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ABSTRACT

This thesis studies Lorentzian structures in quantum field theory through the use
of null integrated operators, with application to bounding the flat space corrections
to Einstein’s gravity via the AdS/CFT correspondence, as well as to quantum field
theory in de Sitter. The first part of this thesis leverages the commutativity of
null-integrated operators on the same null plane to construct dispersive CFT sum
rules for spinning operators. The contribution of heavy blocks to these sum rules is
dominated by a saddle configuration that we call the “scattering crystal.” Correlators
in this configuration have a natural flat-space interpretation, which allows us to build
a dictionary between dispersive CFT sum rules for stress-tensors and flat-space
dispersion relations for gravitons. This dictionary is a crucial step for establishing the
HPPS conjecture for stress tensor correlators. The second part of this thesis initiates
the study of light-ray operators in four-dimensional de Sitter space focusing on null
integrals of the stress tensor. In Minkowski space, the null integral of the stress
tensor unifies several ostensibly different constructions, functioning simultaneously
as the energy flux operator, the angular contribution to a conserved charge, the
averaged null energy operator, and the light transform of the stress tensor. However,
we show that the de Sitter analogs of these various interpretations do not necessarily
coincide but rather lead to distinct, observer-dependent light-ray operators. We
construct four such de Sitter analogs and analyze their matrix elements in a free,
conformally coupled scalar theory, showing that they exhibit the expected symmetry

and positivity properties
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Chapter 1

INTRODUCTION

1.1 (Introduction)?

This introduction is primarily aimed at everyone in my life who has been wondering
what the hell I’ve been doing with my life for the last few years. If that’s not you,
you can skip to the next section. Or hang around and read this, I think it’s fun. I
will try to explain the state of the field in a very narrow corner of physics and what
I have done to contribute to it. This might be an insane idea since I haven’t really
tried explaining my work to anyone who doesn’t do physics professionally, and of

course there is a relevant XKCD comic that I might run into headfirst

SILICATE CHEMISTRY' 15 SECOND
NATURE. TO' US GEOCHEMISTS, SO
IT'S EASY TO FORGET THAT THE
AVERAGE PERSON PROBABLY ONLY
KNOWS THE FORMULAS FOR OLIVINE
AND ONE OR TWO FELDSPARS.

[ AND QUARTZ, OF COURSE.

OF COURSE. )
EVEN WHEN THEYRE TRYING TO
COMPENSATE. FOR, IT EXPERTS IN ANYTHING

WILDLY OVERESTIMATE THE AVERAGE
PERSON'S FAMILIARITY WITH THEIR FIELD.

Figure 1.1: Me and my friends at lunch (ref photo, not actual) From Randall Munroe,
xked 2501, “Average Familiarity.” Used under the Creative Commons Attribution-
NonCommercial 2.5 License.

There will be jargon, I will try to be light on it and explain the jargon whenever I

can. Some of the most important aspects of my work sit behind a veil of math, and
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I am sorry about that, there isn’t much I can do here. I am not apologizing, it isn’t
my fault. Math is the only language we know that allows us to talk about corners
of nature evolution didn’t prepare us for, but I am sorry it’s really pretty far back
behind the veil and I wish you could see it. If there are parts that are confusing, treat
it as you would an impressionist painting. Not every detail is important, but there

should be enough here that you will hopefully get a picture of what’s going on'.

The most important thing [ am going to try and get across is perturbation theory. This
isn’t my idea, it’s a way of thinking that is hundreds of years old and quite possibly
one of the greatest tools for thinking physicists ever invented. If you get nothing out
of this other than understanding perturbation theory, you will have learned a lot. It
is a way of approaching problems that I wish more people used, and can be used
very widely, far beyond physics. Then I am going to tell you about effective field
theory, it is a framework that is built on perturbation theory, and most of what we
know about the universe at a fundamental level is in terms of effective field theory.

It might be all we ever know. Finally I am going to tell you about my two projects.

1.2 Perturbing the Universe
Nature can’t be understood in one go, or at least we haven’t figured out how to do
that yet. That is fine. If we waited until we understood everything before studying

electricity, we would all be sitting in the dark.

Physics works because nature has regularities that can be understood in pieces.
We isolate a pattern, find the regime where that pattern is cleanest, and study it
there. Sometimes this means separating scales. Chemistry can be studied without
constantly talking about subatomic particles, and planetary motion can be studied
without constantly talking about atoms. Sometimes we study a toy model, a math-
ematical fiction which exhibits the same pattern we see in nature, now in a cleaner

setting.

You don’t want to include everything all at once. The art is to know how to isolate
an effect, study that effect, and then figure out how to reincorporate it back into the

real world model.

A real physical system is always being pushed, pulled, heated, cooled, shaken, and
influenced by the rest of the universe. If I drop a cup, the earth pulls it downward,
the air pushes against it, light from the room presses on it, the moon pulls on it,

Vor, failing that, have enough that you can pass it on to your favorite AI who will explain it. Or
call me, I like talking about this stuff
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distant stars pull on it, the cup radiates heat, the atoms inside it vibrate, and so on.

All of these effects are real. But they are not all equally important.

Good physics begins by finding a hierarchy. What is the largest effect? Are there
necessary improvements? Are there effects we can ignore? This is the basic
approach of perturbation theory. We solve a simple problem first, then add the

complications in order of importance, and then stop once we hit good enough.

It allows you to study complicated things by find parameters that characterize the
strengths of competing effects. If some of these parameters are larger than others,
then we can simplify by focusing on those dominating effects at first while ignoring
the weaker effects. After we have this first tentative, we can adjust it by incorporating
the changes due to the weaker effects. We don’t need to solve all of physics to

understand some given problem.

1.3 Balls Through the Air
Imagine a ball flying through the air. Let’s predict what happens next.

If you actually imagined it, you probably imagined some specific ball: a baseball,
a cannonball, a ping-pong ball, or a beach ball. These are all governed by the
same physics, but they will all behave differently, because different effects matter in

different regimes.

Start with the cannonball. A cannonball is heavy, dense, and usually moving fast. If
nothing acted on it after it left the cannon, it would travel in a straight line at constant

speed. That is the zeroth-order story: the simplest story, the one we expand around.

Of course, that story is not quite right. The earth’s gravity pulls the cannonball
downward. The air pushes back against it. Sunlight pushes on it too, because
light carries momentum. All of these effects are real. But they are not all equally

important, and we will not make progress by considering all of them at once.

In schematic language, we might write

behavior of the flying object = (free motion)
+ €, (gravitational effect)
2(8 (1.1
+ €drag (air-resistance effect)
+ €igh (sunlight-pressure effect) + - - - .
This is not a literal equation. It is bookkeeping. The first term is the leading

approximation. The numbers €g, €qrag, €light, - - - are the parameters that measure



how strong each effect is, and how big the corresponding correction is.

These numbers are not just pulled out of a hat. They are made by comparing different

kinds of information.

First, there are facts about the physics of the world: the strength of gravity on earth
is encoded in a number g, the density of air p,;;, the intensity of sunlight /, the speed
of light ¢, and so on. These set the scales of the environment, or of the underlying

laws.

Second, there are facts about the particular problem we are trying to solve: the size
R of the ball, its density ppa, its speed v, the height H it is fired from, and how
accurately we care about the answer. These are the scales of the experiment in front

of us.

There can also be dimensionless coefficients, like drag coeflicients, that package
messy details we do not want to solve from scratch every time. These coefficients
remember things like shape, texture, spin, and the way air flows around the object.
They are part of the real physics, but they are not usually the main hierarchy. The

main hierarchy comes from combining the scales.

Perturbation theory begins when we combine all of this data into dimensionless
ratios. A force is not automatically important just because it exists. What matters
is whether it is large or small compared to the other scales in the problem. Gravity,
drag, and sunlight pressure all exist at the same time, but their relative importance

depends on the ball, the air, the speed, and the question we are asking.

For example, let’s look at the importance of air resistance. All things being equal,
this depends on the ratio of the density of the air to the density of the ball. So if you
imagine hitting a baseball with a bat or a beachball with a bat we will get different
effects. The ratio of the density of the air to the density of a baseball pair/ Obaseball
is very small, so at a first pass we can ignore air resistance. On the other hand, the
ratio of the density of the air to the density of a beachball pi;/Pbeachball 1S pretty

close to 1, so the effect of air resistance moves up in importance.

This idea will come back later in a more sophisticated form. In particle physics,
we will compare the energy E of an experiment to a heavier scale M, and small
ratios like E/M will tell us which effects are leading and which are suppressed.
The cannonball is easier to imagine, but the logic is the same: find the scales, form

dimensionless ratios, and then decide what matters.
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For a cannonball, the leading story is mostly “it keeps moving forward.” Gravity
is the first important correction. To estimate its size, we combine a fact about the
environment, g, with facts about this particular problem, the height off the ground

it starts off at H and the launch speed v.

Suppose the cannonball is fired horizontally from a height H. Then gravity has a

l2H
e~ % (1.2)

to act before the cannonball hits the ground. This sets an important scale of the

time

problem. During that time, a cannonball with speed v travels a horizontal distance
L ~ vt,. This gives us a length scale for the problem. It is set by the time gravity

has to act.

The gravitational correction is the change in velocity due to gravity, compared to

t \2gH
e 8l _ V&R (1.3)
§ 1% 1%

the initial speed:

This is a dimensionless number made from both the physics, g, and the particular

setup, H and v.

For an ordinary cannonball fired fast from a height of a few meters, this is roughly
€g ~0.1. (1.4)

So gravity is important, but it is still only a correction to the leading fact that the

cannonball was fired forward very quickly.

Air resistance is controlled by a different dimensionless ratio. Now we need facts
about the air, facts about the ball, and a dimensionless coefficient Cp that packages

details of the shape and flow:

L2
3Co pairv )eg. (1.5)

E ~
drag ( 8 pranRg

The factor in parentheses compares the air resistance to the gravitational acceleration.
It mixes environmental data, like p,i; and g, with object data, like ppay, R, and v.
The coefficient 3Cp /8 is the annoying real-world part: it remembers details like
the shape of the object and the way air flows around it. It can be derived from first

principles as well.



For a dense iron cannonball, this comes out to roughly
€drag ~ 1072, (1.6)

So air resistance is real, but it is smaller than gravity in this regime.

Sunlight pressure is controlled by the same kind of comparison:

3 1
ioht ~ | ————— . 1.7
Hight (4 cpvanRg ) “ (7

Here I/c is the pressure scale coming from sunlight, while pp,Rg is the scale set
by the weight of the ball per unit area. This captures the effect that sunlight will

have on something like a cannonball, and it is absurdly small:

€light ~ 107, (1.8)

Thus, in the cannonball regime, the expansion looks like

behavior of a cannonball ~ 1(free motion)
| S—

leading-order
effect

+ 107! (gravitational effect)

subleading

effect (1 9)
+ 1072 (air-resistance effect)

sub-subleading
effect

+ 107! (sunlight-pressure effect) + - - - .

negligible
effect
But now imagine a ping-pong ball. It is light and hollow and air resistance is no
longer a tiny correction. It can be one of the dominant effects. A beach ball is even
worse, the wind can easily blow it off course. Very much unlike a cannonball. A
baseball is somewhere in between. It is dense enough that gravity matters a lot,
but air resistance, spin, and the seams on the ball can also matter. Of course the
best pitchers dont necessarily know perturbation theory, they just have a very good
effective? intuition for how baseballs work. But we can understand all these cases
by doing the same analysis. We compute the dimensionless ratios. This then tells

us the relevant “perturbative regime" we should be thinking about.

2This is called foreshadowing



Zeroth order: inertia only

N

First correction: gravity Each new curve
is a correction

Next correction: air drag to the previous
approximation.
N

—— Zeroth order (inertia only): no forces act.

——— First correction (gravity): constant downward acceleration.

—— Next correction (air drag): speed-dependent resistive force.
Tiny correction (sunlight pressure): extremely small effect.

Figure 1.2: The perturbative expansion organizes the complicated trajectory in terms
of a leading approximation plus successively smaller corrections.

If we think of really small things, like a grain of dust, pollen, or a tiny bacterium
floating in air, we have in principle the same physics, but in reality a very different
perturbative regime. At that scale we shouldn’t even talk about "the air" it is really a
bunch of molecules that are zipping around in every direction. Random kicks from
air molecules can dominate. This is of course the same air that the cannonball dealt
with, but at that scale we could treat it as a single background object "the air," at

smaller scales we cant get away with that.

All of these are subject to the same physics but if we want to make headway in
understanding these, we start by organizing these effects, which starts by identifying
the relevant scales. There are scales that belong to the underlying physics, those
that belong to the environment, and those that belong to the particular object and
experiment. Once we combine them into dimensionless ratios, we can organize our
hierarchy, realize what needs attention, what needs correction, and what we can

ignore.

1.4 A report from the quantum universe

Ok, let’s talk about the electron.

A quantum mechanical electron is not just a tiny ball with different forces acting on
it. It is a different kind of object. Explaining what that means is famously subtle,

and I am not going to do the whole thing here. That way lies philosophy, operator



algebras, and people yelling at each other about the measurement problem.

Instead, I am going to do something more modest. We’ll look at one perturbative
regime of nature and I’ll tell you what particles can do there. This is a report from

the frontlines. I am not going to justify quantum mechanics from first principles.

The first thing to know is that quantum mechanics is probabilistic. If I fire a
cannonball through the air, the natural questions are things like: where will the
cannonball be in five seconds? Will it hit the wall? If it hits the wall, will the
cannonball break, will the wall break, or will both break? Why does Yanky have a

cannon? All reasonable questions.

Classically?, these questions have definite answers, at least in principle. If we know
where the cannonball is, how fast it is moving, and what forces act on it, then we can
predict where it will go. Maybe the calculation is hard. Maybe the air resistance
is annoying. Maybe the cannonball has legal implications. But the structure of the
question is clear: there is a thing, it is doing something, and the laws of physics tell

us what happens next.

At scales where quantum effects matter we have to change the kind of answer we
are allowed to ask for. If an electron is sitting in an atom, we might want to know
where it will be five seconds from now. But quantum mechanics does not generally
give one definite answer. It gives probabilities. The electron might still be near the
atom. It might be found somewhere else. In principle, it might even be found on

the other side of the universe.

In fact quantum theories only answer one type of question, “If I tell you everything
there is to know about a system now, can you tell me the probabilities of different
measurement outcomes later." That is it, that’s all that quantum theories ever do.

Nature still follows precise patterns, but the patterns are in the probabilities.

The next thing to know is that particle number is not fixed. You can start with one
particle and end with one particle, or two particles, or three particles, or a whole
spray of particles. Not every process is allowed, and not every allowed process
is likely, but the number of particles is no longer sacred. We can calculate the
probability for each of these outcomes, usually using a toolbox called “Quantum
Field Theory"

3Classical here and in most of this thesis means not quantum



1.5 Effective field theory is effective

A good example that combines both quantum weirdnesses is beta decay.

Atoms are not indivisible. They are made of protons, neutrons, and electrons. A
neutron has an interesting feature: if it is sitting alone, outside a nucleus, it can

decay. It can disappear and leave behind a proton, an electron, and an antineutrino:
n—p+e +v,. (1.10)

This is already very quantum. The neutron is not a tiny ball that slowly leaks
something that becomes new particles. It is a quantum state, and one of the possible

things it can do is turn into several other particles.

We can organize this in the same spirit as the balls flying through the air:
behavior of the neutron = (it remains a neutron)

+ e3(it decays into p + e~ +V,) (L1
+ €5 (it decays into five-particle final states) .

+ .-

The meaning is different now. For the cannonball, the expansion organized correc-
tions to a trajectory. For the neutron, the expansion organizes probabilities. The
leading behavior is that the neutron remains a neutron. The corrections are the

probabilities for other outcomes.

Now we need to know whether the €’s are small. This is the same logic as before.
For a ball flying through the air, we had to combine facts about the world, like g,
Pair» and I, with facts about the particular ball, like its size, density, and speed. Here

we do the same thing, but the scales are different.

The relevant low-energy theory of beta decay contains an interaction that schemati-
cally looks like

Lin ~ Gr (py¥'n) (€yuve) + -+ . (1.12)
Do not stare at this too hard. The symbols are not the point. The point is that the
interaction contains one neutron, one proton, one electron, and one neutrino field.
This term is the bookkeeping device that says: a neutron can interact in a way that

produces a proton, an electron, and an antineutrino.

The coeflicient G measures the strength of this interaction. More fundamentally,

it is controlled by the weak scale:

Gr~—. (1.13)
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Here g is a dimensionless coupling (don’t confuse this with the g of gravity), and
My is the mass scale of a particle called the W-boson. This is the particle-physics
version of what we saw before. Some data belong to the underlying physics, like g
and My. Some data belong to the particular experiment, like the energy E available

in the decay. The small parameter comes from combining them:

Miw' (1.14)
At neutron-decay energies, E is tiny compared to My so we can just treat it as a
background effect. That is why the low-energy interaction is weak. The neutron
does not instantly explode into other particles. It mostly remains a neutron, and only
occasionally decays. This is similar to what we were dealing with air resistance. We
started by treating the air like it was one homogeneous thing. We know of course
that the air is made of individual molecules. When you are dealing with things much
bigger than air molecules or their average separation, you can ignore that. But if you
want to talk about a piece of dust or pollen moving through the air, you can’t really
get away with that. At the scale of dust and pollen the air isn’t a smooth continuum,
it’s made up of a bunch of molecules that hit the pollen individually, one by one,
from different directions. As we got smaller, this interaction became the dominant

one and we had to entirely switch up our perturbative regime.

More generally, effective field theory says the following. Pick the energy regime
you care about. List every interaction allowed by the rules. Then organize those

interactions by powers of small dimensionless ratios, usually ratios like

energy of your experiment

. 1.15
mass scale of heavier physics (1.15)

The details get technical fast, but the conceptual point is simple. Low-energy
observers do not need to know every detail of high-energy physics. They need a list

of allowed interactions and a list of coeflicients.

Those coefficients are like the drag coefficient for the flying ball. They package
information you are not resolving directly. If you know the deeper theory, you can
calculate them. If you do not, you can measure them. Either way, once you have

them, the effective theory tells you what happens in the regime where it applies.

The other nice thing about effective field theory is that it usually tells you where
this effective theory is, well, effective. The beta-decay theory above works when

E <« Mwy. If you crank the energy up toward My, the description starts falling
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Figure 1.3: At low energies, beta decay can be treated as a fact of life, like air
resistance. At higher energies, we see that the interaction is really caused by
an intermediate particle called the W~ boson. This is just like discovering that
everything about air resistance is really caused by small things called molecules
which make up the air

apart, or rather, blowing up. The low-energy theory was not wrong. It was just not
built for that regime. You need the more complete electroweak theory, where the

W-boson is no longer hidden inside a coefficient.

This is one of the great organizational principles of modern physics. Newtonian
mechanics is an effective theory. The Fermi theory of beta decay is an effective
theory. The Standard Model itself can be treated as an effective theory. This is how
we describe physics at a particular scale while being modest about our ignorance

beyond it. Effective really is effective.

And within its regime, this framework is absurdly successful. In some special cases,
especially in quantum electrodynamics, theory and experiment agree to twelve
decimal places, that is an almost indecent number of decimal places. Twelve
decimal places is not normal human knowledge. That is not “75 percent of patients
improved,” where everyone politely understands that the number means “roughly,
please don’t sue us.” Twelve decimal places is predicting the distance from Pasadena
to Brooklyn and being wrong by no more than a hundredth the width of a human

hair.
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So yes, quantum theory predicts probabilities rather than definite outcomes. But
those probabilities are not vague. They are some of the sharpest predictions humans
have ever made. The universe always has patterns, they may be subtle, but they are

there and they are robust.
1.6 Quantum gravity and what I did about it
Here is the problem with gravity.

Gravity also has an effective field theory. The leading behavior is Einstein’s theory

of gravity. Then come corrections. We can write the action schematically as

2
] pev= Mg 2, o B
Ser= | dxy=g | 1R =20 + @R + a3+ | (1.16)
P1

The first term is Einstein gravity, including the cosmological constant A. The rest
are possible corrections. The precise list is more complicated than this, because

gravity is not interested in making my life easy, but this is the right schematic picture.

The coefficients a;, @3, ... are the analogues of the coefficients in the beta-decay
story. They tell us how the low-energy theory of gravity is corrected by whatever
more fundamental theory exists at higher energies. If we knew the full theory of
quantum gravity, we could calculate them. If we had absurdly powerful experiments,

we could measure them.
We currently have neither.

The scale where we expect ordinary gravitational effective field theory to break down
is roughly the Planck scale, Mp;. Unfortunately, the Planck scale is outrageously
high. The way we measure quantities in particle physics is by building colliders.
Currently the biggest one is at CERN and it’s roughly 30 km around. If we wanted
to build a collider that could measure things at the Planck scale, the collider would
have to be roughly the size of our solar system and draw power which is roughly
what a star outputs in its lifetime. So unless anyone gets any really clever ideas, this

is just inaccessible to our species for the foreseeable future.
So we pull ourselves by our bootstraps using something called the bootstrap.

The bootstrap is actually a whole bag of tricks which does not try to guess the
microscopic theory directly. Instead, it exploits consistency conditions that any
reasonable theory must obey. It must obey causality. It must obey unitarity, meaning

probabilities add up correctly. It must respect the relevant symmetries. It must have
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the right analytic structure. We don’t actually know that any of these are true at a
fundamental level, but we are exploring their consequences. We are thinking along
the lines of “if causality is a fundamental aspect of our universe, what does that tell

us about the allowed low energy theories?"

To see what this has to do with gravity, we need gravitons. Classically, we talk about
gravity as a force. Quantum mechanically (in a perturbative regime), gravitational
interactions can be described using particles called gravitons. When two objects
gravitationally interact, the quantum field theory picture says, roughly, that they

exchange gravitons.

Now imagine a scattering experiment with gravitons. Two gravitons come in,
two gravitons go out. The question is, given their initial energies, directions, and

polarizations, what are the possible final outcomes, and with what probabilities?

The answer is encoded in a function called a scattering amplitude. This amplitude
depends on the kinematic data of the gravitons and on the coefficients of the effective
field theory a», a3, . . .. Perturbatively, the leading answer is Einstein gravity. Then

the higher-derivative corrections modify the answer. In cartoon form:

graviton scattering = Einstein gravity+a; (first correction)+as3(next correction)+- - -
(1.17)

The bootstrap idea is that this amplitude cannot be any random function. It has to
satisfy consistency conditions. Causality restricts it. Unitarity restricts it. Crossing
symmetry restricts it. Analyticity restricts it. If we are clever enough, these abstract

consistency rules become concrete bounds on the coefficients «;.

This is not the same as finding the final theory of quantum gravity. It is more like
drawing a map of where the final theory is allowed to live. We may not know
the exact theory that governs our universe, but we can start crossing out enormous

29 ¢

regions labeled “nonsense,” “causality violation,” and “absolutely not.”

What Cyuan-Han, David, and I did was sharpen one part of this story. In flat space,
people had developed bootstrap style arguments that constrain the coefficients of
the effective field theory. But some of the arguments rely on assumptions about the
mathematical behavior of scattering amplitudes. These assumptions are physically
well motivated, but one would like to derive them from something more solid. We
used a workaround that avoided all of these assumptions by using one very well
established conjecture called the AdS/CFT conjecture.
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We can imagine many types of universes that are physically sensible, but there are
simple ones called de Sitter space, flat space, and anti de Sitter space. Flat space
has zero cosmological constant. de Sitter space has positive cosmological constant.
Anti de Sitter space has negative cosmological constant. Practically, this means that
in addition to all the usual physical forces, the universe itself contributes a sort of
force through the cosmological constant. In anti de Sitter this force is attractive,
pulling all things closer together, in de Sitter the force is repulsive, pushing things
farther apart, and in flat space the universe contributes nothing. Our universe, on
very large scales, appears to be closer to de Sitter than either flat space or anti de
Sitter.

The AdS/CFT correspondence says that quantum gravity in anti de Sitter space can
be described by a conformal field theory, or CFT, living on its boundary. A CFT is
a very special kind of quantum field theory with a large amount of symmetry. That
symmetry puts it in a mathematical straightjacket. We know the mathematical form

and we can rigorously prove things.

So while anti de Sitter space is not where we live, we can calculate things there.
Then we can find perturbative regimes that match perturbative regimes of flat space.

So there are things we can calculate in AdS that teach us about flat space.

The strategy was this. Instead of trying to directly control graviton scattering in flat
space, we studied the corresponding problem in AdS using the CFT. The CFT gives
us a more rigorous mathematical toolbox. Then we went to a perturbative regime
in AdS that matches a perturbative regime in flat space. This then showed that the
bootstrap bounds that were placed on the flat space gravity effective field theory
were actually justified.

1.7 Detectors in de Sitter

This next project is not about quantum gravity in de Sitter, it is about quantum field
theory in de Sitter. Quantum gravity in de Sitter is a disastrously complicated mess
right now, with claims more insane than anything we’ve discussed so far. We are

avoiding that. Sticking with just quantum field theory, basically particle physics.

We briefly mentioned de Sitter, but as it seems to be a good description of our
universe let’s flesh it out a bit. I am going to use two analogies here, so something
to keep in mind is that analogies are like theories, they capture some feature of the

real physics, but like theories, they break down if you push them too hard.

The first analogy is the expanding balloon. Our expanding universe is like an
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Figure 1.4: The star marks a fixed observer, the dashed circle represents that
observer’s horizon, and the spiral galaxies are points carried apart by the expansion.
The arrows indicate increasing separations on the balloon surface; at late times,
galaxies cross outside the observer’s horizon.

expanding balloon. Imagine a balloon with a bunch of dots on it, as you blow up
the balloon the dots move away from each other. If we imagine ourselves as one of
these dots, then the nearest dots will move away slowly, and the further ones move
away faster. This also means that as they move away, they are now further away,
which means that they need to move even faster. So things in our universe that are
relatively close to us are moving away slowly, but the further they get the faster
they move, so when they get further they move away even faster. Eventually, things
that are far enough from us (or things that are closer, if you wait long enough) are

moving away from us faster than the speed of light.

Now I know, that you know, that we know, that nothing can move faster than the
speed of light. But. This is the exception. The real rule is that nothing can move
through space faster than the speed of light. Space itself can do whatever it likes.
And if you are in space, you get to go along for the ride.

You can see this effect as a type of force, which means that it isn’t always the dominant
force. For example, consider our nearest neighbor big galaxy, the Andromeda galaxy.
It does feel some force pulling it away from us, but even stronger than that is the
gravitational attraction to our galaxy, so in a couple billion years we will collide.
However, any galaxies beyond that will eventually rush away from us. If we wait
long enough we will be in the new Andromeda-Milky way galaxy merger, but we

won’t see anything beyond it.

Anything outside it will be moving away from us faster than the speed of light.
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Which means that nothing from beyond a certain region will ever be able to send us
any signal, we will never be able to receive any information from it. In fact there
are already portions of our universe today that are moving away from us faster than

the speed of light and we will never be able to see them as they are today.

Every observer in such a universe has a dividing line beyond which things are trav-
eling away from them faster than the speed of light, we call this their “cosmological
horizon." One way to think of this is to imagine you’re in a boat on a river. It all
seems serene now, but up ahead there is a waterfall. There is an imaginary line in
the water beyond which you won’t be able to turn back, the water will be moving
faster than your boat can go. This is a good analogy, and incidentally is also a
good analogy for black hole horizons. However. Unlike the waterfall or the black
hole, this isn’t because of a fixed feature of the universe, it’s about you. Well its
about you and the universe. The waterfall and the black hole have a horizon that
is universal, everyone agrees where it is, the cosmological horizon in de Sitter is
personal. Everyone is their own dot on the balloon, everyone is the center of their
own universe, everyone has their own cosmological horizon, and everyone has their

own region of the universe that they have access to.

The distance to the horizon however is the same for everyone, we call it the de Sitter
radius, or the Hubble scale, because Hubble was the first person to notice that our
universe was expanding. This scale sets the perturbation regime. If you look at
things much much smaller than the Hubble scale, then you can either entirely ignore
the the universe’s expansion, or at most treat it as a correction. If you are dealing
with stuff that is around or larger than the Hubble scale then you really need to take

this into account.

de Sitter has a lot of interesting features that are a consequence of this expansion,
we lose a lot of features we are very used to from our small scale/flat space intuition.
The most important is energy conservation. Energy is not conserved in de Sitter.
Actually it’s a bit more subtle, you can make choices on how to define energy, you
can either define energy in such a way that it makes sense everywhere, but then it is
not conserved, or you can choose something that is a good proxy for energy that is

conserved, but it is only a good proxy for energy in some small region around you®.

We also lose something that particle physics relies on heavily, something called
asymptotic states. Particles interact, the closer they are the more they interact

(usually). If we want to study particle interactions, we need to ask an appropriate

“this is called your “static patch"
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quantum type question. We need a clean description of the start, and then we can
ask for the precise probability for the different types of outcomes. In order to get a
clean question for the beginning we want to say something like “suppose we started
with two electrons, electron 1 with energy E; and electron 2 with energy E,, we let
them interact and we want to know what happens next". For that to make sense we
need to start off with two electrons well isolated from each other, otherwise we will
have to already know how they are interacting in the beginning too. So we imagine
that we separate them on two opposite ends of our universe way far in the past, and
then shoot them towards each other. When they start off on opposite sides of the
universe, the interaction between them is negligible, so that gives us a good way to
set up the problem.

We can’t do this in de Sitter. First of all if they start off too far away, they’ll never
meet. But even worse, if they have been traveling for forever then we get bit by
the lack of energy conservation. Because even if you did start off with an electron
somewhere, you will almost definitely not end up with just one electron. That one
electron will spontaneously turn into a shower of other particles, which will in turn
into showers of other particles. There is nothing to stop this when energy isn’t
conserved. So this whole picture just doesn’t work. Which is a problem because

this is the basic setup for most solvable quantum field theory problems.

So what Shounak and I did was focus not on the particles, but on the particle detector.
In flat space, or in the flat space limit of de Sitter, a.k.a. most of our experience, here
is how we make measurements in particle experiments. We have particles going
really fast and we make them collide at some point. Then we surround that point
with lots of energy detectors. So if, in the collision, new particles were created, they
shoot off and hit a detector. We then note that some particle went flying off in some

direction with some energy, etc.

In the idealized mathematical version of detectors we imagine placing these detectors
at the edge of the universe, as far away from the experiment as possible. You also let
the detector run for forever so that it can capture all the energy from your collision.
In practice the detector is tens of meters away and runs for fractions of a second.

But this fact only gives small perturbative corrections.

The fact that it runs for forever is an enticing fact. If we really did this in de Sitter
then we would have something that is sensitive to the de Sitter scale, simply because
it runs for a long time. But we first had to ask, What is the de Sitter analog of

the energy detector picture? We decided to at first, only look at the leading order
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behavior, so we ignored all interactions and just focused on the question “What is

an energy detector in de Sitter"

There were two different choices we needed to make. First of all, what do we mean
by energy? Secondly, where do we put this detector? The second question had a
more obvious answer, it has to go at the horizon, because if it was placed any further
then it is an experiment that we won’t ever be able to check because we lose the
detector, it falls over the horizon. The energy question is a more subtle one, what
we decided to do in the end was do both, study the conserved energy that only made
sense locally, and study the sense of energy that made sense everywhere but wasn’t

conserved.

This already led us to the notion that detectors in de Sitter had a richer structure
than in flat space. Moreover, the flat space energy detector has a few different
interpretations. Without getting too lost, I'1l just say the words. They can be seen
as energy detectors, angular contributions to the Hamiltonian, the ANEC operator,
and as the light transform of the stress tensor. In de Sitter these are mostly distinct

operators, with the exception of ANEC and the light transform still being the same.

So by starting with the perturbative regime of regular flat space particle physics, and
stretching it just to the limit where it is sensitive to de Sitter effects, we discovered
that what in flat space was one object with multiple interpretations, in de Sitter led

to distinct operators.
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Chapter 2

BACKGROUND

2.1 Layout

The purpose of this introduction is to fill in some extra background material for
Chapter 3 and give context for Chapter 4. While Chapter 3 gives a review of sum
rules as they are used for the bootstrap, what is missing is the bootstrap itself, as
well as the analytical properties of the conformal blocks which are leveraged to
build and use these sum rules. The bulk of the background should serve as a good
reference for these. Chapter 4 is more or less self contained and does not really
need a lot of background to be understood. The last two sections therefore are more
about setting the stage and giving the big picture overview of where that project lies,
these two sections are not required reading to understand Chapter 4 and just serve

as motivation.

A note about references used, I am not claiming that any of the references used
here are necessarily the ones where an idea originated, these are often simply the

references I encountered in the course of my research. Please take them in this light.

2.2 Euclidean and Lorentzian correlators

Quantum field theory as used to describe the fundamental physics of our universe
is Lorentzian in nature; real time evolution, causal propagation, response functions,
commutators, particle production, and scattering are all Lorentzian at their core.
The basic local data of QFTs are correlation functions. When the order is fixed they
are called Wightman functions', but they can also be advanced, retarded, or time
ordered. Euclidean theories themselves also describe real world phenomena, such as
in the context of thermal field theories. In flat space these two types of QFT are not
entirely separate objects, as under the usual reconstruction/analyticity assumptions,
all four types of Lorentzian correlators mentioned above can be recovered from
Euclidean ones via appropriate analytic continuations, and in general these Euclidean

versions are under better analytic control.

I'These are not functions, nor were they first studied by Wightman
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Schwinger and Wightman functions
Lorentzian correlators of local operators at points x; € R"*~! can be understood by

starting with correlators having fixed ordering, known as Wightman correlators

Wien(x, ..o x0) = (Q|O1(x1) - - - On(x2) Q). 2.1)

The right hand side of this equation is the expectation value of the string of operators
in the vacuum state |Q). In flat space these Wightman functions are usually best seen
as tempered distributions, and are obtained as the boundary values of holomorphic
functions in some domain in complexified Minkowski space (Streater and Wightman,
2016; Haag, 1992; Kravchuk, Qiao, and Rychkov, 2020).

For points in Euclidean space X; = (1;,%;) € R? their n point functions are known

as Schwinger functions and can be similarly expressed as

St (X1, ... X)) = (01(X)) -+ On(X))ES X; € R4, (2.2)

If we want to understand these in terms of a vacuum expectation value, we need
a vacuum state, and hence a Hamiltonian and a time direction. If we have these,
and the Hamiltonian is bounded from below and unbounded from above, then the
spectral factors converge in one Euclidean-time ordering and diverge in the reverse,
so the operator ordering is forced on us by convergence. For 71 > --- > 7, we can

now write

St = Q|01 (11, X1) - - O (14, %) Q) . (2.3)

Although a time direction forces an operator ordering, this does not mean that
upon analytic continuation to Lorentzian time there is only one allowable operator
ordering for Lorentzian time. In Lorentzian time a correlator can have any operator
ordering we wish, but the desired operator ordering in Lorentzian time will reveal
which Euclidean correlator it is related to. That is to say, we can obtain the
Lorentzian ordering in (2.1) by choosing the imaginary (Euclidean) time it is an

analytic continuation of. A compact prescription is

t; > t; — i€, €1 > € > > €. 2.4)
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The hierarchy of ¢;’s specifies the order O; ---O,. Exchanging two operators
corresponds to approaching the real Lorentzian slice from a different imaginary-
time ordering, and hence to a different distributional boundary value (Osterwalder
and Schrader, 1973; Osterwalder and Schrader, 1975; Glimm and Jaffe, 1981;
Kravchuk, Qiao, and Rychkov, 2020).

For example, we can write the translation invariant two point function as the limit

of a holomorphic function as
W(x) = lirg Whoi(t — i€, %), . (2.5)
e—0*

Note however that the light-cone or coincident-point limits are distributional, not
pointwise limits of ordinary functions (Streater and Wightman, 2016; Kravchuk,
Qiao, and Rychkov, 2020).

S-matrix, locality, unitarity, and crossing

In theories that admit asymptotic particle states we can construct an S-matrix which
maps the incoming free particle states at t — —oo to the outgoing ones at t —
+00 (Haag, 1992; Streater and Wightman, 2016)

S Hin — Hyus, STs =285 =1, S=1+iT. (2.6)

If we consider the case of 2 — 2 scattering of identical massive scalars we get

(p3paliT |p1p2) = iQ2m)46'D (p1 + p2 — p3 — pa) T(s,1), 2.7)

where

s=—(p1+p2)?,  t=—(p1—-p3)’  u=—-(pi—-pa)’  s+t+u=dm?
(2.8)

are the usual Mandelstam variables. The LSZ reduction formula extracts scatter-
ing amplitudes from Fourier-transformed Lorentzian time-ordered correlators by
amputating the external one-particle poles and taking all external momenta on
shell. (Lehmann, Symanzik, and Zimmermann, 1955; Weinberg, 1995). We can
realize causality in general in QFTs (Streater and Wightman, 2016; Haag, 1992;
Kravchuk, Qiao, and Rychkov, 2020) by constraining
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[0(x),0()] =0 ((x=-y)*>0). (2.9)

Causality also gives constraints on the amplitudes by constraining their analytic
properties. More generally, the singularities of 7'(s, ¢) are constrained by the analytic
structure of the S-matrix, including Landau/pinch singularities; the physical poles
and unitarity cuts relevant for the discussion here occur when intermediate states
can go on shell (Eden et al., 1966; Cutkosky, 1960; Correia, Sever, and Zhiboedov,
2022). Poles correspond to stable particles or bound states while cuts signify
multiparticle production. Another important feature of quantum theories is the
conservation of probability, which manifests itself as time evolution by a self adjoint

Hamiltonian or the unitarity of the S-matrix

sTs=1 = -i(T-T" =T'T. (2.10)

Looking at amplitudes, this manifests itself as cutting relations, amplitude discon-
tinuities compute the sum over intermediate on shell states, for example the optical
theorem gives us that in the forward limit (+ = 0) (Eden et al., 1966; Cutkosky,
1960; Peskin and Schroeder, 1995)

Disc,T (s,0) oc Vs(s — 4m?) oy0:(s) (2.11)

A final important property of S-matrices is crossing. Crossing is the statement that
a given scattering amplitude is related by analytic continuation to the amplitude
where any of the momenta is swapped from incoming to outgoing, and that particle
is replaced with its antiparticle. The s, ¢, u channels are therefore not independent
functionals, but different boundary values of the same analytic function. For ex-
ample, for 2 — 2 scattering of identical scalars this manifests as a permutation

symmetry of all three Mandelstam variables, so

T(s,t)=T(t,s) =T(u,t), S+t +u=4m’. (2.12)

Combined with unitarity and causality, crossing underlies dispersion relations, pos-
itivity bounds, and Froissart-Gribov bounds. All these statements are in the context
of ordinary flat space scattering, they assume the existence of asymptotic particle

states, infrared control, and a mass gap (or some appropriate substitute like soft
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dressing, or event shape type observables). These do not carry over for Lorentzian
QFTs on arbitrary spacetimes, generic CFTs, or gravitational theories without qual-
ification (Eden et al., 1966; Martin, 1965; Adams et al., 2006; Simon Caron-Huot
and Van Duong, 2021; Correia, Sever, and Zhiboedov, 2020).

2.3 Minimal CFT toolkit

Conformal field theories are field theories which, in addition to the usual Poincaré
symmetries, also have symmetry under rescaling (dilatation) and an inverted form
of translations known as special conformal transformations (SCTs). These arise
in many places in physics, such as the fixed points of RG flows, in the vicinity of
second order phase transitions, and quantum gravity in universes with a negative
cosmological constant (J. M. Maldacena, 1998; Witten, 1998; Aharony, Gubser,
et al., 2000). A remarkable aspect of such theories is that the symmetry places
such strong constraints that such theories can be entirely specified” by knowing the
operator spectrum, and a set of numbers known as the OPE coefficients, this is
known as the conformal data (Simmons-Duffin, 2017; Poland, Rychkov, and Vichi,
2019; Di Francesco, Mathieu, and Senechal, 1997). With this information the theory
is entirely solved. As is the case in QFT, it will be useful to define our Lorentzian

correlators as boundary limits of Euclidean correlators.

Primaries, descendants, and local data

CFTs in addition to their physical behaviour and mathematical solvability, give an
organization scheme for operators, classifying their transformation properties as a
representation of the conformal group in addition to their usual Poincaré’ behavior.
They have the usual Poincaré characteristics as being scalars, vectors, spinors, etc
but also have their additional behavior under the unique conformal transformations,
dilatations and SCTs. A primary operator is an operator whose transformation under

dilatations, D, and SCTs, K, is given by

[D,0(0)] = A0(0), [K,,0(0)] =0, (2.13)

up to convention dependent factors of i. The eigenvalue A is the conformal dimension
of the operator. This along with its Poincaré behavior classifies its representation.

Descendants are operators obtained from primaries by repeated application of the

2We are ignoring defects in this statement, as these will play no role in this thesis
by which we mean translations and Lorentz transformations for the Lorentzian case, or transla-
tions and rotations for the Euclidean
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translation generator P,,, or equivalently by repeated differentiation of a primary
operator. A conformal multipletis a primary and its descendants, (modulo null states
which are both primary and descendant). The two point function in any conformal
theory is entirely fixed by symmetry up to an overall operator normalization. For

two scalar primaries, appropriately normalized, we get

Sii
(0i(:)0(x2)) = —"—,  xij =X — x;. (2.14)
X))

The functional form for three scalar primaries is similarly fixed to be

(01 (x1)02(x2) O3 (x3)) = Aizs 1)

Ap+Ay—A Ay+A3-A A3+Ap-A
(R ) TR )

where 41,3 is the OPE coefficient, not fixed by conformal symmetry and is one of
the crucial pieces of conformal data defining the theory. For non primary operators,
they can be expanded into primary operators and the above applied. For non scalar
operators, the two point function carries an additional unique tensor structure, for
the three point function conformal symmetry allows a finite list of tensor structures
which can enter, each carrying its own unknown coeflicient (Di Francesco, Mathieu,
and Senechal, 1997; Simmons-Duffin, 2017; Osborn and Petkou, 1994; Costa, Joao
Penedones, et al., 2011).

OPE, conformal blocks, and crossing

While conformal symmetry can allow us to place 2 and 3 points in canonical fixed
positions (called conformal frames) and thereby fix their functional form, the four
point function has dependence on two independent numbers called conformal cross

ratios

2 .2 2 .2
XT7,X X7 4X

127734 147723 — —
XT2X X7,X

13724 13724

It will be useful to place these points in the conformal frame {xi,x2,x3,x4} =
{0, (z,7), e, coe} where e is some unit vector. In Euclidean signature z, 7 are complex
conjugates on the principal sheet of the four point function, while in Lorentzian
signatures these are treated as independently continued numbers. The four point
function will have singularities as z,z approach any of the other insertions and we

can organize and expand the four point function around any of these. For example
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the s channel expansion is around the z,7 — 0 singularity and so for identical scalar

primaries we have

(B0 B(x2)$(x3)d (xs)) = f(xz—f))w

X243

2.17)

This is called the s-channel, in analogy to the s channel in ordinary QFT, since
the four point function exhibits a structure similar to particle exchange due to the
operator product expansion (OPE). The operator product expansion states that the

product of two nearby local operators can be expanded in conformal multiplets,

0,(x)0;(0) ~ > Aijo Cijo(x,8) O(0). (2.18)
o

The sum is over primary operators, and C;;o(x, d) is a differential operator which
generates the descendants from the primary. The coefficient 4;;¢ is called the OPE
coeflicient, it is the same as the three point function coefficient in (2.15), and for
spinning operators also includes the same tensor structures as the relevant three
point function. Iteratively using this allows one to reduce any n point function to an
n-1 point function, and from there down to the known two and three point functions.
It is in this sense that knowledge of the spectrum of operators and OPE coeflicients
completely solves the CFT. The OPE expansion is valid as an operator statement so
long as there exists a radial quantization containing the two operators in question
and no other operator (Pappadopulo et al., 2012; Hogervorst and Rychkov, 2013).
In the three point function you can always do the OPE expansion, for higher point

functions this will induce cuts.

We can use the OPE on pairs of operators in the four point function to reduce
the correlation function to a sum of functions called conformal blocks. These
functions encode the contribution of exchanged conformal multiplets, i.e. a primary
of dimension and spin (A, J) and its descendants. If we do the s channel expansion,
we do the OPE between operators at points 12, and 34, which then gives us the

conformal block expansion

G(2.3) = ) 43,0 Gas(2.2). (2.19)
o

The 12 OPE in a scalar four-point function is valid so long as operators 3 or 4 are

not between 1 and 2. This condition is represented in the standard z, 7 convention
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by a crossed-channel cut usually drawn from 1 to co. Away from the cuts, we can do
different OPE expansions and hence get different conformal block expansions. The
equivalence of these expansions is crossing symmetry, a constraint which will be
highly leveraged. Note, that we have an equivalence of the entire series, not block
by block (Luscher and Mack, 1975; Pappadopulo et al., 2012; Dolan and Osborn,
2002; Simmons-Duffin, 2017; Poland, Rychkov, and Vichi, 2019).

2.4 Analyticity and inversion in Lorentzian CFTs

The conformal block plays an analogous but distinct role in CFTs to what the
2 — 2 scattering amplitude plays in ordinary QFTs. In flat space S-matrix theory
discontinuities encode absorptive data, and unitarity relates poles and cuts to on
shell intermediate states, and particle production. Generic CFTs have no S-matrix.
The conformal block is not an on shell scattering amplitude in Mandelstam vari-
ables. However as we analytically continue the cross ratio space of (2.16) from
Euclidean to Lorentzian signature the conformal block gets branch cuts giving rise

to monodromies and discontinuities that play a similar role. A heuristic map is

T(s,1) & G(2,2),
DiscT « dDisc G,

Froissart—Gribov <> Lorentzian inversion. (2.20)

This is an analogy, not an equivalence. CFT unitarity is not flat space elastic unitarity,
and the discontinuity is defined by analytic continuation of cross ratio space, not by
on shell flat space unitarity (Simon Caron-Huot, 2017; Simmons-Duffin, Stanford,
and Witten, 2018; Kologlu et al., 2020; Simon Caron-Huot, Mazac, et al., 2021a).
Note in particular that it is the double discontinuity of the conformal block that plays

an analogous role to the discontinuity of the scattering amplitude.

Commutators, the double discontinuity, and Lorentzian inversion

The cuts in the conformal block give rise to monodromies. As we analytically con-
tinue from Euclidean space, through complexified cross ratio space to Lorentzian
space, we probe these monodromies. In the standard identical-scalar Lorentzian or-
dering/causal diamond used in the inversion formula, one has schematically (Simon
Caron-Huot, 2017; Simmons-Duffin, Stanford, and Witten, 2018)
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([¢(xa), p(x1)] [¢(x2), D(x3)stripped < G° + G° —2G « —dDisc G.  (2.21)

The different operator orderings are boundary functionals of different Euclidean
holomorphic functions, and hence realize different analytic continuations of the
conformal block. When the continuation passes through a cut of the conformal block
it is denoted by O or O depending on the direction it passes through the cut. For
nonidentical external operators this formula is modified by phases determined by the
external dimensions. While this will play an analogous role to the discontinuity of the

2 — 2 scattering amplitude, this here is a double discontinuity, not a discontinuity.

The Lorentzian inversion formula leverages the analytic properties of the conformal

2

blocks to extract a function C(A, J) whose residues at poles are —1 460"

KA+J

c(AJT) = 2

1
[ 2 12 geaer.0e01 (2.9 dDiscl G2 D)] + (u-channed)
0
(2.22)

where p and « are known objects (Simon Caron-Huot, 2017; Simmons-Duffin,
Stanford, and Witten, 2018).

2.5 Bootstrap

The bootstrap is a family of techniques that places constraints on allowed theories
based on physical consistency conditions. In the conformal bootstrap the constraints
are on the conformal data: the spectrum and the OPE coefficients. In the S-matrix

bootstrap the constraints are on the Wilson coefficients of the low energy effective
field theory (EFT).

The conformal bootstrap

The key ingredient in the conformal bootstrap is the crossing symmetry of the
different expansions of the conformal block expansion discussed in section 2.3. We
will mostly focus on the s and t channels. For identical scalars the stripped four

point function G(z, z) produces the crossing equation

[(1-2(1-2]* 6z =™ G(1-z1-7). (2.23)

Incorporating (2.23) into the conformal block expansion gives us
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> B oFas(z3) =0, (2.24)
O€epxe

where the sum is over all operators in the ¢¢ OPE, and

Fas(z2) = [(1=2)(1=D)]|*Gas(z.7) - 2D*GCas(1-2,1-3).  (2.25)

Unitarity places constraints on the allowed dimensions and forces 1> > 0*. Acting

on (2.24) by a linear functional w gives us

P Bsow|Fry| = —o|F|. (2.26)

0#1
Where we have separated out the identity operator. If w can be chosen so that
w[FAA:j] > 0 for every (A, J) in some allowed region while cu[Fé (‘;’ ] # 0, then any
CFT in this spectrum is excluded. This is the heart of the numerical bootstrap, one
tries to find such a functional, and use it to rule out conformal data, this recasts
finite searches as semidefinite programs solved using SDPB. The 3d Ising CFT is
the iconic application, but modern variants use mixed correlators, OPE coefficients,
and spinning operators (Rattazzi et al., 2008; Simmons-Duffin, 2017; Simmons-
Duffin, 2015; Poland, Rychkov, and Vichi, 2019; EI-Showk and Paulos, 2013;
El-Showk, Paulos, et al., 2014; Kos, Poland, and Simmons-Duffin, 2014; Kos,

Poland, Simmons-Duffin, and Vichi, 2016).

There is a related cluster of techniques known as the analytical bootstrap which
extracts information about the conformal data from analytic constraints on the four
point function. These usually work leveraging a very small or very large pa-
rameter which makes extracting analytic information possible, parameters such as
€,1/N,1/J. An example of the latter is seen in the fact that the s channel conformal
blocks do not each exhibit the t channel lightcone singularity at 7 — 1. The s chan-
nel conformal expansion realizes this divergence at large J through an infinite tower
of double twist operators 7, — 2A4 + 2n + J and OPE coefficients asymptoting the
generalized free field theory values (Fitzpatrick, Kaplan, et al., 2013; Komargodski
and Zhiboedov, 2013; Simon Caron-Huot, 2017).

“Here this is the identical/real scalar setup; for mixed or spinning correlators the corresponding
statement is matrix positivity.
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The techniques in Chapter 3 are not quite in either camp, as they use analytic
properties of conformal blocks to obtain sum rules which can then be used in the
numerical bootstrap (Mazac, 2016; Mazac and Paulos, 2019; Carmi and Simon
Caron-Huot, 2020; Mazac, Rastelli, and X. Zhou, 2021; Joao Penedones, Silva, and
Zhiboedov, 2020; Simon Caron-Huot, Mazac, et al., 2021b; Carmi, Joao Penedones,
et al., 2021; Meltzer, 2021; Kologlu et al., 2020; Simon Caron-Huot, Mazac, et al.,
2021a).

The S-matrix bootstrap

In gapped flat space QFTs, under the standard analyticity, crossing, unitarity, and
Regge-boundedness assumptions used in dispersion theory, the 2 — 2 scattering
amplitude T(s,?) is taken to be analytic away from poles and cuts (Eden et al.,
1966; Martin, 1965; Simon Caron-Huot and Van Duong, 2021; Correia, Sever, and
Zhiboedov, 2020). This analyticity, along with partial wave unitarity and crossing
as in (2.12), strongly constrains allowed dynamics. Supposing we have a theory
where at fixed physical # < 0 the s channel cut begins at M2, then we can relate the

amplitude to an integral around the cut via a dispersion relation. For example,

T(s,) = a(t) +sb(r) + £ [e__ds

. M2mDiscs/T(s,t) + (s o u), 2.27)

where M? is the s channel particle production threshold. The extra terms in (2.27)
are related to the factor of 1/s? in the integrand where it ensures that the arc at infinity
can be neglected. These are called subtraction factors, and similar techniques will
play a role in the analytic techniques in Chapter 3. The absorptive discontinuity is
related by unitarity to partial wave amplitudes via Disc,T;(s) > |T;(s)|> > 0. If we
expand both sides in the limits (s,# — 0) we can relate, order by order, low energy
EFT coeflicients on the left to positive contributions from the UV on the right. This
bound can then, as with the conformal bootstrap, rule out EFT Wilson coefficients

thus constraining the allowable consistent low energy EFTs.

In both the conformal and S-matrix bootstraps we are leveraging a sign definite UV
absorptive contribution, integrated against a positive kernel, to give constraints on
IR data (Adams et al., 2006; Bellazzini, Elias Miré, et al., 2021; Simon Caron-
Huot and Van Duong, 2021; Arkani-Hamed, T.-C. Huang, and Y.-t. Huang, 2021;
Tolley, Wang, and S.-Y. Zhou, 2021; Sinha and Zahed, 2021; Correia, Sever, and
Zhiboedov, 2020).
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2.6 QFT in curved spacetimes

At a local level, the difference between QFT in flat space vs curved space is analo-
gous to the distinction between classical physics in co-inertial reference frames and
general covariance. At first glance this seems to give us a lot of leverage, on a semi

Riemannian manifold (M, g) we can write an action e.g. for a real scalar

1
Sl gl = -3 /M dx\=g (8"°Vup Vo + m*¢* + ERP?), (2.28)

which generates equations of motion

Py = (0, —m? —¢R)p = 0. (2.29)

This is structurally the same as flat space with just a metric introduced into the action
and an appropriate metric informed O,. We can compute correlation functions, if
the spacetime is globally hyperbolic, there are unique advanced and retarded Green

functions Eg/4 to go with it

PEg/af = f, supp(Erf) c J* (suppf), supp(E 4 f) € J™(suppf),

(2.30)
and a related causal propagator
E :=Er—E4 (2.31)
We can quantize smeared fields
60) = [ dTOWS ). f e CRO, 232
M

modulo
o(Pf)=0, ¢ =0(f), [o(f).¢(W)] =iE(f, W) (2.33)

and define an algebra A(O) associated to any O C M as the algebra generated
by smearing test functions with support on O. With this construction, we get
locality, covariance, causal propagation, and operator valued distributions (Wald,
1994; Hollands and Wald, 2015; Birrell and Davies, 1982; Parker and Toms, 2009).
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We can define states as linear functionals which satisfy
w:AM,g) — C, w(A*A) >0, w() =1, (2.34)

and n-point distributions

Wo(fis oo fa) :w(¢(fl)¢(fn)) (2.35)

We even know what form these correlation functions need to take, the short distance

limit of the two point function for example takes a Hadamard form

u(x,y)
472 | o (x,y) +i01(x, y)

Wa(x,y) = +v(x,y) log (12 (0 (x, y) +i01(x, y)))] +Wo (X, ¥),

(2.36)

where o (x, y) is the squared geodesic distance between x and y, and w,,(x, y) is
smooth. This constrains the singularities to be the physical null singularities familiar
from Minkowski space. The singular part is universal and locally determined
by the metric, and this allows us to do Wick contractions, define time ordered
products, do point splitting regularization, and define finite stress tensors from
composite operators. Renormalization ambiguities are local curvature terms and so
perturbative renormalization still works (Wald, 1994; Radzikowski, 1996; Hollands
and Wald, 2001; Hollands and Wald, 2002; Birrell and Davies, 1982).

What does not automatically carry over is anything related to global structure, there
is no global asymptotics, and different observers may not have access to the same
portion of the spacetime, in general there is no preferred vacuum, no preferred Fock
like decomposition, the notion of global particle number need not exist, there is no
Poincaré symmetry, nor Hamiltonian positivity, there may be no asymptotic particle
states, and hence no S-matrix (Birrell and Davies, 1982; Wald, 1994; Parker and
Toms, 2009; Hollands and Wald, 2015). In fact the notion of particle does not carry
over since in flat space we define a particle as an irreducible representation of the
Poincaré group, a manifestly flat space notion. Long range order and related notions

such as instantons, and spontaneous symmetry breaking may not exist.

Analytic continuation to Euclidean signature does not work the same way either.
Flat Minkowski space and Euclidean space are both the same manifold, but take a

generic Lorentzian manifold, analytically continue its metric to Euclidean signature,
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and you have an entirely different manifold, moreover the continuation may not be

unique.

So while quantum field theory in curved spacetimes makes sense, many of the
techniques we are used to from Minkowski space do not simply carry over. As an
incomplete list of techniques we lose in generic spacetimes, consider the following:
the Killen-Lehmann spectral decomposition, Wigner classification, Mandelstam
invariants, amplitudes, LSZ reduction, the canonical global flat-space momentum-
space/S-matrix perturbation theory around a preferred vacuum, the optical theorem,
cutting rules, cluster decomposition, Coleman-Mandula, the analytic continuation

from Euclidean space, soft theorems and the IR triangle...

2.7 de Sitter QFT

de Sitter is of course a curved spacetime, it approximates the behavior of our universe
during inflation, and may be the right description of the far future of our universe.
Chapter 4 has a nice introduction to de Sitter which I will not reproduce here, rather,
I will use this section to take a step back and just discuss the state of QFT in de Sitter
since that isn’t well known. If you need some refreshers on the basic geometry of de
Sitter see Chapter 4, especially section 4.2. There are three main ways of studying
QFT on a de Sitter background, the inflationary regime, global de Sitter, and the
observer’s point of view (S. Perlmutter et al., 1998; Riess et al., 1998; Achucarro
et al., 2022; Baumann et al., 2024).

The inflationary regime is the most well studied for two reasons, firstly it clearly
describes the physics of an era in our universe, secondly it is amenable to slightly
modified flat space techniques. This regime is tractable for two related reasons; the
first is that the observables are not generic bulk fields in de Sitter, but spatial correla-
tors of light degrees of freedom that survive the de Sitter redshift until reheating, the
second is that in the far-future expanding Poincaré patch the scale factor diverges.
In the expanding Poincaré patch, described by (4.3) and Figure 4.3, we are taking
the n — 07 limit which is a spacelike future boundary of de Sitter (Achtcarro et al.,
2022; Baumann et al., 2024; Strominger, 2001). After stripping off this conformal
factor, in the conformal frame described by (4.34) and (4.35), the late-time data
live on Euclidean R? and the de Sitter isometry group SO(1,d) acts on it as its
conformal group (Strominger, 2001; Baumann et al., 2024). This is why flat-space
and conformal techniques become useful in the subhorizon and boundary-correlator

regimes. One way to see this is to notice that bulk fields have fixed late time falloff
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¢(17,%) ~ ™ O_(F) + ™ 04 (¥) (2.37)

and so at late times behave like conformal primaries. Massive bulk fields only appear
through their effects on late-time correlators, unless they remain light enough to be
part of the late-time data. These tools do not automatically generalize to bulk de
Sitter as their power comes from the late-time falloff and the approximate description

in terms of flat conformal behaviour.

A second approach is to study de Sitter globally, a drawback of this approach
is that this is a "god’s eye view" of the spacetime in that there is no observer
within de Sitter that can ever see this full spacetime, as illustrated by Figure 4.2
and Figure 4.4. Nonetheless what it has going for it is that it maximally leverages
the symmetry of de Sitter. There is a clean analytic continuation to the sphere; in
the Euclidean/Bunch-Davies construction this gives a preferred vacuum and strong
analytic control on suitable invariant/Hadamard correlators in this vacuum (Bunch
and Davies, 1978; Bros and Moschella, 1996; Bros, Epstein, and Moschella, 1998).
The representation theory of fixed-background de Sitter QFT is well developed,
and it is organized in a way that is very different from that in Minkowski space.
For starters, it is dimension dependent. In Minkowski space we are used to the
basic distinction between massive and massless representations, with labels such as
(mz, J). In de Sitter, representations are organized by labels such as (A, J) (Sun,
2024; Joao Penedones, Vaziri, and Sun, 2023); A is in some ways analogous to
mass, but the structure is richer: there are massive representations below and
above the de Sitter scale, massless representations, and genuinely new objects such
as partially massless representations. The simplest A classes are the principal and
complementary series, where A is complex or real depending on whether the relevant
mass parameter is greater or smaller than the inverse length of de Sitter, and there
are also exceptional series with A a real integer. For scalars, the relation between
A and the mass parameter is particularly simple, and this is the one displayed
later in Chapter 4 in (4.61). There are still open questions here, such as a clear
understanding of how vector representations can appear in the tensor product of two
scalar representations, and more generally what representations can lie in tensor

products of spinor representations.

Nonetheless, we can use this to organize a Hilbert space of states, and can construct
an analog of the Killen-Lehmann spectral decomposition with positive spectral
densities (Joao Penedones, Vaziri, and Sun, 2023; Loparco et al., 2023). The IR



34

was initially thought to be unmanageable and would lead to a breakdown of de Sitter
quantities, but in recent years an EFT for the soft sector was studied, and in that
regime some of the pressing issues have been brought under control (Akhmedov,
Moschella, and Popov, 2019; Hu, 2018; Green, 2023; Cohen and Green, 2020).
Another nice feature is that there exists a fully solved interacting QFT in global de
Sitter although part of what makes it solvable is that the interactions reorganize the
degrees of freedom to essentially be free particles again (Anninos, Anous, and Rios
Fukelman, 2024; Aguilera-Damia et al., 2026). The status of long range order and
SSB in de Sitter is similarly subtle. There were early arguments, analogous in spirit
to the Coleman-Mermin-Wagner theorems in 2d Minkowski space, that IR effects
obstruct persistent symmetry breaking in de Sitter (Ford and Vilenkin, 1986; Ratra,
1985). However, this should not be read as a universal no-go theorem: the conclusion
depends on the symmetry, the observables, and the regime being studied. Recent
exactly solvable examples show that discrete symmetries can remain spontaneously
broken in de Sitter (Aguilera-Damia et al., 2026), while soft de Sitter EFT (Green,
2023; Cohen and Green, 2020) gives a more controlled way of organizing the IR

effects that made the older arguments difficult to interpret.

A final approach is the one taken in this thesis, which we justify in greater detail
in Chapter 4 and use in section 4.4: to organize QFT around an observer and what
they can see and measure. This is the least studied approach, but also what I believe
is the correct one. Taking our own universe for example, supposing we do have
a positive cosmological constant, the only important questions we can ever test
and confirm are those which take into account that we can only access part of the
universe. We will never know if it is truly asymptotically de Sitter and so that
cannot matter. All that matters is physics in the presence of a cosmological constant
restricted to our observable section. A nice aspect of this approach is that it can be
seen as the physics of an observer in the nicest spacetime where they do not have
access to the asymptotics. The usual way to do this is to work strictly within the
static patch, whose metric and causal diamond are reviewed in (4.4) and Figure 4.4.
To make contact with the above, the static patch has a Euclidean thermal or periodic
continuation, distinct from the global Euclidean-sphere continuation. Static-patch
approaches include worldline/static-patch symmetry, static-patch scattering, horizon
edge partition functions, and real-time thermal observables (Anninos, Hartnoll, and
Hofman, 2012; Albrychiewicz and Neiman, 2021; Law, 2025; Grewal and Law,
2025). This generalizes more readily to a wider range of spacetimes, as discussed

in section 4.5, and even has echoes in quantum gravity (Chandrasekaran et al., 2023;



Susskind, 2021).
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Chapter 3

SPINNING DISPERSIVE CFT SUM RULES AND BULK
SCATTERING

3.1 Introduction

Causality and unitarity imply constraints on the space of low-energy effective field
theories (EFTs) (Aharonov, Komar, and Susskind, 1969; Pham and Truong, 1985).
In a2 — 2 scattering process, causality and unitarity manifest as analyticity, Regge
boundedness, and crossing symmetry of the S-matrix. Using these properties, one
can derive dispersion relations that express the Wilson coefficients of a low-energy
EFT in terms of data in the ultraviolet (UV), which have positive spectral density
thanks to unitarity (Adams et al., 2006; Camanho et al., 2016). By applying
functionals (such as expanding around the forward limit) to dispersion relations,
positivity of the UV spectral density can be used to obtain two-sided bounds on
EFT Wilson coeflicients, with the correct scaling in the EFT cutoff M expected
by dimensional analysis. A systematic exploration of this approach was initiated
recently in (Bellazzini, Elias Mird, et al., 2021; Simon Caron-Huot and Van Duong,
2021; Arkani-Hamed, T.-C. Huang, and Y.-t. Huang, 2021; Tolley, Wang, and S.-Y.
Zhou, 2021; Sinha and Zahed, 2021).

Including gravitational interactions introduces another layer of complexity, since
graviton exchange produces divergences in the forward limit. This issue was over-
come in (Simon Caron-Huot, Mazac, et al., 2021c) by considering functionals that
measure the scattering amplitude at small impact parameter. This method has paved
the way for deriving bounds on higher-derivative corrections to General Relativity
in flat space (Simon Caron-Huot, Li, et al., 2023a; Simon Caron-Huot, Li, et al.,
2023b; Haring and Zhiboedov, 2022; Henriksson et al., 2022; McPeak, Venuti, and
Vichi, 2023).

Similar questions can be explored in Anti-de Sitter (AdS) space as well. Fur-
thermore, via the AdS/CFT correspondence, these questions can be phrased —
and potentially answered — in CFT language. For example, HPPS conjectured in
(Heemskerk et al., 2009) that a large-N CFT should have a local bulk EFT dual
if its single trace spectrum has a large gap Agap = MRags > 1 for J > 2, where
Rags 1s the AdS radius and M is the cutoff scale of the bulk EFT. Significant
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progress towards establishing this conjecture using CFT techniques was made in
e.g. (Camanho et al., 2016; Hartman, Jain, and Kundu, 2016; Afkhami-Jeddi et
al., 2017; Meltzer and E. Perlmutter, 2018; Kulaxizi, Parnachev, and Zhiboedov,
2018; Simon Caron-Huot, 2017; Costa, Hansen, and Joao Penedones, 2017; Belin,
Hofman, and Gregoire Mathys, 2019; Kologlu et al., 2020). Recently, part of the
HPPS conjecture was established in (Simon Caron-Huot, Mazac, et al., 2021a) by
building a dictionary between conformal bootstrap functionals and flat space disper-
sion relations. The authors of Simon Caron-Huot, Mazac, et al., 2021a considered
a weakly-coupled EFT in AdS with a massless graviton and a scalar with mass

me = O(ﬁds). Schematically, the low-energy effective action is

1
S = Seravity + / dPx~\~g (§¢(a2 —my)p + Z gDt + ..., (3.1)

where Sgpavity contains graviton interactions and will be given below. Using bootstrap
methods, they derived bounds on the higher-derivative interactions g, in (3.1) with

the expected suppression in Aggp.

The main tool in this analysis is dispersive CFT sum rules (Mazac, 2016; Mazac and
Paulos, 2019; Carmi and Simon Caron-Huot, 2020; Mazac, Rastelli, and X. Zhou,
2021; Joao Penedones, Silva, and Zhiboedov, 2020; Simon Caron-Huot, Mazac,
etal., 2021b; Carmi, Joao Penedones, et al., 2021; Meltzer, 2021; Knop and Mazac,
2022), which have double zeros at the locations of most double-twist operators. Such
sum rules allow one to separate out light double-trace contributions in holographic
CFTs, and express the light contribution (A < Agy,p) described by (3.1) in terms of a
sum of heavy conformal blocks with positive coeflicients. Remarkably, in a certain
“flat space limit" that we review in section 3.2, dispersive CFT sum rules reduce
to the flat space sum rules previously studied in (Simon Caron-Huot, Mazac, et al.,
2021c). As aresult, flat space functionals can be uplifted to AdS and lead to bounds
on the EFT couplings in (3.1).!

Given the bounds on graviton interactions in flat space obtained recently (Simon
Caron-Huot, Li, et al., 2023a; Simon Caron-Huot, Li, et al., 2023b; Héaring and
Zhiboedov, 2022; Henriksson et al., 2022; McPeak, Venuti, and Vichi, 2023), we
would like to derive similar bounds on graviton interactions in AdS, in particular

establishing HPPS for purely gravitational theories. More precisely, let us consider

I'The “uplifting" procedure only guarantees positivity of the functional in the “bulk point" regime
discussed below. One must additionally check other regimes to derive a rigorous CFT bound.
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an EFT with only a massless graviton with the effective action

1

S gravity = 167G

/ dPx\—g (—2A + R+ R + a3R% + .. ) . (32
where A = —(D - 1)(D -2)/ (2Ri 4s)- We would like to obtain bounds like

#
jan] < ——. (3.3)
Agap

On the CFT side, this means we must construct dispersive sum rules for four-point
functions of stress tensors whose flat space limit agrees with flat space sum rules

for gravitons.

Conceptually, this task is similar to the one undertaken in (Simon Caron-Huot,
Mazac, et al., 2021a). However, stress tensor four-point functions are technically
more complicated due to the profusion of tensor structures, and we need to organize
the calculation carefully. Our approach is to begin with “subtracted superconver-
gence" sum rules, which exploit the fact that the commutator of null-integrated
operators on the same null plane should vanish (Kologlu et al., 2020). In particular,
we focus on the action of such sum rules on a heavy conformal block (with A > Ag,p).
This action is a spacetime integral that, in the flat space limit, localizes to a certain
saddle configuration that we call the “scattering crystal." Thus, the computation of
the heavy action turns into evaluating conformally-invariant structures at this saddle,
which is straightforward for spinning operators. Our calculation gives a “spacetime
interpretation” of the results of (Simon Caron-Huot, Mazac, et al., 2021a) for scalar

operators.

The result of our saddle analysis has a simple interpretation in flat space. The
inserted conformal blocks become flat space partial waves, and the subtracted su-
perconvergence sum rule becomes a sum rule for flat space “shock” amplitudes
(Camanho et al., 2016; Kologlu et al., 2020). Thus, by comparing the action of
CFT sum rules on heavy blocks to the action of flat-space sum rules on heavy states,
we can deduce a concrete dictionary between dispersive CFT functionals and flat
space sum rules.”> Our sum rules for stress tensors become a subset of the known
flat space sum rules for gravitons (Simon Caron-Huot, Li, et al., 2023b). The full
set of flat space sum rules for gravitons includes additional sum rules that cannot

be expressed in terms of “shock amplitudes" (because they have different choices

20nce we know the dictionary, it follows that the contributions of light states must match between
AdS and flat space as well, though we leave exploration of light states to future work.



39

of external polarizations). We leave the problem of obtaining these additional sum
rules using CFT techniques to future work. Our dictionary will be needed to convert
the flat space functionals with positive action on partial waves into CFT functionals

with positive action on heavy blocks.

This paper is organized as follows. In section 3.2, we briefly review superconver-
gence sum rules and the derivation of the scalar bounds in (Simon Caron-Huot,
Mazac, et al., 2021a). In section 3.3, we derive a simple formula for the flat space
limit of superconvergence sum rules for scalars using a spacetime saddle-point anal-
ysis. We then generalize the formula to spinning operators. In section 3.4, we
explain how this formula can be matched to flat space sum rules, and obtain the
dictionary between spinning CFT sum rules and flat space sum rules for photons and
gravitons. We conclude in section 3.5. We summarize our conventions in appendix
3.A, and present an alternative derivation of the flat space limit formula in appendix
3.B. Technical details on matching the CFT sum rules to flat space are given in
appendices 3.C, 3.D, and 3.E.

3.2 Review: superconvergence sum rules
Let us start by reviewing the idea of superconvergence in CFT, and explain how it
can be related to flat space dispersive sum rules. Along the way we will introduce

notation that we use throughout this work.

The light transform and superconvergence

Subtracted superconvergence sum rules come from studying the commutator of two
null-integrated operators on the same null plane (Kologlu et al., 2020). For simplicity
we first consider a four-point function of scalar operators. Let us choose lightcone
coordinates x = (u, v, y) with X2 = —uv + 552. A subtracted superconvergence sum

rule can be written explicitly as

/ dvl/ dvif(vi,v3){0|p4[¢3(0,v3,¥3), #1(0,v1,¥1)]$2]0) =0, (3.4)

where ¢, ¢3 are placed on the same null plane # = 0. This integral vanishes for a
simple reason: since x% = 55%3 > (, the two operators ¢1, ¢3 are spacelike separated

in the entire integration range, and therefore their commutator must vanish.

To obtain a sum rule, we would like to separate the two orderings ¢3¢ and ¢ @3
and perform the integral separately for each ordering. However, in order for this to
be valid, we must check that each integral converges — in particular that there is

no divergence from the endpoints of the integration contours. See (Kologlu et al.,
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2020) for a detailed analysis of this convergence condition. In the end, convergence
can be achieved by a suitable choice of the function f(vy,v3), which we call a

“subtraction” factor. Expressions for subtraction factors will be given in section 3.3.

Our goal in this section is to rewrite (3.4) as a conformally-invariant spacetime
integral, using tools from (Kravchuk and Simmons-Duffin, 2018b). First, let us
introduce index-free notation. For an ordinary integer-spin operator O, we contract

the indices with a null polarization vector z:
O(x,2) =OM" Mz, --z,,, z2=0. (3.5)

More generally, for a representation p represented by a Young diagram with more
than one row, we introduce polarizations z,w,w, ... for each row of the Young
diagram. They should be null and mutually orthogonal. Due to antisymmetry
between indices in different rows, we have gauge redundancies w ~ w + #z, w ~
w + #w + #z, etc. The number of boxes in each row of the Young diagram encodes
the homogeneity of the corresponding polarization vector. Generalizing to arbitrary
homogeneity in the polarization vector z allows us to describe representations with

continuous spin, which will be crucial in later calculations.?

Index-free notation can be viewed as the embedding space formalism (Dirac, 1936;
Costa, Joao Penedones, et al., 2011) for the Lorentz group SO(d — 1,1). In the
embedding space of the d-dimensional conformal group SO(d, 2), one promotes
the position x and polarization z to X, Z € R%? satisfying X*> = X - Z = Z> = 0 and
Z ~ Z+#X. Then, conformal transformations act linearly on X, Z, and conformally-
invariant structures are simply built from dot products of X and Z. We can recover

the Minkowski space operator by the dictionary
O(x,2) = O(X = (1,x*,x*),Z = (0,2x - z,2)), (3.6)

where we again use lightcone coordinates X = (X*, X~, X*), and X?=-X*X"+
X#X,. We will often go between embedding space and Minkowski space when
writing expressions for conformally-invariant structures. In (3.208), we review the

embedding space description of operators with more complicated representations.

The embedding space vector X lives on a projective null cone in R%2, which is

topologically S' x §9-!. Correlation functions of Lorentzian CFTs live on the

universal cover My = Rx §¢71, also called the Lorentzian cylinder. More precisely,

3For the Lorentzian conformal group SO(d, 2), their unitary principal representations have two
continuous parameters, A and J (Kravchuk and Simmons-Duffin, 2018b).
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Figure 3.1: Contour of the light transform on the Lorentzian cylinder, where the
two dashed lines should be identified. The contour starts at point x and ends at x*
on the next Poincaré patch.

CFT correlation functions on R?~!! can be analytically continued to their Lorentzian
cylinder counterparts (Luscher and Mack, 1975). The Lorentzian cylinder is tiled
by Poincaré patches, where each patch represents a Minkowski space RY~1!. The
conformal group acting on Md is the universal covering group §(v)(d, 2). There
exists a symmetry 7 such that for each point p € My, all light-rays emanating from
p will converge at 7 p in the next Poincaré patch. The action of 7 on an operator

is most easily described in the embedding space, where we have
TOX,Z1,Z5,.. )T ' =0(-X,-Z\,-Z5,...). (3.7)

We will also use the notation p* = 7p, p~ = 7 !p.

The null-integrated operators in (3.4) are an example of a conformally-invariant in-
tegral transform called the light transform (Kravchuk and Simmons-Duffin, 2018b).
The light transform of a local operator O with quantum numbers (A, J) is defined

as

L[O](x,2) = / : da(—a)™70 (x - é z) . (3.8)

Under conformal transformations, L[O] (x, z) transforms like a primary operator at
x. The light transform contour is shown in figure 3.1. It starts at the point x, goes

along the direction of the polarization z, and eventually ends at the point 7 x = x™.
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The previous description of the null-integrated operator in (3.4), where one puts the
operator at u = 0 and integrates along v, can be obtained by putting x at past null

infinity.

In the embedding space, the light transform (3.8) becomes

o

L[O](X,Z) = / da O(Z - aX, -X). (3.9)

From this expression, it is not hard to see that the quantum numbers of L[O] are
(1 —J,1—A). The light transform of a local operator annihilates the vacuum
(Kravchuk and Simmons-Duffin, 2018b):

L[O](x,2)|Q) = 0. (3.10)

With all this in place, we can now write the subtracted superconvergence sum rule

as a conformally-invariant spacetime integral. We define a functional ¥y, by*
dd¥x4d%xoD¥ 27, D224

/ vol(SO(d, 2))

X (€| ¢4 (xa) [L¢3] (x0, 23), LL¢1] (x0, 21) ] $2(x2)[€2), (3.11)

‘Pk,v [g] =

Ky (x2,x4,x0, 21, 23)

where Ky , is a kernel chosen such that the integral is conformally-invariant. Its
explicit expression is given below in (3.33). The integral measure for the polarization
D27 is defined as (Simmons-Duffin, 2014)

_ 2dz6(z%)0(Z°
D427 = V(EIR) ( ), (3.12)
+

where R, acts by rescaling z. Then, the superconvergence condition (3.4) is equiv-

alent to
Wi v [ (subtractions) X G] = 0, (3.13)

where G is a four-point function and (subtraction) corresponds to the factor f (v, v3)

in (3.4) (we discuss them in more detail below).

Using (3.10), we can rewrite (3.11) as
/ dxyd%x4dxo D471 D223
vol(SO(d, 2))

X (Q|[¢a(x4), L[¢p3](x0, z3) | [L[A1] (x0, 21), #2(x2)]|Q) — (1 & 3).
(3.14)

‘Pk,v [g] =

Ky v (x2, x4, X0, 21, 23)

4This functional is equivalent to the gk,v functional defined in the appendix of (Simon Caron-
Huot, Mazac, et al., 2021a).
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When we replace the four-point function G with an s-channel conformal block GSA’ 7
the double commutator (Q|[¢4, L[#3]][L[¢1], $21]Q) will give a sin®(r2=1242)
factor. For double-twist operators A —J = 2A4 + 2n, the sin? factor then becomes a
double zero. Therefore, W, is a dispersive functional, meaning that it gives double
zeros for all but finitely many double-twist operators.’

The flat space limit of superconvergence sum rules

Let us now review the argument in (Simon Caron-Huot, Mazac, et al., 2021a) that
leads to bounds on the scalar AdS EFT (3.1). As explained in the introduction, the
idea is that in a certain “flat space limit," dispersive CFT sum rules reduce to flat

space sum rules.

Review: flat space sum rules

Let us first briefly review flat space sum rules for identical real scalars. Flat space

sum rules for photons and gravitons will be reviewed in section 3.4.

Let M(s,u) be a2 — 2 scattering amplitude for identical scalars, which we assume
satisfies analyticity, crossing symmetry, and Regge boundedness. This allows one to
write down flat space dispersion relations for M(s, u) (see e.g., (Simon Caron-Huot

and Van Duong, 2021; Simon Caron-Huot, Mazac, et al., 2021c) for more details),
ds 1 ,
_y{ ds1 Ml __ (3.15)
o 27 S (s(s +u))?

where s, u are the Mandelstam variables,

s=—(p1+p)% t=—(p2+p3)? u=—(p1+p3) (3.16)

The contour in (3.15) can be deformed and separated into two parts: the low energy
part, which can be computed using an EFT, and the high energy part, which can be

decomposed into partial waves.

The partial wave decomposition of a scalar amplitude M (s, u) is given by

M(s,u) = s ZnSD)aj(s)SD] (1 + Z—M) . (3.17)
- s

Here, n

D 2d+1 2 d-1 di . . . .
E, ) = M, where in our case p is the spin-J traceless symmetric

vol §4-1
tensor representation of SO(d), and d = D — 1. Meanwhile P; is a Gegenbauer

SWhen there is a subtraction factor, the sin? factor gets modified and can become nonzero at
finitely many double twist locations (Simon Caron-Huot, Mazac, et al., 2021b).
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polynomial,

Pr(x) =oF1(-J,J +d-2,451 5%, (3.18)

After the partial wave decomposition, the high energy part of the the dispersion

relation (3.15) becomes

<2m2+u PJU"‘,% >’ (3.19)

k

m2+u (m2(m? + u))>

where (---) is a heavy average, defined as a sum with positive coeflicients over
heavy states with mass m and spin J,

1 ©dm? 4
(- = ;Z]:ny’) /Mz —sm* P Imay(s) (). (3.20)

Unitarity implies that the spectral density Im a;(s) should be positive (or more gen-
erally a positive semidefinite matrix). Therefore, by applying a functional that has
positive action on all partial wave contributions (3.19), one can derive inequalities
for Wilson coefficients of the low energy EFT. Without gravity, the functional can
simply include taking the forward limit ¥ — 0. For amplitudes with graviton ex-
change, one can integrate (3.19) over u against some kernel (see (Simon Caron-Huot,
Mazac, et al., 2021c; Simon Caron-Huot, Li, et al., 2023a; Simon Caron-Huot, Li,
et al., 2023b)).

The flat space limit

Consider a large-N CFT whose single-trace spectrum consists of a scalar operator
¢, the stress tensor 7#”, and operators with twists 7 = A — J greater than Agyp > 1.
By the HPPS conjecture, this theory is expected to be dual to an EFT in AdS with
the effective action (3.1). The s-channel conformal block decomposition of (¢pPpp¢d)

is given by

~ 2 s 2 2 s
(@099) = G\ + [7Gur + ) figgr, , Gloat,, + 21 FasGir (3.21)
n,J T>Agap
where fp is the OPE coeflicient, and [¢¢@] are double-trace operators built from
¢. Consider now a dispersive functional w whose action on the four-point function

vanishes. Applying it to the conformal block decomposition gives us

— Wljigh = Z fr0[Gh ], (3.22)

T>Agap
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where
Wlign = @[G]] + ffol Gl + Z Fi601,.,1G o, 1 (3:23)
nJ

One can argue that w|jign, is determined by the Wilson coeflicients of the low-energy
EFT in AdS. Therefore, if we can find a functional w such that

w[Gy 120, 7> Agp, (3.24)
then positivity of f, A2’ ; implies that
— Wljignt 2 0, (3.25)
which becomes an inequality on EFT Wilson coefficients.

To study the action of w on heavy blocks, it is useful to consider two special limits.

* The “bulk point"/“flat space" limit is the regime of large A with J/A < 1.
As explained in (Simon Caron-Huot, Mazac, et al., 2021a), this corresponds
to an AdS scattering process where the energy m and impact parameter 3 are
given by

2J
m>~A?, B= T < 1. (3.26)
The term “flat space" comes from the fact that the impact parameter S is much

smaller than the AdS radius (which is 1 in our conventions).

* The Regge limit is the regime of large A, J with fixed ratio A/J. This corre-
sponds to an AdS scattering process with impact parameter comparable to the
AdS radius.

A necessary condition for a functional w to be positive is that it should be positive
in the flat space regime. In this regime, one can relate the action of w on conformal

blocks to the action of simple flat-space dispersion relations. For example,

2m? —v? Py(1- 2m_v2 J?
Wevis AT = —1+o|=]]. 62
m< —v (mz(mz _ v2))7 m

where P; is a Gegenbauer polynomial given by (3.18). On the left-hand side w|[A, J]
denotes the action of w on a conformal block, rescaled by some positive factors:

1 w[G} ]

N 2
qaJ 2 sin2(7rA JZZA"’)

w[A,J] =

(3.28)
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where

1 21y T(A-1)(2A -d)

anr = anXIET m2d-4 T(A-d+2) ’
2d+17.(.;1
ny = F(T(J + 1)d_3(2J +d— 2) (329)
2

pg’liT is the OPE coefficient of the Mean Field Theory, whose expression can be

found in (Fitzpatrick and Kaplan, 2012).

The functional W ,.r, denotes a subtracted version of ¥ ,, where we insert an
additional factor f; into the integrand. As discussed below (3.4) this factor is
needed to modify the behavior near the endpoints of the integral. For example, for
k = 2, an appropriate subtraction factor is given by

’

vi—u

o B
Je=2 (W' V') = ———, (3.30)
u'v
where u’, v’ are conformally-invariant cross-ratios,
2.2 2.2
s T2t s _ Tt
u' = , = —=. (3.31)
x2.x2 x2.x3
1324 1324

We give subtraction factors for general k in section 3.3.

The right hand side of (3.27) is exactly the contribution of a state with mass m and
spin J to the flat space scalar sum rule (3.19) after identifying s = m?,u = —v>.
This guarantees that the flat space functionals with positive action on (3.19) can be
uplifted to AdS and will give us a CFT functional with positive action on all blocks

in the bulk-point limit (A > 1).

As explained in (Simon Caron-Huot, Mazac, et al., 2021a), to obtain bounds on the
bulk EFT Wilson coefficients, one must also ensure that the functional w is positive
outside the bulk point limit, in particular in the Regge regime (and other regimes if
necessary). We leave an exploration of the Regge regime for four-point functions of
spinning operators to future work. The goal in this work is to derive the bulk-point
limit result (3.27) and its generalization to spinning operators from a saddle analysis
of the spacetime integral.

Before we proceed, let us comment on a subtlety regarding (3.27). In Simon Caron-
Huot, Mazac, et al., 2021a, (3.27) was derived (for a slightly different functional Cy ,
which is equivalent to Wy, at large v) for all v € [0,m). However, the derivation

in this work will be in the limit where both v and m are large (with fixed ratio).
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(Therefore, sometimes we will also refer to the bulk-point limit as the v,m > 1
limit.) In Simon Caron-Huot, Mazac, et al., 2021a it was shown that in the scalar
case, the regimes of finite v and large-v are continuously connected at large m. In
other words, we can safely compute at large v, and then later consider all v € [0, m).

We expect the same to be true in the spinning case as well.

3.3 Heavy action from a spacetime saddle-point analysis

In this section, we define our functional in position space, and study its action on
a conformal block G, ; with large scaling dimension A. We will show that in the
bulk point limit v, A > 1, the integral completely localizes to a saddle point, and
the heavy action can be obtained by evaluating conformally-invariant structures at
the saddle. This allows us to derive a simple formula for the functional in the bulk
point limit. We will first use this formula to reproduce the results summarized in

section 3.2, and then write down the generalized functional for spinning operators.

Functionals as spacetime integrals
As explained in section 3.2, our starting point for the position space functional is

the fact that the commutator of light-transformed operators vanishes,
(Q|04(x4) [L[O3] (x0, 23), L[O1](x0, 21)] 02(x2) [€2) = 0. (3.32)

To make sure the light transform integrals L[O;]L[O3] converge, we also need the
condition J; + J3 — 1 > Jy, where Jj is the Regge intercept (Kologlu et al., 2020).
For the moment, let us assume this condition is satisfied, and we will come back to

this issue later in section 3.3 and 3.3 by introducing subtraction factors.

We can integrate (3.32) against appropriate conformally-invariant structures to get
different sum rules. We first consider the functional for scalar four-point functions.
As we will see shortly, once we have derived this formula, the generalization to
spinning operators will be obvious. For simplicity, we assume the external operators
all have scaling dimension Ay, but we will not impose that they are identical until

section 3.3. Our functional is defined as

d9%,d%%4d%o D927
WGl = Ay, [, SR IO
&l vol(SO(d.2))

/Dd_ZZIDd_223<§61(Zl)ﬁ&(Z3)P6(ZO)><Q'|¢4(XI)[L[¢3](x0»23)’L[¢1](XO»ZI)]¢2(XZ)|Q>’
(3.33)

(0¢pa (x])L[O] (x0, 20) $2(x2)[0) !
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where the coeflicient Ay , is given by
2
Apy = 2750028 2o (2) P(A)T (8- 452) . (334)

The coeflicient is chosen such that the heavy action of ¥, agrees with the flat
space sum rule. We have also applied 7; to the integrand for later convenience. The
causality relations between the points are shown in figure 3.2a. In (3.33), 2 > 4
indicates that x, is in the future lightcone of 4, and 0 ~ 2,4 indicates that x is

spacelike separated from x; and x4.

Let us be explicit about the quantum numbers and structures in the definition (3.33).
The operator O in the first line has scaling dimension A = %’ + 7v, and its spin is
fixed by symmetry to be J = —1 (Hofman and J. Maldacena, 2008; Kologlu et al.,
2021). The structure (0|¢4(x;)L[O] (xo0, z0) $2(x2) |0)~! is a dual structure of a light

transformed three-point function with respect to a Lorentzian three-point pairing,

((010:0),(0]0}0%)
L
_ d4x1d%x,dxD?7?;
_/;<l

- vol(50(d.2)) (01 (x1)02(x2) O (x, 2))(O] (x1) 0} (x2) 057 (x, 2)).

x~1,2

(3.35)

The dual structure is defined by

(€01¢4(LION (0, 20)92(x2)10) ™", (Ol (¢ LIO] (x0, 20)d2(32)[0)) | = 1.
(3.36)

The explicit expression is (Kravchuk and Simmons-Duffin, 2018b)°

(01¢pa (x7)L[On. 1] (x0, 20) P2 (x2)[0) ™"
_ 224221 (A42)2 vol(SO(d - 2)) (220 - X40x3y — 220 - X20x53,) !
2miC(A + J —2)

Z2+Z4+A—J—2d+2 52+A+J—Z4 ) K4+A+J—Z2 :
2

(=x3,) 2 ()" 7 (xgp)
(3.37)

24 02 02

In the second line of (3.33), (Sggl (z1)553(Z3)P5(Z0)) is a three-point structure
of a fictitious (d — 2)-dimensional Euclidean CFT on the celestial sphere, whose
conformal symmetry is the Lorentz symmetry SO(d — 1, 1) of the original CFT. The

polarizations z; should be viewed as embedding space coordinates of this CFT;_»,

®Here, we choose the structures to be an analytic continuation from odd J, so the (=1)” factor
in (Kravchuk and Simmons-Duffin, 2018b) becomes —1.
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and Ps(z) is a primary with scaling dimension ¢ on the celestial sphere In order
for the integral (3.33) to be conformally-invariant, we must have § = 452 + iv. We
also use the notation 7)5,. = Py2-5,, and 6; = A; — 1, while 6,~ = a’ -2 —0; 1is
the shadow dimension with respect to the (d — 2)-dimensional fictitious CFT. The

celestial three-point structure is given by

1

(=2z; - Zo) ( 223 - Zo) ( 2z1 - 23)

(Ps,(21) P, (23)Ps(20)) =

51+6; 5"

(3.38)

Originally, the superconvergence sum rule (3.32) is parametrized by the positions
and polarizations of the operators, subject to conformal invariance. By integrat-
ing it against the dual structure and celestial structure described above, we have
transformed the statement of superconvergence into v-space, which parametrizes
the quantum numbers of the structures. In fact, one can also show that the condition
Y;»[G] = 0is equivalent to (Kologlu et al., 2021)

C (¢+iv,J=-1)=0, Jy<-1, (3.39)

where C™ (A, J) is the coefficient function computed by the Lorentzian inversion
formula (Simon Caron-Huot, 2017; Simmons-Duffin, Stanford, and Witten, 2018),

and encodes the analytic continuation of the CFT data from odd spin.

To further simplify the functional, let us focus on one term in the commutator
[L[#3], L{¢1]] and consider

‘Pk,v = lP]ty - (1 « 3)’

ddXQdd)mddeDd_zZO -1
gt = A, — 0 HL[O , 0
£ 1G] = A /0%44 O EDLION 0 0220

/ Dd_2Z1 Dd_223 <5§1 (z1 )ﬁ& (23)P5(z0))

(QI[¢4(x7), Ll¢3] (x0, z3) 1 [L[¢1](x0, 21), $2(x2)]19). (3.40)

Note that since light-transformed operators annihilate the vacuum, we can rewrite
the four-point function as a double commutator. Moreover, in (3.40), we can rewrite
the integral over the two light transform directions zj, z3 as an integral over the

positions of ¢, ¢3 with additional delta function constraints (Chang, Kologlu, et al.,
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(a) Original configuration (b) Configuration after applying 7’s

Figure 3.2: Causality configuration of the functional. The left figure shows the
configuration in the original definition (3.33). Points 1,3 both start from O and
are integrated along two different null directions. The right figures shows the
configuration after applying 7,”!, 7,7!, 74, which becomes 4 > 3 >0 > 1 > 2.

2022). Explicitly, this gives

dd dd dd dd dd Dd—2
W61 =y, [, FHERE D D
oy vol(SO(d, 2))

(Ps, (x10) Psy (x30) P (20) )8 (x70) 8 (x50 (x10) 0 (x30) QU [pa (x]), #3(x3) 1 [d1(x1), p2(x2)]1Q),
(3.41)

(0144 (x} )LIO] (x0, 20) $2(x2)[0) "

where the theta-functions 6(x¢)6(x30) indicate that x;o and x39 must be timelike and
future-pointing. Finally, let us make a change of variables x; — x7,x2 — x3,x4 —
x;. This makes the causality configuration equivalent to 4 > 3 > 0 > 1 > 2 (see

figure 3.2b), and we arrive at the expression

dv gdy gd. gdy gd. 7yd—2
‘sz[g] _ 4Ak,v/ d%x1d%x>d xiczf x4d%xoD% " 79
’ 4>3>0>1>2 vol(SO(d, 2))
(0]¢4 (x4)LLO] (x0, 20) $2 (x1)[0Y " Ps, (x1+0) P, (x30) P (20))

S (xT0) 8 (X308 (x1+0)8(x30) (R [P (xa), ¢3(x3) ] [91(xT), da(x3)]|Q)
(3.42)

Action on conformal blocks
Let us now apply the functional ¥} to an s-channel conformal block G , and

study the action in the large A limit. In position space, the most useful expression
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for the block is the Lorentzian shadow representation (Polyakov, 1974), given by

integrating a fifth point x5 over a causal diamond 4 > 5 > 3:

1 _
Gpy = —/ dxs|(p10H H (X5)>||(OZ,...M (x5)P304)]. (3.43)
Bay Jas5-3

The external points should satisfy the causality constraint 1 > 2,4 > 3 with all
other pairs of points spacelike-separated. On the right-hand side, the operator O
has quantum numbers (A, J), and the quantum numbers of O are related to those

of O by a shadow transform and Hermitian conjugate:’

0: (A p) - (d—Ap),
0" : (A.p) - (A p" = (p%)). (3.44)

In (3.43), we contract the indices of the exchanged operator Os. This is more natural
for our purpose because the spin of the inserted block corresponds to spin of the
exchanged massive particle in flat space, and hence we are only interested in the
integer-spin case.® Moreover, later we will find a correspondence between blocks
and flat space partial waves, which also come from contracting the indices of spin-J

tensors. The shadow coeflicient S, ; in (3.43) in the scalar case is given by

(—1)727 ' T T(A +2 — d)T(L32)2r (At2d=1 2

3.45
FA+EZHDT(J+AT(A+2-d-1) (5.43)

AJ =

For the three-point structures in (3.43), the notation (. . .)| means that all the x;;’s in
the denominator should come with absolute values (see appendix 3. A for definitions).
In our case, the correct interpretation of the absolute-valued structures is in terms

of a double commutator,

(Q[¢a(xa), #3(x3)][¢1(x1), p2(x2)]|Q) 7 ;

(2 sin? (A2 ~
_ 2(2sin (T—=—)) d?xs|(¢1620M 1 (xs V(O ..., (x5) 3004,
BaJ 4>5>3
(3.46)

where the left hand side denotes the contribution from the GSA r block to the dou-

. . A-J-2A .
ble commutator. Each commutator gives 2i sin(7— ) from the difference of

"In the case where p is a traceless symmetric tensor representation with spin J, we have
pR=p=(p")".

8This is in contrast to the continuous-spin version of the Lorentzian shadow representation given
in (Kravchuk and Simmons-Duffin, 2018b) that involves integrating over the polarization vector of
the exchanged operator.
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A-J

two phase factors, so we have an additional —2(2 sin® (7 ;2A¢ )) factor, which is

accounted for on the right-hand side.

In our calculation, we will use absolute-valued structures as convenient notation in
intermediate steps, and replace them with commutators at the end as appropriate.
For example, for the structure |[(¢(x1)$2(x2)O(x5))|, which has causality relation
5 ~ (1 > 2), we have the following identity:

A-J—

(010(xs5) [$1(x1), $2(x2)110) = 2i sin(r2=1222) (g (x1) B2 (x2)O(x5))], 5= (1 >2),
(3.47)

where the left-hand side is a commutator of the standard Wightman structure. For the
other structure |(5T (x5)@304)|, this identity is not well-defined due to the additional
phase factors from xﬁs, x;js. However, in the final formula for the heavy action, we
will be able to apply the above identity to both structures, enabling us to remove

absolute values and write the final formula in terms of standard Wightman structures.

We can now plug the Lorentzian shadow representation into our functional. In the
functional (3.42), the external points of the four-point function are 1*,2%, 3, 4 with
the condition 4 > 3 > 0 > 1 > 2, so the causality configuration agrees with the
Lorentzian shadow representation (3.43). See also figure 3.2b. Therefore, using

(3.43), the action of ‘I’;V on a conformal block can be written

A-J-2A,

\PI:—V[GSA p :—8(2 Sinz(ﬂ 5 ) Ak / ddxlddxzddX3dj}f4ddx5ddxoDd_2zO
' ' Ba.g 4>5>3>0>1>2 VOl(SO(d, 2))
x (01¢4L[O] (x0, 20) $2+10) ™ (P, (x1+0) Ps, (x30) P5 (20))

X 0(x740)6(x30)0(x1+0)0 (x30) [ (P 1+ 2+ O*1 7 (x5 )| [(Of .1, (X5) 304,
(3.48)

For brevity, we have used the short-hand notation ¢; = ¢;(x;), ¢;+ = ¢,~(xl?“).

Now we use conformal symmetry to gauge fix the integral. We will choose the
gauge fixing in (Simon Caron-Huot, Mazac, et al., 2021a) and fix x; + x3 to the
origin, xp+ + x4- to spatial infinity, and x5 to the unit time vector e. More precisely,
we choose (see figure 3.3)

X

X3=-X| =Yy, X4=-X2=—

5, Xs=e, X, y> 0. (3.49)
—X

For this gauge fixing, the stabilizer group is SO(d — 1), and the Faddeev-Popov

determinant is (Simon Caron-Huot, Mazac, et al., 2021a)

291+ 2x -y + 22y (1 = 2x - y + x>y (1 — x%y?) 42, (3.50)
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X

Figure 3.3: Our gauge fixing condition is x3 = —x| = y, x4 = —Xx3 = “3.X5 = e.

The causality

constraintis4 >5>3>0>1> 2.

After the gauge fixing, we obtain

lPl-:,v [GSA,J] =

A-J-2A,

—8(2sin* (n=—5=2)) Ay, / dxdyd'xoD'
B vol(SO(d — 1)) (—x2)2
X 2d(1 +2x-y +x2y2)(1 —2x-y +x2y2)(1 —xzyz)d_2
% (0|4L[O] (x0. 20) $2+(0) ™ (Ps, (x1+0)Ps, (x30)Ps (20) )
X §(x740)0 (130 (x1+0)0(x30) (@ 1+ $2+ O (x5 ) |(O}), .1, (x5) $304) |
(3.51)

gauge—fixed ’

where the last two lines should be evaluated in the gauge-fixed configuration (3.49).

The integral over zo can also be fixed using SO(d — 1) invariance. After inte-

grating over x, y, xo, the remaining vectors in the integrand of (3.51) are zp and e.

Homogeneity of zg then implies the zp-integral must be of the form

Thus, we can

()

d-2 2-d _
/D 20 (=220 - €) _—F(d—2) )

(3.52)

eliminate the zo-integral by setting zo to be a fixed null vector z;, and

then introduce a factor

nT(F)

* d-2
S VR

(3.53)

2

Let us introduce lightcone coordinate x = (u,v,X,), where x* = —uv + )‘Ei, and
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choose z; = (1,0, 6) Then (3.51) becomes

~8(2sin>(r =52 A, mTT(52) £ dxddydixg
Ba.gvol(SO(d - 1)) I'd-2) (—x2)2d

X291 +2x -y +x29*) (1 = 2x - y + x2y?) (1 — x2y?)472

X (01¢4L[O] (x0, 25) $2)10) ™ (P, (x1+0) P, (x30) P (5))

X §(X740)0 (x30)0 (x1+0)0 (x30) [ {1+ P+ OF1 " H (x5)>||<5,T,1.‘.,,¢,(X5)¢3¢4>|

(3.54)

lI,I:—,v [GSAJ] =

gauge—fixed '

Saddle point analysis

We now study the action ‘PI;V [GSA, ;] in the bulk-point limit, where we take both v
and A to be large (and A ~ m). To study the large v, large A limit of (3.54), we
will consider the factors that depend exponentially on v and A and look for a saddle

point. The important factors in (3.54) are given by

( (220 - xa0%3y — 220 - X20x20)2(2x10 - x30) | [ (=x29) (=2 (=x2) | 2
(

—X%4) (—XZO)(—Xgo)(ZZO ’ xlO) (_210 ’ )C3()) (_x%5)(_x§5) (—X§4)

_ ok
gauge—fixed,zo=z

— e.fv,m(x’ysXO)’ (355)

where the function f, ,,, (x, y, xo) is given by
4(z8 -x(1+ xzx(z)) - 218 - xox2x -xo)z(—yz)
(=x2) (1 = 2x - x0 + x2x3) (1 + 2x - x0 + x2x3) (25 - (v — x0)) (25, - (¥ + x0))

((e —x)*(e - y)z)

(e +x)%(e+y)?

v
fv,m(x’ y, xO) = E 10g

+ﬂ10
3 g

(3.56)

The integral we have to consider in the bulk-point limit then takes the form

/ dxd?yd"xo5 ((y + x0)2)5((y — x0)2)0(y — x0)0(y + xo)e " ¥3 ) g (x, y, x0),
(3.57)

where g(x, y,xo) are all the factors that do not depend exponentially on v and m in
the integrand of (3.54).

To find the location of the saddle, it is convenient to consider lightcone coordinates

X = (ux’ Vx»)_C)J_)’ y= (“y,vw Sj)l)’ X0 = (I/t, v, iO) (358)
Let us also define
~ 1 Yo -y _ 1
to:_1+1_2u), 0:_(1_1), (3.59)
2 \uy vy UyVy 2\uy vy
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Figure 3.4: The two delta functions 6 (x%o)é (x%o) force xo to be on an §472 (the blue
curves). The directions of the variables #(, xo defined in (3.59) are also indicated.

In our functional, there are two delta functions 6 (x%+0)5 (x%o) in the integrand due
to the light transforms. These delta functions restrict x to lie on the intersection of
the past lightcone of x3 and the future lightcone of x;. So, the xo-integral is forced
to be on an S?72, as shown by figure 3.4. In terms of the variables defined above,

the delta functions will localize 7y and | Y| to be

ol = uyvy(uyvy(1 —35(%) -y

;E):O’ - -
Uyvy — (ng 'YL)Z

) (3.60)

where 7ip = yo/|Yo| is the unit vector in the ¥ direction. The remaining integral over

32
§d-2 L )%] and 7ip € S973.

Uyvy

. — y2 .1
then becomes an integral over xg € [—(1 — uz—ty) 7, (1 -

After going to lightcone coordinates and removing the delta functions, (3.57) be-

comes
(uyv )%

—~ N TN N N 2-d _ N d-4
RERASL. 3y2 / dXoducdv duydv,dQ, d* %, d 25, (uyvy = (7o - 51)2) 7 (uyvy (1 =X2) = 53) 3
x efrmEr20) g (x 1y, x0). 3.61)

The large v and large m limit localizes all the variables in the integral, except for 7.

In fact, the f, , function leads to sixteen different saddles at

v 4

3 - N omaNeE S 3 A omaNGESE meNEE R
XO — (O’O’yo)’ X = (_lm m )4 ’lm m )4 ’0)’ y — (lm :I/’l )4 ’_lm 1;}/1 )4 ,O)’

(3.62)

where |¥o|?> = —y2. Each saddle corresponds to a locus §¢3 parametrized by 7.
To find the correct saddle approximation for the integral (3.61), we need to deform
the integration contour into steepest descendant flows and see which saddle locus
the contour goes through (see (Witten, 2011) for a pedagogical introduction). The
analysis is essentially identical to (Simon Caron-Huot, Mazac, et al., 2021a), which

also studies saddle point of x, y in the bulk-point limit. The result s that the dominant
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saddle depends on the relative size of v and m. The case we will be particularly
interested in is the region related to the flat space functional, where one considers
v € [0, Agap] and m > Agyp. In this case (v < m), the saddle locus that dominates

the integral is given by

(3.63)
Expanding the function f, ,, around the dominant saddle (3.63), we find
X0
Uy
1 h

fvm =—nv+ivlog2 - > (fo Uy Vi Uy Vy X| )1) M,y 50| uy [+

Vy
X1
Vi

(3.64)

where . .. are higher-order terms in the expansion. The Hessian M, ,, 5, has deter-

minant
VOd+L (12 22 (A2 — 42)—4d
Deth, 5, = — M =Y ) lm = Nm” = v (3.65)

16m*

Therefore, the large v, large m limit of the integral (3.57) can be written as

Jim dxdydxo8 ((y + x0)*)8((y — x0)2)O(y — x0)0(y + x0) eI g (x, y, x0)
e

v (m — Vm?2 —v2)44 | (2r)2d+1

- 32 DetMV,m,yo e_ﬂ-V2lV / dQﬁo g(-x, y’ X()) |sadd]e s (366)

where saddle stands for the configuration (3.63). Furthermore, the function g (x, y, xo)
evaluated at the saddle does not include any (d — 2)-dimensional vectors other than
no, and hence the remaining integral over the $9-3 Jocus must be trivial. The final
expression of the integral is then given by

lim [ d¥xd?yd"xo5((y +x0)*)6((y = x0)*)0(y — x0)8(y + xo)e ") g (x, y, xo)

v,m>>1
v<m

£ d+t 20 —4d+T . [ 3 - 2\3d—4
:el4 2m)*im=y 2(m m= —vy=) VOI(S973) efrm(y0) g (x 3 o)
8(m?2 —v2)

saddle ’
(3.67)
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where we have plugged in the Hessian determinant and used the fact that ¢=™”2”

comes from evaluating e/v»(*¥*0) at the saddle.

Now, we can compare (3.67) and the functional (3.54) and find the expression for
‘PZ’V [GSA’ ;] in the bulk-point limit. From the above saddle analysis, we see that the
integral in the bulk-point limit can be obtained by simply evaluating the integrand at
the saddle and multiplying by the additional factors coming from the Jacobian and
Hessian. This implies that in the bulk-point limit, the calculation of the heavy action
of our functional can be simplified to evaluating conformally-invariant structures in
the saddle configuration (3.63), which leads to

\Pl:—,v [GSA,J]

lim
v,m>>1 _2(2 Sinz(JTA_ngA‘/’ ))

- 2§+3dﬂ%ei%md+zv%—4d(m2 _ Vz)%(m _ \/m)d—4
Basl (%) vol(SO(d - 2))

X (01¢4L[O] (x0, 25) $2+10) ™ (Ps, (x1+0) P (x30) P (2))

X (1820 0" (x3)) O}, .p, (¥5) 3600}

e (3.68)
The saddle calculation done above involves computing the determinant of a (2d +
1) X (2d + 1) Hessian matrix. An alternative derivation of the above formula that
can avoid this technically involved calculation is by first studying the large v limit of
the functional, and then use the result of the large m saddle analysis that was already
done in (Simon Caron-Huot, Mazac, et al., 2021a). We describe this calculation in

appendix 3.B.

The shadow coefficient

Finally, the remaining task is to study the shadow coefficient 55 s in the large A
limit. For the scalar case, its explicit expression is known and given by (3.45).
For the spinning case, the shadow transform will involve mixing of different tensor
structures and therefore the shadow coefficients become a matrix. In principle it
can be computed using e.g., weight-shifting operators (Karateev, Kravchuk, and
Simmons-Duffin, 2018). However, as we discuss below, it turns out that the shadow
transform at large A also gets localized to a saddle. Hence, the shadow transform at
large A becomes algebraic and the coeflicients can again be computed by evaluating

structures at the saddle configuration.
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Let us demonstrate this idea by studying the shadow transform in the scalar case. We
will derive a formula for S ; that reproduces the known answer (3.45). However,
the advantage of this formula is that its generalization to the spinning case is almost

trivial.

Considering the OPE limit of (3.43), we see that the shadow coeflicient 55 ; should
satisfy

1 / d o+ e .

— dxs(0,. ..., (x¢)OM""H (x o) ., «x

By Josn 5(0y,...,, (X6) (XD ey, (x5)P3604) |

= [0y,...,, (x6)P30)|. (3.69)

Let us choose the external points x3, x4, xg to be
X
X3 = ylsadd]e ’ X4 = _2 s X6 = (—€)+, (370)

—X“ Isaddle

where x, y are evaluated at the saddle configuration (3.63). With this choice of
external points, we find that at large A, the integrand in (3.69) has a saddle point at
exactly x5 = e, which agrees with the saddle configuration of the original integral
of the functional ‘P;;V. After computing the determinant factor coming from the

Gaussian integral, we obtain that in the large A limit, (3.69) becomes

. 2drtATS ¥ 1 At
fim = (0], (10" ()T <x5>¢3¢4>|\x;§?915 +
= (O}, (x6)$3¢)| saaate - (3.71)

x6=(—e)

To recap, we see that at large A, the shadow transform gets localized to a saddle
point. Furthermore, with a good choice of external points xg = (—e)*, we can
make the saddle point location agree with the saddle configuration for the functional
(3.63). We have also checked that (3.71) is consistent with the known scalar result
(3.45).

To simplify the formula of the functional in the bulk-point limit given by (3.68),
we need the combination m%|<¢1+¢2+0““““1 (X5))||(5;1...M (x5)P3d4)|, which is
different from the structure appearing in (3.71). To get the correct structure, let
us first note that the two-point structure at the saddle (0717 ((—e)*)O*1 1 (e))
can be viewed as an invertible matrix for the spin-J representation of the Lorentz

group.’ Therefore, we can define an inverse “r-tensor” that satisfies

Fadiprep,” (O L, ((—€)D)OMY 1 (e)) = Sipy M1+ 8, 1) —traces. (3.72)

"More generally, if O has representation p, it should be a map from p* to p™ = (p*)R.
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Here, {u; - - - s} means we symmetrize the indices, and “—traces" means we sub-
tract terms proportional to 6/ and 6, to make the result traceless. Concretely,

in this case rp s is given by a reflection in the time direction,

Fadpyepy = (=1)/277+2A (6{,31{”‘ + Ze{ple{”) e (an}”} + 2epj}e"f}) — traces.

(3.73)

By contracting both sides of (3.71) with [{¢1+$2+ O/ (x5))|rag.pyp, 7 "5 WE
obtain

1 -
fim g 1401°02:0" 7 GO, ., 5900304 s

4 _d . d
= 27T ALY [(B1+ e OFV M (xS Fagopty sy (O] ., (x6)$304) | saEldle+-
x6=(—e

(3.74)
The left hand side of the above equation now agrees with the structure in the formula
(3.68). We can then plug this equation into (3.68) and find a formula without the

shadow coefficient. We write down this final formula in the next subsection.

Finally, let us discuss a natural formula for the r4 ,-tensor that will make it easier for
us to generalize to the spinning case. It also makes it clear that the tensor depends
on a choice of two-point structure convention. For a general representation p, the

corresponding r-tensor is defined as
rapa’{OL((=0))0%(0)) = 6%, (3.75)

where the operator O has quantum numbers (A, p). Here, a, a’ are the indices of the
representations p, p*, and b labels the indices of the reflected representation pX and
its dual p'. On the right-hand side, 5%, is the identity matrix of the p representation

(i.e., 8% T* = T for any tensor T with representation p).

Motivated by symmetry, we can write down an ansatz for the r4 ,-tensor using the

two-point function of the shadow operator 0,
rapa’ = Capl0y ()0 ((=e)")). (376)
Plugging this ansatz into the definition of r4 , and taking the trace, we obtain
Cap(O}()O" ((=e)))(OL((=e))O" (e)) = 6", = dim(p). (3.77)

We see that the unknown coefficient Cy , in the ansatz can be expressed in terms of

the dimension of the representation and a pairing of the two-point functions.
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We define a natural Euclidean two-point pairing (Karateev, Kravchuk, and Simmons-
Duffin, 2019),'°

(«070),(0'0)) dixady
vol(SO(1, 1)) :/VOI(SO(d+1,1))
1
" 24v0l(SO(d)) vol(SO(1, 1))

(O} (x)0" (MNOL()0 (x)),

(0}(0)0" (2){OL(22) 0% (0)).
(3.78)

Originally, in (3.77) we want to compute the pairing between Lorentzian two-point
structures. Since the two points e, (—e)* are spacelike separated, the structures can
be thought of as Euclidean two-point structures with distance \/W = 2, and
we can replace the pairing with a Euclidean two-point pairing (3.78). Using the

two-point pairing, one can then show that (3.77) gives

d .
Crp = 2°dim(p) , (3.79)
vol(SO(d)) ((0'}'0), <0*0>)
and the r-tensor can be written as
5 24di =i =F
rapa = m(p) O (DD ((=e))).  (3.80)

vol(SO(d)) (<5T5>, <0T0>)

Scalar sum rules

Let us briefly summarize what we have done and write down the final formula for
the scalar functional in the bulk-point limit. We started with the commutator of
two light-transformed operators and wrote down a functional ¥y , ((3.33)) whose
action on any physical four-point function vanishes. The functional integrates the
four-point function against a specific kernel over the external points x;,34 and
internal variables xg, zg. Using the Lorentzian shadow representation of conformal
blocks, we wrote down the action of the functional on blocks, with an additional
internal point x5 from the shadow representation. We then found that in the bulk-
point limit (v,m > 1 with v < m), the integral gets completely localized to a
saddle configuration (3.63). Furthermore we removed the shadow coefficient by

introducing a final internal point xe.

In the end, we obtain a formula for the action of the functional on a conformal

block in the bulk-point limit. The formula is given by a known coefficient and a

10Compared to the definition in (Karateev, Kravchuk, and Simmons-Duffin, 2019), we have
absorbed an infinite vol(SO(1, 1)) factor to make the pairing finite.
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Figure 3.5: The bulk-point limit localizes the spacetime integral to a saddle locus
that we call the scattering-crystal. The entire saddle satisfies the causality constraint
4>5>3>0>1>6>2. The two delta functions restrict xo to be on an §4-2
shown by the red circle in the figure. The saddle locus further restricts xq to an §9=3,
which is represented by the two red dots (O-sphere). Points 5 and 6 are localized at
+e. Points 1,2, 3,4 are restricted to be timelike vectors, although in practice they
have purely imaginary spatial components (see (3.81)).

product of conformally-invariant structures evaluated at a configuration that fixes

all the positions and polarizations, xo 1234.5.6,20. In lightcone coordinates, the

aaaaaa

configuration is given by (see figure 3.5)

x=on=y, m=-n=—g x=e=(LL0L x= e

X = (_il’l’l—‘/l’l’lz—v2 s n— \/mz—vz ) y —_ ( m—sz—v l m— V};}/’lz—vz’ 6)

Vv )

. R R m_\/mz_vzz
0= (1,00, x0=0.05), [P =" G381)

As we will show later, evaluating the conformal structures in this configuration
reproduces the heavy action of a flat space sum rule and allows us to study the bulk
scattering process. This is a generalization of the saddle point that leads to the
spacelike scattering phenomenon in (Simon Caron-Huot, Mazac, et al., 2021a). We

will call the configuration (3.81) the “scattering-crystal."
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Figure 3.6: Our functional is a special 6 symbol (or a tetrahedron) where one of
the three-point structures is a celestial structure. The cross in the left figure stands
for the contraction of the (O7O) tensor. The flat space limit is the limit where the
two red legs have large quantum numbers. (More precisely, the two legs have large
scaling dimensions.)

By plugging (3.74) in (3.68) to remove the shadow coefficient, we find
\Pl:—,v [GSA,J]

lim
. A—J—2A
vl _2(2 sin® (7 —2))
2§+2dﬂd—%ei%m%+2vg—4d(m2 _ Vz)%(m _ m)d—4
r (%) vol(SO(d - 2))
X (0]¢4L[O] (x0, 20)$2+10) " (Ps, (x1+0) P, (x30) P5 (20))
X [(@1+ 2+ OF " (x5)) |rAJ§/11”'/lJVlmyJ | <OI| vy (xg)¢3¢4>||scattering-cr}’stal :

(3.82)

= Ak,v

A nice feature of the scattering-crystal is that both structures with absolute values
satisfy the identity (3.47) in this configuration. Therefore, we can replace those
structures with commutators of standard Wightman structures, and remove the

-2((2 sinz(ﬂA_J;2A¢)) factor on the left-hand side. Moreover, by applying the

natural formula for the r-tensor given by (3.80), we arrive at the final formula for
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the action of the scalar functional in the bulk-point limit:'!

lim ¥/ [G}
v,m>>>1 k’v[ A’J]
y<m

2§+2dﬂd—%eigm%+2vg—4d(m2 _ Vz)%(m —\Vm2 = y2)d=4 2ddim(p)
I (452 vol(80(d - 2)) vol(S0(d))
x {0]¢4L.[O] (x50, 20) $2+10) ™ (Ps, (x1+0) Ps, (x30) P (20))
(Ol[@1+, $2+1041H (x5) [O)(O;., ., (X5) O™ (xENOIO], ., (xF) [P, $3110)
X ~ o~
(<0T0>, <0T0>)

= Ak,v

scattering-crystal

(3.83)

This formula can be viewed as a kind of 6 symbol, or equivalently a tetrahedron
formed by gluing conformal three-point structures (see figure 3.6). Compared to
the usual 6 symbol (Liu et al., 2019), in our case one of the three-point structures
becomes a celestial structure, which originally comes from setting one of the legs
to have J = —1. Furthermore, the bulk-point limit, which reproduces the flat space
functional, corresponds to setting two of the legs to have large quantum numbers.
In this limit, one of them has large and positive dimension A > 1 and the other
one has dimension % + iv with v > 1. For usual 6 symbols in the classical limit,
where all legs have large quantum number, they can be computed as the volume of
a tetrahedron (Murakami and Yano, 2005). It would be interesting to see if there is

a similar argument for the bulk-point limit of our functional.

Before using this formula, we still need to address two more issues. First, note that
the original functional ¥ , in (3.33) is given by

Wiy =¥, - (16 3). (3.84)

Therefore, when we apply ¥, to a four-point function of identical operators, which
is manifestly symmetric under (1 < 3), we will get a trivial sum rule since its action
on each conformal block is simply zero. The second issue is about the convergence
in the Regge limit discussed below (3.32). For external scalars, in order for the light
transforms to converge, we need the Regge intercept to satisfy Jo < —1, while for
non-perturbative CFTs we only know that Jy < 1 (Hartman, Jain, and Kundu, 2016;
Simon Caron-Huot, 2017; Kologlu et al., 2020).

"o keep track of (1) factors, we should clarify our convention for (0|07 (x6) [ ¢4, #3]|0). Our
convention is that it should be the analytic continuation of (3.204) with 1 — 3,2 —5 4,3 — 6.
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It turns out that both issues can be resolved by introducing a “subtraction factor" to

the functional, that is, we consider a more general functional

Wi s[G] = ¥ Lf W V)G - (1 & 3), (3.85)

where f(u’,v’) is a meromorphic function of the conformally-invariant cross-ratios
u’,v" defined in (3.31). Note that the kernel of Wy , s is again manifestly antisym-
metric under 1 <> 3. On the other hand, points 1 and 3 are always spacelike in
the range of integration of the functional, which comes from the light transforms.
Therefore, causality/crossing guarantees that any physical correlator G should be
symmetric under 1 < 3 in the integral, and the action of the general functional
W,v,r should vanish on physical four-point functions. Additionally, by choosing
subtraction factors that are antisymmetric under 1 < 3, which swaps u’ and v/, we
can get nontrivial sum rules for identical external scalars, meaning its action on each
conformal block is nonzero. Furthermore, by restricting to subtraction factors with
nice behaviors in the Regge limit, we can make sure the integral of the functional is

convergent in the Regge limit.

For the scalar case, a nice choice of subtraction factors with the above properties

iSlZ

v k =2mod 4
fkscalar(u/, V) = (u/’w)/ 4 o , k=2,4,6,.... (3.87)
W) -(v-w) )3‘(kv+4_“ )k =0mod4
4(u'v') 4

At the scattering-crystal locus, these subtraction factors become

2_.2
scalar /7 7 _ 2k+2 (2]’1’1 -V ) 1
fk (u',v )|scattering-crystal - mz(mz _ V2) (mz(mz ~ v2))§ . (3.88)
Note that this satisfies fkscalar(u’,v’) = — fkscalar(v’, u’). In the Regge limit, the

subtraction factor increases the effective Regge spin of the kernel by k + 1. (One
can see this from the large-m scaling of (3.88).) Therefore, the condition from

convergence in the Regge limit becomes Jy < k, which is indeed true for any k > 2.

2The k = 2 mod 4 case follows straightforwardly from the discussion in appendix D of (Simon
Caron-Huot, Mazac, et al., 2021a). The other case can be motivated by taking the large-v limit of

(D.12) in the same paper, and using the identity
(V, _ u/)S +

— O -u) Gd ed .~ 8Gd 2—d y — o0, (3.86)

d—28 -1,55% +iv =5, 55 +iv’
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Using the subtraction factors (3.87), we can then write down nontrivial sum rules

for identical scalars,
Tk’v’fi{scalar [g¢¢¢¢] = O. (3.89)
Its action on a single s-channel block is given by
Wy e [G) /1 = 29, [ FER W V)G (3.90)

In the bulk-point limit, since the subtraction factors do not have any v and m

dependence, the formula (3.83) gets modified to

lim lPk’v’f?:alar [GZ,J]

v,m>1
y<m
A 2342 pd=3 015 342y 34 (12 _ 2) 5 (s — VmZ — y2)4-4 24dim(p)
= Afy

(452 vol(30(d - 2)) vol(SO(d))
X (0]¢4L[O] (x0, 20)$2+10) " (Ps, (x1+0) P, (x30)Ps (20)) £ (u”, V)

R e (x5)01 (O}, (650”17 (x)IOIOY, .y, (xF) [$4, $3110)
(<5T5>, <0T0>)

scattering-crystal

(3.91)

We can then evaluate the structures and and the subtraction factor at the scattering-
crystal locus to find an explicit expression. Moreover, for symmetric traceless
tensors, the pairing %ﬁg;) ((5T5), (OTO)) becomes 4~¢ (Karateev, Kravchuk,
and Simmons-Duffin, 2019). After combining all the factors and writing the result

in terms of the “heavy action" defined in (3.28), we obtain

2
2m? —v* Pi(1- %)

m? —v? (m2(m? - VZ))% '

lim ¥ r [A, J] =
yms1 RV 1A, J]
v<m

(3.92)

As reviewed in section 3.2, this is precisely the heavy state contribution of the flat

space sum rule for scalars.

Spinning sum rules
We are now ready to write down the sum rules for spinning operators. The above

analysis for the bulk-point limit can be generalized straightforwardly. A spinning
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functional can be defined by

¥ 6] =

/ ddedd)mddeDd_zZo
224 yol(SO(d,2))

/ D D z(PL | (@DPL 1 (23)Ps . (z0))

(Q[O04(x3) [L[O3](x0, 23), L[O1] (x0, 21)]02(x2) |Q)

(010 L0V 0. 20) 0210} . (3.93)

s

Compared to the scalar case (3.33), the main difference is that the operators O and
Ps.a can have more complicated representations, and there are multiple allowed

dual structures and celestial structures.

Moreover, in the spinning case we do not include any coefficient in front of the
integral. In the scalar case, there is a natural choice for this coefficient A ,, which
is the factor needed to exactly reproduce the action of flat space sum rule (3.92).
However, as we will see in the next section, for spinning operators, the CFT sum
rules and flat space sum rules are related by a matrix. Since there is no natural choice
for the overall factor, we do not include a factor in our definition of the spinning

functional.

Let us introduce some notation to describe spinning operators. A spinning operator
with SO(d — 1, 1) representation p can be described by a Young diagram with
rows of length (my,my,...,m,), where n = L%J. We will also use the notation
o = (J,A4), where J = m is the spin, and A = (my, ..., m,) specifies an SO(d — 2)
representation (which we sometimes call the “transverse" representation). We also

define j = my to be the transverse spin of the operator.

In (3.93), the external operators have quantum numbers (A, J;, A;), and the operator
O in the first line has quantum numbers (% +iv,J1 +J3—1,4"). In the second line,
the celestial operators, which are primary operators that live on the celestial sphere,
also carry SO(d — 2) representations. F?Z; b and F?Zg’ 0 have the same SO(d — 2)
representations as the transverse representations of the external operators Oy, O3,
and Ps - have the same transverse representation as O. Note that the SO(d - 1, 1)
indices of the p,, p4 representations, and the SO(d — 2) indices of A, A3, A" are
implicitly contracted in (3.93).

In addition to the v variable, the spinning functional also depends on a choice of
SO(d-2) representation A’. Moreover, the functional has two tensor structure labels

(a), (c). The first label (a) corresponds to the tensor structure of the spinning dual
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structure, defined as

((<0|04<x1>L[0] (xo. zo)02<xZ>|0><“>)_1 {0104 (x))L[0] (x0, 20)02(12)0) 1) | = 6.
L
(3.94)

The allowed number of labels (a) is the number of continuous-spin structures of
(0,040), which is given by (Kravchuk and Simmons-Duffin, 2018a; Kologlu et al.,
2021)

SO(d-2)
’ d-1,
(v ® (Res3ori s o2 ® p4) , (3.95)

where Resg denotes the restriction of a representation of G to its subgroup H,
and (.. .)H denotes the number of H-singlets. The second tensor structure label
(¢) corresponds to the structures of a celestial three-point function with SO(d — 2)
representation A1, A3, . The number of those structures is (Kravchuk and Simmons-
Duffin, 2018a)

)SO(d—3)

(Resso(d_z)/l Y- Y

SO(d—3) (3.96)

Combining (3.95) and (3.96), we see that given the representations of the external

operators, the allowed choice of the transverse representation A’ is

~ ~ SO(d-3)
{m' e Resior P2 ® pu, (Resgo i @ @ ) 2 0} G

In section 3.4, we will give the set of allowed A”’s for some concrete examples.

Similar to the scalar case, commutativity of the light-transformed operators implies

WG] =0, Jy+ -1 . (3.98)

Again, this condition can be equivalently written in terms of the C=, (A, p) coefficient

function,

C£;1)11+J34 (% +iv, 1 +J3—-1,0)=0, Ji+J3—1>J, (3.99)
where a is the same tensor structure label of the functional (3.93), which corresponds
to the structures of the O, x O4 OPE. On the other hand, b is a subset of the structures
of the O X O3 OPE that have the same counting rule as the celestial structures (3.96)

(see (Chang, Kologlu, et al., 2022) for more details).
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The spinning heavy action

We now derive a formula for the heavy action of the spinning functional in the
bulk-point limit, similar to the scalar case (3.83). For simplicity, in what follows
we assume the external operators are symmetric traceless tensors with spin J,, and
they all have scaling dimensions A,. By rewriting the light transforms in (3.93), the

spinning functional can be written as

P = w0 - (1o 3), (3.100)
and
Vi 6]

_4/ dx1d%xyd%sd%x4d%o D427
4>3>0>1>2 V01(§6(d, 2))

x (01045 LI (50, 202N ) (B, (5100, (e30) Pt (20D
X (Q[[04(x4), O3(x3,x30) | [O1(x], x1+0), O2(x3) ] 1Q). (3.101)

8 (x7+0)8(x39)6 (x1+0)0 (x30)

Note that the polarizations of O;, O3 are fixed to be x39, x1+¢ (Which are null vectors
due to the delta functions in the integrand). This is because of the light transforms
L[O3]L[O;] in (3.93).

To study the action of ‘PZ’(VEL){,(C) on a conformal block, we again use the Lorentzian
shadow representation of the block and consider the bulk-point limit, in which
A ~mand v,m > 1,v < m. To perform the saddle point analysis, we separate the
integrand into a quickly-varying part and slowly-varying part. Crucially, in the bulk-
point limit, the quickly-varying part of the integrand is the same as the scalar case!
To see why, recall that the factor in the scalar case is given by (3.55), and it comes
from powers of xl-zj, 20 * X105 20 * X30,X10 * X30, and V{24 in the conformally-invariant
structures in the integrand. For spinning structures, the powers of these factors
will only differ by integer values that depend on the representations and choice of
tensor structures, and hence they do not matter in the v,m > 1 limit. Since the
quickly-varying part in the scalar and spinning cases are identical, the saddle point
analysis for the spinning case is identical to what we did in section 3.3. As a result,

the formula in the scalar case immediately generalizes to the spinning case, and by
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rewriting (3.83) we obtain that the formula in the spinning case is given by

+(a),() r s
Vl,}ggl Feva 1Gap il
v<m
B 2342 pd=3 o1y 52y 3744 (12 — 2T (m — Vm2 — v2)4=4 24dim(p)

r (%) vol(SO(d - 2)) vol(S0(d))

({0103 (x)LIO] (0, 2000210V (P, (x1s0)P, 1 (e30)Po 0 (20)

(01[01 (x1+, x1+0), 02 (x2:)]0(x5) |02 (O (x5) O (x ) 01O (x}) [0 (x4), O3 (x3, x30) 110} 1)

(<5T5>, <0T0>)

(3.102)

where (a’), (b’) are the three-point tensor structure labels of the block. The formula
should be evaluated at the same “scattering-crystal" as the scalar case, given by
(3.81), and we have implicitly contracted all the SO(d — 1, 1) indices of p3, p4, p
and the SO(d — 2) indices of A1, A3, A’.

Subtraction factors

To finish the discussion of spinning sum rules, let us give the subtraction factors that

should be used in the spinning case. We consider a more general functional

w161 = ¥ v)6] - (1o 3). (3.103)
As discussed in section 3.3, to have nontrivial sum rules for identical external

+(a),(c)
kv,

should be antisymmetric under (1 <> 3). For the spinning functionals, the signature

operators, the kernel of the ¥ functional times the subtraction factor f(u’,v’)
under swapping 1 and 3 depends on the transverse representation 4. We will
focus on the case where the external operators are symmetric traceless tensors, so
the allowed A’ satisfying the selection rule (3.97) should be a symmetric traceless
tensor itself (as an SO(d — 2) representation). Therefore, the spinning functionals
in this case are labeled by an integer j’, which is the transverse spin. Due to the
celestial structure (P P3P ), the functional ‘PZ’(V‘TJ.’,(C) has signature (—1)/" under

(1 & 3). Therefore, the nontrivial spinning sum rules are given by

WO (v 6] =0, (3.104)

where the subtraction factors should satisfy

O = F W), (3.105)

scattering-
crystal
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We find that for external operators with spin J,, the subtraction factors with even j’

can be chosen to be

, :}/k_ftz’Je+2 k= 2.]@ + 2 mod 4
g wovy=3m = . k=2,46,..., (3.106)
e % k =2J, mod 4
u’v’

which reduces to the scalar case (3.87) when J, = 0. On the other hand, for odd j’

we have
_( )I!—ZJEH k = 2Je + 3 mod 4
fog @/ vy=4 w2 . k=3,57,.... (3.107)
e —% k=2J,+1mod4
4(u'v')” 4

When evaluating these subtraction factors at the scattering crystal (3.81), we find

2 2

£ W) _ 2k 2m7 =) !  k=246,...
kiJe scattering-crystal Vl’lz(”l’l2 - V2) (m2 (m2 — yz))k_%

Frag ') -2y V7 1 k=3.57
(v =—y e , =3,57,....
kiJe scattering-crystal m? (I’I’l2 - V2) (m2(m2 — yz))%

(3.108)

From the flat space point of view, the expressions for the subtraction factors at the
saddle are precisely what we need. We expect that functionals with even j’ are
related to the s < ¢ symmetric part of the flat space amplitude. Therefore, the

corresponding flat space sum rule should have a factor

= (3.109)

(1 1 ) 1 _ 2s +u 1
(s(s+u)?  SG+1) (s(s +u))s

N S+u

On the other hand, functionals with odd j” should be related to the s <> ¢ antisym-

metric part, and the corresponding flat space sum rule should have the factor

1 1 1 1
(_ _ ) o . (3.110)
S s+ul (s(s+u)): s(s+u) (s(s +u))?
Under the identification s = m?, u = —v?, we see that these expressions agree with

ka—', 3 (u’,v") at the saddle. We make this connection more precise in section 3.4.

Finally, let us explain the allowed range of k£ in (3.106) and (3.107). In the Regge
limit, the subtraction factor f* changes the Regge spin by k — 2J, + 1, and f~
changes the Regge spin by k — 2J,. Therefore, for the integral of the functional to
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be convergent, we must have k > Jy for even j’ and k — 1 > Jj for odd j’. For
non-perturbative CFTs, we have Jy < 1. So, we should choose k > 2 for even j” and
k > 3 for odd j’. As we will show in the next section, k also agrees with the Regge

spin of the corresponding flat space sum rule.

Normally, introducing subtraction factors comes with a price that the action of
the functional becomes non-vanishing on finitely many light double-traces (Simon
Caron-Huot, Mazac, et al., 2021b). However, if J, is large enough, sometimes
we can have subtraction factors that make the Regge behavior of the kernel worse.
For these unsubtracted sum rules, the action on all double-traces will remain zero.
On the flat space side, the EFT series of the corresponding flat space sum rule
should automatically truncate, since there is no denominator in the integrand. As an
example, for J, = 2 (which corresponds to flat space gravitons), we have two such
subtraction factors from k = 2, k = 3. Their expressions at the saddle are given by

= —v722m?* - ?),
scattering-crystal

= 1. (3.111)

scattering-crystal

f/;z;fezz(”’a V')

fk_=3;Je:2 (ul’ v/)
These unsubtracted sum rules for gravitons will be given in section 3.4.

3.4 Flat space interpretation

We now discuss the flat space interpretation of the CFT sum rules derived in the
previous section. On the flat space side, we are mainly interested in sum rules of
photons and gravitons, which are dual to conserved operators on the CFT side. Our
goal is to relate the CFT heavy action formula (3.102) to the heavy state contribution
of the flat space sum rule. The heavy action formula consists of a block part (fourth
line of (3.102)) from the block insertion, and a kernel part (third line of (3.102))
from the kernel of the functional. We will be able to understand both of them in
flat space. Throughout the discussion, we will study the photon case in detail and
explain how to match the CFT result and the flat space result. For the graviton case,

we simply give the final relation between CFT sum rules and flat space sum rules.

Hereafter, we use D to denote the spacetime dimension of flat space, and d = D — 1

is the spacetime dimension of the CFT.

Conservation at large A
The flat space limit of a dispersive functional corresponds to an AdS scattering

process where the incoming particles are boosted to high energies. Our main interest
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1s in massless particles like photons and gravitons, which are dual to conserved CFT
operators. In this highly boosted limit, conservation will substantially simplify
the dictionary that we find. We expect that for external massive particles, it is
most natural to use the goldstone equivalence theorem to break them into massless

excitations, and use our dictionary for each excitation.

We first note that the conservation condition for CFT three-point structures simplifies
when one of the operator dimensions A becomes large. For a three point function
(O1(x1,21)02(x2,22)03(x3, z3)), with O; conserved we can write its conservation

condition as
0 = 8, (0" ™ (x1)02(x2, 22) O3 (x3, 23)). (3.112)

We claim that at large A = A3 this simplifies to

Vi3 (O1y, 020) = 0, (3.113)
where
2 i )
1 X X X5 — XX
Wy = 50 log 52 = 55, (3.114)
’ 13 X12*13

To see why, we can isolate the A dependence in the three-point structure:

A2
M p X %2
(O (x1)02(x2,22)03(x3,23)) = | 55 X (), (3.115)
13423
where (- - -) does not depend exponentially on A. Applying the conservation condi-

tion (3.112), the leading contribution in the large-A limit comes from the prefactor
in (3.115), which gives (3.113).

Let us check this claim in the explicit example (JJQO), where J is a spin-1 conserved
operator, and O is a symmetric traceless tensor. Before imposing conservation, the
general three-point function (JJO) in the embedding space (using the conventions

in (3.211)) is given by

(J(X1,21)] (X2, Z2)0(X3, Z3))
_ c1(=2V3) 2 Hy3Hyz + coH1o(=2V3)Y + c3VaH 3(=2V3) ™! + c4ViHp3 (=2V3) ™! + csVi Vo (-2V3)!

- A +Ay-A+2-J A=Ay +A+JT A +Ar+A+J]

2 2 2
X12 X13 X23

(3.116)

Let us now impose the conservation condition (3.112). Starting with (JJO), we can
see that dx, - Dz, (JJO) transforms like (¢JO). It therefore has two independent
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structures; one proportional to V> and one proportional to H»3. These must inde-
pendently vanish. Furthermore, we get two more equations from imposing that J;
be conserved. If however we impose A| = d — 1 = A, as required for a conserved
spin 1 operator, we see that only 3 of these equations are independent. Imposing

them and denoting Az = A we get

(4-2d—-J+AN)c1+4Jcry+2c3+2(d—1+A)cy =0,

2J+2M)cr +2d-1)+J —=A)cz+2(d—1+A)cs =0,
4-2d-J+AN)c1+4Jcr+2(d -1+ AN)c3+2cq4 =0,

2T +2M)c, = 2(d-=1)+J =A)cg+2(d =1+ A)cs = 0. (3.117)

As mentioned above, of these four equations, only 3 are linearly independent. We

can then take the large A limit to get

c1—2c4=0 2cr+cs4+2c5=0 c3+c4=0. (3.118)

One can then verify that this is the same as (3.113), which is equivalent to demanding

that in the embedding space

Vi - Dz (01(X1,Z1)02(X2, Z2)O(X, Z)) = 0.
Vo - D7,{01(X1,21)02(X>, Z22)O(X, Z)) = 0, (3.119)

where ViA is the usual embedding space structure V; defined in (3.206) with ZI.A
stripped off, and Dy = (% -1+2Z- 3Z,~) 95— %Z{‘@i is the Todorov/Thomas

operator (Costa, Joao Penedones, et al., 2011).

Importantly, the simplified conservation condition (3.113) is algebraic. It allows us
to describe the conserved operator using a boundary polarization vector with one
fewer degree of freedom, which will be necessary for writing a simple correspon-

dence between boundary and bulk polarizations.

CFT 3-point structures and flat space 3-point amplitudes

Our goal now is to interpret the last line of (3.102) in flat space language. The
conformal three-point structures will become three-point amplitudes, and their con-
tractions will become a partial wave. Recall that the partial wave decomposition of

a spinning flat space amplitude is given by (Simon Caron-Huot, Li, et al., 2023b)

M(s,u) =573 0P (ap(9))abTp. an). (3.120)
ab

P



74

where p is an irrep of SO(d), a, b represent the three-point structures (see below),

D 24+ (2m)d-1 di . o .. v
E, ) = % is a normalization factor. This is a generalization of

the scalar partial wave decomposition (3.17), where instead of the Gegenbauer

and n

polynomial $; we now have a more general partial wave 7, (4p)-

The partial wave 7, (45 transforms in the representation p of the SO(d) group that

stabilizes P# = p/' + p’. It can be obtained by gluing two vertices,

Tpab) = (Vp(n', e3,e4),v4(n,e1,€2)), (3.121)

where the pairing (. . ., ...) represents the contraction of SO(d) indices, and f(x) =
f(x*)* is Schwarz reflection. The vertex v,(n, ey, e3) is a three-point amplitude of
two massless particles and a massive particle. The massive particle has momentum
PH and transforms in the representation p under the little group SO(d). We use a
to label different independent vertices, and we define n* and ef‘ as

u u
_ >
R & St S AL (3.122)

V(p1 = p2)? l pi- P

They satisfy n - ¢; = .el.2 = 0,n%> = 1. The other vertex can be defined in the same

way with momenta p%, p’,.

Let us demonstrate how to obtain vertices v,(n, e, ep) from CFT structures by
studying the example of photon scattering. As we saw in the previous section, for a
CFT three-point function between two conserved spin one currents and an operator
with large A, conservation places a simple constraint on the allowed three point

structures. For example, when O is a traceless symmetric tensor, we have

(J1(X1,Z1)J2(X2, Z2)O(Xs5, Zs))
_ c1(=2V5)!2HosHs + coaHio(=2Vs)! + c3VaH15(=2Vs) ™ + c4ViHos (=2V5) ™! + 5V Vo (=2V5)!

- 2d-A-J A+J  A+J
2 2 2
12 X 15 Xzs

X
(3.123)

At large A, conservation demands that we have no terms proportional to Vi or V.

Moreover, at the saddle configuration of (3.102) we find

—V1.25|saddle = V2.51|saddle = V3.46lsaddle = —V4,63|saddle = €, (3.124)

where e is the unit vector in the time direction. Therefore, if we choose the

polarization vectors z1, zo for the conserved currents to have no time component,
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the conserved structures of (JJO) at large A will satisfy

J-2
(170) D _ (Z2Vs) " Hiskos
172 saddle.z;=(0gF.3r1) —  2d=Acd AL Ad) ’
12 X15 X25 saddle,zi=(0,zf,2u)
J
1 10) _ _ (Z2Vs)'Hp (3.125)
12 saddle,zi=(0,2.7:1) Wop) M) A4S ‘
12 XIS X25 saddle,zi=(0,z§c,fu)

We would like to interpret these expressions in such a way that they give rise
to flat-space three-point vertices. We can describe the possible vertices using the
formalism of (S. Chakraborty et al., 2020; Simon Caron-Huot, Li, et al., 2023b). The
two massless spin-1 particles have momenta p; and p,, as well as polarizations e
and e;. We additionally have the momentum of the third particle p3 := P = p; + p»
and another Lorentz invariant quantity n « p; — p,. We have the freedom to
normalize n, and to shift the polarizations e; by p;. As the third particle is massive,
we can go to its rest frame and parameterize its momentum as P = (m,0,--- ,0).

We can then use the symmetry of our saddle point to find the flat space kinematics.

Since the vertices are tensors with SO(d) indices, we can introduce index free
notation and contract the indices with polarization vectors wi, wa, ... € C4 for each
row of the Young diagram. For example, if p is a symmetric traceless tensor, we
have a single polarization vector wy, and from these quantities we can build two

three-point amplitudes:

ey

v, (n.er,e2) = (n- wi) 2 (e1 - wi)(ea - wy),
V;ZV)J(n, e1,er) = (n- wl)J(el - e2). (3.1206)

These two amplitudes should correspond to (3.125) through the appropriate dictio-

nary.

Our saddle point (3.81) defines an SO(d — 1) c SO(d,2) subgroup that fixes

the locations of the operators Ji, J,, O. The vector v points along the direction

U
5,12
preserved by this SO(d — 1) at the location of O. In the bulk, there is a corresponding

SO(d — 1) that preserves n. Thus it is natural to impose
(z5-vs,12)” & (wi-n)’. (3.127)

The left-hand side is the projection of the polarization of O along the SO(d — 1)-
invariant direction, while the right-hand side is the projection of the polarization of
the massive particle along the SO(d — 1)-invariant direction.
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Therefore we should impose p’f - p‘; oc (0, v’sl 1»)- Evaluating this on the saddle

(3.81) we find n* = (0, Nm?2=y2 v 0,---,0), while we can choose the momenta of

m ' m?

the scattering process to be:

1 1
p1==(m,Vm? —v2,v,0,...,0), pr==(m,—Vm?—-v2,—v,0,...,0),

2 2
1 1
p3 =5(m, Vm? =v2,-v,0,...,0), py= 5 (m, - m? —v2,v,0,...,0).

(3.128)
Here, p1, p; are incoming and p3, p4 are outgoing.

It now remains to parameterize the bulk polarization vectors e, €2, wi in terms of
CFT polarization vectors z1, 72, 25 to get (3.125) to agree with (3.126). Our CFT

polarizations can be expressed as
21=(0,21,711), 22=1(0,25,221), 25 = (25,25, Z51), (3.129)

where we’ve explicitly set the time component of z; and z; to be zero, in accordance

with (3.124). Meanwhile, we can express the bulk polarizations as

el! =eln'l +(0,0,0,¢1,), € =esn' +(0,0,0,é,), w‘f = (0, Wi, wi, WiL),

1 2
(3.130)
where n/] is a vector perpendicular to n#, given by
= (0,-2, Y= o ., 0). (3.131)

As we argued above, the SO(d — 1) singlets should match between CFT and flat
space. In particular, this imposes

Hs H>s

> «epwi, o ez Wi,

X15 saddle X25 saddle

Hi» .

X_ &~ e]-é), V5’12|saddle < —In - wi, (3.132)

12 |saddle
which we can achieve by setting
- - - - 1 . t - -

=€y, Zin=e€, =-€, =€, 5=-iw|, Z5=w], I5=WiL.

(3.133)

Let us emphasize that even though we use a ¢ superscript for the w/ component, it

is actually a spatial direction in the bulk, while zg is the time direction in the CFT.
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This is why we need an i factor in their relation. Note also that the relation maps

2
1

p has more than one row, then we need to introduce more polarization vectors for

the condition zl.z =0to el.2 = w? = 0. If the Young diagram of the representation
both the flat space vertex and the CFT three-point structure. The map between these

polarizations is the same as the relation between z5 and w in (3.133).

The polarization map (3.133) turns each CFT three-point structure building block
into an amplitude building block, and thus the CFT three-point structures naturally

become flat space vertices.

Note that in the CFT sum rule (3.102), the three-point structures appear as commu-
tators of Wightman functions. So we will use the commutator to define vertices,
and divide by the sin(...) factor from the commutator by hand. For the cases we
consider in this paper (photons and gravitons), the Young diagram of the exchanged
representation p has at most three rows. We will often write p = (J, j, j) to denote
the length of each row. For external operators O, O, with quantum numbers (A;, J;)

and exchanged representation p, we define the vertices as'?

va(n, ey, ez, w;)

A8
_ 2 x5\ 7 {0I[O1(x1+, 21), Oa(x2+, 22)]O (x5, 25, W5) [0 o)
= (=x1) - Al M
X35 2i(sin(n-——F—))

saddle,(3.133)
(3.134)

where w; on the left-hand side are the flat space polarizations, and zs5, ws on the

right-hand side are the CFT polarizations. The 2i (sin(nw)) factor
comes from taking the commutator, and 7, = A—J + j + jforp=(J,j,7)."* We

. Ap+ay 2 2
introduce the factor (—x%z) 2 ( f) to remove factors of v.
25

As an example, we can apply the polarization map (3.133) to the (JJO) CFT

I3Reference Li, 2021 presents a similar relation between flat space 3-point amplitudes and CFT
3-point structures, but with a different configuration of CFT positions and polarizations X;, Z;. We
expect that our relation is equivalent up to a choice of conformal frame.

1“We find this sin(nw) factor by studying the commutator of (3.211). It would be
interesting to determine what 7, should be for general p.
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three-point structures (3.125). We get

(a2, )1 OI[J (x1+, 21), J (x2+, 22)]O (x5, 25)[0) (1,2)

2i (sin(n%‘zd))
saddle,(3.133)

= —(=i)"27 {272 (n - w1)(e1 - wi)(ea - wr), (n-wi)(e1-e2)}.  (3.135)
As expected, the result correctly reproduces the three-point amplitudes (3.126).

The other vertex v(n’, e3, e4) can be defined using the (O3040¢) CFT three-point
structure in a similar way. The polarization map is given by

4 - - 4 - r . 1 - -
y=e€3, 3L =€31, Zy=-€;, 41 =€, Zg=-iw), Zg=w], Z6=WiL.
(3.136)

We again set the time component of z3, z4 to be zero, and

Ho_ n' i > uo_ n > Ho_ X~
es =esn; +(0,0,0,e3.), e, =e;n; +(0,0,0,e4,), wl—(O,wl,wl,wu),

3 4
(3.137)
where
e v m2—v2?
= (0,2, Y22 o (), (3.138)
. . vt i NP2
which is perpendicular to n’# = (0, Y22, -2 0, ..., 0) o« pt - pl.
The definition of the v(n’, e3, e4) is given by
vp(—n', e3, ea, w;)
A3—A4
’ (010" (x6+, 26, W) [O4(x4, 24), O3(x3, 23)110) 1)

_Z;P

2

2

Az+A X
= (—xé)% (_36
Y46

P A A
2i(sin(nt————)) saddle,(3.136)

(3.139)

On the right hand side, 7/ is a tensor that reflects all the indices in the time direction.
More precisely, for any tensor 7" with representation p, in the index-free notation we

have
(ZLT)(z,w) =T, - 2,1, - W), (3.140)

where I, = 64, + 2eHe, is the usual reflection in time direction.

Note that (3.139) gives a definition for v(—n’, e3, e4) instead of v(n’, e3, e4), which

appears in the actual partial wave. This is to ensure that the two definitions (3.134)



79

and (3.139) are consistent. In particular, one can show that the partial waves are
always positive in the forward limit. Furthermore, the definitions for v(n, e, ;)
and v(-n’, e3, e4) are related by CRT symmetry on the CFT side. We give more
details in appendix 3.C, in which we also write down the relation between the partial
waves coming from CFT and the Young tableaux basis of (S. Chakraborty et al.,
2020; Simon Caron-Huot, Li, et al., 2023b).

The appearance of 7 in (3.139) is due to the two-point structure (5T (6)5 ((—e)*))
in the block part of the CFT sum rule (3.102). The effect of this two-point structure
is a reflection of all the indices of O in the time direction with some overall factor.

For a representation p = (J, j, j), we find

2dim(p) (Of(x5)0"(x}))
vol(SO(d)) (<5T5>, <070>)

:2—J+2A(_1)]—j+jRp (_Z;,O)ab, (3141)
saddle

where the lower index a and upper index b are indices in the dual p* and reflected
pR representations respectively. As one can see from the left-hand side, the coef-
ficient R,, depends on our convention of the two-point structure. For the two-point
convention (3.207), we have

(it DU -+ DU - +2)

Romr.1) = G+DI+DU+2) (3.142)

This result can be obtained by using weight-shifting operators (Karateev, Kravchuk,
and Simmons-Duffin, 2018) to derive a recursion relation of R,,. We give an example

in appendix 3.C.

Using the momentum configuration and maps of polarizations discussed above, we
can now write down the precise flat space interpretation of the block part of the CFT

sum rule. Let us define

_ 2%dim(p)
Bl = SG150(d)
<0|[01(xl+,zo,02(x2+,zz)]om)|0>(a/><5"‘<x5>5(xg)>X
(<5T5>, <0’fo>)

(0107 (x}) [Oa(x4, 24), O3(x3, 23)]10) 1)

saddle, . (3- 143)
(3.133),(3.136)
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From the definitions (3.134), (3.139), and (3.141), we find

Bap.(a'b)
-2(2 sin(7r?"_A1_Jz1 _AZ_Jz) Sin(ﬂ?p—A3—123—A4—J4))
= D H2A-A1-00=A3=Ag ) ~A1=L2=A3=As ) 2(A1+A3) (m 2 V2)-A1+A2—A3+A4 Rpﬂ-p’(a’b,)’
(3.144)

where 7, (4 18 the flat space partial wave (3.121) in the CFT three-point structure
basis, and R, is given by (3.142). Note that when turning the vertex v(—n’, e3, e4)
in (3.139) into ¥(#/, e3, e4) to get the partial wave, we get a (—1)’~/*/ factor, which

exactly cancels with the same factor in (3.141).

Recall that in the scalar case, where the exchanged operators are symmetric traceless
tensors, we define a heavy action W[A, J] in (3.28) by rescaling the action of the
functional on the block by a positive factor. Relation (3.144) in fact suggests a way to
generalize this definition to more general representation p. Since the other parts of
the sum rule should not know about the exchanged quantum numbers of the inserted
block, the heavy action should remove the m- and p-dependent factors that we don’t
expect to appear in the flat space answer, such as the R, coeflicient. For external
operators with quantum numbers (A;, J;) and a general exchanged representation p,

we define the large A ~ m heavy action ¥[A, p] to be'>

2]—2A—A1—AZ—A3—A4mA1+A2+A3+A4—2—‘21
Y[A, rpry =
[ p] (a’b’) Rp
YIGy ]
x _ Ap(a'b) . (3.145)

2sin(7r—T"_A1_J2l fomhy sin(n—T"_A3_J23_A4_]4)

Kernels and the shock frame

We now consider the kernel part of our spinning sum rules. It is given by evaluating
a celestial structure (51553P& ) and a dual structure (0|O4L[0]0,]0)7! at the
scattering-crystal. In the heavy action formula, we first evaluate these structures at
the scattering crystal (3.81), and then we can use the maps of CFT and flat space
polarizations (3.133), (3.136) to get the corresponding flat space answer. We claim
that the resulting expression can be seen to correspond to a shockwave amplitude

in flat space. The shockwave amplitude is defined as the amplitude of an elastic

5Tn the scalar case (3.28), the factor g4y in the heavy action definition comes from the OPE
coefficient of Mean Field Theory. So, to find the analogous factor for more general external operators,
one can consider the corresponding OPE coefficients in the Mean Field Theory. However, we do not
do this in this paper, and the definition (3.145) is good enough for our purpose.
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scattering of a probe particle X and two shockwave gravitons g* (Kologlu et al.,
2020),

g (p)X(p2) — & (p3)X(pa). (3.146)

In our case, we will take the probe particle X to be a graviton. The two shockwave
gravitons are dual to the two light transformed operators L[O;], L[Os] in the CFT
functional. A convenient choice of momenta for shockwave amplitudes is given by

(in all incoming convention)

pl=pss' +4q), ph=pst -4
ph =-pss +45, Pl =-pss'—4ql, (3.147)

where s# and s* are two null directions, and the polarization of the shock gravitons
should be in the s* direction. The transverse momenta q‘f , q’; are perpendicular to
the null directions, and in order to make the external momenta on-shell, we must
have q% = q% = 0. We will call the momentum configuration (3.147) the shock
frame. More explicitly, let D = d + 1 be the spacetime dimension of the bulk, in

the shock frame we have two null vectors s#, s* and D — 2 transverse unit vectors

u 1 H

Vi Vo sV

_,., satisfying

2

2 =3

:S'vi;J_ZE'vi;J_:O, S'EZ—Z, Vl';J_'vj;J_zéij. (3148)
In the previous subsection, we have shown that in order to match the blocks to flat
space partial waves, we should choose the flat space momentum to be (3.128). The
shock frame momenta (3.147) should also agree with these center of mass frame
momenta (3.128). By relating the two frames, we obtain that in terms of the bulk

Minkowski coordinates used in (3.128), the vectors in the shock frame can be written

as
s = (¥2=2,1,0,2,0,....,0)
SIJ = ( m;—Vz,_l, Oa %a ) 90)

v‘z‘;
M
vh | =(0,0,0,0,1,0,....0)

€L

v/th_zJ_ = (0’ O’ ()9 O’ 05 0’ L] 1)5 (3149)
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m? — 2 iv v iv v
pempo= S af =S e AL = T e L Gas0)
One motivation for relating the CFT kernel to the shock frame is that we set the
CFT polarization vectors z1, z3 to be x1+9, x39 in the CFT sum rule (3.102). Using
the map of CFT and flat space polarizations (3.133),(3.136) derived in the previous
subsection, we find that in flat space the two polarizations become (up to e; ~ e¢;+ap;

gauge redundancy)

m(m—Nm?-v?)_,
5
2 b

)4

x1+0/(3.133) ~ i

X30/(3.136) ~ i

m(m—Nm? -v?)_,
s,
V2
(3.151)

where 5" is given by (3.149). We see that the polarizations of particles 1 and 3
should be set to the same null direction s¥, which agrees with the fact that the two
shock gravitons in the shockwave amplitude should have the same polarizations

along the direction of the shock.

We can now discuss the CFT kernel in the shock frame. Explicitly, evaluating the

celestial three-point structure at the saddle configuration gives

(P, (x10)P;, (x30)Ps (0. wo))|

= (=1)7" (=i) 020 #0=01703 31403 (g _ N2 —,2) =019 (g g )T (3.152)

where we have introduced a polarization wo = (0, 0, wo, ) for the transverse indices
of Ps j», and np = Yo/|yol is the unit vector in the transverse y( direction in the

scattering crystal (3.81).

For each transverse spin j’, the celestial three-point function has a unique struc-
ture which gives (3.152) at the saddle. On the other hand, the dual structure
(0]|O4L[0]0,]0)~! can have multiple tensor structures. Moreover, they are subject
to constraints from imposing conservation on O, and Oy4. Interestingly, the space
of allowed structures becomes easier to study when we just focus on the saddle

configuration. This fact can be seen from the identity

B V2’40V0v24|saddle,zi=(0,zf,3u) - HZOlsaddle»ZiZ(O,Zf,Zu) ’ (3.153)

and a similar identity for V4 o2 and Hyo. Note that we also set the time component of

the polarizations to zero, which is due to the large-A conservation analysis in section
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3.4. This identity allows us to just remove all V5 49, V402 structures when writing
down the basis for the spinning dual structures. Additionally, it can be shown that
the basis constructed without V5 49, V402 gives the correct number of independent
tensor structures of continuous-spin three-point function of two conserved operators,
which should be given by (Kravchuk and Simmons-Duffin, 2018a; Kologlu et al.,
2021)

)SO(H) (3.154)

/ SO(d-1)
(/l ® Resso(d_z)pz ® P4
We give the argument for this statement in appendix 3.D, and also explain how to

compute these spinning dual structures.

As an example, let us consider j* = 0. Focusing just on the spinning part of O;, Oy,

we see that the allowed structures should be
Jo—n yyJa—n
Hzf) H48 H;‘4, (3.155)

wheren =0, 1,...,min(J3, J4). The number of structures is min(J3, J4) + 1, which
agrees with (3.154).

We now study the four-photon example in detail, where all external operators should
be conserved spin-1 currents. The selection rule (3.97) implies that the allowed
values of transverse spin should be j* = 0, 1,2. Using the algorithm explained in
appendix 3.D, we obtain that the dual structures for j/ = 0 in the large v limit are

given by (for4 > 0> 27)

{((0|J( X4, Z4)L[O](Xo, Z0)J (X2, Z5) |o><1>)_1 , (<0|J(X4, Z4)L[O](Xo, Zo)J (X2, Z») |0>(2))_1}

3d=5_;, _in [V !
= 2 2 ! e 4 J;VO] So(d - 2) 4-Ap-JF Ap+JEp

el iAS N Ap+Jp

X 2 Xpp? (=Xoa)” 2

2% 02
16(d - 1) Jo2 7
—=(-2V F=“H»oH. =2Vi FHa,
X{ T (“2Voa) 20Ha0 + - (=2Vo42)"" Hos
4 _ 1
m(—2Vo,42)JF 2 HaoHao + . 2(—2V0,42)JFH24} +..., (3.156)

where Ap = d,Jr = % + iv, and ... are subleading terms at large v. The first
structure is dual to the light-transformed structure (O|JL[O]J|0) with HygHyg (see
(3.270)), and the second structure is dual to the one with Ho4.

Then, the next step is to evaluate (3.156) at the saddle (after applying a 7> to (3.156)

to make the causality configuration agree with the saddle). This will give us an
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expression that depends on the external polarizations z;, z4 (note that zg is fixed in
(3.81)). For example, for the Hy4 structure, we have

Hyy
X24 saddle,z;=(0,z",Z1)

Using (3.133) and (3.136) to map this to flat space, we find

= —Z)ZCZX + 201 T4 (3.157)

—257, + 201 - ZaL — —ehel +Er1 - €a1 = exppeay, (—n'PnT + 57 L (3.158)

Our goal is to rewrite this expression in the shock frame (3.149). Because of
the gauge redundancy, we can shift everything that is contracted with e; by ps.
Furthermore, thanks to the momentum configuration we choose in section 3.4, we
have e, - p1 = 0, so we can also shift by p;. Similarly, we can shift things that are
contracted with e4 by p3, ps. Using this, we can make a gauge choice to remove

all the s#, 5%, and we find that the Hy4 structure mapped to the shock frame can be

written as
@ = ey, €4, 6#2/14 1 ((V,UZ(V/M + (W,UZ(W/M)
X24 |saddle,(3.133).(3.136) 2o \Tasb—a v2(m?—v2)2 2 4 2
(3.159)
where we define
(Vzuz — mqultz + (mz _ 2)qﬂz
V= (m* =) g* + mPel,
WL? = m*q)? — (m* = v) g2,
W = (m? — vz)q mzqg“. (3.160)
The momenta q’f , q’; are given by (3.149), (3.150), and 6‘12;;34_ 4 1s the metric in the
(D — 4)-dimensional transverse space spanned by v3 e v‘l’)_z; |- Similarly, the
structure with HooH 40 becomes
H>H. 1
—2a = eryean VICVIe. (3.161)

X20X40 |saddie,(3.133),(3.136) 42 (m? -2
Using (3.156), (3.159), and (3.161), we can then obtain the flat space kernels for the

two j' = 0 dual structures.

For nonzero j’, we also need to contract the transverse indices carried by O in the

dual structure and P ;- in the celestial structure. Let us define
-1
7<4y 9= (<0|J(X4, z4)L[O}](x0, 20)J (x2+, 22) |0>(a))

(PT (Xﬁo)PT (x30)Ps,j7 (z0)) |§addle (3.133),, (3.162)
3.136), v—o0
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where v — oo indicates that we take the leading term at large v. The results for the

four-photon kernels are given by

dy
K
K = 5o (((v;‘"v;“‘ + WIRWI = v (m* = v ) = (D - 2)(v;2(vf4) :

4y
7,(2) _ K, H2 4 7H4 ) 282 oMo 4
7(3,]":0 - ?32;1264#4 Wz W4 = vi(m”=v7) 5L;D—4 ’

v,(1) _ 4y H2 A 7 M4
7(‘ = KV €2ﬂ2€4'u4(W2 (V4 .

v,j'=1
4y 20,2 _ ,2\2
4K ve(m® —v°)
K\ = —ﬁezmea,m ((W2”2w;‘4 + ?5‘3;54_4) : (3.163)

where

ij _ 2—§+ive—nvm—dv—4+3d(m2 _ Vz)—z—g (m — V2 2 V2)2—d. G164
d-2

Note that for j* = 1 there are two tensor structures (see (3.211)). However, they are

just related by 2 < 4, and as we will see later, kernels that are related by 2 < 4 will

give the same sum rule, so we just include one of the structures here.

Finally, let us comment on the symmetry properties of the kernel. On the CFT side,
the celestial three-point structure has a stabilizer group SO(d — 3), which is also
the stabilizer group of the scattering crystal (3.81). In the shock frame, this group

becomes the SO(D — 4) that fixes the shockwave amplitude momenta (3.147), and

U u
3,1 D-2;1

the continuous-spin dual structure we can choose a conformal frame to fix all three

the group only rotates in the v ,V directions. On the other hand, for
points to be on the same line, and fix the continuous-spin polarization vector in a
null direction. The configuration should be fixed by an SO(d —2), and the transverse
spin j is a representation of this group. In flat space, this should correspond to an
SO(D - 3). From the expressions of the kernels (3.163), it is not clear what this

SO(D - 3) should be. It turns out that (at least in the Regge limit) the group can be

i
’ VZ;J_

see this we will first need to study how to apply the kernels (3.163) to four-photon

understood as the rotation group that fixes the s#,s" shock frame vectors. To

amplitudes and write down the full sum rules for photons. We will therefore explain

this SO(D — 3) group and the meaning of transverse spin in the bulk in section 3.4.

Review: flat space sum rules for photons
After understanding how to map each part of the CFT bulk-point limit formula
(3.102) to flat space, we can now derive the dictionary between CFT and flat space

sum rules for photons and gravitons. Let us first review flat space sum rules for
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photons (S. Caron-Huot, n.d.; Simon Caron-Huot, Li, et al., 2023b). The graviton

sum rules will be considered in section 3.4.

The four-photon amplitude My, (p;, €;) is a function of photon momenta p; and
polarizations ¢ for i = 1,2,3,4. They should satisfy pf =pi-€ = el.z = 0 and
€ ~ € + #p;. In general, the amplitude can be written as a sum of Lorentz-
invariant polynomials of p;, €; times functions of Mandelstam variables defined in
(3.16). Depending on the choice of the polynomials, sometimes the functions of
Mandelstam variables can develop spurious poles. It turns out that there exists a
“local module" such that the amplitude won’t have any spurious poles (Chowdhury,
Gadde, etal., 2020). Namely, an amplitude that is a polynomial can always be written

as generators of the local module times polynomials of Mandelstam variables.

To describe the generators of the local module, let us introduce some basic building
blocks,'©

Hij = Fj,Fjy, Hiji = Fi Fjo F,
Hijk = F;‘ﬁll/F}/(rF]?,-oFi,’ Vijk = Pkpﬂ-‘ip;, (3.165)

uo_ M H
where F}, = p; €y — € piy. We also define

1 1 1
Xijkr = Hijkr — ZHinkl - ZHikHjl - ZHilija
S = Vip4Ho34 + Vo 31H341 + V3 40H412 + Vi 13H123. (3.166)

Then, the four-photon amplitude can be written as

My (s,u) = (H14H23Mf1;)(s, u) + X1243Mfy)(s, u) + permutations) + SMf‘i)(s, 1),
(3.167)

where Mi;), M‘(é) are symmetric in their two arguments, and Mg) is symmetric

under all permutations of s, 7, u.

To write down dispersion relations for My, (s, 1), we need to study how the polar-
ization structures behave in the fixed-u Regge limit, where we take s — oco. This will
tell us how many subtractions we should have in the dispersion relations. Moreover,

for fixed-u sum rules it is useful to separately consider structures that are symmetric

16We are using V and H for the building blocks of both CFT tensor structures and flat space
amplitudes. We hope the meaning of the notations will be clear from the context and this won’t cause
too much confusion.
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and antisymmetric under s < t. The polarization structures in the Regge limit scale
as (Simon Caron-Huot, Li, et al., 2023b)

0 2 2
Hi,His ~s, Hiz~s’, X234, X1243 — X134 ~ 5,  Xioa3 + Xi324 ~ 57, S ~ 57,
(3.168)

where other structures can be obtained by permutations.

The amplitude itself My, satisfies boundedness and analyticity properties due to
unitarity and causality (Simon Caron-Huot, Mazac, et al., 2021c; Simon Caron-
Huot, Mazac, et al.,, 2021a; Simon Caron-Huot, Li, et al., 2023a; Héring and
Zhiboedov, 2022). As shown by Hiring and Zhiboedov, 2022, for a suitably

smeared amplitude,

M
My (s) = /O dp¥ (p)M(s, —p?), (3.169)

along any complex direction of s it should satisfy

IMy(s)|s—00 < s X constant. (3.170)

The Regge behaviors (3.168), (3.170) then combine to give boundedness conditions
on each coefficient function M. For example, since X1243 — X1324 ~ s in the
Regge limit, M@ (s, u) — M@ (¢,u) can’t grow faster than s in the Regge limit.
Performing this analysis for all the structures, we can then determine the subtractions
needed for the dispersion relation of each coefficient M¥). The complete list of flat

space fixed-u sum rules for photons is given by

ds 1 »
fouaas) {s = MU (5,00, (5= 1) () M (5.,

w 4mi (_gp)s

2)— s— 1
ME (5w, MO (s.0f . k=24,

—<1,2)}:_ as 1 { (1)- (=0 pAq(2) t} L =35
{647;/(,14 o 4l ()T My, (s,u), THMy, (5.0 D
(3.171)

where we have used the notation M= (s, u) = M®(s,u) + MY (¢, u). For later
convenience, we introduce an additional =+ factor for Mfé). This would also make
all the sum rules have the same power counting since the S structure has one more
pi - pj compared to the other structures. The parameter k is the Regge spin of the
sum rule. A sum rule with Regge spin £ would be convergent if the amplitude M
satisfies M/s* — 0 in the Regge limit.
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At low energy, the amplitude can be computed by an EFT with cutoff M. To derive
bounds from the dispersion relations, one can deform the contour in (3.171) and
separate the contributions from high energy s > M? and low energy s < M?2. Our
main focus is the high energy part, where one decomposes the amplitude into SO(d)

partial waves and imposes unitarity.

When applying the dispersion relations (3.171) to the partial wave expansion (3.120),

for each sum rule C we can write its heavy contribution as

(Clm*, pl(a) ) » (3.172)

where (- - -) is a heavy average defined as

oo 2
() = lzngD);/Mz %m“‘l)lm(ap(s»ab('“)- (3.173)

T
o

For example, for the C;/(,lk)u sum rule in (3.171), we have

2m? +u 1 (1

T
m2+u [m2(m2 +u)]'T P

C+(1)

dyiku [m*, p)(ab) = (m?, u), (3.174)

where we have decomposed the partial wave into different polarization structures
(1

similar to (3.167), so 7 o.(ab)

is the H14H>3 component of the partial wave.

This dictionary we obtain below in sections 3.4 and 3.4 will be a relation between
the action of CFT sum rules on conformal blocks in the bulk-point limit (3.102)
and the action of flat space sum rules on partial waves (3.172). This will allow
us to find CFT sum rules with positive action on conformal blocks with large A

straightforwardly from the flat space result.

From CFT to flat space for photons

Now, we combine the discussion about the block/partial wave in section 3.4 and the
discussion about the kernel/shockwave amplitude in section 3.4 to write down the
relation between four-photon flat space sum rules and the bulk-point limit of our

CFT sum rules.

When combining the two parts, we first have to understand how to contract the indices
of the external operators. Recall that in the CFT functional, the polarizations z1, z3

are set to be z; = x1+9, 23 = x30. As discussed in 3.4, this implies that in the bulk,

—Vm2-y2
we should set e} = e} = i%

indices of the kernel and the block. Note that we have chosen the CFT polarization

s#*. For 2 and 4, we have to contract the
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vectors to have no time component. In the bulk, this means that e, has no time and
n* components (see (3.130)), and similarly eﬁf has no time and n’# components. Let

us consider the following index contraction in the CFT sum rule:
(25K + 72 K1) © (25G* + %01 - G), (3.175)

where K*, K | are from the kernel and G*, G 1 are from the block, and the symbol ©
represents the index contraction. For spin-1, it is simply stripping off the z,’s and

contracting both sides, and we see that after the index contraction, we should get
K*G* + K 1 G 1. On the other hand, mapping (3.175) to the bulk, we have

('K  + 25, -K,) 0 (—elG* + &5, -G )
:ezﬂz(—n’isz + 5ﬁ2i12l,-) ® ezpz(—nﬁsz + 5”1216L,~)
=2, K" © €3,,G", (3.176)

where K#2 is —n"2K* + 6**'K ,; up to a shift by p\?, py* and similarly for G#*. For
example, in the j* = 2 kernel given by (3.163) we have K2 o« m*g}> — (m* —v*) 44>
To correctly reproduce K*G* + K. - G, we should perform a polarization sum in

e5 using!’

PlusP2py + PlpaP2us
P1-D2 '

€21,€2p, 7 Nurpy — (3.177)

Then, we obtain

PlusP2py + PlpaP2us
P1- P2

K" GP |1y, — = K'G*+K, -G, (3.178)

In summary, for the flat space sum rules we should set the polarizations ey, €3 to be

proportional to s, and perform polarization sums for e,, e4. More precisely,

m(m—Vm?2 —v2) _
2 S

elﬂ 263# =1

v
P1unP2py + Plpa P2y, P3usPaps T P3psPaps
€21,€2py 7 Nurpy — s €4 €ap, = TNugps — .
P1- D2 D3 D4
(3.179)

To study how the spinning CFT sum rules are mapped to flat space, we first start with
the heavy action formula (3.102). Then, we further decompose the conformal block

G o into independent four-point tensor structures. Namely, we want to consider

+(a) I
lPk,vc,lj’ [GsA,p,(a’b’),IQ I, (3.180)

17For a general polarization €, p; can be replaced with any null vector g. However, here we have
chosen the polarization to satisfy the condition e; - p; = €2 - p» = 0, so the correct choice here is

q=Drpi-
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where Q7 is a basis of CFT four-point structures. We will choose the CFT four-point
structures such that under the polarization maps (3.133),(3.136), they get mapped
to the generators of the local module of the four-photon amplitude. Namely, the

four-point structures satisfy

16 2
Ql|sadd1e,(3.133),(3.136) = {H14H23,H13H24,H12H34,X1243,X1234,X1324, ﬁS}

(3.181)

where the structures on the right hand side is the basis of polarization structures of
the four-photon amplitude introduced in section 3.4. We give the explicit expressions

of Q”’s in appendix 3.E.

We can now apply the polarization map (3.133),(3.136) to the right hand side of
the heavy action formula (3.102). From the previous discussions, we know that the
kernel part should become V(V(Z.), defined in (3.162) and it acts on the four-point tensor
structures Q”’s through (3.179). For the block part, by (3.143), (3.144), it should
turn into four-photon partial waves which are further decomposed in four-point

structures. In summary, we have

+(a) s
lim Tk"”j'[GAﬁ,(a’b’)]
el 2(2sin (n252))

2§+2dﬂd—%eigm%+zv%-4d(mz _ vz)%(m _ m)d—4

B r (%) vol(SO(d —2))

x K [0"]

o QI H2m—dd+d, —4d+4 Ad—4 R, ﬂ; @) (3.182)

Our remaining task is to evaluate the above expression explicitly. We perform the
polarization sum of 7(5“1) [Q'] using (3.163), (3.179), and also insert the subtraction
factors fk(,_Jl)j given by (3.106), (3.107) with J, = 1. Finally, by comparing the result

with the heavy state contribution of the four-photon flat space sum rules (3.171), we
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obtain the dictionary between the four-photon CFT and flat space sum rules.

(0 +(1)
lP4’y;k,ij/:0;f]:;Je:1 [A$ p] C4'}/;k,—yz [mz’ p]
: 2 _ + | o+t 2 _ _
Al,lvgll T4y;k,v,j':0;faje:1 1A P == M, C47(;3’<),—V2 n®pl |, k=24,=...,
k, + 2
e lIl47/;k,v,j’:2;]",:';Je=1 [A» ,0] ’ 4yik,—v?2 [m ’p]
. (1) L (A=) 2 _
y<m k,v
(3.183)
4y .
where A, is
RY%
Aiwy _ 95d-3-2j" envn_l—dv6—3d—2kr( %1)_ (3.184)
The two matrices sz, M4‘y are our main results. They are given by
-4(D-2) -2(D-4) 0
My, = -1 -2 (D-3) |,
2 —_1 0
(D-1) (D-1)
My, = (2). (3.185)

The left-hand side of the dictionary is written as the heavy action defined by (3.145),
and the right hand side is the heavy state contribution given by e.g., (3.174). The
dictionary should be true for all tensor structures of the block/partial wave, so
we suppress their labels (a’), (b’) in (3.183). Moreover, since (—1)/" gives the
signature of the integrand under 1 < 3, or equivalently s < ¢, we can separately
consider the CFT sum rules with even/odd j” and the flat space sum rules that are
symmetric/antisymmetric under s <> t. On the CFT side, k is a parameter of the
functional and the subtraction factor, which controls the behavior of the integrand
in the Regge limit. On the flat space side, the same k gives the Regge spin of the

sum rule.

We also notice that the all the CFT sum rules correspond to the “lowest-subtracted"
flat space sum rules, meaning that they have the minimal number of subtractions
(for a given Regge spin) among all the sum rules in (3.171). (In other words,
their corresponding polarization structures grow the fastest in the Regge limit.)
Interestingly, upon setting e = e3 to be along the 5 direction following (3.179), we
find that the only four-photon amplitude structures that are still non-vanishing are
the ones that appear in the lowest subtracted sum rules. It would be nice to better

understand why this happens.
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Transverse spin of sum rules

By construction, our CFT sum rules are labeled by a transverse spin j'. As
discussed below the dictionary (3.183), the signature (—1)/" tells us if the flat
space sum rule is symmetric or antisymmetric under s < f. However, ;' is a
representation of SO(d — 2), so it should encode more information than just a
signature. On the CFT side, the transverse spin appears in the dual structure
((0|04 (x4)L[O](x0, 20) O (x5 )@ ) - ,and j can be realized as a representation of
the SO(d — 2) group that stabilizes the saddle configuration of x;+, x4, X0, zo. On the
flat space side, this should correspond to an SO(D — 3). What is this SO(D — 3) in
flat space? Moreover, in the dictionary (3.183), (3.185), each CFT sum rule with a
fixed j’ gets mapped to a linear combination of the coefficient functions Mfg How
can we interpret this linear combination as having a transverse spin j’ directly in flat

space?

We find that the simplest way to understand transverse spin in flat space is by
considering the fixed-u Regge limit in the shock frame (3.149). First, note that in
the Regge limit, the V, W vectors defined in (3.160) become V# ~ q‘f + q’; =
vv‘zl; LW~ gl = gh = —ivv ., - Therefore, the four kernels in (3.163) become

7<47,(1)
J'=0

7(17,(2)
Jj'=0

_ M2 M4 M2 M4 M2 M4
Regge € 2H2E4s ((D 3y va Vi Vit 5¢;D-4) ’

M2 | Ha HoHa
€24y €4py (VI;J_VI;J_ + 6J_;D—4) ’

Regge
c*r-() M2 M4
. Xe211,€4, V1., Vh.
j'= Regge H2™ata Y 1,1 2.1
a4 Uofig
R A )
7(1)/ My M4 ;L7 1;L 1;:D-4
g e, au, |V VT — (3.186)
=2 Regge H2 =544 ( LithL D -3

From the expression of the kernels in the Regge limit, we see that the SO(D — 3) that
realizes the transverse spin in flat space should be the stabilizer group of s, s, v2.,,
M2 | M4 cH2H4
and vl;Lvl;J_ + 6J_;D—4
In fact, we can see this more clearly by studying the four-photon amplitude in the

is the metric of the corresponding (D — 3)-dimensional space.

Regge limit. To make the action of the SO(D —3) more manifest, we can parametrize

the polarizations as

Ho_ < I H
ey = esst + eosst + €24V, + 25,
eg = e4e8" + eqs5t + e4+v‘2’,L + zg, (3.187)

where zg, sz are (D — 3)-dimensional vectors that transform under the SO(D — 3)

group. Using transversality p» - e; = 0 and the gauge redundancy e, ~ e; + #p;, we
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can express eag, €5 in terms of es4, 7o and the shock frame momenta (and similarly
for e4). Therefore, we can parametrize the polarizations using e+, e4+ and 27, z4.

. . . 22
We now take the four-point amplitude and sete; = e3 = zw

s asrequired by
our functional. As mentioned above, after this step only the polarization structures
that appear in the lowest-subtracted sum rules are non-vanishing. We then take the
Regge limit and consider the leading term. With the parametrization (3.187), we

find

2,2
R m-v=(D - 1) 2 1 1 2 4
M= = 8 (M (5.0 = g MP* (5.0 By
2222
im?v (ZM(I)_(S, u)) E;Z,jel
2.2
- i (MO G = BEMO s + (D= M) ESLY,
__mv (~4(D = 2)MD* (5,0) - 2(D ~ HMP* (5,u)) E3]?
16(D - 3) ’ o

(3.188)

4y
where each E2 4

tation under the SO(D — 3) group. They are defined as

is a tensor built from e, e4 that transforms as a spin-j’ represen-

BV — .. 2 oo
24,j/:2 =22 vl;J_Z4 vl;J_ D _ 3a 24,5 =1 = €4422 Vl;J_ €2+34 VI;J_’
4y,(1 4y,(2
E2Z,;,:)0 = 2024 — €24€44, Ezl;/io = er4€44. (3.139)
We see that by decomposing Mfysggs into different representations under SO(D —3),
the linear combinations of the coefficient functions exactly agree with the ones in
the dictionary (3.185). In other words, we can write Mf;gge as
MWD (s, 1)
Regge _ [ m2y2 p4y.(1) m>?  4y.(2) m*v(D-1) -4y + )+
M4y - (_4(1)—3) E24,j’:0 “16(D-3) E24,j’:0 8 E24,j/=2 M47 /24 (s, u)
MO (s,1)
im?v? 4y - -
+ (lmsv E24,j’=1) My, (M( ) (s, u)) , (3.190)

where MZ , M are the matrices in the dictionary (3.185).
y> Ay

Another way to see why we get the same matrices that appear in the dictionary is
that under the polarization sum, the pairing between the Regge limit kernels (3.186)

and the spin-j’ tensors (3.189) form a diagonal matrix.
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For the j* = 0 case, there are two different tensors structures. By comparing
EJ(.ZO, E](.,zlo and the CFT structures that give the two kernels for j* = 0, we can even
write down a dictionary between the embedding space CFT structures and spin-;’

tensors:
HyoHyo & erpesqy, Hog <> 2024 — €24€44. (3.191)

A similar dictionary between CFT structures and polarization structures in a con-

formal frame is also given in (Kravchuk and Simmons-Duffin, 2018a).

Sum rules for gravitons
In this section we give the dictionary between the CFT sum rules and flat space sum

rules for gravitons. We first review the flat space graviton sum rules.

The local module of the graviton amplitude has 29 generators, and 28 of them can
be constructed from taking products of the photon generators defined in section
3.4. The remaining generator G can be written as the Gram determinant of all dot
products between (p1, p2, p3, €1, €2, €3, e4). The general four-graviton amplitude in
generic spacetime dimension (D > 8) takes the form (Chowdhury, Gadde, et al.,
2020)

Mag (s, u) :gMii,)(S, u) + SZMA(;,O) (s,u)
+ (HA M (5,10) + HioHis HasHa M) (s,0)

4 6
+ Hi4H23(X1243 — X1234 — X1324)M£g)(s, u) + X12243M4(1g)(S, u)

+ X1234X1324M$ (s,u) + H14H23SM4(1§)(S, u)
+X 12435/\/(4(1? (s, u) + triplet permutations)

+H12H34X1243 Mf‘? (s, u) + sextuplet permutations. (3.192)

The functions that multiply the polarization structures G and S are symmetric under
all permutations of s, ¢, u, and the ones with “triplet permutations" are symmetric in

their two arguments. For the M®) function one should include all six permutations.

By repeating the analysis of the Regge limit behavior reviewed in section 3.4, one can
obtain the dispersion relations for the graviton amplitude. There are 19 independent
fixed-u sum rules with even Regge spin k and are symmetric under s < ¢ (Simon
Caron-Huot, Li, et al., 2023b). Similar to the photon case, the number of subtractions
for a given Regge spin of these sum rules can be different. In the dictionary for

photons, we see that our CFT sum rules all correspond to the lowest-subtracted flat
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space sum rules. This turns out to be true for gravitons as well. For graviton sum
rules with even Regge spin, 7 of them are the lowest-subtracted. They are given by
sa-n) _ [ ds (s—1) { 3) —u\2 7 4(10) (2,5)+
{C4g;k’u } - %o 47_” (_St)% M4g (S’ t)’ ( 2 ) M4g (S, t)’ M4g (Sa M)’
—u 8,9 6 7
(3) M (5,0, M (5,) + M) (5,0}
(3.193)

For the remaining 12 sum rules that have higher number of subtractions, see appendix
A of (Simon Caron-Huot, Li, et al., 2023b). We again use the notation M (0)+ (s,u) =
MO (s,u) + MO (¢, u), and rescale some of the sum rules by (_7”) to make all of

them have the same power counting.

For graviton sum rules with odd Regge spin, there are 10 independent sum rules,
and 3 of them are the lowest-subtracted,

~(1-3)] _ ds 1 (2.5)- MVIOS _
et =- ) M G0, (F)ME s w), k=35

(3.194)

When performing the CFT analysis for gravitons, all the discussions in section 3.4
and 3.4 can be generalized straightforwardly. In particular, we can also obtain a
simple relation similar to (3.144) that relates the block part of the four-stress-tensor
functional to the four-graviton partial waves, which include 20 different cases in
total (S. Chakraborty et al., 2020; Simon Caron-Huot, Li, et al., 2023b). Moreover,
we can obtain the graviton kernels that are similar to (3.163). The number of
independent kernels are 3 for j* = 0,2 for j* = 1,3 for j* =2, 1 for j/ = 3, 1 for
Jj = 4. Therefore, we have 7 even j” and 3 odd j” sum rules in total, and they indeed
agree with the number of “lowest-subtracted" flat space graviton sum rules that are

symmetric or antisymmetric under s < ¢ given in (3.193) and (3.194).

Finally, the only remaining difference in the graviton case is that instead of (3.179),

the rules for polarization sum of e, e4 become

1
efererel — = (PPl + P PLF) - S PP i=24 (3195)
where

u u

Pyv_ v p1p£+p11/p2

ey =N - ——,

P1-Pp2
My v M1
Pipy+ pip

[ A (3.196)

P3 P4
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Our final dictionary for gravitons is given by

(1) A +(1)
r—() £t b 2
?g;kﬂ/’f _O’fk;Je:Z [ p] 4g;k,—v2 [m > p]
2
4g;ksvsj’:0;f]::.]e:2 [A’ p] :g(.k)_vl [mz’ p]
3) +(3) 2
\P4g;k,v,j/20;,f]::]e:2 [A’ p] 1 4g;k,—V2 [m 7p]
: (1) ' _ + | o+ 2 _ _
A Wy ke, IS P = A% My, C4g(;k),—v2 [m®.pl|. k=24=....
< 2 e k, +(5 2
@ (Al Y G mpl
85K5V5J ’fk;Je:Z +(6)
9 (A ] Cr Lm%p]
4g;k,V,]":2;f]:—-_] =2 P tg(,};{),—v )
we C ,
lP4g;k,v,j/=4;f,(+;,e:2 [A, p] 4g;k,—v2[ ol
(D -(1
qj4g;k’v’j/:1;fk_;10:2 [A’ p] 1 C4g(;k),—V2 [mz, p]
. (2) ' _ - -(2) 2 _ _
Al}/lggl lP4g;k,V’j’=1;fk’;Je:2 [A, p] = ATgM4g C4g(;§<),—vz [m , p] , k = 3, 5, = ...,
v<m (1 k, - 2
lIJ4g;k,v,j’=3§fk_;_,e=2 [A’ p] v C4g;k,—V2 [m > p]
(3.197)
where the coefficient Aigv is
4 2 —d . 2-3d-
and the two matrices are given by
16(D - 4)(D - 2) 0 16D(D +2)  8(D-4)D 0 0 4(D - 4)(D -2)
16 0 16D 2(D*-3D-2) -4D-2)(D-1) -2(D-4(D-1) 2(D*-6D+7)
. 2 (D-3)(D-1) 2 D= 1-D -2D-4HD-1) 1 (D*-6D+7)
M= 0 R gy 0 0 —
-k . 0 0 o
-5 0 -5 -2 2 -1 ol
Ry 0 T oD 0 0 Uz
-16(D +2) 4(D -4) 0
M4_g = -8 (D-3) 2(b-1) |. (3.199)
24 6
DAl DAl 0

Finally, the transverse spin analysis done in section 3.4 can also be performed in the
graviton case. In this case we have transverse spin up to j = 4. As an example, let
us consider the spin-4 tensor which is defined as

4g

By jr=a

= (z2-vi.1) (24 - vl;l)2 — traces. (3.200)
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When we isolate the spin-4 part of the four-graviton amplitude in the Regge limit

(and after setting e, e3 to be in the s direction), we obtain

4.4
My = T (AMP (s5,0) + 4MP* (s5,0) = 2MO* 5,)
MO (s,0) + MD(5,0)) EgS L+ (3:20D)

where . .. are other terms with j* < 4. Indeed, we see that the linear combination

of the coefficient functions agrees with the dictionary (3.199) (the last row of Mjg).

3.5 Discussion

In this work, we studied a basis of CFT dispersive sum rules for spinning operators.
The basis was constructed using the fact that the commutator of two null-integrated
operators on the same null plane vanishes, also known as superconvergence. Using
the Lorentzian shadow representation of conformal blocks, we expressed the action
of our sum rule on a conformal block as an integral over spacetime. We showed
that in the bulk point limit, where v (parameter of the sum rule) and A (dimension
of the block) both become large, the spacetime integral gets completely localized
to a “scattering-crystal." This enabled us to derive a simple formula for the block
action of our sum rule in the bulk point limit, generalizing the results in (Simon

Caron-Huot, Mazac, et al., 2021a) to the spinning case.

The main result of this paper is a dictionary between the block action of CFT sum
rules in the bulk point limit and the heavy state contribution of flat space sum rules.
We fixed the dictionary by exploring flat space interpretations for the inserted block
and the kernel in the simple formula of the CFT sum rule. We showed that CFT
three-point structures at the saddle form a natural basis for the flat space three-point
amplitudes, allowing the inserted block to be directly related to flat space partial
waves in this basis. On the other hand, the kernels of the sum rule can be interpreted
as actions on shockwave amplitudes in flat space. Combining the two results, we
derived the dictionary between our CFT sum rules and the flat space sum rules for

photons and gravitons.

By construction, the CFT sum rules are labeled by a transverse spin j’. Through
the dictionary, this gives a basis of flat space sum rules each labeled by a transverse
spin (an SO(D — 3) representation). This SO(D — 3) stabilizes the shock directions
and the momentum transfer p| + p3 of the shockwave amplitude, and the transverse

spin of each sum rule can be realized by studying the amplitude in the Regge limit.
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However, from the flat space perspective, it remains unclear how this “transverse

spin basis" is useful in practice. It would be interesting to explore this further.

So far, we have only found a dictionary that relates CFT sum rules to some of
the known flat space sum rules. In particular, we only get sum rules that have
the fewest subtractions. As discussed in 3.4, to get other sum rules we have to
leave the configuration where the polarizations of the shock gravitons are along
the shock direction. In CFT this condition comes from setting the polarizations of
the light-transformed operators O;, Oz to be the null vectors xj¢, x39. Therefore,
it is conceivable that new sum rules can be obtained by studying null-integrated
operators that are not integrated along their polarizations. Equivalently, we can
consider taking derivatives of the light transformed operators. Schematically, we

would like to find a differential operator O such that
Dy 215 L1011 (x, 21)L[ O3] (x, z3) (3.202)

is a conformal primary at x. These conformally-invariant differential operators have
interesting connections to reducible representations of the conformal group (Jodo
Penedones, Trevisani, and Yamazaki, 2016). We hope to address this problem in

future.

Our construction of spinning CFT sum rules is an important step toward lifting the
flat space gravitational bounds in (Simon Caron-Huot, Li, et al., 2023b) to AdS/CFT.
It provides functionals with positive action on conformal blocks with large A and
fixed J. In order to complete the bootstrap argument, there are still several remaining
tasks. First, as discussed above, we have to construct the additional CFT sum rules
that give rise to the other flat space sum rules which cannot be written in terms of
the shock amplitudes. Second, one also needs to check the positivity of the sum
rules in the Regge limit, where A and J are both large. Finally, one has to derive
a similar dictionary that relates the low energy EFT contribution of the CFT and
flat space sum rules. In the scalar case (Simon Caron-Huot, Mazac, et al., 2021a),
the light contribution analysis also involves a saddle point. Therefore we expect we
should be able to generalize it to the spinning case by arguments similar to section
3.3. Once these calculations are done, one can then derive bounds on the higher
derivative corrections of gravitational AdS EFTs in terms of the large CFT gap.
These bounds would give a sharp form of the HPPS conjecture (Heemskerk et al.,

2009) at the level of four-point functions of stress tensors.

It would be interesting to also test the HPPS conjecture beyond four-point functions
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using superconvergence. For instance, one could consider commutators of light-
transformed operators in a multi-point correlation function. In flat space, we expect
this should correspond to commutators of multiple shockwaves. Another interesting
direction is studying superconvergence in a thermal state by using the folded light

transform contour from (Simon Caron-Huot, 2023).

In Simon Caron-Huot, Mazac, et al., 2021a, it was shown that superconvergence sum
rules also exist at J = -2, —4, . ... In these sum rules, one integrates a commutator
against derivatives of delta functions, which again constrains the two operators in
the commutator to be spacelike separated. It would be interesting to find spinning

versions of these sum rules.

In flat space, unitarity additionally imposes an upper bound on the spectral density.
This condition has been used in the context of EFT amplitudes through primal
bootstrap methods (Chiang et al., 2022; Chen, Fitzpatrick, and Karateev, 2022).
However, it is not clear what the corresponding CFT statement is. To understand
how this upper bound is realized in CFT, our dictionary will be an important

ingredient.

Crossing-symmetric dispersion relations in flat space (Sinha and Zahed, 2021;
Chowdhury, Ghosh, et al., 2022) have also proven valuable in studying dispersive
bounds on EFTs. They have the advantage of making low-energy crossing almost
trivial to impose, and are more well-behaved when including loop EFT corrections
(Li, 2023). Analogous CFT dispersion relations have been established in Mellin
space (Gopakumar, Sinha, and Zahed, 2021), and crossing-symmetric dispersion
relations in position space were recently studied in (Bissi and Sinha, 2023). We
expect that position space methods will be more straightforward to generalize to

spinning case.

Including loop EFT corrections often makes the forward limit in flat space divergent
(Bellazzini, Elias Mird, et al., 2021; Bellazzini, Riembau, and Riva, 2022). Con-
sequently, one has to consider a limited set of sum rules that give weaker positivity
bounds. On the other hand, loop corrections in AdS are automatically regularized
by Rags- By computing the loop contributions from summing over double-trace
exchanged operators (Aharony, Alday, et al., 2017; Meltzer, E. Perlmutter, and
Sivaramakrishnan, 2020; Meltzer and Sivaramakrishnan, 2020), one should be able

to obtain finite loop corrections to the tree-level AdS bounds.
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3.A Conventions for two-point and three-point structures
In this appendix, we summarize the conventions for the conformally-invariant struc-

tures we use in the main text.

For standard two-point and three-point structures, we use

(2z1 - 1(x12) - 22)’

(O(x1,21)0(x2,22)) = A ,
12
2xHx,
I, (x) = 6, - 222 (3.203)
X
and
(223 - x23x%, — 223 - X13x3,)”
(@1(x1)92(x2)O(x3,23)) = 5 | AltAy-A+) 213 A+A+T—Ay 223A2+A+J—A1 - (3.204)
()™ 7 ()T T ()T 2
In the embedding space, the standard structures can be written as
(2H 1)’
(0(X1, 2))0(X2, 2)) = — 37
12
(-2V3,12)7
<¢1(X1)¢2(X2)0(X3’ X3)> = Aj+Ay-A-J AL +A+T-Ay Ap+A+J—-Ay ° (3205)
X, * X3 7 Xy O
where
Xij = —2Xl‘ . Xj,
Vo= Zi - XiXi - Xe = Zi - Xp Xi - X
12Y) X] . Xk ’
Hij = —Z(Zl' . Zle' . Xj - Zl' : XjZJ' : Xl) (3206)

We also need the structures with more complicated representations. In the main
text, the most complicated case will be when Oy, O, are symmetric traceless tensors
with spins J1, J2, and O has representation p whose Young diagram has three rows

of length (J, j, ). Our convention for the two-point structure is

(2H12)J_j(2Y12)j_7(2?12)7.

(O(X1, Z1, Wi, W)O(Xa, Zo, Wa, Wp)) = _
12

(3.207)

For the additional two rows of the Young diagram, we introduce two null polarization
vectors W;, Wl with the conditions
Xi-Wi=Z Wy =X;- Wi =Z-Wi=W; - W; =0,
W; ~ W; + #X; + #Z;,
W ~ Wi + #X; + #Z; + #W,. (3.208)
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The structures Y, Y, 12 are index contractions of the antisymmetrization of the em-

bedding space vectors X;, Z;, W, VT/,-. Let us introduce the notation

Vi Voo Val - W0, Way o Wal = sgn(0)WViay Vaay - Vi, W) 7O W57

oeS,
(3.209)
Then, the structures Y2, le are defined as
Y;; = =-2[X;,Z;, W] - [X;,Z;, W],
Yy = =2[Xi, Z, Wi, Wil - [ X}, Z;, W, W], (3.210)

One can check that subject to the conditions (3.208), (3.207) is the only conformally-
invariant structure with the correct homogeneity of the embedding space vectors.

We have chosen the two-point convention such that (3.207) itself is Rindler positive.

For three-point structures, we have

(01(X1, Z))02(X2. Z2)O (X3, Z3, W3, W3)) @)
~ (=2V3.12) " VY3 Vo HYY HYY HYS (=2U3 12) 91 (—2U3 21) %2 (~2U3 1)
- A +J +Ag+Jy=A=T—j—]  Ap+J +A+T+j+]-Ao~Jy  Ag+da+A+d+j+j—A) -}

2 2 2

X

’

X

12 13 X23

(3.211)

where the tensor structure is labeled by the nonnegative integers m;, n;;, k;j, subject

to the constraints

mi+ni+niz+ ks =Jy -,
my+np +ns+kn =Jr—J,
m3+niz+nyg=J-]j,

kst + ks =)~ J. (3212)

The structures U; jx, ﬁi, jk are defined as

X..
Uijk = —2[Xi, Zi, W] - (X}, Z;, Xi ],
X
~ Xij Xik —
ik = [(Xi, Zi, Wi, Wil - [ X, Z;, Xk, Zi]. (3.213)
J

When writing the Lorentzian shadow representation of the block (e.g., (3.43)),

we need to use the three-point structures with absolute values. Also, note that

a
w, 7™,
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the two structures in (3.43) have different causality configurations. Their explicit

expressions are given by

2 27
(225 - x25X75 — 225 'x15x25)

{1 (x1)@2(x2)O(xs, 25))| = —— 3 o R 1>2,5~12
(_xlz) 2 (x15) 2 (x25)
(225 - X45X35 — 225 - X35%35)”
|<¢3 (X3)¢4(X4)0(_X5, Z5)>| = 2 Ag+A3-A+J 25 A+J+04—Ag 452 A+J+A3-0y ° 4>5>3.
(=)™ 7 (=)™ 7 (=)
(3.214)

From the expression of [{¢1(x1)¢2(x2)O(xs,25))|, one can explicitly verify the
identity (3.47).

In the definition of the functional (3.93), we introduce a celestial three-point struc-
ture. This structure is a standard three-point structure in a Euclidean (d — 2)-
dimensional CFT, where z; are viewed as the embedding space coordinates. There-
fore, we can get this structure by taking the d-dimensional three-point structure in

(3.205) and make the replacement X; — z;, Z; — w;. This gives

(4w -z12- 20 — 4w - 207 - 21)/
<P(51 (Zl)Péz(ZZ)P&j(Z’ W)> 51+5+, 5y 62+6+1 51 51+52 5+j °

(—2z1-2) (=222 - 2) (—2z1-22)" 7
(3.215)

Finally, in the functional we also use a dual structure (0]O4L[0]0+|0)~!, which
should be a continuous-spin structure. In particular, we are interested in the structure
with the causality constraint 4 > 0 > 2. We define the standard continuous-spin

structure with this configuration as

(0]¢h4(x4)O (x0, z0) P2 (x3)|0)

(220 : x40x§0 -2z0- XzoxiO)J
= A2+A4 A+J 2 A+J+Ay—Ay 2 A+J+A4—Ny ’ 4 > 0 > 2. (3.216)
(=x3,) (=xp) ™ 7 (=xgy)

In the embedding space, it is given by
(014 (X4)O(Xo, Zo) $2(X3)|0)
(—2Voa2(—X24))’

2+A4 —-A+J A+J +A2 Ay A+J+A4 Ay

( Xo0)7 2 (X)) 7 (—Xoa)T 2
Note that the combination -2V 42(—X>24) is always positive due to the causality

4>0>2. (3.217)

constraint 4 > 0 > 2. The actual dual structure will be the above structure with the
replacement A - J+d-1,J - A-d+1,A; — A, multiplied by a computable
prefactor. In the scalar case, it is given by (3.37). We discuss the spinning case in
more detail in appendix 3.D.



103

3.B Heavy action formula from the large v limit

In the main text of this paper we have taken the large v limit of the kernel and large
A limit of the block at the same time. However, in this appendix we compute the
large v limit independently. Taking the large v limit of the kernel alone will slightly
differ from taking A and v limits simultaneously. Recall that when we perform
the gauge fixing, we also fix a fifth point x5 coming from the conformal block we
want to act the functional on. If we just study the action of the functional on a
general four-point function, we can again use conformal symmetry to fix x| + x3 to
the origin and x,+ + x4- to spatial infinity, and since we don’t have a fifth point, the
stabilizer group is generated by Lorentz transformations and dilatations. We can
then use Lorentz transformation to fix all four points to be on the same plane. After
performing the large v analysis (which will be done below), one can then obtain a
kernel that only depends on the cross ratios (see (3.237)). Therefore, we can undo
the gauge fixing and go back the the bulk-point gauge fixing again, and then the rest

of the calculation is the same as (Simon Caron-Huot, Mazac, et al., 2021a).

We now want to take the large v limit of

(0|¢p4(x4)L[O] (x0, 20) 2 (x3) |0y~

dd dd dd dd dd Dd—2
WG] = 44y, / N 0d B Xad XD 20
’ 4>3>0>1>2 vol(SO(d, 2))

(P, (x1+0) Ps, (x30) P (20) )6 (x7+0) 8 (x30) 0 (x1+0) 8 (x30) (R [$a (xa), b3 (x3)] [p1 (x]), B2(x3)]19).
(3.218)

The only v dependence is in dual and celestial structures, and so we need only focus

on
/ dxoD??2(01¢ (x4)LLO] (x0, 20) 2 (x])10) " 562, )5 (:x2)
X (Ps(2)P5, (x10)P5, (x30)) (~x33) ™ (—a2,) 2, (3.219)

which we can rewrite using the explicit expression for the dual structure (3.37) which

gives us

/ dhxoDU22 X (P5(2)P5. (x140)P5, (x30)) (~x73) ™ (=22 26 (x7.)5 ()

2 2 \A—d+1
(220 - X405, — 220 * X20X)

ZZ+Z4+A—J—2d+2 52+A+J—Z4 Z4+A+J—Zz ’
(=x3,) ’ (o)~ 2 ()~ 2
(3.220)

where we have dropped the overall coefficient in (3.37). It will be useful to notice
that the dual structure has the form (¢(x4)OF (xo, z0)¢(x2)), which is a three-point
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function of two scalars with shadow dimensions Z¢ =d — Ay, and a third operator
with (Ap,Jp) = (J+d - 1,A—d + 1), where J and A are the dimension and
spin of the light transformed operator. In particular we will focus on the limit
Jp=2-d+6= +lvv—>oo

From the analysis in the cross-ratio space (Simon Caron-Huot, Mazac, et al., 2021a),
we know that in the bulk-point limit x and y will get fixed to saddle points of the

form
X = (v, 0), ¥ = (uy,vy,0), (3.221)

and therefore we can just study the large v limit for this particular x and y using the

gauge fixing procedure described above.

Let us choose the coordinates of xo and z to be xo = (u,v, ¥o),z = (1,¥2,%,). In
the integrand, the Jr dependent factors are (we replace ¢ with Jr + d — 2 as well as
AwithJp+d—1)

(01¢a(x4)OF (x0, 2) P2 (x3) |0){Ps(2)P5, (x1+0)P5, (x30))

_ (—2Vp24)’F o
2A¢ d+2-Jp d-2+J, d-2+J,
(x2+4) ( xio) 2 F(x§+0) 7"
1
— (22
(—2z- x1+o) ( 2z - x30) ( 2X1+0 - X30)

Note that we have the delta functions & (xfm)é (x%o), and therefore —2x1+¢ - x3¢ =

(x1+0 — x30)% = X7
The two delta functions can be written as
S(x3g)8(x3y) = 6((u + uy) (v +vy) = 38 (= (u — uy) (v —vy) +¥3).  (3.223)

In terms of 7y, Xo defined in (3.59) (in this case we have ¥, = 0), the delta functions
fix 7o = 0 and ro = |Yo| = (uyvy(1 — ?c%))%. The Jacobian relating 7, Xo and u, v is
given by dudv = 2uyvydiodxo. This gives (for any function f (u, v, J))

3 [ dudvd® 250 6= =)0 =) 4 R+ )0+ v,) = 3 v, o)

N N e _ .
:/ dxod€;, 3 f(to = 0,X0, 70 = (uyvy(1 - X)) 2, 825,),

(3.224)
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where 7 is the unit vector in the y( direction.

After removing the delta functions, (3.219) becomes

uyvy(1 - 32) 7 2=Jr
/ a’fonﬁodd_ziz( vy (1= X)) -x
8 2A¢ —d+2— JF
( 2+4 ) (x4 0) (x2+0)
1 oI Go e g,,o)(4u . )(d Ag) (4 _y(d=Dy)
25 4-d+2-Jp UxVx
(=22 - x1+0) ‘T (=22 - x30) ‘T (=2x1+0 - X30)
(3.225)

where the function % (X, ., ;) is given by

h(Xo, ¥z, Q) (3.226)

)-;2

=log (u_ + V—Z —uyvy(1 —f(z))(vx + uxyz) Uy xO uivx}%i% + 2(uy vy — VyUx)X0Y0 * V2

1 ~ - - ~\ —~ - - ~ N\ >
~3 log ((Vy(l —X0) = 250+ ¥z + uy(1 +%0) 52 (vy (1 +Xo) + 250 - Youy (1 —xo))é))

1 ((1 — Uy VylxVy — (UyVy = Vyut)X0) (1 — uyvyuyvy + (tyvy — uevy) (1 - 350)))

-=1lo
2% @

(3.227)

We find that at large Jp, the integral has two saddle loci: one at xo = 0,y, = 0 and

one at xo = 0, y, = 0. Namely,

o  _ . a . _
Fh(xo’yz’gﬁo) = aTh(xo’yZ’Qﬁo) =0
X0 %0—0,y,—0 Yz Xp—0,¥,—0
o  _ . a . _
aTh(xo,yZ,Qﬁo) = aTh(XO,yz,Qﬁo) =0. (3.228)
X0 %0—0,5, > Yz %0—0,5,—00

Let us first consider the locus at Xy = y, = 0. We will see what the other saddle

should give shortly. Expanding A (X, ¥, Qﬁo) around xo = y, = 0, we get

— v (1+ u — 2uyityvyvy) (1 — uv?
h(xo,yZ’ino)N log( y) 2(1—1/! Vol ) y 'x(%
x yVyUxVx
2(1 - ux y - > 2Vx()_7)0 : )_;z)2 - Vy(uyvx - Vyux)yg
Xoyo - y; + 2 +
vy (1 = uyvyu,vy) VyVy
% 1 X0
“log |22 +—(~ *)M~ . 3.229
og (Vx) 5 X0 Yz Yo ()_’)z) ( )

Alternatively, one can also choose to not integrate 7o, |yo| and keep the delta func-

tions. Then the function / will also depend on 7, and |yo|, and one can show that
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there are saddle loci at 7y = Xo = 0, ¥, = 0,00. We can then expand h around the
saddle locus and use the delta functions to fix 7y and |yo|. This calculation should

give the same result.

Now let us compute the saddle integral in (3.225). By rotational invariance, the
determinant of the Hessian M5, in (3.229) does not depend on the direction of Y0, SO
we can pick a direction that makes computing the determinant simple. For example,
Yo = |Yo|(1,0,...,0). We then find

24-2(1 - uiv%)(l - v%u%)(vyux - uyvx)"l'2

(vay)d_z(l - uyvyuxvx)z

DetM5, = (3.230)

One also has to check the sign of each eigenvalue of DetMy;, in order to get the correct
phase in the saddle integral. We find that for vyu, — u,v, > 0, all eigenvalues are
positive, and for vyu, — u,v, < 0, one eigenvalue is positive and the other d — 2
eigenvalues are negative. Both cases turn out to give the same result, so let us

assume Vyu, — uyvy, > 0 here. The saddle integral in (3.225) is then given by

/ dFod®25, (- - ) ' F¥h T )

JF o - d-1
vy iz g1y -9t [(27)
~ (.- ~_)—»_)>< _ 2 J +..., 3-231
( )lxo 0,y,—0 (Vy) e F DetM;O ( )

where (- - -) are the other factors in the integrand of (3.225), and . . . are subleading

terms at large Jr. Evaluating the remaining factors on the saddle locus xo = 0, y, =

0, we obtain
d—4

(uyvy) T (v )\ ix _aa [(2)d-1
Higoy ) (@=B6) (4 (d-Ag) / g0 ) T (V)T w4 y
(4uyvy) () g " e i Delrs

27IF 1
2g=d+2-Ip d-2 d-2 d-2 d-2 264-d+2-Jp

(=304-) " 2 (X50) 7 (¥39) T (=22 x100) 7 (=22-%30) 7 (=2x190 - X30)~ 2

d-1
2

_9 -1 23\ IZ(d-1) o~
= 272240 55 ol (§973)e 2 1)JF X

d-2-Jfp J_F _ 2-d _
(Vyux) 2 (uyvx) 2 +d 2(Vyux - uyvx) 2 (1 - uyvyuxvx)3 d

\/(1 - u%v,zc)(l - v%u%)

(3.232)

We can write the result in terms of the conformally-invariant cross-ratios r and n
defined as

(=2 + r?)?
B 1672

: (1+2rn+ r2)2
B 1672

’ ’

b

, (3.233)

X0—0,y,—0
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where u’,v’ are defined in (3.31). In terms of r,n, the u-channel Regge limit

corresponds to r — 0 with fixed 7. In our gauge fixing, they are given by

1 xX-y Vyly + UyV
r=lxllyl = (uyvyurvy)?,  p= - = S (3.234)
|x||y| 2(MyVnyVx)2

Then, in terms of r, 7, (3.232) becomes

) - (1 = )3 pd=2y,-iviy, 134
3 +2d+r g5 vol(Sd‘3)eT<d—1>y—%( r) W lw) . (3.235)
(1 +7r2)2 - 4r2p?)2

where we have used Jr = % +ivandn = W+21/ . One can then notice that the

leading large v behavior is similar to
2 2=d . )

Pz—d+- (w+21/w) N F(d— ) V2 _ (e—%(d—Z)wiv +e%(d—2)w—iv) Y — 00 |W| > 1
S+ — -2 B D) .
2 F(%) (w=1/w) 7

(3.236)

In particular, the second term agrees with (3.235), and the first term comes from the
other saddle locus. Therefore, after including both saddle loci, the integral (3.225)
becomes

L(42) (1 -r2)3dpd2

(d =2) (1 +r2)2 - 4r2p2)>

9 d-1 i=n 1
2732 o F ol (593 v Pt )

(3.237)

The expression we start with, (3.219), is essentially the shadow representation of

the conformal block G;‘:iv e where one of the three-point structures becomes a
celestial structure and delta functions due to setting J = —1 (Chang, Kologlu, et al.,
2022). What we have shown here is that its large v limit is given by (3.237). Although
the same result can be obtained in the cross-ratio space using the Casimir equation
(Kravchuk and Simmons-Duffin, 2018b), we believe that the above calculation from
saddle point can be more straightforwardly generalized to spinning operators. Since

Ay

d_ __
§+lv,]—

C(A= % +iv,J = —1), the calculation here could also be helpful for understanding
the OPE data at large A (Mukhametzhanov and Zhiboedov, 2019).

X is exactly the kernel appearing in the Lorentzian inversion formula for

Finally, to reproduce the heavy action formula, we can take the conformally-invariant
expression (3.237) and plug it back in (3.218). Similar to the main text, we can
then study its action on conformal block and choose the gauge fixing (3.49), which
introduces the Faddeev-Popov factor (3.50). This gives (3.51) with the kernel part
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replaced with (3.237). Combining with the subtraction factors (3.87), we find that

we get an integral of the form

/ddxddy rk+d_l(1 _r4)77
(1+72)2 —4r22) "%
1 1

(=x2)24 (x2))Bo (—x2,) o

{1+ 62+ O (x5)) (O, ., (x5) 8304

gauge—fixed '
(3.238)

The only difference between this integral and the one considered in Simon Caron-
Huot, Mazac, et al., 2021a (see (3.25) and (3.37)) is a factor of n, which becomes
1 in the bulk-point limit. One can further check that the overall factors also agree.
Hence, the calculation in Simon Caron-Huot, Mazac, et al., 2021a implies that we

recover the same heavy action formula (3.92).

3.C Details on matching partial waves

In this appendix, we give some more details on the partial wave discussion in section
3.4.

Partial waves in monomial basis

In the main text, we define the vertices v(n, e, e2) directly from evaluating the CFT
three-point structures at the saddle and applying the polarization map. From the flat
space perspective, it is more convenient to define the vertices as monomials, which
can be easily expressed using Young tableaux, as given in (Simon Caron-Huot, Li,
et al., 2023b). Furthermore, the bootstrap calculation done in (Simon Caron-Huot,
Li, et al., 2023b) also uses the monomial basis (up to a Gram-Schmidt procedure
to convert it into a orthonormal basis). The dictionary found in the main text tells
us that we can take the flat space functional found in (Simon Caron-Huot, Li, et al.,
2023b) and construct a positive CFT functional with positive action on heavy blocks.
If we want to further study the OPE coefficients in the bootstrap calculation, we will

need to know the relation between the two different bases.

One can find the relation between the two bases by explicitly evaluating the CFT
three-point structures at the saddle for all the exchanged representations p in the
photon and graviton case (see (Simon Caron-Huot, Li, et al., 2023b) for a complete
list). It turns out that there is a clear map between the building blocks of CFT
three-point tensor structures and the building blocks of the monomial basis, given

by columns of the Young tableaux. We find that the map between the structures of
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(010,0s5) and v(n, ey, e;) is given by

o [Xs,Zs] - [ X1, Xo], er-exy o [X1,Z1] - [ X2, Z2],
o [Xs5,Zs5,Ws] - [X1,Z1, Xo], = [Xs5,Z5,Ws] - [ X2, Z, X1],
o [Xs5, Z5, W5, Ws] - [X1, 21, X, 2], (3.239)

where we use the notation (3.209) for the CFT structures. The Young tableaux
columns represent the antisymmetrization of the vectors in the boxes (see (Simon

Caron-Huot, Li, et al., 2023b) for the precise definition). For example,
=e|-win-wy —n-wiej - wp, (3.240)

where w1, wy are the polarizations of the vertex. Both sides of the map agree up
to an overall factor after one evaluates the CFT structure at the scattering-crystal

configuration (3.81) and applies the polarization map (3.133).

The map given in (3.239) allows us to unambiguously relate the structure labels of

the two bases, and we find that the partial waves computed in the two bases are

related by
CFT _ 2]—2j—n“, —n% —pb _pt’ _ n® +n% +nb +n? tableaux
ﬂp,(u’b’) =2 157257136 T a6 (— 1) 12125 T34 %np,(a’b’)’ (3.241)
where n¢. counts the number of H;s of the (a’) tensor structure, and other nf’j ,nb

15 ij
are defined similarly (see (3.211)). Note that the above relation is true for each
a’, b’. Alternatively, one can think of the factor relating the two partial waves as two

diagonal matrices that rescale the vertices.

We also see that this change of basis preserves the positivity of the partial wave
actions, so we can reuse the positive functional in the monomial basis. In the
forward limit, where n = n’, e3 = e}, eq = e, the partial wave in the monomial basis
is positive (or positive semi-definite for multiple tensor structures) by construction.
In the CFT basis, (3.241) implies that the partial wave is also positive. (Note that if
we instead define v(n’, e3, e4) in (3.139), then the partial wave wouldn’t be positive

in the forward limit.)

Polarization map and CRT symmetry
We now explain why the two definitions of vertices (3.134), (3.139) are consistent
with each other. In particular, we will show that by using the definition of v(n, ey, €)

and the CRT symmetry, we can recover the definition of v(—n’, e3, e4).
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For any CFT, there is an anti-unitary CRT symmetry J satisfying J> = 1, and it acts

on local operators as (assuming the operator is bosonic)

JO(x,2)J ' =0'(x,7), (3.242)

where x = (—xO, —x! X2, .. .) (and similarly for 7*) is a Rindler reflection. Since J

is anti-unitary, any CFT correlation function should satisfy
(O1(x1,21) -+ On(xn, 7)) = (O] (%1,7}) -+ OF (% T)) " (3.243)

where we have applied a CRT to each operator.

More generally, as explained in (Kologlu et al., 2020), for any spacelike points A
and B, one can define two Rindler wedges B > x > A~ and A > x > B~. Then,

there exists a Rindler conjugation J4p that exchanges the two wedges. Explicitly,

XX XX
AXB_2 B
X4 - XB XA Xp

Jag(X) =X -2 X4. (3.244)

It turns out that if we choose A to be the future infinity and B~ to be the origin, under
the corresponding Rindler conjugation J4g we have 3 — 17,4 — 2% 6" — 5inthe

scattering crystal configuration (3.81). Therefore, using this J4p, one might expect

(010" (x6+, 26) 01 (x4, 24) 03 (x3, 23)|0)] g = (01O (x5, Z) O (x2+, Z) O (x1+,25)[0)*

(3.245)

This is however too fast. A funny feature of our saddle configuration is that although
the points x; 234 are timelike, they all have purely imaginary spatial components.
The correct way to think about this should be we first consider e.g. x3 = (uy, vy, 0)

. . «— 2_42
for real uy, vy, and at the end analytically continue to u, — —i"—2—~ v, —

4
U “’;’Z_VZ To take into account the fact that there are imaginary spatial components,
we should apply an additional reflection to them, which can then be shifted to act

on the polarizations. In summary, the correct CRT relation becomes

(010 (x6+, 26) 04 (x4, 24) O3(x3, 23)10)  yue
= (010(xs, Lo - 25O} (x2+, I, - )01 (x1+, I, - 25)|0)" e (3.246)
where the polarizations are reflected only in the time direction. Since (3.246) is

simply a statement about the CFT structures at the saddle configuration, we can

explicitly verify that it is true for different representations p.

saddle '
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Using the CRT relation (3.246), we can write

A3—A4 )
2\ arhs A 70 (010 (x6+, 26) [O4(x4, 24), O3(x3, 23)110) (1)
(—x34 2 e 2 (sin (g =330l
2 i(sin(n+———>)) saddle
A3-Ay
( 5 )Ag;;AA; (x%s) 2 <0|[O3(-x1+’ Z;)7 O4(X2+, ZZ)]O(-XS’ ZZ)|O>E€}))
=(=x) * |3 P N Ay
X35 _Zi(SID(ﬂTp ~ JZ3 ! J4)) saddle
(3.247)

We assume there is only one polarization z¢ for simplicity, but the argument for more
polarizations wg is the same. We have also imposed conservation to set the time
components of z3, z4 to zero. So, I, - z3 = 23,1, - 24 = 74, and the reflection tensor
I! cancels with the I, acting on z¢. The additional minus sign in the denominator

comes from changing the operator order in the commutator.

Since the positions are now at xi+,x>+,x5, we can use the definition (3.134) for
v(n,e1, ep) (although now it is a vertex for external particles with spin J3, J4). We
can then write (3.247) as

5 Ay [X50) 7 7P (0|07 (x¢+, 26) [Oa(x4, 24), O3(x3, 23)1|0) 1)
(_x34 o e L. T,—A3—J3—A4—J4
46 2i(sin(r+——F5—")) saddle
=v(n,zyny, +Z5,,—zyny + 2 w1 = (0,izg, 75, 2, ))" (3.248)

When contracting the indices of the vertex v, we should contract the polarizations
after taking the complex conjugate. So, using (v - z)* = v* - z*, we can write the

above equation as a Schwarz reflection,

A3—A4
2
o s [X30) 7 (0|0 (xgr, 26) [O4 (x4, 24), O3(x3, 23)1|0) 5
(_x34) 2 > 1, =
X 25 (si To—A3—J3—A4—Js
46 ! (Sln(ﬂ 2 )) saddle
=V(n, 30y + 230, —z4ny + Zas, wi = (0, —izg, 23, Z6.1))- (3.249)

Rotational invariance demands that the vertex should just contain dot products of
the polarizations and n¥. Thus we are free to apply a reflection to all the vectors

since it leaves the dot products invariant. In the bulk Minkowski coordinates

(roulk, xbulk xbulk "), we will apply a reflection in the x* direction. This will

’ . . . . . .
send n* — —n’*, 0| — n'. (See section 3.4 for their expressions in Minkowski
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coordinates.) After this reflection, we finally arrive at

Ay—Ay
2 2
(2, 55 X3 7P (010" (xg+, 26) [Oa (x4, 24), O3(x3, 23) 110} 1)
34 x2 € L. Tp—A3—J3—A4—J4
i 2i(sin(r B LAy |
= V(_n,, Zénl + Z3J_9 _Zinl + Z4J_’ w1 = (O’ th6, Z)é’ Z6J_))’ (3250)

which agrees with the v(-n', e3, e4) definition (3.139) and the polarization map
(3.136).

Computing R,

In the main text, we claim that

2dim(p) (Of(x5)0"(x}))

—2J¥20(_ J—j+7R _Z;p E, 3951
Vol(SO(d))(<5T5>,<OTO>) (=1 p (Z0),7, (3251

saddle
where the R, coeflicient is given by (3.142). Here, we give a derivation for (3.142)
in the case where p = (J, j).

By the two-point pairing definition (3.78), we can rewrite the left-hand side of the

above equation as
(0i()0"((=0)")) |
(0} ()0 ((=e)")){0” (e)OL ((=e)*))

dim(p)

(3.252)

Itis not hard to see that both the shadow two-point (5"'5) and the two-point structure
(O'0) are proportional to the reflection tensor 7. However, the coefficient R,
should only depend on the convention of the two-point structure {(O70). From
(3.207), we get

(O (e, z5, ws, ws)O((—e)*, z6, e, We))

= 2/ 2A (1) TP (25, ws, Wss 26, We» W), (3.253)
where

2 (25, ws, Ws; 26, We, We)

J=J
= (26 L Zs)J_j (Z Z6alw602]glﬁ|Igzﬁ2zga(l)wg(r(2))

geS)

J
g (Z Lo Woar Woas 19 5, 1925, 18 5 257 O wh® ng) ’ (329

g€eS3
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where 1%, = 6%, + 2e*e,, and we have introduced polarization vectors z, w, w for
the three rows of the Young diagram of p. By comparing (3.251), (3.252), (3.253),
and using the fact that (Z) * (Z/)“ = dim p, we obtain

If = R,IZ. (3.255)

This implies
(I)a ()5 = R, dim p. (3.256)
Now, let us specialize to p = (J, j) and compute (E’ )f(ff )“5- The main idea is
that we can use weight-shifting operators to derive a recursion relation (Karateev,

Kravchuk, and Simmons-Duffin, 2018; Karateev, Kravchuk, and Simmons-Duffin,

2019). In particular, we will use

O+u
Dz

0
=G -IHwt+ztz —,
J.j (J w eL ow

0

v a2
—-w'd
ow, W’

_ 0
D?,w“tjj - ((—J —d+4-j)ot, +Z"a—zv) ((d— 6+2))

(3.257)

where Z)?jv increases the transverse spin j by 1 and Z)?;V decreases j by 1. These
operators are the weight-shifting operators of the SO(d — 1, 1) group in the vector
representation (Karateev, Kravchuk, and Simmons-Duffin, 2018). Using them, we

can build a “bubble diagram,"

DYy D2 (25, w53 26, w6) = j(d = 6+ 2))(J + j +d = )(J = j + DI (25, ws; 26, W)
(3.258)

Furthermore, one can perform crossing on a weight-shift operator and move it to
the other leg of E,

jd-6+2j)(J+j+d-4)

0+ !
J- 41 Dotk TV (25, ws; 26, W),

DI T (25, ws; 26, We) =
(3.259)
where p’ = (J, j — 1). Combining the above two equations, we get

1 0+ . D0+
(J—j+D(J—j+2) &" v

1 (25, ws; 26, We) = 7 (25, ws: 26, We).

(3.260)
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Our goal is to compute the index contraction of two E) tensors. Using (3.260)
ﬁe) . Then, we
I

’
we can rewrite it as the index contraction of Z)?:WS . Z)?;W 67? and

can “integrate by parts" to move the weight-shifting operators to act on I,. More
precisely, let us denote the index contraction by a pairing (---,---). Then the

integration by parts relation is

0+ugp’ 7P J-j+2 0" ~O—H 7P
I, .1, ) = I I,). 261
(DT ) = ~me 3ty = (D). s

Note that this relation is different from the one given in (Karateev, Kravchuk, and
Simmons-Duffin, 2019). This is simply because they are adjoint relations with
respect to different pairings. To obtain the adjoint with respect to index contraction,
a simple way is to use the identity of the D" operator given in (Simon Caron-Huot,
Li, et al., 2023b). (Note that the D°~ operator defined here is just a special case of
DWW with h = 2.)

The adjoint relation enables us to turn the computation into the index contraction of
P; and D~ - D" E) , which then becomes the contraction of two E ’s. Together

25,Ws 26,-W6
with (3.256), this gives the recursion relation
5 .. (GJ+d-5Q2j+d-4HJ-j+2)(J+j+d-3)__, ..
R>2dimp = R>?dimp’.
p CIP J2j+d—6)J—j+ )T+ +d-4) pr G

(3.262)

The relation between dim p and dim p’ can be obtained from standard formula
(Kravchuk, 2018; Karateev, Kravchuk, and Simmons-Duffin, 2019), or from the
recursion relation for the Plancherel measure of the SO(d — 1, 1) Lorentz group

(Karateev, Kravchuk, and Simmons-Duffin, 2019). Eventually, we get

2 .
Ry—wjon  (J—j+2)?

2 - _ 2"
Rp:(J,j) J=j+1)

(3.263)

With the initial condition R,—(;,0) = 1, this leads to (3.142) in the 7: 0 case.

3.D Dual structures at large v

-1
In this appendix, we discuss how to compute the dual structure ((0|O4L [0]0,]0) (“))
that appears in the kernel of the functional. In particular, we are interested in the

large v limit, where v parametrizes the scaling dimension of O as A = % +iv.

Light transform at large dimension
To understand the dual structure, we should first study the light transform of the

three-point function (0|0400;|0), and then consider its Lorentzian three-point
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pairing. Hence, let us first consider the light transform L[O] in the limit where O
has large scaling dimension. Recall that the light transformed three-point function
is given by
(0|O4L[OA .4 1(Xo0, Z0)02]0) = / da (0|040p .0 (Zy — aXo, —X0)02(0)
(3.264)

‘We will focus on the case 4 > 0 > 2™ and consider the limit A = % +iyv,v — oo. In

this limit, we see that the quickly varying part of the integrand is

e~ 2 (log(—2(Zo—aXo)-X2)+log(-2(Zo—aXo)-X4)) , (3.265)

which implies that the integral has a saddle point at

_ 2Xo0 - XoZo - X4 +2X0 - XuZy - Xo
Xo2Xo4 '

(3.260)

(o

As one can check, this point is spacelike from both 2 and 4. Therefore, the light
transform gets localized to the point in the middle of the region that is spacelike
from 2 and 4.

Expanding the quickly varying part around a., we find that the saddle integral we

have to do is

iv [ XX 2 . —_
/ da 67("0(,)224??;4) (a-a)? _ e T /EM' (3.267)
v Xo2(—Xo4)

3ix

The phase factor e™ 4 comes from deforming the contour to a steepest descent

contour. We show the steepest descent flow and the deformed contour in figure 3.7.

The contour passes through the saddle point with angle —%, and hence we have

3in . . 2
the e™ "4 factor in (3.267). Also, note that when taking (%) out of the square

root, we have to make sure all factors are positive. In summary, the above analysis
implies that the large A limit of (0|O4L[Oa ;] (X0, Zo)O|0) should be given by

. _sin 21 (=Vo42) X24

lim (0[O4L[Oas.1](X0, Z0)D2|0) = €™ % | —————

A=L iy v Xo2(—Xos)
y>1

(01040 g 1 (Zp — @ X0, —X0) O>|0).

(3.268)

Furthermore, we can study how each building block of the three-point structure

transforms under Xg — Zy — . Xo, Zo — —Xp. We will focus on the structures that
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-25 -2.0 -1.5 -1.0 -0.5

Figure 3.7: The steepest descent flow of the saddle integral (3.267). The red point
is the saddle point. We show the deformed contour passing through the saddle in
green and orange. The green part starts at infinity, goes in the opposite direction
of the flow, and gradually spirals in toward the saddle. Along the green contour,
the integrand keeps increasing and reaches maximum at the saddle point. It passes
through the saddle point along a direction that is rotated by e~ % relative to the
real axis. After passing through the saddle point, the contour (in orange) goes in
the same direction as the flow and gradually spirals out to infinity. The integrand
at infinity goes as @™, so by making the contour spiral many times clockwise at
infinity, we ensure that the contribution @™ o ¢?*#2(@) can be made arbitrarily
small.

appear when A’ has a single row of length j’. We find

(—Vo.42) X24 H» (—Vo.42) X24

Xp—>————F——, Vou—— (V2,04 + —) , Uoos — Uo 4,
—Xo4 Vo2 (—Xo4) X02
(—V0.42) X24 Ha (—V0.42) X24
Xoa > ———— Vapo—= —(Vapo+ 5o—|, Uoar = ———Uo4,
Xo2 Vo.42 XoaXo2
(3.269)

and all other structures are invariant (assuming O, and O, have no transverse spin).
Therefore, starting with the three-point structure (3.211), its light transform at large
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A is given by
INVE 2n
lim (0]O4L[O4.1.771(X0, Zo, W0) 020) =2
A=4 5 +iv v
y>1
1-A—J+my Hy \™? Hyo \™ 1o noz 704 koo ko4
(—2V0,42) (—V2,04 - W) (—V4,20 - W) H)J Hyy"Hy,' (—=2U024)"? (2U0,42)
X A2+12+A4+Jz4—2+A+J—j’ Ag+Jg+2-D=J+j ~Ay—Jy A2+Jz+2—A—21+j +Ar+J7 :
Xo4 (=Xo4) ? X
(3.270)
The result can also be written as
A+J-1 =3 2n L
2 7(0|040 (Xo, Zo, Wp)0>|0) ,
Va,04—— (Vz o4ty =- ) Vap0—— (V4 20ty ) Uo,42—-Up 42

Vo 42

(3.271)

Vo 42

where the operator O has quantum numbers (1 —J,1 - A, j’).

Computation of light transform of general spinning three-point functions has been
discussed in (Kologlu et al., 2020) for general A (see eq. (5.69)). One can check that
the above result agrees with the large A; limit of the result in (Kologlu et al., 2020),
which contains an Appell F,. The Appell F, function in this limit will simplify
and lead to the replacement rule V, 94 — — (Vz 04 + 7 42) Vano — — (V4 20 + ‘Z 4;’2)
given above.

We also need to understand how to impose conservation condition. In section
3.4, we study the conservation condition when the exchanged operator O has large
dimension. Here, after the light transform, the dimension and spin are swapped,
and therefore we have to instead consider conservation at large spin. However, the
strategy in both cases are the same. We should identify the quickly-varying part of
the three-point structure and take its derivative. By taking a x4-derivative of the A-
dependent factor of (3.270), we find that the conservation condition d,,(0400;) = 0

after the light transform becomes equivalent to
Hyg A _
Vaopo + — Vour DZ4 (0|04L[0]0,|0) = 0, (3.272)

where A is an embedding space index, and its meaning as a subscript is that we
should take the structures V4 20, Hao and strip off the Z4. D*Z‘4 is the Todorov/Thomas
operator (Costa, Joao Penedones, et al., 2011). This condition is perfectly consistent
with the original large A conservation (3.113) and the replacement rule from the

light transform given by (3.269).
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Dual structures

To get the dual structures, we can start with a standard basis of continuous-spin
three-point structures (()l(jIOF 5; |0)(@ by adding spinning structures to the scalar
convention (3.217) following (3.211). The quantum numbers of 5; , 51 are (d —
As,J») and (d — A4, J4). For OF, we should have (A, Jrp) = (J+d—1,A—d + 1),
where A = % +ivand J = J; + J3 — 1 depends on the spin of the external operators.
The actual dual structures should be given by

-1 —_ —_
(<0|O4L[O]02|0>(“)) = (@), (01007 OF|0)®, (3.273)

and our goal is to find the coefficients oz(“)(b).

Following the definition of dual structures (3.94), we have
@' ) ((010]0" O310)®), (OIOSLIO102[0) ) = 2, (3274)

which gives
—~ _ -1
o ) = (<0|010F0§|0><”>, <0|04L[0]02|0><a>)L
_~ —_ -1
=212 vol(SO(d - 2)) (<0|01 (0%)0" (o0, 25) 05 (€)10)?(0]04(0*)L[O] (oo, z3>02<e>|0><a>) :
(3.275)

where the in the second line we have used the conformal group to fixed all the
points to the configuration x4 = 0%, x, = e,x9 = o and zo9 = (1, 1,6) (in lightcone
coordinates). The prefactor 22472 vol(SO(d — 2)) comes from the Faddeev-Popov
determinant and volume of the stabilizer group of the gauge-fixed configuration
(Kravchuk and Simmons-Duffin, 2018b).

Then, the calculation of dual structures is now reduced to evaluating the continuous-
spin basis and the light transformed structures in this standard configuration. Since
the continuous-spin basis can be obtained from (3.217), (3.211), and the light
transformed structures at large v are given by (3.270), the dual structures at large v
can be computed straightforwardly using (3.275).

Lastly, when we impose conservation on the external operators O;, Oy, the dual
structures get a gauge redundancy due to the conservation equations. At large v, the
statement becomes

(010sL[0]0:10)™" ~ (0|OsL[0]03]0Y" + (V4,20 + %) () (V2,04 . —) (o).

(3.276)
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The idea is that whenever we have a (V4,20 + %) factor, we can always integrate it
by parts in the pairing (Karateev, Kravchuk, and Simmons-Duffin, 2019) and get the
large-v conservation equation (3.272). The argument for the other factor is similar.
Fortunately, thanks to the identity (3.153), when we evaluate the structures at the
saddle and set the time component of the external polarizations to zero, the result is

independent of this gauge redundancy.

In summary, to compute the dual structures for conserved external operators, we can
use the gauge redundancy to remove all the V; structures for the external operators
and simply consider a basis with just the H;o, H;; structures, as stated in section
3.4. We can then use (3.275) to compute the dual structure coefficients, where the
label (/) only includes continuous-spin structures without the V;’s, and (a) are the
conserved structures. These two structures both have the same counting given by
(3.154).

3.E CFT four-point structures

In this appendix, we give the expressions of the CFT four-point structures that we use
in the main text. In particular, they should satisfy (3.181). From the group-theoretic
counting argument (Kravchuk and Simmons-Duffin, 2018a), we already know that
the number of CFT four-point structures should agree with the number of flat space

polarization structures.

HO = (X, Z)Y 2 (X5, 22 (X, Ze M,

ijk
CFT _ ALA ArA AsA AdA
Hi = [ X Zi 72 (X5, Z 20 [ Xk, Zie) 27 [ X, 274,
1
CFT _ yCFT _ L (1CFT fyCFT CFT 1yCFT CFT 17CFT
Xiki = Hig 4( 4 Hy ' +Hy Hy " +Hp Hy )
CFT _ ,CFT 1yCFT , \,CFT tyCFT . \,CFT tyCFT , ,CFT yCFT
S =Viog Hyyy' + Vo Hyyy' + Vi Hyy + V5 Hipy' s (3.277)

where A; are embedding space indices, and [X,Z]4% = X4Z8 — XBZA. The
superscript CFT is to distinguish the CFT structure and the flat space structure, and

yCFT HSF T are given in (3.206). Then, we find

CFT ryCFT gCFT yCFT ¢yCFT ryCFT ~CFT ywCFT ~CFT CFT
{H14 H23 ’H13 H24 ’H12 H34 ’X1243’X1234’X1324’S }|
16

2
= A {H14H23,H13H24,H12H34, X1243, X1234, X1324, —S} : (3.278)

y2

Thus, we choose the left hand side of the above equation to be our four-point structure

basis Q in the main text.

saddle,(3.133),(3.136)
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The CFT four-point structures we choose all have homogeneity 1 forall X1 234, Z123 4.
Under the map of polarizations, they reproduce the expected amplitude structures,
with the correct Regge behavior. The additional factors of v should not be a big
issue since we can absorb them into the prefactors. The only different case is that we
have to introduce a % factor for the § structure. This is reasonable from dimensional
analysis since the § structure has an additional p; - p;. It also seems to suggest that

from the CFT point of view, %S is a more natural choice for the structure.

For the four-graviton case, the construction given above can be easily general-
ized. The only four-graviton flat space structure that can’t be written in terms of
H;;, X;jki, S is the Gram determinant of all dot products between (p1, p2, p3, €1, €2, €3, €4),
which we write as G, p,.ps.e;,e0,e5.e4- Even though this structure does not appear in
the graviton sum rule dictionary given in section 3.4 as it grows more slowly in the
Regge limit, let us still give the corresponding CFT structure for completeness. The

corresponding CFT structure can be written as

X14X34
X12X23

1
2
Xo4 ( ) gXl,Xz,Xs,Zl,Zz,Zs,Zzt - (.. ')gXI,XZ,XLZl,ZZ,ZLXAt' (3.279)

This structure is manifestly invariant under Z; — Z; + #X; thanks to properties of
determinant. The only exception is the Z4 — Z4 + #X4 gauge redundancy. This is
why we introduce the second term, and (. . .) is a factor that fixes homogeneity. The
structure is constructed such that its homogeneity is the same as the other structures
(has homogeneity 1 for all X;, Z;). When evaluating the above expression at the
saddle and applying the polarization map, we find that the second term vanishes,

and we have

1
2 256
GX1.%,.%:.21.20,23. 24 =76 QPI,PZaP3,€1,€2,€3,e4'

saddle,(3.133),(3.136)

X14X34
X12X23

Xo4 (
(3.280)

So, (3.279) should be the correct CFT four-point structure that gives Gy, p,.ps.e1,e2.e3.4-
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Chapter 4

DE SITTER LIGHT RAY OPERATORS

4.1 Introduction

For over a quarter century we have known that our universe is undergoing accelerated
expansion (S. Perlmutter et al., 1998; Riess et al., 1998), and that its far future may
well be described by de Sitter space. Despite this, our knowledge of quantum field
theory (QFT) in de Sitter space is in a much more primitive state than that of its
other maximally symmetric counterparts, Minkowski and AdS spaces. There are at
least two interesting complications that make QFT in de Sitter space subtle. The
first is the lack of clearly defined Lorentzian observables, since there is no precisely
defined S-matrix.! The second is the presence of infrared (IR) divergences (Green,
2023; Ford, 1985; Polyakov, 2012; Seery, 2010; Burgess et al., 2010; Rajaraman,
2010; Marolf and Morrison, 2010; Cohen and Green, 2020; Premkumar, 2024)
(see (Akhmedov, Moschella, and Popov, 2019; Hu, 2018) for reviews), which are
manifest in loop corrections but can often even appear at tree level in the form of

secular growth.

There are regimes in which some of these questions are answered, partially resolved,
or mitigated. The inflationary regime is one such example. It is naturally associated
with a “meta-observer” who has access to all of the future conformal boundary
J*, and the questions of interest are formulated in the vicinity of .Z* (see the
reviews (Achicarro et al., 2022; Baumann et al., 2024) and references therein for
such topics). This is not the regime we focus on in this work. Instead, we are
interested in the perspective of a “bulk observer" and in the observables that are
meaningful for such an observer. The motivation for this is two-fold: first, this is a
very plausible description of the far future of our own universe; second, observers
and their associated horizons are ubiquitous features in curved spacetimes. There
has been substantial recent work taking the observer and their horizons as a starting
point in general spacetimes, notably (Chandrasekaran et al., 2023). From this
perspective, our focus on de Sitter space can be viewed as the study of the simplest

such universe. The advantage is that de Sitter is a maximally symmetric spacetime

!For recent attempts to define S-matrix—like observables in de Sitter space, we refer the reader to
(Albrychiewicz and Neiman, 2021; Melville and Pimentel, 2024b; Donath and Pajer, 2024; Melville
and Pimentel, 2024a; Kristiano et al., 2025).
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and shares familiar features, such as homogeneity, isotropy and even local timelike
Killing fields, while nevertheless realizing a QFT that is organized in a rather

different way from its Minkowski counterpart.

We can orient ourselves in such a spacetime by asking what kind of information an
observer could, in principle, have access to. A natural class of such observables
one could consider are light-ray operators. In Minkowski space these operators
formalize many of the physical measurements performed by real-world particle
detectors; they can be made IR finite, and are well defined even in the absence of an

S-Matrix, as is the case in conformal field theories (CFTs).

Light-ray operators have two different origins. The first is their role as energy
flux operators in particle physics (Sveshnikov and Tkachov, 1996; Korchemsky and
Sterman, 1999) (for a detailed historical overview see (Moult and Zhu, 2025)), and
the second is their appearance in the context of gravity as the central object in the
average null energy condition (ANEC) (Tipler, 1978). The ANEC operator has been
central to many important results even in flat-space QFTs, for example in constraining
the behavior of renormalization group (RG) flows (Hartman, Kundu, and Tajdini,
2017; Hartman and Grégoire Mathys, 2024b; Hartman and Grégoire Mathys, 2023;
Hartman and Grégoire Mathys, 2024a). Energy flux operators, on the other hand,
have long been powerful tools in collider physics as manifestly IR-safe observables,
and have been used in some of the most precise determinations of the strong coupling
a, (Hayrapetyan et al., 2024). Hofman and Maldacena Hofman and J. Maldacena,
2008 showed that expectation values of these idealized detectors can be written as
integrals of correlation functions of local operators. This then not only gave rise to
a resurgence in interest in energy flux operators in particle physics (Moult and Zhu,
2025), but also expanded it to a much wider field. Their construction in terms of
local correlation functions allows these operators to be studied in CFTs, which do
not admit an S-matrix. CFTs have been shown to possess a particularly rich space
of light-ray operators: any local irrep of the conformal group integrated along a null
ray is another such irrep, known as its light transform (Kravchuk and Simmons-
Duffin, 2018b). Moreover, in the operator product expansion (OPE) of any two light
transformed operators there exists an even larger class of light-ray operators, which
themselves cannot be the light transform of a local operator, but rather live on Regge
trajectories associated with the light transform of a local operator (Kologlu et al.,
2021). In interacting theories, these Regge trajectories get renormalized to account

for IR divergences, giving rise to a family of theory-dependent, IR-safe detector
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operators (Simon Caron-Huot, Kologlu, et al., 2023).

In summary, to address theories in de Sitter space that do not admit an S-matrix, we
will focus on a class of observables that do not require an S-matrix, and yet model
real-world measurements. In Minkowski space there exists a systematic framework
for rendering such operators IR safe, but we will not attempt to implement the

corresponding IR analysis in de Sitter here, leaving this to future work.

To address the question of systematically constructing appropriate light-ray operators
in de Sitter space, we begin in section 4.2 by introducing the relevant coordinate
systems. We describe four-dimensional de Sitter space first as an embedding into the
hyperbolic embedding space R in section 4.2, then into the null embedding space
R>* in section 4.2, before realizing its conformal completion on the Lorentzian
cylinder in section 4.2. In section 4.3 we review the simplest light-ray operator
in Minkowski space, namely the null integral of the stress tensor (defined on the
future null infinity of Minkowski space .#};), and emphasize its different equivalent
incarnations as an energy flux operator, an angular contribution to the Hamiltonian,
the ANEC operator, and the light transform of the stress tensor. In section 4.4,
we systematically classify the de Sitter analogs of these light-ray operators, which
leads to a richer set of inequivalent, observer-dependent constructions. In section
4.4 we explicitly compute matrix elements of these four distinct de Sitter light-ray
operators in the free conformal theory, and show how these manifest the expected
symmetry and positivity properties outlined in section 4.4. Finally, in section 4.5
we summarize our results and conclude with a discussion of open questions and

future directions suggested by this framework.

4.2 de Sitter space: coordinate systems and tilings

In this section, we primarily set up conventions and definitions for the various
coordinate systems that will be used to define d-dimensional de Sitter (dS,) space.
Our focus will be on four dimensional de Sitter space dS4, whose Ricci scalar R
is given by R = 12H?, with H being the Hubble constant. We will introduce the

following three coordinate spaces that are relevant to our analysis:

1. intrinsic coordinates on dS4, denoted by lowercase Latin and Greek letters
(t,x,7,0,...),

2. the hyperbolic embedding space R%*, denoted by uppercase Latin letters with
Greek indices (X*,Z”,...), and
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3. the null embedding space R**, denoted by uppercase Latin and Greek letters

with Latin indices (X4, Z8,E€,...).

Intrinsic dS4
In Lorentzian signature, dS4 is a maximally symmetric spacetime of constant positive
curvature, with isometry group SO(1,4). In global coordinates, it is described by

the metric
ds* = £2(=d¢? + cosh? ¢ dQ3) , 4.1)

where { € Rand dQ% = d6>+sin’ 6 dQ% is the standard round metric on the 3-sphere
S3 (depicted by the Penrose diagram in Figure 4.1), while the radius of curvature £ is
determined by the Hubble constant £ = H~!. In what follows, it will be convenient
for us to set H = ¢ = 1 and consequently all quantities will be measured in units
of H (or equivalently in units of £~). It will be crucial for our analysis to adopt
an observer’s point of view, thus breaking the homogeneity of global dS4. To that
end, we will work with the doubled Penrose diagram, whose left and right edges are
identified, and with the observer’s worldline placed at the center of the diagram as

shown in Figure 4.2.

O—
Ok
Ok

OC—
—_

o~

Qg‘ «4’

Figure 4.1: The usual Penrose diagram for global dS4 space. Each horizontal slice
represents a 3-sphere S3. At/ = 0, the spatial slice is a 3-sphere S° of unit radius (in
units of H~!), which grows hyperbolically toward .#*, where it becomes infinitely
large. Each point on such a slice represents a two-sphere S? that expands toward the
center of the diagram and shrinks to a point at the left and right edges. The observer
is conventionally placed on the left, at the South Pole.

EPP/CPP Poincaré patches. We will now focus on two coordinate systems that

break the homogeneity of global dS4 due to the presence of such an observer. The
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Figure 4.2: It will be more useful for our purposes to adopt the observer’s point

of view. We therefore place the observer at the center and work with the doubled
Penrose diagram, where the left and right edges are identified.

first of these is the Poincaré patch(es), which cover one half of global dS4 and admits
spatial slices of R3. The geometry features a time-dependent scale factor that grows
exponentially in the expanding Poincaré patch (EPP) and shrinks exponentially in
the contracting Poincaré patch (CPP), corresponding to the two complementary
halves of global dS4. The metric in both these patches can be compactly expressed
by

ds? = —dt* + e* d¥?, (4.2)

where 7 € R and dx? is the Euclidean metric on R3, with + denoting the metric on
the EPP/CPP respectively. There is a useful class of coordinates on these patches
known as conformal coordinates. Setting Fn = ™, the metric in (4.2) in both the

Poincaré patches attains the same form

ds? = M . 4.3)

n
As shown in Figure 4.3, these patches are bounded by a null horizon ##* and an
infinitely large spatial S°. In the case of the CPP, this S° is in the past/early-time
boundary .#~ and the null horizon #°* bounds its future. In the EPP, the infinitely

large spatial S is in the future/late-time boundary .#* and %~ bounds its past.

Static patch. We now consider static patch coordinates, which can be seen as the
intersection between the two Poincaré patches, and is consequently bounded by the
CPP horizon " in the future and by the EPP horizon .77~ in the past. The static

patch metric is given by

ds* = —(1-r%) dr* + +r2dQ3 (4.4)

,
(=)
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Figure 4.3: The Penrose diagram of dS space covered by the expanding (EPP) and
contracting (CPP) Poincaré patches, with the observers worldline at the center of
the CPP. The boundary between the patches is the 77" of the observer at the center
of the CPP and the .7~ of the observer at the center of the EPP.

where 0 < r < 1 and ng is the standard round metric on the 2-sphere S>. This
metric is manifestly static as it is independent of the static patch time 7 and is thereby
endowed with a timelike Killing field d;, which simply points in the direction of 7.
Both the past and the future cosmological/static patch horizons are at » = 1 and will
be denoted by 77, and %”S‘;,
atr = 0), jfsip is a bifurcate Killing horizon for d;, and the bifurcation sphere is 52

respectively. For the observer at the center (situated

at the middle of the Penrose diagram, as shown in figure Figure 4.4.

j+

+ i
Hp b
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\]
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\

Figure 4.4: Static patch (gold) seen as the overlap between two Poincaré patches
(red and blue). This is the causal patch of our observer at the center sitting at » = 0.
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Hyperbolic Embedding Space
The hyperbolic embedding space arises when dSy is viewed (Figure 4.5) as a timelike

hyperboloid living in five-dimensional Minkowski space R!+*
dSy = {X e RM™ :qp,, XHX" = 1}, (4.5)

where 7, = diag(—1,1,1,1,1). It is worthwhile to think of this as a generalized

Figure 4.5: The embedding of dS, as a hyperboloid in R"#. The observer sits at
the South Pole (denoted by the red line on the left). Each horizontal cross-section
represents a spatial S° slice of the global geometry. Two overlapping Poincaré
patches define a static patch. The static patch always has the same size (of unit
radius) but its portion of the overall global dS slice varies with {. At { = 0 it
coincides with the entire left half of the S3. As the global S slices grow away from
{ = 0, the static patch remains a fixed-radius disk that occupies a decreasing fraction
of the full sphere.

sphere as this suggests many ways to generalize intuitions from spheres. For exam-
ple, if we consider the analytic continuation of dS4 as defined in (4.5) to the 4-sphere

S4, then given any two points X,Y € §* c R their inner product
oc=X-Y=cosse[-1,1], (4.6)

defines the so-called embedding distance, where s is the angle subtended by the
great arc connecting the two points, or simply the geodesic distance. The embedding
distance is a more natural object to work with since the SO(5) isometry group of
S* acts linearly on these embedding vectors and any dS invariant two-point function

can be expressed in terms of the embedding distance. In a similar fashion, we can



128

define the SO(1,4) invariant hyperbolic distance between two points x;,x; € dS4
as
hij = n#yX'“(x,-)XV(xj) . (47)

Unlike the spherical case, the exact relationship between the hyperbolic and geodesic
distances will depend on whether the two points are connected by a timelike, space-
like, or null geodesic. Hence the hyperbolic distance /& depends on the geodesic
distance s as
coshs € (1,00) if s is timelike
hij(s) =141 ifs=0 (4.8)
coss € [-1,1) if sis spacelike .

There are also pairs of points in dS space for which 4;; is well defined, for example
with f;; < —1, but which are not connected by any real geodesic (see Figure 4.6).
The regime h;; — —oo is often referred to as the cosmological limit, since it
corresponds to taking both points to the late time boundary .#* while keeping their

spatial separation fixed.

Ve

Figure 4.6: The observer at the center can travel along geodesics in any direction:
timelike (shown in blue), spacelike (shown in red), or null in between. There
also exist regions (shown in green) that cannot be reached from the origin by any
geodesic.

We can also parameterize our tangent space 7(dS4) € T(R'*) in a very straight-
forward way. Given any point X# € dSy, its tangent space Tx(dS4) is defined
as

Tx(dSs) = {Y € Tx(R"™) : 1, X*Y” = 0} . (4.9)

This is analogous to the case of a sphere, in that the tangent space at a point X

consists of all vectors in the ambient tangent space that are orthogonal to X itself.
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In both cases, it is a consequence of the fact that 0 = d(X - X) = 2X#dX,,. From
this, it also follows that for every tensor field H,,, .. ., (X)

XFiH, . (X)=0. (4.10)

With an eye for later computations, it will also be useful to define the covariant
derivative in hyperbolic embedding space as the projection of the partial derivative

% onto dS by using the induced metric G, as a projector in the manner

6 4
VﬂHyl_nvl = G;Gii cee G?,; WH(S]...(SI s G,uv =Nuv — XHX . (4.11)

We are now in a position to parameterize points on this hyperbolic embedding space

using any of the coordinate patches described in section 4.2. For example, we can

parameterize the entire hyperboloid in terms of global dS4 coordinates as
(x°, x*, X', x? X%) = (sinh &, n; cosh ¢) , (4.12)

where 7> = | parametrizes the unit 3-sphere S*> ¢ R* ¢ R!*. The hyperbolic
distance between any two points can be expressed in terms of global dS4 coordinates
as

h;j = —sinh {;sinh {; + n; - njcosh ;cosh J; . (4.13)
This expression shows that when the two points differ only in their time coordinate,
we have h;; = cosh({; — {;). If instead both points lie on the { = O slice, then
hij =n;-nj =cos(6; — 0,).

We can also parameterize portions of the hyperboloid using EPP/CPP coordinates

=+t +t =+t
-2 e -

(x°, x* x', X2, X3) = [£sinhz + %fz,cosht - %x 5 4.14)

where + is for the EPP, which covers the X° + X* > 0 half of the hyperboloid and
— is for the CPP covering the other X* + X* < 0 half. It should be emphasized
that there is no unique way to choose these coordinate patches within dS space.
In the construction above, we align the coordinates with an observer located at
the origin, which, to maintain correspondence with global dS space, we take to be
at (X0, x4 x', X2, X% = (0,1,0,0,0). Accordingly, we choose the embeddings
of the EPP/CPP such that their origins coincide with that of the observer (see
Figure 4.4). In this configuration, the two patches do not jointly cover the entire dS
manifold but rather overlap, and their intersection corresponds to the static patch,

which can be parametrized by
(X%, x4 x', X2, Xx3) = (\/1 —r2sinh 7, V1 — r2coshr, rﬁ) , (4.15)

where now n’ = 1 parametrizes the unit 2-sphere n € S°.
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Null Embedding Space
Given that dS4 can be described as the hypersurface satisfying 17, X#X” = 1 in the
ambient space R'#, we can equivalently view it as a projective null cone in R>*. To

make this manifest, let us rewrite the defining equation (4.5) as follows
NuwX'X"-=1=0, (4.16)
which can be expressed in the homogeneous form as
nasX*x% =0, 4.17)

where X4 € R2* and one of the additional timelike coordinates is fixed to +1 such
that

x4 =(x% x4 x', x%, x%) - x4 = (xY, x4, +1, X1, X2, X3) . (4.18)

For later convenience, we relabel the null embedding coordinates as (X!, X4, X0, X!, X2, x3),2
and we begin with the choice X° = 1 (we explore the other choice in section 4.2).
This corresponds to a specific representative within the projective equivalence class,
since the rescaling
X4 > ax*,  2eR*, (4.19)

identifies the same point on the hyperboloid. With this choice in hand, all of the
parameterizations introduced in section 4.2 carry over directly, with the same re-
placement applied to each. For instance, the EPP/CPP patches in this representation

can be written as

+ + +
+t =+t e_l‘ .

(x~!, x4 x0 x', x2, X3) = (i sinh7 + %xz,cosht - %x{ 1, TX) . (4.20)

while the static patch can be written as
x~, x4 X0, x1, x2, x3) = (\/1 — r2sinh 7, V1 = r2cosh, 1, rﬁ) . @21

Our notion of the hyperbolic distance (4.7) now becomes an SO(2,4) invariant
distance, which we can define as the null embedding distance Z;; between two

points x;, x; € dS4 as follows
Zij = napX* () XP (x)) = XF(x) X" (xj) = 1= hyj = 1. (4.22)
The tangent space Tx (dS4) to a point X can be constructed as

Tx(dSs) = {Y € Tx(R**) : napX2YB =0}/Z2 - 22, (4.23)

2We should point that the component X! should not be confused as the inverse of X!
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where the orthogonality is a result of X> = 0 = X -dX = 0in hyperbolic embedding
space. The additional rescaling comes from the fact that the map f : R>* — R>#
taking X — AX is equivalent to the identity map. This map then induces the equality
Z ~ AZ on the tangent space.

The advantage of these parameterizations, as we will soon elucidate, is that R24
provides the natural setting in which the conformal group acts linearly on dS4. This
same ambient space also furnishes the most convenient framework for describing
the conformal action on four-dimensional Minkowski space. In the Minkowski case,

this construction is commonly referred to as the embedding space formalism.

Embedding Space: Minkowski Edition

In this section, we briefly review the embedding space formalism (Dirac, 1936)
in Minkowski space (for a more detailed discussion please refer to (Kravchuk and
Simmons-Duffin, 2018b; Simmons-Duffin, 2023; Costa, Joao Penedones, et al.,
2011)), which will set the stage for an analogous dS construction in the subsequent
section. When studying a CFT in Minkowski space, there are several motivations
for adopting the embedding space formalism. The first is the convenience that the
conformal transformations act linearly in the embedding space. In addition, the
embedding space and its tangent bundle provide a natural setting for exploring the
representation theory of the conformal group. A more immediate motivation, how-
ever, is that Minkowski space itself is not closed under conformal transformations.
The same is true in the Euclidean case, although there the issue is remedied by
adding a single point at infinity, effectively compactifying the space into a sphere.
In Lorentzian signature, by contrast, the asymptotic structure is richer as one must
distinguish between spacelike, timelike, and null infinities. While spacelike (i) and
timelike infinities (i*) can each be represented by a single point, null infinity (%)
requires entire surfaces. The minimal extension of Minkowski space that is closed
under the conformal group is its conformal compactification, and the embedding

space provides an explicit realization of this construction.

The standard way to embed Minkowski space is to start with the projective null cone

in the six-dimensional embedding space R>*. Let us introduce lightcone coordinates

* = X! + X% such that the metric on the embedding space R>* is

X X4 = —XTX" - (X9?2 + (X2 + (X2 + (X3)%. (4.24)

We can now identify a copy of R by making the gauge choice X* = 1, often
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called the Poincaré section.® Any point on the null cone with X* > 0 then admits a
representative in this section. For a point x* € R!3 | its embedding as a null vector

on this Poincaré section defined by X* = 1 then has the form
Patchl: x* — X4(x) = (X", X", X" = (1,x%,x4), (4.25)

which is depicted by Patch I in Figure 4.7 (in blue) on the Lorentzian cylinder.

Moreover, the induced metric on the Poincaré section is
dX (x) - dX(x) = —ds? + dx? = dsﬂém . (4.26)
Furthermore, the null embedding distance between two points is expressed as
Zij=X(x) - X(x)) = —%(xi —x)%. (4.27)

We can also describe the tangent space as given by (4.23) since Minkowski space
is the same projective null cone, just parameterized differently. So given a point
x* € R!3 and a tangent vector wH at that point, we can describe its avatar W4 (x, w)

in the embedding space R>* as
WA(x, w) = (0,2w - x, wH) . (4.28)

We have so far neglected the points with X* = 0, which correspond to the spacetime
boundary .} of Minkowski space. The asymptotic regions can be parameterized by
using these points directly. To see this, one can easily verify the fact that the leading
term of the embedding vector X4 (x) in taking t — oo (while keeping the spatial
coordinates fixed) approaches X;+ = (0,—1,0), which represents future timelike
infinity i*. Similarly, spatial infinity ¥ is represented by X,0 = (0, 1,0), which is
the direction obtained by taking r — oo (at fixed 7). To identify .#*, consider any
bulk point xo = (9, ron) and a null direction z = (1,n), where n € S?. Shooting a
light-ray off in the 7z direction, we get

x(L) =xo+ Lz = (tg,ron) + Lz = (to + L, (ro + L)n) , (4.29)

which can be seen to approach .#; as L — oo

lim X(x(L)) = L(0,22 - x0,2) + O(1) = L(0,2(r0 — 10), L&) + O(1) . (4.30)

3This is not to be confused with the Poincaré patches of dS4 introduced earlier in section 4.2.
“One can verify that this approaches past null infinity Sy if we instead take the limit L — —co.
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Extracting the leading order term above, we obtain the parameterization of points
on ./

X = (0,2(ro — 1), 1,m) = (0,—a, 1,n) , (4.31)

where the real parameter @ = 2(fy — ro) is twice’ the retarded time. We see that

these limiting points are naturally parameterized by R x S2, as is expected for I

Figure 4.7: Two neighboring Minkowski patches on the Lorentzian cylinder shown
in two dimensions, where their embedding coordinates differ by X* = +1. From
the perspective of Patch I, the surface X* = 0 coincides with .#; with the spatial
infinity X;0 = (0, 1,0) and timelike infinity X;+ = (0,—1,0) as its end points. The
full Lorentzian cylinder is tiled by an infinite number of such Minkowski patches.

However, as we pass through X* = 0, we now reach the region with X* < 0,
corresponding to points that cannot be connected to our previous Poincaré section
by any positive rescaling. This defines a second copy of Minkowski space obtained
by now choosing the section X* = —1, which we label as Patch II on the cylinder in
Figure 4.7 (in red)

PatchIl: x* — X4(x) = (X*, X7, X*) = (-1, —x%, —xH) . (4.32)

In fact, each point in Patch I can be mapped to a distinct point in Patch II through
the transformation X — 7 X = —X. The transformation 7 is defined such that
for a Minkowski point p, the point 7 p is obtained by shooting light rays in all
possible future directions from p and finding the first point where they converge

in the subsequent Minkowski patch. Together, these two patches can be viewed as

>This factor of 2 is unavoidable, since the metric carries an overall factor of 1/2. There is no
particularly good convention for where it should appear, so we simply adopt this choice.
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neighboring Minkowski patches on the Lorentzian cylinder, the universal cover of
the conformal compactification of Minkowski space. In other words, they live on
the spacetime on which S~0(2, 4), the universal cover of the Lorentzian conformal
group SO(2,4), acts naturally. In fact, the full Lorentzian cylinder is tiled by an

infinite number of such Minkowski patches.

Tiling the Lorentzian Cylinder with dS

One of the primary ways in which we will use the null embedding space is to
relate different patches of dS space to regions of Minkowski space, allowing us to
leverage results obtained in flat space within the dS context. The most useful of
these relations is the one between the EPP/CPP and Minkowski space, which we
alluded to above. Let us first start with the CPP metric (4.2) in the null embedding
space, which was shown in (4.20) to take the form
A e’ e’ e’
Xéop = (X1, X% X0, X1, X2, X%) = | —sinht + sz, cosh? — sz, L%
(4.33)
Making the choice e’ = +n, the metric becomes (4.3), which is simply the Minkowski
metric R'3 with Weyl factor 7!, If we now examine the parameterization of the
CPP in the null embedding space and introduce lightcone coordinates, as we did for
Minkowski space, we find
(Xt x7, X% x', X%, x?) = (1, ﬂ, 1, )—7) - IxA = XGpp(n,X) . (4.34)
n n n
We see that the above is equivalent to the parameterization of a point x* € R
(4.25) up to an overall factor of the Weyl factor 7', Also, the induced metric on

the Poincaré section is the CPP metric

R L —dn? + di?
dXcpp(7,X) - dXcpp(17,X) = UT , (4.35)

along with the fact that the null embedding distance

—(mi = n)” + (% = %))°
2nim;

Z;j = Xcpp (i, %;) - Xcpp(n), X)) = - ’ (4.36)

is the same as the Minkowski result (4.27) up to overall Weyl factors, as expected.
We can also now parameterize tangent space vectors, as we did in Minkowski space.
At a point x = (n,X), taking a tangent vector w* along that point is the same as
(4.28)

W(x,w) = (0,2w - x, wH) . (4.37)
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Now let us again consider shooting light-rays from a generic point xo = (179, roh)
in the bulk of the CPP coordinate patch directed along z = (1, n) toward the future
CPP horizon 7#*. This null line is parameterized by

x(L) = (no,rom) + Lz = (no + L, (ro + L)n) , (4.38)

which in the null embedding space is described by

1 —(o+L)?> + (ro+ L)? . (ro + L)n

X L = N s Ly
cpp(x(L)) — —) —)

(4.39)

On taking the limit L — oo, we get
Jim Xepp(x(L)) = (0,2x0 - 2,2) = (0,2(r0 = 10), 1, M) = (0,~a, 1, ) . (4.40)

As a result, we can parameterize a point on the CPP horizon 2Z* by @ € R and a
unit vector n € S2. Putting a minus sign in front of « ensures that taking the limit
ro — oo coincides with @ — —oo. This means that when we parameterize the points
on the CPP horizon J#* as

X+ (a,m) = (0,-a, 1,n), (4.41)

« parametrizes a null line labeled by n with @ = —oo as the beginning of the null
line. For now, notice that if we map the CPP to Minkowski as suggested by (4.3),
then the CPP horizon 7" maps to .#; of Minkowski space.

j+

A
A)
A\
A

Ve

Figure 4.8: A null line going from the origin of one CPP (in blue), to that of a
neighboring EPP (in red) on the Lorentzian cylinder. The two points in question are
related by the transformation X — 7 X = —-X.

However, unlike .#; of Minkowski space, as we approach the CPP horizon 7"
(n — oo) we do not reach a spacetime boundary; this surface is a coordinate horizon,
and one crosses smoothly into the EPP. If our null line x(L) starts from the spatial

origin in the CPP at n = 0, then it must end in the EPP at its spatial origin at its
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n = 0, as shown in Figure 4.8. To see this, consider a curve as given by (4.38) and

starting at (79, 7o) = (0, 0)

(%,0, l,ﬁ) = (-B,0,1,n) , (4.42)

with § = —%. Then, in the projective sense, as § — —oco the curve approaches

(1,0,0, 6), which is the origin of the CPP, while as 8 = +co it approaches
(-1,0,0, 6), which coincides with the origin of the EPP.

Figure 4.9: Two neighboring dS embeddings, and hence four associated Poincaré
patches on the Lorentzian cylinder. Regions I and II are the CPP and EPP, respec-
tively, of the dS patch labeled by X° = +1. Regions Il and IV are the EPP and CPP,
respectively, of the neighboring dS patch labeled by X° = —1. As in the Minkowski
case, the full Lorentzian cylinder is tiled by an infinite sequence of dS embeddings,
or equivalently by neighboring EPP/CPP pairs.

We can now use this more generally to tile the Lorentzian cylinder with dS embed-
dings, each one built from a corresponding pair of CPP and EPP regions. Let us
begin with the CPP region already defined in (4.34). On the Lorentzian cylinder,
this maps to the upper triangular region of Minkowski Patch I in Figure 4.7, which
was labeled by X* = +1. On the Lorentzian cylinder tiled with copies of dS shown
in Figure 4.9, we call this Region I of the dS embedding labeled by X° = +1

RegionI: Xcpp = l, ﬂ, 1, )E) = 1 (1, -n* +x*n, )?) , n=¢>0.

n n n n

Next, we move to the neighboring EPP region of the same dS embedding (X° = +1).
We know that the conformal time 7 assumes negative values 7 = —e" and on the

Lorentzian cylinder maps to the (upper) Minkowski Patch II of Figure 4.7, which
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was labeled by X* = —1. We label this EPP region as Region II of the dS embedding
labeled by X% = +1

1 —?+3% ¥ 1 . .

RegionII:  Xgpp = | —, u, 1, )—C) = (—1, n*-3%2, -n, —x) ,np=—-e'<0,
n n n) Inl

where we have factored out a positive Weyl factor since we need X* = —1. These

two regions complete the tiling of the original dS embedding given by X° = +1.

Equivalently, if we describe the CPP of Region I with X* = 1, then the neighboring
EPP is in the neighboring Region II with X* = —1 obtained by X —» 77X = -X.

Let us now continue our original CPP (Region I of Figure 4.9) to a new dS embedding
now labeled by X° = —1. In this region, 7 = —e™*, and on the Lorentzian cylinder
maps to the lower triangular region of Minkowski Patch I of Figure 4.7, which was
labeled by X* = +1. This defines a new EPP region of a new dS embedding, which
we call Region III on the Lorentzian cylinder

1 n?-x2 X 1
/" x) (1, —772+)?2,77,)?) , n=-e'<0.

RegionIII :  Xgpp = |——, , -1, =] =—
nooon n| Inl

We can now continue the above EPP to its neighboring CPP, which defines our final
region on the cylinder. The conformal time in this region is positive = ¢’ and on
the Lorentzian cylinder maps to the (lower) Minkowski Patch II of Figure 4.7, which
was labeled by X* = —1. This defines the CPP region of the new dS embedding
(X° = —1), which we call Region IV on the Lorentzian cylinder

1 2 =2 = 1 . R
Region IV :  Xcpp = [——, =2 1, )—C) - —(—1, P -7, -, —x) L n=e >0,
n

n n n

In summary, both Minkowski space and dS space admit conformal completions
on the Lorentz-ian cylinder, described by the projective null cone in R>*. For
Minkowski space, each embedding is specified by a choice of X*, while for dS
space it is specified by a choice of X°. The CPP of dS space is conformally related
to the ¢+ > 0 half of Minkowski space, while the EPP is related to the ¢+ < 0 half.
For example, the Region I CPP of the first dS embedding is conformally related to
the # > 0 half of Minkowski space Patch I, while the Region III EPP of the second
dS embedding is related to the ¢ < 0 half of the same Minkowski Patch I. Thus, a
complete embedding of dS overlaps two neighboring Minkowski embeddings, and,
conversely, a complete embedding of Minkowski space overlaps two neighboring
dS embeddings.
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4.3 Minkowski light-ray operators: a quick primer

Light-ray operators arise naturally in many contexts in Minkowski space (Moult and
Zhu, 2025), and many features have been generalized to spaces with Minkowski-
like asymptotics (Herrmann, Kologlu, and Moult, 2024; Gonzo and Pokraka, 2021).
Each of these constructions has its own generalizations, but perhaps the simplest
and most instructive of these operators is the null integral of the stress tensor. In
this section we will focus on this operator, review its definition, and briefly discuss
its importance from various perspectives; much of this can be found in (Simmons-
Duffin, 2023; Moult and Zhu, 2025; Hofman and J. Maldacena, 2008).

The energy flux operator. Let us begin with the most physical interpretation of a
light-ray operator that one can realize in a flat-space QFT, the energy flux operator
&E(m) (Sveshnikov and Tkachov, 1996; Korchemsky and Sterman, 1999). &(n)
measures the flux of energy through a point n € S2, the celestial sphere, and can be

expressed as the time integral of the stress tensor in the limit of large radius as

iy

+ +
A A

i o

Figure 4.10: The energy flux operator & () in Minkowski space shown as a limiting
procedure in two dimensions. A calorimeter (i.e. a stress-tensor insertion) placed
at fixed radial distance r, integrated over all time, and then pushed out to . as
defined by the integral (4.43).

&) = lim r* / dt T;, (r, M)W &, (4.43)
0

r—00

where ¥ = (1,0,0,0) is the timelike Killing vector, which becomes null at ,ﬂl\j}.
Thus, the operator E(M) can be thought of as placing a calorimeter (i.e. a stress

tensor insertion) at some finite radial distance r from the spatial origin, with the
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interpretation that rZT? measures the local energy flux in the spatial n direction.
Integrating over time collects all the radiation deposited at the point nn on the celestial
sphere. Finally, taking the limit of large radius (the factor 2 ensures finiteness of
the large radius limit r — o0), one pushes the calorimeter far away from the center
of Minkowski space. As seen on the Penrose diagram in Figure 4.10, this ensures

that the calorimeter asymptotes to future null infinity .7}

Let us now try to express the integral (4.43) in a more covariant language utilizing
the Minkowski embedding space R>* (section 4.2). The process of taking the large
radius limit in (4.43) is a bit subtle, and it is convenient to introduce the null tangent

vectors
=(,-n), Z# =(1,n), (4.44)

such that we can realize }‘(z’“‘z" - Z#2) Ty = ﬁiT?, which is the right-hand side of
(4.43). Now considering the starting point of the integral to be X4 (x) = (1, x2, x4),
if we first take the r — oo limit, we end up at X;, = (0, 1,0) and lose any time
dependence. Instead, we should use retarded time a = 2(¢ — r) and take the r — oo
limit, while keeping « fixed. In the embedding space, if we express our null tangent
space vectors z, z as suggested by (4.28), we can see that Z(z) grows linearly in r
in the large  limit, while Z(z) does not. We can therefore drop the Z terms in the
large r limit, which means that the integral is expressed as
T a
E@) = lim —/ da ZAZPTp (X (— +r, rﬁ)) . (4.45)
roo 8 J o, 2
Equipped with this definition of energy flux operators, the natural observables to

study are its correlation functions of the form
(EMm)E(my) ---&(my)) , (4.46)

which probe the angular distribution of energy and encode, for example, the jet
structure produced in a given scattering event. We can compute this in a generic

state | W), created for example by local scalar ¢ operators by computing

(FlEm)|¥) =/d4xld4xz‘1’*(xl)‘P(Xz) Ol¢"(x)EM)P(x2)[0) . (4.47)

One can naturally generalize this to other integrals of measurable quantities, for
example, one can consider higher moments of the energy deposited at a point in the

celestial sphere, see (Simmons-Duffin, 2023) for example.
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Angular contribution to the Hamiltonian. There is a complementary interpreta-
tion of E(): it represents the angular distribution of a conserved charge. To see this,
note that integrating & (1) over the celestial sphere at infinity, the S> c > amounts
to integrating the 7}, component of the stress tensor across a codimension-one

surface at future null infinity .#}. This reproduces the total Hamiltonian
H= / d; E(n) = / do” T, &, (4.48)
$2 T

where dQ, is the volume form on the 2-sphere, and after including the da measure
along the null direction, do” becomes the natural volume form on fl\jr[. More
generally, replacing T%,£” with an arbitrary conserved current J# defines analogous
charge measuring operators, and integrating these over S? yields the corresponding

conserved charge (Hofman and J. Maldacena, 2008).

The ANEC operator. Another important light-ray operator is the averaged null
energy operator or simply, the ANEC® operator. The construction begins by choos-
ing any complete achronal null geodesic y in an arbitrary curved spacetime and
integrating the stress tensor along its null direction. In Minkowski space, this takes

the form
Am = /da T,,7"7", (4.49)
y

where z# is the tangent to the curve .

The light transform. In CFTs there is another well-studied class of light-ray
operators defined by a conformally invariant integral transform called the light
transform (Kravchuk and Simmons-Duffin, 2018b). The light transform L. maps any
local primary operator of dimension and spin (A, J) to a corresponding nonlocal
operator with dimension and spin (1 — J, 1 — A) by integrating it over a complete,
affine, null geodesic. Consider a local operator O that lives in a representation
labeled by (A, J). Then, given a null ray in the z direction passing through a point
v, we can define its light transform as

o0

L[O](x,z2) = / da 2" 220y, ., (v + a2) , (4.50)

—00

50f course, the ANEC operator is a somewhat unfortunate name, since it should be the ANE
operator, or the operator that gives rise to the ANEC inequality. However, the ANEC operator has a
good ring to it, and everyone else seems to do it, so why should we deprive ourselves.
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where x is the point at the beginning of the null line, i.e. x = y — coz. In the case of
the spin-2 stress tensor, the corresponding light transform can be written as

(o)

L[T](x,z) = / da zM2" T, (y + @2) . 4.51)

This is easier to interpret on the Lorentzian cylinder, where we can begin the null
line in one Minkowski patch and end it in another, such that x is a genuine point
in the interior of Minkowski space. Letting X be the corresponding point in the
embedding space and Z the embedding space image of the null vector z, we can
denote a spinning operator as O(X,Z) = Z4---ZBO4..53(X). It was shown in
Kravchuk and Simmons-Duffin, 2018b that the light transform of O can also be

expressed compactly as

L[O](X,Z) = / da O (Z - aX,-X) . (4.52)
Following this, the light transform of the stress tensor is simply expressed as
L[T|(X,Z) = / daT(Z-aX,-X) . (4.53)

Given two such light transformed local operators, their OPE contains more general
light-ray operators that are not themselves obtained as the light transform of any local
primary (Kologlu et al., 2021). Among these, the light transform of the stress tensor
plays a distinguished role, since the stress tensor is universally present in every CFT.
In holographic CFTs this operator acquires an additional interpretation: its bulk
dual corresponds to a gravitational shockwave propagating along the associated null
direction (Kologlu et al., 2020).

We have ostensibly considered four realizations of the simplest light-ray operator:
1) the energy flux operator (4.45), ii) the angular contribution to the Hamiltonian
(4.48), ii1) the ANEC operator (4.49), and iv) the light transform of the stress tensor
(4.51). In Minkowski space, the first two constructions are always represented by the
same operator, but they do not in general coincide with the ANEC operator Ay or
with the light transform of the stress tensor L[T], since the latter are defined along
any complete null geodesic, whereas the energy flux operator &(m) is not. However,
when all of them are placed on /1\’,“[, the four constructions agree. Moreover, in
a conformal theory .#}; is no longer a distinguished null surface, and in that case
these four notions coincide for any complete null line. We can see this explicitly as
follows. Let us begin with the light transform of the stress tensor given by (4.51),
which is clearly equivalent to the ANEC operator given by (4.49), since the line
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y + az for null z, is an affine parameterized complete null geodesic. Now, to show
that the energy flux operator (1) is the light transform of the stress tensor L[] on
Sy takes only a few more steps. In the large r limit (keeping « fixed), the leading
term in X goes as

X =r(0,-,2) =r(Z, - aX,) , (4.54)

where X;, = (0,1,0) and Z;, = (0,0, z). We can write the leading term of the null
tangent vector Z as
Z ~—-4r(0,1,0) = —4rX;, . (4.55)

Substituting these into the definition (4.45) of the energy flux operator &(n) and

taking the large r limit, we obtain

- 1 . «
&) = 3 lim r’ /2 da T(r(Zi, — aXi,), —4rX;,)

1 (o]
= 3 lim r2/ da r_4(4r)2T(Z,-0 - aXi,, —Xi,)
r—o0 o
= 2/ da T(Zio - G’Xio, _Xio) = 2L[T] (Xio’ Zi()) ’ (456)

where in the first line we used the homogeneity in X and Z. So we can see that (up
to the overall factor of 2), the energy flux operator & () is the light transform of the
stress tensor L[77], with the integral starting at X;, and going along .#;. Therefore,
the ANEC operator Ay, the light transform of the stress tensor L[7'], and the energy
flux operator &(n) are in fact the same operator when defined on .7.

In summary, the simplest light-ray operator given by the null integral of the stress
tensor along a complete null line in %} is simultaneously an energy flux operator,
an angular contribution to the Hamiltonian, the ANEC operator, and, in conformal
theories, the light transform of the stress tensor. Each of these perspectives suggests
its own natural generalizations. From the conformal viewpoint one is led to consider
arbitrary light transformed operators and the broader class of light-ray operators they
generate, while from the detector viewpoint one may generalize to other conserved
currents or to higher moments of their fluxes. In all cases, the energy flux operator
provides the basic and most physical example, and its various interpretations open

different doors to broader classes of similar operators.

4.4 De Sitter light-ray operators
We now turn towards the main question of our paper: what are the analogs of the

energy flux operator as one passes from Minkowski to dS space? We will begin in
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section 4.4 by setting up our stage, which will be free scalar field theory in dS4, and
then note the specific properties of the conformal mass case. After appropriately
defining the stress tensor, we will classify the four inequivalent generalizations of
the energy flux operator in section 4.4. We will end in section 4.4 by explicitly

computing matrix elements of the various detectors in the conformal theory.

Setup: scalar field theory in dS,
We consider a free scalar field theory in dS4 described by the action
N = A A 207 + ERP? 4.57
S==3 [ d=g(e"V,u0V.0 + m?¢? +£RG) . (4.57)
Working in dS4, we will set R = 12 (in terms of the unit Hubble radius) and find it

convenient to define an effective mass term u? of the form
u?=m?+ 12¢ . (4.58)

Now, the two-point Wightman function (¢(X)¢(Y)) in the dS invariant vacuum
satisfies a hypergeometric differential equation, which is best expressed in the hy-
perbolic embedding space R!*. Consequently, it is a function of solely the SO(1, 4)
invariant hyperbolic distance 7 = X - Y defined in (4.7). Therefore, the two-point
Wightman function is expressed simply as (¢(X)¢(Y)) = G(X -Y) = G(h), and it
is defined by the differential equation

(@ - u?)G(h) = (1 — h®)G"(h) —4hG'(h) — i*’G(h) = 0. (4.59)

This has the solution

C(A)T(A) — _1+h
G(h) =————=»F||A A2 , 4.60
(h) @i 20 > (4.60)
where the parameters A, A are defined as
3 3 3\?
A:§+iv, Azi—iv, y = uz—(z) ) 4.61)

Now, note that generically the hypergeometric function ,Fy(a, b, c; (1 + h)/2) can
have singularities when 7 = {—1, 1, co}. Recalling relation (4.8), these singularities
correspond to the following limits of the hyperbolic distance 4 (depicted also in
Figure 4.11):

* h = 1: This is the lightcone singularity and occurs when the two points are
coincident (or equivalently, the geodesic distance between them vanishes), i.e.
X-Y=1
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* h = —1: This singularity corresponds to X - Y = —1, which is the antipo-
dal configuration on the sphere, meaning that the two points are maximally

separated while still connected by a geodesic.

* h — oo: This singularity simply corresponds to the two points being asymp-

totically separated in a timelike direction.

h = —1(antipodal) h = +1(lightlike) h — 0o

......... ® {\/\/\/\/\/\/\/

spacelike timelike

Figure 4.11: The three singularities of the ,F; function occur at & = +1 (lightlike
separation), 7 = —1 (antipodal separation), and 2 = +co. The solid line indicates
spacelike separated points with 4 < 1, while the zigzag line indicates timelike
separated points with & > 1.

However, we choose’ our solution G (/) such that it only has singularities at 4 = 1
and h = co. The parameters® A, A are known as the scaling dimensions and they
label the irreducible representations of the dS isometry group SO(1,4). There are
in general three classes of irreducible representations of SO(1,4): i) the principal
series corresponding to u? > (3/2)? for which A € C, ii) the complementary series
corresponding to 0 < u? < (3/2)* for which A € R (but not integer valued), and
iii) the exceptional/discrete series for which A € N assumes non-negative integer

values (for a detailed introduction please refer to (Sun, 2024)).

Conformally coupled scalars

The label A is similar, but not identical, to the familiar m? in Minkowski space.
The Wightman function exhibits different behavior for these distinct irreducible
representations. In general, G (%) develops a branch cut between its singularities at
h =1 and h = co. However, the analytic structure changes drastically in the special
case of u?> = 2 (or A = 1), which corresponds to the conformally coupled scalar. In
this case, the branch cut disappears and the Wightman two-point function is given
by

G(h)

_ T(Hr) 1+h) 1 2 (4.62)

 (4m)21(2) 2 | T @n?l-h

"There is another class of solutions obtained by h — —h, which arises from the » — —h
symmetry of our hypergeometric differential equation (4.59). We do not take this as our solution
since it does not have the lightcone singularity, but rather has its singularity at the antipode. For a
more detailed discussion on this point, we refer the reader to (Einhorn and Larsen, 2003).

8In dSy, they are related to one another by the shadow transform A=3- A, as is evident from
4.61).

2F (1,2,2,
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So far in this section, our discussion has been restricted to the usage of the hy-
perbolic embedding space R!*. However, it will be more convenient to use the
null embedding space R%>*. Recall from expression (4.22) that the null embedding
distance Z is related to the hyperbolic distance & by h = Z + 1, with which the

Wightman two-point function becomes

r'(nHre) 2+7 1 2
G(Z)=—7F—=-,F(1,2,2, = - =. 4.63
(2)= Gmrr) 2 (4n)2 Z (463)
Using the expression (4.36), this becomes
1 4
G(Z) = G(X1, X)) = 112 (4.64)

(4)% =(mp1 = m2)* + (X1 = %)%
which up to the Weyl factors 7117, is the same as in flat space. In fact, since the
Poincaré patches (EPP and CPP) of dS are Weyl equivalent to Minkowski space,
as established in section 4.2, any correlation function of local CFT operators in
dS space can be obtained from its flat-space counterpart by an appropriate Weyl

rescaling via the Lorentzian cylinder.

The stress tensor

We now move to the computation of the stress tensor for free scalar fields in dS from

the action (4.57). The classical stress tensor, defined by the relation

—_2 oS
V8 ogh

is quadratic in the field and its derivatives, and can therefore be seen as the coincident

T,uv(x) =

(4.65)

point limit of a differential operator ® acting on the fields at separated points. The
quantum operator will be the same with the field replaced with operators, possibly
up to corrections due to regularization. That is to say, we can express the classical

stress tensor as
Tﬂv(x) = )l]ll)l;lc ®uv(x’ Y)¢(x)¢(y) ’ (466)

where the differential operator © takes the form
—(1— _ 1 Py _(m
O (x,) = (1= 26)V,xVyy = 26V, Vs + gy [(2§ 1) Va9 4+ 260, - (4 + 3¢) .
(4.67)

In the quantum theory, one can just replace the field ¢ with the operator a and
define the stress tensor at an operational level by the limit (4.66). As it turns out, in

the conformal case this operator is already finite. If the stress tensor is regularized
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using dimensional regularization, the resulting expression for the stress tensor is

(the details of this derivation can be found in Appendix 4.A)

. 1 8 (%)
T (x) = lim | lim @, (x, )¢ () @(y) = Z=Z=m?*(m* + 126 =2) | (4.68)

The 1/e term vanishes both in the massless case, m? = 0, and in the conformal
case, m? + 12¢ = p> = 2. The operator is therefore finite in the case of conformally

coupled scalars.

Classification of de Sitter light-ray operators

We now turn our attention to the construction of light-ray operators in dS space.
First, we note that there is no obvious way to generalize the construction of light-ray
operators in Minkowski space (discussed in section 4.3) straightforwardly to dS
space. The kinematic configuration suggested by the detector picture in Minkowski
space is clearly meaningless from the perspective of global dS,; space, as its spatial
slices are (d — 1)-spheres S?~! and therefore have empty boundaries. On the other
hand, the conformal boundaries .# * are spatial surfaces, and therefore cannot contain
a null line. Instead, we must break global dS invariance and take the perspective of
an observer. In other words, we take the asymptotics associated with that observer.
The only natural null surfaces in dS are not located at the asymptotic conformal
boundaries, but rather at the cosmological horizon of an observer. This aligns well
with the idealized detector picture, since any signal or excitation placed outside an

observer’s horizon is, in principle, unrecoverable.

This still does not give us a unique construction. To see this, let us consider an
observer sitting at some point in dS space, which we can naturally take to be the
center of their static patch. They have in their vicinity a timelike Killing field, which
provides them with a natural definition of energy. If we take the conserved charge
associated with this Killing field and identify it as the Hamiltonian H, we may extract
its angular contribution exactly as we did in Minkowski space with regards to the
energy flux operator E(n) in (4.48). Denoting this static patch timelike Killing field
by &5 = 0., we have

H = / do” Ty €6 (4.69)
S3

where the integral is performed over the ¢ = 0 spatial slice S°, and do™” is the future
directed normal volume form on S. We can now deform this surface up to the
CPP horizon 7#* as shown in Figure 4.12. In that case, (4.69) decomposes into an

integral over the celestial sphere S? and a null direction labeled by « along which the
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Figure 4.12: In this diagram, the thick green segments represent not just lines,
but integrals over the suppressed orthogonal S? as well. The Hamiltonian may be
evaluated on any of these Cauchy slices, whether on the ¢ = O slice at the center,
on the horizon J#*, or on any interpolating surface in between. The full-horizon
energy flux operator Er(m) is defined on the entire CPP horizon J7*.

tangent vector is z# = (1, —n). As a result of this, we can rewrite the Hamiltonian

as
H = dQ, / da T#y(a, ﬁ) fg 7V = / dQ, SF(ﬁ) . 4.70)
S2 -0 S2

This defines our first dS light-ray operator as an integral over the entire CPP horizon
A%, which we call the full-horizon energy flux operator Ep(n)

(o)

Full-horizon energy flux operator :  Er(m) = / da Ty (a,m) €027 . (4.71)

oo

A nice feature of this construction is that under the Weyl map on the Lorentzian
cylinder, the full-horizon energy flux operator (4.71) maps to an integral along the

future null infinity .#; of Minkowski space.

However, if we wish to follow the literal idealization of the Minkowski energy flux
operator & () (recall Figure 4.10), we are led to a slightly different construction in dS
space. Analogous to the construction of &(m), consider now placing a calorimeter at
fixed radial distance and allowing it to flow along a timelike geodesic with 7 € [0, o)
denoting the static patch time associated with the conserved charge we are calling
the Hamiltonian. In the limit of large radial distance, we obtain a null line not over
the full CPP horizon .7, but only over the portion of the horizon that intersects the
static patch, as illustrated in Figure 4.13. This defines a second dS light-ray operator

as an integral over the half CPP horizon or the static patch horizon g}, which we
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Figure 4.13: The observer sits at the center worldline, surrounded by their timelike
Killing field. If they place a calorimeter at fixed radial distance and then move it
out to the static patch horizon 7, the resulting dS light-ray operator Eg(m) is

integrated over 7}, which is half of the future CPP horizon JZ"*.

call the static patch/half-horizon energy flux operator Ep(n)

Static patch/Half-horizon energy flux operator : Eg(n) = / da Ty (a,m) &0 2"
0

(4.72)

Note that when mapped to the Lorentzian cylinder, the above is an integral over half

of .7 and hence the integral (4.72) runs from @ € [0, ).

Now, neither of the above constructions, Er(n) and Eg(m), yields the ANEC oper-
ator. For that, we require a different operator altogether, defined by integrating the
stress tensor contracted with the tangent z/ to the null line taken over a complete null
geodesic and not the timelike Killing field fgl . Taking this null line to lie along the
CPP horizon J#*, we can define a third dS light-ray operator called the full-horizon
ANEC operator

Full-horizon ANEC operator :  Ag(n) = / daT,(a,n)ztz" .  (4.73)

This operator also implements the light transform of the dS stress tensor (4.66).
To see this, we combine two facts: first, that the ANEC operator in Minkowski
space (4.49) is precisely the light transform of the stress tensor (4.51); and second,
that the light transform, is a conformally invariant transform and hence insensitive
to Weyl rescalings. Therefore, these two operators carry over identically to the
conformally related setting of dS space. Under the Weyl map from Minkowski
space to the CPP (or Patch I) on the Lorentzian cylinder, the full-horizon ANEC
operator Ap(n) is thus identified with the light transform of the dS stress tensor

along the corresponding null generator.
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Finally, there is an obvious fourth operator in the family: the analog of Ar(n),
but restricted to an integral over only the future static patch horizon 7, in direct
analogy with (4.72). Hence we call this light-ray operator as the static patch/half-

horizon ANEC-type operator and list it below for the sake of completeness

Static patch/Half-horizon ANEC-type operator : Ag(n) = / da Ty (a,n) 2" V.
0
(4.74)
Importantly, we note that the above detector has no natural interpretation in Minkowski

space.

Symmetries and Full-Horizon Operators

In the spirit of the conformal collider framework (Hofman and J. Maldacena, 2008),
it is natural to ask what kind of “measurements” our dS light-ray operators perform
and which aspects of the theory they probe. Under the Weyl map from Minkowski
space to dS conformal coordinates, the image of the timelike Killing field d; in
Minkowski space is the conformal Killing vector (CKV) field 8, associated to
conformal time translation in dS space. Said differently, conformal time translations
in the CPP (and EPP) are not true isometries of dS space, but rather they are
conformal isometries. The corresponding dS light-ray operator is therefore naturally
interpreted as the angular contribution to a conformally conserved charge. However,
it is not appropriate to regard this charge as the energy, since it fails to be conserved
in non-conformal theories. In this sense, the full-horizon dS light-ray operators,
&Er(n) and A (n), are intimately tied to the symmetry structure of dS space: Er(n)
is associated with an ordinary spacetime isometry (i.e. static patch time translations)
and can be viewed as the angular part of a conserved charge (i.e. the Hamiltonian),
while Ar(m) is associated with a conformal isometry and represents the angular

part of a conformally conserved charge.

Let Q¢ and J¢ denote either of the conserved charges and its associated currents.

They are related by
Q¢ = / Az, J; (4.75)
. :

where the surface X is chosen to be the CPP horizon .7#*. Now, the action of the
Lie derivative L along the associated Killing vector & on the two-point function is

given by

L:($192)) =i ($1[Q¢. $2]) = i/EdZu <¢1[J§,¢2]> = i‘/zdzy <¢1J§¢2> ,
4.76)
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where in the final equality we have assumed that the dS vacuum is annihilated by
the conserved current. Parameterizing the CPP horizon as before using (4.41), we

can break up the integral on the right-hand side of (4.76) as

i/dE# <¢1J§¢2> = i/ dQ; { ¢ / da V7 ¢) = i/ dQ, (¢10F (M) 2) |
z S2 —00 S2

4.77)
where O = Ep, Ap. In section 4.4, we will explicitly verify this at the level of the

matrix elements of the full-horizon operators in a theory of conformally coupled

scalars.

Computation of matrix elements: the general setup

Having classified the various constructions of light-ray operators in dS space, we
now turn to setting up the computation of their expectation values in generic quantum
mechanical states. To begin our analysis of these operators, it is natural to start with
their one-point functions. However, it is important to note that their one-point
function vanishes in every theory on grounds of symmetry. SO(1,4) invariance
dictates that (7,,,) ~ g, and contracting this with two null vectors necessarily
gives zero. Moreover, in order to evaluate these operators in a generic state, what
we truly need are their matrix elements. Letting O denote any of the four operators

introduced above, we want to compute

(‘P|0|‘I’>:/ddx1 dx2 Vg (x1)g(x2) P (x1) ¥ (x2) (p(x1)O0p(x2)) . (4.78)

Therefore, all we need are the matrix elements (¢ (x;)O¢(x2)) where we will al-
ways fix the operator ordering via a suppressed ie. We want to express the operators
Ar,s)(n) and E(r 5)(M) in coordinates adapted to their symmetries, namely con-
formal coordinates (4.3) and static patch coordinates (4.4), respectively. The two
kinematic inputs that enter their definition are the location of the observer and the
position of their horizon. However, both of these coordinate systems become singu-
lar at the horizon. The way to get around this is to work with the parameterization
provided by the null embedding space R>*, which treats the horizon in a nonsingular

way.

To compute the matrix element (¢(X;)O¢(X3)), let us place the two scalar field
insertions ¢(X;) and ¢(X3) at generic points X, X, in the interior of the CPP
horizon. From (4.34), we know that these points are parameterized in the null
embedding space by
- 1 - -
XéPP(ni’xi) = 77_ (1, —77,'2 +xi2’77i,xi) s (4.79)

1
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while the stress tensor sitting at a point X, on the CPP horizon s gets integrated

along a null line on 7", which recall from (4.41) gets parameterized as
X p+(a,m) = (O, -, 1,ﬁ) = Xp(a,n) . (4.80)

This implies that the tangent vector to this null line is then given by
Zope(a.) = X0 _ (o,—1,0,6) =7, 4.81)
da
where we note that this is simply a constant vector. We have to now consider the
two bulk Killing fields and how they are denoted at the horizon .77*. The first is the
generator Eg of static patch time translations T — 7 + a, which when evaluated on

the horizon is given by
Es|p+ = (0,-,0,0) = aZy . (4.82)

The second is the CKV field E¢ that generates conformal time translations  — n+a.
As discussed above, although this is not an isometry of dS space, it is a conformal

isometry. When evaluated on the horizon, this CKV becomes
e+ = (0,-2,0,0) =2, . (4.83)

Thus, the matrix element (¢ (X;)Ar(Nn)¢(X>)) involves contracting the stress tensor
T,,, with two tangent vectors z/z", and then integrating with measure da according
to (4.73)

o0

(p(X1)Ar(M)$(X2)) = 4/ da (¢(X1)T (Xo(e,m), Zp)$(X2)) . (4.84)

While the matrix element (¢ (X;)Er(M)@(X3)) involves contracting the stress tensor
T, with a tangent vector z# and a Killing vector fl; , and then integrating with

measure ada according to (4.71)

(p(X1)EF(M)$(X2)) = 2/000101& (o(X)T (Xo(a,m), Zp)$(X2)) . (4.85)

—00

Using the relations (4.66) and (4.67), the common integrand in the above expressions

takes the following form in the null embedding space
(@(XDT(Xo, Z0)¢(Xa)) = lim 2575045 (¢(X1)$(X0)$(X()$(X2)
0_) 0

=2(1-28)X; - Zo X - ZoG'(Z01)G' (Zp2)
- 2¢ ((Xl - 20)*G"(Z01)G(Z) + (X - Zo)zG(Zm)G"(Zoz)) ,
(4.86)
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where G(Zy;) = G(Xo, X;) is the Wightman two-point function given by (4.63).

This amounts to a sum of products of hypergeometric functions, since derivatives
of > F; functions remain hypergeometric functions, albeit with shifted arguments.
In generic scalar QFTs in dS4, we have to perform the integrals in (4.86), which
amounts to integrating products of F; functions. In general, such integrals do
not admit known closed-form expressions. We can however, make some general
statements based on the analytic properties of ,F] functions. If we let k = 0,1 we
can write all the integrals appearing in the matrix element (¢(X;)O¢(X>)) in the

form

1 X;-n - 1 2T
/daakzFl (a,b,c;—(1+xl n+i)) oFi (d,b,é;—(l+x2 “+i)),
2 M 2m 2 o 2m
(4.87)

where the arguments a, b, ¢ and its tilde counterparts depend on the parameters
A, A. These integrals develop a singularity when the argument % (1 + )?;Y—tﬁ + 2%) =
1, which corresponds to the lightcone of X; intersecting the light-ray operator
on the appropriate horizon. We can denote this point as a*(X;) as shown in
Figure 4.14. This function has a branch cut in @ that begins at a*(X;) and extends
to oo. For the half-horizon integrals Os = &g, As where @ € [0, ), there is
little additional simplification to be gained from this structure. However, for the
full-horizon integrals Or = Ep, Ar we can rewrite the result as an integral over the

discontinuity across the branch cut, starting at either a*(X;)

o0 1 —’l_ L= B 1 X:i-n
/ daakDisc[zFl (a,b,c;—(1+x n+i)) 2 F (d,b,E;—(1+ / + —
o (X)) 2 ni 2n; 2 nj
(4.88

Interestingly, as long as at least one of the bulk points X1, X, lies entirely within the
static patch, the full-horizon operators becomes an integral that is entirely supported

on J41H

sp> as shown in Figure 4.14.

Conformal de Sitter light-ray operators

So far, we have broadly classified the dS light-ray operators into four distinct
types: the full-horizon operators Ar, Er, and the static patch/half-horizon oper-
ators Ag, Eg. To compute matrix elements involving these operators, we found that
one must evaluate integrals of the form (4.86), which require integrating products
of hypergeometric ,F] functions and are, in general, quite complicated. However,
we can obtain much better analytic control by restricting our attention to the case of

conformally coupled scalars, for which the two-point function was shown in (4.63)
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o (X1)

a(X3)

X5

I
Figure 4.14: Two bulk points X1, X, in dS space with their lightcones intersecting
a full-horizon light-ray operator Op = Ep, Ap defined on the CPP horizon s (in
blue). Since X lies in the static patch, we can restrict the integral (4.87) to begin
at its singularity, so that the entire contribution is constrained to lie along the static
patch horizon JZg,.

to take the simple form

1 2

G(Zoi) = G(Xo, X)) = "G X X

(4.89)

In that case, the common integrand in (4.86) simply reduces to the expression

1 (X)-XoXa - Zo— Xa - XoX - Zp)?
967 (Xo - X2)3(Xo - X1)3

(p(X1)T (X0, Zo)p(X2)) = — (4.90)

One can check that this answer, up to numerical prefactors, is consistent with what
is expected from conformal invariance (Kravchuk and Simmons-Duffin, 2018b). To
better understand its singularity structure, let us consider the simple case where we
place the two scalar operators at the two bulk points X7, X, on the worldline of the
observer. Using (4.36), the above expression can be written in the CPP conformal

coordinates as

_mmn2 (m —m)?
6rt (@ = 2m1)3 (@ — 21)3
(4.91)

We see that this expression has two poles, each of third order, which appear when

(p(n1, %1 = 0) T (Xo(@, M), Zo) ¢ (112, %2 = 0)) =

the integration contour crosses the lightcone of one of the bulk points. The overall
factor of 17177, in front can be understood as the Weyl factor of the two bulk operators,
while the stress tensor located on the horizon has a Weyl factor that asymptotes to
unity. Said differently, we are extracting the leading term in the limit L > 1, and the
Weyl factor for the operator on the horizon is O(L™") (see (4.39)). When the scalar



154

operators are placed at generic bulk points x; = (7;, X;), the numerator is again the
unique conformally invariant generalization of the expression above. The poles then
merely shift to the new locations where the integration contour intersects the new

lightcones of the bulk points

2
(. 70) T(Xo(e. 1), Zo) (1. T2)) = — L2 12 RNE)
64 (a + 221)3(C¥ + 2Z2)3
where we have defined
=2 X, i =L—Z, (4.93)

with zZ = (1, n) as before.

Having analyzed the analytic structure of the common integrand, let us now perform
the a-integration with the appropriate measure to compute matrix elements of the
various dS light-ray operators. We begin with the full horizon ANEC operator
Ar(n) defined in (4.73). Using (4.84) along with the result for the integrand (4.92),

we obtain

2 00
. - N 771772Z12/ da
,X1)A , ==
(@ (1, %) Ar(M) (72, X2)) %67 ) (@+21)(a + )]
[mmn
= —= 4.94
(27)* 2}, @

Let us make two remarks on the above result. First, we can see in this an instantiation
of ANEC positivity. If we place x| and x, at the same Lorentzian point x, while
keeping their Euclidean time separation nonzero to maintain operator ordering, we

obtain ' )

l n
— >0
(2m)3 (—ie)?

Second, in a conformal theory, we can recognize the quantity (4.94) as the integral

(¢"(n, D) Ar(M)¢(n, X)) = (4.95)

of a conformally conserved current. We can show that it represents the angular
contribution to the corresponding charge by integrating (4.94) over a two-sphere S>
and comparing the result with the Lie derivative along the Killing flow of conformal
time translations, as discussed in (4.76) and (4.77). In particular, for this CKV field
&c, we want to show that

Lec((P192)) =i /S 4D (1 Ar2) - (4.96)

The Lie derivative along the CKYV field is not simply éc = 8,,. One could modify

the Lie derivative to account for this explicitly, but a mathematically equivalent (and
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computationally simpler) approach is to evaluate both sides of (4.96) in flat space,
where the corresponding Lie derivative is just d,,. Operationally, this amounts to
dropping the 117, Weyl factors on both sides. In this frame, the Lie derivative

reduces to a simple time derivative, and we obtain for the left-hand side

1 1 . (m1 —m2)
£$C(<¢1¢2>) 4 2 le —(m - 772)2 + (% _)-52)2 T2 (=(m1 - 772)2 + (Xy —22)2)2 )
(4.97)

while the right-hand side of (4.96) evaluates to

1 T sin 6d4
] dQ A = - = =
1/52 2 (91 Ar2) (2m)? /0 (—=m1 + n2 + |X1 — X2| cos 6)3

1 (m —1n2)
212 (—(p1 —m2)2 + (F1 — %2)2)2

(4.98)

Turning now to the case of the full-horizon energy flux operator E¢(n) defined in

(4.71), we obtain its matrix element using the relations (4.85) and (4.92) to be

7717722%2 /'°° ada

(@(m, X1)Er(M) (12, X2)) = —

9671%  J_oo (@ +z1)3(a+122)3
I mmz+22
= 4.99
@nf 2, 2 (459

For this result to be related to the static patch time translation symmetry generated

by &s = dr,, we have to now show that

Loy (o) =i [ a0 (0i&ra) 4.100)

To do this, we begin by rewriting the conformal two-point function (4.64) in static
patch coordinates. We will do this in two steps. First, we express the conformal
coordinates in a spherically symmetric form as x; = (1;,%;) — (1;, pin;), and
then change coordinates from conformal (7;, p;) to static patch (7;,r;) via n; =
e (1 —r2)""2 and p; = e"r;(1 — r?)~1/2. In these coordinates, the Lie derivative

of the two-point function along the timelike Killing field £g = 0., takes the form

1
8 2
_1 + /1= ‘/1 -5 2 cosh(y — 1) + ryrony - My
! J1 =121 = rZsinh(r; - 1)
= — 3 —~ — ’
87 (=1 + (1 =r2 1 =r3cosh(t] — 12) + ryrof; - Mp)?

(4.101)

Leg((pr12)) =
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which we can now compare to the right-hand side of (4.100) by integrating it over
SZ

+ —_ —_ +A_ e + b4
l/ sz <¢18F¢2> = —771772 / szzl 3 <2 — _771772 / dQ m 2 n (X] _X'Z)
S2 S2 52

1673 z3, 1673 2 (=m +mp+10- (X1 —X))3
: 2,22 ,.2 =
_imn N, T XS I X

A2 (=) + (B -X)2)2 (4.102)

Rewriting this in static patch coordinates, we recover exactly the expression in

(4.101).

The matrix element for the static patch/half-horizon ANEC-type operator Ag(n)

defined in (4.74) can similarly be computed to give

2
(@(m1,X1)As(M) (172, X2)) = 06 /0 (@+21) (@ +22)

1 s | (23— 2923 — 82221 + 23) 2
= +12log|(—]],
19274 23, 225 2

(4.103)

while the corresponding result for the static patch/half-horizon energy flux operator
Es(m) defined in (4.72) gives

2 )
- ~ - 771772212/ ada
i 8 4 ==
(P (1, X1)Es (M) (112, X2)) %6t Jy (@+z)(a+)

1 i |7z + 102122 + 23)
B 19274 Z?Z

2132

+6(z1 + 22) log (Z—l)] )
<2
(4.104)

We can see that the above matrix elements of both these half-horizon operators
develop interesting new singularities at z; = 0. The point @ = 0 that marks the
beginning of the integration contour in both the integrals (4.103) and (4.104) is
denoted in null embedding space as X »+(0,n) = (0,0, 1,n). Points in the bulk that
are lightlike related to this point satisfy

0= X,'(T],',)_éi) . X!;f+ (0, ﬁ) = -n; +.¥,‘ ‘n= Zi - (4105)

The (logarithmic) branch cut at z; = 0 thus reflects the fact that this is precisely the
threshold at which the bulk points X; become lightlike separated from the integration
contour of the half-horizon operator in question. Hence the z; = 0 point marks the
transition between configurations where the contour does or does not intersect their

lightcones.
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4.5 Discussions and outlook

Historically, light-ray operators have been extensively studied in Minkowski space,
primarily in the context of collider physics and more recently, in CFTs and extended
to generic QFTs. There is by now a substantial body of work analyzing these
operators from many different perspectives; see, for example, the review (Moult and
Zhu, 2025) (and references therein). In Minkowski space, the energy flux operator
&E(m) is in some sense canonical: broader classes of light-ray operators can be
constructed from it and naturally regarded as belonging to the same family. In this
work, we have shown that an attempt to generalize these notions straightforwardly
to dS space leads instead to a richer space of inequivalent constructions. The
asymptotics of dS space, together with the structure of its isometry group, allow
us to classify four distinct observer-dependent light-ray operators, as described in
section 4.4. In the null embedding space R>*, all of these can be written in the

unified form

O(n) = 2%7* / da o* Tap(Xo(a,m)) 23 Z8 (4.106)
a;

where X (a,n) parametrizes points on the CPP horizon 77" (see (4.80)), and Z; is
the tangent vector along a null line on 77+ (4.81), while T4 is the embedding space
stress tensor in dS space. The four types of dS light-ray operators then correspond
to different choices of the lower limit of the integral @; and the constant k = 0, 1, as

summarized in the table below.

Operator O(n) | «a; | k Horizon segment Interpretation
Er(n) —oo | 1 CPP horizon 7 Full-horizon energy flux operator
Ar(n) -0 | 0 CPP horizon 7+ Full-horizon ANEC operator
Es(m) 0 | 1 | Static patch horizon J7, | Static patch energy flux operator
As(n) 0 | 0 | Static patch horizon 7, | Static patch ANEC-type operator

Table 4.1: A summary of the four types of dS light-ray operators classified in this
work.

Having classified these dS light-ray operators, we then analyzed some of their matrix
elements in the simplest possible setting, namely a theory of free, conformally
coupled scalars in dSy4, as described in section 4.4. Our focus was deliberately
restricted to the simplest operator in the most symmetric case, yet even in this
regime the interplay between the horizon geometry, the Weyl map to Minkowski
space, and the embedding space description already exhibits nontrivial structure. At

the same time, many straightforward extensions of this analysis remain unexplored,
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and our results should be viewed as a first step toward a broader and systematically

richer family of constructions, which we discuss below:

General masses and interacting theories. The most immediate extensions of our
analysis involve departing from the conformal point to scalars with general mass
and, subsequently, to interacting theories. In the present work we have already seen
that generic scalar QFTs in dS4 give rise to detector matrix elements expressed as
integrals of products of ,F functions, which in general have no known closed-form
expressions (see discussion below (4.86)). It would be interesting to understand to
what extent special values of the mass or perturbative interactions lead to simplifica-
tions, and whether there exist useful approximation schemes that render the space of
dS light-ray correlators more tractable. Also, in fully interacting theories one also
expects the OPE of these dS light-ray operators to become nontrivial, opening an
additional direction for further study. This would then open the door to regularizing
the IR divergences in a theory informed way, moving towards a dS analog of (Simon
Caron-Huot, Kologlu, et al., 2023).

ANEC and positivity bounds. While we have shown an instantiation of positivity
of the full horizon ANEC operator Ax(n) in (4.95), we leave the general proof of
its positivity as future work. In Minkowski space, light ray operators have been used
to constrain the space of QFTs by constraining Wilson coefficients (Kologlu et al.,
2020; Simon Caron-Huot, Mazac, et al., 2021a; Chang, Landau, and Simmons-
Duffin, 2025), and it would be desirable to similarly restrict the space of allowed
theories in dS space. Our construction may provide a way to sharpen the positivity
bounds of (Freytsis et al., 2023; Cordova, J. Maldacena, and Turiaci, 2017), and
it would be interesting to explore how these dS light-ray operators interface with

recent proposals for de Sitter S-matrix—like observables in different regimes.

Cosmological collider physics. In dS space the inflationary regime has been of
great interest, in which the primary observables of interest are boundary correlators
defined on .#* (Achdcarro et al., 2022; Baumann et al., 2024). As such, it would
be interesting to ask what the operators defined in our work can tell us about
cosmological collider physics. Although we have defined our operators using the
observer’s worldline, it can equally be defined by the origin or terminus of the
worldline in .#*, along with a choice of boost frame, and the point on the celestial

sphere — all data already defined on .#*. As such these operators can be entirely
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defined by their kinematic data on .#*, and can be studied in that context. In
Minkowski space, the energy flux operator E(n) in the collinear limit probes jet
substructure (Moult and Zhu, 2025) and encodes detailed information about the
UV theory. One might hope that suitable dS or cosmological analogs of Er (1), or
of the ANEC operator A (m), could probe the angular and frequency structure of

late-time cosmological correlators in an analogous way.

Generic curved spacetimes and quantum gravity. Expanding on the previous
direction, we note that the only kinematic input to our operators was the worldline
of an observer and their associated horizons. These are well defined objects in
generic curved spacetimes, with dS providing the simplest nontrivial example. As
such, these operators capture the physics of physically realizable experiments in any
curved spacetime. Moreover, these observables are well defined even in quantum
gravity, as they are gravitationally dressed to the observer. In particular, the half-
horizon operators, associated with the static patch of the observer, sit nicely within
the framework of (Chandrasekaran et al., 2023), in which the generalized static
patch serves as the largest regime associated to the algebra of an observer in any

theory of quantum gravity.

Algebra of dS light-ray operators. Finally, it would be interesting to explore the
algebraic structure of these dS light-ray operators. In Minkowski space, light-ray
operators and their algebras are closely connected to asymptotic symmetries and to
the structure of null infinity (Cérdova and Shao, 2018; Korchemsky and Zhiboedov,
2021). Understanding these structures could help clarify the role of dS horizons and
observer dependence in any putative notion of dS holography (Strominger, 2001;
Anninos, Hartnoll, and Hofman, 2012; Susskind, 2021). We leave these questions,

along with the many low hanging fruits outlined above, to future work.

4.A Regularizing the stress tensor

In this appendix, we will derive the regularized expression for the stress tensor
(4.68). We will extract the divergent pieces of the stress tensor defined by the
relations (4.66) and (4.67) using dimensional regularization. The stress tensor in
this case only has one divergence, coming from its definition via point splitting.
In general, interacting theories will have more divergences, but in this simple case
there is only one. Additionally, even this divergence will never be an issue for us

since, as we will show, the divergence is proportional to the metric; as such, when
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contracted with two null vectors, the divergence is zero. Another way of saying
this is that the stress tensor is always a sum of two irreducible representations,
the symmetric traceless part and the trace. Light-ray operators are sensitive to the
traceless component while the divergence is only in the trace. Nonetheless, as we

are using this operator, we include its regularization.

Let us begin by considering the insertion of the stress tensor into some generic

correlation function in the following manner

(O(z1) -+ Ty (x) - O(z)) = lim Oy (x,y) (O(z1) - 6 (1)$(x) --- O(zn))

(4.107)
where we have used the defining relation (4.66). In the free theory, for any value of
the mass parameter 2, the fact that correlation functions factorize into Wick pairs
ensures that the above correlator has a particularly simple form. If we consider
the correlation function before the ® operator acts on it, it decomposes into a
sum of Wick contractions. Among these terms, some will have points x and y
each contracted with distinct points z;; such contributions do not generate any short-
range singularity intrinsic to the definition of the stress tensor. The remaining terms,
in which x and y contract with one another, will produce ultraviolet divergences.
However, in this case, the ® operator acts only on that two-point function, and so

the stress tensor factorizes out as follows

;l_rg Oy (x,y)(O(z1) - - - ¢(y)9(x) - - - O(z5))
:illg Ouy (x,y) [{(p(»)@(x))] (O(z1) - - - O(zy,)) + finite

= (Tyuy(x)) (O(z1) - - O(zp)) + finite . (4.108)

Therefore, the divergent part of the correlator is simply the divergence of the one-

point function of the stress tensor itself, which we now address.

The calculations involving the stress tensor will be carried out in the hyperbolic
embedding space following (Pethybridge and Schaub, 2022). The ® operator given
in (4.67) can be defined in the hyperbolic embedding space R!* using the covariant
derivative (4.11). Let us consider the action of the ® operator on a generic function

[ of the hyperbolic distance 27 = X - Y. In the coincident limit # — 1, we obtain

UVE@ap(X, V) [ f (M)]lho1 = —%U V((m? +68) (1) +2f'(1)),  (4.109)
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where we have assumed that U,V € Tyy (R1’4) are in the tangent space, such that

U-X =V-X =0. Consequently, we can write
1
(Tuv)e = =3U - V((m® +66)Ge(1) +2G(1)) , (4.110)

where G is the 1/ divergence of the Wightman two-point function. So to regularize
the stress tensor, we need to find the 1/ divergence of G (h)|,=1 and G’ (h)|;=1. Note
that identifying and subtracting the divergence in G (/) is, in effect, the regularization

of the ¢ operator.

Divergence of G (h)|;-;

We will follow the conventions and normalizations of (P. Chakraborty and Stout,
2023). To extract the divergence of G (/), we begin by examining the propagator
G in Euclidean’ dS,, which is simply the d-sphere S¢. The key feature of this

propagator is that it serves as the Green’s function of the Klein-Gordon operator

Gr(x,y) = (-0, + pH) 7!, (4.111)

2 =

where u m? + 12¢ as before. We can solve this explicitly on the d-sphere S¢

using hyperspherical harmonics

r J
Gelo) = (:?1 Z 4J(J + 2+ac)¥+ 2 (@) @112

where @ = (d — 1)/2, o is the Euclidean embedding distance defined in (4.6), and
C{ is a Legendre function of the first kind (a Gegenbauer polynomial if J € Z). In
the coincident limit o = 1, one has the relation
I'(J+2a)
rJ+nHrRae)’

co(1) = (4.113)

which gives

Ge(0)|o=1 = (4.114)

(@) i J+a I'(J+2a)
2r*+ T (2a) S I +2a) + w2 TJ+1)

We can simplify the expressions further by writing the denominator factor as

1 1 P,
TUtam 2 U= =h) - gz ioel —he) +logl/ = h-)]
8 )
aﬂzas[(J ho)® +(J - h+)]5=0‘

(4.115)

To extract the short-distance singularity, it does not matter if one is in Lorentzian or Euclidean
signature.
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This gives us the following expression for the propagator in the coincident limit

R ) d d F'(J+2)
Ge(@)lr-1 = i a’uZaSZJZ(Z)QJ 207 U~ he) 0.
4.116)
I'(J+2a)

We will begin by regulating the expression .57 ,(2J + 2«) T+ (J — a)®, where

a is a placeholder for h.. We expand the summand in powers of J and isolate the
term that produces a logarithmic divergence, which we will fix using dimensional
regularization. Equivalently, this procedure amounts to expanding the sum in terms

of zeta functions, in which case the only singularity arises from the pole of (1)

(o)

I'(J +2a) ' _ b5y by
;(2J+2 )F(J D (J-a) aozjdl +ﬁZJd 4 (4.117)

where 8 marks the coefficient multiplying £ (1), and all the coefficients depend on
a,d, and s. We will make use of the fact that

B(a,d,0) 108B(a,d,0)
= +—
=0 €2 € Os

+0(1), (4.118)

d S —1—€e+s
%ﬁ(a, d,s) ; J

is the only 1/€e pole and we can ignore all other terms. So it remains for us to
find B(a,d,s), which we can easily do since we have the explicit expression for

everything involved. We can then expand around € = 0 and keep the first two terms

1
Bla,d,s) = M( —240d" + 15d® + d°(1670 — 120as) + 24d° (=277 + 50as)

—120d3 (217 = 96as + 16a*(~1 + s)s) + 5d*(3307 — 1008as + 72a*(—1 + 5)s)

+48d(-274 + 215as — 80a>(—1 + 5)s + 20a°s(2 — 3s + 5%))

—20d?(~1249 + 750as — 198a% (=1 + s)s + 24a>s(2 — 35 + s7))

+240(12 — 12as + 6a* (=1 + 5)s — 2a°s(2 = 35 + s%) + a*s(=6 + 115 — 65 + 57))) .
(4.119)

By inspection, we can see that every factor of a in the above expression appears
multiplied by s. Thus, when we set s = 0, all dependence on a drops out, and in
particular no terms proportional to u? survive. Differentiating with respect to >
therefore annihilates these contributions. Consequently, we only need to retain the
O(1) part of 5. This can be done explicitly, after which we simply replace a with
h. and differentiate with respect to 2. This finally gives us in d = 4

0 1(9,8(h+,4 0 _2 — u?

4.120
8,u Js € ( )
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Reinstating an overall normalization factor, we finally extract the 1/€ to be

2— 421
Sﬂé‘ - 4.121)

Divergence of G’ (h)|;=1
To extract the divergence of the derivative of the propagator G, (o), we now need

to differentiate with respect to o, which is straightforward given that we have the

relation 5
1
%C}Y(O') =2aCy"/ (o) . (4.122)
Using the above, we obtain
INa) « J+a
G/ = 20C% (o =1
£(@)lo=1 2+l ;)J(J+20z)+,u2 el (o =1)

_T(a) v~ 2e(J+a@) T +2a+]1)
2t () +2a) + 2 TU)T2(a + 1)) (4.123)

We can now repeat the same procedure as in the previous appendix 4.A to extract

the 1/€ divergence of G’(o). After all is said and done, we obtain

20,2
pr(pm=2)1
—_ . 4.124

3212 € ( )
Combining (4.121) and (4.124) into the relation (4.110), we can now express the

divergence of the stress tensor as

m?>(m? + 126 - 2) 1
3272

—%U-V((,uz—@f)Ge(l) +2G.(1) =U-V (4.125)

For both the conformal case m? + 12¢ = u? = 2, and for the massless case m? = 0,

the 1/€ contribution vanishes and there are no divergences.

We note, of course, that in the conformal case the one-point function of the stress
tensor vanishes identically, since by symmetry it is proportional to the metric, and is
therefore proportional to its trace, which vanishes in a conformal theory. However,
even when the stress tensor is inserted alongside other operators and is no longer

proportional to the metric, the divergence still vanishes.
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