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ABSTRACT

This thesis develops the theory of weighted quadrature domains in parallel with the Faber transform
as a tool for their analysis and explicit construction. Under this framework, we obtain a number of

existence, uniqueness, and classification results for classical and weighted quadrature domains.

In the classical setting, we derive explicit formulae relating the Riemann map of a simply connected
quadrature domain to its quadrature function via the Faber transform. This reduces the inverse and
direct problems to a problem of solving finitely many algebraic equations. Applying these results,
along with tools from logarithmic potential theory, we obtain a complete classification of one-point

quadrature domains with complex charge.

We then introduce power-weighted quadrature domains (PQDs) - domains admitting a quadrature
identity with respect to the weight p,(w) = |w|*@~D for some a > 0. A central structural result
is that a simply connected domain is a PQD if and only if the ath power of the outer factor of its
Riemann map extends to a rational function. This characterization yields Faber transform formulae
analogous to the classical case, which we apply to partially classify one-point and monomial PQD
families. Novel boundary phenomena - including the formation of boundary “corners” at the origin

with angles that are integer multiples of 7 - are exhibited.

Next, we develop the theory of log-weighted quadrature domains (LQDs) - domains admitting a
quadrature identity with respect to the weight po(w) = |w|~2, the limiting case a — 0% of p,. The
non-integrable singularity at the origin introduces new phenomena: when the domain contains the
origin, the quadrature function is no longer uniquely determined, but only up to the addition of a
point charge %. Despite this loss of uniqueness, we show that a simply connected domain is an
LQD if and only if the outer factor of its Riemann map extends to the exponential of a rational
function. Classification results for null, monomial, and one-point LQD families are obtained, and

the connection to classical quadrature domains via the exponential map is established.

Finally, we introduce algebraic quadrature domains (AQDs), defined with respect to weights of the

form pr = |R’|?, where R is a non-constant rational function. This class subsumes both classical
Wn

quadrature domains (R(w) = w) and integer power-weighted quadrature domains (R(w) = *-).

We derive representation formulae in terms of the Faber transform and present several examples.
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NOMENCLATURE

Sets

C The complex plane.
C The Riemann sphere.
D The unit disk.

D,(wg)  The disk of radius r centered at wy.
Cl(Q) The closure of Q.

Int(Q) The interior of Q.

Q¢ The complement of €.
0Q The boundary of Q.
Q. The exterior of Q: C \ CI(Q).

Function Spaces

M(Q) The space of meromorphic functions on Q.

H(Q) The space of analytic functions on Q.

H®(Q)  The Hardy space of bounded analytic functions on Q.

A(Q) The space of analytic functions on €2 and continuous up to the boundary.
Ap(Q) The subspace of A(L) consisting of functions which vanish at co.

LL(Q:;p) The subspace of A(LQ) consisting of functions which are L'-bounded with respect to
the weight p.

Rat(€2)  The set of rational functions whose poles lie only in Q.
Ratyp(€2)  The subspace of Rat(Q) consisting of functions which vanish at co.

Functions and Operators

i Reflection of f about the unit circle: f*(z) = f(z7}).
Ca The Cauchy projection (2.3).

D, The Faber Transform (2.3).

o! The Inverse Faber Transform (2.3).
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F, The nth Faber polynomial: F, = ®, (") (2.3).

W, The nth inverse Faber polynomial: W,, = CIJ;1 (w") (2.3).

® Riemann map.

v o !

©Din The inner part of ¢ (2.4).

Pout The outer part of ¢ (2.4).

ce The Cauchy transform of € (3.1).

ng The p—weighted Cauchy transform of Q (4.5).

S The Schwarz function: S € M(Q) extending continuously to the boundary such that
S(w)=w (3.1).

Sa The generalized power-weighted Schwarz function: S, € M(Q) extending continu-
ously to the boundary such that S, (w)=1w|w[>@=D (4.2.1).

So The generalized log-weighted Schwarz function: Sy € M(Q) extending continuously
to the boundary such that So(w)i% (5.1.4).

Sro The generalized algebraic Schwarz function: Sgq € M(Q) extending continuously to
the boundary such that Sg o(w)=R’(w)R(w) (6.2.2).

b, Blaschke factor: b,(z) = %%

Miscellaneous

dA The normalized area measure: dA = d’;dy :

f=g Denotes equality on the boundary: f|so = g|sq, When the domain is unambiguous.

QD(h) The set of quadrature domains with quadrature function % (3.0.1).

QD,(h) The set of power-weighted quadrature domains with quadrature function 4 (4.2.1).

QDy(h) The set of log-weighted quadrature domains with quadrature function 4 (5.1.1).

QD (h;q) The set of Q € QDy(h) with charge ¢ at 0 (5.1.2).

QD (1)
QDR(]’l;Q1, e

The set of algebraic quadrature domains with quadrature function % (6.2.1).

,q;j) The set of Q € QDg(h) with charges g, at the poles p; of R in Q (6.2.2).



Chapter 1
INTRODUCTION AND SUMMARY OF RESULTS

1.1 Introduction

The purpose of this thesis is to develop the theory of weighted quadrature domains, and to
demonstrate the utility of the Faber transform as a tool for analysis and explicit construction
thereof. In particular, we develop explicit formulae relating the Riemann map of a simply connected
quadrature domain to its quadrature function, and extend this framework to several classes of
weighted quadrature domains. Applications to the existence, uniqueness, and classification of

quadrature domains and their weighted generalizations are of central importance.

Quadrature domains. A qguadrature domain is a plane domain Q C C such that the integrals of
analytic functions on that domain against the area measure may be evaluated via a finite quadrature
identity. The classical example of this is the mean value property for the disk: if f is analytic in
the disk D, (wg), then

/ FdA = 1 F(wo). (L)
Dy (wo)

where dA = dﬁrﬂ is the normalized area measure. The mean value property asserts that the disk is
a quadrature domain whose quadrature identity consists of a single point evaluation. Far deeper,
however, is the converse: disks are the only finitely connected bounded domains satisfying Equation
1.1[1].

More generally, a bounded domain € is a quadrature domain if there exist finitely many nodes

ai,...,ay € Q with orders my, ..., my, and coefficients c; x € C such that
N mj
k
[raa=3"3 cinrap,
Q Jj=1 k=0

for every f in a suitable test class. This identity can be reformulated as a contour integral against a

rational quadrature function h:

/Q fdA = ygg FO0)h(w)dw,

an observation that connects quadrature domains to the theory of the Schwarz function and boundary

regularity [8, 30].

Context and motivation. Quadrature domains appear across complex analysis, potential theory,

and mathematical physics. For example,
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1. Hele-Shaw flow. The complement K of a quadrature domain € is a “droplet” - the support of
the equilibrium measure associated to a Hele-Shaw potential (Lemma 2.2.1). Under steady
injection of fluid into the droplet, the boundary evolves via Laplacian growth, generating a
one-parameter family of droplets. Hence, we obtain a corresponding one-parameter family
of quadrature domains. This perspective provides a dynamical interpretation of families
of quadrature domains and was developed systematically by Richardson [27], Lee-Makarov
[20], and Hedenmalm-Makarov [16, 15].

2. Potential theory and the obstacle problem. Quadrature domains are dual to solutions of the
classical obstacle problem in logarithmic potential theory [28]. Given an admissible external
field Q, the equilibrium measure is supported on a compact droplet whose complement
is a disjoint union of quadrature domains. Conversely, recovering the quadrature domain
from its quadrature function is equivalent to solving the obstacle problem for the associated
potential. This duality, formalized in Lemma 2.2.1, underlies several important existence

and uniqueness arguments in this thesis.

3. Random matrix theory. The eigenvalue distribution of certain ensembles of random normal
matrices converges, in the large NV limit, to the equilibrium measure of a logarithmic potential.
The boundary of the support of the limiting measure is the boundary of a quadrature domain.

See [24] for a survey of these connections.

4. The Schwarz function and conformal dynamics. The set of quadrature domains consists pre-
cisely of those domains which admit a Schwarz function S (Proposition 3.1.1). Furthermore,
the associated quadrature identity can be directly obtained from the poles of this function [8].
Iteration of the associated Schwarz reflection o := S (which is the identity on the boundary)
yields a complex dynamical system with important topological [21] and algebraic implica-
tions. For example, these topological bounds imply bounds on the number of solutions to the
equation

r(z) =72,

where r is a rational function. These directly imply bounds on image duplication in gravita-

tional lensing [5].

Several specific classes of quadrature domains have been known since at least 1907, when Neumann
observed that certain ovals satisfy higher-order mean value properties [25]. However, the systematic
study of quadrature domains did not begin until the early 1970s, with the foundational work of
Richardson [27], Davis [8], and Aharonov & Shapiro [1], who introduced the general definition
and established major structural theorems. Since then, the subject has developed considerably; we
refer to [9, 14, 20, 30] for further background.



The inverse and direct problems. Two fundamental questions organize much of the theory:

* The inverse problem: Given a quadrature function 4, reconstruct the domain €.

* The direct problem: Given a domain €, determine its quadrature function 4.

For simply connected domains, both problems reduce to determining the relationship between
two collections of rational data: the quadrature function /4 and the Riemann map ¢. Making this

relationship explicit and computable is a central goal of this thesis.

The Faber transform. The main tool we employ is the Faber transform, a linear operator between
analytic functions on the disk A (D) and analytic functions on a given simply connected domain
A(Q) (see §2.3 for the formal definition). For our purposes, the Faber transform has three important

properties:

1. Itis an isomorphism: every function analytic in ., (the exterior of Q) is the Faber transform

of a unique function analytic in the disk and vice versa.
2. It preserves rational functions: the Faber transform of a rational function is rational.

3. It is effectively computable: the Faber transform of a rational function can be evaluated in

finitely many steps via calculus of residues (Equation 2.9).

The Faber transform and the associated Faber polynomials have been studied extensively in ap-
proximation theory [10, 3, 18]; Chang [6] observed that the Faber transform provides a natural
framework for solving the inverse problem for bounded quadrature domains. In this thesis, building
on the approach initiated in [13], we systematically develop the Faber transform as a tool for solving
both the inverse and direct problems, for bounded and unbounded domains, and for several classes

of weighted quadrature domains.

The key formulae take the following form: If € is a bounded simply connected quadrature domain

with Riemann map ¢ : D — Q and quadrature function 4, then:

h=, (Co. [¢"]), ¢ =e(0)+ 7 (W),

where @, denotes the Faber transform and f*(z) := f (z7") is the reflection about the unit circle
(Theorem 3.2.2). Analogous formulae hold in the unbounded case (Theorem 3.2.3). Because both
h and the relevant data of ¢ are rational, these formulae reduce the inverse and direct problems to

one of solving finitely many algebraic equations in the coefficients of ¢ and .

Weighted quadrature domains. A substantial portion of this thesis is devoted to extending the
classical theory to weighted quadrature identities, in which the area measure dA is replaced by pdA

for a suitable weight function p. We consider three progressively more general classes of weights.
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Power-weighted quadrature domains (§4) are defined by the weight p,(w) = |w[>“~D (a > 0).

This choice is motivated by the correspondence between power-weighted quadrature domains and

local droplets of potentials of the form

|W|2a
a2

Q(w) =

where H' = h is the quadrature function. A key structural result (Theorem 4.3.3) is that a simply

2Re(H(w)),

connected domain is a power-weighted quadrature domain if and only if the ath power of the outer
factor of its Riemann map extends to a rational function. This characterization leads to Faber

transform formulae analogous to the classical case and enables the classification of several families

a

of power-weighted quadrature domains, including one-point and monomial families (h(w) = —

and h(w) = akwk! respectively).

Log-weighted quadrature domains (§5) are characterized by the weight po(w) = |w|2, which
corresponds to the limit as @ — 0% of p,. Unlike the power weights, oo has a non-integrable
singularity at the origin, which introduces fundamentally new phenomena. When 0 € Q, admissible
test functions all vanish at the origin, and as a consequence the quadrature function is no longer
uniquely determined by the domain but only up to the addition of a point charge ¢/w at the origin.
Despite this loss of uniqueness, we show that the simply connected theory still admits a clean
formulation: a domain is a log-weighted quadrature domain if and only if the outer factor of its
Riemann map extends to the exponential of a rational function (Theorem 5.4.1). The corresponding
Faber transform formulae are derived, and classification results for null, monomial, and one-point
log-weighted quadrature domains are obtained. Log-weighted quadrature domains arise naturally as
images of classical quadrature domains under the exponential map, and they appear as complements
of local droplets of the logarithmic potential ([12], §4.1.4):

O(w) = %mz lw|?> — 2Re(H(w)).

Algebraic quadrature domains (§6) are defined with respect to weights of the form pr = |R|?,
where R is a non-constant rational function. This class subsumes both the classical case (R(w) = w)
and the integer power-weighted case (R(w) = W7n giving pr(w) = [w|?"~D = p,(w)). The identity
|R'|? = }1A|R|2 ensures that the generalized Schwarz function machinery applies, and a change-
of-variables principle (§6.3) reduces many questions about algebraic quadrature domains to their

classical counterparts via the change of coordinates w — R(w).

Relationship to published work. Chapters 3 and 4, together with portions of Chapter 5, are
based on the joint paper with N.G. Makarov [13]. There, we develop the Faber transform method
for classical and power-weighted quadrature domains, obtain a complete classification of one-

point quadrature domains with complex charge (§3.3), and introduce the theory of log-weighted



5

quadrature domains in the non-singular setting. The extension to singular log-weighted quadrature
domains - those containing the origin - is the subject of a separate paper by the author [12], which
provides the material for the singular portions of Chapter 5, as well as a more natural treatment of

the weighted Faber transform identities.

1.2 Notation
General notation: Throughout, C denotes the Riemann sphere. A domain is a connected open
subset of C. Fora set Q C @, we denote by C1(Q) its closure, Q€ its complement, < its boundary,
Int(€) its interior, and

Q. :=C\ ClI(Q)

the exterior of Q. We call a domain rectifiable if Q2 is rectifiable. When f and g are functions

defined on AQ, we write f=g to denote equality on Q. f*(z) := f(z~") denotes the reflection of
f about the unit circle.
In(w) denotes the principal branch of the natural logarithm (branch cut along the negative real

axis), unless otherwise stated.

dxdy
T

denotes the normalized area measure. If Q is an unbounded domain, then integrals are understood

Contour integrals are normalized such that the standard factor of 27 is suppressed. dA =

in terms of their Cauchy principal value,

/fdA = lim/ fdA.
Q R—00 JonDg

Function spaces: 1If Q is a domain, we denote by M () the space of meromorphic functions on
Q, H(Q) the space of analytic functions on Q, and H*(Q2) the Hardy space of bounded analytic
functions on Q. We define:

A(Q) := H(Q) N CY(CL(Q)),

the space of functions analytic in € which extend continuously to the boundary.

If Q is unbounded, we define:
Ap(Q) :={f € A(Q) : f(c0) =0},

the A (Q)-subspace of functions which vanish at co.
For a non-negative weight p, we denote by L} (Q; p) the subspace of A(Q) consisting of functions
f which are L'—bounded with respect to the weight p:

/ | flodA < co.
Q
We denote by Rat(Q) the set of rational functions whose poles lie only in €, and Raty(Q) the

subclass vanishing at co.



1.3 Overview and Main Results

We now give a chapter-by-chapter overview of the main results of this thesis.

Chapter 2: Background. This chapter collects the prerequisites from potential theory, Hele-Shaw
flow, and classical function theory that are used throughout the thesis.

The first key ingredient is the obstacle problem from logarithmic potential theory. Given an
admissible external field Q, Frostman’s theorem (Proposition 2.1.1) asserts the existence and
uniqueness of a compactly supported equilibrium measure i, and the support K of this measure
is called a droplet. The Gauss variational problem (Proposition 2.1.2) refines this by showing that
when Q is sufficiently smooth, the equilibrium measure has density ATQ dA on its support, and the

support is determined by a coincidence equation (Equation 3.3).

The second key ingredient is the duality between quadrature domains and droplets, established
via Hele-Shaw flow. Lemma 2.2.1 asserts that the complement of a local droplet of a Hele-Shaw
potential Q(w) = |w|*> — 2Re(H(w)) is a disjoint union of quadrature domains, and conversely.
This duality provides a dynamical interpretation of quadrature domain families: as a backward
Hele-Shaw chain contracts, the complementary QDs expand in a monotone family parameterized

by area (Lemma 2.2.2).

The third key ingredient is the Faber transform (Definitions 2.3.1 and 2.3.2), a linear isomorphism
between analytic functions on the disk and analytic functions on a simply connected domain €. Its
defining property for our purposes is that it takes rational functions to rational functions, and it can
be computed explicitly via the calculus of residues (Equation 2.9), with closed-form representations

in terms of the incomplete Bell polynomials (Equation 2.10).

Finally, we review the inner/outer factorization of Riemann maps (Theorems 2.4.1 and 2.4.2), which
decomposes the Riemann map ¢ into an inner function ¢j, (given by a ratio of Blaschke factors) and
an outer factor ¢q, given by a Poisson-type integral. This factorization can be rewritten in terms
of the Faber transform (Theorem 2.14), and plays a central role in the construction of weighted

quadrature domains in Chapters 4 and 5.

Chapter 3: Quadrature Domains. This chapter develops the theory of classical quadrature

domains (QDs). That is, domains satisfying an identity of the form

[ran=¢ ronnoman,

for functions analytic in Q for which both integrals converge, and £/ is a rational function (the
quadrature function). This is denoted by Q € QD(/). We establish a method of reconstructing
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QDs from their quadrature function via the Faber transform, and apply this method to fully classify

general one-point QDs.

After reviewing the basic definitions and properties of QDs - the Schwarz function characterization
(Proposition 3.1.1), the Sakai regularity theorem (Theorem 3.1.1), and the classical result that a
simply connected domain is a QD if and only if it has a rational Riemann map (Theorem 3.2.1) -

we turn to the central Faber transform formulae of the chapter.

Theorem (3.2.2). Let Q € QD(h) be a bounded and simply connected domain with quadrature
function h € Ratg(Q) and Riemann map ¢ : D — Q. In this case,

h = (Dw (‘P# - W)
and
¢ = p(0) + @, ()",

Theorem (3.2.3). Let Q € QD(h) be an unbounded and simply connected domain with quadrature
function h € Rat(Q) and Riemann map ¢ : D, — Q. In this case,

h=a, (c,o#(z) - cz_l)

and
0(z) = cz+ @, (W)*(2).

Where ¢ = ¢’(o0) is the conformal radius of € and @, is the Faber transform (§2.3). These
theorems solve the direct and inverse problems for simply connected bounded and unbounded QDs
respectively. Because both & and ¢ are rational, the formulae reduce these problems to problems

of solving finitely many algebraic equations.

We apply these formulae to obtain a complete classification of one-point quadrature domains,
including those with complex charge a. The case of positive real charge (@ > 0) has been studied
extensively (e.g. [9]), but the complex case had received little attention. The following theorem

summarizes this classification:

Theorem (3.3.1). Take @ € C\ Rsg and wo # 0. Then

(0

QD( );e@ e  |wol]* +2Re (a) > 2|a|.

w—Wwo

In this case, there exists t, € (0, ) such that

1. QD (W_“WO) = {Q:}0<1<s,» a continuous monotone (2.2.2) family of simply connected domains

(where t = A(£Y));
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2. 0Q; is smooth for all 0 < t < t. and the family terminates with the formation of a (3,2) cusp
att = t,.

The existence criterion describes a parabolic region in the @-plane, and the cusp formation at the
critical time generalizes the double-point formation that occurs when @ > 0. The Riemann map
of each €, is given explicitly by Equation 3.10 (Corollary 3.3.1). Several families of solutions are
illustrated in Figures 3.1, 3.2, and 3.3.

c=0.+191 c=0.+1.21

c=0.+081 c=0.+031

Figure 3.3: One-point quadrature domains € QD (ﬁ) fora € {1.94,1.2i, .8i, .3i} (complements
of shaded regions) for conformal radius increasing to its maximal value, at which point a (3, 2)-cusp
forms on the boundary.

Chapter 4: Power-Weighted Quadrature Domains. This chapter introduces and develops the
theory of power-weighted quadrature domains (PQDs): domains € admitting a quadrature identity

with respect to the weight p, (w) = [w|>@~V for some a > 0:

‘/pradA = }ég fw)h(w)dw,

for all f analytic in € for which both integrals converge, and % a rational function. This is
denoted by Q € QD (/). We begin more broadly with the notion of weighted quadrature domains
(Definition 4.1.1) and establish a generalized coincidence equation (Proposition 4.1.1) for weights

|W|2a

of the form p = iAF with F radially symmetric. Specializing to F(w) = = yields the generalized
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coincidence equation for PQDs (Equation 4.3), together with an equivalent characterization in terms

of the generalized Schwarz function (Theorem 4.2.1).

A key difference from the classical theory is that the weight p, is singular at the origin when a # 1
(p4(0) = 0 when a > 1 and p,(0) = co when 0 < a < 1), and this singular point gives rise to
boundary phenomena excluded in the classical case by Sakai regularity: boundaries of PQDs can
develop corners at the origin, with angles that are integer multiples of 7 (see Figures 4.2, 4.6, 4.7).
We prove a regularity result for PQDs (Theorem 4.2.3): if Q € QD, for some a € Z,, then the
boundary 0 has finitely many singular points and each non-zero singular point is either a cusp
or a double point. We furthermore show that (9€)“ is an algebraic curve when a € Z, (Theorem
4.2.2).

The central structural result for simply connected PQDs is the following characterization in terms
of the inner/outer factorization of the Riemann map. Let Q be a simply connected domain with

Riemann map ¢ = ¢ijn@ou. Then,

Theorem (4.3.3). Q € OD,, if and only if ¢, extends to a rational function.

This characterization leads to explicit Faber transform formulae solving the inverse and direct
problems for PQDs (Theorems 4.3.1 and 4.3.2 for the sum identities; Theorems 4.3.4 and 4.3.6 for

the “inner/outer” factorization identities).

These general results are then applied to several concrete families. In §4.4, we classify simply
connected one-point PQDs (Theorems 4.4.2 and 4.4.3). In §4.5, we classify monomial PQDs -
those with quadrature function A(w) = akw*~! for some k € Zs( and @ € C (Theorems 4.5.1 and
4.5.3). In §4.6, we present further examples including linear, quadratic, and binomial quadrature
functions, illustrating the rich variety of boundary phenomena (cusps, corners, double points) that

arise in the power-weighted setting.
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#* % %

Figure 4.6: Families of monomial PQDs (complements of shaded regions) in QD,_ 2

2 ,
QD,_; (2 k- 1) and QD, _4( ) with k = 6 (left to right). When a = 2, k > 2a, so the family

has a maximal element. When a = 3, k = 2a, so this is the “traveling wave” case. Finally, when
a =4, k < 2a, so we obtain a two-phase family which is initially multiply connected, transitioning
to simply connected past the critical time.

Figure 4.10: Families of unbounded PQDs (complements of shaded regions) satisfying the weighted
quadrature identity:

/ FO)AwRdA(w) = yf FOw)(ao +aw +w)dw,
Q 0Q

for all f € Ay(L), for various values of a1, @, € C. Each figure shows a family of domains with
the same quadrature function, parameterized by conformal radius.

Chapter 5: Log-Weighted Quadrature Domains. This chapter develops the theory of log-
weighted quadrature domains (LQDs): domains satisfying a quadrature identity with respect to the
weight po(w) = |w|™%:

/ FpodA = f FOnyh(w)dw,
Q 0Q

forall f € L} (Q; po), and & a rational function. This is denoted by Q € QD (/). LQDs (QDy) can
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be understood as a limit of PQDs (QD,) as a — 0% (Theorem 5.2.1), and they arise as images of

classical QDs under the exponential map.

Theorem (5.1.1). If Q € QD(h) is a bounded domain on which w +— " is injective, then
e e QDO(E), where Z(w) =C,o [%(W)]

A key new phenomenon arises in the singular case, when 0 € Q. In the classical and non-singular
theories, the quadrature function # is uniquely determined by the domain (when £ is restricted to
the appropriate class). However, when 0 € Q, every admissible test function vanishes at the origin,
and as a result the quadrature function is determined only up to the addition of a point charge %
at the origin (Theorem 5.1.3). This requires new formulations of the coincidence equation, the

Schwarz function, and the direct/inverse problems.
In the non-singular case, the coincidence equation takes the form (Theorem 5.1.2)

In [w|?

=h(w) + G(w), G € A(Q).

In the singular case, it becomes (Theorem 5.1.3)

In |w|?

~h(w) + % +G(w), qeC, GeAQ).

From these, we derive a generalized Schwarz function characterization (Theorem 5.1.4), boundary
regularity results (Theorem 5.1.5), and an electrostatic interpretation (Theorem 5.1.6): an LQD
can be understood as a domain such that the electrostatic field due to pg—weighted charge density
on € can be replicated on the exterior of € by the placement of finitely many point charges (and

multipoles) on the interior of €.

The central result for simply connected LQDs parallels our Riemann map characterization of PQDs
(Theorem 4.3.3):

Theorem (5.4.1). Q € QD if and only if oy extends to the exponential of a rational function.
As with PQDs, this characterization yields explicit Faber transform formulae relating r (and hence

) to the quadrature function /4 (Theorem 5.4.2).

We then apply these results to classify several families of LQDs. We give a complete classification
of null LODs - LQDs whose quadrature function is & = 0:

Theorem (5.3.1). A domain (not necessarily simply connected) is a null LOD if and only if it is a

disk or exterior disk centered at the origin.



12

We furthermore characterize simply connected non-singular one-point LQDs (e.g. Figure 5.5, top

row):

Theorem (5.3.2). Fix a,wg € C\ {0}. If Q is a simply connected bounded domain not containing
zero, then Q € QD, ( ¥ ) ifand only if0 < @ < m? and Q = {w € C : |1n(ww61)|2 < a}l.

w—wy

On the other hand, for simply connected non-singular unbounded one-point LQDs, the Riemann

map takes the form
A

QD(Z) = cze 1-zz1
(Theorem 5.6.1), and we give a complete characterization of the parameters for which ¢ is univalent.
Hence, we obtain a complete characterization of the family of unbounded one-point LQDs not

containing zero. The classification of monomial LQDs is addressed in §5.5.

Figure 5.5: Families of LQDs (complements of shaded regions) satisfying the weighted quadrature

identity:
f(w)

o lwl?

dA(w) = af(wo),

for all f € LL(Q; po), for various values of wo # 0 and @ € C.
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Chapter 6: Algebraic Quadrature Domains. This chapter broadens the scope to domains

admitting a quadrature identity with respect to an algebraic weight of the form pg = |R'|*:

/ fordA = f FOn)h(w)dw,
Q 0Q

for all f analytic in Q for which both integrals converge, and /4, R are rational functions. This is
denoted by Q € QDy(h). We refer to such domains as algebraic quadrature domains (AQDs).
This class is natural for several reasons: the identity |R’|* = ZI;A|R|2 ensures that the generalized
Schwarz function machinery (Proposition 4.1.1) applies; the case R(w) = w recovers classical
QDs; and the case R(w) = %a, a € Z,, recovers PQDs.

An important structural tool in this chapter is a change-of-variables principle:

Proposition (6.3.1). Let Q,Qg C C be domains and suppose R : Qg — Q is a rational diffeomor-
phism with R € C%(dQg). Then Q € QD(A) if and only if Qz € QDg(hg), where h and hy are
related by

h(¢)d
hi(w) = Clag), [ho R+ R'] (w) = ygg %

(h_R) OR—I] (w) :jé hr(&)d¢

h(w) = Ca. R’ @), R(E) —w

This principle reduces many questions about AQDs to their classical counterparts via the map

QDy i QD (which only makes sense for domains on which R is injective).

In the simply connected case, we develop Faber transform formulae for AQDs that generalize the
formulae for classical QDs (Theorems 3.2.2 and 3.2.3) and for PQDs (Theorems 4.3.2 and 4.3.1):

Theorem (6.4.1). Suppose Q € QDg(h) is a bounded simply connected domain with Riemann
map ¢ : D — Q, where ¢(0) = wq is not a pole of R. In this case,

R0 ¢(2) = R(wo) + @' (Ca. [R]) (2) - @' (Ca. [R]) (0) +r*(2),
where r is a rational function determined explicitly by the quadrature function (Equation 6.11).
An analogous result holds in the unbounded case (Theorem 6.4.2). We furthermore prove the

following generalization of the characterization of simply connected quadrature domains as those

whose Riemann map is rational (Theorem 3.2.1):

Theorem (6.4.4). Let R be rational and Q a simply connected domain with Riemann map ¢ and
0Q containing no poles of R. Then Q € QDy, if and only if R o ¢ extends to a rational function.

We conclude Chapter 6 by presenting several explicit examples of AQDs, including a generalization

of PQDs to negative values of a and AQDs containing multiple singularities of R.



Figure 6.2: An AQD satisfying a weighted quadrature identity with singularities at w = +1:

2
[ oot daon = T2,

for all f € A(Q) with f(x1) = 0, so the integral converges in R—principal value (6.1).

14
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Chapter 2

BACKGROUND

This chapter collects the background material used throughout the thesis. The four ingredients
serve complementary roles. Logarithmic potential theory (§2.1) supplies a geometric framework:
the equilibrium measure and its support - the droplet - provide existence and uniqueness criteria for
quadrature domains via the obstacle problem. Hele-Shaw flow (§2.2) connects to the dynamical
nature of QDs, establishing a duality between potential-theoretic droplets and quadrature domains
that organizes QDs into monotone one-parameter families and governs the formation of boundary
singularities. The Faber transform (§2.3) is the principal computational tool: as a linear isomor-
phism of analytic function spaces which preserves rational functions and admits formulae enabling
explicit computation, it reduces the inverse and direct problems for simply connected QDs to fi-
nite collections of algebraic equations in the coefficients of the Riemann map and the quadrature
function. Finally, the inner/outer factorization of the Riemann map (§2.4) becomes essential in
the weighted setting of Chapters 4 and 5, where the condition for a domain to be a weighted QD
is captured by whether the outer factor ¢, of the Riemann map ¢ may be expressed in terms of

rational functions.

2.1 Potential Theory
Let u be a non-negative measure on C with compact support, K,, = supp(u). The logarithmic

potential and logarithmic energy associated to u are respectively given by

1
0'n) = [ ), 1) = [ vrdn

Now suppose that we have an admissible external field Q. By admissible, we mean Q : C —

(—00, 0] is lower-semicontinuous and satisfies the growth condition
lim (Q(w) —In|w]|) = co.
[w|—o0

In this case, the Q—potential and Q—energy (also referred to as the weighted logarithmic capacity

of w) are respectively given by

— 1 _ U
upon = [ (m g ) + 00w du(e), lo() = [ Udn.

If Q is admissible, then there exists a unique Q—energy minimizing measure u, u(1) = 1, called
the equilibrium measure associated to Q. This is stated rigorously in the following theorem due to

Frostman [11].
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Proposition 2.1.1 (Frostman). If an external field Q is admissible then there exists a measure i
such that

Ip(p) =y := inf Ig(u).
wp(1)=1

Moreover, i is the unique compactly supported measure for which Ug =y on K and U, g > q.e.
. . 1 eqe .

(up to a set of capacity zero) in C." We refer to the support of the equilibrium measure K; as a

“droplet”.

Note that even if Q fails to satisfy the desired growth condition at co, we can still consider the
obstacle problem locally. In particular, if X is a compact subset of C, then we can localize to X by
instead considering the obstacle problem associated to the potential Qx(w) = Q(w)1x + col xe.

We refer to the support of the equilibrium measure in this case as a local droplet.

Now suppose that Q satisfies the stronger growth condition,

lim (Q(w)—tlIn|w|) = o0, Vr € R.
lw|—e0
By Frostman’s theorem, there exists a unique equilibrium measure i associated to Q. The Gauss

variational (or “obstacle”) problem is to find
vi(w) =sup{v(w) : v < Q q.e., v is subharmonic in C, and ~ tIn|w|}.

A direct consequence of this definition is that v,(w) = Ug’(w) + ¢(t), where u; = tu, for u the
equilibrium measure associated to ~'Q, and c(#) is a constant. Furthermore if Q € W>?, p > 1

in an open neighborhood of K; := supp(u;), then

A
d; = ILK,TQdA.

In particular, with the above assumptions, solving the obstacle problem is equivalent to finding the
support of the equilibrium measure associated to the Q—potential. This motivates the following

addendum to Frostman’s theorem.

Proposition 2.1.2 (Frostman, part 2). Let Q be an admissible external field, K a compact subset
of C, and du = ILK%dA. If U* + Q is constant g.e. on K then K is a local droplet of Q. [28, 20]
(Lemma 3.2)

Proposition 2.1.2 can be applied to obtain a useful relation for solving the obstacle problem, the

coincidence equation (Equation 2.1). To this end, we define the coincidence set

K/ ={weC:v(w)=-0(w)}.

!Intuitively, the equilibrium charge distribution must induce a constant potential on its support because otherwise
a current would be induced, redistributing the charge.
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K} is compact, nonempty, and K; C K. In addition, v; is harmonic in C \ K;'. As a consequence,
we have that
—Q(w) = vi(w) = U (w) +c(1)

on K;. Differentiating with respect to w, we find that

00 .
6_W_CQ (w), (2.1
where = denotes equality on dK;, and
1 AQ
Chi(w)i=~ | —=dA
son =g [ S

1S % the weighted Cauchy transform associated to p;. Note that Cg’ is analytic in K; and

Cg‘(w) = O(w™!) about co.

The obstacle problem is quite difficult to solve explicitly in general. However, there are a handful
of cases in the literature for which this has been accomplished in the algebraic case.[9] Lemma
2.2.1 asserts a certain kind of duality between local droplets and quadrature domains: to solve
the obstacle problem, it is sufficient to determine the quadrature domains associated to the local
droplet. In 3.2 we described a method of recovering simply connected QDs from their quadrature
function via the Faber transform. Thus this method may also be used to tackle the obstacle problem.
We will also demonstrate how this duality can be applied to the uniqueness problem for quadrature

domains.

2.2 Hele-Shaw Flow
For Hele-Shaw potentials (AQ is constant), we may correspond the complements of certain droplets

with quadrature domains. In particular,
Lemma 2.2.1 ([20]). Let K be a local droplet corresponding to a Hele-Shaw potential,
Q(w) = |w|* = 2Re(H(w)),

where h = H' is a rational function. Then K€ is a disjoint union of QDs, with 4 = the sum of their

quadrature functions.

Conversely, if the complement of some compact set K is a disjoint union of QDs with /# = the sum

of their quadrature functions, then K is a local droplet of a potential of the form

Z 1x,Hi(w)
]

where the {K; }; are the connected components of K, w; is some point in K;, and c; is a real constant.

O(w) = |wf> - 2Re . Hi(w)=cr+ / h()de.

!
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If we consider a family of these droplets parameterized with respect to ¢, we arrive at the concept
of a backward Hele-Shaw chain, or simply Hele-Shaw chain. Let K,, be a local droplet of charge
to > 0 of an admissible potential, Q. The backward Hele-Shaw chain associated to K, is the family
of compact sets,

K; = St[QK,O]’ 0<r1<10,

where Qk, is the localization of Q to K, and S;[Qk, ] is the support of the equilibrium measure

of mass ¢ associated to Ok, . Several properties of the chain {K,}, are enumerated below.
o prop

Lemma 2.2.2. If K}, is a local droplet of charge #( associated to an admissible potential Q. Then

the backward Hele-Shaw chain {K; }o</<;, associated to K;, exists and satisfies the following

1. Each K; is a local algebraic droplet of Q.
2. The chain {K;}; is monotone increasing.
3. The chain is left-continuous, K;, = Cl (Ug<;<, Ki)-

4. If K;, has no double points, then Je > 0 such that the outer boundary of K; has no singular
points for all £ € (¢ — €, tg).

See [15, 16, 20] for a more detailed explanation of the theory surrounding Lemma 2.2.2.

If {K;}o<i<, 1s a backward Hele-Shaw chain associated to a potential O, then we can extend the
chain to # = 0 by defining Ky = 0 and K|, the set where the global minimum of Q is attained. That
is,

Lemma 2.2.3 (remark 4.20 and corr. 4.23 in [15]). If {K;}o</<, is a backward Hele-Shaw chain

associated to some potential @, then we can extend the chain to 7 = 0 by defining Ky = 0 and K

to be the set where the global minimum of Q is attained. Moreover, KS C K, foreach 0 <t < 19.

This also implies that if K is a droplet of an admissible potential O, then K contains the set where

the global minimum of Q is attained on its interior.

Example 2.2.1. As an example of the utility of this lemma, consider an unbounded domain
Qe QD (%) Let K be the complement of Q with connected components {K;};. Then, by Lemma
2.2.1, K is a local droplet of the potential Q, where Qlg, (w) = lw|*> — 2Re (cl + afv:lv %), for
c; € Cand w; € K;. Hence, by the previous lemma, the global minimum of Q must be attained on
the interior of K. However, at such a global minimum, we must have that g—g = (. But note that

90

_ o«
=w-—,
ale w
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so if w is such a global minimizer, then & = |w|*> > 0. Hence, we conclude that if QD (%) # 0,
then @ > 0. By the coincidence Equation, we find that

wC® (w)=|w|* —a e R.

Thus, Im(wC(w)) is a bounded harmonic function equal to 0 on Q so we find by the maximum
modulus principle that wC (w) = 0 on (it has a root at 0). Hence, |w|’=a, and we may conclude
that Q = D 7 (0). In particular, QD (£) = {D\/E(O)} if @ > 0 and is empty otherwise.

2.3 The Cauchy Projection and The Faber Transform
The Cauchy Projection
If Q is a rectifiable domain, then there is a natural linear operator Cq- : C°(0Q) — H*®(Q) called

the Cauchy projection,

Calfl(w):= yg &df, (2.2)

é—-w
The Cauchy projection has a number of useful properties, summarized in the following lemma.
Lemma 2.3.1. Fix a bounded domain Q with a piecewise C' boundary.
1. If f is analytic on 4R, then
* Caf € A(Q),
* Ca,f € Ap(L),
* f=Caf +Ca,f.
2. If f e A(Q), then Cqof = fand Cq, f = 0.
3. If f € Ap(Q.), then Co, f = f and Cof = 0.
4. If f € M(Q) and extends continuously to dQ, then Cq, f € Raty(Q).

5. If f € M(Q.) and extends continuously to dQ, then Cq f € Rat(Q,).

The analogous results hold for unbounded €.

See Theorem 2.3 of [22] for a related exposition. We also refer to the Cauchy projection, Cq f, as

the “analytic part” of f in Q.

2meaning analytic in an open neighborhood of 4Q



20

The Faber Transform

The Faber transform is a linear operator between functions analytic in the disk (or exterior disk)
and functions analytic in a given simply connected domain. In this thesis, it serves as the main
mechanism for explicitly relating the quadrature function to the Riemann map. See [13] §1.5.1, and
[3, 10, 18], for further discussion of the Faber transform, Faber polynomials, and their properties.

We will begin by defining the interior Faber transform.

Definition 2.3.1. Let Q be a bounded simply connected domain with Riemann map ¢ : D — Q,
normalized so that ¢(0) = wo € Q, and ¢’(0) > 0. Also write  := ¢~!. The associated interior
Faber transform is the operator @, : Ay(D.) — Ap(L.) given by

fou®) 0

- w (2.3)

Oy, (f)(w) = Ca. [f oyl (w) =

Its inverse (I);' : Ap(Qy) — Ay(D,) is given by @;1 (f) :=Cp, [foel.
The relevant properties of @, for our purposes are the following:

* @, is a linear isomorphism Ay (D.) — Ap(L2.).

* @, restricts to an isomorphism Ratg(ID) — Ratg(£2.).

o If f € C°(6D), then
Ca.[foy] =D, (Cp.f). (2.4)
Similarly, when 0Q is piecewise C Iand fe C%0Q),

Co. [f o ¢] =@, (Ca.f) - (2.5)

The discussion for the exterior Faber transform is largely analogous to the interior case, with the
primary difference being the function spaces on which it is defined, A(D). In contrast to the
interior case, this allows one to consider the exterior Faber transform of polynomials, enabling the

construction of Faber polynomials. We begin with the definition of the exterior transform:

Definition 2.3.2. Let Q2 be an unbounded simply connected domain with Riemann map ¢ : D, — Q,
normalized so that ¢(c0) = oo, and ¢’ (o) = ¢ > 0. Also write i := ¢~!. The associated exterior

Faber transform is the map @, : A(D) — A(LQ.), given by the same formula:

ou®) e

pn (2.6)

Oy (f)(w) = Ca. [foy](w) =

Its inverse d);' t A(Q,) — A(D) is given by @;l(f) =Cp [f o]

The corresponding properties are completely analogous:
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* @, is a linear isomorphism A (D) — A(L,).

* @, restricts to an isomorphism Rat(D.) — Rat(Q,).

 If f € C%(6D), then
Ca, [foy] =D, (Cpf). 2.7)
Similarly, when 4€ is piecewise C! and f € C°(0Q),

Co[f ol =@, (Ca.f). (2.8)

Faber polynomials: The Faber polynomials {F,}> , are a special polynomial basis associated to
an unbounded domain € (and ¢) are defined by

Fp=®,(7") =Cq, [¢"], n>0.

Similarly, the inverse Faber polynomials {W,},>( are defined as the inverse Faber transform of the
standard monomial basis. Concretely, F,, and W, are the polynomial parts of /" and ¢" respectively.

They also satisfy the following asymptotic identities
Fpop(z) =2"+0(1), Wyoy(w)=w"+0(1).

For applications throughout this thesis, an important fact is that the Faber transform of a rational
function can be computed explicitly via the calculus of residues. If wy € Q and zg € D (D, for the

exterior transform), then

1 1 ¢'(g) \"Y
¢¢ﬁz—mw)wo_(n—01£v—¢@ﬂ

» 1 1 Y'(&) =D
D, (m) (2) = (n-1)! (Z—l//(f))

These admit closed-form representations in terms of the incomplete Bell polynomials B,, x and the

§=20 (2.9)

&=w

derivatives of ¢:

1 _ & (k - 1)' Bn,k(cp,(ZO)’ SRR Qo(n_k-'-l)(z()))
@, (m) (w) Z (2.10)

Y 2NCES] (w — p(z0)F
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The formula is analogous for d);,l. The specific formulae for n = 1 and n = 2 are provided below.

1 ¢ (20) 1 ¢"(20) ¢'(20)°
® (z—zo) = e © ((z—z )2)( )= e T e

(1 W) LN ) (wo)
i (w —WO) @ =y @ (<w —wO>2) @ = 0 T w2

2.11)
2 2_9

F1(W)=%—?, FZ(W):%—z_];()W"‘%

Wi(z) = cz + fo, Wa(z) = 2% + 2cfoz + f02 +2¢ f1,

where the f; are the coefficients in the Laurent expansion of ¢ at oo, ¢(z) = cz + fo + fiz '+

The Faber transform of a rational function r can be explicitly computed via the following procedure:

1. Compute the partial fraction decomposition of r:
C j .
r(z) = _— 4+ b;7.
@) Z(Z—zj)"f Z /
J J
2. Apply the linearity of the Faber transform:

Dy (r)(w) = D c;® ((Z Z)n)(w)+2bcb (/) (w).

J

3. Apply Equation 2.10:

(k= 1)! Buya (¢ (3)e 74D (2))
Pelrn) = ZCJZ ] e +;bij(W)’

where each F;(w) may be computed by taking the polynomial part of ¢/ (see also [17],
Chapter 18).

2.4 The Inner/Outer Factorization of Riemann Maps

We use only the simplest form of the inner—outer factorization, namely the case of bounded analytic
functions that extend continuously to the boundary and have no boundary zeros. In this setting no
singular inner factor appears: the inner part is a finite Blaschke product determined by the zeros,
and the outer part is given by the Poisson integral formula. We record the corresponding forms on
D and D..

Lemma 2.4.1 (Inner/Outer Factorization).
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(a) Suppose f € H*(D) n C°(CI(D)) is non-vanishing on dD. Then f admits a unique

factorization f = fi, four, Where fi, is the finite Blaschke product consisting of the roots of f

in D, and

2
) =exp 5§ 22 EONge), e, @12)

(b) Suppose f € H®(D,) N C°(CI(D,)) is non-vanishing on dD,. Then f admits a unique
factorization f(z) = finfou» Where fi, is the finite Blaschke product consisting of the roots
of fin D,, and

1 £+zIn|f(€)P
g

four(2) = exp (_ b E-2 ¢

: dg), zeD, (2.13)

Part (a) is the standard inner/outer factorization in the absence of boundary zeros, so the singular
inner factor is absent, and the inner part reduces to a finite Blaschke product (see [23], Theorem
1.12 for a more detailed discussion). Part (b) follows by applying part (a) to the reflection f* on D,
then reflecting back.

For 1 € D, we define the Blaschke factor with root A by

ba(a) o= L 2
TR S

and set bo(z) := z. We will use the following elementary properties of b, repeatedly: b, has a
simple root at A, |b,| = 1 on 8D, and b*(z) = ba(z)™".

We now consider the consequences of this representation when f is a Riemann map. In particular,

the preceding integral representation can be rewritten in terms of the Faber transform.

Theorem 2.4.1. If ¢ is the Riemann map associated to a simply connected domain € with compact

piecewise C U boundary such that 0 ¢ 0Q, then © = QinPout, Where

Pou(2) = Cexp (cb;l (Ga. [mw?])’ (z)) : (2.14)

for some C € C. If Q is bounded, then ¢in(z) = 1 when 0 ¢ Q, and ¢in(z2) = by, (z) when 0 € Q. If
Q is unbounded, then ¢iz(z) = z when 0 ¢ Q, and ¢in(z) = 2b,,(z) when 0 € Q. zg is the unique
root of .

Because ¢ has a simple pole at infinity in the unbounded case, it does not belong to H* (D), so the
classical inner-outer factorization of Lemma 2.4.1 does not apply directly. However, the normalized
map f(z) := ¢(z)/z is bounded and non-vanishing on the boundary, so f € H*(D,) N C°(Cl(D,)).
Therefore, we define the factorization of ¢ by decomposing f = finfour Via Lemma 2.4.1. We
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define the outer factor of the Riemann map as ¢y = fou and the extended inner factor as
¢in(2) := zfin(2). The proof of Theorem 2.4.1 is in Appendix A.2.

The Power Factorization

For certain classes of weighted quadrature domains, a factorization of the form ¢ = @i @our, Where
1 . . . )

¢@out = fa for some a > 0 and analytic function f, is more suitable. We state the analog of Theorem

2.4.1 for an outer factor of this form here.

Theorem 2.4.2. If ¢ is the Riemann map associated to a simply connected domain Q with compact

piecewise C' boundary, then ¢ = @in@ou, where

at\#
R (Csz* [IWIZ“ (M) ]) +C, (2.15)

w

for some C € C. If Q is bounded, then ¢in(z) = 1 when 0 ¢ Q, and ¢in(z) = b,,(z) when 0 € Q.
If Q is unbounded, then ¢in(z) = z when 0 ¢ Q, and ¢in(2) = zb;,(z) when 0 € Q. Here, zg is the

unique root of .

The proof is in Appendix A.2. It is worth noting that, redefining C appropriately, Equation 2.15 is

equivalent to

a _ a_ 6 at\#
D=t (o [P (ot e

a w

So sending, a — 0", we obtain

Inogou(2) = ;' (Ca. [inwP]) (2) +C.

which is equivalent to Equation 2.14.
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Chapter 3

QUADRATURE DOMAINS

Given a rectifiable domain Q and an integrable test class F = F (Q) of functions analytic in Q
and continuous on C1(L2), we informally say that Q is a quadrature domain with respect to F if it

satisfies a Green’s theorem-like identity of the form

/fdA =y§ Fw)h(w)dw, f e F(Q), (3.1)
Q oQ

where £ is a rational function with poles only in Q, referred to as a quadrature function. The poles
of h are referred to as quadrature nodes. The most well-known example of such a domain is the
open disk Q = D, (wy). In particular, if f € A(D,(wy)) then, by Green’s theorem and the fact that

lw — wo|*=r?, we find
/ fdA(w) = f fw)ywdw
Dr(W()) oD, (WO)

2
=y§ f(w)( 4 +W_o)dw
oDy (wo) w=Wwo

r2
= ‘7{ f(w) dw
0Dy (wo) w=Wwo

Hence, Q = D, (wy) satisfies an identity in the form of Equation 3.1, with A(w) =

72

=— Aharonov
& Shapiro [1] demonstrated the converse statement: disks are the only finitely connected bounded

domains which satisfy the mean value property.

Note that if € is bounded, then Equation 3.1 is equivalent to the existence of a finite collection of
ay € Q, ¢y € C, and my € N such that

[ ran=Y s ™. fer@. (32)

k

This is commonly referred to as a quadrature identity. These two formulations are related via

the residue theorem, whence we obtain the formula 2(w) = Y, # Returning to the prior

example of Q = D, (wq), we recover the classical mean value property for the disk,

/ FdA = f (wo).
Dy (wo)

We will now formally define quadrature domains along the lines of [13], beginning with the case
in which Q is bounded.
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Definition 3.0.1 (Bounded quadrature domain). A bounded rectifiable domain Q c C is a quadra-
ture domain if there exists & € Rat (L) such that Equation 3.1 holds for all f € A(Q).

However, if Q is an unbounded domain, then A(L2) is not an integrable test class (even in principal
value). Hence, a slightly smaller test class is necessary for a consistent definition of unbounded

quadrature domains.

Definition 3.0.2 (Unbounded quadrature domain). An unbounded rectifiable domain Q C Cisa
quadrature domain if there exists 4 € Rat(€) such that Equation 3.1 holds for all f € Ay(L).

By Q € QD(#h), we denote that Q is a bounded or unbounded QD with quadrature function 4. We
furthermore write Q € QD if there exists & such that Q € QD(h). We will always require that
Q = Int(CI(Q)) because otherwise arbitrarily many QDs with the same quadrature function could

be constructed via deletion of subsets of measure zero.

3.1 Basic Properties
The following discussion (cf. [13, 20]) summarizes several important properties/characterizations

of quadrature domains.

Proposition 3.1.1. Let Q be a rectifiable domain. Then the following are equivalent
1. Qe QD,
2. C%|q, extends to a rational function on C,

3. Q admits a Schwarz function.

A Schwarz function S : CI(Q) — Cis a meromorphic function extending continuously to the
boundary such that S(w)=w.! C® denotes the Cauchy transform
dA
aw—§&
Furthermore, if Q € QD(%), then its Schwarz function satisfies the identity [8]

S(w) = h(w) + C*(w). (3.3)

The boundary regularity of quadrature domains depends crucially on the existence of a Schwarz
function; in particular, a local Schwarz function. This follows from the celebrated Sakai regularity
theorem (3.1.1). We say that S is a local Schwarz function for Q at wy € 9Q if there exists € > 0
such that S € A(D.(wo) N CI(Q)) and S(w) = w on D¢ (wg) N dQ. The Sakai regularity theorem

states:

IRecall that = denotes equality on 9Q.
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Theorem 3.1.1 (Sakai Regularity [30]). If S is a local Schwarz function at a singular point wq of

0Q, then wy is either a (conformal) cusp, a double point, or a degenerate point.

See [20], §3.2 for a more formal discussion of Sakai regularity and the relevant nomenclature
(cusp, double point, degenerate point, local Schwarz function, etc.). An immediate consequence

of Sakai’s theorem is the following regularity theorem for QDs:

Corollary 3.1.1. If Q € QD, then 9Q has finitely many singular points, and each is a cusp or a
double point.

An important consequence of Corollary 3.1.1 is that the boundary of a quadrature domain is
piecewise C!. This level of boundary regularity implies a number of nice properties for function

spaces on € (e.g. Lemma 2.3.1).

3.2 The Inverse and Direct Problems for Simply Connected QDs

A central problem in the theory of quadrature domains is that of reconstructing a QD given its
quadrature function. This is referred to as the inverse problem for quadrature domains. Comple-
mentary to this is the direct problem, which is concerned with determining the quadrature function

associated to a given quadrature domain.

For simply connected domains, these problems may be reduced to relating the quadrature function
of the domain and its Riemann map. A classic result in the theory of quadrature domains provides
a characterization of simply connected QDs in terms of the associated Riemann map, which we

state here.

Theorem 3.2.1 ([1]). A simply connected domain is a quadrature domain if and only if its Riemann

map extends to a rational function.

Hence, for simply connected QDs, the inverse and direct problems reduce to the problem of
determining the relationship between the finitely many poles and coefficients of the quadrature
function, and the finitely many poles and coefficients of the Riemann map. Formulae relating the
Riemann map of a given simply connected QD with its quadrature identity have appeared in various
forms going as far back as Davis [8] (1974) in the case of bounded classical QDs. More recently,
Ameur, Helmer, and Tellander (2021) apply a form of this identity ([2] Equation 2), referred to
as the “master formula”, to the uniqueness problems for bounded classical QDs. This “master

formula” represents the Riemann map in terms of the quadrature measure u = oh:

0(z) = W(_;_) (3.4)
¢'(A)(1 = zA)
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where ¢, u is the pushforward measure.

Chang [6] considers an essentially equivalent formula in terms of the Faber transform, an isomor-
phism of analytic functions on the disk with those on another bounded simply connected domain.
We provide generalizations of this approach to unbounded domains (Theorem 3.2.3) and some
classes of weighted domains (§4, §5, §6). After fixing some conventions and notation regarding
the Riemann map, we will proceed with a brief proof of Theorem 3.2.1, followed by an exposition
of the method for classical BQDs and UQDs.

Let Q be a bounded simply connected domain. The Riemann mapping theorem asserts that Q is
conformally equivalent to the disk, and that the associated conformal map is unique up to a rotation
and recentering. In particular, for each wq € Q there exists a unique biholomorphism ¢ : D — Q
for which ¢(0) = wg and ¢’(0) > 0, so that

¢(2) = wo + ¢ (0)z + 0(z*)

We refer to ¢ as the Riemann map associated to €2 and wg. On the other hand, when € is unbounded,

there exists a unique biholomorphism ¢ : D, — Q for which ¢(c0) = oo and ¢’(c0) > 0, so that
0(z) = cz+ fo+0(z7)).

In this case, too, we refer to ¢ as the Riemann map associated to €.

Solving the Inverse and Direct Problems via the Faber Transform

A central goal of this thesis is to demonstrate a method of reconstructing the Riemann map
associated to a simply connected QD from its quadrature function and vice-versa (i.e. to solve
the inverse and direct problems for simply connected QDs). Theorems 3.2.2 and 3.2.3 provide
characterizations of this method for bounded and unbounded domains respectively. We denote by

@, the Faber transform associated to the Riemann map ¢.

Theorem 3.2.2 ([13], Theorem 1.5). Let Q € QD(h) be a bounded and simply connected domain
with quadrature function h € Raty(Q) and Riemann map ¢ : D — Q. In this case,

h=a,(co. [¢"]) (3.5)

and
¢ =p(0) + @, (). (3.6)

In particular, Equations 3.5 and 3.6 respectively solve the direct and inverse problems for BQDs.
Note that Cp,¢* = ¢* — ¢(0), so h = @, (go# -~ go(O)) is an equivalent form of Equation 3.5.
Theorem 3.2.3 covers the analogous result for UQDs.
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Theorem 3.2.3 ([13], Theorem 1.6). Let Q € QD(h) be an unbounded and simply connected

domain with quadrature function h € Rat(Q) and Riemann map ¢ : D, — Q. In this case,

h=a, (G [¢"]) 3.7)

and
0(2) = cz+ @, (W) (2). (3.8)

Note that Cp [¢*(z)] = ¢*(2) — cz7!, s0 h = @, (¢*(z) — cz™!) is an equivalent form of Equation
3.7.

For a more detailed discussion and proofs of Theorems 3.2.2 and 3.2.3, see Graven & Makarov [13].
With these results established, we are now prepared to state and prove the main theorem of this
chapter: Theorem 3.3.1, which gives a complete classification of one-point quadrature domains.
This classification includes unbounded one-point QDs - a family with far richer structure than the

classical bounded case.

3.3 Classification of One-Point QDs

We are now prepared to consider the problem of classifying simply connected one-point quadrature

a
w—wo

domains. That is, simply connected Q € QD ( for some @ € C and wo € C. That is, we're

interested in classifying domains € admitting a quadrature identity of the form

/ fdA = af (wo)
Q

While the case in which @ > 0 has been extensively studied (see, e.g. [9]), the @ € C case has
received little attention. It is well-known that if @ = 0 then Q is an exterior disk centered at the
origin (e.g. [20]). Itis worth noting that, while both BQDs and UQDs generically exist when @ > 0,
this is not true when @ # 0, in which case there are no BQDs (this follows straightforwardly from
applying the quadrature identity to 1 € A(L)). The central result of this section is the following

classification theorem:

Theorem 3.3.1. Take @ € C\ Rxg and wy # 0. Then

(0

QD( );e(z) =  |wol® +2Re (@) > 2|a|.

w —Wwq

In this case, there exists t, € (0, ) such that

w—wqo

(where t = A(Q;));

1. OD ( 5 ) = {Q:}0<1<s,» a continuous monotone (2.2.2) family of simply connected domains
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2. 0Q; is smooth for all 0 < t < t. and the family terminates with the formation of a (3,2) cusp

art = t,.

In the course of the proof of 3.3.1, we also obtain a characterization of the Riemann map associated
to each €;:

Corollary 3.3.1. If Q € QD ( < ) is unbounded then it is simply connected and its Riemann map

w—wq

is given by Equation 3.10.

We begin by simplifying the situation via a change of variables: Note that if a,b € C and a # 0,
then

QeQD(h) & aQ+b eQD(Eh(W_b)),
“ (3.9)

QecQD(h) aQ+beQD(ah(W_b)+Z),

a

when Q is bounded and unbounded respectively. To see this note that if we set g(w) = aw + b,
then

/ fdA = / f o glgl2dA = |af? f Fogwh(wydw=ad  f(w)hog™ (wydw.
g(Q) Q oQ

74(®)

The unbounded case is analogous, except one must take into account the Cauchy principal value.

. . . . ol _ . . .
Applying this result (Equation 3.9) with a = 29 and b = 0, yields Q € QD( a ) if and only if

w—wy

|x—g|9 € QD (W_TW()'). So we can WLOG assume that wg > 0 (unless wy = 0, in which case @ must

be positive and Q = D 5 (0) [Example 2.2.1]). We begin with a discussion of the case in which @

is real.

One-Point QDs for Real o
While the family of one-point QDs with positive quadrature constant « is well understood, much
less is known concerning the case in which @ < 0. We review the positive case first.

The positive case (a > 0):

Here it is instructive to consider the problem from the perspective of Hele-Shaw flow. In particular,

by Lemma 2.2.1 if Q € QD ( £ ) is unbounded and simply connected, then its complement K is

w—wo

a local droplet of the potential

O(w) = |w|*> = 2Re(e In(w — wy)).
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Thus one might expect a 1—parameter family of QDs {€;};, parameterized by the measure of the
droplets in the corresponding Hele-Shaw chain. This turns out to be the case: if @ > O then there

is a unique 1—parameter family of simply connected domains

@

(Q}o<i<r. = QD ( ) N {Q cC:Qis unbounded} ,

w —=Wwo

where t, = wo(wq + 24/). This family of domains may be represented by a one-parameter family

of Riemann maps, {¢; : D, — Q;};, given explicitly by

Z—20+ m—lzdz;l
¢i(2) = cz =k (3.10)
Z — 20

where ¢ = c¢(t) is the conformal radius of Q,, and zo = zo(c) is the unique real number > 1 for
which

0= czzgL - cwozg - azg — cwozo + w(z), and ¢, (1) < wy. (3.11)

Such a 7 can be shown to exist if and only if 0 < ¢ < wg + Va (corresponding to 0 < ¢ <
wo(wo + 2va)). ¢ and ¢ satisfy

0=t*+Qa-cAr+ (®+ 202(3w(2) — ) + czw(z)(4a + w(z))t + 8c6w(2) (3.12)

Figure 3.1: Q; € QD (ﬁ) (complements of shaded regions) for increasing ¢ up to the critical time
(left) and after the critical time (right).

On the other hand when ¢ > ¢, the unique bounded tfamily {€;},,, is constant. It is well-known that
Q; = D z(wo). From the perspective of Hele-Shaw flow, this can be understood as a two-phase

flow for which K; = Qf is initially simply connected, before forming a double-point at some critical
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time ., after which K; becomes doubly connected of the form D, (0) \ D, 5 (wo) (see Figure 3.1).
Note that for ¢ > ¢, K; actually contains two components, one being our one-point BQD, and the
other a null QD.

The negative case (o < 0):

The situation when @ < 0 is in many ways the same as the @ > 0 case. In particular, there exists

0 < t. < oo and a simply connected 1—parameter family {Q;}o<«<;, = QD (W f‘WO) if and only
if —w(z) < 4a < 0. They too are characterized by Equations 3.10 and 3.11. The two cases are
distinguished, however, by their behaviour at the critical time. In particular, while Q; forms a

double point when a > 0, a (3, 2)—cusp develops as t — ¢, when a < 0, after which no such Q,
(w%—a)(w(z)+4a)

exists. Moreover ¢, is the middle root of the cubic 8¢ — 15wyc? + 6(w(2) +4a)c + o ,

which is given explicitly by

332 _ _ 2
c*=@(5—6\/1— sin(lsin_1 (32,8—3ﬁ31))), ﬁ:a(i) .
8 3 (1-p)

t. can then be determined from Equation 3.12 (see Figure 3.2).

c=-0.9 c=-0.7

Figure 3.2: Q; € QD (%) (complements of shaded regions) for @ € {-.9,-.7,-.4,-.2} for
increasing ¢ up to the critical time.
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We now shift our consideration to the more general situation of @ € C \ Ry, in which case Q is
necessarily unbounded when it exists. Here we will see that such domains exist precisely when a
lies within the parabolic region characterized by |wo|> + 2Re(a) > 2|a|. In addition, we will see
that Q; (as defined above) ceases to exist for ¢ sufficiently large. We’re now prepared to prove the

main theorem of the section.

Proof of Theorem 3.3.1

c=0.+191 c=0.+1.21

c=0.+081 c=0.+0.31

Figure 3.3: Qf for @ € {1.97,1.2i,.8i,.3i} and wo = 2 (shaded) for increasing ¢ up to the critical
time.

First and foremost, we establish that Q € QD (W_“WO) is simply connected: This is an immediate

consequence of the fact that Q is a quadrature domain of order do = deg (Wf‘w()) =1, s0 Lee &

Makarov’s topological bound ([20] §1.4) implies Q is simply connected. Next, by Equation 3.9,
Q e QD( L 0) if and only if W%,Q € QD (%) That is, it will be sufficient to consider

w

Qe QD (-%).

Existence Criterion
The general approach here is to show

1. QD (ﬁ) is non-empty <= a certain potential Q has a local minimum,
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2. Q has alocal minimum <= 2 + Re(a@) > |a|.

(1) Suppose there exists an unbounded Q € QD (ﬁ) Then, by Lemma 2.2.1, K := Q¢ is a local
droplet of the potential

n n
Q(w) = [w|* = 2Re(aIn(w - wp)) + > c;lgn, K=| |KY,
j=1 j=1
where the K/) are the connected components of K. Let {Kt}f:(é( ) be the backwards Hele-Shaw
chain associated to K, so that KS # (0 (2.2.2). However, KS is the locus of minima of Q so it must

have a local minimum.

On the other hand, suppose Q(w) = |w|?> — 2Re(« In(w — 2)) has a local minimum, so it admits a
local droplet K; for some 7 > 0. Then Q := K{ € QD (%) (by 2.2.1).

(2) We now show that Q(w) = |w|*> — 2Re(a In(w — 2)) admits a local minimum if and only
if 2 + Re(@) > |a|, and that this local minimum is unique when it exists. Q may have a local
minimum only if W = —%. Taking this equation with its conjugate, we arrive at the following set

of all candidate minima:

w = % (2 +ilm(a) + \/4 + 4Re(@) — Im?(a) | .

If 4 + 4Re(a) — Im?(a@) < 0, then

w— LZ = ii\/Imz(a) —4Re(a) —4 # 0,
s0 no solutions exist in this case. If 4 + 4Re(a) — Im?(a) = 0, then our unique candidate solution

1
isw:1+im(a)

. However, expanding in series about this point demonstrates that it is not a
minimum.

Finally, if 4 + 4Re(a) —Im?(a) > 0, then its easy to show that g—g = 0, so we have candidate minima

only in this case. Local analysis demonstrates that w = % (2 + iIm(a@) + \/4 + 4Re(a) — Imz(a)) is

not, in fact, a minimum. So, finally, we’ll check that w = % (2 + ilm(a) — \/4 + 4Re(a) — Imz(a/))

is alocal minimum. For aroot of g—g to be a local minimum, it is sufficient to check that AQ > 4 )%
or, equivalently, |a| < |w — 2|2. By assumption,

Re(a) +1
V4 + 4Re(@) — Imz(a),

-1 <

SO
2

la|* = Re?(a) + Im*(a) < (Re(a/) +24 \/4 + 4Re(a) — Imz(a/)) ,




35

thus, noting that Re(a@) > —1,

Imz(a) + (2 + \/4 + 4Re(@) — Imz(a))z

4
The fact that 4 + 4Re(e) < Im?(a) &= 2+ Re(a) > |a| completes the proof of this second

= |lw -2

la| < Re(a) +2 + \/4 +4Re(a) — Im?(a@) =

claim. We conclude that QD (-%5) is non-empty &= 2+ Re(a) > |a|.

The Riemann Map

Fix @ # 0 so € is unbounded (and simply connected, by above), and let ¢ be the Riemann map

associated to €. Then by Equation 3.8,

_ a \* ay'(2) \* a 1 -2z
¢(2) :cz+<D‘p1 (—) (2) :cz+(ﬂ) =cz+ T —==CZ _il
w=2 z—y(2) ¢ (z0) 2 — 20 7-20
for some z; € C. Now recall that 2 = ¢(z¢), which implies z; = z9 — %|Z|OZ|02|;1 , SO
21
¢(z) =cz —
Z-720

In particular we have shown that if Q € QD (ﬁ) for some a # 0, then Q may be represented by a

Riemann map of the above form.

Existence and Uniqueness of the One-Parameter Family

The fact that QD (ﬁ) is nonempty when 2 + Re(a@) > a was established in 3.3. Thus the existence
of the continuous monotone family {Q,}, follows directly from the existence of a backward Hele-
Shaw chain (2.2.2). For uniqueness, suppose 3€2; and €; with A(€;) = A(€;) =t > 0. Then by
lemmas 2.2.1 and 2.2.3, the complements of both of these domains, K; and K/, are local droplets
of O, which has a unique local minimum in K; N K;. If we localize to an open nbhd of K; U K{

then, by Frostman’s theorem 2.1.1, K; = K q.e, so £; = €.

Now all we need establish is the existence of such a maximal ¢... Firstly, Equation 3.7 gives

_ _ _ (czolzol? = 2)(czg - 2)
=) =D (CDSD#) () = |zo2(w —2) ’

(we compute using partial fractions and Equation 2.9). This implies

a@|z0)* = (czolzol* = 2)(cZo - 2). (3.13)

01

w—2

Then, setting zo = c~lre', we find that 0 = r* — 2¢r3 — ar? — 2c%re™ + 4¢2. Then, considering

. . 2 _1

the asymptotics as ¢ — oo, we see that either r € O(c3) or r € O(1). Thus |z9| < ¢73, so
20 %, 0 but |zo| > 1, so no solution exists for ¢ sufficiently large. Thus there exists a maximal
t. > 0.



36

Cusp Formation

We would like to show that (a) €, contains a single (3, 2) cusp and (b) d€; is smooth whenever
0 <t < t,.. Recall that Q has a Riemann map in the form of Equation 3.10. Thus for (a) all we need
show is that if 0Q; = f;(dD) (where f;(z) = zz 972 for some @ = a(t) € R and zg = z9(¢) € D,)
is a continuous family of bounded curves and there exists some maximal 7, > 0 such that f; is
univalent in D,, then 9€;, contains a single (3, 2) cusp. In particular, for (a) it is sufficient to show
that

1. If f/(z.) = 0 for some z. € 9D, then f;(0D) has a (3,2)—cusp at f;(z.).

2. If f; continuously transitions out of univalence at ¢ = t., then there exists z, € dD such that
fi(z) =0
M) f/(z) = zo % s00 = f/(z.) = z+(2+70 — 2) + z0 + . Considering this equation along

with its conjugate, we obtain zg +a = 2 -7, 80 f;(z) = ZZ 245

= Once again setting f;(z.) = 0, and
solving for z,., we find that z, = 1 or z, = ZZ—_OZO However, in the latter case, we find that Re(zg) = 1,
in which case f; is not univalent (in fact f,(6D) is a slit). Thus z, = 1 so, expanding f;(e'?) about

6 =0, weobtainzy ' f;(e'?) -1 =

% t e t 0(6%), confirming that the cusp is of type (3, 2).

(2) Suppose that f; continuously transitions out of univalence at ¢t = ¢,, so that for ¢ > ¢,, there exist
z #w € dD, such that f;(z) — f;(w) = 0. Then
fild) - filw) — _zo+a+w(zZo-1) -z

0= J 7 7 — — = zp+ta+w(zzo-1)-z2=0.
—w " @ D D) 0 (-1

This is a linear equation in w, so it admits at most one solution. Thus f;(dD) can have at most one
self intersection point, and this is a simple root, so the intersection is transversal. That is, for each

€ > 0, f;,+¢ is not univalent in D, so f;, +¢(9D,) is a topological figure-eight.

By the Whitney-Graustein theorem, which states that two regular closed curves in the plane have
a regular homotopy between them if and only if they have the same degree, there is no regular
homotopy between the figure eight and a simple closed curve.[19] Therefore a singularity in the
derivative must form on the boundary during the transition. In particular, the derivative of f;, has a
singularity at some point z, € dD. Then, because |zo| # 1, the form of f; implies that f; (z.) # oo,
so f; (z.) = 0. We conclude that the only way that f; can continuously transition out of univalence
is with the formation of a (3, 2)—cusp on f(9D).

The claim (b) of the smoothness of dQ for 0 < ¢ < t, then follows immediately from the fact that
if a droplet in a Hele-Shaw chain contains a (3, 2) cusp then it is maximal ([6] §4.1). |
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Univalence Criterion

For univalence of ¢, it is sufficient to check that ¢(z) # ¢(w) for all distinct z,w € dD. The
sufficiency of injectivity on the boundary is a classic result, sometimes referred to as “Darboux’s

theorem”:

Lemma 3.3.1 ([26], Lemma 1.1). Let f be an analytic map on a Jordan domain € which extends

continuously to the boundary. If f is injective on 9€2 then f is univalent in Q.

In our case, if ¢(z) = ¢(w) but z # w, then one can show that

-2, ) (2~ cz0) —_
0=4(2) - p(w) = (2= w) c—((O__OI) | - =1 1
zz0 — )(wzo - 1) (|Z0|2_1)(L_1) wzo— 1

CZ0

But the left and right hand sides of this equation are simply Mobius transformations, so the image
of dD under each is a circle. Thus it is necessary and sufficient to check that these circles don’t

intersect. A pair of circles 9D, (x1) and 8D, (x2) intersect if and only if (r| — r2)? < |x] —x2|? <
-1 _ -1
L—l‘ , X1 = —(|Z0|2—1) I(L—l) and

Cc20 c20

. -1
(r1 +r2)%. In this case, r1 = |z0| (|z0]* = 1)

ra = |20 (lZO|2 - 1)_],362 = (|Zo|2 - 1)_1. Thus

(lezol + lezo = 2))°

o Uezol =lezo =22 L
(2o = 12lezo - 27

2 2 2 = 2 2 7 S |20l
(Izol* = 1)*|czo = 2 (Izol* = 1)*|czo — 2|

In particular, ¢ is univalent if and only if |z9| > 1 and
2 <|lezol = lezo = 2 |zol or [lczol + lczo — 2| |z0] < 2

However, ||czo| + |czo — 2|| |zo] < 2 implies |z9| < 1, and 2 < ||czo| — |czo — 2|] |zo| implies
|zo| > 1, so we may conclude that ¢ is univalent if and only if

2 <lezol = lezo = 2|[ [zol- (3.14)
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c=-0.8

Figure 3.4: Q; € QD (ﬁ) (complements of shaded) for various values of @, and increasing ¢ up
to the critical value. Note that the critical value is decreasing as |wo|? + 2Re(«) — 2|a| approaches

0.
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Chapter 4

POWER-WEIGHTED QUADRATURE DOMAINS

We will begin our study of weighted quadrature domains by discussing the instructive example of
power-weighted quadrature domains (PQDs). Informally, a PQD is a domain Q C C if it admits
a quadrature identity in which the integral over the domain is taken with respect to the weight
pa(w) = |w|?@D for some a > 0. The choice of p, is motivated by the correspondence between

PQDs and local droplets of potentials of the form

|W|2a

o 2Re(H(w)).

O(w) =

The exact nature of this correspondence is detailed in Propositions 4.1.1, 4.4.1, and 4.4.2. Before
a deeper study of PQDs, we begin with a brief discussion of weighted quadrature domains, which

are the subject of §6.

4.1 Weighted Quadrature Domains
As the name suggests, a p—weighted quadrature domain is a domain Q C C satisfying a quadrature
identity in which the area integral is taken with respect to the weight p > 0. Consider p(w) =

4 _ 1A|W|6 fi 1
lw|* = 7A55- as a first example.

Example 4.1.1. If ¢ > 0, then the unbounded domain Q. = {w € C: w3 — 1] > ¢3} is a WQD

6
3iw§_1 + 1. Thus

with respect to the weight p(w) = |w|*. To see this, note that w3 — 1|>=c%, sow
for each f € Ap(Q),

2
/Q FOnwldA(w) = }ig Fo0 S

6
= jgg f(w)%w2 (W3C_ 1 + 1) dw

Applying the residue theorem and the fact that the third roots of unity are not in €2, we find

5
3 b

/ FOw)wl*dA(w) = -
Q

where f(w) = fiw™ + w2 + w3 + 0(w™3).

We observe in Figure 4.1 that the boundary of Q forms corners at the origin. Here, the angle is %.

This is a special case of a more general phenomenon: the angle of intersection of the boundary of

a PQD with the origin is observed to be an integer multiple of 7 whenever a > %
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® @O

Figure 4.1: Q € QD)4 (%2, &Z(O(Q)) (the complements of the shaded regions) for ¢ = .95, 1, 1.05
transitioning from multiply connected to simply connected (left to right)

As for classical quadrature domains, the existence of a weighted quadrature identity is equivalent
to the existence of a rational function 4 for which Equation 4.1 holds over some analytic test class

F (e.g h(w) = %2 in example 4.1.1). This motivates the following definition.

Definition 4.1.1 (Weighted quadrature domain). Let Q C C be a rectifiable domain and p an
admissible weight function on Q. € is a p—weighted quadrature domain with respect to the

p—integrable analytic test class F if there exists a rational function % for which

/fpdA:‘?{ fw)h(w)dw 4.1)
Q oQ

holds for all f € #. This is denoted by Q € QD,, (h; F).

A weight p on Q is said to be admissible if it is measurable, non-negative, and satisfies 0 < p < oo

almost everywhere. The associated measure

v(U) ::‘/l;pdA

is then positive, o-—finite, and absolutely continuous with respect to the Lebesgue measure dA,

with Radon-Nikodym derivative % = p.

While this definition is very general, one can still recover analogs of many of the results for
classical QDs - at least in certain special cases. The following proposition provides an analogue of

the coincidence equation (3.3) for a broad class of radially symmetric weights.

Proposition 4.1.1. Let Q € QD (h; ¥) be a bounded domain where p = aawz—aFw = %AF for some
real valued F € C%(CI(Q)), radially symmetric with respect to the origin. If A(Q) C F, then
there exists G € A(LQ) such that

OF 1wy + Gw). (4.2)
ow
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The same holds when Q is unbounded, with each A (L) above replaced by Ay(L2).

Proof of Proposition 4.1.1. Let Q € QD,(h;¥) be a bounded domain with p = %AF , where
F € C?*(C1(Q)) is radially symmetric with respect to the origin. By assumption if f € A(LQ) then

f € ¥, so applying the quadrature identity and Green’s theorem, we obtain

oF oF
jggf(w) (h(w) - %) dw = jgg fw)h(w)dw — }ég f(w)%dw
/pr /pr

Therefore there exists G € A(L) such that g—f;ih + G. The proof in the unbounded case is entirely

analogous. O

This generalized coincidence equation naturally leads to the notion of a generalized Schwarz
function associated to F' and Q, S:=h+ G— e M(Q). For example if Q is a bounded domain
in QD pta-1) (h; A(LQ)), so that F(w) = for some a > 0, then Proposition 4.1.1 implies

S(w) := h(w) + G(w)iémwlz(“‘l),

for some G € A(Q) (see Equation 4.3). In the remainder of this section, we explore various

families of PQDs and their properties.

4.2 Definition and Basic Properties

Power-weighted quadrature domains behave very much like classical QDs away from the origin.
However, the singularity of p, (w) = |w|?>(@~1 at the origin gives rise to behavior which is excluded
in the classical case (by Sakai regularity, e.g. Theorem 3.2 of [20]): the development of “corners”
on the boundary (e.g. in Figures 4.1, 4.2, 4.3, and 4.4). It appears that this phenomenon isn’t
unique to PQDs, but is generic among WQDs with a singular weight.

As in the classical case, the choice of test class F is of great importance when it comes to the

uniqueness of the quadrature function. For example if €2 were unbounded then for each a € C,
j{ fw) (a+ h(w))dw = j{ fw)h(w)dw
0Q 0Q

whenever f € L} (Q;p,) and a > 1. That is, QDpa(h;L;(Q;pa)) =QD,, (h+a; LL(Q:p,)) for
all @ € C. This isn’t the case, however, when ¥ = Ay (Q) because if w € Q, then & — (£ —w)~! €

Ao (€),
o8 N ey f M s § MO

oo &-—w aé—-w eé—-w
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|W|2a

Applying Proposition 4.1.1 with F(w) = =, we find that there exists G € A(Q) (Ao(L2) when
€ is unbounded) for which

éWlwlz(‘H)ih(w) +G(w). (4.3)

Note this implies that when €2 is bounded (resp. unbounded), % is uniquely associated to Q if we
restrict to the class Raty(€Q) (resp. Rat(Q)): If Q is a PQD with F = A(Q) (resp. Ap(LQ)) two
such quadrature functions A1, hy then

A1) = a0 (ST = G100 = (TP = Ga)) = Galw) = G o)

Hence h; — h; continues analytically into Q. So when Q is bounded, i; — h, € Raty(Q) N A(Q) =
{0}, and when Q is unbounded, i; — h; € Rat(Q) N Ay(Q) = {0}, so h; = hy. This motivates the
following definition.

Definition 4.2.1 (Power-weighted quadrature domain). Take a > 0 and let Q be a bounded (resp.
unbounded) rectifiable domain equal to the interior of its closure. We say that Q is a PQD if there
exists i € Raty(Q) (resp. Rat(Q)) for which

[ teatn= ¢ sonnonas @.4)
Q aQ

is satisfied for all f € A(Q) (resp. Ag(L2)). This is denoted by Q € QD (k).

In the language of general weighted quadrature domains, this is equivalent to the statement that
Q € QD,, (h; A(L)) with h € Raty(2) when Qisbounded, and Q € QD,, (h; Ap(£2)), h € Rat(Q)
when Q is unbounded. We also denote by Q € QD,, that there exists an A for which Q € QD (%).

There are several equivalent characterizations of PQDs in the spirit of Proposition 3.1.1:

Theorem 4.2.1. IfQ C Cisa rectifiable domain equal to the interior of its closure and a > 0 then

the following are equivalent

1. There exists a rational h for which Q € QD (h).
2. There exists a G € A(Q) (Ay when Q is unbounded) and a rational h for which

1
—wiw? @ D=p(w) + G(w).
a

3. There exists a function S, € M(Q) for which S,(w)=1w|w|>@=D. This is the generalized

a

Schwarz function associated to Q.

Moreover in this case h = Cq, [Sq], and G is the p,—weighted Cauchy transform of €,

2(a-1)
G(w):/Q €1 —A©). 4.5)

w



43

The generalized Schwarz function S, € M(L) is unique when it exists as a consequence of its
equality with éWlwlz(‘H) on 0Q2. We'll see in the next section that simply connected PQDs admit

an additional characterization in terms of their Riemann map.

Proof of Theorem 4.2.1.

(1) = (2): This is immediate from Equation 4.3 (via Proposition 4.1.1).

2) = (3): %W|w|2(“_1)ih(w) + G(w) =: S4(w), is the generalized Schwarz function for Q
because 1 + G € M(Q). Also, Cg, [Sq] = Ca, [h + G] = h.

(3) = (1): Finally, if Q is a bounded domain for which such an S, exists, and f € A(Q), then

/ FO w2V dA (w) = f FOv)SwlwPe D dy = yf FO0)Sa(w)dw
Q oQ a oQ
_ f FO)Ca, [Sa(w)] dw = f FOnh(w)dw,
0Q 0Q

So Q € QD,(h). The argument in the unbounded case is completely analogous.

Finally, we verify Equation 4.5: First, if Q is unbounded then for each w € Q,

[ G@de o EEPY —n@ o JEEPD o jge)
G(W)‘fg - ﬂgg* df—fag* —df—/g* —7 A,

o &E—w E—w w—=¢& w
The first equality is from Cauchy’s integral formula, the second follows from (2), the third follows
from the fact that 4 € A(Q.), and the final equality is Green’s formula. On the other hand, if Q is
bounded then Q. is unbounded, so we consider the integral in terms of its Cauchy principal value.
In particular, we have by Green’s theorem that for each w € Q,

2(a-1) 2(a-1) 1¢£)2(a-1)
/ 7" 1A) = 1im S ) = 1imjz§ T e
Q ¢&- roe Jo ap, §&—W 8(Q,ND,)

E—w r—oo E—w

Integrating over each component of the boundary separately, and applying the fact that

1—
—ElE7 7 = n(&) + G(&)

on 0, we find

2(a-1) 2a -1
[ - f MITCO £
Q. -w 0Q, oD,

é—‘ f—W r—o 4€-‘—w

Applying Cauchy’s theorem and that & € Ay (L), we obtain

2(a-1) 2a
|'§:| dA(f):_‘yé‘ @d§+ ]imr—~O:—G(W).
o E-w E—w o a
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Boundary Regularity of PQDs

Recall that the boundary regularity of Q € QD (Corollary 3.1.1) was a direct consequence of
the existence of an associated Schwarz function and Sakai’s regularity theorem 3.1.1, which
characterizes the types of singularities which can occur on a curve admitting a local Schwarz
function. Unfortunately, Sakai’s result can’t be applied directly to PQDs, as they don’t generally
admit a Schwarz function. However, a recent result of [32] (Corollary 2.5) sufficiently generalizes

Sakai’s result for our purposes.

Lemma4.2.1. Let 2 be abounded domain, p a polynomial, F’ a function analytic in a neighborhood
of C1(Q), and T € A(L). Suppose that for all w € dQ, we have

T(w) = p(W)F(w).

Then for each wy € dQ such that p’(wg) # 0, there exists & > 0 such that p~! (%) is a local Schwarz

function at wy.

In particular, if a € Z, and Q € QD,(h) is a bounded PQD, Theorem 4.2.1 tells us that there exists
a G € A(Q) such that a(h(w) + G(w)) = wlw|?@ D, If we let r(w) = [T (w — ax)™ (where the
ay are the poles of & and ny their respective orders), then

p(W)F(w) = W (W' r(w))=Zar (w) (h(w) + G(w)) =: T(w),

where T is analytic in Q, F(w) := w® !r(w) is analytic in a neighborhood of C1(Q), and p(w) =
w® ! is a polynomial. This choice of T, p, and F satisfy the conditions of Lemma 4.2.1, and we
find that Q admits a local Schwarz function at every point wg € Jd€, except possibly at wg = 0.
We conclude that if Q is a bounded PQD then for each € > 0, 0Q \ D, has finitely many singular
points, each of which is either a cusp or a double point. On the other hand, if € is an unbounded
PQD, then choose w; ¢ CI(£2) and consider the bounded domain Q= (Q-wp) !, so AQ satisfies
1

A((w+w1)™) + G((w+w)™)
for some G € Ap(Q). If we let r(w) = [ (W — ax)™ (where the a; are the poles of the left hand
side and ny their respective orders), then

=alw+w)|lw+ wllz(“_l)

r(w)

p(W)F(w) := a(w +wi)|w + wy |2(a—1)r(w)ih((w W) D+ G rw) D)

=:T(w),

where T is analytic in Q, F(w) :== ((w+w)*r(w)) is analytic in a neighborhood of Cl(Q), and
p(w) = a(w + wyp)? is a polynomial. This choice of T, p, and F satisfy the conditions of Lemma
4.2.1, and we find that Q admits a local Schwarz function at every point of oQ, except possibly
at —wi. The mapw — (w — w1)~! is univalent in a neighborhood of dQ, so this implies that Q

admits a local Schwarz function at every point of 9€2, except possibly at 0. In summary,
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Corollary 4.2.1. If Q € QD,, for some a > 0 then, for each € > 0, 0Q \ D, has finitely many

singular points, each of which is either a cusp or a double point.

To constrain the behavior at the origin, we require an extra ingredient, that (9Q)¢ is a subset of an

algebraic curve:

Theorem 4.2.2. I[fQ € QD,, for some a € Z, there exists a non-constant polynomial p, irreducible
over C, with real coefficients such that p(x,y) = 0 for all x + iy € 0Q%. (c.f. [1], Theorem 3). In

particular, 0Q is a subset of the ath root of an algebraic curve.

Proof of Theorem 4.2.2. By Theorem 4.2.1, Q admits a generalized Schwarz function, S, which is

analytic in Q except at finitely many poles such that 7'(w) := fjv (;ﬁ)l =w“. Thus

f(w) = %(W“ +T(w)), and g(w) := %i(w“ -T(w))

are analytic except at finitely many poles, and admit continuous real extensions to Q, f(w)=Re(w*),

g(w)=Im(w*). Now suppose € is bounded. We apply Theorem 2 of [1]:

Let Q c C be a bounded domain and suppose f and g are holomorphic in Q except at finitely many
poles. Further suppose that f and g admit real, continuous, extensions to 0€2. Then there exists a
non-trivial polynomial p(x, y), irreducible over C, with real coefficients such that p( f(z),g(z)) =0
on 0Q.

Therefore there exists a real non-constant, C-irreducible polynomial p such that p(f(w), g(w)) =0
on Q. Thus, p(Re(w?), Im(w?)) = 0on dQ. This is equivalent to p(x, y) = Oforall x+iy € 0Q“.
The argument is similar, but slightly more delicate in the unbounded case; see the proof of Theorem
3in[1]. m]

Theorem 4.2.2 straightforwardly implies that Q2 has finitely many singular points when a is a

positive integer. We conclude:

Theorem 4.2.3. If Q € OD, for some a € Z, then 0Q has finitely many singular points, where

each non-zero singular point is either a cusp or a double point.

4.3 Simply Connected PQDs

We are now prepared to consider two different generalizations of the Riemann mapping charac-
terization and formulae for simply connected classical QDs (Theorems 3.2.2 and 3.2.3) to PQDs
for arbitrary @ > 0. In particular, we exhibit Faber transform formulae in terms of both sum

(Mittag-Leffler) and product (inner-outer/Nevanlinna) decompositions of the Riemann map ¢.
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Each of these approaches come with their own benefits and drawbacks. The sum representation
yields relatively simple formulae, but only applies for integer values of a. On the other hand, the
product representation yields more specific and unwieldy formulae, but applies for all @ > 0. We

will begin with a discussion of the simpler sum representation.

General Faber Sum Identities for PQDs

Fix a € Z; and let Q be a simply connected unbounded PQD with quadrature function 4 and
Riemann map ¢ : D, — Q. Note that ¢“(z) can be rewritten as p + g, where p € A(D) is a
polynomial of degree a and g € Ay(D,). Recalling the definition of Faber polynomials (Equation
2.9), we find that p is, in fact, the ath inverse Faber polynomial W,,,

p=Colpl =Col¢’ —gl =Col¢']l =W,.

#

As a consequence, Cp [(go“)#] = (¢M* - W, € A(D), where W, := W, — W,(0), so we may

compute its Faber transform:
a\# o #\ _ a\#
cb¢((¢ W W, ) _<D¢(CD 3 ]).

Note that (¢%)*=p4, so substituting Equation 4.3, we obtain

o
lwa—l @

(p")*= (M

a

for some G € Ap(Q). Then, as Cp and the Faber transform only respect the boundary values of

w]

We recognize the argument of the RHS as the inverse Faber transform. Applying Equation 2.7

their argument, we may substitute to obtain

h(w) + G(w)
1

a

@, (69" - W.") =@, (o

Wa—l

yields
@, (") = W.") () = Ca. (W osooww)]
h(w) + G
= Co. Wlwa—l ’

Applying the inverse Faber transform to both sides of the above equation and rearranging, we obtain

#

hlw) + G 1)y, (4.6)

lwa—l

a

©“(2) = Wa(2) + @' | Ca,
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Furthermore, the Faber transform of a meromorphic function is rational, so we may conclude that
¢® € Rat(D). This proves the backward direction of the first of the two main theorems of this

section:

Theorem 4.3.1. Take a € Z, and let Q be an unbounded simply connected domain. Then there
exists r € Rat(D,) for which ¢*(z) = W,(2) = W,(0) + r#(2) is a Riemann map for Q if and only
if Q € OD,(h) for some h € Rat(Q).

Theorem 4.3.2. Take a € Z, and let Q be a bounded simply connected domain. Then there exists
r € Ratg(D) for which ¢“(z) = ¢?(0) + r#(z) is a Riemann map for Q if and only if Q € QD ,(h)
for some h € Raty(Q).

In the course of the proof of Theorem 4.3.2, we also obtain the following pair of equations relating

h and ¢.

Corollary 4.3.1. Whenever r and £, as in Theorems 4.3.1 and 4.3.2, exist, they satisfy the following

pair of identities

h(w) + G(w)
1

a

1
r(z) = @,' | Ca. (2), h(w) = Ca, aw“‘l(«f’)#ow(w) : (4.7)

Wa—l

Where G € A(Q) when Q is bounded and G € Ay(LQ) when Q is unbounded.

Note that the G (w) term in the left equation drops out whenever 0 ¢ Q. We now prove Theorem
4.3.2 and Corollary 4.3.1. The forward direction of the proof of Theorem 4.3.1 will be omitted, as

it is analogous.

Proof of Theorem 4.3.2 and Corollary 4.3.1.
For the forward direction, suppose there exists r € Ratg(D) for which ¢“(z) = ¢*(0) + 7#(z). Then
note that for w € 0Q,

1 1 _
_Wa—lwa — _Wa—lgoa o w(w)
a

1
—W|W|2(a_l) —
a a

gt (0) + 7P o g ()

éwa_l (W +ro 1,//(w)) =: Sa(w)

extends meromorphically to Q, so S, is a generalized Schwarz function for Q. Thus Q € QD, (k)
for some i € Raty(€Q) by Theorem 4.2.1.
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For the reverse direction, suppose that Q € QD,, (&) for some & € Raty(€2). Then, as Cp, [go“ (O)] =
0 and (¢*)* — ¢2(0) € Ay(D.), we find that Cp, [(90“)#] = (¢M)* — ¢4(0), so

®, (¢4 - ¢7(0)) = @, (Co. ()]
Rearranging Equation 4.3 and substituting as we did in the bounded case, we obtain

h(w) + G(w)
1

a

Co. o

q)cp ((‘Pa)# - W) = (I)¢ a1

We recognize the argument of the RHS as the inverse Faber transform. Applying Equation 2.4
yields

h(w) + G(w)
ET=

a

h(w) + G(w)
1

a

ocpoy(w)| =Ca,

@, (69" = 7(0)) () = Ca,

Wa—l

Taking the inverse Faber transform of both sides and noting that the RHS is meromorphic in €2, so

that its inverse Faber transform is rational, we obtain the desired result.

Finally, we verify the formula for the quadrature function. By Theorem 4.2.1, %w“‘lwaih(w) +
G (w) for some G € A(LQ), so

h(w) = Co [h(w)] = Co- lwa_lwa - G(w)] = Co-

a

|
—wh lwa ,
a

where the first equality follows from the fact that & € Ay(L2.) and the last from the fact that
G € A(Q). Thus, noting that w*=(¢%)* oy (w) we find that h(w) = Cq- [lw“_l(go“)# o w(w)]. O

a

As a demonstration of the utility of this approach, we consider a simple one-point PQD for a = 2.

Non-Singular One-Point PQDs with a=2

Proposition 4.3.1. If @ > 0 and Q € QD, (ﬁ) is a simply connected domain not containing 0,

then €2 is the unique connected component of the square root of D, (1) containing 1.

Proof of Proposition 4.3.1. Let 0 ¢ Q € QD,(h) be a simply connected bounded domain with
h(w) = ;% for some a > 0. Furthermore, let ¢ : D — Q be the unique Riemann map associated

to Q for which ¢(0) = 1 and ¢’(0) > 0. Then by Theorem 4.3.2 and corollary 4.3.1, there exists

r € Ratg(D) for which ¢? = 1 + ¥ is a Riemann map for Q and r is given by Equation 4.7 for some
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G € A(Q). Thus,

r(z) = ( [ZWITG()]) (2) = 20 (Cg* [ a  a- G(w)]) (2)

w-—1 w
_ 2ay’(1)
) (2) = ———= S

where the last equality follows from Equation 2.9. Also (1) = ¢ 1(1) = 0and ¢’(1) = ¢’ (0)71,
sor(z) =5 (0)z and we find ¢?(z) = 1 + ; (O)Z Thus

1
=200 | ——
e (w—l

2«

/ _ / _ 2N/ _
2¢'(0) =2¢(0)¢"(0) = (¢7)'(0) = 20’

so ¢’(0) = Va, and we conclude
¢*(2) = 1 +2vaz.

In §4.4 we provide a classification of simply connected one-point PQDs more generally.

Non-Singular Linear PQDs with a=2

As a second example application of the Faber transform sum formulae, we classify simple connected

2—PQDs with a linear quadrature function.

Proposition 4.3.2. Fix ap € C, a; € C\ {0}, and a simply connected domain 0 ¢ Q € QD,(ag +
aiw). Then Q is unique modulo conformal radius unless @y = 0, in which case +Q are the only

such domains.

Proof of Proposition 4.3.2. Let Q be a simply connected domain not containing zero such that
Q € QD,(h), where h(w) = a9 + w for some a( € C (by change of variables, we can wlog assume
a1 = 1 as long as a; # 0). Applying Theorem 4.3.1 and Corollary 4.3.1, we find that

#
(2)

ag+w+G(w)
1

2

$(2) = Wa(z) - Wa(0) + 03 | o,

As 0 ¢ Q, we find that Cq,

LG(W) = (. Hence
2W ’

©*(2) = Wa(2) - W(0) + 2@, (1)

=c?22 +2¢foz + 2.
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To solve for the undetermined coefficient fjy, we apply Equation 4.7,

ap+w = h(w) = Cq, 2

1 c? 2¢fo
2" (w(w) Ty T

= Co, [w +f+0w™H| =w+ 2.

Hence, fy = ¢ 2@y, and we find
0*(2) = *22 + 2¢ "anz + 2.

In particular, if Q € QD,(a@g + w) is a simply connected domain not containing 0 and ¢ is the
associated Riemann map (uniquely associated via the normalization ¢(c0) = co, ¢’(00) = ¢ > 0),

then ¢ satisfies the above equation in D..

To determine uniqueness, suppose there were two such domains €2; and €, with equal conformal

radius ¢ > 0 and associated Riemann maps ¢ and ¢;,. The prior equation tells us that 90% (z) = (,0% (2)

2
forallz e D,,s0 1 = (3;8) , which implies z;—g; = +1 for all z € D,. As ¢; and ¢, are non-zero
and analytic in D,, we conclude that ¢, = +¢;. In particular, Q; = +Q;. If Q; = —Q; then,

applying the quadrature identity to the Cauchy kernel, we find that for each w € (Q,).,

2 2
h(w)zjg h@ds _ [ |E12dAE) _ IfldA(f)__yg hede

Q £-w Q &-w o E-(-w) o £-(-w)

—w)

Inner/Outer Factorization Identities for PQDs
As the title of this subsection suggests, this portion of the thesis is concerned with formulae obtained
by decomposing the Riemann map into a product. In particular, the inner/outer factorization

leveraged in our study of LQDs turns out to be equally fruitful for PQDs.

For the remainder of this discussion, fix @ > 0 and let Q be a simply connected domain with
Riemann map ¢ admitting inner/outer factorization ¢ = @ijn@ou: as in Theorem 2.4.2. In this case,

we obtain the following simple characterization of simply connected PQDs:

Theorem 4.3.3. Q € OD,, if and only if ¢3 , extends to a rational function.

Proof of Theorem 4.3.3.

We will begin by considering the bounded case: Suppose Q € QD, (/) is a simply connected

bounded domain with Riemann map ¢ : D — Q. By Theorem 2.4.2, ¢ = @ih@ou, Where @i, = 1
when 0 ¢ Q, ¢in = b, when 0 € Q (z9 the unique root of ¢ in D), and ¢oy = (r#)%, where

F(Z) — (I);l (CQ* [|W|2a (%@[/(W)) ]) (Z) + C’
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for some C € C. By the coincidence equation for PQDs (e.g. Theorem 4.2.1), there exists
G € A(Q) such that |w|**=aw(h(w) + G(w)). Substituting this into our formula for r, we obtain

r(2) = a®;! (cg* (wh(w)+wc<w>>("”‘“ 4t )) ])<z>+c,

* wh(w)(%“ (W)) D(z)+C,

a a
WG (w) (%‘M) € A(Q), so it drops out). Moreover, note that wh(w) (%Mw)) e M(Q),

so its Cauchy projection onto Ap(L2.) is rational. We conclude that r is rational, as the Faber

= aq);l (CQ

transform of a rational function.

For the reverse direction, suppose @out = (r#)i with f rational. Then, as |¢j,|=1, we find that

L) oy (w)

_ . 1
—ww D= —p|* o yr(w)=
a aw aw

Hence,

(rr*) oy (w)

aw

Sa(w) :=
is meromorphic in , extends continuously to 0€, and satisfies

Sa(w)iEW|w|2(a_l).

Thus S, is a generalized Schwarz function for Q, and Theorem 4.2.1 yields Q € QD,,.

We will now consider the unbounded case: Suppose Q € QD,, (/) is a simply connected unbounded
domain with Riemann map ¢ : D, — Q. By Theorem 2.4.2, ¢ = @in¢out, Where cpm(z) = z when
0¢ Q, ¢in(z) = zb,(z) when 0 € Q (z¢ the unique root of ¢ in D), and @y = (r* ) where

@ = [ca, [ (222200 ) ) s

for some C € C. By the coincidence equation for PQDs (e.g. Theorem 4.2.1), there exists
G € Ay(Q) such that |w|**=aw(h(w) + G(w)). Substituting this into our formula for r, we obtain

/(2) = ad]! (cg* (wh(w) + WG () ("”“‘ ‘”(W)) ]) (D) +C.

o (222000 s

wG(w) ( %‘l’(w)) is bounded and analytic in €2, so it may be absorbed into C). Moreover, note

= aCD; (CQ

a
that wh(w) (%‘”(W}) e M(Q), so its Cauchy projection onto A(L2,) is rational. We conclude
that r is rational, as the Faber transform of a rational function. The argument for the reverse

direction is entirely analogous to the argument in the bounded case. O
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It follows immediately that if Q € QD,, is simply connected, then there exists a rational function r
such that

0(2) = gin(2)r* (2)7. 4.8)

In particular, when € is bounded, r € A(D,) and

in(z) =1, when 0 ¢ Q,
¢in(2) 4.9)
¢in(z) = by (z), whenO € Q.
When Q is unbounded, r € A(D) and
in(2) =2, when 0 ¢ Q,
¢in(2) “10)

¢in(z) = 2b,,(2), whenO € Q,
where z 1s the unique root of ¢ when 0 € Q.

We furthermore obtain a formula for £ in terms of this representation of ¢, hence solving the direct
problem for PQDs. In particular if Q € QD, (/) then by Theorem 4.2.1,

(rr ) w<w>

|W|2a

o) 6l o g (w)
aw

Noting that Co, [G] = 0 and Cq, [h] = h, we find

(rr*) oy (w)
) w

-G(w) = -G(w)= - G(w).

h(w) = 209 (4.11)

More generally, in the course of the proof of Theorem 4.3.3, we obtained an implicit solution to
the inverse problem for PQDs. In the discussion to follow we sharpen this result, first for bounded
PQDs, then for unbounded PQDs. By similar reasoning, we also obtain a solution to the direct
problem for PQDs.

Bounded PQDs

The following theorem enables reconstruction of a simply connected bounded PQD from its quadra-

ture function:

Theorem 4.3.4. If Q € OD,(h) is a bounded simply connected domain with Riemann map ¢ as in
Equation 4.8 with ¢(0) = wq then

r= aCI); (CQ

wh(w )(9”1“ ¢(w)) ]) c, (4.12)

whereC:w_oawhenO¢QandC:%whenOeg.
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Proof of Theorem 4.3.4. The proof of Theorem 4.3.3 already tells us that ¢(z) = goin(z)r#(z)é,
where ¢, 1s given by Equation 4.9, and r is given by Equation 4.12 for some C € C. All that is left
is to determine the value of C. When 0 ¢ Q, @iy (z) = 1, so

w = ¢(0) = r*(0) = r(e).

As db;l s Ap(Qy) — Ap(D.), we find that the Faber transform term is zero at co, so r(o0) = C,
and we find that C = wo“. The argument when 0 € Q is completely analogous. O

We can obtain by similar analysis a solution to the direct problem.

Theorem 4.3.5. IfQ € OD,(h) is a bounded simply connected domain with Riemann map ¢ as in

Equation 4.8 then

h(w) = $<D¢, (CD* [rr#]) (W) + % (4.13)

where t = /Q lw|2@=DgA(w).

Proof of Theorem 4.3.5. Recall from the proof of Theorem 4.3.3 that

(rr*) oy (w) |

= 8q(w)
aw

(rr*)oy (w)
aw

is a generalized Schwarz function for Q. Thus, by Theorem 4.2.1, h(w) + G(w)= , where

h is the quadrature function and G € A(Q). Hence, by the definition of the Faber transform,

Co. [wh(w)] = ~Ca. [(rr*) oy ()] - Ca. [WG(W)] = @, (Co, [rr*]) w).

Moreover, note that if w € Q.. then

h h
Co. [Wwh(w)] = g—(f)df = —jlg h(&)dé +w &) dé¢
5Q*f_w 0Q ag*f—w
Applying the quadrature identity to the first term, and Cauchy’s integral formula to the second, we
obtain
Ga. Dwh()] = - [ €P“da() + whiw)
Q
Thus,

wh(w) = Cq, [wh(w)] + /Q €12V aA(g) = @, (CD* [rr#]) (W) + 1.
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Applying the fact that the inverse Faber transform takes poles to their image under ¢ = ¢!, we

obtain the following corollary:

Corollary 4.3.2. Let & be a rational function with poles {p} of respective orders {n;}. Then the

r in Theorem 4.3.4 is given by

r(z)=C+z lp#(z)+zz P (4.14)

(z—z)

for some constants {8 ;}, ¢(zk) = pi and the same value of C as in the Theorem. If ¢(0) = p;
for some j, then the sum over k skips j and p is a polynomial of degree:

nj—1 %0
deg(p)=1"" "
I’lj—2 ijO

p = 0 otherwise.

Unbounded PQDs
We now state the analog of Theorem 4.3.4 for unbounded domains:

Theorem 4.3.6. If Q € OD,(h) is an unbounded simply connected domain then it has a Riemann
map ¢ as in Equation 4.8 with

r= aCID;l (CQ* [wh(w) (%n w(w))

) +C, (4.15)
where, C = 5t when 0 ¢ Q and C = ﬁt when 0 € Q, andt = ch lw|?(@DdA (w).

Proof of Theorem 4.3.6. The proof of Theorem 4.3.3 already tells us that Equation 4.15 holds for
some C € C. We first consider the case in which 0 € Q, so that ¢(z) = ZbZO(Z)r#(Z)%. Recall that

¢ > 0 is the conformal radius of Q, so

@ _ 1 ¢(z) a_#oo_—
c“Izol |Z|1£>n°0(ZbZO(Z)) = r"(o0) = r(0).

Hence,

— |CZO|a _aq);l (CQ* Wh(W) (Qoln lﬁ(W)) ]) (O)

Applying Equation 2.8 and changing variables, we obtain

a(I);l (CQ* wh(w)("am $(W)) ]) (0) :‘7%;9 aéh(€) ((Pin Oé:ﬁ(f)) ‘Z((g)) de.
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Substituting the generalized coincidence equation and changing variables back yields

@ (Ga. [whon [£22220)]) 0 = i - accen (221N L1

_ 2a o ! a
_}éD(I%m(f)l ap(§)G ‘P(‘f))( Out(f)) “

ol (6)° ¢(&)G 0 p(&)
=@ W2 e - LAl R
‘éD 3 ¢ ang E@out (€)@ ¢

Note that oy € A(D,) is bounded and non-zero in D,, so gpﬁut(z)“ € A(D). Hence, the
first integral is precisely cpﬁut(O)“ = r(0) = |czo|*. For the second integral, we note that the

integrand is likewise analytic in D, except possibly at co. Expanding G about oo, we find that
G(w) =tw™ + O(w™?), where t = /QC lw|2(@=DdA(w). Hence,

_ ()G 0 p(§)
€= ang Eout(£)°
t+0(™h
= —qRes ———> 7
§=c0 ‘fspout(‘f)
=a lim O(§ 1)

€] -0 soout(f)
a

dé

 ezol@

The proof in the non-singular case (0 ¢ Q) is completely analogous. m|
We can obtain by similar analysis a solution to the direct problem.
Theorem 4.3.7. If Q € QD ,(h) with Riemann map ¢ as in Equation 4.8 then
1 t
h(w) = —, (CD [rr#]) (w) - L, (4.16)
aw w

where t = /QC lw|2@=D gA(w).

Proof of Theorem 4.3.7. Recall from the proof of Theorem 4.3.3 that rhouw) = S,(w) is a

aw

(rr* )OW(W)

generalized Schwarz function for Q. Thus, by Theorem 4.2.1, A(w) + G(w)= , where £ is

the quadrature function and G € Ay(L). Hence, by the definition of the Faber transform,

wh(s) = Ca. [wh()] = —Ca. [(7r*) ow(w)] - Ca, WG ()] = @, (o, [rr*]) () 1.

Where the last equality follows from expansion of Equation 4.5 about co, which demonstrates that
wG(w) =1+ g(w), where t = ch lw|2@DdA(w) and g € Ay(Q), so

Ca, [WG(w)] = Ca, [1+g(w)] =
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Q=

Example 4.3.1. Consider the map ¢ : D, — C given by ¢(z) = cz (1 — %) , where |y| < 1
and a,c > 0. Note that Q =: ¢(D,) is an unbounded domain not containing 0 on account
of the assumption that |y| < 1. Hence, when ¢ is univalent, it is a Riemann map for Q with
¢t (2)=r*(z) = (1 - %) rational so Theorem 4.3.3 tells us that Q € QD,. We may now apply
Theorem 4.3.7 to solve the direct problem of finding the quadrature function associated to €2:

h<W>=$% (CD c“(l—%) “(1—7@])(»@—%

2a
c _ t
= —0, (CD L+ -7 —)’Z]) (w) = —
aw Z w
2a
c _ t
= o, (1+IyP-7z) () - =
aw w
C2Ll ’ _ _1 t
=S (14 P -Fve™ + fo)) - =
aw w
CZa—l_ 1
= - ¥+ —.
a w

However, h € A(Q.) and 0 € Q,, so ¢; = 0 and we find that Q € QD,(«), for y = —CZ‘L . We will
characterize the univalence of ¢ in §4.5. Several examples of Q are provided in Figure 4.2. Note

that in the limit as |y| — 1, dQ approaches 0, forming a “corner” there.

Figure 4.2: Two families of simply connected unbounded € € QD,, (%) (the complements of the
shaded regions) with a = 2,5 (Example 4.3.1)

We furthermore obtain a detailed characterization of the pole structure of r in terms of 4.
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Corollary 4.3.3. Let & be a rational function with poles {py} of respective orders {n; }, and a pole

at oo of order n. Then the r in Theorem 4.3.6 is given by

n
5 B

3 (4.17)
= G@-u)

r(z) =C+2zp(2) + ZZ

k
for some constants {x ;}, ¢(zx) = p«, a polynomial p of degree n (p = 0 if h(o0) = 0); and C as
in the theorem. Moreover, if / has a pole at zero then the corresponding term in the above sum is

of one degree lower. In particular, the poles of h are the images of those of r under ¢.

4.4 Characterization of One-Point PQDs

In the prior discussion, we showed that simply connected PQDs admit representations in terms
of rational functions. In the following analysis, we characterize this representation for one-point
PQDs of arbitrary order. Propositions 4.6.1 and 4.6.2 cover the case in which the quadrature node
is finite (i.e. the quadrature function is a rational function with a unique pole). Proposition 4.6.3

covers the case in which the quadrature node is at oo (i.e. the quadrature function is a polynomial).

We begin with a classification of simply connected one-point PQDs of order one with coefficient

a>0,QD, (WfWO). There are several cases to consider:
1. Q is bounded:
a) 0¢Q,
b) 0 € Qand wg £ 0,

¢) 0e Qand wy =0,
2. € is unbounded:

a) 0¢Q,

b) 0 € Q, but wy #0.!

Case 1 is covered by [9] for integer a and summarized by the following theorem:

Theorem 4.4.1. For each n € Z,, wo € C, and a > 0, there exists a bounded simply connected
QeoD, ( a ) In addition,

w—wq

(a) If [wo|*" > n’a, then Q is an nth root of D,ya(wg), specifically the connected component

containing wy.

(b) If wo =0, then Q = D 277:(0),

'By symmetry, Q cannot be unbounded if wo = 0.



58

(c) If 0 < |wol|?" < na, then Q is the image of the unit disk under a map of the form ¢(z) =

0z

-, where 6 is a constant and ¢(zo) = wo.

(1 —zzo)»

Cases (a) and (c) correspond to 0 ¢ Q and 0 € Q respectively.

By applying the following univalence criterion (Lemma 4.4.1), we show furthermore that in case
(¢), ¢ is univalent in D if and only if |z9| < 1. An easy corollary of Theorem 6.6 in [26] is that

Lemma 4.4.1. An analytic function ¢ : D — C for which ©(0) = 0 is univalent and starlike with

Re (Z‘DI(Z)) >0

respect to the origin if and only if

¢(2)
for all z € D.

In our case, ¢(z) = —2& + is analytic in D if and only if |zo| < 1 so, wlog replacing zo with |z|

—ZZo) "
and applying the lemma and partial fractions we obtain

¢ () _ ()@Y _ 1
nRe(z(p(Z)) —Re(z o1(2) ) =n 1+Re(1_Z|ZO|).

Taking z|zo| = re'® and noting that n > 1, we find

’ 2 _ 2
nRe Zcp(z) 211+ I-r 21 1+1—r >0
¢(2) 2 r2 —2rcos(6) +1 2 r2+2r+1

for all 0 < r < 1. The desired conclusion follows.

We now consider the unbounded case. As in the discussion of classical one-point QDs (§3.3),
it is instructive to consider the situation from the perspective of potential theory. In particular,
Propositions 4.4.1 and 4.4.2 to follow characterize the relationship between these two perspectives.

|2a

|V22 —2Re(H(w)) for some a > 0

and H with rational derivative, then K€ is a disjoint union of PQDs for which & := H’ is the sum

Proposition 4.4.1. If K is a local droplet of a potential Q(w) =

of their quadrature functions.

This is an easy consequence of the existence of the coincidence equation for local droplets (Equation
2.1) and Theorem 4.2.1.

Proposition 4.4.2. If K c C is a compact subset such that K¢ is a finite disjoint union of PQDs,
Q; € QD,(h j), a > 0, then K is a local droplet. Furthermore, the external potential associated to
the droplet is given by

w2

a2

o(w) = 2Re(H(w)), H(w) = 2Re (/W h(f)df) + const(w;) in some open nbhd of K;

1
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(where h = )] h; and w is any point in the /th connected component of K, K;). In particular, Q is

unique up to several additive constants.

Proof of Proposition 4.4.2. Let K¢ = QU Uj.vzl Q; be a disjoint union of PQDs with respective
quadrature functions h;. Alsolet h = }; hj. Applying Frostman’s theorem (Proposition 2.1.2), it

is sufficient to construct an open nbhd O O K and harmonic H : O — R such that g—a] = h and

|W|2a

—H(w)+U*(w) =0, Vw € K, (4.18)
where du = 1 gL > 22 JA. We shall choose O as an e—nbhd of K for a to be determined value of €. We
require that O satisfies each of the following

1. h is holomorphic in O,
2. each connected component of O contains precisely one connected component of K,

3. every loop in O is homotopic to a loop in K.

By assumption, 0K has finitely many singular points. Thus there exists € > 0 s.t. (2) and (3) hold.
Note that, for each Q; and each w € ()., the quadrature identity tells us that

o [P e he) e
cQ(w)—/Qj — dA(f)—f e - yg(gj)*g_wdf—hj(m,

and this extends to €2;. Thus, for each w € j Q; =K,
|§|2(a—1) |§|2(a—1) o
cgon = [ dA(E) = dAE) =Y ¥ wy = 3 hiw) = hiw).

But then note that

2(a-1) 2(a-1) z1#12(a-1)
Dgr

S akroe fon, E-w

1 1 -1 1
= —wlw[*“D - = lim R* 75 £ = Swpwen,
a a R—oo ODr f -Ww a

So Cg(w) + Cg(w) = Cg(w) = 1%|w[*@D. Thus h(w) = 1wjw|?@D - Cg(w) on K. Then
note that if y is a loop in K,

o)

wiw|[*@=D - cg(w)) dw + ( wlw[2@=D - CE(w) | d

E o) (2 )
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So, by Morera’s theorem, 4 is holomorphic in K and thus in O because 4 is a sum of quadrature

functions on the components of K¢, so, by (3), this result extends to O.

As a consequence, if we pick a point w; in each connected component O; of O and set

w 2a
H(w) := 2Re (/ h(f)df) + [wil + U*(wy), Yw € O,

2
I a

is areal, well-defined harmonic function in O and g—fvl = hon K. Finally, we need to verify Equation

4.18. By construction, the identity holds at each w;. Furthermore, we have

9 (Iwpe
ow \ a2

—~H(w) + U”(w)) = éW|w|2(‘H) —h(w)-=C¥(w)=0 onk,

and

9

|W|2a "
8w( " —-Hw)+U (w)):O on K.

Equation 4.18 follows.

An additional consequence of this (from Frostman’s theorem 2.1.2 and Equation 4.18) is that K is
_ |w|2a

=5 —H(w). O

a

a local droplet of the potential Q(w)

Simple One-Point PQDs

By Proposition 4.4.2, if Q € QD, (WfWO) is unbounded and simply connected, then Q¢ is a local
droplet of the potential

|W 2a

O(w) =

Thus one might expect a 1—parameter family of PQDs {Q;};, parameterized by the weighted area

o 2Re(a In(w — wy)).

of the droplets in the corresponding weighted Hele-Shaw chain. This turns out to be the case.
However, the situation is more complicated than the classical case discussed in §3.3 on account of
the singularity of the weight at O - this phenomenon also manifests itself in Propositions 4.6.3, 4.6.1,

and 4.6.2. In particular, there are apparently four distinct families to consider, depicted in Figure 4.3.

If @ > 0 then there seems to be a unique simply connected 1—parameter family

a

w—Wwo

{Q¢ Yo<r<s, 2 {Q € QD, ( ) cQis unbounded} ,

where ¢, = WTS(WS +2a+/a) + (a - 1a.

The family and the two phases can be characterized in terms of their Riemann maps, given by

Equations 4.19 and 4.20 respectively.
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4

Figure 4.3: The families of one-point unbounded PQDs (complements of the shaded regions) in
QD, (W 2) with @ = 2 o= 225 in column 1 and « = %, o= —% in column 2. Rows 1 and 2 were
obtained using Theorems 4.4.2 and 4.4.3 respectively.

Theorem 4.4.2. Fixa > 0 and let 0 ¢ Q be an unbounded simply connected domain with conformal
radius ¢ > 0. Then there exist a, wg € C\ {0} for which Q € QD,, (

w_awo) if and only if there exists

20 € Dy such that Q = ¢(D,), where ¢ : D, — C is a univalent conformal map of the form

2
o(z) =cz|1+ |§0|

(B! —1)) , (4.19)

for which a = Cai;(l -5 (Izol*(1 + B%(a — 1)) — aB®) and |1 — (Jzo)> = D)(B* - 1)| > |zo|, where
B= ;VT‘(’) Also note that ¢(z0) = wo.
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Proof of Theorem 4.4.2.
The equivalence follows directly from Proposition 4.6.2. To obtain Equation 4.19, apply Proposition
1 a
4.6.2 so that ¢(z) = (%) “, with ¢(z0) = wo, which implies z; = zo — lzoﬁ)_l (CWZO) )
0

Substitution and simplification yields Equation 4.19. The final relation follows straightforwardly
from Equation 4.16. O

Theorem 4.4.3. Fix 1 # a > 0, and let 0 € Q be an unbounded simply connected domain with
conformal radius ¢ > 0. Then there exist a,wo € C\ {0} for which Q € QD,, (W_(’WO) if and only if

there are 70, z1 € D, such that Q = ¢(D.), where ¢ : D, — Cisa conformal map of the form

|Zo|2

‘P(Z):CZ|lebzl(Z)(l (ﬁ —1)) ; (4.20)

-1
for which B = YL X2 qnd satisfies the relation

cZ0 20—721
C2a |ZI|2(a—l)

|zo —lez)

(a%(zo(HZo -2)+z1) - —
1 = [z

T zolP -1
Also note that ¢(z0) = wo, and ¢(z1) =0

Proof of Theorem 4.4.3.
The equivalence follows directly from Proposition 4.6.2. To obtain Equation 4.20 note that, by
Proposition 4.6.2,
1\ a
Z—21
¢(2) = czl|z1lbz, (2) ( _1) :
Z—20
J— J— a J—

with ¢(zo) = wo, which implies Z5~! = z9 — z<)%—1 (Civ(’;l ZZ;’Z—_]Z_II) =2z0— %ﬁ“. Substitution and
simplification yields Equation 4.20. The final relation follows from Equation 4.16. O

Before continuing on to our discussion of Monomial PQDs, we state the following univalence

criterion particularly applicable to PQDs.
Proposition 4.4.3. Take a > 0, k € Z,, {z J} nonzero constants, and assume ¢ : D, — Cis

given by ¢(z) =z ((1 - %) e (1 - %’“)) . Then,

1. If k < 2a then ¢ is univalent if and only if each |z;| < 1. In this case, ¢(D,) is starlike with

respect to infinity.

2. If k > 2a, then ¢ is univalent and ¢(D,) is starlike with respect to infinity if and only if
|zj| < 1and
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The proof of Proposition 4.4.3 is in Appendix A.3

4.5 Classification of Monomial PQDs

In this section, we attempt to classify the set of simply connected monomial PQDs: domains
Q € QD,(akw*™!) for some @ € C and k € Z,. We begin with the k = 1 case: Q € QD,(«),
referred to as basic monomial PQDs. In this case, we obtain a complete classification, with
Theorem 4.5.1 covering the non-singular case, and Theorem 4.5.2 covering the singular case.
Using symmetry arguments and an appropriate change of variables, we then obtain a classification
of rotationally symmetric monomial PQDs for k£ > 1 (Theorem 4.5.3). Finally, in Example 4.5.1,
we provide an explicit example of non-uniqueness for PQDs: We exhibit a domain € such that
-Q,Q € QD,(2aw) and —-Q N Q # (. Hence, demonstrating that the uniqueness conjecture for

classical quadrature domains® does not generalize to PQDs.

Classification of Basic Monomial PQDs
In Example 4.3.1, we showed that the image € of D, under the map

1

0(z2) = ¢z (1 - %) 4.21)

C2a—l —_

is a PQD with quadrature function @ = — v whenever |y| < 1, a,c > 0, and ¢ is univalent in

D..

a

Using this result as a starting point, our aim in this section is to fully classify the simply connected
domains Q € QD,(«@). We refer to such domains as basic monomial PQDs. 1t turns out that all
such domains not containing zero admit a Riemann map in the form of Equation 4.21. The situation
is slightly more complicated when 0 € €, so we deal with this case last.

Non-Singular Basic Monomial PQDs

Theorem 4.5.1 below provides a characterization of basic monomial PQDs not containing zero.

Theorem 4.5.1. Take a > 0 and a € C\ {0}. There exists a simply connected domain Q, not
containing zero, of conformal radius c for which Q € QD ,(«) if and only if either

1. O<a<%and|y|£ﬁ,
2. a>%and|y|§l,

3. az%andlalsl

>The conjecture states that simply connected quadrature domains are uniquely associated to their quadrature
function (modulo conformal radius in the unbounded case).
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where y = —czaa—a,l. In this case, Q is unique modulo conformal radius, and Q = ¢(D.) with ¢

univalent in D, and given by Equation 4.21.

Proof of Theorem 4.5.1. We proved in Example 4.3.1 that if ¢ (Equation 4.21) is a Riemann map

2a-1__

for Q, then Q € QD, (@), where a = ———7.

Conversely, suppose Q 3 0 is a simply connected domain in QD («) for some a > 0 and @ € C\ {0}
(necessarily unbounded because oo is a quadrature node). Then by Theorem 4.3.6 there exists a

rational function r for which ¢(z) = zr#(z)é is a Riemann map for Q and

s 2] 2

Also note that the argument of the Faber transform grows linearly about oo, so there exists ¢ € C
s.t.w (‘/'(W)) — 50 e Ap(Q), which implies

Ca

—(w + o).

s

aw (M) ] = %CQ* [w+col +aCq, |W
w c

(w(w)) W+ co

clw ca

Substituting this into the above expression and computing the Faber transform, we obtain

_ T _
# a .| # a _cz ' +fo a aa _,
(@) = 5@y (W eo) () + Tl = d@—2== + Tt = T e

Considering the asymptotics, ¢(z) = ¢z + O(1), we find that ¢; = ¢%, so
1
¢(z) = cz (1 - Z) i
b4

Now all there is to do is demonstrate that ¢ is univalent if and only if one of conditions 1-3 in the

theorem is satisfied. By Proposition 4.4.3, when a > 5, ¢ is univalent in D, if and only if |y| < 1.

> 2,
Furthermore, when a = %, v is independent of ¢ with —2y = @, so ¢ is univalent if and only if

la| < 2.

On the other hand, if a < 1 then Proposition 4.4.3 tells us that ¢ is univalent in D, if and only if
ly| < 1anda+Re ( ) > Ofor all z € D,.. Rotating D, by takmgz = - |zy1eldsa |v|Re (Z+|y|)

which is minimized as z — 1. Thus we obtain the condition |y| < 2. Or, equivalently 0 < ¢ < ¢,
where ¢, = *¥/|a|(1 — a). Thus when 0 < a < 3, ¢ is univalent 1f and only if |y| < 1. o

Singular Basic Monomial PQDs

The additional complexity in this case is owed to the fact that when 0 € €, the formula for the
associated Riemann map picks up a Blaschke factor with parameter z, the unique root of ¢ in D,.

¢ nevertheless admits a relatively simple representation.
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Figure 4.4: Example families of Q € QD,(«) (complements of the shaded regions). Finite family:
a=2anda = 4 < § with ¢ € {.03,.1,.2,.25,.3,.32768} (left); traveling wave: @ = 3
and a = %, with ¢ € {.05,.1,.2,.3,.4,.5} (center); two phase: a = % and a = 2 > %, with
ced.1,.4,.8,.98,1,1.02,1.08} (right).

Theorem 4.5.2. Take a > 0 and a € C )\ {0}. There exists a simply connected domain Q of

conformal radius ¢ > 0 containing 0 for which Q € QD ,(«) if and only if |y| > 1, withy = —Cg?_ -
as in Theorem 4.5.1. In this case, Q is unique modulo conformal radius, and Q = ¢(D.) with ¢

given by

| Y 1

— A/ 2a-1 Ya—1 - 2a-1

0(2) = cz—7 -2 e e (e . (4.22)
z— 'y_ﬁ < CZa—l

Proof of Theorem 4.5.2. Let 0 € Q € QD,(h) be a simply connected PQD of conformal radius
¢ > 0 with quadrature function @ € C \ {0} for some a > 0. Then by Proposition 4.6.3,

I\ X
¢(z) = zby(2) (IczOI“ (1 - ZOT))

is a Riemann map for Q for some zo € D,. Supposing that ¢ is univalent in D,, Equation 4.16

implies
—1
a 20 a -1 4
a=h(w) =—® (Cp |lczol” |1 = =] lezol* |1 —zz5 ||| (W) — —
aw Z w
2a —1
€20 _ -1 20 t
:l | CI)¢ C]D 1+|ZO|2_ZZ01__])(W)__
aw Z w
zp'lezol* T
= ——c —_—
aw w
— e e 1
hence z(‘)l |zo|? = — a7 = —. This implies that zoa < 0, so we may conclude that zo = y2-T, and

¢ takes the form of Equation 4.22. In particular, whenever Q > 0 is a simply connected unbounded
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domain in QD (a) for a > 0 and (wlog by change of variables) @ > 0, then Q = ¢(D,) with ¢ as

above.

Regarding the univalence of 4.22, we apply Lemma 3.3.1, which tells us it is sufficient to check

injectivity on the boundary. Suppose there existed z # w € dD for which ¢(z) = ¢(w). Then if

1
-1\ a -1\ a
+
| (1+77_) (1+77_)
z+n7! F4 Z

SO |z - 77'1|2 = |w - n'1|2. Setting z = €'% and w = ¢'” and expanding, we find that cos(6;) =

1
we take n = —y2a-1,

a
b

lo(2)] = ¢ = cn =cnlz+n!

cos(6,),sow =z =z~ '. Thus
—1 1
)) (e

(141>

1

ez 7zl .,
1= =c7 —— (1 +z )
©(2) T+t 7

Q=
e
o
&\

la\]
+
=
—_——
—
K

Thus (1 + z‘ln_l)Z_ﬁ =(1+ zn_l)z_é.

a > % implies 2 — % € (0,2), in which case z — 2 is injective in the closed right half-plane.
Moreover, as long as 7 > 1, the images of D under z — 1 +zp~'and z — 1 + z7'~! are in the
closed right half plane. Thus 1 +zp~! = 1+z7'57!, so z = +1. However recall that w = z~!' which,
in both cases, implies that z = w. Thus ¢ is univalent in D, when |y| > 1. On the other hand if

|¥| < 1 then ¢ isn’t even analytic in D,. In particular, ¢ is univalent in D, if and only if [y| > 1. O

We saw in Theorems 4.5.1 and 4.5.2 that the family of simply connected Q in QD, (@) depends
crucially on the value of a. Another way of understanding this is through Propositions 4.4.1
and 4.4.2 which tell us Q € QD,(«) if and only if K := Q¢ is a local droplet of the potential
Ow) = %# — 2Re(aw). So if K is such a local droplet then, by Lemmas 2.2.2 and 2.2.3, there
exists an associated Hele-Shaw chain {K; }o<;<,, where K;, = K such that each element of this chain
contains a local minimum of Q. Thus QD,(«) is nonempty only when Q has a local minimum.
For example, in Figure 4.4, we observe that the families of solutions each “nucleate” at the unique

local minimum of Q, located at 0, 0, and (aa)ﬁ respectively.

Classification of Monomial PQDs

In this section, we are interested in characterizing PQDs with a monomial quadrature function -
that is, Q € QD (akw*!) for some a > 0, @ € C\ {0}, and k € Z,. Firstly note that we can wlog
assume that @ > 0 because if S, is the associated generalized Schwarz function then

o= (2 s o2 () 2 )]

— —W|W|2(a_1)
a
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1
is a generalized Schwarz function for Q := (ﬁ) “Q, soitisa PQD. It is then straightforward to

verify that Q € QD,, (|a|kw*™1).

Theorem 4.5.3. Fixa >0, « € C\ {0}, k € Z;. If 0 ¢ Q is a Zy—rotationally symmetric domain
2ni

(% Q =Q), then Q € QD,(akw*=1) if and only if Q ODq (ak?). In this case, Q = @(D,),

where 1

_ a ak
(z) = cz (1 - 7—’;) C Yk= e (4.23)
Z c

is univalent in D.,.

Toward proving this, we note the following relationship between the k = 1 case and the general

case:

Lemma 4.5.1. Fixa >0, € C\ {0}, and k € Z,. If Q € QD%(a/kz) then {w : wk € Q} €
QD,, (akwk=1).

Proof of Lemma 4.5.1. Suppose that Q € QD%(Q’) and define Q := {w : wk € Q}. By Theorem

4.2.1, Q admits a generalized Schwarz function S« (w)ismwlz(%'l), SO

1 ok a— 1_ a
Sa(w) := Ewk 1S%(wk):%wk lawk|w|2( k) — 5W|W|2( D

is a generalized Schwarz function for Q. Thus, by Theorem 4.2.1, Qe QD, and

-~ 1
h(w) = Cg. [Sa(w)] = Cg, Lkl = kG (wh) | = %wk_l.

k k

1 ,_
;wk 15%(wk)] = C’Q*

The result follows from the substitution « +— ak?. O

It is not true however that every element of QD,, (akw*~!) can be represented this way. To wit,

Example 4.5.1. Consider the map ¢ : D, — C given by

+ 2 1 —2yu~3
¢(z) :==cz Z+ bfl\/(l - —Zz‘l) (1 + ;Z_l) =c(z+u) T yul
+u

u Z+u
where vy = —ZC—‘Z’, u = \/ v(y+4)—v,and c,a > 0. One can show that this map is univalent
in D, precisely when 26—‘; = -y > 5\/?% ~ 4.257 via Lemma 3.3.1 and solving the equation

©*(z) = ¢%(&) over |z| = |¢] = 1 (taking its conjugate, we obtain ¢?(z™') = ¢?(£7!), so we may

eliminate £ to obtain a polynomial equation in z with coefficients depending only on ).
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Then note that @2, (z) = r*(z) = u?c? (1 - %2_1) (1 + %z‘l) has the form required by Theorem
433, so Q = ¢(D,) is a PQD when ¢ is univalent. Applying Equation 4.11 with r(z) =
u*c?(1 = 2yu=3z)(1 + u~'z) we obtain

1
h(W) = ECQ* 2

w

(rr#>ow<w>] < [—m%w)+u-3<u2—2y)<u4—2y>w(w>+0(1)

= Co,

3
—yw + ;— (u4 + 2u’y - 47) + O(w_l)]
u

3
= 2aw + — (u4 + 2uy — 4y)
2u

And u, as defined above, is a root of u* + 2yu? — 4y, so h(w) = 2aw. Thatis, Q € Q, (2aw). See
Figure 4.5. It is of note that —Q is also in QD, (2aw) (consider taking ¢ +— —c).

Figure 4.5: An asymmetric family (complements of the shaded regions) in QD, (%) for ¢ €
{.09,.2,.27,.31,0.34272} (Example 4.5.1)

Despite the failure of the converse of Lemma 4.5.1 in the general case, it can nevertheless be

recovered with the additional requirement of Z;—rotational symmetry.

Lemma 4.5.2 (Converse to Lemma 4.5.1). Fix a > 0, @« € C\ {0}, and k € Z,. If Q €
QD, (akwk"1) and is Z;—rotationally symmetric (e ¥ Q = Q), then QF € QD%(akz).

Proof of Lemma 4.5.2. Let Q be an unbounded domain as above so that for each f € Ay(Q),
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Ffwk) € Ay(Q), and
/ FONIwPED dA(w) = / F ORI P dA (w)
Qk Q
:‘% Fwh k3wt dw
0Q

= f(w)ak?dw.
0Qk

Thus QF € QD% (). The bounded case is completely analogous. O
We’re now equipped to prove Theorem 4.5.3.

Proof of Theorem 4.5.3. Let Q be a Z;—rotationally symmetric domain. If Q € QD,(akw*™1)
then by Lemma 4.5.2, Q% ¢ QD%(akZ). On the other hand, if Q* € QD% (ak?) then by Lemma
4.5.1,Q = {w: wk € Q*}is in QD (akw*1).

Now, if ¢ is the Riemann map associated to Q and 0 ¢ Q (and thus also 0 ¢ Q) then by Equation

k a 2 _
4.21, there exists a ¢ > 0 for which ¢(z) = c¢*z (1 = yxz7!)<, where y; = —(é‘k)(zék_l) = —Cﬁff‘k.
Moreover, by Proposition 4.6.3, there exists a polynomial p of degree k with p(O% = 1 for which

§(z) = ¢'zp*(z)a. Thus,

k
a

Q=

()t = (2 (0)F) = 7 = 0 = et (1 -zt

Q=

So, (c’)kp#(z)§ = ck (1 —ykz‘k) . Taking z — oo, we find that ¢’ = ¢, and so p#(z)% =

1
(1 = yxz7%)“. The result follows. o

Figure 4.4 exhibits each of the cases/phenomena described in Theorems 4.5.1 and 4.5.2. Fur-
thermore, by exploiting Lemma 4.5.1 and Equation 4.23, we obtain explicit families {€2;}, C
QD,, (akw*~1), exhibited in Figures 4.6 and 4.7.

4.6 Further Examples

One-Point PQDs of Higher Order

Let Xi(wo) be the space of rational functions = 0 at co with a unique pole of order k € Z, at
wo € C.3

Proposition 4.6.1. Fix a > 0 and let € be a bounded, simply connected domain with Riemann
map ¢ : D — Q such that ¢(0) = wy, and ¢’(0) > 0.

3: k a;j . .
i.e. 21 Gy for some collection of a; € C.
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#* % %

Figure 4.6: Families {Q;}; of PQDs (complements of the shaded regions) in QD2

QD; (% k= 1), and QD,4 (Tl) with k = 6 (left to right). When a = 2, k > 2a, so the fam—
ily has a maximal element. When a = 3, k = 2a, so this is the “traveling wave” case. Finally, when
a =4, k < 2a, so we obtain a two-phase family which is initially multiply connected and is simply
connected past the critical time.

° 00 00

Figure 4.7: Q € QD2 QD3 9w , and QD,, % (left to right, complements of the shaded
regions). The interior angles at 0 are 7 radians.

1. If 0 ¢ Q, then there exists 7 € Xi(wp) such that Q € QD,, (&) if and only if there exists a
polynomial p of degree k such that

0(2) = p(2)7. (4.24)

2. If wop = 0 (so 0 € Q), then there exists & € X;(0) such that Q € QD, (&) if and only if there

exists a polynomial p of degree k — 1 such that
1
¢(2) = zp(2)e. (4.25)

3. If 0 € Q and wq # 0, then there exists & € X;(wq) such that Q € QD,, (k) if and only if there

exists a polynomial p of degree k with a root at Zo ! such that

¢0(2) = by (2)p(2)7. (4.26)

Proof of Proposition 4.6.1.

We will only carry out the proof of case (1) because cases (2) and (3) follow by similar arguments.
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Let Q # 0 be a bounded domain and ¢ : D — Q a Riemann map for Q for which ¢(0) = wg and
¢’(0) > 0.
Suppose there exists 7 € Xi(wg) such that Q € QD, (k). Then by Theorem 4.3.4 ?nd Corollary
4.3.2, there exists a polynomial ¢ of degree k — 1 for which ¢(z) = (wg + zq(z))a. Thus there
exists a polynomial p of degree k for which ¢(z) = p(z)ﬁ.

Conversely, suppose there exists a polynomial p of degree k such that p(z) = p(z)é. Then by
Theorem 4.3.3, Q € QD, (&) for some rational 4. Moreover by Theorem 4.3.5,

1 1
_ b r_ 1 J L
hw) = —@, (Co. [pp"]) () + = = —— 0, | Co. | 3 B | |0) +
lj1<k
1 a ; t
=—o, Zﬁ_jz‘f (W) + —
k —~ —
T
- Z (w— 90(0))’ Z:‘ (w— Wo)’ '
But then because i € Ay (Q.), we find that 7 = 0, so h € X (wo). o

Proposition 4.6.2. Take a > 0 and Q an unbounded, simply connected domain with conformal
radius ¢ admitting a Riemann map ¢ : D, — Q with ¢’(o0) = ¢, and Xj (wy) the space of rational

functions = 0 at co with a unique pole of order k € Z, at wo € . Then

1. If 0 ¢ Q, then there exists 7 € Xi(wg) such that Q € QD,, (#) if and only if there exists
z0 € D, with ¢ (z0) = wo, and a polynomial p of degree k with p(0) = ¢ and without a root
at zp such that

0(z) =z| ————| . (4.27)

2. If 0 € Q then there exists 7 € X;(wp) such that Q € QD,(h) if and only if there exist
20,21 € D. with ¢(z0) = wo, ¢(z1) = 0, and a polynomial p of degree k with p(0) = |cz;|*

aroot at z; and without a root at zy such that

¢(z) = zb;,(2) (4.28)

Proof of Proposition 4.6.2.

Take a > 0 and € an unbounded, simply connected domain with conformal radius ¢ admitting a
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Riemann map ¢ : D, — Q with ¢’(c0) = c.

(1) Forward direction:

Suppose 0 ¢ Q and there exists & € X;(wq) such that Q € QD,, (7). Then by Theorem 4.3.6 and
corollary 4.3.3,

0(z) =z|c% + - Z :Zc“q—(z)

—ZO)J (Z_%—l)k

where ¢(z9) = wo, and ¢ is a monic polynomial of degree k with q(%_l) # 0. Thus there exists a
1

a

p*(2)
— K
(1_ ZOZ )

Conversely, suppose there exists zgp € D, with ¢ (z9) = wo, and a polynomial p of degree k with

polynomial p of degree k with p(zg) # 0, and p(0) = ¢¢, for which ¢(z) = z
(1) Backward direction:

a

p(0) = ¢* and without a root at zq such that ¢(z) = z jz) = | . Then, by Theorem 4.3.7,

(=)

r*(2) p(2) t

h(W) "4 CD k k (W) -

1-22) (1 -5t v
(1-7) (-2

k ko #
1 702 Pp"(2)  p(2) t
= —®,|Co 0 - o[- —.

(%) @9

Neither p nor p* have a root at 7o, so the argument of ®,, is meromorphic in D, and has a unique

pole of order k at zp in D,. Hence, by partial fraction decomposition,

k
1 Bj T
hw)y=— ) ———— + — = .
)= 2w Z TRt
Finally 0 € Q, but 2 € A(L,), sot = 0, and we conclude that & € Xy (wy).

The argument is similar for case (2). |

Polynomial PQDs
Let Q be a simply connected unbounded domain not containing zero with conformal radius ¢ > 0.
Now take a > 0, k € Zso and suppose Q € QD,(h) for some polynomial & of degree k.
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Then by Theorem 4.3.7 and corollary 4.3.3, there exists a polynomial p of degree k for which
1
o(z) =z (c" + 7' p*(2)) "
Conversely, suppose 0 ¢ Q and there exists a polynomial p of degree k for which ¢(z) =

1
z(¢” + z7'p*(2)) *. Then by Equation 4.16,

awh(w) = @, (CD [rr#]) (w) —at =, (CD [(ca + z_]p#(z)) (c* + zp(z))]) (w) —at

The argument of the Faber transform is a Laurent polynomial of the form 23| ;j<x+1 8 12/, so its
analytic part in D is a polynomial of degree k + 1. The Faber transform of a polynomial of degree
k + 1 is a polynomial of degree k + 1, so we find that h(w) = + qg(w) for some polynomial ¢
of degree k. Finally, h € A(LQ,) implies 8 = 0 when 0 ¢ Q. Thus h is a polynomial of degree k.

This proves the first case of the following proposition.

Proposition 4.6.3. Let Q be an unbounded, simply connected domain with conformal radius c,
admitting a Riemann map ¢ : D, — Q. Then for each a > 0 and k € Z5,

1. If 0 ¢ Q, then there exists a polynomial 4 of degree k such that Q € QD, () if and only if
there exists a polynomial p of degree k + 1 with p(0) = ¢ such that

o(z) = zp#(z)é. (4.29)

2. If 0 € Q, then there exists a polynomial % of degree k such that Q € QD, (%) if and only if
there exists a polynomial p of degree k + 1 with p(0) = |czo|* and a root at zy for which

¢(2) = zb.,(2)p*(2)%. (4.30)

(recall that b, (z) = 7 AI
(1) for k < 2a, we find that @ is univalent in D, if and only if each of the roots of p are contained
in D°. In particular, the set of unbounded PQDs not containing zero with polynomial quadrature
function & of degree k < 2a is parameterized by the set of polynomials p of degree k + 1 for which
z - zp* (z)é is univalent in D,. The proof of case 2 is given below.

Proof of Proposition 4.6.3.

(2) Forward direction: Let 0 € Q € QD, (/) be a simply connected and unbounded domain of
conformal radius ¢ > O for some polynomial & of degree k € Z>o and a > 0. Then by Equation
4.16 and corollary 4.3.3, there exists a polynomial p of degree k + 1 with p(0) = |czo|* for which
¢(z) = 2by(2) p#(z)i is a Riemann map for Q. Then by Equation 4.11, we have that

(pp") ow<w)] 1. [pow(W) -
|| — —LQ,
w a

h(w) = ~Ca o yr(w)
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Note that p* has no roots in D, (otherwise ¢ wouldn’t be analytic in D,), so if p(zo) # 0, the
argument of the RHS must have a pole at zero, which would imply /4 has a pole at 0, a contradiction.
Thus p(z9) = 0.

(2) Backward direction: On the other hand, if there exists a polynomial p of degree k + 1 with a
root at zo for which ¢(z) = zb,,(z) p#(z)é then by Theorem 4.3.3, Q € QD, (/) for some rational
h. We saw above that Equation 4.11 tells us

1 [p oy (w)
w

h(w) = —Ca, proywl,

the argument of which is meromorphic in € and has no poles in €, except a pole of order k at co.
Thus £ is a polynomial of degree k. O

1

3

14 Zz_z) *, is univalent in D, by Proposition 4.4.3 because its

Example 4.6.1. ¢(z) = z (1 + %z

roots, _liT‘/l_” are contained in D. Then Q := ¢(D,) is an unbounded PQD in QD, (%w + %)

To see this, first note that if ¢(z) = O then |z]| = % < 1,500 ¢ Q. Then by Proposition 4.6.3,
Q € QD,(aw + b) and Equation 4.11 implies

[ (pp™) 0w (w)
2w

:(%zz +3z+0(1) ou(w)

* 2w

aw + b = Cg,

(202(w) + Ty (w)
* 2w

ZCQ
3 +1
= —w+ —
8

Figure 4.8: Q € QD, (%w + %) (complement of shaded region).
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Linear PQDs

By Proposition 4.6.3, if Q € QD (@ + a@1w) is simply connected and does not contain 0, then
there exists a polynomial p of degree 2 with p(0) = ¢ for which the associated Riemann map
¢ : D, — Qis given by ¢(z) = zp#(z)%. That is, there exist constants ¢, ¢, € C for which
p(2) = c®(1+c1z+c2z%). By change of variables we can wlog assume @ = 1. Applying Theorem
4.3.7, we have that

1 t
ap+w=—aq, (CD [pp#]) (w) — —
aw w
cZa 2 t
= —, (uo +u1z + 2z ) (w) — —
aw w
c2a t
= — (uo +ur Fi(w) + c2F2(w)) — —,
aw w

a

where ug = 1+ |c1|> + |c2/> and u; = ¢ +Cica. Using Equation 2.11 we compute Fj(w) = % -

2 . Tal-20 o . . . )
and Fr(w) = % — w2l 4 =20 Substituting and equating polynomial coefficients, we obtain
2(a-1) ¢ ?22—1 ilz —_— . .
1 = “——c2, @g = c1—— + “=ccy. Solving for ¢ and c; yields

a(a—-2)ag— 2@ Ny

¢ (a-2)%-cHa-D
_a
T 21"

c| =

b

2
In particular, we have shown:

Proposition 4.6.4. If Q € QD,(ap + a;w) is a simply connected domain not containing zero, then

1

3 a(a—2ag-c*“Vag _, a _5\°
pla) = e (1 t e @i ¢ Tt

is a Riemann map for ¢, where ¢ = ¢’(c0) > 0 is the conformal radius of Q.

Note that if we set @ = 2 and g = 2V2, then this simplifies to

1
42 2 L\
v(z) =cz (1 + —3[1 + —21_2) )
c c

Furthermore, 0 ¢ Q = ¢(D,) for all ¢ > V2 and in the limit as ¢ — V2, the expression simplifies
further to ¢(z) = V2(z+1). In particular, this suggests thatDﬁ(\/i)* € QD, (2\/5 + w). However,

0e CI(D\/E(\/Q)), so this isn’t fully rigorous. It also breaks the observed pattern of dQ forming
angles of 7 radians. To confirm that Dﬁ(\@)* € QD, (2\5 + w), we will verify the quadrature



76
identity directly. Take f € ﬂo(Dﬁ(\@)) so that, by Green’s theorem:

1
/ FOw)IwPdAGw) = & 75 FOmywindw
D5 (V). 2 Jop (V)

Applying the identity Wiw%ﬁ + V2 on 6D\/§(\/§) and expanding, we obtain:

1 2 2
2d, == 2| 4
Ji i SO0PaAG) = 5 jg%(mf(W)W(w_ 2 ) w

2\2 6
- 2V2 d
jgmﬁ(\/i)* 7% ((w —2)2 * w =12 ’ " W) "

_ ?f 0 (2V2 4 w) dw,
oD 5(V2).

confirming the identity.

Quadratic PQDs

By Proposition 4.6.3, if Q € QD,, (@ + a;w + aaw?) is simply connected and does not contain 0,
then there exists a polynomial p of degree 3 with p(0) = ¢“ for which the associated Riemann map
¢ : D, — Qis given by ¢(z) = zp#(z)i. That is, there exist constants ¢y, ¢», c3 € C for which
p(2) = (1 + c1z + c2z> + ¢32°). By change of variables we can wlog assume a» = 1. Applying
Theorem 4.3.7, we have that

1 t
ay +aw + w? = —, (CD [pp#]) (w) — —
aw w
C2a ) 3 t
= —o, (uo + U1z + urz” + 32 ) (w) — —
aw w
2a

c t
= — (up+ u1 Fi(w) + ua Fo(w) + c3F3(w)) — —,
aw w

Where ug =1+ |01|2 + |Cz|2 + |03|2, Uy =cy+cicy+crcs, Uy = cyr+cics. Computing Fi, F>, and
F35 explicitly (using e.g. Equation 2.11) and equating coefficients, we find

2a-1

ay = C2 3 (2a2c1 +2a(a —2)cicy + (a —3)(2ac; — 52)63)
a

CZa—Z L

@ = —— (acy + (a = 3)cies)

2a-3
1= ¢ Cc3

a

We can then write ¢35 in terms of a and c:

c3=ac
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and we can write ¢; in terms of a, ¢, and c;:
¢y = aa; 2179 — (a —3)>72¢.

Substituting these into the a( equation, the problem reduces to that of solving an algebraic equation

in ¢ (linear in ¢ and quadratic in ¢) with coefficients depending only on a, ¢, ag, and a:

0= ((a -3)(2a - 3)02‘”3) ol - (Z(a - 2)ac2“+2a1) 1

+ 2a (((a —3)2c8 = *ey + ac®lag - (a - 3)ac5a/_1) i

QD,(ap + ayw + w2)

When a = 2, the logarithmic potential associated to a quadratic PQD Q (Proposition 4.4.2) is of

the form

4 3
o(w) = % —2Re |aow + %wz + %) ,
plus some additive constant on each connected component of the droplet K = Q°. Note that Q is
globally admissible because Re(w?) < [w|* = Q(w) = O(|w|*). Thus by Frostman’s theorem
(2.1.1), for each ¢ > O there exists a unique droplet K; associated to Q, the complement of which is
a quadratic PQD. Combining this with Lemma 2.2.2 we find that, for each choice of constants ay

and «a, there is an associated 1—parameter family of quadratic PQDs with a = 2.

1

When a = 2, the above relations reduce to ¢, = 2a1¢™2 + ¢~!¢7, and ¢3 = 2¢71, so that

(2) 1+a+2a_1+c1c 2 \?
v(2) =cz —t——+—

z 272 cz3
Moreover, taking the aforementioned algebraic equation in ¢, along with its conjugate equation,

we may eliminate ¢ to obtain a quartic in ¢y,
0 =64(a; +@)? — 128(c? — 1) (a7 + ap) + 64c(c? = 1)3c; — 16¢% () +a_o)c% + c4c‘1‘.

By numerically solving the quartic for ¢ for various values of ¢, ag and @, we obtain six families
of quadratic PQDs with a = 2 which appear to exhibit distinct critical and topological behavior
(Figures 4.9 and 4.10).
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Figure 4.9: Families of PQDs (complements of the shaded regions) in QD,(ag + a1w + w?) for
ag = =30, a1 = 0, and cpin = 3.875 (eft); ag = —4, a1 = —3.04, and cpin ~ 2.887 (center);
ao = —3.52, a1 = 1.43, and cpi = 2.741 (right).

Figure 4.10: Families of PQDs (complements of the shaded regions) in QD,(ag + a;w + w?) for
ag = .86, a1 = .96 — i, and cppin & 2.6649 (left); a9 = —.5, a1 = —.17, and cpip = 2.026 (center);
ao =0, @) =0, and cpip = 2 (right).
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Chapter 5

LOG-WEIGHTED QUADRATURE DOMAINS

In this section we develop the theory of log-weighted quadrature domains (LQDs). We begin
by defining LQDs and highlighting a method of constructing LQDs from classical QDs via the
exponential map (Theorem 5.1.1). We then derive the singular and non-singular coincidence
equations, use them to establish the essential uniqueness of the quadrature function, and prove
a generalized Schwarz-function characterization of LQDs. From this characterization we obtain
boundary regularity, an electrostatic characterization, and several basic invariance properties that

will be used throughout the remainder of this chapter.

5.1 Definition and Basic Properties

‘We consider domains Q C @ such that

'/lecv(vvl‘;)dA(w) - f(;gf(w)h(w)dw, (5.1)

forall f € L (Q; po), with & rational. Note that when 0 € Q, admissible test functions vanish at 0;
when € is unbounded, admissible test functions vanish at infinity. To ensure essential uniqueness of
the quadrature function %, we place the additional constraint that 2 € Raty(£) when Q is bounded,
and & € Rat(Q) when Q is unbounded.

Definition 5.1.1 (Log-Weighted Quadrature Domain). Let Q C C be a rectifiable domain for which
0, 00 ¢ 0Q. We say that Qs a log-weighted quadrature domain if there exists a rational 4 (satisfying
the above conditions) such that Equation 5.1 is satisfied.

Throughout the remainder of the thesis we will denote by Q € QD (%) that Q is an LQD with
quadrature function &, and by Q € QD we denote that there exists an & for which Q € QDg(4). As
with classical QDs, we will always require that Q = Int(C1(€)) because otherwise arbitrarily many
QDs with the same quadrature function could be constructed via deletion of subsets of measure
zero. We can generate some easy first examples of LQDs by considering the images of certain

classical QDs under the exponential map. In particular,

Theorem 5.1.1. If Q € QD(h) is a bounded domain on which w — e is injective, then e

QD (h), where h(w) = C,e [hOII\:/(W)]'

€

Theorem 5.1.1 also tells us that if { py } are the poles of &, then {e”*} are the poles of the quadrature

function for e®. Tt follows from the residue theorem that these poles also have the same multiplicity.
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Proof of Theorem 5.1.1. Under the above hypotheses, f € L (e®;p0) & f(e") € A(Q), so

Jfw)

< |W|2

ant) = [ fenaamn = e momaw= ¢ ront .

By Theorem 3.1.1, 0Q is piecewise C!, which implies the same for de®®. Hence, by Lemma

2.3.1(1),
holn(w) “C [h olIn(w)

w

+CQ[

€y

ho ln(w)]

w w

where the first term is analytic in ¢®. Moreover, as 0 is in the unbounded component of (e)¢,
%(W) e M(e®) and extends continuously to de®, so ‘ﬁ(w) = Ce [%(W)] € Ratg(e®) by

Lemma 2.3.1. The C, term drops out because it is analytic in e**, and we obtain

holn(w)
=

/ . ) (VIVZ) dA(w)= ¢  F(w)Cya

|W e

dw + f(w)ﬁ(w)dw = jlg F(w)h(w)dw,
e

Oe

and we may conclude that ¢© € QD, (h). O

For example, consider D,(—1) € QD (ﬁ) As the exponential map is injective on D, (—1), we

find that ¢P2(-1 is an LQD, with quadrature function h having a simple pole at e~!. Note that
l__ - w+1 + G(w) for some G € A(eP>("D). Hence, by Lemma 2.3.1(3,4),

In(w)+1
40 1 4
=Coy-1n |— +Gw)|| = —.
e, wlew—1 w—e !

4 1
win(w) + 1

E(W) = CeDz(—l) [

That is, ¢2(-1 e QD, ( 4,1). Figure 5.1 shows D,(—1) and its image under the exponential

w-—e

map.

Figure 5.1: D(—1) € QD (%) and its image under the exponential map, ¢2(-1 € QD (w—t‘l)'



81

The Generalized Coincidence Equation

The primary distinction of LQDs from classical QDs is the existence of a metric singularity at
w = 0. We refer to LQDs containing zero as singular. We likewise refer to LQDs not containing
0 as non-singular. The effect of this singularity is captured by the additional % term in the
coincidence equation for singular LQDs (Equation 5.3). Graven & Makarov [13] obtained the

following generalization of the coincidence equation (Equation 3.3) for non-singular LQDs.

Theorem 5.1.2 ([13], §4). If Q € QDy(h) is a domain not containing zero, then there exists a

unique G € A(Q) such that
In|wl|?

Zh(w) + G (w). (5.2)

Moreover, G(w) = po"\Dr(W) + %for anyr € (0,d(0,09Q)).

Cg denotes the p—weighted Cauchy transform of U C C, which is given by
cton = [ 28,

Obtaining a generalized coincidence equation for singular LQDs is complicated by the fact that
the Cauchy kernel k,,(¢) = =~ is no longer an element of the test class L/ 2(€; po). Hence, the
quadrature identity cannot be dlrectly applied to k,, to obtain the quadrature function in terms of the
weighted Cauchy transform. Instead, the modified Cauchy kernel —, vanishing at 0 is employed.

We obtain the following generalization of Theorem 5.1.2 to smgular LQDs.

Theorem 5.1.3. If Q € QDy(h) is a domain containing zero, then there exist unique q € C and

G € A(Q) such that
In|w|?

hw) + L+ G(w), (5.3)
w

where G = C%

In order to proceed with the proof of Theorems 5.1.2 and 5.1.3, we will need the following lemma

which allows us to appropriately “renormalize” the weighted Cauchy transform:

Lemma 5.1.1. For all [w| > r >0,

ln wl|? = In|r|?
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To see this, we express the left side in Cauchy principal value and apply Green’s theorem

_R—>oo r<|é|]<R W — &
Injw* f gl In |£]>
= 1 ——d
w TR (W &) a¢ - op, E(w = &) ¢
In |w|? 2 d¢ 2% dg
_ lim In |R ——>—d¢ -1 .
w T AR opg §(W—&) §-lnlrl op, £(w = &)

ln|r|

Applying the residue theorem to the latter two terms, we obtain 0 and — respectively. The

desired formula follows.

Proof of Theorem 5.1.2. Fix 0 ¢ Q € QDg(h) and r < d(0,0Q). Note that when w € Q,, the

quadrature identity implies
-2 h
chon = [ Eane = § e~ nom.

On the other hand if w € Q, then C po*\ " is analytic and extends continuously to the boundary ([4],

Chapter 17). Hence, for each w € 0,

Cor (W) = Cor o (w) + C (w) = h(w) + Cor '™ (w).

Hence, by Lemma 5.1.1,

1 2 In|r|?
n|w| “h(w) + [ C Q\D() Il|r|

Equation 5.2 follows by setting G equal to the rightmost term. For uniqueness of G: Suppose there
existed G| and G, such that Equation 5.2 holds. Subtracting these equations from each other, we
immediately find that G;=G,. As G| and G, extend continuously to the boundary, it follows from
the maximum modulus principle that G; = G, on Q. O

The proof Theorem 5.1.3 has two steps. In the bounded case, the modified kernel g—iw directly
yields the required decomposition. In the unbounded case, one instead uses a two-point kernel to
compensate for the behavior at infinity, and the resulting constant term is again absorbed into the
charge q.

Proof of Theorem 5.1.3. Fix 0 € Q € QDy(h) and r < d(0,0Q). We first consider the case in
which Q is bounded. If w € Q. then, applying the quadrature identity to (f - W—) € LL(Q: po)
yields

S8 ae) = § @)

d =-wh
aé-w o0 & — d ().
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On the other hand, if w € Q then, by Green’s theorem (2 € QD by assumption, so its boundary is
rectifiable),
-2 1 2 2 1 2
2 a6 - i+ D e~ Paw nléP - f njef
aé-w aé- o0 E(€—w)
Applying Green’s theorem to the ﬁrst integral, and splitting the second to isolate the pole at 0, we

obtain

) -2 2 2
/§|§| JA(E) = —In|w] - w €] dé + (j{ In |£] d§+jlg In |£] dg)
eé—-w Q&—w s@\p,) ¢ op, €&

We recognize the first integral as a weighted Cauchy transform, and note that the second two

integrals integrate to a constant depending only on Q:

= wl”+wCr(w) + qq.
aé-w

where gg = fQ\D |€]72dA (&) + In |r|>. Hence,

In |w|?

. qQ
=h(w) + Co(w) + -

Finally, we consider the case in which Q is unbounded. Fix wgy € Q.. If w € Q, then, applying the

quadrature identity to € L (Q; po) yields

£
(w=wo)(w=¢)

EEI™? 3 Eh(¢) __wh(w) = woh(wo)
/Q@—w())(f—w)df‘(f)‘f{ a% '

o0 (E-wo)(E-w) ™ w = wo
On the other hand, if w € Q then, by Green’s theorem,
-2 1 2 1 2
[ g R f R,
o (E-wo)(—w) w—wo  Jaa (£ —wo)(§—w)
-1 In|£|? In|£|?
= (lnlwl2 —wjg _njél” d§+wo‘§l§ _Inlel df)
W —wo 90 §(E—w) 90 & (& —wo)

Applying Green’s theorem to the first integral, and splitting the second to isolate the pole at 0, we

€]~ ( In |£|2dé In|r|?dé ))
1 2 dA _— _—
( n " w Q&-w (€)+wo é(g\m) E(€ —wo) ¥ ngr E(&E—wo)

We recognize the first integral as a weighted Cauchy transform, the second integral is also recognized

obtain

w =Wy

as a weighted Cauchy transform after applying Green’s theorem, and the third integral may be

calculated directly via the residue theorem.

£lg _ ! 2 _ oS €17 In |r|?
/Q(f_w())(f_w)dA(f)— - (lnlwl —wCp (w)+w0( o dA(€) - e ))

D, & = Wo

-1

= (ln lw|? - wa)i*(w) - W()C[%\DV(W()) +In |r|2) .
w —Wwo




84

Hence for each w € 0Q,

In |w|? qQ.wo

=h(w) + Ch(w) + =,

where gq v, = W()C‘?O\Dr(W()) — woh(wg) + In|r|?. For the uniqueness of G and ¢, suppose there
existed two pairs G, g and G», g2 for which Equation 5.3 holds. Subtracting these from each
other, and multiplying through by w, we find that wG|(w) + g1=wG2(w) + g>. Both sides of the
equation are analytic in € and extend continuously to the boundary, it follows from the identity
theorem that wG(w) + g1 = wGo(w) + g2 on Q. Plugging in w = 0, we find that g; = ¢», from
which it follows that G; = G, on Q. m|

With the generalized coincidence equation established, our next goal is to characterize the conditions
under which the quadrature function % associated to a given LQD is unique. In particular, we show
that 4 is unique outright when 0 ¢ Q, and unique modulo an additional point-charge term g/w

when 0 € Q. Next, we recover an analogue of the Schwarz function for LQDs (Proposition 3.1.1):
In |w|?

o , and

we introduce a generalized Schwarz function So whose boundary values satisfy So(w)=
show that Q is an LQD if and only if such an Sg exists. We then record three further consequences
that will be used repeatedly later: a Sakai-type boundary regularity theorem (only finitely many
singular boundary points, each a cusp or double point), an electrostatic characterization of LQDs,

and basic invariance properties of the class under scaling, inversion, and power maps.

Essential Uniqueness of the Quadrature Function
A direct consequence of Theorems 5.1.2 and 5.1.3 is the essential uniqueness of the quadrature

function associated to a given LQD. For non-singular LQDs, we obtain:

Corollary 5.1.1. If Q € QD (%) is non-singular, then / is unique.

Proof. Suppose 0 ¢ Q is an LQD with two quadrature functions /4 and h; (that is, Q € QDy(h;) N
QDg(h7)). Then, hy and h;, each satisfy Equation 5.2 for the same G, as G is independent of /.

Subtracting these equations, we obtain 41 =h,. It follows from the identity theorem that 7y = hy. O

On the other hand, if 0 € Q, then we only obtain uniqueness up to a one-parameter family of

quadrature functions.
Corollary 5.1.2. If Q € QD (%) is a domain containing zero, then /% is unique modulo the addition

of a point charge Z at the origin. In particular, {Z Qe QDO(Z)} ={h(w)+<:qecC}.

Proof. Suppose 0 € Q is an LQD with two quadrature functions /1 and &, (that is, Q € QDy(h1) N
QDg(h7)). Then, h; and h; each satisfy Equation 5.3. Noting that G is independent of / (it depends
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only on the domain), we obtain %ihj(w) + %’ +G(w) (gj € C, j € {1,2}). Subtracting these
equations and applying the identity theorem yields & (w) — hy(w) = % foralw € C. In
particular, there exists g € C such that hy(w) = hj(w) + %

On the other hand, if Q € QDy(h), then Q € QD (h(w) + L) for all ¢ € C by inspection of the
quadrature identity, using the fact that f € LL(Q; pg) = f(0) = 0. O

Considering Theorem 5.1.3 together with Corollary 5.1.2, we arrive at an apparent paradox: The
former asserts that ¢ (in Equation 5.3) is uniquely associated to Q € QD (/), whereas the latter
asserts that 2(w) + % is also a quadrature function for € for any ¢ € C. What is happening here?
The root of the problem is that g (in Equation 5.3) depends on both Q and 4. Hence we must
instead consider the sum h(w) + % which is, indeed uniquely associated to Q (this follows from

essentially the same argument as in the proof of Corollary 5.1.2). Now consider the decomposition

Res h q+Rgsh

+ )
w

h(w) + L = (h(w) -
w

where the first term is the part which is residue-free at 0, and the second captures the residue at 0.
It follows that the second term is, in fact, independent of 4. This motivates the introduction of the

following definition.

Definition 5.1.2. Fix ¢ € C and A rational such that Rgs h = 0. We denote by Q € QD (4; q) that
Q € QDy(h), and Equation 5.3 is satisfied with this value of g.

It is immediate that if Q € QD (%; q), then the pair (4, g) is uniquely associated to Q. From the

perspective of potential theory, ¢ can be interpreted as the charge at 0.

The Generalized Schwarz Function and Boundary Regularity
Recall that quadrature domains may be equivalently characterized as those domains which admit a

Schwarz function (Proposition 3.1.1). The coincidence equations suggest that the correct analogue
of the classical Schwarz function should have boundary values % We now show that this is
indeed the right notion. In particular, we show that a domain Q is an LQD if and only if it admits
a generalized Schwarz function: A function Sy € M(Q) extending continuously to dQ such that

So(w) =l

It is important to note that So always has finitely many poles - a fact which is clear when Q is
bounded. When Q is unbounded, this follows from the fact that Sy is meromorphic at co, which

means that the singularity at infinity (if any) is isolated.
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Theorem 5.1.4. If Q is a domain with 0,00 ¢ 0Q, then Q € QD if and only if it admits a

generalized Schwarz function Sy.

In this case, the generalized Schwarz function Sy is given by the RHS of Equation 5.2 when 0 ¢ Q
and RHS of Equation 5.3 when 0 € Q. In order to complete the proof of Theorem 5.1.4, we will

need the following regularity result:

Lemma 5.1.2. If Q admits a generalized Schwarz function, then dQ has finitely many singular

points, and each is a cusp or a double point.

Proof. Let Sy be a generalized Schwarz function for Q. Define

e"So(w)

S(w) =

For w € 0€Q, the boundary condition for Sy gives

eln|w|2 |W|2 .
=— =Ww.

w w

S(w)=

Since Sy € M(Q) and is continuous up to 9, its poles are finite in number and bounded away

from 0Q. Choose € > 0 sufficiently small that S¢ is holomorphic in
Ne={w e Q:d(w,0Q) < €},

and d(0,0Q) > €. Then S is holomorphic on N, N CI(Q) with boundary values S(w)=w. Thus
S is a local Schwarz function at every boundary point of €. Sakai’s regularity theorem (3.1.1)
then implies that dQ has finitely many singular points, each a cusp or a double point (€2 has no
degenerate points on account of the assumption that Q = Int(C1(€2))). The finiteness of the singular

set follows exactly as in the classical quadrature-domain case (§3.2 of [20]). O
With this regularity result in hand, we are now prepared to prove Theorem 5.1.4.

Proof of Theorem 5.1.4. Suppose Q € QDg(#). Then by Theorems 5.1.2 and 5.1.3, Q satisfies
Equation 5.3 (with ¢ = 0 when 0 ¢ Q). Set Sy equal to the RHS of the equation: So(w) :=
h(w) + gw™! + G(w). As Sy € M(LQ) and extends continuously to the boundary (0 ¢ 6Q by

In |w|?
w

assumption), we find that So(w)= is a generalized Schwarz function for €.

On the other hand, suppose €2 admits a generalized Schwarz function Sg. By Lemma 5.1.2, we

know that AQ is piecewise C!, so Green’s theorem applies. Hence, for each f € L!(Q; po),

fw) _ njwP
/Q |w|? dA(w) = jgg fw) dw = jég fw)So(w)dw.

w
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Since So has finitely many poles in €2, let 4 be the rational function obtained by summing the
principal parts of Sy at those poles, normalized so that 2 € Raty(€2) in the bounded case and
h € Rat(Q) in the unbounded case. Then

G=So—-h
is holomorphic in © and extends continuously to €. Hence,
/ fw)G(w)dw =0
0Q

by Cauchy’s theorem. It follows that

f(w)
/Q |WV|V2 dA(w) = jlggf(w)h(w)dw,

so Q € QD,. |

Animmediate consequence of Theorem 5.1.4 and Lemma 5.1.2 is the following boundary regularity
result for LQDs:

Theorem 5.1.5. If Q € QD then 0 has finitely many singular points, and each is a cusp or a

double point. In particular, 0Q is piecewise C.

Proof. By Theorem 5.1.4, Q has a generalized Schwarz function. The conclusion follows by

Lemma 5.1.2. O

LQDs: An Electrostatic Perspective

LQDs have a natural physical interpretation from the perspective of electrostatics. In particular, a
domain Q is an LOD if and only if there is a finite configuration of point charges (and multipoles)
on the interior of Q whose electrostatic field in Q° is equal to that of a charge density py on Q.

More formally,

Theorem 5.1.6. Fix a domain Q such that 0, c0 ¢ 0Q, and r € (0,d(0, 9Q)). Then,

1. If 0 ¢ Q then Q € QDq(h) if and only ifC/%(w) = h(w) on Q,;

2. If0 € Qthen Q € ODy(h; q) if and only ifCI?O\D’(w) + # =h(w) + % on Q..

See Appendix A.1 for the proof.

For example, when 0 ¢ Q, C % is precisely the electrostatic field due to the charge density pg on €,
and  is the electrostatic field due to a collection of point charges (and multipoles) at the poles of

h. This phenomenon is illustrated in Figure 5.2.



Figure 5.2: The electrostatic field for Q € QD (h) (h(w) = %) for C_f,zo (left), i (center), and
C - h (right).

Invariance Properties

The class of log-weighted quadrature domains has a number of invariance properties. In particular,
ifa € C\ {0}, and k € Z,, then

1. Scale invariance (§5.1): QeQD, = a'QecQD,,
2. Inversion invariance (§5.1): Q € QD, Qle QDO,1
3. Power invariance (§5.1): QeQDh) Qf € QDy, (assuming QF is connected),

where QF := {we C:wke Q} is the full kth root preimage of Q. The specific relationships be-
tween the quadrature functions of these domains and their transformed counterparts are given in the
§5.1-5.1. Some of these properties are genuinely new while others are, in some sense, “inherited”
from invariance properties of classical quadrature domains via Theorem 5.1.1. For example, the
scale-invariance property of QD can be interpreted as a consequence of the translation invariance
of QD on account of the fact that the exponential map takes addition to multiplication. Of course,

LQDs are not generally translation invariant, as this is not a symmetry of the underlying weight

po(w) = |w|™2.

We will begin by covering scale invariance and its implications for “traveling wave” families of
LQDs.

"'Where Q7! = {w=' € C: w e Q}.



89

Scaling Law and Traveling Waves

Fix @ € C\ {0} and Q € QDy(%), and note that f € L (a7'Q;p9) = f(a~'w) € LL(Q; po).
Applying the quadrature identity, we obtain

0D o < [ L)

a1Q |W|2 Q |a_1W|2

a2 dA(w) = ég Fla wyh(w)dw = 7{

da

fw)h(aw)adw.
Q

Hence, a~'Q € QDy(h(aw)a). Carrying out the same argument with a~!, we conclude that

Theorem 5.1.7. For each a € C\ {0} and domain Q, Q € QDy(h) if and only if a™'Q €
ODy(h(aw)a).

We say that a family {€;}; € QDg(h) is a traveling wave if there exists 79 > 0 and a smooth
increasing function a(¢) such that @(co) = co and for each ¢ > 79, ; = a(#)€,.

Corollary 5.1.3. If {Q;}p<1<c0 € QDg(h) is a traveling wave, then it consists of either disks or

exterior disks centered at the origin.

Proof. By Theorem 5.1.7, €;, € QDqy(h) N QDy(h(a(t)w)a(t)). Then by Corollaries 5.1.1 and
5.1.2, either

1. h(w) = h(a(t)w)a(t), when 0 ¢ Q,
2. h(w) = h(a(t)w)a(r) + L for some g € C, when 0 € Q.

Applying the assumption that 4 is rational, and expanding each functional equation in a Laurent

series about w = 0, we find that 2(w) = = for some ¢ € C.

In the first case, we find that ¢ = 0 because & € A(LQ.) and 0 € Q.. Hence, Q; € QD(0) for all
t > to. By Theorem 5.3.1, each €; must be an exterior disk centered at the origin. Similarly, in
the second case, we find that Q; € QD (<). By Corollary 5.1.2 we conclude that , € QDg(0).

£
w

Again by Theorem 5.3.1, each €, must be a disk centered at the origin. O

Invariance Under Inversion

Another interesting property of the class of LQDs is their invariance under inversion. This is
sdAW) _ |-w72PdA(w) _ dA(w)
[ e R U S

pullback by w +> w~!. The following theorem is a direct generalization of the Graven & Makarov’s
[13] result for non-singular LQDS.

essentially a consequence of the fact that (w™') where (w™1)* is the

Theorem 5.1.8. IfQ C CthenQ e QD (h) if and only if Q™' € ODy(-=h(w=Hw=2).



90
Proof of Theorem 5.1.8. 1f Q € QDy(h) then f € LL(Q7';p0) = f(w™) € LL(Q; po). Taking

the following integral, inverting, applying the quadrature identity, and inverting back, we obtain

-1
T0% 14wy = /Q fl(::P ) da(w)

o1 |w]?

= j{ Fw™ Hh(w)dw
oQ

= S (=h(w™Hw)dw
lon

so Q! € QD, (—h(w‘l)w‘z). This implies the backwards direction as well because E(w) =

—h(w Hw? = —h(w Hw2 = h(w). O

When Q € QD (h;q) is singular and unbounded (in which case Q! € QDO(E, q) is likewise
singular and unbounded), we obtain a direct relation between ¢ and ¢ in terms of the pg—weighted
area of Q., A, (,) = /Q |&|72dA ().

Corollary 5.14. If Q C C contains both 0 and oo, then Q € QDy(h; g) if and only if

e QDy(—h(wTHW™F —g = Ap Q).
Proof. That ¢ — —g, follows by substituting w — w~! in Equation 5.3, and multiplying through
by —w 2 to obtain

In|w|? . _ Gw™

2

hw w2 - 9_
w

w
Note that %2_1) e A(Q7"), unless co € Q. In this case, 0 € Q! and G(0) =0, so

Gw) i Res G . Gw™) + wRes G _ Res G GO
W b

w2 1% w2
where G € A(Q). Finally, note that

/ 1€]7°dA (&) 2a’A(f)

G(w) = /Q 1E172dA(E) + O(w™),

soRes G = —A, (Q,). O

An important consequence of inversion invariance is that it gives a bijective correspondence between
bounded singular LQDs and unbounded non-singular LQDs. Hence, we can study one family by

considering corresponding domains in the other.
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The Power Map

Considering that In |w*| = k In |w|, another natural transformation to investigate is the power map
w - wk. For a domain Q C C, we therefore introduce its full kth root preimage, Qf = {w e
C:wke Q}, which is k—fold rotationally symmetric. The theorem below shows that Q € QD) if
and only if Qf is a disjoint union of LQDs (if Qf is connected, then it is a disjoint union of one
LQD). The key point is that the weight po(w) = |w|~? interacts especially well with the change of
variables induced by w — w¥*, so the log-weighted quadrature identity is preserved. In particular,
this result gives a systematic way to generate symmetric examples and, conversely, to represent

symmetric LQDs via simpler ones.

Theorem 5.1.9. Fix a domain Q, and k € Z.. Then Q € QD, Q% = |_|J- Q;, where
Q; € OD,. In this case, there exist rational functions h and {h;}; such that Q € QDg(h),
Q; € ODy(hj), and 3, hj = %wk_lh(wk).

When QF is connected, Theorem 5.1.9 reduces to the statement Q € QDy(h) Qf €
0D, (%wk‘lh(wk )). Before proceeding with the proof, we will need the following lemma (proof
in Appendix A.4) which asserts a that k—fold rotational symmetry of an LQD implies a certain

symmetry of its quadrature function.

Lemma 5.1.3. If Q = | |; Q;, where Q; € QD(%;), is a k—fold rotationally symmetric disjoint
finite union of LQDs, then there exists a rational function g such that 3; hj(w) =: h(w) =
wk_lg(wk).

Proof of Theorem 5.1.9. For the forward direction, we suppose that Q € QDy(/). By Theorem

5.1.4, Q admits a generalized Schwarz function So(w)i% We then consider w € 9QF
(= wk e dQ), so
~ 1 1 In|wk?>  In|w|?
So(w) 1= k1 Sp(wky = Lyt b B Inbel
k k wk w

. i i S .
Fix a connected component €2; C Q% and note that at each w € Qx 2 Q; ( = wk e Q), Sy is
meromorphic in £2; as the product and composition of a meromorphic function with a polynomial.
It also inherits continuity up to the boundary from Sy. Hence, Soisa generalized Schwarz function

1 1. e .
for each connected component Q; of Q%, and we conclude that Q% is a disjoint union of LQDs.

For the reverse direction, suppose that Qf = Ll; Q;, where Q; € QDg(h;). As Qf is k—fold

symmetric about the origin, Lemma 5.1.3 implies that there exists a rational function g such that

Z hj(w) =: h(w) = %wk_lg(wk).
J
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If wk e Q, that means that there exists z € Qt such that wk = zK. In particular, ezm%w € QF for
some j € Z. As Qf is k—fold rotationally symmetric, this means that ity € QF for every j € Z.
In particular, Q7 is a k—to—1 cover of Q under the map w — w* (and hence on the boundary as
well). Fix f € L1(Q; po), so that f(wk) € L1(Q%; py). Then,

o0 R
o P A0 =T ok T

:kZ/Q-flE’:T];)dA(W)
j J
_ k;jlggj FWEY R (w)dw

. . . Lo
As each h; is residue-free in Q;, we may deform each contour J€Q; to the contour dQ* without

1 w2 ED dA (w)

changing the value of the integral. Doing so, we obtain

f(w)dA(w) = kjgg}c FOR) > hp(wydw = fim' FWEwElg(wh)dw = fég fw)g(w)dw.
f k

o lw)?

That is, Q € QD (g). The desired conclusion follows. O

5.2 LQDs as Limits of PQDs

Theorems 5.1.2 and 5.1.3 give an analogue of the Schwarz function equation (3.3) a la that for
PQDs (4.3). There are other results for PQDs which extend nicely to this “limiting” situation. This
understanding of LQDs as the limit of a sequence of PQDs as a — 07 is formalized in the following

theorem:

Theorem 5.2.1. Let {Q,}o<q<a, be a family of domains and h € Raty (Int (N,€2,)) such that

Q, € OD,(h) and the lengths of {0Q,}, are uniformly bounded. If Q, 2, Qo in the Hausdor{f
metric and 0 ¢ CI(Ly), then Qo € ODy(h).

Proof of Theorem 5.2.1. As Q, ﬂ Qo in the Hausdorff metric, for each € > 0O there exists
0 < a. < min{a,, €} for which dy(Q,, Qy) < € for all 0 < a < a,. Take ¢ sufficiently small that
0 is bounded away from the Q, by distance 6 = §(eg) > 0 forall 0 < a < a¢, 0 < € < ¢ then, by
the uniform boundedness of the boundary lengths, we have that u(Q, \ Qo), u(Qo \ Q,) < Lﬂ
forall 0 < a < a.. If Ug = U0<a§a60 Q, is unbounded and f € Ay (Ug,) is given by f(w) =

fiw™ '+ fHrw2 + ... then
/ f(W) |2adA( )'
f(w)

fw)
/QOUQ % (]190\9 Lo\, + (1= |W|2a)]19a) dA(w)|.

f(w) (ILQO

w|?

- wP1g,) dA(w>‘

o, Iwl? QOUQ
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By the triangle inequality, this is bounded by

2a -1
ana, WP a\go lw | Q. lwl
Lrnée? 1 ©& fi w 2"
<2 + — — 1 dA
5 suplfl /Qa W Z; - ; og" [w|dA(w)
1
< M(ep)é® + Z | Og|k|+v;”dA(W) =%
n,k=1

where the second integral goes to O with € because a. 0 0 and 0 ¢ CI(Q,). The argument
in the bounded case is similar. Thus, for each €y > 0 sufficiently small with 0 < € < ¢,
0 <a < ae<min{a,, €} and f € A (Ug,) (A if Ug, is unbounded),

Jf(w)

Qo |W|

_hm/ £ (w)|w]?@ 1>dA(w)—hmjz§ Fw)h(w)dw = f F(w)h(w)dw.

Now if w is any point in (er)*, € A (Ug,) (Ao if Ug, is unbounded), so

-w

_ / dA(§) / dA(¢)  _ ?g Infé’dé [ h(E)dE ?5 ) - gt d
Q [EPE=w)  Jo, [EP(E-w)  Jag, EE—w)  Jag, E-w a0, €-w

lnlwlz]

N

= C(Qo)* h(w) —

But for each w € Q, there exists €y > 0 for which w € (U,)., so the above equality holds for all
w € (Qp).. Moreover, h(w) — % € C%(0Qp) because 0 ¢ 9Qy, so

In |w|2 In|wl|? In|wl|? In|wl|?

h(w) — h(w) — h(w) —

h(w)-

= CQO

+Cq).

] = CQ() ] S ﬂ(QQ)

That is, there exists a G € A(LQy) for which %ih(w) + G(w) =: So(w). Hence, Qo admits a
generalized Schwarz function Sy, so Qy € QD (/) by Theorem 5.1.4. O

Example 5.2.1. We shall see in Theorem 4.5.3 that if 0 ¢ Q, is an unbounded domain for which

1
Q, € QD (akwk~!) for some a, @ > 0 and k € Z,, then ¢,(z) = cz ( - Z—,’j)“ where y; = —C‘éff,kk

is a Riemann map for €,. Then, leaving the details to the reader, the lemma implies that

k -k

1
¢o(z) := lim ¢,(z) = lim cz (1 + 4 (akckz_k))a = czehe’z
a—0* a—0* c2a

is the Riemann map associated to lim,_,o+ Q, =: Qg € QDO(akwk‘l). This result is confirmed by

its agreement with the outcome from direct computation (Theorem 5.5.1).
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Figure 5.3: Family of domains associated to an unbounded simply connected € € QD (kwk‘l),
ke {l1,2,7}.

5.3 The Inverse and Direct Problems for LQDs

The general results of §2 make it possible to begin addressing the inverse and direct problems
for log-weighted quadrature domains in explicit families. The aim of the present section is to
analyze the simplest such families, both in order to obtain concrete classification theorems and to
illustrate the new geometric features introduced by the singular weight po(w) = |w|™2. The null

case, QD (0), provides the most basic test of the theory: the singularity at the origin induces an
additional family of null LQDs.

Classification of Null LQDs
An LQD Q is referred to as a null LOD if 0 is its quadrature function: Q € QD(0). We prove the

following classification theorem for null LQDs.

Theorem 5.3.1. A domain is a null LOD if and only if it is a disk or exterior disk centered at the

origin.

Proof of Theorem 5.3.1. Let Q € QDy(0). We first note that Q must contain at least one of 0, co
because otherwise 1 € L} (Q; py) and

0< / lw|"2dA(w) :jf 1-0dw =0.
Q 0Q

Then, by Equations 5.2 and 5.3, we find that In |w|?=wG (w) + ¢ for some g € C (¢ = 0if 0 ¢ Q)
and G € A(Q).

If Q is unbounded then G € Ap(LQ) and there exists ¢’, G e Ap(Q) such that

2 2 =
1n|we_q‘ =G(w) = )we‘q =0,

where 00" — | ¢ An(Q). Hence rearranging the above equation we obtain U € Ap(Q) and A € C

for which |w|?=U(w) + A. Thus if f € Ay(Q),

/ FOw)dA(w) = f Fw)wdw = jf Fmd A,
Q oQ oQ w
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If 0 ¢ Q, then this equals 0. On the other hand, if 0 € Q, then we obtain f(0) (U(0) + A). In

particular, Q is either a (classical) null quadrature domain or a (classical) one-point quadrature

domain with its quadrature node at w = 0.

Aharonov & Shapiro [1] showed that a finitely connected bounded domain is a one-point QD if and
only if it is a disk. When combined with Lee & Makarov’s [20] topological bounds for QDs, we
are able to drop the assumption of finite-connectedness. Hence, if Q € QD (0) is bounded, it is a

disk centered at O.

On the other hand, Sakai [29] showed that a domain with compact boundary is a null QD with
respect to the test class LL(Q) if and only if it is an exterior disk or an exterior ellipse. However,
when considered with respect to the larger test class Ay(€2), only exterior disks are null (that ellipses
are not follows from direct computation). Hence, if Q € QD (0) is unbounded, it is an exterior
disk centered at 0.

For the reverse direction, take » > 0 and f € L!(D,; po), which implies £(0) = 0. Integrating
against pg and changing to polar coordinates, we obtain

f(w) A5 [T L flsw) _
‘/D, WP dA(w) —2/0 ‘7%;10 o dwds =0

The last equality follows from the fact that f(0) = 0, so % is analytic in D. The argument for

(D;)- is entirely analogous. m]

Partial Classification of Non-Singular One-Point LQDs

A classic result due to Aharonov & Shapiro [1] states that a finitely connected bounded domain is
a one-point classical QD if and only if it is a disk. We prove the following analog of this result
for LQDs: A simply connected bounded domain not containing zero is a one-point LQD if and
only if it is biholomorphic to a disk via the exponential map w +— ¢". In particular, we show the

following:

Theorem 5.3.2. Fix a,wy € C\ {0}. If Q is a simply connected bounded domain not containing
zero, then Q € QD ( 8 ) ifand only if0 < @ < m> and Q = {w € C : |1n(wwal)|2 < a}l.

w—wy

Moreover, dQ develops a double point at @ = 7%. Here and throughout this thesis, In denotes the

principal branch of the natural logarithm, with branch cut along the negative real axis.

Proof of Theorem 5.3.2. Beginning with the reverse direction, consider the bounded domain

Q={weC: |1n(wwgl)|2 <a}
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for some wq # 0 and @ > 0. To solve the direct problem for €2, we would like to show that Q € QD
and determine its quadrature function. We proceed by direct computation of the quadrature identity.
Note that if w € dQ, then |1n(wwal)|2 =a, SO

1 awg

+ G(w) =: So(w)

In|w|® In(ww;") +In(wwo) 1 ( a

+ ln(wwo))

w w ln(wwol)

for some G € .?((Q) So 1s meromorphic in € and extends continuously to the boundary with

boundary values = |W|

5.14.

. Hence Sy is a generalized Schwarz function for Q so, Q € QD by Theorem

We will now compute the associated quadrature function /4 directly. Note that O ¢ € so, by Green’s

theorem and Cauchy’s integral theorem, for each f € L1 (Q; po),

f(w)

o [w)?

1n|w|2

dA(w) = f £0w)
%f(w)( awvovo+G(w))dw

- ¢ ron—®
- ¢ ron—®

v + }ég F(w) (G(w) - %) dw

Hence, Q € QD (W WO)

For the forward direction, suppose that Q € QD, (W_WO) for some a,wy € C\ {0}, and that
Q is a bounded simply connected domain not containing zero. We will show that @« > 0 and
0Q ={w e C: [In(ww, "|? = ). Firstly, the fact that & > 0 follows immediately from applying

the quadrature identity to 1 € L (Q; po):

dA
0</ (v:):yg @ dw = «.
o |wl a0 W — Wo

By Theorem 5.1.7, Q € QD (W —m
consider the case in which wg = 1. Next, by Theorem 5.1.2, there exists G € A(L) such that
Mi% + G(w). Hence,

w

) if and only if w(;]Q € QDy (-%). Hence, we can wlog

In |w|2iv‘}w_a1 +wG(w)

As 0 ¢ Q is bounded and simply connected we know that €, is connected and contains both 0 and

at w = 1, we find that 2% =

co. Hence, isolating the simple pole of ; n(w) pro i n(w)

+ G(w) for some
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G € A(Q). Therefore

a
In(w)

In(w) + In(w)= + é(w) +wG(w)

Finally, rearranging, we obtain

a
In(w)

In(w)= +G(w) +In(w) + wG(w).

Hence, 6(w) =a+ ln(w)(é(w) + In(w) + wG (w)) is a function analytic in Q for which
| In(w)|?=G (w).

Therefore Im(@) = 0 so, by the maximum principle, G is real-valued and analytic in € and hence
constant on €. As Re(@) > 0 on dQ, we conclude that G is a non-negative real constant on Q. In
particular, 3¢ > 0 such that | In(w)|?*=c. Then, applying the quadrature identity calculation from
the first part, we find that ¢ = @. In particular, this demonstrates that if Q € QD, (ﬁ), then
AQC{weC:|In(w)]?=a}=T,.

Finally, we must determine which connected component of I';, is Q. Note that 1 € € because 1
is the location of the unique quadrature node. Furthermore, |In(1)|> — & = —a < 0, so Q must
be the connected component of I'S on which | In(w)|? < @. This concludes the proof of Theorem
5.3.2. O

The Riemann map ¢ : D — C associated to Q such that ¢(0) = wg and ¢’(0) > 0 is given by
v(z) = woeV® . We note that ¢ is univalent in D if and only if 0 < @ < 7%, which is precisely the
set of @ for which | In(ww D? < @ is simply connected.

5.4 Simply Connected LQDs

This section is primarily concerned with solving the inverse and direct problems for simply con-
nected log-weighted quadrature domains. Recall that the inverse problem for log-weighted quadra-
ture domains is concerned with recovering an LQD from its quadrature function. Conversely, the
direct problem for LQDs is concerned with determining whether a given domain is an LQD and, if

so, identifying its quadrature function.

In the simply connected setting, domains are represented by their associated Riemann map. Hence,
we may reduce the inverse and direct problems to those of characterizing the Riemann map in
terms of the quadrature function and vice-versa. In the case of classical quadrature domains, this
scheme is aided by the fact that the associated Riemann map is rational: the inverse and direct
problems reduce to the determination of the relationship between the finitely many coefficients of

the quadrature function and the finitely many coefficients of the Riemann map.
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The situation is more complicated for log-weighted quadrature domains. While the Riemann map
associated to a simply connected LQD is not necessarily rational, it turns out that it can still be
represented in terms of rational functions. In particular, if ¢ is the Riemann map associated to a

simply connected domain € and has the inner-outer factorization ¢(z) = @in@out (§2.4) then:

Theorem 5.4.1. Q € QD if and only if oy extends to the exponential of a rational function.

As we saw in §2.4, ¢;, is a product of Blaschke factors, so it is also rational. Combining these
facts reduces the inverse and direct problems to the determination of the relationship between the
finitely many poles and coeflicients of the quadrature function and those of the rational functions

comprising the Riemann map.

We are now prepared to prove Theorem 5.4.1, the central result of this section.

Proof of Theorem 5.4.1.

We will begin by considering the bounded case: Suppose Q € QD (%) is a simply connected
bounded domain with Riemann map ¢ : D — Q. By the definition of QD, 0 ¢ dQ. Hence, by
Theorem 2.4.1, ¢ = @in@our, Where @in = 1 when 0 ¢ Q, i, = b, when 0 € Q (zo the unique root
of ¢ in D), and Yoy = Cer#, where

r(2) = o5 (Ca. [Inw?]) (2).

By the generalized coincidence equation (5.2, 5.3), there exists G € A(Q) and g € C? such that
In |w|?=wh(w) + wG(w) + g. Substituting this into our formula for r, we obtain

r= CID;J1 (Ca, [Wh(w) + wG(w) +4q]) .
Next, wG (w) + g € A(Q), so Cq, [WG(w) + g] = 0. It follows from calculus of residues that
Ca, [Wh(w)] = wh(w) + Rg:os h,
Hence,
r= d);] (wh(w) +Res h) .

‘We conclude that r is rational, as the Faber transform of a rational function.

For the reverse direction, suppose @out = " with r rational. Then, as |¢i,|=1, we find that

In|e|® =r + r¥.

2g=0if0 ¢ Q.
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Hence,

is meromorphic in €, extends continuously to 0€2, and satisfies

In |w|?
So(w)= lud

Thus S is a generalized Schwarz function for €2, and Theorem 5.1.4 yields € € QD,,.

We will now consider the unbounded case: Suppose Q € QD (%) is a simply connected unbounded
domain with Riemann map ¢ : D, — Q. By Theorem 2.4.1, ¢ = @in@out, Where ¢in(z) = z when
0 ¢ Q, ¢in(2) = z2b,(z) when 0 € Q (z¢ the unique root of ¢ in D), and gy = Ce’#, where

r(2) = @' (Ca. [InwP]) ()
As Q € QDy(h), Theorems 5.1.2 and 5.1.3 tell us there exists G € Ap(Q) and g € C (¢ = 0 if
0 ¢ Q) such that In |w|*=wh(w) + wG(w) + ¢. Substituting this into our formula for r, we obtain
r =@, (Ca. [Wh(w) + wG(w) +4]) .

By calculus of residues, Co, [WG (w) + g] = g—Res G =: ¢’. Aswh(w) € A(Q.),Cq, [Wh(w)] =
wh(w). We find that

r= d);l (wh(w)) + 4.

Hence r is rational, as the Faber transform of a rational function. The argument for the reverse

direction is entirely analogous to the argument in the bounded case. O

In view of Theorem 5.4.1, it is convenient to adopt the following normalized factorizations of ¢.
Under this normalization, ¢y is independent of whether Q € QD (%) is singular, and is encoded
by a single rational function r.
o(z) = woer#(z), when 0 ¢ Q,

wo
[zol
where the constant out front is chosen for the normalization ¢(0) = wg # 0, and r € Ay(D,).
When ¢(0) = 0, we instead take ¢(z) = cze™ @ where ¢’ (0) = ¢ > 0, to the same effect. On the

(5.5

¢(z) = bZO(z)er#(Z), when 0 € Q,

other hand, when Q is unbounded, we write
0(z) = czer#(z), when 0 ¢ Q, 56
0(2) = clzolzbz ()¢ @, when0 € Q, '

where the constant out front is chosen for the normalization ¢’(c0) = ¢ > 0 (the conformal radius
of Q), and r € A(D), with (0) = 0.
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Faber Transform Formulae for Log-Weighted Quadrature Domains
Under the normalizations (5.5, 5.6), Theorem 4.1 reduces the simply connected inverse and direct
problems to a single question: how is the rational function r related to the quadrature function h?

The next theorem answers this explicitly via the Faber transform.
Theorem 5.4.2. Let Q € QDy(h) be a simply connected domain with Riemann map .
1. If Q is bounded, then ¢ admits the factorization 5.5, where r is given by
r(z) = @' (wh(w) +Res h) (2), (5.7)
2. If Q is unbounded, then ¢ admits the factorization 5.6, where r is given by

r(z) = ®,' (wh(w)) (z) — @, (wh(w)) (0). (5.8)

Inverting our formulae for r, we obtain a formula for the quadrature function /4 in terms of r:

hw) = ¢ (r)v(vw) —¢ (5.9)

for some C € C. Note that if 0 ¢ €, then C is determined by the requirement that / has no pole at
0. On the other hand if 0 € Q then C is arbitrary (Corollary 5.1.2).

Theorem 5.4.2 gives the explicit relationship between the Riemann map (via r) and the quadrature

function 4. In particular, once 4 is known, the formulae above recover r, and hence ¢.

Proof of Theorem 5.4.2.
Bounded case: Suppose Q € QD (/) is bounded with Riemann map ¢ : D — Q. By Theorem

2.4.1 and the proof of Theorem 5.4.1, there exists C € C, and a rational function r satisfying
r= CI);,1 (wh(w) + Res h)

such that
r*(2)

¢(z) = Coin(2)e
where ¢j, is either 1, a Blaschke factor b, or z, when 0 ¢ Q ¢(0) # 0, and ¢(0) = O respectively.

Since
(I);l . ﬂo(g*) - ﬂO(D*)
in the bounded case, we have that r € Ay(D,), hence r* € A(D) and r#(0) = 0. Hence the

constant C is determined by the normalization at z = 0: If ¢(0) = wq # 0, then

w0 wo

C=wg, or C= = —,
bZO(O) |ZO|
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when 0 ¢ Q and 0 € Q respectively. If ¢(0) = 0, then the normalization implies

0(2) = cze” @,

where ¢ = ¢’(0) > 0. Hence ¢ takes the normalized form given in Equation 5.5.

Unbounded case: Suppose Q € QD (%) is unbounded with Riemann map ¢ : D, — Q normalized
by ¢(c0) = co and ¢’(00) = ¢ > 0. By Theorem 2.4.1 and the proof of Theorem 5.4.1, there exists
C € C, and a rational function 7 such that

7= d);] (wh(w)) + 4’

for some ¢’ € C, and

7(2)

¢(z2) = Coin(z)e

where @i, is either z or zb,,(z), when 0 ¢ Q and 0 € Q respectively. Since
@' A(Q,) - A(D)

in the unbounded case, we have that ¥ € A(ID). Subtracting the constant 7(0), we obtain a rational

function
r(z) =7(z) = 7(0) = @, (wh(w)) (z) — @, (wh(w)) (0),

so that r(0) = 0. Absorbing the corresponding multiplicative constant in C and imposing the

normalization ¢’(c0) = ¢ > 0, we obtain the precise forms of Equation 5.6. i

Theorem 5.4.2 and Equations 5.7, 5.8, and 5.9 will be used extensively throughout the remainder
of the manuscript. In particular, we will apply these formulae to address the inverse and direct

problems for several different classes of simply connected LQDs.

Example: Constant Log-Weighted Quadrature Domains

In this section, we provide a classification of simply connected “constant” LQDs: Q € QDy(«),
a € C. Note that Q must be unbounded because oo is a quadrature node, so there are two cases
to consider: (1) 0 ¢ Q and (2) 0 € Q. Let ¢ : D, — Q be the associated Riemann map. Graven
and Makarov [13] demonstrated that if 0 ¢ Q, then ¢(z) = cze" where 0 < ¢ < la|~! is the
conformal radius of Q. Thus we will restrict our attention to the case in which 0 € Q.

Theorem 5.4.3. Fix a # 0 and a simply connected domain Q containing zero. Then Q € QDy(«)

if and only if it admits a Riemann map of the form

0(2) = clzolzbz, ()€™ . (5.10)



102

Proof. By Equation 5.6, we know that ¢(z) = c|z0|zby, (z)e’#(z), where zg is the unique root of
¢. Moreover, by Equation 5.8, r(z) = CI{;1 (wa) (z) — @;1 (wa) (0). By the linearity of the Faber
transform and Equation 2.11, we obtain

r(z) = aWi(z) — aWi(0) = acz + afy — afo,

where W, (z) = CD(;‘ (w/) is the jth inverse Faber polynomial (§2.3). Hence,
0 (2) = clzolzby, (2)e™ .

In particular we have shown that if 0 € Q € QD («) is simply connected, then it admits a Riemann

map of the above form (Equation 5.10). On the other hand, by Theorem 5.4.1, we know that the

image Q of the above ¢ is in QD (/) for some 4. Hence, as Q is unbounded, Equation 5.9 tells us

there exists C € C such that

®, (acz) (w)-C ac(%—%)—C afy+C
h(w) = " = ” =a - ”

Thus Q € QD (@ + L) for some g € C. We conclude by Corollary 5.1.2 that Q € QDy(a). O

w
This is only a special case of the class of monomial LQDs, which is addressed in the next section.

5.5 Monomial Log-Weighted Quadrature Domains

In this section, we consider simply connected LQDs with quadrature function z(w) = akw*~! for
k € Z, and @ € C\ {0}. Note that all such domains are unbounded, as co is a quadrature node.
When Q is non-singular, we are able to construct simple solutions by exploiting the symmetry
of the quadrature function. As we shall see, no such symmetry is possible when Q is singular,
resulting in a much larger space of possible solutions. Hence, we only construct explicit solutions

in the singular case for k = 2 (The k = 1 case was covered in §5.4).

Symmetric Non-Singular Monomial LQDs
Suppose that Q € QDy(akw*~!) is a simply connected domain not containing zero. As Q is
unbounded, Theorem 5.4.2 tells us that the associated Riemann map ¢ : D, — € is of the form

¢(z) = Czer#(z), where ¢ > 0 is the conformal radius of € and

r(z) = CIJ;,1 ((kak) (z) - CI);l (ozkwk) (0).
We recognize dJ;l (a/kwk) (z) = a/kd);l (wk) (z) = akWy(z), where Wy, is the kth inverse Faber
polynomial (§2.3). Hence, r(z) = ak (Wi (z) — W (0)), and we find

o(2) = Czeak(w,f(z)—wkm))
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We now consider the implications of the symmetry of the quadrature function. By Theorem 5.1.7,
for each j € {I,...,k}, we have Q € QDy(akw*~!) if and only if et € QD (akw*1).
That is, Q € QDy(akw*~!) implies each rotation of © by a multiple of 27” radians is an LQD
with the same quadrature function. Hence, if Q € QDy(akw*~!) is the unique such domain
of its conformal radius, then it has k—fold rotational symmetry about the origin. It follows via
inspection of the Laurent expansion that if a simply connected domain has k—fold rotational

.. . . 2ni 2ni
symmetry about the origin, then so does its Riemann map: ¢ (zeT) = ek ¢(z). Hence,

W,f (ze%) - Wi (0) = e (W,f(z) — Wk(O)). Iterating this identity, we find that each of the
coefficients of Wy (z) must equal zero except for the term of order k, c¥z¥. That is,
¢(2) = cze™ (5.11)

In summary,

Theorem 5.5.1. If Q € ODy(akw*™') is a simply connected domain not containing zero which
is k—fold rotationally symmetric about the origin, then its associated Riemann map is given by
Equation 5.11.

Furthermore, note that this family is univalent precisely when 0 < ¢ < |ak2|_%. A similar analysis

is carried out in Graven & Makarov [13].

Singular Monomial LQDs

Now suppose that Q € QD (akw*~!) is a simply connected domain containing zero. As Q is
unbounded, Theorem 5.4.2 tells us that the associated Riemann map ¢ : D, — € is of the form
p(z) = clelzbZO(z)e’#(Z), where ¢ > 0 is the conformal radius of Q, 7o € D, is the unique root of

®, and r is given by Equation 5.8. By the same argument as in the non-singular case, we find that
ak(WH(2)-Wi (0

o(z) = clzolzbZO(z)ea (W"(Z) Wi )). (5.12)

We note that Q cannot be k—fold rotationally symmetric: If Q were, then it must either be multiply

connected, or equal the whole plane, because it contains an open neighborhood of both zero and

infinity. As we assumed that Q is connected, we would conclude that Q = @, which is not

conformally equivalent to D.,.

It remains to determine a relation involving the charge ¢ at the origin under the specification

Q € QD (akwk_l; g). We begin by computing the generalized Schwarz function. Note that

In wl? - In(gp*)ou (w)
w w

In(pg*) ow(w) _ M lezol” +ak (W! 0w (w) = Wi(0)) + ak (Wi o 9 (w) = Wi(0)

w w

, SO

So(w) :=
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Applying the fact that Wy o ¢ (w) = w* + O(1), we find that

L |czol* — @k Wi (0)

So(w) = akw*! +0(w™).

Hence, g = In |czo|* — akW; (0).

Example: The case of k=2

We consider the k = 2 case as a basic example. As W;(z) is a polynomial of degree 2 with leading

term ¢2z2, we find that

0(2) = clzolzbs, (z) X (7B

for some 5 € C. Applying Equation 5.9 yields
D, (2a(czz2 +Ez)) (w)-C
w

2ac? 2a8 C
F)(MO +-——J§}H(M0 -
w w

2w =

where F| and F; are the first and second Faber polynomials associated to ¢. Computing these, and

substituting, we obtain
2o /—
2aw = 2aw + —ﬁ (ﬁ%— 4c*aBzo + 2¢(|zo)* - 1)) +0(1)
€20

As the second term must = 0, we find that

B 2¢? (|z0|2 - 1) (4cza/zo +70)
lz0? (16¢*a|?> - 1)

Figure 5.4 shows two different families of solutions obtained using this method.

5.6 One-Point Log-Weighted Quadrature Domains
Let Q be a simply connected LQD with quadrature function - for some @ € C\ {0} and

wo

w—wy

from Corollary 5.1.2, which tells us that QD, (%) = {Q € QD((0) : 0 € Q}, and Theorem 5.3.1,

which tells us that the only null quadrature domains containing 0 are disks centered at the origin.

wo € C; thatis, Q € QD, ( 4 ) If wo = 0 then Q is a disk centered at the origin. This follows

Hence, we will assume that wy # 0. Furthermore, by Theorem 5.1.7, Q € (Wf‘WO) if and only if

wy'Q € (-%5). Hence, we may wlog assume that wo = 1.
The behavior of a given family of solutions depends crucially on the singularities of pg therein. If

0 € Q, then the choice of charge g € C at 0 serves as a free parameter. Moreover, when co € Q,



Figure 5.4: Family of complements of singular monomial LQDs in QDy(2aw). For a = -2,
qg=-2,0<c<.3(eft);anda =1, g = -2,0 < ¢ < .25 (right). The plot is rotated so the positive
real axis points upwards.

the conformal radius ¢ of the domain serves as an additional free parameter. That is, for a given

family of solutions, there are as many free parameters as there are singularities of pg in Q. Thus

it is natural to break up the classification of simply connected Q € QD (W_LWO) into four cases:
1. Non-Singular (0 ¢ €):
a) € bounded.

b) € unbounded.

2. Singular (0 € Q):
a) Q bounded.
b) € unbounded.

Non-Singular One-Point LQDs
Let us begin by considering the more tractable case of non-singular one-point LQDs. In particular,
we consider simply connected domains Q € QD, (W_LWO) for @, wp € C\ {0} not containing zero.

The bounded case was addressed in §5.3, so we shall restrict our consideration to unbounded €,

the results of which are summarized in Theorem 5.6.1.

Theorem 5.6.1. Take wy, @ € C\ {0}. There exists an unbounded simply connected domain € not
containing zero for which Q € QD ( — ) if and only if there exist c > 0, 1 € C, and z; € D, for

w—w

which Q = ¢(D,.), where ¢ is univalent and given by

o(2) = cze™, (5.13)

aw

71¢'(21)

where ¢(z1) = wo, and the coefficients satisfy the relation A =
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Proof of Theorem 5.6.1. For the forward direction, suppose that 0 ¢ Q € QD (%) with a €

C \ {0} is unbounded and simply connected with Riemann map ¢ : D, — Q, with ¢(z;) = 1, and
¢'(00) = ¢ > 0. By Theorem 5.4.2, ¢(z) = cze" @, where r(z) = O, (24) (z) - @, () (0).
Computing the Faber transform via Equation 2.11, we find

1 aw 3 _ 1 3 ' (1)
@, (w—l)(z)_aJra(D*”l (w—l)(z) _a(Hz—w(l))

, and we recover Equation 5.13 by setting A = . Also, z; € D, because

sor(z) =

z1g (Z 1D z-21 21
otherwise ¢ wouldn’t be analytic.

31" (11)

For the reverse direction, suppose that there exist ¢ > 0, 1 € C, and z; € D, for which Q = ¢(D,),
where ¢ is univalent and given by Equation 5.13. Then, by Theorem 5.4.1, Q € QD (%) for some
h. We will now compute % using Theorem 5.4.2, which tells us that there exists C € C such that

h(w) = w Cow C

(ZZI)(W)— Zl/lCI)( )( )+

Z—XZ1

Computing the Faber transform via Equation 2.11 and substituting the formula for A, we find

1 ¢ 1-C A1-C -
hw) = 22 ACT =2 4 <

w w—p(z1) wo ow-1 w

Finally, as h € A(Q,) and 0 € Q. (¢(z) = 0 has no solutions in D,, so 0 ¢ Q), we find that
C=1-a,5Q¢€eQD

w(il)' o

Singular One-Point LQDs

We now turn our consideration to the more exotic case of singular one-point LQDs. In particular,

we consider simply connected domains Q € QD ( ) which contain zero (recall that we can

wlog take wo = 1).

Singular Bounded One-Point LQDs

Theorem 5.6.2. Take wo,a € C\ {0}. There exists a bounded simply connected domain
) if and only if there are A € C and zo € D for which
Q = (D), where ¢ is univalent and given by

containing zero for which Q € QD, (

¢(2) = bm(z)e” (5.14)

——g+ln |Zo|2
(x20+wzo :

where A = ,(0) Moreover, if we specify that Q € QD (W et q) then 1 = woa =

Here, ¢ is normalized so that ¢(0) = wg and ¢’(0) > 0.
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Proof of Theorem 5.6.2. For the forward direction, suppose that 0 € Q € QD, ( ) with @ €

C \ {0} is bounded and simply connected with Riemann map ¢ : D — Q, normalized such that
v(z0) =0, ¢(0) =1, and ¢’(0) > 0. Note that, unlike in the non-singular case (§5.3), we cannot
assume « > 0 because 1 ¢ Lé (Q; po) when 0 € Q.

By Theorem 5.4.2, ¢(z) = ﬁbm(z)e’#(z), where r(z) = CI);1 (2 - @) (z) = a®, (Wl 1) (2).

w
v’ (1) -1
zwn =<

Computing the Faber transform using Equation 2.11, we obtain r(z) = « (0) Hence,

tting 1 = =2,
setting 0]

bzo(z)e/lz

¢(z) = o]

For the reverse direction, suppose there exist A € C and zp € D for which Q = (D), where ¢ is
univalent and given by Equation 5.14 (with wy = 1). Then, by Theorem 5.4.1, Q € QD (k) for
some h. We will now compute £ using Theorem 5.4.2, which tells us that there exists C € C such
that

AL Lo () on - €

w
Computing the Faber transform via Equation 2.11 and substituting the formula for A, we find

/1 ¢’ (0) C_ «a +af—C
ww—0p0) w w-1 wo

h(w) =
Hence Q € QD (%) by Corollary 5.1.2.

It remains to show the formula for A in terms of g under the specification Q € QD (W 15 ;q). We
lnIWI2 = In(pe*)oy(w)
w
In(pg*) oyr(w) _ In|zol? L L @)+ ay(w)™!
w a w ¢’ (0) w

begin by computing the generalized Schwarz function. Note that , SO

S()(W) =

is a generalized Schwarz function for €. Noting the singularities at w = 0 and w = 1, computing

their residues, and applying Mittag-Leffler’s theorem, we find that there exists G € A (L) such that

% — ’ 2 azo+azy' 2
o= (2o + @' (0)(zol” = 1)) 70— — Inlzol
So(w) = L= — ;0 +G(w)
Hence, g = % In |z0|*>. We conclude that A = _%ﬁ(ﬁ

We then obtain the formulae for arbitrary wo by replacing instances of ¢ and ¢" with wy 'y and

w(_)lcp’ respectively. O

Hence, determining the region Q € QD (ﬁ q) for each Value of ¢ has been reduced to determin-
ing zo. This can be obtained directly via the relation ¢’(0) = %, which yields after simplification
(1 =120l = (|4* = @)z
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Univalence criteria We would like to characterize the set of values of zo and A for which
p(z) = |ZO| Zo(z)eﬂZ is univalent in D. Notice that if we set f(z) = ¢ (M' ) B |bzl(z)e|’i|z
where 71 = I ll 20, then ¢ is univalent in D if and only if f is univalent in D. In particular, this shows

that it is sufficient to consider ¢ for 4 > 0.

Note that |z;| < 1 is necessary because otherwise f is not analytic in D. This is also a sufficient
condition for f to be analytic in D. Hence, it is necessary and sufficient that |z;| < 1 and f(0D)
has no self-intersections. Suppose there existed z # w € dD such that f(z) = f(w). Taking the
modulus of both sides and recalling that |b,,(z)| = 1, we find elIRe(@) = plUIRe(w) " which implies
Re(z) = Re(w). It follows that w = z!, so there exist z # w € D such that f(z) = f(w) if and
only if there exists z € 0D N {z € C : Im(z) > 0} such that f(z) = f(z~!). Rearranging, we find f

is univalent in D if and only if the following equation has no solutions z € dDN{z € C : Im(z) > 0}.

L2Im() _ (zz1 = D(zz1 = 1)
(z=zD(z—21)

Note that &azDE@=D _ ( _l(z_m(z_m)) = ¢ 2iAre(z" (z=2)(=2D) | Hence, setting z = ¢ (0 < 6 <
) T2 ' ’

m),and 71 = I/lIZO |zo| e/ (A0 +AR(D) e find e2/(I4sin(@)+6(9)) = 1 where

5(6) = Arg ((1 + |z01?) cos(8) — 2|zo] cos(Arg(zo) + Arg(2)) +i(1 — |z0/?) sin(e)) (5.15)
As 6(6) € (0,7) and || sin(€) € (0,|1]|) when 0 < 6 < &, we find that if there is a solution to
21 (Alsin(0)+6(9)) = 1 there must be a solution such that |A| sin(#) + §(68) = . Hence, if we set

. m—6(0)
Amax = min ——2 5.16
max = ar sin(8) (5.16)

then f is univalent in D if and only if O < |1] < Apax. In particular, we have shown that

Corollary 5.6.1. ¢ : D — C from Equation 5.14 is univalent if and only if |z9|] < 1, and
0 < |4] < Amax-

Singular Unbounded One-Point LQDs

Theorem 5.6.3. Take wo,a@ € C\ {0}. There exists an unbounded simply connected domain €

) if and only if there exist 1 € C and zp,z1 € D, for
which Q = ¢(D..), where ¢ is umvalent and given by

_a4_
¢(2) = clzolzbgy(2)e' =T, (5.17)

where ¢(z1) = wo and A = —3 - Moreover, if Q € QD (W - ,q) then ¢ = —— + A

zZ1¢’(21) 1-z0z1 l—zalzl
In|czol?



Proof of Theorem 5.6.3. Recall that, by Theorem 5.1.7, Q € (

so it is sufficient to consider the case in which wg = 1.

) if and only if WOIQ € (L_l)

For the forward direction, suppose that 0 € Q € QD, (#) with @ € C\ {0} is unbounded and
simply connected with Riemann map ¢ : D, — Q, normalized such that ¢(z9) = 0, ¢(z1) = 1,
and ¢’(c0) = ¢ > 0. By Theorem 5.4.2, ¢(z) = c|zO|zbZO(z)e’#(Z), where r(z) = @' (2%) (z) -
o;! (%) (0). Computing the Faber transform using Equation 2.11, we obtain

¢
_1{ aw 3 af 1 3 Yyl o\ 1 1
@, (W_l)(z)_a/+a/d)<p (—w—l)(z)_a(l+—z—w(l))_a(1+<p’(Z1)Z—Z1)'

Thus r(z) = mﬁ and, setting 1 = —%—

4
¢(z2) = clzolzbyy(z)e-

For the reverse direction, suppose there exist A € C and zg, z; € D, for which Q = ¢(D,.), where ¢
is univalent and given by Equation 5.17 (with wy = 1). Then, by Theorem 5.4.1, Q € QD (/) for
some h. We will now compute 4 using Theorem 5.4.2, which tells us that there exists C € C such
that

A-C

h(w) = =
w w Z-21

(z Zl)(W)_ /lzlq)( 1 )(W)+

Computing the Faber transform via Equation 2.11 and substituting the formula for A, we find

Az1 ¢'(z1) +Z—C_ @ +Z—C—a
w w—e(z1) wo ow-—1 wo

h(w) =

Hence Q € QD (%) by Corollary 5.1.2.

It remains to show the formula for g under the specification Q € QD, (W 1,q). We begin by
1n|W| = In(p*)oy(w)

computing the generalized Schwarz function. Note that = , SO
2 A Ay (w)
In(pg*) oy (w)  IMlczol™+ (1-w(W)H + w(w>—m)
S()(W) = =

w w

is a generalized Schwarz function for €. Noting the singularities at w = 0 and w = 1, computing
the residues, and applying Mittag-Lefller’s theorem, we find that there exist CeCandG € Ao (Q)

such that
- 2 1 2
1-z0z1 + 1-z5'z) +Infezol

So(w) = Wg 1 + ” +G(w).
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A pl
1-zoz1 1—26111

Hence, g = +1n|czol%.

We then recover formulae for arbitrary wo by replacing instances of ¢ and ¢ with wy 'y and wo o/

respectively. O

Note that both Q and Q! are unbounded domains containing zero. Moreover, by Corollary 5.1.4,
Q € QD (W_LWO;q) if and only if @' € QD ( o« _a_g_ APO(Q*)).
0

w—w

a
1 T4 —a@— Apo(Q*)
W_WO

Q! e QD,

Setting wg = 1, we find that Q and Q! have the same quadrature function, simply for different

values of g.
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Figure 5.5: The families of (shaded complements of) one-point LQDs Q € QD ( £ ) with

w—=wgo

s wo =.25,2 < a < n? (top left, §5.3);

*wo=1,a=.74q € (-1.6,2.5) (bottom left, §5.6);

* wo=19,a=1.5,1.5+ .3i (top right, §5.6);

* wo=2,a=-.15,¢=.389, zp = -3.13, z; = 2.28 (bottom right, §5.6).
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Figure 5.6: Zoom of double-point formation in Figure 5.5, Q € QD, (W_LWO) with wy = .25 and

O<ac<n?
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Example: A Family of Two-Point LQDs

In this section, we consider a doubly symmetric family of simply connected LQDs with quadrature

— _a
function (w) = 45 + %5 fora > 0.

Theorem 5.6.4. Fix a > 0 and q € C. If Q € 0D (3% + %51 q) is a simply connected singular
LOD symmetric about the real and imaginary axes, then Q = ¢ (D), where

zz—z%

¢(z) = S (5.18)

I+

Moreover, ¢(z+) =1, 1 = q;;l:iz_;)’ and @ = 2 + /1Z+ =

yan

Figure 5.7: Family of LQDs in QD (%5 + g),forg=0and 0 < a < 1.

w+1 ;

Proof of Theorem 5.6.4. Suppose that Q € QD (% " +1) for some @ > 0. If the Riemann map
associated to Q, ¢ : D — Q takes 0 to 0, then ¢(z) = cze” (), where ¢ = (,0 ’(0) > 0. Also choose
2+,2- € D such that ¢(z:) = +1. By Theorem 5.4.2, r(z) = ®,' (;% + %45 — 2a) (2). Applying
the Faber transform formulae of Equation 2.11, we find

-1t

r(z) = aCIJ;l (ﬁ) (z) - ad);l (W "

1
1) (2)

Assuming the domain is symmetric about the real and imaginary axes, we find that ¢(—z) = —¢(z),

2z:a 1
¢ (z4) 22—

o« 1 a 1
(ze)z—24 ¢ (z2)z—2z2-

¢ (-2) = ¢'(2), and z_ = —z4 € R, so this simplifies to r(z) = g and we obtain

2z+ a z2

@(z) = cze” T 124 (5.19)
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Using the relations for ¢(z4+) and ¢’(z4), we find that

In(cz4) Zz—zgr

QD(Z) = ¢ z%_ (zz+)2-1 .
T+

We now compute g - that is, we know Q € QD (4; ¢), and we would like to determine a relationship

between the coeflicients of ¢ and the charge g at 0. We compute the Schwarz function,

Infw] . In(pg*) o yr(w)

w w
In(eze) (2-3 | 1@y 2
Z% ((ZZ+)2—1 + Zi_Zz ) © w(w) - 1n(Z+)
B w
In ( Wy ) + (ln(c‘z+))2 1
) -
B W(W) oy ln(lﬁ(W)) _ ln(Z%_)
w w
By L’ Hopital’s rule,
W2+ _ 4+

e T e 0=

So, expanding about w = 0, we obtain

In |w|2;ln(cz+)(z;4 +1) —1In(z2) N

O(w)
w w
2
Hence, g = In(czy)(z;* + 1) — In(z2). Setting A = (1;212_53) we recover Equation 5.18. Finally,
combining Equations 5.19 and 5.18, we obtain the equation for @ in the theorem. O

5.7 Aside: Transcendental Dynamics of The Schwarz Reflection

Let Q be a quadrature domain with Schwarz function S and associated droplet K = Q°. By
removing the finitely many singular points of €2 from K, we obtain the fundamental tile T. We
can then consider an anti-holomorphic dynamical system under the action of the Schwarz reflection
o:=5:ClQ) — C. This system admits a partition into a pair of sets invariant under the action

of o:

1. The tiling set T*, composed of the set of points which eventually escape to the fundamental

tile under the action of o;

2. the non-escaping set A(o0), those points which do not escape to the fundamental tile.

The tiling set has its name because it can be alternatively defined as the union of the fundamental
tile T and each of its preimages under the iteration of o-. In certain cases, the dynamics of o on T
resemble that of a reflection group and the dynamics on A(co) resemble that of an anti-polynomial

on its filled Julia set.
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Lee et al [21] demonstrate that when, 7 is the deltoid, this phenomenon manifests with o
as the “mating” of the anti-polynomial fy(z) = 22 ( fo : D¢ — D and the reflection map
p : CI(D) \ IT — CI(D) of the ideal triangle group (I is the hyperbolic triangle in D). This means
that the dynamics of fy and p can be glued together along 0D, resulting in a topological map n
on C, which is conformally conjugate to o when C is equipped with the appropriate conformal
structure ([21], Theorem 1.1).

Recall the exterior “teardrop” of Figure 5.3 (left), Q € QD,(1), which is the image of D, under

p(z) = ze? . In this case, the associated transcendental Schwarz reflection o : Q — C is given by

ocw)=Sw) =¢foy(w) = W—le—w(—w—l)—w(—w*)‘l, (5.20)

where W is the principal branch of the Lambert W function. We note the striking similarity

between the non-escaping set of o, and the filled Julia set of the anti-holomorphic exponential map

Wi eVl (Figure 5.8).

Figure 5.8: Tiling set of the Schwarz reflection o as_sociated to Q € QDg(1) (left) and filled Julia
set of the anti-holomorphic exponential map w — ¢"~! (right).
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Chapter 6

ALGEBRAIC WEIGHTED QUADRATURE DOMAINS

6.1 Introduction

In §3 we introduced the notion of classical quadrature domains, and in §4-5 we studied two concrete
families of weighted quadrature domains: those with the weight p,(w) = |w|*¢"D (PQDs) and
those with the weight po(w) = |w|~> (LQDs). In each of these cases, the weight took the form
o= }‘AF for a radially symmetric function F, and the resulting theory paralleled the classical case

remarkably closely.

In this chapter, we broaden our scope to algebraic weights of the form pg = |R’|>, where R is a
non-constant rational function. This class of weights is natural from several perspectives. First, the
identity |R’|?> = %A|R|2 ensures that the generalized Schwarz function machinery of Proposition
4.1.1 (strengthened by Proposition 6.2.1, to follow) applies. Second, algebraic weighted quadrature
domains (AQDs) are intimately connected with classical QDs via the change of variables w — R(w)
(Proposition 6.3.1), which reduces many questions about AQDs to their classical counterparts.
Third, the case R(w) = w" recovers the PQDs of Chapter 4.

The notion of an algebraic quadrature domain on a Riemann surface is due to Skinner [31]; we

restrict our attention to C while relaxing some of Skinner’s regularity assumptions.

6.2 Definition and Basic Properties
Fix a rectifiable domain Q € C and a non-constant rational function R € C%(9Q). We define the
test class

Fr(Q) :={f € A(Q) : f(w) =0 ateach pole of R (including o0)}.

Area integrals over F(Q) with respect to the weight pg = |R’|? are understood in terms of their

R-principal value:
/flR’|2dA .= lim /f|R’|211|R|<rdA. 6.1)
Q r—e Jo

This is finite for f € Fz(Q), as the following calculation shows. By Green’s theorem,

hm/f|R| Lig|<rdA = j{ fROR — lim fROR

7= J 5{|R|<r}nQ

OR
‘7{ fRAR — lim r? ‘7{ f—
r=  Jaur<rin@” R

:‘7{ fROR < oo,
0Q
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where the last equality follows from the fact that f vanishes at each pole of R.

Definition 6.2.1 (Algebraic quadrature domain). Let Q C C be a rectifiable domain and R a non-
constant rational function with R € C°(4Q). We say that Q is an algebraic quadrature domain

with respect to R if there exists a rational function 4 such that
[ IRPdA= ¢ foohoodw.  Vf € Fr@, (62)
Q 9Q

This is denoted by Q € QDg(h).!

We denote by Q € QDy, that there exists a rational function 4 such that Q € QDg (/). As with the
other classes of QDs considered in this manuscript, we will always require that Q = Int(CI1(Q))
because otherwise arbitrarily many AQDs with the same quadrature function could be constructed

via deletion of subsets of measure zero.

Remark. When R(w) = w, we have pp = 1 and F(Q) = Ap(LQ) (for unbounded Q) or A(Q)
(for bounded ), recovering the classical definition (Definitions 3.0.1 & 3.0.2). When R(w) = %a
for a € Z,, we recover the class of PQDs (Definition 4.2.1).

If Q € QD (k) contains singularities of R, it is referred to as a singular AQD. We likewise refer to
AQDs not containing singularities of R as non-singular.

The Generalized Coincidence Equation
The existence of a generalized coincidence equation for AQDs essentially follows from a strength-

ened version of Proposition 4.1.1.

Proposition 6.2.1. Let Q be a bounded (resp. unbounded) domain, p a weight on Q, & € Rat(Q),
and ¥ a p-integrable analytic test class such that © € QD,(h; ). Suppose p = f;—gw = %AF for
some real-valued F € C%(0Q) that is twice differentiable a.e. in Q. If m € M(Q) is such that
% € ¥ forall f € A(Q) (resp. Ap(L)), then there exists G € A(Q) (resp. Ap(£2)) such that

h(w)ig_va +m(w)G(w). (6.3)

Proof of Proposition 6.2.1. By assumption, if f € A(Q) (resp. Ap(Q)), then % € ¥, so applying
the quadrature identity and Green’s theorem yields

2
7{ M(h(w)—a—F)dw:/ipdA— foE dA = 0.

o m(w) o m Owow

Therefore, there exists G € A(Q) (resp. Ap(L2)) such that hig—i + mG. O

IThis is equivalent to the statement that Q € QD,, (h; Fr(L2)) and HQ contains no singularities of R.
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Now suppose Q € QDg(h) is a bounded domain and take F = |R|?, m(w) = ;’zl(w - pj)_l,
where the p; are the finite poles of R in Q. Then % € Fr(Q) whenever f € A(Q). When Q
ig unbounded, taking m(w) = (w — wq)™ H’]”:I(w - pj)‘l, where wy is any point in Q, yields
% € Fr(Q) whenever f € Ay(Q). We conclude by Proposition 6.2.1:

Theorem 6.2.1. If Q € QDg(h) and {p J'}Tzl are the finite poles of R in Q, then there exists
G € A(Q) and constants q; € C such that

R (W)R(W)=h(w) + G(w) + Z (6.4)

We will now explicitly determine the analytic function G. Applying Cauchy’s integral formula and

substituting Equation 6.4, we obtain for each w € Q,

R (&)R —-h 4; ,
G(w):jlé. %dgzjgg (ER(E) - h(&) - ,1§p1d§:_‘7g9 R(f)R(f)

0E—w E-w E-w

where the last step follows from the analyticity of (h(f) + [ 6 7 ) inQ,. Nowlet {p; ] "
be the poles of R in €., fix positive constants {r; };?:m .1 and let U; be the connected component of
{IR(w)| > r;} containing p; (likewise denote by U, the component of {|R(w)| > rw} containing

the pole at oo, if any). Take the r; > 0 sufficiently large that each U; contains no other poles of R,

the U; are disjoint and do not intersect Q. Let U~ := Uw U |I}_,,,; Uj, so that
R' ()R R' ()R
6w --f  KOIE (5) ¥ § ROrD R@
8(QN\U_) ou; W

j=m+1

Applying Green’s theorem and the fact that £ € 0U; = R(&)R(€) = rjz., we obtain

2

~ 1 (§)|2 R(&) dé 2\ o7
G(W)‘/g*\ g A - Z ?gu RE) E-w 0= ), w—p;

j=m+1 j=m+1

We have proven the following useful corollary:

Corollary 6.2.1. If Q € QDy (/) and {pj}?

constants {r; };?Zm .1 such that the G in Theorem 6.2.1 satisfies

. are the poles of R in Q,, then there exist positive
=m+1

no 2
G(w) = Co\U(w) - Z L vweQ. (6.5)
Jj=m+1 W=Ppj

With the generalized coincidence equation established, our next goal is to characterize the conditions

under which the quadrature function /4 associated to a given AQD is unique. In particular, we show
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that £ is unique outright when € contains no poles of R, and unique modulo the addition of finitely

Schwarz function for AQDs (Theorem 6.2.2): we introduce a generalized Schwarz function Sgqo
whose boundary values satisfy Sg o=R’R, and show that Q is an R—AQD if and only if such an
Sr.q exists. We also prove a Sakai-type boundary regularity theorem (only finitely many singular

boundary points, each a cusp or double point).

Essential Uniqueness of the Quadrature Function

A direct consequence of Theorem 6.2.1 is the essential uniqueness of the quadrature function

associated to a given AQD. For non-singular AQDs, we obtain:

Corollary 6.2.2. If Q € QD (h) is non-singular, then 4 is unique.

Proof. Suppose © € QDy, is non-singular and admits two quadrature functions 4 and h; (that is,
Q € QD (k1) N QDg(hy)). Then, hy and h; each satisfy Equation 6.4:

R (w)RGw)=h; (w) + G (w)

for the same G, as G is independent of % (it depends only on R and €2). Subtracting these equations,
we obtain h1=h;. It follows from the identity theorem that 4 = h,. O

On the other hand, if Q € QDy, is singular (containing poles {p;}"_, of R), then we only obtain

uniqueness up to an m-parameter family of quadrature functions.

Corollary 6.2.3. IfQ € QD r (h) is singular, then £ is unique modulo the addition of m point charges
', of Rin Q. In particular, {h Qe QDR(h)} {h(w) + Zj e p 1q; € C}

Proof. Suppose Q € QDy, is singular with two quadrature functions s; and h, (that is, Q €
QDg (k1) N QDg(hy)). Then, hy and h; each satisfy Equation 6.4:

qi,j

R' (W) R(W)=hy(w) + G (w) + Z

for the same G. Subtracting these equations and applying the identity theorem yields /;(w)

hy(w) = ;” ] qzv'vj;?“f for all w € C. In particular, there exist g; € C such that hy(w)

hi(w) +ZJ 1w p,

On the other hand, if Q € QDg (%), then Q € QDg (h(w) + ZJ e p
of the quadrature identity, using the fact that f € Fr(Q) = f(p;) = O

) forall ¢g; € Cby inspection
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Considering Theorem 6.2.1 together with Corollary 6.2.3, we arrive at an apparent paradox: The
former asserts that the g; (in Equation 6.4) are uniquely associated to Q € QDg(h), whereas the
latter asserts that A(w) + X."" [ R ey p

What is happening here? The root of the problem is that the ¢; depend on both €2 and /4. Hence we
q

J=lw jv

follows from essentially the same argument as in the proof of Corollary 6.2.3). Now consider the

is also a quadrature function for Q for any collection of ¢; € C.

must instead consider the sum A(w) + >, which is, indeed uniquely associated to € (this

decomposition

m q n Resh m qj+Resh

i pPj pPj
h(w) + — = | h(w) - —
;W—pj ;W— Z W—pj

J=1
where the first term is the part which is residue-free at {p; };.":1, and the second captures those

residues. It follows that the second term is, in fact, independent of 4. This motivates the introduction

of the following definition.

Definition 6.2.2. Fix constants {g; }m and A rational such that Res h=0forall j € {1,...,m}.
We denote by Q € QDr(h;q1,...,qm) that Q € QDg(h), and Equatlon 6.4 is satisfied for these
q;-

It is immediate that if Q € QDg(%; q1, . - ., qm), then the data (4; gy, . . ., g,) is uniquely associated
to €. From the perspective of potential theory, the g; can be interpreted as the charges at the poles
pjof Rin Q.

The Generalized Schwarz Function and Boundary Regularity

Recall that quadrature domains may be equivalently characterized as those domains which admit
a Schwarz function (Proposition 3.1.1). The generalized coincidence equation suggests that the
correct analogue of the classical Schwarz function should have boundary values R’R. We now
show that this is indeed the right notion. In particular, we show that a domain Q is an AQD if and
only if it admits a generalized Schwarz function: A function Sg o € M(Q) extending continuously
to dQ such that SR’QiR/E.

It is important to note that Sg o always has finitely many poles - a fact which is clear when Q is
bounded. When €2 is unbounded, this follows from the fact that S o is meromorphic at co, which

means that the singularity at infinity (if any) is isolated.

Theorem 6.2.2. If R is a rational function and Q is a domain with 02 containing no poles of R,

then Q € QDy if and only if it admits a generalized Schwarz function Sgq. In this case,

Sgo = h(w) + G(w) + Z (6.6)

_pj
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And h(w) + Z;f’zl " q_jp‘ = Cq, [SR’Q] (w). G, h, the p; and the q; are as in Theorem 6.2.1.
J

In this case, the generalized Schwarz function Sk o is given by the RHS of Equation 6.4. In order

to complete the proof of Theorem 6.2.2, we will need the following preliminary regularity result:

Lemma 6.2.1. If Q admits a generalized Schwarz function S o and dQ contains roots {z; }Tzl of
R’ then for each € > 0, (0Q) \ U’J’?:lDe (z;) has finitely many singular points, each of which is either

a cusp or a double point.

Proof of Theorem 6.2.1. Let Sgq be a generalized Schwarz function for Q, so SR’QiRIE. If
wo € 0Q is not a root of R’ then, by the analytic inverse function theorem, there exists an open

nbhd of w on which R has an analytic inverse. Hence, there exists an open nbhd of w( such that

Swo(w) := R71 (M)iw

R'(w)

is a local Schwarz function at wo. In particular, if {z; };}1:1 are the roots of R’ on 9Q, Q admits
a local Schwarz function at every point on J€2 except possibly at these z;. We conclude by
Sakai’s regularity theorem (3.1.1) that for every € > 0, (0Q) \ UT:1D6(Z ;) has finitely many
singular points, each a cusp or a double point (02 has no degenerate points on account of the
assumption that Q = Int(Cl(€))). The finiteness of the singular set follows exactly as in the

classical quadrature-domain case (§3.2 of [20]). |

To constrain the behavior at the singular points of R, we require an extra ingredient, that R(9Q) is

a subset of an algebraic curve:

Theorem 6.2.3. If Q admits a generalized Schwarz function Sgq, there exists a non-constant
polynomial p, irreducible over C, with real coefficients such that p(x,y) = 0forallx+iy € R(0Q).

(c.f. [1], Theorem 3). In particular, 9 is a subset of an R—preimage of an algebraic curve.

Proof of Theorem 6.2.3. By definition, Sg o which is analytic in € except at finitely many poles

such that T := %‘;—;Qiﬁ. Thus

f= %(R +T), and g(w) := %(R -T)

are analytic except at finitely many poles, and admit continuous real extensions to 9Q, f=Re(R),

g=Im(R). Now suppose € is bounded. We apply Theorem 2 of [1]:

Let Q c C be a bounded domain and suppose f and g are holomorphic in Q except at finitely many

poles. Further suppose that f and g admit real, continuous, extensions to 0€2. Then there exists a
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non-trivial polynomial p(x, y), irreducible over C, with real coefficients such that p(f(z),g(z)) =0
on Q.

Therefore there exists a real non-constant, C-irreducible polynomial p such that p(f(w), g(w)) =0
on 0Q. Thus, p(Re(R),Im(R)) = 0on 0Q. Thisisequivalentto p(x,y) = Oforallx+iy € R(0Q).
The argument is similar, but slightly more delicate in the unbounded case; see the proof of Theorem
3in[1]. m]

Theorem 6.2.3 straightforwardly implies that 9€2 has finitely many singular points. We conclude:

Theorem 6.2.4. If Q admits a generalized Schwarz function Sgq, then 0Q has finitely many
singular points, where each singular point which is not a root of R’ is either a cusp or a double

point.
With this regularity result in hand, we are now prepared to prove Theorem 6.2.2.

Proof of Theorem 6.2.2. Suppose Q € QDg(h). Then by Theorem 6.2.1, Q satisfies Equation

6.4. Set Sgo equal to the RHS of the equation: Sgo(w) = h(w) + G(w) + Z;ﬂ:l Wz;j. As

Sr.a € M(Q) and extends continuously to the boundary, we find that Sz o=R'R is a generalized

Schwarz function for Q.

On the other hand, suppose €2 admits a generalized Schwarz function Sg . By Theorem 6.2.4, we

know that dQ is piecewise C ! so Green’s theorem applies. Hence, for each f € Fg(Q),

/ FIRPdA = f FONR (W) R(w)dw = f FO)Sra(w)dw.
Q 0Q oQ

Since Sgq has finitely many poles in €, let & be the rational function obtained by summing the

principal parts of Sg q at those poles. Then
G=Sgo—h

is holomorphic in Q and extends continuously to d€2. Hence,

/ fw)G(w)dw =0

0Q
by Cauchy’s theorem. It follows that
[ 1REdA= ¢ fonnonaw,
Q 0

so Q € QDy(h). O
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An immediate consequence of Theorem 6.2.2 and Theorem 6.2.4 is the following boundary regu-
larity result for AQDs:

Theorem 6.2.5. If Q € QDy then 0Q has finitely many singular points, and each is a cusp, a

double point, or located at a root of R'. In particular, 0Q is piecewise C'.

Proof. By Theorem 6.2.2, € has a generalized Schwarz function. The conclusion follows by
Theorem 6.2.4. O

AQDs: An Electrostatic Perspective

As with LQDs, AQDs have a natural physical interpretation from the perspective of electrostatics.
In particular, a domain Q is an AQD if and only if there is a finite configuration of point charges (and
multipoles) on the interior of Q whose electrostatic field in Q¢ is equal to that of an (appropriately

renormalized) charge density pgr on Q. More formally,

Theorem 6.2.6. Fix a rational function R and a domain Q whose boundary contains no poles of R,
and {p J}Tzl are the poles of R in Q. Then Q € QDy(h) if and only if there exist positive constants
{r; }’}1:1 such that

n 2 m

CAVe () = > =h(w) + > — 6.7)

R = T

forallw € Q,.
Before proceeding with the proof of Theorem 6.2.6, we will need the following lemma which allows
us to appropriately “renormalize” the weighted Cauchy transform:

Lemma 6.2.2. Let {p j}?zl

connected component of {|R(w)| > r;} containing p; (likewise denote by U, the component

c C be the finite poles of R, fix constants r; > 0 and let U; be the

containing the pole at oo, if any). Then,

c S B
Coa” (W) = RWRW) + ) — _’p . YweU, (6.8)
J

j=1

where U = U U LI}, Uj.
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Proof of Lemma 6.2.2. Take the r; sufliciently large each U; contains no other poles of R, the U;

are disjoint, and do not intersect dQ2. By Green’s theorem, for each w € U,,

/ IR’(§)|2dA(§)

RO R) - f R’(f)R(f)d§

— R OFG - Z yg R’(é‘)R(f)df R'(©R(E)dé

d(Uj). oUn), &—W

CU*( )

Applying the fact that Rﬁirjz. on 0U}, then the generalized argument principle, we obtain

. R(§) d¢ R'(§) d¢
Cop(w) = R(W)R(W)+Z jg R(&) & - w”""jgym R(&) & -w

= R'(w)R(w) +Z s
J

Note that the U, term drops out because 1;((5)) 7 lw € 0(£72). O

Proof of Theorem 6.2.6. For the forward direction, suppose that Q € QDx(h;q1,...,9m). By
Lemma 6.2.2, there exist positive constants {r j}7:1 such that Equation 6.8 holds. If Uy = U N Q
and U_ = U N L., then

Cha ) = o ) = B ()

"2
:R’(w)W+Zwr_—Jp Co\V=(w)

Jj=1

By Theorem 6.2.1 and Corollary 6.2.1, for each w € 9Q,

Q\U+ _ QAU
(w) = h(w)+G<w>+Z _p/+ZW o7~ Con (),

Jj= j=1

2

where G (w) = Q \U- (w) — Hence, for each w € 9Q,

]m+lwp

By the analyticity of C,?R\U+ in Q,, this equality extends to €., and we recover Equation 6.7.
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For the reverse direction, suppose that there exist positive constants {r; }’;l: , such that

—h
=" (W)+Z —p]

for all w € Q.. Again by Lemma 6.2.2, for each w € (U,). 2 0Q,

m

Con (W) =

Che ) = € ) = R ) =

537
J

Hence, R’(w)R(w)ng;‘\U‘(w) + CQ\U+ (w). If f € Fr(Q) then Green’s theorem

implies

] 1 w=p; p
/ FIRPdA = f R (w)ROw)dw
Q 0Q

*\U,
- ¢ snlc <w>+h<w>+z ]) w

- 75 FO)h(w)dw,
0Q

where the last step follows from the fact that f (w)ng \U- (w) and f(w) X" [ e p
Q. Hence, Q € QDx(h). O

6.3 The Change-of-Variables Principle
A powerful structural result for AQDs is that they are related to classical QDs by a change of
variables. This principle, due to Skinner [31] (Lemma 5.2.6), reduces many questions about AQDs

to their classical counterparts.

Proposition 6.3.1 (Change of variables for AQDs). Let ,Qr C C be domains and suppose
R : CI(Qg) — CI(Q) is a bijective rational map with R € C°(dQg). Then Q € QD(A) if and only
if Qg € QDg(hg), where h and hp are related by

hr(w) = Ciag). [ho R - R (w) = jgg R_hl((é;%,

hg 1 3 hr(€)dé
(R') oK ] (w) = .i(QR)* R(&) —w’

Proof. For the forward direction, suppose Q € QD(h). If f € Fr(Qg), then f o R~ € A(Q)
(resp. Ap(€) when unbounded), so

712 _ o -1 — ° -1
/QRf|R|dA_/Qf R'dA jggf R (w)h(w)dw

(6.9)
h(w) = Cq,

= fw)ho R(W)R' (w)dw = FW)Cap), [hoR-R'] (w)dw.
0Qr 0Qr
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The function C(qy), [# o R - R’] is rational because h o R - R € M(Qg) N C%(0QpR). The reverse

direction is completely analogous. O

An important consequence is the following composition property: If P is another rational function

then for domains on which R o P is injective,

QDpop (hor) 2 oD (hr) 22 QD(h).

Corollary 6.3.1 (PQD-negative-PQD duality). Letn € Z, and suppose € is adomain with 0 ¢ 9Q.
Then Q € QD,,(h,) if and only if Q! € QD,,-u(h_,), where

and ¢, = 0 except possibly when 0 € Q is bounded, in which case ¢;, = >, Res h,.
)4

Corollary 6.3.2 (One-point AQDs are preimages of disks). Suppose Q € QDp (W_WO) is abounded,
simply connected domain containing no singularities of R or zeros of R’, with @ > 0 and wy € Q.

Then Q is the connected component of R~ (D\/E(R(wo))) containing wy.

Proof of Corollary 6.3.2. Let ¢ : D — Q be the Riemann map with ¢(0) = wg, ¢’(0) > 0. Since
the poles of R are absent from Q, Equation 6.4 reduces to R’R=h + G for some G € A(Q).

Precomposing with ¢, we obtain on dD:

Since (R o ¢)* is analytic in D, with (R o ¢)*(c0) = R(wy), the Cauchy decomposition gives

(h+G)oyp

(R o ¢)*(z) = R(wo) = Cp, [(Ro 9)*] (2) = Cp. [Ro¢] (2) = R o

(2).

Now G o , 7 is analytic in D (because G € A(Q) and R’ has no zeros in Q by assumption), so

Cp, annihilates it. The remaining term is

o ‘”}(z)

D., +Cp, [reg.] (2),

a ]_ a c [ 1
(0(2) —wo) R'(¢(2) | ~ R'(wo) " | @(2) —w
R’ (p(£))=R’"(wo)

(@(&)-wo)R' (¢(£)) R’(Wo)’
removable because R’ has no zeros in ). Thus Cp, [reg.] = 0, and the Faber transform formula

1 e 1 Y (wo) !
v(2) —Wo] =% (W —Wo) (e) = z—¢¥(wo)  ¢'(0)

where “reg.” denotes which is analytic in D (the apparent pole at & = 0 is

Cp,
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Yields
—_— a
(Ro@)*(z) = R(wo) = 2"
¢’ (0O)R" (wo)
Reflecting via # and using ¢’(0) = (ﬁf‘(pv)vlo()o ) we obtain
a
Ro¢(z) = R(wo) + ——=.
(R o ¢)'(0)
Differentiating and evaluating at 0, we find (R o ¢)’(0) = m. ence,
o
R o ¢(z) = R(wg) + Vaz.
In particular, Q is a connected component of R~! (Dyz(R(wo))). O

This procedure involving the Faber transform can be generalized to construct Faber transform
formulae similar to those for classical QDs (Theorem 3.2.2). Unfortunately, the inner/outer factor-
ization (§2.4) approach used for PQDs (§4.3) and LQDs (§5.4) doesn’t carry over to AQDs. This
is essentially a consequence of the fact that the weight is no longer radially symmetric with respect

to the origin. Before discussing this in more detail, we will briefly consider null AQDs.

Null AQDs

Theorem 6.3.1. If Q € QDg(0), then the pgr-weighted area of Q is infinite. In particular, Q must

contain a pole of R or an open neighborhood of > if R(o0) = oo.

Proof. Since pg is a.e. positive and Q is open, the weighted area A,,(€2) > 0. If A, () < oo,
then 1g € LL(Q; pr) € F, and

0= / LoprdA = Ay (Q) > 0,
Q

a contradiction. Hence A,,(Q) = oo, which forces € to contain a pole of R (where |R’|? has a

non-integrable singularity) or to extend to co with R(o0) = oo. ]

Example 6.3.1 (Preimages of exterior disks). If Q is a connected component of {w € C: IR(w)| >
a} for some a > 0, then |[R(w)|*=a® on Q. Hence, by Green’s theorem and the generalized

argument principle,

/flR’lsz lim fIR'|>dA
Q r—= Jon{|R|<r}

jf FONR (w)ROm)dw — Tim )R () ROm)dw
Q. =% J{|R(w)|=r}nQ

_ 2 Rw) .. 5 R’ (w)
- ‘}égf(w)R(W) dw - oy ‘7€|R(w)|=r}mgf(W)R(W) dw
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As f is zero at each pole of R, we find that f % has poles only at the zeros of R, and these poles
are simple. As Q is a connected component of {|R(w)| > a}, we know that € contains no zeros of
R, so Q contains no poles of f %. Hence both integrals = 0 by Cauchy’s theorem. We conclude
that Q € QD (0). This generalizes the well-known fact that exterior disks are null classical QDs.

While it is unclear whether the converse holds in general, it does hold for domains not containing

roots of R’. In particular,

Corollary 6.3.3. If Q is a domain containing no roots of R’, then Q € QD (0) if and only if Q is

a connected component of {w € C: |[R(w)| > a} for some a > 0.

Proof of Corollary 6.3.3. Suppose Q € QDg(0) and containins a subset {p j}’;l: , of the poles of R.

By Theorem 6.2.1, there exists G € A(Q) such that R"(w)R(w)=G (w) + 21}1:1 W‘Z) -. Hence,
J

2. R(w) S qj
ROVP2 5 | G + JZI —

, % has zeros at the zeros of R’ which are not zeros of R, and
R(w)

has simple poles at the poles and zeros of R. Hence & o) has simple zeros at the poles and zeros

As the logarithmic derivative of R

of R, and poles at the zeros of R’ which are not also zeros of R. In particular, the RHS has poles

only at a subset of the zeros of R’.

If Q contains no zeros of R’, then the RHS is analytic in . That is, there exists G e A(Q) such
that |R(w) |2i5 . Therefore Im(é) = 0 so, by the maximum principle, G is real-valued and analytic
in Q and hence constant on Q. As Re(a) > 0 on 9Q, we conclude that G is a non-negative real

constant on Q. In particular, 3a > 0 such that |R|*=a?.

Moreover, by Theorem 6.3.1,  must either contain a pole of R, or an open neighborhood of oo if
R(o0) = oo, Hence, Q is a connected component of {w € C: |[R(w)| > a} for some a > 0. O
There are examples, however, of null AQDs containing roots of R” which are indeed a connected

component of {w € C: IR(w)| > a}.

Example 6.3.2. Consider, for example the bounded simply connected domain Q = ¢(D), where

(2) = —
o V2 - 22



129

Set R(w) = ﬁ, and note that R o ¢(z) = —%. Hence, for each f € Fr(Q),

/ FIRPdA = 7§ FOR () RO dw
Q 0Q

_ f fo@()(Ro¢) (R p2)dz
oD

3 242z 772-\2
- jéDf e
Z

1
= — (¢] d .
\/ijénf ('D(Z)(Zz_\/g)(zz_\/g—l) -

The only possible poles of the integrand in D are simple poles at z = 12‘%, where 90(12‘%) = +1.
However, as f € F(Q), f(x£1) = 0. Hence the integrand is analytic in D, and we find that
Q € QD{(0) and 0 € Q is a root of R’.

Moreover, 9Q is indeed a level set of |R|, specifically, precomposing R with the Riemann map ¢,
we find that 4Q = {w € C: |R|> = 1}.

The above example shows that, while it is sufficient to assume in Corollary 6.3.3 that Q contains

no zeros of R’, it is not strictly necessary.

6.4 The Faber Transform Method for Simply Connected AQDs
When Q € QDg () is simply connected, the Faber transform provides explicit formulae relating £,
R, and the Riemann map ¢. These formulae generalize Theorems 3.2.2, 3.2.3 and 4.3.1, 4.3.2.

Theorem 6.4.1 (Inverse problem for bounded AQDs). Suppose Q € QDg(h) is a bounded simply

connected domain with Riemann map ¢ : D — Q, where ¢(0) = wy is not a pole of R. In this case,
R o ¢(z) = R(wo) + @' (Ca, [R]) (z) - @, (Ca. [R]) (0) + ¥ (2), (6.10)

where

r(z) = @' (Ca.

h(w) + G(w) + Z;'nzl Wgy U (2) (6.11)
2, )

R'(w)

where G and q; are as in Theorem 6.2.1.

Note that if Q contains no roots of R’, then Equation 6.11 simplifies to

r(z) = @' ( g,((va))) (2), (6.12)



130

Proof of Theorem 6.4.1. Let {p; };.”:1 be the poles of R in Q with respective orders {n j}’;’zl, and
¢(z;) = pj. Note that R o ¢ is analytic in D, except at the {zj};”:l. Hence, (R o ¢)* is analytic in
D, except at {z_j_l}’}’:]. Thus there exist constants §; ; € C such that

Co, [(Ro@)*] (2) = (Ro@)*(2) - F(2), zeD,,

where F(z) = Z e ﬁi—’_‘l)k + R(wyg). From the coincidence equation (6.4), R(w) = S;g%x)
on 9Q, where SR aolw) =h(w)+G(w) + Zj | = Hence, on 9D, we have (R o ©)f =Rog=
S; ng which implies
) (h(w) + GOw) + Ty 55-) 0 ]
(Ro¢)"(z) - F(z) = Cp, Rog (2)
ot [ [P C X
¥ g R'(W)
Reflecting about dD on both sides, we obtain
) 1 h(w) + G(w) + 3, 21\
(Rog)(2) = F'(z) + @, [Ca, “1] (2
14 R’(W)

We furthermore note, taking the analytic part of both sides that
Co, [(R o ¢)] (z) = Co, [F'] (2)
= Cp, [F# — R(wg) + Res F#] (z) + Cp. [R(wo) — Res F#] (2)

= F*(2) = R(wg) + Res F*
Applying the definition of the Faber transform, we get Cp, [(R o ¢)] (z) = @;1 (Ca, [R]) (2), so
@' (Ca. [R]) (2) + R(wo) —Res F* = F¥(z)

In particular,

#

h(w) + G(w) + 2L | L =y ])

co. R (w)

Ro @ = R(w) —Res F* + ' (Cq, [R]) + @'

Evaluating at z = 0, we find
R(wo) = R(wq) —Res F* + ®_' (Cq, [R]) (0) +0.
We conclude that

(R0 ¢)(2) = R(wo) + @, (Ca. [R]) (z) - @, (Ca. [R]) (0) + r*(2),
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where

r(z) = @

Co,

h(w) + G(w) + Zj s p,
R'(w) (2)
as desired. O

Applying analogous reasoning when ¢(0) = py, a pole of R in Q, we obtain the following variation
of Theorem 6.4.1

Corollary 6.4.1. If Q € QD (%) is bounded and simply connected with Riemann map ¢ : D — Q
with ¢(0) = wy, a pole of R then

Roy(z) = @' (Ca, [R]) (2) +*(2), (6.13)

On the other hand, if € is unbounded, then we obtain

Theorem 6.4.2 (Inverse problem for unbounded AQDs). Suppose Q € QDg(h) is an unbounded
simply connected domain with Riemann map ¢ : D, — Q, where ¢(c0) = co and ¢’ (o) = ¢ > 0.

In this case,

(Ro¢)(2) = @, (Ca. [R]) (2) +r*(2) - r*(0), (6.14)
where
h(w) +G(w) + 2",
r(z) = @' |Ca, i (2) (6.15)
R'(w)
and G, q; are as in Theorem 6.2.1.
Note that if Q contains no roots of R’, then the formula for » in Equation 6.15 simplifies to
_i [ h(w)
= : 6.16
Proof of Theorem 6.4.2. Let {p; }’" be the poles of R in Q with respective orders {n; }J \» and

¢(z;) = p;. Furthermore, let n, be the order of the pole at oo, if any. Note that R o ¢ is analytic in
D., except at the {z j}]”ﬂzl. Hence, (R o ¢)* is analytic in D except at {z_j_l}J”.“:l. Thus, there exist
constants 3 ; € C such that

Co [(Ro@)*| (2) = (Ro9)*(2) —F(2), zeD,

where F(z) = Zk { ﬁ”‘}(" + Z Zk 1 ik ¢ Aop(D,). By the coincidence equation (6.4),

z (z=7; )k

R(w) = 228 on 9Q, where Sga(w) = h(w) + G(w) + 2"

lep ROQO_
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S,’z’,i;"p. Substituting, and applying the definition of the Faber transform, we obtain
(h(w) +G(w) + 27 +4) 0
(Ro@)*(2) = F(z) = G T — zed I
oy
o [c h(w) + G(w) + 2L 25 p,
T e Q R’ (w) (Z)

Reflecting about 0D yields
(Ro¢)(z) = F¥(2) +r*(2),

where

r(z) =

co. R W)

h(w) + G(w) + X" - pj])()
Z

Next, taking the analytic part of both sides yields

Co [(Ro )] (2) = Co [F*] (2) + Co [] (2)
= F*(2) + r*(0)

Applying the definition of the Faber transform, we get Cp [(R o ¢)] (z) = @;1 (Ca, [R]) (2), so
F*(2) = @' (Ca. [R]) (2) = r*(0).
In particular,
(Ro¢)(z) = @, (Ca. [R]) (2) + () = r*(0),
as desired. O

Theorem 6.4.3 (Direct problem for AQDs). If Q € QDR(h) is simply connected (bounded or
unbounded) with Riemann map ¢, then h(w) + Zj = p = Co [R’ (Ro¢)* ow] (w). In

particular, when Q is bounded,

m
q;j _ ’ X #
h(w)+;w_pj—cb¢(CD* [Rog-(Rop)]), 6.17)
and when Q is unbounded,
m
qj _ ’ . #
h(w)+;w_pj_cb¢(cD[R °p- (Rog)']), (6.18)

where the p; and q; are as in Theorem 6.2.1.
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Proof. By Theorem 6.2.2, h = Cq, [SR’Q]. On 0Q, Skro = RR=FR - (R o ¢)* oy, and the result

follows from the definition of the Cauchy projection and Faber transform. O

From the above results, we conclude the following powerful generalization of Theorem 3.2.1.

Theorem 6.4.4. Let R be rational and Q a simply connected domain with Riemann map ¢ and 02
containing no poles of R. Then Q € QDy if and only if R o ¢ extends to a rational function in C.

Proof of Theorem 6.4.4. For the forward direction, note that Theorems 6.4.1 and 6.4.2 tell us that we
can write R o ¢ as a linear combination of Faber transforms of Cauchy projections of meromorphic
functions. The result then follows from the fact that the Cauchy projection of a meromorphic

function is rational (Lemma 2.3.1), and the Faber transform of a rational function is rational (§2.3).

For the reverse direction, note that if (R o ) = F is rational, then Sg o := R’F* oy is meromorphic

in Q, continuous up to the boundary, and satisfies the boundary condition
R'F*oy=R'(Ro¢)oy =R'R.
In particular, Sg o is a generalized Schwarz function for Q. We conclude by Theorem 6.2.2 that

Q € QDg. O

We will now proceed with several example applications of these Faber transform formulae to various
weights pg and quadrature functions 4. As we shall see, the pole structure of the Riemann map is

essentially determined by the poles and zeroes of R’ in Q, as well as the poles of 4.

6.5 Examples

Example 6.5.1 (PQD of negative order). Suppose R(w) = w” and 0 € Q € QDg(Aw™2;q) is a
bounded, simply connected domain for some A € C and n € N,. By Theorem 6.4.1 and Corollary
6.4.1 there exist G € A(Q) and g € C such that the Riemann map ¢ (with ¢(0) = 0) satisfies

#
) (2)

n #
- ) e 0y (G [ w60 + ) @
k=1

= anﬁkz_k -0.
k=1

wZ2+Gw)+ 1

_nw_(n+1)

Co,

-n _ -1 -n -1
p(z)" =@, (W) + D
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Applying Theorem 6.4.3, we find that for each w € Q,,

w2+ qwh = Ca, [(=aw ") - (¢ oy ()] = ~nCa,

O 1 gk
= - _— d
n;ﬁk‘ég*f—w é‘:n_'_l é:

Note that yy € A(D) and ¥ (0) = 0. Hence, the kth integrand in the sum has a pole of order n — k + 1

I —
i Zﬁkw’%w)]
k=1

at 0. In particular, there exist constants y; x such that

where the leading y,_r+1,« terms are all non-zero. Matching orders, we find that all of the 8 = 0

except for k = nand k = n — 1. That s,
©7(2) = Buorz "V + Buz
Again applying Theorem 6.4.3, we find that for each w € Q,,

Bt (w) + Bty (W)

Wn+1

w2+ qw_l = —nCgq,

BB P (= DI

w2 w
In particular,
— nul
A =-nfn-16," ,
g = =nlpal* = (n = V|1 |-
We find
1\l
o= [1-1l)
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where ¢ = —n|B,|* - n- |/1|2 |,8,,|_ " Assummg that ¢’(0) = ¢ > 0, we find that ¢" = 8, 1. It
follows that

_1
T
¢(z) = cz (1 - /l—z) ,
n
where (n — 1)|1]2¢2?D 4 n2gc¢? + n® = 0. One can check that this is in agreement with the

PQD-negative PQD duality asserted by Lemma 6.3.1. See Figure 6.1 for an example of such a
domain with n = 4.

-1

Figure 6.1: Example of negative one-point PQD withn =4,¢c=1,4=3.9,and g = —1.148.

A Doubly Singular Weight

Suppose Q € QDg(h) is bounded and simply connected with R(w) =

,and ¢ : D — Q the
associated Riemann map with ¢(0) = wo, not a pole of R, and ¢’(0) = ¢ > 0. By Theorem 6.4.1,
@ is given by

1 1 |
= +®_ " |C
(-1 wi-1 ¢ ( =

IR

wzl— 1]) (0= q);l (CQ*

h(w) + G(w) + L5 + £
(2),

where

r(z) = !

Q. 2w

e
andg; =0if 1 ¢ Qand g» = 0if —1 ¢ Q. Computing the first Faber transform explicitly, we obtain

e e IE R Gl C T IR 8 PR |

( y'(1) t//(—l) )
2\z—y() z-y(-1))°
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So

(I);l (CQ*

wzl— 1]) (0= (I);l (CQ*

where ¢(z1) = 1 (when 1 € Q) and ¢(z-1) = —1 (when —1 € Q). Hence,

1 7 (7' (z)™! zZ2h (z-1)7!
7 ]) 0) =2 [ 1T - "1 0],
w2 —1 2 z—171 Z—2-]

! ! A ERAC 2219 (z-)7! .
= + o — 7 _ar et g 4 ’
¢?(z) - 1 wé -1 2 ( R leQ = lea| +r7(2)
and
1 h G _ 1
r(z) = -5 @, (Cg* [(w2 - 1)2M]) () + L= P2g (CQ* _]) )
2 W > "

Example 6.5.2 (Q contains 0 but neither pole of R). If Q € QD (%) (as above), with A(w) = Aw™!
and contains 0 but neither pole of R, then we may set wg = 0. Applying the formulae for the Faber

transform provided in Equation 2.11, we obtain

L. (M”(O) _GO

1,
A

0*(z) -1 - 2¢3 2c

In particular, R o ¢ is a polynomial of degree 2.

Example 6.5.3 (Q contains both poles of R and 0). If Q € QDg(%;q1,q2) (as above), with
h(w) = Aw~! and contains both poles of R, as well as 0, then we may set wo = 0. Applying the
formulae for the Faber transform provided in Equation 2.11, we obtain
-1, -1 -1 -1
1 Z z 2z Z-
. E( RASURESTACRY )+r#(z),

< — 11 < —3-1

e — +
¢*(z) - 1 2

and

2c3 2¢ 2¢2 2

’/O _ _ 0
r(z) = (/190 0) | 91-42-G( ))%_2/22:2

If we further assume for simplicity that g1 = q2,A € R and Q is symmetric about the real and
imaginary axes. By Equations A.3 and A.4, this implies that ¢(-z) = —¢(z) and ¢(2) = ¢(z). In
particular, this tells us that z_; = z; € Rand ¢’(z-1) = ¢’(z1), so

L. b 2 A¢"(0) 91 -42-G(0) - izz
¢*(2) - 1 ¢'(z1) 22 - 23 2¢3 2¢ 227
Moreover, as ¢(—z) = —¢(z), this tells us that 902(_12)_1 = 902(;)_1 , SO M;';g(’) + ””_qzzzG(O) = 0. Thus
the Riemann map formula simplifies to
1 ZII 22 A,

©*(z) - 1 ¢ (z1) 2 -2 2
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Solving for ¢, we obtain

¢(z) = cz

Applying the constraint that ¢’(0) = ¢ > 0, we find that ¢'(z;) = —ﬁ. Substituting, we
1 C

obtain

1

_nq4 2
C_2 /1+Z2/1 262
1227

¢(z) = cz o
24,2 22-2¢
2cc +z (/“'lez_z%)

Hence the problem of determining ¢ has been reduced to determining ¢ = ¢’(0) and z; = ¢~ (1).

As a function of ¢, g7, and A.

Applying Theorem 6.4.3, we find (recall that we are assuming q; = g»).

2 1\
el

—+ + =G
w w-1 w+1 Q.

#
2w (A =2¢h) 2 A 5
-G W( T2 z-g 2| v
2w 27 (A= 2c%) 1 A1
= Ca, - +
(w2 —1)? 2¢2 y(w)zi-1 2c2y(w)?

Expanding in series using our formula for ¢ and computer algebra, we obtain

A q LD 4 L@ B B
w ow=1 w+l w w-1 w+l w-12 (w+1?
(2c*-2) (2c* B +a-2210) e
- ! . ————1|. Hence, we obtain the relations g = 0

where @ =

=1
4ct(z{-1) and = 2 1+ 2}-1

and @ = ¢q;. See Figure 6.2 for an example.
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Figure 6.2: Q € QDg (2;q1, g2), where A = % and g1 = ¢» = .1. (Example 6.5.3)
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Chapter 7

CONCLUSION

This thesis develops a theory of weighted quadrature domains parallel to the classical theory, and
introduces the Faber transform as a tool for explicit construction and analysis of these domains. We

now summarize the main contributions and discuss directions for future work.

Summary of contributions: A central pointis the systematic use of the Faber transform for analysis
of the inverse and direct problems for simply connected domains, enabling explicit constructions
in many cases. Theorems 3.2.2 and 3.2.3 explicitly relate the quadrature function and the Riemann
map via the Faber transform, reducing both problems to a problem of solving finitely many algebraic
equations. This machinery is then applied to obtain a complete classification of one-point quadrature
domains with complex charge (Theorem 3.3.1), extending the well-studied case of positive real
charge to the full complex plane and identifying a parabolic existence region |wo|?+2Re(a) > 2|a/,

together with a characterization of the terminal cusp singularity.

In the power-weighted setting (Chapter 4), the key observation is that the correct object governing
the simply connected theory is not the Riemann map itself, but its inner and outer factors: a domain
is a PQD if and only if ¢  extends to a rational function (Theorem 4.3.3). This characterization
leads to Faber transform formulae (Theorems 4.3.1, 4.3.2, 4.3.4, 4.3.6) that parallel the classical
case while accommodating the new boundary phenomena - corners, cusps, and double points -

which arise at the metric singularity.

The log-weighted theory, developed in Chapter 5, introduces novel complexities which arise from
the non-integrable singularity of po(w) = |w|~? at the origin. The principal new phenomenon -
that the quadrature function is determined only up to a point charge % when 0 € Q - necessitates
reformulations of the coincidence equation, the Schwarz function, and the direct/inverse problems.
Despite these complications, the simply connected theory admits a clean characterization: Q € QD
if and only if its outer part ¢q, extends to the exponential of a rational function (Theorem 5.4.1).
This exponential structure naturally reflects the role of the exponential map in connecting LQDs
to classical quadrature domains (Theorem 5.1.1). Classification results for null LQDs (Theorem
5.3.1), one-point LQDs (Theorems 5.3.2 and 5.6.1), and monomial LQDs further demonstrate the
tractability of the theory.

The algebraic framework of Chapter 6 contextualizes the preceding theories of PQDs and classical
QDs in a larger setting. The change-of-variables principle (Proposition 6.3.1) shows that, on

domains where R is injective, the map w +— R(w) establishes a correspondence QDp — QD
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between algebraic and classical quadrature domains, reducing many questions about AQDs to
known results. At the same time, the examples of Chapter 6 illustrate that AQDs exhibit richer
behavior than their classical counterparts, including domains with multiple metric singularities and

novel interactions between the analytic structure of R and the geometry of 0€2.

Across all four classes of quadrature domains treated in this thesis, the Faber transform has served as
the primary computational and structural tool. Its utility rests on three features: itis an isomorphism
between function spaces on the disk and on the domain; it preserves rational functions; and it is
explicitly computable via the calculus of residues. These properties make it particularly well-suited
to problems in which the unknown data (the Riemann map or the quadrature function) is rational
or admits a representation in terms of rational functions, as is the case for each class of quadrature

domains considered here.
Open problems and future directions: Several natural questions remain.

First, the results of this thesis are largely restricted to the simply connected setting, where the
inner/outer factorization of the Riemann map provides the key structural decomposition. Extending
the Faber transform framework to multiply connected domains is a natural next step. The work
of Crowdy and Marshall on Schottky-Klein prime functions [7] offers a promising approach to
the multiply connected inverse problem for classical quadrature domains, and it would be of

considerable interest to develop analogous tools in the weighted setting.

Second, while complete classifications of one-point QDs and null LQDs have been obtained, the
classification of singular one-point and monomial LQDs remains incomplete. In particular, sharp
results should be within reach even in the absence of rotational symmetry, and a full understanding
of the interplay between the point charge parameter g and the geometry of the domain would deepen

the theory.

Third, log-weighted quadrature domains are the first class of quadrature domains considered in this
thesis for which the outer factor of the Riemann map is transcendental rather than rational (or a
rational power thereof). The exponential form of ¢, for LQDs naturally raises the question of
whether other transcendental outer factors - for instance, those arising from other non-algebraic
weights - admit tractable theories. More broadly, a systematic understanding of which weights p
lead to tractable weighted quadrature domain theories, and what structural properties of p govern

the analytic structure of the Riemann map, remains an open problem.

Fourth, the connections between quadrature domains and conformal dynamics have been explored
primarily in the classical setting, where iteration of the Schwarz reflection associated to a quadrature
domain yields a complex dynamical system and corresponding fractal tiling of the plane. In the

log-weighted setting, the Schwarz reflection is transcendental, and preliminary observations (as
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noted in the companion paper with Makarov and in §5.7 of this thesis) suggest striking parallels
between the non-escaping set of the transcendental Schwarz reflection and the filled Julia set of
certain anti-holomorphic exponential maps. A rigorous analysis of these transcendental dynamical
systems, along the lines of the work of Lee, Lyubich, Makarov, and Mukherjee [21] in the rational

case, is a compelling direction for future research.

Finally, the duality between quadrature domains and droplets in logarithmic potential theory, which
has been used throughout this thesis as both a tool and a source of motivation, suggests that progress
on weighted quadrature domains may yield new results in the associated obstacle problems and
equilibrium measure computations. In particular, the explicit Faber transform formulae developed
here may provide new approaches to explicit construction of droplets for potentials of the form
Ow) = hzl# —2Re(H(w)) and Q(w) = %ln2 |w|?> — 2Re(H (w)), where H’ is rational.

It is the author’s hope that the framework developed in this thesis - the systematic use of the Faber
transform to mediate between quadrature data and conformal data in the simply connected setting -
will prove useful in addressing these and related problems, and that the weighted theories introduced
here will find further applications in potential theory, mathematical physics, and anti-holomorphic

dynamics.
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Appendix A

PROOFS

A.1 Proof of Electrostatic Interpretation of LQDs
Proof of Theorem 5.1.6. We first consider the non-singular case (0 ¢ Q):
For the forward direction, note that if Q € QD (/) then the quadrature identity implies that for

o, _ [ &7 _ [ (&)
chm = [ E—ane = ¢ L)

For the reverse direction, suppose that Cf)f) = h on Q.. Note that this identity extends continuously

to the boundary, as the poles of & are absent in an open neighborhood of 2. Then, by Lemma
5.1.1, foreach w € (D,), 2 9Q,

each w € Q,,

Cho(w) = Cpy " (w) = Cy ™ (w)

_ Il =Wl o,

Substituting our formula C f}o (w) = h(w), we find that for all w € 9Q,

In |w|? >

= hw) + 2 o2y
Hence, if f € LL(Q; po) then Green’s theorem implies
) aaon = ¢ ron™ 2
‘ffwwm>+mwz 2\ ()| a
= ¢ ronntwav.

where the last step follows from the fact that f (w)Cg)\ "(w) and f(w)w™! are analytic in Q.
Hence, Q € QDg(h).

We now consider the singular case (0 € Q):

For the forward direction, suppose that Q € QD (%; g). By Lemma 5.1.1

In|w|? = In|r|?

Q\D( y=C (C\]D( ) — Czlo*(w): Cf}o*(w).
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By Theorem 5.1.3, for each w € 0Q,

1n|w|2 —1n|r|2 1n|w|2 q
Q\D,

Po\ "(w) = W - W _h(W)_;
q—In|r|?

=h(w) +

|r[?

-1
For the reverse direction, suppose that Cpo\D (w) = h(w) + gt for all w € Q.. Again by
w

Lemma 5.1.1, for each w € (D,). 2 Q,

In|w|? = In|r|?
Q\D, C\D,
Co™r (w) = Cop ™ (w) = C (w) = -

Q*
Coy (w).
Hence, n|W| =h(w) + Cgo*(w). If f € LL(Q; po) then Green’s theorem implies

_ % f(w)lnlwlzdw

yf o) (a0 + L+ )| dw

J(w)
2

- f FOn)h(w)dw,
oQ

where the last step follows from the fact that f (w) by (W) and f (w)w~! are analytic in Q. Hence,
Q € QDy(h). O

A.2 Inner/Outer Factorization Formulae

Classical Inner/Outer Factorization

Proof of Theorem 2.4.1.

We will begin by considering the bounded case: Let ¢ : D — Q be the Riemann map associated
to a simply connected bounded domain Q with piecewise C' boundary such that 0 ¢ Q. Then
¢ € H*(D) N CY(C1(D)) by Caratheodory’s theorem, and has no roots on dD. Hence, by Lemma
2.4.1, we can write ¢ = @in@out, Where ¢j, is a Blaschke product consisting of the zeros of ¢ and

©out 18 an outer function given by

§+zln|¢(§)|2 g)
omé—z & '

Reflecting about the unit circle, we obtain for each z € D,

-1 2 ’ )
Pute) = x5 £ +2 Ile(®) L) =ep(f MO L f IO
0D, oD,

Pout(z) = exp (

2Jpét =t gt &2 -z 2 3
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The second integral is simply a constant depending on ¢, and we recognize the first integral as
the Cauchy projection onto D,. Hence, we obtain ¢* (z) = Cexp (Cp, [ln |g0(z)|2]). As 0Q is
piecewise C! and In |w|? € C°(9Q), Equation 2.5 tells us that

@our(z) = C exp (d);l (Cg* [ln |w|2])# (z)) )

Moreover, by construction, if 0 ¢ Q, then ¢(z) # 0, so ¢i, = 1. On the other hand, if 0 € Q, then ¢

has a unique zero zp € D, in which case the Blaschke product collapses to a single factor i, = b,.

We will now consider the unbounded case: Suppose ¢ : D, — € is the Riemann map associated
to a simply connected unbounded domain Q with piecewise C! boundary such that 0 ¢ dQ, and
set f(z) := ‘p(z) . Then f € H®(D,) N C°(Cl(D,)) by Caratheodory’s theorem, and has no roots in
0D,. Hence, by Lemma 2.4.1, we can write f = fi, four, Where fi, is a Blaschke product consisting

of the zeros of ¢ and f, is an outer function given by

1
Jou(z) = exp EjéD gJ—rET

‘m‘

1% £+zInlp@))

d
R f)

dé | = exp(

Reflecting about the unit circle, and taking z € D, we obtain

b (1 §-1+z—11n|w<§)|2§)_ ( nle@P 1 1n|<p(§)|2)
f°“t(Z)_exp(2£D*§-l—z-l erog2) P ng iz © 27€D ¢

The second integral is simply a constant depending on ¢, and we recognize the first integral as

the Cauchy projection onto D. Hence, we obtain f (z) = Cexp (Cp [In|¢(2)[?]). AsIn|w|? €
C%(0Q), Equation 2.8 tells us that

Jou(z) = fexp ((D;] (CQ* [ln |W|2] )# (Z)) .

By construction, if 0 ¢ Q, then f(z) # 0, so fiy = 1. On the other hand, if 0 € Q, then f has a
unique zero zo € D, in which case the Blaschke product collapses to a single factor fi, = b,,. O
Power Factorization

To proceed with the proof of Theorem 2.15, we will need the Schwarz integral formula:

Lemma A.2.1. If f € A(D), then for each z € D,

= ¢ EERUED g iimr o) A1)
mé&—z &
On the other hand, if f € A(D,) is bounded, then for each z € D,
f= ¢ EHERUDD ey i p(eo) (A2)

oo, §—z2 €&
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Equation A.l is the standard Schwarz integral formula. Equation A.2 is obtained by applying
Equation A.1 to the reflection f* of f, then reflecting back.

Proof of Theorem 2.4.2.

Fix a > 0 and let Q be a simply connected bounded domain with Riemann map ¢ : D — €. Set
© = @in®Pout» Where @i = 1 when 0 ¢ Q and ¢, = b,, when 0 € Q and ¢(z9) = 0. Then @y is
bounded and non-zero in D, so there exists f € A(D) such that ¢4 = f. By Lemma A.2.1, for

each z € D,
b £ + zRe(f*(£)) .

£2) _ng*g—z g +m(f(0)
_f 2Re(f*®) . [ Re(f*(¢)
_ygD : dé ng* : ——==>d¢ +ilm(f(0))

f&) +f(&)
- ALLRRA Ly Yol
o, §&-2 e

for some constant C € C depending only on ¢. Noting that |¢|** = |@in|**|@ou]** = ff, we find

Fe) + e
ro=¢ =T e
le(©) 2

iGH
= —dé+C
f}D &E-2 s

_f-(ﬁ%ﬂoaa
_c')ID

pp dé +C
(e (2222022 ) o e
:‘ém &-z e e

- ;! (ca. w2220 4 0

Hence,

%M@=®;( [wﬁ%%n “”)D<@+c
w

For some C € C depending only on ¢.

Fix a > 0 and let Q be a simply connected unbounded domain with Riemann map ¢ : D, — Q.

Set ¢ = @in@our» Where ¢in(z) = z when 0 ¢ Q and iy (z) = zb,,(z) when 0 € Q and ¢(z0) = 0.
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Then @y is bounded and non-zero in D, so there exists f € A(D,) such that ¢4 = f. By Lemma
A.2.1,foreach z € D,

#
)= ¢ SRV he y i p (o))
op&—z '3
H# #
R g [ RUED g e
oo & z oD, '3
Lf O T
oD &E-z ’

for some constant C € C depending only on ¢. Noting that [¢|** = |@in|**|@ou]®® = f f, we find

(&) + lp(&)[*
f#(z)zvé‘D é:_zf(‘f) d§+C
lo(&)[*

:}{ & 4g 4 C

o §—2

- i) o e(@)
oD

&E-2
9

(o (222202 o e
— (D;l (CQ* [|W|2a (‘pin © lﬁ(W))aD (Z) +C
w

e dé +C

Hence,

a1\ #
h(2) = ! (cg* [IWIZ" (*”T‘”(W)) ]) (2)+C

For some C € C depending only on ¢. O

A.3 Proofs of Univalence Criteria

Proof of Lemma 3.3.1. We shall prove the result only for bounded domains, as the proof in the
unbounded case is analogous. Suppose that f € A(Q) is continuous and injective on 9L, so
f(0Q) is a Jordan curve. Also let U be the region enclosed by f(9Q). By the argument principle,

the number of solutions to f(z) = wq for each wy € Cis given by

f'(@dw dw
jgg f()—wo jé(ag) w—wo Lu(wo)-

That is, each wg € U is the image under f of a unique point in  and no point in U¢ is in the image

of f. In particular, f univalently maps Q into the region enclosed by f(dL), so f is univalent in
Q. O
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Proof of Proposition 4.4.3. The proposition is a straightforward consequence of the following re-
sult:

Leta >0, k,l € Z, and, {zj}jf:l, {wj}i.:1 nonzero constants. If ¢ : D, — Cis given by

(1-2)..(1-2))
(1-2)...(1-%)

then ¢ is univalent and ¢(D.) is starlike with respect to infinity if and only if each |z;|, |w;| < 1

¢(z) =z

and
k i

w;
a+ReZ Z / >0, VzeD..
< z—z, oa-w

It follows from Lemma 4.4.1 that an analytic function f : D, — C is univalent and p(Dy) is

starlike with respect to infinity if and only if Re (z J;((ZZ'))) > 0 for all z € D,. Moreover, by the

chain rule, Re (z J;((f))) > 0 if and only if Re (z%) > 0. Thus, its sufficient to show that each

|zjl, lw;| <1and
k

[
zZj W
a+ReZ J —Z ! 150, VzeD,
jZIZ_ZJ jZIZ—Wj

if and only if ¢ is analytic in D, and Re (z “;?('Z(f)) > 0in D..

First, note that each |z, [w;| < 1 if and only if ¢ is analytic in D.. Second, we have that

amksr Z—21) o (2= z1)
o) = T =)’

SO
R((soa)(z)) R a_k+l+Zk] Zl] TR Zk] Z’: W)
e elz =a+Re

9 (2) z He-z Hamw Sy Himw
The desired result follows. O

A.4 Symmetry of the Domain Implies Symmetry of the Quadrature Function

Proof of Lemma 5.1.3. We will proceed with the proof of the lemma only in the singular case;
however, the non-singular argument is entirely analogous. Suppose 0 € Q is a k—fold rotationally
symmetric disjoint union of LQDs, Q = | |; €/, Q; € QDy(4;) and we set h = }}; h;. Also suppose

€ is the connected component of €2 containing zero by Theorem 5.1.6, for each w € Q,,

_ 2 -2 _ 2

ho(w) = C2V" (1) — l—n'r'=/ BT gawy - 4710l ”
w Q\D, £ —W w
€172

o) = CB o) = [ Eldaq).
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Summing these expressions over /, we obtain
-1 2 =2 -1 2
h(w):Cgi\Dr(w)_q n|r| :/ |§| dA(W)—q Il|I”| )
w o\p, §—w w
Hence, applying the symmetry of €, we find that for each j € Z and w € Q.

) ) . -2 . 2
i i J i J i J —Inlr
Q\D, £ — Xty e T w

2nid 412 N PY)
e YRR T
Q\D, 72 E —w w

-2 2
= / €1 dA(w) — M = h(w).
Q w

\p, & —w

By the identity theorem, we conclude that ¢>™ %h(ez’”' %w) = h(w) for all j € Z, and w € C. Now
consider the function f(w) = w™*"Dh(w), so that f(ez’”%w) = f(w).

Po(w)
Pi(w)

of Py or Py, every element of its orbit, {ez”i fz()}, is also a root, and of the same multiplicity. In

If we write f(w) = for coprime polynomials Py and Py, then we find that for each root z

particular if zg is a root of multiplicity n of P;, then
. k- ~ ~
Pi(w) = (w = 20)"(w = € 20)" ... (w = &™'F 20)"P;(w) = (wh = 2§)"Pi(w),

where P: has no roots on the orbit of z. Iterating this procedure, we find that we can write Py and
Py each as a product of factors of the form (w* — a*). In particular, there exists a rational function

g such that f(w) = g(w%). Hence, h(w) = w*~!g(w*) for some rational function g. O

A.S Symmetry of the Domain Implies Symmetry of Riemann Map

Suppose Q is a bounded simply connected domain admitting a symmetry f. In particular, that f
is a holomorphic automorphism of Q and f(Cl(Q)) = CI(2). Moreover, let ¢ : D — Q be an
associated Riemann map such that ¢(0) = wy is a fixed point of f. Then ¢ := f o ¢ is also a
Riemann map for Q such that ¢(0) = f(wg) = wo. By the Riemann mapping theorem, this tells
us that ¢(z) = ¢(az) for some @ € S' (the two Riemann maps are identical up to a coordinate

rotation). In particular, we have shown that

p(az) = fop(z) (A.3)

Differentiating with respect to z and evaluating at 0, we find that, in general, @ = f'(wg). We

consider two specific examples:

o If f is a rotation about the origin by 8 € S', then

¢(Bz) = Be(2).
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aw+b

e If f is a Mobius transformation, f(w) = &=

fixing wo then

ad — bc

plaz) = fop(z), a= m-

There is one last kind of symmetry to discuss: Conjugate symmetry. Suppose Q = Q is a bounded
simply connected domain with Riemann map ¢ : D — Q with ¢(0) = wy € R and ¢’(0) > 0.
Then ¢(z) := ¢(z) is also a Riemann map for Q such that ¢(0) = wo and ¢’(0) > 0. Hence, by the

Riemann mapping theorem, ¢ = ¢, and we conclude

0(2) = (). (A4)
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