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ABSTRACT

Thin composite shells are increasingly being used to support large area space systems

due to their high strength to mass ratio and ability to withstand tight packaging

for launch and then deploy once in space. This thesis speci�cally focuses on

long, slender composite shells (longerons) with an open cross-section consisting

of two circular arc �anges bonded along one edge. They are useful components

of lightweight space structures, including the Caltech Space Solar Power Project

spacecraft. The �anges of the longerons are less than 100 µm thick, and these

extremely thin composite shells are prone to manufacturing imperfections and local

buckling. Therefore, the primary objective of this thesis is to better understand the

buckling behavior of open cross-section, ultra-thin composite shells that contain

manufacturing imperfections, with the goal of informing the design of future space

structures that are more resistant to buckling.

The �rst step towards understanding a structure's imperfection sensitivity is to

measure its imperfections. Thus, the thesis begins by characterizing the geometric

imperfections present in experimental composite longerons. A method to measure

and quantify the parameters of both local and global imperfections in thin shells is

developed and applied. Results show that the longerons contain local imperfections

as large as �ve to ten times the shell thickness, which can have serious implications

for local buckling.

Once the imperfections were measured, both numerical and experimental studies

are performed to study the e�ects of these imperfections on the buckling behavior

and knockdown factor of longerons loaded in pure bending. In the numerical study,

a �nite element analysis is used to characterize the e�ect of a single imperfection,

created using a simpli�ed model based on the shape of the experimentally measured

imperfections, with a wide range of geometric parameters. Then, experiments are

performed to measure the buckling behavior of actual longerons, whose random

manufacturing imperfections were characterized. The results of these studies show

that imperfections, especially ones with large amplitudes, signi�cantly reduce the

longeron's critical buckling load and bending sti�ness. Good agreement between

the experimental and numerical results was achieved, particularly for higher quality

longerons with a single, dominant imperfection.

Motivated by the imperfections and their detrimental e�ects found in the earlier parts
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of the thesis, key parameters of the longeron's cross-section are varied with the goal

of increasing its stability. The subtended angle of the longeron's �anges is varied

in both experiments and numerical simulations of longerons loaded in bending.

The results show good agreement between the experiments and simulations, with

both showing a trend of increasing critical buckling load and bending sti�ness with

increasing �ange subtended angle. Then, based on these promising results, the

radius at the edge of the �ange is decreased, which is shown to signi�cant improve

the longeron's stability and imperfection sensitivity without increasing its mass.

Finally, the e�ect of length on the buckling behavior of longerons loaded in bending is

studied numerically with the goal of extending the current work to longer longerons.

For lengths varying from 0.5 m to 5 m, both perfect and imperfect longerons with

realistic geometric imperfections are studied. It is shown that for longer longerons,

the critical buckling moment and imperfection sensitivity remain almost constant

with increasing length, which is promising for future large space structures.
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C h a p t e r 1

INTRODUCTION

1.1 Buckling of Thin-Shell Structures

Thin-shell structures are widely used in engineering due to their high sti�ness and

load bearing capacity to mass ratio. This high structural e�ciency makes thin shells

ideal for use in aerospace applications where minimizing mass is critical. Examples

of these applications include airplane fuselages, rockets and fuel tanks. Despite

their excellent structural properties, buckling is known to be one of the main failure

modes of thin-shell structures. For this reason, understanding the buckling behavior

of thin-shells in order to design structures that are robust to buckling failure has

been a prominent research topic since the early twentieth century.

Due to the long history of shell buckling research, there is extensive literature in

the �eld. This section discusses a few noteworthy examples and thorough reviews

can be found in the published literature [1�5]. One of the �rst major contributions

to shell buckling research was made in 1941 by Von Karman and Tsien [6], who

performed analytical calculations of cylinders under axial compression and showed

that initial geometric imperfections can signi�cantly decrease a structure's critical

buckling load. In parallel, Koiter, in his 1945 doctoral thesis [7], developed a general

theory for the stability of thin shells and showed that a geometric imperfection with

the shape of the shell's �rst buckling eigenmode can substantially decrease the

critical buckling load. Then, in 1950, Donnell and Wan [8] analytically calculated

the critical buckling load of cylinders loaded in axial compression with an initial

geometric imperfection and showed that the buckling load decreases with increasing

imperfection amplitude. Similarly, in an analytical study of columns with thin-

walled �anges loaded in bending, van der Neut [9] showed that the bending sti�ness

and critical buckling load of the �anges in compression decreases signi�cantly as

the imperfection amplitude increases. In 1962, Babcock [10] studied electroformed

thin cylinders with extremely high tolerances under axial compression with carefully

controlled boundary conditions. By creating a single axisymmetric imperfection on

the otherwise nearly perfect cylinder, Babock experimentally validated the analytical

predictions that geometric imperfections decrease a shell's critical buckling load.

Once the e�ect of geometric imperfections had been widely accepted, buckling
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research shifted towards measuring the initial imperfections in experimental shells

before conducting buckling experiments. Knowing the initial imperfections present

in a given shell allows the buckling results to be presented in the context of these

imperfections. Additionally, the measured imperfections can be used in analytical

or numerical models to account for the actual imperfections in buckling predictions

and design shells that avoid buckling failure. Signi�cant e�orts to experimentally

characterize geometric imperfections in closed cross-section metal shells, such as

cylinders and spheres, took place in the 1960s and 1970s [4]. A notable example

is the work of Arbocz and Babcock [11] who measured the manufacturing imper-

fections in copper cylinders before performing axial compression buckling tests.

Arbocz and Babcock then used the measured imperfections in analytical buckling

load calculations, which they compared to their experimental results.

A commonly used metric to quantify the e�ect of imperfections on a structure's

stability is the knockdown factor, which is the ratio of the critical buckling load of

an actual imperfect structure to the buckling load of the theoretical perfect structure

[4]. For many years, the knockdown factor has been used to compute a lower

bound on the critical buckling load of thin-shell structures to be used as a design

criteria for designing shells that are resistant to buckling [12]. For design purposes,

the knockdown factor is estimated either by experimentally measuring the critical

buckling load of a large set of structures or by modeling a structure with imposed

imperfections and using that to represent the actual imperfect structure.

Despite decades of study, understanding the imperfection sensitivity of thin shells

and �nding an accurate, yet not overly conservative, method for determining the

knockdown factor is still an ongoing research area. In 2020, NASA released a

revised set of buckling guidelines [12] for designing thin-walled cylinders used in

space vehicles, updated from the original 1968 guidelines [13], which provide less

conservative buckling load estimates by accounting for modern numerical analy-

sis tools, materials and design methods. The updated guidelines highlight that a

structure's mass can be reduced by performing high �delity numerical simulations

to obtain a less conservative knockdown factor [12], since imperfection sensitivity

studies are more accurate when using the structure's actual imperfections rather

than traditional eigenmode based imperfections [14, 15]. However, a structure's

typical imperfections must �rst be characterized in order to create a high �delity

model of the structure. For this reason, imperfection characterization continues to

be an important research topic. A recent example is Fan's work [16] where the
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imperfections in aluminum cans were measured to create a �nite element model of

a can with the actual imperfections.

The other prominent portion of modern research in this �eld is studying the e�ects

of imperfections on the knockdown factor. For example, Gerasimidis et al. [15]

studied cylindrical shells with geometric dimple imperfections under axial com-

pression both experimentally and numerically, and their results suggest that local

dimple imperfections can be used to obtain a less conservative knockdown fac-

tor for unsti�ened cylinders. They also numerically studied dimple imperfections

of varying amplitude and length and showed that the knockdown factor decreases

signi�cantly with increasing imperfection amplitude and is lower for axisymmet-

ric dimple imperfections than for shorter, more localized, imperfections [15]. In

another recent paper, Lee et al. [17] experimentally studied the e�ects of imper-

fections on hemispherical elastomeric shells under pressure loading, which could

be manufactured with precisely controlled imperfections, and found a clear trend of

decreasing knockdown factor with increasing defect amplitude, similar to the trend

seen for cylinders. This work was continued by Abbasi, Derveni and Reis [18]

who numerically compared the e�ect of a single dimple or bump on the knockdown

factor of hemispherical elastomeric shells. They showed that dimples have a lower

knockdown factor than bumps with the same amplitude and size, and that bumpy

shells are less imperfection sensitive than dimpled shells [18]. A �nal example is

the work of Derveni et al. [19]. These authors studied hemispherical shells with a

probabilistic distribution of imperfections aiming to compute the knockdown factor

by modeling shells with more realistic imposed imperfections [19].

1.2 Thin Composite Space Structures

Another application of thin shells is in large area space structures. Speci�cally,

composite shells are increasingly being used to support large aperture space systems,

such as solar arrays, antennas and solar sails, due to their high strength to mass ratio

and ability to withstand tight packaging for launch and then deploy once in space

[20�26]. An example of a space structure that uses lightweight composite shells is

the Roll-Out Solar Array (ROSA) [27], in which two deployable composite booms

are used to tension a photovoltaic blanket. Two ROSAs were used on the DART

spacecraft and newer versions, iROSAs, currently provide power to the International

Space Station [28]. Another recent spacecraft that used composite structures is the

Advanced Composite Solar Sail System [29, 30], which uses four composite booms

to hold an 80 m2 solar sail in tension.
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An application of particular interest to this work is the Caltech Space Solar Power

Project (SSPP), which aims to generate solar power in space and wirelessly transmit

the energy to Earth [31]. In the SSPP spacecraft, a thin-shell composite structure

supports a tensioned membrane containing the photovoltaic and power transmission

elements, as seen in Fig. 1.1a. A system-level study of the SSPP architecture [31]

has shown that the target size for the �nal structure is a square with a side length of

60 m in its deployed con�guration, and that bending is the main load expected for

the structure.

The load-bearing elements for the SSPP structure are open cross-section, triangular

rollable and collapsible (TRAC) [32, 33] longerons. The longeron cross section

consists of two circular arc �anges connected by a straight web region, as shown

in Fig. 1.1b, which results in the �anges being about half the thickness of the web

region. This cross-section was chosen for the structural members since it has a high

sti�ness to mass ratio and the �anges can be �attened and coiled around a central

hub, resulting in a smaller packaged volume for a given deployed bending sti�ness

than most traditional closed cross-section booms [32]. In the current prototype of

the SSPP structure, the composite longeron's �anges are less than 100 µm thick

[34, 35]. This small thickness reduces the mass of the structure and enables it to

withstand the high strains of being coiled around a smaller radius hub, providing

better packaging e�ciency [31]. However, these ultra-thin composite shells are

prone to manufacturing imperfections, which are often observed in experimental

longerons, as well as local buckling. Indeed, longerons with qualitatively larger

local imperfections were observed to have a lower bending sti�ness and critical

buckling load than longerons with smaller imperfections [36].

Though the stability and imperfection sensitivity of closed cross-section shells,

like cylinders and spheres, have been extensively studied, relatively little work

has been done for open cross-section shells, which have the added complexity of

a weak unsupported edge where local buckling is likely to occur [36�39]. One

noteworthy work on the buckling behavior of open cross-section, composite shells

is that of Leclerc and Pellegrino [38], who studied longerons loaded in bending,

both experimentally and numerically. They found that longerons have a stable post-

buckling regime where bending moments signi�cantly higher than the initial critical

buckling moment can be achieved before buckling collapse. Leclerc and Pellegrino

measured the cross-sectional parameters of experimental samples to include in the

numerical model but local geometric imperfections, which are the most likely to
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(a)

(b)

Figure 1.1: (a) SSPP prototype containing a composite structure supporting a
tensioned membrane. (b) Schematic of a longeron, which is the load bearing
element for the SSPP structure.

cause local buckling, were not considered. They also performed numerical buckling

analyses on longerons with varying length and found that the critical buckling load

is mostly constant with increasing length [38]. Another notable work is that of Royer

and Pellegrino [36] who numerically studied the stability of ladder-type composite

longeron strips under bending, mainly using a probing technique to compute the

strip's stability landscape. A �nal work is that of Fathi and Royer [40] who recently

performed a numerical analysis of open cross-section, cylindrical composite shells

with a single Gaussian dimple loaded in bending, and quanti�ed the imperfection's

e�ect by probing at the location of the imperfection and measuring the buckling

energy barrier. Though the probing method can provide useful insights to a shell's

stability, it lacks the clarity and certainty of loading the structure to buckling and

directly measuring its critical buckling load.

1.3 Problem Statement and Research Objective

While there has been work done on the stability of open cross-section compos-

ite shells and substantial literature on closed shells, before this project, little to

no research had been done to measure the local geometric imperfections in open

cross-section, ultra-thin composite space structures and their direct e�ects on these

structures' buckling behavior. These extremely thin composite shells often contain

large initial imperfections because manufacturing imperfections, such as defects in

the laminate and thermal expansion mismatch between the composite laminate and

metal mold during curing, have a greater e�ect on thin laminates. Additionally,

many of these imperfections occur on the open cross-section's free edges, which
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creates the potential for interesting buckling behavior and imperfection sensitivity

not present in axisymmetric closed cross-section structures, such as cylinders and

spheres. This highlights the need to characterize the local imperfections in thin, open

section composite shells and perform a detailed study of their buckling behavior in

the context of these imperfections.

Therefore, the primary objective of this thesis is to better understand the buckling

behavior of open cross-section, ultra-thin composite shells that contain manufactur-

ing imperfections, with the goal of informing the design of future space structures

that are more resistant to buckling. This work focuses on the speci�c case of the

composite longerons used in the SSPP structures. Since the �rst step towards under-

standing a structure's imperfection sensitivity is to measure its imperfections, the

�rst part of the thesis measures the geometric imperfections present in experimental

longerons. Then, the second part of the thesis performs a detailed study of the

e�ects of imperfections on the longerons' buckling behavior and critical buckling

load. The later parts of the thesis build upon the earlier parts to investigate the

e�ect of varying the longeron geometry, aiming to increase its stability and assess

the feasibility of using longer longerons in future space structures.

1.4 Methodology and Thesis Outline

This dissertation contains six chapters including the introduction. Chapter 2 presents

a characterization of the manufacturing imperfections existing in experimental com-

posite longerons. First, a method to measure and quantify the parameters of geomet-

ric imperfections in thin shells is developed, which is challenging due to the axial

twist and other large imperfections occurring in the longerons. Then, this method

is applied to measure both local and global imperfections in longerons made using

two di�erent manufacturing processes, of di�erent quality. Results show that the

longerons contain signi�cant local imperfections, as large as �ve to ten times the

shell thickness, which can have serious implications for local buckling.

Once the imperfections were measured, both numerical and experimental studies

were performed to study the e�ects of these imperfections on the buckling behav-

ior and knockdown factor of longerons loaded in pure bending. These studies are

presented in Chapter 3. In the numerical study, a �nite element analysis is used

to characterize the e�ect of a single imperfection on the longeron's �ange, created

using a simpli�ed model based on the shape of the experimentally measured im-

perfections, with a wide range of geometric parameters. This study is performed
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numerically in order to isolate the e�ect of individual imperfections to see which has

the greatest impact on the longeron's stability. Then, the bending and buckling be-

havior of experimental longerons, whose random manufacturing imperfections were

characterized, is measured. The results of these studies show that imperfections,

especially those with large amplitudes, signi�cantly reduce the longerons' critical

buckling load and bending sti�ness. Finally, in the last part of this chapter, the

experimental and numerical results are compared, and, particularly for the higher

quality longerons, excellent agreement is achieved.

Motivated by the signi�cant imperfections measured in Chapter 2 and their detri-

mental e�ects on the longeron's stability and bending sti�ness seen in Chapter 3,

key parameters of the longeron cross-section are varied in Chapter 4, with the goal

of increasing the longeron's stability, resistance to imperfections and sti�ness. In

the �rst part of Chapter 4, the longeron's �ange subtended angle is varied in both

experiments and numerical simulations of longerons loaded in bending. The results

show good agreement between the experiments and simulations, with both showing

a trend of increasing critical buckling load and bending sti�ness with increasing

�ange subtended angle. Then, based on these promising results, a longeron with a

decreased radius at the edges of its �anges is studied numerically, with the goal of

improving the longeron's stability and imperfection sensitivity without the drawback

of adding material.

Next, in Chapter 5, the e�ect of length on the stability of longerons loaded in

bending is studied numerically with the goal of extending the current work to longer

longerons that can be used for future large area space structures. The longeron length

is varied from 0.5 m to 5 m and the bending and buckling behavior of both perfect

and imperfect longerons with realistic geometric imperfections is measured. Results

show that at longer lengths, the critical buckling load remains almost constant with

increasing length for both perfect and imperfect longerons.

Finally, Chapter 6 concludes the thesis by summarizing the work and discussing

its main research contributions. The conclusion also presents future directions in

which this research can be continued and applied to future deployable composite

space structures.
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C h a p t e r 2

CHARACTERIZATION OF MANUFACTURING
IMPERFECTIONS

2.1 Introduction

Thin composite shells are increasingly being used in space applications that require

large, lightweight structures. Initial geometric imperfections in thin-shell structures

are known to signi�cantly decrease their critical buckling load and therefore have

to be accounted for in theoretical buckling predictions [6�8]. The e�ect of initial

imperfections is commonly quanti�ed using the knockdown factor, which is the

ratio of the buckling load of the actual imperfect structure to the buckling load of

the theoretical, i.e. perfect, structure [4]. For many years, the knockdown factor

has been used to compute a lower bound on the critical buckling load of thin-shell

structures, to be used as a design criterion for building shells that are resistant to

buckling [12]. For design purposes, the knockdown factor is estimated either by

experimentally measuring the critical buckling load of a large set of structures or by

numerically modeling a structure with imposed imperfections.

Despite decades of study, understanding the imperfection sensitivity of thin shells

and �nding an accurate, yet not overly conservative, method for determining the

knockdown factor is still an ongoing research area. For example, cylindrical shells

with geometric dimple imperfections loaded in axial compression were studied both

experimentally and numerically as recently as 2018, and the results suggested that

local dimple imperfections could be used to obtain a less conservative knockdown

factor for unsti�ened cylindrical shells [15]. In 2020, NASA released a revised set

of buckling guidelines for designing thin-walled cylinders used in space vehicles,

updated from the original 1968 guidelines, which provide less conservative buckling

load estimates by accounting for modern numerical analysis tools, materials and

design methods [12]. Another example is a 2023 study of hemispherical shells with

a probabilistic distribution of imperfections, which aimed to compute the knockdown

factor by modeling shells with more realistic imposed imperfections [19].

Imperfection sensitivity studies are more accurate when using the structure's ac-

tual imperfections rather than traditional eigenmode based imperfections [14, 15].

The updated NASA guidelines highlight that a structure's mass can be reduced by
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performing high �delity numerical simulations to obtain an accurate but less con-

servative knockdown factor [12]. However, a structure's typical imperfections must

�rst be characterized in order to create such a high �delity model of the structure.

Furthermore, the knockdown factor is highly dependent on the amplitude, length

and aspect ratio of the imperfections in a structure [8, 15, 17], which suggests that

the imperfections used to model a structure should be as close as possible to the

actual imperfections.

For this reason, imperfection characterization has been an important research topic

both historically and recently. Signi�cant e�orts to experimentally characterize

geometric imperfections in closed cross-section metal shells, such as cylinders and

spheres, took place in the 1960s and 1970s [4, 11]. A more recent example is a 2019

work where the imperfections in aluminum cans were measured to create a numeri-

cal model of a can with the actual imperfections [16]. Imperfection characterization

is especially important for composite, thin-shell structures since they are particularly

prone to geometric imperfections, which are introduced during the composite man-

ufacturing process. As part of an ESA study in 2007, the geometric imperfections

of ten composite cylinders were measured at DLR to obtain a statistical database

of common imperfections to be used in a �nite element model for probabilistic

knockdown factor computations [41]. Additionally, the cross-sectional parameters

and twist of open cross-section, composite booms were measured and included in

numerical models of the booms [38]. However, local geometric imperfections in

open cross-section, composite shells have not been experimentally characterized,

and measuring these local imperfections is the focus of the present study.

Speci�cally, the study is focused on open cross-section, ultra-thin (<100 µm), com-

posite, triangular rollable and collapsible (TRAC) [32] longerons, shown in Fig.

2.1a, which are the chosen load-bearing elements for the Caltech Space Solar Power

Project (SSPP) spacecraft [31]. The TRAC longeron cross-section consists of two

circular arc �anges connected by a straight web region, as seen in Fig. 2.1b. The

two �anges will be refereed to as the "Front �ange" and "Back �ange". This design

results in the thickness of the �anges being about half that of the web region, and was

chosen because it increases the mass e�ciency of the SSPP structure and maximizes

the volume available for the functional elements. In addition, these longerons are

easy to fold and coil, and can deploy by releasing their stored strain energy.

The composite longerons were manufactured in the laboratory and contained visible

manufacturing imperfections. The main imperfections of interest are local radial
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defects in the �anges of the longerons, such as small bumps or dimples. Local

imperfections are of primary concern since they are the most likely to cause local

buckling, which has been found to be one of the longerons' main failure modes

[38, 42]. Furthermore, since the �anges are thinner than the web region, geometric

imperfections will have a greater impact on their structural performance. More

global imperfections, such as the twist about the axis of the longeron and variations

in the mean cross-sectional parameters, can also a�ect the longerons' structural be-

havior, and thus, are also important to measure. A thorough characterization of these

imperfections will enable accurate numerical modeling of the imperfect longerons

and computation of their buckling knockdown factor. At the same time, understand-

ing the type and extent of the imperfections will help improve the manufacturing

process to reduce the defects.

The chapter begins by describing the longeron manufacturing and shape measure-

ment processes, in Section 2.2. Next, in Section 2.3, the analysis methods used to

measure the longeron's axial twist and the mean web length and �ange radius and

subtended angle are de�ned. The methods used to compute the lengths, amplitudes

and locations of the local imperfections are also described. Then, in Section 2.4, the

results of the global and local imperfection measurements are shown and discussed.

Finally, Section 2.5 concludes the chapter.

(a) (b)

Figure 2.1: (a) TRAC longeron. (b) Longeron cross-section showing the �ange
subtended angle, U, and the nominal �ange radius and web height.

2.2 Longeron Manufacturing and Shape Measurement

Two sets of composite longeron test samples were studied in this work. Three

longerons in Set 1 were manufactured using an autoclave two-cure process and �ve

longerons in Set 2 were made using a one-cure process. For all longerons, the

�anges were 80 µm thick and had the hybrid layup »�45� �%, •0� �* � •�45 � �%, ¼.

The web region had the layup »�45� �%, •0� �* � •�45 3–��%, •0� �* � •�45 � �%, ¼

and was 185 µm thick. Here CFUD represents a 30 µm thick unidirectional layer
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of Mitsubishi Chemical's Pyro�l MR 70 12P carbon �ber, and GFPW represents

a 25 µm thick plain weave scrim glass ply. Both the carbon �ber and scrim glass

plies were impregnated with North Thin Ply Technology's ThinPreg 415 resin, and

the complete »�45� �%, •0� �* � •�45 � �%, ¼ stack was supplied by North Thin Ply

Technology.

The same autoclave curing cycle was used for all cures in both manufacturing

processes. First, the temperature of the autoclave was increased to 77� C at a

rate of 1•67� C•min and held constant for 10 minutes. Then, the temperature was

increased to 116� C and the laminate was cured for two hours before cooling to room

temperature (24� C) at a rate of �1•67� C•min. During curing, the laminate was held

under vacuum while the autoclave applied an external pressure of 550 kPa.

Two-Cure Process

In the �rst step of the two-cure manufacturing process, the three-ply preimpregnated

laminates for the two �anges were placed on U-shaped aluminum molds with a radius

of 12.7 mm. The two molds were vacuum bagged and cured in the same bag. After

the �rst cure, a single ply of �45 GFPW was added to the �at (web) region of one

of the molds to provide the resin that bonded the �anges together. The two molds

were then clamped together and cured for a second time to bond the �anges. After

the second cure, the longeron was removed from the mold and the �anges sprang

back to a nominal radius of 13.6 mm, due to residual stress from cooling at the end

of the curing cycle. Finally, the �anges were temporarily �attened and cut to the arc

length associated with the desired subtended angle. Excess material at the bottom

of the web region was also cut to a nominal web length of 8 mm. More details

about the manufacturing process are available in [38]. This two-cure process has

been well characterized, and it was determined that a 12.7 mm radius mold would

produce longerons with a nominal �ange radius of 13.6 mm, which is desirable for

�attening and coiling the longerons.

For this work, an approximately 1,500 mm long longeron was manufactured using

the procedure described above. After removing the longeron from the mold, it was

cut into three 500 mm long test samples. The �anges of the �rst shorter longeron

were cut to a nominal arc length of 25 mm, which resulted in a nominal subtended

angle, U, of 105� . The other two longerons were cut to arc lengths corresponding

to nominal �ange subtended angles of U = 120� and U = 135� . These test samples

were originally manufactured for bending tests studying the e�ects of varying the
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�ange subtended angle, which will be described in Chapter 4. To perform these

tests, the ends of each longeron were glued into acrylic plates, as shown in Fig. 2.2.

Figure 2.2: Example of longeron test sample in Set 1 glued into acrylic end plates.

One-Cure Process

The one-cure process began by cutting the laminates for the two �anges to a nominal

total arc length of 36.5 mm. The two laminates were placed on the same U-shaped

aluminum molds used for the two-cure process described above and aligned such

that the web region was 8 mm long and the �ange arc length was 28.5 mm. This arc

length corresponded to a nominal �ange subtended angle of 120� for the longerons

manufactured using the better characterized two-cure process. To keep the material

properties the same as for the two-cure longerons, a single ply of �45 GFPW was

added to the web region of one of the molds. To reduce resin �ow, all exposed

laminate surfaces were covered by a thin Te�on �lm. Then, the two molds were

clamped together, vacuum bagged, and cured in an autoclave. After curing, the

longeron was removed from the mold and no further processing was carried out.

Five 1,700 mm long longerons were manufactured using this process.

Shape Measurement Process

The shape of the longerons was measured using a Faro Arm (Edge 14000) metrology

system with a 3D laser scanner attachment (ScanArm HD), which has an accuracy

of �25 µm. The laser scanner generated a 3D point cloud of the scanned object, with

a minimum point spacing of 30 µm, using the CAM2 Measure 10 software. Gravity

induced deformation of the longerons was minimized during scanning by suspending

them vertically from one end. The longerons in Set 1 were suspended from one of

the acrylic end plates, and the longerons in Set 2 were suspended by clamping a

small portion near the top of the web region, as shown in Fig. 2.3. The other end

of the longerons was rested on a piece of soft foam that prevented movement during

scanning while still minimizing the reaction force on the longerons.

To measure a longeron's shape, the laser scanner was slowly moved down along its

length with the laser pointed at one face of the longeron. Then, the scanner was

rotated around the longeron to scan it at a di�erent angle, and the scan was repeated
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until a complete point cloud of the longeron was obtained. To simplify the data

analysis, the front �ange, back �ange and web region of the longeron were scanned

separately to obtain separate point clouds for each. Both the front and back faces of

the web were scanned and the two point clouds were combined. Since the resulting

point clouds for the two �anges and web were extremely large (about ten million

points each), they were �ltered using a cubic grid where a point every 0.1 mm was

saved and the remaining points were deleted.

Figure 2.3: Longeron in Set 2 suspended vertically for scanning.

2.3 Analysis Methods

MATLAB scripts were used to analyze the point cloud data from the laser scanner

and compute the global and local imperfections in the longerons. For the longerons

in Set 1, the �rst 10 mm at each end of the longerons were removed to eliminate end

distortions caused by the acrylic plates. This resulted in a measurement region that

extended in the axial direction from I = 10 mm to I = 490 mm. For the longerons

in Set 2, the �rst 100 mm at each end of the longerons were removed to eliminate

large manufacturing defects near the ends of the mold. These defects were not an

issue for the longerons in Set 1 because the regions near the ends of the mold had

been cut o� before the 1,500 mm long longeron was cut into the three shorter test

samples. Thus, the measurement region in the axial direction for the longerons in

Set 2 extended from I = 100 mm to I = 1– 600 mm. The methods discussed in the

rest of this section are the same for all test samples, in both sets.
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Conversion of Flange Data to Cylindrical Coordinates

In the �rst step of the analysis of the �ange data, the data points in the �anges of

each longeron were converted from Cartesian to cylindrical coordinates. Since the

I-coordinates are the same in both coordinate systems, only the G and H-coordinates

were converted to A and \-coordinates. In order to perform this conversion, the

Cartesian coordinates of the central axis of each �ange, which forms the I-axis

of the local cylindrical coordinate system for that �ange, must be determined. A

simple way to �nd these axes for the two �anges would be to �t one cylinder to the

data points in the entire front �ange and another cylinder to the entire back �ange.

However, due to axial twist occurring in many of the longerons, �tting a single

cylinder to the entire length of each �ange did not provide an accurate �t. Another

issue is that when a cylinder was �tted to each �ange individually, the �tted cylinders

were often not tangent along the �ange-web boundary, which is unrealistic.

To solve these problems, instead of �tting a single cylinder to each �ange, a piece-

wise best �t of two 100 mm long cylinders was computed along the length of

the longeron. To do this, 1 mm thick cross-sectional slices of the longeron data

were extracted every 100 mm. For each slice, circles were �tted to both �anges

simultaneously using a least squares minimization algorithm with a constraint that

the �t circles must be tangent at the �ange-web boundary, as shown in Fig. 2.4.

The �t circles at adjacent slices for each �ange were used to de�ne the piece-wise

cylindrical segments and the line connecting the centers of the circles was de�ned

as the axis of the cylinder.

The objective function used to �nd the best-�t circles is:

min 5 ¹G2_ 5– H2_ 5– ' 5– G2_1– H2_1– ' 1º =
<Õ

8=1

¹
q
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¸
=Õ

9=1

¹
q
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�
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1 � ¹H 5 F � H 2_1º2

� �
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(2.1)

where ¹G2_ 5– H2_ 5º and ¹G2_1– H2_1º are the coordinates of the centers and '5 and ' 1

are the radii of the best-�t circles for the front and back �anges, respectively, ¹G8– H8º

are the data points in the front �ange, ¹G9– H9º are the data points in the back �ange,

< and = are the number of data points in the front and back �anges at a given slice,
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H5 F is the H-coordinate of the �ange-web boundary and n is a small tolerance, on

the order of 10�5 mm, to allow for numerical error in the constraint. The radii of

the best-�t circles, ' 5 and ' 1, were constant along the entire length of the longeron,

though they were included as �t parameters in Eq. (2.1) because the mean radius of

each �ange was not initially known.

Using this method of piece-wise �t cylinders accurately results in the �ange-web

boundary being the center of rotation for the axial twist, so the twist is uniform

throughout the longeron cross-section. Additionally, the circumferential coordinate

is set to \ = 0� at �ange-web boundary since the boundary is aligned with the center

of the circle, which simpli�es the rest of the analysis.

After the axes of the best-�t cylinders had been found, the G and H-coordinates

of the center line at a given I-coordinate were subtracted from the data points

at that I-coordinate to center the �ange data on the I-axis of the respective �t

cylinder. Then, a standard transformation from Cartesian to cylindrical coordinates

was used to compute the A and \-coordinates of each data point. Once in cylindrical

coordinates, the radial coordinates of the data points were written as a function of

the axial and circumferential coordinates: A¹I– \º. In this form, the domain of the

�ange data is I 2 »10– 490¼ mm for the longerons in Set 1 and I 2 »100– 1600¼ mm

for the longerons in Set 2, and \ 2 »0� – U¼ for both sets. This form of the �ange data

will be used for the remainder of the chapter.

(a) (b)

Figure 2.4: Schematic of circles �t to longeron cross-section showing a straight
cross-section, (a), and a twisted cross-section, (b). The blue dot indicates the
�ange-web boundary.

Global Imperfection Analysis

Variations in the �ange radius, subtended angle and arc length from the nominal

parameters were computed by discretizing the data in each �ange into 1 mm thick
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cross-sectional slices taken every 5 mm along the length of the longeron. The radius

of each slice was computed by taking the mean of the A-coordinates of the data

points in the slice. The subtended angle of each slice was determined by taking the

di�erence between the maximum and minimum \-coordinates of the data points in

the slice. Then, the arc length of each slice was computed as the product of the

radius and subtended angle of the slice. Finally, the mean radius, subtended angle

and arc length of the entire �ange was computed by taking the mean of the respective

parameter measurements at all slices along the length of the �ange.

The axial twist along the length of each longeron was determined by measuring

the twist in the web region. Since the twist is uniform throughout the longerons

cross-section, the web region was chosen for simplicity. The twist was computed

by discretizing the data points in the web into cross-sectional slices, similar to those

for the �anges, and performing a linear �t of the data points in each slice. Note

that the data points in the web remained in Cartesian coordinates. Then, the twist

angle with respect to the axis was computed by taking the arc tangent of the �t line.

The �rst slice, at I = 10 mm for Set 1 and I = 100 mm for Set 2, was set to have

zero twist and its twist was subtracted from that of all subsequent slices to �nd the

relative twist at each slice. Additionally, the length of the web region at each slice

was determined by computing the length of the �t line.

The twist pro�le of each longeron can be �tted with good accuracy to the sum of a

sine and linear function:

V¹Iº = 0 sin
�
2c¹I � qº

_

�
¸ 2I (2.2)

where 0 is the amplitude, q is the phase shift and _ is the wavelength of the sine

term, and 2 is the coe�cient of the linear term. To simplify the �tting, the data

points in the web were shifted in the I-direction so that the data would start at I = 0.

This eliminated the need for a constant term in Eq. (2.2) since the twist was zero at

the left end of the longeron.

Local Radial Imperfections

The next part of the analysis focused on measuring the lengths and amplitudes of

individual local radial imperfections in the �anges. In this analysis, the full point

cloud for each �ange, with data points in the form A¹I– \º, was analyzed. To �lter

out the measurement noise in the radial coordinates, a 2D moving window average

in both the I and \ directions was used. A window size of 10 mm in the I-direction
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and 4� (1 mm arc length) in the \-direction was found to achieve the best balance

between reducing noise and preserving local variations. Then, for each data point in

the front �ange and back �ange, the di�erence between the local radius at that point

and the mean radius of the respective �ange was computed. These radial deviations

were displayed on a contour plot for each �ange.

Two main types of local imperfections were observed. The �rst type are bumps

and dimples which have a �nite length in both the I and \-directions and have an

approximately elliptical footprint. The second type are ridges and valleys which

have a �nite length in the I-direction and span the entire �ange in the \-direction.

The ridges and valleys have a rectangular footprint since they are uniform in the

\-direction. The di�erence between the two types of imperfections is shown in Fig.

2.5. To measure the lengths and amplitudes of these imperfections, an imperfection

shape function was �tted to the �ange data after the smoothing and subtraction of

the mean radius described above.

Figure 2.5: Schematic showing di�erence between bump and ridge.

The chosen shape function for the bumps and dimples was a single period of a cosine

wave surface in both the I and \ directions:

�A ¹I– \º = �0•25�
�
cos

�
2c¹I � � I º

_I

�
¸ 1

� �
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�
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�
¸ 1

�
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� I �
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2
– � I ¸
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2
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– \ 2
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� \ �
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�
– with �A = 0 otherwise

(2.3)

where the �t parameters are �, the imperfection amplitude, �I and � \ , the coordi-

nates of the center of the imperfection, _I and _\ , the length of the imperfection in

the I and \ directions, respectively, and 1, a shift in the radial direction that allows

for global radial variations. ' is the mean radius of the �ange, which is used to

convert ¹\ � � \ º from an angle to an arc length. The shape function is positive for

bumps and negative for dimples. Shifting the cosine functions by one ensured that

the maximum amplitude of the shape function would be at the center and the values
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at the edges would be zero. This form of shape function was chosen because its

value and �rst derivative are both zero at the edges of its domain:

�A ¹I = � I �
_I

2
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= 0
(2.4)

which makes the imperfection shape smooth.

A similar shape function was used for the ridge and valley imperfections. To make

the shape function in Eq. (2.3) uniform in the circumferential direction, the arc

length in the \-direction was set to _\ = 1. This resulted in a single period of

a cosine wave in the I-direction that spans the entire length of the �ange in the

\-direction:

�A ¹I– \º = �0•5�
�
cos

�
2c¹I � � I º
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�
¸ 1

�
¸ 1

for I 2
�
� I �
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2
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2

�
– \ 2 »0– U¼– with �A = 0 otherwise

(2.5)

The function is positive for ridges and negative for valleys.

For both main types of imperfections, the shape function was moved along the �ange

using a sliding rectangular window with variable size in both the I and \-directions.

The MATLAB gradient minimization algorithm, fmincon [43], was used to �nd

the window size and location for which the shape function yielded the best �t to

the �ange data. This analysis was carried out �rst using Eq. (2.3), once with the

positive version of the function to �nd the dominant bump and once with the negative

version to �nd the dominant dimple in the �ange. Then, the analysis was repeated

using Eq. (2.5), with both positive and negative versions of the function to �nd the

dominant ridge and valley, respectively.

Since the goal was to �t a shape function to the dominant imperfection of each of

the four imperfection types (bump, dimple, ridge and valley), a minimum criterion

was set for the amplitude parameter of � � 0•2 mm, to �lter out noise. Then, to

determine whether a certain region with a large radial deviation should be �t with

Eq. (2.3) or Eq. (2.5), a criterion on the quality of the �t was set: '2 ¡ 0•9. Only �t

functions that met these two criteria were used, and no instances were encountered

where both types of shape functions met the criteria for the same region of a �ange.

The details of the shape function �tting algorithm are shown in Fig. 2.6.
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Figure 2.6: Algorithm for determining shape function parameters, where ,I and
, \ are the window size, and I8 and \8 are the coordinates de�ning the window's
lower bounds in the I and \-directions, respectively.

For this work, the constraints shown in Fig. 2.6 were set as follows. The lower

bound on the window size in the I-direction was set to ,I_<8= = 10 mm, and the

upper bound was set to ,I_<0G = 400 mm. When �tting bumps and dimples, the

lower bound on the window size in the \-direction was set to ,\_<8= = 10� and the

upper bound was set to ,\_<0G = 75� . When �tting ridges and valleys, the window

size in the \-direction was set to ,\ = U to �t the shape function to the entire

circumferential length of the �ange. The lower and upper bounds of the data, I<8=

and I<0G in the axial direction and \<8= and \<0G in the circumferential direction,

were set to the domain of the �ange data, de�ned in the previous sections. The

criterion for the minimum imperfection amplitude was set to �<8= = 0•2 mm, as

discussed above. The parameters with the best �t for each imperfection type were

taken to be the parameters describing the dominant imperfection of that type, when

all criteria were met. This approach could be generalized to use any other shape

function that would realistically �t the expected imperfections in a given structure.

2.4 Results

The geometric imperfections of two sets of longerons were measured and analyzed

using the methods described in Sections 2.2 and 2.3. Set 1 consisted of three 500

mm long longerons, one with each �ange subtended angle, 105� , 120� and 135� , and

Set 2 consisted of �ve 1,700 mm long longerons all with a nominal �ange subtended

angle of 120� . The longerons in Set 1 are labeled using the �ange subtended angle,



20

and the longerons in Set 2 are labeled Sample 1 through 5. As discussed in Section

2.3, the longerons in Set 1 were de�ned over the domain I 2»10– 490¼mm. In Set 2,

Samples 1, 3, 4 and 5 were de�ned over I 2»100– 1600¼mm. Sample 2 had a large

delaminated region near the end, so an additional 100 mm were removed, resulting

in a domain I 2»100– 1500¼mm. The results for the mean geometric parameters,

axial twist, and local radial imperfections are presented in the following sections.

Global Imperfections

Tables 2.1 and 2.2 provide the mean values and standard deviations of the �ange

radius, subtended angle and arc length, and the web length for each longeron in Sets

1 and 2, respectively, compared to their nominal values. The variations in the mean

radius were caused by variations in the amount that the �anges sprang back when

removed from the molds after curing. When the mean radius is larger, it means

that the �ange sprang back more, and when the radius is smaller, it means that the

�ange sprang back less. Since the �anges were cut to a given arc length in both

manufacturing processes, the �ange subtended angle varies inversely to the �ange

radius. Thus, when the radius is larger, the subtended angle is smaller and when

the radius is smaller, the subtended angle is larger. For example, both �anges of the

longerons with U = 120� in Set 1 have a mean radius very close to 13.6 mm so the

subtended angle is very close to the nominal 120� , while both �anges of Sample

3 in Set 2 have a signi�cantly smaller radius which results in a signi�cantly larger

subtended angle.

In general, the longerons in Set 1 have a larger �ange radius than the longerons in

Set 2. This suggests that during the second cure, stresses are created in the �anges

that cause them to spring back to a larger radius when removed from the molds. As

discussed in Section 2.2, the molds were made with a smaller radius of 12.7 mm

to account for the spring back in the two-cure process and produce longerons with

a nominal radius of 13.6 mm. Indeed, the mean radius of the longerons in Set 1 is

13.46 mm, which is quite close to nominal. On the other hand, the mean radius of

the longerons in Set 2 is 12.76 mm, which suggests that there is nearly no spring

back after a single cure. The smaller than nominal radius of the longerons in Set 2

causes their subtended angle to be larger than nominal.

For all longerons in both sets, the �ange arc length is within 1 mm of the nominal

value and the web length is within 0.5 mm of nominal. In both cases, the error

is greater than zero because when cutting material there is a bias towards longer



21

rather than shorter. Overall, the di�erences between the mean and nominal values

of the �ange arc length and web length are quite small. This suggests that the

variations in �ange radius, and consequently subtended angle, within each set are

caused by thermal expansion of the aluminum molds, temperature �uctuations and

other conditions in the autoclave during curing that may di�er between samples.

Table 2.1: Mean Values of Geometrical Parameters for Longerons in Set 1
Measured values are written with mean � std.

Sample Flange
Radius
[mm]

Subtended
angle [� ]

Arc length
[mm]

Web length
[mm]

Nominal 13.6 105 25 8

U = 105� Front
13.82
� 0•07

104.33
� 1•53

25.16
� 0•10

8.28 � 0.18

Back
13.36
� 0•26

109.03
� 2•18

25.42
� 0•11

Nominal 13.6 120 28.5 8

U = 120� Front
13.60
� 0•17

120.75
� 1•86

28.65
� 0•19

8.33 � 0.14

Back
13.53
� 0•12

121.71
� 1•67

28.73
� 0•19

Nominal 13.6 135 32 8

U = 135� Front
13.16
� 0•19

142.15
� 2•56

32.64
� 0•16

8.20 � 0.24

Back
13.26
� 0•11

140.67
� 1•77

32.56
� 0•16

The axial twist pro�les and the corresponding �t curves for the longerons in Sets 1

and 2 are compared in Fig. 2.7a and 2.7b. A positive twist is de�ned as counter

clockwise in both �gures. In Set 1, the longeron with U = 105� has the greatest twist

with a maximum magnitude of 7•1� , and the longeron with U = 135� has the least

twist with a maximum magnitude of 2•2� . For all three longerons in Set 1, the twist

decreases near the right end, which is likely because the ends were glued into acrylic

plates. Though the longerons were suspended while scanning, allowing the bottom

end to hang freely, the rigid connection to the acrylic plate likely reduced the twist.

In Set 2, Sample 2 has the greatest amount of twist with a maximum magnitude of

12•3� . This is a signi�cant amount of twist that can a�ect the longeron's structural

properties. Sample 4 has a maximum twist of 7•2� , which is about the same as the

longeron with U = 105� from Set 1. The twist near the right end remains large for

most of the longerons in Set 2 since the ends were unconstrained. There does not

seem to be much correlation between the twist pro�les of di�erent longerons in the
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Table 2.2: Mean Values of Geometrical Parameters for Longerons in Set 2
Measured values are written with mean � std.

Sample Flange
Radius
[mm]

Subtended
angle [� ]

Arc length
[mm]

Web length
[mm]

Nominal 13.6 120 28.5 8

1 Front
12.91
� 0•40

128.54
� 4•95

28.93
� 0•52

8.35 � 0.16

Back
13.16
� 0•54

125.57
� 4•79

28.81
� 0•47

2 Front
13.18
� 0•43

125.38
� 4•26

28.81
� 0•34

8.35 � 0•15

Back
13.38
� 0•40

123.99
� 3•53

28.93
� 0•28

3 Front
12.07
� 0•39

137.22
� 4•35

28.87
� 0•45

8.38 � 0.19

Back
12.23
� 0•46

135.37
� 4•99

28.86
� 0•38

4 Front
13.17
� 0•63

125.85
� 6•11

28.87
� 0•31

8.39 � 0.15

Back
12.21
� 0•44

134.76
� 5•37

28.67
� 0•27

5 Front
12.66
� 0•47

129.69
� 4•21

28.63
� 0•48

8.41 � 0.21

Back
12.71
� 0•44

131.28
� 4•89

29.08
� 0•38

Set 2 Mean
12.76
� 0•64

129.83
� 6•53

28.84
� 0•42

8.37 � 0.17

same set or between the two sets. This fairly random twist distribution suggests

that the twist is either caused by thermal gradients during curing that vary between

di�erent curing cycles or by defects in the composite prepregs used to manufacture

the longerons, such as nonuniform �ber distribution and twist in the �bers, or a

combination of both.

Table 2.3 shows the values of the �t parameters and the '2 value for the curves �t

to the twist pro�les, de�ned by Eq. (2.2). In general, the sum of sine and linear

functions �ts the twist pro�les quite well with an '2 value greater than 0.9 in all but

one case. This exception is the longeron with U = 135� in Set 1 which has an '2

value of 0.82. As seen in Table 2.3, there is a wide spread in the values of the �t

parameters describing the twist, with no clear trend in the values for the longerons in

each set or between sets. Due to the lack of a trend between the sets, the mean of the
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parameters (shown in the last line of Table 2.3) was taken over all longerons in both

sets. Consistent with the wide spread in the �t parameters, the standard deviations

are high for all four parameters. For this reason, using the mean values to model the

twist in future simulations of imperfect longerons, manufactured using the current

methods, would result in a non-conservative estimate. The best recommendation,

based on the current results, would be to use the parameters for the worst case twist

of Sample 2 in Set 2 to model the twist in these longerons.

(a) Set 1 (b) Set 2

Figure 2.7: Axial twist pro�les along the length of the longerons and the corre-
sponding �t curves.

Table 2.3: Parameters of Twist Pro�le Fit Curves

Set Sample 0 [� ] _ [mm] q [mm] 2 [� /mm] ' 2

U = 105� 6.50 1,429.1 31.26 1•44 � 10�4 0.97
1 U = 120� 1.30 621.1 6.81 6•58 � 10�3 0.90

U = 135� 1.51 769.2 -6.24 2•84 � 10�3 0.82
1 2.00 2,040.2 1,116.77 1•34 � 10�3 0.90

2 2 6.14 1,593.2 836.56 4•37 � 10�3 0.98
3 3.56 1,496.4 64.51 7•27 � 10�3 0.97
4 5.86 1,832.8 13.61 2•01 � 10�3 0.97
5 1.51 1,021.7 390.18 2•70 � 10�3 0.92

Mean
� std

3.55
� 2•28

1,350.5
� 503•2

306.68
� 439•52

3•41 � 10�3

� 2•50 � 10 �3

Local Imperfections

For brevity, throughout this section detailed results will only be shown for two rep-

resentative examples from each set. However, the discussion will include comments

about all samples and the mean amplitudes and lengths of the dominant imperfec-
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tions of all samples will be shown. Detailed results for all samples are included in

Appendix A.1.

The local radial deviations from the mean �ange radius for representative example

�anges from each set are shown in Fig. 2.8. The axial coordinate, measured from

the left end of each longeron, is plotted on the horizontal axis, the circumferential

coordinate is plotted on the vertical axis, with the edge of the �ange at the top of

the plot, and the contours show the radial deviations, or imperfection amplitudes.

Positive radial deviations indicate a larger local radius, meaning a bump or ridge,

and negative deviations indicate a smaller local radius, a dimple or valley, on the

�ange. For example, the orange region in the top left of Fig. 2.8a indicates a local

bump, the blue region in the top right of Fig. 2.8b indicates a local dimple, the red

region in the middle of Fig. 2.8d is a ridge, and the blue region in the left of Fig.

2.8d is a valley. The uneven shape at the top of the plots is caused by variations in

the �ange subtended angle. Note that in regions where the subtended angle is larger

(less white space at the top of the plots), the radial deviations are negative since the

�ange radius varies inversely to the subtended angle. Likewise, in regions where

the subtended angle is smaller, the radial deviations are positive.

In general, the longerons in Set 1 have smaller amplitude imperfections than the

longerons in Set 2. Note that for this reason, the scale of the contours in Fig. 2.8a

and 2.8b is smaller than the scale of Fig. 2.8c and 2.8d. The main imperfections

seen in Set 1 are bumps and dimples that occur at the edge of the �ange. On the other

hand, ridges and valleys are more common in Set 2, as well as bumps at the edge of

the �ange. Additionally, dimples near the �ange-web boundary, such as the blue and

green regions along the bottom of Fig. 2.8c, occur in several of the samples in Set

2. These dimples are caused by delaminated regions near the �ange-web boundary

that are introduced during the one-cure process. In the two-cure process, curing the

�anges individually before bonding them likely prevents these dimples.

Next, a shape function was �tted to the dominant bump, dimple, ridge and valley in

the front and back �anges of each longeron, using the method described in Section

2.3. The shape functions overlaid on the deviations of the �ange data from the mean

radius for the example �anges are shown in Fig. 2.9. Note that for most �anges the

minimum amplitude and �t quality criteria were not satis�ed for all four types of

imperfections. For example, only one �ange in Set 1 had a ridge and none of the

�anges in Set 1 had a valley. Also, note that the shape function does not capture the

sharper peaks and troughs of some of the imperfections, for example the sharp peak
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(a) Front �ange, Set 1, U = 105� (b) Back �ange, Set 1, U = 105�

(c) Back �ange, Set 2, Sample 2 (d) Front �ange, Set 2, Sample 4

Figure 2.8: Radial imperfections for example �anges. Positive deviations from
the mean radius indicate outward imperfections (bumps or ridges) and negative
deviations indicate inward imperfections (dimples or valleys).

of the bump in Fig. 2.9b. This results in the amplitude of the shape function being

smaller than the actual amplitude of the imperfection in these cases. However, in

general the �t of the shape function is quite good and it gives a good quantitative

measurement of the amplitude and length of the local imperfections.

Table 2.4 provides the �t parameters of the shape function in Eq. (2.3) and the

' 2 value of the �t for the dominant imperfections of the example �anges. For all

�anges, the '2 value is above 0.9 indicating that the �t function is a relatively good

�t to the data. Many of the dominant bumps and dimples occurred on the edge

of the �ange, i.e. � \ = \ 4, where \4 is the \-coordinate at the edge of the �ange.

When this was the case, the maximum amplitude occurred at \4, and only half the

length of the �t function in the circumferential direction was actually on the �ange,

resulting in a semi-elliptical imperfection region. For this reason, the window size

that resulted in the highest '2 value was approximately _I by _ \
2' , for most dominant

bumps and dimples. The window was centered on (�I , � \ ), so the resulting bounds

of the window were »�I � _I
2 – � I ¸ _I

2 ¼ and »�\ � _ \
2' – � \ ¼. For most ridges and valleys
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(a) Front �ange, Set 1, U = 105� (b) Back �ange, Set 1, U = 105�

(c) Back �ange, Set 2, Sample 2 (d) Front �ange, Set 2, Sample 4

Figure 2.9: Shape functions �tted to dominant imperfections for example �anges.

the bounds of the window that gave the highest '2 value were »�I � _I
2 – � I ¸ _I

2 ¼ and

»0– \4¼. There were a few imperfections that were exceptions to this, including the

dimples near the �ange-web boundary in Set 2 and imperfections near the edge of

the domain in the axial direction. Another exception was the case where _I and/or

_\ were signi�cantly larger than the window lengths that gave the highest '2 value,

but the shape function remained fully within the domain of the data. In this case,

the window lengths were a better approximation of the imperfection length than the

shape function parameters. Therefore, the window lengths were used to approximate

the imperfection lengths, and alternate length variables, !I and ! \ , were de�ned to

account for these modi�cations. In all other cases, !I and ! \ were equal to _I and

_\ , respectively. The bounds of the windows that gave the best �t for all of these

exceptions are listed in the Appendix in Table A.3.

The mean values and standard deviations of the amplitudes and lengths in the I and

\-directions of the dominant imperfections for the �anges in each set and overall for

all �anges are shown in Table 2.5. The imperfection amplitudes and lengths for the

individual �anges are listed in the Appendix in Tables A.4 and A.5.
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