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ABSTRACT

Interactions between electrons and lattice vibrations (phonons) give rise to transport,
superconducting, and spectral properties in many classes of materials. These prop-
erties can be predicted from a microscopic understanding of the electrons, phonons,
and electron-phonon coupling, but theoretical and computational hurdles limit this
ability in materials with strong electronic correlations or large unit cell sizes. In
Chapters 2-4, I present developments on the prediction of electron-phonon interac-
tions and electronic transport in correlated metals. First, I will show methodology
to combine first-principles electron-phonon interactions with dynamical mean-field
theory electron-electron interactions into a beyond-quasiparticle description of spec-
tra and transport. I will show applications to transport and spectral properties in the
prototypical correlated metals SrVO3 and Sr2RuO4, leading to an improved under-
standing of the respective roles of electron-phonon and electron-electron interactions
in these systems. Then, I will present a method to compute the coupling of electrons
to representative phonons within density functional theory plus dynamical mean-
field theory. I will discuss the insights from this method on the role of orbital and
phonon character, electron energy, and correlation in modifying the coupling and
resulting physical properties. Transitioning to moiré systems with large unit cells,
in Chapter 5, I will present a tight-binding based approximation to enable electron-
phonon and transport calculations in twisted-bilayer graphene structures with over
5,000 atoms per unit cell. I will show trends in the phonon-limited resistivity as the
twist angle is decreased, including the breakdown of transport properties associated
with Dirac dispersion as the electronic energy scale is decreased. Taken together,
this work makes promising strides and sets the stage for future developments in the
study of electron-phonon physics in previously inaccessible regimes.
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C h a p t e r 1

INTRODUCTION

1.1 Coupled Electrons and Phonons

1.1.1 Hamiltonian

Interactions between electrons and quantized lattice vibrations (phonons) are present

in every material. These interactions often control essential material properties in-

cluding electron and thermal transport, electronic and phononic excitation spectra,

conventional superconductivity, and electronic and structural phase transitions. Be-

cause of this essential role, understanding such electron-phonon (e-ph) interactions

has been a major part of condensed matter and solid state physics for nearly a cen-

tury [1, 2, 3, 4, 5]. In recent decades, there is a growing �eld dedicated to the

computational study of e-ph interactions and their consequences in real materials

with minimal empirical assumptions-known as �rst-principles calculations [6, 7].

The Hamiltonian for a system of interacting electrons and phonons can be written

as

^� =
Õ

=k

Y=k2y
=k2=k ¸

Õ

aq

l aq0
y
aq0aq¸

Õ

=<akq

6<=a¹k– qº2y<k¸q 2=k¹0y
a�q ¸0 aqº– (1.1)

where 2y=k creates an electron in band = at crystal momentum k with energy Y=k, 0y
aq

creates a phonon in mode a at crystal momentum q with energy laq, and 6<=a¹k– qº

is the e-ph coupling strength. Electron-electron (e-e) interactions are also often

present and, depending on the level of theory, can be included as an explicit term in

the Hamiltonian. In this thesis, I will usually consider Hamiltonians with parameters

re�ecting values in real materials obtained from �rst-principles calculations. In

these methods, some or all of the e�ects of e-e interactions are usually included as

an e�ective renormalization of the zero- and one-electron quantities in Eq. 1.1. I

discuss the formulation of e-ph interactions in di�erent electronic structure methods

in Sec.1.2.

This Hamiltonian is written in terms of the eigenstates of the electron and phonon

Hamiltonians. The electronic states are eigenstates of a purely electronic one-

electron Hamiltonian

� electron¹kºq=k = Y=kq=k• (1.2)
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The phonon modes are eigenstates of the dynamical matrix D¹qº describing the

energetics of small atomic motions around equilibrium

D ¹0`–00` 0º ¹qº =
1

p
" 0" 00

Õ

R?

m2*
mD0`0 mD00` 0R?

exp¹8q � R?º (1.3)

Õ

¹00` 0º

D ¹0`–00` 0º ¹qº4aq
00` 0 = l 2

aq4
aq
0` • (1.4)

Here, * is the total energy of the system, D0`R ? denotes a small displacement from

the equilibrium position of an atom 0 (mass "0) in direction ` in a unit cell at lattice

vector R?. The eigenvalues of the dynamical matrix de�ne the phonon frequency

l aq while the eigenvalues 4aq
0` de�ne the displacements associated with the modes.

The e-ph coupling is given by the response of the electrons to an atomic displacement

associated with a phonon mode,

6<=a¹k– qº =


q<k¸q

�
� maq+̂electronjq=ki D•2•– (1.5)

where+̂electron is a potential which acts on electrons (the details of which depend

on the electronic structure method and are discussed more in Sec. 1.2),hj•••ji D•2•

denotes averaging over a unit cell and maq is the mode resolved phonon derivative

maq =
Õ

Rp0`

48q�Rp

s
\

2" 0l aq
e0`

aq
m

mDRp0`

�
�
�
�
DRp0` =0

• (1.6)

An important aspect of the e-ph interaction is the ability to Fourier transform between

real space and reciprocal space representations. For example, the e-ph coupling can

be written in terms of local contributions in a basis of local orbitalsj8R4i and real

space atomic displacements

6<=a¹k– qº =
1
# 4

Õ

8 90

Õ

R4R?

48¹k�R4¸q�R ?º

s
\

2" 0l aq

� e 0`
aq* <8–k¸q h80j mD0`R p

+ j 9R4i * y
= 9–k•

(1.7)
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This representation is often used to interpolate the e-ph interaction to arbitrary k

and q grids, and plays an important role in the calculation of physical properties

arising from the interaction [8]. It also enables a physical real space understanding

of the e-ph coupling which can facilitate certain approximations.

1.1.2 E�ect on Physical Properties

The e-ph interaction gives rise to many physical properties in materials. In this

section, I discuss the contribution of the e-ph interaction to a few of these properties

as illustrative examples.

First, e-ph interactions modify the properties of electronic states in a material.

Compared to the non-interacting electronic states, which are eigenstates of the

one-particle electronic Hamiltonian with crystal momentum k and band index =,

electronic states interacting with phonons will acquire �nite width (inverse of the

relaxation time g=k) which in the simplest approximation is given by [9, 7, 6, 10]

g�1
=k =

2c
# q

Õ

<aq

j6<=a¹k– qºj2�

»X¹Y=k � l aq � Y <k¸q º¹1 � 5<k¸q ¸ # aqº ¸ X¹Y=k ¸ l aq � Y <k¸q º¹ 5<k¸q ¸ # aqº¼•

(1.8)

Here, 5=k and #aq are the fermion and boson occupation numbers for electrons in

state =k and phonons in state aq. Furthermore, e-ph interactions will also modify the

quasiparticle weight and dispersion by a factor /=k, a phenomenon which gives rise

to kinks in the photoemission spectra at the energy of strongly coupled phonons [6].

A lowest order approximation to /=k is

/ �1
=k = 1 �

1
# q

Õ

<aq

j6<=a¹k– qºj2
�

# aq ¸ 1 � 5 <k¸q

¹Y<k¸q � l aq ¸ 8[º 2
¸

# aq ¸ 5<k¸q

¹Y<k¸q ¸ l aq ¸ 8[º 2

�
–

(1.9)

where [ is a small positive broadening. Similarly, e-ph interactions also modify the

properties of phonons. For example, the e-ph contribution to the phonon linewidth

Waq is
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Waq =
4c
# k

Õ

k

j6<=a¹k– qºj2¹ 5<k¸q � 5 =kºX¹Y<k¸q � Y =k � l aqº• (1.10)

One of the biggest successes of modern e-ph calculations is the ability to calculate

macroscopic observable properties such as transport, superconductivity, and optical

absorption. Here, I provide only the simplest approximation to transport building

upon the relaxation time in Eq. 1.8

f RTA
8 9 =

242

�# k

Õ

=k

E8
=kE

9
=k

�
�

m 5=k

mY=k

�
g=k– (1.11)

where 4 is the electron charge, � is the unit cell area, E8
=k is the electron band velocity,

and 5=k is the Fermion occupation function. This equation can be derived either

by considering a many-body Kubo transport formalism and neglecting both vertex

corrections and beyond-quasiparticle properties, or starting from a semi-classical

Botlzmann transport formalism and neglecting back scattering [10].

More details about predicting di�erent physical properties arising from the e-ph

interaction can be found in the following reviews and papers [6, 11, 12, 13, 14, 15,

16, 17]. In the past two decades, a number of codes have been developed to perform

these calculations [18, 19, 20, 21], including Perturbo [19], which is developed in

the Bernardi group at Caltech and used throughout this thesis.

1.2 Electronic Structure Theory and Correlation

1.2.1 Many-Body Hamiltonian

Electronic structure theory methods are computational schemes to predict the prop-

erties of materials from a quantum many-body description of the electrons and

atoms. The many-body Hamiltonian for such a system is

^� electron�ion = )̂ ion ¸ )̂ electron¸ +̂electron�ion ¸ +̂ion�ion ¸ +̂electron�electron

=
Õ

0

1
2" 0

r 2
0 ¸

Õ

8

1
2< 4

r 2
8¸

Õ

8–0

�/ 0

jr8 � R 0 j
¸

1
2

Õ

0–1<1

/ 0/ 1

jR0 � R 1 j
¸

1
2

Õ

8– 9<8

1
jr8 � r 9j

•

(1.12)
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Here, 0 and 1 index ions with mass "0, charge /0@4, and position R0 while 8 and

9 index electrons with mass <4, charge �@4, and position r8. I have set \ = @4 = 1

for simplicity. This equation is almost never feasible to solve directly, so di�erent

approximations are needed.

A set of approximations deal with simpli�cation of the treatment of the ions. For ex-

ample, using the Born-Oppenheimer approximation, the electronic and ionic parts

can be separated, so that an electronic Hamiltonian �electron¹fR 0gº = )̂ electron¸

+̂electron�ion ¸ +̂electron�electron is used, de�ned in terms of a set of classical atomic

positions fR0g usually chosen to minimize energy. Another approach to simplify

the ionic part of the Hamiltonian is to treat the ions in terms of small displacements

around their equilibrium positions, and thus the ion contributions are replaced by

phonon contributions. While these simpli�cations are important, further approxi-

mations are still needed to treat the many-body electronic Hamiltonian due to the

e-e interactions.

1.2.2 Density Functional Theory

A common approach to greatly simplify the electronic system is to replace the

many-body Hamiltonian with an e�ective one-body Hamiltonian. This is most

commonly achieved with Density Functional Theory (DFT), in which an e�ective

one-electron Kohn-Sham Hamiltonian replaces �electron¹fR 0gº [22, 23]. In this

case, the Hamiltonian is

� KS = )̂ electron¸ +̂electron�ion ¸ +̂hartree¸ +̂XC = )̂ electron¸ +̂KS• (1.13)

Here,+̂electron�ion contains the Coulomb interaction between electrons and classical

ions, +̂hartree is the Coulomb potential felt by an electron from the mean electron

density, and+̂XC is the correction to the electronic potential caused by quantum

exchange and correlation e�ects between electrons. Collectively, these three terms

are known as the Kohn-Sham potential+̂KS. In principle, this Hamiltonian can

describe the exact ground state energy of the interacting electron system [22]. In

practice however, thê+XC term must be approximated, so the Hamiltonian is only

approximate. Furthermore, because it uses an e�ective one-particle description of

the Hamiltonian, DFT does not give access to many important properties, including

dynamical and beyond-quasiparticle physics. Despite these limitations, DFT often

gives an excellent description of many material properties, and is a common starting
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point for many-body physics calculations of real materials [24].

DFT and its extensions have been widely applied to study the e-ph interaction in

materials. Phonon energies and e-ph coupling can be calculated from linear response

DFT (DFPT) [25]. In this approach, the e-ph coupling 6<=a¹k– qº is

6<=a¹k– qº =


q<k¸q

�
� maq+̂ ( jq=ki D•2•– (1.14)

where q=k is a Kohn-Sham eigenstate.

1.2.3 Many-Body Physics via Correlation Functions

So far, we have discussed two approaches to the quantum mechanical description of

materials: solving a many-body Hamiltonian, which may be exact, but is incredibly

di�cult, and approximation via an e�ective one-particle Hamiltonian. What these

approaches share is the choice of the Hamiltonian and its eigenstates as the chief

quantities of interest. The resulting problem is that the eigenstates become vectors

in vector space which grows exponentially with the number of particles. This

makes the problem impossible to solve exactly, but it also complicates the physical

interpretation of the resulting quantities.

An alternate route is to work not in terms of eigenstates but correlation functions,

known as Green's functions (see e.g. Refs [9, 26, 27, 28]). In this case, one can

probe e�ective one- or two- particle quantities that exist in many-body systems,

without resorting to neglecting many-body e�ects in the Hamiltonian. An example

is the retarded single particle Green's function for fermions

� '
8 9¹Cº = �8\ ¹Cºh28¹Cº2y9¹0º ¸ 2 y

9¹0º28¹Cºi• (1.15)

This Green's function describes the response to creating a single electron in state 9

at time zero. This can be Fourier transformed to be frequency dependent

� '
8 9¹lº =

¹ 1

�1
� '

8 9¹Cº4�8lC • (1.16)

It can also be transformed into a di�erent basis, for example to be k dependent. A

physical quantity related to the Green's function is the spectral function �k ¹lº =

�2Im� '
k ¹lº, which contains the spectrum of one-electron excitations. When a

one-electron description is su�cient, the spectral weight will be contained in sharp

peaks near the band energy. However, when strong correlations are present between
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the electrons (or between electrons and phonons), weight will be transferred away

from the peak, which will in turn be broadened and possibly shifted. The spectral

function can be measured through experimental methods such as angle-resolved

photoemission spectroscopy, making it an important quantity for characterizing

electronic structure in materials.

A strength of the Green's function approach is that it often facilitates approximations,

such as expansions around the non-interacting states in terms of interaction order.

For example, for the Hamtilonian in eq. 1.1, a widely used approximation to the

electron Green's function is

� ==0k ¹lº =
�
¹l ¸ ` � Y =kºX==0 � � FM

==0k ¹lº
� �1

– (1.17)

where the lowest order e�ect of the e-ph interaction is contained in the Fan-Migdal

self-energy [2, 6]

� FM
==0k ¹lº =

1
# q

Õ

<aq

6�
<=a¹k– qº6<=0a¹k– qº�

�
# aq ¸ 1 � 5 <k¸q

l � Y <k¸q � l aq ¸ 8[
¸

# aq ¸ 5<k¸q

l � Y <k¸q ¸ l aq ¸ 8[

�
•

(1.18)

This self-energy contains many of the properties discussed in Sec. 1.1.2. For

instance [6],

g�1
=k = �2Im� FM

==k¹l = Y =kº (1.19)

/ =k =
�
1 � mRe� FM

==k¹lº•mlj l=0
� �1

• (1.20)

Perturbative contributions from other interactions can also be included. Other

approaches to quantum many-body systems include partial diagrammatic expan-

sions, exact diagonalization, and evaluation via Monte Carlo integration (see for

instance [28]).

1.2.4 Dynamical Mean-Field Theory

One Green's function based approximation to the electronic structure of correlated

materials is dynamical mean-�eld theory (DMFT) [29, 30]. In this approximation,
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the electron self-energy is approximated as local in a basis of local orbitals and

obtained via the self-consistent solution of an "impurity problem" consisting of these

orbitals interacting with a bath that approximates the e�ect of the lattice. DMFT

works well when e-e interactions are strong but primarily con�ned to localized

orbitals, such as partially �lled 3 or 5 orbitals in transition metal compounds.

In DMFT, correlations are treated within an impurity de�ned by local orbitals

containing local interactions and coupling to a bath. The local Green's function can

be written

� ¹0º
loc ¹lº =

h
l ¸ ` � + ¹0º

loc � �¹lº
i �1

– (1.21)

where �¹lº de�nes an e�ective hybridization to the bath and +¹0º
loc is the local

non-interacting Hamiltonian. In combination with an interaction �int
1, � ¹0º

loc ¹lº

de�nes the impurity problem. Solving the impurity problem produces the interacting

Green's function � loc¹lº and de�nes the impurity self-energy

�¹lº = »� ¹0º
loc ¹lº¼�1 � »� loc¹lº ¼�1 • (1.22)

The local self-energy approximation in DMFT enables the self-energy to be upfolded

to the lattice, so that the lattice Green's function is

� k ¹lº =
h
l ¸ ` � + ¹0º

k � * y
k �¹lº* k

i �1
– (1.23)

where the matrices *k and * y
k rotate / project the local orbitals to the lattice states.

The �nal piece of the DMFT approximation is self-consistent determination of the

� ¹0º
loc ¹lº from the interacting lattice Green's function

� loc¹lº =
1

# k

Õ

k

� k ¹lº (1.24)

which in combination with Eqs. 1.21 and 1.22 de�nes the hybridization for the next

iteration.

Many variants of DMFT and its �rst-principles extensions exist. These include
1Here the interaction is written as a Hamiltonian although it can in general be a frequency

dependent action.
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di�erent approaches to construct the local correlated orbitals, the interaction Hamil-

tonian, and the embedding to lattice states; di�erent approaches to solve the corre-

lated impurity problem; and extensions beyond a single site. Approaches to de�ne

DMFT in combination with other Green's function methods, most notably variants

of GW+DMFT [31, 32], are also promising routes to include non-local correlation

and more realistic interactions and double-counting.

1.2.5 E�ect of Correlation On Electron-Phonon Interactions

Evidence from a variety of experimental and theoretical sources suggest that beyond

DFT correlation e�ects between electrons can signi�cantly modify the interaction

between electrons and phonons. In the context of Hubbard-like models, interactions

generally suppress the coupling of phonons to a single orbital or total charge den-

sity [33, 34], while often enhancing the coupling of Jahn-Teller modes which couple

to orbital splitting [35]. Meanwhile, electronic screening from non-local Coulomb

interactions generally suppresses e-ph coupling compared to the bare (unscreened)

value [5, 6], but the e�ect of GW level screening or beyond compared to DFT is

more complicated.

Recent methods to calculate e-ph coupling with hybrid functional DFT and GW [36,

37, 38] have helped improve the understanding of e-ph correlation in moderately

correlated materials. In some cases, e-ph coupling is increased because semilocal

DFT has overestimated the screening. The e�ects of local, static correlation have

also been treated with Hubbard-correct DFPT [39, 40]. These methods have led to

improved predictions of superconductivity, spectral kinks, and transport compared

to experiment in several cases.

Relatively less is known about how strong electronic correlation (beyond the level of

GW) e�ects e-ph interactions in real materials. One study found that DFT+DMFT

level correlation e�ects signi�cantly increase the response of electronic spectra in

FeSe to �-point � 16 phonon displacements [41], which were found to be large

experimentally [42]. Other studies have shown an e�ect of dynamical correlation

(DFT+DMFT compared to DFT+*) on the energetics of breathing distortions in the

moderately correlated metal SrMoO3 [43], and an e�ect on optical phonon energies

in SrVO3 and LaNiO2 [44, 45]. There is a need for further research in this direc-

tion, particularly theoretical understanding and methodology for the e-ph coupling

beyond the level of DFT+* and GW.
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1.3 Outline of Thesis

In this thesis, I present work from my PhD to investigate e-ph interactions and

electronic transport in two regimes beyond the reach of existing DFT based methods:

strongly correlated metals and large moiré superlattices in twisted bilayer graphene.

1.3.1 Respective Roles of Interactions in Correlated Metals

First, I present work from the �rst half of my PhD applying a combination of

DFT based e-ph interactions and DFT+DMFT treatment of correlated electrons to

understand the physics of correlated metals. In Chapter 2, we turn this approach to

Sr2RuO4, investigating the respective contributions of e-ph and e-e interactions to

resistivity and the role of correlated electronic states on e-ph scattering processes. In

Chapter 3, we study the prototypical correlated metal SrVO3, focusing in particular

on understanding the origins of experimentally observed transport and spectral

properties.

1.3.2 Electron-Phonon Coupling within Dynamical Mean-Field Theory

Next, I present work investigating the important and relatively seldom studied topic

of the modi�cation of e-ph coupling strength in real materials due to strong corre-

lation e�ects. Chapter 4 presents a study developing a �nite di�erence approach

to study e-ph coupling of representative phonon modes using DFT+DMFT, the

application of this method to SrVO3 and CaCuO2, and resulting physical insights.

1.3.3 Electron-Phonon Interactions and Transport in Moiré Twisted Bilayer

Graphene

I then present work to study e-ph interactions and electronic transport in large scale

moiré superlattices with 1000s of atoms per unit cell. At such scales, DFT based

e-ph calculations are prohibitively expensive, so "second-principles" approaches

must be used. In Chapter 5, we develop this approach to study e-ph interactions and

resistivity in twisted bilayer graphene, showing the evolution of temperature- and

�lling-dependent resistivity as the twist angle decreases and the electronic energy

scale decreases.

1.3.4 Collaborations with Experimentalists

I conclude by summarizing my contributions to two experimental-computational

collaborations in Chapter 6. First, I discuss Boltzmann transport studies of elec-

tron mobility in tetragonal SrSnO3 in collaboration with precision growth and car-
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rier mobility studies. Then, I discuss calculations of the electronic structure and

paramagnetic surface states in thin �lm NbO in collaboration with experimental

observations of �eld-induced superconductivity in these �lms.

References

[1] H. Fröhlich. �Electrons in lattice �elds�. In: Adv. Phys. 3.11 (1954), pp. 325�
361. doi: 10.1080/00018735400101213. url: https://doi.org/10.
1080/00018735400101213.

[2] A. Migdal. �Interaction between electrons and lattice vibrations in a normal
metal�. In: Sov. Phys. JETP 7.6 (1958), pp. 996�1001.

[3] T. Holstein. �Studies of polaron motion: Part I. The molecular-crystal
model�. In: Ann. Phys. 8.3 (1959), pp. 325�342. issn: 0003-4916. doi:
https://doi.org/10.1016/0003-4916(59)90002-8.

[4] J. Ziman. Electrons and Phonons. Oxford: Oxford University Press, 1960.

[5] L. Hedin and S. Lundqvist. E�ects of electron-electron and electron-phonon
interactions on the one-electron states of solids. Vol. 23. Elsevier, 1970,
pp. 1�181.

[6] F. Giustino. �Electron-phonon interactions from �rst principles�. In: Rev.
Mod. Phys. 89 (1 Feb. 2017), p. 015003. doi: 10.1103/RevModPhys.89.
015003. url: https://link.aps.org/doi/10.1103/RevModPhys.
89.015003.

[7] M. Bernardi. �First-principles dynamics of electrons and phonons�. In: Eur.
Phys. J. B. 89.11 (2016), p. 239. url: https://doi.org/10.1140/epjb/
e2016-70399-4.

[8] F. Giustino, M. L. Cohen, and S. G. Louie. �Electron-phonon interaction
using Wannier functions�. In: Phys. Rev. B 76 (16 Oct. 2007), p. 165108.
doi: 10.1103/PhysRevB.76.165108. url: https://link.aps.org/
doi/10.1103/PhysRevB.76.165108.

[9] G. D. Mahan. Many-Particle Physics. Third. Berlin: Springer, 2000.

[10] S. Poncé, W. Li, S. Reichardt, and F. Giustino. �First-principles calculations
of charge carrier mobility and conductivity in bulk semiconductors and two-
dimensional materials�. In: Rep. Prog. Phys. 83.3 (Feb. 2020), p. 036501.
doi: 10.1088/1361-6633/ab6a43. url: https://dx.doi.org/10.
1088/1361-6633/ab6a43.

[11] R. Claes, S. Poncé, G.-M. Rignanese, and G. Hautier. �Phonon-limited
electronic transport through �rst principles�. In: Nat. Rev. Phys. (2025),
pp. 1�18.



12

[12] E. R. Margine and F. Giustino. �Anisotropic Migdal-Eliashberg theory using
Wannier functions�. In: Phys. Rev. B 87 (2 Jan. 2013), p. 024505. doi:
10.1103/PhysRevB.87.024505. url: https://link.aps.org/doi/
10.1103/PhysRevB.87.024505.

[13] J. No�singer, E. Kioupakis, C. G. Van de Walle, S. G. Louie, and M. L.
Cohen. �Phonon-Assisted Optical Absorption in Silicon from First Princi-
ples�. In: Phys. Rev. Lett. 108 (16 Apr. 2012), p. 167402. doi: 10.1103/
PhysRevLett.108.167402. url: https://link.aps.org/doi/10.
1103/PhysRevLett.108.167402.

[14] I. Maliyov, J. Park, and M. Bernardi. �Ab initio electron dynamics in high
electric �elds: Accurate prediction of velocity-�eld curves�. In: Phys. Rev.
B 104 (10 Sept. 2021), p. L100303. doi: 10 . 1103 / PhysRevB . 104 .
L100303. url: https:// link.aps.org/doi/10.1103/PhysRevB.
104.L100303.

[15] J.-J. Zhou and M. Bernardi. �Ab initio electron mobility and polar phonon
scattering in GaAs�. In: Phys. Rev. B 94 (20 Nov. 2016), p. 201201. doi:
10.1103/PhysRevB.94.201201. url: https://link.aps.org/doi/
10.1103/PhysRevB.94.201201.

[16] S. Poncé, F. Macheda, E. R. Margine, N. Marzari, N. Bonini, and F. Giustino.
�First-principles predictions of Hall and drift mobilities in semiconduc-
tors�. In: Phys. Rev. Res. 3 (4 Oct. 2021), p. 043022. doi: 10 . 1103 /
PhysRevResearch.3.043022. url: https://link.aps.org/doi/10.
1103/PhysRevResearch.3.043022.

[17] J.-M. Lihm and S. Poncé. �Beyond-Quasiparticle Transport with Vertex
Correction: Self-Consistent Ladder Formalism for Electron-Phonon Inter-
actions�. In: Phys. Rev. X 16 (1 Jan. 2026), p. 011008. doi: 10.1103/mtjf-
ylf7. url: https://link.aps.org/doi/10.1103/mtjf-ylf7.

[18] H. Lee, S. Poncé, K. Bushick, S. Hajinazar, J. Lafuente-Bartolome, J. Lev-
eillee, C. Lian, J.-M. Lihm, F. Macheda, H. Mori, et al. �Electron�phonon
physics from �rst principles using the EPW code�. In: npj Computational
Materials 9.1 (2023), p. 156.

[19] J.-J. Zhou, J. Park, I.-T. Lu, I. Maliyov, X. Tong, and M. Bernardi. �Per-
turbo: A software package for ab initio electron�phonon interactions, charge
transport and ultrafast dynamics�. In: Comput. Phys. Commun. 264 (2021),
p. 107970. issn: 00104655. doi: 10.1016/j.cpc.2021.107970. url:
https://doi.org/10.1016/j.cpc.2021.107970.

[20] A. Cepellotti, J. Coulter, A. Johansson, N. S. Fedorova, and B. Kozinsky.
�Phoebe: a high-performance framework for solving phonon and electron
Boltzmann transport equations�. In: J. Phys. Mater. 5.3 (2022), p. 035003.



13

[21] G. Marini, G. Marchese, G. Profeta, J. Sjakste, F. Macheda, N. Vast, F.
Mauri, and M. Calandra. �epiq: An open-source software for the calculation
of electron-phonon interaction related properties�. In: Computer Physics
Communications 295 (2024), p. 108950. issn: 0010-4655. doi: https :
/ /doi .org /10.1016/ j .cpc .2023.108950. url: https : / /www.
sciencedirect.com/science/article/pii/S0010465523002953.

[22] P. Hohenberg and W. Kohn. �Inhomogeneous Electron Gas�. In: Phys. Rev.
136 (3B Nov. 1964), B864�B871. doi: 10.1103/PhysRev.136.B864.
url: https://link.aps.org/doi/10.1103/PhysRev.136.B864.

[23] W. Kohn and L. J. Sham. �Self-Consistent Equations Including Exchange
and Correlation E�ects�. In: Phys. Rev. 140 (4A Nov. 1965), A1133�A1138.
doi: 10.1103/PhysRev.140.A1133. url: https://link.aps.org/
doi/10.1103/PhysRev.140.A1133.

[24] R. O. Jones and O. Gunnarsson. �The density functional formalism, its
applications and prospects�. In: Rev. Mod. Phys. 61 (3 July 1989), pp. 689�
746. doi: 10.1103/RevModPhys.61.689. url: https://link.aps.
org/doi/10.1103/RevModPhys.61.689.

[25] S. Baroni, S. de Gironcoli, A. Dal Corso, and P. Giannozzi. �Phonons
and related crystal properties from density-functional perturbation the-
ory�. In: Rev. Mod. Phys. 73 (2 July 2001), pp. 515�562. doi: 10.1103/
RevModPhys.73.515. url: https://doi.org/10.1103/RevModPhys.
73.515.

[26] P. Coleman. Introduction to Many-Body Physics. Cambridge University
Press, 2015.

[27] H. Bruus and K. Flensberg. Many-body quantum theory in condensed matter
physics: an introduction. Oxford university press, 2004.

[28] R. M. Martin, L. Reining, and D. M. Ceperley. Interacting electrons. Cam-
bridge University Press, 2016.

[29] A. Georges, G. Kotliar, W. Krauth, and M. J. Rozenberg. �Dynamical mean-
�eld theory of strongly correlated fermion systems and the limit of in�nite
dimensions�. In: Rev. Mod. Phys. 68 (1 Jan. 1996), pp. 13�125. doi: 10.
1103/RevModPhys.68.13. url: https://link.aps.org/doi/10.
1103/RevModPhys.68.13.

[30] G. Kotliar, S. Y. Savrasov, K. Haule, V. S. Oudovenko, O. Parcollet, and
C. A. Marianetti. �Electronic structure calculations with Dynamical Mean-
Field Theory�. In: Rev. Mod. Phys. 78.3 (Aug. 2006), pp. 865�951. issn:
0034-6861, 1539-0756. doi: 10.1103/RevModPhys.78.865. url: https:
//doi.org/10.1103/RevModPhys.78.865.



14

[31] P. Sun and G. Kotliar. �Extended dynamical mean-�eld theory and GW
method�. In: Phys. Rev. B 66 (8 Aug. 2002), p. 085120. doi: 10.1103/
PhysRevB.66.085120. url: https://link.aps.org/doi/10.1103/
PhysRevB.66.085120.

[32] S. Biermann, F. Aryasetiawan, and A. Georges. �First-Principles Approach
to the Electronic Structure of Strongly Correlated Systems: Combining the
�, Approximation and Dynamical Mean-Field Theory�. In: Phys. Rev. Lett.
90 (8 Feb. 2003), p. 086402. doi: 10.1103/PhysRevLett.90.086402.
url: https : / / link .aps .org /doi / 10 .1103 /PhysRevLett . 90 .
086402.

[33] Z. B. Huang, W. Hanke, E. Arrigoni, and D. J. Scalapino. �Electron-phonon
vertex in the two-dimensional one-band Hubbard model�. In: Phys. Rev. B
68 (22 Dec. 2003), p. 220507. doi: 10.1103/PhysRevB.68.220507. url:
https://link.aps.org/doi/10.1103/PhysRevB.68.220507.

[34] J. Coulter and A. J. Millis. Electron-phonon coupling in correlated materi-
als: insights from the Hubbard-Holstein model. 2025. arXiv: 2505.08081
[cond-mat.str-el]. url: https://arxiv.org/abs/2505.08081.

[35] A. Scazzola, A. Amaricci, and M. Capone. �Competing correlated insulators
in multiorbital systems coupled to phonons�. In: Phys. Rev. B 107 (8 Feb.
2023), p. 085131. doi: 10.1103/PhysRevB.107.085131. url: https:
//link.aps.org/doi/10.1103/PhysRevB.107.085131.

[36] Z. P. Yin, A. Kutepov, and G. Kotliar. �Correlation-Enhanced Electron-
Phonon Coupling: Applications of GW and Screened Hybrid Functional
to Bismuthates, Chloronitrides, and Other High- T2 Superconductors�. In:
Phys. Rev. X 3.2 (May 2013), p. 021011. issn: 2160-3308. doi: 10.1103/
PhysRevX.3.021011. url: https://link.aps.org/doi/10.1103/
PhysRevX.3.021011 (visited on 10/21/2022).

[37] Z. Li, G. Antonius, M. Wu, F. H. da Jornada, and S. G. Louie. �Electron-
Phonon Coupling from Ab Initio Linear-Response Theory within the �,
Method: Correlation-Enhanced Interactions and Superconductivity in Ba1�GKGBiO3�.
In: Phys. Rev. Lett. 122 (18 May 2019), p. 186402. doi: 10 . 1103 /
PhysRevLett . 122 . 186402. url: https : / / doi . org / 10 . 1103 /
PhysRevLett.122.186402.

[38] A. Poliukhin, N. Colonna, F. Libbi, S. Poncé, and N. Marzari. �Carrier
mobilities and electron-phonon interactions beyond DFT�. In: npj Compu-
tational Materials (2026).

[39] A. Floris, I. Timrov, B. Himmetoglu, N. Marzari, S. de Gironcoli, and M.
Cococcioni. �Hubbard-corrected density functional perturbation theory with
ultrasoft pseudopotentials�. In: Phys. Rev. B 101 (6 Feb. 2020), p. 064305.
doi: 10.1103/PhysRevB.101.064305. url: https://link.aps.org/
doi/10.1103/PhysRevB.101.064305.



15

[40] J.-J. Zhou, J. Park, I. Timrov, A. Floris, M. Cococcioni, N. Marzari, and
M. Bernardi. �Ab Initio Electron-Phonon Interactions in Correlated Elec-
tron Systems�. In: Phys. Rev. Lett. 127.12 (Sept. 2021), p. 126404. issn:
0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.127.126404. url:
https://link.aps.org/doi/10.1103/PhysRevLett.127.126404.

[41] S. Mandal, R. E. Cohen, and K. Haule. �Strong pressure-dependent electron-
phonon coupling in FeSe�. In: Phys. Rev. B 89 (22 June 2014), 220502(R).
doi: 10.1103/PhysRevB.89.220502. url: https://link.aps.org/
doi/10.1103/PhysRevB.89.220502.

[42] S. Gerber et al. �Femtosecond electron-phonon lock-in by photoemission
and x-ray free-electron laser�. In: Science 357.6346 (July 2017), pp. 71�
75. issn: 0036-8075, 1095-9203. doi: 10.1126/science.aak9946. url:
https://www.science.org/doi/10.1126/science.aak9946 (visited
on 12/11/2023).

[43] A. Hampel, J. Lee-Hand, A. Georges, and C. E. Dreyer. �Correlation-
induced octahedral rotations in SrMoO3�. In: Phys. Rev. B 104 (3 July
2021), p. 035102. doi: 10.1103/PhysRevB.104.035102. url: https:
//link.aps.org/doi/10.1103/PhysRevB.104.035102.

[44] C. P. Ko çer, K. Haule, G. L. Pascut, and B. Monserrat. �E�cient lattice
dynamics calculations for correlated materials with DFT¸DMFT�. In: Phys.
Rev. B 102 (24 Dec. 2020), p. 245104. doi: 10.1103/PhysRevB.102.
245104. url: https://link.aps.org/doi/10.1103/PhysRevB.102.
245104.

[45] Y. Wang. �Hardening of Ni-O bond-stretching phonons in LaNiO2�. In:
Phys. Rev. B 111 (8 Feb. 2025), p. 085117. doi: 10.1103/PhysRevB.111.
085117. url: https://link.aps.org/doi/10.1103/PhysRevB.111.
085117.



16

C h a p t e r 2

COMBINING ELECTRON-PHONON AND DYNAMICAL
MEAN-FIELD THEORY CALCULATIONS OF CORRELATED
MATERIALS: TRANSPORT IN THE CORRELATED METAL

Sr2RuO4

[1] D. J. Abramovitch, J.-J. Zhou, J. Mravlje, A. Georges, and M. Bernardi.
�Combining electron-phonon and dynamical mean-�eld theory calculations
of correlated materials: Transport in the correlated metal Sr2RuO4�. In: Phys.
Rev. Mater. 7 (9 Sept. 2023), p. 093801. doi: 10.1103/PhysRevMaterials.
7.093801. url: https://link.aps.org/doi/10.1103/PhysRevMaterials.
7.093801.

Abstract

Electron-electron (4-4) and electron-phonon (4-ph) interactions are challenging to

describe in correlated materials, where their joint e�ects govern unconventional

transport, phase transitions, and superconductivity. Here we combine �rst-principles

4-ph calculations with dynamical mean �eld theory (DMFT) as a step toward a uni-

�ed description of 4-4 and 4-ph interactions in correlated materials. We compute the

4-ph self-energy using the DMFT electron Green's function, and combine it with the

4-4 self-energy from DMFT to obtain a Green's function including both interactions.

This approach captures the renormalization of quasiparticle dispersion and spectral

weight on equal footing. Using our method, we study the 4-ph and 4-4 contribu-

tions to the resistivity and spectral functions in the correlated metal Sr2RuO4. In

this material, our results show that 4-4 interactions dominate transport and spectral

broadening in the temperature range we study (50�310 K), while 4-ph interactions

are relatively weak and account for only �10% of the experimental resistivity. We

also compute e�ective scattering rates, and �nd that the 4-4 interactions result in

scattering several times greater than the Planckian value :� ) , whereas 4-ph inter-

actions are associated with scattering rates lower than :� ) . Our work demonstrates

a �rst-principles approach to combine electron dynamical correlations from DMFT

with 4-ph interactions in a consistent way, advancing quantitative studies of corre-

lated materials.
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2.1 Introduction

In strongly correlated materials, characteristic behaviors such as high-temperature

superconductivity [1, 2], phase transitions [3, 4], multiferroicity [5], and uncon-

ventional transport [6, 7] involve a subtle interplay of charge and lattice degrees of

freedom. The atomic vibrations (phonons) couple with the strongly interacting 3

or 5 electrons, resulting in electron-electron (4-4) and electron-phonon (4-ph) in-

teractions with nontrivial dependence on orbital, spin, and crystal symmetry [8, 9].

Although heuristic models can address this rich phenomenology [10, 11, 12, 13, 14,

15], deriving generic quantitative frameworks to combine 4-4 and 4-ph interactions

remains challenging [16, 17], especially in correlated materials.

First-principles calculations based on density functional theory (DFT) and its linear-

response extension, density functional perturbation theory (DFPT), can address the

electronic structure [18], lattice dynamics [19], and 4-ph interactions [20] in many

materials. Yet these methods often fail to describe important features of corre-

lated systems [21], predicting incorrect ground states, lattice vibrations, and 4-ph

coupling [22, 23]. Recent work has focused on two directions to improve the descrip-

tion of 4-ph interactions in correlated materials: Hubbard-corrected DFT (DFT+U),

which has enabled calculations of 4-ph interactions in a Mott insulator [23], and

DFPT with improved electronic correlations (from GW or hybrid functionals) which

has revealed correlation-enhanced 4-ph interactions in metallic systems [24, 25, 26,

27].

However, while GW and DFT+U can renormalize the band structure and 4-ph cou-

pling, both methods describe the electronic states in the quasiparticle (QP) picture,

mapping them to noninteracting bands. These approximations are typically used as

a starting point to study equilibrium properties and nonequilibrium dynamics [23,

27]. Developing �rst-principles calculations of 4-ph interactions beyond the QP pic-

ture remains challenging [20, 28]. Ideally, one would use the full electron Green's

function renormalized by 4-4 interactions, which includes the renormalization of

both QP weight and band dispersion, as a starting point to study 4-ph interactions

in correlated materials [29, 30].

Dynamical mean �eld theory (DMFT) and its ab initio variant, DFT+DMFT, can

capture dynamical electronic correlations by mapping the solid to an embedded

atomic site with a self-energy local in the atomic orbital basis [31, 32, 33]. These

methods have been successful in describing the ground state and transport proper-

ties in materials with strongly interacting 3 or 5 electrons, including both correlated

metals and insulators [34, 35, 36, 6, 37]. A key question addressed in this work
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is how one can combine �rst-principles DMFT and 4-ph calculations to explicitly

treat 4-4 and 4-ph interactions together in correlated materials.

Here we show �rst-principles calculations combining 4-ph and DMFT 4-4 interac-

tions using a Green's function approach. We compare two treatments of the 4-ph

interactions: the Fan-Migdal self-energy with standard approximations [20] (using

DFT or DMFT-renormalized band structures) and the same self-energy computed

as a convolution integral of the DMFT Green's function. As a proof of principle, we

apply this method to Sr2RuO4 (SRO) in the normal state, a prototypical correlated

metal [38, 39, 40, 41, 42, 8, 43, 44, 37, 45, 46, 47, 48, 49, 50, 51] (and uncon-

ventional superconductor below 1 K [52, 53, 54]) requiring treatment of strong 4-4

interactions between 3 orbitals [48, 51, 49, 50]. In SRO, we �nd that the 4-ph in-

teractions are relatively weak and momentum dependent, in contrast with the strong

local 4-4 interactions. From Green-Kubo calculations, we �nd that 4-4 interactions

account for �50%, and 4-ph interactions �10%, of the experimental resistivity. Only

in the 4-ph calculation using the DMFT Green's function the resistivity equals the

sum of the 4-ph and 4-4 contributions; in contrast, the standard 4-ph calculation with

renormalized QP bands leads to an arti�cial enhancement of 4-ph interactions and

nonadditive resistivities. The origin of these trends is discussed in detail, together

with possible improvements for resistivity calculations in correlated materials and

future extensions of our method.

2.2 Numerical Methods

We compute the electron Green's function by combining the DMFT and 4-ph self-

energies:

� =k¹l– )º = »l ¸ `¹)º � Y =k � � e�e
=k ¹l– )º � � e�ph

=k ¹l– )º¼�1 – (2.1)

where ) is temperature, Y=k are electronic band energies, l is the electron energy, =

is a band index, k is crystal momentum, and ` is a temperature dependent chemical

potential obtained from DMFT. This Green's function includes the DMFT 4-4 self-

energy in the band basis, �e�e
=k ¹l– )º, which is computed starting from DFT, and the

4-ph self-energy �e�ph
=k ¹l– )º, which we compute using di�erent approximations as

discussed below.

Our calculations in SRO use a DMFT self-energy taken from recent work [48] and

transformed from the Wannier-orbital to the band basis using [55]

� e�e–1
k = Uy

k � e�e–F Uk– (2.2)
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where Uk are unitary matrices made up by eigenvectors of the Wannier Hamiltonian,

while � e�e–F and � e�e–1
k are respectively the self-energies in the Wannier and band

basis; the former is calculated directly from DMFT and is therefore k-independent.

As in the DMFT calculation, both the Wannier and band basis self-energies are

taken to be diagonal1.

These DMFT calculations use a 3-orbital correlated subspace with C26 symmetry

resulting from the hybridization of Ru 43 (3GH, 3HI, 3GI) and O 2? orbitals; the

orbitals interact with Hund's type Coulomb repulsion and exchange [48]. The DMFT

impurity problem is solved on the imaginary-time axis with the TRIQS/CTHYB

quantum Monte Carlo solver [56, 57] and analytically continued to the real-frequency

axis using Padé approximants [58]. These methods are discussed and validated in

greater detail in recent work [48]. Previous studies have clari�ed the role of spin-

orbit coupling (SOC) in SRO [59, 60, 61, 46, 48, 51], which is relevant primarily

near band crossings. Because such crossings occur away from the Fermi surface in

the majority of the Brillouin zone, we neglect SOC in our calculations.

Our DFT and DFPT calculations are carried out using Quantum Espresso [62] with

10 � 10 � 10 k-point and 5 � 5 � 5 q-point grids, and then projected onto Wannier

orbitals using the Wannier90 code [63]. We use the Perturbo code for Wannier

interpolation of the electronic structure, phonon modes, and 4-ph coupling, and for

computing the 4-ph self-energy, spectral functions, and transport properties [64].

The transport calculations use a 60 � 60 � 60 �ne k-point grid and 105 q-points

randomly sampled in the Brillouin zone. Transport results were converged with

respect to the k-point grid density, number of q-points sampled, the energy window

in which the k-points were chosen, and the frequency grid of the self-energy and

spectral functions.

2.3 Results

2.3.1 Electronic structure and 4-ph coupling

The electronic structure of SRO is strongly renormalized by electron correlations.

The DFT band structure near the Fermi energy consists of relatively narrow 3 bands

[Fig. 2.1(a)]. The 4-4 interactions signi�cantly decrease the 3-band Fermi velocity

relative to DFT, as captured by the DMFT electronic spectral functions [Fig. 2.1(b)].

In the 50�310 K temperature range studied here, the 4-4 interactions also reduce

the spectral weight / of the electronic states on the Fermi surface �to / � 0•2 for
1This assumption is often justi�ed�in SRO, for example, the o�-diagonal elements of the DMFT

self-energy have been shown to be negligibly small in Ref. [48].
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Figure 2.1: Electronic structure and 4-ph coupling in SRO. (a) DFT band structure
for the C26 3 bands included in the Wannierization. (b) DMFT spectral function at
77 K, plotted in an enlargement of the black rectangle in (a), showing signi�cant
renormalization relative to the DFT bands near the Fermi energy (shown with a
horizonal line). (c) Phonon dispersion colored based on the 4-ph coupling strength,
which is computed as j6a¹qºj = ¹

Í
<= j6<=a¹k = "– qºj 2•# 1º1•2 [64] by averaging

over #1 = 3 bands.

the 3GHand / � 0•3 for the 3GI and 3HI bands [48] �and cause a large broadening

of the associated spectral functions. These e�ects are a signature of strong electron

correlations in SRO and highlight the need to treat the electronic structure beyond

the band picture.

The phonon dispersion with a color map of the 4-ph coupling strength is shown

in Fig. 2.1(c). The dispersions are calculated from real space interpolation of

DFPT forces [64] and are in good agreement with inelastic neutron scattering

measurements [65]. We �nd that the 4-ph interactions are overall relatively weak in

SRO, with coupling strength j6j Ÿ 100 meV for all phonon modes. These values are

signi�cantly smaller than in insulating transition metal oxides �for example, CoO

and SrTiO3 [66, 23] �where the long-range Fröhlich interaction with longitudinal

optical (LO) modes [66, 23] reaches coupling strengths of order j6j � 1 eV. Due to

its metallic character, such polar LO phonons are screened out in SRO, resulting in
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(a) (b)

� 0
<k¸q

� a@

� DMFT
<k¸q

� a@

Figure 2.2: Feynman diagrams for the 4-ph self-energy �e-ph
=k , computed with (a)

the noninteracting electron Green's function and (b) the DMFT electron Green's
function. The vertices carry a factor equal to the 4-ph coupling, 6<=a¹k– qº.

short-range 4-ph interactions with weaker coupling strengths.

2.3.2 Electron-phonon self-energy calculations

We describe the 4-4 and 4-ph interactions using the corresponding self-energies.

When 4-ph coupling is relatively weak, the 4-ph interactions are well described by

the lowest-order (so called Fan-Migdal) self-energy [17]

� e-ph
=k ¹8l =º =

Õ

<aq

Õ

8a=

j6<=a¹k– qºj2�

� <k¸q ¹8l = � 8a=º� aq¹8a=º– (2.3)

written as a convolution of electron and phonon propagators, �=k¹8l =º and � aq¹8a=º

respectively, using Matsubara frequencies 8l= for electrons and 8a= for phonons;

6<=a¹k– qº are 4-ph coupling matrix elements [64].

In current �rst-principles calculations, this expression is evaluated using noninter-

acting electron (and phonon) Green's functions, tacitly assuming that the electron

spectral functions consist of a sharp QP peak. In this approximation, the 4-ph self-

energy on the real-frequency axis l, computed as in Fig. 2.2(a) with noninteracting

electron Green's functions �0<k¸q ¹Iº = ¹I � Y <k¸q º�1 , becomes [17, 20]

� e-ph
=k ¹l– )º =

Õ

<aq

j6<=a¹k– qºj2�

�
# aq¹)º ¸ 5 <k¸q ¹)º

l � Y <k¸q ¸ l aq ¸ 8[
¸

# aq¹)º ¸ 1 � 5 <k¸q ¹)º
l � Y <k¸q � l aq ¸ 8[

�
– (2.4)

where l aq are phonon energies while #aq¹)º are equilibrium occupation numbers

for phonons and 5=k¹)º for electrons at temperature ). When DFT is used to obtain

the band structure Y=k, we denote this self-energy approximation as 4-ph@DFT.

In systems where DFT fails to describe the electronic structure, several methods are
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used to correct the QP band dispersion and 4-ph coupling, including GW [67, 68],

DFT+U [23], and DFT with hybrid functionals [69]. Therefore, as previously shown

in the literature, the 4-ph self-energy in Eq. (2.4) can be computed using the �best

available� QP band structure and 4-ph couplings from one of these methods [70,

67, 69, 71, 68]. Here, for example, by �tting the QP peaks of the DMFT spectral

functions we obtain an improved DMFT band structure and use it to compute the

self-energy in Eq. (2.4). Below we refer to this level of theory as 4-ph@DMFT

bands.

However, even with these improved schemes, the standard 4-ph self-energy in

Eq. (2.4) misses key features of the electronic structure in correlated materials.

These include the QP peak broadening, �nite QP weight, and any satellite peaks,

background, or spectral weight redistribution outside the QP peak, all of which are

encoded in the electron spectral function. Improving the QP band structure or 4-ph

couplings in Eq. (2.4) addresses only part of these renormalization e�ects because

it places the full spectral weight on the electronic band states, neglecting spectral

weight redistribution from 4-4 interactions. The inadequacy of this approximation

is apparent in correlated systems like SRO, where the QP weight of the 3 bands

is only / � 0.2�0.3. Going beyond these limitations requires computing the 4-ph

self-energy directly from the electronic spectral function dressed by electron corre-

lations.

To address this challenge, we develop a method to calculate the 4-ph self-energy

from the DMFT electron Green's function, �DMFT
=k . Starting from the Lehmann

representation [17], and using a band-diagonal DMFT self-energy, we write

� DMFT
=k ¹Iº =

¹
3l

� DMFT
=k ¹lº

I � l
– (2.5)

where �DMFT
=k ¹lº = �Im¹� DMFT

=k ¹lºº•c is the DMFT spectral function. We sub-

stitute this expression in Eq. (2.3) and follow the usual derivation of the lowest-

order 4-ph self-energy [72]. After analytic continuation to the real frequency axis,

8l = ! l ¸ 8[, we obtain:

� e-ph
=k ¹l– )º =

Õ

<–a–q

j6<=a¹k– qºj2
¹

3l 0� DMFT
<–k¸q ¹l 0º

�
¹# aq¹)º ¸ 5 ¹l 0– )ºº
l � l 0¸ l aq ¸ 8[

¸
¹# aq¹)º ¸ 1 � 5 ¹l 0– )ºº

l � l 0 � l aq ¸ 8[

�
• (2.6)

This 4-ph self-energy, written as an integral of the DMFT spectral function, cap-

tures on equal footing the key factors mentioned above �band renormalization,
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�nite QP weight and broadening, and background or satellite contributions caused

by electron correlations�all of which are included in the DMFT spectral function.

This approximation for the 4-ph self-energy, here referred to as 4-ph@�DMFT, is

shown diagrammatically in Fig. 2.2(b). Its numerical evaluation is discussed in

Appendix 2.6. (Note that in this work we do not renormalize the 4-ph coupling,

6<=a¹k– qº, using DMFT; the role of that renormalization is discussed in Section 2.4.)

2.3.3 Electron-phonon and DMFT self-energies

We analyze the 4-ph self-energy obtained with these di�erent approximations and

compare it with the DMFT 4-4 self-energy. Figure 2.3 shows these quantities on a

cut of the Fermi surface in the GH-plane (the real and imaginary frequency depen-

dent self-energy at select k-points is plotted in SM [73]). In each plot, the middle

band with stronger 4-ph and 4-4 coupling has 3GHcharacter while the other two

bands have 3GI and 3HI characters. The 4-ph self-energy, which depends on both

electronic orbital and momentum k, varies by a factor of �1.5 on the Fermi surface

at 77 K and 310 K. This k-dependence in the self-energy also changes direction as

a function of temperature in some parts of the Brillouin zone. For example, in the

dGHband it is greater near the ��M (��X) axis at low (high) temperature, due to

a change of available 4-ph inter- and intra-band scattering processes. Our DMFT

self-energy also depends on orbital character, but it is local and thus k-independent

by construction; it can accurately capture electron correlations in SRO [48].

Comparing our di�erent 4-ph self-energy approximations sheds light on the physics

they capture. In the picture of renormalized QP bands [72], the Fermi velocity de-

creases by a factor of 1•/ (in SRO, 1•/ is �3 for 3GI and 3HI, and �5 for 3GH

bands [48]), and the QP weight also decreases by the same factor, leaving the

density of states (DOS) at the Fermi energy unchanged. This QP picture holds rea-

sonably well in SRO. The 4-ph self-energy from DFT bands (4-ph@DFT), shown

in Fig. 2.3(a) at 77 K and in Fig. 2.3(e) at 310 K, misses all these renormalization

e�ects and treats the material as weakly correlated. Computing the 4-ph self-energy

in Eq. (2.4) with the renormalized DMFT band structure (4-ph@DMFT bands),

which is obtained by �tting the QP peaks of DMFT spectral functions, arti�cially

enhances the 4-ph self-energy by a factor of 3�5, as shown in Fig. 2.3(b) at 77 K

and in Fig. 2.3(f) at 310 K. This artifact is a consequence of using a band structure

with Fermi velocity decreased by a factor of 1•/ � 3 � 5, which increases the DOS

at the Fermi energy, and thus also increases Im�e�ph
=k in Eq. (2.4) by the same factor.
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Figure 2.3: Imaginary part of the 4-ph and 4-4 self-energies in SRO, plotted on
cuts of the Fermi surface at 77 K (left) and 310 K (right). We plot the 4-ph self-
energy obtained using (a) the DFT electronic structure (4-ph@DFT), (b) the DMFT
band dispersion (4-ph@DMFT bands), and (c) the DMFT spectral function using
Eq. (2.6) (4-ph@�DMFT). (d) DMFT 4-4 self-energy, shown here for comparison.
The corresponding self-energies at 310 K are plotted in (e)-(h) respectively.

However, the DOS at the Fermi energy is nearly unchanged in the renormalized

electronic structure because the decrease in Fermi velocity is compensated by a cor-

responding decrease in QP weight. This physics is correctly described by Eq. (2.6),

where the imaginary part of the 4-ph self-energy is roughly proportional to the DOS

at Fermi energy written as � ¹�� º /
Í

=k

¯
3l 0� =k¹l 0ºX¹� � � l 0º, which captures

changes in the QP weights. Therefore, as we show in Fig. 2.3(c) at 77 K and in

Fig. 2.3(g) at 310 K, the more accurate 4-ph self-energy computed from the DMFT

spectral functions using Eq. (2.6) (4-ph@�DMFT method) removes the arti�cial en-

hancement introduced by using the �best-available band structure� approach.

Overall, the 4-ph self-energy obtained from DFT bands in Fig. 2.3(a) and DMFT

Green's functions in Fig. 2.3(c) show similar magnitude and trends at 77 K mainly

because the DOS at Fermi energy is nearly unchanged in DFT and DMFT. However,

at higher temperatures the e�ects of broadening in the DMFT spectral functions be-

come more pronounced; for example, at 310 K we �nd a decrease in k-dependence

in the 4-ph self-energy from DFMT Green's function, as shown by comparing

Fig. 2.3(e) and 2.3(g). We attribute this di�erence to smearing of sharp features in

the electronic structure by the spectral width, which is not captured by the DFT-based

calculation; this e�ect is more pronounced in the strongly correlated 3GHband. Our
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results show the importance of computing the 4-ph self-energy from the electron

spectral functions in correlated materials to capture the subtle interplay of 4-ph and

4-4 interactions.

2.3.4 Spectral functions

We obtain the spectral function including both 4-4 and 4-ph interactions using the

Green's function in Eq. (2.1):

� =k¹l– )º = �¹1•cº Im � =k¹l– )º• (2.7)

To evaluate this expression, our most accurate approximation consists of �rst com-

puting the DMFT 4-4 self-energy starting from DFT and then obtaining the 4-ph

self-energy from the DMFT spectral function. This 4-ph@�DMFT approach is

justi�ed by the adiabatic approximation: the fast 4-4 interactions renormalize the

electronic states, and the slow nuclear motions governing 4-ph coupling occur in

this renormalized ground state.

Figures 2.4(a)�(b) show the electron spectral functions computed in SRO with this

approach and plotted in the � ! " direction at 77 K and 310 K. The main features

are consistent with photoemission and transport measurements [48, 38, 41] �in

particular, the spectral functions remain fairly sharp near the Fermi energy below

�100 K, indicating well-de�ned QP excitations at low temperature [6]. The spectral

broadening increases at higher temperatures, further demonstrating the importance

of computing 4-ph interactions beyond the band picture. Figures 2.4(c)�(d) compare

the spectral functions and their QP peak broadening at a �xed k-point (k=0•75M)

with and without the inclusion of 4-ph interactions. We �nd that the 4-ph inter-

actions broaden the QP peaks only slightly, consistent with the overall weak 4-ph

coupling in SRO. Increasing the temperature, rather than including 4-ph interac-

tions, is the main factor responsible for broadening. We �nd similar trends when

analyzing spectral functions in the � ! - direction [73]. These results point to a

dominant role of 4-4 interactions in SRO.

2.3.5 Transport

We study electrical transport in SRO in the characteristic bad metallic regime [34],

focusing on understanding the roles of 4-4 and 4-ph interactions. We compute

the optical conductivity from our combined DMFT plus 4-ph spectral function in
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Figure 2.4: Electronic spectral functions in the � ! " direction computed using
the DMFT 4-4 plus 4-ph@�DMFT self-energies at (a) 77 K and (b) 310 K. (c)
Spectral functions at k = 0•75M showing DMFT quasiparticle peaks (dashed lines)
broadened by the inclusion of 4-ph interactions (solid lines) at two temperatures.
(d) Calculated full-width at half maximum for the spectral functions in (c), showing
quantitatively the small 4-ph broadening e�ect.

Eq. (2.7), using Green-Kubo theory without current-vertex corrections [17]:

f UV¹l– )º =
c\4 2

+D2

¹
3l 0 5 ¹l 0– )º � 5 ¹l 0¸ l– )º

l
�

Õ

=:

EU
=kE

V
=k � =k¹l 0– )º � =k¹l 0¸ l– )º– (2.8)

where E=k are band velocities, U and V are Cartesian directions, and +uc is the unit

cell volume; the dc resistivity tensor is obtained as ddc¹)º = f �1 ¹l ! 0– )º. This

approximation has been used (separately) to study 4-ph limited transport in oxides

and organic crystals [66, 68] and 4-4 limited transport in correlated metals [37, 74,

75, 76]; di�erent from these previous studies, here we focus on combining the 4-4

and 4-ph interactions and studying their interplay.

Figure 2.5(a) shows the resistivity in the GH-plane as a function of temperature.

We compare the resistivity limited by 4-4 interactions alone, computed from the

Green's function including only the DMFT self-energy, with calculations including

both 4-4 and 4-ph interactions in the Green's function. When both interactions are



27

Figure 2.5: Transport properties as a function of temperature in SRO. (a) In-
plane resistivity, comparing DMFT+4-ph, DMFT-only, and 4-ph-only calculations
to experimental data from Ref. [40]. (b) Same as (a), but plotted as a fraction of
the experimental resistivity. (c) E�ective scattering rate, and (d) e�ective plasma
frequency. In the legend, DMFT only and e-ph only refer to using, respectively,
only the DMFT or 4-ph self-energies in the Green's function, spectral function, and
Green-Kubo formula.

included, we compare results from the more accurate 4-ph@�DMFT approach with

calculations using Eq. (2.4) with the best-available band structure (4-ph@DMFT

bands method). Experimental values are also shown for comparison [40]. For

convenience, Fig. 2.5(b) shows the same results expressed as a fraction of the ex-

perimental resistivity.

The calculation including only DMFT 4-4 interactions correctly predicts the order of

magnitude of the experimental resistivity, providing a resistivity smaller than exper-

iment by a factor of 2 in the entire temperature range studied here (50�310 K). This

calculation is comparable with results from Deng et al. [37], who used a di�erent

scheme to construct the correlated subspace in the DMFT calculation and obtained

somewhat larger values for the 4-4 limited resistivity due to stronger interaction pa-

rameters * and �. In contrast, the resistivity limited by the 4-ph interactions alone

(computed with the 4-ph@�DMFT approach) is only �10% of the experimental

value.

When combining 4-4 and 4-ph interactions through the 4-ph@�DMFT approach, the

resulting resistivity is the sum of the individual 4-4 and 4-ph limited resistivities,

a behavior known as Matthiessen's rule [16]. Therefore, adding 4-ph interactions
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improves the agreement with experiment and predicts a resistivity equal to �60%

of the experimental value between 50�310 K. In contrast, using only an improved

QP band structure (4-ph@DMFT bands) arti�cially enhances the 4-ph interactions,

leading to an incorrect prediction that the 4-ph contribution is 30% of the exper-

imental resistivity [see Fig. 2.5(b)]. Note that our most accurate calculation still

underestimates the experimental resistivity by �40%. The possible origin of this

�missing resistivity� is discussed below.

To better understand the contributions to the resistivity, we analyze our trans-

port results using an e�ective Drude model [6], writing the resistivity as ddc =

4c•»g�
tr¹l

�
pº2¼, where 1•g�tr is an e�ective scattering rate and l�

p is an e�ective

plasma frequency. We extract these quantities from our computed optical conduc-

tivity f¹lº using [6]

g�
tr = �

2
cf dc

¹ 1

0

1
l

mRe¹f¹lºº
ml

3l (2.9)

and

¹l �
pº2 =

�2c 2f 2
dc¯ 1

0
1
l

mRe¹f¹lºº
ml 3l

• (2.10)

Figure 2.5(c) shows the e�ective scattering rate 1•g�
CAand Fig. 2.5(d) the plasma

frequency ¹l �?º2 obtained from this analysis. These results con�rm that 4-4 inter-

actions dominate electron scattering and lead to a decreased Fermi velocity (and

thus plasma frequency) by renormalizing the band structure. The e�ective 4-ph

scattering rate is signi�cantly smaller (and the plasma frequency greater) than for

4-4 interactions, consistent with the small 4-ph contribution to the resistivity and

negligible band renormalization (relative to DFT) from 4-ph interactions. In addi-

tion, most of the temperature dependence of the resistivity comes from the e�ective

scattering rates, while the e�ective plasma frequency depends weakly on tempera-

ture.

Figure 2.5(c) additionally compares the e�ective scattering rates with the Planckian

limit � p = : B) [77]. Interestingly, the 4-ph scattering rate is lower than �p and

approaches it near 310 K, whereas the scattering from 4-4 interactions exceed �p

above �100 K, reaching � 2:B) at 310 K. The weaker 4-ph scattering in SRO

contrasts the cases of insulating oxides such as SrTiO3 and CoO [66, 23], where

pronounced polaron e�ects are present�both materials exhibit polaron satellites,

and in SrTiO3 the e�ective 4-ph scattering rate exceeds the Planckian limit [66].
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2.4 Discussion

Our most accurate transport calculation underestimates the in-plane resistivity in

SRO by �40% relative to experiments. The origin of this discrepancy deserves a

detailed discussion. First, we verify that our lowest-order (Fan-Migdal) treatment

of 4-ph interactions is su�cient in SRO by recomputing the resistivity with an 4-ph

cumulant method that can describe higher-order 4-ph interactions and transport in

the presence of polarons [66, 68]. Consistent with the e�ective screening of polar

phonons in metals, we �nd that the 4-ph limited transport is nearly identical in the

lowest-order and cumulant calculations [73].

Second, our Green-Kubo calculations neglect current-vertex corrections, which typ-

ically play a small role in 4-ph limited transport in metals. While vertex corrections

are di�cult to compute in Green-Kubo theory [78, 79], they can be quanti�ed in

the semiclassical limit using the Boltzmann transport equation (BTE). In particular,

including vertex corrections corresponds to a full solution of the BTE, obtained

here with an iterative approach (ITA) [64], while neglecting vertex corrections is

equivalent to the relaxation time approximation (RTA), to which the Green-Kubo

formula reduces in the weak-coupling limit [66]. Therefore, we can estimate the

e�ect of vertex corrections by comparing our 4-ph limited resistivity computed with

Green-Kubo to BTE calculations using the ITA and RTA, which respectively include

and neglect vertex corrections [79]. From low temperature up to 310 K, the ITA

resistivity is �20% greater than the RTA value, while the RTA and Green-Kubo

calculations agree to within 2% at 310 K [73]. These results indicate that vertex

corrections have a modest e�ect on 4-ph limited transport.

Third, most DMFT studies of transport neglect vertex corrections from 4-4 in-

teractions, which is strictly correct only in the limit of in�nite dimensions [74].

However, their role is di�cult to quantify and often non-negligible [80]. Fourth,

although our DMFT calculations produce band dispersions in excellent agreement

with photoemission data [48], DMFT results can in some cases be sensitive to the

method used to construct the local site [81], and neglecting nonlocal interactions

may remove relevant 4-4 scattering mechanisms which a�ect the calculated spectral

width. Studying these e�ects is an active area of DMFT research and is beyond the

scope of this work.

Finally, recent work has shown that DFPT based on semilocal functionals can lead

to underestimated 4-ph coupling in correlated materials [24, 26]. Yet much of that

work has focused on materials with nonlocal correlations, so it is di�cult to estimate

the size of the e�ect in SRO, where correlations are dominantly local [48]. It is
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possible that the 4-ph coupling and its role in transport are somewhat stronger than

captured by our DFPT calculations. However, an enhancement of the 4-ph coupling

consistent with those reported to date would not change our main conclusion that

the 4-ph contribution to the resistivity is relatively small �for example, assuming

the limit case of a doubling of 4-ph coupling strength j6j2 would still give only a

�20% 4-ph resistivity contribution.

A qualitative comparison between 4-4 and 4-ph interactions is also interesting. The

k-dependence of the 4-ph interactions clearly contrasts the local (k-independent) 4-4

interactions. Extending this comparison to other correlated materials may highlight

key di�erences between materials with dominant 4-4 or 4-ph interactions. We also

observe that our 4-ph@�DMFT self-energy generally has a weaker k-dependence

than predicted by the 4-ph@DFT method, suggesting that electron correlations sup-

press nonlocal 4-ph interactions. This e�ect may have interesting implications for

materials with strong or long-range 4-ph interactions, including cuprates and corre-

lated insulators.

Lastly, our development of the 4-ph@�DMFT method �ts within e�orts in compu-

tational many-body physics to obtain accurate components of Feynman diagrams.

For 4-ph interactions, this includes improving the accuracy of the electron propa-

gator �, phonon propagator �, and 4-ph coupling 6. When viewed this way, there

is a clear analogy with the use of di�erent levels of theory in the GW method,

where the accuracy can be improved by using the �best G� and �best W�. In 4-ph

calculations, methods for Hubbard- [23] or DMFT-corrected phonons [82, 83], as

well as anharmonic lattice dynamics [84, 66], address the phonon propagator �,

while Hubbard-corrected DFPT [23], GW perturbation theory (GWPT) [26], and

DFT+DMFT deformation potentials [85] aim to improve the 4-ph coupling 6. These

e�ects can be treated at a suitable level of theory for each material; for example, if

the lattice is strongly anharmonic, the phonon propagator can be computed using

renormalized phonon frequencies, or one can use a full frequency dependent phonon

propagator analogous to our use of the DMFT Green's function.

Our work improves the accuracy of the electron propagator � entering the 4-ph

self-energy diagram, by dressing it with the DMFT self-energy to capture dynam-

ical electron correlations. This provides a scheme where the 4-ph self-energy is

computed from the DMFT spectral functions. Our results highlight the importance

of using the spectral functions to compute 4-ph interactions in correlated materi-

als, and cautions against using just the best available QP band structure �if the

dispersion is renormalized but the QP weight is not adjusted, the 4-ph self-energy



31

becomes inaccurate as we have shown for SRO.

2.5 Conclusion

We demonstrated a method to combine strong dynamical correlations described by

DMFT with �rst-principles 4-ph calculations. This advance enables a quantitative

treatment of both 4-4 and 4-ph interactions and their e�ect on transport in corre-

lated materials. Our approach computes 4-ph interactions from the DMFT Green's

function, which captures band structure and spectral weight renormalization from

strong electron correlations. In SRO, where 4-ph interactions are relatively weak,

we have shown that transport is governed by 4-4 interactions, with 4-ph interactions

contributing only �10% of the experimental resistivity in a wide temperature range.

Our work expands the reach of �rst principles 4-ph calculations to strongly cor-

related materials by treating the electronic structure at the level of the spectral

function rather than non-interacting bands. Note that our calculations can also use

more accurate versions of the phonon propagator (e.g., Hubbard-corrected DFT,

DMFT, or anharmonic lattice dynamics) and 4-ph coupling (e.g., from GWPT or

DFPT+U) as an input for calculating interactions, and thus are complementary to

these approaches. The method presented in this work enables studies of a range

of correlated materials, particularly when combined with emerging approaches to

treat 4-ph interactions in materials with spin-orbit coupling [64], magnetism, and

Mott insulating gaps [23]. Considering the wide variety of physical parameters in

correlated materials �number of relevant orbitals, conducting or insulating, type

of magnetic ordering, strength of spin-orbit coupling, etc.�one expects that the

interplay of 4-4 and 4-ph interactions will vary greatly in these systems, opening

wide-ranging possibilities for future work.
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2.6 Appendix A: Numerical Evaluation of the Electron-Phonon Self-Energy

Computing the 4-ph self-energy from DMFT spectral functions using Eq. (2.6)

requires an additional frequency integral compared to the standard 4-ph self-energy

in Eq. (2.4). We develop an e�cient approach to compute this 4-ph@�DMFT self-

energy. Using the relation

1
l ¸ 8[

= %
�

1
l

�
� 8cX¹lº– (2.11)

where % denotes the principal part, allows us to write the imaginary part of the 4-ph

self-energy as

Im� e�ph
=k ¹lº = �c

Õ

<aq

j6<=a¹k– qºj2

»¹#aq ¸ 5 ¹l ¸ l aqºº � <k¸q ¹l ¸ l aqº

¸ ¹# aq ¸ 1 � 5 ¹l � l aqºº � <k¸q ¹l � l aqº¼• (2.12)

This way, the calculation has a computational cost similar to the standard 4-ph self-

energy in Eq. (2.4), but it additionally requires the shifted DMFT spectral functions

� DMFT
=k ¹l 0 = l � l aqº = �

1
c

Im
�

1
l 0 � Y =k � � 4�4

=k ¹l 0º

�
• (2.13)

In DMFT, � e�e
=k ¹lº is local in the Wannier basis and thus it can be rapidly computed

using Eq. (2.2) and interpolated to the shifted energies l0 = l�l aq. The real part of

the 4-ph@�DMFT self-energy, which is not computed in this work, can be obtained

from the imaginary part using the Kramers-Kronig relations without repeating the

sum over phonon modes and momenta.

In our calculations, we obtain the 4-ph@�DMFT self-energy using a �ne energy

grid with 0.5 meV spacing in a window of �100 meV around the Fermi energy

(� � ), together with a coarser grid with 20 meV spacing in the �� �2 eV energy

window. We obtain the spectral functions in Eq. (2.13) using Wannier-interpolated

band energies and the DMFT self-energy interpolated in frequency from a grid with

4 meV spacing.
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C h a p t e r 3

RESPECTIVE ROLES OF ELECTRON-PHONON AND
ELECTRON-ELECTRON INTERACTIONS IN THE

TRANSPORT AND QUASIPARTICLE PROPERTIES OF SRVO3

[1] D. J. Abramovitch, J. Mravlje, J.-J. Zhou, A. Georges, and M. Bernardi.
�Respective Roles of Electron-Phonon and Electron-Electron Interactions
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Abstract

The spectral and transport properties of strongly correlated metals, such as SrVO3

(SVO), are widely attributed to electron-electron (4-4) interactions, with lattice

vibrations (phonons) playing a secondary role. Here, using �rst-principles electron-

phonon (4-ph) and dynamical mean �eld theory calculations, we show that 4-ph

interactions play an essential role in SVO: they govern the electron scattering and

resistivity in a wide temperature range down to 30 K, and induce an experimentally

observed kink in the spectral function. In contrast, the 4-4 interactions control

quasiparticle renormalizations and low temperature transport, and enhance the 4-

ph coupling. We clarify the origin of the near )2 temperature dependence of

the resistivity by analyzing the 4-4 and 4-ph limited transport regimes. Our work

disentangles the electronic and lattice degrees of freedom in a prototypical correlated

metal, revealing the dominant role of 4-ph interactions in SVO.

Introduction� Strontium vanadate, SrVO3 (SVO), is a perovskite oxide widely stud-

ied as a prototypical correlated metal [1, 2, 3]. Experiments have measured transport

and spectral functions in detail in SVO, owing to advances in growth of clean sam-

ples [4, 5] and characterization by angle-resolved photoemission spectroscopy [6, 7,

8]. There are clear spectroscopic signatures of strong electron interactions in SVO,

including kinks in the quasiparticle dispersion [9, 8] and mass enhancement with

quasiparticle weight / � 0•5 [6]. In addition, transport measurements have found a

near )2-dependent resistivity in broad temperature ranges below 300 K [10, 11, 12,

13, 14].
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These �ndings are often attributed to strong electron-electron (4-4) interactions. As

a result, SVO serves as a testbed for theoretical methods treating strongly corre-

lated materials, including �rst-principles variants of dynamical mean �eld theory

(DMFT) such as density functional theory (DFT)+DMFT [15], GW+DMFT [16,

17, 18, 19], and linear response DMFT [20], and the dynamical cluster [21] and

dynamical vertex approximations [22].

However, one can question whether the transport properties and spectral features

observed in SVO are the result of purely electronic interactions. In particular,

electron-phonon (4-ph) interactions may also play a role in SVO, as they do in other

correlated metals where experiments [23, 24, 25] and theory [26, 27, 28] have high-

lighted the importance of 4-ph coupling for spectral kinks [23, 29] and electronic

transport [30]. A quantitative study combining 4-4 and 4-ph interactions in SVO is

needed to clarify the microscopic origin of its electronic behavior.

In this Letter, we show calculations of spectral and transport properties in SVO

combining �rst-principles 4-ph interactions with DFT+DMFT 4-4 interactions [30].

We �nd that 4-ph interactions govern the resistivity and its temperature dependence

above �30 K, and account for the experimentally observed kinks and for most of

the linewidth broadening of the spectral functions. In contrast, the 4-4 interactions

control the resistivity below 20 K, and are responsible for most of the quasiparticle

mass renormalization. We also �nd that the 4-4 interactions lead to an enhancement

of the e�ective 4-ph coupling. Our results provide a blueprint for quantifying elec-

tronic and lattice contributions to the properties of correlated metals.

Electronic Structure and Electron-Phonon Coupling� We calculate the electronic

structure, phonon dispersions, and 4-ph coupling using DFT and density func-

tional perturbation theory (DFPT) with the Quantum Espresso package [31, 32,

33, 34]. We use the experimental lattice parameter of 3.842 Å [2, 13] and project

the electronic structure onto the t26 3-orbitals of vanadium [35]. We use Perturbo

to compute the 4-ph interactions, 4-ph self-energy, spectral functions, and trans-

port [36]. The 4-4 self-energy is obtained with DFT+DMFT using the TRIQS code

with a continuous-time quantum Monte Carlo solver [37, 38, 39, 40, 41, 42] and

Padé analytical continuation [38]. We use Hubbard-Kanamori interactions with

* = 4•5 eV and � = 0•675 eV to produce spectra in agreement with experiment [6,

7, 8]. Additional computational details are provided in the Supplemental Material

(SM).

As shown in Fig. 3.1(a), our DFT calculations predict a bandwidth of 2.5 eV for the

t26 electronic bands, which is renormalized by a factor / �0•5 by DMFT, in agree-
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Figure 3.1: (a) DFT electronic band structure (black) and the spectral function
computed with DMFT at 290 K (blue), showing renormalization by a factor / � 0•5.
(b) Imaginary part of the electron self-energy due to 4-4 interactions, computed with
DMFT. The lines show a �t to the Fermi liquid form, Im�e�e ¹l– )º = �2¹¹\lº 2 ¸
c2¹: � )º 2º with 2 � 0•33eV�1 . (c) DFPT phonon dispersions in SVO, with colors
showing the 4-ph coupling strength j6a¹qºj averaged on the Fermi surface.

ment with experiments [6] and previous DMFT results [15, 17]. In the temperature

range we study (�115�390 K), the imaginary part of the 4-4 self-energy, Im�e�e ,

follows a Fermi liquid behavior. Figure 3.1(b) shows that Im�e�e ¹l– )º within 100

meV of the Fermi energy can be �t closely by a Fermi liquid parameterization [43],

Im� e�e ¹l– )º = �2¹¹\lº 2 ¸ c 2¹: � )º 2º with 2 � 0•33 eV�1 1. Therefore, based on

the Kramers-Kronig relations, Re�e�e ¹l– )º and the quasiparticle dispersion near

the Fermi energy depends weakly on temperature.

Figure 3.1(c) shows the phonon dispersions in SVO computed with DFPT and

color-coded according to the 4-ph coupling strength j6a¹qºj, for each phonon mode

a and momentum q, averaged over the Fermi surface (see SM). The 4-ph coupling

is stronger for the six highest-energy modes, which involve distortions of the VO6

octahedra, such as Jahn-Teller modes.

Spectral Properties� We investigate the contributions of 4-ph and 4-4 interactions

in SVO by computing the corresponding self-energies [30]. The real and imaginary

parts of the 4-4 and 4-ph self-energies at 115 K are shown in Fig. 3.2(a)-(b), respec-

tively. The 4-4 interactions dominate quasiparticle renormalization, as seen from

the greater derivative of Re�e�e compared to Re�e�ph within 150 meV of the Fermi
1In the following, we set \ = :� = 1
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energy. Accordingly, extracting quasiparticle weights / = ¹1 �mRe�¹lº
ml jl=0 º�1 with

a �t near the Fermi surface, gives a weak contribution to renomalization for 4-ph

interactions (/e�ph = 0•81) and a dominant contribution for 4-4 interactions, with

/ e�e = 0•53 and /both = 0•47.

The imaginary part of the self-energy shows an opposite behavior: Im�e�ph is

much greater than Im�e�e , and thus the 4-ph interactions account for the majority

of electron scattering and spectral width at low energy. The dominant role of 4-4

interactions on quasiparticle renormalization in SVO, despite their small e�ect on

low energy scattering consistent with a Fermi liquid, can be rationalized using the

Kramers-Kronig relations [43, 44]: due to the larger energy scales involved, the 4-4

interactions dominate the imaginary part of the self-energy at higher energies (see

SM), leading to a greater magnitude (and energy derivative) of Re�e�e ¹lº compared

to Re� e�ph ¹lº at low energy.

We compute the spectral function �=k¹lº = � 1
c Im� =k¹lº from the Green's func-

tion

� =k¹l– )º = »l � Y =k ¸ ` � � =k¹l– )º ¼�1 (3.1)

at energy l for electron band = and momentum k. Here, Y=k is the DFT band en-

ergy, ` is the Fermi energy, and �=k¹l– )º is the electron self-energy. Following our

previous work [30], in separate calculations we compute this Green's function using

the self-energy from DMFT 4-4 interactions, the lowest-order self-energy from 4-ph

interactions, and their sum2, obtaining corresponding spectral functions capturing

di�erent combinations of interactions [Fig. 3.2(c)-(e)]. The spectral functions from

4-ph, and those from 4-ph plus 4-4 interactions, show a kink around 60 meV from

the Fermi energy which has been observed in experiments [9, 8]. There is a corre-

sponding sharp change in the derivative of Re�e�ph
=k ¹lº at this energy [Fig. 3.2(a)],

whereas this feature is absent in Re�e�e
=k ¹lº. This result shows that the 60 meV kink

observed experimentally in SVO is caused by 4-ph interactions.

Transport.� Numerous experiments have measured a near )2 temperature depen-

dence of the resistivity in SVO below 300 K [45, 46, 2, 4, 11, 47, 48, 49, 13, 14].

Due to the strong electronic correlations in SVO, several studies have attributed

this resistivity to 4-4 interactions in the Fermi liquid regime [45, 11, 49], where )2

behavior is expected. An exception is recent work by Mirjolet et al., who argued

that the temperature dependence is better explained by 4-ph limited resistivity with

strong coupling to a dominant phonon mode [12]. Recently, the growth of ultra-
2The 4-ph self-energy calculation uses the DFT electron propagator. Unlike in Sr2RuO4 [30],

using the DMFT electron propagator has a negligible e�ect in SVO.
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clean samples has enabled detailed measurements of the resistivity with reduced

defect scattering [4, 13, 14]. In these samples, Ahn et al. [13] and Brahlek et al. [14]

�nd a near-) 2 resistivity below 25 K and between about 100�300 K, together with

a stronger than )2 temperature dependence at intermediate temperatures.

To understand the microscopic origin of this behavior, we compute the resistivity

arising from 4-ph and 4-4 interactions using the Green-Kubo formula [50, 30]:

d�1
UV¹)º =

c\4 2

+D2

¹
3l¹� 5 0¹l– )ºº

Õ

=:

EU
=kE

V
=k � =k¹l– )º 2– (3.2)

Figure 3.2: (a) Real and (b) imaginary parts of the self-energy at ) = 115K and k =
(0.23�2c•0,0,0), showing contributions from 4-4 and 4-ph interactions. (c) Spectral
functions including both 4-4 and 4-ph interactions, (d) 4-4 interactions only, and
(e) 4-ph interactions only. Quasiparticle weights / are indicated for each spectral
function, and the dashed lines in (c) guide the eye to the quasiparticle dispersion
near the kink. All spectral functions are shown along the ��X direction near the
Fermi surface at 115 K.
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Figure 3.3: (a) Resistivity as a function of temperature calculated using the Green-
Kubo formalism with 4-4 interactions, 4-ph interactions, and their combination.
(b) Temperature dependence of the 4-ph limited resistivity calculated using the full
(iterative) solution of the BTE. (c) Low-temperature 4-ph and 4-4 limited transport.
Experimental data (from which the ) = 0 residual resistivity was subtracted) are
from Refs. [11, 13].

where dUV is the resistivity tensor, U and V are Cartesian directions, 50¹l– )º is

the energy derivative of the Fermi occupation factor, EU
=k is the band velocity, and

� =k¹l– )º is the spectral function. The resistivity for di�erent combinations of

interactions is shown in Fig. 3.3(a) and compared with experimental data [11, 13,

14].

Surprisingly, we �nd that the resistivity is governed by the 4-ph interactions in SVO.

The 4-ph limited resistivity is an order of magnitude greater than the 4-4 limited

resistivity, with the latter accounting for only �10% of the experimental value. This

result is in contrast with the conventional wisdom that transport properties in SVO

are governed by purely electronic interactions. In addition, the contributions are

opposite to another prototypical strongly correlated metal, Sr2RuO4, where the 4-ph

interactions account for only �10% of the resistivity [30]. In SVO, the 4-ph con-

tribution is similar in magnitude to the experimental value, and the total resistivity

including both interactions is in good agreement with experiments. Below, we show

that taking into account the electron correlation induced enhancement of the 4-ph

interactions increases the resistivity and brings the results in even better agreement

with experiments.

The temperature dependence of the 4-ph limited resistivity is analyzed in more de-

tail in Fig. 3.3(b), where we show our results on a log-log plot and compare them

with experiments [11, 13, 14]. In that plot, the resistivity is computed with the

full (iterative) solution of the Boltzmann transport equation (BTE) [36] to include

backscattering and improve the treatment of acoustic phonons. The computed 4-
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ph limited resistivity follows a )1•8 temperature dependence between 100�200 K,

in excellent agreement with the )1•8�2 dependence found in experiments in that

temperature range [11, 13, 14], and falls to )1•5 at 300 K. We identify the origin

of this nearly )2 temperature trend of the 4-ph limited resistivity by analyzing the

contribution of di�erent phonon modes. Our calculations show that the increasing

contribution of strongly coupled optical phonons at higher temperatures is respon-

sible for the )2 dependence of the resistivity between 100�200 K (see SM).

Next, we focus on transport at low temperature, where the 4-ph contribution is

expected to be weaker. While DMFT calculations become di�cult at low tempera-

tures, we obtain the 4-4 limited resistivity by extrapolating our higher-temperature

DMFT calculations with a )2 �t. This approach is justi�ed because the 4-4 scat-

tering is in the Fermi liquid regime below at least 400 K. Figure 3.3(c) shows the

computed 4-ph and DMFT 4-4 limited resistivities below 100 K. We �nd a clear

crossover between 20�30 K from 4-ph to 4-4 dominated transport. The 4-ph limited

resistivity becomes much smaller than the 4-4 limited resistivity below 20 K, show-

ing that 4-4 scattering governs transport at low temperature. This result indicates

that 4-4 interactions are the origin of the )2 resistivity observed experimentally

below 25 K, with the 4-ph contribution causing deviations from a )2 behavior above

25 K. Note that our DMFT resistivity underestimates the experimental value below

25 K by a factor of 2-3. We attribute this discrepancy to limitations in the single

site DMFT impurity model, as transport can be sensitive to the methods used to

downfold orbitals and e�ective interactions [51, 52, 53, 30], the lack of non-local

contributions to the DMFT self-energy [54], and corrections to the current-current

vertex [55, 56, 57, 58].

Correlation-corrected electron-phonon interactions.� Strong electronic interac-

tions are known to signi�cantly modify 4-ph interactions [59, 60, 61, 62]. In

correlated metals, 4-ph coupling is often enhanced. For example, calculations using

hybrid functionals and the �, method found correlation-enhanced 4-ph coupling

in unconventional superconductors, attributing the enhancement to decreased elec-

tronic screening [26]. Similarly, in multiband 3-electron systems such as FeSe,

treating correlations with DMFT enhances 4-ph coupling, in this case by increasing

the orbital polarization response to phonon perturbations [27].

To study the role of correlations in SVO, we compute the 4-ph interactions using

Hubbard-corrected DFPT (DFPT+*) [34, 33]. DFT+* can be viewed as a static ap-

proximation of DFT+DMFT [63]; DFT+DMFT 4-ph coupling calculations are not

currently possible. Like DFT+DMFT, DFT+* captures the strong local interactions
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Figure 3.4: (a) Phonon dispersions and 4-ph coupling as in Fig. 3.1(c) but calculated
with DFPT+*. Note the change in 4-ph coupling scale. (b) Transport as in
Fig. 3.3(a) but calculated with DFPT+* phonons and 4-ph couplings, showing
improved agreement with experiments [11, 13, 14].

between 3-orbitals and the resulting change in orbital polarization response, which

modi�es 4-ph coupling. We use a Hubbard-* parameter of 3 eV in the atomic

orbital basis, which is somewhat empirical but provides orbital polarization and

band structure responses to phonon perturbations similar to a calculation including

a Hubbard-* parameter from linear response and a reasonable value of Hund's �.

The orbital occupation responses are also similar to those found using DMFT with

the same orbitals and interaction parameters used throughout (see SM).

Adding the Hubbard correction has a small e�ect on the phonon dispersions, but it

enhances the 4-ph interactions, as shown in Fig. 3.4(a). The enhancement is mode-

dependent and is generally higher for strongly-coupled optical phonons involving

VO6 distortions. The enhancement is also higher for phonons with momenta away

from the � point, suggesting a more important role of correlations for distortions

breaking lattice-translation symmetry. The spectral and transport properties com-

puted with enhanced 4-ph coupling from DFPT+* give results qualitatively similar

to those from DFPT, but with stronger 4-ph e�ects. Notably, the 4-ph limited resis-

tivity increases by �35% at room temperature [Fig. 3.4(b)], bringing the resistivity

computed with both 4-ph and 4-4 interactions into very good agreement with ex-

periments. For example, the computed resistivity at 290 K is 16 `
cm, versus an

experimental value of 19�25 `
cm [11, 13, 14].

Discussion� The origin of the temperature dependence of the resistivity merits fur-

ther discussion. While the )2 trend for 4-4 interactions is expected based on Fermi
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liquid theory [50], the origin of the near-)2 behavior of the 4-ph limited resistivity

is less clear. At very low temperatures, the 4-ph limited resistivity in metals is

expected to exhibit a )5 temperature dependence [64] when scattering is dominated

by acoustic phonons with momentum @ / :� ) . In our calculations, we �nd a )5

4-ph limited resistivity below �30 K, but the overall resistivity becomes 4-4 limited

in this temperature range, explaining the experimental )2 resistivity below 25 K.

In the high-temperature limit, based on the temperature dependence of the phonon

occupations, one expects a )-linear 4-ph limited resistivity [64]. However, this

requires that all phonon modes contribute equally to 4-ph scattering, with no mode

frozen out. While our computed 4-ph limited resistivity becomes nearly )-linear

well above 300 K, it is close to a )2 behavior between �100�200 K, in agreement

with experiments. As discussed above, this )2 trend is due to the increasing con-

tribution of higher-energy optical phonons with strong 4-ph coupling for increasing

temperatures. Note also that 4-ph scattering above �50 K in SVO involves phonons

with all momenta, ruling out momentum-dependent mechanisms resulting in )2

behavior [65].

Finally, we analyze two approximations made in the 4-ph transport calculations (see

results in SM). First, we examine the use of the lowest-order 4-ph self-energy [66,

67] by computing the resistivity with a cumulant diagram-resummation method

capable of treating delocalized polarons [68]. Including polaron e�ects leads to

a small increase in the resistivity, showing that lowest-order 4-ph interactions are

adequate to describe SVO. Second, we examine the e�ect of vertex corrections to the

current-current correlation function in the Green-Kubo formalism [50, 43]. Vertex

corrections improve the description of backscattering and the momentum depen-

dence of 4-ph scattering, which is particularly important at low temperature [50].

We assess their role above 100 K in the semiclassical limit by comparing the full

solution of the BTE, which includes vertex corrections, to the relaxation time ap-

proximation, which neglects them. We �nd that vertex corrections in the BTE give

only a small increase in the resistivity and its temperature dependence. This analysis

shows that higher-order 4-ph interactions and vertex corrections play a minor role

in SVO and do not a�ect our conclusions.

Conclusion� In summary, we have shown that 4-ph interactions play an essen-

tial role in the transport and spectral properties of a prototypical correlated metal,

SVO. In this material, electronic correlations control other aspects of the low-energy

physics, including the quasiparticle mass renormalization and transport at low tem-

perature. We also found that electronic correlations lead to an e�ective enhancement



53

of the 4-ph interactions. This suggests that SVO may serve as a testbed for investi-

gating the interplay between electron correlations and 4-ph interactions. Our results

highlight the potential of �rst-principles calculations combining 4-4 and 4-ph inter-

actions in a consistent way as an emerging tool to study correlated materials. This

work paves the way for a quantitative description of transport and spectral properties

in broad classes of correlated quantum materials.
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C h a p t e r 4

ELECTRON-PHONON COUPLING IN CORRELATED METALS:
A DYNAMICAL MEAN-FIELD THEORY STUDY

[1] D. J. Abramovitch, J. Coulter, S. Beck, and A. Millis. �Electron-phonon
coupling in correlated metals: A dynamical mean-�eld theory study�. In:
Phys. Rev. B 112 (7 Aug. 2025), p. 075113. doi: 10.1103/467t-z5b2.
url: https://link.aps.org/doi/10.1103/467t-z5b2.

Abstract

Strong electron-electron interactions are known to signi�cantly modify the electron-

phonon coupling relative to the predictions of density functional theory, but this

e�ect is challenging to calculate with realistic theories of strongly correlated ma-

terials. Here we de�ne and calculate a version of the EPC applicable beyond

band theory by combining �rst principles density functional theory plus dynamical

mean-�eld theory with �nite di�erence phonon perturbations, presenting results for

several representative phonon modes in two materials of interest. In the three-orbital

correlated metal SrVO3, we �nd that intra-V-C26-band correlation signi�cantly in-

creases the coupling of these electrons to a Jahn-Teller phonon mode that splits the

degenerate orbital energies, while slightly reducing the coupling associated with a

breathing phonon that couples to the charge on each V atom. In the in�nite layer

cuprate CaCuO2, we �nd that local correlation within the 3G2�H 2 orbital derived

band has a modest e�ect on coupling of near-Fermi surface electrons to optical

breathing modes. In both cases, the interaction correction to the electron-phonon

coupling predicted by dynamical mean-�eld theory has a signi�cant dependence

on the electronic frequency, arising from a lattice-distortion dependence of the cor-

related electron dynamics, showing the inadequacy of the simple picture in which

correlations change static local susceptibilities. We also show that the electron-

phonon scattering and phonon lifetimes associated with these phonon modes are

modi�ed by the electronic correlation. Our �ndings shed light on the material- and

mode-speci�c role of dynamical electronic correlation in electron-phonon coupling

and highlight the importance of developing e�cient computational methods for

treating electron-phonon coupling in correlated materials.
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4.1 Introduction

Electron-phonon (4-ph) interactions play an essential role in the physics of metals [1,

2]. A current focus is quantum materials with electronic properties controlled by

strong correlations arising from electron-electron (4-4) interactions. However, there

is growing evidence that 4-ph interactions contribute in important ways to phe-

nomena observed in these materials. For example, 4-ph interactions have been

argued to cause the "kinks" seen in angle-resolved photoemission studies of high-)2

cuprates [3, 4], phase transitions in rare earth nickelates [5, 6, 7, 8], important

contributions to transport and optical lifetimes in some correlated metals [9, 10, 11,

12, 13], and contributions to novel superconductivity [14, 15, 16, 17, 18, 19, 7].

Experiment and theory indicate that the strength of the 4-ph interactions may be

strongly a�ected by electronic correlations [20, 4, 14, 15, 17, 18, 19, 7].

The current standard for 4-ph calculations in real materials obtains electron-phonon

coupling (EPC) from the dependence of the Kohn-Sham potential in density func-

tional theory (DFT) on atomic displacements. However, EPC is sensitive to the

treatment of electronic correlations, and DFT is not always su�cient. For example,

calculations using DFT with hybrid or advanced functionals [21, 14, 22, 23], �+*"

extensions [24, 25, 12, 26], and �, [27, 28, 29, 15, 4, 30] have found modi�ed

EPC compared to semi-local DFT in a range of materials. However, these methods

are perturbative and/or employ static correlation, and as a result, do not necessarily

describe basic electronic properties of strongly correlated quantum materials (such

as the large dynamical mass enhancement owing to the frequency-dependent self-

energy).

Methods applicable to strong electronic correlation, such as dynamical mean-�eld

theory (DMFT) [31], have been used to study the physics of electron-lattice cou-

pling in model systems [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. It is natural to

ask whether the combination of density functional and dynamical mean-�eld theory

(DFT+DMFT), which has proven a powerful and e�ective method of calculating

electronic properties of correlated materials [43, 44], can be used to study EPC in

correlated systems. First principles DFT+DMFT calculations have been shown to

strongly modify proxies for EPC, such as spectral shifts in response to atomic dis-

placements in FeSe [17, 19], and the energetics of octahedral tilting in SrMoO3 [45]

and optical phonons in LaNiO2 [46]. However, the EPC has never been calculated

directly in real materials with DFT+DMFT, and its dependence on the microscopic

nature of the relevant electronic states and phonon modes has not been investigated.

Here, we present a method to calculate the EPC for selected phonon modes using
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DFT+DMFT calculations with �nite phonon perturbations obtained from �rst prin-

ciples Density Functional Perturbtion Theory (DFPT) [47] calculations. We use

the method to investigate the e�ect of correlation on EPC and related properties

for representative phonon modes in two correlated materials of interest: SrVO3

(SVO), a multi-orbital correlated metal where the interesting physics arises from

bands derived from the V t26 levels and phonons may couple to the orbital splitting,

and CaCuO2 (CCO), a member of the high-)2 cuprate family where the correlation

physics primarily resides in a single Cu 3G2�H 2-derived band.

In SVO, our calculations show that local correlation signi�cantly increases the cou-

pling of t26 electrons to a Jahn-Teller optical phonon mode which couples to the

orbital degree of freedom, while slightly decreasing the coupling associated with

a breathing mode which couples to the total V-site charge density. The frequency

dependence of the coupling is non-negligible. We use the computed EPC to calcu-

late temperature-dependent scattering rates of electrons due to these phonon modes.

In the in�nite layer cuprate CaCuO2 (CCO), our calculations show that correlation

within the 3G2�H 2 orbital has a moderate e�ect on the coupling of Fermi surface elec-

trons to full- and half-breathing modes. However, we �nd that the correlation e�ect

depends strongly on electronic frequency. We investigate this behavior at di�erent

interaction strengths and carrier concentrations, and calculate phonon linewidths.

The rest of this paper is organized as follows: In the next section (Sec. 4.2), we

present our theoretical method, based on �nite di�erence DFT+DMFT calculations.

Then we present the results of these calculations in SVO with the application to

the temperature-dependent electron scattering (Sec. 4.3), and in CCO investigating

the �lling and * dependence and the phonon linewidth (Sec. 4.4). We next discuss

in Sec. 4.5 the interpretation of our method and results in terms of the auxiliary

impurity model used in the DFMT calculations and then compare to DFPT+* and

other research on correlation-modi�ed 4-ph interactions in Sec. 4.6. Finally, we

summarize our �ndings in Sec. 4.7.

4.2 Theory and Methods

4.2.1 De�nition of Coupling

In this paper, as in most treatments of EPC in solids, we make the Born-Oppenheimer

approximation, valid when the ratio of a typical ionic velocity to a typical electronic

velocity is very small. In this case the EPC may be approximated by the response

of the electronic system to static ionic displacements. In DFT-based EPC calcu-

lations the EPC is de�ned as the scattering amplitude between two Kohn-Sham
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states induced by a small atomic displacement. In a strongly interacting system,

the electronic physics should instead be described in terms of a Green's function

(propagator), and the EPC is correspondingly de�ned in terms of changes to the

electron Green's function induced by changes in atomic position.

The frequency-domain electron Green's function^� ¹A 0– A; lº describing the propa-

gation of an electron from A to A0 is de�ned in terms of a reference non-interacting

system, which in this paper we take to be the Kohn-Sham Hamiltonian)̂ ¸ +̂ (

with )̂ the free electron kinetic energy operator and+̂ ( a Kohn-Sham potential.

The di�erences between the physical propagation and the propagation de�ned by

the reference non-interacting system are parametrized by the self-energy operator

�̂¹A– A0; lº, and thus

� ¹A 0– A; lº =
�
l ¸ ` � )̂ � +̂ ( � �̂¹lº

� �1
– (4.1)

where ` is the chemical potential and the carat^denotes an operator acting on spatial

indices. A displacement DRp0` of atom 0 in unit cell at Rp in direction ` changes

both +̂ ( and �̂. A formal expansion to �rst order in DRp0` (using the identity

X� = ��»X� �1 ¼�) gives

� ¹A 0– A; lº = � 2=¹A0– A; lº

¸
¹

3A003A000DRp0` � 2=¹A0– A00; lº�

m
mDRp0`

�
+̂ ( ¸ �̂¹lº

�
� 2=¹A000– A; lº ¸ O¹D2º• (4.2)

Here and below, we use 2= (for "clamped nuclei") to denote quantities in the absence

of atomic displacements. The object sandwiched between the two unperturbed

Green's functions, m
mDRp0`

�
+̂ ( ¸ �̂¹lº

�
is the many-body de�nition of the EPC.

In the absence of many-body e�ects, the self-energy operator vanishes so that the

Green's function describes propagation of Kohn-Sham eigenstates and the de�nition

reduces to the standard DFT EPC.

In our calculations, we use a basis of DFT eigenstates, denotedjq=ki for band = at

electron crystal momentum k, and express atomic displacements in terms of normal

mode phonons with index a and crystal momentum q. Represented this way, our

de�nition of the EPC 6kq
<=a¹lº in a correlated system is

6kq
<=a¹lº =



q<k¸q

�
� maq

�
+̂ ( ¸ �̂¹lº

�
jq=ki D•2• (4.3)

which now depends on the electronic frequency due to the frequency dependence

of the Green's function and here the carat ^ denotes an operator in the momentum
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indices. maq denotes the standard phonon mode-resolved derivative

maq =
Õ

Rp0`

48q�Rp

s
\

2" 0l aq
e0`

aq
m

mDRp0`

�
�
�
�
DRp0` =0

– (4.4)

where 0 indexes an atom with mass "0, Rp denotes a unit cell, and laq and e0`
aq

are respectively the phonon energy and normalized eigenvector. Similar forms

of EPC have been used for model systems [32] and �rst-principles �,-based

calculations [15].

4.2.2 Evaluation with Dynamical Mean-Field Theory

The central challenge is to reliably evaluate the change in the self-energy due to

the phonon perturbation maq�¹lº. We evaluate this using the density functional

plus dynamical mean-�eld theory (DFT+DMFT) approximation. In DFT+DMFT,

one combines a band structure calculated with DFT with a dynamical mean-�eld

treatment of strong correlations within a set of local orbitals q8¹A � g0 � R eº that

are constructed around an atom 0 located at position g0 within unit cell Re using

Wannier or projector methods. The DMFT assumption is that the electronic self-

energy is site-local in the orbital basis (but may be a matrix in the on-site orbital

indices 8 9), so that the upfolded self-energy is given by

�¹A– A0; lº =
Õ

Re08 9

q�
8¹A � g0 � R eº� 0

8 9¹lºq 9¹A � g0 � R eº• (4.5)

The self-energy �08 9¹lº for the correlated site is calculated from the solution of a

quantum impurity model de�ned by the DFT band structure, the local orbitals, a

site-local inter-orbital interaction representing the e�ective screened Coulomb in-

teraction projected onto these orbitals, and a "double-counting correction", each of

which can be treated in several approximations.

In this paper we use the "frontier orbital" DFT+DMFT methodology in which the

correlated orbitals are de�ned by a Wannierization of bands crossing the Fermi

level, we neglect full charge self-consistency, and we subtract a double-counting

term from the self-energy. We use empirical interaction parameters and neglect

changes to the interaction parameters associated with phonon displacements for

simplicity. Similar approximations are commonly used in DFT+DMFT studies of

structural deformations [17, 48, 45, 6].

The materials studied in this paper have a single correlated site (a transition metal)

in the undistorted unit cell, with a small number of relevant correlated orbitals
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(partially �lled 3-shells). We consider phonon modes corresponding to lattice dis-

tortions which reduce the translational symmetry of the unit cell, resulting in a

supercell with multiple correlated atoms. We apply the phonon perturbation of

magnitude U to the supercell by adding U �h8– Rej 1
2 ¹maq+̂ ( ¸ ma�q +̂ ( º j 9– Re0i to

the supercell Wannier Hamiltonian. Here, U represents the ratio of the e�ective

atomic displacements in the �nite perturbation to the phonon eigen-displacements,

and the term in the bra-ket is the Wannier basis perturbation caused by a set of

real atomic displacements1 associated with the phonon in question calculated with

DFPT [47] and Wannier interpolation [49].

We perform DFT+DMFT calculations with the perturbed and unperturbed Hamil-

tonians and extract the self-energies corresponding to the inequivalent sites in the

perturbed supercell (̂� ?� ¹lº) and unperturbed supercell (�2=¹lº). The self-energy

term of the EPC in Eq. 4.3 is then calculated from the di�erence between the two

aforementioned sets of site-dependent self-energies, up-folded into the band basis

as



q<k¸q

�
� maq�̂ ¹lº jq=ki D•2•=

1
U#4

Õ

Re

4�8q�Re

� * y
<8¹k ¸ qº h8– Rej �̂ ?� ¹lº � �̂ 2=¹lº j 9– Rei * 9=¹kº– (4.6)

where *¹kº are the transformations between the Wannier and Bloch basis and U is

chosen to be small enough to generate a good approximation to the derivative. Note

that in this procedure the Wannier basis is held �xed.

Here we have used standard 4-ph Fourier transform conventions [49] but with

the simpli�cation that the DFT+DMFT self-energy is local and therefore non-zero

only for Re = Re
0. The DFT+DMFT EPC is then calculated with Eq. 4.3 using

Eq. 4.6 and


q<k¸q

�
� maq+̂ ( jq=ki D•2•from DFPT (which is interpolated from the

Wannier function form in the standard way [49]). The work�ow for performing

�nite di�erence DFT+DMFT calculations is further explained in the Supplemental

Material (SM) [50].
1The phonon modes studied in this paper have q = �q and thus the corresponding atomic

displacements DRp0` =
q

\
2" 0 l aq

48q�Rpe0`
aq can be written as fully real. However, for a general

phonon, real atomic displacements
q

\
2" 0 l aq

1
2 ¹48q�Rpe0`

aq ¸ 4 �8q�R pe0`
a�q º must be used to obtain a

physical perturbed Hamiltonian. This is described as the real valued displacement �eld in Ref. [49].
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4.2.3 Electron-Phonon Scattering

The EPC calculated in our approach can be used to calculate quantities such as

the electron and phonon scattering rates due to the 4-ph interaction, which are

related to the imaginary part of the 4-ph contribution to the electron and phonon

self-energies. To lowest order, the electron self-energy is a single phonon exchange,

which can be schematically written � = 862� �, where 6 is the EPC, � is the

electron Green's function, and � is the phonon Green's function. When evaluated

with the frequency-dependent DFT+DMFT EPC, DFT+DMFT electron Green's

function, and the non-interacting DFPT phonon Green's function, the imaginary

part is

Im� 4�ph
k–==0¹lº =

�c
# q

Õ

qa<

h
6kq

<=a

�
l �

l aq

2

� �
6kq

<=0a

�
l �

l aq

2

�

� � DMFT
<k¸q ¹l � l aqº»=¹l aqº ¸ 1 � 5 ¹l � l aqº¼

¸ 6 kq
<=a

�
l ¸

l aq

2

� �
6kq

<=0a

�
l ¸

l aq

2

�

� � DMFT
<k¸q

�
l ¸ l aq

� �
=¹l aqº ¸ 5 ¹l ¸ l aqº

� i
• (4.7)

where �¹lº is the spectral function and 5 and = are respectively the fermion and

boson occupation numbers. Eq. 4.7 reduces to the conventional DFT Fan-Migdal

expression if �¹lº is taken to be a Dirac delta function at the band energy and the

EPC is de�ned from+̂ ( only [51, 2]. Previous work also studied 4-ph interactions in

correlated materials using the full DMFT spectral function but the DFPT EPC [52].

Similarly, to lowest order in 6 the 4-ph contribution to the phonon linewidth is given

by a bubble diagram formed from two 4-ph vertices and two electron propagators

(schematically, � = 62� 2) calculated as

Im� 4�ph
aq

�
l aq

�
=

�2c
# k

Õ

<=k

¹
3l

�
�
�6kq

<=a

�
l ¸

l aq

2

� �
�
�
2

� � DMFT
=k ¹lº � DMFT

<k¸q ¹l ¸ l aqº
�
5 ¹lº � 5 ¹l ¸ l aqº

�
• (4.8)

If �¹lº is set to be a Dirac delta function at the band energy and the DFPT EPC

is used, Eq. 4.8 is the conventional expression for the leading order electronic con-

tribution to the phonon linewidth [53, 2]. The importance of using a beyond-DFT

(non-delta function) � was noted in a recent work (which however used the DFPT-

derived EPC) [54].
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In Eqs. 4.7 and 4.8, the EPC depends on one frequency because we have neglected the

dependence on the phonon frequency due to the Born-Oppenheimer approximation.

Since the coupling connects two electronic states that have di�erent frequencies, we

evaluate it at the average of the two electronic frequencies (i.e. l and l � laq) to

avoid biasing the calculation. Because the two frequencies are separated by laq,

this approximation disappears in the laq ! 0 limit. In our calculations, we calcu-

late scattering rates using EPC derived from the real part of maq�¹lº because the

imaginary part is small near the Fermi surface.

We also note that these forms of self-energy have two vertex corrected 4-ph inter-

actions as they come from perturbative expansions in phonon displacements. This

di�ers from the self-energy in the Hedin-Baym equations, due to the latter's self-

consistency [55, 2]. A similar approximation using two screened vertices has been

found to be accurate when considering electronic screening of 4-ph interactions [56]

and shown to be physically correct for the phonon lifetime [34, 57].

The derivation and computational evaluation of these self-energies is further dis-

cussed in the Supplemental Material (SM) [50], as is the e�ect of the frequency

averaging approximation, the use of the DFT vs. DFT+DMFT electronic Green's

functions, and other approximations.

4.2.4 Computational Methods

We calculate the electronic structure, phonons, and EPC using DFT and DFPT with

the Quantum Espresso code [58]. We convert the EPC to the real-space Wannier

basis and interpolate using Perturbo [59]. We use Wannier90 [60] to construct

Wannier orbitals, which are used as the DMFT impurity orbitals. More details on

the parameters used for DFT and DFPT are provided in the SM [50].

All DMFT calculations use TRIQS [62] with the TRIQS/DFTTools and solid_dmft

�rst-principles packages [63, 64]. The lattice Hamiltonian is calculated by inter-

polating the Wannier Hamiltonian and summing over a su�ciently large k�grid

to converge the hybridization. All calculations use the continuous-time quantum

Monte Carlo�hybridization expansion solver (CTHYB) [65, 66], the Held formula

for the double counting correction [44], and Padé analytic continuation. In the

�nite di�erence DFT+DMFT calculations, we use a scale factor of U = 1•2 for the

phonon perturbation for all modes. More details on the DFT+DMFT calculations

are provided in the SM [50].

For SVO we use the experimental lattice parameter of 0 = 3•842 Å [67, 68] in the

%<�3< cubic structure. We compute maximally-localized Wannier functions for the
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three C26-derived orbitals. For the DMFT calculations, we use a Hubbard-Kanamori

interaction Hamiltonian with * = 4•5 eV and � = 0•675 eV. Our DFT, DFPT, and

unperturbed DFT+DMFT calculations in SVO largely follow previous work [12].

For the �nite di�erence DFT+DMFT calculations, we use a 2 � 2 � 2 supercell for

both modes.

For CCO, we use the tetragonal %4•<<< structure with a hole doping fraction of

0.15 holes per stoichiometric unit cell and relaxed lattice parameters of 0 � 0 � 2 =

3.742 Å� 3.742 Å� 3.051 Å. We use an impurity consisting of the 3G2�H 2 Wannier

orbital and a Hubbard interaction. As described below, we perform calculations

with a variety of Hubbard * parameters (3.1, 3.9, and 4.7 eV), and consider di�er-

ent �llings in the rigid band approximation. For the �nite di�erence DFT+DMFT

calculations, we use a 2 � 2 � 1 supercell for both modes.

4.3 Results: SrVO3

4.3.1 Modes and Coupling

SVO is a correlated metal with a cubic perovskite structure and one electron in the

V-C26 orbitals often used as a prototypical example for many-body methods. SVO

stands out as a promising system to study the interplay of 4-4 and 4-ph interactions,

as demonstrated by recent calculations showing 4-ph-induced photoemission kinks

and phonon-limited resistivity above �25 K [12] and experiments showing transport

properties beyond Fermi liquid 4-4 scattering [69]. In the present context, the multi-

orbital electronic structure of the t26 orbitals (respective bands shown in Fig. 4.1(a))

is of interest because it enables investigation of both "Jahn-Teller"-type phonons

that lift the orbital degeneracy and "Holstein"-type phonons that couple mainly to

the on-site charge.

We focus on two representative phonon modes in SVO: an M-point Jahn-Teller

mode which couples to the orbital degree of freedom on each site, and an R-point

breathing mode which couples to the charge degree of freedom on alternating sites.

These modes are indicated on the DFPT phonon dispersion in Fig. 4.1(b), where

color indicates the EPC (averaged over electronic states on the Fermi surface as in

Ref. [12]). Both modes are high-frequency (lM = 64 meV and lR = 90 meV)

optical phonon modes with fairly strong EPC, owing to stretching V�O bonds. The

atomic displacements associated with each mode are illustrated in Fig. 4.1(c,d).

The pattern of O displacements in the M-point Jahn-Teller mode (c) splits the three

t26 orbitals on each V site while maintaining equivalence between all sites (under
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Figure 4.1: (a) Band structure of SrVO3, highlighting in blue the Wannierized t26
bands used in the DMFT calculations. (b) Phonon dispersion of SrVO3, with color
showing EPC averaged on the Fermi surface as in [12]. The " and '-point phonon
modes studied are indicated are indicated by single and double stars, respectively.
Visualizations of (c) the M-point bond stretching mode and (d) the R-point breathing
mode (right) where red atoms are O, light blue are Sr, and dark blue are V.

the combination of translation and c•2 rotation), whereas in the R-point breathing

mode (d), alternating V sites are split but the orbitals on each site remain equivalent.

We perform �nite di�erence DFT+DMFT EPC calculations for both modes and

compare to DFPT. Fig 4.2(a) shows the Wannier basis local EPCh8– 0j maq»+ ( ¸

�¹lº¼ j 9– 0i � where 8– 9 label orbital indices and the site is Re = 0; this quantity pro-

vides a natural comparison between DFT and DFT+DMFT because the DMFT con-
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Figure 4.2: EPC in SVO with DFT and DFT+DMFT. (a) Local EPC in the Wannier
basis for the M-point mode calculated with DFT (dashed lines, maq+ ¹R = 0º)
and DFT+DMFT (solid lines, maq »+ ¹R = 0º ¸ �¹l– R = 0º ¼). (b) DFT and (c)
DFT+DMFT EPC projected onto the quasi-particle bands j6j = ¹

Í
< j6kq

=<a j2º1•2.
(d) Local EPC and band-resolved (e) DFT and (f) DFT+DMFT EPC for the R-point
breathing mode. Calculations shown are for V = 80 / eV.

tribution is local in the Wannier basis. For the M-point Jahn-Teller mode, we �nd sig-

ni�cantly increased EPC to electrons near the Fermi surface. As expected, the mode

splits the dHI and dGI orbitals while leaving the 3GHorbital unchanged. The Wannier

basis local coupling strength is nearly doubled from DFT (44 meV) to DFT+DMFT

at l = 0 (87 mev). The coupling also exhibits a fairly strong dependence on the elec-

tron frequency, increasing in strength with increasing frequency. The band-resolved

EPC calculated with DFT and DFT+DMFT is plotted on the quasi-particle bands

(de�ned as the solutions of det
�
l ¸ ` � Y =kX==0 � Re� DMFT

==0k ¹lº
�

= 0) in Fig. 4.2(b)

and (c), respectively. The DFT EPC shows clear band dependence arising from the

orbital character of the bands and non-local terms in the coupling. This dependence

is maintained in the DFT+DMFT EPC, but there is a clear enhancement of the

coupling strength as well as frequency dependence from the self-energy term.

In contrast to the M-point mode, the R-point breathing mode shows a slight de-

crease in the magnitude of the local EPC, from 58 meV with DFT to 50 meV with

DFT+DMFT at l = 0 eV (Fig. 4.2(d)). Like the M-point mode, the coupling shows

a frequency dependence which tends to increase coupling at higher frequencies, but

exhibits less band and k dependence due to the symmetry of the displacements. The

band-resolved DFT and DFT+DMFT EPC are plotted on the quasi-particle bands
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Figure 4.3: Contribution to the electron scattering rates in SVO calculated using
the DFT+DMFT couplings (solid lines) and DFPT coupling (dashed lines) from (a)
scattering by the M-point bond stretching mode and (b) R-point breathing mode.
The frequency-dependent scattering rates calculated using DFT and DFT+DMFT
EPC are shown as the BZ averaged �Im�¹lº in the Wannier orbital basis for the
3GI•HIorbital for the M-point mode and the 3GH•GI•HIorbital for the R-point mode.

in Fig. 4.2(e) and (f), respectively.

In summary, DMFT signi�cantly increases the coupling of the M-mode which cou-

ples to orbital splitting, but slightly decreases the coupling of the R-mode which

couples to charge disproportionation, and introduces a strong frequency dependence

to the coupling, absent in DFPT or its ¸* and hybrid functional extensions. The

di�erence in correlation e�ects on the EPC for the two modes may be understood in

context of local interactions enhancing orbital �uctuations and suppressing charge

�uctuations in correlated systems. The strong frequency dependence is another

important consequence of correlation physics and will be discussed in more detail

below.
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4.3.2 Electron Scattering

Next, we calculate the scattering of electrons by each of the two phonon modes

studied. The scattering is proportional to the imaginary part of the lowest order

self-energy (Eq. 4.7); we calculate the contributions from the phonon modes studied

using the EPC calculated above. We plot the Brillouin Zone (BZ) averaged part

of this self-energy in the Wannier basis �88¹lº =
Í

k * 8=¹kº� ==0¹k– lº* =08¹kºy in

Fig. 4.3 at several temperatures (the temperature applies to both the DFT+DMFT

calculation and the electron and phonon occupation numbers in Eq. 4.7).

We �nd that the electron scattering near the Fermi energy by the M mode phonon

(Fig. 4.3(a)) is signi�cantly increased when calculated with DFT+DMFT EPC com-

pared to DFT EPC, while scattering by the R mode phonon (Fig. 4.3(b)) is slightly

suppressed, consistent with our calculated coupling strengths. We also �nd a signif-

icantly increased asymmetry between scattering above and below the Fermi energy

due to the frequency dependence of the EPC, with the scattering rate at positive

frequencies enhanced, consistent with the frequency dependence of the EPC. For

both modes, the scattering rate obeys a temperature dependence consistent with

the electron and phonon occupation numbers, with the temperature dependence of

the DFT+DMFT EPC having a minor e�ect (See SM [50]). We note that these

calculations used the DFPT phonon frequency; the phonon frequency enters the

results both via the convention for 6 (Eq. 4.4) and via the phonon propagator. From

these formulae the e�ects of substituting the physical phonon frequencies may be

deduced. Based on a previous study [48], correlation results in a moderate harden-

ing of the optical phonons in SVO, which could suppress scattering independent of

the coupling used.

4.4 Results: CaCuO2

4.4.1 Modes and Coupling

Next, we investigate the EPC in the DFT+DMFT theory of calcium copper oxide

(CCO), a member of the widely studied family of cuprate superconductors. In

cuprate materials, 4-4 interactions are believed to dominate the physics. These in-

teractions have been extensively studied with DMFT, both in the context of minimal

models with a single 3G2�H 2 orbital per Cu site [70, 71, 72, 73, 74, 75, 76] and more

advanced calculations incorporating additional orbitals, dynamically screened inter-

actions, and/or �, [77, 78, 79, 80]. The e�ect of 4-ph interactions in cuprates have

been studied in relation to superconductivity [81, 82], quasi-particle properties [83,

26] including as a potential origin of photoemission kinks [3, 84, 20, 4], and phonon
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softening associated with metal-insulator transition or charge density waves [85, 86,

87, 88, 89, 90]. The cuprates thus provide a useful computational platform to study

many-body e�ects on the EPC in a single-orbital strong correlation context.

CCO is the structurally simplest cuprate-based superconductor. The basic unit is

a �at Cu-O2 plane with a �4 symmetry and a single Cu ion per unit cell. The

interplane coupling is very weak so that the 3G2�H 2 electronic band is nearly two-

dimensional [91, 92]. CCO is insulating in the undoped normal state, but upon hole

doping transitions from insulating to metallic, where a range of doping values in the

metallic phase also show superconducting behavior.

We base our DMFT calculations on a minimal model of the electronic structure

composed of the 3G2�H 2 Wannier orbital, which dominates the electronic structure

near the Fermi energy as shown in Fig. 4.4(a). We calculate the phonon dispersion

and the EPC with DFPT, as shown in Fig. 4.4(b). The two high-symmetry optical

phonon modes which couple most strongly to the 3G2�H 2 band at the Fermi surface

are the X-point half-breathing mode (panel (c)), and an M-point full-breathing mode

(panel (d)) marked by single and double stars in panel (b), respectively. Both modes

involve movement of O atoms in the Cu-O plane as depicted in Fig. 4.4(c) and (d).

We perform �nite di�erence DFT+DMFT EPC calculations on these modes.

4.4.2 *-dependent EPC at 0.15 hole doping

Fig. 4.5 shows the EPC at several * values for 0•15 hole doping, a carrier concentra-

tion at which high T2 superconductivity occurs in some of the cuprate compounds.

We begin by considering the Wannier basis local EPC for * = 3•1 eV, shown in

light blue in Fig. 4.5(a) for the X-point half-breathing mode and Fig. 4.5(e) for

the M-point full-breathing mode. For both phonons we observe that the di�erence

in the EPC at the Fermi level between DFT and DFT+DMFT is small, but that

the DMFT-derived EPC has an extremely strong frequency dependence over a few

hundred meV scale. The highly frequency-dependent EPC combines with the k

dependence already present in DFPT and yields a strong frequency dependence

when projected onto the quasiparticle bands shown in panels (c,d) (X-point mode)

and (g,h) (M-point mode).

We now consider higher *-values. The Wannier local EPC at * = 3.1, 3.9, and 4.7

eV is shown in Fig. 4.5(a) for the X-point half-breathing mode and Fig. 4.5(e) for

the M-point full-breathing mode. While the zero frequency EPC shows moderate

changes compared to the DFT value for all values of U, the frequency dependence
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Figure 4.4: (a) Band structure of CaCuO2, showing the Wannierized dG2�H 2 band used
in the DMFT calculations (teal) and other bands in the DFT calculation (grey). (b)
DFPT-calculated phonon dispersion of CaCuO2, with color showing EPC averaged
on the Fermi surface and studied half breathing (*) and full breathing (**) phonon
modes indicated. Visualizations of (c) the X-point half breathing mode and (d) the
M-point full breathing mode. Cu atoms are shown in teal, O in red, and Ca in
orange.
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Figure 4.5: EPC in CCO with DFT and DFT+DMFT. (a) Local EPC in the Wan-
nier basis for the X-point half breathing mode calculated with DFT (dashed lines,
maq+ ¹R = 0º) and DFT+DMFT (solid lines, maq »+ ¹R = 0º ¸ �¹l– R = 0º ¼) as a
function of electron frequency l at *-values indicated at 0.15 hope doping and
(b) at the �lling values indicated and * = 3.1 eV. (c) DFT and (d) DFT+DMFT
EPC at 0.15 hole doping and * = 3.1 eV projected onto the quasi-particle bands
j6j = ¹

Í
< j6kq

=<a j2º1•2 (e-h). Same as (a-d) but for the M-point full breathing mode.

increases sharply with increasing *. This frequency dependence becomes so strong

that for * = 4.7 eV, the 6loc¹lº varies from 0 to � 2 � 6 ;>2¹l = 0º in a range

of �l aq � 70 meV from the Fermi energy. This indicates the potential for large

adiabaticity in the 4-ph interaction at large *, i.e. because the 4-ph interaction

varies signi�cantly on the scale of the phonon frequency, the approximation of a

static phonon for the purposes of calculating coupling may be insu�cient.

The increasing frequency dependence of 6 can be connected with increasing cor-

relation strength; / decreases from � 0•50 at * = 3.1 eV to � 0•28 at * = 4.7 eV

corresponding to an increased slope in the real part of the self-energy (see SM [50]).

The increasing frequency dependence indicates that the coupling of the phonon to

correlation increases with the degree of correlation. We note that our calculations

show only a moderate change in the l = 0 coupling, although the change might be

larger in more advanced calculations including more orbitals or dynamical screening

(this is discussed in Sec. 4.6).
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4.4.3 Filling-dependent EPC at * = 3•1 eV

The dependence of the Wannier-local EPC on carrier concentration is shown for

* = 3•1 eV in panels (b,f) of Fig. 4.5. The zero frequency coupling shows some

variation as a function of �lling, with generally larger DFT+DMFT couplings further

away from half-�lling. The striking behavior is that for both phonon modes the

frequency dependence has a strong dependence on carrier concentration, with a

large, positive slope at 0•3 and 0•15 hole-doping, then �attening as the carrier

concentration moves across half �lling and then changing sign for increasing electron

doping.

The observed interplay of the carrier concentration and the magnitude and sign of the

frequency dependence suggests a close link between the frequency dependence of 6

and the frequency dependence of the self-energy. For a Fermi liquid, the dominant

feature in the low frequency electron self-energy is a linear frequency dependence,

Re�¹lº = �¹/ �1 � 1ºl, with (in the DMFT approximation) the coe�cient / Ÿ 1

giving the inverse mass enhancement and the quasiparticle weight and /�1 de�ning

an e�ective correlation strength. In the metallic state of a Mott-Hubbard-like system,

the correlation strength increases and / decreases with increasing *. For * values

near the Mott transition critical *, correlation is strongest (and / is smallest) near

half-�lling and decreases with either electron or hole doping. This trend is evident

in our calculated Re�¹lº in CCO (see SM [50]). Because the phonon mode couples

to the site occupancy, it is natural to suppose that the main contribution to maq�¹lº

is via the dependence of / on orbital occupation =, suggesting a contribution to

6 � m/ �1 l
m=

m=
mDaq

. The derivative increases with increasing /�1 (and hence with *),

is small near half-�lling where / passes through a minimum, and has a sign that

depends on the sign of the doping.

This explanation may also apply to SVO, in which the t26 orbitals are at 1•6 �lling

and there is signi�cant particle hole asymmetry.

4.4.4 Phonon Linewidth

As an application of the EPC in CCO, we calculate the *- and �lling-dependent

phonon linewidths Waq for the phonons studied. We evaluate Waq = 2Im� aq¹l aqº

with the phonon self-energy from Eq. 4.8 based on the lowest order phonon self-

energy diagram. The resulting linewidths are plotted in Fig. 4.6(a) as a function of

* and Fig. 4.6(b) as a function of �lling.

The dependence of the linewidth on correlation (*) is opposite for the two phonon

modes. We see that for the M-mode (dark blue), increasing correlation suppresses
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Figure 4.6: Phonon linewidth in CCO (a) as a function of * at 0.15 hole doping and
(b) as a function of �lling at * = 3.1 eV.

the linewidth at �xed doping. However, for the X-mode (dark orange) an increase

with * is found. Here the linewidth re�ects that the correlation increases the

coupling of the X-mode slightly and decreases that of the M-mode slightly.

The linewidth of both phonons increases signi�cantly with �lling for the DFT EPC

(light blue and orange lines) due to the increasing joint density of states at the

wavevectors q as the Fermi energy is raised. When the DFT+DMFT EPC is used

(dark blue and red lines), the trend remains but the linewidths increase or decrease

slightly depending on the change to 6 near the Fermi energy. Experimentally, an

anomalously large phonon linewidth has been observed in La1•85Sr0•15CuO4 at a

q-point between � and X [89], which was not found in DFT based calculations [20].

Future studies with DFT+DMFT may be able shed light on this observation, which

appears to be related to strong correlation.

4.5 Electron-Phonon Coupling in the Impurity Problem

While the main focus of this paper is on the correlation-induced changes in the

lattice EPC, in this section we consider the EPC from the perspective of the quan-

tum impurity model that determines the self-energy within DMFT. We �rst analyze

the hybridization between the impurity and lattice �¹8l=º and its phonon-induced
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Figure 4.7: Impurity problem self-energy and hybridization on the Matsubara axis.
(a) Impurity hybridization and (b) impurity self-energy in SVO at V = 80/ eV. (c-d)
Same for CCO at 0.15 hole doping and * = 3•1 eV. (e) phonon perturbations to the
impurity hybridization and (f) impurity self-energy in SVO. (g-h) Same for CCO.
In all cases, the on-site energy shift is added into the hybridization, and the double
counting is subtracted from the self-energy.

change maq�¹8l =º in order to understand how lattice EPC translates to a coupling

to the correlated local orbitals. Then, we analyze the self-energy �¹8l=º and its

phonon-induced change maq�¹8l =º to understand the interaction contribution to

EPC in terms of changes to dynamical correlation. We work with the Matsubara-

frequency quantities that are direct outputs from our calculations and draw mainly

qualitative conclusions.

In the impurity model, the local orbitals couple to a non-interacting bath of lat-

tice states via a hybridization function �¹8l=º. The hybridization is a frequency-

dependent matrix in the local orbital basis determined through a self-consistency

condition between the impurity and lattice Green's functions. A phonon-induced

change to the non-interacting lattice states maq+KS will therefore translate to a change

to the hybridization maq�¹8l =º. The change in the hybridization function de�nes

the EPC in the impurity model. The in�nite frequency limit of maq�¹8l =º is a real

matrix whose diagonal elements are phonon induced changes in the on-site ener-

gies2, equal to the Wannier-local part of the DFPT EPCh8– 0j maq+ ( j 9– 0i . The
2In some formulations of DMFT the hybridization function is de�ned to vanish in the in�nite

frequency limit and the in�nite frequency limit is included in the static Hamiltonian of the impurity
model. In the present discussion we consider +loc to be part of the hybridization as both it and the
frequency-dependent part of �¹8l=º contribute an EPC in the impurity model.
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frequency dependence of the change in �¹8l=º found in the our calculations re�ects

changes to the hybridization with surrounding sites due to a phonon distortion with

a de�nite wavevector. These changes arise from phonon-induced changes to the

intersite hopping, to in on-site energies on di�erent sites, and to phonon-induced

changes to correlation e�ects. The frequency dependence indicates that the physics

of EPC to a speci�c q-dependent phonon in the DFT+DMFT formalism is in general

richer than models of local EPC.

Fig. 4.7 panels (a) and (e) respectively show the Matsubara-axis hybridization func-

tion for SVO and the changes due to M-mode and R-mode phonon distortions.

For the SVO M-mode, which couples to level splitting between local orbitals,

panel (e) shows that impurity EPC maq�¹8l =º is primarily real. We observe that

Re¹ma@�¹8l =ºº is frequency dependent only below � 0•5 eV. The high frequency

constant value is the DFPT Jahn-Teller coupling that relates atomic motions to the

level splitting; the increase in amplitude at low frequency expresses the physics that

band structure and correlation e�ects enhance the tendency towards orbital order-

ing at the q = M wavevector. For the SVO R-mode, which couples to the total

on-site charge density, maq�¹8l =º is almost frequency-independent, suggesting that

the charge susceptibility in SVO has only a weak momentum dependence.

Panels (c) and (g) of Fig. 4.7 respectively show the Matsubara-axis hybridization

function for CCO and the changes due to X and M-mode phonon distortions. Panel

(g) shows that for the CCO M-mode (which does not break the point symmetry) the

bare coupling is enhanced at low frequencies, indicating that lattice e�ects and non-

local EPC increases the tendency to charge ordering at the M-wavevector. For the

X-mode (which reduces point symmetry from �4 to � 2), the Matsubara frequency

dependence is opposite, indicating that these e�ects suppress the ordering tendency

at this wavevector. In CCO, maq�¹8l =º is moderately renormalized from its bare

DFT value by correlation via the self-consistency condition (see SM [50]).

We now consider the impurity self-energy �¹8l=º and its phonon-induced change

maq�¹8l =º. The self-energy is the sum of a real, frequency-independent contribution

(the Hartree (�� ) and double counting (��� ) terms) and a frequency-dependent part

that originates from the beyond-Hartree many-body dynamics and vanishes in the

in�nite frequency limit. The correlation contribution to the EPC is de�ned in terms

of the changes to the self-energy; in what follows we analyze our results to obtain

insights into the nature of changes.

It is useful to consider the spectral representation linking the imaginary part of the

real frequency self-energy Im�¹lº to the Matsubara axis self-energies,
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Im�¹8l =º = �8l =

¹
3l
c

Im�¹lº

l 2
= ¸ l 2

(4.9)

Re�¹8l =º =
¹

3l
c

lIm�¹lº

l 2
= ¸ l 2

¸ � � � � �� • (4.10)

Note that the 8l= dependence in Re�¹8l=º requires particle-hole asymmetry: if

Im�¹lº = Im�¹�lº, Re�¹8l =º in Eq. 4.10 is frequency independent.

Eqs. 4.9,4.10 show that changes to �¹8l=º can arise from both changes to the

Hartree/DC terms and from changes to Im�¹lº. Frequency-independent beyond-

DFT methods including DFT+* and hybrid functionals give frequency-independent

EPC renormalizations related to those arising here from changes to �� �� �� . These

changes may be thought of as coming from correlation-induced changes in average

local susceptibilities (for example suppression of on-site charge �uctuations by a

repulsive * or correlation-induced enhancements of orbital splitting relating to

correlation-induced orbital order).

Lattice distortion-induced changes to Im�¹lº lead to frequency dependence of

the EPC. To understand the nature of these changes, it is useful to review the basic

properties of Im�¹lº, which may roughly be characterized by an over-all amplitude,

a frequency scale, and a particle-hole asymmetry. For simple moderately correlated

metals at low temperature, we expect Im�¹lº to vanish at zero frequency, to grow

� l 2 at low frequency, pass through maxima at positive and negative frequency

near l � �l 0, and then to decay to zero at high frequency. In this picture, the

particle-hole asymmetry is encoded in di�erent weights at the peaks at �l0 and the

overall scale of the self-energy comes from the peak amplitudes. A simple model

that encodes this physics is

Im�¹lº = ¹ � ¸ 3�ºX¹l � l 0º ¸ ¹ � � 3�ºX¹l ¸ l 0º– (4.11)

where � is an amplitude with dimension of energy squared, l0 is a characteristic

frequency scale, and 3� parametrizes the particle-hole asymmetry. Particle-hole

asymmetry may also manifest as a di�erence in the absolute value of the peak

positions for positive and negative frequency; as will be seen, introducing di�er-

ent frequencies is not necessary for our analysis. The parameters can be �t from

the Matsubara axis data in Fig 4.7, with l0 linked to the frequency scale and �

and 3� setting the magnitudes of Im�¹8l=º and Re�¹8l =º respectively. A rough

measure of the e�ective low-frequency correlation strength is the low-energy mass

enhancement/quasiparticle renormalization /�1 = 1 � mIm�
m8l � �

l 2
0
, so that vanishing
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l 0 causes the e�ective low-frequency correlation strength to diverge. Though sim-

plistic, this model qualitatively accounts for the calculated frequency dependence of

maq�¹8l =º and its simple shape is conceptually con�rmed by preliminary data from

real frequency solvers to be published elsewhere.

For SVO, the self-energy of the undistorted structure, shown in panel (b) of Fig. 4.7

is consistent with this simple picture, with an Im� characterized by a single fre-

quency scale l0 � 1•8 eV and a high degree of particle-hole asymmetry (since the

change in real part of �¹8l=º from high to low frequency
¯

3l
c

lIm�
l 2 � 3�

l 0
is very

similar in magnitude to the maximum value of Im�¹8l= = l 0º =
¯

3l
c

Im�l 0

l 2
0¸l 2 � �

l 0
).

Now consider maq�¹8l =º for SVO shown in Fig. 4.7(f), beginning with the M-

mode. For this mode, there is no change in charge density on the impurity so

maq� DC = 0. We see that maqRe�¹8l =º has only a weak 8l= dependence, meaning

that the phonon-induced change in the self-energy is nearly particle-hole symmetric.

The maq� � is large, about the same size as the static part of ma@�, and acts to amplify

the e�ect of the lattice distortion as expected from the Hartree-level enhancement of

the orbital susceptibility. However, the maqIm�¹8l =º is of comparable magnitude to

the Hartree shift, and has a frequency dependence very similar to that of Im�¹8l=º,

indicating that maq�¹8l =º is in e�ect an increase in � plus a similarly sized Hartree

shift.

The e�ect for the SVO R-mode distortion is di�erent. Because this phonon couples

to the total charge density, the double counting term is a�ected. The real part of

the change in the Matsubara axis self-energy essentially vanishes at high frequency,

meaning that maq� �� and maq� � cancel out. The change in the real part also nearly

vanishes at low frequency, so the change in Im� must be composed of two coun-

terbalancing e�ects which add in the imaginary part and cancel in the real part: a

change in the particle-hole asymmetry and a change in the characteristic frequency.

That ma@Im�¹8l =º decays much more rapidly in 8l= than does Im� also shows that a

change in frequency l0 is an important e�ect. These qualitative considerations are

further supported by the more detailed modeling of the self-energy and its changes

presented in the SM [50].

For CCO, the self-energy of the undistorted structure, shown in Fig. 4.7(d) is

also mainly consistent with this simple picture. The weak low frequency struc-

ture evident in Re�¹8l=º indicates a small amplitude low-frequency contribution

to the self energy, which we do not consider further here. The main feature is

a Im� characterized by a single frequency scale l0 � 1 eV and a lower degree

of particle-hole asymmetry than in SVO (since the change in Re�¹8l=º from
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high to low frequency
¯

3l
c

lIm�
l 2 � 3�

l 0
is about half of the maximum value of

Im�¹8l = = l 0º =
¯

3l
c

Im�l 0

l 2
0¸l 2 � �

l 0
).

Last we consider maq�¹8l =º for CCO shown in Fig. 4.7(h), beginning with the M-

mode. The large amplitude of the change in the real part, and the slower frequency

decay (cf the discussion of the R-mode in SVO) indicates that an important e�ect

of the phonon distortion is a change in particle-hole asymmetry. The more rapid

decrease of the change in the imaginary part indicates that a particle-hole symmet-

ric change in the basic frequency scale is also important. The X-mode exhibits a

smaller but still present change in particle hole asymmetry as well as a change in the

frequency scale. Consistent with the discussion in Sec. 4.4, we see that the phonons

couple to dynamical correlation including particle hole asymmetry and proximity

to a Mott transition.

This qualitative analysis of the self-energy reveals that the phonon-distortion-

induced changes to the self-energy (and therefore the correlation-induced changes

to the EPC) have a dynamical structure that depends on the physics of the material

and the nature of the distortion. Because the phonon distortions can modify the

correlation strength, particle hole asymmetry, and characteristic frequency of the

self-energy in addition to inducing a static shift, a static (Hartree-type) theory of

EPC misses important physical e�ects.

4.6 Comparison to DFPT+* and Previous Studies on Correlation-Modi�ed

EPC

In this section we compare our results to DFPT+* and other previous work, be-

ginning with SVO. Our calculations show increased EPC and 4-ph scattering for

the M-point Jahn-Teller phonon mode which couples to the orbital degree of free-

dom, while a slight suppression is found for the R-point breathing mode. These

e�ects can be qualitatively compared to those found in SVO using DFPT with a

Hubbard correction [12] (di�erences in the interactions, orbitals, and charge self-

consistency between the two calculations mean that the comparison is only qualita-

tive). The Wannier-local EPC for these modes calculated with DFPT, DFT+DMFT,

and DFPT+* are shown in Table I.

DFPT+* predicts some trends consistent with our DFT+DMFT calculations, such

as signi�cantly increased EPC for the M-point mode compared to DFPT. How-

ever, DFPT+* does not capture the frequency dependence of the coupling. One

consequence of this can be seen in the R-point mode: DFPT+* and the l ! 1

Hartree limit of DFT+DMFT both predict slight increases in the coupling strength,
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6loc M Jahn-Teller R Breathing

DFPT 44 meV 58 meV
DFPT+* = 3 eV [12, 93] 73 meV 61 meV

DMFT (l = 0) 87 meV 50 meV
DMFT (l ! 1) 93 meV 60 meV

Table 4.1: Wannier-local EPC in SVO in di�erent approximations. 6Re=0–q
8 9a is a

diagonal matrix of (0, 6, �6) for the M-point mode and (6, 6, 6) for the R-point
mode, where 6 is the value shown. DFT+DMFT calculations shown are at V = 80 /
eV. DFPT+* calculations use atomic orbitals with * = 3 eV and � = 0 [12].

but DFT+DMFT predicts a slight decrease at l = 0 (which is more relevant to

transport). This indicates that the frequency dependence is important because the

EPC of physical interest near the Fermi energy may di�er from that in the static

limit.

In CCO, we �nd that 4-4 interactions have a moderate e�ect on EPC at the Fermi

energy and induce a strong frequency dependence. Some of these results are consis-

tent with previous work in model systems, for example, our �nding that increasing

* decreases the l = 0 EPC for the Holstein-like M-point full breathing mode

agrees with work in a Hubbard-Holstein model using quantum Monte Carlo [32]

and DMFT [42]. Table II lists the Wannier-local EPC in CCO in di�erent approx-

imations, including a DFPT+* calculation. In DFPT+*, the coupling is slightly

increased for both phonon modes compared to DFPT, which can be compared with

the l ! 1 Hartree limit of DFT+DMFT where we �nd large increases for both

modes. In contrast, at l = 0 in DFT+DMFT, the X-mode coupling is slightly

increased while the M-mode coupling is slightly decreased, further demonstrating

the importance of a dynamical treatment of the EPC.

These results also highlight the e�ect of the double counting term in the self-energy.

6loc X Half-Breathing M Full-Breathing

DFPT 70 meV 53 meV
DFPT+* [93] 79 meV 65 meV
DMFT (l = 0) 76 meV 45 meV

DMFT (l ! 1) 117 meV 137 meV

Table 4.2: Wannier local EPC in CCO in di�erent approximations. All calculations
have * = 3•1 eV and 0.15 hole doping. The DFPT+* calculations use atomic
orbitals.

The Hartree contribution to the self-energy from the Hubbard interaction suppresses
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local charge �uctuations and thus decreases the e�ect of "breathing mode" lattice

distortions on the electrons, as observed in model-system studies [32, 42]. However,

the double counting term present in DFT+DMFT substantially changes the in�nite

frequency limit of the self-energy, partially canceling or in some cases outweighing

the Hartree term, consistent with �ndings that the double counting correction in

DFT+DMFT can promote charge ordering [94]. Further explanation of the dou-

ble counting correction as well as tables indicating the contribution of the double

counting potential to the Wannier-local 6, and values of the Wannier-local 6 for other

temperatures in SVO and * and doping values in CCO are provided in SM [50]. In

cases where the Wannierization contains both correlated and uncorrelated orbitals,

the double counting corrections and charge self-consistency may play a more im-

portant role, making these important topics for future investigation.

Recently, �rst-principles calculations using �,-based perturbation theory (GWPT)

have found signi�cantly increased EPC in hole doped La2CuO4 [4] compared to

DFPT, and both GWPT and hybrid functional calculations have found signi�cantly

increased EPC in single orbital bismuthates [14, 15]. These results, which have

been attributed to decreased electronic screening in �, and hybrid functional DFT

compared to semi-local DFT, contrast our �ndings in CCO. While we expect our

DFT+DMFT calculations to better capture local, dynamical correlation, they are

limited by the single orbital impurity approximation and the DFT starting point.

More research is needed to disentangle these e�ects on the 4-ph interactions, and

more realistic impurity construction schemes or methods like �,+DMFT [95, 96]

may help clarify this by including both strong correlation and accurate electronic

screening.

4.7 Conclusion

We have presented a method for calculating the EPC in a correlated material using

DFPT and �nite di�erence DFT+DMFT calculations. We applied this method to

several representative optical phonon modes in two materials of interest: the 3-

band cubic perovskite SVO, for which we compared phonons that couple to orbital

splitting and to on-site density, and the in�nite layer cuprate CCO, a representative

Mott-Hubbard system.

In SVO, we �nd that electronic correlation from DMFT signi�cantly enhances the

EPC at the Fermi level of an M-point bond stretching phonon which couples to the

orbital degree of freedom, while slightly suppressing that of an R-point breathing

mode which couples to the charge degree of freedom. We �nd the same trend in the
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calculated electron scattering rates due to these phonon modes. These �ndings help

to explain the lower resistivity in DFPT-based transport calculations compared with

experiment [12, 69], and highlight the strong e�ect of electronic correlation in the

4-ph interactions of multi-orbital correlated metals.

In CCO, we �nd that correlation within the 3G2�H 2 orbital has a modest e�ect on the

coupling of Fermi surface electrons to full- and half-breathing modes but induces

a very strong dependence of the EPC on electron frequency. A further surprise

is that even though the basic EPC coupling in CCO is Holstein-like (coupling to

density) for both breathing modes, which competes with with correlation (acting

to suppress density �uctuations), the net e�ect of the correlations on the EPC at

the Fermi energy is a slight suppression for the M-full breathing mode but a slight

enhancement for the X-half breathing mode. These di�erences observed between

the two modes suggest that the physics of EPC in the actual material is richer than

implied by simple Holstein-Hubbard-type models.

A remarkable �nding is the signi�cant frequency dependence of the EPC, which

leads to signi�cant di�erences between the value of the near-Fermi surface EPC and

the in�nite frequency (Hartree) limit and produces variation of the EPC over scales

of the order the phonon frequency especially for CCO. This strongly frequency-

dependent EPC is absent in ¸* and hybrid extensions of DFT and may have impor-

tant consequences for physical properties. For example, the associated particle-hole

asymmetry in quasiparticle relaxation times could impact properties like thermo-

electric transport. For instance, a recent experiment unexpectedly found a positive

Seebeck coe�cient in a hole-doped cuprate [97], which the authors explained by

suggesting a greater scattering rate above the Fermi energy than below. This would

be consistent with our �ndings of EPC in hole-doped CCO. Other studies in hole-

doped cuprates [98, 99] have found a transition from negative to positive Seebeck

coe�cient as temperature increases, which were explained by Fermi surface recon-

struction, but could plausibly involve thermal activation of particle-hole asymmetric

4-ph scattering processes. In this context, our �ndings that correlation can induce a

strong frequency dependence in the EPC motivate further studies on the role of this

e�ect on scattering and transport properties.

Taken together, our results highlight the importance of electronic correlation in the

4-ph physics of correlated metals, which leads to signi�cant renormalization of the

couplings at the Fermi surface, a strong electron frequency dependence, and modi�-

cations to physical properties. We also demonstrate the dependence of these e�ects

on the microscopic nature of the electronic states and phonon modes considered.
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A strength of our method is the ability to Wannier interpolate the calculated EPC

to a complete set of bands and k�points. However, it is limited to a small number

of phonon modes and q�points. This indicates the importance of more e�cient

computational schemes to calculate EPC at the DMFT level. Furthermore, our

�ndings call for investigation into the e�ect of di�erent impurity construction and

double counting correction schemes and the development of EPC calculations using

methods such as charge self-consistent DFT+DMFT or �,+DMFT.
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PREDICTING ELECTRON-PHONON COUPLING AND
ELECTRONIC TRANSPORT AT THE MOIRÉ SCALE IN

TWISTED BILAYER GRAPHENE
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and electronic transport at the moiré scale in twisted bilayer graphene�.
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Abstract

First-principles calculations can accurately describe electron-phonon (e-ph) interac-

tions and electronic transport in a wide range of materials, but are currently limited

to unit cells with up to �100 atoms due to computational cost. Here, we develop

an atomistic electronic potential with Holstein- and Peierls-like terms for modeling

e�ph interactions and phonon-limited electronic transport that enables the study of

moiré systems with thousands of atoms per unit cell. This method can accurately

reproduce �rst-principles e�ph coupling and resistivity in graphene and large-angle

twisted bilayer graphene (TBG). Using this approach, we study TBG over a range

of twist angles down to 1.6° (5044-atom unit cell), and report the evolution of e-ph

interactions and phonon-limited resistivity with twist angle. The predicted resis-

tivity increases by two orders of magnitude between 13.2° and 1.6°, driven by the

progressive reduction of the electronic energy scale. Our calculations can predict

key experimental trends in 2.0° and 1.6° TBG, including the resistivity and its de-

pendence on temperature and band �lling. Our work establishes a scalable approach

for quantitative studies of e�ph interactions and transport in moiré materials and

other systems with previously inaccessible length scales.

First-principles calculations of electronic transport achieve predictive accuracy in

classes of materials ranging from metals [1] and semiconductors [2, 3, 4, 5, 6, 7, 8,

9] to complex insulating [10, 11, 12] and metallic oxides [13, 14, 15]. These calcu-

lations combine �rst-principles electronic structure, phonons, and electron-phonon

(e-ph) interactions [16, 17, 18], building on the framework of density functional

theory (DFT) and linear-response DFT [19]. Studies of electronic transport in
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graphene and related systems illustrate these developments: following early analytic

models [20, 21, 22], �rst-principles calculations have studied band renormalization

and electron scattering rates [23, 24], temperature dependent resistivity [25, 26],

and more recently Hall mobility [27], twisted bilayer structures [28], and coupled

electron and phonon phenomena [29, 30, 31].

Electronic transport in twisted bilayer graphene (TBG) has been studied intensely

as the emergent moiré physics leads to unconventional behaviors. Experimental

studies have reported a large resistivity in small-angle TBG over a range of tempera-

tures, electron �llings, and twist angles [32, 33, 34, 35]. Measurements of �2° TBG

have shown power-law resistivity and attributed this behavior to acoustic phonon

scattering [32]. Near the magic angle, observations of )-linear resistivity [33, 34,

35] have been explained in terms of mechanisms including Planckian scattering

and strange metallicity [34, 35], e-ph scattering reminiscent of monolayer graphene

(MLG) [33, 36, 37], and dominant electron-electron scattering [38].

The electronic structure of TBG is challenging to describe [39] due to the combina-

tion of large system size, sensitivity to the atomic structure [40, 41], and correlation

e�ects [42, 43, 44, 45, 46, 47]. Electronic transport poses additional challenges,

including the sensitivity of e-ph interactions to the electronic structure and phonons,

and the need to account for a large number of scattering processes. Although the-

oretical studies in the Boltzmann picture have proposed phonon-limited transport

as a viable explanation for the observed resistivity, these works rely on simplifying

approximations such as Dirac electronic states [36, 48], heuristic e-ph coupling

constants [36, 37, 48], and the inclusion of only intralayer [37, 36, 48] or breathing

and �exural phonons [49].

However, a treatment of e�ph interactions and electronic transport at the moiré scale

with �rst-principles accuracy is still lacking. Despite the development of scalable

approaches for e-ph interactions [50, 51, 52, 53, 54], �rst-principles e-ph calcula-

tions are currently limited to systems with 50�100 atoms in the unit cell [28, 9]. A

relevant example is a recent study of e-ph interactions and transport in large-angle

TBG, which showed that layer-breathing phonons can substantially modify the tem-

perature dependence of the resistivity from the )-linear behavior characteristic of

MLG [28]. Extending these calculations to low twist angles by brute force is not

possible due to the computational cost of linear-response DFT.

In this chapter, we show scalable calculations of e-ph interactions and phonon-

limited resistivity that can reach the moiré scale while retaining near-�rst-principles

accuracy. This is achieved through an electron-lattice potential which generates
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the e-ph coupling, with Holstein- and Peierls like terms parameterized using linear-

response DFT. This method relies on a small number of short-range terms that

depend on the local atomic positions, and can accurately reproduce �rst-principles

e-ph interactions and resistivity in MLG and large-angle TBG, used here as bench-

marks. Our approach enables the study of e-ph coupling and electronic transport

in TBG for twist angles as small as 1.61°, corresponding to moiré unit cells with

thousands of atoms. Our predicted resistivity in TBG, computed in the Boltzmann

picture, increases substantially for decreasing twist angles, mainly driven by a cor-

responding decrease in the electron band velocity. Our calculations achieve very

good agreement with the experimental resistivity at low twist angles, indicating that

the resistivity of TBG is largely phonon-limited down to �2° twist angles despite the

substantial interlayer electronic coupling at such low angles. These �ndings shed

light on the microscopic mechanisms of electronic transport in TBG at a previously

inaccessible length scale, and our approach provides a promising route to study

transport phenomena in emerging moiré material platforms.

Electron-Phonon Coupling in TBG� The e-ph coupling 6<=a¹k– qº is often cal-

culated as a Fourier transform of local real-space contributions [55, 56, 17, 18]:

6<=a¹k– qº =
1
# 4

Õ

8 90

Õ

R4R?

48¹k�R4¸q�R ?º

s
\

2" 0l aq

� e 0`
aq* <8–k¸q h80j mD0`R p

+ j 9R4i * y
= 9–k–

(5.1)

where < and = index electronic bands, 8 and 9 index local orbitals, 0 indexes an

atom with mass "0, ` is a Cartesian direction, k and q are crystal momenta of

electrons and phonons respectively, R4 and R? are corresponding lattice vectors,

* = 9–ktransforms from the orbital to the Bloch basis, laq is the phonon frequency, and

e0`
aq is the phonon eigenvector. The change in Kohn-Sham potential with respect to

atomic motions, mD0`R p
+, is typically computed using density functional perturbation

theory (DFPT). When the e-ph interactions are short-ranged, the sum converges with

only a few terms [55, 56].

To obtain a scalable approach that can reach the moiré scale, we formulate a tight-

binding�style approximation where the e-ph coupling is generated by an electronic

potential,+̂e�ph , written as an operator in the atomic-orbital basis, with onsite and

hopping matrix elements depending on a small number of atomic positions:
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+̂e�ph ¹fr 0Rgº =
Õ

8

n8¹fr 0Rgº2y80280̧

Õ

8– 9–Re

¹C8 9Re¹fr 0Rgº2y8029Re ¸ �•2•º•

(5.2)

Here, 2y8Re
creates an electron in a localized orbital q8Re¹rº = i 8¹r � g 8� R eº, and the

onsite energy n8¹fr 0Rgº and hopping matrix elements C8 9Re¹fr 0Rgº are di�erentiable

functions of the atom positions fr0Rg. The real-space e-ph couplings are then

calculated as

h80j mD0`R p
+̂e�ph j 9Rei = mD0`R p

�
n8X80– 9Re ¸ C8 9Re

�
• (5.3)

In our approach (see end matter), the onsite terms in+̂e�ph are Holstein-like [57],

while the hopping terms are Peierls-like [58] and include 1st-4th nearest intralayer

neighbors and short-ranged interlayer hoppings. Both onsite and hopping terms de-

pend on the positions of nearby atoms in both graphene layers. This provides a ver-

satile ansatz for short-range e-ph coupling, which we parameterize from DFPT cal-

culations; in polar materials, a long-range Frölich term could also be included [59].

In combination with a tight-binding Hamiltonian [40] for electronic structure and

a force-�eld for lattice dynamics [60, 41], this approach enables e-ph coupling and

transport calculations in moiré systems with more than 5,000 atoms. Our Holstein-

Peierls ansatz di�ers from previous calculations of e-ph coupling in TBG based on

derivatives of a Slater-Koster tight-binding Hamiltonian employed to study super-

conductivity and phonon linewidths [61, 62, 63].

Large Angle TBG� First, we benchmark our approach against DFPT-based e-ph

calculations in large angle (21.8°) TBG [28]. Figures 5.1(a) and 5.1(b) compare the

e-ph coupling strength, color-coded on the phonon dispersion, obtained with our

approach and with DFPT. We �nd very good agreement for both optical and acoustic

modes. Importantly, the e-ph coupling is accurately reproduced for the longitudinal

acoustic (LA), transverse acoustic (TA), and layer breathing (LB) modes, which

play a key role in transport in MLG [25] and TBG [28]. The model also captures

the momentum dependence of the coupling, including the reduced e-ph coupling

near � for the 20 meV LB mode and the di�erences between inter- and intravalley

couplings, 6¹K– Kº and 6¹K– K0º.

We additionally compute the temperature dependent resistivity in MLG and in

two large-angle TBG structures (21.8° and 13.2°). Figure 5.1(c) compares results

obtained from our approach with calculations using �rst-principles band structure,
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