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ABSTRACT

Reliable earthquake ground-motion time histories are essential for seismic hazard
analysis, structural design, and the risk assessment of distributed infrastructure
systems. However, observed records of large earthquakes remain sparse, while
physics-based simulations are computationally expensive and difficult to deploy
at the scale required for uncertainty quantification. This thesis develops generative
modeling frameworks for efficient, scenario-specific synthesis of earthquake ground
motion, with an emphasis on neural operators, function-space learning, and scalable

regional wavefield generation.

The work begins with conditional generative adversarial neural operators for broad-
band three-component ground-motion synthesis at individual sites, conditioned on
earthquake source, path, and site parameters. It then develops broader method-
ological foundations for functional generative modeling, including operator flow
matching for stochastic-process learning and mesh-informed neural operators for
domain- and discretization-agnostic generation on complex geometries. Building on
these advances, the thesis introduces Ground-Motion Flow, a physics-inspired latent
operator flow-matching framework for regional coherent ground-motion synthesis.
By generating wavefields in a physics-aligned latent representation and reconstruct-
ing full spatiotemporal motions through neural operators, the framework produces
spatially coherent earthquake wavefields conditioned on physical parameters with

orders-of-magnitude acceleration relative to direct numerical simulation.

Together, these studies establish a progression from single-site waveform synthesis to
regional-scale, uncertainty-aware ground-motion wavefield generation. The results
demonstrate the potential of functional generative models to complement physics-
based simulation and empirical ground-motion modeling, opening a path toward
fast, probabilistic, and scalable seismic hazard workflows for resilient infrastructure

systems.
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Chapter 1

INTRODUCTION

For the built environment, earthquake risk is ultimately mediated by ground motion:
the transient shaking generated by fault rupture and seismic-wave propagation.
Earthquakes are produced by the sudden release of accumulated tectonic strain on
faults, which radiates seismic waves through the Earth and drives shaking at the
surface (Aki et al., 2002; Scholz, 2019). Although the rupture process occurs
underground, its consequences are expressed at the surface through ground shaking,
permanent deformation, liquefaction, landslides, tsunamis, fires, and cascading
failures of infrastructure systems. Large events such as the 2011 Tohoku earthquake
illustrate how seismic hazards can cascade through interconnected engineering,

energy, and social systems (National Research Council, 2014).

-

__Sensors positioned

AV - Earthquake about 6-12 miles apart

Sensors alert center

Epicenter 4 |

\S-wave \P-wave

Figure 1.1: Schematic illustration of earthquake rupture, seismic-wave propagation,
and earthquake early warning. Seismic energy released by fault slip propagates
through the Earth and is recorded by sensor networks. Adapted from (State of
California, n.d.).

Understanding and mitigating earthquake risk require reliable characterization of
future ground shaking. Seismic hazard analysis quantifies the intensity, exceedance
frequency, and variability of shaking that a site or region may experience from
future earthquakes (Baker et al., 2021). This information supports building codes,

performance-based earthquake engineering, emergency planning, insurance, and the
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design of critical facilities such as hospitals, bridges, dams, pipelines, and nuclear
power plants. Because future earthquakes cannot be predicted deterministically,
hazard analysis must account for uncertainty in earthquake occurrence, rupture
properties, wave propagation, and site effects. Risk analysis further combines these

shaking estimates with the exposure and vulnerability of infrastructure systems.

Earthquake ground motions provide the primary link between seismic sources and
their consequences for the built environment. In engineering practice, they are
commonly represented as three-component acceleration, velocity, or displacement
time histories. These time histories encode the amplitude, duration, frequency
content and nonstationary characteristics of shaking, all of which influence structural
and geotechnical response. Modeling ground motion is therefore central not only to
estimating scalar intensity measures, but also to generating realistic time histories
and spatially coherent wavefields for structural design, seismic hazard analysis, and

regional risk assessment.

1.1 Modeling Earthquake Ground Motions

Empirical Datasets Stochastic Methods Physics-based simulations

upture Distance (k) Using exponential window

Abrahamson etal.,
2014

Boore, 2003 Rodgers etal., 2019

Advantage: Ground truth
Disadvantage: Scant data

Advantage: Efficiency
Disadvantage: Simplified
representation

Advantage: “realistic” GM for rare events
Disadvantage: Computational cost &

|
i
i
|
i
i
i
|
i
i
i
|
i
i
i
I
| e .
i limited resolution

Figure 1.2: Common approaches for characterizing and generating earthquake
ground motions: empirical datasets and models, stochastic methods, and physics-
based simulations. Modified from (Abrahamson et al., 2014; Boore, 2003; Rodgers
et al., 2020).

Ground-motion modeling aims to characterize the amplitude, variability, and time-
dependent structure of shaking produced by future earthquakes. Existing approaches
can be broadly grouped into empirical datasets and models, stochastic methods, and

physics-based simulations, as summarized in Fig. 1.2.

Empirical datasets provide direct observations of earthquake shaking and form

the basis of empirical ground-motion models, which relate source, path, and site
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parameters to intensity measures. However, observed records remain limited for
large earthquakes, near-fault conditions, rare rupture scenarios, and soft-soil sites.
Stochastic methods efficiently generate synthetic motions by matching prescribed
spectral and temporal properties, but they often rely on simplified representations
of source, path, and site effects. Physics-based simulations solve the elastodynamic
wave equation in heterogeneous media and provide a more direct representation of
seismic-wave propagation, but they remain computationally expensive and are often

limited to simulating reliable high-frequency ground motions.

Together, these limitations motivate data-driven generative models that can learn
from observed records, physics-based simulations, or hybrid datasets. Such models
aim to combine the statistical flexibility of empirical approaches with the waveform-
level richness of simulations, enabling rapid sampling of scenario-conditioned

ground-motion time histories and regional wavefields.

1.2 Generative Modeling for Ground-Motion Synthesis

Ground-motion synthesis is inherently probabilistic because earthquake shaking is
controlled by both prescribed scenario variables and unresolved source, path, and
site effects. Even for a fixed scenario, many physically plausible motions may
differ in amplitude, duration, phase, frequency content, and spatial structure. Thus,
a synthesis model should generate ensembles rather than only a median intensity

measure or a single deterministic waveform.

In this thesis, ground-motion synthesis is formulated as conditional generation,

u~ po(ulc, (1.1

where u denotes a three-component ground-motion time history or regional wave-
field, ¢ denotes the available conditioning variables defining the earthquake sce-
nario, and pgy approximates the corresponding conditional distribution. Sampling
from pgy(u | ¢) produces scenario-consistent ensembles that represent variability
arising from rupture complexity, unresolved heterogeneity, attenuation, and local

site response.

1.3 Functional Generative Models

Ground motions are naturally functions: a single-station record (waveform) is a
function of time, while a regional wavefield is a function of space and time. This
viewpoint is important because the same physical process may be sampled at dif-

ferent temporal resolutions, spatial grids or station layouts. Functional generative
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models therefore aim to learn probability measures over fields rather than distribu-

tions over fixed-dimensional arrays.

Neural operators (Li et al., 2020b) provide a natural architecture for this setting
because they approximate mappings between functions, making them suitable for
scientific data observed on different resolutions, geometries, and sensor layouts. This
thesis develops two methodological components for functional generative modeling:
operator flow matching (Shi et al., 2026b), which learns stochastic-process priors
and enables sampling and posterior inference in function space, and the Mesh-
Informed Neural Operator (Shi et al., 2025), which extends generative modeling to

irregular domains and sensor layouts.

1.4 From Single Stations to Regional Synthesis

Single-station synthesis treats each ground motion as an independent time history
for an earthquake—station pair. This is useful for site-specific structural analysis, but
regional risk assessment requires spatially coherent shaking across many locations.
A regional model must therefore generate spatiotemporal wavefields that preserve
key physical features of ground motion, including wavefront propagation, spatial

amplification, frequency-dependent structure, and cross-site correlations.

The final part of this thesis addresses this challenge through Ground-Motion Flow, a
physics-inspired latent operator flow-matching framework (Shi et al., 2026a). The
model generates the dominant low-frequency structure of the regional wavefield
in a physics-aligned latent space and then lifts this representation to the target
spatiotemporal wavefield using a super-resolution neural operator. This avoids
direct generation in the full high-dimensional physical space while enabling fast,

scenario-conditioned regional ground-motion synthesis.

1.5 Structure and Scope of This Thesis

The remainder of this thesis follows a progression from single-station waveform
generation to functional generative modeling and regional wavefield synthesis.
Chapter 2 presents a conditional generative adversarial neural operator for broad-
band three-component ground-motion synthesis. Chapter 3 develops operator flow
matching for stochastic-process learning and functional regression. Chapter 4 intro-
duces the Mesh-Informed Neural Operator as a domain- and discretization-agnostic
backbone for functional generative modeling. Chapter 5 presents Ground-Motion
Flow for coherent regional ground-motion synthesis. Chapter 6 summarizes the

main findings and future directions.
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The scope of this thesis is generative modeling for earthquake ground-motion syn-
thesis. The goal is not to replace empirical ground-motion models or physics-based
simulations, but to complement them with efficient probabilistic surrogates that gen-
erate scenario-conditioned ensembles. The single-station work focuses on broad-
band three-component time histories, while the regional work focuses on simulation-
trained coherent wavefield generation in the San Francisco Bay Area. Extending
these models to broader regions, recorded datasets, higher-frequency motions, irreg-
ular sensor layouts, and sparse observation-conditioned posterior sampling remains

an important direction for future work.



Chapter 2

BROADBAND GROUND MOTION SYNTHESIS VIA
GENERATIVE ADVERSARIAL NEURAL OPERATORS:
DEVELOPMENT AND VALIDATION

This chapter presents a conditional generative adversarial neural operator (cGM-
GANO) for broadband three-component ground-motion synthesis. The model gen-
erates acceleration time histories conditioned on earthquake and site parameters,
including magnitude, rupture distance, site condition, and faulting or tectonic envi-

ronment.

We verify the method using simulated ground motions from the Southern California
Earthquake Center Broadband Platform and validate it using recorded strong-motion
data from KiK-net. The results show that cGM-GANO can reproduce the magni-
tude, distance, and site-condition scaling trends, while also revealing limitations
associated with sparse data, near-fault motions, soft-soil sites, and high-frequency

stochastic components.
The contents of this chapter are adapted from our publication (Shi et al., 2024b):

Shi, Yaozhong, Grigorios Lavrentiadis, Domniki Asimaki, Zachary E Ross, and
Kamyar Azizzadenesheli (2024). “Broadband ground-motion synthesis via gen-
erative adversarial neural operators: Development and validation”. In: Bulletin of
the Seismological Society of America 114.4, pp. 2151-2171. issn: 0037-1106.

Additional details for this chapter are provided in Appendix A. The code associated
with this work is available athttps://github.com/yzshi5/GM-GANO

2.1 Introduction

The demand for reliable ground motion time histories for seismic analysis is growing,
yet there are still not enough records of large earthquakes covering the desired range
of source, path, and site characteristics (Katsanos et al., 2010), in particular at
near-source ground motions or on very soft site conditions. In order to resolve the
limitations caused by data scarcity, ground motion records are usually selected and
scaled in the time domain or adjusted in the frequency domain to satisfy specified
intensity measurements or frequency content (Goulet et al., 2008; Rezaeian et al.,

2012). However, scaling or modification of records that is not based on physics
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may only scale some intensities or frequency measures while leaving other elements
unaltered, leading to unrealistic ground motions (Naeim et al., 1995; Luco et al.,
2007; Baker et al., 2021). Additionally, most of the scaling and spectrum matching
techniques only modify the two horizontal components making them unsuitable for

structural models that are sensitive to all three components (Bhosale et al., 2017).

Methods for synthesizing ground motions offer an alternative solution by directly
generating ground motions for the scenarios of interest. These methods can be
broadly grouped into “physics-based” numerical simulations and “stochastic-based”
approaches, depending on whether the process of generating synthetic waveforms
involves physics (Douglas et al., 2008), In general, stochastic-based methods for
ground motion generation involve modifying white noise to emulate specific ground
motion characteristics (Dabaghi et al., 2017; Baglio et al., 2023; Sabetta et al., 2021;
Burks et al., 2014), while physics-based numerical simulations rely on modeling
the physics that govern earthquakes, such as wave propagation and seismic source
radiation to generate ground motions for a scenario of interest (McCallen et al.,
2021a; Paolucci et al., 2021; Touhami et al., 2022).

Physics-based methods have the advantage of generating complex path and site
effects, but they are still far from being incorporated in routine engineering ap-
plications due to the following reasons: (1) Such approaches demand in-depth
knowledge of sources, paths, and site effects, which are usually unavailable for
most engineering purposes. (Causse et al., 2008; Frankel, 2009; Rezaeian et al.,
2012). (2) they require expensive computations to provide sufficient high-resolution
frequency. Nowadays, with the assistance of supercomputers, it is possible to syn-
thesize broadband ground motions up to 10Hz (Rodgers et al., 2020); however, such
computational resources are not available for most engineering projects. (3) Even
with earthquake simulations capable of generating high-frequency ground motions,
the accuracy and spatiotemporal variability will continue to lag behind the input
model accuracy for source physics, crustal complexity, nonlinear site response, and
other constituent elements of simulating earthquakes end-to-end. (4) To achieve the
desired frequency resolution, the generated ground motions may be applicable only
to a limited range of site conditions due to the application of minimum Vy threshold
for wave propagation or the omission of non-linear effects. For instance, to achieve
computational efficiency, some physics-based methods impose a Vg lower limit at
500 m/s, which means such methods cannot accurately simulate strong motions at
soil sites (Pitarka et al., 2013).
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Stochastic methods take a different approach to generating ground motions for
engineering applications. The main advantages are that: (1) the source, site, and path
scaling terms can be determined from empirical data and can simply be combined to
generate the desired ground motions (Hanks et al., 1981; Boore, 1983; Boore, 2003),
and (2) they are computationally efficient. At the same time, the main limitations
of stochastic methods are (1) Such methods are based on the reconstruction of
particular features, such as pseudo-spectral accelerations (PSA) (Tavakoli et al.,
2005) or pseudo-spectral velocity (PSV) (Boore, 2003) without taking physics into
account to fully characterize the ground motion. (2) Due to their inability to properly
represent P, S, surface-wave modes, and polarization, stochastic methods cannot be
used to produce coherent 3-component waveforms with multiple arrivals and coda
that are representative of real ground motions (Graves et al., 2010). (3) They tend to
underestimate the correlation between amplitudes at different frequencies compared
to observed motions, which underestimates the variability in the building response

and can have an impact on the calculated risk (Stafford, 2017; Bayless et al., 2019).

In both stochastic and physics-based models, a source of model uncertainty arises
from the approximate representation of unresolved processes through parameterized
functional forms. Model errors can be reduced to a certain degree through targeted
data collection, leading —for example— to an improved spatial resolution of 3D ve-
locity models in physics-based simulations, but they cannot be eliminated because
there is no resolution separation between resolved and unresolved processes. At the
same time, functional parameterization is often necessary for robust model extrap-
olation, especially outside the range of available data. However, for applications
with dense data coverage and emphasis on interpolation (i.e., surrogate modeling of
hybrid empirical-numerical strong motion datasets), machine learning models offer
a fundamentally different approach to reduce model uncertainty: they parameterize
the complex, nonlinear sub-resolution processes directly from the data that describe
those processes using well-defined optimization rules (Gagne et al., 2020; Kong et
al., 2019). With the growth of available high-quality strong ground motion data and
the explosion of modern machine learning algorithms, generating realistic ground
motions that span the broadband range of engineering interest (~ 0.1 — 25Hz) is no

longer a far-reaching goal.

The types of stochastic methods mentioned previously are not data-driven, (i.e.,
they are not generative models learned from data). However, major advances in

machine learning have been made in the last decade on the topic of deep generative
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models, in which the goal is to learn an unknown data distribution given a large
dataset for training. Generative adversarial networks, or GANs (Goodfellow et al.,
2014), are a class of generative models well suited for time-series synthesis. GANs
draw samples from random distributions to generate new data that mimic an existing
sample. Carefully designed GANs have uncovered and replicated the properties of
time series in various fields such as finance, medicine, and seismology, including
ground motion synthesis for earthquake early warning. Among others, Wang et al.,
2019 and Wang et al. (2021b) generated realistic seismic signals for training of early
warning systems; (Li et al., 2020a) also proposed a GAN-based method to artificially
generate time series that resemble realistic seismic signals for early warning system
training; Gatti et al., 2020 used GANs to extract high frequency features from
ground motion records and use them to enhance ground motion simulated time
series; Matinfar et al., 2023 used GANs to synthesize ground motion acceleration
time series compatible with a given target design spectrum; Florez et al., 2022 used
GAN to synthesize realistic three-component accelerograms conditioned on a set of
continuous physical variables (magnitude, distance, and shear wave velocity) and
statistically evaluated the quality of the signals using common engineering ground-
motion intensity measures; while Esfahani et al., 2023, inspired by Florez et al.,
2022, simulated non-stationary ground-motion recordings leveraging information
contained in the frequency domain and incorporating physics-based knowledge such
magnitude and distance. For a detailed overview of the use of GANs in earthquake

engineering fields, the reader is referred to Marano et al., 2024.

In this paper, we use a new class of generative models — a Generative Adversarial
Neural Operator (GANO) (Rahman et al., 2022) with the ultimate goal of building
a framework that synthesizes ground motions for engineering applications. We first
present the ground-motion synthesis algorithm and discuss its advantages compared
to previous work. We next evaluate the GANO framework using noiseless ground
motions simulated by the Southern California Earthquake Center (SCEC) Broad-
band Platform (BBP) (Maechling et al., 2015), and finally validate it by training it on
three-component acceleration time histories from a strong-motion dataset processed
from the Kik-Net network in Japan. In both applications, the generated ground mo-
tions are conditioned on moment magnitude (M), closest-point-on-the-rupture to site
distance (R,,,). Additionally, for the BBP dataset the style of faulting (strike-slip or
reverse event) was included as a conditional parameter, while for the Kik-Net dataset,
the time average shear wave velocity at the top 30m (Vs30) and tectonic environment

type (subduction or shallow crustal event) were the conditional variables. Lastly,



10

we assess the performance of our model through residual analysis and through a
comparison with published GMMs. While still in progress, quantitative analyses
show that our GANO-generated ground motion model can overall reproduce real-
istic ground motion time histories with a broad range of frequencies (0.1~30Hz)
for horizontal and vertical components and can approximate the variability in the

empirical Kik-net dataset.

2.2 Methods

Neural Operators

The classical development of neural networks has primarily focused on learning
mappings between finite-dimensional Euclidean spaces or finite sets. Neural op-
erators were introduced as a generalization of neural networks, intended to learn
mappings between continuous function spaces from finite input-output pairs (Li et
al., 2020b; Li et al., 2020c). Learning mappings between function spaces has shown
great success at efficiently solving complex partial differential equations (PDEs).
For instance, Pathak et al., 2022; Wen et al., 2022; Yang et al., 2021, have shown
that neural operators can efficiently reproduce simulations governed by PDEs in
problems of weather forecasting, CO2 injection, and wave propagation in solids to

name a few.

Neural operators can be understood as mappings between infinite-dimensional func-
tion spaces. Suppose, for instance, that there is a non-linear mapping ¥:A — U,
where (A is the input and U is the output function space. The neural operator
approximates the solution operator ¥ using a fixed set of parameters (Fy =~ F)
that provide a continuous representation of U in the function space. Kovachki
et al., 2023 formally established that neural operator models with a fixed number of
parameters satisfy discretization invariance; and further showed that they are univer-
sal approximators of continuous operators, namely, can uniformly approximate any
continuous operator defined on a compact set of normed vector spaces. According
to Kovachki et al., 2023, neural operators are the only known class of models that

guarantee both discretization-invariance and universal approximation.

A computationally efficient variant of Neural Operators particularly suited for wave
propagation (and synthesis) are Fourier Neural Operators (FNO) (Li et al., 2020b),
whereby the representation and parameterization of the neural operator kernel are
formulated in the Fourier space. Despite the advantages in terms of efficiency and

accuracy, FNOs, which according to Kovachki et al., 2023 achieved the best numer-
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ical performance of all the numerical experiments, are fully connected networks,
and as such, the memory requirements associated with their training can be signifi-
cant. Inspired by the U-net architecture (Ronneberger et al., 2015), Rahman et al.,
2022 proposed an architecture referred to as the U-shaped Neural Operator (U-NO),
which relies on gradually compressing and decoding information to alleviate issues
associated with excess memory requirements. U-NO has the advantage of faster

training and less memory requirements compared to standard FNO.

Generative Adversarial Neural Operators (GANO)

Generative Adversarial Neural Operators (GANO) generalize the Generative Ad-
versarial Network (GAN) framework (Rahman et al., 2022), which is one of the
most prominent paradigms in machine learning for analyzing unsupervised data.
While GANs are successful generative models with a wide range of theoretical
developments (Arjovsky et al., 2017), their empirical success has been only in
finite-dimensional data regimes. In fact, there has been little progress in develop-
ing generative models for infinite-dimensional spaces and function spaces, which
limited the use of GANs for learning functional data (i.e., data on irregular grids in

space and time), which is often the case in the fields of science and engineering.

A GANO framework consists of a neural operator generator and a discriminator
functional (i.e., a neural operator followed by an integral function). The generator
uses Gaussian Random Fields (GRFs) or any predefined probability function as input
and outputs a function sample. The discriminator accepts as input real or synthetic
data and returns a scalar (score). The objective function, namely the score generated
by the discriminator, is used for the loss function. Rahman et al., 2022 devised the
GANO framework by 1) generalizing the Wasserstein GAN setting (Arjovsky et al.,
2017) to infinite dimension space, and ii) using the generalized Wasserstein distance
and a gradient penalty as regularization terms to make the models more stable and

less sensitive to the tuning of their hyperparameters.

Conditional Ground Motion GANO (cGM-GANO)

In this paper, we present a conditional GANO architecture designed to generate
realistic 3-component acceleration time histories; we will refer to the architecture
in the following sections as cGM-GANO. The architecture presented here has been
trained on four conditional variables: the moment magnitude (M), the closest-point-
on-the-rupture to site distance (R,,,), the time-averaged shear wave velocity in the

top 30m (Vs30), and the style of faulting or tectonic environment (fype). fiype 18
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used to differentiate between strike-slip (f;ype = 1) and reverse (f;yp. = 0) events
for the BPP data set, or shallow crustal (f;y,. = 1) and subduction (f;y,. = 0)
events for the Kik-net data set. Given a vector of the aforementioned parameters, it
generates 3-component acceleration time series (Fig 2.1). We should note here that
the selection of four variables is a modeling decision and could be replaced with any
number of conditional variables, provided that there is a sufficiently large dataset
for GANO to learn the effect of the different parameters.

To design cGM-GANO, we implemented the U-NO architecture in a GANO frame-
work, as outlined in the previous section. cGM-GANO consists of a generator and
discriminator trained in a min-max adversarial game (Fig. 2.2). We should note
here that the training database of ground motions spans 3-4 orders of magnitude
of PGA amplitude; as such, acceleration time series needed to be normalized to a
common amplitude scale to ensure that there was no loss of information (Good-
fellow, 2016; Wu et al., 2018) so that small events are not interpreted as noise.
The normalization constants for each channel of the three component time series
are also learned and recovered when the trained generator is called to synthesize a
conditional ground motion scenario. The input to the trained generator consists of
two sets of one-dimensional (1D) discretized functions: (i) a 1D Gaussian Random
Field (Gaussian Process), which is stochastic (ii) and a set of constant functions that
are used to convert the input parameters (M, R;,,;, V30, fiype) t0 a measurable func-
tion. The output includes the 3-component normalized ground motion waveforms
and three normalization constants, in this case, the peak amplitudes associated with

the normalized waveforms.

Compared to the previous work by our research group(Florez et al., 2022), the
important advantage of GANOs that pertains to the problem of ground motion
synthesis is their resolution and discretization invariance (Kovachki et al., 2023):
the input function to the generator can be expressed with an arbitrary discretization
(i.e., a dataset of time series sampled at various frequencies), yet the generated
output is a function, which can be queried at any (i.e., frequency) resolution. These
properties follow the recent advancements in operator learning that generalize neural
networks (and thus GANSs) that only operate on a fixed resolution (Kovachki et al.,
2023); specifically in Florez et al., 2022, the input to the GAN was a sample
from a finite-dimensional multivariate random variable and the output was a finite-
dimensional object that could be queried only at a predetermined time-frequency

resolution.
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component acceleration time series (right).
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Additionally, GANOs can learn probability measures on function spaces, in contrast
to GAN:Ss, a difference that has been shown to avoid the mode collapse issues seen in
GANSs when the training data is generated from a mixture of GRFs (GANO reliably
recovers the modes included in the mixture). For more information related to mode
collapse and the strategies of hyperparameter tuning that have been developed to
avoid it, as well as issues associated with training stability and mode entanglement
of GAN:Ss, the reader is referred to Rahman et al., 2022; Wang et al., 2021a; Abdal
et al., 2021.

In what follows, we present the cGM-GANO training strategy, as well as the verifi-
cation framework using simulated (noise-free) ground motions, and the validation
framework using strong motion recordings from the Japanese strong motion network
Kik-Net and empirical ground motion models. By contrast to Florez et al., 2022,
we here train GANO using velocity time series and then differentiate the gener-
ated ground motions to compute the target 3-component acceleration time series.
Learning the acceleration time integral is equivalent to learning a linear filter of the
target time series that balances the low and high frequencies. This effect is better
described with (2.1) where for non-zero frequencies, the integral amplifies low-
frequency components (for w < 1) and suppresses the high-frequency components
(for w > 1). An example of the frequency content comparison between acceleration,

velocity, and displacement is presented in the Appendix Fig A.1.

/tf(t) S M (2.1)
0 Jw

Residual Analysis and Comparison to Empirical Ground Motion Models

The statistical evaluation of the generated ground motions was performed (i) by
comparing the PSA and FAS, for BBP dataset, or EAS, for Kik-net dataset, ordinates
of the observed and synthetically generated ground motions for specific scenario
bins and (i1) by performing residual analysis of the PSA and FAS or EAS of the
training and testing datasets, for both the horizontal and vertical directions. For the
horizontal component, PSA was calculated as the rotation-independent 5%-damped
response spectra (RotD50) for periods in the 0.01 — 10sec range (Boore et al., 2006;
Boore, 2010; Boore, 2010) using a modified GPU parallel computation version of
the Pyrotd (Kottke et al., n.d.) python library, while in the vertical direction PSA
was calculated as 5%-damped response spectrum of the vertical component. The

horizontal FAS was calculated as the power mean spectrum of the two horizontal
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components:

Ap(f) = \/% (An (f)* + Ana(f)?) (2.2)

where, A,1(f) and Ay (f) are the FAS of the two horizontal components at fre-
quency f. The calculation of the horizontal EAS followed the recommendations
of Kottke et al., 2021, smoothing the power-mean FAS through a Konno et al.,
1998 smoothing window (Equation 2.3) with bandwidth, b,, = 0.0333. The vertical
FAS was calculated directly from the vertical component, and the vertical EAS was
smoothed with the Konno-Ohmachi filter.

b=2n/b, 2.3)
_(sin(bIn(f/f)\*
o= (5t ) oy

The residual analysis was performed by comparing the observed intensity measures
(IM) with the distribution of the synthetic ground motion /M, within the useable
frequency range of the observed ground motions. The comparison is performed
by: (i) generating 100 synthetic 3-component realizations with the same (M, R,
V530, fiype) conditional variable values of the observed ground motion, (ii) comput-
ing the relevant /M from the observed and synthetic ground motions (/M°Pserved,

IMCOM-GANO ' respectively), (iii) calculating the mean and standard deviation of

I MCOM-GANO i o0 space, and (iv) computing the normalized model residual, €, for

each observation as:

~ ln(IMobserved) _ mean(ln([MCGM'GANO))
- std (In(IMcGM-GANO) )

(2.5)

this way the mean of € quantifies bias and the standard deviation of € the variability
of the predictive model with respect to the data. A zero mean € indicates that the
ensemble of synthetic ground motions is unbiased with respect to the observations,
and a unit € standard deviation, or a two-unit width between the 16" and 84" ¢
percentile, suggests that the variability of the synthetic ground motion ensemble is

consistent with the variability of the empirical dataset.

Since the BBP waveforms are considered noiseless, the entire frequency content of
the ground motion was part of the useable frequency range. Kik-net ground motions,

on the other hand, were filtered based on the noise-to-signal ratio (Bahrampouri et
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al., 2021). In this case, the useable frequency range is defined as:

Lowest usable frequency (LUF) = 1.25max(HPFy, HPFyy, HPFy)  (2.6)
Highest usable frequency (HUF) = 0.8min(LPFy, LPFy,, LPFy) 2.7

where HPFy, HPFpg», and HPFy are the corner frequencies of the high pass filter
for the two horizontal and vertical component, while LPFy, LPFy>, LPFy are the
corner frequencies for the low pass filter of the same components. The calculation
of residuals was performed only within the usable frequency range to remove the

effect of filtering

Lastly, we compared the scaling predicted by cGM-GANO against representative
GMMs for the KiK-net dataset as part of our ongoing effort to develop a tool for
efficient ground motion synthesis for engineering applications. Comparisons were
performed against published PSA and EAS models such as the NGA-West2 GMMs
(Abrahamson et al., 2014) and BA18 (Bayless et al., 2019) for the shallow crustal
events and BCHydro (Abrahamson et al., 2016) for the subduction events.

2.3 Training with Simulated Ground Motions: Verification

We first verified our cGM-GANO architecture by training it on simulated ground
motion time series generated using the SCEC BBP, a collection of open-source
scientific software modules that can simulate broadband (0 ~ 20H z) ground motions

for earthquakes at regional scales (Maechling et al., 2015).

The goal of this exercise was to verify that cGM-GANO is able to assimilate noiseless
ground motion training data to reproduce the median scaling and aleatory variability
of the simulations. Verifying the reasonableness of the simulated ground motions,
however, was outside the scope of this study. This exercise was conducted first,
before testing cGM-GANO on observed ground motions, as it offered a simpler
learning environment. The BBP-generated ground motions do not require filtering
and baseline correction, reducing the number of factors affecting the waveforms,
and the uniform site conditions across the ensemble of simulated scenarios reduce
the number of conditional variables that cGM-GANO was called to learn.

For this study, we used a dataset developed on BBP v17.3.0. following the Graves
et al., 2015 simulation module (BBP-GP). This module is a hybrid approach that
combines low-frequency (often referred to as deterministic) and high-frequency (of-
ten referred to as stochastic) motions computed with different methods into a single

broadband response. The database was developed by Shi, 2019 in collaboration
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with the BBP-GP developer, Robert Graves (pers. communication), and it contains
113 events ranging from M 5.5 to 7.2 on strike-slip and from M 7.0 to 7.2 on
reverse faults, recorded at stations on reference site conditions (V39 = 760 m/s), at
rupture distances between 0 to 200 km. The database contains 6704 acceleration
time histories: each record has 3-component 40s waveforms sampled at 100Hz.
The magnitude-distance-PGA distribution of the data is shown in Fig A.2. A rep-
resentative illustration of the fault and stations’ locations is shown in Appendix
Fig A2

In this case, the cGM-GANO was trained conditioned on the moment magnitude
(M), on the closest-point-on-the-rupture to site distance (R,,,), and on the fault type

(ftype- strike-slip or reverse).

Fig. 2.4 compares the FAS and PSA spectra of BBP simulated and GANO-generated
3-component waveforms for M 7.0 strike-slip and reverse events at 10 km rupture
distance. The comparison of the FAS and PSA ordinates is encouraging, especially in
the long period, short frequency regime, where both the mean and standard deviation
are in agreement. In particular, one can observe that the standard deviation of the
two data sets converges for frequencies smaller than f < 1Hz (T > lsec), while
for higher frequencies, the cGM-GANO-generated time series have systematically
higher variability. Our working hypothesis is that the discontinuity occurs at f =
1Hz, the cross-over frequency between the low- and high-frequency methods in
the BBP-GP hybrid module, because cGM-GANO cannot learn the stochastic high-
frequency method and resorts to carrying over the learned physics-based solution
of f < 1Hz into the higher frequency range. One reason for this might be that
GANO can only learn distributions over functions that are square-integrable, and
the stochastic generation method used in the BBP does not necessarily satisfy this
property. Representative waveforms from both the BPP and cGM-GANO are also
depicted in the Appendix (Fig A.3), showing that the synthetic time series manifest
realistic features, such as P-, S-, and coda wave arrivals, as well as time history

envelopes consistent with the simulated ground motions.

Next, we test the capabilities of cGM-GANO to learn the magnitude and distance
scaling in sparsely sampled regions of the training dataset. Fig. 2.5 shows that the
BBP training database by Shi, 2019 has no reverse event records (here, depicted by
the dot markers) for small magnitude at distances 20 — 40km, or for magnitudes
M6.9-7.1 atlarge distances (= 50km). Still, the cGM-GANO was trained using data

from both reverse and strike-slip events, each appropriately tagged. The example
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in the figure suggests that the model has, in part, inferred the median magnitude
and distance scaling of the reverse style faulting from the data ensemble training,
transferring the information across faulting styles. At the same time, however,
the variability of cGM-GANO is larger than the BBP data in the densely sampled
regions of the training dataset (for example, M6.9 — 7.1 far-field strike-slip as well
as near-field reverse) where one would expect the variability to be best captured.

Lastly, we examined the degree to which cGM-GANO can recover the frequency
domain characteristics of the BBP simulated ground motions through a residual
analysis. Results for the horizontal and vertical components of the EAS and RotD50
residuals are shown in Fig 2.6, separately for the strike-slip and the reverse simulated
events. The cGM-GANO results for the horizontal EAS components for both types of
ruptures show discontinuities at 1 Hz. The mean and aleatory variability are captured
reasonably well for both strike-slip and reverse events in the low-frequency range
(f < 1Hz). In the high-frequency range (f > 1Hz), the mean is captured reasonably
well, but the aleatory variability is underestimated for strike-slip events, and there
is a noticeable bias in the mean and underestimation of the variability for reverse
events. The RotD50 spectral accelerations show a slight constant positive bias across
the period range for both styles of faulting. The difference between EAS and RotD50
residual distributions is attributed to the unsuitable inter-frequency correlation of
the synthetic ground motions that is influenced by the stochastic component of the
training dataset (Appendix Fig A.4); further investigation is needed, nonetheless, to
find the exact cause of the mismatch between the bias and variability of EAS and

PSA in the various frequency-period ranges.

Our working hypothesis is that verification of cGM-GANO using BBP simulations,
which are synthesized by two separate processes, is compromised when the neural
operator attempts to recover the entire frequency range as if it were the solution of
the wave equation for propagation in a continuum. Whether the identified biases in
the aforementioned figures stem from the hybrid BBP-GP method and the difficulties
associated with training neural operators on stochastic data; or it is evidence that
more training data is necessary to reliably recover the median and standard deviation
scaling relationships across the entire dataset, is still being debated. More exten-
sive validation is currently being carried out by the authors to confirm this claim,
including the simulation of large-magnitude, near-field reverse faulting events to
confirm the aforementioned recovered scaling. These results, along with the fore-

going sections, however, point to the possibility of using cGM-GANO in the future
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Figure 2.3: Data distribution of BBP dataset. Subfigures (a) and (b) show crossplot
between log19o(PGA) and magnitude and rupture distance, respectively

to fill sparsely sampled regions of observational datasets used to develop GMMs
with defensible, realistic, 3-component ground motion time series appropriate for

engineering applications.

2.4 Training with Recorded Ground Motions: Verification and Validation

In this section, we evaluated the performance of cGM-GANO by training it on a
ground motion dataset compiled from the Japanese Strong Motion Network KiK-net
(National Research Institute for Earth Science and Disaster Resilience, 2019). The
compiled KiK-net dataset included 42481 strong ground motions sampled at 100Hz
from 1985 events, 620 shallow crustal and 1365 subduction events, collected over a
period of 20 years (from 1997 to 2017) at 613 stations. For the data preprocessing,
we used the method described in Bahrampouri et al., 2021, which comprises of
the following steps: (i) identify the filter corner frequencies for each record based
on noise windows, and (ii) detect the P- and S-wave arrivals. We ensured that
each time history contained the ground motion from a single event, and we used
a fixed duration of 60sec for training, starting from the onset of the P wave. The
choice of a fixed duration window stems from FNO requirements that we used in
our architecture. Prior to training, we detrended and baseline-corrected the KiK-net
ground motions to ensure that the displacement, velocity, and acceleration are zero
at the end of the 60sec. The same baseline correction was applied on the cGM-
GANO generated ground motion time series before the validation tests described

below.

The conditional parameters for the KiK-net dataset (M, R,,,, Vs30, and f;y,.) were
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Figure 2.4: Scenario event comparisons for cGM-GANO trained on the BBP dataset.
Each vertical sub-panel depicts the Fourier Amplitude Spectrum (FAS), aleatory
standard deviation of FAS, Rotd50 Pseudo-spectral acceleration (PSA) spectrum,
and aleatory standard deviation of Rotd50 PSA. The title of each plot corresponds
to the midpoint of each bin, and N, is the number of observed records within each
bin. The lines represent the mean in log space of the horizontal components of the
synthetic (solid line) or BBP (dashed line) data, while the shaded zone represents
the 16" to 84'" percentile range.

obtained from Bahrampouri et al., 2021; M ranges from 4.5 to 8.0, R, from 0
to 300 km, V3¢ from 100 to 1100 m/s, and the tectonic environment is subduction
or shallow crustal. Figure 2.7 shows the magnitude, distance, and V3¢ distribution
of the compiled data, which is primarily comprised of small-to-moderate events
recorded at distances R,,, > 50km, on moderate stiffness sites. Only 1.6% of the
dataset ground motions corresponded to events with M > 7.0, 2.8% of records have
rupture distances less than R,,, < 50km, and 2.7% of the ground round motions

were recorded on stations with V3o < 200m/sec.

For training purposes, the KiK-net dataset was randomly divided into 90% training
data and 10% testing data, not used in training. In what follows, we present
verification results against the entire database, while validation results based on the
testing dataset alone are provided in the Appendix (Fig A.5). Both the entire and
testing datasets show similar trends, indicating no overfitting on the training dataset.
It was decided to include the comparison with the entire dataset in the manuscript

for more robust magnitude, rupture distance, Vg3 scaling, and individual scenario
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Figure 2.5: Comparison of cGM-GANO magnitude and distance scaling with BBP
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comparisons.

Fig 2.8 shows a visual comparison between randomly sampled observed time series
for different M, R,,,, Vs30 combinations and the corresponding cGM-GANO ran-
dom realizations for the same scenarios. This comparison is intended to show that
the generated waveforms are comparable in amplitude, duration and phase arrival

with the recorded ground motions.

Fig. 2.9 compares the frequency domain statistics of the observed and cGM-GANO
generated time-series belonging to the same M, R,,,, Vs30 bin. Although neural
operators map function spaces and by definition have continuous input spaces (i.e.,
conditional variables), for the validation we binned the data in windows of incre-
ment M = 0.2, R,,, = 20km and Vs3p = 100 m/s to ensure that the number of
records in each bin would provide statistically significant results for comparison
purposes. We successively generated cGM-GANO time-series for each scenario in

each bin to create a database of synthetic ground motions for the same scenarios
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Figure 2.6: Residual plots of the BBP trained model. Subfigures (a) and (b) show
the EAS residuals for strike-slip and reverse faults, respectively. Subfigures (c) and
(d) show the RotD50 PSA residuals for strike-slip and reverse faults, respectively.
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as the observations in each bin. The statistics of the two datasets are compared for
representative bins in Fig. 2.9. For the examples shown, cGM-GANO recovers the
mean and aleatory variability of the FAS in the frequency range between ~ 0.5 Hz
and 30 Hz. Similarly, cGM-GANO recovers the mean and aleatory variability of
PSA RotD50 in most cases; exceptions such as scenario (e) for periods shorter than
T = 0.2sec, or scenario (f) for periods longer than 7 = 1sec which may stem from
the small number of observations available in those bins (21 and 17 observations,

respectively) and will be further investigated by the authors.

We successively examined the extent to which cGM-GANO can recover the M, R,,,
Vs30 scaling of the ground motion observations for a given tectonic environment by
means of residual analysis (for more information, see Section on Residual Analysis
above). Results for the horizontal and vertical components of the EAS and RotD50
residuals are shown in Fig A.5, separately for the subduction and the shallow crustal
events. The cGM-GANO results of the horizontal EAS components for both tectonic
environments are unbiased in the frequency range ~ 0.3 — 20Hz. The vertical
components show similar behavior with a small increasing bias starting at 0.5Hz.
The horizontal spectral accelerations are well captured in the ~ 1 — 10sec period
range and show small, nearly constant positive bias for shorter periods 7 < Isec. The
vertical spectral accelerations for both tectonic environments are well captured in
the T > 2sec period range, while for shorter periods, cGM-GANO shows significant
bias. While encouraging, these results leave open questions about the frequency
range where cGM-GANO can reliably recover the mean and aleatory variability
of recorded ground motions and the factors that affect the reliability of the GANO

model, which are further investigated by the authors.

The extent to which cGM-GANO recovers the ground motion scaling versus M,
Ryup, Vs3o is presented in Figs 2.11 and 2.12. The horizontal and vertical FAS
residuals in subfigures 2.11 (a) and (c), and horizotnal and vertical PSA residuals
in subfigures 2.12 (a) and (c) for f = SHz (T = 0.2s) suggest that cGM-GANO
can recover the median magnitude scaling of the ground motions. By contrast,
cGM-GANO shows systematic positive bias when called to evaluate the median
scaling against rupture distance, for R,,, < 20 km (see Figs 2.11 and 2.12 (b) and
(e)). Our working hypothesis is that the bias reflects the very small number of
near-field observations (0.4% of the entire training dataset recorded at distance less
than 20km), which may not be enough for the model to learn the ground motion

characteristics in this regime. The cGM-GANO generated ground motion scaling



(a)

(b)

(©

25

é M 4.5, 50 km, Vs30=300m/s, Nops = 76 % M 4.5, 50 km, Vs30=600m/s, Nops = 69 % M 4.5, 50 km, Vs3p=800m/s, Nops = 23
o 10° s o 100 i o 10° e —\
b=} g ° S k] e
210 21024 \\ 2102{ ="
=3 = =y
£ 1p-e] -~ Data £ 10-4] --- Data ) E10-¢{ --- Data )
5 Synthetics 5 Synthetics B Synthetics
3 10t 10° 100 3x10! 3 107 10° 100 3x10% 3 10! 10° 100 3x10!
o Freq(Hz) - Freq(Hz) - Freq(Hz)
2. 2. 2.
5‘1.5 i ’;‘15 5‘1.5 N " '
L A T o) RAvEd [P IR p oot ST il .w
g0 ~ oA " g0 S aren i HM_, |w g0 Vol o ¥
Zos Bos Bos
@ @ @
0. o 0.
107t 10° 100 3x10! 10! 10° 100 3x10% 10t 10° 100 3x10!
Freq(Hz) Freq(Hz) Freq(Hz)
%104 L= > % 10714 ___-z===== ~ % 10714 o= et
=4 T =4 =1
a S . ~~ ao ~
Q193 . 210 ~ Q10 2
<3 ~ 5 ~ 5 <=
4 RS 4 Rae <
< < <
& @ )
3x102 107! 10° 1 3x1072 107 10° 1 3x1072 107! 10° 10!
T(s) T(s) T(s)
32 32 S
@ A a
215 Q1s 215
S S - 5 I
L 1.0 e e 2 1.0f=nmmmtne S L 104 s s —
a a T a
o5 £05 £05
3 3 3
5 o, 0, 0.0
?3x102 107! 10° 1 “ 3x102 10! 10° 1 “ 3x102 10! 10° 10*
T(s) T(s) T(s)
g M 5.5, 150 km, Vs30=300m/s, Nops = 116 % M 6.5, 150 km, Vs3;=300m/s, Nops = 21 % M 7.0, 150 km, Vs3,=300m/s, Npps = 17
S S S
© 1000 s — o 10 e —————— o 10t ncssyma SR,
E 5 — . § 7 e ~
ey £107 7 2. S
?El 102 Té \ TEl 107! \
5 o] Do E102{ -~ Data S jga) - Dam
5 Synthetics 5 Synthetics 5 Synthetics
3 107! 10° 100 3x10* 3 107! 10° 10! 3x10* 3 107 10° 10! 3x10*
v Freq(Hz) w Freq(Hz) w Freq(Hz)
2. 2, 2 — -
wy ;
315 F15{ .. " F154/” L™ Al il M'M
g Pl 3 £, K MR AR
103 e c R gLo SN, 'l““'w P \,‘.,w‘ gLo Uiad
Zos Zos Zos
7 7 7
0. 0. 0.
10! 10° 100 3x10* 10! 10° 100 3x10! 107t 10° 100 3x10!
Freq(Hz) Freq(Hz) Freq(Hz)
& & 100 &
% o e 1y i
2107 s 2 s 21094 el -
I3 ~ =3 ~~ =1 ~
3 ~. 8 102 S A .
g 1072 X 3 5 g 1072
< s < S o<
< < <
ol vl @
3x102 107} 10° 1 3x102 107} 10° 1 3x102 107} 10° 10
T(s) T(s) T(s)
32 32 32
2 n n e
Q15 Q1s Q15 - N
o o o TN -~
F104 oo Z10 o JEPRE & ) ofmm
a Bt S - L =TT g
Zo05 Zo05 Zo05
R Z, ER
“ 3x102 107! 10° 1 “ 3x102 107! 10° 1 ¥ 3x102 107! 100 10t
T(s) T(s) T(s)

Figure 2.9: Scenario event comparisons for cGM-GANO trained on the kik-net
dataset. Each sub-panel depicts the Fourier Amplitude Spectrum (FAS), aleatory
standard deviation of FAS, Rotd50 Pseudo-spectral acceleration (PSA) spectrum,
and aleatory standard deviation of Rotd50 PSA. The title of each plot corresponds
to the midpoint of each bin, and N, is the number of observed records within each
bin. The lines represent the mean in log space of the horizontal components of the
synthetic (solid line) or kik-net (dashed line) data, while the shaded zone represents
the 16" to 84'" percentile range.
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Figure 2.10: Residual plots of the kik-net trained model. Subfigures (a) and (b) show
the horizontal EAS residuals for subduction and shallow crustal events, respectively.
Subfigures (c) and (d) show the vertical EAS residuals for subduction and shallow
crustal events, respectively. Subfigures (e) and (f) show the horizontal RotD50 PSA
residuals for subduction and shallow crustal events, respectively. Subfigures (g)
and (h) show the vertical PSA residuals for subduction and shallow crustal events,
respectively.
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Figure 2.11: Comparison of horizontal and vertical FAS residuals for f=5.0 Hz
against magnitude (subfigure (a) and (d), R, (subfigure (b) and (e)), and Vs3g
(subfigure (c) and (f))

with V39 recovered in Figs 2.11 and 2.12 (c) and (f) shows negative bias for both
FAS and RotD50 versus Vgj3q for sites with Vg3g < 200 m/s. The bias in this Vg3g
range could be associated with the limited number of ground motion observations
for soft soil sites within the KiK-net strong motion network (2.7% of the entire
training dataset was recorded at sites with Vg3 < 200 m/s.) Although this is not a
negligible dataset of training ground motions, we hypothesize that training cGM-
GANO to generate strong motions at soft sites would be associated with learning
ground motion characteristics controlled by nonlinear effects, which are likely less
pronounced for stiffer sites and thus less likely to be learned from the remainder of
the dataset. This hypothesis is supported by the fact that the vertical component
scaling with Vg3p shows a small, nearly constant positive bias across the same V3o
range. The capability of cGM-GANO to learn the effects of nonlinear site response,
given the appropriate size of training data and conditional variables, is the focus of
a separate study undertaken by the authors. Considered strategies for this objective
include augmenting the dataset with synthetic datasets that include non-linear effects
and employing a weighting sampling, increasing the frequency of soft sites being

sampled during training.
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Figure 2.12: Comparison of horizontal and vertical PSA residuals for T=0.2 s (f=5.0
Hz) against magnitude (subfigure (a) and (d), R, (subfigure (b) and (¢)), and Vi3
(subfigure (c) and (f))

We also evaluated the inter-frequency correlation of the cGM-GANO-generated
ground motion time series. Fig 2.13 shows the correlation of the RotD50 residuals
between T=1s and T=0.2s or T=2.0s for the entire KiK-net dataset. The Pearson
correlation coefficient of residuals (p) at the period pairs 77 and 7> is also calculated

as follows:

Per,.er, = % (2.8)
where, cov(er,, er,) is the covariance between the two periods, and Ter, and Tep, are
the standard deviations at 77 and 7>, respectively, as determined empirically form the
synthetic ground motions. In this example, we see a stronger correlation between
the T=1.0 s and T=2.0 s residuals (p=0.78) than the T=1.0 s and T=0.2 s residuals
(p=0.29), which are further apart in log space. This observation is in agreement
with Baker, 2011, who found the correlation coefficient between these pairs to be
0.75 and 0.44, respectively, for shallow crustal events. This example suggests that
cGM-GANO is capable of learning the intricate characteristics of ground motion

databases, such as the RotD50 inter-period correlation, that can be important in the
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Figure 2.13: Inter-period correlation of horizontal PSA residuals. Between T =1 s
and T = 2 s in subfigure (a), and between T =1 s and T = 0.2 s in subfigure (b).

seismic response of multi-modal structures.

Next, as we did with the verification SCEC BBP dataset, we tested the capability
of cGM-GANO to learn the magnitude and distance scaling in sparsely sampled
regions of the training dataset. In Fig 2.14, we show scenarios of RotD50 scaling
versus magnitude, distance, and Vg3o generated by cGM-GANO. The cGM-GANO-
generated ground motions generally follow the mean and aleatory variability of the
observations. In particular, they are able to capture the non-linear distance scaling at

periods T = 0.1, 1.0, 10.0s, and the magnitude and Vg3 scaling at periods 7 = 1.0s.

Validation against empirical GMMs

Lastly, we performed a series of comparisons of the cGM-GANO generated ground
motions, trained on the KiK-net data set, to selected published ground motion models
(GMMs) described in Section Residual Analysis and Comparison to Empirical
Ground Motion Models. Fig. 2.15 compares the PSA magnitude and distance
scaling of the cGM-GANO generated ground motions for shallow crustal events
with the NGA-West 2 GMMs. Overall, cGM-GANO magnitude and distance scaling
show similar trends with the published models in terms of median ground motion and
aleatory variability. The biggest difference is at short distances which as explained
above is believed to be a result of sparse data to constrain the model over that
distance range. Similar comparisons are made in Fig. 2.16 against the BA18 EAS
GMM. Here, a systematic misfit is observed at f<1 Hz, which is introduced by the
misfit between BA18 and the training data set; cGM-GANO scaling is consistent

with the training dataset. Otherwise, similar conclusions are drawn for the median
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Figure 2.14: Comparison PSA distance, magnitude, and Vs3g scaling of cmGM-
GANO with Kik-net dataset. Left panels, from top to bottom, show the distance
scaling for T = 0.1, 1.0, and 10 s. Top right panel shows the magnitude scaling for
T = 1.0 s. Bottom right panel shows the Vg3 scaling for T = 1.0 s. Solid lines
represent the mean scaling in log space. The shaded region shows the 2" to 98"
percentile of aleatory variability. Solid dots correspond to the kik-net data.

magnitude and distance scaling. The underestimation of EAS aleatory variability
by cGM-GANO compared to BA18 and the cause of the misfit between the BA18
and the data will be further investigated by the authors.

For the subduction events, PSA scaling is compared in Fig. 2.17. The synthetic
ground motions have consistent scaling with BCHydro both in terms of median
ground motion and aleatory variability over the entire frequency range. The main
misfit is observed at short distances. cGM-GANO is believed to have better perfor-
mance for subduction events compared to shallow crustal due to the larger dataset

size.

2.5 Summary and Discussion
We presented a data-driven model for conditional ground motion synthesis that can

be used to generate 3-component ground motion time series covering a broadband
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Figure 2.15: Comparison of cGM-GANO PSA scaling for shallow crustal events
against the NGA-West2 GMMs. Top panel shows the magnitude comparison for
R,p = 60 km and V39 = 700 m/s, at T = 0.1, 0.2, 1, 2 s (f = 10, 5, 1, 0.5 Hz),
respectively. Bottom panel shows the distance comparison for M = 6 km and V3
=700 m/s, km, for the same frequencies. Solid lines represent the median scaling,
the shaded region corresponds to the 16" to 84 percentile.
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Figure 2.16: Comparison of cGM-GANO EAS scaling for shallow crustal events
against the BA18 EAS GMMs. Top panel shows the magnitude comparison for
R;p = 60 km and V39 = 700 m/s, at £ = 0.5, 1, 5, and 10 Hz, respectively. Bottom
panel shows the distance comparison for M = 6 km and V39 = 700 m/s, km, for
the same frequencies. Solid lines represent the median scaling, the shaded region
corresponds to the 16" to 84" percentile.
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Figure 2.17: Comparison of cGM-GANO PSA scaling for subduction events against
BC-Hydro GMM. Top panel shows the magnitude comparison for R,,, = 60 km
and V30 =700 m/s, at T=0.1,0.5, 1, and 2 s (f = 10, 2, 1, and 0.5 Hz), respectively.
Bottom panel shows the distance comparison for M = 6 km and V3¢ = 700 m/s,
km, for the same frequencies. Solid lines represent the median scaling, the shaded
region corresponds to the 16" to 84" percentile.

range of frequencies. The model is based on the architecture of Neural Operators, a
resolution-invariant generalization of Neural Networks. The ground motion synthe-
sis is conditioned on moment magnitude (M), rupture distance (R, ), time-average
shear-wave velocity at the top 30m of the crust (Vs3g), and tectonic environment or
style of faulting (f;ype).

Technical advancements of this work compared to previous efforts, including of the
authors’, are the use of Neural Operators and training of the model on velocity time
series. Using Neural Operators guarantees both discretization-invariance of the
model from the resolution of the training data set and universal approximation. We
specifically employed the U-shaped Neural Operator (U-NO) architecture, which
alleviates some issues associated with the memory requirements of fully connected
Neural Operators. As well as, the training on velocity time series (as opposed to the
target acceleration ground motions) also led to performance improvements due to

the flatter Fourier spectral shape of the training signals.

The model was verified against a dataset of simulated ground motion time series
from the SCEC BBP. The comparison of scenarios in terms of Fourier amplitude in

the low-frequency regime f < 1Hz (T > 1 sec) systematically showed the mean and
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standard deviation of the simulated and cGM-GANO-generated time series to be in
agreement. At the same time, for higher frequencies, the cGM-GANO-generated
time series of the same scenarios have systematically higher variability and a positive
bias for reverse events. Our working hypothesis for the discontinuity that occurs
at f = 1Hz, the cross-over period between the low- and high-frequency methods
in the BBP hybrid GP module, is that cGM-GANO cannot learn the stochastic
high-frequency method, and resorts to carrying over the learned PDE solution of
f < 1Hz into the higher frequency range. The comparison of the response spectral
ordinates showed a small constant positive bias across the period range for both
styles of faulting. This bias is attributed to an unsuitable inter-period correlation of
the synthetic ground motions that are influenced by the stochastic component of the

training dataset; however, further investigation is needed.

The model was next trained and compared to a dataset curated and processed
from observations recorded by the Japanese strong motion network KiK-net, which
contains both shallow crustal and subduction events. Bias was observed in the
distance scaling of near field ground motions and Vs3g scaling for soft soil sites,
which we attributed to a lack of adequate training data in the corresponding regimes:
in the first case, the training dataset contains less than 0.5% of ground motions
recorded at stations with R, < 20 km; in the second case, the training dataset was
larger but we hypothesize that cGM-GANO is also called to learn the scaling that
includes nonlinear site response, and as such, requires an even larger amount of soft
site data. This last hypothesis is being tested by the authors as part of a separate

project.

Comparisons with traditional ground motion models (GMMs) led to similar conclu-
sions: the cGM-GANO generated ground motions showed consistent median scaling
with the GMMs for the corresponding tectonic environments. The largest misfit was
observed at short distances due to the scarcity of training data, as mentioned above.
A systematic misfit in EAS in the low-frequency regime (f < 1Hz) between cGM-
GANO and BA18 is likely caused by the inconsistency of the available data and the
GMM. The EAS variability, on the other hand, is underestimated across the entire
frequency range. The source of the variability inconsistency between data, cGM-
GANO, and GMMs is currently under investigation by the authors. The median
scaling of PSA is better captured by cGM-GANO, except at short distances, and the
aleatory variability is more accurately recovered, especially for subduction events,

due to the availability of the data.
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Ongoing work by the authors focuses on addressing the limitations of the model
training and on expanding the overall framework. Until recently, strong motions
recorded by the National Research Institute for Earth Science and Disaster Resilience
(NIED) have been the only available open-access datasets that could be used in the
training of cGM-GANO. As publicly available, larger and higher quality recorded
datasets from regions such as California are slowly emerging, we plan to use them
to improve the distance scaling over short distances and the Vg3 scaling at soft soils
of cGM-GANQO, as well as to resolve the bias observed in the low-frequency range
of the empirical dataset presented here. Further validations with traditional GMMs
will also be performed, including duration and intensity of ground shaking intensity
measures. For conditions not well constrained in the empirical data, we plan to
employ additional techniques, such as reinforcement learning with physics-based

simulations.

Framework enhancements that we are investigating include the effects of ground mo-
tion filtering and instrument direction, as well as the partitioning of the stochastic
component into within and between event variability. More specifically, in its cur-
rent architecture, cGM-GANO does not recognize the effect of filtering in recorded
ground motions, and thus, any differences in the filtering of ground motions are
mapped onto the stochastic component of cGM-GANO output. Similarly, the hor-
izontal components are currently being provided in the North and South direction,
irrespective of the fault’s azimuth, but, as past studies (e.g., Wald et al., 1994;
Archuleta, 1984) have demonstrated, radiation patterns and thus the fault’s azimuth
can have a significant impact in the ground motion amplitude. Last, in this study’s
framework, each ground motion realization is produced for a random event, which
may be adequate for characterizing the seismic risk of individual structures, but it is
not suitable for evaluating the seismic risk at a system’s level. These improvements
are developed as part of several ongoing projects led by the authors, and the results

thereof will be submitted for publication consideration in forthcoming manuscripts.

Data-driven models for ground motion synthesis may still be at the pilot stage,
but with further refinements, they have the potential to bridge the gap between
physics-based simulations and empirical models. Already in its current form, cGM-
GANO can generate hundreds of site-specific realistic 3-component coherent ground
motions with clear P-S arrivals and surface waves —currently only feasible with
physics-based simulations— with the simplicity of empirical methods in less than a

second. One should also consider this: data-driven generated ground motions can



35

span a broad range of frequencies (up to 30 Hz in this study), all of which are learned
from real recorded ground motion data. By contrast, physics-based simulations
may have broken the computational barrier of high-frequency deterministic wave
propagation with EXASCALE computing, but they will continue to lag behind the
empirical ground motion models in the high-frequency regime until the propagation
medium reaches the input resolution necessary for these frequencies to realistically
propagate through and be modified appropriately by the heterogeneous, nonlinear

shallow crust.
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Chapter 3

STOCHASTIC PROCESS LEARNING VIA OPERATOR FLOW
MATCHING

This chapter presents Operator Flow Matching (OFM), a framework for learning
stochastic-process priors in function space. OFM extends flow matching to stochas-
tic processes by transporting a reference Gaussian process to a target data process

using a neural-operator velocity field.

The goal of this chapter is to develop a generative framework that supports not
only function sampling, but also density evaluation and Bayesian functional regres-
sion at arbitrary query points. After learning the prior, OFM enables posterior
inference from partial and noisy observations through likelihood estimation and
stochastic-gradient Langevin dynamics. The method is evaluated on Gaussian and
non-Gaussian stochastic processes, as well as scientific datasets including Navier—

Stokes examples and black-hole simulations.

The results show that OFM provides accurate functional regression and poste-
rior sampling, outperforming Gaussian-process, deep-Gaussian-process, neural-
process, and operator-flow baselines across a range of stochastic-process learning
tasks.

The contents of this chapter are adapted from our publication (Shi et al., 2026b):

Shi, Yaozhong, Zachary Ross, Domniki Asimaki, and Kamyar Azizzadenesheli
(2026b). “Stochastic process learning via operator flow matching”. In: Advances

in Neural Information Processing Systems 38, pp. 38186-38226.

Additional details for this chapter are provided in Appendix B. The code associated
with this work is available at https://github.com/yzshi5/SPL_OFM.

3.1 Introduction

Stochastic processes are foundational to many domains, from functional regression
and physics-based data assimilation, to financial markets, geophysics, and black box
optimization. Stochastic processes can serve as prior distributions over functions
and can provide the density of any finite collection of points. Conventionally,

these priors are designed by hand from predefined Gaussian processes (GP) and
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their variants, and therefore assume that they adequately describe the phenomena
of interest. However, many processes modeled in the natural world are not well
described by GP, Fig 3.2. Such models limit the flexibility and generalizability
of these stochastic processes in real-world applications, leaving behind significant

challenges for more general stochastic process learning (SPL).

In SPL, the prior over the stochastic process is learned from data, i.e., a set of his-
torical point evaluations in past experiments. Learning the prior over the process
is crucial for universal functional regression (UFR), which is a recently proposed
Bayesian scheme for functional regression and takes GP-regression as a special case
when the prior is Gaussian (Shi et al., 2024a). UFR is important to scientific and en-
gineering domains, including reanalysis, data completion-assimilation, uncertainty

quantification, and black box optimization.

In this paper, we introduce a novel operator learning framework termed operator
flow matching (OFM) for learning priors over stochastic processes through the
joint distribution of any collection of points. To achieve this, we theoretically
and empirically generalize marginal optimal transport flow matching (Tong et al.,
2024) to infinite-dimensional function spaces where we map a GP into a prior over
function spaces through a flow differential equation. We then derive SPL from the
function space derivation and learn a prior over arbitrary sets of points. For SPL,
we map any collection of pointwise evaluations of a GP to pointwise evaluations
of target functions. This allows us to learn prior distributions over more general
stochastic processes, hence enabling sampling values of any collection of points with
their associated density and facilitating efficient UFR. We leverage this capability
by extending neural operators Azizzadenesheli et al., 2024—designed initially to
map functions between infinite-dimensional spaces—to maps between collections of
points deploying their functional convergence properties. This serves as the essential
architecture block in OFM.

After learning the prior and having access to the densities, OFM can be used for
UFR, where given any collection of points of the underlying function, we estimate
the posterior mean value of any new collection of points and efficiently sample from
their posterior values using stochastic gradient Langevin dynamics (SGLD) (Welling
et al., 2011), i.e., a Gaussian sampling on the input GP space (Fig 3.1). We show
that OFM significantly outperforms state-of-the-art (SOTA) methods, including deep
GPs, conditional models, and operator flows (OpFrLow) (Kim et al., 2019; Gordon
et al., 2019; Garnelo et al., 2018; Williams et al., 2006; Salimbeni et al., 2017;
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Jankowiak et al., 2020; Shi et al., 2024a).

Generalizing GP-regression to regression over general stochastic process in a practi-
cal and implementable way demands a unified framework that spans many key fields.
Because readers will have diverse backgrounds and expertise, we provide a set of
potential questions and answers in Appendix B.1 to further clarify the development

and highlight our contributions.

Prior learning over stochastic process Posterior sampling given partial observations

e, J————>(logp ()L, A},

OFM

Partial & noisy Exact posterior

observations distribution
U Up®
D) - \./\ SGLD & trace estimator
= Posterior samples
| A
GP sample data sample & : trainable 3,‘1% : frozen prior U, : GP space U, : data space

Figure 3.1: Two-phase strategy for prior learning and posterior sampling. In the
prior-learning phase, OFM leverages the marginal optimal-transport path to learn
a bijective mapping between a predefined GP and the unknown stochastic process
that generates the training data. In the posterior-sampling phase, the learned prior is
frozen; given noisy, partial observations, the exact posterior is obtained via Bayes’
theorem. SGLD, aided by the Hutchinson trace estimator, then enables efficient and
robust sampling.

Lastly, our contributions are summarized as follows:

* First work to extend flow matching / stochastic interpolants / rectified
flow (Lipman et al., 2022; Albergo et al., 2022; Liu et al., 2022) to stochastic
processes via operator learning. The formulation enables likelihood estima-
tion for function values at any collection of points for the target stochastic
process. We also contribute to the development of marginal (dynamic) opti-
mal transport in infinite-dimensional flow matching through optimal coupling

and dynamic Kantorovich formulations.

* First integration of flow matching with functional regression yields a uni-
fied framework for prior and posterior sampling that is applicable to both

generation and regression tasks.

* A practical generalization of GP regression that provides the exact prior and

posterior density over an unknown stochastic process (whether GP or non-GP).
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In contrast, previous methods such as deep GPs and conditional models work
with approximate posteriors. Our method achieves SOTA performance in all

challenging functional regression tasks.

* This work provides a unified perspective bridging several important fields,
which opens new research directions for problems in science and engineering.
Additionally, we present extensive ablation and scaling studies that demon-

strate the effectiveness of each component in our framework.

3.2 Related Work

Neural operators. Neural operators constitute a paradigm in machine learning
for learning maps between function spaces, a generalization of conventional neural
networks that map between finite dimensional spaces (Li et al., 2020b; Kovachki et
al., 2023). Among neural operator architectures, Fourier neural operators (FNO) (Li
etal., 2020b) enable convolution in the spectral domain and are effective for operator
learning (Yang et al., 2021; Pathak et al., 2022; Wen et al., 2022; Yang et al., 2023;
Sun et al., 2023; Li et al., 2023). In this work, we use this as our neural operator

architecture.

(a) Observations (b) Ground truth (c) OFM mean (d) OFM sample

15
10
1 | tos
0.0
-05
-10
-15
-2.0

(e) GP sample (f) ConvCNP mean (g) ConvCNP
sample

Figure 3.2: Operator Flow Matching (OFM) regression on Navier—Stokes functional
data with resolution 64 x 64. (a) 32 random observations (only 0.7%). (b) Ground
truth sample. (c) Predicted mean from OFM. (d) One posterior sample from OFM.
(e) One posterior sample from the best fitted GP. (f) Predicted mean from ConvCNP.
(g) One posterior sample from ConvCNP.

Direct function samples. There is a body of work on generative models dedicated to

learning distributions over functions, such that direct sampling on the function space
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is possible. For example, generative adversarial neural operators (GANO) generalize
generative adversarial nets on finite dimensional spaces to function spaces (Rahman
etal., 2022; Shi et al., 2024b), yielding a neural operator generative model that maps
GP to data functions (Azizzadenesheli et al., 2024). Other works in this area have
followed the success of diffusion models (Song et al., 2020; Ho et al., 2020) in finite
dimensional spaces, e.g., denoising diffusion operators generalize diffusion models
to function spaces by using GP as a means to add noise and use neural operators to
learn the score operator on function-valued data (Lim et al., 2025; Pidstrigach et al.,
2024; Kerrigan et al., 2022). Moreover, the same principle has been deployed to
generalize flow matching (Lipman et al., 2022) to functional spaces (Kerrigan et al.,
2023), an approach closely related to our work. However, these works on learning
generative models on function spaces do not support UFR the way GP-regression
does because they (i) focus solely on generating function samples, (ii) do not clarify
how to model a stochastic process on point value sequential generation, and (iii) do
not provide point evaluation of probability density. In contrast, OFM enables exact

density calculation and conditional posterior sampling.

Stochastic processes. Earlier works on SPL have focused on hand-tuned methods in
the style of GP-regression. In these cases, an expert tunes the GP parameters given
a set of experimental samples. More advanced methods rely on deep GPs, in which
a network of GPs is stacked on top of each other. The parameters of deep GPs are
commonly optimized by minimizing the variational free energy, which serves as a
bound on the negative log marginal likelihood. (Damianou et al., 2013; Liu et al.,
2020). Deep GPs have limitations in terms of learnability, expressivity, and compu-
tational complexity. Warped GPs (Kou et al., 2013) and transforming GP (Marofias
et al., 2021) methods use historical data to learn a pointwise transformation of GP
values and achieve on par performance compared to deep GP type methods. The

pointwise nature of such approaches limits their generality.

Another line of work proposes learning the conditional distribution of point values,
inspired by variational inference and designed for sampling from function spaces;
we refer to this line of models as conditional models' (Garnelo et al., 2018). This
method trains a model to map any collection of points and their values to a vector,
used as an input to a decoder that maps any collection of points to their values. The
architectures used in these models (including the decoder) are not mathematically

consistent as the number of points grows, limiting the approach to finite dimensions.

'Neural process (NP) is a prominent example of conditional models
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In particular, Convolutional Conditional Neural Processes (ConvCNPs) (Gordon
et al., 2019) use convolutional architectures to capture local, translation-invariant
structure, but they assume stationarity and struggle with long-range dependencies or
highly non-uniform data. The diffusion based variants (Dutordoir et al., 2023) also
use uncorrelated Gaussian noise, and the results do not exist in function spaces (Rah-
man et al., 2022; Lim et al., 2025). Furthermore, methods based on conditional
models are unable to provide density estimation for collections of points, as needed
for UFR and SPL in general.

Separately, OpFrLow introduced invertible neural operators that are trained to map
any collection of points sampled from a GP to a new collection of points in the
data space (Shi et al.,, 2024a), using the maximum likelihood principle. This
method is mathematically consistent as the resolution grows, captures the likelihood
of any collection of points, and allows for UFR using SGLD. However, similar
to normalizing flow (Papamakarios et al., 2021) methods in finite dimensional
domains, the use of invertible deep learning models makes their training a challenge,
particularly with regard to expressiveness, as also described in the original OpFLow
work. Finally, we strongly encourage readers to consult Appendix B.1 and B.17
for an in-depth comparison of stochastic process learning and other generative

frameworks.

3.3 Operator Flow Matching

Here, we introduce the problem setting and notations used for OFM in function space.
We recommend that readers consult Appendix B.2-B.5 for a foundational overview
of SPL, UFR and related background. Subsequently, we present the framework of
OFM, which extends marginal optimal transport flow matching (Tong et al., 2024)
to infinite-dimensional spaces. We further demonstrate the generalization of flow
matching to stochastic processes as it is induced from OFM on function spaces.
Finally, we illustrate how to evaluate exact and tractable likelihoods for any point

evaluation of functions using OFM, making it applicable in the UFR setting.

For a real separable Hilbert space (H, (-,-),||-||), equipped with the Borel o—
algebra of measurable sets denoted by B(H ), we introduce two measures on B(H),
vo as the reference measure and v; as the data measure. Consider a function A
sampled from vy, such that iy ~ vo. For a smooth time-varying infinite dimensional
vector field G, : H — H, we define an ordinary differential equation (ODE)
6¢t(h0)

ot = Qt(d),(ho)) (3-1)
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with initial condition ®¢(hg) = ho, where h = h, = ®,(hg) represents a function
hg transported along a vector field from time O to time 7. The diffeomorphism ®;
induces a pushforward measure y; := [®;]y(uo), with uo = v, and we refer to y,
as the path of probability measure. The goal is to construct a path of probability
measure such that at + = 1, y; =~ vy. The dynamic relationship between the
time varying measure y, and vector field G, can be characterized by the continuity

equation:
O

o ==V (u:Gr) (3.2)

In practice, we use Eq. 3.2 in its weak form (Ambrosio et al., 2005; Kerrigan et al.,

2023) to check whether a given vector field G; generates the target y;:

L dp(h,1) .
A /7; ot + <gt(h)’ VhQD(l’l, t)>dﬂt(l’l)dt =0 (33)

Where ¢ € Cyl(H X [0, 1]), and Cyl(H X [0, 1]) is the space of smooth cylindrical
test functions. Suppose that the time-varying vector field G, and the induced
u; satisfying Eq. 3.3 are known. We parameterize G, with a neural operator
Go : [0,1] X H — H and regress Gy to target G, through flow matching objective.

L = Brafo)hen 1Ga(t, ) = G (W) (3.4)

However, similar to its finite-dimensional counterpart, G; is typically unknown.
Moreover, there are infinitely many paths of probability measures that satisfy Eq.
3.3 and ensure u; ~ vi. Therefore, it is necessary to specify a path of probability

measures to effectively guide the learning of Gy.

By constructing the appropriate Gaussian and conditional probability measures
and leveraging optimal coupling together with the dynamic Kantorovich formula-
tion (Chizat et al., 2018), we propose marginal (dynamic) optimal-transport flow
matching in function space; detailed theory development and proofs are provided
in Appendix B.6 and B.7. In the next subsection, we show how to generalize flow

matching to stochastic processes, which is induced by the function space derivation.

Generalizing Flow Matching to Stochastic Processes

Stochastic processes are inherently infinite-dimensional and define distributions over
any collection of points (Brémaud (2020), Chapter 5.1). We generalize the above
marginal optimal transport flow matching on function spaces to stochastic processes

by defining the transport map on any collection of points. We then show that, as
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the collection of points covers the space in the limit, this generalization recovers

infinite-dimensional flow matching implemented with neural operators.

For any n and points {x{, x3, ..., X, }, consider an ODE system in which a vector of
random variables uy € R” is gradually transformed into #; € R", for which, the ith
entry is equal to u(x;), via a smooth, time-varying vector field, denoted by G; with

abuse of notation.

s = o) = uo + / Go(uy)ds 3.5)
0

Here, the neural operator is applied to a collection of point evaluations. Given
the set of points and the density of pg := po ({uo(x1),uo(x2),...,uo(x,)}) =
N (0,K ({x1,x2,...,x,})), where K is a n X n covariance matrix with entries
described by kernel function k(x;,x;) and ug ~ po, the time-varying density p;
induced by the diffeomorphism ®; or G; can be computed, extending the transport

equation Eq. 3.2 to collections of points,

Op:(u;) _

ot —(V-(Gipo)) (uy) (3.6)

Eq. 3.6 shows that constructing p; is equivalent to constructing G; for finite entries
for which the analysis carries to finite collections of random variables. In the
following, we refer to p, as the marginal probability path induced by G, for the
given collection of points. From Eq. 3.6, the log density can be computed through

integration,
t
fog pu () = 10g poluo) = [ (V- G0)(u)ds (37)
0

In this formulation, we are seeking a specific vector field that transports density
qo to target density ¢ for any n and any collection of points {xi,x»,...,x,} with
boundary conditions po = qo, p1 = q1. Extending optimal transport flow matching
to stochastic processes, we parameterize the vector field G; with a neural operator

Gy, which is optimized through the flow matching objective for SPL,

Liv = sup  SUp Eyog0.1)u,~p, 1Go (1 ur) = Gi(uy) > (3.8)

n X1, Xn )

Note that p, and u; depend on the point collocations. In the above equation, the
suprema are intractable and we replace them with an expectation as a soft approx-
imation (see Appendix B.1. QS5 for a detailed discussion of the approximation).
Moreover, the true G; is usually unknown and to address it, we derive a probability

path conditioned on latent variable z of the same alphabet size as the collection.



44

Consequently, the marginal probability path p,(u,) is a mixture of conditional prob-

ability paths p,(u;|z),

poluy) = / po(url)a(2)dz (3.9)
Gi(ur) =By [gt(ui%:)(ulk)]' (3.10)

Given Eq. 3.10, the conditional flow matching (CFM) objective is defined as,

Lerm = EnBry0,Br g (0ol |Go (8, 1) = G (ue|2) |17, (3.11)

Egs. 3.11 and 3.10 have an identical gradient for 0, i.e. VoLrMm(0) = VoLcrm(0).
Inspired by the finite dimensional developments (Tong et al., 2024), the variable z is
chosen as a couple (ug, u1) from the coupling 7 (up, u1) = q(z), which is achieved

by minimizing the dynamic 2-Wasserstein distance,

1
Wan(ao: g3 = inf [ [ pu(u) 16 )P (3.12)
91 nJ0
Under mild conditions on R", this is equivalent to the static 2-Wasserstein distance,
Wsa(q0, q1)5 = inf/ lluy = uol|*dr (uo, uy). (3.13)
nell RAXRM?

Considering the class of Gaussian conditional probability paths

pi(uf|z) = N(uelm(2), U't(Z)zK ({x1,x2, ..., x,}))

with conditional flow ®; (ug|z) = orug+m;. Specially, we choose m; = tu+(1—t)ug
and oy = o, where o > 0 is a small constant. Then we have the following
closed-form expression for the corresponding vector field (full derivation provided

in Appendix B.8)
Gi(uslz) = ur —uo (3.14)

With the aforementioned developments, for any collection of points, we transport
a Gaussian distribution to a target distribution. The Gaussian distribution is drawn
from a GP, with its covariance matrix K (xy, - - - , x,) determined by the kernel func-
tion k(x;, x;) of the GP. According to Kolmogorov extension theorem (KET) (Kol-
mogorov, 2018), there exists a valid stochastic process whose finite-dimensional
marginal is the pushforward distribution under Gy. This demonstrates that the gen-
eralization of flow matching to infinite-dimensional spaces with neural operators

naturally induces the generalization of flow matching to stochastic processes. In the
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scenario where the limit of points covers the space, these two become equivalent.

For a detailed explanation and proof, please refer to Appendix B.3 and B.4.

Our framework extends seamlessly to alternative probability paths, such as those
in stochastic interpolants and rectified flow (Albergo et al., 2022; Liu et al., 2022),
because the generalization to stochastic processes is decoupled from any specific
path. However, we focus on the OT path in this work for two reasons: (1) ablation
and scaling studies show that it accelerates inference and enables more accurate prior
learning compared to independent coupling (Table B.6, and Appendix B.16); (2)
theoretically, the OT path (straight line) simplifies the Jacobian evaluation required
for likelihood estimation (discussed in the next subsection), yielding greater stability

and speed than arbitrary paths.

Likelihood Estimation and Bayesian Universal Functional Regression

We parameterize Gy with FNO (Li et al., 2020b) to ensure our model is resolution
agnostic, and assume Gy learns a map from v to v, which serves as the prior. In
practice, we deal with discretized evaluations of functions that may have different
sampling rate and resolution. For instance, consider a function u sampled from
v1, observed on a collection of points u; := {u(xy),u(x2),...,u(x;)}; thus we
have a density function P(u«) defined on collection of points {x{, x2, ..., x,,, }, where
P(up) is derived from measure v;. This is similar to how a multivariate Gaussian
distribution can be derived from a Gaussian measure characterized by a Gaussian

process. Therefore, we can rewrite Eq. 3.7 as:

1
log B(u1) = log P(uo) — /0 (V - Go) ) (3.15)

where ug is drawn from the reference Gaussian measure vg, which is also defined
on the collection of points {x1,x2, ..., X,y }. Thus, P(ug) is a multivariate Gaussian
with a tractable density function. Furthermore, with the probability density function
P(u;), we can evaluate the precise likelihood of any u; from P(u;) via Eq. 3.15.
However, following a similar argument to Grathwohl et al. (2018), the computation
of V-Gy(u) incurs a cost of O (m?) where m is the cardinality of {x{, x2, ..., x,, }. This
quadratic time complexity renders the likelihood calculation prohibitively expensive.
To address this issue, we adopt the strategy proposed in Grathwohl et al. (2018),
using the unbiased Skilling-Hutchinson trace estimator (Hutchinson, 1989; Skilling,
1989) to approximate the divergence term. This technique reduces the computation

cost to O(m), which is the same as the cost of inference, thereby streamlining the
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evaluation process. The estimator is implemented as follows:

Tagﬁ(u’ t)g

V- Go(u;) = Ep(s) [e 9

] (3.16)
In the unbiased trace estimator, the random variable ¢ is characterized by E(g) = 0
and Cov(g) = I. This estimator benefits from the optimal transport nature of the
map which gives rise to a direct line. The gradient computation in Eq. 3.16 can be
efficiently handled with reverse-mode automatic differentiation, allowing for precise
estimation with arbitrary error by averaging over a sufficient number of runs, which

can benefit from parallel computing of GPUs.

With the efficient tool established for estimating the likelihood of any discretized
function samples, we now turn our attention to UFR, i.e., Bayesian functional re-
gression with a learned prior. Consider a collection of pointwise observations of
the underlying unknown function drawn from v, corrupted with Gaussian noise,
denoted as {u(x1), u(x2), ..., u(x,)} or {u(x;)}7_,. We specifically focus on Gaus-
sian white noise characterized by € ~ N (0, o?), such that w(x;) = u(x;) + ¢ for
i € {l,---,n} (depending on the nature of the problem, the noise may also be con-
sidered as a correlated GP noise). In UFR setting, we are interested in the posterior

distribution over new m > n points that include the n observation points.
Proposition 3.3.1. Given noisy observations {u(x;)}!_,, the posterior distribution
is

i) = u(x)?

202

log P ({u(x)}1,

(@)Y, ) = +logP ({u(x) 1)) +C

(3.17)

Where the constant C = -3 log(2no?) — log P ({i[(x,)}l”:l)

Proof. This is derived from Bayes’ theorem, along with the translation invariance

property of the Gaussian distribution, see the full proof in Appendix B.9 O

Given this form of the posterior distribution, we adopt SGLD (Welling et al., 2011)
to efficiently sample from it, and then derive statistical features of interest, e.g.
mean, maximum a posteriori, and posterior uncertainty, i.e., variance, from the
posterior samples. More specifically, we follow the posterior sampling strategy
developed by Shi et al. (2024a), which, given an invertible framework, suggests
SGLD sampling within the input GP space where the Gaussian measure v is defined

and Langevin dynamics is native to, and then mapping to the data function space
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(where data measure v is defined). We also present a scaling study in Appendix B.16
analyzing the variance introduced by the Hutchinson trace estimator, demonstrating
its robustness and effectiveness when paired with SGLD sampling. Last, Eq 3.17
offers a unified view of prior and posterior sampling with flow matching models by
showing that when no observations are present, the posterior collapses to the prior
(up to a constant), making the posterior sampling process identical to that of the

prior.

Finally, we provide a plain-language summary of the framework to help the reader

better understand the paper (with a detailed discussion available in Appendix B.17),

* OFM is an expressive, flow-based generative model that learns a prior over
functions (stochastic process): a neural operator parameterizes a continuous
probability flow that transports samples from a simple reference Gaussian
process to data-like functions, yielding an explicit prior with a tractable den-

sity.

* It excels at functional regression by treating functions as first-class objects
rather than mere pointwise values (unlike NPs), yielding predictions that are

consistent across resolutions and arbitrary query sets.

* The learned flow is invertible, enabling change-of-variables for likelihoods
and principled Bayesian regression, yielding calibrated uncertainty from few

observations.

3.4 Experiments

In this section, we demonstrate the superior regression performance compared to
several baselines across a variety of function datasets, including both Gaussian
and highly non-Gaussian Processes. As baselines, we employ standard GP Regres-
sion (Williams et al., 2006), Deep GPs (Salimbeni et al., 2017; Jankowiak et al.,
2020), Conditional models (Garnelo et al., 2018; Kim et al., 2019; Gordon et al.,
2019), and OpFLow (Shi et al., 2024a).

For our function datasets, we analyze: (1) Gaussian and non-Gaussian with known
posterior, including 1D GPs, 2D GPs, and 1D Truncated GPs, (TGP). (2) Highly
non-GPs, datasets with unknown posterior, such as those derived from Navier-Stokes
equations (Li et al., 2020b), black hole dataset from expensive Monte Carlo simula-
tion, and 2D Signed Distance Functions extracted from MNIST digits (MNIST-SDF)

(Sitzmann et al., 2020). During regression, we assume that the prior Gy is always
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successfully trained and remains frozen. Details about the learning process for
priors and experimental setup for regression are provided in the Appendix B.13,
B.15.
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Figure 3.3: OFM regression on GP data. (a) Ground-truth GP regression with
observed data and posterior samples. (b) OFM regression with observed data and
posterior samples. (c) Standard-deviation comparison between the true GP posterior
and OFM predictions.
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Figure 3.4: OFM regression on transformed Gaussian process data.

1D GP data. This experiment replicates the results of classical GP regression,
wherein the posterior distributions are precisely known in a closed form. The
process involves generating a single new realization from the data measure v;.
We then select observations at n = 6 randomly chosen positions, incorporating a
predefined noise level. The posterior is inferred across m = 128 positions, which
includes estimating noise-free values at the observation points. We evaluate our
results with two commonly used quantities in the GP literature (1) Standardized Mean
Squared Error (SMSE) that normalizes the mean squared error by the variance of the
ground truth; and (2) Mean Standardized Log Loss (MSLL), originally introduced
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by Williams et al. (2006), defined as:

{uCx)yty = {aGa)}r))?

202

~log p({u(x) Y @) YLy) = 5 log(2n?) +
(3.18)

where {u(x;)}!| represents observations, {x;}7,, {u(x;)}",, indicate the new po-
sitions queried, and the test data (true posterior samples). Meanwhile, {iz(x;)}?"
and o2 are predicted mean and variances from the model. We average out SMSE
and MSLL over a test dataset containing 1000 true GP posterior samples for all
models. The performance of each model is detailed in Table 3.1. From Fig. 3.3,
the regression with OFM matches the analytical solution well and provides realistic
posterior samples. We further include GP regression tasks using more complex
kernels (Gibbs and Rational Quadratic kernel), as shown in Appendix B.14, OFM

consistently outperforms all comparative methods across all metrics.
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Figure 3.5: OFM regression on black hole data with resolution 64 X 64. (a) 32
random observations. (b) Ground-truth sample. (c) Predicted mean from OFM. (d)
One posterior sample from OFM. (e) One posterior sample from the best fitted GP.
(f) Predicted mean from ConvCNP. (g) One posterior sample from ConvCNP.

Truncated GP data. In this experiment, we analyze the regression performance of
OFM for tractable non-GP. Specifically, we work on truncated GP (Swiler et al., 2020;
Shi et al., 2024a), which constrains the function amplitude within a specified range.
This is achieved by applying a sampling-rejection strategy on samples from the GP
prior. We set the bounds of our TGP to [—1.2, 1.2] and perform regression using
observations only at three points, while estimating the posterior across m = 128
points. Subsequently, we sample 1000 true TGP posteriors from the GP prior to
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Table 3.1: Comparison of OFM with baseline models: GP regression; OpFlow (Shi
etal., 2024a); Conditional models: NP ( Garnelo et al., 2018); Attentive NP ( Kim et
al., 2019, ANP); Convolutional Conditional NP ( Gordon et al., 2019, ConvCNP);
Deep variational GP ( Salimbeni et al., 2017, DGP); Deep Sigma Point Process
( Jankowiak et al., 2020, DSSP); Metrics SMSE and MSLL used for 1D and 2D GP
example. Mean squared error for the predicted mean (u) and standard deviation (o)
are used for TGP example. Performance of GP regression for 1D and 2D GP are
removed (marked with *—’), which are taken as the ground truth. Best performance
in bold.

Dataset — 1D GP 2D GP 1D TGP
Algorithm | Metric »  SMSE MSLL SMSE MSLL u o

GP prior - - - - 6.4-1072 1.6-1072
NP 6.1-107" 45.10° 1.7-10°" 2.1-10° 1.0-107! 1.9.1072
ANP 51-107! 98-107! 1.6-10°! 1.1-10° 1.4-10"! 1.7-1072
ConvCNP 56-10°" 27-107" 1.7-107" 45.107" 1.6-1072 2.1-1073
DGP 41-107! 6.8-1072 1.8-10° 42-10° 49.107! 1.4-1072
DSPP 47-107" 65-10° 1.9-107" 6.6-10° 1.1-1072 1.3-1072
OpFlow 50-107" 2.0-10°" 1.4-107" 1.1-107' 1.3-10"2 3.9-1073

OFM(Ours) 41-107' 55.102 1.3-10°! 1.6-107" 52-1073 95.10°*

calculate the mean and standard deviation. Traditional metrics like MSLL and
SMSE, which assume a Gaussian posterior, are not suitable for TGP. We evaluate
the performance using the mean squared error for both the predicted mean and
standard deviation. The results are reported in Table. 3.1, and illustrated in Fig. 3.4.
OFM accurately learns the specified bounds and provides accurate estimations of
mean and standard deviation, along with realistic posterior samples. In contrast,
directly applying GP regression exceeds the bounds and yields unrealistic posterior

samples.

2D GP data. Similar to the 1D GP example, we extend our regression analysis to
2D GP data. As shown in Fig. B.1 and detailed in Table 3.1, OFM provide accurate
posterior estimation. The relative error shown in Fig. B.1 is the absolute error
normalized by the maximum absolute value of the mean prediction derived from

the ground truth GP regression.

Navier-Stokes, Black hole and MNIST-SDF datasets. We collected a 2D Navier-
Stokes dataset and applied OFM for the regression. Unlike the GP experiments, where
MSLL and SMSE score serve as standard benchmarks, evaluating the performance
of models on general non-GPs presents a significant challenge due to the difficulty
of determining the true posterior and lack of benchmarks. Moreover, the evidence

term in the posterior (Eq. B.23) is intractable, so the likelihood cannot serve as a
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meaningful evaluation metric in our setting. A detailed discussion is provided in
Appendix B.1.

We present the predicted mean and a posterior sample in Fig 3.2 for visual compar-
ison with the ground truth. The predicted mean and the posterior sample are closely
aligned with the ground truth. In contrast, traditional GP regression and NP models
failed to accurately capture the dynamics of the Navier-Stokes data. In Fig. 3.5,
we conduct a similar analysis using a simulated black hole dataset. Here, OFM
provides a much more realistic mean and posterior sample that capture the density
and swirling patterns of the black hole. Once again, GP regression and NP fail to
capture these key statistics. We observe similar outcomes when applying OFM to
the MNIST-SDF example (Fig B.3), where OFM correctly recognizes the number

"7" while GP regression does not.

3.5 Conclusion

In this paper, we proposed Operator Flow Matching (OFM) for stochastic process
learning, which generalizes flow matching models to infinite-dimensional space
and stochastic process with optimal transport path. OFM efliciently computes the
probability density for any finite collection of points and supports mathematically
tractable functional regression. We extensively tested OFM across a diverse range
of datasets, including those with closed-form GP and non-GP data, as well as highly
non-GP such as Navier-Stokes and black hole data. In comparative evaluations,
OFM consistently outperformed all baseline models, establishing new standards in

stochastic process learning and regression.

Despite SOTA accuracy, our method is presently limited to low-dimensional do-
mains and demands larger datasets and more compute than GP-based baselines. see
Appendix B.1, B.15 and B.17 for details.
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Chapter 4

MESH-INFORMED NEURAL OPERATOR: A TRANSFORMER
GENERATIVE APPROACH

This chapter presents the Mesh-Informed Neural Operator (MINO), a domain- and
discretization-agnostic backbone for functional generative modeling. The goal is to
extend generative models in function spaces beyond regular grids and rectangular
domains, which are common limitations of Fourier-neural-operator-based imple-

mentations.

MINO combines graph neural operators with cross-attention mechanisms. The
graph neural operator acts as a geometry-aware tokenizer for functions sampled
on arbitrary meshes, while the cross-attention encoder and decoder map between
irregular input locations and latent representations. This design enables generative
modeling on both regular grids and irregular domains, while retaining the function-

space perspective of neural operators.

The chapter evaluates MINO on a suite of regular- and irregular-grid benchmarks,
including Navier—Stokes, shallow-water, Darcy-flow, cylinder-flow, Mesh-GP, and
global-climate datasets. The results show that MINO achieves strong generative
performance and supports zero-shot generation at different spatial resolutions. The
chapter also introduces Sliced Wasserstein Distance and Maximum Mean Discrep-

ancy as general-purpose metrics for evaluating functional generative models.
The contents of this chapter are adapted from our publication (Shi et al., 2025):

Shi, Yaozhong, Zachary E. Ross, Domniki Asimaki, and Kamyar Azizzadenesheli
(2025). “Mesh-Informed Neural Operator : A Transformer Generative Approach”.

In: Transactions on Machine Learning Research. issn: 2835-8856.

Additional details for this chapter are provided in Appendix C. The code associated
with this chapter is available at https://github.com/yzshi5/MINO.

4.1 Introduction
Generative models are powerful tools for fields dealing with complex data distribu-
tions, with recent advances in diffusion and flow matching models demonstrating

impressive capabilities for synthesizing high-fidelity images (Song et al., 2020; Ho
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et al., 2020; Lipman et al., 2022), audio (Liu et al., 2023; Huang et al., 2023), and
video (Jin et al., 2025). These models excel at learning highly complicated probabil-
ity distributions in finite-dimensional spaces. However, numerous fields in science
and engineering—such as seismology, biomechanics, astrophysics and atmospheric
sciences—primarily deal with data that inherently reside in infinite-dimensional
function spaces. Moreover, in many cases, the data collected in these fields are
functions sampled on heterogeneous networks of sensors, or even on manifolds
(e.g., global seismic networks or weather stations on Earth’s surface). Functional
generative models are especially important for these fields because they routinely
deal with several broad (sometimes overlapping) challenges: (i) uncertainty quan-
tification in physical units, (ii) the inherent non-uniqueness present in, €.g. solutions
to inverse problems, and (iii) the need to model stochastic or latent fields that are
effectively unobservable, which are better handled probabilistically. Together, these
factors necessitate a paradigm shift towards generative models that operate directly

in function spaces.

Recent studies have generalized various generative paradigms to function spaces (Rah-
man et al., 2022; Shi et al., 2024a; Shi et al., 2024b; Kerrigan et al., 2022; Kerrigan et
al., 2023; Lim et al., 2025; Seidman et al., 2023) by leveraging neural operators (Az-
izzadenesheli et al., 2024; Kovachki et al., 2023). Despite these advancements, two
critical bottlenecks hinder the broader adoption and rigorous evaluation of func-
tional generative models. First, current implementations are predominantly based
on FNO (Li et al., 2020b) as their backbone. However, FNO implementations are
restricted to regular grids on rectangular domains, thereby preventing the realiza-
tion of many key theoretical benefits. Second, prior studies rely on dataset-specific
metrics, making it difficult to compare functional generative models across datasets

and to draw robust conclusions about generative quality.

This study addresses the aforementioned limitations of functional generative models.

Specifically, our contributions are summarized as follows:

* We introduce MINO, a domain-agnostic functional generative backbone.
Our comprehensive experiments show that MINO achieves state-of-the-art
(SOTA) performance on a diverse suite of benchmarks with regular and ir-

regular grids.

* We demonstrate through analysis and experiments that Sliced Wasserstein

Distance (SWD) and Maximum Mean Discrepancy (MMD) are efficient, ro-
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Figure 4.1: Overview of the MINO architecture. The geometry encoder uses a
GNO as a domain-agnostic tokenizer, followed by several cross-attention blocks and
an optional latent processor. The decoder then employs a distinct cross-attention
mechanism to map the latent representation back to the target locations.

bust, dataset-independent metrics for evaluating the performance of functional

generative models on regular and irregular grids.

* We propose a novel framework that integrates operator learning with mod-
ern deep learning practice. By using a graph neural operator as a domain-
agnostic tokenizer and embedding tailored cross-attention modules in both
the encoder and decoder, our design avoids information bottlenecks present
in prior encoder-processor-decoder neural operators, allowing any powerful,
finite-dimensional network (e.g., U-Net or Transformer) to serve as the latent

Processor.

4.2 Preliminaries

Neural operators. Neural operators learn mappings between function spaces, ex-
tending deep learning beyond the fixed-dimensional vectors handled by classical
networks. This function space perspective is especially important for scientific
computing that is governed by partial differential equations (PDEs) (Kovachki et al.,
2023; Liet al., 2020b). A core theoretical property of neural operators is discretiza-
tion convergence (agnosticism): as the mesh of input function is refined, the predic-
tion approaches the unique continuous solution (Kovachki et al., 2023). The Fourier
Neural Operator (FNO) (Li et al., 2020b) achieves this property via spectral-domain
convolutions, achieving quasi-linear complexity on regular grids. Its global mixing

excels at capturing long-range dependencies but may miss fine-scale detail (required
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for generative tasks) unless many Fourier modes are retained (Liu-Schiaffini et al.,
2024).

For handling functions on irregular grids, Graph Neural Operator (GNO) (Gilmer et
al., 2017; Li et al., 2020c) remains a powerful candidate. GNO shares the message-
passing functionality of Graph Neural Network (GNN), but differs in that the search
radius for neighbors is defined in physical coordinates and made consistent across
resolutions to guarantee discretization convergence. This results in GNO having a
local receptive field, however it is computationally inefficient for certain tasks (Li
et al., 2023; Liu-Schiaffini et al., 2024) and often struggles to learn the high-
frequency information required for many generative models. This difficulty arises
from the standard message-passing mechanisms, which tend to act as low-pass
filters (Li et al., 2018; Di Giovanni et al., 2022). More recent work has focused on
improved scalability and performance aspects of Neural Operators on irregular grids
and non-rectangular physical domains, e.g., Geometry-Informed Neural Operator
(GINO), Universal Physical Transformer (UPT), Latent Neural Operator (LNO), and
Transolver (Li et al., 2023; Alkin et al., 2024; Wang et al., 2024b; Wu et al., 2024).
However, it remains unclear whether these architectures will also be effective for

functional generative modeling on irregular grids (see Appendix C.3).

Functional generative models. Classical generative models learn a mapping from
a simple base distribution (e.g., multi-variate Gaussian) to a target finite dimensional
data distribution. Alternatively, the functional perspective frames this problem in
infinite-dimensional spaces. A sample function f; : D — R/4_with D denoting
the domain of the function, is treated as a sample from a target probability measure
uy over a function space. The discrete samples are formed by evaluating f; on a
set of grid points of locations. Functional generative models often aim to learn
a mapping between function spaces by training a neural operator to transform a
function fp sampled from a simple base measure pg (typically a Gaussian random
field measure N (0, C)) into a function f; that follows the target measure u;. The
distribution of the discrete data is thus a finite-dimensional marginal of the true data

measure g1.

Adopting this perspective, functional generative models offer several key benefits

not generally available in their traditional finite-dimensional counterparts:

» Flexible domain geometries: The function domain D is not required to be

rectangular; it could be an irregular domain or even a manifold. Such flexibil-
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ity is ideal for many real-world scenarios in science and engineering, such as
modeling rainfall over a city with an irregular boundary, or modeling weather

patterns on the Earth’s surface.

* Discretization agnosticism (mesh invariance): By learning a probability mea-
sure over functions, functional generative models can be trained on samples
with varying discretizations and can subsequently generate new function sam-

ples at any desired discretization in a zero-shot manner.

* Inference-time control and guidance in function space: Functional diffu-
sion/flow models enable the incorporation of inference-time scaling rules and
precise guidance signals directly within function spaces. For instance, this
facilitates the development of probabilistic PDE solvers that can rigorously
enforce hard boundary conditions or other external controls during genera-
tion (Cheng et al., 2025; Yao et al., 2026).

» Universal functional regression via stochastic process learning: By lever-
aging invertible trajectories derived from neural operators, it is possible to
perform functional regression with learned (non-Gaussian) stochastic process
priors (Shi et al., 2024a; Shi et al., 2026b). These learned distributions are
capable of providing exact prior and posterior density estimation for a general

stochastic process.

Flow matching in Hilbert space. Recent work has established a rigorous mathe-
matical framework for extending flow matching to Hilbert spaces (Kerrigan et al.,
2023), Functional Flow Matching (FFM), where a velocity field is learned to trans-
port a base Gaussian measure to a target measure. This was further built upon by
Operator Flow Matching (OFM) (Shi et al., 2026b), which extended the paradigm

to stochastic processes and incorporated a dynamic optimal-transport path.

The core idea of FFM/OFM is to learn a continuous path of functions, f; for
t € [0, 1], that transforms samples f; from a base Gaussian measure  into samples
/1 from a target data measure p;. This transformation is governed by an Ordinary
Differential Equation (ODE) whose velocity field, vy, is parameterized by a neural

operator with weights 6:

df,
i vo(fi,1) 4.1)

For training, OFM draws pairs of functions (fy, fi) from a mini-batch optimal

coupling m(uo, 1), which is achieved by minimizing the 2-Wasserstein distance
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between po and p;. The base measure, uo, is typically a Gaussian measure N (0, C),
where C is a trace-class covariance operator. The framework then defines the
path f; as a linear interpolation between fy and fi, ie., f; = (1 —=t)fo +tf1. f
induces a time-dependent probability measure y;,, such that at # = 0, 1, = po and
t = 1,u; = uy. This specific choice yields a simple ground truth expression for
the velocity, v; = fi — fo. The training objective is then to minimize the Mean
Squared Error (MSE) between the parameterized velocity field vy (f;,#) and this
target v;. To generate a new sample, one draws fy ~ wo and solves the learned
ODE numerically. While functional diffusion models offer a related framework,
they typically rely on Stochastic Differential Equations (SDEs), which introduce an
additional perturbation term with longer generation time and inferior performance
compared to ODE-based flow matching (Lim et al., 2025; Kerrigan et al., 2022). A
fundamental property of both paradigms is domain alignment: for a given trajectory,
all evolving functions f; must be defined on the same fixed spatial domain D. (u; €
P (L*(D;R/4m))). Crucially, the theory allows this domain D to be geometrically
complex; it is not restricted to a rectangular shape and can be a domain with an
irregular boundary or even a manifold. However, this theoretical flexibility has been
underutilized in practice, as existing implementations predominantly rely on FNO,

which restricts them to domains discretized by regular grids.

Grid-Based Architectures. The modern U-Net architecture used in diffusion mod-
els (Rombach et al., 2022) has become a de-facto standard for generative tasks on
grid-like data. These advanced U-Nets are distinct from the variant used in some
earlier neural operators (Rahman et al., 2023), the U-Net can effectively capture
multi-scale information through their hierarchical structure, skip connections, and
integration of attention and residual blocks. Nevertheless, they remain constrained
to regular grids due to their reliance on standard convolutional neural network ker-
nels. Another prominent line of work involves Transformer-based architectures.
Standard Vision Transformers (ViTs) and Diffusion Transformers (DiTs) (Dosovit-
skiy et al., 2020; Peebles et al., 2022), first "patchify" the input into non-overlapping

. . . 2
blocks and then apply full self-attention, incurring O(Npatc

) time complexity. For
images, Npaeh < H X W (Height and Width), yet the patchify operation creates
discontinuities at block borders that can lead to checkerboard artifacts (Fang et al.,
2023). Moreover, both ViT and DiT presuppose a fixed rectangular grid so that

patchification is well defined.
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Table 4.1: Comparison of MINO with other architectures. "local — global" recep-
tive field gathers global context through stacked local operations. "local + global"
receptive field combines local and global information directly. A detailed discussion
is provided in Appendix C.3

Architecture  Efficient Receptive field Irregular grid Discretization convergent Frequency learnt

GNN X local v X low
GNO X local 4 v low
FNO v global X v low + high
U-Net v/ local — global X X low + high
ViT/DiT v global X X low + high
GINO v local — global v v low
UPT v local — global 4 v low
MINO [Ours] local + global 4 v low + high
4.3 Methods

Our proposed architecture, MINO, provides an effective solution for functional
generative models on non-rectangular domains with irregular grids. It integrates
powerful deep learning backbones with neural operators in a manner that is tailored
for improving functional generative performance. Specifically, this is achieved by
combining GNO with cross-attention mechanisms (see Table 4.1). As illustrated in
Figure 4.1, the GNO in the encoder can be viewed as a domain- and discretization-
agnostic alternative to the "patchify" operation. By injecting the input function
representation into both the encoder and the cross-attention decoder, our framework

benefits from both local and global receptive fields.

In the following, we outline the MINO architecture. We specifically focus on its
use in the flow matching paradigm to learn velocity fields, as illustrated in Fig. 4.2.
Although our primary application is generative modeling, the MINO architecture is
general-purpose and can be used for other operator learning tasks, such as solving

PDEs, with minor adjustments.

Problem Formulation. Within the flow matching paradigm, MINO takes three
primary inputs: a noisy function f;, the set of its observation positions f,,s, and
the corresponding time step t, along with any optional conditioning variables.
Specifically, the input function f; is represented by its values at Nj, discrete lo-
cations, fos = { pi}f.f‘i. These locations are a discretization of a continuous domain
D c RPam_ Note that Nj, can be different per sample. The codomain (channel)
of f; has dimension fgin, resulting in an input tensor of function values with shape
[ faim> Nin]. The output is another function (velocity field v;) at these same locations.

In the context of flow matching or diffusion, the output dimension matches the input,
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Figure 4.2: Inference and zero-shot Generation with MINO. (a) MINO gradually
transforms a GP sample to the data sample under flow matching paradigm. (b) Zero-
shot generation at varying spatial scales by directly transforming finer GP samples
to finer data samples.

so the target output also has a shape of [g4im, Nin|, where gdgim = fdim-

The MINO framework is inspired by the encoder-processor-decoder structure of
prior architectures like GINO and UPT. Our model consists of three main compo-
nents: (i) a geometry encoder, (ii) an (optional) latent-space processor, and (iii) a
cross-attention decoder. We introduce several key modifications to this design that
significantly improve performance on functional generative tasks, as detailed in the
following subsections.

Geometry Encoder. First, we apply sinusoidal embeddings (Vaswani et al., 2017;

Peebles et al., 2022) to the time step t and the observation positions fj,s, yielding temp
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and pemp respectively, as shown in Eq. 4.2. The input function f; is then concatenated

with the embedded positions pemp along the codomain before being passed to a GNO

Nin
i=1 10

a latent representation on a predefined regular grid of query points { p;!uery }y;“i“e.

The GNO mapping is based on neighbor-searching within a fixed radius r, where

layer; this maps the function from its potentially irregular discretization {p;}

Nnode < Nj,. Following this GNO layer, a linear layer projects its output ftE into hoE
of Shape [Ldima Nnode] .

This initial latent representation h0E is then processed by M; blocks of Multi-Head
Cross-Attention (MHCA). Importantly, the key-value (KV) pair for all attention
blocks is fixed as hOE, while the query (Q) is the output of the previous MHCA
layer hJE_l, and the time embedding temp is used for conditioning. We found this
configuration yields better performance than the standard self-attention used in DiT,
with comparisons provided in Appendix C.5. Thus, for this entire component of the

architecture, we have the following,

Pemb = Emb(fpos)» temb = Emb(t) 4.2)
ff = GNO(concat(MLP(f;), pemp)), hf = Linear(fF) (4.3)
hf = MHCA(Q =hf’ |, KV =h§.C =temp).  j=1.--- .M.  (44)

The output of the geometry encoder has a fixed size of [Lgim, Nnode], Which is

independent of the manner in which the input function f; is discretized.

Latent-Space Processor. Given that the latent representation hf,ll has a fixed size,
any suitable neural network (NN) can act as the processor. In our implementation, we
use a Diffusion U-Net, known for being a strong backbone in generative modeling.
It is important to note that this processor is optional; MINO remains a well-defined
neural operator without it, although we found that its inclusion generally improves
performance. The processor’s input is conditioned on teny,, whereas its output, h¥,

maintains the same shape as its input,

h® = NN(h};, , temb) (4.5)

Cross-Attention Decoder. The decoder employs a different cross-attention mech-
anism from that of the encoder to enable mapping the latent representation back
into the output velocity field at the original observation locations. Specifically, f; is
first processed by an MLP and then concatenated with pemp to form fP. In a single

cross-attention block, fP serves as the query (Q), while the key-value (KV) pair is
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taken from the output of the optional processor h¥ (or hE/Il if the processor is omit-
ted). The time embedding temp provides conditioning. Finally, a LayerNorm and a
linear transformation are applied to the output of this attention block to produce the

estimated velocity field vy.

f? = MLP(concat(MLP(f;), Pemb)) (4.6)
h? = MHCA(Q =P, KV = h?, C = temp) 4.7)
v¢ = Linear(LayerNorm) (hll)) (4.8)

A detailed comparison of the MINO framework to prior neural operator architectures
is provided in Appendix C.3, with an ablation study of our model’s components in
Appendix C.5

4.4 Experiments

In this section we empirically evaluate MINO and other baselines on a suite of
functional generative benchmarks under the OFM (Shi et al., 2026b) paradigm
due to its concise formulation and SOTA performance among functional gener-
ative paradigms. For each task we parameterize the velocity field vy (f;, ) with
different neural-operator backbones to study how the choice of architecture affects
performance. The benchmarks cover both regular and irregular grids, providing a
comprehensive assessment. To the best of our knowledge, this is the first systematic
comparison of modern neural-operator architectures on function-generation prob-
lems. We evaluate two variants of our proposed architecture: (i) MINO-U: a Diffu-
sion U-Net as the latent space processor, and (i) MINO-T: a pure Transformer-based
variant without the latent space processor, where the encoder receives additional
cross-attention blocks.

Table 4.2: Summary of experimental benchmarks, covering diverse domains with
both regular and irregular grids

Geometry Datasets Domain Co-domain Mesh Training Samples Test Samples
Navier Stokes D c R? 1 4,096 30,000 5,000
Regular Grid Shallow Water D c R? 1 4,096 30,000 5,000
Darcy Flow D c R? 1 4,096 8,000 2,000
Cylinder Flow D c R? 3 1,699 30,000 5,000
Irregular Grid ~ MeshGP D c R? 1 3,727 30,000 5,000
Global Climate S* c R? 1 4,140 9,676 2,420

Datasets. We curated a benchmark of six challenging functional datasets to evaluate

performance across different domain types: (i) Rectangular Domains and Regular
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Grids: We use Navier-Stokes (Li et al., 2020b), Shallow Water equation (Takamoto
et al., 2022), and Darcy Flow (Takamoto et al., 2022) datasets. (ii) Irregular
Domains and Grids: We use the Cylinder Flow dataset (Han et al., 2022), a synthetic
Mesh-GP dataset on irregular meshes (Zhao et al., 2022), and a real-world global
climate dataset (Dupont et al., 2021). These datasets are summarized in Table 4.2.
Detailed descriptions of the datasets and their associated preparation are provided

in Appendix C.1.

Baselines. To ensure a thorough comparison, we selected several state-of-the-art
neural operators tailored to different domains : (i) For irregular grids, we bench-
mark against leading architectures including the Universal Physical Transformer
(UPT) (Alkin et al., 2024), Latent Neural Operator (LNO) (Wang et al., 2024b),
Transolver (Wu et al., 2024), and Geometry-Informed Neural Operator (GINO) (Li
et al., 2023). (ii) For regular grids, we further include the Fourier Neural Operator
(FNO) as a strong, established baseline. To ensure a fair assessment, the parameter
counts (or computational budgets) of all baseline models were carefully matched
to our variants. It is important to note that, with the exception of FNO, all eval-
uated models (including our MINO variants) are designed to be domain-agnostic
and process regular and irregular grids identically. A detailed description of the the

baseline implementation is provided in Appendix C.1.

Metrics. A significant current challenge in the field of functional generative mod-
els is the lack of standardized evaluation protocols. Previous studies often rely on
dataset-specific metrics, which prohibits fair and direct comparison between mod-
els (Rahman et al., 2022; Kerrigan et al., 2022; Shi et al., 2024a; Lim et al., 2025).
To address this gap, our work validates two robust and general metrics suitable
for estimating the distance between the learned probability measure v (from which
generated samples X are drawn) and the target probability measure u (from which

test samples (dataset) Y are drawn).

The first metric is the Sliced Wasserstein Distance (SWD) (Bonneel et al., 2015;
Han, 2023). SWD provides a computationally efficient yet powerful alternative to
the exact Wasserstein distance, which is often intractable in high dimensions. It
works by projecting high-dimensional distributions onto random 1D lines and then
averaging the simpler 1D Wasserstein distances. This approach converges to the
true Wasserstein distance as the number of projections increases and provides a
robust way to compare the geometric structure of two probability measures. For

two measures p and v in Hilbert space, SWD is defined as (Definition 2.5 of Han
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(2023)):
1
¥s(S) Jyoy=1

SWD},(u,v) = ( W} (04, 04v)ys(do) ’ (4.9)

Where base measure ¥; is strictly positive Borel measure defined on a sphere S, ‘W,
is the Wasserstein-p distance, and 6y, 83 v denote the pushforward measure of u, v

under the projection 8 separately. Further details are provided in Appendix C.2.

The second metric is the Maximum Mean Discrepancy (MMD) (Gretton et al.,
2012). Let X = LZ(D;Rfd"'") and choose a bounded, characteristic kernel k :
X x X — R with reproducing-kernel Hilbert space (RKHS) (H, ¢, -)x). Denote
the mean embeddings m,, = E[k(X,-)], m, = E[k(Y,-)]. Then MMD is defined
as

MMDg(X,Y) = ||my = myl|,, (4.10)

Because k is characteristicc MMDy = 0 if and only if ¢ = v. In Appendix C.2,
we show how to calculate SWD and MMD given discretized function samples,
and empirically verify that these metrics are valid, robust, and sample-efficient for

functional generative models.

Results. A visualization of the performance of MINO is provided in Figure 4.3
and as shown in Table 4.4, on regular grid benchmarks, our MINO variants achieve
SOTA performance: MINO-U achieves best performance on the Navier-Stokes
and Shallow Water datasets, while MINO-T excels on the Darcy Flow benchmark.
In contrast, several baseline neural operators (GINO, LNO, UPT) perform poorly.
Further analysis in Appendix C.3, C.4 suggests this is because these models primarily
learn low-frequency information and fail to capture the high-frequency components
essential for these generative tasks. FNO and Transolver achieve comparable, albeit
inferior, results to our models. Notably, beyond superior accuracy, our MINO
variants are also significantly more efficient than Transolver. Asdetailed in Table 4.5,
they require substantially less computation to train, are more GPU memory-efficient,
and achieve up to a 3.0x speedup during inference, demonstrating the efficiency of
the MINO architecture.

For tasks on irregular grids, our models continue to demonstrate top performance.
MINO-U achieves the best results on the Cylinder Flow benchmark, while MINO-T
is the top performer on the Mesh-GP and Global Climate benchmarks. Then, We
perform an ablation study, which confirm the effectiveness the each component of our
architecture, as detailed in Appendix C.5. Last, we provide additional experiments

in Appendix C.6 and C.7 to further demonstrate the superior performance of MINO.
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Figure 4.3: Visualization of generation and zero-shot super-resolution by MINO-U.
(a) Navier-Stokes samples generated on the original mesh (4,096 nodes) and a finer
mesh (25,600 nodes). (b) Global Climate sample generated on the original mesh
(4,140 nodes) and a finer mesh (16,560 nodes).

Table 4.3: Generation performance on benchmarks with irregular grids. Best
performance in bold

Dataset — Cylinder Flow Mesh-GP Global Climate
Model | Metric— SWD MMD SWD MMD SWD  MMD
GINO 46-10713.1-107Y 1.1-10% 3.6-1071 6.9-1071 5.1- 107!
UPT 73-107154-1071 421071 2.8-1071 7.4-107! 5.4- 107!
Transolver 25-100224-10729.1-1024.6-10228-107229.1072
LNO 53-10713.8-1071 3.5-1071 2.4-1071 6.7-107! 4.9- 107!

MINO-T (ours) 2.9-10722.6-107241-10723.0-10321-1072 1.4-10°2
MINO-U (ours) 2.3-107221-10272-10724.1-107228-1072 2.6-1072

4.5 Conclusions

In this paper, we introduce the Mesh-Informed Neural Operator (MINO), a novel
backbone for functional generative models that leverages graph neural operators
and cross-attention mechanisms. MINO operates directly on arbitrary meshes,
addressing the reliance on grid-dependent architectures like FNO and thereby en-
abling high-fidelity generation on complex and irregular domains. To complement
this architectural advance, we validate the Sliced Wasserstein Distance (SWD) and
Maximum Mean Discrepancy (MMD) as general-purpose metrics for fair and stan-
dardized model comparison. Our comprehensive experiments confirm the success
of this approach: MINO variants achieve state-of-the-art performance across a di-
verse suite of benchmarks while being substantially more computationally efficient

than strong competitors.

Additionally, the MINO framework helps bridge the gap between math-driven op-
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Table 4.4: Generation performance on benchmarks with regular grids. Evaluation
metrics include the Sliced Wasserstein Distance (SWD), Maximum Mean Discrep-
ancy (MMD), and Mean Squared Error (MSE) for spectra, autocovariance, and

point-wise density. Best performance is indicated in bold.

Datasets  |Model | Metric —| SWD MMD  Spectra-MSE Autocov-MSE Density-MSE
GINO 46-10713.7-1071  1.9-10? 4.6-1074 1.9-1072
UPT 6.0-107' 47-107' 25-10° 1.5-1072 4.0-1073
Transolver 53-10725.1-1072 1.1-10? 6.7-107% 2.0-107¢
Navier-Stokes LNO 52-10°1 3.8-10°!  2.0-10* 1.1-107! 5.0-1074
FNO 3.2-107226-1072  5.1-10! 22-1074 6.9-107°
MINO-T (Ours) [4.0-1072 3.6-1072 1.9-10' 6.8-10°° 1.6-107°
MINO-U (Ours) |2.8-10721.9-10"2 1.3-101 9.2-107° 14-1073
GINO 73-1071 5.1-107!  1.5-10? 1.8-107! 9.9.107!
UPT 8.6-1071 59.107!  3.1-102 4.0-1073 1.0-10°
Transolver 1.7-1072 1.8-1072 2.0-1072 1.2-107° 9.0-107¢
Shallow Water LNO 8.7-1071 6.5-10°1  2.1-10% 1.4-100 1.0-10°
FNO 1.0-100294-1073 7.9-1073 2.8-107° 1.0-1074
MINO-T (Ours) |9.8-1073 8.7-1073 1.6-1072 5.2-107° 2.0-107°
MINO-U (Ours) |4.0-1073 1.1-103 4.3.1073 51-1077 1.7-1073
GINO 40-10"13.0-10°! 5.5.10° 54-1072 1.8-1073
UPT 8.7-1071 46-10"!  6.0-10* 4.0-100° 7.5-1073
Transolver 22-100189-1072 4.8-10° 3.4-1071 3.0-1074
Darcy Flow LNO 55-1071 38107 2.7-10° 2.4-1071 1.0-1073
FNO 1.1-107' 3.6-1072 1.2-10° 8.4-1072 8.9.1073
MINO-T (Ours) [8.9-10234-10"2 9.1-10? 44-1072 9.4.107°
MINO-U (Ours) [9.5-1072 4.8-10"2 1.0-10° 7.7-1072 38-107°

Table 4.5: Computational efficiency and performance comparison between MINO
variants and Transolver during training and inference on Navier-Stokes benchmark.

Training Phase— Params GPU mem. (per sample) Training time (per epoch) Speedup
Transolver 15.0M 0.913 GB 734 s Ix
MINO-T (ours) 21.5M 0.429 GB 277 s 2.6%
MINO-U (ours) 192 M 0.419 GB 279 s 2.6
Inference Phase —» SWD MMD Generation time (per sample) Speedup
Transolver 0.053 0.051 1.49 s Ix
MINO-T (ours)  0.040 0.036 0.51s 2.9x
MINO-U (ours) 0.028 0.019 0.49 s 3.0x

erator learning and modern deep learning practice, unlocking the potential to apply

high-fidelity generative modeling to a broader range of complex scientific problems.

We believe our contributions will foster more rigorous and rapid advancement in

the field of functional generative modeling.
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Chapter 5

SCALABLE PHYSICS-INSPIRED GENERATIVE MODELING
OF COHERENT REGIONAL EARTHQUAKE WAVEFIELDS

This chapter presents Ground-Motion Flow (GMFlow), a physics-inspired func-
tional generative model for regional earthquake ground-motion synthesis. GMFlow
aims to generate scenario-conditioned, three-component spatiotemporal wavefields
with realistic frequency content, spatial variability, and coherent wave-propagation

structure.

GMFlow follows a two-stage synthesis pipeline. It first generates the dominant
low-frequency structure of the regional wavefield in a physics-aligned latent space
using conditional flow matching. A super-resolution neural operator then lifts
this generated low-frequency realization to the full spatiotemporal wavefield. This
design avoids direct generation in the full high-dimensional physical space while

preserving physically meaningful wavefield coherence.

The framework is evaluated using large-scale physics-based simulations in the San
Francisco Bay Area, including both point-source and finite-rupture scenarios. The
results show that GMFlow reproduces key ground-motion features, including peak
ground velocity, Fourier amplitude spectra, magnitude scaling, spatial variability,
and normalized cross-correlation structure. Once trained, the model generates
coherent regional wavefield ensembles in seconds, providing orders-of-magnitude

acceleration relative to direct numerical simulation.
The contents of this chapter are adapted from our work (Shi et al., 2026a):

Shi, Yaozhong, Grigorios Lavrentiadis, Konstantinos Tsalouchidis, Zachary E Ross,
David McCallen, Caifeng Zou, Kamyar Azizzadenesheli, and Domniki Asimaki
(2026a). “Large-Scale 3D Ground-Motion Synthesis with Physics-Inspired La- tent
Operator Flow Matching”. In: arXiv preprint arXiv:2603.17403.

Additional details for this chapter are provided in Appendix D. The code associated
with this chapter is available at https://github.com/yzshi5/GMFlow.


https://github.com/yzshi5/GMFlow
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5.1 Introduction

Managing and operating modern infrastructure systems, such as electric power grids,
nuclear power plants, and other critical lifeline networks, requires rigorous evalua-
tion of the performance and risk of systems composed of multiple, interdependent
components (Guidotti et al., 2016). In seismic-prone regions, designing these assets
for resilient performance under strong shaking is crucial, as their failure can trigger
cascading disruptions, endanger lives, and impose major economic losses. Conse-
quently, the design process requires scenario-based hazard characterization and the
quantification of within-event and between-event uncertainties to calculate the joint
exceedance of performance thresholds with ground-motion time histories (Miller et
al., 2015; Baker et al., 2021). In principle, event-level regional ground-motion time
histories can be obtained either from empirical ground-motion databases or from
physics-based simulations (Fig 5.1). In practice, however, both approaches face
fundamental limitations. Observational records of large-magnitude earthquakes
remain sparse and unevenly distributed, and the application of scenario-specific
filtering criteria (e.g., magnitude, distance, mechanism, site conditions) further
reduces the number of usable time histories. Physics-based rupture and wave-
propagation simulations partially alleviate data scarcity by enabling direct model-
ing of scenarios of interest at prescribed spatial resolution. Nevertheless, solving
the elastodynamic wave equation in heterogeneous media to generate broadband
ground motions at regional scale remains computationally intensive. Moreover,
the resolution and fidelity of simulated ground motions are inherently constrained
by the quality and resolution of the input models (e.g., three-dimensional shear-
wave velocity structure), which often lack sufficient detail to accurately propagate
high-frequency content critical for civil infrastructure applications (Rodgers et al.,
2020; Pitarka et al., 2013; Lavrentiadis et al., 2025). These limitations motivate
a new paradigm for generating scenario-consistent broadband waveforms, namely
machine-learning-based surrogate approaches capable of rapidly producing ensem-
bles of scenario-conditioned, spatially coherent ground-motion time histories while
preserving key physical characteristics. At the same time, such approaches provide
a pathway toward hybrid frameworks in which physics-based simulations offer spa-
tial completeness and scenario control, while observational data from both small
and large events can be seamlessly incorporated to improve realism, particularly for

high-frequency behavior and nonlinear site response.

Recent studies have explored conditional generative models capable of synthesiz-

ing seismic waveforms across broadband frequencies at specific sites (Florez et
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al., 2022; Shi et al., 2024b; Palgunadi et al., 2024). Although promising, these

approaches typically treat ground motions as independent one-dimensional time se-
ries at isolated sites, thereby failing to capture the within-event spatial correlations
necessary for analyzing distributed systems; Extending the generative framework
to synthesize coherent regional wavefields over large and continuous spatial do-
mains requires a fundamental shift in problem formulation, introducing significant
challenges in learning algorithm design, model architecture, and computational scal-
ability during both training and inference, all of which must be addressed to yield a

tractable and physically consistent solution.

To address these challenges, we propose Ground-Motion Flow (GMFlow), build-
ing on the machine-learning framework introduced in (Liu et al., 2022; Rombach
et al., 2022; Shi et al., 2026b). To the best of our knowledge, GMFlow is the first
large-scale spatiotemporal ground-motion generative model formulated directly in
function space. The method leverages neural operators (Li et al., 2020b) and
follows a simple but effective two-stage design (Fig. 5.2): it first generates a low-
frequency regional wavefield that captures the dominant large-scale spatiotemporal
structure and coherence of earthquake shaking, and then reconstructs a full-band
wavefield at the target resolution from that low-frequency realization. In the first
stage, an autoencoding operator maps the low-frequency wavefield into a compact
latent representation, and a conditional flow-matching model efficiently samples
from this latent space to generate spatially coherent regional realizations. In the
second stage, a discretization-agnostic super-resolution neural operator reconstructs
the full-band wavefield conditioned on the low-frequency field, recovering higher-
frequency effects associated with scattering, heterogeneity, and localized amplifica-
tion. Together, these components form an end-to-end resolution-agnostic generative
pipeline that bypasses the computational bottleneck of direct high-dimensional gen-
eration while still producing physically consistent wavefields across different scales.
We demonstrate that GMFlow achieves unprecedented computational scalability,
providing approximately a 10,000-fold acceleration in inference relative to physics-
based simulations, enabling the training of full regional ground-motion generative
models for the San Francisco Bay Area on a single workstation GPU, while also
appropriately capturing the complex multiscale physics of large-magnitude earth-
quakes; this enables large ensembles of scenario-consistent ground motions, which

are important for uncertainty quantification and infrastructure risk assessment.

A central feature of GMFlow is the introduction of a Physics-Aligned Subspace,
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in which the intermediate generation step is performed in a physically meaningful
low-frequency representation. This design greatly reduces the computational cost of
training and inference. In addition, because GMFlow is formulated as a functional
generative model, it supports zero-shot super-resolution, allowing the generated
wavefields to be evaluated at spatial resolutions finer than those used during train-
ing. Suchresolution flexibility is especially important in scientific machine learning,
where predictions often need to be queried on refined grids for downstream analysis.
More broadly, we envision GMFlow serving as a foundational framework for the
generative modeling of diverse large-scale spatiotemporal natural-hazard phenom-
ena, including hurricanes, wildfires, tsunamis, and volcanic eruptions (Schwerdtner
et al., 2024; Yu et al., 2025; Price et al., 2025), thereby advancing uncertainty

quantification, risk mitigation, and resilient infrastructure planning.

Geological Structure in San Francisco Bay Area Problem Domain Physics-Based Simulation

Figure 5.1: Workflow for physics-based ground-motion simulation in the San
Francisco Bay Area. (left) A 3D representation of the heterogeneous geolog-
ical structure beneath the Bay Area, adopted from https://www.usgs.gov/media/
images/3d-geologic-model with permission. (center) The problem (computational)
domain used for the numerical simulations. (right) An example of finite-fault event
simulation.

5.2 Results

Simulation Dataset and Evaluation Framework

We evaluate the performance of GMFlow using a high-fidelity simulation dataset
generated over the high-resolution domain of the U.S. Geological Survey San Fran-
cisco Bay Area three-dimensional seismic velocity model (SFVM). The computa-
tional domain spans 80 x40 km (Figure 5.1). The dataset comprises 5,300 simulated
events, including 2,100 M,, 4.4 point-source earthquakes distributed across the en-
tire domain, and 3,200 finite-rupture events with magnitudes M,, 6.0 and M,, 7.0
located on the Hayward Fault. The double-couple mechanism for the point-source

events is based on the M,, 4.4 2018 Berkeley earthquake. Model performance is
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Figure 5.2: GMFlow model architecture and two-stage synthesis pipeline. (top)
The original surface wavefield u is filtered and downsampled to a low-frequency
representation u s; the reverse mapping is performed by a super-resolution neural
operator. (bottom) An encoder—decoder neural operator encodes u r to a latent code
21, and decodes it back to u ¢; conditional flow matching transports zo ~N(0, I) to
z1 given physical conditions c.

assessed using a held-out test set of 300 events, stratified by magnitude class with
100 samples per class. All events were simulated using the SW4 platform (Mc-
Callen et al., 2021b; McCallen et al., 2024) using USGS v21.1 SFBA velocity
model (Aagaard et al., 2021), resolved to a maximum frequency of 1 Hz. For each
scenario, the surface velocity field was recorded over grid spacing, recorded on a
256 x 128 surface grid. Time histories were sampled at 4 Hz over a duration of 24 s,
corresponding to 96 temporal snapshots. The resulting data tensor for each event
has dimensions [3,256, 128, 96], representing the three velocity components over

space and time.

We train GMFlow as a conditional generative model to learn the distribution of
full spatiotemporal surface velocity wavefields conditioned on event parameters,
specifically hypocenter location and moment magnitude. Model performance is
evaluated using metrics that assess: (i) amplitude- and frequency-based statistics,
including both ensemble mean behavior and predictive uncertainty; and (ii) the
fidelity with which the model reproduces the underlying spatial correlation and

spatiotemporal coherence structure. Additional details are provided in Sections 5.4
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Figure 5.3: Evaluation of GMFlow on a representative M, 4.4 point-source
scenario. (A-B) Side-by-side comparison of the ground-truth velocity wavefield
and a single stochastic realization generated by GMFlow at selected time steps
(snapshots). Orange dash and solid lines represent Hayward fault and coastline,
respectively. (C) Peak ground velocity (PGV; m/s), comparing the ground truth, one
synthetic realization, the ensemble mean (N = 100), and the predictive uncertainty.
(D) Spatial maps of the Fourier amplitude spectrum (FAS) at 0.25 Hz (top) and 0.75
Hz (bottom). (E) Normalized cross-correlation (NCC) for spatiotemporal coherence
analysis, showing the peak correlation coefficient (top) and the corresponding time
lag (bottom). (F) Geographic map of the computational domain, with epicenter
(purple star) and the virtual seismic profiles A1-A2 and B1-B2 indicated. (G-H)
Time—distance plots along profiles A1-A2 and B1-B2.

and 5.4.

Point-Source Scenario Evaluation

We first evaluate GMFlow on a randomly selected representative M,, 4.4 point-
source event from the held-out set. The model is conditioned on the corresponding
hypocenter location and magnitude, and an ensemble of 100 stochastic realizations

is generated to assess predictive performance and variability.

Figure 5.3A-B compares the amplitudes of the three-component velocity vector
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Figure 5.4: Evaluation of GMFlow on a representative A, 7.0 fintie-rupture
scenario.

(Eq. 5.1) of the simulated event, treated as ground truth, with a randomly selected
synthetic realization. Visually, GMFlow captures key features of the complex
wavefield, including the primary wavefront geometry, localized scattering, and
basin amplification (e.g., snapshot at 13 s), all of which arise from wave propagation
in a heterogeneous medium. The generated realization also preserves coherent

spatiotemporal structure across the domain.

We quantify ensemble statistics using Peak Ground Velocity (PGV), Fourier Am-
plitude Spectra (FAS), and Normalized Cross-Correlation (NCC) (defined in Sec-
tion 5.4). PGV is used to evaluate the spatial distribution of ground-motion intensity
(Figure 5.3C). The ensemble mean of the synthetic realizations closely matches the
ground-truth field, indicating accurate recovery of large-scale amplitude patterns.
The pixel-wise variability, quantified by the standard deviation across the 100 re-
alizations, remains small for the point-source scenario, with a maximum value of
3.0 x 10~*m/s, demonstrating low stochastic dispersion for this event class. This
occurs because all M,,4.4 share the same point-source mechanism. Figure 5.3D
presents FAS maps at 0.25 Hz and 0.75 Hz to assess the model’s ability to reproduce
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Figure 5.5: Station-level spectral evaluation across magnitude range. (A, C,
E) Spatial distribution of four randomly selected validation stations (triangles) and
the epicenter (star) for M,, 4.4, 6.0, and 7.0 scenarios. (B, D, F) Comparison of
the horizontal (power-mean) and vertical Fourier Amplitude Spectra (FAS) for the
ground truth (blue) and synthetic realizations (orange/red). The solid lines for the
synthetics represent the geometric mean of N = 100 realizations, while the shaded
regions indicate the =1 geometric standard deviation.

frequency-dependent spatial patterns. Consistent with the PGV results, GMFlow
accurately preserves the spatial distribution of spectral amplitude across frequencies,
showing that GMFlow captures both low- and mid-frequency spatial structure within
the resolved bandwidth. Third, to assess spatiotemporal coherence and phase align-
ment, we compute NCC relative to a reference station. In Figure 5.3E, the reference

station is placed at the geometric center of the domain.

From the NCC field, we extract two maps: the peak NCC coefficient (maximum
similarity) and the corresponding time lag. Figure 5.3E shows close agreement
between synthetic and ground-truth maps, indicating that the generated waveforms

preserve both waveform similarity and phase alignment relative to the reference
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Figure 5.6: Statistical distribution and magnitude scaling laws of generated
ground motions. (A) Pointwise distributions of log,,(PGV) for M,, 4.4, 6.0, and
7.0 comparing held-out data to the same amount of synthetic realizations generated
under identical conditions. (B) Pointwise distributions of log;,(FAS) at 0.25, 0.5,
0.75, and 0.96 Hz. (C) PGV magnitude scaling from M,, 4.4-7.0 (0.1 magnitude
increments), summarized by the spatial median per event over 100 realizations per
bin. (D) Analogous magnitude scaling for FAS at the same frequencies; markers
and error bars denote the ensemble geometric mean and standard deviation.

station. Importantly, the time-lag maps (bottom row) exhibit similar travel-time
gradients, suggesting that GMFlow reproduces travel-time structure consistent with
physically plausible wave propagation across the domain. Because a single central
reference station may not fully characterize global coherence, we include additional
NCC analyses with randomly selected reference stations in the Appendix D, which
show consistent behavior. Finally, we evaluate the wavefield propagation consistency
using time—distance plots along two virtual station arrays (Profiles A1-A2 and B1-
B2 in Figure 5.3F). As shown in Figure 5.3G-H, the synthetic patterns display
similar arrival times and apparent velocities for P-waves, S-waves, and surface waves,

providing additional evidence of physically consistent regional wave propagation.
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Figure 5.7: Frequency-dependent spectral residuals. (A-C) Residual statistics
of horizontal Fourier amplitude spectra (FAS) as a function of frequency for M,,
4.4, 6.0, and 7.0, computed over 300 test events using ensembles of 100 synthetic
realizations per event; markers show the mean and median, and error bars indicate
the 16th/84th percentiles. (D-E) Spatial maps of the mean FAS residual at 0.25,
0.50, 0.75, and 0.96 Hz for M,, 4.4 and M,, 6.0 events. Black dash and solid lines
represent Hayward fault and coastline, respectively.

Finite-Rupture Source Scenario Evaluation

We next evaluate GMFlow on a representative M,, 7.0 finite-rupture scenario on the
Hayward Fault. Unlike the point-source case, these simulations involve finite-fault
rupture with heterogeneous source-time-function realizations, posing a substan-
tially more challenging generative task. Using the same evaluation protocol as in
the point-source case, we first compare ground-truth wavefield snapshots with a
representative synthetic realization (Figure 5.4A-B). The model captures several
key finite-source characteristics: the wavefield is no longer radially symmetric, but
is instead shaped by rupture propagation along the fault trace (approximately in
the Y-direction). In particular, GMFlow reproduces spatially asymmetric energy
patterns consistent with rupture propagation and directivity, as well as basin-related
scattering across the domain. Figure 5.4C shows that the synthetic mean PGV
reproduces the high-intensity zone observed in the ground truth. The associated
uncertainty map reveals elevated aleatory variability near the fault and in regions of
strong geological contrast, consistent with learning physically meaningful variabil-
ity rather than collapsing to a mean response. The accurate representation of the
frequency content is supported by the FAS maps in Figure 5.4D, which show that
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GMFlow preserves the spatial distribution of spectral energy and its decay behavior
across the domain within the modeled frequency band. Spatiotemporal coherence
is further assessed via NCC. The peak NCC coefficient maps (Figure 5.4E) closely
reproduce the main spatial decorrelation pattern in ground-truth: correlation decays
with distance and medium heterogeneity, while remaining relatively high in the near
field around the reference station. The corresponding time-lag maps exhibit simi-
lar travel-time gradients, suggesting that GMFlow synthesizes coherent wavefronts

with realistic phase delays and apparent velocities under rupture-driven excitation.

Finally, time—distance plots along the virtual arrays (Figure 5.4G—H) provide an
additional evaluation of propagation behavior. Compared with the impulsive arrivals
of the point-source case, the M,, 7.0 wavefields exhibit prolonged wavetrains due
to the finite rupture duration. GMFlow reproduces these extended phase arrivals
and their moveout patterns, providing further evidence that the model captures the
temporal evolution of large events. Collectively, these results show that GMFlow
extends effectively to large-magnitude finite-rupture scenarios and captures key

interactions between finite-fault source complexity and regional wave propagation.

Site-Specific Spectral Evaluation with Predictive Uncertainty

To assess local waveform fidelity beyond global spatial coherence, we examine site-
specific FAS for three representative scenarios spanning the considered magnitude
range (Figure 5.5A, C, E). For each scenario, we randomly select four stations
covering a range of azimuths and source-to-site distances. For each event, we
generate 100 realizations under identical conditioning and compute the ensemble
geometric mean and standard deviation of both the horizontal power-mean FAS
(Eq. 5.3) and the vertical FAS.

As shown in Figure 5.5B, D, and F, the synthetic spectra (orange) closely match
the ground truth (blue) over the analyzed 0.1-1 Hz band for both horizontal and
vertical components. GMFlow reproduces key spectral features, such as magnitude-
dependent spectral shifts.The predicted geometric standard-deviation bands capture
the overall spread of the ground-truth spectra across stations and magnitudes. No-
tably, the uncertainty for finite-rupture events (M,, 6.0-7.0) is substantially larger
than for the M,, 4.4 point-source case, consistent with increased variability from

source complexity, radiation pattern effects, and scattering in large events.
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Magnitude Scaling

Beyond scenario-specific comparisons, we evaluate whether GMFlow reproduces
the statistical distributions of ground motion and captures physically plausible scal-
ing trends across magnitude. We first assess domain-wide ground-motion distri-
bution by generating 300 synthetic realizations under the same conditioning as the
held-out test events (for each event, we generate one synthetic). Figure 5.6A shows
pointwise distributions of log,,(PGV) aggregated over the spatial domain for the
three magnitude classes. The synthetic distributions (orange) closely match the
ground truth (blue) distribution across all magnitudes. Figure 5.6B reports anal-
ogous comparisons for log;,(FAS) at four representative frequencies and shows
broadly similar behavior. The 0.96 Hz band is chosen to probe the high-frequency
limit while avoiding artifacts near the strict 1 Hz low-pass cutoff applied during

training dataset preprocessing.

We next conduct a systematic scaling study (Figure 5.6C-D) by sampling mag-
nitudes from M,, 4.4 to 7.0 in increments of 0.1 and generating 100 realizations
per magnitude bin. For each realization, we compute PGV and FAS ordinates at
selected frequencies across the entire spatial domain, and then evaluate the corre-
sponding mean and standard deviation. The resulting plots report the ensemble
mean and standard deviation of the intensity parameters for each magnitude level.
The results exhibit a monotonic scaling trend consistent with physical expectations
for increasing earthquake magnitude. Notably, the uncertainty (expressed as + one
standard deviation) is consistent with the training data for magnitudes (M,, 4.4, 6.0,
and 7.0), while it broadens in the intermediate ranges where no direct training data
are available. This behavior indicates reduced model confidence in interpolated

(unseen) regimes while maintaining physically consistent scaling behavior.

A limitation appears in the high-frequency range for large-magnitude events. In the
bottom-right panels of Figure 5.6D (0.75 Hz and 0.96 Hz), GMFlow underestimates
the median amplitude for the M,, 7.0 case relative to the ground truth, although
the scaling trend is accurately reproduced up to M,, 6.0. This discrepancy likely
reflects the increased difficulty of representing high-frequency scattering associated
with complex finite-fault ruptures within the current latent-space parameterization.
One potential remedy would be to increase the dimensionality of the latent space in
future training efforts; however, this would increase computational cost. Moreover,
given the inherent uncertainty of numerical simulations at these higher frequencies,

given the 3D velocity model resolution, such an increase was not pursued in the
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present study in order to maintain computational tractability. Instead, in future
work, we aim to integrate synthetic simulations with recorded ground motions from
real earthquakes, enabling the model to learn high-frequency characteristics directly
from observational data. Despite this limitation, the overall magnitude-scaling be-
havior remains physically consistent, with the ground-truth values generally falling

within the predicted uncertainty bounds.

Spectral Residual Analysis

We perform a frequency-domain residual analysis (Eq. 5.6) to quantify systematic
bias. For each held-out test event, we generate an ensemble of 100 stochastic
realizations under identical conditional parameters. Figure 5.7A—C summarizes the
aggregated residual statistics as a function of frequency (positive residuals indicate
underestimation of spectral amplitude). For M,, 4.4 events (Figure 5.7A), residuals
remain centered near zero across 0.1-1 Hz, with a tight spread, indicating negligible
bias. For finite-rupture events (Figure 5.7B—C), the model maintains near-zero bias
in the low-frequency range, but exhibits a systematic positive shift above ~0.5 Hz,
reaching ~0.5—1.0 (natural-log units) near 1 Hz. This behavior is consistent with the
previously noted limitation that GMFlow underestimates high-frequency spectral
amplitudes for the large-magnitude scenarios. Given the deterministic nature of
the velocity model and the fixed double-couple mechanism for the small-magnitude
events, the predicted variability remains limited for these scenarios. In contrast,
the broader uncertainty bands observed at larger magnitudes reflect the increased
source complexity and enhanced wavefield scattering associated with finite-rupture

events.

To assess the geographic distribution of these errors, we also examine spatial maps
of the mean FAS residual over the domain. Figure 5.7D-E shows residual fields for
representative M,, 4.4 and M,, 6.0 cases. For the M,, 4.4 case, the residual maps are
nearly flat and centered around zero, indicating spatially unbiased predictions. For
M,, 6.0, the high-frequency residuals show the expected positive bias but remain
relatively uniform, without pronounced spatial concentrations. These results suggest
that the dominant error mode is a frequency-dependent amplitude bias rather than a

strongly spatially localized modeling failure.

To mitigate the observed frequency-dependent bias, we introduce an optional post-
processing calibration step that applies a frequency-dependent amplitude correction

to the generated spectra. This correction yields an approximately unbiased spectrum
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in expectation while preserving the predicted phase structure and spatiotemporal co-
herence. As aresult, agreement in FAS and magnitude-scaling behavior is improved.
The full methodology and detailed evaluation of this calibration procedure are pro-
vided in the Appendix D. Importantly, this step should be viewed as a practical
mitigation strategy rather than a substitute for improved generative modeling of

high-frequency rupture processes and wavefield scattering.

5.3 Discussion

In this work, we introduced GMFlow, which to our knowledge is the first large-
scale functional generative model for event-level regional ground-motion synthesis.
GMFlow adopts a functional generative viewpoint, modeling the regional wavefield

as a continuous spatiotemporal function.

To achieve practical scalability, we combine neural operators with latent-space
generation via flow matching and structure the model around a physics-inspired
factorization through a physics-aligned subspace. The approach first generates
a low-frequency wavefield that captures large-scale wave-propagation and spatial
coherence effects, and then applies a super-resolution operator to reconstruct the
missing high-frequency content. By restricting stochastic generation to this low-
frequency, and decomposing synthesis into two stages—coherent low-frequency
generation followed by super-resolution, GMFlow reduces both training and sam-
pling complexity. This factorization further enables optional intermediate physical
corrections at the low-frequency stage, ensuring that generated samples remain

within a physically plausible solution manifold.

Evaluated against withheld physics-based simulations for the San Francisco Bay
Area demonstrates that GMFlow captures key multiscale features relevant to hazard
analysis, including coherent regional wavefront patterns, realistic spatial variability
in intensity measures, and frequency-dependent scaling behavior consistent with the
target distribution. Empirically, GMFlow delivers orders-of-magnitude speedups
over conventional numerical simulation, opening a path toward uncertainty-aware
regional hazard workflows for distributed infrastructure systems. Finally, we provide
extensive ablation studies and sensitivity analyses in the Appendix D to examine the
effects of key architectural and hyperparameter choices, with particular emphasis

on the rationale for selecting a 0.75 Hz cutoff frequency.
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Limitations

Despite the strong empirical performance, several limitations remain. First, while
GMFlow performs well for point-source events across the modeled frequency band,
large finite-rupture events exhibit systematic attenuation near the upper end of the
band. As shown in Fig. 5.7, the mean residual becomes increasingly positive
above ~0.5 Hz, indicating that the current framework tends to underestimate high-
frequency spectral amplitudes when rupture complexity and scattering are most
pronounced. Extensive ablation studies in the Appendix D further show that this
bias is not simply an artifact of the intermediate cutoff frequency. As a practical
mitigation, we introduce an optional frequency-dependent calibration based on the
mean spectral residual. Because the residual is approximately spatially uniform, the
correction can be implemented as a single multiplicative scaling of each synthetic
event’s spectral amplitudes across frequency, yielding an approximately unbiased
spectrum in expectation. Although this adjustment improves engineering-relevant
amplitude metrics, it does not replace the need for improved generative modeling of

high-frequency rupture and scattering effects.

Second, although the functional formulation is in principle flexible, the current im-
plementation relies on an FFT-based Fourier Neural Operator (FNO) trained on reg-
ular grids. This limits immediate applicability to complex geometries, topography-
following or unstructured discretizations, and sparse irregular station networks, all
of which are important for observation-driven hazard analysis. Addressing these
limitations will require operator backbones that natively support irregular domains
and point-set queries, together with training protocols that can fuse sparse observa-

tions and dense simulations within a unified functional generative framework.

Overall, we view GMFlow as a first step toward scalable generative modeling
of regional ground-motion wavefields rather than as a deployment-ready end-to-
end tool. Important challenges remain, including extension to broader frequency
bands, richer finite-rupture physics, and principled calibration and adaptation to
real recordings. Nevertheless, the framework demonstrates that uncertainty-aware
regional synthesis can be made computationally tractable, opening a path toward

next-generation hazard workflows for distributed infrastructure systems.

Computational Efficiency and Comparative Analysis
We evaluate the computational performance of GMFlow relative to both physics-

based simulations and prior generative approaches. Given four scalar conditioning
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variables (three hypocenter coordinates and earthquake magnitude), GMFlow gen-
erates a stochastic realization of a three-component spatiotemporal wavefield on
a default discretization of [3,256,128,96]. Each sample therefore contains ap-
proximately 9.4 million scalar values in total, corresponding to about 3.1 million

space—time grid points with three waveform components at each point.

Once trained, GMFlow generates the full set of 5,300 events in 0.386 GPU-hours
on a single workstation GPU (NVIDIA RTX 6000 Ada). In contrast, producing the
same dataset with physics-based simulation required approximately 4,000 NVIDIA
A100 GPU-hours and 6,200 AMD EPYC 7763 CPU-hours on a national super-
computing system (Section 5.4), representing to a > 10*x reduction in compute.
Because GMFlow models a continuous function, it also supports zero-shot super-
resolution at inference time: without retraining, it can synthesize wavefields on a
finer [3,512,256,96] grid (~ 37.7 million scalar values) in seconds on a single
GPU; representative results are provided in the Appendix D.

Compared with prior generative models for single-site waveform synthesis, GMFlow
addresses a substantially more challenging field-level generation problem. Methods
such as cGM-GANO (Shi et al., 2024b) and recent diffusion-based approaches (Pal-
gunadi et al., 2024) generate three-component time histories at isolated sites but
do not model within-event spatial correlations. Measured by total output dimen-
sionality, the spatiotemporal wavefields generated by GMFlow are approximately
500x larger than those of cGM-GANO and 780x larger than the diffusion base-
line, while being trained on a substantially smaller dataset than typically used for
one-dimensional waveform models. In our framework, each earthquake scenario
constitutes a single training sample representing a full regional wavefield, whereas
in single-site waveform synthesis models each three-component ground motion at

an individual station is treated as a separate sample.

A more closely related comparison is with WaveCastNet (Lyu et al., 2025), which
also uses Bay Area physics-based simulations, but the problem setting is fundamen-
tally different. WaveCastNet is a deterministic sequence to sequence forecasting
model for earthquake early warning: it predicts future wavefields from an observed
history window and introduces uncertainty only through expensive model ensem-
bling. In contrast, GMFlow is a stochastic functional generative model for regional
ground-motion synthesis conditioned only on low-dimensional physical parame-
ters. Moreover, WaveCastNet is trained on small point-source earthquakes in a

lower-frequency regime (< 0.5 Hz), whereas GMFlow trains a unified generator
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across both point-source and finite-rupture events up to 1 Hz. Thus, WaveCastNet
forecasts a realized event under strong observational constraints, whereas GMFlow
must synthesize full event-level regional wavefields from physical conditions while

matching spatial coherence, frequency content, and magnitude scaling.

Difference from Video Generative Models

Although both video generative models and GMFlow produce spatiotemporal out-
puts, the underlying problem setting is fundamentally different. Video models
typically learn distributions over discrete frame tensors on fixed pixel grids and
generate short clips conditioned on text, images, or preceding frames (Ho et al.,
2022; He et al., 2022; Wan et al., 2025). In contrast, GMFlow models an event-level
seismic wavefield as a random spatiotemporal function conditioned on physical pa-
rameters. This functional formulation supports resolution-flexible querying and is

designed for scientific field synthesis rather than perceptual content generation.

The target distributions and constraints are also different. Video generation ad-
dresses broad, open-ended visual scenes, where realism is usually judged perceptu-
ally and strict physical consistency is not generally enforced. By contrast, GMFlow
targets a specific physics-governed process (i.e., regional seismic wave propagation)
that implicitly encodes a physical process. It incorporates this physical structure
through a staged factorization and a Physics-Aligned Subspace that leads generation

toward propagation-consistent solutions.

The data and evaluation regimes also differ accordingly. State-of-the-art video
models are typically trained on internet-scale datasets with very large compute
budgets, whereas GMFlow is designed for scientific-scale learning under limited
data and compute while still generating outputs with millions of spatiotemporal
degrees of freedom on a single workstation GPU. Furthermore, video generation is
often assessed using perceptual realism and temporal consistency, while GMFlow is
evaluated using physics- and engineering-driven criteria, including spectral fidelity,
intensity measures, residual bias across frequency, and process-specific correlation

structures.

Future Directions: Irregular Geometry and Data Fusion

A natural next step is to replace FFT-based FNO backbones with operator archi-
tectures that natively support irregular geometries, such as Mesh-Informed Neu-
ral Operators (MINO) (Shi et al., 2025). Unlike FFT-based operators, these ar-

chitectures decouple evaluation locations from a fixed latent grid and can there-
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fore support efficient inference on irregular station layouts, unstructured domains,
and multi-resolution meshes. Extending GMFlow in this direction would improve
compatibility with observational networks and move the framework closer to truly

geometry-flexible functional generation.

A second priority is to develop hybrid training datasets and generative models that
combine physics-based simulations with real observations. Neither source alone
is sufficient for earthquake-engineering applications. Observational data provide
the most reliable record of real ground motions, especially at high frequencies,
but large-magnitude events relevant to infrastructure resilience are rare and station
coverage is often too sparse to fully resolve the regional spatiotemporal structure
of shaking. Physics-based simulations, by contrast, provide dense spatial coverage
and controlled variation over earthquake scenarios, source properties, and receiver
locations. However, they are often limited in frequency bandwidth because accurate
propagation of high-frequency energy requires both substantial computational cost
and highly detailed Earth models.

These complementary strengths suggest a hybrid generative framework that com-
bines the spatial completeness and scenario control of simulations with the spectral
realism of observations. The main challenge is that the two data sources differ not
only in fidelity, but also in geometry, bandwidth, and error characteristics. One
possible strategy is to use the Physics-Aligned Subspace as a shared low-frequency
representation, where both simulations and observations can be compared or assim-
ilated at scales that are more reliably resolved. Observations could then be used
primarily to calibrate the high-frequency lifting (with super-resolution operator), im-
proving the spectral realism of the generated fields while preserving the large-scale
coherence learned from simulations. When combined with irregular-geometry oper-
ator backbones such as MINO, such a framework could support mixed-resolution and
mixed-geometry training, and may provide a path toward regional generative mod-
els that retain simulation-scale coherence while better matching the high-frequency
content of recorded ground motions. A systematic investigation of these directions

is left to future work.

Broader Impact: Toward Physics—AI Generative Hazard Modeling
Beyond seismology, GMFlow points to a broader framework for generative model-
ing in natural-hazard science. Hurricanes, wildfires, tsunamis, and volcanic plumes

differ in their governing physics, but they share a common modeling challenge:
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spatiotemporal dynamics on complex domains under uncertain forcing and incom-
plete observations (Schwerdtner et al., 2024; Yu et al., 2025; Price et al., 2025).
In this context, GMFlow shows how conditional solution operators can be learned
directly in function space, complementing expensive grid-based simulation with

fast, queryable synthesis of coherent spatiotemporal fields with uncertainty.

Accordingly, GMFlow can be viewed not only as a model for regional ground-motion
synthesis, but also as a potential foundational framework for generative modeling
of diverse large-scale spatiotemporal natural-hazard phenomena. By addressing the
computational bottleneck of uncertainty-aware regional field generation, it could
support large probabilistic scenario ensembles for downstream risk analysis of dis-

tributed infrastructure and emergency-planning workflows.

5.4 Methods

We first describe simulation dataset preparation, then formulate the problem of
regional, event-level ground-motion synthesis in function space, followed by the
design of the GMFlow architecture, training procedure, and inference workflow.

Additional results, evaluation, and ablation are provided in the Appendix D.

Simulation Dataset Preparation

We selected the San Francisco Bay Area (SFBA) as our computational testbed and
used the USGS v21.1 community velocity model to capture realistic heterogeneous
geological structure (Aagaard et al., 2021). This model has been rigorously evaluated
using high-resolution 3D physics-based simulations and recorded seismicity. We
generate simulated events with the SW4 finite-difference code, which solves the
elastodynamic wave equations with fourth-order accuracy (McCallen et al., 2021b;
McCallen et al., 2024). The domain spans a 43 x92 km region covering the Hayward
Fault. Simulations use a minimum grid spacing of 31.25 m, a minimum shear-wave
velocity of 250 m/s, absorbing boundaries, and are configured to resolve frequencies
up to 1 Hz with at least eight points per wavelength throughout the mesh. Wavefields
are stored on a sparse 250 m output grid. To simplify the learning setting and avoid
boundary effects, we use a truncated 80 x40 km subdomain with the same geometric
center as the original computational domain, apply a sixth-order low-pass filter at 1
Hz, resample to [256, 128] spatial points, and truncate the duration to 24 seconds
with a sampling frequency of 4 Hz, yielding three-component velocity wavefields
of shape [3, 256, 128, 96].

The simulation dataset covers both small and large events with different source
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regimes. For small-magnitude earthquakes, we simulated 2,100 point-source events
(M,, 4.4) using a double-couple source with a Liu source-time function to model
asymmetric energy (Liu et al., 2006). Hypocenter locations were sampled via Latin
Hypercube Sampling to ensure adequate spatial coverage. For large-magnitude
events, we targeted the Hayward Fault and generated 2,100 M,, 6.0 scenarios and
1,100 M,, 7.0 scenarios. These ruptures use the Graves—Pitarka kinematic model
with stochastic slip distributions and rupture velocities to introduce realistic source
heterogeneity. To improve computational efficiency for large-rupture events, we
adopt a linear superposition strategy in which a finite-fault rupture is decomposed
into a superposition of smaller rupture segments with appropriate time delays (Addi-
tional details are provided in Appendix D). The final dataset contains 5,000 training
events (2,000 M,, 4.4, 2,000 M,, 6.0, and 1,000 M,, 7.0) and 300 test events (100
per magnitude). Simulations were performed on Perlmutter at the National Energy
Research Scientific Computing Center (NERSC) at Lawrence Berkeley National
Laboratory, using a total of 4,000 NVIDIA A100 GPU-hours and 6,200 AMD
EPYC 7763 (Milan) CPU-hours.

Function-space formulation of conditional event-level ground-motion synthesis
Let D = Q x [0, T] denote the spatiotemporal domain of wavefields where Q c R?
represents the spatial domain and [0, 7] the time domain. We represent an an event-
level three-component ground-motion velocity wavefield as a function u : D —
R3. We assume that u belongs to a separable Hilbert space 4. The probability
distribution of wavefields is defined on the measurable space (H, B(H)), where
B(H) denotes the Borel o-algebra on H. For an earthquake event described by
conditioning variables ¢ (magnitude and source location), drawn from a distribution
¢ ~ m., we assume that the wavefield follows an unknown conditional probability
law u | ¢ ~ ,uI . The marginal distribution of wavefields is therefore the mixture
u(A) = /,uj.(A) nc(dc) for any measurable set A € B(H). Our goal is to learn
a conditional generative model Gy that approximates the family of conditional

probability laws { ,uI }.

Let zo ~ mp denote a latent noise variable defined on the latent probability space
(Z,8(Z)). Given conditioning variables ¢, we generate a synthetic wavefield
through the mapping @i = Gy(c, z9), where Gy is a generator function, parameter-
ized by 6. This construction induces, for each ¢, a probability measure pg,. on
(H,B(H)) defined as the pushforward of the latent distribution through the gen-

erator: ug. := (Go(c,-))umo. In other words, pg . is the distribution of the random
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wavefield ii = Gy(c, z0) when zg ~ 7.

We parameterize Gy using a neural operator and train it so that the model-induced
conditional distributions pg . approximate the true conditional distributions ,uZ for

conditioning variables ¢ drawn from the data distribution.

Adopting a function-space viewpoint for event-level ground-motion synthesis offers

several advantages over standard fixed-grid generative modeling:

* Domain and Discretization Agnosticism. The functional framework mit-
igates the "Curse of Dimensionality" inherent to fixed-grid generative mod-
eling. For regional wavefields observed on millions of spatiotemporal grid
points, directly modeling a distribution on a single fixed discretization can
be computationally and statistically burdensome. A function-space formu-
lation provides a more flexible representation by separating the underlying
continuous field from any particular discretization, where the discretization
only introduces approximation errors. Further, this approach is also theo-
retically domain-agnostic, which supports domains with irregular boundaries

that better aligns with the real-world earthquake scenario (Shi et al., 2025).

* Flexibility in Training and Inference. In functional generative models, each
training wavefield sample can be observed on its own unique set of spatial
locations, ranging from dense regular simulation grids to sparsely sampled
station networks from real earthquake, where the traditional fixed-grid gen-
erative theory falls short. During inference, the trained model can generate
a continuous wavefield that can be evaluated at arbitrary query locations,
enabling zero-shot generation on much finer discretizations not seen in the

training dataset.

Despite these conceptual advantages, the function-space perspective alone does not
resolve the practical computational challenges of large-scale generative modeling.
Efficient implementation still requires careful design of the model architecture and

training pipeline, which we describe in the following sections.

Learning method and architecture
GMFlow consists of three components organized in a two-stage synthesis pipeline.

We elaborate each components in the following part.
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Physics-Aligned Subspace and super-resolution operator. Let A s denote a tem-
poral low-pass filtering operator with cutoff frequency f.. We define the Physics-
Aligned Subspace as

Hy :=Range(Ay) € H, ur:=Asu € Hy.

We refer to Hy as a Physics-Aligned Subspace because it isolates the low-frequency
component of the wavefield, which is typically the part most robustly determined
by large-scale wave propagation physics and most reliably resolved in regional
simulations. The higher-frequency content is more sensitive to the heterogeneity,
scattering, source complexity, and discretization effects. Thus, the role of A is not
to impose a new physical constraint, but to define an intermediate representation
aligned with the physically better-resolved scales of the problem, while deferring
reconstruction of the remaining frequency content to a separate lifting stage. The
super-resolution task is then to map the low-pass wavefield u s to a full-band recon-

struction # ~ u. We parameterize a super-resolution neural operator (SNO),
S¢ : 7‘(f - 7‘(, i:= S¢(uf),

and optimize its parameters using paired samples {(ugf), u("))}f.\i | by minimizing the

L? reconstruction loss,
RN (i)
_ 2 ~ Dy _ 5, )2
L3N0 = Fumy | I1S0(1) = ullia | NZ;nsqs(uf) w12, -
i=

where || || ;2(p) is implemented by standard discrete quadrature on the chosen output
discretization, i.e., mean-squared error over spatiotemporal grid points, and Sy can
be interpreted as the super-resolution operator, with the minimum mean-square-
error estimator. Although A ; is non-injective and therefore does not admit a unique
inverse in general, the mapping u s — u can still be highly predictable on the support
of physically realizable wavefields. In our fixed-region setting with a prescribed
medium (the SFBA velocity model), the dominant variability is primarily source-
driven: the low-frequency response retains large-scale source information, such
as seismic moment and rupture directivity, which helps constrain the conditional

statistics of the higher-frequency content.

In our experiments, we use N = 5,000 paired training samples and set the cutoff
frequency to f. = 0.75 Hz. For computational efficiency, we evaluate u; on a

coarser spatiotemporal discretization. Let (x,t) and (x,t); denote the uniform
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grid coordinates associated with the fine and coarse discretizations of the same
domain D, with (x,t) € RM and (x, t); € RMr where M = 256 x 128 x 96 and
My =128 x 64 x 48. Accordingly, each sample is represented as u®(x,t) e R¥M
and uﬁf)((x, t)s) € R3>*M; We parameterize S4 with a residual Fourier Neural
Operator (rFNO), which adds inter-block residual connections to a standard FNO
backbone. To reduce dynamic-range issues across event magnitudes, we normalize
both u and u; by their sample-wise standard deviation and append log;, of this
scalar as an additional constant channel. The resulting inputs are u® (x) € R**™ and
ugf) (x7) € R¥*Ms_ This normalization is important because waveform amplitudes
can vary substantially with magnitude; without rescaling, small events may be taken
as noise or negelected during training relative to large events, degrading performance

across the magnitude range.

Autoencoding Neural Operator. Inspired by latent diffusion frameworks (Rom-
bach et al., 2022) and U-shape neural operator (UNO) (Rahman et al., 2023), we
introduce an Autoencoding Neural Operator (AENO) to learn a compact, fixed-size
latent representation of the low-frequency wavefield u y. Conceptually, AENO maps
the low-frequency wavefield to a low-dimensional latent tensor, reducing the com-
putational cost of the downstream generative model by allowing flow matching to

operate in a compressed latent space.

Formally, the AENO consists of an encoder operator &y, and a decoder operator D,
parameterized by . Givenaninputu s ~ pr, where 1y = (A y)gp is the pushforward
of the original measure u under the low-pass filter A, the encoder maps uy to a
latent variable z; = &, (uy) € RP32X16X16 Thyg, the latent representation has a
single channel and fixed spatiotemporal dimensions. In principle, because &y is
formulated as an operator, it can be applied across varying input discretizations
while mapping them into the same latent space Z. The decoder then reconstructs

the low-frequency wavefield from the latent representation ity = Dy (21).

We optimize  using an L? reconstruction objective over the data distribution:
2 N My, D2
4 1
Larno = Bupvp, [”Dlﬁ(aw(”f)) - ”f”LZ(D)] ~ N ZI: ”Dw(aw(“f ))_”f ||L2(D)'
1=

As in the SNO objective, the L?(D) norm is implemented discretely on the chosen
training grid. Although the AENO framework can in principle support variable
input discretizations, in our experiments we evaluate u ¢ on a fixed coarse grid for
computational efficiency. We instantiate both & and Dy with the UNO architecture
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using rFNO blocks, for consistency with the SNO implementation, and additionally
apply Instance Normalization (Ulyanov et al., 2016) after each block to stabilize

latent activations.

Conditional flow matching with clean latent prediction. Let z; ~ 7 denote a
latent data sample obtained by encoding a physics-aligned wavefield uy via z; =
Ey(uy), where z; € R32X1%16 in our implementation. We sample the base noise
as zo ~ mo := N (0, I). Rectified flow (Liu et al., 2022) (equivalently, independent-
coupling flow matching (Tong et al., 2024)) defines a linear coupling path between
zo and z1, z; := (1 — 1) z9 + t 71, where t € [0, 1], with constant marginal target

velocity along the path,

vi(zs) = 2% =92

We parameterize a conditional velocity field vy and train it with the conditional

rectified-flow objective

2
L = Bevrne, zi~m (o). zo~m0., t~U[0.1] [||V6(Zr’ te) = (21— ZO)”z]'

Following recent practice, instead of predicting vy directly, we adopt clean-prediction
with velocity-loss: under a manifold assumption, clean samples lie on a low-
dimensional data manifold where directly predicting the clean samples and then
recalculate the velocity yields better performance (Li et al., 2025). Specifically, we
parameterize a neural network %y and set
21—

1-t’

21 = %(ZI’ t’ C)’ VH(Zt’t’ C) =

for ¢ € [0, 1] (denominator is clipped around t=1). At inference time, given condi-

tioning variables ¢, we sample zo ~ 7 and integrate the conditional ODE

de
—_— =V Z,t7ca Zr=0 = 20,
’r 0(21,1,¢) 1=0 = 20

to obtain z; = z,=1. In practice, we solve this ODE numerically and use a 50-step

Euler solver by default.

End-to-end inference. Given conditioning variables ¢, we first sample a latent
realization Z; by integrating the conditional rectified-flow ODE. We then decode
Z1 to obtain a low-frequency wavefield iy = Dy (Z1). Because the Physics-Aligned
Subspace is defined by an explicit cutoff frequency (f. = 0.75 Hz), we can optionally
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enforce this band limit at inference time to suppress spurious energy above f. in the
intermediate stage, for example by applying an additional low-pass projection. In our
experiments, this extra step is not required, as the generated ii s already satisfies the
prescribed constraint to a good level. Finally, we recover a broader-band wavefield,
resolved up to 1 Hz and sampled at 4 Hz, using the super-resolution neural operator,
i := Sy(iir). Overall, the inference pipeline is

vo(oe) . Dy Se

20 ~ 7o ; 2 ir i.
rectified flow decode ~  super-resolve

Metrics for Evaluation

We evaluate GMFlow using standard engineering metrics that quantify both point-
wise intensity and spatiotemporal structure. For a three-component wavefield
u(x,t), we denote the two horizontal components by uj,, up, and the vertical com-

ponent by u,,. The instantaneous 3C amplitude is

lu(x,0)]]> = \/uhl(x, 0?2+ up, (x, )% + uy(x,1)?, Y(x,t) € D. (5.1)

Peak ground velocity (PGV). We define PGV at location x as the maximum 3C

amplitude over time,
PGV (x) = max ||u(x,1)||2, Vx € Q. (5.2)
t€[0,T]
Fourier amplitude spectrum (FAS). Let Aj (x, f) and Ap,(x, f) denote the

Fourier amplitude spectra of the horizontal traces uy, (x, [0,7]) and uy,(x, [0,T])

at frequency f. We report the power-mean horizontal FAS,

Ah(x7 f) = \/% (Ahl ()C, f)2 + Ahz(x, f)Z) (53)

Peak normalized cross-correlation (NCC). Let xg be a reference location with
reference traces rp, (1) = up,(xo,1), rp,(t) = up,(x0,1), and r,(¢) = u,(xo,t). For

each location x and lag k € {-K, ..., K}, define the valid overlap index set

0,....,T-1-k}, k>0,
7;:
(~k,....,T—1}, k<O,

and the 3C normalized cross-correlation



91

> [Mh1 (x,t + k)rp, () +up, (x,t + k)rp, (1) + uy(x, 1+ k)rv(t)]

teTx

VA (x) By ,
Ap(x) = Z (12 (et + k) +ud (v, 1 + k) +ud(x, 1+ k)],
teTx

Be= ) [rh () +r5, (1) +r2(0)].

teTx

p(x, k) =

(5.4)

The peak NCC coefficient p*(x) and corresponding lag 7*(x) are

p*(x) = max p(x, k), k*(x) =arg max p(x,k), T(x) = k" (x) At,
ke[-K,K] ke[-K,K]
(5.5)
where At = 0.25 s is the sampling interval and

. (|max_lag_s
K = ———+5|, T-1].
ol [ 4] )

In this work, we choose max_lag_s = 6s.

Interpolated conditions for magnitude scaling. Since GMFlow requires condi-
tions as input for generating synthetic events, thus for the magnitude scaling section
5.2. Interpolation conditions are built for target magnitudes from 4.6 to 6.9 (step
0.1), with 100 samples per target magnitude. For each target magnitude m, the code
linearly mixes two neighboring source pools: m4.4—m6 when m < 6.0, and m6-m7
when m > 6.0. The mixing weight is computed as

m—4.4 m — 6.0
e <6.0 = M7o
60 44 m=60. a=zr—rs

Then it randomly samples the required number from each pool (without replace-

a (m > 6.0).

ment), copies the hypocenter from those condition vectors.

Spectral residuals. To quantify frequency-dependent bias, for each test event we
generate 100 synthetic realizations under the same conditioning variables (e.g., mag-
nitude and hypocenter). Let A%ata (x, f) and Azyn (x, f) denote the horizontal FAS
of the observed and synthetic wavefields, respectively. We compute the ensemble

mean in log space and define the residual

e(x, f) = In(A§™(x, £)) — mean(In(A}" (x, f)) (5.6)
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Chapter 6

CONCLUSIONS AND FUTURE WORK

This thesis developed generative modeling methods for earthquake ground-motion
synthesis, progressing from single-station waveform generation to functional gen-
erative modeling and regional coherent wavefield synthesis. A central theme is
that ground motions can be modeled not only as scalar intensity measures or fixed
arrays, but as samples from conditional probability measures over functions. This
viewpoint enables probabilistic generation of time histories and wavefields while

retaining the structure needed for seismic hazard and regional risk applications.

6.1 Summary of Previous Chapters

Chapter 2 introduced a conditional generative adversarial neural operator for broad-
band three-component ground-motion synthesis at individual sites. The model
generates acceleration time histories conditioned on earthquake and site parame-
ters, including magnitude, rupture distance, site condition, and faulting style. The
results show that the developed method can reproduce important magnitude, dis-
tance, and site-condition scaling trends, while also highlighting the limitations of
independent site-level synthesis under sparse data, near-fault conditions, soft-soil

sites, and high-frequency variability.

Chapter 3 developed operator flow matching for stochastic-process learning. This
work generalized generative modeling from fixed-dimensional arrays to functions by
learning non-Gaussian stochastic-process priors through function-space transport.
The framework enables sampling, likelihood evaluation on queried function values,
and posterior inference at arbitrary collections of points, providing a foundation for

functional regression and inverse problems.

Chapter 4 introduced the Mesh-Informed Neural Operator, adomain- and discretization-
flexible backbone for functional generative modeling. By combining graph neural
operators with cross-attention, MINO extends functional generation beyond regular
grids to irregular domains, meshes, and sensor layouts. This chapter also highlighted
the importance of general evaluation metrics, such as Sliced Wasserstein Distance

and Maximum Mean Discrepancy, for comparing functional generative models.

Chapter 5 presented Ground-Motion Flow, a physics-inspired latent operator flow-
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matching framework for regional earthquake wavefield synthesis. The model gener-
ates scenario-conditioned, three-component spatiotemporal wavefields by first sam-
pling the dominant low-frequency structure in a physics-aligned subspace and then
reconstructing the target spatiotemporal wavefield using a super-resolution neural
operator. Evaluated on large-scale San Francisco Bay Area simulations, GMFlow
reproduces key ground-motion features, including PGV, Fourier amplitude spec-
tra, magnitude scaling, spatial variability, and spatiotemporal coherence, while
achieving orders-of-magnitude acceleration relative to repeated direct numerical

simulation.

Together, these chapters establish a unified view of earthquake ground-motion syn-
thesis as conditional generative modeling over functions. In this view, single-station
records and regional wavefields are not separate modeling problems, but different
discretizations of stochastic physical fields. Neural operators provide the func-
tional representation, while generative models provide the probabilistic sampling
mechanism. This combination enables scenario-conditioned ensemble generation,
uncertainty representation, and scalable synthesis from individual time histories to

regional spatiotemporal wavefields.

6.2 Future Directions

A key future direction is data—simulation fusion. Physics-based simulations provide
dense spatial coverage, scenario control, and physically coherent wavefields, while
recorded data provide direct constraints on real source, path, attenuation, and site
effects, especially at high frequencies. Hybrid generative models that combine both
sources could preserve the spatial coherence of simulations while improving realism

in frequency bands and site conditions where simulations remain uncertain.

A related direction is broadband regional synthesis. The regional framework de-
veloped in this thesis focuses on the dominant low-frequency structure of coherent
wavefields, while reliable high-frequency generation remains challenging because it
depends on fine-scale rupture complexity, scattering, attenuation, and local site re-
sponse. Future work could combine physics-aligned low-frequency generation with
data-informed high-frequency correction, multiscale neural operators, or conditional

generative refinement models to produce broadband regional ground motions.

Another important direction is observation-conditioned posterior sampling. Given
a small number of recorded waveforms from an event, the goal would be to infer

plausible regional wavefields over the target domain that agree with the observations
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and remain physically coherent. Such a framework would connect operator flow
matching, functional regression, and regional ground-motion synthesis, with poten-
tial applications in rapid response, shaking interpolation, event-specific updating,

and uncertainty-aware hazard assessment.

Finally, the methods developed in this thesis are not limited to earthquake ground
motion. The combination of neural operators, function-space generative modeling
and Bayesian methods may be useful in other scientific domains, such as fluid dy-
namics, climate modeling, wave propagation, and problems where uncertainty is
naturally represented by distributions over functions or fields. In summary, this
thesis shows that generative modeling can provide fast, probabilistic, and physi-
cally informed tools for earthquake ground-motion synthesis. By complementing
empirical models and physics-based simulations, these methods enable efficient
scenario-conditioned ensemble generation at both site-specific and regional scales.
The resulting framework opens a path toward scalable, uncertainty-aware seismic

hazard workflows for resilient infrastructure systems.
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Appendix A

APPENDIX FOR CHAPTER 2

As an illustrative example, Fig A1 compares the time history and Fourier Amplitude
Spectrum acceleration, velocity, and displacement of a M,, 6.9, R,,, = 23km
event recorded at station ISKHO2 of the Kik-Net strong motion network with
Vizo = 721m/s. In the figure, the acceleration time series are rich in high fre-
quencies and attain constant Fourier spectral content at frequencies larger than
~ 5Hz. The opposite is true for displacement time series, their energy content de-
cays for frequencies higher than 0.1Hz. Spanning a much broader frequency range
of spectral amplitudes from ~ 0.1 to 10Hz, the velocity time series provided the
optimal balance of input frequency content to train cGM-GANO in the broadband
frequency range 0.1 ~ 30Hz.

Fig A2 shows the fault location (indicated by the black line) and the corresponding
station positions (depicted as red dots) used in the BBP simulation. The yellow star

on the fault represents the hypocenter.

Fig A3 compares acceleration time history and Fourier amplitude spectrum of BBP
and cGm-GANO generated ground motions for both strike-slip and reverse scenarios
under M,, =7.0, R, = 10 km. In this figure, cGm-GANO captures the envelope of
the BBP waveforms in the time domain. In the frequency domain.

Fig A4 presents the inter-frequency correlation of the cGM-GANO synthetically

generated ground motions based on the BBP dataset.

Fig AS shows the residual results of Fig 10 using only the validation Kik-Net
dataset; that is, the subset not included in the training of cGm-GANO.The negligible

differences between Fig 10 and S5 indicate no overfitting on the training dataset.

Fig A6 and A7 compare the velocity and displacement time histories between data
and synthetic ground motions from cGM-GANO for the same scenarios shown in

Figure 8.
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Figure A.1: Example of frequency content shift between acceleration, velocity, and
displacement time series, depicted in the time and frequency domain. Example time
series corresponds to eventid ISKH020703250942 with M,, = 6.9 and R,,,, = 23km
from the Kik-net dataset. The left-hand panels show the acceleration, velocity, and
displacement time series from top to bottom, while the right-hand panels show the
corresponding normalized frequency amplitude spectra. Each spectrum is normal-
ized by its maximum amplitude. The dash lines show the FAS trend in 0.02Hz ~
10Hz frequency range.
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Figure A.2: An example of the location of the fault (black line) and stations (red
dots) used in BBP simulation.
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Figure A.3: Time-domain and frequency-domain waveforms comparisons of BBP
and GANO generated ground motions. Subfigure (a) corresponds to a three-
component waveform comparison for M,, = 7, R,,, = 10km, and strike-slip style
of faulting. Subfigure (b) corresponds to a three-component waveform comparison
for M,, =7, R;,, = 10km, and reverse style of faulting.
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Figure A.4: Inter-frequency correlation of synthetically generated ground motions
through cGM-GANO based on the BBP training dataset.
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Figure A.5: Residual plots of the kik-net trained model based on the validation
kik-net dataset (10 % of the total kik-net dataset) . Subfigures (a) and (b) show the
horizontal EAS residuals for subduction and shallow crustal events, respectively.
Subfigures (c) and (d) show the vertical EAS residuals for subduction and shallow
crustal events, respectively. Subfigures (e) and (f) show the horizontal RotD50 PSA
residuals for subduction and shallow crustal events, respectively. Subfigures (g)
and (h) show the vertical PSA residuals for subduction and shallow crustal events,
respectively.



(a)

Observation: M 4.5, 50 km, 300 m/s, Shallow Crustal, Velocity

North East Vertical

0.0025

0.0000 —*n-——— —— | ——
-0,0025
0.001

" 0.000 W—-«h W T VAU
€ 00883

0.0000 | —waedimAbive | — YNNI | v
0862

0.000 %ﬂ'—-»-—» W R ——

0 20 40 60
Time (s)

(©)

Observation: M 4.5, 50 km, 700 m/s, Subduction, Velocity

North

East

Vertical

1+

T-v— R 1}-—

T

0 20 40 60

Time (s)

(e)

Observation: M 4.5, 50 km, 700 m/s, Shallow Crustal, Velocity

m/s
i
S
os¢
S
2

North

East

Vertical

H——

l——

[ ————

~o————

P

—

ha.amam—

e

e

0 20 40 60
Time (s)

(2

Observation: M 7.2, 20 km, 500 m/s, Shallow Crustal, Velocity

North

East

Vertical

A

Y Pe—

I ——
e ——

s

NI

L e

Y —

A A—— e

b

e

——————

4 20 40 60
Time (s)

99

(b)
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Figure A.6: Velocity waveforms comparisons between data and synthetic ground
motions from cGM-GANO trained on the Kik-net dataset, unit in m/s.
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Figure A.7: Displacement waveforms comparisons between data and synthetic
ground motions from cGM-GANO trained on the Kik-net dataset, unit in m.
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Appendix B

APPENDIX FOR CHAPTER 3

Potential questions and answers

Our method combines many vital fields, including

Operator learning

Flow-based generative models (flow matching); Optimal transport in

function space

Bayesian uncertainty; Gradient Markov chain Monte Carlo, SGLD;

Stochastic trace estimation

Gaussian processes; Stochastic processes (Kolmogorov extension theo-

rem)

Because readers will have diverse backgrounds and expertise, we provide some po-

tential questions and answers to enhance the clarity and highlight our contributions.

Q1: Why is it hard to obtain the true prior and posterior of an unknown

stochastic process, and what would we gain if we could?

Al: Generalizing GP regression to arbitrary stochastic process regression
has remained a long-standing challenge that has kept many researchers busy
for decades. The core difficulties are twofold: first, learning a general
stochastic-process prior from historical data with an expressive enough model,
and second, deriving both the exact posterior distribution and an efficient sam-

pling scheme.

Prior work falls into three main categories—GPs, deep GPs, and condi-
tional models (NP family). Only the classical GP can fully characterize a
stochastic process, and then only when the exact GP prior (mean function,
covariance kernel, all hyper-parameters, and observation-noise variance) is
already known. Even fitting one GP to data generated by another GP with
unknown parameters rarely yields the true posterior. Deep GPs and NPs pos-

sess stronger representational power compared to GP, but representational
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power # exactness: their optimization rely on approximate posterior and DO

NOT produce a closed-form “true posterior.”

If the true prior and posterior were available, we would gain near-complete
control over general stochastic process, enabling perfect uncertainty quan-
tification and Bayes-optimal decisions, which has numerous applications in

finance market, science and engineering problems

Q2: How does OFM differ from standard finite-dimensional flow matching?
What does it mean to generalize flow matching to stochastic processes,
and how does extending a generative model to a function space differ
from extending it to a full stochastic process?

A2: A standard flow matching model learns a transport map between two
distributions defined on a fixed grid (e.g., a pixel lattice). Consequently, it can
only generate samples at that specific resolution. In contrast, OFM learns a
map between two stochastic processes in function space. This endows it with

several properties that standard flow matching lacks:

1. Resolution agnosticism. OFM learns a transport map between two
distributions defined on any given collection of points, without regard
for the number of points, or their locations in the domain. This enables

capabilities like zero-shot generation without retraining.

2. Stochastic process consistency. OFM respects the metric of the under-
lying space, ensuring that points close to each other in the input domain
have appropriately correlated values in the output distribution. This
is part of learning a valid stochastic process, which also satisfies cru-
cial theoretical properties like the Kolmogorov extension theorem (i.e,

consistency under marginalization)

3. Convergence to a continuous function. As the collection of query
points becomes denser within the domain, the output of OFM converges

to the underlying continuous function.

4. Backwards compatibility. When evaluated on a fixed set of points,
OFM recovers the behavior of a conventional (finite-dimensional) flow

matching up to a linear transformation.
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Extending a generative model (e.g., flow matching) to an infinite-dimensional
function space and extending it to a full stochastic process are related but
distinct goals. The first concerns generating function values at any finite
collection of points; Lebesgue measure and Kolmogorov consistency come
into play, but the focus remains on finite dimensional marginals. The second
addresses the distribution of the entire function itself, requiring a probability

measure over an infinite-dimensional space.

Because of this distinction, lifting a model merely to a function space is
strictly weaker. For example, GANO (Rahman et al., 2022) extends GANs
to function space but not to a stochastic process, as it cannot describe the
joint law of function values at arbitrary query sets. In OFM, we bridge these
two viewpoints for flow matching with neural operators: by exploiting the
discretization-convergence property of neural operators and the invertibility
of flow matching, we extend the method to both function spaces and stochastic

processes. See Appendix B.3 and B.4 for details.

Q3: These methods may appear similar to image inpainting or restoration with

Q4

flow- or diffusion-based models; could you elaborate on the differences?

A3: Current inpainting with flow/diffusion models treats the task as an inverse
problem in a finite-dimensional setting: one learns to reconstruct missing
pixels on a fixed resolution grid, effectively solving a regression problem at a
predetermined set of points. By contrast, OFM operates directly on functions
and is resolution-agnostic. Given the same partial observations, our model

can predict the entire function at any collection of query points, coarse or fine.

Moreover, OFM delivers principled uncertainty: its posterior quantifies the
full distribution of possible completions, whereas finite-dimensional inpaint-
ing methods typically rely on an ensemble of visually plausible samples whose
variability is not a calibrated measure of uncertainty. Finally, OFM remains
effective even when observations are extremely sparse. (e.g 0.7% of total

observations) —a regime in which grid-based inpainting approaches struggle.

: Could you elaborate further on the connections to related work? The ap-

proach appears to intersect with several studies, including OpFrow (Shi
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et al., 2024a), COT-FM (Kerrigan et al., 2024), OT-CFM (Tong et al.,
2024), and others.

A4: Because our work combines multiple fields, it naturally has connections
with many other studies. Readers are referred to the appendix B.17 for a

detailed discussion.

Q5: In Eq 3.11. What is the argument of replacing the superma in Eq 3.8 with
expecations? When is this valid?

A5: The supremum in Eq. 3.8 represents a worst-case error over the entire
function space, which is computationally intractable to optimize directly. We
therefore relax this hard constraint by replacing the supremum with an expec-

tation, as formulated in Eq 3.11. This is a common empirical consideration.

Instead of minimizing the worst-case error, our objective becomes minimizing
the tractable average-case error across the distribution. Minimizing the error
on average provides a strong practical incentive for the model to perform well
across the entire function space, thereby effectively reducing the worst-case
error. Such replacement is always valid under the weaker goal. The validity
of this approach as a tractable proxy is further confirmed by our empirical
results, which show it successfully guides the model to learn the intended

functional mapping (Appendix B.13).

Q6: Why not use log-likelihood as the evaluation metric for non-GP regression
tasks when comparing to NP models? And why not include more recent
conditional model baselines, such as NDP (Dutordoir et al., 2023)

A6: There are several reasons that likelihood as an evaluation metric is
not relevant in our case. First, as shown in Eq B.23, there is an evidence
term, which is a constant, in the posterior distribution in OFM framework.
The constant evidence term is intractable but does not contribute to MAP

estimation, mean estimation, and posterior sample in general.

Second, even if we can compute the evidence term, we still cannot make

the comparison. The graphical model in the NP is such that the conditional
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model is trained using the MLE principle and the learned likelihood model
dependent. The posterior in OFM provides the posterior using the Bayes
rule, utilizes a different model, and has a different graphical model. These

quantities are not directly relevant to be compared.

Third, computing the true posterior for a general stochastic process is a known
challenging problem. Due to the complexity nature of the problem, there
doesn’t exist a well-recognized metric. The evaluation of quality of posterior
performance requires domain knowledge from experts and varies case by case,

which is an exciting research direction.

For baseline models,We already include a broad set of SOTA baselines. On the
operator-learning side, the latest OpFLow (Shi et al., 2024a) (2024) is covered.
For deep GPs, we adopt Doubly Stochastic Variational Deep GPs (Salimbeni
etal., 2017) and the Deep Sigma-Point Process (Jankowiak et al., 2020), both
widely recognized and backed by publicly reproducible code.

Within the NP family, ConvCNP (Gordon et al., 2019) remains a standard
benchmark, and we include two additional NP variants. Our baselines are
limited to models with publicly reproducible implementations. Although
we attempted to add the newer NDP (Dutordoir et al., 2023), we encountered
significant reproducibility issues with the authors’ code—an obstacle reported
by others as well. Instead, we offer a detailed theoretical comparison between
OFM and NDP in Appendix B.17.

Q7: What do you mean by an “exact posterior” and a practical solution? How

can I apply the model to my own tasks, and what do I need to prepare?

A7: For functional regression, posterior error has two sources for any method:
(1) formulation error—the gap between the model’s theoretical posterior and
the true one—and (2) approximation error from finite data, limited capacity,
and optimization. Deep GPs rely on variational inference, optimizing an
ELBO and thereby introducing a formulation gap: the posterior is only an
approximation. NPs make even stronger simplifying assumptions, and doesn’t
provide the true posterior. All models, including OFM, incur approximation

error, but the discussion above concerns only formulation error.

A practical solution means an expressive backbone that can learn a complex

stochastic-process prior and a posterior-sampling routine whose runtime and
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memory footprint remain acceptable for typical users; see Appendix B.15 for

quantitative details.

Using the model is straightforward. OFM offers GP-style regression for
non-GP tasks: given noisy observations, it returns the posterior at arbitrary
query points. The key difference is that a GP prior is fixed by a hand-tuned
kernel, whereas OFM learns the stochastic-process prior directly from data.
For details on prior learning and SGLD-based posterior sampling, see Ap-
pendices B.13 and B.12.

B.2 Background: Flow Matching, Gaussian Measures on Function Spaces,
and the Cameron—-Martin Theorem
In this section, we provide essential background and high-level intuitive explanations

of the topics involved in this paper for readers.

Flow Matching. Flow matching is a state-of-the-art generative paradigm that learns
a time-dependent velocity field whose ODE transports samples from a simple refer-
ence (e.g., Gaussian) to the target data distribution, yielding an unbiased, simulation-
free training objective that directly regresses ground-truth velocities along proba-

bility paths.

The approach is tightly linked to physics via the continuity equation, and—when
cast as a continuous normalizing flow—provides a (deterministically) invertible
transformation with tractable likelihoods, while also admitting stochastic variants
when desired. In practice it matches diffusion-level quality with faster training
and sampling (often few- or even single-step generation) and excellent scalability,
which is why it has been adopted in challenging domains such as large-scale video
generation, in-context image generation, and protein ensemble generation (Jin et al.,
2025; Liu et al., 2025). We therefore use flow matching as the foundation for prior
learning, leveraging its simple training objective, physics-grounded structure, and

strong empirical performance.

Gaussian measures. A probability measure u on a separable Hilbert space H is
Gaussian if for any finite collection of vectors { Ay, ..., h,} C H, the random vector
(X, hy),...,{(X, h,)) has a multivariate Gaussian distribution, where X ~ u. The
family {(X, h) : h € H} is therefore a Gaussian process indexed by H, with mean
h +— (m, h) for some m € H. Conversely, if a Gaussian process {X(¢) : t € T} has
sample paths that almost surely belong to a function space H (e.g., C(T) or L*(T)),

then the law of the random path 7 +— X(7) is a Gaussian measure on H. In short: a
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Gaussian measure is the path-space law of a GP, and a GP is the collection of linear

probes of a Gaussian measure.

Cameron—-Martin space and theorem. Let y be a Gaussian measure on a separable
Hilbert space H with mean m € H and covariance operator C : H — H (self-
adjoint, positive, trace-class). The Cameron—Martin space (the RKHS associated
with w) is

‘H, = Range(C'/2) C H,

equipped with the inner product (u, v)¢, := (C™12y, C71/2y)4; on Range(C'/?),
extended by completion. With this choice, the inclusion H,, < H is continuous.
For h € H, write u,(A) := u(A — h) for the translate. The Cameron—Martin

theorem states:

(i) If h € H,,, then uy, is absolutely continuous with respect to u (in fact, pj, and p

are equivalent), with

d
dL,uh x) = exp( (C™V2h, C7V2(x - m), — 3 ||h||(2Hﬂ) for p-a.e. x,
where the pairing is understood in the Paley—Wiener sense (which in finite dimen-

sions reduces to (h, C~1(x — m))).
(ii) If h ¢ H,,, then pj, L p (mutually singular).

In finite dimensions this reduces to the classical mean-shift formula for N (m, X)

with C = X, and ||h||3{ = (h,X"'h). Thus, ‘H,, pinpoints exactly the directions
u

along which a Gaussian measure can be translated while remaining (mutually)

absolutely continuous.

B.3 Stochastic process learning

Let (Q, 7, P) denote a probability space and let (R¢, 8(R?)) denote a measurable
space where B(R) is the Borel space. Following the standard definition of stochastic
processes (Brémaud (2020), Chapter 5.1), a stochastic process # on a domain D is

a collection of R?-valued random variables indexed by members of D, i.e.,
{a(x) :x € D}

jointly following the probability law P. In the special case of Gaussian pro-
cesses, e.g., Wiener process, following the Gaussian law for P, for any collection

points {xy,x2,...,x,}, the random variables {a(x),a(x2),...,a(x,)} are jointly
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Gaussian, resulting in a function a to be drawn from a GP. We need to empha-
size, {a(xy),a(x2),...,a(x,)} is a collection of random variables (random vector)
equipped with Lebesgue measure, and represents a discretized observation of one
continuous function a. In practice, the joint probability distribution of the collection

of the random variables is unknown a priori, and needs to be learned.

In SPL, one way we suggest is to learn an invertible operator 7~ that maps a base
stochastic process # to another stochastic process Q that represents the data via
discretization convergence theorem (see Appendix B.4). That is, for any collec-
tion of points {xy,x2,...,x,}, and for any n, the operator 7~ maps the law on
{a(x1),a(xy),...,a(x,)} to {u(xy),u(x2),...,u(x,)} and vice versa for the in-

verse 7!, where u(x) is a pointwise evaluation of function data sample, i.e.,

{M(Xl), M(xZ)’ s u(xn)} =7 ({a(XI), a(x2)v s a(xn)})

Then, the probability of {u(x1), u(x3), ..., u(x,)}, atevaluation points {xy, x2, . . . , X, },
for any n and collection of points on D is given by,

P ({u(x).uCe).cou(e)) =IT| 0 B({a(n).atn). . a(m)

where with abuse of notation P(u«(x)) denotes the density of u(x) at point x, same for
P(a(x)), and similarly, following the notation in Theorem 11.1 of villani_optimal_2009,
is the absolute value of the Jacobian determinant of the map
{a(x1).a(x2),....a(xn)}
from the random vector {a(x1), a(x2),...,a(x,)} at points {x,x2,...,x,} to the
random vector {u(x1),u(x2),...,u(x,)} via inverse operator 7~!. We further
show that the pushedforward Q is indeed a valid stochastic process via Kolmogorov
Extension Theorem (KET) (Kolmogorov, 2018) with a proof provided in Appendix.
B.4 . In SPL, we aim to learn a neural operator 7y such that the resulting Q matches

the data process under the true 7.

B.4 Model stochastic process with infinite-dimensional flow matching via Kol-
mogorov Extension Theorem

In operator learning, neural operators (Li et al., 2020b; Kovachki et al., 2023;

Azizzadenesheli et al., 2024) are typically designed to map an input function to an

output function. When the input function is provided at a specific discretization

(e.g., a set of points with their corresponding values), the model processes this

discretized input as a collection of points and their values. Traditionally, in operator

learning, this process is seen as an approximation of the operator’s application to the
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underlying continuous function, where the discretization introduces approximation

errors. Thus, the input is conceptually still treated as a function.

Moreover, the application of the operator to a collection of points is well-defined,
and, by the discretization convergence theorem, as the number of points increases,
this operation converges to a well-defined mapping. In this paper, leveraging these
properties, we adopt a different perspective as described in the introduction. We
extend neural operators to define explicit maps between collections of points. In
this framework, the input is not the abstract function itself but rather a collection of
points and their associated values. Importantly, this mapping remains well-defined
regardless of the number of points in the collection and, by the discretization conver-
gence theorem, converges to a unique mapping as the point collection approaches

the underlying continuous function.

Next, we show that given an invertible operator 7 and a valid stochastic process
whose finite dimensional marginal is P({a(x}), a(x2), ..., a(x,)}, there exist a valid

stochastic process Q with finite-dimensional marginal {u(x;), u(x3),...,u(x,)}.

Once again, as defined in Section B.3

{M(Xl), M(XZ)’ s u(xn)} =T ({a(XI), a(XZ)’ s a(xn)})

Then, the probability of {u(x1), u(x2), ..., u(x,)}, atevaluation points {xy, x2, . . . , X },

for any n and collection of points on D is given by,

P ({u(x1),u(x2),...,u(x,)}) = J7'{a(x064x”'”cdx HED({a(xl),a(xz),..-,a(xn)})
' (B.1)

where with abuse of notation P(u«(x)) denotes the density of u(x) at point x, same for

P(a(x)), and similarly, following the notation in Theorem 11.1 of villani_optimal_2009,

is the absolute value of the Jacobian determinant of the map
{a(x1),a(x2).....a(xn)}

from the random vector Jacobian of the map from the random vector {a(x), a(x3), . .
at points {x1,x», ..., x,} to the random vector {u(x;), u(x3),...,u(x,)} via inverse
operator 7 ~'. We should notice Eq. B.1 represents the changes of variables between
two random vectors, with Lebesgue measure involved. The connection between the
finite-dimensional marginal (equipped with Lebesgue measure) and the probability
measure of a stochastic process in infinite-dimensional space is described by Kol-
mogorov Extension theorem (KET) (Kolmogorov, 2018), which assures that if all
finite-dimensional distributions (i.e., distributions of function at finite collection of
points) are consistent, then a stochastic process exists that matches finite-dimensional

distributions.

->a(xa)}



110

Formally, according to KET, to establish that a valid stochastic process Q, which has
P ({u(xy),u(x2),...,u(x,)}) as its finite dimensional distributions, it is essential

to demonstrate that such a joint distribution satisfies the following two consistency

properties:
Permutation invariance. For any permutation 7 of {1, - - - , n}, the joint distribution
should remain invariant when elements of {x,-- - , x,} are permuted, such that

P ({u(x1),u(x2),...,u(xn)}) =P ({uCxz)), ulxz), - - t(xzm)})  (B.2)

Marginal Consistency. This principle specifies that that if a portion of the set is
marginalized, the marginal distribution will still align with the distribution defined

on the original set, such that form > n

P({u(m),u(Xz),---,u(xn)})=/P({u(ﬂn),---,M(xm)})du(xnﬂ)~--du(xm)
(B.3)

The permutation invariance property is naturally upheld when utilizing operator, as
there is no inherent order among the elements in the set {x;,x»,...,x,}. Further-
more, the marginal consistency property is also maintained due to the definition of
operator 7~ (see Eq. B.1), which ensures that P ({u(x1), u(x2),...,u(x,)}) is closed
under marginalization. This is because P ({a(x1), a(x2),...,a(x,)}) is closed un-
der marginalization, which fully determines P ({u(x1), u(x3),...,u(x,)}) through
the Jacobian. While verifying that Q constitutes a valid induced stochastic pro-
cess is straightforward given the 7, approximating the 7~ with a neural operator is
non-trivial and depends highly on the model used (related to expressiveness). For
instance, in Transforming GP (Maroiias et al., 2021), the authors employ a marginal
normalizing flow, which acts as a point-wise operator to transform values from a GP
to another. Consequently, the induced Jacobian is a diagonal matrix. More recently,
OpFlow (Shi et al., 2024a) introduces an invertible neural operator by generalizing
RealNVP to function space, which induces a triangular Jacobian matrix. In our
work, we extend this framework to a more comprehensive case: a diffeomorphism.
Here, the induced Jacobian is a full-rank matrix and is not necessarily triangular or
diagonal, the determinant of the Jacobian for any collection of points is calculated
through Eq 3.15.

Last, we want to clarify the the connection between the notions of operator 7 and
operator G throughout this paper. The operator 7 is the @, (a diffeomporhism)
defined in Eq. 3.5, which is the integral of G over time interval [0, 1]. Due to the
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nature of an ODE system, 7 is invertible. However, G is not necessary invertible,
which enables us to parameterize it with a classical neural operator, like FNO (Li
et al., 2020Db).

B.S5 Universal Functional Regression

UFR is concerned with Bayesian regression on function spaces (Shi et al., 2024a),
where it can be used to infer the posterior of an unknown function on a domain D
from a collection of pointwise observations. The observations are often corrupted
with noise of variance o2, denoted as {i(x;), #(x2), . . ., (x,)} or {u(x;) }7_,. More

specifically, for m > n points at which the function is to be inferred,

P ({ux), ue), .. uCon)} @), 8 (x2), ., i3}

Note that when the prior over the function space is Gaussian, UFR reduces to
the celebrated GP regression. Following Bayes rule, and maps between stochastic

processes, we obtain the log posterior as follows,

tog® (e} [ (@), ) = - 5 ) I og(o) - Stog(am)

+1og P ({u(x)},) - logP ({u(x)},))

This equality holds for any collection of points. It is worth noting that the posterior
is exact up to constants, i.e., the second, third, and last terms are constant. There-
fore, they do not contribute in MAP estimation, mean estimation, and functional

regression in general, and there is no need to compute them.

B.6 Marginal (dynamic) optimal-transport flow matching in function space
via optimal coupling and dynamic Kantorovich formulation

Consider a joint probability measure m(vp, v;) on H X H, where the reference

measure v, is chosen as a Gaussian measure, whose absolute continuity is well-

studied (Bogachev, 1998). We characterize vy by a GP with trace-class covariance

operator. e.g. vo = N (mg, Cp), where my is the mean, Cy is the covariance operator.

With the joint measure 7 (v, v1), we sample a function pair z := (hg, h1).

Assuming vy has full support on the Cameron-Martin space associated with vy
(following the convention of literatures (Kerrigan et al., 2023; Lim et al., 2025)), we
construct a conditional probability measure y,(+|z) as a Gaussian measure with trace-

class covariance operator and small operator norm to approximate Dirac measures
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in the sense of weak convergence. Such that, atf = Oand 7 = 1, u,(+|z) is a centered
around hyo, hy, approximating dp,, 0, respectively; Subsequently, we can construct

a new marginal probability measure by mixing these approximated Dirac measures:

1 (A) = / 1Al dr(2), VA € B(H) (B.4)

Due to dn(z) being always positive, the conditional probability measure (Dirac
measure approximated by Gaussian measure) is absolutely continuous with respect
to u;. Eq. B.4 indicates that yo = f Op,dn(z) = vo, and pu; = / Opdn(z) =
This formulation suggests that u, (1 represent convolutions of vg, v; with Gaussian
measures. For a more detailed discussion on convolution with Gaussian measures,
we refer the readers to Appendix B.1 of Lim et al. (2025).

Please note, dirac measure is not a necessary condition for Eq. B.4; the only con-
straint is the boundary conditions. One viable choice for the conditional measure
is a Gaussian measure with a small operator norm, which (in fact) approximates
the Dirac measure in the weak convergence sense. Alternative probability path, as
described in Lipman et al. (2022), Albergo et al. (2022), and Liu et al. (2022) are
equally valid.

Suppose /01 /ﬂ fﬂxﬂllg,(hlz)||dut(h|z)dﬂ(z)dt is finite to guarantee the vector
field is sufficiently regular (Lipschitz continuity), where G;(-|z) is the conditional
vector field. Under this condition, the vector field that generates yu, as specified in

Eq. B.4 and Eq. 3.3 can be expanded as follows :

Gi(h) = / G/(hlz )d’“"('Z)w)d() (B.5)

Eq. B.5 is an extension of the Theorem 1 as detailed in Kerrigan et al. (2023),
and we provide the derivation in Appendix ??. We note that u,(-|z) is a Gaussian
measure and can be expressed as y,(+|z) = N (m;, C;), with mean m, and trace-class
covariance operator C;. Inspired by Tong et al. (2024), we choose m; and C; to have
the following forms:

m;=t-h+(1—-1t)-h (B.6)

C, =02 Co (B.7)

min

where C is the same Gaussian covariance operator defined for vy and oy is a small
constant. Further, similar to finite-dimensional flow matching, we only consider the
simplest vector field that applies a canonical transformation for Gaussian measures,
such that the flow has the form: ®;(hg|z) = m; + ominho =~ t- hy + (1 —1) - hg. From
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Eq. 3.1, we can get G;(h|z) = hy — hy, indicating G, (h|z) is independent of the time
t and the path from A to A is a direct, straight line. Equipped with well-constructed
conditional vector field and probability measures, we can train a neural operator Gy

with the conditional flow matching loss

Lot = Bt (0,11 g i~ (o) |G (1, 1) = Gi(B]2) |1 (B.8)

Next, we explore how to approximate the true optimal transport plan from optimal
coupling of the joint measure 7(vg, v1). A common way for measuring the distance
between two probability measure is 2-Wasserstein distance, which a special case of
static Kantorovich formulation (Kantorovich et al., 1958). The static 2-Wasserstein

distance is defined as follows

WaaOroor)3 = inf [ flhg = hn|Pdr(ho. ) B.9)

HxH

In the ODE framework, we also care about the dynamic form of the 2-Wasserstein
distance to estimate the cost along the transport trajectory, which also is a special

case of dynamic Kantorovich formulation (Chizat et al., 2018).

1
Wan(00,70)3 = inf /ﬂ /0 16, ()P () dit (B.10)

Within the OFM framework, the marginal probability measure is a sum of Dirac
measures as described in Eq. B.4, and we selected vy as a Gaussian measure
and assumed v; has full support on the Cameron-Martin space associated with vg.
Furthermore, the cost function of 2-Wasserstein distance is squared L? norm, which
is continuous by nature. According to Theorem 4.3 and Lemma 4.4 of Chizat et al.
(2018), Wya = Wyy, for our specifically constructed p, and G; in the sense of weak
convergence. Therefore, to get the dynamic optimal transport plan, we only need to
find a joint measure 7 (vg, v;) that achieves the infimum in Eq. B.9. In practice, we
use a minibatch approximation of optimal coupling between vy and v;. The above
approach extends the dynamic (marginal) optimal transport framework of (Tong
et al., 2024) to infinite-dimensional function space. The related work of Kerrigan
et al. (2024) addresses a similar problem, but from a different perspective. For a

detailed comparison, please refer to Appendix B.17.

B.7 Derivation of Eq. B.5
In this part, we show the derivation of Eq. B.5, which extends Theorem 1 of Kerrigan

et al. (2023). The problem setting is given continuity equation and its weak form:
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1
/ / OULL) | (G (h). Vg 0y (h)dt = 0. Vi € Cyl(HX[0.1]) (B.11)
o Ju Ot

we want to derive the following form of the conditional vector field under absolute

continuity assumption and other mild conditions, where z := (hg, h;) € H X H.

am=[ G- )d"’( [2)

HxH

(h)dn(z) (B.12)

First, fol /H 8“’2? D du, (hydt = fol ﬁH f 69”(}' D du,(h|z)dr(z)dt. With continuity
equation in strong form and the fact that g,(hlz) induces u;(h|z) we have:

/ / /ago(h L du,(h | z) dn(z) dt
/ / / (e(h,1)Gi(h | 2)) due(h | 2) dn(2) dt.

By the divergence-form identity:

V- (o(h,1)Gi(hl2)) = (Gi(h), Viae(h, 1)) + ¢(h, 1)V - Gi(h|2)

Since we choose the smooth test function ¢ (4, t) from Cyl(H x [0, 1]) and use the
continuity equation in weak form, we assume term ¢(h,)V - G;(h|z) disappears

under integration. Define

du (- | z)
dp

L r de(h,t)
/0 [H SO ()

1
_/0 L[(Qt(h | 2), Vae(h, 1)) du;(h | z) dn(z) dt

ri(h,z) = (),  Gi(h):= /Qz(h | 2)ri(h, 2) dn(z).

Then,

1
_/0 /W/Z(Q:(h | 2)r(h, 2), Vie(h, 1)) du,(h) dn(z) dt

1
. / / (G,(h). Vao(h, ) dyuy(h) dr.
0 H

On the other side, from Eq B.11, V¢ € Cyl(H x [0, 1]) we have
1 1
op(h,t
[ [ 28D =~ [ [ (Gt St idiumar = 0
0 JH t 0 JH

Thus G,(h) = [, Gi(h|2) &L (hydr(2) = [, 0 Gi(hl2) 2L (hydn(z)



115

B.8 Derivation of Eq. 3.14

In this part, we show the detailed derivation of Eq. 3.14. In Flow Matching,
the variable z is chosen as a single data point from the coupling 7 (ug, u;) where
uy ~ qi1, and ug ~ g0 = N(0,K ({x1,x2,...,x,})). Considering the class of

Gaussian conditional probability paths

pi(ur|z) = N(ue|me(2), O't(Z)zK ({x1,x2, ..., x2})) (B.13)

With conditional flow ¢, (u,|z) = orug+m;. Specially, we choose m; = tuy+(1—1)ug
and 0; = o, where o > 0is a small constant. From Eq. 3.1 (or Theorem 3 of Lipman

et al. (2022)), a vector that defines the Gaussian conditional flow is :

0_/

Gi(uslz) = ;Z(ul —my) + my(uy) (B.14)

Then we can derive a closed-form expression for both the conditional probability
and corresponding vector field (Tong et al., 2024) by plug in y; and o into Eq. B.13
and Eq. B.14

pe(urlz) = N(ueltuy + (1 = Hug, oK ({x1,x2, .. ., Xn})) (B.15)
Gi(urluy) =0+ (uy —up) = uy —uo (B.16)

Now, let’s check the boundary conditions. Att = 0,

o—0

po(usz) = N (us|ug, oK ({x1,x2,...,x,}) — 6y, (B.17)
Atr =1,
—0
p1(uslz) = N(ugluy, oK ({x1,x2,...,%Xn}) AN Ou, (B.18)

From Eq. 3.9, we have po(ug) = fpo(u,lz)n(z)dz = féuon(uo,ul)duodul =
qo and pi(u1) = [ pi(u|2)n(z)dz = [ 6u7(uo, ur)duoduy = g1, which show
boundary conditions are satisfied.

B.9 Proof of Proposition 3.3.1
Proposition 3.3.1. Given noisy observations {u(x;)}!_,, the posterior distribution
1s

3l — w2

202

+logP ({u(x;)},) +C
(B.19)

logP ({M(xi)}?il‘{ﬁ(xi)}?ﬂ) B

Where the constant C = -4 log(270?) — log P ({ﬁ(xi)};’zl).



116

Proof. With Bayes rule, we have:

2 ({) s |y, ) -2 (e,
P ({@Cy,

2 ({0 Y, ) = (B.20)

Taking the logarithm of Eq. B.20, we have:

log P {uCx) Yy [{iCn) Y ) = log ({xn) Ly

{ux) Y2y ) +og P ({u(x) }2) -
logP ({u(x;)},) (B.21)

Givene; ~ N (0, %) and {&}! | isamultivariate Gaussian, then {u(x;) }'_, [{u(x:) }|
is a shifted multivariate Gaussian with mean {u(x;)}!_, translated from the orig-
inal multivariate Gaussian {€;}"_,. Due to the translation invariance property of
Gaussian distribution, We have :
nooT 2
R T P
(B.22)

We notice m > n and {u(x;)}'_, only depends on {u(x;)}"_,, and doesn’t depend on
(w0 Y2, - Thus log P ({0 Yoy [ () Y2 ) = log P ({0 Yoy [ (e Y ).

log P ({#(x)} 1,

()}, ) = logP ({a}L,) =

For evaluating log P ({u (x) H2, ), which is the second part on the right-hand side of
Eq. B.21, we can efficiently calculate it with the trace estimator. The third part on
the right hand side of Eq. B.21 (logP ({ﬁ(xi)}l’.’: 1)) represents the evidence and is

constant. Thus the posterior distribution of Eq B.21 can be simplified as:

i) — ux)l?

202

+logP ({u(x)}2,) +C
(B.23)

logP ({u(xz‘)}ﬁl‘{ﬁ(x")}?ﬂ) -

Where the constant C = -7 log(270?) — log P ({ﬁ(xi)}l’.’zl). O
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B.10 Example of Posterior Samples

In this section, we initially present the regression result of OFM in another additional
N-S scenario, as illustrated in Fig B.2. Subsequently, we display more posterior
samples used in the 2D regression examples. As depicted in Fig B.4, B.5, B.6, OFM
successfully generates realistic posterior samples that are consistent with the ground
truth and demonstrate appropriate variability. In contrast, GP regression fails to

produce explainable posterior samples.

15 1s
| s
10 10
o e
0s 0s
o0 o0 L
05 -0
=
10 10
s 15
20 20

(a) (b) OFM mean  (c) True mean (d) Misfitof  (e) Misfit of std
Observations mean

15 15
10 10
0s 0s
= 00 00
o -05 -0.5
-10 -10
-15 -15
-20 -20

(f) Samples from OFM (g) Samples from GP regression

Relative error %

Ground truth

Figure B.1: OFM regression on 2D GP data with resolution 32 x 32. (a) 32 ran-
dom observations. (b) Predicted mean from OFM. (c) Ground-truth mean from GP
regression. (d) Misfit of the predicted mean. (e) Misfit of the predicted standard de-
viation. (f) Posterior samples from OFM. (g) Posterior samples from GP regression.

L |-

gy JP

_ ™~ ~1\ ™~
(a) Observations (b) Ground truth (c) OFM mean (d) OFM sample (e) GP sample

Figure B.2: OFM regression on Navier-Stokes functional data with resolution 64x64.
(a) 32 random observations. (b) Ground truth sample (c) Predicted mean from OFM.
(d) One posterior sample from OFM. (e) One posterior sample from best fitted GP.
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Figure B.3: OFM regression on MNIST-SDF with resolution 64 X 64. (a) 64 random
observations. (b) Ground-truth sample. (c) Predicted mean from OFM. (d) One
posterior sample from OFM. (e) One posterior sample from the best fitted GP. (f)
Predicted mean from ConvCNP. (g) One posterior sample from ConvCNP.
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-15 -15

Figure B.4: OFM regression on NS data. (left) Posterior samples from OFM. (right)
Posterior samples from GP regression.
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Figure B.5: OFM regression on black hole data. (left) Posterior samples from OFM.
(right) Posterior samples from GP regression.
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Figure B.6: OFM regression on MNIST-SDF data. (left) Posterior samples from
OFM. (right) Posterior samples from GP regression.
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B.11 Co-domain functional regression with OFM
In this section, we expand our regression framework to accommodate co-domain
settings, as many function datasets feature a co-domain dimension greater than
one. For example, earthquake waveform data commonly include three directional
components, leading to a three-dimensional co-domain. Similarly, the velocity field

in fluid dynamics usually features three directional components, also resulting in a
dimension of co-domain of three.

We illustrate this extension through a 2D GP example with a co-domain of 3 (channel
dimension of 3). In learning the prior, we define the reference measure (v() as
a joint measure (Wiener measure) of three identical but independent Gaussian
measures while the target measure (v;) is another Wiener measure. We keep all
other parameters unchanged as those described in the 2D GP regression tasks, with
the only modification being an increase in the channel dimension from one to three.
After training the prior (training detail provided in Appendix B.13), and provided
32 random observations across the three channels at co-locations, we then perform
regression with OFM across these channels jointly. As demonstrated in Fig B.7,

OFM accurately estimate the mean and uncertainty across three channels.

channel 1
channel 2
channel 3

(a) Partial observations

2 2
1 1
o 0
-1 -1

(b) OFM mean (c) True mean

channel 1
channel 2
channel 3

3

channel 1
channel 2
channel 3

s

.

channel 1
L
# "
channel 2
channel 3
S &
Relative error %
channel 1
channel 2
u
channel 3
-
b
| o o
&
Relative error %

(d) Misfit of mean (e) Misfit of standard deviation

Figure B.7: OFM regression on co-domain GP data with resolution 32x32. (a) 32
random observations at co-locations. (b) Predicted mean from OFM. (c) Ground
truth mean from GP regression. (d) Misfit of the predicted mean. (e) Misfit of
predicted standard deviation.
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B.12 Posterior sampling with Stochastic Gradient Langevin Dynamics
In this section, we describe how to sample from posterior distribution with SGLD.

We denote logarithmic posterior distribution (Eq. B.23) as log Py and denote a set

N

: t
of posterior samples as {u,}’,,

{xi ?il'
By following the standard SGLD pipeline as described by Welling et al. (2011),

we can obtain a set of N posterior samples {u’e}ﬁ - However, SGLD is known

where each u} is defined on a collection of point

to be sensitive to the choice of regression parameters and can become trapped in
local minima, leading to convergence issues, especially in regions of high curvature
(Li et al., 2016). To mitigate these challenges, Shi et al. (2024a) proposed that
within an invertible framework, drawing a posterior sample uj, is equivalent to
drawing a sample aj, in Gaussian space, since uj, uniquely defines aj, and vice versa.
This approach can stabilize the posterior sampling process and is less sensitive to
the regression parameters due to the inherent smoothness of the Gaussian process.
Additionally, Shi et al. (2024a) suggests starting from maximum a posteriori (MAP)
estimate of a’e, denoted as ag, which can reduces the number of burn-in terations
needed in SGLD. We adopt the same sampling strategy and the algorithm is reported
in Algorithm 1

When the size of observations or context points ({#(x;)}_,) is 0, sampling from the
posterior degrades to sampling from the prior, the results of which are presented in

the subsequent section.

Algorithm 1 Posterior sampling with SGLD
Input and Parameters: Logarithmic posterior distribution log Py, temperature 7,
learning rate 1;, MAP ay, burn-in iteration b, sampling iteration ¢, total iteration
N.

1: Initialization: a)) = gy

2: fortr=0,1,2,...,Ndo

3:  Compute gradient of the posterior: V,, logPy

4:  Update alf': alt! = a!), + LV 1og Py + Vi, TN (0, 1)

5. if t > b then

6: Every ¢y iterations: obtain new sample ag“, and corresponding ug“
7. endif

8: end for

B.13 Prior learning with OFM
We now elaborate on the prior learning process and the corresponding performance

evaluation. As shown in Algorithm 2, the training dataset is sampled from the un-
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known data measure v;. Concretely, the training dataset consists of M discretized
M

=10 where u;|D; denotes a discretized observation of the u; func-

functions {u;|D;}

tion.

In practice, to simplify dataset preparation, one often uses the same discretization
grid D; for all function samples, e.g. D; = {x1,---,x,} regardless of the sample
index "1". For the consistency of notions, let 4 represents a batch of i.i.d discretized
functions sampled from the training dataset (equivalently, sampled from v;). Next,
the reference Gaussian process vy = N (myg, Cp) is known and determined by the
user. With a slight abuse of notation, We choose to use notation hg, h; for consis-
tency purpose, in other parts of this paper, discretized hy, h; is replaced with a, u

respectively.

For specific experiments setting, we employ Matern kernel to construct the reference
GP and to prepare training datasets for 1D GP, 2D GP, and 1D TGP. We have set the
kernel length / = 0.01 with a smoothness factor { = 0.5 for all reference GPs. OFM
maps the GP samples from reference GPs to data samples and is resolution-invariant,
which means OFM can be trained with functions at any resolution and evaluated at

any resolution.

Algorithm 2 Learning a prior
Input: Reference Gaussian process vy = N (my, Cp), data measure vy, batch size b,
small constant oy, discretized domain D = {xj, - x,}

1: while Training do

2 hg~vo, hp~v # sample functions of size b i.i.d from the measures
on D

w «— OT(hg, hy) # mini-batch optimal transport plan

(ho, h1) ~ 7

t~UQO,1)

Uy —thy+ (1—1)hy

he ~ N (e, O'Iiinco)

LI (0) — [|Go(t,x) = (1 = ho)
9: 6 « Update(6, Vy LEFM(Q))

10: end while

11: return Gy

® >N AW

2

1D GP dataset. We choose / = 0.3 and { = 1.5 and generate 20,000 training
samples on domain [0, 1] with a fixed resolution of 256. We use autocovariance

and histogram of point-wise value as metrics for evaluation. We evaluate OFM at
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several different resolutions shown Fig B.8, B.9, B.10, which demonstrate OFM’s

excellent capability to learn the function prior.

Ground Truth (resolution=128) Operator Flow Matching (OFM) Autocovariance Histogram
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Figure B.8: OFM for 1D GP prior learning, evaluated at resolution=128. (left two)
Random samples from ground truth and generated by OFM. (right two) Autocovari-
ance and histogram comparison
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Figure B.9: OFM for 1D GP prior learning, evaluated at resolution=256. (left two)
Random samples from ground truth and generated by OFM. (right two) Autocovari-
ance and histogram comparison
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Figure B.10: OFM for 1D GP prior learning, evaluated at resolution=512. (left two)
Random samples from ground truth and generated by OFM. (right two) Autocovari-
ance and histogram comparison

1D TGP dataset. We choose / = 0.3 and ¢ = 1.5 and generating 20, 000 training
samples on domain [0, 1] with a fixed resolution of 256. We set [—1.2, 1.2] for the
bounds. Results provided in Fig B.11, B.12, B.13.

2D Naiver-Stokes, Black hole, MNIST-SDF datasets. All the following 2D
datasets are defined on domain [0, 1] X [0, 1] and have a resolution of 64 x 64. We
collected a 2D Navier-Stokes dataset consisting of 20000 samples, with viscosity
= le—4. Theresults, including zero-shot super-resolution, are provided in Fig B.14,
B.15. The learning of Black hole dataset, generated using expensive Monte Carlo
method, is detailed in Fig B.16, B.17. Additionally, we trained OFM on 20, 000
MNIST-SDF samples, the outcomes are illustrated in Fig B.18, B.19.
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Figure B.11: OFM for 1D TGP prior learning, evaluated at resolution=128. (left
two) Random samples from ground truth and generated by OFM. (right two) Auto-
covariance and histogram comparison
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Figure B.12: OFM for 1D TGP prior learning, evaluated at resolution=256. (left
two) Random samples from ground truth and generated by OFM. (right two) Auto-
covariance and histogram comparison
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Figure B.13: OFM for 1D TGP prior learning, evaluated at resolution=512. (left
two) Random samples from ground truth and generated by OFM. (right two) Auto-
covariance and histogram comparison

B.14 Additional results of 1D GP regression with more complex kernels

In this section, we extend the 1D GP experiments by introducing more complex
kernels for both data generation and regression, while holding all other settings
identical to those used with the Matérn kernel. Specifically, we report results for the
non-stationary Gibbs kernel and the Rational Quadratic (RQ) kernel.

For the Gibbs kernel, we use an input-dependent length-scale
{(x) =Cy+ (1x, x € [0,1],

which induces the covariance

2€(x)L(x")

N o2 @-x)?
Ko) = T\ ez + ey & ( f(x>2+f(x'>2)'
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Figure B.14: OFM for 2D Navier—Stokes prior learning, evaluated at resolution
64 x64. (a) Random samples from the ground truth. (b) Random samples generated
by OFM. (¢) Autocovariance comparison.
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Figure B.15: OFM for 2D N-S prior learning, evaluated at 128 x 128 resolution
(zero-shot super-resolution)

In our setup we take £y = 0.05, ¢; = 0.25, and o = 1.0.

Forthe RQ kernel, we use sklearn.gaussian_process.kernels.RationalQuadratic
with length-scale 0.15. As shown in Table B.1, OFM consistently outperforms all

baselines on these tasks.

Table B.1: Comparison of OFM with baseline models on 1D GP with Gibbs kernel
and RQK. Best performance in bold.

Dataset — 1D GP-Gibbs 1D GP-RQK
Algorithm | Metric »  SMSE MSLL SMSE MSLL
NP 40-107' 7.1-107! 58-10°! 2.2-100
ANP 35-107 62-107! 2.7-1071 2.1-109
ConvCNP 34-10°" 1.1-1071 22-107! 6.9-107!
DGP 43.107! 8.6-107' 24-10°! 1.2.10°
DSPP 42-107" 7.1-107' 25-107! 42.107!
OpFlow 3.1-107' 69-107! 29-10°! 5.0-107!

OFM(Ours) 29.107! 87-102 2.1-10"! 9.4.102
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Figure B.16: OFM for 2D black hole prior learning, evaluated at resolution 64 X 64.
(a) Random samples from the ground truth. (b) Random samples generated by
OFM. (¢) Autocovariance comparison.
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Figure B.17: OFM for 2D black hole prior learning, evaluated at 128 x 128 resolution
(zero-shot super-resolution)

B.15 Details of experimental setup

In this section, we outline the details of experiments setup used in this paper. Since
regression with OFM requires learning the prior first, we list the parameters used
for learning the prior and regression separately. We employ FNO as the backbone,
implemented using neuraloperator library (Li et al., 2020b). All time reported
in the subsequent tables are based on one computations performed using a single
NVIDIA RTX A6000 (48 GB) graphics card. In all experiments, we use the dopri5
ODE solver provided by torchdiffeq Chen et al. (2018) with atol=1e-5 and
rtol=1e-5. Detailed posterior sampling algorithm is provided in Appendix B.12.

Table B.2 details the parameters used for training the prior. For instance, in the 1D
GP prior learning experiment, the dataset consists of 20,000 samples, each with a
co-domain dimension (or channel) of one. The batch size is set at 1024, and the
model is trained over 500 epochs. The total training time is about 0.76 hours, and

the size of the trained model is 37.1 megabytes.
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Figure B.18: OFM for 2D MNIST-SDF prior learning, evaluated at 64x64 resolution.
(top) Random samples from ground truth. (bottom) Random samples generated by

OFM.
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Figure B.19: OFM for 2D MNIST-SDF prior learning, evaluated at 128 x 128

resolution. (top) Random samples from ground truth. (bottom) Random samples
generated by OFM.
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Tables B.3, B.4, and B.5 detail the parameters for SGLD sampling as described
in Algorithm 1. For example, in the 1D GP regression experiment, the regression
takes 40,000 iterations with a burn-in phase of 3,000 iterations. Posterior samples
are collected every 10 iterations. The temperature for the injected noise during the
gradient update is set at 1, and the learning rate decays exponentially from 0.005
to 0.004 (defined in Algorithm 1). We average 32 runs with the Hutchinson trace
estimator to evaluate the likelihood, utilizing GPU parallel computing. The noise
level, as specified in Equation B.23, is 0.01 in this regression task. Then given 6
random observations, we ask for the posterior samples across 128 points. The GPU
memory usage for the regression task is 4 gigabytes, with the total runtime to 4.91
hours.
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Table B.2: Parameters used in experiments of prior learning

Datasets Size of Dataset Channels Batch Size Epochs Training Time Model Size
1D GP 2. 107 1 1024 5102 0.76 h 37.1 MB
1D TGP 2.10% 1 1024 5-10? 1.24h 37.1 MB
2D GP 2-10% 1 256 5102 1.14h 76 MB
2D co-domain GP 2104 3 256 5-10% 1.01 h 76 MB
2D N-S 2-10% 1 256 5102 3.79h 286 MB
2D Black hole 1.2-10* 1 256 5102 2.28h 286 MB
2D MNIST-SDF 2-10% 1 256 5102 831h 286 MB

Table B.3: Parameters used in regression experiments - Part A

Datasets Total Iteration Burn-in Iteration Sampling Iterations Temperature of Noise
1D GP 4.10% 3-10° 10 1
1D TGP 4.10* 3-10° 10 1
2D GP 2-10* 3-103 10 1
2D co-domain GP 2-10% 3.10° 10 1
2D N-S 2-10* 3-103 10 1
2D Black hole 2-10* 3-10° 10 1
2D MNIST-SDF 2-10* 3-103 10 1

Table B.4: Parameters used in regression experiments - Part B

Datasets Initial Learning Rate End Learning Rate Hutchinson Samples Noise Level
1D GP 5.1073 4.1073 32 1-1072
1D TGP 5.1073 4.1073 32 1-1073
2D GP 1-1073 8-10~* 32 1-1072
2D co-domain GP 1-1073 8-10~* 16 1-1072
2D N-S 3-1073 2-1073 8 1-1073
2D Black hole 5.1073 4.1073 8 1-1073
2D MNIST-SDF 5.1073 4.1073 8 1-1073

Table B.5: Parameters used in regression experiment - Part C

Datasets Number of Observations  Inquired Grids GPU Memory Running Time
1D GP 6 128 4 GB 491h
1D TGP 3 128 4GB 542h
2D GP 32 32 %32 22 GB 9.70 h
2D co-domain GP 32 32x32 31 GB 5.05h
2D N-S 32 64 x 64 44 GB 13.65h
2D Black hole 32 64 x 64 44 GB 13.37h
2D MNIST-SDF 64 64 x 64 44 GB 941h

B.16 Ablation and scaling studies for mini-batch optimal transport and Hutchin-
son trace estimator

We first present an ablation study of the optimal transport plan. In this study,

we revisit prior learning on the N-S dataset by training two models: one using

independent coupling and the other employing a mini-batch optimal transport plan.

Both models were trained with a batch size of 64. For evaluation, we compare the
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mean squared error (MSE) of density, autocovariance and spectral characteristics
between 1,000 real and generated samples. Additionally, we report the convergent
training loss (squared L?1oss) and the number of function evaluations (NFE) required
for sampling with adaptive ODE solver (dopri5). As shown in Table B.6, the mini-
batch OT plan outperforms the independent coupling approach in terms of pointwise
accuracy, spectral fidelity, and convergent L? loss, while also requiring fewer NFE
and enabling faster sampling. Our findings indicate that as the mini-batch size
increases, the model learns the prior with reduced error. This improvement may
be attributed to the mini-batch optimal transport plan approaching the true optimal

transport plan with larger batch sizes.

Next, we explore the variance of the Hutchinson trace estimator in likelihood esti-
mation with a scaling experiment. For this experiment, we use a 1D GP example
with parameters described in Section B.13 and a resolution of 128. We randomly
draw a GP sample from the prior and evaluate the log likelihood by integrating the
divergence as shown in Eq. 3.15, while also estimating it using the Hutchinson trace
estimator from Eq. 3.16. In this scaling experiment, the number of noise sample
(nnoise) for the Hutchinson estimator is set to (4, 8, 16, 32, 64, 128). For each npgise,
we repeat the experiment 100 times and report the mean and standard deviation of
the predicted likelihood. The exact likelihood is computed by directly integrating
the trace of the Jacobian. We repeat this procedure for 5 different random 1D GP
samples. As reported in Table B.7, the standard deviation of the Hutchinson trace
estimator decreases rapidly as nyise increases, and the predicted means always align

closely with the ground truth.

Furthermore, even at smaller npose values, where a relative larger variance is ex-
pected, the performance of the posterior sampling appears robust (see Table B.4).
We hypothesize that this is due to stochastic nature of posterior sampling algorithm
(SGLD), which requires injected perturbations, renders its performance relatively

insensitive to the choice of 7nypjge.

Table B.6: Scaling study for the size of mini-batch given optimal transport plan,
best performance in bold

Metrics Density-MSE  Autocovariance-MSE  Spectra-MSE Convergent L? Loss NFE
Independent 3.4-107° 7.4-1073 1.3-10! 5.1-1072 168
mini-batch =32  3.0-1073 1.3-1074 5.0-10° 2.3-1072 141
mini-batch =64  9.8-107¢ 9.8-1073 6.3-10° 1.9-1072 153

mini-batch = 128~ 2.4 - 1073 1.7-10°5 3.6-10° 1.5-1072 182
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Table B.7: Scaling study for the number of noise samples of Hutchinson trace
estimator

Mnoise = 4 Mnoise = 8 Nnoise = 160 Npoise = 32 Npoise = 64 Nnoise = 128 exact

sample 1 —481.7+9.4 —482.9 +7.7 -480.6 +4.9 —481.4 +3.8 —481.1 £2.5 —480.8 £ 1.8 —482.7
sample 2 —482.8 +9.8 —481.8 +6.7 —481.3 +4.9 —480.8 + 3.5 —481.1 £2.7 -481.2 £ 1.7 -482.0
sample 3 —479.7 + 10.2 -479.7 + 7.6 —478.2 £+ 4.7 -478.6 + 3.4 —478.8 £+2.6 —478.8 + 1.7 —479.1
sample 4 —476.9 + 10.0 —-477.0 + 6.6 —477.9 £ 5.6 —478.5+4.0 —478.1 £+ 2.7 -478.0 + 1.8 —477.4
sample 5 —479.4 £ 10.7 —479.2 + 6.6 —479.2 + 5.3 —479.4 £3.6 —-479.6 £ 2.8 —479.3 £2.0 —478.5

Likelihood estimation with Hutchinson trace estimator - sample Likelihood estimation with Hutchinson trace estimator - sample
—440 - — Exact likelihood — Exact likelihood
Hutchinson —460 - Hutchinson
—450 - Mean + Std Mean + Std
-4704 ;i @
T —460 3 8 B
g : £ it i i i
= -4709 1. 54804 L& 4 } )
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Figure B.20: Log likelihood by the integration of divergence, (left) plot for first GP
sample. (right) plot for second GP sample

B.17 Detailed analysis of OFM and comparison with existing methods

In this section, we elaborate the connection and difference with pervious work, high-
light contributions and potential limitations of our work. The regression with OFM
involves a two-steps process: (i) learning a prior on function space, and (ii) sampling
from the posterior given observations. Consequently, the OFM framework has con-
nections with both generative models on function space and the models developed
for functional regression. In the following, we provide a comprehensive comparative
analysis with related models and baselines, including operator flow (OpFLow) (Shi
et al., 2024a), conditional optimal transport flow matching (COT-FM) (Kerrigan
et al., 2024), conditional models (NPs) (Garnelo et al., 2018; Dutordoir et al., 2023)

Comparison with OpFrLow. OprFLow introduces invertible neural operators, which
generalizes ReaNVP (Dinh et al., 2016) to function space and maps any collection
of points sampled from a GP to a new collection of points in the data space,
using the maximum likelihood principle (Shi et al., 2024a). This method captures
the likelihood of any collection of point consistently as the resolution increases
and allows for UFR using SGLD. Despite these advantages, the requirement for
an invertible neural operator brings training and expressiveness challenges. To be

specific, OpFLow failed on all non-GP regression tasks in this paper because the prior
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learning stage suffered from mode collapse during training. On the contrary, OFM
adopts a simulation-free ODE framework for prior learning, which offers enhanced
expressiveness and ensures training stability through a simple regression objective
while avoiding using the invertible neural operator. In addition, OFM proposes
a non-trivial extension of UFR to the simulation-free ODE framework. These
improvements render OFM a more practical solution for challenging functional

regression tasks.

Comparison with COT-FM. COT-FM (Kerrigan et al., 2024) proposes a condi-
tional generalization of Benamou-Brenier Theorem (Benamou et al., 2000), for-
mulating a conditional optimal transport plan that applicable for both Euclidean
and Hilbert space. In contrast, OFM employs an unconditional optimal transport
plan in Hilbert space based on dynamic Kantorovich formulation, which is initially
generalized for unbalanced optimal transport (Chizat et al., 2018). The advantage
of COT-FM lies in its ability to flexibly incorporate specific conditions tailored for
conditional generative tasks. However, COT-FM is not suitable for functional re-
gression tasks due to: (i) COT-FM is contingent upon both the reference and target
being influenced by conditions, and the vector field learnt is triangular, designed to
transport jointly the coupling of a reference measure and a condition measure. In
UFR setting, the learnt prior is required to be unconditioned, (ii) the coupling with
condition measure typically prevents inducing valid stochastic process, even when
the reference measure is a Gaussian measure, (iii) cannot provide point evaluation
of probability density. Last, We should notice, the development of OFM is different
and independent of COT-FM, the former with a focus on stochastic process learning

and Bayesian functional regression.

Comparison with conditional models. NPs were developed to address the com-
putational and restrictive prior challenges of Gaussian Processes, utilizing neural
networks for efficiency (Garnelo et al., 2018). However, several recent studies have
discussed the drawbacks in the formulation of NPs, raising concerns that NPs might
not learn the underlying function distribution (Rahman et al., 2022; Dupont et al.,
2021; Shi et al., 2024a).

Notably, NPs treats the point cloud data as a set of values, ignoring the metric
space of the data (Dupont et al., 2021). This can lead to misinterpretations of
a function sampled at different resolutions as distinct functions (Appendix A.l
of (Rahman et al., 2022)). Furthermore, NPs rely on encoding input data into finite-

dimensional, Gaussian-distributed latent variables before projecting these into an
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Table B.8: High-level comparison of OFM and NP.

Aspect

OFM

Neural Processes (NP)

Modeling target

Arbitrary queries

Uncertainty & likelihoods

Global prior over stochastic
processes with a valid joint den-
sity.
Set-size / location agnostic;
evaluate on any grid or point
set.

Tractable log-densities and pos-
terior sampling enable princi-
pled Bayesian inference.

Amortized conditional model
without explicit tractable joint
density over full functions.

Set-size / location agnostic;
trained with random con-
text/target splits. Performance
may degrade under extreme
sparsity or distribution shift

Predictive densities are avail-

able and trained via condi-
tional likelihood; no closed-

form function-level likelihood
is typically specified. = Un-
certainty reflects model/context
coverage and may be miscali-
brated.

Learns inductive biases from
data through context sum-
maries; strong interpolation,
but extrapolation and long-
range generalization are not
guaranteed and depend on
training distribution.

Structure & extrapolation  Captures global geometry and
non-stationarity via the learned

flow.

infinite-dimensional space. This process tends to lose consistency at higher reso-
lutions. Moreover, the Bayesian regression framework underpinning NPs focuses
on point sets rather than the functions themselves, leading to a dilution of prior

information with increasing data points.

In recent study, diffusion-based variants of NPs (NDP) (Dutordoir et al., 2023), was
proposed to leverage the expressiveness of diffusion models (Ho et al., 2020; Song
et al., 2020). Nonetheless, the formulation of NDP does not address the aforemen-
tioned issues of NPs and introduces two more problems: (i) NDP fails to induce
a valid stochastic process as it does not satisfy the marginal consistency criterion
required by Kolmogorov Extension Theorem (Kolmogorov, 2018), and (ii) it relies
on uncorrelated Gaussian noise for denoising, which is not applicable in function
spaces (Lim et al., 2025). Oppositely, OFM establishes a more theoretically sound
framework by rigorously defining learning within function spaces. Additionally,
Bayesian functional regression within the OFM framework adheres to valid stochas-
tic processes, offering a robust and theoretically grounded solution. Last, we provide
a high-level comparison of OFM and NP as shown in Table B.8.
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Limitations. Despite these advances, the current regression framework with OFM is
primarily limited to low-dimensional data (1D and 2D in this study). This limitation
stems from the challenges associated with learning operators for functions defined
on high-dimensional domains—an area that remains underdeveloped both compu-
tationally and in terms of dataset availability (Kovachki et al., 2023). Additionally,
while the time complexity for regression with OFM is O(m?), the incorporation of
additional components significantly increases its computational resource require-

ments compared to classical GP regression.

There are several potential paths to mitigate the computation concerns: (i) Carefully
adjusting the step size (17;) and temperature (7') in the SGLD algorithm to prevent
overly large gradient updates. (i1) Running the trace estimator on multiple GPUs, use
mixed-precision FNO (Sitzmann et al., 2020), or adopt efficient neural operators (Shi
et al., 2025). (iii) Using more efficient ODE solvers. Our current implementation
uses a high-order ODE solver (doprid) that requires over 100 steps for sampling.
Switching to a more modern and efficient solver, such as the DPM-Solver (Lu et al.,
2022), could potentially reduce the number of evaluations, freeing up significant
GPU resources.
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 Experimental setup
Datasets description
We curated a benchmark of six challenging functional datasets to evaluate perfor-

mance across different domain types, as summarized in Table 4.1.

Navier-Stokes. This dataset contains solutions to the 2D Navier-Stokes equations
on a torus at a resolution of 64 x 64. Following the pre-processing of previous
work (Kerrigan et al., 2023; Shi et al., 2026b), we use 30,000 samples for training
and 5,000 for testing, drawn from the original dataset introduced in (Li et al., 2020b).

Shallow Water. This dataset contains solutions to the shallow-water equations for
a 2D radial dam-break scenario on a square domain, from PDEBench (Takamoto
et al., 2022). Each of the 1,000 simulations has 1,000 time steps at 128 x 128
resolution; we downsample spatially to 64 X 64 for efficiency and treat each time
step as an independent snapshot. We randomly select 30,000 snapshots for training
and 5,000 for testing

Darcy Flow. This dataset contains steady-state solutions of 2D Darcy Flow over
the unit square, obtained directly from the PDEBench benchmark (Takamoto et al.,
2022). We downsample the original 128 X 128 resolution to 64 X 64. The dataset
contains 10,000 samples and we split it into 8,000 samples for training and 2,000
for testing.

Cylinder Flow. We use the Cylinder Flow dataset of Han et al. (2022), which
describes flow past a cylinder on a fixed mesh of 1,699 nodes. Each sample is a
3-channel function (x-velocity, y-velocity, pressure). From 101 simulations x 400
time steps, we ignore temporal order and treat each time step as an independent

sample, randomly selecting 30,000 training and 5,000 testing samples.

Mesh GP. This is a synthetic dataset generated on a fixed irregular mesh of 3,727
nodes provided by (Zhao et al., 2022). We generate function samples from a
Gaussian Process (GP) with a Matérn kernel (length scale = 0.4, smoothness factor
= 1.5) given the domain, creating a training set of 30,000 samples and a test set of
5,000 samples.
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Global Climate. We use the real-world global climate dataset from (Dupont et al.,
2021), which contains global temperature measurements over the last 40 years. Each
data sample is a function defined on a grid of 46 x 90 evenly spaced latitudes and
longitudes. Following the previous pipeline (Dupont et al., 2021), we convert the
latitude-longitude pairs to Euclidean coordinates (R*) before passing them to the

models. The dataset contains 9,676 training samples and 2,420 test samples.

Baselines description

For all baseline models, we adopt their official implementations to ensure repro-
ducibility; the corresponding code repositories are linked in the referenced papers.
The key initialization hyperparameters for the baselines : GINO (Li et al., 2023),
UPT (Alkin et al., 2024), Transolver (Wu et al., 2024), LNO (Wang et al., 2024b),
and FNO (Li et al., 2020b)—are detailed in Table C.1. Note that a slightly dif-
ferent configuration was used for the Global Climate experiment. For a complete
understanding of all arguments, we refer the reader to the official repository for each

respective model (github link provided in all referred papers)

Table C.1: Hyperparameter settings for all baseline models.

Hyperparameter GINO UPT Transolver LNO  FNO

Parameters 197M 19.6 M 15.0M 222M 20.6M
GNN radius - 0.07 - - -
GNO radius 0.06 - - - -
Width/Dim. 128 192 512 512 128
Blocks/Layers 4 12 10 8 x4 4
Attn. Heads - 3 6 8 -
Latent Grid 32 x32 - - - -
Latent Tokens - 256 - 256 -
Fourier Modes 16 - - - 24
FNO Channels 180 - - - 128
Slice Number - - 24 - -

Hyperparameters for MINO

For the decoder, the single cross-attention block is followed by a multi-head self-
attention (MHSA) block. Although this MHSA block is optional, we found that
its inclusion slightly improves performance for generation task. To maintain the
overall linear time complexity of MINO, the MHSA module can be replaced by any

self-attention variant with linear complexity (like transolver layer).
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MINO-T. The GNO maps input functions to a latent representation on a 16 x 16 grid
of query points, defined over the [0, 1]?> domain. We set the GNO search radius to
0.07, the latent dimension Lg;my, to 256, and the number of attention heads to 4. The
encoder consists of M; = 5 cross-attention blocks. For the Global Climate dataset,
which is defined on a spherical manifold S?, we adjust the latent query positions to a
32 %16 spherical grid and increase the GNO radius to 0.2 to account for the different
coordinate system; other hyperparameters remain unchanged. The total parameter
count for MINO-T is 21.5 M.

MINO-U. The GNO maps input functions to a latent representation on a 16 x 16 grid
of query points, defined over the [0, 1]?> domain. We set the GNO search radius to
0.07, the latent dimension Lg;my, to 256, and the number of attention heads to 4. The
encoder consists of M| = 2 cross-attention blocks. For its latent-space processor, we
adopt a Diffusion U-Net architecture from the torchcfm library (Tong et al., 2024),
which operates on the [16, 16] latent tensor with 64 channels, 1 residual block, and
4 attention heads for the processor. Same setting of MINO-T on the Global Climate
dataset. The total parameter count for MINO-U is 19.2 M.

Details for training and inference

Reference Measures. We choose po as a Gaussian measure characterized by
a Gaussian Process (GP) with a Matérn kernel. Unless otherwise specified, the
function domain is [0, 1]2 (or subset of it), and we use a kernel length scale of 0.01
and a smoothness parameter of 0.5. For the Global Climate dataset, the domain
is a spherical manifold represented as a subset of [—1, 1]3, and the kernel length
scale is adjusted to 0.05. Furthermore, for the GP on the sphere, we explored two
distance metrics for the kernel. The first uses the chordal distance (the Euclidean
distance in the R embedding space), while the second employs the geodesic distance
on S?, for which we leverage the GeometricKernels library (Mostowsky et al.,
2025). Although both approaches yield a valid GP, the results presented in this
paper are based on the chordal distance implementation. We selected this method
for two primary reasons: its superior computational speed and to ensure consistency
with other benchmarks. To facilitate further exploration, we will release the code

repository with both implementations. The variance is fixed at 1 for all GPs.

Training Details. We train all models for 300 epochs using the AdamW optimizer
with an initial learning rate of le-4. We employ a step learning rate scheduler that

decays the learning rate by a gamma of 0.8 every 25 epochs. The default batch size
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1s 96. However, Transolver consumes significantly more GPU memory than other
models. To accommodate it on a single NVIDIA RTX A6000 Ada GPU (48 GB
memory), we reduced its batch size to 48 and, to maintain a comparable training
iteration (duration), limited its training to 200 epochs. Despite these adjustments,
Transolver still required approximately 1.76x more total GPU-hours than MINO-T
and MINO-U, respectively. The only exception was the Global Climate experiment,
where we explicitly matched the total GPU computation time of MINO variants
to that of Transolver by extending their training epochs. All experiments reported
in Table 4.4 and Table 4.3 were conducted three times, and we report the best
performance (among the three) achieved for each model. To further strengthen our
comparative analysis, Appendix C.7 details an experiment with matched settings
(parameter counts, batch size, epochs) that reveals MINQO'’s significant speedup and

superior performance over Transolver.

Inference Details. To evaluate the models, we generate the same number of samples
as contained in the test set for each dataset shown in Table 4.2. All samples are
generated by solving the learned ODE numerically using the dopri5 solver from
the torchdiffeq library (Chen et al., 2018), with an error tolerance set to 1e-5 for

all experiments.

C.2 SWD and MMD as general metrics for functional generation tasks

Unlike image generation, where established metrics like the Fréchet Inception Dis-
tance (FID) can leverage a well pretrained models to compare distributions in a
latent space, the field of functional generative models lacks such standardized eval-
uation protocols. Functional data covers a wide range of modalities, often without a
common pretrained model, what’s more, the learnt objective is probability measure
not probability distribution, which requires the metrics should be consistent regard-
less of discretization of function sample. This makes fair and direct comparison
between models challenging, as previous studies frequently rely on dataset-specific
metrics. To address this gap, our work proposes and validates two general metrics
that directly estimate the distance between a learned probability measure, v, and a

target measure, u, using samples drawn from each.

We are given two sets of i.i.d. function samples, X = {x/ )}?]:1 drawn from v and
Y = {y¥ )}?’:1 drawn from u. Each function is observed at the same N;, locations.
To compute the distance, each function sample is first flattened into a single vector

representation.
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Sliced Wasserstein Distance (SWD). In practice, we estimate the distance between
two probability measure,u and v, using the discretized function samples in the
datasets X and Y. To make the metric shown in Eq. 4.9 computable, we need to
derive the discretized version of it, which is achieved by choosing the base measure
v, to be the Haar measure (uniform surface measure) on the sphere R4! (d is the
discreziation of functions and d = N;, if co-domain is 1 in our case) and replace
the integral and normalization with an expectation with respect to the probability
measure defined by normalizing ys. Finally, we can get a discretized version of
Eq. 4.9:

SWD, (u,v) = eml(%d_l) [ W2 (04, 04v) | (C.1)
where 6 is a random direction on the unit sphere S~!. SWD converges to the exact
p-Wasserstein distance for two probability measures as the number of projections
goes to infinity. In our experiments, we use the official implementation from the
POT library (Flamary et al., 2021). We use the Sliced Wasserstein-2 distance (p =
2) (Bonneel et al., 2015), the time complexity for SWD is O(L-N-N;,+L-N log N),

where L is the number of projections.

Maximum Mean Discrepancy (MMD). For MMD (Gretton et al., 2012), the time
complexity is O(N? - N;,,) we use the Gaussian RBF kernel k (-, -). Given the sample
sets X and Y, we compute the squared MMD using the standard unbiased U-statistic

estimator:

MMD. (X, Y) = m;k(x(” xU)y
i#]

"y L) €2

ti]
) NN . .
- Z Z k(x(l),y(f)).

A practical consideration for the SWD is that it relies on a Monte Carlo approxi-
mation over random projections. This can introduce variance; calculating the SWD
multiple times on the same two test datasets may yield slightly different results.
To ensure our evaluations are stable and meaningful, we must reduce this variance
to a negligible level. We propose a simple procedure we term averaged-SWD:
instead of a single SWD estimation, we perform n,, independent estimations via

Eq C.1(each with a large number of projections, L = 256 in our case) and report the
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mean, we would expect averaged-SWD has very small variance introduced by the

Monte Carlo approximation.

To validate this approach, we created two distinct Gaussian measures, character-
ized by GP, GP; (length scale=0.3, smoothness=1.5) and GP, (length scale=0.01,
smoothness=0.5), on a 64 X 64 regular grid. We drew 5,000 GP samples from each
measure to create X,Y and then calculated the averaged-SWD between them for
varying npy, and repeated this entire process 20 times to report the mean and stan-
dard deviation of the averaged-SWD. As shown in Table C.2, when n,, = 10, the
variance of the averaged-SWD is sufficiently small. We therefore adopt n.,, = 10
for all SWD computations in our experiments. In contrast, MMD is deterministic

for a given kernel and does not exhibit this variance.

Metric Consistency Across Discretizations. A crucial property of a metric for
functional data is its consistency with respect to the discretization of the function
domain. The computed distance between two measures should be consistent regard-
less of the discretization for functions samples in two function datasets drawn from
the two probability measure. That is, if we draw new function samples X; and Y;
from the same measures u and v but observe them on a different set of locations,
we expect MMD (X, Ys) * MMD(X,Y) and SWD(X;,Ys) » SWD(X,Y).

To verify this property, we calculated SWD and MMD in three representative
scenarios while varying the number of observation points by randomly sub-sampling
the full discretization (&;,). The scenarios are: (i). GP; vs. GP,. (ii). GP; vs.
Navier-Stokes (test dataset) .(iii)) GP; vs. Cylinder Flow (test dataset). For each

case, we will unify the observed position (discretization) of function samples

As shown in Fig. C.1, both MMD and SWD remain highly consistent across different
sub-sampling ratios of the observation points. This analysis demonstrates that SWD
and MMD are not only theoretically sound but also empirically robust and sample-

efficient evaluation metrics for functional generative models.

Table C.2: Variance analysis of the averaged-SWD metric. We report the mean and
standard deviation over 20 trials for different numbers of averaging runs (7).

Nrun 5 10 20 40 60
SWD, mean + std 0.2482 + 0.0052 0.2485 + 0.0038 0.2494 + 0.0029 0.2497 +0.0017 0.2498 + 0.0014
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Figure C.1: Consistency of SWD and MMD with respect to the number of dis-
cretization points. The metrics remain stable as the number of observation points is
varied for three comparison scenarios: two synthetic GPs (left), a GP vs. a regular
grid dataset (center), and a GP vs. an irregular mesh dataset (right).

C.3 Connection and Difference to Prior Works

Functional Generative Models vs. Surrogate PDE Solvers

While both functional generative models and surrogate PDE solvers utilize neural
operators as their backbone architecture, the demands placed on the operator in these
two settings are fundamentally different. A surrogate PDE solver typically learns
a one-step mapping between function states, such as mapping initial conditions to
a final solution. In contrast, a functional diffusion or flow model must learn to pa-
rameterize a continuous transformation between two probability measures, and also
requires many steps evaluation during inference. This contrast is further highlighted
by the signal frequencies involved: surrogate solvers often map between smooth,
low-frequency functions (Li et al., 2023), while functional generative models must
transform high-frequency noise into structured data samples. Consequently, design-
ing a neural operator for generative tasks is significantly more demanding, as the

learning task itself is more challenging.

Architectural Comparison to Other Neural Operators
The MINO architecture builds upon insights from previous work, including GINO
and UPT (Lietal., 2023; Alkin et al., 2024), but introduces several key modifications

to address their limitations in the context of functional generative tasks.

Comparison with GINO. GINO adopts a GNO encoder and decoder with an FNO
processor. However, since a GNO acts as a low-pass filter (Laplacian smooth-
ing) (Li et al., 2018), which creates an information bottleneck for decoding. The
GNO decoder receives only the low-frequency output from the FNO processor,

making it structurally difficult to reconstruct the high-frequency details essential
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for high-fidelity generative modeling, which is supported by our experiments (see
Appendix C.5).

Comparison with UPT. The UPT model uses a GNN for super-node pooling, a
choice we identify as suboptimal for operator learning for three primary reasons.
First, as the input discretization becomes finer, the GNN converges to a pointwise
operator, which decouples it from the discretization convergence property required
of a neural operator. Second, GNN can also be viewed as a low pass filter in the
generative tasks, which has the same issue of GNO. Third, UPT relies on random
subsampling to define super-nodes is ill-suited for adaptive meshes common in
PDE tasks, where important regions with low grid density may be undersampled.
For instance, on a dense mesh of the Earth, random subsampling would likely
over-concentrate super-nodes in the polar regions that of less interest. Furthermore,
UPT’s decoder uses a single-layer, perceiver-style (Jaegle et al., 2021) cross-attention
where the queries are derived only from the output positions, which struggles to
reconstruct the high-frequency information (Dong et al., 2021). We found that for
generative tasks, it is crucial to use a combination of the input function and its
position as the query to the cross attention decoder and to use multiple attention
layers as shown in the ablation study (Appendix C.5). In Table C.3, we present a
detailed architectural comparison between MINO and GINO/UPT.

Comparison with Transolver. Key differences lie in the receptive field and
latent-space design of MINO. Transolver employs a purely global receptive field,
whereas our architecture integrates both local and global information processing.
In addition, MINO follows the modern, highly scalable, and efficient DiT paradigm
by replacing the grid-dependent “patchify” operation with a domain-agnostic GNO
encoder. Finally, because the slicing and de-slicing operations in Transolver act
on every point, and these operations happen in every Transolver layer, which can
be inefficient. In contrast, MINO performs encoding and decoding only once and
can be viewed as a reduced-order operator; its decoder is shallow, consisting of one
cross-attention block followed by a single self-attention block. As shown in our
experiments, MINO is markedly more efficient than Transolver in both training and

inference.

Designing neural operators with general deep learning architectures

The composition of multiple neural operators remains a valid neural operator (Wang
et al., 2024a). Previous works such as GINO and UPT adopt the standard en-
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coder—processor—decoder paradigm. However, directly replacing the processor with
a generic neural network is sub-optimal: it forces the decoder to rely solely on a
fixed-size latent representation, whereas the desired output lives in an infinite-
dimensional function space. To overcome this limitation, we design the decoder via
cross attention to take both the latent representation and the original input function

as inputs, thereby circumventing the bottleneck imposed by a fixed latent shape.

C.4 Additional Results

In this part, we present additional qualitative results to further demonstrate the
performance of MINO compared to baseline models. As shown in Figure C.2,
MINO generates realistic samples for the Navier-Stokes benchmark that closely
match the ground truth. In contrast, both GINO and UPT capture only the gen-
eral, low-frequency trends of the solution, failing to reconstruct the high-frequency
information essential for high-fidelity generation. This difficulty arises because gen-
erative models must learn a velocity field with correct high-frequency components
to successfully transform high-frequency Gaussian noise into structured data sam-
ples. We provide further qualitative results for MINO on the Darcy Flow, Shallow
Water, and Mesh-GP benchmarks in Figures C.3, C.4, and C.5, respectively, which

visually confirm the effectiveness of our approach.

C.5 Ablation Study

We conduct an ablation study to validate the effectiveness of the specific cross-
attention mechanisms used in the encoder and decoder of our MINO architecture.
We take the standard MINO-T as our baseline and evaluate its performance against

two architectural variants:

Self-Attention Encoder: We replace the cross-attention mechanism in the encoder
with a standard self-attention mechanism. In this setup, the Key-Value (KV) pair
for each attention block is derived from the output of the previous block, rather than

being fixed as the initial latent representation from the GNO.

Position-Only Decoder: We modify the decoder’s query to be derived only from
the function’s observation positions, similar to the decoder design in prior works like
UPT, GINO. This removes the explicit dependency on the input function’s values in

the query.

The results of this study, presented in Table C.7, confirm that our proposed design

choices are critical for achieving high performance. The standard MINO-T con-
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Figure C.3: Generation of Darcy-Flow samples

sistently and significantly outperforms both ablated variants across all datasets and
metrics. The performance degradation is most severe in the Position-Only Decoder
variant. By relying only on positional queries, the decoder struggles to reconstruct
fine-grained details. This result highlights the importance of conditioning the de-
coder’s queries on the input function’s values for high-fidelity generative tasks. The
Self-Attention Encoder variant also performs worse than our standard model, which
suggests that using the initial latent representation as a fixed context for iterative

refinement in the encoder is a more effective strategy than a standard self-attention
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Figure C.4: Generation of Shallow Water samples

Figure C.5: Generation of Mesh GP samples

approach.

C.6 Empirical Analysis of Scaling and Stability

To evaluate performance consistency, we train both MINO-U and MINO-T with
eight different random seeds on the Navier-Stokes and Cylinder-Flow datasets. The
results, summarized in Table C.5, show that MINO-U consistently outperforms
MINO-T across both datasets and metrics. We also note that performance variance
across seeds is slightly higher on the Navier-Stokes task compared to the Cylinder-
Flow task.

We next study data-scaling on Navier—Stokes benchmark by training on progres-



144

sively larger subsets of the full 30 k-sample dataset and evaluating on the same test
split. Table C.6 shows steady performance gains as the training set grows, with

improvements tapering off once roughly 18 k samples are reached.

C.7 Comparison with Transolver under Identical Settings

To ensure a fair comparison with Transolver, we reduce the latent dimension of
MINO from 256 to 192, and use the same training configuration (200 epochs, batch
size 48). This results in smaller models—MINO-U (S) (13.5M parameters) and
MINO-T (S) (12.1M)—compared to Transolver (15.0M). Notably, our models are
significantly faster, achieving a 3.1x speedup in training and a 3.5x speedup in

inference while maintaining superior performances.
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Table C.3: Architectural Comparison: MINO vs. GINO/UPT

Feature MINO (Mesh-Informed Neu- GINO /UPT Frameworks
ral Operator)

Primary Goal Probabilistic Functional Gen- Deterministic Physics Sim-
erative Modeling (learning dis- ulation: GINO—solving

Encoder Strategy

Latent Representa-
tion

Core Processor

Decoder Mechanism

Uncertainty

tributions via flow matching).

Learned Resampling onto a
Grid: a Graph Neural Opera-
tor (GNO) projects from Ny, ir-
regular points to a fixed, regular
Niode grid.

Structured Feature Map
(Grid): a tensor of shape
(H x W x C), compatible to
CNNS.

SOTA diffusion-style U-Net (or
Transformer).

Cross-Attention with Input By-
pass: Query (Q) comes from
the original input function f;
and its positions; Key/Value
(KV) come from the processed
latent state. Prevents an infor-
mation bottleneck and preserves
high-frequency details.

Inherent & Computationally
Cheap: being generative, the
model learns a distribution;
Monte-Carlo dropout can pro-
vide epistemic uncertainty with
a single trained network.

PDEs on varying geometries;
UPT—scalable temporal
simulation (latent rollouts).

GINO: GNO maps points to a
regular grid and augments them
with geometric features (signed-
distance function). UPT: a
GNN pools information from
Njin points onto a smaller, fixed
set of S “super-nodes.”

GINO: structured feature map
(grid). UPT: unstructured set
of vectors (tokens) of shape
(Ntokens X Dhidden)-

GINO: Fourier Neural Operator
(FNO) for efficient global pro-
cessing on the latent grid.

UPT: Transformer (Approxima-
tor) for modeling temporal tran-
sitions between latent tokens.

No Input Bypass (Information
Bottleneck): GINO projects
directly from latent grid to query
points. UPT uses Perceiver-
style cross-attention where Q is
derived from output positions
only. All information must be
reconstructed solely from the
compressed latent state.

Computationally Expensive:
uncertainty is not a primary tar-
get; estimating it usually re-
quires training an ensemble of
models (multiple runs with dif-
ferent seeds).




146

Table C.4: Ablation study on key architectural components of MINO across four
benchmarks. We compare our standard MINO-T against two variants: one replac-
ing the encoder’s cross-attention with self-attention, and another using a simpler
position-only decoder query similar to prior work like UPT. Lower SWD/MMD
scores are better; best results are in bold

Dataset — Navier Stokes Shallow Water Darcy Flow Cylinder Flow
Variants | Metric = SWD MMD SWD MMD SWD MMD SWD MMD

MINO-T 40-1023.6-107298-1038.7-10389-1023.4-10229-10722.6 - 102
Self-Atten. Enc. 5.2-10725.1-10721.7-10721.7-10722.0-107'7.6 - 10723.7-10723.5- 1072
Position-Only Dec. 5.7-10714.5-10718.4-10715.7-107'8.3-10"'4.4-10"'7.2- 107! 5.3- 107!

Table C.5: Performance comparison over eight random seeds. We report the mean
+ standard deviation in parentheses for each metric. Lower is better.

Dataset — Navier—Stokes Cylinder Flow
Model | Metric — SWD MMD SWD MMD

MINO-T 3.7-1072(6.8-1073) 3.1-1072(6.0-1073) 2.9-1072(2.4-1073) 2.6-1072(3.0- 1073)
MINO-U 33-1072(6.3-1073) 2.7-1072(7.5-1073) 2.1-1072(2.0-1073) 1.9-1072 (2.8 - 107%)

Table C.6: Performance of MINO-U when trained on a subset of the Navier-Stokes
dataset.

Metrics | Samples — 6,000 12,000 18,000 24,000 30,000

SWD 43-107%2 39-1072 2.8-1072 3.0-1072 2.8-1072
MMD 40-1072 3.2-1072 2.2-107%2 3.1-107%2 1.9-1072

Table C.7: Performance comparison with Transolver under identical settings. Best
Performance in bold

Dataset — Navier Stokes Mesh GP Cylinder Flow
Model | Metric - SWD MMD SWD MMD SWD MMD

Transolver 53-100251-1029.1-1024.6-10225-107224-1072
MINO-T(S) 4.4-10724.0-10279-107228-1022.7-10722.6-1072
MINO-U(S) 29-10225-1026.1-1023.0-10225-107223-102
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Appendix D

APPENDIX FOR CHAPTER 5

D.1 Details of simulation dataset preparation

Computational testbed. Selecting an appropriate computational testbed is critical
to ensuring the ability of the Al models to capture potential complexities of realistic
wave propagation. It is thus emphasized that the simulation domain must exhibit
heterogeneous geological features such as shallow sedimentary basins and sharp
contrasts between different geologic units that result in abrupt changes in seismic
wave velocity propagation and strongly influence spatial amplification patterns. The
San Francisco Bay Area (SFBA) satisfies these criteria (Fig D.1), and additionally is
a densely populated metropolitan region with significant infrastructure development
and seismic activity resulting in a potential of high risk, thus has been significantly
studied. For this study, we adopted the United States Geological Survey (USGS)
SFBA community velocity model (version 21.1) Aagaard et al., 2021. This model
was selected because it has undergone rigorous performance evaluation through
high-resolution 3D physics-based simulations and recorded seismicity. A recent
validation study Pinilla-Ramos et al., 2025 in the SFBA involved small-magnitude
earthquakes and demonstrated that the velocity model performs particularly well
in the frequency range of 0.25-3 Hz with practically unbiased simulated motions
compared to recorded ground motion data and slight over-prediction of 25% in
the frequency range 3-5Hz, successfully capturing wave propagation effects in
near-surface soft materials and local basins. Moreover, using the same testbed,
a significant simulation effort of large-magnitude Hayward-fault earthquake events
has been recently conducted as a collaboration between the Pacific Earthquake En-
gineering Research (PEER) Center and Lawrence Berkeley National Laboratory
(LBNL) McCallen et al., 2025. This work leverages the EQSIM framework and
Exascale computing for earthquake simulation capabilities McCallen et al., 2024;
McCallen et al., 2021a, and produced an open-access Simulated Ground Motion
Database (SGMD) of surface motions in the SFBA.

Physics-based earthquake simulations. The physics-based ground motion sim-
ulations in this study are generated using the SW4 (Seismic Waves, 4th order)

software. SW4 numerically solves the elastodynamic wave equations in displace-
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ment formulation using a node-based finite difference approach, guaranteeing energy
stability and achieving fourth-order accuracy in both space and time. The primary
objective of these simulations is to capture the deterministic physics of wave propa-
gation, including the effects of complex 3D geologic structures such as sedimentary
basins, which strongly influence ground motion amplitude and duration. While
the simulations provide a rigorous representation of linear wave propagation, they
are subject to limitations. First, the modeling assumes a linear-elastic response
of the geologic materials, neglecting potential nonlinear soil behavior. Second,
simulated high-frequency content is limited by epistemic uncertainty of subsurface
conditions, i.e., the lack of sufficient data on small-scale soil properties (on the
order of tens of meters) to construct a velocity model capable of supporting accu-
rate wave propagation at frequencies above 3-5 Hz. Simultaneously, a minimum
shear-wave velocity cutoff (e.g., 250 m/s adopted here) is enforced because lower
velocities correspond to shorter wavelengths, necessitating a finer computational
grid that would drastically increase computational demands. This constraint is
critical because computational cost scales inversely with the fourth power of the
grid spacing (which is driven by the ratio of frequency to minimum shear-wave
velocity), making high-resolution deterministic simulations computationally inten-
sive. Despite these limitations, physics-based simulations provide high-fidelity data
for medium- to long-period wave propagation. For the dataset generation in this
study, the simulations are designed to resolve frequencies up to 1 Hz aiming to
achieve manageable computational effort and robust simulated datasets of verified
validity for the physical domain of interest. The following subsections describe the
adopted computational domain, the seismic source characterization for small- and
large-magnitude earthquake simulations and the simulation strategy for efficiently

generating the ground motion datasets.

Computational domain and velocity model. The computational domain is shown
in Fig D.1 and is identical to the one used in Pinilla-Ramos et al., 2025which is
a sub-domain of the detailed USGS v21.1 SFBA V Aagaard et al., 2021. The
main modelling assumptions are listed in Figure 2, including a sketch describing
the grid size and the implemented grid refinements in depth. A minimum shear-
wave velocity of 250 m/s is adopted, and combined with a required accuracy for
frequencies up to 1 Hz results in a minimum grid spacing of 31.25 m to ensure
proper numerical accuracy ensuring 8 points per wavelength in all points within
the mesh. The wave attenuation is modeled through a linear visco-elastic model

characterized by the quality factors (Qp and Qs for compressional and shear waves,
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* Computational model d in 92 x 43 x 30 km
* 100 million grid points
* 1 Hz maximum resolved frequency
* USGS 3D geologic and seismic velocity model V21.1
* Linear viscoelastic material model
*  Minimum shear-wave velocity cutoff 250 m/s
* Frequency independent attenuation factors
Q, and Q, for P and S waves
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Figure D.1: Computational domain adopted for the SFBA and model parameters

respectively), which were obtained directly from the characterization included in
the velocity model by the USGS.

The SFBA region features complex geologic structures that significantly influence
wave propagation. In the northern area, the Hayward fault separates two distinct
geological blocks Pinilla-Ramos et al., 2025 (cross-sections A-A, B-B, and C-C in
Fig D.2). The western block consists of shallow soft marine sediments overlying
sedimentary basins that extend down to 1 km depth (cross-sections B-B and C-C). In
contrast, the eastern block consists mainly of sedimentary rocks and tends to be stiffer
at the surface (with shear-wave velocities usually above 500 m/s). This comparison
reverses at depths larger than 1 km where east of the Hayward fault consists of
softer rocks compared to the western block. Structural complexity increases to the
south where the Calaveras fault bounds the eastern block (cross-sections C-C, D-D,
and E-E). Notably, the San Jose and Santa Clara regions in the south of the SFBA
(cross-section E-E) exhibit deep, irregular sedimentary basins, which are expected

to generate significant wave reverberations and increase ground motion duration.

Seismic source characterization The simulation of small-magnitude earthquake
events (i.e., magnitudes less than 5) are considered following a double-couple point
source using the Liu source-time function Liu et al., 2006 to model how the source
releases energy over time. Being consistent with rupture dynamics, this slip rate
function is not symmetric (as shown in Fig D.3; it is characterized by a large
initial peak and a gradual amplitude decay that represents the healing process of
the rupture. To simulate large-magnitude earthquake events, a planar fault rupture

is modelled and initiates (at the hypocenter location) evolving with time during the
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Figure D.2: (a) Map view of the free surface shear-wave velocity in the simulation
domain, extracted from the United States Geological Survey velocity model, with
the E-W red lines indicating the location of the velocity model cross-sections shown
in (b); (b) Vertical cross-sections of the velocity model with the Hayward fault at O
normal distance. (adopted from Pinilla-Ramos et al. 2025 with permission)

earthquake event. The rupture process for a given scenario is controlled by numerous
seismological properties including the total slip, earthquake realizations utilized in
the SFBA simulations are generated using the Graves and Pitarka (GP) kinematic
rupture model Graves et al., 2016, with an enhanced slip rate representation Pitarka
et al., 2022. The shape of the source time function varies with depth with a
linear transition between crustal depths of 1 and 3km. This formulation allows the
shape of the source time function to transition from “cosine-type,” with a relatively
modest high-frequency content in the depth interval O—1km, to “Kostrov-type” with
a broadband frequency content, at depths greater than 3km.

Simulation database generation The database contains 2,100 small-magnitude
earthquake events, with 2,000 intended for training of the Al algorithms and 100
for testing. All simulations have the same focal mechanism of dip=80°, strike=145°
and rake=180° which has been identified as the one in the 2018 Berkeley 4.4-
magnitude earthquake event reported in (Pinilla-Ramos et al., 2025), as well as the
Liu source function and corner frequency of fc=1.4Hz suggested in the same study.
The locations of the small-magnitude earthquake simulations are randomly posi-
tioned throughout the domain, covering its entire width, length and depth using the
Latin Hypercube Sampling technique to ensure uniform spatial distribution. The

simulations are performed on Perlmutter, a 70-PF (Peta flops) Graphics Process-
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Figure D.3: (a) Small-magnitude seismic source characterization as a double-couple
point-source function defined by its focal mechanism and source time function;
(b) Large-magnitude seismic source characterization following the Graves-Pitarka
rupture model; (¢) Example of a pure stochastic rupture realization for the Hayward
fault plane, shown through its total slip, rise time and slip rate ; (d) slip rate of points
at various depths within the fault-plane as a function of time, normalized to show a
unit area of total slip, developed within a normalized rise time of 1 second.
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Figure D.4: Envelope of calculated Green’s functions, rupture plane dimensions
and positions for Magnitude 7 and Magnitude 6 earthquake events

ing Unit (GPU)-accelerated super-computer at the National Energy Research Super
Computer Center at Lawrence Berkeley National Laboratory, with a total of 600
node-hours of GPU resources, where each node contains 4 NVIDIA A100 GPUs.
Moreover, the database contains large-magnitude earthquake simulation, in partic-
ular 1,100 M7 and 2,100 M6 earthquake realizations, out of which 100 M7 and 100

M6 realizations are reserved for testing and the rest are reserved for training. To
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generate the source ruptures for each of those realizations, the Graves-Pitarka kine-
matic rupture model is deployed Graves et al., 2016.The rupture plane dimensions
are shown in Figure 6, and are governed by the magnitude of the seismic event, in
particular 15x64 km for the M7 and 8x12km for the M6.

The straightforward approach in EQSIM McCallen et al., 2021b is to directly in-
corporate the extended source rupture files into sw4 and simulate the earthquake
response. However, this could become cumbersome for generating thousands of
realizations, and thus a different approach is investigated here to ensure low com-
putational cost as well as scalability (i.e., the ability to generate more realizations if
needed without the associated scaling of the computational cost). To this end, the
representation theorem is deployed, allowing to use the Green’s functions describ-
ing the source-to-site response (i.e., from each point of the finite source rupture to
the surface stations). In Fig D.4, the envelope of the plane in which the Green’s
functions are calculated is shown in red, which corresponds to the M7 rupture plane
shown as a gray-shaded area. The M6 rupture plane is shown as a blue-shaded
area, and given its smaller dimensions compared to the M7 rupture plane, it can be
positioned anywhere within the black-dashed envelope (i.e., as a sliding stencil at
the top of the envelope where the Green’s functions are calculated). For the M6 and
M7 modelled magnitudes, the rupture variable parameters in these realizations are:
1) the hypocenter locations within the fault (shown in star markers in Fig D.4); 2) the
slip distribution controlled by a random seed generator within the Graves-Pitarka

kinematic rupture generator; and 3) the average rupture velocity . In particular, the
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hypocenter horizontal location (HH) is —25 km < HH < 25 km measured from the
center of the M7 fault plane and —3 km < HH < 3 km measured from the center of
the M6 fault plane. The hypocenter depth (HD) is 7 km < HD < 9 km measured
from the top of the M7 fault plane and 3 km < HD < 6 km measured from the top of
the M6 fault plane. The rupture velocity (VRup) is 0.65 < VRup < 0.95, expressed
as a percentage of the average shear-wave velocity, similarly for both M7 and M6

ruptures.

In Fig D.5, the first row shows the 200-meter-spacing discretization of the rupture
plane, as required for a proper rupture characterization of frequencies up to 1Hz,
resulting in 24,000 point-sources. To reduce the volume of Green’s functions calcu-
lations, these point sources are then grouped into 5x5km sub-faults, and artificially
considered to be located in their respective centroid that is shown in green at the
second row of Figure 7. It is noted that during this modification, the respective
source-time functions are preserved at the original resolution (24,000) to maintain
the rupture model’s fidelity, and only the calculated Green’s functions are reduced to
960 (i.e., by a factor of 25). This allows for a significant reduction in computational
demand —i.e., calculating 960 as opposed to 24,000 Green’s functions — requiring a
total of 400 node-hours of GPU nodes on Perlmutter. After this dataset of Green’s
functions is calculated, each realization defined by its source-rupture is calculated by
convolving the 24,000 source time functions with their respective centroids, which
additionally requires 1 node-hour of CPU-only nodes on Perlmutter, resulting in
a total of 3,100 CPU-only node-hours, where each CPU-node contains two AMD
EPYC 7763 (Milan) CPUs.

Preprocessing of the simulation data. To simplify the learning setting and allevi-
ate artifacts induced by absorbing boundaries, we crop the simulations to an 80 X 40
km subdomain sharing the same geometric center as the original computational
domain (92 x 43). We further apply a sixth-order low-pass filter with cutoff fre-
quency 1 Hz, downsample the spatial discretization from [320, 160] to [256, 128],
and truncate the time series to 24 seconds sampled at (original) 4 Hz. The resulting
three-component velocity wavefields therefore have shape [3, 256, 128, 96]. To alle-
viate dynamic-range variation across events of different magnitudes, each sample is
divided by its sample-wise standard deviation, and the corresponding log;, standard
deviation is appended as an additional constant channel. Consequently, each event is
represented as an array of shape [4,256, 128, 96]. The unnormalized three-channel

representation and the normalized four-channel representation are fully equivalent,
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since either can be recovered from the other.

D.2 Details of experimental setup

This section describes the experimental configuration and training protocol. All ex-
periments were conducted on a single NVIDIA RTX A6000 Ada GPU (48 GB). All
three components, namely the super-resolution neural operator (SNO), the autoen-
coding neural operator (AENO), and the conditional latent flow matching model,
were trained on a total of 5,000 samples. Among them, only the latent flow match-
ing model is stochastic and conditioned on event (magnitude, hypocenter), whereas

SNO and AENO are deterministic operators.

Super-resolution neural operator (SNO). The SNO maps a low-resolution wave-
field to a high-resolution wavefield. During training, the low-resolution input has
shape [4, 128, 96, 48] and the high-resolution target has shape [4, 256, 128, 96]. The
fourth channel is a normalization channel that stores the per-sample standard devi-
ation on a log, scale. We implement SNO using a residual Fourier neural operator
(rFNO) with 4 FNO layers. The model has 871 million parameters and a storage.
We train it for 100 epochs with batch size 2 using AdamW and a cosine-annealing
learning-rate schedule with an initial learning rate of 5 x 10™*. The total training

time is 58.5 hours.

Autoencoding neural operator (AENQO). The AENO consists of an encoder op-
erator and a decoder operator, each implemented as an rFNO with 6 layers. The
model has 663 million parameters. We train it for 200 epochs with batch size 8 using
AdamW and a cosine-annealing learning-rate schedule with an initial learning rate

of 5 x 1074, The total training time is 36.3 hours.

Conditional latent flow matching. For conditional latent flow matching, we adopt a
diffusion U-Net architecture following Tong et al., 2024. The model has 128 million
parameters. We train it for 300 epochs with batch size 64 using AdamW and a
cosine-annealing learning-rate schedule with an initial learning rate of 2 x 107*.

The total training time is 5.8 hours.

D.3 Additional Results

Random reference stations for NCC. We provide additional NCC analyses using
randomly selected reference stations for the representative Mw 4.4 point-source
scenario shown in Fig. 5.3. These supplementary examples are intended to verify

that the coherence patterns reported in the main text are not specific to a particular
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Table D.1: Hyperparameters and training details of the SNO, AENO, and Flow
Matching models.

Components SNO AENO Flow Matching
Architecture rFNO rFNO Diffusion U-Net
Layers 4 6+6 -

Batch Size 2 8 64
Epochs 100 200 300
Learning Rate 5% 107 5% 107 2x 107
Parameters 871 M 663 M 128 M
Learning rate Se-4 Se-4 2e-4
Scheduler Cosine Annealing Cosine Annealing Cosine Annealing
Training Time 585h 36.3h 5.8h

reference location. Across different choices of reference station, the synthetic
wavefields reproduce similar spatial patterns of peak NCC and, more importantly,
similar travel-time gradients in the time-lag fields relative to the ground truth. This
further supports the conclusion that GMFlow preserves physically consistent phase

alignment and wave-propagation kinematics over the full spatial domain.

Evaluation on the Mw 6.0 finite-rupture source scenario. We also include
additional evaluation results for the Mw 6.0 finite-rupture scenario in Fig. D.7. This
case serves as an intermediate regime between the comparatively simple Mw 4.4
point-source events and the more challenging Mw 7.0 extended-rupture events
discussed in the main text. The supplementary results show that GMFlow captures
the principal characteristics of finite-rupture ground motion, including spatially
varying amplitude patterns, coherent phase delays, and rupture-driven wavefield
asymmetry. These results indicate that the model remains effective not only at the

two ends of the magnitude range, but also in the intermediate finite-rupture regime.

Zero-shot super-resolution on finer spatial grids. Finally, we present zero-shot
super-resolution results in Fig. D.9. In this experiment, the synthetic wavefields
are evaluated on a finer spatial grid of [3,512,256,96], whereas the reference
simulations are available at the default resolution of [3,256,128,96]. Because
GMFlow is formulated as a functional generative model with a super-resolution
neural operator, the learned representation is not tied to a single output discretization.
As aresult, the model can be queried on denser spatial grids without retraining, while

still producing wavefields that remain visually coherent and physically plausible.
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Figure D.6: NCC analysis using randomly selected reference stations for the repre-
sentative M,, 4.4 event.
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Figure D.8: Zero-shot super-resolution. Ground-truth wavefield snapshots are
provided at spatial resolution 256 x 128, whereas the synthetic samples are super-
resolved to spatial resolution 512 x 256. (A, C, E) Ground-truth snapshots for
representative M,, 4.4, M,, 6, and M,, 7 events, respectively. (B, D, F) Correspond-
ing zero-shot super-resolved synthetic snapshots for the same events.
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D.4 Ablation Study

In this section, we perform an ablation study focusing on two factors: (i) the capacity
of the latent flow matching model (16M vs. 128M parameters), and (ii) the cutoff
frequency used in the Physics-Aligned Subspace.

Configuration of flow matching. We choose the modified 3D diffusion-UNet
architecture as the backbone for the flow matching Tong et al., 2024. For the smaller

16M model, we use the following configuration:

model_config = {
’hidden_channels’: 64,
‘'num_heads’: 4,

’attention_res’: 87,

For the larger 128M model, we use:

model_config = {
’hidden_channels’: 96,
‘'num_res_blocks’: 2,
‘'num_heads’: 8,
’attention_res’: ’8,4’,
’channel_mult’: (1, 2, 3, 4)

Evaluation metrics. We reproduce both the statistical distribution analysis and
the residual analysis. For the statistical distribution comparison, we use the 1D
Wasserstein distance. Given two one-dimensional probability mass functions p;

and p», the first Wasserstein distance is defined as

li(p1,p2) = inf / ly1 = y2ldr(y1,y2), (D.1)
nell(p1,p2) JRxR

where I1(p1, p2) denotes the set of all joint distributions on R X R whose marginals
are p1 and p», respectively. We quantify distributional agreement by repeating the
same procedure used in Fig. 5.6A-B. For the residual analysis, we compare the
mean residual curves using the root mean squared error (RMSE) as the evaluation

metric.
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As shown in Table D.2, lower values indicate better agreement with the target statis-
tics. Increasing model capacity consistently improves performance across nearly
all metrics, with the clearest gains observed for the more challenging finite-rupture
cases. Likewise, Table D.3 suggests that higher cutoff frequencies, particularly
fe = 0.75 and 1.0 Hz, are more effective for capturing large finite-rupture events.
This trend is further corroborated by the full residual spectra for different f. values

shown in Fig. D.9.

Table D.2: Model-size ablation for latent flow matching. Quantitative comparison
of the 16M and 128M CFM models using PGV, FAS-based Wasserstein distance
at multiple frequencies, and RMSE of the mean residual for M,, 4.4, M,, 6.0, and
M,, 7.0 events. The lower the better.

Datasets|M0del | Metric —>| PGV  FAS-0.25Hz FAS-0.5Hz FAS-0.75Hz FAS-0.96Hz residual mean
CFM-16M [7.2-1072 23.1072 57-102 1.2-107' 1.0-100' 1.6-107!

Mw 4.4 CFM-128M [52-107%2 1.6-1072 39-102 1.0-107' 8.3-102 1.1-107!
Mw 60| CFEM-16M 65-1072 1.2-1072 99-1072 2.7-107' 32-107' 44.107!
: CFM-128M [3.9-1072 2.0-1072 5.8-102 2.1-100' 27-107' 34.107!
Mw 7.0 CFM - 16M 1.4-107" 76-1072 19-107' 3.8-10°" 4.7-107! 6.4-107!
: CFM - 128M [8.5-1072 2.5-1072 1.3-10"! 32-10"! 4.3.107! 5.6-107!

Table D.3: Cutoff-frequency ablation for the Physics-Aligned Subspace.
Quantitative comparison of models using different cutoff frequencies f. €
{0.5,0.6,0.75, 1.0} Hz across representative M,, 4.4, M,, 6.0, and M,, 7.0 events.
Metrics include PGV, FAS-based Wasserstein distance at multiple frequencies, and
RMSE of the mean residual. The best and second-best results in each column are
highlighted in black and brown, respectively.

Datasets|M0dellMetric —>| PGV  FAS-0.25Hz FAS-0.5Hz FAS-0.75Hz FAS-0.96Hz residual mean

fc=0.5hz 57-1072 21-1072 40-102 96-102 59-1002 1.0-101

Mw 4.4 fc=0.6hz 62-1072 2.4-1072 48-1072 1.1-107" 75.1072 1.2-107!
' fc=0.75hz 52-1072 16-102 39-10°2 1.0-107' 83-1002 1.1-10"!
fc=1.0hz 59.-1072 15-102 4.1-102 97-10°%2 1.1-107! 1.3-107!

fc=0.5hz 57-102 57-103 88-102 27-100' 18-100' 35.107!

Mw 6.0 fc=0.6hz 76-1072 78-1073 12-107' 28-107! 29-107'  4.1-107!
’ fc=0.75hz 39.-102 20-102 58-1072 21-100' 27-10°"! 34-1071
fc=1.0hz 50-102 99.-10° 77-1002 21-10" 28-100'  3.0-101

fc=0.5hz 13-10°) 76-102 20-107' 42.100' 28-100'  58-107!

Mw 7.0 fc=0.6hz 1.4-10°Y 92-102 22-107' 39-.-100' 40-100' 63-107!
’ fc=0.75hz 85-102 25.-102 13-10' 32.-10°! 42-107! 56-1071
fc=1.0hz 82-1072 31-102 12-100' 29.10°' 43.107' 52-101
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Figure D.9: Frequency-dependent spectral residuals for different cutoff frequency

fe

Spectral Bias Calibration

The systematic underestimation of high-frequency content for large finite-rupture
events is likely due, at least in part, to limited training coverage in this regime. Our
model is trained on only 5,000 samples, which appears sufficient for point-source
events, whose wavefields are governed by comparatively simpler propagation effects.
In contrast, large-magnitude finite ruptures exhibit richer and more heterogeneous
high-frequency structure due to rupture complexity, including extended-source ra-
diation and directivity, and accurately capturing this variability likely requires sub-

stantially more training samples.
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To mitigate this limitation within the current framework, we introduce an optional
post-processing bias correction based on the mean spectral residual shown in Fig. 5.7.
Empirically, the residual is approximately spatially uniform, suggesting that a single
frequency-dependent amplitude correction can be applied to each synthetic event.
In practice, the calibration is defined in log-spectral space and applied equivalently
as a frequency-dependent multiplicative scaling of the spectrum. This adjustment
yields an approximately unbiased spectrum in expectation, as illustrated in Fig. D.13.
Because the correction modifies amplitudes only, it preserves the predicted phase
structure and spatiotemporal coherence while improving FAS agreement and mag-
nitude scaling. Importantly, this correction is only a practical mitigation and does
not replace the need for improved generative modeling of high-frequency rupture

and scattering effects.

For the representative magnitudes M,, 4.4, 6.0, and 7.0, we estimate three corre-
sponding bias functions from the mean spectral residual in log space. To correct a
synthetic realization with magnitude between M,, 4.4 and 6.0, or between 6.0 and
7.0, we linearly interpolate between the two neighboring bias functions to obtain
a magnitude-dependent correction curve. This interpolated bias function is then

applied as a frequency-dependent multiplicative scaling to the synthetic spectrum.

Additional results for this calibration procedure are provided in this section. As
shown in Table D.4, the calibrated synthetic samples substantially reduce spectral
bias relative to the uncalibrated results. As further illustrated in Fig. D.10, the cali-
bration does not alter the phase information, and the corrected synthetics remain both
visually and physically plausible. Moreover, Fig. D.12 shows that, after calibration,
the magnitude scaling is much better aligned with the ground truth. Overall, these
results confirm that the proposed spectral calibration effectively reduces systematic
amplitude bias while preserving the predicted phase structure and spatiotemporal

coherence.

Legend for movie files

The movie files compare generated ground motions with the corresponding sim-
ulation data. Movie 1, Movie 2, and Movie 3 show data-versus-synthetic com-
parisons for the M,, 4.4, M,, 6, and M,, 7 scenarios, respectively. Movies 4, 5,
and 6 show data-versus-spectrally calibrated synthetic comparisons for the M,, 4.4,

M,, 6, and M,, 7 scenarios, respectively.
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Figure D.10: Evaluation of spectral-calibrated GMFlow on a representative M,, 7.0
point-source scenario.

Table D.4: Effect of post-processing spectral calibration. Quantitative compar-
ison of GMFlow and GMFlow-calibrated for representative M,, 4.4, M,, 6.0, and
M,, 7.0 events using PGV, FAS-based Wasserstein distance at selected frequencies,
and RMSE of the mean residual. The lower, the better.

Datasets| Model | Metric — | PGV  FAS-0.25Hz FAS-0.5Hz FAS-0.75Hz FAS-0.96Hz residual mean

GMFlow-calibrated[2.1-1072 1.2-1072 1.0-1072 29-1072 46-102 5.0-107*
GMFlow 52-102 1.6-102 39-102 1.0-107! 83-1002 1.1-107!

GMFlow-calibrated[1.4- 1072 9.6-1073 23-102 1.6-1072 98-1072 1.2-1073
GMFlow 39-1072 2.0-1072 5.8-1072 2.1-10°!' 2.7-107! 3.4-107!

GMFlow-calibrated|1.8- 1072 1.5-1072 1.2-1072 28-102 7.8-102 29.1072
GMFlow 85-1072 2.5-1072 1.3-107' 3.2-107' 43.10°!'  5.6-107!

Mw 4.4

Mw 6.0

Mw 7.0
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Figure D.11: NCC analysis using randomly selected reference stations for the

spectral-calibrated representative M,, 7 event.
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Figure D.12: Statistical distribution and magnitude scaling laws of spectral-
calibrated generated ground motions
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Figure D.13: Frequency-dependent spectral residual with calibrated synthetics.
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