Any-Dimensional Data Science: Learning, Optimization,
and Sampling

Thesis by
Eitan Levin

In Partial Fulfillment of the Requirements for the
Degree of
Doctor of Philosophy

Caltech

CALIFORNIA INSTITUTE OF TECHNOLOGY

Pasadena, California

2026
Defended May 18, 2026



© 2026

Eitan Levin
ORCID: 0009-0002-5789-4191

All rights reserved

11



11

ACKNOWLEDGEMENTS

First and foremost, I would like to thank my advisor Venkat Chandrasekaran for his
guidance and mentorship over the past six years. Throughout my time at Caltech,
Venkat has always pushed me to ask big questions, to pursue correspondingly big
answers to them, and to explain these answers to the broadest audience possible. |
am also grateful to Venkat for creating the intellectual environment that made this

work possible.

I must also thank my co-advisor Joel Tropp for his advice and support. Joel was
always available when I needed his input and gave me feedback and advice at key

junctures in my PhD, for which I am very grateful.

I am grateful to Babak Hassibi, Leonard Schulman, and Adam Wierman for serving
on my candidacy and defense committees, for engaging with my work, and for their

invaluable feedback and advice.

I would like to express my gratitude to my mentors, colleagues, and collaborators,
in particular to Tamir Bendory, Nicolas Boumal, Mateo Diaz, Jordan Ellenberg, Joe
Kileel, Victoria Kostina, Alex Meltzer, Amit Singer, and Soledad Villar. I have

learned a lot from them and I am grateful for their advice and support over the years.

I am also thankful to my friends, with whom I have been fortunate to share my time
at Caltech. I want to thank in particular Pau Batlle, Dima Burov, Nico Chistianson,
Lauren Conger, Matthieu Darcy, Emily Fourney, Jorge Garza-Vargas, Sebastian
Lamas, John Lathrop, Elvira Moreno, Kevin Shu, George Stepaniants, Margaret
Trautner, Cameron Voloshin, and Chris Yeh. You have made these last several years

fantastic.

My partner Siki Wang has been a constant source of love and support during the
ups and downs of my PhD, and I have been very lucky to have met her at Caltech

and share many wonderful adventures together.

I am eternally grateful to my family, and in particular my parents Gideon and Elena
Levin, for their unwavering support, encouragement, and love. I would (literally)

not be here without you!



iv

ABSTRACT

An exciting direction in computational math driven by recent trends in Al involves
automating the solution process of entire problem classes. For example, algorithms
for sophisticated data analysis tasks are increasingly being learned from training data
instead of being designed by hand. There is also increasing interest in computation-
ally producing proofs of mathematical theorems. However, computationally-derived
algorithms and proofs, in sharp contrast to manually-designed ones, rarely general-
ize to inputs of size not seen during training. How can we train a model on inputs
of a few small sizes, and generalize it to inputs of any other size? How can we com-
putationally search over proofs of theorems that hold for objects of all sizes? This
thesis develops foundations for tackling such any-dimensional problems by using
random sampling maps to compare and summarize objects of different sizes. Our
framework allows us to systematically derive finitely-parametrized families of func-
tions that take inputs of any size, to prove inequalities between such functions, and
to learn them from data. Our methodology leverages new de Finetti-type theorems
and the recently-identified phenomenon of representation stability. We illustrate the

resulting framework for any-dimensional problems in several applications.
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Chapter 1

INTRODUCTION

This thesis concerns data that comes in different sizes. We model such data as
elements of sequences of vector spaces (V,) of growing dimensionality, and ask

several basic questions pertaining to such data.

(Description) How can we describe a function f: | |,, V,, — R accepting inputs of

arbitrarily-large size using finitely-many parameters?

(Learning) How do we fit an any-dimensional function to data? How do we ensure

that the fitted function performs well on inputs of any possible size?

(Sketching and Property Testing) Suppose we wish to evaluate an any-dimensional
function on a high-dimensional input, but doing so is expensive. Can we sketch
the input to obtain a low-dimensional one with a similar function value? Do-
ing so amounts to testing properties of the original large input quantified by

the function of interest.

(Computational Inequality Proving) Mathematical theorems are often formulated
as inequalities that hold for objects of all sizes. Examples include Cauchy—
Schwarz, AM-GM, Jensen’s inequality, or Mantel’s theorem. How can we

computationally prove such any-dimensional inequalities?

We tackle these questions by imposing relations between the different vector spaces
(V,) that model how problem instances or inputs of different sizes can be viewed
as equivalent. We begin by studying the systematic description of any-dimensional
functions by finitely-many parameters. In Chapter 2 we consider conic descriptions
of convex sets that can be instantiated in any dimension, and construct finitely-
parametrized families of convex sets and functions. Our approach proceeds by
imposing symmetries and relations between dimensions, allowing us to exploit
the recently-identified phenomenon of representation stability. In Chapter 3, we
explain how the same ideas yield finitely-parametrized any-dimensional neural net-
works. Next, in Chapter 4 we turn to the problem of computationally proving
any-dimensional inequalities. We focus on polynomials and prove any-dimensional

inequalities between them by solving finite-dimensional optimization problems.
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The construction of these problems uses a new representation for any-dimensional
symmetric polynomials as moments of fixed-dimensional random samples of their
inputs. The proof of this representation, and the analysis of the resulting inequal-
ities, are based on new generalizations of de Finetti’s theorem from probability.
Turning to the question of sketching and property testing, in Chapter 5 we focus
on testing properties pertaining to hubs in large graphs. We develop a new notion
of limits of graphs of growing size based on our new de Finetti theorems, and
use it obtain non-asymptotic rates for approximation of various graph parameters
quantifying hub structure by sampling a constant number of edges from the graph.
Finally, in Chapter 6 we investigate the ability of any-dimensional functions fitted
to limited-size data to generalize to unseen input sizes. We show that the key to
analyzing this generalization is an appropriate metric between inputs of different
sizes. We obtain such a metric systematically by comparing distributions of samples
of these inputs using an application-adapted sampling map, and use this perspective
to obtain general non-asymptotic sketching and generalization rates using a unified

proof technique.

We now describe the questions we tackle in each chapter in more detail.

1.1 Any-Dimensional Convex Sets (Chapter 2).

Convex sets play a central role in numerous areas of the mathematical sciences
such as optimization, statistical inference, control, inverse problems, and informa-
tion theory. The convex sets arising in all these domains are often well-defined
in every relevant dimension. Indeed, unit balls of standard regularizers used in
inverse problems (e.g., £, or Schatten norms) are defined for vectors and matrices
of any size. Polytopes associated to graph problems and their relaxations (e.g.,
the cut polytope and the elliptope approximating it) are defined for graphs of any
size. Information-theoretic quantities (e.g., relative entropy) as well as their quan-
tum analogues, are defined for distributions and states on any number of (qu)bits.
Consequently, all these convex sets and many others should be viewed not as single
sets but as sequences indexed by dimension. Furthermore, there is often a single
“dimension-free” description of all the sets in such a sequence, as the following

example illustrates.

Example 1.1.1. Here are a few examples of sequences of convex sets and their

descriptions.

(a) The simplex in n dimensions is A"' = {x e R" : x > 0, 1,x = 1}, which
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is the set of probability distributions over n items. Here x > 0 denotes an

entrywise nonnegative vector x, and 1, € R" is the vector of all-1’s.

(b) The spectraplex, or the set of density matrices, of size n is D" ' = {X €
S": X =0, Tr(X) = 1}. It is the set of density matrices describing mixed
states in quantum mechanics [165, §2.4]. Here X > 0 denotes a symmetric
positive-semidefinite (PSD) matrix X.

T

(c) The {5 ball in R" is given by BZ = {x eR":

> 0 where I, denotes
x I

the n X n identity.

(d) The elliptope of size nis {X € S" : X > 0,diag(X) = 1,}. It arises in a

standard relaxation of the max-cut problem [89].

Note that all of the above descriptions are clearly defined for any relevant dimension.
Indeed, these descriptions are composed of elements such as 1, and /,, linear
maps such as diag(-) and Tr(-), and inequalities such as > and >, all of which are
“dimension-free” in the sense that they are well-defined in every relevant dimension.
In Chapter 2, we develop a systematic framework to study such freely-described

convex sets.

One motivation for this effort is to facilitate structural understanding of convex sets
that can be instantiated in any dimension and of sequences of optimization prob-
lems over such sets. Such sequences arise in several applications. For example, in
extremal combinatorics [184, 185] it is of interest to certify inequalities between
graph homomorphism densities involving graphs of every size. In quantum infor-
mation and control theory [105, 125], many problems reduce to optimizing (traces
of) polynomials in matrix variables of every size. Despite the ubiquity of sequences
of convex sets in these problem domains, the existence and interplay between the
sets in different dimensions is typically not explicitly discussed or exploited in the
literature. In Chapter 2, we explicitly consider sequences of convex sets that are
related in a concrete fashion across dimensions, and we present a framework to
derive several structural results about such sets as well as optimization programs
over them; as one notable illustration, we show that sequences of invariant conic
programs (including some arising in the above applications) can be solved in time

independent of dimension.

A second motivation for our effort stems from the growing interest in learning

solution methods for various problem families from data. Here one is typically
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given input-output data, and the goal is to fit a mapping that approximately fits
the data. This framework has been fruitfully applied to domains including integer
programming, inverse problems, and numerical solvers for PDEs [11, 43, 131, 158,
168, 231]. However, a fundamental limitation in much of this literature is that
the mappings learned from data are typically only defined for inputs of the same
dimension as the ones in the training data, and extension to inputs of different
dimensions is handled on a case-by-case basis. In contrast, we wish to learn
algorithms that should be defined for inputs of any relevant size, i.e., we aim to
identify a sequence of solution maps, one for each input size. Identifying a freely-
described convex set offers a convenient approach to learning an algorithm specified
as linear optimization over convex sets (convex programs). Further, to facilitate
numerical search over a family of freely-described convex sets—for example, to fit
an element of this family to training data—it is natural to seek finitely-parametrized

families of such sets, such as the following examples.

Example 1.1.2. The following are examples of finitely-parametrized families of

freely-described convex sets.

(a) The sequence of subsets
{ardiag(X) + a2 X1, : X = 0, asTr(X)1, + agdiag(X) + a5X1, = agl,},
of R" is parametrized by a € R®.

(b) Free spectrahedra are sequences of the form

d
{(Xl,...,Xd)E (S”)d2L0®In+ZLi®XiZO},
i=1

that are parametrized by Lo, . . ., Ly € S¥ for k € N. They arise in the theory

of matrix convexity and free convex algebraic geometry [101, 130].

(c¢) The sequence

17X1 Tr(X
i L 1,1}

C, :{X eS*: nn2 nLl ® ﬂnﬂ;lr +

1
+L3® — (X1,1] + 1,17 X) + Ly ® (diag(X) 1) + 1,diag(X)7)
n

+Ls®X+L¢® 1,1, +L;® (nl,) z()},
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is parametrized by Li,...,L; € SK. We obtain this sequence from our
framework in Section 2.4 by viewing a matrix X € S" representing a weighted
graph as a step graphon [ 146 ], and deriving a parametric family of dimension-

free descriptions extending continuously to more general spaces of graphons.

Each example here is a parametric family, and constitutes a freely-described se-

quence of convex sets for each value of its associated parameters.

Note that the parametric dimension-free descriptions in Example 1.1.2 are composed
of linear combinations of the dimension-free elements and linear maps that appear
in the descriptions of Example 1.1.1. In fact, the parameters above are simply the
coeflicients in these linear combinations. Thus, we can obtain finitely-parametrized
families of freely-described convex sets by deriving finite-dimensional spaces of

dimension-free elements.

The central thesis of Chapter 2 is that the dimension-free elements which consti-
tute dimension-free descriptions arise from a recently-identified phenomenon in
algebraic topology called representation stability, which relates invariants across
dimensions in a sequence of group representations [47]. We use these relations
to formally define the dimension-free elements that constitute our dimension-free
descriptions, and investigate various structural properties of such descriptions as
well as the associated sequences of optimization problems. Our definitions to-
gether with results from representation stability also yield finite-dimensional spaces
of dimension-free elements, which we use to derive parametric families of freely-
described convex sets adapted to specific applications and to fit elements of these

families to data.

1.2 Any-Dimensional Neural Networks (Chapter 3).

Researchers are often interested in learning mappings that are defined for inputs of
different sizes. We call such objects “free” as they are dimension-agnostic. Free
objects are pervasive in a range of scientific and engineering fields. For example, in
physics, quantities like electromagnetic fields are defined for any number of particles.
In signal processing, problems such as deconvolution are well-defined for signals
of any length, while image and text classification tasks are meaningful regardless of
the input size. In mathematics, norms of vectors and matrices are defined for any
dimension; sorting algorithms handle arrays of any length, and graph parameters,

such as the max-cut value, are defined for graphs of any size.
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In contrast, most existing supervised learning methods aim to learn mappings by
fitting a parametrized function f : R — R* to a set of input-output pairs S =
{(X1,v1),..., (X, yn)} € R? x R* with fixed dimensions d and k. Naturally,
the function f is only defined on inputs of dimension d, and a priori cannot be
applied to inputs in other dimensions. Practitioners use ad-hoc heuristics, such as
downsampling, to resize the dimension of new inputs and match that of the learned
map [96]. The lack of systematic methodology for applying learned functions to
inputs of different sizes motivates the main question of this chapter: How can we
learn mappings that accept inputs in any dimension? We answer this question
for mappings that are invariant or equivariant under the action of groups. Such
mappings are ubiquitous since many application domains exhibit symmetry, e.g.,
physical quantities are equivariant under translations and rotations because they
only depend on the relative position of particles [222], while graph parameters
are equivariant under permutations because they only depend on the underlying
topology rather than on its labelling [41]. We consider learning such mappings
using free equivariant neural networks. Formally, we consider a sequence of neural
networks and a sequence of groups, such that a network at any level in the sequence
is equivariant with respect to the group at the same level; see Figure 3.1. We train
an equivariant network with data S in a fixed dimension and leverage symmetry to

extend it to other dimensions.

1.3 Any-Dimensional Polynomial Optimization (Chapter 4).

Optimization problems specified by multivariate polynomials arise commonly in
control, data science, dynamical systems, and theoretical computer science. Such
polynomial optimization problems (POPs) are NP-hard to solve in general, and much
research effort has focused on producing tractable bounds on their optimal values
using sums of squares certificates of polynomial nonnegativity [16, 133, 172].
In many application domains such as game theory and extremal combinatorics,
POPs arise naturally as sequences indexed by dimension and it is of interest to
simultaneously bound all of the optimal values in the sequence. The next few

examples illustrate the ubiquity of these problems.

Example 1.3.1 (Inequalities in moments). Fix a compact set ® C R¢ and consider
the sequence of POPs:

n

1 1 &
= inf - oo, - m | 1.1
un = b S nzx’ ”;x’ b

i=1
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where f is an m-variate real polynomial and ay, . .., &, € N¢ are multi-indices.
Here x* = 14:1 xl(.yi if x € R? and o € N¢. Observing that% i X8 = Exepn X®
where u(x) = %6,6[ is a discrete measure, computing u. = inf,u, amounts to
proving polynomial inequalities satisfied by moments of any measure supported on
©®. Such problems also arise in the context of potential mean-field games [36] as

well as in operator theory and quantum information [124].

Example 1.3.2 (Inequalities in symmetric functions). Symmetric functions are cer-
tain symmetric polynomials defined for any number of variables, such as power sums
sp(x) = Zixf and elementary symmetric functions ¥; < <, Xi, - Xi,. These are
fundamental objects of study in enumerative combinatorics, representation theory,
and analysis [151, 209]. In particular, inequalities between symmetric functions,
which hold regardless of the number of variables, are of interest in all of these
areas [42, 106, 120, 181]. Since any symmetric function can be written as a polyno-
mial expression f(si,...,Sy) in power sums, checking whether a given symmetric

function is nonnegative in all dimensions amounts to considering the following

n n
— 3 . m
= ot (S 3

i=1 i=1

sequence of POPs:

and checking whether u., = inf,, u,, > 0. The problem of checking u., > 0 given a
polynomial f is in general undecidable [4], and cannot always be done by expressing

f as a sum of squares [3].

Example 1.3.3 (Inequalities in graph densities). For graphs H, G, the homomor-
phism density 1(H; G) of H in G is the fraction of maps between their vertex sets
that are graph homomorphisms, and this fraction can be written as a polynomial
in the entries of the adjacency matrix of G [185]. Many problems in extremal
combinatorics can be formulated as proving inequalities between homomorphism
densities that hold for all graph sizes [28, 146]. Formally, given cy,...,cn € R
and graphs Hy, . . ., H,,, we consider the sequence of POPs:

Up = gmﬁf G Z cit(H;; G), (1.2)
V(G)l=n =1

over graphs on n vertices, and ask whether u., = inf, u, > 0. This is equivalent
to asking whether the inequality Y ; c;t(H;; G) > 0 holds for graphs G of all sizes.
Once again, checking this given c;, H; is undecidable in general, and there are

nonnegative such expressions which are not sums of squares [97].
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We refer to such sequences of polynomial minimization problems indexed by dimen-
sion as any-dimensional POPs, and in each of the preceding examples, the central
question is to compute U, = inf, u, or to prove that u., > 0. As Examples 1.3.2-
1.3.3 illustrate, this is in general undecidable. To address this difficulty, we adopt an
optimization perspective and aim to compute a lower bound y € R on u,, or equiv-
alently, on all the optimal values u,, in the sequence, using a finite-time procedure.
Although there is a large literature on computing such bounds for fixed-dimensional
POPs [16], producing bounds on one of the optimal values u,, in the sequence does
not, in general, yield bounds on the limiting value u.. Also, while undecidability
of general any-dimensional POPs implies that there are no finite-time procedures to
decide, for example, whether u., is nonnegative, this does not preclude the existence

of such procedures for producing some finite lower bounds on u.

In Chapter 4, we develop a systematic framework for producing lower bounds on
the limiting optimal value u., of any-dimensional POPs (u, = inf,cq, pn(x))sen in

terms of finite-dimensional POPs of the form ¢, = inf,cq, gn(x), so that
{y < uw <u,, forallneN. (1.3)

These lower-bounding problems have the same constraint sets as in the original
sequence of problems, but their cost functions ¢,, are distinct from p,. Moreover,
these lower bounds ¢,, converge at explicit rates to u. Either solving the finite-
dimensional problems defining ¢, or applying standard convex relaxations to them
yields lower bounds for u.. Our lower bounds can be viewed as searching over
tractable families of any-dimensional certificates of nonnegativity, and hence pro-
viding a computational procedure for proving inequalities valid in all dimensions.

The following are a few examples of the bounds we obtain using our framework.

Example 1.3.4 (Mean-field games). Consider the sequence of problems

2
tn = xe[i—nlf,un > (% foi) -4 (% Z,-xiz) (% Z[xi) - %Zixl',

which computes the value of an n-player extension of the non-convex-concave two-
player game studied in [174, Ex. 3.2]. The limiting optimal value u., computes the
value of a mean-field limit of these games, and we seek lower bounds on this value.

Our framework yields the lower bounds for n > 3

. 1 1 o1
Uoo =y = xe[l—nlf,l]ns(’;) ZKJ_ XX 4n(n -1 Z#j XX " Zix,.
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Moreover, we get a nonasymptotic bound for the convergence of our bounds, which

reads
up — 4, < 6—0, (1.4)
n
that is, €, converges to u« at a rate of O(1/n) by (1.3). We numerically illustrate
the convergence of €, to this asymptotic optimal value, and validate our theoretical

rate of convergence, see Figure 1.1 and Example 4.6.1 for more details.

1
1
15! 0
g
o2 <
= I
<
E .25/ 5 10°
2
@) 3l
i ——Up —J-Computed bound
44, ——Theoretical bound
-3.5 : ' ' ; 107! ' ' ' ;
5 10 15 20 5 10 15 20
n n

Figure 1.1: Numerical results for mean-field game in Example 1.3.4: (left) Upper
bounds on u, and intervals containing £,; (right) Comparing u, — ¢, and bound
from (1.4).

Example 1.3.5 (Symmetric functions). Our framework allows us to prove new
inequalities between symmetric functions that are inaccessible to previous, sums-of-
squares-based approaches. Recall from Example 1.3.2 that any symmetric function
can be written as a polynomial in power sums sy (x) = ; xl{‘. Consider the symmetric

function

1. _ 15 1.2, 153 322 1.4, 16
J (51,52, 54, 56) =586 — 135452 + 155457 + 3355 — 335257 — 335251 + 335]

9 2 2

(1.5)
+354— 252+ 35057 — S5t 41
§94 T 16°2 T 89291 T 16”1 .

Checking whether or not this function is nonnegative in all dimensions reduces
to setting u, = infyepn f(51(x), 52(x), s4(x), s¢(x)) and checking whether u,, =
inf, u,, > 0. Notably, the polynomial (1.5) is not a sum of squares in any dimension
n > 2, so its nonnegativity cannot be proved using the relaxations of [3], see
Example 4.6.5 for details. We prove its nonnegativity in all dimensions by using our
framework to produce the lower bound

i 42 24 522
= xlg]glexz +x7X, — 3x7x; + 1 (1.6)
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consisting of minimizing the well-known Motzkin polynomial. The polynomial
in (1.6) is nonnegative by the AM-GM inequality, proving that £, > 0 and hence

Uso > 0.

Example 1.3.6 (Graph densities). To certify inequalities in graph densities, we apply

our framework to the sequence of problems (1.2) to produce the lower bounds

m

¢, = inf itini (Hi; G), 1.7
" 8rai7rllls G, ;Cl nJ( ' ) ( )
V(G)l=n '~

which are almost identical to (1.2) except that the homomorphism densities t (H;; G)
are replaced with injective homomorphism densities tinj(H;; G). The latter gives
the fraction of injective maps between the vertex sets of H; and of G that are graph
homomorphisms. Moreover, we get the nonasymptotic convergence bound

b < VV-1D 3L il

Up — 1ty

,  whereV = max |V(H;)|.
l:

n 1,...m

As an application, we prove that the Ramsey multiplicity of the graph consisting of
a triangle with a pendant edge is lower-bounded by 0.0476, see Example 4.6.8.

Example 1.3.7 (Graph numbers). Unlike inequalities in graph densities, inequalities
in their unnormalized counterparts have been less extensively studied. For example,
let inj(H; G) be the number of injective graph homomorphisms from H to G. This
extends to a polynomial defined on all weighted graphs as explained in Section 4.6.

Consider
U, = XinSf inj(P3; X) —inj(K> U Kp; X), st X >0, 17X1=1. (1.8)
€ n

The objective is a homogeneous quadratic, so certifying us > 7y implies inj(P3; X) —
inj(K, U K; X) > yhom(K>; X)? for all X > 0 of all sizes. Our lower bounds take
the form

n3 n+

0 = inf ini(Py: X) —
" xnelsnn(n—l)(n—2) inj(Ps; X) n-—

;inj(Kz UKy X)|, st X>01TX1=1.
(1.9)

We numerically compute upper bounds on u, and intervals containing €, for n €

[4,9], with the results shown in Table 1.1, see Example 4.6.11 for more details.

We construct and analyze these bounds using new generalizations of de Finetti’s
theorem from probability [10, 56, 57].
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n| 4 5 6 7 8 9
up | -0.50 -0.50 -0.67 -0.67 -0.75 -0.75
€y | -6.67 [-3.30,-3.12] -2.8 [-2.33,-2.18] -2.06 [-1.88,-1.81]

Table 1.1: Bounds on u,, and ¢, for the injective homomorphism numbers in Exam-
ple 4.6.11.

1.4 Graph Limits via Random Quotients (Chapter 5).

Analyzing the structure of large graphs is a challenge that arises in numerous
problem domains such as bioinformatics, network tomography, operations research,
and the social sciences [13, 38, 107, 164, 210]. The graphs arising in these domains
are, in general, weighted and directed. For example, in traffic networks vertices
correspond to locations, and edge weights quantify the amount of traffic between
two locations in each direction, see Figure 1.2. In functional brain connectome
graphs, vertices correspond to regions of the brain, and edge weights quantify the
connectivity between these regions in each direction, see Figure 1.3. A particularly
important global structural aspect of such graphs is the presence of hub vertices and
connections between them [29, 99, 167, 180, 214]. For graphs with nonnegative
edge weights and possible self-loops, a hub is a vertex with a significant fraction
of the total edge weight incident to it, such as a large city in a traffic network,
a well-connected region of the brain, or a particularly interactive protein. As a
consequence of their high connectivity, hubs play a central role in the structure and
function of large networks. The structure of such large graphs has been studied using
suitable notions of graph limits, most prominently graphons [146]; see Section 5.1
for related work. However, these previous approaches are either limited to simple
graphs, or summarize large graphs by their subgraph densities. Subgraph densities
fail to properly account for global structures such as hubs. Indeed, a network can
only contain a relatively small number of hubs, and therefore most subgraphs of a

network do not contain any hubs.

Our central thesis is that hub structure in large graphs can be studied using quotients.
Formally, a quotient of size k of a graph on n vertices is defined by an ordered
partition fi , : [n] — [k], which partitions the vertex set [n] into k parts that are
given by the fibers f;~ rll (j) for j € [k]. In particular, for a graph on n vertices with
adjacency matrix G € R its quotient by the ordered partition f; , is given by the
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graph p(fi..)G € R on k vertices with edge weights:

[p(fin)Glij= D Gua (1.10)

vefin (i)

ue i (j)
Here we view p(fi..) : RP" — R¥ a5 a ‘linear representation” of f;_,. In words,
the vertices of the quotient p( fx.,) G correspond to the parts in the partition defined
by fr.n, and the edge weight between parts i, j € [k] is given by the sum of all
edge weights in G between vertices in f,° }l(i) and f- ,1 (7). Thus, a quotient of G

represents the edge weights between each pair of parts in a vertex partition.

As an illustration, we give in Figures 1.2-1.3 examples of small quotients of two net-
works. The first, depicted in Figure 1.2, is a traffic network representing the fraction
of trips starting and ending at each zone of the Gold Coast, Australia [207]. The
second, depicted in Figure 1.3, is a brain connectome, the network of connections
between neurons of an adult male C. elegans roundworm [50, 163]. The structure
of each quotient indicates some of the features of the underlying large network. As
we will see in Section 5.4, the presence of hubs in the original network leads to

nonuniform distribution of edge weight in their random quotients.

Figure 1.2: Traffic network for the Gold Coast, Australia, and a realization of a
random quotient. The city is divided into 1068 zones, and the weight of an edge is
the fraction of trips from a dataset with given start and end zones [207]. Here we
plot the first 300 of these zones and their interconnections, displaying the width of
an edge proportionally to its weight. We color the vertices according to their image
in the quotient, and color an edge connecting two vertices with the same image
by the color of that image. The nonuniformity in the edge weights of the quotient
indicates the presence of hubs that we can see in the plot of the entire network.

In Chapter 5, we define a new notion of convergence for sequences of growing-

sized graphs based on convergence of their random quotients. In analogy with
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Figure 1.3: Network of chemical connections among the 575 neurons of adult male
C. elegans (a species of roundworm), and a realization of a random quotient. Edges
are directed from pre-synaptic to post-synaptic cells, and their weight is the total
number of EM serial sections of connectivity [50, 163]. The nonuniform distribution
of self-loops and the unequal in-degrees and out-degrees among the four vertices in
the quotient again indicate the presence of hubs.

graphons [146, §1], we define suitable limit objects in terms of random measures
for any quotient-convergent sequence of graphs. Finally, we show that finite (ran-
dom) graphs sampled from our limit objects are quotient-convergent to the limit
almost surely. The key concepts in Chapter 5 are dual to those in the literature on
graphons, and we emphasize this duality throughout our development. In particu-
lar, we shall see that random quotients and random subgraphs, in terms of which
graphon convergence is defined, are random linear maps which are adjoints of each
other. Further, a dual analog of the cut metric plays a prominent role in our devel-
opment, and we derive an edge-based analog of the Szemerédi regularity lemma as

a consequence of our results.

1.5 Any-Dimensional Learning (Chapter 6).

Out-of-sample generalization is a core challenge in machine learning, particularly
when the test data differs substantially from from the training data. Importantly,
such difference arises when the dimensionality of the data can vary from training to
test time, as commonly happens in applications involving point clouds containing
different numbers of points, graphs containing different numbers of vertices, and
sequences of tokens of different lengths. In these and other domains, we aim to
learn a function from a data set containing inputs of limited sizes that can be applied
at test time to inputs of any size. Such a learned function must therefore exhibit

any-dimensional generalization in order to perform well on inputs of unseen sizes.

A related problem is one in which we are given a function that is well-defined on
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inputs of any size, and we wish to evaluate the function on a high-dimensional
input. When such a function is expensive to evaluate on high-dimensional inputs,
we seek to suitably subsample, or sketch, the input to obtain a low-dimensional
object on which the function can be evaluated efficiently, and whose value is close
to that of the original input. We call the problem of producing such low-dimensional
sketches any-dimensional sketching, as we seek to produce small approximations of

arbitrarily-sized inputs.

Our objective in Chapter 6 is to show that the above two problems of any-dimensional
generalization and sketching are closely related to each other, and to develop a
systematic approach to tackle them. The fundamental challenge in addressing these
questions is that of comparing inputs of different sizes. In what sense can a small
object be an approximation to a large one? In assessing generalization performance
across dimension, what is an appropriate notion of a data distribution? As described
in Chapter 6, we develop a sampling-based framework to answer these questions.
Building on this approach, we then identify classes of any-dimensional functions
that can be learned from or approximated on low-dimensional inputs, along with
explicit rates. We also discuss applications to a number of domains of contemporary

interest.
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Chapter 2

DIMENSION-FREE DESCRIPTIONS OF CONVEX SETS

This chapter is based on [139].

2.1 Introduction

This chapter consists of four main contributions. First, we formally define dimension-
free descriptions of convex sets by generalizing the insights derived from Exam-
ples 1.1.1 and 1.1.2 using representation stability. Second, we prove structural results
pertaining to freely-described sequences of convex sets, the relationship between
sets in such a sequence in different dimensions, and limits of such sequences. Our
proofs combine concepts from convex analysis and representation theory. Third, we
derive consequences of our framework for invariant conic programs, showing that
sequences of such programs of growing dimension can often be solved in constant
time. Our results unify and generalize existing work in the literature. Finally, we
apply our framework and its structural results to derive an algorithm for fitting a
freely-described convex function to given data in different dimensions, a problem
we call dimension-free convex regression. The latter two contributions are aimed at

addressing our mathematical and algorithmic motivations above.

Freely-described Convex Sets

To formalize dimension-free descriptions of convex sets, we begin by briefly re-
viewing conic descriptions, which express a convex set as an affine section of a
convex cone. Conic descriptions are the most popular approach to specifying con-
vex sets in the optimization literature, and they have played a central role in the
development of modern convex optimization [14]. Indeed, we often classify convex
sets based on their conic descriptions—polyhedra are affine sections of nonnegative
orthants and spectrahedra are affine sections of PSD cones. Formally, if V, W, U
are (finite-dimensional) vector spaces and K C U is a convex cone, then a convex
subset C C V can be described using linear maps A: V — U, B: W — U and a

vector u € U as follows:

C={xeV:3ye Ws.t Ax+By+u € K}. (Conic)
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We will refer to the spaces W and U as the description spaces associated to the conic
description. If the cone K is a nonnegative orthant (resp., PSD cone), then linear
optimization over C is a linear (resp., semidefinite) program. The type of the cone
as well as its dimension determine the computational complexity of optimization

over C.

Each sequence of convex sets C, € V, in Examples 1.1.1 and 1.1.2 is given
by (Conic) for suitable sequences of description spaces W,,, U,,, of vectors u,, € U,,
of linear maps A,: V, — U,, B,: W, — U,, and of convex cones K, C U,.
The vector spaces and cones are typically fixed in advance and are dictated by the
application domain. Having fixed the vector spaces and cones, we seek to formalize
the vectors u, and linear maps A,, B, that are defined for any dimension, such
as those appearing in Examples 1.1.1 and 1.1.2. Furthermore, we wish to obtain
finite-dimensional spaces of these dimension-free elements, which yield finitely-
parametrized families of dimension-free descriptions. To that end, we observe that
these dimension-free elements are sequences of invariants under sequences of groups
related in a particular way across dimensions. For example, the all-1’s vector 1, of
length n is invariant under the group of permutations on n letters acting by permuting
coordinates. Further, the all-1’s vectors of different lengths are related to each other:
extracting the first n entries of 1, yields 1,,. Similarly, the nxn identity matrix I, is
invariant under the orthogonal group of size n acting by conjugation, and extracting
the top left n X n submatrix of 7, yields I,,. Thus, to give a formal definition for
dimension-free vectors and linear maps, we consider sequences of groups acting
on sequences of vector spaces, and we require the spaces in the sequence to be
related to each other — specifically, we embed lower-dimensional spaces into higher-
dimensional ones and project higher-dimensional spaces onto lower-dimensional
ones. Such sequences of group representations are called consistent sequences and

they were first defined in the seminal paper [47] introducing representation stability.

Definition 2.1.1 (Consistent sequences [47]). Fix a family of compact! groups
G = {G, }nen such that G, C G,41. A consistent sequence of &-representations is

a sequence V" = {(Vy, ©n) }nen satisfying the following properties:

(a) V, is an orthogonal G,-representation,

(b) ¢,:V, — V,. is a linear G,-equivariant isometry.

'Our theory can be extended to reductive groups.
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Unless we want to emphasize the embeddings ¢,, we shall identify V,, with its image
inside V1. We then write 7" = {V,} and take ¢,, to be inclusions V,, C V1.2

As ¢, is an isometry, its adjoint ¢, defines the orthogonal projection Py, of
higher-dimensional spaces onto lower-dimensional ones. We now formally de-
fine dimension-free vectors or linear maps as sequences of invariants projecting

onto each other.

Definition 2.1.2 (Freely-described elements). A freely-described element in a con-
sistent sequence {(V,, ¢,)} of {G,}-representations is a sequence {v, € V,cf'”} of

invariants satisfying ¢ (vp+1) = v, for all n.

Importantly, the set of freely-described elements in a given consistent sequence 7 is
naturally a linear space,3 because if {v,, } and {v} } are freely-described elements then
so is {av, + Bv,} for any a, 8 € R. Furthermore, fundamental results in represen-
tation stability imply that these spaces of freely-described elements are often finite-
dimensional. More precisely, when the consistent sequence 7 is finitely-generated,
L O VG” become isomorphisms for all

n+l . n+l1

n exceeding the presentation degree of the sequence, see Section 2.2 for precise

the restricted projections Py, | G

definitions.

Definition 2.1.2 also defines freely-described linear maps. Indeed, if 7" = {(V,, ¢,,) }
and % = {(U,, ¢,)} are consistent sequences of {G,, }-representations, then the se-
quence of spaces of linear maps between them can be naturally identified with
{(V,, ® Uy, ¢, ® ¥,)} where ® is the tensor (or Kronecker) product, and this is
also a consistent sequence. A freely-described element of 7 ® % is a sequence of
equivariant maps {4, € £L(V,,U,)%"} satisfying Ui An1n = Ay. When ¢, 4, are
inclusions, this simplifies to Py, A,+1]v, = A, where Py, is orthogonal projection
onto U,. From results in representation stability, it follows that for a large class
of consistent sequences, the sequence 7° ® % is finitely-generated when 77, % are,
and the presentation degree of the former can be bounded in terms of those of the
latter; see Theorem 2.2.11. Thus, the space of freely-described linear maps is often

finite-dimensional as well.

Example 2.1.3 (Vectors with zero-padding). Let V,, = R" with the standard inner
product, and let ¢, (x) = [x7,0]" correspond to padding a vector with a zero. This

ZFormally, we obtain such inclusions inside the direct limit of the sequence.
3Formally, the space of freely-described elements is the inverse limit lin VS”.
n
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is a consistent sequence for many standard sequences {G,} of groups, including
the groups of n X n orthogonal matrices, and (signed) permutation matrices. Here
G, is embedded in G,y by sending g € G,, represented as an n X n matrix to
blkdiag(g, 1). For each of these sequences of groups, we get a consistent sequence
V ={(Vy, on)}. When G, = S,, is the group of permutations on n letters, the space
of freely-described elements in 7" is one-dimensional and consists of sequences
{al,} for « € R. The space of freely-described linear maps from V, to itself is

two-dimensional, and consists of sequences {a11,1] + asl,} for a € R2.

Having formalized freely-described vectors and linear maps, we are ready to define
dimension-free descriptions of convex sets. These are just sequences of conic

descriptions specified using freely-described elements.

Definition 2.1.4 (Dimension-free conic descriptions). Let 7" = {V,}, W = {W,}, % =
{U,} be consistent sequences of {G, }-representations, and {K,, C U,} be a se-

quence of convex cones. A sequence of conic descriptions
Co={xeV,:IyeW,s.t Ayx+B,y+u, €K,}, (ConicSeq)

is called dimension-free if {A,}, {B,}, and {u,} are freely-described elements of
the consistent sequences 7" Q@ U, W ® U, and U, respectively.

All the descriptions in Examples 1.1.1 and 1.1.2 become dimension-free when the
relevant sequences of vector spaces are endowed with natural consistent sequence
structure. Moreover, when 7" @ U, W ® %, are all finitely-generated, Defi-
nition 2.1.4 yields a finitely-parametrized family of dimension-free descriptions,
obtained by choosing bases for the spaces of freely-described {A,}, {B,}, {u,} and
viewing the coeflicients in these bases as the parameters. These parametric families
generalize Example 1.1.2. More broadly, they can be adapted to specific applica-
tions via the choice of embeddings and group actions involved in the consistent

sequences, which formally relate instances of different sizes and their symmetries.

We can use dimension-free descriptions to describe convex functions as well as sets,
using the many correspondences between convex sets and functions from convex
analysis. For example, given a freely-described sequence of convex sets we can
consider the sequence of their support and gauge functions, and given a sequence
of convex functions we can consider dimension-free descriptions for the sequence
of their epigraphs [189, §4]. Thus, Definition 2.1.4 yields finitely-parametrized

infinite sequences of convex functions as well.
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Example 2.1.5 (Parametric convex graph invariants). A convex graph invariant is a
convex function over symmetric matrices (viewed as adjacency matrices of weighted
graphs) that is invariant under conjugation of its argument by permutation matrices
(viewed as relabelling the vertices of the graphs); for example, the max-cut value
of a (weighted) graph is a convex graph invariant [41]. These examples and others
are defined for graphs of any size, and therefore they correspond to a sequence of
convex functions {f,: S" — R} such that f, is invariant under conjugation of its

argument by permutation matrices for each n.

Our framework yields parametric families of convex graph invariants as support
or gauge functions of parametric freely-described convex sets. Set V,, = S" with
the action of G,, = S,, by conjugation, since we seek convex subsets of symmetric
matrices invariant under this group action. We choose embeddings @, : S"* — S™!
by padding with a zero row and column, which corresponds to appending isolated

vertices to a graph. This yields the consistent sequence 7" = {(V,, ¢,)}.

To obtain convex sets, we also need to choose description spaces and cones. For
simplicity, we choose description spaces W, = 0 and U, = V, with the same
embeddings and group actions as for 7", and the positive semidefinite cones K, = SI.
Once the relevant consistent sequences and cones have been chosen, the parametric
family of freely-described sets, parametrized in this case by a € R'!, are obtained

transparently from our framework:
C,= {X €S" a1 (1, X1,)1,1, +a2(1, X1,)1, + a3Tr(X) 1,1, + a4 Tr(X)I,
+as (XIL,,IL; + ﬂnﬂ,jx) + (diag(X)ﬂ,j + ILndiag(X)T) + X + agdiag(X1,)

+ a9l O X+a/101,11; +a1l, > 0}

2.1
We can obtain a larger parametric family by enlarging the description space. For
example, taking k copies of the description spaces and cones above yields convex
sets described by k linear matrix inequalities of the form (2.1), depending on 11k

parameters.

Structural Aspects of Dimension-Free Descriptions

We have defined freely-described convex sets in Definition 2.1.4 by relating the

descriptions of the convex sets in a sequence {C, } across dimensions. However, in
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many applications it is further desirable to directly relate the sets C,, themselves or
the functions that arise from them across dimensions. We study the following two
relations (which are dual to each other by [189, Cor. 16.3.2]).

Definition 2.1.6 (Compatibility conditions). Let {V,} be a nested sequence of
vector spaces and let {C, C V,} be a sequence of convex sets (respectively, let

{fn: V, > RU {oo}} be a sequence of convex functions). We say that {C,} (resp.,

{fn}) satisfies

Intersection compatibility if C,e1 NV, = C, (resp., fus1lv, = fn);

Projection compatibility if Py, Cys1 = C, (resp., Py, for1 = fu)-

Here (Pv, for1)(x) = infx,eﬂ;rll (x) Ja+1(x") defines a convex function on V, [189,
Thm. 5.7]. One can check that a sequence of convex functions is intersection or
projection compatible if and only if its sequence of epigraphs is correspondingly
compatible, and a similar correspondence holds for gauge and support functions of
compatible sequences of sets; see Section 2.1. In what follows, the nested sequence

of spaces in Definition 2.1.6 will always be a consistent sequence.

The conditions in Definition 2.1.6 are natural in a variety of applications. For
example, many graph parameters remain unchanged when an isolated vertex is
appended to the graph, such as the max cut value; hence these are intersection-
compatible with respect to the embeddings in Example 2.1.5. Other parameters,
such as the stability number, are nonincreasing when taking induced subgraphs, and
any small graph occurs as an induced subgraph of a larger one that has the same
parameter value. Hence such parameters are projection-compatible with respect to
the same embeddings. In inverse problems, it is desirable to use regularizers that are
both intersection and projection compatible. Indeed, if {V,, } is a consistent sequence
and we are given data about a signal x € Vy that only depends on its projection
Py, x onto V, for n < N, then compatibility of the regularizer ensures that the
recovered signal also lies in V,,, see Section 2.4. Compatibility plays a central
role in the analysis of approximations for the copositive cones, and the failure of
a variant of intersection compatibility for the natural sums-of-squares relaxation
of copositive cones underlies several results in this area [95, 134]. Compatibility
conditions also arise in noncommutative geometry, where matrix-convex sets are
defined as sequences of sets of matrices of each size related across dimensions

by conditions stronger, in general, than Definition 2.1.6 (see Proposition 2.4.5);
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in particular, the free spectrahedra in Example 1.1.2 satisfy both intersection and

projection compatibility.

A freely-described sequence of convex sets need not satisfy either intersection
or projection compatibility; see Example 2.3.1 below. Therefore, we investigate
freely-described convex sets that additionally satisfy compatibility conditions, and
we obtain three structural results pertaining to such sequences of sets. Each of these
results is obtained by combining the relevant concepts from representation stability
along with notions from convex analysis. We now describe these three results in

more detail.

Our first structural result gives conditions under which dimension-free descriptions
certify compatibility, i.e., under which the sequence of sets derived from these
descriptions is evidently compatible. Consider a freely-described sequence {C,}
of convex sets (ConicSeq). Assuming that the sequence of cones {%,} underlying
the description of {C,} is both intersection and projection compatible, we prove
in Proposition 2.3.2 that the sequence of convex sets {C,} satisfies compatibility
conditions if the underlying freely-described elements in (ConicSeq) lie in a convex
cone. This result serves as the foundation for our subsequent developments—we
use it to show in Section 2.4 that many sets arising in applications naturally admit
dimension-free descriptions certifying their compatibility. We also use this result
in Section 2.6 to design an algorithm fitting a freely-described and compatible

sequence of sets to data.

Our second structural result is central to the development of our computational
framework in Section 2.6 and it addresses the following question. Given a convex set
with a conic description (Conic) in a fixed dimension ny, when does this description
extend to a dimension-free description of a sequence of sets satisfying compatibility
conditions? As a concrete example, suppose we are given a convex relaxation
for a combinatorial optimization problem, or a convex regularizer for an inverse
problem, in a particular problem dimension; under what conditions can these be
extended to problems in any desired dimension? Leveraging our preceding result
along with properties of presentation degrees of consistent sequences, we give
conditions in Theorem 2.3.5 on the dimension ny and the conic description in that
dimension ensuring the desired extendability. We use this result in Section 2.6
to computationally extend a set fitted to data in a fixed dimension to any other

dimension.

Finally, our third structural result develops a notion of a limiting object for a freely-
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described convex set. Given a consistent sequence {V,} of G,-representations,
consider the vector space Vo, = U,V,, viewed as a representation of* G, = U,,G,,
and let V., denote the completion of V., with respect to some norm. Consider now
a freely-described sequence of convex sets {C, } that is intersection- and projection-
compatible. The set C», = U,C, is a convex subset of V,, and we would like to de-
scribe its continuous limit C, inside Vo,. This is natural in many applications where
problems of different sizes can be naturally viewed as suitable finite-dimensional
discretizations of infinite-dimensional problems. Examples include finite graphs
obtained via discretization of continuous graphons, vectors obtained via discretiza-
tions of continuous-time signals, and matrices obtained via discretizations of oper-
ators between infinite dimensional spaces. We show in Theorem 2.3.6 that if the
dimension-free description underlying the sequence {C, } certifies our compatibility
conditions (in the sense of Proposition 2.3.2) and if the freely-described elements
constituting the description extend continuously to their respective limits, then the
dimension-free description extends to a description of a dense subset of Co. In
particular, this result yields an infinite-dimensional conic program for optimizing a

continuous linear functional over Ce.

Example 2.1.7 (Convex graphon parameters). Consider the freely-described se-
quence in Example 1.1.2(c), which is intersection- and projection-compatible with
respect to the graphon consistent sequence (see Section 2.4). The elements of V
are step functions on [0, 1]* known as step graphons, and we endow them with the
Lo norm as is common in the literature [21]. The completion Vo then consists of
certain piecewise-continuous graphons, and Theorem 2.3.6 shows that the limit of
the sequence {C,} in Example 1.1.2(c) with L7 =0 is

Co=lWeVa:0x [(Ll),,j W(s.t)dsdt+(La); | W(,1)dr
[0.12 [0.1]

k
+(L3)i, /[O ' [W(x,1) + W(z, y)] dt + (La)i ;) [W(x,x) + W(y, y)] + (L5)i,;W(x, y) .

+ Lg

Here positive-semidefiniteness of a matrix-valued function on [0, 117 is meant in the
sense of matrix-valued kernels [155], see (2.21) for a definition. We require L7 = 0
because the corresponding term does not extend continuously with respect to the

Lo, norm. We derive this limiting description in Proposition 2.4.7.

4F0rmally, these are the direct limits lim V,, and lim G,,.
— —
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We also apply Theorem 2.3.6 to permutahedra and Schur-Horn orbitopes in Sec-
tion 2.4 to obtain descriptions of limits in analogy to Example 2.1.7. The resulting
infinite-dimensional conic descriptions yield an infinite-dimensional generalization
of the Schur—-Horn theorem, which we give in Proposition 2.4.3. In fact, we obtain
limiting descriptions and a Schur—Horn theorem more generally in approximately

finite-dimensional (AF) algebras in Appendix C.

Invariant Conic Programs

Our framework yields structural results not only for descriptions of convex sets
but also for sequences of optimization problems over them. Specifically, we use
representation stability to unify and generalize a number of previous results which
show that various sequences of invariant conic programs indexed by dimension can
be solved in constant time. Such sequences of programs arise in several applications
including extremal combinatorics [184, 185] and quantum information [105, 125].
Concretely, the programs that arise in certifying homomorphism density inequalities
over graphs are invariant under symmetric groups of increasing sizes that relabel
the vertices of the graphs involved. Similarly, optimizing traces of matrix poly-
nomials yields programs that are invariant under the unitary or orthogonal groups
of increasing sizes that conjugate the matrices involved. We now recall symmetry
reductions of invariant programs and explain how constant-sized reductions arise

from representation stability.

Consider optimizing a linear functional over a convex subset C C V specified as an
affine section of a convex cone K as in (Conic). If the linear functional, the affine
section, and the cone are invariant under the action of a group G, then we can further
restrict the constraint set to the invariant subspace V&, thereby reducing the size of
the program [86, §3]. Consider now a freely-described sequence of convex subsets
{C,} of a consistent sequence {V,} of {G,}-representations given by (ConicSeq).
The vectors and linear maps in (ConicSeq) are G,-invariant as they are given by
freely-described elements; if in addition the cones K, are G,-invariant, then the
convex sets C, are also G,-invariant. When {V,} is finitely-generated, so that
the spaces of invariants in the sequence are all eventually isomorphic, optimizing
a Gy-invariant linear functional over C, for sufficiently large n reduces as above
to optimization over these constant-dimensional spaces of invariants. However,
even though the dimensionality of the variables in the symmetry-reduced programs

stabilize, the complexity of the constraints might still grow with n.
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To establish that the complexity of the constraints also stabilizes with n, we show
that the invariant sections {‘K,?"} of the cones have a constant-sized description in

the following precise sense.

Definition 2.1.8 (Constant-sized descriptions). Let {U,} be a sequence of {G,}
representations and {K, C U,} a sequence of convex cones. Fort € N, we say that
the sequence {‘K,(f" - UE"} admits a constant-sized description for n > t if there
exists a single finite-dimensional vector space U containing a cone K, linear maps
T,: U — U,?”, and subspaces L,, C U such that 7(,(,3” =T.(KNL,) foralln > t.

Note that Definition 2.1.8 does not require {U,} to be a consistent sequence, nor
in particular that U,, is embedded into U,;;. Proofs of constant-sized symmetry
reductions in the literature have implicitly proceeded in a case-by-case manner by
showing that the relevant cones, including symmetric PSD and relative entropy
cones, have a constant-sized description in the sense of our Definition 2.1.8, see [58,
160, 185, 188]. In Section 2.5, we explain how these constant-sized descriptions can
be generalized and derived systematically from an interplay between representation
stability and the structure of the cones in question. To thatend, we use a stronger form
of representation stability known as uniform representation stability, which shows
that the whole decomposition into irreducibles of the sequences of representations
involved stabilize, rather than only their spaces of invariants; see Section 2.2. Our
approach allows us to prove the existence of constant-sized descriptions for invariant
sections of the following cones under the actions of the classical Weyl groups. The
latter consist of the sequence of permutation groups {S, }, signed permutation groups

{B,}, and even-signed permutation groups {D,}, see Table 2.1 for definitions.

Theorem 2.1.9 (Informal, see Theorem 2.5.1). Consider the consistent sequence
70 = {R"} with embeddings by zero-padding and the standard actions of one of
the sequences of classical Weyl groups as in Example 2.1.3. For any consistent
sequence V" = {V,} obtained from 7 by taking finitely-many direct sums, tensor
products, symmetric algebras, or skew-symmetric algebras, the invariant sections of
the cones {Sym? (V) } admit constant-sized descriptions for n > d+k, where d and
k are the generation and presentation degrees of V', respectively. These degrees

can be bounded using the calculus in Theorem 2.2.11.

The sequences of classical Weyl groups are the groups of permutations {S,, }, signed

permutations {B,}, or even signed permutations {D,}. Here Sym? (V) denotes the
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collection of nonnegative quadratic forms on V. For example, Theorem 2.1.9 shows
that the sections of the PSD cones {S’} } invariant under the usual action of the classi-
cal Weyl groups by conjugation admit constant-sized descriptions. Theorem 2.1.9 is
used to derive constant-sized descriptions for cones of invariant sums-of-squares in
Theorem 2.1.10 below. In the following result, we consider polynomials in ("+i_1)
variables identified with k-multisets of n letters, and show that the cones of sums
of squares of such polynomials modulo any sequence of ideals admit constant-sized

descriptions. The proof of the following result is given in Section 2.5.

Theorem 2.1.10. Let {G,,} be one of the sequences of classical Weyl groups acting

as usual on R". Let

7, ¢ D sym? (Sym'R") = Rlxi,_sJisti<-osipen = Vi
d=0
be Gy-invariant ideals, and let U, = Sym=*¢(Sym‘R")/1,. Consider the sums-
of-squares cones SOSy, = {f € U, : f isasum of squares mod 1,,}. Then the
sequence {SOSSZ } admits a constant-sized description for n > 2kd if G, = S, or
B, and forn > 2kd + 1 if G,, = D,,.

Theorem 2.1.10 generalizes a number of results from the literature.

» Setting k = 1, 7,, = (0), and G,, = S,;, we recover [188, Thms. 4.7, 4.10].
* Setting k = 1, Z,, = (0), and G,, = B,, or D,,, we recover [58, Cor. 3.23].

e For k > 2, setting Z,, = (x; —x%,xj)le([n]) where ([Z]) denotes the set {(i; <
k

s¢(11))
... <ly) :ij € [n]}, and setting G,, = S];, we recover [185, Thm. 2.4].

Theorem 2.1.10 generalizes all of these to include any of the classical Weyl groups

and any sequence of invariant ideals.

Theorem 2.1.10 can be applied to derive constant-sized SDPs to certify graph
homomorphism density inequalities [ 184, 185]. Many problems in extremal combi-
natorics can be recast as proving polynomial inequalities between homomorphism
densities of graphs, which is the fraction of maps between the vertex sets of two
graphs that define graph homomorphisms. A simple example is Mantel’s theo-
rem, which states that the maximum number of edges in a triangle-free graph is
|n?/4]. Razborov proposed a method of certifying such inequalities using flag al-

gebras [186], which were shown in [184, 185] to be sums-of-squares certificates of
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certain symmetric polynomial inequalities. Razborov’s flags are interpreted in [ 185,
§3] as “free” spanning sets for spaces of symmetric polynomials. Formally, they are
freely-described elements in the sense of Definition 2.1.2. Our framework shows
that both the existence of such freely-described spanning sets and the resulting

constant-sized SDPs are consequences of representation stability.

We obtain similar results for invariant sections of cones derived from relative entropy
inequalities that have recently played a role in polynomial optimization [40, 162].
Our main result for these cones is stated in Theorem 2.5.6, which generalizes [160,

Thm. 5.3] from permutation groups to the other classical Weyl groups.

Dimension-Free Convex Regression

As our final contribution, we apply our framework to develop an algorithm for a
dimension-free analog of the convex regression problem. In the classic setting of this
problem, the objective is to fit a convex function f: V — R to a dataset {(x;, y;) }iD: 1
of inputs x; € V and outputs y; € R such that f(x;) ~ y;. In our dimension-free
extension of this problem, we have a sequence {V,} of vector spaces, usually of
growing dimension, and data {(x;, y;) € V,, & R} in finitely-many dimensions »;.
We then seek an infinite sequence of convex functions {f,: V, — R} satisfying
Jn; (xi) = y; in the dimensions in which data is available and which, moreover, is

freely-described.

To fit a freely-described sequence of functions, we begin by endowing the vector
spaces {V, } containing the training data with the structure of a consistent sequence
based on the symmetries of the problem at hand and the relations between problem
instances in different dimensions. We then select description spaces {W,}, {U,}
and cones {K,, C U,} with respect to which our convex functions are to be described
as in (ConicSeq), with freely-described vectors and linear maps parametrizing the
desired family of freely-described functions; richer description spaces generally
yield more expressive families of convex functions, but fitting a function from such

a family is more expensive and requires data in higher dimensions by Theorem 2.3.5.

Having chosen description spaces and cones as above, we have completely specified
our family of freely-described functions and turn to the problem of fitting an element
of this family to data. We do so in a fully algorithmic fashion, without needing to
write down an explicit formula for members of our parametric family, using the
following three steps. First, we compute a basis for invariant vectors and linear

maps in the dimensions in which we have data using the algorithm of [79]. Second,
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we numerically identify coeflicients in this basis that fit the data using an alternating
minimization procedure based on convex duality. Third, we extend the invariant
vectors and linear maps we identified in the data dimensions to other dimensions by
solving linear systems arising from Definition 2.1.2. Our procedure is summarized
in Algorithm 1 and detailed in Section 2.6, and our implementation is publicly
available at https://github.com/eitangl/anyDimCvxSets. To summarize,
once the choice of consistent sequence structure and description spaces is made
based on the structure underlying an application, the dimensions of the available
data, and the desired richness of the family of functions, the remainder of the

procedure is fully computational.

We demonstrate our approach by obtaining semidefinite approximations of two
non-semidefinite representable functions: the ¢, norm ||x||, = (3; lx;|)V/, and
the following (nonnegative and positively homogeneous) variant of the quantum

entropy function:
f(X) =Tr[(X +Tr(X)I) log(X/Tr(X) + I)]. (2.2)

The ¢, norm of a vector is defined for vectors of any length, is invariant under signed
permutations, remains unchanged under zero-padding of its input, and can only in-
crease if we append any other entry to a given input. It is therefore both intersection
and projection compatible with respect to the embeddings and projections of Exam-
ple 2.1.3. The function (2.2) is well-defined for (symmetric positive-semidefinite)
inputs of all sizes, is invariant under conjugation by orthogonal matrices, and its
value is unchanged if we zero-pad its input. Thus, it is intersection-compatible
on {S"} with embeddings given by zero-padding. Given evaluations of these two
functions on low-dimensional inputs, we use our procedure to fit semidefinite ap-
proximations to them by choosing sequences of PSD cones for our descriptions,
and fitting a freely-described and compatible sequence of convex functions. Thus,
we ensure that our approximations are also group-invariant and satisfy the same
compatibility properties as the underlying ground-truth functions. Concretely, we
fit an approximation to the ¢, norm using its values on 50 random vectors of length
at most 2, and fit an approximation to (2.2) using its values on 200 random PSD
matrices of size at most 4 X 4. To evaluate the quality of our approximations, we
further generate 10° random points in dimensions up to 20 and compare the value
of our approximation to the ground truth functions on these points. We detail our
description spaces, our fitting algorithm, and our data generation process in Sec-

tion 2.6. Figure 2.1 shows the error in our semidefinite approximations for different
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Figure 2.1: Errors for learning the £, norm and the quantum entropy variant (2.2).
The dashed vertical lines denote the max n for which data is available.

dimensions when we search over all freely-described sets in our family when fitting
to data, and when we search only over the smaller family of compatible sequences.
We see that imposing compatibility ensures that the error increases gracefully when

extending to higher dimensions.

Obtaining semidefinite approximations for quantum information theoretic quantities
such as (2.2) facilitates the use of semidefinite programming solvers in convex
optimization problems involving quantum entropy [71-73, 77]. We mention that
the authors of [74] derived semidefinite approximations of the quantum entropy and
related functions from an analytic perspective. We show in Section 2.4 that their
description is dimension-free but does not certify compatibility, in contrast to the

description we obtain from data using the preceding procedure.

Related Work

We briefly survey several related areas.

Extended formulations of convex sets: There is a large literature as well as a
systematic framework on extended formulations in which conic descriptions of a
convex set in a fixed dimension are investigated; see [78] for a review. The goal in
this body of work is to express ‘complicated’ convex sets in R? (e.g., polyhedra with
many facets) as linear images of affine sections of ‘simple’ convex cones in a space
that is not much larger than d. This framework is also applied to study equivariant
lifts of group-invariant convex sets, which are descriptions of the form (Conic)
consisting of group-invariant cones, vectors, and linear maps, i.e., conic descriptions
that make evident the group invariance of the convex set; see [75] and [78, §4.3].

These are precisely the type of descriptions we consider for each of the convex sets in
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our sequences. Moreover, while the literature on extended formulations is typically
articulated in the setting of a convex set in a fixed dimension, many results in the area
implicitly concern descriptions of a sequence {C, } of convex sets and the complexity
of these descriptions as a function of n [75, 76, 199, 230]. Thus, there are several
points of contact with the present chapter. In fact, many (though not all) descriptions
proposed in the literature on extended formulations can in fact be instantiated in any
dimension, and are moreover dimension-free in our sense as we show in Section 2.4.
More broadly, to the best of our knowledge, descriptions of convex sets that arise
from a systematic consideration of relations between dimensions have not been
studied previously. By bringing such considerations to the fore, the present effort
elucidates the representation-theoretic phenomena and their interaction with the
convex-geometric aspects underpinning convex sets that can be instantiated in any

dimension.

Free spectrahedra, noncommutative convex algebraic geometry: A broad re-
search program pursued in several areas involves the study of “matrix” or non-
commutative analogues of classical “scalar” or commutative objects. Examples
include random matrix theory and free probability [157] in which matrix-valued
random variables and their limits are the object of study as opposed to scalar-valued
ones; and noncommutative algebraic geometry [101], in which polynomials in non-
commuting variables and their evaluations on matrices are studied as opposed to
standard polynomials in commuting variables that are evaluated on scalars [31, 92,
93, 175]. Applying this program to convex sets yields matrix-convex sets and free
spectrahedra as in Example 1.1.2(b). We refer the reader to [101, 130] for surveys
and [17, 18] for some applications. In analogy to the present chapter, results in
this area explicitly pertain to sequences of sets which are “freely-described”, in the
sense that their description can be instantiated in any dimension. For example, free
spectrahedra are sequences of sets described by a single linear matrix inequality,
and free algebraic varieties are defined by the same noncommutative polynomials
instantiated on matrices of any size. Another point of contact with our work is
the consideration of relations between the sets in the sequence across dimensions,
such as matrix-convex combinations which have been formalized and studied in
this literature. Our notion of dimension-free descriptions is more general than the
ones in this literature however, and it allows us to derive more flexible families of
freely-described sets which are adapted to the structure underlying a broader range

of applications. Further, the relations between sets in different dimensions we con-



30

sider in this chapter are less restrictive than matrix convexity, and they yield more
general families of sets than free spectrahedra (free spectrahedra may be obtained in

our framework via particular instantiations of description spaces, see Section 2.4).

Representation stability: Representation stability arose out of the observation that
the decomposition into irreducibles stabilizies for many sequences of representa-
tions. This phenomenon has been formalized in [47] using consistent sequences,
and it has been further studied in [46, 84, 227] from a categorical perspective and
in [194, 195, 197] from a limits-based perspective. We relate the categorical and
limits-based formalisms to our setting in appendix A and Section 2.2, respectively,

and we refer the reader to [70, 196, 228] for introductions to this area.

Representation stability has been used to study sequences of polyhedral cones and
their infinite-dimensional limits [215], as well as sequences of algebraic varieties,
their defining equations, and their infinite-dimensional limits [8, 44, 64]. An impor-
tant distinction between these works and ours is our application of representation
stability to descriptions of convex sets rather than to their extreme points or rays as
in [215]. Thus, we are able to study non-polyhedral sets such as spectrahedra and sets
defined by relative entropy programs. Similarly, our study of infinite-dimensional
limits in Section 2.3 focuses on limiting descriptions and not just on limits of the

sets themselves.

Notation and Basics

We assume familiarity with the basics of representation theory and convex analysis,
and we refer the reader to [81, 202] and [189], respectively, for background. In what
follows, we review a few basic notions from these areas and introduce notation used
throughout the chapter. We list several standard groups and constructions involving

vector spaces in Table 2.1.

Basics: We use [n] to denote {1,...,n}. Fori < j we denote by (i, ) the
transposition permuting letters i and j. For real numbers a < b, we use [a, b) to

denote {x e R: a < x < b}. Fori € [n], we denote by e¢; € R" the ith standard basis
(n)

vector with a 1 in the ith entry and zero everywhere else, and we write ¢, when we
wish to emphasize the dimension. If x € R", we denote by diag(x) € S" the diagonal
matrix with x on the diagonal. If X € R™", we denote by diag(X) € R”" the vector
of its diagonal elements. All vector spaces in this chapter are finite-dimensional
real vector spaces equipped with an inner product (-, -) unless stated otherwise. We

emphasize that some of the inner products we use are nonstandard, so the transpose
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Symmetric group

Signed symmetric group
Even-signed symmetric group
Orthogonal group

Space of linear maps

Direct sum

Direct powers

Tensor product

Tensor power

Symmetric algebra

Alternating algebra

Symmetric matrices

Skew-symmetric matrices

Spaces of invariants

S, = {g € R™ : g is a permutation matrix. }

B, = {g € R™" : g is a signed permutation matrix }

D, = {g € B, : g has an even number of — 1 entries}
On={geR™:g7g=1,}

L(V,U) ={A: V - U linear}; L(V)=L(V,V).
VeU=VxU={(v,u):veV,uecU}

VE=V® =Ve- ---aV.

—_———
k times

VeoU=span{veu:veV,uecU} = L(V,U).
V*=V® ---®V.

————
k times

Sym* (V) =span{v;---vi :v; € V}
= {polynomials of degree = k on V}
= {symmetric tensors of order k over V}

k
sym=k (V) = P sym' (V).
i=0

/\kV:span{vl A+ Avg:v, €V}

= {skew-symmetric tensors of order k over V}.
S"={X eR™ : X" = X} = Sym?*(R").
Skew(n) = {X e R™": XT = -X} = A’R".
Ve={veV:g.-v=vforall g € G},
LV, )% ={A e L(V,U): gA = Agforall g € G}.

Table 2.1:
dimensional vector spaces.

Commonly-used groups and vector spaces.

Here V,U are finite-

of a matrix and the adjoint of the linear operator it represents may differ. Given a
subspace W C V, we denote by Pyw: V — W the orthogonal projection onto W.
We denote by R’} the cone of entrywise nonnegative length-n vectors, and by S’ the
cone of PSD 7 x n matrices. If V is a vector space, we let Sym? (V) = S9mV denote
the cone of PSD linear maps in L (V).

Representation theory: A (linear) action of a group G on a finite-dimensional
vector space V is given by a group homomorphism p: G — GL(V). Usually p

is clear from context and we omit it, writing g - v = p(g)v forg € Gandv € V
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instead. All the groups we consider are compact and all group actions are orthogonal,
meaning (g - x,g - y) = (v,v’) for all x,y € V. The action of G on V induces an
action on V®* and Sym* (V) by setting g - vi ® - - - ® v = (gv1) ® - - - ® (gv) and
g - (vi---vg) = (gv1)--- (gvr) and extending by linearity. If V and U are both
representations of G, we have an actionof GonV®Uby g- (v®u) = (gv) ® (gu)
(and extending by linearity) and on £(V,U) by g - A = gAg™!, thus making the
representations V ® U and £ (V, U) isomorphic. Linear maps invariant under this
preceding group action are also called equivariant or intertwining, since they are
precisely the linear maps commuting with the group elements. We denote the group
ring of G by R[G] = span{e, },ca, Where e, is a basis element indexed by the group
element g. Note that a representation of G is the same as a module over the ring
R[G].

If H € G is a subgroup and V is a representation of H, the induced representation
of G from V is Ind3 (V) = R[G] ®gn V. We have dim Ind$(V) = |G/H| dim V,
and we apply this notion only when H has finite index in G. If g; =id, g2,..., gz

are coset representatives for G/H, we have

k
Ind3 (V) = P gV (Ind)
i=1

together with the following action of G: For each g € G and i € [k], there is a
unique j € [k] and h € H satisfying gg; = g;h, and we let g act on g;v forv € V
by g - giv = g;j(h-v). This construction is independent of the choice of coset

representatives.

As vector spaces, we have an isomorphism IndS(V) =~ VIG/MHI " Hence, an H-
invariant inner product (-, -) on V induces a G-invariant inner product on VIG/Hl by
setting (g;v, gju) = 6; ;j{v,u) forv,u € Vandi,j € [|G/H|]. Here 6, ; = 1 ifi = j
and zero otherwise. We have an isomorphism (IndﬁV)G =~ VM sending v € V" to
> &V E (IndSV)H and v € (Ind,ch)H to Pyv € VM.

IfH € H and G C G’ such that H'NG = H, then we have the inclusion G/H — G’ /H’
sending gH +— gH’; this in turn yields an inclusion IndSV — IndS:V between
induced representations by completing a set of coset representatives for G/H to

representatives for G’/H’. Here V is assumed to be an H’-representation.

If V,U are H-representations and A € L(V, U)H, we can extend A to a map
Ind(A): IndSV — IndﬁU defined by Ind(A)(g;v) = gi(Av) where g; is one of the

above coset representatives and v € V. If V is a G-representation and W C V is
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an H-subrepresentation, there is a G-equivariant linear map IndSW — V sending

g ® w — g - w whose image is precisely R[G]W = span{g - w}geq wew-

Convex sets and functions: The epigraph of a convex function f: V — R U {co}
is the convex set {(x,7) € VO R : f(x) < t}. If C C V is a convex set then its
gauge function (also called Minkowski functional) is y¢(x) = inf{t : x € tC} and
its support function is h¢(x) = sup{(y,x) : y € C}.

Our compatibility conditions for convex sets in Definition 2.1.6 imply compatibility
for convex functions derived from them using the above correspondences, and vice
versa. Indeed, it is easy to check that a sequence of convex functions is intersec-
tion (resp., projection) compatible if and only if the sequence of their epigraphs
is intersection (projection) compatible. Similarly, if a sequence of convex sets is
intersection (resp., projection) compatible, then the sequence of their gauge func-
tions is intersection (resp., projection) compatible. The correspondences between
compatibility conditions between sets and their support functions is a bit subtler.
If a sequence of sets is projection-compatible, then the sequence of their support
functions is intersection-compatible. If a sequence of compact sets is intersection-

compatible, then their support functions are projection-compatible.

2.2 Background on Representation Stability

We review some fundamental definitions and results from the representation stability
literature, which studies consistent sequences {V,} of {G, }-representations as in
Definition 2.1.1. We further require a notion of maps between consistent sequences,
which enables us to define embeddings, quotients, and isomorphisms of consistent

sequences.

Definition 2.2.1 (Morphisms of sequences). If 7" = {(V,, ¢n)yand % = {(U,,¢,)}
are two consistent sequences of {G,, }-representations, then a morphism of consistent
sequences & : 7" — U is a collection of linear maps o = {A,: V, — U,} such
that the following hold for each n:

(a) A, is G,-equivariant;

(b) Apv1¢n = YnA,.

If ¢, and ¢, are inclusions, condition (b) above becomes A,.|v, = A,. Note

that morphisms are freely-described elements (as in Definition 2.1.2) of 7" ® %,
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but the converse may not hold. Morphisms of sequences have appeared in the
representation stability literature as the natural notion of maps between sequences,
see [46, Def. 2.1.1] and [227, §3.2].

Generation Degree

To relate invariants and equivariants across dimensions, we need canonical isomor-
phisms between spaces of invariants in a consistent sequence. Proposition 2.2.3
below shows that the projections Py, are such isomorphisms, using the following

parameter introduced in [46] to control the complexity of a consistent sequence.

Definition 2.2.2 (Generation degree). A consistent sequence 7" = {V,} of {G,}-
representations is generated in degree d if R[G,|Vy =V, for all n > d. The
smallest d for which this holds is called the generation degree of the sequence. A
subset S C Vg is called a set of generators for 7" if R[G,|S =V, foralln > d. A

sequence is finitely-generated if it is generated in degree d for some d < co.

Note that R[G,]S = span{gx},cq, res, 50 that 7 is generated in degree d if the
span of the G,-orbit of V;, when embedded in V,, is all of V,, for any n > d. Note

also that if 77 is generated in degree d then V is a set of generators for 7.

Proposition 2.2.3. Suppose 7" = {(V,,pn)} is a consistent sequence of {G,}-

representations generated in degree d. Then the restrictions of the projections

t,aj‘llven+1 : ijl*' - V,(f" to spaces of invariants are injective for all n > d, and are
+1

therenfore isomorphisms for all large enough n.

Proof. First, the map ¢, is G,-equivariant because G, acts orthogonally and G, C
Gy+1, so it maps Gj,.-invariants in V,,| to G,-invariants in V,. Second, suppose
¢, (v) =0 for some v € VS:{I withn > d. For any u € V1, write u = ), g;¢,(u;)
where u; € V,, and g; € G,;;. Because v is G, -invariant, we have (v,u) =
(er(v), 2iuiy = 0. As u € V,y was arbitrary, we conclude that v = 0. Thus,
¢, maps VS:]* ' injectively into VS", so that dim VS" > dim ijl“, foralln > d.
Therefore, the sequence of dimensions dim VS‘” eventually stabilizes, at which point

¢, becomes an isomorphism. O

Note that ¢, = Py, is precisely the orthogonal projection onto V,,. Proposition 2.2.3
is stated in the representation stability literature in terms of the adjoints of the

projections, viewed as maps between coinvariants, see [46, §3] for example.
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Presentation Degree

While boundedness of the generation degree of a consistent sequence ensures that
the projections eventually become isomorphisms, providing a precise quantification
of this phenomenon requires a more sophisticated concept, namely the presentation
degree. We describe this concept after giving some preliminary definitions. Our
presentation here is brief, and we refer the reader to Appendix B for a more detailed

derivation of these notions motivated by our computational considerations.

Definition 2.2.4 (Centralizing subgroups). Let 7" = {V,} be a consistent sequence
of {G, }-representations. For any d < n, define the centralizing subgroups of V4 by

Hia={g€Gy:g-v=vforallveV,}.

Note that the subgroup generated by G, and H,, ; inside G, is the set of products
GsHna={gh:g€Gy, heH,4}since ghg™! e H,qforallg e Gyand h € H, 4.

Definition 2.2.5 (7"-modules). Let 7" = {V,} and % = {U,} be consistent se-
quences of {G, }-representations, and let {H, 4}a<n be the centralizing subgroups
of 7" as in Definition 2.2.4. We say that 2% is a 7"-module if U; C U,'j"’d Jor all
d <n.

Definition 2.2.6 (Induction and algebraically free> sequences). Let 7" be a consistent
sequence of {G,}-representations, and for d < n let H, 4 € G, be its centralizing

subgroups.

(a) Fix d € N and a G,-representation W on which Hy 4 acts trivially. For each
n > d, we view W as a GgH,, 4-representation on which H, 4 acts trivially.
The associated 7"-induction sequence is defined as:

Indg, (W) = {Indgr,, W} .

n

where the induced representation is taken to be 0 when n < d. This is a
7 -module.

(b) A consistent sequence & is an algebraically free 7"-module if it is a direct
sum of 7 -induction sequences. The sequence 7" itself is algebraically free if

it is an algebraically free 7"-module.

SFreeness here is meant in the algebraic sense of being generated by generators with no nontrivial
relations between them (see Appendix B), in contrast to Definition 2.1.4 where it is meant in the
sense of dimension-free descriptions.
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Definition 2.2.7 (Relation and presentation degrees). Let 7" be a consistent sequence
of {G,, }-representations. We say that a 7"-module % is generated in degree d, related
in degree r, and presented in degree k = max{d, r} if there exists an algebraically
free 7" -module F generated in degree d, and a surjective morphism of sequences
F — U whose kernel is generated in degree r. The smallest k for which this holds

is called the presentation degree of %.

Note that the presentation degree is at least as large as the generation degree (cf.
Definition 2.2.2).

Example 2.2.8. Let 'V, = R" with embeddings by zero-padding as in Example 2.1.3.
Recall that this is a consistent sequence for each of the sequences of groups G, =
O, By, Dy, S, acting by their standard n X n matrix representations. Here H,, 4 is
the subgroup of n X n orthogonal or signed permutation matrices fixing the first d

coordinates.

This sequence is generated in degree 1 for all the groups listed above. Indeed, any

of the canonical basis vectors e; are obtained from the first one e via the action of
Sy

If G, = B, or S,, then this sequence is algebraically free and hence presented in
degree 1 as well, while if G, = D, then it is not free but presented in degree 2.
Indeed, we have |D,,/DiH,, 1| = 2n when n > 2 with coset representatives (1,i)s”
for p € {0,1}, i € [n] where s = diag(—1,-1,1...,1). Hence (Ind) yields
Indg’an,lR = R" ® R" on which o € S, C D, acts by o(x,y) = (ox,0y) and
s(x,y) = (1, y2, %3, - - X0 ] T, [X1, X2, V3, . . ., Yul 7). We have equivariant linear
maps IndBTHn,,R — R”" sending (x,y) — x — y giving a morphism of sequences

Indp, R — {R"} with kernel generated in degree 2.

The presentation degree enables us to strengthen Proposition 2.2.3 and to quantify

more precisely when the projections there become isomorphisms.

Proposition 2.2.9. Let 7" be a consistent sequence of {G,}-representations and
U be a 7' -module presented in degree k. Then the maps Py, : U?ﬁ‘ - UE" are

isomorphisms for all n > k.

Proof. As % is presented in degree k, there exists an algebraically free 7"-module
F = {F,} and a surjective morphism & — % such that both its kernel # = {K,}
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and & itself are generated in degree k. Because each map F,, — U, is a G,-
equivariant surjection with kernel K, its restriction to invariants P,(f" — US” is

surjective with kernel K,Cf".

As F is an algebraically free 7"-module, there exist integers d; and G4, -representations
Wy, satisfying F = P ;Indg ddej. Such # has generation degree max; d; < k.
Therefore, letting {H, 4} be the centralizing subgroups of 7", we have for n > k

(see Section 2.1)

Gy Gy,
Gn — Gn ~ d./
F = @j (Indej Hu.a; (Wdf)) - @j Wd.f ’

Thus, dim P,Cf" is constant for n > k. Moreover, by Proposition 2.2.3 and the fact that
K and % are generated in degree k, we have dim K,?“ > dim K;?ff " and similarly
dimUy" > dimUS! for all n > k.

By the rank-nullity theorem, we have dim U,?” =dim IF",?” —dim K,cf”. As dim F,(f'" is
constant while both dim U,(f" and dim KS” are nonincreasing for n > k, we conclude
that they are all constant for n > k. To conclude, we note that Py, is injective when

restricted to Uf'ﬁl for all n > k by Proposition 2.2.3. O

Remark 2.2.10 (7"-modules vs. centralizing subgroups). The definition of presenta-
tion degree assumes a “base” consistent sequence 7. Note however that it depends
only on the centralizing subgroups {H, 4} of 7". In fact, any sequence of subgroups
{Hwa € Gula<n satisfying Hur1.a 2 Hug, Huaet € Hug, and Hp1a 0 Gy = Hyg

for d < n arises as the sequence of centralizing subgroups of such a consistent

sequence.

The centralizing subgroups play a central role because they determine embeddings
{80n-1-"-@a}gea, = Gn/Hna of Vg into V,, and the combinatorics of these em-
beddings yields Theorem 2.2.11. See the proof of [46, Prop. 2.3.6] and Appendix A
for example. We formulate our results in terms of 7"-modules rather than the sub-
groups {H, 4} directly because the sequences we use are often constructed from the

same base sequence as in Section 2.2 below, easing the application of our results.

Constructions of Consistent Sequences

Expressive families of freely described convex sets require complex description
spaces, and in turn complex consistent sequences. In this section, we describe
common operations that yield complicated consistent sequences from simpler ones,
along with a calculus for bounding the generation and presentation degrees of the

resulting sequences.
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Fix a family of groups & = {G, },en such that G,, C G,.41. Suppose 7" = {(V,,, ¢n) }

and % = {(U,,¢,)} are consistent sequences of &-representations. Then the

following are also consistent sequences of &-representations:

(Sums) The direct sumof 7" and % is 7 @ U ={(V, ® U, 0, ® ¥y)}.

If W is a fixed vector space, viewed as a trivial G,-representation for all n,
denote 7 & W = {(V,® W, ¢, ®idw)}.

(Tensors) The tensor product of 7" and % is 7 @ U = {(V,, ® U, v, @ ¥) }.

This is also the sequence of spaces of linear maps L(V,,U,) = V, ® U,,
where we embed A,,: V,, = U, to (¢, ® ¥)An = YnAngy: Vs = Upsr.

The order-k tensors over " is 7 ®k.

If W is a fixed vector space, viewed as a trivial G,-representation for all
n, denote 7 @ W = {(V, ® W, ¢, ® idw)}. Since V, ® W = y2dm¥ 44
G,-representations, we can identify 7" ® W with 7" ®dim¥,

(Polynomials) The degree-k polynomials over 7" is Sym*%" = {(Sym*V,,, ®)},
which is also the sequence of order-k symmetric tensors over 7. Here we
view Sym*V, C V& and restrict gafk to that subspace. The sequence of

polynomials of degree at most k is denoted Sym=<f7" = @le Sym’ 7.

Similarly, we can form the sequence of kth exterior powers A\* 7.

(Moments) The sequence of moment matrices of order k over 7 is Sym?(Sym=¢%").
Its elements can be viewed as symmetric matrices whose rows and columns

are indexed by monomials of degree at most & in basis elements for 7.

(Images and Kernels) If of = {A, € £(V,,U,)%} is a morphism mapping 7" —
%, thentheimages Im&f = {(A,(V,),¥,)}andkernels kersf = {(ker A, ¢,)}

form consistent sequences.

It 7',% are 7p-modules for some common consistent sequence 7, then all the

above are Zp-modules as well.

The group actions above are given in Section 2.1. The following theorem gives a
calculus that allows us to bound the presentation degrees of sequences constructed
from certain simpler ones with known presentation degrees. The following theorem

is a consequence of results in [46, 84, 227] concerning calculus for generation
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degrees. We combine these results to obtain the following analogous calculus for

presentation degrees, whose proof is given in Appendix A.

Theorem 2.2.11 (Calculus for generation and presentation degrees). Let 7" be a
consistent sequence of {G,, }-representations and let W', U be 7 -modules generated

in degrees dw, dy and presented in degrees ky, ky, respectively. Then

(Sums) " & U is generated in degree max{dw, dy} and presented in degree
max{kw, ky}.

(Images and kernels) If &/ : W — U is a morphism consisting of linear maps
A ={A, € LIW,,U,)%}, and if the sequence of their adjoints o* = {A’: €
L(U,, W)Y is a morphism U — W', then imef and ker A are generated

in degree dy and presented in degree kyy.
If 7 = {R"} with G,, = B,,, D,,, or S,, as in Example 2.1.3, we further have

(Tensors) W ® U is generated in degree dw + dy and presented in degree
max{kW + dU, kU + dw}.

(Symand A\) Sym‘?’, N'W are generated in degree dy and presented in
degree (£ — 1)dw + ky.

Proof. This follows from Theorem A.0.13 in the appendix. O

Example 2.2.12. Suppose {R"} as in Example 2.1.3 with G, = B,,, D,,, or S,,. Then
(RM®k consists of n X - - - X n-sized tensors with embeddings by zero padding and
SymfR” consists of homogeneous polynomials of degree k in n variables. These

are generated in degree k and presented in degree k if G, = B,,, S,, and in degree
k+1ifG, =D,.

Remark 2.2.13 (Other groups). Note that the last two conclusions in Theorem 2.2.11
failwithout the restrictionto G, = B,,, Dy, orS,,. Forexample, consider the sequence
of cyclic groups G,, = Cycy, embedded as usual in each other. Let 7" = {V, = R?"}
be the consistent sequence with embeddings ¢,(x) = x ® [1,0]" and the standard
action of G, = Cyc,. by cyclically shifting coordinates. Then 7" is generated in
degree 1 but 7°®? is not finitely-generated since dim L(R*" )Y = 2" does not

stabilize.
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Permutation Modules

We introduce a class of particularly simple consistent sequences on which the group
acts by permuting basis elements. These consistent sequences arise in our study
of relative entropy cones and their constant-sized descriptions in Section 2.5. If
a group G acts on a (finite) set A, define R = P .,e 7 €a to be the vector space

with orthonormal basis elements {e, },c#, Which is a G-representation with action

g ey =egq.

Definition 2.2.14 (Permutation modules). Let 7" = {V,} be a consistent sequence
of {G, }-representations. Let {A, C V,} be finite G,-invariant sets satisfying
A, C Ay for all n. Then the permutation 7' -module generated by the sets { A, }
is the 7" -module {R7"},,.

Permutation modules can be analyzed in terms of the orbits in the sets A,. In
particular, indicators of orbits form a basis for the space of invariants in a permutation

module.

Proposition 2.2.15. Let 7" = {V,,} be a consistent sequence of {G,, } -representations,
let { A, C V,} be anested sequence of finite group-invariant sets, and let % = {U,, =

R7A%} be the associated permutation %" -module.

(a) U is generated in degree d if and only if Ap = U,eq, §Aa foralln > d.

Gn+l

Gn . . .
w1 — U," are isomorphisms for all n > d if and

(b) The projections Py, : U
only if either of the equivalent conditions in (a) holds and the number of orbits

in A,, which equals dim US‘", is constant for all n > d.

(c) Suppose 7" = {R"} and G, = B,,D,, or S, as in Example 2.1.3 and U is
generated in degree d. Then Y is free if G, = B,,, S, and agrees with a free
module starting from degree d + 1 if G, = D,,.

Here we say 7% agrees with a free module starting from degree d if there is a free
7 -module ¥ = {F,} and a morphism of sequences & — % such that F,, — U, is

an isomorphism for all n > d.

Proof.  (a) We have R[G,]Vy = Yoea, Rega = P Re, which equals
8<€Gn @€Uqeq, 8§74
Vi = P gen, Rea precisely under the stated condition.
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(c)
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Let Of"), . Og‘()n) be the G,-orbits in A, and set Ol.("H) = Gn+10,-(n) for

i € [D(n)]. Note that U,?" =~ RP(™ has a basis consisting of orbit indicators
Iloi(n) = Za/eOi(”) e,. Moreover, PUnﬂOi(ml) = lOi("+1)ﬂﬂn = Zani("”)mﬂn eq.
If A1 = U 2€G,,,; §An and the number of orbits in A, and A4 are equal,
then Ol.("”) are precisely the orbits in A,,,1. This implies that Ol.(”m NA, =
Ol.(") for i € [D(n)], and hence thta Py, is an isomorphism of invariants.
Indeed, the inclusion 2 is trivial while if @ € (Ol.("H) N ﬂn) \ Ol.(”) then
a € Oj(.") for some j # i and Gn+10i(") = Gn+10](n) since these two G4 -
orbits are not disjoint (they both contain @), and hence must be equal. This
contradicts the fact that Ol.("H) are distinct. Conversely, suppose Py, is an
gA, then G, rjanNA, =0

= 0, acontradiction. Therefore, we have A,.1 = | 2€Gpes 85n-

isomorphism of invariants. If @ € Ay+1 \ Usea
and Py, 1g
Furthermore, the number of orbits in A, and A, are equal, since these are

n+l
n+1@

the dimensions of U,Cf" and US;’; ', respectively.

Letdy = 0if G, = S,,B, and dp = 1if G, = D,. Let A C A, be a set
of minimal degree G 4,-orbit representatives in Ay,q,. We argue that these
are also the G,-orbit representatives of ‘A, for all n > d + dy. Indeed, since
An = Ugea, 8Aa = Usgea, gA, it suffices to show that distinct elements in
A lie in distinct G,,-orbits. To that end, observe that 7 satisfies

g-aeVyforaeVy geG, = 33€Cyyst. g-a=g8-a, (2.3)

since if G,, = S,,, B,, define g to act as g on the coordinates I = {i € [d] : a; #
0} and act trivially on the others, and if G, = D,, and if g flips oddly-many
signs of coordinates in / then in addition have g flip the sign of coordinate
d + 1. Therefore, if a, @’ € Ay lie in the same G,,-orbit for n > d + dj, then
they also lie in the same G 4,-orbit. Thus, we have U, = @aeﬁ R[G,]eq
foralln > d + dy.

Next, we argue that % is free or agrees with a free module starting from degree

d + dy. Observe that 7" satisfies the additional property

a € V;4\V,4_1 has min. degree in its orbit = Stabg, (o) = Stabg,(a@)H, 4,

2.4)
Indeed, if @ € V;\ V,;_; has minimal degree then all its d entries are nonzero,
hence any g € G, fixing @ must fix the first d coordinates. Therefore, if

a € V;\V,_1 has minimal degree and g1, g», . . . , gy are coset representatives
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for G,,/Stabg, (a)H, 4, then

M M
R[Gn]ea = @ Regm.a = @ &m - Rea = Indgt’;bed(a)Hn,d (Rea)
m=1 m=1

_ G, G
=Ind3,, (IndS;; o, (Q)Rea) ,

where the first equality follows by (2.4), the second by the definition of a

permutation representation (Definition 2.2.14), and the third equality follows

by (Ind), and the last equality follows because

Gd/StabGd(a) ~ (GdHn,d)/(StabGd (@) Hn,d)-

Gda
StabGda ()

map @ae 4Indg, (Ws), — U, sending e, to itself is an isomorphism for

Thus, if @ € A has degree d, and we define W, = Ind Re,, then the
all n > d + dy. Condition 2.3 shows that A N A ; 18 a set of minimal degree
G -orbit representatives for each j < d if G, = B,, S,,, hence the above map

is an isomorphism for all n. O
We remark that proposition 2.2.15(c) applies to any 7 satisfying (2.3) and (2.4).

Uniform Representation Stability

Proposition 2.2.3 shows that dim V,(f" stabilizes whenever {V,, } is a finitely-generated
consistent sequence of {G, }-representations. In fact, the theory of [46, 197, 227]
and others shows that for many standard families {G, } of groups, the entire decom-
position of V,, into irreducibles stabilizes. This phenomenon was called uniform
representation stability in [47], and we use it to derive constant-sized descriptions
for many sequences of PSD cones in Section 2.5. The following is a concrete

instance of this phenomenon that we shall use there.

Theorem 2.2.16 ([46, Thm. 1.13],[227, Thm. 4.27]). Let 7y = {R"} with G, =
B, Dy, or S, be the consistent sequence from Example 2.1.3 and let 7" = {V,} be a
Vo-module generated in degree d and presented in degree k. Then there exists a finite
set A\ and integers (my)acn, together with an assignment A — Wy, of a distinct
G, -irreducible W [, to each A € A for n > k + d such that V, = @Ae/\ WT‘ as

[n]
G,-representations.

More precisely, there is a standard indexing for irreducibles of S,, B,, and D,, in
terms of partitions of n, and a particular way to pad these partitions to form A[n],
see [227, §2].
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Proof. The irreducibles of the groups S,, D,,, B, are indexed as in [227, §2.1], and
the consistent labelling of irreducibles for different n is given in [227, §2.2]. Under
this labelling, the Zp-module 7" is uniformly representation stable with stable range
n > k+dby [227, Thms. 4.4, 4.27], which precisely says that the set of irreducibles
appearing in the decomposition of the V,, and their multiplicities become constant
forn > k + d by [47, Def. 2.6]. O

Example 2.2.17. Irreducibles of S, are indexed by partitions of n. If 1[n] = (n) is
the trivial partition and A[n] = (n—1,1), then R" = Wy, [1,] ® W, ) for alln > 1,
where Wy, [, = span{1, } and W[, = {x € R" : 1] x = 0} are distinct irreducible

representations of S,,.

Stabilization of Shifted Sequences

Many of the phenomena in the representation stability literature, including Theo-
rem 2.2.16, can be derived from properties of shifted consistent sequences, which
are sequences with group actions restricted to centralizing subgroups, see [85]
and references therein. In particular, we shall need the following result for such
shifted sequences to derive constant-sized descriptions for relative entropy cones in
Section 2.5.

Proposition 2.2.18 ([227, Lemma 4.19]). Let 7" = {R"} and G,, = B,,, D,,, or S, as

in Example 2.1.3 and let % be a 7"-module presented in degree k. If {H, 4} are the

H H
n+l,¢ — Un n,l

centralizing subgroups of 7" and t € N, then the projections Py, : U

are isomorphisms for alln > € + k.

Corollary 2.2.19. Let 7" = {R"} and G,, = B,,, D,,, or S,, as in Example 2.1.3, and

let U be a ¥ -module presented in degree k. If B € R\ R has minimal degree in

Stabg,,,, (B) Stabg,, (B)
n+l U

its Gg-orbit, then the projections Py, : U
foralln > d+k.

are isomorphisms

Proof. Asshownin (2.4), we have Stabg, () = Stabg,(8)H,,4 foralln > d, hence

Stab
UftabGn (,8) — U}:‘n,d N Un a Gy (ﬁ).

By Proposition 2.2.18, the projections Py, : U::I"" — U™ are isomorphisms for

. . Stab
alln > d + k. It thus suffices to show that if u € U;':_‘{l’d satisfies Py u € U, 4 @
Stab
then u € Un:i1 G"(ﬁ). For any such u and g € Stabg,(8) we have g - u € Uyﬁl’d

because H,.;1 4 and Stabg, () € G, commute for our specific 7". As Py, (u—g-u) =

Hpv1,a

0 and Py, is injective on U, 7|

,wegetu=g-u. O
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Limits of Consistent Sequences

Lastly, we consider limits of consistent sequences. We shall use the following
definitions and results to describe limits of freely-described sequences of convex
sets in Section 2.3. We define limits of consistent sequences, and interpret our

definitions in terms of these limits.

Definition 2.2.20. For a consistent sequence 7" = {V,} of {G, }-representations,
define its limiting representation as the vector space Voo = |, V,, viewed as a

representation of Go = U,, G,

There is an approach to representation stability studying limiting representations of
limiting groups as above, instead of representations of categories as in Appendix A.
For example, the authors of [197] analyze representations of five standard infinite
groups, including O, S, that occur as quotients or subrepresentations of tensor

powers of R* and its dual.

We remark that freely-described elements and morphisms of sequences can equiv-
alently be defined in terms of limits. Indeed, given two consistent sequences
{V,.},{U,} of {G,}-representations, a sequence of equivariant linear maps {A, €
L(V,,U,)C} is a morphism of sequences if and only if there exists Ao € L(Veo,
U ) G satisfying Ao lv, = A, foralln,ie., iff {A,} extends to the limit. Similarly, a
sequence of invariants {v, € V,Cf"} defines a sequence of invariant linear functionals
€y (x) = (v, x): V,, — R, and these extend to a G-invariant linear functional on
Ve if and only if {v,} is a freely-described element. Every invariant functional on
V. arises in this way, so freely-described elements are in one-to-one correspondence

with invariant linear functionals on the limit of a consistent sequence.

We also consider continuous limits of consistent sequences by taking the completion
of V, with respect to some norm. It is then natural to consider sequences of linear
maps which extend to continuous maps between these limits. The inner products
on each V,, extend to the limit V., so we can always complete with respect to the
induced norm and obtain a Hilbert space. For many of the examples we consider,
however, we obtain more meaningful completions with respect to other norms. For
the purpose of obtaining limiting descriptions of convex sets in this completion, we

consider the following class of norms.

Definition 2.2.21 (Continuous limits). Let 7" = {V,} be a consistent sequence of
{G, }-representations, let Voo = U, V,, and let P,: Voo — V, be the orthogonal

projection. Fix a norm || - ||, on Vo (not necessarily induced by the inner product)
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that satisfies ||Pnx||c < Cl|x||c for some C > 0 and all n and x € V. We call the

completion Vo, of Voo with respect to || - || a continuous limit of the sequence 7'

Let {V,} and {U, } be consistent sequences of {G, }-representations with associated
continuous limits Vo and Us. A sequence of maps {A,: V, — U,} extends
continuously to the limit if there exists a bounded linear operator Ac: Voo > Uy
such that EW,, = A, for all n. A freely-described element {u, € UE"} extends

continuously to the limit if there exists uo € Ueo satisfying Ppites = U for all n.

Note that a morphism of sequences {A, : V,, — U, } extends to the continuous limit
if and only if the sequence of operator norms {||A,|op,c} With respect to || - ||, is
bounded.

Our condition on the norm || || ensures that each projection #, extends to a bounded
linear map on the continuous limit, and that the #, converge to the identity in the

strong operator topology, as we show in the following lemma.

Lemma 2.2.22. In the notation of Definition 2.2.21, there exists C > 0 such that
|Puxlle < Cllx|le for all n and all x € Vo if and only if P, extends to a bounded

linear map Vo — V,, for all n and ||x — Pux||c — 0 as n — oo for all x € V..

Proof. Suppose ||Pxllc < Cllx||. for all n and x. Then ||Py|lop < C so that P,
extends to a bounded linear map on Vo, for all n. Furthermore, for each x € Vo,

there exists x, € V,, such that ||x — x,|| — 0. Since x,, = P,x,, we have
”x - pnx”c < ”x _xn”c + ”ann - an”c < (1 + C)HX _xn”c — 0.

Conversely, if ||#yllop,e < oo for all n and $, converge strongly to the identity,
then for any x € Vo we have ||P,x|l. < oo for all n and ||Pux|l. — |Ix]lc as
n — oo, hence sup, ||Pnx||c < oo. By the uniform boundedness principle, we have
sup,, [|[Pullop.c = C < 0. O

We close this section by noting that, more generally, if a sequence of convex functions
{fn: V, > R U {o0}} is intersection-compatible, then it extends to fo: Voo —
R U {oo}. By taking the closure of its epigraph it can further be extended to
fro: Voo — R U {oo}, in which case Yc. = Yo and hc,, = hg—. Thus, the conic
descriptions we obtain in Theorem 2.3.6 below for continuous limits of convex sets

yield conic descriptions for limits of functions as well.
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2.3 Structural Results on Dimension-Free Descriptions

With the relevant background from representation stability in hand, we now proceed
to prove the structural results discussed in Section 2.1 pertaining to freely-described
convex sets. We leverage these results to provide a range of examples of dimension-
free descriptions arising in various applications in Section 2.4. We begin with
the following instructive example, which shows that freely-described sequences of
convex sets need not satisfy either of our compatibility conditions. It also shows that
a fixed convex set can extend to different freely-described sequences, depending on

its conic description.

Example 2.3.1 ((In)compatible sequence of hypercubes). In this example, we con-
struct two freely-described sequences of hypercubes with respect to the same de-
scription spaces, one of which is both intersection and projection compatible and
the other is neither. Let 7" = {R"} with embeddings by zero-padding and the action
of G, = B, as in Example 2.1.3. Let s = diag(—1,1,...,1) € B,, which together

with S, generates B,,.

We define two consistent sequences that will be used to construct our description
spaces. Let W'V = {R"} with embeddings by zero-padding but on which s acts
trivially and S, acts as usual. Let W' ® = {R" & R"} with embeddings by zero-
padding each of the two summands, on which B,, acts as follows. We set s - (x,y) =
([vi,x2, .. x2] "y [X1,¥2, . s yn] D) and o - (x,y) = (ox,0y) for o € S,. We set

our description spaces to

U=Vow?®eR={RH?oR}, F={00R)*ZoR,},
v =w"Y oR = {R" @ R}.

Consider the following two sequences of convex sets, both freely-described with
respect to these description spaces. The first is the sequence of unit hypercubes
(€D = [~1,1]"} given by (ConicSeq) with

Ar(zl)-x = (O,X, _X’O)’ B;gl)(y,ﬁ) = (y’ Vs ¥, O)’ ugll) = (_]ln’o’ 0’ 0)’
(2.5)
where x,y € R" and € R. The second is the sequence of scaled hypercubes

{6’52) _ % [—1,1]"} given by (ConicSeq) with

2 1 2
AP =4 BP0 = 0-Lal y+BLa v,y ~Liy=B),  un=(0,0,0,3).
(2.6)
It is straightforward to check that both sequences are freely-described. In particular,

all the relevant spaces of invariants stabilize starting at n = 2, so that the extension
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of either description of [-1, 1]? to a freely-described sequence is unique. However,
the two sequences of sets have notably different properties. The first sequence is both
intersection and projection compatible while the second is neither. Furthermore,
note that Cz(l) = Cz(z) = [-1,1]? but C,Sl) # C,Ez) for all n # 2. Thus, the extension
of the unit square [—1, 1]? to a freely-described sequence is not unique, but depends

on its conic description.

Motivated by this example, we give conditions on dimension-free descriptions en-
suring that the corresponding sequence of sets satisfies compatibility conditions. In
turn, these yield conditions on a description of a fixed set ensuring that it extends
to a freely-described and compatible sequence of sets as well as conditions on the

existence of limiting descriptions.

Dimension-Free Descriptions Certifying Compatibility

Example 2.3.1 shows that a freely-described sequence of convex sets need not satisfy
either compatibility condition in Definition 2.1.6. In this section, we therefore give
conditions on dimension-free descriptions ensuring that our compatibility conditions

are satisfied.

Proposition 2.3.2. Let {V,}, {W,}, {U,} be consistent sequences of {G,, }-representations,
let {K, € U,} be an intersection- and projection-compatible sequence of con-

vex cones, and let € = {C, C V,} be described by linear maps {A,: V, —

U,}, {B,: W, » U,} and elements {u, € US"} as in (ConicSeq).

(a) If {An}, {Bn}, {B;} are morphisms, {u,} is freely-described, and u,.\ — u, €
Kos1 for all n, then € is intersection-compatible. If, in addition, {A}} is a

morphism, then € is also projection-compatible.

(b) If {An}, {A;}{Bn}, {B)} are morphisms, {u,} is freely-described, and w1 —
uy € Kpr1 + Ant1 (VH) + Byt (Wy,), then € is projection-compatible.

Proof. (a) We show C, C Cu+1. If x € C, then there is y € W, satisfying
Aux + B,y +u, € K,. Then

An+1x + Bn+1y +Uptl = Anx + Bny +u, + (un+l - un) € 7<n+1,

where we used the facts that {A,}, {B,} are morphisms, that K, C K,
by intersection-compatiblity, and that u,.; — u, € Ky+1. Thus, x € Cyyy.



48

Next, we show C,.1 NV, C C,. If x € Cyy1 NV, there exists y € W,
satisfying A,+1x + Byr1y + une1 € Kuv1. Because {A,} is a morphism, we
have A,+1x = A,x and hence Py, A,+1x = Apx. Because {B),} is a morphism,
we have Py Bny1 = B,Pw,, hence Py, Bpr1y = Bp1(Pw,y). Finally, we
have Py, un+1 = u, because {u,} is freely-described, and Py, Ks1 € K,
because {K,} is projection-compatible. Thus, applying Py, we obtain A,x +
B, (Pw,y) + up € K,, thus yielding that x € C,. We conclude that & is

intersection-compatible.

Because € is intersection-compatible, we have Py, Cn+1 2 C,. Conversely,
if x € Cpy1 then Aj1X + Bpi1y + tps € Kyg forsomey € Wy If {A)} s
a morphism, then Py, A, = A,Pv,. Applying Py, to both sides we obtain
APy, x + B, Pw,y + u, € K, and hence Py, x € C,, which implies that € is

projection-compatible.

(b) First, we show Py, Cpi1 € C,. If x € Cy41 then there is y € W, satisfying
Apr1x + Bpiy + upg € Ki1. Applying Py, to both sides and using the facts
that {A}}, { B} } are morphisms, that {u,} is freely-described, and that {K,} is
projection-compatible, we obtain A, (Py, x) + By (Pw,y) + u, € K, showing
that Py, x € C,. Second, we show C, € Py, Cy4+1. Suppose A,x + B,y +u, €
K, forx € V,,. Letx, € V; and y’ € W, satisfy up) —up+Aps1x, + By €
Ku+1- As {A,}, {B,} are morphisms,

An+1(x+xJ.)+Bn+l (y+y/)+un+1 = Anx+Bny+un+(un+l_un+An+1xJ_+Bn+1y/) € Kn+1,

hence x + x; € Cuy1 and Py, (x +x,) = x. This shows € is projection-
compatible. O

We say that a sequence of conic descriptions certifies compatibility when it satisfies

the hypotheses of Proposition 2.3.2.

Remark 2.3.3. We make a number of remarks about the conditions in Proposi-
tion 2.3.2.

e Standard sequences of cones such as nonnegative orthants and PSD cones

satisfy both intersection and projection compatibility.

o The set of linear maps {A,} and {B,} satisfying the hypotheses of Propo-
sition 2.3.2(a) form linear subspaces of the corresponding spaces of freely-

described elements. The set of sequences {u,} satisfying those hypotheses
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form a convex cone. Similarly, we can parametrize descriptions satisfying the
hypotheses of Proposition 2.3.2(b) by a convex cone, by considering {u,} of
the form u, = A,(v,) + By(wy,) + z, where {v, € VS" b {w, € W,cf" }, and
{z, € 7(,16"} are freely-described.

e Freely-described sets satisfying the hypotheses of Proposition 2.3.2(b) need
not be intersection-compatible, as the elliptope in (2.17) studied below demon-

Strates.

e Dimension-free descriptions certifying compatibility often extend to descrip-

tions of infinite-dimensional limits, see Theorem 2.3.6 below.

Returning to Example 2.3.1, we note that the description (2.5) satisfies all the
hypotheses of Proposition 2.3.2(a) and hence certifies the intersection and projection
compatibility of the sequence of hypercubes it describes. On the other hand, the
description (2.6) does not satisfy the hypotheses of either part of the above theorem

because neither {B;,z)} nor {(B,(lz))*} are morphisms.

Extending a Convex Set to a Freely-Described Sequence

Let 77 = {V,} be a consistent sequence of {G,,}-representations. In this section,
we fix ng and seek to extend a convex subset C,, C V,,; to a freely-described and
compatible sequence. As we saw in Example 2.3.1, different extensions may be
obtained from different fixed-dimensional conic descriptions of C,,. We therefore
further fix consistent sequences % = {U,}, # = {W,} and cones {K, C U,} sat-
isfying both intersection and projection compatibility, and assume C,, is described
by (ConicSeq). We now ask when the description of C,, can be extended to a

dimension-free description that yields a compatible sequence of convex sets.

If ng exceeds the presentation degrees of #', %, 7" ® % and W ® %, then Proposi-
tion 2.2.9 shows that we can uniquely extend all the elements in the description of C,,
to freely-described elements, and hence extend C,, to a freely-described sequence.
To ensure that this unique extension satisfies our compatibility conditions, we give
conditions on these invariants guaranteeing that their extensions to freely-described

elements satisfy the conditions of Proposition 2.3.2.

We begin by characterizing when a fixed equivariant map A,, € L(V,,, UnO)G'"O
extends to a morphism of sequences {A, € L(V,,U,)%}.

Theorem 2.3.4. Let 7 be a consistent sequence of {G, }-representations and let
7 = {V,.},% = {U,} be Zy-modules. Assume 7" is generated in degree d and
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presented in degree k, and fixng > k. Then A,,, extends to a morphism of sequences
if and only if Ay, € L(VHO,UHO)G"O satisfies A,,(V;) € U; for j < d.

Proof. 1f A, extends to a morphism then A, (V;) = A;(V;) € U, forall j < no.
Conversely, assume A,,(V;) € U; for j < d, and let {H, 4} be the centralizing
subgroups of 7. Suppose first that 7" = F = P ; Indg ddej is free. Note that it

is generated in degree max; d; < d.

LetAy, = Ap, |de and fixn > d;. Because % is a Zp-module, we have Uy, C U, "
so we can view Uy, as a representation of G4;H, 4, on which H, 4; acts trivially. As
Ay, (de) C Uy, and is Gdj Hn,dj-equivariant, the following composition defines an

equivariant map

Ind(Aq)) -
A IndG (Wd ) — Ind Ud £Bumey,
where the induced map Ind(Adj) was defined in Section 2.1. Note that A, ; =
AnohndedA(de)no’ since Ay, j(g®w) =g-A,wforallg € G,andw € Wy;. Also,
{A,.;} defines a morphism Indg g (Wg,) — %. Therefore, the desired extension of
Ay, to a morphism {A,} is given by A @ Anji:V, — U,

Now suppose & = {F, } is an algebraically free 7"-module as above with a surjection
F — 7" whose kernel & = {K, } is generated in degree k. Define the composition

ng
Ano: Fno - Vﬂo > Uno’

which satisfies ;fno (F;) € U; for all j < d by assumption and Zno (K,,) = 0 by
its definition. By the previous paragraph, it extends to a morphism {Zn: F, —
U,}. Because % is generated in degree k and ng > k, we have K,, = R[G,]K,,.
Because Xn is equivariant, we have Zn(Kn) = 0. Therefore, Zn can be factored as
F, - F,/K, =V, ﬂ> U,,, where the maps A, in this factorization give the desired

extension of A, to a morphism 7" — %. m]

To satisfy the conditions in Proposition 2.3.2, we also use Theorem 2.3.4 to ensure
{A;} defines a morphism. To that end, note that A, (U;) € V; if and only if
Ap, (V}') - Uj.', where orthogonal complements are taken inside V,,; and U,,,. We
can now give conditions guaranteeing extendability of a convex set to a freely-

described and compatible sequence.

Theorem 2.3.5 (Parametrizing freely-described and compatible sequences). Let 7

be a consistent sequence of {G,} representations and let 7" = {V,}, W = {W,},
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and U = {U,} be Zy-modules generated in degrees dy, dy, dy, respectively, and
presented in degree k. Let {K,, C U, } be an intersection and projection-compatible

sequence of convex cones. Fix ny > k.

Gn,
Let uy, € U, and let Apy € L(V,y, Upg)®0, By € LWy, Upy) S0 such that

Ap (V) €U for j <dy, B, (W;) CU;forj<dy, B,,O(Wj) - U}forj <dy.
(2.7)

Then there are unique extensions of A,, and By, to morphisms {A, € L(V,, U,)Cn}

and {B, € L(W,,U,)®"}, where {B:} is a morphism as well. Furthermore, there is

a unique extension of uy, to a freely-described element {u, € U,cf" }. Let € = {Cy,}

be the freely-described sequence of convex sets given by (ConicSeq).

(a) Ifuns1 —u, € Kyy1 forall n, then € is intersection-compatible. If, in addition,
we have Ap, (Vj‘) - Uj.' for j < dy, then € is also projection-compatible.

(D) If ups1 — un € Kps1 + Ans1(Vih) + Byy1 (Uysr) for all n, then € is projection-

compatible.

Proof. Theorem 2.3.4 shows that A,, and B,, uniquely extend to morphisms
{A,}, {By} such that {B}} is also a morphism. Proposition 2.2.9 shows that up,
extends to a freely-described element {u,}. Under the stated conditions on these
extensions, Proposition 2.3.2 yields the claimed compatibility conditions for the

sequence of convex sets {C, } given by (ConicSeq). O

In Section 2.6, we use Theorem 2.3.5 to computationally parametrize and search

over dimension-free descriptions certifying compatibility.

Limits of Freely-Described Convex Sets

Our last structural result gives conditions under which dimension-free descriptions
extend to descriptions of continuous limits of convex sets. The certificates of
compatibility in Proposition 2.3.2 play a major role once again in the existence
of these limiting descriptions. If € = {C, € V,} is an intersection-compatible

sequence of convex subsets of a consistent sequence {V,}, define C», = U, Cy,

which is a convex subset of V.

Theorem 2.3.6 (Descriptions of limits). Suppose € = {C, C V,} is given by (ConicSeq).
If all the hypotheses of Proposition 2.3.2(a) are satisfied (so € is intersection and
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projection compatible) and if {A,.}, {B,}, {un} extend continuously to the limit, then
fr e Vo 3y e Wa st Ax + Bay + e € K 2.8)

contains Ce and is dense in its closure. If B, = 0, then (2.8) equals Ceo.

Proof. To prove that C, is contained in (2.8), observe that e, — u, = limy_,e (uy —
un) € K for all n by Lemma 2.2.22. Therefore, if x € C, and y € W, satisfy
Aux + B,y +u, € K,, then@x+§y+uoo =Ax+B,y+u,+ (ue — uy,) € Koo,
proving that x is in (2.8).

To prove that (2.8) is contained in C, suppose x € Vo, and y € W, satisfy
AcX+Booy+le € Koo Because {A*}, {B"} are morphisms and {%;,} is projection-
compatible, applying Py, we obtain A,(Py,x) + B,(Pw,y) + u, € K,, hence

Py ,x € C, for all n and x = lim, Py, x € Coo by Lemma 2.2.22.

If B, = 0 then (2.8) is the preimage under the continuous map x — AcoX + leo Of

the closed cone K, hence (2.8) is closed and must equal Ceo. O

If the set (2.8) is dense in Cw, then optimizing a continuous function over (2.8) and

over Co, are equivalent, yielding a finitely-parametrized conic program in V.

2.4 Examples

In this section, we present examples of freely-described and compatible sequences
of sets and functions arising in a variety of applications. For several of these,
we derive finitely-parametrized families of freely-described sets, and we also give

limiting descriptions and some related consequences.

Simplices and Norms
Let 7" = {V,, = R"} with embedding by zero-padding and the action of G, = S, as
in Example 2.1.3.

Simplex: The sequence of simplices A"™! = {x e R" : x > 0, 17x = 1} is freely-
described, as the associated description is of the form (ConicSeq) with description
spaces% = 7' ®R = {U, = R"™!}, % = {W, = 0} and cones # = {K, = R'®{0}},
andwith A, = [I,,,-1,]7, B, = 0,and u,, = [0, 1]T. Moreover, the simplices {A"~!}
are intersection-compatible (but not projection-compatible); the above description

satisfies the hypotheses of Proposition 2.3.2(a) and hence certifies this compatibility.
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Solid simplex: In contrast, consider the sequence of solid simplices A} = {x € R" :
x > 0,1,)x < 1}. This sequence of conic descriptions is the same as above except
that here %, = R™*!, and in particular is dimension-free and certifies intersection
compatibility of {A7}. However, the sequence {A’} is also projection-compatible,
but the above dimension-free description of it does not certify this compatibility.
That is because {A,} is not a morphism, hence the hypotheses of the second part
of Proposition 2.3.2(a) are not satisfied. Indeed, the above description of the solid
simplex does not make its projection compatibility apparent, since 1, Py, x can be

arbitrary compared to 17, x for general x € R"*!, but must be smaller if x > 0.

Instead, the following is a dimension-free semidefinite description of the solid sim-

plices that certifies both intersection and projection compatibilities:

1 x'

s =

A" xeR":
{ x diag(x)

=Ax+u, > O} , 2.9)

which is of the form (ConicSeq) with % = Sym?(Sym='?") = {S"*1}, & = {S"*1},
and 7" = 0. Here both {A,} and {A;} are morphisms. It would be interesting to
find a dimension-free linear programming description of the solid simplices which

certifies both compatibilities, or to show that none exists.

Norm balls: Several related dimension-free descriptions are derived from the
above. The sequence of ¢; unit balls B; = {x € R" : ||x|]|; < 1} is intersec-
tion and projection compatible. It can be written as BZ ={x e R" : Jy €
A% st. —y < x < y}, which combined with (2.9) yields a dimension-free de-
scription certifying both compatibilities. Similarly, the sequence of £, unit balls
B] ={x € R": [Ix|l» < 1} is intersection and projection compatible, and its stan-
I x7

x I,
and certifies these compatibilities similarly to (2.9).

dard SDP description Bgz = {x e R": =Ax+u, > O} is dimension-free

Notice that both sequences of norm balls are invariant under the larger group G, =
B,.. All of the above descriptions are in fact equivariant under this larger group,

when %, 7 are endowed with the corresponding group action.

Regular Polygons

The following example illustrates a natural sequence of convex sets that is freely-
described but satisfies neither intersection nor projection compatibility. Let 7”7 =
{(V,., ©,)} be the consistent sequence V,, = R? with ¢, = idg. and the standard
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action of the dihedral group G,, = Dihy». Consider the sequence of regular 2"-gons
% = {C, C R?} defined by

0, i
Co=conv{ | UL g = ieqo,...2"=1).  (2.10)
sin 6; 2"

Because V,, = V1 while C, # C,+1, the sequence € satisfies neither intersection

nor projection compatibility. Nevertheless, it admits the dimension-free description

cos(2mi /2"
y os(2ri/2) .
B ) on sin(27i /2") on
Co=qxeR :JyeR” st. [0 |x+ / y+|0|€08R; 0,
0 g -1
L,

where 7' = {R?"}, with embeddings y — y® [1,0]", and ¥ = 7 @ # ® R.
We put the standard inner products on R>". The group permutes the 2" vertices
of C,, defining a permutation action on [2"], and it acts on R?" by applying these

permutations to coordinates.

If 6; = 7(2i + 1)/2" in (2.10) instead, we mention that the semidefinite description
of C, given in [76] is also dimension-free when %, %, # are chosen appropriately.

Permutahedra, Schur—-Horn Orbitopes, and Limits

Permutahedra: Consider the sequence of standard permutahedra

Perm, = conv{g-[1,2,....n]"} = {M[1,2,...,n]" : M e RY", M1,=M"1, = 1,},
(2.11)

where the second equality follows by the Birkhoff~von Neumann theorem. The

sequence {Perm,}, viewed as subsets of the consistent sequence in Example 2.1.3

with G,, = S,,, is neither intersection- nor projection-compatible. Furthermore, their

description (2.11) is not dimension-free because the map M — M|[1,2,...,n]" is

not G,-equivariant. The smaller descriptions of these permutahedra in [88, 143]

are also not dimension-free because they are not equivariant. However, there is

a sequence of permutahedra arising naturally from a limiting perspective that is

both intersection- and projection-compatible and whose description certifies this

compatibility.

Fix g, m € Nandavector A € R? with distinct entries, and define 1 = (A, ooy Aty Ags o5 Ag)
€ R™ in which A; appears m; times (so },;m; = m). Let G, = S;;»» embedded in
Gs1 by sending a m2" x m2" matrix g € G, to g ® I,. Let 7 = {R"™"}, with
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embeddings x — x® 1, the normalized inner product (x, y) = (m2")~'xTy, and the
standard action of G,,. We consider convex hulls of all the vectors in 7" containing A;
in a fraction m;/m of its entries, which are given using the Birkhoff-von Neumann

theorem by

Perm(A), = conv{g - (1® Lyon)}ges

m2"

- {M/l M e R ML, = Lo, M Lypn = 2"[my,....my] "}
(2.12)
This is an intersection- and projection-compatible sequence of subsets of 7”. More-
over, the description (2.12) is dimension-free and certifies intersection and projec-
tion compatibility. Indeed, let 7" = 7% = {R"?"¥4}, and % = W & V> ® R?
containing cones {sznxq ® 0 ® 0}. Then (2.12) is of the form (ConicSeq) with

Apx = (0,-x,0,0), B,M = (M, M4, M1,, (m2") "M 1),

and u, = (0,0, —Lyon, — [2L,..., 2L 7). Since {A,}, {A:}, {B,},{B}} are mor-

phisms and u,, = u,+; under our embedding, Proposition 2.3.2(a) applies (note that

the inner product here is nonstandard, so A}, # A, and similarly for B,).

The insight behind this construction comes from the limiting perspective of Sec-
tion 2.3. Note that V, can be viewed as a space of piecewise-constant functions on
[0, 1). Indeed, define intervals Il.(") = [(i = 1)/m2",i/m2™) and associate to each
v € V, the piecewise-constant function f, (x) = Z?fln Vil (x) where 1s(x) = 1if
x € S and 0 otherwise. Notethatv € V,, and v® 1, € V,,; define the same function

in this way, and that (v, w) = (f,, fiw)12([0,1))- Also, we have for f € Vo
(Puf) (x) = m2" /1<"> foitxer”, (2.13)

hence Jensen’s inequality implies ||P,fllr < ||fllzr for all p € [1,00]. Thus,
we can identify V, with the space of such step functions, which is contained in
LP([0,1)) for all p € [1,c0], and we can consider the completion of V., with
respect to any of the LP norms. If p < co we get Vo, = LP([0, 1)) while if p = oo
then Vo, is the space of functions continuous on [0, 1) \ {m/2" : m,n € N} and
having left and right limits everywhere [62, §7.6]. Then Perm(A1)o, is the closed
convex hull of functions in V., that take values A; on a subset of [0, 1] of measure
m;/m. Furthermore, Theorem 2.3.6 applies to the description in (2.12) and yields
the following dense subset of m.
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Proposition 2.4.1. Endowing Vo, with the L? ([0, 1)) norm as above for any p €

[1, 0], we obtain

Perm (1) :m{f € Voo : £([0, 1) = {A1,..., 20}, If 71 ()] = %}

d _ q . (2.14)
:{Z/lifiifievoo,fiZOa.e.,Zfl-:l, fl-:_’}‘
i=1 i=1

[0,1) m

Proof. For the first equality, the inclusion C is clear. For the reverse inclusion, if
f € Vo, takes values A; on sets Q; = f~1(1;) of measure m;/m partitioning [0, 1),
we can write f = Zle Ailg,. Then P,f = Z,-qzl Ai(Pnlg,), and under the above
identification of R"%" with piecewise-constant functions, we can view P, 1g, € Rﬁfzn
as nonnegative vectors. The matrix M = [P,lq,,... ,Pnﬂgq] € RTznxq then
satisfies the conditions in (2.12), hence P, f € Perm(A), and f = lim, P,f €

Perm(A)o by Lemma 2.2.22, giving the reverse inclusion.

The second equality follows from Theorem 2.3.6. Indeed, endow W, = VI with the
norm ||[ fi,. .., f;]|| = max; || fil|, and U, with the norm ([ f1,..., f;]. 81,82, ) =
max{[|fillp. lg;llp: llulleo}. Then Wy = Voo and Too = Weo @ Voo’ @ R, and we
have [|Allop = 1, |Bullop < max{}; |4, ¢}, and u, = u,4; for all n. O

Schur-Horn orbitopes: We consider the matrix analogs of the above permutahe-
dra, which are convex hulls of all matrices with a given spectrum. Let G,, = O;on
embed in G, by sending a m2" X m2" matrix g to g ® I, let V,, = S"2" embed
in V.11 by X = X ® I, with normalized inner product (X,Y) = (m2")~!'Tr(XTY),
and finally let G, act by conjugation on V,. Consider the sequence of Schur-Horn
orbitopes [35, Eq. (19)]

SH(A), = conv{g - diag(d ® 127)}¢ec0

m2"

q q
= {ZA,Y,- Yi.....Y, €V, st ZYi =1,Y >0, Te(Y;) = m;2" fori = 1,...,q},
i=1 i=1
(2.15)

which is the matrix analog of (2.12). This is again a dimension-free description
certifying both intersection- and projection-compatibility. Indeed, let %" = 774
and % = W &7 ®> ®R containing the cones {%;, = (S"*")®?®0@®0}. Then (2.15)
is of the form (ConicSeq) with

AX = (0,-X,0,0),  Bul¥IL, = (V1L Y A, Y ¥, (m2") [ Te(hh), ..., Te(¥)])
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and u, = (0,0, —Lyon, =[5, ..., %]T). Here {A,},{A}},{B.},{B)} are all mor-

phisms and u,, = u,.; under the above embedding, hence Proposition 2.3.2(a)

applies.

Again, we can use Theorem 2.3.6 to describe an infinite-dimensional limit SH(—/l)Do
of these Schur—Horn orbitopes. We would like to interpret the elements of SH(A)
as operators with spectral measure Y,7 | %25, , then describe the convex hull of all
such operators in V. To that end, we complete Vo, with respect to the operator
norm and consider spectral measures with respect to the normalized trace 7 on Vo,
which also extends to the limit. Such spectral measures and associated orbitopes
exist in more general algebras. In fact, our framework yields descriptions for
Schur-Horn orbitopes, as well as a generalization of the Schur—-Horn theorem, to
self-adjoint elements in so-called approximately finite-dimensional (AF) algebras.
These orbitopes generalize both the permutahedra and Schur—-Horn orbitopes in
this section. We construct these algebras and apply our framework to the resulting
orbitopes in Appendix C. In particular, we obtain the following description for the

limit in our present setting, proved in Proposition C.0.2 of that appendix.

Proposition 2.4.2. Endow V., with the operator norm and let 7: Vo, — R be the
normalized trace given by T(X) = (m2")~'Tr(X) for X € V,. Then t extends to

Voo, and each X € Vo, has a spectral measure uy with respect to . Furthermore,

= — = q m; q m;
SO = [x € 75 = S0, 2oa) = [0, 0120, 3 V= 1 o) =]
Furthermore, the diagonal map diag,: S™" — R™?" satisfies diag, (SH(1),) =
Perm(A), by the Schur—Horn theorem. Our limiting descriptions yield the following
limiting version of this theorem, proved in greater generality in Proposition C.0.3

of the above appendix.

Proposition 2.4.3. In the setting of Proposition 2.4.2, we have diag(SH(1)s) =
Perm(A)« where we complete the permutahedra as in Proposition 2.4. 1 with respect

to the L™ norm.

Schur-Horn orbitopes are special cases of so-called spectral polyhedra studied
in [198]. It would be interesting to identify further examples of freely-described

sequences of spectral polyhedra arising in applications and to consider their limits.

Remark 2.4.4. We remark that the above constructions can be extended to handle

vectors and matrices of all sizes, not just of sizes (m2"),en. This can be done by
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indexing our consistent sequences by posets. In particular, our results generalize to
the following, more complicated, sequences of group representations. If N is a strict
poset, an N -indexed consistent sequence of {G,, }nen-representations is a sequence
{(Vi, ©N.n) Yn<nen of Gy -representations and embeddings ¢y ,: V, — Vi for each
n < N such that ¢y, is Gp-equivariant, and ¢y N © ONn = @M. Whenever n <
N < M. All our results apply in this setting after replacing all occurrences of n + 1
by N > n. To handle permutahedra and Schur-Horn orbitopes of any sizes we
let N = N with the divisibility partial order, whereby n < m iff m = nk for some
k € N, with embeddings @in ,: R" — R sending x = x® 1 or ipp: S" — Snk
sending X — X ® I.

Free Spectrahedra
The family of free spectrahedra in Example 1.1.2(b) may be obtained as a special
case of our framework with appropriate selection of description spaces and by

imposing compatibility.

Let 75 = {S"} with embeddings by zero-padding and the action of G, = O,, by
conjugation. Fix d, k € N, and let 7" = %ead’ U=SkQ ¥, and W = {W, =0}.

As the only morphisms 7y — % are multiples of the identity, and elements of
Sk ® S" can be viewed as k x k symmetric block matrices with symmetric n X n
blocks of n X n symmetric matrices, we conclude that the morphisms 7" — % are
precisely maps of the form (Xy,...,Xy) — >, L; ® X; for some Ly,...,Lg € Sk,
Note that sequences of adjoints of such maps are also morphisms in this case. As the
only G-invariants in S" are multiples of I, the space of freely-described elements
in % is {{Ly ® I,}, : Ly € S*}, which satisfy the condition Lo ® (41 — I1,,) = 0
from Proposition 2.3.2(a) if and only if Ly > 0. Thus, the parametric family of

dimension-free descriptions certifying compatibility as in Proposition 2.3.2(a) is

d
(D) = {(Xl,...,Xd) e (S LO®I,Z+ZL,~®X,~ > 0}, Lo > 0.

i=1
which are free spectrahedra parametrized by £ = (Lo, ..., Ly). It is common to
take either Ly = I (the monic case) or Ly = 0 (the homogeneous case) [130].
As discussed in Section 2.1, free spectrahedra are fundamental objects in noncom-
mutative free convex and algebraic geometry, see [101, 130] for an introduction.
In particular, they satisfy both intersection and projection compatibility, and more

generally closure under so-called matrix-convex combinations.
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We remark that orthogonal invariance and compatibility alone do not yield closure
under matrix-convex combinations. For example, the nuclear norm balls {X € S" :
| X]||. < 1} are O,-invariant and form a compatible sequence which is not matrix-
convex. However, a compatible sequence of orthogonally-invariant convex cones is

indeed matrix convex, as the following result shows.

Proposition 2.4.5. Let {V,, = (S")?} be the consistent sequence of {O, }-representations
above, and suppose {C,, C V,} is an intersection- and projection-compatible se-
quence of convex cones such that C, is Oy-invariant for all n. Then {C,} is

matrix-convex.

Proof. By[100, §2.3], it suffices to show thatif (Xi,..., Xy) € C,and (Yy,...,Yy) €
Cn then (X1 ®Y,...,X; ®Yy) € Cum, and that (VTX;V,...,VTX,;V) € Ci
for any isometry V € R™. For the first, intersection compatibility shows that
X1®0,,....X90,) € Ciym and (Y1 ®0,,...,Y; ® 0, € Cum. Con-
jugating the latter tuple by appropriate permutation matrices, we conclude that
O, ®7Y1,...,0, ® Yy) € Cpm- Finally, since C,y,y is a convex cone we get
(X1®Y1,...,Xq0®Y;) € Cuym, 50 {C,} is closed under direct sums. For the second,
any isometry V € R™k can be written as V = Uty x where U € O, and ¢, : RF —
R" is the zero-padding embedding. Observe that (L’Ile nks - - - ,L;ll—’kXdLn,k) =
Pr(X1,...,Xy) is the orthogonal projection of (X,..., X;) onto V; when em-
bedded in V,. Thus, (V'X\V,....VTX,V) = P.(U™ X U,..., U X,U) € Cy

since C, is O,-invariant and since {C,} is projection-compatible. O

To recap, orthogonal invariance and compatibility of a sequence of convex sets do not
yield matrix convexity in general, but they do so for convex cones. With additional
choices of description spaces, our framework yields a particular parametric family

of matrix-convex sets, namely free spectrahedra.

Spectral Functions, (Quantum) Entropy, and Variants

Let 77 = {S"} with embeddings by zero-padding and with the action of O, by
conjugation, and let 7 = {R"} with embeddings by zero-padding and the standard
action of S;,. Recall (e.g., [201]) that a convex function F},: S” — R is O,-invariant
if and only if there exists an S,-invariant convex function f,: R” — R satisfying
F,(X) = f,(A(X)) where A(X) € R”" is the vector of eigenvalues of X € S". Also,
the sequence {F,: S" — R} is intersection-compatible if and only if the sequence
{fn: R" > R} is.



60

Examples of such sequences of functions & = {F,,} and f = { f,,} arise in (quantum)
information theory, where § is the quantum analog of classical information-theoretic
parameters f. These are often intersection-compatible as distributions on n states
can be viewed as distributions on n + 1 states with zero probability on the last state.
For example, the negative entropy and relative entropy and their quantum variants

are given by

By (x) = in logxi,  Hu(X) = hu(A(X)) = Tr(X log X),
Dy(x.y) = Y xilog 2 Su(X,Y) = Dy(A(X), A(Y)) = Tr(X (log X — logY)).

i l

(2.16)
Here dom(h,) = A"! and dom(D,) = (R")?, while dom(H,) = D" ! is the
spectraplex from Example 1.1.1(b) and dom(S,) = (S")2. We use the standard
convention that Ologg = Oevenif y = 0, and xlogg = oo when x # 0 [52,
§2.3]. These sequences of functions are intersection-compatible but not projection-

compatible (e.g., their domains are not projection-compatible).

Semidefinite approximations: The functions (2.16) are not semidefinite-representable
(i.e., cannot be evaluated using semidefinite programming), though semidefinite ap-
proximations of them have been proposed in the literature [74]. We show that these
approximations are freely-described, but that these descriptions do not certify inter-
section compatibility. The family of approximations of [74] to the negative quantum
entropy is parametrized by m, k € N via their epigraphs

m

o, T Zos - Za € S" 8.4 Zo = Iy, ) wiTy = =27¥Ty,

J=1
Zi—X-T; —+\[s;T;
k J VST >0
Vsl X =T

EmR — {(X, HeS"®R

Zi Zin

>0, fori=0,...,k-1,
Zimi X

b

forj=1,...,m, Tr(Tp) < t},

where s, w € R" are the nodes and weights for Gauss-Legendre quadrature.

This is a dimension-free description of the form (ConicSeq) which almost, but not
quite, satisfies the conditions of Proposition 2.3.2. Indeed, let 7" = 7" ®(m+k+1) and
U =7 &(S*’®7)®""+K @R containing the cones { K, = {O}@(SZ®S”)f(m+k)@R+}.
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Define
®&m

-1 0
® X

Au(X,t) =10, NAR

14 |

m
2_kTo + Z WjTj,
j=1

0 1

B,(To, ..., Ty, Z1,...,Z;) = 10 ®Zi+1),

®Z,'+

0
1

k-1 1 0
®Zl’@([o 0

i=1

| ——

1
0

~/[[1 0 \S7
@( ®Zy — 5 ®T]~),—Tr(To)),
j=1 O 0 \/Sj Sj
10
u, =10, ®1,0,...,0].
00

Note that {A,} and {B,} are morphisms, that {u,} is a freely-described element
of % satisfying u,+1 — u, € K,+1, but that {B};} is not a morphism because of the
Tr(Tp) term in B,. By the proof of Proposition 2.3.2, this description certifies that
EMR ¢ E’(i’fl’k) but not E}E’fl’k) N (S"®R) ¢ EM™M. Analogously to the naive
description of the solid simplex in Section 2.4, this dimension-free description does

not make the intersection compatibility of {E ,ﬁ’"”‘)} obvious.

Parametric families: We can use the description spaces of [74] above to derive
parametric families of freely-described sets. When compatibility is not required, the
resulting family includes the approximation {E,(lm’k)}n of [74]; when compatibility

is imposed, we obtain a smaller family excluding {E,(lm’k)}n.

Note that S ® S" = (S")? as O,-representations, and these isomorphisms com-

mute with zero-padding, so that % = 7"1+30"%) @ R as consistent sequences. As
dim(S™)© = 1 and dim £(S")®" = 2, the dimension of invariants parametrizing
dimension-free descriptions are

dim £(V,,U,)%" =3[2(m + k) + 1], dim L(W,,U,)%" =3(m+k+ 1)[2(m+k) +1],
dim U9 = 2+ 3(m + k).

When m = k = 3 (the default values in the implementation of [74]), we get

dlmL(Vrb Un)on = 39, dim .L(Wn, Un)o" = 273’ dim U”On =20.

As the only morphisms of sequences 7° — 7 are multiples of the identity, and the
only morphisms 7~ — R are multiples of the trace, the dimensions of {A,}, {B,}

satisfying the conditions of Proposition 2.3.2(a) are
dim {{An: VvV, — U,} morphism} =3(m+k)+2=20,

dim {{Bn: W, — U,} : both {B,} and {B’} morphisms} = (m+k+D)[3(m+k)+1] = 133,



62

Graph Parameters

Let 77 = {S"} with embeddings by zero-padding and the action of G, = S, by
conjugation. As discussed in Section 2.1 and Example 2.1.5, graph parameters
are sequences {f,: S" — R} of G,-invariant functions, and many standard graph
parameters are convex (or concave) and satisfy either intersection or projection
compatibility. Furthermore, it is desirable to find relaxations for standard graph
parameters satisfying the same compatibility conditions. We consider here the
examples of max-cut and inverse stability number, and we show that their usual
relaxations are freely-described with descriptions certifying their compatibility. We
then derive parametric families of dimension-free descriptions from our framework

that may be used to fit graph parameters to data.

Max-cut: Computing the max-cut value of a weighted undirected graph amounts to
evaluating the support function of the cut polytope CUT,, = conv{xx " : x € {x1}"}.
The sequence of cut polytopes {CUT,} viewed as subsets of 7" is projection-
compatible and compact, hence the sequence of their support functions and the
max-cut value itself are intersection-compatible (see Section 2.1). Approximation
of the max-cut value reduces to approximation of the cut polytopes. A standard

outer approximation of the sequence of cut polytopes is the sequence of elliptopes
En={XeS": X >0,diag(X) = 1,}. (2.17)

The sequence {&,} also satisfies projection compatibility, and the above is a
dimension-free description certifying this compatibility. Indeed, let %7 = {0}
and # = 7" @ {R"} where the latter sequence is the usual one from Exam-
ple 2.1.3, with cones & = {S? @ {0}}. Then (2.17) is of the form (ConicSeq)
with A,X = (X,diag(X)), B, = 0, and u, = (0,-1,). Note that {A,},{A}} are
morphisms and u41 —u, = (0, —e,11) = (ens1e,,,,0) = Apsieni1e], |, hence Propo-
sition 2.3.2(b) applies. Neither the cut polytopes nor the elliptopes is intersection-
compatible, as zero-padding a matrix with all-1’s diagonal does not yield such a
matrix. The sequences {CUT, — I,,} and {&,, — I,,} are, however, both intersection-
and projection-compatible, and the shifted elliptopes admit dimension-free descrip-

tions certifying their compatibility.

Inverse stability number: Computing the inverse stability number reduces to eval-
uating the support functions of D, = conv{xxT : x € A""!}, see [159]. A natural

SDP relaxation for this problem is evaluating the support function of

D,={XeS:X>0,X>0,17X1, =1},
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where X > 0 denotes an entrywise nonnegative matrix. Both {9,} and {Z~)n} are
intersection-compatible. Moreover, the above description of {@n} is dimension-
free and certifies this compatibility as in Proposition 2.3.2(b). Indeed, let 77" = {0}
and % = 7" @ R with cones K, = (S N R*") @ 0. Then the above description of
Z~),, is of the form (ConicSeq) with A, X = (X, 1} X1,), B, =0, and u, = (0,-1).
Note that {A,} is a morphism and u, = u,4|, hence Proposition 2.3.2(a) applies.
Neither D, nor D, is projection-compatible since their support functions, which
are the inverse stability number and its semidefinite approximation above, are not
intersection compatible (see Section 2.1). Indeed, appending isolated vertices to a
graph increases its stability number.

Parametric families: Beyond the two particular preceding examples, we derive
here an expressive parametric family of convex graph parameters; in addition to
above examples, our family also includes several other examples from [39]. To that
end, let 7' = % = Sym?(Sym=2{R"}) = {S(nzz)}. The dimensions of invariants
parametrizing dimension-free descriptions in this case is too large for us to write
explicit bases for them as functions of n. Instead, we compute these dimensions

using the algorithm in Section 2.6 below, see Example 2.6.2(b):
dim £(V,,U,)% =93, dim £L(W,,U,)% =1068, dimWS =17, foralln > 8.

Using the same algorithm, the dimensions of sequences {A,}, {B,} certifying in-

tersection compatibility as in Proposition 2.3.2(a) are

dim {{An: V, — U,} morphism} =19,
(2.18)
dim {{Bn: W, — U,} : both {B,} and {B}} morphisms} = 104.

The algorithm we present in Section 2.6 further allows us to compute bases for these
invariants in a fixed dimension and extend them to any other; in turn, these are useful

for fitting graph parameters defined for graphs of all sizes given data.

Graphon Parameters

A different embedding between graphs arises in the theory of graphons [146], where
a weighted graph X € S?" is viewed as a step function Wy : [0, 1]> — R defined by
Wx(x,y) = X; ;if (x,y) € [(i = 1)/2",i/2") x [(j = 1)/2", j/2"); see Figure 2.2.
Note that X and X ® ]lz]lg e §2 correspond to the same step function, and
that the inner product of two such step functions Wy, Wy in L>([0, 1]?) equals the
normalized Frobenius inner product (X, Y) = 272" Tr(XY). We therefore define the
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Figure 2.2: Weighted undirected graph represented as a graph, an adjacency matrix
X, and a symmetric function (graphon) Wy on [0, 1]2.

graphon consistent sequence 7° = {V,, = S%"} with embeddings ¢,(X) = X ® Lyx2,
the above normalized inner products, and the action of G, = Sy» by conjugation.
Here G,, is embedded into G4 by sending a permutation matrix g to g ® I,. We can
extend our consistent sequence to include symmetric matrices of any size by having
our consistent sequence be indexed by the poset N with the divisibility partial order,
see Remark 2.4.4. The graphon sequence is finitely-generated, as the following

computer-assisted proof shows.

Proposition 2.4.6. The graphon sequence {V, = S*'} is generated in degree 2.

Proof. Define Ei") = egzn)(egzn))j- and Eé") = eﬁzﬂ)(eézn))"' + egzn)(e(lzn))-r’ whose
Gy,-orbits span V,. We verify computationally that dim 21.2:1 R[Szz](pz(Ei(z) ) =
dim V3, see the GitHub repository. Therefore,

2
E® = Zj:l rijea(EY),  forie [2], ri; € R[Syl. (2.19)

Let ¥,,(X) = X @ 0 be an embedding of V,, into V,,; by zero-padding, and note
that El.(”“) = 1//,,(Ei(n)) and that ,, commutes with a different embedding of Sy~
into S,.+1, namely, one that sends g — g @ Io». Applying ¢, to (2.19), we conclude
that El.(”m can be written as R[S,.+1 |-linear combinations of ¢, (Ej(.”)) foralln > 2,
hence that R[Syn1]¢, (V) = Viq forall n > 2. m|

Graphon parameters: A permutation-invariant and intersection-compatible se-
quence of functions f = {f,: V,, — R} is called a graphon parameter, since these
are precisely the functions of graphs that do not depend on their inputs’ vertex
labels, and that only depend on their input graphs via their associated graphons.
A family of graphon parameters that plays a central role in the theory of graphons

and in extremal combinatorics are graph homomorphism densities [146]. Their
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convexity is related to weakly-norming graphs and Sidorenko’s conjecture, a major

open problem in extremal combinatorics [136, 205].

We can obtain parametric families of graphon parameters by taking the gauge
functions of parametric families of intersection-compatible and freely-described
convex sets. For example, let % = S¥ ® 7" with cones % = {%; = (S¥®5%"),} and
W = {W, = 0}. Using Proposition 2.3.2(a), we get the following parametric family

of freely-described and intersection-compatible sets, parametrized by Ly, ..., L7 €
Sk:
A 1TX1 Tr(X) 1
_ 2n T T T T
Cn—{XeS L@ 11T+ — =L@ 11 +L3®§(XM +117X)

+ Ly ® (diag(X)1" + 1diag(X) ") + Ls ® X + Le ® 117 + L7 ® (2"In) = Oy,

(2.20)
where L7 > 0. Note that all the functions of X appearing in the above description can
be interpreted as natural functions of the associated step graphon Wyx. For example,

55 = [ Wx(t,9)drds and LLC S /01 Wy(1,1)dr. Similarly, 2 (X1); =

f(f{; Jom Wx ((i—1/2)/2",y) dy gives the values of the degree function of the graphon
Wy, and diag(X) gives the values of the diagonal function Wx (x, x) as x ranges over

[0, 1], see [146, Chap. 7].

Expressing the above dimension-free description in terms of graphons yields a
description of a limiting convex set by Theorem 2.3.6. Its gauge function is, in
turn, a convex graphon parameter extending continuously to the corresponding
limit. Endow V., with the L®([0, 1]?)-norm, noting that ||P,W|le < ||W]|e for
all W € L™([0, 1]?) by Jensen’s inequality. We view elements [W; j(x, y)]l"."j:1 €
Sk @ L™ ([0, 1]?) as symmetric matrices with entries in L* ([0, 1]%) (so W;; = W; ),

and denote

k
W)l =0 i [ WA () dedy > 0
0.1 524 (2.21)
forall  fi,..., fx € L*(]0,1]).
Remarkably, convex graphon parameters that extend continuously to this limit are

also projection-compatible by [63, Thm. 3.17].
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Proposition 2.4.7. If L7 = 0 in (2.20) then

Coo :{W € Voo : Ace(W) + oo = [(Ll)i,j/ W (s, 1) ds dt + (Lz),-,j/ W(t,1) dt
[0,1]2 [0,1]

Jj=

k
F(Ley [ WD WO dis (L WG9+ WO+ (L W],
+ Lg > O},

where Voo C L®([0, 1]2) is a subspace of symmetric bounded measurable functions
on [0, 1]%.

Proof. Endow U, = S¥ ® V., with the norm ||[Wi,j]fj:1|| = max; ; [[W; ||, SO
Uw = S*¥ ® V. Then K, is the cone of PSD matrices [W; ) (x, y)]l’."].:1 > 0in Ug.
Furthermore, for any W € V, we have

[Acll < 11}2}X (|(Ll)i,j| +(La)ijl +2[(L3)i | +2[(La)i | + |(L5)i,j|) IW|co»

s0 As extends continuously to the limit, and u, = L¢ € U; C U. satisfies
Pnus = Lg for all n. Thus, Theorem 2.3.6 yields the claim. ]

We require L; = 0 since there is no u., € Vo, satisfying Pute, = 2" I for all n.

Compatibility in Inverse Problems
Our compatibility conditions naturally arise in the context of inverse problems,
where we demonstrate that it is desirable to use regularizers which are both intersection-

and projection-compatible.

Consider a consistent sequence 7" = {V,} of {G,}-representations. A popular
approach to recover x € V,, from m € N linear observations takes as input a forward
map A: V, — R" and data y € R” and outputs

Frun(A,y) = argminx € V,, f,(x) + Al Ax - |3, (2.22)

where f,: V,, — R is a convex regularizer promoting desired structure in the solu-
tion. It is desirable for the maps F;, , defined in (2.22)—which can be instantiated
for any (A, y) € L(V,,R™) ® R™ and for any n, m € N—to satisfy

Fm,n+1 (Apn’ y) = Fm,n(A’ y)a (223)
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whenever the corresponding minimizers are unique. Indeed, condition (2.23) re-
quires the recovered solution to lie in V,, if the data only depends on the component

of x € V,41 in V,, as this property avoids overfitting. Condition (2.23) holds when

the sequence of regularizers is both intersection and projection-compatible. Indeed,

if the sequence of regularizers f = { f,,} is projection-compatible, then

min f (D+AAPF=DIl; = min _min fu (D+AlAx=yll; = min f,(x)+llAx=y13

XEVntl n X€Vpil
Pux=x

Moreover, if x, = Fj, ,(A, y) minimizes f,(x) + ||Ax — y||§ and f is intersection-
compatible, then f,(x.) + A||Ax, — yllg = fur1(xs) + A|APyx, — y||§ and hence
X« = Fups1(APn, y), showing (2.23).

2.5 Constant-Sized Invariant Conic Programs

In the previous sections, we studied freely-described sequences of convex sets
{C,} contained in a consistent sequence 7°. These convex sets are group-invariant
whenever the cones %, in their descriptions (ConicSeq) are group-invariant, which
is the case for all the standard sequences of cones we consider. In this section,
we further consider optimizing sequences of invariant linear functionals over such
sequences of sets. Each program in the sequence can be simplified by restricting its
domain to invariant vectors [86, §3]. As we have seen in Proposition 2.2.3, when 7
is finitely-generated the dimensions of its spaces of invariants stabilize, so the size of
the variables in such programs stabilizes as well. However, the size of the constraints
may not stabilize, because the invariant sections of the cones {7(,? "} may grow in
complexity. For example, if %K, is the cone of n-variate degree k polynomials that
are nonnegative over all of R” and G,, = S,,, the best-known description of 7(,? " has
complexity which is a (nonconstant) polynomialinn [5, 187,211]. We therefore seek
conditions for the existence of constant-sized descriptions for {7(,?”}, and bounds
on the value of n after which the size stabilizes in the sense of Definition 2.1.8.
Constant-sized descriptions for symmetric PSD and relative entropy cones have
been obtained on a case-by-case basis in the literature [58, 160, 185, 188]. In this
section, we explain how these results can be generalized and derived systematically
from an interplay between representation stability and the structure of the cones in

question.

The PSD Cone and Variants
We begin by giving constant-sized descriptions for certain sequences of PSD cones.

We do so by deriving constant-sized bases for spaces of invariants in terms of which
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membership in the cones is simply expressed. The following is a precise statement

of Theorem 2.1.9 stated informally in Section 3.1.

Theorem 2.5.1. Let 7y = {R"} with G,, = B,,, D,,, or S,, as in Example 2.1.3, and
let 7" = {NV,} be a Zy-module generated in degree d and presented in degree k.
Then the cones {Sym?(V,,)C} admit constant-sized descriptions for n > k + d.

Proof. By Theorem 2.2.16, there exists a finite set A satisfying

Va =D Wi,

AEA ~— —

=Varn
where W, is a G,-irreducible and V|, is the corresponding isotypic component.
Invariant elements of U, = Sym?(V,,) are equivariant and self-adjoint endomor-
phisms of V,,. If X € US" 1s such an endomorphism and 4 # u € A index distinct
irreducibles, then PVHMX |v A = 0 by Schur’s Lemma [81, §1.2]. Because the
irreducibles of G, = B,,D,, and S, are of real type [224] (meaning they remain
irreducible when complexified), Schur’s Lemma also implies that Py, X|w,,, is

a multiple of the identity for each 1 € A, hence Py am X v ) = X4 ® Laimw,,, for

]
some X, € S™*. We conclude that there exists an orthogonal matrix Q,, depending

on the irreducible decomposition of V,, satisfying

US = {Qn D (X1 ® Liimry,) | 0n: X € S’"ﬂ}, (2.24)
AeEN
hence
Sym2(V,)% = {X e U : X » 0} = {Qn B X1 ® Laimw,) | Q) Xa € s’fﬂ} .
AeN,

(2.25)
Thus, we obtain constant-sized descriptions by definingU = B , ., S"*and7,,: U —
US” sending (X1)aea t0 On P 1cp (X2 ® Limw,) 0}, which maps K = P, S
onto Sym? (V)% |

We now instantiate 7 to obtain more concrete corollaries.

Corollary 2.5.2. If G, = S,,,D,, or B,, acts on R" as in Example 2.1.3, then the
G

n+k n

cones Symi(SydeR”)G" =~ (Sg k admit constant-sized descriptions by (2.25)
forn>2difG, =S,,B,andn > 2d + 1 if G, = D,,.
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Proof. The sequence 7" = Sym<Y% is generated in degree d and presented in
degree d if G, = S,,B,, or in degree d + 1 if G, = D,, by Theorem 2.2.11 and
Example 2.2.8. O

To obtain constant-sized descriptions for cones of invariant sums-of-squares, we

consider equivariant images of the PSD cones above.

Proposition2.5.3. Let % = {U,} and W = {W,} be sequences of {G,, }-representations
(not necessarily consistent). Let {K, C U,} be a sequence of convex cones such
that K, is G,-invariant for each n. If {7(,?”} admits constant-sized descriptions for
n > t, then so does {m, (%, NL,)% C W,} for any sequence {r, € L(U,, W)}

and any sequence of Gy-invariant subspaces L, C U,.

Proof. Suppose (K,?” =T,(KNnL;) forn >t where 7,,: U — U,Cf” and L), C U are

subspaces as in Definition 2.1.8. Because r,, is G,-equivariant,
(K N Ln)G" = nn(V(,?” N LS”) =(mpoT,)(KNL,N T,II(LS”)),

Noting that L) N 7T, H(LE") is a subspace of U, we get the desired constant-sized
descriptions. O

We now prove Theorem 2.1.10 giving constant-sized descriptions for invariant

sums-of-squares. s the vector whose coordinates are all the monomials in

Proof (Theorem 2.1.10). If v(x) is the vector whose coordinates are all the mono-

with 1 <i; < ... < i < n,

mials of degree at most d in the variables x;,
then [173, Thm. 3.39] yields

ik

SOSy, = 7, (Symgr (Symgd (SymkR”))) , (M) =v(x) " Mv(x) + 1,

The map 7,,: Sym? (Syde (SymkR”)) — U, is equivariant by definition of the
action of G, and the invariance of 7,. If 75 = {R"} as in Example 2.1.3, then
7 = Sym=¢ (Symk %) is a Zp-module generated in degree kd, and presented in
degree kd if G,, = S,;, B, and in degree kd + 1 if G,, = D,, by Theorem 2.2.11. Thus,

the result follows from Theorem 2.5.1 and Proposition 2.5.3. O

Note that Theorem 2.1.10 applies to any sequence of invariant ideals, not necessarily
related to each other across dimensions, so that {U, } in this result is not necessarily
a consistent sequence. Nevertheless, it is a sequence of equivariant images of a

consistent sequence, a fact crucial to the proof.



70

The Relative Entropy Cone and Variants

For a finite set (A, define the associated relative entropy cone
RE# = {(v,c,1) € RA"&R"®R:v,c >0, D(v,c) <t}, (2.26)

where D (v, ¢) = Y ,eq Vo l0g (ﬁ) is the relative entropy.

Ca
Proposition 2.5.4. Let 7 be a consistent sequence of {G,} representations and
¥ = {R™M) be a permutation ¥-module for finite A, satisfying A, S Apsi
(Definition 2.2.14). If dim VS" is constant for all n > d, then the invariant section
{RE;”" } of the cones (2.26) admit constant-sized descriptions for n > d.

Proof. Let k = dim(R7¢)% and fix n > d. Let {a;}jex) S Ay be a set of
Gi,-orbit representatives, and let 1, = }.cq, /Stabg, (o)) €ge; fOr €ach j € [k], so
that {1;,,} k) is a basis for (R7)Gn = RK. Let % = 7®? @ R = {U,}, which
contains the relevant relative entropy cones {RE#, }. Then a basis for U,?" consists
of {(L;,0,0),(0,1;,,0)} e UA{(0,0, 1)}.

If (v,c,t) € U,Cf" for n > d is expanded as v = Z?:] v;1, , and similarly for ¢, then
k 5.
RE;’; = {(V, c,t) € U’?n v, ¢ >0, Z |G, /Stabg, (a;)|V; log (é) < t}.
j=1

Let U = RL @ RE @ R, define
k 1/).
K = {(ﬁ,é,t) eRLeBRLEBR:Q,CAZO, Zﬁjlog(A—]) St},
C.
J=1 !

and define 7,,: U — US” sending (e;,0,0) |G,Z/Stab(;,n(cxj)|‘1 (1;,4,0,0), send-

ing (0,e;,0) —
|G,,/Stabg,, (a/j)l_l(O, 1,,0), and sending (0,0,1) + (0,0,1). Then RE;'; =
T, (‘K) for all n > d, giving the desired constant-sized descriptions. O

Now suppose %" = {R®"} is another permutation %;-module. Let U=W & U
{U, = L(R®",U,)} and consider the cones of maps

REMy, g, = {M eT,: M(R®) ¢ REﬂn} - {M € U, : Meg € RE, forall § Bn} .
2.27)

We obtain constant-sized descriptions for these cones for a specific 7.



71

Proposition 2.5.5. Suppose 7y = {R"} with G, = B,,, D,,, or S, as in Example 2.1.3
and that {R7}, {R®"} are permutation %y-modules generated in degrees dy, dy,
respectively. Then the sequence of cones {REM;’;,BH} in (2.27) admits constant-
sized descriptions for n > dy + dy if G, =S,,,B,, andn > dy + dw + 1 if G,, = D,,.

Proof. Set dy = 0 if G, = S,,B, and dy = 1if G, = D,. Let B C By, be
a set of minimal-degree Gy, +4,-0rbit representatives in By, +q4,, Which are also
orbit representatives for 8B, for all n > dw + dy by Proposition 2.2.15(c). Any
M € @G" = L(R?,U,)% for n > dw + dy is fully determined by the images
Meg € U,‘?tabe" ®) of the basis elements ep for g € $B and conversely, for any
collection {uﬁ € Uftabe” * )} _ there is a unique M € @G" satisfying Meg = ug.

pes

Moreover, M € ‘]?n if and only if Meg € 7(,? aben B) for all B € B. Thus, we have

—Gp
0, "= Puye? o (HRESG P = REMS
BeB peB

B’

Applying Corollary 2.2.19 to the free module with which {R7} agrees forn > dy +
do by Proposition 2.2.15(c), and which is presented in the same degree, we conclude
that the projections Py, : (R )Stabe,, 8 5 (RFA)Stabe, () gre isomorphisms for
all n > dy + dw + dy. Proposition 2.5.4 then gives constant-sized descriptions for
{RE;::bG" * )}n for each 8 € B. |

As an application of Proposition 2.5.5, we obtain constant-sized descriptions for
SAGE cones of signomials. Indeed, if A,, B, € R" as in the above proposition,

define the sequence & = {F,} of functions on {R"}

F, = {f(x) = Z cal' ™ + Z tgeP) s cortg € R} =~ R g R%n,

QEﬂn ﬁEBn

with G, actingby g - f = f o g~!. Note that F = 7" @ W’ as consistent sequences,
where 7 = {R7} and 7 = {R®"} are as above. Sums of exponentials as in F,
are called signomials, and optimization problems involving such functions arise in
a number of applications [162]. As usual, minimizing a signomial f over R" can be
recast as maximizing y € R such that f —y > 0onR", so that optimizing signomials
can be reduced to certifying their nonnegativity. This is NP-hard in general, but it
can be done efficiently if only a single coefficient of f is nonnegative or if f is a

sum of such signomials [40]. Formally, define the cones of (Sums of) nonnegative
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AM/GM Exponential functions, called AGE (resp., SAGE) functions, by

AGEg#, g = {f(x) = Z cae'® +1eB¥ . f>00nR"and ¢, > Oforall @ € ﬂn} ,

aeA,

SAGEg, 5, = ) AGEg,.
peB,

Theorem 2.5.6. Suppose A,, B, C R" where R" is embedded in R"! by zero-
padding and with the standard action of G, = S;, Dy or By. If Ay = Ugeg, §Ad,
foralln > ds and B, = Uycg, §Aay for all n > dp, then the invariant SAGE cones
{SAGE;’L,B” }n admit constant-sized descriptions for n > da + dp if G, = S, B,
andn > da+dpg+1ifG, =D,.

Proof. Identify M € U, with tuples (Meg)ges, = (v®, P 15)5e8, € R @
R#» @ R for each 8 € B,. The authors of [40] show that, in our notation,

SAGEg, 5, = {(c, ) eR™M @R :3AM = (vP, P 13)5c5, € REMg, 3,

S.t. Zﬁegn P =c, Y vP@-p=0foralpe Bn}
= 7,(REMg, 5, NLy),

where

L, = {M = (", cP . 1p)pes, € Uy : Zaeﬂ v (a-p)=0forall e Bn},

— ‘7:[11 B}’l
M) = (3, ¢ (tp)pes, ) € R @ R,
Note that 7, is equivariant, since

‘ﬂ)’ C(g“ﬁ)’ ty (¢7'p) (g‘lﬁ)’ ty

(g-M)eg=gMg e =gMe,15=2g-(v'¢ -15) = (g .8 -1g),

hence

-1
(g M) =| D 8- P (typ)pes, | =g+ D) P g (tp)ges, | = g-ma(M).
BEB, peB,

Similarly, if Y,cq v (@ — B) = 0 for all € B, then

@ a-p =g Y vE P la—g B =g Y v Plag7'B) =0,

g la
a€A, a€A, a€EA,

hence L, is Gy-invariant. Thus, the result follows from Proposition 2.5.5 and

Proposition 2.5.3. o
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Theorem 2.5.6 generalizes [160, Thm. 5.3] beyond S, to the other classical Weyl

groups D, and B,,. It would be interesting to further generalize to signomials defined
on more general consistent sequences than {R"}, which would require generalizing
the description of the AGE cone from [40].

2.6 Dimension-Free Convex Regression

In this section, we use our framework to describe a solution to the dimension-free
convex regression problem. Recall that in this problem we are given evaluation
data in different dimensions and we seek a sequence of convex functions that best
fit the data and can be instantiated in any desired dimension (including those not
represented in the data). To that end, we use the framework we developed in
Section 2.3 to obtain parametric families of freely-described convex sets in a fully
algorithmic manner. We then present a numerical procedure to fit elements of these
families to the given data. Our implementation of the resulting algorithms can be

found at https://github.com/eitangl/anyDimCvxSets.

Computationally Parametrizing Descriptions

Suppose we seek a parametric family of convex subsets {C,, C V,} of a consistent
sequence 7" = {V,} of & = {G, }-representations. Both 7" and & are usually dic-
tated by the application at hand and the symmetries it exhibits, as in Example 2.1.5.
We then select description spaces % = {U,}, #" = {W,}, usually constructed from
7" as described in Section 2.2. Their choice is dictated by the desired richness of
the family of the freely-described sets and, as we shall see in Remark 2.6.3 below,
by the dimensions of the available data. Once all of these are chosen, parametrizing
the associated family of freely-described convex sets amounts to identifying bases
for the spaces of freely-described vectors and linear maps appearing in (ConicSeq).
Up to this point we have obtained such bases analytically, as the relevant spaces of
invariants have been fairly low-dimensional, but this approach becomes impractical
for richer description spaces. To address this challenge, we present a computational
method for obtaining the relevant bases, which yields a fully algorithmic approach

for deriving parametrized families of freely-described convex sets.

Computing a basis for the space of freely-described elements in a finitely-generated
consistent sequence proceeds in two steps. First, we compute a basis for the space of
invariants in a fixed, sufficiently large dimension. Second, we extend the elements
of this basis to any other dimension, which is done by solving a linear system. Our

procedure is summarized in Algorithm 1, which we proceed to describe in more
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detail.

Algorithm 1 Computationally parametrize a freely-described (and possibly com-
patible) sequence of convex sets.

1: Input: Finitely-presented consistent sequences 7", %, % .
2: Output: Bases {/() = {AE,”},,GN};’;I, B = {B,gj)}neN}jfl for freely-
described equivariant maps or morphisms.
if compatibility not required then

Fix ng > presentation degrees of 7 @ % and #" @ %.

Find bases {A\)} 4, {B,S{;)};’gl for £ (V. Up)®0 and L(W,,,, Uy, )Cro.
else

Fix no > presentation degrees of 7", %", % .

Find bases {AS,ZO) }liAl, {B,%) }?ﬁl for subspaces of L(V,,, U,,O)G"o and
L(Whp,, UnO)G'”O satisfying the hypotheses of Theorem 2.3.5.

9: end if
10: For any n > ng and each i, j, find unique equivariant A projecting onto

A,(fo) , B,(,{;). For each n < ng, project A,(l'o) Bﬁ,{;) to dimension 7 to obtain A,(,i) , Bflj ).

A

0.5

Fix ngp € N as in Algorithm 1, computed for instance using Theorem 2.2.11. We
now explain how to find bases for the desired spaces of equivariant linear maps A,
and B, in a fixed dimension, and how to extend them to bases of freely-described
elements of 7" ® % and 7 ® % . These elaborate on steps 5, 8 and 10 in Algorithm 1.

Step 5: Computing basis for equivariant maps. We explain how to compute a
basis for invariants in a fixed vector space, which we then instantiate in the context of
Algorithm 1 to perform step 5. If V is a representation of a group G, a vector v € V
is G-invariant iff g - v = v for all g € G, which can be rewritten as v € ker(g — 1)
for all g € G. Thus, finding a basis for invariants in a fixed vector space reduces to
finding a basis for the kernel of a matrix, though this matrix may be very large or
even infinite. We can dramatically reduce the size of this matrix by only considering

discrete and continuous generators of G, as proposed in [79].

Theorem 2.6.1 ([79, Thm. 1]). Let G be a real Lie group with finitely-many con-
nected components acting on a vector space V via the homomorphism p: G —
GL(V). Let {H;} be a basis for the Lie algebra g of G and {h;} C G be a finite
collection such that G is generated by exp(g) and {h;}.¢ Then

v e V& «— Dp(H,)v =0and (p(hj) —idy) -v=0 foralli,j.

SSuch {h;} exist by [79, Appdx. H].
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Here Dp: ¢ — L(V) is the differential of p. Sets of Lie algebra bases and

discrete generators for various standard groups are given in [79]. For example,
G = S, is generated by two elements, namely, the transposition (1,2) and the n-
cycle (1,...,n), reducing the number of group elements that must be considered
from the naive n! to two. For G = O,, a basis for the Lie algebra g = Skew(n)
is given by E; ; = eiejT —eje/ for i < j, and only one discrete generator, e.g.,

hy = diag(-1,1,...,1), is needed, for a total of (}) + 1 elements.

As equivariant linear maps are precisely the invariants in the space of linear maps,
Theorem 2.6.1 allows us to obtain a basis for equivariant maps between fixed vector
spaces. Explicitly, if py: G,, — GL(V,,) and py: G,, — GL(U,,) are the group
homomorphisms defining the actions of G,,, on V.., Uy, then A,,, € L(V,,,, Uy,) 80
if and only if

Dpu(Hi)Any — AnyDpv(H;) =0,  puy(hj)An, — Anepv(hj) =0, foralli,j.
(2.28)
The equations (2.28) express the space L(V,,, U,,O)G"O as the kernel of a matrix,
which is often very large and sparse. Forming this matrix only requires specifying
the matrices representing {H,} and {h;} for G,,. Computing a basis for the kernel
of this matrix can then by done using its LU decomposition as in [90, 129], or
using the algorithm of [79, §5]. A basis for the space L(W,,, U,,O)G"o is obtained

analogously.

Step 8: Computing a basis for extendable equivariant linear maps. We know
from Example 2.3.1 that extending arbitrary invariants A, By, u,, to freely-
described elements does not yield a compatible sequence of convex sets. However,
Theorem 2.3.5 identifies subspaces of invariant linear maps A,,, B,, whose exten-
sions do yield a compatible sequence of sets, provided we fix a freely-described
element {u,} satisfying u,+; — u, € K,. Specifically, we need to find a basis
for equivariant linear maps satisfying A,,(V;) € U; for j < dy where dy is
the generation degree of 7°. This is again a linear condition on A,;; defining
©Cnoj = Pno-1"+¢j: V; =V, if j <ngand @, n, = idvno, and similarly for ¢, ;,

we have

Ano(Vj) c Uj — (- PUj)AnolV’j =0 &= (- ‘r//no,j'/’:(),j)Am)‘pno,j =0.
(2.29)
The subspace of L(Vp,, U,,O)G"O satisfying the hypotheses of Theorem 2.3.5 is thus
again the kernel of a matrix obtained by combining (2.28) and (2.29). To also
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impose A, (V}) - U} for j < dy where dy is the generation degree of %, so that

A:‘lo extends to a morphism, note that
AnO(Vj) c U]* = PU_,»Ano|Vl+ =0 l//Z(,,iAno(I - ‘Pno,i‘PZo,i) =0, (2.30)

hence the corresponding subspace of L(Vno,U,,O)G"O is the kernel of the matrix
obtained by combining (2.28)-(2.30). Forming this matrix requires specifying the
matrices representing {H;} and {h;} for G,,, as well as the matrices representing
the embeddings ¢,,,; and ¥,,,. The subspace of L(Wno,Uno)G"o satisfying the
hypotheses of Theorem 2.3.5 is again the kernel of a matrix and its basis is computed

similarly.

Step 10: Extending bases to higher dimensions. Given bases of equivariant
A,(l’g , B,(l{;), we wish to extend them to freely-described elements. We do so compu-
tationally by applying a linear map for n < ngy and solving a linear system for each
n > ng to which we wish to extend. For each n < ng, we set Af,i) = t//;:o’nAffg Pno.n
and similarly for B,(f ). For each n > np, we set A,(f) to be the unique solution to
the linear system (2.28) (with ng replaced by n) and lﬁ;,noA;(j) Pnny = A,(jo) Forming
this linear system requires specifying the matrices representing {H;} and {h;} for
Gy, as well as matrices representing ¢, ,, and ¥, ,,. The above linear system is
typically large and sparse, and we solve it using LSQR [170]. The extension of B,(,{)')
is handled similarly, except that ng needs to exceed the presentation degrees of both

W and % to guarantee that both Bf,g) and (B;,{;))* extend to morphisms.

Example 2.6.2 (Dimension counts). We use the above algorithm to obtain dimension
counts for parametric families of dimension-free descriptions. See the functions
compute_dims_a, compute_dims_b, and compute_dims_c on GitHub for the

code computing these dimensions using Algorithm 1.

(a) Let 7 = {R"} with G, = S,, as in Example 2.1.3, and let W = U =
Symz(SymSZW). Then V', %, 7 Q U, W ® U are all 7 -modules and are
presented in degrees 1,4,5, 8, respectively, by Theorem 2.2.11.

The dimensions of invariants parametrizing dimension-free descriptions are
dim £(V,,U,)% = 39, dim £(W,,U,)% = 1068, and dimUS" = 17 for
n > 8. The dimensions of linear maps {A,} and {B,} satisfying Proposi-

tion 2.3.2(a), yielding intersection-compatible convex sets, are
dim {{An: VvV, — U,} morphism} =0,

dim {{Bn: W, — U,} : both {B,} and {B,} morphisms} = 104.


https://github.com/eitangl/anyDimCvxSets/blob/main/compute_dims_a.m
https://github.com/eitangl/anyDimCvxSets/blob/main/compute_dims_b.m
https://github.com/eitangl/anyDimCvxSets/blob/main/compute_dims_c.m
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If we further require { A} to be a morphism to obtain projection compatibility,

the dimension of {A,} decreases to 5.

(b) Let? = {S"} withG,, = S, used to obtain graph parameters in Example 2.1.5,
and let W, % be as in (a). Then V', U, 7 Q@ U, W Q U are all 7"-modules

and are presented in degrees 2,4, 6, 8, respectively.

The dimension of invariant {A,} in this case is dim £(V,,U,)% = 93,
and the dimensions of dim £L(W,,U,)% and dimW,(f” are as in (a), giving
the number of parameters describing freely-described convex sets with these
description spaces. The dimensions of linear maps {A,} and {B,} satisfying
Proposition 2.3.2(a), and hence describing intersection-compatible sets, are
19 and 104, respectively, as given in (2.18). If we further require {A;} to be
a morphism to get projection compatibility, the dimension of {A,} decreases
to 12.

(c) Let 7" = {R"} with G,, = B,, as in Example 2.1.3, used below to learn regular-
izers defined for vectors of any length, let 7" = {R**'} = 9" ® @R as in Ex-
ample 2.3.1, andlet W = U = Sym*>(Sym='?"). Then ¥, U,V QU, W U

are all 7"-modules and are presented in degrees 1,2, 3, 4, respectively.

The dimensions of invariants parametrizing freely-described convex sets in

this case are
dim £(V,,U,)% =4, dim £L(W,,U,)% =108, dimUS =8, forailn > 4.

The dimensions of linear maps { A, } and {B,,} satisfying Proposition 2.3.2(a)

and parametrizing intersection-compatible sets are

dim {{An: V, — U,} morphism} =3,
2.31)
dim {{B”: W, — U,} : both {B,} and {B,} morphisms} = 37.

If we further require { A} } to be a morphism, the dimension does not decrease
in this case, so all of these intersection-compatible sets are also projection-

compatible.

Fitting Freely-Described Convex Functions to Data
We now present an algorithm for the dimension-free convex regression problem from
Section 2.1. Recall that in this problem we are given data {(x;, ¢;) € V,,, ® R} in

finitely-many dimensions n; corresponding to a sequence of vector spaces {V,}, and
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our objective is to identify a sequence of convex functions { f,, : V,, — R} such that
Jfn; (xi) = ¢; in the dimensions in which data is available. We tackle this problem by
endowing {V,} with the structure of a consistent sequence of {G,, }-representations,
and choosing description spaces {W, }, {U, } that yield a finitely-parametrized family
of freely-described and compatible convex functions which we fit to the given data.

We explain how to perform this fitting below in two key steps.

The first step is to define a finitely-parametrized family of freely-described convex
functions. Let {{A,(f)}}l‘i/*l and {{Bflj ) }}j.’gl be the bases for freely-described maps
computed by Algorithm 1 where we choose ny > max; n; so that we do not have to
extend the basis elements computed there to access the data dimensions. Further,
we select intersection and projection compatible cones # = {K,, C U, }, and freely-
described {u, € U,?"} satisfying u,+1 — u, € K, and u, € int(%K,) for all n. We
consider families of nonnegative and positively-homogeneous convex functions f;,
parametrized by @ € R%, B € R, and A € R of the form

dA dB
s ) = inf c+ Ayl st Y ad vk ) BBy vty €Ky ()

yeW, i=1 J=1
dA . dB X
=sup - Y ai(z,AVx) st Zﬁj(B,(f))*z <A, {zup) <1,
€K o

=1
(D)

where the primal and dual programs above are equal since Slater’s condition is
satisfied by our choice of u,. Here || - || is the norm on W, induced by its inner-
product and the parameter A is chosen to be positive; the purpose of this term in
(P) is to prevent numerical issues arising in our subsequent regression procedure
(see (Regress)). Note that this is indeed a finitely-parametrized (by d4 + dp + 1
parameters) infinite sequence of functions. Also note that if we require compatibility
in Algorithm 1, then the sequence { f,,} is intersection (and if desired, projection)
compatible for any value of the parameters, since it is the sequence of gauge functions

of a correspondingly compatible sequence of sets (see Section 2.1).

The second step concerns optimizing over the parameters «, 8, A to fit { f;;} to the

available data. To this end, we consider the following optimization problem, with a
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user-specified Apin > O:

min llelle, s.t. (Regress)
geRP
@€R4A BERIB 1> pin

{(t,yi) bz}
(vi, t;) feasible for (P) with n = n; and cost < ¢; +¢&;, (PC)
z; feasible for (D) with n = n; and cost > ¢; — ¢;, . (DO)

The constraints (PC) and (DC) are required to hold for all i € [D] and they ensure
that ¢; — &; < fu,(xi3 @, B,1) < ¢; + &;, so that minimizing ||&||¢, yields a good fit
to the data. We emphasize that this problem is finite-dimensional even though the it

yields an infinite sequence of convex functions { f;,}.

As (Regress) involves bilinear constraints, we solve the problem via alternating min-
imization, where we alternate between fixing «, 8, A and {(#;, y;)}, {z;} while opti-
mizing over the rest of the variables. Note that Slater’s condition holds in (Regress)

for both steps of alternating minimization when u,, € int(%,).

Remark 2.6.3. The quantity ny in Algorithm 1 is governed by the choice of descrip-
tion spaces and leads to a tradeoff between the richness of the parametric family

and the dimensions of the available data. The data we are given only contains infor-
d

_ i1
{{B,(f ) }n<max; n; j.iB 1+ If no in Algorithm 1 is strictly larger than the maximum dimen-

mation about { f,, }n<max; n; Which, in turn, only depends on {{A,(j)}nsmaxi i}y and
sion max; n; in which data is available, then the number of distinct basis elements
for n < max; n; might be strictly smaller than d 4 and dp, respectively, in which case
our parameters a, 8 are not identifiable from such low-dimensional data. Imposing
compatibility decreases the bound on ny, thus facilitating dimension-free convex
regression from lower-dimensional data. More broadly, even when max; n; > ny, it

is of interest to investigate the landscape of (Regress).

Numerical Results

In all experiments below, we use % = Sym?(Sym=¥%"") for some 7"-module 7"’ and
some k, with the corresponding PSD cones % = Sym? (Sym=¥%"). We choose {u,,}
to be the sequence of identity matrices, which satisfy u,, € int(‘K},) and u,+1—u, € K,
as required. We apply our algorithm to learn semidefinite approximations of two
non-SDP-representale functions, comparing the results obtained with and without
imposing compatibility in Algorithm 1.

1/n

The first function we approximate is the ¢, norm ||x||, = (3; [x;|™) /", which is

not SDP-representable because 7 is irrational. We view the {; norm as defined
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on the sequence 7" = {R"} with G, = B, from Example 2.1.3. It satisfies both

intersection and projection compatibility. We choose description spaces # = % =
{Sym?(Sym='R?"*!) = §2*2} as in Example 2.6.2(c), with the corresponding PSD
cones {%; = S7"*?}. We used 50 data points in R” for n; € {1,2}. When we impose
compatibility on our family of functions, we use ng = 2 = max; n; in Algorithm 1.
If we do not impose compatibility and search over all freely-described (possibly
incompatible) sequences, we take ng = 4 which is the presentation degree of 7" ® %,
and which strictly exceeds max; n;. The constraints in the fitting program (Regress)
do not depend on some of the entries of @, 8 in this case, and we set such entries
to zero. This highlights the advantage of imposing compatibility mentioned in
Remark 2.6.3—it allows us to uniquely identify a dimension-free description from

lower-dimensional data.

The second sequence of functions we approximate is the nonnegative and positively-
homogeneous variant of the quantum entropy given by (2.2) given in Section 2.1,
defined on the sequence {S"} with embeddings by zero-padding and the action
of G, = O, by conjugation. Once again, the function (2.2) cannot be evaluated
using semidefinite programming, though a family of semidefinite approximations
is analytically derived in [74]. Here we aim to learn a semidefinite approximation
entirely from evaluation data. To that end, we choose description spaces 7 =
(W, = Sym?(Sym=!R") = §"*1} and % = {U, = Sym?(Sym=2R") = S(")}, with
3 }. Our data consists of 200 PSD matrices
in S" for n < ng = 4. Without a calculus for presentation degrees for G, = O,,, our

corresponding PSD cones {K,, = SJE

theory does not guarantee the existence of an O,-invariant extension of our learned
description. Our theory does however guarantee a unique B,-invariant extension,

and in practice we observe that the extension is, in fact, O,-invariant.

To approximate the above functions, which we generically denote {f™¢}, we
used (Regress) with 100 random initializations to fit the data in degree ng. For

the above two examples, not only is f,%“e

but also f,g)“e (x) # 0 for x # 0 in the domain. We therefore normalize the data

positively-homogeneous and nonnegative,

x; by x; = x;/ ft*(x;), so that fi"°(x;) = 1 for all i and all points contribute

equally to the objective of (Regress). We impose A > Apin = 1073 in (Regress). To
evaluate the results, we extended our learned descriptions to n = 20, sampled 103

unit-norm points (also PSD for the quantum entropy example) and computed the
Lfn (%)= £ ()]
Jae (x)

The resulting errors are plotted in Figure 2.1, shown and discussed in Section 2.1.

average normalized errors in each n up to 20.
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Since imposing compatibility conditions decreases the search space in (Regress),
we expect the optimal solution of (Regress) with compatibility conditions to exhibit
larger errors in dimensions in which data is available compared to the optimal freely-
described (but possibly incompatible) solution. That is not the case in Figure 2.1(b),
illustrating the nonconvexity of the fitting problem (Regress) and demonstrating an-
other advantage of imposing compatibility—the resulting smaller parametric family

allows our algorithm to better fit the data.

2.7 Discussion

We developed a systematic framework to study convex sets that can be instantiated
in different dimensions using representation stability, as well as a computational
method to parametrize such sets and fit them to data. We did so by formally defining
dimension-free descriptions of convex sets and compatibility conditions relating sets
in different dimensions. We then proved a number of structural results pertaining
to dimension-free descriptions, namely, characterizing such descriptions certifying
compatibility; giving conditions on fixed-dimensional descriptions ensuring their
extendability to dimension-free ones; and studying infinite-dimensional limits of
freely-described sequences of sets. We further used representation stability to sys-
tematically derive constant-sized descriptions for sequences of invariant sections
of PSD and relative entropy cones. Finally, we developed an algorithm to com-
putationally parametrize and search over dimension-free descriptions to fit them to
data. Our work can be viewed as identifying and exploiting a new point of contact
between representation stability and convex geometry through conic descriptions of

convex sets.

Our work suggests questions and directions for future research in several areas.

(Computational algebra) Is there an algorithm to compute the generation and

presentation degrees of a given consistent sequence?

(Lie groups) Can we extend our calculus for presentation degrees in Theorem 2.2.11

to Lie groups such as G, = O,?

(Constructing descriptions) Given a sequence of convex sets instantiable in any
relevant dimension, can we systematically construct freely-described, and
possibly compatible, approximations for the sequence? When are approxima-
tions derived from sums-of-squares hierarchies such as [75] dimension-free

and certify compatibility?
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(Complexity) Is there a systematic framework to study the smallest possible size of
a dimension-free description for a given sequence of sets, extending the slack

operator-based approach for fixed convex sets [91]?

(Dimension-free separation) Under what conditions can a point outside a com-
patible sequence of convex sets be separated by a freely-described sequence,

generalizing the Effros—Winkler theorem [66]?

(Statistical inference) How much data do we need to learn a given sequence of

sets or functions, and in what dimensions should this data lie?
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Chapter 3

ANY-DIMENSIONAL EQUIVARIANT NEURAL NETWORKS

This chapter is based on [141].

3.1 Introduction

In order to train neural networks that accept inputs in any dimension, we must
address three key challenges. First, how do we encode infinite sequences of neural
networks, one in each dimension, using only finitely-many parameters? Doing so
1s necessary if we want to learn from a finite amount of data. Second, how do we
ensure that the networks we learn from data in a fixed dimension generalize well
to higher dimensions? Third, is there a user-friendly procedure for learning these

networks? We proceed to tackle these challenges.

Free equivariant neural networks. Equivariance is the key ingredient in tackling
the first challenge. The authors of [152] showed that the dimension of permutation-
equivariant linear layers between tensors is independent of the size of the tensors,
and gave free bases for such linear layers. For example, the space of permutation-
equivariant linear layers for graph adjacency matrices is 15-dimensional for any #,
and its basis contains the identity, taking a transpose and extracting the diagonal,
among others. The authors of that paper use this fact to derive finite parameteriza-
tions of linear layers

W=aA" + - +asAlY (3.1)

where {AE"), cee, AE?} is a basis of free equivariant maps for graphs on n nodes.
This parameterization allows them to instantiate linear layers in any dimension
using only the fifteen parameters a;, which can be learned from data in a fixed
dimension. Our first contribution is showing that this is not a coincidence but rather
stems from a general, recently-identified phenomenon known as representation
stability. We utilize this phenomenon to show that the dimension of equivariant
linear layers stabilizes for a number of group actions, including those induced by
(signed) permutations, the orthogonal groups O(n), rotations SO(n), and the Lorentz
groups O(1,n). We leverage this observation to derive finite parametrizations of

infinite sequences of equivariant neural networks.

Generalization across dimensions. The authors of [152] observed that neural net-
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works obtained using (3.1) do not always generalize well to dimensions different
from the one used for training. Intuitively, this is due to overparametrization, as
there are many ways to represent the same function in a fixed dimension, but not
all of them extend correctly to other dimensions. Our second contribution is to
introduce a compatibility condition relating the mappings in different dimensions,
which has a regularization effect that often leads to better generalization. Formally,
it entails to the commutativity of the diagrams in Figure 3.1. We further explain

how to impose this condition on the network architecture.

Computational recipe. The authors of [152] manually found the free basis elements
in (3.1). However, for more complicated groups and spaces of linear layers, manually
finding a free basis becomes prohibitive. In a fixed dimension, one can circumvent
this issue using an algorithm proposed in [79] to compute a basis. For our third
contribution, we extend this basis to any other dimension by solving a sparse linear

system, enabling us to obtain free bases computationally.

We provide proof-of-concept experiments demonstrating the ability of our approach
to learn functions defined for any dimension. We emphasize, however, that the
primary contribution of this chapter is its conceptual novelty. To our knowledge,
our method is the first black-box approach for training neural networks that can
handle inputs in any dimension. Instead of customizing architectures for specific
domains and data types, as has been done in the prior work discussed below,
our strategy adapts itself to the application domain by selecting appropriate group
actions and nested sequences of vector spaces. The downside of the more general
approach is that we do not expect it to outperform application-specific methods.
Thus, we envision our framework serving as an initial step when approaching novel
and poorly understad problems, or serving as a baseline to evaluate the performance

of application-specific architectures.

Notation. Given two finite-dimensional vector spaces U and V we use L(V, U) to
denote the set of linear mappings between them. For a group G acting on both U
and V, we denote invariant elements as U® = {u € U | g - u = u}, and equivariant
linear maps as £L(V,U)¢ = {A e L(V,U) | gAg™! = A} . The map Py: U —» U
denotes the projection onto a subspace W € U. The symbols 1, and I, represent
the all-ones vector and the identity in dimension n, respectively. The symbol R[G |
denotes the set of finite linear combinations of elements in G. To avoid cluttering
notation, we use bold font symbols whenever possible to denote the nth element in

a sequence, e.g., the symbol G denotes G™. We add a “+” superscript to denote
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the (n + 1)th element, e.g., G"*1 is denoted by G*.

Outline. The remainder of this section focuses on related work. Section 3.2 formally
defines free neural networks. Section 3.3 introduces a compatibility condition that
ensures good generalization across different dimensions. In Section 3.4, we describe
our computational recipe to learn free neural networks from data in a fixed dimension
and extend to other dimensions. Section 3.5 provides numerical experiments. We
close the chapter in Section 2.7 with conclusions, limitations, and future work. We
defer several technical details to the appendix.

Related work

Equivariant learning. The benefits of equivariant architectures first became ap-
parent with the success of convolutional neural networks (CNNs) in computer
vision [132]. Since then, equivariance has been applied to a range of applica-
tions. Examples include DeepSets [233] and graph neural networks [152, 200]
using permutation equivariance to process sets and graphs; AlphaFold 2 [111] and
ARES [212] using SE(3)-equivariance for protein and RNA structure prediction and
assessment; steerable [49] and spherical [127] CNNs using rotation-equivariance
to classify images; and physics-informed neural networks are equivariant under the
symmetries of the corresponding physical systems [117]. Many of these architec-
tures have been shown to implement a generalized notion of convolution over the
groups at hand [48, 128]. Under additional assumptions, equivariant architectures
have been derived using invariant theory to explicitly parametrize polynomial equiv-
ariant maps [222]. We refer the reader to [27, 144] for an introduction to equivariant

deep learning.

Dimension-free learning. Certain architectures processing data of a particular type
are defined for inputs of different sizes. Many architectures processing graph-based
data update the features at each vertex by applying the same function of the features
of the vertex’s neighbors, hence can be applied to graphs of any size [87, 200, 219].
Convolutional neural networks (CNNss) processing signals and images convolve their
inputs with filters of constant size, hence can also be applied to inputs of different
sizes. Nevertheless, it has been observed that naively applying CNNs to inputs of size
different from that used during training leads to artifacts, and several downsampling
techniques have been proposed to resize inputs to a CNN [96]. Networks processing
natural language embed words as vectors of the same length but are defined for
arbitrarily long sequences of such vectors. Recurrent neural networks process such

sequences one-by-one, using cycles in their architectures to sequentially combine
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Figure 3.1: Equivariant free neural networks. We use bold font to denote the nth
element in a sequence; see Notation in Section 3.1 for details.

a new input vector with a function of the previous inputs [156]. Recursive neural
networks apply the same weights recursively to pairs of input vectors to combine
them into one, until the entire sequence is reduced to one vector [206]. Notably,
all these architectures must process the input in particular ways motivated by the
specific application at hand, whereas we only need to assume that the network

processes its input equivariantly.

Representation stability. Representation stability considers nested sequences of
groups and their representation, and implies that such sequences of representations
often stabilize. Specifically, there is a labelling of the irreducibles of these groups
such that the decomposition of the representations in the sequence contain the same
irreducibles with the same multiplicities. This phenomenon has been formalized
in [47] and further studied in [46, 84, 194, 195, 197, 227]. It has been applied to
study free convex sets and algebraic varieties [8, 44, 64, 139, 215], though to our
knowledge, this chapter is the first to apply it to equivariant deep learning. We refer
the reader to [70, 196, 228] for introductions to this area.

3.2 Free Neural Networks

In this section, we introduce the concept of free neural networks, i.e., networks that
can be instantiated in every dimension. To set the stage, let us recall the classical
notion of a neural network (NN). A NN is a mapping f = fr o ... o f; where
fi: Vi = Vi1 is a composition f;(x) = o;(W;x + b;) of an affine map x — Wx + b;
and an activation map o5 : U; — V4. This yields a family of mappings parametrized
by the weights W; € L(V;,U;) and biases b; € U;. In turn, these parameters are

chosen to minimize a prescribed loss function.

In several settings, we want f to respect symmetries in its inputs. Formally, we



87

require f to be equivariant with respect to the action of a group G, i.e., fog=go f
forall g € G. A natural way to obtain equivariance is by ensuring that each building
block of f is equivariant, i.e., W; € L(V;,U;)°, b; € UZ, and 07 is G-equivariant.
NNs satisfying these properties are called equivariant. Equivariant NNs can be
trained by computing a basis for the space of weights and biases and optimizing

over the coefficients in this basis [79].

In this work, we seek equivariant NNs that extend to inputs in any dimension. To
this end, we consider sequences {U;} and {V;} of nested! vector spaces U; C U/
and V; C V7, with actions of a nested sequence of groups {G}, see Figure 3.1. For
example, we have inclusions R* € R™! by zero-padding on which the group of
permutations on n letters G = S, acts by permuting coordinates. These define a
sequence of NNs whose weights W;: V; — U; and biases b; € U; increase in size.
The activation functions o are often defined for every dimension, as the next section

shows. Thus, we focus here on extending the linear layers.

Free equivariant networks. Because the dimensions of the space of linear layers
L(U;,V;) and the vector spaces U; usually grow, sequences of general NNs are
not finitely-parameterizable and cannot be learned from a finite amount of data.
The situation radically simplifies when considering equivariant networks since the
dimensions of £(U;, V;)¢ and Ul.G often stabilize. This was previously observed in
the context of simple graph NNs by [152], and follows from a general phenomenon
known as representation stability [47]. To illustrate it with a concrete example,
consider the nested sequence U = V = R" with the action of G = S,, as above. Then
VC is one-dimensional and spanned by 1,, while £(U, V)¢ is two-dimensional and
spanned by 1,,, 1,,1,7, which are basis elements defined for every n. Similarly, [152]

obtained explicit free bases for spaces of invariant tensors.

Interestingly, all the above basis elements project onto each other, e.g., the orthgonal
projection of 1,, onto R"!is 1,,_y, and similarly 7, 1,1 projectonto I,,_1, 1,,_; 1.
Motivated by this observation, we say that a sequence of equivariant NN is free if
the weights W;: V; — U; and biases b; € U, satisfy

Wi = PU,' Wl+ and bi = PUlb;" (FreeNN)

v,

For many sequences {V;},{U;}, equation (FreeNN) uniquely determines W}, b7

from W;, b;, allowing us to uniquely extend a network to accept larger inputs.

"Formally, we have embeddings V < V* and U < U*.
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Representation stability. To understand for which sequences (FreeNN) allows us
to extend, we recall some key definitions and results from the representation stabil-
ity literature [46, 47], presented in Section 2.2. Specifically, we fix a sequence of
compact groups & = {G },en such that G € G* and assume that 7" = {(V, @) },en
is a consistent sequence of &-representations. As before, we will identify V with
its image @(V) C V7, and omit the inclusions ¢ unless needed. We recall from
Proposition 2.2.3 that if 7” is a finitely-generated consistent sequence, then projec-
tions become isomorphisms of invariants for all sufficiently-large dimensions. More
precisely, Proposition 2.2.9 shows that the projections between invariants become
isomorphisms for all n exceeding the presentation degree of the sequence. Note
that (FreeNN) precisely requires W* and b™ to project to W, b inside the consistent
sequences L(7;, U;), %;, respectively. Thus, for all large n we can parameterize infi-
nite sequences of equivariant linear layers with a finite set of parameters a7, . . . , @y,

justasin (3.1). This result enables us to train free NNs as we describe in Section 3.4.

Examples. We collect a few examples.

Scalar sequence. The sequence & = {R} together with ¢(x) = x yields a consistent
sequence for any sequence of groups acting trivially, i.e., g - x = x. Itis
generated in degree one. By setting the last layer V7,1 = R in the free NN

architecture of Figure 3.1, we obtain a sequence of invariant functions f.

Permutation sequences. Let & = {R"} be the consistent sequence with zero-
padding embeddings ¢(x) = (x7,0) " and the action of the symmetric group
G = S, by permuting coordinates. Consider 7 = %;-1 = #®k which is
generated in degree k. The dimensions of the space of weights and biases for

low-order tensors are eventually

dim L(V,U)% =4, dimUY = 2,
dim £L(V,,U,)¢ =52, dimUS = 5.

Signed permutation sequences. Let B, (resp. D,) be the signed permutation group
(resp. even-signed permutation group) in n elements. Consider the sequence
of representations V = R" with the standard action of permuting and flipping
the signs of the coordinates. Then, 7" = {(V, ¢)} is a consistent sequence

with generation and presentation degrees equal to one.

Orthogonal rotation sequences. Let O(n) (resp., SO(n)) be the orthogonal group
(resp., special orthogonal group) in dimension n. Consider the sequence
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of representations V = R" with the standard rotation action. Then, 7" =
{(V, )} is again a consistent sequence with generation degree equal to one.
Characterizing the presentation degree is an open question. Yet, numerically,

the presentation degree for S, seems to work well.

Lorentz sequences. Let O(1,n) be the Lorentz group (resp., special orthogonal
group) in dimension n + 1. Again, consider the sequence of representations
V = R"! with the natural action of the Lorentz group. Then, 7" = {(V, ¢)}

is once more a consistent sequence with generation degree equal to one.

Graph(on) sequences. There are two ways to identify small graphs with larger
ones, namely, appending isolated vertices and identifying graphs with their
associated graphons. These two embeddings yield two consistent sequences.
For the first embedding, let V = S" with the Frobenius inner product and
embeddings ¢(X) = blkdiag(X, 0) padding X by a zero row and zero column.
We endow V with the action of G = S,, by simultaneously permuting rows
and columns (so g - X = gXg' forall g € G and X € V). This sequence
is generated in degree 2. For the second embedding, let V = S with
the normalized inner product (X,Y) = 272"Tr(XY), embeddings ¢(X) =
X ® 17x2, and the same action of the symmetric group G = Sy» as above. This
sequence arises in the theory of graphons [146], where adjanceny matrices
X are associated with a step function (the graphon) Wy: [0,1]> — R in
such a way that X and X ® 1,4, represent the same graphon and (X,Y) =
f[o,l]z Wx (x, y)Wy(x,y) dx dy. The graphon consistent sequence is generated
in degree 2 by [139, Prop. 3.1].

3.3 Generalization Across Dimensions and Compatibility

Free NNs often do not generalize correctly to other dimensions. In Section 3.5, we
provide examples where a free NN yields excellent test error in its trained dimension
while exhibiting errors 10'° times worst in other dimensions. This discrepancy arises
due to overparametrization, as there are numerous ways to encode the same function
in a fixed dimension, and yet not every encoding extends seamlessly. In this section,
we propose a regularization strategy that often leads to better generalization across

dimensions.

Specifically, inspired by a similar condition for free convex sets [139], we introduce

the following compatibility condition.
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Definition 3.3.1 (Compatible networks). A sequence of maps {f: V — U} is

(intersection-) compatible if f*|y = f. A sequence of equivariant networks (Fig-
ure 3.1) is compatible if

Wi+|Vi = W,', bl+ = bi, and 0'l~+|Ui = 0j;. (CompNN)
Intuitively, this condition ensures that applying a function in a fixed dimension and
then extending to a higher dimension is equivalent to first extending and then apply-
ing the function. Layer-wise compatibility (CompNN) guarantees that the sequence
of NN {f: Vi — V41}, given by Figure 3.1, is compatible, or equivalently, that the

diagram in that figure commutes. The condition (CompNN) is strictly stronger than

(FreeNN), as compatible NNs are free, but free NNs are not compatible in general.

Compatibility in the wild. Compatibility is a natural condition satisfied by se-
quences of equivariant maps { f } arising in many problems of interest. Here we list

some examples.

Graph(on) parameters. Graph parameters are functions of graphs (typically of any
size) that do not depend on the labeling of their vertices. In other words, these
are sequences of S,-invariant functions { f: S” — R}. Several graph invari-
ants are also compatible with zero-padding, which is equivalent to adding an
isolated vertex. For example, the max-cut value, the number of triangles, and
cycles do not change if we add an isolated vertex, hence they are compatible.
Other graph invariants only depend on a graph via its associated graphon,
and hence are compatible with the embeddings in the graphon sequence (see
example at the end of Section 3.2). These include graph homomorphism

densities, which play a central role in extremal combinatorics [146].

Matrix mappings. Linear algebra operations are often compatible. For instance, the
experiments in [152] aimed to learn the following matrix mappings: X +—
%(X +X7), X — diag(diag(X)), X + Tr(X), and X + argmax, - || Xv]|.
All of these are compatible sequences with the zero-padding embedding de-
scribed in Section 3.2, and S,-equivariant.

Orthogonal invariance. The papers [79, 222] consider the task of learning the

function -
|3 x| x2
[|x2 ] 1

—+
2 i’

S (1, x2) = sin((lx ) -

(3.2)
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defined on (R")®? with n = 5 from evaluation data. This function is O(n)-
invariant if we let rotations g act by (g - x1,g - x2). Embedding (R")®?
into (R"*1)®2 by zero-padding each vector, we see that { f} is a compatible

sequence of invariant functions.

Orthogonal equivariance. The O(3)-equivariant task in [79, 222] consists of
taking as input n = 5 particles in space, given by their masses and position
vectors (m;, x;)!_, € (R®R?)®", and outputting their moment of inertia matrix
f(mi,x;) = X0 mi(x]x;I3 — x;x]). Embedding V = (R @ R*)®" into V* by
zero-padding and letting U = S3, we see that {f} is a compatible sequence
of maps. Furthermore, let G = S, X O(3) acton V by (7, g) - (m;, x;)! | =
(My-1(iy» 8Xn-1())1-y» and on U by (mr,8) - X = gXg~! for (7,8) € G (so
permutations act trivially). Then each f is G-equivariant.

There are many more examples of compatible mappings in the literature [139].
Therefore, we proceed to study compatible NNs. We derive conditions ensuring the
compatibility of the linear layers and show that several standard activation functions
are compatible.

Compatible linear layers. Since we only have data in some finite level ng, we ask

when do fixed-dimensional weights Wl.(”")

extend to a sequence satisfying (CompNN).
The set of such Wl.("(’) forms a linear space, and we characterized this subspace in
Theorem 2.3.4. The following assumption precisely guarantees that the above

extension exists.

Assumption 3.3.2. The sequences 7" = {V}, % = {U} are obtained from direct
sums and tensor products of the same sequence 7. The sequence 7 is generated
in degree dy and presented in degree d,. The mapping wo) e £y, U(”O))G(no)

at level ng > d,, satisfies
wo (vimy c u™ form < dy.

Compatible activation functions. The majority of equivariant nonlinearities pro-

posed in the literature are compatible, such as the following few examples.

Entrywise activations and permutations. Let o: R — R be any nonlinear function.
Define o: (R")®% — (R")®* by applying o to each entry of a tensor. Then
each o is G = S,-equivariant, and {0} is a compatible sequence with respect

to the zero-padding embeddings if and only if -(0) = 0. On the other hand,
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if o: (S2")® — (S2")® is again applied entrywise and we use the graphon
embedding (see example at the end of Section 3.2), then {0} is a compatible

sequence for any o.

Bilinear layers. The authors of [79] map (VQU)@®V — U by sending (vQu,v’) —
(v, v")u, which is equivariant for any group action on V,U. This sequence of

maps is also compatible.

Gated nonlinearities. The authors of [225] map V@& R — V by (v, @) — vo(a)
where 0 : R — R is a nonlinearity. These are equivariant maps for any group

acting trivially on the R component, and they form a compatible sequence.

3.4 A Computational Receipe for Learning Free Neural Networks

In this section, we describe an algorithm to train free and compatible NNs. We do
so in two stages. First, we train our NN at a large enough level ng by finding bases
for the weights and biases at that level and optimizing over the coefficients in this
basis. Second, for any higher level n > ng, we extend the trained NN at level ng by
solving linear systems for the higher-dimensional weights and biases; for any lower
level n < ng we project the NN using (FreeNN). Throughout, we fix consistent
sequences 7;, %; and sequences of compatible equivariant nonlinearities {o;}. We
summarize our procedure in Algorithm 2. We proceed to elaborate on the steps of

this algorithm, and then prove its correctness.

Finding bases for free NN. To train free networks (FreeNN), we fix ng exceeding
the presentation degrees of 7; @ %; and %; for alli = 1,..., L, and find a basis
for equivariant weights and invariant biases at level ng using the algorithm of [79].
Specifically, Theorem 1 in [79] states that b € (Ul.('1°))G<n0> if and only if b satisfies

that
Bb=0 (for att B e 8™),
(3.3)
(D=1)b=0 (for all D € 1)}”0)) :

where Bl.("()) is a basis for the Lie algebra of G and Z)l.(”(’) are discrete generators
for G(™), which are finite sets. Here B and D are represented as matrices acting
on Ul.("O). Since equivariant linear maps W : Vl.("‘)) — Ul.(n") are just the invariants in
[,(Vl-(n(’), Ul.("O)), they constitute the kernel of the analogously-defined set of equa-
tions. Thus, finding a basis for equivariant weights and invariant biases reduces to

finding a basis for the kernel of a matrix (3.3), which is typically large and sparse.
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Algorithm 2 Train a freely-described (resp., compatible) neural network.

Input: Architecture 7;, %;, group sequence {G }, and training data at level n.

Stage 1 Find free (resp., compatible) bases of the linear layers at level ny.
Optimize over the coefficients in the bases to train the network at level
no.

Stage 2 For any n > ng, solve (ExtSyst) to extend the trained network to level n.
For any n < ng, project via (FreeNN) to restrict the trained network to
level n.

This can be tackled either using a Krylov-subspace method [79] or a sparse LU
decomposition [90, 129].

Finding bases for Compatible NN. If we rather want to find basis for layers
satisfying (CompNN), we fix ng exceeding the presentation degrees of 7; and let d;
be its generation degree. For most representations, (CompNN) implies zero bias, so
we focus on the weights. We find a basis for weights Wl.("‘)) satisfying the hypotheses
of Theorem 2.3.4 by noting that Assumption 3.3.2 holds if and only if Wl.("(’) is

G ") _equivariant and satisfies
[Pvf”’) ® (I - PU,.(’"))] vec (Wi("(’)) =0, (3.4)

for all m < d;, where vec denotes the vectorization of a matrix by stacking its

columns. This characterization allows us to find a basis for weights by finding a

basis for the kernel of a sparse matrix.

Extending to arbitrary dimensions. Forany n > ng, we extend our trained network
at level ng by finding the unique equivariant weights and biases at level n projecting
onto the trained ones as in (FreeNN). Formally, we find the unique Wl.(") and bg")

satisfying (3.3) with ng replaced by n, and

Pvi(no) ® SDU[(no)] vec (Wi(")) = vec (Wl.(nO)) ,

7) (ng) b(n) = b(no) (EXtSyst)
Ui l i .

This amounts to solving a linear system, which is again typically sparse. It can be
solved via iterative methods, e.g., stochastic gradient descent or LSQR [170]. For
any n < ngp, we set Wl.(n) and b;(n) via (FreeNN), which is equivalent to (ExtSyst)

with n and ny swapped.

Having described Algorithm 2 in detail, we prove its correctness.
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Theorem 3.4.1. Consider a neural network architecture with consistent sequences
N, U, ..., 7.%;, and 71+1 and consistent activation functions o, ...,0r as
described Figure 3.1. Assume we run Algorithm 2 to learn a neural network at level
no. Then, the following two hold.

(Free) If ng > max; dp(7; ® %;) and ny > max; d,(%;), then, Algorithm 2

extends the trained network at level ng to a unique free neural network.

(Compatible) If np > max; d,(7;) and ny > max; d,(%;), then, Algorithm 2

extends the trained network at level ng to a unique compatible neural network.

Proof. We start by proving the second statement. This is a simple corollary of
Theorem 2.3.4. Note that once n is bigger than the presentation degrees of 7; and
%;, then, by Theorem 2.3.4, there is a unique extension of the weights and biases
satisfying CompNN, which corresponds to the unique solution of (ExtSyst). The
first statement follows by an analogous argument by substituting Theorem 2.3.4 with

Proposition 2.2.9. This completes the proof. O

3.5 Numerical Experiments
In this section, we use Algorithm 2 to learn some of the compatible mappings from

Section 3.3. Our implementation is based on that of [79], and is available at
https://github.com/mateodd25/free-nets.

For each experiment, we aim to learn a sequence of mappings {f: Vi — Vr.1}. To
do so, we fix a level ng and randomly generate data {(X;, £ (X;))} C Vl("O) X Vé’f’l).
To fit the data, we consider the architectures described at the end of this section and
compute bases for weights and biases as we describe in Section 3.4. We then
optimize over the coefficients in those bases using ADAM [121] starting from
random initialization. Finally, we extend the trained network at level ng to several
levels n. We evaluate our extended network on random test data generated at each

level from the ground-truth sequence of maps.

We consider five examples from Section 3.3: the trace f(X) = Tr(X), diagonal
extraction f(x) = diag(diag(X)), symmetric projection f(X) = (X + X")/2, the
top right-singular vector f(X) = argmax, - [[Xv||, and the function defined in
(3.2). The first and last examples are invariant functions; the rest are equivariant

mappings. For the first four examples, we set G = S,,, and for the last one, we set


https://github.com/mateodd25/free-nets
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Figure 3.2: Test errors across dimensions for free and compatible networks. Each
experiment is run three times; the lighter bands show the max and min runs, while
the bold line shows the average. For diagonal extraction and symmetric projection,
we measure the average MSE per entry. Vertical gray lines mark the dimension used
for learning.

G = O(n). We train with 3000 data points generated randomly and evaluate the test

error at each dimension on 1000 fresh samples.

We use the mean squared error (MSE) as our loss function for all the experiments
except for learning the top singular vector. For that experiment, we use the squared
sine loss proposed by [152], i.e., £(3,y) = 1 — (3, y)?/II7II%llyl|>. The resulting
errors in each dimension for both free and compatible NNs are shown in Figure 3.2.
The test errors at the trained dimension are competitive with those obtained in [79,
152, 222] for learning the same mappings, see Table 3.1 for comparison. Moreover,
the errors we obtain for higher-dimensional extensions are competitive with errors
obtained in the literature for NNs trained at those higher dimensions. For the
orthogonally invariant task example, we trained our compatible NN in 3 dimensions
using 3000 data points and got an error of 2e-2 when extending to 5 dimensions. In
contrast, the NN of [222], which is tailored to orhogonal equivariance, achieves an
error of 9e-3 when trained in 5 dimensions on the same number of points, while the

NN of [79] trained in the same dimension achieves 4e-2.

Due to memory limitations, we set the training level to np = 3 for the orthogonal
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Example Ours Previous

trace 3e-8 le-3[152]
diag le-8  7e-6 [152]
sym 3e-8 7e-6[152]
svd de-4  1.6e-3 [152]
le-2 [79];
orth. 2e-3 Se-4 [222]

Table 3.1: Comparison of errors from the literature

Experiment Architecture
Input Hidden Output
Trace Ve 2V 272 S
Diagonal extraction ~ 7'®> 4% +4%7%? 7'®?
Symmetric projection 7'®?  4Y + 47 ®? 72

Top singular vector 7 258+ 10V +27®?+ v ¥
Orthogonal invariance 27" 258 + 107 4272+ 7§

Table 3.2: Architectures used for the numerical examples. Recall that & = {R} is
the scalar sequence endowed with the trivial action g - v = v.

invariance task, whereas Algorithm 2 would require ny = 6 to uniquely extend free
networks? since the presentation degree of the linear maps between the hidden layers
equal to six— see Theorem 3.4.1 in the appendix. This highlights an advantage
of imposing compatibility — it allows us to uniquely extend a trained network
from lower-dimensional data. Moreover, we see that imposing our compatibility
condition yields substantially lower errors across dimensions. Remarkably, the test
error for free NNs increases by many orders of magnitude for simple functions,
a phenomenon that was previously noted by [152]. This further underscores the

importance of compatibility when generalizing to other dimensions.

Detailed description of numerical experiments. In this section, we elaborate on
the implementation details of the numerical experiments. All experiments were run
on a 2021 Macbook Air M1 with 16GB of RAM.

Initilization. We initialize the weights and biases at random with small i.i.d Gaus-
sian entries N (0, 1/100).

2We find the minimum norm solution for the weights and biases using LSQR [170].
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Data generation. The datasets {(X;, /" (X;))} for both training and testing (in

every dimension) are generated as i.i.d. standard Gaussian samples with the appro-

priate size.

Architecture. For all the experiments, we use three layers, i.e., two hidden layers.
All the sequences we take are sums and tensors products of the base sequence

7 = {R?}. The activation functions are a composition of the form
h (bilinear(x) + x)

where bilinear [79] is described in Section 3.3 and k changes depending on the
group; for the permutation group, k applies entry-wise ReLU for the permutation
group, while for the orthogonal group, it applies a gated nonlinearity [225] — also

described in Section 3.3.

We chose the smallest hidden layer size that yielded competitive results in order to
control the size of the linear systems we employ for extending the networks. The top
singular vector and orthogonal invariant examples required a larger architecture, so
we only extended them to smaller dimensions. The architecture for each example

are summarized in Table 3.2.

3.6 Discussion

We leveraged representation stability to prove that a broad family of equivariant NNs
extends to higher dimensions, which enables us to train an infinite sequence of NNs
using a finite amount of data. Extending networks to higher dimensions often results
in substantial test errors. To improve generalization, we introduced a compatibility
condition relating networks across dimensions. We characterized compatibility and
developed an algorithm to train free and compatible NNs. Finally, we applied our
method to several numerical examples from the literature. In these examples, free
NN trained without imposing compatibility generalize poorly to higher dimensions,
even when learning simple linear functions. In contrast, compatible NNs generalize

significantly better.

The following are some of the limitations of our approach that we hope to address

in future work.

Extension to non-compact groups. We assumed that the group is compact and
acts orthogonally so that the orthogonal projection Py = ¢™* is G-equivariant, used
for instance in the proof of Proposition 2.2.3. This property holds more generally

when G is linearly reductive. Thus, our framework extends to non-compact groups
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such as the Lorentz group O(3, 1) and so-called rescaling groups R” j consisting
of diagonal matrices with strictly positive entries, both of which are important to

applications of equivariant deep learning to physics [19, 221].

Some groups arising in applications are not reductive however, including any group
containing translations such as the group of rigid motions SE(n). This difficulty
can be circumvented in some cases, such as centering the data when learning an
SE(n)-invariant function and imposing only SO(n)-invariance on the architecture.

In general, however, more work is needed to address the non-reductive case.

Compatible activation functions and biases. Our compatibility conditions (CompNN)
require the activation functions we use to be compatible with our embeddings relating
the different dimensions. For example, applying any activation functionoc: R — R
entrywise always satisfies (CompNN) for the graphon embeddings. However, only
activations with o(0) = 0 satisfy (CompNN) for the zero-padding embeddings. On
the one hand, some activation functions used in practice, such as the sigmoid
o(x) = (1 +e™¥)7!, do not satisfy this condition. Moreover, compatibility requires
the biases to be the same across dimensions, which implies that the biases must be
multiples of the first canonical basis vector when using the zero-padding embedding,
and a multiple of the all-1’s matrix when using the graphon embedding. Therefore,
compatibility limits the architectures that we can use. On the other hand, if the
sequence of mappings we are trying to learn is known in advance to satisfy com-
patibility, then it is desirable to use architectures that enforce compatibility as well.
In that case the mapping we learn also generalizes correctly to other dimensions, as

the numerical experiments in Section 3.5 demonstrate.

Scalability. We hope to address several limitations of our approach in future work.
First, while our compatibility condition improves generalization, it can be restrictive
in certain settings. For example, it often yields zero bias. It would be interesting
to learn the relation between maps in different dimensions directly from the data
rather than assume it is known in advance. Second, for examples like the leading
eigenvector, the error increases substantially when extending to higher dimensions,
even if we impose compatibility. It would be interesting to improve generalization
to higher dimensions in these examples by imposing additional compatibility con-
ditions. Third, extending a trained network to higher dimensions in our examples
involved solving large and sparse systems, which we currently do not fully exploit.

Incorporating sparsity in the toolbox of [79] will enable training larger networks.
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Our current implementation faces scalability challenges, primarily due to the in-
adequate support for GPU-accelerated sparse linear algebra operations in Python.
Notably, there are already some efforts to close this gap [179]. Moving forward,
we are optimistic about enhancing our framework to leverage these advancements
effectively. Furthermore, the compatibility condition constraints the family of func-
tions one could hope to learn. This presents a compelling avenue for future research:
exploring other regularization strategies that lead to good generalization across di-
mensions. Moreover, the concepts introduced in this chapter paved the way to
studying any-dimensional statistical learning, raising several natural questions: Can
we bound the generalization error across dimensions? How do we characterize the
notation of statistical complexity for classes of any-dimensional problems? And

how do we approach the formulation of lower bounds within this context?
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Chapter 4

ANY-DIMENSIONAL POLYNOMIAL OPTIMIZATION

This chapter is based on [138].

4.1 Introduction
We begin by illustrating our construction of lower bounds and the role de Finetti’s
theorem plays in it in the context of Example 1.3.1 from Chapter 1, highlighting the

main steps that we shall generalize in the rest of the chapter.

A First Illustration

In the sequence of POPs (1.1), for any n|N the map (x1,...,x,) — (x1,...,X1,...,
——
N/n times
Xn, .. .,Xy) takes a feasible point of the n’th problem to a feasible point of the N’th
———
N/n times
problem with the same objective value. This implies that the optimal values of (1.1)

satisfy u,x < u, for each n, k. The goal is to obtain lower bounds on the limiting
optimal value u., = inf, u,, which may be expressed as:
o = 1Inf E,[X“],....E,[X"]). 4.1
u #el;}(@) f( ,u[ ] ,u[ ]) 4.1)
where X € R?is arandom variable and (@) denotes the set of probability measures

supported on ®. Our approach proceeds in four steps.

First, we express U« as a linear optimization problem over product measures. Sup-
pose f is equal to a single monomial with exponent 8 € N™. In this case, we have
that f (E,[X],...,E,[X]) = 1%, (B, [X])P, which can be rewritten as:

m m

[ TELXD = [ [Buon L7 Y51 = Bpora (25 205+ (2o 250 )]
i=1 i=1

where the ¥; € R and the Z; € R? are random variables. In both equalities, we
appeal to the observation that the expectation of a product of independent random
variables is the product of their expectations. Thus, when f is a monomial of degree
deg(f) = 1,8, we have identified a monomial ¢ in d - deg(f) variables such that:

f (Eu (X", ..., By [Xam]) = Eﬂ@@deg(.f) (4]
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By linearity, such a polynomial g exists for any polynomial f, enabling us to rewrite

the limiting optimal value u., of (1.1) as:
oo = inf B, [q] s.t. v = u®Y) for some u € P(O). (4.2)

This is the promised reformulation, as the objective here is linear in the decision

variable v.

Our second step reformulates (4.2) by appealing to de Finetti’s theorem [10]. Specif-
ically, due to the linearity of the objective in (4.2) in the decision variable v, we can
replace the constraint on v by its convex hull, and optimize over measures v that
are mixtures of product measures u®%€\/) for 4 € P(®). By de Finetti’s theorem,
v is a mixture of product measures precisely when it extends to an exchangeable
measure on vectors of any length (and hence to the law of an infinite exchange-
able sequence of random variables). Formally, this means that there is an infinite
sequence (v; € P(0));en of exchangeable measures such that Vdeg(f) = v and
(X1,...,Xi+1) ~ viyp implies (Xq,...,X;) ~ v; for alli € N. We therefore obtain

[g] s.t. vi € P(O) is exchangeable, v; projects to v; for j > i,
4.3)
where the projection condition in the constraint means that v; equals the pushforward

of v; under the projection (xy,...,x;) > (x1,...,x;) extracting the first i entries.

The third step is simply the observation that the reformulation (4.3) yields a sequence
of lower bounds on u., by truncating the sequence of measures. Specifically, for
each n > deg(f) consider

t, = (ir}f Evgeery Lg] st vi € P(0') is exchangeable, v; projects to v; for j > i.
Viicy

4.4)
Equivalently, we are optimizing over measures v € P(©%e(/)) that extend to a
measure on ®", but not necessarily to OV for N > n. We therefore have €, < uco.
Moreover, we can conclude that for all n > deg(f) we have ¢, < ¢, for all n and

that the limit of these lower bounds ¢, = lim,_,« ¢, equals U.

Our final step is to show that the optimization problem (4.4) is in fact a finite-
dimensional POP for each n. While the polynomial g that we derived in (4.3) is a
function of d - deg( f) variables, it can be viewed as a polynomial in d - n variables
as n > deg(f), i€, q(X1,...,Xdeg(s)) = q(x1,...,x,) with each x; € RY. The
objective of (4.4) can then be rewritten as E,, [¢] thanks to the constraints of (4.4),
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and this problem (4.4) becomes
t, =inf E,[gq] s.t. v € P(O") is exchangeable.

Now we make the observation that the objective is bilinear in v and g. Consequently,
we may remove the exchangeability constraint on v by symmetrizing ¢ in the ob-
jective. Specifically, let sym, g represent the following symmetrization of g (as a

function of d - n variables):

1
Sl

sym,q =

D alo - (xsex),

og€eS,

where S,, denotes the permutation group which acts by permuting the elements of
the tuple (xi,...,x,). For any measure v € P (©"), not necessarily exchangeable,
we then have E, [sym, g] = Egym »g where sym, v € £ (©") is the exchangeable law
of ITX with X ~ v and IT a uniformly random permutation independent of X. Using

this observation, we can rewrite (4.4) as:
{, = inf E,[sym,q] s.t. v e P(O").
v

The objective is linear in the decision variable v, and the constraint set is the convex
hull of the collection of Dirac measures supported at each point in ®". By only

optimizing over the Dirac measures, we have that:
t, = inf sym,q(y). 4.5)
yeoer

If ® is semialgebraic, this problem is a fixed-dimensional POP in dimension d - n.

In summary, we have presented a constructive method for obtaining a sequence of
increasing lower bounds on the limiting value u, = inf, u,, of the any-dimensional
POP (1.1) via fixed-dimensional POPs. Comparing (4.5) with the original sequence
of POPs (1.1), we see that our lower bounds consist of minimizing a modified
objective over the same sequence of constraint sets. The resulting optimal values

are related to each other via
L, Ll Sl U S Uk S Uy <, 4.6)

for all n, ¢, k € N. By applying a quantitative variant of de Finetti’s theorem due to
Diaconis and Freeman [59], we further obtain the following rate of convergence for
these optimal values

Up = by S 4.7

S| =
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In this chapter, we generalize the above construction to other any-dimensional POPs,
such as the ones in Example 1.3.2 and 1.3.3. The limiting optimal value of these
problems cannot be reformulated in terms of product measures like in (4.2), and
hence the classical de Finetti theorem does not apply. Nevertheless, we prove new
generalizations of de Finetti’s theorem that allow us to reformulate these limiting
optimal values as in (4.3) in terms of sequences of measures projecting onto each
other in a suitable sense. We then obtain lower bounds in terms of finite-dimensional
POPs analogous to (4.5), and derive rates of convergence for the resulting bounds

using our new de Finetti-type theorems.

Our Contributions

Our framework consists of three components—formally defining any-dimensional
POPs, proving new de Finetti-type theorems, and applying these theorems to obtain
lower bounds on the limiting optimal values of any-dimensional POPs in terms of

finite-dimensional POPs. We outline each of these in some more detail:

Formalizing any-dimensional POPs (Section 4.3). For concreteness, denote a
sequence of POPs by {u,, = inf,cq, p,(x)} with semialgebraic constraints €2, C V,
and polynomial objectives p, : V, — R, where V,, is the vector space underlying the
n’th problem. To obtain lower bounds on u, = inf, u,, via finite-time procedures, we
require that the problems in the sequence are related to each other in some fashion,
as without such relations we would be seeking lower bounds on arbitrary sequences

of numbers. In the illustration in Section 4.1, these relations are given by the map

N (X1 sX0) = (X1see s XDy e ey Xy e .., Xp) from R to RN for n|N. This
~— —
N /n times N /n times

map takes a feasible point of the n’th problem map to a feasible point for the N’th
problem, and the sequence of costs (p,,) satisfies p, = py o dn . The consequence
is that the optimal values satisfy uy < u, for n|N. The sequence of problems
in Example 1.3.3 can also be understood as being related across dimension by an
appropriate type of duplication map (see Example 4.3.2), and the corresponding
sequence of optimal values also satisfy uy < u, for n|N. In other cases such
as Example 1.3.2, one can check that the problems are similarly related across
dimension by the zero-padding map {y,(x) = (x,0n—,) for n < N, so that the
associated optimal values satisfy uy < u, forn < N. We refer to such sequences of
POPs related via embeddings across problem dimensions as freely-described (see
Definition 4.3.1). In Section 4.1, the lower bounds are given by a sequence of POPs

{€, = infyeq, gn(x)} in which the costs are higher-dimensional symmetrizations
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of a fixed polynomial g, = sym,q; we refer to such sequences of POPs as freely-
symmetrized (see Definition 4.3.3). Generalizing the case study in Section 4.1, our
objective is to obtain lower bounds via freely-symmetrized POPs on the limiting
optimal values of freely-described POPs. The definitions of these two types of
sequence of POPs are based on ideas from representation stability, which concerns

sequences of group representations related across dimension [47].

Generalizing de Finetti (Section 4.4). De Finetti’s theorem characterizes an infi-
nite sequence of measures that project onto each other as in (4.3). Diaconis and
Freedman [59] show that one can obtain a dense subset of such infinite sequences
of measures by sampling with replacement the coordinates of finite random vec-
tors. We broaden this perspective in two ways. First, we generalize the notion of
infinite sequences of measures that project onto each other by again leveraging rep-
resentation stability. In particular, for sequences of representations of permutation
groups related across dimension, we consider projections induced by these relations
and associated sequences of exchangeable measures which project onto each other
(see Definition 4.4.1). Second, we generalize the idea of sampling with replace-
ment using actions of maps between finite sets on the underlying vector spaces (see
Definitions 4.4.12 and 4.4.18). These notions enable us to generalize the result
of Diaconis and Freedman in Theorems 4.4.15 and 4.4.20. As an illustration, we

obtain the following new ‘dual’ de Finetti theorem:

Theorem 4.1.1 (informal, special case; see Theorem 4.4.20). Consider any se-

quence of random vectors (X" € R"), projecting onto each other in the following

sense
(nk) _ [ y(nk) (nk) . (nk) (nk)
X0 = (X", X, XU s X0
) & (xh) k) k) (nk)
X0 £ (X" e x ™, XU XY,

Any such sequence can be approximated arbitrarily well by sequences constructed
as follows: For a finite random vector Y € R%, and a uniformly random map
Foa: [d] — [n] that is independent of Y, construct the sequence (t(F, )Y €
R™) et where the ith entry of T(F, 4)Y is given by ZJ'EFJ,Z(") Y;.

Applying 7(F), 4) to Y amounts to randomly binning the coordinates of Y into n bins
and summing all the coordinates in each bin. Its adjoint 7(F, 4)* with respect to the

standard inner products corresponds to sampling d entries with replacement from a
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length-n vector, hence the duality with classical de Finetti. Our results also apply
to higher-dimensional arrays. In particular, we derive new dual analogs of results

from Aldous—Hoover theory and the theory of graphons [115, 146].

Lower Bounds on Any-Dimensional POPs (Section 4.5). We apply our general-
ized de Finetti theorems to construct lower bounds for the limiting optimal values of
freely-described POPs in Section 4.5. As we remarked earlier in Section 4.1, step 2
corresponding to (4.3) represents the right abstraction to reformulate many families
of freely-described POPs, for appropriate notions of ‘project’. We formalize this
point in Theorem 4.5.2. The following is an informal version of Theorem 4.5.2

applied to the problem of minimizing symmetric functions as in Example 1.3.2.

Theorem 4.1.2 (informal, special case; see Theorem 4.5.2). Consider u, = inf,cq,
f(s1(x),...,sc(x)) where f(s1,...,S)isasymmetric function as in Example 1.3.2
and Q,, is either R", the simplex A" or the € unit ball.

1. There exists a fixed polynomial q in d = deg f(sy, ..., S;) variables satisfying

f(s1(x),...,s:(x)) =Eq Z Xiyovns Z xi |, 4.8)

ieFCZL(l) ieFJ,'n(d)

forallx e R" and all n € N, where Fy,,: [n] — [d] is a uniformly random

map.

2. The optimal values €, = infcq, q, yield increasing lower bounds {,, < U,

where q, is a certain symmetrization of q.

3. If Q, is compact, we get u, — €, = O(1/~/n).

Note that f(sy,...,sx) and g are related precisely by the sampling procedure
arising in our generalization of de Finetti’s theorem in Theorem 4.1.1. Moreover,
the construction of ¢ given f (s, . . ., sg) is fully automatic, much like in Section 4.1.
For the symmetric function in Example 1.3.5, the fixed polynomial g is the Motzkin

polynomial.

Our results suggest a duality between the duplication and zero-padding embeddings
in the following sense. For freely-described POPs related across dimension by
duplication (resp. zero-padding) maps, the lower bounds generalizing (4.3) optimize

over measures projecting onto each other by the adjoint of zero-padding (resp.
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duplication) maps. Our final bounds are given in terms of freely-symmetrized POPs
consisting of the same constraint set as the original sequence of freely-descirbed
POPs but with a different sequence of costs. We also interpret and analyze our
bounds from the perspective of any-dimensional certificates of nonnegativity in
Section 4.5.

Applications (Section 4.6). We illustrate our methods with several examples in
Section 4.6, with the code to reproduce all our numerical results available at
https://github.com/eitangl/anyDimPolyOpt. In some cases, we clarify
the relationship between any-dimensional POPs appearing in the literature, such as
between the monomial means of Example 1.3.1 and power means leveraged in [2]
(Section 4.6), or between the homomorphism densities of Example 1.3.3 and their
injective analogs (Section 4.6). These are revealed to be consequences of our gen-
eralized de Finetti theorems. In other cases, we compute new bounds for symmetric
functions (Section 4.6) and homomorphism numbers (Section 4.6), which are de-
rived via bases for symmetric functions obtained using our de Finetti theorems; to
the best of our knowledge, these bases and their applications have not been explored

previously in the literature.

Chapter Organization. Section 4.2 provides background on representation sta-
bility, which serves as a foundation for the later sections. For readers primarily
interested in the optimization applications, it is possible to get to the illustrations
of our framework in Section 4.6 after reading Sections 4.2, 4.3, 4.4, and 4.5. This
shorter route through the chapter presents the statements of our generalizations of
de Finetti’s theorem in Section 4.4 as well as statements and proofs of our results
on freely-symmetrized bounds for freely-described POPs in Section 4.5, and these
suffice for the developments in Section 4.6. On the other hand, for readers primarily
interested in a full treatment of our generalizations of de Finetti’s theorem, it is

possible to follow all of Section 4.4 directly after Section 4.2.

Related Work

Our work is related to several areas. We now survey past work in these areas and

explain the connection with our own results in more detail.

Polynomial Optimization. Leveraging the literature on sums-of-squares and mo-
ment (SOS) methods for fixed-dimensional POPs [16, 133, 172], a recent body
of work has developed convex relaxations for any-dimensional problems in special

cases. SDP relaxations for unconstrained problems of the form of Example 1.3.1 for
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the particular case of d = 1 were studied in [2], while specific unconstrained cases
of Example 1.3.2 were studied in [3, 4] (see Section 4.6 for a ‘higher-dimensional’
generalization of Example 1.3.2). There is also a long line of work on certifying
inequalities between graph homomorphism densities using SOS techniques, also
known as flag algebras in the literature [28, 184—186]. Setting up these SDP relax-
ations often involves serious and case-specific analytic work related to taking certain
limits of symmetry-reduced SDPs. These, in turn, are based on understanding de-
compositions into irreducibles of spaces of polynomials with increasing degrees;
see [2, 3, 28, 177] for example. In contrast, our methods are more straightforward
to apply, as our finite-dimensional POPs for obtaining lower bounds can be con-
structed automatically for a given any-dimensional POP, including in settings where
the relevant decompositions into irreducibles become quite involved [177]. SDP
relaxations of these finite-dimensional POPs can subsequently be computed using
standard software packages. Another hierarchy of SDP relaxations were developed
in [124] for a class of optimization problems over measures encompassing Exam-
ple 1.3.1. In that work, the authors apply techniques inspired by noncommutative
SOS directly to the reformulation of the limiting optimal value as an optimization
problem over measures (4.1). It is not, however, clear how to extend their approach
to other any-dimensional POPs, such as Examples 1.3.2-1.3.3, where the limiting

optimal value does not admit such a formulation.

Representation Stability. The study of sequences of representations related across
dimensions was initiated in [47], where it was observed that the decompositions
into irreducibles of such sequences often stabilize. The seminal paper [46] studied
sequences of representations of symmetric groups from the perspective of represen-
tations of categories, and proved that decompositions of such representations into
irreducibles stabilize starting from a prescribed dimension. Subsequently, a large
literature has emerged studying representations of various categories, in particular
relating the combinatorics of the morphisms in the category with properties of its
representations [45, 84, 195, 197, 227]. We use the language and results of the
representation stability literature to formalize sequences of symmetric POPs related
across dimensions. Further, we extend this body of work by showing that representa-
tions of the (opposite of the) category FinSet of finite sets with all maps between them
underlie de Finetti’s theorem and our generalizations of this theorem. Specifically,
our extension of the notion of sampling with replacement appearing in de Finetti’s
theorem consists of applying a uniformly random morphism from the FinSet®® and

FinSet categories (see Section 4.4). We then prove de Finetti-type theorems for
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representations of FinSet®? and FinSet in Theorems 4.4.15 and 4.4.20, respectively.
Thus, our work represents a new point of contact between representation stability

and probability via random actions of a category on its representations.

Exchangeable Arrays. Since de Finetti’s original result [56] on binary infinite ex-
changeable arrays, a number of extensions have been obtained pertaining both to
the types of random variables involved and the sense in which they are exchange-
able. The former includes extensions to random variables taking real values [57,
65] and values in a compact Hausdorft space [102]. The latter includes exten-
sions to finite exchangeable arrays [59], higher-dimensional exchangeable arrays and
partially-exchangeable such arrays [7, 103, 115]. In a separate line of work [20], the
convergence of sequences of dense graphs to so-called graphons (graph functions)
is studied. These were then shown to characterize consistent graph models [148],
which are sequences of measures on simple graphs projecting onto each other sim-
ilarly to (4.4), and their characterization in terms of graphons was shown to be a
special case of Aldous—Hoover theory in [60]. In this chapter, we generalize de
Finetti’s theorem in a different—and to our knowledge as yet unexplored—direction
that is motivated by our optimization applications. Specifically, we view the preced-
ing results as pertaining to sequences of exchangeable measures that project onto
each other in specific ways, similarly to (4.4). We then study sequences of measures
projecting onto each other in more general ways, and we generalize the results in [59]
to give dense subsets of such sequences as well as associated nonasymptotic error

bounds.

Graphons and Flag Algebras. The limiting optimal value u, for minimizing
homomorphism densities in Example 1.3.3 can be reformulated as optimization
over graphons, which are symmetric measurable functions W: [0,1]> — [0, 1],
see [146, §16]. From this perspective, one can obtain u, —u = O(1/n) using [147,
Lemma 2.4(b)]. Finally, taking SOS relaxations of u, and taking their limits as
n — oo yields precisely the lower bounds on u., that can be proved using flag
algebras [28, 184, 185]. Relative to this previous work, our framework gives several
new results and suggests avenues for future work. To the best of our knowledge,
proving inequalities in graph densities by minimizing the corresponding expression
in injective densities has not explicitly appeared in the literature before. These lower
bounds are generally better than the ones obtained by computing u,, and subtracting
O(1/n), as explained in Section 4.5 and illustrated in Example 4.6.7. Further, they
open the door to non-SOS-based proofs of graph density inequalities, since any
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relaxation applied to ¢, yields a lower bound on u.,. Finally, our bounds apply not

just for simple graphs but also for weighted ones.
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Notation

Finite-dimensional real vector spaces are denoted by blackboard bold letters such
as V, U, their product by V X U, and their tensor product by V ® U. The space of
symmetric order-d tensors over V is denoted by Sym?V. The ring of polynomials
over such a vector space V is denoted by R[ V], with R[V].; and R[ V], denoting the
spaces of polynomials of degree at most d and homogeneous polynomials of degree
exactly d. Note that Sym?V = R[V],. The space of symmetric n X n matrices
is denoted by S", and the set of symmetric matrices with entries in a set Q C R
is denoted by S (). All vector spaces in this chapter are endowed with an inner
product, and if A: V — U is a linear map between two vector spaces, we denote by
A*: U — V the adjoint of A with respect to the inner products on V, U. The inner
product on R” is always the standard one (x, y) = x "y, and inner products on tensors
[R"]®* (in particular, on symmetric tensors Sym*R”, and hence on polynomials via
the above isomorphism) are the Frobenius inner products. We denote by S, the
group of permutations on n letters. We denote by < a partial order. We take the set
of natural numbers to be N = {0,1,2...}. We write n|N for n, N € N to denote
divisibility of N by n, meaning that there is k € N satisfying N = nk. Random
variables are denoted by capital letters. The distribution of a random variable X is
denoted Law(X). If u is a probability measure, we write X ~ u when Law(X) = u.
If X and Y are random variables, we write X 2Y to mean Law(X) = Law(Y).

Expectations are denoted by E.

4.2 Background on Representation Stability
In this section, we discuss the relevant concepts from the representation stability

literature [46, 47, 139]. We begin by briefly reviewing linear representations of
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groups; more comprehensive introductions are available in [81, 202]. A (linear)
representation of a group G on a vector space V is a group homomorphism p
mapping elements of G to linear maps from V to itself. A group element g € G then
acts on vectors x € V via g - x := p(g)x. Itis customary to omit the homomorphism
p since it is usually clear from context and to simply write gx for the action of g - x.
A vector x € V is G-invariant if gx = x for all g € S. The collection of invariants
in V forms a subspace denoted by VC. In this chapter, all groups are symmetric
groups, that is, G = S,, for some n. In this case, we can endow V with a G-invariant
inner product, so we shall always assume that our inner products are group-invariant
(or equivalently, p(G) consists of orthogonal matrices). With respect to such an

inner product, the orthogonal projection onto V€ is given by the Reynolds operator

Symg = ﬁ ZgEG 8-

Consistent Sequences

Representation stability studies nested sequences of representations called consistent
sequences. These sequences are indexed by a directed poset (one in which every
two elements have a common upper bound) that specifies how these representations
are nested. For this chapter, it suffices to consider the natural numbers N with one of
two partial orders <, the standard total order denoted by (N, <), and the divisibility
partial order denoted by (N, -|-). In the first case n < N corresponds to n < N,

while in the second case n < N corresponds to N = nk for some k € N.

Definition 4.2.1 (Consistent sequence). A consistent sequence is a collection 7" =

{N, (Sn)neN, (Vn)neN’ (SON,n)nSN} composed Of:

(Poset) a directed poset N ;
(Groups) nested symmetric groups S, € Sy whenevern < N, !

(Vector spaces) a sequence of vector spaces (V,)uen such that V, is a S,-

representation;
(Embeddings) linear injective maps (¢nn: YV, — VN)u<n such that ¢y, is a

Sy-equivariant.

Throughout this chapter, we focus on the following two consistent sequences arising

from the sequence of permutation groups S,, acting on the sequence of vector spaces

!Consistent sequences have been defined for more general sequences of groups [47], but only
symmetric groups are used in this chapter.



111

R" by permutating coordinates, namely, by (o - x); = x,-1(;). They are both indexed
by N but with different partial orders, and they involve different embeddings between

dimensions.

(Zero-padding) Let

Z ={(N,2),(Sw)z, (R"), ({Nn)n=n}, (4.9)

be the consistent sequence in which S, € Sy by identifying g € S, with
blkdiag(g, Iy—,) € Sy and with embeddings by zero-padding {n,(x) =
(-x’ ON—n)

(Duplication) Let
9 = {(N9 : | ')9 (Sn)g, (Rn)’ (6N,n)n|N}’ (410)

be the consistent sequence in which S, € Sy by identifying g € S, with
g ® Iy/, € Sy and with embeddings by duplicating entries oy ,(x) = x ®

]11\7/,1 = (xl, ey XLy e e e Xp,y .- .,xn).

N/n times

We can construct new consistent sequences from existing ones such as Z and &
using standard operations on vector spaces.? Moreover, it is possible to quantify
the complexity of the new consistent sequence by keeping track of the construc-
tions applied. Specifically, if 7" = {N, (Sp)nen, (Wnlnen (enndnzn}t, % = {N,
(Sn)nens (Unnen, (Wnn)n<n} are two consistent sequences indexed by the same
poset and with the same nested sequence of symmetric groups acting on them, we

can construct the following new consistent sequences:

(Products) The (Cartesian) product of W and U is W X U = {N, (S,)nen, (W, X
Unens (ONn XWN2)n<n}- We denote by W4 the product of d copies of 7.

(Tensors) The tensor product of W and U is W @U = {N, (Sp)nens (W, U, ) nen,
(N2 ® YN .)u<n}. The k’th tensor power % €* of % is the tensor product
of 7 with itself k times.

(Polynomials) The set of degree-k polynomials over % is Sym* %" = {N, (Sy)nen
(Sym*W,,)nens (gof\’}kn)nﬁ N}, which is also the set of order-k symmetric tensors

over 7. Here we view Sym*W, C W®* and restrict goﬁkn to that subspace.

ZFormally, these ‘constructions’ are (bi)functors from the category of vector spaces to itself.
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The set of polynomials of degree at most k over % is denoted Sym=¢%" =
@f‘:l Sym’/ 7.

The actions of S,, on W,, and on U,, naturally extends to all of the above vector spaces.
For instance, if g € S, we have g - (w,u) = (g - w, g - u) for (w,u) € W, x U,, and
g-2iwi®u=;(gw;) ® (gu;) for 3, w, @ u; € W, ® Uy,.

If we start from a consistent sequence 7" and apply some sequence of the above op-
erations to it to obtain another sequence %, then we say that % is a 7"-sequence. We
denote a 7"-sequence by # = ¥ (7) where ¥ is the sequence of operations applied
to 7" to produce #. We furthermore quantify the complexity of the operations ¥
applied to 7" using its degree, defined inductively as follows. We set the degree of
the identity construction that doesn’t change its input to degid = 1, and inductively

set

deg 1 X ¥, = max{deg F1,deg > }; degF1 @ F» = deg ¥ + deg F»;
deg Sym*F; = k deg 7.

It % is a 7'-sequence, we then say that % has degree d over 7  if there is a
construction ¥ of degree d satisfying % = F(7”), in which case we write dego, % =
deg ¥. We omit the subscript 7” when it is clear from context. Note that Z and
9 are indexed by different posets, so a given consistent sequence cannot be both a
Z-sequence and a D-sequence.

Example 4.2.2. The consistent sequences Symki?f and Symk9 both consist of
the sequence of vector spaces YV, = Sym*R”, and they are degree-k Z - and D-
sequences, respectively. Viewing an element X € YV, as an order-k symmetric tensor

inn dimensions, permutations act by (- X)i, i, = Xo-13i)),...o-1(iy)» @nd this action

.....

is common to both consistent sequences. The embeddings between dimensions are

different, however, and given by { ]%kn

zero-padding and duplicating the entries of X as follows:

and 5;’}"”. Explicitly, these correspond to

Xi,.ix Uiy € [n]jorall j € [k]
ifi; € [N]\ [n] for some j € [k]
(O8N XD - DN nto.clix-DON i = Xiv.eoiis Joric € [n] and je € [N/n].
Here n < N for the first line and n|N for the second. Equivalently, we can view the

elements of V,, = Sym*R” as homogeneous polynomials p(x) of degree k over R".

From this perspective, permutations act by (o - p)(x) = p(o~'x) and the above
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embeddings become ({]%];p)(x) = p({x x) where {  is the adjoint of {nn in the
standard inner product, which extracts the first n entries of a length-N vector. The

analogous identity hold for 5;‘3’,‘”.

Free Invariants and Their Stabilization

The sequences of polynomials that arise in the any-dimensional POPs in Exam-
ples 1.3.1-1.3.3 and in the lower bounds (4.5) in Section 3.1 are invariant polyno-
mials defined over a consistent sequence, related to each other across dimensions
in particular ways. In this subsection, we show that sequences of such polynomi-
als of bounded degree form a finite-dimensional vector space as a consequence of
representation stability [47]. This fact allows us to describe any-dimensional POPs
by finitely-many parameters in Section 4.3, and it plays an important role in our

construction of lower bounds in Section 4.5

Invariants in a consistent sequence 7 = {N, (S,), (V,), (¢nn,)} are related to
each other across dimensions in two ways. First, projections of high-dimensional
invariants yield low-dimensional ones, that is, for any n < N, the orthogonal
projection ¢;,n: Vy — V, applied to a high-dimensional invariant vy € Vi’v yields
a low-dimensional invariant SDE,,,VN € V,Sl". Second, embedding low-dimensional
invariants and symmetrizing them yields high-dimensional invariants, that is, if
Vv, € V,SL” then symg onvn € VlsVN whenever n < N. In what follows, we

abbreviate symg ¢y , for any n < N by sym%.

Definition 4.2.3. Let 7" be a consistent sequence.

(Freely-described) The space of freely-described elements is the space of se-

quences
yLnV;?” = {(vn) € ]—[ Vi s QN VN = v foralln < N}. 4.11)
neN

In other words, a freely-described element is a sequence of invariants pro-

Jjecting onto each other.

(Freely-symmetrized) The space of freely-symmetrized elements is the space

of equivalence classes

lim Ve = | | VS/~  where v, ~ vy if vy = symj v, (4.12)
neN
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where | | denotes the disjoint union. A freely-symmetrized element is one of
these equivalence classes, which we write as a sequence? (Symn%v Knsk When
Vi € ka.

The limits here correspond to inverse and direct limits from category theory. In-
formally, the directions of the arrows denote the ‘direction’ in which a sequence of
invariants must satisfy a relation—the left and right arrows correspond to mapping
higher-dimensional invariants to lower-dimensional ones and vice-versa, respec-

tively.

Example 4.2.4. The spaces of freely-described and freely-symmetrized elements in

Z are both one-dimensional and spanned by (1,) and (%Iln), respectively.

For Sym=?>Z, which consists of polynomials R[x1, . . ., X,]| <2 in nvariables of degree

at most 2, we have:

n n

. S

fim L. .....5,1% = span | (1) z)(z) e
i=1 '

i=1 1<i<j<n
: S, 1< 1 L) [ 1
h_r)nR[xl,...,xn]Szzspan (1), ;Zx,- , ;in , (7) Z XiXj
i=1 i=1 2/ 1<i<j<n

As we alluded to previously, in all of these examples the spaces of freely-described
and freely-symmetrized elements have the same finite dimension, and moreover the
difference between the basis elements for both is in how they are “averaged” across
dimensions. Remarkably, this is not a coincidence but a consequence of a general
phenomenon whereby the projections go&n and embeddings sym% become isomor-
phisms between invariants. To explain this phenomenon, we begin by observing
that the space of freely-described elements can be identified with the dual space of

freely-symmetrized elements.

Proposition 4.2.5. Let 7" be a consistent sequence. We have (li_n} V,?")* = 1(31 V,?",
under the duality pairing {(sym” vy), (un)) = (vi,ux) for any v € Vi and (u,) €
liLnVE”. Here V* denotes the (algebraic) dual space of V consisting of all linear

functionals on V.

Proof. The given pairing is well-defined since if vy = sym” v,, then

(VN> uN) = (SYMyPN Vi UN) = (Vs @ UN) = (Vs Un).

3Two such sequences are equivalent if they agree for all n > N for some fixed N.
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Furthermore, distinct freely-described elements define distinct linear functionals
via this pairing because if ((symn%v), (uy)y =0forallv e Vf" and all &, then in
particular ((sym? u,,), (t,)) = ||t |* = 0 so u,, = 0 for all m. Thus, it suffices to
show that every linear functional on h_n>1 VS" comes from a freely-described element.
Suppose ¢: li_r)nR[Vn]S" — R is a linear functional. Define the sequence of linear
functionals ¢, : V,Sl” — Rby{, = f|v§n’ and let u, € V,‘?” satisfy €,(-) = (-, uy).
Note that for any n < N,

(QN N> Vi) = (U, SYMy@N aVn) = L(symy vy) = E(vy) = (tn, Vi),

for all v, € V,?", so we conclude that go&nuN = u, for all n < N. Thus, (u,) is a
freely-described element representing the linear functional € under the above duality

pairing. O

Based on this result, the space of freely-described elements is finite-dimensional if
and only if the space of freely-symmetrized elements is, and in this case the two
spaces have the same dimension. The next proposition shows this finite dimension-

ality for Z'- and 9-sequences.

Proposition 4.2.6 (Finite-dimensional invariants). If 7" is a Z - or a D-consistent
sequence of degree d, then dimyilv,fn = dimli_r)nV,S,” < dim de . Equality holds

when V" is a Z -sequence.

Proof. If 7" is a Z-sequence, all this follows from [139, Prop. 2.9, Thm. 2.11]. If
7 = F (D) is a D-sequence, applying this result for the corresponding Z-sequence
F(Z) we conclude that dim V,&;’" is constant for all n > d. This implies that
dimli_n}Vf” < dim de since if (symn%vki) are linearly independent and N > k;
for all i and N > d, then sym%vki must be linearly independent in Vi” whose

dimension is dim Vi" . Proposition 4.2.5 now yields the result. O

In fact, we prove in Proposition 4.5.4 below that equality is always attained in
Proposition 4.2.6 as we prove there that the projections and embeddings become
isomorphisms of invariants for all sufficiently large dimensions. This was proved
for Z-sequences in [139] using the fact that the high-dimensional spaces in such
sequences are spanned by the orbits of the low-dimensional ones. Below, we use

our de Finetti theorems to extend this result to &-sequences.
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4.3 Any-Dimensional Polynomial Problems

In this section, we define the any-dimemsional POPs that we study. In particular,
we define two classes of sequences of POPs defined on a sequence of growing-
dimensional vector spaces. The first captures the relations across dimensions sat-
isfied by the problems whose limiting values we seek to bound, e.g., in Exam-
ples 1.3.1-1.3.3, and the second captures the relations satisfied by our lower bounds

for them, e.g., in (4.5).

Freely-Described POPs
The first class of problems, from which we start and for which we seek lower
bounds, is one in which freely-described polynomials are minimized over a growing

sequence of semialgebraic sets.

Definition 4.3.1 (Freely-Described POPs). Let % = {N, (S,), (Vn), (eN.n)n<N}
be a consistent sequence. A sequence of POPs (u, = infyeq, pn(x)) is called

freely-described if the following two conditions hold.

(Cost) The sequence of costs (py) is a freely-described element of Syde%
for some degree d. Equivalently, (p,) is a sequence of polynomials of degree

at most d that satisfy py © ¢N, = pn for alln < N.

(Constraint) The sequence () consists of constraint sets that are semialge-

braic and increasing in the sense that on ,Q, C Qn if n < N.

As we illustrate next, Examples 1.3.1-1.3.3 in Section 3.1 are all instances of freely-
described POPs.

Example 4.3.2. The any-dimensional POP (1.1) in Example 1.3.1 is freely-described

with respect to the consistent sequence 2¢; indeed, as we noted in Section 4.1, the

embeddings 6]‘f]n(x1, v Xn) = (X1, .0 X1y Xy o . ., Xy) for n|N map feasible
’ —— —_————
N/n times N/n times

points for the nth problem to feasible points for the Nth one without changing the

objective value.

In Example 1.3.2 on symmetric functions, the sequence of POPs is freely-described
with respect to the consistent sequence Z, since power sums are unchanged under

zero-padding.

Finally, in Example 1.3.3 on graph density inequalities, we view the homomorphism

densities as polynomials over adjacency matrices of simple graphs, which are points
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in the hypercubes Q, = S"({0, 1}) consisting of symmetric matrices with binary
entries. It can then be shown that these homomorphism densities are unchanged
under duplication of the vertices sending an adjacency matrix X € Q,to X®1; 1] €
Qk, see Section 4.6. Thus, these any-dimensional POPs are freely-described with
respect to Sym’3.

Although any-dimensional POPs are given as an infinite sequence of POPs of
growing dimension, they can often be described by finitely-many parameters. In
particular, if 7" is a Z - or Z-sequence, then Proposition 4.2.6 shows that the freely-
described sequence of costs (p;) is an element of a finite-dimensional vector space,

so it can be specified by its coefficients in a basis.

A direct consequence of the definition of a freely-described POP is that the sequence

of optimal values (u,) satisfies uy < u, whenever n < N

up = inf p,(x) = inf pyoen,(x)= inf py(y) 2 inf py(y) = un.
xeld, xeQ, ye‘pN,nQn yeQN

(4.13)
Indeed, all of the examples above of freely-described POPs from Section 3.1 satisfy
this relation between the optimal values. We seek lower bounds on the limiting
optimal value u., = inf, u, of a freely-described POP. As each u, is, in general,
larger than us by (4.13), merely obtaining a lower bound on one of the u,’s in
the sequence, e.g., using sums-of-squares methods, does not yield a bound on the

limiting value.

Freely-Symmetrized POPs

To derive lower bounds on u.,, we generalize the example from Section 4.1 and
construct a sequence of finite-dimensional POPs whose optimal values are mono-
tonically increasing to u.. The sequences of POPs we construct belong to the

following class of freely-symmetrized problems.

Definition 4.3.3 (Freely-Symmetrized POPs). Let & = {N, (S,), (Vy), (WN.)n<nN}
be a consistent sequence. A sequence of POPs ({, = infycq, qn(x)) is called freely-

symmetrized if:

(Cost) The sequence of costs (q,) is a freely-symmetrized element of SydefZ
for some degree d. That is, there is a k and q € R[V]<q such that q, =
sym;,gqfor alln > k.
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(Constraint) The sequence () consists of constraint sets that are semialge-

braic and project onto each other in the sense that Yy, Qn C Q, ifn < N.

In a freely-symmetrized POP (¢, = inf,cq, ¢.(x)), the sequence of optimal val-

ues (£,) is in general increasing with n. Specifically, as g,(x) = symZ q;(x) =

qr (Y symg x) for some g € R[V«]S* with n > k, we have

ty = inf sym; = inf E * X)]= inf E * X1,
n = inf symyqi(x) = inf Bulax (¥, syms, X)] A ular (W X1

since if X ~ u then symg X ~ symg u € P(€,)S". Next, we can rewrite £, as an

optimization over the pushforwards under ¢, of measures in P(€,)S", to obtain

l, = inf E,[qx(X)]. 4.14)
vew:’kP(QH)Sn

Since z,//;\(,nQN C Q, forany n < N, we have

U P QNN =y kP QNN €yt P Q)5 (4.15)

for k < n < N. From (4.14) we conclude that £y is the minimum value of the
same objective over a smaller constraint set than £,, hence the optimal values (¢£,)

of freely-symmetrized POP are increasing
t, <€y, wheneverk <n < N. (4.16)

Example 4.3.4. For graphs H and G, define t;yj(H; G) to be the fraction of injective
maps V(H) — V(G) between their vertex sets that are graph homomorphisms. Note
that the only difference with t(H; G) from Example 1.3.3 is that we restrict ourselves
to injective maps. ldentifying a graph X on n vertices with its adjacencny matrix

X € S", and defining the monomial X" = H1<,<J<|V(H)| X 7 over SV e have

tinj(H; X) = symSym ZXH as we show in (4.61) in Sectlon 4.6 below. Therefore,
forany ay,...,a, € R and graphs Hy, . .., Hy, certifying inequalities in injective

graph densities over unweighted graphs can be written as

}’II]:Ze H
= Xesn;?él}mZaﬂmj< X) = sym, Zax

for all n > max; |V(H;)|, and therefore constitutes a freely-symmetrized problem
over Sym*>Z. In particular, we have £, < €y for all such n, which shows that

ly > 0 for all such n precisely when € > 0 for k = 1,...,max; |V(H;)|. This
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observation implies that checking whether an inequality in injective homomorphism
densities is nonnegative for graphs of all sizes is decidable (it involves checking
nonnegativity over a finite set of graphs of size up to max; |V(H;)|), in contrast to

the undecidability of the analogous question for non-injective densities [97].

Suppose now that we are given a freely-described POP with limiting optimal value
U, and we wish to obtain lower bounds on u.. If we can identify a freely-
symmetrized POP with optimal values (£,) such that their limiting optimal value
le = sup, {, equals u., then each ¢, yields a lower bound on u. in terms of a
finite-dimensional POP, and the sequence (£,) of these values gives monotonically

increasing, convergent lower bounds for u.

Pairings of Freely-Described and Freely-Symmetrized Problems

Given a freely-described POP with optimal values (u,), our goal is to construct a
freely-symmetrized POP with optimal values (£,) such that u., = inf, u, is equal
to {o = sup,, ¢, generalizing the example in Section 4.1. Similarly to that example,
we shall modify the sequence of objectives while keeping the same sequence of
constraints. Importantly, the freely-described problems (u,,) and their corresponding
freely-symmetrized lower bounds (¢,) are defined with respect to different consistent
sequences. In the example of Section 4.1, the freely-described problem is defined
over the @-sequence 29, while the freely-symmetrized problem is defined over
the Z-sequence Z¢. We generalize this example in Section 4.5 to any freely-
described POP over a Z- or a @-sequence. If the freely-described POP is defined
over a Z-sequence, then our freely-symmetrized lower bounds are defined over the
corresponding Z -sequence on the same underlying vector spaces, like in Section 4.1,

and vice-versa.

Since the sequence of constraint sets (£2,) will be the same for the two sequences
of POPs, we further require these sets to embed into each other in one consistent
sequence and project into each other in the other consistent sequence. This ensures
Definitions 4.3.1 and 4.3.3 are satisfied and the resulting optimal values (u,) and
(¢,) are monotonic as in (4.13) and (4.16). We now formally define the pairs of
consistent sequences with respect to which our freely-described POPs and associated
freely-symmetrized POPs are defined, and the conditions on the constraint sets we
impose. These correspond precisely to the class of problems to which our framework

is applicable.
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Definition 4.3.5 (FinSet-pair). An FinSet-pair of degree d is a pair of consistent

sequences

U ={(N, =%), (Sn), (V). (pnanzyn} and 2 ={(N,=2),(Sn), (Va), YN n)nzon},

on the same sequence of vector spaces (V) such that there is a degree-d sequence
of constructions F satisfying (%, L) = (F(Z£),F (D)) or (F(D),F(Z£)). That
is, U and & are obtained by applying the same constructions to Z and 9, or

vice-versa.

A sequence of subsets (Q, € V,) is said to be compatible with respect to the FS-
pair (%,<%), or FinSet-compatible for short, if (i) each Q, is S,-invariant; (ii)
ON.nn C Qn whenever n <9y N; and (iii) g[/l"\‘] LN € €, whenever n <o N.

We show in Section 4.4 below that such pairs of consistent sequences can be
derived from certain actions of maps between finite sets, which is the reason for the
terminology ‘FS’. Such actions play a central role in our generalization of de Finetti’s
theorem there. We leverage these generalized de Finetti theorems in Section 4.5 to
accomplish our goal: for any FinSet-pair (%, <) we start from a freely-described
POP over % with FinSet-compatible constraints (£2,), and derive lower bounds in

terms of freely-symmetrized POPs over & with the same constraint sets.

4.4 Free Measures and Generalized de Finetti Theorems

As we have seen in the illustration of Section 4.1, de Finetti’s theorem plays a promi-
nent role in our derivation of lower bounds. In this section we present generalizations
of this theorem by using ideas from representation stability. We begin in Section 4.4
by reformulating de Finetti’s theorem as an assertion pertaining to sequences of
measures, and state our generalizations in terms of such sequences of measures in
Theorems 4.4.5 and 4.4.9. The former pertains to exchangeable multi-dimensional
arrays and recovers some aspects of Aldous—Hoover—Kallenberg theory, while the
latter is a certain ‘dual’ result that seems to not have been previously studied. These
are the two results that will be used in Section 4.5 to construct lower bounds for
more general freely-described sequences of problems. Then in Sections 4.4 and 4.4
we explain the key ingredients in proving our theorems, stated in the more abstact
language of actions of maps between finite sets that yields cleaner statements and
proofs. Finally, the proofs of all the key results are given in Section 4.4. This section

is organized so that it is possible to proceed directly to Section 4.5 after Section 4.4.
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Reformulating and Generalizing de Finetti’s Theorem

De Finetti’s theorem states that an infinite exchangeable array is a mixture of iid
arrays. More usefully for us, Diaconis and Freedman [59] proved that infinite
exchangeable arrays can be approximated arbitrarily well by particularly simple
ones obtained by sampling the entries of finite random vectors with replacement.
Formally, given a finite random vector (Xi, ..., X},), one can form the infinite ex-
changeable array (X;,, X;,, . ..) where the indices i; are drawn iid from [#n]. In [59]
it is shown that infinite exchangeable arrays constructed in this fashion can approxi-
mate a target infinite exchangeable array in the sense that the marginal distributions
of subsets of m variables from the two arrays are close in total variation for m < n.

(We state this result more formally in the sequel.)

Observe that different random vectors give rise to the same exchangeable array under
the preceding sampling scheme, as sampling with replacement from (Xi, ..., X))
yields the same distribution as sampling from (X(1), . . . , Xz(»)) for any permutation
n € S,. Further, sampling from (Xi,...,X,) yields the same distribution as
sampling from (Xi,..., X1,..., Xy, ..., X;) where each entry is repeated the same
number of times. Thus, yet another equivalent formulation of the above result
from [59] is that any infinite exchangeable array can be approximated by those
obtained from equivalence classes of random vectors via iid sampling of their
entries. We generalize this version of de Finetti’s theorem by generalizing the three
components of the result, namely, what an infinite exchangeable array is, how we
can obtain such arrays by sampling the entries of finite random vectors, and which
finite vectors are equivalent to each other in the sense that they yield the same infinite

exchangeable arrays in this way.

Generalizing infinite exchangeable arrays: An infinite exchangeable array (X1, X»,,...)
corresponds to a sequence of measures (Law(X), Law (X1, X3),...) that project
onto each other, with each measure in the sequence being invariant under permuta-
tions. This is analogous to the freely-described elements of Definition 4.2.3 in which
sequences of invariants project onto each other. We similarly define freely-described

measures, which generalize infinite exchangeable arrays.

Definition 4.4.1 (Freely-described measures). Let 7 be a consistent sequence, and
let (Q, € V) be a sequence of subsets satisfying ¢, Quy S Qp forallm < M.
The collection of freely-described probability measures supported on (L) is

lim P (€)% = {(um e | |P@n)® : @3 uitm = pm for all m < M}, (4.17)
v m
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where 90}"4 MM 1S the pushforward of py under go;[ -

Example 4.4.2 (Freely-described measures over Z'). The distributions of infinite
exchangeable arrays correspond precisely to freely-described measures over Z.
Concretely, a freely-described measure over & defines a sequence of S,,-invariant
random vectors X" = (Xi,..., X,) such that {r;+1,mX(m+l) 4 xm for all m,
where {;‘1 1. EXtracts the first m entries. Conversely, if (X1, X2, ...) is an infinite
exchangeable array then the laws of the truncations X' = (Xi,...,Xy) form a

freely-described measure over Z .

Generalizing sampling with replacement: Sampling the entries of a vector may
be interpreted via maps between finite sets. For a map f: [m] — [n] be-
tween finite sets, consider the associated linear map p(f): R” — R™ acting by
(p(f)x)i = xpi). If Fyp: [m] — [n] is a uniformly random map between finite
sets, then each i € [m] is mapped independently to a uniformly random element
F,m(i) € [n], so that p(F,,)x € R™ is a vector whose entries are sampled with
replacement from those of x € R"”. Sampling with replacement from the entries
of a random vector X = (Xj, ..., X,) then yields the freely-described measure
(Law(p(Fn,m)X (”)))meN where X is independent of F,m. The key observation
to generalize de Finetti’s theorem is that the above action p(f) of maps between
finite sets on (R”) extends to an action on any sequence of vector spaces obtained

from (R") via the standard constructions from Section 4.2 as follows.

(Products) For sequences of vector spaces (W), (U,), setting p(f)(v,u) = (o(f)w, p(f)u)
defines an action on (W, x U,,)

(Tensors and Polynomials) For sequences (W,), (U,), setting p(f)(w ® u) =
(p(f)w) ® (p(f)u) defines an action on (W, ® U,,), which restricts to sym-
metric tensors to give an action on (Sym*W,,).

As an illustration, we get an action on the spaces ((R")®?) via (o(f)X)i,... 4 =

X¢(i)),...f(ig)- In this manner, maps between finite sets yield linear maps between

vector spaces constituting any Z - or Z-sequence.

Generalizing equivalence under sampling: Finally, fix a random vector X" =
(X1,...,X,) and recall that sampling with replacement from any vector in the
sequence (gy- X" @1y /n)nn forany gn € Sy yields the same infinite exchangeable
array. Therefore, from the perspective of our sampling map, all measures in the

sequence (Law(Gy - X @ 1y /n))nin should be viewed as equivalent; here Gy ~



123

Haar(Sy) is independent of X(. These sequences of exchangeable measures
that are related by embeddings are analogous to freely-symmetrized elements from
Definition 4.2.3. We similarly define freely-symmetrized measures, which capture

the ambiguity in our sampling maps more generally.

Definition 4.4.3 (Freely-symmetrized measures). Let 7 be a consistent sequence,
and let (Q, C V,) be a sequence of subsets satisfying on ,Q, € Qu foralln < N.

The collection of freely-symmetrized probability measures over (Q,) is

limP(Q,)5" = | PQu)S where py ~ py if iy = sym g (4.18)
v n

A freely-symmetrized measure is one of these equivalence classes, denoted as a

sequence (symz,un)zvzn for p, € P ()5,

Example 4.4.4 (Freely-symmetrized measures over 9). The exchangeable ran-
dom vectors yielding the same infinite exchangeable array under sampling with
replacement correspond to freely-symmetrized measures over 9. More precisely, a

freely-symmetrized measure over D is the equivalence class of (sym% Law(X™) =

Law(GyX™ ® ILN/,,)) N with Gy ~ Haar(Sy) independent of X™.
n

With these notions in hand, we can restate de Finetti’s theorem in terms of free mea-

sures. Specifically, consider the following map from freely-symmetrized measures

. mS, ~ : : m\Sy, .
h_r)n 9 P (R™)>" over D to freely-described measures gnz P(R™)>m over Z:

(symipm) = (Law(p(Fu)X),,. (4.19)

where X ~ u, is independent of the uniformly random map F,,,,,: [m] — [n]. Dia-
conis and Freedman [59] prove the error bound ||Law (£}, X)—Law (o (Fyn) X)|ITv <
mm—1) whenever m < n, which holds for any exchangeable random vector X in R”;
here ¢y, X is the vector of the first m coordinates of X, while p(F, ;)X is a vector
of m entries sampled with replacement from the coordinates of X. From this bound,
one can conclude that the map (4.19) has a dense image in yLnZ P (R™)Sm in total
variation, meaning that if (u,,) is a freely-described measure over Z, then there
exists a sequence of freely-described measures (,u,gf )) in the image of the map (4.19)
such that lim,—co ||tm — ,u,(?f )||TV = 0 for each fixed m. That is because for each
n>mand X ~ u, we have u,, = Law({;,,X) since (u,) is freely-described, while
the image of (sym%un)nw under the map (4.19) is (u\") = Law (0 (Fpm)X))m» $0

lptm — ,u,(; ) ltv — 0 as n — oo by the above error bound. To obtain de Finetti’s
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characterization of all freely-described measures on Z, not just the dense subset

above, one can use a simple compactness argument [59, Thm. 14].

For more general consistent sequences, the characterization of all freely-described
measures is more complicated [115, Chap. 7]. The map (4.19) does, however,
readily generalize and yields simple dense subsets of freely-described measures,
as we show in the following theorem. Fortunately, these dense subsets, together
with error bounds generalizing those of [59], are all we require to construct finite-

dimensional POP lower bounds and obtain their convergence rates (see Section 4.5).

Theorem4.4.5. Let ¥ (Z) = {(N, <), (S,), (V,), (¢nn) } be a Z -sequence, and let
F (D) ={(N, "), (Spn), (V,), (Yn.n)} be the corresponding D-sequence. Let (2, C
V,) be a sequence of S,,-invariant sets satisfying QOXJ’n.QN C Q, whenevern < N and
YNy C Qn whenever n|N. Consider the map from freely-symmetrized measures
li_r)n(jr @) P(Q,)S" over F (D) to freely-described measures l(iil?r ) P(Qn)Sm over
F(Z) sending

(syml V) o (Law(p (o)) (4.20)

where X ~ , is independent of the uniformly random map F, ,,: [m] — [n]. This

s
m

map has a dense image in total variation, meaning that for any freely-described
measure () € mg P(Q,)S" there exist (,u,(,f)) in the image of (4.20) such that
lim,, o0 || ttm — ﬂ}g?)HTV = 0 for each m. More precisely, for any u, € P(V,)S" we
have |[Law (¢}, , X) — Law(p(Fpm)X)|lTv < @ where X ~ u, is independent
of Fum.

Note that the error bound above holds for any exchangeable measure on any fixed
V.., not necessarily compactly supported. The proof of this result is provided at
the end of Section 4.4 as a consequence of the more general Theorem 4.4.15. We
instantiate Theorem 4.4.5 in the setting of the original de Finetti’s theorem as well

as for two-dimensional arrays.

Example 4.4.6 (Classic de Finetti). With ¥ = id and Q,, = {0, 1}"* in Theorem 4.4.5,
the set llnz P(Q,)S" corresponds to infinite binary exchangeable arrays, the
original setting studied by de Finetti [56]. Theorem 4.4.5 states that a dense subset
of such arrays is given by starting from a random exchangeable vector X € {0, 1}"
and sampling its entries with replacement to get (X1, Xa, . . .); equivalently, if P e
{0,1/n,2/n,...,1} is the (random) fraction of the entries of XM vwhich equal 1,

we can first sample P and then sample X ; iid from Ber(P™). In comparison, de
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Finetti proved that all infinite binary exchangeable arrays are obtained by sampling
P € [0, 1] according to some distribution on [0, 1], and then sampling X iid from
Ber(P). Thus, Theorem 4.4.5 yields the dense subset of these arrays for which the
random P is supported on {0, 1/n,2/n, ..., 1} for some n € N.

Example 4.4.7 (Graphons and Aldous—Hoover). Let ¥ = Sym? in Theorem 4.4.5,
so F(Z) = Sym’Z and F(D) = Sym*’D are the consistent sequences from
Example 4.2.2 consisting of symmetric matrices on which permutations act by si-
multaneously permuting rows and columns, and with zero-padding and duplication
embeddings. Next, let Q, = S"({0, 1}), which we view as adjacency matrices of un-
weighted undirected graphs. An exchangeable measure on €, is the law of a random
symmetric binary matrix (X; j); je[n], Which can be viewed as a random graph on n
vertices. Freely-described measures on (Q,) can be viewed as infinite exchangeable
two-dimensional binary arrays, or equivalently, as a sequence of random graphs on
increasingly-many vertices closed under taking induced subgraphs. Theorem 4.4.5
states that a dense subset of such sequences of measures is obtained by starting
from a fixed-dimensional random X € Q, and sampling its row and column indices
i1,1, ... iid from [n] to obtain the infinite array (X;, i, );,j7en. Equivalently, define
the step-function Wy : [0, 11> — {0, 1} by first partitioning [0, 1] = UL, Lin with
lin =[G —1)/n,i/n)ifi <nandl,, =[1-1/n,1], and setting Wx(x,y) = X; ;
if (x,y) € I, X Ij,. Then sampling x1,x2, . .. iid uniformly on [0, 1] and setting

X; j» = Wx(xj,x;:) yields an infinite array with the same distribution as before.

To obtain all freely-described measures on (L), it was shown in [148] that any
infinite exchangeable binary array (X ;) is obtained from a random symmetric mea-
surable function W: [0, 11> — [0, 1] called a graphon by first sampling x1,x2, . . .
iid uniformly from [0, 1] and then sampling X ;» ~ Ber(W (x;,x;.)) iidfor j, j* € N.
Thus, Theorem 4.4.5 yields the dense subset of such arrays that can be obtained
from step graphons of the form Wx for some X € Q.

For more general sequences of sets (Q,, C S"), corresponding to weighted graphs,
the characterization of all freely-described measures on (L,) is even more involved,
and requires random functions defined on [0, 1]% x [0, 1] (ET), as a consequence of
Aldous—Hoover—Kallenberg theory [115, Chap. 7]. Nevertheless, freely-described
measures obtained from step graphons as above continue to be dense by Theo-

rem 4.4.5, and the error bound there still applies.

Theorem 4.4.5 gives a dense subset of freely-described measures over Z -sequences
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in terms of freely-symmetrized measures over J-sequences. This result allows us
to construct lower bounds for freely-described problems over Z-sequences in terms
of freely-symmetrized problems over Z-sequences, generalizing the example in
Section 4.1. To construct bounds for freely-described problems over Z -sequences,
however, we need a dual de Finetti theorem. In more detail, we require a dense subset
of freely-described measures over Z-sequences in terms of freely-symmetrized

measures over the corresponding Z -sequences.

Example 4.4.8 (Freely-described measures over 9). A freely-described measure

over D corresponds to the laws of a sequence of exchangeable random vectors
(XM e R™),, satisfying

M/m
M d .
Z X((l._l))(M/m)ﬂ. = Xl.(m), forallm|\M and i € [m]. (4.21)
j=1
Examples of such sequences of random variables include X"™ ~ Unif{ey, ..., en}

being a uniformly random coordinate vector, the sequence of iid Gaussians X™ ~
N (O, %Im), and the sequence of Dirichlet distributions X™ ~ Dir(1,,/m).

We obtain the desired ‘dual’ version of Theorem 4.4.5 by considering the adjoint of
the action p of maps between finite sets. Specifically, for any map f: [n] — [m]
we get the linear map p(f)*: R" — R™ defined by (p(f)*x); = X jef-1(;x;. This
extends to an action between the vector spaces constituting any Z - or Z-sequence
as before. Considering the adjoint action of a uniformly random map, we obtain the
following theorem.

Theorem 4.4.9. Let ¥(2) = {(N,-|),(Sn), (V,), Wnn)} be a D-sequence of
degree d#, and let F(Z) = {(N, <), (S,), (V,), (¢n.n)} be the corresponding Z -
sequence. Let (Q, C V,) be a sequence of compact Sy,-invariant sets satisfying
WR},”QN C Q, whenever n|N and ¢y ,2, C Qn whenevern < N. Consider the map
from freely-symmetrized measures li_r)ngc ) P(Q,)S" over F(ZF) to freely-described

. Sm .
measures @‘F(@) P(Q)°m over F (D) sending

(o), = (w5

where X ~ , is independent of the uniformly random map F,, ,: [n] — [m]. This

, (4.22)
m
map has a dense image in the Wasserstein distance W\ with respect to an induced

| - Il norm on (V,,). More precisely, for any u, € P(V,)S* and m|n we have

m(m —1)

Wi (Law (g, X), Law(p(F0)*X) ) < 2d5
’ n/m

Ey, [I1X 1111,
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where X ~ i, is independent of F, .

Note that the error bound in Theorem 4.4.9 holds for any exchangeable measure
on V,, but is stated in Wasserstein-1 distance with respect to a particular choice of
norms on (V). These norms are certain extensions of the 1-norms on (R") to spaces
obtained via standard constructions from them (see (4.30) and Lemma 4.4.21 below).
In contrast, the error bounds in Theorem 4.4.5 are given in the larger total variation
distance, and decay to zero at the rate of 1/n, faster than the present 1/+4/n. We show
in Sections 4.4 and 4.4 that the use of Wasserstein-1 here is necessary, and that both
rates are tight. The proof of Theorem 4.4.9 is provided at the end of Section 4.4 as
a consequence of the more general Theorem 4.4.20. We illustrate Theorem 4.4.9
on two examples, one corresponding to the freely-described measures on & from

Example 4.4.8 and the other corresponding to a dual version of Aldous—Hoover.

Example 4.4.10 (Freely-described measures on &, Example 4.4.8 continued). In
the setting of Example 4.4.8, Theorem 4.4.9 states that any sequence of random
vectors satisfying 4.21 and supported on simplices Q, = A"~! can be approximated
arbitrarily well by those of the form X™ = p(Fp,)*(X) = ©, Xiej, where
X € A"Uis a fixed random vector supported on the simplex and ji,. .., j, are
sampled iid uniformly from [m] (independently of X). That is, the right notion
of sampling in this setting puts each coordinate of x € R" independently into one
of m bins uniformly at random, and each coordinate of p(Fy ,)*x is obtained by
summing the coordinates of x in the corresponding bin. While Theorem 4.4.9 yields
a dense subset of all freely-described measures over D supported on (A", a full

characterization of all such measures is not available to the best of our knowledge.

Example 4.4.11 (Freely-described measures on Sym’>®). Setting ¥ = Sym? and
Q, ={X €S8":X;; 20, X;;Xi; =1} in Theorem 4.4.9, freely-described mea-
sures over Sym29 can be approximated arbitrarily well by the following construc-
tion. A finite random graph X € Q,, defines a freely-described measure over Sym>J
by defining the sequence of random graphs (X™) via X" = 2i<i<j<n XijEki k;
where E; ; = e,-eJT +ejel andky, ...,k are drawn iid uniformly from [m]. Equiva-
lently, X is the random graph obtained by labeling the n vertices of X by uniformly
random labels from [m] and identifying vertices with the same labels (which might
then result in self-loops and multiple edges). As before, Theorem 4.4.9 yields a
dense subset of freely-described measures over Sym>P supported on (Q,), and we

are not aware of a full characterization of all such measures.
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The key insight underlying the proofs of Theorems 4.4.5 and 4.4.9 is a link between
actions of maps between finite sets and consistent sequences. Specifically, the above
actions of maps between finite sets recover all of the maps relating vector spaces in
different dimensions that we have seen so far (e.g., zero-padding and duplication),
and as a consequence, yield all Z- and 9-sequences. Leveraging this link, we reduce
the proofs of the above theorems to proving bounds on random maps between finite

sets.

Freely-Described Measures Over Z -Sequences

The aim of this section is to present a generalization of de Finetti’s theorem that
characterizes (a dense subset of) freely-described measures over Z-sequences. We
begin by abstracting away the various properties of the action p of maps between
finite sets on (R") from Section 4.4. Note thatif fi: [n] — [m] and f>: [m] — [k],
then p(f2 0 f1) = p(f1) o p(f2) and p(id[,)) = idr=. We call such an assignment of
linear maps to maps between finite sets an FinSet®’-action, where FinSet stands for
finite sets and ‘op’ stands for ‘opposite’, and pertains to the opposite order in which

compositions act.*

Definition 4.4.12 (FinSet®P-representation). An FinSet°P-action on a sequence of
vector spaces (V) nen is an assignment of a linear map t°°(f): V,, — V,, for each
map f: [n] — [m] between finite sets satisfying t°P(id[,)) = idy, for alln € N
and TP (f1 o f2) = T°P(f2) o T°P(f1) whenever the composition is well-defined. A
sequence of vector spaces endowed with an FinSet®®-action V.= {(V,), (t°P)} is

called an FinSet®P-representation.

We denote the standard FinSet? representation defined earlier on (R"”) by R =
{(R™), (p)}. Next, we illustrate how FinSet°P-representations yield consistent se-
quences. Starting with the representation R, we observe that specific choices of maps

f between finite sets yield many of the maps we have been using in our development.

(Permutations) If o: [n] — [n] is a permutation, then p(c) = 0! gives the action

of =1 on R”.

(Zero-padding) 1f iy ,: [n] — [N] is inclusion, then p(ty,,) = {3, is the projec-
tion in Z extracting the first n entries of a length-N vector.

“In fact, an FinSet®P-action precisely corresponds to a representation of the category FinSet°P,
the opposite of the category FinSet whose objects are finite sets and whose morphisms are all maps
between them.
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(Duplication) 1fd, i : [nk] — [n] is the standard equipartition d,, ,x (k(i—1)+j) =
ifori € [n],j € [k], then p(dpnk) = Onk.n 1s the duplication embedding in
D.

Consequently, the consistent sequences Z and & can be derived from R as follows:

Z ={(N, <), (Sp)z, (Rn), (p(tn)Insnt and D = {(N, ), (Sn)z, (Rn), (p(dnn))nin},

where (S,)# and (S,;) denote the chains of symmetric groups from (4.9) and (4.10),
respectively. We can generalize this observation to obtain Z- and 9-sequences
from any FinSet®P-representation. Specifically, given a FinSet°P-representation
V ={(V,), (t°P)}, foreach n € N we endow V,, with the S,, action o-x = °P (o~ ")x
for a permutation o : [n] — [nr] and x € V,. We then define the two consistent

sequences:

Z (V) ={(N, 2), (Sn)z, (Va), (zP(tnn))nen}  and

(4.23)
D) = {(N, "), (Sn)z, (Vn), (TP (dnn))nn}-

Any Z - and @-sequence can be obtained in this way for some FinSet°?-representation.
To see this, recall that the standard constructions of Section 4.2, which can be applied
to Z and 9 to obtain more complicated consistent sequences, can also be applied to
R as discussed in Section 4.4 to obtain more complicated FinSet°-representations.
In particular, for any standard construction ¥, we observe that ¥ (R) is also an
FinSetP-representation. Moreover, one can check that Z(F(R)) = F(Z) and
D(F (R)) = F(2). That is, we get the same consistent sequences from ¥ whether
we apply it directly to Z and 9, or apply it to the FinSet°-representation R and
invoke (4.23).

We proceed to generalize de Finetti’s theorem to free measures over consistent
sequences of the form (4.23) derived from any FinSet°P-representation. The proofs
of our results in this section are presented in Section 4.4 to make the architecture
of our argument more transparent. We begin with a lemma characterizing the
invariances of uniformly random maps. It will be used to argue that our sampling
maps send equivalent freely-symmetrized measures to the same image, and that

these images are indeed freely-described measures.

Lemma4.4.13. Let F,, ,: [n] — [m] be uniformly random maps for eachm,n € N.
For any injective map ¢,y : [k] — [n] we have F,,, o ¢,k 4 Fouk, and for any

equipartition Wi i : [nk] — [k] we have i uk © Fui.m 4 Fymforall k,m,n € N.
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Next, we state the key technical lemma used in the proof of Theorem 4.4.15, which
is the quantitative version of the asymptotic equivalence of sampling with and
without replacement from [208], stated in our formalism. In what follows, if

u,v € P(Q) are two measures on a finite set (2, then their total variation distance is

= vty = Zieq lu(x) = v(x)| =supy. o 117 [Epf —Ev f.

Lemma 4.4.14. For m < n, let F,,,: [m] — [n] be a uniformly random map, and

let ®,,,: [m] — [n] be a uniformly random injective map. Then

-1
ILaw (Fy ) — Law(@p )iy < 771 (4.24)
n

The above total variation bound applies to any pushforward of the random maps
F,m and @, ,,, and in particular applies to their linear representatives acting on an
: op ; 0 _ 0 m(m—1)
FinSet®P-representation, so that ||[Law (7P (F),,;,)) — Law (7P (@, 1)) ITv < ——.
This allows us to prove the following theorem, generalizing de Finetti to consistent

sequences derived from any FinSet°P-representation.

Theorem 4.4.15 (De Finetti for FinSetP-representations). Let V.= {(V,), (t°P)} be
an FinSet® representation, and let (Q,,) satisfy TP (f)Q, € Q,, forall f: [m] —
. . Sn . Sm .

[n]. Consider the map from h_r)n‘9 W P(Q,)°" to @z’ - P(Qy,)°m sending

(sym%(v),un)nw — (LaW(TOP(Fn,m)X)) (4.25)

-
where X ~ u, is independent of the uniformly random map F,, ,,: [m]| — [n]. This
map has a dense image in total variation. More precisely, for any p, € P(V,)S

we have

-1
ILaw (7% (t,n) X) — Law (7P (Fy ) X) |y < mim — 1),
n

where X ~ , is independent of F,, p,.

The condition that 7°P(f)Q, € Q,, for all f: [m] — [n] in Theorem 4.4.15 is
equivalent to the sets (Q,) satisfying (i) each , is S,-invariant; (ii) 7P (¢ty ) QN C
Q, for n < N; and (iii) 7°P(d, n)Q, € Qu for n|N. In other words, such sequences
of sets (€,,) are precisely the ones which are group-invariant, embed into each other
in 2 (V), and project into each other in Z (V). This is a consequence of the following
lemma, showing that any map between finite sets factorizes into an injection and an

equipartition.
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Lemma 4.4.16 (Factorization of maps between finite sets). For any map f: [m] —

[n] and any k > max;c[y, | £~1(7)|, there exists g € Sy satisfying f = dn.nk&nk m-

Finally, we conclude this section with an example illustrating that the error bounds
obtained in Theorem 4.4.15 are tight.

Example 4.4.17 (Tightness of rates in Theorem 4.4.15). To see that the 1/n rate
in Theorem 4.4.15 is tight, let X ~ Ber(1/2)®", and note that {inX ~ Ber(1/2)®?
while p(F,2)X ~ (1 — 1/n)Ber(1/2)®% + (1/n)Unif{(0,0)7, (1,1)T}, since with
probability 1 —1/n the map p(F,») picks out two distinct coordinates from X, while
with probability 1/n the two coordinates are equal and equally likely to be 0 or 1.

The total variation distance between the two laws is therefore 2 /n.

Freely-Described Measures Over &-Sequences

In this section we present our dual de Finetti theorem giving a dense subset of freely-
described measures over Z-sequences in terms of freely-symmetrized measures
over Z-sequences. To this end, we consider the adjoint action p(f)* of maps
between finite sets. This adjoint action preserves the order of compositions, so
p(fiofo)* = p(fi)*op(f2)* and once again we have p(id[,))* = idy,. We call such

an assignment of linear maps to maps between finite sets an FinSet-representation.

Definition 4.4.18 (FinSet-representation). An FinSet-action on a sequence of vector
spaces (V) nen is an assignment of a linear map v(f): V,, — V,, for each map
fi[n] — [m] between finite sets satisfying 7(id[,)) = idy, and T(f1 o fo) =
7(f1) o7( f2) whenever the composition is well-defined. A sequence of vector spaces

endowed with an FinSet-action V. = {(V,), (1)} is called an FinSet-representation.

As the adjoint p* of the standard FinSet°?-action p is an FinSet-action, we denote
the standard FinSet-representation on (R”) from Section 4.4 by R* = {(R"), (p*)}.
More broadly, note that if V. = {(V,), (r)} is an FinSet-representation, then V* =
{(V,), (%)} is an FinSetP-representation (and vice versa), where 7* is the adjoint
of 7. Consequently, any FinSet-representation V yields the consistent sequences
Z (V*) and 2(V*), by appealing to (4.23). As with FinSet°P-representations, any
standard construction # can be applied to the FinSet-representation R* to obtain an
FinSet°P-representation ¥ (R*), and we again have that Z (¥ (R*)*) = ¥(Z) and
D(F (R**) = F(9).

We proceed to present our dual de Finetti theorem. The architecture of the proof is

similar to Section 4.4, which we again highlight by deferring the proofs and some
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technical lemmas to Section 4.4 below. The following is the key result we will need,

which is the analog of Lemma 4.4.14 above.

Lemmad4.4.19. Let F,, ,: [n] — [m] be auniformly random map and let'Y,, ,,: [n] —

[m] be a uniformly random equipartition, for any m|n. Then

E[|F¢‘I‘|] < m(m—1)
n n/m

Wi (Law (Fyz), Law (W 0)) = int
1(Law( mn) aw ( m”)) (F,\F;I}andom

FLF,. .. ¥29,, ,

where |[F # ¥| = |{i € [n] : F(i) # P()}|.

, (4.26)

Lemma 4.4.19 gives a weaker bound than Lemma 4.4.14. Indeed, not only do we

~1/2 rate here as opposed to n~! in Lemma 4.4.14, but also the present bound

getann
is in Wasserstein distance whereas the previous one is in total variation. In fact, we
have ||[Law(F,, ) — Law(W¥,,..)|lTv 7 0 as n/m — oo, since the distribution of the

fiber sizes of the two maps satisfy

n

|[Multinomial(n, m, L /m) = S (ajmy1,||py = 1—2—"( / ) — 1. (4.27)
n

m,...,n/m
Thus, the two random maps in Lemma 4.4.19 are only close when compared in
a specific metric between such maps, namely, dist(f,y) = |f # ¢|/n. As a
consequence, our dual de Finetti theorem only applies to FinSet-representations on
which the FinSet action is appropriately Lipschitz-continuous with respect to this

metric. The following theorem is the FinSet analogue of Theorem 4.4.15.

Theorem 4.4.20 (Dual de Finetti for FinSet-representations). Let V = {(V,), (1)}
be an FinSet-representation endowed with norms || - || on each V,, such that for some

L > 0 we have
|f # hl

n

min ||(7(f) — 7(h))gx|| < L
g€Sh

forany x € V,, any f,h: [n] — [m], and any n,m. Let (L,) be a sequence of

llx1], (4.28)

compact sets satisfying T(f)Q, C Q, for all f: [m] — [n]. Consider the map

. S, . S, .
from h_n)1z(v*) P(Q,)°" to h;n@(v*) P(Q)°m sending
(symy " s = (Law(r (Fun) X)) (4.29)

where X ~ w, is independent of the uniformly random map F,, ,: [n] — [m]. This
map has a dense image in W1-distance with respect to || - ||. More precisely, for any

Un € P(V,)S" and any m|n we have

WA (Law(r () X0, L (e () X0) < Ly D, 11
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where X ~ i, is independent of F, .

Once again, Lemma 4.4.16 shows that the condition that 7(f)Q,, € Q, for all
f: [m] — [n] in Theorem 4.4.20 is equivalent to the sets (€2,) being S,-invariant,

embedding into each other in Z (V*), and projecting into each other in & (V*).

To apply the above theorem to relate freely-symmetrized measures on Z -sequences
to freely-described measures on the corresponding &-sequences, we require a choice
of norm satisfying (4.28). We show in Lemma 4.4.23 in Section 4.4 that the {; norm
on (R") satisfies (4.28) with L = 2 for the standard FinSet-action p*. Moreover,
we extend this £; norm to any vector spaces derived from (R") via a standard
construction ¥ from Section 4.2, and we prove in Lemma 4.4.21 that these extended
norms also satisfy (4.28) for the associated FinSet-action. Defining these extensions
for any standard construction ¥ proceeds in the usual way. In particular, for any

normed spaces V and U, we endow V X U and V ® U with the following norms:

1@l = [l + lully X lvet = inf{z Ivillvlludlo - X = > vi@u
i i
(4.30)

The norm on V& restricts to a norm on Sym“V. Further, if {efv)},-e[n] and
{eE.U)}je[m] are bases for V and U, then {efv)}ie[n] U {eﬁU)}je[m] and {eEV) ®
eﬁU)}ie[n], jelm] are extended bases for VX U and for V ® U, respectively. With these
notions in hand, the following lemma shows that (4.28) is satisfied by the extended

¢, norm on the vector spaces underlying ¥ (R*) for any standard construction ¥ .

Lemma 4.4.21. Let ¥ (R*) = {(V,,), (p*)} be obtained from the standard FinSet-
representation R* via a standard construction F of degree dg, and let p* be the
induced FinSet-action. Let || - ||, be the £, norm on (V) derived from the £, norm
on (R") via (4.30) and let {ey}oca, be a basis for (V) that is extended from the
canonical one for R". Then ||x|l1 = Xyea, [xa| where x = X pca, Xa€a. Further,

foreachn € N and x € V,,, we have ||p(f)*x||1 < ||x||1 and

h
3 e =p (gl < 2ar L
"l ges,

n

;relisn (e (f)*=p(M)*)gxllr < [l

IS
(4.31)
forall f,h: [n] — [m].

For example, if we endow R” with the £; norm, we get the entrywise £; norms on
R4 and (R™)®¢ for all d. These norms satisfy (4.31) with d# = 1 and d, respec-
tively. Combining Lemma 4.4.21 with Theorem 4.4.20, we obtain Theorem 4.4.9
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giving a dense subset of freely-described measures over any &-sequence in terms
of freely-symmetrized measures over the corresponding Z-sequences. Finally, we
conclude this section with an example illustrating that the error bounds obtained in
Theorem 4.4.20 are tight.

Example 4.4.22 (Tightness of rates in Theorem 4.4.20). To see that the use of the
Wasserstein distance is necessary and that the rate of 1/+/n in Theorem 4.4.20 is
sharp, let X5, = ﬁ]lz,q be a deterministic invariant vector. Then 53‘”,2X2n = %12
while p(F21)* X0y = (2%’ 1- %)T where B ~ Bin(2n, 1/2). Then their laws do

not converge in total variation by (4.27), while the W, distance between their laws

is LE|B —n| ~ 1/«/mn by [9].

Proofs for Section 4.4
We now prove the results stated earlier in the section, as well as a few additional

technical lemmas needed for these proofs.

Proofs for Section 4.4: We begin by proving the invariances of a uniformly random

map.

Proof (Lemma 4.4.13). Note that F,, ,(i) is a uniformly random element of [m],
independent for different i. If ¢, is injective, then each i € [k] is mapped under
Fun © ¢n i to an independent and uniformly random element of [m], proving the
first claim. If yk ¢ is an equipartition, then a uniformly random element of [nk]
is equally likely to fall in each of the equally-sized fibers of ¥« ,x. Therefore, each
i € [m] is mapped by Yk i Fuk.m to an independent and uniformly random element

of [k], proving the second claim. O

Next, we prove the total variation bound between random maps and random injec-

tions.

Proof (Lemma 4.4.14). Identify amap [m] — [n] asan elementof [n]™. Then F,, ,,
corresponds to the element of [n]™ obtained by sampling m elements from [7] uni-
formly with replacement, while ®,, ,, corresponds to sampling without replacement.
The total variation between them is bounded by (4.24) in [208, Eq. (2.3)]. O

We now use the above lemma to prove our generalized de Finetti theorem for

FinSet°P-representations.
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Proof (Theorem 4.4.15). First, two measures defining the same freely-symmetrized
element have the same images under the given map since 7°P (F}, k,m)symsn TP (dn.nk)
= |SlTk| 20,y TP (dnnk&Fnk.m) 4 7°P(F, ) by Lemma 4.4.13. Similarly, the im-
ages of the given map are indeed freely-described since 7°P(tps ) TP (Fym) =

TP(Fymtsrm) 4 T7°P(F), ) by the same lemma.

Second, we prove the given total variation estimate for a fixed-dimensional exchange-
able measure. To this end, if ®,,,,: [m] — [n] is a uniformly random injection, note
that @, ,, 4 Guym where G ~ Haar(S,;). Therefore, if u, € P(Q,)S" is S,,-invariant
and X,, ~ u, is independent of @, ,, then 7°P(®, ,)X, 4 TP(tym)X,. Since
Law (7°P(®,,,)X,) and Law(7°P(F,, ) X,) are pushforwards of Law(®, ) ® u,
and Law(F, ) ® u,, respectively, and since the total variation distance between

pushforwards can only decrease, Lemma 4.4.14 gives

m(m —1)
”LaW(TOp((I)n,m)Xn)_LaW(Top(Fn,m)Xn)”TV < ||Law(q)n,m)_LaW(Fn,m)||TV < (T»

(4.32)

as claimed.

Finally, we show that the image of the given map is dense in total variation. Let
(V)/Jn)nlN €

li_n)l o) P (Q,)S" under the given map, which yields the sequence of freely-described
(n)

measures (y,,” = Law(7°P(F, n)X,))m wWhere X, ~ u, is independent of F, .

. S . . 9D
(um) € mz W P (£2,,)°". For each n € N consider the image of (sym,

Since (u,) is freely-described over Z (V), foreach n > m we have p,, = 7P (4,,m) tn-

Therefore, for each fix m € N we have

m(m - 1) n—oo

et =t Iy = ILaw (P (Fr ) X,)=Law (P (1) X) 11y < 0.
(4.33)
This yields the claimed density. O

To obtain Theorem 4.4.5 from Theorem 4.4.15, we need to reformulate the con-
dition that 7°P(f)Q, C Q,, for all f: [m] — [n]. This was done above using

Lemma 4.4.16 which we now prove.

Proof (Lemma 4.4.16). Denote the fibers of f by f1(i) = {n;; < ... < ms}
for i € [n]. Since k > max; k; we have m = 3" | k; < kn. Define the injection
¢: [m] — [nk]by ¢(n;¢) = (i—1)k+¢, whichis well-defined since 1 < ¢ < k; < k.
Since ¢ is injective, there exists g € Sy satisfying ¢ = gtukm, and by construction

f = dn,nk o ¢ = dn,nkgLnk,m- O
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Proofs for Section 4.4: We begin by proving the Wasserstein bound between ran-

dom maps and random equipatitions.

Proof (Lemma 4.4.19). Consider the following coupling of Fy,, and ¥, ,. Let
(N1,...,Ny) ~ Multinomial(n, m, 1,,/m) be a sample from a multinomial distri-
bution. Let N¢jy > ... > N, be these values in sorted order. Next, split [n] into
consecutive intervals of length N(y),..., N, and define Fy: [n] — [m] to take

value 7 on the ith interval. Formally,

i—1

i
Fo(j) =i ifje{ZN(5)+l,...,ZN(g)}. (4.34)
(=1

=1
Finally, let G ~ Haar(S,) and set F = Fpo G and ¥ = d,;,,, o G. Note that
F £ F,, since (IF;5(D)l,...,[Fzk(m)]) £ (Ny,...,N,,) and both F and Fy,,
give a uniformly random ordered partition of [n] with these part sizes. We also
have ¥ £ W, » since equipartitions are precisely maps of the form d,, ,g for some
g €S,

For the above coupling, we have

m

[F % ¥| = |Fo # dnal = ) IF D\l (D < ) ) (N = 2) <m ) INi— 2],
i=1

i=1 i=1 (=1

Indeed, observe that Z;:I N(jy = in/m for all i, otherwise we must have N, < n/m
for all £ > i and Z;f’zl N() <in/m+ 37 N < n, a contradiction. Therefore,
we have

i-1

Fy'i)\d,L () = {max (in/m, > N(@) #1,) N(@} :
=1

=1

SO
i i-1 i
IFo ' () \ dyly (i) = ) Nipy —max (i”/m’ ZNm) < ) N =)
=1 =1 =1
Finally, using the variance of the coordinates of the multinomial distribution, we get

|F¢\P| 1 m o l/z_i _ ) M
E[ p ]sn/m;E[lNl 7] —n/m\/n(l/m)(l 1/m)_\/7,

(4.35)
yielding the claimed bound. O
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Using the above estimate, we can then prove our dual de Finetti theorem.

Proof (Theorem 4.4.20). Two measures defining the same freely-symmetrized ele-
ment map to the same image since 7 (F,,n)symg, 7 (tn 1) 4 F..n by Lemma 4.4.13.
Similarly, the image of the given map is freely-described since 7(dp mi )T (Fimk.n) 4

T(Fp.n) by the same lemma.

Next, for any u, € P(Q,)S", sample X, ~ u, and independently Fun, and let
G, € argmingesn ”(T(dm,n) - T(Fm,n))an”- Then (T(dm,n)G*Xn’ T(Fm,n)G*Xn) 1s
a coupling of 7(d, ») X, and 7(F,, )X, since gX, 4 X, for any g € S, so

Wi (Law (7 (dmn) Xn), Law (7 (F.n) X)) < B[ (7(dinn) — T(Fnn)) g« X1l
= & mp ) = 7 (Fn1e1
g€S,

1))

Ex~u, IX1I.

< LE[”X”M] <L m(m
n

n/m

Finally, for any (u,,) € @g(v) P (Q,,)S" consider the sequence of freely-symmetrized
Z(V)

v Hnm) and their images (Law (7 (Fyn 1) Xn1))m under the given map.
For any fixed m and all n > m we have

fm m-—1
Wl (/lm, LaW(T(Fm,n!)Xn!)) = Wl (LaW(T(dm,n!)Xn!)’ LaW(T(Fm,n!)Xn!)) <L %ggx ”x”’

elements (sym

m

which vanishes as n — oo, showing that the image of the given map is indeed

dense. O
To instantiate this theorem on (R") and sequences derived from it, we prove that the
{1 norm satisfies a stronger version of (4.28).

Lemma 4.4.23. Endow (R") with its standard FinSet action and €| norms. Let
n,m € N be arbitrary and consider any x € R". Then ||p(f)*x||1 < ||x||1 and

> e(H* = o) grl < 22

|S = n

ér{re%n I(p(f)* = p(h)*)gxll < llxlli

(4.36)
forall f,h: [n] — [m]. In particular (4.28) is satisfied with L = 2.

Proof. The first claim follows since

m

loH* =) > x si D bl =l

=1 |jef=10) =1 jef=10)
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The first inequality in (4.36) simply bounds the minimum over S, by the average.

For the second inequality, we have

m m
I =pmNexli =D D) %= D) %p|<D. D ol
i=1 |jef=1() Jjeh=1(i) i=1 jef-1()ah=1(i)
=2 ) ol
Je{f#h}

where the first equality follows from the definition of the FinSet action and the last
equality follows since each j € {f # h} satisfies j € f~'(f(j)ah™'(f(j)) and
j e fUn())ah ' (h(})). Since S, acts transitively on subsets of [n] of size
|f # h|, we get

S =2 g, S LALIN

D l(H* = p(h)*)gxlls =

|S | 2€S, (Ifigl) Scln] jeS |f¢h|)

IS|=1f#h]
where the second equality follows since each j € [n] is contained in (| Fih|- 1) subsets
of size | f # h|. This proves the claim. O

We now extend the ¢; norm to any sequence (¥ (R")) using (4.30), and show that
it is also an £; norm with respect to the bases obtained from the same definition.

Further, this extended ¢; norm satisfies similar estimates as the £; norm itself.

Proof (Lemma 4.4.21). We induct on the constructions . For = id this is trivial.
Suppose that the claim holds for (77(R")) and (%2 (R")), with bases (ey)qec, and
(eg)pes,. Forany (x,y) € Fi(R") X F2(R"), we have (x,y) = Ygen, *a(€as0) +
S pes, v5(0. eg). and [[ (e, ) = ]l + 31| = S, al + Sges, |al- Next, write
X e AI(RN®F2(R") as X = 3, s Xa pea®ep. Onthe onehand, || X|| < 3, 51 Xe gl
by definition of || X||. On the other hand, for any € > 0 let X = }; x; ® y; such that
S Iyl < 1X[-+€. Then Xop = 3 ¥aip and S s Xapl < Siap il 1yisl =
i llxllIyll < [1X]] + € which proves the claim as € > 0 was arbitrary.

To obtain estimates on these extended ¢; norms, we again induct on the constructions
F we apply to (R"). Suppose the resultis true for a degree k sequence (V, = F1(R"))
and for a degree ¢ sequence (U, = 7,(R")). We prove that it holds for (V, x U,,)
and (V, ® U,), which have degrees max{k, ¢} and k + ¢, respectively. The latter
also implies that the result holds for (Sym’V,) for any £. For the direct product, we
have

lo(H* vl = 1) v, p(H* Wl = () VI+Ie ) ully < Ivlli+lull = (v, )l
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and similarly [[(o(f)* = p(B)*)g(v,w)ll1 = [[(p(f)* = p(W)*)gvili + 1(p(f)* -
p(h)*)gull; so

5 | Z ()" = p()")g(v.u)

|S | Z(Il(p(f) = p(M)M)gvili + (e (/) = p(h)")gullr)

|f¢ | |f¢h|

(kl[vlly + €llwlly) < 2max{k, £} (v, )l

For the tensor product, if X € V, ® U, can be written as X = }}; v; ® u; then

Lo XN < D e i@ udll = D Ie(H)*v) @ (p(f)*ulh
= > Mo villllo(H uilly < D Mvilli el

so taking the infimum over such representations of X yields the first claim. Next,

we have

1(e(f)* = p(M))g(vi®ui)lli = I(p(f)*gvi) ® (p(f)*gu:) — (p(h)*gvi) ® (p(h)*gu)ll
< ()" = p(M)*)gvi) ® (p(f)*gun)lli + 1(p(h)*gvi) ® ((p(f)* = p(W)*)gui) 1

< (> = e )gvillilluidlly + vl e () = p(B)*)guills.

Therefore,

5 Z IGo()* = p(WeXIh < ), ﬁ Z 16" = p()")gvilllluily
n g€ n

£ 57 2 Ml p(H)* = P sl < 20k +0) TZRES ol

geS,

and taking the inf over such representations of X yields the second claim. O

Proofs for Section 4.4: We prove Theorems 4.4.5 and 4.4.9 as a consequence of
Theorems 4.4.15 and 4.4.20.

Proof (Theorem 4.4.5). Let F (R) be the FinSet®P-representation derived from the
construction ¥, where R is the standard FinSet°®-representation. Next we recall that
the consistent sequences Z (F (R)) and 2 (F (R)) from (4.23) are equal to ¥ (£') and
F (D), respectively. Instantiating Theorem 4.4.15 on the FinSet°P-representation
¥ (R) yields the desired conclusion. O

Proof (Theorem 4.4.9). The proof follows the same strategy as that of Theorem 4.4.5.
For a choice of norm in Theorem 4.4.20, we use the induced £ norm of Lemma4.4.21.

This yields the desired conclusion. O
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4.5 Bounds for Any-Dimensional Polynomial Problems

In this section, we use Theorems 4.4.5 and 4.4.9 from Section 4.4 to construct
lower bounds on the limiting optimal value of a freely-described POP via a freely-
symmetrized POP and we prove associated rates of convergence. There is some
asymmetry in these two theorems, which leads to diftferent rates for freely-described
problems over Z -sequences and over Y-sequences. Nevertheless, the construction
of the bounds is the same for the two cases, and we seek to provide as unified a
treatment as possible. We begin by abstracting away the common features of these

two cases into a single definition.

Definition 4.5.1 (De Finetti maps). Let (%,<) be an FinSet-pair on (V) as in
Definition 4.3.5 and let F,, ,: [n] — [m] be a uniformly random map. Define the
de Finetti maps on (%, &) to be the random linear maps L, ,,: V,, — V,, given by

1. Lm,n = p(Fn,m) lf(%w?) = (7:(9)’ 7:(:Z))’

2. Lynn = p(Fnn)* if (U, Z) = (F(Z),F(2)),

for some sequence of standard constructions ¥. Here we have used the action p of
maps between finite sets on (V) derived in Section 4.4 from the standard action on
(R™).

We construct bounds for freely-described problems over % in terms of freely-
symmetrized problems over < using the random maps L,, , and their associated
de Finetti theorems. In particular, the generalized de Finetti theorems 4.4.5 and
4.4.9 from Section 4.4 can be summarized as follows. For any FinSet-pair (%, %)
and any FinSet-compatible sequence of sets (£2,), the map from li_r)ng P(Q,)S" to
yln% P(L,)S" defined by:

(Symy im)m=on = (Law(L} X)),

has a dense image, where X ~ u,, is independent of L, ,. Further, we have

nonasymptotic error bounds (all in the appropriate topology).

Section 4.5 presents our main result on obtaining freely-symmetrized bounds for
freely-described POPs. These lower bounds are interpreted in terms of any-
dimensional certificates of nonnegativity in Section 4.5. Finally, Section 4.5 gives
the proofs of some supporting results that are used in the proof of the main theorem
in Section 4.5. This section is organized so that it is possible to proceed directly to
Section 4.6 after Section 4.5.
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Freely-Symmetrized Bounds for Freely-Described Problems

The goal of this section is to prove the following theorem describing a procedure
for constructing freely-symmetrized lower bounds for freely-described problems.
We use de Finetti maps to identify freely-symmetrized POPs whose optimal values
yield lower bounds on the given freely-describes POPs, and then to derive associated
rates of convergence for these bounds by applying Theorems 4.4.5 and 4.4.9 from
Section 4.4.

Theorem 4.5.2. Let (%,Z) be an FinSet-pair of degree D, let (Q, C V,) be
FinSet-compatible and compact, and let (p,,) € m% R[V,] 21 be afreely-described
polynomial of degree d. Consider the freely-described POP u,, = inf,cq, p,(x) with

its limiting optimal value u., = inf, u,. We have the following results.

(Dual cost) There is a freely-symmetrized element (sym;? qx) satisfying
pn(x) =E[qi(Linx)], forallx € V, andalln € N. (4.37)

This freely-symmetrized element is unique, meaning that if qi, and qy, are
two polynomials satisfying (4.37), then sym? qi, = sym;? qr, whenever n >
k1, ky. In terms of the above qy, we have
Ueo = _inf . By qk- (4.38)
(ﬂn)d(in:[ P(Qp)5n
(Freely-symmetrized bounds) Let gy be as above and consider the freely-
symmetrized sequence of problems

£, = inf sym;lqu,
xeQ,

for k <g n. Then £, < {y < u forall k < n <z N, and denoting by

ls = sup,, €, their limiting optimal value, we have {o = Uc.

(Rate of convergence I) If % is a D-sequence and k < n, then

k(k -1
it < "D g, 39)

where ||qkllq, = supyeq, gk (X)]-

(Rate of convergence Il) If % is a Z-sequence and the underlying vector
spaces (V) are endowed with the 1-norms of Lemma 4.4.21, then
k(k—1)

Uy — €y < 2D n/—kllq}cllgk max llx]l1, (4.40)
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for all kln where ||q} |la, = sup,eq, IVqrlleo and || - ||c is the dual norm to

| - [|1 with respect to the same extended basis as || - ||| (see Lemma 4.5.6).

In summary, given an FinSet-pair (%,Z) and a freely-described POP defined
over a consistent sequence %, we obtain a reformulation (4.38) involving opti-
mization over a sequence of measures that is freely-described over Z; this is the
promised generalization of (4.3) from the example of Section 4.1. Truncating the
sequence of measures in this reformulation then yields the desired lower bounds.
For freely-described problems (u,) over Z-sequences, we get freely-symmetrized

lower bounds (¢,) over the corresponding Z-sequence satisfying
o <1 Ll = U S oo S U Sup <,

for all n, k € N, converging at a rate u,, — ¢, < 1/n. For freely-described problems
(un) over Z-sequences, we get freely-symmetrized lower bounds (¢,) over the

corresponding &-sequence satisfying
o S < L o =Uo L ... fUpp SUup <L,

for all k|n, converging at a rate u,; — {yx < 1/+/n for fixed k as n — oco. We
remark that if (€2,) are not compact, the optimal values (¢,,) are still monotonically
increasing lower bounds for u, as above, but may not converge to u.. We also note
that while u,, is not a lower bound on u., in general, one could imagine computing
u, and subtracting the right-hand-sides of (4.39) or (4.40) and thereby obtaining
lower bounds on u.. However, such an approach leads to more conservative lower

bounds than ¢, by construction, as we illustrate in several examples in Section 4.6.

As Theorem 4.5.2 shows, the main step in our framework is the construction of
the fixed polynomial g satisfying (4.37) for a given freely-described polynomial
(pn). We explain how to do so for various FinSet-pairs arising in applications in
Section 4.6.

We state two intermediate propositions needed to prove Theorem 4.5.2 followed
by a proof of the theorem. The proofs of the propositions themselves are deferred
to Section 4.5. The first proposition pertains to an isomorphism between freely-
symmetrized elements in £ and freely-described elements in 7% induced by the de

Finetti maps, which facilitates the identification of the dual cost in Theorem 4.5.2.

Proposition 4.5.3. Let (%, Z) be an FinSet-pair over a sequence of vector spaces
. Sy . 1 S,
(V). The map from ll_n)lg Vv, to l&n% V,." which sends (sym;?vk)kﬁgn — (JEL’},l"nvk),1

is an isomorphism, where Ly, is the appropriate de Finetti map on (%, ).
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One consequence of this isomorphism is that projections and embeddings between
invariants become isomorphisms starting from some dimension, which also implies
that the spaces of freely-described and freely-symmetrized elements over such 7
are isomorphic to fixed-dimensional spaces of invariants Vf" for all large enough k.
Formally, for each k € N let 7 : h;n% VE" — Vi" be the map sending (v,) — vy
and ¢y : Vf" — li_n>1% V,S," be the map sending vy — (symZ/vk)nz k- We then have

the following strengthening of Proposition 4.2.6.

Proposition 4.54. If 7 is a F - or a D-sequence of degree dy, then dim lln V,S,” =

Ny . S, .
dlmh_r)nV,‘?" =dimV dj. Moreover, there exists k € N such that the maps r,, and
§n are isomorphisms for all n > k, and the map symg  ¢nn: V,?” - V]S\,N and
O VZSVN — V,?", are isomorphisms whenever N > n > k.
The results [139, Prop. 2.9, Thm. 2.11] show that when 7 is a Z -sequence, we can
take k = dy in Proposition 4.5.4. We conjecture that this is true for &-sequences

as well:

Conjecture: When 7 is a 9-sequence of degree dy-, the maps 7, and ¢, are
isomorphisms for all n > k, and the maps symg ¢y, and ¢}, , are isomorphisms

of invariants whenever n|N and n > dy .

We prove this conjecture for the special case of 7" = @ and Sym>3 in Sections 4.6

and 4.6, respectively. We are now in a position to prove Theorem 4.5.2.

Proof (Theorem 4.5.2). The existence and uniqueness of a freely-symmetrized el-
ement (sym?q;) € li_r)ng R[V’l]?g’z satisfying (4.37) follows by applying Proposi-
tion 4.5.3 to the FinSet-pair (Sym“%, Sym?#), and observing that if g € R[V;]
then (L} ,q) (x) = q(Lix)-

To obtain (4.38), note that
Uoo = Inf inf Eqy (L ,x)
n xeQ,

= ) infp o8 Euqr st (un =Law(Ly,x)), for some x € Q,,.
(Nn)eglg (€2,)

Since the objective is linear in (u,) and continuous in the weak topology on P (€ ) S¥,
we can further optimize over limits of mixtures of such freely-described measures,
which yields all of &ng P(,)S" by Theorems 4.4.5 and 4.4.9 applied to the
reversed FinSet-pair (&£, %).
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Next, the optimal values ¢,, are increasing by (4.16). They are lower bounds for u,

< — *
because whenever k <o n we have sym;” g = symg (qj © U ;) SO

¢, = inf sym oyr,) = inf E.qx < inf E = Ueo,
" xeQ, Y Sn(qk l/’n’k) yew;kP(Qn)Sn udk (pn)€lim P (Q,)Sn medk
~ —z
4.41)

where the inequality follows since if (u,) € liﬁlg P(€,)S" then u, € P(Q,)S" and
Hik =Y :;,kﬂn-
Finally, we prove the claim convergence rates, which also imply that £, = u. For

each x € Q, define v, = sym,J, to be the distribution of Gx where G ~ Haar(S,,)

is a uniformly random permutation. Note that whenever k <& n we have

Linvn—U* v ,
pr)-syml gl =| B q(X)- B quX)|< 1Eiavn = gvnlrvlala,

knn nk

Wi(LinVn lﬁ,f,kvn)ﬂq;cﬂszk,

(4.42)
since gy is ||q7 |lq.-Lipschitz with respect to || - |[; on € as || - ||« is the dual norm
to || - ||1. If % is a D-sequence then £ is a Z-sequence an Theorem 4.4.5 gives

k(k D while if % is a Z- sequence then £ is a P-sequence

k(k 1)

”Lk,nVn - w;kvnllTV

and Theorem 4.4.9 gives W1 (L knVak> ¥ Vak) < 2D Y1x]|l1. Since

Up — Ly = lnf Pu(x) — lnf SymnCIk(l//n kx) < sup [pa(x) - Syank(w;,kx)l’

xeQ,

this proves both claimed rates of convergence. O

Any-Dimensional Certificates of Nonnegativity

We can rewrite u and our lower bounds ¢, for it in terms of any-dimensional
certificates of nonnegativity. Suppose % is a Z- or D-consistent sequence, the
sets (R, € V,) are FinSet-compatible, and u, = infycq, pn(x) is a freely-described

problem over % of degree at most d. Define the nonnegativity cones

= {p e R[V,]Z, : pla, > O}, (4.43)

where we suppress the dependence of %, on the sets (,) and degree d, held fixed
throughout this section. We can rewrite each optimal value u,, in the sequence as

the greatest upper bound on p,, over ,,, namely,

up, =supy s.t. p,—vyeK,. (4.44)
yeER
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The limiting optimal value can similarly be written as

U =SUpY s.t.p,—yeK,foralln eN,

veR

— -1

=supy st (pa—yhe [ ) (%), (4.45)
veR neN

where 7y : I&n% R[Vn]i';l — R[Vk]i’;l sends (p,,) — pi. The latter intersection is
precisely the collection of freely-described polynomials that are nonnegative over

(Q,) in all dimensions, denoted

ylnwn = {(pn) € @R[Vn]izl : Pnla, = 0 forall I’l} = ﬂ”r_zl(«n), (4.46)
U U n

Sn

which is a convex cone in the finite-dimensional vector space lln% R[V,]Z oL

Producing lower bounds on u., amounts to optimizing over subcones of l(ln% K,
and one family of such subcones is furnished by Theorem 4.5.2. Indeed, if 4,, € K,
is a fixed-dimensional polynomial nonnegative over €2,,, then its image under the de
Finetti map (Eh,, © Ly )y € lln% ‘K., is a freely-described polynomial nonnegative
in all dimensions, meaning that that Eh,, o L,, »,|q, > O for all n € N. Therefore, for

each fixed m € N we get the lower bound

Uso 2 8upy st (pn—7vy) = (Ehy o Ly,) for some hy,, € K. (4.47)
yeR

We now argue that the lower bound in (4.47) is precisely £, from Theorem 4.5.2.
Indeed, recall from Theorem 4.5.2 that (p,) = (Eqx o L) for a unique freely-
symmetrized element (symhg qr). Therefore, if m >< k then

(pn - '}’) = (Ehm o Lm,n) — (E(Qk - 7) © Lk,n) = (Ehm o Lm,n)
— (sym; (qx =) = (sym; )

== sym;qu -y = hp,

where the first equivalence follows by definition of g, the second from the fact
that the de Finetti map defines an isomorphism as in Proposition 4.5.3, and the
third from Definition 4.2.3 and the assumption that m > k. We also note that
sym,,qx — 7y = h,, for some h,, € K,, precisely when sym, gx —y € K,. Thus, the

lower bound in (4.47) becomes

{n=supy s.t.sym,gr —7Y € K. (4.48)
yeR
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Note that the only difference between the expression (4.48) for £,, and the expres-
sion (4.44) for u, is that p, is replaced by sym,, g, again highlighting the fact that
we only modify the cost function but keep the same constraints in our construction

of lower bounds.

Similarly, any convex relaxation of ¢, obtained by replacing K, with a tractable
subcone of it, including SOS [173] and relative entropy-based relaxations [161], can
be interpreted in this way as searching over lower bounds 7y that can be certified by

a subcone of freely-described polynomials nonnegative in all dimensions.

Finally, taking the greatest lower bound that can be certified by letting the dimension

m vary above, we obtain the lower bound

Uoo > Lo =supy s.t. (pp—7y) = (EhyoL,,,) for some (sym;?hm) € U sn(7),
YeR n

where ¢y : R[Vk]iz — li_r)ngR[Vn]i

" sends > (Sym; gm)nsm. Just like our
reformulation of u., in (4.45), the bound ¢ involves a limiting cone in a finite-
dimensional space of polynomials, this time the freely-symmetrized nonnegativity

cone

h_n)lq(n = {(Sym}?hm)mﬁgn € ll_H)lR[Vn]i’;l : hlem > 0} = U S'n(q(n)’ (4-49)
< 4 n

contained in li_n}g R[V,] z’;

The de Finetti map (symhy hp) — (Ehy, o L,,,) sends the cone li_n>13 ¥, into the
cone &n% K, The fact that ., = € can then be derived from our present geometric
perspective by proving that the image of this map is dense. We proceed to prove

this, along with a few basic geometric properties of the two limit cones.

Theorem 4.5.5. Suppose (U, <) is an FinSet-pair, let (Q,,) be FinSet-compatible,
fix degree d € N, and denote by ‘K,, the nonnegativity cones (4.43).

(Density) The isomorphism (symf} qr) — (Eqi o Lg.,) from Proposition 4.5.3

maps h_r)ng K, into a dense subset of m% K.

(Monotonicity) We have

ﬂ;1(7(n) D n](,l(‘KN) ifn <y N, and s,(K,) C sn(Ky) ifn <o N.
(4.50)
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(Geometry) The cones m% XK, and h_r)ng K, are convex, pointed, and have

nonempty interiors. The former is also closed.

For the density result, closures are taken with respect to the usual unique Haus-
dorff TVS topology on a finite-dimensional space (e.g., induced by a norm on the

coefficients in a basis).

Proof. Note that if gx|q, > 0 then Eqy(Lk ,x) > 0 for all x € Q, since L ,x € €
almost surely. This shows that h_n)lg ‘K, is indeed mapped into m% ‘K, Moreover,
we argue next that this image is dense. If (p,) € @% K, then for each i € N we
have (symfp,—)nzgi € h_r)ng K., which is mapped to (Ep;o L, ,,) € gn% K, By the
proof of Proposition 4.5.3, we have lim;_,., Ep; o L; , = p, for each n € N, which
implies (Ep; o L;,) — (py) in the usual topology on the finite-dimensional space

yLn% R[Vn]i’zl. This proves the claimed density.

For monotonocity, note that if (p,) € @%R[Vn]i'(’, satisfies pylg, = O and
n =y N, then p,lg, = pn © ¢nalg, = O since pn,Q, C Qy. Similarly, if
qgklo, > 0 and k <o n then sym? q¢lg, (x) = EG~Haar(s,) [k (¢}, Gx)] > 0O since

Y, Gx € Q; almost surely by compatibility of (€2,).

Since 7, and s, are isomorphisms for all large n by Proposition 4.5.4 and as %K, is

closed, convex, and has nonempty interior, we conclude that ﬂ,jl (%) and s,,(‘K;,) are

both closed, convex, and have nonempty interiors. Therefore, the expressions (4.46)

and (4.49) imply that lim_ %, and lim _ %K, are both convex and pointed, that the
—U —Z

former is closed, and that the latter has nonempty interior. Since li_r)ng K., is mapped

by an isomorphism to a subset of m% 7(,\?”, we conclude that the latter also has

nonempty interior. O

The last two results in Theorem 4.5.5 were proved for = Z in [3, Thm. 3.2] and
for % = D in [2, §1.1]. Our proof for the former case is significantly simpler thanks
to the first result in Theorem 4.5.5, and our proof applies more generally to any

FinSet-pair.

Proofs for Section 4.5
In this section, we prove Propositions 4.5.3 and 4.5.4 from Section 4.5. To prove the
former proposition, we require a technical lemma guaranteeing that certain norms

of vectors in a freely-described sequence over a Z'-sequence are constant.
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Lemma 4.5.6. Let 7" = F(Z) be a Z -sequence of degree d and let (eg,"))ae 2, be
the bases for it obtained by extending the standard bases for (R") as in Lemma4.4.21.

(Permutation sequence) There are inclusions A, C Ay such that ¢ N,n(eé")) =

eéN) and (,0& neéN) = egl) if @ € A, and 0 otherwise, for alln < N. Also,

there is an action of S, on the index sets A, such that g - eg”) = eé’?(), for all

a € A, and all n.

(Isometries on invariants) Define ||v||cc = MaXqeq, [Vo| wherev = 3 eq, vaeé”).

Then this is the dual norm to the one from Lemma 4.4.21, and ||@}, v |lo =
[V llco whenever vy € VSN andd < n < N.

Consistent sequences admitting such bases are called permutation modules in [139,
§2.4].

Proof. The first claim is trivial for (R”) and follows straightforwardly for general
Z -sequences by inducting on the constructions ¥ . Next, observe that invariants in
V,, are in bijection with S,-orbits in Aj,, so that the number such orbits is constant
for n > d by Proposition 4.2.6. It was further shown in [139, Prop. 2.15(b)] that
these orbits are generated by A, for all n > d. Thus, if Oy, . .. O,, are the S;-orbits
in Ay, then S, 0, ..., S, 0,, are the S,,-orbits in A, for all n > d.

Ifvy € Vi’v then it can be written in the above basis via vy = 3\ ¢; Yyesy0; e((lN)
and % vy = Z7 ¢ Yacs,0, €0 This shows that [[vylle = lle vnlle =
max;e[m) |c;|. The fact that this f, norm is the dual norm to the norm from
Lemma 4.4.21 follows from the fact that the latter is the ¢; norm in this same

basis. O

We now prove that the de Finetti maps induce isomorphisms between freely-

symmetrized and freely-described elements.

Proof (Proposition 4.5.3). First, observe that the given map is well-defined and
yields freely-described elements. Indeed, stated in terms of de Finetti maps,
Lemma 4.4.13 states that Ly .« d Ly, whenever k <o nand ¢y Ly, 4 L,
whenever k <9, m. The former property shows that two polynomials which corre-
spond to the same freely-symmetrized elements have the same images, and the latter

shows that the images of our map are indeed freely-described over % .
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Second, it suffices to prove the claim when % = F(Z) is a Z-sequence and
< = F(9) is the corresponding P-sequence, as the opposite case follows from
this one via duality by Proposition 4.2.5. Third, we show that the given map
is surjective, which suffices for the proof as dim li_I)ﬂg V,S," < dim m% V,‘?" by

Proposition 4.2.6. To this end, fix a freely-described element (v,) € lin% Vf“

and let Q, = U, en supp(Ly; ,vm), Which is FinSet-compatible by construction.
Note also that these sets are compact, as if we endow (V) with the £, norm from
Lemma 4.5.6 and let d be the degree of 7, we have ||L;, ,Vinllco < [[Vinlleo = [IValleo
by Lemmas 4.4.21 and 4.5.6.

Then (v,) can be identified with the freely-described measure (6,,) € @% P(Q,)S
over %. By Theorem 4.4.5, the random variables Lz,nv x converge in total variation
to d,, for any fixed n as k — oco. Taking expectations and using the compactness
of (), we conclude that ||]EL:’nvk — Vulle — O for each n as k — oo. Since
(EL;:’nvk) is the image under the given map of (sym:” Vi)k|n» this shows that the
given map has a dense image. Since its image is a finite-dimensional space it must

be further closed. Thus, the given map is surjective. m|

Combining the isomorphism from Proposition 4.5.3 with Proposition 4.2.6 yields

Proposition 4.5.4.

Proof (Proposition 4.5.4). This result was proved for Z-sequences with k = dy
in [139, Prop. 2.9, Thm. 2.11]. Suppose 7" = F(9) is a D-sequence and let
7" = F(Z) be the corresponding Z-sequence, so that (7°,7”) is an FinSet-
pairs. Since the underlying vectors spaces are the same for 7” and for 7/, we
have dim li_r)n% V,S,” = dim V,?" = dim VS;W for all n > dy by the above result
of [139]. Applying Proposition 4.5.3, we conclude that dim 1(iLn7 V,Sl" = dim V:;W.

.- .- . S
By Proposition 4.2.6 we also have dim lim V,?" =dimV dd“y.
E— 7 v

Denote D = dim VCSI;W. Suppose {(symn%vkl.)nzki}l.li1 is a basis for li_r)n% V,S{". If
k € N satisfies k;|k for all i € [D] and k > do, note that {sym;yvki}ie[p] forms
a basis for Vf” whenever k|n. Indeed, this is a collection of D = dim V,?" linearly
independent vectors, since any linear relation between them in Vf" also holds in
li_r)n% VS". This shows that symy ey ,: Vf” — Vi’v is an isomorphism whenever
k|n and n|N. Its adjoint is simply the projection goﬂn, hence the latter is also an

isomorphism. O
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4.6 Illustrations of Our Framework

In this section we present a systematic framework for obtaining bounds on freely-
described POPs by leveraging Theorem 4.5.2 in Section 4.5. We describe the steps
of our method here and we illustrate our approach in four consistent sequences

arising in different applications.

Concretely, suppose that (%, Z) is an FinSet-pair of degree D and consider freely-
described problems u,, = inf,cq, p,(x) over %, where deg p,, = d and the constraints
(€2,,) are FS-compatible (i.e., embed into each other in % and project into each other
in ). We construct freely-symmetrized lower bounds for such problems by carrying

out the following steps.

(Basis for &) Fix ak > Dd. Let q}cl), . ,q]({m) be a basis for R[Vk]iz.

(Basis for %) Derive p,(j) = E[q,(f) o Li ] to which the above basis elements map
under the de Finetti map. We prove that the collection (pgl)), ey (pﬁ,”’))
forms a basis for freely-described polynomials over % of degree at most d, by

proving that the pff) form a basis for invariants for each n > Dd.

(Dual cost) Express the freely-described cost in this basis as p, = 2" ¢ pﬁ,i).
The dual costs for n > k are given by g, = 2.7" | c® symffql(f).
When & is a Z-sequence, the collection (sym;?q,({l))nzyk, ey (syqu,(cm))nzgk is
a basis for freely-symmetrized polynomials over & of degree at most d by [139,
Prop. 2.9, Thm. 2.11]. This proves that (p{"), ..., (p"™) form a basis for freely-
described polynomials over % of degree at most d by Proposition 4.5.3. On the
other hand, when Z is a &-sequence, Proposition 4.5.4 only guarantees that the pff)
form a basis when k is chosen sufficiently large in step 1. Nevertheless, we prove
using case-specific arguments that the pgf) obtained this way indeed form a basis,
for any k > Dd. This proves our conjectured strengthening of Proposition 4.5.4 for

the P-sequences P and Sym>JP studied below.

The above steps yield the freely-symmetrized bounds ¢, = inf cq, g, (x) forn >y k.
When & is a Z-sequence, the partial order < is just the standard order on N.
Consequently, it suffices to just perform the above derivation for k = Dd to form the
lower bounds for all dimensions n > k. On the other hand, when £ is a Z-sequence,
the partial order < is the divisibility order, and performing the above three steps

for k = Dd only yields the bounds ¢, for k|n. If we seek a lower bound ¢, when
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k 1 n, we need to perform the preceding computations by setting k = n in the first
step (or for some other k&’ > Dd such that k’|n).

On a related but distinct point, explicitly forming the polynomials sym;” q,(c)

also be inconvenient when &£ is a &-sequence, in which case embeddings do not
map monomials to monomials. It is then more convenient to directly perform the
preceding derivations with £ = n in the first step. As we illustrate in this section, in
several applications it is possible to choose convenient bases (q ) in the first step
which are explicitly given as simple functions of k, and to perform the above three

(?)

steps for them to obtain p,’ as a function of k for all k; see Sections 4.6 and 4.6.

All the code producing the numerical results in this section is available at: https:

//9github.com/eitangl/anyDimPolyOpt.

Polynomial Mean-Field Games

Model problem. We consider freely-described problems over &% arising as the
values of potential mean-field games. Mean-field games are limits of games with
a large number of identical players; see [36] for an introduction. Formally, in
a potential mean-field game with a compact strategy set ® C R9%, we con-
sider symmetric games in a growing number n of players with symmetric costs
Cl("),...,C,E") satisfying C((T"()l.)(xa(l),...,xa(n)) = Ci(x1,...,x,) forall o € S,
and all x1,...,x, € ©. The game is collaborative in that the players jointly in-
cur a cost % - C i(") (x) that they seek to minimize, and we are interested in the
minimum value that they can achieve in the limit as n — oco. Under suitable
assumptions [36, Thm. 2.1], there exists a single function C: ® X P(®) — R
such that sup,.gn |Ci(")(x) — C(x;, 2% 6¢)| — Oforalli € [n] asn — oo.
The limiting value of the game becomes an optimization problem over measures
inf,ep@) Eu[C(X, u)] where X ~ p. We restrict ourselves to polynomial costs of
the form f(x,E,[X*'],...,E,[X*"]) for a polynomial f : R% xR™ — R and some
fixed multi-indices a1, . . ., @, € N?\ {0}. We then have the following sequence of
freely-described POPs, similar to the one considered in Section 4.1

wy= i Zf x,,—z ‘?g...,%jzz;x;’m , 4.51)

with the associated limiting optimal value of

ue= inf E, [ FX B XM, B, [X"'"])].


https://github.com/eitangl/anyDimPolyOpt
https://github.com/eitangl/anyDimPolyOpt
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Our objective is to obtain lower bounds on u., by identifying the corresponding
freely-symmetrized POP over Z%. Note that the vector spaces underlying 2% and
ZF% are V,, = R,

Basis for & = Z%. Consider a list of multi-indices A = (@] > ... > @en(A))
sorted lexicographically with ; € N% \ {0} for all i. For k > len(A), we define the

monomial means

- (A) F% o Qlen(A) __ 1 ay Qlen(A)
g (X, XE) = Symy X Men(a) T ( k ) iy fen(n)
len(A) 1Si1<"'<ilen(1\)§k

(4.52)
whose degree is |A] = Zlen(A) |@;|. The collection {n‘q(A)}| Al<q forms a basis for
R[Vk] for any k > d, as can be seen by writing any polynom1al in the monomial
basis and symmetrizing. Moreover, we have m( ) = sym ( ) whenever k < K
by construction. Thus, (mn ))nzd form a basis for freely—symmetrlzed polynomials

of degree at most d over £, as proved more generally in [139].

Basis for % = 2%. To compute E[ (A Ly ,] for the de Finetti map Ly ,, observe
thatifxi, ..., x, € R% then Law(Lk,n (X1, ...,%,)) = u®* where u, = %er.’zl Oy, €
P (R%). Therefore, from (4.52)

len(A) len(A) 1 n
- (A) . _ ar | @len(A) _ ;i1 - ;
B[ (L (61, x0))] = Byon [x]1 - xp] = 1_1[ By, [x7] = ]_1[ . Z;x,.

1= 1= J=

By defining the power means as
len(A) 1 n
A i Ssla; i
sf, )(xl, o Xp) = l_[ (Q)(xl, ...,Xn), where sfla)(xl, o Xp) = - ij” ,

i=1 J=1

we have that E[m, (A) o Lgnl = E,SA). We conclude by Proposition 4.5.3 that
{(sn )}| Al<d 1s @ ba51s for freely-described polynomials of degree d over @%.

Dual cost. Write the freely-described cost (p,) as p, = Y4 ¢M5 (A) . Then the dual
cost is given by g, = X5 c(A)n'z,(zA) for all n > d. The lower bounds on the freely-
described problems (4.51) are then given by ¢, = infxcer g,(X), which satisfy
€y < €y and uy, — €, < 1/n by Theorem 4.5.2.

FinSet-compatible sets. The sequences of constraint sets (Q, € R%*") for which

our framework is applicable consist of S, -invariant compact sets satisfying (xi, .. ., x1,
| ——
k times
e Xy ooy Xp) € Qupand (xq, ..., Xp-1) € Q- if (x1,...,X,) € Q,. An example
—————

k times
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is a product set Q, = @" for any compact ® C R. For non-examples, neither
the sequence of Frobenius norm balls in R%>*" nor the sequence of row stochastic

matrices in R%>" stochastic matrices are FinSet-compatible.

Example 4.6.1. For d, = 1 and ® = [-1,1], consider the polynomial cost
F(x, p1, o) = Sxpy — 2x%uy — 2xu — uy, where py = E. [£*]. This is a mean-field
extension of the non-convex-concave two-player game studied in [174, Ex. 3.2],
where we replace one of the players by a growing number of symmetric players and
take their payoff function to be our cost. Then the value of the game (4.51) becomes

w, = inf 5500 (x) — 452D (x) — 50 (),
xe[-1,1]"

which is once again neither convex nor concave. We then get the lower bounds for
n>3

6= inf 50 x) -4V ) - ().
xe[-1,1]"

These are precisely the optimization problems from Example 1.3.4 in Section 3.1. We
numerically compute and plot u,, and €,, for n € [3,21] in Figure 1.1. Specifically,
in the left panel of Figure 1.1 we obtain upper bounds on u, and intervals containing
€., the upper bounds on u,,{, are computed using a nonconvex solver (Matlab’s
fmincon), while the lower bounds on €, are computed using a degree-4 sums-
of-squares relaxation. In the right panel of Figure 1.1 we plot the error bars
containing the differences u, — €, against the theoretical bound on these differences
from Theorem 4.5.2, using k = 3 and ||q3||(_; 113 < 10 fo obtain (1.4). Note that the
upper bounds u,, are not monotonically decreasing. This does not contradict (4.13),

which only guarantees u,; < u,.

Inequalities in Symmetric Functions
Model problem. Dually to the previous section, we consider freely-described
problems over % = Z. Freely-described polynomials over Z are precisely the
extensively-studied symmetric functions [209, Chap. 7], and certifying inequalities
between them which hold in all dimensions is therefore of interest. Any homo-
geneous symmetric polynomial is a linear combination of products of power sums
sfl’") (x) = XL, x" by [209, §7.7]. Moreover, certifying nonnegativity of a homoge-
neous polynomial is equivalent to certifying that its minimum over a norm ball is
nonnegative. Thus, we consider freely-described problems of the form

up = inf Y cWsW(x), (4.53)

xeR™
lxlh<1 4
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where for each partition 4 = (17 > --- > A > 0) we set s,({l) (x) = l’le s,(zﬂi)(x)
as the product of power sums. It was shown in [4] that the problem of deciding
if a given inequality in power sums holds in all dimensions is undecidable. Here
we systematically construct lower bounds for symmetric functions which hold in all

dimensions in terms of freely-symmetrized problems over <.

Basis for Z = 2. Consider any partition 4 = (41 > ... > Ajen(ay > 0) where
len(2) denotes the length of A and |A| = ; A;. We view A € N* for any k > len(2)
by zero-padding A, and let Sy act on A by coordinate permutations. The monomial

sums are defined by sums over orbits of such partitions for x € R*:

m,(f)(x)z Z X (4.54)

VS
For example, for each m € N we have m]((m) = s](cm) and the m’th elementary
symmetric polynonial m,glm)(x) = Yii<..<iy Xiy *** Xi,,» Where (1") = (1,...,1)

is the partition consisting of m ones. Note that deg m,(f) = |1|. For each k >
len(A) the monomial sums m,(f) are scalar multiples of the monomial means I’I_’ll((/l)
in (4.52). In particular, for each k > d the monomial sums {m,(f)}| A|<q form a
basis for R[xy, ... ,xk]iz. Proposition 4.5.4 does not, however, guarantee that the
corresponding freely-symmetrized elements (sym:;” m,(f)) form a basis. Therefore,

the images (E [m,(f)

o Lk.n]), under the de Finetti maps are not a priori guaranteed
to form a basis for freely-described polynomials. Both collections turn out to be
bases, however, as we show below.

Basis for % = Z. We proceed to derive E[mff)

o Ly ,] for each k, and to prove
that the collection of these as A varies over partitions with |[1] < d forms a basis
for freely-described polynomials over Z. To state the resulting expressions, we
recall the refinement partial order on partitions. Specifically, for two partitions u, A,
we set A <g u if A is a refinement of u, meaning that there exists a surjection
S [len(4)] — [len(u)], denoted f(A) = p, such that 3 ;cr-1;y 4; = p; for each
i € [len(u)]. For example, (1,1,1) <z (2,1) <g (3) are all the refinments of (3).
Define the integer R, , to be the number of such surjections f. The refinement
partial order and integers R, , are classical objects of study, e.g., they relate power

sums and monomial sums via [209, Prop. 7.7.1]
sV = > Ruum (x), (4.55)
A<SRu

for any n > len(A). Remarkably, these integers R, ,, also appear when applying our

de Finetti map to monomial sums.
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Proposition 4.6.2. For any k > len(1), we have that pn k) (x) = E[m I(C/l)(Lk,nx)]
for x € R" is given by

()—Zm'w‘m'm” ). (50

USRA
where (k); = # and 1! = ]_[len(ﬂ)/l' Moreover, whenever k,n > d the
collection {pflk’/l)}w:d forms a basis for R[Vn]s".

Proof. We have L ,x = Zl].‘zl (ZjeFk—l (i) xj) e; where Fy ,,: [n] — [k] is uniformly
random, by definition of the de Finetti map in Section 4.5. Then

A "
len(A) len(2)

pff’”(x):_(kz)efjﬂ)E [[| 2 =] |- (kz)eljjﬂ) Z [[{ 2 =

=1\ jeLt () ’ —[kl =1 \jef=1()

where the first equality follows since m,(f)

is a sum of (k)en(1)/Ra,2 monomials
by [209, Cor. 7.7.2, Prop. 7.8.3], and the second equality follows from the summands
being permutations of each other and getting mapped to the same image. To simplify

the above expression, note that

len(2) A len(4)

[T 2 s =] 2 "= 3 o

i=1 \jef 1) i=l a0 T F
1=y =

where the first equality is just the multinomial theorem. For the second equality,
split a multi-index u” € N" indexed by [n] into multi-indices indexed by the fibers of
f.ie, u = (y;)jef_l(,-) for each i € [k]. Now note that x*" = Hl].‘:] " appears

on the right-hand side if and only if |?| = A;, or more concisely, iff f(u’) = A, and
len(d) A;

each such u’ appears [] . 200

= AL times. Finally,
u!

len(2)

Z n Z Z kK len(u)R /1/7 Z X'u _ Z K 1en(,u)j; R /lm(ﬂ)(x),

[ nl=[k] =1 \jef-1() H<RA 1 €S H<RA

where the first equality follows since if u is the unique partition obtained as a
permutation of a multi-index u’, then y’! = u! and there are Rﬂ,ﬂk”_le“(“) maps
f: [n] — [k] such that f(u’) = A. Combining the two displayed equations above
yields (4.56).

To see that {pflk’ﬂ)}uhd is a basis for R[V,]S", recall that {mn )}Iﬂl —q forms such

a basis for n > d. Moreover, the expression (4.56) shows that the linear map
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o . K)ien
sending (m(ﬂ)),l to (p(k A))A is given by a matrix M, , = fT: . (kl)els% . 1;:‘ 2 which is

upper-triangular with respect to the refinement order and with the nonzero entries

My, = (:l)j% on the diagonal. It is therefore invertible, proving that { p(k A)} pisa
basis. |
Since ( p(k ))n is freely-described for each k, A and since { p,(f’ﬂ)}| 1|=d 1s a basis for

invariant homogeneous polynomials of degree d for each n large enough, we con-
clude that {( pﬂk’ﬂ))nh 1|=a 1 a basis for freely-described homogeneous polynomials

of degree d for each k > d. These bases do not appear to have been studied before.

Dual cost. For each k > d, expand p, = Y, c&V pflk”l) in the kth basis from
Proposition 4.6.2. We can obtain ¢*V) by first changing basis from power sums to
monomial sums using (4.55), and then changing to the bases { pﬁlk’/l)} using (4.56).
The k’th dual cost is then given by gx = >, c(k”l)ml(c’l), and the lower bounds
on (4.53) are given by ¢, = inf ,cgr ¢,(x). We then have ¢, < ¢, for all n, k and

llxll1<1

Unk — Cux < 1/+/n for fixed k and growing n.

FinSet-compatible sets. The sequences of constraint sets (€2, C R”") for which our
framework is applicable consist of S,-invariant compact sets satisfying (x; + ...+
XksooosXnkekal ¥ ...+ Xpr) € Q, if x € Qr and (x,0) € Q,41 if x € Q,,. These
assumptions are satisfied by the sequence of simplices Q, = A"~! and ¢;-balls, but

not by ¢,-balls for any p > 1.

Example 4.6.3 (Quadratic symmetric functions). Any degree-2 symmetric polyno-

mial can be written in the power sums basis as
(2) (1,1)
pn(x) = sy (x) + sy (x).

For each k > 2, our bases (4.56) are given by

P00 = HEZ D) = 2 1 1) 6500 - 2 ),

2 1
P @) = m? )+ Tmy () = (1 - %) 517 (@) + s ().

This gives a linear system we can invert to represent p, in terms of our basis

functions, yielding

1
= (ay + ozz)p(k 2) 4 2( m )p,gk (L)
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The dual cost is then given by

1 -1) =
gn = (a1 +a2)m'? +2 (a2 _ _1&1) m{D = (ﬂ) RO (ozz(n ) — ) S0,
n_

n-1 n-1

As a simple example of our lower bounds, consider

1
u, = inf s,(12) (x)=-,
xeAn-1 n

for which us, = 0. For all n > 2, we get the lower bounds

W = e <o

For higher degree problems, we automate the derivation of ¢, from p,, as the
relevant change-of-basis matrices can be formed and inverted computationally. The
code to do so is available on our GitHub, using the code of [116] to form the matrices
R, 2. We utilize this code below to prove lower bounds that hold in all dimensions

for one of the examples of [3].

Example 4.6.4. In [3, Thm. 3.6], the authors show that

139
po=dsi) = =5 4 4sP - 5o 4, (4.57)

is a symmetric function which is nonnegative for all n but is not a sum of squares
for any n > 4. Since p, is homogeneous of degree 4, certifying that p,, > 0 for all
n amounts to certifying u. > 0 where u, = inf |, <1 pn(x). Our framework yields

finite-dimensional polynomial bounds €, = inf |y, <1 q.(x) where

3

; 4 3,1 2,2
n = ooy | 401+ 305 = 25(139 = 971 + 96055, +4(1 - 91 + 9452

1
- 35(100 - 757, - 691)s*! 4 - (2 1)(20 - 85% + 3yt

for n > 4. Running both a nonconvex solver (Matlab’s fmincon) and a degree-
6 sums-of-squares relaxation, we find the lower bounds ¢, in Table 4.1 up to the
displayed digits. Note that we are only guaranteed that €, > €, but the values we

obtain increase monotonically with n.

Finally, we return to Example 1.3.5 from Section 3.1, prove that the symmetric
function there is not a sum-of-squares (SOS), and apply our framework to certify its

nonnegativity.


https://github.com/eitangl/anyDimPolyOpt/blob/main/trans_matrix_p2q.m
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n| 4 5 6 7 8
€, | -0.8403  -0.4023 -0.2541 -0.1817 -0.1396

Table 4.1: Lower bounds over ¢;-ball for (4.57). Here u., = 0.

Example 4.6.5. Note that the symmetric function (p, = f(s1, 52, 54, Sg)) in (1.5) is
not SOS in any dimension n > 2, since for n = 2 it reduces to p(x) = xi‘x% +x%x‘2‘ -
%x%x% + 1. If this were SOS then the coefficient of x%x% would be positive [173,
Exer. 3.97], a contradiction. Similarly, if p, admitted an SOS decomposition for
n > 2 then restricting this decomposition to vectors of the form (x1,x2,0,...,0)

would yield an SOS decomposition for p, a contradiction.

Applying our framework to the freely-described problems u, = inficrn p,(x), we
get the lower bounds €, = inf crn g,,(x) with

n (4.2) (4,1%) 6(n=2) (3,1%) 2

_ (3,2,1 3(3n-10) _ (22,12
dn =552y |+ +2m,, ) 4 == "M +9m,” " + 3Gn-10),, )

n-3 n

3(7Tn-18) _ (2,1%) | 45(n-2)(n—6) _ (19)

22 2,12 9(n-2 14
(n=3) Mn n=3)(n=3) "n —3mF) = 321 222, (1)

n-3 n

+ +1.

for n = 2,4 and n > 6. In particular, for n = 2 any monomial sum mf{l) with

len(A) > 3 vanishes, so we get g>(x) = m§4’2) (x) — 3m§22) (x) + 1, which is precisely

the Motzkin polynomial.

We remark that Proposition 4.6.2 only guarantees the existence of g € R[ V] sat-
isfying (p,) = (Eqx o Ly ») when k > deg p,,. The denominators of the coefficients
of g in the above examples vanish precisely for those £ < deg p,, for which there is

no such gy.

Inequalities in Graph Homomorphism Densities

Model problem. We consider the problem of minimizing linear expressions in
weighted graph homomorphism densities as in Example 1.3.3, which are freely-
described problems over Sym>3@. A graph X on n vertices with weights on both
its edges and vertices is represented by its adjacency matrix, which we also denote
X € §" by abuse of notation, where X;; is the weight on vertex i and X; ; is the
weight on edge {7, j}. An unweighted graph H, possibly containing multiple edges
and self-loops, is denoted H € Sk (N), and the homomorphism number of H in X is
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defined by [146, Eq. (5.3)]

hom(H, X) = xHi i
f: [;_»[ 1<,lj,<k f(l) ) (4.58)
H; j#0

which is a polynomial over S". Note that hom(H; X) is unchanged if we relabel
the vertices or append extra isolated vertices to either H or X; the former operation
corresponds to conjugating the adjacency matrices by permutation matrices, and the
latter to zero-padding the adjacency matrices.> The homomorphism density of H

in X is defined as:
hom(H, X)

t(H,X) = " (4.59)

where n* is the number of all maps [k] — [n]. This is once again a polynomial over
S". The homomorphism density only depends on the isomorphism class [H] of H
with all isolated vertices removed, and we denote the number of non-isolated vertices
in H by |V(H)| and the number of edges by |H| = >, ; H; ;. Certifying inequalities
in homomorphism densities over unweighted graphs amounts to considering the
sequence of problems

u, = inf Z c;t(H;; X), (4.60)

Xesn({0,1})

for some unweighted graphs H;, and certifying that u., > 0. We proceed to show
that these problems are freely-described over Sym?2. Conversely, we show that any
such freely-described problem can be written as (4.60) for more general constraint
sets €, and for some H; € SK(N).

Basis for & = Sym’Z. Define the injective homomorphism number inj(H, X)
similarly to (4.58) except that we only sum over injective maps [k] — [n], and
define fyj(H, X) = m;((&X) to be the fraction of injective maps [k] < [n] that

are homomorphisms, where (n); = (nf—'k), is the total number of these injective
maps. For k > |V(H)|, consider the monomial X" = T, ;< Xl.}?’j € R[S¥]
for X € S*. Recalling the action p of maps between finite sets from Section 4.4, we

have the following polynomial by symmetrizing X

k—|V(H)|)!
gt ) = E DL s () = o S (@ )2 00"
' £ IV(H) =[] 8€Sk
— SynlSym :Z”X ,

4.61)

5Some authors set hom(K;;X) = n for X € S". We do not do so here, as otherwise we get
different results depending on how many isolated vertices we append to a given graph. Our (4.58)
gives hom(Ky; X) = 1 for all X.
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since amap f: [|V(H)|] — [k] is injective precisely when f = gi; jv(a)| for some
g € Sk, and p (i v (m))) = (§I§|2V(H)I)*' Thus, the polynomials fi,;(H;-) are sym-
metrizations of monomials, in analogy to the monomials means from Section 4.6.
For k > |V(H)| denote by q]EH](X) = tinj(H; X) the restriction of f,;(H; X) to
X e S*, which only depends on the isomorphism class [H] of H. Observe that the
collection {q,EH]}| H|<d as [H] ranges over isomorphism classes of graphs with at
most d edges forms a basis for R[S¥ ]i’; for all kK > 2d. Indeed, any monomial over
R[SK] <4 is of the form X for some graph H with |H| < d, which must have at most
2d non-isolated vertices, so symmetrizations of these monomials form a basis for
Si-invariants. Furthermore, (4.61) shows that qE(H] = symiym@q,[fl] forall k < K.
Thus, the collection {(q,EH])kZQd}| H|<d 18 a basis for freely-symmetrized elements

over Sym’P of degree < d, again recovering a special case of [139].

Basis for % = SymZQZ. To derive E[q]EH] o Li,], observe that (Li,X);; =
XF, (i), Fax(j) Tor X € §", where Fy,x(1),..., F, (k) are sampeld iid uniformly

from [n]. Therefore,

Bl (H: Lo X)) = Blsym, (LX) = B(LinX) 1 = Y (o510
[ [k]—[n]

=t(H; X),

where the first equality was shown above, and the second follows since gL 4 Lin
for all g € Si. Denoting by p,[f]] (X) =t(H; X) the restriction of t(H; X) to X € S",
we conclude that ( p,[,H]) is freely-described over Sym29 for each H, and that the
collection {( p,[lH])n}| H|<aq forms a basis for such freely-described polynomials of

degree d by Proposition 4.5.3.

Remark 4.6.6 (Connection to graphons). The above conclusions could have been de-
rived using the connection between our generalized de Finetti theorem and the theory
of graphons explained in Example 4.4.7. Briefly, a graphon is a symmetric, bounded,
measurable function W: [0, 11> — R, and we can define the homomorphism densi-
tiest(H; W) by an integral analog of (4.58), see [146, §7.2]. Forany X € S", we can
define a step graphon Wy as in Example 4.4.7, and note that t(H; X) = t(H; Wx),
which shows that t(H; X) is freely-described over Sym>@ as X and X ® 117 define
the same step graphon. Furthermore, note that Ly ,X 4 (Wx (xi,x}))i je[k] Where
X1,...,Xx are sampled iid uniformly from [0, 1]. The definition of t(H; W) also
shows that E[tiyj(H; Ly, X)] = E[ (L X)) = t(H; X).
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Dual cost. For a freely-described problem expressed in terms of homomorphism
densities as in (4.60), form the dual cost q,(X) = X; ¢;tinj(H;; X) forn > V =
max; |V(H;)|. Thelower bounds on (4.60) are then givenby £, = infxesn({0,1}) g (X),

which satisfy €, < €41 and u, — €, < w by Theorem 4.5.2, since
tinj(H; X)| < 1 for X € §"({0,1}). This is the convergence bound from Ex-

ample 1.3.6 in Section 3.1.

FinSet-compatible sets The sequences of constraint sets (Q, € S”) to which our
framework is applicable consists of S,,-invariant sets satisfying {r:n_l X&nn-1 € Quy
and 6nk,nX6:k,n € Qur whenever X € Q,, where { and ¢ are the zero-padding
and duplication entries from Section 4.2. Examples of constraints satisfying the
above hypotheses include entrywise constraints, such as the set of simple graphs
{X e S": X;; € {0,1}, X;; = 0}, and H-free simple graphs for any graph H.
Non-examples include sets specified by spectral constraints such as Apyax(X) < 1 or
Tr(X) < 1, as well as their normalized counterparts Amay(X)/n < 1 or Tr(X) < 1.
In particular, the maximum eigenvalue constraint is not FinSet-compatible because
A(X®1;1}) = kA(X), and the latter is not compatible because extracting a principal

submatrix might increase the average and the maximum eigenvalues.

Example 4.6.7 (Goodman’s Theorem). Goodman’s theorem states that t(K3; X) —
2t(Ky U Kp; X) +t(Ka; X) = 0 for all simple graphs X of all sizes, or equivalently,
that u, = infyegn(qo,1y) 1(K3; X) — 2t (K> U K23 X) +1(K>; X) is equal to zero for all
n (since X = K, gives objective value zero). Our framework yields the lower bounds
Uy = infyegn((0,1}) tinj (K33 X) — 2ti5j (K2 U K23 X) + 35 (K25 X) for n > 4. That is,
the costs in the lower bounds are simply given by replacing t by tin;. By Turan’s

theorem, the minimizer is attained at the complete bipartite graph K ,,/2) 1121, 50

_ n
0 =4 2074y TV
=
__ n+l
e nodd.

We thus have u, — ¢, = ﬁ + o(%), while the bound from Theorem 4.5.2 gives
u, — €, < %.

Example 4.6.8. The Ramsey multiplicity of a graph H is defined as mult(H) = uq
where u, = infxcsn(0,1y) t(H; X) +t(H; 1 — X). Burr and Rosta [32] conjectured
that mult(H) = 2" for all graphs H, generalizing a conjecture of Erdos [69] for
complete graphs. Both conjectures turned out to be false. Burr and Rosta’s conjec-

ture was disproved by Sidorenko [204 ], who showed that the triangle with a pendant
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edge H, the graph on V(H) = [4] with edges E(H) = {{1,2},{2,3},{2,4}{3,4}},
has mult(H) < 3/4 —4V2/9 < 1/8. Since then, there has been much follow-
up work yielding better upper bounds on Ramsey multiplicities, especially for
complete graphs [171]. We use our framework to produce lower bounds on
the Ramsey multiplicity of Sidorenko’s counterexample above. Our bounds read
Uy = infxesn((0,1}) tinj(H; X) + tinj(H; 1 — X), and we compute {, by exhaustively
searching over all simple graphs with at most 10 vertices, obtaining the bounds in
Table 4.2.

n|<6 7,8 9,10
€| 0 0.0286 0.0476

Table 4.2: Lower bounds for Ramsey multiplicity from Example 4.6.8.

Inequalities in Graph Homomorphism Numbers

Model problem. We study the problem of minimizing linear expressions in ho-
momorphism numbers, which are freely-described problems over Sym>Z. For
example, consider certifying nonnegativity of a linear expression 3’ ; ¢ jhom(H; X)
in homomorphism numbers over all weighted graphs X, where hom is defined in
(4.58). If |H;| = d for all j, i.e., all graphs H; have the same number of edges d,

then proving nonnegativity of the above expression is equivalent to considering

u, = inf _cjhom(H;; X), (4.62)
J

and certifying u,, > 0. We apply our framework to derive lower bounds on us
in terms of freely-symmetrized problems over Sym>@. The development in this

section parallels that in Section 4.6, as we observe below.

Basis for & = Sym*@. If H € S*(N) denote by X = [T,<;<;<i XZ"” € R[S*]
as before. We now view H as an element of S"(N) for any n > k by zero-padding

it, and define the polynomial over S"

myl(X)= > XC,

GeS,H

which is the sum over all distinct monomials X obtained by relabeling the vertices
of H by elements from [n]. These are the analogs of monomial sums from Sec-
tion 4.6, with isomorphism classes of graphs [H] replacing partitions A; indeed,
the monomial sums of Section 4.6 can be obtained by considering graphs with only

self-loops whose adjacency matrix is diag(4). Note that m,[,H] (X) counts the number
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of times H appears as a subgraph of X up to isomorphism (i.e., m,EH] (H) =1, for
instance), So
miP(X) = |Aut(H)|"inj(H; X), (4.63)

where |Aut(H)| is the number of automorphisms of H without isolated vertices,
which only depends on [H]. Since m,EH] (X) is a multiple of #;,j(H; X) for any k >
|V (H)|, we conclude that the collection {m,EH] }1H|<a as [ H] ranges over isomorphism
classes of graphs with at most d edges forms a basis for R[Sk]i"d for all k > 2d, as
the same is true for #j,j as shown in Section 4.6. )

[H]
k

ment partial order on partitions from Section 4.6 to graphs and prove an analog of

Basis for % = Sym’>Z In order to derive E[m, ' o Ly ], we generalize the refine-
Proposition 4.6.2. This refinement partial order on graphs does not seem to have
been studied before. If X € S" and f: [n] — [k],let Py = (f71(1),..., 1 (k))
be the ordered partition of [n] induced by f and denote X/P; = p(f)X =
Zij (Zkmyes1(ij) Xem)Eij where Ejj = ejel if i = jand E;; = ejef +eje]
otherwise. The reason for this notation is that fX is the adjancency matrix of the
quotient graph X /Py obtained by identifying all vertices of X in each partition of
P, with the weight of an edge {P;, P;} being the sum of the weights in X of the
edges {k,m} with k € P; and m € P;. See Figure 4.1 for an example, and see [146,
Eq. (6.2)] for an example usage of this quotient. We denote G <z H if G is a

Figure 4.1: Example of graph quotient. Note that quotients of a simple graph need
not be simple.

refinement of H, meaning that there is a surjective f: V(G) — V(H) such that
H = G/Py. For example, we show all refinements of K3 in Figure 4.2. Note that if
G < H then 0 G <p TH for any permutations o, T, so we also write [G] <gr [H].
If G <g H and neither G nor H have isolated vertices, we let R[] () be the number
of such surjective maps f. Note that this extends our notation for partitions in

Section 4.6 upon identifying partitions with diagonal matrices. In particular, note
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the graph analog of the relation (4.55) between power sums and monomial sums

hom(H; X) = Z |Aut(G)|™! Rm [61inj (G X) = Z Rim161mi61(X),
[H]<r[G] [H]<r[G]
(4.64)

which follows since each homomorphism f: H — X can be factored into two
homomorphisms H — H/P; < X, and conversely every composition of a quotient
map H — G with an injective homomorphism G — X gives a homomorphism
H — X unique up to automorphisms of H. This shows that the homomorphism
numbers are the graph analogs of power sums. Indeed, if H = (k) is the graph

on a single vertex with k self loops, then hom(H;X) = Y7, Xi’fi. Using the

199! sRI{sR SWAN

Figure 4.2: All refinements of K3. Note that refinements of a simple graph are
simple.

above refinement order and the associated integers R(g),[#], We are ready to derive

E[mIEH] o Ly ,] in analogy with Proposition 4.6.2.

Proposition 4.6.9. Forany k > |V(H)|, we have thatpg,k’[H])(x) = E[mIEH] (LinX)]
for X € S" is given by

H! (k R
Bwani Ricrim 1614y (465

(k,[H])
X) = —
Pn (X) G! k(G R[H],[H]

[G]<r[H]

where H! = [],<; H; ;!. As [H] ranges over classes of graphs with at most d edges,
each of the collections {(py"'")uY<a {(ma™a}mza, {(nj(H:)ls)nbm<a
and {(hom(H; -)|sn)n }H|<a forms a basis for freely-described polynomials of degree
d over Sym*>Z.

Observe that (4.65) reduces to (4.56) when H = diag(A) consists only of self loops.

In fact, this entire proposition and its proof reduce to Proposition 4.6.2 in this way.

Proof. Observe that if X € S", then Ly ,X 4 X /P where P, is a uniformly

. . d .
random ordered partition of [n] into k parts. Indeed, we have P, = P, , since

n,k

ordered partitions of [n] into k parts are in bijection with maps [n] — [k], hence a

uniformly random element of the former is induced by a uniformly random element
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of the latter. We then have Ly ,X = X/Pp,, 4 X /P, i by definition. Therefore, for
any k > |V(H)| we have

il,i2

k.(H [N
() = |SeHI - ELX Pus)] = — > 1] Z X\ jn
LD K" S s \ Gy e (i)

since |SyH| = (k)|V(H)|/|Aut(H)| and |Aut(H)| = R[H],[H]- Here f_l(il,iz) =
{(j1, j2) € [n]?: f(j1) =11, f(j2) = i2}. Now observe that

Hil,i2

1_[ Z X\ =l_[ Z GF(I+L!)!XG(HJ2): Z Z'X

11<i2 \(j1,jo)ef1(i1,iz) ISiy (i) gpyf ™ i) GeS"(N)

|G(il’i2)|:Hil,i2 G/Pf:H

where N/ (i12) consists of vectors indexed by f~'(i1,i>) with entries in N. The
first equality above is just the multinomial theorem. To see the second equality,
note the bijection between G € N N §" such that G/Py = H and sequences

(GUri) ¢ NSy, o with |GU2)| = H; ;) given by G — lejl;) = Gj.j,
and (G?) = G j, = Gﬁ’; 2V (f(1), £(j2)) = (i1,2) o (i2,1). Under this

G(‘l Jin)

bijection, X¢ =[] Gz, X7 =T <, X , which proves the second equality

above. Next,

Z Z Z'X Z k”"V(G”R[G],[H]%XG

[ [n]—>[k] GeS™(N) GeS"(N)
G/Py=H [G]SR[H]
= Z kn |V(G)|R[G] [H] —m (X)
[Gl=r[H]

where the first equality follows since for each G <z H there are Rig), k" 1V(C)

maps f: [n] — [k] satisfying G/P; = H (note that there are n — [V(G)| isolated
vertices above), and the second follows since |V(G)|, R[g,;n] and G! only depend
on G via [G]. Combining the above three displayed equations we get (4.65).

For the last claim, it is clear that the monomial sums {(m,EH] )n }|H|<a form a basis for
freely-described polynomials, since {m,[[H] }H|<a 18 a basis for invariant polynomials

over S" for each n. The fact that the collection {(p,(f’[H]))nh H|<q forms a basis
follows from (4. 65) expressing pg,k’[H]) in terms of m,EH] since the matrix sending
(mn )|H| <4 to (p ))|H|<d is invertible. Indeed, this matrix M has entries

_ " Bvan R
MG\ 1m) = &1 Fver Ry 1] and is therefore upper-triangular in refinement

order with nonzero entries on the diagonal My g = % Thus, for each
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n > 2d the collection { p,(f’[HDh H|<d 18 a basis for invariant polynomials of degree
at most d, showing that the freely-described polynomials {( p,ﬁk’[H]))nh H|<q form
a basis as well. Further, we have inj(H;G) = |Aut(H)|m,[,H](G) for all H, G,
hence {(inj(H;)|s»)n}|H|<a also gives a basis. The relation (4.64) shows that the
matrix expressing homomorphism numbers in terms of injective numbers is upper
triangular in refinement order and has nonzero entries on the diagonal Ry (g =
|Aut(H)| > 1. It is therefore invertible so we conclude that {(hom(H; )|sn), }|H|<a

is also a basis. m]

We are not aware of prior studies on the refinement partial order on graphs, or of
graph functions of the form (4.65). In particular, it would be of interest to efficiently
compute the integers R[], (] given two graphs, in analogy to the code [116] for the
diagonal case.

Dual cost. Foreachk > 2d, expand the freely-described costas p, = 3 ¢ (&L plLHD
in the k’th basis from Proposition 4.6.9. If p, is given in terms of (injective) ho-

momorphism numbers as in (4.62), we can obtain ¢*l#]) by first changing basis
to {(m,[lH])} using (4.64) and (4.63), and then changing to the bases {(p,gk’[HD)}
using (4.65). The k’th dual cost is then given by gx = X m c(k’[H])m,EHk], and

the lower bounds on (4.62) are given by ¢, = inf yes» ¢g,(X). These satisfy
IXIhi<1

ly < Cy for all nk and u,, — €, < 1/+/n for fixed k and growing n. Similar
to Section 4.6, performing the preceding steps for some k in principle yields the
dual costs via symmetrization for all g, ; however, the sequence of monomial sums
(mIEH]) is not freely-symmetrized over Sym’>@, so it is not in general true that
SZE(HD = symizm@m,ﬂ[m). As discussed at the beginning of Section 4.6, we have an
explicit characterization of (m,(C[HD) as a function of k in (4.63), so it is instead more
convenient to directly perform the preceding three steps starting from the monomial

H .
sums migc D to obtain qnk-

FinSet-compatible sets. The sequence of constraint sets (€, C S") to which our
framework applies consists of S,-invariant sets satisfying {41, X {;H’n € Q4 if
X € Q, and 6;k’nX6nk,n € Q, if X € Qu, where { and ¢ are the zero-padding
and duplication entries from Section 4.2. As in Section 4.6, these assumptions are
satisfied by the simplices {X € S" : X > 0,17 X1 = 1}, but not (for example) by

their spectral analogues {X € S" : X > 0, Tr(X) = 1}.

Example 4.6.10. Let G| = KoUK UKy <p G = KoUP3 <g G3 = P4 <p G4 = K3
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the chain in Figure 4.2. Then

R(G,1,[6,) =48, RG,1[G51 =8, R[Gs1,[G4] =6, R[G,).[G4] =6,

and since this is a chain in refinement order, we have R(G,) [G,] = H£:j+1 R(G, 1[Gl
fori < j. Since these are all simple graphs, we also have G;! = 1 for alli. Therefore,

we have

plklh _ Kk = L)3(k =2 (b %m’g[mh N %m;mum) N %mgl@umm .
Example 4.6.11. In Example 1.3.7 from Section 3.1, we consider the freely-described
problem (1.8), where we seek the largest v € R satisfying inj(P3; X) — inj(K, L
K>; X) > yhom(Ky; X)? for all X > 0 of all sizes. Applying Proposition 4.6.9, we
obtain the lower bounds (1.9) for n > 4. We numerically compute upper bounds on
u, and intervals containing €, forn € [4,9], with the results shown in Table 1.1. The
upper bounds on u,, £, are computed using a nonconvex solver (Matlab’s fmincon),
while the lower bounds on €,, are computed using a degree-4 sums-of-squares relax-

ation.

4.7 Discussion

We have studied sequences of POPs of growing dimension and presented a frame-
work to produce lower bounds on their limiting optimal values in terms of finite-
dimensional POPs. Our framework is based on reformulating the limiting optimal
value as an optimization problem over measures projecting onto each other. To
produce convergent sequences of finite-dimensional relaxations for such problems,
we prove new generalizations of de Finetti’s theorem approximating such sequences
of measures by particularly simple ones. Our proofs are based on a new perspec-
tive on de Finetti theorems via representations of categories, which also underpins
results from representation stability that we use throughout the paper. Finally, we
demonstrated our bounds on a range of numerical experiments. There are a number

of questions suggested by our work.

(Tightness of rates) Is the 1/+/n rate given in Theorem 4.5.2 tight for freely-
described problems over Z-sequences? In all of our examples we see a
rate of 1/n or faster, though the 1/+/n rate for the corresponding de Finetti
theorem is indeed tight (see Section 4.4).

(Conjecture) Is our conjectured strengthening of Proposition 4.5.4 true? In par-
ticular, can our proofs of it for the special cases in Sections 4.6 and 4.6 be

extended to an arbitrary Z-sequence?
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(Beyond permutations) Our generalizations of de Finetti’s theorem relied on FinSet-
representations, and hence only applies to representations of the permutation
groups S,. How can we further generalize these theorems to sequences of
representations of other groups, in particular, the other classical Weyl groups

and Lie groups?

(Finite step convergence) For which freely-described problems do we have ¢, =
U for some finite m € N, i.e., when does our hierarchy of lower bounds
converge in finitely-many steps? When does it converge in one step? From
our numerical experiments, it seems that this is the case for generic sym-
metric functions, for instance. Finite-step convergence would imply a finite-

dimensional reformulation for u,.

(Semialgebraicity of limiting cones) When is the cone of nonnegative freely-described
polynomials studied in Section 4.5 semialgebraic? This would imply the de-

cidability of checking us, > 0.

(Any-dimensional positivstellensitze) Are there any-dimensional analogs of fixed-
dimensional Positivstellensitze, such as those due to Krivine, Schmiidgen, and
Putinar? Can we obtain such results for all freely-described costs (p,,) or just
a subset of them? How should the sequence of constraints (£2,) be described

for such results to hold?

(Bases for symmetric functions) Classical bases for symmetric functions and the
relations between them have rich connections to combinatorics and represen-
tation theory [151, 209]. It would be interesting to develop such connections
for the de Finetti maps acting on these symmetric functions, as well as the
bases ( pflk’ﬂ) )and (p ,Sk’[HD) over vectors and graphs they produce (see Propo-
sitions 4.6.2 and 4.6.9).
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Chapter 5

LIMITS OF WEIGHTED GRAPHS VIA RANDOM QUOTIENTS

5.1 Introduction

To set the stage, we define a random quotient of a graph on n vertices in terms of
a uniformly random map Fy ,: [n] — [k] sending each i € [n] independently to a
uniformly-random element Fy ,, (i) € [k]. Equivalently, this is a uniformly random
ordered partition of [n] into k parts, given by the sequence of (random) fibers
Fe il( J) for j € [k]. We denote by A™" the set of n X n matrices with nonnegative

entries that sum to one.

Definition 5.1.1. A sequence of weighted graphs (G, € A™")* | with edge weights
that sum to one quotient-converges if for each k € N the sequence of random graphs
(p(Frn)Gp € ARk )oo, converges weakly. A general sequence of nonzero weighted

graphs (G, € R™™"), quotient-converges if (G,/17G,1 € A"™"), quotient-converges.

Normalizing our graphs to have unit total edge weight does not change the structure
of its hubs, which were defined above in terms of the fraction of edge weight incident
on them. Unless specified otherwise, we will assume throughout that the total edge

weight of our graphs equals one.

Denoting by p(F,)*: R™>" — RK*k the adjoint of p(F, ) with respect to the
Frobenius inner product, note that p(F,, x)*G, is the induced subgraph on k vertices
sampled with replacement from the vertex set [n] of G, in terms of which graphon
convergence is defined [146, §9]. This is a first sense in which our theory is dual to
that of graphons. We remark that there is an alternative view of graphon limits via
convergence of quotients [146, §12], but these latter quotients differ from ours. In
particular, these latter quotients cannot detect hubs in a large graph, as we explain

in Section 5.1 below.

Combinatorial Aspects of Quotient Convergence (Section 5.2)

As our first contribution, we analyze combinatorial aspects of quotient convergence
in Section 5.2. Whereas previous notions of graph convergence were based on
convergence of local “motifs” in the form of homomorphism densities (appropriately

normalized), we show that our quotient convergence is equivalent to convergence
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of homomorphism numbers. More precisely, for a multigraph H € N¥*k possibly
containing parallel edges and self-loops, and a general weighted graph G € R™" on
n vertices, the homomorphism number and homomorphism density of H in G are
given by [146, Eq. (5.3)]

k
hom(H;G) = Z 1_[ G?E;g,f(j)’ t(H;G) = nl—khom(H; G). (.1
fo [k]=[n]ij=1
The terminology comes from the fact that when H and G are simple graphs, then
hom(H; G) is the number of graph homomorphisms from H to G and t(H; G)
counts the average number of times H occurs in a uniformly random subgraph of G.
In particular, convergence of the homomorphism densities #(H; -) is used to define
limits of dense graphs [20, 147].

In analogy, we define the quotient density to(H; G) of a multigraph H € N¥*k in
a general weighted graph G € R™" as the average number of times H occurs in a

uniformly random quotient of G:

k
1 H;
H:G)== > | ]ewe); (5.2)
[ nl—=[k]ij=1
The role of homomorphism densities in graphon theory is played by quotient den-
sities in our framework. We prove that a sequence of graphs is quotient-convergent

if all of their quotient densities converge.

Theorem 5.1.2. For a sequence of graphs (G, € A"™"),, the following are equiva-

lent:

1. The sequence (G) is quotient-convergent.

2. Foreachmultigraph H € Nk the sequence of quotient densities (to (H; G))n

converges.

3. For each multigraph H € Nk the sequence of homomorphism numbers

(hom(H; G,)), converges.

The proof of this result is given in Section 5.2, and is based on expressing quotient
densities in terms of (injective) homomorphism numbers. This expression involves

a partial order on the collection of multigraphs induced by the quotient operation.

For simple graphs (G, € S". ),,i.e., undirected graphs with weights (G,); ; € {0, 1}

sim

and with no self-loops so diag(G,) = 0, we conclude that (G,/2|E(G,)|), is
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hom(H;G,,)
|E(G)|IEUHD]

H € Sfim (see Corollary 5.2.7). Thus, quotient-convergence of simple graphs

quotient-convergent if and only if ( ) converges for all simple graphs

is equivalent to convergence of a homomorphism-density-like quantity, but one
that is differently normalized than usual. To the best of our knowledge, such a
normalization based on the number of edges has not appeared previously in the
literature, as normalizations based on the numbers of vertices k and n are used (see
Section 5.1). As a consequence, we will see below in our discussion of limit objects
(Corollary 5.3.7) that quotient-convergent sequences of both dense and degree-
bounded sequences of simple graphs converge to the same (uninteresting) limit.
In fact, quotient limits of simple graphs can only detect stars, which are vertices
on which a positive fraction of edges are incident. More broadly, hub structure in
weighted and directed graphs can consist not only of (weighted and directed) stars,
but also of individual edges carrying a significant fraction of the edge weight in
the graph. Such structure is modeled by our limit objects for quotient-convergent

sequences, which we proceed to describe in detail.

Limit Objects for Quotient Convergence (Section 5.3)

Our second contribution consists of constructing analytic limit objects for quotient-
convergent sequences together with a notion of distance between them that allows us
to compare graphs of different sizes, akin to graphons and the cut metric for dense
graph sequences. Note that appending isolated vertices to a graph G € A" or
relabeling its vertices does not change the distribution of its quotients p(F ,)G,, for
each k € N. Therefore, the limit object we associate to G must be the same as that
associated to any other graph differing from it by extra isolated vertices and vertex
relabeling. We describe our limit objects in terms of certain random exchangeable

measures on the square, which we define next.

Definition 5.1.3 (Random exchangeable measures). A random exchangeable prob-
ability measure on [0, 1]? is a random measure’ M satisfying M Mo (o, 0) for
all (Lebesgue-)measure-preserving bijections o : [0,1] — [0,1]. We say that a
sequence of random measures (M,,) converges if it converges weakly viewed as a
sequence of random variables taking values in the space of probability measures on
[0, 1]? (see Section 5.1 for details).

"'We endow the space of probability measures on [0, 1]> with the weak topology and consider
Borel random variables on it.
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Any finite graph G € A™" can be associated with the random exchangeable measure:

n
Mg = Y Gijor), whereTy,....T, “d Unif ([0, 1]). (5.3)

ij=1
Note that relabeling the vertices of G or appending isolated vertices to it yields
the same random measure in this way. More generally, Kallenberg showed that all

random exchangeable measures on [0, 1]? have the form [113]:

M= > Ei;S)+ ) [0:(07, ® ) + 5i(A®@5p)] + 02 + 9dp,  (5.4)
i,jeN ieN

where (i) A is the uniform measure on [0, 1], A2 is the uniform measure on [0, 1]2,
and Ap is the uniform measure on the diagonal {(x,x) : x € [0, 1]}; (i) Ty, 1>, . . . id
Unif ([0, 1]); and (iii) E; ;, 0i, i, 6,9 > 0 may potentially be random but must be
independent of the (7;) and must satisfy 3; ; E; j + 2;(0y + ¢;) + 6 + 9 = 1 almost
surely. Moreover, the collection of extremal random exchangeable measures, i.e.,
those that are not mixtures of other such random measures, are precisely the ones
for which the coefficients E, o, ¢, 0, ¥ in (5.4) can be taken to be deterministic. We
call such extremal random measures grapheurs, and show that these are precisely

limits of quotient-convergent graph sequences.

Definition 5.1.4. A grapheur (graph edge measure) is an extremal random exchange-
able measure, i.e., one of the form (5.4) with deterministic coefficients (E, o, §, 6, 9).

We denote the collection of grapheurs by

>0 °

i,jEi’j +Zi(0'i+g‘,')+9+ﬂ: 1}

M = {M of the form (5.4) :E € R, o ¢ e RY,, 6,9 € Ry sit.
- (5.5)

The space of grapheurs inherits the weak topology from the ambient space of random

exchangeable measures.

The coeflicients (E, o, ¢, 6,1) describing a fixed grapheur M € M are essentially
unique. Specifically, note that for any permutation 7: N — N, the coeflicients
(E,o,5,0,9) and (rEn', o, ng, 0, 9) define the same random exchangeable dis-
tribution via (5.4). Further, adding zero rows to E and corresponding zero entries
to o, or zero columns to E and corresponding zero entries to ¢, does not change
the resulting random measure. Kallenberg showed in [113, Prop. 3] that these are

the only possible ambiguities in the coefficients. In particular, note that Mg € M is
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a grapheur for any finite graph G, and that Mg = Mg for two such graphs G, G’ if

and only if they differ by isolated vertices and vertex relabeling.

In analogy with the cut metric between graphons, we endow M with the following

metric between grapheurs that metrizes their convergence:

Wo (M, My) = inf sup EM{(SXT)-M(SxT), (5.6)
random (M'I,M’z) 5,7<[0,1]

Ml{iMi for i=1,2 intervals

where the infimum is over couplings (M}, M}) of the two random measures M; and
d e .

M;. Here M; = M; means that the distribution of M’ is equal to that of M;, see

Section 5.1 for more detail. We show that grapheurs are the limits of quotient-

convergent sequences of graphs in the following precise sense.

Theorem 5.1.5. A sequence of grapheurs (M,)) € M converges weakly to a grapheur
M e M if and only if lim,, Wo(M,,, M) = 0. Furthermore, the following statements
hold.

1. A sequence of graphs (G, € N™") is quotient-convergent if and only if there
is a grapheur M € M satisfying lim, Wo(M, Mg, ) = 0.

2. The space of grapheurs M is compact. In particular, any sequence of graphs

(G, € N™™) has a quotient-convergent subsequence.

3. For every grapheur M € M there is a sequence (G, € AN™") satisfying
limn WD(M, MGn) =0.

In view of Theorem 5.1.5, we say that a sequence of graphs (G,) converges to
a grapheur M € M if lim, Mg, = M in M. Theorem 5.1.5 states that any
quotient-convergent sequence of graphs converges to a grapheur, and conversely
each grapheur is the limit of a quotient-convergent sequence of graphs. Moreover,
this theorem shows that the space of grapheurs endowed with the weak topology is

compact, and that this compact topology is metrized by our W metric (5.6).

To prove Theorem 5.1.5, we relate random quotients of finite graphs to their asso-
ciated grapheurs (5.3). For each grapheur M € M and k € N, define the random
graph G [M] € A*** whose entries are given by:

(Ge[MD)i; =M™ x 11) (5.7)
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for i, j € [n], where Il.(") = [(i = 1)/n,i/n) for i € [n].2 In words, we partition
the square [0, 1]% into a k x k uniform grid, and let the entries of G¢[M] be the
(random) measure under M of each square in this grid. We show in Section 5.3
that p(Fi,,)G d Gy [Mg] for any finite graph G € A™", and that a sequence of
graphs (G,) converges to the grapheur M precisely when the random quotients
(p(Fi.n)Gp)i converge weakly to Gi[M] for each k € N. Similarly, we can extend

quotient densities to grapheurs by setting

k k
to(H:M) =E | [(Ge[MD); = / [ @ >yt amq). 5.8)
i,j=1

ij=1

for any multigraph H € N*** analogously to the extension of homomorphism
densities to graphons [146, §7.2]. In terms of quotient densities, the sequence
(Gn) converges to the grapheur M if and only if to(H;G,) — to(H;M) for all
multigraphs H, see Section 5.3.

Having characterized our limit objects, we interpret in Section 5.3 each of the
parameters E, o, ¢, 6,19 describing a grapheur (5.4) in terms of certain features of
the large graphs converging to it. Informally, the array E € RgéN specifies the
connections between a discrete collection of hubs, with each entry corresponding to
an edge with an asymptotically positive fraction of the total edge weight. The arrays
o,¢ € Rlio specify directed stars centered at hubs, with each entry corresponding
to the fraction of out-degree or in-degree of a hub from all the edges incident to
it with asymptotically vanishing edge weights. Lastly, the parameters 6 and
specify the remaining edge weight that comes from all edges between vertices with
asymptotically vanishing degrees and their self-loops. In particular, we say that a
grapheur M does not have hubs if E = 0 and o = ¢ = 0, and we say that a sequence
(G,) of graphs does not contain hubs asymptotically if it quotient-converges to such

a grapheur.

Finally, we expand on the duality between graphons and grapheurs. We have seen
previously that the sampling operators used to define each notion of graph limit,
namely, those extracting random subgraphs and random quotients, respectively,
are duals of each other. We further show in Section 5.3 that the space of graphons
endowed with the cut metric is dual to the space M endowed with the W metric (5.6)
as follows.

*Note that 3; ;(Gx[M]);,; = M([0,1)?) = 1 almost surely by (5.4).
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Theorem 5.1.6 (Informal; see Theorem 5.3.10). There is a random pairing (M, W)
associating a scalar random variable to each grapheur M and graphon W satisfying
the following properties. We have lim, M, = M in the W metric if and only
if (M, Wg) — (M, Wg) weakly for each step graphon Wg associated to a finite
simple graph G. We also have lim, W, — W in the cut metric if and only if
(Mg, W,) — (Mg, W) weakly for each grapheur Mg associated to a finite undirected
graph G with unit total edge weight and no self-loops.

Edge Sampling and Property Testing (Section 5.4)

As our next contribution, we apply our framework to test properties of large graphs
based on small summaries of them. Specifically, we focus on testing properties
given by graph parameters that are continuous with respect to quotient convergence,
including quotient densities, homomorphism numbers, clustering and centrality
coeflicients, see Section 5.4. While it would be natural to test such properties using
random quotients, forming these requires access to the entire large graph, which
limits their utility in practice. Motivated by this challenge, we develop an edge-
based sampling perspective on quotient-convergence in Section 5.4. Specifically,
we sample edges from a graph proportionally to their edge weights to form random
graphs G with n edges, and extend this sampling procedure to any grapheur

M e M. We detail the general sampling procedure in Section 5.4.

We prove the following convergence results for the sequence of random graphs
(G™) sampled from a grapheur M back to M, which are edge-based analogs of
the second sampling lemma and Szemerédi’s regularity lemma for graphons [146,
Lemma 10.16, Lemma 9.15]. Here and throughout the chapter, a superscript G
denotes a graph on n edges (and hence at most 2n vertices) while a subscript G,

denotes a graph on n vertices.

Theorem 5.1.7. Fix any grapheur M € M.

(Edge sampling lemma) For each n € N, let G™ be the random graph con-
taining n edges sampled from M as in Section 5.4. With probability at least

_7¢2 .
1 — 7€, we have that Wao(Mgm, M) < 174\/ﬁ+ )

(Edge-based Szemerédi regularity) For any € > 0, there exists a graph G ¥(€))
on k(€) = [(174/€)*] edges satisfying Wo(M, Mg k() < €.
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Theorem 5.1.7 allows us to test properties of large graphs by sampling a few of
their edges at random. We formally define the graph parameters that can be tested
using our framework in Section 5.4. These consist of graph parameters that are
continuous with respect to quotient convergence, and include all polynomial graph
parameters that do not change when appending isolated vertices to their inputs
(Proposition 5.4.9). In particular, the graph parameter f(G) = ||GIL||% + ||GT]1||%
is quotient-testable in our framework, and can be used to test for the presence of
hubs in a growing sequence of graphs. Specifically, if (G,) is a quotient-convergent
sequence, we show in Example 5.4.11 that f(G,) — 0 precisely when (G,) does
not have hubs asymptotically, i.e., it converges to a limiting grapheur (5.4) with
E =0and o0 = ¢ = 0. We then describe an edge-based sampling procedure for
testing this graph parameter. In contrast, this parameter cannot be tested in the

graphons framework; see Section 5.4.

Equipartition-Consistent Random Graph Models (Section 5.5)

As our final contribution, we observe that random quotients (Gy[M]); of any
grapheur M are related to each other by equipartitions of their vertex sets. Specifi-
cally, we observe that p (d k)G [M] 4 Gy [M] for any equipartition dy ,x : [nk] —
[k], i.e., a map with equal-sized fibers. We call such sequences of random graphs
equipartition-consistent random graph models, which play a role in our framework

analogous to that played by consistent random graph models in graphon theory [148].

Definition 5.1.8 (Equipartition-consistent models). A sequence of probability mea-
sures (i € P(AP*)) e is an equipartition-consistent random graph model if
o (dic.nk) Gk 4 Gy whenever Gux ~ unx and Gy ~ uy and for any equipartition
dink: [nk] — [n].

Further, we show that any equipartition-consistent random graph model is derived

from a mixture of grapheurs.

Theorem 5.1.9. For any equipartition-consistent random graphmodel (i € P (A*%)),
there is a unique random exchangeable measure M on [0,1]? satisfying py =

Law(Gy[M]) for all k € N.

Recall that grapheurs are extremal random exchangeable measures by Definition 5.1.4.
By Choquet’s theorem, any random exchangeable measure is thus a mixture of
grapheurs. Finally, we show in Proposition 5.5.1 that the sequence (Gy[M]) of

quotients of a grapheur M converges back to M in a certain sense.
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Related Work

There are several well-studied notions of graph limits and random graph models in
the literature. We review this body of work and discuss similarities and differences

with the present chapter.

Dense and degree-bounded graph limits. The earliest two types of graph limits
pertain to sequences of simple graphs that are dense, whose limits are given by
graphons [20, 147], and degree-bounded, whose limits are given by graphings [6, 15,
67]. We refer the reader to [146] for a survey of both limits. Both of these notions of
graph limits are incomparable to ours, as both dense and degree-bounded sequences
of simple graphs converge to the same limit in our framework, see Corollary 5.3.7.
Further, dense graph limits can be characterized in terms of quotients [146, §12],
called “right convergence” of graphons. However, these quotients are differently
normalized compared to ours, and it is the set of quotients that converges in the
graphon framework rather than their distribution as in our framework. Despite
these distinctions, we highlight parallels between our development and the theory
of graphons throughout this chapter; in particular, grapheurs can be viewed as dual

to graphons in a precise sense, see Section 5.3.

Edge-exchangeable random graphs. A class of random graph models closely
related to the ones we obtain by sampling edges from a grapheur is called edge-
exchangeable [33, 34, 53, 54, 110]. These random graphs are obtained by adding
random edges to a fixed infinite vertex set (often with repetition, yielding multi-
graphs), and can yield both sparse and dense random graphs [110]. As explained
in [108, Rmk. 4.4], every edge-exchangeable multigraph model can be obtained
by sampling edges from a random exchangeable measure on [0, 1]>. In fact, the
random graphs we obtain by sampling edges in Section 5.4 are precisely these edge-
exchangeable multigraphs, normalized to have unit edge weight, see Remark 5.4.2.
From this perspective, convergence of grapheurs can be interpreted as convergence
of the edge-exchangeable multigraph models associated to them, an interpretation
we make precise in Proposition 5.4.1. Nevertheless, to our knowledge this notion
of convergence of edge-exchangeable models has not been previously studied in the
literature. In particular, the only metric between edge-exchangeable models we are
aware of is an £ distance between edge probabilities [54, Eq. (8)]. Convergence in
this metric is too restrictive for our purposes, see Proposition 5.3.8. Further, our de-
velopment of convergence via random quotients, which are not edge-exchangeable,

allows us to take limits of general weighted graphs, to relate it to convergence of
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homomorphism densities and other graph parameters, and to test their values.

Graphex processes and limits. The closest line of work to ours is the study of
graphex processes and their associated graph limits and random graph models [22—
25, 37, 109, 217]. Graphexes form a subset of random exchangeable measures on
R2,,

Graphexes give rise to random graph models obtained by sampling edges from

and admit a characterization due to Kallenberg similarly to our grapheurs [113].

them [24, 217, 218], analogously to our edge sampling procedure in Section 5.4.
There are also several notions of limits for simple graphs and multigraphs, whereby
such graphs converge to a limiting graphex [23, 25]. These notions of limits are
conjectured to be inequivalent [109], and the space of graphexes with either topol-
ogy is not compact. Some of these limits can be characterized by sampling random
subgraphs (whose number of vertices is also random) [24], while others can be char-
acterized by convergence of differently-normalized homomorphism numbers [25,
§2.5] (the authors of [25] normalize hom(H; G) by (2|E(G)|)V /2 whereas we
normalize by (2|E(G)|)'E@). Graphex-based graph limits are again incomparable
to ours. On the one hand, for a sequence of simple graphs our grapheur-based limits
can only distinguish stars from a uniform component (Corollary 5.3.7), whereas
graphex-based limits can capture more general limiting structures (see [109, §9]
or [23]). On the other hand, grapheur-based graph limits are defined for general
sequences of nonnegatively-weighted graphs, for which graphex-based limits have
not been defined, allowing us to test properties pertaining to the distribution of edge
weight in the graph (see Section 5.4). In fact, grapheurs are particularly well-suited
for property testing, since the space of grapheurs we study here is compact, in
contrast to the space of graphexes; to our knowledge, there is no characterization
of properties that can be tested using graphex-based limits. Another consequence
of the compactness of the space of grapheurs is that our notion of graph limits can
be characterized in several equivalent ways: by convergence of random quotients,
convergence of random edge-sampled graphs, and convergence of homomorphism

numbers and related graph parameters.

Notation and Preliminaries

We denote by N = {0,1,2,...} the set of nonnegative integers. If n € N, then
[n] = {1,...,n}. If a < b are real numbers then [a,b] = {x e R:a < x < b}
and [a,b) = [a,b] \ {b}. We denote by A the uniform measure on [0, 1], by A2
the uniform measure on [0, 1]2, and by Ap the uniform measure on the diagonal

D = {(x,x) : x € [0,1]}. We denote by 1,, the vector of all-1’s of length n, and
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we omit the subscript n when the size (possibly infinite) of the all-1’s vector is clear
from context. We denote by I, the n X n identity matrix and by 1,x, = 1,1, the

n X n all-1’s matrix.

We identify a (directed, weighted) graph with its adjacency matrix G € R’;é”, where
G, ; is the weight of the edge i — j. The collection of all adjacency matrices
of graphs with unit total edge weight is denoted by A™. In this chapter, all
edge weights are nonnegative and sum to one unless stated otherwise. A graph
is undirected if its adjacency matrix is symmetric. We denote the space of n X n
symmetric matrices by S”, and the set of such matrices with nonnegative entries,
which is the set of undirected graphs, by S7,. An undirected graph G is simple if
diag(G) = 0 and G, ; € {0, 1} for all i, j, and we denote the set of simple graphs
by S¢.,- A graph H is called a multigraph if it has integer edge weights H € KXk,
where we view H; ; as representing the number of parallel edges from i to j. Note
that a simple graph is a multigraph. We denote by |E(G)| = 1TG1/2 the number
of edges in a simple graph G. If H is a multigraph, we write 1" H1 = ||H||; to be
the number of (directed) edges in H. We assume that multigraphs have no isolated
vertices, defined as vertices with no self-loops and no edges incident on them. In
other words, if H € N**k is a multigraph, then for every i € [k] thereisa j € [k]
such that H; ; > Oor H;; > 0. If G € RI{" and H € Nk with k < n, we denote
by G = lk = Gflj” the monomial over H_R[Gl-, ;] defined by H. In this notation, we
have 1o (H; G) = E(p(Fy,)G)" for a multigraph H € N** and graph G € A™".

We denote by S,, the group of permutations of [n], and by S, the group of permuta-
tions of N that fixes all but finitely-many integers. If 7 € S, and G € RZ{" is a graph,
we denote by 7G € RZ" the permuted graph with entries (7G); ; = _G,r_l(i)ﬂ_l( )
This corresponds to relabeling the vertices of G according to . Similarly, if x € R”
is a vector we denote by 7x € R" the permuted vector with entries (7x); = Xz-1(;)-
IfG e RligN and x € RY are infinite matrices and vectors, and 7 € S, we define

nG and mx analogously.

If u € P(S) is a probability measure on a compact Polish space S, we write X ~ u
and Law(X) = u to denote a random variable distributed according to u. If X,Y are
two random variables on S, we write X 4 Y to denote equality in distribution, i.e.,
the equality Law(X) = Law(Y). If f is a function, we denote E,, f = Ex., f(X) its
expectation with respect to . If (u,) is a sequence of measures in P(S), we say
(n) converges weakly to y and write u, — pif E,, f — E, f for all continuous

f. All measures in this chapter are supported in a single ambient compact set. In
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particular, all sequences of measures are tight.

A coupling of random variables X1, . . ., X} taking values in Polish spaces S, . . ., S,

respectively, is a probability distribution I" € (8 X- - -XSy) such thatif (X7, ..., X}) ~
I" then X! 4 X; for all i € [k]. In this chapter we refer to a coupling of X1, ..., Xj
simply by the tuple of jointly-distributed random variables (X], ..., X;). If X;, X»

kak

are random graphs taking values in , we define the Wasserstein-1 distance

between them by

Wi(X1, X2) = inf  E|X]-Xjlli= sup [Ef(X))-Ef(X2)l,
random (X7,X}) £ Rk LR
X;g X; 1-Lipschitz
where the infimum is over couplings (X7, Xé) of X; and X», the norm || - ||; is the

entrywise ¢; norm, and the supremum is over 1-Lipschitz functions with respect to

this norm. Note that a sequence of random graphs (X,,) C Ak

to the random graph X € AK*¥ if and only if lim,, W1 (X,,, X) = 0 by [220, Thm. 6.9].

converges weakly

For a compact Polish space S, the space £ (S) endowed with the weak topology is
itself compact and Polish. If M is a random measure, that is, a random variable
taking values in the Polish space P (S), we write Ey f for the scalar random variable
obtained by integrating a deterministic function f against the random measure M.
In particular, we write M(B) = Ey 15 to denote the scalar random variable giving
the (random) measure of a measurable set B, where 1g(x) = 1 if x € B and
zero otherwise. A sequence of random measures (M,) converges weakly to M if
Law(M,,) — Law(M) weakly, where these laws are probability measures over the
space of probability measures. Equivalently, the sequence (M,,) converges weakly
to M if the sequence of scalar random variables Ey, f converges weakly to Ey f for
all continuous functions f [115, Thm. A2.3].

5.2 Quotient Convergence: Global and Local Views

In this section we prove Theorem 5.1.2 relating quotient convergence to convergence
of homomorphism numbers and quotient densities. Before presenting this proof, we
give a few examples illustrating sequences of graphs that are quotient-convergent.
As our first example, we show that the sequence of complete graphs is quotient-

convergent.

Example 5.2.1 (Convergence of complete graphs). To show that the sequence
(1,1 )nen of complete graphs converges, consider the associated normalized graphs

(Gp = lusn/n*> € A™") and observe that the random quotients are given as
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p(Frn)G, = #NNT for a multinomial random variable N = (Ni,...,Ny) ~
Multinom(n, k, 1 /k). Since Bp(Fin)Gn = 75 Lixk+O(1/n) and Var[p(Fy »)Gylij =
O(1/n) for alli, j € [k], we conclude that p(Fk )G, converges weakly to the de-
terministic matrix %ﬂkxk as n — oo. Since this holds for all k € N, we conclude
that (G,) is quotient-convergent. Note that the quotient densities and homomor-
phism numbers of this sequence likewise converge. Indeed, for any H € NK*k
we have tg(H;G,) = E(p(Fxn)Gn)? 7, (é]lkILZ)H = kZIII—H\h Similarly,
hom(H;G,) = rﬂﬁl—:llh’ which converges to 1 if H is a disjoint union of edges and
to 0 otherwise. An analogous set of arguments show that the sequence (I,) of n

self-loops is quotient-convergent.

As our next example, we consider sequences of (directed) star graphs and we show
that these are quotient-convergent as well. Note that stars are sparse graphs, as
their edge density converges to zero. Nevertheless, we will see in Section 5.3 that
growing-sized stars have nontrivial limits in our framework, whereas the limits of
stars in the context of graphons yield trivial limiting objects. Similarly, stars are not
degree-bounded, as the degree of the star center increases with the size of the star,
hence they do not have a limit in the framework of graphings. Stars do have limits

in the graphex sense, though they differ from ours, see Section 5.1.

Example 5.2.2 (Convergence of stars). The sequence of directed star graphs all
of whose edges point away from the center may be expressed as (e1l,) for
e;1 = (1,0,...,0)". This sequence quotient-converges, since random quotients
o (Fr.n)Gp of the associated normalized graphs G, = %el 1, aregivenby p(F.,)G, =
%e INT for a multinomial vector N ~ Multinom(n, k, 1/ k) and a uniformly random
index I ~ Unif([k]). Since N /n weakly converges to the deterministic vector 1 [k,
we conclude that p(Fy )G, converges weakly to the randomly-labeled star %e (1T,
and hence that (G,) is quotient-convergent. Similarly, the quotient densities and

homomorphism numbers of this sequence of stars converge, sinces

1 B\ — ifH=em" form e NFandi € [k],
lim to(H;G,) =E (_elﬂz) — kR
o k 0 otherwise,
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and
: nk-1 . S
lim hom(H; G,) firm oo i fH=em’,

n—oo 0

otherwise,

I ifH=em" with 3;m; =k —1,

0 otherwise.

Analogous arguments show that the sequence of directed star graphs all of whose
edges point towards the center quotient-converges, and so does the sequence of

undirected stars.

As our final example of quotient-convergence, we consider an infinite weighted
graph with edge weights summing to one and we show that any sequence of finite

subgraphs obtained from this infinite graph is quotient-convergent.

Example 5.2.3 (Subgraphs of an infinite weighted graph). Suppose G = (G, ;)i jen
is an infinite two-dimensional array with G; ; > 0 and %,; ; G; ; = 1, and consider
the sequence of normalized truncations G, = ﬁ(G’ i)ijeln)- This sequence
of subgraphs (G,) is quotient-convergent. Indeed, let F;,: N — [k] be a uniformly
random map (whose images Fy (i) are iid uniformly distributed over [k]), and
consider the random graph Ly = p(Fy)G« whose entries are given by (1.10). We
claim that the sequence (p(Fkn,)Gn)n converges weakly to Ly. To this end, view
G, as an infinite array by zero-padding it, and note that (p(Fy)G,, p(F;)G) is a
coupling of (o(Fin)Gy, Li). Using this coupling, we obtain the bound

Wi(p(Fin)Gs Le) < Ellp(F)(Gu = Geo)lli < G = Gaalli == 0,
where the second inequality follows from (1.10). Thus, we conclude that (G,)
is quotient-convergent, as claimed. Quotient densities and homomorphism num-
bers of this sequence again converge, with limits lim,to(H;G,) = ELf and

lim, hom(H;G,) = X f. (1]-n Hl’.fj:] G?E}g,f'(j)’ which is finite since (G ;) is summable.

Finally, we remark that convex combinations of quotient-convergent sequences also

converge.

Example 5.2.4 (Combinations of graphs). Suppose (G,) and (G)) are quotient-
convergent sequences of graphs. Then for any 60 € [0,1] the convex combi-
nation (6G, + (1 — 6)G) of these graphs is quotient-convergent as well. In-
deed, for each k € N, let Ly and L;C be the weak limits of p(Fyn,)G, and
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o (Frn)Gr, respectively. For eachn € N, let (L, Fkn) and (L', f,in) be couplings
of (Lk, Fxn) and (L', Fi,), respectively, attaining the Wasserstein-1 distances
Wi(Li, p(Fin)Grn) and Wi (L), p(Fin)Gr). Wedefine a coupling of 0 Li+(1-6) L),
and p(Fi »)(0G,+(1-6)G)) as follows. Draw Fy. , uniformly at random, and draw
Zk from the coupling (Zk, fkn) conditioned on ﬁk,n = Fy . Draw Z;{ similarly and
independently. Then

Wi(0Ly + (1= )L, p(Fin)(6G, + (1 - 6)G))
< E|0Li + (1 = 0)L} — p(Fin)(6G, + (1 = 0G))]l1

, , n—oo
S GWI(L/(’ p(Fk,n)Gn) + (1 - Q)Wl(Lka p(Fk,n)Gn) E— O
This proves the claim. An analogous argument shows that a convex combina-
tion of any finitely-many quotient-convergent sequences of graphs is also quotient-

convergent.

Having seen a few examples of quotient convergence, we proceed to prove Theo-
rem 5.1.2. We begin by showing the first part of that theorem on the equivalence

between quotient convergence and convergence of quotient densities.

Proposition 5.2.5. A sequence of graphs (G, € N'") is quotient-convergent if and
only if (tg(H; G,)), converges for each H € Nk and k e N.

Proof. By definition, the sequence (G, € A™") is quotient-convergent when the
sequence(p(Fy.,)G, € AMK), converges weakly for each k € N. Since AKX
1s compact, the latter sequence converges weakly if and only if all its associated
sequences of moments converge. Now observe that the monomials in R[X; ;]; je(«)
all have the form X = [l Xf}f’j for some H € N¥*kand that the corresponding
moment of p(Fy )G, is precisely E(o(Fy)Gn) = to(H; G,) by definition of 7

in (5.2). This yields the desired conclusion. ]

This proves the first part of Theorem 5.1.2. To show the second part relating
quotient convergence with convergence of homomorphism numbers, we express
homomorphism numbers in terms of quotient densities and vice-versa. To this
end, we begin by expressing quotient densities in terms of injective homomorphism
numbers using [ 138, Prop. 6.8]. This expression is stated in terms of a partial order on
multigraphs induced by quotients. Specifically, for two multigraphs K € N H €
N™*™ we say that K is a refinement of H, denoted K <g H, if H is a quotient of

K, i.e., if there exists a surjective map f: [n] — [m] such that H = p(f)K. We
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further let Rk p be the number of such maps f. Note that Ry i = |Aut(H)| for any
multigraph H. The poset of all multigraphs with the refinement order is a disjoint
union of posets, one for each number of edges. The poset of all multigraphs with n
edges has a minimal element, namely, the disjoint union of n edges, and a maximal
element, namely, a single vertex with n self-loops. We illustrate the poset of all

multigraphs with two edges in Figure 5.1.
IPPRES: I{ SR/ESRA.

Figure 5.1: Hasse diagram for the refinement poset consisting of multigraphs with
two edges. Here there is an upward path from K to H precisely when K <g H.

The quotient density 7o (H; G) can be expressed in terms of a linear combination of
injective homomorphism numbers over all refinements of H [138, Prop. 6.8]:

vy i Rgn

to(H;G) = Z |V(H)|~ K Re xR rt

K<rH

inj(K; G), (5.9

where H! = Hl]." =1 (H; ;!) and similarly for K!. Here inj(K; G) is defined similarly
to hom(K; G) in (5.1) but with a sum only over injective maps. The expression (5.9)
states that H is a subgraph of some quotient of G, i.e., to(H; G) > 0, if and only if
some refinement of H is a subgraph of G itself, i.e., inj(K; G) > 0.

We are now ready to prove the second part of Theorem 5.1.2. The following

argument is a simple modification of the one from [138, Prop. 6.8].

Proposition 5.2.6. A sequence of graphs (G,, € NV") is quotient-convergent if and
only if (inj(H; G,)) converges for each H € N** and k € N, which is equivalent
to (hom(H; G,)) converging for each H € N** and k € N,

Proof. For each m € N, define the matrix M indexed by all multigraphs containing
m edges whose entries are given by My g = |V (H)|~V (&) %R:If—l’im if K <g Hand
Mp x = 0 otherwise. This is a lower-triangular matrix with respect to the refinement
partial order, and has positive diagonal entries My = (|V(H)|IV | Aut(H)|)~!,

hence it is invertible. Thus, we can write

inj(H;G) = Y (M uxto(K;G). (5.10)
H<grK

Based on (5.10) and (5.9), we conclude that (to(H; G,)) converges for all multi-
graphs H if and only if (inj(H;G,)) converges for all multigraphs H. Injective
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and non-injective homomorphism numbers can be similarly related, with one of the
quantities being expressed in terms of linear combinations of the other as in [146,
§5.2.3]. For example, we have [138, Eq. (73)] that

R
hom(H;G) = Z RH’K

H<grK K.K

inj(K;G), (5.11)

where the sum is over multigraphs that H refines. This expression can be inverted as
above to obtain injective homomorphism numbers in terms of non-injective homo-
morphism numbers. This allows us to conclude that convergence of (inj(H; G,,)) for
all multigraphs H is equivalent to convergence of (hom(H; G,,)) for all multigraphs
H. O

Combined together, Propositions 5.2.5 and 5.2.6 complete the proof of Theo-
rem 5.1.2. We illustrate the utility of these results next by expressing quotient
convergence of simple graphs in terms of appropriately-normalized homomorphism
numbers. The resulting expression allows us to conclude that all dense simple graphs
are quotient-convergent; in fact, we prove that all the homomorphism numbers of

dense simple graphs converge to the same limit (see also Corollary 5.3.7 below).
Corollary 5.2.7. Let (G, € S, ) be a sequence of simple graphs.

(Convergence of simple graphs) The sequence (G) is quotient-convergent if

and only if (%) converges for all simple and connected graphs
Hesk

(Convergence of dense graphs) Suppose liminf,_, . @ > 0. Then (G,) is

quotient-convergent. In fact, for a simple and connected H € Sk, we have
S1m

hom(H;G,) |1 ifH =K,

im ———— % =
n—co |E(G,)|IEH)I 0 otherwise

where K, denotes a graph with a single edge.

Proof. For the first claim, if H € N¥** we define a strictly upper-triangular H ¢
{0, 1}™" by H; ; = 1ifi < j and either H; ; > Oor H;; > 0, and H; ; = 0 otherwise.
Then hom(H; G,) = hom(H, G,) for all simple graphs G,, of all sizes. Therefore,

we have

hom(H: p<gip) = hom(H: i) - (IE(G)D' 0,
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Since 1TH1 < 1TH1, we conclude thathom(H; ]lTGT"n]l) converges if hom(H; ]lTGT”n]l)
converges, since either |E(G,)| — oo and hom(H; ILTGT”’J) — Qor |E(G,)|is con-

stant for all large n. In turn, defining the simple graph ﬁsym = (H+H")/2, we

have _
- hom(Hgym; G
hom (H; TG" ) = (Hyy ~n) )
Thus, the sequence (G,) quotient-converges if and only if (%)n converges

for all simple H. To see that it suffices to consider simple and connected graphs,

note that if H = Hy U ... U H is a disjoint union of connected graphs, then
hom(H;G,) _ y1¢ hom(H;;Gp)
|E(Gp)|IEHT L= E(G,,)[IEHDT

For the second claim, if H = K, then hom(H;G,)/|E(G,)| = 1 by definition.
Otherwise, suppose “5(”#)' > ¢ > 0 for all n. Note that hom(H;G,) < 2|E(G,)| -

This proves the first claim.

nlV(H)I=2 because the number of graph homomorphisms V(H) — V(G,) mapping
all edges of H to edges of G, is upper-bounded by the number of maps V(H) —
V(G,) that send one particular edge in H to an edge in G,. Since H is connected

and contains more than one edge, we have |V(H)| < 2|E(H)|, in which case

hom(H; G,) 2V (H)|-2 .2 | VED2IEE)] 12
|E(G)|EEI = |E(G,,)[EEI-1 = clEH)I-1 — 0.

This proves the quotient-convergence of (G,,) by the first part of this corollary. O

We have now seen several examples and characterizations of quotient-convergent
sequences. However, so far it is not clear to what limits such sequences converge.
In the next section, we derive limits for quotient-convergent graphs in the form of

random exchangeable measures on [0, 1]2.

5.3 Limits of Quotient-Convergent Graph Sequences

This section is devoted to characterizing limits of quotient-convergent graph se-
quences and understanding their properties. In Section 5.3, we prove Theorem 5.1.5
characterizing limits of quotient-convergent graph sequences via grapheurs. In Sec-
tion 5.3 we interpret the different components of limiting grapheurs (5.4) in terms of
combinatorial aspects of the sequence of graphs converging to them. In Section 5.3
we present a (random) duality pairing between grapheurs and graphons, and prove
the formal version of Theorem 5.1.6 given in Theorem 5.3.10. Finally, Section 5.3
contains some tedious but straightforward proofs omitted from Section 5.3 for clarity

of exposition.
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Characterizing Limits via Grapheurs

To prove Theorem 5.1.5, we show that the random quotients of size k of a finite
graph G are equal in distribution to the random graph G [Mg] of size k obtained
in (5.7) from the grapheur Mg associated in (5.3) to G.

Proposition 5.3.1. For any n,k € N and G € A", we have p(Fy )G g Gi[Mg].

Proof. Recall from (5.3) that Mg = 7 =1 Gijo(r, 1) where Ty, ..., T, are iid uni-
form on [0, 1]. With probability one, for each i € [n] there is a unique j; € [k]
such that 7; € I](.ik). Moreover, the index j; is uniformly distributed in [k] by unifor-
mity of 7;, and the indices jy, ..., j, are independent of each other since the 7; are
independent. Define the random map F': [n] — [k] sending F(i) = j; and observe
that F £ F k. 1s uniformly random, since each i € [n] is mapped to an independent

and uniformly random element of [k]. Further, note that

k k - k k
(Gk[Mc])ij =M (I xI®) = 3 G 1T, e IV, T, € 1M = Y Guw = (0(F)G):.

u,v=1 ueF1(i)
veF~1(j)
Hence, we conclude that G; [Mg] = p(F)G 4 p(Frn)G, as claimed. O

Consequently, we alsohave to (H; G) = to(H; Mg ), where the latter is given by (5.8).
Proposition 5.3.1 implies that a sequence (G,) is quotient-convergent if and only
if the sequence of random graphs (Gi[Mg, ]), constructed from the associated

grapheurs (Mg, ) converge weakly for each k. Since AF*k

is compact, this is
equivalent to convergence of (Gix[Mg,]), in the Wasserstein-1 metric W; with
respect to the entrywise £; norm on R*** for each k (see Section 5.1). Motivated

by this observation, we relate our Wg-metric (5.6) to this W-metric.

Proposition 5.3.2. For any two grapheurs M,N € M and any k € N, we have

W1(Gi[M],Gk[N]) < K*Wo(M,N) and W (M,N) < W1(Gk[M],Gk[N])+%

The proof is straightforward but somewhat technical, as it is based on approximating
any rectangle appearing in our expression (5.6) for W by squares in a uniform grid.
We defer the proof to Section 5.3. As an immediate consequence, we conclude
that a sequence of graphs (G,) is quotient-convergent if and only if the associated
sequence of grapheurs (Mg, ) is Cauchy in the W-metric (5.6). We now observe

that the metric space (M, W) is compact, because the metric W metrizes weak
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convergence in M and M is weakly compact; see Section 5.1 for a review of weak

convergence.

Proposition 5.3.3. The space M of grapheurs (5.5) is weakly compact. In particu-
lar, any Cauchy sequence (M,)) € M has a limit M € M. Moreover, the following
statements are equivalent for (M) € M and M € M.

1. We have lim,, M,, = M weakly.
2. We have that lim, Wg(M,,, M) = 0.
3. Foreach k € N, we have that lim,, G; [M,,] = G, [M] weakly.

4. For each multigraph H € N*** e have lim, to (H;M,) = to(H; M).

In particular, we have lim, Wg(Mg, ,M) = 0 for a sequence (G, € A™") if and
only if lim, 1o (H; G,) = to(H;M) for all multigraphs H € N¥*¥ ag can be seen
by combining Proposition 5.3.1 and Proposition 5.3.3(4). Once again, the proof
is straightforward but involved, and we defer it to Section 5.3. Combining the

preceding propositions, we are ready to prove Theorem 5.1.5.

Proof (Theorem 5.1.5). To prove the first statement, note that the sequence (G) is
quotient-convergent if and only if (Gx[Mg, ]) is Cauchy in W for each k € N by
Definition 5.1.1. By Proposition 5.3.2, this is equivalent to (Mg, ) being Cauchy
in the Wg-metric, as we remark previously. By Proposition 5.3.3, this is further
equivalent to the existence of a limit M € M for (Mg, ) in this metric, thus proving

the first statement.
The second statement follows from Proposition 5.3.3.

Finally, we prove the third statement by explicitly constructing a convergent sequence
(G,) of graphs for each grapheur M € M. Suppose M is given by (5.4) with
E,o,¢,0,9 > 0andiid uniform (7;);en. Define the sequence of graphs (G,, € A™")

with entries

1
(Gn)i,j = -

n
n

1 1 1 1
(Ei’f+ﬁo-i+r_zgj+n_20+r_zﬂ]1i=j)’ Sp = Z
i

n
Ei,j+Z(O-i+§i)+0+ﬁa
[ j=1 i=1

(5.12)
where we note that s, ' 1 and we may assume s, > 0 for all n by reordering the

rows and columns of E, o, ¢ if needed. Each summand in (5.12) quotient-converges
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to the corresponding summand in (5.4) as shown by combining Proposition 5.3.3
with the examples of Section 5.2. Moreover, by Example 5.2.4 the convex com-
bination of these summands in (5.12) converges to the convex combination of the
summands in (5.4), which is precisely the grapheur M. Thus, the third statement in

Theorem 5.1.5 is proved. m|

In particular, the sequence of limits of random quotients of a convergent graph

sequence fully determines its limit.

Corollary 5.3.4. Two quotient-convergent sequences (Gﬁll)) and (Gﬁlz)) have the
same limit if and only if limy, p(Fi.,)G\" £ lim, p(Fi.)G? for all k € N,

Proof. From Proposition 5.3.3, the two sequences have the same limit M if and only
if lim, p(Fi.)GY £ Gi[M] for both i = 1,2. O

We end this section by noting that valid polynomial inequalities in quotient densities
precisely correspond to valid inequalities over grapheurs. We hope that grapheurs
can be used to study such inequalities in future work, dually to the use of graphons

in the study of inequalities in homomorphism densities [146, §16].

Corollary 5.3.5 (Inequalities in quotient densities). Suppose Hy, . .., Hy are multi-
graphsand f : R¥ — R is a continuous function. We have fto(H1;G), ..., to(Hk;G)) >
0 for all G € A" and all n € N if and only if f(to(Hi;M), ..., to(H;M)) > 0

for all grapheurs M € M.

Proof. Since tg(H;G) = to(H;Mg), if f(to(Hi;M), ..., to(Hx;M)) > 0 for all
grapheurs M € M thensettingM = Mg forG € A™"yields f(to(H1;G),...,to(Hr; G)) =
0. Conversely, suppose f(to(H1;G),...,to(Hy;G)) > 0 for all G € A" and
all n € N. For any M € M, let (G,) be a sequence of finite graphs that quotient-
converges to M. Thento(H; G,) — to(H;M) for all multigraphs H, hence by conti-
nuity of f wehave f(tg(Hi; M), ..., to(Hi; M) =1lim, f(to(H1;Gp), ... .to(Hk; Gp)) =
0. O

Structure of Grapheurs
Theorem 5.1.5 shows that limits of quotient-convergent sequences correspond to
grapheurs in M. Each such grapheur is described by a tuple (E, o, ¢,0,19) as

in (5.4), and the goal of this section is to interpret each element of the tuple in terms
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of the combinatorics of the convergent sequence of graphs. Informally, the five

parameters describing quotient limits correspond to the following properties.

* The array E € RggN describes a discrete collection of hubs and the fraction
of edge weight between them. Specifically, each entry corresponds to an edge
in a sequence of graphs that carries an asymptotically positive fraction of the

total edge weight.

* The arrays o, ¢ € R§0 specify directed stars. Specifically, each entry corre-
sponds to the fraction of in-degree or out-degree, respectively, of a vertex that

comes from all edges with asymptotically vanishing edge weights.

* The parameters 6 and ¥} capture the remaining edge weight in the graph,
coming from all edges between vertices with asymptotically vanishing degrees

and their self-loops, respectively.

These properties can be seen in all the examples of Section 5.2. The following

proposition proves these properties in general.

Proposition 5.3.6. Suppose (G,, € AN""") quotient-converges to a grapheur M that
is described by the tuple (E, o, ¢,0,19) as in (5.4). View each G, as an element of
R™N by zero-padding it with infinitely-many rows and columns. Then there exist
permutations m, € S of N fixing all but finitely-many integers such that lim, ||E —
nGullo =0, lim, |ET + 0 — 71,G 1| = 0, and lim,, |[E™1 + ¢ — 7,G,} 1|0 = 0.
Furthermore, we have 9 = lim,, Tr(G,) — Tr(E).

Proposition 5.3.6 justifies the intuition outlined above: Up to a relabelling of the
vertices of G,, the entries of E are entrywise limits of the edge weights of G,,
the entries of o, ¢ are limits of the remaining degrees of vertices in (G,) after
removing edges with positive limiting weights, and the parameters ¢, 6 capture
the remaining edge weights in self loops and the rest of the edges, respectively.
We prove Proposition 5.3.6 in Section 5.4 using an edge-sampling perspective on

quotient convergence and an edge-based Szemerédi regularity lemma.

An immediate consequence of Proposition 5.3.6 is that all dense and degree-bounded

sequences of simple graphs have the same limit.

Corollary 5.3.7. Suppose (G, € SY) is a sequence of undirected graphs such
that the sequence (G,/17G,1) quotient-converges to a grapheur described by
(E,o,¢,0,0).
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1. Wehave o =g and E™ = E.

2. Ifeach G, has no self-loops, then diag(E) = 9 = 0.

3. If G, € S, is asequence of simple graphs with |E(G,)| — oo, then E = 0. If
(Gp) is either dense or degree-bounded, then the sequence (%) quotient

converges to the grapheur A°.

Proof. The first two claims follow directly from Proposition 5.3.6, since for any
permutation 7, € S, the matrix 7,G, is, respectively, symmetric and has zero
diagonal if G, is symmetric and has no self-loops. For the third claim, since
each G, is simple, we have G,/17G,1 € {0,1/n} which converges entrywise
to zero. Thus E = 0 by Proposition 5.3.6. Since G, is symmetric, we have
G, 1 =G, = deg(G,) is the vector of degrees of the vertices in G,. If (G,) is
max; deg(Gn)i < 2%, 0 for some constant ¢ > 0. If (G,) is degree-

2E(Gn)|  —
max; deg(G,); 0. In
= 2|E(Gy)| )

bounded, with all degrees bounded by k, then SEC)] <
either case, Proposition 5.3.6 shows that lim,, % = A2 since diag(G,) = O for

dense, then
k n—oo

all n. O

We end this section by giving a sufficient condition for the limit of a quotient-
convergent sequence (G,) to consist entirely of discrete hubs, i.e., such that o =
¢ =0and 8 =& =01in (5.4). In particular, this sufficient condition implies that the
random quotients (p(Fy ,)G,) and the grapheurs (Mg,) converge not just weakly
but also in total variation. Such total variation convergence was shown for graphs
sampled both from graphons [146, Cor. 10.25] and from graphexes [24, §5], and
was the primary mode of convergence studied for edge-exchangeable random graph
models [54]. However, this condition is too restrictive for our purposes in this
chapter; for example, it does not apply to the sequence of stars in Example 5.2.2. In
the following result, if u, v are two discrete measures on a space S then their total

variation distance is distty (u, v) = % Sives lu({x}) = v({x D]

Proposition 5.3.8. Suppose (G, € A™") and E € RI™ satisfy lim, ||7,G, —

E||l1 = O for some permutations n, € S,. Then (G,) is quotient-convergent to
M = Zi,j Ei,j(S(Ti,Tj)-

Proof. Draw iid uniform (7;) and consider the coupling M’Gn = 2, (mnGn)ijO(1,.1;)5
M" = X ; Eijo(1,1;), using the same locations for both. Then with probability 1
we have distry(M',My; ) < |I7,G, = Ell1/2 — 0 since the atoms (T;,7}) are
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distinct almost surely. By (5.7), we then have W (Gx [M], G [Mg, ]) < E||Gx[M’] -
Gr[Mg 1l < k2Edistry (M, M ) — 0 for each k, proving quotient convergence.
m|

Duality between Grapheurs and Graphons

In this section, we characterize convergence of grapheurs in terms of graphons and
vice-versa, exhibiting a facet of the duality between the two graph limit theories.
Since graphon theory is most simply expressed in the undirected case (see [60, §8]

for the directed case), we restrict ourselves to this setting in the present section.

We begin by recalling a few basic notions from graphon theory. Let W =
{W:[0,1]> — [0, 1] measurable, symmetric} be the space of [0, 1]-valued ker-
nels. We define two kernels W and U to be equivalent, denoted W ~ U, if
there exist (Lebesgue-)measure-preserving maps ¢, ¢ : [0,1] — [0, 1] satisfying
Wo (¢,9) = Uo (¢y,¢). This is the weak isomorphism between kernels com-
monly defined in the dense graph limits literature [146, Cor. 10.35]. We denote
by W = w /~ the quotient space under this equivalence relation. Elements of
W are called graphons [146, §7.1]. A graphon W € ‘W defines random simple
graphs of each size by setting G [W] = (B(TZ/T)j),-, je[k] Where B;“}}VY)) ~ Ber(W(T;,T;))
are drawn independently for i < j while B(T‘:V% = B(TYVT)] (TfVT)l = 0.
Here Ty, ..., T} iad Unif ([0, 1]) as before. A sequence (W,,) C W converges if for

each k, the sequence of random graphs (G [W,,]), converges weakly for each k.3

fori > j and B

This is equivalent to convergence of homomorphism densities and to convergence
in cut metric [146, §10]. Finally, a finite graph G € S defines a step graphon
Wo(x.y) = Gijif x € I x 11" where 1" = [(i = 1)/n, i/n).

In our context, let Mgm = {M e M : E = ET,0 = ¢,diag(E) = 0,9 =0,0 €
R, in (5.4)} be the collection of grapheurs corresponding to limits of undirected
graphs with unit edge weight and no self-loops. For any W € W and M € Msym,

define the random variable

1

M.W)= ) EiB) +2) o / W(T;.y) dy+6 / W(x, ) dx dy.

e e < 0 [0,1]2
i,jeN ieN

(5.13)

Note that this random variable exists and is bounded by [(M, W)| < 1 because both

(E; ;) and (o;) are summable. Also note that (M, Wg) = EuWs = (G, Gi[M]) if

3Graphon convergence is usually defined by total variation convergence of these random graphs,
which is equivalent to their weak convergence since they are supported on the finite set Sfim.
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G € Sfim, since W takes values in {0, 1} so B(T?/TGJ) = W5 (T;,T;). Moreover, for

finite graphs G| € A", G, € ST . we have

<MG1’ WG2> = <p(Fm,n)G1’ G2> = <G1’p(Fm,n)*G2>a

which can equivalently be viewed as comparing a random quotient of G| to G, or
comparing a random subgraph of G, to G (see Section 3.1). We now prove that

the random variable (5.13) only depends on the equivalence class of a graphon W.

Proposition 5.3.9. For any W,U € W, if W ~ U then (M, W) 4 (M, U) for any
Me Msym-

Proof. Suppose M € Mgy, is defined by (E,0 = ¢,6,9 = 0) as in (5.4). Since
W ~ U, there are measure-preserving maps ¢, ¥ : [0,1] — [0, 1] satisfying W o
(¢, ) =U o (¥,¥). We now define a coupling of (M, W) and (M, U) under which
the two are equal almost surely. Sample locations (7;) iid uniformly on [0, 1],

and note that both (¢(T})), (¥ (T;)) " Unif ([0, 1]) because ¢ and ¢ are measure-

preserving. Note that, conditioned on the locations (7;) above, we have BS}(VT)i )o(T)) 4
B;Z(J)Tl )\ (T))? since they are both Bernoulli random variables with success probability
W(e(Ty), ¢(T;)) = UW(T;),y(T;)). Letting B;; be a sample from the above
distribution independently for each i < j, setting B; ; = B;; fori > j,and B;; = 0
for all i, we define the coupling of (M, W) and (M, U) by using (5.13) with these
common samples (B; ;) for both, and note that under this coupling they are equal

almost surely. Thus, we have (M, W) 4 (M, U) as desired. O

Thus, the pairing (5.13) defines a pairing from Mgy, X W to bounded scalar
random variables. Importantly, we can characterize convergence in Mgy, in terms
of graphons and characterize graphon convergence in ‘W in terms of grapheurs.

The following is the formal version of Theorem 5.1.6 from Section 3.1.

Theorem 5.3.10. We have lim,, M,, = Min Mgy, if and only if (M, Wg) — (M, Wg)
weakly for all simple graphs G. We also have lim,, W, — W in ‘W if and only if
(Mg, W,) — (Mg, W) weakly for all undirected graphs G with unit edge weight

and no self-loops.

Proof. For the first claim, suppose (M,, Wg) — (M, Wg) for all G € Sé‘im and all
k € N. Therefore, Ey, W — EuWg for any such G. Taking linear combinations of
such W, we get Ey, W — EyW for any W: [0, 1]?> — R that is piecewise-constant
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on the k X k uniform grid and equals zero on the diagonal for some k& € N. For any

continuous and symmetric f: [0, 1]> — R, define f; = Zf‘/zl fl.(Jlf)IlI(mM(k) where
2 9, l j

if i # j we set fl.(;.() =f (é - ﬁ, % - ﬁ) to the value of f at the center of the rectangle

(k) o (k) e k) _ . . .
I % Ij ,and if i = j we set f” = 0. Since f is continuous on a compact set,
it is uniformly continuous, so for any € > 0 we have |f(x) — fi(x)| < € for all

e [0,1]%\ Ule(ll.(k) X Il.(k)). Therefore, for any grapheur M’ € My, we have

k 1
U Il.(k) X Il.(k)) =€+ —,
k

i=1

EM’lf_fkl < € +EM

for all large k since EM’ = A2 for M’ € Mym. Thus, we have
Wi (Bm, f.Emf) < 2(e+ k™) + Wi (Bw, fi. Bmfi) —— 2(e + k7).

since fi is piecewise-constant on the k£ X k uniform grid and has zero values on
its diagonal. We conclude by taking k — oo that Ey, f — Emf weakly for any
continuous f: [0, 1]> — R, and hence that M,, — M weakly. Conversely, suppose
M, — M weakly, and let W = Wg for G € SX . Then

My, W) = Eu, Wi = (G, Gy [My]) — (G, Ci[M]) = EuWg = (M, Wg),

weakly, since Gi [M,,] — Gy [M] weakly for each k € N. This proves the first claim.

For the second claim, suppose (Mg, W,) — (Mg, W) weakly for all graphs G €
Sk N ARk with diag(G) = 0, i.e., undirected weighted graphs with no self-loops
and total edge weight of 1. We then have

(G, G [W,]) = (Mg, W) = (Mg, W) = (G, G [W]),

weakly. Therefore, we get (G, Gx[W,]) — (G, G [W]) for all G € S* by linearity
and the fact that G, [W,,] all have zero diagonal. This implies Gi [W,,] — G [W]
weakly by Cramér—Wold [114, Cor. 6.5]. Since this holds for all £ € N, we conclude
that W,, — W. Conversely, suppose W,, — W. Then (Mg, W,,) = (G, G [W,]) —
(G,Gr[W]) = (Mg, W) for any G € SK n AKXk, O

We conjecture that the above duality pairing is, in fact, bi-continuous.

Conjecture 5.3.11. If (M,) € Mgym and (W,) € W converge to M and W,
respectively, then (M,,, W,,) — (M, W) weakly.
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In particular, this conjecture implies that M,, — M if and only if (M,,, W) — (M, W)
for all graphons W € ‘W, and W,, — W if and only if (M, W,) — (M, W) for all
grapheurs M € Mgy, a strengthening of Theorem 5.3.10.

Theorem 5.3.10 exhibits a concrete, formal duality between quotient convergence
and graphon convergence. This duality can be extended to general grapheurs and
more general kernels on [0, 1]2, but the extension of graphon convergence to this
setting is more complicated [60, §8]. We therefore leave this and other extensions

of this duality for future work.

Missing Proofs from Section 5.3
In this section, we give all the proofs deferred from Section 5.3 and Section 5.3,

namely, Propositions 5.3.2 and 5.3.3.

Proof of Proposition 5.3.2

Many of the proofs in this section are based on standard approximations of rectangles,
and continuous functions by step functions on a uniform grid and vice-versa. Such
approximations allow us to compare the measures of these objects under our random

exchangeable measures using the following lemma.

Lemma 5.3.12. Fix any grapheur M € M.

1. There is 0 € [0, 1] satisfying EM = 0% + (1 — 6)Ap.

2. For any Borel set B C [0,1]?, we have EM(B) < max{1*(B),Ap(B)}. In
particular, if A*(B) = Ap(B) = 0, then M(B) = 0 almost surely.

Proof. For the first claim, since M is exchangeable we conclude that u = EM is
a (deterministic) exchangeable measure on [0, 1]%, meaning that u o (o, 0) = u
for all (Lebesgue)-measure preserving bijections o: [0, 1] — [0, 1]. The space of
such measures is two-dimensional and is spanned by 22 2p by [115, Thm. 9.12], so
u =604+ 94p for some 6,9 € R. Since M is a probability measure almost surely,
its mean y is a probability measure as well, necessitating 6 + ¢ = 1 and 6,9 > 0.

This proves the first claim.

The second claim immediately follows from the first, noting in particular that if
A%(B) = Ap(B) = 0 then the scalar random variable M(B) is nonnegative with a

vanishing mean. O
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To prove Proposition 5.3.2, we also need to relate couplings of random measures to

couplings of random graphs derived from them.

Lemma 5.3.13. For any My, M, € M and coupling (G, G;) of (G¢[M], Gx[M2])
forsome k € N, there is a coupling (M}, M) of (M, M) such that (G [M] ], G [M}])
(G1,Go).

Proof. We apply the disintegration theorem [178, Thm. A] to the continuous map
mr: P([0,1]%) — APk between compact metric spaces sending p +— (,u(Il.(k) X
IJ(.k))),-, je[k]- The disintegration theorem yields for each M € M a Borel collection of
probability measures (/l(GM))GeAkxk for each M € M such that supp(/l(GM)) - n,:l(G)

and such that Law(M) = ,u](CM) ® /l(GM) in the sense that

Pivesl= [ [ a0 a o duf o).
AkXxk ﬂ;l(G)

for any Borel B C P ([0, 1]). The measure /I(GM) is the distribution of M conditioned
on (M) =G.

Let y = Law((G1, G2)). We construct the coupling I" = Law ((M7, M})) explicitly
by setting

re = [ ) a0 a0 dr(G1. G,
Akxk s Akxk ﬂ];l(Gz) ﬂlzl(Gl)

for each Borel B C P ([0, 1]%) x P ([0, 1]?). This distribution corresponds to first
sampling (Gy, Gz) ~ y and then sampling M and M), conditioned on G, [M}] = G;
and Gy [M]] = Gy. It is routine to check that this is a coupling of (M, M;) and
that its pushforward under (7, %) is the given coupling y of (G, G,), which is the
claim we sought to prove. O

We can now prove Proposition 5.3.2.

Proof (Proposition 5.3.2). Define the intervals Il.(") =[(i—-1)/n,i/n)fori € [n] and
let (M, N’) be a coupling of (M, N) attaining Wg(M, N) in (5.6). Such a coupling
exists since the infimum in (5.6) consists of minimizing a lower-semicontinuous
function of the coupling over the compact space of all possible couplings. For each
k € N, we have

k
W1 (G [M], Ge[N]) < Z EIM (119 x 1) = N' (11 x 119))
i,j=1

< k*Wo(M,N),

4
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giving the first claimed inequality.

For the second inequality, consider arbitrary intervals S = [a1,a2] and T = [a3, a4]
for a,b,c,d € [0,1]. For each k € N and j € [4], let i; € [k] be the unique
index such that a; € I(k) (if aj = 1 seti; = k). Note that § C U?:l.l Il.(k) and
| U’2 10 \ S| < 2/k, and similarly for 7. Therefore, we have

=i 1

10w 4 "W 2\/_
2 UU[ xIP\SXT| <. ap UUI x I\ sxT]| <

—l] ] l3 i= 11 ]—l3
hence by Lemma 5.3.12 we have

4
EIM(SXT) —=N'(SxT)| <E|G[M] - G [N']]]; + i

Taking the supremum over S, T, we get

’ ’ 4 ’ 4
Wo(M',N) < —+ inf E|Gg[M] - Gk[N]lli = — + Wi (G [M], Gk [N]),
k  couplings k
(M".N")
where the last equality follows from Lemma 5.3.13. This is the second claimed

inequality. O

Proof of Proposition 5.3.3

Next, we turn to proving Proposition 5.3.3, which states that M is weakly compact
and that the metric W metrizes this weak topology. To prove that M is weakly
compact, we rely on the following lemma and the characterization of M from [115,

§9] as the space of ergodic random exhangeable measures.

Lemma 5.3.14. If (u,) is a weakly convergent sequence of probability distributions
on a Polish space S with limit u, and if B C S is a measurable subset satisfying
un(B) =1 for all n, then u(B) = 1.

Proof. By Urysohn’s lemma, for any € > 0 we can find a subset Be 2 B with
u(Be \ B) < € and a continuous function f: § — [0, 1] satisfying f|z = 1 and
fls\. = 0. Since f is continuous, we have E, f = lim, E,, f > lim, u,(S) = 1.
On the other hand, since f < 1p_\p + 1p pointwise, we have E,, f < u(B) + €. We
conclude that u(B) > 1, and since u is a probability measure, that u(B) = 1, as
desired. O

We are now to prove Proposition 5.3.3.

Proof (Proposition 5.3.3). We break down the proof into several steps.
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Compactness of M: The space P ([0, 1]?) of probability measures on [0, 1]? is
compact in the weak topology. Therefore, the space P (P ([0, 1]?)) of random such
measures is again compact in its own weak topology (see Section 5.1). Thus, it
suffices to prove that M C P(P([0, 1]?)) is closed in this weak topology.

By [115, Prop. 9.1], the space of random exchangeable measures is precisely the
collection of random measures on [0, 1]? invariant under the countable group Seo
consisting of permutations of the intervals (Il.(”)),-e[n] for all n € N. By [115,

Lemma A1.2], we can characterize its extreme points by
M= {M random exchangeable : P[M € B] € {0, 1} whenever B € ([0, 1]?) is §m-invariant} .

If M,, - M and Law(M,)(B) € {0, 1} for all n, then passing to a subsequence we
may assume Law(M,,)(B) = 1 for all n or Law(M,)(B) = 0 for all n. Applying
Lemma 5.3.14 to either B or its complement, respectively, yields Law(M)(B) €
{0, 1}. We thus conclude that M is weakly closed, and hence compact.

Equivalence of statements 2 and 3: The equivalence of statements 2 and 3 follows
from Proposition 5.3.2, since lim, G [M,] = G;[M] weakly for a given k € N if
and only if lim, W (G¢[M,], G¢[M]) = 0.

Equivalence of statements 3 and 4: The equivalence of these two statements
follows by the proof of Proposition 5.2.5. Specifically, the sequence (Gg[M,])
converges weakly to Gi[M] if and only if the moments of (G;[M,]) converge to
those of G [M], and these moments are precisely the quotient densities of grapheurs
defined in (5.8).

Equivalence of statements 1 and 2: Endow R? with the £, norm, endow ? ([0, 1]%)
with the Wasserstein-1 metric with respect to this norm, and endow M with the
Wasserstein-1 metric with respect to the Wasserstein-1 metric on ([0, 1]?), which
metrizes weak convergence of random measures [220, Thm. 6.9]. Explicitly, this

metric is given by

disty, (My, My) = min Emw w su Ew f —Ewm fl,
w, (M1, M) andoriB, ) B f:[()’l][;_)R |Em; f — Ewm, f1
MM, for i=1,2 f(0)=0

1-Lipschitz in £

where the min over couplings is attained [220, Thm. 4.1]. It therefore suffices to
prove that lim, Wg(M,,, M) = 0 if and only if lim, disty, (M,, M) = 0. We proceed
to prove this by standard approximations of continuous functions by step functions

and vice-versa.
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Suppose that lim,, disty, (M,, M) = 0 and fix any € > 0. Let (M;,, M’) be a coupling
of (M,, M) attaining disty,. For any interval S C [0, 1], define S¢ = (S+ [—€,€]) N
[0, 1]. Note that

P(SeXTN\SXT) <de,  Ap(SexT.\SXT) < 2V2e.

We can find an e '-Lipschitz f.: [0,1]> — [0, 1] satisfying f|sxr = 1 and

_ _ dist(x,S e xT¢) s
f|[0,1]2\sg><TE = (0. For example, set fc(x) = T SKT) 10 S T where dist is

with respect to the £, norm. For any M € M, we have

EIM(S XT) —Eufel S EM(Se XxT:\ SXT) < 4e,
by Lemma 5.3.12, hence
1
[EM, (S X T) —EM'(S X T)| < 8¢ + |Em, fe — Ew fe| < 8€ + —disty, (M,,, M).
€

We conclude that Wg(M,;, M) < 8e + e~ !disty, (M,,, M), so taking n — oo and then
€ — 0 we conclude that lim,, W(M,,, M) = 0.

Conversely, suppose lim, W5(M,,M) = 0. Once again, we note that the infi-
mum over couplings in (5.6) is attained, since it consists of minimizing a lower-
semicontinuous function of the coupling over the compact space of all possible
couplings. For each n, let (M’, M;)) be a coupling attaining W(M,,, M). For each
N € N, define the intervals Il.(N) = [(i-1)/N,i/N) fori € {1,...,N — 1} and
1) = [1 = 1/N, 1]. For any 1-Lipschitz f: [0,1] — R with £(0) = 0, let

N

_ (N)
In(x) = Z i L) (x),

ij=1

where fl(;v) =f (ﬁ - W’ﬁ - ﬁ) is the value of f on the center of the squares
Il.(N) X IJ(.N). Since f is 1-Lipschitz in £ and the diameter of these squares is 1/2N
in s, we have | f(x) — fv(x)| < ﬁ for all x € [0, 1]%. Furthermore, since £(0) =0

we have | fl.(;.v)| < 1 for all 7, j. Therefore, for any M € M we have

1
Euf —E < —,
|Emf — Emfn| < N

and for our particular coupling (M, M/)), we have

N
1 1 101 (N) o (NN _ypr ¢ f(N) 7 (N)
|EM/f—Em;1f|sN+|EM/fN—EM@fN|sﬁlewui X =M (X
i,j=
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Since this inequality holds for any such function f, we conclude that

N
: 1 , ' 1
disty, (M, M) < N+,§ 1E||\/| ([i(N)xlj(.N))_Mn(]i(N)xlj(_N))l < N+N2WD(MH, M).
1,]=

Letting n — oo and then N — oo, we conclude that lim, disty, (M,, M) = 0. O

5.4 Edge Sampling and Property Testing

In this section, we consider the problem of testing properties of large graphs by ran-
domly sampling small summaries using our framework. For properties specified by
graph parameters that are continuous with respect to quotient convergence, it would
seem that random quotients are natural candidates for obtaining small summaries
of large graphs. However, random quotients require access to the entire graph and
are therefore impractical for large graphs. Moreover, we will see in Section 5.5 that
random quotients do not concentrate very well, further obstructing property testing

based on these summaries.

To remedy this situation, we present in this section an edge-based sampling proce-
dure that yields a practical method for obtaining small summaries approximating
large graphs of any size in the Wo-metric with universal rates. This sampling proce-
dure is based on an equivalent view of quotient convergence in terms of convergence
of edge-exchangeable random graph models, the equivalence being furnished by the
classical de Finetti’s theorem. We describe this perspective on quotient conver-
gence in Section 5.4 and an edge-based analog of the Szemerédi regularity lemma
in Section 5.4. We leverage these results to present a practical approach for prop-
erty testing, which we formally define and study in Section 5.4. We conclude in
Section 5.4 by presenting proofs from Section 5.4 that are omitted from notational

clarity as well as the proof of Proposition 5.3.6 from Section 5.3.

Edge Sampling View of Quotient Convergence
We begin by describing a procedure to obtain finite random graphs from a grapheur
by sampling edges with replacement. We then reinterpret quotient convergence in

terms of convergence of the resulting random edge-exchangeable graphs.

Given a grapheur M, we can obtain a sequence of weighted random graphs (G™ [M]),,
where G [M] has n edges as follows. We sample a measure u ~ M on [0, 1],
followed by sampling n edges (x1,y1),..., (Xn, Yn) iud . Next we construct the
weighted graph G/ [M] on N = |{x;} U {y;}| vertices by arbitrarily enumerating
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{t1,....ty} = {x;} U {y;} and setting the edge weights to:
(G MDij = [{k € [n] = (xieyi) = (1)} /n
for 1 <i,j < N. Note that |V(G"™ [M])| < 2n.

If the grapheur M is the limit of undirected graphs, we can further replace G [M]
G™ [M]+(G™ [M)T
2

by its symmetrization to obtain an undirected random graph; see
Remark 5.4.6 below. When M = Mg; is the grapheur corresponding to a finite graph
G as in (5.3), the above sampling procedure amounts to sampling with replacement
the edges of G proportionally to their weight, and randomly labeling the resulting

graph.

For a general grapheur M described by parameters (E, o, ¢, 0,1), edge sampling
from M as above corresponds to first sampling random locations (7;); and then

sampling edges as follows.

 With probability E; ;, sample the edge (7;,T;).

* With probability o;, we sample a new vertex 7’ ~ Unif ([0, 1]) and sample
the edge (7;, T’). With probability ¢;, we analogously sample (7”7, T;).

* With probability § we sample two new vertices 77, T, ~ Unif ([0, 1]) and add
the edge (7{,T;). Similarly, with probability © we add the edge (7”,T”) for

a new location 7”7 ~ Unif ([0, 1]).

After repeating the above procedure n times, we get a random exchangeable multi-
graph containing n edges (possibly with repetition), and normalize the resulting

graph to have total edge weight one.

We now observe that convergence of edge-sampled graphs is equivalent to quotient

convergence.

Proposition 5.4.1. We have lim, M, = M in M if and only if (G®) [M,,]), C AZk*2k
converges weakly to G® [M] for all k € N.

Proof. The grapheurs (M,,) converge weakly if and only if the random exchangeable

RORSN G .
L £yl € 10,112, (5.14)
yl o e yk

arrays
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obtained by first sampling u, ~ M, and then sampling (x;, y;) i U, converge
weakly by [112, Thm. 1.1], since the distributions of (5.14) are precisely the finite-
dimensional distributions of M,,. The exchangeable array (5.14) is precisely the list
of edges of the multigraph kG¥)[M,,] listed in arbitrary order after assigning its
vertices iid labels in Unif ([0, 1]). Formally, we have Mg ] 4 % Z,{{:l 5(x§n)’y§n))
for all n,k € N. Thus, the sequence (5.14) converges weakly for each k € N

precisely when the sequence of random graphs (G*)[M,]), converges weakly. O

In particular, a sequence of graphs (G, € A"™") quotient-converges precisely when
the sequence of random graphs (G*) [M, ])—obtained by independently sampling
k edges from each G, proportionally to their edge weights and randomly labeling
the vertices—converges weakly for each k € N.

Remark 5.4.2 (Edge-exchangeable random graphs). The random graphs we obtain
by sampling edges from a grapheur appeared previously in the literature as edge-
exchangeable random multigraph models [110]. As explained in [110, Rmk. 4.4],
every edge-exchangeable random multigraph model is obtained from a random
exchangeable measure on [0, 1]% as above after labelling the vertices by iid labels
from Unif ([0, 1]). Nevertheless, to our knowledge graph limits based on these
edge-exchangeable random graphs as in Proposition 5.4.1 have not been previously

studied in the literature, see also Section 5.1.

As noted in [110], if we repeat the above edge sampling process infinitely-many
times, each edge (T;,T;) corresponding to a positive edge weight E; ; > 0 will be
repeated infinitely-many times. In contrast, all the other edges sampled above will
only appear once. In particular, the vertices T', T{, T, sampled in this process will
only appear in one edge. Such vertices are called “blips” in [24, 110], and the

isolated edges and self-loops are called “dust”.

Edge-Based Szemerédi Regularity

We now provide bounds on the rate of convergence for W(Mg ), M) to zero
as n grows large, both in expectation and with high probability. In bounding the
quantity Wo(Mgm) M]> M), it is important to distinguish between the randomness in
the grapheur Mg\ coming from the random atoms 7; and randomness coming
from G?[M]. In our next result, we fix a realization of G [M], compute the
distance WD(MG(n)[M], M) depending on this realization (and hence random), and

seek to bound both its expectation and its tails with respect to the randomness in
G [M].
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In fact, our results provide convergence rates for the larger metric W (M, N) defined

by

Wa(M,N) < Wg(M,N) = inf E| sup [M{(SXT)-My(SxT)|,
random (MII’MIZ) S.TC [0’1]
M’.gMi for i=1.2 intervals

where the expectation is taken with respect to the coupling (M, M}) of M; and M,.
Note that W differs from Wg in (5.6) by moving the supremum over axis-aligned

rectangles into the expectation.

Theorem 5.4.3. For any grapheur M € M and eachn € N, let G™ [M] be a random
graph obtained by sampling n edges from M. Then

—_— 174
EG(”)[M] [WD(M’ MG(")[M])] < EG(n)[M] [WD(M, MG(")[M]) < %

Moreover, W (M, Mg 1) < W_D(M,M mmm) < 174+e \ith probability at least
G [M] G [M] vn

1 — exp(—2€2) over the random graph G [M].

The proof of Theorem 5.4.3 relies on two key lemmas. The first involves the

construction of a particular coupling of M, Mg . and G [M].
Lemma 5.4.4. There is a coupling (M', M G™) of M, Mgy, and G [M]
G
sampling u ~ M, then sampling n iid points from u, and finally forming the associ-

(n)?

satisfying the following two properties. First, in this coupling M is obtained by

ated empirical measure. Second, conditioned on G™ = G, the pair (M, M'G(n)) is

a coupling of M and Mg.

The second step in the proof of Theorem 5.4.3 involves using Vapnik-Chervonenkis
theory to uniformly bound the discrepancy between a measure and its empirical

sample on axis-aligned rectangles.

Lemma 5.4.5. For any measure u € P([0,1]?), let u, = % iy Ox, be the random

empirical measure obtained by sampling X1, ..., X, iid u. Then
174

By, sup [u(SXT) - u(SXT)| < —.
8,7<[0,1] \n

intervals

The proofs of these two lemmas are straightforward but technical, and we defer
them to Section 5.4 for clarity of exposition. Using the lemmas, we can now prove
Theorem 5.4.3.
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Proof (Theorem 5.4.3). Let AAR = {[a,b] X [c,d] : a,b,c,d € [0,1]} be the

class of axis-aligned rectangles contained in [0, 1]2, and let (M’, M G™) be the

G(m’
coupling from Lemma 5.4.4. Define

FGPIMI) = F(Ce1y1)s -5 (s ¥)) = Wi (Mg s M),

which is a function of the edges (xi,y1), ..., (xs, y,) sampled iid from u ~ M to
create G [M]. First note that

, 174
g [ (G [M]) = Egon f(G™) < Eqww  am) sup M/ (R)=Mg,, (R)| <
a(m REAAR Vi
where the equality follows from G [M] 4 G, the first inequality follows by
considering the coupling (M’, Mé(n))lG(”) of M and Mg, and the last inequality

follows by Lemma 5.4.5 and the fact that M’

G 1s an empirical measure obtained

from 7 iid samples from M’.

Second, note that f is 1/n-Lipschitz in each (x;,y;). Indeed, if G [M] dif-

fers from G [M] only in the ith location (x;,y;), and we glue the two couplings

G [ Gni) [
in [220, §1], then

(M7, M ]) and (M”, M ]) attaining the corresponding W distances as

1

](R)l < -,
n

F(@G™ M) =f (G MD)] < Equr ) Sup MGy (R)-MG

ammrMeon ) peaing GOl

since the only difference between M, ; M] and M, M) is a weight of 1/n placed
at one of their atoms. Since (x1,y1),..., (x,, y,) are sampled iid from a fixed
measure u (after it was sampled once from M), the bounded-difference concentration
inequality [223, Cor. 2.21] implies that f(G" [M]) < Ef(G"™[M]) + €/+/n with

probability at least 1 — exp(—2€2), proving the theorem. ]
Using Theorem 5.4.3, we can now prove Theorem 5.1.7 from Section 3.1.

Proof (Theorem 5.1.7). The first claim follows from Theorem 5.4.3. The second
claim follows from the fact that EWg(M, Mg [M] ) < \/- which implies that some
realization G of G [M], satisfies Wao(M,Mgm) < I\E. Setting n = k(€) =
[(174/€)?], we obtain the second claim. O

We remark that W also metrizes weak converge in M, as can be shown by com-
bining Theorem 5.4.3 with Proposition 5.4.1. We opted to use the W metric in
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the rest of the chapter since it is easier to relate to random quotients as in Proposi-
tion 5.3.2. We conclude this section by remarking that the above discussion applies

to undirected random graphs sampled from symmetric grapheurs.

Remark 5.4.6 (Undirected graphs). If M is the limit of undirected graphs, then by
Corollary 5.3.7 it is symmetric, i.e., we have M(SXT) = M(T XS) for any measurable
S,T C [0, 1]. Inthat case, we can sample undirected graphs from M by first sampling
G [M] as above and symmetrizing it to get Gg;lr)n[M] S [M]+(2G(n) MDT

S,T C [0, 1], we have

. For any

1
IM(SXT)-M [M](S xT)| = §|M(S><T) +M(T X S) = Mg my (S X T) = Mgy (T X S)|

G,

< max{[M(S X T) = Mgy (S X T IM(T X ) = Mg g (T X S)1},

hence Wo(M, M < Wg(M, MG(">[M]) and similarly for Wa. Thus, all the

e my)
results of this section apply to the undirected random graph Gg;lr)n [M].

Property Testing

We apply the preceding edge-based sampling procedure to test properties of large
graphs based on small summaries. We begin by formally defining the class of graph
parameters we can test using our framework. Here a graph parameter is a function
[+ Upenn A" — R on graphs of all sizes that is permutation-invariant, in the sense
that f(m,G,) = f(G,) for any permutation 7, € S, of the vertex labels.

Definition 5.4.7 (Quotient-testable graph parameters). A quotient-testable graph
parameter is a graph parameter f: | |, AV — R satisfying the following prop-

erties:

(Isolate-indifference) f(Gyn) = f(G,) whenever Gy € ANN differs from
G, € A" by isolated vertices;

(Continuity) The sequence (f(G,)) converges whenever (G, € AN"") is

quotient-convergent.

We proceed to give several equivalent characterizations of quotient-testable param-

eters.

Proposition 5.4.8 (Testability as continuity). The following are equivalent for a
graph parameter f.
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1. The parameter f is quotient-testable.

2. Thereisafunction f: M — Rsatisfying f(Mg) = f(G)forallG € | |, A™".

Such f is then unique and continuous.

3. For any € > O there is a 6 = 6(€) > 0 such that if Wo(Mg,,Mg,,) < 0 then
| f(G) — f(G)| £ € forany two graphs G, G, of any two sizes.

Proof. We prove these statements imply each other in order, with the last statement

implying the first.

Suppose f is quotient-testable. Define M., = {Mg : G € A™" for some n} — R
to be the grapheurs in M arising from finite graphs and define f: M., — R by
f(Mg) = f(G). Thisis well-defined because f is permutation-invariant and isolate-
indifferent, as Mg = Mg if and only if G and G’ differ by isolated vertices and node
relabeling [113, Prop. 3]. Further, f is continuous by continuity of f, hence it
extends uniquely to a continuous function on the closure M of M.. This proves

statement 2.

Suppose f extends to a continuous f: M — R. Since M is compact and this
compact topology is metrized by the W metric by Proposition 5.3.3, the function

f is uniformly continuous in the W metric. This proves statement 3.

Finally, assume statement 3 holds. Since Wo(Mg,,, Mg, ) = 0if G, and Gy differ by
isolated vertices, we conclude that f is isolate-indifferent. Since quotient-convergent
sequences (G,), are Cauchy in the Wg-metric by Theorem 5.1.5, we conclude that

(f(Gp))n € Ris Cauchy and hence converges. O

As a first set of examples, quotient densities and homomorphism numbers are
quotient-testable. More generally, we show next that a large class of polynomial
graph parameters are testable, because all such polynomial parameters are functions

of fixed-dimensional random quotients of their input graphs.

Proposition 5.4.9 (Polynomial parameters). Suppose f is an isolate-indifferent
graph parameter such that f|anxn is given by a polynomial function for each n, and

that all these polynomials have degree d € N. Then f is quotient-testable.

Further, a graph parameter f is quotient-testable if and only if for any € > 0 there
exists a polynomial quotient-testable parameter p satisfying | f(G) — p(G)| < € for
all graphs G of all sizes.
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Proof. For the first claim, it was shown in [138, Thm. 5.2] that there exists a
polynomial g; over R®* satisfying f(G,) = Bqi(o(F..)G,) for all G, € A"™"
and all n € N. Since gy is L-Lipschitz on AK** for some L > 0, we have by
Proposition 5.3.2 that

|f(Gn) - f(Gm)l = |EQk(p(Fk,nGn)) - EC]k(p(Fk,m)Gm)l < LWI (p(Fk,n)Gm p(Fk,m)Gm)
< LK*Wa(Mg,, Mg,,),

for any two graphs G, G,, of any two sizes. Thus, the function f is testable by
Proposition 5.4.8(3), as can be seen by setting 6(€) = 153

For the second claim, if for any € > O there is a testable parameter p satisfying
| f(G) — p(G)| < e forall G, then f is a uniform limit of W-continuous functions
and hence is Wo-continuous itself. By Proposition 5.4.8, the parameter f is therefore
testable. Conversely, if f is testable then it extends to a continuous f: M — R by
Proposition 5.4.8 again. Note that the collection of polynomial testable parameters
is an algebra, contains constant functions, and separates points by Corollary 5.3.4.
Since M is compact, Stone-Weierestrass implies that f is the uniform limit of

polynomial testable parameters. m|

We combine the insights of Sections 5.4-5.4 along with the above characterization
of quotient-testable parameters to show that these can indeed be tested by edge

sampling.

Theorem 5.4.10. Consider a graph parameter f: | |, A™" — R whose restrictions
f|anxn are continuous (in the usual topology on ™" ) for each n. Then f is quotient-
testable if and only if for every € > 0, there exists k € N such that for any finite
graph G of any size we have | f(G) — f(G®)[Mg])| < € with probability at least

2
Viog(e-/
1 — €. In this case, we can take k(€) = (%f)(elz)) where 6(€) > 0 is as in
Proposition 5.4.8(3).

Proof. Suppose f is quotient-testable. For any € > 0, let 6(¢) be as in Propo-
sition 5.4.8(3) and set k = k(e) as in the theorem statement. Then, noting
that € = ¢™2€ where € = m, with probability at least 1 — € we have
Wo (Mg, Mgw) < %’ < 6(e) and hence |f(G) — f(G®[Mg])| < € by Theo-
rem 5.4.3.

We turn to proving the converse. If G| and G, differ by isolated vertices, then Mg, =
Mg, and hence G (Mg, ] 4Gw [Mg,]. Therefore, for any € > O let k € N be as in
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the theorem statement and let G(*) be a sample from this common distribution. Then
with probability 1 —2e we have | f(G1) — f(G¥))| < e and [F(GH)) - £(G1)| < €,
s0 in particular there is a realization G¥) of G(%) satisfying both inequalities. We
then have | f(G1) = f(G2)| < |£(G1) = fF(GW)|+1f(GW) = £(G2)| < 2e. Since
e > 0 was arbitrary, we conclude that f is isolate-indifferent. A similar argument
shows that | f| is bounded. Indeed, since |f| restricted to the compact set AZ<*2k
is continuous, it is bounded by some By; > 0. For any other graph G of any
size, some realization G of G [Mg] satisfies | f(G) — f(G®)| < €, and hence
|f(G)| < Bax + € for all graphs G. Denoting B = supg; |f(G)|, we then have
1£(G) —Ef(GHP[M])| < EIf(G) - F(GP[Mg])| < e(1 - €) +2Be. Finally,
if (G,) is quotient-convergent, then (G*)[Mg, ]), is weakly-convergent, and by
continuity of f|sxx, the sequence (Ef(GX [Mg, 1)), is convergent. Therefore,

we have
£ (G)=f(Gw)| < 2e(1-+2B)+Ef(GH [Mg, 1) -Ef (G [Mg, ])| < 3e(1-e+2B)

for all large n, m, showing that ( f(G,)) is convergent. O

We remark that the graphon analog of the characterization of quotient-testable
parameters in Theorem 5.4.10 was used as the definition of testable parameters
in [20, Def. 2.11].

The upshot of this result is that a continuous graph parameter being quotient-testable
is equivalent to the parameter being testable using edge sampling. In particular,
Theorem 5.4.10 gives a simple recipe for estimating the value of a testable parameter
f(G) on an arbitrarily-large graph G: sample k edges iid from G proportionally to
their edge weights, and compute the parameter f(G®) of the resulting small graph

2
174+\/10g(6‘1/2))

G®). The number of edges needed is given explicitly as k = ( 500
in terms of the desired accuracy € and the modulus of continuity §(€) of f in
the Wo-metric. When f is L-Lipschitz continuous in the Wo-metric, we can set

6(e) =€/L.

Many graph parameters of interest are indeed Lipschitz-continuous, including all
polynomial parameters as the proof of Proposition 5.4.9 demonstrates. Thus, the key
quantity that is needed to bound the required number of edges to test the values of
such parameters is their Lipschitz constants. We can explicitly bound the Lipschitz

constants of quotient densities. Specifically, for a multigraph H € N**¥ we have

lto (H; M) — to(H; My)| = [EGx [M]7 — EGy [Ma]?| < k|| H| | Wr(My, My),
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since the polynomial G +— G is ||H||.-Lipschitz with respect to the £; norm on
AR*k By using (5.9) and (5.11), we can similarly derive Lipschitz constants for
homomorphism numbers. In the next example, we derive the Lipschitz constant of

a particular graph parameter that can be used to test the presence of hubs.

Example 5.4.11 (Testing for hubs). Consider the graph parameter
f(G) = hom(55"; G) + hom(s3"; G) = |GLI} + G L[5,

where Séom), Sgn) e N33 are outward- and inward-pointing stars with two leaves,
respectively. This is an extension to weighted and directed graphs of the so-called
first Zagreb index, originally introduced for chemical networks in [94]. Define the
polynomial g, on 2 X 2 matrices by

q2(G) = (G11+G12—Ga1 — G22)* + (G11+Gag — G1a — Ga2)?,

and observe that f(G,) = Eq2(p(F2.n)G,) for any G, € A" and any n € N.
Indeed, more generally for any grapheur M with random locations (T;), let R; ind

Unif ({£1}) be iid Rademacher random variables and note that

- 2
Eq2(G2[M]) = E Z(E1+0')i (Ir,<1/2 = 11>102)| +E Z(ET]1+S‘)i (Ir<1/2 = 17,51)2)
| ieN ieN
- 2 2
=B D (El+0)Ri| +B| Y (ET1+¢)R;| = |EL+a3+]ET1+glf,
| ieN ieN

where 11,12 = 1 if T; < 1/2 and zero otherwise and similarly for 17,512, and we
note that (17,<1/2 — 11,51/2)ien 4 (R)ien. We conclude that f can be extended to
all grapheurs M by f(M) = Eq2(G,[M]). This extension is Lipschitz-continuous.
Explicitly, since |0, ,q2(G)| = 2|G1,1 = Gapl ifi = j and 2|G; j — G| if i # J, we

AZXZ

conclude that q; is 2-Lipschitz on with respect to || - |||, and hence that

| f(M)=f(M2)| = |Eq2(G2[M1])-Eq2(G2[Ma])] < 2W;1(G2[M;], G2 [M2]) < 8W (M, My),

for any two grapheurs My,My € M by Proposition 5.3.2. Finally, observe that
f(M) =0 ifand only if E = 0 and o = ¢ = 0, hence if and only if M has no hubs.
In particular, Wo(Mg, M) > f(G)/8 for any grapheur M with no hubs.

We can now use the above parameter to test for the existence of significant hubs in

a graph. Specifically, suppose we are given an arbitrarily-large graph G, and we

( 174+/log(e-172) )2
€

sample k = |64 edges from G to obtain a graph G . Then with

2
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probability 1 — €, we have Wo(Mg, M) > %for any grapheur M with no hubs.
In this sense, large values of f(G¥)) indicate the likely presence of significant hubs
inG.

We observe that testing for hubs also has an appealing interpretation in terms of
quotients. A grapheur M has no hubs if and only if there is a 6 € [0, 1] satisfying
Gn[M] = 9# 117 +(1-6) %Im (a deterministic matrix) for all m € N. Thus, testing
for hubs also amounts to testing whether the random quotients of a graph G deviate
from a uniform distribution of edge weights, i.e., quotients of the above form. See
Figures 1.2-1.3 for example. The parameter of Example 5.4.11 yields a lower bound

on this deviation, as by Proposition 5.3.2 we have

. F(G) 4
EH@LMT 1—olr —G,[M H > 7
,Min B |07 +( )ordm — G [Mg] | g —

For example, the values of the parameter f on the full graphs in Figures 1.2-1.3
are 0.0073 and 0.010, respectively. Estimating this parameter by sampling k = 10°
edges, we obtain values of 0.0084 and 0.012, respectively. For comparison, the
value of this parameter on an ErdGs—Rényi random graph with edge probability 1/2
on 1,500 vertices 1s 0.001.

We end this section by giving two further examples of quotient-testable parameters,

each quantifying different structural properties.

Example 5.4.12 (Global Clustering Coefficient). One extension of the global clus-
tering coefficient to weighted undirected graphs, a global analog of the coefficient
proposed in [234, §7] for gene co-expression networks, is

inj(K3; G)
f(G) = ——=3 :
inf(P2; G) max; ; G; ;

(5.15)

where inj(H; G) denotes the injective homomorphism number and is defined as
in (5.1) but with the sum restricted to injective maps, K3 is an arbitrarily-directed
triangle graph, and P, is the directed path on three vertices. We proceed to
show that (5.15) is quotient-testable. Proposition 5.4.9 shows that inj(K3; G) and
inj(P3; G) extend to continuous functions on all of M. Similarly, we note that G +—
max; ; G; ; extends to such a continuous function, since if (G,) quotient-converges
to a grapheur described by (E,o,¢,0,9), then max; ;(G,);; — max;; E;; by
Proposition 5.3.6. Finally, note that f(G) < 1 for all graphs G of any size, proving
that f extends to a continuous function on all of M and hence is quotient-testable

by Proposition 5.4.8.
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Example 5.4.13 (Katz Centrality). Another measure of importance, or influence,
of a node, originally introduced in [118] for social networks, is its Katz centrality.
Specifically, for a parameter a € (0, 1), we consider the sum of the Katz centralities
of all the nodes

fG)=17[(1=aG) " = 1|1 = Y aF(17G* D),
k>1
which is another parameter quantifying the presence of hubs in a network. Once
again, this parameter is quotient-testable. Indeed, if (G,) quotient-converges, then
1TGk1 converges for each k by Proposition 5.4.9, hence f(G,) converges as well
for any fixed a € (0, 1).

Missing Proofs from Section 5.4

In this section we give all the proofs missing from Section 5.4.

Proofs from Section 5.4

In this section, we prove the two lemmas used in Section 5.4 to prove Theorem 5.4.3.
We begin by proving Lemma 5.4.4 by constructing an explicit coupling between M,

Mg vy and G [M] with the claimed properties.

Proof (Lemma 5.4.4). Sample u ~ M and set M’ = u. Next, sample (x;, y;) id U,
let {t1,...,t5} = {x;} U {y;}, form G as in Section 5.4, and set

Mg = 2(5(;“ yi) = Z(G( ))115(“ hE (5.16)

We proceed to argue that this coupling satisfies all the claimed properties.

By construction, we have M’ 4 MandG™ £ g™ [M]. Next, because M is exchange-
able, we claim that 71, ...,y "< Unif([0,1]). Indeed, (x;,y;) < (o (x;), (y;))
for all o € So,1), hence (x;,y;) ~ 0A%> + (1 — 0)Ap. Therefore, for each i
either x; = y; ~ Unif([0,1]) or x;,y; o2, Combining this with the fact
that the (x,, y;) are independent for different i/, we obtain the claim. Therefore,
MG(n)[M Zl 100ay) = M’G(H), the latter being an empirical measure drawn from

u ~ M. Finally, we have M’|G" 4 M and Mé(n)|G(") 4 Mg as can be seen
from (5.16), as G only depends on the multiplicities of {(z;, ¢ )} rather than their
locations, and the multiplicities and locations of a random exchangeable measure
are independent of each other [113, Thm. 2]. m|
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We now turn to proving Lemma 5.4.5, combining standard results from VC theory.

Proof (Lemma 5.4.5). Fix any u € P([0,1]?). By the proof of [223, Thm. 4.10],

we have

E sup lun(R) = u(R)| < 2R, (Faar),
um REAAR

where R, (F) = E SUP e H i &if (X,-)| is the Rademacher complexity
X[”~d/~1
& Unif({£1})
of a class of functions ¥ and we set Fzag = {1g : R € AAR}. We further have

by [223, Ex. 5.24] that

Rn F) < E./log N [ 1 Sl dl,
\/_ g M

n

where N(t; ;|| - ||,) is the t-covering number of ¥ in the (random) metric || f —

g, = A/Bu, (f — )? defined by the empirical measure y,. If F is class of {0, 1}-
valued functions, then diam(#) < 1. Finally, we have by [98, Cor. 1] that
14
2e
M Tl 1) < e+ 1) (]

for any measure u, where V = VC(AAR) = 4 is the VC-dimension of the class of

axis-aligned rectangles. Combining the above results, we conclude that

48 ! 174
E sup |un(R) — u(R)| < —/ Vlog(5e) + 41log(2e/t) dt < —,

u(m REAAR vVn Jo \n
emp. meas.~u

where we numeriucally evaluated the last integral to 12 digits of accuracy to get
3.624000076562 < 3.625. m]

Proof of Proposition 5.3.6 from Section 5.3

Using Theorem 5.4.3 and its proof, we can now prove Proposition 5.3.6 by comparing
both the quotient-convergent sequence (G,) and its limit M to their edge-sampled

random graphs.

Proof (Proposition 5.3.6). Since (G,) quotient-converges to M, we have W1 (G**) [Mg, ],
G [M]) = 0as n — oo for each k € N. Pick k > (174/€)?, sample (G,sk), G,(\j))
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from a coupling of G(k) [MG,,] and G(k) [M] attaining W (G(k) [MGn] , G(k) [M]), and
—2¢* _ Wi(GM Mg, .G [M])

€

note that with probability 1 — 4e we have

sup g (R)=p, (R)| < €, sup |ugw (R)—pm(R)| <6, and |G-Gy i < e,
REAAR REAAR M 5.17)
(5.

for (,UG’EAk)»/JM) ~ (M,G(k)’ M’) and (’qu,k)”uG") ~ (M/G(k)’ M/Gn) Sampled from the
M n

coupling of Lemma 5.4.4 conditioned on G,(\f ) and Gflk), respectively. Picking n
large enough, the above occurs with positive probability, so we can find deterministic
G,sk) and Gl(\f ) satisfying (5.17) for all large n. Explicitly, by Lemma 5.4.4 there are

locations #; € [0, 1] and a permutation 7, € S,, satisfying

Z (G, jé(t, t)s ,UG(k) = Z (7TnG )l _/6(1‘, 1)

iL,j=

By considering rectangles in (5.17) centered at each of the atoms of y, and p, v,

and around rows and columns of these two measures, we conclude that

161G Il < € 11Gul-muG Tl < € and (|G 1-74(G}) | < €.
(5.18)
Similarly, we can find a permutation 7y, € Sy, for large enough M € N and atoms

(;)iexw and ()M for some m < M satisfying

= EijSy+ ) 00, @)+ > 6i(A®8,) + 04+ 9dp,
i,jeN ieN ieN

/JG(k) Z(ﬂMG )l 15(@ tj) +Z Z (ﬂMG )ljé(t, v ) + Z Z(NMG )l /6(1 )

i=1 j=m+1 i=m+1 j=1

+ Z (ﬁMG,if))i,j(S(r;,z})-
i,j=m+l
Here we have separated the edges sampled from each summand in M. Moreover,
with probability 1 we have (ﬁMG,(\f))i,j € {0,1/k} if i > m or j > m. Note that
k=1 < (€/174)* < e for all small € > 0. By considering similar rectangles in (5.17),

we therefore

IE-7nG\y e < €, IEL+0-TuGy llo < € and ET146—(TuGly) 1l < €.
(5.19)

(k)”
M

Finally, since ||Gflk) -Gy, |l1 < €, we conclude that

IGY) -Gl <€ 11IGI1-GiMllw <€ and  [(GY)T1-(GI) Tl < €.
(5.20)
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Combining (5.18), (5.19), and (5.20), we obtain

|77 Gy — Elleo < 36, ||Tmn, Gyl — (EL+0)|| < 3¢, and

177, Gl = (ET1 + ¢)||eo < 3e.

Since € > 0 was arbitrary, our first three claims are proved. For the last claim,
observe that lim, Tr(G,) = lim, hom([1], G,) exists as it is the limit of the ho-
momorphism numbers of a single self-loop. By Corollary 5.3.4 and the proof of
Proposition 5.2.6, the limit of the homomorphism numbers is the same for any
sequence of graphs quotient-converging to M. By considering the sequence of
graphs (5.12) derived from M, we conclude that lim,, Tr(G,) = Tr(E) + 1, proving
the last claim. O

5.5 Equipartition-Consistent Random Graph Models

Each grapheur M yields a sequence of random graphs (Gy[M]) via the construc-
tion (5.7). In Section 5.5, we show that these graphs are related to each other
via equipartitions, and hence form an equipartition-consistent random graph model
(Definition 5.1.8). We then prove that realizations of these random graphs (G [M])
converge back to the grapheur M in a suitable fashion. Finally, in Section 5.5 we
prove Theorem 5.1.9, stating that any equipartition-consistent random graph model

is a mixture of ones obtained from grapheurs as above.

Equipartition Consistency

We begin by arguing that (G [M]) is equipartition-consistent. Note that dj ,x ©
Fuk.m 4 Fy ., for any k,n,m € N by [138, Lemma 4.13], since each i € [m] is
mapped independently by Fj,x », to one of the fibers of dj i with the same probability.
Therefore, for any G € A™" the sequence of distributions (Law (o (Fk,)Gn))k is
indeed an equipartition-consistent model. If (G,,) is a sequence of finite graphs
converging to a grapheur M, then p(Fi )G, — Gi[M] and p(Fuxm)Gm —
Gk [M] weakly, hence

Law (0 (d k) Gnk [M]) = lim Law (0 (dk nk©Fpk.m)Gm) = lim Law (o (Fi.m)Gm) = Law (G [M]),
m m

showing that (Law(Gyg [M]))x is equipartition-consistent for any grapheur M.

We now ask whether samples from an equipartition-consistent model (Gg[M])
obtained from a grapheur M € M converge back to M. The answer depends on how

this sampling is performed.
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Proposition 5.5.1. For any grapheur M € M, denote by (u; = Law(Gy[M]))y its

associated equipartition-consistent random graph model.

1. Fix a grapheur M € M, draw u ~ M, and let Q; = (,u(]l.(") X IJ(."))),-’je[k]
for each k € N. Then Law(Qy) = uyi for all k € N, and (Qg) is quotient-

convergent to M almost surely.

2. Suppose M = (1, 1) is the grapheur associated to a single edge. Draw
Rk ~ ux independently for different k. Then lim sup, Wo(Mg,,M) > 1/4

almost surely, so (Ry) does not converge to M.

Proof. For the first claim, fix any € > 0 and let N € N be sufficiently large so that
2isNor j>N Eij+2isn(0i+¢i) < €. Drawing u ~ M amounts to sampling locations
T; “d Unif ([0,1]) in (5.4), and these samples are distinct almost surely. Therefore,
there exists K > N € N such that Tj,...,Ty lie in distinct intervals (Il.(k)),-e[k]
for all k > K. Therefore, for all k > K we can find a permutation 7; € Sy
such that 7, Qr = p(un)(Eij +0i/k +6;/k)i jen) + Nk + 0#]1;(]1; + ﬂ%lk where
INk||1 < e. Using the coupling (M o M’) obtained by drawing random locations
(T;), setting M’ to (5.4), and setting Mbk = ij:] (7k Q)i ;0 (;.1,), we conclude that
lim sup;_,o Wo(Mq,,M) < €. Since € > 0 was arbitrary, we obtain the claimed

convergence.

For the second claim, note that with probability 1/k we have T1,T; € Il.(k) for the
same i € [k], in which case Ry = diag(0,...,1,...,0) and Wo(Mg,,M) > 1/4 as
can be seen by setting S = [0,1/2] and T = [1/2,1] in (5.6). Since these events
are independent and the sum of their probabilities ', k~! diverges, Borel-Cantelli

implies that lim sup, Wg(Mg,, M) > 1/4 almost surely. O

In words, the quotients must be sampled in a manner that is related across different
sizes for the samples to converge to the underlying grapheur; if we instead sample
random quotients independently for each size, the resulting sequence almost surely
does not converge to the underlying grapheur. In contrast, if we sample growing-
sized random graphs from a graphon independently for different sizes, then the
resulting sequence does converge back to the graphon almost surely as a conse-
quence of Szemerédi’s regularity lemma [146, Lemma 11.8]. Proposition 5.5.1(2)
thus implies that the analog of Theorem 5.1.7 fails for random quotients. More

precisely, for any rate of convergence (R(k) € Rxg)nen With R(k) — 0, we have
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Yken P[Wao(M, Gi[M]) > R(k)] = oo by Borel-Cantelli. We leave the precise

analysis of convergence rates of random quotients for future work.

Proof of Theorem 5.1.9

Our goal in this section is to prove Theorem 5.1.9, showing that every equipartition-
consistent random graph model arises from a unique random exchangeable measure.
We deduce the existence of the desired random measure from results on inverse limits
of random histograms [169], and proving that this random measure is exchangeable
proceeds via standard approximation arguments. To apply the results of [169], we
require the following lemma on the sequence of means of an equipartition-consistent

model.

Lemma 5.5.2. For any equipartition-consistent random graph model (uy), there
exists 0 € [0, 1] satisfying Bxy, X = 075117 + (1 - 0) Iy for all k € N.

Proof. Note that M,, = Ex.,,X € S" is a deterministic matrix invariant under
simultaneous permutations of its rows and columns, because u, is exchangeable.
Any such matrix has the same on-diagonal and off-diagonal entries, hence there
exist 0,, %, € R satisfying M,, = Gnilnm + ﬂn%In. Since 1" X1 = 1 almost surely,
we similarly have 17 M, 1 = 6, + 1, = 1. Also, since X > 0 almost surely, we must

have 6,, € [0, 1]. Finally, since p(d, n)Xn 4 X, whenever n|N, we must have
M, = p(dn,N)MN = QN#]lan + (1 - ON)%In

Since %Ilnxn and %I,, are linearly independent for all n > 2, we must have 6y = 6,

whenever n|N, and therefore for all n, N € N. This proves the claim. m|
Combining the above lemma with [169], we are ready to prove Theorem 5.1.9.

Proof (Theorem 5.1.9). Uniqueness is clear since squares of the form Il.(k) X IJ(.k)
generate the Borel o-algebra on [0, 1]2. To prove existence we appeal to [169,
Thm. 1.1], which states that there exists a random probability measure M on [0, 1]2
(not guaranteed to be exchangeable) satisfying M(Il.(k) X I](.k)) ~ uy for all k if there is
a determinisitic measure u € P ([0, 1]?) satisfying (,u(Il.(k) X I](.k))),-,je[k] =Ex-u X
for all k € N. Such a deterministic measure exists by Lemma 5.5.2, since

(0% + (1 = 0)Ap) (I X 1)), jepny = 075 Lok + (1= O) s
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We proceed to prove that the above M is exchangeable. To do so, it suffices to
prove that for any continuous function f: [0, 1)> — R and any measure-preserving
bijection o, we have Ey f 4 Emf o (o,0). By [115, Prop. 9.1], it further suffices
to prove this equality for o € S,,;, a permutation of the m intervals / l(m), e I,Slm)
actingby o ((i — 1)/m+x) = (0(i) = 1)/m +x for x € [0,1/m) fori € [m].

n

For any continuous function f: [0, 1]2 — R, let f, = X =1 fl.(;.i)]l oNG) where
. J

fij = fE =4, ﬁ — 5-) is the value of f on the centers of the squares Il.(") X IJ(."),
whose diameter in £, is 1/2n. Since f is continuous on a compact set, it is uniformly
continuous, hence for any € > 0 we have |f(x) — f,(x)| < e forall x € [0, 1)? and
all large n. Note that

n n
Ewmfu =y [OMU" 1) =" (G [M])s.
i,j=1 i,j=1
Therefore, for any m, k € N and o, € S,,, we view 0, as an interval permutation
and as a permutation on [mk] letters permuting consecutive intervals of length &,

in which case we get

m m
k M d k M
Emfnk © (@mn) = D FT G a 10010 S DL STGD = Emf
ij=1 i,j=1

Since this holds for all k¥ € N, we have

4} (EMf’EMf o (O, O-m)) <W (EMf»EMfmk) + W (EMfmka Emfmk © (Om> om))
+ Wi (EmSfnk © (Om, 0m), Bmf o (Om, om)) < 2,

for all large k, where the last inequality follows since M is supported on [0, 1)? =

Ui.j Il.(") X I](."). Since € > 0 was arbitrary, this proves the exchangeability of M. O

5.6 Conclusions and Future Directions

We have introduced a new notion of limits of growing graphs based on convergence
of their fixed-size random quotients. We showed that this notion of convergence
can be equivalently characterized in terms of convergence of graph parameters
such as homomorphism numbers and quotient densities. We characterized limits
of quotient-convergent graph sequences via grapheurs, which are certain random
exchangeable measures on [0, 1]?. The limiting grapheur of a quotient-convergent
sequence of graphs describes the asymptotic distribution of edge weight in the
graphs. We then presented another equivalent view of quotient convergence via

edge sampling, allowing us to prove an edge-based analog of Szemerédi’s regularity
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lemma and to test properties of arbitrarily-large graphs by sampling edges from them.
The number of edges needed is indpendent of the size of the graph, only depending
on the desired accuracy and the Lipschitz constant of the graph parameter in question.
Finally, we studied equipartition-consistent random graph models, showing that any
such model corresponds to the sequence of random quotients associated to a mixture

of grapheurs. We conclude by mentioning several questions suggested by our work.

(Optimal Szemerédi rate) Is the rate of O (1/+/n) for approximating a grapheur by

a graph on n edges optimal?

(Extending graphon duality) Is Conjecture 5.3.11 on the bi-continuity of our du-
ality pairing true? Can the duality with graphons in Section 5.3 be extended to
limits of non-simple graphs? Can we relate the cut metric and our Wg-metric
via this duality?

(Inequalities in quotient densities) Corollary 5.3.5 shows that valid inequalities
in quotient densities (or equivalently, homomorphism numbers) that hold for
graphs of all sizes correspond to inequalities over grapheurs. Can we exploit
the structure of the space of grapheurs to prove such inequalities, in analogy

with the use of graphon theory to prove homomorphism density inequalities?
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Chapter 6

ANY-DIMENSIONAL LEARNING USING SAMPLING

This chapter is based on [137].

6.1 Introduction
We begin by formally stating the any-dimensional generalization and sketching

questions.

Formalizing Any-Dimensional Learning

To frame our discussion concretely, let (V) be a sequence of vector spaces, with
the index n specifying object size, e.g., vectors of length n, adjacency matrices of
graphs on n vertices, and so on. Although our framework encompasses these and

many other applications, we consider two running examples:

* Sequences of features or tokens, represented as n points in R?. Here we set

V, = R for a fixed d € N and growing .

» Weighted and directed graphs on n vertices, represented by their adjacency

matrices. Here we set V,, = R"™",

In many applications, it is often the case that the objects of interest belong to some
proper subset ,, C V,; for instance, unweighted graphs are precisely those whose
adjacency matrix belongs to Q, = {0, 1}>". In the sequel, we will see that various
structural properties of this subset, and indeed of the collection | |, Q, C | |, V, of

subsets containing inputs of all possible sizes, play a central role in our framework.

In order to formulate the any-dimensional generalization problem precisely, let
Q. = | i<, €; be the set of objects of bounded size. For two functions f, g: | |, 2, —
R defined on objects of all sizes, i.e., any-dimensional functions, define e,(f, g) =
SUP,eq_, |/ (x) — g(x)| and ex(f, 8) = sup, e.(f,g). We then investigate the fol-

lowing question:
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Any-dimensional generalization: Under what conditions on | |, €, and on any-

dimensional functions f, g : | |, 2, — R do we have that:

lim e,(f, ) = ew(f.8)?

At what rate does this limit converge? Is there a hypothesis class of any-dimensional

functions over which the convergence rate is uniform?

Ife,(f, g) converges to e« ( f, g) as n — oo, then we can control the error e ( f, f)
between a function f and its estimate fon objects of arbitrarily-large size by the
error e, ( f, f) on objects of size at most n. We would thereby reduce the problem of
approximating a target function on infinitely-many input sizes to approximating it on
a fixed, sufficiently-large size, which can be done using classical approximation and
learning theory. If we further have explicit and uniform rates of convergence over
some hypothesis class, then we can obtain a priori bounds on the input size n needed
to accurately approximate the target function, and precise bounds on e ( f, f) as a
function of e, ( f, f)

We have stated any-dimensional generalization in terms of uniform error over in-
puts of each size. If instead we seek to quantify generalization in terms of data
distributions, we must further understand what natural any-dimensional data distri-
butions are. Merely considering distributions u on | |, €, is not sufficient, since

any such distribution will be concentrated on bounded-dimensional inputs because
2 H(,) = 1.
The second question we consider involves approximating the value of an any-

dimensional function on a large input by its value on a small sketch of this input.

Any-dimensional sketching: Under what conditions on | |, Q, and on an any-
dimensional function f : [ |,€Q, — R can we find a (potentially random) map
Sk L, Qp — Q satisfying

klim e (f, fod8k) =0 almost surely?

At what rate does this limit converge? Is there a hypothesis class of any-dimensional

functions over which the convergence rate is uniform?

Already at this stage, it is clear that any attempt to address the any-dimensional

generalization question would require some notion of similarity between objects
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of different sizes in | |, , respected by the any-dimensional functions under con-
sideration. Indeed, if a model performs well on large inputs of unseen size, then
these inputs must in some sense be similar to smaller inputs from the training set.
Similarly, if a function takes on similar values on a low-dimensional sketch of a
high-dimensional object, then the object and its sketch must be similar to each
other. More precisely, we need a distance between elements of | |, €, that allows us
to quantitatively compare objects of different sizes, and consider any-dimensional
functions that are continuous in this distance. In particular, this distance will play a

central role in addressing the above questions on any-dimensional generalization.

Motivated by the above discussion, we consider a metric d: | |, Q, X | |,Q, —
[0, 00), with respect to which we have a distance between a point x € Q. and
a subset § C Q. given by dist(x,S) = infyesd(x,y). We shall see that any-
dimensional generalization and sketching are intimately related to the following

question pertaining to this metric space.

Any-dimensional approximation: Under what conditions on (| |, Q,, d) do we have
that:
lim sup dist(x, Q<,) = 0? 6.1)

=% yeQe,

At what rate does this limit approach zero?

The any-dimensional approximation property states that objects of any size can be
approximated by bounded-size objects. In particular, the order of the limit and the
supremum highlights the any-dimensional nature of the question, as approximability

is required to hold uniformly over all objects of arbitrary size.

We formally relate the above three questions, and show that they are all equivalent

to the compactness of (|_|,, 2, d) in a precise sense, in Section 6.2.

A Sampling Based Approach for Comparing Objects of Different Sizes

To address the preceding questions in any-dimensional learning, we describe a
sampling-based approach to compare objects of different sizes. Specifically, we fix
random sampling maps (Sg: |, V, = Vi)ren and compare any two inputs x, y €
L, V,, by comparing the distributions of their samples Law (S;x) and Law(Syy) of

each size k. In particular, we define the sampling metric between x,y € | |, V,, by:

dyamp (%, ¥) = D 27 Wi (Law (S (x)), Law (S (1)), (6.2)
k>1
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where W) denotes the Wasserstein-1 distance between two probability measures
with respect to some norm on Vy satisfying sup; E|[Si(x)|| < oo for each x. A
sequence of inputs (x,), converges with respect to the sampling metric (6.2) if the

sequence of fixed-dimensional samples (S (x,)), converges weakly for each size k.

The above metric and corresponding notion of convergence has been previously
used in conjungtion with specific sampling maps to compare graphs of different
sizes and to take their limits, see [146]. In this chapter, we apply these notions
to more general notions of sampling. We proceed to give a few examples of the

sampling maps we consider.

Example 6.1.1 (Sampling columns). Suppose V,, = R®" for a fixed d € N. We then
let the sampling map Sy sample k columns from x = [x1,...,x,]| € V,, uniformly at
random with replacement, i.e., we sample indices J1, . . ., Jy iid uniformly from [n]
and set Syx = [xy,,...,x5.] € Vi. We then consider the sampling map (6.2) using

the Lo norm to define the W, distances.

In this case, we have Law(Syx) = Law(S1x)®* and if Q, = " for some compact
® C R then a sequence (x,) C |_I,, &, converges in dsamp precisely when Law(S1x,,)

converges weakly.

Example 6.1.2 (Sampling vertices). Suppose V,, = R™", viewed as the space of
weighted and directed graphs. Let Sy be the map that samples k vertices with
replacement and extracts the corresponding induced subgraph, i.e., for X € V,, we
have (SkX)i; = Xy,.4; for Ji, ..., Ji iud Unif([n]). Once again, we consider the
sampling map (6.2) with the entrywise {., norm defining the W distances.

When Q, C @™ convergence in sampling metric is precisely the dense graph
limits studied in [1, 20, 60, 147].

Example 6.1.3 (Random binning, hashing). Suppose V,, = R®" and consider the
sampling map Sy that randomly assigns the n columns of x € V,, into k bins and
sums the columns in each bin, i.e., we sample Jy, . . ., J, iid uniformly from [ k] and
set the ith column of Syx € Vi to (Sgx); = Xy.y,= X¢ for i € [k]. We then consider
the sampling metric (6.2) with the £, norm.

This random binning, also called hashing, has found uses in machine learning as
a dimensionality reduction method [51, 203] and in information theory as part of

source and channel coding protocols [232].
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Example 6.1.4 (Species sampling, random partitions). Suppose V,, = R" and x €
A"\, Such x defines a random partition of [ k] as follows. We view x as a distribution
on indices in [n] and sample k indices I, . ..,I; € [n] iid from this distribution.
These define a random partition of [ k| in which i, j € [k] belong to the same block
if I; = I;, and we set the entries of Sx(x) € A1 to be the fraction of indices
in [k] belonging to each block of the partition. More explicitly, we denote the
{ < k distinct indices sampled in this way by {Ty,...,T;} = {I1,..., I}, and set
Sk(x); = {i : I; = T;}|/k. This sampling map extends to a general x € R" by
homogeneity, see Example 6.2.7.

This notion of sampling, and the resulting random partition models, has been studied
extensively in [122, 123, 176], see [190] for example.

Although the sampling metric notion has appeared extensively in the graph limits
literature [146] with the maps given by sampling vertices with replacement, we
demonstrate in this chapter that the underlying idea itself is much more broadly rel-
evant to comparing objects of different sizes in many other contexts. In particular,
we go well beyond the preceding specific illustrations by describing next a combi-
natorial perspective on sampling based on random maps between finite sets. This
viewpoint yields two broad classes of sampling maps that represent a significant
generalization of Examples 6.1.1-6.1.4. As we shall see, the sampling perspec-
tive is useful both analytically and methodologically, as it yields explicit rates for

any-dimensional learning and also provides an associated algorithmic framework.

Generalizing Sampling

We generalize the sampling maps used in Examples 6.1.1-6.1.4 and unify their
analysis by using maps between finite sets. To motivate our generalization, we
observe that any map f: [k] — [n] defines a linear map p(f): R” — R extracting
entries specified by f. Formally for any x € R” the entries of p(f)x € R¥ are given
by

(p(f)x)i = xf(i)- (6.3)
Moreover, if F,, ;. : [k] — [n] isauniformly random such map, sothat F,, x (1), ..., F, x (k)
ind Unif([n]), then p( f,x)x is precisely the vector obtained by sampling k coor-
dinates from x uniformly at random with replacement as in Example 6.1.1. Like-
wise, any map f: [k] — [n] acts on tuples a(f): [k]*> — [n]? by a(f)(, ) =

(f(@@), f())), and hence acts linearly on matrices x € V, indexed by these tuples via
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(p(f)x)ij = Xra),f(j)- Once again, applying a uniformly random map p(F, ;)X
recovers sampling vertices as in Example 6.1.2. More generally, we consider ac-
tions @ of maps between finite sets on indices of growing-sized vectors, and define

sampling with replacement Ry in this setting by applying a uniformly random map

Rix = p(Fux)x ifx eV,, whereF,: [k] — [n] is uniformly random.
(6.4)
Observe that the distribution Law(Ryx) is unchanged if we duplicate or permute
the entries of x, appropriately defined. For example, if x € R" and we permute the
entries of x or duplicate them k times (so x — x ® 1), or if x € R™" and we
replace each entry of x by a k x k block (so x > x ® 1;1). Thus, using sampling
with replacement to compare inputs may be appropriate if the above permutation

and duplication yields equivalent inputs in the context of the application at hand.

Our generalization of random binning is dual to sampling with replacement in the
following precise sense. Any map f: [n] — [k] defines another linear map on

vectors that bins their coordinates, given by 8(f): R — R where

BHi= > xj (6.5)

Jef1@
Note that B(f) = p(f)T, so the sampling action (6.3) and binning action (6.5)
are dual to each other. By letting f act on tuples a(f): [n]> — [k]? as before,
we obtain a binning action on graphs that corresponds to taking quotient graphs,
see [140]. More generally, we again consider actions @ of maps between finite
sets on indices of vectors, and define random binning By by applying a uniformly

random map

Bix = B(Frn)x ifx e€V,, where Fy,: [n] — [k] is uniformly random.
(6.6)
Observe that the distribution Law (Bjx) is unchanged if we zero-pad or permute the
entries of x, appropriately defined. For example, if x € R" and we append k zeros
to x, or if x € R™" and we append k zero rows and columns to x. Thus, using
random binning to compare inputs may be appropriate if the above permutation and

zero-padding yields equivalent inputs in the context of the application at hand.

Rates for Sampling with Replacement

We derive rates for any-dimensional sketching and generalization for the sam-

pling metric (6.2) defined with respect to general sampling with replacement maps
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(Rx: L, V, — V). To state our results, we fix a sequence of compact subsets
(Q, € V,) such that Ry ||, Q, € Qi almost surely for all k, i.e., the subsets
Q, are closed under sampling with replacement. For example, the hypercubes
Q, = [-1, 1]" € R" and the collection of unweighted graphs Q,, = {0, 1}’ € R"™"

are closed under sampling with replacement.

Theorem 6.1.5 (Informal, see Theorem 6.3.5). We have the following rates for
sampling with replacement (R : |, Q, — Q) acting on compact sets (Q,,) closed

under sampling.

(Any-dimensional approximation) For any object x € | |, Q, of arbitrary size,

we have that:
Edsamp(X, Rux) < ¢y exp| — (cg1 log n)% ,

where the expectation is with respect to the randomness in R,,. Moreover, the

distance dgamp(x, Spx) is c3/n-subgaussian.

(Any-dimensional sketching) For any function f: | |,Q, — R that is L-

Lipschitz in dsamp, and any x € | |, &, with probability at least 1 — e~2¢
we have
|f(x) = f(Rux)| < Lcyexp | — (cgl logn)ﬁ] +e 2
n

(Any-dimensional generalization) For any other L-Lipschitz function ]? we

have that:
eoo(f,]?) < en(f,‘]?) + 2LCI exp I:_(Cgl logn)#:l .

The constants c, ¢, c3 > 0 are explicit and depend only on the collection (L,,), and
the parameter D is a ‘degree’ that quantifies the complexity of the action underlying

the sampling maps (By).

In words, the any-dimensional approximation result states that an object of any size
can be approximated by an object of size n, with the quality of the approximation
depending only on n. Moreover, the approximation can be computed using sam-
pling with replacement. As a consequence, we are able to approximate the value
of a Lipschitz function on an arbitrarily-large input by first computing a random

sample whose size only depends on the desired accuracy. For any-dimensional
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generalization, our results show that if f ~ f on inputs of size n, then f ~ f on
inputs of all sizes up to a slack that decays to zero as n increases. In other words,
approximating a target function on sufficiently-large input sizes guarantees a good
approximation on inputs of all sizes. Theorem 6.1.5 also reduces the analysis of
any-dimensional generalization error to generalization error on a finite-dimensional

compact set, a classical problem (see [216] for example).

The rates in Theorem 6.1.5 are clearly quite slow. On the other hand, these rates
are uniform in the sense that they hold for objects of any size. Moreover, these
slow uniform rates are to be expected in general. For example, when Q,, is the
collection of n X n adjacency matrices of undirected graphs with no self-loops and
edge weights in [—1, 1], a rate of exp[—% loglogn] was shown in [20, Thm 2.9]
for the closely related cut metric as a consequence of Szemerédi’s regularity lemma
(see [146, Exer. 10.33] for the connection between the cut and sampling metrics).
Nevertheless, we can substantially imporve the above uniform rates using additional
structure in the function f. In particular, many any-dimensional functions of interest
depend on their arbitrarily-large inputs only via a fixed-dimensional random sample,
as described in Section 6.3. For example, we often have f(x) = Eg(Rx) for a fixed

function g: Qy — R

We give two illustrations here of some of these improved rates in specific appli-
cations. The first pertains to polynomials that are unchanged by suitably-defined
duplication of the entries of their inputs. Specifically, a function p: | |, V, — Ris

a polynomial of degree d if all the restrictions p|y, are such polynomials.

Corollary 6.1.6 (Informal; see Corollary 6.3.10). Suppose that (€2,,) is a sequence
of compact sets closed under sampling, and let p: | |,Q, — R be a polynomial
of degree d that is symmetric and unchanged by duplication. Then there exists
c1,c2,¢3 > 0 only depending on (Q,) and p such that with probability at least
1- 6_262, we have for any x € | |, Q, that

c1d?  code
— R < —
lp(x) = p(Rux)| < p— e

and if p is another such polynomial,

C3Cl’2
erte(p, p) < err,(p,p) + pa

Examples of polynomials satisfying the above result are polynomials in moments of

measures, graph homomorphism densities, and polynomial graph neural networks,
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see Corollary 6.3.10 and the discussion following it. The proof uses a sampling-
based representation for polynomials from [138]. We remark that the above O (n~!)
generalization rates are a substantial improvement over previous rates, as the latter
were proved for larger function classes and exploit less structure. For example, the
best rates using the framework of [142] is O(n~'/?) for moment polynomials and

O((logn)~'/?) for graph homomorphism densities, see [142, §C.3].

The second consequence we highlight is to sketching and generalization for permutation-

invariant transformers.

Corollary 6.1.7 (Permutation-Invariant Transformers). Suppose V, = R>" with
d > 2, and Q, = ©" for compact © C [—r,r]d. For matrices Q,K € R4 and
V e R4 define the self-attention mapping A: V,, — V,, by

n n

1
A(X1, ... Xn)i = Xi+— Z exp((Qx;, Kx;))Vx;, whereZ; = Z exp((Qx;, Kx;)).
Zi =1 =1
6.7)

Let ¢: RY — RY be Lg-Lipschitz, and let it act column-wise on V. Finally, let
P: YV, — V| be the mean pooling map P(xi,...,x,) = % " Xi. Define a depth-k
transformer to be the mapping T : V,, — V| defined by the composition

T =Po(¢poA)k,

Then there exists an L-Lipschitz continuous map T: P(©) — R? satisfying T (x) =
T(Law(Six)). Consequently, with probability at least 1 — e™2€ we have

IT(x) -T(Spx)| < Lr |—+ ——

N L

For any other L’-Lipschitz map F: P(®) — R% we define F(x) = F(Law(S;x))

and obtain

(6.8)

e 208 ]

208r(L + L")

erreo (T, F) < err, (T, F) + T7d
n

where err, (T, F) = sup,¢g ||T(x) — F(x)||« and similarly for ert.

The proof is based on the measure-theoretic in-context mapping of [82], and is given
in Section 6.3. We remark that evaluating 7 (x) exactly for x € Vy takes O(N?)
operations due to (6.7), but evaluating it to a desired accuracy ¢ > 0 can be done
with high probability in O(672¢) time (independent of the length N of the input!)

after sampling 7 = O (6~%) columns from x uniformly at random and using (6.8).
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Rates for Random Binning and Species Sampling

Next, we turn to proving rates for any-dimensional sketching and generalization
for the sampling metric (6.2) defined with respect to general random binning
(Bk: L, V, — V). Once again, we fix a sequence of compact subsets (2, C V)
closed under sampling, this time under random binning so By | |, ©, € Q; almost

surely for all k. Examples include the simplex Q, = A"~! and entrywise ¢; balls.

We would like to use random binning also as a sketching map, similarly to Theo-
rem 6.1.5 where sampling with replacement was both defining our sampling metric
and acting as our sketching map. Unfortunately, the distance dgamp(x, B,x) does
not concentrate as well. In particular, we show in Example 6.4.1 that dsamp (X, B,x)
is not subgaussian already for x € R>. We therefore seek a different sketching
map that with high probability yields low-dimensional approximations of arbitrary-

dimensional inputs.

Such a sketching map is furnished by generalizing the species sampling map from

Example 6.1.4, which turns out to be compatible with random binning.

Theorem 6.1.8 (Informal, see Theorem 6.4.3). Consider random binning maps
(Br: L, @, — Q) acting on compact sets closed under binning and sampling
metric defined using random binning. There is a generalization of species sampling

(Ex) satisfying the following properties.

(Equivalence of binning and species sampling) The sampling maps (By) and

(Ex) define the same topology via (6.2).

(Any-dimensional approximation) We have Edsmp(x, E,x) < % Moreover,

the distance dsamp (X, Ex) is c2/n-subgaussian. The constants cy,cy > 0 are

explicit and only depend on ().

(Any-dimensional sketching) For any function f: | |,Q, — R that is L-
Lipschtitz in dsamp and any x € | |, Q,, we have with probability at least

1 - e72€ that
L(cy + ca€)

iV

(Any-dimensional generalization) If f : 1, @, — R is also L-Lipschitz in

|f(x) = f(Enx)| <

dsamp, then
2LC]

i

ew(fs ) S enlf, )+
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In contrast to Theorem 6.1.5, we always get n~'/? rates, regardless of the complexity
of the action of random binning. Furthermore, the above rates apply with the same

constants to functions exhibiting additional structure.

The following are some of the function classes satisfying the hypotheses of Theo-
rem 6.4.3.

(Polynomials) In analogy to Corollary 6.1.6, there is a large class of polynomial
functions that are continuous with respect to random binning. Here, this holds
for any polynomial p: | |, V,, — R thatis symmetric and unchanged by zero-
padding, appropriately defined. Such polynomials include multi-symmetric
functions on sequences of vectors and homomorphism numbers for graphs of

arbitrary size.

(Symmetric Neural Networks) Many permutation-invariant neural network architec-
tures are continuous with respect to random binning, including DeepSets [233],
PointNet [182], and graph neural networks [200], with appropriate choices of

parameters.

See Section 6.4 for more details.

Chapter Outline

In Section 6.2 we consider a general pseudometric on | |, Q, and prove that the
existence of uniform rates for generalization and approximation is equivalent to
compactness of this pseudometric space. We then consider sampling metrics more
specifically, and show that sequences (£2,,) of compact sets closed under sampling
naturally yield compact pseudometric spaces. We further prove a general equiv-
alence between limit objects in sampling metric and data sources. Finally, we
introduce our generalization of sampling with replacement and random binning. In
Section 6.3, we prove general rates for sketching and generalization with respect to
sampling with replacement. We then instantiate our rates for a variety of function
classes. In Section 6.4, we do the same for sketching and generalization with respect
to random binning, where we also introduce our generalization of species sampling.

We end in Section 6.5 with several questions and directions for future work.

Related Work
There are several machine learning models that are defined for inputs of different

sizes. Examples include neural networks processing sets and point clouds of differ-
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ent sizes [30, 182, 233], graphs of different sizes [152, 193, 200], and transformers
processing sequences of tokens of any length [82, 145, 226]. Importantly, the ability
of each of the above models to generalize to inputs of unseen sizes is much less
studied, with a few notable exceptions. The ability of a graph neural network to
generalize to graphs of different sizes has been called transferability in the literature,
and has been extensively studied by considering appropriate topologies and limits
on the space of graphs of all sizes, see [135, 153, 154, 193] for example. We
generalize and unify many of the techniques in this literature by considering more
general notions of sampling maps. There is also a literature studying the ability
of transformers to generalize to inputs of different lengths, see [104, 119, 229,
236] for example. Some of the results in this literature are negative, showing that
transformers often do not generalize well to longer inputs, while others prove length
generalization under specific assumptions on the transformer architecture. Our the-
ory contributes to the latter line of work by giving explicit generalization guarantees
for permutation-invariant transformers. The authors of [61] study generalization of
symmetric any-dimensional polynomials fitted via least-squares to inputs of different
dimensions. They measure generalization using mean-squared error with respect
to fixed training and test distributions in fixed, but possibly different dimensions,
and their bounds depend explicitly on these distributions. In contrast, our bounds
simultaneously control the error on inputs of all possible sizes by the error in a fixed
training dimension, which needs to be controlled separately depending on how the

polynomial is fitted to data.

Transferability of graph neural networks has been extended in [142] to more general
any-dimensional models, where it was defined to be continuity of the model in
a certain limiting space obtained from a Banach space containing inputs of all
sizes. Importantly, to instantiate the results of [142] one needs to first obtain
rates at which finite-dimensional inputs converge to limiting ones which are quoted
case-by-case from the literature in [142]. Likewise, some of the results in [142]
require compact sets of growing-sized inputs and their limits, obtained on a case-
by-case basis again. In contrast, we systematically defined sampling maps that
(constructively) approximate arbitrary objects by finite-dimensional ones, and we
derive convergence rates for these approximations in a unified fashion. Furthermore,
our sampling-based approach naturally yields rich classes of compact sets for which
our theory applies. Finally, our approach yields improved rates compared to [142] by

exploiting sampling-specific structure in the functions we are learning or sketching.
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The rates we obtain for sampling with replacement generalize previous rates obtained
for measures [80] (viewed as limits of point clouds) and graphons [20] (viewed as
limits of dense simple undirected graphs). In particular, rates of approximation for
graphons by finite graphs were shown to follow from compactness of the space of

graphons in [149], a connection we generalize in Theorem 6.2.1.

Notation

We denote the distribution of a random variable X by Law(X). We denote the
collection of (Borel) probability distributions on ® C R? by P(®). If f: R? — R*
and u € P(R?), we denote by fu the pushforward of u by f. If u € P(0®) and
f:® — Ris a function, we denote by E, f = Ex.,, f(X) the expectation of f with
respect to u. A sequence of measures (u,) € P(®) converge weakly to u € P(0)
if E,,f — E,f for all continuous functions f: ® — R. A sequence of random
variables (X,) converge weakly if their distributions (Law(X,)) converge weakly.
If (Q2,) are sets, we denote by | |,Q, = {(n,x) : x € Q,,n € N} their disjoint
union. If ~ is an equivalence relation on a set €, we denote by Q/~ the quotient

space consisting of equivalence classes [x] = {y € Q : y ~ x}.

6.2 Comparing Objects of Different Sizes

In this section, we begin our study of generalization and approximation across
dimensions by considering how inputs of different sizes are compared to each other.
We start by stating and proving a general equivalence between various notions
of generalization and approximation across dimensions and compactness of the
metric space consisting of inputs of all sizes and their limits. We then focus on
the sampling metric, describe a large and natural family of compact sets in it, and

describe a general equivalence between random limit objects and data distributions.

The Role of Compactness

We begin by formally studying a pseudo-metric defined on inputs of all sizes, and
prove that compactness of this metric is equivalent to the uniform approximation and
any-dimensional generalization properties from Section 3.1. While the argument is

elementary, we include it here for completeness.

Suppose ¢ is a pseudo-metric on | |, Q,. Define the equivalence relation x ~ y if
§(x,y) =0, let Qo = | |, Q,/~ and let Q,, by the completion of Q., with respect to
5. Alsolet Q. = | |;<,, Q,/~. Denote by 7 the collection of 1-Lipschitz functions
on | |, Q,, or equivalently, on Qo
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Theorem 6.2.1. Assume (Q,/~,8) is compact for each n. Then the following are

equivalent.

1. (Qeo, 8) is compact.

2. For any € > 0, there exists N(€) € N and finite S¢ € Q<n(e) such that S, is

an e-net for Qoo
3. (Quo, 6) satisfies the uniform approximation property.

4. Forany f, fo € F1, we have lim,_,osup  rer;  err(f, fo) = 0.

flac,=folag,

5. (Qco, 6) satisfies the any-dimensional generalization property.

Proof. Since Q. is a complete metric space by construction, it is compact if and
only if it is totally bounded. Property 2 implies Q.. is totally-bounded. Conversely,
if Q, is totally bounded and {y,...,yx} C Q. is a finite €/2-net, let x; € Qu
satisfy d(x;, y;) < €/2 and note that {x{,...,xx} C Q is a finite e-net as well.

Thus, statements 1 and 2 are equivalent.

We argue statements 2 and 3 are equivalent. Indeed, if statement 2 holds then for any
€ > 0 we have sup,q_ dist(x,Q<,) < € for all n > N(e), hence statement 3 holds.
Conversely, if statement 3 holds let N () satisfy sup, .o dist(x, Q<n(e)) < €/2, and
let Se € Q (e be a finite € /2-net for Q< (), Which exists by compactness of each

Q,. Then S, is an e-net for Q,, so statement 2 holds.

We proceed to argue that statements 3 and 4 are equivalent. If statement 3 holds
and f € ¥ satisfies flo., = fola.,, then for any x € Q. we have |f(x) —
Jo)| < infyeq_, {1/ (x) = FI+1f () = oI +1fo(y) = fo(x)[} < 2dist(x, Q<p).
Thus, statement 4 holds. Conversely, if statement 4 holds, then set fo = 0 and
f(x) =dist(x, Q<,). Observe that f € 7, that f|o_, = fol<n, and that || f — folle =
Sup,cq.. dist(x, Q<,). Thus, statement 3 holds.

Finally, we argue that statement 5 is equivalent to the previous equivalent four state-
ments. Statement 5 implies statement 4, sinceif f|o_, = fola., thenerr<,(f, fo) =0
and || f — follo < R,. Conversely, suppose statement 3 (equivalent to statement 4)
holds. Then ||f - gllew < err<,(f,g) + 2sup,cq_ dist(x,Q<,) by the triangle in-

equality, hence statement 5 holds. O
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We can also characterize any-dimensional generalization using an average error
with respect to a data distribution. However, we need to carefully consider what a
meaningful notion of a data distribution is. A natural choice might seem to be a
distribution on inputs of all sizes i € P (L2 ), but any such distribution is necessarily
concentrated on bounded-sized inputs since lim, u(Qu \ Q<,) = 0. Instead, we
consider average error with respect to sequences of distributions supported on inputs
of growing size that converge weakly to a distribution on limit objects, as formalized

by the following proposition.

Proposition 6.2.2. Suppose (Qwo, 8) is compact. For any sequence of distributions
(Un € P(Q<p)) and pieo € P(Qoo), we have 1, — fico weakly if and only if there
exists a rate rate (R, > 0) with R, | O such that for any f,g € 1, we have
erry, (f,g) <erry, (f,g) + Ry

Proof. Since Qq, is compact, we have u, — o weakly if and only if lim, Wi (i, feo) =
0, or equivalently, if and only if lim, sup es [Ey f — By, f| = 0. Thus, if
Hn — Moo Weakly then err, (f,g) < erry, (f,8) + Wi(un, oo since if f,g € F
then | f — g| € #1. Conversely, if such rate R, exists, note that

Wa(hns ) = 53 (B, = By f| = { Sup (B f = By f). S0P (B (=) = By (=)}

fefi fefi efi
= sup (B, f — By, f) = sup (B, (f — inf f(x)) —E,,(f — inf f(x)))
f€7’-1 fe(}-l XEQOO erm
= sup (E,umf _Eunf) <R,—0,
fefi
120

and hence u, — u. weakly. Above, in going from the first to the second line
we used the fact that —f € F7 iff f € ¥, and the last inequality follows since
err,(f,0) =E,f when f > 0. O

The above results are completely general, and show that any compact pseudo-
metric between objects of different sizes enables generalization across dimensions
for functions that are continuous with respect to that metric. We now turn to
analyzing the sampling metric (6.2) in more detail, and show that it admits rich
families of compact sets and a natural correspondence between limit objects and

data distributions.
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The Sampling Metric
Consider vector space (V,) and sampling maps (Sg: ||, V, — Vi), where each
Sy is viewed as a random map.! We begin by showing that any sequence of compact

sets (€2, C V,) closed under these sampling maps yields a compact limiting space.

Proposition 6.2.3. Suppose (Q, C V,) is a sequence of compact sets in the usual
topology such that S;Q, C Q almost surely, and consider the sampling metric (6.2)
on | |, Q,. Then each Q, remains compact in dsamp and (ﬁm, dsamp) Is compact as

well.

Proof. Endow each P(Q,) with the weak topology, metrized by the W;-metric,
and endow [],P(Q,) with the product topology, metrized by d((ux), (vr)) =
Sis1 27¥Wi (g, vi). Note that [, P(L,) is compact by Tychonoff’s theorem, and
that the map sending x — (Law(Sg(x)))x is an isometric embedding of Q, into
[1,P(Q,). In particular, it maps each compact , to a compact subset in the
product topology, and extends to an isometry between Qq, as a closed, and therefore
compact, subset of [, P(,). ]

We proceed to give several examples of sampling maps and sets satisfying the above

hypotheses.

Example 6.2.4 (Sampling entries with replacement). Suppose V,, = R, and for
any x € YV, the sampling map Sy samples k columns from x uniformly at random
with replacement, i.e., (Sgx). ; = x. j, where Jy, ..., Ji are iid uniformly random
in [n]. Denoting by u, = % 2ty Ox; the empirical measure of the entries of x, we
note that Law(Syx) = ,uff’k. Here x ~ y precisely when x,y differ by permutations
and duplication of columns the same number of times. Note that for any compact
® C R, the sequence of product sets Q, = O" is closed under sampling. In this
case we have an embedding Q., — P (0) by sending x > ., which identifies Qe
with the collection of finitely-supported measures on ® with rational weights. We

also have Qo = P(©), which is indeed compact.

Example 6.2.5 (Sampling vertices with replacement). Suppose V,, = R™", viewed
as the space of weighted and directed graphs, and for any X € V,, the sampling map
Sk samples k vertices with replacement and extracts the corresponding induced
subgraph, i.e., (S X)ij = Xy,.4; for Ji, ..., Jx ind Unif([n]). IfQ, = {0, 1}>"NS",

"'We can also view Sy as a kernel, i.e., amap | |, V,, — P (V). The two views are equivalent
by [114, Lemma 3.2(vii)].
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then (L2,) is closed under sampling, and limits in dsamp correspond to dense graph
limits [146]. In particular, we can identify Qo with the space of graphons [146,
§7], which was shown to be compact in [149] as a consequence of Szemerédi’s

regularity lemma.

Example 6.2.6 (Random Binning). Suppose V,, = R" and for any x € V,, let the
sampling map Sy randomly assigning the n entries of x into k bins and summing
all the entries in each bin, i.e., Syx = 3\ x;ey, where Jy, ..., J, ud Unif ([k]).
This random binning, also called hashing, has found uses in machine learning as
a dimensionality reduction method [51, 203] and in information theory as part of

source and channel coding protocols [232].

IfQ, = A"\, then (Q,) is closed under sampling. In this case, we can identify the
(compact) limit space Qoo with the solid simplex A% = {x € lo : x > 0,3, x; < 1}/~

modulo permutations and the topology induced by the { norm.

Example 6.2.7 (Random Partition Models). Suppose V,, = R" and for any x € V,,,
define the following size-biased sampling. If x € A""!, view x as a probability

distribution on [n] and sample k indices J, . . ., Jy iid according to this distribution.
Ift1, ...ty is a random enumeration of the distinct indices in {J1, ...,J;} (where
m < k), let

Si(x); = H)J"k—:t}' fori <m, (6.9)

and Si(x); = 0 for i > m. If x € R" is a general vector, define Si(x); =
[lxll1signCer, ) Sk (x| /llx (1)

The sequence of indices Ji, . . .,J; we sample from x to form Si(x) gives a random
partition of [k], where i, j € [k] lie in the same block of the partition if J; = J;.
Likewise, note that kS (x) € Z’;O and defines a random partition of the integer k for
each k € N. Such sequences of random partitions are known as partition structures
in the literature [176]. In particular, Kingman [122, 123] shows that any sequence

of exchangeable random partitions arises from x € A™ as above.

We show below that the limit space under this choice of sampling maps is the same
as in Example 6.2.6, and in fact, that the two sets of sampling maps are compatible

with each other in useful ways.

For any choice of sampling maps (Sy) and compact sets (£2,,) closed under sampling,
Theorem 6.2.1 guarantees the existence of universal rates for approximation of

objects by low-dimensional ones, and for generalization of functions from fixed
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to arbitrary input dimensions. In the next two sections, we give such rates for
broad families of sampling maps generalizing all the above examples. As in the
proof of Theorem 6.2.1, our derivation of these rates is based on bounding the
distance dist(x, V,,) between an arbitrary limit object x € Q. and objects in a fixed
dimension. It turns out that in all of the above examples, we have Edist(x, S,,x) — 0
as n — oo, and analyzing the rate of convergence of the random samples S,x back

to x yields our desired bounds.

Proposition 6.2.2 also gives us generalization guarantees in average error with re-
spect to data distributions, defined as convergent sequences of distributions on
growing-sized inputs. When using a sampling metric, there is a correspondence
between distributions on limit objects and such data distributions. Indeed, observe
that the map Q. — [],P(Q,) sending x — (Law(S,x)) is an isometric em-
bedding, and hence we can view limit objects in Qo as sequences of distributions
indexed by dimension. If Edist(x, S,x) — 0, it is easy to see that Law(S,x) — d,
weakly, thus defining a particular class of data distributions obtained by sampling
from a deterministic limit object. We can further take mixtures of such sequences

of distributions, yielding the closed convex hull

P(Qu) = conv{ (Law(Spx) et © x € Quo} € [ [ P(R0).

where the closure is taken with respect to product of weak topologies on each £ (£2,,).
We proceed to show that all sequences of distributions in # (£,) can be obtained by

sampling from a random limit object.

Endow P(ﬁw) with the Wasserstein-1 metric with respect to dsamp. Likewise,
endow [], P(€2,) with the metric d((1,), (Va)) = 2ps1 27""Wi(ln, V).

Proposition 6.2.8. Fix sampling maps (S,) and compact sets (L,) closed under
sampling. Define the map L: P(Qo) — P(Qs) sending L(v) = (Law(S,X))nen
where X ~ v is independent of S,,.

1. The map L is a linear I-Lipschitz, surjective, and an isometry on Qo C
P (Qoo).

2. Suppose Edgamp(x,S,x) — 0 for every x € Q.. Then for every v € P(Qq)
we have Law(S,X) — v weakly in P(Qo), where X ~ v is independent of
S,.. Furthermore, in this case L is injective and L(Qe) = extP (Q).
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Proof. Itisclear that £ maps mixtures to mixtures because Law (S, X) = f Law(Syx) dv(x)
if X ~ v, ie.,islinear. Let X; ~ v; for vi,vs € P(ﬁw). The map £ is 1-Lipschitz
because

(Lo, L)) = 27" inf EIIY], =V,

n>1 1,n°"2,n

, d
Yi,n:S"Xi
< inf 27"By,~x’ inf E“Y{n - YZIHH = Wi(vi, v2).
(X],X) OO0 ’
y n>1 ~’; o
Xi/:Xi Yi/,n:S”xi

In words, in the first line we minimize over all couplings of (S, X, S,X>») for each
n, whereas in the second line we restrict to couplings obtained by first coupling
(X1, X}), sampling x; ~ X/ and then coupling (S,x1, S,x2). Note also that when
Vi = 0y, are deterministic measures on Qo, then d(L(v1), L(v2)) = dsamp (X1, X2) =
Wi(v1,v2), hence L is an isometry on the extreme points of P (Qc). Finally, the
image of £ is dense by definition of £ (,) and the linearity of £. It is also compact
since P (Qoo) is compact and £ is continuous. Thus, the map £ is surjective and

the first claim is proved.

For the second claim, consider the coupling of v and Law (S, X) with X ~ v, whereby
we first sample X ~ v and then independently sample S, to form (X, S, X). Note
that

lim sup Wy (v, Law(S, X)) < lim sup ExEs, dsamp(X, S,X) < Elimsup Es, dsamp(X, S, X) =0,

n—00 n—0oo n—00

where we used Fatou’s lemma to interchange the limit and expectation. Thus, if
L(vy) = L(v,) then Law(S, X)) = Law(S, X>) and hence v; = v;, so v is injective
and hence a linear isomorphism. Finally, if £(8,) is not an extreme point, then by
part 1 we have L(6,) = L(v) for a non-deterministic v. By injectivity, we have
dx = v, a contradiction. Conversely, we have shown in part 1 that every element of
P(Q.) is a mixture of those in £ (Qq), and hence £(Qe) 2 extP (Q,), proving the
second claim. O

Proposition 6.2.8(2) identifies limit objects with extremal sequences of measures,
and further shows that P (Q,) is a Choquet simplex. In this case, any distribution
on Q. can be identified with a sequence of distributions indexed by dimensions
obtained by first sampling a limit object and then sampling from the limit object.

Moreover, We will view such sequences of distributions as our data distributions.
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Example 6.2.9 (de Finetti, Aldous—Hoover). In the setting of Example 6.2.4 with
Q, = ©" for compact ® C R?, we have Qo = P(O) so limit objects are probability
distributions on ©, hence P (Qe) corresponds to random probability measures on
®. On the other hand, if v € P(0) then Law(S;X) = v&X, and taking mixtures we
conclude that P(Q.) corresponds to mixtures of iid arrays. De Finetti’s theorem
implies that the map L from Proposition 6.2.8 is indeed an isomorphism, and that

P(Q.) also corresponds to infinite exchangeable arrays.

Similarly, in the setting of Example 6.2.5 with Q, = ™" it follows from [138]
that P(Q.) corresponds to two-dimensional exchangeable arrays with entries in
O, and hence limit objects Q.. corresponds to extremal such arrays. These have
been characterized by Aldous—Hoover, and for the special case Q,, = {0, 1}’ N S"

correspond to symmetric measurable functions [0, 1]> — [0, 1] called graphons.

In the next two sections, we turn to proving general rates of convergence in sampling
metric using various notions of sampling with replacement and random binning,
and use these rates to derive generalization and approximation bounds for functions

across input dimension.

6.3 Sampling with Replacement

In this section, we define a generalization of sampling with replacement and study
rates for approximation and generalization under the resulting sampling metric. Our
generalization encompasses sampling entries and vertices as in Examples 6.2.4-6.2.5

as well as sampling from higher-order tensors.

Sampling using Set Maps

We generalize the sampling with replacement used in Examples 6.2.4-6.2.5 using
maps between finite sets, similarly to [138]. To motivate our generalization, we
observe that any map f: [k] — [n] defines a linear map ¢(f): R” — R extracting
entries specified by f. Formally for any x € R” the entries of ¢(f)x € R are
given by (¢(f)x); = xy;). Moreover, if F,;: [k] — [n] is a uniformly random
such map, so that F,;(1),..., F,x(k) ud Unif([n]), then ¢(f,.x)x is precisely
the vector obtained by sampling k coordinates from x uniformly at random with
replacement as in Example 6.2.4. Likewise, any map f: [k] — |[n] acts on
tuples f*%: [k]?> — [n]?> by f*2(i,j) = (f(i), £(j)), and hence acts linearly on
matrices indexed by these tuples via (¢(f)X); ; = Xy, r(j)- Once again, applying

a uniformly random map ¢ ( f,, x) X recovers sampling vertices as in Example 6.2.5.
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We generalize these and other examples in three steps. First, we consider actions
of maps between finite sets on discrete index sets. Then, we extend these actions
to vectors indexed by such index sets. Finally, we define sampling maps using the

action of random maps between finite sets.

Actions on index sets. We begin by considering actions of maps between finite sets

on index sets, and quantifying their complexity.

Definition 6.3.1 (FinSet-indices). A FinSet-index is a sequence of finite sets (A,,)
together with maps p(fnx): Ar — A, associated to each map f,i: [k] — [n]

between finite sets satisfying (i) p(id[,)) = ida,, and (ii) p(fi o f2) = p(f1) © p(f2)
whenever the composition is well-defined. ?

We have already seen the examples A, = [n] and A, = [n]>. Other examples
include A, = [n]®> U [n] and A, = Sym>([n]) = [n]?>/~ where we identify
(i, j) ~ (k,¢) if either (i, j) = (k,€) or (i, j) = (¢, k), which can be thought of as

the collection of multisets of [n] of size 2.

Standard operations on sets can be applied to create new FinSet-indices from previ-
ous ones. For example, if {(A,), pq} and {(B,), p»} are two FinSet-indices, then
so are {(A, U By), pon U pp} and { (A, X B,), pa X pp}. In this paper, we focus on
FinSet-indices that can be formed from the basic one (A,, = [n] using such standard
operations, and we quantify the complexity of these indices using the following

notion of ‘degree’.

Definition 6.3.2 (Degree of a FinSet-index). A FinSet-index (A,) has degree D
if A, = %:l[n]dm/Hm where D = max,, d,, and H,, € Sy, is a subgroup of
permutations acting by permuting the multi-indices in [n]%". A FinSet-index has
finite degree if it has degree d for some d € N.3

For example, the degree of A, = [n] X [d] = id=1 [n] is 1, while the degrees of

A, = [n]%, A, = [n])* U [n], and A, = Sym?([n]) = [n]?/S, are all 2.

Sampling action on vectors. We now extend the above action of maps between
fintie sets on indices to an action on vectors indexed by them. If (A,) is a FinSet-

index, we can form the vector spaces V,, = R™ consisting of vectors indexed by

’In the language of category theory, this is a functor from the category FinSet of finite sets to
itself.
30ur notion of degree is closely related to the degree of a polynomial functor [166].
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Ay, and let maps between finite sets act on these vector spaces by
(s(fnh)X)a = Xp(f)(a)» Wheneverx € Vy, and f,x: [k] — [n]. (6.10)

In other words, ¢ ( f;, x)x extracts a subset of the entries of x specified by f, x. When
A, = [n] or [n]? this recovers the actions on vectors and matrices we considered
in the beginning of this section. Note that ¢(f] o f2) = ¢(f2) o ¢(f1) whenever this
composition is well-defined, so that the action ¢ reverses the order of compositions.
Such composition-reversing linear actions of maps between finite sets were called

FinSet®P-representations in [138].

Sampling with replacement. Finally, we define our sampling maps in terms of the
action of uniformly random maps between finite sets. If (A,) is a FinSet-index
and V,, = R™ is the associated sequence of vector spaces, we then define sampling
maps Si: ||, V, — Vi by

Six =¢(Fyr)x ifxeV,, whereF,;: [k] — [n]isuniformly random.
(6.11)
As discussed above, this generalizes sampling columns from a matrix with replace-
ment when A, = [d] X [n] and sampling vertices with replacement from a graph

when A, = [n]?, or more generally from a hypergraph when A, = [n]“.

Symmetry and relations between dimensions. Permutation symmetry plays a
central role in the analysis of the sampling maps (6.11). To see this symmetry,
observe that if S, = {o: [n] — [n] bijective} is the group of permutations on n
letters, then &, acts on the nth index set A, and hence on the associated vector

space V,,. This action makes V,, into a representation of S,,.

Proposition 6.3.3 (Permutation Symmetry). Suppose ((A,) is a FinSet-index, let

V, = R be the associated vector spaces endowed with sampling maps (6.11).

(Exchangeability) Each distribution Law(Syx) is exchangeable, meaning o, Sy.x 4
Six for each oy, € Sy.

(Permutation-invariance) For any n € N, any x € V,, and any permutation

o, € ©,, we have Spo,x 4 Six for all k and hence dsamp(x, 07x) = 0.

Proof. Let F,,;: [k] — [n] be a uniformly random map, and note that F,, ; o o 4
0noFyk 4 F, x since all three maps send each i € [k] independently to a uniformly
random element of [n]. Therefore, if x € V,, then Syx = ¢(Fj, x)x 4 S(Fppooy) =
¢ (0%)Skx and similarly Syx = Sgo,x. O



241

In addition to permutation symmetry in each fixed dimension, we can also relate
vectors and the distributions of their samples to each other across dimensions. We

do so using two distinguished maps between finite sets. The first is the inclusions
INn: [n] = [N], whenevern <N,

which define inclusions of A, into Ay. Then the map ¢(ty,): Vy — V), acts
as the orthogonal projection with respect to the usual inner product. For example,
when A, = [n] the projection ¢(ty,,) extracts the first n entries from a length-N
vector, and when A, = [n]? the projection ¢(ty ) extracts the induced subgraph

on the first n vertices.

The second distinguished set of maps are the equipartitions* d, y: [N] — [n]
defined by

dan(j+ (@ —-1)(N/n)) =i forie [n],je[N/n], whenevern|N. (6.12)

The corresponding linear maps ¢(d, y): V, — Vy are embeddings that duplicate
the entries of their inputs in a suitable sense. For example, we have ¢(d, n)x =
x® 1y, when'V,, = R", which acts by duplicating each entry of a vector x of length
n the same number N /n of times. Similarly, we have ¢(d, )X = X ® ILN/,ZIL]T]/”
when V,, = R which acts by duplicating each entry of a matrix X of size n X n
into a block of (N /n) X (N/n) entries.

Proposition 6.3.4 (Relations Between Dimensions). Suppose ((A,) is a FinSet-
index, let V, = R be the associated vector spaces endowed with sampling
maps (6.11).

(Projection) For any n < N and x, we have ¢(in ,)SnX 4 S,.x.

(Duplication) Forany n|N and x € V,,, we have Sy¢(d, n)x 4 Sks(dnn)x for
all k and hence dgmp(x, s(d, n)x) = 0.

Proof. For the first claim, fix n < N, let m € N be arbitrary and x € V,,, and
note that Fy, y oty 4 man SO S(tnNn)SNX = §(FuN © tnp)X 4 S,x. For the
second claim, fix n|N, let k € N be arbitrary, and note that d,, y o Fy 4 Fnx so
Sks(dnn)x = §(dny © Fy ) < Sex. O

We can abbreviate Propositions 6.3.3 and 6.3.4 by saying that:

4 An equipartition is a map with equal-sized fibers.
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* ¢(dnn)Snx 4 S,x for any injection ¢y ,: [n] — [N];

* Sis(Wnn)x 4 Six and hence dgamp(x, §(¥nn)x) = 0 for any equipartition
wn,N: [I’l] - [N]’

since we can write ¢y, = oy © iy, and Y, y = d, yon for some permutation

oy € Sy. In particular, if f: | |, V, — Ris continuous with respect to dsamp, then
f(cWnn)x) = f(x) forallx € V, and equipartitions ¥, v : [N] — [n],

or equivalently, each restriction f|y, is permutation-invariant and f is unchanged

by duplication of entries defined by ¢(d, n).

Approximation and Generalization Rates

In this section, we fix a FinSet-index (A,), and consider the associated vector
spaces (V,, = R™) and sampling-with-replacement maps (Sx: ||, V., — Vi)
defined by (6.11). We also fix a sequence of compact sets (€2,) closed under

sampling, such as the sequence of hypercubes Q, = [-r, 7],

We proceed to analyze the rates at which arbitrary limit objects can be approximated
by finite-dimensional ones. We do so by proving that Edsamp (x, Spx) — 0asn — oo

and proving the following rate at which this expectation goes to zero.

Theorem 6.3.5. Suppose (A,) has degree D, and suppose (Q, C [-r,r]"") is
closed under sampling. Then for any x € Qo and k < n such that |Ay| > 2, we

have

-~ k(k-1
Egnwl(Skx,SkSnx) < %

2.2\ /1Al
r +208r (—k ’ )
n

and W1 (Six, Sks:nx) is #-subgaussian. Furthermore, we have
Edsamp(X, §nx) < Crexp [ - (M_1 log, n)ﬁ],

where C > 0 is a universal constant, M is as in Definition 6.3.2, and dsamp(x, S,X)
16

is Trz—subgaussian.
The proof is based on the observation that a uniformly random map Fy x: [k] —
[N] can beidentified with k iid uniformly distributed random indices (Fy x (1), ..., Fyx(k))
from [N], so Law(Fy ) = u®* where u is the uniform distribution on [N]. Mean-

while, if we fix a realization Fy , of Fy ,, we have Law(Fy , o F,, 1) = ,Uf?k where
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Up = %6 Funi) is an empirical measure obtained by sampling 7 iid points from pu.

We give the full proof in Section 6.3 below.

Theorem 6.3.5 has two important consequences. First, it shows that Edamp (x, S,x) —
0 for any x € Q.,, so Proposition 6.2.8 applies and gives us a characterization of

data distributions obtained by sampling from random limit objects.

Corollary 6.3.6 (Projection-Consistent Distributions). Suppose (Ay) has finite de-
gree, let V,, = R, and suppose Q, C V, is compact and closed under sam-

pling. Then the following are equivalent for a sequence of probability distributions
(pn € P (n)):

(Projection consistency) We have ¢(¢nn,)un = Wn whenever ¢n,: [n] —

[N] is injective.

(Sampling representation) There exists a distribution fies € P(Qoo) such that

un = Law (S, X) for all n, where X ~ u is independent of S,,.

Moreover, the measure u., above is unique, and sequences of the form (u, =

Law(S,x)) for deterministic x € Qo are extremal in the set of all such sequences.

Proof. Propositions 6.3.3 and 6.3.4 show that if u, = Law(S,X) for random X,
then (u,) is projection-consistent. Conversely, if (u;,) is projection-consistent then
by [138, Thm. 4.15] there is a sequence v; € P (L) such that Law(S, X;) H—°°> n
weakly for each n where X; ~ v; is independent of S,,. This implies that the sequence
(vi) converges weakly with respect to dsamp, and peo = lim; v; € P (Q.,) then satisfies
the desired sampling representation. The last claim follows by Proposition 6.2.8,

which applies by Theorem 6.3.5. O

We give a few examples of the data distributions that can be obtained by sampling

from limit objects as above.

Example 6.3.7 (Sampling Vectors with Replacement). Suppose V,, = R>" and
Q, = [0, 11", As discussed in Example 6.2.4, we have an isomorphism Qq, =
P([0,1]9) induced by x — Law(Sx). In particular, in this special case Sgx =
(S1x)®* and dsamp (X, y) and W1 (Syx, Sky) metrize the same topology. The resulting
rate ]EWl(Slx,Slgnx) = O(n_l/d) is known to be optimal [80]. In this case,

projection-consistent distributions are precisely infinite exchangeable arrays, and
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Corollray 6.3.6 recovers a version of de Finetti’s theorem stating that such arrays

are unique mixtures of iid arrays.

Example 6.3.8 (Sampling Vertices with Replacement). Suppose V,, = R™" and
Q, = {0, 1}"NS". Viewing elements of Q, as adjacency matrices of simple graphs,
limits in dgamp correspond to the dense graph limits of [20, 147 ] and can be described
by symmetric measurable functions on [0, 1] called graphons. Applying the same
covering number bounds, we obtain a rate of convergence of O(exp[—\/@]),
faster than the O(exp[—% loglogn]) showed in [146]. Furthermore, projection-
consistent distributions in this case are precisely the consistent random graph models
studied in [148]. These correspond to countable random graphs whose distributions
invariant under permutations of their vertices, and Corollary 6.3.6 recovers the

result of [148].

More generally, we can apply our bounds to limits of weighted and directed graphs
by setting Q,, = [0, 11" for instance. Such limits were studied in [1] and can
be described by measure-valued functions on [0,1]%. In spite of the increased
complexity of the limit objects, our bounds seamlessly apply and yield a convergence
rate of O (exp[—(log n)'/3]), again improving on the O (exp[— log log n]) rate proved
in[l].

The same bound applies not only for graphs but also for pairs of graphs and graph
signals on them, for which V,, = R™" @ R™4 and where we view an element
(A, X) € V,, as a graph A and an R?-valued function X on the vertices of the graph.
Likewise, we obtain a rate of O(exp[(—log n)ﬁ]) for approximation of general
hypergraphs and hypergraph signals with respect to the sampling metric. Limits
of simple hypergraphs have been studied previously in [68], and their description

requires functions defined on O(2%) variables.

In these and other examples, a full description of the limit space Q. may be involved
and has to be derived on a case-by-case basis. Our approach via the sampling metric
gives a unified view, with associated non-asymptotic bounds, on all these disparate

notions of convergence.

The second consequence of Theorem 6.3.5 is sketching and generalization bounds
for functions continuous in sampling metric. While the rates we obtain for general
Lipschitz-continuous functions are quite slow, we obtain substantially faster rates

by exploiting latent low dimensionality in the functions in question.
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Corollary 6.3.9 (Sketching and Generalization Rates). In the setting of Theo-
rem 6.3.5, consider functions f, f: L, Q2 — R

(General) If f is L-Lipschitz in dsamp, then for any x € Q. with probability at

—2¢2

least 1 — e we have

drLe

i

F() = £(Sw)] < LCrexp | - (M~ logy m) ™7 | +

If f is also L-Lipschitz in dsamp, then
erte (f, f) < erty(f, f) + 2LCr exp (—(M‘1 log, n)#) .

(Fixed-dimensional Sampling) Suppose f(x) = F(Law(Syx)) where F: P (L) —

R is L-Lipschitz in Wasserstein distance and |Ay| > 2. Then for any x € Qe

—2¢2

with probability at least 1 — e we have

1/|Ak|
|f(x) = f(Sux)| < Lr k(kn_ D L 2kre  o0g (ﬁ) .

\n n

If f has the same form as f above, then

erroo(f,]?) < errn(f,]?) +2Lr @

2.2\ /| Ak
+208 (k—r) .
n

(Sampling Means) Suppose f = o(Egy o Si) where each coordinate function
of gi: Qi — R is B-bounded and o : RY — R is L-Lipschitz with respect to
the €, norm on R¢. Then with probability at least 1 — e™2€" e have

+ —

7))

If fhas the same form (possibly with a different L-Lipschitz o~ and B-bounded
gr). Then

F) = £(Su)] < Lo BkE (" -1 26)

erroo(f,f) < err,,,(f,f) + 2L, Bkt (k — 1 + i) .
nVa

When o = id, the 2/+/n term above can be omitted.

All of the above estimates also hold for average error with respect to projection-

consistent distributions.
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The proof is a direct application of Proposition 6.3.12 and Theorem 6.3.5, and we

again defer it to Section 6.3.

Note that the general rates for sketching and generalization in Corollary 6.3.9 are
very slow, but they improve substantially if we exploit particular representations
of the functions at hand in terms of low-dimensional samples of their inputs. We
now illustrate these improved rates on several examples. We begin with polynomial

regression.

Corollary 6.3.10 (Polynomials). Suppose (A,) has degree D and that (€, C
[—r, r]7") is a sequence of compact sets closed under sampling, andletp: | |, Q, —
R be a polynomial of degree d unchanged by duplication so p o ¢(Y,nN) = p for
any equipartition Y, v : [N] — [n] and any n|N. Then there exists B > 0 such that

with probability at least 1 — e™2€ we have

PG = p(Sux)| < BrDd [Dd -1 f]

+ .
N

If p is another such polynomial, we have

2BrDd(Dd - 1)

elte(p, p) < err,(p, p) +

Proof. 1t was shown in [138, Sec. 5] that there exists a polynomial gps € R[Vpy]
satisfying p(x) = Egpa(Spax) for all x. Setting B = sup,cq,,, |gpa(x)|, we obtain

both conclusions from Corollary 6.3.9. O

Notably, Corollary 6.3.10 applies to any polynomial function and any finite-degree

FinSet-index. Here are a few examples encompassed by the above result.

(Moment Polynomials) When V,, = R polynomials unchanged by duplication

are precisely moment polynomials p(x) = g(E(S;x)*', ..., E(S;x)*) where
a; € Zio, where E(Sx)? = % Z?zl H?zl(xi 2,” fora € Z‘Z’O. and Q, = ®" for

compact ® C RY, we can identify limit objects with measures Qq, = P(0) as

in Example 6.2.4

((Hyper)Graph Densities) When V,, = R™"  polynomials unchanged by duplica-
tion are precisely linear combinations of graph homomorphism densities.
Specifically, if H € N¥ is a multigraph, we define the homomorphism
density of H in G € V,, by

1
(G = > |
[ lk]—=[n]ij

k

G
=1

F@.f()"
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It is called a homomorphism density because when H and G are undirected
simple graph, the value 7(H; G) is the fraction of maps between vertex sets
V(H) — V(G) that are graph homomorphisms. Similarly, when V,, = (R")®¢
is viewed as the space of adjacency tensors of hypergraphs, polynomials

unchanged by duplication correspond to hypergraph densities.

(Graph Signals) When V,, = R™" @ R"™  viewed as pairs (G, X) of a graph G and
a graph signal X assigning a d-dimensional feature to each of n nodes, then
polynomials unchanged by duplication include polynomial graphon neural

networks, which are compositions of polynomials of the form

L
1
(G, X) >0 (Z —€G€X®g ,  for polynomial o and Q,, . ..,0; € R¥>,
n
=0

More generally, in the language of [141, 142], Corollary 6.3.10 applies to any
compatible (i.e., unchanged by duplications and permutations) neural network with

polynomial activations.

Next, we turn to nonpolynomial function classes.

Corollary 6.3.11 (Normalized DeepSets). Suppose A, = [d] x [n] so V,, = R>",
and let (Q, C [-r,r]™") be a sequence of compact sets closed under sampling.
Suppose each coordinate function of p: R? — R is B-bounded on Q and o: Rt —
R is Ls-Lipschitz in €;-norm, and consider f: | |, Q, — R defined by

fx)=0 (l Zp(x,-)) =0 (Ep(Six)), forx=(x1,...,x,) €V,. (6.13)
nia

Then with probability at least 1 — e=2¢" we have

£ () = f(Sur)] < M“—V’;‘}E

and for any other fof the above form, we have

4L, Brt
N

Proof. This directly follows from Corollary 6.3.9. O

et (> f) < err,(f, f) +

When o and p are neural networks, the architecture defined by (6.13) is called

normalized DeepSets [30, 142]. In particular, when €, = ©" for compact ® C R4,
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we can extend f in (6.13) to measures u € P(0) by f(u) = o (E,p). This extension

was shown in [30] to be Lipschitz-continuous in Wasserstein metric on £ (®), and
that functions of the form (6.13) can approximate any continuous function on P (®)
uniformly. These results were shown in [142] to imply O(n~'/¢) generalization
rate. This generalization rate can similarly be derived from Corollary 6.3.9, and
Corollary 6.3.11 yields improved O (n~'/?) generalization rates for functions of the
form (6.13).

Missing Proofs from Section 6.3
We begin by proving Theorem 6.4.3. The following is the key proposition we shall
need.

Proposition 6.3.12 (Uniform Approximation for FinSet®’-representations). Fix a
bounded f: Qi — R and x € Qo sample §n ~ S, and define the random variable
Z; =Ef (Skgnx) — Ef(Six) where the expectations are only with respect to Sy,
which is independent of S, n-

(Bias) We have |Es Z¢| < @llflloo whenever k < n.

: e 2 .
(Concentration) Zy —EZy is = - || f||5,-subgaussian.

Proof. 1t suffices to prove the claim for x € Qpu for some finite N € N, since if
x € Qe then we can write x = limy xy for xy € Qy, in which case Law(S,x) =
limy Law(S,xy) for all n € N. By [208], there is a coupling of a uniformly random
map F,; and of a uniformly random injection @, 4 such that P[F, x # @, 4] <
@. Furthermore, since Fi , © ¢k 2 Fy x for any injection ¢, x: [k] — [n],
we have ¢(®,, ;) o §n 4 Sy if §n is independent of @, ;. In this case, we have

8271 = 18/ (Si5,)-BS (s(@a)50)| < 2 IPIS # §(0n)] < 17t 2,

as claimed.

To see the subgaussianity of Zy, represent a map [n] — [N] as a sequence
[n]V, and observe that Law(Fy,) = Unif[N]®". Writing S, = s(Fy.n), let
Un = }l .0 Fan(i) be the empirical measure obtained by sampling # iid points from
u = Unif([N]). Now observe that Law(Fyy ,Fyx) = u®* while Law(Fy ) = u®*.

Furthermore, if we define f: [N]¥ — R by f(F) = f(s(f)x), then

ES50 =i D= Y F([Futi B 614

i1,..0ik=1
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the value of u®* (f) by at most zn—kllflloo, hence Zy — EZy is #llf”go—subgaussian
by the bounded-difference inequality [223]. O

where ”ﬂloo < || fllo- Changing the value F\Nﬂ(l’g) for any fixed ¢ € [n] changes

We turn to proving Theorem 6.3.5 and a related result bounding total variation dis-
tance for binary inputs. These rely on the following extension of Proposition 6.3.12
using a standard covering number bound. In what follows, if u, v € P (®) and F is

a collection of functions on ¥, we denote by dy(u, v) = sup ses [Eyf — Ey f1.

Lemma 6.3.13 (Covering Number Bound). Instantiate the setting of Proposi-
tion 6.3.12 and suppose Fy is a family of functions on Qi withsup req, SUpyeq, | f(x)] <
r. Then

~ k(k -1 16V2k "
Eg dy (SkSpx,Six) =E sup Zy < r¥+inf 46 + Vakr / Viog N(Fi, || - lleos €) de
n feFi n >0 \/ﬁ 5

where N(F, || « ||lco, €) is the €-covering number of the function class Fy in || - || co-

. . 4k*r? .
Moreover, the random variable sup ;g Zy is ==—-subgaussian.

Proof. Since Zy—Z, = Zy_4, we conclude that {Z;y —EZ;} res is a centered #-
subgaussian process with respect to the uniform metric. Since the diameter of %
under the uniform metric is 1 by assumption, Dudley’s entropy integral bound [12]

gives

16V2kr /2
\Vn

Combining the above bound with our bias bound from Proposition 6.3.12 yields the

Esup(Z; -EZy) < (isr>1(f) {46+

VIog N(Fi, I| - lleos €) df}-
feFk

third claim.

Finally, observe that Z; is a function of » iid random indices F Na(1), ..., F Na(n),
and that changing the value of one of these indices affects at most n* — (n — 1)k <
kn*=! terms in (6.14) by at most 2| f|l/n* < 2r/n*. Therefore, each Zris a
%—Lipschitz function with respect to the Hamming distance on [N]", and hence
the same is true of sup . Zy. The bounded difference inequality [223, Cor. 2.21]

yields the final claim. O

Combining Lemma 6.3.13 with covering number bounds for Lipschitz functions
yields Theorem 6.3.5.
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Proof (Theorem 6.3.5). Set ¥}, to be the collection of all functions f: Q; — R with
f(0) = 0 that are 1-Lipschitz with respect to the ¢,,-norm that vanish at the origin,
and note that sup s, [|flleo < 7 since Q C [-r, r]7%. Thus, by Lemma 6.3.13

{45 16vfkr

~ k(k-1
E§ Wi (Skx, SgSyx) = E sup Zf < r¥ + inf
n feFr n 6>0

[ Ve N T T de}
By [126, §9] (or by [150, Thm. 17]), we have
2
log N(Fi, || - lloo, €) < (I0g2)N(L, || - lleos €/2) +10g (2{5} + 1) :

Since Q; C [-r,r]*, we have N(Q, || - |leo, €/2) < [4r/€]”*! and hence
[ Akl
mNmmwmogau%m@)kmmee@m.Mwmu>z

we have

16V2k d k o~
46+ Vkr / \/logN(Tk, | - [|co, €) de < 40+16+4/2(1 + log 2)_r(5r)|ﬂk|/2—
Vn o Js \n | Akl/2 -

[ Axl/2+1

1/ A
Choosing ¢ = 5r (4 2\2(1 +1og2) ) , we obtain the claimed estimate 208r (ki 2) “
4k r2

Proposition 6.3.12 also shows that sup s Zy is -subgaussian.

Turning to the claim bound on dg,mp, for any K < n we have
K . 2\ mxD
Edamp (x, Spx) < Z 27 FEW, (Skx, SiSpx) + 27K < Cr (r—) +27%;
n
k=1

obtained by estimating EW; (Sgx, Skgnx) < 2r for k > K and applying the upper
1
bounds on EW; from the first part of this corollary. Choosing K = “10%") DH}

2)\ T
ifr <land K = “%) P ﬂ gives the desired bound. Finally, since dgamp 18

a function of n independent random variables and is ;> 2_"% = 47’—Lipschitz
in Hamming distance in each of them, the bounded-difference inequality yields the

claimed 1?1—’2—subgaussianity for dsamp (x, Spx). O
Next, we prove the sketching and generalization bounds in Corollary 6.3.9.

Proof (Corollary 6.3.9). For general L-Lipschitz f ,f, for any x € Q. we have
| f(x) = f(Sux)| < Ldsamp(X, Snx) and

|F () =F O] < 1f () =Ef (Sux)HELF (Snx)~F(Su) | +ESF(Sux)—F(x)]. (6.15)
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Now observe that |f(x) — Ef(S,x)| < LEdsmp(x, S,x) and similarly for ]?, while
IE[ f(S,x) — f(S,,x)]I < err,(f, f) The bounds for general Lipschitz functions
now follow from Theorem 6.3.5.

If f(x) = F(Law(Sx)) for L-Lipschitz F, we have | f (x)— f(S,x)| < LW;(Skx, SiS,x)
where we fix arealization of S;,, and | f (x) —E f (S,x)| < LEW;(Skx, St S,x). Since
fA satisfies the same bounds, we obtain the claimed rates from Theorem 6.3.5 us-

ing (6.15) again.

Finally, suppose f(x) = o (Egx(Skx)) and note that | f (x)—f(S,x)| < L ||Es, gk (Skx)—
Es, &k (SkSux)ll1 = Zf-zl |Es, [gx];(Skx) — Es, [gx];(SkSypx)| where we fix a real-
ization of S, and denote by [g]; the jth coordinate function of g;. Similarly, we
have |f(x) —Ef(Sux)| < LsEs, Zﬁzl |Es, [gx];(Skx) — Es, [8x],(SkSyx)|. Since
f satisfies the same bounds, we obtain the claimed rates from Proposition 6.3.12
using (6.15) again. If o = id, we can improve the generalization bound because
| f(x)—Ef(Spx)| < ||Bgx(Skx) —Egi (SkSy,x)||1 where both expectations are inside

the norm, and hence we only incur an error due to the bias in Proposition 6.3.12. 0O

We now prove Corollary 6.1.7 using the measure-theoretic expression for attention
in [82].

Proof (Corollary 6.1.7). Consider the in-context attention mapping A : RYx®P,(R%) —
R¢ introduced in [82] and given by
Ey~. exp({Qx, KY))VY

Ey~u exp({Qx,KY))

A(x, ) = x +
which satisfies
S1A(x) £ A(Six, Law(Six)).
Defining A: P.(RY) — P.(R?) by A(u) = Law(A(X, u)) where X ~ u, letting ¢
act on measures via pushforward, and defining
F(1) = Ex-(gomyt X
we get F(x) = F(Law(S;x)) as desired.

Let R = sup; < sPyc 1(6 © A) (x)]le < oo and denote Bg = {x € RY : ||x[|w <
R}. We can find Lipschitz constants L, L, > 0 such that A(x,-): P(Bg) — R?
is Li-Lipschitz while A(-,u): B — RY is L>-Lipschitz for any x € Bp and
u € P(Bg), see [83, Lemma 2] for example. For any x, y € B”,, we then have

W1(S1A(x), S1A(y)) < (L1 + L2)Wi(Six, Syy).



252
Likewise, we have Wi (S1¢(x), S14(y)) < LsW1(S1x,S1y). Thus, we get

Wi(S1(4 0 A)*(x),S1(¢ 0 A)* () < L§(L1 + L2)* Wi (S1x, S1y),

so F is L(’;(L | + Ly)*-Lipschitz. The result now follows from Corollary 6.3.9. O

6.4 Random Binning

In this section, we define generalizations for random binning and entry-biased
sampling maps from Examples 6.2.6-6.2.7, and show that they lead to the same
topology. By exploiting the compatibility between the two notions of sampling, we
prove universal rates for approximation and generalization for the corresponding

sampling metrics.

Random Binnings as Dual Sampling

We generalize random binning as in Example 6.2.6 by again using maps between
finite sets. Specifically, any map f: [n] — [k] defines a binning of n items
into k bins, and acts on a vector x € R” by binning its coordinates and summing
all coordinates in a given bin, i.e., (B(f)x); = Xjer-1(;)X;. Observe that this
action of maps between finite sets is dual to the one from Section 6.3, in the sense
that ¢(f) = B(f)" as matrices. In this case, if Fy,: [n] — [k] is a uniformly
random map then B(Fy ,)x is the uniformly random binning of the coordinates of x
considered in Example 6.2.6. Once again, we shall generalize this notion of random

binning beyond vectors.

If (A,) is a FinSet-index and V,, = R”" is the associated sequence of vector spaces,

we define another linear action of maps between finite sets on these vectors by

(B(fen)X)a = Z X, wheneverx € V, and fi,: [n] — [k]. (6.16)
Bep(fi,n) ™ Ha)
Note that a map f;,: [n] — [k] defines two linear maps, one B(fi.,): V, — Vi
as in (6.16) and one ¢(fi,): Vi — V, as in (6.10). These two maps are adjoints
of each other B( fi.n) = ¢(fi..)* with respect to the usual inner products on R7»,

We can then define sampling maps Si: ||, V, — V; by applying random maps
between finite sets
Six = B(Frn)x, ifxeV,. (6.17)

Once again, symmetries and relations between dimensions play an important role in
analyzing this notion of sampling. The proofs of Propositions 6.3.3 and 6.3.4 show
that
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* B(YnN)SnxX d S,x for any equipartition ¥, v : [N] — [n];

o SiB(dNn)x g Six and hence dsamp(x,B(dn,n)x) = O for any injection
¢N,n: [I’l] - [N]

For the present binning action, an equipartition acts by summing all the coordinates
in each part of the partition. For example, if V,, = R" the standard equiparti-
tion (6.12) acts via 8(d, y) by summing each set of N/n consecutive coordinates,
and if V,, = R™" then it sums each consecutive N/n X N/n block. In contrast,
injections act by zero-padding. For example, if V,, = R" the standard inclusion
B(ty.n) zero-pads a vector of length n by N — n trailing zeros, and if V,, = R then

B(in.n) zero-pads an n X n matrix into a N X N one.

In particular, we have dsamp(x,y) = 0 whenever y differs from x by permutations
and zero-padding, and if f: | |, V, — R is continuous with respect to dsamp, then

f 1s likewise invariant under permutations and zero-padding.

Approximation and Generalization Rates

In this section, we fix a FinSet-index (\A;,), and consider the associated vector spaces
(V,, = R?) and random binning maps (S : | |, V, — V) defined by (6.17). We
also fix a sequence of compact sets (€2,,) closed under random binning, such as the

sequence of simplices Q,, = A7~

We turn to proving rates for approximation and generalization with respect to the
sampling metric induced by random binning. While we again seek to prove that
Edgamp(x,S,x) — 0 and quantify the rate at which it converges to zero, it is
considerably more challenging to do so by analyzing random binning alone as it
does not concentrate as well as sampling with replacement.

Example 6.4.1 (Anti-concentration for random binning). Suppose V,, = R" and con-
siderx = (1/2,1/2) € V,. Observe that S, x equals one of the standard basis vectors
with probability 1/n, since this is the probability for the two entries of x to map to the

same bin. Therefore, we have dsamp(X, SyX) = deamp (X, €1) = X2 27k(1 - %)% =
# with probability 1/n. This implies that if we sample x, ~ S,x independently

for different n, then dgmp(x,x,) > 1—1§g2 for infinitely-many n almost surely by

Borel-Cantelli, and hence x, /> x almost surely. Borel-Cantelli further implies
that for any rate (R, > 0) with R, | 0 we have Y., P[dsamp(x, Syx) > R,] = oco.
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Contrast Example 6.4.1 with Theorem 6.3.5 for sampling with replacement, which
gives arate R, such that P[dgmp(x, S,x) > R,] < e /8,

To circumvent the above difficulties, we introduce a second sampling map general-

izing the one in Example 6.2.7, for FinSet-representations of some degree D.

Suppose first that x € A7 =1 is a simplex element. We view such x as a probability
distribution over Ay, and consider forming an empirical approximation to it from
n iid samples. Specifically, sampling o1, . . ., @, iid according to x, we set

n

1

&) =~ ; Cq,. (6.18)
More generally, if x € R is viewed as a signed measure, we set &,(x) =
|x|l1sign(x) © &,(|x|/|lx]l1) where ® denotes entrywise product (and &,(0) = 0
by convention). In general, we have &,(x) € Vy and hence &, does not reduce the
dimensionality of its input. However, it does produce a sparse input, as &, (x) has at
most n nonzero entries regardless of the dimensionality of x. We exploit this fact to
prove that when (A, ) has degree D, we have dist(&,(x), Vp,) = 0 almost surely in

sampling metric, and hence &), (x) is equivalent to a low-dimensional element.

Proposition 6.4.2. Suppose (Ay) has degree D. Then there exist sampling maps
Sk L, Vu — Vyp suchthatforanyx € Vy there is arandominjection®y ,p: [nD] —
[N] satisfying

En(x) = B(ON,up) S ().

The proof is explicit and follows from the definition of a degree of a FinSet-index,

we defer it to Section 6.4. Since S;B(¢) 4 Sk for any injection ¢, we conclude that

Asamp (&n(x), Sp(x)) =0, almost surely.

The construction of &, from Proposition 6.4.2 is explicit. For example, if A, = [n]
then we recover the sampling map (6.9) defining random partition models. If
A, = [n]* and we view elements of V,, = R™" as adjacency matrices of graphs
on n vertices, then &, can be viewed as sampling edges from a weighted graph
proportionally to their edge weights, and has been studied in connection with limits

of large graphs in [140].

We turn to proving rates for the above nonlinear sampling maps with respect to the

sampling metric defined by random binning.
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Theorem 6.4.3. Suppose (A,) is a FinSet-index of degree D, and consider the
sampling metric defined using random binning (Sy) and the Wi-metric with respect
to the £, norm. Fix Q, C V, = R closed under both binning and empirical

sampling such that sup, ¢ sup,cq |lxll1 < r.

1. Whenever (x,) € Qo converges in dgmp, the sequence of distributions
(Sk(xn)) € Qpi converges weakly. Thus, the sampling map S, extends
10 all of Qeo.

2. Forany x € Qe,, we have

Eé’n(x)Wl(Skx, Sktgn(x)) < %,
and Edsamp (x, S (x)) < r/vn. Moreover, both Wi (Sgx, Sk Sy(x)) and damp (x, Sy (x))

2 .
are 4%-mbgamrszan.

3. Forany x € ﬁoo, we have

2(1+D?)r

Edsamp(x’ Snx) < /5

(6.19)

With probability 1 — 2e=€/2 %,2/5, we also have dgmp(x, Spx) < Z(LT/ZSE)r.

The proof of Theorem 6.4.3 is based on the standard bound

. 2 _ Il
Bll=En(0)ll2 < lixll | > B(pe — iBinom(n, po))” < ==,
aeAN \/ﬁ

for any x ERﬂN, N eN,

(6.20)
where p = ﬁ We give the full details in Section 6.4. Examples of sets satisfying
the hypotheses of Theorem 6.4.3 include the sequence of simplices Q, = A1 and

¢q-balls.

As before, Theorem 6.4.3 has two implications. The first is that Edsamp(x, S,x) — 0
as n — oo so Proposition 6.2.8 applies and gives us a characterization of sequences

of distributions obtained by randomly binning limit objects.

Corollary 6.4.4 (Equipartition-Consistent Distributions). Suppose (A,) has finite
degree, let V,, = R, and suppose Q,, C V,, is compact and closed under binning.
Then the following are equivalent for a sequence of probability distributions (u, €
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(Equipartition consistency) We have B(Y, N)UN = iy whenever y, y: [N] —
[n] has equal-sized fibers.

(Sampling representation) There exists a distribution fies € P(Qoo) such that

un = Law(S, X) for all n, where X ~ u is independent of S,,.

Moreover, the measure o above is unique, and sequences of the form (u, =

Law(S,.x)) for deterministic x € Qo are extremal in the set of all such sequences.

Proof. Since B(y, y)Snx 4 S,x for any x and any equipartition ¥, ;, we conclude
that if u, = Law(S,X) for random X indpendent of S, then (u,) is equipartition-
consistent. Conversely, if (u;,) is equipartition-consistent then by [138, Thm. 4.20]
there is a sequence (v; € P(Q)) such that Law (S, X;) el u, weakly for each n,
where X; ~ v; is independent of v;. This implies that (v;) converges weakly to some
Uoo € P(Qo) satisfying the claimed sampling representation. The uniqueness of
such e and the extremality of sequences of the form (Law(S,x)) for x € Q, both
follow from Proposition 6.2.8, which applies by Theorem 6.4.3. O

We give some examples of distributions obtained by randomly binning limit objects.

Example 6.4.5. If A, = [n] and Q, = A", then a sequence (u, € P(A"")) is
equipartition-consistent if and only if (i) each u, is exchangeable so X, 4 X, for
any © € S, when X, ~ u,; (ii) whenever n|N we have

N/n "

d
(XN)jsti-y(vimy | =
-

X,,.

J i=1

For example, the sequence of Dirichlet distributions u, = Dir(a1,,/n) satisfies these

conditions for any a € [0, ), where a = 0 corresponds to a uniformly random

coordinate vector.

If A, = [n]?, then equipartition-consistent sequences (i, € P(A™")) were called
“equipartition-consistent random graph models” in [140], where they were shown
to correspond to certain limits of growing-sized graphs. In particular, the special-
ization of Corollary 6.4.4 to this case was proved in [140, Thm. 1.9].

Remark 6.4.6. Theorem 6.4.3 also implies that the sampling maps () induce the
same topology as random binning (Sy). Indeed, part 1 of the above theorem shows

that for a given sequence (x,) C Qc, if (Skxn)n converges weakly for each k then
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(S (xn))n converges weakly for each k, hence the closure of Qe with respect to (Sy)
is a subset of its closure with respect to (Sk). Since both closures are compact and
contain the dense subset Q. they must be equal. A special case of this equivalence
was shown in [140, Prop. 4.1] for A, = [n]>. In particular, Proposition 6.2.8
applies to the sampling maps (S ) as well, though the characterization of sequences
of the form (Law(S%(X))) for random X is more involved.

The second consequence of Theorem 6.4.3 is the following generalization and

sketching bounds.

Corollary 6.4.7. Let (V,) be a FinSet-representation of finite degree and €, C
Bg’)(r) be closed under sampling where Bgl)(r) ={x eV, :|x|li £r}. Suppose
fi UnQy — Ris L-Lipschitz in either (x,y) — Wi(Six,Siy) or dsamp. Then

with probability at least 1 — e™2¢" e have

Lr(1+2
£ - £ < 2D, (621)
\n
If f is another such L-Lipschitz function, then
erroo(f,f) Serr,,(f,f)+£ (6.22)

Vi
The above bound also holds for average error with respect to distributions of the
form (n = Law(S,(X))) for random X € Qo independent of S,. In contrast, for
average error with respect to an equipartition-consistent sequence we have

- ~ 4L(1 + D?
err, (f, f) <erry, (f, f)+ %

As in Section 6.3, a prominent example of functions satisfying the above hypotheses

are polynomials.

Corollary 6.4.8. Suppose (A,) has finite degree and that (L, C Bgl)(r)) is a
sequence of compact sets closed under binning, and let p: | ,Q, — R be a
polynomial of degree d unchanged by zero-padding, so p o B(ty,) = p for all
injections ity ,: [n] — [N] and all n < N. Then p is L-Lipschitz in (x,y) —
W1 (Skx, Sky) for some k € N and hence satisfies (6.21) with probability at least
1 -2, If p is any other such polynomial, then the generalization bound (6.22)
holds.



258

Proof. 1t was shown in [138, Sec. 5] that there exists g, € R[ V] satisfying p(x) =
Egr (Six) for all x. Setting L to be the Lipschitz constant of g; over Q, the claim
follows from Corollary 6.4.7. O

Note that we obtain sketching and generalization rates that does not directly depend
on the degree of p or of (A,,). The following are a few examples of the polynomials
to which Corollary 6.4.8 applies, which constitute “unnormalized” analogs of the

polynomials unchanged by duplication considered in Corollary 6.3.10.

(Multisymmetric Functions) When V,, = R®"_ polynomials unchanged by zero-
padding are precisely multisymmetric functions [213], consisting of polyno-
mials of the form p(x) = g(pq, (%), ..., pa, (x)) where g € R[yy,...,yi] is
a fixed polynomial and for @ € N we have p,(x) = 1 H?Zl x;l]l When
d = 1and a € N, the polynomials p,(x) = ¥i_, x{ are known as power-sum
polynomials, and polynomials unchanged by zero-padding are called sym-
metric functions. These are classic objects of study in combinatorics and

representation theory, see [209, Chap. 7] and [151].

((Hyper)Graph Numbers) When'V,, = R™" polynomials unchanged by zero-padding
are precisely linear combinations of graph homomorphism numbers. Specif-
ically, if H € N9 is a multigraph, we define the homomorphism number of
HinG €V, by

k
) = H;
hom(H:G) = > || Gy )
fo [k]=[n]ij=1
When H, G are simple graphs, the value hom(H : G) is the number of graph
homomorphisms from H to G. Similarly, when V,, = (R")®? polynomials
unchanged by zero-padding are linear combination of hypergraph homomor-

phism numbers, analogously defined.

(Graph Signals) When V,, = R™" @ R", polynomials unchanged by zero-padding
include polynomial graph neural networks, which are compositions of poly-

nomials of the form

i G'X0y,
=0

(G, X)— o ,  for polynomial o and Q,, . ..,0; € R¥>.
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More generally, in the language of [141, 142], Corollary 6.3.10 applies to any
compatible (i.e., unchanged by zero-padding) neural network with polynomial acti-

vations.

It is challenging to directly verify continuity with respect to random binning for non-
polynomial functions. We therefore give the following simple sufficient condition

to verify this continuity, and obtain the same sketching and generalization bounds.

Proposition 6.4.9. Let (A,) be a FinSet-index of finite degree and let ( f,: R —

R) be a sequence of functions satisfying the following conditions:

(Unchanged by zero-padding) We have fy o B(dnn) = fu for any injection
¢N,n: [n] - [N];

(2-norm Lipschitz) There is L > 0 such that f, is L-Lipschitz in || - |2 for all

n.

Then f: ||, Béf) (r) — R defined by f(x) = fu(x) if x € Béln) (r) is continuous in
dsamp. Moreover, the function f satisfies (6.21) with probability at least 1 —6_262, and
satisfies (6.22) for any fsatisfying the present hypotheses or those of Corollary 6.4.7.

Proof. Suppose x = lim; x; in dgmp. Then &, (x) = lim; &,(x;) weakly for each
n € N by Theorem 6.4.3. If the degree of (A,) is D, we have

Ef(Sy(x) = Efan (S4(x1) > Bfap (Sa(x)) = BF(Sn(x)),

since f,p is Lipschitz-continuous. Moreover, for any y € 821'") and any m, we have

Lr

lf () —Ef(SaODI = 1fin(y) = Bfin(En(¥)| < LE|ly — Eu(y)l2 < %, (6.23)
where the first equality follows from Proposition 6.4.2 and the fact that f is un-
changed by injections and the second from (6.20). Fixing arbitrary € > 0 and

picking n > (Lr/€)?, we conclude that
£ () = FOe) < 26+ [EF (S (1)) = B (Su(x )] 255 2.

Since € > 0 was arbitrary, we conclude that ( f(x;)) is Cauchy and hence f proving
the continuity of f. Finally, we have |f(x) — f(S,(x))| < L||x — $(x)||2 and the
latter is %-subgaussian by the bounded-difference inequality, hence the last claim

follows. o
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We apply Proposition 6.4.9 to obtain sketching and generalization guarantees for

some non-polynomial functions.

Corollary 6.4.10 (DeepSets). Let V, = R and consider maps of the form
fxt,....x0) = 0(3,; p(x:) for p: R4 — RE with p(0) = 0 and o: RY — R.
Then f is unchanged by zero-padding.

1. Suppose o is Ly-Lipschitz, and that p is L,~\r-Lipschitz with respect to the
6 norm on {x € R? : ||x||1 < r} for each r. Then f satisfies the hypotheses
of Proposition 6.4.9 with L = 2L, L.

2. The 1-norm f(x) = ||x||1 is of the above form for Lipschitz-continuous o, p,

but f is discontinuous in sampling metric.

Condition 1 holds for example if p is differentiable with p’(0) = 0 and a 1/2-Holder
continuous derivative, and condition 2 shows that such a stricter assumption on p is

necessary.

Proof. The first claim follow from the observation that if x, y € V,, then
F@=FO < Le D oG =pOi)ll < LoLp D Ii=yillavIllly + [lyilly < 2LoLyrlx=ylla.
i i

For the second claim, the choice o = id and p(x) = ||x||; yields f(x) = ||x||;.
To see that it is discontinuous in sampling metric, consider the sequence x =
(zl—nel, e 21—ne1, —21—nel, e —zl—nel) € V,, where both entries are repeated n times.
Note that x"” — 0 in sampling metric. Indeed, we have Six™ 4 %Sk(lne;_) -
%S;{(IlnelT) where Si, S/ are independent. Since Sk%]lnelT = (%el,...,%el)
where (N, ..., Ny) ~ Multinom(n, k, 1 /k), wegetEHSkx(”)H% = % Zf:l Var(N;/n) =
%, proving that S;x — 0 weakly for each k. However, we have f(x") = 1

for all n, proving that f is discontinuous in sampling metric. O

When o and p in Corollary 6.4.10 are neural networks, the resulting architecture
is called DeepSets [233]. Whend =1 and Q, = A1 different choices of o and
p yield various diversity indices used to quantify the concentration of a discrete
probability distribution [235]. For example, setting p(x) = x4 and o (1) = 177 for
q € (0,1) gives Hill’s effective number of species, which satisfies the hypotheses
of Proposition 6.4.9 with L = &. We note however that some diversity indices are
not continuous in sampling metric. This is the case for Shannon or Renyi entropies
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(given by o = id, p(t) = tlog% for the former and o (¢) = ﬁ log(1), p(t) = t4 for

the latter) for example, both of which diverge along the sequence x” = 1,/n.

Corollary 6.4.11 (PointNet). Let V,, = R™" and consider maps of the form
f(x1,...,xy) = a(sup; p(x;)) for p: R — R{;O with p(0) = 0 and o: Rt = R,
where the supremum is taken coordinate-wise. When o and p are L, and L,-

Lipschitz continuous in {>-norm f satisfies the hypotheses of Proposition 6.4.9 with
L=L,L,.

Proof. 1t is clear that f is unchanged by zero-padding, and that |f(x) — f(y)] <
L sup; |lp(xi) = p(yi)ll < Lo Lp|lx = 2. O
Finally, we consider non-polynomial graph neural networks.

Corollary 6.4.12 (Graph Neural Networks). Let V,, = R™" @ R™4 and consider a

composition of maps of the form

Ao (i AYX0,

d=0

F(A,X) = , where®y,...,0p € R

and o: R¢ — RY is Ly-Lipschitz in €, and is applied row-wise. Also define
P:V, —» R? by P(A,X) = X"1, and consider the depth-C graph neural network

given by the composition

f=PoFl:| |B"(r) - R,
n
where Béln)(r) ={(A,X) €V, : ||All1 +||X|[1 £ r}. Then each coordinate function
of f satisfies the hypotheses of Proposition 6.4.9.

The proof is an elementary but long computation, and we defer it to Section 6.4.

Missing Proofs from Section 6.4
We begin by proving Proposition 6.4.2, using the definition of a finite-degree FinSet-

index.

Proof (Proposition 6.4.2). Fix nonzero x € R Since (A, ) has degree D, we can

M

write A, = | _|,,_,[n] dm | H,, for some subgroup H,, C S, of permutations and with

D = max,, d,,. Sampling a1, ..., @, from the distribution |x|/||x||; defines on Ay,

if a; € [n]9/H,let (j1,...,jaq) € [n]% be arepresentative of the equivalence class
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of @;. Randomly enumerate {t1,...,#} = UL, {/1,..., /a4 } and note that k < Dn
and define the injection ®y ,p: [nD] — [N] by sending @y ,p(i) = 1; fori < k
and setting ®y ,,p|[,p]\[x] b a uniformly random injection into [N] \ {#1,...,#}.
Finally, define &, (x) € R by §,(x); = &, (x)q,l_vl’w () if there exists I € Ay with
@y ,p(J) =1 and &, (x); = 0 otherwise. With these definitions, we get the claimed
equality. O

We turn to proving Theorem 6.4.3. We shall need the following several lemmas to
do so. The first lemma shows a compatibility between the empirical sampling &),

and the action of maps between finite sets.

Lemma 6.4.13. Suppose (A,) has degree D and x € A=, Then for any map
d
[ [n] = [m], we have & (B(f)x) = B(f)Ek(x).

Proof. Observe that the probability of sampling @ € A, from B(f)xis Y gea, Xp-
(N (B)=a

e
This is also the probability that if 8 € ‘A, is drawn from x then p(f)(8) = @. Thus,

I < 1<
B()E(x) =+ > eotnin < Z D ea; = E(B(f)),
i=1 i=1

where B, ...,Br € A, are sampled iid from x while a1, ..., a; are sampled iid

from B(f)x. O

The second lemma bounds dsamp (X, S,x) for a finite-dimensional x.

Lemma 6.4.14. Let (A,) be any FinSet-index and let (V,, = R™) be the associated
sequence of vector spaces. For any x € V,, and m < n, we have dsymp(x,S,x) =0

with probability at least 1 — m(rznn_l), and hence Edgmp(x, Spx) < @Hxﬂl

Proof. Note that S,x = ¢(F,,)x and that F,, ,, is injective with probability at least

1- % in which case damp (x,Spx) = 0. The expectation bound follows since
Wi(x, Spx) < Ellx = Spxlly < 21x|l;. m

The third lemma proves Theorem 6.4.3(2) for the special case of a finite-dimensional

X.

Lemma 6.4.15. Suppose (A,) is a FinSet-index of finite degree. For any x € RAW
and any N € N, we have

2
Es, x)W1(Skx, Si$u(x)) < ||X||1\/7

" .
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Proof. By homogeneity of &, and linearity of Sy, it suffices to prove the claim when
llx|l1 = 1, which we assume for the remainder of the proof. Suppose first that x > 0,
so that x € A™~1_ Then

EW1(Skx, Sk$n(x)) = EW1(Skx, S8, (x)) < E%n(x)EskHSkx - S1&,(0)]l2

= Eg, Eg, (1) ISkx — &,(Skx)|l2 < —

\/_

where the first equality follows from Proposition 6.4.2, the second equality fol-
lows from Lemma 6.4.13, and the last inequality follows from the fact that E||p —
&.(p)ll2 < 1/+/n for any discrete distribution p.

If x < 0 then the fact that &, (—x) = —&),(x) and the linearity of S; again yields the
claimed bound. Therefore, suppose max{0,x} # 0 and max{0, —x} # 0 and write
x = axy — Bx_ withxy € A™=land @, 8 > 0 with @ + 8 = ||x||; = 1 (explicitly,
ax; = max{0,x} and @ = || max{0, x}||;, and similarly for Sx_). By construction
of &,, if (N4, N_) ~ Multinom(2, n, (e, 8)) then we have

&n(x) =

N () - oy, (x_)] .
n n

Conditioning first on (N, N_), we have

Eg, ) W1(Skx, Sk&,(x)) < Ew,.v.)

[ ] < 0B <

as claimed. O

Finally, we need the following bound on the Lipschitz constant of the sampling map
&n.

Lemma 6.4.16. Let A be any finite set and suppose x,y € R, and let W; be the

Wasserstein-1 metric with respect to the € norm on R?. Then

W1(&,(x), &(y)) < 4llx =yl

Proof. Suppose first that ||x|[; = ||y]l1 = 1, so |x|, |y| € A?~!. Sampling (a;, ;) iid
from an optimal coupling of |x| and |y| with respect to the discrete metric on A, so
that Pla; = B;] = 2|||)c| |v|||1. For eachi € [n] we have

0  ifa; = B; and sign(x,,) = sign(yg;),
lIsign(x,,)eq, — sign(yg,)egll2 = {2 if @; = B; and sign(xy,) # sign(yg,),
V2 ifa; # B
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Note also that if 7 € A”™*? is the optimal coupling of |x| and |y|, then since 71 = |x|
and 177 = |y|" we have 7, o = Pla; = B; = @] < min{|x,/|, |y.|} for each a € A.

Therefore,

1O o .
Wi(8,(0).84(7)) < — > Ellsign(xo,)es, = sign(ys)es, |2
i=1

= V2P[a; # B1] + 2P[a; = 1, sign(xa,) # sign(yg, )]

1
< —llkl=lyllh+ > 2min{lxel, |yal}.
\/Q aeA

sign(xq)#sign(ya)

Since a + b = |a — b| + 2min{a, b} for any a, b > 0, we have

le=yli= 3 ml=lvel+ D, (el + Iy
aeA aeA
sign(xy)=sign(yy) sign(xq)#sign(ye)
=l =Iylli+ ), 2min{lxel, [yel}.

_aeA
sign(xq)#sign(ye)

Thus, we have
1
Wi (& (x), En(y)) < @IIIXI = Ml + e =yl = Nl = Iyl < {le = pll,

when [[x[[1 = |ly[li = 1.

For general nonzero x, y € R, we have &,(x) = ||x]|1%,(x/||lx||1) and similarly for
&,(y). Therefore,

Wi(&u(x), () < |IxliWi(Ea(x/llxl1). & (y/llyll)) + Wil & /Nyl Iy 11Ea (v /11y 11)

X Y
< el || = = 2|+ 2l = vl

el Tl

el
< o=yl ly = o]+ 2l vl
1
< 4llx = ylh.
as claimed. m]

We are now ready to prove Theorem 6.4.3.

Proof (Theorem 6.4.3). We begin by proving statement 1. Suppose x € Q. \ {0}
and write x = lim; x; for x; € Q. First §,(x) is well-defined for any n and equals

the weak limit of (§),(x;));. Indeed, the latter is Cauchy because

Wi (Sn(xi), Sn(x))) < Wi(Sn(xi), SkSn(xi)) + Wi(SpSn(xi), SkSn(x)) + Wi(SpSu(x;), S(x;)),
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where we set Sy to be independent of &, (x;) and &, (x;). The first and third terms

above are bounded by @ by Lemma 6.4.14. For the second term, we have
Wi(SkSn(x:), SkSn(x;)) = Wi (S8 (x;), Sk&n(x:)) = Wi (&, (Sixi), En(Skxj))

< VAW (Skxi, Sx)s
where the first equality follows by Proposition 6.4.2, and the second by Lemma 6.4.13
and the fact that ||y||; < /| Ax[[|y]l2 for y € R7%. Now fix € > 0 and k > (nD)?/e,
and let N (e) satisfy Wi (Skx;, Sex;j) < e/\/w for all i, j > N(e€), which exists as
(Skx;) converge weakly to Syx. We conclude that Wi (S, (x;), $u(x;)) < 3e for all
i,j = N(€), proving the first statement.

The second statement was proved for x € Q, in Lemma 6.4.15. For x € Q, write

x = lim; x; and note that
Es, W1(Skx, Sk S (x)) < Wi(Skx, Sgxi)+Es, W1 (Skxi, Sk Sn(xi)+Es, Wi (Sk Sy (xi), Sk Sn(x)).

Taking i — oo and observing that the first and last term converge to zero as argued
above, while the middle is bounded by +/2/n independently of i, we obtain the

claimed bounds for x € ﬁw.

Finally, when x € Q. note that &,(x) is a function of » iid indices sampled from
x, and changing any one of them affects two entries by 1/n. Thus, the claimed
subgaussianity follows from the bounded-difference inequality. When x € Q.,, we
have &, (x) = lim; &, (x;) for some x; € Q by the first part and hence its claimed

subgaussianity likewise follows.

For the third statement, we may assume ||x||; = 1 by homogeneity. For any m < n

we have

Edsamp(x’ Snx) < Edsamp(x’ Sm(x)) + Edsamp(os)m (%), SpSm(x)) + Edsamp(sné)m (x), Spx)

:dsamp(csjm(snx)vsnx)
2 D?*m?
<—+ ,
\m 2n
where S, is independent of &), and we used the fact that dgamp (S, S (x), S (Spx)) =
0 conditioned on S,,. Choosing m = [n*/°] < n, we get
2 D*n*S+1)? L2 + D?)
nl/3 + n S VR

Edsamp (x,Spx) <

D2

5,75 and m chosen as above we

as claimed. Finally, with probability 1 — 2¢72¢" —

have
2(1 + 2¢)

dsamp(x’ Snx) < dsamp(xa Sm(x)) + dsamp(Sm(Snx)a Spx) < INVEI
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by the %—subgaussianity from Theorem 6.4.3. O
Finally, we prove Corollary 6.4.12.

Proof (Corollary 6.4.12). 1t is straightforward to verify that f is unchanged by
zero-padding. If ||Al[; + || X]||; < 7, we have

D D
IF(A,X) = F(B,Y)|l2 < |A = Bla + Lo | Y, A"X04 = > BY0,

d=0 d=0 2
D

<llA-Blb+ Lo Y (I1A7X0, - A%YO,ll» + [AY0, - B'YO,I))
d=0

D D
<A =Blla+ Lo ) NAIS1Oallopl X = Y2+ > 1A% = BlloplIY [121©allop
d=0 d=0

D(D +1)
2

1A - B||2] ,

D(D +1)
V2 o d=0..

=L(r)

< (1+L(,

Finally, note that if ||A||; + || X]||{ < r, then

D

Z AlX0,

d=0

D D
< lAl+ )" 104l A IX T < 7+ )" rH1@4lls = R().
1 d=0 d=0

I1F(A, X))l < [ Alli+

Therefore, after j applications of F(A, X) we have ||F°/ (A, X)|l; < R%(r), and
hence is Lipschitz with constant Hj.:l L(R°U=D(r)). Since f = P o F°l and P is

1-Lipschitz, we obtain the claim. O

6.5 Discussion

We have considered the closely-related problems of any-dimensional generalization
and sketching of any-dimensional functions. We have seen that both problems are
intimately tied to the problem of approximating an arbitrarily-large input to these
functions by a fixed-dimensional input, which can often be achieved by randomly
sketching it. To tackle these problems, we compare objects of different sizes by
comparing distributions of random samples of them of the same size. By using
the right sampling maps, depending on the application domain and the relations
between inputs of different sizes there, we obtain rich families of compact sets on

which we get uniform rates for generalization and sketching, and a correspondence
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between limit objects and data distributions. Focusing on specific generalizations
of sampling with replacement, random binning, and species sampling, we then
obtain precise quantitative rates for approximation, sketching, and generalization.
Some of the function classes for which our framework applies include polynomials,
permutation-invariant transformers, and several architectures defined for sets, point
clouds, and graphs of all sizes. We end with a few directions for future work.

-1/5

(Rate for Binning) Is the rate n in (6.19) optimal for binning? Can it be

improved to n~1/22

(Distributions of species samples) Can we characterize the collection of sequences
(Law(Ex(X)))x for random X in terms of the relations of these distributions
across dimensions, analogously to Corollaries 6.3.6 and 6.4.47 These se-
quences of distributions include random partitions of integers [122, 123, 176,

190] and edge-exchangeable random graph models [110, 140].

(Other Sampling Maps) While we focused on sampling with replacement, random
binning, and species sampling in this chapter, there are other notions of
sampling that might be appropriate for different applications. For example, in
the context of natural language sentences, which are not permutation-invariant,
is there a different notion of sampling that can summarize long sentences by

short ones?

(Set-based Summaries) In this chapter, we consider summarizing objects using
random sampling, and comparing these random summaries in Wasserstein
distance. Another type of summary studied in the context of certain graph
limits involves summarizing an object by forming sets consisting of all possible
projections of it, suitably defined, and comparing these sets in Hausdorff
distance, see [146, Chap. 12] and [135] for example. Can we develop a

general framework and rates for such summaries?
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Chapter 7

CONCLUSIONS AND FUTURE DIRECTIONS

We briefly summarize the contributions of this thesis. This thesis has developed
a framework for working with any-dimensional data. We began by systematically
deriving finitely-parametrized families of convex sets, functions, and neural net-
works that accept inputs in any dimension. We have also shown that broad families
of sequences of symmetric convex problems of growing size can be reduced to
constant-sized programs. Our finitely-parametrized descriptions are obtained by
imposing symmetries and relations between functions and sets in different dimen-
sions, allowing us to exploit the phenomenon of representation stability. We then
turn to computationally proving inequalities between any-dimensional polynomial
functions. We do so by constructing new sequences of polynomial optimization
problems giving increasingly-better such inequalities. Our construction again uses
representation stability, as well as new generalizations of de Finetti’s theorem. One
of our generalizations involves the analysis of a new extension of random binning,
and we use this extension to study random quotients of graphs and its associ-
ated notion of limit of growing-sized graphs. Our new limits of graphs, which
we call grapheurs, allow us to test properties of large graphs pertaining to their
hub structure. Finally, we systematically study the generalization and sketching
of any-dimensional functions, both of which involve comparing the inputs to these
functions across dimensions. We compare objects of different sizes by comparing
the distribution of their random samples, where the choice of sampling maps de-
pends on the application domain. Focusing on generalizations of sampling with
replacement and random binning, we prove new and improved quantitative rates for
approximation of arbitrarily-large objects by fixed-dimensional ones, and associated

rates for generalization and sketching of any-dimensional functions.

We end by listing a few higher-level directions for future work.

Statistical Inference over Spaces of Algorithms: My work on any-dimensional
learning can be viewed as an approach to learn an algorithm, i.e., amap accepting and
returning objects of any size, by fitting maps from different parametric families [137,
139, 141, 142]. Other approaches in the literature may also be viewed similarly, with

the underlying families described in terms of different domain-specific primitives.
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Adopting an inferential perspective, the algorithms learned from data using exist-
ing paradigms come with limited generalization guarantees to inputs of arbitrary
size. The fundamental challenge in obtaining such guarantees is that of precisely
specifying how input problem instances of different sizes are related. My previous
work addresses this question for problem instances related by their symmetries.
However, such structure it not present or explicitly evident in many other applica-
tion domains. I aim to identify and exploit the mathematical structure underlying
these broader types of relations, and ultimately developing generalization guarantees

across problem sizes for algorithms learned from data.

New Information Inequalities: Proving inequalities satisfied by entropies of ran-
dom variables and their quantum analogues is a fundamental problem in information
theory, with new inequalities leading to the design of better communication networks
and error-correcting codes. Proving entropy inequalities is an instance of an any-
dimensional optimization problem. Indeed, entropies of random variables taking
values in a finite alphabet are invariant under relabelling of the alphabet, and are
defined for all alphabet sizes. Similarly, quantum entropies are invariant to unitary
transformations on the Hilbert space describing a system of qudits, and are defined
for systems described by a space of any finite dimension. Thus, I expect that ex-
tensions of our framework from [138] will enable us to computationally search over

and prove such entropy inequalities.
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Appendix A

REPRESENTATIONS OF CATEGORIES

As Remark 2.2.10 shows, the set of embeddings from low to high dimensions in
a consistent sequence 7° of {G, }-representations, determined by {G,} and the
centralizing subgroups {H, 4} from Definition 2.2.4, play a central role in our
framework. These sets of embeddings are conveniently encoded in a category,
whose representations are precisely the 7"-modules of Definition 2.2.5. Morphisms
between such representations in the categorical sense coincide with morphisms of
sequences. This categorical approach to representation stability was introduced
in [46] for the case G, = S, and the H,, s from Example 2.2.8, and has since been
extended to other groups in [84, 195, 227].

Definition A.0.1. A (real) representation of a category C, also called a C-module,
is a functor C — Inng from C to the category whose objects are real inner product

spaces and whose morphisms are isometries. '

In other words, a C-module is an assignment of a vector space V, to each object
n € C and a linear map ¢y ,: V, — Vy to each morphism in Hom¢ (n, N) such
that compositions are respected. Each V), is then a representation of the group
G, = End¢(n)* of the automorphisms of n in C. Every consistent sequence is a

representation of a suitable category.

Definition A.0.2. Given a consistent sequence 7" = {(V,,, ¢,) } of {G,, }-representations,
define a category Cy whose set of objects is N and whose morphisms are Homg,, (n, N) =
{gon-1-¢n: g € Gy} for n < N and zero otherwise. Note that Homg,, (n, N) =
Gn/Hn., where Hy , C Gy is the subgroup of elements acting trivially on V.

Ifn < N < M, we compose morphisms by setting

(8mM@m-1-"-¢N) © (ENON-1 " ¢n) = (EMEN)PM-1 """ Pn,

which is well-defined and satisfies the necessary axioms since ¢y, ..., Qy—1 are

Gy -equivariant when acting on the vector spaces in 7'.

IRepresentations of categories are typically defined as functors to the category of all vector
spaces over a given field. The results in this section continue to hold for functors to the category of
all real vector spaces if we allow consistent sequences consisting of non-orthogonal representations
and non-isometric linear maps between them.
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This definition clearly extends to consistent sequences indexed by posets (Re-
mark 2.4.4). If % = {(U,,¥,)} is a Z-module (Definition 2.2.5), then % is a
Cy-module, since sending n € N to U,, and gon—_1 - - - ¢, to the map gyn_1--- ¢,
for each g € Gy is a well-defined functor C3» — Vectg. Conversely, if % is a Cy -
module then it is a 7"-module since H,, 4 acts trivially on the image of Yyy_; - - - ¥4
by definition of a functor. Furthermore, if 7", % are €3 -modules, then a morphism
of functors %7 — % (also called a natural transformation) coincides with a mor-
phism of sequences in Definition 2.2.1. Applying the constructions in Section 2.2

to C-modules yields other C-modules.

Example A.0.3. Here are some examples of the categories resulting from Defini-
tion A.0.2.

(a) The category corresponding to Example 2.1.3 with G,, = S,, is (the skeleton
of) C = Fl, the category whose objects are finite sets and whose morphisms

are injections.

(b) The category corresponding to Example 2.1.3 with G, = B, (resp., D,)
is C = Flpc (resp., C = Fl|p) defined in [227], whose objects are the
sets [xn] = {£1,...,£n} for n € N and whose morphisms are injections
[ [xn] — [£N] satisfying f(—i) = —f (i) (and reverse evenly-many signs
if Gp = Dy).

(c) The category corresponding to the graphon sequence in Section 2.4 is the op-
posite category C = ?’; P of the category P, with objects [2"] and morphisms
which are 2N™"-to-one surjections [2V] — [2"], or equivalently, partitions

of [2V] into 2" equal parts.

Following [227], we say C = Fl|qy if C = FLFI|pc or Fl|p. (Algebraically)
free C-modules are defined exactly as in Definition 2.2.6, see [46, Def. 2.2.2]
and [84, Def. 1.8, 3.1] for example. The theory of [84] gives the following result for
C = Fl|4y, which extends to categories of FI-type introduced in [84].

Theorem A.0.4 ([84, Thm. B(1)]). Tensor products of free Fl|qy -modules are free.

The following result illustrates two further properties of FI|-modules, the second

of which is included in our Theorem 2.2.11 stated above.

Theorem A.0.5 (Noetherianity and tensor products). Let C = FI|qy.
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(Noetherianity) Any submodule of a finitely-generated C-module is finitely-

generated.

(Tensor products) If 71 and 7> are C-modules generated in degrees d| and d»,
respectively, then 71 @ 75 is generated in degree d + d.

Proof. Noetherianity is shown for FI in [46, Thm. 1.13] and for FI| ¢, FI|p in [227,
Thm. 4.21]. The generation degree bound is shown in [46, Prop. 2.3.6] for FI and
in [227, Prop. 5.2] for FI|p¢, FI|p. O

Noetherianity helps explain the ubiquity of representation stability, while the gener-
ation degree bound for tensor products allows us to bound the generation degrees of
complicated sequences from degrees of simple ones. The two properties in Theo-
rem A.0.5 hold over more general categories than FI|y, including for categories of
FI-type and certain quasi-Grobner categories introduced in [195]. We remark that
these two types of categories only include representations of finite groups, and do
not include the graphon category in Example A.0.3(c), whose properties would be

interesting to study in future work.

Definition A.0.6 (Property (TFG)). We say that a category C satisfies property
(TFG) if:

(a) tensor products of free C-modules are free;

(b) if 71 and 75 are C-modules generated in degrees d and d,, respectively, then
71 ® 75 is generated in degree d| + d».

An example of a category not satisfying (TFG) is given in [195, Rmk. 7.4.3]. We
can use property (TFG) to obtain a calculus for presentation degrees from which
Theorem 2.2.11 may be deduced.

Proposition A.0.7. Suppose C is a category satisfying (TFG). If 7', % are C-
modules which are generated in degrees dy, dy and presented in degrees ky, ky,

respectively, then 7" ® U is presented in degree max{dy + ky, dy + ky}.

Proof. Suppose Fy, Fy are free C-modules generated in degrees dy, dy, respec-
tively, and #y — 7" and Fy — % are surjective morphisms whose kernels #y and
FKy are generated in degrees ry, ry, respectively. Then Fy ® Fy is a free C-module
generated in degree dy + dy by (TFG), and the morphism Fy @ Fy — 7 @ %
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is surjective with kernel Zy ® Fy + Fy ® Hy. Since FKy @ Fy is generated
in degree ry + dy and similarly for Fy ® Hy, their sum is generated in degree
max{rv+dU, dv +}"U}. O

Our next goal is to understand presentation degrees for images, and in particular, for

Schur functors. We begin with a number of elementary lemmas.

Lemma A.0.8. Let 7" and % be C-modules. If 7', are generated in degrees
dy, dy and presented in degrees kv, ky, respectively, then 7" @& U is generated in

degree max{dy, dy} and presented in degree max{ky, ky }.

Proof. The claim about the generation degree is immediate from its definition.
Suppose that #y — 7 and Fy — % are surjective morphisms with Fy, Fi; being
free C-modules generated in degrees dy,dy with kernels Zy, #y generated in
degrees ky, ky, respectively. Then Fy @ Fy is free (by definition) and generated
in degree max{dy, dy}, and surjects onto 7" & % with kernel #y & Fy which is

generated in degree max{ky, ky }. O

Lemma A.0.9. Let 7" = {V,} and % = {U,} be two C-modules, let of =
{An}: 7 — U be a surjective morphism, and let W = {W, C U,} be a C-
submodule of %. If kerd is generated in degree d and W' is generated in degree
dw, then =Y (W) = {A,;(W,)} is a C-module generated in degree max{d, dy}.

Proof. Suppose {y;} € Wy, are generators for 7. Since Ay, is surjective, we can
find {x;} C Vg, such that Ay, x; = y; foralli. Alsolet {z;} C ker A; be generators
for ker &/. We claim that {x;} U{z;} C Ar;;x{d,dw}(wmax{dvdW}) generate o/~ (7).
Indeed, if n > max{d,dy} and x € A,;'(W,), then we can write A,x = ¥ a;g;yi
for some a; € R and g; € G, in which case x — }}; a;g;x; € ker A,, and thus, we

have x = %, @;gix; + X.; B;g;z; for some B; € R and g; € G,. |

Lemma A.0.10. Suppose 7 = {V,} and {U,} are two C-modules, and of =
{An}: 7 — U is a morphism. If 7" is generated in degree d, then imdf is
generated in degree d. If, moreover, d* = { A} is a morphism, then ker & is also

generated in degree d.

Proof. The first claim follows from A,(V,) = A,(R[G,]Vy) = R[G,]A,(Vy) =
R[G,]A4(V4), where we used the equivariance of A, and the fact that A, |v, = Ag.
For the second claim, note that if &/* is a morphism, then {im A}, = (ker A,)*} is a
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C-submodule of 7”. Therefore, {Pkera, }: 7 — 7 is a morphism, and its image is

precisely ker /. O

Proposition A.0.11. Suppose 7" = {V,},% = {U,} are two C-modules and both
d ={A,:V, = U,} and {A): U, — V,} are morphisms. If 7" is generated in
degree d and presented in degree k, then imof = {A,(V,)} is generated in degree
d and presented in degree k.

Proof. Let & = {F,} be a free C-module generated in degree d and let % =
{B,}: F — 7 be a surjective morphism whose kernel % = {K,} is generated in
degree k. The composition F 2, v £, im is a surjective morphism from the free
C-module & whose kernel is B! (kere/) and is generated in degree max{d, k} = k
by Lemmas A.0.9 and A.0.10. O

Corollary A.0.12. Suppose € satisfies property (TFG). If 7" is a C-module gen-
erated in degree d and presented in degree k, and A is a partition, then S'V is

generated in degree d|A| and presented in degree k + d(|A] — 1).

Schur functors generalize symmetric and alternating algebras, see [81, §6.1]. Their
generation degree for C = FI was bounded using a similar approach in [46,
Prop. 3.4.3].

Proof. By Proposition A.0.7, the C-module 7°®1l is generated in degree d|1| and
presented in degree d(|A| - 1) +k. Let S}, act on each Vfw by permuting its factors
- (Vi®:--®V|3) = V(1) ®- - ®Vs(1))» Which is an orthogonal action commuting
with the embeddings Vfw - Vfﬁ'. In this way, any element c, € R[S)y] defines
amorphism ¢;: 7°®1 — 7781 guch that ¢, € R[Sy ] is also a morphism. If ¢, €
R[Sy] is the Young symmetrizer corresponding to partition A, then imc, = sty

The result follows from Proposition A.0.11. O

We conclude this appendix by summarizing our calculus for generation and presen-
tation degrees. Instantiating the following theorem with C = FI|qy yields Theo-
rem 2.2.11.

Theorem A.0.13 (Calculus for generation and presentation degrees). Let 7" =
{V,},% = {U, } be C-modules generated in degrees dy, dy and presented in degrees
kv, ky, respectively.
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(Sums) 7" & U is generated in degree max{dy, dy} and presented in degree
max{ky, ky}.

(Images and kernels) If & : 7 — 9 and A* are morphisms, then imd and

ker of are generated in degree dy and presented in degree ky.
Suppose C satisfies (TFG). Then

(Tensors) 7" ® U is generated in degree dy + dy and presented in degree
max{kv +dy, ky + dv}.

(Schur functors) S is generated in degree dy|A| and presented in degree
dy(|A| = 1) + ky for any partition A.
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Appendix B

DERIVING THE PRESENTATION DEGREE FROM
EXTENDABILITY

In this appendix, we show how the definitions of algebraically free consistent se-
quences and the presentation degree naturally arise when trying to extend a fixed
equivariant linear map to a morphism of sequences, necessary for our algorithm in
Section 2.6.

Let 7 = {V,}, % = {U,} be consistent sequences of {G, }-representations, fix
no € N and consider a linear map A,, € L(V,,, UnO)G"O. When can we extend A,
to a morphism of sequences {A,}? We seek conditions on A,, which are easy to
enforce computationally, so that they can be used to parametrize and search over
compatible sequences of convex sets computationally. The following proposition

gives an equivalent characterization for the existence of such an extension.

Proposition B.0.1. Let 7" = {V,}, % = {U,} be consistent sequences such that 7"
is generated in degree d, and fix Ap, € L(V,,, UnO)G”O forng > d.

(a) There exists {A, € L(V,,U,)C" Yn<ny satisfying Ansilv, = A, for all n < ng
if and only if An,(V;) C U; for j < d.

(b) There exists {A, € L(Vn,Un)G"}n>n0 satisfying A1y, = A, for all n > ny
if and only if the following implication holds

Zi gixi=0 = Zi 8iAn,xi =0, forall g; € G, x; € V4, n € N.
(B.1)

If an extension {A,} of A,, exists, then it is unique.

Proof.  (a) If such {A,},<n, exists, then it is uniquely given in terms of A,, by
A, = Aylv,. Therefore, we have A, (V;) = A;(V;) € U; forall j < d.
Conversely, suppose A,,(V;) € U; for j < d. We claim that A, (V,) € U,
for all d < n < ng as well. Indeed, because 7" is generated in degree d, we
have A,,(V,) = Ap,(R[G,] V) =R[G,]A,,(Ve) € R[G,]U,; € U, for such
n > d. Defining A, = A,,|v, for each n < ng yields the desired extension to

lower dimensions.
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(b) If such {A,},>n, exists, it is unique and is explicitly given in terms of Ay,
as follows. For any n > ng and x € V,,, we can write x = }}; g;x; for some
g € G,andx; € V; €V, by definition of the generation degree. Because

A,: 'V, — U, is G,-equivariant and satisfies A,,|Vn0 = A,,, we have

Ave = Ay (3 gixi) = 3 gi(Angti), (B.2)

which expresses A, in terms of A,,. The expression (B.2) shows that (B.1)
is satisfied. Conversely, suppose that (B.1) is satisfied. For each n > ng
define A,: V,, — U, as follows. For any x € V,, write x = }, g;x; for
some g; € G, and x; € Vg, which is possible because 7" is generated in
degree d, and set A,x to the right-hand side of (B.2). This is well-defined
because if x = 2, gix; = 2; g;.x;. for gi,g} e G, and xi,x;. € V, then
2 8iAngXi = 2, j g}AnOx} by (B.1). Moreover, A, is linear, G,-equivariant,
and extends A,, by construction, so {A,},>n, is the desired extension of
Ap,. O

The conditions on A, in Proposition B.0.1(a) are easy to impose computationally,
and we do so in Section 2.6. In contrast, while condition (B.1) in Proposition B.0.1(b)
fully characterizes extendability of A,, to higher dimensions, it is unclear how to
impose it computationally. We therefore proceed to study it further. In algebraic
terms, elements x; € V; are called the generators of 77, and expressions of the
form ); gix; = 0 with g; € G, are called relations between those generators over
the group G,. Proposition B.0.1(b) shows that A,, extends to a morphism iff any
relation satisfied by the generators of 7 is also satisfied by their images under A,,.

We therefore need to understand the relations among the generators in V.

We study these relations in two stages. First, we identify two simple types of
relations that are satisfied by the images of the generators under A,,, for appropriate
7',%. We then define algebraically free consistent sequences whose generators
satisfy only these two types of relations. Second, we express an arbitrary consistent
sequence as the quotient of an algebraically free one. The kernel of this quotient
morphism is a consistent sequence that encodes all additional relations. To capture
the degree starting from which both the generators and the relations between them
stabilize, we define the presentation degree of a consistent sequence as the maximum
of the generation degree of the sequence itself and that of the above kernel, see
Definition 2.2.7. The presentation degree plays a prominent role in our structural

results in Section 2.3.
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We begin carrying out the first stage of the above program and identify two simple
types of relations. The first source for relations between generators in V4 arises from
the action of G, on V itself, without involving any higher dimensions. Indeed, if
2. 8&ixi =0forg; € Gyandx; € V,issucharelationthen );; g;A,,x; = Osotheimage
Ap,x; satisfies the same relation. Moreover, the above relations in V, give rise to
relations in V,, for n > d since if }}; g;x; = 0 as above then }; gg;x; = 01in V,, for any
g € G,,. Once again, these higher-dimensional relations are always satisfied by A, x;.
A second source for such relations arises from subgroups of G,, acting trivially on
V4, which are precisely the centralizing subgroups of Definition 2.2.4. Centralizing
subgroups yield a second source for relations, namely, the relations (2 —id)x = 0
forall x € Vg and h € H,, 4. Thus, if A,, extends to a morphism then A,,(V;) C
Nz U':”’d. Rather than attempt to enforce these constraints computationally, we
make a standard simplifying assumption from the representation stability literature.
Specifically, we assume that Uy is fixed by H,, 4 (or a subgroup of it, see below) for all
n > d, in which case there is a simple sufficient condition for the above constraints
that we can impose computationally. This is precisely the assumption that 7 is
a 7"-module as in Definition 2.2.5. This terminology comes from a categorical
approach to representation stability, see Appendix A. If % is a 7"-module, then
imposing A,,(Vy) € Uy is sufficient to guarantee A,,(Vg) € (Ny>a U',j""’ since
Uy is contained in the right-hand side of this inclusion. Imposing this sufficient
condition can done computationally, as we do in Section 2.6. This concludes the

first stage.

To go beyond the above two simple types of relations satisfied by the generators, we
define algebraically free consistent sequences (Definition 2.2.6), whose generators
do not satisfy any additional types of relations. We then write any consistent
sequence as the image under a morphism of sequences of an algebraically free
one. The kernel of this morphism precisely captures the relations satisfied by the
generators. To that end, note that any finitely-generated consistent sequence is the

image under a morphism of sequences of an algebraically free sequence.

Proposition B.0.2. Let 7 be a consistent sequence of {G,, }-representations and let
U = {U,} be a 7" -module. Then U is generated in degree d if and only if there
exists an algebraically free 7" -module F generated in degree d and a surjective

morphism of sequences ¥ — .

Proof. If # = {F,} is a Z"-module and {A,: F, — U,} is a surjective morphism,
then for any n > d we have U, = A,(F,) = A,(R[G,]F;) = R[G,]A,(F;) =
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R[G,]A4(Fy) = R[G,]U,, where we used the fact that F is generated in degree d;

the equivariance of A,; the fact that A,|g, = A, since {A,} is a morphism; and the

surjectivity of A;. This shows % is generated in degree d.

Conversely, if % is generated in degree d, define the algebraically free 7" -module
F = EB?:] Indg, (U;) and consider the morphism # — % definedby g®u +— g-u
foreachg € G,,,u € U;,andi € [d] (see Section 2.1). The image of this morphism in
U, is precisely Z?;T {1} R [G,]Us, hence it is surjective for all 7. Finally, Indg, (U;)

is generated in degree 7, so & is generated in degree d. O

The kernel of the morphism in Proposition B.0.2 precisely encodes all the additional
relations beyond the two simple types above satisfied by the generators of 7°. The
generation degree of this kernel then captures the point at which relations stabilize.
We therefore define the presentation degree (Definition 2.2.7) as the maximum of
the generation degree of 77 and that of this kernel, which captures stabilization of

the generators as well as of the relations between them.

The presentation degree allows us to ensure condition (B.1) is satisfied and hence
to extend a fixed linear map to a morphism of sequences in Theorem 2.3.4, thus
answering the question posed in the beginning of this section. Indeed, comparing
Theorem 2.3.4 with Proposition B.0.1, we see that condition (B.1) is satisfied
by any fixed equivariant map in dimension ng exceeding the presentation degree.
Thus, the presentation degree appears in our extendability result for convex sets
(Theorem 2.3.5), and in our algorithm for computationally parametrizing such sets
(Algorithm 1).
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Appendix C

SCHUR-HORN ORBITOPES IN AF ALGEBRAS

The permutahedra and Schur—Horn orbitopes studied in Section 2.4 are special cases
of a more general construction arising in the field of operator algebras, and which
is naturally analyzed using our framework. In this appendix, we present this unified
view. Let A, C M, := C"™"*"2" be a unital C-subalgebra with the faithful tracial
state 7,(x) = Tr(x)/m2" which induces the inner product (x, y), = 7,(x*y), and the
max-singular value operator norm |- || (). Let ¢, : M,, = M,,4; be the unital algebra
embedding ¢,(x) = x ® I, and note that ||x ® I [(n+1) = [|x][(n) and 7,41 © @, = Ty,
SO @y, 1s an isometry with respect to the above inner product. Thus, both the operator
norm || - || and the normalized trace T do not depend on n and extend to the limit
A =, A,, and we omit their subscripts above. Let A, be the closure of A, with
respect to the operator norm, which is now a C* algebra called an approximately
finite-dimensional (AF) algebra [55, Chap. 3]. Note that 7 extends continuously to
A since |7(x)|| < ||x|| for all x € A, and hence 7 defines a tracial state on A,

The spectral theorem for C* algebras gives an (isometric) isomorphism of al-
gebras between continuous functions on the spectrum o(x) = {1 € C : x —
Al not invertible} of any self-adjoint x € A and the closed subalgebra it gener-
ates [191, Thm. 11.19]. This allows us to apply continuous functions f: o(x) — C
to x itself to obtain f(x) € Ag. Using this functional calculus, for each self-adjoint
x € Ay, we get the positive unital linear functional on such functions sending
f — 7(f(x)). By the Riesz representation theorem [192, Thm. 6.19], there is a
unique probability measure u on o (x) satisfying uf(f) = 7(f(x)) for all con-
tinuous f: o(x) — C, which is called the spectral measure of x with respect to
7. Finally, if o(x) = {41,...,44} is finite then we have a spectral decomposi-
tion x = Ziq:] Aip; where {p;} are orthogonal projectors satisfying p;,p; = 6; ;pi,

Yipi=1land ul =37 7(p;)éy,.

Let V, = A, N M;* be the (finite-dimensional real) vector space of self-adjoint
elements in A,, and note that ¢,(V,) € V,,; and that Vo is the collection of
self-adjoints in A,. Let G, € U(m2") be a group of unitaries acting on V,, by
conjugation such that G,, C G4 under the embedding g — g ® I, so that {V,} is
a consistent sequence of {G,, }-representations.
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Lemma C.0.1. Let P,,: Voo — V,, be orthogonal projections. Then |P,x|| < ||x||

and T o P, = 7 for all n.

Proof. Note that ¢),: V,,1 — V,, satisfies

2
1
er) =5 ) (I®e)Tx(I@e),  hence gl < nll.  (C.)
=1

forall x € V,,;. Because the orthogonal projection P,,: Vo, — V, satisfies Py|v, =
¢po...0opy_, foreach N > n, we conclude that ||#,x|| < [|x|| for all x € V. Also,
for any x € Vo, we have 7(P,x) = (Pux, 1) = (x,P,1) = (x,1) = 7(x), hence the

second claim follows. m]

In particular, the norm || - || satisfies the condition of Definition 2.2.21. Let 1 € R?
and A = [4, Lyoseeos /lqll,Lq]T € R™ has entry A; repeated m; times (so m = Y,; m;).
q mi

Thenx; = diag(/T) has spectral measure py = >, | 5L0,,. The Shur-Horn orbitopes

associated to x is then
q m
SH(x1), = conv{x € V,, : u; = uy, } = conv {Zi:l Aipi : pi €V, pipj = 6ipi, Zip,- =1, 7(p;) = —

To obtain conic descriptions for the above orbitopes, let K, = {xx* : x € A,;} C V,
be the cone of positive-semidefinite Hermitian matrices in A, so that K, C K4 and
Koo = {xx* : x € A }. Wealso have P, (Kyi1) = K, by (C.1), hence P, (Ke) = K.
Therefore, the finite-dimensional description of Schur—Horn orbitopes [35, Eq. (19)]
reads

SH(x1)n = {Zil Aipi = pi € Ko, Zipi =1 7(p) = mi/m} : (C.2)

Our Theorem 2.3.6 now yields the following infinite-dimensional extension of these

descriptions.

Proposition C.0.2. Let Ay, . .., A, are distinct real numbers, and letmy, . ..,m,; € N

with sum m = ),; m;. Then SH(x|)c with x| = diag(;f) as above is

conv {x € Vo : Uy = Z; %511.} = {Ziq:l Aipi : pi € 'K_oo Zipi =1, 7(pi) = mi/m}-
(C.3)

Proof. First, the left-hand side of (C.3) is just SH(x|)e. Indeed, if x, € Vo

is a sequence converging to x with ui = ug for all n, then for any continuous
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fiR = Cwe have p(f) = T(f(x) = lim, 7(f () = u5,(f) 50 bl = 4.
Conversely, if uf = >, 2£5,, then x admits a decomposition x = }; A;p; with
7(p;) = m;/m. Define x, = Pox = X1 4;(P,p;) and note that P, p; € K, for all
i, that ; P,pi = Pl = 1, and that 7(P,p;) = 7(p;) = m;/m. Thus, x,, € SH(x),
for all n and x,, — x by Lemma 2.2.22, hence x € m

Second, we appeal to Theorem 2.3.6 to obtain equality in (C.3). Note that the
conic description (C.2) is of the form (ConicSeq) with 7" = {V,}, % = 7"®1,% =
W & 7% @ R4, and

Aux =(0,-x,0,0), B,(p1,...,pq) = (pl,...,pq,ziﬂipi,zipi,r(pl), . ..,T(pq)),

and u, = (0,0,-1,-m1/m,...,—my/m). Observing that {A,},{A},{B,},{B}}
are all morphisms, that u,, = u,+ (under our embeddings), the descriptions in (C.2)
are dimension-free and satisfy the hypotheses of Proposition 2.3.2(a). Furthermore,
putting thenorm || (p1, . . ., pg) | = max; || pillonWeo and || (p1, . . ., pg, Y1, 2, V)| <
max{||p:ll, [|y;]l, []leo} on U, we have Weo = Vol and T = W @ V- @ RY.
Moreover, [[A,llop = 1, ||Brllop < max{}; [4;], g} for all n. Thus, both A, and B,
extend to the continuous limit and Theorem 2.3.6 indeed applies and yields (C.3). O

The Schur—Horn orbitopes SH(x1), are precisely the Schur—Horn orbitopes SH(A),
in (2.15) from Section 2.4 if A, = R”"?"™*"2" with G,, = O(m2"). They also reduce
to the permutahedra SH(x1),, = Perm(4), as in (2.12) from Section 2.4 if A, is the

algebra of diagonal matrices in M, with G,, = S;,».

Proposition C.0.2 yields a generalization of the Schur—Horn theorem to AF algebras.
Indeed, let D,, = {x € V,, : x diagonal} which is a unital subalgebra of A,, embedded
in D, under ¢,. For x; € Dy, define

Perm(x1), = SH(x1), N D,,.

The sequence of linear maps (diag,: V, — D,), extracting the diagonal of a
Hermitian matrix in V, extend to a bounded linear map diag: Vo, — D, since
diag,,, o ¢, = ¢, o diag, and ||diag,||op = 1. The finite-dimensional Schur-Horn
theorem states that diag,(SH(x1),) = Perm(x;),. Using Proposition C.0.2, we

obtain the following infinite-dimensional extension.

Proposition C.0.3. Let x; € Dy and let diag: Ve — Do be the bounded linear

map extending the diagonal maps. Then diag(SH(x)e) = Perm(x})co.
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Proof. Since Perm(x{)ee € SH(x1)o and diag is a projection onto Do, we get

diag(SH(x1)e) 2 Perm(x)s. Conversely, Proposition C.0.2 and continuity of diag
yields

diag(SHOr)w) € { Y0 Aidiag(ps) : pr € Kews . pr=1, T(py) = mifm}

q — PR
= {Zi:l Aipi : pi € Koo N Do, Zipi =1, 7(p;) = mi/m}

= Perm(x{)co,

where the last equality follows from Proposition C.0.2 applied to Do, instead of

Veo. O

The finite-dimensional Schur—Horn theorem yields Perm(x)s = diag(SH(x1)w),
and taking closures yields a weaker statement since it involves the closure of the

image of diag. Proposition C.0.3 shows that this closure can be removed.

There is a considerable literature on extending the Schur—Horn theorem to infinite-
dimensional settings, including the extension in [26] for operators with a finite
spectrum, and in [183] for von Neumann algebras. As explained in [183, §1],
removing the closure over the image of diag has been a major challenge in these
more general settings. Our descriptions of limiting convex sets from Theorem 2.3.6

can be seen as resolving this challenge in our simpler setting of AF algebras.
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