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ABSTRACT

Polarons — quantum particles dressed by a cloud of bath excitations — arise when-
ever a particle interacts strongly with its host medium. In solids, the most promi-
nent examples are electron (hole) polarons, formed when an electron binds to a
phonon cloud through electron-phonon (4-ph) interactions. Polarons govern charge
transport in a broad class of materials, including transition metal oxides, organic
semiconductors, and halide perovskites. The concept generalizes to exciton-phonon
(ex-ph) interactions, giving rise to the exciton polaron. Once formed, exciton po-
larons induce large Stokes shifts and broad photoluminescence bands central to
light-emitting applications. Despite their importance, a predictive treatment of po-
larons has remained an open challenge: methods that are numerically exact, such as
diagrammatic Monte Carlo (DMC), have been restricted to simplified model Hamil-
tonians, while first-principles approaches based on density functional theory provide
material-specific 4-ph interactions but treat the 4-ph correlation approximately. This
thesis bridges this gap by developing first-principles diagrammatic Monte Carlo
(FPDMC), a method that stochastically sums all 4-ph Feynman diagrams using ac-
curate first-principles interactions, yielding numerically exact polaron properties in
real materials. Two key methodological advances make FPDMC possible. First,
we introduce a matrix-product formalism that sums over electronic band indices
exactly through matrix products, alleviating the multi-band sign problem in realistic
band structures. Second, we develop a data-driven compression of 4-ph interactions
based on singular-value decomposition (SVD) in the Wannier basis. Integrating
this compression into FPDMC accelerates the method by more than 103�, making
calculations in real materials tractable.

The SVD compression is not merely a computational acceleration of polaron calcu-
lation — it reveals a hidden low-dimensional structure of quantum interactions in
materials. We demonstrate this by showing that the compressed 4-ph interactions
maintain good accuracy for charge transport, spin relaxation, band renormalization,
and superconductivity calculations across a broad range of materials. We extend this
compression philosophy to phonon-phonon interactions, developing a tensor learn-
ing framework based on the permanent CP (PCP) decomposition. Our developed
method achieves 103–104� compression of anharmonic force constants and three
orders of magnitude speedups in first-principles thermal conductivity calculations.
These results suggest that data-driven compression of quantum interaction tensors
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is a broadly applicable paradigm, opening the door to integrating other high-level
many-body methods with first-principles calculations in computational materials
science.

In the applications of FPDMC, we study electron and hole polarons in several mate-
rials. In LiF, we characterize both a small hole polaron with a dense phonon cloud
and a large electron polaron. In SrTiO3, we compute the polaronic mobility and
optical conductivity, finding good agreement with the experiment. In TiO2, FPDMC
captures the contrasting physics of the two polymorphs: thermally activated small-
polaron hopping in rutile and power-law large-polaron transport in anatase — for
the latter, our predicted mobility is in excellent agreement with a subsequent exper-
imental measurement. To reveal the real-space correlation between electrons and
phonons, we introduce the 4-ph correlation function to visualize the lattice distortion
and polaron orbital character, providing microscopic insight into polaron formation.
Extending FPDMC to exciton polarons, we first employ finite-momentum Bethe-
Salpeter equation (BSE) calculations with density functional perturbation theory
(DFPT) to obtain first-principles exciton-phonon interactions. We then derive a
first-principles photoluminescence (PL) theory based on Fermi’s golden rule, en-
abling PL calculations for exciton polarons within FPDMC. In the study of CrBr3, we
analyze the exciton polaron wavefunction and identify the phonon modes that drive
polaron formation; the predicted PL spectrum is broad and agrees with experiment
in both peak position and lineshape.
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C h a p t e r 1

INTRODUCTION

1.1 Background: polarons

In a solid, a charge carrier distorts the surrounding lattice through the so-called

electron-phonon (4-ph) interactions. In the intermediate to strong 4-ph coupling

regime, the carrier is strongly renormalized by a cloud of phonons � the quanta of

the lattice vibration � forming a composite object with distinct physical properties,

coined a polaron [1]. Polarons are crucial for understanding the charge transport,

optical and spectral properties of various materials, including transition metal ox-

ides, organic semiconductors and halide perovskites [2]. In its general form, this

strong-coupling problem is common to other quasiparticles interacting with generic

bosonic �elds, including exciton polarons [3], spin polarons [4], strong light-matter

interactions [5] and spin-boson model [6]. Because of their fundamental importance

in physics [7, 8], chemistry [9] and materials science [2], polarons have attracted

intense research e�ort starting as early as the 1930s [10]. Depending on the strength

of the 4-ph coupling and the spatial extent of the lattice distortion, polarons are

conventionally classi�ed into large and small polarons.

In a large polaron, the lattice distortion extends over many unit cells centering

around the charge carrier. Most of the understanding of large polarons stems

from the Fröhlich model [11], which describes how a free electron couples to

the lattice via long-range Coulomb interactions. Notably, Feynman developed a

variational path-integral approach and calculated the ground state energy of Fröhlich

polaron with high accuracy across the entire coupling regime [12]. The electronic

spectral function of large polarons can host multiple phonon sidebands and the

quasiparticle weight is reduced, as observed in SrTiO3 [13] and anatase TiO2 [14].

Still, large polarons share some band-like character: the band remains dispersive

with a moderately enhanced e�ective mass, and temperature-dependent mobility

follows a power-law decay.

In a small polaron, the lattice distortion is localized to a single site or a few lattice

spacings relative to the charge carrier. The physics of small polarons is widely

described by the Holstein model [8], where local charge density only couples to

the onsite displacement. Lang and Firsov introduced the famous canonical trans-
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formation to diagonalize the local 4-ph interactions, now known as the Lang-Firsov

(LF) transformation [15]. In small polarons, the induced lattice distortion creates

an attractive potential and the carrier becomes self-trapped. This leads to a huge

enhancement in e�ective mass and exponentially suppressed mobility. In materials

with small polarons, the reported mobility often drops below 1 cm2/Vs and the trans-

port is thermally activated. Because of the distinct physical properties, classi�cation

of the polaron in materials into small or large polarons is an important step toward

understanding its physics.

Experiments across various probes reveal these polaronic properties in a broad

range of materials. Scanning tunneling microscopy and spectroscopy (STM/STS)

experiments can directly image the charge localization [16] and even manipulate the

polarons in real space [17]. Angle-resolved photoemission (ARPES) reveals phonon

sidebands in the energy spectra, the hallmark of polarons, in transition metal oxides

[14, 18, 19] and two-dimensional (2D) systems [20, 21]. Polaronic signatures

are also manifest in optical spectroscopy as broadband photoluminescence, a large

Stokes shift, and phonon sidebands, as seen in the 2D ferromagnets CrBr3 [22] and

CrSBr [23].

1.2 Aims

The goal of �rst-principles calculations is to predict material properties without

empirical parameters � the only input being the atomic structure. Currently,

�rst-principles calculations are rooted in density functional theory (DFT) [24],

where the interacting many-electron problem is reformulated as a self-consistent

one-electron problem through the Kohn-Sham construction [25]. DFT provides

a good description of the ground state structure and potential energy surface for

most materials except strongly correlated ones. The linear-response variant of DFT

(DFPT) [26] considers the perturbation potential of lattice displacement in linear

order. DFPT o�ers an e�cient way to calculate phonons at arbitrary momentum and

provides accurate 4-ph Hamiltonians [27, 28]. Leveraging DF(P)T techniques, sev-

eral �rst-principles treatments of polarons have been proposed, including variational

wave function approaches for self-trapped polarons [29, 30], canonical transforma-

tion [31, 32], and diagrammatic methods [13, 33, 34]. Both the �rst-principles

variational wavefunction approach and canonical transformation employ a mean-

�eld level polaron wavefunction and give accurate energies for self-trapped polarons

but not for large polarons. First-principles diagrammatic methods like cumulant ex-

pansion are limited to weak-to-intermediate coupling regime. These methods are
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approximate and can mainly address ground state properties, such as the polaron

formation energy, or in one case polaron transport in a speci�c range of coupling

strengths [13].

However, in the study of polarons in model Hamiltonians, there is a rich family of

theoretical and computational developments. Especially for Fröhlich and Holstein

polarons, there are accurate many-body approaches, including Feynman variational

path integral [12, 35�37], dynamical mean �eld theory (DMFT) [38, 39], momentum

average approximation [40, 41], hierarchical equations of motion (HEOM) [42],

and diagrammatic Monte Carlo (DMC) [43, 44]. Yet, all these methods, some

now more than two decades old, are still limited to toy models with only one

electron band and one phonon branch, severely limiting the prediction power for

real materials. The generalization to �rst-principles calculations remains elusive and

very di�cult. We would like to highlight DMC which is regarded as one of the gold

standard approaches because it includes 4-ph diagrams to all orders of perturbation

theory. DMC provided the �rst numerically exact results for Fröhlich polarons in

the entire range of coupling strengths [43, 44]. It samples the momentum space

continuously and computes the polaron properties directly in the thermodynamic

limit. The capabilities of DMC have been demonstrated in di�erent 4-ph models and

settings, including Holstein polaron [45], Su-Schrie�er-Heeger model [46], exciton

polaron [47], polaron optical conductivity [48, 49], many polarons problem [50],

bipolaron [51]. The broad applicability of DMC demonstrates its versatility and

makes it a good candidate for a �rst-principles implementation.

In this work, we develop �rst-principles DMC (FPDMC) calculations for polarons,

thereby enabling precise studies of polarons in a wide range of materials. This

advance is made possible by overcoming two key challenges.

1. The 4-ph interactions computed from �rst-principles utilize large multi-

dimensional matrices [52]; this is a major computational bottleneck because

FPDMC needs to evaluate billions of 4-ph diagrams, each with up to hundreds

of 4-ph couplings. We overcome this barrier by leveraging our recent tech-

nique for data-driven compression of 4-ph interactions [52], thereby greatly

reducing memory and computational cost. This parsimonious modeling of

4-ph interactions makes FPDMC calculations computationally possible. This

will be discussed in Chapter 5.

2. The presence of multiple electronic bands causes a sign problem in the 4-ph
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Monte Carlo sampling, which is analogous to the sign problem in fermionic

quantum Monte Carlo although it has a di�erent origin [53]. We address this

challenge by deriving a matrix-product formalism to evaluate the amplitude

of 4-ph Feynman diagrams, where the band indices are summed over exactly

using matrix products ordered on the imaginary time axis rather than sampled

stochastically. This matrix-product approach greatly alleviates the multi-

band sign problem, enabling FPDMC calculations in materials with generic

electronic band structures and phonon dispersions.

The second aim of this thesis is to develop data-driven compression methods for

general quantum interactions in materials. Although this direction emerged as

a byproduct of the FPDMC development, it addresses a broadly important chal-

lenge in computational materials science: many quantum interactions, such as 4-ph

and phonon-phonon interactions, are encoded in high-dimensional tensors whose

memory and computational cost grow rapidly with system complexity. SVD com-

pression, while powerful for the 4-ph matrix elements, does not trivially generalize

to higher-order tensors. To address this, we explore the CANDECOMP/PARAFAC

(CP) decomposition as a natural tensor analogue of SVD.

1.3 Thesis Outline

Building on the aims outlined above, the remainder of this thesis presents the method-

ology and results that make �rst-principles many-body polaron calculations possi-

ble, alongside data-driven compression frameworks for 4-ph and phonon-phonon

(ph-ph) interactions in materials.

Chapter 2 provides the basic theoretical background needed for the rest of the thesis.

We will cover density functional theory (DFT), density functional perturbation

theory (DFPT), Wannier functions and Wannier interpolation of electron-phonon

(4-ph) matrix elements. We conclude with the derivation of the 4-ph Hamiltonian

and a pedagogical treatment of polaron physics.

Chapter 3 develops the FPDMC theory and algorithm. We introduce polaron wave-

functions and Green's functions, construct the diagrammatic expansion for the �rst-

principles 4-ph Hamiltonian, and describe the Monte Carlo sampling procedure. We

then discuss how physical observables are extracted from the stochastic estimators,

and present benchmark results for the Fröhlich and Holstein polarons. We also

quantify the computational cost of FPDMC and demonstrate how SVD compression

of the 4-ph interactions yields more than a thousandfold acceleration.
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Chapter 4 presents FPDMC applications to polarons in real materials. We study

electron and hole polarons in LiF, SrTiO3, and TiO2, computing polaron forma-

tion energies, e�ective masses, charge transport, and optical conductivity. We

introduce the 4-ph correlation function as a tool to visualize lattice distortion and

polaron orbital character in real space. We then extend FPDMC to exciton polarons:

combining �nite-momentum BSE calculations with DFPT to obtain �rst-principles

exciton-phonon interactions. We derive a �rst-principles photoluminescence theory

and apply it to CrBr3, reproducing the experimentally observed broad PL spectrum.

Chapter 5 presents the data-driven SVD compression of 4-ph interactions in the

Wannier basis. We describe the method and demonstrate that retaining only �1.5%

of singular values is su�cient to accurately reproduce charge transport, spin relax-

ation, band renormalization, and superconductivity calculations across a range of

materials. We also introduce a constrained SVD formulation that preserves physical

symmetries, and discuss the low-dimensional structure of quantum interactions it

reveals.

Chapter 6 extends the compression philosophy to phonon-phonon interactions. We

develop a tensor learning framework based on the PCP decomposition for anhar-

monic force constants, achieving 103�10 4� compression ratios and three orders of

magnitude speedups in �rst-principles thermal conductivity calculations. Bench-

mark results across several materials demonstrate the accuracy and e�ciency of the

method.
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C h a p t e r 2

THEORETICAL BACKGROUND

2.1 The many-body problem: a computational perspective

A solid, even one as small as a droplet, contains on the order of Avogadro's number

(1023) of electrons and nuclei. Each electron carries charge �4 and each nucleus

carries charge /� 4, where /� is the atomic number of the �-th nucleus. They

interact with each other through the Coulomb force. An electron has a mass of

< 4 = 9•1 � 10 �31 kg; at this scale, its motion is no longer governed by Newton's

laws but by quantum mechanics. The state of these quantum particles is encoded in

a wavefunction j	i, whose dynamics follows the well-known Schrödinger equation:

8\
3 j	i

3C
= ^� j	i – (2.1)

where ^� is called the Hamiltonian. The Hamiltonian is basically the total energy

operator of the system and its expectation value h	j^� j	i gives the total energy of

the state j	i.

For a solid with many electrons and many ions, the non-relativistic Hamiltonian

consists of kinetic energies of electrons ()̂ 4) and ions (̂) # ), and the pairwise Coulomb

interaction potentials between electrons (+̂4�4 ), between electrons and ions (+̂4�# ),

between ions (̂+#�# ):

^� = )̂ 4 ¸ +̂4�4 ¸ +̂4�# ¸ )̂ # ¸ +̂#�# (2.2)

)̂ 4 = �
Õ

8

\ 2

2< 4
r 2

r8
(2.3)

+̂4�4 =
1
2

Õ

8<9

42

4cn0jr̂8 � r̂ 9j
(2.4)

+̂4�# = �
Õ

8–�

/ � 42

4cn0jr̂8 � R̂� j
(2.5)

)̂ # = �
Õ

�

\ 2

2" �
r 2

R�
(2.6)

+̂#�# =
1
2

Õ

�<�

42/ � / �

4cn0jR̂� � R̂� j
– (2.7)
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where lower case indices 8– 9 label electrons and upper case indices �– � label ions.

We are interested in the eigenstate of the Hamiltonian in Eq. (2.2):

^� j	i = � j	i – (2.8)

where the state is described by a many-body wavefunction

	¹frg; fRgº = hfrg; fRgj	i – (2.9)

where frg = fr1– •••– r# 4g and fRg = fR1– •••– R# " g are the collections of all electron

positions and nuclear positions for #4 electrons and #" nuclei, respectively.

One key simpli�cation is the Born�Oppenheimer (BO) approximation [54], which

exploits the large ratio between nuclear and electron mass "� •< 4 ¡ 10 3. Be-

cause nuclei are much heavier than electrons, their motion is slower; the electrons

can therefore be regarded as moving adiabatically to any nuclear con�guration.

Formally, the BO approximation decouples the electronic and nuclear degrees of

freedom by writing the total wavefunction as a tensor product:

	¹frg; fRgº � k¹frg; fRgº j¹fRgº– (2.10)

where frg and fRg denote the coordinates of all electrons and nuclei, respectively, k

is the electronic wavefunction obtained at clamped nuclear positions fRg. Adopting

this approximation, we divide the eigenvalue problem in Eq. (2.8) into electronic and

nuclear ones. The wavefunction, j, describes the nuclear motion on the potential

energy surface �BO¹fRgº, which includes both ion-ion repulsion and total energy

of the electronic system. The Schrödinger equation for the electron wavefunction

k¹frg; fRgº is solved at clamped nuclear positions:

^� el¹fRgº k=¹frg; fRgº = � =¹fRgº k=¹frg; fRgº– (2.11)

with
^� el¹fRgº = )̂ 4 ¸ +̂4�4 ¸ +̂4�# ¹fRgº• (2.12)

Here, the electron-nuclear Coulomb interactions+̂4�# ¹fRgº act as an external po-

tential of the electrons. From the solution of this eigenvalue problem, one can,

in principle, obtain all material properties of interest including phase diagrams,

resistivity, optical spectra, and beyond. However, the electronic wavefunction is

many-body and its complexity grows exponentially with the number of electrons,

making an exact solution of the Schrödinger equation for any realistic solid compu-

tationally impossible, just as Dirac remarked in 1929 [55]:
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�The underlying physical laws necessary for the mathematical theory of

a large part of physics and the whole of chemistry are thus completely

known, and the di�culty is only that the exact application of these laws

leads to equations much too complicated to be soluble.�

Though an exact solution is generally hopeless, nothing prevents us from making

approximations. In fact, Dirac further added that

� It therefore becomes desirable that approximate practical methods of

applying quantum mechanics should be developed, which can lead to

an explanation of the main features of complex atomic systems without

too much computation.�

Ever since, many powerful approximate methods have been developed to tackle

this many-body problem. Especially after the development of computers, several

generations of physicists have worked toward a computable theory and practical

framework for computational materials science. Today, computing the properties

of a solid from �rst principles is no longer a dream, though there are still open

challenges for achieving a better trade-o� between computational cost and accuracy.

2.2 Density functional theory

Modern computational materials science is rooted in density functional theory

(DFT). In the 1960s, Hohenberg and Kohn proved there is a one-to-one corre-

spondence between the ground-state charge density =¹rº and the external potential

for the inhomogeneous electron gas [56]. This implies that the ground state energy

of the many-body problem in Eq. (2.11) is a functional of the charge density, though

the actual form remains unknown. Later, Kohn and Sham constructed a �ctitious

system of non-interacting electrons whose ground-state density is identical to that

of the interacting system [25]. The resulting single-particle Hamiltonian is known

as the Kohn�Sham (KS) Hamiltonian,

^� KS = �
\ 2

2< 4
r 2 ¸ + ext¹rº ¸ + H¹rº ¸ + xc»=¹rº¼• (2.13)

Here, +ext¹rº is the external potential from the ions and +H¹rº =
¯

3r0 =¹r0º
4cn0jr�r 0j is

the Hartree term encoding the classic electrostatic energy. The interacting nature

of the electrons is encoded in the exchange-correlation potential, +xc»=¹rº¼, which
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self-consistently depends on its ground-state charge density. The three potential

terms together are called KS potential

+K( ¹r; =¹rºº = + ext¹rº ¸ + H¹rº ¸ + xc»=¹rº¼• (2.14)

The calculation starts with a reasonable guess of charge density, from which one

builds the KS Hamiltonian and solves its lowest #4 eigenstates fjq8ig. The charge

density is then recalculated as =¹rº =
Í # 4

8=1j hrjk8i j 2. This cycle is repeated until

charge density is converged. From a computational perspective, charge density =¹rº

depending only on three Cartesian coordinates is much easier to handle than the

many-body wavefunction.

Still, we do not know the exact exchange-correlation potential +xc»=¹rº¼ and �nd-

ing it may be as hard as solving the many-body problem itself. In practice, we

use approximate forms of +xc»=¹rº¼ with parameters �tted to high-level solvers.

Two widely used functionals are local density approximation (LDA) [25, 57] and

generalized gradient approximation (GGA) [58, 59]. Over the past few decades,

modern DFT software, like Quantum Espresso [60] and VASP [61], has made

�rst-principles calculations of materials routine. While DFT is not an exact solution

to the many-body problem, it provides in most cases a good starting point for more

advanced many-body treatments.

2.3 Bloch theorem and Wannier functions

In a crystal, the atoms are periodically arranged. The smallest part is called the

unit cell. The unit cell is in the shape of a parallelepiped spanned by three vectors

fa1– a2– a3g. The whole crystal can be generated by translating the unit cell by all

the lattice vectors

R = =1a1 ¸ = 2a2 ¸ = 3a3 (2.15)

with =8 2 Z. This leads to the fact that the KS potential is periodic +K( ¹r ¸ Rº =

+K( ¹rº. For a single electron in a periodic potential, Bloch's theorem states that the

eigenstate can be written as k=k¹rº = 48k�rD=k¹rº, where D=k¹rº = D=k¹r ¸ Rº is a

periodic function. Here, k is the crystal momentum in the �rst Brillouin zone (fBZ)

and = is the band index.

In practice, we are most interested in the physics near the Fermi level. States with

energies far from the Fermi level are excluded since they contribute little to many

physical observables. We therefore select a �nite number of bands of interest,

denoted #1. It is useful to construct a Wannier representation for these selected



10

bands. The Wannier functions are de�ned as the Fourier transform of the Bloch

states from momentum space to real space with an additional basis rotation among

the bands:

jF=Ri =
1

p
#

Õ

k

4�8k�R
# 1Õ

<=1

U ¹kº
<= jk<k i – (2.16)

where R is a lattice vector, and # is the number of k-points in the BZ grid. We

usually use a uniform k-grid of #1 � # 2 � # 3. The Wannier function jF=Ri is

centered on the unit cell at R. We note that the Wannier functions for a multi-band

system are not unique and depend on the choice of the gauge matrices U¹kº
<= . At

each k point, the unitary matrix gives the Bloch wavefunction in Wannier gauge:

jk ¹,º
=k i =

# 1Õ

<=1

U ¹kº
<= jk<k i • (2.17)

As k moves in momentum space, the band energies could cross each other, and

the Bloch wavefunction jk=ki will abruptly change its orbital character. The uni-

tary matrix U¹kº
<= is introduced to ensure that the rotated wavefunctions jk¹,º

=k i vary

smoothly in the momentum space, which is essential to obtain well-localized Wan-

nier functions. Localization in real space and smoothness in momentum space are

two sides of the same coin. For example, the maximally localized Wannier function

(MLWF) framework [62, 63] minimizes the total real-space spread, as implemented

in Wannier90 code [64]. Here, we focus on isolated bands. For entangled band

structures, U¹kº is not unitary and will identify a smooth subspace to construct the

Wannier functions [63].

Wannier functions allow one to construct a material-speci�c tight-binding model.

We can compute the KS Hamiltonian matrix elements in Wannier function basis,

� ¹Wº
<= ¹Rº = hF<R j ^� K( jF=0i • (2.18)

� ¹Wº
<= ¹Rº can be interpreted as the hopping parameters in a multi-orbital tight-

binding model. Because Wannier functions are localized in real space, j�¹Wº
<= ¹Rºj

will also decay quickly with jRj. We use Wannier functions to conveniently interpo-

late the electronic state at arbitrary momentum by diagonalizing this tight-binding

model,

� ¹Wº ¹kº =
Õ

R

48k�R� ¹Wº ¹Rº = * ¹Wº ¹kº� ¹kº* ¹Wºy
¹kº– (2.19)

where � <= ¹kº = X<=n=k is the band structure.
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2.4 Density functional perturbation theory (DFPT)

DFPT extends DFT to compute the linear response of the KS system to external

perturbations, providing phonon dispersions and 4-ph coupling matrix elements

from �rst principles [26]. The central quantity is the linear response of the KS

potential in Eq. (2.14) with respect to, for example, the atomic displacement DR^U

of atom ^ in unit cell R along direction U:

m+KS¹r; =¹rºº
mDR^U

=
m+ext¹rº
mDR^U

¸
m+xc»=¹rº¼

m=¹rº
m=¹rº
mDR^U

• (2.20)

The �rst term is simply the perturbation potential from the nuclear-electron Coulomb

interactions. The second term originates from the screening e�ect that the charge

will redistribute accordingly, which obeys the Sternheimer equation [65] and needs

a self-consistent solution. Remarkably, the 2=¸1 theorem guarantees that these

�rst-order quantities su�ce to construct the dynamical matrix [26]:

� ¹R^U– 0^0Vº =
m2* ¹BOº

mDR^UmD0^0V
• (2.21)

Here, * ¹BOº is the potential energy surface of the ions within BO approximation.

Fourier transforming � ¹R^U– 00̂Vº to the reciprocal space and solving the resulting

mass-weighted eigenvalue problem gives the phonon spectrum laq and polarization

vector eaq.

The perturbation potential also de�nes the �rst-principles 4-ph matrix elements

6<= ¹k– aqº:

6<= ¹k– aqº =

s
\

2l aq

Õ

^U

ê U
aq

p
" ^

hk<k¸q j
m+KS

mDq^U
jk=ki – (2.22)

which represent the probability amplitude for an electron in a band state jk=ki,

with band index = and crystal momentum k, to scatter into a �nal state jk<k¸q i by

emitting or absorbing a phonon with mode index a, wave-vector q [27]. Here,

m+KS

mDq^U
=

Õ

R

48q�Rm+KS

mDR^U

is the perturbation potential to a periodic atom displacement. In this thesis, we use

the framework implemented in Perturbo [27] to calculate these 4-ph interactions.

2.5 Wannier interpolation of 4-ph matrix elements

To converge a transport calculation of materials, one often needs to integrate the

4-ph interactions coupling with an extremely dense k/q grid, for example 503 �100 3.
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Performing DFPT at every one of these q points is not feasible. Wannier interpolation

is used to bypass the dense-grid DFPT calculation [27, 66]. We separate the 4-ph

interactions into short- and long-ranged [67�73],

6<= ¹k– aqº = 6!<= ¹k– aqº ¸ 6(
<= ¹k– aqº• (2.23)

The long-range part 6!<= ¹k– aqº includes dipole (Fröhlich) and quadrupole contribu-

tions, which can be written analytically, using classical electromagnetism, in terms

of Born e�ective charges and dynamical quadrupoles obtained from DFPT. Because

6(
<=a¹k– qº is a smooth function of electron and phonon momenta, it is short-ranged

in a real-space representation using a localized basis set such as atomic orbitals [28]

or Wannier functions [27, 66].

The short-range 4-ph coupling matrix in Wannier basis, 6^U
8 9¹R4– R?º, is obtained by

transforming DFPT results computed on a coarse momentum grid ¹k2– q2º [27]:

6^U
8 9¹R4– R?º =

1
# k2 # q2

Õ

<=k 2

Õ

q2

4�8¹k 2R4¸q 2R?º U y
8<¹k2 ¸ q 2º�+ (

<=–^U¹k2– q2º U= 9¹k2º–

(2.24)

where U is a unitary transformation from Bloch to Wannier basis, and

�+ (
<=–^U¹k2– q2º = hk<k 2¸q 2 j mq2^U+ ( jk=k2 i

is the short-ranged part of the perturbation potential in Eq. (2.20). Using this, we

can interpolate 6(<= ¹k– aqº for arbitrary momentum pair ¹k– qº:

6(
<= ¹k– aqº =

s
\

2l aq

Õ

^U

ê U
aq

p
" ^

Õ

8– 9

* y
<8¹k¸qº* 9=¹kº

Õ

R4R?

48¹k�R4¸q�R ?º6^U
8 9¹R4– R?º•

(2.25)

Although Wannier interpolation is much more e�cient than DFPT calculations,

the 4-ph interaction 6̂U8 9¹R4– R?º remains a high-dimensional tensor. In a typical

calculation, the coarse grid contains 63 to 103 points for both k and q; combined with

the orbital-pair 8 9 and atomic-mode ^U indices, the tensor has millions to billions of

entries. Since converging �rst-principles 4-ph properties requires sampling billions

of ¹k– qº pairs, the interpolation step becomes a key computational bottleneck. In

Chapter 5, we introduce a data-driven compression method to overcome this barrier.

2.6 Electron-phonon Hamiltonian

Below, we introduce two classic model Hamiltonians, Holstein and Fröhlich, along

with the �rst-principles 4-ph Hamiltonian. The Holstein model [8] is a tight-

binding model describing a localized charge carrier coupled to the onsite lattice
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displacement:

^� ¹Holº = �C
Õ

h8 9i

2̂y
8 2̂9 ¸ l 0

Õ

8

1̂y
81̂8¸ 6

Õ

8

=̂8-̂ 8– (2.26)

where C is the nearest-neighbor hopping integral, l0 is the phonon frequency, 6 is the

on-site 4-ph coupling constant, 2̂y
8 (1̂y

8) creates an electron (phonon) at site8, =̂8 = 2̂y
8 2̂8

is the electron occupation number,-̂ 8 = 1p
2l 0

¹1̂8¸ 1̂y
8º is the displacement operator

of site 8. Because the coupling is purely local, the Holstein model describes small

polaron formation and is widely used for organic semiconductors [74] and materials

with localized orbitals, such as transition metal oxides.

By contrast, the Fröhlich model [7] is a continuum model, where a single free

electron with parabolic dispersion couples to longitudinal optical (LO) phonons:

^� ¹Froº =
Õ

k

¹\kº 2

2<
2̂y
k 2̂k ¸ l LO

Õ

q

1̂y
q1̂q ¸

Õ

k–q

+ ¹qº 2̂y
k¸q 2̂k ¹1̂q ¸ 1̂y

�q º– (2.27)

where < is the electron band mass, lLO is the LO phonon frequency. In a three-

dimensional (3D) case, the Fröhlich interaction vertex takes the value [7]:

+ ¹qº = 8
\l LO

jqj

�
4cU
+

� 1•2 �
\

2<l LO

� 1•4

– (2.28)

where U is the dimensionless coupling strength. Here, + ¹qº has a1
jqj divergence,

re�ecting a 1•jA j3 long tail in real space. In polar materials, atoms carry distinct Born

e�ective charges; as a result, an LO phonon displacement generates a macroscopic

electric �eld that decays slowly in real space. The polarons arising from Fröhlich

model are so large that the induced lattice distortion extends over many unit cells.

The �rst-principles 4-ph Hamiltonian [75] is the most general one:

^� =
Õ

k

# 1Õ

==1

n=k 2̂y
=k 2̂=k ¸

Õ

aq

l aq1̂y
aq1̂aq ¸

Õ

<=k–aq

6<= ¹k– aqº 2̂y<k¸q 2̂=k¹1̂aq ¸ 1̂y
a–�qº–

(2.29)

where #1 is the number of bands, n=k is the energy of the Bloch state, aq la-

bels a phonon mode, and 6<= ¹k– aqº is the 4-ph matrix element. All quantities in

this Hamiltonian are computed from �rst principles using the methods and work-

�ow implemented in Perturbo [27]. Unlike the Holstein and Fröhlich models,

this Hamiltonian includes multiple electronic bands and phonon branches, with a
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coupling vertex 6<= ¹k– aqº that captures both short-range and long-range 4-ph in-

teractions. It is not restricted to a particular class of materials but applies to a wide

range of materials.

On a more physical note of 4-ph interactions, the coupling vertex 6<= ¹k– aqº encodes

the electric force that electrons exert on the ions. In vacuum, this force is the bare

Coulomb force; in a crystal, many-body screening renormalizes it substantially, and

6<= ¹k– aqº captures precisely this renormalized interaction.

2.7 A pedagogical treatment of polarons

Because of the 4-ph interactions, charge carriers present in a crystal induce lattice

distortions around them. We illustrate this physics using a toy model: a charged

harmonic oscillator, equivalent to a single-site Holstein model. In the single-site

case, the Holstein Hamiltonian in Eq. (2.26) becomes

^� = l 01̂y1̂ ¸ 6 =̂ Ĝ– (2.30)

where we have dropped the site index and the kinetic energy part of the electrons.

To make the physics more transparent, we transform this Hamiltonian to the �rst-

quantization representation in terms of position and momentum operators,

� =
1

2<
?̂2 ¸

1
2

<l 2
0 Ĝ2 ¸ 6 =̂ Ĝ (2.31)

with

Ĝ =
1

p
2<l 0

¹1̂y ¸ 1̂º

?̂ = 8

r
<l 0

2
¹1̂y � 1̂º–

where Ĝ is the position and ?̂ the momentum of a particle with mass < (here and

below, we set \ = 1). This Hamiltonian is identical to that of a charged harmonic

oscillator in a static electric �eld, if we think of 6 =̂ as the electric force that the

electron exerts on the ion. It can be solved exactly by completing the square and

shifting to a new coordinate system:

Ĝ0 = Ĝ � Ĝ0– (2.32)

� 0(CHO) =
1

2<
?̂2 ¸

1
2

<l 2
0¹ Ĝ0º2 �

¹6 =̂º2

2<l 2
0

• (2.33)
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Figure 2.1: Schematic of the displaced harmonic oscillator, (a) without and (b) with
the force applied. By analogy, panel (c) shows the unperturbed crystal lattice, and
panel (d) the distorted lattice in the presence of the excess charge carrier. In panel
(b), the spring is stretched by an amount of G0; analogously, in panel (d), the static
lattice distortion is de�ned as D0.

The 4-ph interaction term 6 =̂ Ĝ shifts the equilibrium position of the oscillator from

G = 0 to a �nite displacement Ĝ0 = �6 =̂•<l 2. The ground-state energy is lowered

by ¹6 =̂º2

2<l 2
0

compared to the undistorted oscillator. The particle then oscillates around

this new equilibrium point with the same frequency l as in the absence of the

external �eld, as illustrated in Figure 2.1(a)�(b). In short, the lattice is displaced by

the electric force from the charge carrier. This change of basis is equivalent to the

Lang-Firsov (LF) transformation [15].
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In a material-speci�c 4-ph Hamiltonian with many sites, the situation becomes

more complex. The charge can localize on a single site or spread over many sites,

and the induced lattice distortion depends on the spatial distribution of the carrier.

Figure 2.1(c)�(d) shows the unperturbed crystal lattice and the distorted lattice in

the presence of an excess charge carrier.
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C h a p t e r 3

FIRST-PRINCIPLES DIAGRAMMATIC MONTE CARLO AND
POLARONS: THEORY AND METHOD DEVELOPMENT

[1] Y. Luo, J. Park, and M. Bernardi, �First-principles diagrammatic Monte Carlo
for electron-phonon interactions and polaron,� Nat. Phys. 21, 1275�1282
(2025). doi: 10.1038/s41567-025-02954-1.

[2] Y. Luo and M. Bernardi �Electron-phonon correlation functions from �rst-
principles diagrammatic Monte Carlo: Lattice distortion and polaron orbital,�
In preparation. (2026).

3.1 Introduction

Monte Carlo (MC) methods are stochastic numerical integration algorithms with

broad applications in condensed matter physics. In quantum many-body systems,

the dimensionality of the Hilbert space grows exponentially with system size, and

computing physical observables requires integration over the many-particle states.

This exponential growth makes direct evaluation of these integrals computationally

impossible. Quantum Monte Carlo (QMC) methods recast such high-dimensional

integrals as expectation values with respect to a probability distribution, replacing

exact integration with stochastic sampling. Prominent examples are variational

Monte Carlo (VMC), di�usion Monte Carlo, path integral Monte Carlo and dia-

grammatic Monte Carlo (DMC). VMC, for example, is widely used to optimize

trial many-body electronic wavefunctions in solids [76]. For the polaron problem,

DMC stands out as a gold-standard method. Two decades ago, Prokofev et al. [43]

and Mishchenko et al. [44] developed DMC to calculate the Green's functions of

Fröhlich polarons across all the coupling strengths.

The basic ideas of DMC stem from the diagrammatic expansion of physical observ-

ables, as discussed in many-body physics textbooks [77]. A physical observable

&¹Hº can be expanded as a Taylor series in powers of the interactions (4-ph or 4-4)

and written as a sum of Feynman diagrams:

&¹Hº =
1Õ

B=0

Õ

TB

¹
3G1•••3GBD¹H; TB– G1– •••– GBº– (3.1)
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Figure 3.1: An illustration of the DMC algorithm: random walk in the diagram
space. All variables are sampled on an equal footing.

where B is the expansion order, TB loops over the "topologically" distinct dia-

grams at order B, G8 are internal variables (momentum and imaginary time), and

D¹H; TB– G1– •••– GBº is the integrand determined by the Feynman rules. This expan-

sion enumerates all possible interaction processes to all orders, and the number of

diagrams grows combinatorially with B. While a perturbative treatment sums only

a subset of diagrams, DMC evaluates the full summation by sampling the com-

plete diagram space using Markov chain Monte Carlo (MCMC). As illustrated in

Fig. 3.1, DMC performs a random walk in the space of all diagrams: only a single

diagram is stored at any given time, and random updates are proposed to change its

topology, order, or internal variables. Proposed diagrams are accepted or rejected

according to the Metropolis�Hastings algorithm, satisfying detailed balance derived

from D. All degrees of freedom of the diagrams are treated on an equal footing

and stochastically sampled, enabling unbiased and numerically exact results. DMC

provided the �rst such results for polaron ground-state properties for the Fröhlich

model [43, 44]. Besides solving the polaron problem, DMC has been extended to

study 4-4 interactions [78�80].

DMC has two advantages for being a �rst-principles calculation. First, the memory

cost of DMC does not grow for more complex Hamiltonians. For materials calcula-

tions, the �rst-principles 4-ph Hamiltonian includes more bands and more phonon
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branches. For example, wavefunction-based methods will su�er from the growing

complexity of the Hamiltonian. However, from the basic principles of MCMC,

DMC only stores one diagram at a given time and this means that the memory cost

of DMC itself is not growing with system complexity. Second, the theoretical frame-

work of DMC is based on diagrammatic expansion, which is extremely versatile and

generalizable to di�erent interacting Hamiltonians. Diagrammatic expansion is a

routine machinery that is universally applicable.

Realizing this �rst-principles DMC, however, requires solving two challenges. The

�rst is computational cost: FPDMC evaluates billions of 4-ph diagrams, each

involving up to hundreds of 4-ph vertices, and every vertex requires the coupling

matrix element 6<= ¹k– aqº at arbitrary momenta. Evaluating these matrix elements

via standard Wannier interpolation in Eq. (2.25) is prohibitively expensive. In

Chapter 5, we introduce a data-driven SVD compression of 4-ph interactions [52]

that overcomes this barrier, accelerating FPDMC by three orders of magnitude.

The second challenge is the sign problem introduced by multiple electronic bands.

When band indices are sampled stochastically alongside the other diagram variables,

alternating sign of diagrams ampli�es the stochastic error exponentially. In Sec. 3.4,

we address this with a matrix-product formalism that sums over band indices exactly

via ordered matrix products on the imaginary-time axis, greatly alleviating the multi-

band sign problem and enabling FPDMC calculations with generic band structures.

The rest of this chapter develops the many-body theory for polarons and presents

FPDMC as the numerical solver. We derive polaron properties from the many-body

wavefunction and connect them to imaginary-time Green's functions in Sec. 3.2.

Sec. 3.3 presents the Feynman rules for the �rst-principles 4-ph Hamiltonian. The

matrix-product formalism and its impact on the sign problem are detailed in Sec. 3.4.

Sec. 3.5 describes the MC estimators for physical observables, including Green's

functions, ground-state energy, #-phonon amplitudes, the electronic density ma-

trix, 4-ph correlation functions, and the current-current correlation function. We

conclude with a discussion of computational costs and the role of SVD compression

in making FPDMC practical.

3.2 Polaron wavefunctions and Green's functions

We are interested in the single polaron problem, where there is only one charge

carrier interacting with a sea of phonons. This problem setup is directly relevant to

weakly doped semiconductors and optically excited excitons, where these carriers
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couple strongly to the lattice. The eigenstates of the �rst-principles 4-ph Hamiltonian

are polaron states j	_¹pºi which satisfy

� j	 _¹pºi = � _¹pº j	 _¹pºi – (3.2)

where _ is a quantum number labeling the polaron energy, p is the polaron crystal

momentum, and �_ is the polaron energy. We order �_ to be in ascending order

such that �_ � � _¸1 . The polaron momentum p and energy �_ fully de�ne the

polaron states. Expanding this many-body wavefunction for _ = 0 at momentum p

in the 1-electron-#-phonon basis, we get

j	 0¹pºi =
Õ

#

Õ

=–a1q1–•••–a# q#

	 ¹#º ¹p; =k– a1q1– •••– a# q# º j=k– a1q1– •••– a# q# i –

(3.3)

with k ¸
Í #

8=1q8 = p. Here,

j=k– a1q1– •••– a# q# i = 2̂y
=k1̂y

a1q1
•••̂1y

a# q#
j0i

is the one-electron-#-phonon state. The state j	0¹pºi is the polaron ground state,

where the electron or hole quasiparticle polarizes the surrounding lattice, thus

creating a phonon cloud, due to the 4-ph interaction. If the interactions are very

strong, there will be a lot of phonons and one needs a large phonon number #.

We introduce the zero-temperature Green's function:

� <= ¹p– gº = h0j 2̂<p ¹gº 2̂y=pj0i = h<pj4� ^�g j=pi – (3.4)

where 2̂y=p¹gº = 4 ^�g 2̂y
=p4� ^�g and j0i is the vacuum state of both electrons and

phonons with ^� j0i = 0. The imaginary time evolution operator 4� ^�g ampli�es

states with lower energy and suppresses excited states. Therefore, in the limit of

g ! 1, 4 � ^�g becomes a projection operator for the polaron ground state. This

is clearly seen from the spectral representation obtained using the eigenstates in

Eq. (3.2):

� <= ¹p– gº =
1Õ

_=0

4�� _ ¹pºg h<pj	 _¹pºi h	 _¹pºj=pi • (3.5)

In the long time limit, the contribution from the lowest-energy state (�_=0) dominates

in Eq. (3.5), such that

lim
g!¸1

� <= ¹p– gº = 4�� 0¹pºg/ 0–p
<= (3.6)



21

with the matrix version of the quasiparticle weight de�ned as

/ 0–p
<= = h<pj	 0¹pºi h	 0¹pºj=pi • (3.7)

The above relation between the imaginary time Green's function and the polaron

ground state allows us to access both the polaron energy at �nite momentum and

the quasiparticle weight, as shown in previous work on the Fröhlich model [43].

The diagonal entry of Z0–p, namely /0–p
== = j h=pj	 0¹pºi j 2, quanti�es the similarity

between the polaron state and a delocalized Bloch state j=pi.

From Eq. (3.6), one can only quantify the overlap between the polaron wavefunction

and the zero-phonon state. Following Ref. [44], information on the phonon cloud can

be e�ciently extracted from the #-phonon Green's functions by extending Eq. (3.4)

to

� ¹#º
<= ¹p– g; a1q1– •••– a# q# º = h0j1̂a# q# ¹gº•••̂1a1q1 ¹gº 2̂<k ¹gº 2̂y=k1̂y

a1q1
•••̂1y

a# q#
j0i –

= h<k– a1q1– •••– a# q# j4� ^�g j=k– a1q1– •••– a# q# i –

(3.8)

with momentum conservation

k ¸
#Õ

8=1

q8 = p• (3.9)

Following Eq. (3.6), the #-phonon Green's function in the limit g ! ¸1 becomes

lim
g!¸1

� ¹#º
<= ¹p– g; a1q1– •••– a# q# º = 4�� 0¹pºg/ #–p

<= ¹a1q1– •••– a# q# º– (3.10)

where the #-phonon tensor is de�ned as

/ #–p
<= ¹k; a1q1– •••– a# q# º = h<k– a1q1– •••– a# q# j	 0¹pºi h	 0¹pºj=k– a1q1– •••– a# q# i •

(3.11)

The diagonal entry

/ #–p
== ¹k; a1q1– •••– a# q# º = j h=k– a1q1– •••– a# q# j	 0¹pºi j 2 (3.12)

is the overlap between the polaron ground-state wave function and a state with a

band electron j=ki and multiple phonons ja1q1– •••– a# q# i. Since the wave func-

tion j	 0¹pºi is normalized to one, h	0¹pºj	 0¹pºi = 1, the / factors satisfy the

completeness relation

Õ

=

/ 0–p
== ¸

1Õ

#=1

Õ

=–a1q1–•••–a# q#

/ #–p
== ¹k; a1q1– •••– a# q# º = 1• (3.13)
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If there are N degenerate polaron ground states at momentum p, the right-hand side

in the above equation should be replaced by N. For example, the polaron state for

the valence band maximum in LiF has a triple degeneracy.

We also introduce the , function,

, <= ¹p– gº = � <= ¹p– gº ¸
Õ

#

Õ

a1q1–•••–a# q#

� ¹#º
<= ¹p– g; a1q1– •••– a# q# º–

whose diagrammatic expression represents the #-phonon sector of the polaron

ground state in the long-time limit. Following the normalization condition in

Eq. (3.13), the long time behavior of , ¹p– gº is

lim
g!¸1

Õ

=

, ==¹p– gº = N4�� 0¹pºg– (3.14)

for N-degenerate polaron ground states. From the long-time limit of this Green's

function, we can accurately calculate the polaron energy at momentum p, as dis-

cussed in Sec. 3.5.

3.3 Diagrammatic expansion for �rst-principles e-ph Hamiltonian

For the #-phonon Green's function in Eq. (3.8), the diagrammatic expansion reads:

G¹#º ¹Hº =
1Õ

B=0

Õ

TB

¹
3G1•••3GBD¹H; B– TB– G1– •••– GBº– (3.15)

where B is the expansion order (number of the 4-ph vertices), TBlabels topologically

distinct diagrams at order B, the external variables are H = ¹p– g; q1– q2– •••– q# º, and

the internal variables fG8g include the time at each vertex and the crystal momenta

and modes of each phonon Green's function. Note that G¹#º ¹Hº de�ned above is

an #b � # b matrix, »G¹#º ¹Hº¼<= = � ¹#º
<= ¹Hº. We introduce the following shorthand

notation to represent a Feynman diagram:

F = ¹H; TB– G1– •••– GBº• (3.16)

With this notation, Eq. (3.15) becomes

G¹#º ¹Hº =
¹

D¹F ºX¹H � H¹F ºº3F – (3.17)

where H¹F º means the external variables H of the diagram F . The integral
¯

3F

sums over all Feynman diagrams contributing to G¹#º , which includes continuous

variables such as time and momentum as well as discrete variables such as the

phonon branch and electron band indices.
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Figure 3.2: A sixth-order diagram with one external phonon.

The quantity D¹F º is the contribution of diagram F to the integral. In our

polaron problem, D¹F º is de�ned by �rst introducing its key building blocks: the

noninteracting electron Green's function G0¹k– g � g0º, the noninteracting phonon

Green's function �0¹q9– g � g0º, and the 4-ph coupling vertex g¹k– qº. Every 4-

ph diagram is constructed from these three elements. We choose the following

conventions:

»G0¹k– g � g0º¼<= = g0 g=k
= X<= \ ¹g � g 0º4�n =k ¹g�g 0º–

� 0¹aq– g � g0º = g0 g
aq

= 4�l aq jg�g 0j (3.18)

»g¹k– aqº¼<= =

aq

=k <k¸q = 6<= ¹k– aqº–

where \¹g � g 0º is the Heaviside function. Here, G0¹k– g � g0º and g¹k– aqº are

matrices of size #b � # b. These Green's functions pertain to the zero-temperature

and single-electron limits. For �nite temperature ), the phonon Green's function is

� 0¹aq– gº =
4�gl aq ¸ 4 ¹g�Vºl aq

1 � 4 �Vl aq
–

where V = 1
: � ) . This expression is used in our calculations of the optical conduc-

tivity and mobility at �nite temperature.

For the polaron problem, Fermi bubbles are absent in the diagrams. As a result,

all diagrams have a single straight electron line dressed by many phonon lines. For

example, we show a typical diagram for G¹1º¹Hº in Fig. 3.2.

The amplitude of a Feynman diagram is a product of all the 4-ph vertices and

all the Green's function lines. For a multiband system, we introduce two ways
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for showing D¹F º: band formalism and matrix-product formalism. The band

formalism speci�es the band index of each electronic Green's function line:

D band¹F º =
Ö

8

»G0¹k8– �g8º¼=8=8

Ö

9

»g¹k9– a9q9º¼< 9=9

Ö

:

� 0¹a: q: – �g: º–

(3.19)

where 8 loops over all the electron Green's function lines, 9 over all the 4-ph vertices,

and : over all the phonon Green's function lines, <9 and =8 are the electronic band

indices.

The matrix-product formalism expresses D¹F º as a time-ordered product of G0,

� 0, and g¹k– aqº:

D matrix¹F º = )̂

(
Ö

8

G0¹k8– �g8º
Ö

9

g¹k9– a9q9º

)
Ö

:

� 0¹a: q: – �g: º• (3.20)

The band index for each electronic Green's function line is not speci�ed because it is

implicitly encoded in the matrix form. The time-ordering operator)̂ orders the ma-

trices fG0¹k8– �g8º– g¹k9– a9q9ºg by placing matrices with later times progressively

to the left in the series of matrix products. We remark that these matrices do not

commute with each other in the presence of multiple electronic bands, and thus the

order is critically important to obtain the correct value for each diagram. The matrix

product is highly e�cient to sum over band indices. For a diagram of order B, there

are B ¸ 1 electron Green's function lines, and thus the total number of distinct band

con�gurations is #b
B¸1, which grows exponentially with the expansion order B. The

advantage of using matrix products is that the computational complexity of B matrix

products is O¹B#3bº, which grows linearly with the order B and with the third power

of the number of bands #b.

These two ways of expressing the amplitude of the diagrams are equivalent, but

will lead to di�erent implementation schemes of diagrammatic sampling in the next

section.

3.4 How to sample diagrams?

Choice of sampling function

Adding up all Feynman diagrams with quantitative accuracy, as in Eq. (3.17),

is in general extremely di�cult and is a grand challenge in theoretical physics.

Diagrammatic Monte Carlo (DMC) employs the Markov-chain Monte Carlo (MC)

algorithm to draw stochastic samples in the diagram space from a distribution
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function %¹F º. This way, the integral in Eq. (3.17) is computed by averaging over

the sampled diagrams,

G¹#º ¹Hº =
�

1
%¹F º

D¹F ºX¹H � H¹F ºº
�

M�
• (3.21)

A clever choice for %¹F º is essential to achieve numerical e�ciency, especially

given the high-dimensional character of the integrals of interest. To qualify as a

sampling distribution, %¹F º should be a real and positive function that re�ects the

relative importance of di�erent diagrams. For the Fröhlich model with a single

electronic band, D is a positive number for every diagram, and thus using D as

the sampling distribution (up to a normalization factor) is a natural choice in this

case [43, 44, 81]. For our �rst-principles 4-ph Hamiltonian, the choice of an optimal

sampling distribution function %¹F º is far from obvious since D is a matrix whose

entries are complex numbers, potentially causing the well-known sign problem. The

sign problem can induce an exponentially large variance for physical quantities in

actual DMC simulations.

We have two choices for %¹F º function, corresponding to the band and matrix-

product formalism. In the band sampling version, we choose

%band¹F º = � j Re D band¹F ºj– (3.22)

following Eq. (3.19). In this case, we need to sample the band index explicitly.

Another choice based on the matrix-product formulation in Eq. (3.20) is

%matrix¹F º = � j Re Tr»D matrix¹F º¼j– (3.23)

where � is a normalization factor to enforce
¯

%¹F º3F = 1. Here, we are using the

matrix-product version in Eq. (3.20). (Note that we use the real part of Tr»D¹F º¼

because D¹F º is not necessarily Hermitian for the �rst-principles 4-ph Hamiltonian

with multiple bands.) In this case, the band indices will be exactly summed using

the matrix product.

In the actual calculation, band sampling su�ers from the serious sign problem while

matrix-product alleviates the sign problem due to the multi-band character of 4-ph

interaction. We demonstrate this in Fig. 3.3. At small imaginary times g, the

two choices of sampling function give consistent results, but for larger values of

g the statistical error for explicit band sampling (see the shaded orange region in

Fig. 3.3(a)) grows exponentially faster than in the matrix-product approach. This
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Figure 3.3: Sign problem in 4-ph DMC. (a) Imaginary time electronic Green's func-
tion for hole polaron in LiF from the matrix-product and band sampling methods.
The shaded orange region shows the standard error of the mean (SEM) evaluated
from 20 independent MC simulations. Both methods use the same number of MC
updates. (b) The average sign of the Green's function diagram as a function of the
external time g. Note that an average sign of ( = 1 would ideally remove the sign
problem.

behavior can be understood from the average sign (¹gº shown in Fig. 3.3(b), de�ned

as the mean value of the sign of the Green's function diagrams with �xed external

time g [Eqs. (3.27) and (3.28)]. The average sign drops below 10�3 at short times

in the band sampling approach, causing a rapid growth of MC error in Fig. 3.3(a);

the matrix-product method also has an exponentially decaying sign as a function of

time, but with a much slower rate. The apparent sign problem in band sampling is

mainly a result of inter-band coherence in the �rst-principles 4-ph Hamiltonian when

multiple electronic bands are present. The matrix-product calculation sums over all

band con�gurations, leading to a sign cancellation e�ect. The small residual sign

problem in the matrix-product approach originates from the intrinsic k-dependence

of the 4-ph matrix elements, as exempli�ed by the SSH polaron model, and could

be addressed in future work using bold-line DMC [46]. Because the matrix-product
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formalism substantially alleviates the sign problem, we adopt it as the default and

drop the �matrix� superscript for the remainder of the thesis.

Metropolis-Hastings algorithm

Given the sampling distribution, we construct a Metropolis-Hastings algorithm to

generate diagrams according to the distribution function %¹F º. Following previous

work on DMC for model 4-ph Hamiltonians [43, 44, 81], we design e�cient update

rules for increasing or lowering the expansion order B, changing the diagram topology

TB by swapping nearby 4-ph vertices, moving the 4-ph vertex along the imaginary

time axis, and changing the phonon mode. These updates satisfy ergodicity: any

4-ph diagram can be reached from any other through a �nite sequence of moves.

Our implementation is optimized to have a high acceptance ratio for �rst-principles

4-ph calculations.

Given a diagram F , a new diagram F0 is generated randomly using one of the

possible updates, thus following a distribution %gen¹F ! F 0º. The new diagram

F 0 is accepted with MH probability

%accept= min
�
1–

%¹F0º%gen¹F 0 ! F º

%¹F º%gen¹F ! F 0º

�
• (3.24)

One of the advantages of the Metropolis-Hastings (MH) algorithm is that one does

not need to know the normalization factor � in Eq. (3.23) before the simulation, as

only the ratio of %¹F º and %¹F0º is used.

3.5 Physical observables and the MC estimator

MC estimator for the Green's function

The electron Green's function G¹k– gº in Eq. (3.4) encodes a large amount of physical

information. Using the notation in Eq. (3.16), we have

G¹k– gº =
¹

F 2
¹G¹kºº
D¹F ºX ¹g � g¹F º º 3F – (3.25)

where 
¹G¹kºº is the con�guration space of all Feynman diagrams contributing to

the electron Green's function G¹kº, g¹F º is the external imaginary time of diagram

F , and D¹F º is the Feynman diagram amplitude in Eq. (3.20). We employ a

discrete grid for g,

g9 = 9�g– 9 = 0– •••– #–
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and gm0G = #�g• Given the diagrams fF8g"
8=1 sampled from %¹F º, we write the

MC estimator for the Green's function as

G¹k– g9º �
1
"

"Õ

8=1

D¹F 8º
%¹F8º

X�g
9 ¹g¹F8ºº– (3.26)

where we replace the continuous Dirac delta function with its discrete version

X�g
9 ¹gº =

8>><

>>
:

1•�g– g 2 »9�g– ¹ 9 ¸ 1º�gº

0– otherwise•

Following Eq. (3.23), we also obtain an MC estimator for the trace of the Green's

function,

Tr¹G¹k– g9ºº �
1

"�

"Õ

8=1

sign¹Re Tr»D¹F º¼ºX�g
9 ¹g¹F8ºº– (3.27)

where � is �xed using the condition Tr¹G¹k– g0ºº = #b. (Another way to �x �

is to count the sampling frequency of the zeroth-order Green's function; these two

methods give results in close agreement with each other, as we have veri�ed.) Note

that Tr»G¹k– g9º¼ is proportional to the average sign and to the frequency with which

the external time falls in the interval»9�g– ¹ 9 ¸ 1º�gº. To monitor the sign problem

as a function of external time, we de�ne the average sign at time g9

(¹g 9º =

Í "
8=1sign¹Re Tr»D¹F º¼ºX�g

9 ¹g¹F8ºº
Í "

8=1X�g
9 ¹g¹F8ºº

• (3.28)

MC estimator for the polaron energy

While one can extract the ground-state polaron energy �0 by �tting the exponentially

decaying tail of Green's function using Eq. (3.6), we derive a direct MC estimator

for the polaron energy �0 in our matrix-product formalism, extending the single

band case in Ref. [44] to multiple bands. From Eq. (3.14), the polaron energy can

be de�ned as

� 0¹pº = � lim
g!¸1

1
Tr»W¹p– gº¼

mTr»W¹p– gº¼
mg

– (3.29)

where »W¹p– gº¼<= = , <= ¹p– gº. In practice, we �x the external time g = gm0Gand

treat it as a �hyper-parameter,� estimating Tr¹W¹p– gºº andmTr¹W¹p–gºº
mg from the DMC

simulation. We �nd that �0¹pº converges rapidly (more precisely, exponentially)

upon increasing gm0G.

The trace of W is de�ned as

Tr»W¹p– gº¼ =
¹

F 2
¹W¹p–gºº
Tr»D¹F º¼3F – (3.30)
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where 
¹W¹p– gºº is the con�guration space of all the Feynman diagrams contribut-

ing to W¹p– gº. Here, we omit the Dirac delta function for external momentum and

time, since they are both �xed. Correspondingly, we write the MC estimator for

Tr¹W¹p– gºº as

Tr»W¹p– gº¼ =
1

"�

"Õ

8=1

sign¹Re Tr»D¹F8º¼º =
1
�

hs86=i (3.31)

where hs86=i is the average value of the sign of Re Tr»D¹F8º¼.

For the diagrammatic summation ofmTr¹W¹p–gºº
mg , we have

mTr»W¹p– gº¼
mg

=
¹

F 2
¹W¹p–gºº
D � ¹F º3F – (3.32)

which uses the same set of diagrams as in Eq. (3.30), and where D� is the sum of

three terms:

D � ¹F º = D ¹1º
� ¹F º ¸ D ¹2º

� ¹F º ¸ D ¹3º
� ¹F º• (3.33)

The term D¹1º
� ¹F º originates from changing the measure 3g as

D ¹1º
� ¹F º =

B
g

�
�
�
�
F

Tr»D¹F º¼– (3.34)

where B is the expansion order for diagram F . The term D¹2º
� ¹F º originates from

the phonon Green's function:

D ¹2º
� ¹F º = �

 
Õ

9

l q9

�g 9

g

! �
�
�
�
F

Tr»D¹F º¼– (3.35)

where 9 loops over all the phonon lines in diagram F , �g9 is the time interval of

the 9-th phonon line, and q9 is the corresponding phonon mode. Finally, D¹3º
� ¹F º

is associated with the electron Green's function,

D ¹3º
� ¹F º =

1
g

Õ

;

)̂

(

m�g ; G0¹k;– �g;º
Ö

8<;

G0¹k8– �g8º
Ö

9

g¹k9– a9q9º

)
Ö

:

� 0¹a: q: – �g: º

�
�
�
�
F

–

(3.36)

where 8 and ; loop over all the electron Green's function lines for diagram F . The

time-ordering operator̂) is the same as in Eq. (3.20), and the terms in the big bracket

f•••g are the same as in Eq. (3.20) except that the ;-th electron Green's function is

replaced by its time derivative

m�g ; G0¹k;– �g;º = �H¹k ;ºG0¹k;– �g;º–
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where H¹k;º is an #b � # b matrix with entries »H¹k;º¼<= = X<=n=k; .

Using these results, the MC estimator formTr¹W¹p–gºº
mg becomes

mTr¹W¹p– gºº
mg

=
1

"�

"Õ

8=1

� � ¹F8º
j Re Tr»D¹F8º¼j

• (3.37)

Combined with Eq. (3.31), the polaron energy becomes

� 0¹pº =
1

" hs86=i

"Õ

8=1

� � ¹F8º
j Re Tr»D¹F8º¼j

• (3.38)

Our MC estimator for the polaron energy recovers the single band result in Ref. [44]

as a special case and correctly generalizes it to the multi-band case.

MC estimator for phonon distribution

The tensor /#–p
<= ¹a1q1– •••– a# q# º in Eq. (3.11) contains information on the phonon

cloud in the polaron wave function. Using Eqs. (3.10), (3.15) and (3.25), we can

write / in the form

Z#–p¹a1q1– •••– a# q# º /
¹

F 2
¹W¹p–gºº
D¹F ºX¹H � H¹F ºº3F – (3.39)

where Z#–pis the matrix form of /#–p
<= and the external variable H = ¹#– a1q1– •••– a# q# º.

For this calculation, we choose the same con�guration space of Feynman diagrams

as in Eq. (3.30). This gives us access to the distribution of number of phonons in

the polaron state directly from a single MC simulation.

Starting from Z#–p¹a1q1– •••– a# q# º, we can also calculate the mode- and momentum-

resolved phonon distribution /p¹qº,

/ p¹aqº =
1Õ

#=1

Õ

=–a1q1–•••–a# q#

#Õ

8=1

X¹q � q 8ºX¹a � a8º/ #–p
== ¹a1q1– •••– a# q# º– (3.40)

which is the average number of phonons in mode q in the phonon cloud of the

polaron. Its MC estimator can be written as

/ p¹aqº =
1

"�

"Õ

8=1

# 8Õ

9=1

X¹q � q 8
9ºX¹a � a8

9º sign¹Re Tr»D¹F8º¼º– (3.41)

where #8is the number of external phonon lines, a8
9q

8
9 is the mode in the 9-th phonon

line of the diagram F8. If # = 0 for diagram F8, its contribution to /p¹aqº vanishes.
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From Z#–p¹a1q1– •••– a# q# º, we obtain the #-ph amplitude /#–p shown in the main

text:

/ #–p =
Õ

=–a1q1–•••–a# q#

/ #–p
== ¹a1q1– •••– a# q# º• (3.42)

Its MC estimator is

/ #–p =
1

"�

"Õ

8=1

X#–#8sign¹Re Tr»D¹F8º¼º– (3.43)

where #8 is the number of external phonon lines for diagram F8. The normalization

factor � in both Eqs. (3.41) and (3.43) can be obtained from the completeness

relation in Eq. (3.13):
1Õ

#=0

/ #–p = N– (3.44)

where N is the number of degenerate polaron ground states with momentum p.

Using / p¹qº and / #–p, we can also obtain the total phonon number,

h#phi =
Õ

#

#/ #–p =
Õ

aq

/ p¹aqº– (3.45)

and the average number of phonons in each mode a,

h#a
phi =

Õ

q

/ p¹aqº• (3.46)

MC estimator for the electron reduced density matrix

We de�ne the electron reduced density matrix from the polaron wave function by

tracing out the phonon degrees of freedom:

d̂p
4 = Trp� ¹j	 0¹pºi h	 0¹pºjº =

Õ

<=k

dp
4¹<=kº j<ki h=kj – (3.47)

where j	 0¹pºi is the polaron ground state wave function in Eq. (3.3), and j=ki

denotes the Bloch state with band index = and momentum k. The matrix element is

de�ned as

dp
4¹<=kº = h<kj d̂p

4 j=ki • (3.48)

Following Eq. (3.11), dp4¹<=kº can be expressed in terms of the / function,

dp
4¹<=kº = / 0–p

<= X¹p � kº ¸
1Õ

#=1

Õ

a1q1–•••–a# q#

X©
­
«

p �
#Õ

9=1

q9 � k ª
®
¬

/ #–p
<= ¹a1q1– •••– a# q# º•

(3.49)
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The �rst term is a Dirac delta function centered at the total momentum p with quasi-

particle weight /0–p and the second term is a continuous function of momentum

resulting from multi-phonon scattering. Following Eq. (3.39) for the Z function, the

MC estimator for the electron reduced density matrix is de�ned as

dp
4¹<=kº =

1
"�

"Õ

8=1

X¹k � k 8º
»D¹F8º¼<=

Re Tr»D¹F8º¼
– (3.50)

where k8 is the external electron momentum of diagram F8. In our implementation,

we discretize the momentum space with an #G � # G � # G uniform grid to collect

statistics for dp4¹<=kº. The normalization factor � can then be determined from the

normalization condition Õ

=k

dp
4¹==kº = 1• (3.51)

MC estimator for current-current correlation function

At �nite temperature), the imaginary frequency current-current correlation function

is

j UU0

= = : � )
¹ V

0
3g

¹ V

0
3g048l = ¹g�g 0º h)̂ » ^� U¹gº ^� U0

¹g0º¼i – (3.52)

where U– U0 2 ¹G– H– Iº, l= = 2=c: � ) is the bosonic Matsubara frequency, and

V = 1•: � ) . We employ a band-diagonal approximation for the current operator,

^� U = �4
Õ

=k

EU
=k 2̂y

=k 2̂=k–

where EU=k is the velocity of the electronic state j=ki in the Cartesian direction U.

Although not presented in this work, the velocity matrix can also be extended to

non-diagonal cases to address physics related to the Berry curvature. Above, h•i

is understood as an average over all Feynman diagrams of the polaron partition

function Tr»4�V ^� ¼.

All partition function diagrams consist of a cycle formed by solid lines, which

represent electron Green's functions, together with multiple wavy lines connecting

pairs of points on the cycle, which indicate 4-ph scattering events. A typical polaron

partition function diagram is shown in Fig. (3.4)(a).

We also introduce the velocity matrix at time g,

»vU¹gº¼<= = X<=EU
=k¹gº– (3.53)

used below to de�ne the MC estimator for the current-current correlation function.
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Figure 3.4: Diagrammatic contents in FPDMC. (a) A typical partition function
diagram. (b) A diagram contributing to the e-ph correlation function. The black
dot is the usual e-ph vertex, taking value of 6<= ¹k– aqº. The red cross denotes the
e-ph correlation vertex, taking value of delta functions as in Eq. (3.58).

We sample partition function diagrams using the same distribution function as in

Eq. (3.23), and collect " diagrams fF8g8=1–••–". Then, the MC estimator for jUU0

=

becomes

j UU0

= = : � )
¹ V

0
3g

¹ V

0
3g048l = ¹g�g 0º 1

" hs86=i

"Õ

8=1

� � � ¹F8– g– g0– U– U0º
j Re Tr»D¹F8º¼j

– (3.54)

where

hs86=i =
1
"

"Õ

8=1

sign¹Re Tr»D¹F8º¼º–

and

� � � ¹F – g– g0– U– U0º = 42)̂

(

vU¹gºvU0
¹g0º

Ö

8

G0¹k8– �g8º
Ö

9

g¹k9– a9q9º

)
Ö

:

� 0¹a: q: – �g: º•

The time-ordering operator̂) used here is the same as in Eq. (3.20). Applying

this formula to the special case of the Fröhlich model with a single parabolic band

correctly recovers the formula in Ref. [49].

MC estimator for 4-ph correlation functions

To estimate the entanglement between electron and phonons, we de�ne the e-ph

correlation function of a polaron state:

3<= ¹k– aqº = h	0j 2̂y<k¸q 2̂=k -̂ aqj	 0i – (3.55)
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where-̂ aq = 1̂aq ¸ 1̂y
a�q . For simplicity, we assume the total momentum (electron

+ phonon cloud) of the polaron ground state is zero, p = 0. We note that the total

momentum is conserved for 4-ph correlation function because the polaron state in

DMC does not break the translational symmetry [44].

It is instructive to study the real-space representation of 3<= ¹k– aqº:

38 9^U¹R4– R?º =
1
#

Õ

k<=

Õ

aq

48kR4* �
8<¹k ¸ qº* 9=¹kº48aqR?

s
\

2" ^l q
e^U–�

aq 3<= ¹k– aqº•

(3.56)

We proceed to express 38 9^U¹R4– R?º in terms of creation and annihilation operators:

38 9^U¹R4– R?º =
Õ

R

h	 0j 2̂y8R2̂9R¸R4 D̂̂UR¸R ? j	 0i – (3.57)

where the summation of R loops over all the unit cells and ensures the translation

symmetry. The 4-ph correlation function 38 9^U¹R4– R?º measures the three-site

entanglement among two electron orbitals j8Ri – j 9R ¸ R4i and one atomic vibration

D̂̂UR¸R ? .

The diagrammatic content of the 4-ph correlation function in Eq. (3.55) is nearly

the same as the partition function diagram, as illustrated in Fig. 3.4(b). The only

di�erence is that one special 4-ph vertex takes a value of X< 0=0k0q0a0

<=kqa instead of

6< 0=0a0¹k0– q0º because the 4-ph operator is equivalent to a 4-ph vertex with X function

value:

2̂y
<k¸q 2̂=k -̂ aq =

Õ

< 0=0a0k0q0

X< 0=0k0q0a0

<=kqa 2̂y
< 0k0̧ q 0 2̂=0k0-̂ a0q0• (3.58)

Thus, we could still sample partition function diagrams to measure the 4-ph corre-

lation function and replace one of the 4-ph vertices with this special vertex.

Thus, given the sampled diagrams fF8g"
8=1, the MC estimator of the 4-ph correlation

function in Eq. (3.55) is

3<= ¹k– aqº =
1

" hs86=i

"Õ

8=1

D 3¹F8; <=akqº
j Re Tr»D¹F8º¼j

(3.59)

where hs86=i is the sample-averaged sign of Ref � ¹F º gand D3¹F8; <=akqº is:

D 3¹F8; <=akqº =
1

gm0G

Õ

;

X< ; =;k;q; a;
<=kqa )̂

8>><

>>
:

Ö

8

G0¹k8– �g8º
Ö

9<;

g¹k9– a9q9º

9>>=

>>
;

Ö

:

� 0¹a: q: – �g: º

�
�
�
�
F

–

(3.60)
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where gm0G is the maximal imaginary time. We can also Fourier transform this

estimator to real space for 38^U¹R?º.

This formula is quite complex. In the single electron band and single phonon branch

case, like Holstein and Fröhlich model, the MC estimator is greatly simpli�ed to,

3¹R?º =
1

"g m0G

"Õ

8=1

Õ

902+ ¹F8º

48q90R?

6¹q90º
– (3.61)

where 6¹qº is the 4-ph vertex. The correlation length between electron and phonon

is determined by both the distribution of phonon momenta q and the form of the

4-ph vertex. If the phonon momenta q are distributed evenly across the BZ and

6¹qº is momentum-independent, 3¹R?º will be localized, re�ecting a small polaron

as in the Holstein model. In the Fröhlich model, even if the phonon momenta are

distributed evenly, the q-dependence of 6¹q90º produces a nonlocal 4-ph correlation,

re�ecting a large polaron.

3.6 Benchmarks: Fröhlich and Holstein polarons

The Fröhlich and Holstein polarons are among the most studied cases in polaron

physics and serve as natural benchmarks. Both model Hamiltonians are special cases

of the �rst-principles 4-ph Hamiltonian, so our FPDMC implementation applies

to them without modi�cation. Fig. 3.5 shows the polaron ground-state energy

relative to the band minimum for the Fröhlich model (Eq. (2.27)) and the Holstein

model (Eq. (2.26)) across the full range of coupling strengths. For the Holstein

model, the dimensionless coupling strength is de�ned as U =62

l 0C. In both cases,

our results reproduce existing DMC data [82, 83]. This benchmark validates our

implementation.

3.7 Computational cost and SVD acceleration for FPDMC

Each DMC update is a local modi�cation of the current diagram and is computa-

tionally cheap on its own. The bottleneck lies elsewhere: updates sample an 4-ph

vertex at a random momentum pair ¹k– qº, requiring fast evaluation of 6<=a¹k– qº. In

model Hamiltonians the vertex has a simple analytic form, so this cost is negligible.

In the �rst-principles 4-ph Hamiltonian, it becomes the dominant computational

barrier. The barrier is compounded by the need for large momentum grids. FPDMC

calculations of electronic polarons require extrapolating the polaron energy to the

thermodynamic limit (TDL), which typically needs system sizes from 503 to 1003

k-points, which means more than 105 momentum points. These �ne grids are nec-
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Figure 3.5: Polaron ground state energy as a function of coupling strength compared
with previous DMC calculations for the (a) 3D Fröhlich model [82], and (b) 1D
Holstein model with l0•C = 0.5 [83].

essary to resolve the separation of energy scales: phonon energies are on the order

of 0.1 eV, while electron bandwidths reach 2�3 eV.

The most direct approach is to tabulate the full 4-ph tensor 6<=a¹k– qº, which

provides the fastest access to 4-ph vertices. At the momentum resolutions above,

this amounts to #k # q # 2
1 3#0 � 10 12 double-precision complex numbers, which is

tens of terabytes of data. Storing this dataset entirely in RAM would make FPDMC

run very e�ciently, but current HPC nodes typically provide only 512 GB of RAM

per node, far too little. Writing the data to disk and reading it during the calculation

is equally impractical: I/O would dominate the runtime, consuming over 99% of the

wall time.

The second approach is to compute 6<=a¹k– qº on the �y via Wannier interpolation,

Eq. (2.25). This strategy has minimal memory cost but is computationally pro-

hibitive. In our �rst implementation of FPDMC for SrTiO3, the code managed only

�10 DMC updates per second, which is far too slow given that billions of updates

are needed. The cause is the dimensionality: both k and q are three-dimensional

vectors, so computing 6<=a¹k– qº from the real-space representation 6^U
8 9¹R4– R?º re-

quires a six-dimensional Fourier transformation. Although each dimension contains

only 6�10 lattice vectors, the full sum runs over 66�10 6 terms per evaluation.

The solution is data-driven compression. In Chapter 5, we decompose the 4-ph

interaction as

6¹k– qº =
# 2Õ

W=1

( WDW¹kº EW¹qº– (3.62)

where we suppress the electron band and phonon branch indices for clarity. We

store the singular vectors DW¹kº and EW¹qº in momentum space. Their memory cost
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scales linearly with the number of momentum points, O¹#kº ¸O¹# qº, rather than as

O¹#k # qº for the full tensor. For LiF on a 1203 grid, the singular vectors consume

roughly 200 GB, which is small enough to �t in the RAM of a single HPC node. The

computational cost is equally favorable: evaluating 6¹k– qº now requires summing

only over the #2 singular components. As demonstrated in Chapter 5, #2 � 20

su�ces to converge most physical observables. With SVD compression, FPDMC

achieves 104�10 5 DMC updates per second, a speedup of three to four orders of

magnitude over Wannier interpolation. Our data-driven compression thus resolves

both the memory and the computational bottleneck, making large-scale FPDMC

simulations practical.
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FPDMC APPLICATIONS: POLARONS IN MATERIALS
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4.1 Introduction

In the previous chapter, we developed FPDMC calculations that access ground-state

and dynamical properties of polarons, including the polaron dispersion, quasiparticle

weight, phonon cloud distribution, and optical conductivity. In this chapter, we

apply FPDMC to electron (hole) polarons in LiF, SrTiO3, and TiO2, and to exciton

polarons in CrBr3. These materials span a wide range of 4-ph (ex-ph) coupling

strengths and host both small and large polarons, providing a comprehensive test of

the method.

The chapter is organized as follows. Sec. 4.2 covers electronic polarons in LiF,

SrTiO3 and TiO2 for anatase and rutile phases. We will calculate various polaron

properties, covering the formation energy, mass enhancement, phonon cloud distri-

bution, the real-space wavefunction from the 4-ph correlation function, temperature

dependent mobility and spectral functions. We also compare our results with exper-

imental data on mass enhancement and mobility, our FPDMC calculations achieve

quantitative agreement. Sec. 4.3 extends FPDMC to exciton polarons in CrBr3.

Beyond the polaron properties mentioned above, we develop a �rst-principles the-

ory for the exciton polaron's photoluminescence (PL) spectrum. We transform the

formula in the FPDMC framework and enable the �rst-principles calculation of the
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Figure 4.1: The crystal structures of (a) LiF, (b) SrTiO3, and (c) TiO2 for two
phases: anatase and rutile.

PL spectrum. Our computed PL spectrum of CrBr3 is in excellent agreement with

the experiment.

4.2 Electronic polarons

Computation setup

We demonstrate FPDMC calculations in several polaronic materials � LiF, SrTiO3,

and the anatase and rutile TiO2 phases, whose crystal structures are shown in

Figure 4.1. We obtain their electronic structure and phonon dispersions using the

Quantum ESPRESSO package [60], and employ Perturbo [27] in conjunction with

Wannier90 [64] to compute and interpolate the 4-ph interactions. For SrTiO3, we

choose the cubic phase. Because DFPT phonons are unstable, we employ SSCHA

to calculate the anharmonic phonon dispersion and choose the target temperature at

200K. Details of these calculations are shown in Appendix 4.5.

Our FPDMC algorithm models polarons using ultra-�ne k- and q-point grids. In

the �rst step, we construct a table for the electron energies and Kohn-Sham wave

functions, phonon energies, and compressed 4-ph matrices 6<= ¹k– aqº by obtaining

singular vectors DW<= ¹kº and EW<= ¹aqº on these dense k- and q-point grids, as shown

in Chapter 5. Owing to our 4-ph compression technique, the memory requirement

to store this table grows only linearly with system size. We use a modi�ed version

of the compressed 4-ph interactions compared to our original approach: while the

original paper only decouples the electron and phonon momenta, here we employ

SVD to split the electron momentum and phonon-mode variables, including both the

phonon momentum q and the mode index a. This modi�ed compression allows us

to further speed up the FPDMC calculations because it bypasses the transformation

from atomic Cartesian coordinates to the phonon eigenmode basis once the singular

vectors DW<= ¹kº and EW<= ¹aqº are tabulated on the �ne grids.
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Polaron formation energy and dispersion

Figure 4.2: Polaron formation energy, shown as a function of inverse grid size for (a)
hole polaron in LiF, and electron polarons in (b) LiF, (c) SrTiO3 and (d) anatase TiO2.
We use data from the three largest grid sizes to extrapolate the polaron formation
energy to the TDL. The 'e' and 'h' symbols in parentheses indicate electron and
hole polarons, respectively. Data are presented as mean values with error bars equal
to +/- SEM, where the SEM is extracted from 4 � 10 independent MC simulations.

LiF(h) LiF(e) SrTiO3(e) Anatase(e)

�� 0 (eV) 2•26 �0•408 �0•181 �0•178
h#phi 26.5 4.22 1.15 0.65

< p•< 4 NA 6.1 (� � !) 1.4 (�� ") 1.2 (� � /)

Table 4.1: Computed polaron properties in LiF, SrTiO3 and anatase TiO2, includ-
ing the formation energy ��0, the average phonon number h#phi, and the mass
enhancement factor <p•< 4 along the directions given in parentheses.

We �rst apply our approach to calculations of polaron energies (see Sec. 3.5). Here,

we focus on the polaron formation energy ��0, de�ned as the polaron ground state

energy relative to the DFT electronic band extrema. For the electron polaron, we
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have

�� 0 = � 0 � � CBM– (4.1)

where �CBM is the conduction band minimum, and a negative formation energy is

expected. For the hole polaron, we have

�� 0 = � 0 � � VBM – (4.2)

where �VBM is the valence band maximum, and a positive formation energy is

expected. Figure 4.2 shows the polaron formation energy ��0 in LiF (both electron

and hole carriers), SrTiO3, and anatase TiO2. In all these systems, the ground state

energy is found for polaron momentum p�( = 0 (�-point in Figure 4.2). These

calculations employ uniform grids with #3: 8
k-points, which corresponds to a solid

with # 3
: 8

unit cells. Our compression technique [52] allows us to reach grid sizes

of up to 503 (for TiO2) and 1203 k-points for LiF and SrTiO3, enabling accurate

extrapolation of the formation energy to the thermodynamic limit (TDL) for both

small (localized) and large (delocalized) polarons. Remarkably, a 1203 k-point grid

for LiF corresponds to a system with more than 3 million atoms. (Convergence

of �� 0 with respect to hyperparameters such as the maximum imaginary time and

number of singular values is shown in appendix as Figs. 4.12 and 4.13).

The slow convergence of the formation energy with respect to the grid size in Fig-

ure 4.2(b)-(d) indicates the presence of large polarons extending over many unit

cells in LiF, SrTiO3 and anatase TiO2. Conversely, the formation energy for the

hole polaron in LiF, shown in Figure 4.2(a), converges rapidly, re�ecting the small

hole-polaron size in LiF. Corrections to the polaron energy from electronic bands

with higher energy than those included in the FPDMC calculation are obtained us-

ing the Allen-Heine-Cardona theory, including both Fan-Migdal and Debye-Waller

terms, [84, 85] and added to our FPDMC results. We carry out these calcula-

tions for electrons and holes in LiF and obtain corrected formation energies of

�� 0 = �0•538 eV for electrons and �� 0 = 2•270 eV for holes in LiF, consistent

with previous results [34] (see AHC calculations in Appendix 4.5.) To validate

convergence of the energy window, we conduct FPDMC calculations for the �rst

two conduction bands in LiF and treat all the other bands using AHC, and �nd that

electron polaron formation energy changes by less than 0.2%.

Our approach also enables direct calculations of polaron dispersion curves, for both

small and large polarons (see Figure 4.3). In all the materials we studied, the polaron

band is signi�cantly narrower than the electronic band. The corresponding mass
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Figure 4.3: Polaron dispersions along high-symmetry paths for (a) LiF hole, (b) LiF
electron, (c) SrTiO3 electron, and (d) anatase TiO2 electron. The DFT electronic
band structure is shown for comparison in each case. The polaron calculations use
grids ranging from 503 to 1203 k-points. The error bars are SEM values (here, as
small as the linewidth) extracted from 4 � 10 independent MC simulations.

enhancements, obtained with a parabolic �t, are given in Table 4.1 for LiF, SrTiO3

and anatase TiO2 together with other polaron results for these systems. For small

hole polarons in LiF, the polaron dispersion is too narrow to extract the e�ective

mass � the polaron bandwidth is less than 0•04 eV, nearly two orders of magnitude

smaller than the electronic bandwidth (Figure 4.3(a)). This result signals that the

hole polaron in LiF is self-trapped. For electron polarons in LiF, SrTiO3, and anatase

TiO2 the polaron bands are dispersive, showing the presence of large polarons in

these materials, consistent with experiments [14, 86, 87] (Figure 4.3(b)-(d)). For

anatase TiO2, the mass enhancement is 1.6 along G-X, in agreement with the value

of 1.7 extracted from ARPES measurements in Ref. [14] and a previous cumulant

study [88]. For LiF, ARPES data is not available because the material is di�cult

to dope. FPDMC can correctly describe the polaritonic regime where the polaron

band is degenerate with strongly-coupled LO phonons, leading to the emergence



43

Figure 4.4: Analysis of the polaron ground state, showing both the electron (top)
and phonon (bottom) contributions. Results are shown for (a) hole polaron in LiF,
and electron polarons in (b) LiF, (c) SrTiO3 and (d) anatase TiO2. The top panels
show the continuum part of the diagonal reduced density matrix,~54¹=kº in Eq. (4.4),
with dot sizes proportional to~5p=�

4 ¹=kº. The bottom panels show the #-phonon
amplitude /#–p=� , with insets showing the average phonon number separately for
each phonon mode.
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of �at polaron bands at �nite momenta with mixed polaron and phonon characters.

We �nd this trend in anatase TiO2 (see Figure 4.3(d)), where the polaron dispersion

becomes �at when the energy exceeds the one-phonon continuum at �100 meV

above the polaron band minimum [89].

Polaron wavefunction

We will focus on analyzing the polaron 	¹#º ¹p; =k– q1– •••– q# º in Eq. (3.3), which

fully characterizes the polaron state. In particular, we de�ne the #-phonon ampli-

tude

/ #–p =
Õ

=–q1–•••–q#

j	 ¹#º ¹p; =k– q1– •••– q# º j2– (4.3)

which can be interpreted as the phonon number distribution in the polaron cloud for

polaron state j	0¹pºi, with the sum rule
Í

# / #–p=1. This allows us to calculate the

average number of phonons in the polaron cloud, h#phi =
Í

# #/ #–p, and resolve

the mode contributions. The quantities /#–p and h#phi characterize the phonon

cloud and lattice distortion induced by the charge carrier (see Sec. 3.5). For weak

coupling, the polaron state is band-like, with <p•< 4 � 1 and a negligible phonon

cloud h#phi � 1 surrounding the charge carrier. For strong coupling, the polaron

state is dressed by a large number of phonons, h#phi � 1, and tends to localize due

to its heavier mass <p•< 4 � 1. DMC works equally as well in both limits.

Similarly, we compute the contribution of each electronic state j=ki to the polaron

state j	0¹pºi from the electronic reduced density matrix d̂p
4 in Eq. (3.47). Its

diagonal matrix elements 5p
4 ¹=kº = h=kj d̂p4 j=ki take the general form

5p
4 ¹=kº = / 0–p¹=ºX¹p � kº ¸ ~54¹=kº– (4.4)

consisting of a Dirac delta function with weight /0–p¹=º plus a continuum part
~54¹=kº quantifying the electronic contributions to the polaron (see Sec. 3.5).

Figure 4.4 illustrates the electron and phonon contributions to the polaron wave

function in LiF, SrTiO3 and anatase TiO2. The upper panel of Figure 4.4 visualizes

the continuum part of the electronic reduced density matrix,~54¹=kº de�ned in

Eq. (4.4), for the polaron ground state in these systems. For cases where electrons

form large polarons,~54¹=kº is localized around k = p (here, the � point), but when

a small polaron forms, such as for holes in LiF,~54¹=kº spreads over the entire

Brillouin zone. Therefore,~54¹=kº provides a �ngerprint for the character of the

polaron state. From an entanglement perspective,~54¹=kº directly re�ects the purity

of the electronic reduced density matrix d̂4: for a large polaron, the electron remains
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Figure 4.5: Atomic displacements associated with the polaron in anatase TiO2,
shown for the O atoms in the (a) b-c and (b) a-b planes, respectively. The dis-
placements are obtained from the e-ph distortion function de�ned in the text using
FPDMC. The length of the arrows is scaled up by 1000 times for visualization
purposes.

close to a pure Bloch state, yielding low 4-ph entanglement entropy, whereas the

fully spread ~54¹=kº of a small polaron signals a near-maximally mixed d̂4 and

correspondingly large entanglement entropy.

Analyzing the phonon sector of the polaron ground state sheds light on the size and

nature of its dynamical phonon cloud. The lower panels in Figure 4.4 show the #-

phonon amplitude /#–p=� de�ned above in Eq. (4.3). For the small hole polaron in

LiF, the #-ph amplitude follows a Poisson distribution, peaked at an average phonon

number of h#phi � 26, consistent with Lang-Firsov transformation results for small

polarons [38, 77]. This means that a single hole in LiF is dressed by 26 phonons on

average; this dense phonon cloud is made up entirely by longitudinal optical (LO)

phonons with both long-range and strong local e-ph interactions (see the inset in

Figure. 4.4(a)). We have veri�ed that the short- and long-range interactions give

approximately equal contributions to the hole small-polaron formation energy in

LiF.

For the other materials studied in Figure 4.4, the zero-phonon quasiparticle weight

/ ¹# =0º is �nite, and the #-phonon distribution is skewed toward small h#phi

values between 1 � 4, consistent with the presence of large polarons. In all cases,

the LO phonons entirely govern the large-polaron formation.

Polaronic atomic distortion

The atomic displacements induced by the polaron are typically not evaluated in DMC

because this method preserves the translational symmetry [43, 44]. Here, by treating
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the polaron as a superposition of localized electron and phonon clouds centered

at each unit cell, we develop a technique to compute the atomic displacements

associated with the polaron in anatase TiO2 and LiF.

For TiO2, we focus on the diagonal part of the 4-ph correlation function 38^U¹R4– R?º

from Eq. (3.57):

38^U¹R?º = 388^U¹R4 = 0– R?º =
Õ

R

h	 0j =̂8RD̂̂UR¸R ? j	 0i – (4.5)

where =̂8R = 2̂y
8R2̂8R is the occupation of the WF j8Ri. The 38^U¹R?º quanti�es the

displacement of atom ^ along direction U at position R? relative to the center of

the 8-th Wannier orbital. This correlation function is widely used to characterize

the polaron size [90, 91]. The resulting atomic displacements of anatase TiO2 are

shown in Figure 4.5 in the b-c and a-b planes. Here, the arrows are proportional

to 3^U¹R?º =
Í

82Ti38^U¹R?º, where the sum runs over the 3 Wannier orbitals

on a single Ti atom. Because of the large-polaron character, the displacements

extend over thousands of unit cells. To characterize the spatial extent of the polaron

distortion, we introduce the polaron radius:

Apol =

Í
^UR?

j3^U¹R?º j2jR? ¸ g ^ � g 0j
Í

^UR?
j3^U¹R?º j2

(4.6)

where ĝ and g0 are the position of atom ^ and the selected Ti atom within the unit

cell, respectively. Employing this formula to anatase TiO2, we obtain Apol = 12•9

Å, which is 4.1 times the lattice constant and re�ects the size of a large polaron.

Interestingly, the lattice perturbation induced by the polaron is more short-ranged

along the c axis compared to the a/b directions, as seen by the more rapid decay of the

displacements in the c direction. We attribute this anisotropy to the less dispersive

band structure along the c direction (�-Z direction in Figure 4.3(d)) compared to

the a-b plane band dispersion (�-X direction in Figure 4.3(d)). The anisotropic

character is particularly important for surface polarons in TiO2, where the surface

termination is expected to impart di�erent polaron energetics and dynamics.

Polaron charge transport

Finally, we employ FPDMC to study charge transport and compute the polaron mobility

in the small- and large-polaron regimes; this advance builds on work by Mishchenko

et al. on Holstein and Fröhlich polaron models [45, 48, 49]. Brie�y, we compute

the current-current correlation function in imaginary frequency using FPDMC jUU0

=
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in Eq. 3.52. At �nite temperature ), the optical conductivity `¹lº is related to the

imaginary frequency current-current correlation function jUU0

= ,

j UU0

= =
2
c

¹ 1

0

l 2

l 2 ¸ l 2
=

`¹lº3l• (4.7)

We then extract the optical conductivity from the current-current correlation function

using analytic continuation with the stochastic optimization method (SOM) [44, 92],

and obtain the dc mobility from the conductivity in the zero-frequency limit. The ill-

de�ned numerical analytic continuation can be formulated as a well-posed question

using SOM with consistent constraints [92]. We remark that our FPDMC, when

applied to single-band model e-ph Hamiltonians, gives the same results as previous

e-ph DMC methods. Therefore, FPDMC can describe both the small and large

polaron transport regimes as reported in previous DMC studies on the Fröhlich and

Holstein models [45, 48, 49]. To show this point, we reproduce the temperature-

dependent mobility for small polarons in the Holstein model and large polarons in

the Fröhlich model with strong e-ph coupling (see Figure 4.17 in Appendix).

Focusing on electron polarons in rutile and anatase TiO2 (Figure 4.1(c)), we use

FPDMC to compute the mobility as a function of temperature in rutile TiO2 (Fig-

ure 4.6(a)-(b)) and anatase TiO2 (Figure 4.6(c)-(d)), and compare our results with

available experimental data. In rutile, the predicted mobility along the a crys-

tallographic axis exhibits small-polaron transport with three distinct temperature

regimes. At low temperatures () Ÿ 300 K), the mobility decreases with tempera-

ture showing a metallic-like behavior. At intermediate temperatures between 300

� 500 K, the mobility increases with temperature, consistent with the experimen-

tal observation of thermally activated charge transport in rutile [93] and recent

molecular dynamics simulations [94] (dashed line in Figure 4.6(a)). At high tem-

peratures () ¡ 500 K), the mobility nearly saturates and in fact slightly decreases

with temperature. This non-monotonic temperature-dependent mobility is charac-

teristic of small-polaron transport, as reported in previous DMC [45] and dynamical

mean-�eld theory [39] studies. Measurements from Ref. [95] only capture the

low-temperature metallic behavior but do not observe thermally activated transport

at higher temperatures, which may be due to Ti-interstitial doping. The predicted

c-axis mobility, `2, shown in Figure 4.6(b), is in excellent agreement with the ex-

perimental data. In our results, `2 saturates at ) ¡400K, consistent with polaronic

transport for intermediate-to-strong 4-ph coupling regime. The di�erent behavior

for the mobility in the a- and c-axis crystallographic directions occurs because the

lowest conduction band is signi�cantly less dispersive in the a and b directions
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Figure 4.6: Polaronic charge transport in rutile and anatase TiO2. (a)-(b) Computed
mobility versus temperature for rutile in the a and c crystallographic directions,
respectively. Also shown are molecular dynamics simulation results from Ref. [94]
(dashed line) and experimental data from Ref. [95]. (c)-(d) Mobility in anatase in
the a- and c-directions, respectively. The dots are experimental data from Jeong et
al. [96], Furubayashi et al. [97], and Liu et al. [98].

compared to the c direction. Future work will aim to compare our results with trans-

port measurements in purer high-quality rutile TiO2 samples. Studies of polaron

hopping typically rely on simulations using large supercells with an extra charge

added explicitly [2]. FPDMC can describe this charge hopping regime using only

unit cell calculations and �rst-principles 4-ph interactions, providing quantitatively

accurate mobility predictions.

The computed mobility is similarly accurate in anatase TiO2, as shown in Fig-

ure 4.6(c)-(d), where the FPDMC results are in excellent agreement with experi-

ments [96�98], both in terms of temperature dependence and absolute value. The

experimental data from Liu et al. [98] were published after our computed mobil-

ity and independently con�rm its temperature dependence. For comparison, using

only lowest-order 4-ph interactions plus the Boltzmann equation (BTE curve in

Figure 4.6(c)) leads to a greatly overestimated mobility, which is also observed in

another paper [99]. The BTE overestimating the mobility is unrelated to the speci�c
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Figure 4.7: Spectral functions in anatase TiO2. (a) Spectral function for the band-
edge electronic state, comparing results from FPDMC and the cumulant method [13].
(b) The quasiparticle weight at �nite momenta, sharing the same legend with (a).

settings employed in the �rst-principles calculations. Rather, it is a consequence of

the BTE's inability to capture the many-body e�ects deriving from strong e-ph inter-

actions and quasiparticle renormalization in TiO2, as shown in the spectral function

in Figure 4.7(a). For both the a- and c-directions, the temperature dependence of

the mobility from FPDMC follows a power law, indicating transport of mobile large

polarons in anatase. Such power-law mobility has been observed in several oxides

with large polarons, including SrTiO3 [13, 100]. Our FPDMC calculations for the

two phases of TiO2 are consistent with the experimental observation that excess

charge carriers behave as small polarons in rutile TiO2 and large polarons in anatase

TiO2 [16]. Our FPDMC results for charge transport in SrTiO3 are also in very good

agreement with experiments in Figure 4.18 in the Appendix.

Polaronic spectral functions

The spectral function can be extracted from the FPDMC imaginary-time Green's

function using analytic continuation [101]. We employ the max-entropy method

to extract the spectral function from the imaginary-time Green's function using

MaxEnt [101]. We choose a �at default model to de�ne the entropy term and a

maximum frequency of 2 eV. Figure 4.7(a) shows the computed spectral function for

the electronic state at the conduction band minimum in anatase TiO2, and compares it

with that obtained from the cumulant expansion (CE) method [13, 33, 102]. The CE

spectral function consists of a quasiparticle peak with reduced weight and multiple

satellites at higher energy. These satellites, also known as phonon sidebands,

are a hallmark of polaronic behavior � they have been observed in experiments

in TiO2 [14] and both predicted and observed in other polar oxides [13, 103].
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The FPDMC spectral function agrees with the CE result near k = �. Yet, the

quasiparticle weight /0k from CE gradually deviates from the FPDMC results as

shown in Figure 4.7(b). The limitation of the CE at �nite momentum, which is

known from Holstein model results [104], is overcome by our FPDMC calculations,

which provide accurate spectral properties at arbitrary momenta. At present, the

need for analytic continuation in FPDMC limits the accuracy of satellites carrying

a small spectral weight.

4.3 Exciton polarons

Exciton-phonon Hamiltonian

Excitons are the quasiparticles that govern the optical response of a wide range

of materials, from wide-gap insulators to two-dimensional semiconductors. When

light is absorbed by a semiconductor, a valence electron is excited to the conduction

band, leaving behind a hole. The electron and hole attract each other through the

screened Coulomb interaction and form a bound state called the exciton. Because

of this binding, the absorption edge is red-shifted relative to the single-particle band

gap.

In the ab initio framework, exciton states are obtained by solving the Bethe-Salpeter

equation (BSE) [105, 106], which yields the Bloch states j(– Qi in the electron-hole

transition basis:

j(– Qi = 0̂y
(Q j0i =

Õ

E2k

� (Q
E2k 2̂y

2–k¸Q 2̂Ek j0i– (4.8)

where Q is the center-of-mass momentum, ( is the exciton band index, �(Q
E2k is the

exciton wavefunction amplitude, E (2) labels valence (conduction) bands, k is the

electron crystal momentum, j0i is the electronic ground state and 0̂y
(Q is the creation

operator for an exciton state j(– Qi.

Similar to 4-ph interactions, the exciton is also coupled to the lattice degrees of

freedom, giving rise to the exciton-phonon (ex-ph) interactions. When ex-ph in-

teractions are weak, their major in�uence on the exciton is to slightly broaden the

exciton linewidth and determine the timescale for exciton relaxation and di�usion.

When ex-ph interactions are strong, the exciton polarizes its surrounding lattice,

forming an exciton polaron. Once formed in the crystal, the exciton polaron in-

duces a large Stokes shift between the absorption and emission spectra, signi�cantly

broadens the photoluminescence lineshape, and can change the quantum yield of

materials.
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The �rst-principles ex-ph interactions are quanti�ed by the matrix elements of the

perturbation potential in the exciton basis [107]:

� (( 0a¹Q– qº =

s
\

2l aq

Õ

^U

ê U
aq

p
" ^

h(0– Q ¸ qj
m+KS

mDq^U
j(– Qi (4.9)

=
Õ

E2k

� ( 0–Q¸q �
E2k

"
Õ

20

6220¹k ¸ Q– aqº � (Q
E20k �

Õ

E0

6E0E¹k– aqº �(QE02k¸q

#

–

where 2 and E denote the conduction and valence band indices, respectively, and

6<= ¹k– aqº are the 4-ph matrix elements de�ned in Eq. (2.22). The matrix element

� (( 0a¹Q– qº measures the probability amplitude for an exciton to scatter from state

j(– Qi to j(0– Q¸qi by emitting or absorbing a phonon with mode a and momentum

q. The �rst term in Eq. (4.9) describes 4-ph scattering within the conduction band

manifold, and the second describes the analogous process within the valence band

manifold. The negative sign of the second term re�ects the opposite charge of the

hole relative to the electron. We remark that the inter-gap scattering process, where

phonons kick one valence electron to the conduction bands, is ignored because the

band gap is usually much larger than the phonon energies. In the case of small band-

gap materials, we may need to include the inter-gap part of the 4-ph interactions.

For the exciton-polaron study, we introduce the exciton-phonon Hamiltonian:

� eG=
Õ

(Q

� (Q 0̂y
(Q 0̂(Q ¸

Õ

aq

l aq 1̂y
aq1̂aq

¸
Õ

(( 0Q
aq

� (( 0a¹Q– qº 0̂y( 0Q¸q 0̂(Q

�
1̂aq ¸ 1̂y

a–�q

�
– (4.10)

where � (Q is the exciton dispersion. This ex-ph Hamiltonian is identical to the 4-ph

one in Eq. (2.29) if the exciton band dispersion �(Q replaces the electronic band

energies n=k, and the ex-ph vertex �(( 0a¹Q– aqº replaces the 4-ph vertex 6<= ¹k– aqº.

This equivalence means that FPDMC, developed in the previous chapter to solve

the electron (hole) polaron problem, is directly applicable to exciton polarons. The

diagrammatic summation proceeds identically, with exciton propagators replacing

electron propagators throughout.

FPDMC theory for photoluminescence (PL) of exciton-polaron

Photoluminescence (PL) is a primary experimental probe of exciton physics, yet its

�rst-principles calculation in the strong ex-ph coupling regime remains challeng-

ing. In the light emission process, the exciton can decay into a photon, subject to
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energy and momentum conservation. Because the photon momentum is negligible

compared to crystal momentum, excitons with Q < 0 cannot emit light directly and

are dark excitons. Ex-ph interactions play a central role in the PL of these dark

states. In phonon-assisted PL, a dark exciton transfers its momentum to phonons

in a virtual process and then decays into a photon. In the weak-coupling limit,

leading-order perturbation theory gives good predictions for the PL in Hexagonal

boron nitride [107]. In the strong-coupling regime, however, higher-order ex-ph

processes must be included. In this section, we develop a �rst-principles theory of

PL for exciton polaron states and formulate it as an FPDMC estimator.

From Fermi's Golden Rule, the emission spectrum is

� ¹lº / l 3
Õ

5

jh 5 ĵ%j8ij2 X¹� 8 � � 5 � \lº– (4.11)

where l 3 comes from the photon density of states,%̂ =d̂�e is light-matter interactions

with the electric dipole operator̂d and photon polarization e, and j 5 i runs over all

�nal states after emission of a photon with energy \l = �8 � � 5. The spectrum is

therefore determined by both the transition energies and the dipole matrix elements

between the initial and �nal state.

We apply this framework to the exciton polaron and illustrate the luminescence

process of an exciton polaron in Figure 4.8. The initial state is an exciton polaron

j	 pi with collective momentum p and energy �pol
p . The �nal state after photon

emission is an #-phonon state ja1q1– • • • – a# q# i with energy � 5 =
Í

8\l a8q8. The

light-matter operator is

%̂ =
Õ

(

0̂(–Q=0d̂( � e (4.12)

whered̂( is the dipole momentum of the bright exciton j(– Q = 0i. Only Q = 0

excitons are optically bright and can couple to light directly. The emission spectrum

of the exciton polaron is then

� pol¹l; pº / l 3
Õ

5

j h 5 ĵ%j	 pi j 2X¹� pol
p � � 5 � lº–

/ l 3
Õ

(( 0

3�
( 3( 0

Õ

5

h	 p j 0̂y
(Q=0 j 5 i h 5 j 0̂( 0Q=0 j	 pi X¹� pol

p � � 5 � lº–

/ l 3
Õ

(( 0

3( 3�
( 0

1Õ

#=0

Õ

a1q1–•••–a# q#

X¹� pol
p �

#Õ

8=0

\l a8q8 � \lº (4.13)

� h	 p j( 0Q = 0; a1q1– •••– a# q# i h(Q = 0; a1q1– •••– a# q# j	 pi –
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Figure 4.8: A schematic illustration of the luminescence process of an exciton
polaron.

where � pol
p is the energy of the exciton-polaron state. Direct evaluation of this

expression is prohibitive: the sum over phonon states scales exponentially with

#, and the polaron state j	pi involves a large number of phonons. In Sec. 3.5,

we derived the MC estimator for the #-phonon distribution Z#–p¹a1q1– • • • – a# q# º

de�ned in Eq. (3.12), which maps this expression directly onto a FPDMC esti-

mator. In FPDMC, the summation will be replaced by importance sampling of

high-order ex-ph diagrams. We note that our theory follows the Franck-Condon

(FC) principle, which assume that the vibronic degrees of freedom are frozen in

the optical transition. However, unlike the standard FC picture, which assumes a

product (unentangled) initial state of exciton and phonons, the initial state here is

the fully entangled exciton-polaron j	pi, requiring a fully many-body treatment of

the phonon overlap.

Results

We apply FPDMC to study exciton polarons in monolayer CrBr3, shown in Fig-

ure 4.9(a). Monolayer CrBr3 is a 2D ferromagnetic semiconductor with out-of-plane

magnetic anisotropy and a Curie temperature of approximately 34 K [108]. We com-



54

Figure 4.9: Exciton-phonon coupling in monolayer CrBr3. (a) The structure of
monolayer CrBr3. (b) The phonon dispersion along a high-symmetry path, with the

color encoding the ex-ph coupling strength �aq =
q

1
# 1

Í
(( 0 j� (( 0¹Q– aqºj2 for the

�rst six exciton bands.

Figure 4.10: Exciton polaron energy and wavefunction in CrBr3. (a) BSE exciton
band structure and FPDMC exciton polaron dispersion. (b) Phonon dispersion of
monolayer CrBr3. The dot size is proportional to the mode-resolved average phonon
number h#aq i in phonon cloud. (c) #-phonon amplitude /# versus phonon number
#. The inset shows the branch-resolved contributions to h#a

phi. (d) Real-space
atomic distortion around the exciton polaron. The shaded circle marks the exciton
position.
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pute the electronic ground state with DFT in the local spin density approximation

using Quantum Espresso [60] using an 8�8 k-point grid and a kinetic energy cuto�

of 120 Ry. Phonon dispersions and the bare 4-ph matrix elements are obtained from

DFPT on the same k-grid. Quasiparticle corrections are computed within the �0, 0

approximation, with the screened Coulomb interaction , evaluated at the static level

using 162 unoccupied bands in the polarizability. Excitonic states are obtained by

solving the Bethe-Salpeter equation (BSE) including 6 valence and 12 conduction

bands, as implemented in Yambo [109]. The ex-ph matrix elements �(( 0a¹Q– qº in

Eq. (4.9) are then computed using an in-house version of Perturbo [27].

Figure 4.9(b) shows the phonon dispersion and the ex-ph coupling strength. The

strongest coupling comes from the out-of-plane optical (ZO) modes near 22 meV.

Figure 4.10(a) shows the �rst six exciton bands alongside the computed exciton

polaron dispersion. The exciton bands are con�ned to a narrow energy window

of ® 100 meV, which is comparable in magnitude to the ex-ph matrix elements

� (( 0a. The ratio of the ex-ph coupling to the exciton bandwidth is of order unity,

placing CrBr3 in the strong ex-ph coupling regime. The blue line shows the exciton

polaron dispersion in Figure 4.10(a). The polaron formation energy is as large as

0.15 eV. The polaron dispersion is nearly �at, indicating that the exciton polaron is

self-trapped in this material.

We next analyze the phonon cloud structure of the exciton polaron. In Figure 4.10(b),

we show the mode-resolved average phonon number in the exciton polaron state.

The two ZO modes contribute most to the exciton polaron cloud, consistent with

their dominant ex-ph coupling strength in Figure 4.9(b). The #-phonon amplitude

/ # in Figure 4.10(c) con�rms that the quasiparticle weight /#=0 is vanishingly

small, with the phonon distribution peaked near h#phi � 8. The distribution follows

a Poisson envelope, consistent with the Lang-Firsov result in the strong-coupling

limit, which is analogous to the small hole polaron in LiF.

To show the real-space polaron structure, we introduce a low-rank tensor decompo-

sition for the ex-ph correlation function:

~3(( 0a¹Q– qº = k� ¹( 0Q ¸ qº k¹(Qº �¹aqº– (4.14)

where ~3(( 0a¹Q– qº = h	0j 0̂y
( 0Q¸q 0̂(Q ¹1̂aq ¸ 1̂y

a–�qº j	 0i. This tensor decomposition

is inspired by our tensor-learning approach to #-ph interactions [110] from Chapter 6

and connected to the LF transformation. Here k¹(Qº is interpreted as the exciton

polaron orbital and �¹aqº is the associated atomic distortion. Figure 4.10(d) shows
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Figure 4.11: FPDMC-predicted photon emission spectrum of monolayer CrBr3,
compared with the experimental PL measurements from Ref. [108]. The vertical
dashed line is the optical gap.

that the distortion localizes around the exciton, displays a mirror symmetry, and

re�ects the anisotropic character of the ZO-mode coupling, indicating small-polaron

formation.

We now turn to the photoluminescence of the exciton polaron in CrBr3. Figure 4.11

shows our computed PL intensity compared with the experimental data. The op-

tical gap from BSE calculation is 1.69 eV (the vertical dashed line), while the PL

peaks near 1.35 eV, yielding a large Stokes shift of 0.34 eV in agreement with ex-

periment [108]. The Stokes shift exceeds the polaron formation energy of 0.15 eV

because, as illustrated in Figure 4.8, part of the polaron energy remains stored in the

phonon cloud after emission, a direct consequence of the Franck-Condon principle.

The zero-phonon line (ZPL) of the PL is absent in both the FPDMC spectrum and

the experiment. The amplitude of ZPL is proportional to the quasiparticle weight

/ #=0 , and as shown in Figure 4.10(c), /#=0 vanishes due to the strong ex-ph inter-

actions. Beyond the Stokes shift, the FPDMC lineshape is in excellent agreement

with the experimental PL spectrum, demonstrating the predictive power of FPDMC

for exciton polaron photoluminescence.
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4.4 Conclusion

In summary, we develop �rst-principles DMC calculations describing 4-ph and

ex-ph interactions of arbitrary strengths with quantitative accuracy, setting a gold

standard for modeling polarons and 4-ph physics in materials. This advance paves

the way for studies of the strong 4-ph and ex-ph coupling regime in conventional

and quantum materials, with applications to electronics, energy, low-dimensional

materials, quantum systems, and spectroscopy. The method can also be extended to

treat strong coupling between phonons and other excitations � spin, magnons, etc. �

pushing �rst-principles calculations in condensed matter beyond the weak-coupling

regime. We plan to explore these exciting directions in future work.

4.5 Appendix

First-principles calculations parameters

Our DFT calculations use plane-wave kinetic energy cuto�s of 100 Ry for LiF,

85 Ry for SrTiO3, 85 Ry for anatase TiO2, and 60 Ry for rutile TiO2, together

with lattice parameters of 4.06 Å for LiF, 3.9 Å for SrTiO3, 0 = 3•78 Å (2•0 =

2•51) for anatase TiO2, 0 = 5•14 Å (2•0 = 0•65) for rutile TiO2. We use norm-

conserving pseudopotentials [111, 112] for LiF, SrTiO3 and anatase TiO2, and

ultrasoft pseudopotentials [113, 114] for rutile TiO2. The Wannier functions are

constructed using the following k-point grids: 8�8�8 for LiF, 8�8�8 for SrTiO3,

6�6�6 for anatase TiO2, and 4�4�6 for rutile TiO 2. For anatase TiO2, we use the

Yambo [109] code to compute the G0W0 corrected band structure for the lowest

10 conduction bands. The G0W0 calculation includes 500 bands to compute the

polarization function with the Bruneval-Gonze terminator [115]. We veri�ed that

our G0W0 band structure of anatase TiO2 is consistent with previous work [116]. To

obtain phonon dispersions and 4-ph interactions on coarse grids, we conduct DFPT

calculations with the following q-point grids: 8�8�8 for LiF, 4�4�4 for SrTiO 3,

6�6�6 for anatase TiO2, 4�4�6 for rutile TiO 2. For rutile TiO2, we employ DFT+*

calculations with PBEsol functional [114] and a Hubbard-* parameter of 4.5 eV

and accordingly compute the 4-ph interactions with DFPT+* [103]. We include

a Hubbard-* correction for rutile TiO2 because its phonons from PBEsol show

a soft mode. We use a Hubbard-* parameter of 4.5 eV taken from a previous

�rst-principles study [117]. We have checked that using * = 3.9 eV, obtained

in Ref. [16] from ab initio constrained random phase approximation calculations,

gives electronic band structure and phonon dispersions nearly identical to our *

= 4.5 eV results. For SrTiO3, we carry out calculations on the cubic phase
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and employ the SSCHA method [118] to compute the phonon dispersion at 200 K

including anharmonic e�ects, thus removing the dynamical instability and imaginary

phonons [119, 120]. We include the long-range Fröhlich interaction in all �ne-grid

4-ph matrix elements [27, 69].

Convergence with respect to gm0G

We compute the polaron formation energy following Section 3.5, by sampling #-

phonon Green's function diagrams with �xed time gm0G. The MC estimator for

the polaron energy in Eq. (3.38) is valid only in the in�nite time limit gm0G ! 1

(g�1
m0G! 0). In practice, we choose a large enough value of gm0Gby inspecting how

�� 0 converges. Figure 4.12 shows the polaron formation energy ��0 as a function

of inverse gm0G. We �nd that �� 0 reaches a plateau at large enough gm0G for all

of the materials studied in this work, and thus we can successfully compute their

ground-state polaron energy.
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Figure 4.12: Polaron formation energy as a function of g�1
m0Gfor (a) hole polaron in

LiF, and electron polarons in (b) LiF, (c) SrTiO3, and (d) anatase TiO2.
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Convergence with respect to number of singular values

Figure 4.13 shows the convergence of the polaron formation energy ��0 with respect

to the number of singular values (SVs), NS+, used in the compression technique [52].

On the basis of these convergence trends, we set NS+ = 20 for LiF and SrTiO3, and

NS+ = 60 for anatase TiO2 for simulations shown in the main text.

Figure 4.13: Convergence of the polaron formation energy ��0 with respect to
number of singular values, NS+, for (a) hole polaron in LiF with k-points of 803,
and electron polarons in (b) LiF with k-points of 1003, (c) SrTiO3 with k-points of
1003, (d) anatase TiO2 with k-points of 403. The shaded orange region corresponds
to an error of less than 2% relative to the value of ��0 obtained using the largest
number of SVs.
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Analytic continuation for optical conductivity

At �nite temperature ), the optical conductivity `¹lº is related to the imaginary

frequency current-current correlation function jUU0

= ,

j UU0

= =
2
c

¹ 1

0

l 2

l 2 ¸ l 2
=

`¹lº3l• (4.15)

We employ the stochastic optimization method (SOM) [44, 92, 121] to extract `¹lº.

While DMC can obtain jUU0

= with high precision, there are many di�erent functions

`¹lº that give j UU0

= within the stochastic error. The SOM technique constructs an

ensemble of these solutions f`8¹lºg, and one can extract the corresponding mean

�̀¹lº and variance. We neglect the solution8̀¹lº if ` 8¹l = 0º = 0. In Figure 4.14,

we show the average optical conductivity for temperatures in the 200�500 K range.

Figure 4.14: The average optical conductivity for anatase TiO2. The optical conduc-
tivity tensor is anisotropic in this material, and here we show the optical conductivity
in the GH plane.

In Figure 4.15(a), we show a typical histogram for the mobility `8 = ` 8¹l = 0º in

anatase TiO2. Since the histogram is asymmetric, we calculate the upper and lower

error bars separately,

f ¹u?º =

s
1

# ¡

Õ

8

¹` 8 � �̀º 2�¹` 8 � �̀º– (4.16)

f ¹l>º =

s
1

# Ÿ

Õ

8

¹` 8 � �̀º 2�¹ �̀ � ` 8º– (4.17)

where �̀is the mean value of8̀and #¡ (# Ÿ) is the number of solutions with `8 ¡ �̀

(` 8 Ÿ �̀).
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