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I. Introduction

In band centrifugation a thin layer of a solution containing macro-

molecules is applied to the top of a moxe dense solution in a xotating ultxa-

solution.*

The general condition for thé stabiliﬁy of a bandl is that the total
density gradient at any point must always be positive (or zero). The total
density gradient is composed of two parts: 1) the density gradients in the
bulk solution that would occur if there were no macromolecules present; 2)
the density gradients due entirely to the band of macromolecules. The gra-
dients in the trailing side of the band (closest to the top of the cell) are
positive. However, the gradients in the leading side are negative; these neg-
ative gradients must be compensated by positive gradients of equal or greater
magnitude in the bqlk solution if the band is to be stable.

Figure 1 illustrates the combination of bulk solution and band gradients,
and the stability requirement. If the solution gradient is zero, convection
results in the complete loss of the band. If there is an inadequate positive
solution gradient, the band is not lost, but only spreads enough to reduce
the megnitudes of the negative band gradients to values smaller than that of
the solution gradient.

The compensatory bulk solution gradients may be generated in two ways:
%) diffusion of small molecules (such as KCl, D20, or CH30H) which are present
initially in different concentrations in the bulk solution and in the layer;
* The general features of band centrifugation are described by Vinograd,
Bruner, Kent, and Weigle, Proc. Natl. Acad. Sci., Vol. 49, No. 6, June, 1963,

a copy of which is in Appendix I. The present report discusses an aspect of
the topic with which this author was particularly concerned.
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Figure 1. Stability Conditions.

Each diagram shows the total density
gradient as the sum of the bulk so-
lution and band gradients. The
shading indicates regions of insta-
bility, where the total gradient is
negative. If there is no soluticn
gradient (a-1), the entire band con-
vects to the bottom of the cell
(a=2). In b=l only a portion of the
band is unstable; some spreading
occurs on the leading side of the
band (b-2). In c there is an ade-
quate solution gradient, so that the
total gradient is everywhere posi-
tive. This band is stable.



2) ccmbined sadimentation and diffusion of small molecules within the bulk
soluticn, cue to the centrifugal {ield.

¢t is of interest to predict whether or not a band will Ee stable in a
given systcm. This involves estimation of both the band gracients and the

compunsatory gradients.
II. Density Gradients in a Band of Macromolecules

Zensity gradients in.a band are estimated under the assumption of a

Gaussian distribution of macromolecules in a rectangular cell. The concen-
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ration distribution in a Gaussian band”,

~{r - r )2/20'2
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can be differentiated with respect to distance to give the band concentra-

tion gradient at any point.

gg o= {r - ro) _ -
o2

In these equations, c is the concentration of macromolecules (weight solute/
volume solution); M is the totzl mass of macromolecules in the band per unit

cell arez; (r - ro) is the distance from band center, T, ¢ is the standaxrd

The maximum negative gradient which must be compensated is at the

leading inflection-of. the band.

('?ﬂmgx. neg. B (%%)o_ = 02}2% | (3)
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centraticn of mecromolecules in the applied layer of thickness §.
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A relztien beiween the concentration gradient and the density gradicn

caen be derivaed as follows. If v and v, are the specific volumes of the sclut

1

espectively, v2 the partial specific volume of the macromolecule,
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d g the weight fraction of macromolecules in the solution, then

Vo= gy, + (1 - g)vl

V - v
€= 7 - le
2

1l -Qvl
¢ = Vo, - Vv
2 b

Ql is the density of the solvent, l/vl.

Q=0

c = e
o

Differentiation with respect to distance leads to
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Since the smount of macromolecule used is very small Ql may be rcplaced by @ .

12

S 0)ES
= (I -90k (s)
Combining equations (4) and (5) gives the final result.

(1 - 9.9)c%

G2 - (%S:)a = (6)

max. neg.

able 1 gives some values of (dg/dr), in typical experiments. O is

2 ZnlE ~ 2%, where D 4 fhe diffusion

cstimated by the relation 52 = ap

coefficient of the macromolecule and t is time in seconds. The superscript

zcro indicates a reference band. Initially gradients as large as about 200

X 10-49 cm-a may be present for materials such as proteins which have_low boghr

absorption coefficients and high diffusion coefficients. Halfway through

the experiment the maximum negative gradient for most materials is about

4 x lD—Ag cm—a. Positive solution gradients must be generated to compensate.
The calculations have assumed ideal experimental conditions, such

as perfect layering and vibration-fre; centrifugation. Experimental imper-

fections will result in larger density gradient requirements than calculated

by equation (6).



Table 1

Maximum Negative Density Gradients in Bands af

Magromolecuwles at Various Band Widtha*

taterial Dy 10_7_l time c® - 0020 -(de/gﬁ)w x 10°
cm sec hours % cm band center g cm

Protein 6.4 o - 0.5 B.01 5.0 200
1 0.07 0.6 4
" Protein 3.2 0 0.3 , 0.01 3.0 120
1 G.05 0.5 g
Virus (5C% 1.0 0 0.01S5 0.01 2.0 . 15
Nucleic Acid) 0.5 0.02 05 4
Nucleic " 0.4 0 0.008 0.01 2.0 8
acid** 0.5 0.015 1.2 3

* Calculated with equation (6).p= 1.1 g cm-a; §=0.02 cm (10 gl layer in a
12 mm centerpiece).

*¥% Concentration dependence of the sedimentation coefficient ignoxed.



III. Diffusion Compecnsatory Gradients

In ordinary band centrifugation experiments a light solution is layecred
onto a mores dznse solution containing small, rapidly diffusing, dense molecules
(such as KC1l ox 520) which account for the density differences. The small mol-
ccules ciffuse into the layer, producing positive density gradients in ﬁhc

diffusion" gradients cccur even if there is no centrifugal

Tield, and are estimated here under the assumption that they are independent

In typical experiments the volume of the applied layer ("lamecllar so-
lution") is 10 1 in a 12 mm centerpiece (or the equivélent 25 /d in a 30 mm
centerpicce), resulting in é lamellar thickness, 8 , about 0.2 mm. If the la-
mella is assumed to be infinitely thin, the system is equivalent to diffusion
from a planz (the meniscus) in one direction, and is described in a rectangu-

lar cell by2

' 2
M -(r - 4Dt
e (e ra) / (1)
In this derivation c and M are the concentration and the mass per unit area
of the small molecules responsible for the density differences. The presence
only one such species is assumed. r is the position of the meniscus.

Since = 1 + kc, where k is an empirical constant
? ?

de _ 1gp
dr = k dr (8)

* In theory it is also possible to use light rapidly diffusing molecules

(such as CH30H or t-CgHgNHy) to account for the density difference. Such

light molecules would be put in greater concentration in the lamellar solution
than in the bulk solution so that positive gradients will result. The anal-
ysis o7 the diffusion gradients holds equzlly well in this case.



i o= J(CL - CB)’ where CL and cB are the initial concentraticns of dif-

Tusing substance in the lamella and bulk solution respectively. Again using

P = 1 + ke, and defining AP E/OB -/OL ’

Moo= ;—Ské-‘o (9)

The minus sign in equation (9) results from the fact that Ps >/DL . For dense

diffusing molecules, k is positive and CL< Cge

=]

ifferentiation of equation (7) with respect to r, and substitution of

cquations (8) and (9) leads to

Aplc -x) 2
dp S__E_)__*_g__ -z = x_)/aDt F10)

E 2 VYV p3e®

It is convenient to introduce into equation (10) the parameter ;B , defined

by equation (11). Introduction oflg gives equation (12)

/5’ g %9 : (11)
T 3 i

= sap
fn = 2} s = o 4D
/9: a' e a (12)
3/2

t

Graphs of (r - ra) against t can now be calculated.for values of IB
for a system. For a given D, any combination of‘5,Alﬂ, and dP/dr which give

the same P” result in the same graph. Graphs for systems with CsCl, DZO’ KCL,

or NaCl are shown'in Figures 2, 3, and 4.

From each graph can be read the two times at which a gradient (the

value of which is inﬁ) reaches a given (r = ra). In the interval the density



Figure 3.
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ch diffusion gradient cuxve is charzcterized by a value o7 U and a
. Any ccmbination of § 4P, and dp/dr which give the same 1
ame curve. The field gradients are shown only in Figure 4; they are
from equations (13) and (14).
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(from the inside curve outward) 2 x 10 ~, 2 x 10
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The values of dpP/dr on the curves are for the'system: 8 = 0.02 cm,

ap = 0.04 g cm™~,

1.6 x 10—5 cmzsec—l (KC1 in water)
4.3 x 10-3, 4.3 x 10-4

D
The values of dP/dr on the curves are for the system:
Ap = 0.022 g cm=3.

il

Diffusion gradients.

D = 2.2 x 10=5 cmlsec™i (CsCl or D.C in water)
B = 3.66 x 106, 3.66 x 1077, 3.56 x f0-8

The values of df’/dr on the curves are for the system:
AP= 0.1 g cm—3 :

Field gradients. (dashed line) 6 -
CsCl, p=1.5g em~3, (v2 = 13.93 x 10" sec (35,600
dp/dr = 104 g em™4. . '

S = 0.02 cm,

§ = 0.02 cm,

pm),
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gradient st (r - ra) is larger. Similerly, the two positions of a gradient al
a given time may be read. EBetwezen thesz pcsitions the gradient is larger. VWith
a Tamily of curves for variou5/3, hence varicus dp/dr, the magnitude of the
diffusion gradient at any t and (r - ra) may be estimated.

Inspection of Figures 2 to 4 shows that immediately upon layering (t = 0)
large gradients are formed. In all three figures gradients on the order of 10—2
g e~ zeach 0.1 em (roughly 1/1C of the length of the cell) in less than one
minute. Table 1 indicates that 10—2 g cmm4 is abcut the largest band gradient
encountered. Since it is not practical té use experimental conditions under
which the band reaches 0.1 cm in a minute, it is apparent that the diffusion
gradicnis alone are more than sufficient to provide stability in the early
moments of an expeﬁiment.

Table 1 indicates that gradients on the order of 4 x 10-4 g cm-é,will
bz required halfway through the experiment, (r - ra) = 0.5 cm. For the systems
in the accempanying figures, the requirement will be satisfied between about
ten minutes and saveral hours, with one exception. For 0.5 M KC1 bulk solution
the rcguirement will be satistTied only between about one and four hours. Thus
it is possible in this system to oﬁerata at too high a speed and reach insuf-
ficient diffusion gradients during the experiment. Especially if higher initial
concentrations of macromolecules are used, it is also possible to operate too
slowly and reach a posifion where the gradient is insufficient for stabiiity
and is dying out. (It should be cbvious that the diffusion g;adicnts approach
the condition dﬁ/dr = 0 throughout the cell.)

Even in 0.5 M KC1, the least stabilizing system discussed, iﬁ is gen=- -
zrally possible to adjust operating'speed and initial concentration of macro-

molecule so that a satisfactory experiment can be made. Stability can also be

increcsed by increasing 4P or 8 .



As thc cell bottom is approached, the validity of equations (10) or
(12) decrzeses, because the cell can no longer be consider infinitely long.
The effect of the cell bottom is to decrease the magnitudes of the gradiznts,

but the relative error introduced should be quite small except very near the

Sottem.
IV. Centrifugal Field Compensatory Gradients

Application of a centrifugal field to a binary bulk soluticn causes
ccmbined sedimentation and diffusion accordiqg to the Lamm differsntial
cguation of the centrifuge. Concentration gradients, hence density gradicnts
result from this action. Fujita and MacCosham3.have obtained an approximate
solution tc the differential equation for the sedimentation of a low molec-
tlar weight solute with sedimentation coefficient s and diffusion coefficient
D both independent of concentration. Their solution is dependent on the semi-
infinite cell condition that there is a région in the cell where no signifi-
cant change has occurred in the concentration distribution.

IT the macromolecular component and the lamellar solution are ignored,
the Fujita-MacCosham results ﬁay be applied to the bulk.solution.

The solution for the concentration gradient is given by their cquation

(23) with a multiplicative factor of e—z/2.

a(c/c") e’%e'zé Z2+T +7T
AR “¢(z‘{rg-?‘) (2+2£7) &

(13)
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A 2. o7 2 2 2
C=2Wst, £€=23/r Ws, y= (r/ra) ,» 2 = 1ln y, and(b(x) denotes the erros
a ]
Tuncticn of «. W is the angular velocity. r_ is the distance of the meniscus
a
frem the axis of roiation. ¢ is the conceniraticn of the sedimenting comgonent
initially in the bulk solution.
For aquecus CsCl soluticns the left hand side of equation (13) may be

bl 1 8 3 2 . 1 da L A . 4 49

written in terms of density gradients using the relation for CsCl g = 137.48

- lBB.ll/P , along with the general relation c = gp.

0(c/c®) | ia__d_ﬁ
a————-(r/ra) = l37.f18 o = (14)

Using eguations (13) and (14)* the progress of a small density gracicnt,

- -4 ;
10 4g cm , was evaluated as a function of time for the following syste:

13.93 x 106 se (35,600 rpm), x = 6.0

P sec 5, D =2.2 x 18-5 cmzsec-l. These values result in

aqueous CsCl, p= 149 g cm-a, Q)z

i

Cmy 8 = 0.5 x 107
€ =1.75 end T= 14 x 1%, The pesults of dhis calpuletion ase Sndieated
by the dashed line in Figure 4. |

It is apparent from Figure 4 that early in the experiment ficld gradients
are small compared io.diffusion gradients. The %icld gradient in CsCl, p =
15 g cm~3, is much slower than comparablé diffusion gradients in more dilute.
systems. The initial field gradients are even smaller than calculated here,
since the calculations assume full speed from the beginning. |

Later in the expcrimant'the field gradient may become significant.

Unlike the diffusion gradients, the field gradients increase regularly with

* For this example the approximation giﬁf!ﬁ:) :.ii [1_<§(E:t3;)} was found
| 3(r/w) € N2 4feT

to yield results within 1% of those from the 1ull equation (13). The general

validity of the approximate equation was not investigated, and is not cbvious

since the neglected terms are not individually negligible, but cancel in

this case. : ' '



Lime opprosching an equilibrium value. Therefore the importance of the ficld
gradicnts relative to the diffusion gradicnts increases late in the =xperi-
mant. A<t 2ll times the two gradients act in the same direction, and thus zc-
inforce e;ch cther.

Tho field gradient calculations are valid only as long as the semi-
infinite cz2ll assumption holds. Since gradients similar to those calculaied
. S ~ : . -4 -4
are Tormzd from the cell bottom upward, the small gradient 10 g cm  can be
followzd Tor slightly less than hal{ the cell lengfh. Thus in the analytical
ultracentrifuge, the field gradient,fesults in Figure 4 are meaningTul only
to about 0.5 cm. In contrast to the diffusion gradient case, the effect here
of the cell bottom is to produce gradients larger than those calculated.

In bulk solutions such as 95% DZD or dilute salt, the field gradientis

are much smaller than in the example.
V. Experimezntal Considerations

It is exiremely difficult to verify in detail the conclusions of the

revious three sections. The clue to band instability in an expeximent is
)

-

ront spreading (Fig. l-b-2), but front spreading may have other causes such
as inhomogeneity of the#edhnenting component. In this s;ction will be presentesd
two examples of the use of the.foragoing calculations. These examples will
show that in general thé_diffusion gradients providabve:y ample stability
under normal experimental conditions.

If the bulk solutios is aquéous CsCi, P= l.Dl,.the diffusion gradients
may be found from Figure 4, and are 1/10 the magnitudes indicated on the curves.
t is seen that gradiénts.cn the order of 10-3 Qillltéke at least 15 minutes

tc reach 0.5 cm (if such gradients ever progréss that far). Experiments in



wnich T-4 viruscs were sedimented 0.5 cm in 8 minutes in such a system re-
ed ir extensive forward spreading. From Table 1 it is seen that the

Sand gragicnt is about 10-3. Table 1 and figure 4 have therefore predicted
the instebility in this system.

the bulk solution is aguecus Cs(l, f): 1.25, the diffusicn gradientis
are 2% times those indicated on the curves in Figure 4. The 10-3 gradient
reaches C.5 cm in 9 minutes. Exp&rimﬁnts with T-4 viruses were performed in

this system. If the band was accelerated at different rates so that it reached

0.5 cm in 10, 8, and 7 minutes in three different runs, the spreading was

-

ound to be very significantly greater at that'position in the faster runs.
In the first run the band at 0.5 cm was nearly comparable to bands under much
mor stable conditions.

It appéars therefore that Tsble 1 and Figures 2 to 4 can serve as use-
ful guides in the prediction of band stability and the determination of

desirable experimental conditions.
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