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ABSTRACT 

Nuclear shield~ng theory is reviewed. General expressions 

are developed for the shielding using an extension of the Chan-

Das formalism, in~luding vibration and rotation. The James­

Coolidg~ wave functions by Kolos and Roothaan for Hi are employed. 

The electronic integrals for the diamagnetic part of the shi~ld­

fng are reduced to well-known functions. Flowcharts are presented 

to outline machine computation. 
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I - Introduction 

The. techniques of Nuclear Magnetic Resonance Spectroscopy 

have been developed to the stage where vibrational effects on 

proton chemical shifts have been detected experimentally in many 

molecules. These experimental results are of fundamental import-

ance in that they allow one to monitor the variations of the 

electronic charge distribution with vibrational motion. In view 

of the fact that accurate electronic wave functions are now avail-

able for several diatomic molecules at various internuclear dis-

tances, ab-initio calculations of these effects are quite feasible. 

The precision with which one can predict the observed vibrational 

effects not only serves to check the accuracy of the electronic 

wave functions at these internuclear distances, but also provides 

a test of the validity of several approximate methods presently 

used to calculate magnetic properties. 

This thesis is concerned with the evaluation of the proton 

magne~ic shielding constant in H2 , HD, and n2 • Several sets of 

accurate electronic wave functions are available for H2 • These 

are Kolos and Roothaan's 28-, 40-, and 50-term variational func­

ffl 
tions and Fraga and Ransil's tCAO-MO functions with configuration 

(2) (3} 
interaction. Recently Chan and co-workers have employed the 

functions of Kolos and Roothaan in a calculation of the rotational 
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magnetic moments. The computed variation of the rotational moments 

with isotopic mass and vibrational state was in excellent agreement 

with experiment. · In addition, these investigators presented 

accurate vibrational-rotational wave functions suitable for appli-

cation to the present problem. The necessary vibration-rotation 

integrals have been evaluated. 

In the present work the wave functions of Koles and Roothaan 

will be employed in the evaluation of the diamagnetic shielding. 

The so-called ground-state contribution to the paramagnetic term 

of the shielding will be obtained by the use of a modification of 

(4) 
the method of Chan and Das to include the effects of zero-point 

motion. A one-parameter variational calculation will be under-

taken to estimate the excited-state contribution to the para-

magnetia shielding. This separation of the shielding may appear 

somewhat arbitrary; however, i~ allows one to investigate the 

effects of vibrational motion on each of these terms in a con-

venient way. The paramagnetic contribution is expected to be 

particularly sensitive to vibrational-rotational effects since 

this part of the nuclear shielding is extremely sensitive to 

changes in the shape of the charge distribution. It is hoped 

that the present calculations will illustrate this in a quan-

titative way. 

This thesis summarizes that part of the work completed at 
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the time of writing. The theory of ctiamagne~ic and paramagnetic 

shielding will be reviewed~ The electronic integrals for the 

diamagnetic t~rm will be reduced to well-known functions in con-

siderabie detail. Flowcharts will then be presented to outline 

the evaluation of the integrals by high-speed computer. At 

present no numerical calculations have been done. 
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II - Review of magnetic $hielding theory 

For a molecule in the absence of magn~tic fields we may 

write the approximate Hamiltonian 

+ L_ Zne. 
rt 1111.e.(e.~ 'k"'­
k Q.~o-it S 

+- z_ 

( 1 •. 1) 

Here r"o.b is the veC'tor from particle 'b' to particle 'a' (ii' and 

'k' refer ·to el·ectrons, •·n' and 'j' to nuclei) and i!I'\. is the c harge 

on nucleus 'n' of mass MV\.. 

In the presence of magnetic fields the Hamiltonian is modi-

fied by the addition of 

(l.2) 

where Ap is the magn~tic vector potentia1 at particle 'p'. We may 

write 

}.Jk. X .Gik fa . X r. . 
8 vt 

J_ Ho xrno -t- ~ Y.: '3 +- 2 . J -tt~ - r:'g· ~ r\K. 
k.-e.l~s jt,rz -nucle~ \'\J 

Ak =- I Ho X Lh:o - )J-·xr.-, fa- 'fl X _rk: vi. 
?... 

+ ~ . -t,:s -k.c., 
+~ C:7'k rk" rk1 (1.3) 

e,l~ \'\. 

nu.d-e..~ 
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where faf> is the magneti c dipole moment of particle ~p' and t:}0 is 

an external magnetic field. In the following calculations we 

"' " (s) 
will treat j,{f~-e.lJ as a perturbation to 1-{ • Since, for any nucleus 

of interest·the spin-interaction energy in the external field 

may be written(~) 

£ ' _L -;,. - 11 N • ( I - a-: ) • H 141.-i:; /:;;..~ ,.,.. ,,,._/,/ _o 

where ~"' is the shielding tensor (assumed ind~pendent of j.!:N and· 

8o>, we will be interested only in terms in the energy proportional 

to j!:N and t:J0 • Neglecting electron spin, substituting eq. 1.3 into 

eq. 1.2 yields. 

(1.,5) 

" We now note that -J.,e+,~\J. can be expressed as a sum of tE:0 rms in tJ0 , 

f,w H0 , i{,"l.., etc., where 'N ·' refers to the nucleus of interest: 

A I\ ,\, A ,t 

·1(.tl'JJ =- 1-l; (Ho) + Ji-r(fNHo) + fl+(f,J) ,1, it.((H
0
"-) 4-···•· 

If we express the first-order perturbation to the zero-order 
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wave function ~o as t!o·:t,, we. have for the total wave function 

~-::@ ( '1¥0 + t1o•'l£1 +- higher orders in .!::L,) 

N = l + < 'io•1,~ / 'l/,o) + (i:[ ~/t,) +-<t{o•1," \ t{o•1:> + • • • • 

Hence terms. in the energy pToportional to f'"'H0 are given by 

(1. 8) 

collecting terms from eq. lo5 yields 

(1.9) 

w.here the electron coupled spin-spin interaction has been dropped •. 

We now not·e tha·t 
I'\. 

jdN x r1crv • fk. =ff"'· rkN x .{21< = }-fN • .lkrJ 
A 

where g.kN is the angular momentum operator for particle 'k' about 

'N'. We then have, from eqs. 1.4 and 1.8, 
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(1.10) 

Now' expressing .!ko:. rkN+ RI-lo where RNO is the vector from the 

origin of the vector potential to the nucleus 'N', and noting that 

we have from eqs. 1.4 and 1.10 

fi.N • Z:, • l:!.o =' L (/dN\ 0--.,). (l::/0 );.. 

>1), 

=; 2 -i.::~ [~ol ~rio·}/N)~~ -~Ho'LkNJ(fetJ'rKN) j11p> 
~ r~~ 1/ 

+ <'1[,., I ( t[. ·_e,.,) (r..,, !?No;- O:io' r,,.,) (ftN • is.,.) I 'If;, l 
Y\~N ;I J 

(1 .11) 
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Examination of eq. 1.7 shows that 1'f is equal to one to first 

order in Ho since 

hence 

Since 

we will henceforth drop the normalization constant. 

By the arguments of Chan and Das<4>we notice that the Hamil-

tonian for the molecule in the presence of external fields is not 

gauge invariant due to the Hoxrk.o term, hence :fr is not gauge 

invariant. However, the expression for the shielding must be 

gauge invariant if it is to correspond to an observable. Notice 

that the first and third terms of eq~ 1.11 are gauge invariant to 

first order in 8b because rz./,0 is gauge invariant. Then the sum of 

the remaining terms must be gauge invariant. In principle, the 

dependence of the shielding energy on perturbation terms may be 

eliminated by a proper choice of gauge for the vector potential. 

Kern and Lipscomb(?)(S)have proposed an 'average energy' approx-

imation for the cho1ce of origin which they have applied to several 

diatomic molecules with better results for heteronuclear molecules 

than for homonuclear ones such as H
2

• Chan and Das have proposed 

the electronic centroid as origin because the paramagnetic part 

of the susceptabiiity is a minimum with this choice of gauge. 

We will return to this problem after developing the familiar 
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.expressions for the shielding. 

If we choose a set of Cartesian basis vectors we may write 

(1.12) 

we note that 

(~
1§) (c;:12) = f Ay "B)1 (~"Q) = 'h_ A-v 13.>. (<;:"12) b v~ 

J 

for any vectors !l, • B, C, Q... 

Hence we may write eq. 1.11 as 

~ (f-~)v ~). (Bo\ ~~[t' :i.::~'<"1.b.l (\\·\ cµ.:i" r~~,,~ -~.),.(W)x (tK .. ),9! .. ),,l'l/>. > 
J J ( ~ 

-1- ('q (tl.) x c #~). c r ..... E..o) b,~; < ~-h (r~~ (;!,.),( g.,;i, I 'I{) 
~~ 1) 

(1 .13) 

where the nuclear terms have been dropped since, in general, 

i!:V1./4n -Ir 
< 5.5 X /0 

-~~ w\e. 

Equating terms in {Ho)~ ' <J.~\) from eq. 1 •. 13, we find 

(1.14) 
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It is now convenient to express£: as the sum of three terms 

where 

{1.15) 

Here ~J. is the Lamb term and ~f'+fle.~ is the equivalent of the 

pa,ramagnet i c term introduced by Ramsey. The fa ct that (g:f )./), is 

negative may be hidden by the use of RNoin the expression rather 

Exp-erimentally, when a molecule is undergoing rapid, random 

tumbling, as in the gas phase, one measures only the isotropic 

part of 9: represented by the scalar 

(1 .. 16) 

where 

f p 
Similar exp-ressions are · obtained for ~ A-'IIGr and (fex AVG-• 'x', 'y', 

and 'z' represent a set of Cartesian basis vectors fixed in the 

lllolecule. P·erforming the averages we obtain for the diamagnetic 
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term 

(1.17) 

For the ground state term of the pa~amagnetic part we find 

At this point it is convenient to make the Born-Oppenheimer 

(9) 
approximation and wtite 

where (see eq. l'.I ) 
.ii, 

~ 1.f e - Ee. 1fe 
e. lc.c:.. ~w:: 

for fixed internuclear distances, and 'lf~ is a solution of 

[K . .J_+ £.,(R)] 'If,. = EToTA~ 

Here E°e(R.) denotes the fact that Ee., is a function of nuclear 

A. 

0.21) 

coordinates. We may now write, for any operator O corresponding 

to .the observable <o) 

(o) ~ <~o ( O l 'tf0 )v,. 

: <'tf'1f<1re. IO l~e>, lln) 
1/e.. V"r\. 

Where V~ and V~ refer to integration over electronic and nuclear 

configuration spaces respectively. In general 1fe. (and O) are 
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e~plicit or implicit functions of nuclear coordinates, hence 

we write 

(1.23) 

where 

6 (R) = <'lf e, l O I 'lfe. \ 
/..;<. 

we may now rewrite eqs. 1.17 and 1.18 as 

We now examine the total force on the nucleus 'N' which 

we write in terms of a potentia1V. In the unperturbed system 

t,he forces are electrostatic and we have the vector equation 

(1 •. 26) 

or, upon rearranging, 

+ _J_ '¼, V 
zc-J ,, (1.27) 

But V is just the potential part of the Hamiltonian in eq. 1. 21 

(1 .. 28) 

Then 

or, from eq. 1.27, 
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Hence the electronic integrals may be eliminated from eq. 1.25 

, \ 

yielding the vector equation 

Note that ef.-w<S- is quite sensitive to the behavior of Ee.~) as a 

function of internuclear separations. In practice it is con-

venient to use the equivalent expression 
(11) 

since accurate empirical potential functions are available over 

. (14) a wide range of nuclear separations. 

The excited state term may be estimated by use of a variation 

carculation. Das and Bersohn(l~have shown that for many H
2 

wave 

functions a one-parameter calculation is sufficient to estimate 

the excited state contribution. 
('3) 

Chan and co-workers have per-

formed a variational calculation for H2 using the zero-order 

functions of Kolos and Roothaan. The function used was of the 

form 

rt.fa pert - ( 1. + ~ a. l:Jo • p) 't},o (1.,32) 

where 

~= ';1 ~ 

?'j ~ Xi=. 

'P~ = 0 
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The bond axis is the 'z' axis and the origin is at the electronic 

centroid. Then fa-f') = (crP) :: f<J".P). is given by (II) 
l,,' E.>' .L. e)( JC)( \' EX .j ~ 

(a-.t).L = ;::~ [ <'<fo If ~~t•N i'fo> ~ ('IJ.,jlgNol f ~! !1o)] 

(1/>o I f :;:~ -X~ I '£Jo) 
)i < 'lfo) ;[ ~ko + X~o I '4'o) 

I<. 

(1 .33) 

with the above choice of origin. 
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Ill - Matrix elements of the diamagnetic shielding 

\ "S' 4-
Kolo sand Roothaan's electronic wave functions for the ,~ 

iround state of H
2 

are df the form(I) 

where 
(2.1) 

and 

'p', 'q'; 'r', 's', and 'Ji-' are non-negative integers, ando<and 

the C~ are real. t and r/.~ 
(l:Z.) 

are the elliptic coordinates defined by 

----v-----,::~--_,;~------~ 
R. 1tl.lde.<LS B 4Y-i6 

A 

n ~ = r-'c.A-Y'te 
R. 

~ - f,. = c..~~ u.M:r• ~er:4.roJn'o-n. 
~f 4!.l~c.11-l"IM c;. «-bo"'t 
:z. ~r ~oV\4 ta.Xis , I 

J.V~ = :=-(lt-n:titin~J<e~ c2.1*> 

For any electronic operator Owe may calculate the expectation 

value at internuclear distance 'Ras follows (see eq. 1.23) 

: L,c~s (o >.. 
'"Jj c.,J 

since the Cl are reaL 
A 

In the case that O is the sum of one-electron operators, 

we may write 
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It is now worthwhile to note that Kolas and Roothaan's 

molecular orbital is symetric with respect to electron exchange. 

Furthermore it must be symetric with respe~t to interchange of 

nuclei which requires i+s even in each 7fp~rSJt. Since neither 

the mass or spin of the nuclei enter the calculation of the 

electronic wave functions, the MO is equally applicable to H2 , 

A 
Now if O is the sum of 'identical' one-electron operators, 

that is, symetric with respect to exchange of electrons, then 

<o ). = i.. <<1>Jo1cl~) = Ne <~~ \okl~ I= N~ (8kl• 
t K J ~ 

where Ne is the number of electrons in the molecure described 

b'y ~e,, and 'k' now refers to a particular, but arbitrarily chosen, 

electron. We can now expand eq. 2.4 to obtain 

+ 1~ S:~<7:g~ jl~ (o,~ I P.ig; r,;Sjf V + ~Sif'.:~~pd8k.f YJSjfJgJfj) ( 2. 5) 

where ((,: i:~· Si,Pt} 01c:.}e;~Yj >jJJ-J) is obviously (:/,p.:g;riS/L I ak, Z?fJ'Sj '''itf'j) 
and the physics demands Ne.-:2. J k-:.\o..-2,., 

We will now consider the integrals (e~g:Y~St'..Jt~{Ot<.lfjijrj>JJ';) 

where 
.,. t 
Ok= F..; since the Lamb term may be expressed in terms of 

these integrals by use ·of the above expressions. The reduction 

(13) 
follows the procedure. outlined by Koles and Roothaan. 
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z ( r,-n,) 
R(s~-nf) 
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(I, Z r 
9 )'l-1 ;f;;-I Pl r '" f'') -=- ~ J) d V. JI/,_ e. i.< ( f,+t~\ p n,i" t,'.' 11: r;f ( t,-11,) ( l,'=-11.~ )"-i 

cu( --~,e. - ' - ., 
?'=- f-1-f; i = t +i, ~ e.*c.. 

where 
- ~ [Kr .. ,,i,i',s/ - Kr,-i+'/',S;J 

In order to reduce eq .. Zo7 we define the following one-electron 

functions. Our notation is slightly different from that of 

(13) 
Kolas and Roothaan for reasons of generality .. We also note 

Kolos and Roothaan's notation to facilitate comparison with 

reference 13. 

Our notation 

z~ :(t-+rt-1)E, 

~ 3 :. (f·-1-rt-1)2.i:, 

L.4 ; t-,r.2· r; t 
i:s = (t~, )(1-n_2) E i 

Kolos and Roothaan's 



}:b = tn~, 

Z: 1 = rn (r-+1z2"-1) ~, 
.!.. 

'17: -= ur-1)(t-nz.)] z. cos Cf I! 11 

6, n = (t-1) ( l-1fl.) c..os Z Cf' ~ t\ 

r:: = (f·-it) I:n 

'lT::*= (t~-rt) 1Tn 
b.: =:. ((~-r(") 6Yl 

18 

'Tr, ~ Sa.W\.e. a. s ou.v-s 
) 

fh.(tir-1r ';) =. 01,H'Tr ~ 

<le+~wz.S o-xlj A 1 

5a.m~ clet1~~"°to-vis 
Vl.o-\-c.. a.6ov"-e. d.&'~e~c.es 

The K integrals, eq. 2.7, may now be expressed in terms of the 

following integrals and notation 

where 1'-,.fl. rep re sent any of t,he functions of eqs • 2. 8. We wi 11 

make use of the relation<l 3 ) 

For Kolos and Roothaan's wave functions the values off' of 



19 

interest in eq. 2.6 are o!::j :!:.. 4 . The integrals with j- even 

are easier and will be treated first. 

The p,g
3
~,c~ indices will be suppressed and the equations written 

in the form K0 -=-(Z::,J ~/') . We now rewrite eq. 2.11 as 

I l 

- 2. 8 ~t-1) (1-n,'" ~~ ~1:-1)(1-n:~"i. C.05 <fl C<OS (f~ 

Inserting into eq. 2.7 yields immediately 

(2.13) 

where we observe that ('lf J..O:) -=-o when either t/, or .fl."' are ~ A 
functions since the angular parts factor and 

~TITa ~rrT~ 

j '-<>s Cf N = r $<.VI 'I? d. <e = 
a.. CJ-

z:rr+a. 

= j'.:n 2-. ff J'R 

a. 

=O (2.14) 
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+ 2( t.7"·+n,.,.-1) ( i:-+r1:-1)-4(et+n,i._,) i,n, ~oz.Yl2. 

+ 4 Ult-}) ( 1-n,~~ ~1:-i)( 1-n:)J cos~'f, <.6'$2. <f 4-

+ 4 [(t,Z--1)(1-,1/·)] ~(,:.-1)(1-1lz.-z.)J $wi'2.'f1 SL-\.t4 <f 2. 

I 1 

- 4( rt+n~-1) [u,?.-,)(1-n,~fl"i [U2-.,__1)(1-~)] :z. ccs 'ti c.os<e ... 

l .!. 

-4 ( (l.+-1'.; .. -1) [u:---1)( 1-n~~ 2.[( t~-1) ( l-n:TI -z. Swt <el $~ lf-z.. 

I I 

-4 Q E1z-1) (1-rz; )j z. u (~-1) (\-rt;~ z ( ~2-1.+-71~ -J) U>S ~ C/'J$ 'f "2. 

\ I 

-4 8it-1)(1-nt)]~[u;--1)(1-n:fl2.((-1-i1~-1) s~ ~ swi<e:2.. 

.l. I 

1- s f, n, r.2,n'Z, ~t~-1)(1-11/1·1] ... [C~-1)(1-vz.~~ 2. csw <f, sWi c.e?.. 

+ 2.. ~ r,•-•) ( 1-111•)] ~ t,'."-•) (1-n;-3 ~<M. 2. ~ ,<m 2. '-":z. J < 2 • 1 s i 

We use the relations 

2.ir~o.. 2.:rr+o.. 2.ir+o.. 

J 5;,.''f J<e_ = j ~o$'<eJ<e ~ 1T = l J J.'e 
~ ~ ~ 

(2.16) 

and substitute eq 0 2.16 into eq. 2.7 to find 
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For f- odd the process is slightly more complicated except for 

where it is obvious from eqs. 207-9 that 

(2.18) 

At this point we rewrite eq. 2.7 as 

-I (15) 
and use eqs. 2ell* and 2.15 and the Von Neumann expansion for ~z 

(2 8 19) 

where 

the associated Legendre functions. Of immediate interest is the 

angular part of the expansion: 

We note that 

:z.,r 

J ~i:.vi Yfl <fl C.0'5 r\ 'f d.. ~ = 0 

0 
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1211 

) ':>wi m~ s<.'.,v111 CfJ ~ == 

0 

Bence the terms in the K integrals involving sin-cos products 

will disappear upon integration and the SL//1,<fSIHI~ parts may be 

rep:J.aced by c.&$~~CC':>~ • This is equivalent to a transformation 

of Cf by 'JI. ·in the appropriate integrals and the use of orthogonality. 
2... 

For ji-=-1 * we have, from eqs. 2.7 and 2.11*, 

Using eqs. 2.8, 2010, and 2020, this may be written as 

For J=::3 the reduction becomes very involved. In spirit, we 

''l.(LJ 7.(0 rewrite the terms of eq. 2 .15 involving Sm r and cs~ c using 

the relations 

>V/1.2.'f = i ( i- (-CSA.Cf}) ·) e..os2.Cf = i_ ( l+c.os~<e) 
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Then eq. 2.23 combined with eq. 2.15 and substituted into eq. 2.7* 

maY be reduced using eqs. 2.20 and 2.10 to the form 

-4 !j:11 L:]-a Err~l~j-4 ~Jr:;] 

-a~ 1-rr:J ~ ,~ k l1r:J) (2.24) 

We may now proceed with the reduction of eqs. 2.9 and 2.10 

by expressing the charge distributions in general as 

-Z.-<.} . p+o..- t-b ri il M = e ;r bko.b l 11. 'g L(t~-1)(1--rc·)J z, GO$ M Cf (2.25) 
a.)b 

where the rk;: represent the Ek,~, A~ functions for M=- 0) I ):a. 

respectively~ and the ~k~bare the coefficients as determined from 

(nm* 
the eqs. 2.s. We also define ~fg in the same manner as eq. 2.25 

with coefficients b:b• The $k and J; are tabulated in Appendix 1. 

'rhe righthand side of eq. 2.9 vanishes for . t-1)'0 (see eq. 2.14) 

so we consider the case M'=O. 
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(2.26) 

Now 

and 
.,0 

J 
-"2.,o(X 

~ e. xrt clx -= 

\ 

(2.27) 

The functions A~<i<.) are well known and will be developed in 

detail when we consider the reduction of eq. 2.10. Inspection 

~ of the expressions for ZK,eq. 2.8, show that if ~ is even then 

and odd for k-:<o; 7. The reverse is 

true for 3 odd. The odd functions in U dissappear upon integration, 

hence 

{ 
~ bk:~ (o.+'o+1f' Aot-o.(ZC;(.) = ClJb O ,-

0 • e+~e..Y-t.Jl~,e_ 
) . 

( 2 • 2 8) 

. D E.V&I\ 4 k £ 5" 
.) i ~&. 4 k='-;1 

To reduce eq. 2.10 we follow the procedure of R~denbergS 1~) 

We will solve the problem in a somewhat generar way using eq. 2.25 

and the Von Neumann expansion, eq. 2.19. We integrate the angular 

Parts immediately using eqs 2.20 and observe that th~ integrals 
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iactor out. Thus 

where 

L ' 

XL_ ~1)'" D~ P!(f~)Q~(~>)?~(rl,)'P1.i(rl.J C,E'S~(o/,-~.) 
t,-:0 

ID:-.= 2(:Z.L+-J) l_(i..-m)!Jz. • -hr- a,l( m~o 
IJ1--+m)1. 
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Let 
.... , I I WI • 

Rj."''- VVl ) = J .J '\' = ?1-. (x) ( 1-x2. .,._ X o.x (2.30) 

-1 

( I 7) 
since . 

I 

j Y1..Wl(><J YR M (><) d_)( (2.31) 

-I 

~L. 
~j may be defined by the expansion 

l'.!1 • c,O 

(\-)0-) a. XJ ::: z: (3~WLL.. ?\...M(x.) (2.L+I) (L-M)\ 
1-'"'-M Z. (L+m) I, 

(2.32) 

;is. may be seen by multiplying eq. 2. 32 by V1{
4G<) and integrating 

using eq. 2.31 and comparing with eq. 2030. But we may re-

write eq. 

Then 

( 2.1) 
2.32 using the relation 

But· by setting M-=-o in eq. 2.32 we get 

which we differentiate M times to find 

(2.34) 

(2.35) 

We let <-t-=-j-wt in eq·. 2.35 and note that clWIP,_()(.)=-o for f!l>L,· hence 
olxrYI 

Comparison of eqs. 2.33 and 2.36 shows 



( 18) 
Now· 
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(2.37) 

(2.39) 

Turning now to the integrals over ~. fz.. in eq. 2.29 we define 

fvlL 1= i ,'VI G Ji ~ -Xvi"v\ (a.)= e-a ty\C-,)~ ql.,M({) ~n,t(x)e°'\x~-1)"'-X'\dx 
l I 

+ Pc_"' ( >) i; ,:' ( x) €" \)(--c. 1) ~ x "d., }1 I 
! 

We observe that, integrating by parts, 

(2.40) 
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since the first term is zero at the limits as may be determined 

bY the usual methods for indeterminant forms. From eq. 2.40 we 

It is useful to notice that 

i ( ~L Pt'&) e"><x;, (~--1) 1(1,_;; X P._""c~) e M X,,. (x "-I)~ 

Then we. may write eq. 2.42 as 

and integrate 

ML. 
,.,.. - (o.)-::. 
,L fl VI 

by parts in eq. 2.44 to obtain 

i~ ('j_) J .1r._"(K) e."''x ii(lc'-1) "f J.i< r i.-G<)e--o.J( X "(x"'-V t,h r 
1- (~) I jl i~ I 

-Fil !~t::~J\Tc.x) €a.xx"{:f.~l)~c,M(s~~G<)e-a.)(x.\ll&~ ~J.x ( 2 • 4 5) 
I <. I,.. I l I 

But the first term vanishes at the limits and(l 9 ) 
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(._-\~ti (Li-Wl)l 

-= (t~-1') ( L-M)t f}L~(~fl -i.. 
(2.46) 

(2. 4 7) 

w.here 

Then we may rewrite eq. 2.29 using eqs. 2.30, 2 0 39, 2.40, and 

(2. 4 8) 

We now define 

. ~ l'VIL-,, = (-l)Wl(L-rn)j V- rv/L 
~rtti ( ..... ) (L.+-M)! -l...nvi (a) (2.49) 

a'nct 
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Eq. 2~48 now becomes 

(2.51) 

(2.52) 

(2.53) 

for M=o and then applied a recursion relation, to be derived 

later (see eq. 2.113), to obtain the integrals for W1-=-J1 2.,. 

;:;; Wit.. 
will follow Rudenberg and develop. the I'll)'i (IX) by recursion. 

We 

In 

practice, however, recursion relations often lead to rapid loss 

of significant figures when small differences of large numbers 

are involved. Further discussion is best postponed until after 

the relations are developed. 

We now proceed with the reduction of eq. 2~53 by considering 

the related integrals defined by 
CX) 

({!n ~t... (ac/a) =JJ'i (i~1)-1 +. ..,.~f o<) +.7' rnL(f a) 
1 n VJ ; n 1/ 

I 
Then 

(2.54) 

,,.. pllL.. 

Inspection of the reduction of the integrals ""-nn (.o<.) (see eqs. 
1 

2.40-2.47) s.hows .. that. we. may also write 
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C~nsider first the functions for M~L~o. We have (from eq. 2.54) 

and 

we find 

-o...'/. l \ 
- e, -

0.- X=I 

-o. -o..~ e.. -e.., 
0-

c;,,o . 

= °" 1
,'.;< fd5(fl'-1S1 (e:""-e°p{_'f )(e:/K_-ep(.~) 

I 

(2.57) 

( 2. 5 8) 
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we use the integrals 

(2.60) 

and 

=- ~ 

(2.63) 



33 

Theri employing eq. 2.62 we find the infinities cancel and we have 

-~~~ -
~:

0

(.o,t.1~):::: ~P<.a [c-t-JM.~+JM ovt-1.-vi~ -~(~~) - rl°,:,1..E/..(-2.a..) 

-(o<.+o<.) 

= :()(. [ t.,(o() + 2.(~)' - e c o<.-t-i:i<.) J 
where 

Now define the functions Gn~)by the relations 

(2.66) 

and the familiar A'(l,v.) (see eq. 2.27) 
C>O 

A YL(x) = J:H ex"G t. n (2.67) 
I 

We may now write eq •. 2.65 as 

We now examine the identity (from eqo 2.68) 
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bY virtue of the definition of G"(><). Using the handy formula 

for multiple differentiation of a product 

(2.70) 

we have 

(2.71) 

and . . 
°'°" 

, 
c..-:.J-:.o . \ ) 

'J <-,..J ((X cii.) c( . ~-:::.o
1 
j:a I - ) 

o<. .. ~"'-1;_5-:.o 
~Q(l, &~j ) 

~ . ,:::.j:.1 

0 e+t-.e.x-W\ S -e,. 

Hence 

(2.72) 



35 

using eq. 2.72, we rearrange eq. 2.69 to obtain the recursion 

Returning to the G'rl~), eqs o 2. 66, we have 

hence 

and 

-X e. X { \ '2.X • ) 2.X - 1 :::: e.. £.(:i) - - - -Ze.. E'-(-:ix + e d t::.i.:.(-2..x) 
:;2., X -# 

-2..x 
e 
X 

(2.73) 

(2.74) 
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Then for \11~2 use of eqs. 2066 and 2 .. 67 on eq. 2.76 yields the 

recursion formula for the <s.,,()(). 

G ()<') •::.f-1)"' d.,, (s 0<) ::: 1-l)'r1-'2.. d.\ll-"2.. (3 ()<.') 
~ · · \ <:,l'l(V\ 

0 
' clxV\•"2.. 2.. 

(2.77) 

For the 4n~we return to the definition,. eq. 2.67, and integrate 

by parts 
00 

A.YI (X) = J e_:-x-t t:. vi J.,f 
I 

= -tne:x-tloo + 
X -t=I 

= 

(2.78) 

{/1 OJ.. 
For the functions '71n (G<Jo{.) we may write (from eq. 2.56) 

l 

<P.i ;'°c 'S a) = J 7 ~ .. (~/ e"' \ 1 L Jl.l<.) e. -<"x;; ,. Q..-<r t ,;J/. P..(x) e."'-" x .. } 
I l' I I 

PO 

= fat {e:-"'-\0Jteaxx" R~oSi)+e''\•fle.""'x"R,._6<,\i)} (2.79) 
)~ · i I 
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(2.80) 

we define the following functions: 

(2.81) 

1,. 0'- Jd°'°{-~1 '(\ r!. -~ - -~1 - rz -<A>< j ...,,,~ n C°ScZ) = { e i _px e xV\ SL.Cx/0 + e ~vt Jclt;. e.., x ri Si_(~ 1) 
'I l I l 

(2.82) 

using the following recursion relations for the Legendre funct i ons(~I) 

) 

\ve find ( L ~i.,) 

l-z. Q L,... <:f) "? \... 0< ') -=- 0 . .1 .... -1) 7.. i x Qi..-, ( 'i) ~-l ex~ +-<1--1 )"2.- G\ .. ---i.. c <:i) vt.:'z. &. ) 

-( L.--t) (2.L- 1 ) [ f <~\,, (i) P.._ ..,_ <i<) + x qL .,,_ c~) PL_, ex-i] 

or 

(2.84) 

Then,. using eq. 2.84w eq. 2.79 becomes (for l....~2..) 

Applying the relations 2.83 to eq. 2.81 we find a relation for 
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(2.86) 

and ( 1....-=~· 3) 

which gives the relation ( L?3) 

(2.87) 

or, upon substitution into eq. 2.82 

~ - c';a) = (2..L.-1). Cfr1+2. - l~oZ.) -1- tfl. _!, <.<._;~) - 2(z.i..-t) tt-1 w+1 c~O(,)- rn n ~,:(,) 
?! t:>L. { ~L.-1 o 1...-I y e:; L-2. _ ?/, <31...-i. _ 

,vi /VI tll/Jr2- / . 'I 
( 2 • 8 8) 

Here we have observed that 
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• O'C - t . - } J 
• t-J,J r (.t'' \ • f, J,ce:;"'\ •n RL-1 0 i) t- e"' \~ -;,!~.;:"XX " R,-, Os 1)) 

. ]4 (e ... ~ f1+1ix t'-Xx "IC\-, CJ$,.) ... i''- ~ i "Sl e:"' \'W'-Rc-1 0 <)) 
l I 1 

+ JJ.7 ( e"'t E" JL.;: ~x.,(" =R.,,Cx;~) + e."''tir•11x ~vi R,_-1 C)<J 
I I 

To extend the relations to small I... we note that ( see eqs. 2.,80-3) 

and 

5:2- 6<1 %) == 2. [ XQ 1 (l) P2.6<) -t- tQ~(~) Pi(x)} 

~ X (I,?,(%.) [ '3x P. O<J-R.0<)} ff;'ex>~!~,Cl")-QoG~ 

= ':>(X"2+f ... J R1Cx/f) - R1Cx;~J - )(~ Ko(>';~) 

= ":>(X'Z.,-ti"'") RlO</t') - X 
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we now define the functions 

Hence from eqs. 2.79 and 2.82 we have 

Eq~ 2.89 may be written 

= (-l)Ylriii°dY\~~ 

do<.. Yl';jo<,F. 

(2.87*) 

(2.89) 

(2.90) 
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we now note that the quantity in brackets in eq. 2.91 is just 

[ J 
The firs~ integration becomes trivial in eq. 2 0 91 and we have 

- d"~ ( OC> ( {C/0 • F }00 ) 
J~V\ (oS~) =01ftt1 n n Jd,,<e:o<.jd><e-~\ +- d.xti:O<)( d¥~:«..xx 

ZJ D<; c>.i(. I / I I 

(2.92) 

The remaining integrals are just the An~) given by eq. 2.67: 

~urning to the FVIY\ (o<./o£.), we have 

FY\ vi (Cl. ;"d-) = J;; (e "'~ • " J t e'""x n+, + e:"- ~ € 1.ix e,'"-X )( ··9 
I t • I 

: c.-,>"'" ci-;;_" [~re"~ i e"\ t- e:"i 5i exx )l 
~IX.., (I... I \' L I j 

Performing the integrations gives 

= (:-})m-ih ~ ..,+vi: 

~\'\~rJ:_vi. 



42 

(2.95) 

where we define 

We examine the identity from eq. 2.96 (using eq. 2.67) 
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or 

and, for · the sake of completeness, 

(/J ML. 
We now turn to the final integrals, the~~ ~,~). We define 

(2.99) 

Then we may write eq. 2.54 or eq. 2.56 as 

(2.100) 

Note the recursion relations (-2-3) ( K~stands for R_Mor Qr) 

(2.101) 

We examine the identity from eqs. 2.99 and 2.101 

(2.102) 

Performing the differentiations gives 

M x (X-z._\) ~-I 'P~6'-) +- 0c·-1) ~ d ~ IW\<X)-= 2.r11.x(x!.d·r1-id. r,'lP"-cx) + 6("2_1in dtv1ti H .. <x) 

tJ.x • J..x d.x M+1 
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or, in terms of the fL"'O<),. we have 

WU<(.x'-,)' f't6<) + ex~-,) a'. ~:L"'O<) ~ Ii<'-,)-, ~mxf,_"'o<)+f,._"••ex~ 

Then 

-f "-M+\Cx) = (x-i..-1') ~+id 'P1,,.~) _ mx f'-~) 
c;t.,x 

:::: -WIX +:1(><) +(X.,,-1) ~ [c L-m+f) Pu.tCx)-(L-t-1) X ?i..,~X)j 

Using the second of eqs. 2.101 we find 

or, substituting into eq. 2.104 

(2.103) 

(2.104} 

(2.105) 

( 2 ... 106-) 

Analogous relations hold for the B:a)due to the dual nature of 

the definitions and the relations 2.101. They are 

The following series of steps is algebraically complex. We 

indicate the manipuiation in slightly greater detail than 

" Rudenberg. Multiplying eq. 2.107 by eq. 2.106 gives 
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Similarly, eq. 2.108 and eq. 2.104 give 

If we now multiply eq. 2.110 by(L+Yvt-i-1), multiply eq. 2.111 by 

(1--wt), add, . and use eq. ·2.105 and eq. 2.109 to expand terms 

containing X(or [) but not: !<or X) - 1.e.,, ~3:(i)f'L+~(x) ,etc.1 

after collecting terms we find 

We multiply eq. 2.112 by 
· Jtt+I (L-Wl-1) I 

(-I} (1.u-1) (L.+Wl:1)1. 

(2.112) 

and manipulate the 
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factorials to find 

Substitution of eq. 2.,113 into eq. 2.100 yields immediately 

(2.114) 

This is the last recursion relation needed. 

Before proceeding to the next section it is desirable to 

examine eq~ 2.52 in greater detail, in particular the range of 

the summation over L. Atain, we have 

B,m1.. = 
j 

I I 

f A(ZL+i') (L+rn) I,) 'i.. 2 L j t ( .J+:+ L )l 

L (}--rn)\ j (j+~--L) ! (j+»1+L+1)! 

o ~eJV"w;se 

(2.,52) 

Aquick check of Appendix l shows that the~ 6~brnatrices are finite 
) ~ 

and square in the indices~ and b. Let us denote the dimensions 
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e cff - ~ 
of ok~b and oKa,b as ma.x('.'.k) and _ mo-x '(k) respectively. Note that 

B 
,i,tL. • 

vno.x(k)+2.= ma.><(k-). Since the J vanish for L'> J+-M> we see that 

the maximum value · of L will be the smaller of i;-b+M and 

s;-d+M . This suggests that the summations on L be performed 

inside the other summations. We also hav e the further rest r ic-· 

tion 'tha t .L~ IVl • Hence we write 

where 

l-wz~ 

Hence the sums have been reduced to finite range. 
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lY - Computer p·•rograms for the electronic integrals. 

We now turn to the problem of programming the expressions 

of sections I and II. We present flowcharts of the computation 

in three parts - 1) the control program (Appendix 2), 2) the 

recursion programs for the auxiliary functions (Appendix 3), 

and 3} the computation of the Lamb term, including the integrals 

defined by eqs. 2.7, 2.9, and 2.10. Equation numbers are given 

on the flowcharts as reference to the text. 

The control program reads in the orbital exponents arranged 

in the same order as the sets of wave tunctions to be read by 

the Lamb term program. It then calls on the other programs in 

turn and supplies the necessary parameters. 

The program for the recursions uses two parameters as input 

supplied by the control. For our particular case these two 

parameters will be identical in value and equal to twice the 

orbital exponent for the particular wave function being used. 

The siz~s of the arrays to be generated are extremely large, and 

the program will require some sophisticated data storage and 

handling in practice. As written in the appendix,. the program 

will compute all v-:i;\"'1'cc.) for M=0(1')2, L=O(l)l3 ;, and h,n==O(l)r6 

aa required by Kolos and Roothaan's 50-term functions. 

atorage is assumed. 

'Infinite' 

The Lamb term program reads the wave function coefficients; 
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and exponents, ~eads the output of the recursion program, and 

computes the diamagnetic shielding by assembling functions of 

function~, etc. in such a way that the program may easily be 

modified to compute any expectation values expressible in terms· 

of the Krgr~f, (~;ti~;:), or [~~
1
,l~;:J integrais. 
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:v - Appendices 

Appendix I - the coefficients ~k~b and _&*ka.b from eqs. 2.8 and 2.25 

b 
().. 

0 

I 

2. 

b ,. 
0 

l 

2. 

4 

0 

-I 

0 

I 

0 

l 

0 

-2. 

0 

I 

NoTE.~ 

I z 
0 . I 

0 0 

0 0 

I 2-

0 -2. 

0 0 

0 2. 

0 0 

0 0 

. ~ KAb = ak.ba. 

'o 4-

0 l 

0 0 

0 0 

0 0 

0 0 

b 

0 

I 

b 
d, 

0 

I 

2. 

b 

0 

' 
2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-/ 

0 

I 

0 

l 

l 

0 

-{ 

0 

I 

I z 
0 0 

0 0 

0 I 

l 2.. . 

0 I 

0 0 

0 -I 

0 

0 0 

0 I 

2. '3 

0 0 

0 I 

0 C 

0 -\ 



51 

b b 
a. 0 \ 2.. ca. 

0 0 0 -I 0 0 . I 0 -I 

I 0 0 0 0 0 0 0 0 

2. I 0 0 -I 0 0 0 0 

0 0 0 0 (> 

b 0 I 
ct 

~ '?) 4 s <o I 0 0 0 0 

0 0 0 0 0 ' 0 -\ 

I 0 0 0 0 0 0 0 'o 0 \ 1- ., 4 

0 0 0 0 
_, 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 l 0 0 0 0 0 

-, 0 I 0 0 0 0 2. 0 0 0 o · - I 

0 Cl 0 0 0 0 0 0 0 0 0 0 

l 0 0 0 0 0 0 0 0 ' 0 () 

b 0 I 2 '3 '4 
b 

0 I 2. 3 

0 0 0 I 0 -\ C 0 0 0 0 

I 0 0 0 0 0 1 0 0 0 -I 

2. -I 0 0 0 I 
k-=-5 - 2. 0 0 0 0 

0 0 0 0 0 ~ 0 ' 0 0 

I 0 -I 0 0 

b 0 I 1-. ~ 4 

0 0 C, 0 0 0 0 

I 0 0 0 t 0 -I 

'2,. 0 C> C> 0 0 0 

'J e> -I 0 0 6 C> 

4 0 0 0 C> 0 0 

!i 0 ' D 0 0 0 
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Appendix 2 - The control program 

START 

ALJ: 
ORBITAL 

EXPONENTS 

M-=0(1) 2. 

L"' M(1)15" 

J= 0(1) 20 

yes 

no 

no 

- 2.'- J i ( ~) I (TE.M ?' B ML.= • 2. • I 

J (J"+L-+M+I) ! (:J"-~M ) I, 

B ML-
S =o 

no 

yes 

no 



M-= 0(1)~ 
1--= 0(1') IS" 

J= 0( \) 2.C 
-a. n\\.. 

WRITE .uJ" 

CALL 
LAMB TERM 

PROGRAM 

TRANSFER 
TO 

LAMB TERM 
PROGRAM 

M--------4 

53 

CALL 

RECURSION 
PROGRAl\I . 

· (ORBITAL) 
2. EXPONENT 

I 
TRANSFER 

TO RECURSION 

PROGRAM 

No HALT 
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ENTER 

A,[,'-)=~[ e°'+ NAiJ--1<°'>] 

A,l?-) ~ ;t[ecx. + N A~(ol)] 

no 

WRITE 
AN (oc.) 

eq •. 2.,67 

eq .• . 2.78 
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eq. 2.98 

no 

no 

no 
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no yes 

Goe°')~ fQl.[ c.+.kza -~'2P(Ei..(-2oc.) 3 
-oc. 

Gl(.o<)-= : [ {..+ ~2,G-1- e..'°' EC:.&ui<)~ 

G,..,<'.Pl) == G-,.i-'2,(p(,)-,4N•2.(p(.) 

Gl,l<;t)= G~7..<.,z)-A,,F2J.iE) 

GN u'+-ic:):6N-?. (Ol+ol)-/+~7J>'-+~) 

no 

eq. 2066 

' eq. 2.74 

60(°'-) = G-oC.°') 

6
1
Ccx) = G, (~') 

eq. 2. 7,7 
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no es 

K'=-O(l)N 

~:(°',~)=Of.lot [ ~N t-~;(½O(.) + ~ K ~~~(°);;<) -NK ~-t;_,(ot.1p1_) 

+ e()(.Gx.(i<.) -ti 'oi.GN(o<.)- GK+-N(oc-t-a) ~ 
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no 

(IJ()I oo 
TNJt, (o(,,~) -=- ~f.~Krt("S"ii.) -AN(~)AK(pl)-A11<.(o<_,ol.) 

1.f-11~ (~~) -= ~:i.;I< {~ol.) t ~ ;..~ (1)(/l) + A11Cot)AK,(IIG)+fl1t< (P<-,,o(.) 

-A,.,,-1 Coe.) Al( CoZ)-AtJ(Ol.)A K.+-1<a) 

eq •. 2. 88* 



59 

K.=-0(1)N 

eq. 2 •. 85 

rno;.. _ 1 r; 01 S?J or l'/) oo -);'} 
'NK (~01.) -=- 41.: ""'+1

1
/<i-{ ~.z)- Z 'f'"iJ<.fsJ.;~) + T tJK («/fl.. J 

~N:2.G<J) = ~( CP,, .. ~~ +'f:i,;~) +AN(°')AKc;z) +-ANK(«;a) 

eq •. 2. 8 8* 

no 
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--------------Jot L::: '3(1 )JS 

l<.'= o (t )N ----------. 

eq. 2.85 

eq. 2.88 

yes no 

yes 

no 

no 
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---------------..i M-=-0(1) I 

------------~L= M-H ( 1') 14-M 

no 

no· 

no 

eq. 2.114 
no 

yes 

M-:::.0(1)<-- . 
L-=-0(1)15" 

N=- o (,)z..o 
K.=- 0(.1')-z..o 

(/) ML-
VIR ITE. TNK. &-j},) 

RETURN . 
TO 

CONTROL 
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Appendir IV - Diamagnetic shielding program 

ENTER 
FROM 

CONTROL 

p"' 'P:c "t"t5-

~ =-Q~ -t-~ 

R =- R1: -tR_r 
's-= Sx+~ 

ji = .Pr -fj{,7 
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'TE'Mr" ,::. p 

?=R 
R-= TE:.MP 

TE..vtP::Q 

~=°£ 
s=TS~P 

p-e ?.::+~ 

Q-=QI.+S..:r 

R,:::: 'R-s:. +P.,­

S= S:i:+Qs 

Te.VI•(\:• ': p 
p:. R. 
'i£ =T'E.MP 

TI:..M'P': Q 

Q""'~ 
5:. Tc.WI.P 

eqs. Z-.5 

and 2'. 6 
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1:.= I (1) So 
,-------.111 

.T-=-1(1)50 

j..A-1'\1\"e>TcRM -::::. l-..A-rvt-e Te.RM 

+ C:cC.,r OxJ" 

RET'URN 
TO 

CONTROL 

eq. 1 •. 17 
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The func:tionEf K ff, r- 5 f 

ENTER 

.JurrtP ON .U = -I o I 2 '3 4 
/- _JJ/JJ 

eq. 2.18 

eq. 2.12 

and similarly for 

RETURN 



o..-= O ( t) mo.x<'.k.)-1 

b = 0(1) 11'10.X(k:)-l 

no 

no 

es 

66 

ENTER 

yes no 

yes 

no 
RETURN' 

e Q . 2.28 
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O.:=- 0(1) YIM.l<'(~) +- l 

b :: c,(__1) ~o.>< (1.) H 

yes 



The functions r <e_r>'I I~ ttt;-i 
~ l<fg .itr-$ j 

1----r--~ 

68 

ENTER 

TEMf :o 

a-=0(1') VYIO.X(k)-\ 

'o::: 0(1 \ VV10.¥-(k')-\ 

c.-= o( 1 ) Y\11<-'X (R) + I 

J-==- 0(1') m<A.XC.t)+ I 

LMA-X-= 5-t-dt-vvt. 
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yes 

no 

.-----------~"'1\,:= U\'llt-1 ('2..) LMA,X 

RETURN 
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