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ABSTRACT

In this thesis a second order turbulence model is described
which calculates the mean Reynolds stresses and dissipation rate
for homogeneous and slightly inhomogeneous shear flows. The higher
order terms which appear in the exact differential (transport)
equations for the Reynolds stresses and dissipation rate are approx-
imated in terms of the mean velocity gradient, Reynolds stresses and
dissipatioh rate using some of the principles of invariant modeling.
The unknown coefficients appearing in the models for the higher
order terms were estimated by a systematic evaluation of the avail-
able experimental data for homogeneous turbulence. The model was
used to calculate the Reynolds stresses for homogeneous shear flow,
homogeneous strain and the decay of initially anisotropic turbulence.

The model was further tested by calculating the mean velocity
and Reynolds stresses for two inhomogeneous free shear flows, the
two dimensional turbulent jet and the two dimensional wake. The
governing model equations were transformed into similarity form.
A calculation procedure is described for the solution of the resulting
set of nonlinear ordinary differential equations.

A simplified version of the mean Reynolds stress model was

developed and it was also used to model the plane jet and wake.
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CHAPTER 1

INTRODUCTION

1.1 Turbulence Modeling

There are many problems of technological interest where it
would be advantageous to be able to numerically simulate or calculate
a turbulent fluid f]o&. At the most fundamental level, it is of course
well known that such flows are described completely by the Navier-
Stokes equations (even the smallest length scales of a turbulent flow
are orders of magnitude Targer than the mean free path or molecular
length scales of the fluid). However, the large spread between the
smallest and largest length scales of a turbulent flow renders any
direct attempt to numerically solve these equations completely
impractical. Fortunately, in many cases, it is sufficient to be able
to predict only certain mean (or time-averaged) features of the flow
and the equations of motion can be considered in a more tractable,
time-average form. The major difficulty with this approach is that
the resulting equations for the time-averaged, statistical features
of the flow are not closed. For example, the equations describing
the mean velocity field contain the time average of the second moment,
U;UE} of the random fluctuations of the velocity about the mean and
this quantity (which is known as the Reynolds stress) is itself known.
Likewise, the governing equation for this "second-order" quantity
contains unknown "third-order" velocity and pressure moments.
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Although one can always derive new equations for these new higher-

order moments, the new equations will then contain even higher-order

moments. In all, an infinite set of differential equations would be
required to "close" the system. This is the well known "turbulence
closure problem."

This thesis is concerned with the development of an approxi-
mate closure of the time-average moment equations for turbulent flow.
Such closure approximations, when based upon a combination of rigorous
mathematics, intuition and experimental observation, are known as
"turbulent models." At the simplest level of approximation, no
differential equations are used except the equation for the mean
velocity field, and the unknown mean Reynolds stresses are expressed
as algebraic functions of the local mean field variables. Such a
closure is called the Mean Velocity Field (MVF) closure. The next
possible level of closure is at the second order and is known as the
Mean Reynolds Stress'(MRS) closure. Here the governing differential
equations are retained both for the mean velocity and the Reynolds
stresses, and the third order correlations which appear in the latter
are expressed in terms of the first-order (mean field) and second-
order quantities. These MRS models may be expected to yield a more
complete description of the turbulent flow (e.g. they yield predic-
tions for both the mean field and second-order moments), but they
can only be developed at the expense of much more experimental and
empirical input than is necessary for the MVF closure.

In view of this added complexity, it is logical to question

the motivation for the development of a second-order model especially



since the first-order (MVF) models give acceptable results for the
mean velocity fields in many situations. This question was recently
considered by Lumley (1976) in an unpublished manuscript. The basic
limitation of the MVF closure is that it is strictly applicable only
to homogeneous (or nearly homogeneous) turbulent flows (i.e. flows
for which the turbulence quantities are not functions of position
in the flow). Thus when the MVF closure is used for predictions of
more inhomogeneous flows, such as atmospheric flows (cf. Lumley,
Zeman and Siess, 1978) unphysical predictions may result.

The MRS closure also assumes a degree of homogeneity, but
in this case the assumption is applied to the models for the third-
order turbulence quantities. Hence the assumption of homogeneity in
the MRS models is expected to have less influence on the mean field
calculations than for the MVF models. There are other reasons for
considering a MRS level closure. In many cases the driving mechanism
behind a particular aspect of the fluid motion is the magnitude of
the difference between the diagonal components of the Reynolds stress
tensor (for example, secondary flow in a duct, cf. Gessner and Emery,
1976). Such differences are possible with MRS models but not MVF
models in their conventional forms. MRS models are also valuable
as a basis for the rational development of intermediate closure models
which 1ie between the MVF and full MRS models in complexity (cf. the
models derived by Hanjalic and Launder 1972, 1976 and Pope, 1975).
Such intermediate models will in fact be discussed in Chapter 4 in
the context of the complete hierarchy of turbulent models, ranging

from the full MRS to the much simpler MVF, which may be generated



by the progressive addition of increasingly restrictive assumptions
to the full MRS models.

In the remainder of this introductory chapter, we set the
scene for the main task of this thesis, which is the development and
testing of a full MRS closure scheme. In particular, in the next
two subsections, we briefly describe previous attempts to develop
computational methods for turbulent flows. These divide naturally
into two parts; closure models for the time average equations (i.e.
turbulent models of the type considered in this thesis), and attempts

to solve the Navier-Stokes equations in a more direct manner.

1.2 Direct Simulation and Related Methods

The Navier-Stokes equations apply to turbulent as well as

laminar flows. For an incompressible, isothermal, Newtonian fluid

these equations may be written:

“1,1 =0 (1.2.1a)

u. +

. "
; ujui,j 5 Py + oy (1.2.1b)

% o3

Here, we use the Cartesian summation convention (i.e. all repeated
indices are summed over i = 1,2,3). The overdot in the first term
denotes time differentiation and a comma denotes differentiation with
respect to the subscripted spatial variables which appear after the
comma (e.g. ai,j = Bﬁi/axj). Gi and p are the instantaneous velocity
and pressure fields respectively and v and p are the kinematic

viscosity and the fluid density. At high Reynolds numbers, equation

(1.2.1) cannot be solved either analytically or numerically. This is



because of the wide range of length scales present in a turbulent
flow. The largest of these scales contain most of the turbulent
energy and are comparable in size to the lateral dimension of the
flow. In the turbulence literature these scales are called integral
scales and are denoted, &. An estimation of their size can be
obtained, for example, by considering the instantaneous photos of a
turbulent mixing layer by Brown and Roshko (1974). It is clear from
their figure 5 for example that the extent of the largest "eddies"
is roughly equal to the width of turbulent region. On the other
hand, the smallest scales of motion, where the turbulence energy is
converted into heat by viscous dissipation, contain almost no energy.
These eddies are comparable in size to the Kolmogorov length scale,
n = (v3/e)%, where € is the viscous dissipation. The ratio of the
smallest to the largest scales is thus (cf. Tennekes and Lumley,

1972) n/a ~ Ry™/4

where R2 is the Reynolds number based on turbulence
quantities. As the Reynolds number increases the numerical mesh
required to resolve the smallest scales becomes prohibitively fine
relative to 2 and current computer memory capacities are quickly
exceeded. [An example of the actual quantitative sizes of the largest
and smallest eddies for pipe flow is given in Leslie (1973) and
estimates of the actual computer core requirements are given in
Shaanan et al. (1975) and Leslie (1973)]. For this reason, direct
computer solutions to (1.2.1) are not currently feasible even for

the simplest fully turbulent flows.

Two alternatives to direct simulation have been developed

that retain at least some of its philosophy. These are: (1) the



Sub Grid Scale Method and (2) the Spectral or Galerkin Method.
These methods are briefly described in the following subsections of

this introductory chapter.

1.2.1 Sub-Grid Scale (SGS)
Modeling

In sub-grid scale modeling, the governing Navier-Stokes

equations are averaged, but only over small volume elements which
are, in fact, comparable in size to the numerical grid volume. In

this case, the Navier-Stokes equations (1.2.1), take the form

i e T;
L 1.2.
T o P VY5 LL 22

in which the over bar represents a sub-grid scale average

_ 1 X+ y+shy Az'
U (x,t) = ——— U (E,n,z,t)dEdndz
AX A.Y Az x=LAX' y_l/szl Z"I/ZAZ' (1 ) 3)

and Ax', Ay' and Az' are averaging increments. When the instantaneous
velocity Gi is expressed as the sum of a sub-grid scale average

velocity and a fluctuating component,

o T 1 ) (el
U = uy + ug (ui = 0) (1.2.4)

the flux quantity ﬁiﬁj’ becomes simply

U.l, = u,u, + usul .
L S A I

(1.2.5]

Thus, the velocity field, including turbulent contributions, for the

scales of motion greater than the grid spacing is resolved explicitly



using finite difference formulae, and the requirement for a turbulent
model is Timited to the sub-grid scale "fluxes" u;ug. Most of the
calculations using this method have employed a simple MVF closure

for this term

uiut = K (u: . +u, ) (1.2.6)

where Km is a sub-grid scale eddy coefficient for momentum. Calcula-
tions using this approach have recently been carried out for a
variety of homogeneous flows by Kwak, Reynolds and Ferziger (1975)
and Shaanan, Ferziger and Reynolds (1975). Their results are in
qualitative agreement with experiments. Earlier, Deardorff (1970)
used (1.2.6) and (1.2.2) to model turbulent channel flows. He also
obtained good agreement with the experimental data of Laufer (1950).
The principal advantage of the SGS method over a full tur-
bulent model is that the closure approximation is applied only to the
smaller scale motion. Since the small scales most nearly meet the
criteria for a closure model (given § 2.3) the SGS model should give
better predictions than a MVF closure which is applied to the whole
spectrum of length scales. The basic disadvantage of the SGS approach
however is that it is limited in accuracy by the size of the grid
volume which may be practically used for numerical calculations.
Due to the great storage demands this method places on the memory

3 to 323 total nodes

core of the computer, only grids which involve 16
have been used in calculations. Thus, if the Reynolds number is very
large the sub grid scales which are modeled will lie in the energy

containing range of eddies and the results will be very much



influenced by the kind of closure approximation which is used to
model the sub-grid scale stresses. Another limitation of the SGS
method is truncation error which arises when a finite difference
approximation is employed for the large scale motions. A method
which avoids such errors is the spectral method described in the next
section.

The accuracy of the SGS scheme may, of course, be improved
if a more sophisticated model is used for the sub-grid Reynolds
stresses. This approach was actually followed by Deardorff (1973),
who calculated the mean velocity and temperature and turbulence
quantities for the planetary boundary layer, using a second-order
turbulence model (similar to that of Donaldson, 1972) for the sub-
grid scale Reynolds stresses. His calculations were in reasonable

agreement with the data but were very expensive to carry out, taking

350 hours on a CDC 7600 computer to simulate 24 hours of actual time.
This was about 2.5 times longer than required for similar calculations
using equation (1.2.6) to model the SGS stresses (Deardorff, 1972).
Nevertheless, Deardorff (1973) felt that the additional expense was
justified since the more sophisticated model gave much better pre-
dictions for the mean velocity and temperature fields as well as being
able to predict the sub-grid scale stresses themselves. Indeed, the
success of Deardorff's calculations using a second order model for

the sub-grid scale Reynolds stresses provides further motivation

for studying MRS closures.



1.2.2 Spectral or Galerkin
Methods

To implement the SGS model some method of discretization is
required. The most common has been to use finite differences at grid
notes. This allows the governing partial differential equations to
be transformed into sets of simultaneous difference equations. An
alternative approach is to expand the dependent variables in a set
of orthogonal functions and then introduce these expansions into the
governing equations giving a set of ordinary differential equations
for the coefficients. The expansion in a finite Fourier series, i.e.,
Galerkin's method is the most efficient for computations. The Fourier

decompositions for the instantaneous velocity and pressure fields are,

(1.2.7)

where,
uU,p are the instantaneous velocity and pressure fields
v,m are their Fourier coefficients

k is the integer wave number vector with three components
kys ko and kg with k = 2m, n; = 0, 122, ...

:
K is the "cut-off" wave number, —2wKskis 2mK.
The Fourier decompositions are substituted into (1.2.1)
resulting in a system of ordinary differential equations for the

Fourier coefficients v, i.e.

: K
2 . K
(% + vk >va(k) = "% P . (k) E_ vB(B)vY(g-p_) (1.2.8a)
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Equations (1.2.8) for v are solved numerically. The accuracy of this
method is limited primarily by the maximum wave number K which can be
employed. If the length scales present in a turbulent flow can be
thought of in terms of inverse wave number then a restriction on K
results in a restriction on the smallest length scales that can be
computed. Orszag (1969) shows that a limitation on K also limits the
direct numerical calculation of turbulent flows to Ry~20 (where Ry
is the turbulent Reynolds number based on the Taylor microscale,
cf. Tennekes and Lumley, 1972, p. 68).

Recently Schumann and Patterson studied the viscous decay of
isotropic turbulence (Schumann and Patterson, 1975a) and the return
to isotropy of initially anisotropic turbulence (Schumann and
Patterson, 1975b) using the spectral method. Their calculated results
are in qualitative agreement with the available experimental data.
Quantitative comparisons are not possible because of the Tow calculated
value of RA (~20) versus the much higher experimental value of
Ry (~50).

Spectral calculations are expensive to carry out. Even for
K only equal to 16, Orszag (1969) showed that the total number of
multiplications involved in the right hand side of (1.2.8a) is

roughly 3x109. Allowing 1 psec for each operation this would require
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~1 hr. for the multiplications alone at each time step. Orszag (1969)

showed that this time could be reduced by judicious use of the fast
Fourier transform but calculation times are still excessive. Thus it
is our opinion that spectral calculations will not be used to solve
problems of practical importance for some time to come. Nevertheless,
they may prove useful in more specific applications, including
generation of "numerical data" which can be used in validating the
less rigorous closure approximations such as those described in the
next section of this thesis. In particular, many of the terms arising
in the transport equations for the second order correlations in an
‘MRS model are not amenable to direct experimental measurement. Hence
models for these terms can normally be tested only indirectly through
their effect on the predictions of other mean flow properties. On

the other hand, the spectral method just described can, in principle
generate any desired correlation via a "numerical experiment." Such
numerical experiments not only have the potential to previde "data"
for difficult to measure correlation-quantities, but they may also

be less expensive than their laboratory counterparts.

In addition to the T1imitations of the two methods just des-
cribed, Orszag suggests additional reasons for considering a turbu-
lence closure model rather than performing direct simulation, (1) a
successful turbulent theory implies a greater physical understanding
of turbulent flow, and (2) the results obtained by direct simulation
must be ensemble averaged before they can be compared with experi-

mental data. For these reasons, the Navier-Stokes equations are
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usually considered in their time averaged form and closure is obtained

using one of the methods described in the next section.

1.3 Closure Methods

The methods most frequently used to approximate turbulent
flows are called "closure" methods. In this approach the instantane-
ous velocity and pressure fields appearing in (1.2.1) are decomposed
into a mean {Ui,P} and a fluctuating {ui,p} part. Then the time
averaged equations of motion can be expressed (for steady flow) in

the form
TRV ‘%-p,i + (29845 - UU5)ss (1.3.1a)
Ui,i =0 ui’i =0 (1.3.1b)
where Sij = %(Ui,j + Uj,i) is the mean strain rate. As it stands,

equation (1.3.1) is not closed since the E;GE'are unknowns (six in
all) in addition to U, and P. To close (1.3.1) additional relations
must be provided for these "second order quantities" (called Reynolds
stresses). The simplest level of closure is the Mean Velocity Field
(MVF) closure. In this closure, the U;EE are assumed to be described

by a Newtonian constitutive equation based on an assumed (but overly

simplified) analogy between turbulent and laminar momentum transport,

a2s. . - 2K

i T Sij (1.3.2)

o=
<
1
w|—
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where q2 = U,U.

3Us is a scalar which can be combined with the dynamic

pressure and KT is the so-called "eddy" momentum diffusivity. KT
is determined by reference to experiment and is found to change
from one type of flow to another.

Eddy diffusivity assumptions, such as (1.3.2) have been used
successfully in calculations for decades. Nevertheless, they are
well known to give implausible results in many important situations,
including atmospheric flows (cf. Lumley, Zeman and Siess, 1978). The
main difficulty with the theory is that it is based on the assumption
that the length and time scales of turbulent motion are all small
compared to the length and time scales of the mean flow. In other
words, the turbulence is assumed to be nearly homogeneous, allowing
the turbulence quantities to be related to the mean flow quantities
at the same location. Thus the eddy diffusion theory is a "local"
theory and implicitly assumes that an equilibrium relationship exists
between the mean and fluctuating fields. Hence when more than one
length or time scale exists (e.g. the case for a sudden change in
boundary conditions) the eddy diffusivity (gradient transport) con-
cept will break down. Recently, Zeman and Lumley (1976), Lumley,
Zeman and Siess (1978) and Meroney (1976) have given examples of the
failure of the gradient transport theory in cases where the buoyant
mean shear production of turbulent kinetic energy are of comparable
magnitude. The limitations of gradient transport models were also
studied, from a more fundamental point of view, by Corrsin (1974).

Models which attempt to alleviate some of the limitations

of the MVF closure are the so-called second-order or mean Reynolds
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stress (MRS)1 closures. At this level, exact differential (trans-
port) equations are constructed for the Reynolds stresses and the
necessary closure assumptions are applied to the third order quanti-
ties that appear in these equations. These higher order terms des-
cribe the convection, production, dissipation and intercomponent
energy transfer of the Reynolds stresses and must be expressed in
terms of the mean field quantities and Reynolds stresses themselves
if the system is to be mathematically closed (i.e. have the same
number of differential equations as unknowns).

Second-order calculation methods for engineering and atmos-
pheric applications have been under development for some time. The
earliest models of Donaldson (1972), Daly and Harlow (1970), Hanjalic
and Launder (1972) and Lumley and Khajeh-Nouri (1974) were applied
to isothermal flows primarily for the purpose of testing the closure
assumptions. Recently the modeling group at Imperial College, London,
England has extended the model of Hanjalic and Launder (1972) to:

(1) account for the presence of a solid boundary, (Launder, Reece and
Rodi, 1975); (2) account for gravitational (buoyancy) effects, (Launder,
1975); and (3) account for decreasing Reynolds number, (Hanjalic and
Launder, 1976). The invariant method of Lumley and Khajeh-Nouri

(1974) was extended to atmospheric flows by Zeman and Lumley (1976)

and Lumley, Zeman and Siess (1978). Wyngaard and his associates have

also used Lumley's method for their studies of the planetary boundary

1For‘ the isothermal cases considered in this thesis, the
only second order quantities calculated are the mean Reynolds stresses,
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layer (cf. Wyngaard (1975) for their most recent calculations and
references to their earlier studies). Turbu]ent free shear flow and
various atmospheric flow calculations using Donaldson's (1972) model
are summarized in a report by Lewellen (1975). Daly (1974) extended
the model of Daly and Harlow (1970) to study turbulent transition

in a buoyancy driven convection flow.

In most of the above cases the model development and verifica-
tion has not been systematic. Hence when the early isothermal versions
of the models were extended to more complicated flow situations, a
systematic method was not generally used for the addition of new
terms. As a result, there is presently disagreement, not only in
the form of the models used by the various modeling groups, but
particularly in the magnitude of the parameters appearing in these
models. The present thesis is concerned with the systematic develop-
ment of a second order turbulence model. A brief outline of the

steps taken to develop this model is given in the next section.

1.4 Development of a Second Order Model

The development of calculation methods for turbulent flow has
been closely linked to the increase in computing capability of the
modern day computer. In the first half of this century turbulent
closures were limited to the Mean Velocity Field type because they
could be used to obtain solutions for some flow situations without
the aid of a computer. The current version of high speed computers
has reduced the computational limitations on the choice of turbulence

models and today turbulence models have been proposed which contain
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dozens of differential equations (cf. André et al., 1976). Neverthe-
less, we are still faced with a serious question as to the number of
differential equations which can be kept in a model before the bene-
fits of increasing refinement are outweighed by decreasing understand-
ing of the turbulence quantities which must be approximated in these
equations.

In this thesis we will consider the development of a second
order turbulence model. This Tevel of closure represents a compro-
mise between (1) the simple MVF closure which was indicated in pre-
vious sections to be incorrect in many situations, and (2) third
order closures which not only require many more differential equations
but also require much more experimental input than the second order
model. Even at second order the necessary models for the higher
order moments that appear in the Reynolds stress equations contain
a relatively large number of unknown constants that must be deter-
mined from experimental data. Thus, the validity of a second order
model will depend strongly on the quality of the experimental data
on which it is based.

The systematic development of a usable second order calcula-
tion procedure (and the outline of this thesis) is conveniently des-
cribed using the following flow chart suggested by Bradshaw (1972).
Three independent inputs are required for the initial development of
a "turbulence model": exact transport equations; inspiration and
formalism; and, finally, careful use of available experimental data.
The governing transport equations for the Reynolds stresses are pre-

sented in § 2.1. These are obviously common to all MRS model
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developers (though it should be noted that different equations have
been proposed for generating the length scale which is required for
non-dimensionalization).

The large number of available MRS models are thus distin-
guished primarily by differences in the other two inputs. Until
recently, comparatively 1ittle attention had been paid to a systematic
development of the closure relationships. Instead, the general

approach was to suggest ad hoc closures based on physical "intuition"

Exact Trgnsport Inspiratign and Experiments
Equations Formalism
H Y !
[
- Turbulence Numerical
o Model Procedure

Y Y

Calculation Method

i
Use Y, Good agreement N

The with experiments?

Method

[

|

3 Ye Worth adjusting 4‘\\No
o mode1? 4//

Figure 1.1.--Flow Chart for Model Development.
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and dimensional analysis. A1l constants remaining in the resulting
"model" equations were then adjusted to provide an optimal fit in
some least squares sense to experimental data for a set of target
flows. Since no systematic method was used to generate the model,

no rational scheme existed for its improvement or extension if it

did not provide a reasonable fit to the data. Furthermore, in our
opinion, most of the previous modelers have devoted too little effort
to the evaluation of the model constants. Models have typically

been applied directly to complex flows with all of the constants
adjusted simultaneously so that a reasonable fit to the experimental
data results. As a consequence, however, the applicability of the
models to other flows is uncertain, and in some instances models have
been proposed which cannot predict even the simplest of wind-tunnel
flows.

The more rational method used in this thesis to generate
turbulence models for the third-order correlations was initiated in
a series of papers by Lumley (Lumley, 1970, 1975a and Lumley and
Khajeh-Nouri, 1974). The method was developed further in the theses
of Cormack (1975) and Zeman (1975), and the final modeling scheme
described in § 2.3 is a synthesis of the work of these earlier
investigators. The models developed using the "rational" method
are presented in sections 2.4 - 2.7. These models can be considered
as consisting of two parts, (1) a term that is present, even in
homogeneous flows and (2) corrections for inhomogeneity. In this
thesis, only the homogeneous terms will be considered in detail.

The reasons for this are two-fold. First, Pope (1978) and Cormack
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(1975) have shown that the first contributions for inhomogeneity occur
2

at order Qﬁ%) » where £ is the integral length scale (a measure of

large eddy size) and LO is some Tength scale which is characteristic

of the inhomogeneity; for example, von Karman's scale
L. = (3U,/3x,) / (32U, /3x2) (1.4.1)
0 1772 il T

Thus if the maximum eddy size is small compared to the scale of the
inhomogeneity, the inhomogeneous contributions to the turbulence model
will be negligible. Secondly, for a properly invariant second-order
model, Cormack (1975) has shown that dozens of potential terms are

possible at order'(-lg> £ in homogeneity. Since there are no direct

L
experimental measuregents of some of the higher order correlations
and since the indirectly inferred values for these correlations are
uncertain it is not prudent to use the information to estimate the
great number of constants which arise at second order.

In addition to the rational method of model determination, a
systematic method of parameter estimation was also undertaken. In
Chapter 3 a method of parameter estimation is described which is com-
parable to the use of viscometric experiments in the material
parameter determinations in rheology. By studying progressively more
complicated flows the various physical phenomenon can be studied
"one effect at a time" and the pertinent constants in the model can
be determined uniquely. In particular, the homogeneous turbulent
shear flow is shown to approach a unique structure for asumptotically

long development times and this asymptotic structure can be used to
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fix many of the parameters that appear in the homogeneous form of
the model.

The homogeneous model developed by a consideration of
homogeneous "viscometric" experiments is then tested by carrying out
dynamic calculations for all types of homogeneous flows where ade-
quate data is available for comparison. By proceeding in a step-
wise fashion from a rational development of the models themselves to
a systematic determination of the constants to a thorough testing
of the model we feel that an optimal model can be developed for the
available experimental data. This model will be "invariant" in the
sense that it does not change under transformations of the co-ordinate
axes and is also "invariant" in the sense that the constants, once
determined for homogeneous flows, need not be adjusted when more
complicated flow situations are encountered.

In Chapter 5 a numerical procedure for the calculation of
self-similar turbulent free shear flows is developed using a mean
Reynolds stress model. This allows a group of inhomogeneous flows
to be simulated using the MRS model in its inhomogeneous form and
compared to the available experimental data. Thus, the loop of
model development and parameter determination by comparison with

data outlined in Figure 1.1 is completed.



CHAPTER 2
PRINCIPLES OF MODEL DEVELOPMENT

2.1 Introduction

When the instantaneous velocity field is decomposed into mean
and fluctuating components, Gi - Ui *u; an equation for the mean
velocity field can be obtained by averaging the Navier-Stokes

equations. As noted in the previous chapter, this equation

-
. . = = . .. - e .
YiYi,5 5 P’1 (29545 - Ryg)sj

(1.3.1a)
is not closed since it contains, in addition to the mean velocity and
pressure, the additional unknowns, R].j = E;UE} which are known as the
mean Reynolds stress components. Although a differential equation can
be derived for Rij’ as indicated in Chapter 1, this equation in turn
contains new, higher-order moments which are unknown and the system

is still not closed. Indeed, the governing equations for the mean
velocity and Reynolds stress fields can only be closed if some way

is found to express the higher-order moments in terms of Rij’ Ui and
appropriate characteristic length and velocity scales. Such closure
relationships are, of course, not derived but rather developed from
some initial hypothesis of functional form and the resulting equations
are therefore "model" equations. When the closure approximation is
applied to the unknown moments in the governing equation for Rij’

the result is a so-called "mean Reynolds stress (MRS)" model.

21
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In this chapter, we derive governing equations for an MRS
turbulence model. The starting point for this model is the exact
equation for the velocity fluctuation, Uss which is derived by sub-

tracting (1.3.7a) from (1.2.1) to give

u; + U u =-lp,.+R..+\)

. . +u.u. . +u.lU. . 1.
1 Ju1aJ uJ 14 uJ 15J o} i 13 u-l,JJ (211a)

U 5 = 0 ({2.1.1b)

An equation for Rij is determined by multiplying (2.1.1a) by uj and

averaging. Using continuity (2.1.1b), and rearranging, we obtain

ij)’k = Pij + Uy + Jijk,k - Dij (2.1.2a)

Here Pij is the "production tensor,"

Pis = Rk~ Rkl i (2.1.2b)
i3 is the "energy transfer" tensor,
and J%jk is the turbulent diffusion flux of Rij in the X - direction,
N
Jijk = - uiujuk + VRij,k' (2.1.2d)
Finally, Dij is the viscous dissipation tensor,
D (2.1.2¢e)

i = 2\)u1.’kuj,k 5
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It may be noted that if (2.1.2) is contracted we obtain an equation

2

for q° = Rii’ which will be called the "turbulent ener‘gy"1 equation:

*

2 2
+U,(a%),, = 2(P- 2¢ + Ik - (2.1.3)

q
Here 2P = Pii’ Jk* = J%ik and € = Dii is the isotropic dissipation
rate (cf. Reynolds, 1976).

In Tater sections of this chapter the unknown moments appear-
ing in (2.1.2), i.e. ﬂij’ Jijk and Dij’ will be modeled in terms of:
(1) the mean velocity gradient, (2) the mean Reynolds stresses and
(3) the characteristic length and velocity scales of the turbulent
flow. These variables will hereafter be called the "modeling vari-
ables." A necessary preliminary to the actual model development is
a determination of appropriate characteristic length and velocity
scales.

2.2 Characteristic Turbulent Length
and Velocity Scales

Before the higher order moments appearing in (2.1.2a) can be
modeled, one must have an appropriate characteristic length and
velocity scale to render the model dimensionally consistent. An

obvious choice for the velocity scale is,

0 = (q9)% (2.2.1)

1
2

This is a better choice than u' = (uiui) because q2 is invariant

under Galilean transformations whereas (Uiui) is not.

1Note that q2 is actually twice the kinetic energy of the
turbulent velocity fluctuations per unit volume.
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If only a single length scale is used it must be a macro- or
integral length scale. Some earlier modelers (notably Donaldson,
1972) specified such a length scale algebraically by considering the
physics and geometry of the flow in question. The main drawback of
this approach is that it is really only useful for flows in which a
closure approximation much simpler than the MRS scheme is adequate.
In cases where an explicit knowledge of the Reynolds stress field is
important, it is often impossible to specify a length scale in any
"a priori" fashion (notably in cases where the boundary conditions are
changing rapidly with time or where secondary flow is important).
One alternative approach, which has been adopted by many prior
investigators to develop a transport equation for the length scale
(or some quantity proportional to it) in a manner similar to that
used to generate the Rij - transport equation.

A11 of the approaches of this type which have been used so
far, begin with the velocity fluctuation equation (2.1.1a).
Wolfshtein (1970), Rodi and Spalding (1970) and Lewellen (1975)

followed Rotta (1951) and derived an equation for the two-point

velocity correlation, R..(x,r) = us(xJu;(x + r), and then defined

ii
the integral length scale according to:

qoL = CJRH(LL) dr (2.22)

-00

2L is thus obtained by integrating the

A transport equation for q
differential equation for R..(x,r). Since equation (2.1.3) can be

used to determine q2, L is known implicitly.
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Another quantity that can be used to generate a length scale
is the dissipation rate, € = ZvU;jEE;jE} An advantage in using €
to define a length scale is that € itself appears in the q2 equation
(2.1.3). Furthermore, it may be shown from dimensional considerations
that

(u)3
L

1
2

Hence, using (q2) to estimate u', a length scale can be generated

from the dissipation according to:
L =c(q") £2.2.39]

A transport equation for € can be obtained by differentiating

(2.1.1a) for the velocity fluctuation Uy with respect to xj, multi-

plying the result by 2vui K and then averaging. The result is

+ U.e,. = -2vu, LU
% Ugkag = ~cilly 5

2___.._.___
KYi,k 7 2V Uy 5Y, 5k
)

(ii)
iok Y LKYy,k Ui,j) = 2vugug Uik

Js
(i

-2v(u

FER

-Do(uguy ug ) F 2y Uy ey - ve, sl (2. 2.4)

Lumley and Khajeh-Nouri (1974) and Cormack (1975) applied an order
of magnitude analysis to equation (2.2.4) and found that, for infinite
Reynolds number, terms (i) and (ii) were O(RQ%) with respect to the
next largest terms. However, it is their difference that is important

and the difference is the same order as the other terms in (2.2.4).
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As a result of the order of magnitude analysis, equation (2.2.4) may

be approximated, for large Rz’ by

e+ U,e,. = A-H. ..
€ UJE 3 . HJ,J (2.2.5a)

1,393,k K + Vui,jkui,jk) (2.2.5b)
(i) (i1)

represents the balance between (i) the production of dissipation by

vortex stretching, and (ii) the viscous destruction of dissipation,

and

He = v( + 2vu

: B . ) (2.2.5¢)

Y91 ,kY1,k ikPok T Ve

is the diffusive flux of € in the xj—direction. Obviously, if the
turbulence is homogeneous Hj is negligible.

As was the case for the Reynolds stress transport equation,
the terms A€ and Hj must be expressed in terms of the modeling vari-
ables if the equation (2.2.5) is to be incorporated into a turbulence
model.

Either of the equations, for € or (q2L) may be used to gen-
erate a transport equation for the length scale L. Indeed, with
exception of models for the diffusion term, Hj’ Bradshaw (1972) has
shown that all of the proposals for length scale equations can be
cast in one common form. In the present work, we utilize the dissipa-
tion equation because € appears directly in the turbulent energy

equation and also appears (see § 2.4) equally apportioned, in each

of the equations for the normal Reynolds stress components (R]], R22
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and R33). In our opinion, another factor in favor of using the e-
equation is that it has more convenient boundary conditions than an
equation for L would have in numerical calculations. In particular
for free shear flows, € approaches zero near the edge of the flow,
but L approaches some finite (but unknown) value.

In section 2.6 the unknown moments appearing in (2.2.5) will

be expressed as functions of the modeling variables. The method used

to carry out this modeling is described in the next section.

2.3 The Modeling Method

The development of a second order (Reynolds stress) model
requires that all of the higher-order moments, ﬂij(éﬁt)’ Dij(ﬁﬁt)
and J%jk(éjt) in equation (2.1.1) and Ae(g,t) and Hj(z,t) in equation
(2.2.5) be expressed as functions of the modeling variables. The
most general form for such a model is:
t o

Q'I\]k(z(—’t) = J dt'[ J J dg F_ijk[U_i,j(l'i'_g_,T), R'ij(—)-(-+§—’T)’ €(£+_€_’T)]
-® (2.3.1)

- 00

where T = t-t', Qijk'is any of the higher-order moments and Fijk is
a generalized functional of its arguments extending over the whole
fluid and all previous time. Of course, in the general form, the
model is useless for computation and the development of a simpler
version is therefore mandatory. The basis for this development, in
the present work is Lumley's (1967,1970) suggestion that the turbu-

lence exhibits two of the properties of Coleman and Noll's (1961)

"simple fluid" model, namely, (1) a fading memory for prior
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configurations, and (2) a limited awareness of its surroundings.
These assumptions allow the unknown general functionals at a point
(2.3.1) to be expressed as a function of the second order quantities
and their first few spatial derivatives, evaluated at the same point.
This crucial assumption of dependence only upon local flow
properties is, of course, the very assumption for which the eddy
viscosity hypothesis was discarded. It implies that the length scales
of the modeled quantities are short relative to those of the mean flow,
so that the local flow is nearly homogeneous (or in equilibrium).
Implicit in all MRS models is the assumption that this hypothesis
will have less effect on the mean flow properties when it is applied
to the higher order moments than it does in the form of the eddy
viscosity hypothesis.
Following Lumley and Khajeh-Nouri (1974), Cormack (1975)
suggested the following rational scheme for approximating the third
order moments in terms of the modeling variables.

(1) The stress Rij is decomposed into a dimensionless

deviator,

. na (2.3.2)

The term bij reflects the anisotropy of the turbulence. In
the "rational" approach of Cormack (1975) and of Lumley and
Khajeh-Nouri (1974), all terms in the model for any third-
order moment are ordered with respect to their dependence

on the anisotropic character of the turbulence. Scalars
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2 < . .
such as q~ and € which are nonzero in isotropic turbulence
are classified as zero-order in anisotropy. The deviator

b... which is zero for isotropic turbulence is then first-

ij
order in anisotropy while scalars such as the second and

third principal invariants of bij' Il = bijbji and III =

bijbjkbki are second and third order in anisotropy.

(2) The function representing any third-order moment at some

point x in the flow is expressed via a Taylor series expansion in

gradients of bij’ q2 and €.

A11 terms in the expansion are then classified with respect

to their dependence on the non-homogeneity of the turbulence.
The local values of bij’ etc. are non zero for homogeneous
flow, and are hence zero-order in "inhomogeneity," while their
gradients are first-order and so on to higher order in
"inhomogeneity." The order of inhomogeneity depends upon the
order of differentiation for a specific term.

(3) The tensor coefficients, which are functions of the local

values of bij’ q2 and €, are written in invariant form, in order of

increasing anisotropy and inhomogeneity.

Lumley (1970) provided a method of determining how many
invariants are required.

(4) Apply dimensional analysis to the coefficients using the

length and velocity scales defined in § 2.2.
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Application of the above rules is subject to the following
limitations as noted by Cormack (1975) and Zeman (1975).
(a) The turbulence Reynolds number based on the integral

length scale must be very large, i.e.

:yi:_(ﬂf_f_>> 1 (2.33)

RQ Y EV

Where % is proportional to the integral Tength scale L,

ie., 1(q%)3/?
£

(b) The turbulence length scale, &, must be small compared
with the distance to the nearest solid boundary, Lw’
i.e.,

% (2.3.4)

— << 1

(c) The flow must be weakly inhomogeneous and anisotropic.

This requires that

<< 1 and II << 1. {2.3.5)

r'|z<>

0
Here 2 is used as a measure of characteristic eddy
dimension and L0 characterizes the inhomogeneity of the

mean flow.

Cormack (1975) carried out expansions for the unknown moments
in equation (2.1.2) and (2.2.5) using the above rules. However he

assumed that Fijk in equation (2.3.1) was not a function of Ui 3
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This assumption was based on the observation that Ui . is directly

>

dependent on the Reynolds stress field Rij(ﬁ,t) and so can be included
in the functionality implicitly, using only €, q2 and Rij in the
modeled terms. It should be noted, however, that a unique relation-

ship for computation of Ui j from Rij does not exist for all types of

9

flow. Furthermore, the mean velocity gradient arises explicitly in
the exact integral expression for ﬂij, thus demonstrating the con-
venience, if not quite the proven need, to retain Ui,j explicitly as
one of the independent modeling variables. In the following sections
of this chapter models are derived for ﬂij, A, and Dij using the method
outlined above with Ui,j included as a modeling variable. Models

for Jijk and Hj have been developed by qumack et al. (1977) and
Launder, Reece and Rodi (1975) and their suggestions will be reviewed
in 8 2.7. Terms that appear in the functional expansion for “ij and
A. are of two types: (1) those which are present in homogeneous
flows and (2) corrections to account for inhomogeneity. In the

second order model developed here, terms of type (2) will be neglected.
Pope (1978) and Rotta (1975) have shown that these terms are of order

(_3352 relative to the homogeneous terms. Hence for nearly homogene-
Lo

ous flows they will be negligible. Cormack (1975) has also shown
that the first corrections to ﬂij and AE are second order in
inhomogeneity. At second order, however, there are far too many
terms to be estimated sensibly from the limited data which are avail-

able for ﬂij and AE.
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2.4 The Dissipation Tensor Dij

There have been only two proposals relating the dissipation

tensor Dij to the modeling variables. At very high Reynolds numbers

there is a length scale separation between the Targest and smallest
eddies and it is assumed that the "energy cascade" process does not
transmit the directional preferences of the large scale motion to
the smaller dissipative eddies. Hence in the limit of infinite Rz’
the smallest eddies, where the dissipation occurs, are assumed to be

in a state of local isotropy. In this case,

2
Di; = 3 84;¢

(2.4.1)

As the turbulence Reynolds number decreases, however, the
length scale range of energy containing eddies and that of the dis-
sipative eddies begins to overlap and the dissipative process becomes
anisotropic. Since no experiments have truly infinite RQ, Daly and
Harlow (1970), Donaldson (1972) and Mjolsness and Petschek (1977)
have all proposed that the dissipation tensor be approximated in

terms of €, with a proportionality coefficient whose magnitude depends

on the amount of turbulent energy in each component,

De: = 2uU- (2.4.2)

Equation (2.4.2) implies that the dissipative eddies are similar in
structure to the energy containing ones, a fact which is true only

in the limit R, >0 (Hanjalic and Launder, 1977).
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To accommodate both of the asymptotic expressions, Schumann
and Patterson (1975) and Hanjalic and Launder (1976) have considered

the combined form

e{(1-d)61j ¥ 5 q2 d} (2.4.3)

Dij =

wlro

where d is a function of R2 with asymptotic values d - 0 for Rz +
and d »~ 1 for R2 * {0,

Since the model which is developed in this thesis is intended
to approximate only high Reynolds number flows and since the aniso-
tropic part of (2.4.3) could be included in the model for ﬂij (see §
2.5) by a simple change in a constant, the isotropic formula, i.e.

equation (2.4.1), will be used to model D; 5

j in dynamic calculations.

2.5 Modeling the Pressure-Velocity

Correlation, s 3

The pressure gradient-velocity interaction term in the

Reynolds stress equation is,

Ui -(u1.p,j + ujp,i)/p (2.5.1)

It is convenient, for modeling purposes, to split ﬂij into two parts,
one corresponding to an energy transport term, and the other to
inter-component energy redistribution. This is accomplished by

expressing iy in the form

I A T I T IR I 12:5:2)
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uj 1.)/O, which is called the "pressure-

The term, Tij = p(ui’j +
strain" correlation, is zero when i = j and thus does not influence
the total energy at a point, but merely serves to redistribute the
energy amongst the components of the Reynolds stress tensor. The
second part of ﬂij which is known as the "pressure-diffusion" term,
corresponds to a net transport of kinetic energy. Since it cannot

be measured independently, it is most conveniently modeled with the

other transport terms in equation (2.1.2a), i.e. J%jk‘

Lumley
(1975b) has argued that the decomposition (2.5.2) is not unique.
In particular, he recommends the formation of a deviatoric part for

ﬂij by simply subtracting its trace. This gives

2
* = o
Ty (Pojuy * Psjuy)/e + 38,5(puy)s /0 (2.5.3)

for the energy redistribution part and leaves '%’61j(ﬁﬁk)’k/p for
the energy transport term. In homogeneous turbulent flow the trans-
port term, is, of course, zero and the models developed for Tij or
Tij* would be necessarily equal. Furthermore, since the homogeneous
representation of Tij of Tij* will be used even in moderately inhomo-
geneous situations, the choice between the two decompositions (2.5.2)
or (2.5.3) is arbitrary. In the present work, we will adopt (2.5.2)
since it is more common and thus more easily compared with previous
models. Let us now turn to the development of a model for Tij'
Rather than proceed formally as the modeling method would
suggest, it is instructive in this case to express the fluctuating

pressure in terms of the velocity field. This results in a closed

integral form for Tij in terms related only to the velocity field.
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Although the resulting expression for Tij must still be modeled, this
procedure does allow for more physics to be incorporated into the
model which is finally generated.

Therefore, let us begin with an equation for the fluctuating
pressure, which can be obtained by taking the divergence of (2.1.1a).

After rearrangement

2

TP = -(5] +Sy) (2.5.6)

where S, = 2U

1 i,3Y3,1 and S, = (u;u, - usu:)s... A formal solution to

1] 1J°7°1]
(2.5.6) is given by:

%ﬂ b= J J JGSldV +J J J 6S,,dV (2.5.7)
v v |

where the control volume V has zero fluctuations on its boundary and
G(x,r) is the Green's function for the Laplacian operator. Examin-
ation of (2.5.6) shows that pressure fluctuations are caused by two
mechanisms:
(1) Sy» the interaction between the mean velocity gradient
and the turbulent field, and
(2) Sy, the fluctuations of the Reynolds stress components
about their mean values.
An equation for the pressure-strain correlation Tij’ is

obtained by averaging (u + ) with p. The result, given by

i,5 7 Y3,1
Rotta (1951), for points far from solid surfaces is

1

- 1 T 1 i T
T3 = 2m| Vagm gty 5+ g )QVOL g (upup Dy luy 5+ uy 5 Javol
Vol 1 = Vol ) "
- T.+ 3 | (2.5.8)

1J 1]
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In this expression, terms without primes are evaluated at the fixed
point Xy while those with primes are evaluated at Xg T X Since there
are two district sources of pressure fluctuations with apparently

1

different dynamical behavior, the two terms Tij and Tij2 are modeled

separately

A. The Rapid Part, Tijl

The term Tijl was given the designation "rapid" by Lumley
(1975a) because it is related to the pressure contribution which
derives from the interaction between the mean velocity gradient and
the turbulent fluctuation field. This pressure corresponds, in
principle, to the pressure appearing in the "rapid distortion"
theory of Batchelor and Proudman (1954). The term, Tijl’ can be
approximated by utilizing the fact that the gradients of the velocity

fluctuations (e.g. u, .) are largest for the smallest length scales,

1sd
and UQ fi is essentially constant on this scale. Thus, UQ q can be
taken outside the integral in (2.5.8). If we also use the result of

von Karman and Howarth (1938),

Us U -
,3me = - Tdu (X + 1)) g (2.5.9)
then,
2
T 1 ~ = l‘. EE’QL 9 uirz(‘)um(i ¥ ‘C) dVol (2 5 10)
1] em dX Brzarj d
Vol
The dependence on EE& is explicit but we need a model, either for
dX
m

the integral or (what is equivalent) for the velocity correlation
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inside the integral. Three approaches have been advocated for

. 1
modeling Tij .

A physical approach has been used by Wolfshtein and
his co-workers [Naot, Shavit, and Wolfshtein (1973), Lin and Wolfshtein

(1977)]1, who devise approximatations of varying complexity for the

correlation functions R (x,r) = us (x)u (x + r), which are then
integrated to determine Tijl' As an example, the result obtained for
an isotropic correlation function is derived in appendix B. If the
correlation model is allowed to depend linearly on the Reynolds stress
the result obtained by Naot et al. (1973) is the same as that obtained
by Launder, Reece and Rodi (1975) and Reynolds (1976) who model the
integral as the most general fourth order tensor, linear in the
Reynolds stress, which satisfies the continuity and symmetry con-
straints. The approach to modeling Tijl that we follow is consistent
with the modeling method suggested in 8 2.3. Thus, we formally

expand the integral about the isotropic state using the small parameter

bij‘ That is, we write
1 _ 2dU
Tij = . 2 Bijzm (2.5.11)
X
m
where Bijzm is a fourth order tensor. If we assume that Bijzm is
isotropic, the result is
B.. ={-1s..8 +i(s. 6. +6.5.)}q (2.5.12)
jjaum 1571 am 10787 jm im 2] » T

which is exactly the same as that obtained by substituting the

isotropic correlation function into equation (2.5.11) as shown in
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appendix B. In appendix A, we derive the most general model for

Bijzm which is 1inear1 in the anisotropy tensor b. The resulting
model,
Bigow =4 1—6-6 +1—(6 S: +8. 8,.) +an(8::b, +8, b..)
ijam 1571 am  10Y 427 jm im2j 0 ijem  “amTij
(2.5.13)
-1+ 40 ) (8 by, +8, b ) * A2 -0 ) (S b, +
3 0/ imj e JjmTig 6 0% 32 im
2
ailbjm)} q

contains a single coefficient ags which must be determined by refer-
ence to laboratory flows. When (2.5.13) is combined with the mean
velocity gradient, the rapid part of Tij can be expressed in a

number of ways. The final model,

S q2-30L

1
0) ij

Tit =

4 2
gt 0 RikSey * RikSei + 3 845)

0
22+ Lo )R, 9. +R, 2.) (2.5.14)
3 7 % Ry Q5 * Ryp g 5.

is written in a form which emphasizes the physical contribution of
the term to the Reynolds stress balance, (2.1.2a). We note that the
production tensor, Pij’ (2.1.2b) in the Reynolds stress transport

equation may be written in the alternative form,

Pis ™ RaSis * RikSka) * (Ryp 5 + Ry Hq)-

1Reyno]ds (1976) shows that Bijlm cannot contain terms

quadratic in b hence Bijmn is accurate to second order in b.
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Comparing this equation with (2.5.14), it is evident that Tijl

contains terms proportional to those in the production tensor and

will therefore modify the turbulence energy production in each Reynolds

stress component by an amount which is determined by the value of Gn-

In a shear flow, for example, R11 is the only normal stress component

which has a non-zero production, Pij‘ The other components, R22 and

R33 receive their energy by transfer from R11 via Tij' The effect of
1

Tij then is to make the energy production more isotropic.
1

The above model for Tij (equation (2.5.14)) has also been
obtained, using the methods described previously by Naot, Shavit
and Wolfshtein (1973), Launder, Reece and Rodi (1975) and Reynolds
(1976). Each of these authors predicts a different value of aq
however. A method of accurately determining oy from homogeneous
experimental data will be described in § 3.4. |

: 1
Various simplifications to the equation (2.5.14) for Tij have

also been used in calculations. If only the isotropic contribution

to the tensor Bijkm is retained, the resulting model for Tijl’ given
in appendix B, is
1 2 2

Lewellen (1975) reported that calculations carried out using (2.5.15)

1 indicated that the numerical coefficient %3 gave erroneous

for Tij
predictions.

Since the primary effect of Tijl is to make the energy pro-
duction more isotropic, Launder, Reece and Rodi (1975), suggested a

simplified version of (2.5.14) where,



40

2
Tij = a2(pij - §-61jﬂﬁ (2.5.16)

This model has been used for calculations by Launder, Reece and Rodi
(1975) and Launder (1975). They found that, for the flows considered,
(2.5.16) gave predictions which were only slightly worse than those
obtained using (2.5.14). It should be noted that all of the models
(including (2.5.14)) contain only one constant. Furthermore, all

of the models are added directly to the production tensor and there

is no fundamental difference in the complexity of the resulting
equation for Rij‘ Thus, there is no significant saving computationally
to using (2.5.15) or (2.5.16) instead of (2.5.14).

Zeman and Tennekes (1975) have suggested a form similar to
our proposed model (2.5.14) except that they have different coeffi-
cients multiplying the mean strain and mean rotation terms. They
claim that this allows the two effects (of mean strain and rotation)
to be incorporated independently. However there is no fundamental
reason, so far as we are aware, to believe that this added complica-
tion is necessary.

Recently Lin and Wolfshtein (1977) have proposed a model for

1 1 that contains three coefficients. They claim that this model

1J
will also allow for wall effects. However, their only applications
so far have been for homogeneous flows and in this case their pre-
dictions are no better than for the one constant model proposed here.
If wall bounded flows are to be modeled some modification of

the model we have proposed for Tijl will be required. In particular,

the exact expression corresponding to (2.5.8) contains a surface
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integral which must be retained for points in the vicinity of a solid
boundary. Possible models for this term have been suggested by
Launder, Reece and Rodi (1975) and Irwin and Smith (1975). Since the
present work is concerned only with the flow domain away from solid
boundaries, this point is not considered further here.

Finally it should be pointed out that no inhomogeneous terms
have been used in the proposed model for Tij :
in neglecting these terms is <E§)Z, Pope (1978).

The approximation

B. Return-to-Isotropy, Tijz

If the isotropic form of the two point velocity correlation
js substituted into the expression (2.5.8) for Tijz’ the result,
after integrétion, is Tijz = 0. For non isotropic flows on the
other hand, T1j2 is definitely non zero. Thus the physical effect
of Tijz is to cause the Reynolds stresses to become more isotropic.
As a result, Tijz is commonly called the "return-to-isotropy" term.
The tendency of anisotropic turbulence to return to an isotropic state
has been verified experimentally. Even in a straining field, T].J.2
is believed to produce a tendency toward equalization of the normal
Reynolds stresses.

Most modelers have followed Rotta (1951) and have assumed
that the rate of return to isotropy is proportional to the departure
of each component of the Reynolds stress tensor from its isotropic

value, i.e.

T..” = -o.€b,. (2.5.17)
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Bradshaw (1968) indicated that the return to isotropy is not
likely to be linear in bij and this conclusion can be supported using
arguments given by Townsend (1976). Townsend accounts for a non
linear return to isotropy via physical arguments which use the idea
of a "dual" nature for turbulence structure. In this "model" it is
assumed that the turbulence is made up of eddies of two sizes, (1)
large energy containing eddies and, (2) small dissipative eddies.

We can associate time scales with these eddies by considering the rate
of strain associated with each. The large eddies are distorted by

the mean rate of strain which is of order (u'/%2) (cf. Tennekes and
Lumley, 1972). while the strain rate associated with the small scale
fluctuations is of order (u'/A). Here, A is the "Taylor microscale"

and is defined using the relationship,

Thus XA is a measure of a length scale over which dissipation of energy
is important and the length scale X is much smaller than the integral
scale 2. Hence the characteristic time scale for the smaller eddies
is much shorter than that for the larger eddies, and it may be
anticipated that the energy containing eddies return to isotropy on

a time scale, Tzqrg. , and which is much Tonger than that for the
smaller eddies, T, " %, . The longer time scale of the larger eddies
leads to a kind of permanence of their structure. The smaller eddies
on the other hand, have an anisotropic structure imposed on them by

the next largest size of eddies, but this anisotropy departs quickly
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when the straining is stopped. Townsend (1976, pp. 66-71) shows

that this behavior leads to a non linear return to isotropy. Hence

2

Tij should be non linear in bij' An appropriate non linear model

can be developed by following the modeling rules that were suggested
in § 2.3.

In general, T..2

i3 may be expressed in the functional form,

Ri: €,V) . (2.5.18)

Note that the mean velocity gradient is not included as an argument

for Tijz. In support of this simplification is the fact that the

mean velocity gradient does not appear in the exact integral expres-
sion for Tijz. Furthermore, it is expected on physical grounds that

Tijz should not respond instantaneously to changes in UQ 0 but only

after such canges are manifested in bij' Using dimensional analysis

and (2.5.18) it follows that

2 _
Tij = €¢ij (2.5.19)

where ¢ij is a dimensionless function of Rij,e:and v i.e.

¢.:(R v) = ¢.. (bs: q°,e,v) = ¢..(b, Rl) (2.5.20)

s sk Ray B
137 13, 1J ° 13,

where R2 = q4/ev. Finally, applying the principles of invariant

modeling to ¢1j (for infinite Reynolds number), we obtain

(11,111)(b, .2

¢;5(b) = f(ILIID)b, ; + f, .

- GijII/3) (2.5.21)
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Equation (2.5.21), given originally by Lumley and Khajeh-Nouri (1974)
is completely general since the Cayley-Hamilton theorem can be used
to express any higher powers of b in terms of b and:gz. If the
departure from anisotropy is small, the functions fl and f2 can be

approximated by linear combinations of the invariants, i.e.

o0, o1 = B
fy =8 +FIIE e v o Ty= 8y 1,

L1+ ... (2.5.22)

The resulting model for Tijz’ accurate to third order in anisotropy,
is

2 _
T1.j = -8 e[(1.0 + elll)bij + Bz(bikbkj - GijII/B)] (2.5.23)

Equation (2.5.23) contains no inhomogeneous terms and as shown in
Cormack (1975) none enter at first order in inhomogeneity. The first
contributions for inhomogeneity occur only at second order and at
this Tevel, the most general model which is properly invariant contains
24 terms similar to those in (2.5.23). Thus, in our opinion, the
extension of the model to second-order in inhomogeneity should be
attempted only as a last resort.

Recently Lumley and Newman (1977) have made a detailed study
of the return-to-isotropy problem and have derived an alternative

non linear model for Ti.z. Because of its complexity, however, the

J
details of this model are given in appendix C. A graphical repre-
sentation of the model, for a particular flow, is compared with the

model proposed here, (2.5.23), in § 3.5.
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2.6 Modeling the Source of
Dissipation,AE

The first two terms on the right hand side of equation
(2.2.5a) represent a balance between the production and destruction
of dissipation. Since neither process can be measured, they are
modeled together as a net "source" of dissipation. The scalar func-
tion A€ must be modeled as a scalar function of the invariants of the
modeling variables. A great deal of speculation has centered on the
choice of invariants for inclusion in the functionality for Ae‘
Lumley and Khajeh-Nouri (1974) and Cormack (1975) have both utilized
the fact that the exact form of A€ (equation 2.2.5b) does not contain
mean velocity gradients to suggest that the model for A_ should also
not contain the mean velocity gradient as an independent variable.
Hence the model proposed by those authors contains only turbulence
quantities, i.e.

2

2 e
& = Ag(gﬁq JE) = ag‘f3(II, II11) (2.6.1)

where f3 is expanded as a linear combination of the invariants II

and III. Part of the reasoning involved in the hypothesis of no
dependence upon Ui,j is the assumption that a knowledge of E;UE'(éjt)
implies an implicit knowledge of Ui(ﬁ,t). This is not the case for
homogeneous flows, however, and Lumley (1975a) has more recently
included Ui,'

J
was also considered by Reynolds (1974), who concluded that mean

in the development of a model for AE. The same question

gradients should not be included in principle in the functionality of

A€ because the level of A€ would then be determined by the features
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