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ABSTRACT

Biological systems generate reliable, information-processing behavior from large
numbers of interacting components operating far from equilibrium. At the molecular
scale, this behavior emerges through self-assembly governed by local interaction
rules, while at the cellular scale it manifests as gene regulatory networks that encode
decision-making through nonlinear dynamics and multistability. Both are governed
by the same fundamental questions: how do microscopic interaction rules give rise
to robust, directly-tunable macroscopic states, and how can we capture the dynamics

and fundamental physics of these processes?

In this thesis, I describe a rule-based operator algebra for representing multiparticle
assemblies in stochastic chemical systems. The formalism enables rigorous analysis
of complex formation and dissolution in systems where combinatorial complexity
is otherwise intractable, and allows for both analytic and numerical explorations
of scaling behavior and other statistical properties. The general language of the
formalism renders it well-suited for studying self-assembly processes both in and
out of equilibrium, and for examining not only the polymer systems discussed in this
thesis but also broader applications in gene regulation and signaling protein-protein

interactions.

I also discuss underlying dynamics of self-organization toward cell fate determina-
tion, and specifically the power of effector concentration as a tuning knob for exam-
ining the dynamics of gene regulatory motifs such as three-gene toggle switches and
other biologically-relevant circuits in thermodynamic model descriptions. In partic-
ular, capturing shifts in the dynamical landscapes of these gene circuits through an

explicit role for induction offers an actionable connection to experimental design.
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Chapter 1

INTRODUCTION

Living systems rely on vast numbers of interacting molecular components, with
collective behavior giving rise to robust yet adaptable cellular functions. At the mi-
croscopic scale, proteins bind and unbind, assemble into complexes, undergo confor-
mational changes, and regulate gene expression through intricate, highly-structured
biochemical interaction rules. At the macroscopic scale, these interactions manifest
as cell fate decisions, regulatory switches, oscillations, and multistable phenotypes.
A central challenge in quantitative biology is to develop frameworks that con-
nect such microscopic molecular rules with the resulting dynamical behaviors that
emerge in genetic and biochemical networks. Establishing such integrative frame-
works could even facilitate a new generation of experiments for probing regimes,

perturbations, and design principles that might not be otherwise conceivable.

Over the past half-century, statistical physics has profoundly shaped insights into
biological complexity. The language of partition functions, free energies, infor-
mation theory, and response functions [1-4]], for example, have become standard
in the analysis of protein folding [S-7], ligand binding [8-12], and transcription
regulation [10} [11} [13H16]]. More recently, field-theoretic methods — originally de-
veloped for quantum many-body systems — have been adapted to describe stochastic
chemical kinetics, reaction-diffusion systems, and population dynamics [17-21].
These analyses demonstrate the fundamental power of statistical physics in deter-
mining how noise and microscopic interactions coordinate to generate collective
macroscopic dynamics and functions, and offer a natural language for elucidating
physical principles across biological scales. This is true whether we are considering
microscopic assembly processes, genotype to phenotype mapping toward cell fate
determination and signaling response such as in immune cell differentiation, the dy-
namics of tissue development, or collective dynamics at the organismal community
level. Fig.[I.T]highlights some of these advances. Regardless of application, how-
ever, these developments suggest that biological complexity, although historically
treated as exceptional within the context of traditional physics, may be amenable to
the same structural reasoning that underpins condensed matter and nonequilibrium

physics.
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Figure 1.1: Principles of statistical physics determine how noise and microscopic
interactions coordinate to generate collective macroscopic dynamics and function,
providing a universal language across biological scales.

In this spirit, my thesis seeks to demonstrate the utility of fundamental physical
principles in the modeling of self-assembly processes and gene regulatory network
dynamics. The key unifying perspective across the work discussed in the follow-
ing chapters is that biochemical networks are many-body systems with dynamics
that can be described using operator algebras, statistical ensembles, and the study
of parameter thresholds, or bifurcations, at which dynamical shifts occur. By
embedding rule-based molecular interactions within algebraically-defined protein
self-assembly, and by grounding gene circuit dynamics in thermodynamic models of
transcription regulation, this research seeks to build mathematical, physics-driven
frameworks to connect microscopic rules to emergent dynamical phenomena, and to
form a predictive foundation that can directly translate to experimental inquiries. In
this introduction, I briefly highlight relevant historical milestones in the use of sta-

tistical mechanics for studying biological systems, and elaborate on aspects therein
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that require further understanding. I then outline my approach to these questions,

which are the subjects of the following chapters.

1.1 Statistical mechanics as a lens for modeling biological systems

Applications of statistical mechanics to biological systems trace back to the early-
to-mid twentieth century, notably in polymer theory [22] and in early treatments
of cooperative ligand binding and allostery [9, 23, 24]. Classical models such as
Monod-Wyman-Changeux (MWC) and related thermodynamic frameworks estab-
lished that macroscopic observables, such as fractional state occupancy and gene
expression levels, could be derived from partition functions over microscopic states.
This approach reframed biological regulation as an equilibrium statistical mechanics
problem, in which the probability of a given molecular configuration is determined

by its free energy.

Equilibrium statistical mechanical descriptions are effective in biology due to the
separation of timescales in dynamics at the microscopic and whole-cell levels, and
because the nonequilibrium steady states that systems generally occupy often prob-
abilistically resemble an equilibrium distribution of possible states when perturbed
symmetrically. However, it is important to acknowledge that at a broader scale, bi-
ological systems are intrinsically out of equilibrium. Energy consumption through
ATP hydrolysis, metabolic flux, and other processes drive systems away from de-
tailed balance, which means that it is often insightful not to coarse grain descriptions
to equilibrium mechanics alone. Nonequilibrium statistical mechanics provides a
natural framework for such investigations, particularly in the presence of driven

processes and stochastic fluctuations.

In parallel, the rise of nonequilibrium statistical mechanics has provided tools for
treating systems driven by chemical fluxes. Reaction-diffusion equations, master
equations, and stochastic processes have become central to theoretical biophysics.
The chemical master equation, in particular, formalizes the time evolution of proba-
bility distributions over discrete molecular counts. Exact solutions are rare, however,
and the combinatorial growth of possible molecular states quickly renders direct

enumeration intractable.

Consider a system, for example, in which the expression of a given gene is regulated
by a protein species that can bind non-exclusively at n binding sites along the
DNA, as shown in Fig. [I.2(A). Assuming independent binding at all n sites, the

total number of thermodynamic gene regulatory states is 2", and this number only
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Figure 1.2: A combinatorial explosion of thermodynamic states arises when consid-
ering polymer growth and protein assembly in the contexts of signaling complexes
and DNA-regulatory binding architectures. (A) State enumeration of transcription

factor binding along the DNA with n independent binding sites.

(B) State enu-

meration for branching homopolymers, modeled as trees, with #,(k) denoting the
number of polymer states containing » monomers given k possible branches from a
given parent node. (C) A table of biological examples, for which minimal models
of structural binding generate a vast combinatorial number of thermodynamic as-

sembly states [10, 13}, 25-28)]].
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increases upon the introduction of cooperative interactions among bound proteins

and in the presence of additional regulatory protein species.

We also observe combinatorial complexity in polymer assembly settings, such as
that shown in the branching homopolymer example of Fig. [[.2(B). In this model,
every monomer can form a bond between its site A and one of k distinguishable
interaction sites B on another monomer. Assuming a dilute, pre-gelling regime in
which no cyclic structures form, each polymer containing » monomer subunits can
be interpreted as a connected graph of » units, i.e., a tree, with n — 1 bonds. A given
polymer tree of this form has a single canonical root, and a given parent node within

the graph can form at most k branches.

Given this premise, we can determine the number of distinct assemblies containing
n monomer units, 7,,. From the canonical root, each of the k labeled B sites is either
empty or occupied by a subtree of the same kind. The corresponding generating
function for the system is then of the form

t(x) = Zt,,x", (1.1)
n=1

where x tracks monomer subunits. The canonical root contributes x, and each B site
can be either empty or occupied by a subtree of the same kind, thus contributing
1 + t(x). Since the k interaction sites B are distinguishable and independent, the

generating function satisfies the recursive implicit equation
1(x) = x[1 + t(x)]%, (1.2)
or more generally,

t=xy(n), ) =(1+uk (1.3)

This implicit solution leads to a closed form solution for #,, through the Lagrange

inversion formula, which states that for n > 1

1) = =), (14

with the [x"]G (x) notation denoting the coefficient of x" in the power series G (x).
From Eqn. t, = [x"]t(x), and by substituting the power series of interest from
Eqn. [I.3] we get

Iy = %[u"‘l](l + u)km, (1.5)
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The number of enumerated states ¢, with » monomers as a function of k sites thus

derives from the coefficient of u”~! in the power series

kn
(1+w'" =" (kn)u’" (1.6)

m
m=0

which means that the number of distinct assemblies is

1 kn 1 kn
ln:r_z(n—l) :m() (4D

These are Fuss-Catalan numbers, a well-known result from combinatoric theory,
which can quickly become intractably large with increasing n. As an example,

binary branching k = 2 generates a total number of polymer states

o= (2”) -C,. (1.8)

n+1\n

with C, denoting the nth Catalan number. Fig.[1.2(B) plots all 14 states possible for
n = 4 monomer subunits and k£ = 2 distinguishable B; interaction sites. We can see
that this state enumeration quickly expands as n increases, however, with C,, > 100
for n = 6 and C,, > 1000 for n = 8.

The problem of combinatorial complexity described above does not lie solely in
theoretical systems. Fig.[I.2(C) highlights several biological examples of assem-
blies comprised of multiple distinct subunits that exhibit vast numbers of possible
thermodynamic states. For protein signaling complexes such as EGFR and FceRI
([25]]), and p53 ([26]), these combinatorial states refer to different degrees of multi-
merization and modification through phosphorylation and other means. Modeling
each monomer subunit of dimerizing EGFR as having nine available phosphoryla-
tion sites, we estimate (2°)% = 2'® possible states. A conservative model for FceRI
comprises a dimer of receptors where each monomer subunit can bind a ligand and
two protein kinases (enzymes catalyzing phosphate group transfer). Accounting for
the possible phosphostates of each component, the number of combinatorial states
is (receptor phosphostates)? x ( kinase occupancy)? x ( kinase occupancy)? ~ 300.
If we consider additional phosphorylation sites or protein components, and the
roles of scaffold and adaptor proteins binding to phosphorylated sites on the protein
complex, then our estimate can expand to the order of 10*. Even if we were to ig-
nore differentiation among subunits of a protein, it is clear that accounting for sites
of post-translational modification leads to an explosion of possible combinatorial

states. The tumor suppressor protein p53, for example, is known to have 10-20
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major sites for phosphorylation, acetylation, and other modifications. Assuming

_ 220

independent binding across the sites, this translates to 2!° possible states.

For DNA-binding transcription factor ensembles such as in bacteriophage A ([13,
277, 128]]) and in Drosophila pair-rule gene expression ([10]]), the combinatorics refer
to different possible regulatory states. While state counts vary in the literature
cited above, depending on the proposed model’s molecular specificity (e.g., DNA
looping effects at the 4 Og promoter region), they can easily reach the hundreds
and thousands. Of course, limiting these counts to the number of functional states
reduces enumeration complexity, but it remains fundamentally valuable to model
systems by leveraging the complete set of combinatorial states because this approach
shows how specific functional states can be reached. In a sense, such models indicate
the energy landscape of dynamic assembly, revealing “hidden” intermediate states

that are both kinetically accessible and influence overall binding dynamics.

A significant conceptual advance came with the recognition that stochastic reaction
networks can be modeled with an operator formalism analogous to second quanti-
zation. In 1976, Masao Doi introduced a representation of classical multiparticle
systems in Fock space, i.e., the space of all particle number states (vacuum, 1-
particle states, 2-particle states, etc.) [17, 18]]. This description maps the rise and
fall of number counts for various protein complexes in a system with creation ()

and annihilation (&) operators.

To illustrate, consider the most straightforward setting of a well-mixed system of
particles, for which we would like to determine the probability P(n,t) of having n
particles present at time 7. This probability evolves via a master equation which, for
a simple death process in which particles are destroyed (i.e., decay) at a rate vy, is
given by

0P(n,t) =y(n+1)P(n+1,t) —ynP(n,t). (1.9)

Intuitively, the first term on the right hand side tracks probability flux into the n-
particle state that can be attributed to the decay of one particle in an n + 1-particle
state. The second term corresponds to flux out of the n-particle state upon decay of

one of the n particles.

Doi’s formalism encodes the probability distribution into a quantum-like state vector
using an occupation number (Fock space) representation. The probability generating

state then becomes

() = )" P(n,1)(@)"|0), (1.10)
n=0
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which is a weighted sum of basis states corresponding to particle number n with
probability coefficients P(n,t). One can then rewrite the master equation to track

the evolution of a system vector, as in

Ohly) = L(a,ad)ly) (1.11)

with a formal solution

W (2)) = e*'y(0)), (1.12)

where the Liouvillian £ is an operation that encodes reaction rates.

Shortly thereafter, Luca Peliti converted this operator algebra into a coherent state
path integral formulation. Rather than working with operators, Peliti’s approach
maps operators to complex numbers (4 — ¢, d — ¢) such that £(4, d) transforms to
an ordinary function £ (¢, ¢) governed by classical calculus. While this mapping is
not globally allowable, since the creation and annihilation operators do not commute
and order thus matters, the physics of coherent states makes this mapping possible
locally in time. Since a coherent state |@) satisfies a|¢p) = ¢|@), when we evaluate

the inner product of £ with coherent states that are an infinitesimal time step € apart,

<(§t+e|‘£(d, d)|¢t - L(qgt+€’ ¢t) (1.13)

Ultimately, Peliti [19] derives a mapping of the form

T
e£’—>/1)g51)¢exp(/0 dz[L(qS,qb)—gﬁa,qb]), (1.14)

where the —¢d; ¢ term comes from the overlap between coherent states at neighboring
time steps. Peliti and others demonstrated how this path integral and other field-
theoretic methods (renormalization group and saddle-point approximation, among
others) could be used to analyze reaction-diffusion systems [19, 20, 29-31]]. To-
gether, the Doi-Peliti technique established a fundamental correspondence between

stochastic chemical kinetics and quantum many-body theory.

Single-species presentations of the Doi-Peliti formalism, however, are deceptively
clean. Biological systems present additional challenges that these approaches do
not entirely capture. In particular, Doi’s formalism scales poorly with the number of
species and the complexity of the interaction network. Since distinct operators are
required for each species assembled, the exponential scaling of multistate species
previously observed in standard sets of n master equations is instead transferred into

the operator algebra complexity of L. Interactions among multiple species during
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reactions also entangle operators such that £ no longer has sparse or factorizable
structure that can be exploited to simplify the expression. This makes perturbation
theory and renormalization group analysis methods impractical, rendering Doi and
Peliti’s methods formal rather than particularly useful in modeling large biochemical

networks.

Beyond scaling, there is also a representational problem in that the Doi-Peliti for-
malism has no native concept of molecular structure. It can track that species C
appears, for example, but not that C is a dimer of A and B with A’s binding site
occupied. This makes it fundamentally unsuited to systems where the combinatorial
variety of possible complexes and the structural conditions for their assembly are

central to the system’s physical information.

Indeed, molecules are not indistinguishable particles with simple pairwise inter-
actions. Rather, they possess internal states, multiple binding sites, and at times
intricate rules for combinatorial assembly, where it is critical to preserve information
about the internal characteristics and subunits making up larger assemblies. Thus,
while the Doi-Peliti formalism provides a point of departure, it does not resolve the
combinatorial explosion and assembly rule subtleties inherent to the formation of

biological multiparticle complexes.

From the systems biology perspective, rule-based modeling has emerged as a prac-
tical alternative for approaching combinatorial complexity. Frameworks such as
BioNetGen [32] and Kappa [33] encode interaction rules (e.g., binding of spe-
cific domains) without enumerating all possible complexes. While computationally
efficient, however, these approaches generally lack a unified algebraic foundation

facilitating statistical mechanical analysis of the physical properties of assembly.

Chapter 2 presents recently published work that addresses this gap in disciplines by
developing a rule-based operator algebra formalism, drawing inspiration from the
mathematical building blocks of Doi-Peliti and the rule-based emphasis of models
from computational biology [34]. By constructing a Fock space in which particles
possess internal states and binding sites, and by defining operators corresponding
to rule-based assembly and disassembly events, we provide a mathematically trans-
parent and physically grounded description of multiparticle complexes. This rule-
based approach also allows for a diagrammatic representation echoing techniques
from statistical field theory that enables compact visualization and manipulation
of interaction rules for analytical study. In introducing the key innovation of rule-

based modeling, this algebraic framework is compatible with both equilibrium and
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Figure 1.3: Allosteric proteins have an altered protein conformation upon the binding
of an “effector” molecule, which can (A) activate or (B) inhibit the protein’s activity,
i.e., its ability to bind a substrate at the reshaped active site.

nonequilibrium statistical mechanics concepts, and enables analytic and numeric

analysis of assembly dynamics in either setting.

1.2 Allostery and its statistical mechanical origins

While multiparticle complex assembly highlights structural combinatorics, we are
also interested at more macroscopic scales in the dynamics of how these assem-
blies coordinate to determine protein expression patterns and broader, nuanced cell
functions. Allostery is an essential cellular tool for directing this mapping from
microscopic interactions to macroscopic function, and is one of the central organiz-
ing principles of molecular biology, describing the regulation of a macromolecule’s
activity through the binding of a ligand at a site distinct from its active or functional
one (Fig. [I.3). First conceptualized in the mid-twentieth century, allostery has
evolved from a biochemical description of enzyme regulation into a quantitatively
tractable problem in statistical physics. Today, it provides a unifying framework for
understanding cooperativity, signal integration, and decision-making in biological
systems ranging from oxygen-binding hemoglobin in the bloodstream to multista-

bility and phase transitions in gene regulatory networks.
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The term “allosteric” was introduced by Jacques Monod and Frangois Jacob in
1961 to describe regulatory proteins for which activity is modulated by ligands
binding at topographically distinct sites [35], a phenomenon Monod himself con-
sidered “the second secret of life” [36]. Shortly thereafter, the quantitative founda-
tions of allostery were established in two seminal models. The MWC model pro-
posed that multimeric proteins exist in equilibrium between discrete conformational
states—commonly denoted T (tense) and R (relaxed)—where ligand binding shifts
the population distribution among the possible ligand-bound and unbound forms
of these states. In contrast, the Koshland—Némethy—Filmer (KNF) model [37] in-
troduced a sequential mechanism in which ligand binding induces conformational

changes locally, propagating cooperativity without requiring global symmetry.

These early works framed allostery as a problem of conformational equilibria and
cooperative binding. Importantly, they also implicitly invoked a statistical mechan-
ical perspective: proteins were understood not as static structures but as ensembles
of microstates, with ligand binding altering the relative statistical weights of these
states. This shift from structural determinism to ensemble thermodynamics laid the

groundwork for modern biophysical treatments of regulation.

From a physical standpoint, allostery can be described as the redistribution of
probability mass over a discrete set of conformational states in response to ligand
binding. In the MWC framework, consider a protein with two conformational states,
relaxed (R) and tense (T), and n ligand-binding sites. The corresponding partition
function can be written as

Z(c) = (1 + KiR) + e_ﬂAE(l + KiT) (1.15)

where c 1s the ligand concentration, K r are the dissociation constants of the relaxed
and tense states, respectively, and Ae = er — €g is the energy difference between
conformational states. In this notation, c¢/K is a dimensionless statistical weight for
ligand binding to a single site, and corresponds directly in more traditional statistical
mechanics notation to a Boltzmann factor for the statistical weight of a bound ligand
relative to an empty site at a baseline chemical potential. Cooperative behavior
emerges naturally when ligand affinity differs between conformations, so that binding
effectively couples to a conformational phase variable. The sigmoidal binding curves

characteristic of cooperative systems arise from this nonlinear reweighting of states.

The statistical mechanical interpretation of allostery was further complemented

by Wyman’s theory [38]] formalizing the thermodynamic coupling between ligand
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binding and conformational changes in hemoglobin. Later work generalized these
ideas, demonstrating that allostery need not require large conformational shifts but
can arise from modulation of fluctuations within an ensemble [39]]. In the ensemble
view, regulation reflects shifts in occupancy across a rugged free-energy landscape,

rather than transitions between two discrete structures alone.

Within this framework, allosteric proteins resemble finite-sized thermodynamic
systems poised near transitions between competing states. The analogy to phase
transitions becomes especially clear in the limit of high cooperativity. For example,
in the MWC model with many subunits, the response function sharpens as the num-
ber of binding sites increases, approaching a discontinuous, switch-like transition in
the thermodynamic limit. Although biological systems are finite, the mathematical
parallels to mean-field models such as the Ising model are well established: con-
formational states correspond to spin variables, ligand concentration to an external

field, and cooperative interactions to coupling constants.

This statistical mechanical perspective provides more than formal analogy — it
offers predictive power. By writing down partition functions and enumerating
microstates, one can derive response curves, Hill coefficients, and susceptibility-like
quantities that measure sensitivity to ligand concentrations. Allosteric regulation
thus becomes an experimentally testable mapping between microscopic free energies

and macroscopic observables.

1.3 Allostery beyond enzymes: gene regulation as an allosteric process

The conceptual leap from enzymatic regulation to gene regulatory networks was
catalyzed by the discovery of transcriptional repressors whose DNA-binding affini-
ties are modulated by small molecules. The canonical example is the lac repressor
characterized by Francgois Jacob and Jacques Monod in their studies of the lac
operon [35]. In this system, depicted in Fig. [I.4] effector molecules called inducers
bind the repressor allosterically, decreasing its affinity for DNA and thereby activat-
ing transcription. Gene expression is then controlled by an effector molecule that

tunes the occupancy of regulatory states, which is precisely the logic of allostery.

Modern quantitative models of transcriptional regulation adopt explicitly statistical
mechanical formulations [40, 41]]. Promoter occupancy is computed by enumerat-
ing binding configurations of RNA polymerase and transcription factors, weighted
by Boltzmann factors determined by binding energies and ligand concentrations. In

such models, effector molecules function as control parameters that alter the statis-
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Figure 1.4: Allostery is a key cellular tool for controlling transcription. In a simple
repression model for the lac repressor in E. coli, for example, if lactose is present it
is converted to allolactose, which binds to the Lacl repressor and renders it inactive,
thus inducing gene expression. Within the broader context of the cell, an increase
in the effector concentration alters the probability of encountering active repressors,
thus shifting the equilibrium distribution to favor the inactive form and turn on
expression. Effector molecules such as allolactose are called inducers.

tical weights of regulatory states. The resulting input—output functions, i.e., from
ligand concentration to gene expression, often display sigmoidal or ultrasensitive

behavior analogous to cooperative binding curves.

Crucially, when regulatory proteins oligomerize, bind cooperatively, or regulate
their own expression, the system can exhibit multistability. Positive feedback loops,
combined with nonlinear response functions derived from allosteric binding, gen-
erate bistable or multistable gene expression states. From a dynamical systems
perspective, these states correspond to multiple stable fixed points in the space of
expression levels. From a statistical mechanical perspective, they resemble coexist-

ing phases separated by effective energy barriers.

1.4 Gene regulatory networks and multistability
The connection between allostery and phase transitions becomes particularly com-
pelling in the context of gene regulatory networks that exhibit switch-like behavior.

Consider a transcription factor with a DNA-binding affinity that depends alloster-
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ically on an effector molecule. The effector concentration then acts as a thermo-
dynamic field that shifts the balance between active and inactive conformations, as
demonstrated by the change in the probability of active repressor plotted in Fig.[1.4]
When the effector mechanism is embedded in a feedback loop, such as in the au-
toregulation of mutual repression, this nonlinear response can drive shifts in gene
expression toward more diverse dynamic regimes, as will be clarified and explored
in greater detail in Chapters 3 and 4. These bifurcations in dynamic phase space,
such as a transition from monostable to bistable expression, are analogous to a
second-order phase transition where, for example, a single stable state gives way
to two symmetry-broken states. In stochastic descriptions, noise-induced switching
between expression states parallels thermally-activated transitions between free-
energy minima. Gene expression dynamics can then be derived from underlying
microscopic binding equilibria, linking molecular allostery to macroscopic cell-fate

decisions.

In this sense, effector molecule concentrations function as tuning knobs that control
the position of a system relative to critical points. Near such points, susceptibility —
defined as the derivative of expression with respect to effector concentration — can
become large, indicating heightened sensitivity. This mirrors critical phenomena
in physical systems, where response functions diverge at phase transitions. Al-
though finite-size effects and intrinsic noise smooth these singularities in biological

contexts, the conceptual and mathematical analogies remain powerful.

By framing regulation as a redistribution of ensemble probabilities, one can de-
rive precise relationships between molecular parameters and system-level behavior.
When extended to gene regulatory networks, this framework reveals deep con-
nections between effector-mediated control, nonlinear feedback, multistability, and
phase-transition-like phenomena. For example, the study of bistability and switches
in genetic circuits has gained particular prominence with the synthetic genetic toggle
switch [42], demonstrating experimentally that mutually repressing genes can pro-
duce two stable expression states. Theoretical models of such circuits typically use
the Hill-function form to capture highly cooperative binding and sigmoidal behavior
with coupled nonlinear differential equations. Given the high cooperativity regime,
transcription factor binding in this approach is all-or-none, meaning that either all
transcription factor binding sites are empty or all sites are occupied. If binding

activates transcription, promoter activity is then proportional to the probability that
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a transcription factor (concentration X) is bound, and the output fraction is

Xﬂ

—, 1.16
K" + X" (1.16)

fact(X) =

with Hill coefficient n > 1 denoting the strength of cooperativity and thus the steep-
ness of the response curve to an increase in the transcription factor concentration.
If binding represses transcription, promoter activity is instead proportional to the

probability that the DNA remains unbound, with a corresponding output fraction

K" 1
Jep(X) = i = e (1.17)

These functions form the basis for models such as those in [42], where two genes
expressing protein concentrations U and V' that mutually repress each other can be
written as U ; v ;
dr 1+1v" b T 1+2U"
with a;, are maximal production rates and b is the rate of protein decay. Such a

- bV, (1.18)

system of equations generates bistable dynamic expression of protein concentrations
UandV.

Yet such circuit designs only shed partial light on the coordinated emergence of
multistable behavior that often naturally extends beyond two-state decision making.
Further, these studies generally observe shifts in dynamics by tuning parameters
intrinsic to the system, such as rates and dissociation constants, that are not explicitly

tunable by the cell or by experimental design.

Chapter 3 addresses both of these points by systematically exploring how allosteric
effector concentrations shape the multistable behavior of three-gene toggle switch
motifs. This work [43] illustrates how effector molecules—through allosteric control
of transcription factor activity—directly tune the locations of bifurcations and the
qualitative structure of phase space in a three-gene network, expanding beyond
simple bistable switches to tristability and even richer multistable regimes through

the inclusion of autoactivation within the regulatory motif itself.

In this model, each gene encodes a protein that represses the others, and the effec-
tive concentration of active repressor is controlled by inducer molecules that bind
allosterically to the transcription factors. As a function of inducer concentration, the
system undergoes saddle-node bifurcations that create or annihilate a pair of fixed
points, producing distinct dynamic phases distinguished by the number of stable

steady states. Atlow inducer levels, the network supports multiple stable expression
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patterns highlighting tristability, whereas sufficiently high inducer levels render dy-
namics partially or entirely irreversible, collapsing the system to bistable behavior in
the presence of a single inducer and to monostable behavior in the presence of two.
Importantly, the way in which effector binding alters transcription factor function-
ality (e.g., whether simply altering activity or causing a switch between repression
and activation) reshapes both dynamic regimes and the corresponding bifurcation

structure.

These analyses highlight a central conclusion: allosteric control is a useful, biolog-
ically relevant quantitative mechanism for driving multistability in gene networks,
replacing abstract model parameters such as effective dissociation constants or rate
parameters with quantities that cells actually tune endogenously. Instead of treating
cooperativity and repression “parameters” as exogenous knobs, my work embeds
them in mechanistic allosteric models that derive transcription factor activity from
effector concentrations using statistical mechanics. Viewed from this perspective,
the transitions between dynamical regimes — whether monostable, bistable, tristable,
or more complex — are not mere mathematical artifacts but have direct interpreta-
tions as shifts in the underlying thermodynamic landscape induced by changes in

effector binding equilibria.

This approach parallels classical phase transitions in physical systems. Effector
concentration serves as an external field that biases the free-energy landscape of
a regulatory network, inducing qualitative changes in global stability much like
temperature or magnetic fields drive transitions in spin systems. The bifurcations
observed in the three-gene toggle switch are thus reminiscent of critical points
where symmetry breaks and new phases emerge. As in statistical mechanical
phase transitions, the nature of these bifurcations reflects the interplay between

nonlinearity (cooperativity) and feedback in shaping the landscape of stable states.

Most crucially, this discussion forms a foundation for expanding to higher-order
gene networks and gaining insights into the mechanisms by which complex cellular

decision-making can arise through control by effector molecules.

1.5 From Hill descriptions to thermodynamic models in simpler illustrative
motifs

In modeling gene regulatory networks, Chapter 3 relies on Hill function models,

which have been historically used to capture nonlinear input—output relationships.

By defining state occupancies for transcription factors bound to DNA as either bound
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or unbound, with bound states having cooperativity n, Hill models offer a tractable
and conceptually transparent description of how regulator concentrations influence
gene expression. In larger networks, and particularly those composed of multiple
interacting feedback loops, this phenomenological representation facilitates inves-
tigations of bifurcations, multistability, oscillations, and other dynamical features
without a combinatorial explosion of microscopic details. Indeed, for higher-order
circuits, Hill functions offer the only computationally-viable means of surveying

parameter spaces and identifying qualitative behaviors.

At the same time, Hill functions can be viewed as coarse-grained descriptions of
underlying molecular processes. Through its coefficient n, the model encodes both
cooperativity and oligomerization, and serves as a bridge between biochemical in-
tuition and dynamical systems analysis. As such, it retains the essential nonlinearity

required for multistability while remaining mathematically manageable.

When attention shifts from large composite networks to simpler regulatory motifs
involving one or two genes and a smaller number of interaction components, it
becomes feasible and pedagogically illuminating to resolve this coarse-graining.
In these cases, one can replace phenomenological Hill expressions with full ther-
modynamic models that enumerate promoter microstates and assign each a sta-
tistical weight. Importantly, the thermodynamic framework does not contradict
Hill descriptions, but rather clarifies their origins. Indeed, under appropriate con-
ditions, such as strong cooperativity or dominant state competition, the resulting
input—output relations reduce to Hill-like forms. Given that high cooperativity is a
fundamental strategy for achieving precise and sensitive regulation, particularly in
eukaryotes containing cis-regulatory elements such as enhancers and promoters, Hill
models thus remain an effective description in many cases. More generally, how-
ever, thermodynamic models reveal how Hill coefficients and dissociation constants
arise from combinations of fundamental microscopic parameters. This allows ex-
plorations of the impact of enumerating additional occupancy states in motifs where
computational constraints do not dominate. In such settings, a detailed thermody-
namic model can provide additional parametrizations that more precisely specify
the biochemical underpinnings of binding interactions. By first characterizing the
dynamical consequences of nonlinear regulation in complex networks, and then
shifting to minimal motifs where microscopic detail is tractable, we obtain a layered
understanding where global behaviors are identified at the network level, and their

molecular origins can then be further clarified.



18

In Chapter 4, I explore thermodynamic modeling of inducible genetic circuits by
focusing on simple illustrative motifs including auto-activation, mutual repression,
and feed-forward loops [44]. While these motifs have already been studied exten-
sively using Hill models [42} 45-50], features of these networks in thermodynamic
models with tunable rate parameters, binding cooperativity, and in this case effector
concentrations, remain less well understood. In continuing the theme of Chapter 3,
I emphasize throughout the power of effector concentrations as natural tuning knobs
for dynamic activity. Focusing on simpler circuit designs provides further freedom
to explore the phase portraits that arise from thermodynamic model parametriza-
tion. Across all motifs we observe how effector concentration drives the diversity of
and accessibility to different dynamic regimes of stability, driving these properties
in a manner that cannot be fully realized by traditional abstract parametrization.
These findings emphasize the ongoing importance of developing a comprehensive
picture of the allosterome, i.e., a complete mapping of the effector molecules regu-
lating transcription factors, to better understand large-scale gene regulatory network

dynamics.
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Chapter 2

MODELING SELF-ASSEMBLY PROCESSES IN AND OUT OF
EQUILIBRIUM FROM QUANTUM FIELD-THEORETIC
PRINCIPLEY]]

We begin our exploration across biological scales by focusing on those of fun-
damental building blocks. In traditional physics, this would mean dissecting the
dynamics of particle interactions at the atomistic level, which is where quantum
mechanics dominates. Under the appropriate conditions, electrons in this regime
can then exhibit wave-like energy transfer, tunnel through a high potential energy
barrier, superpose to exist in multiple states simultaneously, and entangle to share
the same quantum state. These properties all rely on the quantum coherence of
systems operating at this scale, which dictates that systems exist in a superposition

of states with a well-defined phase relationship.

Quantum coherence is fragile, however, because it requires the system to be infor-
mationally isolated from its environment. The moment the environment “learns” a
system’s state, the superposition collapses to a classical mixture. This irreversible
process is referred to as decoherence [1]], and is a fundamental feature of biological
proteins in solution. Thermal “kicks” from solvent collisions and electromagnetic
effects from polar solvent molecules act as “measurements” on the protein, en-
tangling the system’s state with that of the thermal bath (solvent). The resulting

decoherence is essentially instantaneous on biochemical timescales.

By building proteins, nature constructs systems made up of atomistic quantum
components that, as collective units, behave classically. More concretely, a pro-
tein’s position and momentum is well-defined, thermal noise drives exploration
and facilitates changes in protein conformation to find binding partners, and a pro-
tein complex’s 3D geometry (not its quantum state) determines its function. This
classical collective behavior is not merely a physical curiosity — it represents the
foundation upon which the logic of molecular assembly is built. Because proteins
behave as classical objects with well-defined shapes and thermally driven dynamics,

they can do something remarkably powerful: they can associate, and thus transcend

I A version of this chapter originally appeared as: R. J. Rousseau and J. B. Kinney. Algebraic and
diagrammatic methods for the rule-based modeling of multiparticle complexes. PRX Life, 3:023004,
2025.DOI:| 10.1103/PRXLife.3.023004,


https://doi.org/10.1103/PRXLife.3.023004
DOI:

24

the functional limitations of any individual component. When proteins oligomerize
into complexes, entirely new capabilities emerge that no monomer could possess
alone. The geometry of interfaces between subunits, for example, creates binding
pockets that did not exist on any individual piece. Upon the binding of a ligand to
a binding pocket, mechanical strain from the binding event can propagate across a
complex, allowing the input signal to reshape a distant active site through a pro-
cess known as allostery. Forming an enclosed chamber from collected subunits can
sequester chemical properties, concentrate reactants, and prevent half-finished prod-
ucts from escaping into the crowded cell. Finally, the sheer size of an assembly can
enforce kinetic delays that enable proofreading, thereby rejecting unsuitable sub-
strates before committing to an irreversible step. In each case, the functional gain is
inseparable from the act of assembly itself. Understanding why biology persistently
builds large assemblies, then, requires us define how classical, thermally fluctuating
objects can be arranged so that their interactions give rise to computational and

catalytic capabilities of extraordinary sophistication.

If function emerges from the collective behavior of many interacting parts, however,
this also implies that to understand or predict function one would need to track
interactions explicitly. Across different biological contexts, systems of classically
behaving protein complexes thus inherently exhibit a crucial theme of “combina-
torial complexity” [2]. This means that an immense (and often infinite) variety of
molecular complexes can form from a relatively small number of interaction rules
governing the assembly of a relatively small number of molecular components.
While it is this combinatorial complexity that makes the diverse, sophisticated col-
lective functions of proteins possible, it is also this property that quickly renders

self-assembly models intractable for practical analysis.

Consider the simplest possible case of a single protein with two modifiable sites
(e.g., phosphorylation sites that can be either “on” or off””). Assuming ligands bind
independently at each site, such a protein can exist in 2 = 4 possible distinct states.
In a realistic signaling protein, it is more typical to have as many as 10-20 relevant
sites across several subunits, leading to 210 = 1024 distinct states, or 229 ~ 10°
states in an expanded model setting. These estimates, however, do not account for
several key sources of interactions and functional transformations. Binding states,
for example, can have multiple ligands. Proteins are also not in a single rigid state,
but rather in an ensemble of conformations. Finally, post-translational modifications

including phosphorylation, ubiquitination, acetylation, methylation, and more can
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introduce combinatorial dependencies that raise the number of possible distinct
states further. A few examples of this complexity from protein signaling and gene
regulation were previously highlighted in Fig. [I.2] Predicting and managing the
explosion of combinatorial states that can arise in biological assembly thus presents

an outstanding challenge to statistical physicists and computational biologists alike.

In 1976, Masao Doi [3), 4] proposed a method for modeling many-body systems
of classical particles, as outlined in Chapter 1 of this thesis. The approach roots
assembly within a Fock space description capturing the space of all particle num-
ber states (vacuum, l-particle states, 2-particle states, etc.). The formalism was
further developed by others [SH7], and has proven useful in the study of diffusion-
limited aggregation [8-10] and other problems in statistical physics [11-13]. As
in quantum field theory, Doi’s formalism supports the creation and annihilation of
particles, but does not support the assembly of preexisting particles into complexes.
Consequently, analyzing systems that involve multi-particle complexes using this
formalism requires specifying one distinct field for every distinct species of complex.
This makes Doi’s formalism unwieldy for analyzing systems that exhibit substantial

combinatorial complexity.

Consider, for example, the homopolymer system illustrated in Fig.[2.1] This system
comprises one type of component particle having two sites capable of forming
an interaction. In thermal equilibrium the system’s behavior is governed by two
quantities: the chemical potential (u) of the particles and the energy of interaction
(e) [Fig.[2.1(A)]. Out of equilibrium the system is governed by four rate parameters
(r1-4) describing the appearance and disappearance of particles, as well as their
mutual binding and unbinding [Fig. 2.1(B)]. But despite how simple this system
is to describe in words and pictures, modeling this system in Doi’s formalism is
complicated because the above rules lead to an infinite number of possible polymeric
complexes. To apply Doi’s formalism, one must define an infinite number of fields,
one for every species of complex. For equilibrium systems, one must then manually
specify the chemical potential of each species [Fig. 2.I(C)]. For systems out of
equilibrium, one must manually specify the rate of reaction between all reacting
sets of species [Fig.[2.I(D)]. And in doing so, one must take care that the chemical
potentials and/or reaction rates written down are expressed correctly as functions
of the underlying model parameters, as Doi’s formalism provides no means of

computing these quantities.

Clearly something is missing. Ideally, the formalism one uses to describe systems
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(A) chemical potential interaction energy (B) kinetic rates
I € e r3
p / 0= Ap+ B = 7

©) 7 n—e (D)

24— 2¢ — kgTlog 2
2p—€
2r3 3ry
2ry T3
3 — 3¢ — kpTlog3 N
3 — 2€

Figure 2.1: Homopolymer in zero dimensions. The system comprises a single
species of component particle, with each particle having two domains capable of
forming heterotypic interactions. (A) In thermal equilibrium, system behavior is
governed by the chemical potential (u«) and interaction energy (€). (B) Out of
equilibrium, the system is governed by the kinetic rates for monomer creation (),
monomer annihilation (), interaction formation (r3), and interaction dissolution
(r4). (C) The rules in panel (A) generate an infinite number of possible complexes:
x-chains and x-rings for all x = 1,2,..., each complex with a distinct chemical
potential. The log terms in the chemical potentials of the x-rings result from their
rotational symmetry. (D) The rules in panel (B) result in an infinite web of reactions
between different polymeric complexes, with reaction rates proportional to r3 and
r4 in ways that depend nontrivially on the identities of the specific reactants and
products.

of multi-particle complexes should allow one to mathematically derive the set of
possible complexes, the chemical potentials of each complex, and the rates of reac-
tion between complexes from the underlying rules and their associated parameters.

This chapter develops a formalism that does this.

The problem of combinatorial complexity has long been recognized in the field of
computational systems biology. Starting in the 2000s, researchers studying biolog-
ical signaling pathways began developing “rule-based” approaches for simulating
chemical systems of multi-particle complexes [2,[14-20]. Some of these efforts have
produced sophisticated software ecosystems, such as BioNetGen [15} 17, 19, 21]
and Kappa [18, 22]. These simulation approaches, however, are based on for-
mal representations that do not lend themselves to analytical calculations using the
mathematical methods of statistical physics. For example, BioNetGen is based on a
process algebra describing the formation and dynamics of port graphs (i.e., graphs
with edges attached through ports) [23]] while Kappa is based on the k-calculus
process algebra language for linking protein “agents” [18, 22]. Neither approach
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involves a native thermodynamic framework,and both describe interaction rules by
specifying rates rather than energies. These limitations prevent such computational
methods from providing a built-in notion of partition functions and free energy
landscapes, which are fundamental foundations for statistical physics analyses. As
a result, work in this area has been confined to computational rather than analytic

calculations.

Here we bridge the divide between Doi’s mathematical formalism and rule-based
methods for computationally modeling biochemical systems. Using a Fock space
for classical particles reminiscent of but distinct from that of Doi, we develop an
operator algebra that allows not only for the creation and annihilation of particles, but
also for the assembly of particles into complexes. We show that this operator algebra
allows one to mathematically analyze equilibrium and nonequilibrium systems that
are defined in a rule-based manner, and can also be used as a basis for computational

analyses using stochastic simulations.

Section [2.1] establishes the formalism’s foundation, introducing how microstates
and macrostates are represented. We then apply the formalism to three systems
in thermal equilibrium: a monomer system (Section [2.2)), a homodimer system
(Section 2.3)), and a homopolymer system (Section [2.4). Next we show how our
formalism can be used to define and analyze nonequilibrium systems, both through
the analytic derivation of master equations in Section[2.5|and through computational
analysis carried out using a stochastic simulation algorithm presented in Section[2.6]
We end by illustrating the versatility of our formalism in Section [2.7, showcasing
the variety and complexity of system behavior that can arise from positing different
sets of rules.

2.1 Foundations

2.1.1 Microstates

Following Doi we define a set S of microstates where each microstate s € S
corresponds to a unit vector |s). The resulting set of pure states forms an orthonormal
basis for the Fock space. The vector |y) describing the system is then given by a

probabilistic mixture of pure states,

W)= pls), 2.1)

seS
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where p; represents the probability of the system being in state s. It is useful to

define the sum of all possible states as the “sum vector”

|sum) = Z Is) . (2.2)

seS

The expectation value of any operator O is then given by (sum|O|), and probability

normalization requires that (sum|y) = 1.

The Fock space supports systems both in and out of thermal equilibrium. In
equilibrium, the system is taken to be in the grand canonical ensemble, such that
the different possible states arising can vary in both total energy and total particle
number (along with other thermodynamic variables for chemical potential, volume,
and absolute temperature remaining constant). The state vector |i/) can then be
expressed in terms of a Hamiltonian operator H that assigns an energy to each
microstate:

e PH

EE

is the partition function, 8 = 1/kgT where kp is Boltzmann’s constant and 7T is

|sum), where Z = (sum|e?%|sum) (2.3)

temperature, and H |s) = H; |s) where H; denotes the free energy of state s. The

dynamics of the system state |i/) out of equilibrium is described by

d
Tl =W ). 4

where W is a transition operator. We call this the “microstate master equation.”
In terms of the scalar transition rates W,_,; from microstate s to microstate ¢, the

transition operator is

W= > Wer (I (sl = Is)(s]). 2.5)

s,t€S

Note that the first term in the summand reflects the flow of probability into py,
while the second term reflects the flow of probability out of p;. We call these the

“reaction” and “depletion” terms, respectively.

2.1.2 Macrostates

Unlike in Doi’s formalism, the microstates in our formalism represent not only the
externally observable properties of particles, but also their unobservable internal
states. These internal states are, in fact, what make particles in our formalism
identifiable and thus allow complexes to be constructed from preexisting particles.
We therefore distinguish between the microstates of a system (represented by the |s)

vectors) and the macrostates of the system.
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In this work we focus on zero-dimensional (i.e., well-mixed) populations of particles
and complexes. Assuming there are K possible observably distinct species of
complex, each macrostate is characterized by a vector n = (ny,...,ng) where
each ny quantifies the number of complexes of species k. The corresponding
macrostate vector is defined to be the sum of all microstate vectors consistent with
the macrostate, i.e.,

iy =" 1s). (2.6)

sl

Note that |[sum) = )= |7), and that the probability of a the system being in a

macrostate 7 given |y) is

P(i) = (ily). 2.7)
In equilibrium systems, each macrostate is an eigenstate of the Hamiltonian:
HI) = = ) neps 7). (2.8)
k

where py is the (bare) chemical potential of species k. Consequently, the prob-
ability of the system having macrostate 7 is a product of species-specific Poisson

distributions, i.e.,

P(ny) = Z , where Z; =exp [eﬁ”k] . (2.9)

In nonequilibrium systems, this probability becomes a function of time ¢ and evolves

according to the “macrostate master equation”
d = =/
—Pi(i) = Z Wi P (i), (2.10)
n

where Wiz = (n| W |n’) /(n’|n’) are the macrostate-specific transition rates. In
later sections we compute these Wj;, from the transition operator W, but instead of

calculating each rate directly we find it simpler to calculate the vector
|J(7)) = W' |7) . (2.11)

We call |J(7)) the “flux projector” since taking the inner product of it with |y)
yields a vector of probability fluxes, i.e., P;(7i1) = (J(7i) |y (t)).

2.2 Monomer in equilibrium
2.2.1 Microstates and macrostates
We now construct the Fock space on which our formalism is based, using a system

of monomeric particles for concreteness. The particles are represented using a
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hard-core boson field, A, which is assumed to have N excitation modes. Each mode
A; is indexed by a number i € N = {1,..., N} that represents the internal state
of a particle. This index allows the formalism to track individual particles that
are outwardly identical. In what follows we keep N finite for concreteness, but all

physically meaningful calculations are performed in the N — oo limit.

Each mode A; can be in one of two orthonormal states: |1); represents the presence
of a particle with internal state 7, while |0); represents its absence. Microstates are
given by tensor products over all modes. Specifically, a microstate representing K

particles having indices 7 C N is represented by

II>=®{ Iy itiet, (2.12)

i~ | 10); otherwise.

These states are orthonormal, i.e., (Z|J) = drg. The resulting macrostates of the

system are

In) = Z IT), for n=0,...,N. (2.13)
I:|I|=n

The vacuum state, |0) = |@), is both a microstate and a macrostate.

These definitions readily extend to systems defined by multiple fields. Consider a
mixture of monomer species A and B. The microstate comprising A monomers

having indices 7 and B monomers having indices J is given by

L. T ap=11)a®|T)p, (2.14)

where the subscripts indicate the Fock space in which each state vector lives. The
corresponding macrostates and sum states are given by analogous tensor products.

Systems with three or more fields are defined similarly.

2.2.2 Mode and field operators

We now define four types of mode-specific operators: creation, annihilation, pres-
ence, and absence. The creation operator for mode i is defined to be A; = |1); €0,
When applied to a microstate |Z'), this operator has the effect

A |T) = (2.15)

0 ifi eI,
|7 U{i}) otherwise.

The corresponding annihilation operator is defined to be A= AZ.T, and has the effect

A-II)z [\ {i}) ifielT, 2.16)
l 0 otherwise. '
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The presence operator is defined as A = A,Ai. | Z) is one if i € I and zero
be A

A;
A; = A;A; = 1 — A;. Note that A;

otherwise. The absence operator is defined to

and A; are self-adjoint.

We highlight several key algebraic properties of these operators. First, creation and

annihilation operators are nilpotent, i.e., Al.z = Al.z = 0. Second, the commutator
[A;, Aj] = 6;;(1 -24)) (2.17)

is very different than one finds in the harmonic oscillator algebra, and thus in other

algebras used to model classical particles [3,[7]. Third, the commutator

[Ai, A;] = 6;;4,, (2.18)
plays an important role later when constructing multi-particle complexes from com-
ponent particles. Appendix [2.A]lists some additional useful properties.

We further define field-specific creation, annihilation, presence, and absence oper-

ators as sums over all of the corresponding mode operators, i.e.,

A=A, (2.19)
and similarly for A, A, and A. These field operators satisfy the useful commutation
relations

[A,A] = N - 2A, [A,A] = A. (2.20)
Macrostates are given by
An
|n) = — |0) . (2.21)
n.

Here the combinatorial factor corrects for each set of modes being summed over 7!
times in the operator product A”. Note that |n) = 0if n > N, since this would cause
every term in A” to contain at least one factor of 141.2. Applied to a macrostate, one
finds that

Alny = (n+1) |n+1), Alny =n|n), (2.22)
Aln)y = (N-n+1) |n—1), Aln) = (N-n)|n). (2.23)
See Appendix for a derivation of these results.

In the large N limit, the number of modes that are excited in any macrostate |n) with
substantial physical probability becomes negligible compared to N. In what follows

we therefore approximate Eq. [2.23]as

Alny~N|n-1), Aln)~N|n). (2.24)
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By similar logic we can also approximate [A, A] ~ N, etc.

Finally, it is useful to consider the coherent state,
) = Y " |n) = 4 0). (2.25)
n=0

This allows one to express the generating function for the distribution over macrostates

as (z|y). Note that setting z = 1 recovers the sum state, i.e., |1) = |[sum).

2.2.3 Hamiltonian operator

In what follows we assume that each system of interest is contained within a volume
V. For a gas of monomers, the relevant Hamiltonian is H = —uA, where u denotes
a bare chemical potential. We use the term “bare” to emphasize that u determines
the excitation probability for each independent mode A;, whereas the concentration
of monomers depends on u, N, and V. The generating function for the equilibrium

probability distribution over macrostates is found by:

(2lt) = 7 0] e eed [0) (2.26)

= % O] e4et 10y (defining A = e (2.27)

=~ [ T1l et o), (2.28)

= % [ Teon (1 +2A) 1+ a4 10), (2.29)

= % (1+z)N (2.30)
1+z4\"

- ( 14;3 ) . 2.31)

In the first step we used the fact that f(A)g(A) |0) = g(f(1)A) |0) for any functions
f and g. The resulting quantity A is the per-mode fugacity corresponding to chemical
potential u. In the second step we used the fact that operators for different modes
commute. In the third step we used the nilpotency of A; to truncate the expansions
of each exponential. Finally, we used the normalization requirement (1) = 1 to
determine the partition function Z = (1 +1)". The result is the generating function
for the binomial distribution corresponding to N modes with a per-mode excitation
probability of 1/(1 + 2). From this generating function we find that the expected
concentration of monomers is

(A) 14 1 Na X

T_Vd_zm‘”); Vi+d 1+VU/N’

(2.32)
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where A" = %ﬁ. Keeping (A) /V constant while taking N — oo requires holding A’

approximately constant and thus rescaling A ~ % In this limit we get
(zlp) = IV = yy =V V). (2.33)

The corresponding partition function is Z = ¢"?'. Note that (z|y) is the generating

function for a Poisson distribution with mean VA'. We thus see that
/7 /7 N
W =kpTlogAd :,u+kBT10gV (2.34)

is the effective chemical potential, i.e., the chemical potential appropriately renor-
malized to account for the N modes available for excitation in volume V. It is

therefore u’, not u, that reflects the physically measurable chemical potential.

Note that the appearance of the unitful quantity N /V within a logarithm may appear
unusual, but it makes sense in the context of our formalism. At a fixed bare chemical
potential u, the concentration of particles [ A] will be proportional to the density of
Fock space modes, N/V. The effective chemical potential u’, which by definition is
equal to kgT log[A] up to an additive constant, must therefore receive an additive
contribution of kg7 log N/V to its value. Looked at in a mathematically identical
but conceptually different way, if we keep u fixed and simply change the units in
which V is measured, [ A] will scale with the quantity N/V (as it should), and so y’
should additively shift as kg7 log N/V.

2.3 Homodimer in equilibrium

2.3.1 Composite operators

Multi-particle complexes are represented as products of mode operators for three
kinds of fields: particle fields, interaction fields, and site fields. For example, we

define the creation operator for a dimer of two A particles by the composite operator
D;; = Ii;a:a;AA;, (2.35)

which is the product of mode operators for a particle field A, an interaction field /,
and a site field a. More specifically, A; and A j create the two component particles, I; J
registers that these two particles interact with one another, and d; and 4 respectively
indicate that the A; and A; particles are each participating in an interaction and are
therefore not free to interact with additional particles. Note that the index of the
dimer creation operator is the pair of monomer indices, (Z, j). Since the monomer

is symmetric, we assume that fij = IAj,-, and so Dij = ﬁji. Note also that D;; = 0
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because of the nilpotency of A; and @;. The number of internal states for the dimer
is therefore Np = (g] ) ~ N? /2. The dimer annihilation, presence, and absence
operators are defined in terms of the creation operator in the same manner as for a

single particle:

Dzj = Dij = ijdldJAvl jo (236)
Dij = Di;Dij = Ijaia; AiA;, (2.37)
Dij = DijDyj = Ijaia; AiA;. (2.38)

The field operator D is given by D = % i D;;, where the factor 1/2 compensates
for double counting in the sum. The field operators D, D, and D are defined

similarly.

The homodimer system also comprises free monomers. We represent these by
a separate composite field M defined by the mode operator M; = A;d;. The
corresponding number of internal states is Nyy = N, and the three related mode
operators are M; = A,-dl-, M; = A;a;, and M; = A;d;. The corresponding field
operators are defined as sums over i. Note the inclusion of d; in M; ensures that M
does not count A particles that are components of dimers, M does not annihilate

such particles (which would leave dangling I and a modes), etc.
The macrostate comprising m monomers and d dimers is given by

m™ D4
Im,d) = —— |0) . (2.39)
m! d!

Using [d;,d;] = —0;;d; and Al.z = 0, one can readily verify that M and D commute.

The corresponding coherent state is therefore

[o¢]
[IENEDY

m=0

224 \m, dy = eM+enD |0y (2.40)

NgE

QU
Il

0

2.3.2 Sectoring by species
Now consider a Hamiltonian in which each A particle has chemical potential u and

each interaction has Gibbs free energy e:
- 1 _
H:—,uZAI-+6§lZJ;I,~j. (2.41)

To compute the equilibrium state of the system, we re-express the Hamiltonian as a

sum of terms that operate separately on monomers and dimers. Using the identity
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1 = a; + a;, we split the Hamiltonian into two parts, H = H,, + Hp, where
. - _ € _
HM:—,UZA,'(I,', HD:—/J Zi:A,'a,'+§ izjlij. (2.42)
These operators satisfy the commutation relations

[Hp, M) = —uyM, [Hp,D]=-upD,
[Hy, D] =0, [Hp, M] =0, (2.43)

where py; = pand up = 2u—e are the bare monomer and dimer chemical potentials.

Next we compute the generating function:

<ZM,ZD|{//> = Z—l <0| eZMM+ZDDe—ﬁ(HM+HD)eM+D |0>
— Z—l <0| eZMM+ZDDve/1MM+/1DDA |0>
=~ Z_l <0| eZMMe/lMMeZDDVe/lDD |0> ) (2'44)

In the first step we used Eqn. and defined the fugacities Ay, = eP*™ and
Ap = ePP The second step follows from the approximation (see Appendix [2.B)

(M, D] = Z(M ~ 0. (2.45)

This commutator is not exactly zero because annihilating a dimer frees up A modes

that can be used to create two monomers. But by way of comparison,
[M,M] = Ny —2M and [D,D] = Np —2D (2.46)

have terms that scale as N and N2, respectively. The effect of the commutator
[M, D] on a physical state is consequently negligible in the large N limit. This
reflects the number of modes available to create a monomer not being limiting in

the physically meaningful regime.

Next we insert a copy of the identity operator,

1= Z Im, ) {m, d} (2.47)

m!d!

into the right-hand side of Eqn. and observe that only the |0) (0] term survives.

Consequently,

e zplw) ~ 27 (0] e e 10) (0] 2P ' (o)
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= Z"" (zm|Am) (zp|Ap) . (2.48)

Setting (1, 1|¢y) = 1 we find that Z ~ Zy;Zp, where Zy; and Zp are the respective

partition functions for the monomer and dimer species. We thus obtain

) =~ )y ® WD s (2.49)

where |/) ;, describes a monomer-only system, |¢) , describes a dimer-only system,

and both have the same Poisson form as in Eqn. [2.33]

There are two important caveats to the result in Eqn. 2.49] First, the sectors for
distinct species are only independent in the N — oo limit. For example, the right-
hand side of Eqn. has nonzero |m) ® |d) terms for all values of m < N
and d < N/2, whereas each |m, d) term on the left-hand side is nonzero only if
m + 2d < N. Second, this sectoring result holds only in equilibrium systems;
indeed, the populations of particles in different sectors will generally be coupled out

of equilibrium.

Finally we discuss the scaling behavior of the system with N and V. As in the
previous section, requiring the concentration of monomers <M > /V to be constant as
N — ocoreveals an effective monomer chemical potential of w1, = pp +kpT log NTM
Similarly, requiring the concentration of homodimers <l§> /V to be constant as
N — oo reveals an effective dimer chemical potential of u}, = up + kgT log N7D
These relations are realized by renormalizing the parameters of the Hamiltonian so
that N

,u':,u+kBT10gV and € =¢e—kgTlogV (2.50)

are held constant. In terms of these quantities, the effective dimer chemical potential
is uy, = 2u’ — € — kpT log 2, where the logarithmic term accounts for the symmetry
of the molecule. This system is therefore exactly renormalizable. We thus see
that, to maintain a fixed concentration of dimers, the bare interaction energy € must
become weaker as system volume increases. This makes sense: if V increases while
monomer concentration stays fixed, the number of monomers available to bond to a
given monomer will increase in proportion to V. To keep the probability of the given
monomer forming a dimer constant, the bare interaction energy € must weaken as
V increases so that e € oc V=1, This implies that e ¢ = Ve ¢ will be fixed.
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2.3.3 Gallery operators
Consider more generally a system that realizes K distinct species of complex. Let

G« denote the creation operator for complex k and assume that
[Gk,Gir] = 6xiGi. (2.51)

We refer to the vector G = (Gl, e G k)" as the “gallery,” as it exhibits creation
operators for all possible complexes. The gallery allows us to define the coherent

state
I2) = exp {ZT@} 10), (2.52)

where 7 = (z1,...,2k) " is a vector of scalars. As in the monomer and homodimer

systems, the generating function for a system |¢) is (Z|¢), and the sum state is
lsum) = 2+ Gk |0) = |T). (2.53)

The macrostates of the system are given by

K énk
i ....ng) = []‘[ —k,] 0), (254)
nj.
k=1
and the effects of the four field operators on macrostates are
Gilni,....ongy= (nx+1) |ny, ... ne+1, ... ng),
G_k |n1""’nK>:nk |nl""’nK>’
Grlni,....,ngy~ Nelni,...,nie—1, ..., ng),
Gilni,....ng)~ Ni|ni, ..., ng). (2.55)

where N is the number of internal states for species k.

Because different complexes can share internal components, the Hamiltonian can
be defined in a rule-based manner as in Eqn. [2.41]instead of on a species-by-species
basis. As we will see in later sections, such rule-based definitions can require
far fewer than K terms. If there are no energetic interactions between separate

complexes, the Hamiltonian can then be equivalently expressed as

H =~ —Zﬂkék. (2.56)
k

where py is the bare chemical potential for species k. The generating function for

the equilibrium state then factorizes, i.e.

) = @), where [w), = e |VAL), 2.57)
k
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and where 4] = ePe and My = Mx + kpTlog % are the effective fugacity and
chemical potential of species k. We note that it may or may not be possible to
renormalize the parameters of the Hamiltonian so that all the effective chemical
potentials are independent of V. For example, this is possible in the homodimer

system, but not in the homopolymer system discussed in the next section.

2.3.4 Factory operators

Hamiltonians of the form in Eqn. [2.56]describe systems of non-interacting particles
and might understandably be viewed as trivial. They become less trivial, however, in
systems comprising large (or infinite) numbers of distinct complexes, each complex
having a chemical potential that is a function of the parameters used to define the
Hamiltonian. In such systems, merely enumerating different species of complex
and determining their chemical potentials can be nontrivial. It is therefore natural
to instead define the set of possible complexes implicitly by specifying the rules for
their construction, and to use these rules to then compute the different species of
complex and their associated chemical potentials. We now show how our formalism

enables this.

In the case of the homodimer, the sum state can be expressed as
|sum) = e™2e"1|0), (2.58)
where

A ~ 1 ~ A A - el
B, = ZAiai, =3 Z]: fia:0;4A;. (2.59)

Here, F; = M creates free monomers, while F, joins two monomers into a dimer.
Specifically, IF; tests for the presence of two particles, A; and A, and if these already
exist it joins them into a dimer D;;. Note that neither A particle can be part of an

existing dimer due to the excitation of site fields a; and a;. For example,

=7 Z aia A A Acai A |0) (2.60)
l] k,l

=7 Z GidjAA (5501 + 616 1) |0) 2.61)
i,],k,l

=10, 1), (2.62)
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where the first step uses the identities d;d; = d; and [A;, Aj] = 6,~J~A,~. We will soon

show more generally that

F! F? -2 ifg>2
_2_1|0> _ |q P,P> irq = .P, (2.63)
r!q! 0 otherwise.

Summing this over all p and g establishes the [sum) state in Eqn. [2.58]

The sum of states for complexes generated in any system can thus be specified by a

vector of operators F = (Fi,...,Fp) " via
|sum) = €L ... e 1 |0) . (2.64)

We call this vector the “factory.” We emphasize that the order of the operators
within the factory is important, as these operators, unlike gallery operators, do not

generally commute.

Using the factory instead of the gallery to define the set of possible complexes in
a system can have an important advantage: the factory often comprises far fewer
operators than the gallery. This is not the case for the homodimer system, but it is

so for the homopolymer system presented in Section [2.4]

There is a disadvantage, however, to defining a system using the factory: one
loses access to the generating function. One can, of course define a coherent state
analogous to |Z) via

%) = ¥ FL ... e¥1F10) (2.65)

where X = (x1,...,x7)". Itis questionable, however, how useful the corresponding
generating function (X|y) is for analysis. As we will see, each term in the expansion
of Eqn. [2.65|can yield multiple distinct mixtures of complexes. One thus generally

cannot read off the macrostate distribution P(7) from the expansion of {(X|y).

2.3.5 Wick’s theorem

The algebraic manipulations needed to show Eqn.[2.63|become unwieldy as p and ¢
become large. Wick’s theorem, a foundational result in quantum field theory, makes
these calculations significantly more straightforward by providing a systematic pro-

cedure for reordering operators in a multi-operator product.

To see how Wick’s theorem can be applied to our formalism, define the compound
operators A? = 4;A; and Alf’ = G;A;. Ignoring the interaction field 7 for the moment,

each term in the expansion of the left-hand side of Eqn. [2.63]has the form

AL -~quMh .- M;j, 0. (2.66)
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Note that all compound presence operators appear to the left of all creation operators.
We refer to this as “productive ordering.” Given an operator product X X3 - - - Xj,,
we denote its productive ordering by P (XX, ---X,,). Each term in the Taylor
expansion of the factory representation is productive ordered because the instruc-
tions for assembling each complex are applied after the instructions for creating its
components. In contrast, each term in the expansion of the gallery representation in
Eqn. [2.39 has the form

M;, - A, M¢ - A% 10). (2.67)
The key difference from Eqn. [2.66]is that this term contains only creation operators,

all of which commute.

Every term of the form in Eqn. 2.66]is in fact equal to a sum of terms having the
form in Eqn.[2.67|with m = g —2p and d = p. To transform the former to the latter,
we iteratively apply the exchange rule

ACM; = M;AY + 6;;A¢ (2.68)

until no Af operators appear to the left of any M ; operators. Each application
of the exchange rule adds another term to the expansion. The result is a sum of
operator products such that all A? in each product appear to the right of all M; and
A?. Such products are said to be “normally ordered.” More generally, an operator
product is normally ordered if all presence operators appear to the right of all
creation operators. The normally ordered form of an operator product X1 X; - - - X,
is denoted by N (X X3 - - - X;;). Normally ordered products are useful because any
such products containing presence operators vanish when applied to the vacuum

state.

Wick’s theorem provides an equality between productive ordered and normally
ordered operator products. To state Wick’s theorem, we define a ‘“contraction”
between two operators X; and X; to be
1
XiX; =P(XiX;) - N(X:Xj). (2.69)
The contraction of two specific operators within a larger product X; X5 - - - X, re-
moves these operators from the product and replaces them with their contraction,
i.€.,
] 1
XiXo- - X X X = X1 Xo . X0 (X X)), (2.70)
A key assumption of Wick’s theorem is that the contraction of any two operators

in a product is “central,” i.e., it commutes with all other operators in the product.
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For the homodimer algebra, the only contractions needed to transform Eqn. [2.66|to

Eqn. are of the form
1 . N . .
AiM; = AIM; — M;A! = [A], M;] = 6;;AS. (2.71)

These contractions are indeed central, i.e., [A;?, M il = [A;f, A%] = 0.

Applied to our context, Wick’s theorem states that any productive ordered operator

product is equal to the sum of all possible normally ordered contractions:

P(X1XoX3Xy ) = N(X1 XoX3Xy -+ )+

1 ] 1
N(X1X2X3X4 .. ) + N(X1X2X3X4 c ) + N(X1X2X3X4 t ) +--
1 il 1
N(X1XoX3Xs - )+ N(X1 X0 X3X4 ) + N(X1 Xo X3 Xy -2 ) + - -+
(2.72)
- Z N(C(XiXa... X)) (2.73)

all contractions C

For example, applying Wick’s theorem to the right-hand side of Eqn. [2.60] gives

A?A?MkMk = N(A?A?MkMk)"'

L ] Il ]
N(A?A?MkMk) + N(A?A?MkMk) + N(A?A?MkMk) + N(A?A?MkMk)+
N (A{ AYM M) + N (A7 AS M My) (2.74)

= MkMkAfA?+
5ikAA?MkA? + 51'1AA?M]CA7 + 5jkAA?MkA? + 5]'1AA?M]<A?+
5ik5le?A7 + 51’15]'1«4?147 . (2.75)

When applied to the vacuum state, only the last two terms in Eqn. [2.75|survive, thus

yielding the expression in Eqn. 2.61]
A?A?MkMk |0> = (5ik6jl + (5,'15]'1()14%14? |O> . (2.76)

More generally, Wick’s Theorem allows us to transform terms in the expansion of
the factory expression for the sum vector (Eqn. [2.64) into a sum of terms in the

expansion of the gallery expression for the sum vector (Eqn. [2.53).

2.3.6 Formal diagrams
We now introduce diagrammatic methods that aid in computations involving Fock

space operators. Each diagram indicates an operator product or sums of such



42

(B)

A A N A R A~ 2 A A 1 A5 7 ~A
A:f:l7 Fl:M:‘:lgL, D:%M, Fz:iAM
© B | ) )
da T ad A da T a4
——o oi = eo—o

Figure 2.2: Diagrammatic notation for operator products and sums thereof over
internal indices. (A) Examples of simple and compound mode operators. (B)
Examples of simple and compound field operators. (C) Wick contractions relevant
to the homodimer system.

products over internal states. Fig.[2.2] shows several examples. The indices of mode
operators are written as index names inside open dots [Fig.[2.2(A)]. Mode operators
are indicated by the decorated operator name written next to their respective dots.
Multiple operator names written next to the same dot indicate that those operators
share the same index. Modes that have two indices are written next to lines that
connect the two dots representing these indices. A closed dot indicates summation
over the corresponding index. Field operators are thus distinguished from mode

operators through the use of closed rather than open dots. Symmetry factors are
also kept explicit [Fig. 2.2(B)].

This diagrammatic notation is helpful in computations involving Wick contractions;
we demonstrate this by deriving Eqn. 2.63] The effect of each Wick contraction
is illustrated in Fig. C): contracting an A“ operator (part of F,) with Fj = M
eliminates the F; and replaces the A% in F, with an A?. To avoid unnecessary
notation going forward, we represent this operation using the same diagrams but
showing only the decorations on the A operators. Now consider the left-hand side of
Eqn. 2.63|with p = 2 and g = 5 [Fig.[2.3(A), line 1]. Because the two F, operators
are applied after the five | operators, this product is productive ordered [Fig.[2.3(A),
line 2]. Next we use Wick’s theorem to convert this to a sum of normally ordered
products [Fig. [2.3(A), lines 3-8]. We also evaluate the combinatorial coefficients

that arise due to distinct contractions producing topologically identical products.
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(A)

AAAAA

(B) 2 5 2 ~
F3FY, o« - 1 /1. . ~ D?
o5l = @ a<§’_'> 0) = M=r10)

Figure 2.3: Diagrams facilitate algebraic calculations. (A) Evaluation of the p = 2,
g = 5 term of Eqn. [2.63]in terms of normally ordered operator products. (B) Result
of the computation in panel (A) applied to the vacuum state.



44

Consider, for example, the coefficient for term (iii). For the first contraction, there
are five choices of M and four choices of A?. For the second contraction, there are
four remaining choices of A but only one possible choice for A% — that which is
linked with the first A% through an /-field. Since interchanging the order in which
the contractions are performed does not change the result, we divide the result by
two. This yields a combinatorial coefficient of (5-4) x (4-1)/2!. The combinatorial

coefficients for the other terms follow similarly.

Each normally ordered term in lines 3-8 yields one of the resulting operator products
shown in lines 9-11, as indicated. We leave it to the reader to check that the
combinatorial coefficients computed in lines 3-8 do in fact match those shown in
lines 9-11, which are as expected based on symmetry considerations. Note in
particular that all terms except term (vi) contain A% operators. Consequently, only

term (vi) survives when applying this result to the vacuum state [Fig.[2.3(B)].

We are now in a position to evaluate the left-hand side of Eqn. 2.63] for general
values of p and ¢g (Fig. . If g <2p, then }F‘f does not supply enough M operators
to contract all the A operators supplied by IF‘; . The expression therefore vanishes.
If ¢ > 2p, however, there are ¢!/ (g —2p)! ways to contract all the A with all the M,
thereby leaving p copies of D and ¢ copies of M. The resulting combinatorial factor
replaces the 1/q! with 1/(g —2p)!, thus providing the factors needed to correct the
redundancies in DP and M. This completes the derivation of Eqn. and thus

proof of the factory/gallery equivalence for the homodimer system.

2.4 Homopolymer in equilibrium
We now turn here to a system that is far simpler to define in a rule-based manner

than in a species-based manner. Consider a factory comprising two operators:

~

= Adibi, Fr= ) Aidjaibil;. (2.77)
i i,j

This is similar to the homodimer factory, but F, differs in that it forms an asymmetric
(rather than symmetric) bond between two A particles. Specifically, the summand
in [F occupies a site a; on the A; monomer, a site b; on the A; monomer, and
forms a bond J;; between them. [F; is not multiplied by a symmetry factor because
Jij # Jji. These factory operators are represented graphically in Fig. 2.5(A). We

define a rule-based Hamiltonian for this system in the familiar way:

H=-p) Ai+e) Ji, (2.78)
i ij
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Figure 2.4: Diagrammatic proof of the factory/gallery equivalence for the homod-
imer system.

as represented in Fig.[2.5(B). The resulting gallery [Fig.[2.5(C)] is far more complex
than that of the homodimer: it comprises creation operators for polymer chains and

polymer rings of all lengths. Here, x-chains and x-rings are created by the operators

Co= > Ay--Anay - (2.79)
T
X biz : bix‘]iliz o ‘]ix—lix’
N 1 A A
RX o ; Z Ai] “e Aixail e al.x (280)
ity
X b -+ biJiiy  Jiy_yi i -
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Figure 2.5: Diagrammatic specification of the homopolymer system. (A) The
factory. (B) The Hamiltonian. (C) The resulting gallery. (D) The éx and R,
comprising the gallery, and (E) the four contraction rules for the system. For
conciseness, panels (C-E) hide all operator names except for the decorators on the A
operators. (F) An example algebraic calculation carried out using the commutation
rules in panel (E).
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These operators are more clearly expressed in diagrammatic notation [Fig. [2.5(D)].
Note the factor of 1/x in Eqn. this is needed to compensate for redundancy in

the sum over internal indices that results from x-rings having rotational symmetry.

The equivalent species-based Hamiltonian has an infinite number of terms, each

with its own bare chemical potential:

Ha- " (uc, Cr+ e, Ry), (2.81)
x=1

where pc. = xu — (x — 1)e and ug_ = xp — xe are the bare chemical potentials for
x-chains and x-rings. The corresponding number of complex-specific microstates
are Nc, = N* and Np, = }(Nx . Putting these together, we obtain the effective

chemical potentials of each species:
NX
pe, =x(u—€) + e+ kpTlog v

X

, N
Mg, =x(u—€)+kpT log v (2.82)

Unlike in the homodimer system, it is not possible to renormalize u and € so
that all ,u’cx and :“;ex are independent of volume. Keeping /l,c, independent of N
and V requires fixing the value of ' = u + kT log % as in the monomer and
homodimer systems. Keeping all other /J’Cx independent of N and V then requires
fixing €’ = € — kT logV. The effective chemical potentials for all species thus

become

o, =3 ) + €.

pr, =x(u' —€)—kpTlogx — kgT log V. (2.83)

Constraining the concentrations of all C, species independent of V' therefore requires
that the concentration of all R, species scale as V-1, We note, however, that the
converse is not possible, i.e., one cannot choose a definition for ¢ and €’ so that the

concentrations of all ring species are independent of V.

We therefore conclude that, for the homopolymer system to behave sensibly in the
V — oo limit, the concentrations of all chain polymers must remain fixed whereas the
concentrations of all ring polymers must vanish. This makes sense: as V increases,
the number of free ends with which the free end of an x-chain can interact increases
in proportion to V. To preserve the concentrations of all x-chains, e #¢ must scale

as V1. The probability of one free end of an x-chain interacting with the other free
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end of the same polymer will thus scale as V!, and the concentration of all ring

polymers will also scale as V.

Given Eqn. [2.83] defining n = ¢#*'~¢) and computing
logZ = ) efex )" i, (2.84)
x=0 x=0

we find that the log partition function density of the system is, for 0 <7 < 1,

logZ P log(l -

Vv 1-n Vv
The left and right terms of the resulting expression are the respective contributions
from chains and rings. The V~! scaling of the second term reflects the vanishing of
ring species as V' — co. The remaining chain contribution diverges as p — 1 from

below. In this limit, defining 6 = 1 — n, the concentration of A particles diverges as

(z‘i)_ 10 logZ 1 a(logZ) on 8(10gZ)~eﬁ€' (2.86)

V. Bow V.o Bon\V Gu’_né‘n v )T s '
Since the concentration of each chain species C, is given by ePres = ePe ¥, the
distribution of chain lengths is distributed exponentially with decay rate logn, and
flattens out as  — 1 from below. The mean and variance of these chain lengths

diverge as

n 1 n 1
X)y=—=~—, var(x) = —— ~ —. 2.87
W =L =g v = s s (2.87)
To show the equivalence of the factory and gallery representations of the homopoly-
mer system, we again invoke Wick’s theorem. In this case, however, the allowable
contractions are more complex. Paralleling the analysis for the homodimer, we

define the compound operators

Mi = Ai(jigi, Ala = A,‘CIA,‘E[, (288)
Al = Aja;b;, A% = Aa;b;, (2.89)
Aia = Aidil;i, Alb = Aidl'l;i- (290)

Il . . .

AM; = 6;;AY,  APM; = 6,;AY (2.91)
L. A

AFAY = APAY = 5,;A7". (2.92)
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These rules are shown diagrammatically in Fig. 2.5(E). The reader may notice that
the first two contraction products are not central, and thus violate an assumption of
Wick’s theorem. We find, however, that Wick’s theorem still holds if we allow con-
traction products to participate in additional contractions. Fully contracted operator
products therefore have all A? and Af’ operators participating in one contraction

each, whereas each A operator may participate in zero, one, or two contractions.

We can use the above contraction rules to derive the complexes generated from any
given term in |sum) = ™1 |0). Fig. F) shows the result for one such term.
A generalized version of this computation is used in Appendix [2.C| to prove the

factory/gallery equivalence for the homopolymer system.

2.5 Nonequilibrium systems

2.5.1 Species-based formalism

We now turn to the problem of determining the macrostate master equation (Eqn.[2.10)
given a rule-based microstate master equation (Eqn. [2.4). We start, however, by in-
vestigating how to specify and analyze a more standard species-based microstate

master equation.

Species-based master equations are built from individual reactions, each of which
annihilates a specified set of complexes and creates a new set in their place. Suppose
there are H distinct species-specific reactions. The transition operator in Eqn. 2.4]

will then have the form u

W= Q- ), (2.93)

h=1
where r, is the rate at which reaction /& occurs, Qj is a “reaction operator” that
effects this reaction when applied to a macrostate |i7), and Q is a corresponding

“depletion operator.” Each reaction operator has the form

K APk Sqk
Gk Gk

= — (2.94)

k:1 pk * qk M
where ¢ = (g1,...,qk) is an abundance vector that describes the reactants and
P = (p1,...,pk) is a vector that describes the products. For the sake of simplicity

we assume that p and g do not overlap (i.e., pxy = 0 and/or g = O for every k).

Applying the conjugate of this operator to the macrostate, one finds that

Q' liiy = N5 Q3. G, p) i+ G - P) (2.95)
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where
_, = _, nig +
(.G, ) = ]_[( e p")unk > p), (2.96)
k

with 1 denoting the indicator function. Q is a coefficient that depends on #, p, and

g, but not otherwise on the details of the reaction, and

Npk

T (Ve LT Y
Nj = ]Z[ (pk) ~ D s (2.97)

is the number of distinct product microstates created when Q is applied to a single

reactant microstate.

In our formalism, the depletion operator O corresponding to any reaction operator

O is given in terms of the microstate-specific components via

0=) orglINIl = 0= orgID){II. (2.98)
1.9 7.9

where 7 and J index all microstates of the system and o7 ¢ is the rate at which
|Z) is transformed into | J). Note that, by this definition, all depletion operators
are self-conjugate. In Appendix we show that Eqn. [2.98] together with the
assumption of non-overlapping p and g, leads to a depletion operator corresponding

to Q of y )
N G\ (G
Q:H( ")( "). (2.99)
o \PkJ\qk
Applying Q" = Q to the macrostate then gives
Qi) = N5 Q(#, 4.) i) - (2.100)

Adding back the subscript z on p and g and using Eqn. [2.11] we obtain an expression

for the flux projector:

H
@)y = > ruNG, {QQ, Gns ) i + G — P
h=1

— Q(#1, G, Gn) 1)} (2.101)

The difficulty with this species-based formulation is that, in systems that admit
multi-particle complexes, the form of the transition operator in Eqn. [2.93]does not

reflect the underlying simplicity of the system. Rather, the rates rj, and reaction
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operators Qj, are derived quantities that follow from an (often much smaller) set of
informally stated rules. Furthermore, even manually specifying the right-hand side
of Eqn. [2.93| can be tricky: a small number of rules can lead to a very large (or
even infinite) number of reactions H, and both r;, and Qj, can depend in nontrivial
ways on the elemental parameters that govern those rules. We now show how our

formalism addresses this problem by enabling the rule-based definition of W.

2.5.2 Rule-based formalism
We specify the transition operator in a rule-based manner as follows. Suppose we
have a system defined by L reaction rules. For each rule /, we specify a rate r; and

a “reaction rule operator” R;. The transition operator is then given by
L
W=>r (R, —R,), (2.102)

where R; is the depletion operator corresponding to R;.

Suppose a rule operator R is able to drive M different species-specific reactions. For
each reaction m, let g, denote the number of reactant species and p,, the number

of product species. We find that

M
R Vi) = > 0 Qi Gy ) |7 + G — P (2.103)
m=1
where o, is the number of distinct product microstates that can result from each

reactant microstate in an m-type reaction. The depletion operator R follows from
the rule operator R using Eqn. Applying R" = R to |77),

M
RI7) = ) Np, Q. G- Gn) I (2.104)

m=1
Adding back the / indices, we obtain the flux projector

L M

Gy = D > 110 QG Gims Bim) i+ Gim = Pim)
=1 m=1

2.5.3 Macroscopic master equation for the homopolymer
We now use our rule-based formalism to derive the macrostate master equation for

the homopolymer system. Out of equilibrium, the dynamics of this system can be
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Figure 2.6: The eight types of species-specific reactions that occur in the nonequilib-
rium homopolymer system. (A) Diagrammatic representations of the four reaction
rule operators and their corresponding depletion operators. (B) R; maps the vacuum
state to N different monomer microstates, while R, maps each monomer microstate
to a single vacuum state. (C-E) The three types of species-specific reactions effected
by R3 and R4. (C) R3 can link an x-chain and y-chain together in two different ways,
while R4 can split an (x + y)-chain into an x-chain and y-chain in two different
ways. (D) Rz can link two x-chains together in two different ways, while R4 can
split a 2x-chain into two x-chains in only one way. (E) R3 can circularize an x-chain
in only one way, while R4 can linearize an x-ring in x different ways. Nodes are
shown as open dots in panels (B-E) to indicate specific internal states; the numbers
below each node indicate example values for the internal index i of each component
particle.
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defined by L = 4 reaction rule operators:
Ri = ) Adibi, Rs= Z JijaibiAiA;,

Ry= Y Aidibi, Ra= ) JijaihjAiA;. (2.106)

Here, R creates a monomeric particle, R, = RI destroys a monomeric particle, R3
creates an interaction between two particles, and R4 = R; destroys an interaction.
Note that these four operators are given by the factory operators of Section[2.4]and

their conjugates. The corresponding depletion operators are

Ry= Y Adibi, Ra= ) Jijaib;AiA;. (2.107)

Diagrammatic representations of these rule operators and depletion operators are
shown in Fig. [2.6(A).

In Section 2.4 we showed that the macrostates of the homopolymer system are given

by
© é}?x RA;x

&7) = lerrieara.. )= [ 255 10). (2.108)

x=1

where ¢, and r, respectively indicate the number of chains and rings of length x.
To compute the macroscopic master equation, we compute the flux projector

4
(@G F) = > (R =R [E,7). (2.109)
I=1
We now evaluate Eqn. [2.109] term-by-term. To ease notation, we show in the
macrostate only the elements of ¢ and 7 that change upon application of each
operator and denote the unchanged elements by “...”. The / = 1 term corresponds
to monomer creation. As illustrated in Fig. 2.6(B), R; maps a single microstate
(corresponding to no reactants) to oy ~ N microstates (corresponding to all possible
monomer states). By Eqn. [2.103|and Eqn. 2.104}

(RI =Ry) 6,7 = N{ler=1,...) = ]..)}. (2.110)

R, maps a single monomeric particle microstate to 0, = 1 microstate (i.e., no

products), and so

(RI=Ro) E,7) = (c1+1) ler+1,...0 —ci...). (2.111)
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The effects of Rz and R4 are more complex. R3 can effect three different types of
reactions depending on the reactants. First, R3 can join together an x-chain and
y-chain (x < y) to get an (x + y)-chain; this can be done in o3 = 2 different ways
[Fig.[2.6(C)]. Second, R3 can can join together two x-chains to get a 2x-chain; this
can be done in 03 = 2 ways [Fig. 2.6(D)]. Third, R3 can join together the ends of
an x-chain to get an x-ring; this can be done in only o3 = 1 way [Fig. 2.6(E)]. We
therefore find that

(R; —R3) |G, 7) = Z2{(cx+1)(cy+1) |cx+l,cy+l,cx+y—l,...> —cxCyl. )}

x<y
(Cx+2)(cx+1) Cx(cx_l)

+ Zz{f lext2, =1, ) = =5 .. .>}

+Z{(cx+1) lex+ 1, re—1, .. ) —cx|.. )} (2.112)

Similarly, the inverse operator R4 can separate an (x + y)-chain into an x-chain
and y-chain (x < y) in o4 = 2 ways, can separate a 2x-chain into two x-chains in
only o4 = 1 way, and can cut an x-ring to get an x-chain in o4 = x different ways.

Consequently,

(RZ _R4) |c,7) = 22{(Cx+y+l) |Cx—1,Cy—1,Cx+y+1, .- > — Cx+y |0}

X<y

# D (et 1) lex=2,ea0+ 1) = cac | )}

+ Zx{(rx+1) lex=1, e+ 1, .. =7 | D) (2.113)

The depletion terms in these expressions can be simplified as follows

2
Z 2Cny+Z cx(Cx— 1)+Z Cx = Ny Z 2cx+y+z sz+z X'y = Nlinks
X X

x<y X x<y X

(2.114)

where nchain = 2, Cx 18 the total number of chains and nyinx = 3., [(x — 1)y + x7¢]
is the number of links among all chains and rings.

Evaluating the inner product (J(n)|y¥(t)), we thus obtain the macroscopic master
equation for the homopolymer:

d

EP(. ..)=NriP(ci—1,...) +ra(c1+1)P(c1+1,...)

+ 13 Z2(cx+1)(cy+1)P(cx+l,cy+1,cx+y—1,...)

x<y
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+ Z(cx+2)(cx+1)P(cx+2, co—1,..) + Z(cx+1)P(cx+1,rx—1, )

+ra Z 2(cxay+D)P(cx—1,cy=1,copy+1,...) + Z(czx+l)P(cx—2, coe+1,...)
X

X<y
+ Zx(rx+l)P(cx—l,rx+l, cel)
X
— [Nr1 + racy + r3nd i + ramink] PC. . ). (2.115)

To verify this result we focus on the depletion term, i.e., the coefficient of P(C,F).
The overall monomer creation rate is Nry. This makes sense, as r is the per-mode
rate of excitation of the A field. r; must therefore scale as V/N. The r, term
reflects our assumption that only A particles engaging in no interactions are able to
be annihilated; it does not scale with V or N. The r3 term reflects the fact that new
interactions form between the a-end of one chain and the b-end of either another
chain or the same chain (3 scales as V~1). The total number of available reactants
in the system is therefore nghain. The r4 term reflects the assumption that any link
can be annihilated regardless of the complex in which it occurs (r4 does not scale
with V or N).

2.6 Simulations

2.6.1 Numerical solutions

Our formalism enables the numerical solution of the microstate master equation — at
least when N is sufficiently small. One first defines a set of modes M, as well as a
set of mode-specific rules R = {(Ry;, r7) }, where [ indexes the qualitatively different
rules as in Eqn. [2.102] and i indexes the internal states of the particles that each rule

acts upon (so that R; = }; Rj;). The transition operator is then computed using

L
W=y (R,l- —Rl,-). (2.116)
=1 i

Given an initial state vector |(0)), the state at time ¢ is computed using

[y (1)) = exp {tW} |y (0)) . (2.117)

Fig. 2.7(A)-(C) shows the results of this computation for three example systems:
a monomer system (N = 20), a homodimer system (N = 4), and a homopolymer
system (N = 3). All simulations evolve at infinitesimal time steps in arbitrary units

over a time frame that is sufficient for observing the system in steady state.
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Figure 2.7: Simulations of nonequilibrium systems. (A-C) Deterministic and
stochastic simulations for (A) a monomer system (N = 20), (B) a homodimer
system (N = 4), and (C) a homopolymer system (N = 3). (D-F) Stochastic sim-
ulations for the same systems as in panels (A-C) using N = 100. Black dashed
lines indicate mean abundances from deterministic simulations. Solid lines plot
mean abundances from 500 stochastic simulations. Error bands indicate standard
deviations in abundance across the stochastic simulations.

The primary limitation of this approach is that it requires computations involving
very large vectors and matrices: |y ) is a 2/|-dimensional vector, W is a 2IM| x 2IM|
matrix, and | M| is polynomialin N, e.g., |M| = N for the monomer, |M| = 2N+ (1;’)
for the homodimer, and | M| = 3N + N? for the homopolymer. Even using sparse
matrix methods, we have found the direct evaluation of Eqn. [2.1T7to be impractical
for all but very small values of N. Nevertheless, these deterministic simulations
provide a valuable way to check the accuracy of the stochastic simulations that we

now turn to.
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2.6.2 Stochastic simulations

Our formalism also enables stochastic simulations using the Gillespie algorithm
[24, 25]]. Importantly, these stochastic simulations can be carried out using much
larger values of N. Algorithm [I]is one algorithm that does this. After explaining
how the algorithm works, we illustrate its operator stepping through one iteration
of the algorithm for a homodimer system. We then present computational results

obtained using this algorithm and discuss the algorithm’s current limitations.

The input to Algorithm [I] consists of two strings, Sians and sipir. The string Seans
specifies the set of rules and their corresponding rates, while sj,;; specifies the initial
state of the system, |sg). The output of the algorithm is a trajectory object 7, the
downstream parsing of which provides time traces for the abundances of all single
particles and complexes. Post-hoc processing of 7~ then provides time traces for
all species of complex. We emphasize that this algorithm only tracks the excitation
states of modes. In particular, there is no need during the execution of the algorithm
to enumerate the different possible species of complex or even to track which species
occur. Rather, time traces for the abundances of different complexes are determined

only during the post-processing of 7.

After processing its inputs, the algorithm sets time ¢ to zero and the trajectory object
7 to be the empty set. Next, the function Initialize takes Sans and sipi¢ as inputs

and outputs four sets of objects:

* O is the set of all mode-specific operators (i.e., creation, annihilation, pres-
ence, and absence operators) for all fields. Every O € O has the attributes
O.mode, O.rules, and O.eligible. O.mode is a reference to the operator’s
mode M € M. O.rules is a set of references to the rules R € R that include
O in their operator product. Q.eligible is a Boolean flag indicating whether

O can be applied to |s;) without killing it.

* M is the set of all modes for all fields. Every M € M has the attributes
M .operators and M .excited. M.operators is a set of references to the four
mode-specific operators (i.e., M, M, M, and M). M .excited is a Boolean
value indicating whether the mode is excited. If TRUE, M and M are ineligi-
ble, while M and M are eligible. If FALSE, M and M are eligible, whereas
M and M are ineligible.

* R is the set of all mode-specific rules, each defined as a product of mode-

specific operators. Every rule R € R has the attributes R.operators and
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R.rate. R.operators is a set of references to the mode-specific operators
O € O that comprise R. R.rate is the rate at which the rule is applied when
eligible.

* C is the “state constructor,” i.e., the set of creation operators that, when
applied to |0), yield |s;), the system state at time z. The specific C returned
by Initialize corresponds to |sg), which is specified by the string si,;. In

particular, if the user specifies that |sg) = |0), then C = {}.

O, M, and R are static, whereas C evolves in time. Also note that

M = 0O.mode < O € M.operators, (2.118)
R € O.rules < O € R.operators (2.119)

foral0 e O,M € M, and R € R.

After initialization, Algorithm [I| enters a while loop. Each execution of the loop
applies one rule R to the system state |s;), then steps the system forward in time

from ¢ to ¢t + At. The contents of this while loop are as follows:

* Line [5| identifies the set of eligible rules and saves them in set R*. This
is the most computationally expensive part of Algorithm [I} since it must
loop through every possible rule and test that rule for eligibility using the
function IsRuleEligible. A rule R is eligible if and only if every operator

in R.operators is eligible.

* Line[6]uses the rates of the rules in R* to randomly sample a time step Ar and
a corresponding rule R via the Gillespie algorithm, which is implemented by

GillespieStep. Time ¢ is then incremented by At.

* Lines [8}{I4] update the state constructor C and the excitation state of modes
affected by the rule R. To do this, a for loop is carried out over all operators
O € R.operators. If O is a creation operator, then O is added to the
state constructor C. Alternatively, if O is an annihilation operator, then the
corresponding creation operator O is removed from the state constructor C.
In either case, FlipModeExcitation is applied to the mode M = O.mode.
This flips the excitation attribute of M, as well as the eligible attribute of all

operators in M.operators.
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Algorithm 1: Gillespie simulation

Data: Suans, Sinits Pmax
Result: 7

/% Initialize time, trajectory, operators, modes, rules, and state

constructor.
t—20

2 T «{}

(%)

16
17
18

19
20

21
22
23
24
25
26

27
28
29
30

O, M,R,C < Initialize(Sans, Sinit)

/% Carry out Gillespie algorithm.
forn € {1,...,nnax} do

R* «— {R:R € R,IsRuleEligible(R)}
R, At <+ GillespieStep(R*)

te—t+At
for O € R.operators do
if O.type == “creation” then

C — CuU{0}
L FlipModeExcitation(Q.mode)

if O.type == “annihilation” then

L C «c\{o'}

FlipModeExcitation(Q.mode)

| T <7 U@®ntR,C)

Function Initialize (Sqans, Sinit):

return O, M, R, C

/* Compute whether rule is eligible.
Function IsRuleEligible(R):
L return Prod ({Q.eligible : O € R.operators})

/* Randomly choose rule and time step using the Gillespie algorithm.

Function GillespieStep(R*):
7 — {R.rate : R € R*}
Fior < Sum(7)
At «— SampleExponentialDist(rate = ryy)
R « Choose(set = R*, weights = )
return R, Ar

/% Flip excitation state of mode and eligibility of corresponding

operators.
Function FlipModeExcitation(M):
M .excited < NOT M .excited
for O € M.operators do
L Q.eligible «— NOT Q.eligible

/* Create operators, modes, rules, and initial state constructor.

*/

*/

*/
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* Finally, the loop stores a tuple reporting the updated time #, the rule R, and

the resulting state constructor C in the trajectory object 7.

We now illustrate how this algorithm works by following it through initialization and
one execution of the while loop. Assume that the string s.ans specifies the following

kinetic rules for a homodimer system:

R = ZAa,, Ry = > Aidaid;ly,

i<j

RZ—ZAa,, R4—ZA Ajdid ;. (2.120)

i<j

We further suppose that the string sii¢ specifies an initial state containing four

monomers having indices 2, 3, 5, and 7, i.e.,
|s0) = ArA3AsA710). (2.121)

Taking Syans and sipi¢ as input, the function Initialize returns the following sets

of objects:
M= (A} U laki Vil
O = {Ai,fi A; A} U {a;, d;, a;,a;}; U
{ ijs Itj,I_ij, I[J}l<] >
R = {Aa},u{Aa}, v
{AlA]aAld]fl]}l<] {AlAjdlaV]il]}l<] ’
C = {Ay A3 As, A7} (2.122)
Here the indices i and j are understood to run over 1,...,N, and the rates r;

corresponding to each R;; are kept implicit. Initialize also sets the values of
M .excited forall M € M, and of Q.eligible forall O € O. M .excited is TRUE for
modes Ay, Az, As, and A7, and is FALSE for all other modes (including all modes
of the fields a and 7). Consequently, the set O of eligible operators is

o = {Ai"&‘}'¢{2357} U {Ai’Ai}ie{2,3,5,7} U
{ai,a:}; U { l,,l,j}l.q. (2.123)

Now consider the first execution of the while loop. In line [5| of Algorithm 1,
IsRuleEligible is evaluated on every rule R € R. Based on the eligibility of each

operator in R.operators, the eligible rules are found to be

R* = {Aidi}i¢{2,3,5,7} U {Avidi}ie{2,3,5,7} U
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{AiAjaia i}, onssay - (2.124)

Next, GillespieStep chooses a random eligible rule R € R* and a time increment
At that is then added to z. Suppose

R = A3A74347137 (2.125)
is chosen. Applying R to the initial state vector then yields the updated state vector,
|sar) = R|so) = AyA3AsAqdzarlsg |0) . (2.126)

To register this change, the state constructor is updated to

C = {Ay A3, As, Aq, a3, 47, 137} . (2.127)
Calls to FlipModeExcitation then set the excited attributes of modes as, a7, I37
to TRUE and flip the eligible attribute of the four operators corresponding to each

of these modes. The resulting set of eligible operators is

o = {A, Ai}i¢{2,3,5,7} U {4, Ai}ie{2,3,5,7} U
{di, di}igz 7y Y Adisaitiezy Y

{Is, s, I37, 137, } . (2.128)

Finally the updated time ¢, the chosen rule R, and the updated state constructor C
are added as a tuple to the trajectory 7.

In the next execution of the while loop, the set R* of eligible rules is found by
IsRuleEligible to be

R = {Aidi}i¢{2,3,5,7} U {Aidi}ie{Z,S} U
{A2Asdrashs, A3Aqdsdnls}. (2.129)

It is worth noting the changes to R* vs. Eqn. The monomer annihilation
rules Asd; and A-d; have been removed because the modes as and a7 are now
excited, making the operators @z and d7 ineligible. This prevents monomers joined
by interactions from being annihilated, thereby leaving “dangling” interactions. In
addition, all interaction creation rules except AAsddslhs have become ineligi-
ble. This prevents the A3 and A7 monomers, which are already interacting with
each other, from participating in multiple interactions. Finally, the interaction an-
nihilation rule A3A7d3c7137 becomes eligible, allowing the newly-formed bond to

dissociate.
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Fig. [2.7) shows this stochastic algorithm applied to monomer, homodimer, and
homopolymer systems. Panels (A-C) validate this algorithm by showing that the
mean abundance of each species found across 500 simulations closely traces the
mean abundance predicted by the deterministic algorithm. As noted above, however,
these comparisons can only be carried out at small N due to limitations of the
deterministic algorithm. This stochastic algorithm can be performed at much larger
values of N, e.g., Fig. 2.7(D)-(F) shows such simulations performed using N =
100. Initialized from a vacuum, Fig. 2.7(E)-(F) in particular illustrates we observe
how monomer production dominates until a critical threshold quantity is achieved,

beyond which bond formation starts to take over until steady state.

The size of N is still a limitation for Algorithm[I] The bottleneck is line 5, which
requires iterating through all mode-specific rules in R and testing each one for
eligibility. This step takes o(|R|) time, and |R| is polynomial in N: |R| = 2N for
the monomer, [R| = 2N + 2(];’) for the homodimer, and |R| = 2N + 2N? for the
homopolymer. That said, Algorithm (1| was developed only as proof-of-principle
and has not been optimized for efficiency. Indeed, we expect the bottleneck can
be eliminated by using more sophisticated methods for tracking which operators
and rules are eligible given the state constructor, thereby enabling simulations using

arbitrarily large values of N.

2.7 Expressiveness

Our formalism provides a rule-based approach for defining and analyzing a diverse
array of stochastic chemical systems in which multi-particle complexes can form.
Here we illustrate the expressiveness of our formalism by briefly considering a
variety of such systems, both in and out of equilibrium. Though we are not aware
of existing literature reporting these specific results, our primary intention here is
simply to demonstrate the richness of models that can be constructed from a small

number of rules.

In equilibrium, systems are defined by a factory F and a Hamiltonian H. Putting
the Hamiltonian aside for the moment, it is interesting to consider the qualita-
tively different sets of complexes that can arise from simple changes to the factory.
This expressiveness is perhaps most apparent in polymer systems. Fig. [2.8] shows
nine such polymeric systems derived from variations on the homodimer and ho-
mopolymer systems described in previous sections. Two such systems, the isotropic
[Fig.[2.8(B)] and branched homopolymer [Fig. [2.§(C)], are further analyzed below.
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Figure 2.8: Factories defining various polymer systems.
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Out of equilibrium, systems are defined by a set of rules, with each rule R; assigned
a corresponding rate r;. Fig. 2.9 shows five such nonequilibrium systems. These
rules again derive from variations on the homodimer and homopolymer systems.
Fig.[2.9]also shows the results of stochastic simulations carried out using Algorithm

for specific choices of the rate parameters.

2.7.1 Isotropic homopolymer

We now analyze the isotropic homopolymer shown in Fig. [2.§(B). This system is
defined by one species of monomeric subunit (A) with two sites (a and b) capable of
participating in two classes of symmetric interaction (/ and J). We aim to compute

the partition function for the system assuming the Hamiltonian

_ € _ _
I[-]I:—,uZA+§Z(I,-J-+J,-J-). (2.130)
i i,j

As with the homopolymer of Section [2.4] the two factory operators for this system
generate chains and rings. However, the use of two distinct types of symmetric
interaction complicates these species. First, there are no self-interacting monomers.
Second, the I and J interactions alternate in all multimers. For x-chains this means
that, when x is even, there are two different species related by the exchange of /
and J interactions. When x is odd, there is instead only one-species of x-chain,
as exchanging I and J is equivalent to flipping the order of the subunit indices.
Moreover, x-rings occur only when x is even. These rings have 2-fold mirror

symmetry and x/2-fold rotational symmetry.

The log partition function density of the system is therefore given by

logZ — S
‘g/ = Z 10g Z(2x—1)—chain + Z 10g Zx-chain
x=1 x=1
+ 2108 Zoy ring. (2.131)
x=1
In terms of the effective chemical potential y' = u + kBTlog% and effective

interaction energy € = € — kT log V, as well as the control parameter i = €A+ =€)
(which represents the Boltzmann weight of a single particle with a dangling bond),

the single-complex partition functions in Eqn. [2.131|are

Be’2x—1
2

log Z(Zx —1)-chain = €~ 1]

log ZZx—chain = 26'86/772x’
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2x
log Zz_x_ring = H. (2.132)
Summing the terms in Eqn. [2.13T| we find that, for 0 < 5 < 1,
logZ Py ePn?  log(1-n?
ogZ _en e n” log(l—n) (2.133)

= +
\% l-n 1-n2 2V
As with the homopolymer, the partition function diverges as  — 1 from below.

The concentration of A particles is then

A 1 logZ logZ
A_106 loez | 0 log (2.134)
V. pgow V on VvV
, 2 2n? 2n* 2n?
g 1 i il ] i (2.135)

+ + + + C—
l-n (A-m? 1-n2 (-9 1-2 2V

Defining § = 1 — 5, from which 1 — 5 ~ 26 in the limit as » — 1, we find that the

concentration of A particles diverges in this limit, scaling as

(A) B,(l 1 2 2) 2 1
- — € -t 4+ —\ 4+ — - — 2.136
v ¢\ 52T T a2) T2s 2y (2.136)
23 1 1 3efe
_ Be (_ _) L2 2.137
“ st "5 2w 22 .137)

As in the directed homopolymer case, this divergence is dominated by x-chain
contributions even at finite V. The factor of % difference between this result and
the homopolymer result in Eqn. 2.86| reflects the fact that, while both even and odd
chains contribute to Eqn. there are twice as many species of even chains (but

the same number of odd chains) as in the homopolymer system.

2.7.2 Branched directed homopolymer

Consider now the branched directed homopolymer system shown in Fig. 2.§(C).
This system is defined by one species of monomeric subunit (A) with three sites
(a, b, and c) capable of participating in two classes of directed interaction (/ and
J). We assume that the system is in thermal equilibrium and is governed by the

Hamiltonian
H:—ﬂZA+eZ(i,-j+J}j). (2.138)
i i,J

The two factory operators for this system generate two broad classes of complex:

“trees,” which branch out from a single A in which site ¢ is unoccupied, and “groves,”
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Figure 2.9: Stochastic simulations of various nonequilibrium models. Shown are
results for (A) a heterodimer system, (B) an occlusive binding system, (C) a cooper-
ative binding system, (D) a heteropolymer system, and (E) a branched homopolymer
system. For each system, ;" denotes the rate at which the forward rule, Ry, is ap-
plied, while r; denotes the rate at which the reverse rule, RZT, is applied. Solid lines
indicate mean abundances from 500 stochastic simulations using N = 100. Error
bands indicate abundance standard deviations across the simulations.
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which consist of multiple trees branching out from a central closed ring. The log

partition function density of this system is therefore given by

log Z
%

[S¢]
= Ziree Z Zx—grove, (2.139)
x=1
where Ze. is the partition function for all trees and Zy._gove is the partition function
for all groves with trees extending off a central x-ring. To proceed, we let & represent
the partition function for a tree with a dangling interaction extending off the root.
In terms of this quantity,
27 (1+8)"

_ B€ _
Ziree = ef ¢, Zx—grove = Vx

(2.140)

where n = ¢##'~¢) is again the Boltzmann weight of a single particle with a
dangling bond. In Z.., the factor of eP€’ removes the effect of the dangling bond.
In Z,_grove, the factor of 77* accounts for the particles and bonds in each x-ring, the
factor of 2* accounts for the fact that each bond in the x-ring can be of type I or
J, and the (1 + &)* factor accounts for the fact that each A within the ring can
either be bare or have a tree attached. As with the homopolymer, the factor of }C
compensates for the rotational symmetry of the ring while % reflects the entropic

cost of self-circularization.

We solve for & by noting that the self-similar structure of each tree complex yields

the recursion relation

E=n(1+2¢+8%. (2.141)

Solving this quadratic equation and using the limiting behavior ¢ = np asn — 0, we
derive

‘e 1-2n-+1-4y

2n

(2.142)

Expressing Zee and Zy_grove in terms of & and summing Z,_grove Over all x, we find

thatfor 0 <7 < 1,

logZ g (1 — 2 — 41 —4n) log(1 - 4n)
— = - .

2.143
Vv 2n 2V ( )

As with the homopolymer system, the contribution from the circularized (i.e., x-

grove) species vanishes in the V — oo limit. We also find that the partition function
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is not defined fornp > zlt' In particular, the mean concentration of A particles is found

to diverge as ¢ = }L —n — 0 according to

(A) & 1
V o5 8V

(2.144)

with the first and second terms respectively corresponding to trees and groves.
This result is qualitatively different from the corresponding results for the directed
homopolymer in Section [2.4] and for the isotropic homopolymer analyzed above.
In particular, the circularized species (the groves) dominate over the linear species
(the trees) in the 6 — O limit when V is kept finite. The asymptotic behavior of
the system therefore depends on which limit one takes first, . — % or V. — oo.
Moreover, the divergence is more mild than in the non-branched systems, scaling as

either 6-'/2 or 6~! (depending on how one handles V) rather than 6 2.

2.8 Discussion

We have introduced an algebraic formalism for the rule-based modeling of multi-
particle complexes in stochastic chemical systems. This algebra is based on a
Fock space that allows not only the creation and annihilation of particles, but also
the joining of particles into complexes based on specified rules. The Fock space
comprises three types of hard-core boson fields; these represent particles, particle-
particle interactions, and occupied binding sites. We have also described a formal

diagrammatic approach that facilitates the use of this algebra.

For equilibrium systems, we showed that the set of all possible complexes can be
rigorously specified by a “factory” and a Hamiltonian. The factory is an ordered set
of operators that define how to construct complexes; the Hamiltonian is an operator
that specifies rules for computing the Gibbs free energy of a complex based on its
components. We showed for multiple systems how these rule-based definitions can
be used to compute generating functions and partition functions, and to analyze

scaling behavior near critical polymerization concentrations.

For nonequilibrium systems, we showed how to rigorously specify system dynam-
ics in a rule-based manner. Specifically, we showed how a set of reaction rule
operators and corresponding rates can be used to define the transition matrix of a
“microstate” master equation. From this transition matrix one can then analytically
compute the corresponding “macrostate” master equation, which governs the time

evolution of observables. We also developed a Gillespie algorithm based on our
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formalism for simulating stochastic chemical systems based on these rule operators

and corresponding rates.

The essential feature of our formalism, one that distinguishes it from previous
approaches for modeling many-body systems of classical particles, is that it explicitly
represents internal particle states. These internal states endow each particle with its
own identity, thus allowing preexisting particles to join together into multi-particle
complexes. Notably, our approach to modeling these internal states is consistent
with the behavior of quantum systems in the decoherence limit. In this limit, the
reduced density matrix for each particle becomes diagonal with elements along
the diagonal quantifying the probability of each energy eigenstate [1, 26]. The
orthonormal microstates in our formalism correspond to these diagonal positions in
the reduced density matrix (i.e., the energy eigenstates), and the probabilities that
multiply these microstates correspond to the values of the reduced density matrix
at these positions. Classical particles, such as proteins, have many distinct energy
eigenstates corresponding to different internal excitation modes, and the internal
states of particles in our formalism stand in for these modes. Our formalism assumes
a specific number N of such modes, but this choice does not affect results when N
is sufficiently large, and all physically meaningful calculations are performed in the

N — oo limit.

We envision a variety of potential analytic applications for our formalism. As in the
work of Dot [3, 4]], it may be possible to use the algebra we have introduced to carry
out diagrammatic perturbation theory calculations. As in the work of Peliti [7] and
Goldenfeld [6], it may also be possible to identify a path integral formulation of this
algebra. While our analysis focused on zero-dimensional (i.e., well-mixed) systems,
we expect that it should be straightforward to apply our formalism to spatially

extended systems in which diffusion plays an important role (as in [3, 4, 6} [7]]).

We also expect our results will enable improvements to existing rule-based modeling
approaches. Our algebraic and diagrammatic representations are substantially more
compact than those used by existing rule-based frameworks. In particular, the
specification of reaction rules in BioNetGen and Kappa requires that the user identify
relevant sub-complexes both before and after each transition, as well as identify
which specific particles before correspond to which specific particles after. By
contrast, our use of “hat” and ‘“check” operators eliminates this need, allowing
users to specify rules using a single operator product or diagram. Moreover, since

the underlying objects in our formalism (hard-core bosons) are simpler than those
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in existing algorithms (e.g., port graphs), the use of our formalism may allow
existing Gillespie simulation approaches to be streamlined. This would first require
reworking our proof-of-principle algorithm (Algorithm|I]) so that its computational
cost does not increase with N. We expect this should be possible using graph
matching methods and more advanced bookkeeping when computing the set of

eligible rules in line 5 of Algorithm [T}

Our formalism may further facilitate the development of new hybrid analytical and
computational approaches for rule-based modeling. In particular, we envision the
possibility of supplementing rule-based Gillespie simulations with computer algebra
techniques, e.g., for identifying and coarse-graining fast reactions in nonequilibrium
systems. There are other possibilities as well. Doi’s formalism has recently been
used as the basis for analyzing reaction-diffusion systems using tensor networks
and the time-dependent variation principle [27]. Our algebra may enable such
approaches to be applied to chemical systems involving multi-particle complexes.
Alternatively, our formalism may facilitate the use of finite state projection tech-

niques [28]].

In this work we have focused on polymer systems, which best illustrate how large
complexes can arise from simple interaction rules. Our initial motivation in pursuing
this project, however, was in biological systems. We specifically sought to develop
methods for modeling the biophysical mechanisms of gene regulation. Gene regu-
lation is controlled by large protein-nucleic acid complexes [29,130], with individual
DNA and RNA regulatory sequences able to nucleate the formation of large numbers
of different macromolecular assemblies. A major goal in this field is to understand
these complexes as well as their effects on gene expression using biophysical mod-
els, and substantial progress has been made using both equilibrium models [31-34]
and nonequilibrium models [35-37]. In particular, biophysical modeling provides
a principled approach to deciphering how gene regulatory programs are encoded in
DNA and RNA sequences [38-42]. Such biophysical modeling efforts have been
hindered by combinatorial complexity, however, and rule-based software has yet
to be developed for modeling the sequence-dependent equilibrium and nonequilib-
rium processes that these models must describe. We anticipate that our work will
help address this need by providing a formal rule-based language in which complex
sequence-dependent biophysical models of gene regulation can be efficiently ex-
pressed and analyzed. Ultimately, we expect this work to facilitate the construction

of large biophysical models able to describe genome-wide regulatory codes.
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Appendices

2.A Algebra of mode and field operators
Since each mode represents a hard-core boson, mode-specific creation and annihi-

lation operators are nilpotent, i.e.,
A7 =A?=0. (2.145)

When multiplied by presence and absence operators for the same mode, the creation

and annihilation operators are readily seen to satisfy

AA; = AiA; = A, AA; = AA =0, (2.146)
AA = AiA = A, AA = AA =0. (2.147)

Presence and absence operators are both idempotent, i.e.,
A? = A;, A7 = A, (2.148)

and mixed products of presence and absence operators for the same mode vanish:
AiA; = AjA; = 0. (2.149)

From these properties and the fact that operators for distinct modes commute, we

get the following commutation relations for mode operators:

[Ai,Aj] = 51‘,'(141‘ -A) = 0 (1 - 2A)), (2.150)
[Ai, Aj] = [A;, A}] = 6;;A, 2.151)
[Ai, Al = [Ai, Aj] = 6;A;. (2.152)

Summing over indices gives the corresponding commutation relations for field

operators:
[A,A] = A— A =N -2A, (2.153)
[A,A] = [A,A] = A, (2.154)
[4,A] = [A, A] = A. (2.155)

These commutation relations, together with A |0) = 0, allow us to compute the
impact of each field operator on the macrostate |n),

A~

n+1

. L A"
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n—1
n - AI’Z 1 An_ _ - A~ A
Aln) = A—|0) = —[A,A"]10) = — > A k=114, A1A% |0)
" k=0
An
=n— |0Y = n|n), (2.157)
An An 1 n-1
Alny = A—-10) = [A,—110) = — Z AF114, A1AR |0) (2.158)
) ) " k=0
1 n—1 _ 1 n—1
= — Y AN N = 2A) A% |0y = — (N - 2k) A" [0)
L n! &
1 nn—1)\ ~,_; An-1
= —[naN-—2——2| A" 0y = (N-n+1 0
n!(n 5 ) |0) = (N —n+ )(n—l)!|>
=(N-n+1)|n-1), (2.159)
~ _ A" _An
Aln) = A—10) = (N = A)—10)
n. n.
An
=(N=n)—-10) = (N =n)|n). (2.160)

2.B Non-commutation of monomer and dimer operators
Here we derive the expression for [M, D] in Eqn. We begin by evaluating the

commutator on the individual composite mode operators:

+ 0k 1 Ad; A, Ajd] . (2.161)

Considering the commutator in the k = i term and dropping the subscripts for

brevity, we find that

= AdAa. (2.162)

The same holds for the k = j term. Substituting these back into Eqn. [2.161] and

summing over k gives

= ( i+ Mj)l\jij‘ (2.163)
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From this we recover Eqn. [2.45]

2.C Factory/gallery equivalence for the homopolymer

We now prove the equivalence of the factory and gallery representations for the
homopolymer system in Section 2.4 As with the homodimer, we do this by evalu-
ating individual terms in the Taylor expansion of e"2¢"1 |0), with factory operators
defined as in Fig. a). By inspection we see that all full contractions of IF‘;P”II
must consist of a product of x-chain (C,) and x-ring (R, ) operators. Wick’s theorem
therefore gives

{cxrx}
{cxrx}P.g

where ¢, denotes the number of x-chains, ry denotes the number of x-rings,

FF |0) = Z QP9 ﬂéyzéy 0), (2.164)
x=1

{cx, 7} |p,q denotes all sets of these numbers that are consistent with p bonds

and ¢ particles, i.e., which satisfy

g =) (xeotxry), p=) ([x=1ec+xr), (2.165)
x=1 x=1
and Q77 is a combinatorial coefficient that quantifies the number of distinct

{Cx’rx}
contractions that yield {c,, ¢} |p, g.
)
NS

We now compute Q77 The number of ways to partition ¢ monomers among cy

{exorx}
distinct x-chains and ry distinct x-rings is given by
q!

Similarly, the number of ways to partition p bonds among the x-chains and x-rings
is

q!
[T52 (L = 1] ()

Since one can rearrange the x-chains among themselves and the x-rings among

Hp:

(2.167)

themselves without changing the result, the number of unique partitions is the

[ee]

product of w, and 6, divided by an exchange factorof 7, , = [],;

cx!ry!l. Moreover,
there are o = (x — 1)!x! distinct ways of constructing each x-chain from a given
set of x particles and x — 1 bonds, and p, = x!x! ways to construct each x-ring from
a set of x particles and x bonds. Note that the circular symmetry, which contributes
a factor of 1/x to this second quantity, is already accounted for in the definition of

the x-ring and should not be double-counted here. We therefore find that

webp T . Iq!
(p.g) _ *a’p O-;XP;X — pP-q

Cxix} 3 1"
{exsrx} Tpg i [T2; cxlry!

(2.168)
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Consequently,
1 _prlqt
F, — Cx Prx
e?)0) = — E | |C R |0)
Ig! !
pq pq {CxeHpq Hx Cx: rx
CCx Rrx
Z Z H eyl 1yl
C1,€2,... 71,12,

= e2x<Cx+Rx> |0> : (2.169)

This establishes the factory/gallery equivalence for the homopolymer.

2.D Derivation for the species-specific depletion operator
Here we derive the species-specific depletion operator in Eqn.[2.99] First we express

the species-specific reaction operator as

K ka C";Qk
Q= HPka, where Py = ——, Q= —*. (2.170)
Pk! qi!

k=1

The assumption of non-overlapping p and g implies that Py = 1 and/or Q; = 1 for
all k. Because of this,

K
Q= nPka. 2.171)

Note that this will generally not be true if any P, and Qy are both non-unity, since
the depletion version of a product of operators for a given field is generally not the

product of the depletion version of each operator.

Next we express Py and Qy in terms of mode-specific operators. Using the fact that
the mode-specific creation and annihilation operators are nilpotent (and dropping k

to ease notation),
Z ]_[G, 0= Z HG (2.172)
I:|\I|=p iel I:|I'\=qiel

Transforming G; — G; and G; — G;, we obtain the corresponding depletion

OpCI‘&tOI’S
Z ﬂ Gi, 0= Z H G;. (2.173)
I:\I|=piel I:|\I|=q iel

Applying each of these operators to a macrostate |n), one finds that

Pln) = (N B ”) In) = (G) In), (2.174)
p p
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. n G
Qln) = ( ) In) = ( ) In), (2.175)
q q
and therefore,
P= (G) 0= (G) (2.176)
P q
Reintroducing the & subscripts, we obtain Eqn. [2.99]
K K A\ (A
N < G\ (G
Q=] ]P0k = ( ")( "). 2.177)
kel _1 \Pk)\4qk

2.E Code availability

Python code implementing Algorithm|I]as well as the Jupyter Notebooks used to per-
form the simulations in Fig.[2.7jand Fig.[2.9]are available at https://github.com/Rebecca-
J-Rousseau/RousseauKinney2024_algebra.
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Chapter 3

BIFURCATIONS AND MULTISTABILITY IN INDUCIBLE
THREE-GENE TOGGLE SWITCH NETWORKS/]

Having now established a mathematical framework for understanding how individual
protein subunits collectively give rise to higher-order structural complexity through
self-assembly, we turn to an analogous but distinct class of emergent biological
organization, the gene regulatory network. While protein self-assembly is governed
by the thermodynamic and geometric constraints encoded in molecular structure,
gene regulation operates at a more macro scale that coordinates the activities of
these protein assemblies to generate functional effects in the cell. Understanding
such processes involves additional foundations such as information processing, feed-
back, and temporal coordination. In both cases, however, local interactions among
discrete components produce system-level behaviors that cannot be predicted from
the components alone. This shared principle of emergent behavior motivates our
transition from structural to regulatory complexity, and positions the gene regulatory
network as a natural next step in investigating how biological functions arise from

network architecture.

Prior to the 1960s, the scientific view of the relationship between genes and proteins
was as a passive, unidirectional process — sections of the DNA called genes encoded
information that produced corresponding proteins. This notion was popularized in
1941 by the “one gene, one enzyme” hypothesis [[1]. Gene expression was treated as
broadly constitutive, with genes simply “on” by default and continuously producing
protein products at a fixed rate. The idea that expression could be dynamically regu-
lated in response to environmental conditions was not well established, even though
the phenomenon of “enzymatic adaptation” (i.e., cells producing more of certain en-
zymes when supplied with specific molecules called substrates) had been observed
empirically since the late 19th century. Louis Pasteur, for example, had noted that
yeasts behave differently under different growth conditions [2]. Jacques Monod
later made this and other experimental observations more concrete by plotting bac-

terial growth curves to visualize bacterial physiology [3]. The actual underlying

I'A version of this chapter originally appeared as: R. J. Rousseau and R. Phillips. Bifurcations
and multistability in inducible three-gene toggle switch networks. Phys. Rev. E, 2026. DOI:
10.1103/vkqj-nszx
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mechanism for such phenomena, however, remained unclear.

The functional activities of genes and proteins were also considered fundamentally
distinct. Following the experimental confirmation of DNA as the genetic material
of life [4, 5], along with Watson and Crick’s nearly concurrent discovery of DNA’s
structure in 1953 using Rosalind Franklin’s X-ray diffraction images, the focus was
overwhelmingly on DNA as an informational molecule. The thought that proteins
could in turn act back on DNA to bind, read, and control it was not part of the
mainstream framework. Likewise, there was no conceptual notion that an entire
class of genes could exist solely to regulate the activity of other genes, and thus no

basis for thinking about the logic of genetic circuits.

This all changed in the early 1960s, when the landmark work of Franc¢ois Jacob and
Jacques Monod systematically investigated enzymatic adaptation in Escherichia coli
and revealed a previously unrecognized layer of genetic organization. Working with
the lactose (lac) operon, Jacob and Monod demonstrated that not all genes encode
structural proteins or enzymatic machinery, but rather that some genes exist solely
to control the expression of others [6-9]]. Through a series of elegant genetic and
biochemical experiments, they showed that the expression of the genes responsible
for lactose metabolism is coordinated and regulated in response to environmental
signals, switching “on” only when lactose is present and glucose is absent. This work
culminated in their repressor-operator model, in which a regulatory protein (in this
case a repressor) binds to a specific DNA sequence called the operator, physically
blocking the transcription of downstream genes. When an inducer molecule is
present, it binds the repressor and causes a conformational change that releases it
from the DNA, permitting transcription to proceed. The conceptual significance
of this model extended far beyond bacterial metabolism, and established that gene
expression is not constitutive but conditional, governed by molecular logic that

responds to context.

Jacob and Monod had, in effect, described the first genetic switch, i.e., a molecular
device capable of converting a chemical signal into a discrete change in cellular
state. This framework became the conceptual foundation upon which all subsequent
study of gene regulatory networks would be built. Subsequent work, for example,
discovered architectures that were mediated not only by repression, but also by
activation [10], and even by combinations of both protein types [11]. The study
of the lysis-lysogeny decision in bacteriophage lambda became a paradigm for the

genetic switch [[12} [13]], and these ideas have since then been generalized, realized,
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and exploited across the field of biology.

The repressor-operator model of Jacob and Monod provided not only a successful
conceptual vision for gene expression, but also served as the basis for statistical
mechanical models of transcription [14-16]. These models demonstrate that genetic
circuits can be tuned directly and quantitatively as properties of the DNA’s spatial
structure and genetic interactions change. Tuning could entail, for example, altering
binding strengths, regulatory protein copy numbers, or DNA loop lengths [[17-22].
These studies also encouraged the development of synthetic genetic circuits, where
dynamic switches and oscillations can be observed in real-time for single cells using

fluorescence [23H23]].

These natural and synthetic examples from such earlier work, however, belie the
true complexity of gene regulation required to generate a cell’s full repertoire of
activities. Indeed, genes operate within sprawling, intricate networks of interactions
which together encode a multitude of possible cellular functions. Often, these
genes produce proteins, called transcription factors, that alter the expression of
other genes. Whether considering resource consumption in E. coli [25]] or stages of
animal development such as digit formation [26-28]], vulval development [29, 30],
or stem cell differentiation [31-33]], such biological systems can precisely tune
relevant gene interactions toward many possible distinct phenotypes. This inherent
multistability is crucial to cell function, allowing signaling from the environment,
metabolic resource constraints, or other sources to induce systems toward what at

times can be dramatically different end states.

Determining from experimental data alone the exact regulatory interactions that
collectively drive multistable dynamics, however, is another matter. Indeed, the
sensitivities of dynamics and steady state outcomes to both internal and external
tuning are challenging to disentangle. To better understand these dynamics, we seek
to explore motifs that establish the building blocks for multistability in higher-order

networks.

One regulatory motif that has emerged as an integral component of natural and
synthetic genetic circuit design is the bistable toggle switch, in which each gene
produces a protein that represses expression of the other. Study of the lysis vs.
lysogeny decision in bacteriophage lambda over the 1960-80s established the sig-
nificance of this motif experimentally [[12} 13} 35 36], and subsequent research has
modeled such motifs extensively using Hill models [23} 137, 38]. As a two-state

model, however, the bistable switch sheds only partial light on multistability in
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A \
(state 1) (state 2)

Figure 3.1: The Waddington (or epigenetic) landscape metaphor for cell differentia-
tion, where the cell is represented as a ball rolling down a slope (adapted from [34]).

phenotypic expression.

Insights into the emergence of multistable dynamics in larger networks rely not
only on the choice of model but also on the approach used. Existing literature
on multistable cell fates during development, for example, has made significant
strides by describing gene network dynamics with a Waddington landscape [34],
a conceptual model that, while not strictly true, offers an intuitive analogy for
visualizing how cells navigate developmental decisions. Originally proposed by the
developmental biologist Conrad Waddington in 1957, the landscape metaphor, as
depicted in Fig. [3.1] imagines a cell as a ball rolling across a contoured surface
of hills and valleys, where the topography of the surface represents the collective
influence of the underlying gene regulatory network on cell state. The valleys, or
low-energy wells, correspond to stable cell fates, i.e., “attractors” in the language of
dynamical systems, toward which cells are naturally drawn and in which they tend
to remain once committed. The ridges and hills separating these valleys represent
unstable states that cells must overcome to transition from one fate to another, with
the height and steepness of these barriers encoding the relative stability of each fate

and the difficulty of transitioning between them.

In this picture, a pluripotent stem cell then begins near the top of the landscape
where the surface is relatively flat and multiple valleys are accessible, and rolls
progressively downhill as development proceeds, passing through a series of bifur-
cation points, denoting critical junctures at which a single developmental trajectory

splits into two or more distinct possibilities. The cell ultimately comes to rest in a
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terminal differentiated fate. These bifurcations are not arbitrary, but rather emerge
from the topology of the underlying gene regulatory network, and particularly from
the presence of mutually antagonistic transcription factors that drive cells toward
one of several discrete expression states through double-negative feedback or mutual

repression.

The Waddington framework remains a powerful modern tool for mathematically
grounding the theory of dynamical systems, where the landscape is reconstructed
as a quasi-potential surface derived from the governing equations of the network,
and where the valleys, ridges, and bifurcation points correspond to fixed points,
saddle points, and bifurcations in the formal mathematical sense. This synthesis
of Waddington’s developmental intuition with the quantitative tools of nonlinear
dynamics has allowed researchers to further explore the question of how the archi-
tecture of a gene regulatory network determines the number, depth, and accessibility
of stable cell fates. In turn, one can also ask how perturbations to that architecture,
whether through mutation, noise, or external signals, can reshape the landscape and

redirect developmental trajectories.

Recent studies in this spirit [39-43]] have largely used geometric approaches that
either coarse-grain representations to a set of network-free flow equations, or focus
on systems that obey a gradient-like description. Given that many nontrivial net-
works contain feedback and cyclic interactions that break the monotonicity required
for gradient-like behavior, however, other studies focus on the rotational effects that
impact a system’s trajectory through the potential landscape [44-46]. These per-
spectives have been instrumental in characterizing a range of regulatory networks,
often using abstract topological parametrizations and catastrophe theory. In this
study, we build upon these rich traditions by directly linking bifurcation analysis
of non-gradient multistable networks to experimentally accessible tuning knobs. In
particular, we incorporate a concrete thermodynamic interpretation of induction to

examine its explicit role in shaping multistable dynamics.

The activity of transcription factors often depends on the presence or absence of
allosteric effector molecules [47H56]. When targeting a repressor, for example,
an effector can act as an inducer by binding and stabilizing a protein in its inac-
tive configuration, which suppresses its function and induces expression. Certain
transcription factors are also known to have context-dependent behavior, acting as
repressors at one promoter site along the DNA and as activators at another [S7, 58]

Exploring different interpretations of the mechanistic role of effectors may then
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reveal critical differences in tuned expression that allow for complementary experi-

mental investigations.

Accordingly, our aim is to examine the role of the effector concentration as a system
parameter, and by tuning this parameter alone, to directly observe corresponding dy-
namical shifts that occur. This framework offers a perspective with parametrizations
that are accessible to the experimentalist while also inherent to cell activity itself.
For example, researchers can directly input external non-metabolizable effectors to
study the dynamic shifts observed in theory [S9]. Cells also naturally leverage one
or more effectors to tune dynamics, with two inducers driving cell fate determina-
tion in the lac operon and in cell differentiation during development, among other
settings [38), 160]]. It is important to recognize, of course, that tuning extracellular
effector concentrations does not always exactly correspond to intracellular levels due
to internal processes that can increase hypersensitivity, and that the internal concen-
trations of multiple distinct effectors can at times be codependent [21]]. Nonetheless,
effector concentration remains a valuable measure of a cell’s ability to regulate its
gene expression dynamics, especially in light of the extensive experimental evidence

emphasizing their significance as natural tuning knobs.

To analyze the roles of effector molecules in the emergence of multistability, we
specifically study extensions of the toggle switch to three genes. These motifs
remain simple enough to visualize and physically interpret, yet also provide an
additional layer of tunable gene interaction parameters that allows for more complex
multistable dynamics — in this case, tristability and beyond. In exploring how a set
of more than two genes couple to collectively decide among multiple possible cell
fates, we also gain insights into how these interactions drive dynamics in larger and

more complex networks.

The three-gene toggle switch, shown in Figure [3.2] provides a powerful basis for
examining the rise of tristability and higher-order multistability in a range of bi-
ological contexts. The motif is most directly useful in a synthetic setting, where
dynamic shifts can be tuned precisely through experiments. However, the model
can also help uncover how various sets of three (or more) key genes interact to gen-
erate the multistable cell fates observed in nature. For example, experimental work
has identified sets of three “master regulator” genes that interact to drive protein
expression toward three or more distinct cell fate phenotypes, such as in T helper

cell differentiation [61]] and stem cell differentiation [[62]].

Recent work has also begun to build a comprehensive picture of stable expression in
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Figure 3.2: Network of three mutually-repressing genes. Transcribing each gene g;
produces a repressor with average concentration denoted by R;.

such three-gene networks 163),164]. Our study focuses instead on alternative ap-
proaches to induction in a Hill model for the three-gene toggle. Within this reframed
context for tuning dynamics, we then investigate not only how the mechanisms of
induction shift transcription factor activities and stable state expression levels, but

also how the dynamic topologies of the resulting fixed point landscapes evolve.

We begin in Section [3.1] by defining our model for the three-gene toggle switch, and
showing how it mathematically incorporates the regulatory activity of transcription
factors as allosterically-inducible proteins. From this initial framework, Section[3.2]
demonstrates the different dynamics that become possible as inducer concentrations
rise. In Section [3.3 we highlight how the thresholds, i.e., bifurcations, that sepa-
rate different dynamic regimes shift when perturbed away from an initial assumed
symmetry in gene interactions. Section [3.4] explores the impact of self-activation
on the complexity of dynamics and the number of stable steady states possible for
our three-gene switch. In particular, we find that the biological interpretation of
dual repression and self-activation, whether arising from binding exclusivity or the
effector’s role, can significantly affect the types of dynamics that unfold. In so
doing, our work sheds light on the complexity of dynamics possible from simple
modeling choices, and on just how precisely inducer concentrations must be tuned
under different conditions for a system to access various dynamic regimes. The di-
verse range of input-output responses demonstrated across the different three-gene
networks presented here motivates further study of how our results generalize to

higher-order gene regulatory architectures.
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3.1 The three-gene toggle switch

We first consider the most direct extension of the two-gene bistable toggle switch to
three genes, as depicted in Fig.[3.2] Transcribing a given gene g; generates a protein
R; called a transcription factor, which can in turn bind to the promoter region of
either remaining gene. In this particular form of the model, the transcription factor
prevents RNA polymerase (RNAP) from binding and initiating transcription, thereby
repressing expression. We begin by discussing how to model the dynamics of this
system of repressors before demonstrating the role of induction in governing how

dynamical behavior evolves as a function of inducer concentration(s).

3.1.1 The baseline model
The modeling of stability in basic switches and other regulatory motifs has long
been explored using the tools of dynamical systems [37, 65H68]]. To describe the
expression patterns that arise from the three-gene toggle switch architecture shown
in Fig.[3.2] we define a dynamic equation for each transcription factor repressor R;
of the form

dR;  expr

1
1 = GiP; (Ris {Rjzi}) — ;Rz’- (3.1)
1

This general form assumes that the dynamics of gene transcription, i.e., the pro-

duction of mRNA transcripts, evolves at a timescale such that production can be
measured equivalently from the concentration of output repressor R;. The first term
of Eqn.[3.1|characterizes protein production at a maximal rate a;, and depends on the
probability p;"" that expression can occur. The second term accounts for protein

degradation at a rate 1/7;.

Fig.[3.3[(A) lists the possible regulatory states and corresponding statistical weights
that contribute to the probability of expression pfxm. This approach to describ-
ing biological regulation draws from well-established statistical mechanical princi-
ples [14H16} 19-22]169-72]. From this table, and equivalent definitions for expres-
sion of repressors 2 and 3, we define the dynamics of the corresponding three-gene
circuit by the set of differential equations

@ ap 1

= - — — — —Ry, (3.2)
dt R \" Ry \" T1
1 (f) e (&)
dR a 1
d—; = — 2 R (3.3)
3
1 (f) [+ (&)
dR 1
d—; = —— 5 — — —Rs. (3.4)
T
)]
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Figure 3.3: Expression of repressor 1 in the three-gene toggle switch, as described by
a Hill function model. Equivalent definitions apply to expression of repressors 2 and
3. (A) Thermodynamic states, weights, and rates for expression of repressor 1 (R).
The regulating repressors (R, and R3) bind non-exclusively to the target promoter
region to suppress gene transcription. Each repressor R; binds at the promoter
region for repressor Ry with affinity Ky; and cooperativity n. (B) Thermodynamic
states, weights, and rates for expression of repressor R; in the presence of inducers.
Expression now depends on the active concentration of each repressor R;, which
is determined by a distinct inducer at concentration c;, defining the probability of

activity pacc(c;).

Each repressor R; binds non-exclusively with affinity K;; to the promoter region
for the gene that expresses repressor R;. This repression coefficient K;; reflects
the characteristic concentration of repressor R; required to strongly regulate R;’s
expression. In other words, when R; = K;;, the produced concentration of repressor

R; is half its maximum possible value.

Note that these equations describe transcription factor binding phenomenologically
through a Hill function model with coefficient n [73| [74]. This approach coarse-
grains out the molecular detail of precise binding site occupancies found in a strictly
thermodynamic model, instead representing its high cooperativity limit. The Hill
coeflicient n thus does not necessarily correspond to the number of bound repressor

molecules, but rather measures the sensitivity of output response to binding.

While there are advantages to the specificity of thermodynamic models [[75], using
them to evaluate stability profiles quickly becomes intractable in higher-dimensional
networks, including those analyzed here. We therefore take a Hill model approach
for the remainder of the discussion. Even without full knowledge of precise bind-
ing site occupancies, the Hill function offers a strong fit to empirical data for gene

regulatory dynamics [23],[76]. The model also reflects the Hopfield barrier for the
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sharpness of input-output response [77], meaning that for a given coefficient n, the
Hill model reflects the strongest, most sigmoidal input-output response possible
for a system without energy expenditure. The approach thus allows us to investi-
gate dynamics under the most input-sensitive model conditions, and to observe its

maximum possible dynamic complexity.

We now have a model for the toggle switch that depends on various theoretically
accessible parameters, specifically dissociation constants K;;, production rates a;,
and degradation rates 1/7;. As pointed out previously, however, these parameters
as written are not easily accessed experimentally, and are disconnected from the
underlying biology that controls them within living cells. While the current model
indicates that regulation is controlled by the total concentrations of transcription
factors, these proteins are often themselves controlled by the allosteric binding of
effector molecules. This implies that cells respond to changes in the number of

active transcription factors.

In the following subsections we will use statistical mechanics to outline the role of

effector molecules (specifically inducers) in defining transcription factor activity.

3.1.2 A statistical mechanical model for allosteric induction
Shifting to an allosteric description of gene regulation, we now argue formally that
gene expression depends not on the total concentration of the regulating transcription

factor, [ TF;y], but rather on the active concentration thereof, i.e.,

[TFact] = pact(¢) [TFiol, (3.5)

where p,.¢(c) is the probability that the transcription factor is active as a function
of effector concentration c. This probability can be defined by the Monod-Wyman-
Changeux (MWC) model [47-50, 53156l], which states that when an effector at
concentration ¢ can bind allosterically at m sites on a transcription factor, the

probability of that transcription factor being active is

(1+%)

c " A c me
1+K—A) +e/36(1+K—1)

Pact(c) = ( (3.6)

where K4 and K; are the dissociation constants for active and inactive repressor
states, respectively, B = 1/kpT, and Ae = €; — €4 is the energy difference between
inactive (€;) and active (€,4) states. Repressors are driven toward the inactive state

upon effector binding when K; < K. Effectors obeying this condition are referred
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to as inducers. Conversely, when K; > Ky, repressors are driven toward the active
state, and effectors act as corepressors. Examples of both phenomena have been
experimentally isolated in nature [/8-80], but for simplicity we will assume the case

of K; < K4 in what follows and refer exclusively to inducers.

Note that while we invoke the MWC model to describe allostery, we did not nec-
essarily have to choose this definition for effector binding. We could also use the
sequential model derived by Koshland, Némethy, and Filmer (KNF), which would
describe effector binding as sequential and local [S0, 56]. The transcription fac-
tor’s conformation, rather than changing through a single coordinated quartenary
structure transformation as in the MWC interpretation, would instead change step-
wise at the subunit level. The MWC model, however, is preferred, especially for
its experimentally-supported accuracy in describing cooperative proteins and its

simpler, elegant parametrization.

Fig.[3.4(A) plots one possible probability curve pac(c) in the induction setting with
K; < K4 for a fixed set of parameters. This function follows standard sigmoidal
behavior, with a sufficient increase in inducer concentration rendering repressor in-
active. Depending on how we define parameters, we can alter several key properties
of the input-output response from this probability function. The leakiness represents
the amount of activity at saturating concentrations of inducer, i.e., pac(c — o0), and
the saturation conversely denotes the amount of activity in the absence of inducer
(pact(c = 0)). The inducer concentration at which the probability is half maximal
is denoted as the ECsg value, and the sharpness of the input-output response curve
at this inflection point rises with an increasing Hill coefficient n. The MWC pa-
rameters chosen therefore determine how effectively inducers suppress the activity
of repressors and the sensitivity of the output response to an increase in inducer

concentration.

Fig.[3.4(B) highlights several viable probability curves, defined by MWC parameters
bounded to biologically permissible ranges derived from Eqns. [3.50| and [3.51] in
Appendix [3.A] We assume throughout that there are m = 2 binding sites for inducers
on repressors. For fixed SAe = 4 and K4 = 150 uM, Fig. [3.4(B) then maps the
probability of activity as a function of molar inducer concentration for increasing
dissociation constant K; < K4. As the ratio K4/K; decreases, approaching its
lower bound (denoted in cyan as K; = 6.77 uM in Fig. [3.4), the curve’s inflection
point shifts toward higher inducer concentrations. This occurs because as K; rises

and the inducer becomes less tightly bound to the inactive compared to the active
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Figure 3.4: Repressor activity as a function of inducer concentration ¢, with K; <
K4. (A) The probability of active repressor as a function of inducer concentration,
with m = 2, Ae = 4 kgT, K4 = 150 uM, and K; = 5 uM. The saturation and
leakiness limits are denoted in blue and orange, respectively, and the ECs, i.e.,
inducer concentration at which the probability is half maximal, is marked in purple.
(B) Evolution of the probability for different values of K;, with the curve in panel
(A) shown again in green. The shift in probability spans the range of allowable K;
values for the specified parameters up to the boundary at K; = 6.77 uM, derived
from Appendix [3.A]
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repressor, a higher inducer concentration is necessary to sequester inactive repressors
equivalently. Given that the choice of parameters in Fig. [3.4(A) is also within the
biologically reasonable regime, we focus on these parameters for the remainder of

our study, unless otherwise stated.

Note that increasing the number of inducer binding sites m for the target repressor
protein would increase the cooperativity of inducer-repressor interactions, and thus
increase the sensitivity of response to the presence of inducer. This would make the
slope of the probability function steeper at the inflection point. Keeping all other
properties fixed, an increase in m also decreases the inducer concentration required

to suppress repressor activity.

While the role of induction has been widely discussed and used in experimental
literature, theoretical studies leveraging this perspective for parametrization remain
ongoing, with recent work demonstrating the utility of induction in modeling the
dynamics of simple gene regulatory motifs [735, 81]]. This approach, however, has
not yet been expanded to the more intricate regulatory networks that are standard
in nature. Toward this end, we now incorporate the MWC description for the
probability of active repressor into our model for gene expression dynamics in the

three-gene toggle switch.

3.1.3 The baseline model as a function of inducer concentrations

Suppose now that each repressor produced from the three-gene toggle circuit in
Fig.[3.2]can be controlled by its own inducer, each at concentrations ¢y, ¢, and c3.
We will make the reasonable assumption that each repressor responds to induction
with the same sensitivity and thus in accord with the same probability function.
As shown in Fig. [3.3(B), this means that expression of repressor 1 depends on the
concentrations of active repressors 2 and 3, namely, paci(c2) X Ry and paci(c3) X R3.

We similarly scale the regulatory contribution of R; to expression of R, and R3 by
the probability p.c(c1). Eqns.[3.2]-[3.4] thus become

% >1 + (Pac[(cz)lb)n—al»l " (Pacl(cs)&)m - 1;_11 S
] K1 11 K13 |

% >1 + (pact(cl)Rl)n?%I + (pact(c3)R3)n— - f_22 (38)
] K7 11 K>3 |

% >1 + (pact(cl)Rl)na?il + (pact(CZ)RZ)ni - I:_; (39)
] K3 11 K3 |
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We can simplify the model to a dimensionless form through several assumptions.
First, we assume for analytic convenience that all repressors are produced and
degraded at the same maximal rates, independent of the underlying dynamics of
transcription. This sets a; = a, = a3 = a and 71 = 7» = 13 = 7. We also assume
that a given repressor binds to different promoter sites with the same affinity, such
that K71 = K31 = Ky, K12 = K3 = K5, and Ki3 = K3 = K3. This allows us to
re-express Eqns. - in dimensionless form, transforming 7 = t/7, R; = R;/K;,

and a; = ta/K; to obtain

dr, _ __ @ R, (3.10)
df [1+ (pact(c2) R2)"][1 + (pact(c3)R3)"]

dRry _ __@ ___R,, 3.11)
i~ U+ (Paae)R)MIT+ (Pac(e3)R3)"]

dRs 93 ____R,. (3.12)
dt [1+ (pact(c1)R)"I[1 + (Pact(c2)R2)"]

Finally, for most of the discussion we consider a symmetric system in which all
repressors bind at all sites with equal affinity such that K; = K> = K3 = K. (We will
examine how breaking this symmetry affects shifts in dynamics in later sections.)

This means that a; = @, = a3 = a, and we arrive at the system of equations

R, _ _a R, (3.13)
i T+ (e B 1T+ (e B

dR> a -

— = - — - Ry, 3.14
7T T+ )R+ a2 B9
dR3 a _

— = — — — Rx. 3.15
7T T+ (e R+ (R o G

The original model in Eqns.[3.2]-[3.4]thus collapses from a high-dimensional param-
eter space to at most a three-dimensional space defined by inducer concentrations
c1, ¢2, and c3, which can be directly controlled experimentally. Note that while the
symmetry introduced here is not necessary, it makes the underlying dynamics more

transparent.

3.2 Regimes of multistability

For a given Hill exponent n and maximal (dimensionless) production rate @, we now
explore the dynamic profiles possible for the three-gene toggle switch as a function
of inducer concentrations. In particular, we quantify the thresholds, or bifurcations,
as a function of inducer that bring about fundamental shifts in dynamics. Our

graphical analysis in this section will consider the large cooperativity case where
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n = 4, along with setting @ = 2. While we will also examine how much the dynamic
thresholds shift as we alter parameters, our focus in this section is specifically on
the effects of induction at various intensities. To this end, we begin by considering

a system tuned by a single inducer.

3.2.1 Single inducer

Suppose a single inducer controls the dynamics of the three-gene toggle switch by
regulating the activity of R;. This means that p,(c1) = pact(c) and pu(c2) =
Pact(c3) = 1 such that R, and R3 are always maximally active. Substituting these
definitions into Eqns. - we obtain the single-inducer model

dR 7 _
1 ¢ _R. (3.16)
di ~ (1+R)(1+RY)
Ry _ 4 __ _ R, (3.17)
dr — [1+ (pace(c)R1)"](1 + RE)
R ; ]
ary _ 4 Rs. (3.18)

di  [1+ (pact(c)R)"(1+RY)
For a given inducer concentration ¢, one then sets the above equations to zero and

solves to obtain the steady state expressions.

We can first gain some analytical insight from the model by considering certain
limit cases, specifically those regarding the existence of single-repressor-dominant
steady states, as a function of inducer concentration. Consider the existence of an
R>-dominant steady state whereby R; = R3 = & such that R}, R} — 0. It follows
from setting Eqn. m to zero that such a steady-state requires R, = a. By similarly
setting Eqns. and to zero, it also follows that Ry3 = a/(1 + R}). We
therefore conclude that the system always has the following steady state regardless

of inducer concentration:

. S a . a
RSS = (Rla RZ’ R3) = (1 +dn’a’ 1 +d") (319)

Similar logic for the existence of an R3-dominant state leads to a corresponding
predicted steady state

_ _ a a
Rss = (R1, Ry, R3) = (Td”’ Td"’a)' (3.20)

The conditions for an R;-dominant steady state, where R, R} — 0, follow from

the same logic in Eqns. - as Ry = a and

Ry=Ry = a
1+ (paci(c)Ry)"

(3.21)
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Unlike the R, and R3;-dominant states in Eqns. and however, Eqn. m
indicates that for the R;-dominant steady state the concentrations of non-induced
repressors R, and R; depend on inducer concentration c. As ¢ increases and
the probability of activity decreases, the corresponding repressor concentrations at
steady state rise. This also means that at a sufficiently high inducer concentration,
Rg, R’; — 0 no longer holds and the steady state can no longer exist. Assuming
R, = R3 < e satisfies the specified condition, we derive the inducer bifurcation

threshold by substituting this inequality into Eqn. [3.21|and rearranging to obtain the

1,[a
Pact(€) = —4/—=— 1. (3.22)
a E

At equality, the probability in Eqn. [3.22] represents a bifurcation threshold, where

result

for lower probabilities (i.e, higher inducer concentrations) the system can no longer

exist at an Rj-dominant steady state.

Eqns. [3.19]- 3.22] therefore indicate that at low inducer concentration the system can
arrive at a steady state in which any gene among the three can dominate expression.
When the probability of activity drops below the threshold in Eqn. however,
the presence of inducer is sufficient to suppress R; activity, and the system can no
longer maintain a steady state with R;-dominant expression. The sensitivity of R;
activity to tuning then depends on cooperativity (as approximated by Hill coefficient

n) and on the protein expression rate a.

Fig. [3.5(A) plots the probability threshold in Eqn. [3.22] as a function of n and a.
Note that the beige region of this heatmap depicts a regime where an R|-dominant
steady state is not possible at any inducer concentration. When a > 2, increasing
the expression rate has little effect on this cooperativity bound. Fig.[3.5(B) plots the
same relationship between the parameters, now explicitly as a function of inducer
concentration (from the probability definition of Eqn. [3.6]in Section [3.1.2).

Fig. [3.5] tracks cooperativities up to n = 10. While it is not common for known
multimeric transcription factors to extend beyond tetramers, plotting higher n ac-
knowledges the uncertainty that remains in the field regarding the cooperative me-
chanics of eukaryotic regulation and particularly of enhancers [[82]]. Indeed, there
are emerging cases of eukaryotic transcription factors functioning as higher-order
homomultimeric complexes, such as FOXP3 in regulatory T-cells [83]]. It is there-
fore useful to observe whether such higher-order cooperativities would influence

bifurcations in the system.
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Figure 3.5: Heatmaps tracking the bifurcation threshold beyond which the three-
gene toggle switch can no longer have an R;-dominant steady state and be tristable.
Note that we define the limit steady state case here as satisfying R”, Rg — 0, with

Ry = R3 < &. The results shown are specific to the choice & = V0.01. (A) The
threshold probability of active repressor as a function of Hill coefficient n and mRNA
expression rate a. Note that the beige-shaded region for smaller axis values denotes
a regime in which the steady state is never possible at any inducer concentration.
(B) The threshold specified in Fig. [3.4(A), now in terms of inducer concentration
for the MWC model.

We find that the bifurcation threshold for the shift between tristable and bistable dy-
namics is most sensitive to parameter changes at the onset of the expression domain
(i.e., at minimum required n and a). For n > 4 and a > 2, both parameters are suf-
ficiently large that increasing either has little effect on the threshold probability and
corresponding inducer concentration. Given also the existence of homotetrameric
transcription factors such as p53 that are crucial to cell fate decisions [84-86],
it is therefore reasonable to choose n = 4 as representative of dynamics in the

highly-cooperative regime, and we do this for the remainder of the chapter.

To show more completely how the dynamics evolve with increasing inducer concen-
tration, we now apply the specific parameters n = 4 and @ = 2 to Eqns. [3.16]-[3.1§]
At each inducer concentration, we numerically solve for the fixed point repressor
concentrations. We then perform a linear stability analysis on each fixed point. We
do this by evaluating the Jacobian which, for our three-gene network modeled by
differential equations of the form dR;/dt = f;(R1, R», R3), is a 3 x 3 matrix with

entries
dfi
IR,

The Jacobian provides a first-order linear approximation of behavior evaluated near

Jij =

(3.23)

a fixed point, with its eigenvectors specifying the primary directions of dynamical
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motion from the fixed point, and with its eigenvalues reflecting the rates at which
perturbations to the fixed point grow or decay along the corresponding eigenvectors.
If all eigenvalues have negative real parts, perturbation in any eigenvector direction
of expression space will decay back to the fixed point, indicating it to be stable.
If any of the eigenvalues have a positive real part, however, perturbation in the
corresponding eigenvector direction(s) will grow exponentially and the system will

move away from the fixed point, rendering the fixed point unstable.

For the three-gene models we examine, the unstable fixed points are characterized
as saddle points. Mathematically, this distinction arises because at least one eigen-
value is negative. Dynamic trajectories local to the fixed point thus move away in
some dimensional directions (positive eigenvalues) and approach in others (nega-
tive eigenvalues). The number of positive eigenvalues determines the number of
dimensional directions of “escape” from the fixed point and thus the “index” of the
saddle. If we consider the dynamics of gene expression within a potential landscape,
expression levels local to the highest index saddle essentially follow a hierarchical
dynamic flow through expression space toward stable states, guided by the presence

of saddle points with decreasing index.

Fig.[3.6|plots the resulting changes in the number of fixed points and their expression
levels through bifurcation diagrams, isolating the fixed point trajectories of the R;
coordinate in panel (A), and the (overlapping) R, and R3 coordinates in panel (B).
Three types of fixed points emerge from analysis of the Jacobian. Stable equilibria
are denoted in blue, unstable index-1 saddle points in red, and unstable index-2

saddles in yellow.

As the inducer concentration increases, the system shifts across three regimes of
decreasing dynamic complexity. Fig. [3.6(C)-(E) plot fixed points in expression
space for a given inducer concentration within each of these regimes. Atlow inducer
concentration, as highlighted in Fig. [3.6(C), the system is tristable, stabilizing to
solely favor expression of one of the three repressors. A sufficiently stochastic
system can be perturbed to transition between any pair of these stable points through
one of the index-1 saddle points. The system also has an index-2 saddle point at
which all repressors are half-maximally expressed. This means that if a system
were to have a sufficient concentration of each repressor and initially exist near this
index-2 saddle, it would be equally likely for the system to settle at any of the three

possible stable states.

At an intermediate inducer concentration, a pair of fixed points annihilate each other
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Figure 3.6: Dynamics of the three-gene toggle switch with n = 4 and a = 2
for increasing inducer concentration c¢. Allosteric regulation is defined by the
probability curve shown in Fig. A). (A)-(B) Bifurcation diagrams for R, R,
and Rj3 steady state expression as a function of inducer concentration. (C) Fixed
points for the three-gene toggle switch at a low inducer concentration. (D) Fixed
points for the three-gene toggle switch at an intermediate inducer concentration. (E)
Fixed points for the three-gene toggle switch at a high inducer concentration. In
(C)-(E) the stability of each fixed point is color-coded as in panels (A) and (B), and
each fixed point is labeled with its corresponding expression levels, colored as in

Fig.32

and a saddle bifurcation occurs. The resulting intermediate regime, represented in
Fig. [3.6(D), is still tristable, but the three stable states are now only connected by
two saddle points. From an initial state with sufficient concentrations of all three
repressors, the system can now evolve dynamically in one of two ways: by either
falling into a bistable potential well favoring R, or R3 expression, or by following
a trajectory directly stabilizing toward R;-dominant expression. Dynamics are
therefore more restricted in this regime than in the low inducer regime, and no longer
equally likely to evolve toward any given stable state. Finally, Fig. [3.6(E) shows
fixed point expression levels at a high inducer concentration, where the presence of
inducer sufficiently suppresses the activity of R; and the system undergoes a saddle
bifurcation to collapse down to a bistable switch between R, and R3-dominant

expression.

Fig. [3.6| thus allows us to determine the inducer concentration thresholds at which
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Figure 3.7: Change in inducer concentration range (shaded regions) of the inter-
mediate dynamic regime for increasing dissociation constant K;, overlaid with the
corresponding activity probability curves from Fig. 3.4, Note that regardless of K;
parametrization, the intermediate regime is found within the same range of proba-
bilities 0.749 < puci(c) < 0.867 (bounded in grey).

dynamic shifts occur, including the shift between tristable and bistable dynamics.
Given a distribution of stable state expression levels from data, we could then dis-
tinguish between systems in the low inducer regime or in the more dynamically
restricted intermediate regime. Fig.[3.6(B) also highlights that it is only at interme-
diate inducer concentrations that the system does not necessarily stabilize to a state
exclusively favoring a single gene’s expression, and that it is this characteristic that
uniquely distinguishes the low vs. intermediate inducer concentration regimes of

tristability.

Given the relatively narrow concentration range for the intermediate dynamic
regime, it is natural to ask how sensitive this window is to changes in allosteric inter-
action and to changes in the cooperativity, or ultrasensitivity, of expression response
to induction. Regarding sensitivity to allostery, altering the ratio of K4 and K; for
an inducer binding to a repressor shifts the inflection point of the probability curve
for activity toward higher inducer concentrations, as previously seen in Fig.[3.4] We
thus observe in Fig. that the log scale range of inducer concentrations within

the intermediate dynamic regime does not change but shifts toward increasing value
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Figure 3.8: Change in the regions of multistability for n € [3,4]. Each dynamic
region is color-coded as denoted in Fig. [3.6] with the seven-fixed point tristable
regime (purple), five-fixed point tristable regime (light purple), and three-fixed
point bistable regime (red). For n < 3, the light purple region illustrates the most
complex dynamic regime that is accessible.

ranges with increasing K;. Since altering the ratio of the dissociation constants does
not affect the slope of the probability curve at the inflection point, the intermediate
dynamic regime (for otherwise fixed values of m = 2 and BAe = 4) exists across
different K4 /K; for the same probability range, 0.749 < p,.(c) < 0.867.

The size of the intermediate regime differs, however, with changing cooperativity.
Fig. 3.5|B) indicates that at @ = 2, bistability is possible for n > 3, but the threshold
for shifting from tristability to bistability shifts toward lower inducer concentra-
tions for Hill coefficients decreasing from n < 4. It is thus unclear from Fig. 3.3
alone whether the range of inducer concentrations allowing the intermediate dy-
namic regime would expand, contract, or remain the same for a smaller cooperative
Hill coefficient. Indeed, Fig. [3.§] demonstrates how the regimes of multistability
evolve in response to varying cooperativity. As the Hill coeflicient increases from
n = 3, the inducer concentration at which the system bifurcates from tristable to
bistable dynamics rises slightly in the log scale. The threshold separating the two
distinct regimes of tristability, however, does significantly change. The inducer con-

centration range corresponding to the intermediate regime narrows with increasing
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cooperativity, since this implies a more sensitive response in gene expression to re-
pressor binding, one that emphasizes the bias away from R; expression as induction
increases. The tristable threshold also begins to approach an apparent asymptote at
n = 4, confirming our earlier finding that increasing cooperativity to n = 4 has little

effect on the dynamics.

3.2.2 Two inducers

Activity in gene regulatory networks is not always restricted to control from a single
effector. Our framework allows for induction by multiple effectors, whether synthet-
ically through additional experimentally-inputted non-metabolizable inducers [S9]],
or through naturally-occurring coordinated inducer activity. The direct involvement
of small molecule effectors can be important, for example, in sugar-inducible ge-
netic switches as they respond to metabolic nutrient availability [60,87-90]. Much
remains to be learned, however, about how natural allosteric effectors coordinate cell
fate differentiation [38]], and how existing regulators may play a role in inhibitory
cross-talk, as evidenced in work on steroid hormone receptors [91]. These possibil-
ities make our study of three-gene toggle switches in the presence of two inducers

even more relevant.

We specifically extend to a system in which two repressors R and R, are controlled

by inducer concentrations ¢ and ¢, such that dynamics evolve by the differential

equations
dR 7} _
L ¢ R, (3.24)
dr (1 +pact(CZ)R2)(1 +R3)
dR 7} _
2 - - Ry, (3.25)
dt  [1+ (pace(c)R)"(1 + RY)
dR 7] _
3 - ? Rs. (3.26)

dr [1 + (pact(Cl)Rl)n](l + pact(CZ)Rg) -

Fig. [3.9] plots the shifts in dynamic regions of phase space (color-coded by the
number of fixed points) for inducer concentrations ¢; and c;. Sufficiently high
concentrations of both inducers render the target repressors largely inactive, such
that the system enters a monostable regime (plotted in blue) that stabilizes to a single

point reflecting expression of only the remaining non-induced repressor.

The bifurcation line seen earlier at p4(c) ~ 0.725 in Fig. now becomes a set of
two linear thresholds in two dimensions, intersecting at approximate inducer con-

centration 2.3 x 107> M (i.e., the approximate probability p4(ci) = pa(c2) = 0.7).
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Figure 3.9: Phase diagram for evolving inducer concentrations ¢ and ¢ (regulating
activity of Ry and R,, respectively). Each color-coded region corresponds to a
phase defined by a different number of fixed points (seven in dark purple, five in
light purple, three in red, and one in blue). Both inducers follow Eqn. [3.6] for the
probability of activity with the same fixed parameters m = 2, Ae = 4kpT, K4 = 150
uM,and Ky =5 uM.

This intersection defines four regions with one (monostability in blue), two (bista-
bility in red), or three stable points (tristability in purple). Note that analytically
we can show that the thresholds separating tristable from bistable dynamics for ¢
and c; are equal to those in Eqn. [3.22] (see Appendix [3.B). In the purple region of
Fig.[3.9] all three stable points become most accessible as both induction probabili-
ties approach 1. Note that when the probability of active repressor reaches 1 for one
of the repressors, the transition points along the axis of the other repressor reflect
the bifurcations for the single-inducer system of Fig.[3.6] as expected. Increasing K;
for one of the inducers would shift the curve so that the intersection of its asymptote
with the corresponding inducer axis occurs at a higher concentration. This trend

also matches what we expect from the single inducer analysis.

The results observed for one and two inducers extend naturally in the three in-
ducer regime, with tristability when all inducer concentrations are sufficiently small,
monostability when all are sufficiently large, and bistability elsewhere. Similarly
to how bifurcations transformed into a linear curve in two-dimensional phase space

when moving from one to two regulating inducers, as in Fig.[3.9] the three inducer
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case likewise extends these curves into corresponding bifurcation planes in three

dimensions.

3.3 Effects of induction in systems perturbed away from symmetry

So far, we have assumed for simplicity that a given repressor binds different promoter
sites with the same affinity (for example, R; binds the promoters for R, and R3
expression with the same affinity such that K1 = K3; = Kj), and that protein
expression is repressed with equal strengths K; = K, = K3 = K. While this
symmetry allows us to observe the evolution of complex bifurcation diagrams,
many biological systems are naturally perturbed away from symmetry. We now
introduce biases into the relative repression strengths of a given protein, defined
such that the model can still take a dimensionless form using the transformations
that generated Eqns. [3.10]-[3.12] and Eqns. [3.13]-[3.15] This allows us to determine

the sensitivity of the bifurcation thresholds to various perturbations.

Returning to the single-inducer case of Section [3.2.1, suppose that we keep all
parameters fixed but introduce bias into regulation by the inducer-targeted R;. R;
regulates R, and R; expressions by binding to the respective promoter sites with
affinities K»; and K3j, respectively. We now let K31/K>; = @, with K3; and all
remaining dissociation constants equal to K as before. The dynamics are then

defined by the differential equations

dR 7 _
L ¢ _R. (3.27)
di ~ (1+R)(1+RY)
Ry _ 4 ___R,, (3.28)
dt  [1+ (pact(c)R)"](1 + RY)
R ; ]
ars _ a4 ~ R (3.29)

a0 e (e Ry) a0+ RY)

In Section [3.2.1] we observed three distinct dynamic regimes, with decreasing com-
plexity (i.e., number of fixed points) as the inducer concentration rose. Fig.[3.10(A)
plots these shifts in dynamic regimes explicitly as changes in the number of fixed
points, with the purple threshold denoting the bifurcation between distinct tristable
regimes, and the green threshold denoting the bifurcation between tristable and
bistable dynamics. The system sets equal interaction strengths among all repression-

binding event types, i.e., @ = 1.

We now demonstrate how these bifurcations shift as we move away from symmetry.

Fig. [3.10(B) reveals a narrow window of perturbation away from symmetry for
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Figure 3.10: The change in bifurcation thresholds in a single inducer system as
a rises. (A) The number of fixed points as a function of inducer concentration
when @ = 1. The purple threshold denotes the transition between distinct tristable
dynamic regimes (i.e., seven or five fixed points), and the green threshold denotes
the transition between tristable and bistable dynamics (five or three fixed points,
respectively). The system corresponds to that analyzed in Section [3.2.1] (B)
The change in the inducer concentration threshold at which the tristable (purple)
transition occurs as a function of @. The dark purple curve corresponds to a system
where « targets regulation of the induced repressor, R;. The light purple curve is for
a system where « affects regulation of a non-induced repressor, in this case R;. (C)
The change in the inducer concentration defining the threshold separating tristable
from bistable dynamics as a function of @. The specific colors again correspond
to the different targets for perturbation bias, with dark green targeting the induced
repressor and light green the non-induced repressor.

which a seven-fixed-point regime exists. Expressed differently, the dark purple
curve indicates a window of only 0.946 < o < 1.028 within which a system with
sufficiently high concentrations of all three repressors is equally likely to stabilize to
any of the three possible stable states. The dark green curve in Fig. [3.10(C) shows
that the threshold separating tristable from bistable dynamics is little affected by
perturbations in @ < 1, where R| has a weaker affinity for the R, promoter than
for the R3 promoter. Favoring affinity to R, for @ > 1, however, begins to affect
the threshold inducer concentration noticeably. At @ > 1.42, the system becomes

bistable regardless of inducer concentration.

Combining the information in dark purple and dark green in Fig. [3.10{(B) and (C),
we conclude that for @ < 0.95 and 1.028 < @ < 1.42 only two dynamic regimes
are accessible (with the seven-fixed point regime no longer viable at any inducer
concentration). The perturbation threshold beyond which tristability of any kind is

no longer possible occurs at @ ~ 1.42.

Alternatively, we can consider a perturbation bias that affects regulation by a repres-

sor that is not targeted by an inducer, such as R,. In this case, setting K3, /K12 = @
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and all remaining coefficients (including K;;) to K, we obtain the equations

R 7l _
dRi _ Y _R, (3.30)
i~ (1+R)(1+RY)

R 7l _
Ry _ a ___ Ry, 3.31)
di = 1+ (pa(@R1 (1 + RY)

R ; ]
dRy _ . ~ Rs. (332)

dr [1+ (pa(c)R1)"] [1 + (%)n]

The light purple and green curves in Fig. [3.10(B) and (C) indicate the change in
thresholds as « rises and alters the regulatory bias of R,. Fig. B) shows that
the change in this threshold as a increases from 1, such that R, has a stronger
binding affinity for the promoter of the induced R; than for R3, is comparable to the
change observed in dark purple as described by Eqns. -[3:29] Decreasing « to
favor stronger binding to the promoter for the non-induced R3, however, dampens
the system’s response to bias. The system denoted in light purple thus has a larger
window of perturbation away from symmetry where the seven-fixed-point tristable
regime is possible, with the window now favoring regulation of the non-induced

over the induced repressor’s expression.

The light green curve in Fig.[3.10(C), on the other hand, indicates that perturbation
bias aimed to affect regulation by the non-induced repressor R; in fact has no effect
on the threshold between tristability and bistability until @ > 1.45. We conclude
that, unlike the first instance targeting the induced repressor, perturbations targeting
anon-induced repressor generally influence only how complex the system’s tristable

dynamics can become.

3.4 The three-gene toggle switch with self-activation

The systems analyzed thus far focus exclusively on mutual repression. Toggle
switches, however, can also be modeled with gene products not only repressing other
genes but also stimulating their own expressions through self-activation, as shown
in Fig.[3.T1[(A). Fig.[3.T1B) highlights protein production and regulatory binding at
a given promoter site (in this case for gene g;), where the protein produced can act
either as a repressor targeting other genes or as an activator of its own expression.
These dual repression and self-activation capabilities are observed across a range
of natural gene network motifs with varying complexity, including applications

in the bacteriophage lambda switch [[12} [15] 35], stem cell and developmental
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Figure 3.11: Gene expression in the three-gene toggle switch with self-activation.
(A) Network of three mutually-repressing genes g;, each producing a protein at
average concentration R; that can either repress expression of R;4; or activate its
own expression. (B) Regulatory binding and expression at the promoter site for
gene 1. Comparable illustrations would apply for genes 2 and 3.

differentiation [38]], and mammalian cell cycle progression [92]. We now consider

the effect of self-activation on stability in the three-gene context.

The following sections assume, as in our previous baseline model from Section[3.1.1]
that different repressors can bind non-exclusively at a given gene promoter site to
regulate expression. There are two possible ways, however, to incorporate activator
binding. First, we analyze cases in which activators compete with repressors for
the promoter such that an activator cannot bind if any repressor is bound, and vice
versa. Section [3.4.1] then explores non-exclusive binding, where both an activator
and a repressor can bind simultaneously at a given promoter site such that repressors

moderate the effect of activation.

Given that all proteins in this self-activating network can act as either repressors
or activators, we are interested not only in whether they bind competitively or non-
exclusively to the DNA, but also in determining what defines a protein’s activity as
a repressor or an activator. To do this, we highlight two biological mechanisms,
and how protein activities in each case are tuned by distinct quantitative roles for
effector binding. In Fig.[3.12[A), it is the binding site identity alone that determines
a protein’s function. For example, if a protein binds to its own gene’s promoter site
then it functions as an activator, and otherwise as a repressor. Activator proteins
are then defined by the same probabilistic effector binding that captures repressor
activity, with both protein types rendered inactive by effector binding. We refer to

this for the remainder of our study as Case I.

On the other hand, Fig. [3.12B) depicts a setting in which effector binding directly
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Figure 3.12: Two approaches to defining proteins as repressing or activating, de-
pending on the role of effector binding. (A) Effector binding renders proteins
inactive regardless of function because the protein’s binding site to the DNA in-
dependently confers repressor vs. activator identity. (B) Effector binding directly
determines whether a protein exists in a repressing or activating configuration, with
binding transforming an active repressor to an active activator.

determines protein function. Since effector binding induces a protein conformational
change (favoring expression in the inducer case), we propose in this case that effector
binding alters a protein’s configuration from that of an active repressor to that of
an active activator. We refer to this for the remainder of our study as Case II.
Past precedent exists for modeling such effector-driven dual function transcription
factors. For the arabinose operon, for example, the presence of arabinose induces a
conformational change in AraC and thus determines its interaction with the DNA as
either a repressor or an activator [[10}93,94]]. Effector molecules can also indirectly
control transcription factor function by determining whether transcription factors
recruit corepressors or coactivators when bound to the DNA, such as for steroid

hormone receptors [93, 96]].

We demonstrate in the following discussion how these interpretations of effector-
regulated activity lead to distinct dynamics for competitive repressor-activator bind-
ing and in particular for non-exclusive binding. In comparing the two effector
mechanisms, we continue to define thermodynamic states and weights that do not
explicitly involve long-range binding through DNA looping. Models incorporating
such looping have been considered for simpler single operons through grand canon-
ical ensemble interpretations [22,97]], and could be adapted to our structure. Our
discussion here, however, will continue to focus on our three gene systems, but now

with self-activation.
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3.4.1 Competitive repressor-activator binding

We begin by considering competitive binding, with thermodynamic states, weights,
and rates as depicted in Fig.[3.13] If we first assume that the binding site determines
a protein’s role as a repressor or an activator, then the activity of a given protein
R; tuned by inducer concentration ¢; depends on the probability p,.¢(c;), as shown
in Fig. 3.13(A). In line with the baseline model, a given protein is expressed at a
maximal rate a in the absence of bound regulating proteins. A bound activator,
however, now increases expression to a + b. From these states and weights, we then

define the dynamics of protein expression by

il - el b)(&)n R - &’ (3.33)
dt 14+ () + (@) + (@ + (@@ T
dR> _ _ a+(a+ b)( )n _ &, (3:34)
dt 14+ () + (@) + (@ + @@ T
- % (et R SN aay)

a1 (R (R @y @ T

By transforming R; = R;/K, f = t/t, @ = ta/Ky, and b = 7b/K;, we obtain the

dimensionless form

dR a+(a+Db)R" _

LI (a+b) “RL o (336)
4 1+R"+(K<z>)"+(K<3))n+(1<<2>) (K<3))”

dR a+ (a+b)(L)n _

2 = 2 -Ry, (337
! 1+Rn+(K(z))n'i'(K(%))n"'(K(Z)) (K(3))n

dR a+(a+ b)( )" _
3 K& — Rs, (3.38)

di 1+R”+(K<z>)"+(K<3>)n+(1<<2>) (K“))’1

where K® = K,/K; and K® = K3/K;. To simplify, we impose equal binding
affinities such that K® = K®) = 1, and examine how the system’s dynamic
landscape evolves with increasing inducer concentration and rising activating bias

in expression.

Induction in Case I

We introduce self-activation in the induced setting of Case I from Fig. [3.13[(A) to

observe how it alters the dynamics of the baseline model. Given the states and
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Figure 3.13: Expression of each protein R; in the three-gene toggle switch with self-
activation and competitive binding for repressors and activators. (A) Competitive
binding with the role of effectors defined as in Fig.[3.12[A) (Case I). (B) Competitive
binding with the role of effectors defined as in Fig. [3.12B) (Case II).
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weights listed and a single inducer c targeting R, Eqns. - become

dR; _ a+(a+b)[pat(c)R]" _ R (3.39)

i1+ [paORI+ R+ R RIRL |

dt 1+ [pact(C)Rl]n + erl + Rg + Rgég 7 |

dR; a+(a+b)R; i (341)
= - 3. ’

di 1+ [pact(c)R1]" + RS + R} + RIRY

To allow direct comparison with the original single-inducer model in Eqns.
-[3.18| we again set n = 4 and now choose maximal expression to satisfy @ + b = 2.

Fig. [3.14] compares the dynamics that emerge. Panel (A) plots the bifurcations
for the baseline setting shown earlier in Fig. [3.6] with panel (B) highlighting the
fixed points at a low inducer concentration in three-dimensional expression space.
Panel (C) plots the bifurcations for the comparable system with self-activation in
Eqns. [3.39]- [3.41] with panel (D) again highlighting the low inducer regime. While
any number of possible (&, b) pairs can satisfy @ + b = 2, for closest comparison
we choose the limit case of @ = 2 and b = 0, where weak activator binding has a

negligible impact on expression.

Fig.[3.14(C) shows that self-activation does not affect stable expression levels or the
system’s dynamics at high inducer concentrations. It does, however, influence the
remaining saddle points, further accentuating expression of the dominant proteins.
For example, the index-2 saddle becomes more centered in expression space at the
half-maximal expression level. Also, for each index-1 saddle that favors R, the
dominant protein expression levels become more pronounced compared to those
that are suppressed. This means that each saddle point allowing significant R;
expression is further from the stable points it dynamically links. If the system were
to begin with half-maximal expression of each protein, for example, any trajectories
leaning toward the R; — R, or R| — R3 switches would take longer to stabilize because
they must travel further to approach an index-1 saddle before veering off toward a
stable point. We can think of these stable states as lying in deeper potential wells,

making the related systems less likely to transition from one stable state to another.

As one might expect, the differences between the baseline model and our parametriza-
tion of the self-activation model are subtle, but the key advantage of self-activation
lies in the additional tunability that becomes possible through the additive expression

effect from b. Increasing the strength of activation while maintaining a constant
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Figure 3.14: Comparison of the dynamics for the three-gene toggle switch without
and with the presence of self-activation. In both settings, the Hill coefficientis n = 4
and we set the same maximal production level. (A) Bifurcation diagrams for R,
R, and R; steady-state expressions without self-activation as a function of inducer
concentration, as previously shown in Fig. 3.6(A). Maximal production is set at

a = 2. (B) Fixed points at a low inducer concentration, with labels highlighting
the index-2 saddle and the induced R;-dominant index-1 saddles. (C) Bifurcation
diagrams for steady-state expression with self-activation as defined by Eqns. [3.36]
- Rates are set at @ = 2 and b = 0 for maximal production satisfying @+ b = 2.
(D) Fixed points at a low inducer concentration.

maximal expression level @ + b can lead to significant dynamic transformations.
Fig.[3.15|fixes the system at a low inducer concentration for @ + b = 2, and plots
the bifurcation diagram with dynamics tuned as a function of activation b. As b
increases from zero, all fixed points shift toward lower expression while retaining
the typical dynamic profiles observed in Fig. [3.14] Plotting how the fixed points
shown for (a, b) = (2,0) would change with increasing inducer concentration, for
example, would generate two dynamic phase shifts to arrive at a bistable switch

between R, and R3 expression, with results comparable to those shown in Fig.

With sufficiently strong activation at b ~ 1.47, however, the system no longer retains
the index-2 saddle. This is evidenced by the fixed point plot highlighted at b = 1.5
in Fig. Moreover, b = 1.52 marks a threshold from tristable to quadristable
expression, where the index-2 fixed point transforms into a stable point. Rather

than being comprised of a set of switches between R; and R; expression, the high b
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Figure 3.15: Bifurcation diagrams for R, R,, and R3 expression at a low inducer
concentration and at fixed @+b = 2 as a function of increasing activation strength (b).
The corresponding sets of fixed points are shown in three-dimensional expression
space beneath, specifically highlighting each distinct dynamic phase for (@, b) =
(2,0), (a,b) = (0.5,1.5), (a,b) = (0.48,1.52), and (a, b) = (0,2).

regime now brings together a set of switches between “on” and “off”” expression for
each protein. Note that, as the bifurcation point, b = 1.52 shares properties between
the two dynamic phases it straddles. As shown in Fig. this point allows the
quadristable dynamics observed for higher b at low inducer concentration, while still
reducing to a single bistable switch at high inducer concentration (as is characteristic
of the small b regime). Systems approaching the limit where expression can only
occur in the presence of bound activator, on the other hand, as in the highlighted
example (@, b) = (0,2) of Fig. will reduce down to tristability at high inducer
concentration, allowing either R»-dominant expression, R3-dominant expression, or

none.

Induction in Case 11

We now compare induction Case I above to the dynamics arising in an alternative
setting, Case II, where the effector molecule binding determines whether a protein is
active as a repressor or an activator. Fig.[3.13|(B) outlines the thermodynamic states

and weights in this setting, from which we model the system with the differential
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Figure 3.16: Induction Cases I and II for competitive repressor-activator binding,
with @ = 2, b = 2. Each panel plots the bifurcation diagrams for Ry, R, and R3
steady-state expressions as a function of inducer concentration. The fixed points are
visualized in expression space beneath the corresponding bifurcations at low, inter-
mediate, and high inducer concentrations. The low and high inducer concentrations
chosen are the same in (A) and (B), and the intermediate concentrations selected
highlight the same intermediate dynamic regime. (A) The competitive repressor-
activator binding case in which inducer binding controls transcription factor activity
regardless of its ultimate function as a repressor or activator (Case I). (B) The
competitive repressor-activator binding case in which inducer binding transforms a
protein from a repressing conformation to an activating form (Case II).
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equations
de _ a+ (C_l + E)[(l - pact(c))Rl]n _ Rl (3 42)
di 1+ [(1=pai(c)Ri]"+ R} + R + RIR] ’ |
dR a+ (a+b)R" -
o _ r@+bRy R, (3.43)
di 1+ [pai(c)R1]"+ Ry + R} + ROR)
dR a+ (a+b)R" -
3 _ ( 3 _ R, (3.44)

di 1+ [pac(c)RI]" + R: + RY + RIR:

To aid in visual comparison with induction Case I, we consider systems allowing
a larger maximal expression of @ + b = 4. Specifically, we will set @ = b = 2 for

equally strong contributions from the basal and activated expression levels.

Fig. compares the system defined by induction Case I, now for @ = b = 2,
with the corresponding model in panel (B) for the alternative induction approach
highlighted in Eqns. [3.42]-[3.44] We observe that in the low inducer concentration
regime, while the dynamical structure remains the same, the saddle points allowing
R expression in panel (B) are now skewed toward favoring R expression. In this
regime, a low inducer concentration implies a high probability p..(c) of R acting
as a repressor, and a low probability 1 — p,(c) of acting as an activator. With
[1 = pact(c)]R1 — 0 in Eqn. R expression is limited only by regulatory
repression from R, and Rj3, while the remaining two repressors are additionally
regulated by pac(c)R;. The resulting skewness of the central fixed point cluster
to favor R; places the R, and R3-dominant stable states in deeper potential wells.
It thus requires a less significant perturbation to transition out of the R;-dominant

stable state into one of the other stable states.

Since all R;-expressing saddle points are spatially closer together in the lower panel
compared to the upper panel of Fig. [3.16] this indicates that Case II of induction
does not require as high an inducer concentration to transition to an intermediate
dynamic regime. Finally, at a sufficiently high inducer concentration, the saddle
of the resulting bistable switch shifts the saddle point toward a slightly higher
R concentration, which serves to deepen the potential well between the R, and

R3-dominant stable states compared to Case 1.

3.4.2 Non-exclusive repressor-activator binding
We now turn to systems in which repressors and activators bind non-exclusively
to a gene’s regulatory region. This means that at a given promoter site, a gene’s

expression can be regulated not only by the presence of one or both repressors
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produced by the remaining two genes, but also by the possible additional presence
of bound activator. As in the competitive binding case shown in Fig.[3.13] this system
with non-exclusive binding retains the same possible states for a given promoter site,
namely (i) the state with no bound transcription factors (with an expression rate a),
(i1) states with one or both possible repressors bound (with an expression rate 0), and
(iii) states with activator bound alone (with an expression rate a + b). Additional
states account for activated expression in the presence of one or both available
repressors, and in these states, activated expression is suppressed by the presence of

bound repressor defined by a corresponding rate a + b — d.

Upon deriving a set of differential equations in dimensionless form for the expression
of proteins Ry, R;, and R from the corresponding thermodynamic states and weights
(see Appendix for details), we have, as in the competitive binding setting, a
system defined by basal expression @ and additional activated expression b, with
the maximal expression level constrained once again to @ + b = 2 to facilitate
comparison across models. Given the non-exclusive binding conditions modeled,

expression now also depends on the strength of repression from d, where d < @ + b.

The following subsections focus on the impact of effector concentration and the
relative strengths of activation and repression on dynamic stability. This allows us
to determine the range of dynamic landscapes possible within the parameter space
under different interpretations for effector activity, and the sensitivity of the resulting

dynamics and bifurcations to each of the rate parameters.

Induction in Case I

We first consider Case I from Fig. [3.12JA), in which the binding of the effector
molecule renders proteins inactive regardless of whether they are functioning as
repressors or activators. Continuing our convention of choosing R; as the target
of effector binding, the concentration of R; is scaled by the probability of activity
Pact(c), regardless of function, where we assume that all proteins interact with
effectors through the same MWC model and binding affinities. Fig. and
Eqns. [3.59] - 3.61] of Appendix [3.C] define the corresponding states and weights

along with the resulting dimensionless differential equations incorporating the role
of pact(c).
Evaluating the fixed points, we find that allowing non-exclusive binding expands

the possible set of stable states to the maximum combinatorial number, i.e., no

expression, one gene expressing, two genes expressing, or all three expressing.
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Figure 3.17: Number of stable fixed points in induction Case I of non-exclusive
repressor-activator binding. The plots highlight stable points at low (10~ M) and
high (1072 M) effector concentrations in panels (A) and (B), respectively, for varying
rate parameters a, b,and d, where a+ b =2 and d < a + b. The diagrams on the
right hand side of panel (A) represent the types of stable points observed in each
regime at a low effector concentration, i.e., with eight (yellow), seven (orange), six
(brown), five (green), four (teal), or three (blue) stable points. The diagrams on the
right side of panel (B) represent the types of stable points observed in each regime at
a high effector concentration, i.e., with three (blue), two (dark blue), or one (purple)
stable point(s).
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Determining the likelihood of each state being accessible within the allowable rate
parameter space offers insights into how this more complex regulatory architecture

prioritizes expression.

Fig. 3.17(A) tracks the number of possible stable states that exist at low effector
concentration (¢ = 1078 M). The maximum number of stable states occurs in the
yellow-shaded region where d ~ 0 and @ < 0.5 (b > 1.5). This represents systems
in which repressor binding has negligible effects on expression, and where gene

expression thus relies heavily on bound activators.

As a and d rise, the complexity of the dynamic landscape decreases, with the
number of possible stable points falling until @ > 0.5 and d > 0.5. This threshold
combination is sufficient to render the system tristable at low effector concentrations,

and is similar to what we observed in the previous competitive binding models of

Sections B.4.Tland[3.4.1]

Other than the three possible single-gene expression states, which exist at low
effector concentrations for all possible rate parameter combinations, the stable state
that survives across the broadest allowable parameter space is the one in which both
R> and R3 dominate. Such a state becomes no longer possible only if @ > 0.5
and d > 0.5. The robustness of this state makes sense given that the model in
question specifically tunes R expression via effector concentration. This targeted
tuning more indirectly (and weakly) affects the existence of a stable (0, R, R3)
state. Fig. A) also indicates that the repression parameter d drives the loss
of the (R1,0, R3) and (Ry, R;, 0) states. Essentially, once repressors play an active
role in regulation (no longer d — 0), dual repressor and activator activity implies
that the system can only express R; significantly in a stable state when it is the only

protein being expressed.

Generally, as effector concentrations increase, the number of available stable fixed
points decreases until the system reaches monostable, bistable, or tristable dynamics,
as shown in Fig.[3.17(B). When a < 1, such that activation contributes more strongly
than basal expression, a high effector concentration suppresses all gene expression.
When the system approaches the limit case of largely unregulated expression (i.e.,
a@ — 2and d — 0) itbecomes tristable, expressing either R», R3, orboth. Otherwise,
in the relatively weak activation regime that remains, the system collapses to the

bistable toggle switch between R» and Rj.

Figs. [3.18 and [3.19]illustrate further how the system evolves toward these different
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Figure 3.18: Heatmap tracking the minimum effector concentration (M) at which
the stable state with no expression can exist with non-exclusive activator-repressor
binding (induction Case I). Measurements span the range of rate parameters allowed
by the constraints @ + b = 2 and d < a + b, with the x-axis denoting increasing
strength of repression d, and the y-axis denoting decreasing strength of activation
with increasing a. The beige region represents the parameter space in which a stable
state without expression does not exist at any effector concentration.

regimes as the effector concentration rises, and how sensitive the different stable
states are to these changes. The figures plot (respectively) the minimum and max-
imum effector concentrations that are required for different stable fixed points to
exist, where Fig. [3.18] specifically highlights the minimum concentration for the
stable state with no expression. At the maximum concentration threshold, a bifur-
cation occurs when a sufficiently high effector concentration prevents the system
from stabilizing to the state with no expression. The beige-shaded region denotes
the part of parameter space where a given fixed point does not exist at any effector
concentration, and the yellow-shaded region denotes the space where the fixed point

survives at high effector concentration.

Notably, the heatmaps of Fig. [3.18] and Fig. [3.19(A) directly overlap, indicating a
close relationship between the existence of a stable state with no expression and
the existence of a state that expresses one of the two proteins not impacted by the
effector (R, or R3). The existence of these three stable states is thus defined almost

fully by the strength of activation as reflected by a. As a rises, three regimes
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Figure 3.19: Heatmaps tracking the maximum effector concentrations (M) (bifur-
cation thresholds) at which stable states can exist for the non-exclusive activator-
repressor binding model described in Fig. [3.12(A) (Case I). The heatmaps track
(A) stable states expressing one of the genes that does not directly interact with an
effector, i.e., (0, Ry,0) and (0,0, R3), (B) the stable state in which the two genes
not impacted by effector are expressed, i.e., (0, R>, R3), (C) stable states expressing
two genes including the effector-controlled R;, and (D) the stable state expressing
all three genes. Measurements span the rate parameters allowed by the constraints
a@+b =2andd < a+ b, with the x-axis denoting increasing repression strength d,
and the y-axis denoting decreasing activation with increasing a. Beige represents
the region of parameter space in which the stable state cannot exist at any effector
concentration, and the yellow-shaded region indicates where the stable state is pos-
sible at all effector concentrations.
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with distinct dynamic trends emerge upon tuning the effector concentration. When
a < 0.5, all three states are possible until an intermediate effector concentration is
reached, beyond which only the state suppressing all expression can exist among
the three. When 0 < a < 1, we observe a tradeoff at an intermediate effector
concentration, where the system’s ability to stabilize to an R, or R3-dominant state
at low concentrations is swapped for the system’s ability to suppress all expression.
This indicates a regime of strong activation compared to basal expression, where
an increase in effector concentration causes a fixed point to emerge and replace
states that existed at lower concentrations. Finally, in the weak activation regime
of @ > 1, the system can always stabilize to an R, or R3-dominant state at all
effector concentrations, and never suppresses expression entirely. Note in all of
these regimes that the strength of repression (d) has negligible or no effect on the

existence of the three states.

Fig. [3.19(B)-(D) highlights stable fixed points where more than one type of protein
is expressed. The existence of such points relies on weak repression (d < 0.5). As
a rises and the strength of activation decreases accordingly, we observe levels of
rising effector concentrations where the stable points vanish. The heatmaps indicate
that as repression strength rises, a higher value of @ and thus a weaker degree of
activation is needed for the system to stabilize to these states, with the state in
panel (B) responding most gradually and the state in panel (D) most sharply as
repression strength increases. Finally, the span of effector concentrations indicates
that the bifurcation thresholds for these stable points are more responsive to changes
in activation strength than those of the single-protein expression states shown in
Fig.3.19(A).

We conclude from Fig. [3.19|that expressing more than one protein at a stable steady
state is only possible in a system with weak repression, whereas repression has
essentially no effect on expression that is not targeted by an effector (R, and R;
here). Additionally, while weakening activation strength always expands the range
of effector concentrations at which these stable fixed points can exist, only states that
do not express the effector-targeted genes can exist at all effector concentrations (the
yellow regions of Fig.[3.19). These yellow-shaded regions require weaker activation
strengths compared to the strength of unregulated expression, with this requirement
even stricter for the state expressing more than one protein. The results demonstrate
that by tuning these parameters and testing varying effector concentrations, one can

transform a system to express different numbers of genes at stable steady states
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depending on which combinations are most relevant for a desired function.

Induction in Case 11

An alternative interpretation for effector activity, shown in Case II of Fig. [3.12(B),
transforms the available states and weights from the non-exclusive case such that
the concentration of transcription factor R; is scaled by p.e(c) when repressing
expression of other proteins, and is scaled by 1 — p,(c) when activating its own
expression. (See Appendix [3.Cland corresponding Fig. [3.24]for the thermodynamic

states and weights and for the corresponding model form.)

By evaluating the resulting differential equations for fixed points, we obtain plots in
Fig. highlighting the types of stable points possible at low (1078 M) and high
(1072 M) effector concentrations when tuning @ and d, with maximal production
at a fixed @ + b. Fig. A) indicates that, regardless of activation strength (@)
and repression (d), the system can always stabilize to a state in which either R, or
R3; dominates at low effector concentrations. When 0.5 < @ < 1.3 and d > 0.3
(purple-shaded region), the system can only exist as a bistable switch between these
two states. When repression is weak (small d), the system can also stabilize to a state
expressing both genes (regardless of @). Meanwhile, the strength of activation solely
determines whether it is possible for the system to suppress expression altogether
or to stabilize to an R;-dominant state. For sufficiently strong activation (a < 0.5),
it is possible for regulation to suppress all expression, and it is only under weak
activation (a > 1.3) that it is possible for the system to express the effector-targeted
Ry.

At a high effector concentration, Fig. 3.20(B) indicates that the most complex
dynamic landscape occurs when d is very small and 4 is very large, i.e., when there
is effectively no positive or negative regulation in the network. Such a system can
stabilize to either R, or R3-dominant states, or to a state in which any combination
of two or more proteins dominates (including effector-targeted R;), as shown in the
green-shaded region. Moving slightly away from this corner of parameter space,
the system loses the ability to express all three genes, a change that is more sensitive
to increased repression than increased activation. Increasing repression (d) further
while keeping a high suppresses the system’s ability to express effector-targeted R;.
In this case, the dynamics become comparable to a self-activated bistable switch,
as in the dark blue region of Fig. B), or the simple bistable switch between R,

and R3, as in the purple region. Increasing activation (decreasing @) while keeping
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Figure 3.20: Number of stable fixed points in induction Case II of non-exclusive
repressor-activator binding. The plots highlight stable points at low (1078 M) and
high (102 M) effector concentrations in panels (A) and (B), respectively, for varying
rate parameters @, b, and d, where @ + b = 2 and d < @ + b. The diagrams on the
right hand side of panel (A) represent the types of stable points observed in each
regime at a low effector concentration, i.e., with four (blue), three (dark blue), or
two (purple) stable points. The diagrams on the right side of panel (B) represent the
types of stable points observed in each regime at a high effector concentration, i.e.,
with six (green), five (teal), four (blue), three (dark blue), two (purple), or one (dark
purple) stable point(s).
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repression relatively weak (d < 0.5), on the other hand, implies that if the system
expresses more than one gene in its stable state, one of them must be the effector-
targeted Ry, as seen in the blue-shaded region. In a strongly activating regime with
small a, dynamics center on expression of R, either stabilizing to an R;-dominant
state or suppressing all expression (purple region). If @ — 1 as in the dark purple
region of Fig.[3.20(B), however, the system chooses one of these fates depending on

d, only expressing a gene if repression (d) remains small.

As previously shown in Fig. [3.18|and Fig. [3.19|for induction Case I, we can now also
investigate how different parametrizations for activation and repression in Case II
influence the range of effector concentrations for which the different types of stable
fixed points emerge. Fig.[3.21]tracks the minimum effector concentrations at which
fixed points become possible within the parameter space, while Fig. [3.22]tracks the
maximum effector concentrations. Given that Case II differs from Case I only in
its treatment of Ry, it follows that Fig. A)—(B) and Fig. C)—(D) show no
difference in the expression patterns for those stable states that exclusively express
one or both of the non-targeted genes, i.e., (0, R»,0), (0,0, R3), and (0, R>, R3). A
slight difference occurs for states expressing one of the two non-targeted genes when
a@ = 1 and d < 0.5. Under these conditions, where Case I would allow these states
to exist at all effector concentrations, there is instead still an upper bound shown
in Fig. [3.22(C) for Case II beyond which the states cannot exist. This means that
when effectors determine whether a protein acts a repressor or an activator, and the
system neither favors nor disfavors activation, minimizing the effect of repression
is not sufficient to allow expression at all effector concentrations, and that this can

only be true if the system explicitly favors activation with @ > 1.

States expressing the effector-targeted R; in Case II offer a stark contrast to those
in Case 1. In the latter setting, the R|-dominant stable state is not included in
Figs.[3.18|and[3.19|because it can exist for essentially the same range of low effector
concentrations (from 10~8 M to approximately 5 x 107> M) regardless of @ and d.
In Case II, however, this is only observed for @ > 1.4, as seen in Fig. @KB) and
Fig.[3.22(B). Further, if @ < 1 (with some exceptions), the state can only exist at larger
effector concentrations ranging from approximately 10~* M to the highest parameter
value, 1072 M. Thus, when activation is particularly strong, the phase space for R;-
dominant expression spans the same range of concentrations observed for Case 1.
When activation is disfavored as the source of protein production compared to the

basal level of expression, however, Rj-dominant expression emerges as a viable
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Figure 3.21: Heatmap tracking the minimum effector concentration (M) at which
stable states can exist with the non-exclusive activator-repressor binding model
described in Fig.[3.12(B) (Case II). Measurements span the rate parameters allowed
by the constraints @ + b = 2 and d < a + b, with the x-axis denoting increasing
repression strength d, and the y-axis denoting decreasing activation with increasing
a. The heatmaps track (A) the stable state in which no genes are expressed, (B)
the stable state in which only the effector-targeted R; is expressed, (C) stable states
expressing two genes including the effector-controlled Ry, and (D) the stable state
expressing all three genes. Beige represents the region of parameter space in which
the stable state cannot exist at any effector concentration.
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Figure 3.22: Heatmaps tracking the maximum effector concentrations (M) at which
stable states can exist with non-exclusive activator-repressor binding model de-
scribed in Fig. [3.12(B) (Case II). The measured values represent bifurcation thresh-
olds for the existence of these states. The heatmaps track (A) the stable state in
which no genes are expressed, (B) the stable state in which only the effector-targeted
R\ is expressed, (C) stable states expressing one of the genes that does not directly
interact with effector, i.e., (0, R», 0) and (0, 0, R3), and (D) the stable state in which
both genes not impacted by effector are expressed, i.e., (0, R», R3). Measurements
span the rate parameters allowed by the constraints @+ b = 2 and d < @+ b, with the
x-axis denoting increasing repression strength d, and the y-axis denoting decreasing
activation as a rises. Beige represents the region where a stable state never exists
at any effector concentration, and the yellow region indicates that the stable state is
possible at all effector concentrations.
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stable state only at high effector concentrations lying outside of the previously

established range.

Considering the stable state in which all expression is suppressed, Fig. [3.18| and
Fig. A) demonstrate that regardless of the effector’s role in regulating R, this
type of stable state can exist only when activation is favored over the basal rate
(@ < 1). The strong resemblance between these plots also indicates that, in the
viable region of parameter space, tuning @ and d similarly affects the minimum
concentration necessary for the state to exist. We observe small differences at the
two visible thresholds: @ = 0.5 separates the high-activation regime in which the
state always exists at low effector concentration from the regime characterized by a
particular threshold effector concentration; and @ = 1 denotes the upper bound of
a for which the (0,0, 0) state can exist at any effector concentration. Compared to
Case I, when @ = 1 Case II requires an even weaker level of repression d to prevent

the system from suppressing all expression.

Unlike Case I, for Case II the existence of the (0,0, 0) stable state does not im-
mediately imply its viability for all effector concentrations above the minimum
threshold. Fig.[3.22J(A) shows that, in a regime of intermediate activation strength
where 0.6 < a < 1, there is an upper bound on the effector concentration. These

intermediate conditions mark a regime in which the effector concentration can be

manipulated to tune stable expression off and on.

Finally, we consider stable states expressing more than one protein, including the
effector-targeted R. Whereas Fig. C)—(D) indicates that these states can exist
for Case I at low effector concentrations up to values between 107® M and 107> M
for low repression d, Fig. C)-(D) indicates an overlapping regime of existence
but with distinctly different dependencies on both rate parameters and on effector
concentrations. In fact, these panels reveal that such states can only exist at higher
effector concentrations above approximately 10~ M, and that they further rely on

there being sufficiently weak activation.

Our results for a range of possible stable states demonstrate that by probing the
dynamics at various effector concentrations, we can clearly distinguish systems that
utilize effectors in distinct ways. The tuning knob we present in this study can there-
fore be viewed as a foundation for building fitted-model descriptions of expression
data, and for gaining insights into mechanisms that both regulate transcription factor

activity and would otherwise not be observable.
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3.5 Discussion

A large body of experimental and theoretical work has studied a number of com-
monly observed motifs including simple two-gene switches, oscillators, and feed-
forward networks, among others [23-25, 38}, 56, 98H103]. But even with these
significant advances, there remains much more to explore. In fact, for E. coli,
perhaps the most well-studied simple model organism, we still do not understand
how more than ~ 60% of its genes are regulated [104]. We also do not fully under-
stand the mechanism by which effector molecules control the transcription factors
responsible for gene regulation. As the field progresses in obtaining and interpreting
high-throughput data, we will likely uncover additional aspects of gene regulation
that require more nuanced modeling. Our work expands upon significant and valu-
able existing studies to consider a range of other motifs, and draws inspiration from
the prevalence of induction in the biophysical literature as an experimental tool for

tuning expression.

At the core of our analysis is a baseline model of three genes in which each gene
represses the other two. By harnessing inducers as tuning knobs controlling the
concentration of active repressors, we observe how tuning through an MWC ther-
modynamic interpretation of allosteric induction limits or broadens the scope of
dynamics, and how robust (or sensitive) bifurcations separating different dynamic

regimes are to changes in cooperativity and relative gene interaction strengths.

In the first half of the chapter we observe that the simple three-gene toggle switch,
in which only one of the three genes can dominate expression in a stable state,
follows a trajectory of decreasing dynamic complexity as inducer concentration(s)
rise. There are two notable takeaways from analysis of the three resulting dynamic
regimes. First, we observe through bifurcation diagrams that the inducer concen-
tration thresholds at which systems shift between tristable and bistable dynamics
change little as the strength of cooperativity increases, and that the maximum level
of gene expression holds steady as inducer concentrations rise. This facilitates
the fitting of model parameters to experimental data, since altering the K; of our
Pact(c) function becomes the only way to noticeably shift the bifurcation thresh-
old. Meanwhile, when not at a low cooperativity level, the inducer concentration at
which the systems shift between different forms of tristable dynamics depends most
strongly on perturbation of the models’ regulatory interaction structures away from
symmetry. By determining the probabilities of stabilizing at each of the possible

three stable points given different initial conditions at low inducer concentrations,
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one can determine how close a system is to symmetry (i.e., equally strong repression
among all genes). If a system tuned by one inducer is instead bistable at all inducer
concentrations, it follows that this arises from a strongly skewed set of repression

strengths explicitly favoring one gene, rather than from allosteric regulation.

While the baseline model demonstrates the utility of allosteric regulation as a tool
to identify the physical parameters driving expression in experimental data, the
second half of our study uses self-activation to highlight how the mechanism by
which allostery controls transcription factor activity can significantly alter dynamics.
Introducing activators that competitively bind to sites along the DNA does not
affect the stable expression levels observed in the baseline model, but decreases
the probability of transitioning from one stable state to another by placing stable
states in deeper potential wells within the potential landscape. When self-activation
is sufficiently strong, or when activators and repressors bind non-exclusively along
the DNA, it becomes possible for the system to stabilize while expressing more
than one gene. Understanding the parameter conditions, including the ranges of
effector concentrations, that allow different stable states to emerge is a useful tool

for determining how cells tune activity to coordinate expression of multiple genes.

We also find across several examples with competitive and non-exclusive repres-
sor/activator binding that the biological interpretation of the effector’s role in regula-
tion matters, whether an effector’s binding determines activity or whether it directly
determines function as a repressor or an activator. Considering systems in which ac-
tivators compete with repressors to bind along the DNA, changing the effector’s role
does not alter either the types of dynamic phases possible or the system’s response
to increasing effector concentrations. In the case where the effector determines
protein function, however, the effector concentrations at which bifurcations occur
shift to higher values, and it becomes easier to transition out of an R{-dominant state
and more difficult to transition out of an R, or R3-dominant state. In non-exclusive
binding settings, we find that the two interpretations of effector activity reveal dis-
tinct differences in the types of phases observed across parameter space, as well as
in the ranges of effector concentrations at which different types of stable points are

observed.

Tuning effector concentration(s) thus allows us to distinguish among biologically
distinct models for a single gene regulatory motif, even when the particular set of
observed stable states is characteristic of multiple models. For instance, in both

the competitive (with strong activation) and non-exclusive binding settings, it is
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possible for the system to stabilize at low effector concentrations to any of the three
single-gene-dominant states, or to a state suppressing all expression. As the effector
concentration increases, however, the candidate models have divergent responses
and are thus distinguishable. If the system becomes tristable to either suppress all
expression or allow expression of a gene not targeted by the effector, the system iden-
tifies as competitive repressor-activator binding. If expression becomes suppressed
entirely, the system instead allows non-exclusive binding, with the binding site de-
termining transcription factor function and the effector only determining protein
activity. Finally, if the system transforms to a bistable switch between no expres-
sion and expression of the effector-targeted gene alone, this implies non-exclusive

binding where effector presence directly determines transcription factor function.

The mathematical interpretation of the biological mechanisms for induction em-
bedded in the models we study have a significant impact on the types of dynamics
observed. Our analysis therefore complements existing work on the direct incorpo-
ration of effector-driven transcription factor activity into models of gene regulation
while further motivating the rigorous definition of how effectors function. In so do-
ing, the work presents a theoretical approach through which it is possible to uncover
such properties, along with the model parameters that allow them, in conjunction

with experiments.

While our models ground the discussion of induction-driven bifurcations in the
language of explicit gene circuits, it is worth noting the relevance of our framework to
existing geometry-based descriptions of cell fate, which assume gradient or gradient-
like behavior and abstract from mechanistic details. In geometric frameworks [39-
43|, cell fates arise from trajectories through a low-dimensional state space structured
by attractor basins and their boundaries, where normal form polynomials tunable by
abstract coeflicients capture the relevant bifurcation structures near fate decisions.
Several open questions remain, however, in relating this approach to single-cell
RNA sequencing data. For example, which gene regulatory architectures produce
these abstract landscape geometries, and how do external signals couple to those
architectures to drive the bifurcation sequences that developmental biology requires?
More concretely, how can one specify the relevant parameters as explicit functions

of external inducer concentrations?

Our framework provides a direct answer by bridging phenomenological manifold
descriptions with mechanistic transcriptional control. By defining the role of inducer

concentration explicitly, we directly track corresponding shifts in repression thresh-
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olds and can observe how nullclines translate and rotate in phase space. We thus
establish induction as a mechanistically-defined geometric operator on the attractor

landscape that reshapes the number and stability of fixed points.

In the context of normal form polynomials, the abstract parameters defining the
phase space no longer implicitly depend on changes in external signals, but rather are
explicit functions of inducer concentration. By directly mapping abstract parameters
to experimentally accessible tuning knobs, we can determine exactly which regions
of phase space are accessible to the cell and to the experimentalist, and what
bifurcation sequences can be realistically traversed. Dynamical landscapes are thus
no longer abstract objects for comparison to gene expression data, but rather settings
that can be directly probed by inducer titration, facilitating reliable identification of

topological models for single-cell experiments.

Finally, as evidenced by the diverse outputs we obtain from subjecting our three-
noded networks to a range of effector inputs, there is considerable richness in the
input-output responses possible for these systems. Our findings further underscore
the importance and the challenges of understanding how such outcomes are realized
in even more complex regulatory architectures, and invite dialogue with ongoing

experimental efforts to reveal the full scope of the allosterome.

Appendices

3.A Biologically permissible ranges for MWC parameters in allosteric induc-
tion

To determine the biologically permissible ranges for the MWC parameters defined

in Eqn. 3.6/ (K}, K4, and A€), we assume that the absence of inducer does not imply

the complete absence of inactive repressor, given that there may be some natural

fractional error g. We suppose, then, that in the absence of inducer,
Pact(c =0) > 1-gq, (3.45)

or alternatively,

1 1
L= paalc=0)=1-1———5z =5 <q. (3.46)

Rearranging Eqn.[3.46] we obtain a condition for the energy difference Ae:

eBhe < 4 (3.47)
I-¢q



130

It follows that for the probability of activity to saturate in the absence of inducer
(g = 0), the energy of the inactive repressor state must far exceed that of the active

state so that Ae — oo and the repressor is always active.

Gene expression is generally “leaky,” meaning that there is typically a basal level of
expression even in the presence of a large repressor concentration. We assume that
this leakiness is also reflected by the fraction g such that a fraction of repressors less

than g are active in the limit of infinite inducer concentration, with
m

<

(%)

(&) +ere(s)
(K™

pa(c — ) =

= <gq. 3.48
(Kiy + e e (km = oA
Rearranging Eqn. [3.48] we obtain a second condition
Ka\m 11—
(—A) > =9 bt (3.49)
K q

Eqns. and establish bounds on the dissociation constants K4 ; and the

energy difference Ae for a given “error” ¢ and number of binding sites m.

Suppose, for example, that less than 10% (¢ = 0.1) of repressors are active in the
presence of an infinite inducer concentration. MWC parameters are then bounded
by

1
e P < 5 (3.50)
and X
A\™ BAe
(_KI) > 9ePhe. (3.51)

We use these bounds to determine a permissible range of K; given fixed K4 =
150 uM in Fig. 3.4(B).

3.B Analytic bifurcations for the two inducer model

In this appendix, we show analytically that the linear thresholds separating the
(c1,cp) parameter space into tristable, bistable, and monostable regions in Sec-
tion [3.2.2] are the same as those in Section [3.2.11

The key bifurcation with respect to c; is the loss of the R;-dominant stable state in
transitioning from tristable to bistable dynamics. Assuming that Rg ; — Oasin the

single inducer setting, Eqns. [3.24]- [3.26] indicate a steady state solution

Rss = (R1, R2, R3)
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a a
= (a, —, — . 352
O e Trmea) (5.52)

Since our assumptions require R, = R3 < &,

a
3.53
2 T+ Tpaalenal’ 329

and thus the R dominant steady state exists for

1./a
paci(c1) = 5\/5 -1, (3.54)

the same as derived for a single inducer in Eqn. [3.22]

We derive the same bound for p,.(cz) by determining the bifurcation point with

respect to ¢, at which the system no longer stabilizes to an R,-dominant state.

3.C Non-exclusive repressor-activator binding in the three-gene toggle switch
In Section [3.4.2] we discuss the three-gene toggle switch with self-activation where
repressors and activators can bind non-exclusively at a gene’s regulatory region.
This appendix outlines the analytic model and how it is modified under different

interpretations of effector activity.

Fig.[3.23|shows the thermodynamic states, weights and rates related to non-exclusive
binding. Note that these include the same states describing competitive binding in
Fig.[3.13(A), but with three additional states in which an activator and either one or
two repressors can be bound simultaneously at the relevant gene regulatory site. In
these additional states, the presence of repressor(s) dampens expressionto a +b —d.
The states and weights translate into a corresponding system of equations for the
evolution of expression. Omitting the role of effector, the change in R; expression,

for instance, is

dR, @+ @+ DR + @+ b= )G+ () + (B R

dr [1+ (RO [+ (B (14 (Rayn] T
_ a LR @ DGEIE)" @) )@ Ry
[1+ ()M + ()" 1+ ()" [+ ([ + ()11 + ()] T

(3.55)

where a is the rate of protein production when gene transcription is unregulated,

a+ b is the rate with bound self-activator, and a + b —d is the previous rate attenuated
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Figure 3.23: Expression of each protein R; in the three-gene toggle switch with
self-activation and non-exclusive binding for repressors and activators. Effector

binding is defined as in Fig. 3.12(A).

by the presence of bound repressor. Note that the second line of Eqn. [3.55|rearranges

the first to separate protein production into three physically meaningful terms: (i)

protein expression in the presence of repressors only, (ii) expression exclusively due

to activation, and (iii) expression in the presence of both repressors and activators.

Rescaling variables in Eq. [3.55] and in the equivalent equations for R, and Rj3
expression such that R; = R;/Ky,f=t/1,a = ta/Ky, b = tb/K;, and d = 7d /K,

we define our non-exclusive binding model in dimensionless form by the set of

differential equations
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dlé_l a ER? + (a- d_)Rn[ O )n + (K(?) )+ (K(z)) (K(3)) ] R]
A1+ (B[ + (B TR [+ B[+ (Z)m [+ ()]

(3.56)
dRz a N b([((z))n N (a- d)( (2) (Rn + ( (3) )"+ Rn( (3) n) _&,
AR R e R R () (R

(3.57)
dR3 a + ( KO )n + ( d)(K(3)) (Rn + (K(Z) )n + Rn(K(z)) ) R3
AR+ (B T (B R+ (R + (R

(3.58)

withd <a+b,K® = K,/K;,and K® = K3/K;. As in Section3.4.1| our analysis
in Section assumes equal binding affinities such that K® = K®) =1, and a

maximal production rate @ + b = 2.

Unlike the competitive binding case, the model defined in Eqns.[3.56]-[3.58]depends
on two independent parameters: (i) unregulated (basal) protein expression a, with
corresponding b = 2 — @ denoting additional expression from activations, and (ii)
the strength of repression from d. We now explicitly incorporate the role of effector

molecules in two ways.

First, Fig. [3.23] defines effector activity as described by Case I of Fig. 3.12(A),
where the active concentration of a protein indexed by 7 is pa(c)R; regardless of
its function as a repressor or an activator. For the system containing one effector
at concentration ¢ that targets Ry, the dimensionless Eqns. - in induction

Case I become

d—Rl = a + E[pact(C)Rl]n + (C_l — j)[pact(c)ﬁl]”[lé; + Rg + Rgﬁg] _Rl
ai [+ RIN+RI] T+ @Rl [+ @RI+ RI+RY

(3.59)
- ) ok - J)R;([pa“(c)’él]" + Ry + [pact(C)Rl]”RS’) -R
@I ORI+ R TR [T+ [P (ORI + REI1+ RS >

(3.60)
- : LT DR ([pat(I RN + B + [paci (ORI )" RS -
i [ [pa ORI+ RET 1+ R [+ [Pac(@R1]"I[1+ RET[1 + Y] ¥

(3.61)
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Figure 3.24: Expression of each protein R; in the three-gene toggle switch with
self-activation and non-exclusive binding for repressors and activators. Effector
binding is defined as in Fig. [3.12(B).

Evaluating the fixed points of Eqns. [3.59]-[3.61] we obtain the results discussed in
Section[3.4.2)

An alternative interpretation for effector activity, described by Case II of Fig.[3.12(B),
transforms the available states and weights to those in Fig. [3.24] where the concen-
tration of R; is scaled by p,c(c) when repressing expression of other proteins, and
scaled by 1 — p,ci(c) when activating its own expression. Eqns. - then

become



135

R a L B0 = pua(@R) | @I~ pual )RR + Ry + RERY]

O+ R+ R] T T+ (0= paalDRI" 1+ (1= paal DRI+ R+ R
(3.62)

L a L DR ([paci(©)R11" + R + [paci ()R "R “R

di  [1+ [paca(c)RII"I[1+RE]  1+R: [1+ [Pact ()R T[T+ REI[1 + RY] 2,
(3.63)

d_R3 - a + BR; + @- J)Rg([paa(c)él]n +R§' + [Pact(C)Rl]nRg) - R

dr [1+ [pact(c)R]"][1 + Rg] 1+ Rg‘ [14+ [pact()RI]M[1 + Rg] [1+ Iég‘] 35
(3.64)

describing a system containing only one effector at concentration ¢ targeting R;
activity. Evaluating the fixed points of Eqns. [3.62] - [3.64] we obtain the results
discussed in Section

3.D Code availability

Matlab code used to generate figure graphs throughout this work are available ﬂ
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Chapter 4

THERMODYNAMIC MODELS OF SIMPLE INDUCIBLE
GENETIC CIRCUITS]]

The previous chapter revealed the rich multistable dynamics that emerge in gene
circuits as effector concentrations vary, and demonstrated how the specific mech-
anism of induction can fundamentally reshape the accessible landscape of cellular
states. The three-gene network models discussed there are relevant to cell dif-
ferentiation processes, such as those involving T-helper immune cells, and more
broadly demonstrate methods that can be broadened to encompass other inducible
circuit applications, such as those depicted in Fig. d.I| Our explorations of tran-
scription regulation in three-gene mutual repression networks made extensive use
of Hill-function descriptions, which construct phenomenological expressions that
efficiently capture cooperative binding and are well-suited to bifurcation analyses
across large parameter spaces and in complex interaction networks. A long his-
tory in the literature supports the use of Hill functions as an approximation for
describing the probability of promoter binding [5H13]], but the approach assumes
that gene regulation operates in a high cooperativity limit such that the set of possi-
ble regulatory states for a single type of transcription factor is binary — i.e., either
bound or unbound. This facilitates the study of more complex network motifs and
corresponding higher-order multistability [14, [15], and provides a foundation for

expanding to larger networks.

In this chapter, we complement this powerful circuit-level perspective by consid-
ering ways to introduce additional molecular detail into our definitions for gene
regulatory mechanics. Thermodynamic models, in particular, offer an alternate but
related approach that explicitly enumerates the complete set of Boltzmann-weighted
occupancy states for a regulatory region. Unlike the Hill function description, this
means that more than one type of bound state could exist in a cooperative system, and
that the number of regulatory protein copies that are bound, along with the strengths
of interactions among those bound proteins, can be described more precisely. The

framework also offers mechanistic transparency and interpretability, making it a nat-

I'A version of this chapter originally appeared as: Z. Yang*, R. J. Rousseau*, S. D. Mahdavi*,
H. G. Garcia, and R. Phillips. Dynamics of inducible genetic circuits. Phys. Rev. E, 113:044409,
2026. DOI: 10.1103/kzdj-53jf
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Figure 4.1: Gallery of examples of regulatory circuits participating in the genetic
decisions of animal development. (A) A three-node network thought to be relevant
to the control of digit formation, adapted from [1]. (B) An example involving
vulval development in C. elegans, where epidermal growth factor (EGF) and Notch
induce cells toward one of three possible fates, adapted from [2] and [3]. (C)
Transcription factors compete and maintain cell pluripotency unless sufficiently
induced to reprogram a cell to a differentiated fate, adapted from [4]].

ural companion to Hill-based analyses, and one that grounds the emergent behaviors
of complex networks in the microscopic interactions from which they arise. Accord-
ingly, we shift our focus to simpler gene network motifs in this chapter, which allow
us to employ thermodynamic models in a regime that is computationally feasible.
While too detailed for application to higher-order networks, the insights gained,
from a pedagogical perspective, render the additional rigor quite illuminating when

applied to the definitions for molecular interactions during gene regulation.

To illustrate the thermodynamic models of interest, recall that the general way to
describe a circuit involving n different transcription factor proteins is through a set
of dynamical equations of the form
d[TF]
dt

= fi{[TF;1}), (4.1)

where there is one such equation for each transcription factor (for which we will
often use the shorthand notation). The function on the right side acknowledges

that the dynamics of the i"” TF depend upon the concentrations of all the others,
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Figure 4.2: The auto-activation regulatory circuit. (A) Schematic of the operation of
the circuit. Polymerase binding at the promoter (blue) transcribes the gene (encoded
in the light green region), producing a protein that can activate its own expression
at a sufficient concentration. In our model, an activator can bind at one of two
possible sites to enhance gene transcription. (B) Thermodynamic states, weights,
and rates for the circuit in the traditional model without induction. The parameter
w denotes the cooperative strength of two activators binding. (C) Thermodynamic
states, weights and rates for the case in which the effector tunes the fraction of active
activators. Note that in both of these cases the parameters K;, w, ro, r1 and r; are
effective parameters that have hidden dependence upon the number of polymerases
and the strength with which polymerase binds the promoter. The explicit definitions
of these effective parameters are worked out in Appendix

represented here by the notation {T'F;} signifying “the set of all n TFs.” Chapter 3
demonstrated one way to define the function f; through a Hill-function description,
and we now demonstrate what this function becomes in a thermodynamic model.
For pedagogical simplicity, let us consider as a first case study the auto-activation
switch, shown in Fig. #.2(A). This regulatory motif allows two binding sites for an
activating transcription factor, and two such proteins binding simultaneously are able
to interact cooperatively. Since we do not necessarily assume a high-cooperativity
limit for the biological activity of this network, however, it is also possible for the
promoter of this gene to have single-bound activator. Fig. d.2(B) lists the related
states and thermodynamic weights, with each type of state allowing gene expression

at a different rate. Expression of protein A is thus described by an equation of the
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Figure 4.3: Tuning genetic circuits. The schematic shows different knobs that are
available to the cell, the theorist and the experimentalist, namely (A) effector concen-
tration (and by consequence the number of active activator or repressor molecules),
(B) binding affinity K, (C) protein production rate r, and (D) cooperativity w.

form 4 .
dA ro + r12— + rza)(—)
—yA + Ka Kq

dr 1+24 + w(#)?

, 4.2)

where A is the number of activators, K; is the dissociation constant for A in its
interaction with DNA, and w is the cooperativity between two activators bound to
the gene promoter along the DNA. The first term on the right captures the degradation
of activator at rate vy, and the second term characterizes protein production with a
basal level of production rg and a saturating level r,. The production rate in Eqn. 4.2}
and throughout this chapter, is modeled using a thermodynamic framework relating
promoter occupancy to output [16-22]. Note that, as has been reported previously
in the literature [22], this dynamical equation becomes a Hill function form in the

high cooperativity limit.

Typically, analysis of dynamic stability in auto-activation and other simple genetic
circuits proceeds by varying theoretically accessible parameters such as dissocia-
tion constants (Ky), transcription rates (r;) and degradation rates (y) as featured
in Eqn. 4.2] and in Fig. B.3[B-D), without reference to sow such parameters are
themselves controlled by living cells [23]. As emphasized in the previous chap-
ter, however, the underlying protein expression response is in fact dictated by the
presence and absence of experimentally accessible effector molecules that alter the
balance between inactive and active forms of key regulatory molecules such as tran-
scription factors, as shown in Fig. [4.3(A). Thus, while all of the tunable parameters
in Fig. 4.3 make it possible to systematically tune the level of gene expression, some

of these parameters are more conveniently accessible to the experimentalist and to



149

the cell itself as it rapidly tunes its behavior in response to stimuli. Our goal is
to use explicit statistical mechanical models of the induction phenomenon to gain
additional insights about the behavior of simpler genetic circuits as a function of
the presence or absence of effectors. The reduced scale allows us another way to
demonstrate the power of induction as a tuning knob in auto-activation and mutual

repression, and even facilitates an extension to feed-forward loop circuits.

We will begin this expansion into inducible thermodynamic models by reviewing
the key statistical mechanical principles for defining induction in Section @.1] In
particular, we highlight how tuning inducer concentration transforms a protein’s
dissociation constant to a restricted range of accessible values for an effective disso-
ciation constant. Section d.2]then demonstrates how tuning inducer concentrations
drive auto-activation and mutual repression networks to shift between monostable
and bistable dynamics. We also examine the range of effector concentrations for
which systems can exhibit bistability, and how the thermodynamic rate and cooper-
ativity parameters affect the accessibility of this dynamic phase. Finally, Section{4.3
examines the impact of effector-driven dynamics on expression in different types of
feed-forward loops, where two proteins X and Y can either work together or against
each other to regulate the expression of a third protein Z. This gene circuit setting
provides useful insights into how the magnitude of time delays in expression onset
and offset evolves within the parameter space of different logic gates, and into the

emergence of pulsed expression in output Z.

Across these detailed discussions, we ultimately work through an array of increas-
ingly sophisticated yet still structurally simple gene regulatory circuits, and leverage
statistical mechanics to uncover how the presence of effectors dictates complex
gene expression dynamics. We envision that the predictions and systematic analysis
stemming from this work will make it possible to better understand how cells exploit
these genetic circuits to regulate their decision making processes, as well as enable
the predictive design of synthetic circuits with prescribed functions in response to

input effector dynamics.

4.1 The Statistical Mechanics of Induction

We now review how we can explicitly incorporate an allosteric perspective into
our definition for protein activity within dynamical equations of gene expression.
This approach builds upon earlier work in which biological parameters were tuned

by hand rather than by effectors [, 6, 24-27]. Although some previous studies
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Figure 4.4: States and weights for an allosteric transcription factor with an effector
that can bind at two sites on the protein. Effectors can bind to both the active and
inactive forms of the transcription factor with different dissociation constants K4
and K;, which determine whether the effector stabilizes the protein more strongly
in its active or inactive configuration. The sum of the thermodynamic weights for
the active and inactive conformations are shown at the bottom.

also vary inducer concentration, they typically either address different regulatory
contexts than ours, map inducer concentrations to protein activity without modeling
the allosteric transition explicitly, or consider different types of dynamical systems
analyses than we do [10} 13} 27-37].

In particular, we argue that often the number of active transcription factors 7 Fy is
given by
TFy = pact(C)TFtot, (4.3)

where T Fyy is the total number of transcription factors and p,c(c) is the probability
that the transcription factor is active as a function of the effector concentration
c. For example, effector binding can render a protein inactive, decreasing pc; as
effector concentration ¢ increases. As in Chapter 3, we again define the fraction
of transcription factors that are active as given by the Monod-Wyman-Changeux
(MWC) model, which can be used to compute p,.(c) using statistical mechanics [23),
38-435].

In the MWC setting, an effector can bind to a transcription factor in both its active
and inactive forms with differend dissociation constants, with the two unbound
states having an energy difference € = &; — g,. The values of the dissociation
constants then determine whether increasing effector concentration stabilizes the

active or inactive form of the transcription factor. The states and weights for such an
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allosteric transcription factor with two binding sites is shown in Fig.[4.4] Appealing
to these states and weights, the probability of a transcription factor being active is
then of the form

c\2
(1+5)

(I+ )2 +ePe(l+ )Y

Pact(c) = 4.4)
where ¢ is the concentration of effector molecules, 8 = 1/kgT, and K4 and K; are
the dissociation constants for the transcription factor in its active and inactive states,

respectively. We consider here a transcription factor with two effector binding sites.

Fig.[.5(A) plots the probability of active transcription factor, as defined in Eqn. 4.4]
generating an input-output function exhibiting characteristic sigmoidal behavior. As
in Chapter 3, the transcription factors studied here are rendered inactive upon the
binding of effector. Tuning the relative values of the active and inactive dissociation
constants would generate situations in which activity increases with effector con-
centration. The corresponding expression behavior can be trivially extrapolated by
inverting results for the former convention, so we need only choose one description

to evaluate dynamics in this discussion.

The probability of activity p,.(c) explicitly modulates the contribution of transcrip-
tion factor concentrations to expression dynamics. However, we can also interpret
the impact of this probability as rescaling the fixed physical dissociation constant

K, between transcription factors and DNA to an effective constant

Kf}ﬁ = K4/ pact(c), (4.5)

a definition that proves to be informative in several ways. First, traditionally, theo-
retical models of the behavior of network motifs are studied by tuning K¢, while ex-
periments generally tune the effector concentration c. Incorporating paci(c) bridges
theory and experiments by providing experimentally accessible “knobs” to control
the behavior of the genetic circuit of interest. Second, since puc¢(c) is highly non-
linear in ¢, other model variables might react differently to varying c than to varying
K;ﬁ. Third, pac(c) constrains the range of accessible Kzﬁ values. When discussing
input-output curves, there are a variety of summary parameters that help us under-
stand their character qualitatively. For example, in the case where effector binding
renders the protein inactive, the leakiness is the amount of activity at saturating
concentrations of effector, namely, paci(o0). Similarly, the maximal activity known

as the saturation occurs in the zero-effector limit, namely, pac(0). These important
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Figure 4.5: Activity of a transcription factor as a function of effector concentration c.
Parameters used throughout the chapter, unless otherwise stated, are: K4 = 140 uM,
K; = 530nM, € = 45kpT. (A) Probability of active transcription factor as a
function of effector concentration, defined by Eqn. [#.4] The half maximal effective
concentration ECsg, defined as the effector concentration ¢* such that p,.(c*) =
(pod™ + pgfft") /2, is plotted in purple. (B) The effective dissociation constant Kjlﬂ
(dimensionless with respect to K ;) as a function of effector concentration. Saturation
of pact(c) corresponds to minimal KT, and leakiness of pac(c) corresponds to

maximal Kfiff.
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summary variables can be calculated as

1

max __ : —
Pact” = l%pact =110 P (4.6)
and .
min _ q: _
pact - Ch_)n;’ Pact = l 3+ e_ﬁskg, (47)

act act

where K. = K4 /K;. With the parameters used in Fig. A), pMin and p™aX are
separated by about three orders of magnitude, and thus K;ﬂ is also only tunable across
three orders of magnitude, as shown in Fig. B). The restricted Kzﬁ range can have
important consequences. For example, consider a bistable system with a stability
curve such as that shown in Fig. where the x-axis is Kfiﬂ and the y-axis tracks
the steady state concentration of some protein A. Tuning the parameter ¢ imposes
constraints on the range of achievable Kflff fora given K. The light blue range shown
does not intersect the bistable regime, while the light green range does, illustrating
that bistability may not be fully accessible due to the functional dependence of K;ﬁ
on puct(c). This restriction on K, follows a tradition of relating thermodynamic

binding interactions to experimentally measured biochemical parameters [46].

Our fundamental goal is to reconsider the classic stability analysis for a broad array
of different regulatory architectures in light of the MWC model for transcription
factor activity described above. For example, as seen in Fig. @.6] tuning the K, for
the simple auto-activation circuit yields two stable fixed points. In the first section,
we examine this circuit by modulating the concentration of effector molecules,
which tunes the concentration of active transcription factors. From this simple
genetic circuit, we then turn to the ubiquitous mutual repression switch, well known
not only as a key part of the repertoire of natural genetic circuits as shown in
Fig. [4.7] but also as one of the classic examples of synthetic biology [24]. Both
auto-activation and mutual repression can exhibit bistable dynamics [3 24-26].
We examine the conditions for bistability as well as the relaxation dynamics in
each. Finally, we turn to three-gene feed-forward loops, in which an input gene
regulates expression of another both directly and indirectly through regulation of an
intermediary. Depending on the precise architecture, these circuits exhibit unique

time-varying behavior in response to pulsing effector signals [47-49].

4.2 Bistability in Genetic Circuits
Different gene networks serve different biological functions. Among the most

important classes of networks are those that yield bistability. Bistability refers to
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Figure 4.6: Allosteric tuning restricts the range of accessible Kflﬁ. The dark blue
curve shows the steady-state values of activator concentration A, with filled circles
indicating stable fixed points and open circles indicating unstable ones. The light
blue and light green shaded regions represent two example ranges of accessible
Kflﬂ = K/ pact(c) values, obtained by varying the effector concentration ¢ for two
proteins with different DNA binding affinities (and thus different K; values). For
the blue region, K; = 3.2 x 1072 uM = 10~'> uM; for the green region, K; = 1
uM. The parameters for the auto-activation stability curve are: y = 1/min, ro = 0.1
uM/min, r{ = 1 uM/min, rp = 20 uM/min, w = 100.
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Figure 4.7: Mutual repression is ubiquitous in cellular decision making. (A) The
bacteriophage lambda switch that mediates the phage decision to become a lysogen
in the bacterium or engage in lysis through mutual repression of cI and cro (and some
auto-activation of cI as well). (B) In hematopoietic development, mutual repression
between different genes has been suggested to ensure the switch-like adoption of
alternate cellular fates. Diagram adapted from [S0] and [S1]. (C) Mutual repression
in the early fruit fly gene network has been associated with the emergence of discrete
domains of gene expression. Diagram adapted from [52] and [53]].

the situation in which, for a given set of parameters, a system can exist in one of two
possible stable steady states. Such a feature is biologically significant. For example,
often the expression level of one protein determines a cell’s fate. To obtain cells
with different functions, there might be some cells with high concentrations of the
protein of interest and some cells with low concentrations, requiring a bistable system
regulating the protein in question. Broad computational surveys have shown that
switch-like, bistable behavior can emerge from a wide range of simple biochemical
network architectures [54]. Here, we analyze the two simplest and most ubiquitous
gene circuits that produce bistability [7]], auto-activation and mutual repression,
now through the new lens of how effector molecules modulate the dissociation
constants of regulatory proteins binding to DNA. Although there are examples in
the literature that also use this knob in other regulatory or modeling contexts (as noted

in Section [4.1)), the approach considered here offers a contrast to the conventional
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setting often employed in studying auto-activation and mutual repression. In such
cases, the tuning strategy is typically to modulate the binding parameters within
thermodynamic models [SH7), 23], rather than those parameters being naturally
tuned through the action of signaling molecules. For simplicity, the following
sections do not consider transcription factor oligomerization, either in solution or
when bound to DNA, which could give rise to more complex configurations such as

DNA looping. We discuss modest generalizations to this effect in Appendix

4.2.1 The auto-activation regulatory motif

Auto-activation circuits, in which a gene product enhances its own transcription, are
among the simplest genetic regulatory motifs and are capable of generating bistable
behavior [S)]. Such motifs have been studied extensively in both synthetic and natural
biological systems. In vitro synthetic networks have demonstrated robust switching
between high and low expression states under controlled biochemical conditions
[S3]], and positive feedback loops have been implicated in natural processes like cell
differentiation, where they convert graded input signals into binary gene expression
responses [56]. The inducible auto-activation circuit has also been explored with
Hill function formulations and with p,.; as an input parameter [S7]. Motivated by
this work, we now present our theoretical analysis of the auto-activation switch that
incorporates a full thermodynamic model and explicit treatment of induction. The
architecture we study is shown schematically in Fig.[d.2] where a transcription factor
activates its own production, forming a feedback loop. Given the states, weights, and
rates in Fig. [4.2(C), we can now write the kinetic equation governing the dynamics

of the auto-activation system as

dA A rog + "l(zpact(c)[%) + rza)(pact(c)KAd)z
@ A
dt 1+ 2pact(c)Kid + w(pact(C)KAd)z

, (4.8)

where y is the degradation rate of protein A, r; is the production rate when i
activators are bound, w is the cooperativity of activator binding, and K is the
biophysical dissociation constant specific to a gene and a transcription factor. The
effect of allosteric regulation is included in p,.(c), as we introduced earlier. This

probability modifies the active transcription factor concentration from A to pae¢(c)A.

Note that we could alternatively describe this auto-activation switch by explicitly
considering all possible regulatory states with bound and unbound RNA polymerase
(RNAP), and explicitly defining an energy for interaction between activators and

RNAP. Appendix @.A.T|demonstrates, however, that this representation is equivalent
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to Eqn. 48] with the rates r;, dissociation constant K4, and cooperativity w implicitly
dependent on polymerase concentration, the strength of polymerase binding to
the DNA, and the strength of interaction between polymerase and activator. The
discussion throughout this work will thus remain in the equivalent coarse-grained

realm, as depicted in Fig. and effectively focus on polymerase-bound states.

It is helpful to write our dynamical equation in dimensionless form. To do so, we
non-dimensionalize the system by using 1/y as the unit of time and K as the unit
of concentration. Within the p,. paradigm, we can write the dynamical equation in

dimensionless form as

d_,? - ro+711 (2pact1§) + fZCU(p_actA)z ’ (4.9)
dt 1 +2paciA + w(paciA)?

where 7 = yt, A = A/Ky and 7; = r;/yK,.

At a given effector concentration, we can represent the gene expression dynamics
that unfold through a phase portrait as in Fig.[4.8] The points of intersection of the
production and degradation curves correspond to steady state activator concentra-
tions. Fig. {4.8 highlights a system that can stabilize to one of two possible states
with a high (Ahigh) or low (Ajy) activator concentration. Depending on the initial
concentration of activator protein, the system will converge to one of these stable
points. At the unstable steady state Aunstables only a small perturbation is needed for

the system to evolve toward one of the two stable steady states.

We can now qualitatively visualize how the dynamics of auto-activation transform
at different effector concentrations. Specifically, as we will see explicitly in the next
section, for each effector concentration ¢ we generate a phase portrait analogous to
that shown in Fig. 4.8 We then determine the number of stable and unstable fixed
points and their corresponding activator concentrations. Performing this analysis as
we tune effector concentration yields the bifurcation curve shown in Fig. B.9 At
a low effector concentration, activators are more likely to be found in their active
configurations, enhancing gene expression such that the system always stabilizes to
a state with a high concentration of activator. The magnitude of this concentration
approaches a maximal value defined by the rate 7, for activated protein production.
As the effector concentration increases, the system becomes bistable, allowing a

bimodal distribution in protein concentrations for an ensemble of cells [26].

Ultimately, at sufficiently high effector concentration, activators are sequestered in

their inactive configuration such that the system can only stabilize to a state with
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Figure 4.8: Plot of production and degradation rates for an auto-activation switch as
a function of activator concentration. The figure illustrates the competition between
the production and degradation terms for a system with rate constants 7y = 0.1,
r1 = 1, rp = 20, and cooperativity w = 10 at effector concentration ¢ = 25 uM.
Intersections of the curve denote stable (filled nodes at low concentration A}y, and
high concentration Ahigh) and unstable (unfilled node Ayngabie) fixed points. The
vectors denote a phase portrait representing the direction and magnitude of change
in activator concentration as a function of activator concentration itself.

low activator concentration. The magnitude of activator expressed is then largely
defined by the basal rate of production without bound activator, i.e., 7p. Tracking
the system’s corresponding production and degradation curves through a series of
snapshots in Fig. 4.9 we observe that these shifts between bistable and monostable
dynamics emerge because the increasing effector concentration shifts the system
production curve toward higher activator concentration. Expressed differently, as
effector concentration increases, a higher activator concentration is necessary to

achieve a given production rate.

Note that the threshold at which the system switches from one stable state to another
differs when increasing and decreasing the effector concentration. If the system ini-
tially contains a high concentration of activator before tuning, a higher concentration

of effector is necessary to switch to the low activator state than is required when
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Figure 4.9: Bifurcation diagram for auto-activation system with rate constants
ro = 0.1, /1 = 1, i, = 20, and cooperativity w = 10. This curve plots all
stable (filled nodes) and unstable (unfilled nodes) fixed points, demonstrating a
shift at intermediate effector concentrations from one to three fixed points. Each
black dashed line denotes a specific effector concentration, pointing to a plot of
the corresponding production (blue) and degradation (orange) rates as a function
of activator concentration. Curve intersections mark the stable (filled nodes) and
unstable (unfilled nodes) fixed points found at the given effector concentration.

decreasing effector concentration for a system with initially low activator concentra-
tion. Considering Fig.[4.9]again, the higher threshold corresponds to the maximum
effector concentration at which the system is bistable, and the lower threshold to
the minimum concentration at which the system is bistable. Fig. [.10]illustrates
this phenomenon of hysteresis more explicitly, overlaying the previously discussed
bifurcation diagram, and showing how the threshold at which the blue stable equi-
librium trajectory switches from high to low activator concentration differs from the

threshold for the orange trajectory tracing the switch in reverse.

We are particularly interested in characterizing the conditions for bistability to occur
at effector concentrations c, as well as how the bistable regime (if it exists) responds
to changes in parameters such as production rates and cooperativity. While previous

studies have analyzed bistability in auto-activation circuits using thermodynamic
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Figure 4.10: Plot of stable state evolution, exhibiting hysteresis under different
trends for effector concentration. The blue curve plots how the stable state evolves
with increasing effector concentration from an initial high concentration of activator.
The orange dashed curve plots the change in stable activator concentration starting
from an initially low level as effector concentration decreases. Comparing to the
bifurcation diagram (gray) previously shown in Fig. [4.9] the history of steady-state
evolution determines the threshold concentration of effector at which the system
switches state, highlighting hysteretic behavior.

models without effectors [ 58], our aim is to extend this to include effector depen-
dence explicitly and systematically explore how the bistable region evolves across a
broader parameter space.

Regimes of bistability

We now analyze the ways in which bistability emerges in the context of effector-
mediated genes. One could begin with simply a fixed set of parameters and asking
whether the system is bistable. In other words, can the concentration of gene product
A settle at either a high or low steady state depending on the initial condition, thereby

functioning as a binary switch?

The question becomes more nuanced, however, when taking the role of effector
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molecules into account. Some parameters are more intrinsic and less readily tun-
able than others. For instance, molecular constants such as binding affinities or
cooperativity are typically encoded in the system’s molecular architecture. In con-
trast, cells can regulate the concentration of effector molecules relatively easily and
rapidly, either through controlled expression, import/export mechanisms, or degra-
dation pathways. Given this, the most relevant questions to ask are (i) under what
constraints on the system’s intrinsic parameters can bistability be achieved for at
least some range of effector concentration ¢, and (i7) how wide is that range? In-
deed, even if the effector concentration is a more accessible control knob, the cell
is unlikely to operate at a single precise value, if only due to molecular noise and
environmental fluctuations. It is therefore biologically relevant to assess not only
whether bistability is possible, but also whether it is robust to such fluctuations in

effector levels.

First, we can derive analytic bounds in the parameter space of rate and coopera-
tivity constants required for bistability to be possible somewhere in the range of
sampled effector concentrations. The details of the derivation are discussed in Ap-
pendix but briefly, by setting dA /df = 0 and rewriting the resulting expression
in standard polynomial form, we can infer the number of positive real roots using
classical results (i.e., Descartes’ rule of signs) that relate sign changes in the coeffi-
cients of a polynomial to the number of positive roots. From this analysis, we then

determine that for the bistability to be possible the system satisfy the inequalities

(.4)172

- > 1+e7Pe, (4.10)
27 < 1+ePK2, (4.11)
wiy > 4F. (4.12)

Notably, these conditions do not depend on the baseline expression level 7. How-
ever, as shown in Appendix §.C.1] Eqns. .10] and 4.12] provide a necessary but
not sufficient condition for bistability, so numerical analysis of parameter bounds is

needed.

Fig. numerically evaluates the range of effector concentrations at which a
system exhibits bistability for different values of the rate and cooperativity constants
(systematically modulating one parameter and leaving all other thermodynamic
model parameters fixed). This figure demonstrates that even under the idealized
assumption that the cell could freely choose its effector concentration, bistable

behavior arises only within a restricted range of parameter values marked in red.
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Figure 4.11: Range of effector concentrations for which the system exhibits bista-
bility. The red shaded region indicates bistability. Outside this region, the system is
monostable. Unless otherwise specified, parameters are fixed at: w = 7.5, 79 = 0.1,
r1 = 1, and 7, = 20. (A) Bistable concentration range as a function of cooper-
ativity w, varied over the interval w € [10_6, 106], corresponding to interaction
energies between the two activators from approximately +14, kgT to —14, kpT,
since w = e A% The black dotted line shows the analytical lower bound on the
minimal cooperativity required for bistability. (B) Bistable concentration range as a
function of 7y, sampled over the interval 7y € [107°, 7;]. (C) Bistable concentration
range as a function of 7|, sampled over the interval 7| € [Fp,72]. (D) Bistable
concentration range as a function of 7, sampled over the interval 7, € [7], 106].
The rate parameters are varied under the constraint of the auto-activation condition
7o < i1 < i», which ensures that the production rate increases with the number of
bound activators.

Fig. 4.TT[(A) tunes the strength of cooperative binding w, evaluating a range of
parameter values that correspond to a biologically relevant spectrum of bound-
activator interaction strengths [20, 21} 25]. Fig. @.T1(B), (C), and(D) explore the
effects of varying the protein production rate 7 in the absence of activator binding,
production rate 7; when one activator is bound to the DNA, and production rate 7,
when two activators are bound. To do so, we impose constraints on these parameters
to ensure that the system remains within the auto-activation regime, as defined in
Appendix[4.F Specifically, we require that the production term in Eqn.[4.9|remains a
monotonically increasing function of A, such that A consistently acts as an activator
across all concentrations. This condition imposes the inequality 7y < 7 < 7, which

we enforce throughout our analysis when varying 7y, 7'; and 7.

First, we observe in Fig.[d.TT(A) and (D) that there exists a critical threshold for both
the cooperativity w and the rate 7", below which the system is strictly monostable,

indicating that a minimal level of nonlinearity is required for bistability. These



163

parameters thus play similar roles in shaping bistability, a conclusion that naturally
follows from their presence in the same term of Eqn. d.9] The analytical bounds
derived in Eqns. 4.10]and .12 accurately capture this threshold.

Increasing 7> strengthens the contrast between states with high and low activator
steady state concentrations in a positively cooperative system (w > 1), and as a
result, the system becomes unstable for a broader range of effector concentrations.
Therefore, as either w or 7, increases, the region of effector concentrations that
supports bistability broadens. This leads to a wider hysteresis zone and expands the
range over which the system can toggle between high and low steady states under a
fixed set of parameters. The region of bistability in effector concentration space is
also displaced toward higher concentrations, where the activation probability p,c¢(c)
approaches the leakiness limit. This reflects the fact that the effector destabilizes the
activator by decreasing its effective DNA binding affinity. In this sense, increasing
effector concentration counteracts the effect of high w and #,, which tend to promote
high expression levels of A. These two opposing effects—activation-driven amplifi-

cation and effector-driven destabilization—create a balance that enables bistability.

Due to the system’s leakiness, complete inactivation of the activator is never
achieved, even at high effector concentrations. As a result, for sufficiently large
values of w and 7, bistability can occur for all concentrations above a finite lower
bound ¢pin (w, 7o, 71, 72). This behavior corresponds to a limited region in parameter
space where the system remains bistable at large c, as illustrated by the blue and
green dotted lines in Fig. d.TT[(A) and (C). In Appendices and we derive
analytical bounds that predict the onset and breakdown of this upper-unbounded

bistable regime.

Beyond a certain point and with fixed values of effector concentrations, further
increases in either parameter have the opposite effect. When w becomes too large,
activators bind excessively tightly to the DNA, effectively locking the system into
a high-expression state. Similarly, if 7, becomes too large, the system favors high
levels of gene expression, and bistability is again lost (we analyze this transition
using two-dimensional numerical sweeps and supporting analytical arguments in
Appendix [.E). This behavior is a direct consequence of how the effector enters
the model. If, instead of varying the effector concentration, we varied an effective
dissociation constant K;ﬁ, the bistable region would always remain bounded within

a finite range of values.

This behavior contrasts with the effect of increasing 7y or 7;. As shown in
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Fig. @4.TT(B) and (C), higher values of either parameter reduce the width of the
bistable region, and beyond a critical threshold, bistability disappears entirely. We
can therefore infer that, in a positively cooperative system (w > 1), elevated values

of 7p and 7| undermine the system’s ability to function as a bistable switch.

Interestingly, we observe bistability for values of the cooperativity parameter w
that are less than one, as seen in Fig. B.11[(A). This can be reconciled in two
complementary ways. First, we can define an effective cooperativity for the system,
given by weg = w - 72/2. From the necessary conditions for bistability derived in
Eqns. {.10| and .12 we find that weg > 1 is required for bistability. While this
condition is necessary but not sufficient, it suggests that weg captures the functional
cooperativity of the system more accurately than w alone, as it incorporates both the
interaction between bound activators and the maximal rate of activator production.
We can also reconcile our bistable results containing values of w less than one by
examining the effective Hill coefficient of the steady-state input—output function.
As shown in Appendix bistability is observed only when the effective Hill
coeflicient exceeds one, as anticipated from theoretical considerations [39]. This
reinforces the idea that the system can exhibit bistability even when w < 1, provided
the overall nonlinearity—quantified either by weg or the effective Hill coefficient—is

sufficiently strong.

Timescale for stabilization

In addition to the question of steady states, it is interesting to examine the timescale
for an inducible genetic circuit, such as the auto-activation switch, to reach steady
state. In doing this analysis we remind the reader that our treatment assumes
separation of time scales between the dynamics of effector binding and allosteric
transitions, and the dynamics of the relaxation to steady state. As a result, the
binding of effector and the allosteric state of the activator rapidly equilibrate as the

activator concentration changes dynamically.

As shown in Fig. 4. 12[(A), the relaxation timescale depends strongly on the initial ac-
tivator concentration Ag. In particular, as seen in the figure, the relaxation timescale
to steady state increases as the initial value of activator concentration, Ao, gets closer
to the unstable fixed point. The increased time to reach steady state near the unstable
point reflects the typical behavior of positive feedback systems near bifurcations,
where the system lingers near the threshold before switching [60]. However, for

large initial concentrations of A, the dimensionless relaxation timescale approaches
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Figure 4.12: Dynamics of the auto-activation switch. The parameters of the system
are fixed at: w = 7.5, 7 = 0.1, 7 = 1,7 =20, and ¢ = 2- 107> M. (A) Time
evolution of the activator concentration for various initial conditions. Each black
curve represents a trajectory A(f) starting from a different initial condition Ay.
Dashed horizontal lines indicate the stable (Ahigh and Ajoy) and unstable (Ayngiable)
fixed points. (B) Relaxation timescale obtained from exponential fits to the trajectory
A(7) as a function of the initial concentration Ag. Vertical lines indicate the positions
of the steady states, while horizontal dashed lines mark the timescales associated
with small perturbations around each fixed point, computed from the inverse slope
| f/(A)|~! of the function f defined in Eqn. The solid horizontal black line
corresponds to the reference timescale 7 = 1.

1, as shown by the line at 7 = 1 in Fig. @.12[A). This corresponds to the protein
degradation timescale 1/, which serves as the unit of time in our dimensionless
form. This also corresponds to the relaxation timescale of a simply regulated gene,
activated solely by an upstream transcription factor. We find that auto-activation
consistently delays the response compared to simple regulation, although the two
converge in the high-A limit. Within the Hill-function framework, positive autoreg-
ulation has likewise been shown to slow gene circuit response times [61], in contrast

to the accelerating effect of negative feedback [62].

To further interpret these trends, we apply linear stability analysis to Eqn. 4.9} as
is commonly done in the study of dynamical systems [63]. Linearizing around a
point A; with A(f) = A; + 6A(7) and expanding the right-hand side, that we denote
f(A), to first order yields

FA) = f(A) + f(A) 6A(2) (4.13)

for sufficiently small §A(7), where f’(A) is a derivative with respect to A rather

than a time derivative. The function f is given by

ro+ 7] (2pactA) + fZCU(pactA)z
1+ (2paciA) + w(pactA)z

f(A)=-A+ 4.14)
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Therefore, the linearized equation governing the evolution of a small perturbation

5A(t) around the point A; becomes

D8 = F(A) + (Ao, 4.15)

If A; is a steady state, then f(A;) = 0, and the equation reduces to exponential
relaxation with dimensionless timescale |f’(A;)|~!. Stable fixed points, denoted
Ajow and Ahigh, satisfy f’(Alow/high) < 0, so perturbations decay over time. For
unstable fixed points, where f’(Aunstable) > 0, small deviations grow exponentially

and drive the system away from the fixed point.

If A; is not a fixed point, however, then f(A;) # 0 and the solution to Eqn. does
not represent convergence to a steady state. Instead, it predicts that §A asymptotes to
a finite offset f(A;)/|f’(A;)|, breaking the assumption of linearity (§A(7) — 0). In
this case, the derivative f’(A;) still encodes the local response to small perturbations,
but only describes the dynamics while deviations remain small. Therefore, the
timescale | f”(A)|~! is most meaningful in the vicinity of fixed points, even if it can

still provide qualitative insights elsewhere.

These insights are reflected in Fig. 4.12|B), where we numerically compute the
relaxation timescale as a function of the initial condition Ag. For initial values
near the stable fixed points, the timescale closely follows the linear prediction
| /" (Alowmign)|™". In contrast, when the initial condition lies near the unstable fixed
point, the system initially diverges exponentially and only later relaxes nonlinearly
to a stable state. This leads to an overall increase in the time to reach steady
state, consistent with the trajectories displayed in Fig. B.12(A) (see Appendix
for the precise numerical procedure used to compute these timescales). Together,
these results reveal that the stabilization timescale in auto-activation circuits is not
fixed but depends sensitively on initial conditions, particularly near unstable fixed
points—highlighting the importance of considering nonlinear transient dynamics

when predicting response times in bistable gene networks.

4.2.2 The mutual repression regulatory motif

Many regulatory circuits in prokaryotes and eukaryotes alike are mediated by the
interaction between two genes that repress each other as shown in Fig. {.13] [50]
J1, 164]. Indeed, one of the signature achievements of the early days of synthetic
biology was the consideration of a mutual repression switch in bacteria whose

behavior was reported by the use of fluorescent proteins and controlled by a small
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Figure 4.13: The mutual repression regulatory circuit. (A) Schematic of the op-
eration of the circuit. When the gene for repressor 1 is expressed, the resulting
protein downregulates the expression of the gene for repressor 2. Repressor 2, in
turn, downregulates the expression of the gene for repressor 1. (B) Thermodynamic
states, weights, and rates for expression of repressor 1. In our model, a repressor
can bind non-exclusively at one of two possible sites within the target promoter
region to suppress gene transcription. The parameter w; denotes the cooperative
strength between two bound repressors R;. (C) Thermodynamic states, weights,
and rates for expression of repressor 2. The states and weights for the regulation of
the promoter responsible for the production of repressor 2 are analogous to those
shown for repressor 1. However, the dissociation constant of repressor 1 in this case
is given by Kj, and the cooperativity term for the interaction of two repressor 1
molecules bound to the DNA is w;.
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molecule inducer [24]. As the name suggests, two genes R; and R, mutually repress
each other. To simplify our analysis we assume that the two genes share the same
degradation rate y and the same production rate » when no bound repressors are

present.

By inspecting the thermodynamic states and weights listed in Fig. d.13] we can

describe the dynamics of repressor 1 expression as

dR] r
_— = R + . 416
ar YR (4.16)

| 4 olualc)Re ( Pact(Cz)Rz)z -

K> K>

where we have defined an effector with concentration ¢, that regulates the activity of
repressor 2. Similarly, the dynamics for R, expression are described by an equation

analogous to Eqn. [4.16|but swapping R; and R», given by

dR2 r
— =—YRy + , 4.17

2
Pact(c)Ry Pact(c)R;
1+2 ot ( i w1

where we have also defined an effector with concentration c¢; that regulates the
activity of repressor 1. As in auto-activation, this analysis only accounts for the
presence of RNA polymerase implicitly, which we discuss further in Appendix4.A.2]
With two effectors, our control knob now becomes a 2-dimensional vector (¢, ¢2).
The bistable region becomes an area, and (¢, ¢3) can be tuned following arbitrary
trajectories in the inducer concentration space. We will explore these trends in this

section.

To continue the analysis, we can write dimensionless forms of these kinetic equations

by transforming = yt, R; = R;/K», and 7 = r/yK>, and obtain

dR _ F

—= = R+ a -, (4.18)
1+ 2paa(c2) R + 02 pacr(e2) o

dR; - I3

—Z = R+ 4.19

di 2 (4.19)

I3 &2
I+ 2pact(cl)f + w1 [pact(cl)f]

As a reminder, w; and w> are the cooperativity for Ry and R», respectively, c; and
¢, are the inducer concentrations for each repressor, and K = K /K> is the ratio of
dissociation constants. Note that the equations above assume that each repressor
responds to induction with the same inducer-protein binding chemistry, obeying the
same activation probability function p,. In the most general case, however, the

two probability functions could differ.
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Figure 4.14: Bifurcation diagrams and phase portraits for mutual repression in
the presence of a single inducer regulating the activity of repressor R; (with fixed
parameters K = K; /K> = 1,7 = 2 and w; = wy = 7.5). (A) Bifurcation diagrams
tracking steady-state R; and R, expression as inducer concentration increases. The
red curves track expression in the steady state for which R; > R», the blue curves
track expression in the steady state for which R, > R, and the unfilled nodes
denote unstable saddle points. (B) Phase portrait at a low inducer concentration,
demonstrating bistable dynamics between two possible stable states favoring either
R (red) or R, (blue). Steady states occur at the intersections of the nullclines as
shown. (C) Phase portrait at a high inducer concentration, for which the system is
monostable to favor R».

This formulation now provides a two-dimensional knob for tuning the concentrations
of the inducers corresponding to R and R,. The system may then be tuned to follow
arbitrary trajectories in the two-dimensional parameter space spanned by ¢ and c5.

Frequently, this tuning generates non-trivial bifurcation curves.

To build intuition about this system, we first consider a scenario in which only one of
the repressors may be induced. Fig.[d.14(A) plots the resulting bifurcation diagrams
for Ry and R, steady-state expression. At low inducer concentrations, the system is
bistable and can either evolve to favor R; (red) or R; (blue) expression. Fig. B)
shows an example phase portrait within this low induction regime that depicts vector
field flows through expression space toward these fixed points. At a sufficiently high

inducer concentration, R; expression can no longer be maintained, and the system
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transitions to a monostable regime in which only the state favoring R, expression
survives. A higher inducer concentration amplifies the expression of R, up to its

production limit. Fig.[d.14(C) depicts a phase portrait in this regime.

We now turn to a two-dimensional setting for allosteric regulation, with distinct
inducers downregulating the activity of each repressor. Fig.[4.I5(A) plots the phase
diagram for the dynamics of mutual repression at different combinations of inducer
concentrations. The dark green region denotes the region of parameter space with
bistable dynamics, with monostable behavior elsewhere. Note the symmetry of this
phase diagram with respect to the diagonal ¢; = ¢;. This is unsurprising given the
condition K = 1, which amounts to saying that the two different repressors bind
with the same dissociation constant. This condition will be discussed further in the

following subsection.

Fig. B.I5(A) also considers different “protocols” for simultaneously varying the
concentration of each inducer, demonstrating the varying ways that a system can
evolve through phase space. For example, in Fig. 4.15(B), we examine a protocol
in which the inducer concentration for each gene increases at the same constant rate
(corresponding to the red trajectory in Fig.[4.I5(A)). We then plot the corresponding
bifurcation diagram. As inducer concentration increases, the scope of the bistable
switch shrinks in expression space, with the stable states continuously approaching
each other. At ¢; = ¢y ~ 3.2 - 107% M, the system then undergoes a pitchfork
bifurcation to monostable expression, stabilizing at increasingly high concentrations
of both R and R,.

We could follow an alternative trajectory (denoted by the purple arrow in Fig. . 15(A))
through parameter space such that the inducer concentrations evolve at different
rates, in this case with ¢ increasing more rapidly than c;. This purple trajectory
then passes in and out of the green bistable region several times. Fig. [4.15(C) plots
the corresponding bifurcation diagram tracking stable and unstable steady states as
the inducer concentrations increase, and demonstrates the switches between bista-
bility and monostability. Note that while the intermediate monostable regime favors
R/ expression, the monostable regime at later times favors R» instead, reflecting the
swap in the dominant inducer concentration that occurs between these time periods.
Thus, by modulating the induction dynamics of each repressor we can access a broad

range of dynamical responses in repressor concentrations.
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Figure 4.15: Phase diagram and bifurcation diagrams for mutual repression when
each repressor’s activity is regulated by an inducer (with fixed parameters K =
Ki/Ky; = 1,7 =2 and w; = wy = 7.5.) (A) Phase diagram in which the dark
green region denotes the inducer concentration regime for which the system has
bistable dynamics. Trajectories (B) and (C) follow the shifts in dynamics moving
through phase space along different paths, and are shown in the corresponding
panels. (B) Bifurcation diagrams for R; and R, steady-state expression as the
inducer concentrations controlling each repressor increase at the same rate. (C)
Bifurcation diagrams as inducer concentrations increase at different rates.
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affinity ratio K = K1 /K, is varied, with w; = w» = 7.5 and 7 = 2 held constant.

o0 T

]

Conditions for bistability

We now study how the size, shape, and symmetry of the bistable region observed
in the phase diagram of Fig. #.15|(A) varies with system parameters. Specifically,
in Fig. .16 we first identify three distinct geometries for the bistable region in the

(c1, c2) plane, each reflecting different limiting behaviors of the inducers.

The first geometry (marked orange in the legend of Fig. 4.16) corresponds to a
situation where bistability is present only when c; lies within a finite interval
[c‘lmn, c'™] for a given c;. In this case, both bounds of the interval are strictly
positive and finite, and ¢, must be smaller than a certain threshold. The limiting
factor is therefore ¢, which must be finely tuned to enable bistability, while c;
simply needs to remain below a critical level. Nevertheless, when decreasing c»
the bistable interval in c¢; broadens, showing that lower ¢, expands the range of ¢

values supporting bistability.

A second geometry (marked red in the legend of Fig.[4.16) mirrors the first, but with

the roles of c¢; and ¢, reversed. Here, bistability is present only when c; lies within
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a finite interval, while ¢; must remain below a threshold. In this case, ¢y becomes
the more constrained parameter to tune. In contrast, a third geometry (marked blue
in the legend of Fig. 4.16) arises when bistability is supported broadly for small
enough values of both ¢ and ¢, with no lower bound required for either parameter.
Although the bistable region remains upper-bounded, neither inducer is particularly
limiting, with a broad range of concentrations allowing for bistability as long as

neither becomes too large.

Fig. [4.16] illustrates how these phase space geometries for bistability depend on
system parameters. We vary the relative DNA-binding affinity of the repressors by
tuning K = K, /K>, while keeping the basal production 7 fixed, and the coopera-
tivities fixed and equal (w; = wy). We observe that the most permissive bistable
region—broad in both ¢; and c;, for the range of concentration studied—occurs
when K ~ 1, corresponding to a symmetric system where both repressors bind
with comparable affinity. As K decreases (i.e., R; binds more tightly than R;), the
phase space becomes increasingly constrained in c;. If ¢; is too low, R; remains
fully bound and strongly represses R;, suppressing bistability. Conversely, if ¢ is
too high, R; becomes fully unbound, leaving R, unrepressed and again eliminating
bistability. Only an intermediate range of c; supports bistability in this regime,
while ¢, simply needs to be small enough. A similar scenario occurs when K
becomes large (i.e., R, binds more tightly than R;), but with ¢ and ¢, effectively
reversed. Eventually, c; is no longer sufficient to counteract the tight binding of R»,
and above a critical value of K, bistability disappears entirely from the parameter
space. Tuning the cooperativity parameter w; produces similar qualitative changes

in the bistability phase space as varying the relative binding affinity K.

In both cases, we observe the same sequence of transitions in the structure of the
bistable region, as shown in Appendix High values of w; reflect strong
cooperative binding of repressor R, to the DNA, meaning that binding becomes
more favorable when two repressors are present. This effect mirrors what happens
when increasing K: if K > 1, then K; > K>, implying that higher concentrations of
R, are required for effective DNA binding compared to R,. As a result, increasing
K effectively enhances the influence of R;, analogous to increasing w,. Conversely,
tuning w; affects the system similarly, but with the roles of ¢ and ¢, reversed. The

effects of cooperativity are examined in greater detail in Appendix

From Fig. 4.16, we note that extreme (low or high) values of K tend to suppress

bistability, as they strongly favor one repressor over the other across all concen-
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K=1: symmetric case where repressor R; and R,
have the same binding affinity to the DNA

(A) example of system classification between monostable
and bistable in the phase space (0;, ®,) for r=1
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Figure 4.17: Bistability regions in mutual repression as a function of cooperativity
and the production rate. In both panels, the two repressors have equal DNA-
binding affinities, with K = 1. We determine the boundary in (wi, w») space that
separates regions where bistability is possible for some (cj, ¢2) from those where
it is not possible. (A) Example for 7 = 1. (B) Boundary curves in the (w1, w>)
plane showing how the region of possible bistability expands as 7 increases. Each
curve corresponds to fixed 7 values and separates parameter combinations that are
monostable for all (¢, c2) (below the curve) from combinations that are bistable
for some (¢, c2) (above the curve). Colors indicate the value of 7 used to compute
each boundary curve.
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trations. In contrast, high values of w; or w, amplify repression mostly when the
corresponding repressor is present at high concentration. As a result, the system re-
quires finely tuned inducer concentrations to counteract this cooperative imbalance
and sustain bistability, effectively constraining the range of inducer concentrations
for which the system can be bistable—as shown in Appendix

We next explore how the interplay between cooperativity and the production rate
controls the presence and extent of bistability in mutual repression systems, focusing
on the symmetric case K = 1 shown in Fig. We note that, in contrast to
parameters like w1, wy, or K, tuning the rate parameter 7 does not break the symmetry

between the two genes, as it controls the production rate of both repressors equally.

In Fig. .17(A), we classify parameter combinations in the (w1, w) plane for 7 = 1
according to whether the system exhibits bistability for any inducer concentrations
(c1,c¢2). Fig. A.17(B) shows how the boundary between monostable and bistable
regimes shifts with 7, separating regions where bistability is either inaccessible or
achievable for at least some inducer pairs. We observe that the production rate,
when coupled to cooperativity, plays a critical role in enabling bistability—much
like in the auto-activation system, where the product wi, must exceed a threshold
to generate bistability. We quantify this cooperative relationship between w; and 7

further in Appendix by deriving a necessary condition for bistability where

1
r> max min . max /»’ (420)
poax — pt + min(ws, wi) paat /2

max

with pM&* and pMit defined in Eqns. and

Increasing 7 systematically expands the range of cooperativity values that can sup-
port bistability in the range of 7 evaluated in Fig. We observe from the figure
that at low production rates, bistability only arises when both repressors exhibit
stabilizing cooperative binding to the DNA (w; > 1). As 7 increases, this constraint
relaxes: bistability becomes possible even without cooperativity (w; = wy = 1),
and for sufficiently high 7, bistability can occur even in the presence of destabilizing
interactions between the two repressors (w; < 1). Intermediate production rates

typically require at least one positively cooperative repressor.

Timescale for stabilization

Beyond identifying the final steady state of the mutual repression system, it is

important to characterize the time required for the system to reach steady state
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starting from different initial conditions. We define the relaxation time 7 as the
maximum of the times 71 and 7, taken by the two trajectories, R;(f) and R(7), to
reach 95% of their respective steady states. Fig. 4.18(A) illustrates the influence of
the initial condition on the final steady state in a symmetric system, where K = 1,
w; =wy=75andc; = ¢y = 100° M. The figure reveals that the phase space is
divided into two basins of attraction, each leading to one of the two stable steady
states. The separatrix, plotted in green, denotes the boundary between these basins,
and is derived analytically in Appendix

Fig. B) and (C) quantify the relaxation time 7 across the phase space (RY, Rg)
for both symmetric and asymmetric parameter regimes. In both cases, the relaxation
time is shorter when the initial condition lies far from the separatrix and near the
final stable steady state. In contrast, initial conditions close to the separatrix result in
significantly longer relaxation times, as the system evolves slowly near the unstable
fixed point before diverging toward a stable state. Exactly on the separatrix, the
relaxation to steady state is more difficult to quantify because the system may
remain indefinitely near an unstable manifold without converging to either stable
fixed point. In practice, however, even minimal noise in a real system will eventually
drive the system away from this unstable region toward a stable state. For this reason,
we disregard the white line—signifying artificially short relaxation times—observed
exactly on the separatrix in Fig.[d.18[B). This feature is absent in Fig.[4.1§|C), as the
separatrix has a more complex shape and the numerical sweep over initial conditions

does not sample it precisely.

In the asymmetric case (Fig. C)), with w1 = 50, wy = 7.5, and distinct
inducer concentrations (¢c; = 5 - 100°M, ¢, = 107 M), the phase space becomes
skewed. The separatrix, corresponding to the ridge of maximal relaxation time in the
grayscale colormap, delineates the boundary between the two basins of attraction.
We do not overlay it explicitly, as doing so would interfere with the visualization of
the relaxation times, which are particularly sensitive near this boundary. Compared
to Fig. B), where the separatrix coincides with the diagonal R(l) = R(z) due to
the symmetry of the system, we observe that the separatrix is now deformed, and
the relative sizes of the basins of attraction have shifted. Despite these geometric
changes, the maximal relaxation times across both regimes remain comparable. This
indicates that, although asymmetry reshapes the phase space and can affect which
attractor is reached, it does not substantially alter the overall timescale required for

the system to stabilize. The main contributor to long relaxation times remains the
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(A) influence of the initial condition on the final steady state in the fully symmetric case: K=1, 01=0,=7.5,¢c=c;=10°M
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Figure 4.18: Dynamics and relaxation time in a mutual repression system. (A)
Influence of the initial condition on the final steady state for a symmetric case
(K =1, w; =wy =75,¢1 =cy = 107° M). Two stable steady states and one
unstable steady state are shown. The colored regions correspond to sets of initial
conditions that converge to each respective stable steady state. The green curve
separating these regions is the separatrix. Dimensionless relaxation times 7; and
Ty are defined as the time required for the system to approach within thresholds €
and e; of the stable fixed points, where these thresholds correspond to 95% of the
respective steady-state values. The global relaxation time of the system, denoted
7, is then defined as 7 = max(7;, ). (B-C) Dimensionless relaxation time as a
function of initial concentrations of repressors R; and R;. Panel (B) corresponds to
the symmetric case, whereas panel (C) plots an asymmetric case (K = 1, w; = 50,
wr=75,¢1=5-10M, ¢ = 107° M).



178

(A) (B) STATE WEIGHT RATE
- N I 1

Cliéﬂ i Pecial X
— My
\_'_A_'_l Kxy
promoter gene X
1 foz

(T ] ﬁzﬁ PX (00 X
\—'—1 7,()(2 rz
geneY Z
= LA
\ “© ;
ﬁ@ J gene Z D@:E o[ Pac(@d X (paYa@Y)Y -
Kxy Kyz

Figure 4.19: The coherent feed-forward loop. (A) Schematic representation. Ex-
pression of output protein Z is controlled by expression of protein X, either by direct
activation or indirectly, first activating expression of Y, which in turn activates Z.
The regulatory circuit is coherent because both pathways have the same activating
effect on Z. (B) Thermodynamic states, weights, and rates for expression of ac-
tivator Y and output protein Z. Note that the model assumes both X and Y can
bind together to activate expression at their respective binding sites, interacting with
cooperativity w.

initial conditions—and how close they are to the separatrix—regardless of symmetry.

This section has had as its primary ambition to carefully consider the famed mutual
repression genetic switch from a new perspective in which two repressors are con-
trolled separately by different effector molecules. We have seen that the steady-states
and the dynamics in this case are extremely rich, making it clear that there is much

freedom in the biological context to exploit various behaviors.

4.3 Kinetics and Time Delays in Feed-Forward Loops

In this section, we consider gene circuits whose functionality appears in their dynam-
ics rather than in their steady state responses. Specifically, we focus on a three-gene
circuit called the feed-forward loop shown schematically in Fig.[#.19(A) [47]. Here,
we denote the input genes as X and Y, and the output gene as Z. In a feed-forward
loop, X regulates Y, and X and Y together regulate Z. X thus controls expression of
output Z through both direct and indirect regulatory paths. This network typically
features a sign-sensitive delayed or accelerated response (depending on architec-
ture) to a step-wise change in the effector concentration for protein X [47]. That is,
while the qualitative nature of the response (delay or acceleration) remains fixed, its

magnitude depends on the sign (an increase or a decrease) of the input change. This
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delayed or accelerated response has been hypothesized to have important biolog-
ical consequences, particularly in information-processing systems that filter noisy
inputs [47]. Beyond their role in shaping temporal responses, coherent feed-forward
loops have been shown to attenuate input noise, thereby enhancing the reliability of

gene expression [65-67]].

Interestingly, there are various architectures of feed-forward loop depending on
whether X and Y work together or at cross purposes. We will largely focus on the
particular architecture where X activates ¥ and Z, and Y also activates Z, which is
the so-called type I coherent feed-forward loop, with the word “coherent” attached
to this architecture since X and Y alter the expression of Z in the same way. We
consider this particular motif primarily because at the time of the most recent census
of regulatory architectures in E. coli, this version of the feed-forward loop appeared
most frequently [68),169]. The logic of our analysis can be applied to any of the other

feed-forward architectures as well.

Previous literature explores feed-forward loops from a dynamical systems perspec-
tive using Hill functions to model transcription factor-DNA interactions and consid-
ering the effector concentration for X as a Boolean variable that is either fully on or
fully off [47]. We build upon that earlier analysis also by making a systematic search
for network parameters that give rise to various functions. Our goal is to expand the
theoretical understanding of the feed-forward loop architecture by incorporating the
thermodynamic model to describe transcription factor binding to the DNA and to
explicitly include effector function. Specifically, we explore what gives rise to the
dynamical features of the feed-forward loop, the robustness of such features, and

the effect of continuously tuning the effector concentration.

As usual when writing the dynamical equations, we begin with the states, weights
and rates for the regulatory architecture of interest. Fig.[d.19(B) provides the states,
weights and rates for the coherent feed-forward loop architecture, where we assume
one binding site per transcription factor. In light of the states and weights, we can

write the time-evolution equations for the coherent feed-forward loop as

X X
dy roy + 11y Paet(€X) 7y

—=—yY+
a7

4.21)
1+ pi;t(cX)KLXY
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for the regulation of Y by X and

A7 roz + 11z (Pffct(CX)KLXZ + cht(CY)KLYZ) + 127 0 poey (cx) B Pra () 2
dt L+ pX (cx) B + pla(er) g+ pl(ex) f=phe(ey) 2
(4.22)

for the regulation of Z by both X and Y. We assume here that the proteins Y and Z
have the same degradation rate y. The production rates and dissociation constants
are assumed to be different in general for each thermodynamic state. Specifically,
ric denotes the production rate of gene G when i number of transcription factor
are bound. Further, K¢,;, denotes the dissociation constant of transcription factor
G binding to gene G,. w is the cooperativity, which takes into account the
extra interaction energy between X and Y when bound to the DNA. Finally, the
probabilities pX,(cx) and pY (cy) scale the activity of transcription factors X and
Y. Note also that we consider different effectors cx and cy for the two genes that
can be varied independently. These functions may be distinct in principle, and the
analytic discussions here make no assumption regarding their nature. For numerical
results, however, we assume, for simplicity, that these probability functions, and

thus effector activity functions, are the same regardless of target transcription factor.

We non-dimensionalize the equations by using 1/y as our unit of time and Kxy as

our measure of concentration. In light of these conventions, we arrive at

Y _ oy + iy pX X
Y _ g Ty Hy P (cO)X (4.23)
dt 1+ pX ()X
and B ( ) y
dz - roz + iz X + +(,z)fsz
—=-7 . 4.24
dt * 1+ X +Y +wXY (4:24)

To make subsequent analysis less cuambersome, we further introduce X = pffct (cx)X/Kxz
and Y = p! (cy)Y/Kyz as simpler notation for the effective regulatory contribu-
tions of X and Y to Z expression. The bar indicates quantities where time is
measured in units of 1/y, and where concentration and dissociation constants are
measured in units of Kxy. Specifically, we define dimensionless dissociation con-
stants Kxz = Kxz/Kxy and Kyz = Kyz/Kxy. The rates are then in units of yKxy.
Note that this model fixes the concentration of X for simplicity, such that its activity

regulating ¥ and Z depends entirely on effector concentration cy.

4.3.1 Characterizing delay responses in coherent feed-forward loops
Previous work has shown that coherent feed-forward loops can delay a system’s

response to an input signal [47]. Here, we demonstrate from our thermodynamic
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modeling perspective the analytic origins of this delay. In particular, we rigorously
define how the introduction of an indirect but coherent path for regulation of output

Z affects its response.

Suppose that we keep the effector concentration cy fixed, and that at time 7 = 0

the effector concentration cy changes sharply from an initial concentration cg( toa

final concentration c§ such that input X activity either increases (an “ON” step) or
decreases (an “OFF” step). This then means that
x = PelDX e
X(P) = Xl?‘ﬁ 2 (4.25)
xp = Dl OX gy
Kxz

In the coherent feed-forward loop, since all the regulatory relations are activation,
both ¥ and Z increase in response to an ON step, and decrease in response to an
OFF step.

To understand intuitively how exactly the feed-forward loop regulatory structure
responds to such a switch in input signal, let us first consider a simpler scheme in
which X no longer regulates Y, leaving X and Y to regulate Z independently with
Y(f) = Y fixed at a value. Since we are keeping effector concentration cy fixed
constant, this then also means that Y is constant. We refer to this setting as “simple

regulation.”

Before the switch in cy, the simple regulation system is at steady state, with initial
output expression Z! where subscript s denotes simple regulation. After the switch,
the system relaxes to a new steady state with final expression Z{ . Fort > 0, the
production term in Eqn. 4.24]is simply a constant, yielding the following differential
equation for Z.

dZ P roz +Mz( Xy +Y) + wiaz XpY

dr " 1+ X+ Y +0XrY
= -7+27/. (4.26)

Integrating Eqn. we thus determine that under simple regulation, output Z
evolves after the switch in input X signal by a standard exponential behavior defined
as

Z 0 =ZeT+Z/(1-¢7). (4.27)
By contrast, in the coherent feed-forward loop, the concentration of Y directly
depends on X as seen in Eqn. As a result, additional time is needed for ¥ to
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evolve from its initial steady-state value ¥; to a new value ¥ following a change in
X. Expressed mathematically, since Y itself is a function of time, the solution of Z
to Eqn. .24]is not strictly an exponential relaxation to steady state. More formally,
output expression for the coherent feed-forward loop evolves by a function of the
form

Z(t) =Zie"+ Zp(1 =€) + O(7), (4.28)

where Z; is the initial steady state in the feed-forward setting before the change
in cx, and Z; is the final steady state after the change to which Z(7) eventually
relaxes. We derive Eqn. .28]explicitly from Eqns. {.23]and 4.24]in Appendix 4.K|
Note that the sum of the first two terms in Eqn. [4.28] describes behavior of the same
form as simple regulation in Eqn. 4.27] Therefore, by rescaling Eqn. .27] we can
treat the exponential portion of Eqn. as an equivalent Zsimple with the same
relaxation dynamics as observed for simple regulation. We can also then express

output response for the feed-forward loop as

Z(t_) = Zsimple(ﬂ + G(f) (4.29)

We thus observe that the feed-forward loop’s output response differs from behavior
in simple regulation by a function ®(7). Solving Eqns. and results in

OAY . [Se' =AY (1 +wXy)
o) = - ] . 4.30
© sz ¢ ° (S—Ay(1+wxf) (430)
Here, ©(7) depends on the three quantities AY, ®, and S. First, the quantity
Y
AY =Y, - Y= pacf—(CY)(?f—Yi) 431)
YZ

denotes the total change in quantity Y in response to the change in input effector
concentration cy. AY thus contains implicit information about regulation of ¥ by
X from its evolution as defined in Eqn. ©(7) also depends on the coeflicient

® =  w(Xf)(Faz —Fiz) + WX (Faz — Foz)
+(F1z — Foz)s (4.32)
which encodes how the rates and cooperativity regulate output Z expression as a
function of input signal Xy. Interestingly, we note that all types of feed-forward

loops have the same solution as Eqn. 4.30] except with a potentially different ®.
Appendix #.K.4]discusses this in more detail. Finally, the quantity

S=1+Xr+Yr+wXrYy (4.33)
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Figure 4.20: Delay in coherent feed-forward loop response compared to simple
regulation. (A) The input signal is applied by tuning cy as a step function: from
high (10* M) to low (10~7 M) at 7 = 6, and back to high at 7 = 18. The effector
concentration cy is held constant at 10~7 M. These inputs determine the activation
probabilities pfct and chv shown in red and purple, respectively. The second
panel plots the time evolution of the dimensionless output concentration Z(#) under
feed-forward and simple regulation schemes, with roy = 7oz = 0, iy = riz = 2,
Fz =10, w = 1, and Kx7 = Kyz = 1. (B) Schematic demonstrating the two ways
to equivalently quantify the delayed response of the feed-forward loop compared to
simple regulation, captured by the shaded area between the two curves. One can
either integrate over individual time delay measurements A7(Z) as a function of Z,
or equivalently integrate the difference in responses ©(7) as a function of 7.
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is the sum of the dimensionless weights for all possible regulatory states with zero,

one, or two transcription factors bound, at final concentrations of active X and Y.

Fig.[4.20((A) highlights the coherent feed-forward loop’s delayed response to changes
in input signal for a specific set of parameters. In our simulations, we set the rates
Foc to zero, indicating that this system requires activator(s) to be bound to express
output Z. In the top plot of Fig. A), the effector concentration cy is fixed such
that p’ (cy) is always at high activity, and the effector concentration ¢y jumps such
that pX (cx) reaches high activity as a step function (ON step), and then back to low
activity (OFF step). The bottom plot of Fig. A) shows how the output Z evolves
over time in response to a step function input X activity, evolving and stabilizing to
a high Z value before the OFF step in pX,(cx) causes the output concentration to
decay back down to steady state value zero. We observe that, compared to simple
regulation, the change in output concentration Z is slower when responding to both

an increase and a decrease in input activity, matching our expectation.

Fig.[4.20(B) visualizes how to quantify this delay in the time it takes the feed-forward
system to reach a given output concentration as it responds to an input pulse. The
diagram on the left illustrates the response to the ON step, in which the output starts
to increase from Z; to Z ¢ at (dimensionless) time # = 0. If we choose a value of
Z in this time frame, we observe that it takes longer to reach this value on its way
to steady state Z¢ in the feed-forward loop setting than in simple regulation. We
highlight one such horizontal distance between the two curves as the time delay
Af(Z). Explicitly, we define Af(Z) to be the difference between the time it takes for
simple regulation to reach a given Z and that for the feed-forward loop. A7(Z) < 0
indicates a delay and A7(Z) > 0 indicates acceleration. We can then compute the
average time difference observed between the two curves by integrating A7(Z) over
the range of output Z, and normalizing by this range. Therefore, for a given step
function change in input X activity, the average delay during the system’s evolution

toward its new final steady state is
(A = — / Y Ai(2)az (4.34)
)= ———— t . .
|Z f— Zi | Z;

Note, however, that it is not straightforward to derive an expression for A7(Z).
Instead, since this integral geometrically captures the area between the two curves,
we can equivalently evaluate this area as shown in the second diagram of Fig.4.20(B)

by integrating vertical slices through this shaded region. At a given time 7, the
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vertical dotted line corresponds to the difference in output response between the two
curves, defined by the function ©(7) previously derived in Eqn. #.30}

From this description, we can then also derive the average time delay from the offset

©(7), and thus arrive at the equivalent definition

1 0 _
(AF) = 77 /0 O(7)df. (4.35)

Notice that the absolute value on Zy — Z; is dropped to match the sign of (A7) in
Eqn. Substituting ©(7) from Eqn. and evaluating the integral, the average
time delay becomes

(Ar) =

(Zy ) ( +Xr+ Y +a)Xfy)' (4.36)

S(1+wXy) ° S
This result highlights that (A7) depends on both the initial and final states of X
and Y. In fact, it is this dual dependence that causes the delays in response to ON
and OFF steps to differ in Fig. 4.20(A). Switching from ON to OFF and vice versa
simply swaps the initial and final expression states of X and V. Applying these
transformations X; < Xy and ; <> Yy in Eqn. [#.36]shows that the magnitude of
the average delay (Af) is in general not conserved under the exchange of initial and
final states. It is therefore this asymmetric dependence on initial and final states
that directly leads to differences in output responses to ON and OFF steps in the

coherent feed-forward loop.

From Eqn. we can analytically deduce whether a feed-forward loop delays or
accelerates output response from the sign of (A7). In Appendix[4.K.2] we prove that
in general (A7) < 0 for the coherent feed-forward loop, leading to delay for both the
ON and OFF steps as seen in the example of Fig. 4.20(A).

4.3.2 Robustness of delayed response for different coherent logic gates

While Fig. 4.20(A) demonstrates delays in both the ON and OFF step of the feed-
forward loop for an arbitrary choice of the dimensionless rates, dissociation con-
stants, and cooperativity, distinct choices for this set of parameters lead to different
magnitudes of delay. Returning to Fig. 4.19] the thermodynamic states and weights
listed here are defined generally such that all of the states can contribute to tran-
scription factor expression, and this is reflected in the example feed-forward loop
shown in Fig. A). Certain alternative choices for parameters, however, can
carry physical significance because they restrict the regulatory states allowing ex-

pression to only a subset of those depicted in Fig.[4.19] How would the feed-forward
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loop’s behavior differ, for example, if expression could only be enhanced when both
activators are bound? We use the framework of logic gates to define such unique

categories for regulatory conditions.

Specifically, we highlight three commonly-encountered logic gates—the AND,
XOR, and OR gates. We will assume here that all gates can express output Z
at a basal level, as defined by rate 7z for the state. Each logic gate is then charac-
terized by a different set of parameters for the states in which one or both activators
can be bound, and these parameters determine whether a given state’s expression is

enhanced or remains unaffected at the basal level.

In the AND gate, Z expression is enhanced only when both X and Y are bound. From
the description in Fig.[4.19] this corresponds to systems in which cooperativity w is
nonzero and >z > i1z = oz, such that X and Y have no activating effect on basal
expression unless simultaneously bound. In the XOR gate, X and Y cannot be bound
at the same time (w = 0), and single-activator bound states enhance Z expression
(r1z > roz). Finally, the OR gate allows enhanced expression when either X, Y, or
both are bound, and broadly applies to systems for which iz > 7z > roz. Note
that the expression rates when one or both transcription factors bind can differ.

In previous work, XOR and AND gates have been reported to exhibit sign-sensitive
delays in response to a signal change in cx: the XOR gate feed-forward loop delays
the OFF step but not the ON step, while the AND gate delays the ON step but not
the OFF step [47]. While these descriptions hold for certain parameter choices,
it remains unclear how robust these patterns are across parameter space as the
conditions governing regulatory interactions change. We will now examine the
conditions under which the feed-forward loop response delays both ON and OFF
steps, delays only one, or delays neither as we compare the different types of logic

gates.

To evaluate the robustness of time delays across different types of logic gates,
we sweep across parameter space and find regions with high average delay, (Af).
For now, we choose to fix rate and cooperativity parameters and sweep across
the two-dimensional space (Kxz, Kyz). The motivation is to find the suitable
dissociation constants given a logic gate, in the case in which the production rates
and cooperativity must satisfy certain requirements. For example, in the XOR gate,

w = 0 is fixed and is not a tunable parameter.

In Fig. .21 we show a parameter sweep for three sets of rates and cooperativity
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Figure 4.21: Magnitude of average time delay observed across parameter space in
the ON and OFF steps of different coherent feed-forward logic gates. Each colorplot
shows Af as a function of Kx7 and Kyz. ON (row (i)) and OFF (row (ii)) steps
are defined by the same cx step function as in Fig. #.20 Each panel represents a
different logic gate — (A) the XOR gate, (B) the AND gate, and (C) the OR gate.
For each gate, we select a set of (Kxz, Ky7) that exhibit unexpected behaviors, and
in row (iii) plot the corresponding feed-forward and simple regulation trajectories
observed from numerical integration. The cx and cy signal for these trajectories are
the same as in Fig.4.20] The XOR gate parameters are oy = 7oz = 0, 71y = 71z = 2,
and w = 0. The AND gate parameters are ropy = oz = i1z = 0, iy = oz = 2, and
w = 10. The OR gate parameters are gy = oz = 0, riy = i1z = 2, iz = 10, and
w = 1, which are the same as in Fig.[d.20]
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parameters that correspond to three different logic gates. For each set of parameters,
both ON and OFF steps are studied. These calculations inspire several observations.
First, for a given step undergone by px. (cx), we can computationally identify a
maximum (Af) with respect to all other parameters. Further, this maximum is
different for ON and OFF steps. For example, in Fig. 4.21{i), specific to the input
step chosen here, we observe that in all logic gates the maximal (Af) achievable is
about 1 for the ON step and 4.5 for the OFF step. To tie this back to units of time, we
consider E. coli. Here, proteins tend to be stable over the timescale of a cell cycle
and hence the dilution resulting from cell division becomes the effective degradation
rate. Taking a rate of degradation of order y = 10~>min~"', we then get a maximum
delay of 500 min, which is more than 8 hours. The asymmetry between the maximal
(Af) of the ON and OFF steps resonates with the analytic discussion in the previous
section. We show computational evidence in Appendix that sweeps across all
other parameters indicate the existence of a global maximum (Af). Note that the
exact value and existence of this maximum is a result specific to function p,(cx)

and the allosteric parameters we chose to describe effector activity in Fig. [4.5]

Second, both the XOR and AND gates exhibit the expected sign-sensitive delay
across a substantial portion of the (Kxz,Kyz) parameter space, though not uni-
formly. In particular, Fig. B.2T[(A)(i,ii) shows that for the XOR gate, the lower half
of this space yields negligible ON-step delay but a pronounced OFF-step delay.
Conversely, Fig. d.2T(B)(i,ii) reveals that for the AND gate, the upper half of the
space yields negligible OFF-step delay and a pronounced ON-step delay. Neverthe-
less, in specific regions of the (Kxz, Ky7) parameter space—namely, the upper left
quadrant for the XOR gate and the lower right quadrant for the AND gate—neither
the ON nor the OFF step exhibits any appreciable delay. More intriguingly, cer-
tain extreme choices of dissociation constants contradict the expected behavior: the
XOR gate can show delay on both ON and OFF steps, and the AND gate can only
delay the OFF step. Example trajectories corresponding to these atypical regimes
are shown in Fig. [4.2T(A,B)(iii).

Finally, the OR gate can produce sizable delays, but only for more extreme values of
the dissociation constants. Near the region where Kx; ~ Kyy ~ 1—which corre-
sponds to similar binding strengths between X, Y, and Z with the DNA—the delays
for both ON and OFF steps are minimal. This suggests that in some biologically
relevant regimes, where dissociation constants are typically of the same order of

magnitude, the OR gate is the least effective at generating a temporal delay.
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We observe that the average delay (A7) in coherent feed-forward loops depends
strongly on the dissociation constant Kyz, which sets the binding affinity of Y to
the promoter of Z—one of the interactions that distinguishes feed-forward loops
from simple regulation. A clear trend emerges: ON steps (Fig. #.2I[(A-C)(i))
exhibit stronger delays when Y binding is weak (large Kyz), whereas OFF steps
(Fig. A-C)(ii)) show stronger delays when Y binding is strong (small Kyy).

Since the feed-forward loop ultimately aims to control Z activation, another relevant
feature is the output amplitude AZ = |Z; — Z;| for a given change in input cy.
A small AZ would imply that Z remains nearly constant, making the response
uninformative. However, we show in Appendix that AZ scales linearly with the
production rates. Although the dependence of AZ on other parameters is non-trivial,
globally the effect of the rates dominates. We thus reserve a detailed discussion of
the optimization of AZ values for Appendix and remain focused here on the
average delay (Af).

4.3.3 Existence of pulse in incoherent feed-forward loop

We now turn attention to the incoherent feed-forward loop depicted in Fig. #.22]
This architecture is a commonly observed motif in E. coli, where X activates both Y
and Z, while Y represses Z [68,69]. This motif gives rise to a qualitatively distinct
dynamical behavior from the coherent feed-forward loop: a pulse in the output Z. A
pulse is conventionally defined as a transient trajectory of Z () such that there exists
a time 7 where Z(7) > Zy if the response of Z(f) is increasing, or Z(f) < Z if the
response of Z(7) is decreasing. In incoherent feed-forward loops, an ON step signal
where pZX (cx) increases does not necessarily produce an increasing response in
Z (1), as activation induced by increasing X competes with repression induced by

increasing Y. This is precisely the incoherence in the name of such circuits.

Referring to the states, weights, and rates shown in Fig. [4.22] the non-dimensional

dynamics of the system are described by

dy _ Foy + iy pX.X
&y T Paa 4.37)
dt 1+ pfctX
and _ X
dzZ - roz +riz
— =-7Z+ , 4.38
df 1+ X+Y +wXY (4.38)

with X = pX (cx)X/Kxz and Y = pY (cy)Y/Kyz. Again the bar indicates the
time in units of 1/, concentrations and dissociation rates in units of Kxy and rates

in units of yKxy.
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Figure 4.22: The incoherent feed-forward loop. (A) Schematic representation.
Expression of output protein Z is controlled by expression of protein X, either by
direct activation or indirectly, first activating expression of Y which then represses
Z. The regulatory circuit is incoherent because the pathways have opposing effects
on Z. (B) Thermodynamic states, weights, and rates for expression of repressor Y
and output protein Z. X and Y interact with cooperativity w, but bound repressor
suppresses expression regardless of activator presence.

Intuitively, pulses emerge because of the delay in the repression exerted by Y.
Following an ON step in cy, Y increases exponentially to its final value. In the early
phase of the response, X already activates Z strongly, but Y has not yet accumulated
enough to exert repression. As a result, Z temporarily overshoots its final steady
state. This behavior is depicted in Fig. #.23(D), where the blue curve exhibits a
pronounced pulse, in contrast to the monotonic exponential relaxation of the simple

regulation output (orange).

The accelerating nature of the incoherent feed-forward loop can also be captured
analytically by repeating the calculation leading to Eqn. but adapted to this new
setting. The modified prefactor

® = —(roz + 11zXr) (1 + wXy) (4.39)

is always negative. As a result, the average time difference (Af) as defined in
Eqn.[4.35]is always positive, both for ON and OFF steps, meaning that the incoherent
feed-forward loop accelerates the response for both transitions. In Appendix
we remark that the definition and interpretation of (Af) is subtle when Z exhibits a
pulse. Thus, we only consider (A7) when a pulse does not exist, and focus on the
difference between the peak of the pulse and final steady state of Z for the pulses.
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Figure 4.23: Existence of a pulse and acceleration in the incoherent feed-forward
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Average acceleration |[(Af)| during ON step across the phase space (Kyz, Kxz),
computed only for parameter sets where no strong pulse is observed. For the param-
eters we chose, the ON step in pZX, (cx) coincides with Z(f) having an increasing
response. (B) Pulse amplitude Zy,x — Z; across the same phase space, quantifying
the transient overshoot above steady state. (C) Example trajectories corresponding
to (Kxz,Kyz) = (1,2). No strong pulse is observed, but the feed-forward loop
response is accelerated compared to the simple regulation response. The green
curve is the trajectory with the largest (Af) without a pulse. The blue and orange
curves are the feed-forward loop and simple regulation trajectories, respectively.
(D) Example trajectories corresponding to (Kxz,Kyz) = (1,0.1), where a strong
pulse is observed.
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To further quantify this acceleration, we again compute the average time difference
(AT) between the feed-forward loop and simple regulation trajectories with Eqn.4.35]
Fig. A) shows (Af) across the phase space defined by (Kxz, Kyz), when the
output does not present a strong pulse. The definition of “strong" is described in
Appendix We observe that acceleration is limited to a maximum value of 1.
This upper bound arises because the most accelerated trajectory would consist of an
instantaneous jump to the final steady state (green curves in Fig. 4.23|C) and (D)),
corresponding to (A7) = 1 as shown in Appendix[4.M| An example of a feed-forward
trajectory that does not exhibit a strong pulse is shown in Fig. 4.23[(C). The region
of highest acceleration lies near the boundary separating the strongly pulsed and not
strongly pulsed regimes. Interestingly, acceleration is only substantial in a restricted
region of parameter space. For example, we see in Fig. 4.23[(A) that high values of
Kyz—corresponding to weak binding of Y—lead to negligible acceleration.

In addition to acceleration, the presence and magnitude of a pulse is another hallmark
of the studied network. In Fig. #.23(B), we map the pulse height, defined as the
maximum deviation of Z(¢) above its steady state value, across the (Kxz, Kyz)
space. Pulses are observed only in a portion of this space—specifically, for small
enough values of Ky, where X binds strongly. The highest pulses occur when both
Kxz and Ky are small, indicating that strong binding of both regulators enhances
the transient overshoot in this case.

4.3.4 Continuous signal

To conclude our discussion of feed-forward loops, we now consider the system’s
response to a continuously tuned effector concentration, rather than an abrupt step
change. When the timescale of effector concentration variation, denoted 7., is
much shorter than the system’s relaxation timescale, the dynamics resemble those
observed under step function inputs. Conversely, when 7. is much longer than the
relaxation time, the system remains quasi-stationary when the input is evolving,

effectively tracking steady state values of the output Z at each time step.

To analyze this quantitatively, we compare 7, to the intrinsic relaxation timescales
of both the simple regulation case and the coherent feed-forward loop. In coherent
feed-forward loops, we have shown that the output response is consistently delayed
relative to simple regulation. The precise relaxation timescale of this architecture,
however, is not straightforward and depends strongly on the biochemical parameters.

As aresult, we use the relaxation timescale of the simple regulation system—which
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Figure 4.24: Feed-forward loop response to the rate of continuous tuning of effector
concentration. From left to right, the rate of tuning effector concentration slows
down while every other parameter is held constant. Each ON step is a loglinearly
increasing function from cr)?in =10*Mto cr)?in = 1077 M across some time; an
OFF step is the reverse. From left to right, the timescales of effector concentration
variation are 7, = 0.24, 7. = 1.65, f. = 5.18. As defined in the main text, 7. is the
time it takes for pflit(cx(t_)) to increase from 0.2 to 0.8. Y is set to be 1 at all times
for simple regulation. Parameters are the XOR gate parameters used in Fig.

is 1 in units of 1/y—as a reference estimate for the order of magnitude of the
feed-forward loop’s relaxation time. We can thus define two limiting regimes: a fast

tuning regime where 7, < 1, and a slow tuning regime where 7. > 1.

Before proceeding to the analysis of the delay, we must first clarify the definition of
simple regulation in the case of a continuous signal. We adopt the same definition
as the step function case, where we fix concentration Y = 1. Further, in our previous
analysis, when cx () is a step function, the choice of ¥ does not affect the dynamics
of relaxation of the simple regulation output. However, when cx () is a continuous
function, the choice of ¥ changes these dynamics slightly. Fortunately, the effect
of Y is small and does not qualitatively change our observations in the rest of the
section, allowing us to continue with the comparison between feed-forward loops

and simple regulation (for a more detailed discussion, see Appendix [4.N]).

We numerically integrate the dynamical equations under a continuously changing
cx(f) and illustrate the result in Fig. where we analyze the response of a
coherent feed-forward loop operating as an XOR gate. In this setting, we numerically
define the timescale of effector concentration variation ¢, as the time it takes for
pX.(cx) to change from 0.2 to 0.8 or vice versa. f. indicates the time it takes for

the switch to be flipped on or off, as regulated by the effector concentration cy.
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When the effector concentration cx(7) is tuned rapidly as shown in Fig. #.24(A),
with 7, ~ 0.24, we observe a large delay in the output Z(7) on the OFF step and
almost no delay on the ON step, consistent with the step function dynamics discussed
previously. In contrast, when cx () varies slowly, as depicted in Fig. 4.24(C) with
f. = 5.18, both the feed-forward loop and the simple regulation trajectories become
dominated by their respective steady states. They simply track their steady states
dictated by cx (7). As a consequence, the responses to ON and OFF steps must
be symmetric, as there is exactly one steady state corresponding to a specific cy.
Interestingly, the OFF delay is preserved, while for the ON step the feed-forward
loop response is accelerated compared to simple regulation. The magnitude of
the ON step acceleration is similar to that of the OFF step delay, as required by
symmetry. We note that the magnitude of the acceleration/delay depends on the

choice of Y in simple regulation.

Nevertheless, for all choices of Y, the feed-forward loop accelerates the ON step
and delays the OFF step when the concentration of effector cy is slowly tuned.
Between the two limits, the feed-forward loop response smoothly transitions as the
tuning rate of ¢ x decreases. An example in this regime is shown in Fig. 4.24|B) with
f. ~ 1.65, where we begin to observe the ON step acceleration, despite its magnitude
being smaller than in Fig. #.24(C). These results demonstrate that the dynamics of
feed-forward loops under continuously varying effector concentrations are governed
by the timescale of input change: rapid tuning reproduces the asymmetric ON-
and OFF-step delays seen with step inputs, whereas slow tuning yields symmetric

responses where ON-step acceleration balances OFF-step delay.

4.4 Discussion

The history of modern molecular biology has been a dazzlingly successful explo-
ration of the ways in which genes dictate the function and dynamics of the cells
making up organisms of all kinds. One of the greatest success stories of that history
is the development of our understanding of how genes are connected together in
genetic circuits [70], giving rise to an array of stereotyped regulatory motifs such as
switches, oscillators, double negative networks and feed-forward networks, to name
but a few examples [68]. We note that despite all of this progress, there remain
gaping holes in our knowledge of how most genes are regulated. Even in our best
understood organisms such as E. coli, we lack any knowledge of how more than 60%
of its genes are regulated [71]. As a result, we expect that with the advent of the

high-throughput era in biology, ever more genetic circuits like those we discussed
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here will be discovered.

In addition to our ignorance of the genetic circuits themselves, our understanding of
the proteins that mediate those circuits is also very limited. In particular, we often
don’t know how effector molecules alter the activity of the transcription factors that
control these genes [72]. The key point here is that the action of proteins such as
transcription factors is often altered through the binding of effector molecules, which
induce allosteric conformational changes that in turn change the state of activity of
those transcription factors. For many genes, however, we still remain ignorant of
which effector molecules effect those changes. The central thesis of this chapter is
that, in fact, most gene circuits have their activity tuned by precisely these kinds of
effector molecules and as a result, we need to revisit the theoretical analysis of such

circuits to account for the effect of allosteric induction.

In parallel with the impressive progress in molecular biology and the dissection
of the rules of regulation, huge progress was made in the study of the behavior of
dynamical systems in contexts of all kinds [63]], and with special reference to genetic
circuits themselves [3]. However, when theorists have used dynamical systems
frameworks to explore the behavior of such circuits, they have largely adopted an
approach in which those circuits are tuned in abstract terms using model parameters
such as degradation rates y, mRNA production rates r and binding constants K.
As was so importantly discovered in the 1960s, typically these parameters are in
fact “tuned” in the context of living cells through the action of allosteric transitions
of transcription factors between active and inactive conformations as a result of the
binding of effector molecules [23} 139-45]. The history of dynamical systems in
these problems largely leaves the all-important effector molecules out of this story,
only considering them implicitly. In this study we have undertaken a systematic
analysis of the role of such effectors in governing the function and dynamics of a

variety of fundamental genetic regulatory motifs.

The overarching theme of the work described here is that whereas typical dynamical
systems approaches to genetic networks feature the number of transcription factors
such as A(t) for activator concentrations and R(¢) for repressor concentrations, the
variable that the cell actually “cares about” is the active number of activators and
repressors. There are a variety of well-defined statistical mechanical approaches
that allow us to compute this active fraction by multiplying the total number of tran-
scription factors by the function p,¢(c) as dictated by the Monod-Wyman-Changeux
model, for example, and highlighted in Eqn.[4.4] The power of this approach is that
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now the parameters governing properties such as bistability in genetic circuits will
be tuned by experimentally and biologically accessible parameters such as the con-

centrations of effector molecules.

Throughout the chapter, we have shown how the tuning variable of effector con-
centration makes it possible for the dynamical systems describing genetic circuits
to range across their phase portraits. We began with perhaps the simplest of such
circuits, the auto-activation motif, and showed how tuning effector concentration
narrows the range of possible behaviors relative to those found in an unconstrained
dynamical system perspective. We also carefully analyzed the temporal relaxation
of these genetic circuits to their terminal steady states. That discussion revealed that
for initial conditions that are not “far” from the stable fixed points, the relaxation
to steady state is exponential with a time constant dictated by the derivative of the
nonlinear protein degradation/production function evaluated at the fixed point. For

initial conditions that start near to the unstable fixed point, the dynamics are richer.

With the description of the induced auto-activation circuit in hand, we turned to the
mutual repression motif, which is ubiquitous in prokaryotes and eukaryotes alike.
Here, again, the capacity to independently tune the effector concentration for each
repressor revealed a large flexibility in how cells and synthetic biologists alike can
decide to tune the dynamical behavior of this genetic circuit, from dictating its
steady state behavior to the dynamics of the repressors as they converge to those

steady state values.

Finally, our analysis of feed-forward loops shows that the dynamic behavior typically
associated with these motifs in response to input effector signals is more nuanced
and parameter-dependent than previously appreciated [47]. For the coherent feed-
forward loop, we analytically confirm the presence of delay in output response
compared to simple regulation. We show, however, that both the magnitude and the
sign-sensitivity of these delays depend on system parameters such as dissociation
constants, production rates and cooperativity. This rich range of qualitatively distinct
behavior remains true even within the different categories of logic gates that can
emerge from special combinations of these parameters. Conversely, incoherent
feed-forward loops accelerate output responses compared to simple regulation and

can generate transient pulses—again only in certain regions of parameter space.

Within this analysis of feed-forward loops, we demonstrate the crucial roles of effec-
tor concentration in our models. The leakiness of p,.(c), for example, influences

key metrics such as delay time. We also highlight how the sigmoidal shape of
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Pact(c) enables a continuous change in effector concentration to be translated to a
sharp signal when tuning the probability of transcription factors being active. Over-
all, while the dynamical behaviors of feed-forward loops can be rich, they are not
always guaranteed. This emphasizes how behavior emerges from a delicate inter-
play of biochemical parameters rather than rigid circuit logic alone, and underscores
the need for further experimental and theoretical efforts toward understanding the

functions and dynamics of feed-forward loops.

All told, our efforts demonstrate that there is great flexibility inherent in the en-
dogenous signaling modalities adopted by living cells to be contrasted with the
way in which model parameters are artificially tuned in many dynamical systems
approaches to these same problems. We are excited for experimental efforts to make
a substantial push to solve the huge puzzle of the allosterome, opening the door to

more realistic analyses of genetic circuits from a dynamical systems perspective.

Appendices

4.A Thermodynamic model equivalence to description with polymerase

In this section, we demonstrate the equivalence of the thermodynamic models
used throughout the chapter, in which we do not directly account for the presence
of RNA polymerase (RNAP), to those that explicitly incorporate interaction with
RNAP. To illustrate, we begin by examining the auto-activation switch described in
Section .

4.A.1 Coarse-graining the auto-activation model

The statistical mechanical model for auto-activation depicted in Fig. .2 implicitly
accounts for interaction between the activator and polymerase. Fig. .25 represents
the complete set of thermodynamic states, weights and rates, now explicitly including
all of the possible polymerase bound states and denoting the interaction energy
between polymerase and activator as £,,. Inlight of this, we can write the dynamical
equation for the number of activators as

dA & lro+ 2r1€_ﬁ‘9“"% + rze_zﬁga”w(%)z]

Kp K
_:_A+ )
a7 7

(4.40)

where P is the number of copies of polymerase present and Kp is the corresponding

dissociation constant. We define the partition function Z, obtained by summing the
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Note that by defining the various “constants” that appear in Eqn. [#.40, we can show
that it is equivalent to Eqn. 4.8 in which we omit polymerase as a variable. In
particular, we seek effective versions of the parameters K, w, rg, r1 and r, that have
all the polymerase dependence embedded within them. To re-express Zp as a sum

of states with implicit dependence on polymerase, we note that if we define
Kq, (4.42)

and P P 2
3 (1 + K_p)(l + K—Pe_ Bgap)

eff
w
(1+ K%)e_ﬁeap)z

w, (4.43)

the denominator will have the same form as the denominator of Eqn. 4.8] Next, if

we redefine the rate parameters as

P
et = Lo, (4.44)
1+ e
P
il —Beap
eff KPe
_ , 4.45
}"1 1 + Lpe_ﬁgap l ( )
P -2B¢,
e 4
G A (4.46)

we recover an equation that is equivalent to Eqn. .8] Note that for convenience, in
Eqn. 4.8 we have dropped the superscript “eff”” to simplify the notation, but the two

approaches are formally equivalent.

It is also important to bear in mind that the rate parameters, cooperativity, and
dissociation constant used in our reduced representation are effective parameters
that implicitly depend on the concentration of polymerase present (P), the strength
of polymerase binding to the DNA (Kp), and the strength of interaction between
activator and RNAP (g,,). This leads to a description of the auto-activation switch
in which the polymerase serves as a hidden variable, showing that there is a rigorous

way to analyze dynamics without explicit treatment of the polymerase.

4.A.2 Coarse-graining the mutual repression model

In the main body of the chapter, we also examine the auto-activation motif, we treated
the mutual repression motif without making explicit reference to RNA polymerase.
We now consider the full set of states, weights and rates illustrated in Fig. {.26]

in contrast to those shown in Fig. 4.13] where all reference to RNA polymerase is
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Figure 4.26: The mutual repression regulatory circuit. (A) Schematic of the op-
eration of the circuit. When the gene for repressor 1 is expressed, the resulting
protein downregulates the expression of the gene for repressor 2. Repressor 2, in
turn, downregulates the expression of the gene for repressor 1. (B) Thermodynamic
states, weights, and rates for expression of repressor 1 including the action of the
inducer, which tunes the number of active repressors. In our model, a repressor can
bind non-exclusively at one of two possible sites within the target promoter region
to suppress gene transcription. The parameter w; denotes the cooperative strength
between two bound repressors R,. (C) Thermodynamic states, weights, and rates
for expression of repressor 2 including the action of the inducer, which tunes the
number of active repressors. These states and weights are analogous to those shown
for repressor 1. However, the dissociation constant of repressor 1 in this case is given
by K1, and the cooperativity term for the interaction of two repressor 1 molecules
bound to the DNA is w;j.

absent. We now demonstrate the equivalence of these two descriptions of the mutual

repression switch following the strategy used in the context of auto-activation.

Under this expanded thermodynamic model, the governing equations for the dynam-

ics of Ry and R, prior to non-dimensionalization can be read directly from Fig.[4.26]
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yielding
P
dR res
=ik b (4.47)
1+ KL; + 2pact(1§22)R2 + wy (pact(lgj)RZ)
and b
dR, e
W =-—vRy + £ ) (4.48)
1+ K_P 2pact(lgll)Rl + Wy (pact(lgll)Rl)

These equations can be algebraically manipulated by factoring out (1+ P/Kp) from

the denominator, resulting in the forms

%
_Xp
dR 1+
=R+ e - (4.49)
Pact(c2)Ro P\ | Pact(c2)Ro
1+2K2(1 )+w2(1+KP)(K2(1+%
%
r P
dR, 1+-£
W = —’)/2R2 + ali (450)

2
Pact(c) Ry Pact(c) R
1+2—K1(1 )+a)1(1+ )(K(l+ ))

This formulation reveals that the original equations given in Eqns. 4.16| and
can be recovered through a simple transformation of parameters in which we once
again define effective parameters. The effective mRNA production rate is given by

£

K
reft = 1+‘°Lr, (4.51)
Kp

the two Ks for transcription factor-DNA binding are given by

P
K= (1+—)K; (4.52)
Kp
and »
K" = (1+-—)K, (4.53)
Kp
and the two cooperativities are written in effective form as
P
“)1 =(1+ K—P)a)1 (4.54)
and
P
wz =(1+ K—)w2 (4.55)

This demonstrates that polymerase binding can be absorbed into effective parame-

ters, yielding a reduced model equivalent to the one presented in the main text, with
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renormalized production rate, dissociation constants, and cooperativities. Once
again, the polymerase copy number P and binding strength Kp are hidden variables
in the context of the bare model, but the results are exact - this is not an approxi-
mation valid only in the limit of weak promoters, for example. Note also that as in
the case of the auto-activation switch, in the main body of the chapter we do not
retain the “eff” notation, electing instead to simply use the parameters r, Ky, K>,
w1 and wj, with the convention that those parameters include the hidden variables

associated with polymerase.

4.B Oligomerization and DNA looping in auto-activation

In the main text, transcription factors (TFs) are treated as single binding units that
occupy one site at a time, with cooperative interactions between TFs bound at two
neighboring sites on the DNA. This description, however, omits two important
possibilities: (i) TFs may oligomerize before binding DNA (for example as dimers,
like the transcription factor PhoP in E. coli [73]], or as tetramers, like the transcription
factor ComK [[74] in B. subtilis); and (ii) they may bridge distant sites to form DNA
loops (32, 75-77]. Here we consider how these features would change the behavior
of an auto-activating transcription factor, with similar analysis possible for mutual

repression and other regulatory motifs.

To isolate the effects of oligomerization, the following discussion does not include
inducers, though in general they could interact differently with monomers and
oligomers. To extend the model, Eqn. [{.§]in Section 4.2.1] we now allow the
transcription factor to dimerize, and each protein copy to exist as a free monomer

or as part of a dimer. We track the total concentration of monomer subunits as
A = A +2A,, (4.56)

where A; denotes dimers. Protein synthesis increases Ay, and assuming rapid
dimerization the newly produced monomers are instantly redistributed between
monomers and dimers according to equilibrium. We assume that dilution and
degradation act at the same effective rate y on both monomers and dimers, which is
reasonable for stable TFs in fast-growing E. coli where dilution dominates, as a few

candidates of auto-activating feedback loops are present in this organism [78, [/9].

Assuming the reaction 2A < Aj; is much faster than synthesis or degradation, the

dimer concentration is given by

(4.57)
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Mass balance then gives

2A2
AtOt = A + ) (458)

dim

which, solving for A, yields an explicit definition for the free monomer concentration

as a function of A,

K
A(Atot) = Tlm

A
1+ 84w _ 1) , (4.59)

and, given Eqn. .60 the corresponding free dimer concentration as a function of

Ao, )

A2(Ae) = M. (4.60)

Kdim

The transcription factor can bind DNA either as a monomer, with dissociation
constant K:?, or as a dimer, with dissociation constant Kg. We now consider
a promoter with two identical binding sites. The binding of two proteins can
be cooperative, described by cooperativity parameters w,,,, (monomer—-monomer),
Wmaq (monomer—dimer), and w;; (dimer—dimer). When both sites are occupied by
dimers, they can also bridge the two sites to form a DNA loop, with a dissociation
constant K fl describing the dimer bound to DNA in its looped state. Each promoter
state is associated with a transcription rate rg, ry, or r», corresponding to zero, one,
or two bound proteins, respectively. Given the statistical weights of all promoter

states as presented in Fig. the mean transcription rate is then

d

Z

A A
"o 25 + 2_1<g
F(A Ay) = ~Z + 7

2
2
A ) A A Ar
w | F2wnaEn =5 + wag| =3
mm(Kd md[(d Kfil dd(l(j)
+r
Z
Ay
T
oyt 4.61)
Z

with a partition function

2
A Ay A A Ay
Z=1+2—+2—+w — | +2wpg——

) (4.62)

. (Az LA
Kd Kd




204

STATE WEIGHT RATE
1 o
A
MQ}:E kg !
A
A
(R T
AZ
A \2
o, (2 r
\E o) e
L AA r
| deg]Kg 2
L AA, r
deg]Kg 2
2@ A \2
mdd(fé) r
Kd
A
€. & oo
d

Figure 4.27: Promoter states for a dimerizing auto-activating transcription fac-
tor. Each row shows a possible promoter occupancy state when two binding sites
are available. States differ by the number and type of bound transcription factor
(monomer or dimer) and by whether the two dimers form a DNA loop. Each state
is associated with a statistical weight determined by its binding configuration and a
transcription rate (rg, 71, or r2) that depends on the number of bound molecules.
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and the corresponding dynamics of the system become
dAtOt

dt
Eqn.[4.63]shows that once oligomerization is included, the system must be described

= YAt + F(A(Atot)a AZ(Atot))- (4.63)

in terms of Ay rather than the free monomer alone. Importantly, the dynamics

become more nonlinear, allowing new behaviors to emerge.

We now consider an alternative setting in which several oligomeric forms coexist in
solution, but only one can bind to DNA. As an example, suppose that monomers and
dimers are found in solution with equilibrium constant Kgi,, but only monomers

can bind to the gene promoter site. We then have

A A \2
A ro + 2r o + rzwmm(Ky)
= —YApr + N R (4.64)
dt 1 +2ﬁ+a)mm(ﬁ)
d d

Substituting Ay = A + 2A2 /K4im and using the chain rule, we can ultimately arrive
at an ordinary differential equation with additional terms beyond those of the simple

monomer case,

dA  KgmA +2A?
dt -7 Kgim + 4A
A A N2
Kam 70t 2r1gm + r2wmm(gm)

Kgim +4A 1+ 21%,, + wmm(éig‘)z

(4.65)

The presence of multiple oligomeric states could therefore alter the number and
stability of steady states, although in practice usually only one oligomeric form is

dominant.

We next consider looping when only the dimeric form of the transcription factor is
present. If a dimer both binds and loops DNA, looping can be seen as adding binding
configurations that strengthen effective binding and cooperativity. The production

term of a looping dimer A; can then be written as

2
Kg A A
ro + 112+ 7)) Pactia + r2Wdd (%)
d d d
, (4.66)

2
K4 A A
—d a2 PactA2
I+(2+ Kfi)paCtKg + Wdd (_K;f )

which is algebraically equivalent to the standard model using renormalized param-

eters

d (4.67)
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and

4
Wy = —2dd__ (4.68)

d
2+ % 2
d
Looping therefore does not change the functional form of the model but simply

rescales Kj and wg .

Finally, when dimers form from monomers with equilibrium constant Kgiy, and
there is no looping and all cooperativity terms are equal (W, = Wnd = Wag = W),

the production term can be reduced exactly to the monomer-only functional form as

ro + 2r1x + rp wx?
= 4.69
JSimono () 1+ 2x + cox2 ( )
where A A
Xk 2 (4.70)
Ky KY
The dynamical equation can then be written as
dA
d;Ot =~y At + fmono(x(Atot)) . 4.71)
At steady state this means that
Y (X)X = fimono (X), (4.72)
with
d|gd _ gm a|_Ki
2K¢ | K§ - K} Kdim+\/Kd (ﬁ+4x)))
v(x) = . (4.73)

d

K
K9 (1 = 2K 4im) — K;"\/Kj ( ( K;ff)z + 4x)

Thus, the production curve retains the same shape as in the monomeric model, but

the effective degradation rate becomes concentration-dependent.

The various settings discussed in this appendix demonstrate how incorporating
oligomerization alters the equations of the dynamical system. Specifically, ac-
counting for oligomerization introduces additional molecular states, and makes the
effective production term a function of the total protein pool rather than only the
active monomer. This transforms the dynamics from a simple one-variable system
into a more nonlinear one. By contrast, looping does not change the mathematical
structure of the model but can be absorbed into effective parameters that strengthen
binding and cooperativity. When only a single oligomeric form binds DNA, the
production term can still be written in the same functional form as the monomer-only

model, but the degradation term becomes effectively concentration-dependent.
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4.C Minimal bounds on cooperativity and rates for the existence of bistability
in auto-activation

The auto-activation system can exhibit bistability, meaning that it can reach different

steady states depending on the initial condition. However, this behavior arises only

within a restricted range of parameter values, shown in Fig. d.TT]as the red region.

To investigate the conditions for which multiple different steady states are possible,

we derive analytic bounds in parameter space. Setting dA/df = 0 and re-expressing

in standard polynomial form, A must satisfy

wpﬁct‘i3 + pact(2 - C‘”—'Zpact)A2 + (1 - 2f1pact)A - r_O = 0. (474)

If the system exhibits bistability, the corresponding polynomial must have three real
roots, as a third-order polynomial cannot have exactly two. Physically, these roots
correspond to two stable steady states and one unstable steady state. Further, the
presence of only one real root indicates that the system is monostable, as discussed
in Appendix

To identify conditions for bistability, we search for combinations of w, 70, 71, 73,
and effector concentration ¢ that produce three positive real roots of the polyno-
mial—corresponding to the red region in Fig. k.11l We may bound this bistable
region of parameter space analytically using Descartes’ rule of signs, which states
that for a single-variable polynomial with real coefficients, the number of positive
roots of the polynomial is equal to the number of sign changes between consecu-
tive non-zero coefficients minus an even number. In our case, the polynomial in
Eqn. must then have either one or three sign changes. Therefore, three sign
changes are necessary for the system to allow bistability. Evaluating Eqn. we
observe that the coefficient of A3 is strictly positive and the constant term is strictly
negative. Thus, three (consecutive) coefficient sign changes are only possible if the
second term of Eqn. is negative, and the third term of that same equation is

positive. Specifically, the condition on the third term implies that

Pacd©) (2= 072pa(€)) <0 = pa(0) > . (475)
while the condition on the second term leads to
1 =271 pact(c) >0 = pac(c) < ZLFI (4.76)
Thus, these two conditions can be combined to yield
2 < pual) < (4.77)

wry 27
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4.C.1 Necessary condition for bistability at some effector concentration c

Note that if the above condition were true at all possible effector concentrations c, the
system would always be bistable. Rather, we are more specifically interested in the
conditions that would allow bistability for at least one value of effector concentration

co. In other words, there exists a concentration such that

2
— < pact(CO) (478)
wry
and |
2__ > pact(CO)- (479)
i
If the inequality in Eqn. holds true, then we also know that
2
— < Pact(co) £ max [pac(c)]. (4.80)
wiry c€[0,00]

This result itself then directly requires the existence of some effector concentration
for which Eqn. [4.78]is true. We can prove this by considering two possible cases.
First, if

2 .
— < min [pae(c)] < max [pac(c)], (4.81)
wry ce[0,00] ce[0,0]

then we know that Eqn. 4.78 holds true for all concentrations ¢ > 0. Otherwise, if

. 2
min [paci(c)] < — < max [paci(c)], (4.82)
c€[0,00] wry c€[0,00]

then Eqn. is true for all non-negative effector concentrations smaller than a

threshold concentration 5
¢t = p;gt(_), (4.83)

a)f2
(derived from the inverse of Eqn. because p, is a continuous and monotoni-

cally decreasing function.

Applying similar logic to the inequality in Eqn. 4.79] we may thus rewrite the
necessary conditions for bistability in Eqns. and as

2 1
— =—, 4.84
or, © Jax (Pact(€)) = 75 (4.84)
1 1

> min (paa(©) = - (4.85)

2_171 ce[0 + e‘ﬂ“:]zg ’

and
wra > 477, (4.86)
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recalling the saturation (maximum) and leakiness (minimum) of p,.(c) defined in
Eqns. #.6) and This fixes the values of saturation and leakiness, which would
otherwise be switched if K. < 1. After some algebra, we can re-express Eqns. [4.84]

and [4.85] such that the necessary conditions for bistability are given by

% > 1+ePe, (4.87)
1+ePR> > 27, (4.88)

and
wry > 4r. (4.89)

In the next section, we derive a necessary condition for bistability that depends on
the concentration of effector ¢. For fixed parameter values, this condition defines a
bounded range of effector concentrations outside of which the system is guaranteed

to be monostable.

4.C.2 Necessary condition for bistability for a fixed concentration of effector
c

We consider the case where the activation probability p,.(c) is a decreasing function

of the effector concentration c, as seen in Fig. @ This monotonicity condition,

which requires the derivative of the probability function to be negative for all possible

¢, depends on the parameters of the model, particularly the ratio of dissociation

constants K.. The derivative of p..(c) with respect to ¢ is given from Eqn. by
dpac _ 2(1+c/Ka)eP (=1 + K)(1 + ¢/Ky)

= 5 (4.90)
de ((1+ ¢/Ka)2ePe + (1 + c/K)?)
which is negative for all ¢ > 0 if and only if K. > 1.
Recalling the previously-derived necessary condition for bistability,
2 1
— < paCt(C) < -, (491)
wry 2}’1

we now investigate what constraint this condition imposes on the effector concen-

tration ¢, assuming the parameters of the system are fixed. First, the inequality

1
Pact(c) < 7 (4.92)

can be re-expressed equivalently using the explicit expression of p,c¢(c) in Eqn.

as

© e\ o1 1 1
=] —|—=—
§ Ky 1+ePe 27 1+ e—ﬁSKg
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o s (1+ e PR -1
Ky (1 + e Pe)(1 + e PeK2)

1 1 1
+ | — — — > 0 493
[271 1+ e B8] | +ePeK? (4.93)
Similarly, the condition
2
Pact(c) > —- (4.94)
wry
is equivalent to requiring that
h(c) ! (4.95)
c) = = .
l+e P |wrm 1+ eBeR?
c (1 +e PR -1
2—
K4 (1 + e Pe)(1 + e PeK?)
2 1 1
+ - — < 0.
wiy  1+ePe| 1 +ePeK?

We can now apply Descartes’ Rule of Signs to the polynomials g(c) and h(c)
to determine when the inequalities are satisfied. Since we are working under the

assumption that K. > 1, this means that,

1 1 1
max — _ _ min 4 6
Pact 1 + e-Be > 1+ e_ﬁ‘ch > 1+ e‘ﬁng = Pact - (4.96)
For the polynomial g(c), three cases then arise. First, if
1 1
(4.97)

—_— > —_—,
2]71 1 +ePe

then all coefficients of g(c) are positive and g(c¢) > O for all ¢ > 0, so Eqn. is

always satisfied. Second, if

1 1
_— > 4.98
2F1 1+ e PeR2 (458)
then all coefficients are negative, and the condition is never satisfied for any c.

Finally, if the intermediate case

1 1 1
1+ePeK, 21 1+ePek? (+59)
holds, then the coefficient of the term proportional to ¢? in g(c) is positive, while
those of the remaining terms proportional to ¢! and ¢® are negative. This results
in exactly one sign change, so by Descartes’ Rule of Signs, the polynomial g(c)
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has exactly one positive root. This defines the minimal concentration for bistability,

denoted cpif  (71), and given by

e PR +27 — 1+ Ve Po(1 + K)? (271 - 1)

“bisan (71) = K PRE= 27+ 1 (4100
Under these conditions, the inequality g(c) > 0 holds for all ¢ > cgg‘ab(f 1).
We now turn to the polynomial A(c). If
2 1
> (4.101)

wiy 1+ e e’
then all coefficients are positive and the polynomial is strictly positive for all c,

meaning that the condition in Eqn. .94]is never satisfied. Conversely, if

2 1
— < —,
wry 1+ e PeR2

(4.102)

then all coefficients are negative and the condition is always satisfied. Lastly, in the

intermediate case
1 2 1

— > — > — >
l1+ePeK, wry 1+ ePeK?
Descartes’ Rule of Signs again implies exactly one positive root of /(c), correspond-

ing to the upper bound of the bistable region. This upper concentration threshold is

denoted cpi°" (wr2) and given by

(4.103)

e PR+ 42— 1+ \/eﬁs(l +K.)? (% -1
Cg;;);b(a)fz) = KA

e PeR2 — “R 4 | (169

max

Under these conditions, the inequality /(c) < 0 holds for all ¢ < ¢{72% (wi2).

Summing up the case-by-case analysis, we derive an effector concentration-dependent
necessary condition for bistability. The full set of conditions allowing for bistability

in different ranges of effector concentrations is given by

chn > ¢ > w1 Tromm < o5 <3 < e
Chistab > € e <oh < Tew <z
{c > cpin if 55 < T < < v (4.105)
c>0 if w%z < 1+e—1B£1€3 < 1+el_,3£ < 2%1
no bistability if 2% > 1w OF T T

As noted, the parameter 7 does not enter into these Descartes-based bounds and

thus does not influence the existence of bistability in this analysis. From these
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expressions, we recover the necessary conditions for bistability, stated in the previous

section as
2 < ! (4.106)
wiy 1 +ePe’ '
1 1
- < 4.107
1 +eBeK2 27 ( )
and 5 |
wry 2}”1
and re-expressed in Eqns. 4.10]- {.12]
These conditions can equivalently be rewritten as
wry > max (2(1 + %), 47 (4.109)
and fe 2
1 + e P?K; 2
P < min( - wf) (4.110)

From Eqn. .105] we identify necessary conditions under which the system displays
bistability for all effector concentrations above a minimal threshold. This corre-
sponds to being in either the third or fourth case of Eqn. #.105] captured by the
inequality

wiy > 2(1 + e PeK?), (4.111)

which implies that, for a sufficiently large product w7, the system permits bistability

across a semi-infinite range of effector concentrations.

To complement the analytical results summarized in Eqn. .105] we compare the
derived necessary conditions for bistability with numerically computed bistability
regions across different parameters. As shown in Figure 4.28] the analytically pre-
dicted bounds—represented in orange—are in close agreement with the numerically
determined region of bistability—shown in red—near the onset of bistability. For
larger values of the cooperativity parameter w or the activation rate i, as well as
for smaller values of the intermediate rate 7, the analytical bounds significantly
overestimate the true bistable region. This discrepancy arises because the analytical
bounds are necessary but not sufficient conditions, and therefore do not capture the
full behavior of the system. Nevertheless, these bounds offer a valuable predictor of
the minimal and maximal effector concentrations that can support bistability under

a given set of parameters.
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Figure 4.28: Minimal and maximal values of effector concentration between which
the system is bistable. Given baseline parameter values w = 7.5, 7p = 0.1, 7y = 1,
7> = 20, each figure varies a different parameter, keeping all others fixed. For each
panel, the shaded region in red is the region of effector concentration for which there
is bistability. The shaded region in orange denotes the analytically-bounded region
of bistability. The dotted line in the first figure is an analytical lower bound for
the minimal cooperativity required for bistability. Note that the analytic approach
discussed here, summed up in Eqn. .103] invokes a necessary but not sufficient
condition for bistability, and thus always encompasses a larger region of parameter
space than the system’s observed region in red.

4.D Fixed point structure of the auto-activation system as a gradient flow
The auto-activation dynamical system defined in Eqn. 4.9]is a dynamical system

that derives from a gradient. Indeed, we can write this equation as

dA dv
i 4.112
E A ( )

with _

P(A
_4v _ P(4) . 4.113)

dA 1 + zpact(C)A + w(pact(C)A)z
and

P(A) = ro + (r12paci(c) = 1)A (4.114)

+ (”ZW(pact(C))z - 2pact(c))A2 - w(pact(c))zA_3
= wpae,(¢)(A ~ A (A~ A2) (A - A3),
where (A1, A, A3) € R, if there is bistability.

Given Eqn. 4.113] our goal now is to determine the landscape V(A) itself. To
that end, we need to integrate Eqn. #.113] We invoke the strategy of separation of
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variables, resulting in

1+ 2pact(0)A + (U(pact(C)A)2
wpo ()(A—A)(A-A)(A-Az)

—dV =dA - (4.115)

To make progress with this integral, we express the right-hand side using partial
fraction decomposition. This yields

1 +2paci(©) A + 0(paa(©)A)* _ i G
i=1

— 4.116
wpgct(c) H?:] (A - Al) A — Ai ( )

We find the coeflicients Cj, C;, and C3 by multiplying through by the common

denominator and evaluating at A = A;, for i € {1,2,3}. The resulting expressions

are _ _
C = pﬁclzC_)w +_paq%cij1_+ A%
(A1 — A2)(A; - A3)_
€2 = e * e+ A @.117)
(A — Ay) (A - A3)_
Cs = piic_)w +_pw%c3wA3_+ A?
(A3 — A1) (A3 - Ay)

We can then write the potential function V(A) as

V(A) =(C 1I1|A _All + CzlnlA - A2| + C3 lnlA - A3| 4.118)

Since the auto-activation system derives from a gradient, we can apply classical
results from one-dimensional gradient dynamics: namely, that the number of stable
steady states is equal to the number of unstable steady states plus one [63]. Indeed

let’s assume that

dV(A)
—— | A_Ai = 0 4119
7a | A=A ( )
at finitely many points i € [1,n] and
d*V(A)
—— |5 #0 4.120
A |i=4 ( )

at those points (the stable points are not degenerate), with A; < ... < A,. With
two minima in V, the function must then reach a local maximum between the two
to transition between these minima. We therefore see that the local minima and
maxima of V must alternate. As a final key point, the first and last extrema of V

must be minima. If the first extremum of V were a maximum—corresponding to
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an unstable steady state—a small perturbation toward smaller A would drive the
system toward the boundary of the domain, where no minimum of V exists and no
steady state is defined. This would render the system ill-posed. A similar reasoning
can be applied to understand why the last steady state also has to be a minimum.
Intuitively, imagining our dynamical system as a one-dimensional energy landscape,
two stable steady state “valleys” must be connected by an unstable steady state “hill.”
Therefore, bistability implies that our system has three steady states, two stable and

one unstable.

4.E Auto-activation: No bistability at high cooperativity and rate 7.

As shown in Fig. @.T1] for sufficiently large values of w and 75, the system does
not exhibit bistability for any effector concentration c. In this section, we support
this observation using bi-dimensional numerical parameter sweeps and provide

analytical arguments explaining its origin.

In Fig. 4.29) we report the maximal cooperativity w above which the system is
monostable for all values of effector concentration. The rate parameters are varied
two at a time while keeping the third fixed. For each triplet (7, 7’|, /), we sample all
effector concentrations by sweeping over values of p,. between leakiness and satu-
ration. We then determine the maximal value of w for which the system is bistable
for at least one value of c. These parameter sweeps reveal a finite—but potentially
large—upper bound on cooperativity beyond which bistability is lost. The yellow re-
gions in Fig. #.29(A-B) indicate that no upper bound was found within our sampled
cooperativity range (10! to 10”); this absence does not imply the bound does not
exist, but rather reflects the limits of our numerical exploration, which did not extend
beyond 10° due to sampling choices and diminishing biophysical relevance. How-
ever, since a finite bound exists in other parts of parameter space, we hypothesize
that such a bound also exists in these regions. In the next section, we confirm this an-
alytically. Interestingly, the appearance of yellow regions in Fig.[4.29(A-B)—where
no numerical upper bound on cooperativity is observed—correlates with increasing
values of 7, consistent with the fact that raising 7, initially promotes bistability.
While these bounds appear only at very high cooperativities (typically w > 10?), and
may exceed biologically plausible values, they nonetheless depend on the system’s

rate parameters and could be lower in other settings.

We explain this behavior analytically. As discussed in Appendix 4.C.2| bistability
can be assessed by examining the number of non-negative roots of the steady-state
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Figure 4.29: Parameter space exploration of the maximal cooperativity wps2>¢

above which the system becomes monostable for all effector concentrations. The
cooperativity w is sampled over the interval w € [10, 10°]. Effector concentrations
are effectively scanned from 0 to co by sweeping pac between its biologically

constrained bounds: the leakiness level pmin = m and the saturation level
poaX = W;_ﬁg, with fixed parameters Be = 4.5 and K, = 2.6 x 10>. Three two-

dimensional parameter sweeps are performed. In panel (A), (7, 7,) are varied in
[0, 10°] X [Fo, 10°] with 7o = 0.1 held constant. In panel (B), (7o, 7,) are varied
in [1073,71] x [F1,10°] with 7; = 1 fixed. In panel (C), (7o, 7;) are varied in
[107, 7] x [1072, 7] with 7, = 20 fixed. Regions shaded in gray correspond to
parameter combinations that violate the auto-activation condition 7y < 7} < 7o,
and for which the system no longer functions as an auto-activating unit. In regions
where no maximal cooperativity values for bistability are reported, the system
remains monostable across the entire range of cooperativity values sampled.

polynomial Eqn.[4.74] To be bistable, the system has to admit more than one steady
state, which corresponds to the polynomial having three real non-negative roots. A
necessary condition for this, is that the polynomial has three real roots, regardless
of their sign. While this condition does not guarantee bistability—since some of
the roots may be negative—it is nonetheless governed directly by the sign of the

polynomial’s discriminant. For a general cubic polynomial
O(x) = ax® + bx*> + cx +d, (4.121)
the discriminant is given by
A =b*c* —4ac® - 4b3d - 27a*d* + 18abcd. (4.122)

If A > 0, the polynomial has three distinct real roots; if A < 0, it has only one real

root; and if A = 0, it has at least one repeated root.

For the auto-activation system, letting pac(c) = p, the discriminant of the steady-
state polynomial can be written as

A= p2[4+32pf0+16pf1(—1+pf1) (4.123)
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+4w(-1+2p7F) (1+9prg+4pri(-1+ pry))
—4wp (1 +4pBrg+ri(=1+p7ry)))
—4w3p4fof§

+w?p? <277 + (1 =2p71)* 73 + 67072 (3— 6p 71 +4p 7a)] ]

We now study the asymptotic behavior of this discriminant in the limits of infinite
w, 2, and 7yp. We do not consider the limit of infinite 7, since, according to the
bounds in Eqns. {.10]- @.12] a necessary condition for bistability is that 7| remains
below a threshold set by the other system parameters. Therefore, in this limit, the

system is necessarily monostable.

In each of the asymptotic limits, we derive the leading-order term of the discriminant

and infer the discriminant diverges negatively. For w,

A ~ —4p6f0f§w3,

w=ee 4.124)
lim A = —o0,
wW— 00
for 7>,
A~ —4p6fof§a)3,
e (4.125)
lim A = —oo,
Fp—00
and for 7y,

2,422
A e -2Tw"p°ry,
0 (4.126)
lim A = —oco.

Fo—00
These asymptotic results indicate that bistability becomes impossible in the limit of

arbitrarily large w, 7, or 7.

Since a negative discriminant implies that the polynomial admits only one real root,
the system is necessarily monostable in these asymptotic regimes. This analytically
supports the existence of upper bounds on w and 7, observed in Fig. 4.29] and
Fig. B.TI(A,D), consistent with the scaling behaviors shown in Eqns{4.124] and
M.125] Moreover, the symmetric structure of these leading-order terms highlights
the seemingly interchangeable roles of w and 7 in promoting bistability. The loss of
bistability for large 7, as seen in Fig.[4.11|B), is similarly explained by the negative
divergence of the discriminant in Eqn. #.126]
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4.F Conditions for activation in auto-activation circuit

We define the range of parameters on which we will focus in the study of auto-
activation. In this framework, the production term in Eqn. @], which we will refer
to as y(A), must be monotonically increasing. In other words, we want dy/dA > 0

for all A > 0. To simplify the computation, let x = p,.(c)A. We then have

d 1 d
A = (4.127)
dx  pac(c) dA
and the condition thus becomes dy/dx > 0 for all x > 0.
Writing down the expression of y(x),
ro + 2rx + wf2x2
= 4.128
) 1 +2x + wx? ( )
we compute the derivative
d 2(rF1—7o+ iy — 70) + X2w(ip — 7
dy _ (F1 = Fo + xw(F2 — Fo) + x*w(F2 — 7)) (4.129)

dx (1+x2+xw))?

For this expression to be non-negative for all x, it must be non-negative for x = 0
and for x — oco. This then requires that 7, > 7; and 7| > 7y, further implying that
7o > ro. This is enough to assert that y(x) is an increasing function of x as its

derivative is always non-negative for all x > 0.

4.G Auto-activation: Bistability is possible for noncooperative v = 1
4.G.1 Definition of the effective Hill coefficient
We first recall how to compute the Hill coefficient of an activating Hill function with

constitutive expression, denoted g(x), defined by

ro + rox"
= —. 4.130
g(x) oo ( )
Its log-derivative is
dl (i — T
ng . X2-f) (4.131)
dInx (1 +x™) (7o + rx™)
Let us define x* such that o
+
g(x) = 2 . . (4.132)
This holds for x* = 1. Evaluating the derivative at this value then gives
dl 17—
L (4.133)

—_ —
dinx|._. 2 ry+iy
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and solving for n, we obtain

_dlng .2f2+f0

= . 4.134
dlnxx:x* r_O_FZ ( )

We now define a similar expression for a thermodynamic model w(x) given by

ro + 2r X + wiap2 x?
wx) = T TP 7O e (4.135)
1 +2pacex + wpj X
We observe that w(x) can be written as W (pacex) with
Fo + 2718 + wink?
W(g) = QT ANY T O (4.136)

1 +2h% + wix?

where & = 1 in our case. Since dlnw/dInx = dInw/dInX when h = 1, the

effective Hill coefficient does not depend on p,.. The derivative of W is

dinw _ 2(1+ hf) 2(7o + 71 %) .
din®  1+2Q2h+wk) 7o+ XQ2F +wiR) '
Letting £* be defined by W (£*) = 220 yields
—hig + 2iy — hr
gr= TR LS, (4.138)
(fo — 2)w
where
h2F3 — &hirgFy + 472 + 2h?Fois
— 4hi iy + h*F5 + Fow — 2Fgiw + Fw
S = 270 2 (4.139)
(Fo — 72)?w?
This then gives the derivative at X* as
dlnvf/ :liz—ljo.(h(fo-l:fz)—_zr_'l)u+t (4140)
dInf |;_,. F+7y (2hir, = 2F)u +t
with
_ [(=2F1+h(Fg+72))?
‘= Go-r? T 4o,
u = —2f1 + h(fo + fz) + (—fo + fz)a, (4-141)

t=4(rg — 172)20).

We defined w with an extra parameter £ to allow a mapping between the thermo-
dynamic model and the Hill function. For the Hill case, we set h = 0, r; = 0,
and w = 1. In our thermodynamic model, / = 1 and the expression of Eqn. 4.140]

becomes A L _
dinw =ty (Fo+i—2F)u+t

dInx eopr T2+ T (27 = 2F))u + ¢

, (4.142)
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with
_ (=27 +fo+f2)2
@ = (Fo—72)? + 4w,
u==-2r+rg+r+ (-rg+1)a, (4.143)

t =4(rg — 172)2(,4).

To ensure consistency with the Hill model case, we therefore define the effective

Hill coefficient as

dl Fy + I
e = =W 2T (4.144)
dinx|,_. 72—7o
for 5
ro + 2F + wr
w(x) _ ro r1PactX wrZPac;tX (4.145)
1+ 2p actX T WPactX
and x* defined such that L
+
wx') = 2 . dy (4.146)

We note that for the auto activation system, in which 7y < 7; < 7, having an
effective Hill coeflicient larger than unity (n.rs > 1) is equivalent to
(7 = 70) (72 — 71)
(72 — 70)?

(4.147)

Therefore, depending on the parameters of the system, the effective Hill coefficient

can be larger or smaller than one, despite the activator having two binding sites.

4.G.2 Numerical sweep for minimal cooperativity above which there is bista-
bility.
To better understand how the parameters of the auto-activation system constrain

the emergence of bistability, we explore the minimal cooperativity w?#'® required
min

to observe bistability across a broad range of rate parameters. Specifically, we

perform numerical parameter sweeps over (7o, 71, 72), systematically enforcing the

auto-activation condition 79 < 7; < 7. Regions where this condition is violated

are shaded in gray. For each valid triplet, we determine the minimal value of w for

which bistability occurs over a finite range of effector concentrations.

Fig. B.30(A) illustrates the numerical method used to identify this minimum co-
operativity. The resulting values are displayed in Fig. 4.30(B), where we observe
that the required cooperativity varies significantly across parameter space. Notably,
bistability can be achieved even in the case where w < 1, particularly where 7; is
sufficiently large relative to 7; and 7. This includes cases where w < 1, which cor-

responds to anti-cooperative behavior—-i.e., where the binding of the first activator
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Figure 4.30: Parameter space exploration tracking the minimal cooperativity re-
quired for bistability over a range of effector concentrations. The cooperativity w
is sampled over the interval w € [1, 105]. The condition 7y < 7; < 7, is imposed
to ensure auto-activation behavior; regions where this is not satisfied are shaded
in gray. (A) Illustration of the method used to determine the minimal coopera-
tivity required for bistability. (B) Minimal cooperativity values identified using
the approach in (A). (C) Corresponding effective Hill coefficient. (D) Effective
cooperativity estimated from the a necessary condition for bistability wi,/2 > 1.
In panels (B-D), subpanels (i)—(iii) show different slices of parameter space: (i)
(70, 71) € [107°,72]? with 7 = 20 fixed; (ii) (71,72) € [Fo, 10°]* with 7o = 0.1
fixed; (iii) (7o, 72) € [107°, 7] x [F1, 10°] with 7; = 1 fixed. In regions where
no minimal cooperativity values for bistability are reported, the system remains
monostable across the entire range of cooperativity values sampled.
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decreases the likelihood of a second one binding—and cases where w = 1, which

corresponds to no cooperativity.

While cooperativity in the strict thermodynamic sense may not be required, the sys-
tem still exhibits an effective nonlinearity sufficient to support bistability. To assess
this, we compute the effective Hill coeflicient of the production term, derived with
a thermodynamical model, shown in Fig. #.30(C). When the system is bistable, the
effective Hill coefficient always exceeds 1, consistent with theoretical expectations
[59]]. Furthermore, in Fig. #.30(D), we evaluate an effective cooperativity based on
the inequality wi, /2 > 1, which serves as a necessary (though not sufficient) condi-

tion for bistability. The consistency of this bound with the numerically determined

bistable

w = highlights its predictive value.

Together, these analyses reveal that bistability is not strictly dependent on cooperative
binding in the classical sense, but rather emerges from the combined effects of system
parameters—particularly the balance between production rates. This underscores
the importance of kinetic tuning in biological systems and the potential for bistable

behavior even in regimes of weak or anti-cooperative interactions.

4.H Relaxation timescale to equilibrium for the auto-activation system
We examine the relaxation timescales to steady state in the auto-activation system
as a function of the initial concentration of activator A, denoted Ag. To define the
timescale, we employ two different methods. The first method, referred to as the
threshold approach, involves measuring the time it takes for the system to evolve
from the initial condition to a fixed fraction of its steady state. We track the time-
dependent trajectory A(7) and define the relaxation timescale as the time 7* such
that _ _
A(t") - A;
A A

where € is the chosen threshold. In practice, since the system is simulated numer-

€, (4.148)

ically over N discrete time points, the relaxation time is computed as the earliest
sampled time 7; for which the normalized deviation exceeds €,
_AG) - A }

- = = > € .

= min {tj

(4.149)

We report the relaxation timescale obtained using various values of € in Fig.
All resulting curves exhibit similar behavior, indicating that the precise value of the

threshold does not significantly affect the overall system dynamics.
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Figure 4.31: Relaxation timescales as a function of the initial concentration of gene
A (Ap). The parameters of the system are fixed at the following values: w = 7.5,
Fo =0.1,7 = 1,7 =20, and ¢ = 2 - 10°M. Timescales are computed using
two approaches: a threshold-based method (orange curves) and exponential curve
fitting (blue curve). Each orange curve corresponds to a different threshold value
€ indicated as percentages in the legend. The threshold timescale 7* is the time
required for A(7) to reach a fraction € of the total change from initial condition Ay
to steady state A.,. The blue curve represents the relaxation time obtained from
exponential fits to A(7) trajectories. Vertical lines mark positions of stable (solid
lines) and unstable (dashed line) fixed points. The horizontal black line indicates
the unity timescale as a reference for comparison.

We compare these threshold-based relaxation timescales with those obtained by
fitting an exponential function to the trajectory A(7). If A(7) followed a purely
exponential decay—as it does near stable fixed points—then the timescale from
the exponential fit would match the threshold-based timescale for € = 0.63. As
shown in Fig. 4.31] the curve corresponding to the exponential fit closely matches
the threshold-based curve with € = 0.63, even when the initial condition is far
from the stable fixed points and the system is not strictly exponential, as illustrated
in Fig. @A). Nevertheless, near the stable fixed points, we observe that the
threshold method reports a longer timescale. This is because the initial condition is
very close to that of the stable fixed point, and the system takes longer to cross the
relative threshold. Therefore, we rely on the timescale obtained from the exponential
fitting, as shown in Fig. 4.12B).
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4.1 Bistability regimes in the mutual repression circuit
4.1.1 A necessary condition for bistability
In the mutual repression system at steady state, we set the time derivatives to zero,

leading to the equations

R, = _ ' — (4.150)
1 +2pyRy + wa(p2R2)
and _
_ r
- _ (4.151)

~ 2

R R,

1+2 — tw i
le l(le)

where for convenience we define p; = paci(c1) and pa = pact(c2). Substituting the
expression for Ry of Eqn. 4.150|into Eqn. |4.151| for R;, and rewriting in standard
polynomial form, M(R;) = 0, we obtain

M(Ry) =p5w3R5 + p3wa (4 — Fwapr)R;
+ 222+ wo(1 + f(% —2p))R2

_.P1 waP2.\ 52
Faps(1+ (2L py - 92P2)\ 0
P T(K P2 > )R,
2piF  wipiFt _
+(1+ —+ — —4porr)Ry — 1. 4.152
( IR e par)Ry ( )

To assess whether the system is monostable, we examine the number of non-negative
roots of the polynomial M (R,). If the second derivative of M (R,) does not change
sign, then the polynomial can have at most two real roots. In particular, if the
polynomial is convex for all non-negative values of R»,i.e., M"(R,) > 0, then the

system cannot be bistable. The second derivative of M (R5) is given by
M"(R>) = ZOpgwgﬁg + 12p%w2(4 - szpz)lég
+12p> (2 + ws (1 +F (% - 2p2))) R

_ [ P1 w2 P2
1 — —py — . 4.1
+8p2( +r(K D2 > )) (4.153)

To guarantee that M”(R,) > O for all non-negative values of R,, we require that
all coefficients in the polynomial expression of M”(R;) remain strictly positive.
This condition translates into three distinct inequalities. First, the positivity of the

quadratic term, requires that
4 —rwrpr > 0. (4.154)
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Next, positivity of the linear term imposes the constraint

2+w2(1+f(%—2p2)) > 0. (4.155)
Finally, the positivity of the constant term yields

1+f(p—_l—p2—w2p2) > 0. (4.156)

K 2

These conditions can be equivalently rewritten in terms of upper bounds on p;, and

combinations of p; and p», yielding

4
pa< —, (4.157)
rwy
1(2
2y - 2L < :(—+1), (4.158)
K r \wj
w2 1 1
(1+ : )p2 < (4.159)

To ensure that the system remains monostable for all values of effector concentrations
c1 and c;, we require that these inequalities hold for the maximum possible values

for the different functions of ¢; and ¢,. Thus, we obtain the sufficient conditions

4
Pmax < —, (4.160)
rw?)
; 1(2
2Pmax — L1 <~ (— + 1) : (4.161)
r \w),
w2 Pmin 1
| —) o — Pmin 2 4.162
( + 5 Pma 7 = ( )

Finally, in the special case where K = 1, the sufficient conditions under which the
system remains monostable for all effector concentrations simplify, using Mathe-

matica, to !
< ) (4.163)
Pmax — Pmin t w2pmax/2

Taking the contrapositive, we obtain a necessary condition for the system to exhibit

bistability at some value of the effector concentration

1
r> (4.164)
Pmax — Pmin t w2pmax/2

The bound stated in Eqn. depends on both w, and 7, again, similarly to
the auto-activation system, acting together to determine whether bistability can be

accessed or not.
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For K = 1 the two cooperativities play a symmetric role. Therefore, necessary

conditions for bistability are

1
r> (4.165)
Pmax — Pmin + U)meax/z

and |
> . (4.166)
Pmax — Pmin T wlpmax/z

From Eqns. [4.166|and [4.163]a necessary condition for bistability for K = 1 is that

1 1

7 > max( ,
Pmax — Pmin t CUmeax/2 Pmax — Pmin t wlpmax/z

). (4.167)

which simplifies to

1
r> - . (4.168)
Pmax — Pmin + mln(wz, wl)pmax/z

4.1.2 Effective Hill coefficient of the production terms

In the case of auto-activation, analyzing the effective Hill coefficient provided insight
into how bistability can arise even in non-cooperative systems—w > 1 is not a
necessary condition for bistability, but from our numerical sweeps displayed in
Fig.[4.30] n.s > 1is. Motivated by this, we now examine whether a similar criterion
might help explain the restriction of bistability to specific zones of parameter space

in mutual repression circuits.

We defined (Eqn. [4.144] Eqn. [4.146) and derived an analytical formula (Eqn. 4.143]
Eqn. 4.142) for the effective Hill coefficient for a general production term

— - — 2
7o + 271 PactX + WFaPactX

w(x) = (4.169)

L+ 2pacex + (i)pactx2

in Appendix4.G.1] In the mutual repression system, the production terms of interest

are the production of R; driven by promoter 1 and regulated by R;

Iz

fi(Ry) = = - (4.170)
1+ 2(pact(c2)R2) + wa(pact(c2)R2)?
and the production of R; driven by promoter 2 and regulated by R
— r
f(Ry) = (4.171)

1+ 2(pact(c1)R) + @i (paci(c1) )2

With 7y = 7,71 = 0, and 7> = 0, pact = pact(c2) for fi(R2) and pact = pact(c1)/K
for f>(R); we see that those two production terms fall in to the more general from
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w(x) of Eqn. 4.169, We can therefore apply the reasoning and algebra derived in
Appendix [4.G.1] The corresponding effective Hill coefficients are given by

ng=2- —“1-"4”2_1, (4.172)
20)2

for the production term f;(R») and

ny=2— —““24‘”1_1, 4.173)
w1

for the production term f>(R1). We see that the two expressions of the effective Hill
coefficients have the same functional form. Therefore showing that n; > 1 for all
wy > 0, implies that n, > 1 for all w; > 0. We therefore establish that n; > 1 for all

wy > 0, and ny > 1 for all w; > 0 then follows. This amounts to showing

2wy > V1 +4wy—1. (4.174)

Adding 1 to each side and squaring both sides gives
2wy +1)* > 1 +4w,. (4.175)
Expanding the square and canceling identical terms leaves
4wy > 0, (4.176)

which is true for every w;, > 0.

We therefore showed that the effective Hill coefficients of the production terms
are always greater than one in this system. As a result, while this observation
is consistent with conventional expectations [59], it provides little discriminatory
power for identifying regions of bistability, since the condition is satisfied across

parameter space.

4.1.3 Effect of cooperativity on the bistability region

Fig. 4.32(A)(i) shows how the geometry of the bistable region evolves as the co-
operativity of repressor R, (w;) is varied, while w; = 7.5, K =1,and 7 = 2 are
held fixed. This corresponds to a symmetric case where both repressors bind their
respective promoters with equal affinity. At low w3, the system is monostable for
all inducer concentrations, which is consistent with the known requirement for a
minimal degree of nonlinearity to enable bistability. As w; increases beyond a
threshold, bistability emerges, but initially in a constrained region where the tun-

ability is mostly limited by ¢;. When w, lies approximately between 2 and 5, a
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Figure 4.32: Bistability regimes in mutual repression as a function of cooperativity.
Colored regions denote distinct bistable phase space geometries, defined by whether
bistability occurs at very small ¢q (¢1 = 1077 M), very small ¢ (cp = 1077 M), both,
or neither. (A) Evolution of the geometry of the bistability phase space, sweeping
on inducer concentrations (ci, ¢3), for fixed w; = 7.5 and 7 = 2 and respectively
K =1and K = 0.7 for (i) and (ii), when the parameter w, is varied. (B) Evolution
of the geometry of the bistability phase space, sweeping on inducer concentrations
(c1,c2), for fixed wr = 7.5, 7 = 2 and K = 0.7, when the parameter w; is varied.
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nonzero concentration of ¢ is required to inactivate a portion of the repressors Ry,
thereby reducing their ability to bind DNA efficiently. In this regime, we are still
in a setting where w; > wj, meaning that R; binds more strongly to the DNA than
Rr—as they have equal binding constants, the difference in binding arises solely
from the cooperativity parameters. To support two distinct expression states—one
with high R; and low R;, and another with the reverse—the binding strength of
R must be reduced. This enables a more balanced competition between the two
repressors, making it possible for both stable states to coexist. When w, becomes
large (e.g., wy = 20), the situation reverses: the bistable region in the (¢, ¢;) phase
space becomes constrained along the ¢, axis, as higher concentrations of inducer

are required to counteract the strong DNA binding of R,.

For intermediate values of cooperativity, approximately between 5 and 20, the
(c1, c2) phase space is less constrained. In this regime, the concentrations of ¢; and
c2 need to be small enough to maintain repression by R and R;. If either inducer
concentration becomes too high, the system is not repressed anymore and only has

a unique steady state with high concentrations of both repressors.

While increasing wj initially expands the bistable region and enhances its robustness,
we find that beyond a certain threshold, further increases in cooperativity begin to
shrink the bistable domain. This reflects a general principle also observed for
the parameter K: pushing the system too far in one direction strongly constrains
bistability. In the case of wj, overly strong cooperativity amplifies the binding of
R, and therefore the repression of Ry, so the system commits to one state, thereby

reducing the range of inducer concentrations for which multiple steady states coexist.

Fig. B.32(A)(ii) explores the impact of tuning w, in an asymmetric setting, where
K =0.7, w; =7.5,and r = 2 are fixed. In this case, repressor R| binds more tightly
to its promoter than R, does, breaking the symmetry observed in Fig. .32 A)(i). At
low values of w5, the system is monostable, consistent with insufficient nonlinearity
to support multiple steady states. As w; increases, bistability appears, but the
geometry of the bistable region is notably skewed. Compared to Fig. F.32J(A)(i), it
is interesting to note that the bistability region at higher cooperativity is larger than
in the symmetric case for the range of inducer concentrations considered. Finally in
Fig.[4.32(B), we tune the cooperativity w; instead of w, as was done in the previous
panel. Therefore the roles of ¢; and ¢, are mirrored.
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4.J Separatrix for mutual repression

We recall the differential equations governing the mutual repression system,

dR; _ _ 1
7 = —Rl +r — — 12
t 1+ 2pact(c2)Ra + w2 [paci(c2) Ry |
= F(Ri, R>), (4.177)
dR _ 1
2 = —R2 +7r

i - .
1+ zpact(cl)% + w1 [pact(cl)%]

= G(Ry, Ry). (4.178)

The separatrix is defined as the curve R»(R;) that satisfies the differential equation

dRy  G(Ri,Ry)
dRy  F(Ri,R)’

(4.179)

which tracks the trajectory along which the system transitions between the basins of

attraction of the two stable steady states.

4.K Coherent feed-forward loop response to a step function signal

4.K.1 Analytical solution for the output Z(7)

We now rewrite the dynamical equations of the coherent feed-forward loop. In par-
ticular, we introduce a simplifying notation for the activation terms for gene products
Y and Z. The reason such a definition is useful is that these terms are independent of
Y and Z themselves and depend only upon X itself and the concentration of inducer.

To that end, we write the dynamical equations for Y and Z as

dy

o= (4.180)
dzZ _
Z =2+ 0, (4.181)

with the simplifying notation

Fovy + F1y pay(cx (D)X

KO =X ()X

(4.182)

and

() = roz + Fz(X(7) + Y (1) + wrz X (D) Y ()
28 1+ X (D) + Y (D) + wX (DY () '

We recall that the bar indicates quantities where time is measured in units of 1/y,

(4.183)

and where concentration and dissociation constants are measured in units of Kyy.
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The rates are then in units of yKxy. The notations X and Y and are defined as
X(0) = pX (cx(D))X/Kxz and Y () = pL.(cy)Y(7)/Kyz. We study the response
of the coherent feed-forward loop to a step function in effector concentration acting

on X, namely,

¢t if 7<0,
exM=45 (4.184)
Cy if >0

The step in the active concentration of X and the rescaled concentration X are

themselves subject to a step and can be written as

X i X
Xizpa‘}& if <o,
X() = N (Xf%)X (4.185)
C
Xf:pa“_—x if 7>0.
Kxz

The concentration of effector acting on Y, cy(7) is taken to be constant cy (7) = c(}),.
Our goal here is to solve for the feed-forward dynamics analytically and obtain
insights into the system on the basis of such a solution. Such a solution is possible
because Eqns. 4.23| and #.24] have a simple form, the time derivative of a variable
equals the negative of itself plus a function of time,
dG(t)
dt

Such equations can be solved in their most general form as

=-G(1) + f(1). (4.186)

G(1) = e‘t(G(O) + /0 o f(t’)dt’). (4.187)

In the cases of interest here, G(¢) is either Y () or Z(7), and f(t) correspondingly is
either fy(f) or fz(f), the activation terms for Y and Z, respectively, in Eqns. 4.181
and

We first solve Eqn. 4.180, because its dynamics are not coupled to Z(7). Notice that
for f > 0, fy(f) is constant. Referring to Eqn. 4.187, we see that ¥ evolves from

initial to final state purely exponentially according to the time evolution

Y(7) = -AVe™ + ¥y (4.188)
Here AY = Yy —Y; is the difference between the final and initial concentration of Y.
We write the explicit expression of those initial and final steady states hereafter,

_ For + iy pae (i) X 4,189
i — X i = ( . )
1+ pact(cX)X
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_ =X (Y y
g _Tort i pactf(cig)x . (4.190)
1+ pact(CX)X

As p¥.(cy(D) = pl(cY) is constant, ¥ — Y is a proportional mapping. Therefore,
like Y (¢), Y (f) also evolves exponentially in time by the similar form
Y(7) =-AYe + Yy, (4.191)

with Y;/; = pl. (c))Y;/i/Kyz and AY = Y; — Y;. Given this expression for Y (7),
we now know the full time dependence of f7(7) in Eqn. 4.181] Next, we can solve
for the dynamics of Z by substituting fz(7) into the general solution Eqn.4.187, By

evaluating the integral, we find that

7(0) = Zie ™ + (e—f /0 " fz(t’)dt’)

=Ze '+ (Zf(l —e N+ @(f)) (4.192)
= Zsimple(f) + G(f)’
with
DAY Sel — AY (1 + wXy)
O =-—g log( S—AY(1+wXf) |
® = wX}(Faz — Fiz) + WXy (Faz = Foz) (4.193)

+ (F1z = Foz),
S=1+Xr+Yr+wXpYy,

as shown in the main text. The solution of Z(f) cleanly splits into two parts. The

first two terms describe the exponential behavior one expects from simple regulation

Zsimple()) = Zie ™ + Zp(1 - ™) (4.194)
with Z; and Z;, respectively the initial and final steady state concentration of the
output Z. Their explicit expression is given by

5 _ Toz + "z(Xi + Y) + w0z XiY;
f 1+ X+ Y + wXiY;
_ Toz +F1z(Xp + Yp) + wiz XY,
7= 0z + 71z (Xr + Yy) 22X Y5 (4.196)
1+ Xp +Yp +wXp Yy

We see that ©(7) accounts for the difference between the feed-forward trajectory Z

(4.195)

and the simple regulation trajectory Zsimple. As a sanity check, we see O(f) = 0
when f = 0 and f — oo, confirming that the feed-forward loop and the simple

regulation trajectory have the same initial and final state, as expected.
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4.K.2 Derivation and sign of the average delay (Af)

From the analytical expression of Z(f), we can then also derive the average time
delay from the offset ®(7)

1 ® _
(AT) = 77 /0 O (H)dr. (4.197)

With Eqn. we can analytically evaluate the integral and obtain the following
expression for the average delay

(Ar) =

CI)Z —Zl' -1 1 i i
(Z¢ ) ( +Xf+y+way). (4.198)

S(1+ wXy) S

As a reminder, (Af) signifies the average time difference between the feed-forward
loop response and the simple regulation response. The sign of (A7) indicates
whether the feed-forward loop delays ((Af) < 0) or accelerates ((Af) > 0). From
Eqn. we can analytically determine whether the feed-forward loop delays or
accelerates by treating the contribution from each component. To begin with, we
have § > 0 and 1 + wXy > 0 as concentrations are strictly non-negative. For the
coherent feed-forward loop, we have ® > 0 as oz > 71z > 7oz since both X and
Y activate Z. The term (Z = Z;) depends on the direction of the step. For an ON
step, (Z¢ — Z;) > 0 and for an OFF step, (Z — Z;) < 0. Finally, the logarithm also

depends on the direction of the step. For an ON step, we have

1+ X+ Y+ wXpY <1+ X+ Y+ 0XfYp =S (4.199)
1+ Xr+ Y+ wXrY;
— 1og( - )go, (4.200)

since Xy > X; and Yy > Y. Combined with the effect of other terms, we find
(At) < 0 for an ON step. Similarly, for the OFF step, we have

1+ X+ Y+ wXp Y 21+ X+ Yr+ XY =S (4.201)
1+ Xr + Y+ wXrY;
= log| - )20, (4.202)

and we thus find that (A7) < 0 for the OFF step as well.

We have shown that the average time difference (Af) is negative for both the ON
and OFF steps. To complete the analysis, we will further demonstrate that the time
difference A7(Z), defined in Section has the same sign for any concentration
Z. This amounts to saying that the feed-forward trajectory and the simple regulation

trajectory never cross each other. We can show this by proving that ®(7) has the
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same sign for any # > 0. In Eqn. 4.193] we observe that the time dependence in
O(7) appears in e~ and in Se’ inside the logarithm. e~ > 0 for any 7, thus only the
logarithm term might change its sign as time evolves. However, we observe that

S-AY(1+wX)=1+X;+Y,
+wX Y, > 0. (4.203)

In other words, S > AY (1 + wX). Since e’ > 1 for any 7 > 0, it is always true that
Se’ > AY (1+wX). Therefore, the sign of the logarithm does not change with time.

Thus, we have proven that A7(Z) has the same sign as (A7) for any concentration Z.

4.K.3 Logic gate analysis in coherent feed-forward loop

In this appendix section, we will prove that for the XOR gate in the coherent feed-
forward loop, the OFF step delay is always greater than the ON step delay. In the
XOR limit, w = 0. Eqn. [#.36]simplifies to

(4.204)

1 iz — Foz (1+Xf+~yi)

Af) = — =
(An (Z;-Z) 1+ Xp + Yy © 1+ Xp+ Yy

The time delay (Af) is different for ON and OFF steps because X and Y values at
t = 0and f = oo are different for ON and OFF steps. Specifically, for ON step,
X¢ = Xmax and Yy = Ynax; while for OFF step Xy = Xpin and Yy = Ypin. Let’s
now compare the time delay (A7) for ON and OFF steps by taking their ratio
1+Xmin+~ymax
1 + Xmax + ymax IOg(m)

‘ ! 14+ Xinax + Y
1+ Xinin + Yinin Jog (1rnet

(At)oFF _
(At)on

1+Xmin+~ymax) (4205)

1 + Xmax + Ymax log( 1+ Xmin+Ymin

[ Xonin + Yimin log(HmwctIous
max min

1 + Xmln + ymax > 1 + Xmax + ymax

S , 4206

because for any fraction a/b wherea > b > 0,a/b > (a+c¢)/(b+c) forany ¢ > 0.
Here, a = 1 + Xin + Ymax> & = 1 + Xiin + Ymin, and ¢ = Xjpax — Xmin. As logarithm

is an increasing function, this means

1+ Xmin + ymax >1 I+ Xmax + ymax

lo > lo . 4.207
& 1+ Xmin + «ymin & 1+ Xmax + ymin ( )
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Therefore, the ratio [{Af)opr/{Af)on| = 1. We have demonstrated that for the XOR
gate, the OFF step delay is larger than the ON step delay. We cannot say much
analytically about the magnitude of the ratio of delay. As we see in Fig. .2T(A),

this ratio can range anywhere from close to 1 to a large number.

From here, we might be tempted to argue that for the AND gate, the ratio always
satisfies |[(Af)orr/{Af)on| < 1. However, Fig. B.21|(B)(iii) provides a counter
example. The statement for AND gate is thus false.

4.K.4 Analytic solutions of other feed-forward loop networks.
In any feed-forward loop, X regulates Y and Z, and Y regulates Z. As there are
three regulatory interactions, there exist 2% = 8 different regulatory logics. For the

dynamical equation of Y, if X activates Y, then

dy _ Foy + FiypX X
ay _ g, Tor # P pae(c)X (4.208)
dt 1+ pffct(cX)X

Otherwise, if X represses Y, then

dy _ 7
i T a— (4.209)
dt 1+ po(cx)X

There exist 4 different possibilities for how X and Y regulate Z. In Section[4.3] we
showed the case where X and Y both activate Z, and the case where X activates but

Y represses Z. If X represses and Y activates Z, we have

dZ — r_OZ + flzy
—=-7Z+ . 4.210
df 1+ X+Y +wXY ( )
If both X and Y repress Z, then
dZ - T
- roz 4.211)

— =—Z+ .
di 1+ X +Y +wXY
Using the procedures described in the main text, we can similarly find analytic
solutions describing all the other regulatory logics of the feed-forward architectures.

Note that for a step function signal in cx and cy,
YD) =-AYe  + Y. (4.212)

Thus, we can compute the analytic expression of Z without worrying about how Y is
regulated. We find that the solutions all have the same form, except with a different

@ for each architecture of logic. Specifically, we have

Oxy = wX*(Faz — F17) + WX (Faz — Foz) (4.213)
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+ (F1z —Foz)

q)X = —(leX + f()z)(l + wX) (4214)
(I)Y=flz(1+X)—foz(l+a)X) (4215)
D) = —foz(l + CL)X), (4216)

where the subscript on @ indicates which TF activates Z. X = Xy is the value of X

after the step function jump. Interestingly, we can write these expressions as

DOyy = wX(1 + X)irnz + Oy + Oy — D (4.217)
Dy = —F12X(1 + wX) + D (4.218)
Oy =71z(1 + X) + Dy (4.219)
@) = —Foz(1 + wX). (4.220)

A way to interpret this is that © gets a new term associated with a weight of a state

when that state changes from no expression to expression.

4.I. Functionality condition comparison
In Section[4.3.2] we mentioned that besides the time delay, another helpful criterion
for a functional feed-forward loop is the existence of a large difference between the
maximum and minimum steady state values of Z. Let’s define AZ = |Zy — Z;|. We
want this to be big so that the dynamical change between low and high concentrations
is meaningful. The steady state concentrations Z; and Z; have expressions given by

5 _ Tz + "1z(Xi + Y) + w0z XiY;

o 1+ X + Y + wXY,

7= f()z+flz({\,f+yf)+a)fzz)(fyf (4.222)
F= 1+ Xp +Yr +wXp Yy ' '

(4.221)

We observe that both Z; and Z; scale linearly with the rate parameters 7z for
i = 0,1,2. For this reason, in the theoretical setting, a large AZ can always be
obtained by tuning the rate parameters high. Therefore, we did not include the
discussion of this criterion in the main text. Nevertheless, it might be worthwhile
to demonstrate the dependence of AZ on the dissociation constants Ky and Ky .
We perform similar sweeps as Fig. except we plot AZ for each choice of
(Kxz,Kyz). The result is shown in Fig. We employ the same logic gate
parameters as in Fig. We observe that the region of large relative AZ tends to
have an L-shape. The XOR and AND gate have regions of large AZ that extend in
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(A) XOR gate (B) AND gate © OR gate
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Figure 4.33: Systematic sweep to find region of large AZ = Zax — Zmin. For every
logic gate, we sweep across (Kxz, Kyz) € [10‘3, 103] X [10‘3, 103] and inspect
the region of large relative AZ. (A) XOR gate. (B) AND gate. (C) OR gate. The
XOR gate parameters are oy = oz = 0, Fiy = 1z = 2, and w = 0. The AND gate
parameters are roy = oz = 'z = 0, riy = iz = 2, and w = 10. The OR gate
parameters are oy = oz = 0, iy = i1z = 2, rpz = 10, and w = 1. These are the
same as in Fig. d.21]

opposite directions. While XOR gate tends to prefer weak binding, the AND gate
benefits from strong binding. The OR gate shape is a superposition of the XOR
and AND gate, which is perhaps not surprising since XOR and AND gates are in a
sense the limit cases of OR gate. Note that the difference between the magnitude of
AZ across logic gates is artificial. The absolute magnitude of OR gate AZ is large
only because 7,7 = 10. We verify the previous claim that AZ scales linearly with

production rates.

Regarding the average time delay (A7), we demonstrate computational evidence
for the existence of an upper bound on (A7), given a step in pX (cx) (fix the
high and low values of pX ). The full set of tunable parameters of the system
is 7y, Fjz,w,X,Kxz,Kyz, where i € {0,1} and j € {0,1,2}. They span a
semi-infinite 9-dimensional parameter space. To sweep across this entire space
is computationally prohibitive. As a result, we instead take a few 2-dimensional
slices to illustrate the existence of the upper bound on (Af). Specifically, we pair-
wise tune 5 different parameters: 7y = roy = oz, '1 = iy = Fiz, iz, w, and
X. For each parameter combination, we search in K-subspace (as in Fig. 4.21]
(Kxz,Kyz) € [1073,10%] x [1073, 10%]) and find the combination of (Kxz, Kyz)
that generates the maximum (Af) and record the value of the largest time delay
as (Af)max- In Fig. we plot (Af)max as a function of 10 different pair-wise
parameters. We find that all parameter combinations yield (Af) < 5. (Af) remains

finite when any parameter (when possible) is tuned towards co.
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Figure 4.34: Systematic sweep across all tunable parameters in coherent feed-
forward loops to find the largest (A7) for the step in pit(c x) used throughout the
feed-forward loop section, where ¢'y** = 10~* and " = 1077, We pick a default
set of parameters: roy = oz =790 =0,y =riz =71 =1,z =5, w =5,
X = 1. Note that we set 7oy = 7oz and 7;y = 71z to decrease the number of
degrees of freedom in the parameter space without losing too much information.
For every colormap, we select a pair of parameters, and perform sweeps on a grid
of values, while the other parameters remain the default value. For each value pair,
they are used to search in the space (Kxz, Kyz) € [1073,10%] x [1073, 10%], and
the maximum (Af) is recorded.
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Figure 4.35: The effect of leakiness of pX, (cx) on (A7). We examine the dependence
(AF) on minimal pX (cx) in a step, pmin, in the XOR gate setting. Parameters used
are oy = 7oz = 0, w = 0. The value of 71y = 71z = 71 and X are tuned to find the
largest (A7) in that parameter subspace. The detailed sweep process is identical to

that in Fig. [4.34]

Finally, we address the dependence of (Af) on the leakiness and saturation of
pfa(c x). Here, we denote the minimal pfct(c x) in a step as pmin and the maximal
pffct(c X) @S Pmax. After many experimentation with the numerics, we find that the
saturation ppyax plays a smaller role in determining (Af)max. The limit ppax = 1
yields a similar (Af)max as pmax = 0.95, and decreasing pmax only makes (Af)max
smaller. Contrary to pmax, Pmin plays a much bigger role. We demonstrate this
dependency in Fig.[4.35] Here, we examine the OFF step delay in the XOR coherent
feed-forward loop, as from previous sweeps in Fig. 4.21] and Fig. #.34] we see
that this tends to be the setting that generates the largest amount of delay. For
a given ppin, We sweep across 7y = i1z = 71, X. For each combination of 7;
and X, we again perform another sweep in (Kyz, Kyz) € [1073,103] x [1073, 10%]
to find largest (Ar). We see from Fig. that as pni, decreases, the maximal
(Af)max increases. We note, however, that (Af)p.x still converges computationally
for finite pyi,. Due to the constraint of the explicit effector function pfct(c x), for any
biological parameter p,, is finite. For this reason, we demonstrate the maximum
delay corresponding to a biologically sensible set of parameters, and investigate its

significance in the main text.

4.M Technical details in incoherent feed-forward loop
In this appendix, we will return to some technical details regarding pulses in the
incoherent feed-forward loop, as presented in Section 4.3.3] To begin with, we

discuss the quantity (Af) in incoherent feed-forward loops. In the coherent feed-
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forward loop, the definition of (A7) in Eqn. and Eqn. are equivalent,

allowing us to interpret it as the average time delay across concentrations. Here,
when Z does not exhibit a pulse, there is no difference from the coherent case.
However, Eqn. becomes ill-defined when Z exhibits a pulse. This is because
the feed-forward loop response can reach Z in a way that the simple regulation
curve cannot. A value can still be computed for (A7) using Eqn. but it contains
information about the relative size of the pulse rather than acceleration. Because
it has unit of time, we regard the direct magnitude of the pulse Zny,x — Z; for an

increasing Z response in the main text.

Next, let’s derive the maximal average time acceleration (Af)ny,,x When a pulse does
not exist. The green curve shown in Fig. #.23(C) and (D) is the trajectory that
has the largest acceleration; denote this trajectory to be Zstep(t—). Mathematically,
Zgep(t) = Zs for £ > 0. The simple regulation curve is again

Zsimple () = Zie™ + Zp(1—€™). (4.223)

From Eqn. 4.35] we can then compute the maximal average time acceleration as

1 © _
(Af)max = = = / dt (Zstep(f) - Zsimple(f))
Zy—Z; Jo
1 © o - _
= — — / dr (Zf—Zie_t—Zf(l—e_t))
Zr—2;i Jo
| w0 ] (4.224)
= — = di(Z; — Z;)e™
Zy -2, /0 S
2-7
Z;-7Z

Finally, we discuss the definition of strong pulse used in Fig.[#.23] Numerically, we
characterize a pulse to be strong when the maximum concentration that the transient
Z(7) reaches, Zmax, satisfies (Zmax — Z¢)/(Zs — Z;) > 0.05 for an increasing Z
response. The threshold of 0.05 is an arbitrary choice. Due to this threshold, there
exists a region of trajectories that are technically pulses but are not strong enough
to be considered. The trajectory in Fig. #.23(C) in fact belongs to this region.
It exhibits a pulse strictly speaking. Nevertheless, the magnitude of the pulse is
vanishingly small. Functionally, it acts in the same manner as the trajectories that

do not possess a pulse.
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Figure 4.36: Demonstrating the how the arbitrary choice of Y affects the simple
regulation dynamics. We replicate Fig. with different choices of Y. From top
to bottom, Y is set to be 0.01 in (i), 1 in (ii), which matches the setting in Fig.
and 100 in (i11). From left to right, the rate of concentration is tuned the same way
as in Fig.[4.24] System parameters are also identical to those in Fig. d.24]
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4.N Effect of Y in continuous tuning

In Section|4.3.4] we discussed the scenario where the signal cx(7) is no longer a step
function, but a continuous function in time. We mentioned that the comparison with
simple regulation in this case is subtle, as the arbitrary choice of value Y affects the
shape of simple regulation response. Here, we expand on Fig.[d.24 where we repeat
the numerical integration for three distinct values of Y, as shown in Fig. For
the fast tuning case, different choices of ¥ have no effect on the simple regulation
trajectory. This is expected since in the limit case of a step function signal in cy, the
value of Y strictly has no effect on the shape of the trajectory. As the rate of tuning
cx slows down, the effect of ¥ becomes more and more pronounced. Specifically,
as Y increases, the rescaled simple regulation curve “shrinks”. As a result, the
magnitude of apparent delay/acceleration between the feed-forward loop and simple
regulation response increases. Due to the artificial nature of the choice of ¥ in sim-
ple regulation, we cannot make a claim about the magnitude of delay/acceleration
in the slow tuning limit. Nevertheless, our qualitative results stand. The choice of ¥
does not change the type of response to a step. For example, even though Y affects
the magnitude of delay on the OFF step, the feed-forward loop in this case always
delays on the OFF step.

4.0 Code availability

All Jupyter notebooks used to generate graphs in figures throughout this chapter are
available 2]
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