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ABSTRACT

Reliable and calibrated imaging strategies are essential for tackling challenging real-
world imaging problems. Developing these strategies involves interdisciplinary ap-
proaches that translate inverse problem tooling into avenues for real scientific insight.
However, raw scientific measurements present many challenges that modern imaging
techniques do not adequately address. For instance, many state-of-the-art imaging
methods struggle with seismic imaging problems due to several factors including
non-linear forward models, uncalibrated noise, sensitivity to initial conditions, and
limited angular observations. This thesis aims to overcome these challenges by pre-
senting methods that image under uncertainty, leverage unconventional sources of
regularization, and reshape the way we solve imaging inverse problems, ultimately
enabling new scientific discoveries.
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2.1 Measurement acquisition and inverse problems. The full measure-

ment acquisition and inversion scheme is described by this diagram
where the unobserved source of interest is x but what is observed is
y. This measurement process is governed by some system, often un-
derstood using physics. To recover the unobserved source x, we use
an inversion algorithm, which often involves priors or regularizers,
to recover a reconstruction x̂. . . . . . . . . . . . . . . . . . . . . . 5

3.1 DeepGEM applied to blind seismic tomography. (a) A simulated
cross section of the Earth’s interior (velocity structure), along with
the locations of receivers on the surface (red triangles) that collect
measurements. (b) The time it takes for a wave traveling from a
source below the surface to reach the specified receiver is visualized
for each location in the region of interest. The overlaid dots represent
the true locations of simulated earthquakes and indicate the measured
travel times that constrain optimization. (c) The subsurface velocity
reconstruction obtained using a baseline approach optimized with the
help of a seismologist. Note that the bright anomaly is missing from
this reconstruction. Overlaid dots represent the inferred earthquake
locations. (d) DeepGEM reconstructed subsurface velocity and in-
ferred earthquake locations. Note that DeepGEM is able to accurately
recover the gradient of the velocity field as well as partially recover
the central anomaly. . . . . . . . . . . . . . . . . . . . . . . . . . . 14
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3.2 Image priors and source posterior visualization. (Left) A visual-
ization of the homogeneous, gradient, and layer models used in p(θ)’s
Lθ term. (Right) Visualizations used to describe source configura-
tions and earthquake source posteriors. (a) Visualizations of the true
and initialized source locations are plotted as stars (true) connected
to circles, which indicate the expected source locations according to
p(x). Note that the expected source locations deviate significantly
from the true locations. (b) Visualizations of the learned posterior
distribution, qϕ(x|y, θ), for each source are plotted as colored his-
tograms and overlaid with stars (of the same color) indicating the
true source location. . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.3 DeepGEM reconstructions significantly outperform baselines,
and improve with more sources and better Lθ prior models. Each
row corresponds to the reconstructions obtained from a single noisy
observation of travel times, where the true Earth velocity is shown in
Fig. 3.1(a). Results shown are simulated using 20 surface receivers
and a varying number of sources (9, 25, and 49) in a uniform grid.
Columns 3-6 show DeepGEM results obtained using different Lθ pri-
ors. Note that results improve as the Lθ prior becomes closer to the
true velocity structure, and as the number of sources increases. As a
reference, column 2 shows the velocity reconstruction obtained using
DeepGEM under fixed, perfectly known source locations. Columns
7-8 show results obtained by the baseline approaches. The velocity
reconstruction MSE is included in the top right of each reconstruction.
DeepGEM substantially outperforms both straight ray and MAPθ,x

baselines. Note that DeepGEM also sometimes outperforms the sec-
ond column, where the source locations are known; this is due to the
fact that DeepGEM is sometimes able to absorb measurement error
due to its overparameterization. See the supplemental material for
more examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
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3.4 DeepGEM consistently recovers prominent features across var-
ious earthquake source configurations. Row 2 shows DeepGEM
results obtained using different random source configurations, where
the true Earth velocity is shown in Fig. 3.1(a). As a reference, row
1 shows the velocity reconstruction obtained using DeepGEM under
fixed, perfectly known source locations. As can be seen by the ta-
ble, both velocity and localization error decrease with an increasing
number of sources in the region of interest. Each mean and standard
deviation is computed using 5 random realizations of true source
configurations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.5 DeepGEM recovery with a single receiver. Velocity reconstruc-
tions shown in columns 3 and 5 demonstrate that DeepGEM is able
to learn some of the true velocity features (see Fig. 3.1(a)), even
when limited to measurements from a single receiver. However,
these reconstructions show clear signs of overfitting to the measure-
ment data. This is demonstrated by observing that the DeepGEM
reconstruction with perfectly known source locations is significantly
better with a single receiver when no measurement error is included
on the measurements (comparing columns 1 and 2). Note that the
learned posterior in column 4 appears to be non-Gaussian, but not
multimodal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.6 Performance of DeepGEM recovery on random velocity fields.
Ten random velocity fields were drawn from a GRF-based distribution
and used to simulate travel time measurements with 20 receivers and
100 randomly placed sources. (left) Reconstructions obtained for 3
of these configurations are shown. (right) A table lists the mean and
standard deviation of velocity and source error obtained across the
ten models, each recovered using different Lθ priors. . . . . . . . . . 24

3.7 DeepGEM results are comparable to inversion with known blur
kernels for simple Fashion MNIST images. Blurry measured im-
ages (column 1) are generated using the true sharp image and blur ker-
nel (shown in column 2). The deconvolved images obtained using the
true blur kernel are shown in column 3. Reconstructed deconvolved
images and corresponding inferred blur kernel from DeepGEM are
shown in column 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
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3.8 Synthetic deconvolution test based on realistic sythetic data setup.
(a-f) Inferred (colored) and target (black) source time functions for
synthetic tests designed with waveforms (P arrivals) recorded for four
neighbor M∼2 events that occurred during the Cahuilla swarm. The
mean of the source time functions is colored from the misfit between
inferred and target EGFs; the standard deviation is shaded. (h) Mean
inferred (colored) and target (black) EGF at station TOR. (g) Stations
locations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.9 Improved reconstruction quality as EGF qualtiy increases. Mean
inferred (colored) and target (black) Source-Time Functions (STFs)
and Empirical Green’s Functions for toy models designed with wave-
forms (P arrivals only) recorded for four (a,b) or eight (c-f) neighbor-
ing M∼2 events that occurred during the Cahuilla swarm. In (e,f)
the additional four waveforms are closer to the target than in (c,d).
Standard deviation (1σ) is shaded. EGFs are colored by the root
mean squared error (RMSE) between data and average predictions
normalized for each component. . . . . . . . . . . . . . . . . . . . 31

3.10 Applying DeepGEM-EGF to the Cahuilla swarm. Apparent STFs
inferred for the 2018 Mw 4.41 mainshock of the Cahuilla swarm,
assuming the same initial EGFs as in Fig. 3.8. (a) Using DeepGEM-
EGF or (b) with the approach of [43]. (d-h) Comparison of the
results of the two different approaches at a few stations, colored from
their data misfit (cross-correlation between data and predictions).
Note that σ estimates for the Landweber approach derive from the
variability of multiples EGFs and their components, and not from
posterior PDFs as for DeepGEM-EGF results. (i) Data fit at station
TOR from the DeepGEM-EGF STF. (j) Map with stations locations.
(k) Relocated catalog for the swarm, from [42]. . . . . . . . . . . . . 33
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4.1 Method overview. In this chapter, we tackle ill-posed image recon-
struction problems when a traditional image prior is not available
or cannot be derived from example images. The key idea of our
work is that image reconstruction is possible when one has access
to only corrupted measurement examples and the underlying images
share common, low-dimensional structure. We explore such ideas
in this work in the following two ways: Left: Given a single mea-
surement example (with the corresponding forward model) and a set
of candidate image generation models (IGMs), we use our proposed
criterion to select the best IGM from the measurements alone and
then recover an image posterior under that IGM. The criterion we use
for model selection is an approximation of the evidence lower bound
(i.e., ELBOProxy in Eq. (4.3)) (see Sec. 4.3). Right: Building off
of this, we consider the setting where we must infer the IGM from
noisy measurements alone (see Sec. 4.3). In this case, we solve N

inverse problems simultaneously. The inputs of this method are N

measurement examples with their known forward models, and the
outputs are a single inferred IGM and N latent embeddings that,
when combined, lead to N image reconstruction posteriors. . . . . . 40

4.2 We propose to solve a collection of N ill-posed inverse problems by
exploiting the common, low-dimensional structure of the underlying
images. Given a set of N measurement examples {y(i)}Ni=1 from
N different underlying images, we propose to model each image
posterior as the output of a shared IGM with a low-dimensional latent
space. In particular, each posterior is approximated by Gθ♯qϕ(i) , the
push-forward of qϕ(i) through Gθ, where Gθ is the shared, common
generator to allN examples and qϕ(i) is a low-dimensional, variational
distribution particular to the i-th example. The parameters, θ and
{ϕ(i)}Ni=1, are colored in blue and are jointly inferred. That is, such
parameters are inferred specifically for the measurements {y(i)}Ni=1.
The loss we use is the negative ELBOProxy, which is denoted by L
and given by Eq. (4.5). Note that there is no notion of a training set
and test set as we aim to solve the inverse problems jointly from all
available measurements. . . . . . . . . . . . . . . . . . . . . . . . . 46
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4.3 We consider two inverse problems: denoising and phase retrieval.
Top: the two topmost rows correspond to the ground-truth image
xc and the noisy measurements yc. Center: in each column, we
show the means of the distribution induced by the push-forward of
Gj and each latent distribution z ∼ qϕj

for j ∈ {0, . . . , 9}. Bottom:
each column of the array corresponds to the negative ELBOProxy

achieved by each model in reconstructing the images. Here, lower
is better. Boxes highlighted in green correspond to the best negative
ELBOProxy values in each column. In all these examples, the
correct model was chosen. . . . . . . . . . . . . . . . . . . . . . . . 52

4.4 Improvement with an increasing number of noisy observations.
We demonstrate our method of inferring an IGM to perform denoising
for an increasing number of noisy MNIST images (5, 75, and 150
images from left to right). We showcase results on three randomly
selected examples that appear in each collection of inverse problems.
In each panel, we include the ground-truth, noisy measurements,
mean of the posterior, and standard deviation of the posterior. We also
include the residual error divided by the empirical standard deviation
for N = 150. On the far right, we visualize reconstructions using an
IGM trained on the full clean MNIST 8’s class (6000 images). We
observe that the mean reconstructions and standard deviations from
our low-data IGMs become more similar to the full-data IGM with
increasing data. Our residual errors are largely within 3 standard
deviations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.5 Denoising 95 images of celebrity A. We demonstrate our method
described in 4.3 using 95 noisy images of a celebrity. Here we show
the underlying image (row 1), noisy measurements (row 2), mean
reconstruction (row 3), and residual error (row 4) for a subset of the 95
different noisy images. Our reconstructions are much less noisy than
the measurements and recover sharp features that are hard to discern
in the noisy images. We visualize the residual error normalized by the
empirical standard deviation, which indicates errors are largely within
3 standard deviations (refer to the colorbar in Fig. 4.4). Note that no
explicit spatial-domain prior/regularizer was used in denoising. . . . 53
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4.6 Denoising baseline comparisons. We compare to various baselines
(AmbientGAN, Deep Image Prior (DIP), and regularized maximum
likelihood using TV (TV-RML) with weight λ), and we report the
average PSNR across all 95 reconstructions. We show both early
stopping and full training results using DIP. Our method exhibits
higher PSNR than all other baselines. We also include results for
baselines that require fine-tuning to demonstrate sensitivity to sub-
jective stopping conditions. . . . . . . . . . . . . . . . . . . . . . . 55

4.7 Multi-noise denoising. We demonstrate our method described in
Section 4.3 to perform denoising on measurement collections ex-
periencing different noise levels. For each experiment, we use 75
measurement examples, which are defined by y(i) = x(i) + η where
η ∈ {η1, η2, η3} and ηi ∼ N (0, σ2

i I). In Experiment 1, we use
noisy measurement examples that have additive noise with standard
deviations of 0.01, 0.1, and 0.5. In Experiment 2, we use noisy
measurement examples that have additive noise with standard devia-
tions of 0.2, 0.3, and 0.5. We visualize the true underlying images,
the measurement used for each experiment, and the mean of the im-
age reconstruction posterior. Most of the reconstructions recover
the primary features of the true image. However, in Experiment
1, the reconstructions of the low SNR measurements exhibit bias
and do not match the true images well. This is likely because in
Experiment 1, the high SNR measurements influence the inferred
IGM more strongly than low SNR measurements, leading to biased
reconstructions for the reconstructions highlighted in the red box. . . 56

4.8 Phase retrieval from MNIST 8’s. We demonstrate our method
described in 4.3 to perform phase retrieval on 150 images. For
the Fourier phase retrieval setting, we show examples from the two
observed modes of the posterior. For the Gaussian phase retrieval set-
ting, we show the mean and standard deviation of our reconstructions.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57



xvii

4.9 Visualization of the intrinsic resolution of the EHT compressed
sensing measurements. The EHT measures sparse spatial frequen-
cies of the image (i.e., components of the image’s Fourier transform).
In order to generate the underlying image (c), all frequencies in the
entire domain of (a) must be used. Restricting spatial frequencies to
the ones in (a) and (b)’s green circle generates the target (d), where
(b) is a zoom in of (a). The EHT samples a subset of the interior of
the green circle, indicated by the sparse black samples in (b). Naively
recovering an image using only these frequencies results in the dirty
image (e), which is computed by AHy. The 2D spatial Fourier fre-
quency coverage represented with (u, v) positions is referred to as
the UV coverage. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.10 Recovering a 60-day video of the M87 black hole with the EHT
telescope array under a compressed sensing forward model. Left:
We demonstrate our method described in 4.3 using simulated mea-
surements from 60 frames of an evolving black hole target with the
forward model described in Fig. 4.9. Here we show the underlying
images, dirty images (AHy, see Fig. 4.9), and mean reconstruction,
respectively. Additionally, we show the unwrapped space × time
image, which is taken along the overlaid white ring illustrated in
the day 1 underlying image. The bright-spot’s temporal trajectory
of our reconstruction matches that of the truth. Right: We com-
pare our method to various baselines methods. Our results are much
sharper and exhibit less artifacts than AmbientGAN and TV-RML
with weight λ. Note that we include results using AmbientGAN with
both default parameters and fine-tuned parameters. . . . . . . . . . . 58

4.11 Visualization of the EHT forward model of Sgr A∗ over time.
The spatial frequency space coordinates of Sgr A∗ from an ngEHT
[57] array measured over a course of one night is shown on the top.
Snapshots of the coordinates that are measured at different times are
shown on the bottom. Note that the location and sparsity of the
measurement coordinates change over time. . . . . . . . . . . . . . . 61
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4.12 Recovering a video of the Sgr A* black hole with a futuristic
telescope array over the course of a night under a compressed
sensing forward model. We demonstrate our method described in
4.3 to perform video reconstruction on 60 frames of a video, where
the measurements for each frame are generated by different forward
models given by imaging Sgr A∗. Here we show the underlying image,
the dirty image (AHy), and the mean of the reconstructed posterior.
Additionally, we show the unwrapped space × time image, which is
taken along the white ring illustrated in the 4:00 UTC underlying
image. The bright-spot’s temporal trajectory of our reconstruction
matches that of the truth. The measurement noise is consistent with
a black hole having a flux of 2 Janskys. . . . . . . . . . . . . . . . . 62

4.13 Our reconstructions of selected frames from a video of M87*.
We show the ground truth, dirty image, target image (see Fig. 4.9),
and empirical mean and standard deviation of our reconstructed im-
age distribution for selected frames from the 60-frame M87* video.
Additionally, we show the unwrapped space vs. time image, which
is taken counter-clockwise along the ring; the trajectory of the bright
spot in our reconstruction matches the true image. Our method re-
constructs the primary features of the true underlying images while
also reconstructing some high frequency features. . . . . . . . . . . . 65

4.14 Baseline comparisons. We show results from the following baseline
methods: regularized maximum likelihood with maximum entropy
(MEM-RML), total variation (TV-RML), and total-squared-variation
(TSV-RML), Deep Image Prior (DIP) [48], and AmbientGAN [35].
We show the average peak signal to noise ratio (PSNR) and normal-
ized cross correlation (NXCorr) compared to the target images (see
Fig. 4.13). Our method exhibits fewer artifacts and has the highest
average PSNR and NXCorr, although PSNR is not an ideal metric
due to the shift ambiguities in phase retrieval. . . . . . . . . . . . . 66
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5.1 Source-receiver geometry and recovered 3D magmatic system
from a subdomain of the Island of Hawai’i. For our real data study
and realistic-geometry synthetic tests, we consider the sources and
receivers in a small region (magenta dashed rectangle) of the Island
of Hawai’i that includes the Kilauea caldera. The black rectangle
in the inset map shows the location of the area plotted in the main
plotted map. We use a total of 18 receivers (magenta triangles) and
45,310 earthquake events (dots colored by depth). These events were
located using the method described in [1], but with modifications
discussed in Sec. 5.5. We visualize the cross sections A-A’ and
B-B’ used for later figures (blue lines). The bottom figure depicts
our reconstruction of the 3D magmatic system that underlies Kilauea
with long-period (LP) volcanic events are highlighted and located at
the bottom of a large magmatic volume. . . . . . . . . . . . . . . . . 78

5.2 Noise level mismatch. We consider the impact of misspecifying the
noise level bP of our measurement model log p(y|VP ) when solving
for VP . We consider the effect of mismatch in assumed level of noise
(e.g. over or under estimating). We find that when the noise is less
than expected, the structures are similar but the amplitude of recovery
is lower. When the noise is much higher than expected, the structures
are obfuscated due to overfitting. We find it necessary to do early
stopping to prevent overfitting to noise especially when the data noise
is larger than expected. These are cross-sections taken along A-A’. . . 86

5.3 Physically motivated synthetic anomaly tests. We perform syn-
thetic tests to explore the sensitivity of our expected source-receiver
geometry to various ∼ 10% slower velocity anomalies in the subsur-
face. For various candidate anomalies, we show the following for
A-A’ (shown in Fig. 5.1): the true velocity model used to generate
the synthetic travel times, the relative change to the initial model, and
the mean of the inferred posterior and relative change to the initial
model. Note, we plot these cross sections masking out the topography. 87
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5.4 Checkerboard tests We perform inversion on the 1D model from [2]
modulated with various checkerboards of 20% increase or decrease
with a side length of s. These checkerboard patterns have a size of 2
km, 4 km, and 8 km. We also show the mean and standard deviation
of our reconstruction and relative change between the 1D model and
our reconstruction for the A-A’ cross-section. We include z-scores
to quantify the accuracy of our uncertainty quantification. We are
able to resolve around a resolution of 4 km in the upper half of the
domain and at least a resolution of 8 km throughout the region with
ray coverage. Interestingly, the estimated uncertainty for s = 4 km is
higher in low velocity regions such as the one at around 6 km depth
and between 6 and 10 km in X , which is expected behavior. We
include the full results for both VP and VS in the appendix. . . . . . 88

5.5 Eikonal tomography of Kilauea. We show cross-sections of results
from eikonal tomography of Kilauea as described in Sec. 5.4. We
show the estimated mean and uncertainty from our approach along
with the results from [2]. The darkened part in our estimated mean
is given by the resolvability index described in 5.10 where the lighter
region is resolvable and darker region is not resolvable for a resolution
of 4 km. Our tomography shows evidence of a high VP anomaly at
around 5 to 12 km depth between 3 to 9 km along A-A’. As described in
Sec. 5.3, we use Gaussian smoothing of the data-likelihood’s gradient
to prevent overfitting and over-interpretation of heterogeneous parts
of our model. For reference, A is 19.44◦N, 155.35◦W, A’ is 19.34◦N,
155.15◦W, and B is 19.37◦N, 155.30◦W and B’ is 19.44◦N, 155.25◦W. 91

5.6 High VP/VS regions under Kilauea. We visualize the isosurfaces
of high VP/VS regions beneath the Kilauea caldera with two views
of the same volume. This high VP/VS structure lies between the
long period events and the surface expression of the caldera. We
estimate the volume of the magma column as 117 km3 using the
region with a VP/VS ≥ 2.1, which is visualized with the second
outermost isosurface. Sources are colored as a function of depth. . . 92
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5.7 We show two cross sections of VP/VS for [2] and the mean of our
reconstructed posterior as well as additional depth slices for the mean
of our reconstructed posterior. The masked region in our estimated
mean is given by the resolvability index described in 5.10. We observe
a much broader range of VP and VS than in the one observed in [2]
because we are not as dampened and invert for them separately. Our
reconstruction shows evidence of a high VP/VS chamber underlying
the Kilauea caldera. Additional depth slices are included in Fig. B.7. 92

5.8 Melt fraction computation with uncertainty. We estimate the melt
fraction by applying a self-consistent scheme (SCS) effective medium
approach. Assuming textural equilibrium for basaltic magma with
an aspect ratio of pores and cracks to be 0.2 [3], we estimate a melt
fraction of 15 ± 2.7% at 11 km depth. We compute an average
VS , referred to as µ, and uncertainty, referred to as σ. The solid
line represents the melt fraction prediction with µ and the shaded
region represents 1 standard deviation σ from µ. For reference, A
is 19.44◦N, 155.35◦W, A’ is 19.34◦N, 155.15◦W, and B is 19.37◦N,
155.30◦W and B’ is 19.44◦N, 155.25◦W. . . . . . . . . . . . . . . . 93

6.1 Our approach. Our method uses time-of-flight measurements{Tobs(x
(j)
s ,x

(i)
r )}∀i,j

between sources {x(j)
s }ns

j=1 and receivers {x(i)
r }nr

i=1 where ns = 20 and
nr = 2, and outputs the reconstructed velocity model V̂ following
the method outlined in Sec. 6.3. The input measurements and source-
receiver locations are visualized as partially observed matrices. Each
matrix corresponds to measurements between a single receiver (in-
dicated by the cyan triangle) and all observed sources. The shaded
region represents areas with missing information and each square of
the unshaded region represents a single measurement. These po-
tentially noisy measurements are then used in our method, which
consists of two parts: 1. inpainting in the measurement space as de-
scribed in Sec. 6.3 and 2. velocity reconstruction from the inpainted
measurements as in Sec. 6.3. From the reconstructed velocities, the
optimal one is selected, as highlighted in yellow. . . . . . . . . . . . 107
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6.2 Noise-free imaging. We generate synthetic measurements between
2 receivers and 20 sources using the ground truth velocity models
(top row). The corresponding reconstructions (bottom row) are from
solving Eq. 6.6 and selecting the field with the minimal trace. Our
method is able to reconstruct the regions with source-receiver cover-
age fairly well. We use the same sensor and receiver setup for each
synthetic experiment where the yellow stars are sources and cyan
triangles are receivers. . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.3 EikoLift on noisy measurements observed from only one surface
of the domain. We reconstruct velocity models from noisy syn-
thetic measurements with a SNR of 25 dB. We use 4 receivers and
20 sources where the yellow stars are sources and cyan triangles are
receivers. The columns from left to right are: ground truth velocity
model, reconstruction with the adjoint [10] method and TV prior,
reconstruction with a ToF-PINN [39], reconstruction from EikoLift
using Eq. 6.6, and reconstructions EikoLift using Eq. 6.7 with two
separate criteria: A. minimizing the trace and B. minimizing mea-
surement error. Mean squared error (MSE) is included for each
reconstruction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

6.4 Increasing sensor coverage improves reconstruction. We show
reconstructions with increasingly better receiver coverage to illustrate
improved performance as receivers increase from 2 to 4. We find that
this is true for the adjoint as well as our specialized EikoLift-B setting
using Eq. 6.7 with minimizing measurement error as the selection
criteria. The EikoLift results using Eq. 6.6 are overly smooth due
to the high εdata needed to prevent infeasibility. We use between 2
to 4 receivers and 20 sources where the black stars are sources and
cyan triangles are receivers. The top row corresponds to 2 receivers,
the middle with 3 receivers, and the bottom with 4 receivers. Mean
squared error (MSE) is included for each reconstruction. . . . . . . . 114
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6.5 Applying EikoLift to real data We show a 2D slice from a recon-
struction using EikoLift on real seismic data from the Kilauea caldera
with 5 receivers and 100 events. This reconstruction uses a subset of
the data used to image in Chapter 5. Here, we show the central cross
section A-A’ as described in 5.1. We include the relative change from
the 1D model used in [11], which is used to initialize the algorithm
in Chapter 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

7.1 Our approach applying FNO to the 2D acoustic wave equation. The
inputs to the FNO model are the velocity model with dimensions
d × d × 1 and the source location, indicated by the white star. The
input velocity model is lifted to a higher dimensional space with size
d×d×w using a neural network. Then, we apply four Fourier operator
layers, and finally project back to the target wavefield dimensions of
d×d×N using a neural network. The bottom panel shows details of
the Fourier layer architecture: we define v to be the input. On top: We
apply a Fourier transform F to v, then apply a linear transformation
R to the lower Fourier modes, filtering out higher modes. Then we
apply an inverse Fourier transform F−1. On the bottom: we apply a
local linear transform W to v. . . . . . . . . . . . . . . . . . . . . . 125

7.4 Model generalization experiments. (a) the source-receiver locations
with receivers in blue and source in red; (b) a velocity model with a
homogeneous background of 3 km/s and a 5% square anomaly; (c)
waveform simulated with SEM (black) and FNO (red). (d-f) same
as (a-c), but for an input velocity model with 2x finer resolution
than trained on. These experiments show that the model is not just
memorizing the solutions, but is able to generalize to entirely new
conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

7.2 Examples of two validation wavefield simulations from the trained
FNO model. (a) the source-receiver locations with receivers in blue
and source in red; (b) the velocity structure; (c) waveforms simulated
with SEM (black) and FNO (red). (d-f) same as (a-c), but for a
different velocity model. The relative ℓ2 loss of the two examples are
0.180 and 0.363, respectively, which are representative of the entire
validation data set with an average ℓ2 loss of 0.273. We demonstrate
that the FNO simulation results are able to capture both the major
arrivals as well as some reflections. . . . . . . . . . . . . . . . . . . 129
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7.3 Model performance as a function of the number of training samples.
(a) Training and validation loss curves as a function of different num-
bers of training samples. (b) Example waveform fitting of a single
training example from models trained with varying number of train-
ing examples. (c) Example waveform fitting of a single validation
example from models trained with varying number of training exam-
ples. The numbers to the right of each waveform shows the relative ℓ2
misfit. This shows that the model trained on 4800 samples is able to
capture the reflections, whereas the model trained on smaller number
of samples does not generalize to reflections in the validation example.130

7.5 Example of a full waveform inversion using FNO. (a)(c)(e) True
velocity models with source locations indicated by red circles and
receivers placed at every node of the 64×64 grid (10 km × 10
km region). (b) Reconstruction using SEM and adjoint tomography.
(d)(f) Reconstruction using FNO as the forward model and automatic
differentiation to compute gradients. No regularization is used for
these experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

7.6 Model generalization experiments 1: random fields of Vs and Vp/Vs
model with 4-times roughness of the training data. Relative L2 loss
of the U-NO simulation is 0.182. . . . . . . . . . . . . . . . . . . . . 134

7.7 Output evaluation. Distribution of relative L2 loss (top) and correla-
tion coefficient (bottom) between the U-NO predictions and ground
truth. From left to right, the columns are corresponding to the ex-
periments in Figure 3, 5, 6. The red and black dashed lines mark the
mean and standard deviation of the histograms. . . . . . . . . . . . . 135

7.8 Full waveform inversion. The inversion for a random subpanel from
the Marmousi model. 14 sources are placed in a ring shape and
receivers are placed at every node of the 64×64 grid. From left to
right, the columns represent true velocity model, initial model for
inversion, inverted model without regularization, and inverted model
with damping and smoothing. The top and bottom rows are Vs and
Vp models, respectively. . . . . . . . . . . . . . . . . . . . . . . . . 136
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B.1 Checkerboard tests We perform inversion on the 1D model from [2]
modulated with various checkerboards of 20% increase or decrease
for both VP and VS . These checkerboard patterns have a size of 2 km,
4 km, and 8 km. We also show the reconstruction and relative change
for A-A’. We are able to resolve around a resolution of 4 km in the
upper half of the domain and at least a resolution of 8 km throughout
the region with ray coverage for both VP and VS . We include z-scores
to quantify the accuracy of our uncertainty quantification. We find
that the uncertainty is underestimated near the sharp interfaces of the
checkerboard as well as in the high frequency regions that are below
the resolvability of our method. . . . . . . . . . . . . . . . . . . . . 147

B.2 Checkerboard tests without early stopping We perform inversion
on the 1D model from [2] modulated with various checkerboards of
20% increase or decrease for both VP and VS . These checkerboard
patterns have a size of 2 km, 4 km, and 8 km. We also show the
reconstruction and relative change for A-A’. We are able to resolve
around a resolution of 4 km in the upper half of the domain and at
least a resolution of 8 km throughout the region with ray coverage for
both VP and VS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

B.3 Physically motivated synthetic anomaly tests. We perform syn-
thetic tests to explore the sensitivity of our expected source-receiver
geometry to various ∼ 10% low velocity anomalies in the subsur-
face. For various candidate anomalies, we show the following for
A-A’: the true velocity model used to generate the synthetic travel
times, the relative change to the initial model, and the mean of the
inferred posterior and relative change to the initial model for both an
k = 250 and k = 500. Note, we plot these cross sections masking
out the topography. . . . . . . . . . . . . . . . . . . . . . . . . . . 149

B.4 VP/VS ratio synthetic resolvability test. We include two high
VP/VS ratio anomalies within the initial velocity models to evaluate
the ability (left panel). The right panel shows the result of applying
MAP estimation process to the synthetic data to resolve the input
anomalies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
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B.5 Gradient smoothing. We visualize the reconstructions along A-
A’ for different values of kstop, kmax, and k values for the gradient
smoothing as described by Eq. 5.9. We find that the optimal set
of parameters is kstop = 250, kmax = 500, and k = 250, which is
highlighted in green. We include the ground truth velocity model for
reference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

B.6 Noise model mismatch We consider the impact of misspecifying the
noise model η and/or measurement model log p(y|x). We consider
the effect of mismatch in the assumed noise model distribution (e.g.
Gaussian vs. Laplacian noise). For the Gaussian distribution, we
assume a standard deviation σP = .11 and σS = 0.31. For the
Laplacian distribution, we assume bP = 0.08 and bS = 0.15. The
noise model and data-fit model highlighted in green is the one that
we expect our real data to match. Truth is in Fig. B.5. . . . . . . . . . 150

B.7 All depth slices of VP/VS . Here we show all depth slices of VP/VS

from z = 0 km to z = 17 km. Refer to the color map in Fig. 5.7 or
Fig. B.10. The lighter region indicates resolvability with a checker-
board of 4 km. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

B.8 Reconstructions at various SSST steps. Here we show reconstruc-
tions at various steps in the SSST localization procedure along the
A-A’ cross section. We find that the recovered structures are stable
across these different steps. . . . . . . . . . . . . . . . . . . . . . . . 151

B.9 1D profiles. Various depth slices across different lat-lon locations.
The black line is the 1D model from [4] that we use for our initial
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.10 Travel time misfit distributions Here we show the distributions of
travel time misfits for both the initial velocity model and the recovered
posterior mean. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

C.1 Block diagonal formulation. This is a schematic of how we imple-
ment the block diagonal representation as described in Sec. 3.1 of the
main text and in Appendix C.2. . . . . . . . . . . . . . . . . . . . . 156
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C.2 Toy example with homogeneous ground truth. We demonstrate our
method on a simple velocity model with a homogeneous velocity of 6
km/s. For this toy example, we choose to use a homogeneous velocity
model because there is no generalization error between span(ϕ) and
the ToF fields T (i). We test our method using Eq. 8 from the main text
on noise-free measurements generated by the Fast Marching Method
as well as noisy measurements with i.i.d additive Gaussian noise with
an SNR of 25. In the noise-free case, we find that the weight-vectors
α̂(1) and α̂(2), described in Sec. 3.2, fit the ideal reconstruction of a
one hot vector where the only non-zero value corresponds to T

0,x
(i)
r

.
This holds when we increase the number of basis vectors for each
M (i) to be K = 6. In the noisy measurement setting, we also find
that the weight-vectors α̂(1) and α̂(2) fit the ideal reconstruction and
we are able to recover the homogeneous velocity. We find that we
need to increase εdata when our measurements are noisy. . . . . . . . 159

C.3 Ablations for Eq. 8 for noisy measurements. Here we show re-
constructions using various values of εPDE and εdata used in Eq. 8.
We use noisy measurements with a SNR of 25. When εdata is sub-
stantially less than the expected measurement noise, the optimization
yields unexpected behavior. When εdata is too large such that it is
on the order of the signal, it yields overly smooth reconstructions.
εPDE = 0.1 and εdata = 1 corresponds to the parameters used for the
results in the main text. . . . . . . . . . . . . . . . . . . . . . . . . . 160

C.4 Ablations for Eq. 9 for noisy measurements. Here we show recon-
structions using various values of εPDE and λ used in Eq. 9. We use
noisy measurements with a SNR of 25. The reconstruction under-fits
the measurements when λ is too small and overfits when λ is too
large. εPDE = 0.1 and λ = 100 corresponds to the parameters used
for the results in the main text. . . . . . . . . . . . . . . . . . . . . . 161

C.5 With increasing noise. We show results across various SNR values.
A SNR of 25 corresponds to σ = 0.1. In all cases, increasing the
SNR improves reconstruction quality. . . . . . . . . . . . . . . . . . 162
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C.6 Change in reconstruction with increasing K. We show results
from optimizing Eq. 9 from the main text using various values of
K. K = 6 corresponds to the same parameter setup as in the figures
from the main text. When K is too small, the reconstructions are
overly smooth, and when K is too large, the reconstruction overfits
to noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

C.7 Full coverage We show full sensor coverage reconstructions for the
adjoint method with TV prior, PINN, and our method using Eq. 9
from the main text with different selection criteria. Mean squared
error (MSE) is included for each reconstruction. . . . . . . . . . . . 164
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between the reconstructions of different methods (ours, AmbientGAN
[35], DIP [48], and TV-RML) with either the true underlying image
or the target in the case of black hole compressed sensing. The
highest PSNR for each set of measurements is in bold. We fix
the hyperparameters of the baselines across each forward model,
empirically selecting them for good performance on each type of
problem. Note that the range in performance depends on the choice of
hyperparameters. For denoising, the DIP results corresponds to 100
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C h a p t e r 1

INTRODUCTION

Physical systems often reveal hidden structure through the way they respond to
disturbances. While a single disturbance may only uncover fragmented information,
many observations taken together can reveal a more complete picture. For example,
mundane, naturally occurring vibrations from sources such as ocean tides and
human activity can be used to recover images of Earth’s subsurface structure [1],
[2]. This principle of harnessing passive measurements underlies many fundamental
problems in science and engineering, where the goal is to use observations to recover
hidden information about the underlying physical system that generated them. These
problems are known as inverse problems, and they span applications ranging from
GPS localization to detecting dark matter through the gravitational lensing of light.

In the age of deep learning, solving inverse problems has been simplified through
data-driven supervised learning approaches. These supervised learning methods
leverage vast amounts of paired training data, mapping measurements to recon-
structioned sources in the case of inverse problems. Training supervised models to
solve inverse problems requires extensive collections of measurement-source pairs,
which presents a fundamental challenge for many scientific applications. Paired
datasets are often either too sparse to train with or prohibitively expensive to acquire
at scale. Consider, for instance, that obtaining even a single ground truth image of the
Earth’s subsurface structure remains impossible with current technology. Without
real paired data, the remaining option is to resort to training with synthetic data. This
approach introduces its own complications, as generating realistic synthetic source
distributions that capture the complexity and variability of natural phenomena can
be remarkably difficult.

Despite the widespread success of supervised learning, scientists often cannot solve
inverse problems from data alone. Under these constraints, solutions must incorpo-
rate prior knowledge about the underlying system, including how the measurements
are generated (i.e., physical equations) and the characteristics we expect the unob-
served structure to possess. Accurate knowledge of both components is critical for
identifying unobservable sources. Imaging systems designed in tandem with this
domain knowledge often have the most success. In data-scarce settings, leveraging
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the fundamental structure of natural systems enables our understanding of invisible
phenomena.

Solving inverse problems requires knowing the structure of several key ingredients,
including models of the measurement process, assumptions about the underlying
system, and algorithms for inference. Each of these components represents an
important piece of the puzzle and must be carefully designed and understood.
When there is uncertainty in the model of the measurement process or lack of
clarity in the assumptions of the underlying system, the inverse problem becomes
significantly more difficult. This becomes further complicated when there are
multiple inverse problems that must be solved simultaneously, where each problem
has weak individual constraints requiring that it be simultaneously resolved.

Such challenging scenarios demand new algorithmic approaches, as traditional
methods prove insufficient when faced with these compounded uncertainties. This
raises a fundamental question: how can we solve inverse problems when the avail-
able information seems so limited? This thesis aims to offer methods that can solve
inverse problems under missing information, operate under non-linear forward mod-
els, and offer more efficient methods for solving non-linear imaging inverse prob-
lems. This thesis demonstrates that hidden forms of regularization, which emerge
from unconventional approaches to solving inverse problems, can often provide the
additional constraints needed. While the methods discussed in this thesis focus
primarily on imaging inverse problems, many of the underlying frameworks are
general and can be adapted to other domains.

Using earthquakes to interrogate the earth
Seismic imaging and inversion presents a rich set of inverse problems, making it
an excellent testbed for developing new methods. Several key challenges in seismic
inverse problems have motivated much of this thesis work. These challenges include
multiple interdependent inverse problems, challenging source-receiver geometry,
and computationally expensive simulations [3].

Several fundamental inverse problems in seismology are tightly coupled, meaning
that solving for one quantity inherently requires knowledge of the others. These
inverse problems include tomography, hypocenter localization, event characteriza-
tion, and source (or earthquake) characterization. More specifically, tomography
involves imaging the Earth’s subsurface structure. Hypocenter localization involves
identifying the precise 3D location and origin time of an earthquake, the accuracy
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of which depends on having a reliable tomographic model. Event characterization
involves describing the temporal nature of a rupture, while source characterization
involves describing the directionality of seismic forces involved, distinguishing be-
tween sources that are explosive, strike-slip, or subduction. Since these problems
are deeply interdependent yet intractable to solve simultaneously, they are often
solved individually under strong assumptions about the remaining quantities. These
assumptions are necessary, but can introduce systematic bias. The work presented
in Chapter 3 considers simultaneously solving tomography and hypocenter local-
ization as well as event characterization and tomography through empirical Green’s
functions.

Many seismic studies utilize surface sensors to record naturally occurring earth-
quakes in order to probe the structure and dynamics of the Earth’s interior. However,
sensors are limited to the surface or near-surface for a variety of reasons includ-
ing feasibility and cost. This restriction in geometry means that measurements
are recorded from a narrow range of angles, resulting in a limited-angle inverse
problem. This difficulty is further compounded by the geometry of natural seis-
micity. Earthquakes are not distributed uniformly, but instead are often clustered
around specific geological features such as fault zones or magmatic systems. This
clustering results in a highly non-uniform source-receiver geometry. Limited-angle
inverse problems are tricky to solve because they are sensitive to initial conditions.
Small perturbations in the initial model can lead to vastly different solutions. The
approach in Chapter 6 aims to address this through a convex approach, which is
invariant to the initialization.

Simulating the physics of various seismic phenomena such as wave propagation
is extremely compute intensive, yet accurate forward modeling is a critical com-
ponent for solving inverse problems. Simplifications are often applied to make
inverse problems more tractable, but such approximations can introduce errors that
propagate through the inversion and degrade the quality of the final results. These
computational constraints motivate the need for alternatives to accelerate the for-
ward simulations themselves. One such alternative is through surrogate models,
including neural network surrogates which enable access to efficient computation
of gradients, which is necessary for gradient-based approaches. Chapters 6 and 7
discuss alternative approaches to solving forward simulation and inversion without
the need to use slow traditional solvers.

These outlined challenges motivate the approaches discussed in Chapter 3, Chapter
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5, Chapter 6, and Chapter 7.

Black hole imaging
Imaging a black hole is as challenging as taking a photo of a donut on the moon
with a conventional camera [4]. The footprint of a black hole on the night sky is so
vanishingly small that a single telescope on Earth is unable to resolve it. Achieving
the required resolving power requires an Earth-sized telescope. To produce an
Earth-sized telescope, astronomers have linked up a series of telescopes and use a
technique called Very Long Baseline Interferometry (VLBI) to effectively synthesize
an aperture as big as the Earth itself. By harnessing the natural rotation of the
Earth to increase the number of measurements, the imaging problem becomes more
tractable. However, imaging a black hole is still highly ill-posed and requires using
image priors. In Chapter 4, I discuss an approach to reconstruct frames of videos of
black holes by the leveraging shared structure across frames despite the corrupted
measurements. We apply this approach to synthetic version of both M87∗ and
Sagittarius A∗.
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C h a p t e r 2

BACKGROUND

2.1 Inverse problems
In the inverse problems that will be discussed in this thesis, the indirectly observed
sources x ∈ RDx and observed measurements y ∈ RDy are related via a forward
model f :

y = f(x) + ε. (2.1)

f(·), referred to as the forward model, represents deterministic system behaviors,
such as the physics of light or acoustic propagation, and ε represents stochastic
variability of the measurement process. Often, ε is assumed to be of the form of
zero-mean Gaussian noise where ε ∼ N (0, σI) for σ ∈ Rn. For many parts of this
thesis, x is a 2D image with Dx = n× n, but for some section of this thesis, x may
be a 1D time series, a 3D volume, or a less structured quantity. In many inverse
problems, Dy << Dx, but this is not always the case, as in some seismic imaging
applications like in Chapter 5.

The goal when solving inverse problems is to find a reconstruction x̂ ≈ x (i.e.,
close to the true solution x) from the measurements y. A natural way to find x̂ is to
formulate the inverse map f inv(·) and get a reconstruction x̂ = f inv(y). However,

system inversion
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Figure 2.1: Measurement acquisition and inverse problems. The full mea-
surement acquisition and inversion scheme is described by this diagram where the
unobserved source of interest is x but what is observed is y. This measurement
process is governed by some system, often understood using physics. To recover the
unobserved source x, we use an inversion algorithm, which often involves priors or
regularizers, to recover a reconstruction x̂.
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f inv is often not well defined. This occurs when the problem is ill-posed, which
arises from a variety of reasons including sparse measurements, poor measurement
coverage, or a non-linear forward model. Moreover, stochastic noise cannot be
directly incorporated into solving x̂ = f inv(y). This is described in Fig. 2.1.

Forward models
A forward model f(·) describes how measurements y are generated from unknown
sources x; in consumer photography, this is governed by the way a camera takes a
photo, and in seismic tomography, the forward model is governed by wave physics.
For Bayesian inference, the forward model is described using p(y|x). Describing
log p(y|x) is often assumed to be the easiest part of solving imaging inverse prob-
lems; f(·) is assumed to be a linear operator with i.i.d. mean-zero Gaussian noise,
thus resulting in log p(y|x) ∝ 1

σ2 ||y − Ax||22.

However, this is more challenging to characterize in real-world scientific imaging
where noise is poorly characterized and the forward model can be non-linear [1],
[2]. Moreover, there are often parameters of the forward model itself that might
not be well known; locating an earthquake requires knowledge of the Earth’s 3D
subsurface material composition, which is poorly characterized [2]. Approximations
of the forward model, noise, and forward model parameters are often used to make
characterizing p(y|x) easier. In this thesis, I will discuss how we approach non-
linear imaging problems, including when the forward model is poorly characterized.

Priors
In ill-posed problems, priors are used to inject our beliefs of what we believe to
be a good reconstruction. Traditionally, this meant describing an image using
a parametric equation, such as the popular total variation prior [3], but modern
approaches using deep generative models have been used as data driven priors
[4]. Like with any deep learning model, deep data-driven priors exhibit poor
generalization to out of distribution data. Thus, having the right training dataset for
the data-driven prior is important. To combat this, there are many lines of work
that aim to tackle implicit priors instead of explicit priors [5]–[8]. In this thesis, I
leverage various forms of implicit priors to solve imaging problems without good
priors.
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Bayesian inference
To solve for our unobserved source x, we want to use both the forward model
and prior to inform our recovery. Given a particular forward model and prior
construction, we can utilize Bayesian inference to find the maximum a posteriori
(MAP) solution, which is the minimizer of the following optimization problem:

x̂ = argmin
x

− log p(x|y)

= argmin
x

−[log p(y|x) + log p(x)− log p(y)]

= argmin
x

−[log p(y|x)︸ ︷︷ ︸
data likelihood

+ log p(x)︸ ︷︷ ︸
prior

]. (2.2)

In many cases, the regularizer that we want to use is not inherently probabilistic (i.e.,
it does not have a particular probability density function p(x)) and is of the form
R(x). Since the regularizer is uncallibrated in that the magnitude needed might be
unknown, an additional hyperparameter λ is often used. This becomse a regularized
maximum likelihood (RML) problem and is described by:

x̂ = argmin
x

−[log p(y|x)︸ ︷︷ ︸
data likelihood

+ λR(x)︸ ︷︷ ︸
regularizer

]. (2.3)

Variational inference
Posterior estimation is a useful tool in ill-posed imaging problems because it pro-
vides estimates of uncertainty for image reconstruction. Two popular classes of
posterior estimation methods are Markov Chain Monte Carlo (MCMC) [9] and vari-
ational inference (VI) [10]. Although MCMC is exact and asymptotically converges
to the true posterior, it is computationally demanding to reach the true solution,
which is hard to validate. Moreover, it scales poorly to high dimensional posterior
distributions and can be prohibitively expensive computationally even for 2D imag-
ing problems[11]. On the other hand, VI is much more efficient at estimating the
posterior by constraining estimation over a tractable class of parameterized candi-
date distributions, but approximates the distribution through this tractable candidate
set, making it less exact.

VI poses the Bayesian posterior inference problem as one of optimization, in which
the the target distribution is approximated with a parameterized candidate distribu-
tion [11]. This candidate distribution is the one that best fits the target distribution
and is a member of a pre-specified class of distributions, referred to as the varia-
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tional class. It is found through optimization by minimizing a loss (e.g., Kullback
Leibler divergence [12]) between distributions through argminθ DKL(qθ||p).

Following from [11],

θ∗ = argmin
θ∈P

DKL(qθ(x)||p(x|y))

= argmin
θ∈P

Ex∼qθ(x) [log qθ(x)− log p(x|y)]

= argmin
θ∈P

Ex∼qθ(x) [log qθ(x)− log p(y|x)− log p(x)

+ log p(y)]

= argmin
θ∈P

Ex∼qθ(x) [ log qθ(x)︸ ︷︷ ︸
neg log entropy

− log p(y|x)︸ ︷︷ ︸
log data likelihood

− log p(x)︸ ︷︷ ︸
log prior

]. (2.4)

The choice of variational class is extremely important to well-estimate the posterior,
but having more complex variational classes can make the variational inference
problem less tractable. There is a trade-off that must be considered between the
expressivity of the variational distribution and the efficiency of the optimization
problem.

2.2 Seismic imaging
This section focuses on describing the forward and inverse problems in travel time
tomography, which uses the time-of-flight information of an earthquake to a sensor
on the surface. This background is necessary to understand the following chapter
so this thesis: Chapters 3, 5, and 6. Chapter 7 covers the extension to the full
waveform, whcih shares some similarities in mechanics to travel time tomography.

Eikonal equation and forward simulation
The speed at which a signal travels through a material is dictated by the material’s
underlying heterogeneous properties. This relationship is governed by the eikonal
equation, which relates the velocity model V ∈ C(Rd) to the time-of-flight field
TV ∈ C1(Rd × Rd). The velocity field V (x) is positive and stores the speed at
which a wave propagates through each point x in the medium, and the time-of-flight
field TV (xs,xr) is nonnegative and specifies the time a disturbance at source point
xs is observed at receiver point xr. These fields are related by the eikonal equation:

||∇xrTV (xs,xr)||22 =
1

V (xr)2
, TV (x,x) = 0. (2.5)
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Here, d is the dimension of the medium. If we are given a fully sampled time-
of-flight field, we can compute the velocity model by solving the eikonal equation
(Eq. 2.5) via a finite-difference scheme.

The forward simulation problem is to determine the travel-time field TV (xs,xr)

between specified points xs and xr from a given velocity field V . Different V ’s will
produce different times of flight TV (xs,xr), which is why we denote it as TV . This
forward model is typically computed through finite difference methods, the most
common one being the Fast Marching Method (FMM) [13].

Reciprocity: The operator T (xs,xr) is symmetric, that is, T (xs,xr) = T (xr,xs)

[2]. Thus, everything discussed above, and everything discussed in later sections,
still holds if we swap xs with xr.

Travel-time tomography and adjoint methods
The inverse problem, which involves reconstructing the velocity model from sparse
travel-time observations, is a highly non-convex tomography problem. Here, the
goal is to solve for the velocity model V (x) from a sparse set of noisy observations
Tobs(xs,xr) between all receivers R = {x(i)

r ∈ Rd}nr
i=1 and sources S = {x(j)

s ∈
Rd}ns

j=1. We refer to this problem as (TTT), but this problem is also known as
time-of-flight (ToF) imaging within certain domains.

TTT aims to find the velocity model that best fits the observed sparse set of noisy
data. Assuming the additive measurement noise is modeled as ηij ∼ N (0, σij),
TTT can be solved by the following optimization problem:

V̂ = argmin
V

∑
i∈[nr],j∈[ns]

1

σ2
ij

(
Tobs(x

(j)
s ,x(i)

r )− TV (x
(j)
s ,x(i)

r )
)2 (2.6)

where TV (xs,xr), induced by the velocity model V , is the simulated travel-time
between xs and xr and Tobs(xs,xr) is the measured travel-time at the sensor. Simu-
lating TV (xs,xr) requires the use of a forward simulator such as the Fast Marching
Method (FMM).

TTT can be solved using an adjoint method applied to the eikonal equation [14]–[17].
Although the eikonal-based adjoint method obeys the physics exactly, optimizing
V is extremely challenging; the eikonal-based adjoint method is sensitive to the
initialization of V and each gradient step can be computationally slow, especially
for large-scale high-resolution reconstructions which can be on the order of minutes
for each step. Especially in cases with many gradient steps, such as posterior
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estimation and other sampling-based approaches, using adjoint eikonal methods
can be computationally prohibitive. A much faster alternative solves an inverse
ray-tracing problem [18]–[24]. Inverse ray-tracing methods are often preferred over
eikonal imaging due to their efficiency, but make approximations that yield less
accurate reconstructions.
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C h a p t e r 3

IMAGING WITH UNCERTAIN FORWARD MODELS

This chapter is adapted from previously published work [1], [2].

Abstract

Typically, inversion algorithms assume that a forward model, which relates a source
to its resulting measurements, is known and fixed. Using collected indirect mea-
surements and the forward model, the goal becomes to recover the source. When the
forward model is unknown, or imperfect, artifacts due to model mismatch occur in
the recovery of the source. In this chapter, we study the problem of blind inversion:
solving an inverse problem with unknown or imperfect knowledge of the forward
model parameters. We propose DeepGEM, a variational Expectation-Maximization
(EM) framework that can be used to solve for the unknown parameters of the forward
model in an unsupervised manner. DeepGEM makes use of a normalizing flow gen-
erative network to efficiently capture complex posterior distributions, which leads to
more accurate evaluation of the source’s posterior distribution used in EM. We show-
case the effectiveness of our DeepGEM approach by achieving strong performance
on the challenging problem of blind seismic tomography, where we significantly
outperform the standard method used in seismology. We also demonstrate the
generality of DeepGEM by applying it to a simple case of blind deconvolution.

3.1 Introduction
Physics-based inversion methods typically recover an unknown source from indirect
measurements by assuming that the source and measurements are related via a
known forward model [3]–[5]. For example, non-blind deconvolution algorithms
often assume that a measured blurry image is related to its true sharp image via a
known spatially-invariant blur kernel [6]; and traditional seismic inversion methods
assume that the spatially-varying velocity of the Earth’s interior is known a priori
when solving for an earthquake’s hypocenter [5]. However, these “known” forward
models are generally idealized and ignore intricacies of the systems that are either
hard to capture or simply unknown. Inversion algorithms with forward model
mismatch result in biased reconstructions. For instance, bias is regularly seen in
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non-blind deconvolution results, where reconstruction artifacts are often present due
to the use of an incorrect blur kernel [6].

In order to reduce the effects of model mismatch, in this chapter we tackle the
problem of blind inversion: solving an inverse problem without knowledge of the
underlying forward model parameters. When considering how learning can help, a
natural first idea might be to learn a direct map from measurements to the desired
source via supervised learning. However, such a “model-free” approach is generally
not practical, due to the lack of available ground truth training data. For example, the
blur kernel caused by handheld camera shake cannot be reproduced to get a training
set of sharp-blurry pairs to train a deconvolution approach. In seismic tomography,
synthetic earthquakes cannot be placed densely throughout the interior of the Earth
to measure the ground response as a function of hypocenter location. An alternative
approach, which we adopt, is to develop unsupervised methods that treat the true
forward model as something that is unobserved and must be inferred. An additional
consideration is that we must solve for the true forward model from a single dataset,
without knowledge of the true source that produces the measurements

In this chapter, we propose Deep Generalized Expectation-Maximization (Deep-
GEM) for solving blind inverse problems. Using the indirect measurements as in-
put, DeepGEM jointly estimates the source and forward model that together produce
the observed measurements. DeepGEM is a variational inference based framework
that makes use of deep learning machinery to easily capture and optimize complex
probabilistic distributions that cannot be easily integrated in analytic Expectation-
Maximization (EM) solutions. Our proposed framework is generic and can be
applied to blind inversion problems described by differentiable forward models. In
Section 3.4 we showcase the effectiveness of our DeepGEM approach on the chal-
lenging problem of blind seismic tomography, where we significantly outperform
methods used in seismology. We also demonstrate the generality of DeepGEM by
applying it to blind deconvolution in Section 3.5.

3.2 Background and related work
The joint optimization of a forward model with source recovery is a very challenging
ill-posed problem, leading to many possible solutions that are hard to disambiguate.
For example, in blind deconvolution the blurry image observed can be equivalently
explained by a sharp source image convolved with an extended kernel or a blurry
source image convolved with a impulse kernel; to prefer one solution over another,
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(true source locs.)
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Figure 3.1: DeepGEM applied to blind seismic tomography. (a) A simulated
cross section of the Earth’s interior (velocity structure), along with the locations of
receivers on the surface (red triangles) that collect measurements. (b) The time it
takes for a wave traveling from a source below the surface to reach the specified
receiver is visualized for each location in the region of interest. The overlaid dots
represent the true locations of simulated earthquakes and indicate the measured
travel times that constrain optimization. (c) The subsurface velocity reconstruction
obtained using a baseline approach optimized with the help of a seismologist. Note
that the bright anomaly is missing from this reconstruction. Overlaid dots represent
the inferred earthquake locations. (d) DeepGEM reconstructed subsurface velocity
and inferred earthquake locations. Note that DeepGEM is able to accurately recover
the gradient of the velocity field as well as partially recover the central anomaly.

additional information, such as image priors, must be considered. Previous work
on inversion in poorly characterized systems focused on limited contexts, such as
spatially-invariant blind deconvolution [7]–[10] and CT with a simple rotational
error [11]. These methods tend to be highly specialized to each application domain,
and cannot be easily generalized. In contrast, we propose a flexible model-based
Bayesian framework that can be applied across multiple differentiable blind inversion
problems.

Model-based Bayesian inversion
In model-based inversion, unobserved sources x and observed measurements y are
related through a forward model: y = f(x). When the parameters of the underlying
model are unknown, one can parameterize the forward model as fθ(x) and then
solve for the true model parameters θ∗. A common approach is to solve a maximum
a posteriori (MAP) objective: either MAPθ,x or MAPθ.

MAPθ,x solves for the optimal point estimate of the pair {θ̂, x̂} that maximizes a
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joint objective:

{θ̂, x̂} = argmax
θ,x

[log p(θ, x|y)] = argmax
θ,x

[log p(y|θ, x) + log p(θ) + log p(x)] .

(3.1)

In practice, formal probabilistic definitions of p(θ) and p(x) are often unknown and
replaced with regularization terms (e.g., total variation, sparsity) [7], [8]. Although
MAPθ,x provides a straightforward approach to solve for θ, the energy landscape of
Eq. 3.1 is typically poorly behaved due to the ill-posed nature of the problem [8].
As a result, optimization is likely to get stuck in a (bad) local minimum.

MAPθ attempts to smooth the energy landscape by reducing the number of param-
eters that must be optimized. This is done by solving for parameters of the forward
model, θ, that perform best under the full volume of possible x interpretations:

θ̂ = argmax
θ

[log p(θ|y)] = argmax
θ

[
log

(∫
x

p(y|θ, x)p(x)dx
)
+ log p(θ)

]
.

(3.2)

Since this marginalization integral is often intractable, Expectation-Maximization
(EM) algorithms have long been used for solving MAPθ efficiently [12]. EM is an
iterative algorithm that alternates between: “E”-Step) calculating the posterior of x
conditioned on the current estimated forward model parameters θ(t−1); and M-Step)
updating θ to maximize the expected value of the log likelihood:

θ(t) = argmax
θ

[
Ex∼p(x|y,θ(t−1)) [log p(y|θ, x)] + log p(θ)

]
. (3.3)

The advantage of MAPθ over MAPθ,x optimization for the blind deconvolution
problem was described in [8] and its success demonstrated via EM optimization in
[7]. However, it is important to note that evaluating the expectation in of Eq. (3.3)
over complex distributions is often intractable. For instance, the authors of [7] were
forced to restrict the posterior distribution to a Gaussian distribution. Alternatively,
stochastic EM methods [13], [14] bypasses the need to evaluate the expectation
directly, approximating it by sampling the distribution. In this chapter, we solve
MAPθ using complex distributions parameterized by deep neural networks.

Forward model parameterization Model-based inversion requires that the para-
metric form of fθ(x) is well matched with the true forward model, which is not
always known. Alternatively, neural networks can be used to approximate the for-
ward model, where θ represents the network weights. This setup is flexible, in that it
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can be used to approximate arbitrarily complex forward models, with the downside
that it is often not interpretable when the parameters have no physical meaning.
In this work, we develop and make use of interpretable, physically-motivated deep
neural networks to parameterize fθ(·) for the problems of blind seismic tomography
and blind deconvolution.

Deep variational distributions
We are interested in solving blind inverse problems using the EM algorithm to
optimize the MAPθ objective. Optimizing in this fashion requires the use of the
posterior distribution p(x|y, θ(t−1)) in evaluating Eq. 3.3. As inverse problems are
often ill-posed, we expect that the posterior distribution of source x conditioned on
the forward model parameters θ is likely to be complex and perhaps even multi-
modal. Therefore, it is important to be able to parameterize a flexible family of
distributions to best estimate this conditional posterior.

Deep Probabilistic Imaging (DPI) [15] uses a normalizing flow-based generative
model, Gϕ(·), to solve for the uncertainty of an unknown source x given a fixed
forward model f(x) and measurements y. DPI solves the variational objective:

ϕ̂ = argmin
ϕ

KL(qϕ(x)||p(x|y)) = argmin
ϕ

Ex∼qϕ(x) [− log p(y|x)− log p(x) + log qϕ(x)] ,

(3.4)

where qϕ(x) is the implicit distribution defined by Gϕ(z) for z ∈ R|x| ∼ N (0, 1)1,
and log p(y|x) ∝ ||y − f(x)||2 + c when there exists i.i.d. Gaussian noise on the
measurements, y. After inference, qϕ(x) can be efficiently sampled by evaluating
Gϕ(z) for a Gaussian sample z.

The DPI variational objective is equivalent to the Variational Autoencoder [16],
[17] objective, except with a fixed decoder, f(x). In practice, vanilla VAEs con-
strain the posterior to be a Gaussian distribution, relying on the reparameterization
trick for tractable optimization. Alternatively, DPI uses flow-based networks to
efficiently sample and directly compute qϕ(x) [18]–[20]. DPI’s use of a flow-based
network allows for complicated and multi-modal posterior distributions constrained
only by the space of possible invertible network architectures. Our proposed Deep-
GEM approach utilizes similar tools to model flexible distributions over x, while
simultaneously learning the forward model parameters θ.

1|x| is the dimension of x
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3.3 Methods
We propose a deep variational EM approach (DeepGEM) that optimizes the MAPθ

objective in Eq. 3.2 to recover the parameters of a forward model fθ(x) using only a
single static set of measurements y. Once learned, the updated forward model can
then be used to estimate the posterior distribution of the unknown source, x. Deep-
GEM iterates between two stages that are inspired by the standard EM algorithm:
(1) an “E”-step that learns a variational distribution, qϕ(t)(x), to approximate the
posterior distribution of x given the current forward model parameters θ(t−1), and
(2) an M-step (refer to Eq. 3.3) that solves for θ(t) that maximizes the expected value
of the log likelihood function of θ, with respect to the posterior distribution qϕ(t)(x)

estimated in the prior “E”-step. Each step is alternated and solved to convergence.
Since this is an EM algorithm (up to the variational approximation), our method
inherits properties of EM, including convergence to a local minimum of Eq. 3.2.

“Expectation” step (“E”-step)
The goal of DeepGEM’s “E”-step is to solve for the posterior distribution p(x|y, θ(t−1))

that facilitates optimizing Eq. 3.3. Because this posterior distribution can be very
complex, and even multi-modal, we propose to use a flexible variational approach
to learn the parameters ϕ of an approximate posterior distribution qϕ(x). The varia-
tional distribution qϕ(x) can then be used to evaluate Eq. 3.3 via efficient sampling.

Using DPI we solve for a flexible variational distribution, qϕ(x) that well approxi-
mates the posterior distribution p(x|y, θ(t−1)). DPI uses a normalizing flow network,
Gϕ(z), with input z ∈ R|x|, where x = Gϕ(z) ∼ qϕ(x) when z ∼ N (0,1). Nor-
malizing flow networks allow for exact computation of the log-likelihood log qϕ(x)

needed to solve

ϕ(t) =argmin
ϕ

KL(qϕ(x)||p(x|y, θ(t−1)))

≈ argmin
ϕ

1

N

N∑
n=1

[− log p(y|θ(t−1), xn)− log p(xn) + log qϕ(xn)]

for xn = Gϕ(zn), zn ∼ N (0,1), (3.5)

(as derived from Eq. 5.6) for a batch size of N where log p(x) is a prior on
the source and log p(y|x, θ(t)) is the data likelihood. When assuming the mea-
surements y experience i.i.d additive Gaussian noise with standard deviation σy,
log p(y|θ(t), xn) =

1
2σ2

y
∥y − fθ(t)(xn))∥2 + c.
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Maximization step (M-step)
The goal of DeepGEM’s M-step is to use the parameterized approximate posterior
distribution, qϕ(t)(x), from the prior “E”-step to update θ, the parameters of the
unknown forward model fθ(·). This is achieved by sampling from the learned
normalizing flow network, Gϕ(t)(·), to stochastically solve Eq. 3.3 :

θ(t) ≈ argmax
θ

[
1

N

N∑
n=1

[log p(y|θ, xn)] + log p(θ)

]
for xn = Gϕ(t)(zn), zn ∼ N (0,1),

(3.6)
where p(θ) is a prior on the forward model. This prior can be used to encourage
the forward model parameters to remain close to an initial model θ̃ by defining
log p(θ) ∝ ||θ − θ̃||2 + c.

3.4 Case study: blind seismic tomography
Two fundamental seismic inverse problems are spatially localizing an earthquake’s
hypocenter (also referred to as source localization) and tomographic reconstruction
of the Earth’s subsurface [5]. These problems are interconnected: source localiza-
tion relies on knowing how fast waves propagate through different regions of the
Earth’s interior, referred to as the Earth’s velocity structure. However, in standard
seismological practice, due to difficulties in solving these problems jointly, they
are generally treated separately: source localization is performed initially using
oversimplified velocity models [5], and then the tomography problem is performed
by taking those best-fitting hypocenters as ground truth [21]. This approach typ-
ically results in the need to over-regularize the inverse problem by smoothing out
high-frequency information [22], and can only be improved by carefully incorpo-
rating other forms of information such as waveform-derived quantities [23]–[26]
or by performing costly experiments such as controlled explosions. In contrast,
we demonstrate our DeepGEM approach on blind seismic tomography, solving for
the subsurface velocity (parameterized by θ) when the source hypocenters, x, are
unknown. Measurements, y, used to constrain the inverse problem are the time it
takes for the first wave to propagate from its source to a receiver on the Earth’s
surface, referred to as a travel time measurement (refer to Fig. 3.1).

Seismic tomography background
Physics of earthquake source localization: The earthquake source location, also
called the hypocenter, is the location where the earthquake nucleates [5]. The source
location can be triangulated using travel times from multiple receivers. However,
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when there are very few receivers (< 3 in 3D, < 2 in 2D), the source localization is
ill-posed and there exists multiple equally optimal solutions.

Physics of travel time tomography: Travel time tomography is a method for
reconstructing the velocity structure using the absolute arrival times of earthquake
waves from the earthquake to the receiver [5]. Given perfect knowledge of the
earthquake locations x and receivers r at every position in the ground, the exact
velocity can be computed by solving the Eikonal equation V (r) = ∥∇rT (x, r)∥−1

2 ,
where T (x, r) is the travel time from an earthquake to a receiver. There exists
an analytical solution to the Eikonal equation; however, seismologists often use
simplifications, such as straight ray tomography, for efficiency [22].

Deep learning for travel time tomography: EikoNet [27] implicitly solves the
Eikonal equation [28] by learning a mapping from a source-receiver pair (x, r) to
its associated travel time, learning θ such that fθ(x, r) ≈ T (x, r) where T (x, r)

is the true travel time. The velocity structure can then be extracted from the
learned EikoNet by solving the Eikonal equation through automatic differentiation.
In particular, the computed velocity V (s) at location s is ∥∇sfθ(x, s)∥−1

2 . Note
that this computed velocity depends on the source location x. Ideally, the velocity
should be invariant to the source location; however, in practice, this is only true
when EikoNet is trained with densely-sampled (x, r) pairs. Additionally, the travel
time from a source to a receiver, T (x, r), should be identical to the travel time from
a receiver to a source, T (r, x), but remains unconstrained by EikoNet.

Homogenous Gradient Layer

DeepGEM p(ϴ) Prior Models 

Receiver

True source

Prior mean of source

Posterior conditioned on ϴ 

Earthquake Source Localization Visualizations 

Figure 3.2: Image priors and source posterior visualization. (Left) A visu-
alization of the homogeneous, gradient, and layer models used in p(θ)’s Lθ term.
(Right) Visualizations used to describe source configurations and earthquake source
posteriors. (a) Visualizations of the true and initialized source locations are plotted
as stars (true) connected to circles, which indicate the expected source locations
according to p(x). Note that the expected source locations deviate significantly
from the true locations. (b) Visualizations of the learned posterior distribution,
qϕ(x|y, θ), for each source are plotted as colored histograms and overlaid with stars
(of the same color) indicating the true source location.
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DeepGEM setup for blind seismic tomography
For blind seismic tomography, we parameterize the forward model using a modi-
fication of EikoNet, fθ(x, r), with unknown source location x and known receiver
location r as inputs and y ≈ T (x, r), the absolute travel time between x and r,
as output. In order to solve Eqs. 3.5 and 3.6 for an updated forward model, we
must define priors p(x) and p(θ). The prior over source locations, p(x), is often
well defined, typically a Gaussian distribution N (x̄, σx) with a standard deviation
of σx ∼ 2 km and mean x̄.

We construct a prior over the forward model, p(θ), that encourages EikoNet to learn
a velocity close to Ṽ (s). Additionally, as discussed above, there are constraints
specific to seismic tomography that are not explicitly enforced through EikoNet’s
architecture: (1) velocity reconstruction invariance with respect to the source loca-
tion, and (2) travel time symmetry between sources and receivers.

We augment the prior p(θ) to include these constraints, implemented as soft con-
straints:

log p(θ) = λθ

Lθ︷ ︸︸ ︷∑
r∈R,
s∈S

||Ṽ (s)− Vr(s)||2+λV

LV︷ ︸︸ ︷∑
ri,rj∈R,

s∈S

∥Vri(s)− Vrj (s)∥2+λT

LT︷ ︸︸ ︷∑
r∈R,
s∈S

∥T (s, r)− T (r, s)∥2 .

(3.7)

The velocity constraint is represented through LV and travel time constraint through
LT , with corresponding hyperparameters λV and λT . S is a set of points sampled
uniformly from the region of interest, R is the set of all receiver locations, and
Vr(s) = ||∇sfθ(r, s)||−1

2 .

Implementation details: In our experiments we define a realistic prior over
unknown source locations as p(x) = N (x̄, σx), where x̄ ∼ N (x, σx) and σx = 2

km. We assume the measurements y are sampled from a Gaussian distribution with
mean ỹ – true travel times computed using the package eikonalfm [28], [29] – and
a realistic standard deviation of σy = 0.2 seconds. To simulate real world passive
tomography, we assume receivers are located only along the surface (the top edge
of the 2D image) of the region of interest, which is 20 km ×20 km, and sources
can be anywhere within the region of interest. Before DeepGEM optimization, we
first initialize θ using maximum likelihood estimation assuming x̄ is the true source
location.

The posterior distribution of the source locations, x, is estimated using a Real-NVP
network Gϕ(·) with 16 affine coupling layers. An updated EikoNet (described in
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Figure 3.3: DeepGEM reconstructions significantly outperform baselines, and
improve with more sources and better Lθ prior models. Each row corresponds
to the reconstructions obtained from a single noisy observation of travel times,
where the true Earth velocity is shown in Fig. 3.1(a). Results shown are simulated
using 20 surface receivers and a varying number of sources (9, 25, and 49) in a
uniform grid. Columns 3-6 show DeepGEM results obtained using different Lθ

priors. Note that results improve as the Lθ prior becomes closer to the true velocity
structure, and as the number of sources increases. As a reference, column 2 shows
the velocity reconstruction obtained using DeepGEM under fixed, perfectly known
source locations. Columns 7-8 show results obtained by the baseline approaches.
The velocity reconstruction MSE is included in the top right of each reconstruction.
DeepGEM substantially outperforms both straight ray and MAPθ,x baselines. Note
that DeepGEM also sometimes outperforms the second column, where the source
locations are known; this is due to the fact that DeepGEM is sometimes able to
absorb measurement error due to its overparameterization. See the supplemental
material for more examples.

the supplemental material) has been modified to parameterize fθ(x). This EikoNet
is pretrained with samples from the prior p(x) as input and the simulated travel
time measurements as output. We use Adam as the optimizer [30] with a batch
size of 32 and an E-step learning rate of 1e-3 and M-step learning rate of 5e-5.
Hyperparameters (λT , λV , λθ) were empirically chosen by inspecting the loss on
a grid search over hyperparameters. Results presented have been run with 10 EM
iterations, each with 800 “E”-step epochs and 2000 M-step epochs. Each DeepGEM
model takes ∼6 hours on a NVIDIA Quatro RTX 5000.

Results
Comparison to Baseline Approaches: We compare results from DeepGEM

to results obtained using a baseline run by a seismologist. This iterative baseline
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Count

Velocity 
Error 

(km/s)

Source 
Loc. Error 

(m)

9 0.52 ±
0.063

62.88 ±
21.77

25 0.42 ±
0.043

36.62 ±
4.93

49 0.44 ±
0.181

33.78 ±
4.56

100 0.27 ±
0.021

30.38 ±
1.43

Table 1: Velocity and source 
localization error on random 

source configurations

Figure 3.4: DeepGEM consistently recovers prominent features across various
earthquake source configurations. Row 2 shows DeepGEM results obtained using
different random source configurations, where the true Earth velocity is shown in
Fig. 3.1(a). As a reference, row 1 shows the velocity reconstruction obtained using
DeepGEM under fixed, perfectly known source locations. As can be seen by the
table, both velocity and localization error decrease with an increasing number of
sources in the region of interest. Each mean and standard deviation is computed
using 5 random realizations of true source configurations.

alternates between source inversion and straight ray tomography, and is the standard
approach used for blind tomography. Further detail on this baseline is provided in the
supplemental material. The gradient model shown in Fig. 3.2 is used to perform the
initial source inversion for this baseline; nonetheless, we find that the solution quickly
diverges. Therefore, we rely on the expertise of the domain expert to decide when to
terminate the optimization. As seen in Fig. 3.3, DeepGEM consistently outperforms
this human-in-the-loop baseline across all source configurations. In Fig. 3.3 we also
compare with a MAPθ,x solution. MAPθ,x is consistently outperformed by the
DeepGEM MAPθ approach across all source configurations. Additional results
highlighting the sensitivity of MAPθ,x to hyperparameters and initialization are
shown in the supplemental material.

Sensitivity to Lθ Prior Choice: We evaluate DeepGEM’s recovery of the true
velocity structure shown in Fig. 3.1 using one of three different Lθ priors shown in
Fig. 3.2: homogeneous, gradient, and layer, as well as Lθ = 0. The homogeneous
model takes on value of 6.419 km/s, the average velocity value of the true velocity
structure. The gradient captures the increasing velocity as depth increases, and the
layer model represents the true model without the added anomaly. As shown in
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Figure 3.5: DeepGEM recovery with a single receiver. Velocity reconstructions
shown in columns 3 and 5 demonstrate that DeepGEM is able to learn some of the
true velocity features (see Fig. 3.1(a)), even when limited to measurements from
a single receiver. However, these reconstructions show clear signs of overfitting
to the measurement data. This is demonstrated by observing that the DeepGEM
reconstruction with perfectly known source locations is significantly better with
a single receiver when no measurement error is included on the measurements
(comparing columns 1 and 2). Note that the learned posterior in column 4 appears
to be non-Gaussian, but not multimodal.

Fig. 3.3, the mean squared error tends to decrease with the gradient and layer Lθ

prior models, which are closer to the true velocity structure.

Sensitivity to Source Configuration: We evaluate results with sources that are
both uniformly and randomly spaced throughout the region of interest. Improved
performance is expected when the number of sources is increased and/or when
sources are well distributed. To better understand DeepGEM’s performance we
introduce an ablation, where the velocity structure is learned by training fθ(·) with
access to perfect source locations x (i.e., p(x) is a delta function). As is shown
in Fig 3.3, even when training with true source locations, the anomaly is not well
resolved until ∼49 sources.

Fig. 3.3 shows one realization of DeepGEM results obtained from different counts
of uniformly spaced sources. As expected, the MSE between the reconstructed and
true velocity structure tends to decrease as the number of sources increases. Fig. 3.4
shows results obtained using five randomly generated source configurations, with
49 sources each. These results demonstrate that, although the reconstructed velocity
structure is somewhat sensitive to the underlying source configuration, the primary
features of the true velocity can still be recovered in all cases. Velocity and source
localization error obtained for different random configurations are shown in the
accompanying table.
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Figure 3.6: Performance of DeepGEM recovery on random velocity fields.
Ten random velocity fields were drawn from a GRF-based distribution and used
to simulate travel time measurements with 20 receivers and 100 randomly placed
sources. (left) Reconstructions obtained for 3 of these configurations are shown.
(right) A table lists the mean and standard deviation of velocity and source error
obtained across the ten models, each recovered using different Lθ priors.

Sensitivity to Number of Receivers: In the case of a single receiver, there exists
an entire ring of source locations that result in the same travel time measurement.
Fig. 3.5 contains results from this challenging one-receiver setting using DeepGEM
with/without measurement noise and with/without known source locations. Since
there is only one receiver, the velocity model is able to easily overfit. However,
perhaps surprisingly, artifacts are more severe when source locations are perfectly
constrained. These artifacts are caused by the velocity model overfitting to noise in
the travel time measurements, and are substantially reduced when noise-free travel
time measurements are used. Note that the recovered source location posterior qϕ(x)
obtained by the “E”-step is non-Gaussian.

Sensitivity to Velocity Structure: In Fig. 3.6, DeepGEM is tested on randomly
generated velocity fields, each generated from a Gaussian random field (GRF) de-
scribed in the supplemental material. These results show that DeepGEM works well
at recovering the primary features across a variety of different velocity structures. As
compared to when Lθ = 0, the Lθ gradient prior biases the reconstruction towards
smoother velocity structures. The accompanying table contains error statistics for
ten different randomly generated velocity fields.
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3.5 Case study: blind deconvolution
We apply DeepGEM to the problem of blind deconvolution to further demonstrate
the generality of our approach. Blind deconvolution is a classic ill-posed imaging
problem that aims to reconstruct a sharp image from a blurry image with an unknown
PSF [7]–[9], [31]–[36]. Blurry images, caused by handheld camera shake, can be
modeled using a single spatially-invariant blur kernel:

y = x ∗ kθ + ε for ε ∼ N (0, σ), (3.8)

where y is the blurry image, ∗ represents a 2D convolution, x is the true sharp image,
kθ is the spatially invariant blur kernel, and ε is additive Gaussian noise.

DeepGEM setup for blind deconvolution
For blind deconvolution, we parameterize the forward model fθ(·) using a deep
network consisting of multiple convolution layers without non-linear activation, as
proposed in [37]. Multiple convolutional layers without activation simply over-
parameterizes a linear blur kernel, which has been empirically shown to produce
multiple good minima that are easier to converge to. To ensure the blur kernel is non-
negative and volume preserving, we use a Softmax layer and normalize the kernel.
For an n layer network with weights θi for i = 1, ..., n, the resulting parameterized
forward model is:

fθ(x) = x ∗ k̂θ = x ∗
[

Softmax(θ1 ∗ θ2 ∗ ...θn)
∥Softmax(θ1 ∗ θ2 ∗ ...θn)∥1

]
. (3.9)

Implementation details: We demonstrate DeepGEM using simple Total Variation
(TV) regularization in place of log p(x). We assume a Gaussian prior on the noise
on the blurry measurements where ε ∼ N (0, 0.01) as well as a sparsity prior on
the reconstructed kernel through an ℓ0.8 soft constraint. The posterior distribution
of the sharp image, x, is estimated using a Real-NVP network Gϕ(·) with 16 affine
coupling layers. We use 5 convolution layers to parameterize kθ. We use Adam
as the optimizer [30] with a batch size of 64 and an E-step learning rate of 5e-4
and M-step learning rate of 1e-4. Hyperparameters, weights used for sparsity and
TV priors, were empirically chosen by a grid search over hyperparameters. Results
presented have been run with 10 EM iterations, each with 400 “E”-step epochs and
400 M-step epochs, which takes ∼1 hour on a NVIDIA Tesla V100.

Results
In Fig. 3.7 we show results from DeepGEM on three different Fashion-MNIST [38]
images. The Fashion MNIST images are 64×64 pixels in size and each blur kernel
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Measured Blurry Image True Sharp Image and
Measured Blur Kernel

Reconstructed Image
and Blur Kernel using 

DeepGEM

Reconstructed Image
using Measured Blur Kernel

Figure 3.7: DeepGEM results are comparable to inversion with known blur
kernels for simple Fashion MNIST images. Blurry measured images (column
1) are generated using the true sharp image and blur kernel (shown in column 2).
The deconvolved images obtained using the true blur kernel are shown in column
3. Reconstructed deconvolved images and corresponding inferred blur kernel from
DeepGEM are shown in column 4.

is contained within 15×15 pixels. We choose to use images from Fashion-MNIST
because they are compatible with the TV prior used in place of log p(x). In contrast,
other natural images such as images from [8] (which were originally curated for
deconvolution) are not compatible with this handcrafted prior. While this highlights
that handcrafted priors such as TV are often insufficient, we choose to leave this to
future work. Please refer to the supplemental material for more details about the
performance of a TV prior on different types of images.

The blurry images in the first column of Fig. 3.7 exhibit artifacts from the blur
kernel in the form of repeated features, caused by the bi-modal blur kernel. The
images recovered via DeepGEM are much sharper and are comparable to the images
reconstructed with the known blur kernel. Additionally, DeepGEM reconstructs blur
kernels (i.e., kθ) that are similar to the true kernel shape, with two lobes along the
same diagonal. Note that even when there is perfect knowledge about the shape of
the blur kernel, detailed structures on the images are not recovered due to the TV



27

prior.

3.6 Case study: blind deconvolution for estimation of earthquake rupture
process using empirical Green’s function (EGF)

Whether an earthquake is a quick impulse or a complex, prolonged event with many
bursts, can tell us information about the fault behavior, rupture mechanics, and
conditions of stress. Scientists use multiple sensors across an entire fault region to
identify the earthquake’s rupture process, yielding conclusions about the fault itself.
The earthquake record is used to understand an earthquake’s rupture process. This
record is the convolution of source radiation, path propagation and site effects, and
instrument response. Isolating the source component requires solving an ill-posed
inverse problem. Whether the instability of inferred source parameters arises from
varying properties of the source, or from approximations we introduce in solving
the problem, remains an open question. Such approximations often derive from
limited knowledge of the forward problem. The Empirical Green’s function (EGF)
approach offers a partial remedy by approximating the forward response of larger
events using the records of small events. Indeed, the choice of the best small event
drastically influences the properties estimated for the larger earthquake. Discrimi-
nating variability in source properties from epistemic uncertainties, stemming from
the forward problem or other modeling assumptions, requires us to reliably account
for, and propagate, any bias or trade-off introduced in the problem. Thus, we use a
variant of DeepGEM tailored for the EGF approach to provide reliable and proba-
bilistic estimates of source parameters (here, we consider the source-time function
or STF), and their posterior uncertainty, in the time domain. We jointly solve for
the best EGF using one or a few small events as prior EGF. We demonstrate, with
toy models and various applications to mainshocks of Mw ranging from ∼4 to 6.3,
the potential of DeepGEM-EGF to disentangle the variability of the seismic source
from biases introduced by modeling assumptions.

DeepGEM setup: solving for the Source-Time Function with the E-step
The expectation step (i.e E-step) aims to approximate the posterior distribution of
our target source time function (STF) m knowing the data d using a normaliz-
ing flow-based generative model as described in Sec. 3.3. We infer the posterior
distribution qϕ(m) using variational inference where the class of normalizing flow-
based neural networks defines our variational distribution. Once we have solved for
the approximate posterior distribution, qϕ(m), we can sample from it to solve the
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M-step.

We parameterize qϕ(m) with a normalizing flow Fϕ such that qϕ(m) = p(Fϕ(z)).
At the i-th E-step, we optimize the weights ϕ(i) of our Fϕ(i) that best approximates
our posterior distribution p(m|d, θ(i−1)) through the following objective:

ϕ(i) =argmin
ϕ

KL
(
qϕ(m) ∥ p(m|d, θ(i−1))

)
≈ argmin

ϕ

1

N

N∑
n=1

[
− log p(d | θ(i−1),mn)− log p (mn) + β log qϕ (mn)

]
,

(3.10)
formn = Fϕ (zn), zn ∼ N (0, 1), a batch size of N, the prior on the STF log p(m), the
data likelihood log p(d|m, θi−1), and KL denotes the Kullback-Leibler divergence.
Note that the approximation comes from evaluation of an expectation using Monte
Carlo sampling. An additional hyperparameter β is proposed in DPI to control the
entropy of the generative model’s posterior samples. We use a Real-NVP network
[39] for Fϕ with L=32 affine coupling layers. We use Adam [40] as the optimizer
with a batch size of 1024.

We define a realistic prior over the normalized amplitude of the STF as p(m) ∼
N (m, σm). By default, m is a Gaussian-shaped STF with a σm of 5% in amplitude.
The default Gaussian-shaped m is centered on half of the preset STF length, and
has a width equal to 10% of the total preset STF duration. By default, the weight
of this prior is small and its nature has a very limited impact on the results. The
assumed σm has a larger impact, in particular on the posterior standard deviation,
as it conditions the exploration of the solution space.

Because the weight of the prior STF is small, we augment p(m) with a few specific
constraints. We want the STF to be close to zero on its boundaries, and we enforce
sparsity with a ℓ1 norm. With sparsity regularization, we avoid overestimating the
complexity of the STF due to noise and data over-fitting, while allowing for sharp
changes in the solution. We also impose a total variation regularization. Default
hyperparameters (weights for the specific constraints) were empirically chosen by
inspecting the loss and the fit to synthetic tests on a grid search.

DeepGEM setup: optimizing the EGFs for the forward model for the M-step
The maximization step (i.e. M-step) relies on estimates of the approximate posterior
qϕ(m) from the preceding E-step to update θ, the parameters of the unknown forward
model, from the initially assumed set of empirical Green’s function(s) (EGF(s)). We
define Gθ as the convolution between model parameters m and a linear kernel kθ
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of parameters θ. The kernel is a deep network consisting in multiple convolution
layers without non-linear activation, as proposed in [41] and described in Sec. 3.5:

Gθ(m) = m ∗ kθ = m ∗ θ1 ∗ θ2 ∗ ... ∗ θK
||θ1 ∗ θ2 ∗ ... ∗ θK ||∞

, (3.11)

for a K-layer network. During the i-th M-step, we optimize the weights θ(i) to
find the maximum a posteriori (MAP) of the posterior distribution of parameters θ
knowing the data d:

θ(i) =argmax
θ

log p(θ | d)

≈ argmax
θ

[
1

N

N∑
n=1

[log p (d | θ,mn)] + log p(θ)

]
,

(3.12)

for mn = Fϕ(i) (zn), zn ∼ N (0, 1). We use K=7 convolution layers to parameterize
Gθ. We use Adam as the optimizer.

As we already have a good guess for our forward model, we use a prior log p(θ) that
encourages the forward model to stay close to the initially assumed set of EGF(s).
We define log p(θ) as a weighted sum of mean absolute error (Lϕ), ℓ2-norm, and
dynamic time warping norm (LDTW ) between the updated and initial EGF(s) kθ0:

log p(θ) = −λϕ

H∑
|kθ0 − kθ(i) |︸ ︷︷ ︸

Lϕ

−λ2

H∑
(kθ0 − kθ(i))

2︸ ︷︷ ︸
ℓ2

−λDTW DTW0.1(kθ(i) , kθ0)︸ ︷︷ ︸
LDTW

,

(3.13)
with H the length of kθ(i) .

When considering multiple candidate EGFs, we parameterize kθ as an array of
independent deep networks. During the i-th M-step and for each EGF e, weights
θ
(i)
e are optimized. We augment log p(θ) with a prior Lmulti that encourages the

inferred EGFs to converge towards a single EGF k
θ
(i)
best

that minimizes α(i)
e , the misfit

between data and predictions:

log p(θ) = −Lϕ − ℓ2 − LDTW − λmulti

Lmulti︷ ︸︸ ︷∑
e

α(i)
e

H∑
(k

θ
(i)
e

− k
θ
(i)
best
)2, (3.14)

with k
θ
(i)
best

= argmin
e

α(i)
e ∝

H∑
(m(i) ∗ k

θ
(i)
e

− d)2. (3.15)

Additionally, MSE loss for each EGF can be weighted with a user-defined parameter
that can reflect the quality of each a priori selected EGF. Weights λϕ, λ2, λDTW and
λmulti were empirically chosen with a grid search on synthetic tests.
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Figure 3.8: Synthetic deconvolution test based on realistic sythetic data setup.
(a-f) Inferred (colored) and target (black) source time functions for synthetic tests
designed with waveforms (P arrivals) recorded for four neighbor M∼2 events that
occurred during the Cahuilla swarm. The mean of the source time functions is
colored from the misfit between inferred and target EGFs; the standard deviation
is shaded. (h) Mean inferred (colored) and target (black) EGF at station TOR. (g)
Stations locations.

The 2016-2019 Cahuilla swarm, CA, USA
The Cahuilla swarm outlined a complex but well-defined fault structure between the
San Jacinto and Elsinore fault zones (Fig. 3.8). [42] produced a seismicity catalog
of more than 22,000 events with Mw ranging from 0.7 to 4.4, all of which seemingly
affecting the same non-planar fault geometry. The main event (Mw 4.4) was ∼5 km
deep and likely caused drastic changes in the evolution of the swarm by allowing
fluids to circulate at shallower depth. We take advantage of this detailed seismic
catalog, with many small events, to investigate how the forward model assumptions
that we make affect our knowledge of the source parameters. Along with evaluating
the robustness of our approach and the effect of an ad-hoc selection of EGFs on the
inference of source parameters, we aim to better characterize the source process of
this puzzling event.

We use broadband seismic data recorded in Southern California for the 2018 Mw
4.41 mainshock and several M∼2-2.5 events that occurred during the Cahuilla
swarm. We use stations located within 200 km of the mainshock. We use P or S
arrival waveforms, bandpass filtered between 0.1 and 40 Hz and decimated to 40 Hz.
For S wave arrivals, our time window ends 13 sec after S arrivals. We select 1 to
4 intial EGFs, with a 2 <Mw< 2.5, that are selected using the cross-correlation of
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Figure 3.9: Improved reconstruction quality as EGF qualtiy increases. Mean
inferred (colored) and target (black) Source-Time Functions (STFs) and Empirical
Green’s Functions for toy models designed with waveforms (P arrivals only) recorded
for four (a,b) or eight (c-f) neighboring M∼2 events that occurred during the Cahuilla
swarm. In (e,f) the additional four waveforms are closer to the target than in (c,d).
Standard deviation (1σ) is shaded. EGFs are colored by the root mean squared error
(RMSE) between data and average predictions normalized for each component.

their waveforms with the mainshock waveforms at each station. The chosen EGFs
are at a distance of less than 1 km from the mainshock, after the relocated catalog
from [42]. The number of assumed EGFs depends on their SNR that should be
larger than 2. This amounts to a total of 69 events.

Synthetic tests with multiple EGFs
We first design synthetic tests that differ from the ones previously presented: the
target EGF, or the one convolved with synthetic STFs to obtain synthetic mainshock
waveforms, is now defined as a random weighted sum of up to 4 prior EGFs. The
synthetic STF is multi-peaked (3 pulses), with a duration of 0.35 to 5 sec to simulate
a M4 event. For our measurements, we use waveforms that include the P arrivals.

The results of these tests (Fig. 3.8) show that target STFs are well estimated, with
some misfit in amplitude for some peaks. Misfit between data and predictions is
generally low. In general, the inferred EGF which shows the lower data misfit
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is the one whose prior was the closest to the target EGF, which is an expected
behavior. However, EGFs with an incorrect prior also show a relatively good data
fit. Target EGFs are usually well within posterior uncertainties of mean posterior
EGFs (Fig. 3.8h). From our comparisons with results of the Landweber approach,
we can identify two potentially systematic artifacts in baseline STFs: more than
three peaks cannot be imaged, and STFs are often inaccurately imaged as highly
asymmetric, with an incorrect sharp change in amplitude.

For station TOR, we perform a few other tests to analyze the impact of the number of
a priori assumed EGFs on our inference. Target STF is more complex, with 7 pulses,
and with a duration of 4 sec. Waveforms are decimated to 20 Hz. We use 4 prior
EGFs in the control test (Fig. 3.9a,b) and use 4 additional prior EGFs in two other
tests. In one case (Fig. 3.9c,d), the additional four waveforms are random linear
combinations of the initial four prior EGFs: in other words, the additional waveforms
do not contain more information than the initial four. In the last case, the additional
four waveforms are closer to the target EGF: they are equal to the target EGF to
which 10% of the random linear combination is added (Fig. 3.9e,f). As expected, if
additional EGFs do not add information content, the inferred model is not improved.
In contrast, adding informative EGFs (i.e. more accurate EGFs) improves the quality
of the inferred STF. Adding information only very slightly improves the fit to the
data. It is therefore more efficient to assume a few well selected prior EGFs than
multiple poorly constrained priors. These tests further confirm the robustness of
DeepGEM-EGF, and its capacity to use good information.

Results
We first estimate STFs from the set of prior EGFs we selected based on cross-
correlation. Then, we analyze the effect of the choice of prior EGFs on our inference.
We compare all results to Landweber STFs. STFs inferred with all approaches and
priors agree well with our preferred results (Fig. 3.10. Apparent STFs duration
varies between 0.2 (station LMH, Fig. 3.10d) and 0.5 sec (PSD, Fig. 3.10f. To the
N-NE of the Cahuilla swarm (stations BBR, PSD to TOR), apparent STFs are long
in duration, with an energetic onset and a long decrease in amplitude. To the South
(station EML), apparent STFs are wide and more symmetric in shape. In contrast,
STFs are narrow and symmetric to the N-NW (station LMH). The variation in
apparent STFs shapes could reflect an along-strike directivity of the Mw 4.4 event
towards the northern portion of the fault.
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Figure 3.10: Applying DeepGEM-EGF to the Cahuilla swarm. Apparent STFs
inferred for the 2018 Mw 4.41 mainshock of the Cahuilla swarm, assuming the same
initial EGFs as in Fig. 3.8. (a) Using DeepGEM-EGF or (b) with the approach of
[43]. (d-h) Comparison of the results of the two different approaches at a few stations,
colored from their data misfit (cross-correlation between data and predictions). Note
that σ estimates for the Landweber approach derive from the variability of multiples
EGFs and their components, and not from posterior PDFs as for DeepGEM-EGF
results. (i) Data fit at station TOR from the DeepGEM-EGF STF. (j) Map with
stations locations. (k) Relocated catalog for the swarm, from [42].
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STFs inferred with the Landweber approach agree with DeepGEM-EGF estimates
to a certain degree. For some stations, estimates are similar (stations GOR or BOR
for instance, 220 and 120° respectively). For other stations, baseline results often
under-estimate STF durations by introducing a delayed sharp increase in amplitude
(see station EML for instance): this corresponds to the artifacts observed with our
synthetic tests. While STFs at neighbor stations are identical when estimated with
DeepGEM-EGF (JEM and MTG at 170°), they can differ strongly when inferred
with the Landweber approach.

We also compare apparent STFs inferred assuming various sets of prior EGFs.
This time, we decimate waveforms to 20 Hz to decrease computation time. Our
preferred results (Fig. 3.10 have been estimated with priors that minimize cross-
correlation, using waveforms with P arrivals. We test 3 other sets of EGFs used as
both an initialization and prior: (set 1) using S arrivals; (set 2) minimizing distance;
(set 3) minimizing cross-correlation at one station. In set (3), selected EGFs are
less than 1 km away from the mainshock and maximize the cross-correlation with
the mainshock waveforms at station PLM. This choice of station is based on the
quality of the waveforms and the deconvolution with set (2). We use identical
hyperparameters for all tests. We expect the STFs inferred with set (3) to be the
worst estimates, as EGFs are incorrectly constrained with a single station.

For all sets of EGFs, inferred STFs share similar first-order characteristics: width,
shape and azimuthal variations. STFs estimated with set (2) show a good coherence
with our preferred results. As expected, STFs estimated with set (3), while consistent
between neighbor stations, show many high frequency peaks, which could reflect
their relatively poor quality. Small posterior uncertainty on both STFs and EGFs
might suggest that over-constraining EGFs to an incorrect prior induced the model
to fall into a local minimum.

As for any inverse problem, we cannot conclude on which STF estimates are the
closest to reality. However, because of the similarity of the results for neighbor
stations, and the stability of DeepGEM-EGF estimates even for various sets of priors,
we can affirm that our results are robust. In complement, the slight variability of
our estimates made for various sets of priors suggests that DeepGEM-EGF remains
sensitive to the prior selection of EGFs.



35

3.7 Conclusions
In this chapter, I present DeepGEM, a deep probabilistic framework for tackling blind
inverse problems through estimation of the forward model. DeepGEM achieves
strong performance in the task of joint seismic tomography and earthquake source
localization, substantially outperforming standard approaches currently being used
in seismology on synthetic data. The proposed framework is flexible and can be
applied to different applications that require estimation or fine tuning of forward
model parameters. We demonstrate this flexibility by also applying the approach
to a simple, but challenging, blind image deconvolution problem. We extend this
to solving a seismic deconvolution problem. Our results highlight the benefit of
blending physically sound model-based techniques with learning machinery for
blind inverse problems.
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C h a p t e r 4

IMAGING WITH LIMITED PRIORS

This chapter is adapted from previously published work [1]–[3].

Abstract
We consider solving ill-posed imaging inverse problems without access to an image
prior or ground-truth examples. An overarching challenge in these inverse problems
is that an infinite number of images, including many that are implausible, are
consistent with the observed measurements. Thus, image priors are required to
reduce the space of possible solutions to more desirable reconstructions. However,
in many applications it is difficult or potentially impossible to obtain example images
to construct an image prior. Hence inaccurate priors are often used, which inevitably
result in biased solutions. Rather than solving an inverse problem using priors that
encode the spatial structure of any one image, we propose to solve a set of inverse
problems jointly by incorporating prior constraints on the collective structure of the
underlying images. The key assumption of our work is that the underlying images
we aim to reconstruct share common, low-dimensional structure. We show that such
a set of inverse problems can be solved simultaneously without the use of a spatial
image prior by instead inferring a shared image generator with a low-dimensional
latent space. The parameters of the generator and latent embeddings are found by
maximizing a proxy for the Evidence Lower Bound (ELBO). Once identified, the
generator and latent embeddings can be combined to provide reconstructed images
for each inverse problem. The framework we propose can handle general forward
model corruptions, and we show that measurements derived from only a small
number of ground-truth images (⩽ 150) are sufficient for image reconstruction. We
demonstrate our approach on a variety of convex and non-convex inverse problems,
including denoising, phase retrieval, and black hole video reconstruction.
4.1 Introduction
In imaging inverse problems, the goal is to recover an underlying image from
corrupted measurements, where the measurements and image are related via an
understood forward model: y = f(x) + η. Here, y are measurements, x is the
underlying image, f is a known forward model, and η is noise. Such problems are
ubiquitous and include denoising [4], [5], super-resolution [6], compressed sensing
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Figure 4.1: Method overview. In this chapter, we tackle ill-posed image reconstruc-
tion problems when a traditional image prior is not available or cannot be derived
from example images. The key idea of our work is that image reconstruction is
possible when one has access to only corrupted measurement examples and the un-
derlying images share common, low-dimensional structure. We explore such ideas
in this work in the following two ways: Left: Given a single measurement example
(with the corresponding forward model) and a set of candidate image generation
models (IGMs), we use our proposed criterion to select the best IGM from the mea-
surements alone and then recover an image posterior under that IGM. The criterion
we use for model selection is an approximation of the evidence lower bound (i.e.,
ELBOProxy in Eq. (4.3)) (see Sec. 4.3). Right: Building off of this, we consider the
setting where we must infer the IGM from noisy measurements alone (see Sec. 4.3).
In this case, we solve N inverse problems simultaneously. The inputs of this method
are N measurement examples with their known forward models, and the outputs are
a single inferred IGM and N latent embeddings that, when combined, lead to N
image reconstruction posteriors.

[7], [8], phase retrieval [9], and deconvolution [10]. Due to corruption by the forward
model and noise, these problems are often ill-posed: there are many images that are
consistent with the observed measurements, including ones that are implausible.

To combat the ill-posedness in imaging problems, solving for an image traditionally
requires imposing additional structural assumptions to reduce the space of possible
solutions. We encode these assumptions in an image generation model (IGM),
whose goal is to capture the desired properties of an image’s spatial structure.
IGMs are general; they encompass probabilistic spatial-domain priors (e.g., that
encourage smoothness or sparsity), but also include deep image generators that are
not necessarily probabilistic but are trained to primarily sample a certain class of
images.

In order to define an IGM, it is necessary to have knowledge of the underlying
image’s structure. If images similar to the underlying image are available, then an
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IGM can be learned directly [11]–[13]. However, an abundance of clean images
is not available for many scientific imaging modalities (e.g., geophysical imaging
and astronomical imaging). Collecting images in these domains can be extremely
invasive, time-consuming, expensive, or even impossible. For instance, how should
we define an IGM for black hole imaging without having ever seen a direct image of
a black hole or knowing what one should look like? Moreover, classical approaches
that utilize hand-crafted IGMs, such as total variation [14] or sparsity in a wavelet
basis [15], are prone to human bias [16].

In this work, we show how one can solve a set of ill-posed image reconstruction tasks
in an unsupervised fashion, i.e., without prior information about an image’s spatial
structure or access to clean, example images. The key insight of our work is that
knowledge of common structure across multiple diverse images can be sufficient
regularization alone. In particular, suppose we have access to a collection of noisy
measurements {y(i)}Ni=1 that are observed through (potentially different) forward
models y(i) := f (i)(x(i)) + η(i). The core assumption we make is that the different
underlying images {x(i)}Ni=1 are drawn from the same distribution (unknown a
priori) and share common, low-dimensional structure. Thus, our “prior” is not at
the spatial-level, but rather exploits the collective structure of the underlying images.
This assumption is satisfied in a number of applications where there is no access to
an abundance of clean images. For instance, although we might not know what a
black hole looks like, we might expect it to be similar in appearance over time. We
show that under this assumption, the image reconstruction posteriors p(x|y(i)) can
be learned jointly from a small number of examples {y(i)}Ni=1 due to the common,
low-dimensional structure of the collection {x(i)}Ni=1. Specifically, our main result
is that one can capitalize on this common structure by jointly solving for 1) a shared
image generatorGθ and 2)N low-dimensional latent distributions qϕ(i) , such that the
distribution induced by the push-forward of qϕ(i) through Gθ approximately captures
the image reconstruction posterior p(x|y(i)) for each measurement example i ∈ [N ].

Our Contributions
We outline the main contributions of our work, which extends our prior work
presented in [2]:

1. We solve a collection of ill-posed inverse problems without prior knowledge
of an image’s spatial structure by exploiting the common, low-dimensional
structure shared across images. This common structure is exploited when
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inferring a shared IGM with a low-dimensional latent space.

2. To infer this IGM, we define a loss inspired by the evidence lower bound
(ELBO). We motivate this loss by showing how it aids in unsupervised image
reconstruction by helping select one IGM from a collection of candidate IGMs
using a single measurement example.

3. We apply our approach to convex and non-convex inverse problems, such as
denoising, black hole compressed sensing, and phase retrieval. We establish
that we can solve inverse problems without spatial-level priors and demonstrate
good performance with only a small number of independent measurement
examples (e.g., ⩽ 150).

4. We theoretically analyze the inferred IGM in linear inverse problems under
a linear image model to show that in this setting the inferred IGM performs
dimensionality reduction akin to PCA on the collection of measurements.

4.2 Background and related work
We now discuss related literature in model selection and learning-based IGMs. In
order to highlight our key contributions, we emphasize the following assumptions
in our framework:

1. We do not have access to a set of images from the same distribution as the
underlying images.

2. We only have access to a collection of measurement examples, where each
example comes from a different underlying image. The number of examples
N is small, e.g., N ⩽ 150.

3. For each underlying image x(i) we wish to reconstruct, we only have access
to a single measurement example y(i) = f (i)(x(i)) + η(i). That is, we do not
have multiple observations of the same underlying image. Note each f (i) can
be potentially different.

Model selection
Model selection techniques seek to choose a model that best explains data by bal-
ancing performance and model complexity. In supervised learning problems with
sufficiently large amounts of data, this can be achieved simply by evaluating the
performance of different candidate models using reserved test data [17]. However,
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in image reconstruction or other inverse problems with limited data, one cannot af-
ford to hold out data. In these cases, model selection is commonly conducted using
probabilistic metrics. The simplest probabilistic metric used for linear model selec-
tion is adjusted R2 [18]. It re-weights the goodness-of-fit by the number of linear
model parameters, helping reject high-dimensional parameters that do not improve
the data fitting accuracy. Similar metrics in nonlinear model selection are Bayesian
Information Criterion (BIC) [19] and Akaike Information Criterion (AIC) [20]. AIC
and BIC compute different weighted summations of a model’s log-likelihood and
complexity, offering different trade-offs between bias and variance to identify the
best model for a given dataset.

In our work, we consider the use of the ELBO as a model selection criterion. In [21],
[22], the use of the ELBO as a model selection criterion is theoretically analyzed and
rates of convergence for variational posterior estimation are shown. Additionally,
[23] proposes a generalized class of evidence lower bounds leveraging an extension
of the evidence score. In [24], the ELBO is used for model selection to select a few,
discrete parameters modeling a physical system (e.g., parameters that govern the
orbit of an exoplanet). A significant difference in our context, however, is that we
use the ELBO as a model selection criterion in a high-dimensional imaging context,
and we optimize the ELBO over a continuous space of possible parameters.

Learning IGMs
With access to a large corpus of example images, it is possible to directly learn
an IGM to help solve inverse problems. Seminal work along these lines utilizing
generative networks showcased that a pre-trained Generative Adversarial Network
(GAN) can be used as an IGM in the problem of compressed sensing [13]. To solve
the inverse problem, the GAN was used to constrain the search space for inversion.
This approach was shown to outperform sparsity-based techniques with 5-10x fewer
measurements. Since then, this idea has been expanded to other inverse problems,
including denoising [25], super-resolution [26], magnetic resonance imaging (MRI)
[27], [28], and phase retrieval [29], [30]. However, the biggest downside to this
approach is the requirement of a large dataset of example images similar to the
underlying image, which is often difficult or impossible to obtain in practice. Hence,
we consider approaches that are able to directly solve inverse problems without
example images.

Methods that aim to learn an IGM from only noisy measurements have been pro-
posed. The main four distinctions between our work and these methods are that these
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works either: 1) require multiple independent observations of the same underlying
image, 2) can only be applied to certain inverse problems, 3) require significantly
more observations (either through more observations of each underlying image or by
observing more underlying images), or 4) require significant hyperparameter tuning
based on knowledge of example images.

Noise2Noise (N2N) [31] learns to denoise images by training on a collection of
noisy, independent observations of the same image. To do so, N2N learns a neural
network Φθ whose goal is to map between noisy images y and denoised images x.
Since it has no denoised image examples to supervise training, it instead employs a
loss that maps between noisy examples of the same underlying image. This objective
is as follows:

argmin
θ

N∑
i=1

E
y
(i)
1 ∼Y1

E
y
(i)
2 ∼Y2

[L(Φθ(y
(i)
1 ), y

(i)
2 )], (4.1)

where y
(i)
j corresponds to a noisy observation of the i-th underlying image x(i),

and Yj is a distribution of noisy images where Ey∼Yj
[y] = x. This N2N objective

requires at least two observations of the same image and is limited by the assumption
that the expected value of multiple observations of a single image is the underlying
image. Thus, N2N is only applicable to denoising problems where the forward
model is the identity matrix with independent noise on each pixel. Additionally,
in practice N2N requires thousands of underlying images (i.e., N = O(1000)) to
perform well. Thus, N2N’s main distinctions with our work are distinctions 1), 2),
and 3).

Regularization by Artifact Removal (RARE) [32] generalizes N2N to perform
image reconstruction from measurements under linear forward models. That is, the
objective in Eq. (4.1) is modified to include a pseudo-inverse. Nonetheless, multiple
observations of the same underlying image are required, such that Ey∼Y [A

†y] = x

for the pseudo-inverse matrix A†. Thus, RARE suffers from the same limiting
distinctions as N2N (i.e., 1), 2), and 3)).

Noise2Void [33] and Noise2Self [34] assume that the image can be partitioned such
that the measurement noise in one subset of the partition is independent conditioned
on the measurements in the other subset. This is true for denoising, but not applicable
to general forward models. For example, in black hole and MRI compressed sensing,
it is not true that the measurement noise can be independently partitioned since each
measurement is a linear combination of all pixels. While this makes Noise2Void and
Noise2Self more restrictive in the corruptions they can handle compared to RARE,
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they also don’t require multiple observations of the same underlying image. Hence
the main differences between these works and our own are distinctions 2) and 3).

AmbientGAN [35] and other similar approaches based on GANs [36] and Varia-
tional Autoencoders (VAEs) [37], [38] have been proposed to learn an IGM directly
from noisy measurements. For instance, AmbientGAN aims to learn a generator
whose images lead to simulated measurements that are indistinguishable from the
observed measurements; this generator can subsequently be used as a prior to solve
inverse problems. However, AmbientGAN requires many measurement examples
(on the order of 10,000) to produce a high quality generator. We corroborate this
with experiments in Section 4.4 to show that they require many independent ob-
servations and/or fine tuning of learning parameters to achieve good performance.
Thus, the main distinctions between AmbientGAN and our work are 3) and 4).

Deep Image Prior (DIP) [39] uses a convolutional neural network as an implicit
“prior”. DIP has shown strong performance across a variety of inverse problems to
perform image reconstruction without explicit probabilistic priors. However, it is
prone to overfitting and requires selecting a specific stopping criterion. While this
works well when example images exist, selecting this stopping condition from noisy
measurements alone introduces significant human bias that can negatively impact
results. Thus, the main distinction between DIP and our work is 4).

We would also like to highlight additional work done to improve certain aspects
of the DIP. While the original DIP method used a U-Net architecture [40], other
works such as the Deep Decoder [41] and ConvDecoder [42] used a decoder-like
architecture that progressively grows a low-dimensional random tensor to a high-
dimensional image. When underparameterized, such architectures have been shown
to avoid overfitting and the need for early stopping. Other works mitigating early
stopping include [43], which takes a Bayesian perspective to the DIP by using
Langevin dynamics to perform posterior inference over the weights to improve
performance and show this does not lead to overfitting.

4.3 Approach
In this work, we propose to solve a set of inverse problems without prior access to an
IGM by assuming that the set of underlying images have common, low-dimensional
structure. We motivate the use of optimizing the ELBO to infer an IGM by showing
that it is a good criterion for generative model selection in Section 4.3. Then, by
optimizing the ELBO, we show in Section 4.3 that one can directly infer an IGM
from corrupted measurements alone by parameterizing the image model as a deep



46

<latexit sha1_base64="oFRJSYdVWMrgyRyG8vpkI/ytoJE=">AAACE3icbVC7SgNBFJ31GeMramkzGASxCLsS1DJoES2ECOYBSQizk5tkyOyDmbtiWPYfbPwVGwtFbG3s/BsnmxSaeGDgzDn3MXPcUAqNtv1tLSwuLa+sZtay6xubW9u5nd2aDiLFocoDGaiGyzRI4UMVBUpohAqY50qou8PLsV+/B6VF4N/hKIS2x/q+6AnO0Eid3HEL4QHj6/JNQlu03InTezo3dmUEiREGgCxJsp1c3i7YKeg8caYkT6aodHJfrW7AIw985JJp3XTsENsxUyi4hCTbijSEjA9ZH5qG+swD3Y7T3Qk9NEqX9gJljo80VX93xMzTeuS5ptJjONCz3lj8z2tG2Dtvx8IPIwSfTxb1IkkxoOOAaFco4ChHhjCuhHkr5QOmGEcT4zgEZ/bL86R2UnBOC8XbYr50MY0jQ/bJATkiDjkjJXJFKqRKOHkkz+SVvFlP1ov1bn1MShesac8e+QPr8wfziJ7c</latexit>

IGM G✓

<latexit sha1_base64="6jihr4nBzCM+wyusFSrzZKIA0cU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1I1QdONKKtgHNGmYTCft0MkkzEyEEOKvuHGhiFs/xJ1/47TNQlsPXDiccy/33uPHjEplWd/Gyura+sZmaau8vbO7t28eHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek609upn73kQhJI/6g0pi4IRpxGlCMlJY8s+Jk6SCr0dPcyb2MXtn54M4zq1bdmgEuE7sgVVCg5ZlfzjDCSUi4wgxJ2betWLkZEopiRvKyk0gSIzxBI9LXlKOQSDebHZ/DE60MYRAJXVzBmfp7IkOhlGno684QqbFc9Kbif14/UcGlm1EeJ4pwPF8UJAyqCE6TgEMqCFYs1QRhQfWtEI+RQFjpvMo6BHvx5WXSOavb5/XGfaPavC7iKIEjcAxqwAYXoAluQQu0AQYpeAav4M14Ml6Md+Nj3rpiFDMV8AfG5w8/45SF</latexit>

{y(i)}N
i=1

<latexit sha1_base64="egaPUz9ycTVWT08tHmnirW3AGZE="></latexit>
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Figure 4.2: We propose to solve a collection of N ill-posed inverse problems by
exploiting the common, low-dimensional structure of the underlying images. Given
a set of N measurement examples {y(i)}Ni=1 from N different underlying images, we
propose to model each image posterior as the output of a shared IGM with a low-
dimensional latent space. In particular, each posterior is approximated by Gθ♯qϕ(i) ,
the push-forward of qϕ(i) through Gθ, where Gθ is the shared, common generator to
all N examples and qϕ(i) is a low-dimensional, variational distribution particular to
the i-th example. The parameters, θ and {ϕ(i)}Ni=1, are colored in blue and are jointly
inferred. That is, such parameters are inferred specifically for the measurements
{y(i)}Ni=1. The loss we use is the negative ELBOProxy, which is denoted by L and
given by Eq. (4.5). Note that there is no notion of a training set and test set as we
aim to solve the inverse problems jointly from all available measurements.

generative network with a low-dimensional latent distribution. The IGM network
weights are shared across all images, capitalizing on the common structure present
in the data, while the parameters of each latent distribution are learned jointly with
the generator to model the image posteriors for each measurement example.

Motivation for ELBO as a model selection criterion
In order to accurately infer an IGM, we motivate the use of the ELBO as a loss
by showing that it provides a principled criterion for selecting an IGM to use as
a prior model. Suppose we are given noisy measurements from a single image:
y = f(x) + η. In order to reconstruct the image x, we traditionally first require an
IGMG that captures the distribution xwas sampled from. A natural approach would
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be to find or select the model G that maximizes the model posterior distribution
p(G|y) ∝ p(y|G)p(G). That is, conditioned on the noisy measurements, find the
IGM of highest likelihood. Unfortunately computing p(y|G) is intractable, as it
requires marginalizing and integrating over all x encompassed by the IGM G.
However, we show that this quantity can be well approximated using the ELBO.

To motivate our discussion, we first consider estimating the image posterior p(x|y,G)

by learning the parameters ϕ of a variational distribution hϕ(x). Observe that the
definition of the KL-divergence followed by an application of Bayes’ theorem gives

DKL(hϕ(x) ∥ p(x|y,G)) := Ex∼hϕ(x)

[
log

hϕ(x)

p(x|y,G)

]
= Ex∼hϕ(x)

[
log

hϕ(x)p(y|G)

p(y|x,G)p(x|G)

]
= −Ex∼hϕ(x)[log p(y|x,G) + log p(x|G)− log hϕ(x)]

+ log p(y|G).

The ELBO of an IGM G given measurements y under variational distribution hϕ is
defined by

ELBO(G, hϕ; y) := Ex∼hϕ(x)[log p(y|x,G)

+ log p(x|G)− log hϕ(x)]. (4.2)

Rearranging the previous equation, we see that by the non-negativity of the KL-
divergence that

log p(y|G) = DKL(hϕ(x) ∥ p(x|y,G))

+ ELBO(G, hϕ; y)

⩾ ELBO(G, hϕ; y).

Thus, we can lower bound the model posterior as

log p(G|y) ⩾ ELBO(G, hϕ; y) + log p(G)− log p(y).

Note that log p(y) is independent of the parameters of interest, ϕ. If the variational
distribution hϕ(x) is a good approximation to the posterior p(x|y,G), DKL ≈ 0.
Thus, maximizing log p(G|y) with respect to G is approximately equivalent to
maximizing ELBO(G, hϕ; y) + log p(G).

Each term in the ELBO objective encourages certain properties of the IGM G.
In particular, the first term in the ELBO, Ex∼hϕ(x)[log p(y|x,G)], requires that
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G should lead to an image estimate that is consistent with our measurements y.
The second term, Ex∼hϕ(x)[log p(x|G)], encourages images sampled from hϕ(x)

to have high likelihood under our model G. The final term is the entropy term,
Ex∼hϕ(x)[− log hϕ(x)], which encourages a G that leads to “fatter” minima that are
less sensitive to small changes in likely images x under G.

ELBOProxy

Some IGMs are explicit, which allows for direct computation of log p(x|G). For ex-
ample, if our IGM modelsx as isotropic Gaussian with varianceλ, then− log p(x|G) ∝
λ−1∥x∥22. In this case, we can optimize the ELBO defined in Equation (4.2) directly
and then perform model selection. However, an important class of IGMs that we are
interested in are those given by deep generative networks. Such IGMs are not prob-
abilistic in the usual Bayesian interpretation of a prior, but instead implicitly enforce
structure in the data. A key characteristic of many generative network architectures
(e.g., VAEs and GANs) that we leverage is that they generate high-dimensional
images from low-dimensional latent representations. Bottlenecking helps the net-
work learn global characteristics of the underlying image distribution while also
respecting the low intrinsic dimensionality of natural images. However, this means
that we can only compute log p(x|G) directly if we have an injective map [44]. This
architectural requirement limits the expressivity of the network.

We instead consider a proxy of the ELBO that is especially helpful for deep generative
networks. That is, suppose our IGM is of the form x = G(z). Introducing a
variational family for our latent representations z ∼ qϕ(z) and choosing a latent
prior distribution log pZ(z|G), we arrive at the following proxy of the ELBO:

ELBOProxy(G, qϕ; y) := Ez∼qϕ(z)[log p(y|G(z))

+ log pZ(z|G)− log qϕ(z)]. (4.3)

In our experiments, we chose pZ(z|G) to be an isotropic Gaussian prior. This is a
common choice in many generative modeling frameworks and has shown to be a
good choice of prior in the latent space.

To motivate this proxy, it is instructive to consider the case where our variational
distribution hϕ := G♯qϕ is the push-forward of a latent distribution qϕ through an
injective or invertible function G. To be precise, recall the following definition of
the push-forward measure.
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Definition 1. Let G : Rk → Rn be a measurable function and suppose p is a
distribution (or, more generally, a measure) on Rk. Then the push-forward measure
µ := G♯p is the measure on Rn that satisfies the following: for all Borel sets A of
Rn, µ(A) = p(G−1(A)) where G−1(A) denotes the preimage of A with respect to
G.

The push-forward measure essentially characterizes how a distribution p changes
when passed through a functionG. It follows from the definition of the push-forward
that x ∼ G♯qϕ if and only if x = G(z) where z ∼ qϕ. In the case hϕ = G♯qϕ for an
injective function G, the ELBO and ELBOProxy are equivalent, as shown in the
following proposition:

Proposition 1. Suppose G : Rk → Rn is continuously differentiable and injective.
For two probability distributions pZ and qϕ on Rk, define the measures p(·|G) =

G♯pZ and hϕ = G♯qϕ. Then

ELBO(G, hϕ; y) = ELBOProxy(G, qϕ; y) ∀y ∈ Rm.

Proof. It suffices to show

Ex∼hϕ(x)[ log p(x|G)− log hϕ(x)]

= Ez∼qϕ(z)[log pZ(z|G)− log qϕ(z)]

Let JG(z) ∈ Rn×k denote the Jacobian of G at an input z ∈ Rk. Since G is injective
and continuously differentiable with p(·|G) = G♯pZ , we can compute the likelihood
of any point x ∈ range(G) [44] via

log p(x|G) = log pZ(G
†(x)|G)

− 1

2
log | det[JG(G†(x))TJG(G

†(x))]|

where G† is the inverse of G on its range. This is essentially the classical change-of-
variables formula specialized to the case when G is injective and we wish to access
likelihoods on the range of G. Note that this equation is only valid for points in the
range of the injective function G. Likewise, since hϕ = G♯qϕ, we can compute the
entropy of hϕ for any point x ∈ range(G) as

log hϕ(x) = log qϕ(G
†(x))

− 1

2
log | det[JG(G†(x))TJG(G

†(x))]|.
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Now observe that for x ∼ hϕ, x ∈ range(G) as hϕ is the push-forward of qϕ through
G. Thus, for x ∼ hϕ, we have that

log p(x|G)− log hϕ(x)

= log pZ(G
†(x)|G)− log qϕ(G

†(x)).

By the definition of the push-forward measure, we have that x ∼ hϕ implies x =

G(z) for some z ∼ qϕ. Using our previous formulas, we can compute the expectation
over the difference log p(x|G)− log hϕ(x) with respect to hϕ as

Ex∼hϕ(x)[log p(x|G)− log hϕ(x)]

= Ex∼hϕ(x)[log pZ(G
†(x)|G)− log qϕ(G

†(x))]

= Ez∼qϕ(z)[log pZ(G
†(G(z))|G)− log qϕ(G

†(G(z)))]

= Ez∼qϕ(z)[log pZ(z|G)− log qϕ(z)].

An important consequence of this result is that for injective generators G, the
inverse of G (on its range) is not required for computing the ELBO. In this case,
the ELBOProxy is in fact equivalent to the ELBO. While not all generators G

will be injective, quality generators are largely injective over high likelihood image
samples. In Section 4.3 and Fig. 4.3, we experimentally show that this proxy
can aid in selecting potentially non-injective generative networks from corrupted
measurements.

Toy example

To illustrate the use of the ELBOProxy as a model selection criterion, we conduct
the following experiment that asks whether the ELBOProxy can identify the best
model from a given set of image generation models. For this experiment, we use
the MNIST dataset [45] and consider two inverse problems: denoising and phase
retrieval. We train a generative model Gc on each class c ∈ {0, 1, 2, . . . , 9} using
the clean MNIST images directly. Hence, Gc generates images from class c via
Gc(z) where z ∼ N (0, I). Then, given noisy measurements yc from a single image
from class c, we ask whether the generative model Gc from the appropriate class
would achieve the best ELBOProxy. Each Gc is the decoder of a VAE with a
low-dimensional latent space, with no architectural constraints to ensure injectivity.
For denoising, our measurements are yc = xc + ηc where ηc ∼ N (0, σ2I) and
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σ =
√
0.5. For phase retrieval, yc = |F(xc)|+ ηc where F is the Fourier transform

and ηc ∼ N (0, σ2I) with σ =
√
0.05.

We construct 10 × 10 arrays for each problem, where in the i-th row and j-th
column, we compute the negative ELBOProxy obtained by using model Gi−1 to
reconstruct images from class j − 1. We calculate ELBOProxy(Gc, qϕc ; yc) by
parameterizing qϕc with a Normalizing Flow [46] and optimizing network weights
ϕc to maximize (4.3). The expectation in the ELBOProxy is approximated via
Monte Carlo sampling. Results from the first 5 classes are shown in Fig. 4.3 and
the full arrays are shown in the supplemental materials. We note that all of the
correct models are chosen in both denoising and phase retrieval. We also note some
interesting cases where the ELBOProxy values are similar for certain cases, such
as when recovering the 3 or 4 image. For example, when denoising the 4 image,
both G4 and G9 achieve comparable ELBOProxy values. By carefully inspecting
the noisy image of 4, one can see that both models are reasonable given the structure
of the noise.

Simultaneously solving many inverse problems
As the previous section illustrates, the ELBOProxy provides a good criterion for
choosing an appropriate IGM from noisy measurements. Here, we consider the
task of directly inferring the IGM from a collection of measurement examples
y(i) = f (i)(x(i)) + η(i) for i ∈ [N ], where the parameters are found by optimizing
the ELBOProxy. The key assumption we make is that common, low-dimensional
structure is shared across the underlying images {x(i)}Ni=1. We propose to find a
shared generator Gθ with weights θ along with latent distributions qϕ(i) that can
be used to reconstruct the full posterior of each image x(i) from its corresponding
measurement example y(i). This approach is illustrated in Fig. 4.2. Having the
generator be shared across all images helps capture their common collective struc-
ture. Each forward model corruption, however, likely induces its own complicated
image posteriors. Hence, we assign each measurement example y(i) its own latent
distribution to capture the differences in their posteriors. Note that because we opti-
mize a proxy of the ELBO, the inferred distribution may not necessarily be the true
image posterior, but it still captures a distribution of images that fit to the observed
measurements.

Inference approach More explicitly, given a collection of measurement examples
{y(i)}Ni=1, we jointly infer a generator Gθ and a set of variational distributions
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Figure 4.3: We consider two inverse problems: denoising and phase retrieval.
Top: the two topmost rows correspond to the ground-truth image xc and the noisy
measurements yc. Center: in each column, we show the means of the distribu-
tion induced by the push-forward of Gj and each latent distribution z ∼ qϕj

for
j ∈ {0, . . . , 9}. Bottom: each column of the array corresponds to the negative
ELBOProxy achieved by each model in reconstructing the images. Here, lower
is better. Boxes highlighted in green correspond to the best negative ELBOProxy
values in each column. In all these examples, the correct model was chosen.
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Figure 4.4: Improvement with an increasing number of noisy observations. We
demonstrate our method of inferring an IGM to perform denoising for an increasing
number of noisy MNIST images (5, 75, and 150 images from left to right). We show-
case results on three randomly selected examples that appear in each collection of
inverse problems. In each panel, we include the ground-truth, noisy measurements,
mean of the posterior, and standard deviation of the posterior. We also include the
residual error divided by the empirical standard deviation for N = 150. On the far
right, we visualize reconstructions using an IGM trained on the full clean MNIST
8’s class (6000 images). We observe that the mean reconstructions and standard
deviations from our low-data IGMs become more similar to the full-data IGM with
increasing data. Our residual errors are largely within 3 standard deviations.
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Figure 4.5: Denoising 95 images of celebrity A. We demonstrate our method de-
scribed in 4.3 using 95 noisy images of a celebrity. Here we show the underlying
image (row 1), noisy measurements (row 2), mean reconstruction (row 3), and resid-
ual error (row 4) for a subset of the 95 different noisy images. Our reconstructions
are much less noisy than the measurements and recover sharp features that are hard
to discern in the noisy images. We visualize the residual error normalized by the
empirical standard deviation, which indicates errors are largely within 3 standard
deviations (refer to the colorbar in Fig. 4.4). Note that no explicit spatial-domain
prior/regularizer was used in denoising.

{qϕ(i)}Ni=1 by optimizing a Monte Carlo estimate of the ELBOProxy from Eq. (4.3),
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described by:

{θ̂, ϕ̂(1), . . . , ϕ̂(N)} ∈ argmax
θ,{ϕ(i)}Ni=1

L (4.4)

where

L =
1

N

N∑
i=1

ELBOProxy(Gθ, qϕ(i) ; y(i)) + log p(Gθ). (4.5)

In terms of choices for log p(Gθ), we can add additional regularization to promote
particular properties of the IGM Gθ, such as having a small Lipschitz constant.
Here, we consider having sparse neural network weights as a form of regularization
and use dropout [47] during training to represent log p(Gθ).

Once a generator Gθ̂ and variational parameters ϕ̂(i) have been inferred, we solve the
i-th inverse problem by simply sampling x̂(i) = Gθ̂(ẑ

(i)) where ẑ(i) ∼ qϕ̂(i)(z(i)) or
computing an average x(i) = 1

T

∑T
t=1Gθ̂(ẑ

(i)
t ). Producing samples for each inverse

problem can help visualize the range of uncertainty under the learned IGMGθ̂, while
the expected value of the distribution empirically provides clearer estimates with
better metrics in terms of PSNR or MSE. We report PSNR outputs in our subsequent
experiments and also visualize the standard deviation of our reconstructions.

4.4 Experimental results
We now consider solving a set of inverse problems via the framework described in
4.3. For each of these experiments, we use a multivariate Gaussian distribution to
parameterize each of the posterior distributions qϕ(i) and a Deep Decoder [41] with
6 layers, 150 channels in each layer, a latent size of 40, and a dropout of 10−4 as
the IGM. The multivariate Gaussian distributions are parameterized by means and
covariance matrices {µ(i),Λ(i) = UiU

T
i + εI}Ni=1, where εI with ε = 10−3 is added

to the covariance matrix to help with stability of the optimization. We choose to
parameterize the latent distributions using Gaussians for memory considerations.
Note that the same hyperparameters are used for all experiments demonstrating our
proposed method.

In our experiments, we also compare to the following baseline methods: Ambi-
entGAN [35], Deep Image Prior (DIP) [48], and regularized maximum likelihood
using total variation (TV-RML). AmbientGAN is most similar to our setup, as it
constructs an IGM directly from measurement examples; however, it doesn’t aim
to estimate image reconstruction posteriors, but instead aims to learn an IGM that
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Figure 4.6: Denoising baseline comparisons. We compare to various baselines
(AmbientGAN, Deep Image Prior (DIP), and regularized maximum likelihood using
TV (TV-RML) with weight λ), and we report the average PSNR across all 95
reconstructions. We show both early stopping and full training results using DIP.
Our method exhibits higher PSNR than all other baselines. We also include results
for baselines that require fine-tuning to demonstrate sensitivity to subjective stopping
conditions.

samples from the full underlying prior. TV-RML uses explicit total variation regu-
larization, while DIP uses an implicit convolutional neural network “prior”. As we
will show, all these baseline methods require fine-tuning hyperparameters to each
set of measurements in order to produce their best results. All methods can also
be applied to a variety of inverse problems, making them appropriate choices as
baselines.

Denoising
We show results on denoising a collection of noisy images of 8’s from the MNIST
dataset in Fig. 4.4 and denoising a collection of noisy images of a single face from
the PubFig [49] dataset in Fig. 4.5. The measurements for both datasets are defined
by y = x + η where η ∼ N (0, σ2I) with an SNR of ∼-3 dB for the MNIST digits
and an SNR of ∼15 dB for the faces. Our method is able to remove much of the
added noise and recovers small scale features, even with only 10’s of observations.
As shown in Fig. 4.4, the reconstructions achieved under the learned IGM improves
as the number of independent observations increases. Our reconstructions also
substantially outperform the baseline methods, as shown in Fig. 4.6. Unlike DIP,
our method does not overfit and does not require early stopping. Our method does
not exhibit noisy artifacts like those seen in all baselines methods, despite such
methods being fine-tuned. We show quantitative comparisons in Table 4.1.

In Fig. 4.7 we show additional multi-noise denoising experiments where we have 75
noisy images, which have 3 different noise levels. More formally, y(i) = x(i) + η
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Figure 4.7: Multi-noise denoising. We demonstrate our method described in
Section 4.3 to perform denoising on measurement collections experiencing different
noise levels. For each experiment, we use 75 measurement examples, which are
defined by y(i) = x(i)+η where η ∈ {η1, η2, η3} and ηi ∼ N (0, σ2

i I). In Experiment
1, we use noisy measurement examples that have additive noise with standard
deviations of 0.01, 0.1, and 0.5. In Experiment 2, we use noisy measurement
examples that have additive noise with standard deviations of 0.2, 0.3, and 0.5. We
visualize the true underlying images, the measurement used for each experiment,
and the mean of the image reconstruction posterior. Most of the reconstructions
recover the primary features of the true image. However, in Experiment 1, the
reconstructions of the low SNR measurements exhibit bias and do not match the true
images well. This is likely because in Experiment 1, the high SNR measurements
influence the inferred IGM more strongly than low SNR measurements, leading to
biased reconstructions for the reconstructions highlighted in the red box.

where η ∈ {η1, η2, η3} and ηi ∼ N (0, σ2
i I). In Experiment 1, the noise levels have

a wide range, and we use standard deviations of {σ1, σ2, σ3} = {0.01, 0.1, 0.5}.
In Experiment 2, the noise levels are much closer together, and we use standard
deviations of {σ1, σ2, σ3} = {0.2, 0.3, 0.5}. When the SNRs are similar (as in
Experiment 2), the reconstructions match the true underlying images well. How-
ever, when the measurements have a wide range of SNRs (i.e., Experiment 1), the
reconstructions from low SNR measurements exhibit bias and poorly reconstruct
the true underlying image, as shown in Fig.4.7. This is likely because the high
SNR measurements influence the inferred IGM more strongly than the low SNR
measurements. The full set of results are available in the supplemental materials.



57

Truth
Fourier Gaussian

Mean StdMode 1 Mode 2

Figure 4.8: Phase retrieval from MNIST 8’s. We demonstrate our method de-
scribed in 4.3 to perform phase retrieval on 150 images. For the Fourier phase
retrieval setting, we show examples from the two observed modes of the posterior.
For the Gaussian phase retrieval setting, we show the mean and standard deviation
of our reconstructions.

(a) UV Coverage (b) UV Coverage

u 

v

(c) Ground-Truth (d) Target (e) Dirty Image (AHy)

Figure 4.9: Visualization of the intrinsic resolution of the EHT compressed
sensing measurements. The EHT measures sparse spatial frequencies of the image
(i.e., components of the image’s Fourier transform). In order to generate the under-
lying image (c), all frequencies in the entire domain of (a) must be used. Restricting
spatial frequencies to the ones in (a) and (b)’s green circle generates the target (d),
where (b) is a zoom in of (a). The EHT samples a subset of the interior of the green
circle, indicated by the sparse black samples in (b). Naively recovering an image
using only these frequencies results in the dirty image (e), which is computed by
AHy. The 2D spatial Fourier frequency coverage represented with (u, v) positions
is referred to as the UV coverage.
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Figure 4.10: Recovering a 60-day video of the M87 black hole with the EHT
telescope array under a compressed sensing forward model. Left: We demon-
strate our method described in 4.3 using simulated measurements from 60 frames of
an evolving black hole target with the forward model described in Fig. 4.9. Here we
show the underlying images, dirty images (AHy, see Fig. 4.9), and mean reconstruc-
tion, respectively. Additionally, we show the unwrapped space × time image, which
is taken along the overlaid white ring illustrated in the day 1 underlying image. The
bright-spot’s temporal trajectory of our reconstruction matches that of the truth.
Right: We compare our method to various baselines methods. Our results are much
sharper and exhibit less artifacts than AmbientGAN and TV-RML with weight λ.
Note that we include results using AmbientGAN with both default parameters and
fine-tuned parameters.

Phase retrieval
Here we consider solving non-convex inverse problems, and demonstrate our ap-
proach on phase retrieval. Our measurements are described by y = |F(x)| + η

where F(·) is a linear operator and η ∼ N (0, σ2I). We consider two types of mea-
surements, one where F(·) is the Fourier transform and the other when F(·) is an
m× n complex Gaussian matrix with m = ⌈0.1n⌉. Since each measurement is the
magnitude of complex linear measurements, there is an inherent phase ambiguity
in the problem. Additionally, flipping and spatial-shifts are possible reconstructions
when performing Fourier phase retrieval. Due to the severe ill-posedness of the
problem, representing this complicated posterior that includes all spatial shifts is
challenging. Thus, we incorporate an envelope (i.e., a centered rectangular mask)
as the final layer of Gθ to encourage the reconstruction to be centered. Nonetheless,
flipping and shifts are still possible within this enveloped region.

We show results from a set of N = 150 noisy phase retrieval measurements from
the MNIST 8’s class with a SNR of ∼52 dB. We consider three settings: 1) all
measurements arise from a Gaussian measurement matrix, 2) all measurements
arise from Fourier measurements, and 3) half of the measurements are Gaussian and
the other half are Fourier. We show qualitative results for cases 1 and 2 in Fig. 4.8.
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Baselines

Forward model Ours AmbGAN DIP DIP TV TV
Dataset N y = f(x) + η fine-tuned fewer epochs many epochs lower λ higher λ
celeb. A 95 y = x+ η 27.0 22.9 25.6 25.4 26.2 26.9
celeb. B 95 y = x+ η 26.2 19.7 24.4 25.2 25.9 26.4
MNIST 8’s 150 y = x+ η 21.1 18.0 18.8 13.3 16.4 18.2
M87* (target) 60 y = Ax+ η 29.3 25.7 29.0 28.6 24.3 25.9

Table 4.1: Quantitative comparisons to baselines. We show the mean PSNR
between the reconstructions of different methods (ours, AmbientGAN [35], DIP
[48], and TV-RML) with either the true underlying image or the target in the case
of black hole compressed sensing. The highest PSNR for each set of measurements
is in bold. We fix the hyperparameters of the baselines across each forward model,
empirically selecting them for good performance on each type of problem. Note that
the range in performance depends on the choice of hyperparameters. For denoising,
the DIP results corresponds to 100 and 300 epochs for the fewer and many epochs
baselines, respectively, and the lower and higher λ’s are 1e3 and 1e4, respectively.
For black hole compressed sensing, the DIP results corresponds to 1000 and 3000
epochs for the fewer and many epochs baselines, respectively, and the lower and
higher λ’s are 1e2 and 1e3, respectively. Visual examples of celeb B. are shown in
the supplemental materials.

In the Gaussian case, we note that our mean reconstructions are nearly identical to
the true digits and the standard deviations exhibit uncertainty in regions we would
expect (e.g., around edges). In the Fourier case, our reconstructions have features
similar to the digit 8, but contain artifacts. These artifacts are only present in the
Fourier case due to additional ambiguities, which lead to a more complex posterior
[50]. We also show the average PSNR of our reconstructions for each measurement
model in Table 4.2. For more details on this experiment, please see Section ?? of
the supplemental materials.

Idealized black hole imaging
We consider a real-world inverse problem for which ground-truth data would be
impossible to obtain. In particular, we consider a compressed sensing problem
inspired by astronomical imaging of black holes with the Event Horizon Telescope
(EHT): suppose we are given access to N measurement examples of the form
y(i) = A(i)x(i) + η(i) where A(i) ∈ Cm×n is a low-rank compressed sensing matrix
arising from interferometric telescope measurements and η(i) denotes noise with
known properties (e.g., distributed as a zero-mean Gaussian with known covariance).
The collection of images {x(i)}Ni=1 are snapshots of an evolving black hole target.
This problem is ill-posed and requires the use of priors or regularizers to recover
a reasonable image [51]. Moreover, it is impossible to directly acquire example



60
Measurement Operator(s)
Gaussian Fourier Both

Gaussian 30.8 — 30.2
Fourier — 13.6 19.4

Table 4.2: Phase Retrieval PSNRs for different measurement operators. Each
column corresponds to the type of measurements that the method was given (a total
of N = 150). In the case of “Both”, 75 Gaussian measurements and 75 Fourier
measurements were given. We then show the average PSNR for our reconstructions
given the specific measurement operator (either Fourier or Gaussian). Note that
when given both Gaussian and Fourier measurement examples our method exhibits
a higher PSNR on the recovered images from Fourier examples than when given
only Fourier measurements. Additionally, there is only a slight decrease in perfor-
mance on the Gaussian measurement reconstructions as compared to given entirely
Gaussian examples.

images of black holes, so any pixel-level prior defined a priori will exhibit human
bias. Recovering an image, or movie, of a black hole with as little human bias
as possible is essential for both studying the astrophysics of black holes as well as
testing fundamental physics [52], [53]. We show how our proposed method can be
used to tackle this important problem. In particular, we leverage knowledge that,
although the black hole evolves, it will not change drastically from minute-to-minute
or day-to-day. We study two black hole targets: the black hole at the center of the
Messier 87 galaxy (M87∗) and the black hole at the center of the Milky Way galaxy
– Sagattarius A* (Sgr A∗).

Imaging M87∗ using the current EHT array We first consider reconstructing the
black hole at the center of the Messier 87 galaxy, which does not evolve noticeably
within the timescale of a single day. The underlying images are from a simulated
60 frame video with a single frame for each day. We show results on N = 60

frames from an evolving black hole target with a diameter of ∼40 microarcseconds,
as was identified as the diameter of M87 according to [54], [55] in Fig. 4.10. In
particular, the measurements are given by {y(i) = Ax(i) + η(i)}Ni=1, where x(i) is
the underlying image on day i, A is the forward model that represents the telescope
array, which is static across different days, and the noise η(i) ∼ N (0,Σ) has a
covariance of Σ, which is a diagonal matrix with realistic variances based on the
telescope properties1. Measurements are simulated from black hole images with a
realistic flux of 1 Jansky [56]. We also visualize a reference “target” image, which

1We leave the more challenging atmospheric noise that appears in measurements for future work.
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Figure 4.11: Visualization of the EHT forward model of Sgr A∗ over time. The
spatial frequency space coordinates of Sgr A∗ from an ngEHT [57] array measured
over a course of one night is shown on the top. Snapshots of the coordinates that
are measured at different times are shown on the bottom. Note that the location and
sparsity of the measurement coordinates change over time.

is the underlying image filtered with a low-pass filter that represents the maximum
resolution achievable with the telescope array used to collect measurements – in this
case the EHT array consisting of 11 telescopes (see Fig. 4.9 and Section ?? in the
supplemental materials).

As seen in Fig. 4.10, our method is not only able to reconstruct the large scale
features of the underlying image without any aliasing artifacts, but also achieves a
level of super-resolution (see Table ?? in the supplemental materials). Our recon-
structions also achieve higher super-resolution as compared to our baselines (i.e.,
AmbientGAN, TV-RML, and DPI) in Fig. 4.10 and do not exhibit artifacts evident
in the reconstructions from these baselines. The two AmbientGAN settings were
qualitatively chosen to show that the final result is sensitive to the choice of hyper-
parameters. The default AmbientGAN parameters produce poor results, and even
with fine-tuning to best fit the underlying images (i.e., cheating with knowledge of
the ground-truth), the results still exhibit substantial artifacts. We outperform the
baselines in terms of PSNR when compared to the target image (see Table 4.1). Our
results demonstrate that we are able to capture the varying temporal structure of the
black hole, rather than just recovering a static image. It is important to note that
there is no explicit temporal regularization introduced; the temporal smoothness is
implicitly inferred by the constructed IGM.
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Figure 4.12: Recovering a video of the Sgr A* black hole with a futuristic tele-
scope array over the course of a night under a compressed sensing forward
model. We demonstrate our method described in 4.3 to perform video reconstruc-
tion on 60 frames of a video, where the measurements for each frame are generated
by different forward models given by imaging Sgr A∗. Here we show the under-
lying image, the dirty image (AHy), and the mean of the reconstructed posterior.
Additionally, we show the unwrapped space × time image, which is taken along the
white ring illustrated in the 4:00 UTC underlying image. The bright-spot’s temporal
trajectory of our reconstruction matches that of the truth. The measurement noise
is consistent with a black hole having a flux of 2 Janskys.

Imaging Sgr A∗ from multiple forward models The framework we introduce
can also be applied to situations in which the measurements themselves are induced
by different forward models. In particular, the measurements {y(i) = f (i)(x(i)) +

η(i)}Ni=1 are given by an underlying image x(i), a forward model f (i) that is specific
to that observation, and noise η(i) with known properties.

As an illustrative example, we consider the problem of reconstructing a video of the
black hole at the center of the Milky Way – Sagittarius A∗ (Sgr A∗). Unlike M87∗,
Sgr A∗ evolves on the order of minutes. Therefore, we can only consider that the
black hole is static for only a short time when only a subset of telescopes are able
to observe the black hole. This results in a different measurement forward model
for each frame of the black hole “movie” [58]. In particular, the measurements are
given by {y(i) = A(i)x(i) + η(i)}Ni=1, where x(i) is the underlying image at time i,
A(i) is the forward model that incorporates the telescope configuration at that time,
and η(i) ∼ N (0,Σ(i)) is noise where Σ(i) is a diagonal matrix with realistic standard
deviations derived from the telescopes’ physical properties. The measurement noise
is consistent with a black hole with a flux of 2 Janskys. The measurement operator
is illustrated in Fig. 4.11.

We show examples of reconstructing 60 frames of Sgr A∗ with a diameter of
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∼50 microarcseconds using measurements simulated from a proposed future next-
generation EHT (ngEHT) [57] array, which consists of 23 telescopes. These results
are shown in Fig. 4.12. Our reconstructions remove much of the aliasing artifacts
evident in the dirty images and reconstructs the primary features of the underlying
image without any form of temporal regularization. These results have high fidelity
especially considering that the measurements are very sparsely sampled. Although
these results come from simulated measurements that do not account for all forms
of noise we expect to encounter, the high-quality movie reconstructions obtained
without the use of a spatio-temporal prior show great promise towards scientific
discovery that could come from a future telescope array paired with our proposed
reconstruction approach.

Black hole imaging under atmospheric errors
In the previous section, we described a simpler black hole interferometry problem
under no atmospheric noise, which allowed us to model the measurement generation
process as a compressed sensing problem. In reality, the atmospheric error is not
negligible. We consider a more realistic imaging problem where what we measure
is a single 2D spatial Fourier frequency of the image x for each pair of telescopes
a and b at time t. This measurement is called the complex visibility F t

a,b(x). This
results in

(
St

2

)
measurements for St observing telescopes at time t. For more details

on how these measurements are acquired, see [59]. In Fig. 4.9, we visualize the
measured frequency coverage, measurements of M87* for an EHT array with 11
telescopes, and the intrinsic resolution of the telescope array.

In reality, the complex visibility measurements made by the array of telescopes, such
as the EHT, include different sources of noise. Specifically, the noisy measurements
are characterized by Γt

a,b = ei(ϕ
t
a−ϕt

b)F t
a,b(x) + ηta,b, where F t

a,b is the ideal Fourier
component measured by telescopes a, b at time t, ηta,b is noise arising from Gaussian
thermal noise [60], and ϕa and ϕb are phase errors arising from the inhomogeneity
of the atmosphere [61]. These phase errors make the phase from raw visibility
measurements unusable at mm and sub-mm wavelengths [61], rendering black
hole imaging as a phase retrieval problem. However, when we consider a set
of three telescopes a, b, c, in the triple product Γt

a,bΓ
t
b,cΓ

t
c,a, we have an identity

property ei(ϕa−ϕb)ei(ϕb−ϕc)ei(ϕc−ϕa) = 1. Hence, the product Γa,bΓb,cΓc,a, called the
bispectrum, is invariant to atmospheric error [62]. This motivates the usage of the
phase of the bispectrum, called the closure phase, as a constraint for the image
reconstruction problem. Additionally, with calibration, the visibility amplitudes
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|Γt
a,b| can be well estimated [59], giving us a second set of constraints2. Formally,

we define our measurements for a single image as

y := (yamp., yclph.)

yamp. :=
{
|Γt

a,b|
}
(a,b)∈St

2,t
=
{
|F t

a,b(x)|+ ηamp.,t
a,b

}
(a,b)∈St

2,t

yclph. :=
{
∠(Γt

a,bΓ
t
b,cΓ

t
c,a)
}
(a,b,c)∈St

3,t

=
{
∠(F t

a,b(x)F
t
b,c(x)F

t
c,a(x)) + ηclph.,ta,b,c

}
(a,b,c)∈St

3,t
(4.6)

where a, b, c index telescopes, t is a time stamp from 0 to T , and St
k =

(
St

k

)
3.

Following [59], [63] we treat the noise on yamp. and yclph. as Gaussian.

Modifications to objective: In the black hole phase-retrieval problem setting, each
measurement y can be described as Eq. 4.6, which induces
ELBOProxy(Gθ, qϕ(i) ; {yamp.,(i), yclph.,(i)}). To combine these into a single ob-
jective, we control the relative strength between the visibility amplitude and clo-
sure phase data-fits with a hyperparameter α, resulting in the updated data-fit
log p(y|G(z)) from Eq. 4.3:

log p(y|G(z)) = log p(yclph.|Gθ(z)) + α log p(yamp.|Gθ(z))

Since phase retrieval problems have intrinsic phase ambiguities, spatial shifts and
flips are possible reconstructions. Closure phases remove the flip ambiguity, but
the spatial shift ambiguity still remains. Modeling such a multi-modal distribution
is challenging, so we introduce a centering loss term to help with the optimization.
The center loss is defined by Lcenter := 1

2N

∑N
i=1

∣∣(Center(x(i))− COM(x(i)))
∣∣2

where Center(x)4 and COM(x)5 are the center point and the center of mass of the
image x respectively. We use the hyperparameter β to control the strength of the
centering loss, which we anneal from β to 0 as a function of epoch k (εk). Thus our
final optimization objective is

{θ̂, ϕ̂(1), . . . , ϕ̂(N)} = argmin
θ,{ϕ(i)}Ni=1

{LELBO + βεkLcenter} .

2Although the amplitudes can be largely calibrated, some error typically remains. As phase
errors are much more challenging, we chose to make the simplifying assumption of fully calibrated
amplitudes in this work.

3It is unnecessary to use all |St
3| closure phase measurements. We use the minimum set St

3 such
that the set of all telescopes St = ∪Si∈St

3
Si.

4Center(x) :=
(
1
2 (M + 1), 1

2 (M + 1)
)

5COM(x) := 1∑M
m,n=1 xmn

∑M
m,n=1 xmn(m,n)
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Once the parameters have been inferred, x̂(i) is found by sampling ẑ(i) ∼ qϕ̂(i)(z(i))

and computing x̂(i) = Gθ(ẑ
(i)).
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Figure 4.13: Our reconstructions of selected frames from a video of M87*. We
show the ground truth, dirty image, target image (see Fig. 4.9), and empirical mean
and standard deviation of our reconstructed image distribution for selected frames
from the 60-frame M87* video. Additionally, we show the unwrapped space vs.
time image, which is taken counter-clockwise along the ring; the trajectory of the
bright spot in our reconstruction matches the true image. Our method reconstructs
the primary features of the true underlying images while also reconstructing some
high frequency features.

Imaging M87∗ using the current EHT array under atmosphere We show
results of our reconstruction method on selected frames in Fig. 4.13. The target
image is computed by blurring the ground-truth image to the intrinsic resolution
of the EHT telescope array (∼25 µas), as shown in Fig. 4.9.d. The time × angle
plots, which visualize the temporal trajectory of the ring, are created by plotting
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Ours MEM-RML TV-RML TSV-RML DIP AmbientGAN

PSNR (↑) 30.870 26.112 26.119 26.079 24.986 13.573
NXCorr (↑) 0.980 0.955 0.956 0.953 0.916 0.519

Figure 4.14: Baseline comparisons. We show results from the following baseline
methods: regularized maximum likelihood with maximum entropy (MEM-RML),
total variation (TV-RML), and total-squared-variation (TSV-RML), Deep Image
Prior (DIP) [48], and AmbientGAN [35]. We show the average peak signal to noise
ratio (PSNR) and normalized cross correlation (NXCorr) compared to the target
images (see Fig. 4.13). Our method exhibits fewer artifacts and has the highest
average PSNR and NXCorr, although PSNR is not an ideal metric due to the shift
ambiguities in phase retrieval.

the intensity counter-clockwise for each of the 60 frames. Since we reconstruct
not just a single image but an image distribution, we show images of the empirical
mean and standard deviation. Our reconstructions are visually similar to the target
and accurately reconstruct the primary features while reconstructing some high-
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frequency features. Additionally, the time × angle plots of our reconstructions are
similar to that of the target, indicating that our reconstruction accurately captures
the dynamics of the black hole even without any temporal regularization. We find
that our reconstructions best match the ground truth image at a 10 µas resolution,
substantially smaller than the intrinsic 25 µas resolution of the telescope, implying
that our approach also achieves a level of superresolution.

Baseline Comparisons We further quantify the quality of the reconstruction by
comparing our reconstruction to baseline methods in Fig. 6.3. We used the official
EHT published code in eht-imaging [64] to produce the regularized maximum
likelihood (RML) baselines with the following regularizers: maximum entropy
(MEM-RML) [65], total variation (TV-RML) [66], and total squared variation
(TSV-RML) [67]. We also include the following baselines: 1) Deep Image Prior
(DIP) [48], which uses a deep implicit prior that we modify to have a centering loss
and 2) AmbientGAN [35], which learns the underlying data distribution through a
generative model directly from noisy measurements.

We show the peak signal-to-noise ratio (PSNR) and normalized cross-correlation
(NXCorr) for each method compared to the target image. Our method exhibits
the highest PSNR and NXCorr, is visually more accurate in reconstructing the
image features, and exhibits less artifacts than the other reconstruction methods.
Unlike the RML baselines, our method is able to reconstruct the dynamics of
the spiral structure in Frame 20. Moreover, our results have temporal consistency,
substantially outperforming DIP even when using the same centering loss throughout
DIP’s inference.

For our forward model dependent hyperparameters, we find that the choice of α has
a substantial impact on the data-fit while the reconstructions are less sensitive to β

since it is annealed quickly during optimization.

4.5 Theory for linear IGMs
We now introduce theoretical results on the inferred IGM for linear inverse problems.
Specifically, we consider the case when the IGMGθ is linear and the latent variational
distributions are Gaussian. The goal of this section is to develop intuition for the
inferred IGM in a simpler setting. While our results may not generalize to non-linear
generators parameterized by deep neural networks, our results aim to provide an
initial understanding on the inferred generator.

More concretely, suppose we are given N measurement examples of noisy linear
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measurements of the form

y(i) := Ax(i) + η(i), η(i) ∼ N (0, σ2I)

where A ∈ Rm×n with m ⩽ n and x(i) ∈ Rn. We aim to infer Gθ ∈ Rn×k with
k < n and latent distributions qϕ(i) = N (µi, UiU

T
i ) where ϕ(i) = {µi, Ui}, µi ∈ Rk,

and Ui ∈ Rk×k by minimizing the negative ELBOProxy:

L(Gθ, {ϕ(i)}) := 1

N

N∑
i=1

Ez∼q
ϕ(i)(z)

[− log p(y(i)|Gθ(z))

− log pZ(z|Gθ) + log qϕ(i)(z)]. (4.7)

We characterize the generator G∗ and latent parameters ϕ
(i)
∗ = {µ∗

i , U
∗
i } that are

stationary points of (4.7). The result is proven in Section ??:

Theorem 2. Fix σ > 0 and let y(i) = Ax(i) + η(i) ∈ Rn for i ∈ [N ] where
η(i) ∼ N (0, σ2I) and A ∈ Rm×n has k ⩽ rank(A) = m ⩽ n. Define the sample
covariance of the measurements YN := 1

N

∑N
i=1 y

(i)(y(i))T . Then, with probability
1, G∗, µ∗

i , and U∗
i that satisfy

AG∗ := Ek(Lk − σ2I)1/2R,

µ∗
i := (GT

∗A
TAG∗ + σ2I)−1GT

∗A
Ty(i), and

U∗
i := σ(GT

∗A
TAG∗ + σ2I)−1/2R̃,

for i ∈ [N ] are stationary points of the objective (4.7) overRn×k×(Rk×GL(k,R))N

where GL(k,R) denotes the set of real invertible k × k matrices. Here, Ek ∈
Rm×k denotes the matrix whose columns correspond to the top-min{rank(YN), k}
eigenvectors of YN , Lk ∈ Rk×k contains the corresponding eigenvalues of YN ,
and R, R̃ ∈ Rk×k are arbitrary orthogonal matrices. If rank(YN) < k, then for
rank(YN) < i ⩽ k, the i-th column of Ek can be arbitrary and Lk,ii = σ2.

The Theorem establishes the precise form of stationary points of the objective (4.7).
In particular, it shows that this inferred IGM performs dimensionality reduction akin
to PCA [68] on the collection of measurement examples. To gain further intuition
about the Theorem, in Section ?? of the supplemental materials, we analyze this
result in a context where the underlying images we wish to reconstruct explicitly lie
in a low-dimensional subspace. We show that, in that setting, our estimator returns
an approximation of the solution found via MAP estimation, which can only be
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computed with complete prior knowledge of the underlying image structure. While
the Theorem focused on linear IGMs, it would be interesting to theoretically analyze
non-linear IGMs parameterized by deep networks. We leave this for future work.

4.6 Conclusion
In this work we showcased how one can solve a set of inverse problems without
a pre-defined IGM (e.g., a traditional spatial image prior) by leveraging common
structure present across a collection of diverse underlying images. We demonstrated
that even with a small set of corrupted measurements, one can jointly solve these
inverse problems by directly inferring an IGM that maximizes a proxy of the ELBO.
We demonstrate our method on a number of convex and non-convex imaging prob-
lems, including the challenging problem of black hole video reconstruction from
interferometric measurements. Overall, our work showcases the possibility of solv-
ing inverse problems in a completely unsupervised fashion, free from significant
human bias typical of ill-posed image reconstruction. We believe our approach
can aid in automatic discovery of novel structure from scientific measurements,
potentially paving the way to new avenues of exploration.
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C h a p t e r 5

HIGH RESOLUTION EIKONAL IMAGING OF KILAUEA

Abstract
Images of the Earth’s interior can provide us with insight into the underlying prop-
erties of the Earth, such as how seismic activity might emerge and the interplay be-
tween seismic and volcanic activity. Understanding these systems requires reliable
high-resolution images to understand mechanisms and estimate physical quantities.
However, reliable images are often difficult to obtain due to the non-linear nature of
seismic wave propagation and the ill-posedness of the related inverse problem. Re-
constructions rely on good initial estimates as well as hand-crafted priors, which can
ultimately bias solutions. In our work, we present a 3D reconstruction of Kilauea’s
magmatic system at a previously unattained resolution. Our eikonal tomography pro-
cedure improves upon prior imaging results of Kilauea through increased resolution
and per-pixel uncertainties estimated through variational inference. In particular,
solving eikonal imaging using variational inference with stochastic gradient descent
enables stable inversion and uncertainty quantification in the absence of strong prior
knowledge of the velocity structure. Our work makes two key contributions: devel-
oping a stochastic eikonal tomography scheme with uncertainty quantification and
illuminating the structure and melt quantity of the magmatic system that underlies
Kilauea.

5.1 Introduction
Kilauea volcano in Hawai‘i is one of the most extensively monitored volcanoes on
Earth. Since the onset of the decades-long Pu‘u ‘O‘o eruption in 1983, seismo-
logical, geodetic, and gravity investigations into the sustained eruptive activity at
Kilauea have provided a rich understanding of the location of the volcano’s near-
surface melt reservoirs, rift zone structure, and dike pathways and dynamics [1]–[4].
The summit of Kilauea is an approximately 3 km by 4 km caldera underlain by two
magma chambers at depths of 1-2 and 3-5 km [5]. Two rift zones, the Southwest Rift
Zone and the East Rift Zone, extend from Kilauea’s summit. Intrusive dikes origi-
nating at the summit travel through either of these two rift zones; the dike associated
with the 2018 caldera collapse episode at Kilauea traveled tens of km down the
East Rift Zone, breaching the surface at multiple locations [5]. The East Rift Zone
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is underlain by a décollement at 9-12 km depth that marks the boundary between
the Hawaiian volcanic pile and the paleoseafloor [6]; the décollement is capable of
hosting large (M ∼ 7) earthquakes [7] as well as slow slip [8]. Because of Kilauea’s
frequent eruptive activity and dense geophysical monitoring network, pre-eruptive
patterns of deformation and seismicity originating within the upper kilometers of
the subsurface can often be interpreted to assess the volcano’s immediate eruptive
potential [5], [8]–[10].

Our understanding of Kilauea’s longer-term eruption cycle behavior, however, may
be limited by our understanding of the lower-crustal and mantle structures that supply
magma to the volcano. Kilauea is supplied with magma from a zone of melting at
80-100 km depth proximal to the Hawaiian hotspot [6]. Recent work has suggested
that structures within Kilauea’s mantle plumbing system can have an important
influence on short-term fluctuations in magma supply rate to Kilauea, which may in
turn influence its eruptive behavior on timescales of weeks to years [11]. During an
observed “magma surge” episode in 2003-2007, the rate of magma supply to Kilauea
increased by a factor of roughly two [12]; other work has suggested that such surges
may be enabled by feedback loops between tectonic and magmatic processes within
mantle magma-bearing structures [11]. Furthermore, temporal correlations between
eruptions at Kilauea and earthquake swarms at >30 km depth have been interpreted
to evidence an “open” fluid connection between the surface and the mantle through
which pressure gradients can rapidly propagate [13]. While density anomalies
constrained by gravity modeling [14] and concentrations of long-period seismicity
[6], [15] suggest the existence of a columnar magma conduit extending downwards
from Kilauea’s shallow reservoirs, the extent, geometry, and compositional melt
fraction of this structure is still unknown. Improving our understanding of the mid-
to-lower crustal structures that supply magma to Kilauea would allow us to better
understand the features that enable short-term magma surges to the volcano, as well
as the correlations between surface unrest and mantle seismicity.

Numerous seismic tomography models have been developed to study subsurface
structure at Kilauea [16]–[21] but there is still significant uncertainty about the
overall magma storage beneath the Hawai‘i volcanic system. Prior models typically
resolve features along Kilauea’s rift zones, corresponding to basaltic dikes, as well
as anomalies at depths of 1-12 km beneath the caldera that are usually interpreted
as corresponding to the deposition of ultramafic cumulates and a magma column
beneath the summit [22], [23]. As the amount of high-quality first-arrival pick
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data collected at Kilauea has grown, the resolution of resolved models has steadily
increased (e.g., [21]). However, more detailed conclusions from such models are
often hindered by challenges associated with the tomographic inverse problem.

It is well known that seismic tomography is ill-posed and non-unique [24], and these
properties result from several factors including the sparsity of noisy observations
and the non-linearity of the forward problem. Consequently, inversion results are
sensitive to the initial values and rely on strong regularization (e.g., smoothing)[24].
Seismic imaging studies typically utilize dampening as a form of regularization,
which relies on the assumption that the initial 1-D velocity model captures the
first-order structure of the underlying region of interest (e.g., [25]). However, an
incomplete or inaccurate initialization can cause the inversion to be trapped in local
minima due to the non-linearity of the optimization problem; thus, solving for a
single reconstruction may provide a limited or biased view of the structures that are
actually constrained by the available travel-time data [26].

The uncharacterized uncertainty of the velocity, which results from the non-linear
and non-unique tomography problem, limits our ability to draw robust inferences
about the geometry and melt fraction of melt storage regions. For example, existing
tomographic models of Kilauea generally resolve a single, undifferentiated velocity
anomaly that is interpreted as a melt storage region below the caldera surface,
although evidence from geodetic studies suggests the presence of multiple, distinct
chambers [3], [12]. Without quantitative information about model uncertainty, it
is difficult to assess these models’ ability to differentiate between a single spatially
distributed melt storage region or multiple neighboring chambers. Furthermore,
placing confidence bounds on melt fraction values calculated from velocity values
within imaged melt storage regions (e.g., [27]) requires an estimate of uncertainty
in the model parameters, which is not available in typical tomographic workflows.

In this study, we develop an eikonal tomography procedure and apply it to produce
a high-resolution tomographic image of the crust beneath the Kilauea summit. Our
technique leverages advances in statistical inference to produce first-order uncer-
tainty estimates through variational inference on recovered tomographic models. In
particular, we use stochastic optimization through Monte Carlo sampling, which en-
ables stable inversion in settings with weak or no priors. We validate our technique
on realistic test cases and then apply our technique to travel-time data recorded at
Kilauea volcano and identify a distinctly high-VP /VS region beneath the summit
that we interpret as the magma-bearing column connecting the surface reservoirs
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Figure 5.1: Source-receiver geometry and recovered 3D magmatic system from
a subdomain of the Island of Hawai’i. For our real data study and realistic-
geometry synthetic tests, we consider the sources and receivers in a small region
(magenta dashed rectangle) of the Island of Hawai’i that includes the Kilauea caldera.
The black rectangle in the inset map shows the location of the area plotted in the
main plotted map. We use a total of 18 receivers (magenta triangles) and 45,310
earthquake events (dots colored by depth). These events were located using the
method described in [28], but with modifications discussed in Sec. 5.5. We visualize
the cross sections A-A’ and B-B’ used for later figures (blue lines). The bottom
figure depicts our reconstruction of the 3D magmatic system that underlies Kilauea
with long-period (LP) volcanic events are highlighted and located at the bottom of
a large magmatic volume.

to magma supply from the mantle. We take advantage of our derived uncertainties
to estimate the size of this column and constrain a melt fraction of roughly 15%
within this column. Our results suggest the existence of persistent melt structures
connecting Kilauea to the mantle that may enable feedback between the surface and
deeper parts of the magma plumbing system.
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5.2 Methodological Background
Travel time tomography (TTT)
Traditionally, seismic tomography using travel times has been solved using ray-
based tomography techniques [25], [29], [30]. These methods aim to solve for a
heterogeneous velocity model through modeling the ray trajectory, which are curved
by the heterogeneous velocity model. However, continuously curved ray tracing is
expensive, so in practice, ray-based tomography often uses pseudo-ray bending [31],
which relaxes the curved ray tracing problem into a piecewise linear approximation
to improve efficiency. Ray-theory-based tomography techniques [25], [29] are often
very efficient, but they are only an approximation of continuous ray tracing, which
is a weak approximation of the wave equation.

Imaging using the eikonal equation has recently become possible due to improve-
ments in computation. The eikonal equation, which is an infinite frequency approx-
imation of the wave equation, underlies the arrival times of earthquakes and governs
the travel time along the shortest path between two points [32]. Let the travel time
for a seismic wave be defined as T induced by velocity V . The eikonal equation
relates the travel time to velocity and is defined by

||∇Txs(x)||2 =
(

1

V (x)

)2

with the boundary condition Txs(xs) = 0 (5.1)

where Txs(x) ∈ C1(R2d) is the travel time field between source location xs ∈ Rd

and receiver location x ∈ Rd induced by the velocity model V and V (x) is the
velocity at a location x. In other words, the eikonal equation states that the velocity
V (x) at a location x is inversely proportional to the norm of the gradient of the
travel time field Txs(x) with respect to that location x. For an earthquake’s P and S
waves, the associated arrival times are induced by separate velocity models, which
we denote as VP and VS respectively.

It has become relatively common in recent years to solve seismic imaging problems
with Bayesian inference [33], [34]. Here, prior knowledge about the velocity can
be incorporated when available to help stabilize the inverse problem like in [35]. In
the simplest setting, one can solve for the minimizer of the maximum a posteriori
(MAP) objective. In particular, the MAP approach for TTT aims to find the velocity
model V (e.g., VP or VS) that maximizes the following objective given travel time
measurements y (e.g., P wave or S wave travel times)

V̂ = argmax
V

log p(y|V )︸ ︷︷ ︸
log data likelihood

+ log p(V )︸ ︷︷ ︸
log prior

. (5.2)
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Often, the travel time measurement from sources {xsi}i∈S and receivers {xrj}j∈R
induced by a velocity model V are assumed to be of the form

{yij = Txsi
(xrj) + εij}i∈S,j∈R (5.3)

where S and R represent the set of sources and receivers respectively. The
measurement noise εij is commonly assumed to follow a Gaussian distribution
εij ∼ N (0, σij). This measurement noise model produces the data likelihood
model yij ∼ N (Txsi

(xrj), σij), which results in the log data likelihood, log p(y|V ),
taking the form of a weighed sum of squared error (SSE):

V̂ = argmax
V

∑
ij

1

σ2
ij

(yij − Txsi
(xrj))

2

︸ ︷︷ ︸
log data likelihood

+ log p(V )︸ ︷︷ ︸
log prior

. (5.4)

Eikonal-based travel time calculations can be advantageous to those derived from
traditional ray-tracing due to their greater stability in the presence of strong velocity
heterogeneity [34], [36]–[41]. Historically, however, eikonal TTT has been less
popular; this may be due to various factors including particular challenges of solving
the eikonal equation itself [32], [42], added computation time and memory, and the
limited availability of strategies for solving these inverse problems. Recently [40],
[41] developed an adjoint-state approach for eikonal TTT that requires relatively
low memory overhead, enabling the approach to scale to millions of source-receiver
pairs. In our approach, we utilize this adjoint operator to update the inferred velocity
model.

Variational inference in seismic imaging
Posterior estimation is a useful tool in ill-posed imaging problems because it provides
estimates of uncertainty for image reconstruction. Two popular classes of posterior
estimation methods are Markov Chain Monte Carlo (MCMC) [43] and variational
inference (VI) [44]. Although MCMC is exact and asymptotically converges to the
true posterior, it is computationally demanding to reach the true solution, which is
hard to validate. Moreover, it scales poorly to high dimensional posterior distri-
butions and can be prohibitively expensive computationally even for 2D imaging
problems[45]. On the other hand, VI is much more efficient at estimating the pos-
terior by constraining estimation over a tractable class of parameterized candidate
distributions, but approximates the distribution through this tractable candidate set,
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making it less exact. In our work, we focus on using VI for uncertainty quantification
due to the high dimensional 3D imaging case that we consider.

VI poses the Bayesian posterior inference problem as one of optimization, in which
the the target distribution is approximated with a parameterized candidate distribu-
tion [45]. This candidate distribution is the one that best fits the target distribution
and is a member of a pre-specified class of distributions, referred to as the variational
class. It is found through optimization by minimizing a loss (e.g., Kullback Leibler
divergence [46]) between distributions through argminθ DKL(qθ||p). The choice of
variational class is extremely important to well-estimate the posterior, but having
more complex variational classes can make the variational inference problem less
tractable. There is a trade-off that must be considered between the expressivity of
the variational distribution and the efficiency of the optimization problem.

Prior works in seismic imaging performing uncertainty quantification for TTT using
VI include [33], [47]. In particular, [47] looks at 2D posterior estimation using
ADVI and Stein variational gradient descent (SVGD) while [33] uses normalizing
flows as the variational distribution. There are other works that study uncertainty
quantification for full-waveform inversion (FWI) using VI including [48], [49] which
use SVGD for FWI.

Hypocenter locations
Earthquake hypocenters are almost always determined by solving an inverse prob-
lem and thus subject to error, which ultimately can impact the resulting tomography.
However, accurate locations depends on accurate velocity models, creating signif-
icant trade-off between the two quantities [30]. For this reason, iterative methods
that alternate between localization and tomography are popular to prevent bias from
poor hypocenter locations [25], [29], [41]. However, accurately estimating the
joint uncertainty in the retrieved hypocentral locations and tomographic models is
challenging in this iterative framework because of non-convexity.

One way to circumvent the need for iterative methods is to better localize earthquakes
initially by implicitly capturing the unmodeled 3D structure without systematically
biasing the locations. A popular technique to do this is using source specific station
correction terms (SSSTs) when locating events [50], [51]. Given the origin times (i.e.
the time of earthquake rupture), which are solved for concurrently, the hypocenter
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locations corrected with SSSTs are found by solving the following objective:

{x̂si}i∈S = arg min
{xsi}i∈S

{τij}(i,j)∈S×R

∑
i,j

γij||(Txsi
(xrj)− τij)− yij|| (5.5)

s.t. τij = Median({δkj}kj) where

δkj = |Txsk
(xrj)− ykj)| for xsk ∈ Br(xsi)

where the SSST value, τij , corresponding to each travel time measurement yij is
found through iteratively shrinking the neighborhood Br(xsi), a ball of radius r and
γij weighs each neighbor based on the quality of the measurement. Essentially,
this implicitly incorporates the unmodeled 3D structure through estimating a local
correction τij and finds the optimal location based on this implicit structure.

5.3 Method
Our variational method performs high resolution eikonal tomography without the
need to relocate hypocenters during the inversion procedure. Our approach aims to
solve for the minimizer of the Kullback-Leibler (KL) divergence, a commonly used
objective for VI, which aims to find the optimal recovered posterior distribution
qθ(V ). In particular, our goal is to find the optimal set of parameters θ for our
inferred posterior distribution qθ(V ) which belongs to some predefined variational
distribution P. The optimization problem we aim to solve is

θ∗ = argmin
θ∈P

DKL(qθ(V )||p(V |y))

= argmin
θ∈P

EV∼qθ(V )
[log qθ(V )− log p(V |y)]

= argmin
θ∈P

EV∼qθ(V )
[log qθ(V )− log p(y|V )− log p(V )

+ log p(y)]

= argmin
θ∈P

EV∼qθ(V )
[ log qθ(V )︸ ︷︷ ︸
neg log entropy

− log p(y|V )︸ ︷︷ ︸
log data likelihood

− log p(V )︸ ︷︷ ︸
log prior

]. (5.6)

The log data likelihood takes on different forms depending on how the added noise
is modeled. For instance, a very common assumption is that the measurements
have i.i.d. Gaussian additive noise εij ∼ N (0, σ) where the log data likelihood
is log p(yij|V ) = 1

σ2 ||Txsi
(xrj) − yij||2 and the measurements are assumed to be

of the form yij ∼ Txsi
(xrj) + εij . Another setting that we consider is when the

noise is i.i.d. Laplacian additive noise εij ∼ Laplace(0, b) where the log data
likelihood is log p(yij|V ) = 1

b
||Txsi

(xrj) − yij||1 and the measurements are of the
form yij ∼ Txsi

(xrj) + εij . In this work, we consider the setting where the prior,
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log p(V ), is implicit and consequently ignored in Eq. 5.6. In particular, we assume
an implicit prior through gradient smoothing that is described in Sec. 5.3 and set
log p(V ) in 5.6 to be 0.

For our variational family, we use a multivariate log normal distribution of the
form V ∼ Lognormal(µ, σI) where µ, σ ∈ Rnx×ny×nz for V ∈ Rnx×ny×nz . The
log normal variational distribution ensures that the velocity is non-negative. Our
inferred posterior distribution qθ(V ) is the distribution that minimizes the negative
log data likelihood (− log p(y|V )), minimizes the negative log prior (− log p(V )),
and maximizes the entropy (− log qθ(V )) of the distribution, which encourages
diversity of the samples of the inferred posterior.

We estimate the expectation in Eq. 5.6 using Monte Carlo by averaging over samples
from the inferred posterior distribution qθ(V ) giving

θ∗ ≈ argmin
θ∈P

1

N

N∑
i=1

[log qθ(V
(i))− log p(y|V (i))]

for log p(V (i)) = 0. (5.7)

We solve the optimization problem in Eq. 5.7 using gradient descent and initialize
the velocity model to be the 1D model used for source localization in [28]. The
uncertainty is computed through sampling the distribution and computing per-pixel
standard deviations. The forward eikonal prediction is performed using the Pykonal
solver developed by [52] and the gradient is computed via the adjoint state described
by [41]. Unlike second order methods like BFGS, gradient based methods allow for
stochastic gradients, which are induced from the Monte Carlo sampling procedure.
For the optimizer, we use Adam [53], a popular optimizer used in machine learning
which adaptively updates learning rates. We refer to log qθ(V (i)) as our reconstructed
posterior or inferred posterior and show visualizations of the empirical mean and
standard deviations of our reconstructed posterior distribution. We also refer to the
empirical mean as the mean reconstruction.

Gradient smoothing
Many inverse problems are ill-posed and require the usage of priors to prevent
overfitting to suboptimal solutions. In seismology, tomography methods typically
employ Laplacian regularization to penalize roughness and avoid overfitting to noise.

An alternative regularization approach, designed for iterative inversion algorithms
based on gradient descent, smooths the gradient of log p(y|V ) from Eq. 5.6 spatially
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to avoid overfitting. We adopt this latter approach in our study and spatially smooth
the gradient of log p(y|V ) annealing the degree of smoothing over the course of the
optimization. We implement the gradient smoothing with a 3D isotropic Gaussian
blur through the following parameter update rule,

V (k+1) = V (k) − ηG(r(k))
δL
δV

(5.8)

where η is the learning rate (step length),G is a Gaussian spatial smoothing operator,
r(k) is the radius of isotropic Gaussian blur that monotonically decreases over epochs
(iterations) k, and L is the objective as defined in Eq. 5.4 or Eq. 5.7. Annealing the
smoothing operator improves the optimization landscape by preventing overfitting
early on in the optimization. This is equivalent to multi-scale inversion approaches
under certain assumptions, and further analysis is included in the appendix.

We consider various ways to define the smoothing radius r(k) as a function of epoch
k, each of which begins with relatively strong gradient smoothing and ends with
relatively weak smoothing. In particular, we consider a piecewise function for the
radius r(k) of the isotropic Gaussian blur that initially decays exponentially and then
becomes constant after kstop epochs:

r(k) =

5e−3k/kmax k < kstop

5e−3kstop/kmax k ≥ kstop

. (5.9)

In our synthetic tests, we consider various values of k, kmax, and kstop. For our
imaging results with real data, we use k = 250, kmax = 500, and kstop = 250, as
explained in Sec. 5.4. Our smoothing parameter is heuristically chosen, guided by
the checkerboard test, to mitigate data overfitting and location–velocity tradeoffs
during the tomographic inversion. Each inversion takes around 4 hours on a single
Nvidia Tesla V100-SXM2-32GB.

5.4 Synthetic imaging
In this section, we show results from synthetic tests to understand the intrinsic
resolution of the imaging setup, evaluate the quality of the uncertainty quantification,
and evaluate the effect of various algorithmic choices on the resulting tomography.

For our synthetic tests, we take the same catalog of 45,310 events as described in
Sec. 5.5 and generate synthetic arrival times between all 18 receivers for a total
of 815,580 P and S arrival time measurements each. We also assume the same
measurement noise as in Sec. 5.5 where the observed travel time between source
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xsi and receiver xrj is yij = Txsi
(xrj) + ηij for ηij ∼ Laplace(0, b). The size of the

domain used is approximately 25 km × 10 km × 20 km. Our reconstructions are
performed on a uniform grid of 1 km3 for both the forward and inversion modeling,
which ensures sufficient computational accuracy while keeping the numerical errors
below the observational picking uncertainties.

To understand the sensitivity of reconstruction to various algorithmic choices, we
perform synthetic tests with the actual source-receiver geometry to inform hyperpa-
rameter choices when imaging with the real dataset. These main design choices that
we consider are 1. gradient smoothing hyperparameters and 2. assumed measure-
ment noise model. We also perform various resolution tests through checkerboard
and anomaly tests to validate which regions we believe to have sufficient sensitivity.

Hyperparameter tests
Gradient smoothing In Fig. B.5, we consider various functions of decreasing

the radius r(k) of isotropic Gaussian blur as described in Eq. 5.9. Although in most
cases, the data fit is quite similar at the final point of the optimization, they have
varying degrees of overfitting to measurement noise. We find that the result from
early stopping with hyperparameters k = 250, kmax = 500, and kstop = 250 seems
to balance fitting the data while preventing overfitting to noise for both VP and VS .

Sensitivity to noise model One challenge with performing Bayesian tomog-
raphy using real data is that it requires a forward model specifying the noise distri-
bution, but the true measurement noise is difficult to characterize. This is due to the
complex nature of instrumentation noise and arrival time picking errors, as well as
the hypocenter algorithm itself. For a rough measurement noise model characteriza-
tion, we use the data residuals from the seismicity catalog for the noise. We find that
this is a Laplacian distribution as shown in 5.5. However, we could be incorrectly
mischaracterizing the true noise model, so we test the effects of mischaracterized
noise distributions. We do this by performing synthetic tests where we make differ-
ent assumptions about the true added measurement noise model and the assumed
noise model in Fig. B.6. We consider the measurement noise ηij drawn either from
Gaussian or Laplacian distribution and the assumed measurement models for the
data likelihood log p(y|V ) either to be Gaussian or Laplacian. From our synthetic
tests in Fig. B.6, there are some differences in the reconstructions in terms of the size
and amplitude of the recovered anomalies, but we do not find significant differences
in the recovery of large features when these noise models are interchanged. We
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Figure 5.2: Noise level mismatch. We consider the impact of misspecifying the
noise level bP of our measurement model log p(y|VP ) when solving for VP . We
consider the effect of mismatch in assumed level of noise (e.g. over or under
estimating). We find that when the noise is less than expected, the structures are
similar but the amplitude of recovery is lower. When the noise is much higher than
expected, the structures are obfuscated due to overfitting. We find it necessary to do
early stopping to prevent overfitting to noise especially when the data noise is larger
than expected. These are cross-sections taken along A-A’.
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Figure 5.3: Physically motivated synthetic anomaly tests. We perform synthetic
tests to explore the sensitivity of our expected source-receiver geometry to various∼
10% slower velocity anomalies in the subsurface. For various candidate anomalies,
we show the following for A-A’ (shown in Fig. 5.1): the true velocity model used
to generate the synthetic travel times, the relative change to the initial model, and
the mean of the inferred posterior and relative change to the initial model. Note, we
plot these cross sections masking out the topography.

perform additional tests where we deliberately underestimate and overestimate the
amount of noise, as shown in Fig. 5.2. In the case where we underestimate the
noise, we find that early stopping helps to prevent overfitting to the measurement
noise. When we overestimate the noise, we find that the resulting anomalies that are
reconstructed are of a slightly lower amplitude. However, in both cases, the main
features are correctly localized.

Resolution tests
Anomaly tests In Figure 5.3, we perform various synthetic anomaly tests to

identify how sensitive our source-receiver geometry is to the spatial and ampli-
tude variations of potential anomalies. These anomalies are motivated by several
questions of scientific interest about the subsurface plumbing structure at Kilauea.
Case 1 considers small magma chambers located near the caldera, Case 2 consid-
ers medium-sized anomalies in the rift zone, and Case 3 considers deep magmatic
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Figure 5.4: Checkerboard tests We perform inversion on the 1D model from [21]
modulated with various checkerboards of 20% increase or decrease with a side
length of s. These checkerboard patterns have a size of 2 km, 4 km, and 8 km.
We also show the mean and standard deviation of our reconstruction and relative
change between the 1D model and our reconstruction for the A-A’ cross-section.
We include z-scores to quantify the accuracy of our uncertainty quantification. We
are able to resolve around a resolution of 4 km in the upper half of the domain and
at least a resolution of 8 km throughout the region with ray coverage. Interestingly,
the estimated uncertainty for s = 4 km is higher in low velocity regions such as
the one at around 6 km depth and between 6 and 10 km in X , which is expected
behavior. We include the full results for both VP and VS in the appendix.

systems underneath the Kilauea caldera. We find that our source-receiver geometry
has sufficient coverage to localize and reconstruct Case 1, which is close to the
surface where the majority of events are located. There are some artifacts in the re-
construction due to the synthetic noise added to the inverse problem. The anomaly
in Case 2 is well identified, but not as well reconstructed and localized, due to
the asymmetrical source-receiver geometry that results in some smearing artifacts.
Again, there are artifacts due to the synthetic noise added to the inverse problem.
In Case 3, our method recovers a large deep anomaly; however, the relative shape,
location, and amplitude is not exactly correct and there are some smearing artifacts.
In all cases, the anomalies are reconstructed with some slight perturbations due to
the source-receiver geometry. These tests give confidence in being able to recover
anomalies in these regions even though the exact shape and structure is sometimes
smeared.

We also consider variations on Case 3 where the anomaly is much smaller in Fig. B.3.
In Case 3.1, the anomaly is half the size of Case 3, and in Case 3.2, the anomaly is
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a fourth of the size of Case 3. In Case 3.1, the anomaly is recovered but there are
more artifacts, and in Case 3.2, the recovered anomaly appears to be on the order of
the measurement noise artifacts. In all of these cases, the early stopping parameters,
as mentioned in Sec. 5.4, help prevent overfitting.

Checkerboard tests In Figure 5.4, we test the inherent resolution of the source-
receiver geometry by using various checkerboard patterns. Using the selected
hyperparameters, as mentioned in Sec. 5.4, a vast majority of the region where
we have earthquake-coverage is resolvable to a resolution of at least 8 km. In the
primary regions of interest, we can achieve a resolution of 4 km. In Fig. B.1, we
include z-scores and find that for s = 4 km and s = 8 km, the ground truth is
predominantly within three to four standard deviations from the mean. Most of the
high z-score regions are close to the boundaries of the checkerboard, which are sharp
and hard to recover. For s = 2, we do not trust both the recovered structure and
uncertainty because of a mismatch between the blur induced by the early stopping
and the resolution of the underlying model we are trying to recover. For the complete
result of VP and VS , see Fig. B.1.

To understand the regions for which we have sensitivity (for a certain resolution
size), we use both the checkerboard test and the ray coverage map to produce a
resolvability index map. We borrow the resolvability index introduced in [54] and
used in [41]. R is defined as

Rs =

∑
i∈D(%recon +%truth)

2

2
∑

i∈D(%
2
recon +%2

truth)

s.t. %recon =
V̂c − V0

V0

,%truth =
Vc − V0

V0

(5.10)

where D is the a chosen domain size, V̂c is the recovered volume with a s sized
checkerboard, Vc is the ground truth with an s sized checkerboard, and V0 is the
1D model [55]. The resolvability index R ranges from 0 to 1 where 0 represents
perfectly opposite recovery, 1 represents perfect recovery, and 0.5 represents no
recovery. We use D = 0.6 as in [41]. We define the domain D as slightly larger
than the size of the checkerboard, and we use the checkerboard with grid size 4 km
as shown in Fig 5.5.

5.5 Imaging the Kilauea volcano
In this section, we describe our imaging method, from raw data to final inversion
result for VP and VS , velocities for the P and S waves respectively. Here we describe
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the procedure of generating our catalog, define our measurement model, and show
results from our eikonal tomography method. We find that we are able to perform
reliable tomography without the need for relocation during the tomography process,
unlike previous tomography approaches. By implicitly modeling the 3D structure
when determining the initial hypocenters, we are able to estimate the velocity in
one-shot, which allows for streamlined uncertainty quantification for the velocity
model. The size of the domain used is approximately 25 km × 10 km × 20 km.
Our reconstructions are performed on a uniform grid of 1 km3 in size. This setup is
consistent with our synthetic tests.

Data and preprocessing procedure
To generate a travel-time dataset, we use a modified version of the catalog-generating
methodology presented in [28]. [28] built a catalog for south Hawai‘i spanning May
2018 to April 2022 by applying shrinking-box source-specific station terms (SSSTs)
[50] to the P and S arrival times at the receivers, known as picks. These picks are
identified by the automated phase-picking algorithm PhaseNet [56]. Inspired by
recent work demonstrating that greater picking accuracy in volcanic environments
can be achieved using phase-picking models trained on volcano-tectonic seismicity,
we create a new catalog of picks by applying the volcano-trained model Volpick
[57] to the same raw data used in [28]. We associate these new picks to existing
picks from the [28] catalog. We then recalculate locations for the events of [28]
using the new pick times, iteratively applying SSSTs to improve location quality
as described in Sec. 5.2. Finally, we remove events with fewer than 10 picks to
eliminate low-SNR events which are likely to suffer from greater picking error. For
our study, we select events from a window encompassing the Kilauea caldera with
depths between 16 km bsl and 1 km asl. This process results in a total of 45,310
events, which yields a total of 378,074 P arrival time measurements and 280,152 S
arrival time measurements.

Estimation of measurement noise model
To perform the tomography, we must define the log data likelihood as described
in Eq. 5.4 and Eq. 5.7. Since we model our measurements to have additive i.i.d
noise, it is sufficient to simply define a model for the measurement noise. We
estimate the measurement noise by approximating a distribution over the travel
time residuals from locations given by the SSSTs. We find the parameters of
the residuals from P and S picks separately and find that the P residuals are best



91

Li
n 

et
 a

l. 
20

14
M

ea
n

U
nc

er
ta

in
ty

AA’ BB’ AA’ BB’

Figure 5.5: Eikonal tomography of Kilauea. We show cross-sections of results
from eikonal tomography of Kilauea as described in Sec. 5.4. We show the estimated
mean and uncertainty from our approach along with the results from [21]. The
darkened part in our estimated mean is given by the resolvability index described
in 5.10 where the lighter region is resolvable and darker region is not resolvable for
a resolution of 4 km. Our tomography shows evidence of a high VP anomaly at
around 5 to 12 km depth between 3 to 9 km along A-A’. As described in Sec. 5.3,
we use Gaussian smoothing of the data-likelihood’s gradient to prevent overfitting
and over-interpretation of heterogeneous parts of our model. For reference, A is
19.44◦N, 155.35◦W, A’ is 19.34◦N, 155.15◦W, and B is 19.37◦N, 155.30◦W and B’
is 19.44◦N, 155.25◦W.

approximated as ηij ∼ Laplace(0, bP := 0.08) and S residuals are best approximated
as ηij ∼ Laplace(0, bS := 0.14). The resulting log data likelihood is described in
Sec. 6.3, and we use this log data likelihood to solve Eq. 5.4 and Eq. 5.7.

Results
In Fig. 5.5 and Fig. 5.7, we show results from eikonal tomography of Kilauea using
real measurements with hypocenters located using SSSTs as described in [28] and
Sec. 5.2 and solve for VP and VS independently. Our P-velocity tomography (see
Fig. 5.5) shows evidence of a high velocity anomaly at 8 km depth under the Kilauea
caldera. This feature is consistent with a previous tomography study [21] which
used the method of [25] to perform tomography using locations from the Hawaiian
Volcano Observatory seismic catalog [HVO]. Similar features are resolved within
the S-wave model, but the different amplitudes of the imaged anomalies enable the
better definition of the structures obtained fromVP /VS ratio, which is described in the
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Figure 5.6: High VP/VS regions under Kilauea. We visualize the isosurfaces
of high VP/VS regions beneath the Kilauea caldera with two views of the same
volume. This high VP/VS structure lies between the long period events and the
surface expression of the caldera. We estimate the volume of the magma column as
117 km3 using the region with a VP/VS ≥ 2.1, which is visualized with the second
outermost isosurface. Sources are colored as a function of depth.
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Figure 5.7: We show two cross sections of VP/VS for [21] and the mean of our
reconstructed posterior as well as additional depth slices for the mean of our re-
constructed posterior. The masked region in our estimated mean is given by the
resolvability index described in 5.10. We observe a much broader range of VP and
VS than in the one observed in [21] because we are not as dampened and invert
for them separately. Our reconstruction shows evidence of a high VP/VS chamber
underlying the Kilauea caldera. Additional depth slices are included in Fig. B.7.
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Figure 5.8: Melt fraction computation with uncertainty. We estimate the melt
fraction by applying a self-consistent scheme (SCS) effective medium approach.
Assuming textural equilibrium for basaltic magma with an aspect ratio of pores and
cracks to be 0.2 [58], we estimate a melt fraction of 15 ± 2.7% at 11 km depth. We
compute an average VS , referred to as µ, and uncertainty, referred to as σ. The solid
line represents the melt fraction prediction with µ and the shaded region represents 1
standard deviation σ from µ. For reference, A is 19.44◦N, 155.35◦W, A’ is 19.34◦N,
155.15◦W, and B is 19.37◦N, 155.30◦W and B’ is 19.44◦N, 155.25◦W.

next section. While our reconstructions are broadly similar to the features reported in
[21], our more finely-spaced parametrization and dense event catalog enable a more
detailed view of subcaldera velocity structure. Moreover, our method also includes
the estimation of the velocity uncertainties in addition to the mean reconstruction,
which can provide bounds to the accuracy of the reconstructed velocities. Although
dividing independently inverted VP and VS models can amplify errors in the derived
VP /VS ratios [21], we follow this approach to avoid potential bias introduced by joint
inversions; as a result, our interpretations focus on the larger-scale anomalies that are
robustly resolved. Synthetic checkerboard and anomaly tests (Figs. 5.3, 5.4, and B.4
), which match the real data experimental setup, show that in these regions we are
able to resolve features of this scale of 4 km resolution as from the checkerboard
tests.

5.6 Discussion
In this section, we present a detailed interpretation of the subsurface structures
revealed by our method. We begin by comparing the imaged features with those
reported in previous studies and interpreting them within the geological framework
of Kı̄lauea. Finally, we estimate the melt fractions in the subsurface regions we
identify as likely to contain partial melt.
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In Fig. 5.5, we show the mean and standard deviations of our inverted VP and VS

models. In Fig. 5.7, we show VP /VS for both our method and [21]. We identify two
regions marked by large VP /VS ratios. The high VP /VS region in the south flank
zone around 155.2◦W and 19.32◦N and between 7-10 km depth is also found in [21].
Strikingly, we also observe high VP /VS values (>2.1) along a column extending
from the caldera to our lowest resolvable model depth (∼15 km) that we interpret
as evidence of a high-melt fraction region. We also identify low VP /VS segments at
shallow depths (>0 km asl) similar to features identified by [21], who hypothesized
that these anomalies reflected the presence of water-saturated pores. Additionally,
we identify a high-velocity contrast beneath the rift zone at approximately 5 km
depth and between 10 km to 22 km along the x axis, consistent with teleseismic
receiver function analyses [59]. Below this contrast, a high VP /VS anomaly centered
at 8 km depth aligns with previous observations of magmatic underplating [59].

A prominent high VP /VS body, located beneath Kı̄lauea’s crater (approximately 4
km on the x-axis in Fig. 5.7) and extending from 13 km to 4 km depth, coincides
with the large magma reservoir previously inferred from seismicity and geological
evidence [60], [61]. The lower extreme of this anomaly corresponds to the location
of previously observed long-period earthquakes [28], [55], [62], suggesting that
the imaged structure represents a deep magmatic pathway feeding the reservoir. To
better illustrate the imaged structures, we present a 3D view of the VP/VS isosurface
in Fig. 5.6. Along the east rift zone, deeper high VP /VS bodies align with seismicity
along the decollement.

To estimate the volume of the deep magma column, we calculate a VP/VS isosurface
of 2.1 and assume that volumes with VP/VS above this value are likely melt-bearing.
This process results in an estimated total volume of 117 km3 for the deep magma
column. To determine the melt fraction, we apply a self-consistent scheme (SCS)
effective medium approach [63], [64], assuming seismic velocities from [65] (VP

= 7.955 km/s, VS = 4.536 km/s at 1200 K). Fig. 5.8 displays melt fraction curves
for different aspect ratios used in the SCS model. Since our tomography approach
optimally fits the observed travel times while incorporating uncertainty bounds,
we can quantify both the melt fraction and its associated uncertainty. Assuming
textural equilibrium for basaltic magma with an aspect ratio of 0.2 [58], we estimate
a melt fraction of 15 ± 2.7% at 11 km depth. Using the calibration curve from
the SCS model, the total melt volume is estimated at 18.5 ± 4.5 km3. While this
value is slightly higher than previous seismic tomography estimates [65], the overall
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density of the picritic mush remains nearly unchanged at 3.2 g/cm3, assuming melt
and olivine densities of 2.65 g/cm3 and 3.3 g/cm3, respectively. As suggested in
prior studies, melt likely separates from the crystal mush to ascend toward shallower
depths [65].

Magma volumes within Kilauea’s summit reservoir have traditionally been esti-
mated by using geophysical methods or estimating extrusive volumes; however, the
magma volume estimates by these models can vary by orders of magnitude (e.g.
[66]–[68]). Smaller estimates from derived from petrological analyses indicate that
these geophysical methods may have difficulty in distinguishing between a magma
chamber’s molten core and the surrounding crystal-mush, higher-temperature rock
[69]. In contrast, by reducing damping and performing a high-resolution inversion,
our technique allows us to identify extremely high VP /VS regions beneath Kilauea
that we can reliably interpret as melt-rich regions. Our results are also sensitive
to melt-rich regions at depths beneath the summit reservoir and improve our un-
derstanding of the magma supply system at Kilauea. Importantly, our technique is
also applicable to any volcano with sufficient seismicity. Magma supply processes
are recognized as an important control on eruptive styles and timing at volcanoes
[70]; the ability to characterize the structures responsible for supply and transport
may enable new insight into eruptive hazard and eruption style at other volcano
complexes, as well.

5.7 Conclusions
Our work recovers evidence of a magmatic system underneath Kilauea at the highest
resolution to date using travel-time to retrieve high-resolution models of VP and
VS structures. From our 3D tomography study, we estimate the volume of the
deep (15-3 km bsl) magma column under Kilauea to be around 117 km3. Our
eikonal tomography method bypasses the need for iterative earthquake relocations
by leveraging SSST-based hypocenter corrections. In addition, we use variational
inference and stochastic optimization to estimate the point-wise uncertainty of the
inverted tomographic model. Our approach enables imaging high VP /VS regions in
high seismicity volcanic regions, providing a pathway to better characterize complex
magmatic systems and advance understanding of seismovolcanic processes.
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C h a p t e r 6

A CONVEX RELAXATION FOR EIKONAL IMAGING

This chapter is adapted from previously published work [1].

Abstract
Eikonal tomography is an imaging inverse problem ubiquitous in many scientific
domains. Solving eikonal tomography is challenging due to the problem’s non-
linear and ill-posed nature when reconstructing the underlying image directly. In
this chapter, we present an alternative perspective that transforms eikonal imaging
from a nonlinear tomographic inverse problem in image space to an inpainting in-
verse problem in measurement space. Our proposed method, EikoLift, does this
by solving a physics-constrained inpainting problem in measurement space, and
then subsequently maps it back to image space. EikoLift takes advantage of tools
from convex optimization, using a semidefinite program to solve the constrained
inpainting problem. This convex formulation is grid-free and enables initialization-
free inversion. On simulated examples inspired by seismic tomography, EikoLift
outperforms both a traditional adjoint-based solver and a physics-informed neural
network designed for eikonal imaging.

6.1 Introduction
Stimuli can reveal a material’s properties. The way a material interacts with stimuli
can be measured, and the measurements can be used to understand material proper-
ties such as heterogeneous composition. For transparent or translucent materials, we
can pass light through the material, and the way light deforms reveals the material’s
properties. In opaque materials, we can measure how non-visible electromagnetic or
acoustic signals are perturbed. We refer to this imaging process as refractive-index
imaging (RII). RII aims to reconstruct unknown material composition by analyzing
how the material responds to stimuli.

To reconstruct unknown materials, we often apply sources of perturbation (e.g.,
light, sound, displacement) and measure the response at various surface points.
This includes using light from galaxies to identify the index of refraction of dark
matter, ultrasound to identify internal body parts, and earthquakes to image and
identify geological features such as faults or magma chambers. These imaging
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problems require that waves propagate through the underlying object of interest
and reach some external sensors around the surface of the object. Then, we use
the surface observations to solve an imaging problem, which often takes the form
of an optimization problem. Solving the imaging problem requires forward and
backward simulation of the propagation, in this case wave physics. We call the class
of RII problems that involve wave propagation, wave-field refractive-index imaging
(WF-RII).

Modeling complex wave physics is computationally expensive. In seismic WF-
RII, which uses surface measurements of earthquake waves to image the Earth, the
forward simulation of wave propagation is so expensive that neural network surrogate
models are preferred for tractability [2]–[4]. Surrogate models that approximate
wave propagation are also often preferred in ultrasound computed tomography
(CT) [5]. Supervised methods for WF-RII have also been proposed, but they do
not explicitly obey the underlying physics [6], making it impossible to guarantee
that the measurements actually match the proposed solution. For this reason, we
do not consider end-to-end approaches as methods that solve WF-RII. WF-RII
exhibits additional problems that make it challenging to solve: 1. run-times scaling
polynomially with respect to the domain size; 2. ill-posedness, which results in
sensitivity to initialization; and 3. challenges in optimization due a non-linear wave-
physics forward model.

A faster alternative to using waveform information is to use the first arrival time
of the wave-field to inform the recovery of the underlying materials. This form of
imaging arises in many of the same scientific and industrial applications as WF-
RII and has been used to understand cardiac function [7], image the ionosphere to
correct for atmospheric turbulence in GPS and space imaging [8], [9], and travel time
tomography (TTT) in seismology to estimate the composition of the Earth [10]–[15].
In these scenarios, refractive-index imaging uses information of the time-of-flight
(ToF) from sources to receivers to reconstruct the composition of the resonating
material. The relationship between the ToF and material composition is governed
by the eikonal equation. This equation is much less computationally demanding to
simulate as compared to wave physics. We refer to the class of imaging methods
using ToF as ToF-RII.

Although ToF-RII is less computationally demanding than WF-RII, it still has some
of the same fundamental issues as it involves an ill-posed inverse problem with a non-
linear forward model. These non-linear inverse problems often scale poorly with
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respect to the number of pixels or voxels; doubling the resolution is equivalent to an
8× time increase in forward and inverse modeling [10]. This can be prohibitive when
recovering high resolution domains even if the measurements lend themselves to a
low-dimensional reconstruction. Traditional approaches often make approximations
to speed up inference, especially for meter to kilometer scale domains. In some cases,
these approximations are reasonable, such as in photoacoustic tomography [16],
[17], but in other cases there is a substantial mismatch, such as when using pseudo-
ray bending [18], [19] for seismic tomography where strong bending breaks the
approximation. Thus, there have been multiple approaches using physics-informed
neural networks that simulate ToF measurements, which speed up imaging while
enforcing the underlying physics [20]–[22]. Even with these approximations and
alternative approaches, problems associated with non-linearity and ill-posedness
still exist.

We introduce EikoLift, a convex relaxation for solving refractive index imaging
problems using time-of-flight measurements (ToF-RII). In particular, we reframe
the inverse problem from a tomography problem in target space into a constrained
inpainting problem in measurement space. We find that this approach addresses
some fundamental limitations of traditional tomography methods in that it does
not require initialization and compute times are independent of resolution size.
Our approach yields an imaging algorithm that is more robust to initialization than
conventional approaches. In simulated examples inspired by seismic tomography,
EikoLift outperforms previous methods designed for eikonal imaging. While per-
formance under realistic noise is more limited, EikoLift remains competitive and
offers a promising framework for further developing robust, physics-informed ToF
imaging techniques.

6.2 Background
Eikonal equation and forward simulation
Details on the eikonal equation and forward simulation are in Sec. 2.2.

Time-of-flight refractive-index imaging (ToF-RII) and adjoint methods
ToF-RII can be solved using an adjoint method applied to the eikonal equation
[10], [23]–[25]. Although the eikonal-based adjoint method obeys the physics
exactly, optimizing V is extremely challenging; the eikonal-based adjoint method
is sensitive to the initialization of V and each gradient step can be computationally
slow, especially for large-scale high-resolution reconstructions which can be on
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the order of minutes for each step. Especially in cases with many gradient steps,
such as posterior estimation and other sampling-based approaches, using adjoint
eikonal methods can be computationally prohibitive. A much faster alternative
solves an inverse ray-tracing problem [14], [15], [19], [26]–[29]. Inverse ray-tracing
methods are often preferred over eikonal imaging due to their efficiency, but make
approximations that yield less accurate reconstructions.

There is a related class of methods that use image-space measurements instead of ToF
for RII, including as Schlieren imaging [30]–[32], intensity diffraction tomography
[33]–[35], and others [36], [37]. These methods do not readily apply to ToF-RII
because the measurements are of a different form. Another related class of methods
use techniques from ToF-RII and WF-RII for imaging a surface rather than the
medium itself, such as [38]. These methods involve the same physics, but the
ultimate reconstructed object is different.

Details on ToF-RII (referred to as travel-time tomography) are in Sec. 2.2.

PINNs for ToF-RII
Forward simulation for predicting ToF is computationally expensive. Thus, physics-
informed neural networks (PINNs), such as EikoNet [21] and others [20], [22], were
introduced as a way to speed up the forward modeling process to not require ray
tracing or use of a finite difference solver such as FMM. PINNs, which take the form
of a neural network Fθ(·) with parameters θ, are trained such that the output from
the neural network obeys the underlying PDE. In the case of ToF, PINNs are trained
to output Fθ(xs,xr) ≈ TV (xs,xr) without actually computing TV (xs,xr). This is
done by requiring that the neural network satisfies

||∇xrFθ(xs,xr)||22 =
1

V (xr)2
, Fθ(x,x) = 0 (6.1)

for a specified velocity field V .

When applied to solving ToF-RII, EikoNet does not work out of the box and requires
additional regularizers to ensure that intrinsic properties of the eikonal PDE are
satisfied [39]. Although PINNs are able to act as an efficient surrogate forward
model once they have been trained, they do not perform well when solving the inverse
problem. When using PINNs for inverse problems, the observed measurements are
sparse, resulting in weak supervision that does not guarantee that the resulting
reconstructions are physically sound.
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Part I: Inpainting
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Figure 6.1: Our approach. Our method uses time-of-flight measurements
{Tobs(x

(j)
s ,x

(i)
r )}∀i,j between sources {x(j)

s }ns
j=1 and receivers {x(i)

r }nr
i=1 where

ns = 20 and nr = 2, and outputs the reconstructed velocity model V̂ following
the method outlined in Sec. 6.3. The input measurements and source-receiver lo-
cations are visualized as partially observed matrices. Each matrix corresponds to
measurements between a single receiver (indicated by the cyan triangle) and all
observed sources. The shaded region represents areas with missing information
and each square of the unshaded region represents a single measurement. These
potentially noisy measurements are then used in our method, which consists of
two parts: 1. inpainting in the measurement space as described in Sec. 6.3 and 2.
velocity reconstruction from the inpainted measurements as in Sec. 6.3. From the
reconstructed velocities, the optimal one is selected, as highlighted in yellow.

6.3 Approach
We propose EikoLift, an alternative approach to adjoint tomography which frames
the problem as a constrained inpainting problem. EikoLift solves this problem in
two steps: 1. performing the constrained inpainting problem in measurement space
and 2. taking the inpainted measurements and casting them back to the image space
to get the velocity reconstruction.

Part 1: Constrained inpainting in the measurement space
This framing allows us to recast a highly non-convex tomography problem into a
convex problem by inpainting in the measurement space instead of directly solving
for the target velocity model V . Note that unlike the velocity model, the ToF field
T (xs,xr) is defined for pairs of locationsxs andxr, so we are inpainting a continuous
volume inR2d (2d since the ToF field is defined for xs ∈ Rd and xr ∈ Rd). However,
since the receiver geometry is sparse and often fixed in real-world problems, many
points, and even planes, do not have any observations. So instead of inpainting a
large poorly-constrained volume in R2d, we inpaint individual ToF fields T (x,xr

(i))

for each receiver xr
(i). Thus, our proposed optimization problem inpaints nr ToF

fields {T̂ (i)(x)}nr
i=1 from our observations. Note that here we make a distinction

between TV and T where TV is the ToF induced by a velocity field V and T
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represents a ToF field recovered by our algorithm.

However, solving the inpainting problem alone is not enough; we must also obey
the eikonal equation so that the velocity given by each of the nr ToF fields is equal.
Although the ToF fields are different, they map to the same velocity field V . Thus,
EikoLift aims to solve the following objective:

{T̂ (i)(x)}nr
i=1 = arg min

{T (i)(x)}nr
i=1

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )− T (i)(x(j)
s )
)2

s.t. ||∇T (i)(x)||22 = ||∇T (h)(x)||22 ∀i, h,x.
(6.2)

Here, the objective contains the same data constraint as in Eq. 2.6. However, we
update our decision variable to be the nr ToF fields {T (i)(x) ∈ C1(Rd)}nr

i=1. Since
the ToF fields are now unconstrained, we add an additional constraint where the ToF
fields must satisfy the eikonal equation V (x)−1/2 = ||∇T (i)(x)||22 = ||∇T (h)(x)||22
for each i, h, and x as given by Eq. 2.5. Without this constraint, the recovered ToF
fields would be inconsistent and not satisfy Eq.2.5.

To convexify Eq. 6.2, we represent each ToF field T (i) as a linear combination of K
basis functions ϕk ∈ C1(Rd):

T (i)(x) = ⟨α(i), ϕ(x)⟩ =
K∑
k=1

α
(i)
k ϕk(x). (6.3)

Here, α(i) = (α
(i)
1 , . . . , α

(i)
K ) ∈ RK is a vector of expansion coefficients and ϕ =

(ϕ1, ...ϕK) : Rd → RK is a vector-valued function that collates the basis functions.
We can reconstruct the velocity model from the ToF fields by solving Eq. 2.5 using
Eq. 6.3, yielding:

1

V (x)2
= ||∇T (i)(x)||22 =

d∑
k=1

〈(
K∑
j=1

α
(i)
j ∂kϕj(x)

)
,

(
K∑
l=1

α
(i)
l ∂kϕl(x)

)〉
= ⟨α(i),∇ϕ(x)∇ϕT (x)α(i)⟩ = ⟨α(i)α(i)T ,∇ϕ(x)∇ϕT (x)⟩. (6.4)

Here, ∇ϕ(x) = (∂kϕj(x))k∈[d],j∈[K] ∈ RK×d is the Jacobian matrix of ϕ, and we
have used ⟨·, ·⟩ for matrix arguments to denote the trace inner product ⟨A,B⟩ =

Trace(ATB).

It its current form, we are solving a non-linear physics-constrained imaging inpaint-
ing problem. The non-linear constraints limit us from access to a wide range of
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methods that only apply to linear problems. To enable the use of special tooling for
solving linear problems, we need to make these constraints linear. We do this by
introducing a new matrix decision variable M (i) ≻ 0 that approximates the rank-1
version α(i)α(i)T . This relaxation makes the optimization problem easier to solve
because we can use convex algorithms. Ideally M (i) would be exactly α(i)α(i)T ,
but by solving for M (i) directly rather than α(i), it is not guaranteed to be perfectly
rank-1. The best we can do is to find solutions M̂ (i) with minimal rank. Thus, we
have turned this inpainting problem into a rank minimization problem:

{M̂ (i)}nr
i=1 = arg min

{M(i)}nr
i=1

∑
i

Rank(M (i)) (6.5)

s.t. ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (h)⟩2 ≤ εPDE ∀i, h,x
(T 2

obs(x
(j)
s ,x(i)

r )− ϕ(x(j)
s )TM (i)ϕ(x(j)

s ))2 ≤ εdata ∀x(i)
r ,x(j)

s

M (i) ≽ 0 ∀i.

This rank minimization problem is still nonconvex and NP-hard. To deal with this
obstruction, the standard approach [40]–[42] is to convexify the problem by using
the trace in place of the rank, yielding the following semi-definite program (SDP),
which is a convex problem:

{M̂ (i)}nr
i=1 = arg min

{M(i)}nr
i=1

∑
i

Trace(M (i)) (6.6)

s.t. ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (h)⟩2 ≤ εPDE ∀i, h,x
(T 2

obs(x
(j)
s ,x(i)

r )− ϕ(x(j)
s )TM (i)ϕ(x(j)

s ))2 ≤ εdata ∀x(i)
r ,x(j)

s

M (i) ≽ 0 ∀i.

Full derivation is in the Appendix. We use cvxpy [43], [44] as our convex opti-
mization solver, which uses a splitting conic solver SCS [45] and runs on CPU. To
parallelize, we use GNU Parallel [46].

Block diagonal formulation: To reduce the number of parameters, we parame-
terize M (i) = I

(i)
rectA

(i)I
(i)
rect

T
to be a block diagonal matrix where it is non-zero only

for entries that correspond to the bases related to T (i). Full implementation details
are included in the Appendix.

A relaxation for real measurement noise
In real-world applications, the measurement noise can take large values with non-
neglible probability. As such, having a hard constraint for the data-fit as in Eq. 6.6



110

can cause the problem to be infeasible when the measurement noise is large. A naive
solution would be to make the tolerance εdata substantially larger to allow for these
improbable high-noise occurrences. However, there is no guarantee that εdata is
large enough, and having a large εdata yields overly smooth reconstructions because
perturbations from the underlying velocity model appear to be on the order of noise
under this measurement model. Thus, we empirically find that it is better to replace
these constraints with a penalty term in the objective with hyperparameter λ > 0:

{Â(i)}nr
i=1 = arg min

{A(i)}nr
i=1

∑
i

Trace(A(i))︸ ︷︷ ︸
rank min. surrogate

+λ
∑
i

||T 2
obs − ϕTM (i)ϕ||22︸ ︷︷ ︸

data constraint

(6.7)

s.t. ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (k)⟩2 ≤ εPDE ∀i, k,x

M (i) = I
(i)
rectA

(i)I
(i)
rect

T
, A(i) ≽ 0 ∀i.

Part 2: Recast to velocity reconstruction
Solving Eq. 6.6 (or Eq. 6.7) yields {M̂ (i)}nr

i=1, which represent the inpainted ToF
fields. Since solving Eq. 6.6 does not guarantee perfectly rank-1 solutions, we must
find a “good" rank-1 approximation for all {M̂ (i)}nr

i=1. We define this “good" rank-1
approximation as α̂(i). To find α̂(i), which are used to reconstruct the velocity V̂ (i),
we take the eigenvector corresponding to the largest eigenvalue λ

(i)
max of each M̂ (i)

to get α̂(i). Thus, our reconstructed ToF fields T̂ (i) are:

T̂ (i) = ⟨α̂(i), ϕ⟩ (6.8)

and the reconstructed velocity fields V̂ (i) are

V̂ (i)(x) =
(
⟨α̂(i),∇ϕ(x)∇ϕT (x)α̂(i)⟩

)1/2
. (6.9)

Solving Eq. 6.8 and Eq. 6.9 yields nr velocity reconstructions corresponding to
nr inpainted ToF fields. When there is no gap in generalization (i.e., there is no
noise and the candidate T (i) is in the span of the basis) and the eikonal constraint is
sufficiently strong in Eq. 6.6 or Eq. 6.7, all V̂ (i) should be equal so there is no need
to select between possible reconstructions. In practice, this is not the case since
real data is noisy and a finite basis will never fully span the space of all continuous
functions C(Rd). Thus, it is important to design a criteria on how to select the best
reconstruction, but designing such a criteria is unclear. We explore various options,
including selecting the velocity reconstruction that fits the data the best or selecting
the one where M (i) has the lowest rank. Selecting the one with the best data-fit
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Adjoint PINN PINN ours ours ours
mean init. mean init. rand. init. Eq. 6.6 Eq. 6.7 - A Eq. 6.7 - B

mesh-free × ✓ ✓ ✓ ✓ ✓
initialization-free × × ✓ ✓ ✓ ✓
MSE σ=0.1 nr=4 .63± .60 .21± .15 .24± .16 .36± .32 .35± .21 .19± .12
MSE σ=0.1 nr=12 .28± .24 .06± .03 .13± .11 .22± .17 .38± .32 .11± .05
MSE σ=0 nr=12 .20± .08 .05± .01 .15± .12 .09± .05 – –

Table 6.1: We include quantitative comparisons across 20 examples for: 1. the
adjoint method w/ TV regularization based on [10], 2. physics-informed neural
network (PINN) based on [39], 3. our method using Eq. 6.6 selecting the minimum
trace, 4. our method using Eq. 6.7 selecting the minimum trace, and 5. our method
using Eq. 6.7 with the minimal measurement error. We include the mean and
standard deviation of the MSE(↑) for both nr = 4 and nr = 12 with SNR = 25 dB
and nr = 12 for noise-free measurements.

can potentially be prone to overfitting the noise, but do not find this to be the case
empirically.

Computational complexity
The complexity of traditional methods (e.g., eikonal-based adjoint tomography and
inverse ray-tracing) is dependent on the domain size and resolution in addition to
min(ns, nr), which is due to reciprocity as described in Sec. 6.2. On the other
hand, EikoLift’s computational complexity is independent of the domain size and
resolution. Although we use a conic solver, which has no strict time bound, EikoLift
can also be solved using interior point methods which have a run-time complexity
that is polynomial in m and n [47] where m is the number of constraints and n× n

is the size of the decision variable matrices M (i). That is, the complexity scales
with the number of observations ( ≤ nsnr), number of receivers nr or sources ns

whichever is smaller, the data tolerance εdata, and the number of points used for
the eikonal constraint. In theory, EikoLift is discretization free when ϕ and ∇ϕ

are continuously defined. If ϕ and ∇ϕ are not continuously defined, then there can
be large memory costs associated with storing them. However, there is a memory-
runtime trade-off if we choose to approximate ∇ϕ at runtime using finite difference
to reduce memory constraints.

6.4 Results
In this section, we consider eikonal imaging using EikoLift and present results for
d = 2 for a domain of size 16 km × 16 km with variable numbers of sources and
receivers. Although this chapter presents results for d = 2, our method handles
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Our method: EikoLift

Figure 6.2: Noise-free imaging. We generate synthetic measurements between 2
receivers and 20 sources using the ground truth velocity models (top row). The
corresponding reconstructions (bottom row) are from solving Eq. 6.6 and selecting
the field with the minimal trace. Our method is able to reconstruct the regions with
source-receiver coverage fairly well. We use the same sensor and receiver setup for
each synthetic experiment where the yellow stars are sources and cyan triangles are
receivers.

arbitrary d. For our basis functions ϕ, we use PCA on the ToF fields from 1000
samples of ground truth velocity fields. We use pykonal [48] to generate synthetic
data. We consider both noise-free and noisy measurements that simulate real
world seismic measurement acquisition. We model the noisy measurements to have
additive i.i.d Gaussian noise ηij ∼ N (0, σ = 0.1) for all i ∈ [nr] and j ∈ [ns] such
that Tobs(x

(j)
s ,x

(i)
r ) = TV (x

(j)
s ,x

(i)
r ) + ηij . σ = 0.1 seconds corresponds to a SNR

of 25 dB, which is realistic or even conservative for seismic measurements.

Following from the block diagonal construction described in Sec. 6.3 and the Ap-
pendix, {ϕ(i)}K−1

i=0 consists of the top K PCs from the ToF fields for receiver i = 0,
{ϕ(i)}2K−1

i=K correspond to the top K PCs from the ToF fields for receiver i = 1, and
so on. We know that ϕ well-approximates the ToF fields T (i) used in these examples
because it is data-driven, and we use K = 6, which captures over 99.8% of the
variance for each i. Since ϕ(i)’s are discrete functions, we use finite differences to
compute ∇ϕ. We include example ground truth velocity model and basis functions
ϕ(i) with the partial derivatives ∂xϕ(i) and ∂yϕ(i) in the Appendix. Note that although
we choose the basis functions to be data-driven for computational efficiency, this can
also be done using continuous functions with analytic partial derivatives, a common
choice being Chebyshev polynomials [49].
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Figure 6.3: EikoLift on noisy measurements observed from only one surface of
the domain. We reconstruct velocity models from noisy synthetic measurements
with a SNR of 25 dB. We use 4 receivers and 20 sources where the yellow stars
are sources and cyan triangles are receivers. The columns from left to right are:
ground truth velocity model, reconstruction with the adjoint [10] method and TV
prior, reconstruction with a ToF-PINN [39], reconstruction from EikoLift using
Eq. 6.6, and reconstructions EikoLift using Eq. 6.7 with two separate criteria: A.
minimizing the trace and B. minimizing measurement error. Mean squared error
(MSE) is included for each reconstruction.

Baselines
In Fig. 6.3 and Fig. 6.4, we show comparisons between our method and two physics-
based baselines: 1) eikonal-based adjoint tomography and 2) a physics-informed
neural network (PINN).

Adjoint eikonal tomography: The adjoint eikonal tomography method based on
[10] aims to solve the standard eikonal tomography problem described in Eq. 2.6 by
using the adjoint method. This method obeys the underlying physics and is highly
sensitive to initialization. We add additional regularization through a total variation
(TV) prior with weight λ = 0.1 chosen to minimize MSE relative to the ground
truth – yielding an optimistic, best-case result. We optimize using Adam [50] with
a learning rate of 1e-2.

PINN: We compare with a ToF-PINN, as described in Sec. 6.2. The ToF-PINN
that we use for this baseline is based on the M-step of [39]. The ToF-PINN uses
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Figure 6.4: Increasing sensor coverage improves reconstruction. We show
reconstructions with increasingly better receiver coverage to illustrate improved
performance as receivers increase from 2 to 4. We find that this is true for the
adjoint as well as our specialized EikoLift-B setting using Eq. 6.7 with minimizing
measurement error as the selection criteria. The EikoLift results using Eq. 6.6 are
overly smooth due to the high εdata needed to prevent infeasibility. We use between
2 to 4 receivers and 20 sources where the black stars are sources and cyan triangles
are receivers. The top row corresponds to 2 receivers, the middle with 3 receivers,
and the bottom with 4 receivers. Mean squared error (MSE) is included for each
reconstruction.

the eikonal PDE to learn a neural field that fits the observations. The objective is
similar to the one described in Eq. 6.7, and the loss function consists of the data-fit
and PDE constraint as a loss. Once the neural field is trained to fit the measurement
data, the velocity model is then extracted from the PINN by solving Eq. 2.5 through
automatic differentiation. We show results where the PINN is initialized to random
but smooth ToF fields.

Results
In Fig. 6.2, we consider ToF-RII using noise-free measurements between 2 receivers
and 20 sources. We simulate the measurements using FMM and solve the ToF-RII
problem using Eq. 6.6 with εdata = 0.01 and εPDE = 0.1. We visualize the
reconstructed velocity field that minimizes the trace. Our method resolves the large
scale features within the regions that have source coverage. The trace minimization
criteria for this SDP works well when imaging using noise-free measurements.
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Although there should be a small gap between the true ToF fields and span(ϕ) by
construction, even in a noiseless setting, it is not guaranteed that the inpainted ToF
fields are well described by span(ϕ) due to the convex relaxation of the rank-1
constraint. Nonetheless, the recovered solutions remain close to rank-1, indicating
that the relaxation is effective in guiding the solution toward the intended structure.

In Fig. 6.3 and Fig. 6.4, we consider imaging with noisy measurements using both
Eq. 6.6 and Eq. 6.7. In Fig. 6.3, we use 4 surface-only receivers and 20 sources to
image the field of interest. We include results from the adjoint and PINN baselines
as well as from EikoLift using Eq. 6.6 and Eq. 6.7, where EikoLift-A indicates
selecting the M (i) with minimal trace and EikoLift-B indicates selecting the M (i)

with minimal measurement error. We find noisy measurements require a looser data
constraint (εdata = 0.5) in Eq.6.6 to avoid infeasibility, but this can lead to overly
smooth results as shown by the EikoLift results. EikoLift-A and -B results that
instead optimize Eq. 6.7 are more robust to measurement noise; for these results
we use εPDE = 0.1 and λ = 100. See Appendix for ablations. We find that
across all settings of EikoLift, our method yields a lower MSE than the adjoint,
and EikoLift-B’s performance outperforms the PINN with random initialization.
As we increase the receiver coverage, as in Fig. 6.4, we find that the performance
improves with more receivers for the adjoint and EikoLift-B. However, we find that
EikoLift-A struggles to select the optimal reconstruction when minimizing trace,
and a limitation of EikoLift using Eq. 6.6 is overly smooth reconstructions due to
needing a high εdata to prevent infeasibility.

Baseline comparison In terms of image reconstruction quality, the adjoint has
the worst performance. This is due to sensitivity to the initialization and weak
regularization, unlike the explicit regularization through smooth PCA components.
The adjoint is almost unnaturally heterogeneous due to the way the gradient is
computed, which makes finding features challenging. The streaky artifacts are
mitigated by the total-variation prior, but is insufficient even though the weight has
been chosen optimally. If we increase the TV prior, the reconstruction does not
deviate much from the initial homogeneous solution. We show tests varying TV in
the Appendix.

Under the same assumption of no initialization, EikoNet-B outperforms the ran-
domly initialized PINN, as shown in Table 6.1. This is expected, as the PINN is
solving a non-convex optimization problem that can get stuck in a local minima
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when not initialized close to the ground truth. Only when the PINN is initial-
ized via pretraining to the correct mean value derived from the ground truth, the
performance is comparable and sometimes better than EikoNet-B. While EikoLift
and the PINN-based method can yield similar results when the PINN is carefully
initialized, EikoLift offers a principled convex formulation that provides a clearer
view of the optimization landscape. Since both approaches have similar objectives
that balance data-fit and PDE constraints, EikoLift can serve as a reference point
for interpreting or guiding the behavior of ToF-PINNs, especially when the PINN
is made to optimize over the same basis functions.

Basis functions Since this method is convex, it is not biased by the initialization.
However, EikoLift is dependent on the choice of basis {ϕ(i)}i∈[nrK] that describes
the ToF fields T (i). When using PCA to find the basis functions, selecting the right
K is just as important as selecting the right basis. Having a smaller K reduces
the runtime, but can lead to overly smooth reconstructions. Having a larger K

can yield higher resolution reconstructions, but might overfit to noise. We include
experiments for varying K in the Appendix.

6.5 Results with real data
In this section, we extend our framework to a 3D real-data TOF-RII problem. We
consider the earthquake data described in Sec. 5.5 from Chapter 5. This catalog
consists of earthquakes from the Island of Hawai‘i from May 2018 to April 2022.
These events are automatically identified using a variant of PhaseNet [51] that is
specifically trained on volcano data, called Volpick [52]. In particular, we study
the events from a window that surrounds the Kilauea caldera and consider the VP

velocity, which is the velocity the governs the P-wave time-of-flight. Although this
process yields 45,310 events, we only consider a small fraction of the events used
in Sec. 5.5. We take a subset of 100 earthquakes and 5 receivers to demonstrate
EikoLift on a 3D TOF-RII problem for VP velocity inversion. For our imaging setup,
we use EikoLift-B, which solves Eq. 6.7. We use K = 10 basis functions and set the
hyperparameters εPDE = 0.5 and λ = 100. To generate the collection of {ϕ(k)}Kk=1,
we extract the top K PCs from synthetic datasets generated from two strategies: 1.
Gaussian anomalies modulated on top of an initial 1D, and 2. randomly adding DCT
components to the same initial 1D model where the weight on the DCT component
scales with respect to the distance from the DC component. The 1D model we use
matches that in Sec. 5.5. Although our data is only a subset of the full dataset, we
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Reconstruction Relative change from 1D

Figure 6.5: Applying EikoLift to real data We show a 2D slice from a reconstruc-
tion using EikoLift on real seismic data from the Kilauea caldera with 5 receivers
and 100 events. This reconstruction uses a subset of the data used to image in Chap-
ter 5. Here, we show the central cross section A-A’ as described in 5.1. We include
the relative change from the 1D model used in [11], which is used to initialize the
algorithm in Chapter 5.

see the same high level features of a large low velocity region in the field of view
with both strategies to define ϕ.

In terms of computational complexity, extending to 3D results in a negligible added
computational cost for solving the convex problem defined in Eq. 6.7, which de-
scribes EikoLift-B. However, it substantially increases the computational complexity
especially for solving Eq. 6.6. Additionally, the velocity reconstruction is signifi-
cantly slower in part because there is a complicated inner-product that needs to be
computed for each grid point.

6.6 Conclusions
In this chapter, we present EikoLift, a convex framework for eikonal imaging.
EikoLift enables the use of linear techniques by reformulating ToF-RII as a PDE-
constrained inpainting problem in measurement space, rather than a non-convex
inverse problem in image space. This leads to a more stable optimization procedure
that is grid-free and does not require initialization, departing from the limitations
of traditional methods. By shifting how we approach time-of-flight reconstruction,
EikoLift opens new avenues for scientific imaging, with potential applications in
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fields such as seismology.
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C h a p t e r 7

SURROGATE MODELS FOR WAVE IMAGING

This chapter is adapted from previously published work [1], [2].

Abstract
Seismic wave propagation forms the basis for most aspects of seismological research,
yet solving the wave equation is a major computational burden that inhibits the
progress of research. This is exacerbated by the fact that new simulations must be
performed whenever the velocity structure, source location, or source structure is
perturbed. Here, we explore a framework for learning general solutions using a
recently developed machine learning paradigm called Neural Operator. A trained
Neural Operator can compute a solution in negligible time for any velocity structure
or source location. We develop a scheme to train Neural Operators on an ensemble of
waveform simulations performed with random velocity models and source locations.
As Neural Operators are grid-free and continuously defined, it is possible to evaluate
solutions on higher resolution velocity models than trained on, providing additional
computational efficiency. We illustrate the method with the 2D acoustic and elastic
wave equations and demonstrate the method’s applicability to seismic tomography,
using reverse-mode automatic differentiation to compute gradients of the wavefield
with respect to the velocity structure. The developed procedure is nearly an order
of magnitude faster than using conventional numerical methods for full waveform
inversion.

7.1 Introduction
The simulation of seismic wave propagation through Earth’s interior underlies most
aspects of seismological research, from the simulation of strong ground shaking due
to large earthquakes [3], [4], to imaging the subsurface velocity structure [5]–[9], to
derivation of earthquake source properties [10]–[12]. The compute costs associated
with these wavefield simulations are substantial, and for reasons of computational
efficiency, 1D models are often used, even when better 3D velocity models are
available. As a result, seismic wave simulations are often the limiting factor in the
pace of geophysical research.

Recently, deep learning approaches have been explored with the goal of solving
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various geophysical partial differential equations [13]–[16]. Beyond the goal of
accelerating compute capabilities, these physics-informed neural networks may offer
other advantages such as grid-independence, low memory overhead, differentiability,
and on-demand solutions. These properties can enable deep learning being used
to solve geophysical inverse problems [17]–[21], as a wider selection of algorithms
and frameworks then are available for use, such as approximate Bayesian inference
techniques like variational inference.

One of the major challenges associated with wave propagation is that a new simula-
tion must be performed whenever the properties of the source or velocity structure
are perturbed in some way. This alone substantially increases the necessary compute
costs, making some problems prohibitively expensive even if they are mathemati-
cally or physically tractable. For the most part, these limitations have been accepted
as an inevitable part of seismology, but now physics-informed machine learning
approaches have started to offer some pathways for moving beyond this issue. For
example, [13] use a deep neural network to solve the Eikonal equation for any
source-receiver pair by taking these locations as input. This then can be exploited
for hypocenter inversion by allowing for gradients of the travel time field to be
computed with respect to the source location [20]. However, these models are rela-
tively inefficient to train and even then, are only able to learn approximate solution
operators to the differential equations.

The aforementioned limitations may seem surprising, but result from a basic attribute
of neural networks that in fact makes them ill-suited for solving differential equations.
Specifically, neural networks are designed for learning maps between two finite
dimensional spaces, while learning a general solution operator for a differential
equation requires the ability to map between two infinite dimensional spaces (i.e.
function spaces). A paradigm for learning maps between function spaces was
recently developed [22]–[24], and has been termed Neural Operator. The general
idea behind these models is that they have shared parameters over all possible
functions describing the initial conditions, which allows them operate on functions,
even when the inputs are a numerically discretized representation of them.

Here, we explore the potential of Neural Operators in improving seismic wave
propagation and inversion. We develop a framework for training Neural Operators
on the 2D acoustic and elastic wave equations and show that this approach provides a
suite of tantalizing new advantages over conventional numerical methods for seismic
wave propagation. This study provides a proof of concept of this technology and its
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application to seismology.

7.2 Preliminaries
Figures

Figure 7.1: Our approach applying FNO to the 2D acoustic wave equation. The
inputs to the FNO model are the velocity model with dimensions d× d× 1 and the
source location, indicated by the white star. The input velocity model is lifted to a
higher dimensional space with size d × d × w using a neural network. Then, we
apply four Fourier operator layers, and finally project back to the target wavefield
dimensions of d × d ×N using a neural network. The bottom panel shows details
of the Fourier layer architecture: we define v to be the input. On top: We apply a
Fourier transform F to v, then apply a linear transformation R to the lower Fourier
modes, filtering out higher modes. Then we apply an inverse Fourier transform F−1.
On the bottom: we apply a local linear transform W to v.

For a given function A and a Green’s function G, let U denote the solution to a
linear PDE, i.e., the solution operator,

U(x) = (LA)(x) =
∫

G(x, y)A(y)dy
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where L is the corresponding linear operator. For example, suppose that the PDE to
be solved is the acoustic wave equation; then A could describe the velocity structure
as well as the initial conditions. Neural operator generalizes this formulation to the
nonlinear setting where a set of linear operators are sequentially applied to construct
a general nonlinear solution operator. In its basic form, an ℓ-layered neural operator
is constructed as follows:

U(x) = Lℓ (σ(Lℓ−1 . . . σ (L1V ) . . .)) (x)

where Li is such that for any function V , we have,

(LiV )(x) = Wi(x) +

∫
Ki(x, y)V (y)dy (7.1)

Under this framework, Wi(x) and Ki(x, y) constitute the learnable components of
the Neural Operator and allow for a solution to be produced for any prescribed
function A. In a limited sense, Neural Operators can be viewed as generalized
Green’s functions.

7.3 Methods
We designed a framework that applies Neural Operators to the 2D acoustic and
elastic wave equations. The basic idea for this procedure is outlined schematically
in Figure 7.1. A specific type of Neural Operator, called a Fourier Neural Operator
(FNO) [24] receives a velocity model specified on an arbitrary, possibly irregular
mesh, along with the coordinates of a point source. One of the main features of FNO
is that the major calculations are performed in the frequency domain, which allows
the convolutions in Eq. 7.1 to be rapidly computed. The output of the FNO is the
complete wavefield solution, which can be queried anywhere within the medium,
regardless of whether the points lie on the input mesh.

The most basic component of the FNO is a Fourier block (Fig. 7.1), which first
transforms an input function (V ) to the Fourier domain. In the first layer of the
network, V is equal to the initial conditions, A. Then, a kernel (Ki) is computed
specifically for this function and is truncated at low order, before performing the
integration via multiplication. Finally, the result is transformed back and a non-
linear activation function is applied, which concludes the Fourier block. For this
study, the architecture of the FNO contains 4 sequential Fourier blocks and applies
a ReLU activation to the output of each (Fig. 7.1). We note that the truncation of
the Fourier modes is performed on the function values after lifting them to a higher
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dimensional space, rather than the raw input function, so that this does not lead to
compression. We refer the interested readers to [24] for more mathematical details
about the FNO.

Training dataset
As Gaussian random fields can represent all continuous functions, the purpose of
these steps is to create a suite of simulations that span a range of possible conditions.
We show later that they can even well-approximate strongly discontinuous velocity
models. An example velocity model and simulation is shown in Figure 7.1.

Dataset for acoustic wave propagation We constructed a training dataset of
5,000 simulations to learn from by first generating random velocity models. We
set up a 64×64 grid with 0.16 km spacing to define the velocity model. Then,
we created 5,000 random velocity models by sampling random fields having a von
Karman covariance function with the following parameters: Hurst exponentκ = 0.5,
correlation length a = [ax, ay] = [0.16km, 0.16km], and ε = 0.1, µ = 3km/s, and
σ = 0.15km. Then to get the acoustic wavefield, for each of these velocity models,
we apply a Ricker wavelet source at a random point, and solve the acoustic wave
equation using a spectral-element method (SEM) [25]. It should be noted that there
is a source grid used since this is a requirement of the spectral-element method.

Dataset for elastic wave propagation We define VP in the same way as the
velocity used for acoustic wave propagation and generate 20,0000 examples. For the
elastic wavefield, we also requireVP/VS , which we set to have an average background
of 1.732 perturbed by a smooth Gaussian random field with the following parameters:
correlation length λ=32 grids, standard deviation σ=2% of the background. For
simulating the elastic wavefield, we use [26] with the top boundary set with a
free-surface boundary condition and the other three edges have absorbing boundary
conditions. A total of 4-sec wavefield with a time step of 0.01 sec and a major
frequency content up to 6 Hz is simulated.

Training
Given the simulation dataset, we can proceed to train a FNO model in a supervised
capacity, where the goal is to learn a model that can reliably output a solution to
the wave equation for arbitrary input conditions. The training is performed using
batch gradient descent, where the parameters of the FNO are updated to minimize
the error against the "true" solutions. For the acoustic FNO, a mean-square error
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loss function is used. We use a batch size of 30 simulations and train the model for a
maximum of 300 epochs. We use all but 200 of the simulations for training, and set
aside the remainder for cross-validation of the model. The time required to train the
model from scratch is approximately 18 hours using 6 NVIDIA Tesla V100 GPUs.

For the elastic FNO, a mixture of L1 and L2 losses is used. We use a batch size
of 8 and train for 100 epochs. We use 90% of the simulations for training and the
remainder for validation. This takes approximately 40 minutes per epoch on a single
NVIDIA Tesla V100 GPU.

7.4 Experimental results for acoustic wave propagation and inversion

Figure 7.4: Model generalization experiments. (a) the source-receiver locations
with receivers in blue and source in red; (b) a velocity model with a homogeneous
background of 3 km/s and a 5% square anomaly; (c) waveform simulated with SEM
(black) and FNO (red). (d-f) same as (a-c), but for an input velocity model with 2x
finer resolution than trained on. These experiments show that the model is not just
memorizing the solutions, but is able to generalize to entirely new conditions.
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Figure 7.2: Examples of two validation wavefield simulations from the trained FNO
model. (a) the source-receiver locations with receivers in blue and source in red; (b)
the velocity structure; (c) waveforms simulated with SEM (black) and FNO (red).
(d-f) same as (a-c), but for a different velocity model. The relative ℓ2 loss of the
two examples are 0.180 and 0.363, respectively, which are representative of the
entire validation data set with an average ℓ2 loss of 0.273. We demonstrate that the
FNO simulation results are able to capture both the major arrivals as well as some
reflections.
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Figure 7.3: Model performance as a function of the number of training samples. (a)
Training and validation loss curves as a function of different numbers of training
samples. (b) Example waveform fitting of a single training example from models
trained with varying number of training examples. (c) Example waveform fitting of
a single validation example from models trained with varying number of training
examples. The numbers to the right of each waveform shows the relative ℓ2 misfit.
This shows that the model trained on 4800 samples is able to capture the reflections,
whereas the model trained on smaller number of samples does not generalize to
reflections in the validation example.

Initial wavefield demonstration

Figure 7.2 shows two example wavefields corresponding to two different velocity
models, each with a different source. The spectral element solution is shown
alongside the wavefield predicted by the FNO for the 8 different receivers (blue
triangles). For these examples, the input velocity model is 64×64. The relative ℓ2

loss of the FNO wavefields are 0.180 and 0.363. These examples are representative
of the entire validation dataset, which has a loss of 0.273 relative to the spectral
element solutions.

The number of simulations needed for training

Once fully trained, the FNO can evaluate a new solution in a fraction of a second,
and thus the time to train the FNO will be the vast majority of the needed compute
time. A primary concern about the computational demands of the FNO approach is
therefore the number of simulations needed for training. Here, we examine how the
number of training simulations influences the accuracy of the solution. We create a
series of tests in which the number of training simulations is varied from 800 at the
fewest, to 4800 at the most. The results are shown in Figure 7.3 where we show the
FNO wavefield predictions for each dataset. Even with 1200 training samples, there
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Figure 7.5: Example of a full waveform inversion using FNO. (a)(c)(e) True velocity
models with source locations indicated by red circles and receivers placed at every
node of the 64×64 grid (10 km × 10 km region). (b) Reconstruction using SEM
and adjoint tomography. (d)(f) Reconstruction using FNO as the forward model and
automatic differentiation to compute gradients. No regularization is used for these
experiments.
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is no indication that there is overfitting since the training waveform error is similar
across different models (Figure 7.3a,b). Training using just 1200 simulations is able
to predict the major arrival. Increasing number of training samples provides a better
fit of the reflections (e.g. 3.2 sec in Figure 7.3c).

Generalization to arbitrary velocity models

The FNO was trained only on velocity models drawn from Gaussian random fields,
and while this family of functions is broad, it does not include some types of functions
that exist in the Earth, such as discontinuous functions. This rises the question of
whether the FNO can still generalize well to these cases. Figure 7.4a-c shows an
example of a predicted wavefield for a velocity model containing a constant velocity
square embedded within a homogeneous medium. While the velocity model itself is
rather simple, it is actually very far removed from the characteristics of the random
fields that the FNO was trained on and represents a challenging example. We can
see that the predicted wavefield does a very good job of approximating the wavefield
compared to the ground truth. We believe the small residual errors can be reduced
with better hyperparameter selection.

Generalization to higher resolution grids

FNO can be viewed in some sense as a method for learning generalized Green’s
functions valid for arbitrary boundary conditions. Since it is intrinsically learning
a mapping between function spaces, the FNO is theoretically independent of the
resolution at which the functions are discretized (this is only a requirement for
evaluation on a computer). One important advantage of this is that the FNO can
be trained on velocity models with a certain grid spacing, and then be evaluated on
velocity models with a different grid spacing at inference time. Here, we are not
simply talking about interpolating the wavefield after solving the PDE; but rather,
the solutions to the PDE can actually be evaluated on a higher resolution velocity
model with negligible extra compute cost. To demonstrate this, Figure 7.4d-f shows
the FNO prediction for a random velocity field with 3x higher resolution 128x128
than the models used during training, alongside the spectral element solution. The
FNO solution closely approximates the spectral element solution. Note that the
velocity models with different meshes have the same roughness as the training data
set. Resolving more rough structure with denser spacing can be achieved by training
with many more GRFs with varying correlation length scales and variance.
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Full waveform inversion with Neural Operators

One of the most useful applications of wavefield simulations is in inversion, to image
the Earth’s interior. The adjoint-state method is an approach to efficiently compute
the gradients of an objective function with respect to parameters of interest and can
be used for seismic tomography (e.g. [5], [9]). Neural Operators are differentiable
by design, which enables gradient computation with reverse-mode automatic differ-
entiation. Automatic differentiation has been shown to be mathematically equivalent
to the adjoint-state method [27]. This allows for the gradients of the wavefield to be
determined with respect to the inputs (velocity model and source location).

Figure 7.5 demonstrates our FWI performance. For each case, we compute synthetic
observations using the source distribution as shown (red circles), taking every point
in the 64x64 grid as a receiver. The observations are noise-free for this experiment.
Then, we perform tomography by starting with a homogeneous initial velocity model
and forward propagating a wavefield with the FNO for each source. We calculate
the loss L =

∑
i

∑
j[u

obs(xi, xj)−upred(xi, xj)]
2, and compute ∇L with automatic

differentiation. The velocity model is then iteratively updated with gradient descent
for 1000 iterations using the Adam optimizer [28] and a learning rate of 0.01. For
comparison, Fig. 7.5ab shows the imaging result using SEM and adjoint-state
method, with a relative ℓ2 misfit between the inverted and true velocity model of
0.0289. Fig. 7.5cd shows the result for the same velocity structure using FNO
and automatic differentiation, with a misfit of 0.0319. Fig. 7.5ef is designed to
demonstrate sharp discontinuous changes with a short wavelength. The results
demonstrate the remarkable capabilities of FNO to learn a general solution operator.

We note that our FWI approach does not require an adjoint wavefield to be computed,
nor a cross-correlation; the gradients can be rapidly computed with GPUs using
automatic differentiation. The rapid simulation makes it substantially more efficient
than adjoint methods. For these experiment, 20 sources take ∼ 1 second for one
tomographic iteration including the costs of computing the forward model, while
the spectral element method with adjoint methods takes ∼ 100 seconds for one
tomographic iteration. These time measurements are from using only a single
NVIDIA Tesla V100 GPU.

7.5 Experimental results for elastic wave propagation and inversion
Generalizability to arbitrary velocity structure or discretization The U-NO
model is trained on random velocity models generated with the von Karman corre-
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Figure 7.6: Model generalization experiments 1: random fields of Vs and Vp/Vs
model with 4-times roughness of the training data. Relative L2 loss of the U-NO
simulation is 0.182.

lation function, which can best mimic the Earth’s heterogenous velocity distribution.
We show by example that the U-NO model, although trained on random velocity
models with parameters described above, is applicable to arbitrary velocity models.
These outcomes are in fact expected from theoretical grounds because von Karman
random fields are able to approximate any physical function to arbitrary accuracy.

One example is with velocity models from a von Karman-type random distribution,
but with a different covariance function than the one used for the training data. We
increase the roughness of the velocity structure by a factor of four by decreasing the
correlation length of Vs and Vp/Vs to only one-fourth that of the training data. As
shown in Figure 7.6, the wavefield snapshot has more coda than with the smoother
models because of the scattering from increased heterogeneity. However, the coda
waves are well modeled by U-NO when compared to the ground truth simulation by
FDM.

The distribution of the relative L2-norm misfit and cross-correlation coefficient are
plotted in Figure 7.7. In the case of the Marmousi model, the extended tail of the
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Figure 7.7: Output evaluation. Distribution of relative L2 loss (top) and correlation
coefficient (bottom) between the U-NO predictions and ground truth. From left to
right, the columns are corresponding to the experiments in Figure 3, 5, 6. The red
and black dashed lines mark the mean and standard deviation of the histograms.

histogram is attributed to the model’s imbalanced complexity. In general, however,
we see a very high cross-correlation coefficient (>0.95) between U-NO prediction
and ground truth, confirming its robust generalizability.

Full waveform inversion One of the most important applications of wavefield sim-
ulations is in full-waveform inversion (FWI), which uses the full recorded waveform
to image the Earth’s interior. The adjoint-state method is the traditional approach to
compute the gradients of an objective function with respect to parameters of interest
[29], [30]. Neural operators are differentiable by design, which enables gradient
computation with reverse-mode automatic differentiation. It has been shown that
automatic differentiation and the adjoint approach are mathematically equivalent
[27]. Hence, the trained U-NO model allows for convenient FWI and the associated
speed and accuracy should depend only on the forward modeling part.

We demonstrate the inversion performance using the velocity structure of random
subpanels in the Marmousi model [31]. The synthetic waveform data are simulated
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Figure 7.8: Full waveform inversion. The inversion for a random subpanel from the
Marmousi model. 14 sources are placed in a ring shape and receivers are placed
at every node of the 64×64 grid. From left to right, the columns represent true
velocity model, initial model for inversion, inverted model without regularization,
and inverted model with damping and smoothing. The top and bottom rows are Vs
and Vp models, respectively.

with FDM [26] using 14 sources distributed in a ring shape. In Figure 7.8, we
use the true source location, receivers on all 64×64 grids and noise-free waveform
data; the goal here is not to demonstrate resolution, but rather the computational
accuracy of the method. We then invert for Vp and Vs simultaneously by starting
with homogeneous initial Vp and Vs models and forward propagating the wavefield
with the U-NO for each source. The misfit is defined by the mean square error
between the forward modeled and true wavefield. The gradient of the misfit with
respect to Vp and Vs can be computed through automatic differentiation. Vp and Vs
are then iteratively updated with gradient descent for 100 iterations using the Adam
optimizer [32] with a learning rate of 0.01. Each iteration takes only about 1.4 sec
by taking advantage of U-NO forward computation. The results in Figure 8 show
a relative L2-norm misfit between the true and inverted model of only 3%. This
successful inversion, in turn, further validates the accuracy of forward modeling
with U-NO.

Besides the fact that the inversion target velocity model is quite different from the
smooth random fields in the training dataset, this experiment itself is difficult due to
conventional problems in full-waveform inversion, such as cycle skipping (multiple
local maxima in the least-squares misfit function).
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7.6 Conclusions
This chapter presents a prototype for applying Neural Operators to the 2D acoustic
wave equation and extends this prototype to the 2D elastic wave equation. In our
tests, we found that only a few thousand simulations were needed to train a FNO
model, and from there, required negligible time to compute a new solution. Since
FNO can be trained on lower resolution simulations and then generalize to higher
resolution solutions once trained, this results in substantially faster computations
than using traditional numerical methods at the full resolution.

One of the limitations of the approach is that the solutions are approximate, as
seen in several of the figures. However, since this is a learning-based approach,
the performance can be improved in the future by using a better model architecture,
thorough tuning of hyperparameters, improving the size of the training dataset, using
a more appropriate objective function, and various other factors. Additionally, as
new developments within machine learning emerge in this area, they would be able
to be incorporated. Thus, these performance metrics should only be viewed as a
starting point. For some applications, the error may be enough of an issue and
traditional numerical methods may be preferable; however for many other situations
in geophysics, a reasonably accurate solution may be acceptable.

Among the most exciting benefits of our approach is that by training the FNO on
random velocity models, the FNO is able to produce solutions for arbitrary velocity
models. This is because FNO learns a general solution operator to the PDE, and
not specifically the velocity model. This means that the model does not need to be
retrained for each region. Thus, the approach offers the potential for a single FNO
model to be used by the entire seismology community for any region of a similar
size. While the initial cost of training a FNO and performing the training simulations
may be expensive, it only needs to be done a single time for the community as a
whole.
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C h a p t e r 8

CONCLUSION

In this thesis, I have discussed new methods and techniques for solving inverse prob-
lems, primarily focusing on non-linear imaging inverse problems. These methods
are designed in tandem with how scientists use and interpret the data. The key
contributions are as follows:

Contributions

• An expectation maximization inspired method for solving blind inverse prob-
lems using probabilistic generative models, namely normalizing flows, to
estimate the posterior.

• A technique for leveraging the shared structure across corrupted measurements
to solve imaging inverse problems without Bayesian priors.

• Rich 3D maps identifying and quantifying regions of melt that underly the
Kilauea caldera.

• A convex approach to solving the nonlinear eikonal tomography problem,
which recasts the problem into a constrained inpainting in the measurement
space.

• Mesh-free surrogate models for seismic wave propagation, enabling faster
forward and backward simulation.

Directions for Future Work
The results of this thesis present several interesting directions for future work.

1. Building interpretability directly into imaging problems: For many scientific
imaging problems, a single image is not enough to draw robust conclusions. A
key question is how can we build interpretable uncertainty and use it to inform
downstream scientific conclusions. For instance, per-pixel uncertainties on velocity
have limited scientific utility, as discussed in Chapter 5. Building semantic uncer-
tainty could unlock the ability to interpret our uncertainty, which in turn strengthen
existing scientific conclusions or enable new insights.
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2. Multi-modal physics-guided inversion: In self-driving, there is the problem of
sensor fusion. Similarly, many scientific imaging problems have similar problems
where different types of measurements highlight different structures. Traditional
methods currently leverage information from a single measurement modality to
probe at the unknown information. For instance, in Chapters 3, 6, and 5, we focus
on imaging using just time-of-flight information. However, teleseismic waves can
give rich information of large scale features, receiver-function information can give
rich information of depths of sharp boundaries, and the full-wave information can
give rich information on high frequency features. Using a single data source limits
the ability to draw robust conclusions from the entire suite of observations. Instead,
fusing these multi-modal data sources can give more confidence in results.

3. Alternative strategies for forward and gradient modeling for non-linear inverse
problems: Our understanding of linear inverse problems is quite rich, but our insight
into feasibility and quality from solving non-linear inverse problems remains limited.
This is especially necessary as the field turns towards using surrogate forward models
for faster inversion. How can we trust the reconstructions when we don’t understand
how it works? As shown in Chapter. 6, we show a convex relaxation of the eikonal
imaging problem, which in its Lagrangian formulation, looks very similar imaging
with a physics informed neural network where the neural network is a neural field.
Alternative strategies, like EikoLift, enable the interrogation of modern techniques
to gain insights into the behavior of learning based inversion schemes.

4. Uncovering the structure of forward models through uncovering posterior in-
variance: It is well known that for the well-studied imaging inverse problem of
Fourier phase-retrieval, losing the phase information results in shift ambiguity in
the reconstruction. As discussed in Chapter 4, we can add a loss to ensure that the
center of the mass of the object is at the center of the image. Alternatively, we can
infer the entire posterior by allowing for spatially shifted results. This is challenging
to infer directly from data, but encoding these invariance apriori can be limiting in
non-linear inverse problems where we do not know what this structure is exactly.
Learning the structure in tandem with solving the inverse problem would improve
the optimization landscape while improving the uncertainty in non-linear imaging
modalities like seismic imaging.
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A p p e n d i x A

IMAGING WITH LIMITED PRIORS: SUPPLEMENTARY
MATERIALS

A.1 Experimental details
Model selection We parameterize the latent variational distributions qϕ(z) with
normalizing flows lϕ. In particular, suppose our latent variables z = lϕ(s) where
s ∼ N (0, I). Then,

log qϕ(z) = log π(s)− log

∣∣∣∣det dlϕ(s)ds

∣∣∣∣
where π(·) denotes the likelihood of the base distribution of s, which in this case is
a Gaussian. For our prior on z given Gθ, we use an isotropic Gaussian prior. Then
the ELBOProxy equation becomes

ELBOProxy(Gθ, qϕ; y) := Ez∼lϕ(z)[log p(y|G(z))

+ log p(z|G)− log qϕ(z)]

= Es∼N (0,I)

[
log p(y|Gθ(lϕ(s)))

+
1

2
∥lϕ(s)∥22 − log π(s)

+ log

∣∣∣∣det dlϕ(s)ds

∣∣∣∣ ].
Since the expectation over log π(s) is constant with respect to the parameters ϕ, we
arrive at

ELBOProxy(Gθ, qϕ; y) = Es∼N (0,I)

[
log p(y|G(lϕ(s)))

+
1

2
∥lϕ(s)∥22

+ log

∣∣∣∣det dlϕ(s)ds

∣∣∣∣ ].
Learning the IGM We parameterize the posterior using Gaussian distributions
due to memory constraints; the memory of the whole setup with Normalizing Flows
using 75 images is around 5 times larger than the setup using a Gaussian variational
family. Note that we do not notice overfitting so there is no need for early stopping.
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We train for 99,000 epochs using the Adam [1] optimizer with a learning rate of
1e-4, which takes around 54 hours for 75 images and 4 hours for 4 images on a
single NVIDIA A100 GPU. We use a batch size of 20 samples per measurement i,
and we perform batch gradient descent based on all measurements i ∈ {1, . . . , N}.
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A p p e n d i x B

HIGH RESOLUTION EIKONAL IMAGING OF KILAUEA:
SUPPLEMENTARY MATERIALS

B.1 Additional results
Full resolution tests
In Fig. B.1, we show the resolution tests using a checkerboard perturbation for both
VP and VS . We find that they have roughly the same resolvability with around 4

km resolution everywhere that has sensitivity and up to 2 km resolution near the
surface.

In Fig. B.3, we show resolvability tests on possible anomalies.

In Fig. B.4, we show the resolvability test for VP/VS ratio synthetic anomalies
obtained by decreasing the VS background velocity, assuming a 15% melt fraction
and having a VP/VS ratio of 2.2. The MAP estimation process can reasonably
resolve the input anomalies, while some vertical smearing is observable due to the
source distribution used in the inversion process.

Optimization parameters
In Fig. B.5, we show the optimization hyperparameters that we tested before selecting
the optimal set. We use k = 250, kmax = 500, and kstop = 250 since it fits the
data while not overfitting the noise. We include the normalized data likelihood
log p(y|V ) = |y − f(V )|/b for each reconstruction where b is the parameter of the
Laplacian distribution.

Noise model misspecification
In Fig. 5.2, we show results on reconstruction VP when we have misestimated the
noise by a factor of 2 and 5. In all settings, we are able to resolve the anomalies, but
when the noise is much higher than expected, there is substantial overfitting to noise.
We find it necessary to do early stopping to prevent overfitting to noise, especially
when the data noise is larger than expected.

We also consider a mismatch in the noise model itself and consider Laplacian and
Gaussian distributions as shown in Fig. B.6.
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Figure B.1: Checkerboard tests We perform inversion on the 1D model from [1]
modulated with various checkerboards of 20% increase or decrease for both VP and
VS . These checkerboard patterns have a size of 2 km, 4 km, and 8 km. We also
show the reconstruction and relative change for A-A’. We are able to resolve around
a resolution of 4 km in the upper half of the domain and at least a resolution of 8 km
throughout the region with ray coverage for both VP and VS . We include z-scores to
quantify the accuracy of our uncertainty quantification. We find that the uncertainty
is underestimated near the sharp interfaces of the checkerboard as well as in the high
frequency regions that are below the resolvability of our method.

B.2 Theoretical perspective of gradient blurring for linear inverse problems
Gradient smoothing for linear inverse problems
We consider solving a linear inverse problem where A ∈ Rn2×n2 , v ∈ Rn2×1 is our
target, y ∈ Rn2×1 is our measurements, and R(v) is our regularizer by solving the
following optimization problem:

v̂ = argmin
v

L

= argmin
v

||y − Av||22 +R(v). (B.1)

For simplicity, we assume that the regularizer is 0:

v̂ = argmin
v

||y − Av||22. (B.2)
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Figure B.2: Checkerboard tests without early stopping We perform inversion on
the 1D model from [1] modulated with various checkerboards of 20% increase or
decrease for both VP and VS . These checkerboard patterns have a size of 2 km, 4
km, and 8 km. We also show the reconstruction and relative change for A-A’. We
are able to resolve around a resolution of 4 km in the upper half of the domain and
at least a resolution of 8 km throughout the region with ray coverage for both VP

and VS .

If we solve this using gradient descent, then the gradient is defined by:

∂L
∂v

= −AT (y − Av). (B.3)

We consider adding an isotropic spatial Gaussian blur G to the data-likelihood that
can be decomposed as G = G1DG

T
1D ∈ Rn2×n2 . G is self-adjoint. Applying G to

the gradient gives us:

∂L
∂v

= G
[
−AT (y − Av)

]
= −GAT (y − Av). (B.4)

Essentially, this is saying that the update from the data should be blurred because
of our inductive biases (i.e. implicit smoothness prior on the gradient, potential
artifacts of the gradient). Essentially, what this is doing is that it attenuates any high
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Figure B.3: Physically motivated synthetic anomaly tests. We perform synthetic
tests to explore the sensitivity of our expected source-receiver geometry to various
∼ 10% low velocity anomalies in the subsurface. For various candidate anomalies,
we show the following for A-A’: the true velocity model used to generate the synthetic
travel times, the relative change to the initial model, and the mean of the inferred
posterior and relative change to the initial model for both an k = 250 and k = 500.
Note, we plot these cross sections masking out the topography.

Figure B.4: VP/VS ratio synthetic resolvability test. We include two high VP/VS

ratio anomalies within the initial velocity models to evaluate the ability (left panel).
The right panel shows the result of applying MAP estimation process to the synthetic
data to resolve the input anomalies.
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Figure B.5: Gradient smoothing. We visualize the reconstructions along A-A’ for
different values of kstop, kmax, and k values for the gradient smoothing as described
by Eq. 5.9. We find that the optimal set of parameters is kstop = 250, kmax = 500,
and k = 250, which is highlighted in green. We include the ground truth velocity
model for reference.

Data model: Laplacian

Data model: Gaussian

Noise model: GaussianNoise model: Laplacian

Noise model: GaussianNoise model: Laplacian

Figure B.6: Noise model mismatch We consider the impact of misspecifying the
noise model η and/or measurement model log p(y|x). We consider the effect of
mismatch in the assumed noise model distribution (e.g. Gaussian vs. Laplacian
noise). For the Gaussian distribution, we assume a standard deviation σP = .11 and
σS = 0.31. For the Laplacian distribution, we assume bP = 0.08 and bS = 0.15.
The noise model and data-fit model highlighted in green is the one that we expect
our real data to match. Truth is in Fig. B.5.
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Figure B.7: All depth slices of VP/VS . Here we show all depth slices of VP/VS

from z = 0 km to z = 17 km. Refer to the color map in Fig. 5.7 or Fig. B.10. The
lighter region indicates resolvability with a checkerboard of 4 km.
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Figure B.8: Reconstructions at various SSST steps. Here we show reconstructions
at various steps in the SSST localization procedure along the A-A’ cross section.
We find that the recovered structures are stable across these different steps.
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Figure B.9: 1D profiles. Various depth slices across different lat-lon locations. The
black line is the 1D model from [2] that we use for our initial model.

frequency content from the gradient of the data fit. Thus, this blurred gradient only
updates the low frequencies of v, forcing the high frequencies of the initialization
to be constant. In this scheme, it is important to make sure that the frequency
content of v matches the frequency content of the blurring operator G or else the
reconstructed v will retain these high frequency features.

Hierarchical approaches for linear inverse problems
If instead we want to improve the reconstruction by employing a hierarchical ap-
proach, then this would result in the following optimization where Gv represents
the inversion at a specific level in the hierarchical approach:

v̂ = argmin
v

L

= argmin
v

||y − AGv||22 (B.5)

∂L
∂v

= −GTAT (y − AGv). (B.6)

Note that G is self-adjoint (i.e. GT = G). Here, the gradient appears to be different
than that in Sec.B.2, but if Gv = v, then they are equivalent. This only occurs when
v is band-limited relative to the filter G.
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travel time misfits for both the initial velocity model and the recovered posterior
mean.

[2] T. L. Wright and F. W. Klein, “Deep magma transport at kilauea volcano,
hawaii,” Lithos, vol. 87, no. 1-2, pp. 50–79, 2006.



154

A p p e n d i x C

A CONVEX RELAXATION FOR EIKONAL IMAGING:
SUPPLEMENTARY MATERIALS

C.1 Derivation of EikoLift
We begin with Eq. 4 from the main text,

{T̂ (i)(xs)}nr
i=1 = arg min

{T (i)(x
(i)
s )}nr

i=1

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )− T (i)(x(j)
s )
)2

s.t. ||∇T (i)(x)||22 = ||∇T (k)(x)||22 ∀i, k,x.
(C.1)

Substituting in T (i)(x
(j)
s ) = α(i)Tϕ(x

(j)
s ) where ϕ(x(j)

s ) = (ϕ1(x
(j)
s ), ...ϕK(x

(j)
s )):

{α̂(i)}nr
i=1 = arg min

{α(i)}nr
i=1

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )− α(i)Tϕ(x(j)
s )
)2

s.t. ⟨α(i),∇ϕ∇ϕTα(i)⟩ = ⟨α(k),∇ϕ∇ϕTα(k)⟩ ∀i, k.
(C.2)

Here, ∇ϕ(x) = (∂kϕj(x))k∈[d],j∈[K] ∈ RK×d is the Jacobian matrix of ϕ, and we
have used ⟨·, ·⟩ for matrix arguments to denote the trace inner product ⟨A,B⟩ =

Trace(ATB). We reorganize the eikonal constraint and modify the objective to use
the travel times squared instead of travel times:

{α̂(i)}nr
i=1 = arg min

{α(i)}nr
i=1

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )2 − ϕT (x(j)
s )α(i)α(i)Tϕ(x(j)

s )
)2

s.t. ⟨∇ϕ∇ϕT , α(i)α(i)T ⟩ = ⟨∇ϕ∇ϕT , α(j)α(j)T ⟩ ∀i, j.
(C.3)

Substituting M (i) = α(i)α(i)T :

{M̂ (i)}nr
i=1 = arg min

{M(i)}nr
i=1

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2

s.t. ⟨∇ϕ∇ϕT ,M (i)⟩ = ⟨∇ϕ∇ϕT ,M (j)⟩ ∀i, j
M (i) ⪰ 0 ∀i. (C.4)
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Since we want M (i) = α(i)α(i)T as described in Sec. 3.1, we want to find M (i) such
that it is rank-1, so we change the problem to be a rank minimization problem and
soften the eikonal constraint:

{M̂ (i)}nr
i=1 = arg min

{M(i)}nr
i=1

nr∑
i=1

Rank(M (i))

s.t.
(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2 ≤ εdata ∀i ∈ [nr], j ∈ [ns]

⟨∇ϕ(x)∇ϕT (x),M (i) −M (j)⟩2 ≤ εPDE ∀i, j,x
M (i) ⪰ 0 ∀i. (C.5)

However, rank minimization is non-convex and NP hard, so we relax it to be a trace
minimization problem:

{M̂ (i)}nr
i=1 = arg min

{M(i)}nr
i=1

nr∑
i=1

Trace(M (i))

s.t.
(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2 ≤ εdata ∀i ∈ [nr], j ∈ [ns]

⟨∇ϕ(x)∇ϕT (x),M (i) −M (j)⟩2 ≤ εPDE ∀i, j,x
M (i) ⪰ 0 ∀i. (C.6)

Having a such a strong constraint for the PDE loss can yield infeasibility in the
optimization problem. Thus, we weaken this to be an inequality enforced on random
points x:

{M̂ (i)}nr
i=1 = arg min

{M(i)}nr
i=1

nr∑
i=1

Trace(M (i))

s.t.
(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2 ≤ εdata ∀i ∈ [nr], j ∈ [ns]

⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (k)⟩2 ≤ εPDE ∀i, k,x
M (i) ⪰ 0 ∀i. (C.7)

C.2 Block diagonal formulation
To reduce the number of parameters, we parameterize M (i) to be a block diagonal
matrix where it is non-zero only for entries that correspond to the bases related to
T (i). Naively, if we had K basis functions for each of the nr receivers, M (i) ∈
RnrK×nrK would take the form of M (i) = I(i)A(i)I(i)

T where A(i) ∈ RnrK×nrK and
I(i) ∈ RnrK×nrK is block diagonal with an identity matrix of size IK×K from the
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Figure C.1: Block diagonal formulation. This is a schematic of how we implement
the block diagonal representation as described in Sec. 3.1 of the main text and in
Appendix C.2.

(i− 1)K to iK-th entries. That is,

I
(i)
jl =

1, for ∀j ∈ [(i− 1)K, iK], l = j

0, otherwise.

Since many of the entries in A(i) are irrelevant, we instead parameterize M (i) ∈
RnrK×nrK as M (i) = I

(i)
rectA

(i)I
(i)
rect

T
where A(i) ∈ RK×K and I

(i)
rect ∈ RnrK×K with

a K ×K identity matrix starting at row iK. We visualize this in Fig. C.1. That is,

I
(i)
rectjl =

1, for ∀j ∈ [K], l = j + iK

0, otherwise.

The PSD constraint can now be on A(i) and the optimization now takes the form:

{Â(i)}nr
i=1 = arg min

{A(i)}nr
i=1

∑
i

Trace(A(i)) (C.8)

s.t. ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (h)⟩2 ≤ εPDE ∀i, h,x
(T 2

obs(x
(i)
r ,x(j)

s )− ϕ(x(j)
s )TM (i)ϕ(x(j)

s ))2 ≤ εdata ∀i,x(j)
s

A(i) ≽ 0 ∀i

M (i) = I
(i)
rectA

(i)I
(i)
rect

T
.

C.3 Relaxing the data-fit and Lagrangian
The convex optimization problem in Eq. C.7 (also Eq. 8 of the main text) has the nice
property of optimality if it is a feasible problem, but it is computationally expensive
to solve the full convex problem. Moreover, to guarantee feasibility when there is
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measurement noise, εdata needs to be quite large, which can yield overly smooth
solutions.

We propose an alternative regime under measurement noise starting with Eq. C.7,

{Â(i)}nr
i=1 = arg min

{A(i)}nr
i=1

∑
i

Trace(A(i))

s.t. ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (k)⟩2 ≤ εPDE ∀i, k,x(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2 ≤ εdata ∀i ∈ [nr], j ∈ [ns]

M (i) = I(i)A(i)I(i)
T

A(i) ≽ 0 ∀i

If we take the Lagrangian and introduce weight λdata , we get:

{Â(i)}nr
i=1 = arg min

{A(i)}nr
i=1

∑
i

Trace(A(i))︸ ︷︷ ︸
original objective

+λdata

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2

︸ ︷︷ ︸
data constraint

s.t. ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (k)⟩2 ≤ εPDE ∀i, k,x
M (i) = I(i)A(i)I(i)

T
A(i) ≽ 0 ∀i (C.9)

Full Lagrangian
If we take the full Lagrangian, remove the convexity requirement, and solve using
gradient descent, then we can solve directly for {α(i)}. By construction A(i) is rank
1 for all i, so we can remove the trace minimization objective and get the following
objective:

{α̂(i)}nr
i=1 = arg min

{α(i)}nr
i=1

λdata

∑
i∈[nr],j∈[ns]

(
Tobs(x

(j)
s ,x(i)

r )− ϕT (x(j)
s )M (i)ϕ(x(j)

s )
)2

︸ ︷︷ ︸
data constraint

+ λPDE ⟨∇ϕ(x)∇ϕ(x)T ,M (i) −M (k)⟩2︸ ︷︷ ︸
PDE constraint

(C.10)

s.t. M (i) = I(i)α(i)α(i)T I(i)
T

Note that this is very similar to the regularizers for the ToF-PINN from [1]. However,
a key distinction is that [1] leverages the implicit regularization of the neural field
whereas EikoLift uses explicit regularization through the basis functions ϕ, which
can yield substantially different solutions.
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C.4 Additional experiments
Toy example
We consider a simple eikonal tomography problem where the ground truth medium
is homogeneous with a velocity of 6 km/s. We simulate measurements of nr = 2

subsurface sources at ns = 20 surface receivers and use reciprocity. We consider
nrK = 2 basis functions that consist of distance functions ϕ(i) = T

0,x
(i)
r
(x) where

T
0,x

(i)
r
(x) := ||x(i)

r − x||2 . As shown in Fig. C.2, we are able to demonstrate near
perfect recovery of the true underlying velocity model in the case where our basis
perfectly describes the true underlying model. Even with additional basis functions
where nrK = 12, we are able to obtain a near perfect recovery of the true velocity
model. This is also true with added measurement noise with an SNR of 25, which
corresponds to i.i.d Gaussian noise ηij ∼ N (0, 0.1 sec) for all i ∈ [ns] and j ∈ [nr]

such that Tobs(x
(j)
s ,x

(i)
r ) = Tv(x

(j)
s ,x

(i)
r ) + ηij .

Ablations
In Fig. C.3 and Fig. C.4, we show ablations for the various hyperparameter choices
for Eq. 8 and Eq. 9 of the main text respectively using noisy measurements with an
SNR of 25. In Fig. C.3, we show reconstructions using various values of εPDE and
εdata used in Eq. 8. We use εdata = 1 and εPDE = 0.1 in the main thesis figures.
In Fig. C.4, we show reconstructions using various values of εPDE and λ used in
Eq. 9. We use λ = 100 and εPDE = 0.1 in the main thesis figures.

Varying measurement noise
In Fig. C.5, we show how the result change with various SNRs. For the Adjoint w/
TV, the TV weight, λ, is fixed for each setup. A SNR of 10 corresponds to σ = 0.5,
SNR of 25 to a σ = 0.1, and SNR of 45 to a σ = 0.01. For the most part, there is
an improvement as the SNR increases.

Varying the size of the basis
The choice of the number of basis vectors is a critical one that is hard to determine
apriori. In Fig. C.6, we show how the result changes with an increasing number of
basis functions. When K = 2, there are too few basis functions and the reconstruc-
tion is biased to being homogeneous. When K = 12, some of the reconstructions
overfit to noise. K = 6 appears to balance reconstruction quality for most examples
in this dataset. K = 6 is also the inflection point at which a majority of the variance
is captured when performing PCA.
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Figure C.2: Toy example with homogeneous ground truth. We demonstrate our
method on a simple velocity model with a homogeneous velocity of 6 km/s. For this
toy example, we choose to use a homogeneous velocity model because there is no
generalization error between span(ϕ) and the ToF fields T (i). We test our method
using Eq. 8 from the main text on noise-free measurements generated by the Fast
Marching Method as well as noisy measurements with i.i.d additive Gaussian noise
with an SNR of 25. In the noise-free case, we find that the weight-vectors α̂(1) and
α̂(2), described in Sec. 3.2, fit the ideal reconstruction of a one hot vector where the
only non-zero value corresponds to T

0,x
(i)
r

. This holds when we increase the number
of basis vectors for each M (i) to be K = 6. In the noisy measurement setting, we
also find that the weight-vectors α̂(1) and α̂(2) fit the ideal reconstruction and we are
able to recover the homogeneous velocity. We find that we need to increase εdata
when our measurements are noisy.
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Figure C.3: Ablations for Eq. 8 for noisy measurements. Here we show recon-
structions using various values of εPDE and εdata used in Eq. 8. We use noisy
measurements with a SNR of 25. When εdata is substantially less than the expected
measurement noise, the optimization yields unexpected behavior. When εdata is too
large such that it is on the order of the signal, it yields overly smooth reconstructions.
εPDE = 0.1 and εdata = 1 corresponds to the parameters used for the results in the
main text.
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Figure C.4: Ablations for Eq. 9 for noisy measurements. Here we show re-
constructions using various values of εPDE and λ used in Eq. 9. We use noisy
measurements with a SNR of 25. The reconstruction under-fits the measurements
when λ is too small and overfits when λ is too large. εPDE = 0.1 and λ = 100
corresponds to the parameters used for the results in the main text.
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reconstruction quality.
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Figure C.6: Change in reconstruction with increasing K. We show results from
optimizing Eq. 9 from the main text using various values of K. K = 6 corresponds
to the same parameter setup as in the figures from the main text. When K is
too small, the reconstructions are overly smooth, and when K is too large, the
reconstruction overfits to noise.
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Figure C.7: Full coverage We show full sensor coverage reconstructions for the
adjoint method with TV prior, PINN, and our method using Eq. 9 from the main
text with different selection criteria. Mean squared error (MSE) is included for each
reconstruction.
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