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ABSTRACT

Interactions between electrons and lattice vibrations (phonons) give rise to transport,
superconducting, and spectral properties in many classes of materials. These prop-
erties can be predicted from a microscopic understanding of the electrons, phonons,
and electron-phonon coupling, but theoretical and computational hurdles limit this
ability in materials with strong electronic correlations or large unit cell sizes. In
Chapters 2-4, I present developments on the prediction of electron-phonon interac-
tions and electronic transport in correlated metals. First, I will show methodology
to combine first-principles electron-phonon interactions with dynamical mean-field
theory electron-electron interactions into a beyond-quasiparticle description of spec-
tra and transport. I will show applications to transport and spectral properties in the
prototypical correlated metals SrVO3 and Sr,RuQOy, leading to an improved under-
standing of the respective roles of electron-phonon and electron-electron interactions
in these systems. Then, I will present a method to compute the coupling of electrons
to representative phonons within density functional theory plus dynamical mean-
field theory. I will discuss the insights from this method on the role of orbital and
phonon character, electron energy, and correlation in modifying the coupling and
resulting physical properties. Transitioning to moiré systems with large unit cells,
in Chapter 5, I will present a tight-binding based approximation to enable electron-
phonon and transport calculations in twisted-bilayer graphene structures with over
5,000 atoms per unit cell. I will show trends in the phonon-limited resistivity as the
twist angle is decreased, including the breakdown of transport properties associated
with Dirac dispersion as the electronic energy scale is decreased. Taken together,
this work makes promising strides and sets the stage for future developments in the

study of electron-phonon physics in previously inaccessible regimes.
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Chapter 1
INTRODUCTION

1.1 Coupled Electrons and Phonons

1.1.1 Hamiltonian

Interactions between electrons and quantized lattice vibrations (phonons) are present
in every material. These interactions often control essential material properties in-
cluding electron and thermal transport, electronic and phononic excitation spectra,
conventional superconductivity, and electronic and structural phase transitions. Be-
cause of this essential role, understanding such electron-phonon (e-ph) interactions
has been a major part of condensed matter and solid state physics for nearly a cen-
tury [1, 2, 3, 4, 5]. In recent decades, there is a growing eld dedicated to the
computational study of e-ph interactions and their consequences in real materials
with minimal empirical assumptions-known as rst-principles calculations [6, 7].

The Hamiltonian for a system of interacting electrons and phonons can be written
as

0 o o
- Y:kZ)ZIKZ:k’ I aqoquaCb 6<:a1k— qozk,q 2:k10)éq ,O aqo— (11)
=k aq =<akq

where Z_k creates an electron in band = at crystal momentum k with enc—%ng}?)ﬁ(q
creates a phonon in mode a at crystal momentum g with eneggyand 6.-4*k—q°

is the e-ph coupling strength. Electron-electron (e-e) interactions are also often
present and, depending on the level of theory, can be included as an explicit term in
the Hamiltonian. In this thesis, | will usually consider Hamiltonians with parameters
re ecting values in real materials obtained from rst-principles calculations. In
these methods, some or all of the e ects of e-e interactions are usually included as
an e ective renormalization of the zero- and one-electron quantities in Eq. 1.1. |
discuss the formulation of e-ph interactions in di erent electronic structure methods
in Sec.1.2.

This Hamiltonian is written in terms of the eigenstates of the electron and phonon
Hamiltonians. The electronic states are eigenstates of a purely electronic one-
electron Hamiltonian

electror K°Q=k = Y=kQ=k* (1.2)
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The phonon modes are eigenstates of the dynamical matrix D1q° describing the
energetics of small atomic motions around equilibrium

1 © nt*
Dig_golg®° = p——— expt8g R° (1.3
N -0 g P O" ® R, mla\Omla)‘OR? pred ks ( )
o 7
Dlo\_(p\mlq°48§10 = | 521q489' (1.4)
100" G

Here, * is the total energy of the systemg'R, denotes a small displacement from

the equilibrium position of an atom 0 (masg)'in direction " in a unit cell at lattice
vector R,. The eigenvalues of the dynamical matrix de ne the phonon frequency

| aq While the eigenvaluesi4 de ne the displacements associated with the modes.
The e-ph coupling is given by the response of the electrons to an atomic displacement
associated with a phonon mode,

6<=alk—0° = O<k q rBq‘pelectronjq:ki De2 (1.5)

wherefgectronis a potential which acts on electrons (the details of which depend
on the electronic structure method and are discussed more in Sedhjisg)p.,.
denotes averaging over a unit cell angd i the mode resolved phonon derivative

~ S

O - m
Mq = 489 R 5 \| egq . (1.6)
Ry0" ol aq miR o Drpo =0

Animportant aspect of the e-ph interaction is the ability to Fourier transform between
real space and reciprocal space representations. For example, the e-ph coupling can
be written in terms of local contributions in a basis of local orbif@Ri and real

space atomic displacements

~ ~ S
O O
B<=a'k—qP =L A8 Re.AR 2° \
4 890R4R» 2" ol ag

e 0" <6k BAMhy + JORI * Vg

(1.7)
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This representation is often used to interpolate the e-ph interaction to arbitrary k
and g grids, and plays an important role in the calculation of physical properties

arising from the interaction [8]. It also enables a physical real space understanding
of the e-ph coupling which can facilitate certain approximations.

1.1.2 E ecton Physical Properties

The e-ph interaction gives rise to many physical properties in materials. In this
section, I discuss the contribution of the e-ph interaction to a few of these properties
as illustrative examples.

First, e-ph interactions modify the properties of electronic states in a material.
Compared to the non-interacting electronic states, which are eigenstates of the
one-particle electronic Hamiltonian with crystal momentum k and band index =,
electronic states interacting with phonons will acquire nite width (inverse of the
relaxation time gx) which in the simplest approximation is given by [9, 7, 6, 10]

2¢O
O =5 [6eatk—qff
q <aq

))lek | aq Y <k’q 011 5<k’q N # aqo N XlY:k N | aq Y <k’q o1 5k>q N # aq01/4.

(1.8)

Here, 5 and #,q are the fermion and boson occupation numbers for electrons in
state =k and phonons in state ag. Furthermore, e-ph interactions will also modify the
quasiparticle weight and dispersion by a facteg,/a phenomenon which gives rise

to kinks in the photoemission spectra at the energy of strongly coupled phonons [6].
A lowest order approximation to is

a1 L° etk qef 20>t O <k Pag, S<ka __ _
) #q <aq ) Wekg | aq.8[°?° Yeyq .| aq.8[°?

(1.9)

where [ is a small positive broadening. Similarly, e-ph interactions also modify the
properties of phonons. For example, the e-ph contribution to the phonon linewidth

Wqis



4c O

= #_k j6<=a1k— qof-l 5k’q 5=k0X1!k’q Y =k | aq0° (110)

Wq
k

One of the biggest successes of modern e-ph calculations is the ability to calculate
macroscopic observable properties such as transport, superconductivity, and optical
absorption. Here, | provide only the simplest approximation to transport building
upon the relaxation time in Eq. 1.8

2
fht="— BB — g (1.11)

where 4 is the electron charge, isthe unitcell arc-%(,iEthe electron band velocity,

and 5 is the Fermion occupation function. This equation can be derived either
by considering a many-body Kubo transport formalism and neglecting both vertex
corrections and beyond-quasiparticle properties, or starting from a semi-classical
Botlzmann transport formalism and neglecting back scattering [10].

More details about predicting di erent physical properties arising from the e-ph
interaction can be found in the following reviews and papers [6, 11, 12, 13, 14, 15,
16, 17]. In the past two decades, a number of codes have been developed to perform
these calculations [18, 19, 20, 21], including Perturbo [19], which is developed in
the Bernardi group at Caltech and used throughout this thesis.

1.2 Electronic Structure Theory and Correlation

1.2.1 Many-Body Hamiltonian

Electronic structure theory methods are computational schemes to predict the prop-
erties of materials from a quantum many-body description of the electrons and
atoms. The many-body Hamiltonian for such a system is

N _ W\ N
electronion = )ion , )electrorl, 'pelectron ion , '('\lon ion 'pelectron electron

_ 1 O 1 2

= =i T30, =T,
N 02~ g 254 -
O 1o 19 g1 10 1 ]
golfe Roj™ 2, JRo R1j* 2, jire r o

(1.12)
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Here, 0 and 1 index ions with mass, charge h@, and position B while 8 and

9 index electrons with massg,<charge @, and position g | have set\= @=1

for simplicity. This equation is almost never feasible to solve directly, so di erent
approximations are needed.

A set of approximations deal with simpli cation of the treatment of the ions. For ex-
ample, using the Born-Oppenheimer approximation, the electronic and ionic parts
can be separated, so that an electronic HamiltoniageyrortfR0g° = Yelectron.
Felectronion . Felectron electron iS Used, de ned in terms of a set of classical atomic
positions fRyg usually chosen to minimize energy. Another approach to simplify
the ionic part of the Hamiltonian is to treat the ions in terms of small displacements
around their equilibrium positions, and thus the ion contributions are replaced by
phonon contributions. While these simpli cations are important, further approxi-
mations are still needed to treat the many-body electronic Hamiltonian due to the
e-e interactions.

1.2.2 Density Functional Theory

A common approach to greatly simplify the electronic system is to replace the
many-body Hamiltonian with an e ective one-body Hamiltonian. This is most
commonly achieved with Density Functional Theory (DFT), in which an e ective
one-electron Kohn-Sham Hamiltonian replace§ectronfR 09° [22, 23]. In this
case, the Hamiltonian is

-\ —_ W\
KS — )electron, 'pelectron ion , 'phartree, 'pXC - )electron, “\KS‘ (1-13)

Here, felectron ion CONtains the Coulomb interaction between electrons and classical
ions, fharreeis the Coulomb potential felt by an electron from the mean electron
density, andfxc is the correction to the electronic potential caused by quantum
exchange and correlation e ects between electrons. Collectively, these three terms
are known as the Kohn-Sham potentfs. In principle, this Hamiltonian can
describe the exact ground state energy of the interacting electron system [22]. In
practice however, théxc term must be approximated, so the Hamiltonian is only
approximate. Furthermore, because it uses an e ective one-particle description of
the Hamiltonian, DFT does not give access to many important properties, including
dynamical and beyond-quasiparticle physics. Despite these limitations, DFT often
gives an excellent description of many material properties, and is a common starting



point for many-body physics calculations of real materials [24].

DFT and its extensions have been widely applied to study the e-ph interaction in
materials. Phonon energies and e-ph coupling can be calculated from linear response
DFT (DFPT) [25]. In this approach, the e-ph coupling£-k—q° is

6<=atk—0° = Oekgq MgF ( jO=ki peoi (1.14)
where @ is a Kohn-Sham eigenstate.

1.2.3 Many-Body Physics via Correlation Functions

So far, we have discussed two approaches to the quantum mechanical description of
materials: solving a many-body Hamiltonian, which may be exact, but is incredibly

di cult, and approximation via an e ective one-particle Hamiltonian. What these
approaches share is the choice of the Hamiltonian and its eigenstates as the chief
guantities of interest. The resulting problem is that the eigenstates become vectors
in vector space which grows exponentially with the number of particles. This
makes the problem impossible to solve exactly, but it also complicates the physical
interpretation of the resulting quantities.

An alternate route is to work not in terms of eigenstates but correlation functions,
known as Green's functions (see e.g. Refs [9, 26, 27, 28]). In this case, one can
probe e ective one- or two- particle quantities that exist in many-body systems,
without resorting to neglecting many-body e ects in the Hamiltonian. An example

is the retarded single particle Green's function for fermions

gdCO = 8\1CORECOSI0° | 2%10°24COis (1.15)

This Green's function describes the response to creating a single electron in state 9
at time zero. This can be Fourier transformed to be frequency dependent

gdlo = 11 gdCoHIC. (1.16)
It can also be transformed into a di erent basis, for example to be k dependent. A
physical quantity related to the Green's function is the spectral functjgif =
2lm I'(1I°, which contains the spectrum of one-electron excitations. When a
one-electron description is su cient, the spectral weight will be contained in sharp
peaks near the band energy. However, when strong correlations are present between
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the electrons (or between electrons and phonons), weight will be transferred away
from the peak, which will in turn be broadened and possibly shifted. The spectral
function can be measured through experimental methods such as angle-resolved
photoemission spectroscopy, making it an important quantity for characterizing
electronic structure in materials.

A strength of the Green's function approach is that it often facilitates approximations,
such as expansions around the non-interacting states in terms of interaction order.
For example, for the Hamtilonian in eq. 1.1, a widely used approximation to the
electron Green's function is

cao= U Y 0% FPMap to (1.17)

where the lowest order e ect of the e-ph interaction is contained in the Fan-Migdal
self-energy [2, 6]

10
M= —  6._,k—0°G=0lk—QP
#q <aq
#aq N 1 5 <k’q #aq s 5<k,q

'Y <«kq | a9.8[ " I'Y <«q .| aq.8l

(1.18)

This self-energy contains many of the properties discussed in Sec. 1.1.2. For
instance [6],

o

/:k

2lm Mi=y o (1.19)
1 mRe Mioemlj oo e (1.20)

Perturbative contributions from other interactions can also be included. Other

approaches to quantum many-body systems include partial diagrammatic expan-
sions, exact diagonalization, and evaluation via Monte Carlo integration (see for

instance [28]).

1.2.4 Dynamical Mean-Field Theory
One Green's function based approximation to the electronic structure of correlated
materials is dynamical mean- eld theory (DMFT) [29, 30]. In this approximation,
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the electron self-energy is approximated as local in a basis of local orbitals and
obtained via the self-consistent solution of an “impurity problem" consisting of these
orbitals interacting with a bath that approximates the e ect of the lattice. DMFT
works well when e-e interactions are strong but primarily con ned to localized
orbitals, such as partially lled 3 or 5 orbitals in transition metal compounds.

In DMFT, correlations are treated within an impurity de ned by local orbitals
containing local interactions and coupling to a bath. The local Green's function can
be written

100 h 100 I l
ocle= 1+ o e - (1.21)
where 1° de nes an e ective hybridization to the bath and lgr(f is the local

1001|0
loc
de nesthe impurity problem. Solving the impurity problem produces the interacting

Green's function oc1l° and de nes the impurity self-energy

non-interacting Hamiltonian. In combination with an interactiog ,

100
1o = » I0c1|01/41 » 1ocllo VA o (1.22)

The local self-energy approximation in DMFT enables the self-energy to be upfolded
to the lattice, so that the lattice Green's function is
h o iq
o= 1 T e T - (1.23)
where the matrices g and *3k’ rotate / project the local orbitals to the lattice states.
The nal piece of the DMFT approximation is self-consistent determination of the
oalo from the interacting lattice Green's function
10
loctl® = —— ke (1.24)
#i
k
which in combination with Egs. 1.21 and 1.22 de nes the hybridization for the next
iteration.
Many variants of DMFT and its rst-principles extensions exist. These include

'Here the interaction is written as a Hamiltonian although it can in general be a frequency
dependent action.
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di erent approaches to construct the local correlated orbitals, the interaction Hamil-
tonian, and the embedding to lattice states; di erent approaches to solve the corre-
lated impurity problem; and extensions beyond a single site. Approaches to de ne
DMFT in combination with other Green's function methods, most notably variants
of GW+DMFT [31, 32], are also promising routes to include non-local correlation
and more realistic interactions and double-counting.

1.2.5 E ect of Correlation On Electron-Phonon Interactions

Evidence from a variety of experimental and theoretical sources suggest that beyond
DFT correlation e ects between electrons can signi cantly modify the interaction
between electrons and phonons. In the context of Hubbard-like models, interactions
generally suppress the coupling of phonons to a single orbital or total charge den-
sity [33, 34], while often enhancing the coupling of Jahn-Teller modes which couple
to orbital splitting [35]. Meanwhile, electronic screening from non-local Coulomb
interactions generally suppresses e-ph coupling compared to the bare (unscreened)
value [5, 6], but the e ect of GW level screening or beyond compared to DFT is
more complicated.

Recent methods to calculate e-ph coupling with hybrid functional DFT and GW [36,
37, 38] have helped improve the understanding of e-ph correlation in moderately
correlated materials. In some cases, e-ph coupling is increased because semilocal
DFT has overestimated the screening. The e ects of local, static correlation have
also been treated with Hubbard-correct DFPT [39, 40]. These methods have led to
improved predictions of superconductivity, spectral kinks, and transport compared
to experiment in several cases.

Relatively less is known about how strong electronic correlation (beyond the level of
GW) e ects e-ph interactions in real materials. One study found that DFT+DMFT
level correlation e ects signi cantly increase the response of electronic spectra in
FeSe to -point 3 phonon displacements [41], which were found to be large
experimentally [42]. Other studies have shown an e ect of dynamical correlation
(DFT+DMFT compared to DFT+*) on the energetics of breathing distortions in the
moderately correlated metal SrM@(#3], and an e ect on optical phonon energies

in SrVO; and LaNiG [44, 45]. There is a need for further research in this direc-
tion, particularly theoretical understanding and methodology for the e-ph coupling
beyond the level of DFT+* and GW.



10

1.3 Outline of Thesis

In this thesis, | present work from my PhD to investigate e-ph interactions and
electronic transport in two regimes beyond the reach of existing DFT based methods:
strongly correlated metals and large moiré superlattices in twisted bilayer graphene.

1.3.1 Respective Roles of Interactions in Correlated Metals

First, | present work from the rst half of my PhD applying a combination of
DFT based e-ph interactions and DFT+DMFT treatment of correlated electrons to
understand the physics of correlated metals. In Chapter 2, we turn this approach to
SrRuQy, investigating the respective contributions of e-ph and e-e interactions to
resistivity and the role of correlated electronic states on e-ph scattering processes. In
Chapter 3, we study the prototypical correlated metal S\@using in particular

on understanding the origins of experimentally observed transport and spectral
properties.

1.3.2 Electron-Phonon Coupling within Dynamical Mean-Field Theory

Next, | present work investigating the important and relatively seldom studied topic
of the modi cation of e-ph coupling strength in real materials due to strong corre-
lation e ects. Chapter 4 presents a study developing a nite di erence approach
to study e-ph coupling of representative phonon modes using DFT+DMFT, the
application of this method to Sr\{xand CaCu@, and resulting physical insights.

1.3.3 Electron-Phonon Interactions and Transport in Moiré Twisted Bilayer
Graphene
| then present work to study e-ph interactions and electronic transport in large scale
moiré superlattices with 1000s of atoms per unit cell. At such scales, DFT based
e-ph calculations are prohibitively expensive, so "second-principles" approaches
must be used. In Chapter 5, we develop this approach to study e-ph interactions and
resistivity in twisted bilayer graphene, showing the evolution of temperature- and
lling-dependent resistivity as the twist angle decreases and the electronic energy
scale decreases.

1.3.4 Collaborations with Experimentalists

| conclude by summarizing my contributions to two experimental-computational
collaborations in Chapter 6. First, | discuss Boltzmann transport studies of elec-
tron mobility in tetragonal SrSn§n collaboration with precision growth and car-
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rier mobility studies. Then, | discuss calculations of the electronic structure and
paramagnetic surface states in thin Im NbO in collaboration with experimental
observations of eld-induced superconductivity in these Ims.
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Chapter 2

COMBINING ELECTRON-PHONON AND DYNAMICAL
MEAN-FIELD THEORY CALCULATIONS OF CORRELATED
MATERIALS: TRANSPORT IN THE CORRELATED METAL
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[1] D. J. Abramovitch, J.-J. Zhou, J. Mravlje, A. Georges, and M. Bernardi.
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Abstract

Electron-electron (4-4) and electron-phonon (4-ph) interactions are challenging to
describe in correlated materials, where their joint e ects govern unconventional
transport, phase transitions, and superconductivity. Here we combine rst-principles
4-ph calculations with dynamical mean eld theory (DMFT) as a step toward a uni-
ed description of 4-4 and 4-ph interactions in correlated materials. We compute the
4-ph self-energy using the DMFT electron Green's function, and combine it with the
4-4 self-energy from DMFT to obtain a Green's function including both interactions.
This approach captures the renormalization of quasiparticle dispersion and spectral
weight on equal footing. Using our method, we study the 4-ph and 4-4 contribu-
tions to the resistivity and spectral functions in the correlated mes&usdy. In

this material, our results show that 4-4 interactions dominate transport and spectral
broadening in the temperature range we study (50 310 K), while 4-ph interactions
are relatively weak and account for only 10% of the experimental resistivity. We
also compute e ective scattering rates, and nd that the 4-4 interactions result in
scattering several times greater than the Planckian valyewhereas 4-ph inter-
actions are associated with scattering rates lower thanOur work demonstrates

a rst-principles approach to combine electron dynamical correlations from DMFT
with 4-ph interactions in a consistent way, advancing quantitative studies of corre-
lated materials.
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2.1 Introduction

In strongly correlated materials, characteristic behaviors such as high-temperature
superconductivity [1, 2], phase transitions [3, 4], multiferroicity [5], and uncon-
ventional transport [6, 7] involve a subtle interplay of charge and lattice degrees of
freedom. The atomic vibrations (phonons) couple with the strongly interacting 3
or 5 electrons, resulting in electron-electron (4-4) and electron-phonon (4-ph) in-
teractions with nontrivial dependence on orbital, spin, and crystal symmetry [8, 9].
Although heuristic models can address this rich phenomenology [10, 11, 12, 13, 14,
15], deriving generic quantitative frameworks to combine 4-4 and 4-ph interactions
remains challenging [16, 17], especially in correlated materials.

First-principles calculations based on density functional theory (DFT) and its linear-
response extension, density functional perturbation theory (DFPT), can address the
electronic structure [18], lattice dynamics [19], and 4-ph interactions [20] in many
materials. Yet these methods often fail to describe important features of corre-
lated systems [21], predicting incorrect ground states, lattice vibrations, and 4-ph
coupling [22, 23]. Recentwork has focused on two directions to improve the descrip-
tion of 4-ph interactions in correlated materials: Hubbard-corrected DFT (DFT+U),
which has enabled calculations of 4-ph interactions in a Mott insulator [23], and
DFPT with improved electronic correlations (from GW or hybrid functionals) which
has revealed correlation-enhanced 4-ph interactions in metallic systems [24, 25, 26,
27].

However, while GW and DFT+U can renormalize the band structure and 4-ph cou-
pling, both methods describe the electronic states in the quasiparticle (QP) picture,
mapping them to noninteracting bands. These approximations are typically used as
a starting point to study equilibrium properties and nonequilibrium dynamics [23,
27]. Developing rst-principles calculations of 4-ph interactions beyond the QP pic-
ture remains challenging [20, 28]. Ideally, one would use the full electron Green's
function renormalized by 4-4 interactions, which includes the renormalization of
both QP weight and band dispersion, as a starting point to study 4-ph interactions
in correlated materials [29, 30].

Dynamical mean eld theory (DMFT) and its ab initio variant, DFT+DMFT, can
capture dynamical electronic correlations by mapping the solid to an embedded
atomic site with a self-energy local in the atomic orbital basis [31, 32, 33]. These
methods have been successful in describing the ground state and transport proper-
ties in materials with strongly interacting 3 or 5 electrons, including both correlated
metals and insulators [34, 35, 36, 6, 37]. A key question addressed in this work
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is how one can combine rst-principles DMFT and 4-ph calculations to explicitly
treat 4-4 and 4-ph interactions together in correlated materials.

Here we show rst-principles calculations combining 4-ph and DMFT 4-4 interac-
tions using a Green's function approach. We compare two treatments of the 4-ph
interactions: the Fan-Migdal self-energy with standard approximations [20] (using
DFT or DMFT-renormalized band structures) and the same self-energy computed
as a convolution integral of the DMFT Green's function. As a proof of principle, we
apply this method to SRuO, (SRO) in the normal state, a prototypical correlated
metal [38, 39, 40, 41, 42, 8, 43, 44, 37, 45, 46, 47, 48, 49, 50, 51] (and uncon-
ventional superconductor below 1 K [52, 53, 54]) requiring treatment of strong 4-4
interactions between 3 orbitals [48, 51, 49, 50]. In SRO, we nd that the 4-ph in-
teractions are relatively weak and momentum dependent, in contrast with the strong
local 4-4 interactions. From Green-Kubo calculations, we nd that 4-4 interactions
account for 50%, and 4-ph interactions 10%, of the experimental resistivity. Only

in the 4-ph calculation using the DMFT Green's function the resistivity equals the
sum of the 4-ph and 4-4 contributions; in contrast, the standard 4-ph calculation with
renormalized QP bands leads to an arti cial enhancement of 4-ph interactions and
nonadditive resistivities. The origin of these trends is discussed in detail, together
with possible improvements for resistivity calculations in correlated materials and
future extensions of our method.

2.2 Numerical Methods
We compute the electron Green's function by combining the DMFT and 4-ph self-
energies:

adl)e=sl ey g gerye Py el (o)

where) is temperature,2¥ are electronic band energies, | is the electron energy, =

is a band index, k is crystal momentum, and " is a temperature dependent chemical
potential obtained from DMFT. This Green's function includes the DMFT 4-4 self-
energy in the band basis,° *I-)°, which is computed starting from DFT, and the
4-ph self-energy ikph 11-)©°, which we compute using di erent approximations as
discussed below.

Our calculations in SRO use a DMFT self-energy taken from recent work [48] and
transformed from the Wannier-orbital to the band basis using [55]

cel=yy eefuy - (2.2)
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where U are unitary matrices made up by eigenvectors of the Wannier Hamiltonian,
while ¢¢F and Ee‘l are respectively the self-energies in the Wannier and band
basis; the former is calculated directly from DMFT and is therefore k-independent.
As in the DMFT calculation, both the Wannier and band basis self-energies are
taken to be diagonal

These DMFT calculations use a 3-orbital correlated subspace witty@metry
resulting from the hybridization of Ru 43 £& 3u1, 3c) and O 2? orbitals; the
orbitals interact with Hund's type Coulomb repulsion and exchange [48]. The DMFT
impurity problem is solved on the imaginary-time axis with the TRIQS/CTHYB
guantum Monte Carlo solver [56, 57] and analytically continued to the real-frequency
axis using Padé approximants [58]. These methods are discussed and validated in
greater detail in recent work [48]. Previous studies have clari ed the role of spin-
orbit coupling (SOC) in SRO [59, 60, 61, 46, 48, 51], which is relevant primarily
near band crossings. Because such crossings occur away from the Fermi surface in
the majority of the Brillouin zone, we neglect SOC in our calculations.

Our DFT and DFPT calculations are carried out using Quantum Espresso [62] with
10 10 10 k-point and 5 5 5 g-point grids, and then projected onto Wannier
orbitals using the Wannier90 code [63]. We use the Perturbo code for Wannier
interpolation of the electronic structure, phonon modes, and 4-ph coupling, and for
computing the 4-ph self-energy, spectral functions, and transport properties [64].
The transport calculations use a 60 60 60 ne k-point grid and 1§-points
randomly sampled in the Brillouin zone. Transport results were converged with
respect to the k-point grid density, number of g-points sampled, the energy window
in which the k-points were chosen, and the frequency grid of the self-energy and
spectral functions.

2.3 Results

2.3.1 Electronic structure and 4-ph coupling

The electronic structure of SRO is strongly renormalized by electron correlations.
The DFT band structure near the Fermi energy consists of relatively narrow 3 bands
[Fig. 2.1(a)]. The 4-4 interactions signi cantly decrease the 3-band Fermi velocity
relative to DFT, as captured by the DMFT electronic spectral functions [Fig. 2.1(b)].
In the 50 310 K temperature range studied here, the 4-4 interactions also reduce
the spectral weight / of the electronic states on the Fermi surface to/ 02 for

1This assumption is often justi ed in SRO, for example, the o -diagonal elements of the DMFT
self-energy have been shown to be negligibly small in Ref. [48].
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Figure 2.1: Electronic structure and 4-ph coupling in SRO. (a) DFT band structure
for the € 3 bands included in the Wannierization. (b) DMFT spectral function at
77 K, plotted in an enlargement of the black rectangle in (a), showing signi cant
renormalization relative to the DFT bands near the Fermi energy (shown with a
horizonal line). (c) Phonon disqersion colored based on the 4-ph coupling strength,
which is computed as j8q°j = 1 .- j6<=q'k = "—°j 2# 1°1°2 [64] by averaging

over #; = 3 bands.

the 3zand /' 0<3 for the 3 )and 34 bands [48] and cause a large broadening

of the associated spectral functions. These e ects are a signature of strong electron
correlations in SRO and highlight the need to treat the electronic structure beyond
the band picture.

The phonon dispersion with a color map of the 4-ph coupling strength is shown
in Fig. 2.1(c). The dispersions are calculated from real space interpolation of
DFPT forces [64] and are in good agreement with inelastic neutron scattering
measurements [65]. We nd that the 4-ph interactions are overall relatively weak in
SRO, with coupling strength j6j Y 100 meV for all phonon modes. These values are
signi cantly smaller than in insulating transition metal oxides for example, CoO
and SrTiQ [66, 23] where the long-range Frohlich interaction with longitudinal
optical (LO) modes [66, 23] reaches coupling strengths of order j6] 1 eV. Due to
its metallic character, such polar LO phonons are screened out in SRO, resulting in
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Figure 2.2: Feynman diagrams for the 4-ph self-enerﬁf/h, computed with (a)
the noninteracting electron Green's function and (b) the DMFT electron Green's
function. The vertices carry a factor equal to the 4-ph coupling, &—q°.

short-range 4-ph interactions with weaker coupling strengths.

2.3.2 Electron-phonon self-energy calculations
We describe the 4-4 and 4-ph interactions using the corresponding self-energies.
When 4-ph coupling is relatively weak, the 4-ph interactions are well described by
the lowest-order (so called Fan-Migdal) self-energy [17]
00
S 18l = j6<=ak—0q°f
<aq 8a

<k’q 18': 8&:0 aqlsao— (23)

written as a convolution of electron and phonon propagatasgi8l -° and ,48a°
respectively, using Matsubara frequencies 8&r electrons and 8&or phonons;
6<=a1k—(° are 4-ph coupling matrix elements [64].

In current rst-principles calculations, this expression is evaluated using noninter-
acting electron (and phonon) Green's functions, tacitly assuming that the electron
spectral functions consist of a sharp QP peak. In this approximation, the 4-ph self-
energy on the real-frequency axis |, computed as in Fig. 2.2(a) with noninteracting

electron Green's functions?, q 1°= Y «gq ol becomes [17, 20]

~

-oh O
SPM-)o = j6esatk—qOf
<aq
#aqh°, S<kqg H° #ag")°.1 5 <«q?)°
Y <k,q ,I aq,8[ Ly <k,q I aq,8[

- (24

where | 54 are phonon energies while;#)° are equilibrium occupation numbers

for phonons and-Rt)° for electrons at temperature ). When DFT is used to obtain
the band structure-¥, we denote this self-energy approximation as 4-ph@DFT.

In systems where DFT fails to describe the electronic structure, several methods are
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used to correct the QP band dispersion and 4-ph coupling, including GW [67, 68],
DFT+U [23], and DFT with hybrid functionals [69]. Therefore, as previously shown

in the literature, the 4-ph self-energy in Eq. (2.4) can be computed using the best
available QP band structure and 4-ph couplings from one of these methods [70,
67, 69, 71, 68]. Here, for example, by tting the QP peaks of the DMFT spectral
functions we obtain an improved DMFT band structure and use it to compute the
self-energy in Eq. (2.4). Below we refer to this level of theory as 4-ph@DMFT
bands.

However, even with these improved schemes, the standard 4-ph self-energy in
Eq. (2.4) misses key features of the electronic structure in correlated materials.
These include the QP peak broadening, nite QP weight, and any satellite peaks,
background, or spectral weight redistribution outside the QP peak, all of which are
encoded in the electron spectral function. Improving the QP band structure or 4-ph
couplings in Eq. (2.4) addresses only part of these renormalization e ects because
it places the full spectral weight on the electronic band states, neglecting spectral
weight redistribution from 4-4 interactions. The inadequacy of this approximation
is apparent in correlated systems like SRO, where the QP weight of the 3 bands
isonly / 0.20.3. Going beyond these limitations requires computing the 4-ph
self-energy directly from the electronic spectral function dressed by electron corre-
lations.

To address this challenge, we develop a method to calculate the 4-ph self-energy
from the DMFT electron Green's function, 57T, Starting from the Lehmann

representation [17], and using a band-diagonal DMFT self-energy, we write

! DMFT 1|0

DMFT1j0 = 3] I"f— (2.5)
where DMFT10 = m1  DMFT1j00ec js the DMFT spectral function. We sub-
stitute this expression in Eq. (2.3) and follow the usual derivation of the lowest-
order 4-ph self-energy [72]. After analytic continuation to the real frequency axis,
8l-11I, 8, we obtain:
h O 1
EPM—)o = jB<za'k—qf 310 NI ®
<-a—q
1#aq1)0 . 51 O_)oo 1#aq1)o . 1 517 O_)oo

T 00 8l 11 01 .81 @9

This 4-ph self-energy, written as an integral of the DMFT spectral function, cap-
tures on equal footing the key factors mentioned above band renormalization,
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nite QP weight and broadening, and background or satellite contributions caused
by electron correlations all of which are included in the DMFT spectral function.
This approximation for the 4-ph self-energy, here referred to as 4-pghe, is
shown diagrammatically in Fig. 2.2(b). Its numerical evaluation is discussed in
Appendix 2.6. (Note that in this work we do not renormalize the 4-ph coupling,
6<=a'k—(°, using DMFT; the role of that renormalization is discussed in Section 2.4.)

2.3.3 Electron-phonon and DMFT self-energies
We analyze the 4-ph self-energy obtained with these di erent approximations and
compare it with the DMFT 4-4 self-energy. Figure 2.3 shows these quantities on a
cut of the Fermi surface in the GH-plane (the real and imaginary frequency depen-
dent self-energy at select k-points is plotted in SM [73]). In each plot, the middle
band with stronger 4-ph and 4-4 coupling hasyéharacter while the other two
bands have @ and 3y, characters. The 4-ph self-energy, which depends on both
electronic orbital and momentum k, varies by a factor of 1.5 on the Fermi surface
at 77 K and 310 K. This k-dependence in the self-energy also changes direction as
a function of temperature in some parts of the Brillouin zone. For example, in the
deHband it is greater near the M ( X) axis at low (high) temperature, due to
a change of available 4-ph inter- and intra-band scattering processes. Our DMFT
self-energy also depends on orbital character, but it is local and thus k-independent
by construction; it can accurately capture electron correlations in SRO [48].
Comparing our di erent 4-ph self-energy approximations sheds light on the physics
they capture. In the picture of renormalized QP bands [72], the Fermi velocity de-
creases by a factor of 1¢/ (in SRO, 1¢/ is 3 for &, and 34, and 5 for 3gH
bands [48]), and the QP weight also decreases by the same factor, leaving the
density of states (DOS) at the Fermi energy unchanged. This QP picture holds rea-
sonably well in SRO. The 4-ph self-energy from DFT bands (4-ph@DFT), shown
in Fig. 2.3(a) at 77 K and in Fig. 2.3(e) at 310 K, misses all these renormalization
e ects and treats the material as weakly correlated. Computing the 4-ph self-energy
in Eg. (2.4) with the renormalized DMFT band structure (4-ph@DMFT bands),
which is obtained by tting the QP peaks of DMFT spectral functions, arti cially
enhances the 4-ph self-energy by a factor of 3 5, as shown in Fig. 2.3(b) at 77 K
and in Fig. 2.3(f) at 310 K. This artifact is a consequence of using a band structure
with Fermi velocity decreased by a factor of 1¢/ 3 5, which increases the DOS
at the Fermi energy, and thus also increasesjfﬂ in Eq. (2.4) by the same factor.
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Figure 2.3: Imaginary part of the 4-ph and 4-4 self-energies in SRO, plotted on
cuts of the Fermi surface at 77 K (left) and 310 K (right). We plot the 4-ph self-
energy obtained using (a) the DFT electronic structure (4-ph@DFT), (b) the DMFT
band dispersion (4-ph@DMFT bands), and (c) the DMFT spectral function using
Eq. (2.6) (4-ph@ PMFT). (d) DMFT 4-4 self-energy, shown here for comparison.
The corresponding self-energies at 310 K are plotted in (e)-(h) respectively.

However, the DOS at the Fermi energy is nearly unchanged in the renormalized
electronic structure because the decrease in Fermi velocity is compensated by a cor-
responding decrease in QP weight. This physics is correctly described by Eq. (2.6),
where the imaginary part of the 4-Ph self-energy is roughly proportional to the DOS
at Fermi energy writtenas * °/ _. 310 ;2 ®Xt | ® which captures
changes in the QP weights. Therefore, as we show in Fig. 2.3(c) at 77 K and in
Fig. 2.3(g) at 310 K, the more accurate 4-ph self-energy computed from the DMFT
spectral functions using Eq. (2.6) (4-ph@"FT method) removes the arti cial en-
hancement introduced by using the best-available band structure approach.
Overall, the 4-ph self-energy obtained from DFT bands in Fig. 2.3(a) and DMFT
Green's functions in Fig. 2.3(c) show similar magnitude and trends at 77 K mainly
because the DOS at Fermi energy is nearly unchanged in DFT and DMFT. However,
at higher temperatures the e ects of broadening in the DMFT spectral functions be-
come more pronounced; for example, at 310 K we nd a decrease in k-dependence
in the 4-ph self-energy from DFMT Green's function, as shown by comparing
Fig. 2.3(e) and 2.3(g). We attribute this di erence to smearing of sharp features in
the electronic structure by the spectral width, which is not captured by the DFT-based
calculation; this e ect is more pronounced in the strongly correlategand. Our
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results show the importance of computing the 4-ph self-energy from the electron
spectral functions in correlated materials to capture the subtle interplay of 4-ph and
4-4 interactions.

2.3.4 Spectral functions
We obtain the spectral function including both 4-4 and 4-ph interactions using the
Green's function in Eqg. (2.1):

Sdl=)0 = 11ecOIm oyt )oe 2.7)

To evaluate this expression, our most accurate approximation consists of rst com-
puting the DMFT 4-4 self-energy starting from DFT and then obtaining the 4-ph
self-energy from the DMFT spectral function. This 4-ph&'"T approach is

justi ed by the adiabatic approximation: the fast 4-4 interactions renormalize the
electronic states, and the slow nuclear motions governing 4-ph coupling occur in
this renormalized ground state.

Figures 2.4(a) (b) show the electron spectral functions computed in SRO with this
approach and plotted in the !" direction at 77 K and 310 K. The main features

are consistent with photoemission and transport measurements [48, 38, 41] in
particular, the spectral functions remain fairly sharp near the Fermi energy below
100 K, indicating well-de ned QP excitations at low temperature [6]. The spectral
broadening increases at higher temperatures, further demonstrating the importance
of computing 4-ph interactions beyond the band picture. Figures 2.4(c) (d) compare
the spectral functions and their QP peak broadening at a xed k-point (k=0¢75M)
with and without the inclusion of 4-ph interactions. We nd that the 4-ph inter-
actions broaden the QP peaks only slightly, consistent with the overall weak 4-ph
coupling in SRO. Increasing the temperature, rather than including 4-ph interac-
tions, is the main factor responsible for broadening. We nd similar trends when
analyzing spectral functions in the !- direction [73]. These results point to a
dominant role of 4-4 interactions in SRO.

2.3.5 Transport

We study electrical transport in SRO in the characteristic bad metallic regime [34],
focusing on understanding the roles of 4-4 and 4-ph interactions. We compute
the optical conductivity from our combined DMFT plus 4-ph spectral function in
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Figure 2.4: Electronic spectral functions in the ! " direction computed using

the DMFT 4-4 plus 4-ph@P°MFT self-energies at (a) 77 K and (b) 310 K. (c)
Spectral functions at k = 0¢75M showing DMFT quasiparticle peaks (dashed lines)
broadened by the inclusion of 4-ph interactions (solid lines) at two temperatures.
(d) Calculated full-width at half maximum for the spectral functions in (c), showing
guantitatively the small 4-ph broadening e ect.

Eq. (2.7), using Green-Kubo theory without current-vertex corrections [17]:

1
2 110_\o 1] O o)
o CM 051%)e 5110 |-y
fud-)e= S— 3 3

EYE, =t &) ol O 1-)o— (2.8)

where Ei are band velocities, U and V are Cartesian directions, gnd the unit

cell volume; the dc resistivity tensor is obtained agly? = f * 1! 0-)°. This
approximation has been used (separately) to study 4-ph limited transport in oxides
and organic crystals [66, 68] and 4-4 limited transport in correlated metals [37, 74,
75, 76]; di erent from these previous studies, here we focus on combining the 4-4
and 4-ph interactions and studying their interplay.

Figure 2.5(a) shows the resistivity in the GH-plane as a function of temperature.
We compare the resistivity limited by 4-4 interactions alone, computed from the
Green's function including only the DMFT self-energy, with calculations including
both 4-4 and 4-ph interactions in the Green's function. When both interactions are
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Figure 2.5: Transport properties as a function of temperature in SRO. (a) In-
plane resistivity, comparing DMFT+4-ph, DMFT-only, and 4-ph-only calculations

to experimental data from Ref. [40]. (b) Same as (a), but plotted as a fraction of
the experimental resistivity. (c) E ective scattering rate, and (d) e ective plasma

frequency. In the legend, DMFT only and e-ph only refer to using, respectively,
only the DMFT or 4-ph self-energies in the Green's function, spectral function, and
Green-Kubo formula.

included, we compare results from the more accurate 4-pi®" approach with
calculations using Eq. (2.4) with the best-available band structure (4-ph@DMFT
bands method). Experimental values are also shown for comparison [40]. For
convenience, Fig. 2.5(b) shows the same results expressed as a fraction of the ex-
perimental resistivity.

The calculation including only DMFT 4-4 interactions correctly predicts the order of
magnitude of the experimental resistivity, providing a resistivity smaller than exper-
iment by a factor of 2 in the entire temperature range studied here (50 310 K). This
calculation is comparable with results from Deng et al. [37], who used a di erent
scheme to construct the correlated subspace in the DMFT calculation and obtained
somewhat larger values for the 4-4 limited resistivity due to stronger interaction pa-
rameters * and . In contrast, the resistivity limited by the 4-ph interactions alone
(computed with the 4-ph@°MFT approach) is only 10% of the experimental
value.

When combining 4-4 and 4-ph interactions through the 4-pR#T approach, the
resulting resistivity is the sum of the individual 4-4 and 4-ph limited resistivities,

a behavior known as Matthiessen's rule [16]. Therefore, adding 4-ph interactions
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improves the agreement with experiment and predicts a resistivity equal to 60%
of the experimental value between 50 310 K. In contrast, using only an improved
QP band structure (4-ph@DMFT bands) arti cially enhances the 4-ph interactions,
leading to an incorrect prediction that the 4-ph contribution is 30% of the exper-
imental resistivity [see Fig. 2.5(b)]. Note that our most accurate calculation still
underestimates the experimental resistivity by 40%. The possible origin of this
missing resistivity is discussed below.

To better understand the contributions to the resistivity, we analyze our trans-
port results using an e ective Drude model [6], writing the resistivity ggs d
4cexng p°21/4, where 1sgis an e ective scattering rate and,lis an e ective
plasma frequency. We extract these quantities from our computed optical conduc-
tivity f11° using [6]

1
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Figure 2.5(c) shows the e ective scattering rate 4zand Fig. 2.5(d) the plasma
frequency 1,°2 obtained from this analysis. These results con rm that 4-4 inter-
actions dominate electron scattering and lead to a decreased Fermi velocity (and
thus plasma frequency) by renormalizing the band structure. The e ective 4-ph
scattering rate is signi cantly smaller (and the plasma frequency greater) than for
4-4 interactions, consistent with the small 4-ph contribution to the resistivity and
negligible band renormalization (relative to DFT) from 4-ph interactions. In addi-
tion, most of the temperature dependence of the resistivity comes from the e ective
scattering rates, while the e ective plasma frequency depends weakly on tempera-
ture.

Figure 2.5(c) additionally compares the e ective scattering rates with the Planckian
limit , = :g) [77]. Interestingly, the 4-ph scattering rate is lower thanand
approaches it near 310 K, whereas the scattering from 4-4 interactions exceed
above 100 K, reaching 2:g) at 310 K. The weaker 4-ph scattering in SRO
contrasts the cases of insulating oxides such as Srai@d CoO [66, 23], where
pronounced polaron e ects are present both materials exhibit polaron satellites,
and in SrTiQ the e ective 4-ph scattering rate exceeds the Planckian limit [66].
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2.4 Discussion

Our most accurate transport calculation underestimates the in-plane resistivity in
SRO by 40% relative to experiments. The origin of this discrepancy deserves a
detailed discussion. First, we verify that our lowest-order (Fan-Migdal) treatment
of 4-ph interactions is su cient in SRO by recomputing the resistivity with an 4-ph
cumulant method that can describe higher-order 4-ph interactions and transport in
the presence of polarons [66, 68]. Consistent with the e ective screening of polar
phonons in metals, we nd that the 4-ph limited transport is nearly identical in the
lowest-order and cumulant calculations [73].

Second, our Green-Kubo calculations neglect current-vertex corrections, which typ-
ically play a small role in 4-ph limited transport in metals. While vertex corrections
are di cult to compute in Green-Kubo theory [78, 79], they can be quanti ed in
the semiclassical limit using the Boltzmann transport equation (BTE). In particular,
including vertex corrections corresponds to a full solution of the BTE, obtained
here with an iterative approach (ITA) [64], while neglecting vertex corrections is
equivalent to the relaxation time approximation (RTA), to which the Green-Kubo
formula reduces in the weak-coupling limit [66]. Therefore, we can estimate the
e ect of vertex corrections by comparing our 4-ph limited resistivity computed with
Green-Kubo to BTE calculations using the ITA and RTA, which respectively include
and neglect vertex corrections [79]. From low temperature up to 310 K, the ITA
resistivity is 20% greater than the RTA value, while the RTA and Green-Kubo
calculations agree to within 2% at 310 K [73]. These results indicate that vertex
corrections have a modest e ect on 4-ph limited transport.

Third, most DMFT studies of transport neglect vertex corrections from 4-4 in-
teractions, which is strictly correct only in the limit of in nite dimensions [74].
However, their role is di cult to quantify and often non-negligible [80]. Fourth,
although our DMFT calculations produce band dispersions in excellent agreement
with photoemission data [48], DMFT results can in some cases be sensitive to the
method used to construct the local site [81], and neglecting nonlocal interactions
may remove relevant 4-4 scattering mechanisms which a ect the calculated spectral
width. Studying these e ects is an active area of DMFT research and is beyond the
scope of this work.

Finally, recent work has shown that DFPT based on semilocal functionals can lead
to underestimated 4-ph coupling in correlated materials [24, 26]. Yet much of that
work has focused on materials with nonlocal correlations, so itis di cult to estimate
the size of the e ect in SRO, where correlations are dominantly local [48]. It is
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possible that the 4-ph coupling and its role in transport are somewhat stronger than
captured by our DFPT calculations. However, an enhancement of the 4-ph coupling
consistent with those reported to date would not change our main conclusion that
the 4-ph contribution to the resistivity is relatively small for example, assuming
the limit case of a doubling of 4-ph coupling strengtt? j@puld still give only a

20% 4-ph resistivity contribution.

A qualitative comparison between 4-4 and 4-ph interactions is also interesting. The
k-dependence of the 4-ph interactions clearly contrasts the local (k-independent) 4-4
interactions. Extending this comparison to other correlated materials may highlight
key di erences between materials with dominant 4-4 or 4-ph interactions. We also
observe that our 4-ph@MFT self-energy generally has a weaker k-dependence
than predicted by the 4-ph@DFT method, suggesting that electron correlations sup-
press nonlocal 4-ph interactions. This e ect may have interesting implications for
materials with strong or long-range 4-ph interactions, including cuprates and corre-
lated insulators.

Lastly, our development of the 4-ph@MFT method ts within e orts in compu-
tational many-body physics to obtain accurate components of Feynman diagrams.
For 4-ph interactions, this includes improving the accuracy of the electron propa-
gator , phonon propagator , and 4-ph coupling 6. When viewed this way, there

is a clear analogy with the use of di erent levels of theory in the GW method,
where the accuracy can be improved by using the best G and best W . In 4-ph
calculations, methods for Hubbard- [23] or DMFT-corrected phonons [82, 83], as
well as anharmonic lattice dynamics [84, 66], address the phonon propagator
while Hubbard-corrected DFPT [23], GW perturbation theory (GWPT) [26], and
DFT+DMFT deformation potentials [85] aim to improve the 4-ph coupling 6. These

e ects can be treated at a suitable level of theory for each material; for example, if
the lattice is strongly anharmonic, the phonon propagator can be computed using
renormalized phonon frequencies, or one can use a full frequency dependent phonon
propagator analogous to our use of the DMFT Green's function.

Our work improves the accuracy of the electron propagator entering the 4-ph
self-energy diagram, by dressing it with the DMFT self-energy to capture dynam-
ical electron correlations. This provides a scheme where the 4-ph self-energy is
computed from the DMFT spectral functions. Our results highlight the importance
of using the spectral functions to compute 4-ph interactions in correlated materi-
als, and cautions against using just the best available QP band structure if the
dispersion is renormalized but the QP weight is not adjusted, the 4-ph self-energy
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becomes inaccurate as we have shown for SRO.

2.5 Conclusion

We demonstrated a method to combine strong dynamical correlations described by
DMFT with rst-principles 4-ph calculations. This advance enables a quantitative
treatment of both 4-4 and 4-ph interactions and their e ect on transport in corre-
lated materials. Our approach computes 4-ph interactions from the DMFT Green's
function, which captures band structure and spectral weight renormalization from
strong electron correlations. In SRO, where 4-ph interactions are relatively weak,
we have shown that transport is governed by 4-4 interactions, with 4-ph interactions
contributing only 10% of the experimental resistivity in a wide temperature range.
Our work expands the reach of rst principles 4-ph calculations to strongly cor-
related materials by treating the electronic structure at the level of the spectral
function rather than non-interacting bands. Note that our calculations can also use
more accurate versions of the phonon propagator (e.g., Hubbard-corrected DFT,
DMFT, or anharmonic lattice dynamics) and 4-ph coupling (e.g., from GWPT or
DFPT+U) as an input for calculating interactions, and thus are complementary to
these approaches. The method presented in this work enables studies of a range
of correlated materials, particularly when combined with emerging approaches to
treat 4-ph interactions in materials with spin-orbit coupling [64], magnetism, and
Mott insulating gaps [23]. Considering the wide variety of physical parameters in
correlated materials number of relevant orbitals, conducting or insulating, type

of magnetic ordering, strength of spin-orbit coupling, etc. one expects that the
interplay of 4-4 and 4-ph interactions will vary greatly in these systems, opening
wide-ranging possibilities for future work.
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2.6 Appendix A: Numerical Evaluation of the Electron-Phonon Self-Energy
Computing the 4-ph self-energy from DMFT spectral functions using Eq. (2.6)
requires an additional frequency integral compared to the standard 4-ph self-energy
in Eq. (2.4). We develop an e cient approach to compute this 4-pH&"T self-
energy. Using the relation

1 1
_ =0Hh — 1|]0__
e =% 8o 2.11)

where % denotes the principal part, allows us to write the imaginary part of the 4-ph
self-energy as

Im ilfh 1o = ¢ j6<=atk—q°F
<aq
»l#aq N 5 1| N I aqoo <k’q ll N I aqo
5 1# aq . 1 5 1| I aqoo <k’q 1| I aq01/4. (212)

This way, the calculation has a computational cost similar to the standard 4-ph self-
energy in Eq. (2.4), but it additionally requires the shifted DMFT spectral functions

DMFT1) 0= | o= %Im oV ! e (2.13)
In DMFT, £2t°is local in the Wannier basis and thus it can be rapidly computed
using Eq. (2.2) and interpolated to the shifted energfes | | aq- Thereal partof
the 4-ph@ PMFT self-energy, which is not computed in this work, can be obtained
from the imaginary part using the Kramers-Kronig relations without repeating the
sum over phonon modes and momenta.
In our calculations, we obtain the 4-ph@MFT self-energy using a ne energy
grid with 0.5 meV spacing in a window of 100 meV around the Fermi energy
(), together with a coarser grid with 20 meV spacing in the2 eV energy
window. We obtain the spectral functions in Eg. (2.13) using Wannier-interpolated
band energies and the DMFT self-energy interpolated in frequency from a grid with
4 meV spacing.
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Abstract

The spectral and transport properties of strongly correlated metals, such ag SrvO
(SVO), are widely attributed to electron-electron (4-4) interactions, with lattice
vibrations (phonons) playing a secondary role. Here, using rst-principles electron-
phonon (4-ph) and dynamical mean eld theory calculations, we show that 4-ph
interactions play an essential role in SVO: they govern the electron scattering and
resistivity in a wide temperature range down to 30 K, and induce an experimentally
observed kink in the spectral function. In contrast, the 4-4 interactions control
guasiparticle renormalizations and low temperature transport, and enhance the 4-
ph coupling. We clarify the origin of the near?)temperature dependence of
the resistivity by analyzing the 4-4 and 4-ph limited transport regimes. Our work
disentangles the electronic and lattice degrees of freedom in a prototypical correlated
metal, revealing the dominant role of 4-ph interactions in SVO.

Introduction Strontium vanadate, SrV@(SVO), is a perovskite oxide widely stud-

ied as a prototypical correlated metal [1, 2, 3]. Experiments have measured transport
and spectral functions in detail in SVO, owing to advances in growth of clean sam-
ples [4, 5] and characterization by angle-resolved photoemission spectroscopy [6, 7,
8]. There are clear spectroscopic signatures of strong electron interactions in SVO,
including kinks in the quasiparticle dispersion [9, 8] and mass enhancement with
guasiparticle weight / 05 [6]. In addition, transport measurements have found a
near )?>-dependent resistivity in broad temperature ranges below 300 K [10, 11, 12,
13, 14].
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These ndings are often attributed to strong electron-electron (4-4) interactions. As
a result, SVO serves as a testbed for theoretical methods treating strongly corre-
lated materials, including rst-principles variants of dynamical mean eld theory
(DMFT) such as density functional theory (DFT)+DMFT [15], GW+DMFT [16,

17, 18, 19], and linear response DMFT [20], and the dynamical cluster [21] and
dynamical vertex approximations [22].

However, one can question whether the transport properties and spectral features
observed in SVO are the result of purely electronic interactions. In particular,
electron-phonon (4-ph) interactions may also play a role in SVO, as they do in other
correlated metals where experiments [23, 24, 25] and theory [26, 27, 28] have high-
lighted the importance of 4-ph coupling for spectral kinks [23, 29] and electronic
transport [30]. A quantitative study combining 4-4 and 4-ph interactions in SVO is
needed to clarify the microscopic origin of its electronic behavior.

In this Letter, we show calculations of spectral and transport properties in SVO
combining rst-principles 4-ph interactions with DFT+DMFT 4-4 interactions [30].
We nd that 4-ph interactions govern the resistivity and its temperature dependence
above 30 K, and account for the experimentally observed kinks and for most of
the linewidth broadening of the spectral functions. In contrast, the 4-4 interactions
control the resistivity below 20 K, and are responsible for most of the quasiparticle
mass renormalization. We also nd that the 4-4 interactions lead to an enhancement
of the e ective 4-ph coupling. Our results provide a blueprint for quantifying elec-
tronic and lattice contributions to the properties of correlated metals.

Electronic Structure and Electron-Phonon Coupling We calculate the electronic
structure, phonon dispersions, and 4-ph coupling using DFT and density func-
tional perturbation theory (DFPT) with the Quantum Espresso package [31, 32,
33, 34]. We use the experimental lattice parameter of 3.842 A [2, 13] and project
the electronic structure onto thg; t3-orbitals of vanadium [35]. We use Perturbo

to compute the 4-ph interactions, 4-ph self-energy, spectral functions, and trans-
port [36]. The 4-4 self-energy is obtained with DFT+DMFT using the TRIQS code
with a continuous-time quantum Monte Carlo solver [37, 38, 39, 40, 41, 42] and
Padé analytical continuation [38]. We use Hubbard-Kanamori interactions with
* =45 eV and = 0675 eV to produce spectra in agreement with experiment [6,
7, 8]. Additional computational details are provided in the Supplemental Material
(SM).

As shown in Fig. 3.1(a), our DFT calculations predict a bandwidth of 2.5 eV for the
tog electronic bands, which is renormalized by a factor / 0+5 by DMFT, in agree-
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Figure 3.1: (a) DFT electronic band structure (black) and the spectral function
computed with DMFT at 290 K (blue), showing renormalization by a factor/ 0e5.
(b) Imaginary part of the electron self-energy due to 4-4 interactions, computed with
DMFT. The lines show a t to the Fermi liquid form, Inf€t-)° = 211\o 2

c?1: )02 with 2 0e33eV?!. (c) DFPT phonon dispersions in SVO, with colors
showing the 4-ph coupling strengthy}§°j averaged on the Fermi surface.

ment with experiments [6] and previous DMFT results [15, 17]. In the temperature
range we study (115 390 K), the imaginary part of the 4-4 self-energy, fifi,
follows a Fermi liquid behavior. Figure 3.1(b) shows that f§ 1I-)° within 100
meV of the Fermi energy can be t closely by a Fermi liquid parameterization [43],
Im €e1]-)o = 211\0 2 ¢ 21: )02 with 2 033 V!l Therefore, based on
the Kramers-Kronig relations, R&°€ 1|-)° and the quasiparticle dispersion near
the Fermi energy depends weakly on temperature.

Figure 3.1(c) shows the phonon dispersions in SVO computed with DFPT and
color-coded according to the 4-ph coupling strengtq®j, for each phonon mode
a and momentum q, averaged over the Fermi surface (see SM). The 4-ph coupling
is stronger for the six highest-energy modes, which involve distortions of the VO
octahedra, such as Jahn-Teller modes.
Spectral Properties We investigate the contributions of 4-ph and 4-4 interactions
in SVO by computing the corresponding self-energies [30]. The real and imaginary
parts of the 4-4 and 4-ph self-energies at 115 K are shown in Fig. 3.2(a)-(b), respec-
tively. The 4-4 interactions dominate quasiparticle renormalization, as seen from
the greater derivative of R& ¢ compared to Re®P" within 150 meV of the Fermi

n the following, we set\=: =1
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energy. Accordingly, extracting quasiparticle weights / = 117%]1:0 ol with
a t near the Fermi surface, gives a weak contribution to renomalization for 4-ph
interactions (kpnh = 0+81) and a dominant contribution for 4-4 interactions, with
[ ee =053 and koth = 0°47.
The imaginary part of the self-energy shows an opposite behavior:€ this
much greater than Inf €, and thus the 4-ph interactions account for the majority
of electron scattering and spectral width at low energy. The dominant role of 4-4
interactions on quasiparticle renormalization in SVO, despite their small e ect on
low energy scattering consistent with a Fermi liquid, can be rationalized using the
Kramers-Kronig relations [43, 44]: due to the larger energy scales involved, the 4-4
interactions dominate the imaginary part of the self-energy at higher energies (see
SM), leading to a greater magnitude (and energy derivative) of R&° compared
to Re €P" 1o at low energy.
We compute the spectral function!l° = %Im =k*l° from the Green's func-
tion

=)= 5 Y o =)o 4 (3.1)

at energy | for electron band = and momentum k. Herey ¥ the DFT band en-
ergy, isthe Fermienergy, and-x*l-)° is the electron self-energy. Following our
previous work [30], in separate calculations we compute this Green's function using
the self-energy from DMFT 4-4 interactions, the lowest-order self-energy from 4-ph
interactions, and their suf) obtaining corresponding spectral functions capturing

di erent combinations of interactions [Fig. 3.2(c)-(e)]. The spectral functions from
4-ph, and those from 4-ph plus 4-4 interactions, show a kink around 60 meV from
the Fermi energy which has been observed in experiments [9, 8]. There is a corre-
sponding sharp change in the derivative of &Bh 11° at this energy [Fig. 3.2(a)],
whereas this feature is absent in Rg I°. This result shows that the 60 meV kink
observed experimentally in SVO is caused by 4-ph interactions.

Transport. Numerous experiments have measured a neatemperature depen-
dence of the resistivity in SVO below 300 K [45, 46, 2, 4, 11, 47, 48, 49, 13, 14].
Due to the strong electronic correlations in SVO, several studies have attributed
this resistivity to 4-4 interactions in the Fermi liquid regime [45, 11, 49], whére)
behavior is expected. An exception is recent work by Mirjolet et al., who argued
that the temperature dependence is better explained by 4-ph limited resistivity with
strong coupling to a dominant phonon mode [12]. Recently, the growth of ultra-

2The 4-ph self-energy calculation uses the DFT electron propagator. UnlikeRuGy [30],
using the DMFT electron propagator has a negligible e ect in SVO.
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clean samples has enabled detailed measurements of the resistivity with reduced
defect scattering [4, 13, 14]. Inthese samples, Ahn et al. [13] and Brahlek et al. [14]
nd a near-)? resistivity below 25 K and between about 100 300 K, together with

a stronger than § temperature dependence at intermediate temperatures.

To understand the microscopic origin of this behavior, we compute the resistivity
arising from 4-ph and 4-4 interactions using the Green-Kubo formula [50, 30]:

~

1
c\42 O
dgit)° = rel Ay BREL wi-)° A (32)

Figure 3.2: (a) Real and (b) imaginary parts of the self-energy at) = 115K and k =
(0.23 2¢+0,0,0), showing contributions from 4-4 and 4-ph interactions. (c) Spectral
functions including both 4-4 and 4-ph interactions, (d) 4-4 interactions only, and
(e) 4-ph interactions only. Quasiparticle weights / are indicated for each spectral
function, and the dashed lines in (c) guide the eye to the quasiparticle dispersion
near the kink. All spectral functions are shown along the X direction near the
Fermi surface at 115 K.
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Figure 3.3: (a) Resistivity as a function of temperature calculated using the Green-
Kubo formalism with 4-4 interactions, 4-ph interactions, and their combination.
(b) Temperature dependence of the 4-ph limited resistivity calculated using the full
(iterative) solution of the BTE. (c) Low-temperature 4-ph and 4-4 limited transport.
Experimental data (from which the ) = 0 residual resistivity was subtracted) are
from Refs. [11, 13].

where qyv is the resistivity tensor, U and V are Cartesian directiofi$-)8 is
the energy derivative of the Fermi occupation fact(’g‘(< I the band velocity, and
=k*l-)° is the spectral function. The resistivity for di erent combinations of
interactions is shown in Fig. 3.3(a) and compared with experimental data [11, 13,
14].
Surprisingly, we nd that the resistivity is governed by the 4-ph interactions in SVO.
The 4-ph limited resistivity is an order of magnitude greater than the 4-4 limited
resistivity, with the latter accounting for only 10% of the experimental value. This
result is in contrast with the conventional wisdom that transport properties in SVO
are governed by purely electronic interactions. In addition, the contributions are
opposite to another prototypical strongly correlated metaR&0,, where the 4-ph
interactions account for only 10% of the resistivity [30]. In SVO, the 4-ph con-
tribution is similar in magnitude to the experimental value, and the total resistivity
including both interactions is in good agreement with experiments. Below, we show
that taking into account the electron correlation induced enhancement of the 4-ph
interactions increases the resistivity and brings the results in even better agreement
with experiments.
The temperature dependence of the 4-ph limited resistivity is analyzed in more de-
tail in Fig. 3.3(b), where we show our results on a log-log plot and compare them
with experiments [11, 13, 14]. In that plot, the resistivity is computed with the
full (iterative) solution of the Boltzmann transport equation (BTE) [36] to include
backscattering and improve the treatment of acoustic phonons. The computed 4-
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ph limited resistivity follows a )8 temperature dependence between 100 200 K,

in excellent agreement with the'¥? dependence found in experiments in that
temperature range [11, 13, 14], and falls t89at 300 K. We identify the origin

of this nearly )2 temperature trend of the 4-ph limited resistivity by analyzing the
contribution of di erent phonon modes. Our calculations show that the increasing
contribution of strongly coupled optical phonons at higher temperatures is respon-
sible for the )? dependence of the resistivity between 100 200 K (see SM).

Next, we focus on transport at low temperature, where the 4-ph contribution is
expected to be weaker. While DMFT calculations become di cult at low tempera-
tures, we obtain the 4-4 limited resistivity by extrapolating our higher-temperature
DMFT calculations with a ¥ t. This approach is justi ed because the 4-4 scat-
tering is in the Fermi liquid regime below at least 400 K. Figure 3.3(c) shows the
computed 4-ph and DMFT 4-4 limited resistivities below 100 K. We nd a clear
crossover between 20 30 K from 4-ph to 4-4 dominated transport. The 4-ph limited
resistivity becomes much smaller than the 4-4 limited resistivity below 20 K, show-
ing that 4-4 scattering governs transport at low temperature. This result indicates
that 4-4 interactions are the origin of thé Jesistivity observed experimentally
below 25 K, with the 4-ph contribution causing deviations fronf &ghavior above

25 K. Note that our DMFT resistivity underestimates the experimental value below
25 K by a factor of 2-3. We attribute this discrepancy to limitations in the single
site DMFT impurity model, as transport can be sensitive to the methods used to
downfold orbitals and e ective interactions [51, 52, 53, 30], the lack of non-local
contributions to the DMFT self-energy [54], and corrections to the current-current
vertex [55, 56, 57, 58].

Correlation-corrected electron-phonon interactions. Strong electronic interac-
tions are known to signi cantly modify 4-ph interactions [59, 60, 61, 62]. In
correlated metals, 4-ph coupling is often enhanced. For example, calculations using
hybrid functionals and the , method found correlation-enhanced 4-ph coupling

in unconventional superconductors, attributing the enhancement to decreased elec-
tronic screening [26]. Similarly, in multiband 3-electron systems such as FeSe,
treating correlations with DMFT enhances 4-ph coupling, in this case by increasing
the orbital polarization response to phonon perturbations [27].

To study the role of correlations in SVO, we compute the 4-ph interactions using
Hubbard-corrected DFPT (DFPT+*) [34, 33]. DFT+* can be viewed as a static ap-
proximation of DFT+DMFT [63]; DFT+DMFT 4-ph coupling calculations are not
currently possible. Like DFT+DMFT, DFT+* captures the strong local interactions
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Figure 3.4: (a) Phonon dispersions and 4-ph coupling as in Fig. 3.1(c) but calculated
with DFPT+*. Note the change in 4-ph coupling scale. (b) Transport as in
Fig. 3.3(a) but calculated with DFPT+* phonons and 4-ph couplings, showing
improved agreement with experiments [11, 13, 14].

between 3-orbitals and the resulting change in orbital polarization response, which
modi es 4-ph coupling. We use a Hubbard-* parameter of 3 eV in the atomic
orbital basis, which is somewhat empirical but provides orbital polarization and
band structure responses to phonon perturbations similar to a calculation including
a Hubbard-* parameter from linear response and a reasonable value of Hund's .
The orbital occupation responses are also similar to those found using DMFT with
the same orbitals and interaction parameters used throughout (see SM).

Adding the Hubbard correction has a small e ect on the phonon dispersions, but it
enhances the 4-ph interactions, as shown in Fig. 3.4(a). The enhancement is mode-
dependent and is generally higher for strongly-coupled optical phonons involving
VOg distortions. The enhancement is also higher for phonons with momenta away
from the point, suggesting a more important role of correlations for distortions
breaking lattice-translation symmetry. The spectral and transport properties com-
puted with enhanced 4-ph coupling from DFPT+* give results qualitatively similar
to those from DFPT, but with stronger 4-ph e ects. Notably, the 4-ph limited resis-
tivity increases by 35% at room temperature [Fig. 3.4(b)], bringing the resistivity
computed with both 4-ph and 4-4 interactions into very good agreement with ex-
periments. For example, the computed resistivity at 290 K is 16 ~ cm, versus an
experimental value of 19 25 “ cm [11, 13, 14].

Discussion The origin of the temperature dependence of the resistivity merits fur-
ther discussion. While thedtrend for 4-4 interactions is expected based on Fermi
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liquid theory [50], the origin of the near?behavior of the 4-ph limited resistivity

is less clear. At very low temperatures, the 4-ph limited resistivity in metals is
expected to exhibit aj temperature dependence [64] when scattering is dominated
by acoustic phonons with momentum @ /): In our calculations, we nd a )

4-ph limited resistivity below 30 K, but the overall resistivity becomes 4-4 limited

in this temperature range, explaining the experimentabksistivity below 25 K.

In the high-temperature limit, based on the temperature dependence of the phonon
occupations, one expects a )-linear 4-ph limited resistivity [64]. However, this
requires that all phonon modes contribute equally to 4-ph scattering, with no mode
frozen out. While our computed 4-ph limited resistivity becomes nearly )-linear
well above 300 K, it is close to adbehavior between 100 200 K, in agreement

with experiments. As discussed above, thistjend is due to the increasing con-
tribution of higher-energy optical phonons with strong 4-ph coupling for increasing
temperatures. Note also that 4-ph scattering above 50 K in SVO involves phonons
with all momenta, ruling out momentum-dependent mechanisms resulting in )
behavior [65].

Finally, we analyze two approximations made in the 4-ph transport calculations (see
results in SM). First, we examine the use of the lowest-order 4-ph self-energy [66,
67] by computing the resistivity with a cumulant diagram-resummation method
capable of treating delocalized polarons [68]. Including polaron e ects leads to
a small increase in the resistivity, showing that lowest-order 4-ph interactions are
adequate to describe SVO. Second, we examine the e ect of vertex corrections to the
current-current correlation function in the Green-Kubo formalism [50, 43]. Vertex
corrections improve the description of backscattering and the momentum depen-
dence of 4-ph scattering, which is particularly important at low temperature [50].
We assess their role above 100 K in the semiclassical limit by comparing the full
solution of the BTE, which includes vertex corrections, to the relaxation time ap-
proximation, which neglects them. We nd that vertex corrections in the BTE give
only a small increase in the resistivity and its temperature dependence. This analysis
shows that higher-order 4-ph interactions and vertex corrections play a minor role
in SVO and do not a ect our conclusions.

Conclusion In summary, we have shown that 4-ph interactions play an essen-
tial role in the transport and spectral properties of a prototypical correlated metal,
SVO. In this material, electronic correlations control other aspects of the low-energy
physics, including the quasiparticle mass renormalization and transport at low tem-
perature. We also found that electronic correlations lead to an e ective enhancement
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of the 4-ph interactions. This suggests that SVO may serve as a testbed for investi-
gating the interplay between electron correlations and 4-ph interactions. Our results
highlight the potential of rst-principles calculations combining 4-4 and 4-ph inter-
actions in a consistent way as an emerging tool to study correlated materials. This
work paves the way for a quantitative description of transport and spectral properties
in broad classes of correlated quantum materials.
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ELECTRON-PHONON COUPLING IN CORRELATED METALS:
A DYNAMICAL MEAN-FIELD THEORY STUDY
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Abstract

Strong electron-electron interactions are known to signi cantly modify the electron-
phonon coupling relative to the predictions of density functional theory, but this
e ect is challenging to calculate with realistic theories of strongly correlated ma-
terials. Here we de ne and calculate a version of the EPC applicable beyond
band theory by combining rst principles density functional theory plus dynamical
mean- eld theory with nite di erence phonon perturbations, presenting results for
several representative phonon modes in two materials of interest. In the three-orbital
correlated metal SrVvg) we nd that intra-V-gs-band correlation signi cantly in-
creases the coupling of these electrons to a Jahn-Teller phonon mode that splits the
degenerate orbital energies, while slightly reducing the coupling associated with a
breathing phonon that couples to the charge on each V atom. In the in nite layer
cuprate CaCug@ we nd that local correlation within the @2 orbital derived

band has a modest e ect on coupling of near-Fermi surface electrons to optical
breathing modes. In both cases, the interaction correction to the electron-phonon
coupling predicted by dynamical mean- eld theory has a signi cant dependence
on the electronic frequency, arising from a lattice-distortion dependence of the cor-
related electron dynamics, showing the inadequacy of the simple picture in which
correlations change static local susceptibilities. We also show that the electron-
phonon scattering and phonon lifetimes associated with these phonon modes are
modi ed by the electronic correlation. Our ndings shed light on the material- and
mode-speci c role of dynamical electronic correlation in electron-phonon coupling
and highlight the importance of developing e cient computational methods for
treating electron-phonon coupling in correlated materials.
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4.1 Introduction

Electron-phonon (4-ph) interactions play an essential role in the physics of metals [1,
2]. A current focus is quantum materials with electronic properties controlled by
strong correlations arising from electron-electron (4-4) interactions. However, there
is growing evidence that 4-ph interactions contribute in important ways to phe-
nomena observed in these materials. For example, 4-ph interactions have been
argued to cause the "kinks" seen in angle-resolved photoemission studies o0$ high-)
cuprates [3, 4], phase transitions in rare earth nickelates [5, 6, 7, 8], important
contributions to transport and optical lifetimes in some correlated metals [9, 10, 11,
12, 13], and contributions to novel superconductivity [14, 15, 16, 17, 18, 19, 7].
Experiment and theory indicate that the strength of the 4-ph interactions may be
strongly a ected by electronic correlations [20, 4, 14, 15, 17, 18, 19, 7].

The current standard for 4-ph calculations in real materials obtains electron-phonon
coupling (EPC) from the dependence of the Kohn-Sham potential in density func-
tional theory (DFT) on atomic displacements. However, EPC is sensitive to the
treatment of electronic correlations, and DFT is not always su cient. For example,
calculations using DFT with hybrid or advanced functionals [21, 14, 22, 23], +*"
extensions [24, 25, 12, 26], and , [27, 28, 29, 15, 4, 30] have found modi ed
EPC compared to semi-local DFT in a range of materials. However, these methods
are perturbative and/or employ static correlation, and as a result, do not necessarily
describe basic electronic properties of strongly correlated quantum materials (such
as the large dynamical mass enhancement owing to the frequency-dependent self-
energy).

Methods applicable to strong electronic correlation, such as dynamical mean- eld
theory (DMFT) [31], have been used to study the physics of electron-lattice cou-
pling in model systems [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. Itis natural to
ask whether the combination of density functional and dynamical mean- eld theory
(DFT+DMFT), which has proven a powerful and e ective method of calculating
electronic properties of correlated materials [43, 44], can be used to study EPC in
correlated systems. First principles DFT+DMFT calculations have been shown to
strongly modify proxies for EPC, such as spectral shifts in response to atomic dis-
placements in FeSe [17, 19], and the energetics of octahedral tilting in SyM&D

and optical phonons in LaNi&J46]. However, the EPC has never been calculated
directly in real materials with DFT+DMFT, and its dependence on the microscopic
nature of the relevant electronic states and phonon modes has not been investigated.
Here, we present a method to calculate the EPC for selected phonon modes using
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DFT+DMFT calculations with nite phonon perturbations obtained from rst prin-
ciples Density Functional Perturbtion Theory (DFPT) [47] calculations. We use
the method to investigate the e ect of correlation on EPC and related properties
for representative phonon modes in two correlated materials of interest: 3SrvVO
(SVO), a multi-orbital correlated metal where the interesting physics arises from
bands derived from the \44 levels and phonons may couple to the orbital splitting,
and CaCu@ (CCO), a member of the highy)cuprate family where the correlation
physics primarily resides in a single Cg 32-derived band.

In SVO, our calculations show that local correlation signi cantly increases the cou-
pling of tyg electrons to a Jahn-Teller optical phonon mode which couples to the
orbital degree of freedom, while slightly decreasing the coupling associated with
a breathing mode which couples to the total V-site charge density. The frequency
dependence of the coupling is non-negligible. We use the computed EPC to calcu-
late temperature-dependent scattering rates of electrons due to these phonon modes.
In the in nite layer cuprate CaCuf)CCO), our calculations show that correlation
within the 3z 2 orbital has a moderate e ect on the coupling of Fermi surface elec-
trons to full- and half-breathing modes. However, we nd that the correlation e ect
depends strongly on electronic frequency. We investigate this behavior at di erent
interaction strengths and carrier concentrations, and calculate phonon linewidths.
The rest of this paper is organized as follows: In the next section (Sec. 4.2), we
present our theoretical method, based on nite di erence DFT+DMFT calculations.
Then we present the results of these calculations in SVO with the application to
the temperature-dependent electron scattering (Sec. 4.3), and in CCO investigating
the lling and * dependence and the phonon linewidth (Sec. 4.4). We next discuss
in Sec. 4.5 the interpretation of our method and results in terms of the auxiliary
impurity model used in the DFMT calculations and then compare to DFPT+* and
other research on correlation-modi ed 4-ph interactions in Sec. 4.6. Finally, we
summarize our ndings in Sec. 4.7.

4.2 Theory and Methods

4.2.1 De nition of Coupling

In this paper, as in most treatments of EPC in solids, we make the Born-Oppenheimer
approximation, valid when the ratio of a typical ionic velocity to a typical electronic
velocity is very small. In this case the EPC may be approximated by the response
of the electronic system to static ionic displacements. In DFT-based EPC calcu-
lations the EPC is de ned as the scattering amplitude between two Kohn-Sham
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states induced by a small atomic displacement. In a strongly interacting system,
the electronic physics should instead be described in terms of a Green's function
(propagator), and the EPC is correspondingly de ned in terms of changes to the
electron Green's function induced by changes in atomic position.

The frequency-domain electron Green's functi®A & A [° describing the propa-
gation of an electron from A t8i& de ned in terms of a reference non-interacting
system, which in this paper we take to be the Kohn-Sham Hamiltofijanf

with )*the free electron kinetic energy operator aﬁq a Kohn-Sham potential.

The di erences between the physical propagation and the propagation de ned by
the reference non-interacting system are parametrized by the self-energy operator
AA—AR I°, and thus

IACAle= 10 N A e o (4.1)

where " is the chemical potential and the carat“denotes an operator acting on spatial
indices. A displacementd}- of atom O in unit cell at B in direction ~ changes

both 4‘( and " A formal expansion to rst order in [R,0° (using the identity

X = »X  1¥)gives

TACA e = ZAA e

5

3RBA®R o AR

M_po, M 220 p 0 010 (4.2)
miR o

Here and below, we use 2= (for "clamped nuclei") to denote quantities in the absence
of atomic displacements. The object sandwiched between the two unperturbed
Green's functions,ma% £, ° is the many-body de nition of the EPC.

In the absence of many-body e ects, the self-energy operator vanishes so that the
Green's function describes propagation of Kohn-Sham eigenstates and the de nition
reduces to the standard DFT EPC.

In our calculations, we use a basis of DFT eigenstates, deqptgdfor band = at
electron crystal momentum k, and express atomic displacements in terms of normal
mode phonons with index a and crystal momentum q. Represented this way, our

de nition of the EPC é(ialIO in a correlated system is
610 = dacg Mg F( . M0 ja=kipea. (4.3)

which now depends on the electronic frequency due to the frequency dependence
of the Green's function and here the carat” denotes an operator in the momentum
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indices. Ry denotes the standard phonon mode-resolved derivative

~ S
O \ . m
Ry0" 2" o aq mlﬂpo‘ Drpo® =0

where 0 indexes an atom with masg,"R, denotes a unit cell, anddq and (%q

are respectively the phonon energy and normalized eigenvector. Similar forms
of EPC have been used for model systems [32] and rst-principles ,-based
calculations [15].

4.2.2 Evaluation with Dynamical Mean-Field Theory
The central challenge is to reliably evaluate the change in the self-energy due to
the phonon perturbationagt1°. We evaluate this using the density functional
plus dynamical mean- eld theory (DFT+DMFT) approximation. In DFT+DMFT,
one combines a band structure calculated with DFT with a dynamical mean- eld
treatment of strong correlations within a set of local orbitafsAq go R ¢° that
are constructed around an atom 0 located at positonitpin unit cell R using
Wannier or projector methods. The DMFT assumption is that the electronic self-
energy is site-local in the orbital basis (but may be a matrix in the on-site orbital
indices 89), so that the upfolded self-energy is given by

IA-Rle = ° dg'A go R & 341°0 o'A go R ¢ (4.5)

Re089

The self-energy J21° for the correlated site is calculated from the solution of a
guantum impurity model de ned by the DFT band structure, the local orbitals, a
site-local inter-orbital interaction representing the e ective screened Coulomb in-
teraction projected onto these orbitals, and a "double-counting correction”, each of
which can be treated in several approximations.
In this paper we use the "frontier orbital* DFT+DMFT methodology in which the
correlated orbitals are de ned by a Wannierization of bands crossing the Fermi
level, we neglect full charge self-consistency, and we subtract a double-counting
term from the self-energy. We use empirical interaction parameters and neglect
changes to the interaction parameters associated with phonon displacements for
simplicity. Similar approximations are commonly used in DFT+DMFT studies of
structural deformations [17, 48, 45, 6].
The materials studied in this paper have a single correlated site (a transition metal)
in the undistorted unit cell, with a small number of relevant correlated orbitals
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(partially lled 3-shells). We consider phonon modes corresponding to lattice dis-
tortions which reduce the translational symmetry of the unit cell, resulting in a
supercell with multiple correlated atoms. We apply the phonon perturbation of
magnitude U to the supercell by adding BB—§ 3'mqf ( , maq¥( °j9-& to

the supercell Wannier Hamiltonian. Here, U represents the ratio of the e ective
atomic displacements in the nite perturbation to the phonon eigen-displacements,
and the term in the bra-ket is the Wannier basis perturbation caused by a set of
real atomic displacementsassociated with the phonon in question calculated with
DFPT [47] and Wannier interpolation [49].

We perform DFT+DMFT calculations with the perturbed and unperturbed Hamil-
tonians and extract the self-energies corresponding to the inequivalent sites in the
perturbed supercellC 11°) and unperturbed supercell ¢71I°). The self-energy

term of the EPC in Eq. 4.3 is then calculated from the di erence between the two
aforementioned sets of site-dependent self-energies, up-folded into the band basis
as

. 1
q<k,q n&qlilo Jq:kl D020= U_#4 48q Re

e

* y 1k qo B— a"\" 1|0 ’\2=1|o jg_a* g2ko— (4.6)

where *1k° are the transformations between the Wannier and Bloch basis and U is
chosen to be small enough to generate a good approximation to the derivative. Note
that in this procedure the Wannier basis is held xed.

Here we have used standard 4-ph Fourier transform conventions [49] but with
the simpli cation that the DFT+DMFT self-energy is local and therefore non-zero
only for Re = R’ The DFT+DMFT EPC is then calculated with Eq. 4.3 using
Eqg. 4.6 and g<k q naqw“( 19=ki p.o.from DFPT (which is interpolated from the
Wannier function form in the standard way [49]). The work ow for performing
nite di erence DFT+DMFT calculations is further explained in the Supplemental
Material (SM) [50].

The phonon modas stud|ed in this paper have q = q and thus the corresponding atomic

displacements o~ = 48 F%ea can be written as fully real. However, for a general

0|
phonon, real atomic dlsplacemen@— 11480 F%e L4 8aRped 2 q ° Must be used to obtain a
physical perturbed Hamiltonian. This is descrlbed as the real valued displacement eld in Ref. [49].
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4.2.3 Electron-Phonon Scattering

The EPC calculated in our approach can be used to calculate quantities such as
the electron and phonon scattering rates due to the 4-ph interaction, which are
related to the imaginary part of the 4-ph contribution to the electron and phonon
self-energies. To lowest order, the electron self-energy is a single phonon exchange,
which can be schematically written = 86, where 6 is the EPC, is the
electron Green's function, and is the phonon Green's function. When evaluated
with the frequency-dependent DFT+DMFT EPC, DFT+DMFT electron Green's
function, and the non-interacting DFPT phonon Green's function, the imaginary
partis

Im P =
- O h
c © e, lw oo,
Fa. 0! 2 Sl o
qqa<
DMFT -
<k>q 1| | aqo»—llaqohl 51| | aqol/4
kq | aq kg | aq
6<=a |> 2 6<:Oa |> 2 .
|
DMFT -
OVET 11 aq =Ha, 5Y,1 o + (47)

where 11° is the spectral function and 5 and = are respectively the fermion and
boson occupation numbers. Eg. 4.7 reduces to the conventional DFT Fan-Migdal
expression if 1° is taken to be a Dirac delta function at the band energy and the
EPCisde ned fromﬁ‘( only [51, 2]. Previous work also studied 4-ph interactionsin
correlated materials using the full DMFT spectral function but the DFPT EPC [52].
Similarly, to lowest order in 6 the 4-ph contribution to the phonon linewidth is given
by a bubble diagram formed from two 4-ph vertices and two electron propagators
(schematically, =62 2) calculated as

~ 1

m A 2209 g ga | Lag 2
M aq aq — #_k <=a |, &
<=k

DUFTae 2FETHL L ag® BIC B I 4 ¢ (4.8)
If 11°is set to be a Dirac delta function at the band energy and the DFPT EPC

is used, Eq. 4.8 is the conventional expression for the leading order electronic con-
tribution to the phonon linewidth [53, 2]. The importance of using a beyond-DFT
(non-delta function) was noted in a recent work (which however used the DFPT-
derived EPC) [54].
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InEQgs. 4.7 and 4.8, the EPC depends on one frequency because we have neglected the
dependence on the phonon frequency due to the Born-Oppenheimer approximation.
Since the coupling connects two electronic states that have di erent frequencies, we
evaluate it at the average of the two electronic frequencies (i.e. | and |44) to

avoid biasing the calculation. Because the two frequencies are separateg, by |
this approximation disappears in thgd ! O limit. In our calculations, we calcu-

late scattering rates using EPC derived from the real partotlifnbecause the
imaginary part is small near the Fermi surface.

We also note that these forms of self-energy have two vertex corrected 4-ph inter-
actions as they come from perturbative expansions in phonon displacements. This
di ers from the self-energy in the Hedin-Baym equations, due to the latter's self-
consistency [55, 2]. A similar approximation using two screened vertices has been
found to be accurate when considering electronic screening of 4-ph interactions [56]
and shown to be physically correct for the phonon lifetime [34, 57].

The derivation and computational evaluation of these self-energies is further dis-
cussed in the Supplemental Material (SM) [50], as is the e ect of the frequency
averaging approximation, the use of the DFT vs. DFT+DMFT electronic Green's
functions, and other approximations.

4.2.4 Computational Methods

We calculate the electronic structure, phonons, and EPC using DFT and DFPT with
the Quantum Espresso code [58]. We convert the EPC to the real-space Wannier
basis and interpolate using Perturbo [59]. We use Wannier90 [60] to construct
Wannier orbitals, which are used as the DMFT impurity orbitals. More details on
the parameters used for DFT and DFPT are provided in the SM [50].

All DMFT calculations use TRIQS [62] with the TRIQS/DFTTools and solid_dmft
rst-principles packages [63, 64]. The lattice Hamiltonian is calculated by inter-
polating the Wannier Hamiltonian and summing over a su ciently large k grid

to converge the hybridization. All calculations use the continuous-time quantum
Monte Carlo hybridization expansion solver (CTHYB) [65, 66], the Held formula
for the double counting correction [44], and Padé analytic continuation. In the
nite di erence DFT+DMFT calculations, we use a scale factor of U = 12 for the
phonon perturbation for all modes. More details on the DFT+DMFT calculations
are provided in the SM [50].

For SVO we use the experimental lattice parameter of 0 = 3+842 A [67, 68] in the
%<3< cubic structure. We compute maximally-localized Wannier functions for the
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three g-derived orbitals. For the DMFT calculations, we use a Hubbard-Kanamori
interaction Hamiltonian with * = 4¢5 eV and = 0675 eV. Our DFT, DFPT, and
unperturbed DFT+DMFT calculations in SVO largely follow previous work [12].
For the nite di erence DFT+DMFT calculations, we use a2 2 2 supercell for
both modes.

For CCO, we use the tetragonal %4e<<< structure with a hole doping fraction of
0.15 holes per stoichiometric unit cell and relaxed lattice parameters of 0 0 2 =
3.742 A 3.742 A 3.051 A. We use an impurity consisting of thes3,. Wannier
orbital and a Hubbard interaction. As described below, we perform calculations
with a variety of Hubbard * parameters (3.1, 3.9, and 4.7 eV), and consider di er-
ent llings in the rigid band approximation. For the nite di erence DFT+DMFT
calculations, we use a2 2 1 supercell for both modes.

4.3 Results: SrVvQ

4.3.1 Modes and Coupling

SVO is a correlated metal with a cubic perovskite structure and one electron in the
V-Gg orbitals often used as a prototypical example for many-body methods. SVO
stands out as a promising system to study the interplay of 4-4 and 4-ph interactions,
as demonstrated by recent calculations showing 4-ph-induced photoemission kinks
and phonon-limited resistivity above 25 K [12] and experiments showing transport
properties beyond Fermi liquid 4-4 scattering [69]. In the present context, the multi-
orbital electronic structure of thegtorbitals (respective bands shown in Fig. 4.1(a))

is of interest because it enables investigation of both "Jahn-Teller"-type phonons
that lift the orbital degeneracy and "Holstein"-type phonons that couple mainly to
the on-site charge.

We focus on two representative phonon modes in SVO: an M-point Jahn-Teller
mode which couples to the orbital degree of freedom on each site, and an R-point
breathing mode which couples to the charge degree of freedom on alternating sites.
These modes are indicated on the DFPT phonon dispersion in Fig. 4.1(b), where
color indicates the EPC (averaged over electronic states on the Fermi surface as in
Ref. [12]). Both modes are high-frequencyyl = 64 meV and Ig = 90 meV)
optical phonon modes with fairly strong EPC, owing to stretching V O bonds. The
atomic displacements associated with each mode are illustrated in Fig. 4.1(c,d).
The pattern of O displacements in the M-point Jahn-Teller mode (c) splits the three
tog Orbitals on each V site while maintaining equivalence between all sites (under
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Figure 4.1: (a) Band structure of Sry¥Chighlighting in blue the Wannierizedg

bands used in the DMFT calculations. (b) Phonon dispersion of $riwith color
showing EPC averaged on the Fermi surface as in [12]. The " and '-point phonon
modes studied are indicated are indicated by single and double stars, respectively.
Visualizations of (c) the M-point bond stretching mode and (d) the R-point breathing
mode (right) where red atoms are O, light blue are Sr, and dark blue are V.

the combination of translation and ce2 rotation), whereas in the R-point breathing
mode (d), alternating V sites are split but the orbitals on each site remain equivalent.
We perform nite di erence DFT+DMFT EPC calculations for both modes and
compare to DFPT. Fig 4.2(a) shows the Wannier basis local BRQmg»+( |

11°%, j9—0 where 8— 9 label orbital indices and the siteJisR; this quantity pro-
vides a natural comparison between DFT and DFT+DMFT because the DMFT con-
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Figure 4.2: EPC in SVO with DFT and DFT+DMFT. (a) Local EPC in the Wannier
basis for the M-point mode calculated with DFT (dashed lineg;+HR = 0°)

and DFT+DMFT (solid lines, gg»*R=0°, 1I-R=0° Y (k) DFT and (c)
DFT+DMFT EPC projected onto the quasi-particle bands j6] = }GECia'Z‘)l'Z.

(d) Local EPC and band-resolved (e) DFT and (f) DFT+DMFT EPC for the R-point
breathing mode. Calculations shown are for V =80/ eV.

tribution is local in the Wannier basis. For the M-point Jahn-Teller mode, we nd sig-

ni cantly increased EPC to electrons near the Fermi surface. As expected, the mode
splits the ¢y, and d;, orbitals while leaving the @rorbital unchanged. The Wannier
basis local coupling strength is nearly doubled from DFT (44 meV) to DFT+DMFT
atl = 0 (87 mev). The coupling also exhibits a fairly strong dependence on the elec-
tron frequency, increasing in strength with increasing frequency. The band-resolved
EPC calculated with DFT and DFT+DMFT is plotted on the quasi-particle bands
(de ned asthe solutions of ddt, © Y X Re PNYFTi°e  =0)inFig. 4.2(b)

and (c), respectively. The DFT EPC shows clear band dependence arising from the
orbital character of the bands and non-local terms in the coupling. This dependence
is maintained in the DFT+DMFT EPC, but there is a clear enhancement of the
coupling strength as well as frequency dependence from the self-energy term.

In contrast to the M-point mode, the R-point breathing mode shows a slight de-
crease in the magnitude of the local EPC, from 58 meV with DFT to 50 meV with
DFT+DMFT atl = 0 eV (Fig. 4.2(d)). Like the M-point mode, the coupling shows

a frequency dependence which tends to increase coupling at higher frequencies, but
exhibits less band and k dependence due to the symmetry of the displacements. The
band-resolved DFT and DFT+DMFT EPC are plotted on the quasi-particle bands
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Figure 4.3: Contribution to the electron scattering rates in SVO calculated using
the DFT+DMFT couplings (solid lines) and DFPT coupling (dashed lines) from (a)
scattering by the M-point bond stretching mode and (b) R-point breathing mode.
The frequency-dependent scattering rates calculated using DFT and DFT+DMFT
EPC are shown as the BZ averaged Im *I° in the Wannier orbital basis for the
3cI.HiOrbital for the M-point mode and theg3;.g .nprbital for the R-point mode.

in Fig. 4.2(e) and (f), respectively.

In summary, DMFT signi cantly increases the coupling of the M-mode which cou-
ples to orbital splitting, but slightly decreases the coupling of the R-mode which
couples to charge disproportionation, and introduces a strong frequency dependence
to the coupling, absent in DFPT or its ,* and hybrid functional extensions. The

di erence in correlation e ects on the EPC for the two modes may be understood in
context of local interactions enhancing orbital uctuations and suppressing charge
uctuations in correlated systems. The strong frequency dependence is another
important consequence of correlation physics and will be discussed in more detail
below.
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4.3.2 Electron Scattering

Next, we calculate the scattering of electrons by each of the two phonon modes
studied. The scattering is proportional to the imaginary part of the lowest order
self-energy (Eq. 4.7); we calculate the contributions from the phonon modes studied
using the EPC calculated above. We plot the_Brillouin Zone (BZ) averaged part
of this self-energy in the Wannier basigdl® = = * g2k°® —otk—1°* _ogtk®Y in

Fig. 4.3 at several temperatures (the temperature applies to both the DFT+DMFT
calculation and the electron and phonon occupation numbers in Eq. 4.7).

We nd that the electron scattering near the Fermi energy by the M mode phonon
(Fig. 4.3(a)) is signi cantly increased when calculated with DFT+DMFT EPC com-
pared to DFT EPC, while scattering by the R mode phonon (Fig. 4.3(b)) is slightly
suppressed, consistent with our calculated coupling strengths. We also nd a signif-
icantly increased asymmetry between scattering above and below the Fermi energy
due to the frequency dependence of the EPC, with the scattering rate at positive
frequencies enhanced, consistent with the frequency dependence of the EPC. For
both modes, the scattering rate obeys a temperature dependence consistent with
the electron and phonon occupation numbers, with the temperature dependence of
the DFT+DMFT EPC having a minor e ect (See SM [50]). We note that these
calculations used the DFPT phonon frequency; the phonon frequency enters the
results both via the convention for 6 (Eq. 4.4) and via the phonon propagator. From
these formulae the e ects of substituting the physical phonon frequencies may be
deduced. Based on a previous study [48], correlation results in a moderate harden-
ing of the optical phonons in SVO, which could suppress scattering independent of
the coupling used.

4.4 Results: CaCuQ

4.4.1 Modes and Coupling

Next, we investigate the EPC in the DFT+DMFT theory of calcium copper oxide
(CCO), a member of the widely studied family of cuprate superconductors. In
cuprate materials, 4-4 interactions are believed to dominate the physics. These in-
teractions have been extensively studied with DMFT, both in the context of minimal
models with a single @ 2 orbital per Cu site [70, 71, 72, 73, 74, 75, 76] and more
advanced calculations incorporating additional orbitals, dynamically screened inter-
actions, and/or , [77,78, 79, 80]. The e ect of 4-ph interactions in cuprates have
been studied in relation to superconductivity [81, 82], quasi-particle properties [83,
26] including as a potential origin of photoemission kinks [3, 84, 20, 4], and phonon
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softening associated with metal-insulator transition or charge density waves [85, 86,
87, 88, 89, 90]. The cuprates thus provide a useful computational platform to study
many-body e ects on the EPC in a single-orbital strong correlation context.

CCO is the structurally simplest cuprate-based superconductor. The basic unit is
a at Cu-O, plane with a 4, symmetry and a single Cu ion per unit cell. The
interplane coupling is very weak so that thg ;3. electronic band is nearly two-
dimensional [91, 92]. CCO is insulating in the undoped normal state, but upon hole
doping transitions from insulating to metallic, where a range of doping values in the
metallic phase also show superconducting behavior.

We base our DMFT calculations on a minimal model of the electronic structure
composed of the > Wannier orbital, which dominates the electronic structure
near the Fermi energy as shown in Fig. 4.4(a). We calculate the phonon dispersion
and the EPC with DFPT, as shown in Fig. 4.4(b). The two high-symmetry optical
phonon modes which couple most strongly to the3 band at the Fermi surface

are the X-point half-breathing mode (panel (c)), and an M-point full-breathing mode
(panel (d)) marked by single and double stars in panel (b), respectively. Both modes
involve movement of O atoms in the Cu-O plane as depicted in Fig. 4.4(c) and (d).
We perform nite di erence DFT+DMFT EPC calculations on these modes.

4.4.2 *-dependent EPC at 0.15 hole doping

Fig. 4.5 shows the EPC at several * values for 015 hole doping, a carrier concentra-
tion at which high B superconductivity occurs in some of the cuprate compounds.
We begin by considering the Wannier basis local EPC for * = 3¢1 eV, shown in
light blue in Fig. 4.5(a) for the X-point half-breathing mode and Fig. 4.5(e) for
the M-point full-breathing mode. For both phonons we observe that the di erence
in the EPC at the Fermi level between DFT and DFT+DMFT is small, but that
the DMFT-derived EPC has an extremely strong frequency dependence over a few
hundred meV scale. The highly frequency-dependent EPC combines with the k
dependence already present in DFPT and yields a strong frequency dependence
when projected onto the quasiparticle bands shown in panels (c,d) (X-point mode)
and (g,h) (M-point mode).

We now consider higher *-values. The Wannier local EPC at* = 3.1, 3.9, and 4.7
eV is shown in Fig. 4.5(a) for the X-point half-breathing mode and Fig. 4.5(e) for
the M-point full-breathing mode. While the zero frequency EPC shows moderate
changes compared to the DFT value for all values of U, the frequency dependence
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Figure 4.4: (a) Band structure of CaCgpiGhowing the Wannierizedg,, - band used

in the DMFT calculations (teal) and other bands in the DFT calculation (grey). (b)
DFPT-calculated phonon dispersion of CaGu®ith color showing EPC averaged

on the Fermi surface and studied half breathing (*) and full breathing (**) phonon
modes indicated. Visualizations of (c) the X-point half breathing mode and (d) the
M-point full breathing mode. Cu atoms are shown in teal, O in red, and Ca in
orange.



77

Figure 4.5: EPC in CCO with DFT and DFT+DMFT. (a) Local EPC in the Wan-
nier basis for the X-point half breathing mode calculated with DFT (dashed lines,
mqt+tR = 0°) and DFT+DMFT (solid lines, »*R=0°, I-R=0° “sasa
function of electron frequency | at *-values indicated at 0.15 hope doping and
(b) at the lling values indicated and * = 3.1 eV. (c) DFT and (d) DFT+DMFT
EPC gt 0.15 hole doping and * = 3.1 eV projected onto the quasi-particle bands
j6j=1 - j65(iaj201.2 (e-h). Same as (a-d) but for the M-point full breathing mode.

increases sharply with increasing *. This frequency dependence becomes so strong
that for * = 4.7 eV, the GtI° varies fromO0to 2 6 .52 = 0°in a range

of I aq 70 meV from the Fermi energy. This indicates the potential for large
adiabaticity in the 4-ph interaction at large *, i.e. because the 4-ph interaction
varies signi cantly on the scale of the phonon frequency, the approximation of a
static phonon for the purposes of calculating coupling may be insu cient.

The increasing frequency dependence of 6 can be connected with increasing cor-
relation strength; / decreases from 0¢50 at* =3.1eVto 028 at* =4.7 eV
corresponding to an increased slope in the real part of the self-energy (see SM [50]).
The increasing frequency dependence indicates that the coupling of the phonon to
correlation increases with the degree of correlation. We note that our calculations
show only a moderate change in the | = 0 coupling, although the change might be
larger in more advanced calculations including more orbitals or dynamical screening
(this is discussed in Sec. 4.6).
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4.4.3 Filling-dependent EPC at* = 3¢1 eV

The dependence of the Wannier-local EPC on carrier concentration is shown for
* = 31 eV in panels (b,f) of Fig. 4.5. The zero frequency coupling shows some
variation as a function of lling, with generally larger DFT+DMFT couplings further
away from half- lling. The striking behavior is that for both phonon modes the
frequency dependence has a strong dependence on carrier concentration, with a
large, positive slope at 0«3 and 015 hole-doping, then attening as the carrier
concentration moves across half lling and then changing sign for increasing electron
doping.

The observed interplay of the carrier concentration and the magnitude and sign of the
frequency dependence suggests a close link between the frequency dependence of 6
and the frequency dependence of the self-energy. For a Fermi liquid, the dominant
feature in the low frequency electron self-energy is a linear frequency dependence,
Re o= 1/ 1 19 with (in the DMFT approximation) the coe cient/ Y 1

giving the inverse mass enhancement and the quasiparticle weightlacde hing

an e ective correlation strength. Inthe metallic state of a Mott-Hubbard-like system,
the correlation strength increases and / decreases with increasing *. For * values
near the Mott transition critical *, correlation is strongest (and / is smallest) near
half- lling and decreases with either electron or hole doping. This trend is evident
in our calculated Re *I° in CCO (see SM [50]). Because the phonon mode couples
to the site occupancy, it is natural to suppose that the main contributiqg t°m

is via the dependence of / on orbital occupation =, suggesting a contribution to
6 mLl .- The derivative increases with increasing /(and hence with *),

is small near half- lling where / passes through a minimum, and has a sign that
depends on the sign of the doping.

This explanation may also apply to SVO, in which thgdrbitals are at 1+6 lling

and there is signi cant particle hole asymmetry.

4.4.4 Phonon Linewidth

As an application of the EPC in CCO, we calculate the *- and lling-dependent
phonon linewidths Yy for the phonons studied. We evaluatg,W 2Im 54l a¢°

with the phonon self-energy from Eq. 4.8 based on the lowest order phonon self-
energy diagram. The resulting linewidths are plotted in Fig. 4.6(a) as a function of
* and Fig. 4.6(b) as a function of lling.

The dependence of the linewidth on correlation (*) is opposite for the two phonon
modes. We see that for the M-mode (dark blue), increasing correlation suppresses
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Figure 4.6: Phonon linewidth in CCO (a) as a function of * at 0.15 hole doping and
(b) as a function of lling at* = 3.1 eV.

the linewidth at xed doping. However, for the X-mode (dark orange) an increase
with * is found. Here the linewidth re ects that the correlation increases the
coupling of the X-mode slightly and decreases that of the M-mode slightly.

The linewidth of both phonons increases signi cantly with lling for the DFT EPC
(light blue and orange lines) due to the increasing joint density of states at the
wavevectors q as the Fermi energy is raised. When the DFT+DMFT EPC is used
(dark blue and red lines), the trend remains but the linewidths increase or decrease
slightly depending on the change to 6 near the Fermi energy. Experimentally, an
anomalously large phonon linewidth has been observed {tgdS%.15CuQ, at a
g-point between and X [89], which was not found in DFT based calculations [20].
Future studies with DFT+DMFT may be able shed light on this observation, which
appears to be related to strong correlation.

4.5 Electron-Phonon Coupling in the Impurity Problem

While the main focus of this paper is on the correlation-induced changes in the
lattice EPC, in this section we consider the EPC from the perspective of the quan-
tum impurity model that determines the self-energy within DMFT. We rst analyze
the hybridization between the impurity and lattice 8l and its phonon-induced
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Figure 4.7: Impurity problem self-energy and hybridization on the Matsubara axis.
(a) Impurity hybridization and (b) impurity self-energy in SVO at V = 80/ eV. (c-d)
Same for CCO at 0.15 hole doping and * = 31 eV. (e) phonon perturbations to the
impurity hybridization and (f) impurity self-energy in SVO. (g-h) Same for CCO.

In all cases, the on-site energy shift is added into the hybridization, and the double
counting is subtracted from the self-energy.

change gg 18! =° in order to understand how lattice EPC translates to a coupling
to the correlated local orbitals. Then, we analyze the self-energy-2&ind its
phonon-induced changed8! =° to understand the interaction contribution to
EPC in terms of changes to dynamical correlation. We work with the Matsubara-
frequency quantities that are direct outputs from our calculations and draw mainly
gualitative conclusions.

In the impurity model, the local orbitals couple to a non-interacting bath of lat-
tice states via a hybridization function 18P. The hybridization is a frequency-
dependent matrix in the local orbital basis determined through a self-consistency
condition between the impurity and lattice Green's functions. A phonon-induced
change to the non-interacting lattice statgg-rs will therefore translate to a change

to the hybridization gg 8! =°. The change in the hybridization function de nes
the EPC in the impurity model. The in nite frequency limit ofi8! -° is a real
matrix whose diagonal elements are phonon induced changes in the on-site ener-
gies?, equal to the Wannier-local part of the DFPT ERG-Mmgt ( j9-0 The

2In some formulations of DMFT the hybridization function is de ned to vanish in the in nite
frequency limit and the in nite frequency limit is included in the static Hamiltonian of the impurity
model. In the present discussion we considgs to be part of the hybridization as both it and the
frequency-dependent part of 18P contribute an EPC in the impurity model.
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frequency dependence of the change in 8found in the our calculations re ects
changes to the hybridization with surrounding sites due to a phonon distortion with
a de nite wavevector. These changes arise from phonon-induced changes to the
intersite hopping, to in on-site energies on di erent sites, and to phonon-induced
changes to correlation e ects. The frequency dependence indicates that the physics
of EPC to a speci ¢ g-dependent phonon in the DFT+DMFT formalism is in general
richer than models of local EPC.

Fig. 4.7 panels (a) and (e) respectively show the Matsubara-axis hybridization func-
tion for SVO and the changes due to M-mode and R-mode phonon distortions.
For the SVO M-mode, which couples to level splitting between local orbitals,
panel (e) shows that impurity EPG¢8I =° is primarily real. We observe that
Relmgg'8l -°° is frequency dependent only below 05 eV. The high frequency
constant value is the DFPT Jahn-Teller coupling that relates atomic motions to the
level splitting; the increase in amplitude at low frequency expresses the physics that
band structure and correlation e ects enhance the tendency towards orbital order-
ing at the g = M wavevector. For the SVO R-mode, which couples to the total
on-site charge density,t8| =° is almost frequency-independent, suggesting that
the charge susceptibility in SVO has only a weak momentum dependence.

Panels (c) and (g) of Fig. 4.7 respectively show the Matsubara-axis hybridization
function for CCO and the changes due to X and M-mode phonon distortions. Panel
(9) shows that for the CCO M-mode (which does not break the point symmetry) the
bare coupling is enhanced at low frequencies, indicating that lattice e ects and non-
local EPC increases the tendency to charge ordering at the M-wavevector. For the
X-mode (which reduces point symmetry from to »), the Matsubara frequency
dependence is opposite, indicating that these e ects suppress the ordering tendency
at this wavevector. In CCO "8l =° is moderately renormalized from its bare
DFT value by correlation via the self-consistency condition (see SM [50]).

We now consider the impurity self-energy 18? and its phonon-induced change

mgq 8l =°. The self-energy is the sum of areal, frequency-independent contribution
(the Hartree () and double counting () terms) and a frequency-dependent part
that originates from the beyond-Hartree many-body dynamics and vanishes in the
in nite frequency limit. The correlation contribution to the EPC is de ned in terms

of the changes to the self-energy; in what follows we analyze our results to obtain
insights into the nature of changes.

It is useful to consider the spectral representation linking the imaginary part of the
real frequency self-energy Im 1I° to the Matsubara axis self-energies,
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1

3l Im tJ°
Im 18] _° = 18' = TW (49)
3l llm 1°
Re 18| -° = ?ﬂﬁ’ 4 (410)

Note that the 8L dependence in Re 18l° requires particle-hole asymmetry: if
Im 1°=Im 11° Re 18| =% in Eg. 4.10 is frequency independent.
Egs. 4.9,4.10 show that changes to 8l can arise from both changes to the
Hartree/DC terms and from changes to Im 1|°. Frequency-independent beyond-
DFT methods including DFT+* and hybrid functionals give frequency-independent
EPC renormalizations related to those arising here from changesto . These
changes may be thought of as coming from correlation-induced changes in average
local susceptibilities (for example suppression of on-site charge uctuations by a
repulsive * or correlation-induced enhancements of orbital splitting relating to
correlation-induced orbital order).
Lattice distortion-induced changes to Im ° lead to frequency dependence of
the EPC. To understand the nature of these changes, it is useful to review the basic
properties of Im [°, which may roughly be characterized by an over-all amplitude,
a frequency scale, and a particle-hole asymmetry. For simple moderately correlated
metals at low temperature, we expect Im 1° to vanish at zero frequency, to grow

| 2 at low frequency, pass through maxima at positive and negative frequency
near| | o, and then to decay to zero at high frequency. In this picture, the
particle-hole asymmetry is encoded in di erent weights at the peaks giahd the
overall scale of the self-energy comes from the peak amplitudes. A simple model
that encodes this physics is

Imio=1 _3ox1 | ®.1 39X | oo (4.11)

where is an amplitude with dimension of energy squared,i$ a characteristic
frequency scale, and 3 parametrizes the particle-hole asymmetry. Particle-hole
asymmetry may also manifest as a di erence in the absolute value of the peak
positions for positive and negative frequency; as will be seen, introducing di er-
ent frequencies is not necessary for our analysis. The parameters can be t from
the Matsubara axis data in Fig 4.7, withy llinked to the frequency scale and

and 3 setting the magnitudes of Im 181° and Re 18| -° respectively. A rough
measure of the e ective low-frequency correlation strength is the low-energy mass

enhancement/quasiparticle renormalizatioh £ 1 % 72, S0 that vanishing
0
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| o causes the e ective low-frequency correlation strength to diverge. Though sim-
plistic, this model qualitatively accounts for the calculated frequency dependence of
mgq 8l =° and its simple shape is conceptually con rmed by preliminary data from
real frequency solvers to be published elsewhere.

For SVO, the self-energy of the undistorted structure, shown in panel (b) of Fig. 4.7
is consistent with this simple picture, with an Im characterized by a single fre-
guency scale b 18 eV and a high degree of particle-hole asymmetry (since the
change in real part of *8L° from high to low frequency %”_r[”z ,3—0 is very
similar in magnitude to the maximum value of Im 18I=1 ¢° = %:"é"l 2 W)'

Now consider gg 8l =° for SVO shown in Fig. 4.7(f), beginning with the M-
mode. For this mode, there is no change in charge density on the impurity so
mq pc = 0. We see thatggRe 18l =° has only a weak 8! dependence, meaning
that the phonon-induced change in the self-energy is nearly particle-hole symmetric.
Themqg islarge, aboutthe same size as the static par{@f amd acts to amplify

the e ect of the lattice distortion as expected from the Hartree-level enhancement of
the orbital susceptibility. However, thgdim 18| -° is of comparable magnitude to

the Hartree shift, and has a frequency dependence very similar to that of I1a?,18|
indicating that gy 8l =°isin e ectanincrease in plus a similarly sized Hartree
shift.

The e ect for the SVO R-mode distortion is di erent. Because this phonon couples
to the total charge density, the double counting term is a ected. The real part of
the change in the Matsubara axis self-energy essentially vanishes at high frequency,
meaning that g5 and gy, cancel out. The change in the real part also nearly
vanishes at low frequency, so the change in Im must be composed of two coun-
terbalancing e ects which add in the imaginary part and cancel in the real part: a
change in the particle-hole asymmetry and a change in the characteristic frequency.
That mgm 181 -° decays much more rapidly in 8than does Im also shows that a
change in frequency ¢ is an important e ect. These qualitative considerations are
further supported by the more detailed modeling of the self-energy and its changes
presented in the SM [50].

For CCO, the self-energy of the undistorted structure, shown in Fig. 4.7(d) is
also mainly consistent with this simple picture. The weak low frequency struc-
ture evident in Re 18I-° indicates a small amplitude low-frequency contribution

to the self energy, which we do not consider further here. The main feature is
a Im characterized by a single frequency scalg | 1 eV and a lower degree

of particle-hole asymmetry than in SVO (since the change in Re-28from
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high to low frequency %”Im—z f’—o is about half of the maximum value of

m:8l -=1 °= 358 ).

Last we consider 8l =° for CCO shown in Fig. 4.7(h), beginning with the M-
mode. The large amplitude of the change in the real part, and the slower frequency
decay (cf the discussion of the R-mode in SVO) indicates that an important e ect
of the phonon distortion is a change in particle-hole asymmetry. The more rapid
decrease of the change in the imaginary part indicates that a particle-hole symmet-

ric change in the basic frequency scale is also important. The X-mode exhibits a

smaller but still present change in particle hole asymmetry as well as a change in the
frequency scale. Consistent with the discussion in Sec. 4.4, we see that the phonons
couple to dynamical correlation including particle hole asymmetry and proximity

to a Mott transition.

This qualitative analysis of the self-energy reveals that the phonon-distortion-
induced changes to the self-energy (and therefore the correlation-induced changes
to the EPC) have a dynamical structure that depends on the physics of the material
and the nature of the distortion. Because the phonon distortions can modify the
correlation strength, particle hole asymmetry, and characteristic frequency of the
self-energy in addition to inducing a static shift, a static (Hartree-type) theory of
EPC misses important physical e ects.

4.6 Comparison to DFPT+* and Previous Studies on Correlation-Modi ed

EPC
In this section we compare our results to DFPT+* and other previous work, be-
ginning with SVO. Our calculations show increased EPC and 4-ph scattering for
the M-point Jahn-Teller phonon mode which couples to the orbital degree of free-
dom, while a slight suppression is found for the R-point breathing mode. These
e ects can be qualitatively compared to those found in SVO using DFPT with a
Hubbard correction [12] (di erences in the interactions, orbitals, and charge self-
consistency between the two calculations mean that the comparison is only qualita-
tive). The Wannier-local EPC for these modes calculated with DFPT, DFT+DMFT,
and DFPT+* are shown in Table I.
DFPT+* predicts some trends consistent with our DFT+DMFT calculations, such
as signi cantly increased EPC for the M-point mode compared to DFPT. How-
ever, DFPT+* does not capture the frequency dependence of the coupling. One
consequence of this can be seen in the R-point mode: DFPT+* and the | ! 1
Hartree limit of DFT+DMFT both predict slight increases in the coupling strength,



85

H Bloc M Jahn-Teller R Breathingj‘
DFPT 44 meV 58 meV
DFPT+* =3 eV [12, 93] 73 meV 61 meV
DMFT (I = 0) 87 meV 50 meV
DMFT (1! 1) 93 meV 60 meV

Table 4.1: Wannier-local EPC in SVO in di erent approximationsg'?gﬁ_q is a
diagonal matrix of (0, 6, 6) for the M-point mode and (6, 6, 6) for the R-point
mode, where 6 is the value shown. DFT+DMFT calculations shown are at V =80/
eV. DFPT+* calculations use atomic orbitals with* =3 eV and =0[12].

but DFT+DMFT predicts a slight decrease at | = 0 (which is more relevant to
transport). This indicates that the frequency dependence is important because the
EPC of physical interest near the Fermi energy may di er from that in the static
limit.

In CCO, we nd that 4-4 interactions have a moderate e ect on EPC at the Fermi
energy and induce a strong frequency dependence. Some of these results are consis-
tent with previous work in model systems, for example, our nding that increasing

* decreases the | = 0 EPC for the Holstein-like M-point full breathing mode
agrees with work in a Hubbard-Holstein model using quantum Monte Carlo [32]
and DMFT [42]. Table Il lists the Wannier-local EPC in CCO in di erent approx-
imations, including a DFPT+* calculation. In DFPT+*, the coupling is slightly
increased for both phonon modes compared to DFPT, which can be compared with
the | ! 1 Hartree limit of DFT+DMFT where we nd large increases for both
modes. In contrast, at | = 0 in DFT+DMFT, the X-mode coupling is slightly
increased while the M-mode coupling is slightly decreased, further demonstrating
the importance of a dynamical treatment of the EPC.

These results also highlight the e ect of the double counting term in the self-energy.

H Bloc X Half-Breathing M FuII-BreathingH
DFPT 70 meV 53 meV
DFPT+* [93] 79 meV 65 meV
DMFT (1 =0) 76 meV 45 meV
DMFT (I11'1) 117 meV 137 meV

Table 4.2: Wannier local EPC in CCO in di erent approximations. All calculations
have * = 3¢1 eV and 0.15 hole doping. The DFPT+* calculations use atomic
orbitals.

The Hartree contribution to the self-energy from the Hubbard interaction suppresses
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local charge uctuations and thus decreases the e ect of "breathing mode" lattice
distortions on the electrons, as observed in model-system studies [32, 42]. However,
the double counting term present in DFT+DMFT substantially changes the in nite
frequency limit of the self-energy, partially canceling or in some cases outweighing
the Hartree term, consistent with ndings that the double counting correction in
DFT+DMFT can promote charge ordering [94]. Further explanation of the dou-
ble counting correction as well as tables indicating the contribution of the double
counting potential to the Wannier-local 6, and values of the Wannier-local 6 for other
temperatures in SVO and * and doping values in CCO are provided in SM [50]. In
cases where the Wannierization contains both correlated and uncorrelated orbitals,
the double counting corrections and charge self-consistency may play a more im-
portant role, making these important topics for future investigation.

Recently, rst-principles calculations using ,-based perturbation theory (GWPT)
have found signi cantly increased EPC in hole doped@aO, [4] compared to
DFPT, and both GWPT and hybrid functional calculations have found signi cantly
increased EPC in single orbital bismuthates [14, 15]. These results, which have
been attributed to decreased electronic screening in , and hybrid functional DFT
compared to semi-local DFT, contrast our ndings in CCO. While we expect our
DFT+DMFT calculations to better capture local, dynamical correlation, they are
limited by the single orbital impurity approximation and the DFT starting point.
More research is needed to disentangle these e ects on the 4-ph interactions, and
more realistic impurity construction schemes or methods like ,+DMFT [95, 96]
may help clarify this by including both strong correlation and accurate electronic
screening.

4.7 Conclusion

We have presented a method for calculating the EPC in a correlated material using
DFPT and nite di erence DFT+DMFT calculations. We applied this method to
several representative optical phonon modes in two materials of interest: the 3-
band cubic perovskite SVO, for which we compared phonons that couple to orbital
splitting and to on-site density, and the in nite layer cuprate CCO, a representative
Mott-Hubbard system.

In SVO, we nd that electronic correlation from DMFT signi cantly enhances the
EPC at the Fermi level of an M-point bond stretching phonon which couples to the
orbital degree of freedom, while slightly suppressing that of an R-point breathing
mode which couples to the charge degree of freedom. We nd the same trend in the
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calculated electron scattering rates due to these phonon modes. These ndings help
to explain the lower resistivity in DFPT-based transport calculations compared with
experiment [12, 69], and highlight the strong e ect of electronic correlation in the
4-ph interactions of multi-orbital correlated metals.

In CCO, we nd that correlation within the@,2 orbital has a modest e ect on the
coupling of Fermi surface electrons to full- and half-breathing modes but induces
a very strong dependence of the EPC on electron frequency. A further surprise
is that even though the basic EPC coupling in CCO is Holstein-like (coupling to
density) for both breathing modes, which competes with with correlation (acting
to suppress density uctuations), the net e ect of the correlations on the EPC at
the Fermi energy is a slight suppression for the M-full breathing mode but a slight
enhancement for the X-half breathing mode. These di erences observed between
the two modes suggest that the physics of EPC in the actual material is richer than
implied by simple Holstein-Hubbard-type models.

A remarkable nding is the signi cant frequency dependence of the EPC, which
leads to signi cant di erences between the value of the near-Fermi surface EPC and
the in nite frequency (Hartree) limit and produces variation of the EPC over scales
of the order the phonon frequency especially for CCO. This strongly frequency-
dependent EPC is absent in ,* and hybrid extensions of DFT and may have impor-
tant consequences for physical properties. For example, the associated particle-hole
asymmetry in quasiparticle relaxation times could impact properties like thermo-
electric transport. For instance, a recent experiment unexpectedly found a positive
Seebeck coe cient in a hole-doped cuprate [97], which the authors explained by
suggesting a greater scattering rate above the Fermi energy than below. This would
be consistent with our ndings of EPC in hole-doped CCO. Other studies in hole-
doped cuprates [98, 99] have found a transition from negative to positive Seebeck
coe cient as temperature increases, which were explained by Fermi surface recon-
struction, but could plausibly involve thermal activation of particle-hole asymmetric
4-ph scattering processes. In this context, our ndings that correlation can induce a
strong frequency dependence in the EPC motivate further studies on the role of this
e ect on scattering and transport properties.

Taken together, our results highlight the importance of electronic correlation in the
4-ph physics of correlated metals, which leads to signi cant renormalization of the
couplings at the Fermi surface, a strong electron frequency dependence, and modi -
cations to physical properties. We also demonstrate the dependence of these e ects
on the microscopic nature of the electronic states and phonon modes considered.
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A strength of our method is the ability to Wannier interpolate the calculated EPC
to a complete set of bands and k points. However, it is limited to a small number
of phonon modes and q points. This indicates the importance of more e cient
computational schemes to calculate EPC at the DMFT level. Furthermore, our
ndings call for investigation into the e ect of di erent impurity construction and
double counting correction schemes and the development of EPC calculations using
methods such as charge self-consistent DFT+DMFT or ,+DMFT.
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Chapter 5

PREDICTING ELECTRON-PHONON COUPLING AND
ELECTRONIC TRANSPORT AT THE MOIRE SCALE IN
TWISTED BILAYER GRAPHENE

[1] D. J. Abramovitch and M. Bernardi. Predicting electron-phonon coupling
and electronic transport at the moiré scale in twisted bilayer graphene .
In: arXiv (2026). eprint: 2603.14800 (cond-mat.mtrl-sci). url: https:
/larxiv.org/abs/2603.14800.

Abstract

First-principles calculations can accurately describe electron-phonon (e-ph) interac-
tions and electronic transport in a wide range of materials, but are currently limited
to unit cells with up to 100 atoms due to computational cost. Here, we develop
an atomistic electronic potential with Holstein- and Peierls-like terms for modeling
e ph interactions and phonon-limited electronic transport that enables the study of
moiré systems with thousands of atoms per unit cell. This method can accurately
reproduce rst-principles e ph coupling and resistivity in graphene and large-angle
twisted bilayer graphene (TBG). Using this approach, we study TBG over a range
of twist angles down to 1.6° (5044-atom unit cell), and report the evolution of e-ph
interactions and phonon-limited resistivity with twist angle. The predicted resis-
tivity increases by two orders of magnitude between 13.2° and 1.6°, driven by the
progressive reduction of the electronic energy scale. Our calculations can predict
key experimental trends in 2.0° and 1.6° TBG, including the resistivity and its de-
pendence on temperature and band lling. Our work establishes a scalable approach
for quantitative studies of e ph interactions and transport in moiré materials and
other systems with previously inaccessible length scales.

First-principles calculations of electronic transport achieve predictive accuracy in
classes of materials ranging from metals [1] and semiconductors [2, 3, 4, 5, 6, 7, 8,
9] to complex insulating [10, 11, 12] and metallic oxides [13, 14, 15]. These calcu-
lations combine rst-principles electronic structure, phonons, and electron-phonon
(e-ph) interactions [16, 17, 18], building on the framework of density functional
theory (DFT) and linear-response DFT [19]. Studies of electronic transport in
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graphene and related systems illustrate these developments: following early analytic
models [20, 21, 22], rst-principles calculations have studied band renormalization
and electron scattering rates [23, 24], temperature dependent resistivity [25, 26],
and more recently Hall mobility [27], twisted bilayer structures [28], and coupled
electron and phonon phenomena [29, 30, 31].

Electronic transport in twisted bilayer graphene (TBG) has been studied intensely
as the emergent moiré physics leads to unconventional behaviors. Experimental
studies have reported a large resistivity in small-angle TBG over a range of tempera-
tures, electron llings, and twist angles [32, 33, 34, 35]. Measurements of 2° TBG
have shown power-law resistivity and attributed this behavior to acoustic phonon
scattering [32]. Near the magic angle, observations of )-linear resistivity [33, 34,
35] have been explained in terms of mechanisms including Planckian scattering
and strange metallicity [34, 35], e-ph scattering reminiscent of monolayer graphene
(MLG) [33, 36, 37], and dominant electron-electron scattering [38].

The electronic structure of TBG is challenging to describe [39] due to the combina-
tion of large system size, sensitivity to the atomic structure [40, 41], and correlation
e ects [42, 43, 44, 45, 46, 47]. Electronic transport poses additional challenges,
including the sensitivity of e-ph interactions to the electronic structure and phonons,
and the need to account for a large number of scattering processes. Although the-
oretical studies in the Boltzmann picture have proposed phonon-limited transport
as a viable explanation for the observed resistivity, these works rely on simplifying
approximations such as Dirac electronic states [36, 48], heuristic e-ph coupling
constants [36, 37, 48], and the inclusion of only intralayer [37, 36, 48] or breathing
and exural phonons [49].

However, a treatment of e ph interactions and electronic transport at the moiré scale
with rst-principles accuracy is still lacking. Despite the development of scalable
approaches for e-ph interactions [50, 51, 52, 53, 54], rst-principles e-ph calcula-
tions are currently limited to systems with 50 100 atoms in the unit cell [28, 9]. A
relevant example is a recent study of e-ph interactions and transport in large-angle
TBG, which showed that layer-breathing phonons can substantially modify the tem-
perature dependence of the resistivity from the )-linear behavior characteristic of
MLG [28]. Extending these calculations to low twist angles by brute force is not
possible due to the computational cost of linear-response DFT.

In this chapter, we show scalable calculations of e-ph interactions and phonon-
limited resistivity that can reach the moiré scale while retaining near- rst-principles
accuracy. This is achieved through an electron-lattice potential which generates
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the e-ph coupling, with Holstein- and Peierls like terms parameterized using linear-
response DFT. This method relies on a small number of short-range terms that
depend on the local atomic positions, and can accurately reproduce rst-principles
e-ph interactions and resistivity in MLG and large-angle TBG, used here as bench-
marks. Our approach enables the study of e-ph coupling and electronic transport
in TBG for twist angles as small as 1.61°, corresponding to moiré unit cells with
thousands of atoms. Our predicted resistivity in TBG, computed in the Boltzmann
picture, increases substantially for decreasing twist angles, mainly driven by a cor-
responding decrease in the electron band velocity. Our calculations achieve very
good agreement with the experimental resistivity at low twist angles, indicating that
the resistivity of TBG is largely phonon-limited down to 2° twist angles despite the
substantial interlayer electronic coupling at such low angles. These ndings shed
light on the microscopic mechanisms of electronic transport in TBG at a previously
inaccessible length scale, and our approach provides a promising route to study
transport phenomena in emerging moiré material platforms.
Electron-Phonon Coupling in TBG The e-ph coupling<6,tk—q° is often cal-
culated as a Fourier transform of local real-space contributions [55, 56, 17, 18]:

100 "

Bezalk—q0 =— A8k Ri.GR »° _
4 890R4R> 2" ol aq

€ g;q* <8k q 80 Niyr,+ JOR4* Zg_r

(5.1)

where < and = index electronic bands, 8 and 9 index local orbitals, O indexes an
atom with mass ", ~ is a Cartesian direction, k and q are crystal momenta of
electrons and phonons respectively, &d R, are corresponding lattice vectors,

* =g_gransforms from the orbital to the Bloch basis,is the phonon frequency, and

eg;4 is the phonon eigenvector. The change in Kohn-Sham potential with respect to
atomic motions, g ot is typically computed using density functional perturbation
theory (DFPT). When the e-ph interactions are short-ranged, the sum converges with
only a few terms [55, 56].

To obtain a scalable approach that can reach the moiré scale, we formulate a tight-
binding style approximation where the e-ph coupling is generated by an electronic
potential e ph, Written as an operator in the atomic-orbital basis, with onsite and
hopping matrix elements depending on a small number of atomic positions:
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(5.2)

Here, %% creates an electron in a localized orbitgkdr°=i g'r g g R ¢, and the
onsite energydhifr org® and hopping matrix elemengs g fr org® are di erentiable
functions of the atom positions §rg. The real-space e-ph couplings are then
calculated as

HBQ My, Feph ORI = My, Meo-9r, Caor * (5.3)

In our approach (see end matter), the onsite tern&'tm are Holstein-like [57],
while the hopping terms are Peierls-like [58] and include 1st-4th nearest intralayer
neighbors and short-ranged interlayer hoppings. Both onsite and hopping terms de-
pend on the positions of nearby atoms in both graphene layers. This provides a ver-
satile ansatz for short-range e-ph coupling, which we parameterize from DFPT cal-
culations; in polar materials, a long-range Frélich term could also be included [59].
In combination with a tight-binding Hamiltonian [40] for electronic structure and
a force- eld for lattice dynamics [60, 41], this approach enables e-ph coupling and
transport calculations in moiré systems with more than 5,000 atoms. Our Holstein-
Peierls ansatz di ers from previous calculations of e-ph coupling in TBG based on
derivatives of a Slater-Koster tight-binding Hamiltonian employed to study super-
conductivity and phonon linewidths [61, 62, 63].
Large Angle TBG First, we benchmark our approach against DFPT-based e-ph
calculations in large angle (21.8°) TBG [28]. Figures 5.1(a) and 5.1(b) compare the
e-ph coupling strength, color-coded on the phonon dispersion, obtained with our
approach and with DFPT. We nd very good agreement for both optical and acoustic
modes. Importantly, the e-ph coupling is accurately reproduced for the longitudinal
acoustic (LA), transverse acoustic (TA), and layer breathing (LB) modes, which
play a key role in transport in MLG [25] and TBG [28]. The model also captures
the momentum dependence of the coupling, including the reduced e-ph coupling
near for the 20 meV LB mode and the di erences between inter- and intravalley
couplings, 61K—K° and 61K-2%K

We additionally compute the temperature dependent resistivity in MLG and in
two large-angle TBG structures (21.8° and 13.2°). Figure 5.1(c) compares results
obtained from our approach with calculations using rst-principles band structure,
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