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ABSTRACT

The primary contribution of this manuscript is a systematic asymptotic analysis of a range
of learning and approximation algorithms, together with the development of analytical
tools that enable such studies and may be broadly applicable to related problems. To
deepen the understanding of generalization and compression, we establish novel Gaussian
universality results and combine them with Gaussian comparison inequalities to derive

precise asymptotic performance characterizations.

Gaussian Universality is a general principle suggesting that, for a wide class of learning
problems, key quantities such as training and test performance can be characterized by
replacing complicated data or design distributions with high-dimensional Gaussians having
matching first- and second-order statistics. This perspective is used to analyze transfer
learning in linear models, performance of the one-bit random features model, and the

approximation error of the Randomized Singular Value Decomposition.

Model compression, another central theme in modern machine learning, refers to the re-
duction of model size while preserving predictive performance. This is typically achieved
through techniques such as quantization, sparsification, or low-rank factorization. In this
thesis, we investigate one-bit quantization in random features models, sparsification and
one-bit compression in regularized linear classification, and low-rank approximation al-
gorithms for matrix-valued optimization problems. Our results demonstrate that, in the
over-parameterized regime, aggressive compression is often possible with only minimal

degradation in predictive accuracy.

In addition to the results mentioned above, the present manuscript studies linear denoisers in
the proportional regime and develops new Gaussian comparison tools for high-dimensional
inference. Taken together, the results of this thesis contribute to a broader picture in
which properties of data distribution, model structure, and the optimizer jointly determine

generalization behavior in modern machine learning.
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Chapter 1

INTRODUCTION

Generalization is a cornerstone principle of machine learning. Informally, it states that

a model trained to perform well on a su cient number of training samples should also
achieve low error on unseen data. In practice, the unseen samples may come from a
di erent distribution than the training data, a phenomenon known as distribution shift, or
may even involve di erent input and output spaces (Rohlfs, 2025). However, throughout
this manuscript, we assume that the training and test data lie in the same space and are drawn
from the same underlying distribution. This assumption is made because, even in the latter
setting, existing theories that attempt to explain generalization in highly over-parameterized

models remain limited.

To understand why classical statistical learning theory does not capture important general-
ization phenomena in modern machine learning, we rst recall its core principle, known as
the bias-variance trade-o (Hastie, Tibshirani, and Friedman, 2009). Denote the training
dataset by D = fix— hP—e e+ —1x g, where x—¢ ¢+ =X RS are the data and;He ¢ « —H

are the corresponding labels, which we will for simplicity assume to be one-dimensional.
Also denote the prediction of the model trained on D for an input x2bR % 1x° 2 R

and let :x—H° P be the true data distribution. Then the expected test error admits the

following bias-variance decomposition:

Epp'Bx° H?=Epp'Hx° Ep BH'x®° EpplH Ep px%e (L1

The rst term on the right-hand side is the variance, which quanti es the sensitivity of
the model predictions to the particular choice of training set. The second term is the bias,
which measures the error of the average model prediction relative to the true label. The

bias-variance trade-o suggests that, to achieve low test error, a model must strike a balance:



2
it should be complex enough to keep bias low, yet not so complex that variance becomes

excessively large.

Modern machine learning models are typically over-parameterized, meaning the number of
trainable parameters greatly exceeds the number of training samples. This regime appears to
contradict the bias-variance principle: over-parameterized models can perfectly interpolate
the training data (achieving zero training error), which should lead to enormous variance and
poor generalization. Nevertheless, deep networks such as ResNet-18 (He et al., 2016), with
over 12 million parameters trained on only 60,000 CIFAR-10 images, routinely generalize

well despite fully interpolating the training labels.

A second pillar of classical statistical learning theory is the Vapnik-Chervonenkis (VC)
generalization bound (Vapnik, 1995). For illustration, consider a binary classi cation task

encoded viaH 2 f 1-1g.

De nition 1 (VC dimension). The VC dimension,gd of a hypothesis class H is the largest
integer < such that there exist pointsxe « * =x2 R3 that can be shattered by H, meaning
that for every labeling 1H4+++—H 2 f 1-1g~ there exists a function 5 2 H such that
51 =Hforall8 =1—eee—<,

Theorem 1 (VC generalization bound). Let H be a hypothesis class with VC dimension
3vc. Then there exists a universal constant | O such that, for any X 2 10-1°, with

probability at least 1 X over the draw of the training dataset D, every 5 2 H satis es
v
& 3vclogt=°, log %
1f5 1% < Hg — . (1.2)
8=1

Il

P S5ix°<H

In the over-parameterized regime, the bound (1.2) becomes vacuous for two reasons. First,
3; = due to over-parameterization and, as such, the right hand side of (1.2) grows
with = instead of going to zero. Second, over-parameterized models can achieve perfect
training accuracy | 5=1 175 ¢ < Hg = 0, yet the test accuracy P 5 1x° < H° can remain

as high a%, which is equivalent to random guessing for binary classi cation. The latter



3
happens, for example, in the case when x and H are uncorrelated (Zhang etal., 2017a). Thus,
unlike in classical theory, training accuracy is no longer a reliable proxy for test accuracy

in over-parameterized models.

1.1 Overview of Our Approach

This thesis develops a dierent framework for understanding generalization in over-
parameterized models. The key idea is that, in the over-parameterized regime, generaliza-
tion is jointly determined by the properties of the data distribution, the optimizer, and the
model structure. The optimizer matters because multiple solutions can perfectly interpolate
the training data; which one is selected (the implicit bias) crucially a ects generalization.
The data distribution matters because even with zero training loss, generalization can
fail completely if features and labels are uncorrelated (Zhang et al., 2017a). The role of
model structure is already central in classical theory, but must be revisited in the modern

over-parameterized setting.

For over-parameterized linear models trained on Gaussian data, we leverage tools based on
the Convex Gaussian Min-Max Theorem (CGMT) (Thrampoulidis, Oymak, and Hassibi,
2014) to derive precise asymptotic formulas for the generalization error. We denote the
data matrix by X 2 R3 and the corresponding vector of labels by y 2, Rihere = is

the number of samples and 3 is parameter dimension. A linear model with weight vector
w 2 R3 outputs 51x° = Wwx. Then one of the standard approaches of tting 1X—y° into 5

is solving the following objective via Stochastic Gradient Descent:
. 2.
min kXw yk 5

According to (Azizan and Hassibi, 2018; Azizan, Lale, and Hassibi, 2021), if 3 j =, then
the SGD solution initialized at a pointg2 R3 can be described by the following property

among the set of interpolating solutions, which is known as the implicit bias of SGD:

minkw w oko— s.t. Xw = ye (1.3)
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Following the standard assumptions for linear regression, take y = Xwwhere w is
the ground truthand N *0—f2|-° is the measurement noise. Then (1.3) can be rewritten

as:

minkw w oko— s.t. Xlw w o= e (1.4)

Denoting w =w w and introducing a Lagrange multiplier to (1.4), we arrive at:

minmaxu Xw , kw w W oks u) e (1.5)
W u

CGMT can be seen as a tool that can be leveraged to analyze stochastic objectives of the
following form under a crucial assumption that X is i.i.d. standard Gaussian, where kiw—u°

is any function convex in w and concave in u:

minmaxw Xw , klw—ue (1.6)
wW u

In particular, CGMT can be readily appleid to (1.5) if X is i.i.d. Gaussian. However, many
real-world datasets are not Gaussian. This is where Gaussian universality enters: it allows
us to show that, asymptotically, the test error remains unchanged when the original data
distribution is replaced by a Gaussian distribution with matching rst- and second-order
moments. Universality thus reduces the original problem to a Gaussian one that can be

analyzed via CGMT. Our approach can be summarized by the following diagram:

Problem with Non-Gaussian featuiles

Universality

COMT p-| Analysis

Problem with Gaussian featur|

w

Additional challenges arise when moving from regression to classi cation, when data

comes from Gaussian mixture models with heterogeneous covariances, or when structural
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constraints (e.g., one-bit compression) are imposed on the weights. We develop extended

versions of both universality and CGMT that handle these settings.

After demonstrating that these tools enable sharp asymptotic analyses of generalization
performance in over-parameterized models across a wide range of settings, we further
illustrate their broader applicability by applying them to classical problems in numerical
linear algebra and signal processing. In particular, we derive precise characterizations of
the approximation error of the Randomized Singular Value Decomposition (RSVD) and its
polynomial- Itered variants, and design improved linear denoisers that outperform standard

empirical Wiener Iters in the proportional regime.

1.2 Organization of the Thesis

This thesis is organized around several interconnected themes in modern machine learn-
ing theory: Gaussian universality, generalization, model compression, implicit bias, and
optimization in over-parameterized regimes. Although the chapters originate from distinct
projects, they share a common methodological thread and a unifying goal: understanding
how data distribution, selected optimizer, and added structural constraints together govern

the behavior of high-dimensional learning systems.

Chapter 2 introduces a novel Gaussian min-max theorem and develops the associated com-
parison framework. This chapter provides the mathematical machinery used in later chapters
and demonstrates how new Gaussian comparison principles lead to tractable analyses for

problems beyond the reach of standard CGMT arguments.

Chapter 3 studies transfer learning and ne-tuning in linear models for both regression
and binary classi cation. We analyze stochastic gradient descent applied to a linear model
initialized with pretrained weights and trained on a small target dataset. In the high-
dimensional asymptotic regime, we derive exact characterizations of the generalization
error (regression) and classi cation error (binary classi cation) for both the pretrained and

ne-tuned models, and provide conditions under which ne-tuning improves performance.
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All results are universal, depending only on the rst- and second-order statistics of the target

distribution, and extend naturally beyond Gaussian data and standard SGD training.

Chapter 4 sheds light on the theoretical underpinnings of weight compression in machine
learning by analyzing one-bit quantization in the Random Features model, a simpli ed
framework that corresponds to neural networks with random representations. We prove
that, asymptotically, quantizing weights of all layers except the last incurs no loss in gener-
alization error, compared to the full precision random features model. We also demonstrate
empirically that one-bit quantization leads to signi cant inference speed ups for the Ran-
dom Features models even on a laptop GPU, con rming the practical bene ts of our work.
Additionally, we provide an asymptotically precise characterization of the generalization

error for Random Features with an arbitrary number of layers.

Chapter 5 investigates Gaussian universality for di usion-generated data. It compares
the performance of linear models trained on di usion samples with that of corresponding
Gaussian mixture models, and explores concentration phenomena arising from the di usion

sampling process. It also containts a universality proof for multiclass classi cation.

Chapter 6 presents a precise asymptotic analysis of the Randomized Singular Value Decom-
position (RSVD). We derive sharp expressions for the approximation error of RSVD relative
to the optimal SVD low-rank approximation as matrix dimensions grow to in nity. The
results depend only on the singular values of the matrix and are evaluated for power-law and
bi-level singular value spectra. We also extend the analysis to polynomial- ltered RSVD,

providing insights into optimal Iter design.

In Chapter 7, we study the performance of linear denoisers for noisy data of the form
X . z, where x 2 R® is the desired data with zero mean and unknown covariance
and z N?0- ,°is additive noise. Since the covariance is not known, the standard
Wiener lIter cannot be employed for denoising. Instead, we assume we are given samples

x1—*++—=xX2 R3 from the true distribution. A standard approach would then be to estimate
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from the samples and use it to construct an empirical Wiener Iter. However, motivated

by the denoising step in di usion models, we take a di erent approach whereby we train
a linear denoiser W directly from the data. In particular, we synthetically construct noisy
sampleRgof the data by injecting the samples with Gaussian noise with covarianee ,
and nd the best W that approximates®y/ x gin a least-squares sense. In the proportional
regimez ! ~ j 1, we use the CGMT to analytically derive a closed-form expression for
the generalization error of the denoiser obtained from this process. Using this expression,
one can optimize over i to nd the best possible denoiser. Our numerical simulations
show that our denoiser outperforms the empirical Wiener Iter in many scenarios and

approaches the optimal Wiener lteras ™! 1.

Chapter 8 applies CGMT to analyze regularized linear regression for binary classi ca-
tion with corrupted labels. It examines how explicit regularization a ects classi cation
performance in high dimensions and studies the behavior of di erent regularizers in the

over-parameterized regime.

Chapter 9 extends the ideas of Chapter 8 to multi-class classi cation under strong regular-
ization. In more detail, we study the use of linear regression for multi-class classi cation
in the over-parametrized regime where some of the training data is mislabeled. In such
scenarios it is necessary to add an explicit regularization term, _51°, for some convex
function 51 °, to avoid over tting the mislabeled data. In our analysis, we assume that the
data is sampled from a Gaussian Mixture Model with isotropic covariances, equiangular
means and equal class sizes, and that a proportion of the training labels is corrupted for
each class. Under these assumptions, we prove that the best classi cation performance is
achieved when 51° = k %Iand _1'1. We then proceed to analyze the classi cation
errors for 51° =k kand 51° =k £k inthe large _ regime and notice that it is often
possible to nd sparse and one-bit solutions, respectively, that perform almost as well as

the one correspondingto 51 ° = k% k
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Chapter 10 investigates Stochastic Mirror Descent (SMD) with matrix parameters and
vector-valued predictions, a framework relevant to matrix completion problems, broadly
relating it to compression. Focusing on the over-parameterized regime, we prove that
SMD with matrix mirror functions k* °© converges exponentially to a global interpolator.
Furthermore, we generalize classical implicit bias results of vector SMD by demonstrating
that the matrix SMD algorithm converges to the unique solution minimizing the Bregman
divergence induced by k! ° from initialization subject to interpolating the data. These
ndings reveal how matrix mirror maps dictate inductive bias in high-dimensional, multi-

output problems.

In Chapter 11 we study the convergence properties of the Dual Space Preconditioned
Gradient Descent, encompassing optimizers such as Normalized Gradient Descent, Gradient
Clipping and Adam. We consider preconditioners of the form r , where R R is

convex and assume that the latter is applied to train an over-parameterized linear model with
loss of the form tXW Y°, for weights W 2 R®* | labels Y 2 R* and data X 2 RS.

Under the aforementioned assumptions, we prove that the iterates of the preconditioned
gradient descent always converge to a point WR3* satisfying XW; =Y. Our proof
techniques are of independent interest as we introduce a novel version of the Bregman

Divergence with accompanying identities that allow us to establish convergence.

Chapter 12 concludes the thesis with a discussion of the broader picture connecting these

results and outlines several directions for future work.



Chapter 2

A NOVEL GAUSSIAN MIN-MAX THEOREM AND ITS
APPLICATIONS

This chapter is devoted to an extension of the standard CGMT based on a joint work of the
author with David Bosch, Reza Ghane, Nithin K Varma and Babak Hassibi (Akhtiamov
et al., 2025). The author chose to include it in the very beginning because it is leveraged in

several subsequent chapters.

2.1 Setting

Assume the matrix G 2 R® , the vectors g 2 Rand h 2 R, and the scalar W all have i.i.d.
N10-1°, i.e., standard normal entries. Then, considering deterministic vectors\argiR
v 2 R, belonging to some setssSand &, we can obtain the following pair of Gaussian

processes,
-wv = V) GW , Wkwikekvlke and .. = kvkeg w , kwk oh v—
which we will refer to as a Slepian pair (Slepian, 1962). For such Slepian pairs, it can be
readily shown that
E-w-wao E. wy. wovo =
kwiokwhke w ) wikviekvlko v VO e

By recalling Cauchy-Schwarz, this implies that the processgs and .., satisfy the

following (so-called) comparison inequalities
E-w-wao E. wv.wao and E-w-wo E. wye w0 (2.1)

For Gaussian processes that satisfy the inequalities (2.1), (Gordon, 1985) showed that it is
possible to relate

P min max-y, klw—v° e
W2SE V2Sg
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to

P min max. yw k'w—v° —
W2SE V2Sg

for any function kiw—v°. We refer the reader to the next section for more details. This

remarkable result allows one to infer properties of a so-called primary optimization (PO)

min maxv’ Gw , kw—v°
W2SE V2Sg

in terms of a simpler so-called auxiliary optimization (AO)

min maxkvkg w , kwk o v kiw—voe
W2SE V2Sg

This is the gist of the Gaussian min-max (GMT) (Gordon, 1988) and convex Gaussian
min-max (CGMT) (Thrampoulidis, Oymak, and Hassibi, 2014) theorems. The CGMT, in
particular, has found numerous recent applications where, along with statistical physics-
inspired methods, such as the replica method and approximate message passing (AMP),
it has been used to derive sharp bounds on the performance of a variety of problems
in high-dimensional statistics, machine learning, non-smooth convex optimization, and
signal processing (Stojnic, 2013; Salehi, Abbasi, and Hassibi, 2019; Akhtiamov, Ghane,
and Hassibi, 2024; Mignacco et al., 2020; Thrampoulidis, Abbasi, and Hassibi, 2018;
Javanmard and Soltanolkotabi, 2022; Montanari et al., 2019a; Salehi, Abbasi, and Hassibi,

2020; Aolaritei, Sha eezadeh-Abadeh, and Doér er, 2023; Zhou et al., 2024).

In this paper, we identify a novel pair of Gaussian processes that satisfy Gordon's inequalities
(2.1). This, in turn, allows us to compare a new primary optimization with a new auxiliary
optimization, which, as we show below, can express problems that the known CGMT cannot

analyze.

The new pair of processes are as follows:

@
= W—\J_—'"-:-V: V) G

NI

W Wk Zwlkoky ky —
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and

1 1
2 2

cweyeeev= KV k@ wkoh v —
=1

wherefG 2R" 3¢g_,,fg 2R3g_,,fh 2 R" g_, andfW2 Rg_, allhavei.i.d. N10-1°

w, k

standard normal entries and’® are 3 3 are positive semi-de nite (PSD) matrices.

The remainder of the paper is devoted to obtaining the CGMT counterpart of the above pair
of Gaussian random processes and to applying this novel CGMT to analyze two speci ¢
problems: rstly, multi-source Gaussian regression and, secondarily, binary classi cation
of general Gaussian mixture models. Although some steps become more technical, this part
is similar to the proof and usage of the conventional CGMT. We note that neither problem
in the applications section lends itself to analysis via the conventional CGMT. As such, the
main novelties of this work are introducing the new pair of Gaussian Processes and relating

it to the applications.

The main limitation of this work is that the analyses are applicable only to Gaussian data.
Despite the existence of a large body of works on Gaussian Universality (Montanari and
Saeed, 2022; Huang, Austern, and Orbanz, 2024; Dandi et al., 2023; Ghane, Akhtiamov, and
Hassibi, 2024) a phenomenon saying that, asymptotically, the test error of the linear model
trained on a mixture of non-Gaussian distributions equals the performance of the linear
model trained on the mixture of Gaussian distributions with matching means and covariances
under certain technical assumptions it is unclear if these assumptions necessarily hold
for real world data. As such, we hope that this topic will be studied in more depth in the

future papers on Gaussian universality.

We would like to highlight two recent works that provide other interesting examples of
Gaussian Processes satisfying (2.1). (Dhifallah and Lu, 2021) introduce another gener-
alization of the Convex Gaussian Min-Max Theorem that they use to analyze the e ects
of noise injection on the generalization performance of Random Feature Models. (Jain,

Montanari, and Sasoglu, 2024) apply Gaussian Comparison Inequalities to analyze a pair
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of processes that arises in their analysis of the performance of linear models trained on a
mixture of true and synthetic data. An interested reader can see Remarks 2 and 1 in Section

2.3 for more details.

2.2 Preliminaries
Gordon's Comparison Inequality for Gaussian Processes
Introduced by Gordon in his landmark paper (Gordon, 1985), the following comparison

inequality is instrumental in proving the main results of our paper:

Theorem 2 (Gordon's comparison inequality (Gordon, 1985)). Let and be two nite
sets and fggg2 —92 f. ggk2 92 be two real valued centered Gaussian processes, which

satisfy the following conditions:

1. E-25=E. 2forall82 -9 2
2. E-ggge E. gggngI'a”SZ —999

3. E-gg99 E. 8999)f0rall8<82 -99%9 |

Let fG g2 —92be an arbitrary sequence of real numbers indexed by 18— 9° 2 . Then
the following inequality holds:

. ! . !
Uug Uu g

P ».g9 Cggs P »-gg Cgdae

82 92 82 92
Now, let G 2 R3, W 2 R, g 2 R h 2 R all have i.i.d N10-1° components, and
be nite sets and fwp>, R %, fugge» R ~ be arbitrary discrete subsets. It was rst
observed in (Gordon, 1988) that the following processes satisfy the assumptions of Theorem

2:

. 89— V)gGW8> WkV\gkszgkz

- 9= kvgko@ Wg, kw ghoh? vge
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By making an appropriate choice for the values @fglz _92 and by proving that nite
discrete subsets can be extended to compact sets, the following theorem can be proven.
This theorem provides a probabilistic upper bound on the value of a more complicated
optimization problem , which extendsgg being larger than some threshold C, by means

of the same quantity for an alternative optimization g, which extengs Fhe alternative

problem, g, is in general easier to analyze.

Theorem 3. Let & R 3-S% R = be compact sets and klw—v® §SS g ! R be
a continuous function. Let G 2R, W 2 R, g 2 R h 2 R all have i.i.d N10—-1°

components, and be independent of each other. Then letting

1G—WP° := minmaxv) Gw , Wkwiekvlk . kiw—ve
W2SE V2Sg

qlg—h° := minmaxkvieg w | kwk ol v | kiw—yvoe
W2SE V2Sg

we have forany C 2 R

P11G-W° ¥ C° Piqig—ho V Coe

The theorem above has an immediate corollary:

Corollary 1 (Gaussian Min-Max Theorem). Assume the same setup as Theorem 3. Then

letting

1G° := min maxv’ Gw , klw—v°
W2SE V2Sg

qtg—he := minmaxkvkeg w , kwk oh) v | kiw—voe
W2SE V2Sg

we have forany C 2 R
P11G-W° Y C° 2P1qlg-—h° Y CO%
Standard CGMT

Informally, the corollary above has the following interpretation: if g*g—h° concentrates to

a value 2, then 1G—W° Y 2 . n holds with high probability for n j 0. While the above
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corollary is su cient for some applications, it has two distinct drawbacks. Firstly, it only
provides a probabilistic upper bound, without a corresponding lower bound the exact value
of cannot be determined asymptotically. Secondarily, it only provides information about
the value of in terms of the optimal value of q but provides no information about the

relationship between their solutions.

It turns out that the inequality from the Corollary 1 can be reversed under the additional
assumptions that k*w—v° is convex-concave and that the setsBS:= are convex. Further-
more, in this case, if the solution of q belongs to an open set & v@8th high probability

then so does the solution of . Formally, the following theorem holds (Thrampoulidis,
Oymak, and Hassibi, 2014; Thrampoulidis, Oymak, and Hassibi, 2015; Thrampoulidis,
2016):

Theorem 4 (Convex Gaussian Min-Max Theorem). Let SR °-S& R 2 be compact
convex sets and klw—v° £S S ¢! R be convex-concave. Furthermore, let G 2 &,

g 2 R, h 2 R all have i.i.d N10—1° components. De ne

1G° := min maxv’ Gw , klw—v°
W2SE V2Sg

qlg—h° := minmaxkvieg w , kwk ol v | kiw—yoe
W2Sg V2Sg

The following statements hold:

1. Forany[-2 2R
P1j1G° 2ji[® 2Pq'g-h° 2ji[°
2. Let S be an arbitrary open subset of &nd $?2=SgnS. De ne:

521G° := min maxv) Gw , kiw—v°
w2S2 v2Sg

1g—h° := mi ) 1yy—_\/O
gs21g—he : Wgr;lpvnggkvlgg)w, kwk ol v | kiw—Vv

w 1GO := arg minmaxv) Gw , k1w—\Ce
W2Sg V2SEg
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Assume also that there exist n j 0, X j @+(s2 such that

" 0gs2 q,3X
" glg-h° Yq, X with probability at least 1 n

" Qs2i Qsz X with probability atleast 1 n.

Then
Piw 1G°2 S° 1 4ne

Multi-Source Gaussian Regression
To demonstrate the power of the novel CGMT presented in this work, we will focus on

two examples. Here we consider Multi-source Gaussian Regression. Consider a setup
of :-measurement devices and consider a datasetigf— P 2 R® R ;:1_ _,0f = 3-
dimensional observations by each of the : devices, with corresponding labelgeH-will

deney 2 R element-wise by 1y¥g = H_ and similarly de ne X 2 R=3 by means of

X %g_g= 1X4%. Our regression problem then takes the form of

~

minio L ! X 10— (2.2)
\2R® =1 y ﬁi ’ '

where 2 R%and L and ' are convex loss and regularization functions, respectively. We

shall assume that Xare independent Gaussian matrices, de ned by=>G 1-2

, Where
G 2 R73 have i.i.d standard Gaussian elements, an@ R3 3 are covariance matrices.
Finally, we will assume the following model, which relates the labels to the datapoints:

1
y =p=X ., -
"3

where 2 R3 denotes the "true" relationship, and 2 R” is i.i.d zero mean noise, with
variance f2 independent of X In other words, we assume some true linear relationship,
between data and labels subject to corruption due to noise. We allow for di erent noise

power for each channel. We will speci cally concentrate on the generalization error of this
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regression problem, which we will de ne by:

~

1 O 1., A°
Bos== "B Y=saF 19§X _=4F — (2.3)
P
where x_-4rare drawn from the same distribution asatid y_-4r= p%x)_:4F . —=4F

where _-4ris new noise drawn from the same noise distribution. We discuss and analyze

this multi-source regression problem in section 2.4.

One cannot leverage the usual CGMT to tackle the problem in (2.2) which will be made

explicitin the following. By settingz:=y p%x and introducing Lagrange multipliers:

min_max't °, (2.4)
\-z2R3 V

19 1, 'y y)
, — p§vx v’y v’z L 1z°. (2.5)

=1

De ning X) = X jXhjeeeiX andV = V) v, eeey allows ustorewrite (2.4) as

min_max't °, (2.6)
-z 2R3V
1 1 1 1
. —E%V)X . =Vz =Vy, Sl (2.7)
i
where 2 = JRRRY’ Yy = y,seey ,and L3z° = " L 1z° Now note that we

cannot apply the standard CGMT to either of (2.4) or (2.6) since in (2.4) the vector \
couples the optimizations over-vz, and in (2.6), as discussed, the rows of the Gaussian
matrix X are not identically dist(ibuted. We therefore need a new CGMT that can apply
to the Gaussian process, X = ! VG "2 which is the main contribution of the

current paper.

Binary Classi cation for Gaussian Mixture Models

We next consider the binary linear classi cation problem on data generated from a Gaussian
Mixture Model (GMM) with arbitrary covariance. To be precise, the dag® xR is
generated as:

Xxg N1 .— .° where : Uniffl-—2ge
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Here, . 2 R3 are the mean vectors and 2 R33 are the corresponding covariance
matrices. For simplicity, we assume that we uniformly sample from both the mixtures but
the analysis can be extended to arbitrary sampling priors. We set the Igbelsitiata is
generated from the cluster with mean and = 1 if data is generated from the cluster
with mean ,. We then formulate the learning objective in terms of the following regression

problem:
n\un LM1A, M°w z°,  51wo— (2.8)

where _ 2 R controls the degree of regularization,) Me 1 L see 1 o see P°

| {z H {z }
2 2
encodes the means corresponding to each class,l2 ese 11 ees 1 ° corresponds
| {z } | {z }
2 2
to the labels, and
1
@ 020 22
A=_ ;
0 G 3
« 1K =

where G—G 2 Rz 3 are Gaussian matrices with iid N 10— 1° entries. Therefore, the rows
of A , M denote the data generated by the GMM and without loss of generality we assume
that the data is ordered and split into two equal halves from the two mixtures. Additionally,
we assume both loss function L1 © and regularization function 51 ° to be separable convex
functions. Given a lineaf, the classi cation rule at inference is M1G° = sRiG°. The

classi cation error, or the error on unseen data, generated for the above GMM is given as:
| |

1wo—1& p)liw 1& p)ziw (2.9)
27 "W w2 W oW '

where &1 ° is the standard Gaussian CCDF.

Finally, to make the results as explicit as possible we assume tlzatd , arei.i.d. N10—1°
and their matching entries are correlated according tgsExpg= A forsome 1 A 1.

Under this assumption we have ¥k k ok p§ and ) , A3.1

Theorem 7 further below is true for arbitrary; and » and one can still use it to derive versions of
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To illustrate why one cannot just readily apply the standard CGMT in this setting, we have
to spell out (2.8) further. The standard way of dealing with (2.8) is introducing

u:=1*A, M°w zand inserting a Lagrange multiplier, after which we would have:

minmaxv) Aw v Mw v )z v)u L, 51woe
wW-u Vv

The standard CGMT cannot be applied here because A is not i.i.d. To try resolving it, one

can denotelv = v} —%° for vi—y 2 Rz and obtain

1
2

1

i ) ) 2
rvrvllﬂo’l\fg(lel W, v5Gy Jw, (2.10)
VIMw v)z viu, Lo, 51woe (2.11)

Note rst of all that the objective above does not separate into a CGMT instance with G
and a CGMT instance with £because w "sees" both of these matrices.;lE 5, we can

1 1 , 1
denew= 2w, M ,%9 = NijjM; ) Nt M, 2R3 7, 51GO = 512G° and arrive at:

2
min maxv’ 1G)1jG)2°) w v)NMw v)z viu Lo, 5o
Ww-u V

Hence, when ; = ,, since 1@1jG)2° Is i.i.d. Gaussian we can analyze (2.11) using the
standard CGMT. However, for the case of generahnd ; the same argument does not
apply and it appears that one just has to develop a framework allowing for terms of the form
v)lGl %W LV )262 éw to be present in the objective. This is essentially what Theorem 5

addresses.

2.3 Main Results

We will occasionally shorten k ko k k for brevity in the expressions below.

Lemma l. Let G 2 R13 —eee_G2 R 3, W—eee—_\W R, gi—***—0g2 R3, hy 2
R7i—eee—N2 R~ all have i.i.d N10-1° components;4bee—U: R3 IR 3 and V :

Theorem 8 and Corollary 2 for any other given model farand , but we prefer to follow with this speci ¢
assumption because it is meant to capture the simplest case of two "typical” 3-dimensional vectors that are
not necessarily orthogonal.
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R?T 1R Tl—eee—\/ R I R = be arbitrary functions, ——e++— be nite sets and
fwegzs R 3 fvgggs, R™—ese—fygg>. R = be arbitrary discrete subsets. Then
the following two Gaussian Processes de ned on  , where = -and 9 2

denotes 19-eee 92 ., satisfy the assumptions of Theorem 2:

~

. 89— V lvg O)G U 1WgO,WkU 1Wgokl(VlVgOk
- 89— kV1V9 °kU 1W8°) g, kU 1W8°kH V1iyg© o

Moreover, the processes de nedbyg= - ggand.gg=. ggon  satisfy these assumptions

as well.

Consider arbitrary convex functiongtkes—UR3!R 3and { : R IR Tl—eee_\/

R= IR =, andde ne:

1G°:=min max V1v9G U, kiw—\° (2.12)
W2SE v2Sy _
o
qlg—h° := minmax  kV1v °kg U w® kU wekoh) v
W2SE V2Sg _
, kiw—v0Ce (2.13)

After making several additional technical steps, Lemma 1 combined with Theorem 2 can

be used to deduce the following generalization of Theorem 4:

Theorem 5 (Generalized CGMT). Leti]S R3-§, R —eee—_S R = be compact
sets. Denote §:= Sy, S v, letv 2 Sgstand for i—eee-92 S, S v. and
kiw—v° : S S, ! Rbecontinuous, Uj—s¢*—UR3 IR 3and\f: R1 IR Tl—eee_V
R™ IR = be also arbitrary continuous functions. Furthermore, gt BER™3 —eee G2
R=3%, gi—***-02 R% h; 2 R1—eee_h2 R~ all have i.i.d N10—1° components and
G =1G1—***—G, g =1g1—***—8 h = th;—e++—R be the corresponding :-tuples.

De ne 1G° and g*g—h° asin (2.12). Then the following statements hold:
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1. Forany C 2 R we have

P11G-We° Y C° 2Piglg—he Y COs

2. Assume, moreover, thag3and S,,—«++*—S are convex, k is convex-concave and
U, V are ane functions of their inputs, that is they take the form oftW° =
Aw,a -Viu°=Bu,b forsomeA2R}3*-B2R " —a2R-b2FR.

Then for all [-2 2 R such that [ j O the following statement holds:
P1j1G° 2ji[® 2 ~Pgig—h® 2jil[°

3. Assume the same setting as in (2). Let S be an arbitrary open subset andb

S2=SgnS. Dene:

~

$21G%:= minmax V1v 9 G Uwe  klw—\°
w2S2 v2S,

1 0 -— H
s21g—h° := minmax
g 9 w2S2 v2Sg

¢
kV1iv °kog U iwe kU wekoh v | kiw—vO
=1

W 1G°:=argminmax V1v %G Uw°  kiw—yvos
w2sg  V2Sv

Assume also that there exist n— X ¢gs2 such that

“gs2 g,3X
" qtg—h° Yg , X with probability at least 1 n

" Qszi (sz X with probability atleast 1 n.

Then Plw1Ge2S° 1 2 »ln,

Part 2 of Theorem 5 says that if gtg— h° concentrates to a value 2, then so does 1G°, albeit

with a possibly slightly worse tail bound. Moreover, it turns out that gtg—h° concentrates
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to Eqlg—h° exponentially fast, which we prove in Appendix B. As such, Theorem 5 implies
that 1G° concentrates exponentially fast to the same value. Part 3 of the theorem says that
if the solution of gtg— h° satis es a certain property with probability very close to 1, such
as for example belonging to a ball of a xed radius, then the same is true for the solution of

1GO_

Remark 1. We would also like to point out Theorem 3 from (Dhifallah and Lu, 2021) that
considers similar objectives, namely ones of the following form, where the entriesaoé G

again i.i.d. N10-1°:

~

1G°:= min max V Gw ,kiw—VOs (2.14)
W2Sg v2S, _

After establishing the corresponding comparison inequality, (Dhifallah and Lu, 2021)
proceed to apply it to study the e ects of noise injection on the generalization performance
of Random Feature Models. Our work is concerned with characterizing the generalization
performance for binary classi cation with arbitrary covariance matrices and multi-source
Gaussian regression. These problems lead to analyzing objectives of the following form:
0

1G°= min max VG
W2Sg v2Sy =1

1
2

w , klw—\Oe (2.15)

Note that (2.15) di ers from (2.14) in two substantial ways. First, (2.15) explicitly contains
the covariance matrices, which is clearly crucial for the applications we mentioned. Second,
note that in (2.15) the same w is shared between each term, while in (2.14) e&ctaken

to be di erent. If, however, one were to still take eachtebe the same in (2.14), analyzing

the resulting problem would reduce to the standard CGMT with a larger Gaussian matrix

G =»G—eee—@s,

Remark 2. The rst arXiv version of this manuscript considered only the less general case
1
of A = “ being an arbitrary PSD matrix, B=1-,a = 0, and b = 0, as this was

enough to address the applications mentioned in Subsections 2.2 and 2.2. Concurrent with
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the posting of that version on arXiv, we noticed the posting of (Jain, Montanari, and Sasoglu,
2024), which considers a di erent pair of processes to which CGMT can be applied. By
combining insights from that work with ours, we arrived at the current version of Theorem
5. In terms of the terminology above, the processes designed in (Jain, Montanari, and

Sasoglu, 2024) correspond to A I3 and B =1- and arbitrary a—b.

2.4 Applications
Multi-Source Regression
We recall the problem given in equation (2.2). Also recall the de nition of the Moreau

envelope, for a function 5 and matrix T:
. 1 Y1
M T 51X0 = min 51z° Elx z°/T*1x z°- (2.16)

where T! is a positive de nite matrix. We also note that the optimal point of the opti-
mization in (2.16) is the proximal operator, denoted prgx.tx°. The application of the

generalized CGMT to the multi-source regression problem gives us the following theorem:

Theorem 6 (Multi-source Generalization Error). Consider the following scalarized opti-

mization problem:

O ve b 1
min max Ve ——, —Mg, ¥ Dbho
—q0 -s0 _, 2. 2. = Vv
. Iy
1\ 10 Bo 1
——Tr = — o , =Ma1r Alb . (2.17)
12 = Do, Do 3

Here —g— —s 2 Rare element-wise non-negative, andhR™ for = 1—eee—: arei.id
standard Gaussian vectors independent of each other. Furthermore, and 1 are de ned as

follows:



23
Assume that the scalarized optimization problem (2.17) has unique optimal values
&5V @De ne A = A18-8 and b = bt & Then the generalization error (as de ned
in equation 2.3) for the multi-source Gaussian Regression problem is given by:

~

@

1
E64: = —E

1
; y_:4F ﬁ:x)_:4Fpr0XAl ' 1 A 1 60 °
2: 1 3

Binary Classi cation for General GMMs
In this section, we provide the precise asymptotic analysis of binary linear classi cation for

data generated from a GMM with arbitrary covariances.

Theorem 7 (Binary Classi cation Error). Assume thai-\W¢\1—\» solving the following

scalar optimization problem are unique:

_ 1 X 1x

min max_M 1 2X

oe-40-W\g0-{g— _ 5% 2° 2
¢! \eZ

L OV M om WL\ gz 2 [ g -
_ 2 Vg 2
8=1

i i 1
where = gzl\—zg gand G = 3,V 208 [ s s

Then the classi cation error obtained from the solution of (2.8) is given as

g N 1. W,
\q

1 1

2 > 2 \>
Remark 3. Note that we assume in Theorems 6 and 7 that the corresponding scalar
optimization problem has a unigue solution. Verifying this condition often requires case by
case analyses that depend on the regularizer and on the loss function. To provide several
examples from the literature, (Taheri, Pedarsani, and Thrampoulidis, 2020) operates in a
setting similar to ours and establishes uniqueness and existence of the solutions to their
scalar optimization problem by observing that it is strictly convex-concave. However,
the strategy they employed to observe the latter works only for the case when there is no

regularizer, i.e., 51 ° = 0. (Thrampoulidis, Abbasi, and Hassibi, 2018) conducted a more



24
elaborate analysis to establish uniqueness for the regularized objectives corresponding to
M-estimators, but they showed it only for one of the parameters, which was su cient for
their purposes, but would not be su cient for ours. (Bellec and Koriyama, 2023) is devoted
speci cally to the subject of existence and uniqueness of the scalar objectives characterizing
the performance of M-estimators. These objectives have two parameters and (Bellec and
Koriyama, 2023) shows that, while the solution for one of them is always unique, the
solution for the second parameter might not be unique, but it is not unique only when the

corresponding M-estimator has zero generalization error.

Due to these complexities, we determined that the uniqueness of solutions for scalarized
objectives warrants further independent investigation. Consequently, we veri ed the associ-
ated conditions solely for the cases subjected to comprehensive mathematical and numerical

analyses in this study speci cally, when both the loss and regularizer are de nedgas

In the special case of the-norm square loss and regularization, we have the following

simpli ed result:

Theorem 8. The classi cation error obtained from the solution of (2.8) whenL° =% k

and 51° =k kis given as

1L,OW.2 o 1.0 W2 ¢
2 R
« ;gl Wl—l Egz W -

«

where ¥-\dand gare the unique solutions of the following scalar optimization problem:

h — -
: 1 =Vi =% 1

min m “Trr] —= _< 0

gg(I:)nVE;O?WX 4 re-t 4 L 4 2

2viVbwwg - O =2\BWg
I———Al, V§ g8, ———|
89'192 g1 16¢ )
G wg =WE =ww1edl VB
2 16g ke’ 4

8=1
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The performances of various classi cation algorithms have been analyzed in depth using
the standard CGMT for the case of scalarand » (see, for example, (Mignacco et al.,
2020; Thrampoulidis, Oymak, and Soltanolkotabi, 2020; Akhtiamov, Ghane, and Hassibi,
2024)). As a baby step towards developing a better understanding of the e ects of the
structure of 1 and » on the classi cation error, we apply Theorem 8 to the following

explicitly de ned model:

1=f2, 1) and ,=f2, ;) (2.18)

where fi—f,—f 2 R and 1— ,arei.i.d. N10—f°.
Plugging in these assumptions into Theorem 8 yields the following Corollary.

Corollary 2. The classi cation error obtained from the solution of (2.8) when Lt ° =

k K-51°=k %for ;and ,de ned as above is given as:

842 2 8~2 2
« =G Wl—u « =% W—|

where ¥-\dand gare the unique solutions of the following scalar optimization problem:

min max13 2°1_ :—V1f12 ¥ 2ol
®0 V50-W 4 40 #1
2vivoww, G, Vv
8—A 5 \/gf 8
ae "o, 70 Tog
M2 ¢ 2 =V2¢ 201
1 — V1 o _Y2:2
5 — 5 4g]_ fl >f 3 5 4Qf% |
=ViVaWWY 2y > VeV
ALV, VBE, 2
a0 o PO Tog
1 TVga Vo ¢ 23001

?gl@ 5 2 5 8:1 5 #6%
@! Vigs :\évg =\jW 10 8.1 ﬁ .
’ 2 16g 4 4
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Remark 4. Since the rstterm in the objective above has 13 2° in front of it, and the other
two do not, one might approximate the objective by only the rst term for large enough 3.
Indeed, even though the second and the third terms have some occurrences of 3 as well, in
both cases this quantity is present both in the numerator and the denominator of a certain
fraction. This tells us that as 3 grows large, we should not expect the performance to be
very di erent from the case = f 12I—~2 =f 22I, as this is what the rst term corresponds

to if we replace 13 2° by 3, again by the virtue of the fact that 3 is large. Since this

observation is not rigorous, we check it numerically in the next section.

To conclude, note that it is also feasible to study linear classi cation for GMMs via ap-
proaches based on AMP (see (Loureiro et al., 2021b)). Since this chapter is devoted to
studying approaches based on Gaussian comparison inequalities, covering other methods
goes beyond its scope. Nevertheless, developing new tools for tackling a problem remains

valuable.

2.5 Numerical Experiments

Multi-Source Regression Plots

To validate Theorem 6 numerically we consider the speci ¢ case of aliéing the square

loss and ' being square regularization parameterized by regularization strength _, i.e.,
'= Kk k%. For this particular choice of loss and regularizer, the expressions are given in
the supplement section 2.8. The results for a variety of values of the regularization strengths
_ can be seen in Fig. 2.1, for several choices for the gtidhe gure on the left shows

the training error and the right shows the generalization error with respect to new data. The
data has : = 3 channels, and = = 100, and 3 = 50— 100- 150 for each of the three curves.
For we use the model described in equation (2.18), with=fQe5—f, = Q¢7—f = 03,
respectively, and g drawn from i.i.d standard Gaussian. For the choice ofve choose

a vector of all 1s. Finally, the noise strength for each of the channels was chosen to be

f _1=01-f_» =02—f_3 =03. InFig. 2.1, the solid line denotes the values predicted by
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our alternative optimization, given in (2.17) solved numerically using zeroth order gradient
ascent/descent. The marks are given by a numerical simulation of the problem (2.2) with
the same parameters. As can be observed the predicted values match with a high degree of

accuracy to their numerical equivalents, even while being in the nite regime.

Numerical plot source les under Data/ are not present in this
workspace, so this gure is omitted in the local build.

Figure 2.1: Training and Generalization Error for the Multi-source Gaussian Regression.

Numerical plot source les under Binary_Data/ are not presentjin
this workspace, so this gure is omitted in the local build.

Figure 2.2: The error for binary classi cation for GMMs.

Binary Classi cation for General GMMs

We conducted experiments to validate the results of Section 2.4 numerically as presented in
Fig. 2.2. Todoso,we xed Lt1°=51°=k §<and de ned ;— » following the notation

from (2.18). We took fy = f 2 = 3—f = 10-3 = 700—= = 300— A = 09 for the plot on the
LHSand f; =f , = 5—f = 15— 3 = 500—= = 400- A = 08 for the plot on the RHS, solved
(2.8) directly for _ 2 f1—- 10— 50— 100—250-500— 1000—2000-50009g using CVXPY (Diamond
and Boyd, 2016; Agrawal et al., 2018), evaluated the corresponding classi cation errors via
(2.9) and plotted them in red with legends "f = 10" and "f = 15", respectively. After that,

we solved the scalarized objective from Corollary 2 by noticing that Vs, g1 = g2, and

W = W, due to the distribution of 11— ,° being exchangeable, running a grid search over

g := g = g2 and using scipy.optimize.minimize to perform optimization over the remaining
parameters, which we then used to evaluate the corresponding classi cation error predicted
by Corollary 2 for each _ and plotted it in blue with a legend AO. Finally, as an additional
sanity check, we decided to plot the classi cation error corresponding te f 12I and

T =f 22I because according to Remark 4 we expect it to not deviate too much from the

classi cation error for the GMM with the corresponding— ». The results of the latter
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procedure are depicted in black with a legend f = 0. All three described lines match

very closely in both settings as expected.

2.6 Conclusion and Future Work

We presented a new pair of Gaussian processes that satisfy Gordon's comparison conditions
and thereby developed a generalization of the Convex Gaussian Min-Max Theorem. We
further demonstrated its use in two examples, namely multi-source regression and binary
classi cation for Gaussian data with arbitrary covariance matrices. Future work would be
to see if further pairs of comparable processes can be found. Of particular interest are those
where G and Godo not have to be independent for £ including G, = G, = =G.,

which are not amenable to the methods presented in our work.



29
2.7 Appendix

Proof of Theorem 5

We will need the following technical lemma:

Lemma 2. Under the notation from Theorem 5, let X j 0 ang-S¥ be arbitrary nite X -

nets for & and &, respectively, and de ne

~

@]
°o=min max Viv9G UMW klw—\°
V2SE W2SEg -1

~

~X1Go=minmax Viv9G Uwe Klw—\°
v2SZE w2sg -1

~

¢
qig—h° = minmax  kV1v %k U w° kU wlkoh) V 1y ©
V2SE W2Sk -1
kiw—Vve
0
Tg—h° = minmax  kV1v %kg U 1we kU wlkoh V 1y ©
v2SZ w2sg -1
kiw—Vve
X1Go = min max Vv 9 G Uiwe  kiw—v°
w2SZ v2sX -1

~

6
q*1g—h° = minmax  kV1v %kg U 1we kU wlkoh V 1y ©
w2SE v2SE -1

, Ktw—\0e
Then the following holds:
lim PLjXYjo=1ifj2f1Go— *GOg

lim P1] Yj % =1ifj2 fqlg— ho—qtg—hoge

Proof. De ne

max fkU twek—k\tv °kg
W2SE —V2G— =1—eee—;

max jktw—ve kiw P Uiwe U w®
wovo<i® kw w %k kv v K kw w %

go



We then have:

q*tg-h° qig-he =

@)
min max  kV1v °kg U we , kU wkh) V 1v © | kiw—\°
w2SZ v2sE -1
6
min max  kV1v kg U we kU wPk,h) V 1v ©  kiw—v°
W2S¢ V2Se _

~

min max  kV1iv °kg Uiwe kU wekoh V1v ©  Kkiw—v°
w2SE v2SE -1

¢
min max  kV1v kg U we kU wPk,h) V 1v ©  kiw—\°
W2SE V2Se _

min_ max kV1v °kg U we kU wekoh V v ©  klw—v°
w2SE  v2sg -1
[1] é #
n;gx kV1v °kog U we | kU wlkyh) V 1v ©  kiw—\o
VESE _

~

kV1vX okog U 1w ©
=1 I
kU 1w okoh) VX o ki —vo
ho
KViv kg U iw ©
=1 I
kU 1w okl Viv © kiw —vO

. !
@
kg k , kh ko IX 1X

=1 |

O p_ 1
3,p=_>p§( IX 1X

=1

X1Ge 1Go =
0
minmax Vv oG Uwe  kiw—V°

w2SZ v2sX -1

30



¢
min max Vv oG Ulwe  Kklw—v°
W2SEg v2Sy -1

min max Vv G Uwe kiw—\°
w2sEv2sy _;
0
min max Vv oG U, klw—\V°
W2SF v28S? -1
@)
max Vv oG UWe kiw Xv°
v2syt _y
@)
max VivoGUIw?° kiw —V°
v2syt
" #
@)
max Viv 9 G Uw®e kiw X
v2syt

#
O

Viv o G Ulw kiw —\°
||:1

#
o

Viy 9 G Uwe kiy X yo
w =1

#
O

Viv 9G Uw° kiw —v°
=1
€]

KG koo IX , 1X

5 = 5 ﬁ: !Xb !X_

where the last inequality holds
with probablity at leastt1 24x°

due to Gaussian concentration and

¢
w =argminmax Vv 9 G U  kiw—vo—
w2Sg V2SS -1

w2 S¥issuchthat kb w k X-

#

v =argmax Vv 9 G Uw® kiw %o

v2s¥ o1
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! #

Vivo G Utw O kiw —VO e
=1

Repeating identical steps with v and w being swapped, we obtain the same upper and lower
bounds for~X1G° *G°and qXG° qiG°, respectively. Then, taking the limit X ! O

in all inequalities above, we arrive at the desired results. f
We are now ready to prove Theorem 5 modulo Lemma 1:

Proof. 1. Note that according to Lemma 2, itis enough to prove the desired inequalities for
any sequence of X-netg&SF with X ! 0. Indeed, we would then have
PLiGoj o pt X1Goj o 2 ‘pigfig-ho;j °
2 'Pigig—h°j ©e
Moreover, we can assume that each iS of the form § = S S . Denote

SI):( = 1:W89532—3<l = fDg0g2 1—"'—\),S = fDgQg92 ., @G9= kiw gw’. Construct

processesgg.g9as in the statement of Lemma 1 for 1— ¢ ¢ « — introduced in the previous

sentence. Applying Lemma 1 and Theorem 2 to -—.—C we obtain:
Uuog Uu o
Pt ».g9 Cgda® Pt »-gg Cgda®e
82 92 82 92

We then deduce:

Piminmax- go. klw oY o=
inma 89, 8\

Uu @
=1 P? »-g9, k1w 8—\@0 V40 =
82 92 R
uag Uug
=1 P? »-89 C8§/40 1 P2 ».89 C8§/4°
82 92 82 92
ug
=1 P? ».89, k1w 8_\90 Va0 =
82 92

= P!minmax. gg. K1w oY Oe
pnme 89, 8\
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Note that
Plrg]zinrggx_ 89, le 8_\90 Y 0 — qu Xlg_ hO Y O
Hence, it su ces to show the following inequality:
p1 X1Goy o ileinmax. go, KIW gwP Y O
20 82 92 :
The latter follows directly by conditioning on the event\We « — W0, which happens with
probability 5.

2. Note that j 1G° 2j j [ holds if and only if either *G° ;2  [or 1G° Y 2 [and,
moreover, the latter two events are disjoint since [ j 0. The same description is true for

jgtg—h° 2ji[. Thus, it su ces to show the following two inequalities:

PriGgoy2 [° 2 ‘Pigig-h°Y2 [° (2.19)

PL1GOY 2 [° 2 ‘Piglg—hoVy 2 [°s (2.20)

To simplify the second inequality above, rstdenote V1ve :50\0—eee—W. 00 where
v is a shorthand notation for jysee—9 2 R R ~. Then, assuming that W° =
v,1l andUw° = w_ 0 ,wecanswap min and max in the de nition of 1G° due

to the convexity-concavity of kw—v°. Note that:

1GO =
1 O 0 a @ wPa
& @J e
_ S0 Gy 0 & Uplwo®
max min Vivd - | BB
V2SE W2SE -2 'o. ¢ R H R)
- (R) (R)
- ® ®

1
« 0 0 G —|«U3 WO—|

, ktw—\O



G 0 0 a 1yOa
©G 1 @Jl 5
_ -0 Gy 0 ® WIwew
=min maxVivd - | BB
V2Sg W2SE - e, ¢ R e ®
: R) (R
- ® ®
« 0 G 5—|«U we
K1w—VOe
Hence, using that -+« »—CGare i.i.d. N10-1°, we obtain:
PL1GoY 2 [°=Pt tG°Y 2 [°-
where
GO =
0 Oa 1\p\/Ca
@31 ©J1 5
_ -0 Gy 0 ® UIwo®
min_ max vio - B R
V1v02S W2SE - ., TR ¢ ®
: ®) ®)
- ® ®
« 0 0 G; —|«U: 1Wo—|
Kiw—\Oe
Also note that:
Piqglg—-h°Y 2 [°=
0
P min max kV1v kg U iwe
W2SF V2Sg _

) !
kU woloh) Vive kiw—ve Y 2 [

e}
=P maxmin  kV1iv°klg ° U we
W2Sg V2Sg _

kU kot h 9 Viye kiw—\oY 2 [

=P maxmin  kV1v °kg U 1w
W2Sg V2SE _
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kU woloh) Viv o kiw—\vo Y 2 |

(@]
P minmax kV1iv %kg U 1w
V2SE W2SE -1 |

kU ol Viv e kiw—veY 2 |

= Piqig-ho ¥ 2 [°-

wheregig—h° = minmax
qig V2SE W2SE

kV1v °kog U 2we | kU wPkoh) V 1v © klw—yOe
=1

Denoting =2 [and = 2 [, we then have to show the following two inequalities:
P1iGeY © 2 ‘pigig-hoVY ° (2.21)
PitGoY & 2 ‘Ppigig—ho Ve (2.22)

The rst inequality is a direct implication of 1. To prove the second inequality, we will

mirror the proof of 1. Namely, start with de ning

Ge= TK'w g\’

Then, according to Lemma 1, the following inequality holds:

U g U @
pt nog GF° P! »9g @l
92 82 92 82

Using the latter inequality we obtain:

Piminmax-"g9g k'w g~w Y

92 82,

ug

=1 P! »T9g KW g-\wP®  ¥4°
92 82 .
u g ug

=1 Pt »T9g GF.° 1 P! nog GFa°
92 82 92 82
ug

=1 P! »9g KW g-wP  ¥i°
92 82

= Pminmax. gg kw oYy o
mnme 98 8\
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Hence, we arrive at the following:
Piminmax-"og k'w g\’ Y =Pt gftg—ho Yoo
Thus, conditioning by e« «— WO again we conclude:

. 1 ..
P1~X1Go Y = _—_Piminmax. g klw g\’ Y o
G 22 92 g5 98 Y%

3. As we know from the proof of the previous part of the theorem, the following upper

bound takes place:

PL1GOY ¢, X° 2 'PiqVq,X° 2 ine

Since § is compact, we can apply the same X-net argument to deduce the following

inequality as well:

Pl 521G°Y(Qgs2z X° 2 "Plgs2 YQsz X° 2 ‘ne

Combining the results above implies:

P1f1G°; g, Xg[f s21G°Yqsz Xg° 2 °!n-—

which yields:
1 2°tnYPf1G® q, Xg\f 52!G° Qg2 XgO¢
By assumptiorgsz j g, 3X. Thus:

1 2°tnYPfiGe q, Xg\f s2!G° Qg2 Xg°

pPLiGo Y g21GO X%
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Therefore:

1 2°1n Y Plwg 2 S°

We proceed to prove Lemma 1 now:

Proof. Denote VI = 1V lvgO—eee—-Wg 00) . where \ stands as a shorthand notation
for

1VQ—°°°—9\P) 2R R =.

Recall the de nitions of the Gaussian processes we have to compare:

1 0 Oa h 1w, Pa
_CCQ @J 8
) - 0 Gy 0 g U21W8°
.89= Vivg” T | . e ® e ®
- 3 ° HER) H (R)
- R (R)
- ® ®)

1.0
« 0 0 G; —-«U3 We'_,

@)

WKV vg °kkUwgfk and
=1
0
- 89— kV1V9°kU 1W8°) g, V 1V9°) kU 1W80k'
=1
Calculating the covariances is straightforward using thaa®@l Go are independent when-

ever < @

¢]

Evgogo¥s = V1vg? VivgoU lwg U lwgP (2.23)
=1
LkV 1vgokkVivglkkUrwgkkUwgfk (2.24)
o)
E»-gg @o¥s = kV1vg°kkVivgokUlwg U wgP (2.25)

=1

V 1vg9 V 1y gk U twgPkkUwgPks (2.26)
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Hence, the third assumption of Gordon's Gaussian comparison theorem follows from

Cauchy-Schwartz:

E»go99 - gg g% =

~

(@]
1V 1y 9 V1yg® kV 1vg°kkV1ivgoke
=1

1U wd U lwg® kU wgkkUwgPk®

Qe

Moreover, if either 8 =°®r 9 = 8then the expression above vanishes, implying the rst

and the second assumptions as well. The proof is almost identical for the procesges
oy f

Remark 5. Note that (2.23) is not valid any longer i;Ge « « —Gare allowed to be depen-

dent. In particular, if G = =G., we get
[e]Ne)
E».ggog¥s = Vg) Vg)OW%; W, (2.27)
=1 0=1
& 1 1
kvg kkvokk 2wgkk 2wgke (2.28)

=1

For X , we need to specify if we are still taking-ge * * gto be independent or to be identical
now. In the former case, the expression for g» 99%4 stays the same as in (2.23), while in

the latter it turns into

~ ~

E»-gg gg¥s = kvg kkvg kwg — we (2.29)
=1 0=1
1 1

Vo) vk 2wgkk Zwgke (2.30)

In either case, it is not hard to see that, generally speaking, processes - and. do not satisfy

the conditions of Gordon's theorem anymore.



Concentration

Lemma 3. qlg—hCis g?' r' g Lipschitz function of 1g—h°, where

" Uw= max  fkU *w°kg

W2SE — =1—eee—

"vov=  max fkV lv °kge
V2Sg— =1—eee—:

Proof. Letg—g 2 R® andh-h 2 R® be -tuples of i.i.d. Gaussian vectors.

De ne:

¢
—v' = argminmax  kV1v °kUw® g;
WZ(F V2(E =1

1W110

Vv 9 hy kU wek | kiw—ve

@]
vZ=argmax kVivokUiw'*o g,
V2(E =1

,V v 9 hy kU tw'Tok | kiw T-vo.

We then have:

q'ge—h° kV1v'Zokyiw'i® g,
=1
.V 1y'2%) h, kU 1y ok . ktw Ho_y2%
é 1920, 110,
qgi—h° kV 1y 2ok 1y 1% h
=1

Y 1y'2%) h; kU 1w'Tok  kiw H1°_y2%.
Therefore:

q'g—-h° q'g1-h°
é 190 110,
kV 1y'2%ok U 1y 1% 19, g1°
=1

Vw20 1k,  h g okUw'ik
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1100

kViv2okkUtw'kkg g2 k

=1

kU 1w'tokkviv?okkh  h o k

e
= kViv?okkUiwokikg gk, khy h ke
=1

Y

¢
2 kViy'2ol2kU tw'l*ok?

ke g2k: khy hok?

2'Uwvey ko g2k, khy hpKkee

Corollary 3. Under the notation from Lemma 3,

2

. . n
Pigig-he Eqig-h*jin® exp o
U-w vy

Proof. Follows immediately from Lemma 3 and Theorem 5.6 in (Boucheron, Lugosi, and

Massart, 2013). f

2.8 Appendix: Applications
Multi-Source Gaussian Regression

Assumptions

The following assumptions are necessary for the Multi-source Gaussian Regression Results

to hold.

Al The functions L, forall = 1-eee—: and ' are proper, lower semi-continuous, and
e _ :
convex. Furthermore, the function'_; L , ' should be coercive, by which we
mean:
¢

lim L ' 19= 1.
k k!l
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A2 the Regularization function ' must satisfy the following scaling condition. For any
vector G such thaikk, 2 p§ for some constant 2, this implies that
p_
sup kzk 3-
z2m'i[°e

where m' is the subdi erential of ', and is some constant.

A3 the noise ,forall =1-ee¢e—: s azero mean sub-Gaussian random vector, with

variance f_..

We recall the setup discussed in section 2.2

160 1 |
mn— L y p=X , '1°- (2.31)

2R3 =1 3

wherey 2 R°—X 2 R°3— 2 R3. We recall that X are Gaussian matrices, de ned by
G 2 where G 2 R°3 has i.i.d Gaussian elements, and2 R®3 are PSD covariance
matrices. Finally, recalling the assumption that=y p%x , where isi.i.d zero

mean noise, with variance f .

We rstdenee = as the error vector and rewrite our optimization as
10 1 .
mn— Lt p=G 2% 'te, 0
e2R8 =. -1 3
We then let z = G 2eandlet _ be a Lagrange multiplier
0 1
mn max — )iz . =G Zeo (2.32)
e2R-Z2R3 2R =3 _ = 3
1
,—L 1z° "te, Oe (2.33)

Before we can apply our application of the generalized CGMT we must restrict our opti-

mization to compact and convex sets. We demonstrate this in the following lemma.
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Lemma 4 (Compact and Convex Sets). Bef, "be the optimal solution to (2.32). There

exist positive constants,— ;—  such that:

P- %
|
PI’ kékz 4 3 .3!1 l
P- . %
Pr 2, | = L, 1
N p: % .
Pr ", =1, 1

Proof. We rst show that the set of minimizers for e is non-empty and compact. We assume
that the sum 5 te° L ', 1 < 112G g0 e ojsacoercive, proper, and
lower-semi continuous functions. As the function is proper, there exists at least a single
value 4 such that 53 Y 1. Furthermore, by the fact that 5 is coercive, there exists an

n 2 R 0 such that for every 4 2 ® for whichke egk nimpliesthat 51e® 5 1g°.

We then de ne
(= e2Rj ke egk, n

we can then see that (\ R* < ; is nonempty and compact. As such, there there
exists ané 2 ( such that 5¢° = infso 5'e® 51@°. From this we can conclude that

580 2 infy,re 5'e°, and that the set of minimizers is bounded.

Having determined that the set of minimizers is a compact set with at least one element, we
can conclude that there exists a constantvhich is independent of the ambient dimension
3, such that
p_
kékz 4 3e

We now recall equation (2.32), and examine the optimality condition:

roc LG Pe=z
r, : _2mL1z°

rg: 4 1'2G); 2 M'X0e o
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From the optimality condition of . we can see that
kzk k ky, p1—§kG k, %  kek

We note that is a sub-Gaussian random variable, as such its norm can asymptotically be

bounded by a P

= for some constant . Similarlypl? kG kis bounded in operator norm

by a constant asymptotically by standard random matrix theory results (see for example
(Vershynin, 2018)[Corollary 7.3.3]). By making use of the boundkekwe can nd that

each z is bounded in norm. From this we can see that there exists some congstanth

that

Finally, the scaling condition on " implies the existence of a constant f

We now de ne the following sets

n p_O
Si= e2Rjkek 4 3

S/Z ZZR::ijk / =

S = 2R jk k = -

and note that our optimization problem can be expressed as:

o 3 1
min max — )1z . =G o,
e25-225 25 _, = 3
1 345
, _L 120>'1e: 0 — min Ple_q_ _G)o
=. e2y

We note that we now have a min-max optimization over compact and convex sets in the

form required for the application of theorem 5. We apply the generalized CGMT to P, from
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which we obtain:

o 1
min min max'te 0 —p—k ko 2
e2S, 72S, 2S ’ . =3 G ©
=1 —-
#
1 1 1 .
, =)z =) 5—ﬁ—§ e n | L zo

345
= inAle—g—eee— —eee_fe
reglsr: €e-a -gh ;

We can now note that if for a xed value of 4, if in the asymptotic limit of =—< ! 1 that

Al A converges to some xed value, the CGMT guarantees that PAL This implies
pointwise convergence on the sei, Sve can further establish uniform convergence by
noting that § is compact, and that P is Lipschitz with respect to 4, implying equicontinuity.
Classical results from analysis guarantee uniform convergence in these cases. As such we

drop the outer parenthesis and consider the joint minimization over 4—/ in the analysis of

A.

~

o 1
min  max'le o —p—k kG %
725, -e2% 2S ’ ’ = 3
1 L]
, =z _i.) —|18§ e ,_i.l-lzo‘

We nowde nep = 1*26, and reintroduce this constraint using the Lagrange multiplier
P—— . : :

We can note for each ghatkp k f <oct °kek, by noting that has nite maximum

singular value, and the bounds &ek, we can conclude that there exists a compact set

n 0
Sw= P2R® | kPk, %p§ , Where P has columns p

1
min max 'le o —p—k kG
725, —e25-P2§; 28 ' ° T = 3 P
1 1 1
,—%kpkw , =)z =), =L z°
1
_ )1 1'260_
> 3 P

where " 2 R3* has columns .
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We now let V = g- k k and solve over , as shorthand we will de ne 2 R, with

elements V
o v )
min max 'te ° =G
72S, -e25-P25,VO-M : 1 =3 P

2

iL 170 i )1p 1240,
— 5 3:

5

We now interchange the order of min and makx, Ietbp% kp k,, and solve over %. We

obtain:

VO0-" 72S,-e2%-b0 ° :
r _

b 3 1 1 1
B— VG —L1izo — ) 2
: § - 5 5 — Z 3:

max min ‘e ° p\i— koh ,z K,

. . . @ kok?
Recalling the square-root trick, where for any vector 0, we can not&dhkat= rg)lir(l) 2. 2@

We apply the square root trick twice to the optimization above with parametensd@

~

@]
max min e, o, @ b—A
V-A 0-"Z2S; —-e25-b-@ 0 -1 2: 2:
v b r 3 2
—kbh KK ——  ZVG
© 2=:@ £ 2 2:3A = o
X _i.L 17 © % ) I2e. (2.34)

We can now recognize the Moreau envelopes over L

¢)
max min ‘e, = ©°, V@ bA
V-A 0-"e254-b-@ 0 1 2: 2:
b r 3 1
— - 1 (o]
D<A :VG, ,:_MV@L b h

1
— ) 124,
3
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We once again interchange the order of min and max and now solve ové&¥e can nd

that the optimal solution is given by:
r_

A L]
No= -VG b— 129'

Substituting in this value we obtain:

min max'le 0
b-@ 0-e2S/-A 0

~

O vae bAa 1
- R R 1 (0]
L, 2 2: Mo b h
- 6 "5 D
1, 10 A 11 3 1.
—4 = = 4. == Vv ZTG e
> 23 b "3 =

We can now complete the square over e, from which we nd that

O v A1
min max —@b—?MV@Ll b h°

b-@0/-A0_, 2 2: °
1 1 )
~—VA'b mn_—_ 4, A'®" 4 A'Db
2:3 Te2523 7 ’
hlleb O_
L 1 93 12
where we have dened A=+ ;5 andb=+ _;V 2 "°G . We can note

that b A 1 b will concentrate to

x ~ 1
10 3 10 Ao
— TTr - — 0 o

.2 — . 0
12 L o, b

We can now return =e, as the optimization variable, and then recognize the Moreau

envelope over ' to obtain the optimization:

©ve ba 1

min m —M 1 ho
b—é@o/—%):l 2: 2. > = 7L b
~ Iy
10 Vv 10 A 1
—2 —Tr - —0 0 —MAlR A 1b i
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2 Loss and 3 Regularization

We consider the loss functio%sk k%. For the regularization we will consider the following

function
10— _— 2_
23k k5

where _is a regularization parameter. We will assume that the noisél be distributed
normally, by ~ N10—f 2 [° and the ground truth is normal as well N10—f \2I°. The

objective then can be written as follows:

1
min — K ~X k2 =k K- 2.35
ore=r _ 0 Pt K2 3t (2.35)

wherey 2 R°—X 2 R"3—- 2 R3. We recall that X are Gaussian matrices, de ned by

G 2 where G 2 B3 has i.i.d Gaussian elements, and2 R®3 are PSD covariance

5

matrices. Finally, recall the assumption thal:yp%x where isi.i.d zero mean

noise, with variance £

1 0

1
in— k X k2, =k K- 2.36
I R TR #59
minié kpeG 121 Yo K. =k Ko (2.37)
\2R3 =: . p§ B 2 5 23 2 .
Again, taking e = we get:

min -+ k p%e e, =ke, Kb (2.38)
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Taking Fenchel dual of the loss:

1 0 1 ku k2
. )1 G 12 o — ki k2° 2.39
Gr}r;ggmaax—:: u 19—§ e 1 aafe. K (2.39)

min max-— © w Lo “Zekuk (2.40)
e2rs U =i ) ﬁg .
1 1e2 ku k2 2
hWuk ek =k K5 e 2.41
Denoting V := ku k:
. 10 1 .
minmax— Vk  p=h k "Zekk (2.42)
e2R8 VO = -1 3
V V2
) 12 L — 2,
ng e 7 23 ke, K5 (2.43)
Using independence of from h :
~ T
. 10 1
minmax— V k k?, =khk® e (2.44)
e2R VO =1 3
Vi \2
) 12 R o
ﬁEG e . ke, k> (2.45)

Applying the square root trick:
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@)
min max— Y9 Vi e
e2R- 0 VO = 2 72
1 Vv %
“khi’e e° p=G 'Pe — =k K3
© 3 ¢ P3 © 723 @
O v
= min max— —g, v K2,
e2R-0 VO = _ 2 " 29
V kh K2 Vv V2
) 12 Y 2
293 © & P3G e 7.ggke Kk
10 v
= mn max— 3 A K2,
e2R8— 0 VO = 2 29
VkhiZ
e) 2g3 Z%l?, e
Voo ) v 2
= ~ =k k
3 P3G & 7.kl
@)
= min max— V_g Y.
0 vo = 2 2
1 V oo ) Vkhi2 !
- = G =
43 P3 293 > 23°
Vo 10 %
= G —, =k K
3 P3 4° 237 "2
e
= Mmin max— V_g Y.
0 vo = 2 29 ) y
2¢ 2 _ 1 _ 1
—LT v= =g fTr v= =g
42 ' 293 : 23 4 293 * 23
VoA 2.46
Za 2 (' )

Denote Z:= g— both as a value and the corresponding variable. Note that, for any function

51g° one has according to the chain rule:

_  [1\0o— — _ E1\0
v T g 5N (2.47)
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Y,
Mgno= ¥ Mg, (2.48)

mg g? m\

Taking the derivative of the objective w.r.t. :V

g 1 , =1 = _
2~k k T — = 2.49
2 29 83g | 23 = 23° (2.49)
Y = !
27 23 - 23
n 2#
= Z= Vv
—_— 2 —_— —_— —_— [—
83gTr >3 23|3 > 0 (2.50)
and w.r.t. g:
2f 2 2 !
V V f =V Z=
— Kk K =— T = = 251
\/3: V= 2
—Tr ? — = = Qe 2.52
8?3 293 * 23° (2.52)
Adding (2.49) multiplied bygi to (2.51):
" # !
Vv VZT Z= ' =0 253
29 r 23 : 2373 29 (2.53)
Dividing by V:
n 1#
Z= _ z
1 —Tr 2—3 5 2—3|3 E - O (254)
" #
z= !
Tr Z 2—3 R 2—3|3 ,Z = 2e (255)
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To show that (2.55) has a unique positive solution, note that it su ces to prove that its LHS

increases in Zbecause it equals 0 at Z 0 and goes to 1 as Z! 1. Take the derivative

of the LHS of (2.55) by Z

n 1#
TI‘ 2—3 5 2;3|3 (256)
£ 2 £ -
S5 1" 53 55t ol (2.57)
n 2#
- 2= - 1e (2.58)
23 23 *23° '

Since (2.56) is positive, the LHS of (2.55) strictly increases and we have shown that (2.55)

has a unique solution.

We also obtain from (2.51)

11 ’f 2= Z= 2
S~k K /T - = 2.59
2 2¢ 83¢ =~ 23 > 23° (2.59)
= , V= 2#
—T —_— —| = Qe 2.60
8¢3 293 * 23° (2.60)
This can be rewritten as:
V= 2"
1 = Z=
1 2 £ o, = (2.61)
2 8¢°3 23 23
I
1 2f 2= _ 2
— Kk K =—\Tr —— = . 2.62
27 © 139 53 > 233 (2.62)

Multiplying by 2:
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22: n Z_ 2#
- 2 £= = -
L' 3™ T 23 - 23
T
1 2f 2= 7= 2
— k K =—Tr - = . 2.63

Note that (2.63) has at most one solutioriay each ; = 1—+++—:. Therefore, since:%
is uniquely de ned by (2.55) for each ; as well, the objective (2.46) has at most one solution

1V_ go.

Now, to show existence, note that the objective (2.46) is convex in g and concave in V by
examining (2.34). Since (2.34) alsogoestolask k!landto laskk!1,it

therefore indeed has at least one optimal point 1V—g°.

Generalization Error Recall that the optimal value for \ is given by:

(= prox,1g Alb =t Ao 1inA poo (2.64)

We note that the generalization error is given by:
10 1 1e2\A
E— Y _=4F _g)_: N
20 _, 195 4F - ,
~ ~ ! !
o o

_ 1752 2

2: -

2

where we have made use of the optimal valu§gifen in equation (2.64).
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Binary Classi cation for GMMs with Arbitrary Covariance Matrices

The following trick will be of use for the purposes of the present section:

The square root trick. If G j 0, then its square root can be "linearized" as follows:

_G—mini Ve
Tvio 2V 2

Proof of Theorem 7

Proof. Recall the notation of Section 2.2, and also de ne-W} 2 Rz 3 as

encode the means and the labels corresponding to each class, respectively, and the classi er
if found via solving
mvjn L1TA, M°w z° 6 51wOe

Introducing u := 1A, M°w z and inserting a Lagrange multiplier, we have

minmaxv) Aw v Mw v )z v)u, Llu®, 51woe
wW-u Vv

Applying Theorem 5 to the objective above and denotihg=vv)—¥° we arrive at the

following:

minmaxv’ Mw v )z v)u, Liu®, 5w°
W—-U Vi—%

~

G 1 1

kvekwW  2gs, v 5hgk 2wke
8=1

Performing the optimization ovenrv v yields:

min max Lu®, _5w°
W-UVi-¥ 0 -

a

5

1 1
Vg W) §68, hgk éFk:" av | g Dg
8=1



Using the square root trick we obtain:

. . G 1 ®B
min max min Lu®, 5w° Vg W) §6s, =
W—UV;—¥ 0 g1—g 0 g=1 2

1 = 1 = = 1

— —k 2FK?, =t Lwo? = kDgk¥ 2k 2Fkh)

c2g 2 8 "2 8 > 7T sFkhsDy

= Lw 2D)" gv,2D)lg e

Regrouping some terms and swapping the min and the max:

~

C ®B
min max Ve— ,min L1u®, _5w°
a-g0 Vi-¥0 o, 2° w-u -

~

a

5

1

1 1
Ve W 26g, , 2% k 2FK?, k" awk?, Kl gk?

NI I

8=1
1
. kDgk®, 2k 2FkhhDs 21 }" v 2D}" gw, 2D}lg »

By de nitions of M1 and M,
[js" av=1 )8|:011) Df

k" k2= =1 Lwoze

N

Consider the inner optimization of (2.65):

~

G 1 1 = 1
minLu® , _5w° Vew 26g, —— -k 2FK?
w—u : : g=1 2% 2

= = 1
L5 Lwo? | E,kDSkZ 2k ZFKhyDs =11 22° Jw

21 LFoi11) D 2D)lg o

We focus on optimizing over D rst:

~

- G v 2 >
minLiue, 5o, KK, 2K 2Fkhj Dy

8=1
21 LFo1)DP 21 LDy e

Assuming L is separable, we complete the squares and arrive at:

1
LiDg , Zl; kit JF°1 h gk 2Fk | g Dgk e

54

(2.65)

(2.66)
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Noting that the expression above is the Moreau Envelope of L by the de nition 2.16:

e

min max Vgggbmin 5twe
@-g0 -¥0 o 27 w T
G ) 3 ) 3
5 8_1\/8': 868,M 3—2'- 1 8F01 h 8k 8Fk | g °

1
Let 2= SF and W= %W, then (2.66) can be rewritten as:
a

1
i 1\\/0 ) )1 2 0
Vmgrlvr\r/l?x_s we | V5?7563, gt gF 74
8=1

Mg WL kK 1@ [ g hw Wi
8

Performing the optimization over the direction oféhd denoting § = k ?2gk:
G

1
. ) ) 3
W_rQ'o'anl?X—S wo 8:1\ KB &K, 4 gF

Mo WL\ g | [ g hw WP
8

Applying the square root trick again:

a
i 1\p/0 1 (0]
i PO M WL o 1
\828 \8 2 1
> ﬁsk\@s &K, % §F,[ g )3W Wege
Optimizing over gyields:
G
i 1 1 (0]
w_\ggllvr\]/@ m[ax_5 we | 8=1M \%L WL \ g | ¢
\eZs 3\ \s Z 32
= —k = 2Fk Lw Wee
Optimize over w:
G \ 1
min_5w°,  —Sk\bg % ZFK? [ g hwe
w ooy 228 \g

(2.67)

(2.68)
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Opening up the norm:
!

. 1, ©
min_5w° QW) \58 g W
W 8=1 8
G 1 C 3\
) 3 8Y
w Vs 308 [ 8 8, .
8=1 24
i i 1 o
Dene = gzl\—zg g and vector G = 5:1V8 §0s [ s s then the objective above can
written in terms of the Moreau Envelope as:
. 1 G 1X 3\8\/§
m\/\ln_M_ 51 %0 2X 2 5 2& *
Plugging everything back into (2.65), we derive:
. 1 X 1x
min max M 1 2X
®0-\g0-Z30-W\Vg0-[g~ _ 5 2° 2
G \Z
L VR M s WL\ g @ 20 [ g
_ 2 Vg 2
8=1
f

Proof of Theorem 8

Proof. Under the assumptions of Theorem 8, the objective (2.8) turns into the following
minkiA Mow zk 2 kwk?e
w

Taking the Fenchel dual of the rst term we obtain:

N NI

1
rr\l,\ing’l@\z(v)lAl 2w, v)Az 2w, viMw, v LiMow
) ) 1 > 1 2 2
vily vl Zkvlk Zkvzk . _kwk=“e

Applying Theorem 5 to the objective above:
G
minmax_kwk . kvgkw
Wy 8=1

Q0 Nl
m
~

Q0 Nl

68,V)8 gk

1
,VLtaw vl Zkv8k2-
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Optimizing over the direction ofgyields:

G .
min max _kwié (VA
W VL0 — N ) U 868
8=1
,Vek" gv, hgk §Fk | &k Z‘
Using the square root trick and de nition ofg'and Ig
e} 1 \V/
min max min _kwk, VW) 26, it
w Vl_\éo gl_go 8=1 2
Vs 2 = V§
— k" I —w —e
g K W e W 5
Introducing \4s:
G 1 V.
min_ max min _kwk, VW 26, it
W Vi-Y 0-W-Wai—g 0 g1 ?
W JE 110 81lo ﬁ k %sz _8.

Changing orders of optimization:

@ V@ :\évg =AWt 1° 8.1

min max
a-g0 Vi-¥O-W-w_ 2 16g 4
\/2 G 1 =
-2 min Vg £6g VY 8
w 4
8=1
W) | :_ 1 :_ 2 We
T 4a T 4o
Optimizing over w we are left with the following:
#
. 1 G 1 =uw
min  max - Vg 26
@90 Vi-YO-W-w 4 °8% ag °
" #
=V =% o G =ww
P, =1, — 2° Vg §6s, 8
da T 4g el © 0 Am
G Vs :\,évg =\ 10 8.1 ﬁ. (2.60)
2 16g 4gs 4 '

8=1
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Due to our assumptions orgs we have:

G i W

8:le 568, g °

G oS eww - O 2R
8ae T4, 0 16

In other words,

I v

. B §6s, g °

2w, O 22

8o g, ° O 16¢

where G N10— ©e

We now simplify the rst term of (2.69) by leveraging the corresponding Gaussian concen-

tration:
e Lo T av v,
V 26 1 I - _“ (0]
8_1888, ag © - ag v 2g 2
- #
c Vg %68 i g =
898, =
8=1 40 4
@ 1 :\é\/g = =
TTE Vg2 L), — g, — !
r . 5 568, ag ° - 4g ' 4g 2
" #1
¢ Vs %68 i g =
z =
8=1 40 o 4
G a o= G =ww
TrE Vg §6s, 8 Vs §$6s, 8
8=1 4G | 8=l 4G
1] 4 2 o1l -
g b ag 2
2wy, O VeVE
Tr t S Vg 8
B3, 0" 16g
1] :_ :_ ol _—
12y g 2
:V.I. = 1
T 1 I - < (o}
r-_ 4 1 iy 2
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~ !
2vivowwy . @ Vo
A L Ve R
G% ey 016G
Plugging everything back into (2.69) we deduce:

. 1 :\/.I. = 1
min max =Tr |, — — ° 2.70
a2 2 A;gz 2 (2.70)
_2 el 228
S, T g, Sl @.71)
0% gy 016G
G vg g w1t 2.72)
P2 16g 4g 4 '
8=1
f
Existence and Uniqueness of Solutions
Proof. De ne
1 :\1 :\2 1
1 —\— - 1 - __“ (0]
\ 1= WP 4Tr _l, 7 17 2
AR LW P
8 > 16
\/2 =\ =\
0/l A0 = _8T, 1 -\ ~'2 o1
8t Ve-\1— b 4Tf _l, 7 1>z 20 8
%1N—¥—41—1° = %1 Vi—\1— %, %ot Vo—\1— 0
Then the objective can be rewritten as
. ViV
min max ! ———— %1Vi— ¥—\1— 0 2.73
R SV Vs W-VP, %1Vi—¥-\1—b (2.73)
G v =WE w108t 2.7
ey 216G 40 4 '

Taking the derivatives with respect tgahd gand using yboth as a variable and to denote

%f with a slight abuse of notation we obtain:



MMV el DM

m¥ o @ BMs
e é;m—”; AP
e %—Yéf’:éwva—\l—\zo

, glgm—”lg%l\z—v—\l—w

A e é;m—”;%l\x—v—\l—\zo-

Setting the derivatives of the objective w.r.gt@zero:

Vg m m Vi Vb
— 1\ - —0pl\— Yy———250
&M 1\2\&/-\N’,mgo\i‘séglg2
XS :\évg =\H¢t 10 8.1 o

© 20 16¢ 408
Vg m Vg m o
gy | W e,
:\,é\/g =\AW 1° 8.1 ~ 0
16¢ ° 4gg

Multiplying by 982 and dropping ¥yields:

m m o

T W 06 Y
¢ = =wedt

> 2 16° 4

Now setting the derivatives of the objective w.r.zt&¥zero:

60

Vg
2

(2.75)

(2.76)
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Im m
1 —\— — 0H1\/— -\ —\,O
HmE \ 1= WP, m\d/o\l V-\—%
% :Vg :W 10 8.1 E;_ 0
* 2 16g Agy 2
1m 2
—— 1\ - — % Vg \1— p°
gme | bW VP V8@18-1 b
1 m e W =wi1dl v
— — 04Q1\/— -\ —\,O = — = (e
’ggm\s/ov\é\l\z’Z 16g 4 2 0
Multiplying by g
m 2
D0 - WP, S0 Ve - ° (2.77)
mg \g
2 — - 8,1
m 6§ =V =w108! vg
_ 0f1\/—\/—_\ —_\,0 = = (e
,m\sﬂ)\i\é\l\z, > 16 ] 5 0 (2.78)
Grouping the KKT conditions (2.75) and (2.77) together we have:
oW 06TV Y-\ e
&g ig M:O
v e e (2.79)
A N oWV 20 Ve- -0, 06— Y- Y- O
&g ig =Vy1108)1 VL%—OQ
> 2 16 Z 2
Summing equations (2.79) up we obtain:
2 Vs
SRV gF 2= 0 (2.80)

Dividing by g and using that ovg-\1—©° is quadratic in ¥
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\g. ., =1 =\2 .1 \g _
2Tr _l, 2 1 2 s, 1 > =0
This yields:
1 =\1 =\2 ol
Tr _|> T 1, T 2 \8 8 ,\ 8= 2e (2.81)

Restricting the argumentst+b to [0,2] (because Y\, arising from the objective are
non-negative and it is clear from (2.81) that \ 2), we would like to point out that

Tr 11, % 1, =T\2 °1\g g .\ gis a strictly increasing function ofg\ Indeed:

m_n\]g Tr 0, % 1, % PM\g g ,\g =

hTr ih% 1,¥201 8 |

Tr 11, % 1, :T\Z 20227\8§I,1:

Tr 0, % 1, % P21, :\% 38° ,1j0°

Hence, (2.81) for 8 = 1 has a unique solutigfor any xed \ 1, because the range of the left
hand side of (2.81) equals 0 gt ¥ 0 and exceeds 2 ab\= 2. Note also that if we increase

\ 1 the corresponding solutiorp\increases as well. We will denote the corresponding
dependence viay\= g*\ 1°, where g : »0-2% ! »0—2% is an increasing function. Remark
that g is di erentiable due to the Implicit Function Theorem. Adding versions of (2.81) for

8 = 1 and 8 = 2 multiplied by together we arrive at:

:\1 :\2 1 :\l :\2
1 I __“ (o] 1_ - __“ (o]
Tr 0, 7 12 7 12 (2.82)
Z1y, | 0 = = (2.83)

T4
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This yields:

3 Trorg 21, 22 01 Sy oo (2.84)

et 20 g g (2.85)

=3 =e (286)

Note that each term on the LHS of (2.85) is decreasing irAs such, we conclude thag \

and \; solving equations (2.81) for 8 = 1-2 are unique.

To recover V- W/ take the derivatives of (2.73) by Ahd W

m =\ =\g 1081
m/l\ 1= - WP 3 7 =0 (2.87)

Recall the de nition of 1\ 1—%— W-\4?:

1 =\ =\
N WeW s Tl g, E et
AR W A
8 ? 16

As such, we arrive at:
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LR N S
1A2 LW =2\8%W o, ZuW_ =4
’ ’ (2.88)
Tril, 3, 300
1A=V 1\ oW W 6 =W _ =\,
8 > 8 > 8 4

It is easy to see that (2.88) is a system of linear equations with a positive determinant,

therefore it has unique solutiong-Y\y/

To recover Y use (2.75) once more:

m_\1 N bW

m
g %m%l\ 2=\ ¥,

o e

m
0 %N\,

Rewrite this as:

S M%ti—h-\°

Mol -y

ﬂ\l %1\ o—\1—°

97—~ my 941 11— O
%2 i/? i/y:o
2° 16° 4
12 - %\ 1—\1—p°
% =V o=w_
2° 16 4

tt‘

((

m”\; %%\ o— i P

a

*>|é #|é

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)
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Thus, we nally recover

1

- 2_ E%l m_nclo/ql\ 1—\1—©° m—”\]lo/(zl\ o—\1— p°
e o 01 mos 0 (2.95)
G mNhmR 5 g%t

o N eww T3
- ! =W- (2.96)
«M N W 16 4
Thus, we have shown that there exists at most one solution *V—g—W?°. To show existence,
note that the objective (2.70) is convex in g and concave in 1V—W?¢° by examining (2.67).

Since (2.70) alsogoestolask k!landto 1ask k!1or kWk! 1, ittherefore

indeed has at least one optimal point *V—g—W?®°.

Classi cation Error

An attentive reader might have noticed that we held up the classi cation error derivations

to this point. Recall that the classi cation error for a weighénd a general GMM is given

by: ! !
1W0— 1& p)liw 1& p)ziw °
2 w w2 W oW

The proof is a straightforward calculation but we provide it here for completeness:

Proof. Note that

1

1
L WO = ZPg s
ZGN

oW G Y0, SPeny - oW G j 00

1—

Subtracting the means from the sample point we have: @ . 1forG N?! i— (°and

G= o, [ 2forG Nt »— 2°we obtain:

1 ..
1 o ZEP[1N10— 101\/\y) H Y )1wo

1
. EP[ZNlo— 201\/\7) [2 i )ZWO‘
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Noticing that® [1 N10-w) w°andW [» N10-w) »w° we derive:

1 .
LW =ZP, nioew ot Y jwe,

2
}p 17, i ) e
s 5PZLNWO-W e 2 2
1 y )W
= 5P Nio-101b Y p=——=C,
W oW
1 LW
. 5PNt | p=—=°
| W ol |
1 w1 o
=& 1317 , =& ﬁ2: °
2. TW w2 W oW

The classi cation error part for Theorem 7 follows immediately then by the de nitions of
Wand \gfor that case. We now proceed to derive the expressions for the classi cation error

for Theorem 8 and Corollary 2. Note that by de nition

W= 21 %W 110 8.1lo

1Vg k % k20_
7K ks

NI I

ng lghw) 9,\/0.

NI

Therefore:

Proof of Corollary 2

Proof. Recall the model:

_¢2
1=f24, 1)
_¢2

=12, 2}

where 1— 5 2 N10—f2[0e
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Denote the space spanned hyand , by + and also denote

):| ﬂ ﬂ .
L 4gll>4@2

Note that both + and % form invariant subspaces of the operator ). Also, since we are
interested in the asymptotic regime 3 ! 1, we can take kk = k ok f 23 and )1 2 0

due to the Gaussian concentration. Therefore, we can write:

=M

=1 | =2 k ko, —Zf
) 1 — s 491 1 4@ 2 1
_V.L =\% 2 2
=1 1 00 .o
) 2 — g 1,4ng2k2k 2
DecomposingR=+? 1 jandusingTr =Tr 2, Tr j,,Tr j,, we derive:
=V —\é 1
1 I (o}
Trt_1, ag 1 Ag 2
1=2V1V2WWA G Vé . :2V§V§ o —
" 89-@ 8=1 16%
=M. =Ve. o1
1 = ___“ 0
Trt | 491f1’ 4@f
P, s ZWR,
891@ 8=1 16@ j+'_)
=M. 0 2 =V, 201
1 L] o _—“Y¢ 20
Gl g TEf e gt
MWW gz g ozge gz 2
AL 2
8a® 16¢
M2 =2 ¢ 25001
1 —— ‘1 00
e gt Iy fo.f <3
Y A g L.
8o G 16¢
=M. o =Vop o1
1 01 - - _“ (0}
3 201 | 491f1’ 4ng2
¢ 2
AL LRV YE i 1 »
8a® e ©16g
=Moo (2 =\%. 251
1 1f f 0 f (0]
5 — 5 49- lh 3 4@ 2



68

A L T i 1 1
A, V223 2f 2

B0G o 016G
=M. =V .- 21001

1 = __“1 00

1 4glfl,4@f2,f 3

=2\, Vo WW ,., @ , AV

ey WY \af 2 —2. %0,
B s U0 T16G

Remark 6. One might ask where exactly we used the fact thand » are independent
from 1and »;inthe derivations above. The answer is that we cannot take the expectation
over iand » rstto getthe expression with the trace we usedijifand , depend on 1

and ».
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Chapter 3

UNIVERSALITY IN TRANSFER LEARNING FOR LINEAR MODELS

This chapter is based on joint work with Reza Ghane and Babak Hassibi (Ghane, Akhtiamov,

and Hassibi, 2024).

3.1 Introduction

Deep neural networks have revolutionized the way data processing and statistical inference
are conducted. Despite their ground-breaking performance, these models often require
a plethora of training samples, which can make the process of data acquisition expen-
sive. Moreover, with the advent of increasingly complex deep networks and especially
Large Language Models (LLMs), the process of training from scratch has also become
prohibitively expensive. To alleviate the scarcity of prepared data and the high training
costs, various strategies have been proposed. One such method is ne-tuning in which a
network previously trained on a source dataset/task di erent from the target dataset/task is
leveraged as the initialization point for training on the target dataset/task. In many practical
applications, especially for networks containing billions of parameters, only a subset of
weights are updated to adapt the model to the new task. A particularly attractive method
involves ne-tuning only the last layer of the network. A foundational question would be:
How e ective is this procedure? Are there fundamental limits to how much one can achieve

by utilization of a model pretrained on a di erent distribution?

In this work, we would like to investigate this problem rigorously through the lens of
linear regression and binary classi cation in the over-parameterized regime, where the
number of weights/parameters exceeds the number of data points. To do so, we analyze
the performance of regressors/classi ers obtained through performing SGD initialized at

a weight vy 2 R® acquired through training on the source domain. It was shown in
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(Gunasekar et al., 2018) and (Azizan and Hassibi, 2018) that gradient descent (GD) and

stochastic gradient descent(SGD) iterations converge to the optimal solutiorbvofiie

following optimization problem:

min kw W ok3 (3.1)

BeC y=Xw-

where v 2 R3 is the initialization point for SGD, X 2 R? is the design/data matrix
which is comprised of independent rows re ecting the fact that datapoinfsifxare
sampled independently, and y Z R the vector of labels. This property of SGD is known

as "Implicit Regularization" and will serve as the basis for our analysis as the pretraining
step is captured by the vectopwUnderstanding this "interpolating regime” is key to the
theoretical analysis of machine learning models as most of the deep neural networks, on
account of their highly over-parameterized nature, operate in a setting where they are able to
attain negligible training error. It is noteworthy that, even for linear models, characterizing
the exact performance of ne-tuning approach has been somewhat limited and is inhibited
furthermore by the Gaussianity assumption on X. One of our main contributions is to
overcome this limitation. In fact, to showcase the ubiquity of our results, we establish a
general universality theorem that applies to a large class of data distributions and extends
beyond the context of Transfer Learning. To go into more detail, we say that Gaussian
universality holds for a data distribution P and a training algorithm ) if the test error
obtained by training on data sampled from P using ) is the same as the test error obtained
by training on data sampled from the Gaussian distribution p p° using ), where p

and p stand for the mean and the covariance matrix of P, respectively. In the context
of binary classi cation, we establish universality of the classi cation error with respect

to the distribution of each class. In light of the the latter result, the problem reduces to
analyzing the case of the Gaussian design matrices. We allow classes with di erent non-

scalar covariance matriceg and » and build on the results of (Akhtiamov et al., 2025)
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to address the problem in this speci ¢ scenario.

Related Works

Transfer Learning has been an active topic of research at least since the 1970's (Bozinovski,
2020). Itis mainly applied in the situations where obtaining data from the true distribution,
which we will refer as the target distribution, is costly but there is a cheap way to access
data from a source distribution, which bears resemblance to the target distribution. The two
most popular approaches to transfer learning consist of instance-based transfer learning and

ne-tuning.

Instance-based transfer learning incorporates the source dataset, along with the target
dataset, and trains the model on this amalgamated dataset. The key insight is that, provided
that the source distribution is close enough to the target distibution and a suitable training
scheme is chosen, the nal performance enjoys an improvement. We refer the reader to
the landmark work(Dai et al., 2007) as well as to the comprehensive overviews covering
the empirical advances in this area (Tan et al., 2018; Zhuang et al., 2020). For theoretical
analysis, we would like to emphasize a recent work (Jain, Montanari, and Sasoglu, 2024)
that characterized the scaling laws for ridge regression over the union of the source and

target data in the high dimensional regime.

This chapter focuses on ne-tuning, in which a model is rst pretrained on the source
distribution and then ne-tuned using the target data. (Dar, LeJeune, and Baraniuk, 2021)
analyzes transfer learning for linear regression under a Gaussianity assumption on the data.
The results obtained there, in particular, imply that the corresponding generalization error
is universal, in the sense that it can be immediately extended to a much broader set of target

distributions, which we elaborate on in much greater detail in the main body of the chapter.

(Gerace et al., 2022) consider the problem of binary classi cation via a two-layer neural
network in a synthetic setting. The source data and the source labels are sampled according

to x = '4;D'Ga° and H = (86=Ya&°, respectively, where G—a, and z are i.i.d. Gaussian.
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The target data and labels are generated by perturbing G and a and then applying the
same rules as for the source data. (Gerace et al., 2022) trained the network on the source
dataset and then proceeded by only ne-tuning the last layer on the target domain using the
cross-entropy loss with an regularizer. The analysis was conducted using the Replica
method. The authors of (Gerace et al., 2022) compared their results with an equivalent
random feature model and observed empirically a certain kind of Gaussian universality for

real-world datasets, such as MNIST.

Extension of results obtained under Gaussianity assumptions to non-Gaussian distributions
remains a pertinent research direction in which the idea of Gaussian universality plays
a central role. (Montanari and Nguyen, 2017) proved the universality of the generaliza-
tion error for the elastic net, assuming the design matrix A is i.i.d subgaussian. (Panahi
and Hassibi, 2017) generalized the result to the problem of regularized regression with a
guadratic loss and a convex separable regularizer which is either 51 ° £(KA%&SO)

or strongly convex. (Han and Shen, 2023) generalized (Panahi and Hassibi, 2017)'s re-
sults to non-separable Lipschitz test functions and provided non-asymptotic bounds for the
concentration of solutions. In the random geometry literature, (Oymak and Tropp, 2018)
showed universality of the embedding dimension of randomized dimension reduction linear
maps with i.i.d entries satisfying certain moment conditions. (Abbasi, Salehi, and Hassibi,
2019b) proved universality of the recovery threshold for minimizing strongly convex func-
tions under linear measurements constraint, assuming the rows are iid and the norm of the
mean is asymptotically negligible compared to the noise. (Lahiry and Sur, 2023), proved
the universality of generalization error for ridge regression and LASSO when the rows are
distributed iid with a speci ¢ block structure dependence per row, AD where A has zero

mean iid random subgaussian vectors per row and D being diagonal.

Leveraging universality is not limited to the signal recovery literature. As an example, (Hu
and Lu, 2022; Bosch, Panahi, and Hassibi, 2023; Schrdder et al., 2023), have analyzed

the performance of the random feature models by replacing nonlinear functions of Gaus-
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sians with the corresponding Gaussian distribution having the same mean and covariance
in single-layer and multiple-layer scenarios, respectively, through a universality argument,
referred to as the Gaussian equivalence principle. In a more general setting, under subgaus-
sianity assumption on the data, (Montanari and Saeed, 2022) proved the universality of the
training error for general loss and regularizer, and of the test error when the regularizer is
strongly convex and the loss is convex. (Hastie et al., 2022) proved universality for the min-
imal »>-norm linear interpolator for data generated via a very speci c rule x = fggo,
where z is i.i.d. with zero mean and satis es several other technical properties, and is
a deterministic PSD matrix. (Dandi et al., 2023) considered the universality of mixture
distributions in a similar setting to (Montanari and Saeed, 2022) and proved the universality

of the free energy of the test error.

Outline of the Chapter

In Section 3.2, we formally de ne the optimization problem for which we aim to establish
universality. Section 3.2 outlines our primary contributions. In Section 3.3, we present our
main universality result, accompanied by several insightful remarks. Section 3.4 focuses
on our ndings related to ne-tuning in the contexts of linear regression and binary classi-
cation. In Section 3.5, we validate our theoretical results through empirical experiments.

Finally, we conclude with a summary and discussion in Section 3.6.

3.2 Problem Formulation

The Setting

We use bold letters for vectors and matrices. We denote the 8'th largest singular value of
matrix A by BtA°. We consider the proportional regime where 3 = 1=° add ~ j 1.

We refer to Section 3.8 for the other notations and de nitions necessary for the rest of this

exposition.

Given a training dataset i lfg;_, and a model with a xed architecture, the conventional

approach of learning the weights for the model consists of choosing a loss function L and
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nding F minimizing él g=1L X & Ve K. In this exposition we focus on linear models
and loss functions of the form L w I = 1Hg X gw8°, where is di erentiable
and 10° = 0. (Azizan and Hassibi, 2018) characterized behavior of a broad family of
optimizers, called stochastic mirror descent (SMD) algorithms, for linear models in the
over-parametrized regime. For a strictly convex function 6°:! R, the update rule of

the SMD with a mirror 6 and a learning rate [ j O is de ned as
reiw @ =rélw ¢ ° [rL dwc >~ C 1- (32)

where [ j 0 is the learning rate and tis the loss function L evaluated at a point chosen

at random in the dataset corresponding to the C'th iteration. Due to strict convexity, r6* ©
de nes an invertible transformation, which is why (3.2) is indeed a well-de ned update
rule. Note also that this includes SGD as a special case, which corresponds to taking
61° =Kk l§ (Azizan and Hassibi, 2018) show that applying SMD initialized attov
minimize 1 ! g=1 *Hs X )8W° yields a weight vector de ned by the following optimization

problem:
min  glw—wg°
w
BeC gt xjw— 1 8 =e
We construct the random matrix A 2°R by setting its rows equal togx Hence, stating

in a more general fashion, we are interested in the analysis of the following optimization

problem, with the main case of interest being when 5 is a quadratic:

min 5 wP°
w

BeC y=Awe
As the objective is comprised of minimizing a strongly convex function 5 over a closed
convex set, it has a unique minimizer. By using a Lagrange multiplier _ 2 R, this convex

optimization problem can be written in the unconstrained form:

*A° ;= sup minZKAw yk 2, 51w (3.3)
_i0
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Considering the objective without the sypyields the following regularized linear regres-

sion problem for which we will also establish a universality theorem:
A0 = min SkAw vk 2, 51woe (3.4)

Note that (3.4) captures the case of explicit regularization, which is of highest importance
whenever there is a high amount of noise or label corruption present. Furthermore, by
deliberately choosing the regularizer 5, it is possible to obtain solutions that exhibit certain
behavior, viz being sparse or compressed. In order to tackle optimizations such as 3.3,
3.4, we prove their equivalence to a problem with a suitable Gaussian design G which is
described in De nition 5 in Section 3.8. Our approach for proving universality will be the

Lindeberg approach (Lindeberg, 1922) (Chatterjee, 2006).

Our Contributions

Transfer Learning

Linear Regression We extend the results from (Dar, LeJeune, and Baraniuk, 2021) by

providing precise expressions for the generalization error in linear regression tasks. In
addition, we demonstrate that the test error is always lower-bounded by a quantity that is
attained only when the covariance matrix of the data is scalar. Furthermore, we identify

speci ¢ conditions under which ne-tuning is successful.

Binary Classi cation We presentthe rst precise characterization of the classi cation error
for linear models trained using stochastic gradient descent (SGD) on data drawn from a
general mixture distribution with arbitrary covariance matrices. Moreover, we delineate the

regimes in which ne-tuning proves e ective.

Universality

Proof of universality for implicit regularization. In the context of SGD and, more

generally, SMD (see 3.2) with a mirror 5 satisfying the assumptions of Theorem 9, we
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prove universality of the generalization error as well as of the value of the corresponding
implicit regularization objective for a wide range of data distributions characterized by
Assumptions 1. Note that this cannot be reduced to any known results on universality of
constrained objectives as the latter assume that the constraints are deterministic, i.e., the
optimization variables belong to some determinitic set C chatacterized by the constraints.
While to analyze SMD one has to deal with constraints of the form Aw =y which represents
a random polytope. To the best of our knowledge, the only other paper dealing with
universality in the context of implicit regularization is (Hastie et al., 2022). They study
minimal »>-norm linear interpolators, but they work with a very speci ¢ (random feature)
model for data distributions de ned by x = f1W 22°, where z is i.i.d zero mean and
W is i.i.d. Gaussian. Our paper generalizes theirs in two non-trivial ways, as it allows
for arbitrary smooth convex strongly convex mirrors 5w° as well as more general data

distributions.

Relaxing assumptions for explicit regularization. To the best of the authors' knowledge,

all previous results on universality assumed either that the data points % HaR i.i.d.

entries or that the rows are independent and x is subgaussian. We relax these assumptions.
Thatis, we show that, for the quadratic loss function and any strongly convex not necessarily
di erentiable regularizer universality holds as long as the rows are i.i.d., all moments of the

X up to the 6th satisfy §ix Ex°)vj@ ';’Tklffor v 2 R3, and +0AXCx° ! 0 for any C

of bounded operator norm.

Extending universality to mixtures of distributions. Since the main motivation behind

this work is the study of generalization in classi cation tasks, we focus on data matrices
sampled from mixture distributions. Note that most previous papers on universality, such as
(Montanari and Saeed, 2022), do not apply to this setting directly. As an illustration to why
results of (Montanari and Saeed, 2022) cannot just be applied to the mixture distributions

directly, consider P :%N 1—Jo %N 1 —|° corresponding to a mixture of two classes

5

with antipodal means and the resulting classi cation error depends on k k, while P has
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mean 0 and covariance | meaning that the matching gaussian distribution N 10— 1° does not

contain any information about the classes.

However, there is one prior paper (Dandi et al., 2023) that studies universality speci cally
in the context of mixture distributions. It is worth mentioning that their de nition of
universality is di erent. Namely, they prove universality of the expectation with respect to
the Gibbs distribution, which su ces to show universality of the train but not of the test

error.

Allowing for non-vanishing means. In De nition 3, we assume only thagkEa k % =

$11°, whereas in (Abbasi, Salehi, and Hassibi, 2019b; Montanari and Saeed, 2022) and
. k k 2 . .

(Dandi et al., 2023) they havgm I 0, implying that the norms of the means are

negligible compared to the norms of the data points on average. To our knowledge, our

work is the rst to tackle it.

3.3 Main Result
In this section, we present our main universality theorem and before doing so, we list the

required technical assumptions. Consider the following convex optimization problem
o > 1
LA = min 2—_kAW yk5, =51wO (3.5)

Denote the solution to the optimization problem 3.5 above by:yv. Then we assume the

following:

Assumptions 1. 1. Ais a regular block matrix and G is its matching Gaussian matrix

as in Section 3.8.

2. The regularizer 51 ° is regular also as Section 3.8 or there exists a sequence of

regular &'s converging uniformly to 5.
3. 51°9is "-strongly convex.

4. Eykykg = $13° with EjHyj@= $11° for 9 2 »=%s and @ 2 »6Y% and is independent of A.
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5. BunlAA) © = 11° with high probability.
6. +0A1kyk° ! Oe

7. krd3w a0k 5pE for a constant 5 independent of _.

Theorem 9. If = =sup 4 _, suppose parts (1) - (7) of Assumptions 1 hold and for

=, only assume parts (1) - (4) of Assumptions 1. Then

1. (Universality of the training error) For any L-Lipschitz 6 : R! R, and every
G i 0-G i C—2 2 R the following holds:
-~ If P1j61 1GOO 2] i C 10 | Othen Plj6l 100 21 | C 20 I O
" Furthermore, if 6 has bounded second derivative, then

zllg-n EA—)Bl lAOO E G—)ﬁl 1GOO - 0.

2. (Universality of the solution) For a function k with fk @1 if either k is regular

(De nition 2) or there is a sequence of regular functions converging uniformly to k,

" If for every C j 0, P1j 1G° 2j j C° !0 then for B 2 fA—Gg, there exists

21 2 R such that for any;:G 0 we have P1jkiwigo © 2 1j j G° ! 0.

~ Furthermore, if k is bounded

:|l£n EA_),le 100 0 E G-)le 1go © = 0e

To sum up, Theorem 9 says that the vector of weighistrained on data sampled from

a non-gaussian distribution A either via SMD with a mirror 5 or by minimizing the least
squares objective with regularizer 5, shares many similar characteristics with the vector of
weights v trained on data sampled from the matching GMM G via the same optimization
procedure under certain technical assumptions on Aand 5. By "similar characteristics", we

mean that for any k : R! R with bounded Hessian, kwa° = k1w g° holds in the limit.

We would like to point out a few remarks.
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Remark 7. Note that k need not be convex, in fact any linear combination of regular k
is also regular. An immediate result is the universality of the empirical distribution of the

coordinates of solutions.

Remark 8. The assumption kr5wipo®ky = $1 P= in Theorem 9 is satis ed for any
function 5 with a locally lipschitz gradient, i.e., kr514°k *1 , kuk »°. In particular it

appliesto 51°=k %

Remark 9. In both parts of Theorem 9, the regularizer is allowed to be an "-strongly
convex uniform limit of di erentiable convex functions, which implies that 5 *w° = Ckwk

"kwk %—C i 0="i 0, known as the elastic net, is also included in our results.

Remark 10. In Theorem 9, the optimal value of is only achieved when _! 1 and is

not attained at any nite _. This means that proving the results for = in Theorem 9
requires additional ideas apart from the case = _in Theorem 9, as the latter makes use

of the boundedness of _ extensively. To tackle this issue, we present a uniform convergence

result in _ which might be of independent interest.

Remark 11. The condition B.,AA)© = 11° can be satis ed for a variety of random
matrix models. If for each block of A,g& Ag é’z whereAghas iid entries and /B! & =

11°, then by the Bai-Yin's law (Bai and Yin, 2008) the condition is satis ed. The second
family is comprised of blocks with independent and identical rows where the norm of rows
have exponentrial concentration. We prove this in the Appendix. One particular instance

will be the distributions satsifying LCP from De nition 4.

Remark 12. The second assumption in Assumptions 1 is not too restrictive and is in

particular satis ed for k'w® = P1d w j 2°. We have with high probability for 2 f -9
_|!£n P1§ Wipo j2° Pla)ngo i 2° =0-

for a independent of A— G but sampled from the same distribution as the rows of A, respec-

tively. Note that by this argument we have reduced the problem of verifying CUTWogia



80

to its Gaussian counterpart) & .o . Then, speci cally for the applications presented in
this paper, we provide a proof that @ .o satis es CLT w.r.t. to randomness in a with
high probability in G. However, in general the latter CLT condition has to be veri ed on a

case by case basis.

3.4 Applications: Transfer Learning
Regression
We consider the classical problem of recovering the best linear regressor for the following

linear model

y=Xw | Zze (3.6)

5

Here, w is the ground truth, the rows of the data matrix X are i.i.d withy ExO and
Ex8><§3 =: Rg zis centered and is independent of X and satis @lszlg =f 2=, For a given

W, its generalization error is de ned by:

Ao = ExXw  x )Wl =1 w 9 RIW w Oe

Now in order to recover wgiven observations y—X°, we choose to optimize the least
squares objective, mirky Xwk 3, and to do so, we leverage SGD. We would like to
investigate how useful having a pretrained classi eraan be for the recovery of w As
pointed out earlier, SGD initialized from w =gwby its implicit regularization property,
converges to the solutiofi of (3.1). We denote ¢t:= 4g4=*wg°; hence the name a priori
error, 49. We provide the assumptions necessary for our results on linear regression in
Section 3.8. In what follows we give a precise characterization of the posterior errof, 4

the model after training with SGD, in terms of 4nd the other parameters of the problem.

In order to leverage Theorem 9 to establish the universality of the generalization error, it
is su cient to apply a change of variable = R&? w and use kwe = kw% as the test

function.
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Theorem 10. Under Assumptions 3 in Section 3.8, the generalization error of the SGD

solution initialized from w converges in probability to

_2mM1 e, C

PERT o1 ML co 10 3.7)

with C = 1;‘;—1@23& where \ is found throught = (-1 {°(3.12), and ~ j 1 is the

proportional constant, i.e., for X 2 R®, 2 I A, Moreover, for any distribution ?1A° we

have

1 N
oorgtt (3.9

The lower bound is attained if and only if ?71A° = X1A° far some Aj O.

The following remark is immediate:

Remark 13. Theorem 10 entails that, depending on the noise level present in the data,
training could be even potentially harmful. Indeed, ff4 o, then 4 %f 2 la,

f12 pzla fo 4 oforany” j1anditistherefore more appropriate to use vectgrinstead

of performing ne-tuning. Moreover, if the covarianceg s scalar, then the converse is
true. Namely, if 4 f 2, then the best achievable error corresponds to:"pzai; and
equals f12p2|6 fo, which is less than 4g. Therefore, transfer learning contributes to

improving the test performance when the variance of the noise is not too high, but the model

has to be ne-tuned on the correct amount of target data.

Classi cation

Problem Setting

Consider a binary classi cation task and let X stand for the data matrix and y denote the
vector of labels where eaclg # 1 depending on what class the 8-th poirffalls into. We
denote :=Exgand = Ex8><)8 ), for the mean and covariance of each datapoint
Xg respectively, and 2 f1-2g depending on the clasg diiter learning a linear classi er

w, we assign labels to new previously unseen points accordingst0=y B86=10x-4¢°.



82
Without loss of generality we will assume that the strows of X are sampled from the
rst class and the remaining rows are sampled from the second as we can permute the rows
otherwise. Modulo such permutation, it is straightforward to see that X satis es parts (1)
- (3) of De nition 3. Since the topic of this chapter is ne-tuning, we assume that the

following steps are performed:
1. Obtain a pre-trained classi ergy
2. Renormalize wobtained during the previous step using the target data via
minky UXw ok2e

This yields:

Y Xw
T kXwK2

. (3.9)

After nding U take V\g = Uwp. This transform preserves the direction qf,while

1y) Xwo22kwok?

setting its squared magnitude tékwk? = KXWoK?

, which depends only on the
direction of wy but not on its magnitude anymore. We nd applying this transform
very meaningful, as it does not change the classi cation error for the source data but

simpli es learning for the regression problem de ned by the target data.

3. Learnthe nal classi er from the target data X 2R and labels y 2 Rusing SGD

initialized at V\g obtained from the previous step.

We will use the assumptions in Section 3.8 to de ne further details of the classi cation task
we consider. Note that in practice the main di culty of the classi cation task in the over-
parametrized regime (= Y 3) arises due to the fact that ,— ; and » are not known and
cannot be estimated reliably. Nevertheless, we would like to start with characterizing the
optimal performance in the scenario where these are provided to us by an oracle. Lemma
5 in Section 3.8 provides such a characterization under certain symmetry assumptions. In

view of Lemma 5 it is natural to introduce the following assumption:
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Assumptions 2. The initialization point ysatis es
wo=Cw , G - (3.10)

wherew =1 4, 0ol 2% is the optimal classi er de ned as in Lemma 5. is
a noise vector with k K =1 A and for any deterministic matrix C of bounded operator

TriCe11 A°

norm it holds that ) C converges in probability to = Note that the smaller the

ratio % is, the better performancegias.

Indeed, 3.10 captures the closeness of the initilization pajrtbvihe optimal classi er w.
For example, in the isotropic casgq = , = f 2|, if wo has the classi cation errorp4

this means that we should ta%e: 3 311 A°

37 Trgiig? 2. Finally, we would like to remark

that, under notation and assumptions from Theorem 9, the following corollary is implied
by Theorem 9 modulo Theorem 12 presented in the Appendix along with the explanation

of the implication:

Corollary 4 (Universality of the classi cation error for SGD and ridge regression objec-
tives). If 51w® = kw vvokg, when kvukg = $13° then for a—g independent of A— G but
sampled from the same distribution as their rows, respectively, we have with high probability

for 2f —-g

J!]m Pld Wipo | Q° Plg )W1Go i 0° =0e
Analysis of the Classi cation Error

Theorem 11. Let w be an initialization point that satis es Assumption 2 and X be a
data matrix satisfying Assumptions 4 in Section 3.8. Then the classi cation error of

the SGD solutign initialized at UyMfor U de ned by (3.9) and trained on X-Yy is given by

W 2 . . P> 5
4, =& -a== where W and g are determined interms of a\ solénﬁ Lot

w2
2 & 7

1 £ whose expressions are provided in the Appendix (cf. Section 3.15, equation 3.37) with

N,
N

0=

b

1w

A1
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The expressions from Theorem 11 can be simpli ed drastically in the case of scalar covari-

ance matrices.

Corollary 5. Under the notation from Theorem 11, assume= , = % and de ne

.— 311A°
d:= B2

Let 4 be the classi cation error of yinitialized according to 3.10. Then

4p17— o

&1 1400212/\ d 20 d pw
& q .
12N o114~ 208 1 14004 & 1 14002 2/\3 N 2d 2n1d 1° d 2N 20

(3.11)
We arrive at the following conclusion summarizing the derivations above.
Remark 14.  ° Ifd =110, then 4,1A-19 & & 11450 PESTI p:’—j Y 4 and

ne-tuning always succeeds. It is observed that fgrj4&*1°, the worse 4 is, the

better 4 will be.

" If d = 11°, then the ne-tuning step may or may not succeed depending on whether

4,17—d° Y 4 or not. See Section 3.5 for further (empirical) explorations on the

usefulness of the ne-tuning of the pre-trained solution for this regime.

~ If d =>11°, then the classi cation error of any linear classi er goes%cas =11
q-
since it is lower bounded by &1g° according to Lemma 5. Thus, any kind of

learning will fail in this regime.

An interesting regime is where the number of samples is much lower than the number of

parameters, which naturally rises in the context of ne-tuning large models and corresponds

to letting ~ 1. For this regime, we have

>l =

4, & &114y0 = d 1

1 1
2 & 1 1400 3& 1400
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We observe that if d Y 1, transfer learning always fails independent of valug fofr 4
A1 and training would not help with improving performance. On the other hand, if

4y i &? dTlo i &1 %0, for large enough *, transfer learning always achieves an error

less than 4.

3.5 Numerical Experiments

Regression

To corroborate our ndings, we plotted the generalization error of the weight obtained
through running SGD according to the Assumptions 3 in Section 3.4 with respect £ ~ =

To do so, we xed 3 = 1000 and varied = across di erent values. We used CVXPY
(Grant and Boyd, 2014; Agrawal et al., 2018) to solve (3.1) e ciently on a Laptop CPU.
To verify the universality of our results, we initially constructed a centered random matrix
XCwith i.i.d components according to the distributions N0—1°, 4A10e5°, &htPjand

using a correlation matrix we de ned X = XORé'Z. On the other hand, we generated

Rg according to the following three distributions: single level ?1A° := XA 1°, bilevel
?1AC = 0e3XA 1° 07X*A 5° and uniform on the interval »1-5%. We speci cally
consider these cases as they are common in the literature and we use the pardmeter f
for the component-wise variance of z in 3.6. Additionallyy 8 chosen according to
Assumptions 3 in such a manner that 4 1. In both Figures 3.1, 3.2 the blue line
represents the prediction 3.7 made by Theorem 10, the red line depicts the lower bound 3.8.
The markers showcase the performance of weights obtained under di erent distributions
as described earlier. It can be seen that from Figures 3.1, 3.2, for the bilevel and uniform
distributions, depending on the value of f, transfer learning might not be bene cial as
discussed in Remark 13. In particular, in Figures 3.1c and 3.2c, the generalization error
is always lower bounded byp4= 1 and only in ~ ! 1 can get close to 1. Finally, the
single-level distribution on Bis always a lower bound for the generalization error of various

distributions on R
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Classi cation
Similar to the preceding subsection, we experimented with sampling the entries of X
independently from three di erent centered distributions: normal, Bernoulli, ahdwye
also sampled the meangand ,fromN 10—§I 3% with across-correlation A = Eyg 28/ =
0+9 and added them to the corresponding rows of X. For Figures 3.3, we xed d = 0¢8-2-5,
respectively, and plotted the classi cation error predicted by Corollary 5 as a solid red
line, empirically observed classi cation errors for the normal, Bernoulli addeptries
as black squares, green circles and red triangles, respectively. The blue lines depict the
classi cation error at the initialization. It can be seen that there is a close match between the
empirical errors between points from di erent distributions as well as with the theoretical
prediction, thus validating both Theorem 9 and Theorem 11. Note that xing d in this setting

correspondsto xingfasd = Slfleo. Itis also worth mentioning that ne-tuning improves

performance in the setting of Figure 3.3c but hurts it for Figure 3.3a. Moreover, note that
in Figure 3.3b, although for smaller ” transfer learning hurts, past a certain #, training
improves the performance. Also we observe that by increasing d across the three plots, the

classi cation task becomes easier and ne-tuning improves performance as supported by

Remark 14.
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Figure 3.1: Generalization error for the bilevel distribution on the covariance of the data.



Figure 3.2: Generalization error for the uniform distribution on the covariance of the data.
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3.6 Conclusion and Future Work

87

We presented a novel Gaussian universality result and used it to study the problem of transfer
learning in linear models, for both regression and binary classi cation. In particular, we
were able to precisely relate the performance of the pretrained model to that of the ne-tuned
model trained via SGD and, as a result, identi ed situations where transfer learning helps
and where it or does not. Possible future directions include investigating other problems
where the universality result may be useful, extending the results to potential functions that
are not necessarily convex nor separable, as well as exploring the implications of universality

for objectives with explicit regularization.
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3.7 Supplementary Material
3.8 Notations, De nitions and Assumptions
Notations and De nitions
We call a convex function 5 :°R R separable if 5w° = ! g:1 5FL, where §: R ! R are
convex. Examples of such functions include I% far every ? 1. Afunction 5 : R I Ris

“-strongly convex for " j O if for everyw 2 R 3, 5tw° "kwk % is convex.

Functions satisfying the following de nition will be instrumental in the statements of our results:

De nition 2. We call a function 5 : R! R regular if it satis es the following conditions

1. 5 is convex with 510° = $130°,
2. 5 is three times di erentiable.

3. 5 satis es the following third-order condition for someg j O:

. RMFMF EsEoE 58:11581

Note that separable functions with bounded third order derivatives satisfy the third assumption of
De nition 2. For the description of the main results on regression and classi cation we recall several

probability theory concepts.

Given a real-valued measure °, its Stieltjes transform is de ned as

1

(-0 = 1

RA 1

13A°%~ | 2H[Rn(D??1°o- (3.12)

withH = fl: <1°j 0g. Moreover, we denote convergence in probability and weak convergence
P . . .
for measures byand , respectively. For a random variable -, we sometimes use +0A1-° for

the variance of -. For a convex di erentiable function 6, the Bregman divergence is de ned by
6IW—g% = 61O Blw ® 6w o lw w (O

Next, we will provide a description of the design matrices investigated in this paper. It will be clear

soon that these assumptions are often satis ed in practice.
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De nition 3. 1 We call a random matrix A 2 R3 block-regular if it satis es the following

properties:

1. A = A

A) eee A with : being nite and for each A2 R™83 | =g = 1=0,

) A)
1 M2

2. Forl 8 :,therows of Agare distributed independently and identically.
3. EAg=11 ).

4. Let a be any row of A and be its mean. Then for any deterministic vector v32 @d

@ 2N, @ 6, there exists a constant j O suchthaja © ) vj®@ %ﬁ).

5. For any deterministic matrix C 2 R of bounded operator norm we have +0ACa° ! 0

as31!11.

6. Each k gk3 = $11°.

Note that assumptions 1-3 from De nition 3 are satis ed for the design matrix both in the classi -
cation and regression scenarios, and the assumptigk% k $11° is just a matter of normalization.

While assumptions 4 and 5 might appear obscure at rst, any a®2a&isfying the Lipschitz
Concentration Property (LCP) also satis es the aforementioned assumptions. Recall that the LCP

is de ned as follows.

De nition 4. We say that a distribution a 2 R satis es LCP if the following inequality holds for
any Lipschitz function g : R!' R

: , 3¢
Pljg'a® Eq!a® jC° 2exp! ———"0
2kaKg.,

It is also worth mentioning that, as shown in (Seddik et al., 2020), any data distribution from
which one can sample using a GAN satis es De nition 4. Since it is known that many natural

datasets can be approximated well by GAN-generated data in practice, we thus nd this assumption

We would like to point out that in this de nition and throughout this work in general, mathematically
speaking, we are dealing with sequences of vectors and matrices with increasing dimensions. So, for example,
assumption 5 can be formally stated as follows: given any sequencg 21R38 3 8 satisfying kGks»
for some constant j 0 and all 8 j 0, we have that +0ACas® ' 0as8!1
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realistic. These assumptions also bear signi cance for the instance-based approach to transfer
learning as utilizing GANs can remedy the dearth of data. What is more, these assumptions are
not limited to the subgaussians and include many other subexponential distributions, incléding |
which appears naturally in many signal processing applications such as Phase Retrieval. In order
to tackle optimizations such as 3.3, 3.4, we prove their equivalence to a problem with a suitable

Gaussian design G. For this purpose we will need the following de nition:

De nition 5. We call a Gaussian matrix G matching a block-regular A if G is block-regular as well,

EGg=EAg=1 ), and for any row g of Gand any row a of 4, it holds that Egy = Eaa .

Assumptions for Theorem 10

Assumptions 3. 1. R 0Ois diagonal without loss of generality.

2. Let % bethe empirical spectral density ogRhen %2  ? for some probability distribution

?.

3. Wy is a white perturbation of true win the Rg basis. Thatis, w=w , R é’z where

E=0E ) =%lfora xed4 0.

The third assumption from Assumptions 3 represents the fact ghistavperturbation of the ground

truth w in the eigenbasis of G.

Assumptions for Theorem 11

Assumptions 4. 1. The data matrix X satis es parts (4)-(6) of De nition 3.

2. The means 1— » are of norm 1 and for any deterministic matrix C of bounded operator

norm it holds that J,C 1~ L,C ,and ) C  converge in probability to"->—"=" and

ATriCe
3 ’

respectively.
3. 1— arediagonal.

4. Let % be the joint empirical spectral density of— ,,then 2 ?, where the distribution

? is such that ?B-B° = ?1B— B holds for all B—B.
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For a discussion of the rst assumption from Assumptions 4, see the paragraph after De nition 3.
The second assumption from Assumptions 4 is satis ed, for example, for any random vector of the
form 12z, where is an arbitrary %( matrix and z is i.i.d. The third assumption postulates
that the means are normalized generic 3-dimensional vectors with an angle arccos A between them.
The fourth assumption says that and » are simultaneously diagonalizable and, nally, the fth

assumption simply introduces notation for the joint density function of the eigenvalugsaofl ».

Lemma 5. Assume that the feature vectors are equally likely to be drawn from class 1 or class 2
and Assumptions 4 hold. Then the optimal classi er is given by 1, 011 4 2% and

its classi cation error is equal to the following, where &1 ° is the integral of the tail of the standard
normal distribution.

p— —
1. T o171 A 1. T o171 A
& 1, 2 & g ta 2

&% P s &% P
2 2Trt 11 4, 020 2 2Trt o1 4, 020

3.9 Proof of Theorem 9

In this section we provide the complete proof of Theorem 9.

Proof of part 1 of Theorem 9 when =

We prove the universality of the objective value and then use it to prove the universality of a k

applied to the optimal solutions. To do so, we construct the perturbed objective. Let

1 .
_ntA° := = min =kAw yk 2, 51w°  nklwo—
- =F2Sg 2

where jnjis small enough that nk*w®  5w?° is d-strongly convex. For such n's, we will show that
_n*A%and _n'B° converge in probability to the same value and use that to deduce a similar

resultinvolving kK'w _;a.°—k!w _;g0° . A key step is to reduce the proof to upper bounding the

di erence of expectations, to do so, the following proposition will be instrumental whose proof is

given in Appendix 3.11.

Proposition 1. If for any Lipschitz function6 : R!'Rand Cj 0, P j6! _,'B°° 2jiC; !0
and for every twice di erentiable 6 : R ! R with bounded second derivative, we have that

lim=y Eay®6* _'B°° Epg 6 _tA°° !0Othenforany G j Cy.

lim P j61 A% 2j{C, =0
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Thus itsu cesto prove limy; Ea 6 'B%° Epg 6! A% =0 for every twice di erentiable
6 with bounded second derivative. As stated earlier, we proceed by Lindeberg's approach. Fixing _
and n, to simplify notation we use A for _stA°. ForO 9 =, let@ 2 N be the largest such
that 9 ! @ 1=,andletA =9 _@ = if , then

)
% a1 a2 @-Ab@-a1°°° b= AY B
)

Ag =
_E a-1a1-2°°° d-AP@1-1°°° b= A=

It follows that A = Ay and B =A-. Then we have by a telescopic sum

(1
EA_}Bl 1A00 E B_)ﬁl 1goo = EA—B—y g11 Agoo 611 Agloo
9=0
&1
EAg_)ﬁll Agoo EAgl—)ﬁll Agloo
9=0

Now we de ne a new matrix by dropping the 9'th row.

)
é al-1 a2 °°* @-A1b@-a1°° b= AY .1
A-9= )
_E a1 o @-A1b@1-1°°° b= A==
Note that
1 2
1 A== min =kAgw yk 2, 5w  nkiwe
=F2Sg 2
1 .
= 2 min =kAgw ¥k, =tadgw H P2, 51w nkiw® = Mla ¢
=w2Sg 2 2
1
1 Rg1°== min =kAgw yk 2, 51w  nkiwe
=F2S¢ 2
1 .
= = min =kAgw W, 1b)w H 2, 51w°  nkiw® =: Mlb £—
=w2Sg 2
and we dene Ma® := min,s. <!a-w°. So, we need to boundEAg_)ﬁll A po

Eq,,-p** A91%, to do so, we condition oAy
EAg—)ﬁl 1 Agoo EAgl—)ﬁl 1 Agloo - EAQ_yEag—tb—H 61Mla Lo 61Mtb LOAGy o

Let us de ne the optimization whose terms are shared by both of §&d M1b¢°

=

:= = min Ekkgw ykZ | 51w0  nkiwoe

= wW2Sg
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Now note that since the second derivative of 6 is bounded, we have

61° 61Mla ¢© 6%°iMia & © k6% ! Mia 02
61° 6IMib ° 6%0o1Mip 2 © k6% 1 Mib 0% (3.13)
Adding and subtracting 61 °© and taking expectation and moving inside, we have
ExoyEastrty 6:M1ag® 61Mth °Agy
ExoyEastyty 61° 6:Mla &0 6%°IMla ¢ © Agy
ExoyFaobrt 61° 6IMID 0 6%0IMh ¢ © Agy
. ExgyFagtyn 6%°M1a ¢ Ml & Agy -
Using 3.13, and by the independence of ang-dy— H, we have
EroyEas byt 6:MTag® 6IMb 0 Agy
Exoy6” °E ag by Ma® Mth £°Agy
k6% Expyg o Mla % k6% Exp iyt M £
E xyi6% % Eagtyry Mlag® Mib ¢°Agy
k6% Exyoo nyt Mfa 2 Epx vyt M £

k6 %1 Exyy Eag bty 'M'a® Mib o Agy

,k6°‘k1 EAg—y-—@,—hil Mla 9002>EAg-y-—b3—+§1 M1b 9002.

(3.14)

Thus we focus on M1g@°—~M11¢° conditioned orXe. From now on, we drop the index 9 frofn,
ag, bg, Ho. Intuitively, we show that by dropping Yav H°? and 8 w H°? and approximating
5—k by their second-order Taylor expansion, the objective valukg2 1 Ag 1° would not change

much. Which implies 1A and t AL are also close in value.

Let D := arg min; kKAw yk? . 51w  nkwe and it is unique because of strong convexity. Now
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we use the second order Taylor expansion of 5 | nk:

51w nkiw® = 510 nkiu®, ri51° nkiue® ) iw u°

, %1W ue ) r 215140 nkiueolw U 'w uo-—

. 1 o
where limy % =0. Letg:=rt5°  nk!u®, H:=r 2151y° nkiuc®. Moreover, let

. 1 .
L1a®:= min la—w° == min =kAw yk
W2 Sk =w2Sg 2

:1a) w HO2
* 2

1
. 51° nkilu g ) 1y uw E1W w ) Hiw uCe
Note that a and b match in distribution up to the second moment, which implies that

Ea.d u Ho?=Ep b u Ho?

E.d la=Eb lbe
By triangle inequality we obtain
Epy Ea-p-1'M?a® M?b%° A-y

E nyEa-n'Mta® L1a% A-y EK_yLEb_HlMlb0 Libo® Ay

B

_ Eaf@u He?
2=1, E@ 1la
Ep_b) u He?
Ex. Ep_p L1b° =
Ay =bH 2=1__Epp Lb
EA_y‘_a_j_MlaO Llan}E A‘—y«—b—J—Mlbo leOj
_ t@du He?
2=1, E@ 1la
iy He2
2=1. Exb b

5

E pyaiMia® L% E jyp jM*° L1D9]

,E iy Eanlia® Ay

.E xyBanlta® Ay,

Epy Ept L10°

Ay

_E 1@ u He? 1@ u He?
c 2= a) la 1, E.@ la
1p)u He? 1p)u He?

B 2;:EK—y“—b—H1 . _b) 1 b 1 . _E bb) 1 b * (315)
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First we will provide an upper bound for the third and fourth terms in 3.15. As the functionﬁ;?!

is 1-Lipschitz and using Cauchy Schwartz we arrive at

_E 1@ u He? 1@ u He?
2=y 3) la 1, E.@ la
2
E—_EA_yha_}}a)u Ho?igd 'a E,@ 'a°
2Qq
= Epyat@ U HYExy o @ 'a End 'a%e (3.16)

By Lemma 11, there exists a constant Y 1 such that Ey,. , f@u H°* Y ; for any =.

Furthermore, by the assumptions, Jim Ek+a_&@) la E@d ta®?=0o.

Now for the rst and second terms in (3.15), using Lemma 9, we obtain with probability 1,

8
iM1a® L1a0] 20Kk w Ktk W ks _d 4
= 18 5.nk
d
=13 u HoZ%1fk ksj —=——0—
s oo u UWL3|18 5,nkg
which implies
. . 8 5.nk d
E 12° L1a° " E k K31tk ks ——
AyafMia a’) — Ay-a-HKU WL KGLTKU W K3 18 5,nkg
=E 1@ u Ho%ifku w | ks j _d4 g-
> o= A-y—a—H 18 5 nk

We apply Cauchy-Schwarz to each term:

8
EK—y-—a—j-M ta® L*a’ 5:’n s EK—y-—a—hu WL kg
r

d
s o Emy_a_']‘kau W | K3 j m—ggﬁw_a_&@)u Ho4
8

5,nk

5.nk
AL TR
r

s o PA_y_a_&'ku W Kksij

d
oE 1 )u Ho4e
18 5 nk A—y-—a—l—@

To deal with the terms involving P, we leverage Markov's inequality

. . 8 s5.nk
EpyaiMta® L1a%) =’n ExyakU w K3

_ 18 50k 3.
5= g EmyakU WUKEsu . f@u HO%
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By Lemma 11, there exists & Y 1 such that ExyoaKU W L @ -, and recall that §+a_&@) u

H® Y forany=. Thus

. . 82 5nk _ 118 50k 32 0
EA—y-—a—”VI 1a0 LlaOJ :3 B 2:p§ d =p§ (317)
pi L] . . .
for some constant= —- BTS”k 32 .8 2 5.nk. Plugging (3.16) and (3.17) in (3.15), yields
-~ 0 2 -q 2 ~00

5

Exy Bab-n'Ma® M1 Ay —p—, =

P o ExytOAtd 'a° 5 Exy+0AD T boe

For the other terms in (3.14), we have by Lemmas 8, 11.:

k6% Exyafy M1a® 2k6%i Exyp, fy M0 2

2 2
k6 %%, EA_y_a_@la) u HoZ2 k6%, EA—y-—b-@lb) u Ho?

k6% 1 g, PP
1=

Plugging in (3.14), we obtain

ExyEa-b-H6'M*a%® 6'M poo Ay

o ~ 0 2~ 1 2 -0 1 2k, 1~
k6 “kq _:pﬁ_ —2—=EA_V+OAa1a a°, _2_=EA—y-+OA91b be | = 4:2, .
Therefore,
61
EA—ﬁl 1A00 E B_ﬁl 1Boo EAg-ﬁ“ Agoo EAgl_ﬁll Agloo
9=0
31 ~ 0 ~ 2 0 2k, 1~
K P S Baent ORI T a8, S Brpyt 0Dy TS =
9=0 =3
k1T P ke D
o1 2 -q n 2 00 n
. ké% > Eroy,t0Ac'd, Tad, = Eroy,t 0A,t0y 1he
9=0

Now note that since k k- %with probability 1, lime; +0,%91a)9 Lag = 0from assumptions,

laP Z2_1=0 for every

thus for every class » 9%, there exists a functighrZthat +04,*a), Y7,

=2 Nandlim, Z, 9= = 0. Thus

k60k1 1~ o 2k60q(1 1~ 2 ¢ =8
E, B11A°° E , p11B0O N = > ke, 1~ _S71-0
Ay B0 P3 . = . 1t . 2:28

8
k60k1 1~ o 2k60q(1 1~ o 2 =8
n_° — > 1~ o 1—04
Pz , = ,_ 2k6%; 1 3 max —-Zs
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Now since : is niteand = *=Cforeveryl 8 :,wehavethatlim-1 max g - ;—2281=° =0.

Thus forevery _—n j 0
lim Eayf? _tA® Epg 6t 1B =0-
and the proof of part 1 of Theorem 9 is concluded.

Proof of part 1 of Theorem 9 when =
Now to prove the part 1 of Theorem 9, we will combine the following lemma with the previous
section. For the ease of notation, we drop the dependency on n. Recall that since 5 is d-strongly

convex, we can write
“10=min =kAw Yyk 2 9kwkg Iwo—
_ W 2 2 5 2 5

for some convex : R IR.

Lemma 6. If forevery i 0, we have ~1°! 5 _, then for every Lipschitz function 6 : R R,

we have 6sup, ~* °°! glsup 0 2°and6'sup,, ~tO°! glsup 0 2.0

Proof. First note that for a given C j 0, we have for every Lipschitz function 6

- : - . C
Pl]61 :0 612_0] | CO P]_J : 2_] | '_0.

Letting X :=!—C—X1 i 0, we know that for every _ 0, there exists # 2 N such that for every = #
P = 2 jiXoV Xe

We will show that an '; j O can be chosen in such a way that there exisis2#N such that for every

= #5

Plsup = sup ~iX° X
0 T oYYy, -

To see this, by the monotonicity of~ in _, we have by the fundamental theorem of calculus for a

given '
1
_ - - - 'm*
Pisup = sup ~iX°=Pllim =~ S iXe=P —3Bj X
_i0 - OY_Y' 1 M - "1 m_
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By Danskin's theorem,

1
1

kAW1B® yk?3B j X (3.18)

Inile

Pilsup = sup T~ jX°=P
_iO - OV_V' 1 - ! 1
Now for the gradient of the main optimization we have, by 6 :=r w°
A AW Yo dw, g=0-

which impliesw=1 AA dl° 11 Ay g°. Hence by matrix inversion lemma,

Aw y=1 AL A DA d°et Aoy At ADA dI° g

=dt AA) _d°oly AL AJA dI° 1g=dt AA) . d°oly 1t AA) d° lAge
By triangle inequality and de nition of the operator norm we have

kAw,yk3 4d%ki_AA d° 1KZ,kyk, 4ki_AA) d° 1 AKZ,kgke

Whence plugging back in 3.18 yields

1

1
Plsup = sup ~{X° P ‘:1 d?kBAA  d° T KZ,kyk kiBAA)  d° !AkZ,kg!Bk3B X
_i0 T oY_.y': ~ - '
1
4dPk 1
= _ykg kiBAA ,d° 1K, )5(
1 - Il
4 1! 12 X
P = kiBAA  d° ! AkZ,kg!B°k3B | 5=

"1
for the norm of g, by assumption, there exists@independent of _, such thakfiiog 6 With

high probability.

Consider the following the events

TH = —:lé H
nkngO (0]
Te = - % 6
n (0]
T = BninlAA)0 ¢
We further have
ackyR " 1 L
P2 " BAR d° 1k§?3Bi>§< PIT°, P 4d® 4 KBAA .d° 1k§?3'3i)§<
1 1 1
1

4 1
P

X X
kiBAA  d° ! AkZ,kg!B°k3B | > PIT° P 4 ¢ kiBAA ,d° 1 AKk2,3B 5

"1 "1

(3.19)
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Thus we need to focus on the operator norm of each term in 3.19. After diagonalizing and using the

fact that for any two rectangular matrices X—Y with matching dimensions, B?421XY° = B?421YX°

1 1
1 ) o 12 _ —
k*_AA B d k>? lrr;azx 1_&1AA) o do2 1_BninlAA) o de 2
)o
) 1 a1L2 BLAA .
ki AN d° tAKZ, = Mmax L BIAA O (02
Now by the event T, BintAA) © , then for a large enough;'such thati1 , then for every
_ '
1
) 1,2
kl_AA » d 0 k>’) 1—(102
) 1 AL2 .
ki AA) d° *AKS, 1 302
Bounding the integrals implies
'
1 1
kiBAA ,d° 'k,3B ————
i | 1.d
! 1
kiBAA ,d° YAk%2,3B —— -
- : 1,d
Summarizing,
_ _ 402 H X 6 X
Pisup = su TiXe p ——— = 2 P —2 _ Z PiT 0 PiT %0 2P1T 20
_iop— ov_g-l—l Lorde 2 tp,d 2 e

(3.20)

Now we choose 7 to be large enough such that the rst two terms vanish. Therefore there exists an
#, 2 N such that for every = #, P11, P1Tg2°  2P1T 2 X%. Thus for such ‘| and #, we
have
Pisup = sup ~iX° X
_i0 T oy.y', ~

Now we can let '; j 0 be chosen in such a way that:

sup2  sup 2 Y Xe

_i0 oY_Y',
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Take the maximum of 1 and ', as '. By triangle inequality we observe

Plijsup = sup2jiX° Pl sup ~ sup2jiX°, Plsup = sup ~jX°
ij0 —  _jo ~ oy.y* — _j0o oy — oy.\vy -~
Pij sup ~ sup 2jjX° Plsup2 sup 2 jX° Pisup -~ sup ~iX°
ov.Y — ov.yr ~ 0 T ov.y ~ ov. — ov.y ~
P sup ~ sup 2jjiX°,0, X
ov.Y  — ov.yr ~

X ,Ptsup j = 2 jiX°
oy -~

X ,Ptsup j = 2 jjXoe
o _

First we prove 2 is concave in _. Then by appealing to the Convexity Lemma (lemma 7.75 in
(Liese and Miescke, 2008)), the result follows. Note th@tis concave in _ as it is the pointwise-
minimum of a concave functionin _ everywhere. Now to prove the concavity,d6Pa given pair of
_1—22»0-"Y%and0 Y \ Y 1, we prove the deterministic event,f2 o ,\2 , 11\°2 Y Og

has probability zero. First note that

Uit , Vo, L\ 70
Thus by union bound forn j 0
P\2 11 \°2 , 2\ ;510 ,in
P A\t2 7ot 12, TO. U e, 2\ g LN

P2,  TH.t1\2 , 0 TiL0 T e, 20 i ,jin

. -.. Nn . -._ N . = .
P2, TJig P2, Thig Py uwe , 2uame Gliog

Now by taking = to be large enough, the RHS can be made arbitrarily small for every n and \, thus
2 is concave. Furthermore, since »0-'%4 is a compact set, we can appeal to the convexity lemma
7.75 in (Liese and Miescke, 2008) and the rst claim follows. For the second claim, note that so far
we have proved

1013 =) sup l°!§up 2
- - 0 - Po
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Then since j 1° _Lojl 8 thus rol 5 _, repeating the same argument this time for
_1oyields

P
sup °lsup 2-
_i0 _i0

Sequence of Regularizers

We prove that by constraining ourselves to a large enough compact,séts ! 5 uniformly,
then the universality results also hold. Note for the case, we have that by setting w = 0 in the
optimization, we have kw:aoky FpE for some ¢ j O with high probability, thus we can

instead set g := P= and consider the following equivalent constrained optimization problem

Il

~<_ A0 = nzmgn =kAw yk 2 5.1w° nkiwoe
- W

w 2

Now consider a sequence of regular functions éonverging uniformly to 5 on,S Take < large

enough suchthatk5 <% =X for any = which implies [=_tA° ~ _tA° X. Thus for any
Cio
~ 1A0 . ~1o~<1o-C ~<1o<-C
P~ A 2 ,iC P ~_A A 'E’P A 2__n.§° (3.21)

If ~j_nlAO! 5 j_n, then by (3.21), we have _tA% 5 __n. A similar argument holds for

Il

.-...<1 0 +—
<1A0 =

min 5 1w° nkiwPCe
Aw=y—-w2 Sy

Furthermore, subsequent results also hold for kiwio® and k!w :a0° k!w <ip0°, and

kiw 1p0 ©.

Proof of Part 2 of Theorem 9

Proof of Part 2 of Theorem 9 for a regular test function when =

Now we prove the second part of Theorem 9. Since we assumefiA® converges to some 2yin

probability, then for a small enough n, we also have,tA° E _—n. Therefore we may write by
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an application of triangle inequality and the union bound

_ntA° _dA° 2 _, 2 _

P
2 B

(3.22)

Foreveryn—C j 0,the RHS of (3.22) goesto zero. Similarly we havM 202 -0 iC 10.

n

Now we observe that by triangle inequality

32 _,
P Kkt 100 = iC P Kkt 1000 | ——
WA 3n n=0 ' Wt 3n n=

We take f to be small enough such that

32, 242 0,C 32, 242 _4,C

gl = Y =e
3N n=0 fA 2 3N n=0 fA 2
This implies
32 _, 202 _p C .2_a2 o C
P kiw 140° = iC P kiw 1p0%) ———— — P kiw 1p®Y ——— - -
A 3n n=o0 Al f 22 A f 2

And by Danskin's theorem, _ytA° is minimum of a concave function n, therefore it is also concave

and it is di erentiable with respect to n, we observe that k1kno° = 3 —3‘;1‘\0 o Moreover, by
- =
concavity over fi:
_AA° _gtA° _gtA° _ ntA°
= = kiF 1p0° = — —
f A f
whence
32 _, _g+A° _alA° 2 52 _4 C
P kiw 1p0° = i C P = = H = = —
A 3n n=o0 ' f : f © 2
_AA° gdA° . 2_a2 o C
P — = Yy = = =
> f f 2
P __gtA° A 2 02 _ 9
f f ''2
o _-MA°  dA° 242 0 C,
: f f b2
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P 32 _,

By (3.22), the RHS goes to zero, thus kiwpo® = . Furthermore, we have
! =
32 _, _otB° -aB® 2 902 _n C
P kt 1g0° — i P — — = = i =
Wt L iC f n 2
P —aB°®  gdB° 2_p2 o C
: f f 12
nC nC
P ntB® 2 i 5 P _na'B° 2 _pj )
2P GB° 2 Loj %C- (3.23)

By the result of the rst part, we know that the RHS (3.23) goes to zero as = ! 1. Hence,

P 32_,
3n

kiw 1god .
- n=0

Moreover, if k is bounded, by de nition of convergence in distribution, s kEw 71Ao°
Egklw _1Booj 0.
Proof of Part 2 of Theorem 9 for a regular test function for =

De ning

Il

ThlAC = min__ 5w° nkiw°—

Aw=y—w2 Sy
, , B
since BD7 ~ _tA°! PBD? 0 2 —_n, Or equivalently = tA°! 2 ,, we can use the same argu-
: : : P
ment from previous section and Danskin's theorem, to observe that kiuf! =~ 32 0 and
— n=

P 32
Kiw -~ ;o 250 .
_'B 3N h=o

Sequences of regular test functions

By a similar approach, it follows that for a sequence of regular functiansdnverging uniformly

P . <
to k, one also has kw ¢ 3§—n‘” o limay 332,;‘ o Indeed,
- n= n=
32 C 32 C
P kiw 1p0° = iC P k'w 1p0° Kk <lW 1p0° j = P k<lw 1p0° —— i =
- 730 n=o! e L

Since we have uniform convergence, %)Ithere exists an gsuch thatforall< <gandallG 2 R,

we have jk 1G° k!G®j Y. Thus for such <'s, Pk'w :a0® k <'W 10 j § =0. Then by

triangle inequality

3Z_, G 82 3Z_, [¢
4 4

32 -n
i < W e 3n 0 3n 0
n= n=

P kiw 1p0°
A 3n n=0 - 3n n=0
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By assumption Pk<'w  1p0°  —2* i 7 !'0. And by the de nition of 3§—n‘” o the claim

follows.

3.10 Proof of Corollary 4

We will utilize the result of the following Theorem.

Theorem 12. (Bobkov, 2003) For an isotropic random vector X 2, Rnd an isotropic gaussian
g2 R ifPlj'—‘ﬁ% 1j n 3° ng,thenforall X j0
asupPiX) C° Pig) C° 4ng, X 4338423X°
C2R

where  a the uniform measure on the unit spheré 5.

Essentially, through CGMT, we observe that when we use a quadratic regularizer or run SGD, the
solution, w.go converges weakly in distribution to a Gaussian vectgr,.gWhence we conclude

that w.ge behaves the same as a generic vector. Therefore, by choosing X :=a Ea, a row of our
data matrix A, Theorem 12 enables us to prove the universality of the classi cation error. Note that
in general Ewgo < 0, but by Assumptions 4, the means of the classes are generic which allows us

to employ Theorem 12 to conclude the proof.

3.11 Lemmata for the Proof of Theorem 9
Proposition 2. If for any Lipschitz function6 : R!Rand Cj 0, P j6! _,'B°° 2jiC; !0
and for every twice di erentiable 6 : R ! R with bounded second derivative, we have that

lim=y Eay®6* _'B°%° Ep 6 _tA°° !0Othenforany G j C.

_I||£n Pj6r _tA%° 2jjC, =0
Proof. First note that P*j _,'B° 2j j C° ! O, implies P1j6* _,'B°° 612° j IC° ! 0.
Thus it su ces to verify P1j _'B° 2j j C°! 0. This follows similar to (Panahi and Hassibi,

2017). Let b1G° = 2’11—C 21/4[)>§:_10160 s % 1]Gj 0202 11 Com %%[»C%Cz_glcao 5 1JGJ

02 1G0
GL, 60 G420’ . Then we have

Pj —n'A® 2jiCz =Pb _tA° 2 j2
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Then by Markov's and triangle inequality

. . 1
Pj itA° 2jiCz  ZEayp _-ntA° 2

1 1

SEagp A° 2 Epp B° 2, SEsp B° 2 -

Note thatb?G® 21;_c,y»gie- ThusiEgp _!B° 2 P j _B° 2jiC; . Moreover,

we know that b1¢° has bounded second derivative derivatives almost everywhere and by assumption

on 6°, we would have
. . 1 . .
Pj _ntA° 2jiC> EEA_yb ntA° 2 Egyp _B° 2 P _B° 2jjCy !0
f

Lemma 7. We have the following:

14) 02
190 = _ @ uH°”
1. L& e

Halu 1

2. WL u_—l,_a)—la

ae

Proof. We know for , taking derivative yields
AAu_Ay,g=0
Thisimplies Ay.g= _ A Au.

Note that for L1a®, since the objective is quadratic in w, we solve the optimization in closed form,

we have
1 . © 1t ANA, _aa)  H° 11_Ay _Ha,g Hw a a2
Lia®= —min w) 1 :
- $1_Ay _Ha,g Hw ) 5w° nkiwe glu, 30 Hu, tkyk? H* 1
« -« =
Let :=_ A) A, H. Hence,
1 1 1
Lia®= = 51u° nkiuw® g)u, Elj Hu, Elkykz,H20 Stu,_Ho° )1 _0a)eliu, _Ha® -

Using Sherman-Morrisonas  0:

1 1 1
lu,_Ha°) | _aa’) tu, Ha°=tu,_Ha® ) ! - ted © — lu,_Ha°=
1, a) *a
la la
=1y, Ha°) u _a’u —,_H 'a _?Hd 'a — =
1,8 “a 1. a) la
Ha la,alu H au
=luy, Ha°) u,_ H : la =1u, Ha°) u,_ lae



From here we obtain for the solution Thus for the rst claim:

H au 1

a.
la

w, =1, aa’°lty, Ha®=u,

5

5 —

Hence we have for the rst claim

H au 1

ae
_a) la

WL u=_

Now we continue with the calculation of the objective value

H a u
,_ ————=au, Hau,_
1, a) a

5 — 5 —

oy H U
1

a:
a) la

T T HAu ) wt Halu, HRuesd teo, WA ta M ud
_a) la

=uw u, —=——12Hau talu? _H% 'a°
1,_a) “a

LlaO =

Inle

1 1
510 nkiu® glu, Eu) Hu Elkykz,H20 Eu) u

. DHAu WP WA e
21, a) 1la a
1 la)u H02
=2 510 nkiwe g'u =UA AU, =kpk?, =———— »
- 5 g 2 5 2kyk 5 21’_a) 1a
Since6= Ay A AD,thenyu=_y Au _u) AAD, therefore
L1g° = 1 514° nkiy® y)A‘u u) AAu =u A Au = kyk? :M
= : =y A - 2 $ 270 21 @ 1
1 1@ u Ho2 1@ u Ho2
=2 51° nkiuwo, =kAu W, =————— = | =—
= ’ 2 A 21, a) 'a = 2=1,_ a ‘'a

Lemma 8. We have the following:
1. Mta° =t u yo 2
d 2
2. ta-w° L'a® zkw w ke

3. j<ta—we la-wej —=Mkw uk3e

106

aO
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Proof. 1. By de nition,

Mla® <la—u®= | 2;_1a)u Ho 2.

Thus M1a° =t u yo?

2. The idea of the proof is by strong convexity. By assumption, 5w°  nkwe° for small enough n

is d-strongly convex. This implies from de ntion:

d
a-we Lia®, ——kw W ke

3. By Taylor remainder theorem for some 0 Y C Y 1:

1 1
<la-w® la—wP == 51w® nklw® 51w nkiuw® 6 )iw u° Sw w ) Hiw ue
10 w u® Y
= - m’15  nk°iil Cou,K Cwo—m7 -
= ’ : Ul
juj=3

Since 5 and k are separabl&r , nk® = 0 unless U = 34 (4y is the standard basis vector if R

Then by assumption on the third derivative of 5 | nk,

. 10 1y o Y
j<ta—we la-wej==  nP15 nkein C°u,CW°—WUu'
T juj=3 :
16 1 011 o (0]
_ 19 15 nke1 CoR, CFy g D "k k3
= g=1 mR =

Now we are ready to prove the following key lemma.

Lemma 9. We have jM*a® L!a°j minf 5= u Ho2- 8 Sk pw Uk 39

Proof. Letwy = argmin<!a—w°. Note that since M?a® and by Lemma 8 we have

1@ u He?
=1, a) la

5 —

Lta® Ma® =L1a° M1a°

I\)||

On the other hand, note that <!a—u® = 5@ u H°?and L?a°

Mlao Llao = Mlao <1a_ uO s <1a_ uO s Llao ;_la) u H02.
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1a) u Ho?2
2=1_a) 1a

Thus as=ta u H°2
jMia® L1ao] 2:_1a)u HoZ

But as we will see, Y%au H°Z? is of order $11°, which will not suce. Thus we break down

M1a® L1a° depending on the distance of D andw

Mia® Lla®=<la-w y° <la-w_°,6 <la-w_ ° la-w_°

5.,nk
<la-w ° la-w_ ° —=——kw_ uk3-
for the other direction
1490 120 — 1 o 1 o 1 0 <1 o S.nk 3
Lla® Mla® = la—w | a—wpn°, la-wy° <la—wy —kwy UK 3¢
Let ' := kw | uk 3 and consider thes ball centered at w. Now if kwyy w | ks ' then

kwy uk 3 2' by a straightforward application of triangle inequality. Which implies
Lia® Mia® 251k 3 Nowwhendoes kyy w ks *hold? We show that for every point

on the boundary, w, <!a—w° <la—wP, this implies that w is indeed inside the ball. We have

5,nk 5,nk

<la—w° <la-w_ ° la—w°

kw uk3 ta-w°

kwp uk 3

5,nk

lkw uk3, ' Soe

d
S=kw w k5

Then using Lemma 8

5,nk .
——1kw uk3 ' %

d|2 5’nk18,3 . 30:,21d 9 5,nk,0.

2= = 2= =

d
<la—wW° <la—w° 2—_kw w o k3

Now if * ﬁ, then <la—w° <la—w° 0. Thusallin all

8 5,nk

jLa® M1adj kwi Uk 3

Lemma 10. We have the following upper bounds

1. kuk = $1=° with high probabilty.
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2. Exy Ju=8$110

Proof. 1. Since 5 | nk is d-strongly convex, one can decompose 5w° nkl\glkwk% , we
for some convex function 1°. Then

_ » d — k2 PO

—kAu yk3, —kuk, w°  =kyks, 10°=$1=0e

2 2 2
Thus this implies kuk= $1=°.

2. In a similar fashion, we have for,E, ) u

Il
Il

=kAu k3, 51°, nklu°

= 2 100 100 o
> 2kyk,50,nk0

LetA) = ,é‘;)l ,&)2 «es &) . Now we use the de nition ofx to obtain a lower bound:

e
>kau vk, 51U, nkiu° > KR, 1 Ju el
8=1

:ki&gu,l )8u ng% %—1 )8u02,_1 )8u°1)1£(8u 980'

N

Thus plugging in w = 0 in the optimization yields an upper bound, which is a quadratic inequality

in Ju:

:%_1 JueZ | 1 Lued) 1Rgu G Eky-kz 510° nk10° Oe (3.24)

Now note that for a quadratic optimization with 1 0

P P
2 2
G 0G 1 0 o 0.4 G 0, 0,41
2 2
whence
o P P
2 _
iG] joj, 02,41 j0j,j0j,2 l:jOLF’l,

2 2

We apply this result to 3.24,

kyk? . 5100 nk10°

. . 2.y.A ,
i buj ;811) A 90,
r

W[
N

200 ¢4 2D Ageokule kyk? . 510°  nk1Q0e
-8 -8

NIl

2
g
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Now taking expectation and using a combination Cauchy-Schwarz and Jensen inequalities yields
r

q
2 A 2 2
Exy bUj ;BEA_VJI) %4 . = Epy kD &8kgEHkuk§, = EEkag, 5100  nk1QCs

Now note that Ié\rg = 0, and by the independence of the rows:
n, 86 ., , GG Aoa G A
Epyk?) Agk; = 'Aeq * = Ex'Afeg'Adfeag = Ex  *Adhq
9=1 9=1 9=1 9-9=1 %=1  9=1
By assumption, for each roé of A‘g, we have that Fkagk3 = $11°, which implies Eﬁwkl) &sk% =
$13°. Therefore, by the previous part, since Buk 7kykZ , 2 10°, then Ekuld 2 20°

5

aEykykg = $13° by assumption on thg. Hence it can be seen that £ )u=$1o, f

Now we are ready to conclude the proof with the following lemma.
Lemma 11. We have the following
1. Exyoq i@ U HO2@=$110 for @ 2 »3%a.

2. Exyq ku wkS =81 30

Proof. 1. First note that

14) 02@— oo 2@11 o ) 1091 Ho2@ Y,
Enyeaid U HOU=Exy oy 9 a u°t H .
9=1
Moreover,
2 . .0
EA—y—a—IEFa) u HOZ@ 9@DEA—y-—a—Hjla s © )ulngf@ 9
9=1
Exya nHF® 2°maxfj ) uj-ja ujg
9=1 °
Ge 2@
29 9 EA—y-—a—Hij@ 91j )ujg,jla 0 )uj9o
9=1

2@P — P—— P— .
_ 9
9=1
By assumption EjA® for some constant j O that is dimension-independent. Moreover, by
9
our assumption, Ejta © uj® ~kU%  Also, from the previous lemma, Ej uj2®= $11°. The

392"

claim follows.
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3 Hau

3
o K taldandsince 0,1, _a’ 'ajOhence

5

2. First note that ku w_ kS =
by Minkowski's inequality
Enyaku Wik _%Exy o j0u Hi?k 'aid
_EnyadPu H’%k tra | ok ]
8_ExyaiP u Hi®maxfk '1a °k sk ' k3@’

8_ 3EA—y-—a—i-p)U Hj%k *1a °k §>8_3Ek—y-—a—j-p)u HP% * k3

3
8 ° Epyat@U HO®En, . k 'ta °k §

3
B 8_ EA—y-—a—l%Fa) u HOGEA—y-a—h ' k g'

Now since we assumed that the objective is d-strongly convex, or there exists d j 0 tHakdo
%, denoting ! g as the 9th row of 1, we have by the inequality between Frobenius and Operator

norm, k!- ko % Now by the assumptions we have

G 2
EA—y«—a—ﬁ t1a ok g: EA‘—y-—a—H jta ° )1 9j3
9=1
G G
= Eny Eo_{la © ) ng’ Ejla © )1 9j3j1a o )1 ;j3
9=1 9—;=1-9<;
G ki ok G d 1 1
Eajla © )! gfEsjta © )!.j6 3 — 13 2 30 _—_ .
9=1 3 9_:=1_9<: o ol ) dé3s ’ dé33  dé3

We also have for the other term:

EA—y-—a—h ! kg EA—y-—a—K Lk g'
Note that k * ko k '?ksok 2 k,. Thusitis sucient to analyze ) 1 ). Let
C 2Rbeanupperboundfor 1 ) thatis ) ! ) C. Note that by the Schur complement
property, we needto nd the smallest C j 0 such thatlC ) 0 with holds with high probability.
Recall that := _A) A H and by assumption H dl, thus it su ces to nd the largest C j 0
that A A, dl L ) 0.Let A°:= A M be centered. This problem is equivalent to having

c
kiA®, Novk3, dkvk3 i1 )vo2 Oforeveryv2R3.

Thus we should have
1 )V02
kA0, NPvks, dkvk3
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1) yo2

_— _ _ B . . . .
Let C := sup, TR MOVIC dkVKE We show C= $1= ®° for some B j 0 with high probability. Let
1) o2

V. FargmaXigg Movk2 dkvk2®

This implies

1 k k2
kiAO, Mev k2 o’ )y 02 Tzkv k2o

On the other hand, by triangle inequality we have

1)021 2410 2 0, K2 4kk§ 2 01,2 2

. Now we have

4 MG KA kY K kK

. 1)y o2 = ol kKRGl G gm0,
kA0, Wev K2, dkv K2 dkv K B d=
We obtain a quadratic inequality in C
0}.2
@ 4k§_k>?c 4E_k§ o
which implies the following upper bound
S
4kAOK2 kk2 1
) 1) . > ? 2 R
minf 9= .4 9= dg

According to Lemma (12)&%-» = 3-B with probability 1 °2%=" Thus using the law of total

expectation, we also observe that

1,6 1.6 1) 103 4=5.2B k k
EA—y-—a—IK k s E A—y-—a—h k > E A-y—a—H d .4 d s d—_B'

ForOY B \"(%, as k k% = $11° by assumption, the RHS goes to zero. f

Lemma 12. LetA® be a centered random matrix following the assumptions. We hafie. k

A . 0l0gl3 =°
= 3.B with probability at least 1 —°%L3="

Proof. First, we provide an upper bound for the expectatiQ@kEOk>? using the matrix Bernstein

inequality and the symmetrization technique. First we construct a corresponding hermitian matrix:

©0 A% G
kA%s, = - = Xg —

AO 0 >? g1 >
« =
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. © 0 EgA® . . .
with Xg:=: where Egsis the all-zero matrix except 18—8°-entry where it is equal to

«AO) |'E88 0
1. Note that | = 3_, Eggand EgA° essentially picks the i'th row o&® which isa—g) . Let fngg;_, be

an iid sequence of symmetric Bernoulli random variables supported on f 1g, independegs.of X
Then by the symmetrization lemma (Vershynin, 2018), we have

G G

ExokA%s2 = Exo  Xg E xo nXg ¢

g=1 >? 8=1 >?
Now conditioning onA® or equivalently Xs, since n)Xs are independent zero-mean symmetric
matrices of size 13 , =° 13, =° with bounded operator norm, we can leverage Matrix Bernstein
inequality (Vershynin, 2018) to obtain (® means up to some constant)

p 1.2
ExokA%» ® 10078, FEj  En Xs? 1003, =°E 4o max X,

1 >?

Qx

8=
p (€; 12
= log'3,=E, X3 ,l0g'3,=°E s max Xs .,
g=1  >? 18= '

i_
P © g EeAAOEgg 0 212
=" l0g'3, ="E - O |' 10913, =°E 4o max X ,,*

«

Note that for Xg _ ,, we have
X = Eg®_, = max Eghd 2= max 18:80) vo? = kadkse
8>2 8 >? kvie=1 8 2 kvie=1 2

Moreover, using triangle inequality

i _ . .
© 5-1EsA°AY) Egg 0o 2 G G
g [ Eg# %A% Egg atey)
. 0 20> ea ST
G G
= kaglEss | 2
8=1 >?  g=1 >?
G
= maxkedd, o) -
18= 8=1 >?

Combining these results along with Jensen'’s inequality yields

D €] 1.2
ExokA%=> ® 10913, =° Epo [max kegks , E po  aEaQ) ,l0g*3, =°E o max kegkz®
- 8=1 >? -



114

i o o _
Nowto analyze ko 5_,a8) , we use the symmetrization trick again with iid Bernouldp.,

>?

and Bernstein's similar to Vershynin's

G G G
Ero a8 Ex ) Esgas) |, Ewgoga)
8=1 >? 8=1 >?  8=1 >?
G G
Enoo  mgeged . Esoged
8=1 >?  8=1 >?
p G , 12 G
®' logshe  Egril ° log=Emax sefkn.  Eelad
8=1 >? - 8=1 >?
D & 102 &
= log=Ep  kadklagad ,l0g=E o max agks,  Epafe)
8=1 >? 18= 8=1 >?
P— 0 G 0.0 2 0,2 G 0.0
® log=Ep max afk;  aa) | log=E maxkedG,  Eqald
8=1 >? 8=1 >?
Now for the rst term, applying Cauchy Schwartz yields
G 12 G 12
Exo max kadk, &%) Exo max kadkoE o  age .
18= 8=1 >? 18= 8=1 >?
Moreover, for the last term we have from our assumptions
Exada) = max Eptad v°? max e .
% 5o kvk=1 % kvko=1 3 3
Thus we have
& D & 1.2
Exo &a) ® log=Exo max kedkoExo  83ed) , 109 =E o max kadkZ , »
8=1 >? - 8=1 >? -
i 12
Solving for Exo 5,809 yields
>?
& 12 p 1.2 12
Exo 8080 ® " log= Exo max kadks .2 log=Ex max kadks | .
8=1 >? - -
Thus
G
Exo 8  ®log=Ew max kadkl , «
8=1 >? 18=

Summarizing, we have

p 1e2
ExokA%s> ® logt3 , =° Exo max kadks , log =E 4o max kadks ,l0g13 | =°E 4o max kadkae
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Thus it remains to provide an upper bound fap Bhax; g = kagkg we have by Jensen's

~

3 G
0,2 0,6 0,6
Exo Mnax kagks E po Max kagk . Eagkagky®

Now by De nition 3 and Holder's we have

o o o O 6 P o P O
0,6 —
Eagkagl = By dsudsy Esgogy  Esogy  Esgy 3
U-3-4 U-U-U U-U4-y
Thus
Eno max kadkd = 3o
Allin all

EokA%:» ® logt3 | =0=3e

Thus by Markov's inequality for B j O

0 0 —o_1 0 —

1 EpokATKs 2 logt3, =°=3 log3 , =°

P KA%s, = 3B Al g9°s, _ 95.=",
= %,B :%,B =B

Lemma 13. For any function k : R ! R with bounded third derivativek*w® := Ekla) w° is

regular.

Proof. We only need to verify the third order Taylor remainder bound,

C) I’T?’k" @]
Eu,Eu,Eu, = Eak °%8) w0y, 04,00, Ey, Eu, Eu, = Eata vo3k 2023) woe
U-y-y MPuMF, MRy, U-4-U

By Cauchy Schwartz, we have

O k-
U-y-y MRuMA, MRy,

p p
EU1 EUZEU3 Eak 00@g) 02 Eala) \06e

By boundedness of the third derivative of k, and assumptions

6 ik kvig
ul—q—umﬁJlmﬁszﬁJgEulEUzEus S AL




3.12 Proof of Theorem 10
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By leveraging our universality theorem 9 we are ready to analyze the linear regression problem

described in 10 in full details.

Proof. First note that for the ground truth we have £ 0A6<8=F'H x) w°? =

simple transformation, the constraint could also be written as

Xy : 30'

((

We would like to write for a G with i.i.d entries:
X y = GS.

Indeed

©Rc R
9EQGS=9S=E gxy_ ¢ Rorg,

R
(y « HG H—l

12
G

R
Now we candenote S = iNlth ='"3R Hd?é Rgn And R(){Z

Thus we can write the optlmlzatlon as
minkw w ok?
w
@1G21W w oa
BC G 3 0e

«

we can write the optimization as
minkw w ok?
w
@é‘%w w oa
BeC G 3 0-

«

Letu:= Ré’zlw w %andx=w w g, then

minkR&™? u, xk 2
w

R&RgH By a

Rgu= R](';.ZW .
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We Lagrange multiplier to bring in the constraint:

minmaxkRa"? u , xk 2 v)G© ) '
u v G 5 s -, 1.2
« |
Now we can appeal to CGMT to obtain the AO:
muinmakaG u,xk?2 kvkig)u, 6% % k - 8kh> Ve
\
« |

Dropping the € 2 term and doing the optimization over the direction of v, yields
. P
min r\T/]%XkR(:;L 2u,xk? Vkhk kul,' Vg ue
Using the identit)})_G =miyo 4, %

min kaé’zu xk 2 Vkhkg &klkukz,'

° Vg ue
gOU 5 2 5 29 5 g

Now we obtain a quadratic optimization over D which could be rewritten as

P
©Re ., Y21 RE?x, a@ua
W o1 29 t ‘

2
«x) R&? ) kx|

—|(< -

Doing the optimization over u, we are left with

W= Vs Vs Ve
1 12 V.o ipl 0l 1p 12 V0.
rgnlonr\r)%lxkxk2 . g R&™x, 507 1R¢ , 73 lol1R g
Expanding the third term yields
vd= V= W= \2 W=
i kxil, ——, ——' x)R&Z RL, —1PIRE?*x —gRE, —lge

Letz := R1@°2x, we assume E2z= kg—kz ,and 4 = x) Rex = kzk using concentration:

vqp \/p‘ 1 W= V1 Vi

i kGK, TR RS, —1°1R¢ ——TlR 1ol
minmaxkG 29 3 3TRe G- g ¢ 373"Re. 55
Therefore

1 1

minmaxkxI€ | Vd) , V= ' 4 ’?1A—1Vp:—3A 3f 71A—€‘ﬁ:_3A'

g0 Vo 29 All:Z_g_AO 4 1>2_g_A
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Dropping the constant term kXkve arrive at the following scalarized optimization

1 2
_vd= s . IR
minmax—-—, — 3 ?1ALA{3,—3A°
g0 Vo 2 Zg All V2:Ao
> 29

Let 4 := %0. To analyze the optimization further, noting that the objective is di erentiable w.r.t

V-g, by taking derivatives we have at the optimal point:

= P= 1 P2 0P =o

9= = 3  oip8 . 4AQYV 44,

2 °  2g ) 212g AV =2

V=ov Pe 0 PEvR aape
2 207 T 2129, AV =®

3A=0

Rearranging

21pE&W,4AgV 448pE°

- 129 . ,8\)";02
SN il s N AP
129, AV =2

Zp_ p_l

@z Pz =3 21ad 3A

pP- P_,
gz = =

Summing and subtracting:
=R\ 2P=zp ' P=zpgV | 48
=23 PATAY L2 TAGYA L3 oipen P cAf
129 . A\ =2 - 129 . A —o2

2 =
Jia g 2AQV 44 =
' 129, AV =2

°3A

3A.

Thus

3 = 2 =AgV, 44 29 29 29

— = ?1A —3A = ?1AQ —3A =—p— (ot — , 80°
s, g AvERT 2g. a0z P2 Ve

JpGP2AQV 44 =

2" 3A.
129 , AV =2

= =3

If one can solvel— = FL (ot FL,80°to nd\ = \6/ then plugging into the second equation

yields
' 20A\g 44 P =0 1 A\G 4480z
Pz2_3  41pad p=——3A =3 ?1A°24|8_°—_3A—
12g s A\g =02 12 s A\ =92

which yields the following equation for’g

=—— — ' ,4343  — 5 __3A-
23 A Be3a 0 12 A=

5 P ! 21A0

g
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Now note that

1 1 1
p_
3 = 29 2 212 A\ =0
— = ?1AC —3A = 7?'A—p_3A= A p _3A=
3 L 29 ,AV = ., 2,A\"= 12 A\ =92
2Pz 9ae A5 3a 4 A 3Ae
=2 = PALAP=A Y g aP=
LetU =4 ﬁ;—ozC%A and &:= 2\p§ ?1A%G =z 3A. Then the expression for g could be
written as
2~ 1 4 .o
g 3P 0

Now the generalization error is

> , 2= 31 U° = 4o = 12= 39" 13" | =4,°U
g 3w = v 3L o= 00 3 = 3U
. B 1p0 . p— p 1A0
withU =4 ﬁﬁ?ﬂ. Now note that using Cauchy Schwarz applied 26A° anG;A—?pA;
1 1 1
3 = 2 47?1A°
L 02=1 1AL 5 3A8 ?21A°3A ——p——3A =Us
3 2 A\'= 12 A\ =2
ThusU 13=92 Now for the scalar distribution ?1A° = X*ACAsince Z,Ax)\IOE =2, £ =2,

then U = 13T=°2. Thus U achieves its lower bound (uniquely) for the scalar distribution. Now note
that assuming =— 34 are xed, the generalization error is increasing in U, thus the error

expression for the generalization error in the scalar distribution case is a lower bound. f

3.13 Useful Results

Lemma 14. Given a weight vector w, and assuming the feature vectors are equally likely to be
drawn from class 1 or class 2 and satisfy part 2 of Assumptions 4, the corresponding classi cation

error is given by

1 b w , 1 Lw
", ;&' p—°° (3.25)
2 w w2 W) ow




120
Lemma 15. Assume that the feature vectors are equally likely to be drawn from class 1 or class 2,
Assumptions 4 hold andyis de ned as in Assumption 2. Then the classi cation error corresponding

to wp is equal to

© N a © . a
1&2, IO1 ATrt 1, 01 B 1&2, pl ATrt 1, 01 &
2o @ ’ 2o @ 8

2Trt 1 1, 2020, ETI’ 1 2Trt »1 1, 2020, @TI’ 2

«

J
A
J

3.14 Proof of Lemma5

Let us proceed to prove Lemma 5. We will take the gradient of (3.25) w.r.t. F and setitto O:

Proof.
' Y ) ) o w e e w ) ) ) #
. w1 L Wo2 W W owW oW o Awow o Jwoow
Fw S8 p=====t = 20 &P ) ) Y =
. Y 4 2c 4 2w W Lw w oW
1 1 Tw I w
— —4G?1§°1 2G B ow° where B= p—2——-£= %o
42c B W ow Waw
) o ) ) w P e w ) ) ) #
1 lW 1 w1 1W woqww W g lW W 1 1W 1w
Ny s&'p=——==° = —p— exp!? ° =
"2 w) 1W 4 2c P 2w 1w )]_W w) :|_W02
n #
_pl_ iexpl ﬁOl 1@ 82 1W0 where B: ﬁ)liw_C: )]'W .
4 2c B 2 ! w W wow

Hence, the following equality holds at any optimal w:

B H

iexpl 201 .G B% 2w°=éexp1 E 1,G B% 1WOe

B 2

Therefore, w=1B,;,6 B »° 11§ ; 6 ,° where we have

qo go

= 1 _=0_ 1 _<co_
B=Bexp 5 B= Boexp >

B = Coxpr 2o
E— @—Eexpli

Now we can consider the following optimization over 4 scalar variables:

min E&Lﬁ)liwo 1-&1 ﬁ)ziwo' (3.26)
B-B§6 2 w) w T2 W) ow
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Note that since the optimization (3.26) is low-dimensional, by the Convexity Lemma (Liese and
Miescke, 2008), we can interchange the limit in = and min, implying that we can analyze the
concentrated optimization instead. We then arrive at the following xed point equations using

Assumptions 4:

g =Trt 1B 1, B °2%€, € 2 66A°3 (3.27)
q
§=Tr1ﬁ 1.8 °18 BA°3 (3.28)
§ =Trt ;1B 1, B °2°1€, € 2 GBA°3 (3.29)
G
g=Tr1-B 1. B °118 GA°3. (3.30)

Note that, since we assume ? is exchangeable in its arguments, the system of equations (3.27) is
invariant under the transformation*Bc-B-& ! 1 B »—& B— €. Assuch, B= Boand €=G
at the optimal point, implying thatw=1% ;, 11 ;  ,9isthe optimal classi er, as for the

chosen linear classi cation procedure the performance in invariant to the rescalings of the classi er

vector and therefore we can completely drep B- - £from the equations.

3.15 Proof of Theorem 11

By Gaussian universality proved in Theorem 9, we analyze the binary classi cation problem as

follows

Proof. De ne

11 A°
Ro:=E 1—2W0W2)=E 1_21CW ,C[ °1C w §C[ o) =$ 3=C2E 1—2WW)
11 A° G
:¢T3,2§11 A%t 4| 202‘

Note that the eigenvalue density of i captured by gqB-B° = thng s 2(?1; A 1B, By ?,

assuming 1B-B° ?, where ? is the joint EPD function of ; and ».
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We would like to start with nding U. Note that the data matrix X can be decomposed as follows

where G—G are i.i.d. standard normal:

We then have:

@1 ;Pwed @ 020 ) wy
XWo = - iz - e, (3.31)
«2 2 Wo «0 1ﬂ )2W0—|

It is immediate to see that the rst term of (3.31) is a centered normally distributed random

vector with covariance diagyv 1wo— e+ *—§v 1Wo— W, 2Wo—*** =) 2We°, and therefore its norm

- pP—— . .
concentrates to gw%)l 1, 22°Wo =1 Trt ;. >°kwpk® according to our assumptions. The

: N o pP——
second term of (3.31) is a deterministic vector of nornﬁ) Zkwpk 1 A°,

Similarly:
@ Pwea @ 02 02 @1 FPwer =

Yxwo= D 1) I g t g - S, B3t 2w
«G2 2 Woﬂ «0 1 - 2W - «G2 2 W0—|

(3.32)

Note that we can drop the rst term of (3.32) compared to the second term. Indeed, the rst term
is a centered normal random variable with variagw% 1o, %W = kw ok?Trt 1, »°°and

: N . P——
the second term is a deterministic quantity of order 1=sjv1l A°. Thus

Y Xwg 5t 2w
kXWQk2 %W%)l 1, 2°Wo, gl )1W002’ %1

Moreover, by independence of fromgwe can drop the rsttermin 1, 2% wo = Gt 1

© C 1t 9w andhave

- 1 1
1 2o)W =1 20)1 1, ot 20!511 A°Tr1 1, °te
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On the other hand:

%I.WO:CF ?L:C ?LW :CE )1 C )11, ol o
which implies that we can drop the cross term in the expansion p%"zz

2p 1A G11 A°?
1) wg? C[21 yo2 ¢ Jig, iy o 3 @ 3 Tret 4, 0t

We can drop the rst without loss of generality gsuSually does not grow with 3. This implies that
we have for U

=Cl11A°

= 1
U _ E 3 2TI‘1 1., 20
= _ G111 A2 5
§Tr1R01 1, 500 = 3 Tret 4 . 20 1

1C1 A° 1
53 2Trt 1 s 2°

1 @11 A2 o
TR 1, 2%, =% —Trt 1, 201

Then SGD converges to

minkw Uw gk?
w

BeC y = Xwe

Introducing a Lagrange multiplier v 2R
124
minmaxkw Uwok?, v’ G: l.Z,V Mw v )y

« 2 =
Using Theorem 4 from (Akhtiamov et al., 2025),
G

minmaxkw Uwok®, KEkg 5w,k g wkhhvg, vi1l Jw, v)1110%
8=1

Denoting ¥ := kvgk and performing optimization over the direction gf E

e
rr\lNian\% kw Uwok?,  Veigh 7w, khgk s2wk, Jwl, 110 81koe
= 8=1
We have
2 G 1.2 r=d 12
min max kw Uwok®,  Vglgh g°w, 5 kg wk? 1 Jw, 110 2o,

8=1
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Applying the square root trick to the norm inside the objective we arrive at:

@ r :V \V/ r -
min  max kw Uwok? Vegy, 2w ZMEB 8 Ty 120 0 )y 110 &2,
gl—g O—W Vl—\é O 0 5 8=1 898 8 5 2 2 5 2% 2 8 5 8 5
Introducing 85 as the Fenchel duals for {w , * 1° ®2 we have:
G "Svg W = Vi
min max kw Uwgk? Vegy, Fw, ZVEB Ty 1200 ) gy 110 —So.
91-@ 0-w Vi-\6 0-W-W o g=1 %W 72 2 2 8 . sWW, W 4
Performing optimization over w yields:
el =y r—
min max  Wkwok? ——= =108 So
01—-¢ 0 Vi-\¢ 0-W-W X gzp 2 2 7 223 ve 4
r_ r_ r_ r_
1 102 12 Vi = R ) Vi o= Vo = 1
Uwo, =1V Vv o 1 = 2 - B
0, 5'V1 1 G1,V2 , 02, 7 2V\!1,4g;r2V‘é2 > 29 2 5 2

13 2@
1 162 162 Vi = \Z

Sy Vv o L Z 2 2\ o, e
UW0,21191,2292,4gl 2V‘11,492 2W2

We drop the Bkwok?® from the objective because it does not contain any of the variables the

optimization is performed over and therefore dropping it will not change the optimal values of
Vi— ¥— \W- B+ g—g. We obtain:

G Zvg =V Vi vi'T v =
; - A 8 2:07) 1 = 2~ o1
min max - ——1Wt 1° —0 U“w,t | — = — = W
01-g 0 Vi-\ O-W-W_, 2 2° 2293W1 4 0 » 2q 2 L. 2p 2 0
_ r_ r_ r_
Mgozs M=V = e Ve, MOE Ve E g
411’2912’r2922r1 4% 2 > 2 2r’2gzzr 2
=\Viv¢ Vi = Voo =g =\,V§ Vi o= Voo =y
= > 1, 53— 5 2 1 i, == 1. 0= 3 2 2
¢ ' 20 2 72 2 2¢ 2 23 2 2p 2 .
r_ _ r r_ r_ r_
Vl = V\) 1 Vl = Vz = ol V2 = V\) Vz = Vz = ol
22 2. 5g 313 22 1 ag 2WU0’2@r21’2@r22 2
MWW, M= Ve =
16gp * "2 2 ' 29 2% 2
The objective above can be rewritten in the integral form in the following way:
G Zwg ' =v v WiE oW o=
; - L 8 2:07) 1 = A |
min max —— ——1\Wt 10 —0 U“wyt | — = — = W
0-@ 0 ViV O-W-w__ 2 2 ° 22g % 4 0"+ 29 2129 2% 77
11 BV B,V2 11 =VivE =Vovg
—a 32 > 32
3 PEPI e P %R 7E-B v
vz V=r291_2 QV?Z_Z vz ’\jglri zg\";rz_
1 = 1= 2 T o1 h = b = b = o1
— -WUW?!, — = 1, =— = ° “WUW?L == g, o= = °
2g 27U . 5q 3 13g 220 Lgg WL 5y 5155 52 2
ra =ViVaW W
32
2A Ola_Bol " pf@hgz P 3B3B-
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Note that
V f = V. "= V "= V. "=
wwh:r L = 2 Z Wnl U 2TriRat % = 2 Z olo,
0 -2 21 2¢ 2 0 2 2 12 27
Moreover,
r r 11
Vi o= Vo = g q'B-B°
Tr'Ro 5- 5 1. 5. 5 2°°°!3 B-B v = v P=—3B3B-
20 2 "2 2 1, 2 3B. 2% 3B
and
Vr: Vr: Ci1 A° Vr: Vr:
W%)1 . I 1, 2z PO R 3% R 1z 1, 2z Lol olo.
2 2 20 2 3 2 2 20 2
The latter term can be derived in the integral form as:
r— r— 11
Vi o= Vo = 1 1 B Bz°1
Tt , — = — - 01 o+ 13 ?1B— p— v~33-

Since ?1B-B° is exchangeable in its arguments, we see that the latter objective remains invariant

under the transformation that swaps;1'g—\W? with 1\b—g— WP°. Therefore, V = V= V,,

g :=a = g, and W == W; holds at the optimal point. The objective then reduces to the

following:

r — r — 11 1B, B,°\2 =\2\W¢

= = 3WPqip-p, 3 2BV 11 A°
min max =Vg, =V, ﬁo 21— B° g _ _1692 3R3B
go vo-w 2 29 4 ,ngl B,° %
(3.33)
r ;1 1 —WlBl
2C 11 A°U 3 ?213— P —29 VA= . (3.34)
1, 55 5181 B,°

Note that W can be found explicitly in terms of V and g as the optimization over W is quadratic.

Denote 4 = kF"k . To facilitate derivations, let us introduce a few notations. Let
v 0 3q'B-P, :1‘{53,’2”211 A° 2C11 Aoup?z’—gwla,sz
1--We:=  ?1B-B P 3B3B
11 a- B, ov2
\% =
2l——Vo:=3 ?21B-B° vP= 03&3&-
g 1, 7 5B, B2
Thus the objective is
r_ r_
V \Y; = =V W
min max —W©°o Ll—_Vo -V =—1W —0e
g0 VOo-W ! 2g 2 9. 29 4



Now taking derivatives w.r.t g yields

\Y \Y,

my 11§—W° = E% 11G—We°
Vv \Y

my 21§—V° = —gzrr@; 21G— VO

Now for V:

\%

ny 1'——We°
g
\%

ny o'——V°
g

s 1'G-W°

\% 1
216_ Vo am; 21G—\/0e

<‘II\)©“l—\

Setting the derivative of the objective w.r.t g to O:

r— r_
Vv Vv = =V W
—m 1'G-Wo—ng 2!G-V°, -V  ——1W —0=0Qe
Multiplying by g2 and dropping V yields:
r_ r_
M 11G-We amiG-ve —g  —w Yoo
’ > 2 2 4
Derivative w.r.t. V
r— r_
1 2 .V 1 = = W
— IG-WPO— ,1——Vo — 1G-Ve, = ——1W —0=0Qe
gmb 1 v 2 g gnt 2 s 29 , 2
Multiplying by g,
r_ r_—
29 .V =, = W
1G_Woe=2 ,1_-_\o 1G=V° — —_1\W —0 =Qe
mg 1'G v 2g g 2'G .39, 3 7 0
Therefore the set of equations is:
é”@ 1'G-W° ,cmzlG—VoP?gz p?W %0 =0
?mG 11(_;_\/\/02\/9 21\5/_\/0 e, 21G_V0P§92, pglw ¥0=0.
Summing the equations yields
29 .V = 2 .V =
g 1 = 2 —_ =
— 1——V° 2 —g°=0! — 1——=V°=2 —g-
v 2 s 29 v 2 g 29
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which implies

1B B,OV r _

3 ?1B-BP—p -383B=2 >g°

1> 2g a.,BZ 2

P=
Multiplying both sides by3—§ and introducing \ =\—g/ we obtain:
11 p

A -
?1B-B—~ =
1> \5 %la, BZO 3

This can be rewritten as:

11

21B-B11  —p

We arrive at the following equation for \:

1 1 —
3 = . 3
2"2 \ "=1g B

== VB-P

3B3B- (3.36)

The last equation above can be reformulated in terms of the Stiltjes transform as follows:

2p§( 12p§0_3=.
w2l o P

After nding \ from the equation above, we proceed to identify the optimal value of W. We will do

so by taking the derivative of (3.33) by W and setting it to O:

= W =\2W11 0
- ?1B—BP——> p—3B3B
2 r 2 - 1, Y1B,B° 3
= \C11 A°ig B!
U 2B AR, B2?

\F=
1,5 3'B.,B?°

Dividing both sides by \, factorinéJE out and using (3.36) we obtain:

Pl Poyig Ae3 =
_Ep_E, 811 3
r _— r
= = 1 o1 ol
SRV X - e T

M=
I 1P 6s



Hence, we can nd W via

|
wzl P21 porg =o
s 2 83
1 1

1U

!
1
218 BOCll A.‘\OIE- B

\F=
1.3 3'B,B2°

Finally, to nd g, recall (3.37)

r— r— v
1G—WPo° 1G=Ve —¢? —1\W —0 =(Qe
NG 1 .dn2 s 29 > 2
Using » is quadratic in its second argument we have:
r r—
s 11G—W° 2@”&; 51G—\° fo — le ﬁo.
’ 2 2 4
r— r— V0
21 1_\o o= "1 Yo 1G_\\/Oe
ging 21G-\° > > w 7 mg 1'G-W
r— r— e
2 -1 1G—\0 —oli Tay o 1G— W00
g s 2 . > 2 meG 1

We have

1

11G—W° =

1

3Pqip- B, SW

p?G 1
P 511 A°,2C11 AU 5B By

G V=
1, 7'B,B2° 3

3836
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Then
Uzr 11
3 = 151_50191, B-°
s 11G-We="> © 71B-p— 253838
1, 541,520 3
1 1
=GW1 A° 1
—a ?1B-P S p=3B3B
8 1, &g By 3
r _1 1
=@GW1i11 A° = 1B . B,°
— 3 3 ?B-B° > —2 b 23&3&
1, 98 B 3
r _1 1 .
= 13_ BZO
uc1ii A°W — ?1B3—B° > 5—3B3B
% 1, §B.B 3
ucti A°GW= 1
ST ?'B-B p_ 23838
1, %Wi,32° 3
Moreover
11 1&3820\2
1G-\°=3  ?1B-BFP—p2 383B-
2 1} iGP:la.,BZO
Then
\2r 11 ,
3 = 1B . By°
M 21G-\0= S 5 BB 3A3h
1,3 3'B.B°
Thus, all in all:
r — r _1 1
= 3\2 = 1B  B,°2 1
2 — - 2z 21p_ P
g 2 8 2 B B01]_ \_P?la B,002 B3B
r_ 8 U2r 1102 2 e
- 3V = q'B-F'B, B
— - P — 21 > A
2 w 4 > 2 2 B 5011, \§1Bl=BzoV;02353a
1 1
=\W11 A° 1
?1B-B° 5—3B3B
\ P=
° r_11 1, 3'8.82 3
=\2\11 A° = 18  B,°
- == — 1R > n
5 32 2 . a 5)11’ \§1a> BZOP§023E_3&
r _1 1
= 1 B ol
UCil APW - B-B— 52 , 3pap
% ) 1, 5'B,B2° 3
UCl AP\W= 1
s T4 ?1B-B° ) p——3B3B
11, 1B, By° E02
p ' h !
1~ 2=\11 A°13 =0 C11 A°IB B.°l
w=s. 83 1U ?'B-B b, B2 (3.37)

M=
1} \i Ela.,BZO
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L 1 %V
The generalization error can be found through{@.gz_l—%VE .

Single direction case.

([?11 Ao°

In the special case when = >, =f 2'?3 we obtainas = +~—5— 3,2 % ¢

2.
11 Aol 1, 02

_ Y Xwo
kXWok2
C11 A°
_ 3 T o, 2ol
- 1 02
%—TrlROl 1. 2%, @%Trzl 1. 201
3
C2f 2

g 2850, c1 A0S,

We also have
3
Cll Aom

RS (212 Cag poTp2iZon | CLACT21217p0 2

o Ao,
GrLA°f 2 3@11 A0 @11 A0232
3 5 2f 2 B 4f 4
c=3. 3
— 2f 2
¢f2 3@ CGA°32
3 - 2f2s 4f 4

3
= C2f2 °
f2 2320 21 032
3 ¢’C2f4 ’C :I"A4f4

Multiplying both sides by €1 A°-3, 57z We arrive at:

3 1
= 11 A° = . .
uc 2f 2 f2 1(? 4f 4 20 1 (3 38)
31TA° @ 32 B

Note that plugging iny=C! ; ol1 2°,.C for 1= ,= %2|3 into the expression

5

for the generalization error yields

© )Wo a
— - 1
40 =& _q:
« W%) lWO—l
© Ct1 A°53;
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2f
Gl A, @ A°
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Taking &1 of both sides and then squaring them we arrive at:
232
G111 A°2 35

G A%, 2@ A
1

& 1! 14002:

f2 4G
Tas 2.43¢

This yields that by taking d 214"

G 3 —a—— d ' Ta

Ezzfz & 114402 2= 211 A° & 11402 2

We thus obtain from (3.38):

114 02
= L - _& o = 1 . (3.39)
&114002’1 &114002>1 &11400231
We proceed to nd \ next. From the general case we had
2p§( ) 2p§0_3 =
\_p_E 1, 2 \_p_E - 3
Now plugging for the distribution of 1— , yields
' =f?2 3
LY 33 3=
' ;f 2 =
\ ——= ——
23 p3 =
\= 3 2=
13 =—of 2
Using (3.38) we can simplify the last expression above:
p_— ! 1 11 1 !
1 2=\11 A°13 =° Ci1 A°ip , By°
E= 1U ?1B- B \p,Bl’ 2
2 83 15 7 %15.5 BZO
p__ Iy !
_ 1 2=\11 A°13 =° 1 ~
T2 83 1, %Pglﬁ,Bf
P— 4Ps 1
2=z 51 A°13 =%, a
e 3= ® 9 =@
2 83 1 3 2= F=212g
« -« s 213=°f 2 2 3 =~
Thus we can write for W
!
_2 "1
w=l FELAT
2 8 1, 5=
1 =11 At 3= 1, 5. 5 gTagen 311 A°
> Tz 1 3 1 §114902 1 I 4% where d :=——
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Furthermore, we have forg

, = a2 = 1 | B, :
= - = Z ?21B— S 383
T 2 T8 2 B P g
"= w s = 1B-B°1B , B,°
= = o . D2
1 0 - P21R — P
2 w 4 * 2 2 '8 8011, %1Bl>820p§023a35
1
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Y ?1B-B - p——-3B3B
32 ? ) 11, 1B, B0 =02
= 1B 8201
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—_— ?'B-B° p——-3B3B °
4 11 | \7181’520'“' 502
Simplifying furthermore yields
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3 1
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1 1 2
U2913_Bo11 A021 CZ 3 of 2
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1B — 3
, 2 ?'B 5013%02351392
Further manipulation leads to
ol Mo W > .1 2 dwW  dw
S Y N T
1 11
W1l >, 1 22w
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Recall that =1 1 and

g Tiag02 1 =1 . Hence, we obtain:

&1 14002

o N d d
C=rT B m

1 1
W, 111 202 w, 11 o1] 0. (3.40)

5
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Sl

On the other hand, Wl:lll—dL and =1
2, a8

m combining these fact with 3.40 yields
8114902108 ¢ 20 d AR To !

12A O 141 208 114004 & 114002 2/\3 A2d 2n1d 10 d 2/\2
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Chapter 4

ONE-BIT QUANTIZATION FOR RANDOM FEATURES MODELS

This chapter is based on joint work with Reza Ghane and Babak Hassibi (Akhtiamov,

Ghane, and Hassibi, 2025b).

The success of deep neural networks in tasks such as image recognition, natural language
processing, and reinforcement learning has come at the cost of escalating computational
and memory requirements. Modern models, often comprised of billions of parameters,
demand signi cant resources for training and inference, rendering them impractical for
deployment on resource-constrained devices like mobile phones, embedded systems, or
loT devices. To address this challenge, weight quantization reducing the precision of
neural network weights has emerged as a promising technique to lower memory footprint
and accelerate inference. In particular, one-bit quantization, which restricts weights to
f,1— 19, o ers extreme compression (e.g., 32 memory reduction for 32-bit oats) and
enables e cient hardware implementations using bitwise operations. Various works have
explored the possibility of network quantization in the recent years. In particular, for Large
Language Models (LLMs), some post-training have been able to reduce the model size via
ne-tuning. Examples of such approach include GPTQ (Frantar et al., 2022) which can
guantize a 175 billion GPT model to 4 bits and QulIP which (Chee et al., 2023) compresses
Llama 2 70B to 2 and 3 bits. Furthermore, quantization-aware training approaches, such
as Bitnet (Wang et al., 2023), Bitnet 1.58b (Ma et al., 2024), have been able to achieve
one-bit language models with comparable performance to the models from the same weight
class. For a recent survey on e cient LLMs we refer to (Xu et al., 2024). Such results are
desirable as they pave the way for bringing foundational models to edge devices by reducing
memory requirements and reducing the inference time. However, while the aforementioned

empirical approaches have demonstrated practical success, the theoretical foundations of
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one-bit quantization remain underexplored, limiting our ability to predict its performance

and design improved training algorithms.

This paper investigates the generalization properties of one-bit quantization in the Random
Features model, a simplied framework that captures key properties of wide neural
networks while being amenable to rigorous analysis. Introduced by Rahimi and Recht
(Rahimi and Recht, 2007), the Random Features model approximates kernel methods
and corresponds to the in nite-width limit of neural networks under certain conditions
(Jacot, Gabriel, and Hongler, 2018). By studying quantization in this model, we aim
to uncover fundamental principles that govern the trade-o s between compression and
performance in neural networks, leading to memory savings and inference speed-ups. Our

main contributions are twofold:

1. Lossless Quantization of Hidden Layers: We prove that, for su ciently wide
Random Features models, quantizing the weights of all layers except the last to one
bit incurs no loss in generalization error. This surprising result is established via
a Gaussian Universality (GU) and Gaussian Equivalence (GE): GU implies that the
test error of the linear model trained on the outputs of the random features matches
the test error of the linear model trained on Gaussians with the same covariance; GE
implies that the covariance of the random features, and the necessary characteristics

of the latter covariance, are the same for the quantized and unquantized weights.

2. Precise Characterization of the Test error of Deep Random Features model:
In the proportional regime, we rigorously characterize the generalization error of
Random Features model with quantized weights with multiple layers and express the

generalization error in terms of a few scalar variables.

The rest of the paper is organized as follows: Section 4.1 introduces the Random Features
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model and our notation, reviews Stochastic Mirror Descent and its implicit regularization
properties, and presents the Gaussian Universality and Gaussian Equivalence principles that
form the foundation of our analysis. Section 4.2 reviews related work on Random Features
models and Gaussian universality. Section 4.3 details our main theorems on quantization,
Section 4.4 discusses our approach and contributions, and Section 4.5 presents numerical

validations of our theoretical ndings.

4.1 Preliminaries

Throughout the paper we use bold letters for vectors and matrices.

Lipschitz Concentration Property

The following de nition will be necessary for presenting our main result.

De nition 6 (Lipschitz Concentration Property). A random vector z 2 Batis es the
Lipschitz Concentration Property (LCP) with parameter f if for any !-Lipschitz function
5 : R I R, the random variable 51z° E» 5 1z°% is subgaussian with parameter !f. That
is, forall C j O:

P 5 120 E» 5 1ZOJ/4C 2 eXp m

Problem Setting

We consider a Random Features model de ned as follows:

" Input and Output: Let x 2 R3 denote the input vector, and H 2 R denote the target.
The dataset consists of = sampleg-#f. Furthermore, we assume that the data
X satis es De nition 6 with f2 = $ % . We also assume that x is centered, i.e.,
Ex = 0. Denote = Exx . Then the assumptions made in this bullet imply that

fiq

AlO —
f<

= $11° and Trt © = $11°—

where f1—e ¢+ —f are the eigenvalues of in the decreasing order. In other words,

the matrix is well-conditioned and normalized so that the norms of the inputs



137
kxk = $11°.

~ Model Architecture: The Random Features model is a neural network with ! hidden

layers and an activation function q:

Hidden layers: The input to each hidden layer is mapped to a feature vector via

random weights W 2 R 3 1 | where 3; is the number of input features to

layer and 3 is the number of output features. Each entrgdW O 311

for the non-quantized model and g4/ 1931=1Unif1 1-1° for the quantized
model. Note that the coe cientﬁ iIs necessary to ensure that the quantized
model has the same second order statistics as the non-quantized model. The
map for the -th hidden layer is dx 1 © = W' °x" 1° © and X% = x is the

input distribution.

Last layer: The output is a linear combination of features,
S5ix—a—Weee—W=a"x" -
where a 2 R is the output layer weights.

" Quantization: One-bit quantization maps weights in the hidden layer to
p?»l=1f’1_ 1g by preserving the normalization and taking the sign of each entry.
Since the hidden layers for the non-quantized model are gaussian, this means that
for the quantized model. Note that we quantize only the hidden layers and do not
guantize the last layer a and the data x. As a motivation, note that the majority of the
memory is taken up by the weights in the hidden layers for our model and, therefore,
we reduce memory requirements almost by a factor of 32 assuming the non-quantized
model has 32-bit weights. Moreover, we demonstrate empirically that the presented

scheme leads to almost 4X inference speed ups for su ciently wide hidden layers.

Training procedure: We assume that the last layer is trained to minimize an arbi-

trary di erentiable convex loss function satisfying nagintC° = L10° = O, i.e., the
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following optimization is performed, via Stochastic Mirror Descent:
(} |
min L H 5ixg-a—\ieee_V¥ o
? 821
Moreover, we assume that the model is over-parametrized, i.e., the number of param-
eters in the last layer exceeds the number of data points. Over-parametrization is a

common assumption in modern machine learning.

Ground truth: We assume that the labels are generated according to
H=5ix—aW-—sse—V\e (4.1)

Here, a is a ground truth parameter that we take to beld 10— %0, as it is natural

to assume the ground truth is a "generic" vector.

~ Performance Metric: We measure performance of a trained model via the MSE loss:

EX))l 5 1%— a—\A’/—o . o_W H02]/4.

" Scaling: We assume 3 ! 1 and the hidden layer dimensions grow proportionally,

i.e., W= % isconstantfor = 1—eee—1,

Stochastic Mirror Descent and Implicit Regularization
Stochastic Mirror Descent (SMD) generalizes Stochastic Gradient Descent (SGD) by em-
ploying a strictly convex, di erentiable mirror map k. For a loss function Lw; x—H° and
data fixg— fP— e ¢ e —1x H°g, the SMD update at step C is
G
rkiw ¢ ° =rkw @ [r Liw g Xg— Ife
8=1

Note that taking kiw® :% corresponds to the usual gradient descent:
G
wWc1=Wwc [r Lw G Xg- lefe
8=1
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Implicit regularization refers to the phenomenon where optimization algorithms naturally
favor solutions minimizing certain characteristics of the weights without explicit regulariza-
tion terms in the objective function. In over-parameterized linear models, where the number
of parameters exceeds the number of samples (3 j =), SMD exhibits a crucial implicit bias
property (Azizan, Lale, and Hassibi, 2021): among all interpolating solutions, i.e., solutions
satisfying Xw =y, it chooses the solution that minimizes the Bregman divergence from the

initialization wp. In other words, the following holds:

(I:|[1r1 Wc= arg n\wNin k 'w—wg° subject to Xw = y— (4.2)

where the Bregman divergence is de ned as
cw—vlP = kiwe kiw @ rkiw O 1y w @
For the gradient descent with initializatiorywO, (4.2) takes the following simple form:

éllqm Wc= arg rvvinkwkg subject to Xw = ye (4.3)

Gaussian Universality

Theorem 13, presented in (Ghane, Akhtiamov, and Hassibi, 2024), establishes a universality
result for linear regression with implicit regularization in the over-parameterized regime,
where the number of features 3 exceeds the number of samples =. The theorem demon-
strates that the test error for the linear model trained on any feature matrix satisfying certain
technical conditions is asymptotically equivalent to the test error of the same linear model
trained on the Gaussian distribution with matching covariance. Gaussian Universality sim-
pli es the analysis of model performance, making it tractable to predict the generalization
error using techniques for working with Gaussian data, such as Gaussian Comparison In-
equalities. In this subsection, for the sake of completeness, we present Theorem 13. The

following assumptions are required for Theorem 13:
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Assumptions 5. 1. Feature Matrix X 2 R3: The rows of X, denotedg2 R2 for
8 = 1-+++—= are independently and identically distributed (i.i.d.) from a distribution

P with mean 2 R3 and covariance 2 R 3. The distribution satis es:

" Bounded moments up to the sixth order: For each rgviexky k 9/4 =$11°
for@ 6.

" Bounded mean: k § = $1°.

~ Covariance condition: For any xed vector v 2 Rthe quadratic form ¥ v

has vanishing variance in the sense that V3#x= $113° as 3 ! 1.

~ Minimum singular value: The smallest singular value of’XX R~ =, denoted
f mintXX) ©, satis es fmintXX) © = 11° with high probability, ensuring X is

well-conditioned.

2. Target Labels (y 2 R): The labels y are generated asy = Xw , wherew 2 R®
is a xed true parameter vector with ki, = $11°, and the noise 2 R has i.i.d.

sub-Gaussian entries with mean zero and varianée=f$11°.

3. MirrorMap (k : R3 ! R): The mirror map k is "-strongly convex (i.e.,r 2k "l 3
for some " j 0), three times di erentiable with bounded third derivatives (Rkk =
$11°), and satis es k10° = $13°. Moreover, the gradient of the mirror map at the

solution w, denoted rkiwy°, satis es krkiwx°k, = $1 p§° with high probability.

4. Over-parameterization: The dimensions 3 (hnumber of parameters) and = (number
of samples) tend to in nity with a xed ratio 3= = ~ | 1, ensuring an over-
parameterized regime where the number of parameters exceeds the number of sam-

ples.

Theorem 13 ((Ghane, Akhtiamov, and Hassibi, 2024)). Let X 23Rbe a feature matrix
whose rows are sampled from a disribution P with mean 2 &d covariance 2 R 3

and y 2 K be the labels satisfying Assumptions 5. Let G 23Rbe a matrix with
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independent rows sampled from N* — °. De ne wand ws to be the SMD solutions with
a mirror k trained on X and G, respectively, for some initializatiogw

Wy = arg rUvin k 'w—wg° subject to Xw =y (4.4)

wg = arg nv1vin k 'w—wg° subject to Gw = ye (4.5)

Then, asymptotically, the following holds for any Lipschitz function 6 in probability:
_Ilgn 61wx® 61w g° = 0e

. . P—— .
In particular, taking 61w° = w) w ensures that wx and ws yield equal test MSE losses

as 3 grows large.

Gaussian Equivalence
We utilize the Gaussian Equivalence Principle (GEP) to characterize the covariance
matrices of the outputs of the Random Features layers. Recall that the latter outputs are
de ned via
qgixlo=qgqw °x Y ofor =1-eee—1e
Here, X% = x 2 R3is the input, W* 2 R® 3 1 s a random weight matrix with i.i.d. en-
tries. Namely, g N 03_11 for the full precision model and W 1931=1Unif1 1- 10
for the one-bit quantized modelp 3 3 and g : R ! R is an odd nonlinearity function.

De ne the covariance of the -th hidden layer by, i.e.,
— Exl 0X1 0) .
In the proportional high-dimensional limit,
31
=—3—3-eeeq3 1 =e3=11°- 3 - 110— = 1—eeel—

GEP provides a recipe for nding via the following recursive relations:

d2W W d2Jl3-
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where

1

d_]_: W

E|N10—f 21 0|q1|0

2 _ 1102 2 2

d%5= Ejnio-r 2, o0 T 5 d7y
Tr1 o©

2
f 3

with the initial conditions
Trto

0= andf 2= T

4.2 Related Works

In this section, we provide a brief overview of existing works relevant to our setting.

The Random Features (RF) model (Rahimi and Recht, 2007) has been the subject of
extensive study in recent years. The generalization error of the RF model with a single
hidden layer has been analyzed in many di erent contexts within the high-dimensional
proportional regime. These include settings where the last layer is trained using a ridge
regression objective (Gerace et al., 2020; Dhifallah and Lu, 2020; Ghorbani et al., 2021;
Mei and Montanari, 2022; Goldt et al., 2022), or where a is taken to be the minimum
2-norm interpolating solution (Hastie et al., 2022). Furthermore, for binary classi cation
tasks, the performance of the last layer as eithepglontanari et al., 2019a) of (Liang

and Sur, 2022) max-margin classi er has been analyzed. Since the Random Features
model resembles neural networks at initialization, one line of work (Moniri et al., 2023)
has considered the generalization error after taking a single step of gradient descent on the
hidden layer. Other settings studied include adversarial training (Hassani and Javanmard,
2024), the attention mechanism as a Random Features model (Fu et al., 2023), and more

recently, RFs in the non-asymptotic regime (De lippis, Loureiro, and Misiakiewicz, 2024).

RFs with multiple hidden layers have remained underexplored compared to those with single
hidden layer. The paper (Schréder et al., 2023) rigorously proved the Gaussian universality

of the test error for the last layer trained using ridge regression on the same task as described
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in Subsection 4.1. A concurrent paper (Bosch, Panahi, and Hassibi, 2023) proved a similar
universality result for much more general convex losses and regularizers. Furthermore,
(Schroder et al., 2023) provided a conjecture for the universality of the test error for more
general convex losses and regularizers, as well as for cases where the structures of the
learner and the ground-truth di er. In (Schroder et al., 2024), they extended these results
to networks whose weights are not necessarily isotropic, imposing a general covariance
structure on the weights per layer for ridge regression with squared loss. They went
beyond the well-speci ed settings of (Bosch, Panahi, and Hassibi, 2023; Schroder et al.,
2023) and provided an expression for the test error where the ground truth and the learner
features di er. They also conjectured a Gaussian equivalence model for multiple layers.
To investigate the e ect of the covariance structure of weights on the performance of RFs,
(Zavatone-Veth and Pehlevan, 2023) used the non-rigorous replica method to characterize
the test error of a linear Random Features model, where the last layer is trained using
ridge regression to learn a linear ground truth function. In (Cui, Krzakala, and Zdeborova4,
2023), the authors computed the Bayes-optimal test error for estimating the target function
in both classi cation and regression tasks for a deep Random Features model. They also
provided a conjecture for the recursion on the population covariance of the layers, which
was mentioned by (Bosch, Panahi, and Hassibi, 2023; Schrdder et al., 2023; Schroder et al.,

2024).

Gaussian universality plays a key role in reducing problems with non-Gaussian distributions
to equivalent problems involving Gaussian distributions that match the rst and second
moments of the original distribution. This phenomenon has been actively investigated for
various statistical inference problems, such as the universality of the test error of classi ers
and regressors obtained through ridge regression or gradient descent. For an incomplete
list, see (Montanari and Nguyen, 2017; Panahi and Hassibi, 2017; Oymak and Tropp, 2018;
Abbasi, Salehi, and Hassibi, 2019b; Montanari and Saeed, 2022; Han and Shen, 2023;
Lahiry and Sur, 2023; Dandi et al., 2023; Ghane, Akhtiamov, and Hassibi, 2024; Ghane
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et al., 2025a). In the context of Random Features models, the universality of the test error
for regression was rigorously proved by (Hu and Lu, 2022; Bosch, Panahi, and Hassibi,

2023; Montanari and Saeed, 2022; Schroder et al., 2023).

The Gaussian Equivalence property is a framework used in the context of Random Features
models. It allows for recursive characterization of layer-wise statistics and provides theoret-
ical justi cation for analyzing neural networks through their Gaussian approximations. An
interested reader can refer to Section 4.1 for details on Gaussian Universality and Gaussian
Equivalence. This principle has been used in many recent works, such as (Goldt et al.,
2020; Bosch, Panahi, and Hassibi, 2023; Hu and Lu, 2022; Schroder et al., 2023; Schroder
et al., 2024; De lippis, Loureiro, and Misiakiewicz, 2024). The paper (Hu and Lu, 2022)
was the rst to provide a rigorous proof of Gaussian Equivalence for Random Features
Models with one hidden layer. The subsequent papers (Bosch, Panahi, and Hassibi, 2023;
Schroder et al., 2023) have proved di erent forms of Gaussian Equivalence for deep RF
models. It should be mentioned that all works mentioned in this paragraph operate under

the assumptions that the random features are Gaussian.

Theoretical analyses of quantization and pruning are limited in the literature. The investigated
topics include post-training quantization (Zhang et al., 2025), training-aware quantization
(AskariHemmat et al., 2024), analysis of generalization error of linear models for binary
classi cation (Akhtiamov, Ghane, and Hassibi, 2024), multiclass classi cation (Ghane et

al., 2025a), and pruning in the context of random features model (Chang et al., 2021).

4.3 Main Results

The following theorem, which is the main result of our work, provides a precise asymptotic
characterization of the test loss for the quantized and non-quantized Random Features
Models. Since we obtain the same expression for both, we conclude that quantizing the
hidden layers to one bit naively does not lead to any degradation of performance for the

Random Features Models as long as the model and the dataset are big enough and both
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models are trained via SMD using the same smooth mirror function.

Theorem 14. Let 5 1x—a—"We « « — V% be the Random Features Model de ned in Subsection
4.1, where W 2 R3™3 —eee_W2 R¥ 31 are either full precision weights sampled
Li.d. from Wgq N 0—?% or one-bit quantized weights sampled i.i.d. from,yV

931=1Unif1 1-,1°. Assume that

" The data x 2 R satis es Ex = 0 along with the LCP property from De nition 6 with
f2=g 1.

" The activation function q is odd and has bounded rst, third, and fth derivatives.

" The dimension of the last layer &xceeds the number of training samples = and the
last layer a is trained to minimize the following objective using SMD with a mirror k
satisfying Assumptions 5 initialized a3 @ R® :

G
min L H 5 Ixg-a—\VW-eee VP o
8=1

The labels H are generated using a ground truthld 10— %0 asdenedin (4.1).

Then, in the asymptotic proportional regime

:—3_13_000_!3 l_
= 3 31 )
— —eee__—_ = 170_
3 3 3i

the test loss satis es
Ex»15 1X—a—W° . o_W H023/4 ' g=g 1o

Here, convergence means convergence in probability and g can be found by solving a system
of elaborate nonlinear scalar deterministic equations, which follow from (4.40) for the case

of general mirrors and are simpli ed for the case of SGD in (4.36). It should be noted that
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(4.40) and (4.36) are min-max optimization objectives and g can be found by solving the

corresponding saddle-point equations.

In particular, asymptotically, the error does not depend on the realizations'ef ¥+ —\W

and does not change if we replaces « « — Wby

signtwte signtw' °
_p?— LN ) .—p?—

where sign is applied entry-wise.

Remark 15. Examples of data satisfying LCP witlf £ $ % includex =g N120-°

for such that Trt° = $11° and " ° = %ﬁ: = $11°, as well as x = 51g° for any
Lipschitz 5 with bounded Lipschitz constant and the same g de ned as above.

Remark 16. We observe a close match between the performances of Gaussian and
Rademacher Random Features trained to classify points from MNIST dataset with ReLU
activation function in Section 4.5. As such, we believe that it should be possible to extend
Theorem 14 to non-centered data and non-odd activation functions. The main technical

obstacle for this is establishing Gaussian Equivalence results applicable to the latter

scenario. We leave this as an important direction for future work.

Remark 17. While we postpone presentation of the exact non-linear equations from The-
orem 14 de ning g to (4.40) and (4.36) in the Appendix C, we would like to provide the
essence here. To nd g for a general smooth mirror k, one needs to solve a nonlinear scalar
deterministic system of equations involving 2! scalar parameters. For the case of SGD,
i.e., when the mirror k1 © :%k kg the number of unknown parameters could be reduced
to !. This way, we obtain a deterministic system of equations that de nes the test MSE loss
implicitly for both Gaussian and appropriately normalized Rademacher weights. To the
best of our knowledge, our work is the rst work characterizing the test loss for normalized

Rademacher Random Features via a nite number of scalar equations.
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4.4  Our Approach and Contributions
Our approach is di erent from (Bosch, Panahi, and Hassibi, 2023) and (Schrdder et al.,
2023), as we start with invoking Gaussian Universality for the last layer and only afterwards
do we apply Gaussian Equivalence Principle to calculate the covariance of the last layer.
This approach allows us to analyze the generalization error of the solutions obtained via
Stochastic Mirror Descent with smooth mirrors and arbitrary convex losses, extending
results available in the literature. Indeed, to the best of our knowledge, the only examples
considered in the literature previously are ridge regression (Gerace et al., 2020; Dhifallah
and Lu, 2020; Ghorbani et al., 2021; Mei and Montanari, 2022; Goldt et al., 2022), SGD
initialized at 0 (Hastie et al., 2022) and the(Montanari et al., 2019a) and (Liang and
Sur, 2022) max-margin classi ers. In addition, we prove Gaussian Equivalence for deep
Random Features Models (! j 1), while (Schroder et al., 2023) leaves the case ! j 1 as a
conjecture for objectives other than ridge regression and (Bosch, Panahi, and Hassibi, 2023)

takes an additional expectation with respect to the weights in the Gaussian Equivalence part.

Other works (Montanari and Saeed, 2022; De lippis, Loureiro, and Misiakiewicz, 2024;
Schroder et al., 2024) are more similar to this chapter, as they apply related universality
results to the output of the last layer as well. The main di erences between (Montanari
and Saeed, 2022; De lippis, Loureiro, and Misiakiewicz, 2024; Schréder et al., 2024) and
our work are that we extend their results to the case of normalized Rademacher features
to capture the one-bit quantization of weights, and we apply additional steps to show that
the test error converges to a deterministic quantity independent of the realizations of the

weights.

After combining Gaussian Universality with Gaussian Equivalence, we proceed to apply
Convex Gaussian Min-Max Theorem (CGMT) (Thrampoulidis, Oymak, and Hassibi, 2014;
Akhtiamov et al., 2025) to each hidden layer one by one to prove that the error concentrates
with respect to the randomness in each &8 well. For Gaussian weights, this application

is more straightforward, while for normalized Rademacher weights we have to employ an
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additional step and apply another result (Han and Shen, 2023) that says that CGMT can
be applied to many other i.i.d. subgaussian designs. This allows us to derive identical
expressions for the test losses for both Gaussian and Rademacher models and conclude that
one-bit quantization does not lead to any deterioration in performance for Random Features
Models. This aspect of our work is novel as well: to the best of our knowledge, our work is

the rst to derive expressions for deep non-Gaussian Random Features.

4.5 Numerical Experiments

We validate our theoretical results through experiments on Random Features models with
Gaussian Weights and with one-bit quantized weights with last layer trained on synthetic
Gaussian data and MNIST(Deng, 2012). For the Gaussian data, we used tanh activation
function and trained the last layer with SGD as well as with negative entropy mirror. For

MNIST, we used RelLU activations and trained the last layer using SGD.

One-Bit Quantization

Synthetic Data

We verify that one-bit quantization incurs no loss by comparing test MSE between Gaussian
and Rademacher weights across depths (de ned as the number of hidden layers) ! 2
f1-2—3-4-5g. Speci cally, we compare two Random Features variants, Gagésian w

N 03—11 and Rademacher Q\Z p31=lUniff 1-,1g. We generate synthetic data with

Xxg N10— '330 and labels g+ g 1x$”a , where q is the !-layer random features map with

tanh activation, a N?0- %IO. This is the data-generation procedure that will be used
for demonstrating inference speedup. We use = = 1000 training samples, input dimension
3 = 8192 and hidden dimensionsg 3 = 3, = 4096 for each hidden layer. Following

the over-parameterized regime, we x random features and train only the last layer via

minimum 2 norm solution, which can be recovered analytically as:

a= “1t ~oly where 2R3
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As can be seen in Figure 4.1, we observe a close match between the test error of the RF
model with Gaussian weights and the RF model with Rademacher weights. To illustrate a

more general case of our theorem, we also consider the negative Shannon entropy
O
kiw® = jFglog*jFg°
under the same setting in Figure 4.2. For both scenarios, wedige 5000 test samples

for estimating the test MSE loss.

Figure 4.1: Random features with varying depth for synthetic data for SGD.

Figure 4.2: Random features with varying depth for synthetic data for negative entropy
mirror.

MNIST

We run the following two experiments for MNIST:



150

" We train random feature networks with Gaussian and Rademacher weights and with
ReLU activations on MNIST, varying the number of layers ! 2 f1—2—3-4-5g while
xing the hidden dimensions 3= 3, = «¢¢3 = 512. Since this is a classi cation
task, we report test accuracy rather than test MSE. For each layer count, we use 20
samples per class and average results over 20 trials. We use one-hot encoding of
the classes in the optimization objective. The nal layer uses minimgHmorm
interpolation. The results are presented in Figure 4.3 and demonstrate a close match,
despite not being covered by our theory. We use a total of 200 test samples for

estimating the resulting test accuracy.

We also train ! = 2 - layer random feature networks with Gaussian and
Rademacher weights on MNIST, varying the hidden dimensign=3 3, 2
f256—512—1024—-2048—-41969g while xing ! = 2. Since this is a classi cation task,
we report test accuracy rather than test MSE. For each width, we perform evaluation

in the same way as in the experiment from the previous bullet point.

Figure 4.3: Random features with varying depth for MNIST.

Inference Speedup
To investigate the potential speedup obtained by using one-bit weights during inference,
we consider the setting in Section 6.1.1 with = = 1000 training samples. We load the

model using PyTorch with CUDA acceleration on an RTX 2060 laptop GPU with 6GB of
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Figure 4.4: Random features with varying hidden width for MNIST.

VRAM in FP32 precision. Furthermore, we use Gemlite (Badri and Mobius Labs, 2024),
a Triton-based kernel library with 1-bit weights and group size set to 64, together with
500 warmup runs and 50,000 timed iterations at batch size 1. We present the results in

Figure 4.5 for the Random Features model with one hidden layer. On average, we observe

a fourfold speedup.

Figure 4.5: Inference speedup vs. hidden dimension.

4.6 Conclusion and Future Works

This chapter leverages a combination of Gaussian Universality and Gaussian Equivalence
principles, followed by an application of Gaussian Comparison Inequalities, to analyze
one-bit compression of the weights in Random Features Models. We demonstrate that for

random features, naive one-bit compression is lossless and yields an inference speedup of
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approximately 4 , provided the hidden-layer dimension is su ciently wide. It is worth
noting that quantizing the last layer under the same setting would neither be lossless nor
result in a noticeable inference speedup. As such, we suggest that the last layer should not

be quantized in practice.

Our experiments suggest that one-bit quantization might be lossless for Random Features
with ReLU trained on classi cation tasks as well. This calls for extending our methods to
classi cation instead of regression and to non-odd activation functions. Both former and

latter extensions would require a Gaussian Equivalence Principle for non-centered data.

Finally, while we believe that the setting of random features considered in the present work
sheds light on one-bit quantization, it would be interesting to study the more nuanced picture
of learnable representations. While performing the full analysis might be too challenging in
general, we suggest starting with the simpler case when the features are learned via one-step
Gradient Descent (Moniri et al., 2023). In the latter setting, it would be interesting to see

the e ects of more sophisticated one-bit compression techniques as well.
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4.7 Supplementary Material
4.8 Scheme of the Proof of Theorem 14
As outlined in Section 4.4, our approach is comprised of a consecutive application of
Gaussian Universality, Gaussian Equivalence and Gaussian Comparison Inequalities. We
present the omitted proofs related to Gaussian Universality and Gaussian Equivalence in
Subsections 4.9 and 4.9, respectively, followed by the missing CGMT derivations in Section

4.10.

4.9 Gaussian Universality and Gaussian Equivalence

Denote the rows of W by W, —see—W

Note that the following event holds w.h.p. with respect to randomness -\we « — W

10) 10 o — ¢110,
Jmax wg Wy Xg-o p?and KW * kop = $11 (4.6)

Note that (4.6) holds w.h.p. both when the weights are normalized i.i.d. Rademacher as
well as standard Gaussian. For the purposes of this section, we freeze a realization of the
features W° satisfying (4.6) for = 1—e++—1and consider the randomness w.r.t. the inputs

x only.

Gaussian Equivalence

One Hidden Layer

We will illustrate the argument for Random Features Models with one hidden layer rst.
We would like to apply Theorem 13 to a = q*Wx°. Denote < 5 &e width of the only
hidden layer in this case for ease of notation. Note th@'®/x° = 0 since q is odd, and
denote

a = ExqlWx°qiWx©) «
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Theorem 13 guarantees that, even though a is not Gaussian, the test error remains unchanged

if we train the last layer on data sampled frofh &110— .° instead of a.

Thus, according to Lemma 5 from (Hu and Lu, 2022), we have

polylogt<®
—2 [

Ka bpkso=% kWks» 4.7)

Here, < is the width of the hidden layer ang is the covariance of the distribution de ned

via
b diWx, d2g
W N?0-1°
dy = EWNVgIWP

dp = IEWgIWO  doze

Note that KWk, = $11° holds w.h.p. as well. Therefore,

k a bk>? = >1;00 as<!le (48)
fmin1 a

Hence, since the test error depends continuously on the covariance for regression trained

on gaussian data, we can replace a by N ¥without changing the generalization error.

Finally, note that
b=dWW )  d3lce

Multiple Hidden Layers

Denote the output of the -th hidden layer by"x = 0—ee+!. Same as in the case of one
hidden layer, we apply Theorem 13 td°x= q*W " * x"'1° °, Again, same as in the case

of one hidden layer, we have,E:- a = 0 and denote

:Exloxlo 10) :0_000_!

10

LW d2) =1eeeio (4.9)

5



155

where
— 1 1]0
d_]_— WEINlO_f 2l olq I (410)
d2,= Eynso—s 2, 0017 f % d2; (4.11)
T 1 0o
f2= r3 . 4.12)

Similarly to the one hidden layer case, our goal is to show that

K ~keo= >1310- (4.13)

Note that (4.13) provides an asymptotic recurrence for nding .

To prove (4.13), note that, if'’x!° were Gaussian, we would be able to obtain the desired
result in the same way as for one hidden layer by appealing to the results of (Schréder et al.,
2023). However, X° is not Gaussian in general for j 1. As such, we outline a more

general argument based on subgaussianity below.

De nition 7. A random variable B is called subgaussian if there exists a constant f j O
such that forallC 0,
e
P1jBj C° 2422e

The smallest such constant f is called the subgaussian parameter of B.

We will also need a de nition of the Lipschitz Concentration Property:

De nition 8 (Lipschitz Concentration Property). A random vector z Z Batis es the
Lipschitz Concentration Property (LCP) with parameter f if for any !-Lipschitz function
5 : R ! R, the random variable 5z° E» 5z%4 is subgaussian with parameter !f. That
is, forall C j O:

P1j512° E>)51201/4j CO 2€Xpm b
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Remark 18. The LCP is preserved under Lipschitz mappings: if z satises LCP with
parameter f and 6 : R ! R < is ! g-Lipschitz, then 61z° satis es LCP with parameter

I ef.
We will make use of the following lemma in the rest of the proof:
Lemma 16. Each vyx1 ° is subgaussian with parameter f = $§1§° for =1—eee—1!and

8=1—©9eee_<,

Proof. Recall that the data'X = x is Gaussian with a well-conditioned satisfying

10,1 10

Trt© = $11° by assumption. Also recall that X” = q*W'°x" 1° © by de nition.
Step 1: Initial data satis es LCP. Since x> N20— © with Trt° = $11° and is
well-conditioned, we have:
i

~ Trio= 3:1_8: $110.

~ Well-conditioned meansmax_min = $11°, so all eigenvalues are of the same order.

" Thisimplies 3 max=$11°, hence pax=$11-3°.
Since Gaussian random vectors satisfy LCP with parameter proportio%g,l@, we have
that X%° satis es LCP with parameterd = $11e p§°.

Step 2: LCP is preserved through layers. We proceed by induction on . Assume-k

satis es LCP with parameter f; .

Consider the mapping®° 7! x"° = q*W"°x" 1° °, Since:

" The linear map X** 7! W *°x" ¥* is Lipschitz with constant kW Kop.

~ The activation function q is assumed to be Lipschitz (typically with constant 1 for

ReLU, sigmoid, tanh, etc.).
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10 .1

The composition x* 7! q*W *°x* 1° @ s Lipschitz with constant § kW"° kop.

By the preservation of LCP under Lipschitz mappings, satis es LCP with parameter

f :Iq leokopf_’]_

Step 3: Bounding the LCP parameter. Assuming (4.6) holds, we have kwop =$11°

with high probability. Thus:

f =$11° f ; =$11° $1]e p§o:$11.p§o_

forall !, maintaining the $11. p§° LCP parameter across layers.

Step 4: Linear functionals of LCP vectors. For any xed vector wwith kwgk, = $11°,
the linear functional 5x° =w)x*° is $11°-Lipschitz.

Since X ° satis es LCP with parameter f= $11¢ p§°, we have that " ° is subgaussian

with parameter $11° $11P§° = $11. P30

We will need another technical lemma as well:

Lemma 17. The following decomposition holds for any bounded odd g with bounded rst,
third and fth derivatives:

qOOli)oo 1

35-2

gwhx "0 = q20owsx"° | whx 03§ . (4.14)

Proof. Since q is odd, we have q*0° = 0 and all even derivatives vanish at 0. By Taylor's

theorem with remainder:

qOOQOO| 3 qlS°1boI 5

110 = 4o

(4.15)

for some b between 0 and |.
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Setting | = wyx"°:

q OOQOO

qiwhx"°° = qoowy x| whx' T03 g (4.16)

5

where the remainder term is:

1501 1)
q b 1) ! ° 05,
120 '8

8:

From our earlier result, y\x10 is subgaussian with parameter $P1§°. Therefore, with
high probability:

jwhx'j = $11e P 3.

Thus:
150l I)
A b1)1005_ 1 _ 1 .
= Tpp e TS pen T8 o
f
Lemma 18. Letg N0- "°°. Then the following holds for all 8— 9:
Ece»qWx *Oqiwpx' "o Eppqiubgoqiwgg?¥= $11e3 %0 (4.17)
Moreover, if 8 < 9, then one has:
Ece»qWx *Oqiwpx' "o Eppqiubgoqiwgg?¥=$11e3 %0 (4.18)
Proof. We will apply Taylor expansion to both terms.
For the subgaussian %
10 10 10 qOOQOO 10
qiwhx *ogiwgx °0 = qoowhx’” 1whx °03 $11e3 520 (4.19)
qOOQoo

q0oWex"° | IWx"°03 $11e3 520 o (4.20)
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Expanding:
vogy yoteg OGP0 N Lo o roy)
= » 1001wl x" “o1wx' °0 | % 1whx 01wl 703 1w hx°03ipxt %o
(4.21)
09
’ ))C?3§01;41W)8X1 0031W)9X1 043 , $113 520, (422)

Similarly for the Gaussian g:

q0100 qOO(i)OO h

i
0 W5 000 Weg® = »10°%wh gO1weg® whgPIWeg® | 1w 5 g2 twige

(4.23)

» dJOQoo 1%,

g WhgPwhg, $11e3 *E0e (4.24)

Now, we compare expectations of each term one by one.

For the second order term:
E»twgx’ “olwyx' "o%s =\ "wg = E»whgOiwygYae (4.25)
These match exactly by assumption.

For the forth-order cross-terms like Ex33@° ©1w)x" °°3%4: both are $11+%® since Wyx* ° =

$11." 30 and Wx'° = $1le P30, therefore the di erence is at most $1138,
All remaining terms are $11+3° for both distributions, so we are done with the rst part.

For the sharper bound for 8 < 9, note that the fourth moment expands as:

~

10 10 10

O o
E»tx’ "01wWex "0y = Fg.FgFgFgE»G G G G Yas

— <=

Assuming that is diagonal WLOG (rotate it to become diagonal and apply the same
rotation to we—wy if not), we can assume that only terms with paired indices survive.
Since each corresponding expectation iss%’l, each coe cient Rg.F g F g<F 9=is of order

$1 %0, there are $13° of these coe cients and wis independent from & we conclude
that E» 2" “01wlyx" * 9314 is indeed of order $3° as desired.



Lemma 19. Given the covariance recursions:
SEpo»X X OYm = (0—eee—l
~ = d%Wlo 1 1W100) ’dgl.
Supposethatk; ~1 k=%$1X 4 °forsome X . Then:
K ~K=$ — d2kw°K

where < is the dimension of X.

Proof. Step 1: Express in terms of the activation function.
Since X° = q*W"°x" 1° © applied element-wise:

» Yo= E»qivgx’ L oqiwgx’ 1 ovi—
where W, is the 8-th row of W

Step 2: De ne intermediate Gaussian covariance.

o}

Letg ¥ N20- ; °anddene:
N ZERPIR 0 1,
where § = qiw)g' ° °.

By the previous lemma, each entry satis es:

j» Yo » " Yag = $11e3 20,

Step 3: Relate” to the Gaussian model.
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(4.26)

(4.27)

For Gaussian inputs' ¢’ , using Taylor expansion and Gaussian moment formulas:

> o= d2W) 1 Wo, d 2Xgq, $11+3 320



This can be written as:

M=diwtt Wt d 2] $11.3 320,

Step 4. Account for the approximation error from the previous layer.
Sincek ;1 ~1k=%$1X0°:
kK ~k=kdW™ 1w d2W°~ aw o)k $11.3 320
=d2kW'"t g T 01w PO k| §i1e3 32
d2kW 'Kk 1“1k, $11.3 320
= $1d ZKW " K2X 1 O
Step 5: Combine bounds using triangle inequality.
Using the Frobenius norm argument from Step 2:
G
Kk N k2 — $11.3 4o — $1< 2.340.
8-9=1
Thereforek "k k "k =$i<e3 2,
Combining with Step 4:
Kk ~k k "k, k" ~k

= $1<e3 20 $1d 2kW "Kk2Xq Oe

Gaussian Universality
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(4.28)
(4.29)
(4.30)

(4.31)

(4.32)

(4.33)

Below we verify that we can apply Theorem 13 to the outputs of the penultimate layer x

of the Random Features under the assumptions made in Subsection 4.1.

Note that Assumptions 2,3 and 4 from the list of Assumptions 5 and explicitly assumed to

hold in Subsection 4.1 and Theorem 14 and are inevitable if we want to apply Theorem 13.

For Assumption 1 from the list, note that
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1. The mean of each row is = 0 because f is assumed to be odd and the moments
of x' are bounded due to the subgaussianity dfksxvhich follows from the LCP

property 6 of X and is proven in the Step 1 of Lemma 16.
2. In particular, k k =0 = $11°.

3. Forany xed vector of bounded norm), x'*° is subgaussian as'k with f = $1 p%o,
as it satis es the LCP property 6, which is proven in the Step 1 of Lemma 16. This

implies +0ALYx'** © = $1 20,

4. Denoting the outputs of the !-th hidden layer applied to the training samples
X1—e* ¢y X', it remais to verify that fnint X" X"°) o = 110 The latter follows
from the universality of the Marchenko-Pastur law for data satisfying LCP proven in

(Seddik et al., 2020).

4.10 CGMT Derivations

After applying Gaussian Universality and Gaussian Equivalence, we use a framework
called Convex Gaussian Min-Max Theorem (Thrampoulidis, Oymak, and Hassibi, 2014;
Akhtiamov et al., 2025) to derive asymptotically tight expressions for the generalization
error of the Random Features trained via SMD with di erent mirrors. For SGD, we have
provided the resulting nonlinear system of scalar equations required to nd the generalization
error in (4.36). The case of general mirrors can be found in (4.40). Thus, (4.40) is the
optimization referred to in Theorem 14 and (4.36) is its particular case corresponding to

the SGD.

SGD

We consider the training datapoints X d;_, being generated according to the model
H=a q'Wxg where % 2 R3,a 2 R We denote Ex= 0 and'E>g><23 = ;1 . We train

a using SGD initialized from 0 by minimizing the squared |(I)S§:11a) qiW, x@ Hg?2.

Letting the input matrix X 2 R3 with each row corresponding teg e know from the
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implicit bias of SGD:

min kak;
BeC a*w, X °=Y) =a) qiw, X) o-
where Y 2 R 1. Thus we may write:
minkak;
BeC G'a &=0-

where for each row of G 2 R , gg 2 R , we have from the Gaussian Equivalence

Principal:
EG=0- | d2,W, ;1 W) dZ,
The generalization error is:
6+4 := K & q'W, x° a’ qiW, x° g d2,t& a OW, ;3 W& a ° d2.kd a ki
Now using a Lagrange multiplier, we formulate the optimization as a min-max:
min n\1haxkak§ v)}G ["1a a o

Now using CGMT, we obtain:
minmaxkv, kg 1?12 a ° k ?1a a °khlv; , kak2s
Vi ' :
Doing the optimization over the direction of yields:

malnmaxvd 12 a ° Vk ;[?ta a %k khky, kak2s
|

Pe c

Using the square-root trickC 75, We observe:

\Y \Y
mlnmaxmang]> 121a ac®° g

k 1?12 a °k& kh.k2, kak3e
R ’2’2g-aak§h> a
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Furthermore, we have that 6+4 2. §\e note the convexity and concavity of the objective,
y y J

hence we may exchange the order of min and max:

\Y V .
maxmln—g min vd [P1a a °, —k [la a °k kh.k2, kak3e
Vi0 gi0 29 -

Now note that
’ g N O- (ﬁ w W) d | o
I > A W11 1, U o

Thus we may write !1'2g> =di_1W, ,112 6h1-1 , di26nh1-2 with ¢n1-1 ander 12 being

independent of each other. Therefore the optimization turns into

\%
maxmln?g min di2Vel 1 ,%a a °,d Ve, ZwW)ia a ©

Vi0 gi0
,_1th>k2 12W) 15 g 2 !_2th>k2

! 2 2,
T 29 , 29 ka a k3, kaks

Now we complete the squares oveP! Y4 a °.

k _ 2
maxminﬂg 1 ki1 ko ,min diVg), ,'a a °©
Vi0 gi0 2 kh>k§ a :
2 2
v 12 1) 15 g o 2 M 2 Lak2e
. 29 diakhoky 77 Wita a ©, Kok ——h1-1 29 ka a k3, kakj

Now we focus on the inner optimization and we use a Fenchel dual to rewrite the quadratic

term as

. Vd_]_kh>k2 ) 12\ 1 o V ) Vku@

malnmuaxz—gu 1, Wita a °, 2kh>k2u 6 1-1 8g
d? _VkhKk3

,dioVg, ,ta a o, %gkzka a ks, kak3e

Swapping the min and max:

maxmin————u ;¥ W)1a a °
uax ;n 29 a a -, oK kzu

d? ,VKhK3

,dioVe, ,ta a°, ka a k3, kak3s
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Employing CGMT again:

Vd_ikhoky
ukzg)!l a a ©°, 2—9

VKUK d2 ,Vkhk2
8g ,d !_2Vg)!1_21a a’°, 2—g

Vd_1khsk . .
—-;—h>2k 12 ka a k), 17u

maxmin 11
u a :

W e 11 ka a ki, kak3e

* 2khoko
Now we perform the optimization over the direction of a .aFirst we observe that

kakk=ka a ki ,2a)ta a © ka ki

Dropping the constant term ki&, we have

. Vd_ikhske 1.0 Vd_1khsko 102
muaxmam—gk "2 ukeg), ta a °, 2—gka a ke, ;Tu
Vkuk d? ,Vkh K2
) 1 o 2 "2 4 k K2
.2a)1a a O

We observe that a aaligns with

Vd%gbkzk Uk L diVeo 28

Thus the optimization turns into

. Vd_q[ 11 khoky 102 Vd_ikhoka 100
max min, 29 My, Tuln 2—gk 11 Ukegra ,di2Vehio | 2a
2 2
W o1 VKug - diVinl 107
> 2khky T 8g ° 29 : 1
Applying the square-root trick again
. Vd_q[11 khoko ) 102 Ui i1 V ) Vkuk’z‘
I e N =
d? _.Vkhk2 V2d2  khsk2
12 K3 102 [11 1 >kzk '112 ukkg 1 I
’ 29 ' 2U1 42 -

,d2\Pker 1o k5, 4ka K3 o

2
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Using convexity-concavity, we exchange the order of optimizations:

d? VKR K2 U [
. - 2 11 |11
M g ot T
[11
U1 d2 ,\VPken 12 K5 , 4ka k3
[11 VBd? kh>k§
) -1 12 .12 2
. max 2kh>k2u & 1-1 80, & k ;1 ukskg 1 k5
VKuk  Vvd_q[ i, Khkz s 12
8g s 2g 1 1
We know from the recursion,; = d!zl_1W! 1 12 W)! . -d !21_2 I. Applying the same

technique as before, we také'l2 higy =di11 W ,122 Mo_1 . di10Mo o and consider

the inner optimization

Vv [11 Vzdlz—ld!zl—l kh>k§ 142 2 2
mljax2kh>k2u) 11 801 ¢ k 5 W), ukdkg 1 K5
[ 'l Vzd!z_ld!zl_z kh>k§ k lék k2 Vkulé
8U1 0 IS Ty
Vd_1di1-1[11 khsko 102 Vd_1di12[11 khoko
. 29 h)!Z—l 12 W)!l u, 29 rﬁ!Z—Z ue
Completing the squares:
\ [11  Vd_oidi1-1 kKhekokgr ka2 1.0 U1 2
) )
TWokhk O 2Uu, 29 2 Wil g e
ke 2-1 K5 [11 VPP df ), khokG 2
. Ui [ kulkdka 1 K5
2kg 1 k% 8U 1 gZ
VKuk  Vd_idigo[11 khoko
. m 22 U*
8g 29 -
ken 2-1 ‘%2

We drop the terrrmU! 1 [11 from the optimization as it does not depend on u. Now

introducing v, as the Fenchel dual:

- ) [11 Vdadiigakhkkga ke o 12
muax\rngkmkzu & 1-1 201 29 Vio 1, Wipu
kvio K2
. L Vi, Mo, L vz o
2kgl kg 8U!l
[11 VPd2, dZ, , kh>k§k ko K2 Vkuk
u
8Ug1 92 01 2 89

Vd_1di12[11 kh>k2h;
. 29 122 U*
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Exchanging the order of min and max, we then apply CGMT w.r.t W, obtaining:

[11 Vdo1di1-1 Khokokgi1 ko

\r/p;nmUaXkakzu 6 1-1 U1 g k 1o V12 kohy, U
,kukzg)!z !1.22V12
kvi o k2
,—[!1 V), I'7!2-1:.—[!1 219
2kg;|_ k2 ’ 8U!1
[11 VoA df) kh>k§kuk§k 2 Vkuk  vd_idi12[11 kh>k2h’ Ue
8U; g2 g1 K 8g ° 29 | 20—

Doing the optimization over the direction of u, yields

[11 Vdidii—1 [ 11 khskoka 1 ko 12
[!2 g)!z

R 201 g 12 Y12
[!l )
* 2Kkg 4 kZV!Z M o_1
\Y [11 Vdoadi 11 kKhekokgi1 ko, 1.0
_ k koh
Y Sk d U, g 1o Viz Kohio
Vd_1di12[11 |<h>k2',T
. 29 122
[11 kviz K2 [11 VoA, df; , khkGkga K5 v 2
8U 1 8U1 @2 - gg L2

Applying the square-root trick again, we obtain:

[12 U2 [11 Vdoidiios kKhokokag 1 ko 12
[!2 g)!z

W;n[rga')o( UP;I?O 2 4U g 12 Vi
[12 \2 X
ken 1.1 k
[!21 Vzd!z—ldlzl—l kh>k§kg!1 kg 162 ) )
k 1o V12 kzkh!z k2
16, ¢? !
Vzdlz—ldlzl—z[lzl kh>k§ 5
; — ' kM 22 k5
4
[ )k [11 kvip K [11 VPd?,df, , khokokga K3 X[z .
s 2kg1k2!2 12-1 , 8U 1 8U!1g2 > 8g 12

We exchange the orders of min and max because of convexity and concavity

max min [12 U> [11 VPd? df) , khokGkg s K Vv
[12i0 U2 i0 2 8U1 g2 > 89

[¥>
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[2 Vkoria kg V2d!2—1d!21—2 [!21 kh>k§kh! 2-2 k%
T 2U 4khk2 42
[|2 [2 \/Zd|2 1d|21 1kh>k§kg!1 k%khgz k% 102 5
. min k 22y, 18
Vi 2 2U| 2 16u21 gZ |

[12 kviz K [11 Vd_adi1g khokokg 1 ke s d, v,

> 8U; 4U1 g 292 12
[11

* 2kg1 ko

V), Mg e

Now we use the recursion step, =d?, Wi, 13 W), ,d?2,_,landwrite

12-2
[ 12 \/2d2 d,zl 1 d,22 1 kh>k§kg; 1 k%kh! 2 k%

min_—- K B2\W) v, K2
viz 2U 2 160, g2 13 Wig Viz Ky

[12 [7, VP2 d?,; dF, , kholdkg 1 Kkhio K3
T 2U 16U, o?

[112 Vd_1di11 diog Khokokg 1 ko
4U1 g (12 Glay 15 Wi vi2

[11 Vd_1di11 diop khokokg 1 ko
4U1 g
[11 kviz K5
8U 1 )

kV! 2 k%

[11
* 2kg1 ko

12 @ a,Vi2 V), Mo

Completing the squares yields

[12 [11 Vdadiigdioog kibkokg 1 kokhio ko g0 U2 2
Ty 4U1 g 3 Wi iz qpeereie
U [12 kens-1 k5 [12 [7, VAP df) , dF, , khekGkg 1 Kokhio K5 [11
2 khgz k% *2U» 16@1 92 * 88U

V[11 diigdi1g diop Khskokg g k2 ['1

kV! 2 k%

V| 2 Moge

Now we consider the optimization overy , we observe that, the inner optimization takes

a similar form to that what was obtained earlier. So far, we have:
Vg

k _ 2
maxmin— 1 911—1k2
Vio gi0 2 kh- k3

k . 2

., min_ max Ualis 1 g121k2
[11i0 U1 i0 2 kgllk%
d? ,Vkh K2 L2 [11

~ 2 Mooy

#

VA2 ken 12 K5 , 4ka k3
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[12 U> 1 keh3-1 k5

max min

" [12 0 U2 {0 2 khgzkg
[ V22, 2, khkZkgy K2y .
8U 1 ¢? > 8¢
[12 Vkeni1 kS Ved?  d? ) ,[Fy kh>k2kh'22k2
C2U2  4khiZ Ag
- [12 [11 Vdoadiag digg Khokokga kokhio ko 10p 0y
- 2U 7 4U1 g '3 Wiz V12
U2 2
khgz kzg‘!3_l 2
[!2 Vzd2 d|21 1 d|22 2 kh>k§kg| 1 k%khl 2 k% [!1 Ky k2
|
2U 2 16'4_21 R * 8U 4 t2 %2
V[r1 diigdi11 di22 kKhokokg 1 ke [11
U, g [12 85,Vi2 ’2kg—kv'2 Mio_ge
Continuing this process, for the nal optimization we have:
[2 12y)) U 2
Mg, 2 0 WiVt g%,
7
[2 2701 2%, 2 2
, vk ————[ o8 ¥
2U2 d%l di-Kai ko
kv
’ [3 V)lhl—l, [3 1k2.
2kgiko 8L
Using Fenchel dual and introducing, wields
[25 ) 12,0 [2 ) [ 2kvik3
TNMEGE2 Yo 0 WiVt opp i 0%t gy,
2 2
12 2rdy_ 2, dy»
C 2% & &, G gl
[3 V) [3kV1k§
h 1-1, d
> 2kagko 8U;
Applying CGMT
[2 12 [2 12
rr\)inrr\l/?x—UZZ. k 5™ Vokohv1 , ﬂzl kvikoh) o ™vo
22d2

Lo Lkl [ 2,
2khky 01 "8G, ¢ 20 ie) 12" vik;

) [3kV1k%.

2, d1» [3
_ h_
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Doing the optimization overy

212 1 2 21 di [3 2
—k Vok —_— > ———_
”\‘,?X[”;'g‘ [ 1 20, Voka01 dl—:kglkZ[ng 2 Skglo s
[2 ) [2kwk3 [, 1.2

[2 22d2 2 [3[%.
T 24 df_l 18

Now using the square-root trick, we have

22
maxminmax it L1 2[2k U2vokdkankd , ———2o[ 3kao-43
vo [0 U0 22U 48 : d2]!< K22 2
[3 2 [2 ) [ZkVOk%
© akgie e ke 0% Ty,
[22[ no2, L2 2di,, [s[1,
25,7 0 T 2 2t 8L

Swapping min, max, we complete the squares oger v

[1 2 [5kaikd [
w1z o -
)
1

4k[hi_|<290—1, 22' [1 0 hl

) t@ 2

[ 1
« W% 162 1) o 0 L

which yields the scalar optimization

22 d2 2 22 d2
minmax U[:1 [1 12 120 42 13 [3 M4l [3 ’ [2 4 1—2[%
[1i0 WO 2 2U; d% k k% 4kg k2 k2 8U; 72U, d%—l

[2 [2 12, ) [1 Z[5kaik; [2, ¢ [2 12 12y
By Hanson-Wright's inequality, we have that
[2 [2 12, ) [1 ZISkakd [2, 1 [2 [2 102
1 2 h ' I _1 2 h

P [2 p 2lkake o1 2 2kl [z, :
- 16khkZ 42 % 8L 161 a2 ey °
Thus the last scalar optimization would be:
22 2

2 42
: Ul1 [1 2 [ 2 [3 [229,,
minma —— kMK
oo 2 20 & kg kg[z P42 2 kz e gl 2 2,
[} o [L2kak [+ 2[5 [ Z05kak  [2

Clekhike | 20 4B 2 Bl 168 | 20 4Z 8L



171

The nal optimization is as follows:

k 3 2
maxmlnvg 1 g11—1k2
Vi0 g|0 2 kh>k%
k N 2
, min_ max Yl 1 9121k2,
[11i0U1 0 2 kg!lkg

d? ,Vkh K2 [11
2—9,1 [2, U \VPd2 ken1-2 K5, 4ka k5

[|2 U > kg'! 3—1k§ [ V2d2 d121 2kh>k§kgl k% \ 2

max min ——— 1 —
" [12i0 U2 i0 2 khlzkg 8U1 2 s 89[!2
[2 Vkoia k% Vzdlz—ld!zl—Z [!21 kh>k%k”! 2-2 k%
T 2U 4khk2 42
2292 2 22d2
, min max Uls [1 4% [ 2kep_43 L5 kil | [3 [249Y%2,

Lo hio 22U 2 kgkd ? * 4kg k2 8L ° 2U, dg Lt

(2, L2Zlkak [ 1 211 [ Z15kak; [ 1
alL 0 0

© Tokhid || 20 4 ° 8L 16 | 20 4 8%

We take derivative with respect tq U

m [ [« 29 E
—=0)0= = Ltz zkgoj(g, k|’T11k2

2° B & fak 4kg ks
2 I 2? ckalg [ ZGkake (2
* 16khkZ22 4 2~ 4Z 8y
[5221% [1 21 2kglk2_|_r [1 Z[5kak [2 2
16u§ 2F 4 20 4@ 8GO

For [1 and {, after taking derivatives we observe that:

[3 [, 27di, [1 27[ Skanks ER
0=U1,2 2 2 T

Hence, denoting:Z= [El we observe that

1
1 Z.Z22°Tr 2272kqik3 o, Zol

as 225, '

T TE,
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Now we can nd { by:

22 2. 2 2k k2 > 5 2 2 kim—4E o
T rai 42 i Tr 222 Z2kaqk3 0,22l o Z2U3, Trak U3

=

2
1 2822k iCTr 222 2kqnk o, Zo1 2

For [o— U we observe that

maxmin[zuz 1 k145 [2 [32 7, d2 2[ [, [Gken1-1K5 27, 43,

120 L0 2 Khpk2 8 2 d2, 2* 2L 4khiZ 3 d2
22d2 2 22d2

_min max Uil1  [1 12[ %23 [5 2 [3 [24a0 ,

k-
T U0 T2 20 & kgke 2 akghe” T BUT 2L 2t
1} . [L2Z0kak  [p 0 [BZIE [ Z05kak [,

I
> 16khi¢ 20 48 8L, 168 2U 4B O 8L

which yields:
1 @Tr 22Zkauk3zs o, |
- 22, &5, 4
g, ot
2242
dzl_le 1
U = 3
13
where

Zzzuz 2 2 2 2 212 2 2
1= Zzzzzlkglk Tr 2 Zzzlkglk2 0,Z>l o, Tr 27[34kak; o, Zol

khy 2

1
s 222!2212U%Tr Zfzzzzlkglkg 0. Z ol 0

2 2
232722 Z2Z0kakoTr 2Zzkaks 0,22l 3, Tr ZZ2kaks o,Zol 2 e

(4.34)

Overall, we observe that, for each pair o[\ the inner optimization is a function (%ﬁ
for 8 j 2 and also E for 8 = 2. As demonstrated above, to nd the generalization error, we

nd Zgs rst and then solve the linear system of equations in termsgoﬂ[his implies that
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for8 j 2:

18,1 d2 B2 k 2, ks i8 24 d2_ 212

d2—3{<%k2% 1781 gBl—é(z, 4k%k2 kz Zg N 9=1 d2 79 9
%= =

3

Zm o B

2y d2 Zg1 Z2

dé_l s 8

with
Z327202Tr 2G2Zkaiks o, Zol

0. M Zzug 2 2

: Tr 22GZkgk Zol

mGkhlkz 1KKs; 0, £2
(4.35)

Finally, for V—g, we would have:
3
31

\ =
Zip 3,211 &2 ,keh1213

0 i 11 2,2 d2_ )
7. IR
2 9-1 o
g= 1 S
311
Summarizing, we have
1
1 Z\Z22Tr 22272 o, Z,l 1 5T 227 o,
as 2 Za, T T ar e,
a. T, 28, 4
1 381 1 2
Zeg=—— % 8=3 -1 1- \= EH
25 b1 7, Zp, 2.7, di ;311
d2 5 8 O :
22!2"2—230 222 252 2 2 3 2
P 7o W A%Z 0.Zd o B, FZY
1~ 2
1 Z32022Tr 22272 o, 250 %
Z!Zdi—zz
o A
2 3
13
'81 8§81 ) §238 0 I8 2129 d9— )
d2 3s1 28 1> 2> 951 d2 ZZ9UZ9 g =3 |
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0 i 11 2,2 d2_
7. SR
g°= = (4.36)
L osT

where and 9 are dened in (4.34) and (4.35), respectively. And we let 2

I -
" 91 3Z. To nd g2, the generalization error, rst we ndgg and \ through the

nonlinear equations described above. Note that these equations are only in tegss of Z
and \. Then we proceed to solve the linear system of equation§ mnd ¢ to nd the

generalization error.

General Mirrors
After completing the analysis of the case of k = l§ iR the previous section, we show that
for the general case, we can use the results from the previous section. For that, consider the

following optimization:

min g la—a°
a

BeC Gta & =0-
We have Now using a Lagrange multiplier, we the optimization as min-max:
minmax i 'a-g°, v)G [?1a a o
Now using CGMT, we obtain:

. kla—@°e

minmaxkv, kg ?ta a°,k [?ta a °khlv
Doing the optimization over the direction of yields:

minmaxvd 1?la a °,Vk ;“la a %k khky, la—a°

a Vio
Using th t tri '?(C =g C b :
Sing the square-root tric =5, Za,weo serve.
Vg V

minmaxminvd, ?1a a ©

k 1213 a °k kh.kZ 1a— g0
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Furthermore, we have that 64 2. g\e note the convexity and concavity of the objective,

hence we may exchange the order of min and max:

. V - L]
maxmin-—= _ min vd, ?1a a ©
Vi0 gi0 2 a :

, 2—\gk 12 a ok khik3
. k'a—a%

Now note that
P N O0-@ Wy o1 W dE e

Thus we may write !1'29> =d_1W, ,112 611, d 126012 Withen1-1 anden 1o being

independent of each other. Therefore the optimization turns into

- V - L]
rUanmlon—g, min dioVe), ,%a a °,di Ve, , ,112 W)ia a ©
0 gi a ' ' ' '

d?, VKRK3 2 d!2_2th>k§k

29 29 0 ° G, wa-e

,1'12 W) ta a ©

Now we complete the square over)!\Aa a °.

k 3 2
maxminE 1 K1 ko ,min dioVe, ,'a a °
Vio gi0 2 kh>k% a :
X 12\an) 1 o _9 2
s 29 d!_lkh>k2 11 W! a a “, kh>k291 1-1 )
d? ,Vkh K
, '2—gka a k%, Kk la—@°e

Now we focus on the inner optimization and we use a Fenchel dual to rewrite the quadratic

term as
. Vd_ikhoka 10y o )
malnmuaxz—gu 1 Wita a °, 2kh>k2u €h1-1
Vku d?2 ,Vkhk2
Ié,d!_ZVg)!l_zla ac°, !Z—kzka a ks

8¢

k'a—a°

29

5
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Employing CGMT again:

: Vd_ikhoko 1.
m;nmuax2—gk [ ukog); ta a °
Vkuk
89

Vd_1kh-ko

1.2
. T og ka a kh), u

1

) 1 o

d? _Vkh.Kk3
. %ka a k%, kla_@Oo
We use the change of varialde = ,112 u and use the Lagrange multiplier to bring in the

constraints:

12 o Vdakhk

minminmavy) e kekog) , ta a ©

ViU ' > 29
Vd_ikhok, ) Vo Vkug
2—gka a ko, o, T 6 1-1 89
Vkhk3
di2Ve % a e, 229 kzka aky, rla—g°

Now we perform the optimization over g#-and obtain

. Vd_ikh.ko
ranlvn[rp?{z(ﬁ Vi, 2—gka a kohi
12 \ Lo 20
oo v, SR L, ka3
Vd_lkmkzﬁg) . VI¥
5 11 8g
,VkhK3
,dioVe, ,ta a°, _—kzka a Kae
Now using the square-root trick again:
. N I ° I Vd_ikh.ko
mnmaX, M o=2 - 29 V> o K& @ khn
Ul [ 12 \4 2
> T2 20 1V kR ,
Vd_ 1kh>k2 Voakhle g) V[,2
5 l 8g
d!2_2th>k§

,d !_2Vg)! Lola ac®, ka a ki, kla—@°
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Using therecursion, ;1 = d!21_1W! 1 12 W)! . .d !21_2 I. Applying the same technique

12 _ 12 o
as before, we take, " ¢h1-1 = di11W | 621, d 112622, We can write:

12 L 2 _ 162 ) Vv 2
1V Sl LT dii1 y, Wim Vi, KT 2 5
d2
2 2 11-2 2

:d !1—29)!2_2V!'

Plugging back in, we only consider the optimization over;a—v

min f Vd_ikh.ko
a 24 29
d? ,Vkh K2
5 2g

[ 1.2
>m\!!nmd!l—l !ZW)!ZV!

I
5 Zu

hd,'aac° dow,,aac

ka a k5, yla—@°
v 2

di1 26, Vi

[
, md!zl—z kv kg

B Vd_ikhoko

2
- 29 Vi, 29 ka a kxhi )’

Focusing on the inner optimization, we introduce the Fenchel dual variable We note

that from here on, the procedure is similar to that of SGD analysis (k :§)< k

[k K3

: [! 12
min maxmd! 1-1 U)! 1 W), 2 Vi 8U

|
Vi U t2

-
5 2kh>k2u|1 g‘!Z—l

. 2[_L!J._d! 126 5 Vi

[
. md!zl-z kvi k%

f Vd_ikhsko 2
’Z‘U Vi, 29 kaakzhgl 5

Applying CGMT yields,

. [1di1 102
minmax o kvikod, 15 Uiz
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[1di11
T
[1kug K3 V
8U > 2khko

. [—!d! 126 5 o Vi

k ?'.22 U1 kzh)!z Vi

u|1 21

[.
. 24 ——d?, , kv K5

f Vd_ikh:-ky 2
© 24y Vi, 29 ka a kohiq )

We perform the optimization over the direction of,we have

1 a1 .
maxmln[ [11d, [Zun

ua [ 2U
di - .
[ DO 20 o,
. mdll 2622
Vd_1khsk
5 %;—g”ka a kohiq
[1kuy K \Y;
50 kiU B2
I e Ry f Vka akjd? khkikhia 16
22U, 11-2 » ZU 'L » 24 492

Using the square-root trick again

[1di11 (1), 122 Uz [

maxmin max——— 15 Uil >

Uy [11 Ug 2UI

[!1 [2d|21 1kh!2 k2k 1.2U|1k2 [2 d2 kg122k
2U!1 4U,2 12 : lJIZ 11-2
£ Vka a KidZ khskikhi1 K3
[k K3 \Y;
L o i VPka a Kid? khkikh g k3
© 20 '12’29 1. 2y 4P )

Now similar to before, we repeatedly apply CGMT and arrive at the following optimization:
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Using the Lagrange multiplier _, we set b := ka I&g and we perform the optimization

over a by completing the squares and obtain that

o Vdakhok
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Hence the nal scalar optimization would be
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Chapter 5

GAUSSIAN UNIVERSALITY FOR DIFFUSION MODELS

This chapter is based on joint work with Reza Ghane, Anthony Bao, and Babak Hassibi

(Ghane et al., 2025b).

A remarkable contribution of deep learning is the advent of generative models for image and
video generation. Di usion-based generative models (Sohl-Dickstein et al., 2015), (Song
and Ermon, 2019),(Ho, Jain, and Abbeel, 2020),(Song, Meng, and Ermon, 2020),(Dhariwal
and Nichol, 2021),(Song et al., 2021),(Kingma et al., 2021), (Karras et al., 2022), in
particular, have enjoyed tremendous success in vision [LDM (Rombach et al., 2022), audio
[Di wave (Kong et al., 2020)] and text generation [D3PM (Austin et al., 2021)]. For an
overview of di usion models and their applications, we refer to the surveys (Croitoru et al.,

2023) and (Yang et al., 2023).

Despite signi cant progress in training methods, network architecture design, and hyper-
parameter tuning, there has been relatively little work done on understanding rigorous
mathematical properties of the data generated by di usion models. Through theory and
experiments, we argue that images generated by conventional di usion models satisfy a

form of Gaussian Universality.

Gaussian Universality is an overloaded term. It often means that certain characteristics
of data coming from : classes distributed ag-P++—Rvith means 1—e<<+— and co-
variance matrices 1—¢++— remain unchanged when replaced by data coming from the
corresponding Gaussians N{— 1°—eee—NZL— .9 [nformally, this means that a data
representation satisfying Gaussian Universality behaves similarly to a Gaussian Mixture

Model with matching means and covariances per class.

Gaussian Universality has been observed in the empirical distribution of eigenvalues of
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Gram matrices constructed from real-world data (Seddik et al., 2020; Levi and Oz, 2023).
While this phenomenon is compelling, we focus on Gaussian Universality of the test error,
which we consider a key characteristic in machine learning. Speci cally, we compare
the generalization error of generalized linear models trained on di usion-generated data
to those trained on Gaussian Mixtures with matching means and covariances, observing a

close match.

As a technical step towards elucidating this phenomenon, we argue that, when the reverse
process is a contraction, one can establish an Approximate Concentration of Measure
phenomenon for the distribution of the output, which is a common assumption in theoretical

works on Gaussian Universality of the test error.

While there are many aspects to building a di usion model for data synthesis such as
training the denoiser and choosing the forward process and noise schedule, in this work
we take a higher-level approach and mainly focus on the sampling process of a pre-trained
di usion model. Our arguments are agnostic to the training procedure and the denoiser's

architectural details.

We believe that the present study is important both for advancing our theoretical under-
standing of generative models for images and their limitations, as well as the role of data in

supervised ML:

" We show that distributions that can be generated via di usion models satisfy an
Approximate Concentration of Measure Property 9. Similar properties are required

in most apporaches to proving universality.

" As discussed in (Goldblum et al., 2023) and (Nakkiran, 2021), one of the reasons
we do not have a practical theory of deep learning is the lack of clean mathematical
models that describe real-world data. In view of the universality results outlined in

the presented work, combined with the empirical observations showing that di usion-
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generated distributions can approximate real-world data well, we suggest that it suf-
ces to consider GMMs. The analysis of performance of models trained on GMMs
has been a topic of active research recently; see, e.g. (Thrampoulidis, Oymak, and

Soltanolkotabi, 2020; Loureiro et al., 2021b).

Finally, we note that while this paper primarily assesses Gaussian Universality of test error
for di usion models trained on real-world data, the theoretical section is self-contained and

presents all necessary mathematical formulations, results, and references.

5.1 Related Works
The theoretical analysis of di usion models and the images generated by such models

remains an underexplored area.

" In an emerging line of work, many papers have analyzed the output distributions and
convergence of di usion models through the lens of Langevin dynamics. (Chen et
al., 2022) show that denoising di usion probabilistic models (DDPM) and critically
damped Langevin Dynamics (CLD) can e ciently sample from any arbitrary distri-
bution, assuming accurate score estimates - an assumption central to many works in
this area. While among the rst works to provide quantitative polynomial bounds
on convergence, the high-dimensional nature of the problem means that estimating
the score function may be practically impossible. Furthermore, it is infeasible to
verify the validity of this assumption, as we do not have access to the true score func-
tion. And, as evident from the bounds of (Mousavi-Hosseini et al., 2023), generating
heavy-tailed distributions using Langevin dynamics initialized from the Gaussian
distribution is intractable in practice as one needs to run the Langevin dynamics for
an exponential number of steps. We refer to (Li et al., 2024) for a brief overview of

the existing works on the convergence theory of di usion models.

" (Seddik et al., 2020) show a form of equivalence between representations generated
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from Generative Adversarial Networks (GANs) and from GMMs. They considered
the Gram matrix of pre-trained classi er representations of the GAN-generated images
and show that asymptotically, it possesses the same distribution of eigenvalues as the

Gram matrix of Gaussian samples with matching rst and second moments.

(Loureiro et al., 2021b) investigated the generalization error of linear models for
binary classi cation with logistic loss an@ regularization. On MNIST and Fashion
MNIST, they observed a close match between the real images and the corresponding
GMM for the linear models and in the feature map of a two-layer network. (Loureiro

et al.,, 2021a) considered a student-teacher model and veri ed universality for the
aforementioned datasets via kernel ridge regression. They also explored the output of
a deep convolutional GAN (dcGAN), labeling it using a three-layer teacher network.
Using logistic regression for classi cation illustrated a close match with GMMs on
GAN-generated data, but a deviation from real CIFAR10 images. (Goldt et al., 2022)
analyzed the generalization error of Random Features logistic regression using the
Gaussian Equivalence property and corroborated their results using images generated
by a dcGAN trained on CIFAR100. (Pesce et al., 2023) studied the student-teacher
model for classi cation and empirically demonstrated the universality of the dou-
ble descent phenomenon for MNIST and Fashion MNIST. They preprocessed these
datasets using a random feature map, with labels generated by a random teacher,
for ridge regression and logistic classi cation. However, they also observed that the
universality of the test error fails to hold while using CIFAR10 without preprocessing
with either random feature maps, wavelet scattering, or Hadamard orthogonal projec-
tion. (Dandi et al., 2023) observed that the data distributions generated by conditional
GAN:s trained on Fashion MNIST exhibit Gaussian universality of the test error for
generalized linear models. (Gerace et al., 2024) considered mixture distributions with
random labels and demonstrated universality of test error of the generalized linear

models. The universality part of our work can be considered as an exploration of
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the same phenomenon for conditional di usion models trained on signi cantly larger

image datasets.

(Re netti, Ingrosso, and Goldt, 2023) show that SGD learns higher moments of the
data as the training continues which exhibited nonuniversality of the test error with
respect to the input distribution. Exploring the limitations of current universality

results and conditions under which they break remains an interesting direction of

research.

(Jacot et al., 2020) and (Bordelon, Canatar, and Pehlevan, 2020) considered ker-
nel methods for regression and corroborated their ndings through experiments on

MNIST and Higgs datasets, providing evidence of Gaussian universality.

(Li, Dai, and Qu, 2024) explore a connection between diusion models and
GMMs from a dierent point of view. They observe that if the denoisers are
over-parametrized, the di usion models arrive at the GMMs with the means and
covariances matching those of the training dataset, but learn to diverge at later
stages of training. Our observations imply that even though the distribution of the
di usion-generated images stops being the same as the corresponding GMM after

su ciently many training steps, they still have properties in common.

(Levi and Oz, 2023) investigated the spectrum of the empirical Gram and covariance
matrices of various real world image datasets by centering the images. They demon-
strated that the eigendistribution and the level-spacing distribution of the empirical
covariance matrix of real data could be closely captured with that of a Wishart matrix
whose covariance displays a Toeplitz structure with eigenvalues following a power-
law spectrum. Albeit not the main focus of our work, we show that the spectrum of
the covariance matrix for each class of data generated by a conventional conditional
di usion model also displays a power-law behavior. Our experiment setting is di er-

ent in two key aspects. First, by not centering the images, we retain the mean of each
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class in the data. Second, the empirical covariance is compute per class, rather than

over the entire dataset.

Concurrent to the submission of this work, (Tam and Dunson, 2025) established a
similar Concentration of Measure Property. While their results are valid for any gen-
erative model consisting of Lipschitz operations, they mainly explore concentration
properties for GANs. Our paper conducts extensive numerical experiments with dif-
fusion and dives into the question of bounding the Lipschitz constant of the di usion
process after # steps, which is crucial to ensure that the constants in the concentration
inequality can be taken to be independent of #. Finally, the second part of (Tam and
Dunson, 2025) considers more abstract settings, such as generative models taking
general subgaussian noise as input, while in the second part of our work we study

Gaussian universality for di usion-generated data.

5.2 Main Results

We start by de ning the linear multiclass classi cation problem and we prove a universality
result for such models and state our rst empirical observation. We then proceed to provide
insights and explanations for why this empirical may hold based on a notion of approximate
concentration of measure which requires an analysis of the sampling process of di usion

models (Appendix 5.6).

Classi cation and Gaussian Universality

We cover Gaussian universality in the context of linear multiclass classi cation following the
framework described in (Ghane, Akhtiamov, and Hassibi, 2024) and extend it to an arbitrary
number of classes. As we will see, most known Gaussian universality results operate in an
idealized setting that does not appear to be applicable to the covariance matrices estimated
from the di usion-generated images (Figure 5.4). Nevertheless, we observe empirically

that universality holds in the latter setting as well, hence raising a challenge of relaxing the
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assumptions of the existing universality results to make them more practical. We outline

the corresponding notation and challenge below.

A

A

Consider data x 2 Rbeing generated according to a mixture distribution with :
i i :
classesP = 5_,\g%gforO0 \ g land 4_;\g=1. Forasample x fromgi.e., the

i'th class, we assign a label y 2-Rto be y := g (one-hot encoding).

We consider a linear classi er W 2R with columns w for 2 »:Y% , where for a
given datapoint x, we classify x based on
arg maxv xs
2»:Y4
The generalization error of a classi er W on this task is de ned as follows:
0

\P 8 <argmax’ xx Pge
8=1 2»:Ya

Given a training dataset §x yg;_, with = samples, where each class hgs ¥ &

samples, we construct the data matrix X 2%Rand label matrix Y 2 R* :
X)::Xlxzooo)g—v::ylyzooo)é'

Without loss of generality, we can rearrange rows of X to group together samples by

class.

We also consider a Gaussian matrix G 2 Rwhose rows have the same mean and
covariances of the corresponding rows in X. We sometimes refer to this statementas G
matching X. In other words, G is a matrix of data sampled from the Gaussian mixture
model (GMM) de ned vialI a=\ N1 g £where g=Epxand g=EpxxX g )

for x belonging to class 8.

To train for W, we minimize kY XWk? by running SGD with a constant stepsize.

By the implicit bias property of SGD (Gunasekar et al., 2018), (Azizan and Hassibi,
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2018) for linear models, we observe that the iterations of SGD initialized from some

W converge to the optimal solution of the following optimization problem

min kW W gk? BeC XW = Yo (5.1)
W2R3:

Then it is known that under the list of technical Assumptions 1 listed below the W
obtained through running SGD on the data matrix X has asymptotically the same
performance (generalization error) agfaobtained through running SGD on the
corresponding Gaussian matrix G, thatW solving the following optimization
problem:

Wraniglz KW W ok? BeC @ =Ye

In other words,

Theorem 15. The following holds asymptotically in the proportional regifneX i 1

under Assumptions 1 :

0 0
\P 8 <argmaxw’ xx Pg \ 8<argmaw) gg NI g & !0e
8=1 2»: Y 8=1 2»:Ya
Proof. See Appendix 5.7. f

The required assumptions are as follows:

Assumption 1. Let x be any row of X and be its mean. Then:

"k ko=9%11°.

" For any deterministic vectorv 2R and @ 2 N, @ 6, there exists a constant j 0

. . K
such that gj'x ©° )vj@ ;Tk?(j

" For any deterministic matrix C 2 &2 of bounded operator norm we have

+0AIXCx°!0as3!1.

BnintXX) © = 11° with high probability, where Bin? ° is the smallest singular value.
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Limitations of Current Universality Results
Assumptions 1 hold, for example, for any sub-Gaussian x with mean and covariance sat-
isfying k k, = $11° and 22 12 (see Remark 5 in (Ghane, Akhtiamov, and
Hassibi, 2024) for details). However, assuming tﬁ!ﬁt % is crucial here, as
otherwise one can take a Gaussian x with = 3806}1—1-- -3-120 and = 0 and notice
that +0Atkx§e = Trt 20 Tri° 2 converges to a strictly positive number, violating the
third part of Assumptions 1 for C =3|, while x is normalized correctly in the sense that

E kxlé = Tri o = $11°,

Unfortunately, as can be seen in Figure 5.4, the spectra of di usion-generated images look
qualitatively similar to the "power law" = 380611111—-- -3—120, meaning that Theorem 15
does not apply in this setting. Moreover, to the best of the authors' knowledge, such covari-
ance matrices break the assumptions commonly made in papers focusing on universality for
regression, which is usually simpler to study. For example, (Montanari and Saeed, 2022)
also have to assunf'%% % to get concrete results for over-parametrized regression
(cf. Theorem 5 in (Montanari and Saeed, 2022)). Despite this, in the next section, the
experimental results seem to suggest the universality of the classi cation error does not
break, This motivates us to relax the Assumptions 1 in Theorem 15. While, technically
speaking, universality is proven only for objectives of the form (5.1), in practice one usually
adds a softmax function (}zeee—2=1eee —i%— 0000

min kW W ogk?® BeC (IXWP Ys (5.2)
W2R3:

Here, the approximate equality comes from the fact that the coordinates of the range of the
softmax cannot turn exactly into zeros but will be very close to it on the training data if
one ts the objective (5.2). Since this objective is of much greater practical interest than
(5.1) and has better convergence properties, we add softmax into the objective for numerical
validation of universality in the next section. Note that, from theoretical standpoint, it raises

the question of incorporating softmax into the framework of Theorem 15.
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Empirical Observation 1. The test error of the weights trained via minimizing kY
(1XW°k ? on images generated via EDM di usion models matches the test error of the
weights trained on the matching GMM. The experiments are presented in Figure 5.1 pre-

ceded by the description of the setup.

Approximate Concentration of Measure Property

In this section, we provide additional insights leading to Empirical Observation 1. Before
doing so, we present a de nition central to the result of this section. We use the following
de nition of concentration. Informally, it means that the tails of the distribution decay
exponentially fast. Note that it corresponds to the Lipschitz Concentration Property for

@ = 2 from (Seddik et al., 2020), by setting 2 = 0.

De nition 9 (ACoM). Given a probability distribution G P where x 2 Rwe say that x

satis es the Approximate Concentration of Measure Property (ACoM) if there exist absolute
constants —2—2-3—f j 0 such that for any !-Lipschitz function 5 :RI'Rand B j 0

it holds that

1

Pj5ix° E5x° B 4 ‘w% 242%. (5.3)
The distributions satisfying ACoM arise naturally in many applications and are quite ubig-

uitous. We appeal to the following proposition proven in (Rudelson and Vershynin, 2013):

Proposition 3. The distribution x N?0- ° satis es the ACoM property 9. Moreover, the

corresponding =2,2=0,andf=Kk %k>?.

Note that by taking 2 = 0, we recover the classical notion of Concentration of Measure
in the literature. If = %3 and 51x° = kxk then Proposition 3 implies the classical fact
that the norm of the normalized standard vector converges to 1 in probability as 3 ! 1
because in this case the upper bound of De nition 5.3 becomés 4= 2483 1 0.

However, if is also normalized as Tri° = 1 but k k., = 11° (which happens, for



191
instance, if the ordered eigenvalues of follow the power law=_ 8 Y for some J 0
and U j 1), then the variance of x does not have to go to zero anymore, but De nition
9 still implies that x has exponentially decaying tails (to be more precise, x is a sub-
Gaussian random vector see De nition 3.4.1 in (Vershynin, 2018)). Gaussians are far
from the only distributions satisfying ACoM; other examples include the strongly log-
concave distributions, and the Haar measure-we refer to Section 5.2 in (Vershynin, 2018)
for more examples. The concentration of measure phenomenon has played a key role in the
development of many areas such as random functional analysis, compressed sensing, and

information theory.

Di usion: We denote the denoiser used in the forward and backward processes of a
conventional di usion model as \ 1 °. In this paper, we focus only on the sampling process
where we use %°to denote the sample generated at the 8'the step of the sampling process
starting from the initialization ¥°  N10—Gl3°. We run the sampling for # steps. We

use gto denote the value of the noise scale used in the sampling process. Furthermore,
x&7R 18\°1x18°— & £ = x'81 is used to denote the mapping that generates the sample
in the next step and we usggG to summarize ¥£:°. Building on De nition 9, the
following result provides insights on why the test error of generalized linear models trained

on di usion-generated images matches that of the matching GMM.

Theorem 16. (a) Assumethat kr \ 1x'8%k | holds with probability at least 1 247223
forsome! j0andall8 =0-«ce—#. Then there existsi! 0, such that the following
holds as well:

PkrR®XEgg Pk, 1 g 1 2 1427%

(b) Furthermore, if Iz 1, then the resulting output ¥° satis es the following tail bound

for every !s-Lipschitz 5 : R! R and every B j O:

B

Pj51x*0 E51x'#0]{B 2exp >

S, 2#2 147 7%
5
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Proof. See Appendix 5.8. f

Remark 19. Theorem 16 implies that di usion generated distributions satisfy the ACoM
property from De nition 9 as long as # = $14°° for some 2 Y 2. This makes our
results applicable to the scenario where the number of steps in the sampling procedure is
exponential in the dimension of the data. To motivate the assumpgori !Imade in part

(b) of Theorem 16, we would like to refer the reader to Figure 5.3 as a partial empirical
justi cation for it. We would also like to point out that the norms decrease in such a
manner that, in fact, K& x%k, kx '@ »x %k, for two independent noise initializations
X% N10-Cl3° and the corresponding points®x®° obtained from X% by

applying 8 consecutive steps of the backward process.

We have also made the following empirical observation, that partly supports the assump-
tion 'r 1 from Theorem 16 as well. Understanding mathematically why Empirical

Observation 2 holds thus poses an interesting challenge.

Empirical Observation 2. Each sampling step%” = R18\°1x18°— s of the Algorithm 1
in Appendix 5.6 decreases norms, i.e.8kg kx 8 1°k, throughout the reverse process.

The results of the corresponding experiments can be found in Figure 5.3.

We observe this contractivity in the sampling process for the setting described in Appendix
5.6. This observation raises the possibility that many di usion models used in practice may
also possess a contractive sampling process. An important future direction is to understand
the conditions under which this property holds, given the base and data distributions, noise

schedule, and denoiser training.

We nally note that the ACoM property in (5.3) is insu cient for concluding universality
from any of the known universality theorems even for 2 = 0 unless the upper bound from the
right-hand side of De nition 9 goesto 0 as 3 ! 1. Nevertheless, our experiments suggest

that universality holds for di usion-generated images despite this technicality. As such, we
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report it as an empirical observation and present the question of extending Theorem 15 to
capture more complicated covariance matrices such as the power law as an open question

for future theory works.

5.3 Experiments

Throughout all our experiments, we use the trained conditional di usion (see Appendix 5.6)
checkpoint from EDM (Karras et al., 2022), which uses the ADM architecture (Dhariwal
and Nichol, 2021) and was trained on Imagenet64 (Imagenet-1k (Deng et al., 2009)

downscaled to 64 64 pixels).

We take a 20 class subset of the 1000 Imagenet classes and sample 10240 images per class
from the di usion model. Our data has dimension 12288 =3 64 64, corresponding to
RGB images at resolution 64 64. We open source the comereproduce our experiments,

and we also log our extensive hyperparameter sweeps for GLM training

Generalized Linear Models Show Matching Generalization Error

We train generalized linear models (GLMs) on our dataset of di usion-generated images
and on the corresponding Gaussian data sampled from a GMM tted on 10240 di usion-
generated images per class. Following the setting of subsection 5.2, we use SGD as our
optimizer and mean squared error (MSE) as our loss criterion. For multiclass classi cation,
we use a softmax activation on the logits and compute the MSE loss against the one-hot-
encoded class labels. For binary classi cation, we compute the MSE loss on the logit after
sigmoid activation. This regression on predicted class probabilities is done in practice as

soft or noisy labels and in knowledge distillation (Gou et al., 2021).

Matching Generalization Error: We observe matching test accuracies for GLMs trained
on di usion-generated images and on the corresponding Gaussian data, over a range of

training set sizes and multiple subsets of classes.

1Code available: https://github.com/abao1999/diffusion-gmm
2Sweeps: https://wandb.ai/abao/diffusion-gmm
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Figure 5.1: Multiclass (top row) and binary (middle and bottom rows) GLM accuracy
for di usion-generated images (red) and GMM samples (blue). Shaded regions show the
standard deviation envelope (" f) across the 10-20 independent runs per training data split
(atotal of 1200 independent GLM training runs for both di usion and GMM samples are
aggregated in these plots).

We compare the accuracies achieved by GLM on the di usion-generated images versus
the GMM samples, when varying the number of samples per class in the training set.
Figure 5.1 presents the results of 10-20 independent runs per training data split, with a
di erent random seed for each run. Thus, for each run, a unique pseudorandom generator
state determines weight initialization in addition to the sampling and minibatch shu ing

Of #train per class2 »128—4096% samples from our dataset of 10240 samples per class for
di usion-generated images and GMM samples. Likewise, we X the size of our held-out
test set to #st per class= 1024, randomly sampled according to each run's unique random

state from a separate subset of our dataset to ensure no overlap with the training set.
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To robustly achieve the best possible classi cation, we perform an extensive sweep over
batch sizes and of learning rates between*»10+1%4, with cosine annealing scheduler,

while ensuring convergence with respect to the test loss.

The choice of MSE loss on one-hot-encoded labels may seem unconventional for classi ca-
tion but is done to match the setting of 5.2. We repeat our experiments using cross-entropy
loss (Fig 5.2) and also observe a match, but did not conduct as extensive a sweep and expect

the match to improve.

Figure 5.2: Accuracy for GLM with cross-entropy loss, for di usion images (Red) and
GMM (Blue).

In Appendix 5.10 we compute the eigenvalue spectra of the Gram matrices of multiclass
mixtures of di usion-generated images. Appendix Figures 5.6 and 5.7 show a very close
match between the Gram spectra of di usion-generated images and that of the corresponding
GMM. And in Appendix 5.12 we show a close match (Figures 5.11 and 5.12) between the
Gram spectra and the eigenspaces of ResNet representations of high-resolution images
sampled from a latent di usion model, suggesting an investigation into the concentration

of these models and their representations as an avenue for future work.

Related Properties of the Sampling Process
Norm Evolution through Sampling Process: We empirically investigate the concentration

of norms throughout the sampling process.
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Figure 5.3: Evolution of, norms and contraction through the EDM sampling process. (A)
The evolution of the, norms through the stochastic sampling process. (B) The di erencein

2 norms of intermediate images between consecutive steps of the EDM sampling process,
shown for 10240 generation trajectories (2048 per class, across 5 classes). The sampling
process is clearly a contraction, supporting Empirical Observation 2.

See Appendix 5.6 for an overview of the EDM di usion sampling process. In Appendix
Figure 5.8 we show how the sampling process progressively matches the eigenvalues of the
Gram matrix. We present further observations regarding the norm evolution and covariance
eigenvalues in Appendix 5.11. And in Appendix Figure 5.16 we investigate the evolution

of the norms of individual pixels.

Covariance Spectra of Generated Images exhibit Power Law: We observe that the top
ordered eigenvalues of the covariance matrices for di usion-generated images follow a
power law, supporting our discussion in Section 5.2 on limitations of current universality

results.

5.4 Conclusion

In this work, we focus on the Gaussian universality of the generalization error of generalized
linear models on di usion-generated data. We are motivated by the fact that characterizing
the generalization error and performance of neural networks precisely remains one of most
challenging problems in modern machine learning. In fact, most theoretical works have
focused on analyzing models under speci ¢ assumptions about data distribution, such as
isotropic Gaussianity even though real-world datasets are almost never Gaussian. As such,

we choose to study theoretical properties of the di usion-generated distributions instead as
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Figure 5.4: Top 1000 eigenvalues of the covariance matrices computed over 10240 di usion-
generated images per class, shown log-log scale to illuminate power-law behavior, with 8'th
eigenvalue having value /%0 2 » - 1%

an approximation to real-world distributions more amenable to analyses. Future directions
include extending the universality results to accommodate for more general covariance
matrices, incorporating training with softmax into the universality framework, and providing

a rigorous proof of the contractivity of the sampling process.
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5.5 Supplementary Material
5.6 Diusion
We provide an overview of di usion models pertinent to our results in this paper. Given
samples g @o from a high-dimensional distribution in3Rwe learn a distribution\? @g
that allows easy sampling. A trained di usion model essentially applies a sequence of
nonlinear mappings (speci cally, denoisers, denoted Ry to a white Gaussian input to
obtain clean images. Following the formulation in (Karras et al., 2022), assuming the
distribution of the training to be "delta dirac”, the score function can be expressed in terms
of the ideal denoiser that minimizes error for every noise scale, i.e.xtog ?x; f° =
1 \1x;fo x°f 2, This serves as a heuristic for using\x; f© x°f 2 as a surrogate
for the score function to run the backward process. In most applicationss a neural
network trained to be a denoiser, typically using a U-Net backbone. The speci c denoiser
we consider for our experiments is from ADM (Dhariwal and Nichol, 2021) which uses
a modi ed U-Net backbone with self-attention layers. During training, the network sees
multiple noise levels, and learns to denoise the images at many scales. Our analysis and
statements in Section 5.2 hold for most of the di usion models used in practice, as they
employ a Lipschitz neural network. (Karras et al., 2022) adopt a linear noise schedule
f1C° = C, but choose a nonlinear step spacing during sampling that emphasizes the low-
noise regime. In view of the discussion above, and setting f1C° = C, the sampling process

is an iterative procedure of # steps:
!

140 1 o 14 20 100 100
Xo x #=RIY RTE oo RY Oy eeemoin —Crw + (54)
where x = x'® N10-GI° is isotropic Gaussian noise ang x x “** is the clean
image. We adopt this notation of sub-scripting the time index for x while super-scripting its
sampler step index in order to avoid confusion with the standard notation in di usion model
papers. At any sampler step 8 we have a (noisy image, noise level) faitand the

next noise leveldG; and R®” represents the mapping used to generate a less noisy sample
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Figure 5.5: High-level overview of the sampling process.

e, X8 R 18\°1x18°—g;8’1°,which takes in an independent noiset each time step, as

illustrated by Figure 5.5.

Algorithm 1: EDM Stochastic Sampler (Karras et al., 2022)

De ne 51x—-C° ¥ \ Ix—COC ; Probability Flow ODE
Sample X% N10-Gl°
for 8 2 f0—eee—# 1gdo
Sample ng—( 2. J°
R x 8 Cg W2 We ; Inject Noise
g C 8.1 Cqll . Wo : Step Size
x'8.1° k18°’ g5 RB8L g1, Woo . Euler Step
if @ 1 <0Othen
L x'8.1° %8"’ 78 5R8Lg1 ,Woeo 5 1¢8.1°_ £1° ; Second-order
correction

return x'#°

We focus on this framework and observe that in summafy’x R 18\°1x18°_ £s £, with

h
180,189 — p189 _ 8 g0 180
ROEIXT—g L =R", o=— R7,1 5,G1°3% \1R", g3s£1° -
‘ 261 I z }

Denoiser after Euler step

where 3:= 5 %82 g1 _W°°isasde nedinline 1 of Algorithm 1 and W is a hyperparameter
controlling the amount of additional injected noise whose scale is determined byothe (
hyperparameter. Ang'®’is the current image with the added noise. Formally, we would
like to claim that the distribution of the output®™ satis es ACoM, and we visualize the
evolution of the norms of these quantities through the sampling process in Figure 5.3 to

further illuminate our argument about the 1-Lipschitznes of the generative process.

Following the recommendations of (Karras et al., 2022), the stochastic sampling process

of # = 256 steps begins with-gs := @ = 80 and ends withg-:= G 1 = 0-002. The
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1 1 1 d
sampling step schedule is constructedsg € Gogt , % Gg=9 Ccoc® . Here,

d = 7 is a hyperparameter observed to improve image quality.

5.7 Proof of Theorem 15
In order to study the problem presented in (5.1), we use a Lagrange multiplier variable

_ 2 Rto bring in the constraint:

1A := min kW W ok?
W2R3 :

BeC XW=Y

= min sup=kAW Yk 2 kW W ok?e
W2R3: g9 2

Now we will consider the following ridge regression objective:

1A° := min =kAW Yk ? | kWk?
- w2
0 : 2 2
= . nV1V|n§kAw y k5, kw k3¢
Note that *A° = sup ,, _'A°, therefore, we analyze *A° for every _ j 0 and via

a uniform convergence argument, we extend the result to,sup *A°. We denote the
solution to the above optimization problem as Wa.. For the main quantity of interest,

the generalization error,

P 8 <arg maxv)_ 10X X Pg
2»: Y4 -

P 8<argmaw)_ .09 N! g & * (5.5)
2»:Y, -

We will leverage a result from literature. Namely, we utilize a multi-dimensional version of
the CLT result of (Bobkov, 2003) (Corollary 2.5) which controls the following quantity for

a matrix W with "generic" column vectors:

P8<argmaw_ ,.xXx Pg
2»:Y, -

P 8<argmaw)_ ,,0g N! g ¢ o (5.6)
2»:Y, -
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This extension follows by applying a union bound argument. Hence, using (5.6), to analyze

(5.5), we would only need to bound the following:

P8<argmaw_ ,,0g NI g ¢
2%»: Y, -

P 8<argmaw_ ,5gg N! g & -
2»: Y, -

which involves analyzing the covariance and the mean of W.g for A = G—X. Note that
in the argument above A could be either X and G as a multi-dimensional CLT argument
reduces the problem of universality of the test error on X to G and it only requires the rst

and second order statistics of X.

We know from (Thrampoulidis, Oymak, and Soltanolkotabi, 2020) for the case of a
GMM, (see Equation 2.7 in (Thrampoulidis, Oymak, and Soltanolkotabi, 2020)), which
corresponds to taking A = G, the generalization error is characterized by the quantities
Jiw  w o, and %S 2 where 1(%g:= twg W ¢ 'wg W & for 8— 9 < . Now in
order to characterize 1fgg note that we need to understand the pairwise interactiory of w
and wg and the decomposition provided cannot capture these quantities. To do this, we use

the following identity:
V@\QOEKAWSy K3, kw gks | SkAwg y K3, kw ok

_ : — 2 2
= min  =KkAlwg, W &® Yy k5,6 kwg, w k5
8W g—VgW 9

. ZkA1W3 Wy K, kwg w gki—

and by studying the norms of1'21w8 w ¢, we can recover 1Cgg Therefore, we need

to prove a universality result for the optimization in the right hand side of above. But
this follows by combining the results of (Ghane, Akhtiamov, and Hassibi, 2024) and the
above identity, we observe that j1{X°°gg 1( 1G°%4 8for every _. Using the uniform
convergence result from Section B.2 in the appendix of (Ghane, Akhtiamov, and Hassibi,
2024), we observe that if *A° 2 _thensup,, 'A% gup _i0 2_. Now, to conclude

the proof, we combine this fact with a perturbation argument.



202
5.8 Proof of Theorem 16

To prove Theorem 16, we will use the following auxiliary result.

Lemma 20. (a) Assume that sampling process is conducted in such a way that for some

21—23i0,foreveryl 8 #,
P kR g5 Pk kx Bk 1 2 1477%

Then the probability of the whole sampling process being norm-decreasing is at least
1 #2 14223,

(b) If G satis es ACoM with —2—9-3—f ; 0 and 51° is dienentiable and &-

Lipschitz with probability at least 1 223, then 51G° satis es the ACoM with
-2, 2-minf&- 29— 35fl .

Proof of Lemma 20. The proof of part (a) follows by a straightforward application of the
union bound. In fact,

@ n

(0]
P kR¥ixBgg Py kx Tl
8=1
@ n 180 1890 1 0
=1 P kR8\ 1X8—§;:8’1°k2 kx 80'(2 i
8=1
Now since
@ n 180 190 1 0
P kRS\ 1x 8—§8’10k2 kx 80kz
8=1
@ n 180 1890 1 0
P kR8\ 1X8—§;:8’1°k2 kx 86'(2
8=1
#2 14223

Part (a) follows.
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For part (b), we use the following identity for arbitrarg-Lipschitz function 61 °

Pj6 5°1G° E6 5°1G% C
n 0O n 0
P j16 5°1G° E16 5°1G% C\ kr5!G° ! s

n 0
P kr51G°kj! 5 -

We have for the rst term:

n o n 0
P j!6 5°1G° E6 5°1G% ;C\ kr5!Gok !
n on 0 n )
=P j6 5°1G° E6 5°1G? iC kr51G°k ! 5 P kr51G°k ! 5
n on o)
P j'6 5°1G° E!6 5°1G% |C kr51G%k ! 5
é 20
exp 24273
f2rg2

for the second term from the assumption,
n 0

P kr51G°% ! 5 2423

Summarizing

P ji6 5°1G° E16 5°G% |C

¢ 203 23
exp f2212 24 , 24
1§l g
@ .
exp ,12, 2°exp minf2 = 293
f2rg2

Proof of Theorem 16. (a) follows by noting thaltgfx’lxlgc’— & © is a deterministic Lipschitz
function of \1°,

(b) The proof of the part (b) of Theorem 16 follows by combining the parts (a) and (b) of
Lemma 20 and noting that the sampling process will be 1-Lipschitz and iteratively applying

the result of part (b) of Lemma 20. f
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5.9 Application of Theorem 16 to conventional samplers

Recall that the images are generated step by step according to:

140 14 10 14 20 100 1n0
Xo X =R o RT "'RO\ X @1 see—Con1 —E1p

We will prove that each %’ satis es the ACoM property by induction by 8 = 0—e s+ —#:
Basis 8 = 0 follows from Proposition 3.

Step 8 ! 8 , 1 follows by applying Lemma 20 with ! = 1 to x'8.1° = R18\°1x18°— &s L if

we verify that Rls\olo—g;g’f is 1-Lipschitz.

To show that each stepﬁ1 0 is Lipschitz with high probability, recall that it is comprised

of the noise injection followed by the application of the denoiser. The e ect of the noise
injection part is covered by Lemma 21 below. As for the trained denoisér used in

R 19, it need not be Lipschitz in general, but in the case of the EDM sampler as well
as many other samplers, one could observe that the trained network is Lipschitz with high
probability assuming that each part of the architecture is Lipschitz with high probability.
Thus, we illustrate the argument for EDM samplers for which each part of the architecture

of the denoiser is Lipschitz with high probability.

We also test the validity of our results empirically for the U-Net architecture because the
latter is often employed in practice. Despite our prediction matches the empirical results
well for this architecture too, note that we were not able to verify the high-probability
Lipschitness assumptions for this network, leaving it as an interesting challenge that will
hopefully stimulate future work in this direction. To be precise, U-Net is a neural network

consisting of the following blocks:

" Fully-Connected Layers with a Lipschitz activation function f = (8!* and a matrix

of weights W. These are Lipschitz functions with constant iglkWk ».
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" Convolutional Layers with a Iter W. These are also Lipschitz functions with constant

Kfk 187 kKWks .

A

Self-Attention Layers As shown in (Kim, Papamakarios, and Mnih, 2021), these are
not Lipschitz over the entire domain. However, intuitively it should be true that, if we
restrict the domain to points sampled from a distribution satisfying ACoM, then it is
Lipschitz with high probability. We have not been able to verify it by the moment of
submission and encourage an interested reader to do so. To support our point further,
if this architecture were not Lipschitz for the inputs of interest with high probability,
one would imagine that it would be utterly impractical to train and use. However,

nobody has reported this for self-attention.

Max Pool, Average Pool, Group Normalization, Positional Embedding, Upsampling

and Downsampling Layers. All these layers are 1-Lipschitz.

We conclude that the mapping®k! x "8.1° is Lipschitz but, technically speaking, the
constant is unbounded. Moreover, since the sampling process involves # steps for a
relatively large #, the Lipschitz constant of the mapping!xx o might accumulate and
explode unless the Lipschitz constant of each step is bounded by 1. While we could not
prove directly that the latter is the case so far, we observlé\od tB be contractive in the
simulations we have conducted (cf. Figure 5.3). As such, we decided to assume that
the training is performed in such a manner that the sampling stéps x '8.1° are all

1-Lipschitz mappings for the scope of the present work.

Lemma 21. If 1G—H° where is a product measure with marginalsg,c = ? 1
and oy = ? 2, 71 and % are two distributions satisfying ACoM with 1—2— 2— 3—-1
and o—23— g— 3—-3% , respectively, then 1G—H° also satis es ACoM with, -2,
2,—minf8— 8g— 3—maxtf-fog .
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Proof. The prooftechnique is adopted from (Ledoux, 2001). For every !-Lipschitz function

5:R R °!IR, we have from triangle inequality
P j51G—H° E51G-H?j2C
P j51G-H® £51G-H% C
P jE», 51G-H° E51G-H°}|C (5.7)
For the rsttermin 5.7, we have that for the product measure

Pj51G-H° £5'G-H% C
n 0

=E 1 j5'G-H° £5'G-H° C

n 0
= E?zE?lj?zl J5'G-H® £5'G-H%iC
= E2,Payj2, |51G—HO £51G-HOj i

Now we observe that for every H, 51G—H° is also !-Lipschitz in G, thus by ACoM
Pj51G-H° £51G-H°iC

= E?zp?lj?z J S1G-—H° #5 G- Hoj [ C

1 _C o2 0
147 T 244215

For the second term in 5.7, letting 61H° :3 B *G—H°, we observe that 6 is also Lipschitz,

so by ACoM for 3,

1 _Co
If

P jE», 51G—H® E51G-HOjiC ,4' T3  2,42%%
Summarizing, we obtain that:

Pj51G-H° E51G-Hj|2C

02 02

1 _C 0 1 _C 0
14 T 2147218 L4 T 2,428
C 2

1 (6] - -
1, 28Xp I'maxff 1—f>g

,121,2°exp minf2 9-8g3 -

which concludes the proof. f
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5.10 Gram Spectrum
For each of the subsets of classes we considered for our multiclass experiments, we also
investigated the spectrum of the Gram matrix of the corresponding mixture distribution.
Using an equal number of samples per class, we construct a data matrix X 2vRere =
is the total number of samples and 3 = 12288 is the dimensionality of each sample (viewed
as a vector). Figure 5.6 presents the eigenvalue spectrum of the resulting Gram matrix
of the type XX 2 R°=. As can be seen, we observe a very close match between the
distributions of the eigenvalues of the Gram matrices for the di usion-generated data and
the corresponding GMM, but there is a slight mismatch for the smaller eigenvalues. We
leave the question of nding out if there are any reasons for the latter mismatch apart from

numerical inaccuracies for future work.

Figure 5.6: Spectra of Gram Matrices for balanced mixtures of 4, 10, and 20 classes, for
Di usion (Red) and GMM (Blue). We use 2048 samples per class for the 4-class mixture,
and 512 samples per class for 10 and 20 class mixtures.

Figure 5.7: First 1000 eigenvalues of Gram Matrices for balanced mixtures of 4, 10, and 20
classes.

Note that while establishing the closeness of eigenvalue distributions of the Gram matrices

allows one to characterize the behavior of certain algorithms such as Least-Squares SVM
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or spectral clustering, this does not allow us to analyze more elaborate algorithms. For
example, the LASSO objective mjrkXw yk 3, kwkq forw 2 R®=X 2 R 3 is not
unitarily invariant. Hence, given%2 R~ 3 | even knowing that the Gram matrices®xx°
and X X are exactly equal to each other does not let one conclude thiaewti ed via

minwo kXW° yk 2, _kw %; yields performance similar to the performance of F.

Evolution of Gram Matrix Eigenvalues through Sampling: We observe that the sampling
process rst matches the top Gramian eigenvalues, and progressively matches the lower

eigenvalues.

Figure 5.8: Gramian eigenvalues through EDM sampling. Computed with 2048 samples
of one class.
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