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ABSTRACT

Understanding the effects of variation in the genome on organisms’ phenotypes
is a central goal of biology. For the past several decades, this has been done by
performing large-scale association tests to identify links between genetic variants
across the genome and particular diseases or traits. As most variants are in non-
coding regions of the genome and act only in specific contexts, there arose the
intermediate step of associating variants with gene expression patterns in particular
tissues using bulk RNA-sequencing data and, with the recent widespread adoption
of single-cell RNA-sequencing, particular cell types. However, associative tests
are generally restricted to variants within some sequence distance of the gene, as
testing tens of millions of distal variants against tens of thousands of genes in
hundreds of contexts is computationally and statistically burdensome. Moreover,
associating these proximal variants to changes in average gene expression using
scRNA-seq data is far from pinpointing the cellular process they may affect. To
move beyond analysis of averages, recent work has advocated for a mechanistic
approach to analyzing scRNA-seq by modeling the underlying biological processes
of transcription, splicing, and degradation.

In this thesis, we first show how biophysical models are useful for identifying
changes in biophysical processes not accessible at the level of mean expression. We
next develop accelerated inference procedures for these models to make feasible
their application at the scale required for genetic association tests. We then propose
a framework for testing for the presence or absence of proximal or distal gene regu-
lation using homozygous crosses. Finally, we couple the genetic testing framework
and biophysical models to identify regulatory strategies of biophysical processes
across cell types in eight tissues of eight genetically diverse mouse strains.
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C h a p t e r 1

INTRODUCTION

It requires indeed some courage to
undertake a labor of such
far-reaching extent; this appears,
however, to be the only right way
by which we can finally reach the
solution of a question the
importance of which cannot be
overestimated in connection with
the history of the evolution of
organic forms.

GREGOR MENDEL

One of the most fundamental questions in biology is how chemical information
stored in a sequence of DNA molecules encapsulated in tiny cell-chambers of
living organisms gives rise to a plethoric plentitude of biological behaviors and
characteristics, differing across tissues within the same organism, organisms of the
same species, and species ranging the tree of life. While today, unprecedentedly
large-scale analyses associate variants in DNA sequences to phenotypic differences
using tens of thousands of samples, it is valuable to remember how we arrived in
the age of big data genomics as a way of guiding how to advance.

That discrete traits can be passed down from organism to organism, Mendel first
observed in the 1860s by performing crosses of the unassuming garden pea, Pisum
sativum [1]. Without knowledge of DNA, he described the laws governing “el-
ementen,” or hereditary factors, that hybrid crosses inherited from each parent:
functional units that later came to be described as alleles of genes. A few years
later, in 1869, Miescher discovered a phosphorus-rich compound in the nuclei of
cells that he called “nuclein,” composed mostly of what we now call deoxyribose
nucleic acid (DNA) [2]. However, it was not until the work of Oswald Avery in
the mid-1940s, building on Frederick Griffith’s earlier experiments, that the nucleic
acid DNA was shown to “transform” bacteria from non-virulent to virulent and was
thus discovered to be the substance carrying Mendel’s proposed genetic unit [3].
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The 1950s saw the structure of DNA resolved, and the famous (and infamously
misunderstood) proposition by Crick of directional information flow from DNA to
RNA to protein, but not from protein to either protein or nucleic acid [4]. In the
1970s and 80s, nucleic acid sequencing technologies emerged, with the first RNA
genome, bacteriophage MS2, sequenced in 1976 [5] and the first DNA genome,
bacteriophage 𝜙X174, in 1977 [6], both only several thousand nucleotides long. The
first multicellular organism to have its 97 megabase (Mb) genome sequenced was
Caenorhabditis elegans, published in1998 [7], followed by the 2001 publication of
the 30-times larger human genome as the culmination of the 3-billion-dollar1 Human
Genome Project (HGP) [8]. The initial publication, however, was incomplete,
and only as recently as 2022 did the follow-up Telomere-to-Telomere consortium
publish an end-to-end reference sequence that includes highly repetitive regions
near centromeres and telomere ends [9]2.

The creation of a human reference sequence was a foundational event in the ongoing
history of characterizing the function of sequences of DNA. With it, genome-wide
association studies (GWAS) began to link variation from that reference in the form
of single-nucleotide polymorphisms (SNPs) to sample phenotypes like disease and
other traits [11, 12, 13]. Today, as the cost of sequencing a genome has dropped
from three billion to several hundred dollars, GWAS are performed with ever larger
sample sizes [14], increasing the number of variants implicated in an extensive set
of diseases and traits, including heart disease [15], psychiatric disorders [16, 17],
multiple forms of cancer [18], height [19], and behavioral habits like tobacco use
[20].

However, most of the SNPs identified as significant in GWAS are located in non-
coding regions of the genome, making their functional mechanism hard to interpret.
This is unsurprising, as only about 1.5% of the 3 billion haploid base pairs in the
human genome codes for proteins. The remaining 98.5%, though, is far from inert:
aiming to catalogue non-coding genomic regions and create an Encyclopedia of
DNA Elements, the ENCODE project identified over 80% of the genome as bio-
chemically active [21]. Many of these are important regulatory regions, such as
promoters, enhancers, or regions of structured chromatin and histone modifications.

1About one dollar per base pair!
2Arguably, there is no “human genome,” as every genome contains variation in the form of single-

nucleotide differences, copy-number differences in repetitive regions, small inserts and deletions
(indels), and larger scale structural variation. Now, there is a push towards the use of “pangenome
graphs” rather than a single, linear reference genome to better capture a range of genetic diversity
[10].
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This showed that the vast majority of our DNA contains regulatory information
that carefully controls the directed flow of information from DNA to “transcribed
functional units” of RNA. The regulatory information governs the production (tran-
scription) of nascent RNA molecules, as well as how they are altered (e.g., removing
introns by splicing to leave exons comprising mature RNA molecules) before being
exported from the nucleus and translated into protein. This process, how genes are
turned on and off or modulated to produce dynamic distributions of RNA in different
contexts and in response to stimuli, is called gene expression regulation.

To fully understand how the genome’s information content produces biological func-
tion, then, it is necessary to ascertain not only the precise sequence of DNA but the
levels of intermediates between genome and protein: RNA transcripts. Genome-
wide measurements of RNA expression were first made using microarrays, which
contained thousands of probes pre-designed to hybridize to known transcript se-
quences [22]. In the 2000s, the development of high-throughput, massively parallel
sequencing methods gave rise to a more unbiased quantification of gene products,
RNA-seq [23]. Most RNA-seq technologies use poly(T) probes to capture poly-
adenylated tails of messenger RNA (mRNA), with initial applications to bulk tissue
samples (bulk RNA-seq). The probes also contain priming sites for reverse tran-
scriptase and DNA polymerase, which convert RNA to cDNA libraries via reverse
transcription and subsequent amplification, and indices that bind to sequencing
machine flow cells. Sequencing machines then perform many rounds of comple-
mentary strand synthesis with fluorescently labeled nucleotides to “read” cDNA
sequences corresponding to the original RNA. These reads are then aligned to a
reference genome, and the number that overlap with annotated genes are used to
quantify the gene expression profile of input samples. With the proper annotation,
reads can also be assigned at the sub-gene level: for example, as spliced/mature or
unspliced/nascent if aligning to exonic or intronic regions of a gene, respectively
[24, 25].

In the 2010s, these RNA capture technologies were combined with microfluidic and
well-based approaches that separate individual cells [26, 27], and sequencing probes
were designed with cell-specific barcodes and unique molecular identifiers (UMIs),
to allow the quantification of unique RNA molecules across the full spectrum of
protein coding genes in individual cells. This technology, single-cell RNA-seq
(scRNA-seq), unlocked extensive observations of the wide diversity of gene expres-
sion profiles across cells: these differences are used to distinguish and classify cell
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types (more on this in Chapter II). It also paved the way for the creation of com-
prehensive cell atlases: from identifying all the genes and functional elements in
the human genome came the effort to classify all cell types and states in the human
body [28].

Returning to the goal of GWAS to determine the association between SNPs and
high-level phenotypes like disease, there was introduced the intermediate step of
linking SNPs to gene expression (RNA levels) in particular biological settings, and
then determining post hoc if the gene’s protein product had any role related to the
SNP-linked disease or trait. These variant to expression associations (expression
Quantitative Trait Loci, or eQTL, studies) have been performed across tissues in
the human body [29, 16], and, after the rise of scRNA-seq, even specific cell types
[30]. These studies provide maps between genetic variants, the gene encoding the
functional protein, the biological context, and particular diseases or traits. However,
several issues remain.

Firstly, there is a combinatorics problem for identifying significant variant-gene
associations. Testing for significant associations between hundreds of millions of
SNPs in the human genome ( 𝑓 × 108) [31] and tens of thousands of genes ( 𝑓 × 103)
in hundreds of cell types and contexts ( 𝑓 × 102) is computationally and statistically
burdensome ( 𝑓 × 1014 tests!). To reduce the number of tests, variant testing is split
into two digestible conceptual categories: cis, or variants that are restricted to be
within some distance (usually ±1 Mb) of the gene; and trans, or any variants outside
of this window. This reduces the number of cis tests from tens to thousands per
gene, as opposed to tens of millions. Trans variant identification has not escaped
the combinatoric encumbrance. To give a sense of the difficulty in identifying
trans eQTLs, in a final release of the Gene-Expression-Tissue (GTEx) project that
tested variant-gene associations across 54 human tissues, only 143 genes with trans
regulation were identified, as opposed to 23,268 genes with cis eQTLs [29].

Another missing piece is mechanism: eQTL studies associate variants with a change
in average gene expression, revealing nothing of the cellular processes that the
variant could be affecting. While adaptations of eQTL studies for testing links
between SNPs and ratios of spliced to unspliced RNA counts for a gene (splicing
QTL, or sQTL, studies) give oblique insight into mechanism [32], the ratio of spliced
to unspliced counts is a mere proxy for the actual process of splicing.

ScRNA-seq data could hold the key to linking SNP to disrupted cellular process, as
they give access to mechanistic information. In parallel to the genomic revolution,
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small scale investigations of transcription in individual cells using fluorescently
labeled RNA molecules reported key parameters governing the process, such rates
of transcriptional initiation and RNA decay. These were inferred by fitting particular
biophysical models to the observed distribution of RNA counts, grounded in the
observation of the systems’ stochasticity [33, 34, 35]. Crucial to these discoveries
was the insight that the variance in RNA counts over genetically identical cells
in identical conditions was not merely technical noise but contained information
about the underlying biological system: the distribution is more informative than
the mean. Count distributions from scRNA-seq can be similarly modeled; and, with
the inclusion of spliced and unspliced information, used to learn about the lifecycle
of RNA in different cell types and organisms [36, 37, 38].

Unfortunately, although common for decades in fluorescence studies, using a bio-
physical model to analyze scRNA-seq data has been slow to gain traction in the
genomics field. It is by far outnumbered by heuristic choices and arbitrary data ma-
nipulations [39], with the final output being a list of “differentially expressed genes”
(DEGs), or genes with different means in the different tested groups [40]. Rather
than taking advantage of count variation across single cells, sc-eQTL pipelines at-
tempt to remove it by porting over approaches from bulk eQTL pipelines. A recent
review on best-practices for sc-eQTL pipelines tested whether median, mean, or
sum of RNA counts over cells of a cell type would be “best,” as defined by find-
ing the greatest number of significant variant-gene associations [41]. While this
failure to account for the data generating process is a characteristic of the genomic
data analysis philosophy belonging to the “algorithmic modeling” versus “stochas-
tic data” modeling culture [42], it is also a problem of practicality. For all but the
simplest biophysical models, there is no closed-form distribution solution [43], and
tools to scale computationally costly inference procedures to the datasets required
for genetic association studies have not been available.

So, in pursuit of understanding how DNA sequences lead to biological function, and
how genetic variants alter this, we are left with challenges:

1. Statistical and computational difficulties in identifying trans-acting vari-
ants: Before we pinpoint exact trans variants, can we determine to what extent
and which genes are regulated in trans?

2. Resolution and context dependence: How does regulation act at the tissue
and cell type level, and how do we make full use of single-cell data to explore
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this?

3. Mechanism: By what mechanisms do genetic variants act, i.e. what is their
effect on biophysical processes of the cell?

These are the overarching/motivating questions I consider in my thesis, asking what
we can gain from coupling genetic analyses to single cell biophysics, and how to
scale this to modern-day genomic datasets. We develop the theory and tools that are
the necessary building blocks for answering these questions, and then apply them
to infer biophysical mechanisms and its regulation for tens of thousands of genes
across eight tissues in eight founder mouse strains: the largest analysis of single-cell
biophysical mechanism of which we are aware.

Before fitting biophysical models to full RNA count distributions, we showcase
the utility of moving beyond comparison of its first moment (mean) to its second
(variance) [44, 45]. We start with one of the first steps in single-cell analyses
pipelines: dimensionality reduction. While most scRNA-seq pipelines use principal
component analysis (PCA) to group similar cells into “types,” we demonstrate in
Chapter II how it can be adapted to move beyond comparing average expression to
identify patterns of variation that are different in a target or case versus a background
or control genomic dataset.

We then describe the biophysical modeling formulation we use for scRNA-seq
distributions in Chapter III [37]. We provide examples of how this can be used
for biological discovery and hypothesis generation by giving access to mechanistic
interpretation of biological responses to intervention. In Chapter IV and V, we show
how distributions for intractable biophysical models can be efficiently approximated
and scaled for inference using machine learning, expanding the practical scope of
their applicability [46, 47].

In Chapter VI, with a nod to Mendel and his peas, we present a new mathematical
framework for determining the relative contributions of cis and trans regulation to
differences in homozygous parental gene expression using their hybrid crosses [48].
This complements eQTL studies by providing a way to discover the presence and
extent of trans regulation by induction (while we cannot determine the trans acting
variant, we can say that it exists), restricting the search space for candidate genes.

Finally, in Chapter VII, we combine the threads of the thesis for an exciting demon-
stration of coupling genetics to single cell biophysics at scale. We fit biophysical
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models for the largest analysis of biophysical parameters of which we know: 15
diverse genotypes, eight tissues, 92 unique cell types, and 30,763 genes. We next
apply the framework developed in Chapter VI to determine gene regulatory strate-
gies of biophysical mechanism between the diverse strains across genes, cell types,
and tissues.

In Chapter VIII, we think ahead to the future of modeling approaches in light of
ever expanding, dizzyingly large genomic datasets and computational revolutions:
what kinds of questions may be possible to ask, and what are the role and capacity
of the human computational biology researcher?
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C h a p t e r 2

CONTRASTIVE DIMENSIONALITY REDUCTION FOR
DIFFERENTIAL VARIANCE

One of the first steps in a scRNA-seq workflow is to reduce the dimension of obser-
vations from tens of thousands of genes to a lower dimension, with the underlying
assumption that cells can be described by modules of correlated genes that are
co-expressed. These lower dimension cell representations can then be assigned to
discrete groups that display similar gene expression profiles and classified as be-
longing to a certain cell type by the expression of known cell type marker genes
[49]. Perhaps the most commonly employed method for dimensional reduction is
principal component analysis (PCA), first proposed in the early twentieth century
[50, 51], which finds linear combinations of features (e.g., genes) that best preserve
the variance of the observations in the lower dimension. This takes advantage of
the variance inherent in single-cell observations by preserving it: features highly
weighted in PCA are those that display variability across cells.

However, contrasting the variability of observations, and the features driving it, in
settings for which target and background datasets are available is a powerful way to
move beyond the mean and suggest features as having differential variance between
conditions. This chapter summarizes work on developing the theory and methods for
contrastive principal component analysis of genomics data via the Rayleigh quotient
and associated generalized eigenproblems, useful for single-cell genomics but also
for data science more generally.

2.1 The Rayleigh Quotient for Genomics

This section summarizes content from [44] by M.C.∗, K.J.∗ and L.P.∗, where
∗ denotes co-first authorship. M.C., K.J., and L.P. developed the methods,
produced the results and drafted the manuscript.

Contrastive learning methods can be powerful tools for genomics, enabling the
identification of signals in an experiment via dimension reduction while reducing
noise using a control. One such approach is contrastive PCA (cPCA) [52] and
its extensions [53, 54], which attempt to maximize variance of target samples
while minimizing variance of background samples. However, the cPCA objective
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involves a subtraction of target and background covariance matrices, which leads to
non-physical negative variances. A more natural objective for contrastive principal
component analysis that retains positive variance relationships involves the ratio of
covariance matrices formulated via a Rayleigh quotient, analogous in form to PCA
itself and many existing dimensional objectives.

Principal Component Analysis and Other Rayleigh Quotient Instantiations
Principal Component Analysis (PCA) refers to the identification of a sequence of
subspaces of a Euclidean vector space that provide optimal low-dimensional linear
approximations to a high-dimensional dataset [50, 51]. Formally, given centered
data vectors 𝑥1, . . . , 𝑥𝑛 ∈ R𝑑 with sample covariance matrix Σ̂, PCA seeks unit
vectors 𝑣1, . . . , 𝑣𝑘 that maximize

RPCA(𝑣) =
𝑣⊤Σ̂𝑣

𝑣⊤𝐼𝑣
, (2.1)

The vectors {𝑣𝑖}𝑘𝑖=1 that maximize RPCA(𝑣) are the eigenvectors of Σ̂, and the
corresponding eigenvalues represent the variances explained along each direction.
The 𝑘-dimensional subspace spanned by the first 𝑘 eigenvectors maximizes the total
projected variance and equivalently minimizes the mean-squared reconstruction
error among all 𝑘-dimensional linear subspaces.

The quantity RPCA(𝑣) is a special case of the Rayleigh quotient, which, for two
square matrices 𝐴 and 𝐵, is defined as

R(𝑣) =
𝑣⊤𝐴𝑣

𝑣⊤𝐵𝑣
. (2.2)

When both 𝐴 and 𝐵 are symmetric and 𝐵 is positive definite, the maxima of (2.2)
satisfy the generalized eigenvalue problem 𝐴𝑣 = 𝜆𝐵𝑣 [55] (see the subsection on
solving 𝜌pCA below).

Many other dimension-reduction and signal-extraction problems can be formulated
as a Rayleigh quotient maximization. For example, Fisher linear discriminant
analysis (LDA; [56, 57]) maximizes the Rayleigh quotient

RLDA(𝑣) =
𝑣⊤𝑆𝐵𝑣

𝑣⊤𝑆𝑊𝑣
, (2.3)

where 𝑆𝐵 is a between-class scatter matrix and 𝑆𝑊 is a within-class scatter matrix.
Maximizing RLDA(𝑣) yields directions that best separate classes by maximizing
inter-class variance while minimizing intra-class variance.
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Recently, contrastive PCA (cPCA; [52]) proposed to identify patterns present in one
dataset but not another. The method seeks components that exhibit high variance in
a target dataset while exhibiting low variance in a background dataset. The original
publication defines cPCA as the eigendecomposition of a contrastive "covariance"
matrix,

𝐶𝛼 = Σ̂𝑇 − 𝛼Σ̂𝐵, (2.4)

where Σ̂𝑇 and Σ̂𝐵 are the sample target and background covariance matrices, re-
spectively, and 𝛼 > 0 is a tunable contrast parameter. Note that while the sum
of covariance matrices is always a covariance matrix, the difference of covariance
matrices may not be positive semidefinite; 𝐶𝛼 can have negative eigenvalues, thus
suggesting non-physical variances.

We propose rather maximizing the ratio of the target to background projection
variances by solving the Rayleigh quotient problem

R𝜌PCA(𝑣) =
𝑣⊤Σ̂𝑇𝑣

𝑣⊤Σ̂𝐵𝑣
. (2.5)

This yields non-negative variance ratios without requiring a tuning parameter 𝛼.
The Rayleigh quotient is also scale invariant (scaling either covariance matrix by a
positive constant rescales all eigenvalues but leaves the eigenvectors, and therefore
the contrastive subspace, unchanged, i.e., for 𝑎, 𝑏 > 0, R𝜌PCA(𝑣; 𝑎Σ̂𝑇 , 𝑏Σ̂𝐵) =

𝑎
𝑏
R𝜌PCA(𝑣)); and monotonic (if Σ̂

(1)
𝑇

⪰ Σ̂
(2)
𝑇

or Σ̂
(1)
𝐵

⪯ Σ̂
(2)
𝐵

, then R (1)
𝜌PCA(𝑣) ≥

R (2)
𝜌PCA(𝑣)). This means that increasing the target variance or decreasing the back-

ground variance never decreases the Rayleigh quotient. Furthermore, the cPCA
objective (2.4) can be derived as a Taylor approximation (under a strong assump-
tion) of the 𝜌PCA objective [44].

We thus propose the Rayleigh quotient objective as the correct method for contrastive
principal component analysis. The Rayleigh quotient (2.2) is frequently referred to
as 𝜌; we therefore adopt the term 𝜌PCA to highlight the fact that 𝜌PCA extends PCA
via a Rayleigh quotient where the matrix in the denominator is not necessarily the
identity. Furthermore, the term 𝜌PCA rather than just 𝜌 is intended to convey that
the method is more than just the solution of the quotient (computing generalized
eigenvalues and eigenvectors of covariance matrices derived from data); 𝜌PCA
includes the projections of the data onto the subspaces spanned by the generalized
eigenvectors. Below we provide details on how to solve the 𝜌PCA objective.
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Solving 𝜌PCA
The 𝜌PCA objective (2.5) seeks to find

argmax𝑣R𝜌PCA(𝑣) = argmax𝑣
𝑣⊤Σ̂𝑇𝑣

𝑣⊤Σ̂𝐵𝑣
, (2.6)

where Σ̂𝑇 and Σ̂𝐵 denote the empirical target and background covariances, respec-
tively, and Σ̂𝐵 is assumed to be positive definite (if empirical target covariance
matrices are not positive definite, regularization such as Tikhonov shrinkage can
be applied [44]). That is, a direction 𝑣 in which the target variance is maximized
while the background variance is minimized. Because the quotient is homogeneous
in 𝑣, scaling 𝑣 by any nonzero constant does not change the objective. Therefore,
we can impose a normalization constraint, leading to the equivalent constrained
optimization problem

max
𝑣∈R𝐷

𝑣⊤Σ̂𝑇𝑣 subject to 𝑣⊤Σ̂𝐵𝑣 = 1. (2.7)

The constraint specifies unit variance in the background so that the maximization
measures relative rather than absolute variance. To solve this constrained problem,
we introduce a Lagrange multiplier 𝜆 and define the Lagrangian

L(𝑣, 𝜆) = 𝑣⊤Σ̂𝑇𝑣 − 𝜆(𝑣⊤Σ̂𝐵𝑣 − 1). (2.8)

Taking the gradient with respect to 𝑣 and setting it equal to zero yields

∇𝑣L = 2Σ̂𝑇𝑣 − 2𝜆Σ̂𝐵𝑣 = 0,

⇒ Σ̂𝑇𝑣 = 𝜆Σ̂𝐵𝑣. (2.9)

Equation (2.9) is a generalized eigenvalue problem, and its solutions (𝑣, 𝜆) satisfy the
stationarity condition of the Rayleigh quotient. The eigenvectors 𝑣 corresponding
to the largest generalized eigenvalues 𝜆 define the directions along which the target
variance is maximized relative to the background variance. Each eigenvalue 𝜆𝑖
represents the ratio of target-to-background variance along its associated direction
𝑣𝑖.

This extends naturally to multiple dimensions. Let𝑉 = [𝑣1, . . . , 𝑣𝑑] ∈ R𝐷×𝑑 denote
the matrix whose columns are the top 𝑑 generalized eigenvectors of (Σ̂𝑇 , Σ̂𝐵), and
let Λ = diag(𝜆1, . . . , 𝜆𝑑) be the diagonal matrix of the associated eigenvalues. The
multidimensional generalization of the Rayleigh quotient replaces the scalar ratio
by a trace ratio, yielding the objective

max
𝑉∈R𝐷×𝑑

tr
(
(𝑉⊤Σ̂𝐵𝑉)−1𝑉⊤Σ̂𝑇𝑉

)
, (2.10)
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Figure 2.1: 𝜌PCA finds directions that maximize target variance while minimizing back-
ground variance. a, 𝜌PCA is useful in a setting in which there are target datasets of interest
with axes of interesting variation and background datasets with different axes of variation
that should be removed before analysis. In the following example, the sample size n = m
= 1,000 and the feature size p=2. b, 𝜌PCA (black dashed line) finds the direction that
maximizes the ratio of the target variance (direction of maximum target variance, dashed
blue line) while minimizing the background variance (direction of minimum background
variance, red dashed line). c, Variance of target (blue) and background (red) data projected
on lines that pass through the origin from 0◦ to 180◦, with the ratio of target to background
variance (Rayleigh Quotient) shown below. Dashed lines correspond to the directions from
b.

which is equivalent to maximizing tr(𝑉⊤Σ̂𝑇𝑉) subject to the constraint of back-
ground orthonormality 𝑉⊤Σ̂𝐵𝑉 = 𝐼𝑑 . Introducing a symmetric matrix of Lagrange
multipliers Λ, the stationarity condition of the Lagrangian

L(𝑉,Λ) = tr(𝑉⊤Σ̂𝑇𝑉) − tr
(
Λ(𝑉⊤Σ̂𝐵𝑉 − 𝐼𝑑)

)
(2.11)

with respect to 𝑉 gives

∇𝑉L = 2Σ̂𝑇𝑉 − 2Σ̂𝐵𝑉Λ = 0, (2.12)

or equivalently,
Σ̂𝑇𝑉 = Σ̂𝐵𝑉Λ. (2.13)

This is the matrix form of the generalized eigenvalue equation: each column of 𝑉
is an eigenvector of (Σ̂𝑇 , Σ̂𝐵) and each diagonal entry of Λ its corresponding eigen-
value. The optimal 𝑉 consists of the 𝑑 generalized eigenvectors associated with the
largest eigenvalues, which together span the 𝜌PCA subspace. This subspace max-
imizes the total target variance relative to background variance, and the constraint
𝑉⊤Σ̂𝐵𝑉 = 𝐼𝑑 ensures that the learned directions remain mutually orthogonal under
the background inner product, 𝑣⊤

𝑖
Σ𝐵𝑣 𝑗 = 0 for 𝑖 ≠ 𝑗 .
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Figure 2.2: 𝜌PCA recovers structure in biological subgroups without requiring parameter
tuning or prohibitively long runtimes. a, Original Fig. 3a from [52] showing PCA and
cPCA projections of protein expression from mice exposed to shock therapy, some of which
developed Down Syndrome (DS) and some of which did not (non-DS). b, 𝜌PCA recovers
separation of the two subgroups without searching over the contrastive parameter 𝛼. c,
cPCA by default outputs projections at four values of 𝛼, with no guidance on how to select
the best value.

Comparing 𝜌PCA and cPCA
Given the heuristics and approximations underlying cPCA, we hypothesized that
𝜌PCA would be more effective at finding a projection that maximizes variance in a
target dataset while minimizing variance in a background dataset.

To directly compare cPCA to 𝜌PCA on biological data, we applied 𝜌PCA to a
dataset consisting of protein expression measurements from mice exposed to shock
therapy [52], some of which developed Down Syndrome (DS) and some of which
did not (non-DS). As reported in [52], performing PCA on the shock-treated mice
data does not reveal distinct protein expression between those that developed Down
Syndrome and those that did not. Introducing as a background protein expression
measurements from non-DS mice that had not received shock therapy, 𝜌PCA finds
an effective projection without any parameter tuning (Fig 2.2). cPCA projections
reported in [52] as well as those obtained when running cPCA with default param-
eters produce different projections at different values of 𝛼, without clear guidance
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given on how to choose the best value. Moreover, in an improvement with respect
to cPCA, the 𝜌PCA projection shows different protein expression patterns between
the DS and non-DS mice (Fig 2.2).

𝜌PCA for Biological Discovery
To demonstrate the interpretability and scalability of 𝜌PCA, we performed an anal-
ysis of a large single-nucleus RNA-seq dataset profiling kidney in mice [58]. We
applied 𝜌PCA to a target dataset of four female mice with a "background" of four
male mice in order to identify cell type specific variation in female gene expression
that is distinct from the variation in males. After filtering out low quality nuclei
and selecting highly expressed and highly variable genes dataset, we analyzed 2,000
genes from 47,798 female nuclei and 42,142 male nuclei of 17 different cell types.
While a typical analysis might focus on genes that are differentially expressed (mean
or rank differences) between male and female cell types, 𝜌PCA provides a new inter-
pretation of sexually dimorphic gene expression as genes that are variable primarily
in the target group (female) and not in the background group (male).

The coefficients (loadings) of 𝜌PCA generalized eigenvectors are analogous to PCA
loadings, but in this case highlight genes displaying variation among females that is
absent from males (Fig. 2.3). These genes are not identified in a standard application
of PCA: unsurprisingly, the genes with the highest loadings on GE 1 and GE 2 are
not the genes with the highest loadings on PC 1 and PC 2 (Fig. 2.3a).

The variance of projected samples onto each generalized eigenvector also yields
insights into the particular cell type driving the main axes of female specific variation.
We projected male and female nuclei onto the first and second GEs and calculated
the variance per cell type and sex (for all cell types, see Supplementary Fig. 2 in
[44]). We then took the ratio of female to male variance, which is the Rayleigh
quotient 𝜌 of each GE. We find that GE 1 has the highest female to male Rayleigh
quotient in proximal tubule (PT) epithelial cells, while GE 2 has the highest ratio
in adipocytes (Fig. 2.3b,c, with absolute variances shown in Supp. Fig. 3 of [44]).
As the first generalized eigenvector is the axis that explains the most variation in the
target after having accounted for variation in the background, this suggests that of
the tested cell types, females show the most unique variability in PT epithelial cells.
This is consistent with previous studies: the PT is known to show strong sexually
dimorphic gene expression patterns, reported to be regulated by hormone receptors
(androgen and estrogen) [59, 60].
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Figure 2.3: 𝜌PCA analysis of snRNA-seq data from male and female mice reveals genes
driving female-specific variation across cell types that PCA fails to identify. a, Loadings
for the three genes with the greatest magnitude loadings on the first and second generalized
eigenvectors (GE 1 and GE 2 respectively) and the first and second principal components
(PC 1 and PC 2 respectively): 𝜌PCA highly weights different genes than PCA. b, The ratios
of variance of female to male nuclei projected onto the first and second GEs for 16 cell
types in the kidney. GE 1 separates female proximal tubule epithelial cells, while GE 2
has the highest variance ratio for adipocytes. c, Histogram of male and female proximal
tubule epithelial cells (orange) and adipocytes (green) projected onto the first and second
generalized eigenvectors. d, Acsm2 (gene with the highest magnitude on GE 1), Erbb4 (gene
with the highest magnitude on GE 2), Meis2 (gene with the highest magnitude on PC 1),
and Slit2 (gene with the highest magnitude on PC 2) expression in male and female nuclei,
separated by cell type (proximal tubule epithelial cells, top row, and adipocytes, bottom
row).

As expected, the male and female specific expression patterns for the genes driving
GE 1 and GE 2 show strong differences in variance. The counts distributions for
Acsm2 (top gene for GE 1) and Erbb4 (top gene for GE 2) are indeed more variable in
females than in males in PT epithelial cells and adipocytes, respectively (Fig. 2.3d),
while the top genes for PC 1 (Meis2) and PC 2 (Slit2) do not show clear differences in
variation. It is interesting that while Acsm2 is more variable in females than in males
in the PT, it has a lower mean expression in females than males. While this gene
has been previously noted to have male-biased expression in PT cells [61], 𝜌PCA
identifies that it displays female specificity in the second moment. This variance
across cells in females is interesting in light of [62], which suggests that Acsm2
is controlled by androgen in PT cells; each cell may be responding to differences
in hormone concentration across the PT. While ErbB4, the gene that codes for the
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receptor protein-tyrosine kinase with roles in cell signaling and growth, is not as well
studied, another growth-regulating receptor of the ErbB family, ErbB1, is known
to have sex-biased expression in the kidney and to be sensitive to changes in sex
hormones [63]. These examples illustrate the potential of 𝜌PCA as a computational
approach for identifying genes whose cell-to-cell variation may have functional
significance [64].

Discussion
Indeed, it is no accident that the 𝜌PCA objective has been used for dimension
reduction since the introduction of LDA in 1936 [56], and has been rediscovered in
various fields. For example, the extraction of common spatial patterns method (CSP)
of [65] at its core involves maximizing a Rayleigh quotient, where the target and
background covariance matrices are derived from two distinct signal conditions [66].
The resulting generalized eigenvectors define spatial filters that maximize variance
in one condition while minimizing variance in the other. CSP has become one of the
most popular algorithms for brain computer interface design [67]. One reason that
maximizing the 𝜌PCA objective works well in practice is that 𝜌PCA can be viewed
as a restricted Gaussian maximum-likelihood estimator analogous to classical LDA
[68, 69]. In this view, target and background data arise from Gaussians whose
covariances differ by a structured latent component, and the 𝜌PCA solution is the
large-sample maximum-likelihood solution. This probabilistic interpretation differs
fundamentally from the contrastive latent variable model of Severson, Ghosh, and
Ng [70], in which both target and background distributions are generated by shared
and condition-specific latent variables and the full joint likelihood is maximized.
The models of [68] and [69] provide asymptotic insight into 𝜌PCA, in contrast to
the finite-sample likelihood maximization of probabilistic PCA [71]. Moreover,
the expectation–maximization (EM) algorithm of [69] offers an analog of the EM
algorithm of [72] for probabilistic PCA.

The 𝜌PCA method is also powerful due to its efficiency and scalability, making
it much more suited to genomics applications than cPCA. We found that 𝜌PCA is
much faster than cPCA. For example, in an analysis of a dataset with 10,000 samples
and 1,000 features, cPCA takes almost two minutes to run, while 𝜌PCA runs in only
a few seconds on the same machine, a speedup of two orders of magnitude. The
difference in runtime between 𝜌PCA and cPCA is even more dramatic as the number
of samples and features increases (Fig. 2.4). Analyzing data at increasingly large
scales, such as single-cell RNA sequencing data with hundreds of thousands, or
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Figure 2.4: We use snRNA-seq data from mouse kidney to illustrate that 𝜌PCA is orders of
magnitude faster than cPCA and remains efficient as a, number of samples (with fixed 2,000
features) and b, number of features (with fixed 1,000 samples in target and 1,000 samples
in background) grow. Note that when samples have more than 1,000 features, cPCA first
performs PCA to restrict the number of features to 1,000 (black dashed line).

even millions, of cells and genes, would require prohibitively long run times with
cPCA.

In summary, the Rayleigh quotient provides an effective unifying principle for linear
contrastive learning. This observation can lead to a consolidation of contrastive
methods across fields.
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2.2 Solving the Rayleigh Quotient for Functional Data
In the previous section, it was described how contrastive PCA problems can be
written as solutions to generalized eigenvalue problems that maximize particular
instantiations of the Rayleigh quotient. In this section, we discuss how understanding
this framework leads to useful and creative extensions of 𝜌PCA; i.e., solving the
Rayleigh quotient in the space of basis function coefficients (f-𝜌PCA) to find modes
of variation in functional data. This extension expands the scope of contrastive PCA
while unifying disparate fields of contrastive dimensional reduction and functional
methods within a single conceptual and mathematical framework. We showcase the
utility of this extension with an analysis of gene expression in immune response to
vaccination.

This section summarizes content from [45] by M.C.∗, K.J.∗ and L.P.∗, where
∗ denotes co-first authorship. M.C., K.J., and L.P. developed the methods,
produced the results and drafted the manuscript. M.C. worked on functional
𝜌PCA, while K.J. worked on spatial 𝜌PCA.

Functional PCA
Functional PCA (fPCA) is a technique that extends PCA to reduce the dimensionality
of data that can be represented as curves or functions over a continuous domain
(e.g., time or space) by finding dominant “modes of variation” [73, 74]. In this
setting, 𝑛 independent observations 𝑋𝑖 (𝑡), ..., 𝑋𝑛 (𝑡) are considered realizations of
a square-integrable stochastic process 𝑋 (𝑡) over the continuous variable 𝑡. Let
𝜇(𝑡) = 𝐸 [𝑋 (𝑡)] and 𝑐(𝑠, 𝑡) = Cov(𝑋 (𝑠), 𝑋 (𝑡)) = 𝐸 [(𝑋 (𝑠) − 𝜇(𝑠)) (𝑋 (𝑡) − 𝜇(𝑡))]
be the mean function and covariance function of the process 𝑋 (𝑡), respectively.
The covariance operator 𝐶 : 𝐿2(T ) → 𝐿2(T ) acts on square-integrable functions
𝑓 (𝑠) ∈ 𝐿2(T ) as

(𝐶 𝑓 ) (𝑡) =

∫
T
𝑐(𝑠, 𝑡) 𝑓 (𝑠)𝑑𝑠.

As 𝐶 is compact, self-adjoint (symmetric, or 𝑐(𝑠, 𝑡) = 𝑐(𝑡, 𝑠)), and positive semi-
definite (

∫
T

∫
T 𝑓 (𝑠)𝑐(𝑠, 𝑡) 𝑓 (𝑡)𝑑𝑠𝑑𝑡 ≥ 0), by Mercer’s theorem, the function 𝑐(𝑠, 𝑡)

can be expressed as

𝑐(𝑠, 𝑡) =

∞∑︁
𝑘=1

𝜆𝑘𝜙𝑘 (𝑠)𝜙𝑘 (𝑡),
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where the 𝜙𝑘 are the eigenfunctions of𝐶 satisfying𝐶𝜙𝑘 = 𝜆𝑘𝜙𝑘 and 𝜆1 ≥ 𝜆2 ≥ ... ≥
0. The orthonormality of eigenfunctions requires

∫
T 𝜙𝑘 (𝑡)𝜙𝑙 (𝑡)𝑑𝑡 = 0 for 𝑘 ≠ 𝑙 and∫

T 𝜙𝑘 (𝑡)𝜙𝑙 (𝑡)𝑑𝑡 = 1 for 𝑘 = 𝑙.

fPCA seeks to find orthogonal functions that capture the most variation in 𝑋 (𝑡),
or, analogously to PCA, maximize the variance of the integral inner product (the
process projected onto the new function):

∫ ∫
𝑓 (𝑠) (𝑋 (𝑠) − 𝜇(𝑠)) (𝑋 (𝑡) − 𝜇(𝑡)) 𝑓 (𝑡) 𝑑𝑠 𝑑𝑡

=

∫ ∫
𝑓 (𝑠)𝑐(𝑠, 𝑡) 𝑓 (𝑡) 𝑑𝑠 𝑑𝑡

= ⟨𝐶 𝑓 , 𝑓 ⟩.

Recalling the eigendecomposition of𝐶, the functions that capture the most variation
are the eigenfunctions 𝜙𝑘 (𝑡), which form a basis for 𝐿2 such that each process 𝑋𝑖 (𝑡)
can be written as

𝑋𝑖 (𝑡) = 𝜇(𝑡) +
∞∑︁
𝑘=1

𝜃𝑖𝑘𝜙𝑘 (𝑡).

Each observation 𝑖 has weights 𝜃𝑖𝑘 associated with each eigenfunction 𝑘 that capture
how strongly the eigenfunction contributes to the observation.

Practically, fPCA is implemented in one of two ways. In the first approach, obser-
vations are sampled on a grid of points over the continuous variable, and traditional
PCA is employed on the resulting matrices. The eigenvectors can be interpolated
between discrete features to produce eigenfunctions over a continuous feature space
[74]. In the second approach, samples are first represented as combinations of a
finite set of basis functions (e.g., B-splines, monomials, or Fourier coefficients).
PCA is then performed on the coefficients of the bases (taking into account the
non-orthogonality of basis functions if necessary) to find eigenvector coefficients
for the set of basis functions [74, 75].

fPCA has been adapted to various settings. For example, it has been used to fit
observations sampled at irregular or sparse time-points by smoothing covariance and
mean functions [76], combined with mixed-effect models [77], and applied to adjust
for known covariates [78]. A recent attempt to implement a contrastive version with
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target and background functional data has been proposed that mimics the contrastive
PCA method of [52] by subtracting from the target covariance function a weighted
version of the background covariance function [79]. This approach to contrastive
fPCA inherits the same problems as the [52] contrastive PCA method [44], including
the issue that a difference of positive semi-definite matrices may not be positive semi-
definite, and requiring a tunable contrastive parameter that can produce arbitrary
eigenfunctions [45]. We show that contrastive functional dimension reduction can
be achieved more naturally by performing 𝜌PCA in the space of basis coefficients,
as shown in Figure 2.5A, leading to meaningful modes of variation present in target
curves and absent in background curves.

Solving f-𝜌PCA
The f-𝜌PCA method solves the Rayleigh Quotient generalized eigenproblem for

functional data. We consider 𝑛 independent observations 𝑋𝑖 (𝑡), ..., 𝑋𝑛 (𝑡) of some
square-integrable stochastic process 𝑋 (𝑡), which we are interested in as a target pro-
cess, and𝑚 independent observations𝑌𝑖 (𝑡), ..., 𝑌𝑚 (𝑡) of a different square-integrable
stochastic process 𝑌 (𝑡), which we treat as a background process.

Let 𝜇𝑍 (𝑡) = 𝐸 [𝑍 (𝑡)] and 𝑐𝑍 (𝑠, 𝑡) = Cov(𝑍 (𝑠), 𝑍 (𝑡)) = 𝐸 [(𝑍 (𝑠) − 𝜇𝑍 (𝑠)) (𝑍 (𝑡) −
𝜇𝑍 (𝑡))] be the mean and covariance functions of the processes 𝑍 (𝑡), where 𝑍 ∈
{𝑋,𝑌 } indicates target or background, respectively. The covariance functions are
kernels for target and background covariance operators: (𝐶𝑍 𝑓 ) (𝑡) =

∫
T 𝑐𝑍 (𝑠, 𝑡) 𝑓 (𝑠)𝑑𝑠.

We seek to find functions 𝜙(𝑡) that maximize the Rayleigh quotient:

argmax𝜙
⟨𝐶𝑋𝜙, 𝜙⟩
⟨𝐶𝑌𝜙, 𝜙⟩

,

requiring that 𝐶𝑌 is positive definite on its domain, or ⟨𝐶𝑌 𝑓 , 𝑓 ⟩ > 0 for non-zero
functions 𝑓 (e.g., covariance operators for non-degenerate Gaussian processes [80]).

Discrete domain: In practice, when functional observations have been measured
at 𝑝 discrete points, or 𝑋 ∈ R𝑛×𝑝 and 𝑌 ∈ R𝑚×𝑝, target and background sample
covariance matrices Σ̂𝑋 and Σ̂𝑌 can be calculated and the discrete 𝜌PCA objective
solved [44]:

argmaxv
v𝑇 Σ̂𝑋v
v𝑇 Σ̂𝑌v

(2.14)
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for discrete eigenvectors 𝑣 ∈ R𝑝. These eigenvectors can be interpolated between
discrete features for continuous support [74].

Basis representation: Alternatively, and commonly when data is irregularly or
sparsely sampled, the Rayleigh quotient can be solved using a basis function repre-
sentation for samples, as in functional PCA [74]. Full details are included in the asso-
ciated publication’s Supplemental Methods [45]. Briefly, 𝐵(𝑡) = (𝑏1(𝑡), ..., 𝑏𝐷 (𝑡))𝑇 ,
a set of linearly independent basis functions, are fit to each sample:

𝑋𝑖 (𝑡) =

𝐷∑︁
𝑑=1

𝑎𝑖𝑑𝑏𝑑 (𝑡) = a⊤𝑖 𝐵(𝑡).

All 𝑛 observations can be written in matrix form, 𝑋 (𝑡) = 𝐴𝑋𝐵(𝑡), where the matrix
𝐴𝑋 ∈ R𝑛×𝐷 contains 𝑛 rows, one per observation, of coefficients for the 𝐷 basis
functions. The background can be similarly fit and represented as 𝑌 (𝑡) = 𝐴𝑌𝐵(𝑡).
The Rayleigh quotient is then optimized to find eigenvectors w in coefficient space,
using the bases’ Gram matrix 𝐺 ∈ R𝐷×𝐷 with entries 𝐺𝑘𝑙 =

∫
T 𝑏𝑘 (𝑡) 𝑏𝑙 (𝑡) 𝑑𝑡 to

account for possible non-orthogonality of functions:

argmaxw
w𝑇𝐺1/2𝐴𝑇

𝑋
𝐴𝑋𝐺

1/2w
w𝑇𝐺1/2𝐴𝑇

𝑌
𝐴𝑌𝐺

1/2w
.

The resulting coefficient vectors w are then converted back to the original data space
to find eigenfunctions 𝑣(𝑡) = w𝑇𝐺1/2𝐵(𝑡).

f-𝜌PCA Application to Longitudinal Bulk RNA-seq
Measurement of blood transcriptomes is an effective way to profile immunological
responses before and after vaccination, with the goal of guiding the design of
vaccination protocols for best conferred protection and reduction of adverse events
[82]. To demonstrate the ability of f-𝜌PCA (Fig. 2.5A) to extract functional patterns
from longitudinal data, we applied it to bulk RNA-seq samples collected over a two-
week time course before and after a first and second dose of COVID-19 mRNA
vaccines [81]. In the study, blood from 23 subjects was sampled immediately
before, for 9 days after and 14 days after vaccination (a total of 11 time points) for
both an initial “primer” and a secondary “booster” vaccination (Fig. 2.5B). The
original study performed gene set enrichment analyses on the first and second doses
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Figure 2.5: A. Diagram of functional 𝜌PCA (f-𝜌PCA) using a basis representation. Target
and background samples are measured at discrete time points, then fit to a set of basis
functions to approximate the underlying continuous process. Functional 𝜌PCA calculates the
covariance of the fit coefficients, accounting for non-orthogonality of basis functions using
the Gram matrix of basis functions, then finds solutions to the Rayleigh quotient. Generalized
eigenfunctions are recovered by converting the obtained generalized eigenfunctions back to
original data space (e.g., time). B. We applied f-𝜌PCA to longitudinal bulk RNA-seq
conducted on patients before and after a first (“primer”) and second (“booster”) dose of a
COVID-19 mRNA vaccine (diagram adapted from [81]). C. Ratio of the variance of target
(“booster”) samples projected onto the first found eigenfunction to background (“primer”)
samples projected onto the first eigenfunction for 86 interferon genes. D. For four genes
with the largest target to background variance ratio, we show the gene expression values
of primer and booster samples (mean line and shaded standard deviation over the samples
indicated), the values over time of the first eigenfunction (f-GE1 weight), and violin plots of
the distributions of target and background samples projected onto the first eigenfunction (f-
GE1 score). Target samples’ projections display higher variance than background samples.
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separately. They subsequently compared the number and function of significant gene
modules to understand how primer and booster responses differed. We applied f-
𝜌PCA to contrast the two time courses jointly, using the first dose as “background”
and the second dose as “target,” and identified key genes that differ between the
doses.

[81] report that a set of interferon genes (referred to as module A28 [83, 81]) have
the most significant response in the first three days after primer administration.
Focusing on this set, we obtained fit basis functions to the normalized expression
profile for each gene. We then performed f-𝜌PCA on the gene profiles that passed
quality control for a total of 86 genes with contrastive analyses (Fig. 2.5C). The first
eigenfunctions have high values at the points in time most variable in the booster that
are not variable in the primer (Fig. 2.5D); for the analyzed interferon genes, there is a
peak at the initial administration, consistent with the original paper’s observation that
after the second dose “the interferon response was noticeably sharper in comparison
to the response observed following the first dose and peaked on day 1 instead of day
2” [81]. We also projected fit samples onto the discovered first eigenfunctions for
these genes and calculated the ratio of variance of booster samples to primer samples,
finding that genes display a range of target and background sample separability (Fig.
2.5C).

The four genes with the highest booster to primer variance ratio, GBP2, ISG20,
SP110, and LAP3, have previously been associated with SARS-CoV-2 (for expres-
sion profiles over all fit samples, see Supp. Fig. S4 of [45]). GBP2, which codes for
the GTPase guanylate-binding protein 2, inhibits the cleavage of the SARS-CoV-2
spike protein, thus affecting membrane fusion and viral entry [84]. Interferon-
stimulated gene 20 (coded for by ISG20) is an antiviral RNA exonuclease that
has degraded RNA vectors derived from SARS-CoV-2 replicons [85]. SP110 was
identified as significantly associated with extreme COVID-19 phenotypes [86]; and
LAP3, shown to have increased expression during COVID-19 infection [87], also
exhibits poly(A)-tail elongation in patients with COVID-19 compared to controls
[88]. These examples demonstrate that f-𝜌PCA can be used to contrast two time
courses of gene expression immune response in a single analysis, a complementary
approach to performing post hoc comparisons of two separate analyses.
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Discussion
We have shown that f-𝜌PCA identifies modes of variation that distinguish two
groups of functional observations. Crucially, f-𝜌PCA can operate in the space
of basis function coefficients in addition to on discrete measurements, producing
eigenfunctions that are directly interpretable as temporal modes of variation. The
result is that f-𝜌PCA is well-suited for experimental designs involving paired and
sequential conditions, such as dose comparisons or longitudinal case-control studies.
In cases where the goal is to identify functional differences in the response between
groups, f-𝜌PCA unifies the comparative analysis rather than requiring pairwise post-
hoc tests. Moreover, f-𝜌PCA can, in principle, be extended to joint analysis of several
features, incorporated as multivariate functional observations rather than treated
independently. However, such an extension requires a framework for performing
tensor SVD that retains the spectral properties of its lower dimensional counterparts.
This remains an area of active research [89].

The Rayleigh quotient formulation of 𝜌PCA extends this approach by providing
a mechanism for performing contrastive analysis and by unifying these problems
analytically, showing that they can be interpreted as the same generalized eigen-
value problem. Finally, the examples presented in this work demonstrate that both
methods can recover biologically relevant signals from complex genomic datasets.
We anticipate that this practical, flexible approach will find broad utility across
biological domains.
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C h a p t e r 3

BIOPHYSICAL MODELS FOR STOCHASTIC TRANSCRIPTION

As discussed in Chapter I, the richness of single-cell data lies in distributions over
single cells and the access they give to the cellular processes that generated the
counts. In this chapter, we discuss how biophysical models describing stochastic
transcriptional systems unlock deeper insight not present at the level of mean count
comparison. First, we describe the Chemical Master Equation formulation and how
it can be used to appropriately model scRNA-seq count data. Then, we show how
such this can identify strategies of cellular recovery from radiation treatment at
particular stages of the RNA life-cycle. We finally show how different models can
be fit and compared to generate testable hypotheses about the underlying system
biophysics.

3.1 Chemical Master Equation Models
Transcription occurs due to the interactions of discrete, low-copy number molecular
components, like two copies of a gene on homologous chromosomes and several
transcription factors and RNA polymerases jostling in the nucleus. These systems
can be modeled as discrete-valued, continuous time Markov chains (CTMCs), with
the states defined as having a particular number of RNA molecules. The Chemical
Master Equation (CME) formulation is appropriate to represent such a system as it
tracks the probability over time of a system being in any given state, 𝑃(𝑥, 𝑡), given
rates of transitions between states:

𝑑𝑃(𝑥, 𝑡)
𝑑𝑡

= 𝐴𝑃(𝑥, 𝑡), (3.1)

where 𝐴 is a matrix of rate transitions, and 𝑃(𝑥, 𝑡) is column vector of probabilities
over the possible states. If the set of possible states is infinite, 𝑃(𝑥, 𝑡) is infinite
dimensional. As a simple example, if there are two gene states, "on’" and "off"
corresponding to states 𝑥 = 1 and 𝑥 = 1, respectively, and the gene switches "on” at
a rate 𝑘𝑜𝑛 and "off” at a rate 𝑘𝑜 𝑓 𝑓 , the probability of being in the two states can be
tracked:
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𝑑 [𝑃(𝑥 = 1, 𝑡), 𝑃(𝑥 = 0, 𝑡)]
𝑑𝑡

=

[
−𝑘off 𝑘on

𝑘off −𝑘on

] [
𝑃(𝑥 = 1, 𝑡)
𝑃(𝑥 = 0, 𝑡)

]
. (3.2)

This can be solved at steady-state (or, as 𝑡 → ∞) for probabilities over states by
setting the time-derivative equal to zero: 0 = 𝐴𝑃𝑠𝑠 (𝑥, 𝑡). For the example above,
this can be trivially solved to find 𝑃𝑠𝑠 (𝑥 = 1) = 𝑘𝑜𝑛

𝑘𝑜𝑛+𝑘𝑜 𝑓 𝑓
and 𝑃𝑠𝑠 (𝑥 = 0) = 𝑘𝑜 𝑓 𝑓

𝑘𝑜𝑛+𝑘𝑜 𝑓 𝑓
.

For scRNA-seq count data, to modeling a single species of RNA from gene 𝑔, N},
we define the states are all discrete integers (including zero) of RNA molecules.
The one-species model includes a production step and a degradation step

∅ −→ N}
𝛾
−→ ∅, (3.3)

where 𝛾 is a Poisson rate of molecule decay and the dynamics of production are
specifically left blank for now. For a model of one-species constitutive transcription
(another Poisson process) with rate 𝑘 model can be represented:

∅ 𝑘−→ N}
𝛾
−→ ∅. (3.4)

N𝑔 represents the RNA species itself, while we will use 𝑛 to represent the associated
observation (random variables) in probabilities: 𝑃(𝑛). The constitutive transcription
CME is written

𝑑𝑃(𝑛, 𝑡)
𝑑𝑡

= 𝑘𝑃(𝑛, 𝑡) − 𝑘𝑃(𝑛 − 1, 𝑡) + 𝛾(𝑛 + 1)𝑃(𝑛 + 1, 𝑡) − 𝛾𝑛𝑃(𝑛, 𝑡). (3.5)

However, as discussed in Chapter I, scRNA-seq data inherently includes two (or
more) count matrices: of nascent/unspliced1 molecules that align to introns and
mature/spliced molecules that align to exons 2. Our model schema can be expanded
to include a Poissonian splicing step (𝛽) from nascent N𝑔 to mature M𝑔 molecules,
which are degraded:

∅ −→ N
𝛽
−→ M

𝛾
−→ ∅. (3.6)

1Throughout this thesis, we use nascent and unspliced synonymously, as well as mature and
spliced synonymously, although we note that the definition of a nascent or fully mature RNA
molecule is not rigid.

2Technically, we can only assign reads that cross exon-exon boundaries as truly spliced. For
the purposes of this thesis, molecules that ambiguously align to exons we assign to spliced counts,
though their ambiguity can be modeled [90]
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This results in a bivariate steady-state distribution over nascent and mature molecules:
𝑃𝑠𝑠 (𝑛, 𝑚).

If, instead, we assume nascent molecules are produced in bursts with average size 𝑏

To solve infinite state-space distributions such as the constitutive model (infinite
number of RNA molecules) analytically, probability generating functions (PGFs)
can be applied to convert infinite dimensional ODEs in time to finite dimensional
PDEs. Generating functions represent infinite sequences of numbers as coefficients
of a power series; for probability functions, this is:

𝐺 (𝑧, 𝑡) =
∞∑︁
𝑧=0

𝑧𝑥𝑃(𝑥, 𝑡), (3.7)

or for nascent and mature RNA species,

𝐺 (𝑧𝑛, 𝑧𝑚, 𝑡) =
∞∑︁
𝑧𝑛=0

∞∑︁
𝑧𝑚=0

𝑧𝑛𝑧𝑚𝑃(𝑛, 𝑚, 𝑡). (3.8)

For certain, simple systems (like constitutive transcription), these can be solved for
exact analytical solutions using PGF rules of derivatives and partial derivatives [43,
91, 37] and comparing to PGFs of known probability distributions. For example,
the above single species constitutive transcription model at steady-state results in the
PGF 𝐺 (𝑧) = 𝑒

𝑘
𝛾
(𝑧−1) , which is the PGF of the Poisson distribution, the well-known

results that constitutive transcription leads to Poisson distributed counts.

It is often helpful to convert the PGF to factorial-cumulant generating function, or
log-PGF (𝐹), and introducing a change of variables: 𝐹 (𝑢, 𝑣, 𝑡) = ln𝐺 (1+𝑢, 1+𝑣, 𝑡)
[43].

When the PGF or log-PGF cannot be solved analytically, the PGF can be solved
on a large grid around the complex unit circle, then recover the probabilities by
performing an inverse Fourier Transform (iFFT):

𝑝(𝑛, 𝑚) = iFFT 𝐺 (𝑒 −2𝜋𝑖𝑛
𝑁 , 𝑒

−2𝜋𝑖𝑚
𝑀 ) (3.9)

where 𝑁 and 𝑀 are chosen to be sufficiently larger integers (larger than the observed
max of nascent and mature molecules) [43, 92].



28

To facilitate the fit of biophysical models, we built the software package Monod
[37]: the following outlines the biophysical models supported by Monod, as well as
how to include technical/sequencing noise. The following subsections are adapted
from [37] Supplementary Sections 1.1 and 1.2.

Bursty

The three-parameter bursty model describes the following biology:

∅ 𝑘−→ 𝐵 × X𝑁
𝛽
−→ X𝑀

𝛾
−→ ∅, (3.10)

where 𝐵 is a geometrically-distributed random variable on N0 with mean 𝑏, and 𝑘
is the burst frequency, set to unity with no loss of generality at steady state. This
system has the following log-PGF [43]:

𝑈 (𝑢𝑁 , 𝑢𝑀 , 𝑠) := 𝑢𝑁𝑒−𝛽𝑠 + 𝑢𝑀
𝛽

𝛽 − 𝛾

(
𝑒−𝛾𝑠 − 𝑒−𝛽𝑠

)
log𝐺 =

∫ ∞

0

[
1

1 − 𝑏𝑈 (𝑢𝑁 , 𝑢𝑀 , 𝑠)
− 1

]
𝑑𝑠.

(3.11)

This model encodes the bursty production of mRNA, and is usually derived as the
limit of a transcriptional process driven by a randomly switching promoter [33].
Specifically, if the promoter is described by a telegraph process with on rate 𝑘 , off
rate 𝑘𝑜 𝑓 𝑓 , and transcription rate in the on state 𝑘𝑖𝑛𝑖𝑡 , then in the physiological limit
of high initiation and off rates, the Chemical Master Equation (CME) reduces to the
process in Equation 3.10 with 𝑏 := 𝑘𝑖𝑛𝑖𝑡/𝑘𝑜 𝑓 𝑓 (Section S1.3 of [93]).

Constitutive

The two-parameter constitutive model describes the following biology:

∅ 𝑘−→ X𝑁
𝛽
−→ X𝑀

𝛾
−→ ∅, (3.12)

where 𝑘 is set to unity with no loss of generality at steady state. This system has the
following PGF [94]:

log𝐺 = 𝑢𝑁
1
𝛽
+ 𝑢𝑀

1
𝛾
, (3.13)

i.e., the joint distribution is the product of two independent Poisson distributions.
This model encodes the unregulated production of mRNA.
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Extrinsic

The three-parameter extrinsic noise model describes the following biology:

∅ 𝐾−→ X𝑁
𝛽
−→ X𝑀

𝛾
−→ ∅, (3.14)

where 𝐾 is a gamma distribution with shape 𝜈 and scale 1. This system has the
following log-PGF:

log𝐺 = −𝜈 log
(
1 − 𝑢𝑁

1
𝛽
− 𝑢𝑀

1
𝛾

)
, (3.15)

which follows immediately from the properties of generating functions [93]. This
is the log-PGF of the bivariate negative binomial distribution, with negative bino-
mial marginals [95]. This model encodes driving by a slow, Gamma-distributed
transcriptional process [96, 97, 98, 99].

CIR-like

The three-parameter CIR-like noise model describes the following biology:

∅ 𝐾𝑡−−→ X𝑁
𝛽
−→ X𝑀

𝛾
−→ ∅, (3.16)

where 𝐾𝑡 is, informally, the time derivative of a subordinating inverse Gaussian
process [99]. This system emerges in the fast limit of transcription driven by a
Cox–Ingersoll–Ross process, and has the following log-PGF:

log𝐺 =
1
2

∫ ∞

0

[
1 −

√︁
1 − 4𝑏𝑈 (𝑢𝑁 , 𝑢𝑀 , 𝑠)

]
𝑑𝑠, (3.17)

where𝑈 is identical to the expression in Equation 3.11, whereas 𝑏 is a burst size-like
“gain” that appears in the definition of 𝐾𝑡 . This model encodes driving by a fast
chemical Langevin equation, which in turn represents a high-concentration limit of
the constitutive birth-death process [99].

Bursty with delayed splicing

The three-parameter bursty model with delayed splicing describes the following
biology:

∅ 𝑘−→ 𝐵 × X𝑁
𝜏
=⇒ X𝑀

𝛾
−→ ∅, (3.18)

where 𝜏 is the deterministic retention time for X𝑁 and 𝑘 is set to unity with no loss
of generality at steady state. This model has the following log-PGF:
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log𝐺 =
𝜏𝑏𝑢𝑁

1 − 𝑏𝑢𝑁
− 1
𝛾

log (1 − 𝑏𝑢𝑀) . (3.19)

Since this equation is separable in 𝑢𝑁 and 𝑢𝑀 , the PGF is the product of two
independent marginal PGFs; the nascent marginal is geometric-Poisson [100, 101]
whereas the mature marginal is negative binomial.

Bursty with delayed degradation

The three-parameter bursty model with delayed degradation describes the following
biology:

∅ 𝑘−→ 𝐵 × X𝑁
𝛽
−→ X𝑀

𝜏
=⇒ ∅, (3.20)

where 𝜏 is the deterministic retention time for X𝑀 and 𝑘 is set to unity with no loss
of generality at steady state. This model has the following log-PGF [101]:

𝑈′(𝑢𝑁 , 𝑢𝑀 , 𝑠) := 𝑢𝑀 + (𝑢𝑁 − 𝑢𝑀)𝑒−𝛽𝑠

log𝐺 =
1/𝛽

1 − 𝑏𝑢𝑀
log

(
𝑏𝑈′(𝑢𝑁 , 𝑢𝑀 , 𝜏) − 1

𝑏𝑢𝑁 − 1

)
+ 𝜏𝑏𝑢𝑀

1 − 𝑏𝑢𝑀
− 1
𝛽

log (1 − 𝑏𝑈′(𝑢𝑁 , 𝑢𝑀 , 𝜏)) .

(3.21)

Technical noise models
In this section, we define the technical noise models of interest through their gener-
ating function definitions and solutions. These models account for the artifacts and
biases introduced during the sequencing process.

To account for the imperfect sequencing process, we define a set of technical noise
models. All of the models assume that the reverse transcription, amplification, and
identification of the in vitro mRNA pool is fundamentally an independent and iden-
tically distributed process across all cells and molecules of a single gene, although
the identically distributed assumption is relaxed across genes. For inference, we
define the PGF 𝐻, which is the function composition of𝐺 with the PGFs𝐺𝑧,𝑡 of the
sequencing processes:

𝐻 (𝑢𝑁 , 𝑢𝑀) = 𝐺
(
𝐺𝑁,𝑡 (𝑢𝑁 ) − 1, 𝐺𝑀,𝑡 (𝑢𝑀) − 1

)
(3.22)
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Null process

In the simplest case, the null process, the sequencing is perfect and every mRNA is
captured and reported as a unique molecule:

X′
𝑧 → X𝑧 with probability 1. (3.23)

The PGF of this process is 𝐺𝑧,𝑡 (𝑔𝑧) = 𝑔𝑧 = 𝑢𝑧 + 1, yielding 𝐺𝑧,𝑡 (𝑢𝑧) − 1 =

(𝑢𝑧 + 1) − 1 = 𝑢𝑁 , i.e., 𝐺 = 𝐻.

Bernoulli process

In the Bernoulli process, each molecule has probability 𝑝𝑧 of being captured and
reported; multiple priming is impossible:

X′
𝑧 → X𝑧 with probability 𝑝𝑧 . (3.24)

The PGF of this process is 𝐺𝑧,𝑡 (𝑔𝑧) = 𝑝𝑧𝑔𝑧 + (1 − 𝑝𝑧) = 𝑝𝑧𝑢𝑧 + 1, yielding
𝐺𝑧,𝑡 (𝑢𝑧) − 1 = 𝑝𝑧𝑢𝑧.

Poisson process

In the Poisson process, each molecule has a rate 𝜆𝑧 of being captured and reported;
multiple priming is possible, but rare if 𝜆𝑧 is low:

X′
𝑧 → X′

𝑧 + X𝑧 at rate 𝜆𝑧 . (3.25)

This PGF of this process over unity time is𝐺𝑧,𝑡 = 𝑒
𝜆𝑧 (𝑔𝑧−1) , i.e.,𝐺𝑧,𝑡 −1 = 𝑒𝜆𝑧𝑢𝑧 −1,

which cannot be simplified further.

3.2 Application for Biological Insight
In the following section, we show how the CME models of transcriptional processes
can be applied to scRNA-seq data to discover modulated molecular signatures
beyond mean expression. In particular, we use the Monod package, which

This section summarizes section Monod identifies strategies of resistance
and recovery of [37] by G.G., T.C., M.C., J.J.V., and L.P. M.C. identified
the application dataset, performed the analysis, and interpreted results, with
discussions and suggestions from G.G., T.C., J.J.V., and L.P.
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The expanded capabilities of biophysical DE analysis also allow the exploration more
complex biological settings, where it is less clear which mechanisms are expected
to change and which genes provide actionable targets for followup experiments. For
example, understanding cellular strategies of recovery post-treatment aids in the
selection of relevant therapies and promotion of desired cell behaviors [102].

For example, the intestine is one of the organs most sensitive to radiation damage:
understanding how it heals following radiotherapy is important for promoting healthy
recovery and survival of patients treated for abdominal, gastrointestinal, pelvic, and
retroperitoneal tumors [102]. Particularly interesting is how immune cells are
affected by and respond to radiation treatment. T cells, which are essential actors in
the body’s natural response to tumor control [103, 104], are required for successful
radiotherapy but are also believed to be damaged during treatment. While studies
have investigated the transcriptomic landscapes of T cells following radiotherapy
[103, 102], we suggest that a fuller understanding of the regulation of key genes, as
revealed by biophysical parameter changes, could inform how therapeutics may be
designed and more efficiently administered to enhance recovery from radiotherapy.

We re-analyze data from a study of the transcriptomic response of the intestinal mi-
croenvironment to radiation-induced intestinal injury (RIII) in wild-type C57BL/6J
male mice [102] (Figure 3.1a). Mice were treated with 15 Gy of abdominal radiation,
and intestinal samples were collected pre-radiation treatment (day 0) and at several
time points following treatment (days 1, 3, 7 and 14 post treatment). We selected T
cells based on the original study’s annotations, and inferred biophysical parameters
for samples (where each sample is a unique mouse) with at least 100 T cells, leaving
11 samples across days 0, 1, 3 and 14, with at least two samples per day. We used the
bursty model with Poisson technical sampling noise, and after fitting 3,000 genes
shared across samples, subset to the 1,182 that passed goodness-of-fit testing in all
samples, further correcting inferred parameters for sample-specific offsets (using
one sample as the reference, we fit an orthogonal distance regression model over all
genes for other samples and removed the per sample bias).

We first show that analysis through the lens of a biophysical model reveals more
genes with differences in behavior across the timecourse of recovery. To assess
the significance of parameter changes, we performed a t-test with unequal variance
on the log10 of each corrected parameter per gene for day 0 versus all other days.
Specifically, we tested for changes in burst size (𝑏), relative splicing rate (𝛽), relative
degradation rate (𝛾) and normalized mature counts (𝜇𝑀), correcting 𝑝-values for



33

the number of tested genes using the Benjamini Hochberg procedure (separately
per parameter) to obtain false discovery rates (FDRs). Figure 3.1b shows that
many genes that do not show significant differences in mature counts are detectable
via parameter changes: testing the significance of inferred parameters in addition to
means allows for the exploration of more genes whose significant difference between
days or conditions may lie in regulatory strategy rather than mean expression change.
For example, comparing day 1 to day 0, there were 380 genes with significant
differences in a parameter but not in mature expression, 127 genes with differences
in both, and 157 genes with significant differences in mature expression but not
parameters (Figure 3.1b). We further emphasize that the analysis of parameters
does not preclude testing for changes in mean, with our method adding to the list of
possible genes for follow-up investigation.

In addition to identifying genes with parameter changes that are not detectable
using standard mature expression comparisons, for genes which do show significant
differences in expression, Monod can suggest what cellular regulatory strategy is
responsible (e.g., an increase in burst size or a decrease in degradation rate, Figure
3.1c). For example, we show in Figure 3.1c (left) five genes which had significant
increases between day 1 and day 0 in both burst size and mature RNA counts.
As these genes also show increased degradation rate, the observed increase in
mature counts is likely due to an increase in burst size (that exceeds the increase in
degradation rate). These genes, which are upregulated early in the radiation-response
timecourse (day 1 post treatment), have been studied as promising targets in cancer
immunotherapy. Cbl encodes the E3 ubiquitin ligase Casitas B lymphoma, which
regulates immune cells and whose homologue Casitas B lymphoma-b (CBL-b)
has been shown to promote immunosuppressive tumor microenvironments (TME)
[105]. Nt5e encodes 5’-nucleotidase (or Cd73), an immunosuppressive protein
whose high expression is also associated with poor outcome of cancer patient’s
TMEs [106] and is currently emerging as a novel target for immunotherapy [107].
Other genes whose high expression has been correlated with lower overall survival
in cancers, are Ncapd3, which is associated with reduced infiltration of immune
cells into glioma [108], and the gene that codes for insulin-like growth factor 2
receptor (Igrf2), which was found to be an indicator of poor prognosis in patients
with triple-negative breast cancer [109]. On the other hand, the expression of Mpp7,
which codes for a scaffolding protein, has been shown to have a positive correlation
with increased infiltration of T cells in melanomas [110].
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Other notable genes show increases in mature RNA expression best explicable by
decreases in degradation rate (Figure 3.1c, right). Ets1 encodes a transcription factor
that is a proto-oncogene that promotes aggressive tumor behavior in a variety of
cell types [111]. While not directly associated with cancer progression, the proteins
encoded by Pak2 and Git2 are known to interact [112], and are crucial for the
stability and suppressive function of regulatory T cells [113]. With knowledge about
what specific point in the RNA lifecycle (e.g., bursty transcription or degradation)
may lead to increased expression of a gene, researchers could design strategies to
discourage known tumor promoters and encourage known tumor suppressors for
increased efficacy and complementarity of radio- and immunotherapy.

Finally, we can identify genes whose parameters show similar dynamics (fold
changes) over the timecourse of recovery from radiation treatment as compared
to known tumor suppressing genes. For example, we found the three genes with fold
change patterns most similar to Znrf3 (Figure 3.1), whose encoded protein nega-
tively influences cancer progression by inhibiting key proliferative (WNT) signaling
pathways [114, 115]; and another three with patterns most similar to Tgfb1, which
potentially suppress tumorigenesis at early cancer stages but promote tumorogen-
esis at advanced cancer stages [116]. Of these genes, some have been reported
as important in cancer: for example, Gch1 is a known immunosuppression gene
with upregulation previously linked to reduced survival in breast cancer [117]; Lcp1
encodes a prognostic biomarker in gastric cancer [118]; and Arhgap15 codes for a
protein that is reported to slow colorectal tumor growth [119]. Other identified genes
have not been as well-characterized in cancer studies: Otulin encodes an immune-
response peptidase [120], and Fus and Bbx are more general DNA damage-response
genes [121, 122]. Analysis of biophysical parameters allows one to explore how
genes that have been previously implicated in cancer prognoses are experiencing
similar regulatory changes in response to radiation treatment, as well as to identify
genes that have not been previously implicated as targets for follow up therapeutic
development.

3.3 Model Selection for Biophysical Hypothesis Generation

This section summarizes section Model selection and insight about gene reg-
ulation strategies of [37] by G.G., T.C., M.C., J.J.V., and L.P. M.C. identified
the application dataset, performed the analysis, and interpreted results, with
discussions and suggestions from G.G., T.C., J.J.V., and L.P.
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Figure 3.1: Monod analysis of mechanisms of T cell recovery post radiation treatment.
a. Single-cell samples were taken from the intestines of mice exposed to 15 Gy of abdominal
radiation before and at several time points after treatment. Illustrations adapted from NIAID
NIH BIOART Source [123, 124, 125]. b. Two-sided t-tests comparing T cells at days 1
(n=2), 3 (n=3) and 14 (n=2) post treatment to T cells before treatment (day 0, n=4) flag
more genes as significant (false discovery rates, FDR ≤ 0.05) when comparing inferred
parameters (𝑏, 𝛽, 𝛾) than when merely comparing mature RNA counts (𝜇𝑀 ). In the scatter
plots, red dashed lines indicate a significance threshold of an FDR of 0.05. c. The log2
fold change (FC) of parameters (comparing day 1 to day 0) show that statistically significant
changes in the mature mean expression of genes related to the progression of cancer and
immune response can be attributed to statistically significant differences in parameters (i.e.,
burst size or degradation rate). A red asterisk indicates a FDR ≤ 0.05. d. Comparing genes’
parameter changes over the timecourse of recovery can identify similarly regulated genes.
The top row shows the log10 of parameters and mean mature RNA expression at days 0, 1,
3 and 14. Each outlined point indicates a separate sample (mouse) with a smaller point at
the mean over the log10 of samples’ parameters per day. Error bars indicate the interquartile
range of the samples’ parameters per day. For certain genes, the log2 FCs of each parameter
and mean mature expression for days 1, 3 and 14 from day 0 exhibit similar patterns as
known tumor suppressors (bottom row).
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Figure 3.2: Monod facilitates the comparison of different biophysical models on a per gene
basis for thousands of genes across cell types. Results are shown for Allen sample B08 [126].
a. Diagrams of five of the biological models implemented in Monod, varying in transcription and
processing kinetics. b. Of the 2,951 fit genes in each of six cell types, most genes display behavior
more consistent with the bursty model than with the constitutive model using the Akaike information
criterion (AIC) and two goodness-of-fit metrics (Hellinger distance from empirical distributions and
chi-squared test). c. For the same six cell types and genes, the number of genes that are best fit by
each of the five considered biological models, colored by model. Gray indicates genes for which
all models were rejected). d. Fewer genes are rejected when fitting and comparing five models
than fitting and comparing only the bursty and constitutive models. e. The same gene can exhibit
different behavior in different cell types: the upset plot shows the number of genes that are best fit
by a given model or combination of models across the six cell types. f. Ternary diagram of genes’
normalized AIC weights for the three most commonly selected models, colored by the model with
the largest AIC weight. Only genes for which none of these models were rejected are displayed, with
the number indicated. g. Predicted marginal nascent and mature distributions for each model plotted
over normalized empirical histograms of molecule counts for the indicated genes in layer 6 neurons
(L6 CT). Eprs and Ufd1, which had similar AIC weights for the bursty, extrinsic, and delay models,
are noted with a red star in the ternary diagrams.
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Monod currently supports 6 sophisticated yet tractable models of transcription,
previously shown to describe and distinguish between features of experimental data
[99, 101, 36] for thousands of genes across multiple cell types. We emphasize
that Monod supports modular model comparison, in the sense that one can freely
modify assumptions about a specific model component (e.g., whether degradation
occurs with a deterministic or stochastic waiting time) to obtain a new model to
test against data. We recommend using Monod with the bursty model by default,
as it captures observed overdispersion [127] and known biophysics [33, 128] while
only minimally complexifying the constitutive model. But the bursty model may
not always fit the data best, and it is worth testing to what extent a less complex,
more complex, or simply different model performs better in practice.

We use Monod to analyze mouse brain data with 2,951 genes and six cell types (Allen
sample B08 [126]) and show that the bursty model almost always outperforms the
simpler constitutive model, and tends to perform fairly well against alternative
models (see Figure 3.2a for schematics of the 5 models we consider in this section).
Moreover, we show that it is useful to consider a richer space of transcription
models, since specific models may fit specific genes or cell types better or worse,
which suggests Monod-derived fits yield insight about gene- and cell-type-specific
gene regulation strategies. We reject models (for a given cell type and gene) if
they fail to pass the goodness-of-fit thresholds of Hellinger distance to empirical
distributions and chi-square tests.

We first compare the constitutive model to the bursty model. For many genes, only
the bursty model passes goodness-of-fit thresholds. When neither the bursty nor
the constitutive models are rejected for a gene, the bursty model is usually a better
fit according to Akaike information criterion (AIC, Figure 3.2b). It is extremely
rare that the constitutive model fits the data better, perhaps unsurprisingly as the
constitutive model is a special case of the bursty model and the overdispersion
of single-cell count data is well known, but diverging from previous studies that
advocate the Poisson model [129].

Although the transcriptional behavior of many genes is consistent with the bursty
model, comparing all five of the (comparably complex) proposed models reveals
that the extrinsic, delayed degradation, and delayed splicing models are better fits
for some genes in different glutamatergic cell types (Figure 3.2c). This comparison
also suggests differences between cell types’ transcriptional regulation strategies,
with more genes best fit by the extrinsic model in layer 6 intratelencephalic (L6 IT)
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neurons than in layer 5/6 near-projecting (L5/6 NP) neurons, for example (Figure
3.2c). Further, including the additional models increases the number of genes in
each cell type for which one or more models pass goodness-of-fit thresholds: fewer
genes are rejected by all models when considering more models (Figure 3.2d). As
all models were compared in a standard way using the same data, fitting pipeline,
and statistical rejection criteria, the discrepancies between proposed models could
be evidence of real biological variety in transcriptional and post-transcriptional
regulation mechanisms.

While cell type comparisons show distinctions between the number of genes best fit
by each model in a given cell type, Monod also provides the tools to investigate how
genes exhibit expression patterns consistent with different transcriptional models
across cell types (Figure 3.2e). We found the model with the largest AIC weight for
every gene in every cell type, then for each gene collapsed models over cell types
to a set of unique models. The upset plot in Figure 3.2e shows how many genes
exhibited each combination of models preferentially across the six cell types. For
example, only three genes exhibited only bursty behavior preferentially, while 580
genes were best fit by the bursty model in at least one cell type and by the extrinsic
model in at least one other cell type. All but 27 genes exhibited expression trends
described best by at least two unique models, with the most common set (622 genes)
being bursty, extrinsic, and delayed degradation. Interestingly, no genes were best
fit by only the delayed splicing or only the constitutive model across the six cell
types (Figure 3.2g).

While these trends may reflect biological differences, they may also highlight differ-
ences in the mutual identifiability of the proposed models. For example, the bursty,
extrinsic, and delayed degradation model all account for correlation between nascent
and mature counts, while in the constitutive and delayed splicing model, nascent
and mature counts are uncorrelated. Thus the genes that are best fit by the three
models or some subset may be in fact displaying similar behavior across different
cell types, with the correlation between their nascent and mature counts, ruling out
the constitutive and delayed splicing models, as the salient feature driving the fits
(similarly to Gorin et al. [101]).

To explore this question, we can asses the identifiability of models, or the extent to
which the “best” fit model is “better” than other models. While we can assign a
gene to the model with the largest AIC weight, there is not always a clear distinction
between model fits. To illustrate this, we show a simplex of normalized AIC weights
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for the bursty, extrinsic, and delayed degradation models, colored by the assigned
regulatory model: the weights for the “best” fit models are sometimes arbitrarily
close to the other two models’ weights (Figure 3.2f). In this way, genes with clear
preference for a given model can be distinguished from those which are similarly
fit by two or more models. These results can also be verified by visualizing model-
based probabilities and normalized empirical count histograms. Figure 3.2g shows
genes that were not rejected by only the bursty model (Wipf2), only the extrinsic
model (Ubl3), and only the delayed degradation model (Ildr2) in layer 6 neurons (L6
CT). Eprs and Ufd1, indicated with red stars in Figure 3.2f, were fit similarly well
under the three models. In the histograms for Wipf2, Ubl3, and Ildr2, we underline
the (Poisson) constitutive model’s poor ability to recapitulate the overdispersed data,
consistent with Figure 3.2b-c.

Monod makes fitting subtly distinct mechanistic models of transcription for thou-
sands of genes straightforward, thereby leading to increased ease of model com-
parison and selection. Performing goodness-of-fit and likelihood tests on Monod
fits provides a route for discerning between biophysical models that may have gen-
erated the data. However, we note that definitive model selection is beyond the
scope of Monod: rather than to come to definite conclusions, Monod should be
used to explore data and to compare and generate hypotheses that can later be tested
experimentally.
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C h a p t e r 4

NEURAL APPROXIMATIONS FOR INTRACTABLE
BIOPHYSICAL MODELS

As discussed in Chapter III, biophysical models formalized via the Chemical Master
Equation (CME) are appropriate and potent models to represent mRNA counts
captured from single cells. Not only do they invalidate heuristic manipulations of
data, but in doing so produce testable hypotheses relating to transcriptional rates
and parameters. However, solutions for all but the simplest of such models have no
closed-form and require computationally intensive solvers, limiting the application
of these biophysical models to the large-scale, genome-wide datasets commonly
produced. In this Chapter, we discuss an efficient approach to approximate solutions
using neural networks and statistical analysis of system moments.

This section summarizes [46] by M.C.∗, G.G.∗, T.C., and L.P. G.G., where
∗ denotes co-first authorship. M.C. implemented and adapted the strategies,
trained models, and performed analyses. G.G. conceptualized the neural ap-
proximation strategies and was involved in implementation, statistical anal-
yses, and basis function design. T.C. and L.P. provided feedback, design
suggestions, and trouble-shooting advice.

The advent of high-throughput transcriptomics provides an opportunity to advance
mechanistic understanding of transcriptional processes and their connections to
cellular function at an unprecedented, genome-wide scale. These transcriptional
systems, which involve discrete, stochastic events, are naturally modeled using
Chemical Master Equations (CMEs), which can be solved for probability distribu-
tions to fit biophysical rates that govern system dynamics. While CME models have
been used as standards in fluorescence transcriptomics for decades to analyze single
species RNA distributions, there are often no closed-form solutions to CMEs that
model multiple species, such as nascent and mature RNA transcript counts. This
has prevented the application of standard likelihood-based statistical methods for
analyzing high-throughput, multi-species transcriptomic datasets using biophysical
models. Inspired by recent work in machine learning to learn solutions to complex
dynamical systems, we leverage neural networks and statistical understanding of
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system distributions to produce accurate approximations to a steady-state bivariate
distribution for a model of the RNA life-cycle that includes nascent and mature
molecules. The steady-state distribution to this simple model has no closed-form
solution and requires intensive numerical solving techniques: our approach reduces
likelihood evaluation time by several orders of magnitude. We demonstrate two
approaches, where solutions are approximated by (1) learning the weights of kernel
distributions with constrained parameters, or (2) learning both weights and scaling
factors for parameters of kernel distributions. We show that our strategies, denoted
by kernel weight regression (KWR) and parameter scaled kernel weight regression
(psKWR), respectively, enable broad exploration of parameter space and can be used
in existing likelihood frameworks to infer transcriptional burst sizes, RNA splicing
rates, and mRNA degradation rates from experimental transcriptomic data.

Background
The production, processing, and degradation of RNA molecules are governed by
a set of stochastic events that lead to variable levels of RNA transcripts and pro-
teins between genetically identical cells in identical conditions [34]. The inherent
stochasticity and resulting variability in RNA transcript levels play an essential role
in cellular function, development, and response, but must also be tightly regulated to
produce deterministic functional outcomes at precise times. Extracting the rates that
underlie distributions of RNA molecules is essential for understanding the intricate
balance between stochastic gene expression and precise cellular responses required
for life.

To explore the dynamics of transcriptional systems, specific biophysical models
can be proposed that are explicitly parameterized by relevant biological rates,
such as rates of transcriptional initiation, RNA splicing, or RNA degradation.
These stochastic systems are naturally modeled by discrete-valued, continuous-
time Markov chains (CTMCs). The evolution of a system’s microstate probabilities
under a CTMC model of biology is given by a chemical master equation (CME)
[130]. For example, a CME may track the changes in probability 𝑃 of there being a
certain number of nascent (𝑛) and mature (𝑚) RNA molecules at time 𝑡 given cer-
tain biophysical parameters θ, or 𝑃(𝑛, 𝑚, 𝑡;θ). This can be used to obtain insights
into transcriptional biophysics [99] by fitting θ most consistent with experimental
distributions of molecule numbers [131].

Until recently, mechanistic modeling and insight into the underpinnings of tran-
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scriptional processes have been tied to intensive, temporal, fluorescence datasets
which generally measure the production of one species of RNA molecules in one
cell line [34, 132, 133]. Recent high-throughput transcriptomics methods, such
as single-cell RNA sequencing (scRNA-seq), offer discrete molecular readouts at
genome-wide scale across diverse cell populations [134], thus making possible the
exploration of transcriptional parameters across distinct cell-types, tissues, and or-
ganisms. In addition to increased cell-type coverage, the diversity of molecular
species captured, such as the simultaneous quantification of unspliced and spliced
RNA molecules [135, 136, 137], proteins [138], and chromatin accessibility [139],
has the potential to deepen our understanding of transcriptional system dynamics
[140]. While single-cell RNA-seq data has been modeled using CME solutions to
extract biophysical rates of transcriptional initiation and burst sizes, mechanistic
modeling has not been adopted in recent analyses of multi-species transcriptomic
experiments [141]. One major challenge is that closed-form solutions to CMEs that
model multi-species systems with several interacting species are rarely available
[99, 142], and current methods to solve them numerically for probabilities are pro-
hibitive to the recursive calculations necessary for maximum likelihood inference
of biophysical parameters.

4.1 Existing Solvers and Limitations
The methods currently used to circumvent the lack of closed-form solutions to CMEs
are computationally expensive and compromise accuracy. For example, CTMCs are
often simulated using Gillespie’s stochastic simulation algorithm [143], which gen-
erates statistically realistic molecular trajectories over possible state-spaces, but the
number of simulations required for accurate distributional approximation is inef-
ficient for parameter space exploration. Alternatively, an approach called finite
state projection (FSP) [144, 145], which uses matrix methods to solve the CME
over a truncated state space, has been applied for inference [146, 133, 131, 140]
but is extremely inefficient when the state space is much larger than the number
of data points. In certain cases, CMEs can be solved using generating functions
that transform infinite-dimensional CMEs to complex partial differential equations
(PDEs). However, this approach requires performing an inverse Fast Fourier Trans-
form over a finite, truncated array [147]. Both FSP and generating function methods
require state-space truncation, which leads to error in calculated probabilities, with a
trade-off between higher accuracy and increased evaluation time with increased grid
size. Further, these methods are not amenable for efficient calculation of likelihood
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gradients necessary for widely used machine-learning based numerical inference
procedures [148, 149]. In addition, the challenge of approximation suffers from the
so-called “curse of dimensionality": the size of the state-space grows exponentially
with the number of modeled species.

In the fields of machine learning and data-driven modeling, recent work has demon-
strated the ability of sparse function approximations to distributions [150] and
learned mappings between function spaces rather than between finite-dimensional
Euclidean spaces [151] to learn generalizable solutions that govern the dynamics
of complex systems. For example, [151] has introduced a neural operator formu-
lation that models fluid dynamics in turbulent flows governed by such PDEs as the
Navier-Stokes equations several orders of magnitude faster than traditional solvers.

Inspired by these approaches, we present a computationally efficient approach that
uses neural networks coupled to statistical analysis of system distributions to approx-
imate multidimensional solutions to CME models of transcriptional dynamics. In
particular, we investigate a CME system involving transcriptional bursting, splicing
and degradation (Fig. 4.1a). The system of bursty transcription has been experimen-
tally observed in bacteria for a single gene [152] and more recently in mammalian
cells for thousands of genes [153, 154]. While our proposed bursty system does
not explicitly model complex genetic regulatory networks and feedback loops, its
inclusion of bursty transcription and splicing is an improvement on simpler, more
commonly applied models of constitutive transcription that lack splicing. However,
the proposed bursty system with splicing does not yield a closed-form steady-state
solution and requires costly numerical evaluation procedures [43]. We alleviate
this problem by using features of the system’s univariate conditional distributions
to define a statistical approximation for conditional nascent RNA distributions in
terms of a mixture of negative binomial kernel functions. The weights for these
kernel functions are learned by a neural network (Fig. 4.1B). We then multiply by
marginal mature RNA probability to reconstruct full joint distributions (Fig. 4.1C).
We denote this procedure kernel weight regression (KWR).

To increase flexibility of the neural approximation while further decreasing evalua-
tion time, we also implement an approximation approach by learning scaling factors
for pre-calculated mean and variances of fewer negative binomial distribution ker-
nels in addition to weights. The joint probability is again approximated by applying
conditional probability. We call this approach parameter scaled kernel weight
regression (psKWR). Both procedures reconstruct joint distributions by approxi-
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mating conditional distributions for mature RNA molecules with neural-network
scaled kernel distributions, then reconstructing full joint distributions using an an-
alytical solution for marginal nascent RNA distribution. KWR and psKWR also
provide approximations on an unbounded support and are compatible with gradient
calculations required for machine-learning based likelihood optimization strategies,
thereby facilitating inference of system parameters at increased resolution [47].

Our work complements other recent reports that leverage neural networks to ap-
proximate CME solutions for single-cell biophysics models. [155] use recurrent
neural networks to directly learn stochastic system distributions given some system-
governing input parameters, but probabilities are learned for a predefined, discretized
state space. [156] have proposed neural approximations for continuous-valued statis-
tics of CME systems but cannot be used to perform inference. Most pertinently,
[157] have independently proposed a method for approximating CME solutions with
a set of negative binomial mixture functions, implemented using the Nessie frame-
work. However, Nessie learns mixture function locations and weights, while our
approach simplifies the learning process by learning weights and location scaling
factors, initially placing kernel functions by exploiting the unimodality and moments
of the system’s CME solution. Further, Nessie is designed to fit univariate distri-
butions; we present a strategy for learning multivariate distributions, an essential
feature for the analysis of increasingly available single-cell transcriptomic data with
multiple species.

Transcriptional system
We consider the system illustrated in Fig. 4.1A, which encodes a standard model
of the mRNA life-cycle [43]. Transcriptional events arrive according to a Poisson
process with rate 𝛼, and generate 𝐵 nascent mRNAs (𝑁), where 𝐵 is a geometric
distribution with mean 𝑏. After an exponentially-distributed delay with rate 𝛽,
nascent mRNAs are spliced into mature mRNAs (𝑀). Finally, after an exponentially-
distributed delay with rate 𝛾, mature mRNAs are degraded. This system induces
a stationary distribution with the probability mass function (PMF) 𝑃(𝑛, 𝑚; 𝑏, 𝛽, 𝛾),
where 𝛽 and 𝛾 are considered in units of 𝛼 with no loss of generality at steady
state. Although the system does not afford a closed-form solution, its joint PMF
can be approximated to high precision through generating functions evaluated over
a state-space grid (the larger the state-space, the greater the accuracy) [43]. Further,
its nascent marginal 𝑃(𝑛) is negative binomial [43]. A more complete discussion
is available in Sections S1 and S2 with notation for the considered statistical and
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Figure 4.1: A schematic representation of the KWR approximation procedure. A. The
biological process under consideration: bursty transcription of nascent RNA, followed
by splicing to produce mature RNA and mRNA degradation. B. Univariate conditional
distributions are approximated by summing a set of kernel functions with neural network
learned weights. C. Joint distributions are reconstructed by multiplying conditional mature
RNA probabilities by marginal nascent RNA probabilities.

biological quantities listed in Table S1.

4.2 Kernel Weight Regression and Extensions
Kernel weight regression (KWR) approximation overview
To approximate full joint distributions, we train a neural network to approximate
the distributions of mature RNA molecules conditional on a nascent copy number
n (Fig. 4.1B), i.e., the univariate PMFs 𝑃(𝑚 |𝑛; 𝑏, 𝛽, 𝛾). We first generate rate
vectors θ := {𝑏, 𝛽, 𝛾} and compute high-quality generating function solutions over
state-space grids to obtain joint PMFs 𝑃(𝑚, 𝑛;θ) following the solution in [43].
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These solutions are denoted QV20 (as they are evaluated on grids with limits 20
standard deviations above nascent and mature marginal means) and treated as ground
truth. We then divide by nascent probabilities 𝑃(𝑛;θ) to extract conditional mature
probabilities 𝑃(𝑚 |𝑛;θ).

To construct a basis for the conditional distribution at the nascent copy number 𝑛,
we use a deterministic function 𝜓(θ, 𝑛) to calculate kernel means 𝜇𝑘 and standard
deviations 𝜎𝑘 of negative binomial basis kernels 𝑃k, where 𝑘 indexes the negative
binomial kernels (Section S3). The function takes advantage of the marginal means
and variances of the system, constructing an initial basis by moment-matching to
an analytically tractable lognormal distribution (Section S3). Next, we use a neural
network to map θ̃KWR, a transformation of θ and 𝑛, to a set of weights w and a kernel
width scaling factor ℎ. We train the network to minimize truncated Kullback-Leibler
divergence (KL divergence, Section S4) between the conditional true distributions
𝑃(𝑚 |𝑛;θ) and the conditional kernel approximations 𝑄KWR(𝑚 |𝑛;θ):

𝑄KWR(𝑚 |𝑛;θ) =
∑︁
𝑘

𝑤𝑘𝑃k(𝑚; 𝜇𝑘 , ℎ𝜎𝑘 ). (4.1)

Finally, to reconstruct the joint distributions, we multiply each 𝑄KWR(𝑚 |𝑛;θ) by
the analytical nascent marginal probability 𝑃(𝑛;θ), as in Fig. 4.1C:

𝑄KWR(𝑚, 𝑛;θ) = 𝑄KWR(𝑚 |𝑛;θ)𝑃(𝑛;θ). (4.2)

We call this method kernel weight regression (KWR), with a full description in
Section S7 and Table S2. Model architecture choice is motivated in Fig. S1. Fig.
S2 depicts final model architecture and Table S3 lists final model parameters.

Parameter scaled kernel weight (psKWR) approximation overview
To further allow for flexibility of distribution approximation, we present an alterna-
tive strategy, which scales the pre-calculated kernel means and variances. Here, we
use the same function 𝜓(θ, 𝑛) for a given 𝑛 to estimate kernel distribution means 𝜇𝑘
and standard deviations 𝜎𝑘 . We then use a neural network to map θ̃psKWR, a slightly
modified transformation of θ and 𝑛, to weights w and scaling factors c𝜇 and c𝜎 to
construct the approximate conditional distribution 𝑄psKWR(𝑚 |𝑛;θ):

𝑄psKWR(𝑚 |𝑛;θ) =
∑︁
𝑘

𝑤𝑘𝑃𝑘 (𝑚; 𝑐𝜇𝑘𝜇𝑘 , 𝑐𝜎𝑘
𝜎𝑘 ), (4.3)
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where 𝑘 again indexes the kernel. The joint probabilities are then reconstructed by
multiplying each 𝑄psKWR(𝑚 |𝑛;θ) by marginal 𝑃(𝑛;θ):

𝑄psKWR(𝑚, 𝑛;θ) = 𝑄psKWR(𝑚 |𝑛;θ)𝑃(𝑛;θ). (4.4)

We again train the network to minimize the truncated KL divergence between the
joint true distributions 𝑃(𝑚 |𝑛;θ) and the joint approximations 𝑄𝑝𝑠𝐾𝑊𝑅 (𝑚 |𝑛;θ).

We call this approach parameter scaled kernel weight regression (psKWR). It is
fully described in Section S8, with model architecture choice motivated in Fig. S3,
final model architecture illustrated in Fig. S4, and final model parameters listed in
Table S4.

Data generation and generating function solutions
To generate training, validation, and testing distributions, we sampled vectors of
biophysical rate vectors θ within the following biologically motivated bounds:

𝑏 ∈ [1, 300],
𝛽 ∈ [0.05, 50],
𝛾 ∈ [0.05, 50],

(4.5)

where the sampling measure was log-uniform. As described previously, 𝛽 and 𝛾 are
unitless quantities, scaled to the value of 𝛼. We generated a vector of three random
numbers within the bounds. Next, we computed 𝜇𝑁 and 𝜇𝑀 , the average nascent
and mature copy numbers (Table S1). To ensure that training distributions matched
the low-copy number regime of experimental scRNA-seq data, we restricted to vec-
tors with 𝜇𝑁 and 𝜇𝑀 both less than 1,000. These bounds are well under numbers
of RNA molecules per gene in single cells reported in fluorescent transcriptomic
studies [153, 154]. Distributions of training, validation, and testing rate vectors
that passed these thresholds are shown in Fig. S5. For each θ , we evaluated the
previously derived generating function solution to the system, given in [43], up
to the bounds 𝜇𝑧 + 20𝜎𝑧 (where 𝑧 is either nascent 𝑛 or mature 𝑚 value) using
adaptive quadrature (implemented in the scipy function integrate.quad_vec
[158]) and the inverse real fast Fourier transform (implemented in the scipy func-
tion fft.irfft2 [159]). We denote this high-precision procedure by QV20 and
treat it as ground truth. We further validated the accuracy of QV20 by showing
its concordance with distributions obtained using Gillespie’s stochastic simulation
algorithm in Fig. S6 [143].
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We further generated lower-order generating function solutions for benchmarking.
We calculated generating function solutions using adaptive quadrature on grids of
10, 4, and 1 standard deviations above nascent and mature means, or within the
bounds 𝜇𝑧 + 10𝜎𝑧, 𝜇𝑧 + 4𝜎𝑧, and 𝜇𝑧 + 𝜎𝑧 in each dimension 𝑧 ∈ {𝑁, 𝑀}. We refer
to these solutions as QV10, QV4, and QV1 in the text and Fig. 4.2.

We trained KWR models on normalized conditional values and psKWR models on
joint microstate probabilities. To generate normalized conditional training data for
KWR, we extracted the entries corresponding to each 𝑛 and divided them by the
analytical solution for the marginal 𝑃(𝑛;θ) (see Section S2, implemented in the
scipy function stats.nbinom.pmf [158] with 𝑟 = 𝛽−1 and 𝑝 = (1 + 𝑏)−1 [160]).
The resulting conditional distributions were stored along with their values of θ and
𝑛.

Model training and architectures
KWR models were trained to minimize the truncated KL divergence (see Section
S4) between approximated conditional distributions𝑄KWR(𝑚 |𝑛;θ) and normalized
QV20 conditional distributions 𝑃(𝑚 |𝑛;θ) for mature RNA transcripts.

Architectures of varying number of layers, nodes per layer, and number of kernel
functions were trained and compared, with testing results for different models shown
in Fig. S1. The architecture chosen for final comparisons is a MLP comprising 2
hidden layers of 256 nodes the output of which is passed to one layer of 256 nodes
that produces weights for 10 basis functions, and a different layer of 256 nodes that
produces the scaling factor ℎ (described in S7). This final model was trained for
35 training epochs with a learning rate of 0.001 with 1,536 training rate vectors θ
(corresponding to 211,515 vectors θ̃KWR conditional vectors) and 512 validation rate
vectors θ (corresponding to 72,906 vectors θ̃KWR conditional vectors). All models
were implemented in PyTorch with the Adam optimizer [161]. Full descriptions of
training and architectures are included in Section S7, Fig. S2, and Table S3.

psKWR models were trained to truncated KL divergence or Hellinger distance
between conditional approximations 𝑄𝑝𝑠𝐾𝑊𝑅 (𝑚 |𝑛;θ) and QV20 conditional mi-
crostate probabilities 𝑃(𝑚 |𝑛;θ). We again compared model architectures of dif-
ferent numbers of layers, nodes per layers, and basis functions to obtain a final
model (Section S7 and Fig. S1). Models trained using truncated KL divergence
and Hellinger distance as loss achieved similar results (Fig. S3); we use a model
trained with truncated KL divergence as the final model for better comparison with
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the final KWR model. The final model chosen for psKWR approximation is a
MLP with 3 hidden layers (L1, L2, and L3) of 256 nodes per layer that produce
weights w for five kernel functions functions. It further includes one layer of 256
nodes that takes outputs from L2 to produce scaling factors c𝜇 for kernel means and
another layer of 256 nodes that takes outputs from L2 to produce scaling factors c𝜎
for kernel standard deviations. It was trained for 100 epochs on 1,280 rate vectors
θ (corresponding to 211,515 conditional vectors θ̃psKWR) and 512 validation rate
vectors θ (corresponding to 72,906 conditional vectors θ̃psKWR). The model was
implemented in PyTorch and optimized using the Adam optimizer with a learning
rate of 0.001 [161] . A full description of training is included in Section S8 with
final model architecture diagrammed in Fig. S4 and final model parameters listed
in Table S4.

Inference of biophysical parameters in mouse brain cells
We implemented psKWR and KWR neural approximation strategies into an existing
maximum likelihood inference framework Monod [162] to infer burst sizes and rates
of splicing and degradation for 200 genes in GABAergic cells in the mouse brain
[126]. We obtained data from mouse sample C01 (donor ID 427378) from the Allen
Institute Mouse Primary Motor Cortex (MOp) dataset [126]. Raw FASTQ files for
the data were obtained and processed using kallisto | bustools as described
in [162]. Briefly, raw reads were aligned to a reference of unspliced and spliced
transcripts (generated using the flag --lamanno) to obtain counts for unspliced
(intron containing, treated as nascent transcripts) and spliced transcripts (non-intron
containing, treated as mature transcripts). Cells were filtered to remove low-quality
cells (as in [162] by removing those that did not pass kallisto | bustools filtering
and those with fewer that 104 unique molecular identifier counts).

We then restricted our analysis to cells of a single cell sub-type, GABAergic neurons,
according to cell type annotations from the original study [126]. For these 1,704
subset GABAergic cells, gene selection was performed using Monod to obtain genes
with unspliced and spliced means (across all cells) of at least 0.01, maximum of
unspliced and spliced counts (across all cells) of at least 3, and maximum spliced
counts (across all cells) no greater than 400. We then selected the top 200 of
remaining genes by expression (as in [162]).

For all 200 genes, inference was performed to obtain burst size 𝑏, relative splicing
rate 𝛽/𝛼, and relative degradation rate 𝛾/𝛼, according to the bursty model of tran-
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scription by maximizing data likelihood under the model’s steady-state distribution
using Monod [162]. For each gene, Monod identifies maximum likelihood estimates
of burst size 𝑏, splicing rate 𝛽, and degradation rate 𝛾 (with splicing and degradation
rates in units of transcription rate 𝛼) with the function scipy.optimize.minimize
[158]. This minimizes the Kullback-Leibler divergence between predicted distri-
butions and empirical data distributions (equivalent to maximizing data likelihood)
using gradient descent and the L-BFGS-B algorithm for bounded optimization [158],
with termination when either the projected gradient falls below the default tolerance
of 10−6 or the maximum number of iterations has been reached. Parameters were
initiated to their method of moment estimates and optimized within the bounds of
of [−1.0, 4.2], [−1.8, 2.5],[−1.8, 3.5] for log10𝑏, log10

𝛽

𝛼
, and log10

𝛾

𝛼
, respectively.

Inference was performed with a maximum of 15 iterations and a single search (no
restarts).

Results and discussion
To benchmark the algorithm’s performance, we investigated the accuracy and run-
time for PMF grid evaluation for a set of testing rate vectors (Fig. 4.2A). To quantify
accuracy, we calculated the Hellinger distance, which measures the discrepancy
between probability distributions 𝑃 and𝑄 and takes the form 1√

2
∥
√
𝑃−

√
𝑄∥2, using

the high-quality QV20 solutions as ground truth.

Comparison to generating function grid evaluations
We first compared KWR to three lower-order generating function-based solutions,
denoted QV1, QV4, and QV10, which evaluate the numerical steady-state solution
(Section S6) to varying accuracies based on grid size. We found that the KWR
approximation achieves accuracy comparable to lower-order generating function
solutions while reducing evaluation time (Fig. 4.2A). For example, the average
Hellinger distances for testing examples (normalized by grid size) were 3.085×10−5

and 3.370 × 10−6 for QV4 and KWR, respectively, but KWR approximation was
more than 8 times faster (even over a grid) with an average time of 8.690 × 10−5

seconds for QV4 evaluation and 9.870×10−6 seconds for KWR approximation (Fig.
4.2A). KWR was both faster and almost an order of magnitude more accurate than
generating function solution QV1, which had the larger average evaluation time
(normalized by grid size) of 5.389×10−5 seconds and the greater Hellinger distance
of 2.637×10−4 (both normalized by grid size, Fig. 4.2A). While psKWR was slightly
less accurate than KWR, its accuracy was still comparable to the generating function
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solutions of QV4 and more accurate than QV1 with a 4.469×10−5 average Hellinger
distance. psKWR even further reduced evaluation time with an average normalized
grid evaluation runtime of 5.296 × 10−6 seconds, an order of magnitude faster
than QV1 (Fig. 4.2A). This benchmark used 256 testing examples, with Hellinger
distances and runtimes normalized by the grid size. While we use Hellinger distance
in Fig. 4.2, we show similar trends assessing distribution concordance with KL
divergence in Fig. S7. In addition, while these 256 testing rate vectors were
sampled within the same bounds as those used to train psKWR and KWR models,
we demonstrate in Fig. S8 and Fig. S9 that psKWR and KWR models can
extrapolate beyond the training regime to produce accurate approximations for rate
vectors sampled outside of training bounds.

Comparison to statistical controls and baseline models
As a control to assess how learning kernel function weights contributes to recon-
struction accuracy, we investigated approximations obtained using random weights
(RW) w in Equation 4.1. RW employs the same function 𝜓𝐾𝑊𝑅 (θ, 𝑛) to generate
kernel means and variances as KWR, and identically scales variances by learned
factor ℎ, but weights kernels with random weights that sum to unity. As shown
quantitatively in Fig. 4.2B, RW does not accurately reconstruct joint probabilities,
motivating the use of learned weights.

To explore how much accuracy improves when using a neural network to scale means
and variances rather than using mere statistical approximations, we also bench-
marked against a non-neural, statistical approximation (moment-matched negative
binomial or MMNB). The MMNB approach (Section S10) generates statistically
plausible means and variances for mature RNA conditional distributions (using
the same function 𝜓𝐾𝑊𝑅 (θ, 𝑛)). These means and variances parameterize a single
negative binomial distribution, which are then multiplied by the analytical nascent
marginal probability to produce join probability approximations. MMNB underper-
forms KWR and psKWR in Hellinger distance accuracy over a grid, evidence that
the neural procedure is necessary to achieve highly accurate approximations.

To assess the utility of kernel functions, we also compared KWR and psKWR to
a method of direct approximation that uses a fully connected multilayer perceptron
to map from an input {θ, 𝑛, 𝑚} to a single-valued joint probability 𝑃(𝑚, 𝑛;θ).
The network was trained to reduce the mean squared error between numerically
calculated and predicted joint probabilities. We refer to this method as direct
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Figure 4.2: KWR and psKWR approximations accurately reconstruct joint probability
distributions, with low runtime. A. Time to generate joint distributions over grid versus
Hellinger distance, both normalized by grid size, for 256 testing rate vectors, comparing
three generating function based methods (QV10, QV4, and QV1), direct regression (DR),
a moment-matched negative binomial (MMNB) approximation, kernel weight regression
(KWR), and parameter scaled kernel weight regression (psKWR) to ground truth (QV20). B.
Time (unnormalized) to calculate probability for 768 testing rate vectors, where the first seven
bars are grid-evaluation and an asterisk indicates method runtime for a single microstate
probability. Boxes show the first (𝑄1) and third quartiles (𝑄3) with central lines at the
second quartile and whiskers extending to𝑄1−1.5× (𝑄3−𝑄1) and𝑄3+1.5× (𝑄3−𝑄1).
C. Hellinger distance (unnormalized) over grid for 768 testing rate vectors. Box plots
conventions are as in B. D. Conditional probabilities and joint probabilities calculated using
KWR, psKWR, and QV1 on a grid one standard deviation above nascent and mature means
for a single testing rate vector show that significant error (as compared to QV20) is introduced
on a small grid by truncation for quadrature methods but not neural approximation methods.
E. Three example distributions approximated by KWR, psKWR, and several controls (RW,
MMNB, and DR) demonstrate qualitative agreement between neural approximation methods
and high-quality numerical solutions (QV20) but not all controls.

regression (DR), described in Section S9 with testing results in Fig. S10 and
network parameters in Table S5. DR was considerably less accurate than the KWR
and psKWR approximations (Fig. 4.2A,B). This highlights that basis function
learning methods like KWR and psKWR, which output parametric forms rather
than single probabilities, are desirable and efficient for this application.

Evaluation time for microstate probabilities
In the context of statistical inference from data, optimizing likelihoods involves
the evaluation of a single microstate 𝑃(𝑛, 𝑚;θ). Here, KWR and psKWR outper-
form generating function-based methods by design by bypassing grid evaluation.
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Generating function evaluation over grids can take tens of seconds (QV10, Fig.
4.2B), extremely prohibitive for inference processes in high-throughput genomics in
which likelihoods must be iteratively calculated for thousands of genes. Evaluating
single microstate probabilities using the neural approximations, by contrast, took
2.170 × 10−3 and 1.397 × 10−3 seconds on average, decreasing evaluation time by
four orders of magnitude (Fig. 4.2B) with similar accuracies (Fig. 4.2A,C). While
DR and MMNB slightly outperform KWR on microstate timing (Fig. 4.2B), their
accuracy is substantially lower (Fig. 4.2A,C). Further, psKWR has evaluation time
comparable to DR and MMNB and is more accurate (Fig. 4.2A,B,C).

Joint distribution reconstruction
Some examples of probability distributions obtained by the approximation proce-
dures are shown in Fig. 4.2D, where we again treat QV20 as ground truth. Both
KWR and psKWR approximations are qualitatively indistinguishable from ground
truth, suggesting that they are appropriate for moderate-precision inference. While
MMNB results look qualitatively similar, Hellinger distances from ground truth
are substantially greater (Fig. 4.2A,C), suggesting that while it is appropriate as a
coarse approximation, it may not be not sufficient for precise inference. The random
weight control recapitulates the general shape of the distribution, but introduces
considerable error into microstate probabilities, confirming that the learned weights
are essential for an accurate approximation (Fig. 4.2D, fourth column). Finally, the
DR results noticeably distort the distribution shapes, further evidencing the utility
of the kernel function approach (Fig. 4.2D, sixth column).

KWR and psKWR use in biophysical parameter inference
KWR and psKWR can be used in methods in an existing maximum likelihood
framework [162] to infer biophysical parameters from experimental data. We used
both neural approximation strategies and the default generating function solver to
infer burst sizes (denoted QV in Fig. 4.2), relative splicing rates, and relative
degradation rates for 200 highly expressed genes in GABAergic cells from the
mouse primary motor cortex [126].

For the 200 fit genes, we found that inference results using KWR and psKWR
approaches for data likelihood evaluation highly correlate with results using the
standard generating function approach (Fig. 4.3A), with better defined likelihood
landscapes (Fig. 4.3B). Pearson correlations of greater than 0.9 were obtained for
log10 of inferred burst sizes, relative splicing rates, and relative degradation rates
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Figure 4.3: Use of KWR and psKWR in inference frameworks results in likelihoods and
parameters consistent with those obtained using standard numerical solutions, with better
behaved likelihood landscapes. A. Parameters for the bursty model of transcription (burst
size 𝑏, splicing rate 𝛽, and degradation rate 𝛾, with splicing and degradation rate considered
in units of transcription rate 𝛼) highly correlate with results using adaptive quadrature
(N = 200) B. For the gene Cacna1e, Kullback-Leibler (KL) divergence between data and
biophysical model likelihoods calculated at two of the optimal parameters with the indicated
third varied. Likelihood landscapes for biophysical parameters evaluated using KWR and
psKWR show one clear local and global minimum, while truncation necessary for numerical
solution QV introduces off-optimum decreases in KL divergence. C. The log10 of lowest
KL divergence obtained between data distributions and neural approximation strategies and
data distributions and QV solutions at their respective optimal parameters highly correlate
(N = 200). D. Joint count distributions for Cacna1e and E. Rapgef5, both empirical (red
scatter points) and evaluated using QV, KWR, and psKWR (colored density) at the optimal
parameters they respectively produced.

for KWR against QV and psKWR against QV (Fig. 4.3A). KL divergence between
empirical and model distributions at optimal inferred parameters also agree between
QV and both neural approximation strategies (Fig. 4.3C). In addition, distributions
produced by all methods capture empirical RNA distributions, with example genes
Cacna1e and Rapgef5 shown in Fig. 4.3D and E. These results suggest that KWR
and psKWR are reliable alternatives to numerical solutions for parameter inference.
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Discussion
After training on a relatively small set of example rate vectors, the KWR and
psKWR neural approximation approaches generalize to produce highly accurate
and unbounded solutions to a mechanistic model of the lifecycle of RNA in single
cells (Fig. 4.2). They are as accurate as lower-order generating function methods,
but bypass quadrature and Fourier inversion, achieving orders of magnitude faster
runtimes. Thus, these approaches can greatly reduce the amount of time necessary
to explore steady-state distributions across a wide range of transcriptional param-
eters for inference, parameter sensitivity investigations, and experimental design
[163]. In particular, we have recently employed KWR application in a popular
variational autoencoder framework to infer biophysical parameters for thousands of
cells and genes, made possible because KWR, unlike generating function solutions,
is compatible with gradient descent algorithms [47, 148].

The current implementations of KWR and psKWR are tailored to the bursty model
of transcription. That is, while other approaches, such as [157] and [164], are more
flexible in their distributional shapes, able to learn multimodal distributions with
unconstrained means and variances, KWR kernel functions’ means and variances
are constrained based on statistical moments of the underlying system. Moments for
psKWR kernel functions, while allowed to vary, are initialized at the preset means
and variances, which simplifies and accelerates the learning process. This is one of
the key advantages of our methods: we leverage statistical insight about a specific
class of systems to develop a reliable solver. While this limits the applicability of
the current KWR and psKWR models, the principle behind the algorithms can be
extended to other systems about which we have statistical knowledge (e.g., employing
a lognormal mixture distribution to find kernel moments for multimodal systems).
Thus while a strength of KWR and psKWR algorithms is that results will be regulated
or initialized by known system statistics, they may be less suited for systems which
are difficult to analyze statistically or that have undefined moments.

A second notable innovation of psKWR and KWR is that they produce bivariate
probability approximations for two RNA species, while related methods learn distri-
butions for a single RNA species [157, 164]. They do so by taking advantage of the
tractability of nascent distributions and applying the law of conditional probability.
This bivariate approach of KWR and psKWR could be adapted for measurements
of chromatin accessibility and RNA counts, jointly available in single cells using
ATAC-seq [165].
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In addition to bivariate systems, KWR and psKWR can be naturally extended for
multivariate systems by repeated application of conditional probability: 𝑃(𝐴, 𝐵, 𝐶) =
𝑃(𝐴|𝐵,𝐶) × 𝑃(𝐵|𝐶) × 𝑃(𝐶). For example, recent advances in simultaneous quan-
tification [166] and modeling [167] of mRNA and proteins as trivariate unspliced
mRNA – spliced mRNA – protein data have been made, but the corresponding
stochastic system does not afford an analytical solution. The statistical neural ap-
proach of KWR and psKWR could facilitate inference of transcription, splicing,
and translation rates using such trivariate data. As single-cell assays with multiple
molecular species become increasingly more common, so increases the need for
computationally efficient methods for modeling and inference that go beyond statis-
tical summaries to yield mechanistic insight into system dynamics and distributions.
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C h a p t e r 5

BIOPHYSICAL MODELS IN VARIATIONAL AUTOENCODERS

In the previous Chapter, we discussed how biophysical models can be efficiently
approximated for high-throughput inference of transcriptional parameters at the scale
of modern day scRNA-seq data (millions of cells and tens of thousands of genes).
Here, we combine this approximation strategy with deep learning architectures
for data integration, dimension reduction, and parameter inference. We present
biVI, which combines the variational autoencoder framework of scVI with CME
models describing the transcription and splicing kinetics of RNA molecules. We
demonstrate on simulated and experimental scRNA-seq data that biVI retains the
variational autoencoder’s ability to capture cell type structure in a low-dimensional
space while enabling genome-wide exploration of the biophysical mechanisms, such
as system burst sizes and degradation rates, that underlie observations.

This chapter summarizes [47] by M.C.∗, G.G∗, Y.C., T.C., and L.P. M. C., G.G.
and Y. C. implemented the strategy. M.C. ran analyses. G. G. conceptualized
the project and provided detailed feedback and project direction. T. C. and L.
P. provided guidance and suggestions throughout. M. C., G. G., T. C. and L.
P. wrote the manuscript.

5.1 Single-cell Variational Inference
Advances in experimental methods for single-cell RNA sequencing (scRNA-seq) al-
low for the simultaneous quantification of multiple cellular species, such as nascent
and mature transcriptomes [136, 137], surface [168, 138, 166] and nuclear [169]
proteomes, and chromatin accessibility [165]. While these datasets enable in-
sight into cell type and state in development and disease, joint analyses of distinct
modalities remain challenging. We show that principled biophysical “integration”
of multimodal datasets can be achieved through parameterization of interpretable
mechanistic models [99], scalable to thousands of genes across tens of thousands of
cells [170].

Recent approaches to integrate and reduce the dimensionality of multimodal single-
cell genomics data have leveraged advances in machine learning [149, 171, 172].
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Figure 5.1: biVI reinterprets and extends scVI to infer biophysical parameters. a. scVI can
take in concatenated nascent (N ) and mature (M) RNA count matrices, encode each cell
to a low-dimensional space 𝑧, and learn per-cell parameters and per-gene parameters for
independent nascent and mature count distributions. This is not motivated by a biophysical
model. b. The telegraph model of transcription: a gene locus has the on rate 𝑘 , the off
rate 𝑘𝑜 𝑓 𝑓 , and the RNA polymerase binding rate 𝑘RNAP. Nascent RNA molecules are
produced in geometrically distributed bursts with mean 𝑏 = 𝑘RNAP/𝑘𝑜 𝑓 𝑓 , which are spliced
and degraded at rates 𝛽 and 𝛾, respectively. The model’s steady-state distribution can be
approximated by a pre-trained neural network F and a set of basis functions. c. biVI
intakes nascent and mature count matrices, produces a low-dimensional representation for
each cell, and outputs per-cell and per-gene parameters for a mechanistically motivated joint
distribution of nascent and mature counts.

For example, the popular tool scVI is a variational autoencoder that uses neural
networks to encode scRNA-seq counts to a low-dimensional representation. This
is decoded by another neural network to cell- and gene- specific parameters for
conditional likelihood distributions of observed counts [148]. These distributions
are chosen post hoc to be consistent with the discrete, over-dispersed nature of
scRNA-seq counts, but can be derived from biophysical models. Extensions of scVI
for protein [149] and chromatin measurements [173] jointly encode data modalities
to a single latent space, then employ two decoding networks to produce parameters
for independent conditional likelihoods specific to each datatype. Nascent and
mature transcripts, available by realigning existing scRNA-seq reads [136, 137],
could be similarly treated (Figure 5.1a). However, using independent conditional
likelihoods for bimodal measurements derived from the same gene ignores their
inherent causality and has no biophysical basis: the generative model is a “black



59

box” representation to summarize data.

Nevertheless, good causal model candidates are available (Figure 5.1b). For exam-
ple, Figure 5.1b illustrates the extensively validated [33, 35, 174] bursty model of
transcription. While the joint steady-state distribution induced by the bursty model
is analytically intractable [43], we have previously shown that it can be approximated
by a set of basis functions with neural-network learned weights [46].

5.2 Adapting Variational Autoencoders for Biophysical Models
We introduce biVI, a strategy that adapts scVI to work with well-characterized
stochastic models of transcription. We propose models, formalized by chemical
master equations (CMEs), for RNA lifecycles, then use the bivariate, CME-derived
distribution as the conditional data likelihood distribution for nascent and mature
counts (Figure 5.1c). The inferred conditional likelihood parameters thus have
biophysical interpretations as part of a mechanistic model of transcription, mov-
ing beyond associational analyses to fit biophysical values that parameterize causal
relationships based on known transcriptional dynamics [43]. The likelihood dis-
tributions cannot be obtained solely from the data distributions but require some
“knowledge of the data-generating process" [175].

We used simulated data to show that biVI models can recapitulate ground-truth
distributions, produce latent representations that preserve cell type structure, (see
Supplementary Figures 3, 4, and 5 of [47]) and recover marker genes (Supplemen-
tary Figure 6 of [47]). Several clustering metrics are slightly lower for biVI than for
scVI, suggesting some trade-off between latent feature representation and improved
interpretability (see Supplementary Figures 3, 4, and 5 of [47]). Average inferred
parameters were relatively robust to error in nascent versus mature count quantifi-
cation (Supplementary Figure 7 of [47]). To validate the reliability of biVI inferred
parameters, we showed that biVI inferred burst sizes and relative degradation rates
correlate with those obtained in fluorescence assays and time-series labeling data
(Supplementary information and Supplementary Figures 8, 9, and 10 of [47]) [154,
176].

After validations, we applied biVI to experimental datasets from mouse brain tissue
[126], Supplementary Figures 11 and 12 of [47]) for Allen sample B08 using the
well-attested [33, 35, 174] bursty model of transcription. biVI can recapitulate
empirical distribution shapes better than scVI (Figure 5.2a-b) as measured by both
Kullback-Leibler divergence and Hellinger distance (Supplementary Figure 13 of
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Figure 5.2: biVI fits single-cell data from mouse primary motor cortex (Allen sample
B08 [126]) and suggests the biophysical basis for expression differences. a.-b. Observed,
scVI and biVI reconstructed distributions of Foxp2, a marker gene for L6 CT (layer 6
corticothalamic) cells, and Rorb, a marker gene for L5 IT (layer 5 intratelencephalic) cells,
restricted to respective cell type. c.-d. Cell-specific parameters inferred for Foxp2 and
Rorb demonstrate identifiable differences in means and parameters in the marked cell types
(1,333 L6 CT cells and 2,395 L5 IT cells colored of 6,398 total illustrated cells). e. Cell
subclasses show different modulation patterns, especially pronounced in non-neuronal cells
(top: fractions of 2,000 highly variable genes that exhibit differences in each parameter;
bottom: number of cells in each subclass). f. biVI allows the identification of cells which
exhibit differences in burst size or relative degradation rate, without detectable differences
in mature mean expression. g. Histograms of biVI parameters and scVI mature means for
genes that exhibit modulation in biVI parameters (degradation rate in L5 IT cells for Trem2,
top; burst size in L6 CT cells for Ndnf, bottom) but no identifiable mature mean modulation.

[47]), while allowing for interpretation of cell-specific parameters to determine
how genes are regulated. For example, in Figure 5.2c-d, we illustrate how the
upregulation of markers Foxp2 and Rorb can be ascribed to an increase in burst size.
Figure 5.2e shows the fraction of genes in each cell subclass that exhibited significant
differences in burst size, relative degradation rate, or both. Interesting trends across
cell subclasses emerge: neuronal cells appear to regulate gene expression via a mix
of regulatory strategies, while non-neuronal cells seem to preferentially modulate
burst size.
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Finally, biVI can identify distributional differences which do not result in mean
expression changes (Figure 5.2g). To identify biophysical parameters with statis-
tically significant differences between cell subclasses, we performed Bayes factor
hypothesis testing, which accounts for the uncertainty in parameter estimates by
comparing multiple samples from cells’ latent space posterior distributions (see
subsection "Bayes factor hypothesis testing for differential expression" and Sup-
plementary Figure 14 of [47]). Certain cell subclasses had several hundred genes
that displayed differential burst size or relative degradation rate but not differential
spliced mean expression. For example, the gene Ndnf, which codes for the neuron
derived neurotrophic factor NDNF, demonstrated a significant difference in the biVI
inferred burst size, but not scVI inferred mature mean, in the neuronal subclass L6
CT (Figure 5.2g, bottom row, with empirical count distributions in Supplementary
Figure 15 of [47]). NDNF promotes the neuronal health [177]; characterizing its
regulatory patterns could help elucidate its role in neuronal maintenance. As an-
other example, the relative degradation rate of the gene coding for the triggering
receptor expressed on myeloid cells-2 (TREM2), was found to be greater in the
neuronal L5 IT subclass than in other subclasses (Figure 5.2g, top row, with empir-
ical count distributions in Supplementary Figure 15 of [47]). TREM2 variants are
associated with increased risk of Alzheimer’s disease [178]: though known to be
highly expressed in microglia, finer-grained analyses could uncover cell type spe-
cific effects on Alzheimer’s development. Such mechanistic description provides
a framework for characterizing the connection between a gene’s role and a cell’s
regulatory strategies beyond observational changes in mean expression [131].

We have demonstrated that bivariate distributions arising from mechanistic models
can be used in variational autoencoders for principled integration of nascent and
mature RNA-seq data. In addition to the bursty model, biVI implements constitutive
and extrinsic noise models previously discussed in the literature (see Chapter III,
Section "Biophysical Models for Stochastic Transcription") [179, 99, 180]. While
all three biophysical models are available, one limitation of the current framework
is that only one model can be fit to all genes of a input dataset at a time, requiring
post hoc model comparison (Supplementary Figure 13 of [47]). In addition, sources
of technical noise, such as length biases shown to distort nascent RNA capture
[181], are not explicitly parameterized in the current version. Finally, while the
conditional data likelihood distribution has been replaced by one derived from an
interpretable biophysical hypothesis, the neural encoder and decoder still perform
opaque mappings between data dimensions. Complementary improvements in in-
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terpretability can be achieved using single-layer linear decoders [182] to directly
link latent variables with gene parameters via layer weights (Supplementary Figure
16 of [47]). The current biVI framework can be naturally extended to model more
modalities (e.g., protein counts and chromatin accessibility) and more complex reg-
ulatory hypotheses, and, as single-cell technologies expand in scale and resolution,
used to build a more comprehensive picture of biophysical processes in living cells.

biVI Implementation and Fits
In order to extend the scVI method to work with multimodal molecule count data in
a way that is coherent with biology, we define bivariate likelihood functions that (i)
encode a specific, precedented mechanistic model of transcriptional regulation and
(ii) are admissible under the assumptions made in the standard scVI pipeline. On a
high level, our method entails the following steps:

1. Choose one of the scVI univariate generative models (under ‘scVI models’),
including the functional form of its likelihood and any assumptions about its
distributional parameters.

2. Identify a one-species chemical master equation (CME) that produces this
distribution as its steady state, and translate assumptions about distributional
parameters into assumptions about the biophysical quantities that parameterize
the CME (under ‘Master equation models interpreted for biVI’). The one-
species system and its assumptions will typically not be uniquely determined.

3. Identify a two-species CME and derive assumptions about parameter values
consistent with the one-species system (under ‘Master equation models in-
terpreted for biVI’). There will typically be multiple ways to preserve the
assumptions but only a single CME.

4. Modify the autoencoder architecture to output the variables that parameterize
the CME solution under the foregoing assumptions, and use this solution as
the generative model (see ‘biVI modifications to scVI’).

Statistical preliminaries
We use the standard parameterization of the Poisson distribution:

𝑃Poiss(𝑥; 𝜇) = 𝜇𝑥𝑒−𝜇

𝑥!
. (5.1)

We use the shape-mean parameterization of the univariate negative binomial distri-
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bution:

𝑃NB(𝑥;𝛼, 𝜇) = Γ(𝛼 + 𝑥)
𝑥!Γ(𝛼)

(
𝛼

𝛼 + 𝜇

)𝛼 (
𝜇

𝛼 + 𝜇

)𝑥
. (5.2)

We use mean parameterization of the geometric distribution on N0:

𝑃Geo(𝑥; 𝑏) =
(
𝑏

𝑏 + 1

)𝑥 (
1

𝑏 + 1

)
. (5.3)

scVI models
A brief summary of the generative process of the standard, univariate scVI pipeline
is useful to contextualize the options and constraints of the bivariate model. In
the Bayesian model, each cell has some posterior probability 𝑝𝑐 (𝑧𝑐) over a low-
dimensional space and can be represented as a sample 𝑧𝑐 from that posterior. scVI
uses the “decoder” neural network to map from realizations 𝑧𝑐 to quantities 𝜌𝑐𝑔,
which describe the compositional abundance of gene 𝑔 in cell 𝑐 as a function of 𝑧𝑐,
such that

∑
𝑔 𝜌𝑐𝑔 = 1. Furthermore, a cell-specific “size factor” ℓ𝑐 is sampled from a

lognormal distribution parameterized by either fit or plug-in estimates of mean and
variance such that the mean expression of a gene in a given cell is 𝜇𝑐𝑔 = 𝜌𝑐𝑔ℓ𝑐.

The univariate workflow provides the options of three discrete generative mod-
els: Poisson with mean 𝜇𝑐𝑔, negative binomial with mean 𝜇𝑐𝑔 and gene-specific
dispersion parameter 𝛼𝑔, and zero-inflated negative binomial, with an additional
Bernoulli mixture parameter. We report the master equation models consistent with
the first two generative laws below, and discuss a potential basis for and reservations
about the zero-inflated model in ‘The zero-inflated negative binomial model and its
multi-state interpretation.’

Due to the intractability of the posterior probability 𝑝𝑐 (𝑧𝑐), scVI uses variational
inference to infer an approximate posterior 𝑞𝑧 (𝑧𝑐), which is a multivariate Gaussian.
Models are trained via stochastic optimization of the Evidence Lower Bound, or
ELBO, which minimizes the Kullback-Leibler divergence between the approximate
posterior and a prior and maximizes the expected value of the conditional likelihood
over the approximate posterior. The Gaussian form of the approximate posterior
makes possible a reparameterization trick to calculate gradients of the ELBO over
expectation estimates made by Monte Carlo sampling from the approximate poste-
rior. Further, the encoding network amortizes inference by learning a map between
data to parameters of the approximate posterior [171, 148].
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Master equation models interpreted for biVI
The one-species CMEs encode reaction schema of the following type:

∅ −→ X
𝛾
−→ ∅, (5.4)

whereX is a generic transcript species used to instantiate a univariate scVI generative
model, 𝛾 is the transcript’s Markovian degradation rate, and the specific dynamics
of the transcription process (first arrow) are deliberately left unspecified for now.
Such systems induce univariate probability laws of the form 𝑃(𝑥).

The two-species CMEs encode reaction schema of the following type:

∅ −→ N
𝛽
−→ M

𝛾
−→ ∅, (5.5)

where N denotes a nascent species, M denotes a mature species, and 𝛽 denotes
the nascent species’ Markovian conversion rate. Such systems induce bivariate
probability laws of the form 𝑃(𝑛, 𝑚). We typically identify the nascent species
with unspliced transcripts and the mature species with spliced transcripts. We
use the nascent/mature nomenclature to simplify notation and emphasize that this
identification is natural for scRNA-seq data, but not mandatory in general.

Formalizing a model in terms of the CME requires specifying the precise mechanistic
meaning of 𝜌𝑐𝑔 and ℓ𝑐. Previous reports equivocate regarding the latter [149],
appealing either to cell-wide effects on the biology (in the spirit of [179, 180])
or technical variability in the sequencing process (in the spirit of [183]). For
completeness, we treat both cases.

Below, we present the theoretical results, including the biophysical models, the
functional forms of bivariate distributions consistent with the standard scVI models,
and the consequences of introducing further assumptions. The full derivations are
given in Supplementary information of [47].

Constitutive: The Poisson model and its mechanistic basis

The Poisson generative model can be recapitulated by the following schema:

∅ 𝑘−→ N
𝛽
−→ M

𝛾
−→ ∅, (5.6)

where 𝑘 is a constant transcription rate. This process converges to the bivariate
Poisson stationary distribution, with the following likelihood:

𝑃(𝑛, 𝑚; 𝜇𝑁 , 𝜇𝑀) = 𝑃Poiss(𝑛; 𝜇𝑁 )𝑃Poiss(𝑚, 𝜇𝑀), (5.7)
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where 𝜇𝑁 = 𝑘/𝛽 and 𝜇𝑀 = 𝑘/𝛾. If we suppose each gene’s 𝛽 and 𝛾 are constant
across cell types, the likelihoods involve a single compositional parameter 𝜌𝑐𝑔, such
that

𝜇𝑁 =
𝛾𝑔

𝛽𝑔
𝜌𝑐𝑔ℓ𝑐

𝜇𝑀 = 𝜌𝑐𝑔ℓ𝑐,

(5.8)

where 𝛾𝑔/𝛽𝑔 ∈ R+ is a gene-specific parameter that can be fit or naïvely estimated
by the ratio of the unspliced and spliced averages. On the other hand, if the
downstream processes’ kinetics can also change between cell types, we must use
two compositional parameters:

𝜇𝑁 = 𝜌
(𝑁)
𝑐𝑔 ℓ𝑐

𝜇𝑀 = 𝜌
(𝑀)
𝑐𝑔 ℓ𝑐 .

(5.9)

We refer to this model as “Poisson,” reflecting its functional form, or “constitutive,”
reflecting its biophysical basis.

Extrinsic: The negative binomial model and a possible mixture basis

The negative binomial generative model can be recapitulated by the following
schema:

∅ 𝑘 ∼ 𝐾−−−−→ N
𝛽
−→ M

𝛾
−→ ∅, (5.10)

where 𝑘 is the transcription rate, a realization of 𝐾 , a gamma random variable with
shape 𝛼, scale 𝜂, and mean ⟨𝐾⟩ = 𝛼𝜂. This process converges to the bivariate
negative binomial (BVNB) stationary distribution, with the following likelihood:

𝑃extrinsic(𝑛, 𝑚;𝛼, 𝜇𝑁 , 𝜇𝑀) =
Γ(𝛼 + 𝑛 + 𝑚)
𝑛!𝑚!Γ(𝛼)

(
1

𝛼 + 𝜇𝑁 + 𝜇𝑀

)𝛼+𝑛+𝑚
𝛼𝛼𝜇𝑛𝑁𝜇

𝑚
𝑀 ,

(5.11)

where 𝜇𝑁 = ⟨𝐾⟩/𝛽 and 𝜇𝑀 = ⟨𝐾⟩/𝛾. If we suppose that cell type differences
only involve changes in the transcription rate scaling factor 𝜂, with constant 𝛼, 𝛽,
and 𝛾, the likelihoods involve a single compositional parameter 𝜌𝑐𝑔. The mean pa-
rameters are identical to Equation 5.8, with an analogous parameter 𝛾𝑔/𝛽𝑔, as well
as a gene-specific shape parameter 𝛼𝑔. On the other hand, if the downstream pro-
cesses’ kinetics can also change between cell types, we must use two compositional
parameters, as in Equation 5.9.

We refer to this model as “extrinsic” to reflect its biophysical basis in extrinsically
stochastic rates of transcriptional initiation.
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Bursty: The negative binomial model and a possible bursty basis

The negative binomial generative model may be recapitulated by the alternative
schema [43]:

∅ 𝑘−→ 𝐵 × N
𝛽
−→ M

𝛾
−→ ∅, (5.12)

where 𝑘 is the burst frequency and 𝐵 is a geometric random variable with mean 𝑏
(Equation 5.3). This system converges to the following stationary distribution:

𝑃bursty

(
𝑛, 𝑚;

𝑘

𝛽
, 𝜇𝑁 , 𝜇𝑀

)
= 𝑃NB

(
𝑛;
𝑘

𝛽
,
𝑘𝑏

𝛽

)
𝑃

(
𝑚 |𝑛; 𝑏,

𝛽

𝑘
,
𝛾

𝑘

)
, (5.13)

where system moments can be calculated 𝜇𝑁 = 𝑘𝑏/𝛽, 𝜇𝑀 = 𝑘𝑏/𝛾, and 𝛼 is
arbitrarily set to 𝑘/𝛽, the shape parameter of the nascent marginal, for simplicity.

Although the nascent marginal is known to be negative binomial, the joint 𝑃(𝑛, 𝑚)
and conditional 𝑃(𝑚 |𝑛) distributions are not available in closed form. For a given
set of parameters, the joint distribution can be approximated over a finite microstate
domain 𝑛, 𝑚 ∈ [0, 𝑆𝑁 − 1] × [0, 𝑆𝑀 − 1], with total state space size 𝑆𝑁 × 𝑆𝑀 . This
approach is occasionally useful, if intensive, for evaluating the likelihoods of many
independent and identically distributed samples. The numerical procedure entails
using quadrature to calculate values of the generating function on the complex unit
sphere, then performing a Fourier inversion to obtain a probability distribution [43].
However, this strategy is inefficient in the variational autoencoder framework, where
each observation is associated with a distinct set of parameters. Furthermore, it is
incompatible with automatic differentiation.

In the previous chapter, [46], we demonstrated that the numerical approach can be
simplified by approximating 𝑃(𝑚 |𝑛) with a learned mixture of negative binomial
distributions: the weights are given by the outputs of a neural network, whereas the
negative binomial bases are constructed analytically. The neural network is trained
on the outputs of the generating function procedure. Although the generative model
does not have a simple closed-form expression, it is represented by a partially neural,
pre-trained function that is a priori compatible with the VAE.

If we suppose cell type differences only involve changes in the burst size 𝑏, with
constant 𝑘 , 𝛽 and 𝛾, we use Equation 5.13 to evaluate likelihoods. These likelihoods
involve a single compositional parameter 𝜌𝑐𝑔, with mean parameters identical to
Equation 5.8, with an analogous parameter 𝛾𝑔/𝛽𝑔, as well as a gene-specific shape
parameter 𝛼𝑔. On the other hand, if kinetics of the degradation process can also
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change between cell types, we must use two compositional parameters, as in Equation
5.9. There is no admissible way to allow modulation in the burst frequency.

We refer to this model as “bursty,” reflecting its biophysical basis.

biVI bursty generative model
Following the notation of scVI [148], biVI’s generative process for the bursty hy-
pothesis models expression values of 𝑥𝑐𝑛 and 𝑥𝑐𝑚 of nascent and mature counts,
respectively, in cell 𝑐 as:

𝑧𝑐 ∼ Normal(0, 𝐼)
ℓ𝑐 ∼ log normal(ℓ𝜇, ℓ𝜎2)
𝜌
(𝑁)
𝑐𝑔 , 𝜌

(𝑀)
𝑐𝑔 = 𝑓 (𝑧𝑐, 𝑠𝑐)

𝜇𝑐𝑛, 𝜇𝑐𝑚 = 𝜌
(𝑁)
𝑐𝑔 ℓ𝑐, 𝜌

(𝑀)
𝑐𝑔 ℓ𝑐

𝑥𝑐𝑛, 𝑥𝑐𝑚 ∼ 𝑃bursty(𝑛, 𝑚;𝛼, 𝜇𝑐𝑛, 𝜇𝑐𝑚),

(5.14)

with a standard, multivariate normal prior on the latent space 𝑧 vector. Here, the
batch of cell 𝑐 is denoted as 𝑠𝑐 and ℓ𝜇, ℓ𝜎2 are by default observed mean and variance
in log-sequencing depth (‘log-library size’ in scVI) across a cell’s batch, although
they can be learned. Further, as in scVI, 𝑓 is neural network that produces fraction
of sequencing depth parameters 𝜌(𝑁)𝑐𝑔 , 𝜌

(𝑀)
𝑐𝑔 for nascent and mature counts. The sum

of nascent and mature fractions is constrained to be 1 over a cell 𝑐 by a softmax
applied to the network output:

∑𝐺
𝑛,𝑚=0(𝜌

(𝑁)
𝑐𝑔 , 𝜌

(𝑀)
𝑐𝑔 ) = 1, where 𝐺 is the number of

genes. 𝛼 ∈ R𝐺 is a network parameter jointly optimized across all cells during the
variational inference procedure. To recover biophysical parameters, 𝛼 is arbitrarily
set to 𝑘/𝛽. Burst size 𝑏 and relative degradation rate 𝑘/𝛾 can be recovered according
to the following conversions:

𝑏 =
𝜇𝑐𝑛

𝛼

𝛾/𝑘 =
𝜇𝑛𝑐

𝜇𝑐𝑚𝛼

(5.15)

We further set 𝑘 = 1 with no loss of generality at steady-state. Generative processes
for constitutive and extrinsic noise models are discussed in Supplementary infor-
mation under ‘biVI constitutive generative process’ and ‘biVI extrinsic generative
process’ of [47].
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biVI modifications to scVI
Our code is built upon scVI version 0.18.0 [171]; the following outlines the mod-
ifications we made for biVI. The scVI framework already supports the constitutive
model. By setting conditional likelihood to “poisson,” no modification of scVI
architecture is necessary. The conditional data likelihood distribution is the product
of two Poisson distributions (Equation 5.7). Explicitly, unspliced and spliced count
matrices can be concatenated along the cell axis to produce a matrix of shape 𝐶
by 2𝐺, where 𝐶 is the number of cells and 𝐺 the number of genes. scVI will then
produce 2𝐺 Poisson mean parameters for the two Poisson distributions of Equation
5.7.

For the extrinsic and bursty models, mean parameters for nascent and mature counts,
𝜇𝑁 and 𝜇𝑀 , and a single shape parameter 𝛼 are necessary. The default scVI
architecture returns two independent parameters for nascent and mature counts of
the same gene. biVI thus modifies the scVI architecture to update vectors 𝛼 ∈
R𝐺≥0 rather than 𝛼 ∈ R2𝐺

≥0 , where 𝐺 is the number of genes. For the extrinsic
model, the conditional data likelihood distribution is set to the extrinsic likelihood
𝑃extrinsic(𝑛, 𝑚;𝛼, 𝜇𝑁 , 𝜇𝑀) (Equation 5.11). For the bursty model, the conditional
data likelihood distribution is set to the bursty likelihood 𝑃bursty(𝑛, 𝑚;𝛼, 𝜇𝑁 , 𝜇𝑀)
(Equation 5.13). These models also intake concatenated unspliced and spliced
matrices of shape 𝐶 by 2𝐺. We implemented biVI in an environment with Python
3.8.10 and PyTorch 1.12.1+cu113 [161].

Preprocessing Allen sample B08
Raw 10x v3 single-cell data were originally generated by the Allen Institute for Brain
Science [126]. The raw reads in FASTQ format [184] and cluster metadata [185]
were obtained from the NeMO Archive. We selected mouse library B08 (donor ID
457911) for analysis in the main text.

To obtain spliced and unspliced counts, we first obtained the pre-built mm10
mouse genome released by 10x Genomics (https://support.10xgenomics.
com/single-cell-gene-expression/software/downloads/latest, version
2020-A). We used kallisto|bustools 0.26.0, a wrapper for kallisto 0.46.2 and bus-
tools 0.40.0, [137] to build an intronic/exonic reference (kb ref with the option
--lamanno). Next, we pseudoaligned the reads to this reference (kb count with
the option --lamanno) to produce unspliced and spliced count matrices. We used
the outputs produced by the standard bustools filter. This filter was relatively per-

https://support.10xgenomics.com/single-cell-gene-expression/software/downloads/latest
https://support.10xgenomics.com/single-cell-gene-expression/software/downloads/latest
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missive: all (8,424) barcodes given cell type annotations in the Allen metadata were
present in the output count matrix (10,975 barcodes).

Based on previous clustering results, we selected cells that were given cell type
annotations, and omitted “low quality” or “doublet” barcodes [126], for a total of
6,418 cells. Although any choice to retain or omit cells from analysis is arbitrary,
our work models the generating process that produced cells’ nascent and mature
counts by presupposing each barcode corresponds to a single cell. Therefore, we
propose that cells identified as low-quality (empty cells) or as doublets (two cells
measured in one observation) [126] have a fundamentally different data-generating
process than individual single-cells, and therefore remove them before fitting VAE
models. However, we stress that the stochastic nature of transcription and sequenc-
ing, the intrinsic uncertainties associated with read alignment, and the numerical
compromises made in clustering large datasets mean that previous annotations are
not “perfect,” merely a reasonable starting point for comparing alternative methods.

We used Scanpy 1.7.2 [186] to restrict our analysis to the most variable genes, which
presumably reflect the cell type signatures of interest. The spliced count matrix for
the 6,418 retained cells was normalized to sum to 10,000 counts per cell, then
transformed with log1p. The top 2,000 most highly variable genes were identified
using scanpy.pp.highly_variable_genes on spliced matrices with minimum
mean of 0.0125, maximum mean of 3, and minimum dispersion of 0.5 [186].
Spliced and unspliced matrices were subset to include only the 2,000 identified
highly variable genes, then concatenated along the cell axis in the order unspliced,
spliced to produce a count matrix of size 6,418 by 4,000.

Fitting Allen sample B08
We applied biVI with the three generative models (bursty, constitutive, and extrinsic)
and scVI with negative binomial likelihoods to the concatenated unspliced and
spliced count matrix obtained by the filtering procedures outlined above. We made
the key assumption that unspliced and spliced counts could be treated as the nascent
and mature species of the bursty generative model (see discussion in Supplementary
information under ‘Connecting the models to transcriptome data’ of [47]). 4,622
cells were used for training with 513 validation cells, and 1,283 cells were held out
for testing performance. All models were trained for 400 epochs with a learning
rate of 0.01. Encoders and decoder consisted of 3 layers of 128 nodes, and each
model employed a latent dimension of 10. For each model, the loss was the Evidence
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Lower Bound (ELBO) using a multivariate standard normal prior on the latent space
as in standard scVI and each described generative likelihood (bursty, constitutive,
extrinsic for biVI models and two independent negative binomial distributions for
nascent and mature RNA for the scVI model) as the likelihood term in the ELBO.

Bayes factor hypothesis testing for differential expression
After fitting the VAE models, we sought to identify meaningful statistical differ-
ences that distinguish cell types. We excluded cell subclasses “L6 IT Car3,” “L5
ET,” “VLMC,” and “SMC” from this analysis, as they contained fewer than ten
annotated cells and may require more sophisticated statistical models to account for
small sample sizes. The following analysis thus considers 6,398 cells in 16 unique
subclasses. We only computed differential expression metrics under the bursty
model.

Differential parameter values were tested for each assigned subclass label (as anno-
tated in [126]) versus all others using a Bayes factor hypothesis test following [149].
We reproduce Equations (18) - (21) of [149] below for clarity.

Estimating differential values of any parameter 𝜃𝑔 of gene 𝑔 in cells 𝑎 and 𝑏 can be
done according to the following Bayesian framework. First, as in Equation (18) of
[149], the log fold change (LFC) of 𝜃𝑔 between two cells 𝑎 and 𝑏 can be calculated
as follows:

LFC𝑔
𝑎,𝑏

:= log2𝜃
𝑔

𝑏
− log2𝜃

𝑔
𝑎 . (5.16)

Then, as in Equation (19) of [149], the probability that the magnitude of the LFC
is greater than some effect threshold 𝑇 can be found by evaluating LFC𝑔

𝑎,𝑏
over the

posterior distributions of each cell:

𝑃( |LFC𝑔
𝑎,𝑏

| ≥ 𝑇 |𝑎, 𝑏) ≈
∫

1( |LFC𝑔
𝑎,𝑏

| ≥ 𝑇)𝑞𝑎 (𝑧𝑎)𝑞𝑏 (𝑧𝑏)𝑑𝑧𝑎𝑑𝑧𝑏, (5.17)

where, in practice, the integral is approximated with many Monte Carlo samples
from the two cells’ posteriors. Two hypotheses are tested: 𝐻1, or that the magnitude
of the LFC is greater than or equal to threshold 𝑇 , and 𝐻0, or the null hypothesis
that the magnitude of the LFC is less than 𝑇 . A Bayes factor for gene 𝑔 between
cells 𝑎 and 𝑏 (𝐵𝐹𝑔

𝑎,𝑏
) is calculated to compare the two hypotheses, as in Equation

(20) of [149]:



71

BF𝑔
𝑎,𝑏

=
𝑃( |LFC𝑔

𝑎,𝑏
| ≥ 𝑇 |𝑎, 𝑏)

𝑃( |LFC𝑔
𝑎,𝑏

| < 𝑇 |𝑎, 𝑏)
. (5.18)

Extending this to test differential expression between two groups of cells 𝐴 and 𝐵
amounts to “aggregating the posterior,” as in Equation (21) of [149], or evaluating
the same 𝑃( |LFC𝑔

𝐴,𝐵
| ≥ 𝑇 ∥𝐴, 𝐵) over

1
|𝐴|

1
|𝐵|

∑︁
𝑎∈𝐴

𝑞𝑎 (𝑧𝑎)
∑︁
𝑏∈𝐵

𝑞𝑏 (𝑧𝑏). (5.19)

In other words, a random sample 𝑧𝑎 can be be taken from the approximate posterior
of any cell belonging to group 𝐴 and decoded to produce parameter 𝜃𝑔𝑎; likewise a
random sample 𝑧𝑏 can be taken from the approximate posterior of any cell belonging
to group 𝐵 and decoded to produce parameter 𝜃𝑏𝑎 . The LFC between the two
parameters can then be calculated. Repeating this for many Monte Carlo samples
over the aggregate posteriors allows estimation of the Bayes factor between two
groups.

For the results shown in Figure 5.1, we used cutoffs of 𝑇 ≥ 1.0, or a magnitude
LFC of ≥ 2, and a Bayes factor threshold of 1.5. The Bayes factors were calculated
on normalized burst size and means for biVI, i.e., the fractional inferred burst size
or inferred means (before scaling by sampled sequencing depth for that cell), and
normalized means for scVI. This controlled for differences in parameters due to
sequencing depth that were not biologically meaningful. Relative degradation rate
𝛾/𝑘 is independent of sequencing depth: hypothesis tests were performed directly
on inferred relative degradation rates. While batch identity can also be integrated
over to compare groups of cells from different batches, our analysis did not require
this as all cells were from the same batch.

Reconstructing gene distributions
Let 𝜃𝜅𝑔 be mechanistic model parameters for gene 𝑔 in cell type 𝜅. In simulated
data, and for consistency, let us assume it to be true of biological cell types, gene
parameters are the same for all cells across a cell type, biVI and scVI infer unique
parameters for every cell and gene: 𝜃𝑐𝑔, where 𝑐 indexes over cells and 𝑔 indexes
over genes. To reconstruct distributions for a given gene in a specific cell type 𝜅,
we sample once from the posterior distribution 𝑞𝑐 (𝑧) of each cell 𝑐 ∈ 𝜅 to obtain
point-estimates of conditional parameters 𝜃𝑐𝜅𝑔, where conditional refers to a single
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sampling from a cell’s posterior, or a particular realization of 𝑧𝑐. We then average
over the cell-specific conditional probabilities for the gene to produce a cell type
marginal distribution:

𝑃̂𝜅𝑔 (𝑛, 𝑚) =
1
𝑛𝜅

𝑛𝜅∑︁
𝑐𝜅=1

𝑃(𝑛, 𝑚; 𝜃𝑐𝜅𝑔), (5.20)

where 𝑛𝜅 is the total number of cells in cell type 𝜅, and 𝑐𝜅 indexes over all cells
in that cell type. This identity follows immediately from defining the cell type’s
distribution as the mixture of the distributions of its constituent cells. In the case of
biVI, we plug in Equation 5.7, 5.11, or 5.13 for 𝑃(𝑛, 𝑚; 𝜃𝑐𝜅𝑔). In the case of scVI,
we use a product of two independent negative binomial laws:

𝑃(𝑛, 𝑚; 𝜃𝑐𝜅𝑔) = 𝑃NB(𝑛;𝛼𝑁𝑔 , 𝜇𝑁 )𝑃NB(𝑚;𝛼𝑀𝑔 , 𝜇𝑀), (5.21)

where 𝜇𝑁 and 𝜇𝑀 are cell- and gene-specific, whereas 𝛼𝑁 and 𝛼𝑀 are fit separately
and take on different values. For simplicity, this comparison omits uncertainty
associated with 𝜃𝑐𝑔, which is formally inherited from the uncertainty in the latent
representation 𝑧 for each cell 𝑐.

Thus, Equation 5.21 is an approximation to the posterior predictive distribution, or
marginal distribution of data given the approximated posterior, if we assume Monte
Carlo sampling from the approximate posterior distributions of cells within that cell
type as a reasonable proxy for sampling from the cell type’s posterior distribution.
The posterior predictive, or marginal, distribution is:

𝑃𝜅,𝑔 (𝑛, 𝑚) ≈
∫

𝑃(𝑛, 𝑚 |𝑧)𝑞𝜅 (𝑧)𝑑𝑧

where 𝑞(𝑧) is the approximate posterior. We further note that conditional data
likelihood and the marginal distribution are not necessarily of the same form (for
example, if the conditional data likelihood distribution is negative binomial, the
marginal distribution of genes is not necessarily negative binomial).
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C h a p t e r 6

DISENTANGLING CIS AND TRANS GENE REGULATION

This chapter discusses a different kind of variation: genetic variation, and how we
can use single-cell and bulk transcriptomic data to infer gene regulatory strategy
differences between homozygous strains that display genetic variability. As Mendel
crossed homozygous strains and used their hybrids’ features to determine hereditary
laws [1], we discuss how hybrid crosses can be used to disentangle the regulatory
differences between gene expression in parental strains. Again, setting up a model
guided by biological hypotheses, although at a different level of abstraction, provides
crucial insight into the mechanisms of regulation. By developing a framework for
testing whether strains differ in gene expression due to cis (local) or trans (distal)
effects, it became clear that the model would change if the trans regulation acted in
a dominant, log-additive (multiplicative), or different way to alter gene expression:
setting up a model forced us to more clearly define what we mean by cis and trans
regulation.

This chapter summarizes work from [48]. I.B.H., M.C., L.P. participated in
the development of the models and statistical tests, and writing the manuscript.
M.C. performed analyses and implemented the method as a software package.
I.B.H. proposed the linear transformation and use of GLMs.

6.1 New Axes for New Insight
In 1961, Jacob and Monod developed a theory of gene regulation in which they
distinguished local effects (cis) from distal regulation (trans) [187]. Their work
immediately raised the question of the relative contributions of these two regulation
modalities [188, 189]. One approach for assessing whether cis or trans regulation
is responsible for differences in gene expression between strains or species is to
compare differences in expression of genes in parents to allele-specific differences
in 𝐹1 hybrids. This approach was explored in [190], who used crosses of C57BL/6J
and CAST/Ei mice to study regulatory mechanisms that could explain differences
in gene expression between parental strains. Their approach was developed in
[191, 192], who used pyrosequencing to study the regulation differences between D.
melanogaster and D. simulans. With the advent of RNA-seq, genome-wide scans
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were possible, and [193] examined RNA-seq from 𝐹1 crosses of C57BL/6J and
CAST/EiJ to tease apart cis and trans contributions to gene expression differences
between the parental strains. Similarly, [194] performed such an RNA-seq analysis
using Drosophila lines.

Formally, the idea of using crosses to study cis and trans contributions to differences
in gene expression between strains or species is as follows: consider a gene with
expression 𝑋𝑃1 in a homozygous strain 1, 𝑋𝑃2 in a homozygous strain 2, and
expression 𝑋𝐻1 for the haplotype from strain 1 in the 𝐹1 cross of 1 and 2, and
expression 𝑋𝐻2 for the haplotype from strain 2 in the 𝐹1 cross of 1 and 2. Let
𝑅𝑃 = log2

(
𝑋𝑃1
𝑋𝑃2

)
and 𝑅𝐻 = log2

(
𝑋𝐻1
𝑋𝐻2

)
. That is, 𝑅𝑃 corresponds to the log2 fold

change difference in expression between the two parental strains, and 𝑅𝐻 to the log2
fold change difference between the expression of the hybrid haplotypes in the 𝐹1

offspring. The connection between 𝑅𝑃, 𝑅𝐻 , and regulation is as follows: consider
that a gene can be regulated via cis, trans, or both (Fig. 1A). Gene expression
measurements in the parents and hybrid (Fig. 1B), can be used to infer the nature of
regulation underlying the difference in expression in the parental strains (Fig. 1C).
Specifically, amending the classification of [192], we have:

• conserved: No change in gene expression indicating there has been no change
in regulation, i.e. 𝑅𝑃 = 0 and 𝑅𝐻 = 0, which implies 𝑅𝑃 − 𝑅𝐻 = 0.

• cis: The relative difference in gene expression between the parents is the
same as between the haplotypes in the hybrid indicating that the difference in
parents is due to local cis effects, i.e. 𝑅𝐻 ≠ 0, 𝑅𝑃 ≠ 0, and 𝑅𝑃 = 𝑅𝐻 which
implies 𝑅𝑃 − 𝑅𝐻 = 0, arises from changes only in cis-regulatory elements.

• trans: Gene expression from the two haplotypes in the hybrid is the same,
indicating that differences between the parents resulted from non-local trans
regulation, i.e. 𝑅𝐻 = 0 and 𝑅𝑃 ≠ 0, which implies 𝑅𝑃 − 𝑅𝐻 ≠ 0, arises from
a change only in trans-regulatory elements.

• cis + trans: 𝑅𝐻 ≠ 0 and 𝑅𝑃 ≠ 𝑅𝐻 with sgn(𝑅𝐻) = sgn(𝑅𝑃 − 𝑅𝐻) arises as
a result of change in both cis- and trans-regulatory elements with changes in
cis and trans contributing to changes in gene expression between strains in
the same direction.

• cis × trans: 𝑅𝐻 ≠ 0 and 𝑅𝑃 ≠ 𝑅𝐻 with sgn(𝑅𝐻) ≠ sgn(𝑅𝑃 − 𝑅𝐻) arises as a
result of compensatory change in both cis- and trans-regulatory elements with
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changes in cis and trans contributing to changes in gene expression between
strains in the opposite direction.

Figure 6.1: Geometry of parental and hybrid expression ratios can be used to assess regu-
latory differences between homozygous crosses. A) Diagram of the cis, trans, cis + trans,
and cis × trans types of regulatory differences. B) Homozygous parents with haplotypes 𝑃1
and 𝑃2, counts of RNA molecules for a gene (𝑋𝑃1 and 𝑋𝑃2 respectively), and the haplotypes
in an 𝐹1 hybrid along with counts for the gene (𝑋𝐻1 and 𝑋𝐻2). C) Differences in regulation
between the parents are reflected in distinct ratios between counts 𝑋𝑃1, 𝑋𝑃2 and 𝑋𝐻1, 𝑋𝐻2.
D. i) Illustration of how regulation differences emerge in log-fold changes 𝑅𝑃 and 𝑅𝐻 , D.
ii) Linear transformation of 𝑅𝑃 = log2

(
𝑋𝑃1
𝑋𝑃2

)
and 𝑅𝐻 = log2

(
𝑋𝐻1
𝑋𝐻2

)
to yield orthogonal cis

and trans coordinates, D. iii) Representation of proportion cis in real projective space P1.

This classification corrects [192], which fails to properly assign regulation differ-
ences to cis + trans when both 𝑅𝐻 < 0 and 𝑅𝑃 < 0. The relationships between
𝑅𝑃 and 𝑅𝐻 in general, can be visualized as lines and regions in a 2D plot [191], as
illustrated in Fig. 1D(i). While this direct representation of 𝑅𝑃 and 𝑅𝐻 is useful,
a quantitative assessment of the gene regulatory modalities reflected in 𝑅𝑃 and 𝑅𝐻
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requires a biologically meaningful notion of distance between points in Fig. 1D(i).
Consider, for example, the situation where 𝑋𝑃1 = 2𝑋𝑃2 and 𝑋𝐻1 = 2𝑋𝐻2, i.e. a
2-fold change in gene expression between the parents due solely to cis regulation
which corresponds to the point (1, 1) in Fig. 1D(i). The distance from this point to
the origin (conserved), is

√
2, whereas the same 2-fold difference in gene expression

in the parents due solely to trans regulation with 𝑅𝑃 = 1 and 𝑅𝐻 = 0 is distance 1
from the origin. This imbalance can be corrected via a linear transformation.

Geometry

Figure 6.2: Contributions of cis and trans regulation to differences in gene expression
between yeast strains, with data from [195] (n = 285,777 gene-cross combinations from
179 unique yeast parent crosses). A) Untransformed ratios, transformed ratios, and log2 of
parental fold change versus proportion cis, colored by regulatory assignments from [195].
B) Comparison of the results of [195] to the assignment of genes based on the proposed
hypothesis testing and geometric assignment procedure. C) Reanalysis of the 285,777
gene-cross expression data from [195] using the proposed hypothesis testing and geometric
assignment procedure.

To decouple the effects of cis and trans regulation on 𝑅𝑃 and 𝑅𝐻 we begin by
noting that if the difference in parental expression is solely due to cis regulation,
then 𝑅𝑃 = 𝑅𝐻 , or equivalently 𝑅𝑃 − 𝑅𝐻 = 0 (orange vertical line in Fig. 1D(ii)). If
the difference in parental expression is solely due to trans regulation, then 𝑅𝐻 = 0
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(blue horizontal line in Fig. 1D(ii)). Therefore, the transformation from Fig. 1D(ii)
to Fig. 1D(i) is obtained by

(
𝑅𝑃

𝑅𝐻

)
=

(
1 1
0 1

) (
𝑅𝑃 − 𝑅𝐻
𝑅𝐻

)
. (6.1)

Thus, the inverse transformation from the coordinate system in Fig. 1D(i) to the
coordinate system in Fig. 1D(ii) is given by

[
1 1
0 1

]−1

=

[
1 −1
0 1

]
, (6.2)

i.e., the transformation inverts the mapping of the vertical axis to the diagonal cis
line.

The determination of whether a difference in parental gene expression is due to cis
or trans can now be understood to be an assessment of whether the line passing
through the origin and a point (𝑅𝑃 − 𝑅𝐻 , 𝑅𝐻) is a perturbation (due to noise in
gene expression measurement) of the line Δ trans, the line Δ cis or sufficiently far
away from the axes in Fig. 1D(ii) to merit a designation of Δ cis + trans or Δ

cis × trans (the designations are enumerated in Supp. Table 1 of [48]). In other
words, the sufficient statistic is a point in real projective space P1 (Fig. 1D(iii)),
and the proportion of the difference in gene expression between parents that can be
attributed to cis can be understood to be a scaling of the angle of the line through
the origin corresponding to the point in P1, i.e.,

proportion cis =
1
𝜋

��atan2(𝑅𝐻 , 𝑅𝑃 − 𝑅𝐻)
��. (6.3)

6.2 Single and Multi-Sample Hypothesis Testing
The determination of whether a measurement (𝑅𝑃, 𝑅𝐻) reflects a difference in
gene expression between parents due to cis or trans regulation, or both, requires a
statistical assessment [196]. Specifically, hypothesis tests can be used to reject a
null hypothesis of a difference in gene expression being due solely to trans or solely
to cis. Geometrically, as evident from the linear transformation on log-fold changes,
these two tests correspond to testing whether one can reject the null hypotheses that
(𝑅𝑃 − 𝑅𝐻 , 𝑅𝐻) is located on the 𝑥- and 𝑦- axes respectively.

We first developed a framework for hypothesis testing in this case where there are
no replicates of the gene expression measurements, as in [195], with two hypothesis
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tests (one for cis regulation, the binomial test, and one for trans regulation, the two
sample binomial test), which are outlined below.

Binomial test

To test the null hypothesis that there is no difference between expression of parental
alleles in hybrids (or that the difference in regulation is purely trans) was performed
on rounded integer counts from [195] using the function scipy.stats.binomtest
[197]. This tests for the probability of having observed a value at least as extreme as
𝑘 successes given probability 𝑝 of success and a total of 𝑁 trials by summing over
binomial probabilities:

𝑃(𝑘; 𝑁, 𝑝) =
(
𝑁

𝑘

)
𝑝𝑘 (1 − 𝑝)𝑁−𝑘 . (6.4)

If 𝑋𝐻1 is the allelic expression in the hybrid of one parental allele and 𝑋𝐻2 is the
allelic expression in the hybrid of the other parental allele, the binomial test was
performed with 𝑘 = 𝑋𝐻1, 𝑁 = 𝑋𝐻1 + 𝑋𝐻2, 𝑝 = 0.5 and a two-sided alternative
hypothesis.

Two sample binomial ratio test

To test the null hypothesis that there is no difference in the ratio of expression of
alleles in parents and allelic expression in hybrids (or that the difference in regulation
between parents is purely 𝑐𝑖𝑠), we performed a two sample binomial ratio test in
which we assumed both 𝑋𝑃1 and 𝑋𝐻1 are sampled from a binomial distribution with
the same probability of success 𝑝𝑠. Using

𝑝𝑠 =
𝑋𝑃1 + 𝑋𝐻1

𝑋𝑃1 + 𝑋𝑃2 + 𝑋𝐻1 + 𝑋𝐻2
, (6.5)

we calculated the grid of probabilities over possible 𝑃1 and 𝐻1 values:

𝑃(𝑋𝑃1 = 𝑥𝑃1, 𝑋𝐻1 = 𝑥𝐻1; 𝑁𝑃, 𝑁𝐻 , 𝑝𝑠) (6.6)

=

(
𝑁𝑃

𝑥𝑃1

)
𝑝𝑥𝑃1
𝑠 (1 − 𝑝𝑠)𝑁𝑃−𝑥𝑃1 ·

(
𝑁𝐻

𝑥𝐻1

)
𝑝𝑥𝐻1
𝑠 (1 − 𝑝𝑠)𝑁𝐻−𝑥𝐻1 ,

(6.7)

where 𝑁𝑃 = 𝑋𝑃1 + 𝑋𝑃2 is the total number of counts from parents and 𝑁𝐻 =

𝑋𝐻1 + 𝑋𝐻2 is the total number of counts from the hybrid. We then calculated the
probability of having observed values at least as extreme as the observed 𝑋𝑃1 and
𝑋𝐻1.
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To account for multiple testing, the significance values can be corrected using the
Benjamini-Hochberg method to obtain false discovery rates [198]. In all of the
reported results, rejected the null hypothesis for tests with false discovery rates less
than 0.05.

Generalized linear models for multiple samples

In the case where replicates have been obtained, a generalized linear model (GLM),
as is commonly used for differential expression in bulk RNA-seq [199, 200], can
be adapted to utilize gene expression variance estimates within parents and hybrids,
providing estimates of no cis and no trans regulation, both overall and condition-
specific.

Our framework differs from previous applications of GLMs for cis/trans distinction
[201] by virtue of using one GLM for all data (parental counts, hybrid ASE values,
with all conditions represented), rather than fitting three separate models to different
subsets of the data (e.g., only parental counts for one test or only hybrid ASE
values for another). We do this by developing a model with weights for overall and
condition-specific cis and trans regulatory effects, as well as including condition
intercepts to properly attribute observed allele expression patterns to regulation or
condition. In addition, our approach allows us to propose different hypotheses about
the nature of the trans regulatory effect: if it is log-additive, dominant, or free
(described below). To properly account for the overdispersion and discreteness of
RNA-seq counts, we fit a GLM with a negative binomial likelihood function and
log link function.

One condition: In the simplest case, we set the geometric mean of parental ex-
pression to be the intercept 𝛽 and include weights for the cis regulatory difference
(𝛽𝐶) and trans regulatory difference (𝛽𝑇 ) between parental strains. This allows
the normalized expression from the parental alleles (𝑋𝑃1, 𝑋𝑃2) and normalized al-
lelic expression from the hybrids (𝑋𝐻1, 𝑋𝐻2) to be modeled under three different
hypotheses of trans regulation.

The first hypothesis (log-additive) assumes that the trans expression difference
between parental strains at each allele is influenced by both sets of parental chro-
mosomes multiplicatively, and is thus reduced to the square root of the full parental
effect in the hybrids. The design matrix is accordingly
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logE


𝑋𝑃1

𝑋𝑃2

𝑋𝐻1

𝑋𝐻2


=


1 −0.5 −0.5
1 0.5 0.5
1 −0.5 0
1 0.5 0



𝛽

𝛽𝐶

𝛽𝑇

 . (6.8)

A second hypothesis (dominant) assumes that the trans expression difference be-
tween parental strains is the same regardless of if both sets or one set of parental
chromosomes are present: it is the same in the parents and hybrids, and the design
matrix is

logE


𝑋𝑃1

𝑋𝑃2

𝑋𝐻1

𝑋𝐻2


=


1 −0.5 −0.5
1 0.5 0.5
1 −0.5 0.5
1 0.5 0.5



𝛽

𝛽𝐶

𝛽𝑇

 . (6.9)

Finally, and most analogous to previous hypothesis testing methods [201], trans ex-
pression differences between parental strains can have an unconstrained relationship
(free) with their effects in the hybrids by allowing each hybrid to have individual
specific effects (denoted below with the subscript 𝑖 indexing the hybrid samples).
The resulting design matrix is

logE


𝑋𝑃1

𝑋𝑃2

𝑋𝐻1𝑖

𝑋𝐻2𝑖


=


1 −0.5 −0.5 0
1 0.5 0.5 0
1 −0.5 0.5 1
1 0.5 0.5 1



𝛽

𝛽𝐶

𝛽𝑇

𝛽𝐻𝑖


. (6.10)

For all models, we can test the null hypothesis of no cis differences between parental
strains by testing if 𝛽𝐶 = 0 and the null hypothesis of no trans differences by testing
if 𝛽𝑇 = 0.

Multiple conditions: As more conditions are added to the experimental design, they
can be naturally incorporated into the GLM framework, with condition-specific cis
and trans weights as well as intercepts and interaction terms. For example, we fit
data for liver and BAT samples for mice grown in warm and cold environments (four
separate organ/environment) using the following model under the log-additive trans
hypothesis:
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logE[𝑋] ∼ 𝛽 + 𝛽𝐶 + 𝛽𝑇 + 𝛽𝐶𝑂 + 𝛽𝑇𝑂+
+ 𝛽𝐶𝐸 + 𝛽𝑇𝐸 + 𝛽𝐶𝑂𝐸 + 𝛽𝑇𝑂𝐸 + 𝛽𝑂 + 𝛽𝐸 + 𝛽𝑂𝐸 . (6.11)

The subscripts𝐶,𝑇, 𝑂 and 𝐸 refer respectively to differential cis regulation between
strains, differential trans regulation between strains, organ, and environment effects,
with combinations denoting their interactions (e.g., 𝛽𝐶𝑂 models the organ-specific
cis effect). This is also compatible with any of the three previously described trans
hypotheses (log-additive, dominant, and free).

Classifying genes based on statistical test results

The results of the two tests for single sample experiments or experiments with
replicates are used to categorize genes as outlined in Table 6.1.

Single sample: Binomial
test

Single sample: Binomial
ratio test

Replicates: 𝛽𝐶 = 0 Replicates: 𝛽𝑇 = 0

(null: no cis) (null: no trans) Classification

Fail to reject Fail to reject conserved

Reject Fail to reject cis

Fail to reject Reject trans

Reject Reject cis & trans (cis + trans or
cis × trans by geometry)

Table 6.1: Statistical assignments of gene regulatory differences. Genes assigned to cis,
trans, cis + trans or cis × trans regulation based on two statistical tests, described above
for single sample or replicate experiments. If both statistical tests are rejected, regulatory
assignment can be made by locating the point (𝑅𝑃 − 𝑅𝐻 , 𝑅𝐻) in the transformed space and
following the geometric assignments listed in Supp. Table 1 of [48]

Note that some care must be taken when interpreting a cis or trans assignment
within this hypothesis testing framework. For example, a cis assignment is made
when "no cis" can be rejected but "no trans" cannot be rejected. Failure to reject
"no trans" does not imply that one can accept the null hypothesis, but we utilize the
assignment of cis in this case for simplicity for users. However, this caveat should
be taken into account when interpreting the assignments of cis, trans, and cis &
trans assignments.
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Simulation Study

We also performed genome-wide simulations of parental and F1 hybrid allele-
specific RNA-seq count data, generating a total of 6,000 genes per simulated dataset.
Genes were randomly assigned to low, medium, or high expression classes with mean
counts of 20, 100, or 500. We simulated 45 parameter scenarios, varying biological
replication per group (4, 6, 8, 16, and 32), negative-binomial dispersion (alpha =
0.02, 0.20, 0.50), ASE-informative read fraction (0.05, 0.20, 0.40), and absolute
log2 cis and trans effect sizes (0.125, 0.25, 0.5, 1, 1.5, 2, and 3). For each of the 45
scenarios we performed a full analysis on each of the 10 datasets using XgeneR and
GLM-based tests for cis and trans effects and also an analysis using parent, ASE,
and parent-vs-hybrid ratio tests. Performance was evaluated using power, type I
error, ROC/AUC, parameter recovery, and regulatory-class assignment accuracy.
Full details of the data-generating model, parameter grid, and diagnostic results are
provided in the Simulation Supplement Figures and Simulation Methods of [48].

Application of hypothesis testing
We applied the single sample tests to data from [195], which consist of bulk RNA-seq
performed on hybrid and parental strains of genetically divergent Saccharomyces
cerevisiae. Briefly, [195] generated hybrid crosses from 26 parental yeast isolates
derived from diverse environmental conditions. In [195], genes were classified ac-
cording to the representation shown in Fig. 1D(i). First, both 𝑅𝑃 and 𝑅𝐻 were tested
for statistically significant differences from 0 and assigned "null" (our conserved)
if both tests failed to reject the null hypothesis (one-sample allele-specific expres-
sion tests); then, changes between parental and hybrid allelic ratios were tested for
significance (two-sample allele-specific expression tests). For genes that passed
significance thresholds, regulatory assignments were made by dividing the untrans-
formed 2D plane into cones (Fig. 2A). We reassigned genes based on our hypothesis
tests as derived from the transformed coordinate system (Fig. 2C), with one test
with the null hypothesis of cis regulation and one with the null hypothesis of trans
regulation, thereby putting the two regulation strategies on equal footing. Compared
to the original study, we found major differences in assignment (of Fig. 2B, Supp.
Fig. 3 of [48]).

Interestingly, whereas [195] conclude that "the transcriptome is globally buffered
at the genetic level mainly due to trans-regulatory variation in the population", we
find that a considerable amount of difference in gene expression can be attributed to
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cis (Supp. Fig. 3C of [48]), with the difference due to [195] deriving assignments
in the untransformed coordinate system using a statistical testing procedure that
treats cis and trans regulation asymmetrically. Specifically [195] report 57,253
cases where gene expression difference is due to trans regulation (Supp. Fig. 3A of
[48]). We find 39,063 cases that can be assigned to trans (Supp. Fig. 3B of [48]).
These numbers are similar; however, [195] report 2,804 cases assigned to cis (Supp.
Fig. 3A of [48]), whereas we find 7,441 (Supp. Fig. 3B of [48]). Furthermore,
we find 2,313 cases assigned to cis + trans (Supp. Fig. 3B of [48]) versus 1,727 in
[195] (Supp. Fig. 3A of [48]). While these discrete classifications can be compared,
reflecting the outcomes of statistical tests, there is a range of proportions cis for
genes within a classification (Fig. 6.2A and C). Notable, the trans classifications
of [195] extend up to a calculated proportion cis of almost 1.0 (Fig. 6.2A), while
our assignments are restricted to a region closer to the trans axis, explaining the
possible over-assignment of trans regulation in the original study. While it has been
suggested that trans regulation accounts for more variation in expression within
species and cis regulation accounts for interspecific divergence [202], our results
indicate that cis regulation, with still fewer assigned instances than trans, may play
a larger role than previously assessed. Overall, there is a marked difference between
our results and those of [195] (Supp. Fig. 3C of [48]).

We tested our approach for multiple samples on data from [201], in which two
wild-derived mouse strains and their F1 hybrids were used to study the effect of
genotype and environment (temperature) on gene expression divergence in rapidly
evolving strains. Two inbred lines of house mice were derived from mice from
a cold environment (Saratoga Springs, New York, USA) and a warm environment
(Manaus, Amazonas, Brazil) [201], and two tissues, brown adipose tissue (BAT) and
liver, were evaluated in each of the strains and their F1 hybrids, also raised at the two
different temperatures. The experiment was performed in six replicates each of male
and female parents, as well as six replicates each of male and female F1 hybrids [201]
(Fig. 3A). The GLM framework allows the joint analysis of all samples (parents and
hybrids) rather than requiring that separate tests be run on separate subsets of the
data (e.g., differential expression between parents, differential expression between
hybrid allelic expression, and a ratio test as in [201]). It further enables explicit
modeling of specific biological hypotheses of trans regulatory action.

Restricting our analysis to a single tissue, temperature, and sex (brown adipose
tissue collected from male mice reared in the cold temperature), we fit a GLM with
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the free hypothesis and classified genes based on the reduced models of no cis or no
trans regulation (Fig. 3B). Consistent with our single sample analyses, we noted an
increase in the number of cis assigned genes from 478 in the original study [201]
to 877 (Fig. 3C). This trend held in different tissue and temperatures (Supp. Fig. 7
of [48]). We further fit the free model to all male samples, including environment
(cold/warm) and organ (liver/BAT) specific cis and trans weights (Fig. 3D). We
identified genes that exhibited significant overall cis and trans regulatory changes
(Fig. 3E, top panel), as well as those that were only significantly different in one
organ (Fig. 3E, middle panel) or environment (Fig. 3E, bottom panel). Among these
genes were several with functions related to body fat and temperature. For example,
Acad10, which was identified as having an overall significant trans regulatory dif-
ference between the strains (Fig. 3E, top panel), codes for Acyl-coA dehydrogenase
family member 10. This protein plays a role in lipid metabolism and fatty acid
oxidation, and deficiency has been to shown to lead to abnormal weight gain and
deficiency in glucose tolerance in mice [203].Serinc5, which was shown to have
organ specific regulatory differences between parental strains, codes for serine in-
corporator 5, a protein that incorporates serine into cell membranes to facilitate the
synthesis of sphingolipids [204], which themselves have been implicated in thermal
adaptation and response to heat across eukaryotic organisms [205, 206]. Notably,
Notch2 was found to have only environment (temperature) specific and not overall
cis regulatory differences between parental strains, concordant with [207] reporting
temperature sensitivity of the Notch signaling pathway underlying species’ level dif-
ferences in development and plasticity in mice. These genes are plausible candidates
for differential regulation between mouse strains adapting to life in cold and warm
environments. The flexibility of the GLM framework facilitates identification of
genes with unique regulatory patterns, such as the tissue and organ-specific effects,
a key improvement over post-hoc comparisons of multiple model fits that would be
otherwise required.

Proportion cis
In addition to naturally revealing the appropriate hypothesis tests to conduct for
attribution of gene expression difference in parents to cis or trans, the linear trans-
formation we propose leads directly to a meaningful measure of the proportion
of difference in gene expression that can be attributed to cis regulation (or trans)
(Equation 6.3). To illustrate this, we re-analyzed a dataset of gene expression from
human-chimpanzee cell line hybrids [208], calculating the proportion cis according
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to Equation 6.3. In [208], the proportion cis was calculated using slope, as is natural
to do when working in the untransformed coordinate framework, whereas the correct
calculation (Equation 6.3) uses angle in the transformed coordinate system. While
the absolute differences are small (Fig. 4A), with a maximum difference of 0.045,
the relative difference is large when the proportion cis is small (Fig. 4B), and can
be as high as 57%. Moreover, our computation provides a biologically interpretable
measure of proportion cis. We found several genes in [208] exhibiting high variance
in proportion cis (Fig. 4C), and identified interesting differences between cell types
(Supp. Fig. 8 – 11 of [48]), perhaps relating to cell cycle status or developmental
stage of different cell types. For example, Mageh1 codes for a member a family of
proteins that mediate apoptosis, cell growth, and cell cycle [209, 210]: the difference
in proportion cis across the assayed cell types could indicate different regulatory
strategies at different stages of cell cycle, implicating it as an interesting candidate
for follow-up experimental validation to explore this question. Dnmt1 encodes DNA
methyltransferase 1, a protein that copies the methylation patterns from template
DNA strands onto newly synthesized strands during cell replication [211]: its vari-
ation in proportion cis across cell types may be evidence of varying regulation
between actively proliferating versus quiescent cells, or cell types at different stages
of development. These examples show that an analysis of the variation in proportion
cis across cell types allows the identification of patterns (and the genes displaying
them) beyond considering classifications into discrete groups (e.g., cis or trans).

Discussion
The use of crosses between strains to identify the nature of differential regulation is
a powerful tool for genetics studies that is particularly relevant now that single-cell
RNA-seq can be used for cell type resolution. Moreover, while original studies
were limited to a handful of genes, genome-wide single-cell RNA-seq assays can
complement genome-wide eQTL studies.

We have shown that geometric considerations reveal the need for applying a linear
transformation prior to visualization. The linear transformation highlights indepen-
dent axes that lead naturally to hypothesis tests for classifying genes according to
the type of regulation underlying differences in gene expression between parents.
While we have focused on explaining differences between parents that fall into five
categories (conserved, cis, trans, cis + trans, cis × trans), our approach can be
extended to finer classifications such as in [195]. We note that in the hypothesis
testing framework, referring to a gene as having differences in expression explained



86

by cis or trans is technically incorrect. This is because the rejection of the cis null
hypothesis only shows that the difference in gene expression is not due solely to cis
regulation. This does not mean that the difference in gene expression can or should
be attributed solely to trans. The same is the case for rejecting the trans hypothesis.
In Fig. 2, our coloring of genes as cis or trans is therefore not precise, but we have
done so to facilitate comparisons to previous work.

Our single sample statistical tests depend on the assumption that read counts are
binomially distributed, which is standard in the absence of biological replicates.
However, when replicate samples are available, we can better assess the extent
of technical variation and use generalized linear models. Although our results
are shown using commonly applied estimation techniques for negative binomially
distributed counts [199], we also measure the extent to which differing estimates of
variation change the results (see the Supplement if [48]) [199, 200]. We encourage
experimentalists to include enough samples in the experimental design such that
heuristic estimations are unnecessary and the observed sample variation can be
used for hypothesis testing.

Finally, we note that our framework is general and can be applied to more com-
plex experimental designs, regulatory hypotheses, and phenotypes other than gene
expression. For example, the versatility of our GLM framework allows modeling
of cis or trans differences in specific conditions and in interactions between spe-
cific conditions. In terms of additional phenotypes, with single-cell RNA sequence
data our approach could be used in conjunction with methods such as [212, 47] to
assess the regulation mechanisms underlying differences in biophysical aspects of
gene transcription, splicing and degradation. Such extensions will be particularly
interesting to explore in conjunction with complementary modalities [213, 214].
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Figure 6.3: Multi-sample regulatory assignment can be determined using generalized linear
models and condition-specific hypothesis tests. A) Cartoon of experimental design set up
from original study (adapted from Fig. 1C of [201]). B) Model predicted ratios colored
by GLM determined regulatory assignments as described in. The free model was fit to
brown adipose tissue from male mice reared in the cold (n = 6 NY mice, n = 6 BZ mice,
and n = 6 hybrid crosses, and n = 5,970 genes). C) Untransformed (original) regulatory
assignments (reported in [201]) derived from three independent model fits and statistical tests
differ from transformed regulatory assignments derived using the unified GLM framework
(genes and assignments from B, excepting genes that were categorized as conserved by
both the original and our testing procedure, which are not shown). D) The free model
was fit to samples from all four environment/organ pairs (BAT/cold, BAT/warm, liver/cold,
liver/warm, n = 6 NY/BZ/hybrid samples per condition) with weights for environment
and organ-specific regulatory effects. The negative log10 of false discovery rates (FDR)
highlights several genes that exhibit significant cis or trans behavior overall or only in an
organ or environment-specific manner. E) For the same genes, GLM predicted (bar plots)
and observed gene expression (box plots with counts normalized by the total count per
sample for parents and per haplotype for hybrids) for parental and hybrid alleles (n = 6
samples per box, with the box showing values’ interquartile ranges and a line at the mean
and whiskers extending to min/max values).
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Figure 6.4: In addition to broad regulatory categories, genes can display subtle differences
in their proportion of cis regulation. A) Comparison of slope (as previously defined [208],
x-axis) and angle (y-axis) for determining proportion cis. B) Ratio of slope and angle
determination of proportion cis (dark red line, dashed line displays equality). Note that at
small values of proportion cis, the slope can be over 50% the determined angle. C) Gene
expression data from [208] (human-chimpanzee crossed cell lines) was used to determine
cell type specific proportion cis. These four genes display high variance in proportion cis
across cell types (black points are determined proportion cis in n = 72 cell types).
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C h a p t e r 7

REGULATION OF BIOPHYSICAL PROCESSES IN FOUNDER
MOUSE STRAINS

In Chapter II, we showed that differences in gene expression variance between
two groups is as revealing differences in gene expression means. In Chapters
III, we showed how the variation (in fact, the whole distribution!) of scRNA-
seq counts is appropriately modeled with a mathematical framework motivated by
what we know about the data generation process, giving insight into the underlying
biophysics of the system that produced the them. In Chapters IV and V, we presented
strategies for scaling these models to inference loads required for genetic association
tests. In Chapter VI, we developed a strategy for determining the contribution of
two orthogonal gene regulatory strategies given genetic variation in homozygous
strains. In this Chapter, we use the theory and tools of the preceding chapters to
examine differences in regulation of biophysical mechanism between eight founder
mouse strains. We show that distinct regulatory patterns underlie transcriptional,
splicing, and export rates of RNA, and that expression changes between strains can
be attributed to changes in the processing of RNA.1

7.1 Adapting Modeling Strategies
In this section, we describe how strategies from the previous chapters (biophysical
models including technical capture and GLM hypothesis testing framework) as they
had been developed for one particular technology and setting had to be adapted for
this new study. This demonstrates that analyses of transcriptomic data cannot be
"plug and play," but require careful consideration of the experimental technology
and values being compared.

The Collaborative Cross Founder Mice

Complex human traits and diseases arise from the interaction of many naturally
occurring variants in DNA and environmental factors. To facilitate the study of
system genetics, or how variants interact and influence genes and biochemical path-
ways across contexts, the Collaborative Cross (CC) mouse strains were designed

1It could be argued that this a more coherent uses of the terms cis and trans regulation: what
does "regulation of a gene" mean but the regulation of the processes that it undergoes?
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Figure 7.1: An overview of the dataset and fitting procedure. A. The eight genetically
diverse founder mice being compared. B. Eight tissues from eight individuals from each of
the eight strains and 7 crosses (B6 with all others) were collected and snRNA-seq performed.
C. Collected samples (cells) are aligned to a joint reference genome to produce counts for
unspliced and spliced molecules, then each unique strain-individual-tissue-cell type was
used to fit the a biophysical model to obtain the parameters burst size, relative splicing rate,
and relative degradation rate per gene. Images in A. and B. were adapted from [215], and
the sequencing step in C. from [37].

[216, 217]. The mouse is the primary model organism for human disease, with
high protein-coding sequence similarity to humans and shared mammalian physiol-
ogy, but even within the species, different mouse strains display different behaviors,
phenotypes, and disease predispositions. The CC strains were designed to "op-
timally" investigate the relationship between genetic variation and complex traits
by selectively interbreeding eight founder mouse strains [216, 217]. The eight
founder mouse strains were chosen to capture over 90% of the genetic diversity
in Mus musculus and consiste of five classical inbred/lab strains: C57BL/6J (B6J,
which is the most commonly used lab strain and the mouse whose genome serves
as reference), A/J (AJ), NOD/LtJ (NODJ), 129S1/SvImJ (129S1J), and NZO/H1LtJ
(NZOJ); and three wild-derived strains: WSB/EiJ (WSBJ), PWK/PhJ (PWKJ),
CAST/EiJ (CASTJ). [216, 217]. These strains range from about 5.9 million (AJ) to
22.9 million SNPs compared to the B6J reference with at least one in 60-90% of
genes [215].

To comprehensively characterize the variation in gene expression in these parental
mouse strains, a recent publication of a single nucleus RNA-seq dataset (snRNA-seq)
assayed 5.2 million nuclei from eight core tissues (heart, gonads, gastrocnemius,
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adrenal gland, kidney, diencephalon and pituitary gland, liver, and cortex and hip-
pocampus) from at least eight individuals from each of the eight strains [218]. This
revealed extensive transcriptomic variation across the strains at cell type resolution,
with positive correlation between transcriptomic variation and strain genetic diver-
gence [218]. The observed gene expression variation in the parents that is due to
genetic divergence can be explained by either cis or trans variants, as discussed
in Chapter II, with cis regulation attributable to sequence alteration near or within
the target gene and trans regulation to variants in distal regulatory regions (like
enhancers or cis variants that affect transcription factors).

To identify if the observed differences in CC founder strain gene expression could be
attributed to cis or trans regulation, seven heterozygous F1 crosses were made with
a dam of B6 and each of the other seven founder strains as sires, and snRNA-seq
data was collected from the same eight tissues were assayed in eight individuals
from each cross (and eight additional B6J samples for technical comparison with
the initial study) [215]. The F1 dataset comprises 5,346,886 nuclei (after quality
control) from eight tissues classified into 92 distinct cell types [215]. We applied
the GLM framework developed in Chapter VI to the total counts of genes summed
over unique cell types ("pseudobulk" expression per individual sample) to identify
25,777 genes (91% of detected genes) as being regulated (non-conserved) in at least
one of the 92 cell types in one or more crosses [48, 215]. It was found, in agreement
with previous work [201, 219], that while cis regulation seems to be the primary
driver of strain gene expression differences, trans regulatory differences displays
more cell type and tissue specificity (present in a given cell type or tissue and not in
others and changes with context) [215].

While this comprehensive analysis of gene regulatory strategies over the founder
mice strain will be of great utility for interpreting expression patterns in the col-
laborative cross lines derived from them, we can go a step deeper. Pseudobulking
and comparing the mean of single-nucleus data obscures the biological signal in the
distribution of counts. By applying biophysical models to the snRNA-seq data, we
can link regulatory differences in cellular processes.

Aligning to joint reference genomes for allele specific quantification. To obtain
allele specific counts of unspliced and spliced molecules, we built a strain specific
reference for each of the non-B6J founder strains by incorporating variants from
each of the founder mouse https://ftp.ebi.ac.uk/pub/databases/mousegenomes/REL-
2112-v8-SNPs_Indels/mgp_REL2021_snps.vcf.gzstrain Variant Call Format (VCF)

https://ftp.ebi.ac.uk/pub/databases/mousegenomes/REL-2112-v8-SNPs_Indels/mgp_REL2021_snps.vcf.gz
https://ftp.ebi.ac.uk/pub/databases/mousegenomes/REL-2112-v8-SNPs_Indels/mgp_REL2021_snps.vcf.gz
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file [220] into the GRCmm39 (B6J) reference genome using g2gtoolsv 0.2.0.
We then generated a joint alignment index per non-B6 founder strain by concatenat-
ing the strain-specific reference and the unedited GCRmm39 reference and aligned
reads using kb-python 0.28.0 [25]. This process treats genes from B6 and the
other founder strains as different "genes." We note that this does not give access to
all genes, but only those containing SNPs in regions that reads overlap. If a read
is ambiguously assigned (compatible with genes from both strains), it is discarded,
and thus not all allele specific expression can be resolved 2 We pseudo-aligned all
data (founder and F1) to the seven joint references using the --nac option, which
generates nascent, mature, and ambiguous counts per gene [25]. For each cross, we
retained reads that mapped to the "correct" allele for the homozygous founder strains
(e.g. reads we know came from a B6 mice that mapped to the GRCmm39 copy of
the gene, reads we know came from a CASTJ mouse that aligned to the CASTJ-
altered reference), and allele specific reads that were consistent with parentage for
the hybrids (e.g. for each B6-CASTJ cross F1, we had now two "cells," one set with
counts from genes aligning to GRCmm39 and the other with counts aligning to the
CASTJ-altered reference). We treated the nascent counts as spliced, and summed
the counts belonging mature and ambiguous reads for spliced counts.

Length biased capture of spliced molecules. The CME technical noise model
discussed and fit in Chapter III includes a technical capture rate dependent on
the length of gene (length-biased capture) for nascent/unspliced molecules [37,
181]. That is, in the Poisson process of capture, each nascent molecule has a rate
𝜆𝑁𝑔 = 𝐶𝑁 × 𝑙𝑔 of being captured and reported, with 𝑙𝑔 being the gene length and 𝐶𝑁
a constant:

N ′
𝑔 → N ′

𝑧 + N𝑧 at rate 𝜆𝑁𝑔 = 𝐶𝑁 × 𝑙𝑔, (7.1)

were N ′
𝑔 are the unspliced/nascent RNA molecules for a given gene in the cell and

M𝑔 are the observed or captured unspliced/nascent RNA molecules for that gene.

This was motivated by the observation that in 10x Genomics scRNA-seq technolo-
gies, which capture mRNA using poly(T) probes, probes sometimes hybridize to
internal poly(A) tracts within the gene body. There is thus positive correlation
between the number of unspliced molecules and the gene length, as longer genes
contain more poly(A) tracts [181]. Inferring parameters for these counts without
correcting for this bias leads to estimates of burst sizes that increased with gene

2Long-read RNA-seq data would allow better quantification of allele specific expression.



93

Figure 7.2: A. As an example of length bias in Parse snRNA-seq data, summing over all cells
in the adrenal gland, unspliced RNA molecule total counts sum positively with gene length;
spliced molecules also showed correlation with exonic length (union of all exons in a gene).
B. For fits with no length-biased capture, length-biased capture of unspliced molecules, and
length-biased capture of both spliced and unspliced molecules, the correlation of inferred
burst sizes ("b"), relative splicing rates ("beta"), and relative export rates ("gamma") for
sample "024 B6J 10F 08 B6J" in zona glomerulosa cells in the adrenal gland. C. Over the
grid of fit sampling parameters, there was one clear optimum. D. Multiplying the optimum
sampling parameter( log10-6.9,log10-5.25) by gene lengths recovers the inferred per gene
capture rate.

length, while previous work suggests the opposite [181, 221]. When length-biased
capture is including in the technical noise model in the CME, the positive correlation
is removed for more consistent estimations [181, 221].

The snRNA-seq data for the founder and F1 datasets were generated using Parse
Biosciences’ split-pool barcoding technology (Evercode WT MEga Kits v2), in
which cells are put into wells on a plate, pooled and mixedl and then re-plated
iteratively to generate unique barcodes per cell. This technology includes two
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primers per capture well, in contrast to 10x capture, one set of poly(T) probes for
mRNA poly(A) hybridization and another set of random hexamers that can bind to
random (internal or non-coding) locations along RNA molecules. We noted that this
introduces a length bias for spliced molecules as well: spliced molecules from genes
with longer total exonic lengths had longer tracts for probe hybridization, and thus
are captured at a higher frequency than shorter molecules 7.2A. To account for this,
we introduce a spliced/mature capture rate that depends on the total exonic length
of the gene (not distinguishing between isoforms, but summing over the union of all
exonic content 𝑙𝑔𝑒):

M′
𝑔 → M′

𝑔 +M𝑔 at rate 𝜆𝑀𝑔 = 𝐶𝑀 × 𝑙𝑔𝑒 . (7.2)

HereM′
𝑔 are the spliced/mature RNA molecules in the cell andM𝑔 are the observed

or captured spliced/mature RNA molecules.

Examples of parameters inferred without a length-biased capture rate in the model,
length-biased capture of only unspliced molecules, and length-biased capture of
both spliced and unspliced molecules are shown in Fig. 7.2B. Without length-bias,
the inferred parameters were unphysically large (for example, burst sizes around
104), or at the bounds of what we set for plausible physicality (7.2B). Including
only unspliced gene length-bias correctly induced negative correlations between
the inferred burst sizes and gene length ([181, 221]), but also negative correlation
between the other two parameters and gene length (Fig. 7.2B). By including both
spliced and unspliced length-biased capture, the inferred parameters remained within
physically reasonable limits and displayed trends in line with expectations from
previous work [181, 221, 222]

Monod fits. We fit Monod to all genes in all cell types per individuals in the founder
and F1 dataset if the gene had at minimum two spliced and two unspliced counts
and an unspliced and spliced mean over that individual’s cell type of at least 0.001.
We fit over a 6 by 5 grid of technical capture rates to find the one at which genes
had highest likelihood.

Overall, we performed 22,890,370 Monod gene parameter inferences (each being
a unique gene / individual mouse / cell type / tissue combination). As this is data
collected from individual nuclei (not cells), the estimated parameters are average
burst size 𝑏, splicing rate relative to transcriptional initiation rate 𝛽 = 𝛽/𝑘̂ , and
export rate relative to transcription rate 𝛾 = 𝛾̂/𝑘̂ , where hats indicate the underlying
rates.
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By far the most frequent technical sampling parameter optimum was log10(𝐶𝑁 =

−6.9, 𝐶𝑀 = −5.25) (see 7.2C). Multiplying these by gene lengths to recover per-gene
technical capture rates, we found that on average the rate of capture for unspliced
molecules was 0.003 (or, about .3% of unspliced molecules are captured) and 0.012
for spliced molecules (or, about 1.2% of spliced molecules are captured). This also
corresponds with the experimental technology. Since Parse capture includes both
poly(T) and random hexamer priming, the spliced molecules with poly(A) tails have
higher rates of capture than the unspliced molecules.

GLM testing for cis vs. trans regulation of biophysical parameters. The inferred
parameters are best represented on a log10 scale, and per gene distribution over
samples of the log10 scaled parameters appeared approximately Gaussian. We thus
adapted the framework discussed in Chapter VI [48] to fit a general linear model
with an identity link.

The parameters inferred by fitting on counts estimated in the F1 hybrids are estimates
of transcription from a single allele, while parental counts are estimates having
transcription from two alleles. If we assume that the rate governing the Poisson
process of transcriptional initiation is 𝑘̂ from each allele in the parents and initiation
occurs independently, the overall rate of transcriptional initiation is 2̂𝑘 , and our
steady-state inference of splicing and export rates for parents would be half of what
we would infer given counts from only one allele. This makes our null hypothesis of
no regulatory differences between the relative splicing and export rates representable
by the following design matrix for, as one example, the model of dominant trans
regulation:


log10 𝛽𝑃1

log10 𝛽𝑃2

log10 𝛽𝐻1

log10 𝛽𝐻2


=


1 0 0
1 1 1

log10(2) 0 1
log10(2) 1 1



𝑊

𝑊𝐶

𝑊𝑇

 , (7.3)

where one could replace log10 𝛽 with log10 𝛾. We have changed the notation for
regression weights from the previous chapter to 𝑊,𝑊𝐶 ,𝑊𝑇 to avoid clashing with
our notation for the relative splicing rate. However, to account for sample specific
differences, we first perform orthogonal distance regression over all genes comparing
each sample to one reference sample (as in [37]): this regression accounts for the
factor of 2 before we fit cis vs. trans GLMs, and we thus ran the same free, dominant,
and log-additive GLMs described in Chapter VI [48] per parameter, cell type, and
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strain. We report results for the free model, as of the three it produced the highest
data likelihoods.

7.2 Large-scale Trends and Summarization

Figure 7.3: A. The number of overall regulatory classifications for burst size ("b"), relative
splicing rate ("beta"), and relative export rate ("gamma"). B. The number of instances in
which pairwise combinations of parameters (burst size and relative splicing rate, burst size
and relative export rate, and relative splicing and relative export rate, from left to right)
were found to be both non-conserved/significant, only one or the other significant, or both
conserved. C) For the case in which both pairwise combinations were non-conserved, the
number of instances in which they were classified as the same regulatory strategy, or different
regulatory strategies. D) Of the times the pairwise comparisons of parameters were both
non-conserved, the correlation between their inferred proportion cis.

In the following section, we refer to each unique parameter-gene-cell type regulatory
assignment as a "test." Across all seven strain crosses, eight tissues, 92 cell types
and 30,763 genes tested, we found the most instances of regulated relative splicing
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(26,368) and a similar number of regulated burst sizes (21,755) and relative export
rate (21,744) Fig. 7.1A. Consistent with regulation of total counts, the most frequent
category of regulatory strategy for non-conserved tests was cis, making up 52.2%
of all regulatory assignments for burst size, 52.8% for relative splicing rate, and a
greater percent, 62%, for relative export rate. For all parameters, trans regulation
was the next most common, followed by cisxtrans and a much smaller number
of cis+trans for burst size and relative export rate. The hierarchy of regulatory
assignments for burst size and relative export rate are the same as what we observed
for total counts [215]. Notably, for relative splicing rate, there were over three
times more instances of cis+trans regulation (which was very rare when testing
total counts [215]). While burst size and degradation rate may be constrained by
compensatory cis and trans activity to buffer overall levels of RNA, the rate of
splicing is one example of how transcripts can be modified without changing overall
quantity. Examining this for individual isoforms or introns could be even more
revealing.

Comparing overall patterns of pairwise parameter regulatory assignments for the
same gene in a strain-cell type-tissue test, there was little overlap (Fig. 7.1B). For
burst size and relative splicing rate, in 14,708 instances burst size was significantly
regulated while relative splicing rate was not, in 19,321 instances relative splicing
rate was regulated while burst size was not, and only in 7,047 were both significantly
assigned. Among those 7,047 instances, in 49.1% they were assigned different
regulatory classifications, in 28.0% both were classified as cis, 14.1% trans, 6.8%
cisxtrans and 2.0% cis+trans. For burst size and export rate, there were similarly
more instances of only one or the other having significant regulatory differences
between parental strains, although of those a greater percent (66.3%) were the same
rather than different. Comparing relative splicing and export rates, there was less
of an overlap in assignments than when both were non-conserved (about 58.5%)
than burst size and relative export rate (66.3%), but more than burst size and relative
splicing rate (50.8%). This suggests that the regulation driving differences in strains’
regulatory processes of a gene in a particular context is not singly categorizable,
and in fact calls into question the very terminology of "cis vs. trans regulation of
a gene". To say that a gene’s expression in a cell type is different between strains
due cis or trans regulation is to elide particular regulation of points in the gene
expression process.

We observed that the number of significant tests generally increased with the genetic
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Figure 7.4: The number of overall significant tests for burst size ("b"), relative splicing rate
("𝛽"), and relative export rate ("𝛾") for A. different strain hybrids (ordered by increasing
genetic diversity), B. different tissues (ordered by the sum of significant tests over all
parameters), and C. cell types within the Cortex/Hippocampus, where each dot is a different
strain comparison.

diversity of the strain (summing over parameters and tissues), ranging from 2,682
significant tests for B6-AJ crosses (the most genetically similar with 5.9 million
SNPs from B6), to 20,962 for B6-PWKJ (22.6 million SNPs from B6) and 17,152
for B6-CASTJ (22.9 million SNPs from B6) (Fig. 7.4A). Among tissues (summing
over parameters and strains), we also classified the fewest significant instances of
regulatory differences in heart (572) and the greatest in the Cortex/Hippocampus
(23,912) (Fig. 7.4B). Within one tissue, we can further break down regulation at the
cell type level: in the Cortex/Hippocampus, we found that glutamatergic neurons in
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particular to have more non-conserved regulatory differences (Fig. 7.4C).

Figure 7.5: The number of overall significant tests (summed over parameters) versus the
number of nuclei for A. strains, B. tissues, and C. unique cell types.

We caution in interpreting the biological meaning of the number of significant tests,
as "the absence of evidence is not the evidence of absence," and, for the 92 cell
types tested in all strains, there was a positive correlation between the number of
nuclei in that cell type and the number of significant calls (Fig. 7.5C). Interestingly,
the dependence of the number of significant tests on the number of nuclei was not
as strong for strain and tissue (Fig. 7.5A and B).

7.3 Exploring the Processes Driving Allele Specificity
Regulation of processes for genes with PWKJ allele specific expression in F1
hepatocytes.
PWKJ mice are prone to liver disorders and are often used as a model to study non-
alcoholic steatohepatitis (NASH), a non-alcoholic fatty liver disease [224]. As an
example of a full pipeline of discovery for gene processes that may behave differently
in different strains in specific contexts, we used the normalized (depth and log1p)
total counts (summing over spliced and unspliced) per allele in all 7 haplotypes of
the F1 crosses to determine those with allelic expression specific to PWKJ alleles
in hepatocytes (an analysis a researcher might perform to investigate this question
without biophysical models) using an entropy-based metric [223]. These genes
indeed showed highest mean expression for the PWKJ allele in F1 hybrids (five are
displayed in Fig. 7.6A).

For five of these genes, we explored the regulatory differences between B6 and
PWK that could explain the allele specificity (Fig. 7.6B). For example, Mup2,
which codes for a member of the major urinary proteins whose knockout leads to
increased hepatic lipid accumulation [225], had significant regulatory differences
between parental strains of all three parameters: burst sizes, regulated in cisxtrans,
was higher for PWK parents than for B6 parents, as well as for the PWK allele



100

Figure 7.6: Exploring the biophysical basis of allele specific expression of genes in the F1
data in hepatocytes from liver samples. A. Genes whose expression was found to be highly
specific to the PWK allele in B6-PWK F1 samples in hepatocytes using normalized total
counts show higher mean expression (the average over total counts summed over spliced
and unspliced, depth and log1p normalized) [223]. B. The allele specificty can be traced
to regulatory differences in the parent strains (B6 and PWK). Boxplots show the mean and
quartiles over log10 of burst size ("b"), relative splicing rate ("beta") and relative export rate
("gamma"). Bars above each subplot indicate by color the regulatory classification.

than for the B6 allele in B6-PWK F1 hybrids. Relative splicing rate and relative
export rate were smaller for PWK alleles: as they are relative to transcription rate,
it may be that the transcription rate (denominator) increased. An increased burst
size and/or transcription rate might explain why the Mup2 transcript shows allele
specific expression (Fig. 7.6B). By contrast, Entk2, the human orthologue transcript
of which was upregulated in gastric cancer patients who showed hepatic metastasis
[226], only exhibits significant regulatory differences between B6 and PWK in burst
size, and interestingly, the compensatory behavior (cisxtrans) changed from smaller
in PWK compared to B6 to larger for the PWK allele than for the B6 allele in F1
(Fig, 7.6B). This suggests that there was some trans difference buffering the cis
difference between the parents; in the shared F1 environment, the un-buffered cis
difference led to increased expression of the PWK F1 allele.
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Figure 7.7: Ptprd regulation in the Cortex/Hippocampus across the eight founder mouse
strains reveals distinct differences in regulation in GABAergic and glutamatergic neurons
in the NODJ. A. Classifications of regulatory differences between parental strains (B6 vs.
the indicated strain) for burst size, relative splicing rate, and relative export rate show
extensive splicing regulation, with NODJ showing distinct patterns. B. Distributions of
normalized (depth and log1p normalization) spliced and unspliced counts in GABAergic
and glutamatergic show are similar for all six non-B6 founder strains except for NODJ.
These differences can be further explored by comparing inferred relative splicing rates for
alleles in the parents and hybrid F1s of each strain.

Ptprd regulatory differences in neurons across strains.
Focusing our analysis on the cortex/hippocampus, we found the transcript Ptprd
had the most significant calls (summing over strains and cell types). Ptprd is a
receptor type protein tyrosine phosphatase which contains an extracellular domain,
a single transmembrane segment, and intracellular catalytic domains, with roles in
brain development and synapse formation [227]. In humans, variants at the PTPRD
locus have been associated restless leg syndrome, Alzheimer’s disease, obsessive-
compulsive disorder, intellectual disabilities, and attention-deficit/hyperactivity dis-
order (ADHD) [227, 228]. Ptprd in mice and PTPRD in humans are known to be
regulated by extensive, cell type specific alternative splicing [229, 230], and multi-
ple studies have shown that knock-down and knock-out of Ptprd in B6 background
mice led to an increase in excitatory neurons in the cortex and decrease of sociability
[231, 229].

Consistent with extensive regulation by splicing, we found that in all 10 neuron
cell types in the brain, across strains, there was significant regulatory differences in
relative splicing rate for Ptprd in 55 out of the 70 tested cell type-strains (Fig. 7.7A).
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Particularly interesting was the regulation in excitatory glutamatergic neurons. Al-
though glutamatergic neurons overall had the greatest number of significant tests
(Fig. 7.4C), all six founder strains besides NODJ showed no significant regulatory
differences compared to B6 for any parameter (Fig. 7.7A). NODJ, however, dis-
played significant regulatory differences for all parameters (Fig. 7.7A). Although
Ptprd expression has not been studied in NODJ mice, the NODJ strain was shown
to display low sociability in behavioral tests, as opposed to B6 mice which showed
significantly higher levels of preference for sociability [232] (the other six founder
strains were not included in the study). This finding could indicate NODJ and the
Ptprd gene in glutamatergic neurons as good candidates to consider as mouse model,
target gene and context for studies on behavioral (ADHD, OCD, autism-spectrum)
disorders in humans.

Discussion and Limitations

We have shown that genome-wide inference of the regulation of RNA processes
between genetically diverse mouse strains can be achieved using high-throughput
transcriptomic data. We recapitulated known results (splicing of Ptprd) as well as
suggested particular processes of genes as being regulated between B6 and PWK
founder strains in hepatocytes in the liver. While we focused on two examples, we
expect a deeper analyses of the thousands of fit genes, cell types, strains, and tissues
(Fig. 7.1 and Fig. 7.4) would yield harvests of rich insight; and we are excited to
provide these inferences as a resource for the mouse biologist.

This analysis is, of course, subject to a number of limitations. Firstly, considering
the low capture rates per gene (Fig. 7.2C), certainly not every RNA molecule
has been accounted for; but, as the same technical capture rate was inferred for
parental and hybrid alleles in the F1s, we are at least reasonably confident in the
assumption that the capture technology is not biased towards one or the other
allele. Secondly, alignment of reads to obtain allele specific counts using short-read
snRNA-seq requires that 1) there be enough SNPs between strains to distinguish
between alleles, and 2) the sections of the transcript that were captured align to
the region of genes that contain those SNPs. More accurate would be fluorescent
studies that can label and watch real-time RNA production from two different
alleles [233]. However, labeling and obtaining live-cell fluorescent images is far
more intensive than performing a snRNA-seq experiment: our analysis depends on
collecting enough samples from two parental strains and their hybrids to have the
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statistical power to make a claim about regulation, which would be prohibitive if
conducting fluorescence experiments.

Another limitation is the primitive nature of our "splicing" model. With longer
reads, we could more accurately assess isoform expression, and include isoform
specific or intron specific rates of splicing in the model. However, this is more an
experimental than a theoretical limitation (updating the CME model for improved
capture technology is straightforward). Another model limitation is that we are
examining genes independently and not considering gene interactions. While inter-
actions in and of themselves should not affect the logic we are testing, they could
provide insights into which genes are likely to be cis vs. trans, as well as the possible
trans acting factors, that could refine our current inferences.

Finally, we currently test the regulatory strategy of each biophysical parameter
separately, but in future will change the design matrix to fit shared and independent
effects for different parameters (this would be more appropriate, as we already know
that the relative splicing and export rates share a denominator).

Despite the limitations, this study demonstrates an advancement in the challenge
of understanding how genetic diversity results in regulated gene expression. The
regulation of a gene occurs via regulation of specific processes, and it is both
more precise conceptually and more biologically informative to test for regulatory
differences in these processes rather than in the mean counts. While we have probed
regulatory processes from the angle of genes, finding evidence of regulation but
not the casual genetic variants themselves, increased sample sizes could be used to
associate variants with the changed process in particular cell types [29, 41]. We
expect that higher resolution data could more precisely pinpoint how variation in
the genome changes molecular processes in the cell.
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C h a p t e r 8

CONCLUSION AND PERSPECTIVES

[We were] to be redeemed by the
gift of arranging words / but must
be prepared for an earth without
grammar.

CZESŁAW MIŁOSZ

We live in an exciting time for biology, a time of revolutions in data collection (a
multitude of ‘omics) and computational advancements.

A brief summary

In Chapter I, we reviewed the journey from horticulture [1] to the sequencing of
the human genome [8] and the explosions of ensuing studies [29, 18, 234, 235, 31,
10] in humankind’s ambitious drive to understand how life works. We showed in
Chapter II that mathematics published over a hundred years ago still has something
fresh to teach us about high-dimensional data analysis [236, 50, 51]. In Chapter
III, we described some fairly simple stochastic models of transcriptional processes,
and how they can be powerful tools for biological discovery when fit to scRNA-seq
data [99, 37]. In Chapter IV, we presented methods for approximating solutions to
these models when they become slightly more complicated [46], and in Chapter V
included these approximations in a variational autoencoder framework for scalable
inference of biophysical rates in single cells [47]. In Chapter VI, we used RNA-
seq data from homozygous crosses to establish the presence or absence of distal
and proximal gene regulatory differences. In Chapter VII, we demonstrated that
the two lines of work are compatible and, having fit tens of thousands of genes
for transcriptional parameters, interrogated the differences in regulation of these
processes between founder mouse strains at tissue and cell type resolution.

A brief look ahead

Given the expanding number of molecular modalities assayed in single cells (in-
cluding proteins [237]; chromatin accessibility [139, 165] and modifications [238])
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and perturbations to these cells [239, 240], it is exciting to think ahead towards what
we can learn about cellular processes and their genetic basis by analyzing such data
from the biophysical perspective taken in this work. While inroads have been made
for some analytical solutions [241, 242], as the complexity of proposed interac-
tions (for example, gene networks) and the number of modalities grows, combining
models and machine learning approximations trained on data from fast stochastic
simulation algorithms [243] could be a fruitful way forward.

Complementary to the efforts of building predictive foundation models for molecular
components of the cell, and combining them to build multi-scale and multi-model
AI "virtual cells" [244], will always be efforts to use all available modeling tools
and computational resources to understand what is happening in the "irl" cells still
being assayed.

A brief experiential comment

A model is a representation of thought, forcing us to precisely define ideas and
measure them against experimental data. Whether it is describing stochastic tran-
scription, tracing RNA over the course of its lifecycle, or setting up a design matrix
for modeling allelic expression from homozygous crosses, encoding hypotheses
within mathematical frameworks formalizes our conception of biological processes.
It further allows us to interrogate these assumptions, tweaking models that do not
describe observations well, and conduct new experiments to test updated modes of
thought. In the experience of my Ph.D., it did not take models with millions of
parameters to make me question assumptions I had about a fundamental regulatory
process, but a simple GLM with three or four learned weights and non-trivial impli-
cations. This is not to say that the complexity of biology can be contained in what
we decide to write down or draw out about it; but the model is for the scientist, not
for biology, and it is an interesting future challenge to maintain what modeling does
for our thought processes while, with the advantages of deep learning, freeing them
from the constraints of our limited hypotheses to expand their scope.
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