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ABSTRACT

Both conventional and multiple pulse proton NMR studies of the
compounds H2053(C0)10, H4Ru4(CO)12, and H4054(C0)12 as well as multiple
pulse studies of CaHz, Ser, and BaH2 are reported.

Chemical shift tensors for protons directly bonded to heavy metal
atoms in the metal carbonyl compounds are found to have an isotropic
value close to that observed in solution and are found to have an aniso-
tropy of less than 30 ppm. The temperature dependent spectra of
H4Ru4(C0)12 indicates the presence of anisotropic protonreorientation at
room temperature. The isotropic proton chemical shift for the ionic
solids CaH,, SrH,, and BaH, are found in the range o =0 ppm to
o = - 10 ppm, and a trend in the isotropic value to shift toward higher

-field as a function of cation electronegativity is noted.

Structured proton NMR lineshapes, observed by conventional pulse
NMR, are reported for the metal cluster carbonyl compounds; and the
results are interpreted in terms of four dipolar coupled spin % nuclei.
Contributions to the lineshapes from heteronuclear dipolar interaction
with a Zeeman perturbed quadrupolar nucleus, indfrect nuclear coupling,
and restricted motion are discussed.

Two analytical calculations which were developed for interpreting
the results of the conventional pulsed NMR experiments, but which are
more generally applicable, are presented. The first is an analytical
solution to the dipolar coupled four spin % problem for a parallelogram
configuration of spins, and the second is a calculation of the hetero-
nuclear dipolar energy for a spin % nucleus in a Zeeman perturbed

quadrupolar state interacting with spin % nuclei.
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Chapter 1

General Introduction



Metal cluster compounds composed of three or more metal atoms bonded
together in a cluster with carbonyls or other libandé bonded to the metal
atoms have been the subject of many studies recentiy (see a review by
Kaesz (l)). There is interest in characterizing both structure and
motional properties of such compounds;.and, in particular, for metal
cluster hydrides it would be useful to know the location of the hydrogens
within the molecule and to be able to describe any hydrogen motion which
takes place. Cluster compounds of the type described in this thesis,
namely H2053(C0)10, H.4R04(C0)12 and H4054(C0)12. which do not crystallize
well can be studied by means of solid state NMR so such studies can
provide structural and motional information even for polycrystalline
materials in contrast to, for example, neutron diffraction studies which
reqhire single crystais. Thus, solid state NMR studies of the poly-
crystalline metal cluster hydrides H2053(C0)10, H4Ru4(C0)12 and H4054(C0)12,
which have hydrogens participating in covalent bonds to metals, were
undertaken. In addition, for contrast, the binary metal hydrides CaHz, Ser,
and BaH2 which are ionic solids were also studied. Such solid state
studies as presented in this thesis were not done in the past because
techniques and equipment were not available. However, in recent years a
new class of experiments has peen developed for the study of high
resolution NMR in solids.(2’3) These multiple pulse techniques have the
effect of supressing the homonuclear dipolar interaction which is often
the dominant one in conventional solid state NMR. Thus it is possible to
observe other smaller interactions such as the chemical shift. Further-
more, the development of technology for performing the multiple pulse

experiments has resulted in improved equipment making it possible to



obtain more detailed and accurate lineshapes from the Fourier transform
of the free induction decay than has usually been obtained by conventional
pulsed NMR.

Both the dipolar spectra obtained by the Fourier transform of the free in-
duction decay and the chemical shift spectra obtained by multiple pulse studies
can yield valuable information about compounds containing spin % nuclei.
Studies of chemical shift tensor powder patterns yielding information on
jsotropic shifts and chemical shift anisotropies can be interpreted in terms
of the kind of bonding in which the atom containing the spin % nucleus is
involved. Temperature dependent chemical shift powder pattern studies
can provide information on motional processes that the spin % nucleus may

(2)

be undergoing, while dipolar lineshape studies can provide both structural
and motional information. Both kinds of proton NMR studies have been
employed in extracting information about the metal carbonyl hydrides
H20$3(C0)10, H4Ru4(C0)12, and H4OS4(C0)12 and the alkaline earth hydrides

CaHz, Ser, and BaHz.

The impact of these studies is twofold. On one hand, the interpre-
tation of the experimental results provides information not readily
available by other means on structure, bonding, and proton motion in the
compounds studied. On the other hand, these are a new class of compounds
for high resolution solid state NMR studies which also provide model

systems for dipolar lineshape calculations.



These are a new class of compounds for high resolution solid state
NMR studies in that the hydrogens are directly bonded to metals. To my
knowledge, only one other multiple pulse study has been carried out on a

; (4)
metal hydride, Th4H15,

and that particular hydride is metallic whereas
the compounds reported on here are either covalently bonded molecular
solids (metal carbonyl hydrides) or ionic solids (alkaline earth hydrides).
Furthermore, most other high resolution proton NMR studies have confined
themselves to cases where hydrogens are bonded to elements in the first

row of the periodic tab]e.(2’3)

(There is one reported case of a
measurement of a chemical shift tensor for a hydrogen bonded to sulfur in
ACH

In order to understand how these metal hydrides fit into the scheme
of things, it is necessary to consider what kind of information is
available at the present time about chemical §hift tensors for hydrogen
in solids. To date, chemical shift tensor information is largely
correlative and a number of tensors have been measured which can be
classified according to the type of bonding in the compound studied.
Ultimately, it is hoped that accurate experimental chemical shift tensor
results will aid in theoretical interpretations of bonding. For example,
it has been suggested theoretically that proton magnetic shielding
anisotropies may be more sensitive measures of features of hydrogen bonding

(6)

than are isotropic proton shielding constants. Another theoretical

study suggested that the up field chemical shift noted for protons directly



bonded to transition metals might be accompanied by an unusually large
chemical shift anisotropy (500 ppm).(7) However, if such theories are
to be tested and developed, it is necessary to have some experimental
results with which to compare.

At the present time, publiﬁhed proton chemical shift tensors include
studies of protons in hydrogen bonds,(2’3’5)
(-CHZ),(2’3)

rings.(2’3’8) Some general trends have been noted.(2

protons in methylene groups
protons in alkenes (-CH=CH-)(2’3) and protons on aromatic
3) For protons in
hydrogen. bonds the shielding tensor is close to axially symmetric with

the most shielded component approximately along the hydrogen bond. The
tensor anisotropy is typically about 20 ppm but has been seen to be as
large as 34 ppm for ice(s) and 44 ppm for KHFZ.(3) The isotropic value

of the tensor is usually in the range o = - 10 ppm to - 20 ppm. For
methylene protons the shielding tensors are reported'to be axially
symmetric with an anisotropy of 5-6 ppm, and the most shielded direction
is found to be along the C-H bond. Although both methy1ené protons and
protons in alkenes have their isotropic chemical shift in the range

o =0 ppm to - 10 ppm and exhibit a similar chemical shift anisotropy,

the olefinic protons are observed to have a completely nonaxially

symmetric tensor with the least shielded direction perpendicular toAthe
molecular plane. The in plane direction of the tensor components are not
necessarily correlated with C-H bond directions, but one component is
sometimes found along the carbon-carbon double bond. vAromatic protons

also have their isotropic chemical shift in the range o = 0 ppm to - 10 ppm
and show a chemical shift anisotropy of about 5 to 6 ppm.(2‘3’8) A more

thorough 1isting and discussion of most of these data and correlations can



) and Haeber]en.(3) With the exception

be found in the books by Mehring
of the studies of thorium hydride(4) no reported multiple pulse studies
have involved systems in which the hydrogen was directly bonded to a metal.
(Effects other than chemical shift were taken into account in interpreting
the thorium hydride multiple pulse data, and no chemical shift tensor is
reported for that compound.(a)) As a result of the studies presented in
this thesis it is possible to say that the ionic alkaline earth binary
hydrides CaHZ, Ser, and BaH2 have their isotropic chemical shift in the
range o = 0 ppm to - 10 ppm and that any chemical shift anisotropy which
may be present must be very small. The details are given in Chapter 7
of this thesis. For the metal carbonyl hydrides (Chapter 5) anisotropies
of less than 30 ppm are found, and the chemical shift tensor has its
isotropic value approximately at the same point in the NMR spectrum as is
observed for these compounds in solution. That is, isotropic values are
in the range o = + 10 ppm to + 20 ppm for these compounds. These are
important results for they show that the cause of the up field shift
observed for such compounds cannot be attributed to an unusually large
chemical shift anisotropy. Also, these are the first reported solid state
chemical shift tensor data for hydrogens covalently bound to metal atoms
and participating in metal-metal bonds. Thus a basis in experiment is
provided for the development of theoretical models to explain chemical
shift tensors in such molecules.

The results for the dipolar lineshape studies also present a new
departure for solid state NMR in that the metal cluster compounds provide
idealized isolated four proton systems arranged in the geometry of a

parallelogram. A full analytical solution to the problem of four dipolar



coupled spin % nuclei in a parallelogram configuration is presented in
Chapter 2 of this thesis. The structured lineshapes obtained experimentally
(Chapter 4) compare well with the results of the calculation thereby
providing an example of a system of a small number of isolated spins not
previously studied.

These calculations have value in interpreting further NMR studies of
this type since they point to the fact that structured dipolar lineshapes
observed for polycrystalline samples may well be interpreted in terms of
homonuclear dipolar coupling of up to four isolated spin % nuclei just as
in the past structured lineshapes have been interpreted in terms of two

(9)

and three dipolar éoup]ed spins. However, care has been taken to consider
other possible sources of the experimentally observed lineshapes, and the
results of a perturbation calculation of the effect of a nearby nucleus of
spin 3/2 on a spin % pair powder spectrum (Chapter 3) shows that, in the
1imit where the spin 3/2 nucleus is in a non-Zeeman quantized state, the

18905 and a proton pair will not

heteronuclear dipolar interaction between
produce a structured spin % pair lineshape.

In addition to providing a contribution to solid state NMR studies
of small numbers of spins and in addition to furnishing someiexperimenta1
results for compounds of a type not previously studied by means of high
resolution solid state NMR, these studies provide some specific and
useful information about the particular compounds studied.

For the carbonyl hydrides there is interest in knowing both where the
hydrogens are located structurally relative to each other and what
motional processes they may be undergoing. As previously mentioned,

solid state NMR studies can



address these questions and can provide answers not so readily available
by other means. For example, until recently x-ray diffraction studies of
H4Ru4(C0)12 were not available, but were done on compounds analogous to
H4Ru4(C0)12 but with one carbonyl replaced by a large 1igand.(10) This
has the effect of facilitating crystallization for an otherwise globular
molecule. By contrast, H4Ru4(C0)12 is essentially globular and so the
energy to sit down in one orientation is not greatly different from the
energy to sit down in some other orientation. The result is that it is
difficult to obtain single crystals of these cluster carbonyl compounds.
Thus, only recently has an x-ray diffraction study of H4Ru4(C0)12 been

pub]ished;(lo)

and, to my knowledge, no neutron diffraction results are
available for this compound. On the other hand, there are several advantages
of proton NMR studies. The pure compound can be studied in the solid
state thus eliminating solvent effect. Polycrystalline samples can be
studied so the simple carbonyl hydride without a large ligand attached

can be investigated. Indeed, for solid state NMR studies the simpler
compound having chemically one kind of hydrogen is preferred. Because

the carbonyls serve to isolate the protons somewhat from neighboring
molecules, chemical shift spectra and dipolar spectra can yield even more
details of structure and motion than is usually obtained from the study
of such spectra in solids. For example, when small numbers of
symmetrically located isolated spins are involved,.such as the protons

in H4Ru4(C0)12, anisotropic reorientations of the spins will result in
unusual chemical shift powder patterns.(z) Although evidence has been
given for anisotropic reorientation of protons in tetraruthenium compounds

in solution (the protons move from one site to another in apparently

coherent jumps),(lz) the results in Chapter 5 provide the first reported



evidence for such reorientation in the solid state.

Studies of dipolar lineshapes can yield information on internuclear
distances thus aiding in understanding the structure of compounds con-
taining spin % nuclei. Usually for compounds such as H4Ru4(C0)12 the
proton positions have been inferred from a consideration of the bonding
and the disposition of the carbonyls in the molecule. For example, as
the carbonyls are directed over the faces of the near tetrahedron

(11)

formed by the metal atoms and as a model for bonding in such compounds

(13) it is believed

has a near octrahedral coordination of the metal atom
that the protons will be edge budging four of the six sides of the near
tetrahedron in the form of a square. For the compound H20s3(C0)10

recently available neutron diffraction data indicate that molecular

packing results in one short intermolecular proton-proton contact with

the two close pairs forming a nearly linear configuration of four spins.(14)
Both the square and the line of four spins arespecial cases of the
parallelogram. Computer simulated Tineshapes using the results of the
calculation given in Chapter 2 when compared with the experimental line-
shapes given in Chapter 4 are consistent with the geometry of a square of
(15)

protons for the tetrametal compounds. Similarly, the computer simulated

lineshapes for a line of four spins formed by two close pairs exhibit the

(15)

and are in
(14)

features seen in the experimental results for H2053(C0)10
good agreement with the internuclear distances provided by Sheldrich.
Finally, the temperature dependence of the dipolar lineshapes observed
for the cluster compounds indicates that there is proton motion in solid
state H4Ru4(C0)12 over the temperature range 300 K to 220 K in agreement

with the chemical shift data. For the two osmium compounds, on the other

’
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hand, the dipolar lineshapes were not seen to change from 300 K to 100 K
and this is taken as evidence for no proton motion sufficient to average
the dipolar interaction differently over that temperature range. The
chemical shift spectra for H2053(C0)10 were not seen to chqnge as a
function of temperature and substantiate the dipolar lineshape results.
To summarize, two kinds of metal hydrides have been studied by both
conventional pulsed NMR and the newer techniques of high resolution
solid state NMR. The chemical shift results presented here represent the
first reported studies of that type for compound where hydrogens are
directly bonded to metal atoms and participating in ionic bonds (alkaline
earth hydrides) or covalent bonds (metal cluster compounds). The dipolar
lineshape results have been interpreted in terms of structure, and both
chemical shift and dipolar spectra have provided evidence for proton
motion in solid H4Ru4(C0)12. Furthermore, analytical calculations were
developed for extracting structural information from dipolar spectra
which can be applied to other systems containing small numbers of dipolar

coupled spins.
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Chapter 2

Analytical Solution for a Planar Configuration of
Four Dipolar Coupled Spin %-Nuclei

(Chapter 2 is a manuscript of A. T. Nicol and R. W.
Vaughan which is being prepared for publication.)



~13-

I. Introduction .

This paper details the analytical solution of the dipolar coupled
four spin % problem for a parallelogram configuration of spins, Both
eigenfunctions and eigenvalues for this problem are presented, and
predicted NMR dipolar spectra for squares and 1inear chains of four spin
33 nuclei are given. Such results are of interest in explaining unusual

(1)

) spectra observed in metal carbonyl cluster hydrides and are essential
for extracting accurate structural information from the data.

"‘The problem of the magnetic resonance spectra of a small number of
isolated spin % nuclei has been considered by many people, Two and three
spin % problems have found their way into standard works on magnetic

(2).

The general formulation of the four spin % problem was

(4)

resonance

treated early by Itah, et al.(3) and by Bersohn and Gutowsky' ‘, who

provide the matrix elements for the general case and then specialize to
solve for particular geometries. Bersohn and Gutowsky specialized to a
tetrahedral configuration, and Itoh, et al. specialized to a rectangular

configuration of spins where two parallel sides of the rectangle are

much shorter than the other two sides. Later, Eichoff and Zachmann(s),
starting with the results of Bersohn and Gutowsky, treated the rectangle
in greater detail and, more recently, Boden and Levine treated the rec-
tangle from another point of view(s). Unfortunately, there are disagree-
ments between Bersohn and Gutowsky and Itoh, et al. over some of the matrix
elements of the dipolar Hamiltonian. Our matrix elements agree with
those of Itoh, et al. and thus splutions obtained for particular geome-
tries(s) which used the Bersoh and Gutowsky matrix elements will not
agree with results reported here. Therefore, in addition to presenting
an analytical solution for a parallogram configuration of spins, we pre-
sent a detailed development of the general four spin ) problem so that
sources of disagreement can be indicated.
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11, Formulation of the Problem

The total spin Hamiltonian for the four spin 3% system can be

written as
H=H, + Hy * Hy (1)
H, js the Zeeman Hamiltonian given by -tho * 1 where I = 24 li'
~ T 4=l

Hy represents any other Hamiltonians such as chemical shift indirect
nuclear coupling or heteronuclear dipolar coupling which can be congidered
to be much smaller than the homonuclear dipolar Hamiltonian. Hp represents
the homonuclear dipolar Hamiltonian, and since the dipole-dipole energy
is small compared with the Zeeman energy, the dipolar interaction is
treated as a perturbation.

The secular part of the dipolar Hamiltonian (that which commutes

with the Zeeman Hamiltonian) can be written in the form

Hy= £ A (1.« 1.-31 1 ) (2)
D jej 1A= 2; 'z
where
2,2
A, = YA (3 cos%,, - 1) (3)
5 23 1
13

and where y is the gyromagnetic ratio for the spin % nucleus, rij is

the distance between nucleus i and j; and 84 is the angle that rij

J
makes with the magnetic field.

For the four spin 3% problem, the Zeeman quantized eigenstates can
be designated by |mlm2m3m4> and could also be labeled by M such that

M=z m. Since there are no matrix elements of H, between states of

different M, it remains to calculate the matrix elements of HD within
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a given M manifold in order to obtain eigenvalues and eigenfunctions
under the prescription of degenerate perturbation theory. Then, to
predict spectra, transition matrix elements must be calculated using

the resulting eigenfunctions.

I1I. Matrix Elements of the Dipolar Hamiltonian

Using Equations (2) and {3) and the lmlmzm3mi'basis set, the
matrix elements of #y are summarized in Table 1. Note that, in this
representation, the problem of a 16 x 16 matrix is reduced to one
6 x 6 matrix, two 4 x 4 matrices, and two 1 x 1 matrices. The matrix
can be further block-diagonalized by choice of an LSIM representation,
The representation has L = I, + 1,, S=15+1,, and I =L +5. The
transformation is shown in Table 2, The notation is chosen for ease of
comparison with the works of both Bersohn and Gutowsky‘“ and Itoh, et
al.(3). Our wi's correspond to those of Bersohn and Gutowsky and
the alternative |LSIM> notation is used by both sets of authors.

Matrix elements of Hp in the LSIM represntation are given in Table 3.
Note that in both choices of basis sets the two 4 x 4 matrices are iden-
tical as are the two 1 x 1 matrices. However, the 6 x 6 matrix obtained
in the mlmzmam4 representation breaks down into two un]ike 3 x 3'matrices
in the LSIM representation. '

It is at this point that comparisons can be made among the various

(34),

works We note a disagreement in the matrix elements

<0000 |, |1100>, <1121 |#;11011> and <1111]#y|1011>.  Both our work and

that of Itoh, et a].(3) find the <0000|H0|1100> matrix element to be
(4)

zero, contrary to the results of Bersohn and Gutowsky This matrix
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element occurs in one of the 3 x 3 matrices, the one we designate the
Y110 ¢6, wlO matrix. Also, there is a disagreement in sign of elements
in the 4 x 4 matrix. Using a particular choice of phase, we have been
able to get agreement with Itoh, et al. Specifically, we get a
different sign for the two matrix elements <1121|H;|1011> and
<1111|HD|1011> from Bersohn and Gutowsky. This results in a different
general form of the 4 x 4 secular equation and, of course, different
eigenvalues. A1l other discrepancies between our results and that of
Bersohn and Gutowsky or Itoh, et al. can be attributed to an overall

(5)

change of sign of the wavefunction. Since Eichoff and Zachmann used
the results of Bersohn and Gutowsky for their treatment of a rectangular
configuration of four spin % nuclei their results disagree with
ours for the 4 x 4 matrix and for one of the 3 x 3 matrices,

Returning to the problem of interest, consider the case of a

parallogram configuration of four spin % nuclei. Such a configuration

will have
Aip = Agg (@)
A1z = Ay

and is illustrated in Figure 1, The matrix elements of the dipolar
Hamiltonian under the constraint of Equation (4) are given in Table 4,
The transition matrix elements, <¢n|1x|¢m>, needed for simulation

of spectra are given in Table 5. By solving the secular equations,
obtaining the new eigenfunctions, and using the proper intensities from-

Table 5,
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we can simulate spectra for single crystals or polycrystalline samples.

1Vv. Solution of the Secular Equation

From Table 4, provides the eigenfunctions
bpe =¥y AN ¥y6.= Vg (5)

with eigenvalues
(A,.+A,,)
- - 23 14
Ep = Ejgem - (App*hy3) - —5— (6)
where the y;'s are defined in Table 2,
From Table 4 the wllx we, wlo 3x3 matrix

provides a secular determinant of the general form

0-2 A 0
A B-A c =0 (7)

which has roots

A =0

B+ Alra(alacd)
2

(8)

-+

Using these results, one can obtain the eigenfunctions and they are given
in Table 6. The appropriate values of A,B,C obtained using Table 4 in
comparison with Equation (7) are also given in Table 6,

From Table 4, the secular equation for the yg, yg, y; 3 x 3 matrix

is seen to be of the form
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A=) c! D'
c' At~ D' =0 (9)
D' D! B'-A

which has roots
A=A - (C' (10)

]
)2 + 8(0*)2)

(1)

i+

s o (AT4B'4C') + {(A'-B'-C
2

and leads 'to eigenfunctions which are, again, summarized in Table 6 along
with the appropriate expressions for A', B', C', and D',

The results for both 3 x 3 matrices are suffici,enﬂy general to be
applied to any parallelogram of spin % particles. We note that the
eigenvalues of the second, more complicated 3 x 3 matrix agree with

those of Eichoff and Zachmann(s)

who started with the same secular equation
for that case, and the eigenvalues for the simpler 3 x 3 matrix agrees with
the results of Itoh, et a1.(3). Neither of those authors included
:igenfunctions in their papers,

The secular equation obtained from the 4 x 4 matrices of Table 4 1is

of the form
E"—A 0 3p" "3D"
0 Bll'_k Dll Dll
=0
3D|| Dll A"‘A cn (12)
~3p" Dll cu A’LA

This is the general form for a parallelogram of spins. Note that

choosing a square or even a line of four spin % particles does not
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simplify this secular equation.

The expansion of the determinant(lz) conveniently factors,

providing

(E"-2) (A"-r-C") - 180" = 0

(13)
(B""A) (All_x'_cll) - 20u2 = 0
whence
2 k5
o (AENC") s ((-A"E"C") + 4(18) (07)%)
£ 2
(14)
2 2.%
A| - (All+Blu+cu) + L( "‘B""C") + 8(0") }
k3 2

As in previous cases, the secular equation provides the set of linear
equations leading to the eigenfunctions. The results are summarized

in Table 6 where the appropriate values for A", B", C", D" and E"

are also given. Note that the new eigenfunctions are designated wi'.

These were chosen for convenience in that the wi' eigenfunctions specialize
to the ¥ eigenfunctions given in Table 2 for certain special cases.

For example, for certain orientation of a square, yq is the largest
admixture in Ygr - This will not be the case for all parallelogram
configurations in all orientations; however, it does provide a convenient
notation. The eigenvalues are denoted by Ei' so that which eigenvalue

betongs to which eigenfunction is clear.

V. Summary and Discussion

The eigenfunctions and eigenvalues given in Table 6 are a general
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result for a parallelogram configuration of spin % nuclei, These
results, along with the transition matrix elements given in Table 5 can
be used to predict dipolar spectra for solids containing such configura-
tions of spins. In the most complicated cases the results predict up

to 24 lines and even what might seem to be a less complicated case,

that of a straight-line of spins, can produce 24 lines. In the following
section we treat some special cases showing theoretical results for
squares of spins in specific orientations and for linear chains for

which all the internuclear distances may or may not be equal, In a

(7)

companion paper the theory is applied to cases of carbonyl cluster
hydrides which are believed to have parallelogram configurations of

spins and for which unusual dipolar spectra have been observed(l).

VI. Special Cases

Figure 1 illustrates the two specific configurations
considered for this problem, a square and a straight line of four
spin % nuclei. Both geometries are of more than theoretical inter-
est as they can correspond to configurations of spins observed
experimenta]]y(l).

A. The Square of Spin % Nuclei in Specific Orientations

Table 7 summarizes the matrix elements for a square of spin %
nuclei. In that case T2 = T130 T4 = T230 and ry3 = y@'rlz.
Comparison of Table 7 and Table 4 shows no mathematical simplification
of the general form of the matrices for the square as compared with
the general parallelogram. However, for specific orientations of a

square, those for which A14 = A23. the problem is considerably simplified,
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Two such.cases are considered, each of which was initially solved

independently as a test.

1.Case of a Square of Spin - % Nuclei where All eij = qf2

Consider the orientation of a square in the x-y plane, where, in
g and Pz(coseij) = ~ %, The simplifications of the

matrix elements for this particular case are summarized in Table 8. Note

general eij =

that the 4 x 4 matrices and one of the 3 x 3 matrices block-

diagonalize to no greater than 2 x 2. For the matrices given in Table 8
it is straightforward to prepare an energy-level diagram; the left side
of Figure 2 shows just such a diagram labeled with energies. The upper
spectrum in Figure 3 illustrates the result. The dashed lines
correspond to the spectrum of an isolated spin % pair.

Note that the case of a square whereall eij = % produces eight

lines.

2, Case of a Square of Spin % Nucleus Where 612_2_%u_943 = 0, and

= =1
8328, °3
In this case Plz(cose) = oL, P13(cose) =+ 1, and P23(cose)

= + %, Using this information and the fact that r2=ry3= Z ra»

Table 9 is obtained. Note that there are no matrices larger than

2 x 2. (If we had not chosen 623 = 614 , the situation would be different.)
Theresults are used to prepare an energy-level diagram and predicted spectra.
The energy levels are indicated on the right side of Figure 2 for

convenient comparison with the results of the last section, and the lower



part of Figure 3 {llustrates the resulting spectrum which has split into
ten lines. Again, the dashed line corresponds to the case of an isolated
spin pair. Note that for general orientations, in which A14 # A23, we
cannot expect such simple spectra consisting of only eight or ten lines.
In particular, examination of form of the eigenfunctions given in Table 6
shows that the degree to which predicted spectra will deviate from the
simple cases considered depends on the size of (A23-A14). which, when

large, can mix states strongly.

B. Straight Line of Four Spin % Nuclei

The geometry in which all four spins lie along the same vector
would appear to offer some simplification. However, as previous
author‘s(a'10 have indicated, and as we will show explicitly for the
four spin problems,almost no simpiification occurs. Even 'if one makes
the rough approximation that all Aij =0 for j # i+1, inspection of the
mathematical form of the resulting secular equations, given in Table 10,
shows almost no improvement over the general case, From the point of
view of synthesizing powder spectra, however, there is the decided
advantage for the problem of a linear chain in that one can factor
(3 coszeij - 1) from every Aij since all internuclear vectors make the
same angle with the field, Using Tables 5 and 6, it is possible to
simulate spectra for the linear chain, and it is not necessary
to neglect Aij for which j # i+1,

It is instructive to consider the relative magnitudes of A12 and
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and Ayq since those quantities, reflect the degree to which a linear
chain can be thought of as a four spin % problem or as a problem of two

proton pairs.

Case Where A, = Ayq

In this case "2 = r23 = rag- Since, then, rs = 2r12 we have
A = -(%)Alzand similarly Ay, =(%7) Aj,- Letting A = A, and A, =(§) A
but neglecting A14, and using Table 6 we prepare Figure 4 which shows the
energy level splittings and the expected spectra for the case where the
four spin % particles are equidistant and in a straight line. (Figure 4
also shows cases yet to be discussed.) The Tower spectrum in Figure §
show the 24 symmetrically split lines obtained. The dashed lines drawn
for comparison correspond to the splitting for an isolated proton pair.
One can infer from the form of Figure 4b that powder spectra of four spin
% chains will show structure more complex than that observed for spin %

pairs.

2. Case Where A12 = 2A

23

For this case, the internuclear distance rog = (2)1/3 120

same way as the previous case, under the assumption that A23 = 2A23 = A

In the

and that we can neglect all other Aij’ we obtain the energy level diagram
given in Figure 4 and the upper spectrum of Figure 5. This case produces
23 lines that are not spread out over such a wide range, and more impor-
tantly, note the grouping of intense lines in the region of the ideal
isolated pair spectra (dashed lines). Making the further specialization
that A12 is much larger than other Aij we obtain results indicated in

Figure 4, which are the results for isolated spin % pairs.
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Although only stick spectra are presented here, one notes that for

linear configurations as all splittings will have a (3cos2

6-1) dependence
{axially symmetric second rank tensor) it is possible to visualize

powder spectra showing more structure than is usually seen for proton NMR
dipolar spectra. Such isolated Vinear configurations will

give rise to a "dip" in the center of the spectrum, a situation usually
attributed to isolated pairs. Thus, it would be easy to misinterpret
experimental results for a four spin ) case in terms of isolated proton
pairs. Truly isolated spin % pairs powder spectra, for example, are
expected to exhibit sharp inner peaks with a spacing half that of the
outer peaks (shoulders)(Z), and this has been observed experimenta]]y(ll).
On the other hand, features such as broadened inner peaks and high outer
shoulders at less than twice the inner peak spacing are characteristic of
linear chains of four spin % particles. It is necessary to take such factors

into consideration when trying to extract useful structural information

from NMR data.
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TABLE 1
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lajayaz0y> 1818838,
{acoa) ( 1., \
or - .
(B388) 2 jq Ik 0
1
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aBBe BaBs BBaB 888a
or or or or
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TABLE 1 (cont)

BRaa afBa BaBa BaaB aBaf aaBB
i l
[ 1
F’E{Alz' {
BB | -Ayp-hry 17 a3 ) 14 0
P Aygthgg)
“a{-A1o7A13
agBa  Ap3 hiathos Py, 0 A3 Ao
: “Rag-R3q) 5
: |
; “il-A)p*A)3 |
BaBx - dp3 eV “A1aAo3 [y 0 [Pu :
*hog Rz} i
: al-AjpmRys
Baof | YApy N hg*hos P 13
; | ~Rog~Asq}
: 5 el-A1tA 3
agaB i Ay, Ay 0 P A1aha3 P23
*hog-Rzg ) §
E
| e{Ay2-A )3
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TABLE 3
wl aaaa
% 5 A
icg W
Vo or ¥y b3 or ¥4 Vg Or ¥y Vg or ¥y
v % I0A § R - Agy) | g (A gty 2 a5ty
, Or jej 1 1 v
Vi A1aAz! “Ao3Ros)
] or - {-AIZ—A34 L -1 {-A, -A
3 A, +A 45 (Ri3thys ap 13728
. 18%R24 o gty
13 +A) 3ty s) 187A24 _
vy or - % A % {A13-Ayy
Y14 *hozthg)
Y or
° 72 Ay




-30-

TABLE 3 (cont)

i Vs Y10
-1
IV {-2A;5-2A4,
0 0
4’11 +A13+A14
+A23+A24}
LT A, . -
v g 1 7 RAi3*hyy
-RygPy3}
0
Y10
Vg ¥y ¥y
iz {A13%hy, Lqa 4hys
¥ A 272
8 12 -Ajg-Asg) A A
2 187%24
2l oA 4A
q"g A34 25 23 24
-Ay13-Pa}
RSP
¥ “A13Pg

-Ry3Ar




-31-

TABLE 4

Matrix Elements for HD for the Case of a Parallogram

w16=|112-2>
or
w1=§1122>
7 _
1 -‘2{2A12+2A13+A23+A14}
or wlﬁ
V7 1112-1> ¥ 5711111 w14=|101-1> w15=|011-1>
vy=[1121> ¥,= [1111> ¥4=11011> 5= 10111>
L{2A, . +2A -3 o L =3
Yo O ¥y 12 °713 . 4',2_{A23 A14} 4',‘2_{A14 A23)
*hyzthiyt
~%{-2A, +2A -1 -l
Yy OF Vs 127¢M3 Z={Ay3-A 1, ) {Ay3-A )
A A, ) 42 42
237714
UJ14 or UJ4 'liAlz -%{-2A13
*hy3thig)
-
Y15 07 Vs
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TABLE 4 (cont)

¥y = [1100> Y = [1120> ¥ = 10000>
i—{-4A12+2A13
Y 0 22 0
*A1a*hy3)
1, {2A. +2A -5 :
Vi 127713 7 {2A13-A14-A23}
+A14+A23}
Yo 0
Vg = l1010> ¥y = [0110> ¥, = [1110>
Vg *hAp 3(2A)3-Ap-Rpsd | L {Ayghyy)
22
+ A -1
y 12 = {A,,-A,,}
g o/p 23714
. ~35{2A ,~2A 4
7 A, AL

14 723
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TABLE §

Transition Matrix Elements

J<b, 11, 14,12 Tnteneiey
ey 11 o> 12 = [<ugl1, oy 12 1
|<w6l1x|w2>l2 = I<w5|1xlwlz>lz 3/2
<3l oy 12 = 1<ty 11, foyp>12 172
<1, log> 12 = [<ugl1 fv,012 172
N e e R 12

A1l other transition matrix elements = 0.

Note that these transition matrix elements obey the
selection rules AL = 0, AS = 0, Al = 0, AM = %],
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TABLE

7

Matrix Elements for the Case of a Square of Spin % Nuclei

¥ Or Y 2
1 16 A, . = 1-ﬁ3 (3cos?e, -1)
i 53 iJ
¥ or 2 ij
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h16 2.2
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TABLE 7 (cont)
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TABLE 8
Simpiification of the Problem of the Square of Spin % Nuclei.

Special Orientations with Respect to the Field.

AV 6 = /2
¥ Or Yig Pij (cose) = -%
¥y 2[ 1] rerp =2 ry
lz-§— 1+
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TABLE 8 (cont)
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TABLE 9

Simplification of the Problem of the Square of Spin 3 Nuclei.

Special Orientation with Respect to the Field.
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TABLE 10

Matrix Elements for H, for the Case of a Line of Four Spin J Nuclei
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TABLE 10 (cont)
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Figure Captions

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Proton geometries.
Energy level diagrams for a square of four spin 1/2 nuclei at

specific orientations {a) Al 8,5 = /2. {b) 810 = 1/2,

813 = 0, 8,5 = 8,, = /4. Leve]SJare labeled with numbers
corresponding to subscripts used in text.

Theoretical spectra for a square of four spin 1/2 nuclei at
specific orientations. The upper spectrum corresponds to all
eij = /2 and the lower spectrum corresponds to 810 = n/2,
913 = 0 and 614 = 0y = n/4. The lines are labeled by
numbers indicating which levels are involved in the transition.
Energy level diagram for a linear configuration of four spin
1/2 nuclei. (a) Zeeman levels unperturbed by dipolar inter-
action. (b) Dipolar interaction with A12 >> other Aij
(isolated spin pairs) (c) A12 = 2h,. (d) A12 = A23.
Theoretical spectra for a line of four spin 1/2 nuclei
corresponding to cases (c) A12 = 2A,5, and (d) Ao = A,y of

Figure 4.
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Chapter 3

Dipolar Lineshapes of Spin % Nuclei Interacting with a

Non-Zeeman Quantized Spin % Nucleus

(Chapter 3 is a manuscript by A. T. Nicol and R. W. Vaughan

which is being prepared for publication.)
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I. Introduction

This paper deals with the dipolar interaction of a quadrupolar
nucleus of spin % with nearby spin % nuclei. The fact that one can
observe lineshape changes in the spectra of a spin % nucleus produced by
the quadrupolar interactions of a second dipolar-coupied nucleus has been

discussed previous]y(l'z). and the purpose of this paper is to calculate

explicitly such effects for a spin % nucleus on the dipolar lineshape of

one or two spin % nuclei. A number of heavy metal cluster hydrides have
received recent attention in the 1iterature, and solid state NMR
in several carbonyl hydrides has been reported(3). Since the carbonyl
1igands isolate the protons in one molecule from those in another, the
solid state proton NMR spectra exhibit lineshapes with structural
features due to only a small number of coupled spins. In addition to
the proton-proton dipolar interaction, however, a number of the heavy
metal ions have nuclei with spin and, in moét cases, a large quadrupole
interaction. Thus, a detailed analysis of such hydride spectra involves
not only the calculation of the lineshapes of a small number of
interacting spin % nuclei, but also the explicit consideration of the
effects on such spectra by directly bonded metal nuclei having spin
greater than % and large quadrupole interaction. The work reported here
has been performed with the osmium and ruthenium carbonyl hydrides in
nﬁnd( 3); however, the results are general for any spin % nuclei in a
Zeeman perturbed quadrupole state.

The approach used consists, first, of obtaining the correct eigen-
functions for a spin % nucleus in a magnetic field where the gquadrupolar

energy is much greater than the Zeeman energy and the asymmetry parameter
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(4)

is non-zero. For a spin % nucleus Dean provided eigenfunctions for
the case of zero asymmetry parameter (n) and also obtained eigenvalues
for the case of non-zero asymmetry parameter. We carried the problem
further since we needed the eigenfunctions for the case of n ¢ 0

in order to calculate heteronuclear dipole-dipole energies for a case
where the spin g-nuc'leus is at a site of low symmetry. We then coupled
the eigenfunctions with those for a single spin %—partic]e and, subse-
quently, for a spin pair. Using these eigenfunctions, we obtained an

expression for the spin %—pair energies in a Zeeman field of the form:

2,2
qh YpY
ho(-1,0) = MR, * 7 "13"' (1-3 cos26) + —=5 (n,0,0,0',4',6",¢")
"1 Is
(1)
2,2
Y1k y
hogg,1) = Yo = F 53— (1-3 cos’e) 2 113—5 f(1n0,0:6' 10 ,0",0")
» r v
I1 I3
(2)

where 8 = the angle the spin -%— internuclear vector makes with the field
Y1 = spin %gyromagnetic ratios
I other nucleus gyromagnetic rations (spin %)

r = internuclear distance for spin % nuclei

11

ri ® distance between spin %nuc'leus and spin —g-nudeus

0,6 specify field direction in principal axis system of field
gradient tensor

0'¢’ specify orientation of first spin %— nucleus in principal axis system
of field gradient tensor

6"¢" specify orientation of second spin %— nucleus in principal axis system

of field gradient tensor
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'n = the asymmetry parameter .,

The following two sections describe the derivation of equations
(1) and (2). First (section II), the eigenfunction for a spin % nucleus
for which HQ >> Hz and n # O are obtained. Then (Section III) the
dipole-dipole energies between the spin %-nuc]eus and spin %-nuc]ei

are obtained.
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II. Eigenfunctions for a Nucleus of Spin %

A, Matrix Elements of the Quadrupolar Hamiltonian

Cohen and Reif(s) tabulated the matrix elements of the qua-

drupolar Hamiltonian

' [Hlm> = A’ (315 - 12) Vg + (1,1, + I,1) V)

+ (I I+ Il ) vy + IEV_2 + I?Vzlm)> (3)
where
ey (4)
and where
Vo= Yz
th = sz + 1VYZ ()

Veg =% (Vg = Vyy) 2 iVyy

Q is the quadrupole moment, e the charge on the nucleus, and I the spin
of the nucleus. V1j is an element of the electric field gradient tensor.

Since the field gradient tensor is a symmetric second-rank tensor
of zero trace, it has, in general, five independent elements. However,
if we transform to the principal axis system of the electric field

gradient tensor, x, ¥, z, the expressions (5) become:

V.,=0 (6)



56~

By convention, we define two new parameters q and n such that

eq =V, (7)

n= (Ve = VWV, (8)

and n is called the asymmetry parameter. The principal axis system is

usually chosen such that

v, 1 > v

v
wl 2|

xx | (9)
0<n<l (10)

We cannot use this convention in our development, and in a more general

choice of the orientation of the principal axis system we have
o< (11)

In the principal axis system of the field gradient tensor, and
using (6), (7), and (8) along with the properties of raising and lowering

operators, (3) yields
<m|HQ|m> = Aeq Em@ -1 (1+ lj (12)
- %
<m.+.2|HQ|m> = A—eém [(I Fm)(T +m-1)(I + m1)(I ¢ m+2)] (13)

The case to be considered here is that for spin %, for which (12) and (13)

specialize to

<alglm> = heq [3m2 - 15/4] (14)



-57-

- - b
mﬂhbh>=ﬂ?ﬂk%+mﬂ%+mﬂgtmﬂ%:mﬂ (15)

B. Eigenvalues and Eigenfunctions for the Spin % System with Large

Quadrupolar Interaction and Small Zeeman Interaction

We wish to obtain the eigenfunctions for the case where n # 0 and
there is a small Zeeman perturbation present. In order to do this, we
will build up from simpler cases which have been discussed thoroughly by
Dean(4) and by Das and Hahn( 6). The early development of this section
parallels parts of Das and Hahn and, where convenient, uses the same
notation. This method of building up insures that one never has to solve
a larger than 2 x 2 determinant. Table 1 outlines the development and
also summarizes the results we will obtain, and Figure 1 illustrates the

results schematically.

We start with the |I,m> eigenfunctions of 12 and Iz, which for a spin

3 Will be designated by [3>, |- 3>, [, |- 3> from which, using (14)
6
and (15) we obtain the well-known quadrupolar energies for this case( ).

1]
"

<§|HQ|§> < %]Hdl- %> 3heq (16)

- 3Aeq (17)

-
4
¥
"

A
L}

1 1 1.
0!z 7ltgl- 3> =

There are two doubly degenerate levels separated by 6Aeq = eZaQ/Z.

Note that the definition of "A" used here is that of Cohen and Reif(s)

and not that of Das and Hahn(s). However, we simplify intermediate
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calculations by defining

a = 3feq (18)

2. 140, H,=0

Again starting with the basis states |g—>. |%>. |- %>, |- -Z—> we
obtain the same results from (14), namely equations (16) and (17);

however, now (15) yields the following non-zero matrix elements:

3 1
<~2—|HQI- -2-> = 2A /3— Vz
3
<« -2—|HQ|%> =AY,
1 3 1)
<?IHQI- ?> = 2A VG— VZ
< %|HQ|%> =2 TV,

Each of the matrix elements of (19) can be expressed in terms of é3-an
by using equations (6),(7), and (18). Table 2 shows the 4 x 4 matrix to
be solved in order to obtain the eigenfunctions for this case. The con-
veniently block diagonal matrix of Table 2 yields two identical secular
equations leading to the eigenvalues for the case of finite asymmetry

parameter but no Zeeman perturbation:
2.k
A=z (1+n7/3) (20)

To obtain the eigenfunctions we use an orthonormal form for

solution for 2 x 2 symmetric real matrices. We obtain
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= §. i l 13
¥, = cosBl>> + sing|- 3> A3/2

= s 13 1
W, = - sinB|5> + cosB|- 3> = B.1/2

3 1 (21)
¥ = cosB|- 3> + sing|z> = B_3/2
¥, = - sing|- 3,4 cosB|1> = A
d 2 2 1/2
where

tanzg = 510 (22)

and A, B are the notations of Das and Hahn( 6) for these states. The
subscript indicates what state is obtained in the absence of an .asymmetry
parameter. Dean(4) has written (21) in a slightly different, but

entirely equivalent, form.

Algebraic manipulations yield

2 ‘5%
1 1+(1+g[3)'}
cosB = —
v {(1 + nl/3)%
(23)

sing = L {(1 + o/ - 1%
2L (14 né3)"

clearly revealing the n dependency of (21). Note that for n + 0 we get

cosB = 1, sing = 0, and for n + + =, we get cosSB = sing = —1—'/2_ .

3. n=0, Hz-«—HO
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Consider the Hamiltonian

2
_ e 2 2
H= _('99_741 o1y (31 - 17) - v L, (24)

Here the quadrupolar Hamiltonian with zero asymmetry parameter is written

in the principal axis frame of the field gradient tensor, but the Zeeman
part of the Hamiltonian is written in the Zeeman frame. As it will be
convenient to work in the principal axis frame of the field gradient tensor,

the Zeeman term is rewritten in that frame, giving
-y?iHOIZ. = - YhHo (Iz cos® + I, siné cos¢ + Iy sind sing) (25)

and is treated as a perturbation on the quadrupolar interaction

(H, << HQ). Considering the basis states I%>, |- %>. I%>, |- %> and the
perturbation Hamiltonian (25), we see that only the Iz cos6 term of (25)
produces a first-order energy shift. However, since the !%-states are
degenerate under the quadrupolar Hamiltonian, it is necessary to apply
degenerate perturbation theory in that case. Thus, the states |+ %> and

J- %> are split so that they have energies

E:m=%[3m2'l (x+1)J-'+ YhH, m cose (26)

or, explicitly,
-3
Eigp=2%3 YhH  cose (27)

For the states |%>, |- %» the matrix of the Hamiltonian HQ +H, is
given in Table 3. The off-diagonal elements were obtained using the
propertics of raising and lowering operators. Note that this matrix is
Hermitian rather than real symmetric in contrast with the case for non-

zero asymmetry parameter and no Zeeman interaction. If we choose ¢ = O,
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the matrix becomes real symmetric and we obtain the eigenfunctions of Das
and Hahn( 6). This is an oversimplification since we want to be
able to calculate expectation values of I, and Iy for the spin % nucleus.
To do this, we would like to have the magnetic field at an arbitrary
orientation in the frame of the electric field gradient tensor rather than
along one particular axis. Dean(4) gives such a more general case and we

will give still another.

The secular equation which is obtained from Table 3 has the solution

YAH 3
=3 [% (1 + 1% 3 —02 cose (14 (I+ %)2 tan®e) (28)

p3
which, for I = %. becomes

_Ym% 0 k2
A\,=-2a*—5— cosb (1 + 4 tane) (29)

2

The eigenvectors can be written in the form

_ ~1¢ 1 . 1
v, = e cose1§> + sinol- i
_ (30)
y_ = cosof- %> - e°'¢sine1%>

where
tan20'= + (I + %) tane (31)

The wavefunctions (30) differ in form from those of Dan and Hahn(6 ),
and the phase factor chosen here differs from that of Dean(4)_ but
either ours or Dean's can be shown to be correct. It is not, at first,
obvious that one requires phase factors (both Abragam( 7) and Das and
Hahn( 6) omit a phase factor) since we are considering a case of

axially symmetric field gradient. It would appear that the ¢ dependence
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of Ho in the principal axis system of the field gradient tensor could be
chosen arbitrarily. However, if one wishes to calculate the expectation
values <Ix> and <Iy>, as we ultimately will, neglecting the phase factor
leads to confusion. Omitting the phase factor amounts to choosing the
field orientation along x, and calculation of <I,> and dy) then leads to
static terms in the expectation value for Ix but not Iy. Although this
may be reasonable physically since we cannot choose in an axially symme-
tric case where x or y shoﬁld be located, it gives the artificial
appearance that x and y are distinguishable. Therefore, we choose to be
more general.

Equation (31),which will provide the coefficients in (30) in terms

of 06, is obtained from the simple regquirement that

<¢+|"‘Q + Hz|¢_> = (32)
If we expand (32) using (30), we obtain

2., 1, .1
o' <~ 7|Hyl>>

' ' 1 1 1 1
+ sin®'coso® {<— §|fb|-  id <-2-|¢.b|§>}

0= <q;+|fb +tH |y > = e+i¢coszo'<-2-[HQ|- -21-> - e ¥gip

or from Table 2
0= (cosze'- sin20")(-yiH (—1-))(1 + -1-) sing + sing' cose'( hH cose)
YHo'2 2 Y%
or
(I + %—) €0520'sind = sin20'coso

which gives (31). The results given in (30) and (31) can be shown to

reduce to those of Das and Hahn if we choose a = -21-' - g and let ¢ = 0.
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The results for the axially symmetric case can be used as a check

on the general case which we will discuss in detail.

If one lets
1, ,. 2.\*
f= 1+(I+-2~)tane (33)
algebraic and trigonometric manipulation yield
f-1 : |
tano = (?+—1) . (34)

(4)

which is a well-known result

4. nt 0, Hsz_HQ

So far, we have discussed results for a special case of the spin%

problem. Now we will consider the most general case and obtain the

2

eigenfunctions needed for calculating expectation values of Ix’ 1 y? and I
Consider the Hamiltonian
H= HQ + Hz (35)

where

2
R 2 2 1l /.2 2
Ho = F121 - 1 {(3Iz R 1t 1-9 (36)
is the quadrupolar Hamiltonian, and where
H, = ~ThH, [Ix sind cos¢ + Iy sind sin¢ + Iz cos(ﬂ (37)

is the Zeeman Hamiltonfan. Both Hamiltonians are written in the frame of
the principal axis systems of the field gradient tensor. We use as a

basis set the eigenfunctions of 'HQ given by (21) which, for convenience
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of notation, are rewritten as
=y |3 N
Ryjp = X1z * 91l- 3

e 1.3 1
B_3;2 = Xl- 2 * 0l

(38)
A= Xl o> 4y 1
172 = %t 2> T Y2i7
S) 1
B.y2 = %l * vol- 2
where clearly
X) = €osg =y,
yy = sing = -x, (39)

These coefficients are given in terms of n by (23). Since the functions
(38) represent two sets of doubly degenerate states under HQ(n 7 0), we
expect that the addition of the Zeeman perturbation will result in two

2 x 2 secular determinants. To write them down we require matrix elements

of the type
A B = (02| + yo<e 3D K (1 B> + vy |- 3) (40)
37217717372 121 7 Y 7t By X103 1172

Inspection of (37) shows that only states |m> where am = 0,:]1 are
connected by Hz. For matrix elements of the type <Am|Hz|Am> and

<Bm{Hz[Bm> we obtain

] 32_12.
Ayya Iy 1Rz p> = - A, coso [f N -zY 1} = - B3l By

(41)
_ 3
<A1/2lHZ |A1/2> = -'thO cos 6 [‘ 7 X

1 .2)
* f"z—_] == Bl 18,0

NN
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Similarly, equations (38) and (37) yield

<A3/2|Hz|8_3/2> = -Yh}io siné {xl Y, 73 e"¢ + yz ‘i¢}

*
(<B_3/2 IHz |A3/2>)

. (42)
Ayl 1By 07 = By plty 1Ay ,0>

-YhH, sing [?5 Xo ¥p N yg e'if]

Recalling that under the pure quadrupolar Hamiltonian the eigenvalues for

2,1 2,5
A3/2 and 83/2 were + a(l + n“/3) " and for Al/Z and 8_1/2 were -a(l + n“/3) ,
these results, given in Table 4, show that the general form of both

secular equations is

A-B-2, c
= 0 (43)
*
C A+B-x=
which has the solution
2 2,% (44)
A, = A2 (B%+|C]%)

For the A3/2. 8_3,2 case we now have, using Table 4
E = a(l + r‘z)lﬁ + yhH (2 2 1 2) cose (45)
3/2 R Y A 2 T A
+ sine (3 X + y + 2/3 x,y coszg
1’1 1 1”1

Similarly, for the A1/2’ 81/2 case, Table 4 yields

o, 3 22 2
Eﬂ/2 = -a(l + T) + tho (- 7 % x 3 yz) cos“0 (46)

+ sine f?» X5 y2 + 23 x, ,y2 cos ZQ)
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These eigenvalues are in agreement with published resu'lts“’ 6) although
there appears to be an omission of the exponent in the last terms of

(6)

equation (46) in the paper of Das and Hahn We now obtain the analytic

eigenfunctions for this case which have not been published.
The secular equation of the general form (43) can be solved to
yield a new basis set of the form
Yy = C' sinalA’'> + cosa|B'>
(47)
yg = C' cosa|A’> - sina|B’>

where C' is a complex coefficient. The requirement <¢A|H|¢.B>= 0 provides
the required parametrization. Specifically,

<yp |H]vg> *+ (c'” sina A'| + cos<B'|)H (C' cosalA’> - sinalB'>)
or
<wAIH|wB> = ¢'"¢* sina cosa <A’ {HIA'> + C* cosZa <8’ H|AY>

(48)

* eind 3 [ [
- C' sin“a <A'|#|B'> - sina cosa <B'|H|B'>

With the aid of Table 4 and letting A' = A; /5, B' = B_3,,, we find (49)

<¢A|H|¢'B> = sina cosa {' c' [YhH cos 6 (-2- 1 %.V?i)]

-th cosd [3 -3 y?i]}

+ ¢ cos’a {-YFIH sin® [xl Y, 3 el yi el }

-¢" sin a{YhH s1n9[1y1 /Sew+y§ 10]

(50)
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Requiring that (50) be real and that equations (47) are normalized,
we obtain

X1 y1/§ PRLL y% e?
c' = 5 ; p (51)
[_3x1 Y1+t 273 X1 ¥y cos 2¢]

Substitution of (51) into (50) yields

-(2 sina COSa)(COSe)[% xi - %yﬂ = (cosza - sinza)

4

. 4 3
s1ne-(3x§ y? +ty,+ 2/3 X1 ¥y cos2¢

or

%
-tané (3x§ y% + yq +2/3 Xy y? coszg
3.2 1.2
[? 1-1Y 1]

Equations (52), (51), and (47) specify the general form of the y, and

tan2u = (52)

“’B wavefunctions in terms of 6, ¢, and the asymmetry parameter, n.
Specifically, as we will show, these are the wavefunctions which specialize
to |-23—> and | %> in the case n = 0.

In an entirely analogous manner we can write down the wavefunctions
for the states that specialize to y,, y_if n = 0 by making use of Table 4,
normalization conditions, and the requirement that the new representation
be diagonal.

We get

Yo = € siny|A) > + cos-{|8_1/2>
(53)
Y = c" Cosy|A1/2> - sinle_1/2>
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where
X, yzv’o' el 4 yg il
c" = 2 % (54)
[3 X5 yg + yg +2/3 X, yg coszo]
and where
2. 2.4 3 %
-tan6{3 x5 y5 + y, + 2/3 x, y, cos¢ (55)
tanzy = Bxyz+y, 2 ¥3 €0s¢]

3. 2,12
[’ 2% *2 ’2}
We note that equations (55) and (52) for the general case are

analogous to equation (31) obtained in the axially symmetric case. We

can define
2
g = (1 + tan"2a) (6)
where tan2a is given by (52) and
0 M
h=(1+ tan2y) (57)

where tan 2y is given by (55).
These definition lead to expressions analogous to the result in

© the axially symmetric case.
3 .
tana = {H—ﬁ {58)
) %
1

+
g -
tany = -h—:—} (59)

The wavefunctions for the general case of a spin %nucleus where the
quadrupolar interaction is much larger than the Zeeman interaction and
where the asymmetry parameter is not zero are given by equations (53)

and (47). A1l the parametrization required to express these functions in
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terms of n, the asymmetry parameter, and © and ¢, the angles that the
Zeeman field makes within the principal axis system of the field gradient
tensor are contained in equations (55), (54), (52), (51), (38),(39)and (23).

We will now tabulate and discuss the eigenfunctions and eigenvalues.

C. Discussion of the Eigenfunctions and Eigenvalues

1. Summary of Eigenfunctions

In order to understand the relationships among the eigenfunctions
for the various cases, we start with the most generalized. Equations (53)

and (47) are rewritten with slightly different notation.

w?/z =C' sina|A3/2> + cosaIB_3/2>
w;?/z =C cosa|A3/2> - sina|8_3/2>
(60)
+1 2 ] :
wII{ = C swny|A1/2> + cosY|8_1/2>
wie/z = C" cosy|A1/2> - siny|8_1/2>

The superscripts indicate what states are obtained in the limit that
n = 0 or the Zeeman field is removed.

Also, recall equations (38) and (39)
.13 1
Ry = X113 + 0l 2
- 3 1
B.y2 = xl- 2 *nlp
(38)

=y 1.3 1
A2 = %ol- 3 * vl

- 3 1
8_1/2 = x2|-2—> + y2|- 7>
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X) = ¥; = cOsB

¥y = sing (39)

Xy -sing

where sinB and cosB are given by (23)

COSB = — {—-(—'—A'[—)—". 1+ 3’5}

(1 +n /3)!5 (23)
1+ n2/3)- 1}
sing = — —————r
(a +n /3)
and where C' and C" are given by (51) and (54).
1’1 "3 e ’1 e'?
c’ % (51)
[3 X yl +y1 +2/3x ,y1 coszg
2 ~i¢
X .B' e ie, y
co 2’2 2 ¢ (54)

[3 x2 y2 + yz +2/3 x, yz cos Zcp]

2. Specialization for Zero Asymmetry Parameter

We see from (23) that when n = 0 we get sing = 0, cosg = 1 so that
equations (38) reduce to the eigenfunctions labeled by the subscript.
For example, A372 - |-g->. Also note that for n = 0, we obtain C* » e 1¢

and C" + e'w. Thus, the general case when specialized to n = 0 results

in
w?/z = 1® sinal%» + cosa|- %>
}?/2 = e'i¢COSa|%> - sinal- %—>
- (61)
w;}{z = e'wsinvl%> + cosy|- %>
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~1/2 _ -1¢

Yy cosy|%> - siny|- %>

However, equations (52), (54), and (58) readily show for n= 0 and 6

finite that

32 _ -i¢,3
ipoTe Ul

(62)
TR o
An analogous discussion of equations (55), (57), and (59) shows that w}{%
and wqelz reduce to qf and ¢ . Specifically, equation (55) shows tan2y =
-2 tan 6 for n = 0 and equation (57) then provides
h = (1+ 4tan29);5 (63)
where
)5
SES) o

Expressions ¥rpp and vy of (61) then become

w%{% = e°1¢siny|%> + cosy|~ %> =¥,
. (65)
iy = € cosylp> - simy|- 3 =y
if we make the identification y = %-- 8. (This provides tan20' = - tan2y

as well as siny = cos@', tang = ctny, et cetera for direct comparison with
(30) and (31). Further, note that the
b+ 1% h- 1% 1/2
> } and cosy = (——2—-) provide that yy] and

relationships siny = (

w}%/z specialize to |%> and |- %>, respectively, when h = 1, i.e., when

the © dependence is removed.
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3. Specialization for No Zeeman Interaction

If we remove the 6 and ¢ dependence from the general results, we see
that equations (51) and (54) provide C' = C" = 1. Furthermore, the
elimination of 6 dependence results in siny = 1, cosY = 0 through the

relationships (59), (57), and (55). Thus, v}, reduces to A, / and

w}&’z reduces to -8_1/2. By an analogous argument w?/Z reduces to A3,
-3/2
and y;° " to -8_3/2.

4. Comments on Eigenfunctions

In Table 5 we illustrate how the wave functions are related in the various
degrees of perturbation. We do not worry about the overall change of sign
of a wavefunction in any case. The phase factor in y, + ei°[%> is rather
artificial since, in first order, the |%> states are not perturbed by a
magnetic field. More importantly, it does not affect the results of our
calculations. We will be calculating expectation values <Ix>, <Iy> and
<Iz>using the wavefunctions we have obtained. When doing that we obtain
both static and oscillatory terms. We neglect the latter. Because |§>

and |- %> are not connected by I, I , or I, the effects of a phase

factor on one of those states are irielevant (i.e., <%|IZ|%>

z < 1¢ %]Izlei¢ %9 but<e'® %JIXI- %o = 0). This is to be contrasted
with the result for the states y, and y_ which are linear combinations
of |%> and |- %o and so are connected by all three operators. The
inclusion of phase factors in that case does not change the static term
in <Iz>; however, it results in a factor of cos¢ in the static part of
<Ix> and a factor of sing in the static part of <I_> thus reflecting the

y
orientation of the field within the frame of the field gradient tensor.
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D. The Calculation of Expectation Values of Ix'—ly’—lz for a Spin

in Zeeman Perturbed Quadrupolar States

If m denotes efgenfunctions of the time-independent Schrodinger
equation, we can write the general time-dependent solution as
-iEmT/ﬂ ,
¥(r) = £C e |m> (66)

mm

Then the expectation values of the angular momentum operators will be
given by

1(Em.-Em)‘t/ﬁ

*
<Ii(-r)> = mﬁ' C Cm <m'|11|m> e (67)

where i = x, y, 2.

For our case, using equations (60), we write down the explicit form

* * 4I(El“Ell)'[/"[
<lyled> = Cp Cp <ppllylvp> + CCpp<vpIhlugye
T(E-Eqppu/t = i(E-Eqy)/n
. J(E;-Epy 1~Ery
* Ol Iy +Clpy <vpllilvgy> e

* *
oGy e * CpCrr<vpp Ty

1(E-Epp ) VR

* *
* Oty > e T e

* WEppEpvm | HEr-Erp/n

* Ol Wyppllylvpe * Ol bvrpe
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+ * * i(EIII'EIv)TM
CrorCrar¥nnn 4 Vare> * CrnnCvevnnn 1 lvpy> e

* i(E -EI)TIW
+ Clvcl<wlv|11|wl> e IV

Ol il e

o HE-Ey )M a
Cvernqy Tyl e * O Cry<vpyl Ty lvy>  (68)

Figure 1, a schematic representation of the evolution of the energy

levels and wavefunctions, clearly shows the forms of the exponentials.

We have
3t s A7 _
(69)
Ery - Eqpp = 2y
and
2 s
Ep - Epy = 2a(1 4 n7/3) =g, - Aypp
. 2,2
Epp - Eppp = 2a(1 4 n%/3) 423, + 25 o)
70

2 %
E, - E n- 2a(l + n“/e)

17 F T A2t M2

: k]
= 2 -
LB - By = 2ll#nT/3) g, - 4y

Equations (69) and (70) show that most of the terms of (68) will be
oscillating at a rate which effectively eliminates the terms in <Ii(r)>
containing exponentials of (70). The remaining terms in <Ii(r)> are the
static terms and the terms arising from exponential of 2A3/2 and ZAI/Z
given in (69). One might ask whether the terms in A3/2 and A1/2 should

be considered since they can be zero for certain orientations of the



-75=

field. However, when the Zeeman splittings are zero, the wavefunctions
revert to the pure quadrupole limit. In that 1imit explicit calculation
shows no static terms in <I >, <Iy>, or <I>. Restricting (68) to

static terms only results in
*
<Ii(x)> = CpCp<uy |14 lvp>
* I *
* CorCor vy 1Ty o> + CopgCopp<vpgr 14 gy
*
+ CIVCIVq’IVIIi |wlv> (71)
Equations (60) yield

bl > = -<up 1 vy

= (sinza -.coszu) (-g—.x1 - % y%) - (72)
pp g P> = <oy 1 by
a (coszy - S‘inzy) (%’-)&2 - %.Yzz) (73)
Letting
'ia.l 'luz 'lu,3 ia.4
Ci=2,e ° Cy=ae ,Cy=ae 7, Cy=a e (74)
then (71), (72), and (73) yield, for the static expectation value of
<Iz(1)>
<_Iz> = (-g- xi - %yi) (s‘inza - coszu) (ai - ag) 5)

+ (%~y§ - g-xg) (sinzv - coszy) (ag - ‘3)
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In the same way, we calculate the static terms in <I > and <Iy>.

2 2cos¢>(/§x1y1 + yl) sina cosa

2
<] > = (a -
X 1 (3 X yl + y1 + 28 x Y3 cosZ;:)is
(76)
. (az ) 2 2cos¢(¢§ X, y2 + yz) siny cosy
3 (3 x5 yz + y2 +28x Y, coqu>>;i
© 2,2
2 s1n¢(5x Y. = ¥5)° sina cosa
> (& - ad) 1L 0
y 1 (3 X y1 + y1 +2/3 Xy¥] coqué);E
. A77)
2 sin¢(¢5 X yz)2 siny cos
2 _ a2 2’2 2 Y cosy
+ (a3 - ay)

1
(3 Xy )’2 + )'2 + 24 x, yg cos2¢)

These results will be employed in the calculation of the dipole-dipole

energies between a spin %nuc]eus and spin %— nuclei.

I1I. Dipolar Interactions

A. The Interaction of a Spin g— Nucleus with a Single Spin %

Nucleus

So far, we have been discussing the wavefunctions for a spin %

nucleus for which the quadrupolar energy is much larger than the Zeeman
energy. We now turn our attention to the question of what effect such
a quadrupolar nucleus will have on a spin 1 nucleus in a Zeeman field.

The Hamiltonian for the spin %nucleus can be written as
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H= l& + HD (78)
where

Hy=-pB=-vf-1 (79)
and

pooe 30y 0y (80)

D el ,.5

where f-& is the Zeeman Hamiltonian and fb is the dipolar Hamiltonian.
Suppose we have eigenfunctions for the spin %nuc'leus. Calling

those eigenfunctions ¥ (i = 1,2,3,4) and treating the dipolar interaction

as a perturbation, we can form product functions with the states o and g

of the spin % nucleus such that V.‘:‘ = oy; and \yis = By;- Using these,

we calculate the energy of transition for the spin %partic]e

Eg - E, = <¥Hl¥D> - <o ¥ (81)

Since energies are expectation values of the Hamiltonian, they are
independent of the frame of reference chosen for the calculation, and we

can choose different frames for components of (81). Terms in (81) look 1ike

<vBlH|yBs = <py iH, + Hlp.>

<BY;|=yhH 1, |BY;> + <y |Hp|BY,>

1
+ syhH <yglyg> + <BW1|"b|8¢‘i> (82)

The first term in (82) arises because Iz is operating only on states of
the spin % nucleus, henceforth denoted as nucleus I. The spin % nucleus

will be denoted by S. Inspection of (81) and (82) shows that
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8
Eg = Eq = iy + (¥ Iy 190> - <5y 1%15) (83)

where we have evaluated the first term in the Zeeman frame, and we will
calculate the matrix elements of i, in the principal axis system (PAS)
of the field gradient tensor. We already have the q;i's written in that

frame. From Figure 2 we would then have
H, = H [2 sin® cos¢ + _f sing sing + g cose] (84)

and since only the component of the I spin along the Zeeman field is

effective, we need only the Iz component transformed to the PAS frame

I =1 [JE sing cos¢ + g sing sing + 2 cose] (85)

Equation (80) can be expressed as

_ YIYsﬁz 3({ . r)(§ * E)
=3 1-s-——5——— (86)
IS T

and matrix elements of the type <\!’18 |HD|\yi8> can be written as
2 I -r)(S-r)
8 _ YiYsh LA
£+ el - 5 - =g e (&7
s r

where now y; and g are understood to be in the same frame and in whatever

frame we choose for HD

Making use of the coordinate system shown in Figure 2, we can write

Y1Ych2 : (1 - r)(S - r)
a _ '1'S . ~ VLo
fp, " 3 ol * 8 - = | #jo>
IS
(88)
Y]Yshe 3<all = 1 o>epy |3 7 Ty

S (e sl - >
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Since the I spin 1s quantized along the field with eigenvalues 2 %

we get
a "1"5’12 1,5 - -
ED. = 3 5 (5 sind cos¢ + y sind sing + 2 cos@)
i s
(6x>i x +6y>_i y +62>_i 5)
365 sind cos¢ + g sin® sing + g cosg) * rj
2 r2
(S5 X+ <S> y +<5,5 2) * ) (89)
r
Making use of r = |r|[? sing' cos¢' + ; sing' sing' + 2 cose} (90)
and denoting the angle between ﬁ and r by vy we have
€OSY = €0s6 cos6' + sind sing' cos(¢' - ¢) (91)
then (89) becomes
a YIYShZ 1 . .
EDi = 3 (EJ <S,>; sind cos¢ + <Sy>i sing sing + <§,>; cos®
(92)

- <S_>. sin®' '+ . sing' sing' s '
3 cosy Sx i sind' cos¢ <Sy>1 sing’' sin¢' + <Sz>1 cos o ]

Equation (92) is general for the heteronuclear dipolar energy
between a spin % nucleus, I, and nucleus of spin greater than %, S, however
written in the principal axis frame of the field gradient tensor. For
example, we can see that it reduces to a familar form for the case where
the S nucleus is in a pure Zeeman state. Then in the coordinate system

which we are using, we would have
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6x>1 = msi sind cos¢

< > = me sing sing (93)
i
<Sz>1 = mS.i cos 9

and, applying equations (91) and (92), we get

YyYsh2
g =—15— (B () (-3 cos?y) (94)
i r i )

which is exactly what we expect for a heteronuclear dipolar energy when

both nuclei are in Zeeman states. Similarly,

2
Y
5 = 15— (- P (mg ) (1 - 3cos?y) (95)
i r i
and we have, from (83), for the case where S is in Zeeman states
2
. Y Ysh 2
(Eg - Eg); = vl - 3 (1 - 3cos<y) mSi (96)
IS

Since Mg has values - -g—, - -;—. %. %. we get the familiar result that the NMR
i

line of a spin %-nuc]eus is symmetrically split by the heteronuclear dipolar

interaction with a spin %nudeus in the limit Hz >> HQ for the quadrupolar
nucleus.

Returning to the case of interest, namely that where HQ >> Hz for the
spin %nuc]eus we write, using (81) and (92)

(£ E ), =y + YIYSWZ <S_>. sind cos¢ + <5 >, sind sin

g~ “a’i () r§ xi ¢ 'y 1 ¢

+

éz>1 cos8 - 3 cos~y(éx>,i sing’' cos¢' + 6y>i sing' sing'

+

<S> cose'z} (97)
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Expressions for <Sx>i’ <Sy>i’ and <Sz>1 for the case Hb >> H, were given
in the last section. Referring to that section, one sees that
<Sj>1 = -<SJ>II
(98)
<Sj>IlI = - <Sj>I