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s~ECTRA IN THE PRESENCE OF EXCHANGING SPINS 

abstract 

~ne anpearance of nuclear magnetic resonance spectra of systems 
of nuclei in which exchange of magnetic environment occurs, both 
for intra- and inter-molecular cases, has been related to the 
exchange rate, yielding methods whereby parameters of kinetic nnd 
thermodynamic interest may be easily obtained. Computer programs 
have been written for the IBM 7091+ which compute the spectra. for 
certain simple systems of exchanging nuclei. 

I. EFFECT OF EXCHANGING NUCLEI ON THE APPEARANCE OF MAGNETIC RESONANCE 
SPECTRA: INTRAMOLECULAR EXCHANGE 

INTRODUCTION 

The modified form of the Arrhenius equation (1) 1s useful 

for obtaining activation energies! Its use depends on being able 

{ 1) 

to measure k at various temperatures and then making an appropriate 

plot whereby Ea can be obtainede Nuclear magnetic resonRmce tR½R) 

and electron paramagnetic resonance have been successfully e~ployed 

to determine rate constants for rapid and reversible reactions by 

interpreting the spectrum as a function of k at different temperatures. 1 

1Frost and Pearson, Kinetics and Mechanism, John Wiley & Sons, Inoo, 
New York (1961)0 (2nd edition) pgo 276 

To see how this can be accomplished consider the following simple 

example: p:: 

~ ,,J--.;----s- axial ~ ~ ✓ equatorial 

V ~ equatorial ~r:. ~ axial 
I II F.--' 

It is a. well known fact that cyclobutanes possess a "folded" config-



-2-
2 uration, with conversion between the two identical forms 

occuring rapidly at room temperature. The effect of this inversion 

2J.B. Lambert and J.D. Roberts,~, 85, 3710 (1963). 
,-.;., 

in the case of 1,1 difluoro-cyclobutane is to exchange the ~agnetic 

environment of the axial and eque.torial fluorines. At a low enough 

t Amperature the conversion between the two · identical forms (I & II) 

takes place only very slowly. The NMR spectrum of the fluorines 

(with the protons being spin decoupled) is that of a typical AB 

system. It is convenient to define a mean 11fetime, "t', of the 

molecule between exchanges which occur between the magnetic environ-

ments of the two fluorines. Obviously k= 1/~ • Tau, along with 

the magnetic parameters obtained ·in the limit tau= infinity, can be 

used to descri!-)e the resulting sp·ectrum as the tempe'!"nture is varied, 

giving rise to different exchange rates. For ~mall values of tau 

(fast exchange) we would expect a single peak',- representing the 

AR system being averaged to an A2 system. Intermediate cases of 

exchs.nge demonstrate what is appropriately termed exchange broadening. 

See figure 1. _A_ 

Figure 1 

Tau small 

Intermediate 

Tau large 

Inclusion of an exchange term in the Bloch equations has 
3 been consldered by numerous authors and the investigation of the 

3n.s. Gutowsky and C.H. Holm, J.Chem.Phys., 25, 1228 (1956)e 
(and references cited in this article) 

I 
f 



-3-

resulting influence on the spectrum has been carried out. This 

method is somewhat cumbersome if not unfeasible in its application 

to more than two uncoupled exchanging spins. 

Recent treatments of the problem as suggested by Kaplan4 

and developed in more detail by Alexander5 are based on a consideration 

of the motions of the nuclear s~in-dens1ty matrix for the spin s~s+~m. 

4 J.I. Kaplan, 
5 S.Alexander, 

The treatment employed in (5) is basically that which is employed 

in this paper to calculate spectra as a function of the exchange 

rate. Another good ~eference to this work is the Ph.D. Thesis of 

Dr. G.M. Whitesides (1963), which contains a good review and 

interpretation of (5)e (5) contains a number of errors which are 

corrected in this work. As an example of the method of calculation 

employed the AB case will be considered in detail. 

THEORY AND CALCULATIONS: TWO EXCHANGING SPINS 

where 

The time variation of the density matrix is given by 

(~) ~ (t)..1u.,-i.iv- ., (~tcl,~~1e -1- i[_e, ~} ' I 

(2) 

(¥ti ... 
(*)Mk.= 

I'-

is a phenomenlogical term inserted to make the 
formulation consistent with the original Bloch 
eauations .. 

rate constant for restoration of thermal equilibrium 
among the populations of the energy levels following 
a perturbation. 
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= rate constant for the process restoring the 

normal induced magnetization in the x:y plane 
after a perturbation. (The primary magnetic field, 
H0 , is taken in the z-direction, so the normal 
induced magnetization is zero in the xy plane.) 

£o = f at thermal equilibrium. 

The exchange term is given by: 
.. , ,;-::, "i:) 

( ~) : fCAt~ e1<Ju~e - ~ -: f_f~-,8 ~ J,p~-f 
~ £Kc~ie ~ 't' t 

(4) 

where P = exchange operator (PP=l ~ P=P-l) 
,.J ,..~ ,.._ ..,._, 

For the basis functions we take (AB case): 

~!-:: ..LcJ.., Q3 = (3~ (5) 

Q~,: Ol ~ 4>'i = f~ 
The effect of exchange is given by: 

r>~,-= cx.0<.=¢1 

(

I oOO)(~' 
~I r cf>~== (->ol -:: q3 

~ ?4-::: 0010 Gi -= 63 
? ~ 3 :, o1- ~ ·d\), /V r-J o \ 0 \) ~J ~, 
'P~'1 -: ~f -:: (pl{ 

o O O J ~'t 
't 

(6) 

The Hamiltonian is written in a co-ordinate system rotating 

with angular frequencyw in the xy plane about the z axis. 

H - H{ol ..\- H c,i + H £t) (7) - ,,.._. ,r,.., ~ 

Hlo),::: z 1:-r(i)[oHo(l-cr(iJ)-wj (8) 
1. 

H c,) :: L::! J:· 1.0)·1(1) (9) 
'<' '-J f'V ,v 
A J 

H 
(t) (10) :: ~ ol-L f.iJi) 

( 7) is 
J. 

(8) describes the the total Hamiltonian. interaction 

of the spins with the static field. (9) describes the interabtion 

of the spins with one another. (10) describes the interaction of 

the spins with the rotating field (which a:"pears as a constant 

7 
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vector in the rotating co-ordinate system). (10) is usually 

neglected in the calculation of rnagnet1c resonance spectra. 

Ale~anderS has shown quite generally that to a good 

acproximation we can take: 

(11) 

The resulting spectrum is described by the Trace of (If), this 

being the average value of the induced magnetization in the xy 

plane. For the AB case, 

\{\o.CL- (T1""f)::: lf'I (I+p)-::: f~, ... (->31 -'-f-t2 t f'-1 3 (12) 

Performing the required manipulations we can relate these elements 

(12) by the following eauations (the matrix equation (2) yields 

16 linear ecuations): 

e~,-(2_~1 
\ "t:' 

~:= 
~t 

~= 
c;{t 
Where 

= coupling between A and B 

~ lio G-c, .. J - b (IV = 

/j C w- !!is)( 2 - f <S'"°(I) -<;" (-,.)) 
l-

C:S--( ~) = nuclear shielding constant of nucleus 1 

If we assume that the spectrum is observed under cond:ttions of slow 

passage we can set the LHS of the a.bove equations (13-16) equal !· to 

zero and solve for the r:>,·· of interest. 
\ AJ 

This has been done and the 
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aid of an IBM 7094 computer hes been enlisted to obtain plots of 

t~e spectra as a function of tau. Figure 2 illustrates the effect 

which exchanging nuclei have on the observed spectrum for the AB 

case. This program gives a method whereby kinetic data can be 

easily obtained. Isotopic substitution in conjunction with spin 

decoupling can reduce many exchange problems to the AB case. The 

possibility of including more spins in such e calculation is 

considered in the next section. 

CALCULATIONS: THREE SPIN CASE 
A THIRD NUCLEUS 

TWO EXCHANGING SPINS COUPLED TO 

An attempt to calculate the full observed spectrum for three 

nuclei, two of which are exchanging, has been attempted, but with 

little success. The treatment was ca~ried out for an ABC system 

with the A end B nuclei exchanging. The calculations follow the same 

general procedure as is outlined in the previous section. The 

initial calculations were done with the following basis set: 

~ I ::; t>2_ c:,l_ ol 

~). ~ ol-ol- r 
~!) - O(r ~ 

cp'-( :: (3 ol. .l. 

¢s- = o<_r~ 

LP~~ ~04(3 
ch~ c~CX-

4> t ,. ~(} f--

(17) 

The (}1.:. necessary to describe the spectrum can be calculated from the 

system of linear equations obtained from Alexander's treatment. The 

elen:ents of the density matrix which describe the spectrum fall into 

three groups which may each be solved separately. The first consists 

of the fjk. which connect the Iz = + 3/2 with the three Iz = + 1/2 

states. This constitutes three of the Similarly the thre @"- • 
(?jk elements wh~.ch connect the 

state can be readily calculated. 

Iz = ~ 3/2 with the Iz= ~1/2 

The nine elements of(: which 
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connect the Iz= +1/2 functions do not lend thernsalves readily 

to solution. To sclve the nine equations it would be necessary 

to break up the fjk into real end imaginary parts, thus 

,1elding eighteen equations which wou1d take the 7094 a minimum of 

10 seconds and an aver r:ge of about 15 seconds to solve using the 

available pro gr a.ms for the solution of 1 inear eau& tions. The 

minimum number of points for a good plot is between two end three 

hundred. Each spectrum thus would utilize about one hour of 7094 

time ($300) which would not be justified • . 
An attempt was made to select another basis set in which 

the calculations would be simplero Ideally one would want the 

coefficient matrix for the system of linear equations obtained to 

come out diagonal, but th1s is generally not possible. It is 

pd>ssible, however, to reduce the number of off-diagonal elements 

in the doefficlent matrix~ This is done by using the basis set in 

which the functions are either symmetric or anti-symmetric with 

respect to the exchanging spins. This gives the exchange matrix a 

form which results in the 1/Tau dependence being entirely along 

the die.gonal in the coefficient matrix. The basis functions for which 

this was done are the following: 
'q), =- ~ w.. ..J. 4>s--= ~ (otf-~<» )0 

12, ~ c,L. .;..r ~(,. = ~ c ol-~-tr--o>r 

~ 1 -= ~ ( ol. (3-t-(3d.) "'" rh == (!<! ~ 
(18) 

ll> .. ~ ;~J ol r- (3ol-) <><( ~ ~ ~ ~{t! 
While this basis set helps to simplify the equations somewhat it 

still does not permit an easy reduction of the system of 9 related 

eauations connecting Iz= +l/2. It is of no help to use the basis 

functions for which His diagonal. This complicates the exchange 
N 

matrix considerably. 
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The complete spectrum for the three spin case was thus not 

calculated. A program was written for the 7094 which calculates thB 

three transitions between It =+1/2 and Iz=+3/2. It should be 

nossible to obtain tau from the experimental spectra by consideration 

of t hese three tr snsitions alone, as can be s ~en in the sample 

calculation given in figure 3. The upper spectra in figure 3 are 

calculated from basis set (17) using the following eauations which 

were obtained from (2): 

= pi. , + f11 +f41 

= uJ- WA 

= is/2-
For groups of nuclei greater than three the calculations 

become impractical. It is possible, however, following approximations 

suggested in reference 5 to get information from the peak half-widths 

which y!elds the exchange rate . 

CALCULATION OF LINE WIDTHS OF NMR SPECTRA IN THE PRESENCE OF 
EXCHANGING SPINS 

We can write the equation giving the time dependence of the 

dens i ty matrix describing an ensemble of interacting spins as a sum 

of three terms: 



FIGITTE 3 

EffECT Oi"~I~ 

ON ~ THREE TRNISITIOHS 

BETWEEN TuE F8 ••J.i N-10 

Fa••% STATE'S FOR A 3-SPIN 
,..w;. $ Y5 T liM IN WHICH A 
NID B AAE EXCHANGING. 

THE UPPER SPECTRA 

RE PRES£ NT THE TiiREE 

Fa• •}i TO Fa••¾. TRANslTIONS 
FOR V/\RIOUS 1/ALlJES OF 1:, 
TH£ PRE· EXQW,IGE LIFETIME. 

THE LCWE R FIGURE IS THE 

FULL SPECTRUM IN "HIE ABSENCE 
OF EXCMANGE EFFECTS, 

CAL.CUI.A TEO USING THE 

F<UOWING Pl'IRAMETERS: 
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{20) 

In a rotatir.g co-ordinate system this becomes: 

where 

(21) t ?p~~l + te~~(2 ~D-~ 
exchange relaxation T~ 

-t-- ) { Wo- w J [ r, p I~ ( p 1 t- ~ re) H s ] ~ ii w I [ e) y 7.,/1')] 
w = angular frequency of rotation 

Wo = Jl-/o 
= ol-h 
= ~c J .J (i) -'"" ~ Tic. T.(j) ·I(i-,) 5'1'1\(¼S~ ~ ? 

J J ~ 4 j~ k .1 l+~1Ae~~ 1A•11+s ~ 
= chemical shift of nucleus j in the applied 

field H0 • 

Using this notation we can write the equation governing a single 

term,(:~~, of the density matrix. m and n are states of the 

system for which the magnetic quantum number (M) differs by 

unity. r~n thus describes a transition of the system between st ates 

m and n with the transition energy ~e ing given by IAJ1,.,,#En;-61-i (m and 

n are thus eigenstates of the system and Hs is diagonal). To 

find the equation for f~~it is neces sary to find lPpP{~. This is 

obtained by straightforward me trix multiplication and is given by 

The expression for !e~~ is then g iven by: 
olf-

(22) 

~f.vhV' • . ( tR'(>mlc: eld tJ~ -~"']-~.,__ ( 23) 
~ + -:: •.A (wo-lv) fmri -t..4 tJ n,t, f M..., t- l. - -1::: l • • ~ 

The f lnal term of (21) , i..wJ(f IJlijJ has been omm:l tted in the 

above equation as it is negligible in comnarison to H8 • (This 

t erm is used as the driving term for a system of 1 inear eq,rn.tions in 

the event that the LHS of (21) is considered approximately equal 

to zero.) In the limit of slow exchange, coalescence of lines does 
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not occur ~nd broadening effects are observed. In the limit of slow 

exchange we can mnke a~proximations b~ considering the terms of the 

summation in (23). First we can fector out p~.-. to get: 

(24) 

Then we note that all of the non-zero elements of the exch~nge 

matrix mu.st be between states which have the same magnetic quantum 

n1.JJ11ber. Thls is beceuse exchrmge cannot effect a spin inversion 

which is necessary for a change in M. Thus the term 

will be non-zero only for (?kD is which k and 1 have the same 

megnetic quantum numbers E'IS m and n, respectively. Such a (:'r<.J 

would describe a transition between states of the same quantum number 

as rwin • Since this would (considering the weak coupling case 

for s im~licity) represent a different spin inversion than thet for 

t he transl tion described by ~r't'" we would expect ("'t to have a small 

amplitude in the neighborhood of (: y,,I'\ • This amounts to assuming 

that 't'/LJhi;,-WJ£.Ll>1 and permitr us to rewrite (24) as: 

Using this i~ (23) we have: 

°'9mh E· - ) ~ --== - - >- C l\b-lJ -f vJ + cA t- ~~ 

(26) describes a line with resonance 

effective relaxation time given by 

-:: \ \- p'MM ~VI 

L ---c-

(25) 

(26) 

an 

(27) 

The density matrix treatment gives the same result as the Bloch 

ecuations, and describes the transitions with lines of Lorentzian 

shape.6 The half width for a Lorentzian line shape function 
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6see Pople, Schneider, and Bernstein, High Resolution NMR, pa~e 
37 for a discussion of the line shapes derived from the Bloch 
formulation. 

is given by 
(~w )i;2. ~ _l_ 

"!'ii'].- \{f 

where (UJ) is the width at half heighth (in cps) and 
1/z. 

T2)eff is the effective relaxation time in seconds. 

Thus we have 

( 28) 

and knowing the half width we can calculate tau. T2 can be 

eJ1rninated by calculating PmmPnn for different trans i.tions. The 

problem of obtaining ta.u thus reduces to the problem of calculat:tng 

the exchange matrix P for the representation in whtch the 

Hamilt.cnian (Hs) is diagonal. 

The exchange matrix in the representation of Iz has 

already been calculated and is given by: 

(

\ 00 0) 
00 \ 0 
o, c.....::> 
oo a \ 

(29) 

To calculate the exchange matrix in the case of the represen­

tation in which Hs is diagonal (designated by P') we must first 
,--.. 

dta.gonalize the Hamiltonian and then obtain the eigenvectors for the .......,. 

problem. 

The widely used NMRIT computer program written by Dr.J.D. 

Swalen to calculate complex NMR spectra cen give us just the matrix 

we need. It performs the following operation on the H~miltonian in 

the representation of Iz: 
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= transformation matrix. Its 
columns will be eigenvectors 
of H5• 

diagonal matrix in which the , ,, 'i 

elements are the stationary 
state energies of the system. 

Since P transforms in the same way as does H we have: 

(30) 

. 
To check the assumptions involved the AB case is ~gain considered 

as an example: 
0 0 0 

~·(~f) S-=- 0 ~(:) -~8 0 

0 s·,I"~ C<r.)-'d 0 ~r: () 0 0 

( 31) 

e is defined by 

Then, since Sis Hermetian and normalized, we have 

yielding 

cos e sivi ~ 
-Sil\~ ~t;) 

For the broadening of 

calculate \-?~~?~~ 
-- ~ 

D l 
lO 

(describing the m~n transition) we 
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\ - :l~'yC-0').Q 

'L' 
-:2~8 CAn--e 

re 
l +- 2, ~ e G<O- 0 

t 

( 33) 

The numbering of transitions as related to the spectrum is as 

follows: 

The outside peaks broaden faster than the inner peaks. This 

agrees with what is experimentally observed in spectra when A 

and Bare exchanging. The expression for the half width given 

above (28) has been used to cslculate tau from a set of spectra 

which were computed from the complete treatment of the AB C8Se 

(equ otions 13 - 16). The results are tRbulated in TABLE I, .slong 

with the tau calculated using Gutowsky 1 s3 formula which relates the 

peak positions to exchenge rates. 
3 The Gutowsky and Holm method (derived from the Bloch 

equations) states the following: ______ _, 
Ye =- - ( [411,.\l"C~ ? 

2T1"t:' (34) 

where Ye = observed difference in chemical shifts 

~ = difference in chemical shifts in absence of exchange 

-'C has units of seconds 

V is in cps 
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TABLE I 

CALSFLATION O'." TAU VALUES FTICM COMPUTED SPECTRAa 

Tau used to 
compute spectrum 

(seconds) 

.o5 

.07 

.10 

.20 

.50 

Tau calculated 
from spectrum by 
Gu tow sky-Holm 
equation. 

(seconds) 

.043 

.067 

0097 

.37 

b 

Peak half widths 

2 ➔ 1 4 _,, 3 

(cps) 

2.65 4.36 

1.85 3.36 

1.32 2.35 

.71 1.22 

.38 .59 

Tau calculated 
from h8lf widths 

2➔ 1 4➔3 

(seconds) 

.044 .050 

.064 .066 

0094 .096 

.198 .196 

.495 .490 

a) ?arBmeters used were lVAg= 30.0 cps Jab= 10.0 cps T2 = 1. sec. 

b) Coul d not be calculated. This method breaks down except for 
a short range of tau when the peaks are collapsing. 

Outside of this range (for tau less than .05) the lines 

collapsed and the half widths could not be measured. For tau 

greater than 1.00 it would not be possible to calculate the 

half widths very accurately, and the Gutowsky-Holm method also breaks 

down, as noted in footnote (b) above. The applicability of the 

half-width method of obtaining exchange rates is not limited to two 

nuclei, but is easily extended to any number of nuclei with (10). There 

is no problem with viscous broadening or absence of relaxation data, 

provided that the exchange broadening is a factor of two or so 

l~rger than other effects. Line widths due to relaxation, viscous 

broadening, etc., can be approximated as the same for all transitions. 

Then, choosing two peaks which have dlfferent broadening ( \-f>~ Iii/\ ) , 

the natural line widths could be eliminated from equation (28) and 
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tau calcut ated. 

A computer program is presently being writ t en to calculate 

s-1Ps. P 1s being considered for a general type of exchange: 

~totel == 1T ~~-
j J j p,l,,-S 

= exchange operator · for nuclei pair 1,j 

As a possible ex 2mple for the application of this genaral program, 

con s i der the dep:enerate Cope rearrangement of tricycle ( 3. 3. 1. o4' 6 ) 

nona-2,7-diene-9-one (barbaralone, III). 

-.::: 

IV 

The exchange of magnetic environment which occurs is as follows: 

Form II I ~ Form IV 

Hl 

H2 
H3 

H4 

_....:,,. -
__,,_ 

..:::;-

~ 
~ 

__:::,. 
.._;--

H8 

H7 

H6 

H5 
Ta c:. e; ould thus be calculated ft>r ba.rbaralone at different t emparatures 

and the activation energy computeda 
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II. EFFECT OF EXCHA1'!GING 1'iuCL:2I ON THE APPEARANCE OF MAGNETIC 
RESONANCE SPECTRA: CHEMICAL EXCHANGE 

INTRODUCTION 

The problem of interpreting features of magnetic resonance 

s~ectra with more then one molecular species in the sample being 

considered is further complicated by exchange of nuclei bet'\✓ een two 

or more s~ecies or between non-equivalent sites in a single 

species (chemical exchange). A number of different simple cases 

where chemical exchange occurs are listed in TABLE II. 

CASE 

-r ... 

II 

III 

IV 

V 

TABLE II 

DIFFERENT CASES OF CHEMICAL EXCHANGE 

CONDITIONS 

Chemical exchange betw~en 
two species, neither of 
which is coupled to 
other spins 8 

Chemical exchange between 
two molecules of the same 
species, the exchaning 
nucleus not coupled with 
the rest of the molecule 

Same as I except the 
exchanging nucleus is 
coupled to a second nucleus 
at one of the sites 

Same as II except the ex­
changing nucleus is counled 
to a second nucleus 

Intramolecular chemical exchange 
between several sites in the 
same molecule 

-SXA}'fPLE 

a.) R and RY are groups which either contain nuclei which are not 
~oupled to the system of interest, or by appropriate experiments 
can h 2ve their influence removed from the spectrum. 
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:::.0ses I and II are best treated by the modified Bloc ':1. equations 

prcp osed by McConne117 and discussed in most of the recent literature 

on ~ ~e applications of magnetic resonance (see for instance ref. 6, 

Pf • 218 l . As has been mentioned the solution of the modified Bloch 

7H. r-' . . McConnell, J.Chem . Phys., ~, 430 (1958) 

e quations becomes somewhat involved with more than two sites. In a 
·, s DliscLU-.a:il 

sertos of recent papers by S. Forsen and R.A. Hoffman8 a methodtfor 

8s. Forsen end Ragnar A. Hoffman, J.Chem.Phys., 39, 2892 (1963) 
and ~ 0 , 118 9 ( 1 9 64 ) . ,,.._,, 

obtaini :--.g rate constants for exchange of type V by saturati n/2'. 

s:. ··- :3 ls of nuclei at one site, and relating the recovery time of 

the signal &t other sites to the relaxation time, which is i n turn 

r 8l ated to the exchange rate of nuclei between the two sites. For 

exc~ ~nge of type III and IV, where coupling exists, a theory 

si rn ' ~ar in many respects to that employgd in the calcu:ations for 

• ~~d-molecular exchange has also been developed by fle ~ande~. 9 

Q 
' S . ~:exander, J.Chem.Phys., 37, 974 (1962). 

The application of the method_which is put forth in (9) has been employed 

to calculate the spectra for exchang e of type III and IV. Kaplan4,lO 

le ,.,,- . Kaplan, J.Chem.Phv-s., 28, 278 (19.58). 

has also treated the nroblem of chemical exchange for case IV 

mt ·.-: ing the ass1.J:i-nption that the concentration of the single species 

is much larger than the concentration of the species containing the 

-c wo coupled nuclei. His method involves a solution of the density 

mcc:.--ix equation, but he is in many ways less straightforward i r. his 
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9 treatment than is Alexa:::-1der , expec iaJ. ly with regards to the inclusion 

of r e laxation effects which are responsible for the line sheu es in 

the ab se nce of exchenge. The general method of ca.lculi:i.t : on ,.;1.11 first 

be g : ven, and then applications cf the method whichhave been made 

to two cases of chemical ~nterest will be discussed. The treatment 

g iven here differs slightly from that in (9) with the hope of making 

t hs crocedure a little clearer, especially for the chemist whose 

bac kground in quantum mechanics is not es wide as is necessary to be 

abl e to interpret Alexander's work. In snme ways the treat~ent given 

!:c-"!'c is more general t"han that in ( 9), where in order to use the 

r 0 ~a tionships derived one must work in the ~epresentation of Iz• 

THEORY 

We will consider two species in solution. The extension to 

mo r~ than two species is straightforward, though not highly prectic~J. 

Ea c :. of the species in solution is described by a separate density 

rne t ~ i x (in the notation used here a su~erscript to the ri ght of a 

quantity describes the species which that quantity is relat e d to): 

Species 1 
(35) 

Species 2 

We assume that some part of species 1 is exchanging reversibly 

with some part of system 2 in such a manner as to leave the config­

uration of both species unchanged following an exchange. We define 

'('
1 

and re~ , the correlation ti'1'Jes for species 1 and 2, 

~aspectively. ,Z-1 and '(Lare related to the relative concentrations 

of s n acies 1 (c1 ) z ~d species 2 (C 2 ) in the following manner: 
'l I Cl -- -::: ---
"(' 2" c}- (36) 

The 0quations describing the time dependence of the density matrices 
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can a ga ~~ be described as in the previous section: 

(37) 

(38 ) 

The com:nutator relationsl:lips and the relaxation terms Dre evaluated 

in the same fashion as for intramolecular exchange with the exception 

1 1 
that species 1 has its characteristic relaxatimes (T1 & T2 ) which 

may or may not be the same as those for species 2. 

The treatment of chemical exchange differs from that of 

iritra.rnolecular exchange only in that the form of the exchange matrix 

is now more complicated,. At the point of exchange, for instance, 
I 

- C- q--~ I 
I i'.+- ·b-c-

\ 
we have a "collision complex" of species 1 and 2 . This complex 

can be 1e scribed by taking the direct product of the two density 

mi, t :-<ce s. The forrnali sm of the direct · product is simp l y a method 

w:~0::.•9by all of the states of the complex can be represe;; n ted as 

prc -:. ucts of the states of t'he two species. Supposing we have 

I 
. I 

I f,, (?, .. p,; f 1'4 
I I I I I 

f -=- (?2l e.,l fz-~ (>,'i (39) 
\ I I I 

f31 r~l. (:-JJ r~~ 

f~1 
I I 

a!:.d 
r?'i). f~3 r~~ 

Z- ( ('~ f,:) e ~ 2 (40) e,.. P~. 
I '2 1,,, 

then for lxf ' the direct product cf~ with ( we have 
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I I "2. wh ere 
f.iJ" )( (! 

... = direct pro duet off·· with 
f 

. 
·"\.l 

o:ne dimensional, we have simply: 
I 2) 

~~i xf 2.= (

e;j'f .. 2-

flj, Fi: 
I l 

P.:; (?2• f"j f 2 z.. 

As can be see!l the result of the direct product of an n x n matrix 

with an m x m matrix is a third matrix with dimensions nm x nm. 

'I'he basis functions for the two systems are given by 

Species '-1 ··- ~ 1 

{ () Z­
Species 2 - --r 

We r. r ve for the of the collision comples, then, 

If 

then 

~
4
t ~

1
l \ 4/ cp/ 

~~I ~'l 

- \ -

) 
: 
' 

¢~ ¢; 
Any matrix which defines some c_oll is ion complex 1s 

defined on the basis set {f'xlfz. . We will later do this with the 

excha nge matrix P. 

Consider the nature of the density matrices with which we Hre 

wcrking. The high temperature limit of the thermal equilibrium 

value of the density matrix is given by: 
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is a matrix with 

being calculated 

exponential in a power series and 

evaluating it between stBtes i and j.11 

11
slichter, Principles cf Magnetic Resonance, presents a discussion 
of exponential operctors on PBB6 23. 

We c a. n expand the numerator and denominator of 0 14) in a power 

series: 
z 

- f' i:.1i \ ( _1_ H)i ?· 
)110.c.e z. e - -lkT f- ~ ~ •• '.J 

where f = a unit matrix of the same dimensions as?
0

• 

h igh temperature limit, we have: 

(4.5) 

In the 

(measuring Hin freouency units) 

Thus 

where N = order off. Then 

+ higher order terms (46) 

~~s off diagonal elements of the density matrix (non-thermal 

equilibrium) are small deviations from unity such that we can write, 

quite generally, 

if= f;µ + (47) 

We ::-_ote tha. t f commutes with the Hamiltonian, such that -
(48) 



E 
Also, since -v/N is a constant, irrespective of time, 

We are now in a position to consider the form of the exchange 

, as we have no te d, describes the collision complex. 

In terms of the expanded density matrices, thii is taken as: 

f I ,- \ ) (f 2 +f '2- ) ( I 2 I 2 ) ni 2- -=-(--+-t x / .. 4- /i'.',2- -=-..L fKf-1-f'x/+pkc::•"·· 
\ _ 1)(f ~· k.J' tJ ~ N t-l0'l. . I \ (50) 

(51) 

{52 ) 

I 'Z.. 
consider the effect of exchange on lf )(lf: 

( ~ 'lfz) atfv--- - -p ( 1i X f 1-) 
(.53) 

e-)(c~,\,y: 

where t=: . ::= ( [ o/. )( (J l~ I p t [ ~ X t{\ J. \ 
J I 1~ ~ J) 

P exchanges the snin functions of the nuclei which participate 

in the exchange process. 

have 

The~, since ~,~7- is defined 

?{ '>< i)p ( f 

on Cf''( 'f 2 , we 
.,._ .,,._ 

(.5.5) 

+ higher order terms 
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Spe cies 1, followin g co ll ision and exchange wtth species 2, baccmes 

i'.'' depender;.t of s-oec ies 2. The exchang e process can be simply 

considered as exchan~in g the soin functions of the p arts of species 

1 a nd 2 which exchange with each other. The probab i lity of finding 

species l in some g iven state following exchange depends on the 

stati stic a l appearance of that state (considering the exchang ing 

part of the molecule only) in molecule 2. Thus, following exchange 

we must aver age the fina l s_J; a tes of species 1 over all of the 

sta tes of species 2 (and vice versa). Using the contraction operator 

I'~ defined by l' lexander, then, we hnve: 

2. I / 

'I·he ..fL ? ..0.. 

(p
1
)aft. e;;~~

1
e-= _f2_.

2
(PF,xp~-P) 

Cp~)1+- e~~
1
e = ...o;. CPp1 ~pJ=>) 

(56) 

are defined such that they a verag e the final ~tetes of 

s p ::: cies 1 and 2,respectively, over all of the states of 2 a n c, 1, 

resp~ ctively: 

where 

( f ')'/', f'. ( after exchange ) =- < ~1 
[n' C Pr''(' P )/ ~)( 57 ) 

.4 J 

assumption 
normalization 
the matrix) 

(58) 

(59) 

is merely the matrix element of -P,'x(~ P between 

space of lf'x-~'. Summing this over the lf/ is the 

s e:rr.e as taking a "partial tra ce" and acts to decompose the d i rect 

product. Taking the trace ove1" the <.f 1- decomposes the direct product 

into the representation of ·ff(. Likewise, taking the trace over 
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1 l 

the Cf decomposes the direct product into the representation of (f . 

This decomposition does not involve any more work than adding up 

P I 2.p 
the a-cpropriate elements of the transformed direct product, f '><f , 

but i s perha~s best exdsined by the two examples in the next 

( 61) 

gives for ihe exchange term: J 

~1-11/(p[+e'-< E2 ~ f'xr· -1- (/xe:~p)-e 
re-\ 

t-. 7~/ [ P(c>' xE
2 

+ <='xt
2

) ~- 1?__
1 

T I 

-:J,1>/ [?C-t-fl Xe 2 ~G'xrf) p J -e '1- (62) 

--z- --
The relaxation terms are given by: 

( 63) 

( and similarly 



'.fo can now write the overall eouations .for the density matrices: 

(65) 

remembered that we have 

(66) 

so t hat the total magnetization induced in the x:y plane is g iven 

• Th._.s the l/N1 and l/N2 appear as scaling factors. 
1 2 

The c- and C 

(c oncentrations of the s9ecies) appear also as obvious scaling 

factors. 

CALCULATIONS: I. CHEMICAL EXCHANGE OF ONE NUCLEUS COUPLED TO A 
SECOND BETWEEN MOLECULES OF THE SAME SPECIES 

•rnis is the s:implest c a se involving coupling which can be 

t~e ~ted by t he above equations, since it involves solving only one 

of the e quations (64 & 65). Exarnp les of this type of exchange 



beev-
1\ have rnen~ic~ed are: 

(( 
l 

K- c - o H aviJ 
', 1~ (?. 

rz Ho-c-H 
I 

[2. I 
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We h a ve in this problem: e'-== f,_ ~ p 
I l 

't :: re 
' 

(R & R' are not coupled 
to the observed system) 

Thus we can write (with primes indicating one of the two identical 

molecules): 

(69) 

s ame appearance a s the intramolecular AB exchange problem. 

exchs nge term can be obtained as follows. We use the same besis 

set as in the AB intramolecular problem: 

(70) 

Assume that nucleus 1 ( ~
1 
= "Cd cL(i.) ) is exchanging between the 

primed and unprimed molec1-1.les. For· ~ >< ~ we hove: 

( 71) 

Th e e ffect of the exchange operator can be readily seen: 

p"3
9 
~ ( 8, \-Pl 8q) 

- c o('oleol i? ! f o! al -2 > 

~ ( oL ~ (3 C>l ( ol w. f d) ?- 1 

( 72) 
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Th is g ives the following for the e xc hBng e rnl'l trix (for the p urpose :. 

of il1ustrat ion the f ull matrices are g iven in this calculation): . 

p = 

I 
\ 

I 
2 3 4/ 5 0 J 1 I ? q ro I 11 12 t3 14 It; 

I 
I 

I I I 
l l I ' 

! ' 

2 I ! 
: I 

I 

! i 
I 3 l i 

I 

;1 

I \ T 
i 

5 I 

~ I 
r-; I 

\ 
I 
I I 
I 

8 \ 

9 I I 
I 

10 ! 
I 

i I I 
I 2- \ 

t3 I 

It \ 

;5 I 

/L? 
' 

I&; 

[ 
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r I 

I 

c:: x P • ~ (! X f is fo u nd by adding the two d irect product s s.nd i s 

given by : 

I \ l 2 3 4l s 1 01 7 ? q !O I I 12 13 14 I I:: /&; 
I 

I 
I o ! 

! \ 1, p,2 
r l ~ P,c1 p,1.- {?13 fH ':.,.() JI 

' f 2.L 2 (hi ri3 pz. .. Pn. i (Ji-:, (,"f +(,)JI 

3 
\ 

( $3 
e~ I p,2 f,~ p,2 (?i1- i Piy -tO,, 

4-
\ 

li.J'l I 

P<j• p .. p f~'.) '),, f1?. p,3 p,'i 
_... \ p,, 
j 

I P1-1 1-(),.2. 
{i;i f13 fiJ (?2 3 0-~ 

I 7C 
t=>~~ I fo p21 Pz, 

p2. 0-, (?2'1 (?2.3 ~() ).]. 

7 
\ f-n l 

()z, f31 PF :(7,c.! (!z 3 IP2..'-1 +-() , . 

8 l f'-11./ I 
(? .. , P£il f42 {)43 4 p ,_-,. I (?2.3 (?ZJJ 

l 

9 r?I (>3i. f" p, .. f h (?,-{ , e3 '-i 1 +(),3 

\ (?-1-2 !O r~\ ~32 p2.1 f-;,3 ()i.l.( e"3 ~ I 
I I+ 0 :r I 

\... (?n I I 

P, 1 f~i p~1 f 1i r3q (?3-. I I +-p,3 
' 

! 2- (:,1 (?5J r4, f'42 f1.13 
f>"'"' 

"?7,.,' f-3--i 
V 

\ • () ,. 

t3 e~ , f4z_ f<i3 
\ (>12. (h p,{i '-/)..J'i 

\,, fn I 4-
fi.-11 P1-t-z f1.r3 (?2 1 fi3 fzc{ I ' li•O.J<1 

\ 
e·u i 5 

Ct11 r4-;z. Plf.3 ()31 (?Jz (?,'-I I 
,0,1.J 

, ( 
7C 

~

'-1'-I 
II./) ()H (?4;;1. ()4 1 e1 , f lz (}43 L/ '+ 

\ 
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The c alculation of p[(',' f + E 1xf] P involve s two ma t rix 

multip licotions . Bec au se of the f orm of P thi s i s done by fi rs t 

interchanging the:: p r oper rows and the n tbe proper col umns t o 

give: 

I 

I I 1 I Jq !O I 11 
i 

14 I 1.;' I , ~ i \ 2 3 4 5 G ? 1 2 13 I 
I I 

I ' ! I I 
I I f,'> fi\ 

I p,, I I 2f,1 I (!,1- (1--J' ()1<.j i i 

2 f\ (Ji .. ' I 
! ;/)21; ... f ,, (),,, (?,-;. P1lf I () 7..:> () ,-</ ! 

3 
I f )3 

\ \ \ 
I 

: (?,1 .;(JI I r')/ )_ f1A () 1"'> ()•'-1 I I 
I ' \ \. i LL f '½, 

fH 
J I (Ji\ f12.1. f-,,J (?d {)z_ y I 

+()1..1 • ! 

!~ 
\ p,, \ \ \. \ 

I 
I -

/7 , 4 I 
h 
J (}1,1> +j?z1. , p1 z. (h.4 : ()1, --

~ 
( 

~ 
\ \ 

,~1, > 

\ 
' 

I 

,.:J i ()2,3 2-f2:i. (}1..4 Pi.~ 

7 i \ 

~ 
\ 

I t-Ji 

(>,, \ I\ \. 

i (7<-1 l p, 2 I : (),'3 // 1'-I-I +py~ 

I I.~ 

~ 
\, I I I \ 

8 '-
I 

Pt.1 I / plj 7, p1. 1 
Pi.2 I i,O:..-; P2--\J ! + /'),,,J I 

\. \ \ ~ l I J\ \ 
" j p?\ 

P,~ 
(?1-4 p,-, !f , 7-(/}'L '" +(),' ! {) {'-f 

\ 

C0i {) I I I !\ 
iO f41 (}4 '2 '+(h1.i.; (]13 l01 z_ i {)Jt.l 

\ \ \ 
' I 

p11 p, -i p,, 2.03 ()3 z. /h'-1 j J 
p)Y 

\ \ f,3 I 

I 2. f-1z \ 00, 1 ()<.j 'l (73 1 P<n t (?4,J p34-

t3 
\ \ ()ii.. 

\ 

(131 ()32 ()-i.1 P23 +(),, 3 ()74 () Z'-j 
\ \. I \ 

~ (}i 7,.. \ 
' .! 

PLjl Pzt P2 1 P1-'-I_ 
' ...,.. 

;?1 'l I ' .;-()4u ' ' 
\ \ - \ 

15 p,, 
()J\ ) "2- 0 lj I r'-\3 ()<-1 2 J .,-/1<.J<..I 103<+ 

I 
\ \ \ \. ''--

. ( 
1'.JJ 

f<{ t P42 ~I..\\ p43, P'-{ .. (?q-s '2 (49 
\ \ \. \ 

The circled elements indicate the trace t o find p
2

, ( after exc hange) 
whic~ is taken over t h e primed element s . 

The element s enclosed in a trlangleci te t h e trac e over the unorirned 
e lements t o find P2t ( after the exc hange ) . Since both molecule s 
invol v ed in the e xchPnge Rre the same t~e ecuations for the primed 
molecule a re ide ntic a l :with those for the unurimed molecu l e with the 
exc e ption of t h e labe ling. -
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Then with N = N' = 4, we h a ve: 

-!.- t 'T / [ '? ( r' < f + E' , X f 1 p t -fl I 
~ 

~ ff )-t tp~ ~ (7431" f-n \- f :i,I _ 

( 

l ~) e~c. -- f~~f-t) 

(76) 

The rest of the prcblem is treated as in the AB intramolecular 

e~change case which permits us to immediately write the full equations 

by inser ting the exchange terms (76) in equations (13-16): 

(? i.l + j (-6-~!;z.-dj~) f2.i + ...< (- J;:J-) f,
1 
+ .A C = 0 

\ ;l 

~~-f,,_ ~ + .)(-6-+S;?+J;._)(J/ +-; (-'¼)(21 -t;·c =o 
2.. -c '"( i 

( Tl) 

f, I -p,.p - ~ - j ( ~- $;~ + '¥2-) f 4 2 +; ( J/z.) f4; t .4 C:: u 
1- T -r,. 

( $1 J1) ·(J1)0 -+-,,iC:::O () 914 J _ fj.! _ } 6-r /;J. -f,- I-;.. fl./ > '1' ..4 l'J,. \ '-j ') 

'Z, 'C -r.-.. 
These equations have been programmed on the IBM 7094., with 

a sample set of resulting plotted spectra being displayed in 

figu::·e 4 . 

The inflti~nce of this type of exchange on the magnetic 

resonance spectrum is obvj_ous from the features of the spectra. 

For larg e values of tau (slow exchange ) the spectrum : is of the normal 

AB type. For sme.11 values of tau (fast exc hange) the spectrum appears 

s 'r . .:1 rp and decoupled due to the short lifetime of the nucleus A on 
Ii 

ar.y gi ven molecule. Intermediate rates cause broadening of the spectral 

lines. 
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CAL CULATIONS: II. cm_;.::<ICAL ~XCHP.NGE OF A SINGLE NUCLEUS WITH ONE 
OF TWO COUPLED NUCLEI 

Examples of this type of exc hange are quite co~mon, usually 

oc curina when some pr c ton tr ans fer reac~ion takes place in solution. 
f(. 

R- c- o H 
! Jt 
12' tt® 

For- this c a lcul at ion I am g oing to empl oy t h e s ame notet:I on 

and ')asis funct:lons as used by Kapl a n in reference (10) , cS'O : that 

the resul ts of Alexa nd er's method c an be compa r ed with the eouations 

derived by Kaplan. 

Bas is set for speci e s 1 (two nonequivalent nuclei): 

Cf;::: ?&r + r@o!. 
(78) 

Cf\_1-= (!C-, 

Ba sis set for species 2 (a si ngle proton): 

'Z. 
Cf = DZ 

I ( 79 ) 
103. LP-i. 

Products of~- with-\ · will b e taken wi th the first two memb ers 
1 J 

~_J w~ o f t~e pr oduct belong ing to I and the third to 1 • ~ J • For instance, 

(80) 

~ne exchange matrix is easily c a lcul ated . It is defined on the 

{DI '2-bas is set I xlf , given by: 

(81) 



?er?, we have: 

\ 2. 3 4 l s 1 G l 7 ? I 
I 
I 
I 

I 

I I 
I 
I 

2 -(" p i 

I 

3 - v PL p( 

p == 4- y2 - p( p 
I 

( 82) 

5 p pr yi 

l - pr p2 y 

7 p r 
8 ) 

A t-y-ciic 2. ::. element of P is calculatad by the following method. 

? e ;(.~ hD-:rge s nucleus 2 of species 1 with the singl e nucleus of species 

2. A A 

( 85 ( Pl 0 i-) -= (Cf~' cf 
2 I PI lf, 

1 Cf/) (83 ) 

- ( F cl~ ol +- /) f'"'-1. I p I o/_ oLf ) 

~ c r e.it~ +/\r~~i olF) ~ f 
It msy well be noted that the exchang e matrix is symmetric, requiring 

that ona Peed only calculate ~erms on one side of the rtiagonal. 

'.fo have two equations to cons ider in ttis example: 

(84) 



vari o~s matrices of 

f_'::( \11 

2 (I r -c.. -

) 
i / 
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f' ~ ( t •. : P·~ ) 
f 'ti • ('·('1 

F '= (P,~,. (:~) 
r,, r:~-. 

following forms: 

(86 ) 

Th e spectru.~ is described by: 

c' \[,. ( 1;f) t- C 'Tn_ (Pf')= c' [ (p-,-) f ~, + C p+n.) f ~1.,. f rnJ fi, 'f ·r!f '.] 

+ c' [ p:i] 
Only the elements of p of interest will be retained in the calculation. 

, I 2 I -'2-
D o l n g t h is·, we nave for f KE + E:: Xf : 

I 

0 17 91 \ I 2 3 4 5 
[ 

2 A 
3 3 I 

I 

+ 13 A 

5 C 

to C A 
7 D E 

8 D f A 
We have made the following substitutions: 

(88) 
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Perfc~~ing tha matrix Multiplications we obtain 

\ 2 3 4 5 G I 1 9 

r I 

2 
- y-(3 

+pC 

3 - rA 
.-p>B 
,-prC 

4- Ar3 -r'6 r'pS-0-< 

-p~rA "' f.('(+ + f rD 
/oDJ.£0' :p~.O,p'rE t-Er•p 

5 pA-tf»B 
+r-i-c 

I 

fo 
y•-A + pr'- t:, -, - p• r [j+1 

Af'+ p'-YC.;- C. o3 ., 

~~r'; 
,-p'-D .. p'r• 0 -1-

lp r,.E i=; (; 

7 - Ar p -~ Bp"+A,Jdr ... p•A 
-r~ ,.. -r·C .-cp 

or•A 1,;-Ar3 

8 
r'"D - Dr Op+-fr - pr€. -/rcfl'" 
+pA .. ro. 

We c a n ::-_ow--decompo se the tr2:-isformed c olli si on complex mvtr i x 

i n to the various elements cf interest: 

l_ I/ [P( (' e "-+E 'x () P} j 1 

-=.-rA +p"B + prC -;.r::-p~ r-A 
-:Lt _ r pP .,,. c::--p 

1
1 -pA +pr13+r'l C-t- pv-2A+ 
s,-=- A p3 - r:.. .D + f pr 

l 1 

::. - pr13 + f 3 A -r 2C +pr2.A 
JLp +rio - r r-E Te A 

'3p2 -+ Ap2.r -i-- CF,.. t A r 3 

- Ppr + Gp 1 
+- r A 

-rE ..,..pc-r>B+-r-r'C + F3D 
+ p.._,e - p'-rl3 +cp1 +- f,.. .. D 

-t-Er 3 rDf-t-Ev-

(90 ) 

( 91) 

(92) 

(93) 

( 94) 
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Usinf the f act that p 2+r 2= l (see (97) ) we c an simplify the above 

a~d substitute the dens i ty matrix elernents back into t he 

2-
-:i. I 1 ) (95) ) == 

2
rf:2.1 -\- r•c f~ 3 + e ... ·, ) + r-2 ( E.31-fl{~ 

/I ) z.r;,p;, ~ 2( I I) 

::- +pr( (~3 +p2.i') -'\ r :J_'f-i. r,, 

2-

) ~ 
2 

2.r p:i., .;. e--<d>• -e._";z, > 2( I ') + e e,r1 -r (1.• 
2_ 

WitL the derivati on of the above we ha ve obtained the informst ion 

naade d f or the exchange terms in (84) and {85)o The c a lculat i ons 
I 

are done in the representations in whic h H and H 'l. are diag c r:al. 

We thus have: 

(96) 

first 

four of the following r'3la tions: 
I l I 

('12-)("iJ:l+J ... )''-.. + Y.2-J 
(J2.\ E,-E2 ::. = 

I I I - 'I').,. (v 2-1-j .. )'h + iri.J 
W31 

-=- E. I - G) 
-:: 

W~l -::. E~- 64 -:: _ ½ .. cv2+.:ii)"":2 - '(,.J 
{97) 

l el / I - \ 1/:i,..) ( '7"2 .f-J .. )'lz _ 1/ ... J 
w 't.3 

-::: .,,.,- l:;4 -
'I... -z.. 2.. :: l03 Wi , -:: c., -E~ 

ihere v = differenc e in chemical shift in species 1 

uJ..., = chemical shift of spe c ies 2 
:> 
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Th e zer·c of fr-aouency is taken arbitrar•ily at the center of the spectrum 

of s pecies l in the absence of exchange. All of the values of 

the par ru~eters in (97) are taken to be in radians per second. 

We can now write the el ements of interest from the matrix 

e ou Ptions (84) and (85) for the system being considered. The 

d r iv i ng term corr.es again f'rom the commutator off with H(t) as in 

t h e c as e of :tntr·amolecular exchange and the time derivative on 

the LHS of the equations (85) and (84) has again been set eaual to 

z e ro, assuming slow pe.s sage ccnd i.tions. The full equations a:r·e 

thus gi"'1e n in TABLE III, p g . 4 0. 

The eauations in TABLE III 8gree with those derived by 

°f: ' ,;::_an, 10 who uses a quite diff'erent rriethod to obtain them. The 

e qu a tions which Kaplan offers are the compl e x conjugates of those 

in TABLE III. 

of t?J.e density 

t a ke s t h e real 

This is not a discrepancy since from the definition 

~ 
ma trix we have f~J-:. f.ii , and for the spectrum Ks.plan 

p art of Trace(r+p) , while we take the ima gins ry part. 

Kaple n has solved these equations be assuming the concen trat ~on of 

species 2 to be infinit$. A compu t er program is being writter. which 

solves them in general, for any <;:oncentration of either species. 

Th e results can probably be predicted as follows: 

no exchange 

slow exchange 

interm?diate exchange 

_A _____ j\__ 
---

fast exchange 
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CO~CLUSION AND ~IS CUSS ION 

A nurnber of simple cases of nuclei ex~hnnge in species 

which contain nuclei of ma gnetic interest (spin+½) have been 
5,9 

analyzed in tatail using the rnet~od outlined by Alexender. 

A le:c-ge number of cases in which ex.change of m12gnetic environr::ient 

be tween different nuclei occurs can be reduced to one of these simple 

c a ses by enpropriate and judicious choice of compounc.s and 

substituent~. Spin decoupling experiments can also serve 

to simplify the spectru.~ such that it can be compared to one 

o:t the s:.n:rp7..e systems which have been analyzed. 

Ccrr,puter programs have been written for the IBM 7094 

(?or·tran IV language used) which plot the spectra as a :tune i;lon 

of the relaxatlon time, exchange rate, and magnetic parameters 

( ecupl ing constants and chemic al shifts). 

An example of the kinetic studies to which this technioue 

h a s bee~ applied will appear in a forthcoming article by Dr. F. 

Mallory, in which the rearrangement of various subs ti tu tad 

Figure 5 
T;'.~e circled protons exchan ge their m:i.gnetic environn:ent, giving 

S'J ectra similar to those s:i.own in figure 2. The rate constants 

at :::~i ff.;:;rent temperatures were obtained by fitting the experimental 

spectra with those calculated by the computer program. Activation 

e :~1e~-·c:ies were measured from Arrhenius .plots. 
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·~ri c2.ses of intra.molecular exchange where the system cannot 

be re~;cad to a si~ple one it may still be possible to apply (28) 

to obtain fairly good kinetic data from the peak ':;. 2.. lf wid ths. 



APPENDIX: Computer Programs 

I. Moment Calculations: NMREX 150A 

This program is discussed in my April 20, 1964 research 

report. The binary deck and source deck are held by the computing 

center. A Fmrtran IV listing is here included. 

INPUT CARDS 

Card 1 

COLUMNS 

1-3 

4 

5-7 

8-9 

10-11 

12-13 

Card 2 (if NTYPE=2) 1-12 

13-24 

25-36 

Card 2 (if NTYPE=l) 
Throur;h Card NTRAN+l 1-12 

Final Ca.rd 

13-24 

1-3 

DAT.A -
NPROB (no. of 
problem) 

DECIMAL 

NO 

NTYPE = 1 for reading NO 
moments 

= 2 for reading 
freq. and int. 

NTRAN =No.of cards with 
transitions (or 
segments of 
spectrum)listed. 
( ( 999)) max. NO 

NA= no. of nuclei in 
group A (low field) NO 

NB NO 

NC NO 

(Ct:/?f > moments relative 
to the mean YES 

( C4.t)3> ., YES 

< (IJ.y)"> ,. 
YES 

Frequency of transition 
( or segment) -!;-~; -:,t.i ~\ ! ,'YES 

Intensity " YES 

999 (Calls end of program) NO 



-- J L 8 1 5 C O 6 / l 0 
EXTERI\AL FCRJIILLA I\Ut-'eER - SCURCE STATE1"ENT - INTERNAL FQ -- -- ---- -- • - - - • - - ---------- ---

C ctI~i ,tO,.,EI\T PR~~~] JO RCBERTS 4/2'U64 
C lrE FCLLOhI~G PROGRAt,, CALCULATES CHEt-'ICAL SHIFTS FROM MO~ENT ---c 1-~FCRt-'ATICf\. PRCGRA1" hlLL \\CRK FCR 3 GROUPS CR 3 GROUPS ev • 

__ _c_ ____ ..S..E.T l 11\ G __ N_c_ = _C ___ ____ ________ ________ ______ ______ _____ ------ - ----------------------------------------- . 
C I\PRCB = PRCELEt,, I\Lt,,BER = 999 FOR NC PROBLEM 
C T 'l.E E = 1 F C_ILB_Ll_UK_G_C_~_R_O_S = 2_filJLBJ;=A=C,._,,l-'"'l\'-"'G'-----'-M'""'OC!,,;M_.,.E..,_,N_,_T=S _______ _ 

C t'Ct'ENTS REAC f,llJST BE FCR Tl-iE FIRST l"OJIIENT Ill o.cco 
C I\TRAI\ = I\Lt,IEER CF TRANSITICI\S REAC FRCf,I CARCS 

---c NA 1\8 NC = I\Ut-'BER CF NUCLEI IN EACH GRCUP 
___ c_ __________ A I\ 'f __ F REC: L: EN C_I_E S _ tJ A 'f _BE _ L S_EC __ I N _CAT A_ WJJ_ljQJH __ A FF EC TING_ THE _______________ _ 

C ACCLRAC'f ~llH \\hlCr lrE PRCGRAM WCRKS. 
Cit,,EI\SICI\ FREC(S99), PH(999), XIT(4),NG(4) 

2~ REAC(5,1) I\PROe, I\T'fPE, NTRAN, NA, NB, NC 

·--- 1 FOR tJ AT ( I 3 , I 1 , I 3 , 3 I 2 ) 
______ _I_F (J\ PRC 8-9 S 9 } __ 2 , 6 CC .t 2 _____________________________________________________________________ _ 

2 hRITE(t,~) NPRCB 
3 FORJIIAT(////22H I\L1"BER CF PROBLEM IS , 13/) 

't.RITE(6,€81) 
se1 fOR1"AT( 39r fRECLEI\CY ANC INTENSITY CF LINES USEC ) 

·---- FR EC: C = C • C 
_____________ CE L 1_ = _ C • O _____________________________________________________________________________________ _ 

IF(I\TYPE-1) 1oc,1co,1c1 
1cc su,., = c.o 

CC t I= 1,NlRAI\ 
______________ RE AC ( 5 _, 4 ) _ FR E Q ( I ) , PH ( 1 ) ------------------------------------------------------------------­

r. RI l E (6,321) FREC(l) , PH(I) 
______________ SU JII _ = _ SL~ _ + _ P l-1 ( I ) ----------------------------------------------------------------------------

c CC1'TINLE 
4 FOR~AT(2Fl2.7) 

321 fOR~AT(2Fl5.4) 
_____________ ASL JV __ = __ • 5 * S l: ~ --------------------------------------------- -------------------------------- -----

PS L JII = C.C 
_____________ CO _ 1 __ I __ = __ l _,NT RA I\-----------------------------------------------------------------------------

P SL~= PSL~+ Ph(I) 
K = I 
IF(PSUf,I-ASLM)7,~,9 

______ _ __ l __ CC I\ T IN U E ____________________________________________________________________________ . ___________ _ 
~ FRECC = FREC(K) 

____ c_ ____ T ~ E _ F CL LO\-. I I\ G _ S ET S _FR EC ( K ) _ = _ 0 • 0 _ IN_ THE_ DAT A -------------------- ---- -------- --------
CO lC 1=1,1\TRAN 

lC FREQ(I) = FREQ(I) - FRECC 
CELl=C.C 

__________ C E L 2 _ = _ C • O _____________________________________________________________________________________ _ 
CEL3 = C.C 

_____________ _ c EL 4 _ = _ c. G _____________________________________________________________________________________ _ 
CC 11 I= 1,1\TRAI\ 
CELl = CELl + FREC(l)•PH(I) 
CEL2 = CEL2 + FREC(I)•FREQ(I)•PH(I) 

-------- CEL3 = OEL3 + FREC:(l)•FREQ(I)•FREQ(l)•PH(l) 
- CEL4 = DEL4 + FREC(I)•FREQ(I)•FREQ(l)•FREC(I)•PH(I) 

________ _11 ___ CC I\ T IN U E ----------------------------------------------------------------------------------------
CE L l = CELl/SUM 
CEL2 = CEL2/SUf' 
CEL3 = OEL3/SUt' 

.. __ _ 
--------------------------------------------------------------------------------------------------------------

--------------------------------- ·--------------------------------------------------------------------------------



-- - J L e 1 5 C --- - C 6 / l C 
--- -· -- --- . E_XJERNAL _ FCRfJl;l/J _r,ur,ieER ______ ____ SGlJRCE _STATEftlENT ____________ INTERNAL _FC 

~---~_E_l4 = C EL4 / SLftl __________________________ _ 
CELS = CEL2 - CELl•CELl 

____ __ ___ CE L Q __ _ = C E_LJ-__ ~~-•-~_El 2 •CE l l _ + _ 2. *DE l l • • 3 --- - ------------- - -------------------------- _ 
CELF = CEL4 - 4.•CEL3•CEL1 + 6.•DEL2•CEL1••2 -3.•DEL1••4 

_____ ___ ______ G C_ TC .. _l_C 2 ___ ------- ------- -----------------------------------------------------------~----------- . 
lCl REACC5,12) CELS, DELQ, CELF 

__ l _2_~0_IY"_AJ_C_3_E.l2_.~J-----------------------------' 
1C2 CC,..TINLE 

C Xt IS I\EG Sr.IFT REL TC CELl AS ZERC _ 
----C >c B IS PCS CR I\ E G -----

C >cC IS PCSITIVE SHIFT IN THIS PRCGRAM RELATIVE TC CELl AS ZERO _ 
---- t, I\ = NA -----

8 N = NB -----CN = NC 
___________ CAR _=_ AN+ BI\+ C N ------- --------------------------------------- ----------------------------------

CE LS= CAR•OELS 
CELC: = CAR•DELQ 

---- CELF = CAR•CELF 
)(8 = c.c 
XAL = -SQRT(CELS/AI\) 
XCL = SQRT(OELS/CN) 

--- X A = XA L 
_____________ XC _= __ XCL _____ ___________________________________________________________________________________ _ 

IF[NC) €5,85,84 
S-4 CCf\TINlJE --'-------------------------------X Il [ l) = l.C 

______________ X I T ( 2 ) __ = __ • 1 O __________________________________________________________________________________ _ 
Xll[3) = .Cl 

______________ X I T [ 4 ) ___ = __ • CC l ---------------------------------------------------------------------------------
1\ 0 ( 1> = lCCO 

_____ l\c<2> = 1cc 
I\Ot3> = 1cc 

_____________ I\ 0 ( 4_) _ = _ 1 CC ------------------------------------------------------------------------------------
C C 175 I = 1,4 

______________ CCR_ = _ X IT ( I ) -----------------------------------------------------------------------------------
1\ N = NC(l) 
CO 1€5 J = 1,NN 
COfJP = AN•XA•XA + 81\•XB•XB + CN•XC•XC 

______________ I F_ (CC MP-CE LS ) _ 11 C , 14 0 , 12 C _______________________________________________________________ _ 
llC XC = XC + CCR 

_______ ___ ____ ! F ( X C- X CL) __ 14 0, 140,139 --------------------------------------------------------------------
13 S XC = XC-CCR 

GC TC 14C 
12C XC = XC-CCR 

---------------IF ( X C ) _ 13 S , 14 C , 14 0 ------ ---- -----------------------------------------------------------------
13 E XC = XC+ CCR 

________ BC ___ X 13 _ = _ ( - X A• AN_ - _ X C * CN ) / BN ----------------------------------------------------------------
1 F (XE- XC) 791,792,193 

7<;3 XB = XC 
GC TC 792 

7<;1 IF(XB-XA) 794,192,192 
,~-4 XB = XA 

---- i <; 2 CC I\ l I N lJ E 
------- c oVp-;,--A-~•-.XA-••-3-♦-B-N•-xif••-3--♦-- c N • x c • • 3 ---------------------------------- -

- IF( CO~P- CELQ) 119,180,181 
17S XA = XA + COR 

·-----------------------------------------------------------------------------------------------------------------

·-----------------------------------------------------------------------------------------------------------------



~------------- - -----------------------------------------------------------------------------------JLelSC 06/lC 
_____ __ ___ - _ -- __ __ _ .EXT£ RN tiL _ f_CR~ L_L f. __ hll_t-'_E._E_R _ ---~-----S_G_URC_E__S_l~_lEliE_N_L _____ :-_____ JN JJ;_l3_N_~_L__f _Q 

______ I_E.1J(_A_1_l_€_C_~~~~--------------------------
l 8 l "1,A = XA-CCR 

_______ __ __ ___ G_ O __ 1 C __ 1_8 C - ---- -----------------------------------------· ________________ . ______________________ _ 
lSl XA = XA - CCR 

________ _____ _ I F _ l 'Y.._A -::XA Lt __ l ]_B. ,...18.C., .1.8 .Q _____________ -------------------------------------------------------
17 t XA = XA + COR 

__ Le~e = (-X.A •A~ - XC...~~._· ----------------------­
IF I Xe-xC) 391,3~2,3q3 

_______ ; S 3 -- ~ 6--~ C X; ', 2 -------------- -------------------------------------------------------------------------

______ _;_9 .l ___ l F_tKE-::J...AJ __ .:_<i_~1__._35_2_, 35_2 ______________________________________________________________________ : 
3c;4 XB = XA 

____ ':l S_2_C_OJ~J_l_tit_E. ______________________________ _ 
lE~ CCI\TINLE 

______ _l_ 1 ; ___ _ C Cl'-T JJS l;_E ____ __ __ __ ___ ____________________________________________________________________________ _ 
GO TC 1111 , 

_____e; __ X A __ = - - s CR l u e N * C EL SJ / ( AN • CAR J L _______________________________________________________ ! 
XB = SCRT( (Al\•CELS)/(BN•CAR)) 

----~xc = o.c 
1111 COI\TINl:E 

_____________ SK _= __ AN• X A•• 4 __ + __ e I\• X B • * 4 _ + C N • X C • • 4 ------------------------------------------ ------ ; 
SL= (CELF-SKl•2. ; 

------------- CO A e_ = --( ( X A- )(_8) • • 2 l •AN• e I\---------------------------------------------------------------­
C CA C = ((XA-)(Cl••2)•AN•CN 

----~ccec = ((XE-XC)••2)•BN•CN 
Cl-'A = XA + DELl + FRECC 

------------- CH e _ = _ Xe __ +_ 0 EL 1 _ + _FR EC C ______________________ ____________________________________________ _ 
CHC = XC + OELl + FRECC ' 

--------------~ R_I T_E(_t::, ~ 3 3 l _________________ _______ __ ________________________________________________________ ; 
533 FCRf.JAT(391-' Cl-'Ef.JSHIFT NU~BER OF NUCLEI /) 

-----~~R_JTE(6,501) CHA, NA, CHB, NB, CHC, NC 
5Cl FOR~AT(llH SPECIES A , Fl2.4 , 16/llH SPECIES B , Fl2.4, le/ 

___________ l_ ___ l_l r. __ S PE C I ES_ C ___ .1__F 12 . 4 _,_I 6 / / / ) ________________________________________________________ • 
~RITE(6,l93) SL, COAB,COAC,CCBC 

______ _l_<;_3 __ F 0~ f.J AT Uc 4 I-' __ Tb E _ F CL LC \<i I NG _REL AT I ON _EX I ST S _ BET~ EE N _Tr E _COUP L ING _______ _ 
lCCNSlANTS //2H ,Fl2.4,lr.=,1H ,Fl2.4,9HJAB••2 + , Fl2.4, 
l 91-'J~C••2 + , Fl2.4,7HJBC••2 ) 

GC TC 25 
______ l: C C __ C CJ I\ l IN U E ____________________________________________________________________________ . ___________ _ 

STCP 
____________ ENC _______________________________________________________________________________________________ _ 

-----------------------------------------------------------------------------------------------------------------· 

-----------------------------------------------------------------------------------------------------------------· 

-----------------------------------------------------------------------------------------------------------------· 

----

-----------------------------------------------------------------------------------------------------------------· 



R'3search 'Re-po:::-t 

J&ck Be~ucharrJp 

April 20, 1964 

Co~puter urograms have bean written for the Burroughs 220 

and the In:-1 7094 which use the moment eauations of J,nderson end 

• McConneJl to obtain spectral parameters. Chemical shifts can 

be obtained for up to three r.rouus of nuclei. The 7094 program 

yields a relation between the coupling constants. 

CONT'::NTS: 

GEN?~AL ~ISCUSSION OP ~ OBLEM •••• 

Bu~~CUGES 220 PROGRAM •• • • • • •• 

l 

3 



G~:2RAL DISCUSSION O? PROBLEM: 

'I':1€: t'hcc::--y of spactrs.l :mor.ients as applied to XKR spectra has 

been developed by Anderson and !foCor.nell .l 

1
.P.nderso't"l, W./.., and H.M. McConnall; ,T. 

An excellent review of this naner cen be found in Pople, Schneider, 

0 na· B,.._.,.......,,.t-"'in ~:i...,.-.,.., -oec:o, ""-ion "'-c"7 """'r 1.::'s...,. Res c;;.... c; .,. ••oJ v I ~ : · ._ ..:... '--"' v -".i -.....-.v c.:. . ~• ~•I · ps.ge 156. 

The 

The nth moment of the suectrum is defined by 
~ (,U, ),'\J.- •11 1: ,C.~,\-)-,::.,,,...:,ih., . <,1n> - . , JI(. v"' ~ l _J-1. ,) • 

. .,, - J.~ z r lo Y.1': r~:.:,..C/~'-v) Ci{ •~/ .. jJ,'W"-
..l)I. J, J () / u 

different line positions relative to the mean are defined by 

L1V ~ y- <v> 

Wher~ N = total# of nuclei 

/':::,'(· = chemical sh+ft of nucleus i 
.(, 

:L;J = coupling between nuclei i and · j_ 

For systems of the type AnBm .. we .ha.ve the foll°owing. equetions.:, 

nA 
iv = # of nuclei in group A 

NS = # of nuclei ip groupB 
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are equal we have the rollowing equation which ~ermits us to 

obtain 

If all couplings between the different groups are not equal, 

then the aoova must be reconsidered as: 
4 < (l?J'l > (fJA+ }-)f3) ~ !JA( 6~) ~; + AJB (~Ys) 

,, ¼. '5; W~. -Ly,)' J\i' 
• ' . J -\, ,..J 

'Thus :for an AnB.n system of nuclei we can obte..in the chemical shifts 

of the twc species as well as the couoling between the groups unless 

:r.1cre ths.n one distinct coupling exists (which is often the case.) 

In the latter cas~ it is still p6ssible to relate the couplings to 

the fourth moment of the spectrum. 

The problem is not so easily soluble in a system in which three 

groups of nuclei are present. We have tha following relationsh1ns 

between the chemical shifts: 

0 ~ JJ~ (6~) r- J\JB( 6Y>s~ + !JC C~fc) 
N <c~ ,..,)2-> ~ NA- (6~) ~ ~N3 l6Yi3) 2 +NC(6rc>2-- • 

. ~ { C~Y J~) -- NA (LJ~) 3 r JJ5 l L1Yfs) J ·r AJ"-C0.yc:._) 3 
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The couplings between groups dan be related by an equation sirnilor 

to (4). Discussion of this relationship is fourrl in the section 

under t'ha IS?•: 7094 prcgrarn. Tha sys terr. of eaua tions above ( 5) 

yields a sixth degree polynomial i~ solvad by elim1nation of two 

variDbles. The six r0ots give 6 sets of results, not ~11 of which 

are r.:eaninzful. This method of solution has been rejected in 

favor of 8n iterative solution to the problem with the following 

being quite reasonably assumed to limit the number of possible 

solutions:. 

D.!JJ, is negative 

/1 y; 
- 0 

is negative or positive -
.D-~ is positive 

ar.d 
l\.~ ~ 6. Yg ~ A '/c 

Tne bY. 1Iare ootained by the following iterative method: 
.l. 

(1) 

( 2) 

(3) 

(4) 

Calculate limits to l:ii?by . ,..., C 
• T ~1/: 
• D 3 ;::.~ ~ 73: 1i(J~YT I 2-

~ NA 

0$ 6Yc_ 'S ~1fi11yJ2>f~ 
. gf_ Nc.. 

(Use the non-zero limits as iterative starting 
points for b.Yk and D./c, . Start with JJ..Y., = 0.) 

"2 D 12\ ~ 
Compute "I,_ etix );.iV /, ,J,,)~Ak(~i) a.nd compare this to\CbY)/- l -

1vr, I'\ [3 v:;h ' 
If greater D Ye, is decreased; if less 6 Ye is increased. 

L\ /B is calculated from: !.:, >{3 "'"-he {-;J/j ·<l1<~ -,V C ,6 Ye.) 
Compute Nr (.6½)~· JJ;~(i,Y)\Nc.(~Yr)

3
and compare this to /(/jyp\ .\~ 

• "" n "' ~ .... ,3 ..., \ / 
If greater then~ is decreased (remember this ·is a neg­
ative auanti ty, so lt.}j:l is increase<l\); if less then 1::.i~ is 
increased. 

t.}),B is calculatedf'rom: /~ 1~"J ;.J_ (-/JAA~ -/Jc..6.Yc) 
0~ Ns . 

Go ba.ck to (2) and repeat. This is continued until the 
values do not change more than a prescribed amount over 
a single iteration. 



II. Bv?.?GUG;-1S 220 ?nCGRA~!: 

Using the above treatment a com-outer program was ·written for 

tha !31Yrroup;hs 2?0. This pro1,1ra.11i cal0uls. tes C1nly the chemical 

shifts ::or three groups of nuclei if the moments ((:.l)~and\(tM?are read 

into the co::r.pute-:-. The tape is resd in as t'ollows: 

( l) Paper tape raad into cell 0000 

(2) Tapa R.s.l ts 

( 3) P2per t.s.pe raad into cell 1000 

(4) Tapa Hal ts 

I ..., ) \ > :,aw ind tape 

The c.ata must be entered manually at the console. 

be ir. floating point form. The form for this is 

whare the numbar represented is 

S =sign= l for-, O for+ 

m1.il'oer = :::, . l?.31~5678 x 10ij-_50 

In oti:1.Gr words~ 

-525.4 = 15352540000 

1.0 = 05110000000 

The ~a.ta is entered in the following locations · 

Cell Data 

0001 NA 

0002 NB 

0003 NC 

0004 . <0-vl·) 
0005 <lly)3> 

All data must 
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M• 
1 .:--.e prcg:::-c:m is st~:::-ted at cell 0000. The part of the program in 

cell 1000 on was used to check tha pro~rnrn. It can be used to 

It uses the ckamical shifts as 

d&ta to calculate tha mc~ents and then transfers to the first part 

of the nrc~ram to calcuiata the checical shifts. Many differont 

sets of inp~t cata have been checkad in the program with no resulting 

prob)G~s. T~e data is entered into the part of the program in cell 

1000 as follcws 

Cc,ll 

1001 

1002 

1003 

1001.i. 

1005 

1006 

Data 

NA 

NB 

NC 

,~~ 

t::. Y.s. 
,d{ 

Tr:e program is then started at cell 1000. The results are 

printed out as follo~s: 

Input datz.: ANS NA NB NC 

This is the input data (in cells 1001 on) and is not printed if 

the first psrt of the program is used alone. The output of the 

first part of the progTarn is as follows: 

THE SHIFTS ARE 

than ~.005 cps during a single iteration. 
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III. 

T~e 7094 program is written to e~ploy the technioues outlined 

in section I. ~his prc[;rru-:; cBn take either th,;1 cc:r.puted :rncn-:ants 

or the tr&~sition fracuer.cies and intensities. Fer the transitions 

lcnz as ~nc S8~e i~terval of fraouency is usad for tha entire 

spect:::-um, 0~1d. 2.ll pe8ks are traatec. sirr.ilarly. Segrnanting of 

t:,.e r,e.s:-::s is~ of course, a more practical method for spectra in 

which there ere a considerable number of ovarlapuing peaks. It does 

racr.;.i:::-e a lot of careful measurement on._the snectrum. 

INPUT CP.'.q:;s 

If TY?E = l 

Cols 

1-3 

4 

5-7 

8-9 

10-11 

12-13 

NPROB = prco1ern no. = 999 for no problem 
Last cord must hove 999. 
Type= l for reaeing freauencies anc 

intensities 
= 2 for reading moments 

NTRAN =no.of cards with transitions on 
them. 999 maximu.~. 

NA 

NB 

NC 

Cards 2 through NTRAN + 1 

Col~ 

1-12 

13-24 

Frequency in cps.of ~nsitions. Decimals 
must be punched. . 
Transition intensity 

The frequencies used in no way affect the accuracies of the calculations. 

If TYPE= 2 

Card 2 contains 



l-1? 

1.3-24 

25-36 

D&ta 

, 
-o-

< le:.vY> 
< (l);µ}> 

<ciy)'t> 

The last card should be 

Cols 

1-3 999 

decimal must b0 Dur.ched 

II ,, 

If th~s is not supnlied tha relation 
given between the cou?lini constants 
will be maaningless. 

The fc~m of the output is ss follows: 

?ROB HO. 
/ l 

:...:..,.;. C h""21 S RIFT NUMBER OF :NUCLEI 

S?ECIES ~ 1/,, NA r\ r 

SPZCIES B y.., 
)) NB 

S?:2CIES C ~ NC 

TIE FOLLmJING RELATION EXISTS BETWEEN THE COUPLING CONSTANTS 
2. 

,,.. -:. ~2. 

?_1vA,1JJ3 (V;.--)13f j ~ 
-r f }J ,d0 c l 1;. t.--Ye./ 3 J;.,:t >-r 2. 

+ f tJ"$}Jc. (ye-Ye/!. J~c ~.~~ ;2... 
The contents of the brackets t 1 apµaar as numbers in the e.ctual 

output. If all couplings between any two groups of nuclei ara not 

ecuivalent then the ~HS of the relation between the coupling constants 

cen 00 reinte~preted by the program user in light of the origin~l 

equations. 



NMR ~ OMENT PROGR AM (NMREX 1.50A ) , cont: 

SAK?LE CALCULATIONS 

Attached are six samnle calcul ations of d lfferent systems which 

were l1sed to check the prog r a m. The r e sults ere remarkably good. 

The f trst sheet is the input data for the Wiberg program. 

The data from t he Wiberg p rogram was then put into the moment 

nrogram, t h e results of wh ich are found on the second and suhseauent 

s he ets. In some cRses the d a ta is round 9d off to .1 cps and 

intens i ties a re rneaFured to 1% of the full heighth of the more 

intense peaks of the spectrum with the resu1ts still being quite 

good. The plotted spectrum froM the input data is i ncluded to show 

how com "licated a spectrum would have been observed in the actual 

case. 



NU~BER CF PRORL~~ IS l 
(D 

fRECLENCY A~O I~TENSITY CF LINES USED 
28.SSOC C.CC5C 
38.6300 o.2gsc .• - · --·· · -- --- -- ---· -·- --- -

42.3COO C.6450 
42.6300 O.SS40 
44.340C C.1880 
4 6 . 3 CO C - C • 3 8 8 C -----•--···- -- ----···---·-~-----

48.3400 2.4330 
4g.6SOO 2.867C 
s3.6goo c.1soo 

--- ---- •• 55.<;flOO -- · - -- • 2.C610 
58.0200 0.1220 
6l.690C G. 8690 
c3.370c c.s2go 
67.0400 " - -· 0.0380 •••• --- --

69.0800 0.387C 

W( ll= 45.00 
W( 2)= •• 48.00 
W( 3)= 61.00 

• A r 1 ; • -2 ) = - - - 3 • 4 0 ·---
A ( 1, 3)= 7.20 
A { - 2, 3) = - ·- - • 6. 5 0 - - ----

CHEMS H I FT NU I" 8 ER OF .. NU CL ET- ·- - -- - - ---- ·-- - - - - ---------- -· - - --- --- ---- -------- -- --- - - -- --- - - - - - - -

SPECIES 
·sPECIES 
. SPECIES 

A 45.0123 1 
8 47.gc;55 1 
C 61.CC47 1 

THE FOLLOkING RELATION EXISTS BETkEEN THE COUPLING CONSTANTS 

2(488.2336= 8.8998JAB**2 + 255.7593JACu-2 + l69.2399JBC**2 

_--NU JV: BER CF PR O 8 LEM I S . -- - 1 -- --. --- ·- -- - - --- ---- - - ------ ----------- -------- ------- - ---- --- ----- - - - -------

. FRECLENCY Af\:D If\:TENSITY CF LINES USED 
--------- · 29.cooo ·· --·- ··0.0100 · - ----------------------
. 38.6CCO 0.3000 
' 42.3000 C.6500 

42.6Coo 1.cooo 
,·----------- -·- - -··· A 4 • 3 O O O ..... ... -· - --O. 190 O -- - ---- ----- -- - - ------- - --- --------------- ------------------------------------· 

46.3000 0.3900 
--- -48.Jcoc -·· ·- ---- ··---2".430o--- -·--------------------

4s.1coc 2.8700 
·---- - ·- -----; 5 3. 7 COO -- -- ·--- 0. 18 0 o ·· --------·---·-------------------.--------------------------------------------
\ 
, 56.COOO 2.0600 
: --------- -~ ~: ~ ~ ~ ~ - ••• --~: ~; ~ ~ ----- ---------------------~--------- @----------------------------------

;-- 63.4COO - --- ------- ----0. 5300 

·----- 67.CCOC 0.0400 
! • ·c· 9 . 1 CO C: 0 . ··3 9 0 0 -- -- - ·- ----- - - - -----------------------------------------------------------

·- CHEMShIFl NUMBER OF NUCLEI 
' SPEC IE S A 4 4 . 8 5 7 s ·-- - - -·-- ----1 --- -------- - - ------------------------------------- ·----------- --------------- --

• SPECIES G 48.0730 l 
SPEC IE:s ·· c ··- ----- 6-c ·o2o·r - -~1--------------------------
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NU~BER CF PROBLEM IS 2 
TREQLENC Y J\ND I l'.TENSTTY □-F - -LINES7JSED 

15.0300 . . 0.3220 
1 9 • s e o o o . 2 2 CJ o __ _! ___ ------------- ---- - - --------

21. s 2 co 0.2000 
---· -···· -• ··· . - • 26.2700 • C.4070 • 

28.6100 ____ 0.7190 33. 1600 2·. 1270 _______________________ _ 

------ ·-··-·· _ .3 5 • 6 9 0 0 0 • 3 9 5 0 - ------- ----- - ------- - ---------- --- ---- ---------------------- ----- --- - - --
40.1600 2.8540 
42.3800 2.2830 

----------4 6 . 8 6 0 C •• --------·--- 0 . 2 6 8 0 

46.9300 0.4940 
--------- ---- ~--------------@ 

49.2600 0.8230 
51.4000 0.7430 

··-- --5 3 • 7 4 0 C -- .. ----·--·-··- ·- c·. 13 Co - ---------------------------- ------------------------- ------ -----------

67. 5 l O O 0.0050 
CHEM s HI FT . • Nu Ma ER. ·o F .• N UCCFr- - --------------- -------- - ------- ----------- ---------------

S PE CI ES A 26.6S91 1 
-SPEC I ES •• B ------ • ·-43.T890- ---1------------------------

-~~-~~--~ ~ ~ _ C 4_ 5 --~-~ ~SJ _____ ____ ! ______________________________________________________________ ________ ___ _ 

THE FOLLOWING RELATION EXISTS BETWEEN THE COUPLING CONSTANTS 
------ ---•· - - - -- - -------

57736.2939= 
·--­ --------- ·------·-- -- ---------·-------------------------------------- ----------------------------------------------------

271.9168JAB**2 + 365.3384JAC**2 + 6.8850JBC**2 
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···-···-- --------------- .... ----··-¥ .Dtvte-..____ ___ ...... _____ _ 
W( l)= 24.70 
W( 2)=··- ·· ··24.70 -·-
W{ 3)= 29.90 

A( - 1, 2)=·------12.00--
A( 1, 3)= 5.50 
A( ·-·2, 3)= -····· ·5.50···---

-NUtJB ER . CF PROBLH' IS • 3 
FREQLENCY AND !~TENSITY CF LINES USED 

1 5 . C 6 0 0 .. 0 • 0 150 - .-.- ·•-- -- ------- ·---- --- ---------- -- . - - - . --------------------------

19. l CO C 0.3010 
2 3 • 2 2 0 0 1 • 13 9 0 - - -- ···- ·- ·- -· -----·•-----------·---------·----·- . .. .. - ----------------- --------

25.86 CO 2.8460 
- --- -·- -- 2 6. 18 o o -- --------------3·; 6 s 4 o-· 

27.2500 2.6990 ·--··-·-- - 29·.scoc ·•· •--- -- ----- -- 1.ccoc·· -
34.3400 C.1620 
3 6 -~ S 9 CO C • 15 4 0 --- - -- --- -- - --· -- ------ --- -- - - ------------------- --- --------------------------

CHEMS HI FT NU~BER OF ~UCLEI 
-SPECIES A -··24 ~6971 - -·-·2-------------------------

SPEC IES B 29.8S93 1 
--SPECTEs · c ""2-l.431-&~ 0< • - •• - • 

> 0 • 0 C O ', . . T,,,_,_ Tb;s ~1s2~- ;,,,.. -'P""f'J:-c. ---- --------

-T HF . FOL l OW I~~ G •• REL AT I □N--ExrsTS7EH,ffEN7'HeC"ffUPTTNG-C"O"N"STAKJTS 

1642.3291= 
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r - ® , ~;r;;. D~1.so 
W{ 2)= 35.60 

-

... ~ ~ . ~ ~ : -----·--! ~: : ~ (3------
A ( 1, 2)= 4.50 
A( 1, 3)= 4.50 • 
A( 1, Li)= 1.60 
A( 2, 3)= 12.00 
A( 2, 4)= 4.90 
A ( 3, 4) =------- 4.90 ____ _ 

NU/'BER CF PRDBLH' IS 4 ____ __ _ 
fRfCLENCY AND !~TENSITY OF LINES USED 

15.8300 0.4690 
------- --·•··--· · 17.34CC 0.310C 

17.9900 C.2500 
---- - 19. 3 7 0 C - ----------- C. 6 7 7 0 

20.98CO C.9410 
------------- • ·- 2 1 . 2 6 0 0 C. 8 C 8 0 -· - -- ·- -· · 

22.5800 1.0590 
24.3100 l.C630 
24.9600 0.5650 

-- -----··· 26. 2900 1. 8440 
30.5700 1.5850 
JC.97CO 0.6360 

. - -----· -. - -· 

31.620C 1.5210 
34.1200 0.7520 
35.2900 3.3290 

- ----- 36.1200 •• - --- - 3.3850 
36.5600 0.8030 

:::::::: ! ~ : 6 ~ g ~ _ i : ~ i ~ ~ -=:::::=:- _ --- ------------ - (] -
40.3200 1.7250 
44.2000 1.9460 
45.7100 1.0820 
46.3600 0.6350 

--- ---------- ··--- 4 s . 1 2 o o - · --- ·---------- ------------1 .- o s 9 o-·-------------- - ·-- ----------------------------------------- ·---------------------
4g.12 o o 0.9410 
4 9 . 7 5 0 0 .. 0 • 7 5 2 0 -- --- -- - - -- --- - -- ---·-- - - --- --------------- --------------- -- - -·---- -------

5l.64 CO 0.6260 
----- ---- - 5 3. 4 2 0 G ----o·. 3 6 5 o--------------------------

54.0700 0.1500 
5 5 • 4 COO - 0 • 4 3 10 ------- --- ---- ----- ------------- - - - - ------ ----- --- --------- ----- - ----------

CHE ~ SH IF T NUMBER OF NUCLEI 
-SP EC IE S A 2 1 . 8 C3 0 --··r -- ---- ------ -- -- ---- -----------------------·--------------------------------------
}PE CI ESB 35.6C21 2 
. S"PfCIEs·· c ..... 48. 8S72 --·-----1------ ------~------------
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~..f . V~.f-°' . -- . @ 
W( l)::; 18.SO 

· w( 2>::;- -·- ·26.40 
W( 3)::; 76.50 

.--- ----- --·- --- --- ·--·· - -·· • • A r --·1, 2 r=--- -T2 .-oo--
A < 1, 3}= 7.50 
AC 2, 3 )= •• ·•·-·-··7. 50 ···--·-- ··· 

NU~BER OF PRO0LE~ IS 5 
-FRECLENCY Al'\D INT ENS TTY OF- LTNI:S-lJSFD 

5.8400 0.1540 
.-----·-·--····•····-· 12 • 5 10 C . ··· ·--·-• ·····-· -·· .. 0 • l 7 2 0 ---·---·-- .. - - ------ ·•- ---·-----------@ · ······ - ··•····-----------------------------

17.550 C 1.6040 5 
.-------· ··-·--···· 1 9 • 3 7 CO .... -·· ···-···• ······· 1 . 54 2 O ... -- ---·· . - - -- ------- ·--·--------- - -· - -·- - - -·-··· ····-- - ··------------·--- ---------

24.580 C 2.0700 
- -----·-···--- -- - --------------------------27.620 0 2.1320 

31.440C C.1480 
·---------·· ··- 3 9 . 3 3 0 C C • 17 9 o -·- - ··- ··-----·----------------------- ----·- - - ------------------------------

6S.5600 1.3040 
·-----------··· ·- ·7 6. 5 g CG ·- ---· ··--•- -- - 1·. CO 6-0 -· -- --- -·-·- ··-- ------------ ----------------------------------------- -----

77.450 C 0.9380 
:- ---- -·· --88 .49cc ··---·- ·· -------·-·------ ·o ·.-·1s·2··0-- -

chEMSH I FT NUMBER OF NUCLEI 
,- --SPEC IE S . A .. · 1 S. 6411 ... - -- - i --- -------- --- -··- - -· ·· ·· --- --------------------------------------------------

. SPECIES B 25.1765 1 
---s·p· EC ·1 ES C° 7 7 • 5 3 9 f ·--··· -····-· ··-·1--·------------· •. ·-- - -·- ----------------- -- - --- -----·--------------------------

---- tH E FC LL C 1t. I NG RE LAT (ON .EX rs Ts· - BE TWEE N- ·rr1E --Cou·p [lNG __ _ CON s r ·AN Ts------- - ---- ·-- - -------· 

5 6 S 5 7 4. g C 6 3 = ••••• • 3 O. 6-6 2 5JA B* * 2 - ·+ -··- - ··-335 2-.-z·5·37"J AC *·*2-· +·--···-z74~r-;.7034-J BCii -itZ __ _ 



t.H:: __ ;_ ... ... ... . ·· -- .. • • • .• .. • ·_· _· . ••••••• _· •• ;.:. • . : .:..:..;..:J ___ _ -- --~ ·-- -----~ · ------➔· ---~----· ---- · . !' .... ;_;__;__;__~ ·I · ••• ~- •• ! .. . · I·_· •• r. .. ii .. . 

f:f .:..: ...:!:-:-·--------------"------: 1,-:----,•-·_·_·_·-i-:-· ___ • _: :_•~:_:_·.:.·_·.:.·.:.· .:.: .:.: .:.: .:..i _: _: .:..:..:..:..:..:.+..:..:..:...:..:...:.:..:..,..:...:.:..:.+..:..:..:.+.:...:..:...:.;..:.:..:..+.:..:...:.•.;.l..:.•.:..:.· .:.+.:..• .:..: .:..• .:..• !-: ;.:.~.:.•.:.•...i-:•..:.;..:.;..:.;.;.1.:.; .:.~ .:..! .:..; j...'....; .:.~ .:.; :.:.: 11-~.:.•.:.·...:·...i-:•..:.:..:.:..:.•.;.1.:.• .:..; .:..~ .:..; ;.:l!.:..~ .:..; :..:.> 

r : 1::: r· 

: 1: • :: i: l :: r !:: :: ! :::i: · 
: ::.i :: : : : l ;, · ·_ !: ·::_i ·: j :::· .. , . 
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·-- -c ~ ,µ-f: .... _o~-................ _ .... .... _ .... __ .... _, ·----
~, l)= 25.00 

........ ............................ ~ , 2 l = .... ........ .... .... --z 5·-~ co -···· -
VI ( 3)= 40.50 

---W-14T.... sa.-30---
A C 1, 2)= 6.50 

.... .... ................ A_f"'" .... l ·,-- .... 3T=-........................ 4. 70 .. ·- ---- .. . . 

A( 1, 4)= 10.50 
.................... 7f( .... ··z-, ........ 3 l="'" ........ ............. ". 70 ·-·· ........ .. . . 

A( 2, 4)= 10.50 
--ll-r-3-,- 4·r= B":·20----·-- -:·--· 

--·t-."u t" 8 ER CF PRO [3 LEM .. Is· ...... ·1 · . ... .. . ................. . . -· .............. .... ............ ................ _ .... - ............................ -- .... --........ - ........................................ _ ............ ........ ........ .................... - ........ .... _ 

FREQUENCY AND INTENSITY OF LINES USED ·----·----·· ...... -·· - · 14·. l 5 0 O ...... ............. _ ..... .............. ...... C • 0 0 l 0 .. -· --.... ··- .. ·-- ........ ........ .... ........................ ............ .... ............ ........ .................... ............ .... ........ ................................ ........ ........................................ ........ ........ .... .... .... 

-l2.6lOO ____ o.co20 
~-~- r~73oo c.-co10- ----------------------

4.scoo C.0180 
................. ............ -....... .... .... . -l 2 • 4 1 O O ...... -------- .... .... ··-· .... 0 • CG 6 0 ······ -····-· ... --· ··--- ........ .... ............ .... ........ _ ........................ ......................... ........ .................... ................ ................ ............ ............ ................................ - .... .... .... . 

15.1500 o.9goo 
---- ---- -- -··-··· ...... ···-·· 1 7 • 8 6 0 0 - ........ .... - -··· .. - . .. .... .. l • 2 l 6 o··- ----........ .................... .... ............ .................................... _ ........ .... _ ................................ _ ........................................ _ .................................... .... .................... ........ _ ........ __ 

21.2300 1.6650 _____ .... 2 2. 3 800 -.-8630 ______________________ _ 

25.2COO 1.3400 
......................... ........ ........ .... -. ·· 2 6 .• 7 5 0 o ·· ·---··· ..... . . ..... -· .... -·-- 1 ·~ D 1 3 0 ............. _ ...... .... ............ .... .................... -............. ............ - .................................................... _ ............ ............ ........ .... ............ .... ........ - ............ .... ................ · __ _ ........ .... 

30.4200 3.0790 
..... .... ............ .... ........ _. -·· ···· 3 0 • 4 9 0 C .... -· ·-·· ........ ·-.. ·- - - .. C ·• 4 4 8 G _ ........ .................................................... .... ........ .... ---------· ........ . -.... ................ ............ ................ ................................ ............ ........ .................... ............ - .... .... - ............ . 

31.6700 _ ___ 3.8140 
----3 s. sooo o~--sa20-----------------------

36. s 100 0.6670 
................. ........ -.-· ........ ·· ·-. ·3 9 • 5 4 O o ........ .... ~ .................................... 3 ·.· l 6 2 O .... .... ................................ ............. .... .................... ................ _ .................................................... .... .... .... ..... _. _ ..... . _ ............ .... ........ _ ............ _ .................................... .... .... .... 

41.0900 a.5100 m 
..... ....... -........ -................... .... 4 1 ·• 8 8 CO -.... ............ .................... ............ . 0. 179 0 ......... .... .... ............ .... -......... ........................................ _ ........ ........ ................ .... .... _ .... - ........ ~ -............................................ _ ........ .... _ ............................ -

43. 7 COO _____ l.4l80 
---- 4-6--~·0100 o--~7950-----------------------

47. 1600 2.5210 
------ --- --- -- 4 7 . 4 0 0 0 ---- - --- -- - 0 .· 0 2 1 ·o ··- - - - ------- -------- ----- ---------------------- ----------------------

49.6800 0.5460 
------- -· - ·---- - 55 ~ l COO 1.4180 • 

56.2200 ____ 0.6440 
- ---·57. 2 200 · - i-~-C<;JT0·---------------------.,.............-

63. 3000 0.5820 
- ·- - ---· -6 6. 11 o o -· -- --- ------- -·- -·o•·. 1 o 6 o - ··---------------- ----------------------------------------------------

66.6600 0.4670 · ·· ·--· · 11 . s 6 o o -·· _ .... .... . -........ ·-·- - o·.016 o ........ - .................... . --............................................................................................. ........ .... ........................ .... _ ·- - ............ ........ .... ........................................ - ........ .... 

- ·--- ·-· ··· ·· ·74._7C00 _ ____ ~_?_7_5_0 _________________ ______ _ 
85.3700 0.0020 

CHEMSHIFT NUMBER OF NUCLEI SPEC IE S A - . . .... .... _._ -2 4-. <r<g 6 .... ...... ........ ........ 2-........ ............ ............................ .... .... .... ........................ .... ................ .... ................ .... ................ ........ .......................... ........ - ........................ -........ . -............................ .... 

_ SPECIES B 40.5333 1 --SPECIES C ... ..... .......... -58.3·c·7·a .... ............ - - .... 1 ............................ ................ .... .... .................... ........ ................................................................ ........ ............ --..... .... - .. -................................ ........ ............ .... ................ - .... .... 

- --·- ----··-

------ -·- -----------------------------------



NU1'8 ER_ CF __ PROB LEM I _S _ __ ) ___ ____ __ ________ -------------· 
--F·R t Q LEN C Y A ND I N T I: N S I T Y O f L I N E S US ED 

4.5600 O.Cl80 
15.1500 0.9900 
l7.86CO · 1.2160 

-------------2 r. 2 3 o o ·-------------- ·1 • c 6 s 0--------- -----------------------------

22. 3 e o o 1.8630 
---------------·· 2 5 • 2 COO -----·-----··--- ---· 1 • 3 4 0 o ··---- -----------------------------------------------------------------

26.7500 1.8130 
---- 30 .4 200 . C790 ______________________ _ 

30.49GO C.4480 
----------···-· -·3 l • 6 7 0 o ····----------- -- ---3 • 8 1 4 0 --- - -·- --- ----- ----------------------------------------------------------------

35. 5 COO 0.5820 
-----------·--·-3 6. 5 7 o o··---------------o. 6 6 7 o--- ---------····--------------------------------------------------------------

39.54 o o _____ 3.162 o 
-----4 L 0900- 0. 51 oo-- -------------r9r 

41.eeoo 0.1190 lo -
---------------·A 3. 7 GOO ··---- - ---·· ·•···- - --- l. 418 0 - - - - --- ------- - -------- ------- --------------- --···-· ----------- ·-------

46. 0 l O O 0.7950 
-------- --- ----4 7. 16 o o --- -- ------ ·· ----- ----- 2 • s 2 1 o ----- --------------------------- ------------ ------ ---------- ---------- - - -

47. 4ooo ____ _ o.o21 o 
--- 4 9. 6 800 c·. 5460-----------------------

55. 1 coo 1.4180 
------------5 6 • ·2 2 o o · ··· · - --· -------- -· o ·. 6 4 4 o -----------··-- --- . -------------------------------------------__ · ---------

57.22 o o 1.0910 
---------- - -----6 3 • 3 coo - ------- -·- ---·- ·c ·. s azo-- ----- - ---- --------- ------- - ---------------------------------- - ------

- ----~:-:-t-!gg ____ g_:--~-~~-~------------------------
71. 5600 C.0160 

- 7 ~-- ---- - - - ·---·14 • 7 co o·---------------·--· -··o·. 37 so --------------------------------------------------------------------
CHEMS HI FT NUMBER OF NUCLEI 

::;p EC T Es· - A·---------·····-. 2 s·. 0 3 2·r ·------ --·-2 ·-- ----------------- --------- ------------------------------------------

SPECIE S B ___ 40.4826 1 
-S'HC-lEs- c-- 5-8~ 3T32 1----------------------



NU~BER CF PROBLE~ IS 1 
-FRECLENCY Af\O IN'fENS-lTY CF LlN~S- USED 

15.1500 O.S900 
••• 1 7 • 8 6 CC l • 2 16 0 - - -- --- -- - -- - -- ------------- - - -- -------- ------ -- - ------------- - - -

2l.2300 1.6650 
·-------- -- -----·- 22.3800 ---- --- 1.8630 -

- --------- ~~: ~;~~ ------}: ~1~g ______________________ _ 
30.4200 3.0790 

----- - - - - 3 0 • 4 S GO - -- -- - - . --- 0. 4 4 8 o ·---------------------------------- - ----------------------------------
3l.6700 3.8140 

·---------····-· - - -- ·· 3 5 • 5 coo -- ·--· -··c . s a 2 o -·--- --------- ----------- - ---------- - -- - -- ·-- - --- - ------ - ------ - - -------------------

= - - - ff m~ --__ -___ -__ -___ -__ _ -____ -.~~ft!~···--- --- ---·· ··------- --------------W ---- - - ------ - ·· --- -

4 3 . 7 COO 1.4180 
1
~------- - ---· -- - ---- ••• 46.010 0 C. 79 50 - . 

47.1600 2.5210 
49.68C0 - -------·C.546C _ _____________ ________ _ 

55.1000 1.4180 
------------·------------------------------------------ --------------56.2200 0.6440 

57.22CC 1.C910 
--- - -------- 6 3 -. 3 C 0 0 - 0 • 5 8 2 0 ----------------------------

66.ll0C 0.7060 
66.6600 0.4670 
74.7000 0.3750 

CHEM s H I 'f T' --- -- Nu MB ER or- N tJ Ct~E·r--------- ----------------------------~-------------------
S PE CI ES A 25.0770 2 

---- ·sp EC IE S B ·- -4 0 . 3 g 48 ---- --- r --- -- --- -- ------------ - - ----- - ----- - ----- ------- ------ ----------- - --- - - ---- -

SPECIE SC 58.2893 1 
--------·-

THE FOLLOWING RELATION EXISTS BETWEEN THE COUPLING CONSTANTS ·-----

~ --~~-?6 _. _2_3_4_4_= ____ 4_6_9_._2_6_9_2_J_A_B_*_*_2_+ ___ 2_2_0_6_._l_0_7_0_J_A_C_*_*_2_+ _ _ _ 3_2_0_._2_1_1_8_J_B_C_*_*_2_ 



--·NU tJ. BER CF PROD LE~-· -1 S .... - 1 .. ----- ------·--- - ------------------ - ------------------ ---------- - -- ----- - --

FREQ L ENCY A~O INTENSITY CF LINES USED 
------- -·15~2coc ---------o.sCJoo------------------------

11.9coo 1.22co 
---------- ------ 2 1 • 2 CO C .... • ··- ·--·---- •· ··· l. 6 7 C 0 --- - ------------------------------------ ---------------------------- --· 

22.4CCO 1.8600 
------ --- -·----- 2 5. 2 CO C - --- -· -- -·- ---·· - --· · 1. 3 4 0 0 ·----- -- ---- --- -- -------- -- - - --- ---- --------------------------------- ---- -------

26. 8 COO 1.8100 
- --- ---- 3 C • 4 COO --------3 . C 8 Co-·-

30. 5 COO C.4500 
3 l . 7 COG - ·-------- ·-- -.. 3 . 8 100 ·-·- . -- --- - ---- ---------------------- -- ------------------------------------- ---

35. 5 COO 0.5800 
------ ·• •-•--. -- 3 .6. 6 CC O . ----- -- --·. 0. 6 7 0 0 ----- ----- - --------- --- ----------------- --- - ------ ----------- --- --------------

39. 5 COO 3.1600 
--- • 41. 1 coo -- -- · ----·-o. s 100--------------------------

---- - - - · · ~ i : ~ m ·· ··· ·· ! : m ~ · -·· -- --------------------------© • ------------------------

----- -- -- ------ . 4 7 • 2 COO .. --·····--·---·-- -- 2 • 5 2 0 0 . ----------- ---------- ------------ - - ------------ -----------------------------· 

49.7C00 _____ 0.5500 · 55 ~ 1 COO L 4200 _______________________ _ 

56.2COO C.6400 _ 
·-----------.. 5 7 • 2 COO . --------· -· ---- 1 • 0 9 O o· ------------------------------------------------------------------ ----

63. 3 COO 0.5800 
---- - --------. --- 6 6. 10 0 C -- - -· •-·--·- ····-- o··.70 6·0·---------- -- - ----- - ------ - ---------- - - - ---------------- ------ ---- ------

- -------- ---~ ! : ~~~~- -- -- - ~-:-;!~-~,------------------------
CHEMSH l FT NU~BER OF NUCLEI 

----SP EC IE S . A - 2 5. 0 94 2 -- - ·- -- z- - - -- --- - ------- - ----- ----- ------- --- - ----------- - - -- -- - ------- ------ --- - ---

SPEC I ES G 40.3832 l ----s PE C IE s· -C - 5 8 • 3 16 5 ------- - ·1 ---- - - -- -- - ----- - - - - ------ - --- -·- - ------- -- - ------ --- - ------ - - ---- ----·- ---·-

--------~----· -- ·- - -------···--- ----------------------------

-----THE FOL LO w I NG - RE LAT r ON . EXT ST s --BETWEEWTHE- COUPLTNc;-- - ··coNST ANTS __ ____ ____ _ - - - ----- -
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AB I NTRAMOLECULAR EXCHANGE PROGRAM: :NMREX 200A 

This progr&~ solves the equations presented on page (5) of 

the thesis. A plot ts supnlied which represents the observed 

spectrum as a funct i on of the input parameters. The output lists 

are inclusive of all the dat & going into each plot. 

I NPUT CARDS 

Card 1 

Card 2 through 
Card N2+1 

COLUMNS 

1-3 

4-5 

6-12 

13-24 

25-36 

37-48 

49-60 

61-72 

1-12 

DATA DECIMAL 

Nl= problem number no 

N2= number of values 
of Tau supplied no 

RT = relaxation time 
T2 is seconds YES 

V,A = chemical shift 
of nucleus A YES 

VB It of B YES 

co = coupling between 
A and B in cps YES 

ALIM= left plot 
frequency in cps YES 

BTI.IM = right plot 
freauency in eps YES 

Tau - different values 
suppliad to be used with 
the above data 

The next card can be the same as card 1 with another problem 

• 
• 
• 

Final card 1-3 999 - Calls end of program NO 



----- J L 8 2 C C C 6 / l t 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ E_ ~ _T_ ~ B N .0 _ L _ F C _R fv L L A _" U ,_. e E R __ __ - ____ S C U R C E _ S T A T E 1" E N T ____________ I N T E RN A L _ F C· 

-c 11 P RCG RA fv FCR CALCULATING I\MR SPECTRA ( AE CASE) 
C__ _______ . .. ---··· ----- --- --· "'I Tr A ~-" □ e EXCHAI\G ING___ -- ---------

C01"PLEX SPEC,DEN,AI\UM,S 
_______________ C I t- E~ SJ.CJ\ __ FLT J 15 CC L _______________________________________________________________________ _-

CAT A FAL / 6Ch AB CASE NUCLEI EXCHANGE 
$ I ---=---·----·---- --- -- ------ ------

~ s c REAC(S,2) l\l,N2,RT,VA,VB,CO,ALIM,BLI~ 
C l\l = PRCBLEfv l\U~BER -

----·c· l\2 = NLJVBER OF VALUES CF TAU SUPPLIEC 
__ c;__ ___ R l _ = REL A_X I}. TIC N _TI 1" E __ ( T 2_) __ I I\ _ SE CO ND S --------------------------------------------------

C ~Ave cc !}.RE CHEM S~IFT ANC CCUPLING IN CPS 
_____ \.._RI T_E ( (:, ;~)_l\_.ccl ___________________________ _ 

2 FORfvAT(I3,I2,F7.4,5Fl2.4) 
~ FORJVAT(lSH PROBLEJV "UJVBER IS, 13/) 

----- IF ( N 1-S S S ) 1 S 1 , 1 8 C , 18 0 
1 S l __ CG I\ T IN U E ____________ __ ___ __ ____ ___ _______ ____ ___________________________________________________ _ 

S = (0.,1.) 
"'R I l E ( 6 ·' 4 ) VA_, VB ,_c C , RT , AL 1_1"__,,c_B_lc..cic_M __________________ _ 

--C--A-L-1~1" !}.NC SLIM ARE LEFl ANO RIGHT PLOT FRECUENCIES IN CPS 
4 FORJVAT(21H SPECTRAL PARA1"ETERS /14H CHEMSHIFT A ,F12.3,4H CPS/ 

$ 14r CHEMSHIFT B ,F12.3,4H CPS/l4r JAB ,F12.3,4H CPS// 
___________ _ $ l 8H __ _ RE l AX AT I CN _TI fJ E __ tF 12. 6, 81-! _ SECONOS/ / l 8H __ LEFT _PLOT_ FREQ ___ , __________ -

$ Fl2.3/1Sh RIGrT PLOT FREQ ,Fl2.3//) 
"'·_RITE ( c ,_c_.c.) _____________________________ _ 

----c-FOR,.,AT(28H VALUES CF TAU USEC IN PLOTS 
---------------"' I_ C _ = __ ( BL I fv- AL I t,l ) / 15 CO • -------------------------------------------------------------------

n IC= "'IC*c.28318 
______________ CC _ = _CC* t • 2 8.31 S -----------------------------------------------------------------------------· 

VA= VA•c.28318 
_____ VB _ = VB• c. 2 8.~3~1~8~-------------------------­

C IF= (VA-VB)/2. 
_______________ CC _= __ CC 12 • ----------------- ---------------- ----------------------------------------------------· 

CO H:9 J =1,1\2 
_______________ RE AC_( 5_, 1 ) _ 1 AL --------------------------------------------------------------------------------·-

1 FORfvAT(Fl2.7) 
------'"'RITE(6,5) TAU 

5 FORfvAT(SH TAU= , Fl2.6,8H SECONDS) 
_______________ 1 C P _ = _ C • C --------------------------------------------------------------------------------------

1 = -1./TAL - 1./RT . 
_______________ c C _ 6 s _ I\_ = _ 1 t 15 CG---------- ------------------------------------------------------------------·· 

SPEC = (C.,C.) 
SH= N 
SH= SH•~IC 

------- - ----"'- = _ Al I JII * 6. 2 8 31 e _ + _ SH ----------- -------------------------------------------------------- -
CEL = -(VA+Ve)/2. +·w 

_______________ CO _ 1 C 1 _ K __ = __ l , 2 ___ ______ _______________ __ ____________________________________________________ -
cc= -cc 
CEN =(T+S•(CEL+CIF-CO))•(T+S•(DEL-CIF-CO))-(l./TAU+S•CC)••2 
ANLM = -S•(2./RT+4./TAU) + 4.•CO - 2.•CEL 

___________ SPEC _ = _SPEC_ + _ AN U fv /CE I\ _____________ , -----------------------------------------------------
1 Cl CCI\TINUE 

F L T ( I\ ) = A I JV AG ( S P EC ) .. ----------- ---- --- -- --- ----------------------------------------------------------------------------------------PL 1 (I\)= AeS(PLT(N)) 
TOP= A~AXl(TOP,PLT(N)) 

tS CCf\'TINUE 

--- --------------------------------------------------------------------------------------------------------------

--- --------------------------------------------------------------------------------------------------------------



JL82CC 06/lC 
--- ___ _ _ _ -- - ___ --- _ _ _ E _;it; IE RN ~ .L . __ f.CR~ \.._L ~ _ -~-U-~_e_E.fL ___ ::-_____ s.o_~RCi: __ S_ll\_U;l'_Un ______ ::-_____ JN I !:_8.N_~ l-__ f _c 

_____ ___,_CE = T C__E_!_5_•~~-----------------------------------
e c T = -TCP/3. 

________ _____ c /l_L L __ C PLC T J_P LT , 15 Cc_, l 5 CC t.F A L_t__ TCP, BOT .1 J ) ___________________________________________ _ 
HS CCNl 11\UE 
_______ GC __ J_c__5_5.c._ ______________________________________________________________________________________ _ 
l€C STOP 

------------------------------------------------------------------------------ ~- ---------------------------------- , 

·---------------------------------------------------------------------------------------------------- ·-----------. 

----------------------------------------------------------------------------------------------------------------- . 

·----------------------------------------------------------------------------------------------------------------

·----------------------------------------------------------------------------------------------------------------~ 

·----------------------------------------------------------------------------------------------------------------~ 



ABC ~:- EXCHANGE PROGRAM ( A and B exchanging intraroolecularly) 
NMREX 004A 

This urogram solves and plots the ecuations on page :9 of the 

thesis. Provisions are made for cAlcu]ating only one problem at 

a t~me, with any number of tau values. 

INPUT C P.PDS 

Card 1 

COT ,UMN 

1-2 

3-7 

8-12 

13-23 

24-34 

35-45 

46-52 

DATA 

Nl = no. of values 
of tau supplied 

ALIM - J.eft plot 
frequency (cps) 

BLIM - right plot 
freaue r cy 

SHA= chemical shift 
of nucleus A (cps) 

SHB 

SHC 

DECIMAL 

NO 

YES 

YES 

YES 

YES 

YES 

CAB= coupling between 
A and B (cps) YES 

Card 2 through 
Card Nl+l 

53-59 

60-66 

1-12 

CAC 

CBC 

RT= T2 in seconds 

Tau (in seconds) 

YES 

YES 

YES 

YES 

no further cards needed. Due to the number of points ----
used in the plot, the spectra may be a l i ttle "rough." 



-- --- -- JLBCC4 C6/l 
____ _____ ____ __ _E)LT_ER"A.L _ _f_O.fU~'L_LA ~Ul"SER - SOURCE STATEl"ENT - INTERNAL F -- -- -- • - -- _ .. · • - - - -- -- -- -- - --- -- - - ---- --- ----- - -- - -- - - - --- - ----------- - - -- -------- -

C 3 SPI~ ABC CASE I~TRC~CLECLLAR AB EXCHANGE 
C CC~PLTES Tt-E Tl-REE LPPER TRANSITIONS 

---- C It-. PL T CAT A SH CUL D • e E I ~ CPS • • 
-----------___ _.REA D_l5 -•- u ___ /\_l _, A LI.t-! _,_B Ll l'_ ,_ SJ::_ ~__,_SJ-,_8_,_s l:tC J_c_~ J3__, _C.l~_C_ 1 _c_eC_1_.!tl ____________________ -------_ 

l FCR~AT(l2,2F5.2,3Fll.4,3F7.3,F6.3) 
----~c_c_r,,_e_LE)(_ s_p_,_s.J3_f_S_c_,____s_c__._s_EJ s F • s G • s H , s A P , s s P , s c P , c e N 

CI~E~SlC~ PL11(5CC), PLT2(50C), PLT3(500> 
-------------- CA e __ = _ • 5 *CA 8 * c. 2_e 3 18 ------------------------------------- ·--------------------------------

CA C = .5•CAC•6.2€318 
-------------- CB c__ = __ . _5 •Cf C. *c .• _283-la _____________________________________________________________________ _ 

Sr.A= c.28~18*Sr.A 
____ __..~J::1 e = t .__2_e_3_1_e_!_S__"'";...._ ________________________ _ 

ShC = c.28318•SHC 
_ _ ___ _ ___ _co __ 2J_ =l.,_N_l ________________________________________________________________________________ _ 

REACC5,3) lAL 
__________ _3 ___ _ E_C R r' AT l F 12. 1 '-------------------------------------------------------------------------------· 

SA= (C.,-1.)•(l./RT) - CBC - CAC 
SB= (C.,-1.)•(l./TAU + 1./RT} - cec - CAB 
SC= (C.,-1.)•Cl./TAU + 1./RT) - CAB - CAC 

______________ _ SO _ = __ ( C • , 1 • ) * ( 1. /TA L ) _ + _ CAB--------------------------------------------------------- ---· 
RA= CBC 

______ ________ Re __ = __ CAC ________________________________________________________________________________________ _ 

'-'IC= (BLI~-ALI~l•c.28318 
'-'IC = WI C / 5C C. 
CO 4 I = 1,5CO 

_________ ______ Sr IF l _ = _ I ---- ---- ------------ -------------------------------------------------------------------
SH I= SHIFl•~IC + ALI~•6.28318 • 

___ __ __________ C._E LA -= ___ SI- I_ - - st-A -----------------------------------------------------------------------------
C EL e = SI-I - St-e 

_____ .CJ: LC = S.....,_t-_.I.___-__,,S,_,_t--=--------------------------­
S AF= SA - CELC 

_____________ __ SBY _ =_Se_ -CE.LB ______________________________________________________________________________ _ 
SCP= SC - CELA 

______________ _c_u _. = - S_~ p * ( s e_~ .. _.s_cp -- - s ()_ * s Cl__ - - RA* t RA .. s C p - - - Re .. s C ) - + - RB .. j RA* s C - - - - -----· 
$ Re•SBP) 

____ _,SF=(SBP•SCP-SD•SD)-RA•(SCP-SC) + RB•(SC-SBP) 
SF= SF/CE~ 

_______________ S G _ = _ S_A P * ( SC F- SC ) _ - __ RA* SCP _-+ _R B •SC_ + _ R 8 * ( RA-RB ) ___________________ _ __________ _ 
SG = SG/CE~ 

_______________ $ H _ = _SAP* (SB P-S C )_ - RA* ( RA-R 8 ) _ + _ RA* SD _ - _RB* SB P ______________________________ _ 
SH= Sh/CE~ 

____ _;_P~L-=-Tl(I) = AI~AG(SF) 
FLT2(I) = AI~AG(SG) + ~l 

_____ _____ PL T 3 ( I_} _ = _ A If" AG ( Sh }__ + __ • 2 ------------------------------------ --------- -------------------
4 CCNTINUE • 

_______ __ CAT A __ FA L _ / __ 60H _______ A BC_ CGM PUT ER_ PRCG RAM _FOR __ THREE_ TRANS I. ____________ _ 
I 

e = -1.cc 
_____ __ __ ___ __ _ c O _ <; 8 7 _ K J _ = _ 1 , 5 CC -----------~--------------------------------------------------------------· 

SS1 PLTl(KJ) = PLll(KJ) + PLT2(KJ) + PLT3(KJ) 
__________ _____ CALL _CPL CT ( PL T 1 , 5 CC t 5 0 0, FA L, A, B, J ) ____________________________________ ____ __________ _ 

2 CCNTINUE 
STCP 
ENC 

·------------------------------------------------------------------------------------------------------------------

·------------------------------------------------------------------------------------------------------------------



AB CHEMICAL EXCHANGE PROGRAM - NMREX 003A 

This pro~ram solves and plots the equations on page 32 of the 

thesis. Only one problem at a time may be run and up to 10 tau 

values ~lotted. (the number or tau values should be an even numbe~ 

as two spectra are plottdd on each sheet.) The zero of frequency is 

at the center of the AB spectrum. 

Il\TpUT CARDS 

Card 1 

Card 2 through Nl+l 

COLUMS 

1-2 

3-14 

15-26 

27-38 

39-50 

51-62 

1-12 

no further cards needed 

DATA DECIMAL 

Nl = number of values 
of tau supplied NO 

D =½of chemical 
shift difference YES 

ALIM= left plot 
frequency YES 

BLIM = right plot 
frequency YES 

RT = T2 in secs ' YES 

CO- coupling in cps YES 

Tau - values to be 
employed with the above 
data YES 



C CHE~EX PROGRA~ FOR CHE~ICAL EXCHANGE OF NUCLEI 
C FLCTS UP TC lC lAL VALLES T~C PER PLCT 

---C A~K TC HAVE CUlPLT PiCllEO IN CYCLES CF T~O PER PAGE -
____ c__ ___ _ 2_! C_ _ J_S ___ Ct:.E.~- _S l-_I F _l _.C_ I.EE ER EN C_f_ __ ..IJ'! __ e.RO.G.RAM _______ ____ _______ ____ __________________________ _ 

C S IS Ct-EGA ~II\US C~EGA ZERO 
C CC I S C_CL~_G_C_C.N..SlA.KJ____f_f_J_W_E._E_t:; THE TWO N U_CJ.J: I._ ___________ _ 
C 1\1 IS TI-E NU~BER OF PLOTS OESIREC SHOULC BE AN EVEN NUMBER 
C ALit' ANC BLI~ ARE LEFT AND RIGHT PLOT FRECUENCIES ----C- RT -IS TI- E RELAX AT IC N I~ E -IN SEC 6~0-$--------------------------------------------------------

____________ C oy PL E x _ A , L l '- U 2 1_ A AM _, __ A AP ...L.B BP_, BB M -------------------------------------------------- ·­
C Ct' PL EX CSCRT 

_____ CJ)jl_~l_EX SFE_C. ____________________________ _ 
CI~ENSICN PLCTC(3CC) 

_______________ C_ I t" EI\ S _IC N _PL l ( 1 C t. 3 C CJ -------------------------------------------------------------------- -­
CI t" EI\ SIC I\ TOP{lC) 

-------------- RE AC { 5 .,_11 <; ) __ I\ 1, C , Al IM .1 BL IM_, RT t. ca _____________________________________________________ --
11 ~ FCR~AT{I2,5Fl2.4) 

----~C = .5CC•C•6.2~8~3~1~8=-------------------------­
CC = CC•c.28318 

______________ C_ C _ c <; _ N = _ 1 1 N ! __________________________________________________________________________________ _ 
TOP(t\) = C.C 

______________ RE AC ( 5 , 2 2 2 )__TAU _______________________________________________________________________________ _ 
222 FCRt'AT(Fl2.1) 

C ~IC IS TC BE RACIAI\S PER POINT IN THE SPECTRU~ CF 3CO PCINTS 
WIC = BLIM - ALit' 

_______________ hJ C _ = _ W IC/ 3 CC • ---------------------------------------------------------------------------------
~IC= ~IC•c.28318 

______________ AX _ = _. 2 5 *CC*• 4 _ +_CG* CO* C * C _ - _ ( C * 0) / ( l AU* TAU) -----------------------------------­
IF (AX l 31,31,32 

3 l A = CC_~ , l • ) * S C:,,_,_R-'-'T:.....;(,_-....:..A~X-'--'l'-------------------------. 
GO TC 33 

_________ ; 2 ____ A _ = __ ( l • .., 0 .J *SC RT ( A .X } ---- ----------------------------------------------------------------- .. 
33 Ul =CSCRT(C•C + .5•CC•CO - .25/(TAU•TAU} + Al 

·------------- L 2 _ = C.S~R l ( C * C __ + __ • 5 •CC* CC _ - _. 2 5 / (TAU* TAU l _ - _ A ) ---------------------------------- -· 
AAr,, = l. - CC•CC/(2.•Al 
AAP = l. + CC*CC/(2.*A) 
esp= (1. + (4.•C•C - CC*C0)/(2.•A))/(2.•TAU•Ul) 

·----- e B t' = ( l • - ( 4 • * C * C - CC •CC ) / ( 2 • * A } ) / ( 2 • *TAU * U 2 ) 
TT = -1./(2.•TAU) - l./RT -· 

·------------- CO _ <; 6 _ K _ = _ 1 t. 3 0 C ----------------------------------------------------------------------------- _,: 
ASS= K 
CEL = ASS-15C. 
CEL = CEL•~IC 

____________ SPEC _ = _ ( A At' _ - _ ( C. _, l. ) * 8 BP ) _/ ( CE L _ - _ U 1 _ + __ ( 0. , l • ) *TT ) __________________________ _ 
SPEC= SPEC+(AAt'+ (C.,1.)•EBP)/(DEL + Ul + (0.,1.l•TT) 

_______ SPEC= SPEC+ (AAP-{C.,1.)•88fJ)/{DEL-l.J2+ (0.,1.)•TT) 
SPEC= SPEC+ (AAP + (C.,1.l•BBM)/(OEL + U2 + (0.,1.)*TT} -

----~Pll(I\ Kl = AIMAG(SPEC) 
TCP(I\) = AfJAXl(TCP(~),PLT(N,K}) 

________ <; t. ___ CC t\ T IN U E -----------------------------------------------------------· ---------------------------~ 
tc; CCt--;TINlJE 

__________ TOP G _ = _ C. 0 ------------------------------------------------------------------------------------
C C 16<.l J = 1,1\l 

- ---·· TCPC = Af,IAXl(TCFO,TCP(J)). 
lcS CCt-.lINUE 

,, 
• ---------------------------------------------------------------------------------------------------------------. 

-----------------------------------------------------------------------------------------------------------------



--- ------- JLBCC3 - C6/lC 

EX T_E RN AL _ FC Rfo'L LA _NLfo', 8 ER _____ _____ SOU_R CE_ ST ATE fol f!-c !_ __________ _ IN TE RN AL _FC 

-"'C __ ~ ~l L~ P A R-'T~S~O~F~P--'-R-'C~· G~R--'-A--'-M_, -=C~C""""N-'-"E"--'I=--'-N-'-· --'-R-'-'-A-'--'C"-'l=--'-A-'-'-N..;..;:S~---'I::..CN-'--'P-'U=--T-'---I=--'S"--'I=--'N-'----'C=--'P'-'S=----------
C Al A FAL/ 6CH AB CCP'PLTER PROGRA~ FCR C~EP'ICAL EXCHANGE 

$ -- - ---- - --- -------- - - --------------------------' ------------------------------- -------------------- TCFC = TCPC/.4 
______ ________ TOP C _ = __ 3_. __ 4e_ ____________ _ --- ------------------------------------- ----------------------------------

e o T = c.c 
_____ C_Ct, = 1 ._C __________________________________ _ 

CC lc;6 L=- 1,t\l 
__ __ ___ _____ CCJ\ _ = __ -CCN 

IF(CCN) ld,2 
___ ___ ___ _l __ _ e CT P __ = __ • _C_5.~_1 CRC _________________ _____________________________________________________________ _ 

GO TC 111 
2 B_C: T P = TC PG• 11 •~2~C~•~-----,----------------------

1 l l CC 112 Kl= l,3CC 
________ _____ PLC TC ( K 1 )__ = _BG l P _ + _Pl l ( L LK 1 ) ------------------------------------------------------------

1 l 2 , CGt\TINLE 
____________c All ___ CP LC:T j P LlH G 1. 3 CC , 3 oo_,._f AL., TO po_,._0O l, l) -------------------------~----------------

1 <; f CC~lINUE 
STCP 
ENO 

·----------------------------------------------------------------------------------------------------- ·-----------. 

-----------------------------------------------------------------------------------------------------------------

-----------------------------------------------------------------------------------------------------------------

----------------------------------------------------------------------------------------------------------------



NMREX 150A - MO}'!ENT CALCULATION PROGRAM 

Extension: Programmer: ------- -------
C½arge number: _____ _ Date: ----------
Timing: Allow l minute plus 3 seconds par problem. Round off 
the time to the next highest integral number of minutes. 

Time: 

CARD 1 Columns 

1-3 

4 

5-7 

Data 

Number of problem 

= 2 for reading frequency 
and intensity data (999 
cards maximum) NTYPE 

=l for reading mo~ents 
Number of cards with 
frequency and intensity data 
(999 maximum) 

8-9 _____ Number of nuclei in 
group A (low frea.) 

10-11 _____ Number of nuclei in 
group B (interrned. freq.) 

12-13 _____ Number of nuclei in 
group C (high freq.) 

CARD 2 depends on whether NTYPE = 1 or 2 

I'F NTYPE = 1 

Card 2 

IF NTYPE = 2 

Card 2 
on · (up 
to 999 
cards) 

Columns 

1-12 

1,-24 

25-36 

Columns 

1-12 
13-24 

Data 

Data 

Second moment relative to 
the mee.n 

Third moment relative to 
the mean 

Fourth moment relative to 
the mean (if this is 
not supplied the reletion 
between the coupling 
constants will be meaning­
less) 

Freauency of tr~ns1tion or segment 
Intensity of 

Final Card after all problems: Cols. 1-3 999 




