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ABSTRACT 

Both conventional and multiple pulse proton NMR studies of the 

compounds H2os3(C0) 10 , H4Ru4{C0) 12 , and H4os4{co)12 as well as multiple 

pulse studies of CaH2, SrH2, and BaH2 are reported. 

Chemical shift tensors for protons directly bonded to heavy metal 

atoms in the metal carbonyl compounds are found to have an isotropic 

value close to that observed in solution and are found to have an aniso­

tropy of less than 30 ppm. The temperature dependent spectra of 

H4Ru4{co) 12 indicates the presence of anisotropic proton reorientation at 

room temperature. The isotropic proton chemical shift for the ionic 

solids CaH2, SrH2, and BaH2 are found in the range a= 0 ppm to 

a= - 10 ppm, and a trend in the isotropic value to shift toward higher 

field as a function of cation electronegativity is noted. 

Structured proton NMR lineshapes, observed by conventional pulse 

NMR, are reported for the metal cluster carbonyl compounds; and the 

results are interpreted in terms of four dipolar coupled spin½ nuclei. 

Contributions to the lineshapes from heteronuclear dipolar interaction 

with a Zeeman perturbed quadrupolar nucleus, indirect nuclear coupling, 

and restricted motion are discussed. 

Two analytical calculations which were developed for interpreting 

the results of the conventional pulsed NMR experiments, but which are 

more generally applicable, are presented. The first is an analytical 

solution to the dipolar coupled four spin½ problem for a parallelogram 

configuration of spins, and the second is a calculation of the hetero­

nuclear dipolar energy for a spin% nucleus in a Zeeman perturbed 

quadrupolar state interacting with spin½ nuclei. 
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Chapter 1 

General Introduction 
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Metal cluster compounds composed of three or more metal atoms bonded 

together 1n a cluster with carbonyls or other ligands bonded to the metal 

atoms have been the subject of many studies recently (see a review by 

Kaesz (l)). There is interest in characterizing both structure and 

motional properties of such compounds; and, in particular, for metal 

cluster hydrides it would be useful to know the location of the hydrogens 

within the molecule and to be able to describe any hydrogen motion which 

takes place. Cluster compounds of the type described in this thesis, 

namely H20s3(C0) 10 , H4Ru4(C0) 12 and H4os4(C0) 12 , which do not crystallize 

well can be studied by means of solid state NMR so such studies can 

provide structural and motional information even for polycrystalline 

materials in contrast to, for example, neutron diffraction studies which 

require single crystals. Thus, solid state NMR studies of the poly­

crystalline metal cluster hydrides H2os3(C0) 10 , H4Ru4(co) 12 and H4os4(C0) 12 , 

which have hydrogens participating in covalent bonds to metals, were 

undertaken. In addition, for contr.!st, the bfoary metal hydrides CaH2, SrH2, 

and BaH2 which are ionic solids were also studied. Such solid state 

studies as presented in this thesis were not done in the past because 

techniques and equipment were not available. However, in recent years a 

new class of experiments has been developed for the study of high 

resolution NMR fn solids. (2,3> These multiple pulse techniques have the 

effect of supressing the homonuclear dipolar interaction which is often 

the dominant one in conventional solid state NMR. Thus it is possible to 

observe other smaller interactions such as the chemical shift. Further­

more, the development of technology for performing the multiple pulse 

experiments has resulted in improved equipment making it possible to 
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obtain more detailed and accurate lineshapes from the Fourier transform 

of the free induction decay than has usually been obtained by conventional 

pulsed NMR. 

Both the dipolar spectra obtained by the Fourier transform of the free in­

duction decay and the chemical shift spectra obtained by multiple pulse studies 

can yield valuable infonnation about compounds containing spin½ nuclei. 

Studies of chemical shift tensor powder patterns yielding information on 

isotropic shifts and chemical shift anisotropies can be interpreted in terms 

of the kind of bonding in which the atom containing the spin½ nucleus is 

involved. Temperature dependent chemical shift powder pattern studies 

can provide information on motional processes that the spin½ nucleus may 

be undergoing,( 2)while dipolar lineshape studies can provide both structural 

and motional information. Both kinds of proton NMR studies have been 

employed in extracting information about the metal carbonyl hydrides 

H2Os3(C0) 1O , H4Ru4(CO) 12 , and H4os4(CO) 12 and the alkaline earth hydrides 

CaH2, SrH2, and BaH2. 

The impact of these studies is twofold. On one hand, the interpre­

tation of the experimental results provides information not readily 

available by other means on structure, bondi ng, and proton ~otion in the 

compounds studied. On the other hand, these are a new class of compounds 

for high resolution solid state NMR studies which also provide model 

systems for dipolar lineshape calculations. 
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These are a new class of compounds for high resolution solid state 

NMR studies in that the hydrogens are directly bonded to metals. To my 

knowledge, only one other multiple pulse study has been carried out on a 

metal hydride, Th4H15 ,( 4) and that particular hydride is metallic whereas 

the compounds reported on here are either covalently bonded molecular 

solids (metal carbonyl hydrides) or ionic solids (alkaline earth hydrides). 

Furthermore, most other high resolution proton NMR studies have confined 

themselves to cases where hydrogens are bonded to elements in the first 

row of the periodic table.( 2,3) (There is one reported case of a 

measurement of a chemical shift tensor for a hydrogen bonded to sulfur in 

H2S. (4)) 

In order to understand how these metal hydrides fit into the scheme 

of things, it is necessary to consider what kind of information is 

available at the present time about chemical shift tensors for hydrogen 

in solids. To date, chemical shift tensor information is largely 

correlative and a number of tensors have been measured which can be 

classified according to the type of bonding in the compound studied. 

Ultimately, it is hoped that accurate experimental chemical shift tensor 

results will aid in theoretical interpretations of bonding. For example, 

it has been suggested theoretically that proton magnetic shielding 

anisotropies may be more sensitive measures of features of hydrogen bonding 

than are isotropic proton shielding constants. (6) Another theoretical 

study suggested that the up field chemical shift noted for protons directly 
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bonded to transition metals might be accompanied by an unusually large 

chemical shift anisotropy (500 ppm). (l) However, if such theories are 

to be tested and developed, it is necessary to have some experimental 

results with which to compare. 

At the present time, published proton chemical shift tensors include 

studies of protons in hydrogen bonds,(2,3,5) protons in methylene groups 

(-cH2),(2,3) protons in alkenes (-CH=CH-)( 2,3) and protons on aromatic 

rings. ( 2
,

3
,

9
) Some general trends have been noted. (2,3) For protons in 

hydrogen bonds the shielding tensor is close to axially synmetric with 

the most shielded component approximately along the hydrogen bond. The 

tensor anisotropy is typically about 20 ppm but has been seen to be as 

large as 34 ppm for ice(s) and 44 ppm for KHF 2.( 3) The isotropic value 

of the tensor is usually in the range cr = - 10 ppm to - 20 ppm. For 

methylene protons the shielding tensors are reported to be axially 

synmetric with an anisotropy of 5 - 6 ppm, and the most shielded direction 

is ·found to be along the C-H bond. Although both methylene protons and 

protons in alkenes have their isotropic chemical shift in the range 

cr = 0 ppm to - 10 ppm and exhibit a similar chemical shift anisotropy, 

the olefinic protons are observed to have a completely nonaxially 

synmetric tensor with the least shielded direction perpendicular to the 

molecular plane. The in plane direction of the tensor components are not 

necessarily correlated with C-H bond directions, but one component is 

sometimes found along the carbon-carbon double bond. Aromatic protons 

also have their isotropic chemical shift in the range cr = 0 ppm to - 10 ppm 

and show a chemical shift anisotropy of about 5 to 6 ppm. (2, 3,S) A more 

thorough listing and discussion of most of these data and correlations can 



-6-

be found in the books by Mehring{2) and Haeberlen.( 3) With the exception 

of the studies of thorium hydride( 4) no reported multiple pulse studies 

have involved systems in which the hydrogen was directly bonded to a metal. 

(Effects other than chemical shift were taken into account in interpreting 

the thorium hydride multiple pulse data, and no chemical shift tensor is 

reported for that compound.(4)) As a result of the studies presented in 

this thesis it is possible to say that the ionic alkaline earth binary 

hydrides CaH2, SrH2, .and BaH2 have their isotropic chemical shift in the 

range o = 0 ppm to - 10 ppm and that any chemical shift anisotropy which 

may be present must be very small. The details are given in Chapter 7 

of this thesis. For the metal carbonyl hydrides (Chapter 5) anisotropies 

of less than 30 ppm are found, and the chemical shift tensor has its 

isotropic value approximately at the same point in the NMR spectrum as is 

observed for these compounds in solution. That is, isotropic values are 

in the range o = + 10 ppm to+ 20 ppm for these compounds. These are 

important results for they show that the cause of the up field shift 

observed for such compounds cannot be attributed to an unusually large 

chemical shift anisotropy. Also, these are the first reported solid state 

chemical shift tensor data for hydrogens covalently bound to metal atoms 

and participating in metal-metal bonds. Thus a basis in experiment is 

provided for the development of theoretical models to explain chemical 

shift tensors in such molecules. 

The results for the dipolar lineshape studies also present a new 

departure for solid state NMR in that the metal cluster compounds provide 

idealized isolated four proton systems arranged in the geometry of a 

parallelogram. A full analytical solution to the problem of four dipolar 
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coupled spin½ nuclei in a parallelogram configuration is presented in 

Chapter 2 of this thesis. The structured lineshapes obtained experimentally 

(Chapter 4) compare well with the results of the calculation thereby 

providing an example of a system of a small number of isolated spins not 

previously studied. 

These calculations have value in interpreting further NMR studies of 

this type since they point to the fact that structured dipolar lineshapes 

observed for polycrystalline samples may well be interpreted in terms of 

homonuclear dipolar coupling of up to four isolated spin½ nuclei just as 

in the past structured lineshapes have been interpreted in terms of two 

and three dipolar coupled spins. (9) However, care has been taken to consider 

other possible sources of the experimentally observed lineshapes, and the 

results of a perturbation calculation of the effect of a nearby nucleus of 

spin 3/2 on a spin½ pair powder spectrum (Chapter 3) shows that, in the 

limit where the spin 3/2 nucleus is in a non-Zeeman quantized state, the 

heteronuclear dipolar interaction between 189os and a proton pair will not 

produce a structured spin½ pair lineshape. 

In addition to providing a contribution to solid state NMR studies 

of small numbers of spins and in addition to furnishing some experimental 

results for compounds of a type not previously studied by means of high 

resolution solid state NMR, these studies provide some specific and 

useful information about the particular compounds studied. 

For the carbonyl hydrides there is interest in knowing both where the 

hydrogens are located structurally relative to each other and what 

motional processes they may be undergoing. 

solid state NMR studies can 

As previously mentioned, 
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address these questions and can provide answers not so readily available 

by other means. For example, until recently x-ray diffraction studies of 

H4Ru4(C0) 12 were not available, but were done on compounds analogous to 

H4Ru4(C0) 12 but with one carbonyl replaced by a large ligand. (lO) This 

has the effect of facilitating crystallization for an otherwise globular 

molecule . By contrast, H4Ru4(C0) 12 is essentially globular and so the 

energy to sit down in one orientation is not greatly different from the 

energy to sit down in some other orientation. The result is that it is 

difficult to obtain single crystals of these cluster carbonyl compounds . 

Thus, only recently has an x-ray diffraction study of H4Ru4(C0) 12 been 

published;(lO) and, to my knowledge, no neutron diffraction results are 

available for this compound. On the other hand, there are several advantages 

of proton NMR studies. The pure compound can be studied in the solid 

state thus eliminating solvent effect. Polycrystalline samples can be 

studied so the simple carbonyl hydride without a large ligand attached 

can be investigated. Indeed, for solid state NMR studies the simpler 

compound having chemically one kind of hydrogen is preferred . Because 

the carbonyls serve to isolate the protons somewhat from neighboring 

molecules, chemical shift spectra and dipolar spectra can yield even more 

details of structure and motion than is usually obtained from the study 

of such spectra in solids. For example , when small numbers of 

synmetrically located isolated spins are involved, such as the protons 

in H4Ru4(C0) 12 , anisotropic reorientations of the spins will result in 

unusual chemical shift powder patterns. (2) Although evidence has been 

given for anisotropic reorientation of protons in tetraruthenium compounds 

in solution (the protons move from one site to another in apparently 

coherent jumps),(l2) the results in Chapter 5 provide the first reported 
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evidence for such reorientation in the solid state. 

Studies of dipolar lineshapes can yield information on internuclear 

distances thus aiding in understanding the structure of compounds con­

taining spin½ nuclei. Usually for compounds such as H4Ru4(C0) 12 the 

proton positions have been inferred from a consideration of the bonding 

and the disposition of the carbonyls in the molecule. For example, as 

the carbonyls are directed over the faces of the near tetrahedron 

fonned by the metal atoms(ll) and as a model for bonding in such compounds 

has a near octrahedral coordination of the metal atom(lJ) it is believed 

that the protons will be edge budging four of the six sides of the near 

tetrahedron in the form of a square. For the compound H2os3(C0) 10 
recently available neutron diffraction data indicate that molecular 

packing results in one short intermolecular proton-proton contact with 

the two close pairs forming a nearly linear configuration of four spins. (l 4) 

Both the square and the line of four spins are special cases of the 

parallelogram. Computer simulated lineshapes using the results of the 

calculation given in Chapter 2 when compared with the experimental line­

shapes given in Chapter 4 are consistent with the geometry of a square of 

protons for the tetrametal compounds. (lS) Similarly, the computer simulated 

lineshapes for a line of four spins formed by two close pairs exhibit the 

features seen in the experimental results for H2os3(C0) 10(lS) and are in 

good agreement with the internuclear distances provided by Sheldrich. (l4) 

Finally, the temperature dependence of the dipolar lineshapes observed 

for the cluster compounds indicates that there is proton motion in solid 

state H4Ru4(C0) 12 over the temperature range 300 K to 220 Kin agreement 

with the chemical shift data. For the two osmium compounds, on the other 
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hand, the dipolar lineshapes were not seen to change from 300 K to 100 K 

and this is taken as evidence for no proton motion sufficient to average 

the dipolar interaction differently over that temperature range. The 

chemical shift spectra for H20s3(co) 10 were not seen to change as a 

function of temperature and substantiate the dipolar lineshape results. 

To su111T1arize, two kinds of metal hydrides have been studied by both 

conventional pulsed NMR and the newer techniques of high resolution 

solid state NMR. The chemical shift results presented here represent the 

first reported studies of that type for compound where hydrogens are 

directly bonded to metal atoms and participating in ionic bonds (alkaline 

earth hydrides) or covalent bonds (metal cluster compounds). The dipolar 

lineshape results have been interpreted in terms of structure, and both 

chemical shift and dipolar spectra have provided evidence for proton 

motion in solid H4Ru4(C0) 12 . Furthermore, analytical calculations were 

developed for extracting structural information from dipolar spectra 

which can be applied to other systems containing small numbers of dipolar 

coupled spins. 
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Chapter 2 

Analytical Solution for a Planar Configuration of 
Four Dipolar Coupled Spin½ Nuclei 

(Chapter 2 is a manuscript of A. T. Nicol and R. W. 
Vaughan which is being prepared for publication.) 
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I. lntroducti on 

This paper details the analytical solution of the dipolar coupled 

four spin~ problem for a parallelogram configuration of spins. Both 

eigenfunctions and eigenvalues for this problem are presented, and 

predicted NMR dipolar spectra for squares and linear chains of four spin 

i2 nuclei are given. Such results are of interest in explaining unusual 

spectra observed in metal carbonyl cluster hydrides (l) and are essential 

for extracting accurate structural infonnation from the data, 

The problem of the magnetic resonance spectra of a small number of 

isolated spin½ nuclei has been considered by many people, Two and three 

spin½ problems have found their way into standard works on magnetic 

resonance(2). The general fonnulation of the four spin½ problem was 

treated early by Itah, et al. (3) and by Bersohn and Gutowsky(4), who 

provide the matrix elements for the general case and then specialize to 

solve for particular geometries. Bersohn and Gutowsky specialized to a 

tetrahedral configuration, and Itoh, et al. specialized to a rectangular 

configuration of spins where two parallel sides of the rectangle are 

much shorter than the other two sides. Later, Eichoff and Zachmann(S), 
starting with the results of Bersohn and Gutowsky, treated the rectangle 

in greater detail and, more recently, Boden and Levine treated the rec­
tangle from another point of view( 6). Unfortunately, there are disagree­

ments between Bersohn and Gutowsky and Itoh, et al. over some of the matrix 

elements of the dipolar Hamiltonian. Our matrix elements agree with 

those of Itoh, et al. and thus solutions obtained for particular geome­

tries(S) which used the Bersch and Gutowsky matrix elements will not 

agree with results reported here. Therefore, in addition to presenting 

an analytical solution for a parallogram configuration of spins, we pre­

sent a detailed development of the general four spin½ problem so that 

sources of disagreement can be indicated. 
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II. Fonnulation of the Problem 

The total spin Hamiltonian for the four spin½ system can be 

written as 

Hz is the Zeeman Hamiltonian given by -yhHQ • I where I= r4 I·, 
- ~ ~ i=l 1 

HA represents any other Hamiltonians such as chemi ca 1 shift indirect 

nuclear coupling or heteronuclear dipolar coupling which can be considered 

to be much smaller than the homonuclear dipolar Hamiltonian. Ho represents 

the homonuclear dipolar Hamiltonian, and since the dipole-dipole energy 

is small compared with the Zeeman energy, the dipolar interaction is 

treated as a perturbation. 

The secular part of the_ dipolar Hamiltonian (that which corrmutes 

with the Zeeman Hamiltonian) can be written in the form 

Ho = r A .. (I.· I.- 3Iz_ I ) i <j , J _, ~J , zj 

where 
2 2 

Aij = L!L (3 cos2e .. - 1) 
2r~. lJ 

lJ 

and where y is the gyromagnetic ratio for the spin½ nucleus, rij is 

the distance between nucleus i and j; and eij is the angle that rij 

makes with the magnetic field. 

(2) 

(3) 

For the four spin½ problem, the Zeeman quantized eigenstates can 

be designated by jm1m~f14> and could also be labeled by M such that 

M = r m.. Since there are no matrix elements of Ho between states of 
i , 

different M, it remains to calculate the matrix elements of Ho within 
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a given M manifold in order to obtain eigenvalues and eigenfunctions 

under the prescription of degenerate perturbation theory. Then, to 

predict spectra, transition matrix elements must be calculated using 

the resulting eigenfunctions. 

III. Matrix Elements of the Oipolar Hamiltonian 

Using Equations (2) and (3) and the lm1m2m3m4basis set, the 

matrix elements of Ho are sunmarized in Table 1. Note that, in this 

representation, the problem of a 16 x 16 matrix is reduced to one 

6 x 6 matrix, two 4 x 4 matrices, and two l x 1 matrices. The matrix 

can be further block-diagonalized by choice of an LSIM representation. 

The representation hash= !1 + !2, ~ = !3 + !4, and!=~+~. The 

transfonnation ts shown in Table 2, The notation is chosen for ease of 

comparison with the works of both Bersohn and Gutowsky( 4) and ltoh, et 
(3) 

al. . Our wi's correspond to those of Bersohn and Gutowsky and 

the alternative ILSIM> notation is used by both sets of authors. 

Matrix elements of Ho in the LSIM represntation are given in Table 3. 

Note that in both choices of basis sets the two 4 x 4 matrices are iden­

tical as are the two 1 x 1 matrices. However, the 6 x 6 matrix obtained 

in the m1m2m3m4 representation breaks down into two unlike 3 x 3 matrices 

in the LSIM representation. 

It is at this point that comparisons can be made amonq the various 

works(3~). We note a disagreement in the matrix elements 

-<OOOOIH0 lll00>, <1121 IH0110ll> and <111IIH0110ll>. Both our work and 

that of ltoh, et al. (3) find the <UOOOIH0 11100> matrix element to be 

zero, contrary to the results of Bersohn and Gutowsky( 4)_ This matrix 
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element occurs in one of the 3 x 3 matrices, the one we designate the 

~,11 , 1/16' 1µ 10 matrix. Also, there is a disagreement in sign of elements 

in the 4 x 4 matrix. Using a particular choice of phase, we have been 

able to get agreement with Itoh, et al. Specifically, we get a 

different sign for the two matrix elements <11211Hol1011> and 

<lllllHollOll> from Bersohn and Gutowsky. This results in a different 

general form of the 4 x 4 secular equation and, of course, different 

eigenvalues. All other discrepancies between our results and that of 

Bersohn and Gutowsky or ltoh, et al. can be attributed to an overall 

change of sign of the wavefunction. Since Eichoff and Zachmann(5 ) used 

the results of Bersohn and Gutowsky for their treatment of a rectangular 

configuration of four spin½ nuclei their results disagree with 

ours for the 4 x 4 matrix and for one of the 3 x 3 matrices. 

Returning to the problem of interest, consider the case of a 

parallogram configuration of four spin½ nuclei. Such a configuration 

wil 1 have 

Al2 = A34 

A13 = A24 
( 4) 

and is illustrated in Figure 1, The matrix elements of the dipolar 

Hamiltonian under the constraint of Equation (4) are given in Table 4. 

The transition matrix elements, <1/lnllxl1/lm>, needed for simulation 

of spectra are given in Table 5. By solving the secular equations, 

obtaining the new eigenfunctions, and using the proper intensities from 

Table 5, 
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we can simulate spectra for single crystals or polycrystalline samples. 

JV. Solution of the Secular Equation 

From Table 4, provides the eigenfunctions 

with eigenvalues 

where the ~i•s are defined in Table 2. 

From Table 4 the ~11 ; ~6• ~lO 3x3 matrix 

provides a secular detenninant of the general fonn 

0-). 

A 

0 

which has roots 

>-1 = 0 

A 

8-A 

C 

0 

C 

0-). 

A = B ± /42+4(A2+C2) 
± 2 

= 0 

(5) 

(6) 

(7) 

(8) 

Using these results, one can obtain the eigenfunctions and they are given 

in Table 6. The appropriate values of A,B,C obtained using Table 4 in 

comparison with Equation (7) are also given in Table 6. 

From Table 4, the secular equation for the ~8, ~g• ~7 3 x 3 matrix 

is seen to be of the form 



C' 

D' 

which has roots 

C' 

A'-). 

D' 

). = A' - C' 
0 

D' 

D' 

8 1-A 

= 0 

-18-

(9) 

(10) 

(11) 

and leads ·to eigenfunctions which are, again, su11111arized in Table 6 along 

with the appropriate expressions for A'. B', C', and D'. 

The results for both 3 x 3 matrices are sufficiently general to be 

applied to any parallelogram of spin½ particles. We note that the 

eigenvalues of the second, more complicated 3 x 3 matrix agree with 

those of Eichoff and Zachmann(S) who started with the same secular equation 

for that case, and the eigenvalues for the simpler 3 x 3 matrix agrees with 

the results of Itoh, et al, (3). Neither of those authors included 

• eigenfunctions in their papers. 

The secular equation obtained from the 4 x 4 matrices of Table 4 is 

of the fonn 

E"->- 0 3D" -3D" 

0 B"-). D" D" 
= 0 (12) 3D" D" A"-). C" 

-3D" D" C'' A'!.). 

This is the general fonn for a parallelogram of spins . Note that 

choosing a square or even a line of four spin½ particles does not 
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simplify this secular equation . 

The expansion of the detenninant(l2) conveniently factors, 

providing 

whence 

2 2 ½ 
:>. = (A"+E"-C") ± {(-A"+E"+C") + 4(18) (D") } 

± 2 

;, 

= (A"+B"+C") ± {(A"-B"-C 11
)
2 

+ 8(0")2} 
2 

2 

(13) 

(14) 

As in previous cases, the secular equation provides the set of linear 

equations leading to the eigenfunctions. The results are sunmarized 

in Table 6 where the appropriate values for A", B", C", D" and E" 

are also given. Note that the new eigenfunctions are designated ~1•. 

These were chosen for convenience in that the ~i• eigenfunctions specialize 

to the ~i eigenfunctions given in Table 2 for certain special cases. 

For example, for certain orientation of a square,~9 is the largest 

admixture in "'9•· This will not be the case for all parallelogram 

configurations in all orientations; however, it does provide a convenient 

notation. The eigenvalues are denoted by E1, so that which eigenvalue 

belongs to which eigenfunction is clear. 

V. Sulllllary and Discussion 

The eigenfunctions and eigenvalues given in Table 6 are a general 
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result for a parallelogram configuration of spin½ nuclei, These 

results, along with the transition matrix elements given in Table 5 can 

be used to predict dipolar spectra for solids containing such configura­

tions of spins. In the most complicated cases the results predict up 

to 24 lines and even what might seem to be a less complicated case, 

that of a straight-line of spins, can produce 24 lines. In the following 

section we treat some special cases showing theoretical results for 

squares of spins in specific orientations and for linear chains for 

which all the internuclear distances may or may not be equal. In a 

companion paper(?) the theory is applied to cases of carbonyl cluster 

hydrides which are believed to have parallelogram configurations of 

spins and for which unusual dipolar spectra have peen observed(l). 

VI. Special Cases 

Figure 1 illustrates the two specific configurations 

considered for this problem, a square and a· straight line of four 

spin½ nuclei. Both geometries are of more than theoretical inter­

est as they can correspond to configurations of spins observed 

experimentally(!)_ 

A. The Square of Spin½ Nuclei in Specific Orientations 

Table 7 sumnarizes the matrix elements for a square of spin ½ 

nuclei. In that case 

Comparison of Table 7 and Table 4 shows no mathematical simplification 

of the general form of the matrices for the square as compared with 

the general parallelogram. However, for specific orientations of a 

square, those for which A14 = A23 , the problem is considerably simplified, 
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Two such-cases are considered, each of which was initially solved 

independently as a test. 

1. Case of a Sgua re of Spin - ½ Nuc 1 ei where A 11 ei j = rr/2 

Consider the orientation of a square in the x-y plane, where, in 

general eij = i and P2(cose .. ) = - ½. The simplifications of the 
lJ 

matrix elements for this particular case are sullll1arized in Table 8. Note 

that the 4 x 4 matrices and one of the 3 x 3 matrices block-

diagonalize to no greater than 2 x 2. For the matrices given in Table 8 

it is straightforward to prepare an energy-level diagram; the left side 

of Figure 2 shows just such a diagram labeled with energies. The upper 

spectrum in Figure 3 illustrates the result. The dashed lines 

correspond to the spectrum of an isolated spin½ pair. 

Note that the case of a square where all eij = ; produces eight 

lines. 

2. Case of a Square of Spin l2 Nucleus Where e12_: f,~13 = 0, and 
TT 

~3 = 81~ 

In this case P12 (cose) = - ½, P13(cose) = + 1, and P23(cose) 

= + ¼. Using this infonnation and the fact that r 12 = r13 = 12 r 14 , 

Table 9 is obtained. Note that there are no matrices larger than 

2 x 2. (If we had not chosen e23 = e14 , the situation would be different.) 

Theresults are used to prepare an energy-level diagram and predicted spectra. 

The energy levels are indicated on the right side of Figure 2 for 

convenient comparison with the results of the last section, and the lower 
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part of Figure 3 illustrates the resulting spectrum which has split into 

ten lines. Again, the dashed line corresponds to the case of an isolated 

spin pair. Note that for general orientations, in which A14 f A23 , we 

cannot expect such simple spectra consisting of only eight or ten lines. 

In particular, examination of fonn of the eigenfunctions given in Table 6 

shows that the degree to which predicted spectra will deviate from the 

simple cases considered depends on the size of (A23-A14 ), which, when 

large, can mix states strongly. 

B. Straight Line of Four Spin ½ Nuclei 

The geometry in which all four spins lie along the same vector 

would appear to offer some simplification. However, as previous 

authors(B-lO have indicated, and as we will show explicitly for the 

four spin problems,almost no simplification occurs. Even 'if one makes 

the rough approximation that all Aij = O for j f i+l, inspection of the 

mathematical form of the resulting secular equations, given in Table 10, 

shows almost no improvement over the general case. From the point of 

view of synthesizing powder spectra, however, there is the decided 

advantage for the problem of a linear chain in that one can factor 

(3 cos2eij - 1) from every Aij since all internuclear vectors make the 

same angle with the field. Using Tables 5 and 6, it is possible to 

simulate spectra for the linear chain, and it is not necessary 

to neglect Aij for which j f i+l. 

It is instructive to consider the relative magnitudes of A12 and 
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and A23 since those quantities, reflect the degree to which a linear 

chain can be thought of as a four spin½ problem or as a problem of two 

proton pairs. 

Case Where A12 = A23 
In this case r12 = r

23 
= r34 . Since, then, r13 = 2r12 we have 

A13 = (½)A12and similarly A14 = ( } 7~ A12 . Letting A = A12 and A13 = (½) A 

but neglecting A14 , and using Table 6 we prepare Figure 4 which shows the 

• energy level splittings and the expected spectra for the case where the 

four spin 12 particles are equidistant and in a straight line. (Figure 4 

also shows cases yet to be discussed.) The lower spectrum in Figure 5 

show the 24 syrrmetrically split lines obtained. The dashed lines drawn 

for comparison correspond to the splitting for an isolated proton pair. 

One can infer from the form of Figure 4b that powder spectra of four spin 

i2 chains will show structure more complex than that observed for spin ½ 

pairs. 

1/3 For this case, the internuclear distance r23 = (2) r12 , In the 

same way as the previous case, under the assumption that A23 = 2A23 = A 

and that we can neglect all other Aij' we obtain the energy level diagram 

given in Figure 4 and the upper spectrum of Figure 5. This case produces 

23 lines that are not spread out over such a wide range, and more impor­

tantly, note the groupi.ng of intense lines in the region of the ideal 

isolated pair spectra (dashed lines). Making the further specialization 

that A12 is much larger than other Aij we obtain results indicated in 

Figure 4, which are the results for isolated spin½ pairs. 
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Although only stick spectra are presented here, one notes that for 

linear configurations as all splittings will have a (3cos28-l) dependence 

(axially synmetric second rank tensor) it is possible to visualize 

powder spectra showing more structure than is usually seen for proton NMR 

dipolar spectra. Such isolated linear configurations will 

give rise to a "dip" in the center of the spectrum, a situation usually 

attributed to isolated pairs. Thus, it would be easy to misinterpret 

experimental results for a four spin½ case in terms of isolated proton 

pairs. Truly isolated. spin ½ pairs powder spectra, for example, are 

expected to exhibit sharp inner peaks with a spacing half that of the 

outer peaks (shoulders)( 2>, and this has been observed experimentally(ll}_ 

On the other hand, features such as broadened inner peaks and high outer 

shoulders at less than twice the inner peak spacing are characteristic of 

linear chains of four spin½ particles. It is necessary to take such factors 

into consideration when trying to extract useful structural information 

from NMR data. 
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8cxaa 
or 

8aao 

aBaa 
or 

8a8E-

cxcx8cx 
or 

88a8 

cxucx8 
or 

8880 

cxB8P 
or 

8cxuu 

( cxcxao.) 
or 

(8888) 

-!:i{-A12-A13-A14 

+A2/A24+A34} 

l--:A12 

½A13 

!.-:A14 
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TABLE 1 

8888 

1 
(--2 l: A.k) 

j<k J 

0 

8cx88 
or 

(lpCX(l 

!,iA12 

-l2{-Al2+A13+A14 

-A23-A24+A34l 

½A23 

l--:A24 

0 

1 
(-2l:Ajk) 

B8a8 
or 

CXC18u 

'aA ' - 13 

½A23 

-½{Al2-Al3+Al4 

-A23 +A24-A34} 

½A34 

888a 
or 

cxaaB 

½A14 

½A24 

½A34 

-½{Al2+Al3-A14 

+A23-A24-A34} 
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TABLE 1 (cont) 

a88a BaBa BaaB aScxR ,aaBB 
I I 

f-½{Al2-Al3 I 

! -Al4-A23 

! 

BBaa i ½A13 l-.,0.23 Wl24 ~.A14 0 

i -A24+A34} ; 
: 

' I 
I 

I ! 

:..i,{-Al2-A13 I 
I 
' aBBa ; l-,A13 +Al4+A23 ! l-,Al2 ; 0 !.J\34 ½A24 

I 
I 

I 
i I I 

-A24-A34} I : 
I 
I 

! I 
! 

-½{-Al2+Al3 
i 

! 
I 

BaBa ½A23 : !.J\12 -Al4-A23 ½A34 0 ½A14 : 

' 
+A24-A34 l: : 

I 

! 
! ' I ' 1- l, {-A12-A13 1 

Baas ! ½A24 0 ½A34 +A14+A23 ll-.A12 ½A13 
: I : 

' 
-A24-A34] 

I 

: 
' '""½{-A1tA13 

aBaB ; ½A14 J.-.A34 0 l!--,Al2 -A14-A23 ll---.A23 
: 

' 
i +A24-A34) ' 
I ' I 

i ! I 

I 
½{Al2-Al3 

i 
aaBB 0 ½A24 ½A14 M13 ll--.A23 -Al4-A23 I 

I 
-A24+A34l : 

I 
I 

I 
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TABLE 3 

1Pt aaaa 

- ½ E A .. 
i <j lJ 

¼ [ A .. 3 -3 -3 
1P2 -4 (Al2 - A34) 472' {Al3+A23 - {A13+Al4 or i<j lJ 4/2 

1P12 
-A14-A24l -A23-A24l 

lj,3 
-¼ {-A12-A34 -1 -1 or 

4~ {A13+A23 - {-A13-A24 
+Al4+A24 4~ 

1P13 +A13+A23l -A14-A24l +A23+A14} 

lj,4 or - ½ Al2 -¼. {Al3-A24 

1P14 
,~, 

+A23+A14l 

1P5 or 
-½ A34 

1P15 
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TABLE 3 (cont) 

-1 { 
- - 2A12-2A34 
2 .,.f 

lj/11 
0 +Al3+Al4 0 

+A23+A24} 

½ r A .. - ~ 
lj/6 i <j , J 4 {A13+A24 

-A14-A23l 

lj/10 
0 

-', {A13+A24 -1 
- {A13+A23 

lj/8 Al2 -A14-A23l 
2.-2 

-A14-A24l 

-1 
lj/9 A34 

- {A23+A24 
2.-1 

-A13-A14l 

-½ {A12+A34 

lj/7 -Al3-Al4 

-A23- A24} 



1/112 or lj/2 

1/113 or 1/13 

1/114 or lj/4 

lj/15 or lj/5 

lj/12= 1112-1> 

1/12= 11121> 

i.,{2A12+2A13 

+A23+A14} 

-31-

TABLE 4 

Matrix Elements for fio for the Case of a Parallogram 

or 

lj/13= 1111-1> 

lj/3=I1111 > 

0 

-1;;{-2A12+2Al3 

+A23+A14} 

lj/14= 1101-1> 

1/14=11011> 

.:1....{A23-A14} 
4>'2 

.:.L_{A23-A14} 
4"2 

-½A12 

lj/15= 1011-1> 

5= 10111> 

.:l._{A14-A23} 
4.-2 

.:.L_{A23-Al4} 
4>'2 

-l;;{-2A13 

+A23+A14} 

-½A12 



l/J11 = 11100> 

l/Jll 0 

ljl16 

l/JlO 

tµ8 + A12 

tµ 9 

ljl7 

-32-

TABLE 4 (cont) 

-1 { - -4Al2+2Al3 
2.-2 

+A14+A23} 

½ {2A12+2A13 

+A14+A23} 

Ip = 10110> 
9 

-½{2A13-A14-A23} 

+ A12 

iµlO = I0000> 

0 

-~{ } 
-4- 2A13-A14-A23 

0 

.:_!_ {A23-A14} 
2 ✓2 

.:_!_ {A23-A14} 
2 ✓2 

-l,{2A12-2A13 

-A14-A23} 



-33-

TABLE 5 

Transition Matrix Elements 

I <ljln I Ix I 1Pm> 12 
Relative 
Intensity 

I <ljll II X I 1P2 > 1
2 

= l<1P161Ixl1P12>l 
2 1 

I <1j,6 II X I 1P2 > 1
2 

= I <ij,61 IX I ij,12> I 2 3/2 

l<ij,3IIxlij,7>l
2 

= 1<'1'71Ixlij,13>1 2 1/2 

l<ij,41Ixll/lg>l 2 = l<1Pgllxl1P14>I 
2 1/2 

l<l/l51Ixlij,9>1 2 = l<1P9 IIx 1.,,15> I 2 1/2 

All other transition matrix elements= 0. 

Note that these transition matrix elements obey the 
selection rules AL= 0, AS= 0, Al= 0, AM= ±1. 
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TABLE 7 

Matrix Elements for the Case of a Square of Spin½ Nuclei 

- 1i_ 2 A
1
.J. - 3 (3cos e .. -1) 

2r.. lJ 
lJ 

or 

r = rl2 = rl3 

rl4 = r23 = ~rl2 = ll r 

lJ,13 or "'s 

lJi12 1.i( -31i.. 3 42 2 
3 (P12+P13) T6 r3 (P23-P14) 16 (P23-P14) 

2r 0 r or 

lJi2 + (P23~14)) 

4 .-2 

2tl{ - 2,1- ~ (P23-P14) lJi13 3 (P12-P13) ~ (P23-P14) 
2r 16r 16r 

or 
- (P23+P14)) 

lJi3 
4.-2 

lJi14 ,2;t Ht - (P23+P14j -:-+ p or 2r 12 2r3 13 
lJ,4 4/! 

lJi15 2,t 
or -:-t- p 
lJ,5 2r 12 



ijill 0 

1ji6 

ijilO 

1ji8 
2112 7 pl2 

r 

1ji9 

1ji7 
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TABLE 7 {cont) 

1ji6 

/-,i2 ~ 2Pl2-Pl3 _ {P23+P14)) 
r3 .,f 8 

-/-ti2 t {P23+P14J --,- pl2+Pl3) + 
r 4 .-f 

1ji9 

-x12 ~ - {P23+P14>} 
r 13 4>'2 

2fi2 4 pl2 
r 

0 

H (-~{ _ {P23+P14>) 
r3 2 13 4.-2 

0 

-ln2 
sr3 {P23-Pl4) 

-xY 
8r3 (P23-P14) 

4 (P12-P13)-
- 2,i2 { (P23+P14) 

r 4"1 



"'2 
or 
"'12 

"-'3 
or 
'P13 

lj/4 
or 
'P14 

"'s 
or 
"'is 
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TABLE 8 

Simplification of the Problem of the Square of Spi n½ Nuclei . 

Special Orientations with Respect to the Field. 

'P1 or "'16 

or 
"'16 

-~ (1 + _l 1 
2r 4~ 

0 

~ 8"1 r 

All eij = -rr/2 

Pij (cose) = -½ 

r = rl2 = ~ r23 

lj/4 or "'14 

0 0 

0 0 

2,,_2 
-x2n2 (1 - _l_] 7r! 4r3 2~ 

rz! 
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TABLE 8 (cont) 

1/111 0 
_ 21t2 [ l ) 
~~ r3 1 - 2~ 0 

1/16 -x2~2 
(1 + _l] ~ ln2 (i __ 1_) 

r 4~ 4r3 2~ 

1/110 
0 

1/19 

1/la 
2f,.2 2"2 [ l } 

-~ ½ 1-- 0 
2 r 2.-2° 

2h2 
1/lg -.L!L 

0 
2r3 

117 
2h2 -.L!!,__ 

4.-Z- r 3 
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TABLE 9 

Simplification of the Problem of the Square of Spin½ Nuclei. 
n n 

Special Orientation with Respect to the Field. 012= 2, 013=0, 823=914= 4 

1/11 or "'16 

"'1 or "'16 

"'2 
#{1+_LJ or 

"'12 4r 4~ 

IJ!3 
or 

1/113 

lj,4 
or 
11114 

1115 
or 
"'is 

0 0 

-x2~2 ~+ _L} 0 
4r 4~ 

2tf 

~ 

P12 (cos8} = - '-a 

P13 (cose) = + 1 

P23 (cose) = + J.. 

r = rl2 

0 

0 

;fr {1 -s~} 

ih2 

4r3 
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TABLE 10 

Matrix Elements for H0 for the Case of a line of Four Spin ½ Nuclei 

~ or lj,12 lj,3 or lj,13 lj/4 or lj/14 lj/5 or lj/15 

ljl, ,lj,12 J. {ZA1z+A23} 0 .:l... Az3 ..1... Az3 4/l 4~ 

-i.. {-2A1z+Az3l 
-1 -1 

lj,3,lj,13 - {Az3l - {Az3l 
4.1° 4~ 

lj/4 ,lj,14 -½ A12 -i.. {Az3l 

ljls,ljl1s -\ A12 
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TABLE 10 (cont) 

"111 0 -1 { 0 - -4A12+A23} 
2 ,.f 

"16 ½ {2A12+A23} -~ 4 {-A23l 

"110 0 

"19 

"1s A12 ½ {A23l .:L {A } 
2n- 23 

"19 A12 .:L {~ } 
2~ 3 

"17 -½ {2A12-A23l 
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Figure Captions 

Figure 1. Proton geometries. 

Figure 2. Energy level diagrams for a square of four spin 1/2 nuclei at 

specific orientations (a) All 8ij = n/2. (b) 012 = n/2, 

013 = 0, e23 = 014 = n/4. Levels are labeled with numbers 

corresponding to subscripts used in text. 

Figure 3. Theoretical spectra for a square of four spin 1/2 nuclei at 

specific orientations. The upper spectrum corresponds to all 

8ij = n/2 and the lower spectrum corresponds to 012 = n/2, 

013 = 0 and 014 = 023 = n/4. The lines are labeled by 

numbers indicating which levels are involved in the transition. 

Figure 4. Energy level diagram for a linear configuration of four spin 

1/2 nuclei. (a) Zeeman levels unperturbed by dipolar inter­

action. (b) Dipolar interaction with A12 >> other A;j 

(isolated spin pairs) (c) A12 = 2A23 . (d) A12 = A23 , 

Figure 5. Theoretical spectra for a line of four spin 1/2 nuclei 

corresponding to cases (c) A12 = 2A23 , and (d) A12 = A23 of 

Figure 4. 
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Chapter 3 

Dipolar Lineshapes of Spin½ Nuclei Interacting with a 
Non-Zeeman Quantized Spin J Nucleus 

(Chapter 3 is a manuscript by A. T. Nicol and R. W. Vaughan 

which is being prepared for publication.) 
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I. Introduction 

This paper deals with the dipolar interaction of a quadrupolar 

nucleus of spin j with nearby spin} nuclei. The fact that one can 

observe lineshape changes in the spectra of a spin} nucleus produced by 

the quadrupolar interactions of a second dipolar-coupled nucleus has been 

discussed previously(i,2>, and the purpose of this paper is to calculate 

explicitly such effects for a spin f nucleus on the dipolar lineshape of 

one or two spin½ nuclei. A number of heavy metal cluster hydrides have 

received recent attention in the literature, and solid state NMR 

in several carbonyl hydrides has been reported( 3)_ Since the carbonyl 

ligands isolate the protons in one molecule from those in another, the 

solid state proton tflR spectra exhibit lineshapes with structural 

features due to only a small number of coupled spins. In addition to 

the proton-proton dipolar interaction, however, a number of the heavy 

metal ions have nuclei with spin and, in most cases, a large quadrupole 

interaction. Thus, a detailed analysis of such hydride spectra involves 

not only the calculation of the lineshapes of a small nwnber of 

interacting spin} nuclei, but also the explicit consideration of the 

effects on such spectra by directly bonded metal nuclei having spin 

greater than} and large quadrupole interaction. The work reported here 

has been perfonned with the osmium and ruthenium carbonyl hydrides in 

mind( 3 >, however, the results are general for any spin f nuclei in a 

Zeeman perturbed quadrupole state. 

The approach used consists, first, of obtaining the correct eigen­

functions for a spin J nucleus in a magnetic field where the quadrupolar 

energy is much greater than the Zeeman energy and the asymmetry parameter 
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is non-zero. For a spin j nucleus Dean(4) provided eigenfunctions for 

the case of zero asynmetry parameter (n) and a1so obtained eigenvalues 

for the case of non-zero asynmetry parameter. We carried the problem 

further since we needed the eigenfunctions for the case of n , O 

in order to calculate heteronuclear dipole-dipole energies for a case 

where the spin/ nucleus is at a site of low synmetry. We then coupled 

the eigenfunctions with those for a single spin½ particle and,subse­

quently, for a spin pair. Using these eigenfunctions, we obtained an 

expression for the spin½ pair energies in a Zeeman field of the fonn: 

2 2 

h.w -(-1,0) -
3 'YI n 2 YIYs 

YI hH + -4 -r ( 1-3 cos o) ± .......- f( n, e,,. e' .,•. e" .,") 
o "'I r" • ' IS 

(1) 

(2) 

where o = the angle the spin½ internuclear vector111akes with the field 

YI = spin ½ gyromagnetic ratios 

y S = other nucleus gyromagnetic rations (spin ¾> 

r 11 = internuclear distance for spin ½ nuclei 

r IS = distance between spin½ nucleus and spin J nucleus 

e., specify field direction in principal axis system of field 

gradient tensor 

e•,• specify orientation of first spin½ nucleus in principal axis system 

of field gradient tensor 

8"cf' specify orientation of second spin½ nucleus in principal axis system 

of field gradient tensor 
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n = the asy11111etry parameter . 

The following two sections describe the derivation of equations 

(1) and (2). First (section II). the eigenfunction for a spin f nucleus 

for which HQ>> Hz and n i Oare obtained. Then (Section III) the 

dipole-dipole energies between the spin f nucleus and spin½ nuclei 

are obtained. 
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II. Eigenfunctions for a Nucleus of Spin¾ 

A. Matrix Elements of the Quadrupolar Hamiltonian 

Cohen and Reif(S) tabulated the matrix elements of the qua-

drupolar Hamiltonian 

where 

<m' IHqlm> = A<m'l(3I~ - !2) v0 + (l+lz + 121+> v_1 
+ (1_1 2 + 121_) v1 + 1!v_2 + I~V21m)> 

A - eQ 
- 41(21 - 1) 

and where 

(3) 

{4) 

{5) 

Q is the quadrupole moment, e the charge on the nucleus, and I the spin 

of the nucleus. Vij is an element of the electric field gradient tensor. 

Since the field gradient tensor is a sy11111etric second-rank tensor 

of zero trace, it has, in general, five independent elements. However, 

if we transform to the principal axis system of the electric field 

gradient tensor, x, y, z, the expressions {5) become: 

{6) 
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By convention, we define two new parameters q and n such that 

eq = V (7) zz 

and n is called the asy11111etry parameter. The principal axis system is 

usually chosen such that 

(9) 

whence 

(10) 

We cannot use this convention in our development, and in a more general 

choice of the orientation of the principal axis system we have 

-co ~ n. ~ co ( 11) 

In the principal axis system of the field gradient tensor, and 

using (6), (7), and (8) along with the properties of raising and lowering 

operators, (3) yields 

<m I HQ Im> = Aeq [31n2 - I (I + 1] (12) 

<m±2IHolm> = ~ ~I +m)(I +m-1)(1 :!: m+l)'(I ± m+2>fs (13) 

The case to be considered here is that for spin f. for which (12) and (13) 

specialize to 

(14) 
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(15) 

B. Eigenvalues and Eigenfunctions for the Spin j System with Large 

Quadrupolar Interaction and Small Zeeman Interaction 

We wish to obtain the eigenfunctions for the case where n IO and 

there is a small Zeeman perturbation present . In order to do this. we 

will build up from simpler cases which have been discussed thoroughly by 

Dean( 4) and by Das and Hahn( 6 >. The early development of this section 

parallels parts of Das and Hahn and, where convenient. uses the same 

notation. This method of building up insures that one never has to solve 

a larger than 2 x 2 determinant. Table 1 outlines the development and 

also sunmarizes the results we will obtain. and Figure 1 illustrates the 

results schematically. 

1. T) = 0, H = 0 z-

We start with the II.m> eigenfunctions of !2 and 12 • which for a spin 

j will be designated by IJ>. I- j>, I½>, I-½> from which. using (14) 

and (15) we obtain the well-known quadrupolar energies for this case(
6
) 

3 3 3 • 3 
<2IHol2> = <- 2IHol- 2> = 3Aeq ( 16) 

1 1 1 1 
<2IHol2> = <- 2IHol- 2> = - 3Aeq (17) 

There are two doubly degenerate levels separated by 6Aeq = e2aQ/2 . 

Note that the definition of "A" used here is that of Cohen and Reif( 5) 

and not that of Das and Hahn(6l. However. we simplify intermediate 
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calculations by defining 

a= 3Aeq 

3 1 1 3 Again starting with the basis states 1'2">• 12>, I- 2>, I- 2> we 

obtain the same results from (14), namely equations (16) and (17); 

however, now (15) yields the following non-zero matrix elements: 

<¾ I HQ I- ½> = 2A ff V 2 

<- ¾IHol½> = 2A $ v2 

1 3 ,,.-
<2-IHQ I- 2> = 2A "~ V2 

<- ½1H01J> = 2A $ v2 

(18) 

(19) 

Each of the matrix elements of (19) can be expressed in tenns of 1 an 

by using equations (6),(7), and (18). Table 2 shows the 4 x 4 matrix to 

be solved in order to obtain the eigenfunctions for this case. The con­

veniently block diagonal matrix of Table 2 yields two identical secular 

equations leading to the eigenvalues 

parameter but no Zeeman perturbation: 

for the case of finite asynrnetry 

To obtain the eigenfunctions we use an orthononnal form for 

solution for 2 x 2 synmetric real matrices. We obtain 

(20) 
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ljla = cossll> + sinSI- ½> = A312 

ll'b = - sins!¾>+ cossl- ½> = B_ 112 

ljlc = cossl- J> + sins!½>= B_ 312 

ljld = - sinSI- }> + cossl½> = A112 

tan2S = ~ n 

(21) 

(22) 

and Am• ~mare the notations of Oas and Hahn( 6 ) for these states. The 

subscri~t indicates what state is obtained in the absence of an asynmetry 

parameter. Dean( 4) has written (21) in a slightly different, but 

entirely equivalent, fonn. 

Algebraic manipulations yield 

1 ~ + (1 + n
2
/3)J

12 
½ COSS= - - - - -

ll (1 + n2n>½ 
sins= L [_ (1 + n213)½ - l.J. ½ 

1£ ~ o + n2n>½ J 

(23) 

clearly revealing then dependency of (21). Note that for n + 0 we get 

coss = 1, sins= 0, and for n + ± "'• we get coss = sins = _1_ . 
./[" 
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Consider the Hamiltonian 

(24) 

Here the quadrupolar Hamiltonian with zero asynmetry parameter is written 

in the principal axis frame of the field gradient tensor, but the Zeeman 

part of the Hamiltonian is written in the Zeeman frame. As it will be 

convenient to work in the principal axis frame of the field gradient tensor, 

the Zeeman tennis rewritten in that frame, giving 

and is treated as a perturbation on the quadrupolar interaction 

(Hz « HQ). Considering the basis states lj>, I- J>, I½>, I- ½> and the 

perturbation Hamiltonian (25), we see that only the Iz cose tenn of (25) 

produces a first-order energy shift. However, since the±½ states are 

degenerate under the quadrupolar Hamiltonian, it is necessary to apply 

degenerate perturbation theory in that case. Thus, the states I+ J> and 

I-¾> are split so that they have energies 

(26) 

or, explicitly, 

- 3 "'­E ± 3 / 2 = a + 2 yriH0 cose (27) 

For the states I½>, I-½> the matrix of the Hamiltonian HQ+ Hz is 

given in Table 3. The off-diagonal elements were obtained using the 

propertH:s of raising and lowering operators. Note that this matrix is 

Hennitian rather than real symmetric in contrast with the case for non­

zero asy11111etry parameter and no Zeeman interaction. If we choose~= 0, 
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the matrix becomes real synmetric and we obtain the eigenfunctions of Das 

and Hahn( 6 >. This is an oversimplification since we want to be 

able to calculate expectation values of Ix and IY for the spin f nucleus. 

To do this, we would like to have the magnetic field at an arbitrary 

orientation in the frame of the electric field gradient tensor rather than 

along one particular axis. Dean{4 ) gives such a more general case and we 

will give still another. 

The secular equation which is obtained from Table 3 has the solution 

A± = j [¾ - I (I + 1 ~ + 
y"1iHo 1 2 2 ½ 
- 2- cose (1 +(I+ 2) tan e) 

which, for I= f• becomes 

- y1iH 
).± = - a + --y cose 

The eigenvectors can be written in the fonn 

, 1 -i 4> . , 1 
~ = cos0 - -> - e s1n0 -> - 2 2 

where 

tan20'= +(I+½> tane 

The wavefunctions (30) differ in fonn from those of Dan and Hahn( 6 >, 

and the phase factor chosen here differs from that of Dean(4>, but 

(28) 

(29) 

(30) 

(31) 

either ours or Dean's can be shown to be correct. It is not, at first, 

obvious that one requires phase factors (both Abragam( 7 ) and Oas and 

Hahn( 6} omit a phase factor) since we are considering a case of 

axially synmetric field gradient. It would appear that the 4> dependence 
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of H
0 

in the principal axis system of the field gradient tensor could be 

chosen arbitrarily. However, if one wishes to calculate the expectation 

values <Ix> and <ly>• as we ultimately will, neglecting the phase factor 

leads to confusion. Omitting the phase factor amounts to choosing the 

field orientation along x, and calculation of <Ix> and dy> then leads to 

static terms in the expectation value for Ix but not JY. Although this 

may be reasonable physically since we cannot choose in an axially synrne­

tric case where x or y should be located, it gives the artificial 

appearance that x and y are distinguishable. Therefore, we choose to be 

more general. 

Equation (31),which will provide the coefficients in (30) in terms 

of e, is obtained from the simple requirement that 

(32) 

If we expand (32) usinq (30), we obtain 

I 
+i4> 2 1 1 -i4>.2, 1 1 0 = <lj,+ Ho+ Hzllj,_> = e cos 0'<2IHol- 2> - e Sln 0 <- 2lffol2> 

+ sin0'cos0' E- ½lffol- ½> - <½lffol½7 

or from Table 2 

or 

(I + ½> cos20'sine = sin20'cose 

which gives (31). The results given in (30) and (31) can be shown to 

reduce to those of Das and Hahn if we choose a= f - e and let 4> = 0. 
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The results for the axially synmetric case can be used as a check 

on the general case which we will discuss in detail. 

If one lets 

algebraic and trigonometric manipulation yield 

I f - 1 
tan0 = (-­f + 1 )

½ 

which is a well-known result( 4 >. 

(33) 

(34) 

So far, we have discussed results for a special case of the spin j 
problem. Now we will consider the most general case and obtain the 

e.igenfunctions needed for calculating expectation values of Ix, IY, and 1
2

• 

Consider the Hamiltonian 

(35) 

where 

(36) 

is the quadrupolar Hamiltonian, and where 

H
2 

= --,11H0 [1x sine cos~+ IY sine sin~+ 12 cos~ (37) 

is the Zeeman Hamiltonian. Both Hamiltonians are written in the frame of 

the principal axis systems of the field gradient tensor. We use as a 

basis set the eigenfunctions of ·HQ given by (21) which, for convenience 
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of notation, are rewritten as 

_ 3 l 
A3/2 - x1l2> + Yil- "t' 

_ 3 1 8-3/2 - xii- 2> + Y1l2> 
(38) 

_ 3 1 
Al/2 - x2I- 2> + Y2l2> 

_ 3 1 8-112 - X2l2> + Y2I- 2> 

where clearly 

(39) 

These coefficients are given in tenns of n by (23). Since the functions 

(38) represent two sets of doubly degenerate states under H0(n ~ 0), we 

expect that the addition of the Zeeman perturbation will result 1n two 

2 x 2 secular determinants. To write them down we require matrix elements 

of the type 

Inspection of (37) shows that only states Im> where Nn = 0,±1 are 

connected by H
2

• For matrix elements of the type <Am1H2 1Am> and 

<BmlH2 1Bm> we obtain 

<A312IHzlA312> • -yhHo cose [J x~ -½ Y~ "' - <B_3121Hz18-3/2> 
(41) 

<A112IHzlA112> = -yhHo cose t} x~ + ½Y~] = - <B_112IHzlB_112> 
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Similarly, equations (38) and (37) yield 

<A312 IHzl8_312 > = -yhli
0 

sine {x1 y1 ll e-i~ + Yi eH} 

= { <8_312 IHz IA312>) * 

(42) 
* <A112IHzl8-112>" <8_112IHzlA112> 

= -yhH
0 

sine [ >'! x2 y2 e
1++ y~ e-i ♦] 

Recalling that under the pure quadrupolar Hamiltonian the eigenvalues for 
2 ½ 2 ½ A312 and 8

312 
were+ a{l + n /3) and for A

112 
and 8_ 112 were -a{l + n /3) , 

these results, given in Table 4, show that the general form of both 

secular equations is 

A-8-).± C 

= 0 (43) 
* C A+B-).± 

which has the solution 

(44) 

For the A312 , 8_
312 

case we now have, using Table 4 

n2½ (32 12
2 

2 E±3/2 = a(l + 3) ± yhHO <2 xl - 2 Y1) cos e (45) 

• , , •2, ~ .~ ,~ • , 1 • 213 •1,1 cos2~f 

Similarly~ for the A
112

, 8
112 

case, Table 4 yields 

n
2 ½ ( 3 2 1 2 

2 
2 E±l/2 = -a(l + 3) ± yhHO (- 2 x2 + 2Y2> cos e (46) 

.... 2• ~ ~ ,~ • 213 •2 ,: , •• ~r 
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These eigenvalues are in agreement with published results<4• 6 ) although 

there appears to be an omission of the exponent in the last terms of 

equation (46) in the paper of Das and Hahn( 6 >. We now obtain the analytic 

eigenfunctions for this case which have not been published. 

The secular equation of the general form (43) can be solved to 

yield a new basis set of the form 

~A= C' sinalA'> + cosa!B'> 

"'8 = C' cosajA'> - sinalB'> 
(47) 

where C' is a complex coefficient. The requirement <~AIHl"'s>~ 0 provides 

the required parametrization. Specifically, 

* <~AIHl"'s> + (C' sina <A' I+ cos<B' l}H (C' cosalA'> - sinalB'>) 

or 

- C' * sin2a <A' IHIB' > - sina cosa <B' IHl8' > 

With the aid of Table 4 and letting A'= A312 , 8' = 8_312 , we find 

<~AIHl~8> = sina cosa f ,* C' fylrH

0 

cos e (f x~ - ½ y~~ 

-YhH0 cose (J x~ - ½ Y~)) 
+ C' cos2o. tyAH0 sin8 (x1 y1 ~ ei4> + y~ e1j} 
-c* stn2a (-"IN!0 sin8 [x1 y1 I! ••t + ,1 •")) 

(48) 

(49) 

(50) 
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Requiring that (50) be real and that equations (47) are nonnalized, 

we obtain 

Substitution of (51) into (so) yields 

(51) 

-(2 sina cosa)(cose) [ l Xi - ½ Yu = (cos2a - sin2a) 

sfoe . ( 3xj ,( + y 1 + 2.-'l" x1 yf cos2; t 
or 

(52) 

Equations (52), (51), and (47) specify the general form of the ~A and 

~B wavefunctions in tenns of e, ~. and the asy11111etry parameter, n. 

Specifically, as we will show, these are the wavefunctions which specialize 

to IJ> and r ¾> in the case n = 0. 

In an entirely analogous manner we can write down the wavefunctions 

for the states that specialize to~+'~- if n =Oby making use of Table 4, 

nonnalization conditions, and the requirement that the new representation 

be diagonal. 

We get 

(53) 
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where 

(54) 

and where 

(55) 
tan2y = 

We note that equations (55) and (52) for the general case are 

analogous to equation (31) obtained in the axially synrnetric case. We 

can define 

where tan2o is given by (52) and 

where tan 2y is given by (55). 

These definition lead to expressions analogous to the result in 

the axially synmetric case. 
½ 

tano = 0: ~ 
. ½ 

tany = r .!L:!"__ i'\ 
\_h - ;/ 

(56) 

(57) 

(58) 

(59) 

The wavefunctions for the general case of a spin f nucleus where the 

quadrupolar interaction is much larger than the Zeeman interaction and 

where the asynrnetry parameter is not zero are given by equations (53) 

and (47). All the parametrization required to express these functions in 
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tenns of n, the asynmetry parameter, and e and ~. the angles that the 

Zeeman field makes within the principal axis system of the field gradient 

tensor are contained in equations (55), (54), (52), (51), (38),(39)and (23). 

We will now tabulate and discuss the eigenfunctions and eigenvalues. 

C. Discussion of the Eigenfunctions and Eigenvalues 

1. Sunmary of Eigenfunctions 

In order to understand the relationships among the eigenfunctions 

for the various cases, we start with the most generalized. Equations (53) 

and (47) are rewritten with slightly different notation. 

t1f2 = C' sina1A312 > + cosalB_312> 

~i~/2 = C' cosalA312> - sinalB_312> 

+l/Z C" • IA 18 ~III = s,ny 1/2> + cosy -112> 

-112 - C" IA i 18 ~IV - cosy 1/2> - s ny -1/2> 

The superscripts indicate what states are obtained in the limit that 

n = 0 or the Zeeman field is removed. 

Also, recall equations (38) and (39) 

A3/2 = x1lf> + Y1I- ½> 

_ I 3 1 8-3/2 - xl - 2> + Y1l2> 

A112 = Xzl- i> + Yzl½> 

8-112 = Xzli> + Y2I- ½> 

(60) 

(38) 
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Xi = -sins 

where sinS and cosS are given by (23) 
½ 

COSS= _L {J + (1 + n2
/ 3)~ 

ll l (1 + n2!3)½ -J 
2 ~ 1i 

. l tl + n /3) - 11 s 1 n S = - ----,,,--..--
./[ (a + n2t3)½ 

2. Specialization for Zero Asyrrmetry Parameter 

(39) 

(23) 

(51) 

(54) 

We see from (23) that when n =owe get sins= 0, coss = 1 so that 

equations (38) reduce to the eigenfunctions labeled by the subscript. 

For example, A372 + If>. Also note that for n • 0, we obtain C' + e·iqi 

and C" + e•iqi_ Thus, the general case when specialized ton= 0 results 

in 

-3/2 -141 
1
3 I 3 w11 = e cosa !> - sina - 2> 

(61) 
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-112 -i4> 
1
1 . I 1 lj,IV = e cosy 2> - s1ny - 2> 

However, equations (52), (54), and (58) readily show for n = O and e 

finite that 

(62) 

An analogous discussion of equations (55), (57), and (59) shows that lj,~~~ 

and lj,j~12 reduce to lj,+ and lj,-. Specifically, equation (55) shows tan2y = 

-2 tan 8 for n = 0 and equation (57) then provides 

where 
½ 

(h + 1) tany = il=l 

Expressions lj,III and lj,IV of (61) then become 

lj,}{f = e•i~sinyl½> +cosy!-½>= lj,+ 

lj,j~12 = e•it cosy!½> - sinyl- ½> = lj,_ 

(63) 

(64) 

(65) 

if we make the identification y = J - e. (This provides tan20' = - tan2y 
as well as siny = cos0', tane s ctny, et cetera for direct comparison with 
(30) and (31). Further, note that the 

h + 1 3i h - l ~ 1/2 relationships siny = (-2-) and cosy=(~) provide that lj,III and 

lj,j~12 specialize to I½> and I-½>, respectively, when h = 1, i.e., when 

the. 8 dependence is removed. 
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3. Specialization for No Zeeman Interaction, 

If we remove thee and t dependence from the general results. we see 

that equations (51) and (54) provide C' "' C" = 1. Furthennore, the 

elimination of 8 dependence results in sinY = 1, cosy= 0 through the 

relationships 
-1/2 

(59), (57), and (55). Thus, ~}{f reduces to A112 and 

~IV reduces to -B_112 . 3/2 By an analogous argument ~I reduces to A312 
-3/2 and ~II to -8_312 . 

4. Conments on Eigenfunctions 

In Table 5 we illustrate how the wave functions are related in the various 

degrees of perturbation. We do not worry about the overall change of sign 

of a wavefunction in any case. The phase factor in ~A~ e19 [f> is rather 

artificial since, in first order, the IJ> states are not perturbed by a 

magnetic field . More importantly, it does not affect the results of our 

calculations. We will be calculating expectation values <Ix>• <ly> and 

<Iz>using the wavefunctions we have obtained. When doing that we obtain 

both static and oscillatory tenns. We neglect the latter. Because 1}> 

and I- J> are not connected by Ix• Iy• or Iz• the effects of a phase 

factor on one of those states are irrelevant (i.e .• <JIIzl}> 

= <e-it JIIzleit J> but<eit jlixl- }> = 0). This is to be contrasted 

with the result for the states~+ and t_ which are linear combinations 

of I½> and I-½> and so are connected by all three operators. The 

inclusion of phase factors in that case does not change the static term 

in <Iz>; however, it results in a factor of cost in the static part of 

<Ix> and a factor of sint in the static part of ·<Iy> thus reflecting the 

orientation of the field within the frame of the field gradient tensor. 
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D. The Calculation of Expectation Values of I , I , I for a Spin - x-y-z -
in Zeeman Perturbed Quadrupolar States 

If m denotes eigenfunctions of the time-independent Schrodinger 

equation, we can write the general time-dependent solution as 

-iE T/tc 
IJl(T) = r Cm e m Im> 

m 

Then the expectation values of the angular momentum operators will be 

given by 

where i = x, y, z. 

(66) 

(67) 

For our case, using equations (60), we write down the explicit fonn 
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Figure 1, a schematic representation of the evolution of the energy 

levels and wavefunctions, clearly shows the forms of the exponentials. 

We have 

(69) 

and 

(70) 

Equations (69) and (70) show that most of the terms of (68) will be 

oscillating at a rate which effectively eliminates the terms in <Ii (t-)> 

containing exponentials of (70). The remaining terms in <li(T)> are the 

static terms and the terms arising from exponential of 2A312 and 2A112 
given in (69). One might ask whether the terms in AJ/Z and Al/l should 

be considered since they can be zero for certain orientations of the 
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field. However, when the Zeeman splittings are zero, the wavefunctions 

revert to the pure quadrupole limit. In that limit explicit calculation 

shows no static terms in <Ix>• <ly>• or <lz>. Restricting (68) to 

static terms only results in 

Equations (60) yield 

<~Il 1zl~1> = -<~1IIIzl~II> 

( • 2 2 ) (3 2 l 2) = s 1 n a - cos a 2 x 1 - 2 y 1 

<~11Il 1zl~111> = -<~Ivl 1zl~Iv> 

= (cos2y - sin2y) <} { - ½y:) 

Letting 

then (7.l), (72), and (73) yield, for the static expectation value of 

<Iz('t)> 

<lz> = <J x~ - ½y~) (sin2a - cos2a) (a~ - a~) 

+ <½ y~ - f x~) (sin2r - cos2r) (a~ - a:) 

(71) 

(72) 

(73) 

(75) 
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(76) 

(77) 

These results will be employed in the calculation of the dipole-dipole 

energies between a spin f nucleus and spin½ nuclei. 

III. Dipolar Interactions 

A. The Interaction of a Spin l Nucleus with a Single Spin½ 

Nucleus 

So far. we have been discussing the wavefunctions for a spin J 
nucleus for which the quadrupolar energy is much larger than the Zeeman 

energy. We now turn our attention to the question of what effect such 

a quadrupolar nucleus will have on a spin½ nucleus in a Zeeman field. 

The Hamiltonian for the spin½ nucleus can be written as 
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(78) 

where 

(79) 

and 

(80) 

where ~ is the Zeeman Hamiltonian and tt, is the dipo1ar Hamiltonian. 

Suppose we have eigenfunctions for the spin J nucleus. Calling 

those eigenfunctions ~i (i = 1,2,3,4) and treating the dipolar interaction 

as a perturbation, we can fonn product functions with the states a and 8 

of the spin ½ nucleus such that ,if= a~; and '!'f = s~i. Using these, 

we calculate the energy of transition for the spin½ particle 

(81) 

Since energies are expectation values of the Hamiltonian, they are 

independent of the frame of reference chosen for the calculation, and we 

can choose different frames for co~onents of (81). Terms in (81) look like 

= <B'l'il-rhH0 I2 IB~i> + <B~ilH01B~i> 

- 1 - + phH0<~il~;> + <B111;l'blS~i> (82) 

The first tenn in (82) arises because 1
2 

is operating only on states of 

the spin½ nucleus, henceforth denoted as nucleus I. The spin f nucleus 

will be denoted by S. Inspection of (81) and l82) shows that 
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(83) 

where we have evaluated the first term in the Zeeman frame, and we will 

calculate the matrix elements of 'h in the principal axis system (PAS) 

of the field gradient tensor. We already have the ljli 's written in that 

frame. From Figure 2 we would then have 

~ = H

0 
[; sine cos,+ f sine sint + i cose] 

and since only the component of the I spin along the Zeeman field is 

effective, we need only the 1
2 

component transfonned to the PAS frame 

1 = 12 (~ sine cos,+! sine sin,+ € cose] 

Equation (80) can be expressed as 

and matrix elements of the type <tf!H0 1tf> can be written as 

(84) 

(85) 

S 'YJYsh2 3(1 r)(S r) 
E0 = --y<l!i;SI! s- - r3 ~1l!iiS> (87) 

i rIS 

where ~9w l!ii and Sare understood to be in the same frame and in whatever 

frame we choose for "o· 
Making use of the coordinate system shown in Figure 2, we can write 
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Since the I spin is quantized along the field with eigenvalues ± ½ 

we get 

Y1Ysh
2 

{ 1 A " A 

= --;y- 2 (~ sine cos$+ .r sine sin$+ ~ cose) 
IS 

( <S >. ; +<S >. y +<S >. ;) 
X1- Y1- Z1-

3 U; s i n e cos $ + i s i n e sin$ + ~ cos e) 
- 2 

(( <S >. 
l: X 1 

r 

- y , - z , - -; + <S >. Y +<S >. ~) • rJ) 
(89) 

Making use of~= Ir{; sine" cos$'+~ sine' sin$'+~ cose') (90) 

and denoting the angle between~ and~ by y we have 

cosy= cose cose' + sine sine' cos($' - $) (91) 

then (89) becomes 
2 

Ea = YiYsh (l) {<s >. sine cos"'+ <S > sine sin"' + <S >. cose Di r3 2 x , '+' y i '+' z , 
(92) 

- 3 cosy r<S >. s i n e' cos$' + <S >. s i n e' s i n $' + <S >. cos e •)ll 
Cx1 y1 z1 lj 

Equation (92) is general for the heteronuclear dipolar energy 

between a spin½ nucleus, I, and nucleus of spin greater than½, S, however 

written in the principal axis frame of the field gradient tensor. For 

example, we can see that it reduces to a familar form for the case where 

the S nucleus is in a pure Zeeman state. Then in the coordinate system 

which we are using, we would have 



<SX>i = mS . Sine COS$ 
l 

<S > = m sine sin$ y i Si 

-BO-

and, applying equations (91) and (92), we get 

(93) 

(94) 

which is exactly what we expect for a heteronuclear dipolar energy when 

both nuclei are in Zeeman states. Similarly, 
2 

S Y1Ys1! 1 2 
E0 = --3- (- 2 ) (ms ) (1 - 3cos y) (95) 

i r i 

and we have, from (83), for the case where Sis in Zeeman states 
2 

Y1Ys1! 2 
( E 8 - E ) . = ytlH - --3 - (1 - 3cos y) ms . ( 96 ) 

a 1 o r 1 IS 

Since ms. has values - f, -½, ½, J. we .get the familiar result that the NMR 

line of~ spin½ nucleus is synmetrically split by the heteronuclear dipolar 

interaction with a spin J nucleus in the limit Hz>> HQ for the quadrupolar 
nucleus . 

Returning to the case of interest, namely that where HQ>> Hz for the 

spin f nucleus we write, using (81) and (92) 

y y 112 {, 
(E8 - E

0
)i = y~

0 
+ 7 \<Sx>i sine cos~ + <Sy>i sine sin~ 
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Expressions for <Sx>i' <Sy>i' and <Sz>i for the case~>> Hz were given 

in the last section. Referring to that section, one sees that 

(98) 

where j = x, y, z. Thus, in the limit HQ>> Hz for the spin} nucleus, 

it is expected that the heteronuclear dipolar interaction will split the 

line synmetrically. This is a point of interest since the splitting need 
(1,2) 

not be synmetrical in general . 

B. The Interaction of a Spin ¾ Nucleus with an Isolated Spin½ Pair 

The development here parallels that for the previous case, but here 

we want to consider a spin½ pair. In the case where the Zeeman energy is 

much larger than the dipolar energy for a gpin ½ pair, the spin-spin 

dipolar interaction is taken as a perturbation. In that case the 

eigenfunction of the Hamiltonian for the spin pair can be written in the 

form 

I l> = laa> 

I 0> = j_ ( I aS> + I aa> ) 
.'[ 

1-1> = ISS> 

Again, we can form product functions of the type ,~l) = ~ill> 

where the ~i•s are eigenfunctions for the S nucleus. Note that this 

implicitly assumes that the IS dipolar interaction is small compared 

(99) 

to the II dipolar interaction. This will be a good assumption for the 
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applications considered here where the I spins are strongly interacting 

protons and the S spin is a nucleus with a small gyromagnetic ratio 

such as 189os. Only at special orientations where the angular dependence 

makes the II dipolar interaction small will this assumption be invalid. 

The Hamiltonian for the spin pair, written in the Zeeman frame, is 

H=-Y1ii(I +I )+K.. o z1 z2 ·u (100) 

It is easy to see that 

E0 = <'!'~o)IHl'f~o)> = o + <'f'!0>1fnl'1'~0>> (101) 

E = <'l'(l)IHl'f~l)> = -yhH +<'l'(l)IH...1'1'~ 1)> +l i 1 o i ·u l 

and thus we expect 

and 

We need only to calculate the three types of matrix elements of fn in (102) 

to characterize our system. To do that 'n must be written in the proper 

fonn. 

(104) 

or, for three nuclei 
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32 
3{~1·~12>{!;!2·~12> ~1-~3 3{~·~13>(~·~13> 

5 +~- 5 
rl2 rl3 rl3 

{ 105) 

The matrix element of the first tenn of (105), if we take that to be the 

like spin tenn, will yield the familiar result( 7 ) for the dipolar 

splitting 

where 6 is the angle the internuclear vector r 12 makes with the field. 
Specifically. 

<,~-l)IH...l,~-1)> = <,~l)IH... ,,{l)> , ·u , , ·u . 
12 12 1 

{ 106) 

and 

(107) 

It remains to calculate the dipolar matrix elements for the unlike 

spins. By analogy to (88) we may write 
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(108) 

and 

where (n) denotes 1. o. -1. Now since a dipolar interaction term like 

(108) connects only two nuclei at a time. we have the result that 

factors like 

<liJzll> = <a a. Pz ·la a.>=½ 
1 

Similarly. <+lllz j+l> = ½ while 
2 

<-1 II l-1> = <-1 II l-1> = - l z1 z2 2 

(llO) 

Referring to Figure 3 for clarification of notation and recalling the 

results of the single proton case contained in equation (92). we obtain 

l2 f <'l'!-l) IHo l'l'~-l)> = ~ {- ~ <Sx>i sine cost 
13 r13 

(equation 
contir.ues) 
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- 3 cosy (<Sx>i sine' sin¢' + <Sy>; sine' &Os¢' + <Sz>; cose' ~ 
(111) 

where cosy= sine cos¢ sine' cos¢' + sine sin¢ sine' sin¢' + cose cose' 

(112) 

Similarly, 

where 

+ <Sz>i cose - 3 cos2y• 

+ <Sz>i cosell~ 

(<S >. sine" cos¢" + <S > sine" sin¢" 
X l . y i 

( 113) 

cosy' = sine cos¢ sine" cos¢" + sine sin¢ sine" sin¢" + cose cose" 

(114) 

Similarly, we can obtain 

(115) 

and 

(116) 

Also 

( 117) 
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Now using equation (106), (107), and (111) - (117), we can write the 

general expressions for the resonant energies given by (102) and (103). 

Collecting tenns we get 

. ln.2 y y 112 r 
hw(-l,O) = yhH0 + ¾ ~ (1 - 3cos2

o) + 4 lSx>i (sine cost 
rII rl 

-J (cosy sine' cost' + cosy' sine" cost")) + <Sy>i ( sine sin$ 

-J (cosy sine' sin$' + cosy' sine" sin$"~ + <S:?i (cose 

-l (cosy cose• + cosy' cose"))} (118) 

Calling the last tenn in (118) fi (n, e, $,8' ,t' ,e". $") we write 

-v2n2 
1!w1o.l) = yiiH

0 
- ¾--½-- (1 -3 cos 2o) + fi (n,8,t,8' .~• ,e" ,$") (119) 

rll 

Equations (98) together with (118) and (119) reveal the result 

for the case where a coupled spin½ pair is perturbed by a nearby spin 

j nucleus in a Zeeman perturbed quadrupolar state (HQ>> Hz). The spin 

½ pair dipolar split lines are symmetrically split by the heteronuclear 

dipolar interaction. Figure 4 shows a schematic representation of the 

splitting. Note that this result and the similar result of the last 

section imply that the effect on the rtlR spectra of spin½ nuclei of the 

heteronuclear dipolar interaction with a spin J nucleus will be a 

symmetric contribution to the lineshape. This useful result may pennit 

the separation of chemical shift infonnation from heteronuclear dipolar 

broadening systems where the chemical shift causes an asymmetric lineshape 

as is often the case. 
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The results given by equations (118) and (119) are general for 

any orientation of the spin½ pair within the principal axis system of 

the field gradient tensor of the spin f nucleus. 
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TABLE l 

Schematic Representation of the Development of Eigenvalues and Eigenfunctions 

Case l 

H = D z 

n = 0 

Case 2 

H = 0 z 

n "I- o 

Case 3 

n = o 

n "I- O 

Eiaenvalues 

+ 3Aeq 

- 3Aeq 

2 ½ 
+ 3Aeq (l+ r ) 

2 ½ 
- 3Aeq (l+ r ) 

- 3 E±312 = 3Aeq + 2 y1t H
0 

cose 

E±l/2 = -3Aeq + ½ yftHo fl(8) 

2 ½ 
E±312 = 3Aeq (l+ T) + f2(a.~.n) 

2 ½ 
E±l/2 = -3Aeq(l+ T) + f3(a.~.n) 

Eiaenfunction 

II .m> : 1¾> 

If> 

A312• 8-3/2 

A112• 8-1/2 

3 I- 2> 

1 I- z> 

A's and B's are 
linear combinations 
cir Im> and 
Im ± 2> 

1 1 linear combinations of 12>. I- 2> 

linear combinations of A312 • 8_312 

linear combinations of A112 • 8_ 112 



TABLE 2 

The 4 x 4 Matrix for a Spin¾ System under the Quadrupolar Hamiltonian 

with Non-zero Asymmetry Parameter. Basis States are Labeled by the 

m Quantum Number. 

lj> a -1 an 3 

I-½> 1 an -a 

I½> -a I! 
2 an 

I-}> ~ an 3 a 
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TABLE 3 

The Matrix Elements <mlHQ+Hzlm'> for m,m' •± ~- These Matrix Elements 

Are Genera 1 for the Case "Q » Hz, n • 0 and I • Ha 1 f Integer. The 

Orientation of the Magnetic Field within the Principal Axis System 

of the Field Gradient .Tensor is Specified bye and,. 

j [ ¾ - I(I+l~ - Y~o cose 
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TABLE 5 

The Relationship of the Wavefunction under Various Limits of the Perturbation 

n = o l'l .. 0 

.,, = i/2 
A I e·Hlf> A3/2 IJ> 

1j, = .,,-3/2 3 
-B-3/2 

3 
B II - I - 2> - I - 2> 

1/2 
I½> .,,c = lj,111 ~+ Al/2 

1j, = lj,-1/2 
D IV 

.,,_ 
-B-1/2 - I - ½> 
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Figure Captions 

Figure 1. Energy level diagram indicating splittings and eigenfucntions 

for perturbation schemes used. 

Figure 2. The principal axis frame coordinate system with orientation 

of the field and of the spin 3/2 - spin 1/2 internuclear 

vector specified. 

Figure 3. The principal axis frame coordinate system with the orientation 

of the field and of the spin 3/2 - spin 1/2 internuclear 

vectors indicated. 

Figure_ 4. The splitting of the spin 1/2 pair triplet levels by a spin 

3/2 nucleus in a Zeeman perturbed quadrupolar state. 
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Chapter 4 

Proton Dipolar Lineshapes of Metal Cluster Carbonyl Hydrides: 
A Comparison of Theory and Experiment 

(Chapter 4 is part of a manuscript by A. T. Nicol and R. W. 
Vaughan which is being prepared for publication.) 
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I. Introduction 

This paper discusses the proton NMR lineshapes observed for the com-

. pounds H2os3(C0) 10 , H4os4(co) 12 and H4Ru4(C0) 12 . For these solids it is 

shown that the experimental results can be explained on the basis of a 

consideration of a parallogram configuration of dipolar coupled spin 

1/2 particles. 

Metal cluster hydrides have received attention recently and are 

of interest from the point of view of understanding catalysis. For 

example, they can serve as models for dispersed metals on surfaces(2) 

and the metal cluster compounds are of unifonn and definite composition 

and thus more readily characterizable. Thus, there is interest in deter­

mining the structure of such compounds, including the hydrogen locations, 

and in characterizing the nature of hydrogen motion. Proton NMR can 

yield both kinds of infonnation. In order to extract such infonnation, 

however, it is necessary to consider carefully what factors may contrib­

ute to observed lineshapes. From the point of view of theoretical model­

ing these compounds would appear to be ideal in that, within the molecu­

lar unit, they provide systems of two or four spin 1/2 particles effec­

tively isolated from neighboring molecules by carbonyl groups. 
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II. Experimental 

The Fourier transformed free induction decay spectra presented in 

this paper were taken using a pulse spectrometer which has been 

described( 3). T1s for the samples ranged from 1 to 5 minutes and the 

experiments were repeated as a function of pulse rate to eliminate the 

possibility of contributions to the lineshape from components having 

different relaxation times. Adamantane, which produces a symnetrical 

line, was used as a standard for choosing the proper phases and in 

some cases background spectra were run in order to correct for probe 

impurities. 

III. Results of Discussion 

H20s3(C0) 10 
The structure of the H2os3(C0) 10 molecule taken from the work of 

Churchill, Hollander, and Hutchinson( 4) is shown in Figure l(a). Fig-

ure 2 shows the experimental powder lineshape at 300K for this compound 

with a proton pair rigid lineshape superimposed. This lineshape assumes 

an interproton distance of 2.44~. As can be seen, the experimental spec­

trum does not correspond to a rigid lattice proton pair. For a rigid 

isolated pair the separation between the two inner peaks should be half 

the separation of the two outer peaks (shoulders); but we find that the 

in,ner peak separation is somewhat greater than this and that the shoulders 

show greater intensity than expected. 

We discuss a number of possible explanations for the unexpected re­

sults shown in Figure 2. Explanation of the major features of the line­

shape, however, will be seen to result from a consideration of four di­

polar coupled ·spin 1/2 nuclei. Recently available neutron diffraction 
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data(S) indicates that, in the solid state, the molecular packing 

results in one short intennolecular proton-proton distance. We are 

presently awaiting the structural data describing the degree to which 

the four protons may be in a nonlinear configuration. However, we 

would point out that the preliminary results c011111unicated to us by 

Sheldrick(S) indicates intramolecular proton-proton distances of 

2.4R and one intermolecular proton-proton distance of 2.9R with the 

four protons in a nearly linear configuration. 

If we consider two close proton pairs forming a planar parallelo­

gram four spin 1/2 system with the four protons nearly in a straight 

line, we can make a direct coq,arison as we have solved the problem of 

a parallogram of spins analytically( 6). For the linear case where the 

interpair contact is (2) 113 times the intermolecular proton-proton 

distance, the theory predicts a ratio of inner peak to outer peak 

separation of about 0.64 in good agreement with the experimental 

results (~0.61). 

It is necessary, however, to consider what other interactions may 

contribute to the lineshape shown in Figure 2. As 189os(16.1% natural 

abundance) has a large quadrupole moment and the osmium site synmetry is 

lower than cubic, it is likely that the osmium is in a Zeeman perturbed 

-quadrupolar state; and the ability of such non-Zeeman state spins to 
) 

~ 

produce anomolous effects in NMR spectra of neighboring nuclei is well 

documented(l,B). Analytic calculations have been carried out in order 

to test the magnitude of this effect using the results presented in a 

previous paper(l)_ 
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The results of that calculation(!) can be specialized for the molecu­

lar geometry found for H2os3(C0) 10 . The notation used is the same as in 

the previous paper. From a consideration of Fig. l(a) one can see that 

the only syll'llletry element for a basal osmium is the mirror plane lying in 

the plane of the osmium triangle. Let this plane be the x,y plane. The 

z axis is then perpendicular to the osmium triangle, and the interproton 

vector is parallel to z and is bisected by the xy plane. Otherwise, the 

orientation of the proton pair within the principal axis system of the 

field gradient tensor is unspecified. However, calling the distance from 

the osmium to one proton r1 and the other oxmium proton distance r2 
provides 

(1) 

and 

(2) 

11 - e" = e' 

where e' , ♦' specifies the orientation of r1 within the principal axis 

frame of the field gradient tensor, and e", 4>'' specifies the orientation 

~ cos y = cos e cos e' +sine sine' cos(+'-♦) 

cos y' = - cos e cos e' +sine sin e' cos(+'- ♦) 

cos 6 = cos 8 (3) 

and 

cos y +cosy' = 2 sin e sin e• cos ( ♦'- ♦) 

cos y - cosy' ,. 2 cos 8 cos e' 
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where y is the angle between the field and r1, while y' is the angle be­

tween the fieldandr2,and6·representsthe angle between the field and 

the interproton vector. The expression for the heteronuclear dipolar 

energy,(l) fi, can then be written as 

+ <S >. [sine][sin♦ - 3sin2 e' sin♦' cos( ♦'-♦)] y , 

+ <S >. [cose][l - 3cos2e'J z , (4) 

The general fonn for the splitting of the proton pair is now seen to be 

where+ in front of fi indicates the syrrmetric nature of the splitting 

which arises because <Sx>I = <- Sx>Il'(l) etc. 

(5) 

A computer program was written which simulates powder patterns using 

the e*pressions for the splittings which are given by (4), (5), and the 

results of the calculation of the expectation values <Si> in the principal 

axis from of the field gradient tensor. The program allows for various 

choices of e', ♦', and the asynmetry parameter n as well as rH-H and 

rH-Os' A reasonable range of values e' and the internuclear distances 

was chosen, based on available structural infonnation<4,9); and various 

spectra were simulated for a range of choice of n and ♦', Since n was 
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arbitrarily chosen, it was allowed to vary from Oto 100 (100 = w) and 

~• was varied from o0 to 180°. The spectra were not found to vary widely 

for a variety of choice of parameters so long as e' was held close to 

47° (a lower limit for a reasonable e'). If e' was increased the 

peaks of the power pattern were seen to broaden slightly, and the should­

ers became somewhat tapered. However, in no case did the simulated spec­

tra exhibit the features seen in the experimental results. Although the 

inner peaks could be broadened somewhat, no choice of angle or asynmetry 

parameter was seen to produce the high shoulders described previously 

and shown in Figure 2. 

Apparently, although the perturbation of the nearby quadrupolar nu­

cleus may contribute to the broadening of the peaks in the proton pair 

power spectrum in the limit where the spin 3/2 nucleus is in a Zeeman 

perturbed quadrupolar state, it cannot account for the unusual shoulders 

which are observed experimentally in H2os3(C0) 10 . 

Another possible contribution to the experimental lineshape could 

arise out of indirect nuclear coupling. Using the results of the theory 

developed for the non-Zeeman quantized spin 3/2 nucleus it is possible to 

simulate the theoretical spectra expected to result from indirect nuclear 

coupling. Making use of the expression for <I•S> obtained in the dis­

cussion of the dipole-dipole interaction of a spin 3/2 nucleus with a 

spin 1i; nucleus(l), we find that it would require a 1H- 189os coupling 

constant of nearly 5 kHz in order to explain the data. 187os-1H coupling 

constants as large as 34 Hz have been reported(lO), and as 189os has a 

gyromagnetic ratio about 1.8 times larger than 187os one would argue that 

a 189os-1H coup 1 i ng constant might be expected to be less. than 100 Hz. Fur­

thennore, to our knowledge, the largest coupling constants for a proton 
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directly bonded to a transition metal are certain 195Pt-1H coupling con­

stants found to be as large as 1300 Hz(ll), and as 195Pt has a gyro­

magnetic ratio about 2.8 times larger than 189os it is hard to argue that 
189os- 1H coupling constants could be 5 KHz. 

Another possibility is that the unusual features seen in the experi­

mental spectrum for H2os3(C0) 10 might result from the effect of restrict­

ed reorientational motion of the protons. However, the dipolar line­

shape does not change between 300K and 140K and T1's are long (greater 

than 1 minute) thus limiting the nature of possible motions. A highly 

restricted motional process (such as a simple flip of the proton-proton 

vector between two orientations(l2)) in the fast motion limit could be 

present. One can model the effect of such fast motion on the dipolar 

lineship in a general fashion. That is, regardless of the physical model 

for the motion (e.g. three or more potential wells, unequal potential 

wells) one obtains the same mathematical form, namely that of a traceless 

symmetric second rank tensor. The general form of such a tensor would 

predict two sets of shoulders, one high and one low, with the high 

shoulders characteristic of the degree to which the tensor is non-axially 

syrrmetric. We attempted to fit the data to such a tensor as the compo­

nents of the tensor could be parameterized for various specific models 

(such as a double minimum potential) from which one could extract inter-
.i 

proton distances and flip angles . In proton pair powder spectra, there 

is sometimes sufficient broadening to mask the expected low shoulders(13), 

so we considered two cases. In one we let both sets of shoulders be 

present. A fit to the data under this assumption is shown in Figure 3(a). 

In Figure 3(b) is shown a fit where the low shoulders were "pinned" into 

the baseline. Neither result explains the data adequately . In Figure 3(a) 
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the experimentally observed features (shoulders) are completely missed 

by the fit. In Figure 3(b) the fitted shoulders are too broadened and 

the fitted peaks are too sharp. 

One can conclude from this discussion that the observed proton 

lineshap for H2os3(C0) 10 cannot be explained by either a simple two pro­

ton dipolar interaction or a two proton dipolar interaction modified by 

(a) a nearby nucleus in a Zeeman perturbed quadrupolar state, (b) indi­

rect nuclear coupling, or (c) restricted reorientation of the protons. 

However, a recent private co11111Unication of so far unpublished results 

of a neutron diffraction experiment(S) appears to indicate that a short 

internuclear proton-proton vector exists because of packing in the solid 

state. If one assumes a nearly linear arrangement of the four spins, the 

observed spectrum for H2os3(C0) 10 can be explained, as was pointed out 

early in the discussion. We believe that the four proton-proton vectors 

deviate somewhat from a straight line, h0\1ever, and are awaiting that 

data before attempting a fit to the experimentally observed NMR lineshape. 

The structure of H4Ru4(C0) 12 as given by Wilson, Wu, Love, and 

Bau(l4) is shown in Figure l(b). The molecule is composed of a near 

tetrahedron of metal atoms with two short and four long sides. From the 
; 

disposition of the carbonyls over the faces of the near tetrahedron it 

is inferred that the protons areedgebridging the four long sides. Thus 

they would be arrayed in the fonn of a square. There are apparently no 

short intennolecular proton-proton contacts for this compound(l4), so we 

would expect that the observed dipolar spectra results from that of a 

square of spin 1/2 particles. From spectroscope data,Knox et al. (lS) 

have concluded that H40s4(C0) 12 has the same structure as H4Ru4(co) 12 . 
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Figures 4 and 5 show the experimental lineshapes as a function of 

temperature. From the detailed discussion of contributions to lineshapes 

in the H2os3(C0) 10 case we conclude that neither indirect nuclear coupling 

nor the effect of nearby nuclei in Zeeman perturbed quadrupolar states 

will affect the lineshape greatly. On the other hand, there is evidence 

that H4Ru4(C0) 12 is undergoing reorientation at room temperature. In 

Figure 4 the line is seen to broaden at 220K and the central dip in the 

spectrum becomes more pronounced. The lineshape was not seen to change 

below 220K. No attempt has been made to model the apparent motion at 

room temperature as it may be rather complex, involving changes from 

square to tetrahedron to square(l6). For H4os4(C0) 12 • since the lineshape 

is not seen to change from 300K to lOOK,. there can be no motional process 

sufficient to average the dipolar Hamiltonian differently over that tem­

perature range. 

From the experimental results one calculates for H4Ru4(co) 12 a sec­

ond moment of 1.47 gauss2 at 300K and 1.72 gauss2 at 120K. Assuming that 

.1 gauss2 contribution to the second moment from heteronuclear and inter­

molecular effects one would obtain, under the assumption of the geometry 

of a square, interproton distances of 2.87ft at 300K and 2.79ft at 120K. 

The room temperature internuclear distance is probably too long as the 

second~moment value reflects the effects of motion. The internuclear 

distance of 2.79ft is in good agreement with that predicted from the 

structure given by Wilson, Wu, Love and Bau(l4)_ 

Similarly, for H4os4(C0) 12 , both at room temperature and at lOOK 

we obtain a second moment of 1.73 gauss2. Again adjusting that value by 

.1 gauss2 an interproton distance of 2.79ft, under the assumption of the 

geometry of a square, is obtained. 
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Figure Captions 

The structure of H2os3(C0)
49 

as given by Churchill, 
Hollander, and Hutchinson( . The shorter metal-metal 
distance is represented by a heavy line. Filled circles 
represent metal atoms and open circles represent ex­
pected hydrogen locations. 

The structure of H4Ru4(C0) 12 as given by Wilson, Wu, 
Love, and Bau(l4)_ Again, heavy lines indicate shorter 
metal-metal distances and tenninally directed carbonyls, 
directed over the face of the near tetrahedron, are indi­
cated by straight lines. Hydrogen positions are not 
indicated but are believed to edge bridge the four long 
metal-metal bonds. 
The proton, free induction decay lineshape for H2os3(C0) 10 
at room temperature. The dipolar lineshape expected 
for a rigid proton pair is indicated. 

The free induction decay lineshape for H2os3(C0) 10 
with the results of motional models indicated. 

Proton free induction decay lineshapes for H4Ru4(C0) 12 
near 220K and 300K. 

Proton free induction decay lineshapes for H4os4(C0) 12 
near lOOK and 300K. 
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Chapter 5 

The Proton Chemical Shift in Polycrystalline 

HzOS3(C0)10· H4RU4(C0)12· and H40s4(C012) 

(Chapter 5 is a paper by A. T. Nicol and 
R. W. Vaughan which is being submitted to 
the JoU1'1'1aZ of ChemiaaZ Physias.) 
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Introduction 

In recent years it has become possible to measure proton chemical 

shift tensors in solids by multiple ·pulse techniques(1,2>. Such 

measurements have included studies of organic compounds( 3}, hydrogen­

bonded crystals(4), hydrated crystals(5>, or water itself( 6). This 

paper reports proton chemical shift spectra for protons directly bonded 

to transition metals via metal-hydrogen-metal bridge bonds. In solution 

such compounds, in contrast to other materials studied exhibit a large 

positive chemical shift. For example in their review Kaesz and 

Saillant(7) cite an isotropic chemical shift range of r = 15 - 30 ppm 

(a= 5- 20ppm)for hydrogens directly bonded to transition metals with 

those hydrogens bridging metal-metal bonds typically at even higher fields. 

The range for proton chemical shifts for organic liquids is typically 

, - 0-10 ppm (a - -10 - 0 ppm) with similar isotropic values in the solid 

state(l,2). An early theoretical prediction by Buckingham and Stephens(B) 

of the possibility of an unusually large chemical shift anisotropy for 

protons directly bonded to a transition metal (up to 500 ppm) has added 

speculation that such large upfield values for the isotropic values might 

be due to such large anisotropies. 
J .,, 

Experimental 

The spectra presented in this paper were obtained using a spectrom­

eter( 9) and an eight-pulse sequence(lO) which have been discussed. A 

48-µsec cycle time was used for results reported here although some 

36-µsec cycle time data were taken. It was necessary to signal average, 

and spectra were taken on both sides of resonance and reflected in order 
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to determine the proper choice of phase. In some cases the resulting 

spectra were added to improve signal-to-noise. For H20s3(C0) 10 and 

H4Ru4(C0) 12 runs were typically 1-2 hours with 3-5 min pulse rates, 

while for H40s4(C0) 12 data were accumulated over a 24-hour period. 

For temperature control a nitrogen-flow variable temperature probe 

was used, and the temperature was checked before and after each run and 

found constant to within± 1 K. An acetyl chloride sample in a sealed 

spherical NMR tube was used for tuning and confirming proper operation 

of the spectrometer since it is liquid over the temperature range of 

interest (liquid range: -112° C to +50.9° C). The chemical shift of 

acetylchloride relative to a spherical sample of tetramethylsilane was 

determined at room temperature and the result used in assigning chemical 

shifts relative to tetramethylsilane at other temperatures. 

In addition to studying the compounds under the eight-pulse sequence, 

two phase-altered(ll) sequences were used, the effect of which is to sort 

out contributions to the linewidth coming from other than static field 

inhomogeneity. 

The samples used in this study were obtained from Professor J. R. 

Shapley. 
~ 

Results and Discussion 

.!!20s~lO 

The structure of H2os3(C0) 10 taken from the paper of Churchill, 

Hollander and Hutchinson is shown in Figure l(a). The molecule is 

composed of an isosceles triangle of osmium atoms with the proton pair 

bridging the base. The carbonyls in the isolated molecules are 
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syrrrnetrically arranged so that the protons are equivalent, and thus 

the multiple pulse NMR spectrum of a polycrystalline sample would furnish 

a single proton chemical shift tensor. However, in the solid state 

the molecular packing distorts the carbonyls slightly, and there are two 

different kinds of protons. Since the packing distortions are small(l2) 

and one does not expect intermolecular effects on the chemical shift 

tensor to be large, we have fit the spectra to a single proton chemical 

shift tensor. The fact that the isotropic chemical shift found 

(o = 9 ppm at 300 Kand 11 ppm at 230 K) is close to the value 

observed in solution o = 11.7 ppm (1 = 21.7 ppm( 13 ~ is evidence for the 

isolation of the molecular unit in the solid state. 

Figure 2 shows the multiple pulse spectra for H2os3(C0)12 at 300 

and 230 K along with the results of one of the phase-altered sequences(lO)_ 

The similarity of the 230 and 300 K spectra indicate that the protons 

are not involved in a motional process sufficient to average the 

spectrum differently at these temperatures. In addition to an anisotropy 

in the proton chemical shift tensor, a variety of other phenomena could 

be contributing to the observed linewidths of the spectra in Figure 2. 

An estimate of factors contributing to the linewidth other than 
) 

inho~geneity broadening was obtained by performing a phase-altered 

experiment(ll) which has the property of suppressing inhomogeneity 

broadening. The suppression of inhomogeneity broadening was accomplished 

by establishing a vector Hamiltonian (IY) perpendicular to the effective 

precession axis (Ix+ 1
2

) with a phase error in the x pulses. The 

length of this vector Hamiltonian (the size of the phase error) was 

2.5 kHz and thus sufficiently large to average out any inhomogeneity 
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contribution to the linewidths in Figure 2. The Fourier-transfonn of 

the decay observed in the presence of the phase error is plotted on the 

right side of Figure 2 for both the 300K and 230 K spectra, and it is 

seen to be small compared to the multiple-pulse spectra widths. Thus, 

the contributions to the multiple-pulse spectrum can be limited to 

inhomogeneity broadening from the proton chemical shift tensor and the 
189os- 1H heteronuclear dipolar interaction (16.1% of the osmium is 189os, 

a spin 3/2 nuclei with a non-zero magnetic moment). 

The line through the multiple-pulse spectra in Figure 2 is the result 

of a non-linear regressional fit of a single chemical shift tensor with 

a unifonn Lorentzian broadening function to the experimemtal points 

and furnishes principal values for the proton tensor of -4.4 ppm, 

9.9 ppm, and 21.6 ppm± 1.5 ppm at 300 K(l4) and 2.5 ppm, 9,8 ppm, 

and 21.5 ppm± 1 ppm at 230 K. Fitting the spectra in this fashion 

does not rigorously account for the 189os-1H heteronuclear dipolar 

interaction, and the principal values obtained should be considered to 

furnish an upper limit· to the anisotropy of the proton chemical 

shift tensor (we attempt a more complete separation of these effects 

in the discussion of H4os4(C0)12 below). 
J 

~ 

J:4~(C0)12 

The structure of H4Ru4(C0) 12 as given by Bau, et al. (lS) is indicated 

in Figure l(b). The structure is that of a distorted tetrahedron with 

two short and four long metal-metal bonds, and the carbonyls are directed 

over the faces of the near tetrahedron(lS). Within the isolated molecule, 

the carbonyls are sy11111etrically disposed, and even in the solid state 
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there is little distortion(lS)_ 

Figure 3 shows multiple-pulse spectra for H4Ru4(co)12 taken as a 

function of temperature. The center of mass for all such spectra 

ranged from o = 18 to 20 ppm± 2 ppm in close agreement with the observed 

chemical shift for the molecule in solution (T = 28 ppm or o = 18 ppm). 

One notes that the spectrum narrows from 230 K to room temperature and 

then broadens as the temperature goes higher. This same trend was 

observed in data taken over a slightly wider temperature range, 178 -

333 K, at a 36-µsec cycle time. 1H dipolar spectra indicate the 

presence of proton motion(l4) in this temperature range, and the 

multiple-pulse spectra are characteristic of a chemical shift powder 

pattern averaged by a restricted motion of the protons(l), 

~(CO)l2 

Knox, et al. (l3) have concluded that the structure of H40s4(C0) 12 
is similar to that of H4Ru4(C0) 12 from spectroscopic data. Yet, the 

dipolar spectra do not change from 100 K to 300 K(l4), and one 

concludes that the reorientational motion of the protons present in the 

H4Ru4(C0) 12 is not present in H4os4(C0)12 . The multiple-pulse spectrum 
) 

fo r H4os4(C0) 12 at 300 K is reproduced in Figure 4. The center of mass 

of the spectra furnishes an isotropic chemical shift of near 20 ppm 

(T = 30 ppm) in agreement with our earlier estimate<14 >, and the solid 

line representing a nonlinear regressional fit of the spectra to that 

expected from chemical shift tensor with unifonn Lorentzian broadening 

function furnishes principal values indicating an axially synmetric tensor 
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with an asynmetry of 26 ppm and a large Lorentzian broadening function 

of 11 ppm halfwidth . 

As discussed above, both heteronuclear dipolar interactions with 

the 189os and the proton chemical shift tensor contribute to the multiple­

pulse spectrum, and thus the width of the multiple-pulse spectrum 

furnishes an upper limit to the proton chemical shift tensor. However, 

one expects the heteronuclear interaction to broaden the chemical shift 

spectra synmetrically, and thus the asynmetric tensor obtained from 

the c~uter fit to the H4os4(C0) 12 can be associated with a proton 

chemical shift anisotropy, That is, since 189os has a large quadrupole 

moment and is located in a ·molecular site of less than cubic symmetry, 

one can assume that the spin 3/2 189os nuclei will be in a Zeeman­

perturbed quadrupolar state, and we have shown by explicit calculation(l5) 

that the heteronuclear interaction in this limit will broaden the proton 

spectra symmetrically. 
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Figure Captions 

Figure 1 (a) The structure of H20s(C0) 10 as given by Churchill, 

Hollander and Hutchinson(l2) the shorter metal-metal 

distance is represented by a heavy line. Filled circles 

represent metal atoms and open circles represent expected 

hydrogen locations. Tenninally bonded carbonyls are 

represented by straight lines. 

Figure 2 

Figure 3 

Figure 4 

(b) The structure of H4Ru4(co) 12 as given by Wilson, Wu, Love. 

and Bau(lS) _ Again,heavy lines indicate shorter metal­

metal distances and tenninally bonded carbonyls, directed 

over the faces of the near tetrahedron, are indicated by 

straight lines. Hydrogen positions are not indicated but 

are believed to edge bridge the four long metal-metal bonds . 

Multiple-pulse proton spectra for H2os3(C0) 10 at 300 Kand 

230 K. Spectra on the left with the computer fit indicated 

were obtained using the standard 8 pulse sequence while the 

spectra on the right were obtained with the phase altered 

,.·' sequence . 

Multiple pulse proton 

function of temperature. 

lineshape 

Multiple-pulse proton lineshape for H40s4(C0) 12 at 300 K 

where the line represents a computer fit. 
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Chapter 6 

Proton Chemical Shift Tensors of Alkaline Earth Hydrides 

(Chapter 6 is a paper by A. T. Nicol and R. W. Vaughan 
which is being submitted to the Journal of Chemical Physics . ) 
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In recent years the use of multiple pulse techniques has made possible 

the measurement of proton chemical-shift tensors in solids (see recent 

reviews(l,2)). Of the many proton-containing materials examined so far, little 

attention has been paid to protons in binary metal compounds, and no results 

have been reported for protons in the alkaline-earth hydrides. We report. 

in this note. the chemical shift of protons in the binary alkaline-earth hydrides: 

CaH2• SrH2• and BaH2. These three solids have the same crystal structure( 3) 

and, thus. would appear to be a model system for exhibiting the effects of 

the proximity of heavy ions on the proton chemical shift tensor. 

Multiple-pulse spectra were obtained using a 56.4 MHz spectrometer(4) 

and an eight-pulse cycle(S) previously described. The data were taken at a 

cycle time of 36 microseconds, 4kHz off-resonance, and in some cases the 

spectra were taken on both sides of resonance and reflected to confirm the 

proper choice of phase. The polycrystalline samples were obtained from Research 

Organic/Inorganic Corporation of Sun Valley, California, and their composition 

confirmed by an independent analysis(6). Conventional pulse NMR measurements 

characterized the compounds as rigid solids with proton free-induction decays 

of 15-20 microseconds and long T1
1s of 4-10 minutes. The long T1

1s also 

confiro _!he absence of paramagnetic impurities. 

A neutron diffraction study of CaH2 has shown it to be a distorted, 

orthorhombic, PbC1 2 structure<7). There are four formula units per unit cell, 

and there are two chemically distinct types of hydrogens for which the only 

site synrnetry is a mirror plane. Thus, the possibility of observing two chemical 

shift tensors exists, and in a polycrystalline sample we would expect to see 

a superposition of such powder patterns. 

Figure l shows the multiple pulse results for these alkaline earth hydrides. 
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The line drawn through the experimental data points is a computer fit that 

assumes one set of principal values of the chemical shift tensor. 

The center of mass of such spectra provides the average trace of the 

proton chemical shift tensor for each compound: -4.5 ± 3.0 ppm for CaH2, 

-6. 7 ± 1.0 ppm for SrH2, and -8.7 ± 1.0 ppm for BaH2 relative to TMS (tetramethyl­

silane). Bulk suspectibility corrections were estimated for the samples(S) to be less 

than -.7 ppm, all in the same direction,and no adjustments have been made to the 

reported data. The lineshapes contain possible contributions from the 

anisotropy in the chemical shift tensor, heteronuclear dipolar broadening, and 

residual homonuclear dipolar broadening. While it is not possibly to 

separate fully these contributions, estimates of the expected contributions 

from the dipolar tenns can account for the observed linewidths, thus implying 

that any anisotropy in the proton chemical shift tensor is small, For example, 

one can experimentally estimate the effects of dipolar broadening in these 

systems by comparing the experimental proton linewidths in CaH2(280 Hz), 

SrH2 (390 Hz), and BaH2 (640 Hz) to the corresponding fluoride linewidths 

in CaF2 (200 Hz), SrF2 (340 Hz), and BaF2 (540 Hz)(9) where the cubic 

environment of the fluorine precludes any chemical shift anisotropy. Further, 

one can calculate from the known geometry<7) of the hydrides the contributions 

to the prioton second moment from the nine nearest-neighbor cations, and one 

finds that the heteronuclear dipolar contributions to the proton second 

moment in SrH2 and BaH2 are more than sufficient to account for the excess 

linewidth of these samples over the CaH2, while the width observed in CaH2 
is typical of the residual homonuclear dipolar broadening observed in tightly 

coupled spin systems ( 1 ). 

Finally, the isotropic chemical shift observed for all three compounds lies 
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within the range of chemical shifts (a= Oto -10 with respect to TMS) 

observed for inorganics and non-hydrogen-bonded solids{l)_ Hydrogen-bonded 

isotropic chemical shifts are considerably more downfield from TMS(l) and protons 

directly bonded to transition metals considerably more upfield(lO)_ Note 

that with increasing electronegativity of the cation, one sees a slight 

upfield shift. A similar, but larger, trend has been observed in the 

difluorides of the alkaline earths. 
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Figure Caption 

Multiple pulse tf1R powder spectra of 1H in alkaline-earth hydrides. 

Chemical shifts are shown relative to an arbitrary reference here, but are 

reported relative to a tetramethylsilane external reference in the text. 
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APPENDIX 

EXPERIMENTAL DETAILS 
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Experiments involving both conventional pulsed NMR and the newer 

techniques of high-resolution solid state NMR are presented in this 

thesis. Both kinds of experiments were done using a spectrometer which 

has been described(l)_ This spectrometer is a fixed frequency unit 

operating at 56.4 MHz for 1H in a 14 kG Varian magnet, and the unit can 

generate 1 µsec 90° pulses. The spectrometer and detailed procedures for 

tuning up the pulse cycles used in the high-resolution experiments have 

been thoroughly described in the literature(l,2). 

Prior to doing a multiple pulse experiment, it is necessary to 

detennine approximate values of both T1 and T2 for the solids being 

studied. Pulse rates for signal averaging should be on the order of 

T1, and an eight-pulse sequence, to be effective, must be run at a cycle 

time significantly shorter than six times T2(2l (A good rule of thumb 

is that the cycle should be at least shorter than three times T2, and 

the shorter the better.) In all cases T1 was measured using a 90°-,-90° 

sequence as described in the book by Farrar and Becker( 3l. For the 

alkaline earth hydrides, values of T2 were determined by observation 

of the free-induction decay following a 90° pulse. A plot of the 

l_ggarithm of the amplitude vs. , 2 (valid for the nearly Gaussian lines 

observed for the alkaline earth hydrides) yielded values of T2 ranging 

from 16 to 24 µsec, and a cycle time of 36 µsec was chosen for the 

alkaline earth hydride experiments. For the metal cluster compounds 

a simple observation of the free-induction decay indicated values of 

T2 of greater than 30 µsec, so a cycle time of 48 µsec was chosen for 

the multiple pulse study of those compounds. However, as an added 

check, some 36 µsec cycle time data were taken for H4Ru4(C0) 12 . These 
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data were found to be in agreement with the 48 µsec cycle time data. 

In all cases signal averaging was employed. For the alkaline earth 

hydrides, four averages each were taken for CaH2 and BaH2, both above 

and below resonance and the data were reflected to insure the proper 

choice of phase. For SrH2 the data were taken at the same spectrometer 

settings as for BaH2, so only four averages on one side of resonance 

were taken, and the choice of phase found for BaH2 was used for the 

SrH2 data also. Values of T1 for the alkaline earth hydrides ranged 

from 4 to 10 minutes.and for these compounds data were taken every 

five· T1 for a total of four averages per run. The chemical shift 

results were referenced to an external liquid standard and the position 

in the spectrum of the external standard was checked before and after 

each run. The polycrystalline samples of alkaline earth hydrides were 

obtained from Research Organic/Inorganic Corporation of Sun Valley, 

California . The compounds were sent for an independent analysis for 

heavy metal impurities{4), and the long T1•s were taken as additional 

evidence for the absence of paramagnetic impurities. 

Some initial multiple pulse studies were carried out on samples of 

MgH2 obtained from two different corrmercial sources . However, each 

#Jsample produced different results in the multiple pulse experiment, and 

a conventional pulsed NMR experiment carried out at 270 MHz showed a 

Pake doublet powder pattern characterisitic of the presence of water or 

methylene groups. Furthennore, atomic absorption analysis and mass 

spectroscopy perfonned by the Caltech Analytical Services facility were 

not able to detennine unambiguously what impurities might be present to 

provide the unexpected NMR results. Therefore, since neither sample 
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investigated appeared to be pure MgH2, the results obtained for this 

compound were rejected. 

For the metal carbonyl hydrides the values of T1 were found to 

range from 1 to 5 minutes. For these compounds, pulse rates of 3 to 5 

minutes were employed both in the conventional pulsed and in the multiple 

pulse experiments. As previously stated, for most of the mµltiple pulse 

work, a cycle time of 48 µsec was used. As in the case of the alkaline 

earth hydrides, spectra were taken both above and below resonance and 

reflected in order to obtain the proper choice of phase. For the studies 

of H20s3(C0) 10 and H4Ru4(C0) 12 the total number of averages · per run 

ranged from four to sixteen. For H40s4(C0) 12 , which was studied using 

a probe of lower Q,up to 288 averages were taken. (The probe used in 

the temperature-dependent studies could produce a 1.5 to 2 µsec pulse, 

while the probe of lower Q can produce a 1 µsec pulse. In some cases 

experiments were repeated using a different probe as an added cross­

check.) 

As in the case of the alkaline earth hydrides referencing was to an 

external liquid standard. For this purpose acetyl chloride was chosen 

since it has chemically one kind of proton,and it is liquid over the 

,/ range of temperatures used in this study. The chemical shift of the 

acetyl chloride sample relative to a spherical sample of TMS was deter­

mined at room temperature, and the result was used to assign shifts 

relative to TMS at other temperatures. A nitrogen flow variable 

temperature probe was used for temperature control in these experiments, 

and the temperature was checked before and after each run. This was 

done by inserting a thermocouple into an NMR tube and placing it in the 
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probe in the same position as the sample but with the transmitter turned 

off. 

For the dipolar lineshape studies the experimental setup is similar 

to that for the multiple pulse experiments as far as temperature control 

and the use of standards is concerned. The use of probes designed to 

provide 1 to 2 µsec 90° pulses for multiple pulse experiments makes it 

possible to observe the free-induction decay for many solids. For the 

initial dipolar lineshape studies of H2os 3(C0) 10 , H4Ru4(C0) 12 , and 

H4os4(C0) 12 data were taken using the variable temperature probe. The 

data acquisition setting was2Msec, and data were taken 80 KHz off-reso­

nance. For these experiments, all liquid standards yielded the same 

result with the reference frequency being in a single central point in 

the spectrum. As unexpected lineshapes were obtained, experiments were 

repeated as a function of pulse rate in order to check the possibility of 

different components of the spectrum having different T 1' s, but pulse 

rates from seconds up to i ½ hour produced no changing lineshape. 

For the dipolar lineshapes the proper choice of phase was made 

through the use of an adamantane sample. Adamantane provides a line in 

,the NMR spectrum on the order of 15 KHz wide so one "spectrum" of 

adamantane was taken with three different off-resonance frequencies of 

60, 80, and 100 KHz. The resulting spectrum was phase-adjusted to 

produce three sy11111etrical lines with no apparent dispersion mixed in 

(i.e., pure absorption lineshapes). The resulting choice of phase was 

then applied to the experimental data. 

Additional precautions were taken to insure that the reported line­

shape was correct. In order to Fourier-transfom the free-induction decay 
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correctly, it is necessary to know the position of the center of the 

1-2 µsec pulse. This was detennined by attenuating to the receiver and 

reading out the first few lines of data points. 

One other problem became apparent during the course of this study. 

Because of the poor signal-to-noise, it was necessary to average for 

long periods of time, and it was discovered that small amounts of probe 

impurities were contributing to the observed spectra, so in some cases 

background runs were made. The resulting background spectra were sub­

tracted from the experimental data. Both the room temperature H2os 3(C0) 10 
data and the 220 K H4Ru4(C0) 12 data were treated this way. No probe 

impurity corrections were made at lower temperatures since the background 

runs indicated a freeze out of the impurity contribution at lower 

temperatures. The room te"',)erature results for H4Ru4(C0) 12 and H4os4(C0) 12 
were not corrected for probe impurities and the single high central point 

observed in these spectra coincide with the liquid line and with the main 

contribution from probe impurities. 

Adjustments for probe impurities as well as the consideration of 

small changes in phase or in choice of center of the pulse or effects from 

>·' the ring-down of the probe were not seen to change the form of the peaks 

and shoulders observed in these experiments. Also, the same form for the 

peaks and shoulders was observed using a probe which produces a shorter 

(vlµsec)90o pulse than the probe used in the initial studies (~1-5 µsec). On 
the other hand, data taken for a truly isolated spin½ pair on the same spec­
trometer and under the same conditions as used in these studies show the 
ideal spectrum for an isolated pair. (5) 

The samples of H2os 3(C0) 10 , H4Ru4(co) 12 , and H40s4(C0) 12 were 
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obtained from Profe~sor John R. Shapley of the University of Illinois, 

who prepared them by the procedure of Knox, et al. (6) and purified 

them on silica gel. 



-144-

References 

1. R. W. Vaughan, D. D. Elleman, L. M. Stacey, W-K. Rhim, and L. W. Lee, 

Rev. Sci. Instrum. 43, 1356 (1972). 

2. W-K. Rhim, D. D. Elleman, L. 8. Schreiber, and R. W. Vaughan, J. Chem. 

Phys. 60, 4595 (1974); W-K. Rhim, D. D. Elleman, and R. W. Vaughan, 

J. Chem. Phys. 58, 1772 (1973); ibid. 59 , 3740 (1973) . 

3. T. C. Farrar and E. D. Becker, Pulse and Fourier Transfonn NMR, Academic 

Press, New York, 1971. 

4. Pacific Spectrochemical Laboratory, Inc., Los Angeles, California . 

5. M. E. Stoll, PhD Thesis, 1977, University Microfilms, Ann Arbor, Michigan. 

6. S. A. Knox·, J. W. Koepke, M. A. Andrews, and H. D. Kaesz, J. Am. Chem. 

Soc . 97, 3942 (1975). 




