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ABSTRACT

Nuclear shielding theory is reviewed, General expressions
are developed for the shielding using an extension of the Chan-
Das fbrmalism, including vibration and rotation, The James=~
Coolidge wave functions by Kolos and Roothaan for H2 are employed,
fhe electronic integrals for the diamagnetic part of the shield-
ing are reduced to well-known functions, Flowcharts are presented

to outline machine computation.



Acknowledgments

I cannot adequately exXpress my indebtedﬁess and my sgincere
+hanks to Dr, Sunney I, Chan for his informative discussions,
especially of the physics of the problem, his patience, and the
opportunities to learn which he has made available. I am
éspecially grateful for the interest and desire he has stimulated.
Two of his special comments:

"You'd better think about it."
"Are you sure you want to be a theoretician?®

Credit for the reduction of the electronic integrals is due
to Klaus Rudenberg, Reductions are much easier the second time.

I would also like to thank Mr., Robert T, Iwamasa for his
many helpful discussions,

Special acknowledgment is due to a very special girl - my

wife, Betty -~ for the help and understanding only she could give.



Acknowledgments

I cannot adequately express my indebtedness and my sincere
thanks to Dr, Sunney I, Chan for his informative discussions,
especially of the physics of the problem, his patience, and the
opportunities to learn which he has made available, I am
especially grateful for the interest and desire he has stimulated,
Two of his special comments:

"You'd better think about it."
"Are you sure you want to be a theoretician?®

Credit for the reduction of the electronic integrals is due
to Klaus Rudenberg, Reductions are much easier the second time,

I would also like to thank Mr., Robert T, Iwamasa for his
many helpful discussions,

Special acknowledgment is due to a very special girl - my

wife, Betty -~ for the help and understanding only she could give.



II

IIX

v

VI

Table of Contents

Introduction

Review of Magnetic Shielding Theory

Matfix Elements of the Diamagnetic Shielding

Comnputer Programs for the Electronic Integrals

Appendices

1.

Table of coefficients for one-particilie
distribution functions defined by eq. 2,8
and eq. 2.25 @ @ @ © 6 0 O O O O O 0 OO O O O O OO OO O O OO O O O 6 o

Flowchart of the Control Program for the

page

15

48

s 80

computation of the electronic integrals .c.0. 52

Flowcharts for the computation of auxiliary

funections by recursion siessasessssessenss e

Flowchart for computation of the Lamb term

of the shielding, including functions use-

. 54

ful in other calculations GEE SRS G RN E ee P2

Bibliography

70



I = Introduction

The techniques of Nuclear lMagnetic Resonance Spectroscopy
have been developed to the stage where vib?ational effects on
proton chemical shifts have been detected experimentally in many
molecules, These experimental results are of fundamental import-
ance in that they allow one to monitor the variations of the
electronic charge distribution with vibrational motion, In view
of the fact that accurate electronic wave functions are now avail=
able for several diatomic molecules at various internuclear dis=-
tances; ab=initio calculations of these effects are quite feasible,
The precision with which one can predict the observed vibrational
effects not only serves to check the accuracy of the electronic
wvave functions at these internuclear distances, but also provides
a tegt of the validity of several approximate methods presently
used to calculate magnetic properties,

This thesis is concerned With the evaluation of the proton
magnetic shielding constant in Hz, ED, and D2' Several sets of
accurate electronic wave functions are available for H2. These
are Kolos and Roothaan's 28-, 40-~, and 50-term variational func-
tionsagnd Fraga and Ransil's LCAOC-MG functions with configuration

3

interaction, Recently Chan and co-workers have employed the

functions of Kolos and Roothaan in a calculation of the rotational



magnetic moments, The computed variation o;'the rotational moments
with isotopic mass and vibrational state was in excellent agreement
with experiment.‘.In addition, these investigators presented
accurate‘vibrational—rotational wave functions suitable for appli-
cation to the present problem, The necessary vibration-rotation
integrals have been evaluated,

In the present work the wave functions of Kolos and Roothaan
will be employed in the evaluation of the diamagnetic shielding,
The so-called ground-state contribution to the paramagnetic term
of the shielding will be cbtained by the use ¢f a modification of

@ |
the method of Chan and Das to include the effects of zero-point
motion, A one-parameter variational calculation will be under-
taken to estimate the excited-state contribution to the para-
magnetic shielding, This separation of the shielding may appear
somewhat arbitrary; however, it allows one to investigate the
effects of vibrational motion on each.of these terms in a con-
venient way., The paramagnetic contribution is expected to be
particularly sensitive to vibrational-rotational effects since
this part of‘the nuclear shielding is extremel& sensitive to
changes in the shape of the charge distribution, It is hoped
that the presént calculations will illustrate this in a quan-
titative way.

This thesis summarizes that part of the work completed at



the time of writing, The theory of diamagnetic and paramagnetic
shielding will be reviewed, The electronic integrals for the
diamagnetic term will be reduced {o well-known functiocns in con-
siderabIé detail, Flowcharts will then be presented to outline
the evaluation of the integrals by high-speed computer, At

present no numerical calculations have been done,



II - Review of magnetic shielding theory

For a molecule in the absence of magnetic fields we may

write the approximate Hamiltonian
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Here v, is the vector from particle 'b' to particle 'a'® ('i' and

'k* refer ‘to electrons, *n' and 'j' to nuclei) and &, is the charge

on nucleus 'n' of mass My,

In the presence of magnetic fields the Hamiltonian is modi-
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where j;L(;, is the magnetic dipole moment of particle *p® and Bo is
an external magnetic field, 1In the following calculations we

5 €6) |
will treat ﬂ(-'(dcl as a perturbation toﬂ o Since, for any nucleus
of interest the spin-interaction energy in the external field

()

may be written

Eut = ~Mn-(T-20) H, (1.9
where g, is the shielding tensor (assumed independent of /gN and -
Ho), we will be interested only in terms in the energy proportional
to /l:_LN and Ho. Neglec‘cing electron spin, subs‘citu’cing egd, 1,3 into
eq, 1,2 yields
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We now note that ﬂ’( i can be expressed as a sum of terms in Ha,
Ve

/JNHD, HD , etc., where 'N' refers to the nucleus of interest:

'ﬂpl;u - %4("“’) * }%;(/‘NH«’) + %;(/‘n) + fg:r(H:) URTPIS (1.6)

If we express the first-order perturbation to the zero~order



wave functionIUb as Hﬁ%,, we. have for the total wave function
!
w:: \FN-: ('q)o-f- }ja-’l}_)t 4+ higher orders in Ho) (1.7)
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where the electron coupled spin-spin interaction has been dropped,.
We now note that
A
HnxDion - Bro= M Gen X R = My - Ly
N
where j«N is the angular momentum operator for particle *'k?' about

'N', We then have, from egs. 1.4 and 1,8,
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Now, expressing K = ka""BNo where Rno is the vector from the
origin of the vector potential to the nucleus 'N', and noting that

(AxB)-(cxR) = (AC)(2D)-(AD)(B-C)

we have from eqs. 1.4 and 1,10
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Examination of eq, 1.7 shows that Sfis equal to one to first

order in H, since

<H-o' % ‘ QI’°> = <,4° } B.?.(g'>
N = 1'q-<<t§%t}tiigc> calobaads

hence

gince

- ey

we will henceforth drop the normalization constant,

By the arguments of Chan and Das(4)we notice that the Hamil-
tonian for the molecule in the presence of external fields is not
gauge invariant due to the Eerkoterm, hence %ﬂ is not gauge
invariant, However, the expression for the shielding must be
gauge invariant if it is to correspond to an observable, Notice
that the first and third terms of éq, 1,11 are gauge invariant to’
first order in H° because Z& is gauge invariant., Then the sum of
the remaining terms must be gauge invariant, In principle, the
dependence of the shielding energy on perturbation terms may be
eliminated by a proper choice of gauge for the vector potential,
Kern and Lipscomb(7>(6>have proposed an 'average energy' approx-
imation for the choice of origin which they have applied to several
diatomic molecules with better results for heteronuclear molecules
than for homonuclear ones such as Hz. Chan and Das have proposed
the electrqnic centroid as origin because the paramagnretic part
of the susceptability is a minimum with this choice of gauge,

We will return to this problem after developing the familiar



_expressions: for the shielding.

If we choose a set of Cartesian basis vectors we may write
HneGaHo =3 (W), G, (ljo)/\ (1.12)
YA
/

We note that

(88) (©R) =2 A8, (CB) =2 AJB, (¢D) 6,
_ 0 5 V#A
% AyB, D, Sap= {1  pe)

for any vectors A, B, C, D.

Hence we may write eq, 1,11 as
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where the nuclear terms have been dropped since, in general
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Equating terms in (H y 0 Q&Qv from eq., 1,13, we find
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1t is now convenient to expressgas the sum of three terms

T =gurg’+ i

where |
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Here gliﬁ-the Lamb term and 9?1}.5 is the equivalent of the

paramagnetic term introduced by Ramsey, The fact that @;g)» is
negative may be hidden by the use of BNoin the expression rather
than'goﬁ,

Experimentally, when a molecule is undergoing rapid, random
tumbling, as in the gas phase, one measures only the isotropic

part of ¢ represenfted by the scalar

- ~d P A
Tave = Gaue + G5 mue + Gg,ff\—vo- et
where
4 - 4 d
0‘;\/6’ = +0‘\‘M—\—0'

3

Similar expressions are obtained for Gé;%_andcgfm@. v, Uyt
and 'z? represent a set of Cartesian basis vectors fixed in the

molecule, Performing the averages we obtain for the diamagnetic



i

term

6‘;:\!0 éw‘c Z <,&.L i 3 N "(Am)x -(ﬁw)«j -(rm)a ‘Qi('o>
’:bwto Z<’Z!, e E%’") : (1.17)

For the grouand state term of the paramagnetic part we find

dF = f;%: _ % <Q}°§ (Bno)y (ch.,)x»f@;o)g (o) +Ruo)s (Crn)e m) i e

LN

At this point it is convenient to make the Born-~Uppenheimer
) .
approximation and write
Y, = %4, (1,19)

where (see eqg. 1.1 )

5’% 1‘}@‘%: Ea@e (1,20)

e

for fixed internuclear distances, and qﬁiis a2 solution of

| Rt B %, - £ %,

Here Eo(R) denotes the fact that Ee is a function of nuclear

A
coordinates, Ve may now write, for any operator C>corresponding

to the observable <Z>
(:Cf} - <fu%'la‘lqk;>%r
- <Q‘,'"KQ§@ S M’e}/“ﬁ”m}/n (1.22)

where Vg and V,, refer to integration over electronic and nuclear

. A
configuration spaces respectively,. In general W%.(andCD) are
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expliCit or implicit functions of nuclear coordinates, hence
we write
S
(o) = <'1.Ln ‘ O(@iﬂ%) (1.23)
Vi
where
g A
O(R) "—<’4’a,lo iq»"e.)/
<

We may now rewrite eqs, 1.17 and 1,18 as

ok = s T | e e 1%y

6;‘:*/6'9 é—:_‘;c_?' Z— <Q4W! E“°'<Q""<”- ‘fkwg >§ ,Zib > (1.25)

Ve now examine the total force on the nucleus 'N' which
we write in terms of a-potential’Vﬁ In the unperturbed systenm
the forces are electrostatic and we have the vector equation

B = -,V = 24 Z —N“ |€|Z <Q!1 I‘WMIJ > (1.26)

r#EN Nn

or, upon rearranging,
‘ YkN Za!&n )
e 7 <%l = ) == 4L _
‘l{e ’l,:e o = VN vV (1.27)
NN
Bwt\/is just the potential part of the Hamiltonian in eq, 1.21

V = z s M Ee(R) (1.28)

NCNI NN

Then

V Y= "'Z ZNZn mﬂ + VN EQ(R) | (1.29)

n#N

°r, from eq, 1,27,
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e Y <4 | “‘”i@) - WV, EL.(R) 1,507

Hence the electronic integrals may be eliminated from eq, 1.25

ylelding the'Vector‘equation
S, - I « I '
Ce Rie = Fymez <{¢'m§ R VQEQ(R)V%Q}; (1.312)
vt

Note that qgﬂw§is quite sensitive to the behavior of E.(R)as a

function of internuclear separations, In practice it is con-

0y

vénient to use the equivalent expression

n-Nn
A L P +é§mv}gwﬂ2 (1.515)
n

since accurate empirical potential functions are available over

4

a wide range of nuclear separations,

The excited state term may be estimated by use of a variation
calculation, Das and Bersohn(“»have shown that for many Hz wave
functions a one-parameter calculation is sufficient to estimate
the excited state éontribution. Chan and co-workers(e)have per-

formed a variational calculation for Hz using the zero-order

functions of Kolos and Roothaan, The function used was of the

form
Y= (iabeP)Y, (1.32
where
%= y=

P=0
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rhe bond axis is the 'z' axis and the origin is at the electronic

)

centroid, Then G'?) —( is given by

EX XX (EK Yy

(o 5 | |y - el T3 () ]

<q‘z' !Z 2o —Xis 5@>
', |Z Zorxi, W)

with the above choice of origin,

(1.33)
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711 - Matrix elements of the diamagnetic shielding

1
Kolos and Roothaan's electronic wave functions for the Zg

ground state of H2 are of the form¢!’

'q’e = ;CL &; mimne iy =%ng;r,; s;ﬁ“'q’rzsgpggg/x; (2.1)

0 -rx(f-&-%')
4 Yeprsu= e EI 0 S

!, 'q', 'r', ‘'s?, and ;M' are non-negative integers, and &K and

. (12)
the C, are real, €5 and?Z; are the elliptic coordinates defined by

o cdevwi- gé= fia+t AT D ?—@ =am.d&v§%mn$@“

o f
elegvon 2 PR * ot dackons wbsik
L= lATTiB a)ov‘bovd/axis
£Y) : s R
____________ 2 3(5 MY db AN AP, (2010
Nodews A R nuclews B axs

A 3
For any electronic operator O we may calculate the expectation

value at internuclear distance R as follows (see eq. 1,23 )

o = Y| O [4e) <§-°~'§-§' o iJZCJ 3;)

%CLCJ <6>,jj <°> <§‘ ]@> (2.2)

since the 'Ci are real.

A A N
In the case that O is the sum of one-electron operators, O'—'% OK

wWe may write

<6>{j =-<§Ll%6kléd> = E_<5K>U (2.3)
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It is now worthwhile to note that Kolos and Roothaan?'s ,Zg
molecular orbital is symetric with respect to eléctron exchange,
Furthermore it must be symetric with respec¢t to interchange of
pucleil which requires %+S even in each y%$raﬂ . Since neither
~the mass or spin of the nuclei enter the calculation of the
electfonic wave functions, the MO is equally applicable to H2,
HD, and D2,

Now if 6’is the sum of 'identicél' one-electron operators,

that is, symetric with respect to exchange of electrons, then

@Y= ZlAIE) =N, <8 1318 -Noy,

where Ng is the number of electrons in the molecule described
by'qg, and ‘'k?! now refers to a particular, but arbitrarily chosen,

electron, We can now expand eq, 2,4 to obtain

<6>'U = Ne, <P:.3:, '2'3.'./1.: lakl (’0‘33%sj}‘j> =+ <P;g;¥‘;s.yJa'ék} rysy ﬁ'@j/"j>

s <£ 9«5(535}“ 5&!6’83’35_{)‘4> +<;sm<g;)l;}6kigsﬂ&}‘&> (2,57
where Qizlﬂ'séﬂal lesgsn %‘/‘*J> s obviousily @P;ngéfa/lé‘5‘<‘#ﬁ'ﬁj”f%’/‘1)>

and the physics demands NQ=2_)k=\ov2”

. A
We will now consider the integrals <€585r55¢/“5lok‘(’J%S'J‘J‘//;>

wvhere C&f:FL- since the Lamb term may be expressed in terms of
1A

these integrais by use of the above expressions, The reduction

13
follows the procedure outlined by Kolos and Roothaanf 4
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- __Z_._..__ . Z(ﬂ"nn)

= - "
e R(EM,) RE=N) (see eg, 2.1 )

Then

el o o 20

where

2 (E5€) L L
L Py&svr s
Kegins,” deVdV © (&) £/7°% 02 nt
all space
In order to reduce eq. 2,7 we define the following one-eclectron

(2,7)

functions, OCur notation is slightly different from that of
(2)

Kolos and Roothaan for reasons of gemnerality, Ve alsoc note

Kolos and Roothaan's notation to facilitate comparison with

reference 13,

Oﬁr notation S Kolos and Roothaant'sg

Ty et z
Z, =(Fn-1) 1, Z,
Z, =)'y,
ey 5.
T =L, 2

I
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z,
z,

En Y, : 2,

(e 2, Ly

= = . 2 Ji | 77; 7};_ Sawme as ours
T = [(E00-17)] " cos® T, g = e

A, = ED (1) cos 29 Z‘“ defmes only L
2= () T,

%* 2z R '
A =10 A, (2.8)
The k( integrals, eq. 2,7, may now be expressed in terms

following integrals and notation

LY = [ Gy (@ vo 2@

(4]0 = {[avav, (@ €m0 e

where Q}£2; represent any of the functions of egs., 2,8,

make use of the relation(‘s)
2z _ p* B ot 5% z
6= B s et -2, 0 -2

2] (E-N0-n2) (&0 (112 )] = Cos(‘{%*‘?z)}

}

# 2 : Sawme. defiafious
,W,n = (E __nz) ’ﬁ:\ note above dffevemces

of the

(2.,9)

(2,10)

We will

(24113

For Kolos and Roothaan's wave functions the values of‘P of
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jnterest in eq., 2,6 are o-‘-'j('s-4 « The integrals with/fl even

are easier and will be treated first,

' 2 many) -2x (& +€,)
K pgra® - [t oy S
2 z'l 2 z_‘ B, o -2"‘?\ P g -—Zng o &
= [[dVdV EN) (1) 6 e gnte e

= <ZI%§Z::5> (2,12)

The F¢.,¥)% indices will be suppressed and the equations written

in the form K°=<z‘}zl*> . Ve now rewrite eq., 2,11 as

e = —zj {(g'2+n,z—l) +(§:+7?:-1) - 2EM 2 U,
G ngz") ("’n:z)]i [(?fﬁ)('*??iyws ¢ cos?,

1 L
-2 [({T*l) (I—'ﬂ?)] [(gz*l) (l-?’l:)]LSDan‘ sw (@_} (2.11%)
Inserting into eq, 2.7 yields immediately

K> CEIZ) ~ ) -2 CZIZD]
where we observe that <‘1H_{):'>=o when either Y or ()" are 77') AN

functions since the angular parts factor and
AT +a, AT+ q 27T+a 2T+a

jws@&% = g'sim‘?d‘@ = Xcaszfédﬁ” = jsén&‘?al‘? =0 (2,14)

a o a o
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We use eq 2,11% to obtain

4
rd = {< EE ) e () AT BTN - 45T E N, (5205

+ 2(850,=1) (£2402) =4 (3 m= ) § 1,1,

+4[(E) ()] [E00)] cos™ees™ €,

+4 [(=) () [(£3D(-12)] sia™4, s,
() [(em)) ) (0)] Feos € cost
—4 (een) [(s:-u)(z-nr)f[(g;-l) ( &-n;)] i ¢ sn ¥y
-4[ (00 7 (20 (-] - (2ME 1) cosBoosts
4G5 )] [ ) () s 50

+8 E1, 81, [0 0-1) : [0 (129 % cos, costt,

+8 &, £,1, [(e=00-1)] : [(g‘-z)(c-v;)_'] % 5% ¢ sin?y

+2.[(Ef.;)(:-71’=)] [(5:-1)(2—71;‘)] sm 2 sz ¥, ]‘ (2.15)

We use the relations

2o 2T +a ' 2T+

j swmr@4e = Sws‘%ﬁ% = =-’Z— Sd‘e (2.16)

a a a

and substitute eq, 2,156 into eq. 2,7 to find

Kén B [<23!Z,">+ (ZZD) + 4<225)



21

+ 2T+ 2 {215y -4<Z T
~4&Z 0z ' ' 3173

For}l odd the process is slightly more complicated except for

P:-l where it is obvious from egs. 2,7-9 that

K—n - Ez)igj (2.18)

At this point we rewrite eq, 2,7 as

: zx( +€2) M '
K# = HdVAV (g ﬂ) ,z,%g"nf :f’ (2,7%)

salf 05)
and use eqgs, 2,11% and 2,15 and the Von Neumann expansion for Yz :

Fa 2> T DL Qe PHEL) PE) PALL) cos i (#-4) couior

=0 (,.:'.,o
where
2L+ Si—o

Pt ™7 otz (“)'] &zl

§>is. the llarger of éz. andf f<is the smaller. QLand L are

the associated Legendre functions., ©f immediate interest is the

angulayr part of the expansion:
cos L (- ) = cosc¥cosc?, +sini? sim i,

We note that
2T
j smmeosn®d¥ =0 for all wﬁ'eﬁers m omd n

o
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Zl ZTF

o 3m-,én
stmm‘ésmePACe jwsm%wsn‘ec{‘? = (2,20)
(o] o

T wmen %o

Hence the terms in the k( integrals involving sin~cos products

will disappear upon integration and the mhi?s@q% parts may be
replaced by ¢osc®Pces¥? « This is equivalent to a transformation

of ¢ by %Elin the appropriate integrals and the use of orthogonality.

For /E=I we have, from eqs, 2.7 and 2,11%,

jfd\/ Y, Y (212 (5290 ~22(it1s) st n vl
(5241 + (2H12) - 2805,
: 5
3 Bsf—l) (1-%,‘?] = [[%2—0 Q-%:)] oS> Ceos¥,

~ZE( 1><1- Lﬂsz \>O ,,)] Sw&i sw;‘? E (2.21)

Using eqs, 2.8, 2,10, and 2,20, this may be written as

K- F (Rl 220 - Bl i) oo

For }hﬁ3 the reduction becomes very involved, Tn spirit, we
rewrite the terms of eq, 2,15 involving $m ¢ and o8¢ using

the relations

2y = Ji.(l—c,os:?fp> g cos?¥ = %_‘_(""wsz@}

o co8*?, cos* ¥, +5m Y son-Y, = 5’;{ 1+ 2 cos 29, @92\‘(’,_) (2,233
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Then eq. 2.23 combined with eq. 2.15 and substituted into eq. 2.7%

may be reduced using eqs, 2,20 and 2,10 to the form

= B (31220~ 2214 2]

c4[a a7 2 2 2] 2 2 2]

I
-8:"17; ’W;_ + 16 %‘Q %{% (2.24)

We may now proceed with the reduction of egs, 2.9 and 2,10

by expressing the charge distributions in general as

-2} ' b o
k';tﬁ - € ZS 8"“)’ fpm%% [(iz"’)(“nz)] 2 cosMP (2.25)
a.) .

where the ﬁak?g represent the Zk,’m,&w functions for M=0 1,2

respectively, and the ékqbare the coefficients as determined from

m*

kpg
* »® )

with coefficients 5&%’ The Sk and Jk are tabulated in Appendix 1,

the'eqs. 2,8, We also define in the same manner as eq, 2,25

The righthand side of eq, 2.9 vanishes for M?>0 (see eq, 2,14)

S0 we consider the case M=0O,.

ooy = [[anav, oy ey et
(5 S 87) (2, 87, 870
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o |
b =
= _B___(ZTF) [Z: Sko.b db é—zacg‘g?mjml%lgw
Q4 ab ] 1 | 4

[~

)
> 2§ s+d
X E 4 z , M 4
‘ =

\

Now |
n o ;nsM
iy = Z_ . n evenm
-) n+l
and ”
’ -~ -2
2% X e nla (20
jalxe. xVdx = An(z@ = ) E-_. el (2,87

The.functions An09 are well known and will be developed in

detail when we consider the reduction of eq, 2,10. Inspection

of the expressions for Zﬁk,eq. 2,8, show that if % is even then
Zk(’?is even in '}’( for k=85 and odd for k‘f—(o)?. The reverse is
true for % odd, The odd functions in n dissappear upon integration,

hence

2 pb
< & ;> - R # :
ClZh) =75 Qg Qs
. (2] -1 . QMM¢K£5
Q L ESKQ\O <%+b'”) AP_‘_&(Z.O‘-) ) 3 edd. ¢ K=6)7
g ’ :
% sther wise
To reduce eq, 2,10 we follow the procedure of Rﬁdenberggib)
We will solve the problem in a somewhat general way using eq., 2.25

and the Von Neumann expansion, eq, 2,19, We integrate the'angular

pParts immediately using eqs 2,20 and observe that the integrals
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factor out, Thus
Ea% g
& SO oo | L] zr R 1
3% =0 b«ad

"__l..‘

~2x(Eré) 97}?}:2"'\” ,.*_Cﬂzd

% e £, 5. cos MY, cosm ¥,

m .
X [f%f-o -me =) ‘“nf)] =
b (I.. 5 d - ' ¢
"Z- €0 D 6D QU RAI R (1) cos (4:0)

R mITY S §5g, D" {Pwm%”’o 192

2" l=0 ab cjd
{

J N

it £
a ! N %. 2 %
)" / 4,205 7% (g0t [@:‘@Jaa rEYe (N
! ]

S0 % an,

N "'25(%1. 2 Vl."
+BME) f QG e ()= {,_Ncolfz_] (2,29)
Z

where

£ —1
Cemy= 4 AT M=o
T s M=zl

Z
]DL_'M, = 2 (zL+)) EL“’:/S:} L all mzo
LML
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Let [ .
ML Mo
@J‘ =[?L,"‘(x)(l-xz) > X2 dx (2.30)
-
(17)
gince :
{ o R#L
w m — _
JR_ (<) R (XY ey = 2__ (M ool o LM (2,31)
@@Ly Gemyy 3

-1

L
@? may be defined by the expansion

g E? ML
\-X%) # xJ o . v 'MQ(> (2L+|> ( L‘M> \'
( > LtN\F% (= = CE:W@[ (2,32)

as may be seen by multiplying eq, 2,32 by Tif%@ and integrating
using eqe. 2.31 and comparing with eq., 2,30, But we may re=-

2.1
write eq. 2.32 using the relation( )

W N W "R
RGO =(0-%0* 2

Then

.5 ame ARG (2u) (om) |
X _:é'm B dx™ 2 (et (2,33)

But by setting M=o in eq, 2,32 we get

o<
s o
Xd=7 G RGO (2D | (2.34)
=0 Z :
which we differentiate M times to find
., & o2
3} (M _ S ge- d"R & (2L —
(...\"MM. L=o \d dxm 2. .
W ; : "D
e let q:d-wt in eq. 2,35 and note that C! i );o for M>] , hence
oo Ax™
XY= Z oL A"Rxy (aw) “l

Comparison of egs. 2.33 and 2,36 shows
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ML (\—.’\'M)} .3 ! oL '
Pi T e (gemy L Poem (2.37)
Now''®? ‘
o :
??5 = S.FLC£>XJCQ<

=1

b el
ZTL‘)’< 2">‘) 3)—!.30 amd even
(J%:)\, (J""L-'*")! _ (2.38)

o} 301"{'\6\“(»23&

hence eg. 2,37 becomes

mu Zuﬂ@#wﬁljl<é%gﬂ%! ;J+M—L>O<mdQMm
@o - (Lt=m)! (J‘t!_wz__:L)} (3+M+L+)‘. | (2.39)

C);d{umpﬁe,

Turning now to the integrals over %,gz_in eq, 2,29 we define

oo % =
Tt ] e |ane [Roem et
-9

|
+ R’"(é)f@i‘“(@ é”(X‘—D%x%} 2 (2,40)
§

We observe that, integrating by parts,

Jaz BTG ?:“@JQ:“@ &%) E X dx
$

l )

- _ % ”
- Q@ X7 ek T RNG
1 .

oo _ . ﬁ ? B
+J Q@D e qu(iz-D >t j B e X" () dxds
! ] ’

oo S |
- [arm et | R e h e Tdxdt
[ |

|
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gince the first term is zero at the limits as may be determined

by the usual methods for indeterminant forms, From eq., 2,40 we
find

£
",trm (a)“Jokge, O e >2Q["<§>J My & X1 % <Py
|

oo

o L B
+ J a5 & S Q:‘(g)jcbx e x“(xz-o"% B
{ !

M
= Iﬁ\,\ @) (2,42)

it is useful to notice that

f AKX = ; | = W
f—% ( de M &2 X (x‘—b'@'- f B e X (x) —7.)
| ; :

H
= T (x)e_ x"'(x*:) dy B0 <Xk )%

l

+« B (A)e, x"Cx“) jdﬂ?m&)éaﬂ“@‘—‘)g— (2.43)

Then we. may write eq. 2.,42 as

C?L<E) ™ i : —aX n, x Y
I e (4) j‘ P”Ci) f jP é<) 0(2—1) alx_]:!{"&)e X"x=D aloc) (2.44)
and integrate by parts in eq, 2,44 to obtain

T, @ e s.; jP“@e. XG0 2 jﬁ"oo 0D Rl J

oo

= |

QNEN g, 5 a5 .
,Aid( m@)ij) Fx (X'DZO‘”‘}’PM& -ax)(é(’-—()"-a(x (2,45)

But the first term vanishes at the limits and('q)
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d @:"@)) QO PO - RO NS
A ( B(6) [rray)™

¢ ™ (emy)
T (=0 (o] [Re)] T - (2,46)

yse of eq. 2,46 in eq, 2,45 gives

%VIWMLC)-MJ(% D [—PMG\)] {O{KPMCX)Q T C" l>""

(=)
]
a3 RS “
x[?fj‘(i)] jotx M0 VXKD dS

1

ED (L*M)}Jdﬁ(‘% ) {- (\i H:m'(ia) | (2.47)
L.—
1

where

$
£ = R f ARG €% (e
|

Then we may rewrite eq. 2.29 using eqs. 2,30, 2,39, 2,40, and

[% 0] - .__C(m LIZL S gm D g e

=0 a)b %
X(—I) I(V-(—Q r-+¢ (2.48)
We now define . :
m |
L =1y (=m)) ML
'énﬁ () = (Lrm)! Inﬁ @) (2.49)

and

4 '
me [ (Lem)) t ;
By = i[_ ]D:'] @;m‘“ | (2.50)

(Lm) !
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Eqe 2,48 now becones

m¥ { _ RF- N mL m
[ le] - EewES susi B AT Eman am

S k=0 A_,b)c_’
where : . J+M+L
¥ et )_ . .
- (el Q————-wvz‘_"“)) (j+m+u—!)) omd evem (2.52)
0 ; otherwise ' ‘
and (see eq., 2.47) '
‘ oo

mL s - |
@M () = [HEEHT L (e ) £ (5 00 (2.53)
/ !

Kolos and Roothaan evaluated the ég@;%?@ by numerical integration
for M=0C and then applied a recufsion relation, to be derived
later (see eq., 2,113), to obtain the integrals for WPJ,Z.. Ve
will follow Rﬁdenberg and develop. the éa”?%@)by recursion, In
Y

practice, however, recursion relations often lead to rapid loss
of significant figures when small differences of large numbers
are involved. Further.discussion is best postponed until after
fhe relations are developed.

We now proceed with the reduction of eq, 2,53 by considering

the related integrals defined by

oo .
b -\ -] i M, .
| sﬁ/,—,,— (o, @) ‘jd?(?z-l) £, (3,0 £ (‘5/04) (2.54)
Then
mi me .
é”_ @y =@ 5 ¢9e (2.55)
. mMh
Ingpection of the reduction of the integrals J:nﬁ(yb(see eqs.,
7

s

2,40~-2,47) shows that we may also write
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@ o = L J Pt N

§ . ?' _
X[Q‘m“)[ de @& KTgen B + P,.'"@de QL™ K1) mi]

O

!-l)(L‘_ ] 3 —RX = m
] woJ g[ e L ® | R E VKT eed
!
X% A2\ m 5 s =XX n W
+2 £ ED=QE U Mwe X (x=)E (2.56)
1
Consider first the functions for ﬂN; =0, Ve have (from eq., 2.54)

(pﬂ,;o(ocﬁ) > f; (%‘-lf\ro‘m e J dx & T

ST (e f e & jozx S
"
Y N 3¢*ﬁ — _
=G Sox" (90 (&) (2.57)

Since, from 2,54,

2 _xx (f
<P <°< ) "jali(‘% l) ax e jalxe:ocx : (2.58)
1 )
and %
% _ -a¥X A
je,axolx = —-& }
| & x=
we find

9” (x&>-—""‘fd§(i-—l5l( -e"“i)(e “’”)

wn-l g PR o _XF -X - -+
=;—‘L.zfal§(i—l) ("% e S P §) (2,59)
J
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e use the‘integrals

* 4t "3 s
s L BY, A} 2 o fls L -
j(‘?—o Zj{-\ LJ fr = A, (mmota) 2000
i
and
o »43 ) -a% oo
e -a%
X e a5 = —\ij_fz_ati __%_S e Tds
| : -1 | &+
o & _a%
. _@Efjéaiag_?:_j'-g—-aﬁi
x>0 Z J 2 2. 2“?.
—q . =il
_ =3 e Q e_%
=L &g - £ fa
-aAX —-2a
1 e?q . eq .
- ){,:;; 2 E. ax) + = !l (-2a) (2,61)
where (20)
X < ) «t W .
Et)= f%oﬁ? --j%& C*MX“WZ, w9 XS0 (2062
e -0 C= Euler's ms’mmf—-ﬂnfs"“’

We then rewrite eq, 2,59 as

o ~—(o<.+$l.) %
Se.o =) = J ALY - .( (=~ D

& Edc o+ éﬁﬁﬁgié
- G T+ e \61'0 (2,63)

and insert eqs., 2,60 and 2,61 to find

5 -@L> i e, "')' L £¢ (X
920 Gxdg < _— L“2~ inﬁnx * F:b(009 Ez'fzbéélx *-E: <

lmnx~9o
2(x+l)

E»(—Z«%} 1€ ({Kﬂ]")*—i Ecf ZEWZ])‘\ (2,64)
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Then employing eqe, 2,62 we find the infinities cancel and we have
o0 il 2=
oA
&) = =2 - e P (-2X
Qﬂoo Cd)oﬂ) TR [C A+ hm o+ Ina =Ldn (x+%) - & B2

- T Bl + e,z@ﬁQE.;, €2 Locr) ]

- (x+Z)

<= {}E(aD + E;GR)'—'Ei(ocbZZi]

-
=3

(2,652

where
E@W=1% \:c F o 2% = e”xs;(_zx)]

Now define the functions Gn(x)by the relations

G0 = D" A ¢

(2,66)

G, e

u

e &)

and the familiar A,K) (see eq. 2,27)

A = [at Fgn = " jx: Ao (x)
}

J (2067>

-.)( ,
)= o

We may now write eq., 2.65 as

(2,68)

'QO oo i __‘—- = —046, _ K
oo L) = o= [e. ERCIEXINCACY) 'Go(“"'“ﬂ

We now examine the identity (from eq, 2,68)

nHa vy . . _ . _ |
1) é?mj;'v;[éaLﬁi’@séﬂ::Qﬂyﬂﬁgégl__[?“G%@Dﬁ%idﬁ%@i>—G%ﬁﬁ*gﬁ
Mo Qbf =7 " '
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P~ -
G ) re G, -G, (*+R)  (2,69)

py virtue of the definition of G ,&). Using the handy formula

for multiple differentiation of a product

4" N ") dfoy
g‘;’ﬁ[{(")‘f}(")] "Z (;_ dut Odt.x"" ( ) (m!t! (2,70)
l=0 ‘
we have ’
_(_l)nﬁ-_?—vai [“EL @we° -—:} TR Ch J(o<<><)
Sz 0 @) = €D g%( ‘)( }Ma“a
n-Mn-'u-’J o _

X R b, (@) (2,71

But (from eq. 2.57)

’Bﬂ*ﬁ'bﬂ 0o nvw-bﬁ
= ARCE SIS <¢ﬂ e coc 2

and -
] Y “0_( 3 “—;\) e
)
9 H-J Cd SL) « 3 =0, 3=
N N L T
'}O( ao&J i i ‘::5._._,
o s¥Herwise
Hence
WA AR '
= i+ -2
SO [M 00 2 a?] ) " vw\ﬁﬁ C"‘a‘> +C') " %n@ﬁ-)
Dt O

xnwm Rl
(44 é“‘) +&l) Vl’a(% g;-,("‘ d)]
_ co o
= NN %,,}ﬁ-, (R,&) +adk ‘Fﬂ/ﬁ (<, 2)

o0 o ©o -
&, 5 e =1 ok G ("‘f‘) (2.72)
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vsing ed. 2,72, we rearrange eg., 2,69 to obtain the recursion

formula

00 ] - co _ _ co _ - oo -
(Pn'j (otj&') == [V‘“ §ﬁ-ljlfl (o)) + Aex gpr!,F\'--( (%,@) = ni %,_,/ et (%3)

+ e ;‘G:n(od + é,'dG,,,c&') =8 (aa-a):l {2.,78%

Returning to the GnOO, egs, 2,66, we have

G =~ 26,00 = ~ £ (e¥ew)
= €F86) -€ d €0
Ax.
_ 5 X
= e,XEQQ = L*Z&ZXEL(-ZX)-%Q,ZXQ_E;(—ZX)% (2.74)
2 ( X T
and (see eg, 2,62
] ) -zxt_ iy
A ela2xN\= & | & = e
decn-d [ =
o O
hence
~X
G,Cx) = g‘z ic, + Lu X +€,ZXE&(—2)<)§ (2,95% °
and
G = g, GO = _,e_—.x Clp2X +ETEel2x) - 2 -Ze,sz;(~2x)
> Ak T T 2 X

-X -X
e E) - g’x—

GO < - Ao CX)

u

(2,76
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chen for V%2 use of eqs, 2,66 and 2.67 on eq, 2,76 yields the

recursion formula for the &G,X).
-2,
RE @

G =V S Gy =T A

e

= D" d G ® - (\) i A" 4«
= Q) —Ap2 00 (2. 77)
For the 4n(x)we return to the definition, eq, 2,67, and integrate

by parts

A = fe:xtﬁ"df

t oo s
n X .
- —-t'e g % J'ﬁme.x_é&;%
X £=1 {
X n
= °>-<‘ - o ’)'Z An.za)
= i—[exq-n An_(OO}
Ao®d + L Ap GO , (2.78)

OA
For the functions {gﬁ @Ja) we may write (from eq. 2,56)
/

—

seif. o2 5 H
6, )= Jus @J@{é“gz’fdxﬁ“ﬁ-”x” SRy LEE e f
l l

o g _ g
= g&i {éf &s‘{"JAx &M R, ) +&™% "‘Ja(x & n Rha,i)} (2.79)
g = ) :
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\vhere

Ro¢8) = QO R0 - Lz0 (2.80)
ye define the following functions:

ERCS L{? Q)T +Xx QL (D) 11@0] - L2 (2.81)

oL -3 RN - x5 = -
,l/’ﬂ/ﬁf"‘/;‘): d{{e Z"%fxe"‘xx"SLCXﬁ)-a—e,Kg"‘ja&e,WX"S,_(x/i)j (2,82)
l | |

Using the following recursion relations for the Legendre functions(?")

LT = @D x B 6O =) P, 6O TS

(2,835

LR = @i QL E-EDE_, &)
we find (L22)
QDT = @)™ $X Q) 0 +(iS By & R OO

-(LD (2.L=)) [? QOFLO+XQ_, & 'P{_.&@}

or
| = - e -]
Then, using eq, 2,84, eq. 2.79 becomes (for L.ZZ)
=D~ Gl
7 L>%z/;7 2| (2.85)

Applying the relations 2,83 to eq., 2.8l we find a relation for

& 12
G

A L)
ol _ 2. / — - /
(pvzﬁ (o)) = Tl_;. };@H) (€4+1/v7+1 &%) +(=) %ﬁ@‘/s‘) -

'SL(X;Q)for LZ 3.
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5,09 = 1| TR (180 - 11 Quat)
+ %jg%§§§><ﬁju;xle{ﬂQﬁ)—[F43¥1410C9_}

= @) QO R

=D [E Qa® R, O+ xQ_ &> P‘__?_(x)] (2,86)
and (LZ3)

3 = 2QLE)PL O+ X O @ B,

= C:_T;) [(zz.—%) X B OO — O-Z) P_soo]

e a0 ons Q) Qua®]
oo

.2((2.‘-)3) XEQ_ EP & - %‘_f‘) [i Qo) Rat0 +x Qua®) R—z@}

wvhich gives the relation ( LZ3)

Scha) (LD ED R, (%) = z(z:.B)st,_.z&i) -S <x§) (2,87)

=27

Or, upon substitution into eq, 2,82

L2

oui 9 _
("‘d‘) (2 ¢ mzzﬁ( R)+4ﬂ / (" "L)] 2@ mlm-/c %)= %I/ﬁ %)

Here we have observed that

(2,.88)
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ey ;a( z =, - -=§ - Z -
30\§<e_ g’gﬂjdx ef“x/("‘(xﬁ—é‘) R %8) +e é%" dxe“xx"(x‘-r;‘) B CXJ?))
I

{ \

i . J. : T
- [‘J‘%é’ng "f&‘"@ xR ¢ é“*a"*zj dxe K P._.l<><,z>>
1 ! ]
- o ~;‘¥*f—°<>( : XE R §-K><
/ +JA§(¢ g“fdxe KR Y E g“*zjaxe. x“Rr\Os‘?))
{ { : A
' - g ¢ ZX = ~RE R ; -XX [y
=j’4€(é £ dx & KM )+ € %jclxe x"TRL D
Y ] 1

AN T
+‘[‘A§ (@ %EEHJAAXE‘MXKWPZRL:‘O&E>+ &N«Egn-(-?. 'AXQ« XﬂR{_—z(’fi—))

!

o1 O, LA
- y " 7 -
- %{-L/h' Croks gﬂnjw-l-z ()

To extend fhe relations to small (. we note that (see eqgs, 2.80-3)
RE = QDR = x{EQ,61]

= X§ Ro<xﬁ) =X (2, 84%)
and

5,008) = 2{ XQ BB T EQORGT
- XQW | 3R -Re| + R0 M -2,
z 3()(2'*'22) Q‘C§> PI(X> - Ql('%)'P’ (X) - %X Qo (f} ‘%(’Q

= D) Ri3) - Rz - xE Ro(4¥)

B(x+§Y) Raxd) — X
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S, 1) = XQUERM+E Q (O F ()

XQE R + R [E@se)-1]

(X% 3") Ro(xE) —(E+X) +X (2,87%)

we now define the functions

2 -RE & & - ' ¢ _3ZX = ;
J;,ﬁ(“,a) “jAZ(e g /dx < XM () +€Kgfrjdxexxx"(§+)<>) (2.89)
- ) | )

oo
&
Fa &) JAE( ‘*"jalxe Sy Ejolx X T (2.,90)
Hence from eqgs. 2,79 and 2,82 we have
i) = Gy in @2 - |
QQM. (x/o«)= ), ,(452 7 &) (2.85%)
OI oo o0 _
r%qn o 2) =§0r1+ _(xd)'[-%m+2("</&7>"<j:qﬁ<°‘/0—“>+ﬁ'zﬁ(“/“)
ol _ ‘
% &) = [Qﬂmz‘q(oax)-r Mz_(ogaz) - B (& (2,88%)

Eq, 2,89 may be written

Jn’%(“lz) ”‘JA" [é“gz“faxe ey + & e jc{ S "(er)]
: A

= P E oo
- jaz (e:"%g" dx & KT o KB | ST
] i !

_s _[E . _ (£ :
B ef“gg"fdxe Xxnﬂ_‘_e:-“?gnﬂ d _«xxn)
- (_'DV!;-WQY\H/\ J [ ~X § y ~x E —&X
e x +e, & [dxe
P W2 Wi '[ j =

(€

-X ¥ R

IR W oas X + € tgjdm, (2.91)
)
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we now note that the quantity in brackets in eq, 2,91 is Jjust

[ ] AE(I&\LE-:&’( i&@: " _’_J‘ __ocx -Exx>

The first integration becomes trivial in eq, 2,91 and we have

T 40 = (—:>"”‘ " de 5 %X dxe, X+JZ:Q, J:iy ) (2.92)

D AR ™

The remaining integrals are just the AROO given by eq, 2.,67:

= AN
T & G'DM;%@{% (A (D AE) + An o) A&"‘“)

u

A @O A + A ) A, (&) (2.93)
Turning to the F,z®,%), we have

oo ]
Faz (2) = sz(é“iz“}xe K e E d =% “"9
)

- = Y Fo- e P8

C__Dmmavtw. 4;(“’“‘[ - _%E 1 X

=l L e xe X (2,94)
S DR }‘ ‘Jxe X +e ,

b

Performing the integrations gives

Fan (6@ = "™ f;; 5 <5(_ £ Exe)
’ P DT [' ( ! )

. éa?i<_ é“"gxx+;>>’i>
o X=1

LE @“fl’)fe il _ (o B -C“*"‘V%

94?'

= (= ))w«-V\ g\nw.

Soch DR

gR(zﬂ)ej"‘E e?"‘(ow) &= ]
+ Fo —m———

A+ o

= Q'D"*K S“VK (ac+2+\) e(x ) _ (o —z\' ~ R
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KA AR

- —(x+ %) (et+R)
LEe - &+)e ]

&> (X +RD

= (MR P {é_'(’“'mo@((n-m«;‘c)]

o LR (KR

= (- )V\WL Qvt'w\ [A— (e Ao(.“b + A6 Qo@)]

(o 4+

= A AR + Ay g &) | (2.95)

where we define

N+R
Apz @) = € o“*';}j s Foo @)

Aeo (¢, ) =@<l—:£) Bo(x) Aol) - (2.96)

We examine the identity from eq. 2,96 (using eq. 2,67)

e N g A
&) mf;i*\g K{o(«»—R)P;WQ‘R QDV‘W‘ 9“3 = Aol Rl

= Apdd AR ED (2,97)

- Expanding the left=hand side using eq,.. 2,70 gives

-1 W ’3 'J(o(-i-R) Dn-—c-rnd '
_ = 3 : _(n @ e o =
Al An(R) =& Z':’?Z;o )(J ) Sai D Siogt ,4,0 @,

= (2 Anp o ~ Ay 5 ) 71 R -y @520



43

or :
AV"V\ (d);) = ————+ {Yl An_‘/ﬁ (0904> +n An"‘ﬁ_\ (09'0'0 ¥ Hn (x) Aﬁ@)} (2. 98)
and, for -the sake of completeness,

A%V\ () = A )° (&,6) = L A°/ R &R0+ Ao A (o‘é)j

& |

ML
We now turn to the final integrals, the @5 (x,%). We define
A 443
£ = D= PG

gl = (52 F Q) (2.99)

Then we may write eq., 2,54 or eq, 2.56 as

i _ i £
Ca & =( Mctnmni'\ jd ( e j dx €K gMO R
' { {

= - (§
gg"fdxe:"“"x"grc )ﬁ'“(x)) (2.100)
{

(=3)

Note the recursion relations

KMy = G- B 47K

dx™M

(KMstands for RMor QM)

(2 x K M6 = (=m0 K,_+, (X) +(m) K60

m ‘ m
(x*=1) dZ’SL_@ = (Lm+) Ky & =) X KPCO (2.101)
” L
We examine the identity from eqs, 2.99 and 2,101

'F &) = BX \) M(X)] . [(X M jxf()()} (2.102)

Performing the differentiations gives

M=) 2T B0 + (0T BRI | 2mx(d)™d "R | gy ™ R
otx d)( dX Tomu
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or, in terms of the {';_“(x),, we have
mx (Y 060 v (20 2 AR = =y | 2mx €00 f."“(x}] (2.103)
Ax :
Then

_‘FkM'H &) = <x1.__D Y-?.ﬂ" dd PL.MQO —mx -FL_M(X>
X

~mx P60 + D z [( L=-M+)) %"'”Cg) =(L+0) X P,_M(X)]

.-(L-\—M-\*\} X 'FLM<X> +'<L"Wl+'1) 'E_:: (X> (2.,104)

i

Using the second of egs. 2,101 we find

(21D x €700 = (Lem+) -FL":“()Q + (L) {L_':l(x) (2,105)

+

or, substituting into eq. 2,104
£y = ()X FMKY = ermd £, 00 (2.106)

Analogous relations hold for the gkm(i)due to the dual nature of

the definitions and the relations 2,101, They are

PTE) = =) Eg ) + (wmeD) g () (2.107)
4 () = (LM E gy — (L) g M @B (2.108)
QD E g (&) = Q=mer> ﬁ:.’:lz(@ + <L+M)3LTI () (2,109)

The following series of steps is algebraically complex, Ve
indicate the manipulation in slightly greater detail than

Rﬁdenberg. Multiplying eqe. 2,107 by eq. 2,106 gives
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4 @R |omdg @ -(omed £g718) |-eom R 160+

= < L=m +t> (L-m) Xﬁ L’_:ll (‘Z)ﬁ_m(x) N (EST +) Ex fa ‘:“C‘E)G_ NOQ

() ) 9 BE 6O + (s D(am) § goe® £200  (2.110)

Similarly, eq. 2,108 and eq. 2,104 give

qu “6)¢ ey = E(z_m)gﬂ (€) + @m0k 3{‘_‘(;5} &—mﬂ)@;; &) -(rme) £ x)]
= (Lmr)(Em) § 5{',“(&) FL :;Cx) = () (M) Ex 9 RGIRES)

—-(LrWl'\"D Q+m) 3:;('5)‘6_3 & + (L*MH) (L+m) ¥ @ g(i){m&> (2,111)

If we now multiply eq. 2,11C by (L-)-MH) , multiply eq., 2,111 by
(L.-Wl) , add, and use eq, 2,105 and eq, 2,109 to expand ternms

. " - w &
containing X(or §) but noti £(or X) 1,054 Eﬁk&)ﬁ.—r: &) ,etc,,

after collecting terms we find

(R GECEY ") = = aasi) oD o) 4G5 00

+ () (L) 6,01 (6 £200
+(L=m+)* (L) 3&'(2} £.5 60 (2.112)

T eyl
We multiply eq. 2.112 by (_')nw (L-m-1)!

—_— <2 _ and manipulate the
S0 (@) eme )l
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factorials to find

mi (L EM*'U)’ Mt \
0" gum% O AR ’;‘W’y X¥GMEYE GRS

o (Lm) [ )}
2 (2141 J:(L L+ g (E)\CL_ O(;J

_ . {
R i e MG JREREED

Substitution of eq., 2,113 into eq, 2,100 yields immediately

mH, L ML (Lm) (Ltl-M
{On (“- x) = %ﬂ/fﬁ/ (0(/"O —(ZL‘H) %;{ (“/R.) &T—_‘_‘)) (05/ ) (2,114)

This is the last recursion relation needed,
Before proceeding to the next section it is desirable to
examine eq., 2,52 in greater detail, in particular the range of

the summation over L. Again, we have

[,k;ng lf:f] = Ty C(’") Z 2 2. gka.b g,qg Bs+d

lFo 4b &

ML
X % (2e%) (2.52)

FM) ™-C

3
B,""- &z@mcumﬂ] 2R L e
0 ' (=l (Jiyg}>l( J+M+L—+’>l Y “avd evem

o stherwise
Aquick check of Appendix I shows that the S Sbmatr:ces are finite

and square in the indices a and b ., Let us denote the dimensions
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of Ska.b and 5:4}, as Max(k) and ma}(*(k> respectively, Note that
max(k‘)+2_=mw(*(k). Since the BJ‘MLvanish for L>j+m)we see that
the maximum value of L will be the smaller of.%+b+M and

S+d + M . This suggests tl;at the summations on L. be performed
inside the other summations., We also have the further restric—

tion 'that L2M , Hence we write
max(dd max(3d+ L max

m¥ s m -
[r o] = Zee ) S ST B B

ab=o ¢ d=0 L=M o
m
X ijm_c(’é%) (2,529
where
l-max = $maye/r G_p @?bww
s+d+mM

M&XCK> 'l‘a 'HILQ d\\w\e,u\,s;'o—ﬂ 9'@ 8ka§o IAA. aamci b.

Hence the sums have been reduced to finite range.
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I¥Y - Computer programs for the electronic integrals

We now turn to the problem of programming the expressions
of sections I and 11, We present flowcharts of the computation
in three parts - 1) the control program (Appendix 2), 2) the
recursion programs for the auxiliary functions (Appendix 3),
and 3) the computation of the Lamb term, including the integrals
defined by eqs. 2.7, 2,9, and 2,10, Equation numbers are given
on the flowcharts as reference to the text,

The control program reads in the orbital exponents arranged
in the same order as the sets of wave functions to be read by
the Lamb term program, It then calls on the other programs in
turn and supplies the necessary parameters,

The program for the recursions uses two parameters as input
supplied by the control, For our particular case these two
parameters will be identical in Qalue and equal to twice the
orbital exponent for the particular wave function being used,
The sizes of the arrays to be generated are extremely large, and
the program will require some sophisticated data storage and
handling in practice., As written in the appendix, the program
will compute all ‘10'1%"1'(-(/&) for M=0(1)2, L=0(1)13, and n,n=0(1)16
as: required by Kolos and Roothaan's 50=term functions, *Infinite’
gstorage is assumed,

The Lamb term program reads the wave function coefficients
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and exponents, reads the output of the recursion program, and
computes the diamagnetic shielding by assembling functions of
functions, etc, in such a way that the program may easily be

modified to compute any expectation values expressible in terms

of the ng\"‘bl‘l < et (PM*> Kml(p ] integrals,
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'V = Appendices

Appendix 1 = the coefficients Sk.a.b and gﬁmb from eqs, 2.8 and 2,25

(Skab

k=I - - b o 1 2
kel g = kedg 2
' o| O o o)
(
ab o I 2 k=2, o|e o
ol -f | O | 210 1|0 |
lftolo |oO
21 1o \45 ﬁb o | =z
o|l-]| 0] |
llolo | o
‘b o { 2 D 4 .IS=_3. 2| | 7 | -l
ol I | O |-2 ]
L] o O |0 | O b
et N o |
2Z|-2lo |2 |o |oO o o
2l 0 |0 1| O |
411 lolo o]0
b o 1 3
@] (o) o
No-ra‘. o
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Appendix 2 = The control program

START

READ ALL
ORBITAL
EXPONENTS

M=o 2 no
L=MMis |

\
TEMP = 2GuD (M) | 2
(L-mdl

’ yes .
J=o(N 20 . no //;%20

2652

g M _ 2531 (B (remp)
J T (g S-be™M
(T L+m+|)_lQ3"2' )l




M= O(l)?-
L=6{}15

J=0(H20
WRITE By -

CALL
LAMB TERM
PROGRAM

TRANSFER
TO
LAMB TERM
PROGRAM

53

ANY MORE
EXPONENT

CALL
RECURSION
PROGRAM .

.,(:.-&-
(ORBITAL

EXPONENT

)

TRANSFER

PROGRAM

TO RECURSION

HALT




54

€. 2467

N=1() 4

A = H €%+ NAy ]

P@ = LT€% 4N Ay @] e, 2.78

‘WRITE

A (o)
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y

N=0o()35

L= o()35 L=o ()N [

ANL(O(I'&) =(o—:-:&)I_N A'HJL.(MIE) +L Au)m (0‘/50 'i’A-N@L) Az_@z}]

)=Au6sR)
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¢

-
G, )= -;— {cumu - g &* EL(—ZK)}

S%r 2 S
G, e = .‘i: {c+,QMZoc re E;(—-zc&)g

P eq, 2,66
G, @+ %) = %_(f “L){c_ + I 2 @) - e_zcxmeg(-zrgc@)} ¢
2,74
~GaH) ile
G, (x+R)= ez {c-f Ln2(x+R) + 9,2(“*2)5‘;(_25‘*3])}
y {
-2 _
G, = £ [crtnzz ~€EL (%) 6@y = &, )
-2
6,@) = S {or 22+ EFELDY | &)= GO
o
P N=2.0) 64
Gw@@):équQ-AM160
G-HC;_): GN.zOZ)-ﬂN.z_CJ)
eQe 2,77
6 N (x +2)=GM,ZC°‘+R) ‘A'u-;(““'z)

B0 N= 64
o

yes



P
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N=O(l)35

> K=0(1)25

h

=o()N [«

\

otk -lJ!

O = 1 [N

&3 + KLy 1y P =NK By @R

+ 856, (@) + € “GG) = Gun @D §

eq. 2.73
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Y

> N=0() 34

no es

M K=0()34 K=o(\)N
Y ’ eq, 2,85%

G 4B = By 057 ~ o> A @) Ay 642
I = )
N7< &) = %nfx («®) + %j oa B + AuG) ARG + A1 (<)

= Anpi @ A @) = Ay By s ) (X)

eg, 2,88%

G @my = Gy C"C ~)
Q/’KN () = %VK (e, 2)
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P

IN=o(NP3 |

=o(t)33 =o(HON

e, 2,85

o

‘
oz, _. o\ 34 0l eo, _
B ) = [ g 6P -3 k6 + 4 52))

U6 =3B+, 00 ) AR R D

eg, 2,88%

oz oz’
Yun = Pur

82 o2
,”LK.M T TNKR
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— > L=301)15
>IN=0(1)35~L
no yes
4
K=o(i) 35-L K=o ()N [<
‘ e, 2,85
oL 0, =l (Lt.—l)(LD L 012
(pnk ) = —'[ )" Y W KH T ¢;< / :)
L=} oL LrZ. o,L-2
Yo = @D | Bl +8 %7 |2 on G ™ - %
eq, 2,88
- _ O
=G
oL oL
uKN "@NK
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T M=o\
)
" L= Ma (1) 14-M
¥
L g N'=-0 (\) ‘9 —M
mo"'=5a'» es
\
¥ K=o (\) 19-m K=o(Q)N
_ J Y .
M, L m t. (1,+m ) CL+ ~m) ,,"% I-H
eq, 2,114
(/ M L
~INK
M=o(1d2 -
L=o()IS
N= o (1Y20 RETURN
K= o()z2o TO
CONTROL

WRITE %2‘&,&)
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Appendix IV - Diamagnetic shielding program

ENTER
FROM
CONTROL

READ

WAVE FNCTN,
T=i1Q)S0

Ci,?gakgrﬁt

H
u
~
Z
%
(o]
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TEMP = {_7
5=8

B =TembP
TEMP=Q
&=%
S=TEMP

eqs, 2.5

and 2,6
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LAMBTERM =
h
T=1()So
J= 1(\)50

,

LAMBTERM = LAMB TERM

+CrCy Oy eq. 2,2

yes
LAMBTERM :ﬁ:_(xam‘s) eq. 1.,I7
3mERUTERM M
RETURN
TO

CONTROL
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rhe functions Ke%rsﬂ'

ENTER

Jum® oN M=-101,234

J))
|

Kf’ 6"5—‘ = [Z leglz:‘s]

Kegrs"= (gl Zoes

=
[l
O
A

eq.

2,18

. : and similarly for

jl.: e @Qe 2422

M=BreemeQe 2424

/u.=4 ceenn @, 2,17

eq.

2,12

RETURN
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rhe functions <(PK% l?i_";)

ENTER

<<g%|(g;> =TemPl =TEMPZ =0

a = O (V) maxd)-l
no

{

b=00() max(k)=\ |

eCe 2628

> RETURN
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o= 00 wax(AL) +)

b= o@) Wox L) +1

TEMP 2=TEWMP 2 + é’;ab (s+b+iy A rea (2

Clyplony =TR (reupr)romr2)

eg. 2,28
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m

K (Jz

the functions

m* )
.52
1,51 (see ego. 2.52 omd )

ENTER

TEMP

i
o

a=0() wmox(k) -\

b=00) max(k)-\
@ i 'c_co(\)max(}l)ﬂ

d= o) max(!L)H

LMAX = S+d+mMm (MAX = 6+b+m
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LA =

M\ LMIN =

no

L=LViN () LMAX

TEMP = TEMP + Sb S’J:::ﬂ Bgrbb -Bs:\\— gra ::1: (229
/

no

L > Lmax

a=b- Ma)((\\)—l
amd
=4 = maxcl)t

clm)=T* | compE 2T
. M m* Y _ R® 2|
kg, {grs—] C_Q’%__ <TEM p>

RETURN




70
v1 - Bibliography

1. W. Kolos and C,C.J., Roothaan, Revs., Modern Phys., 32, 219(19%60).
2, S, Fraga and EB,J, Ransil, J, Chem, Phys, 35, 1967(1961).
3. .1, Chan, D, lkenberry, and T.P., Das, Phys, Rev,, to be

published,

4, s.,I. Chan and T,P, Das, J, Chem, Phys, 37, 1527(1962).

5, see L, Paullng and E.B, Wilson, JIntroduction to Quantum
Mechanics (Yc Graw~ Hill Book Company,Inc,,New York, 1935)
Chapter VI,

6e see, for example, ref, 4.

T C.¥W, Kern and N,W, Lipscomb, Phys, Rev, Letters 7, 19(1961),

8. C.W, Kern and N,W, Lipscomb, J, Chem, Phys, 37, 260(1962).

9. see H, Eyring, J, Walter, and G,E, Kimball, Quantum Chenistry

(John Wiley and Sons, Inc., New York, 1960), Chap. XI,
10, T.P, Das and R, Bersohn, Phys, Rev, 115, 897(1959).
11, 8,I. Chan, unpublished information,
12, see ref, 9, pg. 367,
13, W, Kolos arnd €C.C.,J. Roothaan, Revs, Modern Phys, 32, 205(1960),
14, D, Steele and E.R, Lippincott, Revs, Modern Phys, 34, 239(1962).

15, ™M, Kotani, A, Amemiya, E, Ishiguro, and T, Kimura, Table of

Molecular Integrals (Maruzen Co,, Ltd,, Tokyo, 1955), or
see ref,. 16,

16, K, Riidenberg, J. Chem., Phys,., 19, 1459(1951),



170

18

19.

20.

21,

22,

23.

71

E. T, Whittaker and G,N, Watson, A Course of Modern Analysis

(Cambridge University Press, London, 1962), pg. 324,
ref, 17, pgs., 310-311,
see ref, 16, Appendix to Section 4, for description of proof,

see ref, 16, or C,R,C, Standard Math TabTes (Chemical Rubber

Publishing Company, Cleveland, 1957), pgs., 306 and 31I-13,

E, Janke and F, Emde, Tables of Functions (Dover Publications,

New York, 1945), pg. 114,
see ref, 21, pgs. 108,110 and 1I4,

see ref, 21, pgs 110-112 and 114-115,





