 −

𝐻𝑘 𝑦𝑘 ⊗ 𝐻𝑘 𝑦𝑘
𝑦𝑘 · 𝐻𝑘 𝑦𝑘

+ 𝜙𝑘𝑣𝑘 ⊗ 𝑣𝑘
]
+ 𝑠𝑘 ⊗ 𝑠𝑘
𝑦𝑘 · 𝑠𝑘

,

where the original BFGS corresponds to the choices 𝜏𝑘 = 𝜙𝑘 = 1. While this is
only a simple modification of the original BFGS, the authors in [437] demonstrated
a much improved convergence rate across a variety of benchmarks, including the
Helmholtz equation, the nonlinear Poisson equation, the nonlinear Schrödinger
equation, the Korteweg-De Vries equation, the viscous Burgers equation, the Allen-
Cahn equation, 3D Navier-Stokes: Beltrami flow, and the lid-driven cavity. We use
the self-scaled Broyden methods proposed in [437]; see equations (13)-(23) therein
for details on the choices of 𝜏𝑘 and 𝜙𝑘 .

On the role of minibatch training or random resampling. One of the common
practices when training PINNs is to use random resampling of the collocation points.
This can enhance the performance of SGD-based methods like Adam empirically.
However, full-batch second-order methods like BFGS with supposedly higher-order
accuracy do not adapt well to random resampling since they rely on past trajectories
for Hessian updates. One empirical observation, as proposed in [448], is that when
one uses an optimizer with fixed resolution like BFGS, it will be able to generalize
in the regions where sampling points are sufficient. However, in the undersampled
regions, the learned solution generalizes poorly. In an abstract form, there exists
a critical batchsize 𝑁𝑐, such that when 𝑁 > 𝑁𝑐, fixed sampling will be preferred,
while for 𝑁 < 𝑁𝑐, fixed sampling will have very bad generalization. 𝑁𝑐 would
depend on both the equation and the scale of the neural network. Empirically, we
observe that roughly 10k points are sufficient for generalization with fixed training
points. We resample every 1000 epochs to further reduce overfitting. See details on
the choices of the batch size in the experiments section.
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6.4 Experiments
In this section, we describe our numerical experiments on the blowup profiles for 1D
Burgers equation and 2D Boussinesq Equation. The codes are available at https://
github.com/RoyWangyx/High-precision-PINNs-unbounded-domains-/tree/

main. When training both equations, we denote the PDE by 𝐿 (𝑈 (𝑦)) = 0 and the
boundary condition by 𝐵(𝑈) = 0. We use auxiliary variables 𝑧 = sinh−1 𝑦 as in
Subsection 6.3.1 and consider the following combination of interior, boundary, and
smoothness losses as in [449]

𝑙𝑜𝑠𝑠 = 0.1(𝐿𝑖 + 𝐿𝑠) + 𝐿𝑏

= 0.1( 1
𝑁𝑖

𝑁𝑖∑︁
𝑗=1

[𝐿̂ (𝑈𝑛𝑛 (𝑧 𝑗 ))]2 + 1
𝑁𝑠

𝑁𝑠∑︁
𝑗=1

|∇𝑧 𝑗 𝐿̂ (𝑈𝑛𝑛 (𝑧 𝑗 )) |2) +
1
𝑁𝑏

𝑁𝑏∑︁
𝑗=1

[𝐵̂(𝑈𝑛𝑛)]2,

(6.4.1)
where 𝑈𝑛𝑛 (𝑧) is supposed to approximate 𝑈̂ (𝑧) = 𝑈 (𝑦) in the 𝑧-variables, and 𝐿̂,
𝐵̂ denotes the PDE and the boundary condition transformed in the 𝑧-variables; see
[449] for a concrete formula for the 2D Boussinesq equation.

6.4.1 Burgers equation
For the 1D Burgers equation

𝑢𝑡 + 𝑢𝑢𝑥 = 0, (6.4.2)

consider the self-similar ansatz that respects the scaling symmetry

𝑢(𝑥, 𝑡) = (1 − 𝑡)𝜆𝑈 (𝑦), 𝑦 = 𝑥(1 − 𝑡)−1−𝜆. (6.4.3)

The profile equation for𝑈 used for the PDE loss in (6.4.1) is

−𝜆𝑈 + ((1 + 𝜆)𝑦 +𝑈)𝑈𝑦 = 0. (6.4.4)

We impose an odd symmetry on𝑈, and the profile equation has implicit solutions

𝑦 +𝑈 + 𝐶𝑈1+1/𝜆 = 0. (6.4.5)

for any constant 𝐶, as in the setting of [449], where we know that the most stable
solutions correspond to 𝜆 = 0.5 and there are nonsmooth solutions at e.g. 𝜆 = 0.4.

In this example, we assume that we first train the neural network on a bounded
domain and infer the correct 𝜆 already, for example via the method in [449]. Now
we focus on fixing 𝜆 and learn 𝑈 on the unbounded domain. Using an MLP with
activation function tanh, 4 layers and 20 neurons per layer and a hard constraint

https://github.com/RoyWangyx/High-precision-PINNs-unbounded-domains-/tree/main
https://github.com/RoyWangyx/High-precision-PINNs-unbounded-domains-/tree/main
https://github.com/RoyWangyx/High-precision-PINNs-unbounded-domains-/tree/main
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on parity, we use the optimizer SSBroyden1 as in [437] with 20000 epochs and
resampling every 1000 epochs. 𝑧 is sampled uniformly on [0, 30] with a batchsize
10000 for both the interior and smoothness losses, corresponding to a domain
[0, 5 × 1012] in the 𝑦 variables.

For the formulation using weak asymptotics as in Subsection 6.3.1, we use the
Neumann boundary condition𝑈𝑦 = 0 and enforce hard constraint of nondegeneracy
conditions as in Subsection 6.3.2. For the formulation using exact asymptotics as in
Subsection 6.3.1, we use Dirichlet boundary condition 𝑈̃ = 0 and the cutoff function
𝜒 = ( 𝑦

1+𝑦 )
15, since the far field is captured by the exact asymptotics 𝑔 = −𝑦 𝜆

1+𝜆 .

We present the following results of 𝜆 = 0.4, 0.5 using weak and exact asymptotics:
see Figure 6.1 for the equation residue of the solution at the final stage and Figure
6.2 for the evolution of the losses. We are able to achieve high accuracy over a large
domain, but using exact asymptotics is preferred for both the smooth and nonsmooth
case of 𝜆.

Figure 6.1: Final residue in a large domain for 1D Burgers. Upper: weak asymp-
totics; down: exact asymptotics; left: 𝜆 = 0.4; right: 𝜆 = 0.5.
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Figure 6.2: Trajectory of losses for 1D Burgers. Upper: weak asymptotics; down:
exact asymptotics; left: 𝜆 = 0.4; right: 𝜆 = 0.5.

6.4.2 Boussinesq equation
For the 2D Boussinesq equation on the half plane, in vorticity form with the self-
similar ansatz, we get the following profile equations for (Ω,𝑈1,𝑈2,Φ,Ψ) as in
[449]:

Ω + ((1 + 𝜆) (𝑦1, 𝑦2)𝑇 + (𝑈1,𝑈2)𝑇 ) · ∇Ω = Φ,

(2 + 𝜕𝑦1𝑈1)Φ + ((1 + 𝜆) (𝑦1, 𝑦2)𝑇 + (𝑈1,𝑈2)𝑇 ) · ∇Φ = −𝜕𝑦1𝑈2Ψ,

(2 + 𝜕𝑦2𝑈2)Ψ + ((1 + 𝜆) (𝑦1, 𝑦2)𝑇 + (𝑈1,𝑈2)𝑇 ) · ∇Ψ = −𝜕𝑦2𝑈1Φ,

𝜕𝑦1𝑈1 + 𝜕𝑦2𝑈2 = 0, Ω = 𝜕𝑦1𝑈2 − 𝜕𝑦2𝑈1, 𝜕𝑦1Ψ = 𝜕𝑦2Φ,

where (Ω,𝑈1,Φ) are odd and (𝑈2,Ψ) are even in 𝑦1 and we are in the half plane
𝑦2 ≥ 0.

For the boundary conditions, we impose a non-penetration boundary condition
𝑈2(𝑦1, 0) = 0 along with decaying weak asymptotics at the far field, with Dirichlet
boundary conditions Φ = Ψ = 0 and Neumann boundary conditions for the velocity
field ∇(𝑈1,𝑈2)𝑇 = 0. For the nondegeneracy condition, we impose 𝜕𝑦1Ω(0, 0) = −1
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and use Taylor expansion to enforce a hard constraint as in Subsection 6.3.2. We
find that enforcing a hard constraint is much more effective to avoid converging to
a trivial solution than enforcing soft constraints.

For each function, we use a 7-layer MLP with width 30, hard constraints on parity,
and activation function SiLU = 𝑥

1+𝑒−𝑥 to better model the growth at the far field. For
sampling, we sample 1000 points on each boundary of the square (𝑧1, 𝑧2) ∈ [0, 30]2,
and 5000 points each for the interior and smoothness losses, where we sample
(𝑧1, 𝑧2) with equal probability uniformly on [0, 30]2 and [0, 5]2 for the interior loss
and with equal probability uniformly on [0, 3]2 and [0, 0.5]2 for the smoothness
loss, ensuring smoothness near the origin. Again, we are computing effectively in a
large domain [0, 5 × 1012]2 in the 𝑦 variables.

For optimization, we use Adam for 10000 epochs with resampling, followed by the
optimizer SSBroyden 1 as in [437] with 40000 epochs and resampling every 1000
epochs. The learning rate of Adam is set to be 0.001 for the functions and 0.1 with
𝛽 = (0.9, 0.9) for 𝜆, with a decay of 0.9 after 5000 epochs.

We present the final profiles and the residue of the PDEs near the origin respectively
in Figure 6.3 and 6.4, and the evolution of losses in Figure 6.5. Compared to
[449], we achieve a training loss of 4 digits smaller and equation residues of 2
digits smaller. We remark that due to computational constraints and the cost of a
full batch optimizer involving the approximation of the Hessian matrix, this is the
largest neural network affordable. We use 10 days of CPU time on a MacPro 2019
with 2.5GHz 28-core Intel Xeon W processor.

Figure 6.3: Final profiles for 2D Boussinesq
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Figure 6.4: Final equation residues for 2D Boussinesq

Figure 6.5: Trajectory of losses for 2D Boussinesq: 10000 Adam iterations followed
by 40000 self-scaled Broyden iterations.
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6.5 Conclusions and Future Work
We demonstrate the importance of enforcing appropriate asymptotics, enforcing
hard constraints, and adopting a better optimizer for solving PDEs using neural
networks on an infinite domain. We achieve better accuracy for problems crucial
to the study of singularity formations. As a future direction, we believe a better
enforcement of far-field asymptotics, formulated as hybrid asymptotics, might have
the potential of driving PDE residues to machine precision, potentially amenable
to rigorous computer-assisted proofs using the profiles identified by the neural
networks. Another direction is to use PINO, the idea of operator learning on a range
of scaling parameters, to learn a collection of profiles with different scalings.

6.6 On Weak Convection Model to 3D Euler and Numerical Stability Analysis
A natural next step of the present program is to study the weak-convection regime,
namely the dynamic-rescaling system in which the transport is weakened to encour-
age blowup; as in [289].

𝜕𝑡𝑢1 + 𝜀 𝑢𝑟 𝜕𝑟𝑢1 + 𝜀 𝑢𝑧 𝜕𝑧𝑢1 = 2𝑢1 𝜕𝑧𝜓1 (6.6.1)

𝜕𝑡𝜔1 + 𝜀 𝑢𝑟 𝜕𝑟𝜔1 + 𝜀 𝑢𝑧 𝜕𝑧𝜔1 = 2𝑢1 𝜕𝑧 (𝑢1) (6.6.2)

−
[
𝜕2
𝑟 +

3
𝑟
𝜕𝑟 + 𝜕2

𝑧

]
𝜓1 = 𝜔1. (6.6.3)

In this setting, the profile equations retain the main hyperbolic scaling structure
while the nonlinear convection terms enter with a small prefactor 𝜀, which makes the
model both analytically tractable and still rich enough to capture singular behavior.
Our computations and formal asymptotics indicate that this weak-convection model
admits a nontrivial singular profile: after rescaling, one finds a coherent stationary
state (𝑈,Ω,Ψ) together with scaling parameters (𝜆, 𝐶, 𝑐𝑢, 𝑐𝜔) for which the original
solution concentrates and the relevant amplitude grows according to the self-similar
law. In this sense, the model provides clear evidence of singularity formation, while
also preserving enough of the geometric structure of the full equation to serve as an
informative intermediate problem between purely leading-order toy models and the
fully coupled dynamics. We are able to push to a higher 𝜀 = 0.3 compared to the
reported in [289], using neural networks.

An important direction for future work, in collaboration with Prof. Anima’s group,
is to complement the existence and numerical construction of such singular profiles
with a stability theory. The main difficulty is that the correct coercive functional is
not known a priori: because the singular profile is strongly anisotropic and exhibits
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nontrivial growth/decay across spatial regions, standard polynomial or isotropic
Sobolev weights are unlikely to capture the true dissipative mechanism of the lin-
earized operator. To address this, we propose to parametrize a family of singular
weights by a neural network and to learn them through a min–max formulation,
maximizing the coercivity while minimizing over all admissible functions. Such
a neural min–max procedure is attractive because it allows the weight to adapt to
the hidden geometry of the singularity, rather than imposing an ansatz by hand. If
successful, it would provide a data-informed route toward identifying the correct
singular weights, proving linear stability in a sharp weighted space, and ultimately
opening the door to a nonlinear stability argument for the weak-convection singu-
larity. We also study the linearized spectrum numerically to infer empirically the
stability and instability of the profiles.
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C h a p t e r 7

EXPONENTIALLY CONVERGENT MULTISCALE FINITE
ELEMENT METHOD

In this chapter, we present the exponentially convergent multiscale finite element
method (ExpMsFEM), developed for efficient model reduction of PDEs in hetero-
geneous media without scale separation and for high-frequency wave propagation
problems. This method, based on a series of articles [81, 83, 82], systematically
enriches the approximation space within a non-overlapping domain decomposition
framework to achieve nearly exponential convergence with respect to the number
of basis functions. We provide a concise overview based on our review paper [82],
with technical details and full theoretical analysis found in the cited works.

A central challenge in achieving exponential convergence is overcoming the alge-
braic Kolmogorov n-width barrier, which requires basis functions that depend on the
right-hand side of the equation. ExpMsFEM addresses this by introducing a two-
part function representation: an offline stage, where basis functions independent of
the right-hand side are constructed and used to assemble the Galerkin system; and
an online stage, where problem-dependent correctors are computed efficiently and
in parallel. This decomposition enables high-accuracy solutions and computational
reuse in multi-query scenarios.

7.1 Introduction
Multiscale methods provide an efficient way to solve challenging PDEs. A few
local basis functions adapted to the problem are constructed offline to provide an
effective model reduction of the equation. One can then use the reduced model
to compute the solution online, possibly with different right-hand sides and in a
way much faster than solving the original equation. This property is beneficial
in multi-query scenarios such as optimal design and inverse problems. Moreover,
multiscale methods are inevitable for challenging problems in rough media and
high-frequency wave propagation since standard numerical methods suffer from a
vast number of degrees of freedom. See examples of the failure of finite element
methods (FEMs) in elliptic equations with rough coefficients [15] and the pollution
effect in the Helmholtz equation [17].
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In this chapter, we present the framework of ExpMsFEM, the exponentially conver-
gent multiscale finite element method. It is a generalization of the classical MsFEM
[220]. The main contribution of ExpMsFEM is the systematic improvement over
MsFEM to achieve exponentially convergent accuracy regarding the number of basis
functions. Also, unlike most generalizations of MsFEM in the literature, ExpMs-
FEM does not rely on the partition of unity functions to connect local and global
approximation spaces. Instead, ExpMsFEM uses edge localization and coupling
intrinsic to the non-overlapped domain decomposition to communicate the local
and global approximations.

In the literature, exponentially convergent multiscale methods have been pioneered
in the work of optimal basis [14] based on the partition of unity functions; see
also the developments in [416, 51, 79, 18, 401, 303, 304]. The work demonstrates
the importance of Caccioppoli’s inequality in establishing exponential convergence;
more precisely, the inequality implies the low approximation complexity of the
restriction operator acting on harmonic-type functions. The theory of ExpMsFEM
is also based on some arguments using Caccioppoli’s inequality. Additionally, since
no partition of unity functions is used, technical tools such as𝐶𝛼 estimates and trace
theorems are needed to analyze ExpMsFEM. ExpMsFEM was the first method to
achieve exponential convergence on Helmholtz equations. We will comment on the
similarities and differences between the optimal basis work and ExpMsFEM at the
end of the chapter. We focus on articulating the main ideas and the computational
framework in the case of 2D stationary problems with homogeneous boundary data.
We provide references for the detailed analysis in the corresponding papers [81, 83].

7.1.1 Organization
In Section 7.2, we present the model problem that is the focus of this chapter.
In Section 7.3, we present the motivation and framework of the ExpMsFEM. We
provide numerical experiments to demonstrate the effectiveness of the ExpMsFEM
framework in Section 7.4. In Section 7.5, we discuss related literature, future
possibilities, and open questions.

7.2 Model Problem
Consider the model problem in a bounded domainΩ ⊂ R𝑑 with a Lipschitz boundary
Γ. Here, 𝑑 = 2. For generality, the boundary can contain disjoint parts Γ = Γ1 ∪ Γ2

where Γ1 corresponds to the Dirichlet boundary conditions and Γ2 corresponds to
the Neumann and Robin type boundary conditions.
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The model equation is: 
−∇ · (𝐴∇𝑢) +𝑉𝑢 = 𝑓 , in Ω

𝑢 = 0, on Γ1

𝐴∇𝑢 · 𝜈 = 𝛽𝑢, on Γ2 .

(7.2.1)

Here, 𝐴,𝑉, 𝛽 are functions in 𝐿∞(Ω) and can be rough, which makes the solution
oscillating and difficult to solve. The vector 𝜈 is the outer normal to the boundary.

In particular, when 𝑉 = 0, the equation is the standard elliptic equation [81]. If
𝑉𝑢 = −𝑘2𝑢 and 𝑢 is a complex-valued function, one obtains the Helmholtz equation
[83] with wavenumber 𝑘 .

The weak formulation of (7.2.1) is given by

𝑎(𝑢, 𝑣) := (𝐴∇𝑢,∇𝑣)Ω + (𝑉𝑢, 𝑣)Ω − (𝛽𝑢, 𝑣)Γ2 = ( 𝑓 , 𝑣)Ω, ∀𝑣 ∈ H (Ω) , (7.2.2)

where (·, ·)𝑋 is the standard 𝐿2 inner product on the set 𝑋 . The space for 𝑣 is
H(Ω) := {𝑤 ∈ 𝐻1(Ω) : 𝑤 |Γ1 = 0} and the solution 𝑢 ∈ H (Ω). The energy norm
∥ · ∥H(Ω) is defined as

∥𝑤∥2
H(Ω) := (𝐴∇𝑤,∇𝑤)Ω + (|𝑉 |𝑤, 𝑤)Ω .

Here, we adopt an abuse of notation that the space can be real-valued or complex-
valued, depending on the context.

A generic assumption for 𝐴 is 0 < 𝐴min ≤ 𝐴(𝑥) ≤ 𝐴max < ∞. We will present
more detailed assumptions on 𝑉, 𝛽 later in specific problems that our theory in
[81, 83] covers. Indeed, the theory can encompass the case for very general 𝑉 ,
provided that | (𝑉𝑢, 𝑢) |Ω ≤ 𝑉0(𝑢, 𝑢)Ω for some constant 𝑉0 and the PDE satisfies
good stability estimates; see for example the rough Helmholtz example in [83]. In
this review, we mainly focus on the conceptual algorithmic framework of solving
the equation (7.2.1) via ExpMsFEM rather than a detailed analysis of the equation
and the method.

7.3 The ExpMsFEM Framework
In subsection 7.3.1, we discuss the general recipe for solving PDEs as a function
approximation problem. This motivates us to find accurate function representations
to be used in the Galerkin method. We explain how ExpMsFEM manages to get
exponentially convergent representations in subsections 7.3.2, 7.3.3, 7.3.4 and 7.3.5.
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7.3.1 Solving PDEs as function approximation
By the standard finite element theory (e.g., [43]), when using the Galerkin method
to solve (7.2.2), a key step is to find a function representation, or a space of basis
functions that can approximate the solution accurately. More precisely, suppose the
space is 𝑆, then, one usually wants

𝜂(𝑆) := sup
𝑓 ∈𝐿2 (Ω)\{0}

inf
𝑣∈𝑆

∥𝑁 ( 𝑓 ) − 𝑣∥H(Ω)
∥ 𝑓 ∥𝐿2 (Ω)

(7.3.1)

to be small. Here, 𝑁 : 𝑓 → 𝑢 is the solution operator1 of (7.2.1).

For example, consider the elliptic equation with 𝑉 = 0 and Γ2 = ∅. In such
cases, the Galerkin method provides an optimal approximation of the solution in
the space of basis functions with respect to the energy norm [43, 81], due to the
Galerkin orthogonality. Therefore, a small 𝜂(𝑆) directly implies a small error in
the solution. For the Helmholtz equation, similar arguments hold based on the
Gårding-type inequality, which leads to the quasi-optimality of the solution; see,
for example, [317, 83]. The failure of many finite element methods in elliptic
equations with rough coefficients [15] and Helmholtz’s equations [17] is due to the
poor approximation property. 𝜂(𝑆) is typically not small if 𝑆 is the standard finite
element space, such as the space of tent functions.

Conceptually, ExpMsFEM finds an exponentially convergent function representation
of the solution through the following three steps: (1) harmonic-bubble splitting, (2)
edge localization, (3) oversampling and exponentially convergent singular value
decomposition (SVD). We will detail the three steps and discuss relevant rigorous
results at the end of subsections 7.3.2, 7.3.3, and 7.3.4. Then, we summarize the
algorithm in subsection 7.3.5.

7.3.2 Harmonic-bubble splitting
Consider a shape regular and uniform partition of the domain Ω into finite elements
with a mesh size 𝐻. The collection of elements is denoted by T𝐻 = {𝑇1, 𝑇2, ..., 𝑇𝑟}.
Let E𝐻 = {𝑒1, 𝑒2, ..., 𝑒𝑞} be the collection of edges in the interior of Ω. We use
N𝐻 = {𝑥1, 𝑥2, ..., 𝑥𝑝} to denote the collection of interior nodes. We also use 𝐸𝐻 to
denote the collection of interior edges as a set, i.e., 𝐸𝐻 =

⋃
𝑒∈E𝐻 𝑒 ⊂ Ω. A more

detailed explanation of the mesh structure can be found in [81, 83].
1Sometimes, 𝑁 is chosen to be the solution operator of the adjoint equation; for example see

[317].
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In each element 𝑇 ∈ T𝐻 , we decompose the solution 𝑢 into 𝑢 = 𝑢h
𝑇
+ 𝑢b

𝑇
such that

−∇ · (𝐴∇𝑢h
𝑇 ) +𝑉𝑢h

𝑇 = 0, in 𝑇

𝑢h
𝑇 = 𝑢, on 𝜕𝑇 \ (Γ1 ∪ Γ2)
𝑢h
𝑇 = 0, on 𝜕𝑇 ∩ Γ1

𝐴∇𝑢h
𝑇 · 𝜈 = 𝛽𝑢h

𝑇 , on 𝜕𝑇 ∩ Γ2 ,

−∇ · (𝐴∇𝑢b
𝑇 ) +𝑉𝑢b

𝑇 = 𝑓 , in 𝑇

𝑢b
𝑇 = 0, on 𝜕𝑇 \ (Γ1 ∪ Γ2)
𝑢b
𝑇 = 0, on 𝜕𝑇 ∩ Γ1

𝐴∇𝑢b
𝑇 · 𝜈 = 𝛽𝑢b

𝑇 , on 𝜕𝑇 ∩ Γ2 .

(7.3.2)

In short, 𝑢h
𝑇

incorporates the interior boundary value of 𝑢 on the element, while
𝑢b
𝑇

contains information of the right-hand side. All equations in (7.3.2) should be
understood in the standard weak sense as in (7.2.2).

We can further define a global decomposition 𝑢 = 𝑢h + 𝑢b, such that for each 𝑇 ,
it holds that 𝑢h(𝑥) = 𝑢h

𝑇
(𝑥), 𝑢b(𝑥) = 𝑢b

𝑇
(𝑥) when 𝑥 ∈ 𝑇 . Here, the component 𝑢h

𝑇

(resp. 𝑢h) is called the local (resp. global) harmonic part, 𝑢b
𝑇

(resp. 𝑢b) is the
local (resp. global) bubble part, of the solution 𝑢. Here, the harmonic part 𝑢h is
not necessarily a harmonic function due to the existence of 𝐴 and 𝑉 , but it has a
similar low complexity property that a harmonic function has, due to the iterative
argument of Caccioppoli’s inequality first proposed in [14]. We will discuss this
low complexity property in subsection 7.3.4.

Now, in the representation 𝑢 = 𝑢h + 𝑢b, the part 𝑢b can be directly computed by
solving local problems in parallel since the local boundary conditions are all known.
We are left to deal with the part 𝑢h.

Remark 7.3.1. We discuss several theoretical concerns and possible generalizations
below:

• A sufficient condition for the local components in (7.3.2) to be well-defined
is that the operator 𝑢 → −∇ · (𝐴∇𝑢) + 𝑉𝑢 (as well as the corresponding
boundary conditions) is elliptic in each local element, implied by the Poincaré
inequality. In [81], we consider elliptic equations with 𝑉 = 0 and Γ2 = ∅, so
this condition is satisfied. In [83], we consider the Helmholtz equation where
𝑉 < 0, |𝑉 | = 𝑂 (𝑘2) and Re 𝛽 = 0, Im 𝛽 = 𝑂 (𝑘). For such a case, the elliptic
property is guaranteed when 𝐻 = 𝑂 (1/𝑘).
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• For the global components 𝑢h, 𝑢b to be well-defined, we need the condition that
the solution 𝑢 is continuous. This can be guaranteed by the 𝐶𝛼 estimates of
the equation (7.2.1) under the assumptions mentioned earlier; see discussions
in [81, 83].

• We can generalize the above decomposition to PDEs with inhomogeneous
boundary conditions. To achieve so, we incorporate these boundary data into
the equation for 𝑢b; see also Section 5.3 in [83] for a concrete example of
problems with inhomogeneous boundary data.

7.3.3 Edge localization
The next step is to find some local basis functions that accurately approximate 𝑢h.
ExpMsFEM uses the idea of edge localization to localize this approximation task.

First, we define the “harmonic extension” operator 𝑄𝐸𝐻 that maps the edge values
𝑢̃h = 𝑢h |𝐸𝐻 ∈ 𝐻1/2(𝐸𝐻) to 𝑢h ∈ 𝐻1(Ω), through the relation in the first set of
equation in (7.3.2). Here, we adopt the convention that if we write a tilde on the
top of a function, it is the restriction of this function on the edge set. We have that
𝑢h = 𝑄𝐸𝐻 𝑢̃

h = 𝑄𝐸𝐻 𝑢̃, since 𝑢h and 𝑢 have the same edge values.

Then, let 𝐶 (𝐸𝐻) be the space of continuous functions on 𝐸𝐻 . We consider the edge
interpolation operator 𝐼𝐻 : 𝐻1/2(𝐸𝐻) ∩ 𝐶 (𝐸𝐻) → 𝐻1/2(𝐸𝐻) ∩ 𝐶 (𝐸𝐻) such that

𝐼𝐻 𝑢̃ =
∑︁
𝑥𝑖∈N𝐻

𝑢̃(𝑥𝑖)𝜓̃𝑖

where the edge function 𝜓̃𝑖 is linear on 𝐸𝐻 and satisfies 𝜓̃𝑖 (𝑥 𝑗 ) = 𝛿𝑖 𝑗 . Note that by
the convention of our notation we have 𝜓𝑖 = 𝑄𝐸𝐻 𝜓̃𝑖 ∈ 𝐻1(Ω). It is worth noting
that 𝜓′

𝑖
𝑠 are the basis functions used in the vanilla MsFEM.

With the interpolation operator, we can write

𝑄𝐸𝐻 𝑢̃ = 𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) +
∑︁
𝑥𝑖∈N𝐻

𝑢(𝑥𝑖)𝜓𝑖 .

Now, the residue 𝑢̃ − 𝐼𝐻 𝑢̃ is zero at each interior node. This property allows us to
localize the residue to each edge. Indeed, by an abuse of notation, we can write

𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) =
∑︁
𝑒∈E𝐻

𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 , (7.3.3)

where we equate the function (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 that is defined on 𝑒 to its zero extension
to 𝐸𝐻 , so that (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 ∈ 𝐻1/2(𝐸𝐻) and thus 𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 makes sense.
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Therefore, we localize the approximation task of 𝑢h to 𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒, which is
defined for each edge 𝑒.

Remark 7.3.2. Again, we discuss several theoretical concerns below:

• Once the condition in Remark 7.3.1 is satisfied, the extension operator 𝑄𝐸𝐻

is well-defined because the local equation is elliptic.

• According to the comment in Remark 7.3.1, the solution 𝑢 is continuous, so
the nodal interpolation 𝐼𝐻 𝑢̃ is well-defined.

• One can rigorously show that if we can approximate each local term with

∥𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 − 𝑤𝑒∥H(Ω) ≤ 𝜖𝑒 ,

then the global approximation error satisfies

∥𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) −
∑︁
𝑒∈E𝐻

𝑤𝑒∥2
H(Ω) ≤ 𝐶mesh

∑︁
𝑒∈E𝐻

𝜖2
𝑒 ,

where 𝐶mesh is a constant dependent on the mesh structure only. In our
previous work [81, 83], we formalize the approximation in the edge space
via the 𝐻1/2

00 (𝑒) norm, which is equivalent to the H(Ω) norm here after the
extension by𝑄𝐸𝐻 ; see Proposition 2.5 and Theorem 2.6 in [81]. In this review
chapter, we explain the ideas using𝑄𝐸𝐻 rather than 𝐻1/2

00 (𝑒), since the former
is more concise in an algorithm-focused exposition.

We call the step from local approximation to global approximation edge cou-
pling.

7.3.4 Exponentially convergent SVD
Recall that by using the harmonic-bubble splitting and edge localization, we get the
representation

𝑢 = 𝑢h + 𝑢b =
∑︁
𝑒∈E𝐻

𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 +
∑︁
𝑥𝑖∈N𝐻

𝑢(𝑥𝑖)𝜓𝑖 + 𝑢b . (7.3.4)

ExpMsFEM then relies on oversampling and local SVD to get an exponentially
convergent approximation of each 𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒. For each 𝑒, consider an over-
sampling domain 𝑤𝑒 ⊃ 𝑒. Any domain containing 𝑒 in the interior may be used,
and as an illustrative example, we set

𝜔𝑒 =
⋃

{𝑇 ∈ T𝐻 : 𝑇 ∩ 𝑒 ≠ ∅} .
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𝑒

𝜔𝑒

interior edge edge connected to boundary

𝑒

𝜔𝑒

Figure 7.1: Illustration of oversampling domains. On the right, we use an edge
connected to the upper boundary as an illustrating example.

An illustration of this choice for a quadrilateral mesh is given in Figure 7.1.

We can view (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 as the image of an operator acting on 𝑢 |𝜔𝑒 ∈ 𝐻1(𝜔𝑒). We
denote this operator by 𝑅𝑒 such that 𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 = 𝑄𝐸𝐻𝑅𝑒 (𝑢 |𝜔𝑒). Now, we
apply the harmonic-bubble splitting in subsection 7.3.2 to the domain 𝜔𝑒, which
leads to 𝑢 |𝜔𝑒 = 𝑢h

𝜔𝑒
+ 𝑢b

𝜔𝑒
. It follows that

𝑄𝐸𝐻 (𝑢̃ − 𝐼𝐻 𝑢̃) |𝑒 = 𝑄𝐸𝐻𝑅𝑒𝑢
h
𝜔𝑒

+𝑄𝐸𝐻𝑅𝑒𝑢
b
𝜔𝑒
. (7.3.5)

The term 𝑅𝑒𝑢
h
𝜔𝑒

is a restriction of a harmonic part. As we mentioned at the beginning
of this chapter, one can prove that the restriction operator acting on harmonic-type
functions is of low approximation complexity. More precisely, consider the space
of harmonic parts in 𝜔𝑒, defined via

𝑈 (𝜔𝑒) := {𝑣 ∈ H (𝜔𝑒) : − ∇ · (𝐴∇𝑣) +𝑉𝑣 = 0, in 𝜔𝑒
𝐴∇𝑣 · 𝜈 = 𝛽𝑣, on Γ1 ∩ 𝜕𝜔𝑒} .

(7.3.6)

The space is equipped with the norm ∥ · ∥H(𝜔𝑒) . Then, one can show that the left
singular values (in descending order) of the local operator

𝑄𝐸𝐻𝑅𝑒 : (𝑈 (𝜔𝑒), ∥ · ∥H(𝜔𝑒)) → (H (Ω), ∥ · ∥H(Ω))

decays as 𝜆𝑒,𝑚 ≤ 𝐶 exp(−𝑏𝑚 1
𝑑+1 ) in dimension 𝑑, for some generic constant 𝐶, 𝑏

independent of 𝑚 and 𝐻. Equivalently, if we write the left singular vectors as
𝑣𝑒,𝑚 ∈ 𝐻1(Ω), which is local and supported in the neighboring elements of the edge
𝑒, then there exists some coefficient 𝑏𝑒, 𝑗 such that

∥𝑄𝐸𝐻𝑅𝑒𝑢
h
𝜔𝑒

−
∑︁

1≤ 𝑗≤𝑚
𝑏𝑒, 𝑗𝑣𝑒, 𝑗 ∥H(Ω) ≤ 𝐶 exp(−𝑏𝑚 1

𝑑+1 )∥𝑢h
𝜔𝑒
∥H(𝜔𝑒) . (7.3.7)
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For more details, see Theorem 3.10 in [83]. Then, summing these local errors up,
we get ∑︁

𝑒∈E𝐻
∥𝑢h

𝜔𝑒
∥2
H(𝜔𝑒) ≤ 2

∑︁
𝑒∈E𝐻

(∥𝑢 |𝜔𝑒 ∥2
H(𝜔𝑒) + ∥𝑢b

𝜔𝑒
∥2
H(𝜔𝑒))

= 𝑂 (∥𝑢∥2
H(Ω) + ∥ 𝑓 ∥2

𝐿2 (Ω)) ,
(7.3.8)

where we used the fact that ∥𝑢b
𝜔𝑒
∥H(𝜔𝑒) = 𝑂 (∥ 𝑓 ∥𝐿2 (𝜔𝑒)) by the elliptic estimate.

Combining the above estimates with edge coupling in Remark 7.3.2, we get the
representation

𝑢 = 𝑢h + 𝑢b =
∑︁
𝑒∈E𝐻

∑︁
1≤ 𝑗≤𝑚

𝑏𝑒, 𝑗𝑣𝑒, 𝑗 +
∑︁
𝑥𝑖∈N𝐻

𝑢(𝑥𝑖)𝜓𝑖 + 𝑢n

+𝑂
(
exp(−𝑏𝑚 1

𝑑+1 ) (∥𝑢∥H(Ω) + ∥ 𝑓 ∥𝐿2 (Ω))
)
,

(7.3.9)

where 𝑢n := 𝑢b + ∑
𝑒∈E𝐻 𝑄𝐸𝐻𝑅𝑒𝑢

b
𝜔𝑒

is a part that depends on 𝑓 locally.

Remark 7.3.3. We discuss several theoretical aspects and the implications of the
above representation.

• The proof of the exponentially decaying singular values of𝑄𝐸𝐻𝑅𝑒 is based on
two steps. The first step is the iterative argument of Caccioppoli’s inequality,
first proposed in [14] and then refined in [304]. It shows that the singular
values of the restriction operator on 𝑈 (𝜔𝑒), which restricts a function from
the original domain 𝜔𝑒 to a subdomain 𝜔∗ ⊃ 𝑒, decay nearly exponentially
fast. The second step is based on a stability estimate of the operator 𝑄𝐸𝐻𝑅𝑒

acting on𝑈 (𝜔∗); see Lemma 3.10 in [81] or Lemma 6.1, 6.2 in [83].

• We can understand that the oversampling technique is used to take advantage
of the low complexity property of the restriction operator. Historically, the
idea of oversampling was proposed in [220] to reduce the resonance error in
MsFEM.

• The remarkable thing about the representation in (7.3.9) is the exponentially
decaying error bound.

First, for elliptic equations with rough coefficients, the error bound implies
that these basis functions can capture the behavior of the solution, which is a
hard task for FEMs. Therefore, ExpMsFEM overcomes the difficulty of rough
coefficients.
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Second, for the Helmholtz equation, the stability constant of the solution
operator can depend on 𝑘; indeed, this is the main cause of the pollution
effect [17]. Denote the stability constant by 𝐶stab(𝑘) such that ∥𝑢∥H(Ω) ≤
𝐶stab(𝑘)∥ 𝑓 ∥𝐿2 (Ω) . A prevalent and reasonable assumption on the constant is
that of polynomial growth, namely 𝐶stab(𝑘) ≤ 𝐶 (1+ 𝑘𝛾) for some constants 𝛾
and 𝐶; see, for example, [260]. In such case, we can further bound the error
by

exp(−𝑏𝑚 1
𝑑+1 ) (∥𝑢∥H(Ω) + ∥ 𝑓 ∥𝐿2 (Ω)) ≤ exp(−𝑏𝑚 1

𝑑+1 ) (𝐶 (1+ 𝑘𝛾) +1)∥ 𝑓 ∥𝐿2 (Ω) .

Therefore, once the number of basis functions per edge 𝑚 ∼ log𝑑+1(𝑘) (log-
arithmically on 𝑘 only), the approximation error can be uniformly small for
all 𝑘 . It implies that the quantity 𝜂(𝑆) in (7.3.1) is small, which is important
in determining the error of Galerkin’s methods. In this sense, ExpMsFEM
overcomes the difficulty of the pollution effect by using basis functions whose
number scales at most log𝑑+1(𝑘).

• The exponentially accurate representation in (7.3.9) will not be possible if
we do not use terms dependent on the right-hand side. Indeed, using basis
functions independent of 𝑓 , the optimal approximation error rate will be al-
gebraic if the right-hand side is in 𝐿2(Ω) only, due to well-known results in
approximation theory (the Kolmogorov 𝑛-width [368, 316]); see also the com-
plexity analysis of the Green function of Helmholtz’s equation [143]. From
this perspective, we can understand that ExpMsFEM breaks the Kolmogorov
barrier by using nonlinear model reduction [365], i.e., the basis functions
can depend on the input of the model, here the right-hand side.

7.3.5 The solver based on ExpMsFEM
Now, we can use the representation in (7.3.9) to solve the equation efficiently. First,
we form 𝜓𝑖, 𝑣𝑒, 𝑗 by computing the local extension 𝑄𝐸𝐻 𝜓̃𝑖 for each node and the
top-𝑚 left singular vectors 𝑣𝑒, 𝑗 , 1 ≤ 𝑗 ≤ 𝑚 of the local operator 𝑄𝐸𝐻𝑅𝑒 for each 𝑒;
problems on different nodes and edges are independent and parallelizable. These
become our offline basis functions.

For any right-hand side 𝑓 , we compute the online part 𝑢n by solving local linear
equations involving 𝑓 . This step can be parallelized.

Then, we form an effective equation for 𝑢 − 𝑢n as

𝑎(𝑢 − 𝑢n, 𝑣) = ( 𝑓 , 𝑣)Ω − 𝑎(𝑢n, 𝑣) , (7.3.10)
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for any 𝑣 ∈ H (Ω). We solve the equation for 𝑢 − 𝑢n using a Galerkin method. As
an example, using the Ritz-Galerkin method, we choose

𝑆 = span {𝜓𝑖 for 𝑥𝑖 ∈ N𝐻 , 𝑣𝑒, 𝑗 for 1 ≤ 𝑗 ≤ 𝑚, 𝑒 ∈ E𝐻} ,

and find a numerical solution 𝑢𝑆 ∈ 𝑆 that satisfies

𝑎(𝑢𝑆, 𝑣) = ( 𝑓 , 𝑣)Ω − 𝑎(𝑢n, 𝑣) , (7.3.11)

for any 𝑣 ∈ 𝑆. The final numerical solution is given by 𝑢𝑆 + 𝑢n. We call 𝑢n the
online part and 𝑢𝑆 the offline part since 𝑢𝑆 lies in a space that is independent of 𝑓 .

Note that in the Galerkin method for solving 𝑢𝑆, the stiffness matrix only needs to
be assembled once and can be used for different 𝑓 afterward. We can understand
(7.3.10) as a reduced model of the original equation.

Remark 7.3.4. We discuss several theoretical aspects regarding the effectiveness of
the above method.

• The accuracy of the numerical solution is due to the quasi-optimality property
mentioned earlier in subsection 7.3.1: once 𝜂(𝑆) is small, the solution error
is of the same order compared to the optimal approximation using the basis
functions, which is exponentially small according to the representation (7.3.9).

• When the solution is complex-valued, such as in the Helmholtz equations, we
can use both the Ritz and Petrov versions of the Galerkin methods; for the
former, if 𝑆 ≠ 𝑆, we need to replace 𝑆 by 𝑆 + 𝑆; see discussions in [83].

• One thing worth noting is that ∥𝑢n∥H(Ω) is of order𝑂 (𝐻), due to the standard
elliptic estimate [81, 83]. Therefore, if we aim for 𝑂 (𝐻) accuracy only, we
can ignore this part, and simply setting 𝑢n = 0 in the above algorithm will
lead to a solution accurate up to 𝑂 (𝐻).

7.4 Numerical Experiments
In this section, we present some numerical experiments to demonstrate the effec-
tiveness of ExpMsFEM. For all the experiments, we consider the domain Ω =

[0, 1] × [0, 1] and discretize it by a uniform two-level quadrilateral mesh; see a frac-
tion of this mesh in Figure 7.2, where we also show an edge 𝑒 and its oversampling
domain 𝜔𝑒 in solid lines. The coarse and fine mesh sizes are denoted by 𝐻 and ℎ,
respectively.



198

𝑒

𝜔𝑒

coarse mesh

fine mesh

Figure 7.2: Two level mesh: a fraction

For a given equation, we compute the reference solution 𝑢ref using the classical FEM
on the fine mesh with a sufficiently small ℎ, which we choose to be ℎ = 1/1024.
By a posteriori estimates, we can check that the fine mesh indeed resolves the
corresponding problems; thus, the associated fine mesh solutions could serve as
accurate reference solutions for all of our numerical examples. In our numerical
computation, we solve local problems that are required in the ExpMsFEM framework
using the fine mesh. For detailed implementation, we refer to [81, 83].

Remark 7.4.1 (Accuracy on the discrete level). For simplicity of presentation, we
do not provide error analysis of ExpMsFEM on the fully discrete level, where the
accuracy of the local problems can depend on the resolution of the fine grid. For a
detailed error estimate on the fully discrete level in the context of partition of unity
methods, see, for example, [303, 302].

The accuracy of a numerical solution 𝑢sol is computed by comparing it with the
reference solution 𝑢ref on the fine mesh. The accuracy will be measured both in the
𝐿2 norm and energy norm:

𝑒𝐿2 =
∥𝑢ref − 𝑢sol∥𝐿2 (Ω)

∥𝑢ref∥𝐿2 (Ω)
,

𝑒H =
∥𝑢ref − 𝑢sol∥H(Ω)

∥𝑢ref∥H(Ω)
.

(7.4.1)

In subsection 7.4.1, we consider an elliptic equation where the coefficient 𝐴(𝑥) is
periodic but contains multiple scales. This example demonstrates the exponential
accuracy of ExpMsFEM. In subsection 7.4.2, we consider an elliptic equation where
𝐴(𝑥) is of high contrast. This example shows the robustness of ExpMsFEM regard-
ing the high contrast. In subsection 7.4.3, an instance of Helmholtz’s equation with
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rough media and mixed boundary conditions is presented. This example illustrates
the effectiveness of ExpMsFEM in solving general indefinite Helmholtz equations.

7.4.1 A periodic example with multiple spatial scales
In the first example, we consider an elliptic problem (𝑉 = 0) with multiple spatial
scales. We choose the coefficient 𝐴 with five scales as follows:

𝐴(𝑥) = 1
6

(
1.1 + sin (2𝜋𝑥1/𝜖1)
1.1 + sin (2𝜋𝑥2/𝜖1)

+ 1.1 + sin (2𝜋𝑥2/𝜖2)
1.1 + cos (2𝜋𝑥1/𝜖2)

+ 1.1 + cos (2𝜋𝑥1/𝜖3)
1.1 + sin (2𝜋𝑥2/𝜖3)

+ 1.1 + sin (2𝜋𝑥2/𝜖4)
1.1 + cos (2𝜋𝑥1/𝜖4)

+ 1.1 + cos (2𝜋𝑥1/𝜖5)
1.1 + sin (2𝜋𝑥2/𝜖5)

+ sin
(
4𝑥2

1𝑥
2
2

)
+ 1

)
,

(7.4.2)
where 𝑥 = (𝑥1, 𝑥2), 𝜖1 = 1/5, 𝜖2 = 1/13, 𝜖3 = 1/17, 𝜖4 = 1/31, 𝜖5 = 1/65. We
choose homogeneous Dirichlet boundary conditions, i.e., Γ2 = ∅. We set 𝑓 = −1.

In this example, we illustrate the exponential accuracy and the convergence rate
with respect to the coarse mesh size 𝐻. We take 𝐻 = 2−𝑖, 𝑖 = 3, 4, ..., 7 and take
𝑚 = 1, 2, ..., 6 for each 𝐻. The numerical results are shown in Figure 7.3, where
𝑁𝑐 = 1/𝐻. We can see an exponential decay of errors for every coarse mesh size
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Figure 7.3: Numerical results for the periodic example. Left: 𝑒H versus 𝑚; right:
𝑒𝐿2 versus 𝑚.

𝐻. For smaller 𝐻, the convergence is faster. This can be understood as a finite-
resolution effect. For example, when 𝐻 = 1/128, there are only 𝐻/ℎ − 1 = 7 total
degrees of freedom on each edge, so of course, 𝑚 = 6 basis per edge would result
in a very accurate solution.

7.4.2 An example with high contrast channels
In the second example, we consider an elliptic problem (𝑉 = 0) with high contrast
channels. Let

𝑋 := {(𝑥1, 𝑥2) ∈ [0, 1]2, 𝑥1, 𝑥2 ∈ {0.2, 0.3, ..., 0.8}} ⊂ [0, 1]2 ,
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and the coefficient is defined as

𝐴(𝑥) =
{

1, if dist(𝑥, 𝑋) ≥ 0.015

𝑀, else .

Here, 𝑀 is a parameter controlling the contrast. We visualize log10 𝐴 in the left
plot of Figure 7.4 for 𝑀 = 106. Again, we choose homogeneous Dirichlet boundary

Figure 7.4: Left: the contour of log10 𝐴 for the high contrast example; right: the
contour of 𝐴 for the rough media example.

conditions, i.e., Γ2 = ∅, with a non-constant right-hand side 𝑓 (𝑥) = 𝑥4
1 − 𝑥

3
2 + 1.

In this example, we illustrate the convergence rate w.r.t the contrast 𝑀 . We take
different 𝑀 using the coarse mesh size 𝐻 = 2−5 and 𝑚 = 1, 2, ..., 7. The numerical
results are shown in Figure 7.5. We observe a consistently exponential error decay
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Figure 7.5: Numerical results for the high contrast example. Left: 𝑒H versus 𝑚;
right: 𝑒𝐿2 versus 𝑚.

independent of the contrast. Thus, our method demonstrates robustness with respect
to the contrast 𝐴(𝑥). An intuitive explanation for this robustness could be that every
step in ExpMsFEM is adaptive to 𝐴(𝑥). For example, the singular value decay
of the operator 𝑄𝐸𝐻𝑅𝑒 would have some robustness regarding high contrasts in
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𝐴(𝑥) because both of the norms in the domain and image of the operator are 𝐴(𝑥)-
weighted. We leave the theoretical analysis of deriving an 𝐴(𝑥)-adapted estimate
for future study.

Also, we would like to mention that the size ℎ = 1/1024 of the fine mesh can actually
resolve contrasts 𝑀 = 24 and 26 only; for higher contrasts, a posterior error analysis
shows the reference solution on the fine mesh is not very accurate. However, we
consistently observe a small error in our solution compared to the fine mesh solution,
even in the regime where the fine mesh solution itself is not accurate. This implies
that ExpMsFEM admits a very accurate dimension reduction of the equation on the
fine mesh.

7.4.3 An example of Helmholtz equation with rough field and mixed boundary
In the last example, we consider the Helmholtz equation. This example is the same
as Example 3 in [83]. We present it here to demonstrate that our methods are
effective for complicated coefficients and mixed boundary conditions.

We impose the homogeneous Dirichlet boundary condition on (𝑥1, 0), 𝑥1 ∈ [0, 1],
the homogeneous Neumann boundary condition on (𝑥1, 1), 𝑥1 ∈ [0, 1], and the
homogeneous Robin boundary condition on the other two parts of 𝜕Ω. We choose
𝐴(𝑥) to be a realization of some random field; more precisely, we set

𝐴(𝑥) = |𝜉 (𝑥) | + 0.5 , (7.4.3)

where the field 𝜉 (𝑥) satisfies

𝜉 (𝑥) = 𝑎11𝜉𝑖, 𝑗 + 𝑎21𝜉𝑖+1, 𝑗 + 𝑎12𝜉𝑖, 𝑗+1 + 𝑎22𝜉𝑖+1, 𝑗+1, if 𝑥 ∈ [ 𝑖
27 ,

𝑖 + 1
27 ) × [ 𝑗

27 ,
𝑗 + 1
27 ) .

Here, {𝜉𝑖, 𝑗 , 0 ≤ 𝑖, 𝑗 ≤ 27} are i.i.d. standard Gaussian random variables. In
addition, 𝑎11 = (𝑖 + 1 − 27𝑥1) ( 𝑗 + 1 − 27𝑥2), 𝑎21 = (27𝑥1 − 𝑖) ( 𝑗 + 1 − 27𝑥2),
𝑎12 = (𝑖+1−27𝑥1) (27𝑥2− 𝑗), 𝑎22 = (27𝑥1−𝑖) (27𝑥2− 𝑗) are interpolating coefficients
to make 𝜉 (𝑥) piecewise linear. A sample from this field is displayed in the right plot
of Figure 7.4.

Moreover, we also take 𝑉/𝑘2 and 𝛽/𝑖𝑘 as independent samples drawn from this
random field. We choose the wavenumber 𝑘 = 25, the right-hand side 𝑓 (𝑥1, 𝑥2) =
𝑥4

1 − 𝑥
3
2 + 1, and the coarse mesh 𝐻 = 2−5. Again, we take 𝑚 = 1, 2, ..., 7 and present

the numerical results in Figure 7.6. Clearly, a nearly exponential rate of convergence
is still observed for this challenging example.
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Figure 7.6: Numerical results for the mixed boundary and rough field example.
Left: 𝑒H versus 𝑚; right: 𝑒𝐿2 versus 𝑚.

7.5 Discussions
In this section, we discuss related multiscale methods in the literature; for a more
specific review under the context of the elliptic and Helmholtz equations, see [81,
83]. We also outline future possibilities and open questions about ExpMsFEM at
the end of this section.

7.5.1 Related literature
There is a vast amount of literature on multiscale methods and numerical homoge-
nization.

Earlier work mainly focuses on structured 𝐴(𝑥) such as in periodic media and with
scale separation; some examples include the generalized finite element methods
(GFEM) [16], the multiscale finite element method (MsFEM) [220, 221, 134],
the variational multiscale methods (VMS) [227], and the heterogeneous multiscale
method (HMM) [1].

Later on, people are interested in multiscale methods that can address more general
rough coefficients that lie in 𝐿∞(Ω) only; see, for example, the work of optimal basis
using partition of unity functions [14, 18, 303, 304], harmonic coordinates [360],
local orthogonal decomposition (LOD) [307, 193, 256, 189, 305], Gamblets related
approaches [359, 361, 356, 357, 222, 358, 80], and generalizations of MsFEM
[216, 87, 271, 154]. Different methods differ in how to find an accurate function
representation. In deriving the function representation in ExpMsFEM, the solution
is first decomposed into a harmonic part and a bubble part. For elliptic equations,
this decomposition is the same as the orthogonal decomposition in previous work
of MsFEM [216] and approximate component mode synthesis [202, 201].
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To the best of our knowledge, among all the previous work, the optimal basis
framework using partition of unity functions (and its variant) is the only one that
achieves nearly exponential accuracy regarding the number of basis functions. Our
ExpMsFEM [81, 83] is motivated by the argument of Caccioppoli’s inequality used
in the optimal basis framework. ExpMsFEM is the first framework that achieves
exponential accuracy without using partition of unity functions and is a direct
generalization of MsFEM.

We comment in more detail on the differences and similarities between the optimal
basis framework and ExpMsFEM. In the optimal basis framework, the exponentially
accurate representation is obtained through the partition of unity functions rather
than the edge localization and coupling in ExpMsFEM. More precisely, one can
write

𝑢 =
∑︁
𝑖

𝜂𝑖𝑢 =
∑︁
𝑖

𝜂𝑖𝑢
h
𝜔𝑖

+
∑︁
𝑖

𝜂𝑖𝑢
b
𝜔𝑖
, (7.5.1)

where {𝜂𝑖}𝑖 are partition of unity functions subordinate to an overlapped domain
decomposition {𝜔𝑖}𝑖 and 𝑢h

𝜔𝑖
, 𝑢b
𝜔𝑖

are obtained by the harmonic-bubble splitting
in 𝜔𝑖. The part 𝜂𝑖𝑢h

𝜔𝑖
can be seen as a “restriction” of harmonic-type functions.

Thus, the argument using Caccioppoli’s inequality implies that this part can be
approximated by basis functions with a nearly exponential convergence rate.

Compared to (7.3.9), the representation (7.5.1) admits better geometric flexibility
since by using partition of unity functions, such representation can work for prob-
lems in general dimensions. The representation (7.3.9) produced by ExpMsFEM is
tied to the mesh structure. When 𝑑 = 2, we have nodal and edge basis functions in
the representation (7.3.9). When 𝑑 ≥ 3, we need facial basis functions and so on to
represent the solution; for details see section 7 in [83]. In this sense, ExpMsFEM
removes the partition of unity functions in the overlapped domain decomposition
but pays the design cost of using a more complicated geometric structure in the non-
overlapped domain decomposition. Nevertheless, the benefit of non-overlapped
domain decomposition is that the basis functions are more localized since the lo-
cal domain is smaller. Also, ExpMsFEM does not have the additional parameter
of the partition of unity functions. Some basic numerical comparisons between
ExpMsFEM and optimal basis using partition of unity functions are presented in
[83]. We need a more in-depth comparison between the two approaches to identify
their trade-offs more clearly.
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7.5.2 Future directions
To now, ExpMsFEM has been successfully applied to solve elliptic and Helmholtz
equations. Moving forward, one can extend this idea to advection-dominated diffu-
sion problems, time-dependent problems such as Schrödinger’s equations, and many
other linear equations. Extension to nonlinear equations appears to be nontrivial
since the decomposition used in ExpMsFEM requires linearity of the equation. It
could be interesting to explore the combination of ExpMsFEM and linearization to
provide nonlinear homogenization of these equations.

For the current ExpMsFEM framework, we observe its robustness regarding the high
contrast in the media numerically (subsection 7.4.2), but a rigorous understanding of
such robustness is still lacking. Moreover, a discrete-level analysis of ExpMsFEM
could be helpful for its practical use.

In essence, both ExpMsFEM and optimal basis using partition of unity functions
take advantage of the low approximation complexity structures of the restriction
operator on harmonic-type functions. Finding other novel low complexity structures
is crucial to advance multiscale computation and model reduction.

ExpMsFEM and optimal basis using partition of unity functions imply that non-
linear model reduction can break the Kolmogorov barrier and achieve remarkable
exponential convergence. Embedding this idea to data-driven model reduction or
operator learning also represents an exciting avenue for future work.
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A p p e n d i x A

BLOWUP ANALYSIS FOR A QUASI-EXACT 1D MODEL OF 3D
EULER AND NAVIER-STOKES

We study the singularity formation of a quasi-exact 1D model proposed by Hou-Li
in [215]. This model is based on an approximation of the axisymmetric Navier-
Stokes equations in the 𝑟 direction. The solution of the 1D model can be used to
construct an exact solution of the original 3D Euler and Navier-Stokes equations if
the initial angular velocity, angular vorticity, and angular stream function are linear
in 𝑟. This model shares many intrinsic properties similar to those of the 3D Euler and
Navier-Stokes equations. It captures the competition between advection and vortex
stretching as in the 1D De Gregorio [114, 113] model. We show that the inviscid
model with weakened advection and smooth initial data or the original 1D model
with Hölder continuous data develops a self-similar blowup. We also show that the
viscous model with weakened advection and smooth initial data develops a finite
time blowup. To obtain sharp estimates for the nonlocal terms, we perform an exact
computation for the low-frequency Fourier modes and extract damping in leading
order estimates for the high-frequency modes using singularly weighted norms in
the energy estimates. The analysis for the viscous case is more subtle since the
viscous terms produce some instability if we just use singular weights. We establish
the blowup analysis for the viscous model by carefully designing an energy norm
that combines a singularly weighted energy norm and a sum of high-order Sobolev
norms.

A.1 Introduction
Whether the 3D incompressible Euler and Navier-Stokes equations can develop
a finite time singularity from smooth initial data is one of the most outstanding
open questions in nonlinear partial differential equations. An essential difficulty
is that the vortex stretching term has a quadratic nonlinearity in terms of vorticity.
A simplified 1D model was proposed by the Constantin-Lax-Majda model (CLM
model for short) [99] to capture the effect of nonlocal vortex stretching. The
CLM model can be solved explicitly and can develop a finite time singularity from
smooth initial data. Later on, De Gregorio incorporated the advection term into
the CLM model to study the competition between advection and vortex stretching
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[114, 113], see [98] for singularity formation in the distorted Euler equations with
transport neglected and also [215, 214] for a related study on the stabilizing effect
of advection for the 3D Euler and Navier-Stokes equations. There have been recent
studies on the effect of advection and vortex stretching in other related models; see
[398] for the generalized inviscid Proudman-Johnson equation, [139] with a Riesz
transform added to the vorticity formulation of 2D Euler equation, and [330] with
advection term dropped in the vorticity formulation of 3D Euler equation. In [353],
Okamoto, Sakajo, and Wunsch further introduced a parameter for the advection term
to measure the relative strength of the advection in the De Gregorio model. These
simplified 1D models have inspired many subsequent studies. Interested readers
may consult the excellent surveys [97, 162, 249, 306] and the references therein.
Very recently, the authors in [225] established self-similar blowup for the whole
family of gCLM models with 𝑎 ≤ 1 using a fixed-point argument. On the other
hand, these 1D scalar models are phenomenological in nature and cannot be used to
recover the solution of the original 3D Euler equations.

For the line of research on the singularity formation for the 3D Euler equations,
Luo-Hou [298] presented in 2014 convincing numerical evidence that the 3D ax-
isymmetric Euler equations with smooth initial data and boundary develop a poten-
tial finite time singularity. Inspired by Elgindi’s recent breakthrough for finite time
singularity of the axisymmetric Euler with no swirl and 𝐶1,𝛼 velocity [135], Chen
and Hou proved the finite time blowup of the 2D Boussinesq and 3D Euler equations
with 𝐶1,𝛼 initial velocity and boundary [72]. For other recent works on singularity
formation of 3D Euler with limited regularity, see also [69, 101] for initial data that
is smooth except at the origin, [100] for more smooth data but with a 𝐶1/2−𝜖 force,
and [138, 136] for settings with nonsmooth boundary. Very recently, Chen and Hou
proved stable and nearly self-similar blowup of the 2D Boussinesq and 3D Euler
with smooth initial data and boundary using computer assistance [73].

In 2008, Hou and Li [215] proposed a new 1D model for the 3D axisymmetric Euler
and Navier-Stokes equations. This model approximates the 3D axisymmetric Euler
and Navier-Stokes equations along the symmetry axis based on an approximation
in the 𝑟 direction. The solution of the 1D model can be used to construct an exact
solution of the original 3D Navier-Stokes equations if the initial angular velocity,
angular vorticity, and angular stream function are linear in 𝑟. This model shares
many intrinsic properties similar to those of the 3D Navier-Stokes equations. Thus,
it captures some essential nonlinear features of the 3D Euler and Navier-Stokes
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equations. In the same paper [215], the authors proved the global regularity of the
Hou-Li model by deriving a new Lyapunov functional, which captures the exact
cancellation between advection and vortex stretching.

The purpose of this chapter is to study the singularity formation of a weak advection
version of the Hou-Li model for smooth data. We introduce a parameter 𝑎 to
characterize the relative strength between advection and vortex stretching, just like
the gCLM model. Both inviscid and viscous cases are considered. We also prove
the finite time singularity formation of the original inviscid Hou-Li model (𝑎 = 1
and 𝜈 = 0) with 𝐶𝛼 initial data. Inspired by the recent work of Chen [67] for the De
Gregorio model, we consider the case of 𝑎 < 1 and treat 1− 𝑎 as a small parameter.
For the 𝐶𝛼 initial data, we consider the original Hou-Li model with 𝑎 = 1 and 1− 𝛼
small. By using the dynamic rescaling formulation and analyzing the stability of
the linearized operator around an approximate steady state of the original Hou-Li
model (𝑎 = 1), we prove finite time self-similar blowup.

We follow a general strategy that we have established in our previous works [76, 72].
Establishing linear stability of the approximate steady state is the most crucial step
in our blowup analysis. To obtain sharp estimates for the nonlocal terms, we carry
out an exact computation for the low-frequency Fourier modes and extract damping
in leading order estimates for the high-frequency modes using singularly weighted
norms in the energy estimates. The blowup analysis for the viscous model is more
subtle since the viscous terms do not provide damping and produce some bad terms
if we use a singularly weighted norm. We establish the blowup analysis for the
viscous model by carefully designing an energy norm that combines a singularly
weighted energy norm and a sum of high-order Sobolev norms.

A.1.1 Problem setting
In [215], Hou-Li introduced the following reformulation of the axisymmetric Navier-
Stokes equation:

𝑢1,𝑡 + 𝑢𝑟𝑢1,𝑟 + 𝑢𝑧𝑢1,𝑧 = 2𝑢1𝜓1,𝑧 + 𝜈Δ𝑢1 , (A.1.1)

𝜔1,𝑡 + 𝑢𝑟𝜔1,𝑟 + 𝑢𝑧𝜔1,𝑧 =
(
𝑢2

1

)
𝑧
+ 𝜈Δ𝜔1 , (A.1.2)

−
[
𝜕2
𝑟 + (3/𝑟)𝜕𝑟 + 𝜕2

𝑧

]
𝜓1 = 𝜔1 , (A.1.3)

where 𝑢1 = 𝑢𝜃/𝑟, 𝜔1 = 𝜔𝜃 , 𝜓1 = 𝜓𝜃/𝑟, and 𝑢𝜃 , 𝜔𝜃 , and 𝜓𝜃 are the angular velocity,
angular vorticity, and angular stream function, respectively. By the well-known
Caffarelli-Kohn-Nirenberg partial regularity result [53], the axisymmetric Navier-
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Stokes equations can develop a finite time singularity only along the symmetry axis
𝑟 = 0. To study the potential singularity or global regularity of the axisymmetric
Navier-Stokes equations, Hou-Li [215] proposed the following 1D model along the
symmetry axis 𝑟 = 0:

𝑢1,𝑡 + 2𝜓1𝑢1,𝑧 = 2𝜓1,𝑧𝑢1 + 𝜈𝑢1,𝑧𝑧 ,

𝜔1,𝑡 + 2𝜓1𝜔1,𝑧 =
(
𝑢2

1

)
𝑧
+ 𝜈𝜔1,𝑧𝑧 ,

−𝜓1,𝑧𝑧 = 𝜔1 .

(A.1.4)

Such a reduction is exact in the sense that if (𝜔1, 𝑢1, 𝜓1) is an exact solution of
the 1D model, we can obtain an exact solution of the 3D Navier-Stokes equations
by using a constant extension in 𝑟. This corresponds to the case when the physical
quantities 𝑢𝜃 = 𝑟𝑢1, 𝜔𝜃 = 𝑟𝜔1 are linear in 𝑟. We assume that the solutions are
periodic in 𝑧 on [0, 2𝜋]. We already know from the original Hou-Li paper that this
system is well-posed for 𝐶𝑚 initial data with 𝑚 ≥ 1. In [215], the authors also used
the well-posedness of the Hou-Li model to construct globally smooth solutions to
the 3D equations with large dynamic growth.

In two recent papers by Hou [212, 213], the author presented new numerical evi-
dence that the 3D axisymmetric Euler and Navier-Stokes equations develop potential
singular solutions at the origin. This new blowup scenario is very different from the
Hou-Luo blowup scenario, which occurs on the boundary. In this computation, the
author observed that the axial velocity 𝑢𝑧 = 2𝜓1+𝑟𝜓1,𝑟 near the maximal point of 𝑢1

is significantly weaker than 2𝜓1. This is due to the fact that 𝜓1 reaches the maximum
at a position 𝑟 = 𝑟𝜓 that is smaller than the position 𝑟 = 𝑟𝑢 in which 𝑢1 achieves
its maximum, i.e. 𝑟𝜓 < 𝑟𝑢. Therefore 𝜓1,𝑟 is negative near the maximal position
of 𝑢1. Thus the axial velocity 𝑢𝑧 is actually weaker than 2𝜓1, which corresponds to
𝑢𝑧 |𝑟=0. Thus, the original Hou-Li model along 𝑟 = 0 does not capture this subtle
phenomenon, which is three-dimensional in nature. To gain some understanding of
this potentially singular behavior, we introduce the following 1D weak advection
model.

𝑢𝑡 + 2𝑎𝜓𝑢𝑧 = 2𝑢𝜓𝑧 + 𝜈𝑢𝑧𝑧 ,

𝜔𝑡 + 2𝑎𝜓𝜔𝑧 =
(
𝑢2

)
𝑧
+ 𝜈𝜔𝑧𝑧 ,

−𝜓𝑧𝑧 = 𝜔 ,

(A.1.5)

where 𝑎 is a parameter that measures the relative strength of advection in the Hou-Li
model.
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Remark A.1.1. For simplicity, we drop the subscript 1 in the above weak advection
model. The proposed model (A.1.5) in the inviscid case 𝜈 = 0 resembles the
generalized Constantin-Lax-Majda model (gCLM) [353]

𝜔𝑡 + 𝑎𝑢𝜔𝑥 = 𝑢𝑥𝜔 , 𝑢𝑥 = 𝐻𝜔 ,

where
𝐻𝜔(𝑥) = 1

𝜋
𝑝.𝑣.

∫
R

𝜔(𝑦)
𝑥 − 𝑦 d𝑦

is the Hilbert transform. They share similar structures of competition between
advection and vortex stretching. The case when 𝑎 = 1 corresponds to the De
Gregorio (DG) model. We obtain an explicit steady-state to the inviscid Hou-Li
model (A.1.4) (𝜔, 𝑢, 𝜓) = (sin 𝑥, sin 𝑥, sin 𝑥), similar to the steady state (𝜔, 𝑢) =

(− sin 𝑥, sin 𝑥) of the DG model on 𝑆1. Many of the results we present in this chapter
have analogies for the gCLM model; see in particular [67, 68].

A.1.2 Main results
We summarize the main results of the chapter below and devote the subsequent
sections to proving these results. Our first result is on the finite-time blowup of the
weak inviscid advection model; for its proof see Section A.2 and A.3.

Theorem A.1.2. For the weak advection model (A.1.5) in the inviscid case 𝜈 = 0,
there exists a constant 𝛿 > 0 such that for 𝑎 ∈ (1 − 𝛿, 1), the weak advection model
(A.1.5) develops a finite time singularity for some 𝐶∞ initial data. Moreover, there
exists a self-similar profile (𝜔∞, 𝜔∞, 𝜔∞) corresponding to a blowup that is neither
expanding nor focusing. More precisely, the blowup solution to (A.1.5) has the form

𝜔(𝑥, 𝑡) = 1
1 + 𝑐𝑢,∞𝑡

𝜔∞ , 𝑢(𝑥, 𝑡) =
1

1 + 𝑐𝑢,∞𝑡
𝑢∞ , 𝜓(𝑥, 𝑡) =

1
1 + 𝑐𝑢,∞𝑡

𝜓∞ ,

for some negative constant 𝑐𝑢,∞ with a blowup time given by 𝑇 = −1
𝑐𝑢,∞

.

Remark A.1.3. Such self-similar blowup that is neither expanding nor focusing is
observed numerically for 𝑎 ∈ [0.6, 0.9]. See also a similar phenomenon observed
for the gCLM model in [300] for 𝑎 ∈ [0.68, 0.95]. The blowup result for the gCLM
model has been proved in [68] for 𝑎 sufficiently close to 1. We remark that for 𝑎
very close to 1, since we can show that 𝑐𝑢,∞ = 2(𝑎 − 1) + 𝑜(𝑎 − 1), the blowup time
becomes very large due to the very small coefficient 1 − 𝑎 in the vortex stretching
term which slightly dominates the advection term. It would be extremely difficult to
compute such singularity numerically since it takes an extremely long time for the
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singularity to develop. For 𝑎 below a critical value 𝑎0, i.e. 𝑎 < 𝑎0, we observe that
the weak advection Hou-Li model develops a focusing singularity.

The second result is on the blowup of the original Hou-Li model with𝐶𝛼 initial data;
for its proof see Section A.4. In [137], the authors made an important observation
that advection can be weakened by 𝐶𝛼 data. Intuitively if 𝑢 = 𝑂 (𝑥𝛼) in the origin,
since 𝜓 is 𝐶2, we have that 𝜓𝑢𝑥 ≈ 𝛼𝜓𝑥𝑢 near the origin, the vortex stretching term
is stronger than the advection term if 𝛼 < 1. See [76, 67] on results of blowup of
the DG model with Hölder continuous data.

Theorem A.1.4. Consider the Hou-Li model (A.1.4) in the inviscid case 𝜈 = 0.
There exists a constant 𝛿0 > 0 such that for 𝛼 ∈ (1− 𝛿0, 1), (A.1.4) develops a finite
time singularity for some 𝐶𝛼 initial data. Moreover, there exists a 𝐶𝛼 self-similar
profile corresponding to a blowup that is neither expanding nor focusing, similar to
the setting in Theorem A.1.2.

Remark A.1.5. This theorem establishes blowups of type 𝐶𝛼 for any 𝛼 close to 1,
which of course implies blowups in less regular classes since 𝐶𝛼 ⊂ 𝐶𝛼1 for 𝛼1 < 𝛼.
The regularity of the profile determines the speed of the blowup since our constructed
𝐶𝛼 profile has blowup time 𝑇 = 𝑂 (−1/(2(𝛼 − 1))). We remark that however, we do
not have blowup for data intrinsically in a low regularity class 𝐶𝜖 for 𝜖 close to 0;
that is, data that is 𝐶𝜖 but not in any higher 𝐶𝛼 classes. We conjecture that such
blowup might be focusing, which is beyond the scope of this chapter.

Remark A.1.6. The above two theorems imply that the result of the wellposedness
in [215] of the Hou-Li model for 𝐶1 initial data is sharp. As long as the advection
is weakened or slightly less smooth data is allowed, we would have a self-similar
blowup.

The third result is on the finite-time blowup of the weak advection model with
viscosity. The dynamic rescaling formulation implies that the viscous terms are
asymptotically small. Thus, we can build on Theorem A.1.2 to establish Theorem
A.1.7. We remark that there is no exact self-similar profile due to the viscous term.
We will provide more details of the blowup analysis for the viscous case in Section
A.5.

Theorem A.1.7. Consider the weak advection model (A.1.5) with viscosity. There
exists a constant 𝛿1 > 0 such that for 𝑎 ∈ (1 − 𝛿1, 1), the weak advection model
(A.1.5) develops a finite time singularity for some 𝐶∞ initial data.
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We use the framework of the dynamic rescaling formulation to establish the blowups.
This formulation was first introduced by McLaughlin, Papanicolaou, and co-workers
in their study of self-similar blowup of the nonlinear Schrödinger equation [315,
263]. This formulation was later developed into an effective modulation tech-
nique, which has been applied to analyze the singularity formation for the nonlinear
Schrödinger equation [246, 321], compressible Euler equations [49], the nonlinear
heat equation [324], the generalized KdV equation [308], and other dispersive prob-
lems. Recently this approach has been applied to prove singularity in various gCLM
models [76, 67, 68] and in Euler equations [135, 72, 73]. Our blowup analysis
consists of several steps. First, we use the dynamic rescaling formulation to link
a self-similar singularity to the (stable) steady state of the dynamic rescaling for-
mulation. Secondly, we identify, either analytically or numerically, an approximate
steady state to the dynamic rescaling formulation. Thirdly, we perform energy esti-
mates using a singularly weighted norm to establish linear and nonlinear stability of
the approximate steady state. Finally, we establish exponential convergence to the
steady state in the rescaled time.

The crucial ingredient of the framework is the linear stability of the approximate
steady state, and we usually adopt a singularly weighted 𝐿2-based estimate. To
avoid an overestimate in the linear stability analysis, we expand the perturbation
in terms of the orthonormal basis with respect to the weight 𝐿2 norm and reduce
the linear stability estimate into an estimate of a quadratic form for the Fourier
coefficients. We further extract the damping effect of the linearized operator by
establishing a lower bound on the eigenvalues of an infinite-dimensional symmetric
matrix. We prove the positive-definiteness of this quadratic form by performing
an exact computation of the eigenvalues of a small number of Fourier modes with
rigorous computer-assisted bounds, and treat the high-frequency Fourier modes as
a small perturbation by using the asymptotic decay of the quadratic form in the
high-frequency Fourier coefficients.

A.1.3 Organization of the chapter and notations
In Section A.2, we introduce our dynamic rescaling formulation and link the blowup
of the physical equation to the steady state of the dynamic rescaling formulation.
The linear stability of the approximate steady state is established. In Section A.3, we
establish the nonlinear stability of the approximate steady state and the exponential
convergence to the steady state, which proves Theorem A.1.2 and the blowup for
the weak advection model. In Section A.4, we prove Theorem A.1.4 and establish
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blowup for the original model with Hölder continuous data. In Section A.5, we
prove Theorem A.1.7 by designing a special energy norm to estimate the viscous
terms. We provide the crucial linear damping estimates in the Appendix using
computer assistance.

Throughout the article, we use (·, ·) to denote the inner product on 𝑆1: ( 𝑓 , 𝑔) =∫ 𝜋

−𝜋 𝑓 𝑔. We use 𝐶 to denote absolute constants, which may vary from line to line,
and we use 𝐶 (𝑘) to denote some constant that may depend on specific parameters
𝑘 we choose. We use 𝐴 ≲ 𝐵 for positive 𝐵 to denote that there exists an absolute
constant 𝐶 > 0 such that 𝐴 ≤ 𝐶𝐵.

A.2 Dynamic Rescaling Formulation and Linear Estimates
A.2.1 Dynamic rescaling formulation
We will establish the singularity formation of the weak advection model by using
the dynamic rescaling formulation. We first consider the inviscid case with 𝜈 = 0.
For solutions to the system (A.1.5), we introduce

𝑢̃(𝑥, 𝜏) = 𝐶𝑢 (𝜏)𝑢(𝑥, 𝑡 (𝜏)) , 𝜔̃(𝑥, 𝜏) = 𝐶𝑢 (𝜏)𝜔(𝑥, 𝑡 (𝜏)) , 𝜓̃(𝑥, 𝜏) = 𝐶𝑢 (𝜏)𝜓(𝑥, 𝑡 (𝜏)) ,

where
𝐶𝑢 (𝜏) = exp

(∫ 𝜏

0
𝑐𝑢 (𝑠)𝑑𝑠

)
, 𝑡 (𝜏) =

∫ 𝜏

0
𝐶𝑢 (𝑠)𝑑𝑠 .

We can show that the rescaled variables solve the following dynamic rescaling
equation

𝑢̃𝜏 + 2𝑎𝜓̃𝑢̃𝑥 = 2𝑢̃𝜓̃𝑥 + 𝑐𝑢𝑢̃ ,

𝜔̃𝜏 + 2𝑎𝜓̃𝜔̃𝑥 =
(
𝑢̃2

)
𝑥
+ 𝑐𝑢𝜔̃ ,

−𝜓̃𝑥𝑥 = 𝜔̃ .

(A.2.1)

Remark A.2.1. We do not rescale the spatial variable 𝑥, since we are interested in
a blowup solution that is neither focusing nor expanding within a fixed period. The
scaling factors for 𝑢, 𝜔, 𝜓 are thus the same.

When we establish a self-similar blowup, it suffices to show the dynamic stability
of equation (A.2.1) close to an approximate steady state with scaling parameter
𝑐𝑢 < −𝜖 < 0 uniformly in time for a small constant 𝜖 ; see also [76]. In fact, it’s easy
to see that if (𝑢̃, 𝜔̃, 𝜓̃, 𝑐𝑢) converges to a steady-state (𝑢∞, 𝜔∞, 𝜓∞, 𝑐𝑢,∞) of (A.2.1),
then

𝜔(𝑥, 𝑡) = 1
1 + 𝑐𝑢,∞𝑡

𝜔∞ , 𝑢(𝑥, 𝑡) =
1

1 + 𝑐𝑢,∞𝑡
𝑢∞ , 𝜓(𝑥, 𝑡) =

1
1 + 𝑐𝑢,∞𝑡

𝜓∞ ,
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is a self-similar solution of (A.1.5).

From now on, we will primarily work in the dynamic rescaling formulation and use
the notations that 𝑢̃ = 𝑢̄ + 𝑢̂, where 𝑢̄ is the approximate steady state that we perturb
around and 𝑢̂ is the perturbation. Notations for variables 𝜔̃ and 𝜓̃ are similar.

A.2.2 Equations governing the perturbation
We use the steady state corresponding to the case of 𝑎 = 1 to construct an approxi-
mate steady state for (A.2.1).

𝜔̄ = sin 𝑥 , 𝑢̄ = sin 𝑥 , 𝜓̄ = sin 𝑥 , 𝑐𝑢 = 2(𝑎 − 1)𝜓̄𝑥 (0) = 2(𝑎 − 1) .

We consider odd perturbations 𝑢̂, 𝜔̂, 𝜓̂. The parities are preserved in time by
equation (A.2.1). We use the normalization condition as 𝑐𝑢 = 2(𝑎 − 1)𝜓̂𝑥 (0). This
normalization ensures that 𝑢̄𝑥 (0) + 𝑢̂𝑥 (0) is conserved in time.

To simplify our presentation, we will drop theˆin the perturbation 𝑢̂ and use 𝑢 for 𝑢̂,
𝜔 for 𝜔̂, 𝜓 for 𝜓̂. Now the perturbations satisfy the following system

𝑢𝜏 = −2𝑎 sin 𝑥𝑢𝑥 − 2𝑎 cos 𝑥𝜓 + 2𝑢 cos 𝑥 + 2 sin 𝑥𝜓𝑥 + 𝑐𝑢𝑢 + 𝑐𝑢𝑢̄ + 𝑁1 + 𝐹1 ,

𝜔𝜏 = −2𝑎 sin 𝑥𝜔𝑥 − 2𝑎 cos 𝑥𝜓 + 2𝑢 cos 𝑥 + 2 sin 𝑥𝑢𝑥 + 𝑐𝑢𝜔 + 𝑐𝑢𝜔̄ + 𝑁2 + 𝐹2 ,

−𝜓𝑥𝑥 = 𝜔 ,
(A.2.2)

where 𝑁1, 𝑁2 and 𝐹1, 𝐹2 are the nonlinear terms and error terms defined below:

𝑁1 = (𝑐𝑢 + 2𝜓𝑥)𝑢 − 2𝑎𝜓𝑢𝑥 , 𝑁2 = 𝑐𝑢𝜔 + 2𝑢𝑢𝑥 − 2𝑎𝜓𝜔𝑥 ,

𝐹1 = (𝑐𝑢+2𝜓̄𝑥)𝑢̄−2𝑎𝜓̄𝑢̄𝑥 = 2(𝑎−1) sin 𝑥(1−cos 𝑥) , 𝐹2 = 𝑐𝑢𝜔̄+2𝑢̄𝑢̄𝑥−2𝑎𝜓̄𝜔̄𝑥 = 𝐹1 .

We further organize the system (A.2.2) into the main linearized term and a smaller
term containing a factor of 𝑎 − 1:

𝑢𝜏 = 𝐿1 + (𝑎 − 1)𝐿′1 + 𝑁1 + 𝐹1 ,

𝜔𝜏 = 𝐿2 + (𝑎 − 1)𝐿′2 + 𝑁2 + 𝐹2 ,

−𝜓𝑥𝑥 = 𝜔 .

(A.2.3)

where
𝐿1 = −2 sin 𝑥𝑢𝑥 − 2 cos 𝑥𝜓 + 2𝑢 cos 𝑥 + 2 sin 𝑥𝜓𝑥 ,

𝐿′1 = −2 sin 𝑥𝑢𝑥 − 2 cos 𝑥𝜓 + 2𝑢 + 2𝜓𝑥 (0) sin 𝑥 ,

𝐿2 = −2 sin 𝑥𝜔𝑥 − 2 cos 𝑥𝜓 + 2𝑢 cos 𝑥 + 2 sin 𝑥𝑢𝑥 ,
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𝐿′2 = −2 sin 𝑥𝜔𝑥 − 2 cos 𝑥𝜓 + 2𝜔 + 2𝜓𝑥 (0) sin 𝑥 .

To show that the dynamic rescaling equation is stable and converges to a steady state,
we will perform a weighted-𝐿2 estimate with a singular weight 𝜌 and a weighted 𝐿2

norm
𝜌 =

1
2𝜋(1 − cos 𝑥) , ∥ 𝑓 ∥𝜌 = ( 𝑓 2, 𝜌)1/2 .

For initial perturbation with 𝑢𝑥 (0, 0) = 0, we have 𝑢𝑥 (0, 𝜏) = 0 for all time and

𝐸2(𝜏) = 1
2
((𝑢2

𝑥 , 𝜌) + (𝜔2, 𝜌)) ,

is well-defined. We will first show that the dominant parts 𝐿1 and 𝐿2 provide
damping. The following lemma is crucial and motivates the choice of 𝜌.

Lemma A.2.2. We have the following identity

(sin 𝑥 𝑓𝑥 , 𝑓 𝜌) =
1
2
( 𝑓 2, 𝜌) ,

which can be verified directly by using integration by parts.

A.2.3 Stability of the main parts in the linearized equation
In order to extract the maximal amount of damping, we will expand the perturbed
solution in the Fourier series and perform exact calculations. We first explore the
orthonormal basis in 𝐿2(𝜌).

Lemma A.2.3. For the space of odd periodic functions on [0, 2𝜋], we describe a
complete set of orthonormal basis {𝑜𝑘 } in 𝐿2(𝜌)

𝑜𝑘 = sin(𝑘𝑥) − sin((𝑘 − 1)𝑥) , 𝑘 = 1, 2, · · · .

Similarly, for the space of even periodic functions that lie in 𝐿2(𝜌), we describe a
complete set of orthonormal basis {𝑒𝑘 }

𝑒𝑘 = cos(𝑘𝑥) − cos((𝑘 + 1)𝑥) , 𝑘 = 0, 1, · · · .

Now we are now ready to establish linear stability.

Proposition A.2.4. The following energy estimate holds for the leading linearized
operators

𝑑𝐸1 := ((𝐿1)𝑥 , 𝑢𝑥𝜌) + (𝐿2, 𝜔𝜌) ≤ −0.16[(𝑢𝑥 , 𝑢𝑥𝜌) + (𝜔, 𝜔𝜌)] .
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Proof. Consider the expansion of 𝜔, 𝑢𝑥 , and 𝑢 in the orthonormal basis

𝜔 =
∑︁
𝑘≥1

𝑎𝑘𝑜
𝑘 , 𝑢 =

∑︁
𝑘≥1

𝑏𝑘𝑜
𝑘 , 𝑢𝑥 =

∑︁
𝑘≥1

𝑐𝑘𝑒
𝑘 .

Note the summation index for 𝑢𝑥 satisfies 𝑘 ≥ 1 since we can easily see that

(𝑢𝑥 , 𝑒0𝜌) = 1
2𝜋

∫ 2𝜋

0
𝑢𝑥 = 0 .

We first express 𝑏𝑘 in terms of 𝑐𝑘 . If we insert the expression of the basis into 𝑢,
take derivative and compare the coefficients with the expansion of 𝑢𝑥 , we get

𝑐𝑖 =

𝑖∑︁
𝑘=1

𝑏𝑘 − 𝑖𝑏𝑖+1 .

Therefore we can solve

𝑏𝑖+1 = 𝑏1 −
𝑖−1∑︁
𝑘=1

𝑐𝑘

𝑘 (𝑘 + 1) −
𝑐𝑖

𝑖
.

Moreover, we have the compatibility condition 𝑢𝑥 (0) =
∑
𝑘≥0 𝑏𝑘 = 0. Therefore we

can solve 𝑏1 and obtain
𝑏𝑖 =

∑︁
𝑘≥𝑖

𝑐𝑘

𝑘 (𝑘 + 1) −
𝑐𝑖−1

𝑖
, (A.2.4)

where we define 𝑐0 = 0.

Now we write out the terms explicitly using the expansions

𝑑𝐸1 = 2(−𝑢 sin 𝑥 − 𝑢𝑥𝑥 sin 𝑥, 𝑢𝑥𝜌) + 2(sin 𝑥𝜓 + sin 𝑥𝜓𝑥𝑥 , 𝑢𝑥𝜌)
+ 2(− sin 𝑥𝜔𝑥 − cos 𝑥𝜓, 𝜔𝜌) + 2(𝑢 cos 𝑥 + sin 𝑥𝑢𝑥 , 𝜔𝜌)
= −[(𝑢𝑥 , 𝑢𝑥𝜌) + (𝜔, 𝜔𝜌) + (𝑢, 𝑢𝜌)] + 2[−(cos 𝑥𝜓, 𝜔𝜌) + (sin 𝑥𝜓, 𝑢𝑥𝜌) + (𝑢 cos 𝑥, 𝜔𝜌)] .

Here we use the crucial Lemma A.2.2 to extract damping on the local terms and
the Biot-Savart law −𝜓𝑥𝑥 = 𝜔 to cancel the effect of the nonlocal terms sin 𝑥𝜓𝑥𝑥 in
(𝐿1)𝑥 and sin 𝑥𝑢𝑥 in 𝐿2. Next, we calculate the remaining nonlocal terms explicitly.

−2(cos 𝑥𝜓, 𝜔𝜌) = (2(1 − cos 𝑥)𝜓, 𝜔𝜌) − 2(𝜓, 𝜔𝜌) = 1
𝜋
(𝜓, 𝜔) − 2(𝜓, 𝜔𝜌) .

We express 𝜔 and 𝜓 both in terms of orthonormal basis 𝑜𝑘 corresponding to the
weighted norm and the canonical basis sin(𝑘𝑥) corresponding to the (normalized
by 1

𝜋
) 𝐿2 norm.

𝜔 =
∑︁
𝑘≥1

(𝑎𝑘 − 𝑎𝑘+1) sin(𝑘𝑥) ,
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where we denote 𝑎0 = 0. Therefore

𝜓 =
∑︁
𝑘≥1

𝑎𝑘 − 𝑎𝑘+1

𝑘2 sin(𝑘𝑥) .

Furthermore, we collect

𝜓 =
∑︁
𝑘≥1

∑︁
𝑗≥𝑘

𝑎 𝑗 − 𝑎 𝑗+1

𝑗2
𝑜𝑘 .

Therefore we can compute explicitly that

−2(cos 𝑥𝜓, 𝜔𝜌) =
∑︁
𝑘≥1

(𝑎𝑘 − 𝑎𝑘+1)2

𝑘2 − 2
∑︁
𝑘≥1

𝑎𝑘

∑︁
𝑗≥𝑘

𝑎 𝑗 − 𝑎 𝑗+1

𝑗2
.

We use integration by parts similar to Lemma A.2.2 to obtain

2[(sin 𝑥𝜓, 𝑢𝑥𝜌) + (𝑢 cos 𝑥, 𝜔𝜌)] = 2(cos 𝑥𝜔 + 𝜓 − sin 𝑥𝜓𝑥 , 𝑢𝜌) := 2(𝑇𝑢, 𝑢𝜌) .

We further have

𝑇𝑢 =
∑︁
𝑘≥1

(𝑎𝑘 − 𝑎𝑘+1) [
𝑘 + 1
2𝑘

sin((𝑘 − 1)𝑥) + 𝑘 − 1
2𝑘

sin((𝑘 + 1)𝑥) + 1
𝑘2 sin(𝑘𝑥)]

=
∑︁
𝑘≥1

sin(𝑘𝑥) [ 𝑘 + 2
2(𝑘 + 1) (𝑎𝑘+1 − 𝑎𝑘+2) +

𝑎𝑘 − 𝑎𝑘+1

𝑘2 + 𝑘 − 2
2(𝑘 − 1) (𝑎𝑘−1 − 𝑎𝑘 )]

=
∑︁
𝑘≥1

[ 𝑘 − 2
2(𝑘 − 1) 𝑎𝑘−1 + ( 1

2𝑘 (𝑘 − 1) +
1
𝑘2 )𝑎𝑘 + ( 𝑘 + 1

2𝑘
+ 1
(𝑘 + 1)2 − 1

𝑘2 )𝑎𝑘+1

+
∑︁
𝑗>𝑘+1

( 1
𝑗2

− 1
( 𝑗 − 1)2 )𝑎 𝑗 ]𝑜

𝑘 ,

where the terms involving 1
𝑘−1 in the summand is regarded as 0 for 𝑘 = 1. Therefore

we collect explicitly that

𝑑𝐸1 =
∑︁
𝑘≥1

{−(𝑎2
𝑘 + 𝑏

2
𝑘 + 𝑐

2
𝑘 ) +

(𝑎𝑘 − 𝑎𝑘+1)2

𝑘2 − 2𝑎𝑘
∑︁
𝑗≥𝑘

𝑎 𝑗 − 𝑎 𝑗+1

𝑗2
+ 2𝑏𝑘 [

𝑘 − 2
2(𝑘 − 1) 𝑎𝑘−1

+ ( 1
2𝑘 (𝑘 − 1) +

1
𝑘2 )𝑎𝑘 + ( 𝑘 + 1

2𝑘
+ 1
(𝑘 + 1)2 − 1

𝑘2 )𝑎𝑘+1 +
∑︁
𝑗>𝑘+1

( 1
𝑗2

− 1
( 𝑗 − 1)2 )𝑎 𝑗 ]} .

Substituting (A.2.4) into the above and we can simplify

𝑑𝐸1 = −
∑︁
𝑘≥1

{𝑎2
𝑘 (1 + 1

𝑘2 − 1
(𝑘 − 1)2 ) + 𝑐

2
𝑘 (1 + 1

𝑘 (𝑘 + 1) ) + 2𝑎𝑘𝑎𝑘+1
1

(𝑘 + 1)2

+ 2𝑎𝑘
∑︁
𝑗>𝑘+1

𝑎 𝑗 (
1
𝑗2

− 1
( 𝑗 − 1)2 ) + 2𝑎𝑘𝑐𝑘

1 + 2𝑘 − 𝑘2

2𝑘2(𝑘 + 1)
+ 2𝑎𝑘+1𝑐𝑘

𝑘2 − 𝑘 − 1
2𝑘2(𝑘 + 1)2

− 2𝑎𝑘+2𝑐𝑘
𝑘 + 2

2(𝑘 + 1)2 +
∑︁
𝑗>𝑘

2𝑎𝑘𝑐 𝑗
1

𝑗 ( 𝑗 + 1) } .
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After this explicit computation, we notice that the damping estimate in Proposition
A.2.4 can be cast into an estimate of a quadratic form; see (A.2.5), which is equivalent
to a lower bound on the eigenvalues of an infinite-dimensional symmetric matrix.

𝐹 (𝑎, 𝑐) :=
∑︁
𝑘≥1

{𝑎2
𝑘 (0.84 + 1

𝑘2 − 1
(𝑘 − 1)2 ) + 𝑐

2
𝑘 (0.84 + 1

𝑘 (𝑘 + 1) ) + 2𝑎𝑘𝑎𝑘+1
1

(𝑘 + 1)2

+ 2𝑎𝑘
∑︁
𝑗>𝑘+1

𝑎 𝑗 (
1
𝑗2

− 1
( 𝑗 − 1)2 ) + 2𝑎𝑘𝑐𝑘

1 + 2𝑘 − 𝑘2

2𝑘2(𝑘 + 1)
+ 2𝑎𝑘+1𝑐𝑘

𝑘2 − 𝑘 − 1
2𝑘2(𝑘 + 1)2

− 2𝑎𝑘+2𝑐𝑘
𝑘 + 2

2(𝑘 + 1)2 +
∑︁
𝑗>𝑘

2𝑎𝑘𝑐 𝑗
1

𝑗 ( 𝑗 + 1) } ≥ 0 .

(A.2.5)

We notice that the entries decay fast. Therefore the strategy to prove (A.2.5) is
to combine a computer-assisted estimate of the eigenvalues of its finite truncation
with a decay estimate of the remaining part. We will defer the proof of (A.2.5) to
the Appendix, see Lemma A.6.1 and the proof. Thereby we conclude the linear
estimate. □

A.3 Nonlinear Estimates and Convergence to Self-similar Profile
A.3.1 Nonlinear stability
By Proposition A.2.4 and equation (A.2.3), we have

1
2
𝑑

𝑑𝜏
𝐸2(𝜏) ≤ −0.16𝐸2(𝜏) + (𝑎 − 1) [((𝐿′1)𝑥 , 𝑢𝑥𝜌) + (𝐿′2, 𝜔𝜌)]

+ ((𝑁1)𝑥 , 𝑢𝑥𝜌) + (𝑁2, 𝜔𝜌) + ((𝐹1)𝑥 , 𝑢𝑥𝜌) + (𝐹2, 𝜔𝜌) .
(A.3.1)

We first provide some estimates about the weighted 𝐿2 norm and 𝐿∞ norm of some
lower-order terms.

Lemma A.3.1. The following estimates hold

1. Weighted 𝐿2 norm:

∥𝜓∥𝜌, ∥𝜓𝑥 − 𝜓𝑥 (0)∥𝜌, ∥𝑢∥𝜌 ≲ 𝐸 .

2. 𝐿∞ norm:
∥𝜓𝑥 ∥∞, ∥

𝜓

sin 𝑥
∥∞, ∥𝑢∥∞ ≲ 𝐸 .



255

Proof. For (1), we use the setting of the Fourier series approach as in the proof of
Proposition A.2.4 and pick up the notation there.

∥𝜓𝑥 − 𝜓𝑥 (0)∥2
𝜌 =

∑︁
𝑘≥1

(
∑︁
𝑗≥𝑘

𝑎 𝑗 − 𝑎 𝑗+1

𝑗
)2 ≤

∑︁
𝑘≥1

∑︁
𝑗≥𝑘

𝑎2
𝑗 (

1
𝑘2 +

∑︁
𝑗>𝑘

(1
𝑗
− 1
𝑗 + 1

)2)

≲
∑︁
𝑗≥1

𝑎2
𝑗

∑︁
𝑘≥1

1
𝑘2 ≲ ∥𝜔∥2

𝜌 ,

where we have used the Cauchy-Schwarz inequality. We can similarly estimate
∥𝜓∥𝜌. Then we get

∥𝑢∥2
𝜌 =

∑︁
𝑗≥1

𝑏2
𝑗 =

∑︁
𝑗≥1

1
𝑗 ( 𝑗 + 1) 𝑐

2
𝑗 ≤

∑︁
𝑗≥1

𝑐2
𝑗 = ∥𝑢𝑥 ∥2

𝜌 .

For (2), we first compute using Fourier series similar to (1)

𝜓𝑥 (0) =
∑︁
𝑗≥1

𝑎 𝑗 − 𝑎 𝑗+1

𝑗
≲ ∥𝜔∥𝜌 .

Next, we estimate
∥𝜓𝑥 − 𝜓𝑥 (0)∥∞ ≲ ∥𝜓𝑥𝑥 ∥1 ≲ ∥𝜔∥𝜌 .

Similarly, we obtain the estimate for ∥𝑢∥∞. For ∥ 𝜓

sin 𝑥 ∥∞, since 𝜓 is odd and periodic,
we have 𝜓(𝜋) = 𝜓(0) = 0 and only need to estimate this norm in [0, 𝜋]. Since
sin 𝑥 ≥ 2

𝜋
min{𝑥, 𝜋 − 𝑥} in [0, 𝜋], we have ∥ 𝜓

sin 𝑥 ∥∞ ≲ ∥𝜓𝑥 ∥∞ by Lagrange’s mean
value theorem. □

Combined with the damping in Lemma A.2.2, we further obtain

((𝐿′1)𝑥 , 𝑢𝑥𝜌) = 2(− cos 𝑥𝑢𝑥 − sin 𝑥𝑢𝑥𝑥 + sin 𝑥𝜓 − cos 𝑥𝜓𝑥 + 𝑢𝑥 + 𝜓𝑥 (0) cos 𝑥, 𝑢𝑥𝜌)
≲ 𝐸2 + (∥𝜓∥𝜌 + ∥𝜓𝑥 − 𝜓𝑥 (0)∥𝜌)𝐸 ≲ 𝐸2 ,

(𝐿′2, 𝜔𝜌) = 2(− sin 𝑥𝜔𝑥−cos 𝑥𝜓+𝜔+𝜓𝑥 (0) sin 𝑥, 𝜔𝜌) ≲ 𝐸2+(∥𝜓∥𝜌+|𝜓𝑥 (0) |)𝐸 ≲ 𝐸2 .

((𝐹1)𝑥 , 𝑢𝑥𝜌) ≲ |𝑎 − 1|𝐸 , (𝐹2, 𝜔𝜌) ≲ |𝑎 − 1|𝐸 ,

((𝑁1)𝑥 , 𝑢𝑥𝜌) = 2(−𝜔𝑢 + (1 − 𝑎) (𝜓𝑥 − 𝜓𝑥 (0))𝑢𝑥 − 𝑎𝜓𝑢𝑥𝑥 , 𝑢𝑥𝜌)
≲ 𝐸2(∥𝜓𝑥 ∥∞ + ∥𝑢∥∞) + |(𝑢2

𝑥 , (𝜓𝜌)𝑥) |

≲ 𝐸2(∥𝜓𝑥 ∥∞ + ∥𝑢∥∞ + ∥ 𝜓

sin 𝑥
∥∞) ≲ 𝐸3 ,

(𝑁2, 𝜔𝜌) = 2((𝑎−1)𝜓𝑥 (0)𝜔+𝑢𝑢𝑥−𝑎𝜓𝜔𝑥 , 𝜔𝜌) ≲ 𝐸2(∥𝜓𝑥 ∥∞+∥𝑢∥∞+∥
𝜓

sin 𝑥
∥∞) ≲ 𝐸3 .
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Therefore we have

𝑑

𝑑𝜏
𝐸 (𝜏) ≤ −(0.16 − 𝐶 |𝑎 − 1|)𝐸 + 𝐶 |𝑎 − 1| + 𝐶𝐸2 . (A.3.2)

We can perform the standard bootstrap argument to show that there exist absolute
constants 𝛿, 𝐶 > 0 such that if |𝑎 − 1| < 𝛿 and 𝐸 (0) < 𝐶 |𝑎 − 1|, then we have
𝐸 (𝜏) < 𝐶 |𝑎 − 1| for all time. In particular 𝑐𝑢 = 𝑂 ( |𝑎 − 1|2) and 𝑐𝑢 + 𝑐𝑢 < 0.
Therefore we prove that the solution blows up in finite time.

A.3.2 Estimates using a higher-order Sobolev norm
In order to establish convergence of the solution to a steady state, we need to estimate
weighted norms of 𝑢𝑡 and𝜔𝑡 . As was pointed out in [68], we need to provide stability
estimates of the equation in higher-order Sobolev norms to close the estimate. In
particular, we choose

𝐾2(𝜏) = ∥𝐷𝑥𝑢𝑥 ∥2
𝜌 + ∥𝐷𝑥𝜔∥2

𝜌 ,

where we denote 𝐷𝑥 to be the operator sin 𝑥𝜕𝑥.

Remark A.3.2. This choice of weighted norms is again motivated by the local
linear damping estimates. We recall that the leading order terms of the local
terms in the linearized operators (𝐿1)𝑥 , 𝐿2 are −2𝐷𝑥𝑢𝑥 and −2𝐷𝑥𝑤, and we have
2(𝐷𝑥 𝑓 , 𝑓 𝜌) = ( 𝑓 , 𝑓 𝜌). Therefore in this new weighted norm, the combined terms
would again give damping

(−2𝐷𝑥𝐷𝑥𝑢𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (−2𝐷𝑥𝐷𝑥𝑤, 𝐷𝑥𝑤𝜌) = −𝐾2 . (A.3.3)

We now obtain
1
2
𝑑

𝑑𝜏
𝐾2(𝜏) ≤ (𝐷𝑥 (𝐿1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (𝐷𝑥𝐿2, 𝐷𝑥𝜔𝜌) + (𝐷𝑥 (𝑁1)𝑥 , 𝐷𝑥𝑢𝑥𝜌)

+ (𝐷𝑥𝑁2, 𝐷𝑥𝜔𝜌) + (𝑎 − 1) [(𝐷𝑥 (𝐿′1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (𝐷𝑥𝐿
′
2, 𝐷𝑥𝜔𝜌)]

+ (𝐷𝑥 (𝐹1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (𝐷𝑥𝐹2, 𝐷𝑥𝜔𝜌) .

We will denote the terms that have ∥ · ∥𝜌 norm bounded by 𝐸 as l.o.t.. The bound

∥𝐷𝑥 [ 𝑓 𝑔] ∥𝜌 ≲ (∥ 𝑓𝑥 ∥2 + ∥ 𝑓 ∥2) for 𝑔 = 1, cos 𝑥, sin 𝑥

combined with the oddness of 𝜓 and 𝑢 would imply that 𝐷𝑥 [ 𝑓 𝑔] is l.o.t. for 𝑓 =

𝜓, 𝜓𝑥 , 𝑢 and 𝑔 = sin 𝑥, cos 𝑥, 1. Therefore combined with (A.3.3), we have the
following estimate for the main term

𝑑𝐾1 := (𝐷𝑥 (𝐿1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (𝐷𝑥𝐿2, 𝐷𝑥𝜔𝜌) ,
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𝑑𝐾1 ≤ −𝐾2 − 2(𝐷𝑥 [sin 𝑥𝜔], 𝐷𝑥𝑢𝑥𝜌) + 2(𝐷𝑥𝐷𝑥𝑢, 𝐷𝑥𝜔𝜌) + 𝐶𝐸𝐾
= −𝐾2 − (sin 2𝑥𝜔, 𝐷𝑥𝑢𝑥𝜌) + (sin 2𝑥𝑢𝑥 , 𝐷𝑥𝜔𝜌) + 𝐶𝐸𝐾
≤ −𝐾2 + 𝐶𝐸𝐾 ,

where we have again used a crucial cancellation in the equality, similar to that of
𝑑𝐸1 in Subsection A.2.3. We estimate the rest of the terms similar to the nonlinear
stability estimates in (A.3.1).

(𝐷𝑥 (𝐿′1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (𝐷𝑥𝐿
′
2, 𝐷𝑥𝜔𝜌) ≲ 𝐾2 + 𝐸𝐾 ,

(𝐷𝑥 (𝐹1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) + (𝐷𝑥𝐹2, 𝐷𝑥𝜔𝜌) ≲ |𝑎 − 1|𝐾 ,

(𝐷𝑥 (𝑁1)𝑥 , 𝐷𝑥𝑢𝑥𝜌) ≲ 𝐸𝐾2 + |(−2𝑤𝐷𝑥𝑢 + 2(1 − 𝑎)𝐷𝑥𝜓𝑥𝑢𝑥 − 2𝑎𝜓𝐷𝑥𝑢𝑥𝑥 , 𝐷𝑥𝑢𝑥𝜌) |
≲ 𝐸𝐾2 + ∥ sin 𝑥𝑢𝑥 ∥∞𝐸𝐾 + |(𝑢2

𝑥𝑥 , (𝜓 sin2 𝑥𝜌)𝑥) |

≲ 𝐸𝐾 (𝐾 + 𝐸) + 𝐾2∥ 𝜓

sin 𝑥
∥∞ ≲ 𝐸𝐾 (𝐾 + 𝐸) ,

(𝐷𝑥𝑁2, 𝐷𝑥𝜔𝜌) ≲ 𝐸𝐾2 + |(2𝐷𝑥𝑢𝑢𝑥 − 2𝑎𝜓𝐷𝑥𝜔𝑥 , 𝐷𝑥𝜔𝜌) | ≲ 𝐸𝐾 (𝐾 + 𝐸) ,

where we have used integration by parts and the estimate

∥ sin 𝑥𝑢𝑥 ∥∞ ≲ ∥ sin 𝑥𝑢𝑥𝑥 ∥1 + ∥ cos 𝑥𝑢𝑥 ∥1 ≲ ∥𝐷𝑥𝑢𝑥 ∥𝜌 + ∥𝑢𝑥 ∥𝜌 ≲ 𝐸 + 𝐾 .

We can finally prove that

𝑑

𝑑𝜏
𝐾 (𝜏) ≤ −(1 − 𝐶 |𝑎 − 1|)𝐾 + 𝐶𝐸 + 𝐶 |𝑎 − 1| + 𝐶𝐸 (𝐸 + 𝐾) .

Therefore combined with (A.3.2), we can find an absolute constant 𝜇 > 1 such that

𝑑

𝑑𝜏
(𝐾 + 𝜇𝐸) ≤ −(0.1 − 𝐶 |𝑎 − 1|) (𝐾 + 𝜇𝐸) + 𝐶 |𝑎 − 1| + 𝐶 (𝐾 + 𝜇𝐸)2 .

By using a standard bootstrap argument, there exist absolute constants 𝛿0 < 𝛿, 𝐶 > 0,
if |𝑎 − 1| < 𝛿0 and 𝐾 (0) + 𝜇𝐸 (0) < 𝐶 |𝑎 − 1|, then 𝐾 (𝜏) + 𝜇𝐸 (𝜏) < 𝐶 |𝑎 − 1| for all
time.

A.3.3 Convergence to the steady state
We estimate the weighted norm of𝜔𝜏 and 𝑢𝜏,𝑥 and then use the standard convergence
in time argument as in [76, 68].

𝐽2(𝜏) = 1
2
((𝑢2

𝜏,𝑥 , 𝜌) + (𝜔2
𝜏, 𝜌)) .
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Applying the estimates of 𝑑
𝑑𝜏
𝐸 to 𝑑

𝑑𝜏
𝐽, we can get damping for the linear parts, and

the small error terms corresponding to 𝜔̄ and 𝑢̄ vanishes. Therefore we yield

1
2
𝑑

𝑑𝜏
𝐽2 ≤ −(0.16 − 𝐶 |𝑎 − 1|)𝐽2 + ((𝑁1)𝜏,𝑥 , 𝑢𝜏,𝑥𝜌) + ((𝑁2)𝜏, 𝜔𝑡𝜌) .

Using estimates similar to Lemma A.3.1 and nonlinear estimates in (A.3.1), we get

((𝑁1)𝜏,𝑥 , 𝑢𝜏,𝑥𝜌) ≲ 𝐸𝐽2 + (𝜓𝜏𝑢𝑥𝑥 , 𝑢𝜏,𝑥𝜌) ≲ 𝐸𝐽2 + 𝐽2∥𝑢𝑥𝑥 sin 𝑥∥𝜌 ≤ (𝐸 + 𝐾)𝐽2 .

((𝑁2)𝜏, 𝜔𝜏𝜌) ≲ 𝐸𝐽2 + (𝜓𝜏𝜔𝑥 , 𝜔𝜏𝜌) ≲ 𝐸𝐽2 + 𝐽2∥𝜔𝑥 sin 𝑥∥𝜌 ≤ (𝐸 + 𝐾)𝐽2 .

Combined with the a priori estimates on 𝐸 + 𝐾 , we can establish exponential
convergence of 𝐽 to zero. Then we can use the same argument as in [76, 68] to
establish exponential convergence to the steady state and conclude the proof of
Theorem A.1.2.

A.4 Blowup of the Original Model with Hölder Continuous Data
In this section, we follow the strategy of the linear and nonlinear estimates of the
weak advection model in Sections A.2 and A.3, and establish blowup of 𝐶𝛼 data
for the original model (A.1.5) with 𝑎 = 1. Here 𝛼 < 1 is close to 1. Many of
the ideas are drawn from the paper [67] and we only outline the most important
steps. Intuitively, 𝐶𝛼 regularity of the profile weakens the advection and therefore
contributes to a blowup in finite time.

A.4.1 Dynamic rescaling formulation around the approximate steady state
Before we start, we will solve the Biot-Savart law of recovering 𝜓 from 𝜔 with odd
symmetry.

Lemma A.4.1. Suppose that 𝜔, 𝜓 are odd and periodic on [−𝜋, 𝜋], with −𝜓𝑥𝑥 = 𝜔.
Then we solve 𝜓𝑥 (0) = − 1

2𝜋

∫ 2𝜋
0 𝑦𝜔(𝑦) and obtain

𝜓 =

∫ 𝑥

0
(𝑦 − 𝑥)𝜔(𝑦)𝑑𝑦 + 𝑥𝜓𝑥 (0) . (A.4.1)

The proof of this lemma is straightforward by integration in 𝑥.

We construct the following approximate steady state with 𝐶𝛼 regularity for (A.2.1).

𝜔̄𝛼 = 𝑠𝑔𝑛(𝑥) | sin 𝑥 |𝛼 , 𝑢̄𝛼 = 𝑠𝑔𝑛(𝑥) | sin 𝑥 | 1+𝛼
2 , 𝑐𝑢,𝛼 = (𝛼 − 1)𝜓̄𝛼,𝑥 (0) ,

where 𝜓̄𝛼 is related to 𝜔̄𝛼 via (A.4.1). We consider odd perturbations 𝑢, 𝜔, 𝜓. The
odd symmetry of the solution is preserved in time by equation (A.2.1). We will use
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the normalization condition as 𝑐𝑢 = (𝛼 − 1)𝜓𝑥 (0), which ensures that 𝑢 vanishes to
a higher order at all times so that we can use the same singular weight 𝜌. In fact we
compute using (A.2.1) and the normalization conditions that

lim
𝑥→0

𝑢̄𝛼 (𝑥) + 𝑢(𝑥, 𝜏)
𝑥

1+𝛼
2

= lim
𝑥→0

𝑢̄𝛼 (𝑥) + 𝑢(𝑥, 0)
𝑥

1+𝛼
2

.

Therefore if we make the initial perturbation 𝑢(𝑥, 0) vanish to order 1 + 𝛼 around
the origin, 𝑢(𝑥, 𝜏) will also vanish to order 1 + 𝛼 for all time.

Now similar to what we obtain in (A.2.2), the perturbations satisfy the following
system

𝑢𝜏 = 𝐿1 + 𝑅1,𝛼 + 𝑁1,𝛼 + 𝐹1,𝛼 ,

𝜔𝜏 = 𝐿2 + 𝑅2,𝛼 + 𝑁2,𝛼 + 𝐹2,𝛼 ,

−𝜓𝑥𝑥 = 𝜔 ,

(A.4.2)

where we extract the same leading order linear parts as in (A.2.3), while the nonlinear
and error terms change and the residual error terms 𝑅1,𝛼, 𝑅2,𝛼 model the discrepancy
between our approximate profile with 𝐶𝛼 regularity and the steady state profile
𝜔̄ = 𝑢̄ = 𝜓̄ = sin 𝑥. Define 𝜓res = 𝜓̄𝛼 − 𝜓̄, 𝜔res = 𝜔̄𝛼 − 𝜔̄, 𝑢res = 𝑢̄𝛼 − 𝑢̄. We can
express 𝑅𝑖,𝛼 and 𝐹𝑖,𝛼 as follows

𝑅1,𝛼 = −2𝜓res𝑢𝑥 − 2𝑢res,𝑥𝜓 + 2𝑢𝜓res,𝑥 + 2𝑢res𝜓𝑥 + 𝑐𝑢,𝛼𝑢 + 𝑐𝑢𝑢̄𝛼 .

𝑅2,𝛼 = −2𝜓res𝜔𝑥 − 2𝜔res,𝑥𝜓 + 2𝑢𝑢res,𝑥 + 2𝑢res𝑢𝑥 + 𝑐𝑢,𝛼𝜔 + 𝑐𝑢𝜔̄𝛼 ,

𝑁1,𝛼 = (𝑐𝑢 + 2𝜓𝑥)𝑢 − 2𝜓𝑢𝑥 , 𝑁2,𝛼 = 𝑐𝑢𝜔 + 2𝑢𝑢𝑥 − 2𝜓𝜔𝑥 ,

𝐹1,𝛼 = (𝑐𝑢,𝛼 + 2𝜓̄𝛼,𝑥)𝑢̄𝛼 − 2𝜓̄𝛼𝑢̄𝛼,𝑥 , 𝐹2,𝛼 = 𝑐𝑢,𝛼𝜔̄𝛼 + 2𝑢̄𝛼𝑢̄𝛼,𝑥 − 2𝜓̄𝛼𝜔̄𝛼,𝑥 .

Before we perform our energy estimates, we will obtain some basic estimates of the
residues.

Lemma A.4.2. The following estimates hold for 𝜅 = 7
8 <

9
10 < 𝛼 < 1.

1. Pointwise estimates of the residues:

|𝜕𝑖𝑥𝜔res | + |𝜕𝑖𝑥𝑢res | ≲ |𝛼 − 1| | sin 𝑥 |𝜅−𝑖 , 𝑖 = 0, 1, 2, 3,

∥𝜓res∥∞ + ∥𝜓res,𝑥 ∥∞ ≲ |𝛼 − 1| .

2. Refined estimates using cancellations:

|𝛼 − 1
2

𝑢̄𝛼,𝑥−sin 𝑥𝑢res,𝑥𝑥 |+| sin 𝑥𝜕𝑥 [𝛼 − 1
2

𝑢̄𝛼,𝑥−sin 𝑥𝑢res,𝑥𝑥] | ≲ |𝛼−1|1/2 |𝑥 | | sin 𝑥 |𝛼−1 .
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Proof. The first part of (1) and (2) can be proved by using direct calculations, and
we refer to Lemma 6.1 in [67] for details. There seems to be a typo in (6.11) in [67]
where 𝜔̄𝛼 should have been 𝜔̄𝛼,𝑥 . Furthermore, by the expression in Lemma A.4.1
we get the second part of (1). □

Similar to the weak advection case, we define the energy 𝐸2(𝜏) = 1
2 ((𝑢

2
𝑥 , 𝜌) +

(𝜔2, 𝜌)) . We will estimate the growth of 𝐸 (𝜏). The leading order linear estimates
𝐿1, 𝐿2 can be obtained in Proposition A.2.4. The estimates for the nonlinear terms
𝑁1,𝛼, 𝑁2,𝛼 follow almost exactly the same as the weak advection case by using
Lemma A.3.1.

A.4.2 Nonlinear stability
By the computation in the previous subsection, we get

1
2
𝑑

𝑑𝜏
𝐸2(𝜏) ≤ −0.16𝐸2+𝐶𝐸3+((𝑅1,𝛼)𝑥 , 𝑢𝑥𝜌)+(𝑅2,𝛼, 𝜔𝜌)+((𝐹1,𝛼)𝑥 , 𝑢𝑥𝜌)+(𝐹2,𝛼, 𝜔𝜌) .

Further, we get

((𝑅1,𝛼)𝑥 , 𝑢𝑥𝜌) ≤ (−2𝜓res𝑢𝑥𝑥 , 𝑢𝑥𝜌) + (𝑐𝑢𝑢̄𝛼,𝑥 − 2𝑢res,𝑥𝑥𝜓, 𝑢𝑥𝜌)
+ (∥𝜔res∥∞ + ∥𝑢res∥∞ + 𝐶 |𝛼 − 1|)𝐸2 .

For the first term, we can use integration by parts and Lemma A.3.1 to obtain

𝐶𝐸2(∥𝜓res,𝑥 ∥∞ + ∥ 𝜓res

sin 𝑥
∥∞) ≲ ∥𝜓res,𝑥 ∥∞𝐸2 .

For the second term, we compute

𝑐𝑢𝑢̄𝛼,𝑥 − 2𝑢res,𝑥𝑥𝜓 = 𝜓𝑥 (0) [(𝛼 − 1)𝑢̄𝛼,𝑥 − 2 sin 𝑥𝑢res,𝑥𝑥] + 2𝑢res,𝑥𝑥 (sin 𝑥𝜓𝑥 (0) − 𝜓) .

Thus by Lemmas A.3.1 and A.4.2, we have

∥𝑐𝑢𝑢̄𝛼,𝑥 − 2𝑢res,𝑥𝑥𝜓∥𝜌 ≲ 𝐸 |𝛼 − 1|1/2 + |𝛼 − 1|∥ sin 𝑥𝜓𝑥 (0) − 𝜓
| sin 𝑥 |𝑥 ∥∞ . (A.4.3)

Finally, for |𝑥 | ≥ 𝜋/2, we have

| sin 𝑥𝜓𝑥 (0) − 𝜓
| sin 𝑥 |𝑥 | ≲ |𝜓𝑥 (0) | + ∥ 𝜓

sin 𝑥
∥∞ ≲ 𝐸 .

For |𝑥 | < 𝜋/2, we use Lemma A.4.1 and | sin 𝑥 | ≥ 2/𝜋 |𝑥 | to obtain

| sin 𝑥𝜓𝑥 (0) − 𝜓
| sin 𝑥 |𝑥 | ≲ | sin 𝑥𝜓𝑥 (0) − 𝜓

𝑥2 | ≤ | (sin 𝑥 − 𝑥)𝜓𝑥 (0)
𝑥2 | + |

∫ 𝑥

0 (𝑦 − 𝑥)𝜔(𝑦)
𝑥2 | ≲ 𝐸 ,
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where we have used the bound ∥𝜔/𝑥∥1 ≲ ∥𝜔/𝑥∥2 ≲ ∥𝜔∥𝜌 in the last inequality.
Thus we yield

((𝑅1,𝛼)𝑥 , 𝑢𝑥𝜌) ≲ |𝛼 − 1|1/2𝐸2 .

Similarly we get

(𝑅2,𝛼, 𝜔𝜌) ≤ (−2
𝜓

sin 𝑥
𝜔res,𝑥 sin 𝑥, 𝜔𝜌) + (𝑐𝑢𝜔̄𝛼, 𝜔𝜌) + (2𝑢𝑢res,𝑥 , 𝜔𝜌) +𝐶 |𝛼− 1|𝐸2 .

For the first two terms, we can estimate them using Lemmas A.3.1 and A.4.2. For
the third term, we use Hardy’s inequality to derive

∥𝑢𝑢res,𝑥 ∥𝜌/|𝛼−1| ≲ ∥𝑢/𝑥/sin 𝑥∥2 ≲ ∥𝑢/𝑥2∥2+∥𝑢/(𝜋−𝑥)∥2 ≲ ∥𝑢𝑥/𝑥∥2+∥𝑢𝑥 ∥2 ≲ 𝐸 .

Therefore we have
(𝑅2,𝛼, 𝜔𝜌) ≲ |𝛼 − 1|𝐸2 .

For the error terms, we can just perform standard norm estimates. We focus on the
pointwise estimates for 𝑥 ≥ 0 and the case 𝑥 < 0 follows by using the odd symmetry
of the solution.

𝐹2,𝛼 = (𝛼 − 1)𝜓̄𝛼,𝑥 (0) sin𝛼 𝑥 + (𝛼 + 1) cos 𝑥 sin𝛼 𝑥 − 2𝛼(𝜓res + sin 𝑥) cos 𝑥 sin𝛼−1 𝑥

= (𝛼 − 1) (𝜓̄𝛼,𝑥 (0) − cos 𝑥) sin𝛼 𝑥 − 2𝛼
𝜓res

sin 𝑥
cos 𝑥 sin𝛼 𝑥 .

Therefore, we obtain

∥𝐹2,𝛼∥𝜌 ≲ |𝛼 − 1| + ∥ 𝜓𝑟𝑒𝑠
sin 𝑥

∥∞ ≲ |𝛼 − 1| .

Similarly, we have

(𝐹1,𝛼)𝑥 =
𝛼2 − 1

2
sin

𝛼−1
2 𝑥 cos 𝑥 [𝜓̄𝛼,𝑥 (0) − 𝜓̄𝛼

cos 𝑥
sin 𝑥

] + sin
𝛼+1

2 𝑥 [(𝛼 + 1)𝜓̄𝛼 − 2 sin𝛼 𝑥] .

Further, we obtain the following estimate:

∥(𝛼+1)𝜓̄𝛼 −2 sin𝛼 𝑥∥∞ ≤ |𝛼−1|∥𝜓̄𝛼∥∞ +2∥𝜓res∥∞ +2∥ sin 𝑥− sin𝛼 𝑥∥∞ ≲ |𝛼−1| ,

𝜓̄𝛼,𝑥 (0) − 𝜓̄𝛼
cos 𝑥
sin 𝑥

= (1 − cos 𝑥) + 𝜓res,𝑥 (0) − 𝜓res
cos 𝑥
sin 𝑥

= (1 − cos 𝑥) (1 + 𝜓res

sin 𝑥
) + 𝜓res,𝑥 (0) −

𝜓res

sin 𝑥
.

Combined with the estimate similar to that in (A.4.3), we get

∥ [𝜓̄𝛼,𝑥 (0)−𝜓̄𝛼
cos 𝑥
sin 𝑥

]𝜌1/2∥∞ ≲ ∥1 − cos 𝑥
𝑥

(1+ 𝜓res

sin 𝑥
)∥∞+∥[𝜓res,𝑥 (0)−

𝜓res

sin 𝑥
]/𝑥∥∞ ≲ 1 .
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Therefore we yield
∥(𝐹1,𝛼)𝑥 ∥𝜌 ≲ |𝛼 − 1| .

Collecting all the estimates of the residues and the error terms, we arrive at

𝑑

𝑑𝜏
𝐸 (𝜏) ≤ −(0.16 − 𝐶 |𝛼 − 1|1/2 |)𝐸 + 𝐶𝐸2 + 𝐶 |𝛼 − 1| .

Similar to Subsection A.3, we can perform the bootstrap argument to conclude
finite-time blowup.

A.4.3 Estimates in higher-order Sobolev norms and convergence to steady
state

Following the ideas in Subsection A.3.2, we can perform estimates in higher-order
Sobolev norms and then close the estimates to establish convergence to a steady
state. We use the same energy 𝐾 and only sketch the main steps here. We first have
from Subsection A.3.2 the estimates of 𝐿𝑖 and 𝑁𝑖 and obtain

1
2
𝑑

𝑑𝜏
𝐾2(𝜏) ≤ −𝐾2 + 𝐶𝐸𝐾 + 𝐶𝐸𝐾2 + ((𝑅1,𝛼)𝑥𝑥 , sin2 𝑥𝑢𝑥𝑥𝜌)

+ ((𝑅2,𝛼)𝑥 , sin2 𝑥𝜔𝑥𝜌) + ((𝐹1,𝛼)𝑥𝑥 , sin2 𝑥𝑢𝑥𝑥𝜌) + ((𝐹2,𝛼)𝑥 , sin2 𝑥𝜔𝑥𝜌) .

By Lemma A.4.2, sin 𝑥𝜕𝑥𝑢res, sin 𝑥𝜕𝑥𝜔res shares the same pointwise estimates as
𝑢res, 𝜔res. We can obtain, similar to the estimates in 𝐸 , the estimates

((𝑅1,𝛼)𝑥𝑥 , sin2 𝑥𝑢𝑥𝑥𝜌) ≲ |𝛼 − 1| (𝐸 + 𝐾)𝐾 + 𝐾 ∥ [𝑢res,𝑥𝑥 (𝜓 − sin 𝑥𝜓𝑥 (0))]𝑥 sin 𝑥∥𝜌 .

We further obtain the following estimate

∥ [𝑢res,𝑥𝑥 (𝜓 − sin 𝑥𝜓𝑥 (0))]𝑥 sin 𝑥∥𝜌 ≲ |𝛼 − 1|𝐸 + ∥𝑢res,𝑥𝑥 (𝜓𝑥 − cos 𝑥𝜓𝑥 (0)) sin 𝑥∥𝜌
≲ |𝛼 − 1|𝐸 + |𝛼 − 1|∥ (𝜓𝑥 − 𝜓𝑥 (0))/𝑥∥∞ .

Finally by the Cauchy-Schwarz inequality, we have

| (𝜓𝑥 − 𝜓𝑥 (0))/𝑥 | ≤
∫ 𝑥

0
|𝜔(𝑦)/𝑦 |𝑑𝑦 ≲ ∥𝜔/𝑥∥2 ≲ ∥𝜔∥𝜌 ≲ 𝐸 , (A.4.4)

and therefore we conclude

((𝑅1,𝛼)𝑥𝑥 , sin2 𝑥𝑢𝑥𝑥𝜌) ≲ |𝛼 − 1| (𝐸 + 𝐾)𝐾 .

By similar computations, we have

((𝑅2,𝛼)𝑥 , sin2 𝑥𝜔𝑥𝜌) ≲ |𝛼 − 1| (𝐸 + 𝐾)𝐾 .
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And for the residue terms, we use similar estimates to obtain

∥(𝐹2,𝛼)𝑥 sin 𝑥∥𝜌 ≲ |𝛼 − 1| ,

∥(𝐹1,𝛼)𝑥𝑥 sin 𝑥∥𝜌 ≲ |𝛼 − 1| + |𝛼 − 1|∥ ( 𝜓res

sin 𝑥
)𝑥𝜌1/2 sin 𝑥∥∞ .

We can use the triangular inequality to estimate

| ( 𝜓res

sin 𝑥
)𝑥𝜌1/2 sin 𝑥 | ≤ | [𝜓res,𝑥 (0)−

𝜓res

sin 𝑥
]/𝑥 |+|(𝜓res,𝑥−𝜓res,𝑥 (0))/𝑥 |+|

1 − cos 𝑥
𝑥

𝜓res

sin 𝑥
| .

Combined with the estimate similar to that in (A.4.3) and (A.4.4), we conclude

∥(𝐹1,𝛼)𝑥𝑥 sin 𝑥∥𝜌 ≲ |𝛼 − 1| .

We can finally obtain the same estimate as in Subsection A.3.2

𝑑

𝑑𝜏
𝐾 (𝜏) ≤ −(1 − 𝐶 |𝑎 − 1|)𝐾 + 𝐶𝐸 + 𝐶 |𝑎 − 1| + 𝐶𝐸𝐾 .

We can again find an absolute constant 𝜇𝛼 > 1 such that

𝑑

𝑑𝜏
(𝐾 + 𝜇𝛼𝐸) ≤ −(0.1 − 𝐶 |𝑎 − 1|) (𝐾 + 𝜇𝛼𝐸) + 𝐶 |𝑎 − 1| + 𝐶 (𝐾 + 𝜇𝛼𝐸)2 .

And we can use the bootstrap argument on this higher-order energy 𝐾 + 𝜇𝛼𝐸 to
conclude a priori estimate in this norm. Now we can perform weighted estimates
in time using the energy 𝐽 as in Subsection A.3.3, where the linear estimates follow
from the linear estimates of 𝐸 , the nonlinear estimates follow from Subsection
A.3.3, and the error term vanishes under time-differentiation. We can obtain the
same estimates of 𝐽 and establish exponential convergence of 𝐽 to zero. Then we
use the argument in [76, 68] to establish exponential convergence to the steady state
and conclude the proof of Theorem A.1.4.

A.5 Blowup of the Viscous Model with Weak Advection
In this section, we follow the strategy of the linear and nonlinear estimates of
the weak advection model and establish blowup for the weak advection viscous
model with 𝑎 < 1. Intuitively, the viscosity term is small in the dynamic rescaling
formulation and nonlinear stability can be closed using a higher-order norm, where
the viscosity term has a stability effect. Therefore we expect that the viscous weak
advection model develops a finite time singularity as well.
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A.5.1 Dynamic rescaling formulation
We recall the weak advection model with viscosity.

𝑢𝑡 + 2𝑎𝜓𝑢𝑧 = 2𝑢𝜓𝑧 + 𝜈𝑢𝑧𝑧 ,

𝜔𝑡 + 2𝑎𝜓𝜔𝑧 =
(
𝑢2

)
𝑧
+ 𝜈𝜔𝑧𝑧 ,

−𝜓𝑧𝑧 = 𝜔 .

(A.5.1)

We use the rescaled variables

𝑢̃(𝑥, 𝜏) = 𝐶𝑢 (𝜏)𝑢(𝑥, 𝑡 (𝜏)) , 𝜔̃(𝑥, 𝜏) = 𝐶𝑢 (𝜏)𝜔(𝑥, 𝑡 (𝜏)) , 𝜓̃(𝑥, 𝜏) = 𝐶𝑢 (𝜏)𝜓(𝑥, 𝑡 (𝜏)) ,

where
𝐶𝑢 (𝜏) = 𝐶𝑢 (0) exp

(∫ 𝜏

0
𝑐𝑢 (𝑠)𝑑𝑠

)
, 𝑡 (𝜏) =

∫ 𝜏

0
𝐶𝑢 (𝑠)𝑑𝑠 .

For solutions to (A.5.1), the rescaled variables satisfy the dynamic rescaling equation

𝑢̃𝜏 + 2𝑎𝜓̃𝑢̃𝑥 = 2𝑢̃𝜓̃𝑥 + 𝑐𝑢𝑢̃ + 𝜈𝐶𝑢 (𝜏)𝑢𝑥𝑥 ,

𝜔̃𝜏 + 2𝑎𝜓̃𝜔̃𝑥 =
(
𝑢̃2

)
𝑥
+ 𝑐𝑢𝜔̃ + 𝜈𝐶𝑢 (𝜏)𝜔𝑥𝑥 ,

−𝜓̃𝑥𝑥 = 𝜔̃ .

(A.5.2)

Remark A.5.1. Different from the rescaling in the inviscid case, we introduce an
extra degree of freedom: the constant 𝐶𝑢 (0). We will choose it later to ensure that
the viscous term has a relatively small scaling compared to the main terms.

In order to establish a finite time blowup, it suffices to prove the dynamic stability of
(A.5.2) with scaling parameter 𝑐𝑢 < −𝜖 < 0 for all time; see also [76]. As before,
we will primarily work in the dynamic rescaling formulation and use the notations
𝑢̃ = 𝑢̄ + 𝑢, where 𝑢̄ is an approximation steady state and 𝑢 is the perturbation that we
will control in time.

We consider the following approximate steady state.

𝜔̄ = 𝑢̄ = 𝜓̄ = sin 𝑥 , 𝑐𝑢 (𝜏) = 2(𝑎−1)𝜓̄𝑥 (0)−𝜈𝐶𝑢 (𝜏)𝑢̄𝑥𝑥𝑥 (0)/𝑢̄𝑥 (0) = 2(𝑎−1)+𝜈𝐶𝑢 (𝜏) .

We consider odd perturbations 𝑢, 𝜔, 𝜓. The odd symmetry of the solution is
preserved in time by equation (A.5.2). We use the following normalization condition:
𝑐𝑢 = 2(𝑎−1)𝜓𝑥 (0)−𝜈𝐶𝑢 (𝜏)𝑢𝑥𝑥𝑥 (0). This normalization ensures that 𝑢𝑥 (0) remains
0 if the initial perturbation satisfies 𝑢𝑥 (0, 0) = 0. In fact, if 𝑢𝑥 (𝜏, 0) = 0, then we
obtain
𝑑

𝑑𝜏
𝑢𝑥 (𝜏, 0) =

𝑑

𝑑𝜏
(𝑢𝑥 (𝜏, 0) + 𝑢̄𝑥 (𝜏, 0)) = (2 − 2𝑎) (𝑢𝑥 (𝜏, 0) + 𝑢̄𝑥 (𝜏, 0)) (𝜓𝑥 (𝜏, 0) + 𝜓̄𝑥 (𝜏, 0))

+ (𝑐𝑢 + 𝑐𝑢) (𝑢𝑥 (𝜏, 0) + 𝑢̄𝑥 (𝜏, 0)) + 𝜈𝐶𝑢 (𝜏) (𝑢̄𝑥𝑥𝑥 (0) + 𝑢𝑥𝑥𝑥 (0)) = 0 .
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This particular choice of the approximate steady state and the normalization con-
ditions ensure that 𝑢𝑥 (0, 𝜏) = 0 for all time provided that the initial perturbation
satisfies 𝑢𝑥 (0, 0) = 0. We will perform the same weighted norm estimate in the
singular weight 𝜌 and the weighted norm 𝐸 as in the inviscid case.

A.5.2 Estimates of the viscous terms
Now the perturbation satisfies

𝑢𝜏 = 𝐿1 + (𝑎 − 1)𝐿′1 + 𝑁1 + 𝐹1 + 𝜈𝐶𝑢 (𝜏)𝑉𝑢 ,
𝜔𝜏 = 𝐿2 + (𝑎 − 1)𝐿′2 + 𝑁2 + 𝐹2 + 𝜈𝐶𝑢 (𝜏)𝑉𝜔 ,

−𝜓𝑥𝑥 = 𝜔 .

(A.5.3)

Here the terms 𝑉𝑢 and 𝑉𝜔 correspond to all of the terms containing the effect of the
viscosity and we factor out explicitly the small factor 𝜈𝐶𝑢 (𝜏) for a fixed 𝜈.

𝑉𝑢 = 𝑢𝑥𝑥 + 𝑢̄𝑥𝑥 + (1 − 𝑢𝑥𝑥𝑥 (0)) (𝑢 + 𝑢̄) = 𝑢𝑥𝑥 − 𝑢𝑥𝑥𝑥 (0) sin 𝑥 + (1 − 𝑢𝑥𝑥𝑥 (0))𝑢 ,

𝑉𝜔 = 𝜔𝑥𝑥 − 𝜔𝑥𝑥𝑥 (0) sin 𝑥 + (1 − 𝜔𝑥𝑥𝑥 (0))𝜔 .

We invoke the nonlinear estimates in the inviscid case and obtain for the viscous
model:

1
2
𝑑

𝑑𝜏
𝐸2(𝜏) ≤ −(0.16−𝐶 |𝑎−1|)𝐸2+𝐶 |𝑎−1|𝐸+𝐶𝐸3+𝜈𝐶𝑢 (𝜏) [((𝑉𝑢)𝑥 , 𝑢𝑥𝜌)+(𝑉𝜔, 𝜔𝜌)] .

(A.5.4)
We estimate the viscous terms carefully since they involve singular weights.

((𝑉𝑢)𝑥 , 𝑢𝑥𝜌) = (𝑢𝑥𝑥𝑥 −𝑢𝑥𝑥𝑥 (0), 𝑢𝑥𝜌) +𝑢𝑥𝑥𝑥 (0) (1−cos 𝑥, 𝑢𝑥𝜌) + (1−𝑢𝑥𝑥𝑥 (0))∥𝑢𝑥 ∥2
𝜌 .

Notice that

|𝜌𝑥 | = 𝜌
���� − sin 𝑥
1 − cos 𝑥

���� ≲ 𝜌 |1
𝑥
| , |𝜌𝑥𝑥 | = 𝜌

���� − cos 𝑥
1 − cos 𝑥

+ 2 sin2 𝑥

(1 − cos 𝑥)2

���� ≲ 𝜌 |𝑥−2 |

are singular near the origin and are smooth elsewhere. We can use integration by
parts twice to compute

(𝑢𝑥𝑥𝑥 − 𝑢𝑥𝑥𝑥 (0), 𝑢𝑥𝜌) = −(𝑢𝑥𝑥 − 𝑥𝑢𝑥𝑥𝑥 (0), 𝑢𝑥𝑥𝜌) − (𝑢𝑥𝑥 − 𝑥𝑢𝑥𝑥𝑥 (0),
𝑥2

2
𝑢𝑥𝑥𝑥 (0)𝜌𝑥)

− (𝑢𝑥𝑥 − 𝑥𝑢𝑥𝑥𝑥 (0), (𝑢𝑥 −
𝑥2

2
𝑢𝑥𝑥𝑥 (0))𝜌𝑥)

≤ −∥𝑢𝑥𝑥 ∥2
𝜌 + 𝐶 [|𝑢𝑥𝑥𝑥 (0) |∥𝑢𝑥𝑥 ∥𝜌 + |𝑢𝑥𝑥𝑥 (0) |2 + ∥𝑢𝑥

𝑥
− 𝑥

2
𝑢𝑥𝑥𝑥 (0)∥2

𝜌]

≤ −1
2
∥𝑢𝑥𝑥 ∥2

𝜌 + 𝐶 |𝑢𝑥𝑥𝑥 (0) |2 + 𝐶∥
𝑢𝑥

𝑥
∥2
𝜌 ,
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where for the last inequality we use the weighted AM-GM inequality 𝑎𝑏 ≤ 𝜖𝑎2+ 1
4𝜖 𝑏

2

for a very small constant 𝜖 . Therefore we get

((𝑉𝑢)𝑥 , 𝑢𝑥𝜌) ≤ −1
2
∥𝑢𝑥𝑥 ∥2

𝜌 + 𝐶 [|𝑢𝑥𝑥𝑥 (0) |2 + ∥𝑢𝑥
𝑥
∥2
𝜌 + (1 + |𝑢𝑥𝑥𝑥 (0) |)𝐸2] . (A.5.5)

Similarly, we estimate via integration by parts

(𝜔𝑥𝑥 , 𝜔𝜌) = −(𝜔𝑥 − 𝜔𝑥 (0), (𝜔𝑥 − 𝜔𝑥 (0))𝜌) − (𝜔𝑥 − 𝜔𝑥 (0), 𝜔𝑥 (0)𝜌)
− (𝜔𝑥 − 𝜔𝑥 (0), 𝑥𝜔𝑥 (0)𝜌𝑥) − (𝜔𝑥 − 𝜔𝑥 (0), (𝜔 − 𝑥𝜔𝑥 (0))𝜌𝑥)

≤ −∥𝜔𝑥 − 𝜔𝑥 (0)∥2
𝜌 + 𝐶 [|𝜔𝑥 (0) |∥

𝜔𝑥 − 𝜔𝑥 (0)
𝑥

∥𝜌 + ∥𝜔
𝑥
− 𝜔𝑥 (0)∥2

𝜌] .

And we obtain

(𝑉𝜔, 𝜔𝜌) ≤ −∥𝜔𝑥 − 𝜔𝑥 (0)∥2
𝜌 + 𝐶 [|𝜔𝑥 (0) |∥

𝜔𝑥 − 𝜔𝑥 (0)
𝑥

∥𝜌

+ ∥𝜔
𝑥
− 𝜔𝑥 (0)∥2

𝜌 + |𝜔𝑥𝑥𝑥 (0) |2 + (1 + |𝜔𝑥𝑥𝑥 (0) |)𝐸2] .
(A.5.6)

The essential difficulty for the viscous terms is that after integration by parts, the
singular weight produces various positive terms, on top of the damping terms
−∥𝑢𝑥𝑥 ∥𝜌; see (A.5.5), (A.5.6). Fortunately, the positive terms contribute only to
higher-order terms near the origin.

Consider the interval 𝐼 = [−𝜋/2, 𝜋/2]. 𝜌 and |1/𝑥 | are upper bounded by a positive
constant outside of the interval and we have

∥𝑢𝑥
𝑥
∥2
𝜌 ≲ ∥𝑢𝑥 ∥2

𝜌 + ∥𝑢𝑥
𝑥2 ∥

2
𝐿2 (𝐼) ≲ 𝐸2 + ∥𝑢𝑥𝑥𝑥 ∥2

𝐿∞ (𝐼) ,

∥𝜔
𝑥
−𝜔𝑥 (0)∥2

𝜌 ≲ ∥𝜔−𝑥𝜔𝑥 (0)∥2
𝜌+∥

𝜔

𝑥2 −𝜔𝑥 (0)/𝑥∥
2
𝐿2 (𝐼) ≲ 𝐸2+|𝜔𝑥 (0) |2+∥𝜔𝑥𝑥 ∥2

𝐿∞ (𝐼) ,

∥𝜔𝑥 − 𝜔𝑥 (0)
𝑥

∥𝜌 ≲ ∥𝜔𝑥 − 𝜔𝑥 (0)∥𝜌+∥
𝜔𝑥 − 𝜔𝑥 (0)

𝑥2 ∥𝐿2 (𝐼) ≲ ∥𝜔𝑥 − 𝜔𝑥 (0)∥𝜌+∥𝜔𝑥𝑥𝑥 ∥𝐿∞ (𝐼) .

Plugging these estimates into the (A.5.5), (A.5.6) and using again the weighted
AM-GM inequality, we can yield

(𝑉𝜔, 𝜔𝜌) + ((𝑉𝑢)𝑥 , 𝑢𝜌) ≤ −1
2
(∥𝜔𝑥 − 𝜔𝑥 (0)∥2

𝜌 + ∥𝑢𝑥𝑥 ∥2
𝜌) + 𝐶 [𝐸2

𝑉 + (1 + 𝐸𝑉 )𝐸2] ,
(A.5.7)

where
𝐸𝑉 = ∥𝜔𝑥𝑥𝑥 ∥𝐿∞ (𝐼) + ∥𝑢𝑥𝑥𝑥 ∥𝐿∞ (𝐼) + |𝜔𝑥 (0) | .
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A.5.3 Estimates in a higher-order norm
We will use a weighted higher-order norm to close the estimates. To have a good
estimate in this higher-order norm, it needs to satisfy three criteria. First, we need
to extract damping in the leading order linear term. Secondly, we need to bound the
terms like𝜔𝑥𝑥𝑥 (0) using interpolation between the lower and the higher-order norms
via the Gagliardo-Nirenberg inequality; therefore it needs to be at least as strong
as a regular higher-order norm near the origin. Thirdly, we need damping for the
diffusion terms to close the estimates. This motivates us to choose a combination
of the 𝑘−th order weighted norms for 𝑘 ≥ 1:

𝐸2
𝑘 (𝜏) = (𝑢(𝑘+1) , 𝑢(𝑘+1)𝜌𝑘 ) + (𝜔(𝑘) , 𝜔(𝑘)𝜌𝑘 ) , 𝜌𝑘 = (1 + cos 𝑥)𝑘 ,

where we use the notation that 𝑓 (𝑘) = 𝜕𝑘𝑥 𝑓 . We denote 𝐸0 = 𝐸 and 𝜌0 = 𝜌.

Remark A.5.2. This weighted norm immediately satisfies criterion 2 and we will
verify in the linear estimates that it satisfies criterion 1. Finally, a clever combination
of the weighted norms can produce damping for the viscous terms and we make the
damping terms in the estimates of the (𝑘−1)-th order norms greater than the positive
terms in the estimates of the 𝑘-th order norms. We will elaborate on those points
and establish the nonlinear estimates.

Now we can estimate 𝑑
𝑑𝜏
𝐸𝑘 (𝜏) for 𝑘 > 0 as follows

1
2
𝑑

𝑑𝜏
𝐸2
𝑘 (𝜏) = (𝐿 (𝑘)

2 + (𝑎 − 1) (𝐿′2)
(𝑘) + 𝑁 (𝑘)

2 + 𝐹 (𝑘)
2 + 𝜈𝐶𝑢 (𝑡) (𝑉𝜔) (𝑘) , 𝜔(𝑘)𝜌𝑘 )

+ (𝐿 (𝑘+1)
1 + (𝑎 − 1) (𝐿′1)

(𝑘+1) + 𝑁 (𝑘+1)
1 + 𝐹 (𝑘+1)

1 + 𝜈𝐶𝑢 (𝑡) (𝑉𝑢) (𝑘+1) , 𝑢(𝑘+1)𝜌𝑘 ) ,

where the parts 𝐿𝑖, 𝐿′𝑖, 𝐹𝑖, 𝑁𝑖 are defined exactly the same as in the inviscid case.

We first look at the viscous terms. We have for example

((𝑉𝑢) (𝑘+1) , 𝑢(𝑘+1) (1+cos 𝑥)𝑘 ) ≤ (𝑢(𝑘+3) , 𝑢(𝑘+1) (1+cos 𝑥)𝑘 ) +𝐶𝐸𝑉𝐸𝑘 + (1+𝐸𝑉 )𝐸2
𝑘 .

We use integration by parts twice to obtain

(𝑢(𝑘+3) , 𝑢(𝑘+1) (1 + cos 𝑥)𝑘 ) = −(𝑢(𝑘+2) , 𝑢(𝑘+2) (1 + cos 𝑥)𝑘 − 𝑢(𝑘+1)𝑘 (1 + cos 𝑥)𝑘−1 sin 𝑥)

= −(𝑢(𝑘+2) , 𝑢(𝑘+2) (1 + cos 𝑥)𝑘 ) + 1
2
(𝑢(𝑘+1) , 𝑢(𝑘+1)𝑘 (1 + cos 𝑥)𝑘−1 [(𝑘 − 1) − 𝑘 cos 𝑥])

≤ −(𝑢(𝑘+2) , 𝑢(𝑘+2) (1 + cos 𝑥)𝑘 ) + 𝐶 (𝑘) (𝑢(𝑘+1) , 𝑢(𝑘+1) (1 + cos 𝑥)𝑘−1) .

We can also get a similar bound for 𝑉𝜔. Therefore combined with the leading order
estimate (A.5.7) and using the idea in Remark A.5.2, we conclude that for small
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enough constants 0 < 𝜇 < 𝜇0(𝑘0) < 1, we have the following viscous estimate

𝑘0∑︁
𝑘=0

𝜇𝑘 [((𝑉𝑢) (𝑘+1) , 𝑢(𝑘+1)𝜌𝑘 )+ ((𝑉𝜔) (𝑘) , 𝜔(𝑘)𝜌𝑘 )] ≤ 𝐶 (𝑘) [𝐸2
𝑉 +(1+𝐸𝑉 )

𝑘0∑︁
𝑘=0

𝜇𝑘𝐸2
𝑘 ] .

(A.5.8)
Here 𝜇0(𝑘0) is a generic constant depending on 𝑘0. We can choose 𝑘0 large enough
later so that 𝐸𝑉 can be bounded using the interpolation inequalities.

Now we look at the linear terms and extract damping. We denote the terms as lower
order terms (l.o.t. for short) if their 𝜌𝑘 -weighted 𝐿2-norms are bounded by

∑𝑘−1
𝑖=0 𝐸𝑖.

For the terms of intermediate order, since 𝜌𝑘 ≤ 𝐶 (𝑘)𝜌𝑖 for 𝑖 < 𝑘 , combined with the
classical elliptic estimate, we can show that 𝑢 𝑗 , 𝜓𝑖 for 0 ≤ 𝑗 < 𝑘+1 and 0 ≤ 𝑖 < 𝑘+2
are l.o.t. Using the l.o.t. notation, we keep track only of the higher-order terms

(𝐿 (𝑘+1)
1 , 𝑢(𝑘+1)𝜌𝑘 ) = (−2 sin 𝑥𝑢(𝑘+2)−2𝑘 cos 𝑥𝑢(𝑘+1)+2 sin 𝑥𝜓 (𝑘+2)+l.o.t., 𝑢(𝑘+1)𝜌𝑘 ) ,

(𝐿 (𝑘)
2 , 𝜔(𝑘)𝜌𝑘 ) = (−2 sin 𝑥𝜔(𝑘+1) − 2𝑘 cos 𝑥𝜔(𝑘) + 2 sin 𝑥𝑢(𝑘+1) + l.o.t., 𝜔(𝑘)𝜌𝑘 ) .

Again we have a crucial cancellation of the cross terms and for the leading order
terms we use integration by parts to obtain for example

(−2 sin 𝑥𝑢(𝑘+2) − 2𝑘 cos 𝑥𝑢(𝑘+1) , 𝑢(𝑘+1)𝜌𝑘 ) = (𝑢(𝑘+1) , 𝑢(𝑘+1) (−𝑘 − (𝑘 − 1) cos 𝑥)𝜌𝑘 )
≤ −(𝑢(𝑘+1) , 𝑢(𝑘+1)𝜌𝑘 ) .

Therefore we derive the following estimate

(𝐿 (𝑘+1)
1 , 𝑢(𝑘+1)𝜌𝑘 ) + (𝐿 (𝑘)

2 , 𝜔(𝑘)𝜌𝑘 ) ≤ −𝐸2
𝑘 +𝐶 (𝑘)

𝑘−1∑︁
𝑖=0

𝐸𝑖𝐸𝑘 ≤ −1
2
𝐸2
𝑘 +𝐶 (𝑘)

𝑘−1∑︁
𝑖=0

𝐸2
𝑖 .

Similarly we have

(𝐿′(𝑘+1)
1 , 𝑢(𝑘+1)𝜌𝑘 ) + (𝐿′(𝑘)2 , 𝜔(𝑘)𝜌𝑘 ) ≤ 2𝐸2

𝑘 + 𝐶 (𝑘)
𝑘−1∑︁
𝑖=0

𝐸2
𝑖 .

We have the trivial bound for the error term

(𝐹 (𝑘+1)
1 , 𝑢(𝑘+1)𝜌𝑘 ) + (𝐹 (𝑘)

2 , 𝜔(𝑘)𝜌𝑘 ) ≤ 𝐶 (𝑘) (𝑎 − 1)𝐸𝑘 .

The nonlinear terms are more subtle. We will show that

(𝑁 (𝑘+1)
1 , 𝑢(𝑘+1)𝜌𝑘 ) ≤ 𝐶 (𝑘)

𝑘∑︁
𝑖=0

𝐸2
𝑖 𝐸𝑘 , (A.5.9)
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and we can have the same bound for 𝜔. In fact, for a canonical term in 𝑁
(𝑘+1)
1

and 𝑁 (𝑘)
2 , it is of the form 𝜓 (𝑖)𝑢(𝑘+2−𝑖) or 𝜓 (𝑖)𝜓 (𝑘+3−𝑖) or 𝑢(𝑖)𝑢(𝑘+1−𝑖) . For the terms

𝜓𝑢(𝑘+2) and 𝜓𝜔(𝑘+1) , we can use integration by parts and Lemma A.3.1 to show that

(𝜓𝑢(𝑘+2) , 𝑢(𝑘+1) (1 + cos 𝑥)𝑘 ) ≤ 𝐶 (𝑘) (∥𝜓𝑥 ∥∞ + ∥ 𝜓

sin 𝑥
∥∞)𝐸2

𝑘 ≤ 𝐶 (𝑘)𝐸𝐸
2
𝑘 .

The terms associated with 𝜓𝑥𝑢
(𝑘+1) , 𝜓𝑥𝜔(𝑘) , 𝑢𝑢(𝑘+1) , and 𝑢𝜔(𝑘) have the same

bound trivially. We can then focus on controlling the weighted norms of 𝜔(𝑖)𝑢(𝑘−𝑖) ,
𝜔(𝑖)𝜔(𝑘−1−𝑖) , 𝑢(𝑖+1)𝑢(𝑘−𝑖) for indices 0 < 𝑖 < 𝑘 to establish the bound (A.5.9). For
example, we get

∥𝜔(𝑖)𝑢(𝑘−𝑖) (1 + cos 𝑥)𝑘/2∥2 ≤ ∥𝜔(𝑖) (1 + cos 𝑥) (𝑖+1)/2∥∞𝐸𝑘−1−𝑖 .

Finally, by the fundamental theorem of calculus, we can bound the 𝐿∞-norm by

𝐶 (𝐾) [∥𝜔(𝑖+1) (1 + cos 𝑥) (𝑖+1)/2∥1 + ∥𝜔(𝑖) (1 + cos 𝑥) (𝑖−1)/2 sin 𝑥∥1]

≤ 𝐶 (𝐾) [𝐸𝑖+1 + ∥𝜔(𝑖) (1 + cos 𝑥) (𝑖)/2∥1] ≤ 𝐶 (𝑘)
𝑘∑︁
𝑖=0

𝐸𝑖 .

Therefore we conclude that (A.5.9) holds.

A.5.4 Collection of norms and finite time blowup
We collect the bounds (A.5.8) (A.5.9) for viscous and nonlinear terms, along with the
linear bounds and the leading order estimate (A.5.4). For any fixed 𝑘0, there exists a
small enough constant 0 < 𝜇1(𝑘0) < 𝜇0(𝑘0), such that the following estimate holds

𝑑

𝑑𝜏
𝐼2
𝑘0

≤ −(0.1 −𝐶 |𝑎 − 1|)𝐼2
𝑘0
+𝐶 |𝑎 − 1|𝐼𝑘0 +𝐶𝐼3

𝑘0
+𝐶𝜈𝐶𝑢 (𝜏) [𝐸2

𝑉 + (1 + 𝐸𝑉 )𝐼2
𝑘0
] ,

where the energy is defined as

𝐼2
𝑘0

=

𝑘0∑︁
𝑘=0

𝜇𝑘1 (𝑘0)𝐸2
𝑘 .

Here the constants depend on 𝑘0 and 𝜇 but once we first prescribe 𝑘0 then 𝜇 = 𝜇1(𝑘0),
they become just constants. We will later make our 𝐶𝑢 (𝜏) and |𝑎 − 1| small to close
the argument.

Finally, by the Gagliardo-Nirenberg inequality, for 𝑘 = 1, 3, we have

∥𝜔(𝑘) ∥𝐿∞ (𝐼) ≲ ∥𝜔(4) ∥𝜃
𝐿2 (𝐼) ∥𝜔∥

1−𝜃
𝐿2 (𝐼) , 𝜃 =

𝑘 + 1/2
4

.
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This is the classical Gagliardo-Nirenberg inequality applied to a bounded domain,
and we can just use the extension technique to prove it; see for example [270]. We
get similar bounds involving 𝑢 and conclude that 𝐸𝑉 ≲ 𝐼𝑘0 , for any fixed 𝑘0 ≥ 4.
For example, we just take 𝑘0 = 4 and obtain

𝑑

𝑑𝜏
𝐼4 ≤ −(0.1 − 𝐶 |𝑎 − 1|)𝐼4 + 𝐶 |𝑎 − 1| + 𝐶𝐼2

4 + 𝐶𝜈𝐶𝑢 (𝜏) (1 + 𝐼4)𝐼4 .

Now we choose 𝐶𝑢 (0) = |𝑎 − 1|2 for |𝑎 − 1| < 𝛿 with a small enough 𝛿 > 0.
It is easy to check that the bootstrap argument for 𝐼4 ≤ 𝐶 |𝑎 − 1| and 𝐶𝑢 (𝜏) ≤
𝐶𝑢 (0) exp((𝑎 − 1)𝑡) ≤ 𝐶𝑢 (0) will hold for all time provided that it holds initially.
We again use the estimate for the normalization constants

𝑐𝑢 + 𝑐𝑢 = 2(𝑎 − 1) + 𝜈𝐶𝑢 (𝑡) (1 − 𝑢𝑥𝑥𝑥 (0)) + 2(𝑎 − 1)𝜓𝑥 (0) < (𝑎 − 1) < 0 .

Thus we can obtain a blowup in finite time in the physical variables.

A.6 Appendix
Lemma A.6.1. Assume

∑
𝑘≥1 𝑎

2
𝑘
+ 𝑐2

𝑘
< ∞, then we have the following inequality

for (A.2.5)

𝐹 (𝑎, 𝑐) :=
∑︁
𝑘≥1

{𝑎2
𝑘 (0.84 + 1

𝑘2 − 1
(𝑘 − 1)2 ) + 𝑐

2
𝑘 (0.84 + 1

𝑘 (𝑘 + 1) ) + 2𝑎𝑘𝑎𝑘+1
1

(𝑘 + 1)2

+ 2𝑎𝑘
∑︁
𝑗>𝑘+1

𝑎 𝑗 (
1
𝑗2

− 1
( 𝑗 − 1)2 ) + 2𝑎𝑘𝑐𝑘

1 + 2𝑘 − 𝑘2

2𝑘2(𝑘 + 1)
+ 2𝑎𝑘+1𝑐𝑘

𝑘2 − 𝑘 − 1
2𝑘2(𝑘 + 1)2

− 2𝑎𝑘+2𝑐𝑘
𝑘 + 2

2(𝑘 + 1)2 +
∑︁
𝑗>𝑘

2𝑎𝑘𝑐 𝑗
1

𝑗 ( 𝑗 + 1) } ≥ 0 .

Proof. Denote the summation of terms in 𝐹 (𝑎, 𝑐) that only involve 𝑎𝑖, 𝑐 𝑗 for 𝑖, 𝑗 ≤ 𝑁

as 𝐹𝑁 (𝑎, 𝑐). Here 𝑁 = 200. This quadratic form 𝐹𝑁 (𝑎, 𝑐) can be expressed as
𝑎 (𝑁),𝑇𝐹 (𝑁)𝑐(𝑁) , where 𝑎 (𝑁) , 𝑐(𝑁) are two vectors with entries 𝑎𝑖,𝑐 𝑗 respectively and
𝐹 (𝑁) is a symmetric matrix. We numerically verify using interval arithmetic in
Matlab that the smallest eigenvalue of 𝐹 (𝑁) is greater than 0.01; see remarks after
the proof for details. Therefore we have

𝐹𝑁 (𝑎, 𝑐) ≥ 0.01
𝑁∑︁
𝑘=1

(𝑎2
𝑘 + 𝑐

2
𝑘 ) .
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For the remainder 𝐹 (𝑎, 𝑐) − 𝐹𝑁 (𝑎, 𝑐), we estimate it term by term via the trivial
bound 2𝑎𝑏 ≥ −(𝑎2 + 𝑏2) and obtain

𝐹 (𝑎, 𝑐) − 𝐹𝑁 (𝑎, 𝑐) ≥
∑︁
𝑘>𝑁

[𝑎2
𝑘 (0.84 + 1

𝑘2 − 1
(𝑘 − 1)2 ) + 𝑐

2
𝑘 (0.84 + 1

𝑘 (𝑘 + 1) )]

+
𝑁∑︁
𝑘=1

𝑎2
𝑘 (−

2
𝑁2 − 1

𝑁 + 1
) +

𝑁∑︁
𝑘=𝑁−1

𝑐2
𝑘 (−

𝑁2 − 𝑁 − 1
2𝑁2(𝑁 + 1)2 − 𝑁 + 1

2𝑁2 )

+
∑︁
𝑘>𝑁

𝑎2
𝑘 (−

3
𝑁2 − 𝑁 ( 1

(𝑁)2 − 1
(𝑁 + 1)2 ) −

𝑁2 − 𝑁 − 1
2𝑁2(𝑁 + 1)2 − 𝑁 + 1

2𝑁2 − 𝑁2 − 2𝑁 − 1
2𝑁2(𝑁 + 1)

− 1
𝑁 + 2

) +
∑︁
𝑘>𝑁

𝑐2
𝑘 (−

𝑁2 − 𝑁 − 1
2𝑁2(𝑁 + 1)2 − 𝑁 + 1

2𝑁2 − 𝑁2 − 2𝑁 − 1
2𝑁2(𝑁 + 1)

− 1
𝑁 + 2

) .

For 𝑁 = 200, we estimate all of the coefficients by a lower bound and obtain

𝐹 (𝑎, 𝑐)−𝐹𝑁 (𝑎, 𝑐) ≥ − 2
𝑁

𝑁∑︁
𝑘=1

(𝑎2
𝑘+𝑐

2
𝑘 )+(0.84− 3

𝑁
)
∑︁
𝑘>𝑁

(𝑎2
𝑘+𝑐

2
𝑘 ) ≥ − 2

𝑁

𝑁∑︁
𝑘=1

(𝑎2
𝑘+𝑐

2
𝑘 ) .

Therefore we conclude 𝐹 (𝑎, 𝑐) ≥ 0. □

Remark A.6.2. We now explain how to verify that the smallest eigenvalue of the
symmetric matrix 𝐹 (200) is greater than 0.01. We proceed in three steps.

1. We first use Matlab to perform an (approximate) SVD decomposition of

𝐹 (200) − 0.011𝐼 ≈ 𝑉𝐷𝑉 ′ .

Here 𝐷 is the diagonal matrix consisting of (approximate) eigenvalues of
𝐹 (200) − 0.011𝐼, and 𝑉 is the unitary matrix consisting of (approximate)
eigenvectors of 𝐹 (200) − 0.011𝐼.

2. We use interval arithmetic to verify that the maximal absolute value of entries
of 𝐹 (200) − 0.011𝐼 − 𝑉𝐷𝑉 ′ is at most 10−10. Therefore the spectral norm
of 𝐹 (200) − 0.011𝐼 − 𝑉𝐷𝑉 ′, which is bounded by its 1-norm, is rigorously
bounded from above by 200 × 10−10.

3. Since 𝐷 has positive entries, we know that 𝑉𝐷𝑉 ′ is positive definite. We
conclude that

𝐹 (200) − 0.01𝐼 = 𝑉𝐷𝑉 ′ + 0.001𝐼 + 𝐹 (200) − 0.011𝐼 −𝑉𝐷𝑉 ′

is positive definite.
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A p p e n d i x B

SECOND ORDER ENSEMBLE LANGEVIN METHOD

We propose a sampling method based on an ensemble approximation of second
order Langevin dynamics. The log target density is appended with a quadratic term
in an auxiliary momentum variable and damped-driven Hamiltonian dynamics, is
introduced; the resulting stochastic differential equation is invariant to the Gibbs
measure, with marginal on the position coordinates given by the target. A precondi-
tioner based on covariance under the law of position coordinates under the dynamics
does not change this invariance property, and is introduced to accelerate convergence
to the Gibbs measure. The resulting mean-field dynamics may be approximated by
an ensemble method; this results in a gradient-free and affine-invariant stochastic
dynamical system with desirable provably uniform convergence properties across
the class of all Gaussian targets. Numerical results demonstrate the potential of the
method as basis for a numerical sampler in Bayesian inverse problems, beyond the
Gaussian setting.

B.1 Introduction
B.1.1 Set-up
Consider sampling the density

𝜋(𝑞) = 1
𝑍𝑞

exp(−Φ(𝑞)) ,

where Φ : R𝑁 → R is termed the potential function and 𝑍𝑞 the normalization
constant. A broad family of problems can be cast into this formulation; the Bayesian
approach to inverse problems provides a particular focus for our work [239]. The
point of departure for the algorithms considered in this chapter is the following
mean-field Langevin equation:

d𝑞
d𝑡

= −C(𝜌)𝐷Φ(𝑞) +
√︁

2C(𝜌)d𝑊
d𝑡

, (B.1.1)

where 𝐷 denotes the gradient operator, 𝑊 is an 𝑁-dimensional standard Brownian
motion, 𝜌 is the density associated to the law of 𝑞, and C(𝜌) is the covariance under
this density. This constitutes a mean-field generalization [158] of the standard
Langevin equation [364]. Applying a particle approximation to the mean-field
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model results in an interacting particle system, and coupled Langevin dynamics
[265, 158, 350, 157]. The benefit of preconditioning using the covariance is that
it leads to mixing rates independent of the problem, provably for quadratic Φ and
empirically beyond this setting [158], because of the affine invariance [175] of the
resulting algorithms [157].

In order to further accelerate mixing and achieve sampling efficiency, we introduce
an auxiliary variable 𝑝 ∈ R𝑁 and consider the Hamiltonian

H(𝑧) = 1
2
⟨𝑝,M−1𝑝⟩ +Φ(𝑞) , (B.1.2)

where the new state variable 𝑧 := (𝑞⊤, 𝑝⊤)⊤ ∈ R2𝑁 . Define a measure via its density
on R2𝑁 by

Π(𝑧) = 1
𝑍𝑞,𝑝

exp(−H (𝑧)) , (B.1.3)

where 𝑍𝑞,𝑝 is the normalization constant. The marginal distribution of Π in the 𝑞
variable gives the desired distribution 𝜋, i.e.

∫
Π(𝑧)d𝑝 = 𝜋(𝑞). We now aim at

sampling the joint distribution. To this end, consider the following underdamped
Langevin dynamics in R2𝑁 :

d𝑧
d𝑡

= J𝐷H(𝑧) − K𝐷H(𝑧) +
√

2K d𝑊0

d𝑡
, (B.1.4)

with the choices

J =

(
0 C
−C 0

)
, K =

(
K1 0
0 K2

)
. (B.1.5)

Here𝑊0 is a standard Brownian motion in R2𝑁 with components𝑊′,𝑊 ∈ R𝑁 . Then
we have the following, proved in Subsection B.8.1:

Proposition B.1.1. Assume that K1, K2 are symmetric and non-negative definite,
and that C is symmetric positive definite. Assume further that C, K and M depend
on the law of 𝑧 under the dynamics defined by (B.1.4) and (B.1.5), but are are
independent of 𝑧: all derivatives with respect to 𝑧 are zero. Then the Gibbs measure
Π(𝑧) is invariant under the dynamics defined by (B.1.4), (B.1.5).

In practice, to simulate from such a mean-field model, it will be necessary to consider
a particle approximation of the form

d𝑧(𝑖)

d𝑡
= 𝐽 (𝑍)𝐷𝑧𝐻 (𝑧(𝑖); 𝑍) − 𝐾 (𝑍)𝐷𝑧𝐻 (𝑧(𝑖); 𝑍) +

√︁
2𝐾 (𝑍)

d𝑊 (𝑖)
0

d𝑡
, (B.1.6)
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for the set of 𝐼 particles 𝑍 = {𝑧(𝑖)}𝐼
𝑖=1, and where 𝑀 (𝑍), 𝐾 (𝑍), 𝐽 (𝑍) are appropriate

empirical approximations of M(𝜌),K(𝜌),J (𝜌) based on replacing 𝜌 by 𝜌𝐼 where

𝜌𝐼 =
1
𝐼

𝐼∑︁
𝑖=1

𝛿𝑧 (𝑖) ,

and the Hamiltonian is given by

𝐻 (𝑧; 𝑍) = 1
2
⟨𝑝, 𝑀 (𝑍)−1𝑝⟩ +Φ(𝑞) . (B.1.7)

Thus
𝐷𝑧𝐻 (𝑧; 𝑍) =

(
𝐷Φ(𝑞)⊤, (𝑀 (𝑍)−1𝑝)⊤

)⊤
.

Note that 𝐻 is the appropriate finite particle approximation of H , given the particle
approximation 𝑀 of M . The dependence of H on the law of 𝑧 has been replaced
by dependence on the collection of particles 𝑍 .1

Remark B.1.2. Unlike (B.1.4), the equation (B.1.6) is no longer a damped-driven
Hamiltonian system; this is because of the dependence of the Hamiltonian on the
particle positions 𝑍 , through the mass matrix. Furthermore, its marginal on any
coordinate 𝑞 (𝑖) does not necessarily preserve the desired target measure under the
dynamics. However we expect it to do so approximately when 𝐼 is large. This
justifies the use of algorithms based on (B.1.6).

In this chapter we will concentrate on a specific choice of mean-field operators
within the above general construction, which we now describe. Let C𝑞 (𝜌) denote
the 𝑞-marginal in the covariance under the law of (B.1.4). We make the choices
K1 = 0, C = M = C𝑞 (𝜌), and K2 = 𝛾C𝑞 (𝜌), for a scalar damping parameter 𝛾 > 0.
Then the underdamped Langevin dynamics yields

d𝑞
d𝑡

= 𝑝 ,

d𝑝
d𝑡

= −C𝑞 (𝜌)𝐷Φ(𝑞) − 𝛾𝑝 +
√︃

2𝛾C𝑞 (𝜌)
d𝑊
d𝑡

.

(B.1.8)

To implement a particle approximation of the mean-field dynamics (B.1.8) we
introduce particles in the form 𝑧(𝑖) (𝑡) =

(
(𝑞 (𝑖) (𝑡))⊤, (𝑝 (𝑖) (𝑡))⊤

)
and we use the

1The reader is asked to note that collection of particles 𝑍 is different from normalization constant
𝑍𝑞,𝑝 appearing in (B.1.3).
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ensemble covariance and mean approximations

C𝑞 (𝜌) ≈ 𝐶𝑞 (𝑍) :=
1
𝐼

𝐼∑︁
𝑖=1

(
𝑞 (𝑖) − 𝑞

)
⊗

(
𝑞 (𝑖) − 𝑞

)
, (B.1.9a)

𝑞 :=
1
𝐼

𝐼∑︁
𝑖=1

𝑞 (𝑖) . (B.1.9b)

In order to obtain affine invariance, we take the generalized square root of the
ensemble covariance 𝐶𝑞 (𝑍), similarly to [157]. We introduce the 𝑁 × 𝐼 matrix

𝑄 :=
(
𝑞 (1) − 𝑞, 𝑞 (2) − 𝑞, · · · , 𝑞 (𝐼) − 𝑞

)
,

which allows us to define the empirical covariance and generalized (nonsymmetric)
square root via

𝐶𝑞 (𝑍) =
1
𝐼
𝑄𝑄𝑇 ,

√︃
𝐶𝑞 (𝑍) :=

1
√
𝐼
𝑄 .

Now with 𝐼 independent standard Brownian motions {𝑊 (𝑖)}𝐼
𝑖=1 ∈ R𝐼 , a natural

particle approximation of (B.1.8) is, for 𝑖 = 1, . . . , 𝐼,

d𝑞 (𝑖)

d𝑡
= 𝑝 (𝑖) ,

d𝑝 (𝑖)

d𝑡
= −𝐶𝑞 (𝑍)𝐷Φ(𝑞 (𝑖)) − 𝛾𝑝 (𝑖) +

√︃
2𝛾𝐶𝑞 (𝑍)

d𝑊 (𝑖)

d𝑡
.

(B.1.10)

In subsequent sections we will employ an ensemble approximation of𝐶𝑞 (𝑍)𝐷Φ(·),
as in [158], thereby avoiding the need to compute adjoints of the forward model;
we note also that in the linear case this approximation is exact. We will show
that the resulting interacting particle system has the potential to provide accurate
derivative-free inference for certain classes of inverse problems.

In the remainder of this section we provide a literature review, we highlight our
contributions, and we outline the structure of the chapter.

B.1.2 Literature review
The overdamped Langevin equation is the canonical SDE that is invariant with
respect to a given target density. Many sampling algorithms are built upon this
idea, and in particular, it is shown to govern a large class of Monte Carlo Markov
Chain (MCMC) methods; see [393, 355, 301]. To enhance mixing and accelerate
convergence, a second-order method, Hybrid Monte Carlo (HMC, also referred to as
Hamiltonian Monte Carlo) [126, 340] has been proposed, leading to underdamped
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Langevin dynamics. There have been many attempts to justify the empirically
observed fast convergence speed of second-order methods in comparison with first-
order methods [28]. Recently a quantitative convergence rate is established in
[56], showing that the underdamped Langevin dynamics converges faster than the
overdamped Langevin dynamics when the log of the target 𝜋 has a small Poincaré
constant; see also [133].

The idea of introducing preconditioners within the context of interacting particle
systems used for sampling is developed in [265]. Preconditioning via ensemble
covariance is shown to boost convergence and numerical performance [158]. Other
choices of preconditioners in sampling will lead to different forms of SDEs and
associated Fokker-Planck equations with different structures, which can result in
different sampling methods effective in different scenarios; see for example [284].
Affine invariance is introduced in [175] where it is argued that this property leads
to desirable convergence properties for interacting particle systems used for sam-
pling: methods that satisfy affine invariance are invariant under an affine change
of coordinates, and are thus uniformly effective for problems that can be rendered
well-conditioned under an affine transformation; in particular for the sampling of
the class of all Gaussian measures. An affine invariant version of the mean-field
underdamped Langevin dynamics of [158] is proposed in [350, 157].

Kalman methods have shown wide success in state estimation problems since their
introduction by Evensen; see [144] for an overview of the field, and the papers
[388, 228] for discussion of their use in inverse problems. Using the ensemble
covariance as a preconditioner leads to affine invariant [157] and gradient-free [158]
approximations of Langevin dynamics; this is desirable in practical computations in
view of the intractability of derivatives in many large-scale models arising in science
and engineering [88, 185, 258, 223]. See [25, 400] for analysis of these methods
and, in the context of continuous data-assimilation, see [116, 26, 427]. There are
other derivative-free methods that can be derived from the mean-field perspective,
and in particular consensus-based methods show promise for optimization [60] and
have recently been extended to sampling in [59].

Recent work has established the convergence of ensemble preconditioning methods
to mean field limits; see for example [121]. For other works on rigorous deriva-
tion of mean field limits of interacting particle systems, see [425, 61, 231]. For
underpinning theory of Hamiltonian-based sampling, see [39, 38, 294, 29].
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B.1.3 Our contributions
The following contributions are made in this chapter:

1. We introduce an underdamped second order mean field Langevin dynamics,
with a covariance-based preconditioner.

2. In the case of Bayesian inverse problems defined by a linear forward map, we
show that that this mean field model preserves Gaussian distributions under
time evolution and, if initialized at a Gaussian, converges to the desired target
at a rate independent of the linear map.

3. We introduce finite particle approximations of the mean field model, resulting
in an affine invariant method.

4. For Bayesian inverse problems, we introduce a gradient-free approximation
of the algorithm, based on ensemble Kalman methodology.

5. In the context of Bayesian inverse problems we provide numerical examples
to demonstrate that the algorithm resulting from the previous considerations
has desirable sampling properties.

In Section B.2, we introduce the inverse problems context that motivates us. In Sec-
tion B.3 we discuss the equilibrium distribution of the mean field model. Section B.4
introduces the ensemble Kalman approximation of the finite particle system; and in
that section we also demonstrate affine invariance of the resulting method. Section
B.5 presents analysis of the finite particle system in the case of linear inverse prob-
lems, where the ensemble Kalman approximation is exact; we demonstrate that the
relaxation time to equilibrium is independent of the specific linear inverse problem
considered, a consequence of affine invariance. In Section B.6 we provide numeri-
cal results which demonstrate the efficiency and potential value of our method, and
in Section B.7 we draw conclusions. Proofs of the propositions are given in the
appendix, Section B.8.

B.2 Inverse Problem
Consider the Bayesian inverse problem of finding 𝑞 from an observation 𝑦 deter-
mined by the forward model

𝑦 = G(𝑞) + 𝜂 .

Here G : R𝑁 → R𝐽 is a (in general) nonlinear forward map. We assume a prior
zero-mean Gaussian 𝜋0 = N(0, Γ0) on unknown 𝑞 and assume that the random
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variable 𝜂 ∼ N(0, Γ), representing measurement error, is independent of the prior
on 𝑞. We also assume that Γ, Γ0 are positive definite. Then by Bayes rule, the
posterior density that we aim to sample is given by2

𝜋(𝑞) ∝ exp
(
−1

2
∥𝑦 − G(𝑞)∥2

Γ

)
𝜋0(𝑞) ∝ exp(−Φ(𝑞)) ,

where potential function Φ(𝑞) has the following form:

Φ(𝑞) = 1
2
∥𝑦 − G(𝑞)∥2

Γ +
1
2
∥𝑞∥2

Γ0
. (B.2.1)

In the linear case when G(𝑞) = 𝐴𝑞, Φ(𝑞) is quadratic and the gradient 𝐷Φ(𝑞) can
be written as a linear function:

Φ(𝑞) = 1
2
∥𝑦 − 𝐴𝑞∥2

Γ +
1
2
∥𝑞∥2

Γ0
, (B.2.2a)

𝐷Φ(𝑞) = 𝐵−1𝑞 − 𝑐 , (B.2.2b)

𝐵 = (𝐴𝑇Γ−1𝐴 + Γ−1
0 )−1 , 𝑐 = 𝐴𝑇Γ−1𝑦 . (B.2.2c)

In this linear setting, the posterior distribution 𝜋(𝑞) is the Gaussian N(𝐵𝑐, 𝐵).

B.3 Equilibrium Distributions for the Mean Field Fokker-Planck Equation
The mean-field underdamped Langevin equation (B.1.4) has an associated nonlinear
and nonlocal Fokker-Planck equation giving the evolution of the law of particles
𝑧(𝑡), denoted 𝜌(𝑧, 𝑡). The equation for this law is (see proof in subsection B.8.1.)

𝜕𝑡𝜌 = ∇ ·
(
(K − 𝐽) (𝜌∇H + ∇𝜌)

)
. (B.3.1)

By Proposition B.1.1 this Fokker-Planck equation has Π(𝑧) as its equilibrium; this
follows as for standard linear Fokker-Planck equations [364] since the dependence
of the sample paths on 𝜌 involves only the mean and covariance; see the proof in
subsection B.8.1 and see also [129, 179, 237, 392, 364] for discussions on how
to derive Fokker-Planck equations with a prescribed stationary distribution. In the
specific case (B.1.8), recall that J and K are given by

J =

(
0 C𝑞 (𝜌)

−C𝑞 (𝜌) 0

)
, K =

(
0 0
0 𝛾C𝑞 (𝜌)

)
. (B.3.2)

These choices satisfy the assumption of Proposition B.1.1. We approximate (B.1.8)
by the interacting particle system (B.1.10). In this context, we note Remark B.1.2
to motivate computational methods based on integrating (B.1.10).

2In what follows ∥ · ∥𝐶 = ∥𝐶− 1
2 · ∥, with analogous notation for the inducing inner-product, for

any positive definite covariance 𝐶 and for ∥ · ∥ the Euclidean norm.
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B.4 Ensemble Kalman Approximation
B.4.1 Derivatives via differences
We now make the ensemble Kalman approximation to approximate the gradient
term by differences, as in [158]:

𝐷G
(
𝑞 (𝑖)

) (
𝑞 (𝑘) − 𝑞

)
≈

(
G

(
𝑞 (𝑘)

)
− Ḡ

)
,

where Ḡ := 1
𝐼

∑𝐼
𝑘=1 G

(
𝑞 (𝑘)

)
. Invoking this approximation within (B.1.10), using

the specific form (B.2.1) of Φ, yields the following system of interacting particles
in R𝑁 , for 𝑖 = 1, . . . , 𝐼 :

¤𝑞 (𝑖) = 𝑝 (𝑖) ,

¤𝑝 (𝑖) = −𝐶𝑞 (𝑍)Γ−1
0 𝑞 (𝑖) − 1

𝐼

𝐼∑︁
𝑘=1

⟨G(𝑞 (𝑘)) − Ḡ,G(𝑞 (𝑖)) − 𝑦⟩Γ𝑞 (𝑘) − 𝛾𝑝 (𝑖) +
√︃

2𝛾𝐶𝑞 (𝑍) ¤𝑊 (𝑖) .

(B.4.1)
We will use this system as the basis of all our numerical experiments.

B.4.2 Affine invariance
In this subsection, we show the affine invariance property [175, 157, 265] for the
Fokker-Planck equations in the mean-field regime (B.3.1), for the particle equation
in the mean-field regime (B.1.8), for the ensemble approximation (B.1.10), and the
gradient-free approximation (B.4.1). For simplicity of presentation, we only state
the results in the case of ensemble approximation, and the mean-field case is a
straightforward analogy upon dropping all of the particle superscripts.

Definition B.4.1 (Affine invariance for particle formulation). We say a particle
formulation is affine invariant, if under all affine transformations of the form

𝑞 (𝑖) = 𝐴𝑣 (𝑖) + 𝑏 , 𝑝 (𝑖) = 𝐴𝑢(𝑖) , (B.4.2)

the equations on the transformed particle systems are given by the same equations
with 𝑞 (𝑖) , 𝑝 (𝑖) replaced by 𝑣 (𝑖) , 𝑢(𝑖) respectively, and with potential Φ replaced by Φ̃
via

Φ̃(𝑣 (𝑖)) = Φ(𝑞 (𝑖)) = Φ(𝐴𝑣 (𝑖) + 𝑏) .

Here 𝐴 is any invertible matrix and 𝑏 is a vector.
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Definition B.4.2 (Affine invariance for Fokker-Planck equation). We say a Fokker-
Planck equation is affine invariant, if under all affine transformations of the form

𝑞 (𝑖) = 𝐴𝑣 (𝑖) + 𝑏 , 𝑝 (𝑖) = 𝐴𝑢(𝑖) ,

the equations on the pushforward PDF 𝜌̃𝐼 are given by the same equation on 𝜌𝐼

with 𝑞 (𝑖) , 𝑝 (𝑖) replaced by 𝑣 (𝑖) , 𝑢(𝑖) respectively, and with Hamiltonian 𝐻 replaced
by 𝐻̃ via

𝐻̃ (𝑣 (𝑖) , 𝑢(𝑖)) = 𝐻 (𝑞 (𝑖) , 𝑝 (𝑖)) = 𝐻 (𝐴𝑣 (𝑖) + 𝑏, 𝐴𝑢(𝑖)) .

Here 𝐴 is any invertible matrix and 𝑏 is a vector.

The key dynamical systems introduced in this chapter are affine invariant:

Proposition B.4.3. The particle formulations (B.1.8), (B.1.10) and (B.4.1) are
affine invariant. The Fokker-Planck equation (B.3.1) is also affine invariant.

We defer the proof to Subsection B.8.2. The significance of affine invariance is
that it implies that the rate of convergence is preserved under affine transformations.
The proposed methodology is thus uniformly effective for problems that become
well-conditioned under an affine transformation. Proposition B.5.1, which follows
in the next section, illustrates this property in the setting of linear forward map G(·).

Remark B.4.4. The affine invariance of the methodology introduced in [265] in-
volves a definition different from that in Definition B.4.1. In particular (B.4.2) is
replaced by

𝑞 (𝑖) = 𝐴𝑣 (𝑖) + 𝑏 , 𝑝 (𝑖) = 𝑢(𝑖) , (B.4.3)

B.5 Mean Field Model for Linear Inverse Problems
We consider the mean field SDE (B.1.8) in the linear inverse problem setting of
Section B.2 with G(𝑞) = 𝐴𝑞; thus (B.2.2) holds. We note that 𝐵 in (B.2.2)
is both well-defined and symmetric positive definite since Γ0, Γ are assumed to
be symmetric positive definite. The two Propositions B.5.1, B.5.3 demonstrate
problem-independent rates of convergence, across the set of all linear Gaussian
inverse problems; this is a consequence of affine invariance which in turn is a
consequence of our choice of preconditioned mean field system.
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In the setting of the linear inverse problem, the mean field model (B.1.8) reduces to

¤𝑞 = 𝑝 ,

¤𝑝 = −C𝑞 (𝜌) (𝐵−1𝑞 − 𝑐) − 𝛾𝑝 +
√︃

2𝛾C𝑞 (𝜌) ¤𝑊 .
(B.5.1)

We prove the following result about this system in Subsection B.8.3:

Proposition B.5.1. Write the mean 𝑚(𝜌) and the covariance C(𝜌) of the law 𝜌(𝑧)
of particles in equation (B.5.1) in the block form

𝑚(𝜌) =
(
𝑚𝑞 (𝜌)
𝑚𝑝 (𝜌)

)
, C(𝜌) =

(
C𝑞 (𝜌) C𝑞,𝑝 (𝜌)
C𝑇𝑞,𝑝 (𝜌) C𝑝 (𝜌)

)
.

The evolution of the mean and covariance is prescribed by the following system of
ODEs:

¤𝑚𝑞 = 𝑚𝑝 ,

¤𝑚𝑝 = −C𝑞 (𝐵−1𝑚𝑞 − 𝑐) − 𝛾𝑚𝑝 ,

¤C𝑞 = C𝑞,𝑝 + C𝑇𝑞,𝑝 ,
¤C𝑝 = −C𝑞𝐵−1C𝑞,𝑝 − (C𝑞𝐵−1C𝑞,𝑝)𝑇 − 2𝛾C𝑝 + 2𝛾C𝑞 ,

¤C𝑞,𝑝 = −𝛾C𝑞,𝑝 − C𝑞𝐵−1C𝑞 + C𝑝 .

(B.5.2)

The unique steady solution with positive definite covariance is the Gibbs measure
𝑚𝑞 = 𝐵𝑐, 𝑚𝑝 = 0, 𝐶𝑞,𝑝 = 0, 𝐶𝑞 = 𝐶𝑝 = 𝐵; the marginal on 𝑞 gives the solution
of the linear Gaussian Bayesian inverse problem. All other steady state solutions
have degenerate covariance, are unstable, and take the form 𝑚𝑞 = 𝐵(𝑐 + 𝑚), 𝑚𝑝 =

0, 𝐶𝑞,𝑝 = 0, 𝐶𝑞 = 𝐶𝑝 = 𝐵1/2𝑋𝐵1/2 for a projection matrix 𝑋 and 𝑚 in the nullspace
of 𝐶𝑞. The equilibrium point with positive definite covariance is hyperbolic and
linearly stable and hence its basin of attraction is an open set, containing the equi-
librium point itself, in the set of all mean vectors and positive definite covariances.
Furthermore, the mean and covariance converge to this equilibrium, from all points
in its basin of attraction, with a speed independent of 𝐵 and 𝑐.

Remark B.5.2. Proposition B.5.1 demonstrates that the convergence speed to the
non-degenerate equilibrium point is independent of the specific linear inverse prob-
lem to be solved; the rate does, however, depend on 𝛾. Analysis of the linear
stability problem shows that 𝛾 ≈ 1.83 gives the best local convergence rate; see
Remark B.8.1. In the case where mean field preconditioning is not used, the opti-
mal choice of 𝛾 for underdamped Langevin dynamics depends on the linear inverse
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problem being solved, and can be identified explicitly in the scalar setting [364];
for analysis in the non-Gaussian setting see [65]. Motivated by analogies with the
work in [364, 65] we expect the optimal choice of 𝛾 to be problem dependent in
the nonlinear case, but motivated by our analysis in the linear setting we expect
to see a good choice which is not too small or too large and can be identified by
straightforward optimization.

Now we show that for Gaussian initial data, the solution remains Gaussian and is
thus determined by the evolution of the mean and covariance via the ODE (B.5.2).
We prove this by investigating the mean field Fokker-Planck equation in the linear
case. The evolution in time of the law 𝜌(𝑧) of equation (B.5.1) is governed by the
equation

𝜕𝑡𝜌 = ∇ ·
((

−𝑝
C𝑞 (𝜌) (𝐵−1𝑞 − 𝑐) + 𝛾𝑝

)
𝜌 +

(
0 −C𝑞 (𝜌)

C𝑞 (𝜌) 𝛾C𝑞 (𝜌)

)
∇𝜌

)
. (B.5.3)

We prove the following result in Subsection B.8.4; by virtue of Proposition B.5.1
it establishes that the eigenvalues that determine the local stability of the posterior
Gaussian density are the same across all linear Gaussian inverse problems:

Proposition B.5.3. Let 𝑚(𝑡), 𝐶 (𝑡) solve the ODE (B.5.2) with initial conditions 𝑚0

and 𝐶0. Assume that 𝜌0 is a Gaussian distribution, so that

𝜌0(𝑧) :=
1

(2𝜋)𝑁
(det𝐶0)−1/2 exp

(
−1

2
∥𝑧 − 𝑚0∥2

𝐶0

)
with mean 𝑚0 and covariance 𝐶0. Then the Gaussian profile

𝜌(𝑡, 𝑧) :=
1

(2𝜋)𝑁
(det𝐶 (𝑡))−1/2 exp

(
−1

2
∥𝑧 − 𝑚(𝑡)∥2

𝐶 (𝑡)

)
solves the Fokker-Planck equation (B.5.3) with initial condition 𝜌(0, 𝑧) = 𝜌0(𝑧).

B.6 Numerical Results
We introduce, and study, a numerical method for sampling the Bayesian inverse
problem of Section B.2; the method is based on numerical time stepping of the
interacting particle system (B.4.1). In this section, we demonstrate that the proposed
sampler, which we refer to as ensemble Kalman hybrid Monte Carlo (EKHMC)
can effectively approximate posterior distributions for two widely studied inverse
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problem test cases. We compare EKHMC with its first-order version EKS [158]
and a gold standard MCMC [46]. EKHMC inherits two major advantages of EKS:
(1) exact gradients are not required (i.e., derivative-free); (2) the ensemble can
faithfully approximate the spread of the posterior distribution, rather than collapse
to a single point as happens with the basic EKI algorithm [400]. Furthermore, we
show empirically that EKHMC can obtain samples of similar quality to EKS, and
has faster convergence than EKS. We detail our numerical time-stepping scheme in
the first subsection, before studying two examples (one low dimensional, one a PDE
inverse problem for a field) in the subsequent subsections.

B.6.1 Time integration schemes
We employ a splitting method to integrate the stochastic dynamical system given
by equation (B.4.1): the first capturing the finite particle approximation of the
Hamiltonian evolution, and the second capturing an OU process in momentum
space. The Hamiltonian evolution follows the equation:

¤𝑞 (𝑖) = 𝑝 (𝑖) ,

¤𝑝 (𝑖) = 𝐹𝐻 := −𝐶𝑞 (𝑍)Γ−1
0 𝑞 (𝑖) − 1

𝐼

𝐼∑︁
𝑘=1

⟨G(𝑞 (𝑘)) − Ḡ,G(𝑞 (𝑖)) − 𝑦⟩Γ𝑞 (𝑘) .
(B.6.1)

The OU process follows the equation:

¤𝑞 (𝑖) = 0 ,

¤𝑝 (𝑖) = −𝛾𝑝 (𝑖) +
√︃

2𝛾𝐶𝑞 (𝑍) ¤𝑊 (𝑖) .
(B.6.2)

We implement a symplectic Euler integrator [397] for the part of the particle system
arising from approximation of the Hamiltonian contribution to the damped-driven
mean-field equations. That is, we take a half step 𝜖/2 of momentum updates, then
a full step 𝜖 of position updates, and finally a half step 𝜖/2 of momentum updates.
With the ensemble approximation the system is only approximately Hamiltonian;
the splitting used in symplectic Euler is still well-defined, however. And we also
expect it to perform well in the large particle limit because the mean-field limit is
itself Hamiltonian. Let 𝑍 𝑗 be the collection of all position and momentum particles
at time 𝑗 : {𝑞 (𝑖)

𝑗
, 𝑝

(𝑖)
𝑗
}𝐼
𝑖=1. Starting from time 𝑗 this symplectic Euler integration gives

map 𝑍 𝑗 ↦→ 𝑍̂ 𝑗 . We set 𝑞 (𝑖)
𝑗+1 to be the 𝑖th position coordinates of 𝑍̂ 𝑗 and then update

the momentum coordinates using the OU process which provides the damped-driven
component of the mean-field limiting process. The damping coefficient 𝛾 > 0 is
treated as a hyperparameter of EKHMC. Vector 𝑍 is set at the value given by output
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of the preceding symplectic Euler integrator, denoted by 𝑍̂ 𝑗 . The update of the 𝑖th

momentum coordinate, given by solving the OU process exactly in law, is then

𝑝
(𝑖)
𝑗

= exp(−𝛾𝜖)𝑝 (𝑖)
𝑗
,

𝑝
(𝑖)
𝑗+1 = 𝑝

(𝑖)
𝑗
+ 𝜂, 𝜂 ∼ N(0, (1 − exp(−2𝛾𝜖))𝐶𝑞 (𝑍̂ 𝑗 )) ,

(B.6.3)

where 𝑝 (𝑖)
𝑗

are the momentum coordinates from 𝑍̂ 𝑗 . Within the OU process the
damping coefficient 𝛾 > 0 is treated as a hyperparameter of EKHMC.

It is posible to consider use of a Metropolis-Hastings (Metropolization) step to
correct the dynamics; however because the underlying continuous time system is
not (for finite number of particles) invariant with respect to the target, doing so
would be very complicated and so we do not pursue this. Aside from invariance,
Metropolization also imparts stability of the integrator and we may address this in
different ways. Indeed, similarly to [158], and as there with the goal of improving
stability and convergence speed towards posterior distribution, we implement an
adaptive step size, i.e., the true step size is rescaled by the magnitude of the “force
field" 𝐹𝐻 (defined in equation (B.6.1)):

𝜖 =
𝜖

𝑎 |𝐹𝐻 | + 1
. (B.6.4)

B.6.2 Low dimensional parameter space
We follow the example presented in Section 4.3 of the paper [158]. We start by
defining the forward map which is given by the one-dimensional elliptic boundary
value problem

− 𝑑

𝑑𝑥

(
exp(𝑢1)

𝑑

𝑑𝑥
𝑝(𝑥)

)
= 1 , 𝑥 ∈ (0, 1) , (B.6.5a)

𝑝(0) = 0 , 𝑝(1) = 𝑢2 . (B.6.5b)

The solution is given explicitly by

𝑝(𝑥) = 𝑢2𝑥 + exp(−𝑢1)
(
−𝑥

2

2
+ 𝑥

2

)
, (B.6.6)

The forward model operator G is then defined by

G(𝑢) =
(
𝑝(𝑥1)
𝑝(𝑥2)

)
. (B.6.7)

Here 𝑢 =
(
𝑢1, 𝑢2

)𝑇 is a constant vector that we want to find and we assume that we are
given noise measurements 𝑦 of 𝑝(·) at locations 𝑥1 = 0.25 and 𝑥2 = 0.75. Parameters
are chosen according to [158], but we summarize them here for completeness:
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Figure B.1: The low dimensional parameter space example. From left to right:
samples; mean 𝑢1; mean 𝑢2; the first singular value 𝜎1; the second singular value
𝜎2.
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Figure B.2: Convergence time (of 𝑢2 mean) as a function of damping coefficient 𝛾.
Left, Middle, Right: thresholds are 0.1, 0.5, 2.0, respectively. The takeaway from
these plots is: large damping converges faster eventually (small threshold), while
small damping converges faster initially (large threshold).

• noise 𝜂 ∼ N(0, Γ), Γ = 0.12𝐼2;

• prior 𝜋0 = N(0, Γ0), Γ0 = 𝜎2𝐼2, 𝜎 = 10;

• measurement 𝑦 = (27.5, 79.7)𝑇 ;

• number of particles 𝐼 = 103;

• initialization: (𝑢1, 𝑢2) ∼ N(−3.5, 0.12) × U(70, 110).

Here U is the uniform distribution.

We choose 𝑎 = 0.01, 𝜖 = 0.2 in both EKS and EKHMC. We find choosing 𝛾 = 1
causes overshooting (the trajectory exhibits oscillatory rather than monotonic con-
vergence), a phenomenon which can be ameliorated by increasing to 𝛾 = 100; indeed
this latter value appears, empirically, to be close to optimal in terms of convergence
speed. We conjecture this difference from the linear case, where the optimal value
is 𝛾 = 1.83 (see Remark B.5.2), is due to the non-Gaussianity of the desired target:
the particles have accumulated considerable momentum when entering the linear
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convergence regime, and so extra damping is required to counteract this and avoid
overshooting. Despite the desirable problem independence of the optimal 𝛾 in the
linear case, we expect case-by-case optimization to be needed for nonlinear prob-
lems. We also empirically study how 𝛾 affects the convergence speed for this 2D
problem: we sweep 𝛾 ∈ [30, 104], compute the number of steps needed to be close
to the convergent point by a threshold, shown in FIG. B.2. When the threshold is
small, large 𝛾 converges faster; when the threshold is large, small 𝛾 converges faster.
The takeaway is that: large 𝛾 converges faster eventually (small threshold), while
small 𝛾 converges faster initially (large threshold).

We evolve the ensemble of particles for 200 iterations, and record their positions in
the last iteration as the approximation of the posterior distribution, shown in Figure
B.1. The EKHMC samples are quite similar to EKS samples, both of which are
reasonable approximations of the samples obtained from the gold standard HMC
[126] simulations – but both approximations of the gold standard miss the full spread
of the true distribution, because of the ensemble Kalman approximation they invoke.
We also compute four ensemble quantities to characterize the evolution of EKHMC
and EKS: 𝑢1 mean, 𝑢2 mean, two eigenvalues 𝜎1 and 𝜎2 of the covariance matrix
𝐶𝑞 (𝑍). EKHMC has faster convergence towards equilibrium than EKS, benefiting
from the second-order dynamics.

B.6.3 Darcy flow
This example follows the problem setting detailed in [158]. We summarize the es-
sential problem specification here for completeness.The forward problem of porous
medium flow, defined by permeability 𝑎(·) and source term 𝑓 (·), is to find the
pressure field 𝑝(·) where 𝑝(·) is solution of the following elliptic PDE:

−∇ ·
(
𝑎(𝑥)∇𝑝(𝑥)

)
= 𝑓 (𝑥) , 𝑥 ∈ 𝐷 = [0, 1]2 ,

𝑝(𝑥) = 0 , 𝑥 ∈ 𝜕𝐷 .
(B.6.8)

We assume that the permeability 𝑎(𝑥) = 𝑎(𝑥; 𝑢) depends on some unknown parame-
ters 𝑢 ∈ R𝑑 . The resulting inverse problem is, given (noisy) pointwise measurements
of 𝑝(𝑥) on a grid, to infer 𝑎(𝑥; 𝑢) or 𝑢. We model 𝑎(𝑥; 𝑢) as a log-Gaussian field.
The Gaussian underlying this log-Gaussian model has mean zero and has precision
operator defined as C−1 = (−△ + 𝜏2I)𝛼; here △ is equipped with Neumann bound-
ary conditions on the spatial-mean zero functions. We set 𝜏 = 3 and 𝛼 = 2 in the
experiments. Such parametrization yields as Karhunen-Loeve (KL) expansion
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Figure B.3: Darcy flow. Left: samples obtained from EKHMC (top) and EKS
(bottom), compared with MCMC. Middle: Evolution of | |𝑢 | |𝐻−2 for EKHMC and
EKS for different 𝐼 = 128, 512, 2048. Right: The same as the middle, but | |𝑢 | |𝐿2

instead of | |𝑢 | |𝐻−2 . EKHMC converges faster than EKS.

log𝑎(𝑥; 𝑢) =
∑︁
𝑙∈𝐾

𝑢𝑙
√︁
𝜆𝑙𝜑𝑙 (𝑥) , (B.6.9)

where 𝜑𝑙 (𝑥) = cos(𝜋⟨𝑙, 𝑥⟩), 𝜆𝑙 = (𝜋2 |ℓ |2 + 𝜏2)−𝛼, 𝐾 ≡ Z2. Draws from this random
field are Hölder with any exponent less than one. In practice, we truncate 𝐾 to have
dimension 𝑑 = 28. We generate a truth random field by sampling 𝑢 ∼ N(0, 𝐼𝑑). We
create data 𝑦 with 𝜂 ∼ N(0, 0.12𝐼𝐾). We choose the prior covariance Γ0 = 102𝐼𝑑 .

To characterize the evolution of EKHMC and compare it with EKS, we compute
two metrics:

𝑑𝐻−2 (·) =

√√√
1
𝐼

𝐼∑︁
𝑗=1

| |𝑢( 𝑗) (𝑡) − ·| |2
𝐻−2 , 𝑑𝐿2 (·) =

√√√
1
𝐼

𝐼∑︁
𝑗=1

| |𝑢( 𝑗) (𝑡) − ·| |2
𝐿2 .

(B.6.10)
For these metrics, we use norms

| |𝑢 | |𝐻−2 =

√︄∑︁
𝑙∈𝐾𝑑

|𝑢𝑙 |2𝜆𝑙 , | |𝑢 | |𝐿2 =

√︄∑︁
𝑙∈𝐾𝑑

|𝑢𝑙 |2 , (B.6.11)

where the first is defined in the negative Sobolev space 𝐻−2, whilst the second in
the 𝐿2 space.

We set 𝑎 = 0.01 and 𝜖 = 1.0 for both EKHMC and EKS. We set 𝛾 = 1 in EKHMC;
unlike the previous example, this choice does not lead to over-shooting. We simulate



288

the particles for 100 iterations, and use their positions in the last iteration as the
approximation to the posterior distribution. We compare the samples obtained from
MCMC (we use the pCN variant on RWMH [103]), EKS (𝐼 = 128, 512, 2048) and
EKHMC (𝐼 = 128, 512, 2048) in Figure B.3. The evolution of | |𝑢 | |𝐻−2 and | |𝑢 | |𝐿2

are plotted to show that convergence is achieved, and that EKHMC converges faster
than EKS.

B.7 Conclusions
Gradient-free methods for inverse problems are increasingly important in large-
scale multi-physics science and engineering problems; see [224] and the references
therein. In this chapter we have provided an initial study of gradient-free methods
which leverage the potential power of Hamiltonian based sampling. Analysis of
the resulting method is hard, and our initial theoretical results leave many avenues
open; in particular convergence to equilibrium is not established for the underly-
ing nonlinear, nonlocal Fokker-Planck equation arising from the mean field model,
and optimization of convergence rates over 𝛾 is not understood, except in the set-
ting of linear Gaussian inverse problems. The Fokker-Planck equation associated
with standard underdamped Langevin dynamics has been studied in the context of
hypocoercity – see [20, 440] – and generalization of these methods will be of poten-
tial interest. Preconditioned HMC is also proven to converge in [37]; generalization
to ensemble approximations would be of interest. On the computational side there
are other approaches to avoiding gradient computations, yet leveraging Hamiltonian
structure, which need to be evaluated and compared with what is proposed here
[262].

B.8 Appendix
We present the proofs of various results from the chapter here.

B.8.1 Proof of Proposition B.1.1
Proof. The determination of the most general form of diffusion process which is
invariant with respect to a given measure has a long history; see [129][Theorem
1] for a statement and the historical context. Note, however, that this theory is
not developed in the mean-field setting and concerns only the linear Fokker-Planck
equation. However, the dependence of the matricesK,J andM on 𝜌 readily allows
use of the approach taken in the linear case. We find it expedient to use the exposition
of this topic in [301]. The same derivation as used to obtain Eq. (5) from [301]
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shows3 that the density 𝜌 associated with the dynamics (B.1.4), (B.1.5) satisfies Eq.
(B.3.1); this follows from the (resp. skew-) symmetry properties of (resp. J ) K and
the fact that J , K and M are assumed independent of 𝑧, despite their dependence
on 𝜌. It is also manifestly the case that the Gibbs measure is invariant for (B.3.1)
since the mass term M appearing in H is independent of 𝑧 so that

𝜌∇H + ∇𝜌 = 0

when 𝜌 is the Gibbs measure and (B.3.1) shows that then 𝜕𝑡𝜌 = 0. □

B.8.2 Proof of Proposition B.4.3
Proof. In fact, consider the affine transformation

𝑞 (𝑖) = 𝐴𝑣 (𝑖) + 𝑏 , 𝑝 (𝑖) = 𝐴𝑢(𝑖) ,

along with

Φ̃(𝑣 (𝑖)) = Φ(𝑞 (𝑖)) = Φ(𝐴𝑣 (𝑖)+𝑏) , 𝐻̃ (𝑣 (𝑖) , 𝑢(𝑖)) = 𝐻 (𝑞 (𝑖) , 𝑝 (𝑖)) = 𝐻 (𝐴𝑣 (𝑖)+𝑏, 𝐴𝑢(𝑖)) .

Then we have that the gradient term scales like ∇𝑣 (𝑖) Φ̃(𝑣 (𝑖))= 𝐴𝑇∇𝑞 (𝑖)Φ(𝑞 (𝑖)) and
the covariance preconditioner scales like 𝐶𝑣 = 𝐴−1𝐶𝑞𝐴

−1𝑇 . The generalized square
root scales like

√
𝐶𝑣 = 𝐴

−1√︁𝐶𝑞. Therefore we can check that affine invariance holds
for the particle systems (B.1.10) and (B.1.8). Affine invariance for the gradient free
approximation (B.4.1) is more easily seen to be true. Finally for the Fokker-Planck
equation (B.3.1), we can check similarly via the scaling of the terms. See a similar
argument in the proof of Lemma 4.7 in [157]. □

B.8.3 Proof of Proposition B.5.1
Proof. We can take expectations in (B.5.1) to obtain the first two ODEs in (B.5.2).
Now define

𝑧 = 𝑧 − 𝑚(𝜌) ≜
(
𝑞

𝑝

)
,

to obtain the following evolution for 𝑧:

¤̂𝑞 = 𝑝 ,

¤̂𝑝 = −C𝑞 (𝜌)𝐵−1𝑞 − 𝛾𝑝 +
√︃

2𝛾C𝑞 (𝜌) ¤𝑊 .

3We use the notational convention concerning divergence of matrix fields that is standard in
continuum mechanics [174]; this differs from the notational convention adopted in [301].
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Note that C𝑞 = E[𝑞 ⊗ 𝑞], C𝑝 = E[𝑝 ⊗ 𝑝], and C𝑞,𝑝 = E[𝑞 ⊗ 𝑝]. We can use Ito’s
formula and the above evolution to derive the last three ODEs in (B.5.2). The form
of the steady state solutions is immediate from setting the right hand side of (B.5.2)
to zero.

Now, we will establish the independence of the essential dynamics of the mean and
covariance on the specific choice of 𝐵, 𝑐. To this end, denote 𝑥1 = 𝐵1/2(𝐵−1𝑚𝑞 −
𝑐), 𝑥2 = 𝐵−1/2𝑚𝑝, 𝑋 = 𝐵−1/2C𝑞𝐵−1/2, 𝑌 = 𝐵−1/2C𝑝𝐵−1/2, 𝑍 = 𝐵−1/2C𝑞,𝑝𝐵−1/2.
Applying this change of variables we obtain, from (B.5.2), the system

¤𝑥1 = 𝑥2 ,

¤𝑥2 = −𝑋𝑥1 − 𝛾𝑥2 ,

¤𝑋 = 𝑍 + 𝑍𝑇 ,
¤𝑌 = −𝑋𝑍 − 𝑍𝑇𝑋 − 2𝛾𝑌 + 2𝛾𝑋 ,
¤𝑍 = −𝛾𝑍 − 𝑋2 + 𝑌 .

(B.8.1)

We notice that the steady state solutions take the form (𝑥1, 𝑥2, 𝑋,𝑌 , 𝑍) = (𝑤, 0, 𝑋, 𝑋, 0)
for a projection matrix 𝑋2 = 𝑋 and 𝑤 such that 𝑋𝑤 = 0. The steady state with
𝑋 = 𝐼𝑁 and 𝑤 = 0 corresponds to the desired posterior mean. The transformed
equation is indeed independent of 𝐵 and 𝑐. Therefore the speed of convergence
(𝑥1, 𝑥2, 𝑋,𝑌 , 𝑍) → (0, 0, 𝐼𝑁 , 𝐼𝑁 , 0), within its basin of attraction, is indeed indepen-
dent of 𝐵 and 𝑐. The same is true in the original variables.

To complete the proof of stability it suffices to establish the local exponential
convergence to the steady solution (𝑥1, 𝑥2, 𝑋,𝑌 , 𝑍) = (0, 0, 𝐼𝑁 , 𝐼𝑁 , 0). As a first
step, we show that the following system converges to (𝑋,𝑌, 𝑍) = (𝐼𝑁 , 𝐼𝑁 , 0):

¤𝑋 = 𝑍 + 𝑍𝑇 ,
¤𝑌 = −𝑋𝑍 − 𝑍𝑇𝑋 − 2𝛾𝑌 + 2𝛾𝑋 ,
¤𝑍 = −𝛾𝑍 − 𝑋2 + 𝑌 .

(B.8.2)

Linearization around (𝑋,𝑌, 𝑍) = (𝐼𝑁 , 𝐼𝑁 , 0) in variables of entries of (𝑋,𝑌, 𝑍 +𝑍𝑇 )
gives the matrix ©­­«

0 0 2𝐼𝑁2

2𝛾𝐼𝑁2 −2𝛾𝐼𝑁2 −2𝐼𝑁2

−2𝐼𝑁2 𝐼𝑁2 −𝛾𝐼𝑁2

ª®®¬
whose eigenvalues satisfy 𝑥3 + 3𝛾𝑥2 + (2𝛾2 + 6)𝑥 + 4𝛾 = 0 which all have strictly
negative real part for 𝛾 > 0, since we can show the unique real eigenvalue is in
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the interval (−𝛾, 0). Therefore we conclude the local exponential convergence of
covariances 𝑋,𝑌, 𝑍 in a neighbourhood of (𝑋,𝑌, 𝑍) = (𝐼𝑁 , 𝐼𝑁 , 0). The exponential
convergence of means (𝑥1, 𝑥2) → (0, 0) then follows linearizing the first two linear
ODEs in the system (B.8.1) at 𝑋 = 𝐼𝑁 .

Similarly, for any other steady state (𝑋,𝑌, 𝑍) = (𝑋, 𝑋, 0) with a projection matrix
𝑋 ≠ 𝐼𝑁 , we will show that there is an unstable direction in (B.8.2). In fact, since
𝑋 is symmetric with only eigenvalues 1 and 0, there exists a nonzero vector 𝑣
such that 𝑋𝑣 = 0. Linearization around (𝑋,𝑌, 𝑍) = (𝑋, 𝑋, 0) in the direction
(𝑎𝑣𝑣𝑇 , 𝑏𝑣𝑣𝑇 , 𝑐𝑣𝑣𝑇 ) gives the following 3 × 3 matrix for scalars 𝑎, 𝑏, 𝑐:

©­­«
0 0 2

2𝛾 −2𝛾 0
0 1 −𝛾

ª®®¬
whose eigenvalues satisfy 𝑥3 + 3𝛾𝑥2 + 2𝛾2𝑥 − 4𝛾 = 0. For all 𝛾 > 0 it may be shown
that there exists a real eigenvalue in the interval (0, 1), since 𝑓 (0) 𝑓 (1) < 0; thus
there is an unstable direction determined by (𝑎, 𝑏, 𝑐), and therefore in the original
formulation. □

Remark B.8.1. We can further investigate the spectral gap around (𝑋,𝑌, 𝑍) =

(𝐼𝑁 , 𝐼𝑁 , 0), which is the absolute value in the real root of equation 𝑥3 + 3𝛾𝑥2 +
(2𝛾2 + 6)𝑥 + 4𝛾 = 0. To be precise, we can show that for 𝑥0 = −

√︁
12 −

√
128 and

𝛾0 = −(4 + 3𝑥2
0)/(4𝑥0) ≈ 1.83, the spectral gap is maximized as −𝑥0 and we expect

fastest convergence for our method in the linear setting.

To establish this claim we proceed as follows. By the intermediate value theorem,
in order to show there always exists a root in [𝑥0, 0) and the spectral gap is at most
−𝑥0, we only need to show that

𝑥3
0 + 3𝛾𝑥2

0 + (2𝛾2 + 6)𝑥0 + 4𝛾 ≤ 0 .

The claim is true because 𝑥0 < 0 and 2𝑥0(𝑥3
0 + 6𝑥0) = (4 + 3𝑥2

0)
2/4. By the basic

inequality 𝑎2 + 𝑏2 ≥ 2𝑎𝑏, we have

𝑥3
0 + 3𝛾𝑥2

0 + (2𝛾2 + 6)𝑥0 + 4𝛾 = 2𝑥0𝛾
2 + (4 + 3𝑥2

0)𝛾 + 𝑥
3
0 + 6𝑥0 ≤ 0 .

The maximal spectral gap is attained if and only if the equality in 𝑎2 + 𝑏2 ≥ 2𝑎𝑏
holds, i.e. when 𝛾 = 𝛾0.

We also plot the spectral gap as a function of 𝛾 to help visualize the dependence
of the rate of convergence on damping for the linear problem; see Figure B.4. The
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Figure B.4: Spectral gap as a function of 𝛾

clear message from this figure is that there is a natural optimization problem for 𝛾 in
this linear Gaussian setting; this is used to motivate searches for optimal parameters
in the non-Gaussian setting.

B.8.4 Proof of Proposition B.5.3
Proof. Note that since 𝑚(𝜌), C(𝜌) are independent of the particle 𝑧, we have

∇𝜌 = −C(𝜌)−1(𝑧 − 𝑚(𝜌))𝜌 ,

𝐷2𝜌 =

(
−C(𝜌)−1 +

(
C(𝜌)−1(𝑧 − 𝑚(𝜌))

)
⊗

(
C(𝜌)−1(𝑧 − 𝑚(𝜌))

))
𝜌 .

Using this we can substitute the Gaussian profile into equation (B.5.3). We compute
the first term on the right hand to obtain(

−C(𝜌)−1(𝑧 − 𝑚(𝜌)) ·
(

−𝑝
C𝑞 (𝜌) (𝐵−1𝑞 − 𝑐) + 𝛾𝑝

)
+ 𝛾𝑁

)
𝜌 ≜ 𝐼1𝜌 .

The second term on the right hand side can be written as:(
0 −C𝑞 (𝜌)

C𝑞 (𝜌) 𝛾C𝑞 (𝜌)

)
:
(
−C(𝜌)−1 +

(
C(𝜌)−1(𝑧 − 𝑚(𝜌))

)
⊗

(
C(𝜌)−1(𝑧 − 𝑚(𝜌))

))
𝜌 ≜ (𝐼2+𝐼3)𝜌 .

For the left hand side of (B.5.3), note that

d
d𝑡

det C(𝜌) = Tr
[
det C(𝜌)C(𝜌)−1 d

d𝑡
C(𝜌)

]
,

d
d𝑡
C(𝜌)−1 = −C(𝜌)−1

(
d
d𝑡
C(𝜌)

)
C(𝜌)−1 .
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Using the evolution of the mean (B.5.2) we obtain
d
d𝑡
∥𝑧 − 𝑚(𝜌)∥2

C(𝜌) =2
〈

d
d𝑡
(𝑧 − 𝑚(𝜌)), C(𝜌)−1(𝑧 − 𝑚(𝜌))

〉
+

〈
(𝑧 − 𝑚(𝜌)), d

d𝑡

(
C(𝜌)−1

)
(𝑧 − 𝑚(𝜌))

〉
=2

〈(
−𝑚𝑝 (𝜌)

C𝑞 (𝜌) (𝐵−1𝑚𝑞 (𝜌) − 𝑐) + 𝛾𝑚𝑝 (𝜌)

)
, C(𝜌)−1(𝑧 − 𝑚(𝜌))

〉
−

〈
C(𝜌)−1(𝑧 − 𝑚(𝜌)), d

d𝑡
(C(𝜌)) C(𝜌)−1(𝑧 − 𝑚(𝜌))

〉
≜ 2(𝐼4 − 𝐼5) .

Therefore we can compute the left hand side as:

𝜕𝑡𝜌 =

[
−1

2
(det C(𝜌))−1

(
d
d𝑡

det C(𝜌)
)
− 1

2
d
d𝑡

∥𝑧 − 𝑚(𝜌)∥2
C(𝜌)

]
𝜌

=

[
−1

2
Tr

[
C(𝜌)−1 d

d𝑡
C(𝜌)

]
− 𝐼4 + 𝐼5

]
𝜌 ≜ (𝐼6 − 𝐼4 + 𝐼5)𝜌 .

In order to show that the Gaussian profile is indeed a solution to (B.5.3), we only
need to show that 𝐼1 + 𝐼2 + 𝐼3 = −𝐼4 + 𝐼5 + 𝐼6. Note that

𝐼1 + 𝐼4 = 𝛾𝑁 + C(𝜌)−1(𝑧 − 𝑚(𝜌)) ·
(

𝑝 − 𝑚𝑝 (𝜌)
−C𝑞 (𝜌)𝐵−1(𝑞 − 𝑚𝑞 (𝜌)) − 𝛾(𝑝 − 𝑚𝑝 (𝜌))

)
= 𝛾𝑁 + C(𝜌)−1(𝑧 − 𝑚(𝜌)) ·

(
0 𝐼𝑁

−C𝑞 (𝜌)𝐵−1 −𝛾𝐼𝑁

)
(𝑧 − 𝑚(𝜌)) .

Defining 𝑧 = 𝑧−𝑚(𝜌), we collect the terms in the to-be-proven identity 𝐼1+ 𝐼2+ 𝐼3 =

−𝐼4 + 𝐼5 + 𝐼6 as:

𝑧𝑇

[
C(𝜌)−1

(
0 𝐼𝑁

−C𝑞 (𝜌)𝐵−1 −𝛾𝐼𝑁

)
+ C(𝜌)−1

((
0 −C𝑞 (𝜌)

C𝑞 (𝜌) 𝛾C𝑞 (𝜌)

)
− 1

2
d
d𝑡

(C(𝜌))
)
C(𝜌)−1

]
𝑧

+𝛾𝑁 − Tr

[(
0 −C𝑞 (𝜌)

C𝑞 (𝜌) 𝛾C𝑞 (𝜌)

)
C(𝜌)−1

]
+ 1

2
Tr

[
d
d𝑡
C(𝜌)C(𝜌)−1

]
≜ 𝑧𝑇𝑀1𝑧 + 𝑀2 = 0 .

We only need to show that 𝑀1 + 𝑀𝑇
1 = 𝑀2 = 0.

In fact, we compute C(𝜌) (𝑀1 + 𝑀𝑇
1 )C(𝜌) to be:(

0 𝐼𝑁

−C𝑞 (𝜌)𝐵−1 −𝛾𝐼𝑁

)
C(𝜌)+C(𝜌)

(
0 −(𝐵−1)𝑇C𝑞 (𝜌)
𝐼𝑁 −𝛾𝐼𝑁

)
+
(
0 0
0 2𝛾C𝑞 (𝜌)

)
− d

d𝑡
(C(𝜌)) ,

which equals zero upon blockwise computation via (B.5.2). Thus 𝑀1 + 𝑀𝑇
1 = 0.

Moreover, note that𝑀2 = −Tr [C(𝜌)𝑀1]: 𝑀1+𝑀𝑇
1 = 0 impliesC(𝜌) (𝑀1+𝑀𝑇

1 ) = 0
and taking the trace on both sides leads to the conclusion that 𝑀2 = 0. Therefore
the Gaussian profile indeed solves the Fokker-Planck equation (B.5.3). □
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