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ABSTRACT

In this thesis, I investigate four network source coding problems in scenarios with
uncertainty at the decoder.

In network communications, uncertainty may arise from both extrinsic forces such
as a noisy environment and intrinsic forces such as the choices of participating
agents. For example, both imperfect coordination capabilities and deliberate re-
moval of synchronization requirements lead to uncertainty about the relative timing
of messages from different communicators. Similarly, errors in source code re-
constructions can arise either due to channel code failure or because compression
algorithms are designed to tolerate a certain amount of error for the sake of improv-
ing rate or latency. Since distributed source codes have the potential to benefit from
source dependencies but these dependencies may be damaged or destroyed by prior
source coding decisions, the existence of reconstruction errors is another potential
source of uncertainty in network communications. My thesis investigates the per-
formance of communication systems under uncertainties that include the examples
described above.

I first propose an asynchronous random access source code (ARASC) and present
bounds on its performance. In traditional random access source codes (RASCs),
the source blocks from different terminals are aligned, meaning that the codeword
transmissions begin and end at the same time. ARASC removes the synchronization
constraint, allowing each encoder to encode and start a codeword transmission any
time it has available information to describe and the channel is idle. In this work,
I show that ARASC can take advantage of source dependence without enforcing
synchrony; I propose an ARASC algorithm, bound the second-order rate of the
proposed strategy, and show simulation results that explore the performance tradeoffs
between RASC and ARASC.

I then introduce the problem of source coding with unreliable side information.
This problem models the scenario where a decoder is tasked with reconstructing a
source with the help of side information that is not necessarily reliable. I propose a
code that uses a 2-stage decoding strategy that prevents the uncertainty in the side
information from damaging the reliability of the source reconstruction while taking
advantage of the side information.

I next present bounds on the performance of an almost lossless point-to-point source
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code in scenarios where the description from the given code is later used to aid
the description of another dependent source. I demonstrate that, even under strict
efficiency and reliability constraints, point-to-point source codes are not equally
powerful when the decoder outputs are used as side information to help a downstream
user decode a dependent source, and the difference is big enough to affect the
downstream user in a significant way. I show the full range of possible performances
and prove that the designer of the point-to-point code can control where on the
spectrum, from the least to the most helpful, the reconstruction is expected to
be. Furthermore, I show that, if the designer wishes to provide more information
rather than less about a dependent source to a downstream user through the source
reconstruction, they can do so without observing the joint distribution with the later
source. As a step towards practicality, I also show that it is possible to generate a
linear point-to-point code that is helpful to later users if the designer accepts a small
rate penalty.

Finally, I present the performance of a random binning source code when the
source reconstruction from that code is used as an input to a distributed hypothesis
test. I show that random binning generates a source code whose codeword serves
simultaneously as a source description and as an input to a distributed hypothesis test
that seeks to determine whether the coded source is independent of or dependent on
side information available to the decoder. The given random binning code can serve
these dual roles without significantly worsening the source coding rate. When the
joint distribution between sources is uncertain, such a code offers a way to distinguish
between possible joint distributions and to decode only if the source description rate
and hypothesis regarding dependency together render decoding appropriate. I also
discuss the implications of such a hypothesis test on the statistics of the random
binning code output, analyze the statistics through an alternative route that involves
direct analysis of the random binning code, and compare the results.
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C h a p t e r 1

INTRODUCTION

1.1 Source Coding for Network Communication
Shannon’s 1948 paper [1] considers the problem of describing a single source with
a short description that allows for the reconstruction of that source. When the
probability that the reconstruction differs from the described source converges to 0
as the number of source observations described in one sitting grows without bound,
the description-generating and reconstruction-building algorithms (known as the
encoder and decoder) are together called lossless data compression. A fixed-length
scenario is illustrated in Figure 1.1(a).

When there are more than two nodes that communicate with one another, the nodes
and communication links between them form a communication network. Each node
may observe and encode one or many sources, transmit encoded or unencoded
descriptions through communication links, receive such descriptions, and attempt
reconstruction.

One simple example of a communication network comprises three nodes, with node
A and nodeB each observing and compressing a source simultaneously, and node C
receiving compressed descriptions from A and B and reconstructing both sources.
A straightforward way to operate this 3-node communication network is to use the
technique for compressing a single source. Specifically, the coding requirement can
be satisfied by designing a single-source compression algorithm for each source and
having C perform the reconstructions of the sources separately. However, this is not
the most efficient solution in general.

In practice, sources observed at two nodes in a shared environment are often depen-
dent. For example, two sensors in close spatial proximity may collect dependent
measurements of their shared environment. If the dependence is fully exploited,
the descriptions needed by C to reconstruct the sources can be shorter than those
needed using a pair of single-source algorithms. In the ideal case, the redundancy
between the two sources does not need to be described repeatedly.

The 1973 paper by Slepian and Wolf [2] shows that if two encoders independently
compress two dependent sources and a single decoder jointly reconstructs both
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sources (see Figure 1.1(c)), there can be significant performance gain compared
to using a point-to-point code for each source (Figure 1.1(b)). The best possible
performance is equivalent to what would be achieved if the two sources are encoded
jointly (Figure 1.1(d)). The problems investigated in this thesis are variations of the
Slepian-Wolf scenario.

1.2 Slepian-Wolf Code and its Variations
Let A and B observe a pair of discrete sources (𝑋1, 𝑌1), (𝑋2, 𝑌2), . . .. When the
sources are stationary and memoryless, [2] proves that asymptotically lossless com-
pression is achievable as long as the compression rate pair (𝑅𝑋 , 𝑅𝑌 ) satisfies

𝑅𝑋 ą 𝐻 (𝑋 |𝑌 ) (1.1)

𝑅𝑌 ą 𝐻 (𝑌 |𝑋) (1.2)

𝑅𝑋 + 𝑅𝑌 ą 𝐻 (𝑋,𝑌 ) (1.3)

where 𝐻 (𝑋 |𝑌 ), 𝐻 (𝑌 |𝑋) and 𝐻 (𝑋,𝑌 ) are conditional and joint entropies of the two
sources.

This result assumes that the two sources are synchronized on both the symbol level
and the block level. This means that nodes A and B share the same clock and always
observe and encode source samples simultaneously, making source block start- and
end-times agree exactly. However, synchronization is not always possible, and even
when it is, it may not be the best choice in terms of rate and latency.

In [3], Willems investigates a 2-encoder, 1-decoder scenario without the assumption
of block synchronization in the asymptotic regime. The notion of asynchrony in
[3] is similar to one studied in the channel coding literature [4]. Under Willems’
asynchrony model, the first source blocks from the two transmitters are offset by
a fixed amount and, since each transmitter is assumed to be sending an unending
stream of back-to-back blocks, that fixed offset remains unchanged from one block
to the next. This fixed asynchrony model is also used in [5] and [6], where the
decoder can use a finite number of each transmitter’s codewords from prior and
upcoming blocks in decoding the current block. To avoid the long decoding delay
that results from using future blocks in decoding, Matsuta and Uyematsu [7] and
Merhav [8] consider, in the error exponent regime, only one asynchronous block
from each of the system’s two transmitters and show that, in this framework, it is no
longer possible to achieve the Slepian-Wolf region in general.

Aside from the problem of asynchrony, in some communication networks, there
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𝑋𝑛 encoder decoder 𝑋̂𝑛
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(a)

𝑋𝑛 encoder 1
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Figure 1.1: Block diagrams of (a) fixed-length point-to-point block source code, (b)
a pair of independent codes, (c) fixed-length Slepian-Wolf (multiple access) block
source code, (d) a single joint code, and (e) fixed-length block source code with side
information.
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may be occasions when A has the need and ability to observe its source, compress
it, and send the description to the receiver C while B does not; similarly, it may
sometimes occur that B can participate but A cannot or neither can participate. This
scenario may arise due to a failure at one or both sensors or the fact that one or both
channels to receiver C is occupied by other transmission tasks. To give encoding
nodes the opportunity to decide whether to encode and transmit or to remain silent,
[9] proposes a variation of the Slepian-Wolf code called a random access source
code (RASC). The RASC allows each encoding node to choose whether to encode
or not at the start of each coding period, but still assumes that the coding periods are
synchronized. That is, A and B need to make the decision to encode at the same
time. 1

Another variation of the Slepian-Wolf problem is a special case of it. As an extreme
case of the Slepian-Wolf scenario, the decoder node C has access to the source 𝑌 .
It may use 𝑌 as a helper to reduce the rate when reconstructing 𝑋 from its encoded
description. This problem is referred to as source coding with side information
(see Figure 1.1(e)). Variations of this problem include having rate-limited side
information [14], side information available at both the encoder and the decoder
[15], etc. There is also a rich literature on the role of side information in lossy data
compression (e.g. [16], [17], [18]). This thesis focuses on lossless data compression.

Even when both sources in a multi-encoder, single-decoder communication network
need to be decoded, they can have inherent differences in their nature and therefore
making the need to decode them asymmetric. For example, suppose that A and B
are close enough, with A observing the temperature and B observing the level of
solar radiation. Dependence exists due to the spatial proximity and the nature of
observed data streams. Temperature is a core variable in nearly all meteorological
models and forecasts, but the need for solar radiation data can be less frequent
[19]. Users may want to be able to reconstruct the temperature from its compressed
description more efficiently without having to consult the compressed description
of the solar radiation. For Slepian-Wolf code, in general, the decoding node C
needs to receive encoded descriptions from both A and B to reconstruct any of the
two sources, but the process can be made sequential by choosing to operate at a
corner point of the Slepian-Wolf rate region. The decoder at node C reconstructs the

1In this thesis, the term “random access” refers to the encoder’s autonomy to decide whether
to encode and transmit an encoded description. It is similar to the random access channel coding
problem in [10] but distinct from the meaning of “random access” in privacy and access control
context (e.g., [11], [12], [13]), which refers to retrieving pieces of information without accessing the
entire compressed file.
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source observed at A solely from the description received from A. To reconstruct
the source observed at B, it consults both the description received from B and
the available reconstruction of the other source. The practice of using the decoder
output of one code as a helper to another code is often referred to as onion peeling,
rate slicing, or stripping.

In the rest of Chapter 1, I provide an overview of the four problems studied in
this thesis, all of which stem from the variations of the Slepian-Wolf source code
discussed above. Furthermore, common to each problem is the concept of almost
lossless source coding, a setting where the source code’s error probability is bounded
by a constant. 2

1.3 Notation and Definitions
Below, I introduce notation used broadly through this dissertation. Notation that is
restricted to specific contexts is defined at the point of use.

Unless stated otherwise, I employ the following conventions. I use upper case
letters for random variables and lower case letters for realizations. Sans-serif letters
represent functions and operators (e.g., deterministic function f(¨), random function
F(¨)). Times new roman letters specify sources (e.g., source realization 𝑥, random
source 𝑋) and constants (e.g., constant 𝐶). Vectors are expressed using either
superscripts to emphasize the dimension (e.g., 𝑥𝑛 and 𝑋𝑛) or bold font to simplify
notation (e.g., x and X). Blackboard bold letters capture expectations and measures
(e.g., E, P, U). Subscripts clarify the randomness associated with an expectation or
measure when the information is not clear from context (e.g., E𝑃𝑋

). Calligraphic
letters describe sets (e.g., A) and events. Whether a set is random or deterministic
is either stated in the text or clear from context. The complement of set A is denoted
by Ac.

Let 𝑃 and 𝑄 be two probability mass functions (p.m.f.s) on support X. I use
∥𝑃 ´𝑄∥TV to denote the total variation distance between the distributions, ∥𝑃 ´𝑄∥𝑝,
𝑝 ą 0 to denote the 𝐿𝑝-distance, and 𝐷 (𝑃 | |𝑄) to denote the KL-divergence between

2The study of almost lossless source codes—where the error probability is bounded by a con-
stant—is a component of the finite blocklength regime. Within this framework, research focuses on
characterizing the coding rate as a function of blocklength, often by isolating the dispersion term.
This line of work originated with Strassen [20] and includes foundational and recent contributions
such as [9], [10], [21], [22], [23], [24], [25], [26], [27], [28], [29].
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𝑃 and 𝑄, giving

∥𝑃 ´𝑄∥TV ≜ max
AĎX

|𝑃(A) ´𝑄(A)| = 1
2

∑︁
𝑥PX

|𝑃(𝑥) ´𝑄(𝑥) |

∥𝑃 ´𝑄∥𝑝 ≜
(∑︁
𝑥PX

|𝑃(𝑥) ´𝑄(𝑥) |𝑝
) 1

𝑝

𝐷 (𝑃 | |𝑄) ≜ E𝑃

[
log

𝑃(𝑋)
𝑄(𝑋)

]
=

∑︁
𝑥PX

𝑃(𝑥) log
𝑃(𝑥)
𝑄(𝑥) .

Let 𝑃𝑋 |𝑌 , 𝑄𝑋 |𝑌 be two conditional p.m.f.s on alphabet X ˆY, and let𝑊𝑌 be a p.m.f.
on Y. I use 𝐷 (𝑃𝑋 |𝑌 | |𝑄𝑋 |𝑌 |𝑃𝑌 ) to denote the conditional KL-divergence, giving

𝐷 (𝑃𝑋 |𝑌 | |𝑄𝑋 |𝑌 |𝑊𝑌 ) ≜ E𝑃𝑋 |𝑌𝑊𝑌

[
log

𝑃𝑋 |𝑌 (𝑋 |𝑌 )
𝑄𝑋 |𝑌 (𝑋 |𝑌 )

]
=

∑︁
(𝑥,𝑦)PXˆY

𝑃𝑋 |𝑌 (𝑥 |𝑦)𝑊𝑌 (𝑦) log
𝑃𝑋 |𝑌 (𝑥 |𝑦)
𝑄𝑋 |𝑌 (𝑥 |𝑦)

.

All instances of “log” assume base 2 while “ln” uses base 𝑒. The base of “exp” can
be inferred from context.

Suppose a pair of discrete random variables, (𝑋,𝑌 ) P X ˆ Y, are distributed
according to 𝑃𝑋𝑌 . Then, 𝑃𝑋 and 𝑃𝑌 denote the marginal distributions on X and
Y, respectively, 𝑃𝑋 |𝑌 and 𝑃𝑌 |𝑋 denote the conditional distributions of 𝑋 given 𝑌
and 𝑌 given 𝑋 , respectively. The following notation defines the information 𝚤,
entropy 𝐻, varentropy 𝑉 , and third centered moment of information 𝑇 in single-
variate, conditional, and multi-variate forms, and defines the information density 𝑖
and mutual information 𝐼.

𝚤(𝑥) ≜ log
1

𝑃𝑋 (𝑥)
𝐻 (𝑋) ≜ E[𝚤(𝑋)]

𝑉 (𝑋) ≜ Var[𝚤(𝑋)] 𝑇 (𝑋) ≜ E[|𝚤(𝑋) ´ 𝐻 (𝑋) |3]

𝚤(𝑥 |𝑦) ≜ log
1

𝑃𝑋 |𝑌 (𝑥 |𝑦)
𝐻 (𝑋 |𝑌 ) ≜ E[𝚤(𝑋 |𝑌 )]

𝑉 (𝑋 |𝑌 ) ≜ Var[𝚤(𝑋 |𝑌 )] 𝑇 (𝑋 |𝑌 ) ≜ E[|𝚤(𝑥 |𝑦) ´ 𝐻 (𝑋 |𝑌 ) |3]

𝚤(𝑥, 𝑦) ≜ log
1

𝑃𝑋𝑌 (𝑥, 𝑦)
𝐻 (𝑋,𝑌 ) ≜ E[𝚤(𝑋,𝑌 )]

𝑉 (𝑋,𝑌 ) ≜ Var[𝚤(𝑋,𝑌 )] 𝑇 (𝑋,𝑌 ) ≜ E[|𝚤(𝑋,𝑌 ) ´ 𝐻 (𝑋,𝑌 ) |3]

𝑖(𝑥; 𝑦) ≜ log
𝑃𝑋𝑌 (𝑥, 𝑦)
𝑃𝑋 (𝑥)𝑃𝑌 (𝑦)

𝐼 (𝑋;𝑌 ) ≜ E[𝑖(𝑋;𝑌 )] .
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For positive integer 𝑘 , let [𝑘] ≜ {1, 2, . . . , 𝑘} and (𝑘] ≜ {0, 1, . . . , 𝑘}. For vector
x, let ⌊x⌋𝑘 denote the first 𝑘 dimensions of x.

Notation � stands for equality to the first order in the exponent. For two pairs (𝑎, 𝑏)
and (𝑐, 𝑑), (𝑎, 𝑏) ă (𝑐, 𝑑) means that (𝑎, 𝑏) is lexicographically smaller than (𝑐, 𝑑).

1.4 Asynchronous Random Access Source Code
Chapter 2 investigates the problem of asynchronous random access source coding
(ARASC). It arises from the uncertainty in synchronization patterns of source blocks
that distributed encoders encode.

A synchronous random access source code (RASC) [9] is a 1-decoder source code
with an unknown number of active encoders. Synchrony among encoders is pre-
served, but time is divided into epochs whose starting times are the only opportunities
for encoders to decide whether they want to encode. Should the code be used over
time, each epoch begins in the time step after the end of the prior epoch. In each
epoch, the decoder decodes using only the codeword symbols it receives in that
epoch.

Under the RASC model, an encoder that is inactive at the start of one epoch must
wait for the current epoch to end before it can begin describing a new source block.
The resulting delay can be as much as one time step shorter than the time needed for
decoding under the worst-case (independent-decoding) scenario. In delay-sensitive
scenarios, one may want to avoid such waiting time. Therefore, in Chapter 2, I
propose a new ARASC framework and a code design, and bound the performance
of the design.

In the ARASC scenario, as in the Slepian-Wolf and RASC settings, multiple en-
coders independently encode their respective source observations and send their
source descriptions to a common decoder. An encoder becomes active when an
opportunity to send a codeword to the decoder arises (e.g., when the device gains
access to the communication channel to the decoder). When the opportunity arises,
the encoder encodes the latest observed block (a source sequence of length 𝑛) and
begins sending codeword symbols to the decoder. As in the RASC in [9], the
codewords are assumed to be sent through a noiseless channel, and a single bit of
feedback is used by the decoder to tell each transmitter when to stop transmitting its
current description, yielding a rateless code. In decoding each subsequent source
block, the receiver may employ both the as-yet undecoded source descriptions and
any past source reconstructions that overlap in time with these source block(s).
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To bound the performance achievable under the (block) ARASC framework pro-
posed in this work, I design a random code for a pair of discrete, stationary memo-
ryless sources {(𝑋1,𝑖, 𝑋2,𝑖)}8

𝑖=1. For simplicity, I assume a symmetrical joint source
distribution and equal-capacity noiseless channels from each transmitter to the sin-
gle receiver. Under mild assumptions (see Chapter 2), the proposed code achieves
an average rate across blocks

𝑅̄ ď 𝐻̄ +
c

𝐶

𝑛
𝑄´1(𝜖) +𝑂

(
1
𝑛

)
, (1.4)

with 𝜖 being the incremental error allowed per decoding and

𝐶 = max(𝑉 (𝑋1), 𝑉 (𝑋1 |𝑋2)).

The first-order term, 𝐻̄, is the weighted average of 𝐻 (𝑋1) (same as 𝐻 (𝑋2) due to
the symmetrical setting) and 𝐻 (𝑋1, 𝑋2), with weights approaching the fractions of
time in which one and both sources are encoded; that is, the code asymptotically
does as well as a Slepian-Wolf code when multiple sources are described and as well
as a point-to-point code when only one source is described, and this performance is
achieved despite the a priori uncertainty around the number of active transmitters.

I also discuss the performance tradeoffs between RASC and ARASC based on
simulation results.

1.5 Source Coding with Unreliable Side Information at the Decoder
In Chapter 3, I study the problem of source coding with unreliable side information
at the decoder.

A decoder receives a compressed description of a source block 𝑋𝑛 and a side
information block 𝑌 𝑛 that is an unreliable copy of the true side information 𝑌 𝑛

which is dependent on 𝑋𝑛 with a known joint distribution. The decoder knows that
𝑌 𝑛 equals 𝑌 𝑛 with at least a certain probability. Despite the imperfection of 𝑌 𝑛, the
decoder still hopes to take advantage of the information it contains about 𝑋𝑛 to aid
in the reconstruction of 𝑋𝑛.

The setup of this problem shares some similarity with the Kaspi problem in lossy
source coding [17], [30].

The uncertainty in the side information may arise from a sensor failure, a synchro-
nization mistake, or a decoding error of an upstream code. In Chapter 3, I propose a
2-stage decoding strategy that allows the decoder to decode at a rate close to𝐻 (𝑋 |𝑌 )
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when it is confident, and request for more description bits about 𝑋𝑛 when it isn’t.
I analyze the performance of such a 2-stage strategy under two different models of
the joint distribution of 𝑋𝑛, 𝑌 𝑛 and 𝑌 𝑛. One model captures the worst case under
the assumption that the distribution is known to the decoder. The other captures the
general case where the decoder is unaware of the distribution.

1.6 Almost Lossless Onion Peeling Code

Figure 1.2: Illustration of an onion peeling code for a pair of dependent sources
from weather stations.

While Chapter 3 focuses on what a decoder can do when the side information that it
can access is an imperfect copy, Chapter 4 looks at the problem from the perspective
of a possible party providing such unreliable side information: an upstream code
that can error and thereby produce uncertainty for a downstream user.

For a fixed-length point-to-point source code that compresses source 𝑋𝑛 „ 𝑃𝑛
𝑋

almost losslessly with error probability at most 𝜖 , 𝜖 P (0, 1), [28] and [9] show that
the best achievable rate is

𝑅˚
𝑛 = 𝐻 (𝑋) +

c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

˘𝑂

(
1
𝑛

)
. (1.5)

Codes that satisfy (1.5) are not unique. If satisfying the rate constraint and the error
probability bound are the only requirements, then one could choose to use any of
these codes. However, the codes may have vastly different impact on downstream
users who rely on the reconstruction for other tasks.

Consider, for example, a downstream user whose goal is to decode its own source
of interest, 𝑌 𝑛, with the help of 𝑋̂𝑛, the reconstruction of 𝑋𝑛 by an almost lossless
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point-to-point code. Figure 1.2 illustrates the scenario. In such a case, it is natural
for the uncertainty from the almost-losslessness to pass to downstream users. The
downstream user may either accept an error propagation or use a strategy to prevent
it (for example, the source code with unreliable side information in Chapter 3).
However, it is not always necessary for the downstream user to suffer significantly
from the loss of information due to the imperfect reconstruction of 𝑋𝑛.

In Chapter 4, I show that the code design of the almost lossless point-to-point
source code can significantly affect the amount of information 𝑋̂𝑛 provides about
a dependent source 𝑌 𝑛. I prove that, for two sequences of codes for 𝑋𝑛 that
both satisfy (1.5) and P[𝑋̂𝑛 ≠ 𝑋𝑛] ď 𝜖 , their respective conditional entropy rate
lim𝑛ÝÑ8

1
𝑛
𝐻 (𝑌 𝑛 | 𝑋̂𝑛) can differ by as much as 𝜖 𝐼 (𝑋;𝑌 ). Their respective conditional

spectral sup-entropy rate [31]

inf

{
𝛼

����� lim
𝑛ÝÑ8

P

[
1
𝑛

log
1

𝑃𝑌𝑛 | 𝑋̂𝑛

(
𝑌 𝑛 | 𝑋̂𝑛

) ą 𝛼

]
= 0

}
(1.6)

can differ by as much as 𝐼 (𝑋;𝑌 ). Furthermore, if the code designer knows that the
source reconstruction would be used by a downstream user as a side information,
they have the authority to design the code in a way that provides exactly the amount
of useful information to that downstream user as they wish.

I further prove that it is possible to design a sequence of code such that both the
conditional entropy rate and the conditional spectral sup-entropy rate lie on the
better side of their respective intervals for universal 𝑃𝑌 |𝑋 . This means that the code
designer is able to design the code knowing that the reconstruction would serve well
as a helper to the coding of another source but without knowing the exact 𝑃𝑌 |𝑋 .

I also show that, if the designer accepts a small rate penalty, they can design a
sequence of linear code that operates at the better side of the two intervals, potentially
reducing the coding complexity.

1.7 Distributed Hypothesis Testing and Source Coding
Chapter 5 studies the problem of distributed hypothesis testing and source coding.
It is a problem that arises from a decoder being uncertain of whether there is
dependence between the source block described by a received codeword and a
source block that the decoder itself observes locally.

When the decoder node C has a perfect copy of one of the sources and only needs
to decode the other, the copy can be used as a side information to improve the
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efficiency of the code of the source of interest. However, note that this system can
be part of a larger communication network, and communication links can carry other
information, for example, the encoded description of a source that is independent
of the copy held by C. One possibility is that the encoded description of a source
observed by a sufficiently far sensor uses this communication link as a hop on its
route to C. As another possibility, C has a perfect copy of the observed temperature
from A and receives an encoded description of the solar radiation data from B,
but due to timing issues, it is uncertain whether the compressed solar radiation data
is in synchrony with the temperature data or so temporally distant from it that no
dependence exists. In this case, C needs to decide whether the received description
contains dependent information. If it does, C should decompress the description
reliably; if not, C can act accordingly, either requesting more information or passing
the description to other nodes in the network that might be able to decode. This
problem, investigated in Chapter 5, is the last topic of this thesis.

Before providing an overview of the problem, I briefly describe a closely related
problem: distributed hypothesis testing. When the pair of random vectors (𝑋𝑛, 𝑌 𝑛)
can be distributed according to 𝑃𝑛

𝑋𝑌
or 𝑃𝑛

𝑋
𝑃𝑛
𝑌
, a hypothesis test can be used to

distinguish between the two distributions. However, the information flowing through
communication links is often compressed. To understand the dependence, one
needs to decompress the information first or perform hypothesis tests based on the
compressed descriptions. In the simplest form of this problem, the source 𝑋𝑛 is
compressed by an encoder f𝑛 : X𝑛 ÞÑ [𝑀𝑛]. The hypothesis test t𝑛 : [𝑀𝑛] ˆ Y𝑛 ÞÑ

{0, 1} observes the compressed description f𝑛 (𝑋𝑛) and an uncompressed source
𝑌 𝑛, and outputs a boolean that indicates whether it believes (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛

𝑋𝑌
or

(𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛
𝑋
𝑃𝑛
𝑌
. This problem, often referred to as distributed hypothesis testing

or hypothesis testing with communication constraint, is illustrated in Figure 1.3(a).

Studies of distributed hypothesis testing include [32], [33], [34], [35], [36]. The
strategy of the distributed hypothesis test typically involves generating the com-
pressed description by finding a random variable 𝑈 that captures some shared
information between the two sources, and compressing 𝑈𝑛 instead of 𝑋𝑛. While
it is possible to set 𝑈 = 𝑋 , [33] and [35] suggest that this may not yield the best
performance. Therefore, in general, if distinguishing between distributions is the
only goal,𝑈 is chosen to be different from 𝑋 .

However, in many cases, the hypothesis test is not the only user of the compressed
description of 𝑋𝑛. For example, downstream users may use the compressed de-
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scriptions to perform their own hypothesis tests, help decode another source of their
own interest, or attempt to reconstruct 𝑋𝑛 itself as described at the beginning of this
section. A special case that also involves𝑌 𝑛 is Figure 1.3(c). The decoder has access
to 𝑌 𝑛 and would like to reliably reconstruct 𝑋𝑛 when there is, indeed, a dependency
between the two sources. In this case, choosing𝑈 = 𝑋 enables such reconstruction.

𝑋𝑛 encoder hypothesis
test

𝑌 𝑛

𝑃𝑛
𝑋𝑌

or 𝑃𝑛
𝑋
𝑃𝑛
𝑌
?

(a)

𝑋𝑛 encoder

hypothesis
test𝑌 𝑛

other downstream users

𝑃𝑛
𝑋𝑌

or 𝑃𝑛
𝑋
𝑃𝑛
𝑌
?

(b)

𝑋𝑛 encoder decoder

hypothesis
test𝑌 𝑛

𝑋̂𝑛

𝑃𝑛
𝑋𝑌

or 𝑃𝑛
𝑋
𝑃𝑛
𝑌
?

(c)

Figure 1.3: Block diagrams of (a) a distributed hypothesis test, (b) a distributed
hypothesis test where the encoded description of 𝑋𝑛 has other downstream users,
and (c) a special case of (b) where the downstream user hopes to reconstruct 𝑋𝑛
with the help of 𝑌 𝑛 if dependence exists.

In Chapter 5, I study the problem of distributed hypothesis testing when the com-
pressed description is also used to reconstruct 𝑋𝑛. I focus on the performance of
random binning codebook generation. Random binning is a strategy widely used
to prove results in source coding. For example, the achievability bound of the rate
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region of the Slepian-Wolf code uses random binning [2]. This codebook generation
method picks codewords for each source realization independently and uniformly at
random. Figure 1.4 describes this generation process.

Figure 1.4: Illustration of codeword generation by uniform random binning.

I show that when 𝑋𝑛 is compressed using a random binning code F𝑛 : X𝑛 ÞÑ [𝑀𝑛]
to a rate 𝑅𝑛 ≜ log𝑀𝑛

𝑛
that is 𝑂 (1/

?
𝑛) above 𝐻 (𝑋 |𝑌 ), the encoded description,

combined with 𝑌 𝑛, can be used to perform a hypothesis test against independence.
The type-II error of this test decays to zero subexponentially with the blocklength.
I explore the implications of this result on the statistics of source descriptions of
random binning codes, showing that the expected KL-divergence between 𝑃F𝑛 (𝑋𝑛)𝑌𝑛

and 𝑃F𝑛 (𝑋𝑛)𝑃
𝑛
𝑌

is asymptotically bounded below by
?
𝑛. I extend the result to testing

against an alternative joint distribution with identical marginals and higher condi-
tional entropy (less dependence). Finally, I show that, within the given framework,
with high probability, no two distributions with identical marginals and conditional
entropies 𝑌 exceeding the rate are distinguishable.
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C h a p t e r 2

ASYNCHRONOUS RANDOM ACCESS SOURCE CODE

The materials in this chapter are published in part as [37].

2.1 Background
The Slepian-Wolf code [2], or multiple access source code (MASC), involves mul-
tiple transmitters independently encoding their respective sources and transmitting
the encoded descriptions to a common decoder that reconstructs both sources. The
transmitters are assumed to be synchronized. That is, they start and stop transmitting
their encoded descriptions to the decoder simultaneously. In Section 2.2, I briefly
introduce the finite blocklength results on the 2-user MASC by [9], [26]. I provide a
refinement of the results that ensures that the encoders are identical. This feature is
useful in practice because it removes the need to employ different software/hardware
on different devices.

In [9], Chen et al. propose a synchronous random access source code (RASC).
RASC differs from MASC in that the number of transmitters is unknown a priori
and may vary over time. The Chen et al. RASC divides time into epochs, and each
transmitter can choose whether to encode or not at the start of each epoch. Once the
decision is made, it cannot be changed until the start of a new epoch. The rate, and
therefore length, of an epoch depends on the number of participating transmitters.
Figure 2.1 illustrates how the RASC works when there are two transmitters in the
network and the codewords are binary; the figure shows the decoder’s view of the
codeword transmission channel. In the first 5 time slots, neither transmitter decides
to encode, resulting in five epochs of length 1. Then, one transmitter decides to
participate, resulting in a rate that is close to the best rate achievable for a point-
to-point code. After another length-1 epoch resulting from no transmitter deciding
to encode, both transmitters decide to encode in the next epoch. The resulting rate
is close to the best rate achievable for a MASC. Afterwards, for 3 time steps, no
transmitter encodes, and so on.

The RASC removes the need for the number of active transmitters to be fixed and
known a priori. However, since an ongoing epoch blocks any inactive transmitter
from encoding, an inactive encoder can experience a significant delay in the transi-
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. . .

: epoch with 0 active encoder, length = 1

: epoch with 1 active encoder,
length « 𝑛𝐻 (𝑋1) +

a

𝑛𝑉 (𝑋1)𝑄´1(𝜖)

: epoch with 2 active encoders,
length «

1
2

(
𝑛𝐻 (𝑋1, 𝑋2) +

a

𝑛𝑉 (𝑋1, 𝑋2)𝑄´1(𝜖)
)

Figure 2.1: Behavior of a 2-user synchronous random access code (RASC) [9] with
binary codewords over multiple epochs with different numbers of active transmitters.

tion from inactive to active status. The maximum delay is 1 time slot shorter than
the length of the longest active epoch.

In order to reduce such delay, I propose an asynchronous RASC (ARASC) in
Section 2.3 of this chapter. The ARASC allows each transmitter to encode whenever
it has collected enough source observations for the code blocklength and the channel
to the decoder is idle. In Section 2.3, I analyze the proposed code’s performance in
the finite blocklength regime.

Throughout the remainder of this chapter, I study the canonical two-encoder case,
and focus on the case where the joint distribution of the two sources is symmetrical
and the encoders are identical.

2.2 Refinement of MASC Result
Finite-blocklength studies on the MASC [26][9] employ the following definition.

Definition 1 (MASC). An (𝑀1, 𝑀2, 𝜖) MASC for a pair of random variables
(𝑋1, 𝑋2) defined on discrete alphabet X1 ˆ X2 comprises two separate encod-
ing functions, f1 : X1 ÞÑ [𝑀1] and f2 : X2 ÞÑ [𝑀2], and a decoding function
g : [𝑀1] ˆ [𝑀2] ÞÑ X1 ˆ X2 such that the error probability satisfies

P [g(f1(𝑋1), f2(𝑋2)) ≠ (𝑋1, 𝑋2)] ď 𝜖 .



16

Definition 2 (Block MASC). An (𝑛, 𝑀1, 𝑀2, 𝜖) block MASC is an (𝑀1, 𝑀2, 𝜖)
MASC for random vectors (𝑋𝑛1 , 𝑋

𝑛
2 ) P X𝑛

1 ˆ X𝑛
2 .

For a pair of sources {𝑋1} and {𝑋2}, the (𝑛, 𝜖) MASC rate region, ℛ˚(𝑛, 𝜖), is the
closure of all (𝑅1, 𝑅2) pairs such that there exists an (𝑛, 𝑀1, 𝑀2, 𝜖) block MASC
with

log𝑀1
𝑛

ď 𝑅1,
log𝑀2
𝑛

ď 𝑅2.

The best known characterization of ℛ˚(𝑛, 𝜖) comes from [9].

Theorem 1 (MASC Rate Region - Achievability part of [9, Theorem 20]). For a
pair of stationary, memoryless sources with single-letter joint distribution 𝑃𝑋1𝑋2 on
discrete alphabet X2 satisfying

𝑉 (𝑋1 |𝑋2) ą 0, 𝑉 (𝑋2 |𝑋1) ą 0, 𝑉 (𝑋1, 𝑋2) ą 0 (2.1)

𝑇 (𝑋1 |𝑋2) ă 8, 𝑇 (𝑋2 |𝑋1) ă 8, 𝑇 (𝑋1, 𝑋2) ă 8 (2.2)

E[|𝚤(𝑋1 |𝑋2) ´ E[𝚤(𝑋1 |𝑋2) |𝑋2] |3 |𝑋2] ă 8 (2.3)

E[|𝚤(𝑋2 |𝑋1) ´ E[𝚤(𝑋2 |𝑋1) |𝑋1] |3 |𝑋1] ă 8, (2.4)

the MASC rate region ℛ
˚(𝑛, 𝜖) Ě ℛ

˚
in(𝑛, 𝜖), where

ℛ
˚
in(𝑛, 𝜖) ≜


[
𝑅1

𝑅2

]
:


𝑅1

𝑅2

𝑅1 + 𝑅2

 P ℛ
˚(𝑛, 𝜖) +𝑂

(
1
𝑛

)
1

 , (2.5)

ℛ
˚(𝑛, 𝜖) ≜


𝐻 (𝑋1 |𝑋2)
𝐻 (𝑋2 |𝑋1)
𝐻 (𝑋1, 𝑋2)

 +
𝒬inv(V, 𝜖)

?
𝑛

´
log 𝑛
2𝑛

1,

𝒬inv is the set-valued multivariate inverse Q-function, and V is the covariance matrix
of the random vector [𝚤(𝑋1 |𝑋2) 𝚤(𝑋2 |𝑋1) 𝚤(𝑋1, 𝑋2)]1.

A key auxiliary result used to derive this characterization is the random coding
union (RCU) bound.

Theorem 2 (MASC RCU Bound [9, Theorem 18]). Given discrete random variables
(𝑋1, 𝑋2) P X1 ˆ X2, there exists an (𝑀1, 𝑀2, 𝜖) MASC that satisfies

𝜖 ď E[min{1, 𝐴1 + 𝐴2 + 𝐴12}],
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where

𝐴1 ≜
1
𝑀1

E
[
exp(𝚤( 𝑋̄ 1

1 |𝑋2))1{𝚤( 𝑋̄ 1
1 |𝑋2) ď 𝚤(𝑋1 |𝑋2)}|𝑋1, 𝑋2

]
𝐴2 ≜

1
𝑀2

E
[
exp(𝚤( 𝑋̄ 1

2 |𝑋1))1{𝚤( 𝑋̄ 1
2 |𝑋1) ď 𝚤(𝑋2 |𝑋1)}|𝑋1, 𝑋2

]
𝐴12 ≜

1
𝑀1𝑀2

E
[
exp(𝚤( 𝑋̄1, 𝑋̄2))1{𝚤( 𝑋̄1, 𝑋̄2) ď 𝚤(𝑋1, 𝑋2)}|𝑋1, 𝑋2

]
𝑃𝑋1𝑋2 𝑋̄1 𝑋̄2 𝑋̄

1
1 𝑋̄

1
2

(
𝑎, 𝑏, 𝑎̄, 𝑏̄, 𝑎̄1, 𝑏̄1

)
= 𝑃𝑋1𝑋2 (𝑎, 𝑏)𝑃𝑋1𝑋2

(
𝑎̄, 𝑏̄

)
𝑃𝑋1 |𝑋2

(
𝑎̄1 |𝑏

)
𝑃𝑋2 |𝑋1

(
𝑏̄1 |𝑎

)
for all 𝑎, 𝑏, 𝑎̄, 𝑏̄, 𝑎̄1, 𝑏̄1.

Refinement: The identical encoder case
In scenarios where the observed sources have the same alphabet (for example,
scattered sensors measuring the same type of data in a shared environment), one
can modify the proof of Theorem 1 to achieve a similar result under the following
“identical encoders” framework.

Definition 3 (MASC with identical encoders). For random variables (𝑋1, 𝑋2) on
the same discrete alphabets X1 = X2 = X, an ( |C|𝑚1 , |C|𝑚2 , 𝜖) MASC with identical
encoders and codeword symbol alphabet C comprises a single function f : X ÞÑ

Cmax(𝑚1,𝑚2) and a decoding function g : C𝑚1 ˆ C𝑚2 ÞÑ X2 such that

P
[
g

(
⌊f(𝑋1)⌋𝑚1 , ⌊f(𝑋2)⌋𝑚2

)
≠ (𝑋1, 𝑋2)

]
ď 𝜖 .

Definition 4 (Block MASC with identical encoders). An (𝑛, |C|𝑚1 , |C|𝑚2 , 𝜖) block
MASC with identical encoders and binary codeword symbols is an ( |C|𝑚1 , |C|𝑚2 , 𝜖)
MASC with identical encoders and binary codeword symbols for random vectors
(𝑋𝑛1 , 𝑋

𝑛
2 ) P X𝑛 ˆ X𝑛.

The identical encoders framework from Definition 4 allows both the possibility
that the encoders operate at the same rate and the possibility that they operate
at different rates; the rate at which each encoder communicates is controlled by
allowing transmitter 𝑗 , 𝑗 P [2], to transmit only the first 𝑚 𝑗 symbols of the output
of the single encoding function f for any 𝑚 𝑗 ď max(𝑚1, 𝑚2). Having a single f
ensures that the transmitters can use the same hardware or software to encode their
respective source observations. I use |C|𝑚1 and |C|𝑚2 to emphasize that, in practice,
codewords are strings of codeword symbols.

Theorem 3 (MASC rate region with identical encoders). For a pair of stationary,
memoryless sources with single-letter joint distribution 𝑃𝑋1𝑋2 on discrete alphabet
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X2 satisfying the conditions (2.1)-(2.4), for sufficiently large 𝑛 and any 0 ă 𝜖 ă 1,
there exists a constant 0 ă 𝛿 ă 8 such that, for any 𝑅1, 𝑅2 satisfying[

𝑅1

𝑅2

]
P ℛ

˚
in(𝑛, 𝜖) + 1𝛿

𝑛
, (2.6)

there exists an (𝑛, |C|𝑚1 , |C|𝑚2 , 𝜖) MASC code with identical encoders and codeword
symbol alphabet C such that

𝑚1 log |C|
𝑛

ď 𝑅1,
𝑚2 log |C|

𝑛
ď 𝑅2.

Proof. See Section 2.8. □

The proof uses an updated RCU bound of two abstract sources. This modified RCU
bound incorporates the identical encoder constraint.

Theorem 4 (MASC RCU bound with identical encoders). Given discrete random
variables (𝑋1, 𝑋2) P X1 ˆX2, there exists an ( |C|𝑚1 , |C|𝑚2 , 𝜖) MASC with identical
encoders and codeword symbol alphabet C with

𝜖 ď E[min{1, 𝐴1 + 𝐴2 + 𝐴12}] + P[𝑋1 = 𝑋2],

where 𝐴1, 𝐴2 and 𝐴12 are defined as in Theorem 2 with 𝑀1 = |C|𝑚1 , 𝑀2 = |C|𝑚2 .

Proof. See Section 2.8. □

As shown in [9, Theorem 20] and reproduced in Theorem 1 above, the achievable rate
region for the MASC is known to the third-order accuracy (𝑂 (log 𝑛/𝑛)). Theorem 3
shows that enforcing the use of identical encoders across transmitters does not
damage the performance; that is, the performance bounds in Theorem 3 are identical
to those in Theorem 1 without the identical encoder constraint. Since Theorem 1 is
tight to within 𝑂 (1/𝑛) [9], Theorem 3 is tight to within 𝑂 (1/𝑛) as well.

This result extends to the scenario of 𝐽 ą 2 sources satisfying the conditions
necessary for finite-blocklength analyses [9]. In that case, the event

{
𝑋𝑛1 = 𝑋𝑛2

}
in

the error probability bound becomes
{
D 𝑗 , 𝑗 1 P [𝐽], 𝑗 ≠ 𝑗 1, 𝑋𝑛

𝑗
= 𝑋𝑛

𝑗 1

}
. For constant

𝐽, the probability of this event decays exponentially with 𝑛.

The RASC result in [9] can be refined in a similar way.
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2.3 Asynchronous Random Access Source Code
I hereby state the definition of an ARASC for block codes. In this chapter, I focus on
the 2-transmitter case with symmetrical source distribution and codeword symbol
alphabet.

A 𝐽-transmitter ARASC comprises 𝐽 independent transmitters and a single receiver.
The random variable 𝑋 𝑗 ,𝑡 is observed at transmitter 𝑗 P [𝐽] at time 𝑡 P Z+. There
is no direct communication between the transmitters. If an encoding opportunity
arises at transmitter 𝑗 at time 𝑡, the transmitter encodes 𝑋´𝑛

𝑗,𝑡
≜ (𝑋 𝑗 ,𝑡´𝑛+1, . . . , 𝑋 𝑗 ,𝑡)

by mapping it to a length 𝑚max string of symbols from code alphabet C𝑗 and begins
sending its description to the receiver through a channel that carries log |C𝑗 | bits per
channel use. I assume that encoding opportunities are independent of the source
observations. I denote the source block encoded at the 𝑘th opportunity at transmitter
𝑗 by B 𝑗 ,𝑘 , and the time that this opportunity arises, called the encoding time, by
𝑇𝑗 ,𝑘 . The transmission stops when the transmitter receives stop feedback from the
receiver; denote the time of the stop feedback by 𝑇 𝑓

𝑗 ,𝑘
. Under this framework, from

time 𝑇𝑗 ,𝑘 to time 𝑇 𝑓

𝑗 ,𝑘
, the transmitter sends the first𝑚 𝑗 ,𝑘 ≜ 𝑇

𝑓

𝑗 ,𝑘
´𝑇𝑗 ,𝑘 +1 symbols of

the encoded description of B 𝑗 ,𝑘 to the receiver. This corresponds to a source coding
rate of 𝑅 𝑗 ,𝑘 = 𝑚 𝑗 ,𝑘 log |C𝑗 |/𝑛 for source block B 𝑗 ,𝑘 . An encoding opportunity can
only arise when i) the last transmission has ended (that is, 𝑇𝑗 ,𝑘 ą 𝑇

𝑓

𝑗 ,𝑘´1 for 𝑘 ě 2),
and ii) there are enough new observations to make a block (that is, 𝑇𝑗 ,𝑘 ě 𝑇𝑗 ,𝑘´1 + 𝑛
for 𝑘 ě 2 and 𝑇𝑗 ,1 ě 𝑛).

At the receiver, the decoder observes the encoded source descriptions until it is ready
to decode one or more of the received descriptions. When the decoder is ready to
decode B 𝑗 ,𝑘 at time 𝑇 𝑓

𝑗 ,𝑘
, it sends a stop feedback to transmitter 𝑗 and outputs a

reconstruction B̂ 𝑗 ,𝑘 of B 𝑗 ,𝑘 .

When the decoder decodes B 𝑗 ,𝑘 at time𝑇 𝑓

𝑗 ,𝑘
, it can use the received codeword symbols

of B 𝑗 ,𝑘 , namely,
⌊
F

(
B 𝑗 ,𝑘

) ⌋
𝑚 𝑗 ,𝑘

. For
(
𝑗 1, 𝑘 1

)
such that B 𝑗 ,𝑘 has time overlap with B 𝑗 1,𝑘 1

and
(
𝑇𝑗 1,𝑘 1 , 𝑗 1

)
ă

(
𝑇𝑗 ,𝑘 , 𝑗

)
, the reconstruction of B 𝑗 1,𝑘 1 , B̂ 𝑗 1,𝑘 1 , is also available for the

decoding of B 𝑗 ,𝑘 . The lexicographical comparison ensures that, when observations
from different transmitters are encoded at the same time, the observation from
a transmitter with the lower index is considered the earlier by convention. For(
𝑗 1, 𝑘 1

)
such that B 𝑗 ,𝑘 has time overlap with B 𝑗 1,𝑘 1 and

(
𝑇𝑗 ,𝑘 , 𝑗

)
ă

(
𝑇𝑗 1,𝑘 1 , 𝑗 1

)
, and

𝑇𝑗 1,𝑘 1 ď 𝑇
𝑓

𝑗 ,𝑘
, the as-yet available codeword symbols,

⌊
f
(
B 𝑗 1,𝑘 1

) ⌋
𝑇

𝑓

𝑗 ,𝑘
´𝑇 𝑗1 ,𝑘1+1, can

also be used by the decoder. Intuitively speaking, to reconstruct B 𝑗 ,𝑘 , the decoder
may use the as-yet transmitted codeword symbols of B 𝑗 ,𝑘 , any reconstruction of
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earlier dependent observations, and any as-yet transmitted codeword symbols of
later observations that have arrived by 𝑇 𝑓

𝑗 ,𝑘
.

In the rest of the section, I formally define an asynchronous random access source
code tailored for the following scenario (the symmetrical scenario).

Let 𝐽 = 2. Consider dependent source observations {(𝑋1,𝑡 , 𝑋2,𝑡)}, 𝑡 = 1, 2, . . . dis-
tributed i.i.d. on discrete alphabet X1 ˆX2 = X2 with single-letter joint distribution
𝑃𝑋1𝑋2 that is symmetrical in 𝑋1 and 𝑋2 (i.e., 𝑃𝑋1𝑋2 (𝑥1, 𝑥2) = 𝑃𝑋1𝑋2 (𝑥2, 𝑥1) for all
𝑥1, 𝑥2 P X). Assume that

𝑉 (𝑋1) ą 0, 𝑉 (𝑋1 |𝑋2) ą 0, 𝑉 (𝑋1, 𝑋2) ą 0 (2.7)

𝑇 (𝑋1) ă 8, 𝑇 (𝑋1 |𝑋2) ă 8, 𝑇 (𝑋1, 𝑋2) ă 8 (2.8)

These conditions are similar to (2.1)-(2.4) and are common in finite-blocklength
analysis (see, e.g [9], [26], [28]). Fix code alphabets C1 = C2 = C.

The following definition is useful to the construction of the ARASC code.

Definition 5 (Codebook). An (𝑛, |C|𝑚max) deterministic codebook for a pair of
sources {𝑋1} = (𝑋1,1, 𝑋1,2, . . .) and {𝑋2} = (𝑋2,1, 𝑋2,2, . . .) with identical encoders
is a mapping f : X𝑛 ÞÑ C𝑚max from length-𝑛 source sequences from alphabet X to
length-𝑚max codewords from alphabet C. An (𝑛, |C|𝑚max) random codebook is a
random variable taking values on the set of (𝑛, |C|𝑚max) code.

Before stating the main result on the performance of ARASC, I will describe the
code design that I propose. The code design, in essence, employs a greedy decoder
that reconstructs a source block as soon as it has enough information to do so. The
information that the decoder may use includes the decoder’s latest prior decoding
outcome and the latest encoded descriptions from the two transmitters.

The code is designed as follows.

First generate an (𝑛, |C|𝑚max) random codebook by mapping each sequence 𝑥𝑛 P X𝑛

independently and uniformly at random to a codeword sequence in C𝑚max . I employ
the resulting random mapping F as the encoder for both {𝑋1} and {𝑋2}. For the
𝑘-th source block from the 𝑗-th source, the decoder outputs the reconstruction using
a decoding function

G : C𝑚 𝑗 ,𝑘 ˆ Cmax(0,𝑚 𝑗 ,𝑘´𝑑 𝑗 ,𝑘) ˆ X𝑛´𝑑
𝑝

𝑗,𝑘 ÞÑ X𝑛, (2.9)
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where 𝑚 𝑗 ,𝑘 is the codelength associated with the block, 𝑑 𝑗 ,𝑘 and 𝑑𝑝
𝑗,𝑘

are delays
between blocks; I define delays 𝑑 𝑗 ,𝑘 and 𝑑𝑝

𝑗,𝑘
in the detailed description below.

The codelength 𝑚 𝑗 ,𝑘 for source block B 𝑗 ,𝑘 is determined by the encoding time and
any blocks from the other transmitter that overlap with B 𝑗 ,𝑘 in time. I next describe
these components.

1. Notation 𝑇𝑗 ,𝑘 describes the encoding time.

2. Denote the most recent preceding encoded source block from the other trans-
mitter by B𝑝

𝑗,𝑘
≜ B 𝑗𝑐 ,𝑘 𝑝 , where 𝑗 𝑐 ≜ 1 ¨ 1{ 𝑗 = 2} + 2 ¨ 1{ 𝑗 = 1} and

𝑘 𝑝 ≜ max{𝑘 1 : (𝑇𝑗𝑐 ,𝑘 1 , 𝑗 𝑐) ă (𝑇𝑗 ,𝑘 , 𝑗)}. I call B𝑝

𝑗,𝑘
the predecessor of B 𝑗 ,𝑘 .

The comparison of 𝑗 to 𝑗 𝑐 in the definition of 𝑘 𝑝 establishes the transmitter
with the lower index to be the earlier transmitter in the case of a tie in trans-
mission times. By convention, if the maximum does not exist, B𝑝

𝑗,𝑘
= B 𝑗𝑐 ,´1

and 𝑇𝑗 ,´1 = ´1 for 𝑗 P [2]; that is, define two dummy blocks with index and
encoding time ´1 for convenience. Denote the encoding time of B𝑝

𝑗,𝑘
by 𝑇 𝑝

𝑗,𝑘
.

3. Denote the most recent succeeding encoded source block from the other
transmitter by B𝑠

𝑗 ,𝑘
≜ B 𝑗𝑐 ,𝑘𝑠 , where 𝑘 𝑠 ≜ min{𝑘 1 : (𝑇𝑗 ,𝑘 , 𝑗) ă (𝑇𝑗𝑐 ,𝑘 1 , 𝑗 𝑐)}. I

call B𝑠
𝑗 ,𝑘

the successor of B 𝑗 ,𝑘 . By convention, if the minimum does not exist,
B𝑠
𝑗 ,𝑘

= B 𝑗𝑐 ,8, and, for 𝑗 P [2], 𝑇𝑗 ,8 = 8; these dummy blocks with index
and encoding time 8 are defined for convenience. I denote the encoding time
of B𝑠

𝑗 ,𝑘
by 𝑇 𝑠

𝑗 ,𝑘
.

Figure 2.2 depicts one example of the block of interest B 𝑗 ,𝑘 , its predecessor B𝑝

𝑗,𝑘
,

and successor 𝐵𝑠
𝑗 ,𝑘

from the encoder 𝑗 𝑐. It also illustrates the delay between B𝑝

𝑗,𝑘

and B 𝑗 ,𝑘 , 𝑑𝑝𝑗,𝑘 , and the delay between B 𝑗 ,𝑘 and B𝑠
𝑗 ,𝑘

, 𝑑 𝑗 ,𝑘 .

The decoder uses the following rules to determine the decoding time from its inputs.

1. FIFO: If (𝑇𝑗𝑐 ,𝑘 1 , 𝑗 𝑐) ă (𝑇𝑗 ,𝑘 , 𝑗), then 𝑇 𝑓

𝑗 ,𝑘
ą 𝑇

𝑓

𝑗𝑐 ,𝑘 1 .

2. Sufficient Symbols: 𝑚 𝑗 ,𝑘 ě m(𝑑𝑝
𝑗,𝑘
, 𝑑 𝑗 ,𝑘 ), where 𝑑𝑝

𝑗,𝑘
≜ min(𝑛, 𝑇𝑗 ,𝑘 ´ 𝑇

𝑝

𝑗,𝑘
)

and 𝑑 𝑗 ,𝑘 ≜ min(𝑛, 𝑇 𝑠
𝑗 ,𝑘

´ 𝑇𝑗 ,𝑘 ).

The function m : (𝑛] ˆ (𝑛] ÞÑ [𝑚max] specifies the target codelength as a function
of the potential availability of a dependent predecessor and the codeword symbols
for a dependent successor.

m(𝑑𝑝, 𝑑) ≜ min (𝑚A(𝑑𝑝), 𝑚B(𝑑𝑝, 𝑑)) , (2.10)



22

B𝑝

𝑗,𝑘
B𝑠
𝑗 ,𝑘

B 𝑗 ,𝑘

𝑛
𝑑
𝑝

𝑗,𝑘

𝑑 𝑗 ,𝑘

Figure 2.2: Illustration of the predecessor and successor of an encoded source block
B 𝑗 ,𝑘 in the asynchronous random access code (ARASC) and the delays between the
three source blocks.

where

𝑚A(𝑑𝑝) ≜ min
{
𝑚 P Z+ :

𝑚 ě
1

log |C|

(
𝑛𝐻𝑑 𝑝 +

a

𝑛𝑉𝑑 𝑝𝑄
´1

(
𝜖 ´

𝐶1
?
𝑛

))}
(2.11)

𝑚B(𝑑𝑝, 𝑑) ≜ min
{
𝑚 P Z+ :

𝑚 ě
1

2 log |C|

(
𝑛𝐻1

𝑑 𝑝 ,𝑑 +
b

𝑛𝑉 1
𝑑 𝑝 ,𝑑

𝑄´1
(
𝜖 ´

𝐶2
?
𝑛

)
+ 𝑑 log |C|

)}
.

Here, 0 ă 𝜖 ă 1/2, 𝐶1 and 𝐶2 are constants, and

𝐻𝑑 𝑝 ≜
𝑛 ´ 𝑑𝑝

𝑛
𝐻 (𝑋1 |𝑋2) +

𝑑𝑝

𝑛
𝐻 (𝑋1) (2.12)

𝑉𝑑 𝑝 ≜
𝑛 ´ 𝑑𝑝

𝑛
𝑉 (𝑋1 |𝑋2) +

𝑑𝑝

𝑛
𝑉 (𝑋1) (2.13)

𝐻1
𝑑 𝑝 ,𝑑 ≜

𝑛 ´ 𝑑𝑝

𝑛
𝐻 (𝑋1 |𝑋2) +

2𝑑 ´ 𝑑𝑝

𝑛
𝐻 (𝑋1) +

𝑛 ´ 𝑑

𝑛
𝐻 (𝑋1, 𝑋2) (2.14)

𝑉 1
𝑑 𝑝 ,𝑑 ≜

𝑛 ´ 𝑑𝑝

𝑛
𝑉 (𝑋1 |𝑋2) +

2𝑑 ´ 𝑑𝑝

𝑛
𝑉 (𝑋1) +

𝑛 ´ 𝑑

𝑛
𝑉 (𝑋1, 𝑋2) (2.15)

are the weighted sum of conditional, unconditional, and joint entropies and varen-
tropies.

The decoder relies on its memory of at most one prior decoding outcome in making
its next decoding decision. Its knowledge about this prior outcome includes the
source reconstruction, the encoding time, and the transmitter from which it origi-
nates. Thus, when B 𝑗 ,𝑘 is decoded at 𝑇 𝑓

𝑗 ,𝑘
, the decoder may only use the information

from transmitter 𝑗 𝑐’s prior outcome and the encoded descriptions from transmitter
𝑗 and 𝑗 𝑐 since their respective last stop feedback signals.
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At time 𝑇 𝑓

𝑗 ,𝑘
, let B̂𝑝

𝑗,𝑘
be transmitter 𝑗 𝑐’s prior outcome. It is worth noting that B̂𝑝

𝑗,𝑘

may not always be available, as the decoder only stores one prior decoding outcome,
and that might be a decoding outcome for transmitter 𝑗 . The decoder only uses B̂𝑝

𝑗,𝑘

when it is accessible.

The decoder decodes B 𝑗 ,𝑘 using a decoding function introduced in (2.9) with code-
word input ⌊F(B 𝑗 ,𝑘 )⌋𝑚 𝑗 ,𝑘

P C𝑚 𝑗 ,𝑘 describing the transmitted codeword symbols,
codeword input ⌊F(B𝑠

𝑗 ,𝑘
)⌋𝑚 𝑗 ,𝑘´𝑑 𝑗 ,𝑘

P C𝑚 𝑗 ,𝑘´𝑑 𝑗 ,𝑘 describing the subsequent trans-
mitted codeword symbols from the other decoder if 𝑚 𝑗 ,𝑘 ą 𝑑 𝑗 ,𝑘 (or a null input
otherwise), and the dependent symbols ( 𝑋̂ 𝑗𝑐 ,𝑇 𝑗 ,𝑘´𝑛+1, . . . , 𝑋̂ 𝑗𝑐 ,𝑇 𝑗 ,𝑘´𝑑

𝑝

𝑗,𝑘
) P X𝑛´𝑑

𝑝

𝑗,𝑘

from the prior decoder output (or a null input if there is no overlapping prior decod-
ing output). The decoder output 𝑋̂´𝑛

𝑗,𝑇 𝑗 ,𝑘
P X𝑛 is the reconstruction of block B 𝑗 ,𝑘 . The

decoding function behaves as follows, with all ties broken equiprobably at random.

1. If 𝑚 𝑗 ,𝑘 ě 𝑚A(𝑑𝑝𝑗,𝑘 ), output 𝑋̂𝑛 is the sequence 𝑥𝑛 that has the highest proba-
bility

𝑃
𝑛´𝑑

𝑝

𝑗,𝑘

𝑋1 |𝑋2

(
𝑥𝑛

[
1 : 𝑛 ´ 𝑑

𝑝

𝑗,𝑘

] ���B̂𝑝

𝑗,𝑘

[
𝑑
𝑝

𝑗,𝑘
+ 1 : 𝑛

] )
ˆ 𝑃

𝑑
𝑝

𝑗,𝑘

(
𝑥𝑛

[
𝑛 ´ 𝑑

𝑝

𝑗,𝑘
+ 1 : 𝑛

] )
among all sequences inX𝑛 that encode to a codeword that matches the received
codeword sequence from encoder 𝑗 (that is, ⌊F(𝑥𝑛)⌋𝑚 𝑗 ,𝑘

= ⌊F(B 𝑗 ,𝑘 )⌋𝑚 𝑗 ,𝑘
).

2. If 𝑚 𝑗 ,𝑘 ă 𝑚A(𝑑𝑝𝑗,𝑘 ), the decoder finds the pair (𝑥𝑛
𝑗
, 𝑥𝑛

𝑗𝑐
) that has the highest

probability

𝑃
𝑛´𝑑

𝑝

𝑗,𝑘

𝑋1 |𝑋2

(
𝑥𝑛𝑗 [1 : 𝑛 ´ 𝑑

𝑝

𝑗,𝑘
]
���B̂𝑝

𝑗,𝑘

[
𝑑
𝑝

𝑗,𝑘
+ 1 : 𝑛

] )
ˆ 𝑃

𝑑
𝑝

𝑗,𝑘
+𝑑 𝑗 ,𝑘´𝑛

(
𝑥𝑛𝑗

[
𝑛 ´ 𝑑

𝑝

𝑗,𝑘
+ 1 : 𝑑 𝑗 ,𝑘

] )
ˆ 𝑃

𝑛´𝑑 𝑗 ,𝑘

𝑋1𝑋2

(
𝑥𝑛𝑗

[
𝑑 𝑗 ,𝑘 + 1 : 𝑛

]
, 𝑥𝑛𝑗𝑐

[
1 : 𝑛 ´ 𝑑 𝑗 ,𝑘

] )
ˆ 𝑃𝑑 𝑗 ,𝑘

(
𝑥𝑛𝑗𝑐

[
𝑛 ´ 𝑑 𝑗 ,𝑘 + 1 : 𝑛

] )
among all pairs from X𝑛 ˆ X𝑛 that encode to codewords satisfying⌊

F
(
𝑥𝑛𝑗

)⌋
𝑚 𝑗 ,𝑘

=
⌊
F

(
B 𝑗 ,𝑘

) ⌋
𝑚 𝑗 ,𝑘

(2.16)

and ⌊
F

(
𝑥𝑛𝑗𝑐

)⌋
𝑚 𝑗 ,𝑘´𝑑 𝑗 ,𝑘

=

⌊
F

(
B𝑠
𝑗 ,𝑘

)⌋
𝑚 𝑗 ,𝑘´𝑑 𝑗 ,𝑘

,
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respectively. The decoder output is 𝑥𝑛
𝑗
, the first sequence in the pair. The

probability maximization ensures that (𝑥𝑛
𝑗
, 𝑥𝑛

𝑗𝑐
) is the pair with maximum

likelihood given the prior decoding output.

Lemma 1 and Lemma 2 constitute the main results of this chapter, bounding the
performance of the proposed ARASC in terms of reliability and efficiency.

Lemma 1, stated below, bounds the per use error probability given that any dependent
side information from previous blocks is available for conditioning. Due to the
FIFO rule, if the block to be decoded depends on a previously decoded block, the
reconstruction of that previous block should be stored in the receiver’s buffer. Since
this reconstruction may itself contain error, Lemma 1 can be viewed as an upper
bound on the incremental error.

Lemma 1. For a block B 𝑗 ,𝑘 of observations encoded using the above-described
code and for any 𝑚 ě m(𝑑𝑝

𝑗,𝑘
, 𝑑 𝑗 ,𝑘 ),

P
[
G

(⌊
F

(
B 𝑗 ,𝑘

) ⌋
𝑚
,

⌊
F

(
B𝑠
𝑗 ,𝑘

)⌋
max(0,𝑚´𝑑 𝑗 ,𝑘)

,

B𝑝

𝑗,𝑘

[
𝑑
𝑝

𝑗,𝑘
+ 1 : 𝑛

] )
≠ B 𝑗 ,𝑘

]
ď 𝜖 .

Proof. See Section 2.8. □

Unlike [9] which proves the existence of a deterministic code that simultaneously
achieves a set of error probability constraints for 𝑂 (1) possible combinations of
active encoders, I only characterize the expected error probability. The difficulty of
finding a deterministic code lies in the number of different synchronization patterns,
which grows polynomially with the blocklength.

Lemma 2 bounds the average rate of encoded source blocks up to each individually
decoded block. The system can be used without a time limit, but if a time limit
exists, the average rate of all blocks can be found by applying Lemma 2 to the last
block. Decoding individually here means that the block of interest is decoded due to
hitting 𝑚A. Meanwhile, decoding jointly means that the block of interest is decoded
due to hitting 𝑚B. It does not mean that the decoder outputs two reconstructions
simultaneously.

Lemma 2. For a block B 𝑗 ,𝑘 that is decoded at 𝑚 𝑗 ,𝑘 ă 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) or 𝑚 𝑗 ,𝑘 =

𝑚A(𝑑 𝑗 ,𝑘 ) = 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ), let 𝑘𝑐 = min{𝑘 1 : (𝑇𝑗𝑐 ,𝑘 1 , 𝑗 𝑐) ă (𝑇𝑗 ,𝑘 , 𝑗)}. Then, the
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average rate up to block B 𝑗 ,𝑘 is

𝑅̄ 𝑗 ,𝑘 ≜
1

𝑘 + 𝑘𝑐

(
𝑘∑︁

𝑘 1=1
𝑅 𝑗 ,𝑘 1 +

𝑘𝑐∑︁
𝑘 1=1

𝑅 𝑗𝑐 ,𝑘 1

)
,

which satisfies

𝑅̄ 𝑗 ,𝑘 ď 𝐻̄ 𝑗 ,𝑘 +
c

𝑉𝑚

𝑛
𝑄´1(𝜖) +𝑂

(
1
𝑛

)
. (2.17)

Here, 𝑅 𝑗 ,𝑘 ≜ 𝑚 𝑗 ,𝑘 log |C|/𝑛 is the effective rate of block B 𝑗 ,𝑘 ,

𝑉𝑚 ≜ max (𝑉 (𝑋1), 𝑉 (𝑋1 |𝑋2)) (2.18)

is the larger of conditional and individual varentropies, and 𝐻̄ 𝑗 ,𝑘 is the weighted
average

𝐻̄ 𝑗 ,𝑘 ≜

(
𝑁
𝑗

𝑗 ,𝑘
+ 𝑁 𝑗𝑐

𝑗 ,𝑘

)
𝐻 (𝑋1) + 𝑁 𝑗 , 𝑗𝑐

𝑗 ,𝑘
𝐻 (𝑋1, 𝑋2)

𝑁 𝑗 + 𝑁 𝑗𝑐

𝑗 ,𝑘
+ 2𝑁 𝑗 , 𝑗𝑐

𝑗 ,𝑘

where 𝑁 𝑗

𝑗 ,𝑘
is the number of time steps that only 𝑋 𝑗 ,𝑡 is encoded, 𝑁 𝑗𝑐

𝑗 ,𝑘
is the number

of time steps that only 𝑋 𝑗𝑐 ,𝑡 is encoded, and 𝑁 𝑗 , 𝑗𝑐

𝑗 ,𝑘
is the number of time steps that

both sources are encoded. Specifically,

𝑁
𝑗

𝑗 ,𝑘
=

𝑇 𝑗 ,𝑘∑︁
𝑡=1

(
𝑘∑︁
𝑖=1

1{𝑇𝑗 ,𝑖 ´ 𝑛 + 1 ď 𝑡 ď 𝑇𝑗 ,𝑖}
)

ˆ

(
1 ´

𝑘𝑐∑︁
𝑖=1

1{𝑇𝑗𝑐 ,𝑖 ´ 𝑛 + 1 ď 𝑡 ď 𝑇𝑗𝑐 ,𝑖}
)

(2.19)

𝑁
𝑗𝑐

𝑗 ,𝑘
=

𝑇 𝑗𝑐 ,𝑘𝑐∑︁
𝑡=1

(
𝑘𝑐∑︁
𝑖=1

1{𝑇𝑗𝑐 ,𝑖 ´ 𝑛 + 1 ď 𝑡 ď 𝑇𝑗𝑐 ,𝑖}
)

ˆ

(
1 ´

𝑘∑︁
𝑖=1

1{𝑇𝑗 ,𝑖 ´ 𝑛 + 1 ď 𝑡 ď 𝑇𝑗 ,𝑖}
)

(2.20)

𝑁
𝑗 , 𝑗𝑐

𝑗 ,𝑘
=

𝑇 𝑗𝑐 ,𝑘𝑐∑︁
𝑡=1

(
𝑘𝑐∑︁
𝑖=1

1{𝑇𝑗𝑐 ,𝑖 ´ 𝑛 + 1 ď 𝑡 ď 𝑇𝑗𝑐 ,𝑖}
)

ˆ

(
1 ´

𝑘∑︁
𝑖=1

1{𝑇𝑗 ,𝑖 ´ 𝑛 + 1 ď 𝑡 ď 𝑇𝑗 ,𝑖}
)
. (2.21)

Remark 1. While Lemma 2 is not tight in general, it provides a simple upper
bound on the rate of convergence of the average rate of encoded source blocks.
When 𝑉 (𝑋1) ě 𝑉 (𝑋1 |𝑋2), ARASC achieves an improvement in its first-order rate
relative to point-to-point source coding by taking advantage of source dependence.
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Figure 2.3: Varentropy of a Bernoulli source.

It accomplishes this benefit while maintaining a rate of convergence that matches
the optimal rate of convergence of a point-to-point source code [28][9].

The varentropy does not have simple convexity properties. For example, Figure 2.3
plots the varentropy of a single Bernoulli-𝑝 source with respect to parameter 𝑝. As
a result, determining when 𝑉 (𝑋1) is larger than 𝑉 (𝑋1 |𝑋2) may be a complicated
function of the source parameters. Below, I include two examples of symmetrical
joint source distributions 𝑃𝑋1𝑋2 such that example P1 satisfies 𝑉 (𝑋1) ě 𝑉 (𝑋1 |𝑋2)
while example P2 satisfies 𝑉 (𝑋1) ă 𝑉 (𝑋1 |𝑋2).

P1 =

[
0.59 0.2
0.2 0.01

]
, P2 =

[
0.5 0.2
0.2 0.1

]
. (2.22)

For symmetrical binary sources, fixing 𝑃𝑋1𝑋2 (0, 1) = 𝑃𝑋1𝑋2 (1, 0) = 𝑝 ă 0.33,
𝑉 (𝑋1) ą 𝑉 (𝑋1 |𝑋2) when either 𝑃𝑋1𝑋2 (0, 0) or 𝑃𝑋1𝑋2 (1, 1) is close to 0. Figure 2.4
illustrates how 𝑉 (𝑋1) and 𝑉 (𝑋1 |𝑋2) change with 𝑃𝑋1𝑋2 (0, 0) when 𝑝 is set to 0.01,
0.2, and 0.4.

Lemma 2 is proved by examining each encoded source block up to B 𝑗 ,𝑘 . The proof is
in Section 2.8. Specifically, the proof repeatedly use the following auxiliary results.
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Figure 2.4: Illustration of varentropy 𝑉 = 𝑉 (𝑋1) vs. conditional varentropy 𝑉𝑐 =
𝑉 (𝑋1 |𝑋2) for three different distributions.

Lemma 3. For a block B 𝑗 ,𝑘 that is decoded at codelength 𝑚 𝑗 ,𝑘 = 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) ă

𝑚A(𝑑𝑝𝑗,𝑘 ),

𝑅 𝑗 ,𝑘 + 𝑅𝑠𝑗 ,𝑘 ď 𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+ 2
c

𝑉𝑚

𝑛
𝑄´1 (𝜖) +𝑂

(
1
𝑛

)
,

where 𝑉𝑚 is defined in (2.18), 𝑅𝑠
𝑗 ,𝑘

is the effective rate of source block B𝑠
𝑗 ,𝑘

, and
𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

is defined in (2.14).

Proof. See Section 2.8. □

Lemma 3 provides an upper bound on the sum of the rate 𝑅 𝑗 ,𝑘 of a source block B 𝑗 ,𝑘

decoded at 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) and the rate 𝑅𝑠
𝑗 ,𝑘

of its successor B𝑠
𝑗 ,𝑘

. It follows from
the fact that the successor of a jointly decoded block must be decoded individually
(stated in Lemma 4), and that

a

𝑉 (𝑋1, 𝑋2) ď
a

𝑉 (𝑋1) +
a

𝑉 (𝑋1 |𝑋2).

Lemma 4. For sufficiently large 𝑛, if a block B 𝑗 ,𝑘 is decoded at codelength
𝑚 𝑗 ,𝑘 = 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) ă 𝑚A(𝑑𝑝𝑗,𝑘 ), then its successor B𝑠

𝑗 ,𝑘
= B 𝑗𝑐 ,𝑘 1 , if such a suc-
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cessor exists, satisfies 𝑚 𝑗𝑐 ,𝑘 1 ă 𝑚B(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ), where 𝑑𝑠
𝑗 ,𝑘

= min(𝑛, 𝑇𝑗 ,𝑘+1 ´ 𝑇𝑗𝑐 ,𝑘 1)
describes the delay between B𝑠

𝑗 ,𝑘
and its own potential successor.

Proof. See Section 2.8. □

Intuitively, if B 𝑗 ,𝑘 is jointly decoded, then a significant number of codeword symbols
for B𝑠

𝑗 ,𝑘
are transmitted before 𝑇 𝑓

𝑗 ,𝑘
. Hence, very few additional symbols, if any, are

needed for the decoder to individually decode B𝑠
𝑗 ,𝑘

. The dependence between B𝑠
𝑗 ,𝑘

and B 𝑗 ,𝑘+1 cannot be significant enough for B𝑠
𝑗 ,𝑘

to be decoded jointly with its own
successor.

The next lemma helps characterize the sum rate across multiple blocks.

Lemma 5. For sufficiently large 𝑛, if a block B 𝑗 ,𝑘 is decoded at codelength 𝑚 𝑗 ,𝑘 ă

𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) or 𝑚 𝑗 ,𝑘 = 𝑚A(𝑑 𝑗 ,𝑘 ) = 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ), then its successor B𝑠
𝑗 ,𝑘

=

B 𝑗𝑐 ,𝑘 1 , if it exists, is decoded at 𝑚 𝑗𝑐 ,𝑘 1 = m(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ) + 𝑂 (1), where 𝑑𝑠
𝑗 ,𝑘

=

min(𝑛, 𝑇𝑗 ,𝑘+1 ´ 𝑇𝑗𝑐 ,𝑘 1). Furthermore, 𝑚 𝑗𝑐 ,𝑘 1 ă 𝑚B(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ).

Proof : See Section 2.8.

This lemma indicates that if B 𝑗 ,𝑘 is decoded individually, then its successor B𝑠
𝑗 ,𝑘

is
guaranteed to be decoded at no more than𝑂 (1) time steps away from m(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ).
At 𝑇 𝑓

𝑗 ,𝑘
, the decoder would not have significantly more than enough codeword

symbols to decode B𝑠
𝑗 ,𝑘

by conditioning on the newly obtained reconstruction of
B 𝑗 ,𝑘 . Therefore, the problem of the decoder having significantly more than enough
codeword symbols with the help of the latest decoder output would not arise.

Lemma 2 can be proved by examining the encoded source blocks in ascending order
of transmission times. If a block is decoded individually, its rate is determined by
(2.11). If a block is decoded jointly, compute its rate together with the rate of its
successor by applying Lemma 3. Because of Lemma 5, in this process, one would
never mis-compute the rate of an individually decoded block more than 𝑂 (1/𝑛).

2.4 Simulation Results
While ARASC frees the encoders from synchronization constraints and potential
waiting times for a new epoch to start, whether it provides performance gain depends
on the scenario. In general, when encoding occurs in a relatively sparse manner,
ARASC yields a performance gain. When encoding occurs frequently, enforcing
synchronization (using RASC [9]) has an advantage over ARASC. This claim is
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backed-up by simulation results. Below is a discussion of the performance of the
code under Markovian arrival process (MAP) of encoding requests.

Numerical Performance under MAP
To evaluate the performance of the proposed ARASC code against existing results,
I simulate the behavior of ARASC and RASC [9] code under the assumption that
encoding requests arrive at the two transmitters as a pair of independent MAPs where
inter-arrival times are governed by geometric distributions with identical parameter
𝜆a. For ARASC, an encoding opportunity arises at transmitter 𝑗 when 𝑗’s last
transmission has ended, there are enough observations, and there is an awaiting
request. For RASC, a transmitter becomes active in an epoch if there is an awaiting
request at the time that the epoch starts. Both systems resemble a pair of M/G/1
queues [38], although the processing times of requests are dependent. I compute
the codelengths with accuracy up to the second order. I use 𝑤avg to denote the
average time elapsed between the initiation of an encoding request and the time that
the request is processed. I use 𝑚avg to denote the average codelength. The sum
𝑤avg + 𝑚avg is the average time that an encoding request spends in the system.

Figure 2.5 shows the performance of the two codes under a parameter setting that
satisfies 𝐻 (𝑋1,𝑋2)

2 ă log |C| ă 𝐻 (𝑋1). This setting ensures that the channels have
sufficient capacity to transmit encoded descriptions of all observations if taking
full advantage of the source dependence. Simulation results show that ARASC
outperforms RASC when encoding requests are relatively infrequent. It can be
observed that, as the arrivals become more frequent (but not so frequent that the
queues are likely to go unstable), RASC starts to see a lower average codeword
length, yet the average delay of ARASC continues to outperform that of RASC due
to the smaller waiting time. When 𝜆a is large, the average codelength is smaller than
the observation blocklength. This results in the performance (both average time in
the system and average codelength) of ARASC and RASC to agree in the first order.
The small difference in 𝑚avg results from the ARASC system being stuck in a state
where one transmitter always operates at a longer codelength while the other always
operates at a shorter one. Figure 2.6 shows how this occurs.

Longer codelengths change the performance comparison. When 𝐻 (𝑋1)
2 ă log |C| ă

𝐻 (𝑋1,𝑋2)
2 , codewords are, in general, longer than the blocklength 𝑛 but not signif-

icantly so. In this case, ARASC outperforms RASC at low 𝜆a (See Figure 2.7).
However, if the codelength is much larger than 𝑛, although ARASC still outper-
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Figure 2.5: ARASC and RASC performance in terms of 𝑤avg +𝑚avg and 𝑚avg when
𝐻 (𝑋1, 𝑋2)/2 ă log |C| ă 𝐻 (𝑋1).

Figure 2.6: An example of the effect of dependence when 𝐻 (𝑋1, 𝑋2)/2 ă log |C| ă

𝐻 (𝑋1) and 𝜆a is large.

Figure 2.7: ARASC and RASC performance in terms of 𝑤avg +𝑚avg and 𝑚avg when
𝐻 (𝑋1)/2 ă log |C| ă 𝐻 (𝑋1, 𝑋2)/2.
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Figure 2.8: ARASC and RASC performance in terms of 𝑤avg +𝑚avg and 𝑚avg when
log |C| ă 𝐻 (𝑋1)/2.

forms RASC when arrival rate is low, the average codelength begins to suffer from
an undesirable effect as arrival rate increases (See Figure 2.8). ARASC runs the
risk of being trapped in a state where every block is decoded at m(𝑛, 𝑛). Figure 2.9
illustrates this phenomenon.

Figure 2.9: Behavior of ARASC for Large 𝜆a

Remark 2. In addition to efficiency considerations, there are two other factors
that also make the scenario with low 𝜆a better for ARASC than the scenario with
high 𝜆a. Firstly, the ARASC proposed in this chapter uses its own prior decoding
results to make future decoding decisions, which makes it prone to the effect of error
propagation. When 𝜆a is small, it is expected that decoding errors do not propagate
for multiple hops. However, when 𝜆a is large and log |C| ą 𝐻 (𝑋1, 𝑋2)/2, errors can
continue to propagate. An extreme example is the scenario in Figure 2.6. Secondly,
the low 𝜆a scenario gives ARASC an advantage over RASC in terms of the number
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of time steps that an encoder needs to listen for feedback from the decoder. ARASC
encoders have to listen for stop feedback when they are transmitting but do not have
to listen when they are not transmitting. On the other hand, during the period when
an RASC encoder u transmits a codeword, the number of occasions that it has to
listen for stop feedback is 𝑂 (1) [9], but when a RASC encoder is not transmitting,
it has to continuously listen for feedback from the decoder to know whether it can
transmit if there is an encoding request.

2.5 Mitigation of Error Propagation
As discussed in Remark 2, the ARASC is potentially vulnerable to error propagation.
This issue is common in sequential decision systems (see, for example, [39][40][41]).
When encoding requests are sparse, a decoding error is not expected to propagate
for many hops. However, if the decoder wishes to stop error propagation at any
time, it can easily do so by flushing its own prior decoding results and making the
next decoding decision as if no side information is available. An alternative simple
strategy that is more rate-efficient is to use a an approach similar to an unreliable
side information code, which I present in the next chapter of this thesis.

2.6 Summary
Synchronous RASC allows transmitters to decide whether to encode or not at the
start of each epoch, thereby granting more freedom compared to the MASC scenario.
However, it prevents a transmitter from encoding during an epoch that has already
started without its participation. The ARASC proposed in this chapter allows a
transmitter to encode and transmit the codeword as long as source observations
and channel resource are available, without depending on the behavior of the other
transmitter. Analytically, ARASC yields an optimal first-order sum rate, and the
rate of convergence is bounded.

2.7 Some Useful Auxiliary Results and Their Proofs
The following auxiliary results are widgets that are useful in proving the results in
this chapter.

Lemma 6. For 𝑎, 𝑏, 𝑐, ℓ, 𝑚 ě 0, if

?
𝑎 +

?
𝑏 ě

?
𝑐 (2.23)

then
?
𝑎 + ℓ +

?
𝑏 + 𝑚 ě

?
𝑐 + ℓ + 𝑚.
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Proof. Inequality (2.23) implies that

𝑎 + 𝑏 ě 𝑐 ´ 2
?
𝑎𝑏.

Therefore,

(
?
𝑎 + ℓ +

?
𝑏 + 𝑚)2 = 𝑎 + ℓ + 𝑏 + 𝑚 + 2

a

(𝑎 + ℓ) (𝑏 + 𝑚)
ě (𝑐 + ℓ + 𝑚) ´ 2

?
𝑎𝑏 + 2

a

(𝑎 + ℓ) (𝑏 + 𝑚)
ě 𝑐 + ℓ + 𝑚

=

(?
𝑐 + ℓ + 𝑚

)2
.

□

Lemma 7. Let (𝑋1, 𝑋2) be a pair of discrete random variables distributed according
to 𝑃𝑋1𝑋2 . Then

a

𝑉 (𝑋1) +
a

𝑉 (𝑋2 |𝑋1) ě
a

𝑉 (𝑋1, 𝑋2). (2.24)

Proof.

𝑉 (𝑋1) +𝑉 (𝑋2 |𝑋1) = Var[𝚤(𝑋1)] + Var[𝚤(𝑋2 |𝑋1)]
= Var[𝚤(𝑋1) + 𝚤(𝑋2 |𝑋1)] ´ 2Cov[𝚤(𝑋1), 𝚤(𝑋2 |𝑋1)]
= 𝑉 (𝑋1, 𝑋2) ´ 2Cov[𝚤(𝑋1), 𝚤(𝑋2 |𝑋1)] .

Then,(
a

𝑉 (𝑋1) +
a

𝑉 (𝑋2 |𝑋1)
)2

= 𝑉 (𝑋1) +𝑉 (𝑋2 |𝑋1) + 2
a

𝑉 (𝑋1)𝑉 (𝑋2 |𝑋1)
= 𝑉 (𝑋1, 𝑋2) ´ 2Cov[𝚤(𝑋1), 𝚤(𝑋2 |𝑋1)] + 2

a

𝑉 (𝑋1)𝑉 (𝑋2 |𝑋1)

= 𝑉 (𝑋1, 𝑋2) + 2
(
a

𝑉 (𝑋1)𝑉 (𝑋2 |𝑋1) ´ Cov[𝚤(𝑋1), 𝚤(𝑋2 |𝑋1)]
)

= 𝑉 (𝑋1, 𝑋2) + 2(1 ´ 𝑟)
a

𝑉 (𝑋1)𝑉 (𝑋2 |𝑋1)

ě

(
a

𝑉 (𝑋1, 𝑋2)
)2
,

where 𝑟 P [´1, 1] is the correlation coefficient. Since

𝑉 (𝑋1), 𝑉 (𝑋2 |𝑋1), 𝑉 (𝑋1, 𝑋2) ą 0,

the lemma is proved. □
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Lemma 8. For a pair of discrete random variables (𝑋1, 𝑋2) „ 𝑃𝑋1𝑋2 such that
𝑃𝑋1𝑋2 (𝑥1, 𝑥2) = 𝑃𝑋1𝑋2 (𝑥2, 𝑥1) for all 𝑥1, 𝑥2 P X, let 𝑃𝑋1𝑋2 satisfy the conditions
specified for the symmetrical scenario. For all (𝑑𝑝, 𝑑) P (𝑛]2,

b

𝑉 1
𝑑 𝑝 ,𝑑

ď 2
a

𝑉𝑚, (2.25)

where 𝑉𝑚 ≜ max{𝑉 (𝑋1), 𝑉 (𝑋2 |𝑋1)}.

Proof.
b

𝑛𝑉 1
𝑑 𝑝 ,𝑑

ď
a

2𝑑𝑉𝑚 + (𝑛 ´ 𝑑)𝑉 (𝑋1, 𝑋2)

=
a

(𝑛 ´ 𝑑)𝑉 (𝑋1, 𝑋2) + 𝑑𝑉𝑚 + 𝑑𝑉𝑚
ď

a

(𝑛 ´ 𝑑)𝑉 (𝑋1) + 𝑑𝑉𝑚 +
a

(𝑛 ´ 𝑑)𝑉 (𝑋2 |𝑋1) + 𝑑𝑉𝑚 (2.26)

ď 2
a

𝑛𝑉𝑚,

where (2.26) follows from Lemma 6 and Lemma 7. □

The lemma below is an RCU bound that is useful in the proof of Lemma 1. It bounds
the error probability of decoding an abstract source from its compressed description
with the help of a side information and a compressed description of a dependent
source.

Lemma 9 (ARASC RCU Bounds). Let 𝑋,𝑌, 𝑍 be sources on the same alphabet
X. The uniform random binning code F, which independently and uniformly maps
source realizations to codewords in C𝑚max , satisfies the following properties.

1. Probability

P
[
GML

(
⌊F (𝑋)⌋𝑚A , 𝑍

)
≠ 𝑋

]
ď E[min{1, 𝐴}], (2.27)

where GML is the maximum likelihood decoder

GML(𝑐, 𝑧) ≜ max
𝑥PX𝑚A (𝑐)

𝑃𝑋 |𝑍 (𝑥 |𝑧)

X𝑚A (𝑐) ≜
{
𝑥 P X : ⌊F(𝑥)⌋𝑚A = 𝑐

}
,

and 𝐴 is defined as

𝐴 ≜
1

|C|𝑚A
E

[
exp

(
𝚤
(
𝑋̄ |𝑍

) )
1
{
𝚤
(
𝑋̄ |𝑍

)
ď 𝚤 (𝑋 |𝑍)

}�� 𝑋, 𝑍 ]
𝚤(𝑥 |𝑧) ≜ log

1
𝑃𝑋 |𝑍 (𝑥 |𝑧)

.
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2. Probability

P
[
𝑋̂˚ ≠ 𝑋

]
ď E[min{1, 𝐴1}] + P[E1] + P[I], (2.28)

where 𝑚B, 𝑚S P Z+ and 𝑚B ą 𝑚S,

E1 ≜
{
D𝑥 P Xz {𝑋} :

𝑃 𝑋𝑌 |𝑍 ( 𝑥,𝑌 | 𝑍) ě 𝑃 𝑋𝑌 |𝑍 ( 𝑋𝑌 | 𝑍) ,
⌊F (𝑥)⌋𝑚B = ⌊F (𝑋)⌋𝑚B

}
I ≜ {𝑋 = 𝑌 }

𝐴1 ≜
1

|C|𝑚B+𝑚S
E

[
exp

(
𝚤
(
𝑋̄, 𝑌

�� 𝑍 ) )
¨1

{
𝚤
(
𝑋̄,𝑌

�� 𝑍 )
ď 𝚤 ( 𝑋,𝑌 | 𝑍)

}�� 𝑋,𝑌, 𝑍 ]
𝚤(𝑥, 𝑦 |𝑧) ≜ log

1
𝑃 𝑋𝑌 |𝑍 (𝑥, 𝑦 |𝑧)

,

G1
ML is the joint maximum likelihood decoder

G1
ML(𝑐1, 𝑐2, 𝑧) ≜ max

(𝑥,𝑦)P
X𝑚B (𝑐1)ˆX𝑚S (𝑐2)

𝑃 𝑋𝑌 |𝑍 (𝑥, 𝑦 |𝑧)

X𝑚B (𝑐1) ≜
{
𝑥 P X : ⌊F(𝑥)⌋𝑚B = 𝑐1

}
X𝑚S (𝑐2) ≜

{
𝑥 P X : ⌊F(𝑥)⌋𝑚S = 𝑐2

}
,

and (
𝑋̂˚, 𝑌˚

)
= G1

ML
(
⌊F (𝑋)⌋𝑚B , ⌊F (𝑌 )⌋𝑚S , 𝑍

)
.

Here, (
𝑋,𝑌, 𝑋̄,𝑌

)
„ 𝑃𝑋𝑌𝑃𝑋𝑌 .

Proof. For every 𝑥 P X, F(𝑥) is drawn i.i.d. uniformly at random from C𝑚max . Then,
the first 𝑚A symbols of F(𝑥), ⌊F(𝑥)⌋𝑚A , is uniformly distributed on C𝑚A .

Due to the use of maximum likelihood decoder GML, the error probability can be
bounded by

P[GML(⌊F(𝑋)⌋𝑚A , 𝑍) ≠ 𝑋] ď P[E],

where

E ≜ {D𝑥 P Xz{𝑋} s.t. 𝚤(𝑥 |𝑍) ď 𝚤(𝑋 |𝑍), ⌊F(𝑥)⌋𝑚A = ⌊F(𝑋)⌋𝑚A}.
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Applying the union bound,

P[E] ď P


⋃

𝑥PBz{𝑋}
{𝚤(𝑥 |𝑍) ď 𝚤(𝑋 |𝑍), ⌊F(𝑥)⌋𝑚A = ⌊F(𝑋)⌋𝑚A}


= E

P


⋃
𝑥PXz{𝑋}

{𝚤(𝑥 |𝑍) ď 𝚤(𝑋 |𝑍), ⌊F(𝑥)⌋𝑚A = ⌊F(𝑋)⌋𝑚A}

������ 𝑋, 𝑍



ď E

min
1,

∑︁
𝑥PBz{𝑋}

P[𝚤(𝑥 |𝑍) ď 𝚤(𝑋 |𝑍), ⌊F(𝑥)⌋𝑚A = ⌊F(𝑋)⌋𝑚A |𝑋, 𝑍]



ď E

[
min

{
1,

1
|C|𝑚A

∑̄︁
𝑥PX

1{𝚤(𝑥 |𝑍) ď 𝚤(𝑋 |𝑍)}
}]

= E
[
min

{
1,

1
|C|𝑚A

E
[

1
𝑃𝑋 |𝑍 ( 𝑋̄ |𝑍)

1{𝚤( 𝑋̄ |𝑍) ď 𝚤(𝑋 |𝑍)}
���� 𝑋, 𝑍]}]

= E[min{1, 𝐴}] .

Next, I bound P
[
𝑋̂˚ ≠ 𝑋

]
.

Since I only compare the first dimension of the output of G1
ML against 𝑋 , the error

probability is bounded by the union of two events, E1 and

E2 ≜ {D𝑥 P Xz{𝑋}, 𝑦̄ P Xz{𝑌 } : 𝚤(𝑥, 𝑦̄ |𝑍) ď 𝚤(𝑋,𝑌 |𝑍),
⌊F(𝑥)⌋𝑚B = ⌊F(𝑋)⌋𝑚B , ⌊F( 𝑦̄)⌋𝑚S = ⌊F(𝑌 )⌋𝑚S}. (2.29)

By the union bound, P[E1 Y E2] ď P[E1] + P[E2]. Therefore, one only needs to
show that

P[E2] ď E[min{1, 𝐴1}] + P[I] . (2.30)
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The analysis of P[E2] below follows the same reasoning as the proof of Theorem 4.

P[E2] ď P


⋃

𝑥PXz{𝑋}
𝑦̄PXz{𝑌 }

{𝚤(𝑥, 𝑦̄ |𝑍) ď 𝚤(𝑋,𝑌 |𝑍),

⌊F(𝑥)⌋𝑚B = ⌊F(𝑋)⌋𝑚B , ⌊F( 𝑦̄)⌋𝑚S = ⌊F(𝑌 )⌋𝑚S

}
ď E


min


1,

∑︁
𝑥PXz{𝑋}
𝑦̄PXz{𝑌 }

P[𝚤(𝑥, 𝑦̄ |𝑍) ď 𝚤(𝑋,𝑌 |𝑍),

⌊F(𝑥)⌋𝑚B = ⌊F(𝑋)⌋𝑚B , ⌊F(𝑦)⌋𝑚S = ⌊F(𝑌 )⌋𝑚S]




ď E

min
1,

1
|C|𝑚B+𝑚S

∑︁
(𝑥,𝑦̄)PX2

1{𝚤(𝑥, 𝑦̄ |𝑍) ď 𝚤(𝑋,𝑌 |𝑍)}

 + P[I]

= E
[
min

{
1,

1
|C|𝑚B+𝑚S

E
[

1{𝚤( 𝑋̄,𝑌 |𝑍) ď 𝚤(𝑋,𝑌 |𝑍)}
𝑃𝑋𝑌 |𝑍 ( 𝑋̄, 𝑌 |𝑍)

���� 𝑋,𝑌, 𝑍]}]
+ P[I]

= E[min{1, 𝐴1}] + P[I] .

□

2.8 Proofs of Theorems and Lemmas
Proof of Theorem 3
Proof. Like the achievability proof of [9, Theorem 20], the proof of Theorem 3
applies the RCU bound to a pair of stationary, memoryless sources

(
𝑋𝑛1 , 𝑋

𝑛
2
)
. The

only difference is the existence of the term P
[
𝑋𝑛1 = 𝑋𝑛2

]
. The probability of this

event decays exponentially with 𝑛. Specifically, P
[
𝑋𝑛1 = 𝑋𝑛2

]
= 𝑝𝑛eq, where

𝑝eq ≜ P[𝑋1,1 = 𝑋2,1] =
∑︁
𝑥PX

𝑃𝑋1𝑋2 (𝑥, 𝑥) ă 1.

Set a constant 𝐶eq ą 0. For sufficiently large 𝑛, 𝑝𝑛eq ď 𝐶eq/
?
𝑛. Therefore, picking

any pair of rates (𝑅1, 𝑅2) satisfying

R̄ P ℛ
˚
in

(
𝑛, 𝜖 ´

𝐶eq
?
𝑛

)
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gives an error probability bounded by 𝜖 . Applying [9, Lemma 13-1] completes the
proof. □

When 𝑃𝑋1 and 𝑃𝑋2 are different, pre-processing the source observation from one
source (let it be source 1 without loss of generality) with a bijective mapping may
reduce 𝑝eq, which in turn affects the achievable rate region in the forth-order term.
In this sense, the best choice of the bijective mapping p˚ : X ÞÑ X is

p˚ = min
p:X ÞÑX

∑︁
𝑥PX

𝑃𝑋1𝑋2

(
p´1(𝑥), 𝑥

)
.

Whereas such a pre-processing can be important in the error exponent regime, it
does not affect the rate region up to the third order in the rate-of-convergence regime.

Proof of Theorem 4
Proof. For every 𝑥 P X, draw F(𝑥) i.i.d. uniformly at random from {0, 1}max(𝑚1,𝑚2) ,
and let F1(𝑥) = ⌊F(𝑥)⌋𝑚1 and F2(𝑥) = ⌊F(𝑥)⌋𝑚2 for all 𝑥 P X. The maximum
likelihood decoder is defined for each (𝑐1, 𝑐2) P {0, 1}𝑚1 ˆ {0, 1}𝑚2 by

g(𝑐1, 𝑐2) = arg min
(𝑥1,𝑥2)PX2:

F1 (𝑥1)=𝑐1,F2 (𝑥2)=𝑐2

𝚤(𝑥1, 𝑥2),

where ties are broken lexicographically. Consider the following three events (these
definitions are local to this proof and not the same as the definitions in the proof of
Lemma 9)

E1≜ {D𝑥1 P Xz{𝑋1} : 𝚤(𝑥1 |𝑋2) ď 𝚤(𝑋1 |𝑋2),F1(𝑥1) = F1(𝑋1)}
E2≜ {D𝑥2 P Xz{𝑋2} : 𝚤(𝑥2 |𝑋1) ď 𝚤(𝑋2 |𝑋1),F2(𝑥2) = F2(𝑋2)}
E12 ≜ {D𝑥1 P Xz{𝑋1}, 𝑥2 P Xz{𝑋2} : 𝚤(𝑥1, 𝑥2) ď 𝚤(𝑋1, 𝑋2),

F1(𝑥1) = F1(𝑋1),F2(𝑥2) = F2(𝑋2)}.

Since the lexicographical tie breaker gives lower error probability than a “malicious
gene" tie breaker that always chooses the wrong reconstruction, these event defini-
tions capture the case where 𝑋1 is reconstructed incorrectly and 𝑋2 correctly, 𝑋2 is
reconstructed incorrectly and 𝑋1 correctly, and 𝑋1, 𝑋2 are both reconstructed incor-
rectly. The random code’s expected error probability is bounded by the probability
of the union of these events. I further define events

I ≜ {𝑋1 = 𝑋2}, Ic ≜ {𝑋1 ≠ 𝑋2}.



39

Then, the error probability is bounded by

P[g(f(𝑋1), f(𝑋2)) ≠ (𝑋1, 𝑋2)]
ď P[E1 Y E2 Y E12]
= P[(E1 Y E2 Y E12) X I] + P[(E1 Y E2 Y E12) X Ic]
ď P[I] + P[(E1 Y E2 Y E12) X Ic] . (2.31)

The law of iterated expectations gives

P[(E1 Y E2 Y E12) X Ic] ď P[E1 Y E2 Y (E12 X Ic)]
= E

[
P

[
E1

1 Y E1
2 Y E1

12 |𝑋1, 𝑋2
] ]
,

where

E1
1 ≜

⋃
𝑥1PXz{𝑋1}

{𝚤(𝑥1 |𝑋2) ď 𝚤(𝑋1 |𝑋2),F1(𝑥1
1) = F1(𝑋1)}

E1
2 ≜

⋃
𝑥2PXz{𝑋2}

{𝚤(𝑥2 |𝑋1) ď 𝚤(𝑋2 |𝑋1),F2(𝑥1
2) = F2(𝑋2)}

E1
12 ≜

⋃
𝑥1PXz{𝑋1},
𝑥2PXz{𝑋2}

{𝚤(𝑥1, 𝑥2) ď 𝚤(𝑋1, 𝑋2),F1(𝑥1) = F1(𝑋1),F2(𝑥2) = F2(𝑋2), 𝑋1 ≠ 𝑋2}

are the unions of error events corresponding to E1, E2 and E12 X Ic. Applying the
union bound and the maximal probability bound,

P
[
(E1 Y E2 Y E12) X Ic]

ď E
[
min{1, 𝐴1

1 + 𝐴
1
2 + 𝐴

1
12}

]
,

where

𝐴1
1 ≜

∑︁
𝑥1PXz{𝑋1}

P[𝚤(𝑥1 |𝑋2) ď 𝚤(𝑋1 |𝑋2),F1(𝑥1) = F1(𝑋1) |𝑋1, 𝑋2],

𝐴1
2 ≜

∑︁
𝑥2PXz{𝑋2}

P[𝚤(𝑥2 |𝑋1) ď 𝚤(𝑋2 |𝑋1),F2(𝑥2) = F2(𝑋2) |𝑋1, 𝑋2],

𝐴1
12 ≜

∑︁
𝑥1PXz{𝑋1},
𝑥2PXz{𝑋2}

P[𝚤(𝑥1, 𝑥2) ď 𝚤(𝑋1, 𝑋2),F1(𝑥1) = F1(𝑋1),

F2(𝑥2) = F2(𝑋2), 𝑋1 ≠ 𝑋2 |𝑋1, 𝑋2] .
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Since the encoder outputs are drawn i.i.d. uniformly at random,

E[min{1, 𝐴1
1 + 𝐴

1
2 + 𝐴

1
12}]

ď E

[
min

{
1,

1
|C|𝑚1

∑︁
𝑥1PX

1 {𝚤(𝑥1 |𝑋2) ď 𝚤(𝑋1 |𝑋2)}

+ 1
|C|𝑚2

∑︁
𝑥2PX

1 {𝚤(𝑥2 |𝑋1) ď 𝚤(𝑋2 |𝑋1)} + 𝐴1
12

}]
ď E

[
min

{
1,

1
|C|𝑚1

∑︁
𝑥1PX

1 {𝚤(𝑥1 |𝑋2) ď 𝚤(𝑋1 |𝑋2)}

+ 1
|C|𝑚2

∑︁
𝑥2PX

1 {𝚤(𝑥2 |𝑋1) ď 𝚤(𝑋2 |𝑋1)}

+ 1
|C|𝑚1+𝑚2

∑︁
𝑥1PX,𝑥2PX

1 {𝚤(𝑥1, 𝑥2) ď 𝚤(𝑋1, 𝑋2)}
}]
.

The manipulation of 𝐴1
12 follows from the fact that F1(𝑥1) and F2(𝑥2) are indepen-

dently drawn for 𝑥1 ≠ 𝑥2. That is, when 𝑥1 ≠ 𝑥2,

Pr (F(𝑥1) = F(𝑥1),F(𝑥2) = F(𝑥2), 𝑥1 ≠ 𝑥2) =
1

|C|𝑚1+𝑚2
.

Otherwise, this probability is 0, as 𝑥1 ≠ 𝑥2 is deterministically impossible. Com-
bining with (2.31) completes the proof. □

Proof of Lemma 1
Proof. The proof uses Lemma 9. The two bounds in Lemma 9 help bound the
per-use error probability of the block ARASC when decoding a block without and
with the help of the description of its successor, respectively.

The RCU bound for individual decoding, (2.27), is used to prove that the error
probability is bounded when decoding is done because of codeword length reaching
𝑚A.

Without loss of generality, let 𝑗 = 1. Denote

𝐼𝑛 ≜ 𝚤
(
B 𝑗 ,𝑘 [𝑛]

���B𝑝

𝑗,𝑘
[𝑛]

)
=

𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘∑︁
𝑡=𝑇 𝑗 ,𝑘´𝑛+1

𝚤(𝑋1,𝑡 |𝑋2,𝑡) +
𝑇 𝑗 ,𝑘∑︁

𝑡=𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘
+1

𝚤(𝑋1,𝑡)
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and

𝐼𝑛 ≜ 𝚤
(
𝑋̄´𝑛
𝑇 𝑗 ,𝑘

���B𝑝

𝑗,𝑘
[𝑛]

)
=

𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘∑︁
𝑡=𝑇 𝑗 ,𝑘´𝑛+1

𝚤( 𝑋̄1,𝑡 |𝑋2,𝑡) +
𝑇 𝑗 ,𝑘∑︁

𝑡=𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘
+1

𝚤( 𝑋̄1,𝑡),

where 𝑋̄´𝑛
𝑇 𝑗 ,𝑘

is distributed with respect to 𝑃𝑛
𝑋

and is independent of the block of
interest (B 𝑗 ,𝑘 ) or its predecessor (B𝑝

𝑗,𝑘
).

Both 𝐼𝑛 and 𝐼𝑛 are sums of 𝑛 independent (but not necessarily identical) random
variables. Applying (2.27), the individual RCU bound, when decoded at 𝑚 ě

𝑚A(𝑑𝑝𝑗,𝑘 ), the ARASC code satisfies

𝜖 1
ď E

[
min

{
1,

1
𝑀

E

[
exp(𝐼𝑛)1{𝐼𝑛 ď 𝐼𝑛}

����𝑋´𝑛
1,𝑇 𝑗 ,𝑘 , 𝑋

´

(
𝑛´𝑑

𝑝

𝑗,𝑘

)
2,𝑇 𝑗 ,𝑘´𝑑

𝑝

𝑗,𝑘

]}]
where 𝑀 = |C|𝑚. Using [22, Lemma 47],

E

[
exp(𝐼𝑛)1{𝐼𝑛 ď 𝐼𝑛}

����𝑋´𝑛
1,𝑇 𝑗 ,𝑘 , 𝑋

´

(
𝑛´𝑑

𝑝

𝑗,𝑘

)
2,𝑇 𝑗 ,𝑘´𝑑

𝑝

𝑗,𝑘

]
ď
𝐶1

?
𝑛

exp(𝐼𝑛). (2.32)

Here,

𝐶1 ≜ 2
©­­«

log 2
b

2𝜋𝑉𝑑 𝑝
𝑗,𝑘

+ 2𝐵1
ª®®¬ (2.33)

with

𝐵1 = 𝐶0

𝑇𝑑 𝑝
𝑗,𝑘(

𝑉
𝑝

𝑗,𝑘

)3/2 , (2.34)

where

𝑇𝑑 𝑝 ≜
𝑛 ´ 𝑑𝑝

𝑛
𝑇 (𝑋1 |𝑋2) +

𝑑𝑝

𝑛
𝑇 (𝑋1). (2.35)

The distribution assumptions (2.7) and (2.8) guarantee that 𝐶1 is a finite positive
constant. Therefore.

𝜖 1
ď E

[
min{1, 𝐶1

𝑀
?
𝑛

exp(𝐼𝑛)}
]

(2.36)

= P
[
𝐼𝑛 ą log

𝑀
?
𝑛

𝐶1

]
+ 𝐶1

𝑀
?
𝑛
E

[
exp(𝐼𝑛)1

{
𝐼𝑛 ď log

𝑀
?
𝑛

𝐶1

}]
(2.37)

ď P[𝐼𝑛 ą log𝑀 + 1
2

log 𝑛 ´ log𝐶1] + 𝐶1

?
𝑛
. (2.38)



42

Since I choose 𝑚A(𝑑𝑝) to satisfy

𝑚A (𝑑𝑝) log |C| = log𝑀 ě 𝑛𝐻𝑑 𝑝 +
a

𝑛𝑉𝑑 𝑝𝑄
´1

(
𝜖 ´

𝐵𝑚 + 𝐶𝑚
?
𝑛

)
(2.39)

in (2.11), when 𝑛 is sufficiently large,

log𝑀 ě 𝑛𝐻𝑑 𝑝
𝑗,𝑘

+
b

𝑛𝑉𝑑 𝑝
𝑗,𝑘
𝑄´1

(
𝜖 ´

𝐵𝑚 + 𝐶𝑚
?
𝑛

)
´

1
2

log 𝑛 + log𝐶1, (2.40)

hence 𝜖 1 ď 𝜖 by the Berry-Esseen bound.

Note that our choice of 𝐶1 in (2.11) is

𝐶1 ≜ 𝐶𝑚 + 𝐵𝑚 (2.41)

= max
𝑑 𝑝

{𝐶1} + max
𝑑 𝑝

{𝐵1}. (2.42)

Although choosing different 𝐶1 for different 𝑑𝑝 yields better performance (a rate
gain on the forth order), I choose to make it fixed for simplicity.

The part of Lemma 9 for joint decoding is used to prove that the error probability is
bounded when decoding is done because of codeword length reaching 𝑚B. For any
pair of (𝑑𝑝, 𝑑) P (𝑛]2, for the joint decoder to activate,

𝑚A(𝑑𝑝) ą 𝑚B(𝑑𝑝, 𝑑). (2.43)

By the definitions of 𝑚A and 𝑚B,

1
2 log |C|

(
𝑛𝐻1

𝑑 𝑝 ,𝑑 +
b

𝑛𝑉 1
𝑑 𝑝 ,𝑑

𝑄

(
𝜖 ´

𝐶2
?
𝑛

)
+ 𝑑 log |C|

)
(2.44)

ă
1

log |C|

(
𝑛𝐻𝑑 𝑝 +

a

𝑛𝑉𝑑 𝑝𝑄
´1

(
𝜖 ´

𝐶1
?
𝑛

))
+ 1. (2.45)

For any 𝛿1 ą 0, when 𝑛 is sufficiently large,

1
2
𝐻1
𝑑 𝑝 ,𝑑 ´ 𝐻𝑑 𝑝 +

𝑑

2𝑛
log |C| ă 𝛿1, (2.46)

which is equivalent to

𝑛 ´ 𝑑

𝑛
ą

log |C| ´ 2𝛿1
𝐻 (𝑋1) ´ 𝐻 (𝑋1 |𝑋2) + log |C| . (2.47)

Denote
𝐻𝑐
𝑑 𝑝 ,𝑑 ≜ 𝐻1

𝑑 𝑝 ,𝑑 ´ 𝐻 (𝑋1). (2.48)
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Note that

𝐻𝑐
𝑑 𝑝 ,𝑑 =

(𝑛 ´ 𝑑𝑝) + (𝑛 ´ 𝑑)
𝑛

𝐻 (𝑋1 |𝑋2) +
𝑑 ´ 𝑛 + 𝑑𝑝

𝑛
𝐻 (𝑋1) (2.49)

is the horizontal coordinate of the corner point of the following asymptotic rate
region boundary. Due to (2.47), there exists 𝛿2 ą 0 such that 𝐻𝑐

𝑑 𝑝 ,𝑑
ă 1

2𝐻
1
𝑑 𝑝 ,𝑑

´ 𝛿2.

Denote by

𝑅˚
B 𝑗 ,𝑘

≜
log |C|
𝑛

𝑚 (2.50)

the “rate” of block B 𝑗 ,𝑘 when 𝑚 symbols of its codeword have been received by the
decoder. As a result of the FIFO rule,

𝑅˚
B 𝑗 ,𝑘

ě
1
2
𝐻1
𝑑 𝑝 ,𝑑 . (2.51)

Therefore,
𝑅˚

B 𝑗 ,𝑘
ą 𝐻𝑐

𝑑 𝑝 ,𝑑 + 𝛿2. (2.52)

Consequently, P[E1] decays exponentially with 𝑛, where

E1 ≜
{
D𝑥𝑛 P X𝑛

z
{
B 𝑗 ,𝑘 [𝑛]

}
:

𝑃B 𝑗 ,𝑘B𝑠
𝑗,𝑘

���B𝑝

𝑗,𝑘

(
𝑥𝑛,B𝑠

𝑗 ,𝑘 [𝑛]
��� B𝑝

𝑗,𝑘
[𝑛]

)
ě 𝑃B 𝑗 ,𝑘B𝑠

𝑗,𝑘

���B𝑝

𝑗,𝑘

(
B 𝑗 ,𝑘 [𝑛],B𝑠

𝑗 ,𝑘 [𝑛]
��� B𝑑

𝑗,𝑘 [𝑛]
)
,

⌊F (𝑥𝑛)⌋𝑚 =
⌊
F

(
B 𝑗 ,𝑘 [𝑛]

) ⌋
𝑚

}
is defined in the same essence as in Lemma 9. The probability P[I] = P[B 𝑗 ,𝑘 [𝑛] =
B𝑠
𝑗 ,𝑘
[𝑛]] also decays exponentially. For 𝑛 sufficiently large,

P[E1] + P[I] ď
1

?
𝑛
. (2.53)

The rest of the proof resembles the 𝑚A case. Denote

𝐽𝑛 ≜ 𝚤
(
B 𝑗 ,𝑘 [𝑛],B𝑠

𝑗 ,𝑘 [𝑛]
���B𝑝

𝑗,𝑘
[𝑛]

)
=

𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘∑︁
𝑡=𝑇 𝑗 ,𝑘´𝑛+1

𝚤(𝑋1,𝑡 |𝑋2,𝑡) +
𝑇 𝑗 ,𝑘∑︁

𝑡=𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘
+1

𝚤(𝑋1,𝑡 , 𝑋2,𝑡) +
𝑇 𝑗 ,𝑘+𝑑 𝑗 ,𝑘∑︁
𝑡=𝑇 𝑗 ,𝑘+1

𝚤(𝑋2,𝑡)

and

𝐽𝑛 ≜ 𝚤
(
𝑋̄´𝑛

1,𝑇 𝑗 ,𝑘 , 𝑋̄
´𝑛
2,𝑇 𝑗 ,𝑘+𝑑

���B𝑝

𝑗,𝑘
[𝑛]

)
=

𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘∑︁
𝑡=𝑇 𝑗 ,𝑘´𝑛+1

𝚤( 𝑋̄1,𝑡 |𝑋2,𝑡) +
𝑇 𝑗 ,𝑘∑︁

𝑡=𝑇 𝑗 ,𝑘´𝑑
𝑝

𝑗,𝑘
+1

𝚤( 𝑋̄1,𝑡 , 𝑋̄2,𝑡) +
𝑇 𝑗 ,𝑘+𝑑 𝑗 ,𝑘∑︁
𝑡=𝑇 𝑗 ,𝑘+1

𝚤( 𝑋̄2,𝑡)
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where ( 𝑋̄´𝑛
1,𝑇 𝑗 ,𝑘 , 𝑋̄

´𝑛
2,𝑇 𝑗 ,𝑘+𝑑 𝑗 ,𝑘

) are distributed with respect to 𝑃𝑛
𝑋
𝑃𝑛
𝑋

and is independent
of B 𝑗 ,𝑘 or B𝑝

𝑗,𝑘
. Both 𝐽𝑛 and 𝐽𝑛 are sums of 𝑛+ 𝑑 𝑗 ,𝑘 independent (but not necessarily

identical) random variables. Applying the part of Lemma 9 for joint decoding,
(2.28), when decoded at 𝑚 ě 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) but 𝑚 ď 𝑚A(𝑑𝑝𝑗,𝑘 ), the ARASC code
satisfies

𝜖 1
ď

1
?
𝑛
+ E

[
min

{
1,

1
𝑀1𝑀2

𝐴̄

}]
(2.54)

where log𝑀1 = 𝑛𝑅B 𝑗 ,𝑘
= 𝑚 log |C|, log𝑀2 = (𝑚 ´ 𝑑 𝑗 ,𝑘 ) log |C|, and

𝐴̄ = E

[
exp(𝐽𝑛)1{𝐽𝑛 ď 𝐽𝑛}

����𝑋´𝑛
1,𝑇 𝑗 ,𝑘 , 𝑋

´𝑛
1,𝑇 𝑗 ,𝑘+𝑑 , 𝑋

´

(
𝑏´𝑑

𝑝

𝑗,𝑘

)
2,𝑇 𝑗 ,𝑘´𝑑

𝑝

𝑗,𝑘

]
.

Using [22, Lemma 47],

𝐴̄ ď
𝐶2

?
𝑛 + 𝑑

exp(𝐽𝑛). (2.55)

Here,

𝐶2 ≜ 2
©­­­­«

log 2
c

2𝜋
𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗,𝑘

𝑛+𝑑

+ 2𝐵2

ª®®®®¬
(2.56)

with

𝐵2 = 𝐶0

𝑛𝑇 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗,𝑘

𝑛+𝑑(
𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗,𝑘

𝑛+𝑑

)3/2 (2.57)

where

𝑇 1
𝑑 𝑝 ,𝑑 ≜

𝑛 ´ 𝑑𝑝

𝑛
𝑇 (𝑋1 |𝑋2) +

2𝑑 ´ 𝑑𝑝

𝑛
𝑇 (𝑋1) +

𝑛 ´ 𝑑

𝑛
𝑇 (𝑋1, 𝑋2). (2.58)

The assumptions (2.7) and (2.8), together with the fact that 𝑑 𝑗 ,𝑘 P (𝑛], guarantees
that 𝐶2 is a finite positive constant. Therefore,

𝜖 1
ď P[𝐽𝑛 ě log𝑀1𝑀2 +

1
2

log (𝑛 + 𝑑) ´ log𝐶2] + 𝐶2

?
𝑛 + 𝑑

+ 1
?
𝑛
.

Since I chose 𝑚B(𝑑𝑝, 𝑑) to satisfy

(𝑚B(𝑑𝑝, 𝑑) + (𝑚B(𝑑𝑝, 𝑑) ´ 𝑑)) log |C| (2.59)

= log𝑀1𝑀2 (2.60)

ě 𝑛𝐻1
𝑑 𝑝 ,𝑑 +

b

𝑛𝑉 1
𝑑 𝑝 ,𝑑

𝑄´1
(
𝜖 ´

𝐵1
𝑚 + 𝐶1

𝑚 + 1
?
𝑛

)
, (2.61)
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when 𝑛 is sufficiently large,

log𝑀1𝑀2 ě 𝑛𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+
c

𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

𝑄´1
(
𝜖 ´

𝐵1
𝑚 + 𝐶1

𝑚 + 1
?
𝑛

)
´

1
2

log(𝑛 + 𝑑 𝑗 ,𝑘 ) + log𝐶2, (2.62)

hence 𝜖 1 ď 𝜖 by the Berry-Esseen bound. Note that our choice of 𝐶2 is

𝐶2 ≜ 𝐶1
𝑚 + 𝐵1

𝑚 + 1 (2.63)

where

𝐶1
𝑚 ≜ max

𝑑 𝑝 ,𝑑

c

𝑛

𝑛 + 𝑑𝐶
2 (2.64)

𝐵1
𝑚 ≜ max

𝑑 𝑝 ,𝑑

c

𝑛

𝑛 + 𝑑 𝐵
2. (2.65)

Again, these constants are chosen for simplicity.

From the above two cases, it can be concluded that Lemma 1 is true. □

Proof of Lemma 2
Proof. Number the blocks B 𝑗 1,𝑘 1 such that (𝑇𝑗 1,𝑘 1 , 𝑗 1) ĺ (𝑇𝑗 ,𝑘 , 𝑗) as B1, . . . ,B𝑘+𝑘𝑐 ,
sorted in ascending order of encoding time and transmitter index. Refer to their
encoding times by 𝑇1, . . . , 𝑇𝑘+𝑘𝑐 , their codelengths by 𝑚1, . . . , 𝑚𝑘+𝑘𝑐 , and their(
𝑑
𝑝

𝑗,𝑘
, 𝑑 𝑗 ,𝑘 , 𝑑

𝑠
𝑗 ,𝑘

)
triples by(

𝑑
𝑝

1 , 𝑑1, 𝑑
𝑠
1

)
, . . . ,

(
𝑑
𝑝

𝑘+𝑘𝑐 , 𝑑𝑘+𝑘𝑐 , 𝑑
𝑠
𝑘+𝑘𝑐

)
.

Source 1
Source 2

B1 B4

B2 B3 B5

Figure 2.10: Numbering of blocks in ARASC.

The proof is by induction. I restate (2.17) here since it is used repeatedly:

𝑅̄ 𝑗 ,𝑘 ď 𝐻̄ 𝑗 ,𝑘 +
c

𝑉𝑚

𝑛
𝑄´1(𝜖) +𝑂

(
1
𝑛

)
. (2.66)

Base: There are two base cases. The first one is 𝑚1 = 𝑚A(𝑛) ă 𝑚B(𝑛, 𝑑1). In this
case,

𝑅B1 = 𝐻 (𝑋1) +
c

𝑉 (𝑋1)
𝑛

𝑄´1(𝜖) +𝑂
(
1
𝑛

)
. (2.67)
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𝑅̄ = 𝑅B1 satisfies (2.66) as 𝑁 𝑗 = 𝑛, 𝑁 𝑗𝑐 = 𝑁 𝑗 , 𝑗𝑐 = 0.

The second case is 𝑚1 = 𝑚B(𝑛, 𝑑𝑝1 ), and 𝑚2 ă 𝑚B(𝑑𝑝2 , 𝑑2). 𝑅̄ satisfies (2.66) by
Lemma 3.

Hypothesis: Let A denote the set of blocks that satisfy the condition in Lemma 2.
For 𝑘 + 𝑘𝑐 ą 1 under the first base case or 𝑘 + 𝑘𝑐 ą 2 under the second, let

𝑘 1 ≜ min{𝑘2
ă 𝑘 + 𝑘𝑐,B𝑘 1 P A} (2.68)

be the last block that is decoded because of hitting𝑚A. By Lemma 3, 𝑘+𝑘𝑐´𝑘 1 ď 2.
Hypothesize that the average rate up to B𝑘 1 satisfies (2.66).

Induction: If 𝑘 + 𝑘𝑐 ´ 𝑘 1 = 1, by the design of 𝑚A and Lemma 5,

𝑅B𝑘1 = 𝐻𝑑 𝑝
𝑘1
+

d

𝑉𝑑 𝑝
𝑘1

𝑛
𝑄´1(𝜖) +𝑂

(
1
𝑛

)
. (2.69)

Combining definitions of 𝐻𝑑 𝑝 , 𝐻1
𝑑 𝑝 ,𝑑

, 𝑁
𝑗

𝑗 ,𝑘
, 𝑁

𝑗𝑐

𝑗 ,𝑘
and 𝑁 𝑗 , 𝑗𝑐

𝑗 ,𝑘
((2.12), (2.14), (2.19)-

(2.21)) and the fact that 𝑉𝑑 𝑝
𝑘1

ď 𝑉𝑚, B𝑘+𝑘𝑐 satisfies (2.66).

If 𝑘 + 𝑘𝑐 ´ 𝑘 1 = 2, B𝑘 1+1 is decoded at 𝑚𝑘 1+1 = 𝑚B(𝑑𝑝𝑘 1+1, 𝑑𝑘 1+1). By Lemma 3,

𝑅B𝑘1+1
+ 𝑅B𝑘+𝑘𝑐

ď 𝐻1

𝑑
𝑝

𝑘1+1
,𝑑𝑘+𝑘𝑐

+ 2
c

𝑉𝑚

𝑛
𝑄´1(𝜖) +𝑂

(
1
𝑛

)
. (2.70)

Combining the above equation with definitions for weighted entropies, (2.12)-(2.14),
and definitions for time of one or two sources being encoded, (2.19)-(2.21), B𝑘+𝑘𝑐

satisfies (2.66). □

Proof of Lemma 3
Proof. Let 𝑚1 ≜ 𝑚 𝑗 ,𝑘 ´ 𝑑 𝑗 ,𝑘 be the number of codeword symbols of successor B𝑠

𝑗 ,𝑘

received by the decoder at time 𝑇 𝑓

𝑗 ,𝑘
. The case 𝑚 𝑗 ,𝑘 = 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ) can be divided

into two categories. In the first case, 𝑚1 ě 𝑚A(𝑑 𝑗 ,𝑘 ). In this case, B𝑠
𝑗 ,𝑘

is decoded
at 𝑇 𝑓

𝑗 ,𝑘
+ 1, giving

(𝑚 + (𝑚 ´ 𝑑 𝑗 ,𝑘 )) log |C|

= 𝑛𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+
c

𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

𝑄´1
(
𝜖 ´

𝐶2
?
𝑛

)
+𝑂 (1). (2.71)
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Therefore,

𝑅 𝑗 ,𝑘 + 𝑅𝑠𝑗 ,𝑘

= 𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+

g

f

f

e

𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

𝑛
𝑄´1

(
𝜖 ´

𝐶2
?
𝑛

)
+𝑂

(
1
𝑛

)
. (2.72)

Applying Lemma 8 yields

𝑅 𝑗 ,𝑘 + 𝑅𝑠𝑗 ,𝑘

ď 𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+ 2
c

𝑉𝑚

𝑛
𝑄´1

(
𝜖 ´

𝐶2
?
𝑛

)
+𝑂

(
1
𝑛

)
. (2.73)

On the other hand, when 𝑚1 ă 𝑚A(𝑑 𝑗 ,𝑘 ), by Lemma 4,

𝑚𝑠
𝑗 ,𝑘 log |C| = 𝑛𝐻𝑑 𝑗 ,𝑘

+
b

𝑛𝑉𝑑 𝑗 ,𝑘
𝑄´1

(
𝜖 ´

𝐶1
?
𝑛

)
+𝑂 (1). (2.74)

At the same time, since 𝑚 𝑗 ,𝑘 ă 𝑚A(𝑑𝑝𝑗,𝑘 ),

𝑚 𝑗 ,𝑘 log |C| ă 𝑛𝐻𝑑 𝑝
𝑗,𝑘

+
b

𝑛𝑉𝑑 𝑝
𝑗,𝑘
𝑄´1

(
𝜖 ´

𝐶1
?
𝑛

)
. (2.75)

Adding (2.74) and (2.75) gives

𝑅 𝑗 ,𝑘 + 𝑅𝑠𝑗 ,𝑘 (2.76)

ď 𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+ ©­«
d

𝑉𝑑 𝑝
𝑗,𝑘

𝑛
+

d

𝑉𝑑 𝑗 ,𝑘

𝑛

ª®¬𝑄´1
(
𝜖 ´

𝐶1
?
𝑛

)
+𝑂

(
1
𝑛

)
(2.77)

ď 𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+ 2
c

𝑉𝑚

𝑛
𝑄´1

(
𝜖 ´

𝐶2
?
𝑛

)
+𝑂

(
1
𝑛

)
. (2.78)

Therefore, no matter 𝑚1 ě 𝑚A(𝑑 𝑗 ,𝑘 ) or 𝑚1 ă 𝑚A(𝑑 𝑗 ,𝑘 ), the second order term of
the sum rate is always bounded from above by 2

a

𝑉𝑚/𝑛𝑄´1(𝜖), completing the
proof. □

Proof of Lemma 4
Proof. Since 𝑚 𝑗 ,𝑘 = 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ), the codelength 𝑚 𝑗 ,𝑘 satisfies

𝑚 𝑗 ,𝑘 log |C| + (𝑚 𝑗 ,𝑘 ´ 𝑑 𝑗 ,𝑘 ) log |C|

ě 𝑛𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+
c

𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

𝑄´1
(
𝜖 ´

𝐶2
?
𝑛

)
. (2.79)
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Note that, at time 𝑇 𝑓

𝑗 ,𝑘
, the number of codeword symbols reaching the decoder that

belongs to the successor B𝑠
𝑗 ,𝑘

is

𝑚1 = 𝑚 𝑗 ,𝑘 ´ 𝑑 𝑗 ,𝑘 . (2.80)

Meanwhile, 𝑚 𝑗 ,𝑘 ă 𝑚A(𝑑𝑝𝑗,𝑘 ) implies that

𝑚 𝑗 ,𝑘 log |C| ă 𝑛𝐻𝑑 𝑝
𝑗,𝑘

+
b

𝑛𝑉𝑑 𝑝
𝑗,𝑘
𝑄´1

(
𝜖 ´

𝐶1
?
𝑛

)
. (2.81)

Combining (2.79), (2.80) and (2.81),

𝑚1 log |C| ą 𝑛𝐻𝑑 𝑗 ,𝑘
´𝑂 (

?
𝑛). (2.82)

Therefore,
𝑚A(𝑑 𝑗 ,𝑘 ) ´ 𝑚1

ď 𝑂 (
?
𝑛). (2.83)

As encoder 𝑗 cannot encode again until 𝑇 𝑓

𝑗 ,𝑘
+ 1,

𝑑𝑠𝑗 ,𝑘 ě 𝑚1, (2.84)

hence
𝑚B(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ) ´ 𝑚1 = 𝑂 (𝑛). (2.85)

Therefore, for sufficiently large 𝑛, B𝑠
𝑗 ,𝑘

is decoded because of hitting 𝑚A(𝑑 𝑗 ,𝑘 ),
instead of 𝑚B(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ). □

Proof of Lemma 5
Proof. Consider 𝑚1 = 𝑇

𝑓

𝑗 ,𝑘
´ 𝑇𝑗 1,𝑘 1 + 1, the number of codeword symbols for B𝑠

𝑗 ,𝑘

that the decoder has already received by the time B 𝑗 ,𝑘 is decoded. Since𝑚A(𝑑 𝑗 ,𝑘 ) ď

𝑚 𝑗 ,𝑘 ď 𝑚B(𝑑𝑝𝑗,𝑘 , 𝑑 𝑗 ,𝑘 ),

𝑚1 log |C| = (𝑚 𝑗 ,𝑘 ´ 𝑑 𝑗 ,𝑘 ) log |C|

ď 𝑛𝐻1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

+
c

𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

𝑄´1
(
𝜖 ´

𝐶2
?
𝑛

)
´ 𝑛𝐻𝑑 𝑝

𝑗,𝑘
´

b

𝑛𝑉𝑑 𝑝
𝑗,𝑘
𝑄´1

(
𝜖 ´

𝐶1
?
𝑛

)
ď 𝑛𝐻𝑑 𝑗 ,𝑘

+
(
c

𝑛𝑉 1

𝑑
𝑝

𝑗,𝑘
,𝑑 𝑗 ,𝑘

´
b

𝑛𝑉𝑑 𝑝
𝑗,𝑘

)
𝑄´1(𝜖) +𝑂 (1)

ď 𝑛𝐻𝑑 𝑗 ,𝑘
+

b

𝑛𝑉𝑑 𝑗 ,𝑘
𝑄´1(𝜖) +𝑂 (1).
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Therefore, for sufficiently large 𝑛, 𝑚1 ă 𝑚A(𝑑 𝑗 ,𝑘 ) + 𝑂 (1). The last inequality
holds due to Lemma 6 and Lemma 7. Meanwhile, by the same reasoning as in
the proof of Lemma 4, 𝑚B(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ) ´ 𝑚1 = 𝑂 (𝑛). When 𝑛 is sufficiently large,
𝑚1 ă 𝑚B(𝑑 𝑗 ,𝑘 , 𝑑𝑠𝑗 ,𝑘 ), completing the proof. □
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C h a p t e r 3

SOURCE CODING WITH UNRELIABLE SIDE INFORMATION
AT THE DECODER

The materials in this chapter are published in part as [42].

3.1 Introduction
In source coding, the availability of dependent side information at the decoder
improves the efficiency of lossless source sequence description. In this chapter,
I consider the impact of side information uncertainty caused by failures such as
faulty sensors or noisy data collection. Given unreliable decoder side information,
the generalized Slepian-Wolf code should take advantage of the side information
observation when it is useful, ignore it when it is not, and in both cases ensure a
bound on the error probability. This is challenging because encoders typically don’t
have access to side information available to the decoder, and neither the encoder
nor the decoder knows whether the side information observation is good, though the
decoder may be able to learn something about that from the side information itself.

In this chapter, I introduce two models of unreliable side information, the worst-
case model and the unknown model. In the worst-case model, a Bernoulli-𝑝 random
variable that is unknown to the encoder and the decoder and independent of the
source and side information determines whether the decoder sees the side infor-
mation sequence or an independent random sequence with the same marginal. I
call this the worst-case model because any source coding advantage of decoder side
information must arise from some sort of statistical dependence between the source
and side information; here there is no dependence available. In the unknown model,
the observed side information again equals the intended side information with at
least probability 𝑝; in this case, however, when the side information does not equal
the intended side information, the dependence between the decoder’s observation
and the source-side information sequence pair is unknown. To derive achievability
bounds for both cases, I propose a source code using the classical random binning
encoder design and stop feedback from the decoder. Under the worst-case model,
the resulting achievability bound matches the converse up to the second order. Under
the unknown model, the code achieves first order Slepian-Wolf optimal rate when
the side information observation equals the true side information and first order
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optimal point-to-point rate when the side information is faulty, despite the fact that
neither the encoder nor the decoder receives side information to distinguish between
these scenarios. I discuss the performance of the code under some example joint
distributions.

The code that I propose in this chapter focuses only on reconstructing the source
of interest with the help of decoder side information. It does not attempt to also
determine the joint distribution of the source and side information. The study of
this alternative problem under a scenario similar to the worst-case model appears in
Chapter 5 of this thesis.

Since the unknown model imposes an upper bound on the probability that the side
information is wrong but places no other constraints on the joint probability, it can
be employed in a range of scenarios with unreliable side information. One of them
is the case where the side information is the decoder output of some other source
code, for example, the output of one decoding action in the ARASC described in
Chapter 2. Therefore, the code I propose under the unknown model in this chapter
can be used as a strategy to stop error propagation whenever the receiver deems
appropriate. In fact, though not boasting optimal rate, the proposed technique is a
simple strategy to bound the probability of output error in the wake of an unreliable
input. It is useful beyond this source coding problem and can be adapted to stop
errors from propagating in successive interference cancelation [43], [44], [45], [46].

3.2 Problem Formulation
The Worst-Case Model
Consider a pair of stationary, memoryless, dependent random processes {𝑋}8

𝑖=1 and
{𝑌 }8

𝑖=1 with single-letter joint distribution 𝑃𝑋𝑌 on discrete alphabetXˆY. Random
processes {𝑋}8

𝑖=1 and {𝑌 }8
𝑖=1 represent the source and side information, respectively.

Since they are dependent by assumption,

𝐻 (𝑋 |𝑌 ) ă 𝐻 (𝑋).

For any 𝜖0 P [0, 1], an 𝜖0-unreliable observation {𝑌 }8
𝑖=1 of side information process

{𝑌 }8
𝑖=1 is defined by

𝑌𝑖 = 𝑊 ¨ 𝑌𝑖 + (1 ´𝑊) ¨ 𝑍𝑖, (3.1)

where𝑊 is a single Bernoulli random variable (rather than a random process) with
P[𝑊 = 0] = 𝜖0, {𝑍}8

𝑖=1 is a stationary, memoryless random process with single-
letter distribution 𝑃𝑌 on Y. Thus, {𝑍}8

𝑖=1 is, on its own, indistinguishable from
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{𝑌 }8
𝑖=1, and (𝑋,𝑌, 𝑍,𝑊) has single-letter distribution

𝑃𝑋𝑌𝑍𝑊 (𝑥, 𝑦, 𝑧, 𝑤) = 𝑃𝑋𝑌 (𝑥, 𝑦)𝑃𝑌 (𝑧)𝑃𝑊 (𝑤)

for all (𝑥, 𝑦, 𝑧, 𝑤) P X ˆ Y2 ˆ {0, 1}.

The Unknown Model
Under the unknown model, joint random process {(𝑋,𝑌 )}8

𝑖=1 is unchanged and (3.1)
continues to hold with P[𝑊 = 0] = 𝜖0, but no further assumptions are made about
𝑃𝑋𝑌𝑍𝑊 . Specifically, neither the encoder, nor the decoder, nor the code designer
knows 𝑃𝑍𝑊 |𝑋𝑌 , and {𝑍}8

𝑖=1 need not be memoryless. As noted earlier, the flexibility
in the unknown model ensures that codes designed for the unknown model work in
a wide variety of scenarios where the true statistics may be difficult to capture.

While the worst-case model statistics are the worst possible statistics that can occur
under the unknown model, performance under the unknown model may be inferior
to performance under the worst-case model since not knowing the true statistics
complicates code design.

Problem Setup
For simplicity, I assume that the codeword symbol alphabet is binary. Define
2-dimensional rate vector

R ≜ [𝑅𝐷 𝑅𝐼]1

with 𝑅𝐷 ă 𝑅𝐼 .

Definition 6. An (𝑛,R) unreliable side-information source code (USSC) (f, g𝐷 , g𝐼)
for source random process {𝑋}8

𝑖=1, true side-information random process {𝑌 }8
𝑖=1

and observed side-information random process {𝑌 }8
𝑖=1 with discrete alphabets X,

Y, and Y comprises an encoding function f : X𝑛 ÝÑ {0, 1}𝑛𝑅𝐼 and a pair of
decoding functions, g𝐷 : {0, 1}𝑛𝑅𝐷 ˆY𝑛 ÝÑ X𝑛 Y {e} for some symbol e ∉ X𝑛 and
g𝐼 : {0, 1}𝑛𝑅𝐼 ÝÑ X𝑛. The encoder describes the source to the decoder in two phases.
The first 𝑛𝑅𝐷 bits of f(𝑋𝑛), denoted by ⌊f(𝑋𝑛)⌋𝑛𝑅𝐷

, constitute the first phase. The
decoder g𝐷 maps these bits either to a reconstruction fromX𝑛 or to a symbol e ∉ X𝑛

indicating that it is not yet able to decode. Following the tradition of [47][9], a
single bit of feedback to the encoder specifies whether (g𝐷 (⌊f(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) = e) or
not (g𝐷 (⌊f(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) ≠ e) the remaining 𝑅𝐼 ´ 𝑅𝐷 bits of f(𝑋𝑛) should be sent.
An error occurs either if the decoder g𝐷 fails to decode correctly and promptly when
the side information observation is good (𝑊 = 1) or if source reproduction differs
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from 𝑋𝑛 when the side information observation fails (𝑊 = 0), giving

𝑃
(𝑛)
e (1) = P[g𝐷 (⌊f(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) ≠ 𝑋𝑛 |𝑊 = 1] (3.2)

and

𝑃
(𝑛)
e (0) = P

[
{g𝐷 (⌊f(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) P X𝑛
z{𝑋𝑛}} (3.3)

Y {{g𝐷 (⌊f(𝑋𝑛)⌋𝑛𝑅𝐷
, 𝑌 𝑛) = e} X {g𝐼 (f(𝑋𝑛)) ≠ 𝑋𝑛}}

��𝑊 = 0
]
. (3.4)

The discussion that follows considers the rate achievable by a random ensemble of
(𝑛,R) codes. While strategies for using random codes to prove the existence of
deterministic codes that meet close performance bounds are common in literature,
attempts to remove the randomness from our USSC arguments to date result in
penalties in the 3rd and 2rd order terms in Theorem 5 and Theorem 6, respectively.
I will not include detailed proofs about deterministic USSC codes, but arguments
of a similar style can be found in Chapter 4 and Chapter 5 of this thesis. Definitions
relevant to the random USSC scenario follow.

Definition 7. An (𝑛,R) USSC random code ensemble is a random variable on the
set of all (𝑛,R) USSC codes.

Definition 8. Define 2-dimensional error vector

𝝐 ≜ [𝜖𝐷 𝜖𝐼]1
P (0, 1)2.

Rate pair R = [𝑅𝐷 𝑅𝐼]1 is (𝑛, 𝝐)-achievable if there exists an (𝑛, [𝑅1
𝐷
𝑅1
𝐼
]1) USSC

random code ensemble (F,G𝐷 ,G𝐼) such that 𝑅1
𝐷

ď 𝑅𝐷 , 𝑅1
𝐼

ď 𝑅𝐼 , E[𝑃(𝑛)
e (1)] ď 𝜖𝐷

and E[𝑃(𝑛)
e (0)] ď 𝜖𝐼 . Rate region ℛ

˚
𝑈𝑆

(𝑛, 𝝐) is the closure of the set of (𝑛, 𝝐)-
achievable rate pairs.

Remark 3. While the case 𝜖𝐷 = 𝜖𝐼 = 𝜖 may be most useful for many applications,
differing 𝜖𝐷 and 𝜖𝐼 may be useful, for example, when an impending deadline changes
the user’s priorities regarding acceptable error probability.

3.3 Main Results for the Worst-Case Model
Consider the third-order optimal Slepian-Wolf rate

𝑅˚
𝐷 ≜ 𝐻 (𝑋 |𝑌 ) +

c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝐷) ´
log 𝑛
2𝑛

(3.5)
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Encoder Decoder Downstream Users
𝑋𝑛

𝑌 𝑛

𝑍𝑛

𝑊
𝑌 𝑛

001011...

1-bit feedback

𝑋̂𝑛

Figure 3.1: Block diagram of the unreliable side information source code (USSC).
Binary random variable𝑊 controls whether 𝑌 𝑛 = 𝑌 𝑛 or 𝑌 𝑛 = 𝑍𝑛.

from [15] and the third-order optimal point-to-point rate

𝑅˚
𝐼 ≜ 𝐻 (𝑋) +

c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖𝐼) ´
log 𝑛
2𝑛

(3.6)

from [28]1. Define inner and outer bounding rate regions

ℛin(𝑛, 𝝐) ≜
{
R : 𝑅𝐷 ě 𝑅˚

𝐷 + log 𝑛
2𝑛

+𝑂
(
1
𝑛

)
, 𝑅𝐼 ě 𝑅˚

𝐼 +𝑂
(
1
𝑛

)}
(3.7)

ℛout(𝑛, 𝝐) ≜
{
R : 𝑅𝐷 ě 𝑅˚

𝐷 ´𝑂

(
1
𝑛

)
, 𝑅𝐼 ě 𝑅˚

𝐼 ´𝑂

(
1
𝑛

)}
. (3.8)

Theorem 5. Under the worst-case model, if

𝑉 (𝑋) ą 0, 𝑉 (𝑋 |𝑌 ) ą 0, 𝑇 (𝑋) ă 8, 𝑇 (𝑋 |𝑌 ) ă 8, (3.9)

then
ℛin(𝑛, 𝝐) Ď ℛ

˚
𝑈𝑆 (𝑛, 𝝐) Ď ℛout(𝑛, 𝝐).

Remark 4. This code design can be extended to more than two possible joint
distributions 𝑃(1)

𝑋𝑌
, 𝑃

(2)
𝑋𝑌
, ... by increasing the number of stages, allowing 𝑅(1) , 𝑅(2) , ...

in place of 𝑅𝐷 and 𝑅𝐼 . The result is a universal Slepian-Wolf code for a finite family
of possible side information distributions.

1The second- and third-order optimal rate regions for the Slepian-Wolf scenario where side
information is available directly to the decoder are due to [26, Eqn. 29a] and [15, Theorem 7, 8],
respectively. The third-order gap between the 𝑅𝐷 boundary in our result and the rate region for a
code with true side information by Gavalakis and Kontonyiannis [15] is due to the inability of the
decoder to distinguish 𝑌𝑛 from 𝑍𝑛. The gap can be closed if the marginals are different.
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Proof of Achievability
While it is possible, under the given framework, to first send a subsequence of {𝑋}
losslessly and then use that subsequence to learn 𝑊 at the decoder, I here employ
instead a code design where the decoder determines 𝑊 and the encoded message
𝑋𝑛 through a single decoding operation. This approach is preferable when 𝑊 can
change across many uses of the code.

Codebook Generation

For each 𝑥𝑛 P X𝑛, randomly and independently draw encoder output f(𝑥𝑛) from the
uniform distribution on [2𝑛𝑅𝐼 ]. Each index in [2𝑛𝑅𝐼 ] represents a unique binary
string of length 𝑛𝑅𝐼 .

Decoder

The decoder g𝐷 performs threshold decoding using a constant threshold log 𝛾 de-
fined below, giving

g𝐷 (𝑐𝐷 , 𝑦̂𝑛) =

𝑥𝑛 if ⌊f(𝑥𝑛)⌋𝑛𝑅𝐷

= 𝑐𝐷 , 𝚤(𝑥𝑛 | 𝑦̂𝑛) ď log 𝛾

e otherwise.
(3.10)

When more than one source vector 𝑥𝑛 satisfies the threshold test in (3.10), choose one
that minimizes 𝚤(𝑥𝑛 | 𝑦̂𝑛). The decoder g𝐼 performs maximum likelihood decoding,
giving

g𝐼 (𝑐𝐼) = arg min
𝑥𝑛PX𝑛:f(𝑥𝑛)=𝑐𝐼

𝚤(𝑥𝑛).

Ties are broken uniformly at random.

Error Analysis

When 𝑊 = 1, the dependence of the side information makes it useful for source
coding. As defined in Definition 6, 𝑃(𝑛)

e (1), the probability of error or late recon-
struction when𝑊 = 1, includes any case where the decoder cannot decode correctly
after receiving 𝑛𝑅𝐷 bits, giving

E
[
𝑃
(𝑛)
e (1)

]
= P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) ≠ 𝑋𝑛 |𝑊 = 1]

ď P[{D𝑥𝑛 P X𝑛
z{𝑋𝑛} : ⌊F(𝑥𝑛)⌋𝑛𝑅𝐷

= ⌊F(𝑋𝑛)⌋𝑛𝑅𝐷
, 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾}

Y {𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾}|𝑊 = 1]
ď P

[
D𝑥𝑛 P X𝑛

z{𝑋𝑛} : ⌊F(𝑥𝑛)⌋𝑛𝑅𝐷
= ⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾 |𝑊 = 1
]

+ P
[
𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾 |𝑊 = 1

]
(3.11)
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by the union bound. For the first term in (3.11),

P
[
D𝑥𝑛 P X𝑛

z{𝑋𝑛} : ⌊F(𝑥𝑛)⌋𝑛𝑅𝐷
= ⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾 |𝑊 = 1
]

=P
[
D𝑥𝑛 P X𝑛

z{𝑋𝑛} : ⌊F(𝑥𝑛)⌋𝑛𝑅𝐷
= ⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾
]

(3.12)

ď
1

2𝑛𝑅𝐷

∑︁
𝑥𝑛PX𝑛, 𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)1{𝚤(𝑥𝑛 |𝑦𝑛) ď log 𝛾} (3.13)

=
1

2𝑛𝑅𝐷
E

[
1

𝑃𝑛
𝑋 |𝑌 (𝑋𝑛 |𝑌 𝑛)

1{𝚤(𝑋𝑛 |𝑌 𝑛) ď log 𝛾}
]
, (3.14)

where the equality (3.12) follows since 𝑌 𝑛 = 𝑌 𝑛 when𝑊 = 1 and 𝑌 𝑛, 𝑍𝑛 and𝑊 are
independent under the worst-case model assumption.

Let

𝛾 = 2𝑛𝑅𝐷 (3.15)

𝑛𝑅𝐷 = 𝑛𝐻 (𝑋 |𝑌 ) +
a

𝑛𝑉 (𝑋 |𝑌 )𝑄´1
(
𝜖𝐷 ´

𝐵 + 𝐶
?
𝑛

)
. (3.16)

Given the theorem’s distribution assumptions from (3.9), applying [21, Lemma 47]
gives

E

[
1

𝑃𝑛
𝑋 |𝑌 (𝑋𝑛 |𝑌 𝑛)

1{𝚤(𝑋𝑛 |𝑌 𝑛) ď log 𝛾}
]

ď
𝐶

?
𝑛

2𝑛𝑅𝐷

for some constant 𝐶. Therefore,

P
[
D𝑥𝑛 P X𝑛

z{𝑋𝑛} : ⌊F(𝑥𝑛)⌋𝑛𝑅𝐷
= ⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾 |𝑊 = 1
]

ď
𝐶

?
𝑛
.

(3.17)

For the second term in (3.11),

P
[
𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾 |𝑊 = 1

]
= P [𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾] (3.18)

ď 𝑄

(
𝑄´1

(
𝜖𝐷 ´

𝐵 + 𝐶
?
𝑛

))
+ 𝐵

?
𝑛

(3.19)

= 𝜖𝐷 ´
𝐶

?
𝑛
, (3.20)

for some constant 𝐵, where (3.18) follows again from 𝑌 𝑛 = 𝑌 𝑛 when𝑊 = 1 and the
independence among𝑊 , (𝑋𝑛, 𝑌 𝑛) and 𝑍𝑛, and (3.19) follows from the Berry Esseen
bound.

Thus, combining (3.17) and (3.20), E[𝑃(𝑛)
e (1)] ď 𝜖𝐷 under the setting of 𝑅𝐷 in

(3.16). Here

𝑅𝐷 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝐷) +𝑂
(
1
𝑛

)
, (3.21)
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where

1
𝑛

a

𝑛𝑉 (𝑋 |𝑌 )𝑄´1
(
𝜖𝐷 ´

𝐵 + 𝐶
?
𝑛

)
=

c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝐷) +𝑂
(
1
𝑛

)
(3.22)

follows from the differentiability and Taylor expansion of 𝑄´1(¨).

To bound the expectation of error probability 𝑃(𝑛)
e (0) for the case where𝑊 = 0, recall

that two scenarios – incorrect decoding after 𝑛𝑅𝐷 bits and incorrect decoding later
– yield errors when the side information is independent of the source. Therefore, by
the union bound,

E
[
𝑃
(𝑛)
e (0)

]
ď P

[
G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) P X𝑛
z{𝑋𝑛}|𝑊 = 0

]
+ P [G𝐼 (F(𝑋𝑛)) ≠ 𝑋𝑛 |𝑊 = 0] ,

The probability of decoding to an incorrect source vector 𝑥𝑛 after 𝑛𝑅𝐷 bits is
identical whether 𝑊 = 0 or 𝑊 = 1 since in both cases the incorrect codeword is
independent of the observed side information. Therefore,

P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷
, 𝑌 𝑛) P X𝑛

z{𝑋𝑛}|𝑊 = 0]
ď P[D𝑥𝑛 P X𝑛

z{𝑋𝑛} : ⌊F(𝑥𝑛)⌋𝑛𝑅𝐷
= ⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝚤(𝑥𝑛 |𝑍𝑛) ď log 𝛾]

ď
1

2𝑛𝑅𝐷

∑︁
𝑥𝑛PX𝑛,𝑧𝑛PY𝑛

𝑃𝑛𝑌 (𝑧
𝑛)1{𝚤(𝑥𝑛 |𝑧𝑛) ď log 𝛾}

=
1

2𝑛𝑅𝐷
E

[
1

𝑃𝑛
𝑋 |𝑌 (𝑋𝑛 |𝑌 𝑛)

1{𝚤(𝑋𝑛 |𝑌 𝑛) ď log 𝛾}
]

ď
𝐶

?
𝑛

under the same parameter choices, identical to (3.17). For the scenario where the
error occurs at rate 𝑅𝐼 , 𝑊 = 0 implies 𝑌 𝑛 is independent of 𝑋𝑛 and therefore
P[G𝐼 (F(𝑋𝑛)) ≠ 𝑋𝑛 |𝑊 = 0] is analogous to the error probability for a maximum
likelihood decoder that has no useful side information. From [9, Proof of Theorem
5],

P[G𝐼 (F(𝑋𝑛)) ≠ 𝑋𝑛 |𝑊 = 0] ď P[𝚤(𝑋𝑛) ą 𝑛𝑅𝐼 +
1
2

log 𝑛 ´ log𝐶1] + 𝐶1

?
𝑛
.

Choosing

𝑅𝐼 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖𝐼 ´

𝐵1 + 𝐶1 + 𝐶
?
𝑛

)
´

log 𝑛
2𝑛

+ log𝐶1

𝑛
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(for large enough 𝑛) keeps the total expected error probability bounded asE[𝑃(𝑛)
e (0)] ď

𝜖𝐼 . Again relying on the differentiability of 𝑄´1(¨) and Taylor’s expansion,

𝑅𝐼 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖𝐼) ´
log 𝑛
2𝑛

+𝑂
(
1
𝑛

)
. (3.23)

Combining (3.21) and (3.23) shows that

ℛin(𝑛, 𝝐) Ď ℛ
˚
𝑈𝑆 (𝑛, 𝝐).

Proof of Converse
When 𝑊 = 1, the decoder output yields an error if g𝐷 (⌊f(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) = e, no
matter whether g𝐼 (f(𝑋𝑛)) = 𝑋𝑛 or not. Therefore, when 𝑊 = 1, the decoder
must decode at a fixed rate 𝑅𝐷 , before the encoder receives any feedback. Applying
earlier bounds on fixed-rate lossless source coding with side information and without
feedback from [26], [15] (as in footnote 1) gives

𝑅𝐷 ě 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝐷) ´
log 𝑛
2𝑛

´𝑂

(
1
𝑛

)
. (3.24)

In contrast, when𝑊 = 0, feedback plays an active role.

Since the channel in this source coding problem is noiseless and the decoder is
deterministic by assumption,2 the stop feedback is a deterministic function of the
encoder’s output and the side information sequence observed at the decoder. There-
fore, when 𝑊 = 0, the system can perform no better than a 2-rate system without
feedback for which an independent side information sequence is available at both
the encoder and the decoder. Since the presence of independent side information
does not increase the source coding rate region, and since I here constrain the source
code to operate at the same rates 𝑅𝐷 and 𝑅𝐼 , applying Han’s converse [31, Lemma
1.3.2] with 𝛾 =

log 𝑛
2 gives

log
(
2𝑛𝑅𝐷 + 2𝑛𝑅𝐼

)
ě 𝑛𝐻 (𝑋) +

a

𝑛𝑉 (𝑋)𝑄´1(𝜖𝐼) ´
1
2

log 𝑛 ´𝑂 (1). (3.25)

Since 𝑅𝐼 ě 𝑅𝐷 , the left-hand side of (3.25) is no larger than 𝑛𝑅𝐼 + 1. Therefore,

𝑅𝐼 ě 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖𝐼) ´
log 𝑛
2𝑛

´𝑂

(
1
𝑛

)
. (3.26)

2Allowing a random decoder complicates the argument but does not change the outcome. Every
random decoder can be expressed as a deterministic decoder with an additional random input that is
independent of the source. Making this random input available to the encoder does not enhance its
performance.
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Combining (3.24) with (3.26) yields

ℛ
˚
𝑈𝑆 (𝑛, 𝝐) Ď ℛout(𝑛, 𝝐).

□

3.4 Main Results for the Unknown Model
Under the unknown model, both the encoder and the decoder know P[𝑊 = 0] = 𝜖0,
but neither knows how the side information has been corrupted, here captured by
the conditional distribution of 𝑌 𝑛 given 𝑋𝑛 and 𝑌 𝑛 when𝑊 = 0. In the proof of the
theorem that follows, I use the 2-stage code from Theorem 5 but modify the value
of 𝛾 to bound the achievable rate in this scenario.

Theorem 6. Under an unknown model that satisfies the source and side information
distribution constraints in (3.9), for any 0 ă 𝜖𝐷 ă 1 and 0 ă 𝜖𝐼 ă 1, the (𝑛, 𝝐)-rate
region ℛ

˚
𝑈𝑆𝑊

(𝑛, 𝝐) satisfies

ℛ
˚
𝑈𝑆𝑊 (𝑛, 𝝐) Ě ℛ

1
in(𝑛, 𝝐),

where

ℛ
1
in(𝑛, 𝝐) ≜

{
R : 𝑅𝐷 ě 𝑅˚

𝐷𝑊 + log 𝑛
𝑛

+𝑂
(
1
𝑛

)
, 𝑅𝐼 ě 𝑅˚

𝐼𝑊 +𝑂
(
1
𝑛

) }

𝑅˚
𝐷𝑊 ≜ 𝐻 (𝑋 |𝑌 ) +

c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝐷 (1 ´ 𝜖0)) ´
log 𝑛
2𝑛

𝑅˚
𝐼𝑊 ≜ 𝐻 (𝑋) +

c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖𝐼𝜖0) ´
log 𝑛
2𝑛

.

The theorem implies that, up to the first order, there exists a code that can perform as
well as a code with true side information when the side information is uncorrupted
and as well as a point-to-point code when the side information is corrupted.

Proof of Theorem 6
I use the encoder and decoder from the proof of Theorem 5 but modify threshold
parameter 𝛾. Since 𝑊 = 1 implied 𝑌 𝑛 = 𝑌 𝑛, the expected conditional error
probability given𝑊 = 1, E[𝑃(𝑛)

e (1)], can be calculated as
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E
[
𝑃
(𝑛)
e (1)

]
=

1
Pr[𝑊 = 1]P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) ≠ 𝑋𝑛,𝑊 = 1]

=
1

Pr[𝑊 = 1]P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷
, 𝑌 𝑛) ≠ 𝑋𝑛,𝑊 = 1]

ď
1

1 ´ 𝜖0
P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) ≠ 𝑋𝑛]

ď
1

1 ´ 𝜖0
P[𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾]

+ 1
(1 ´ 𝜖0)2𝑛𝑅𝐷

∑︁
𝑥𝑛PX𝑛, 𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)1{𝚤(𝑥𝑛 |𝑦𝑛) ď log 𝛾}

ď
1

1 ´ 𝜖0
P[𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾] + 1

(1 ´ 𝜖0)2𝑛𝑅𝐷
U[𝚤( 𝑋̄𝑛 |𝑌 𝑛) ď log 𝛾],

where U is a finite measure on X𝑛 ˆ Y𝑛 for which 𝑈𝑋𝑛𝑌𝑛 (𝑥𝑛, 𝑦𝑛) = 𝑃𝑛
𝑌
(𝑦𝑛) for all

(𝑥𝑛, 𝑦𝑛) P X𝑛 ˆ Y𝑛. Extending the Chernoff Bound from probability measures to a
finite measure Q by applying Markov’s Inequality for finite measures gives

Q[𝑋 ě 𝑎] ď

∑
𝑥PX Q[𝑋 = 𝑥] exp{𝑥}

exp{𝑎} .

Therefore,

U[𝚤( 𝑋̄𝑛 |𝑌 𝑛) ď log 𝛾] = U[´𝚤( 𝑋̄𝑛 |𝑌 𝑛) ě ´ log 𝛾]

ď

∑︁
𝑥𝑛,𝑦𝑛

´𝑃𝑛𝑌 (𝑦
𝑛) exp{´𝚤(𝑥𝑛 |𝑦𝑛)}

exp{´ log 𝛾}
= 𝛾

∑︁
𝑥𝑛,𝑦𝑛

𝑃𝑛𝑌 (𝑦
𝑛)𝑃𝑛

𝑋 |𝑌 (𝑥
𝑛 |𝑦𝑛)

= 𝛾.

Setting 𝛾 = 2𝑛𝑅𝐷?
𝑛

gives

1
2𝑛𝑅𝐷

U[𝚤( 𝑋̄𝑛 |𝑌 𝑛) ď log 𝛾] ď
1

?
𝑛
, (3.27)

and setting

𝑅𝐷 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1
(
𝜖𝐷 (1 ´ 𝜖0) ´

𝐵 + 1
?
𝑛

)
+ log 𝑛

2𝑛

gives

log 𝛾 = 𝑛𝐻 (𝑋 |𝑌 ) +
a

𝑛𝑉 (𝑋 |𝑌 )𝑄´1
(
𝜖𝐷 (1 ´ 𝜖0) ´

𝐵 + 1
?
𝑛

)
.
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Again recalling that 𝑃𝑋𝑌 satisfies (3.9), apply the Berry Esseen bound to give

P[𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾] ď 𝑄

(
𝑄´1

(
𝜖𝐷 (1 ´ 𝜖0) ´

𝐵 + 1
?
𝑛

))
+ 𝐵

?
𝑛

= 𝜖𝐷 (1 ´ 𝜖0) ´
1

?
𝑛

(3.28)

for some constant 𝐵. Combining (3.27) and (3.28) gives E[𝑃(𝑛)
e (1)] ď 𝜖𝐷 under the

given parameter settings. Again employing the Taylor’s series expansion of𝑄´1(¨),
this argument proves the achievability of rate

𝑅𝐷 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝐷 (1 ´ 𝜖0)) +
log 𝑛
2𝑛

+𝑂
(
1
𝑛

)
with expected conditional error probability E[𝑃(𝑛)

e (1)] ď 𝜖𝐷 . Similarly,

E
[
𝑃
(𝑛)
e (0)

]
ď

1
𝜖0

(
P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

, 𝑌 𝑛) P X𝑛
z{𝑋𝑛},𝑊 = 0]

+ P[G𝐼 (F(𝑋𝑛)) ≠ 𝑋𝑛,𝑊 = 0]
)
. (3.29)

Define finite measureV onX𝑛ˆY𝑛 by𝑉𝑋𝑛𝑌𝑛 (𝑥𝑛, 𝑦𝑛) = 𝑃𝑌𝑛 (𝑦𝑛). Note that measure
V is unknown to the encoder and decoder and is used only for the purpose of analysis.
Then

P
[
G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

𝑌 𝑛) P X𝑛
z{𝑋𝑛},𝑊 = 0

]
ď P[D𝑥𝑛 P Xz{𝑋𝑛}, ⌊f(𝑥𝑛)⌋𝑛𝑅𝐷

= ⌊f(𝑋𝑛)⌋𝑛𝑅𝐷
, 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾]

ď
1

2𝑛𝑅𝐷
V[𝚤( 𝑋̄𝑛 |𝑌 𝑛) ď log 𝛾]

and

V[𝚤( 𝑋̄𝑛 |𝑌 𝑛) ď log 𝛾] = 𝛾
∑︁
𝑥𝑛,𝑦̂𝑛

𝑃𝑌𝑛 ( 𝑦̂𝑛)𝑃𝑛𝑋 |𝑌 (𝑥
𝑛 | 𝑦̂𝑛)

= 𝛾,

where the last equality follows since 𝑃𝑛
𝑋 |𝑌𝑃𝑌𝑛 is some p.m.f. on X𝑛 ˆ Y𝑛.

Hence 𝛾 = 2𝑛𝑅𝐷?
𝑛

implies

P
[
G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷

𝑌 𝑛) P X𝑛
z{𝑋𝑛},𝑊 = 0

]
ď

1
?
𝑛
. (3.30)

Using the same analysis for the maximum likelihood decoder in (3.3) and choosing

𝑅𝐼 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖𝐼𝜖0 ´

𝐵1 + 𝐶1 + 1
?
𝑛

)
´

log 𝑛
2𝑛

+ log𝐶1

𝑛
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gives

P[G𝐷 (⌊F(𝑋𝑛)⌋𝑛𝑅𝐷
, 𝑌 𝑛) P X𝑛

z{𝑋𝑛},𝑊 = 0] +P[G𝐼 (F(𝑋𝑛)) ≠ 𝑋𝑛,𝑊 = 0] ď 𝜖𝐼𝜖0,

which implies that E[𝑃(𝑛)
e (0)] ď 𝜖𝐼 . Therefore, ℛ1

in(𝑛, 𝝐) Ď ℛ
˚
𝑈𝑆𝑊

(𝑛, 𝝐).

□

Remark 5. If the decoder for the unknown model is used when the distribution
of the source and observation follows the worst-case model, the code does as well
as the achievability part of Theorem 5 up to the first order. If the decoder for the
unknown model is used when the true side information is available at the decoder,
with probability (1 ´ 𝜖𝐷), the source sequence is reconstructed correctly at a rate
that asymptotically approaches 𝐻 (𝑋 |𝑌 ).

Remark 6. Due to the unknown nature of 𝑃𝑍𝑊 |𝑋𝑌 , to date, the best known outer
bound such that ℛ˚

𝑈𝑆𝑊
(𝑛, 𝝐) Ď ℛ

1
out(𝑛, 𝝐) is

ℛ
1
out(𝑛, 𝝐) ≜

{
R : 𝑅𝐷 ě 𝑅˚

𝐷 ´𝑂

(
1
𝑛

)
, 𝑅𝐼 ě 𝑅˚

𝐷 ´𝑂

(
1
𝑛

)}
.

Discussion
The achievability result for the unknown model (Theorem 6) matches the achievabil-
ity bound for the worst-case model (Theorem 5) only up to the first order. The second
order gap and the dependence of the dispersion term on 𝜖0 come from the possible
but unknown dependence of the side information reliability random variable,𝑊 , the
corrupted side information, 𝑍𝑛, the source, 𝑋𝑛, and the side information, 𝑌 𝑛. The
converse of the unknown model does not match the converse of the worst-case model
(Theorem 5) due to the uncertainty about the true joint distribution of the source
and the side information. The main contribution of our code under the unknown
model is that it allows us to take advantage of dependent side information roughly
fraction 1 ´ 𝜖0 of the time without allowing flaws in the side information (e.g., a
sensor that is faulty fraction-𝜖0 of the time) to cause propagating errors in the source
reconstruction.

3.5 Summary
This chapter introduces the problem of source coding with asymptotically unreli-
able side information at the decoder and analyzes the performance of a two-stage
code under the cases of known and unknown joint distributions of the unreliable
side information. The strategy can be used to stop error propagation when the
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side information is unreliable due to decoding errors in prior codes. Under the
unknown model, the decoder does not have to have knowledge of, or control over,
the distribution of the side information beyond its error probability constraint.

Alternatively, if one places oneself in the position of the designer of not the USSC
code, but the prior code that is prone to decoding error and therefore can affect
downstream codes looking to use the decoder output as side information, one could
wonder if, under the same reliability and efficiency constraints, there are ways to
design the code such that later stages benefit more from its decoding result. I
investigate this alternative problem in the next chapter of this thesis.
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C h a p t e r 4

ALMOST LOSSLESS ONION PEELING CODE

The materials in this chapter are published in part as [48], [49].

4.1 Introduction
In a 2-user Slepian-Wolf code, two dependent sources (X,Y) are encoded indepen-
dently and decoded jointly. Assume that the sources are discrete, memoryless, and
stationary. While Slepian-Wolf codes achieve a savings in sum-rate by allowing the
description of each source to be used in reconstructing both sources, the downside
is that the decoder often needs to consult the full encoded descriptions of both
sources even when it is only interested in reconstructing one. This can be espe-
cially inefficient when there are asymmetric needs to decode the two sources - for
example, when usually only the reconstruction of X is desired or when significant
delays in transmitting the codeword for Y regularly impede the reconstruction of X.
Operating near the corner point (𝐻 (𝑋), 𝐻 (𝑌 |𝑋)) of the Slepian-Wolf rate region
[2] {[

𝑅1

𝑅2

]
: 𝑅1 ą 𝐻 (𝑋 |𝑌 ), 𝑅2 ą 𝐻 (𝑌 |𝑋), 𝑅1 + 𝑅2 ą 𝐻 (𝑋,𝑌 )

}
(4.1)

allows X to be reconstructed without the description of Y. The scenario in which
the decoder reconstructs X from only the coded description of X, and reconstructs
Y from the coded description of Y and the reconstruction of X, is called an onion
peeling code (See Figure 4.1).

A fixed-rate point-to-point source code, a side information code, and an onion
peeling code are defined as follows.

Definition 9 (Point-to-point Code, [9]). For any positive integers 𝑛 and 𝑀 , an
(𝑛, 𝑀) point-to-point code for a source from finite alphabetX comprises an encoder
f(𝑛) : X𝑛 ÞÑ [𝑀] and a decoder g(𝑛) : [𝑀] ÞÑ X𝑛. The error probability in coding
𝑋𝑛 from probability mass function (p.m.f.) 𝑃𝑋𝑛 is 𝑃(𝑛)

e ≜ P
[
g(𝑛)

(
f(𝑛) (𝑋𝑛)

)
≠ 𝑋𝑛

]
.

The rate of the code is 𝑅 ≜ log𝑀
𝑛
.

Definition 10 (Side Information Code, [50]). For any positive integers 𝑛 and 𝑀 ,
an (𝑛, 𝑀) side information code for a source from finite alphabet Y using side
information 𝐴(𝑛) from a finite alphabet A (𝑛) comprises an encoder f(𝑛) : Y𝑛 ÞÑ [𝑀]
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and a decoder g(𝑛) : [𝑀] ˆ A (𝑛) ÞÑ Y𝑛. The error probability in coding 𝑋𝑛 from
probability mass function (p.m.f.) 𝑃𝑋𝑛 is 𝑃(𝑛)

e ≜ P
[
g(𝑛)

(
f(𝑛) (𝑌 𝑛), 𝐴(𝑛)

)
≠ 𝑌 𝑛

]
. The

rate of the code is 𝑅 ≜ log𝑀
𝑛
.

Definition 11 (Onion Peeling Code). For any positive integers 𝑛, 𝑀1, and 𝑀2, an
(𝑛, 𝑀1, 𝑀2) onion peeling code for sources on finite alphabets X and Y comprises
an (𝑛, 𝑀1) point-to-point code

(
f(𝑛)1 , g(𝑛)

1

)
(the first-stage code) for a source with

alphabetX and an (𝑛, 𝑀2) side information code
(
f(𝑛)2 , g(𝑛)

2

)
(the second-stage code)

for a source with alphabet Y and side information from alphabet X𝑛. The error
probabilities in coding random vectors (𝑋𝑛, 𝑌 𝑛) from p.m.f. 𝑃𝑋𝑛𝑌𝑛 are 𝑃(𝑛)

e,1 ≜

P
[
𝑋𝑛 ≠ g(𝑛)

1

(
f(𝑛)1 (𝑋𝑛)

)]
and 𝑃(𝑛)

e,2 ≜ P
[
𝑌 𝑛 ≠ g(𝑛)

2

(
f(𝑛)2 (𝑌 𝑛), g(𝑛)

1

(
f(𝑛)1 (𝑋𝑛)

))]
. The

rates of the code are 𝑅1 ≜ log𝑀1
𝑛

and 𝑅2 ≜ log𝑀2
𝑛

.

In this chapter, I consider how the reconstruction of Y can be affected by the
algorithm used to reconstruct X. Specifically, I consider potential performance of
the reconstruction of Y by a decoder with access to the reconstruction of X, as in
the onion peeling code defined above, under the assumption that P[X̂ ≠ X] ą 0.
Positive error probability is common in Slepian-Wolf codes that rely on fixed-rate
coding strategies. I here characterize the potential uncertainty that arises from
an almost lossless reconstruction of X and the effects of that uncertainty on the
reconstruction of Y.

It should be noted that an intuitive and straightforward way to use X̂ as a helper is to
treat it as if X̂ equals X. Another strategy is to use the USSC described in Chapter 3.
An alternative approach is to use the compression algorithm for X to derive 𝑃XX̂,
allowing for an alternative design of the decoder for Y.

4.2 Range of Behaviors
This section demonstrates the importance of carefully designing the first stage of
an onion peeling code. I use two proxies to study the impact of the first-stage code
design on the potential performance of the second-stage code. The conditional
entropy rate

𝐻

(
Y|X̂

)
≜ lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛 | 𝑋̂𝑛

)
(4.2)
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characterizes the limit of the expected rate of an optimal variable-rate second-stage
code. The conditional spectral sup-entropy rate [31]

H
(
Y|X̂

)
≜ p- lim sup

𝑛ÝÑ8

1
𝑛
𝚤
(
𝑌 𝑛 | 𝑋̂𝑛

)
= inf

{
𝜂

���� lim
𝑛ÝÑ8

Pr
[
1
𝑛
𝚤
(
𝑌 𝑛 | 𝑋̂𝑛

)
ą 𝜂

]
= 0

}
(4.3)

characterizes the limit of the rate of an optimal fixed-rate second-stage code.

When studying the information that an almost lossless first-stage code provides
about the second source, I only consider first-stage codes that are efficient as point-
to-point codes for X. The best rate that a point-to-point code can achieve for i.i.d.
source 𝑋𝑛 „ 𝑃𝑛

𝑋
under the reliability constraint P[𝑋̂𝑛 ≠ 𝑋𝑛] ď 𝜖 is characterized

by [28] and [9] as

𝑅˚ = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

˘𝑂

(
1
𝑛

)
; (4.4)

the achievability and converse results given there agree up to the third order
(𝑂 (log 𝑛/𝑛)) term. I therefore impose the rate constraint in (4.4) on the first stage
of the onion peeling codes studied in this chapter unless specified otherwise.

In this chapter, I focus on the following family of p.m.f.s.

Definition 12. Set P𝑋𝑌 is the set of all p.m.f.s on finite alphabet X ˆ Y that satisfy

𝑉 (𝑋) ą 0, 𝑉 (𝑋 |𝑌 ) ą 0, 𝑉 (𝑌 |𝑋) ą 0, 𝑉 (𝑋,𝑌 ) ą 0. (4.5)

The following two theorems show that there is a first-order difference between the
optimal second-stage performance under the best and worst first-stage codes that
meet this constraint. Theorem 7 discusses the conditional entropy rate 𝐻 (Y|X̂),
while Theorem 8 discusses the conditional spectral sup-entropy rate H(Y|X̂).

Theorem 7. Consider a pair of stationary, memoryless sources (𝑋1, 𝑌1), (𝑋2, 𝑌2), . . .
drawn i.i.d. according to a p.m.f. 𝑃𝑋𝑌 P P𝑋𝑌 . For each blocklength 𝑛, let

D (𝑛)
𝜖 (𝐶) ≜

{(
f(𝑛) , g(𝑛)

)
: 𝑃(𝑛)

e ď 𝜖, 𝑅 ď 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

+ 𝐶
𝑛

}
(4.6)

be the set of all point-to-point codes that meet certain error and rate constraints.

Let 𝑋̂𝑛 ≜ g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
be the reconstruction of 𝑋𝑛 by point-to-point code

(
f(𝑛) , g(𝑛)

)
.

There exists a sequence of codes
(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 (𝐶), 𝑛 = 1, 2, . . . for some𝐶 ą 0
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such that the conditional entropy rate

𝐻

(
Y|X̂

)
= 𝐻

if and only if
𝐻 P [𝐻 (𝑌 |𝑋), 𝜖𝐻 (𝑌 ) + (1 ´ 𝜖)𝐻 (𝑌 |𝑋)] . (4.7)

Proof. See Section 4.6. □

In this thesis, I will not focus on determining the constant 𝐶. Therefore, in the rest
of this chapter, I abbreviate D (𝑛)

𝜖 (𝐶) to D (𝑛)
𝜖 .

Theorem 8. Consider a pair of stationary, memoryless sources (𝑋1, 𝑌1), (𝑋2, 𝑌2), . . .
drawn i.i.d. according to a p.m.f. 𝑃𝑋𝑌 P P𝑋𝑌 . There exists a sequence of codes(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 , 𝑛 = 1, 2, . . . such that the conditional spectral sup-entropy rate

H
(
Y|X̂

)
= 𝐻

if and only if
𝐻 P [𝐻 (𝑌 |𝑋), 𝐻 (𝑌 )] . (4.8)

Proof. See Section 4.6. □

The two theorems show that, asymptotically, point-to-point codes with identical
error probability and rate that is equal up to the third-order term are not equally
powerful from the perspective of providing information about a dependent source.
Therefore, point-to-point codes are not equally helpful when employed as first-
stage codes in an onion peeling code. The designer of the point-to-point code
may position themselves anywhere along a spectrum ranging from benevolent to
adversarial towards downstream users looking to use the decoder output to assist
their own coding task.

I provide some brief intuition on the two theorems above aside from the proofs
in Section 4.6. If all realizations that are reconstructed incorrectly by the point-
to-point almost lossless source code are mapped to a single codeword (or very few
codewords), then the error event loses the opportunity to provide helpful information
about𝑌 𝑛, giving the right (worse) side of both the interval for conditional entropy rate
and the interval for conditional spectral sup-entropy rate. However, if the realizations
that are reconstructed incorrectly by the point-to-point almost lossless source code
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are mapped to codewords in an even way, some useful information about 𝑌 𝑛 can be
retrieved even if an error occurs. I use two different time-sharing techniques in the
proofs to show that both the conditional entropy rate and the conditional spectral
sup-entropy rate can vary smoothly within their respective intervals.

The proof of Theorem 7 shows that, if a sequence of codes
(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 satisfies

𝐻

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋), then, there exists a sequence of codes

(
f(𝑛)˚ , g(𝑛)

˚

)
P D (𝑛)

𝜖 such

that all realizations 𝑥𝑛 P X𝑛 reconstructed correctly by
(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 are

mapped to the same codewords and reconstructed correctly by
(
f(𝑛)˚ , g(𝑛)

˚

)
P D (𝑛)

𝜖

while all realizations that are reconstructed in error by
(
f(𝑛) , g(𝑛)

)
are mapped by f(𝑛)˚

to a single codeword. This
(
f(𝑛)˚ , g(𝑛)

˚

)
makes it possible for the decoder to almost

always know whether it is reconstructing correctly (unless the decoder receives
that single codeword), and yields 𝐻

(
Y|X̂

)
= (1 ´ 𝜖)𝐻 (𝑌 |𝑋) + 𝜖𝐻 (𝑌 ); this is

the worst-case from the bound in Theorem 7. This observation suggests that the
performance of a sequence of codes in terms of providing help to the reconstruction
of a dependent source may be determined not by how the correctly reconstructed
realizations are coded but instead by how the incorrectly reconstructed realizations
are coded.

4.3 Universally Beneficial Codes
The preceding section establishes the importance of carefully designing the first-
stage code in an onion peeling scenario. However, the designer may not be aware of
𝑃𝑌 |𝑋 when designing the code for X. If possible, we would like to design the code
without knowledge of 𝑃𝑌 |𝑋 and still achieve

𝐻

(
Y|X̂

)
= H

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋) (4.9)

regardless of the 𝑃𝑌 |𝑋 later revealed. The following theorem states that this is
possible.

Theorem 9 (Universally Beneficial Code). Consider a stationary, memoryless
source drawn i.i.d. according to a p.m.f. 𝑃𝑋 on finite alphabet X satisfy-
ing 𝑉 (𝑋) ą 0. Let Y be a finite alphabet. There exists a sequence of codes
(f𝑛, g𝑛) P D (𝑛)

𝜖 , 𝑛 = 1, 2, . . . such that (4.9) holds for all 𝑃𝑌 |𝑋 : X ˆ Y ÞÑ [0, 1]
that satisfies 𝑉 (𝑌 |𝑋) ą 0.

Proof. See Section 4.6. □
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4.4 Linear Codes
Theorem 7, Theorem 8 and Theorem 9 all rely on the random binning argument
directly or indirectly. The argument is helpful to demonstrate the existence of a
sequence of codes for which reconstruction {𝑋̂𝑛}8

𝑛=1 of {𝑋𝑛}8
𝑛=1 provides as much

of information about {𝑌 𝑛}8
𝑛=1 as {𝑋𝑛}8

𝑛=1 itself. Unfortunately, these theorems
do not give insight into whether structured codes can achieve this performance.
Structured codes are of particular interest because they are easier to implement from
both the software and the hardware perspectives, but enforcing restrictions on code
structure without loosening reliability constraints can result in rate penalties. In this
section, I pursue a linear, almost lossless onion-peeling first-stage code that gives
good performance for both 𝐻 (Y|X̂) and H(Y|X̂). Since most data is stored in a
binary format, the following definition assumes code alphabet𝐺𝐹 (2). A non-binary
source can be represented in binary before compression using a binary linear code.

Definition 13 (Point-to-point Linear Block Source Code). A point-to-point linear
block source code is a point-to-point block source code described by a matrix Φ

such that f𝑛 : {0, 1}𝑛 ÞÑ {0, 1}𝑚 satisfies f𝑛 (𝑥𝑛) = Φ𝑥𝑛 for all 𝑥𝑛 P {0, 1}𝑛. The rate
of the code is 𝑅 = 𝑚/𝑛.

Define

D (𝑛)
˚,𝜖 (𝐶) ≜

{(
f(𝑛) , g(𝑛)

)
: 𝑃(𝑛)

e ď 𝜖, 𝑅 ď 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) + 𝐶 log 𝑛
𝑛

}
.

(4.10)

For sufficiently large 𝑛, this set is larger than D (𝑛)
𝜖 (𝐶1) for any 𝐶1 as it relaxes the

requirement on the third order term in the rate bound. This difference reflects the
rate penalty paid for requiring a more computationally efficient code.

Theorem 10 (Linear Code). Consider a pair of stationary, memoryless sources
(𝑋1, 𝑌1), (𝑋2, 𝑌2), . . . drawn i.i.d. according to a p.m.f. 𝑃𝑋𝑌 P P𝑋𝑌 . There exists a
sequence of linear codes (f𝑛, g𝑛) P D (𝑛)

˚,𝜖 (𝐶), 𝑛 = 1, 2, . . . for some 𝐶 ą 0 such that

𝐻

(
Y|X̂

)
= H

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋). (4.11)

Proof. See Section 4.6. □

Similar to D (𝑛)
𝜖 , in the rest of this chapter, I will abbreviate D (𝑛)

˚,𝜖 (𝐶) to D (𝑛)
˚,𝜖 .
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The proof of Theorem 10 uses an LDPC code ensemble constructed by uniform
random permutation of Tanner graph edges. While the resulting argument suffers a
small rate penalty, the strategy generates linear, low density1 first-stage codes with
reconstructions satisfying 1

𝑛
𝐻 (𝑌 𝑛 | 𝑋̂𝑛) « 𝐻 (𝑌 |𝑋).

4.5 Summary
In almost lossless onion peeling data compression, if the first-stage compression re-
constructs the first source with a non-vanishing error probability, then the resulting
imperfect reconstruction may be of limited use in reconstructing the second source.
The exact limitation varies with the type of compressor employed for the first source;
this remains true even comparing first-stage codes with almost identical rates and
error probabilities. The gap between the conditional entropy rate/conditional spec-
tral sup-entropy rate of the second source given the first-stage source reconstruction
varies significantly between the best and worst case first-stage codes. Since achiev-
ing truly lossless coding in a distributed code is expensive from a rate perspective
[51], this result suggests the benefit of keeping an eye on the future stages of an
onion peeling code when designing the earlier stages. If the designer would like the
reconstruction to provide more information to later users, they do not have to know
the joint distribution of the sources in advance. Furthermore, one can design an al-
most lossless linear code whose reconstruction is helpful to later users by accepting
a small rate penalty.

4.6 Proofs of Theorems
Proof of Theorem 7
Before providing the proof of Theorem 7, I present some auxiliary results useful for
the proof. The rate of convergence result (Lemma 10), stated below, follows pri-
marily from [9, Theorem 25], which characterizes the rate region of a deterministic
RASC. The RASC allows both individual and joint compression, and is briefly in-
troduced in Chapter 2 of this thesis. In this work, [9, Theorem 25] helps characterize
the rate region of an onion peeling code in Lemma 10, which, in turn, helps show
that there exists

(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 such that H
(
Y|X̂

)
= 𝐻

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋).

Definition 14 ((𝑛, 𝜖1, 𝜖2)-onion peeling rate region). Rate pair R = (𝑅1, 𝑅2) is
(𝑛, 𝜖1, 𝜖2)-achievable by an onion peeling code if there exists an (𝑛, 𝑀1, 𝑀2) onion

1The penalty can be reduced and potentially restrained to higher orders if Φ is dense. However,
A dense Φ does not provide the desirable savings in hardware and software complexity that a sparse
Φ offers. Therefore, I leave the third-order penalty in the definition of D (𝑛)

˚, 𝜖 .
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peeling code with 1
𝑛

log𝑀1 ď 𝑅1, 1
𝑛

log𝑀2 ď 𝑅2, 𝑃(𝑛)
e,1 ď 𝜖1, and 𝑃(𝑛)

e,2 ď 𝜖2. The
(𝑛, 𝜖1, 𝜖2)-rate region ℛ

˚(𝑛, 𝜖1, 𝜖2) is the closure of the set of (𝑛, 𝜖1, 𝜖2)-achievable
rate pairs.

Lemma 10 employs the inner and outer bounds on the point-to-point rate region at
blocklength 𝑛 and error probability 𝜖1 for a finite-alphabet, stationary, memoryless
source with positive varentropy, here denoted by ℛpp,in(𝑛, 𝜖1) and ℛpp,out(𝑛, 𝜖1),
where

ℛpp,in(𝑛, 𝜖) ≜
{
𝑅 : 𝑅 ě 𝐻 (𝑋) +

c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

+𝑂
(
1
𝑛

)}
(4.12)

ℛpp,out(𝑛, 𝜖) ≜
{
𝑅 : 𝑅 ě 𝐻 (𝑋) +

c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

´𝑂

(
1
𝑛

)}
. (4.13)

Lemma 10 further employs the inner bound on the Slepian-Wolf rate region and outer
bound on the rate region for describing {𝑌 } at blocklength 𝑛 and error probability
𝜖2 to a decoder with side information {𝑋}, denoted by ℛSW,in(𝑛, 𝜖2) and ℛsi,out,
respectively, where

ℛSW,in(𝑛, 𝜖) ≜
R :


𝑅1

𝑅2

𝑅1 + 𝑅2

 P


𝐻 (𝑋 |𝑌 )
𝐻 (𝑌 |𝑋)
𝐻 (𝑋,𝑌 )

 +
𝒬inv(V, 𝜖)

?
𝑛

´
log 𝑛
2𝑛

1 +𝑂
(
1
𝑛

)
1


(4.14)

ℛsi,out(𝑛, 𝜖) ≜
{
𝑅 : 𝑅 ě 𝐻 (𝑌 |𝑋) +

c

𝑉 (𝑌 |𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

´𝑂

(
1
𝑛

)}
.

(4.15)

Here 𝒬inv is the set-valued multivariate inverse Q-function and V is the covariance
matrix of

[𝚤(𝑋 |𝑌 ) 𝚤(𝑌 |𝑋) 𝚤(𝑋,𝑌 )]1 .

The third-order characterization in (4.12)-(4.13) is derived for the optimal code
in [28]. The same inner bounding region can be derived using a random binning
argument [9]. Throughout, {(𝑋𝑖, 𝑌𝑖)} describes a pair of finite-alphabet, stationary,
memoryless sources with 𝑃𝑋𝑌 P P𝑋𝑌 . Region ℛSW,in(𝑛, 𝜖2) is characterized up
to the second-order term in [26, Theorem 1] and the third-order term in [9, Theo-
rem 20], giving (4.14). The derivation of ℛsi,out(𝑛, 𝜖2) in [15, Theorem 8] yields
the characterization in (4.15).
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Lemma 10. Consider stationary, memoryless sources (𝑋1, 𝑌1), (𝑋2, 𝑌2), . . . drawn
i.i.d. according to the p.m.f. 𝑃𝑋𝑌 P P𝑋𝑌 . Then

ℛin(𝑛, 𝜖1, 𝜖2) Ď ℛ
˚(𝑛, 𝜖1, 𝜖2) Ď ℛout(𝑛, 𝜖1, 𝜖2),

where

ℛin(𝑛, 𝜖1, 𝜖2) ≜ ℛSW,in(𝑛, 𝜖2) X {R : 𝑅1 P ℛpp,in(𝑛, 𝜖1)} (4.16)

ℛout(𝑛, 𝜖1, 𝜖2) ≜ {R : 𝑅1 P ℛpp,out(𝑛, 𝜖1), 𝑅2 P ℛsi,out(𝑛, 𝜖2)}. (4.17)

𝑋𝑛 f(𝑛)1 g(𝑛)
1

f(𝑛)1 (𝑋𝑛)
𝑋̂𝑛

𝑌 𝑛 f(𝑛)2 g(𝑛)
2

f(𝑛)2 (𝑌 𝑛)
𝑌 𝑛

𝑋̂𝑛

Figure 4.1: Block diagram of the onion peeling problem.

Joint Maximum
Likelihood Decoder

f(𝑛)1

g(𝑛)
2

𝑋̂𝑛

f(𝑛)1 (𝑋𝑛)

f(𝑛)2 (𝑌 𝑛) 𝑌 𝑛

ˆ̂𝑋𝑛

Figure 4.2: Illustration of the decoder used in proofs of Lemma 10, Lemma 16 and
Lemma 18.

Proof. For the achievability part, I use a random binning code with a maximum
likelihood decoder. With this code, knowing 𝑋̂𝑛 = g(𝑛)

1 (f1(𝑋𝑛)) implies exact
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knowledge of f1(𝑋𝑛). Therefore, the best decoder for 𝑌 𝑛 is no worse than the
optimal joint Slepian-Wolf decoder for (𝑋𝑛, 𝑌 𝑛). (Figure 4.2 shows the decoder that
maps 𝑋̂𝑛 back to f1(𝑋𝑛) and employs the joint decoder to reconstruct 𝑌 𝑛.) Since the
best decoder for𝑌 𝑛 is no worse than the joint Slepian-Wolf decoder for (𝑋𝑛, 𝑌 𝑛), any
rate pair in ℛin(𝑛, 𝜖1, 𝜖2) would suffice to ensure 𝑃(𝑛)

e,1 ď 𝜖1 and 𝑃(𝑛)
e,2 ď 𝜖2, which

means that the error of reconstructing the first source is bounded by 𝜖1, and the error
of reconstructing the second source is bounded by 𝜖2. The achievability result of [9,
Theorem 24], which shows that there exists a deterministic code from the random
binning code generation that simultaneously achieves third-order optimal rate for
different number of encoders, is used to demonstrate the existence of a deterministic
code from the random binning generation that simultaneously satisfies 𝑃(𝑛)

e,1 ď 𝜖1

and 𝑃(𝑛)
e,2 ď 𝜖2, since 𝑃(𝑛)

e,1 is the error probability when only 𝑋𝑛 is encoded, and
𝑃
(𝑛)
e,2 is bounded by the joint error probability when both sources are encoded. The

converse holds since 𝑌 𝑛 ÝÑ 𝑋𝑛 ÝÑ 𝑋̂𝑛 forms a Markov chain, which implies that 𝑋𝑛

captures all information about 𝑌 𝑛 that 𝑋̂𝑛 may contain, and therefore the achievable
rate region for describing 𝑌 𝑛 to a decoder that knows 𝑋̂𝑛 must be in the achievable
rate region for describing 𝑌 𝑛 to a decoder that knows 𝑋𝑛. □

The inner and outer bounds from Lemma 10 are depicted in Figure 4.3(a) and 4.3(b),
respectively. Dashed and solid lines show the first- and second-order characteri-
zations. The inner and outer bounds differ in their second-order terms, where the
inner bound is determined by the joint Slepian-Wolf rate region and the outer bound
by the rate region of side information code. As 𝑛 increases, the second-order term
approaches 0. Figure 4.3(c) provides an enlarged view of the difference between
the inner and outer bounds, indicated with hash lines. The size of the gap on the
left boundary can be analyzed using the local dispersion result of [26, Theorem 2]
and solving for the colored triangle (the second-order term of ℛpp,in(𝑛, 𝜖1) and
ℛpp,out(𝑛, 𝜖1) gives the length of the horizontal side, [26, Theorem 2] can be used to
solve for the vertical side, subtracting the second-order term of the side information
code rate region ℛsi,out(𝑛.𝜖2) gives the gap). Whether either of the second-order
terms in (4.16) and (4.17) is tight remains an open problem for future work.

Remark 7. Lemma 10 uses a random binning encoder and a maximum likelihood
decoder to prove the existence of a blocklength-𝑛 onion peeling code for {(𝑋,𝑌 )}
with error probabilities 𝜖1 and 𝜖2 and rates close to 𝐻 (𝑋) and 𝐻 (𝑌 |𝑋) in the first
and second stages. The result holds even if 𝜖2 ă 𝜖1. Although the proof of Lemma 10
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employs a joint decoder, it does not rule out the possibility that there exists a code
that is less computationally expensive.

The following lemma is the spectral converse of the source coding theorem with
decoder side information. While Lemma 11 is stated in a slightly different way than
either the spectral converse of the point-to-point source code [31, Theorem 1.3.1]
or the spectral converse of the Slepian-Wolf code [31, Theorem 7.4.1], it is in some
sense a special case of the Slepian-Wolf result and can be proven with an argument
almost identical to the ones used in [31, Theorem 1.3.1] and [31, Theorem 7.4.1]. I
therefore omit the proof.

Lemma 11 (Modified from converse of the Source Coding Theorem with Decoder
Side Information). Let (𝑋1, 𝑌1), (𝑋2, 𝑌2), . . . be a sequence of pair of discrete
source blocks on finite alphabets X ˆ Y. If, for all 𝛿 ą 0, there exists a sequence
of codes with decoder side information

f(𝑛) : Y𝑛
ÞÑ

[
2𝑛𝑅

]
(4.18)

g(𝑛) :
[
2𝑛𝑅

]
ˆ X𝑛

ÞÑ Y𝑛 (4.19)

such that 𝑅 ď 𝐿 + 𝛿 and

lim
𝑛ÝÑ8

P
[
g(𝑛)

(
f(𝑛) (𝑌 𝑛), 𝑋𝑛

)
≠ 𝑌 𝑛

]
= 0,

then
𝐻 (Y|X) ď H(Y|X) ď 𝐿. (4.20)

Evaluating Lemma 10 with 𝜖2 ÝÑ 0 and then applying Lemma 11 shows that
there exists a sequence of codes

{(
f(𝑛) , g(𝑛)

)}8

𝑛=1
,

(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 such that

H
(
Y|X̂

)
= 𝐻

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋).

The following lemma states that, in the long run, knowing that an event happens
does not reduce the uncertainty in 𝑌 𝑛 as long as the event’s probability does not
vanish as 𝑛 ÝÑ 8. In fact, the property holds as long as the probability does not
decay exponentially, but the current form is sufficient to serve the purpose of the
discussion in this thesis.

Lemma 12. Let {𝑌𝑖}8
𝑖=1 be a stationary, memoryless sources on a finite alphabet Y.

For a sequence of events E (1) , E (2) , . . . that satisfies lim𝑛ÝÑ8 P
[
E (𝑛)] ą 0,

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛 |E (𝑛)

)
= 𝐻 (𝑌 ). (4.21)
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Figure 4.3: (a) Inner bound of onion peeling rate region, ℛin(𝑛, 𝜖1, 𝜖2). (b) Outer
bound of onion peeling rate region, ℛout(𝑛, 𝜖1, 𝜖2). (c) Enlarged view of the second-
order gap between the inner and outer bound (hashed) and the triangle to be solved
in order to compute the gap size (colored) using local dispersion methods in [26].

Proof. See Section 4.7. □

The following lemma characterizes the behavior of a function of 𝑋𝑛.

Lemma 13. Let 𝐴1, 𝐴2, . . . be a stationary, memoryless random process on fi-
nite alphabet A. Let S (𝑛) Ď A𝑛, 𝑛 = 1, 2, . . . be a sequence of sets such that
lim𝑛ÝÑ8 P

[
𝐴𝑛 P S (𝑛)] = 𝑝 where 𝑝 P (0, 1) is a constant. Let 𝑓 (𝑛) (¨), 𝑛 = 1, 2, . . .
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be a sequence of functions on A𝑛. If

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑓 (𝑛) (𝐴𝑛)

)
= 𝐻 (𝐴),

then
lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑓 (𝑛) (𝐴𝑛)

��� 𝐴𝑛 P S (𝑛)
)
= 𝐻 (𝐴). (4.22)

Proof. See Section 4.7. □

I then proceed to prove Theorem 7.

Proof of Theorem 7. I wish to prove that, if and only if 𝐻 P [𝐻 (𝑌 |𝑋), (1 ´

𝜖)𝐻 (𝑌 |𝑋) + 𝜖𝐻 (𝑌 )], there exists a sequence of point-to-point codes (f(𝑛) , g(𝑛)) P

D (𝑛)
𝜖 , 𝑛 = 1, 2, . . . for 𝑋𝑛 such that the conditional entropy rate of 𝑌 𝑛 given the

reconstruction 𝑋̂𝑛 = g(𝑛) (f(𝑛) (𝑋𝑛)) satisfies 𝐻 (Y|X̂) = 𝐻.

I first prove that, if𝐻 ∉ [𝐻 (𝑌 |𝑋), (1´𝜖)𝐻 (𝑌 |𝑋)+𝜖𝐻 (𝑌 )], then there is no sequence
of codes (f(𝑛) , g(𝑛)) P D (𝑛)

𝜖 for 𝑋𝑛 such that 𝐻
(
Y|X̂

)
= 𝐻.

For any
(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 , 𝑌 𝑛 ÝÑ 𝑋𝑛 ÝÑ 𝑋̂𝑛 forms a Markov chain, which implies
𝐻

(
𝑌 𝑛 | 𝑋̂𝑛

)
ě 𝐻 (𝑌 𝑛 |𝑋𝑛). Therefore, by the definition of 𝐻 (Y|X̂), 𝐻 (Y|X̂) ě

𝐻 (𝑌 |𝑋).

Define random variable 𝐸 = 1
{
𝑋̂𝑛 ≠ 𝑋𝑛

}
. Since 𝐸 is binary,

𝐻
(
𝑌 𝑛 | 𝑋̂𝑛, 𝐸

)
ď 𝐻

(
𝑌 𝑛 | 𝑋̂𝑛

)
ď 𝐻 (𝑌 𝑛, 𝐸 | 𝑋̂𝑛) ď 𝐻

(
𝑌 𝑛 | 𝑋̂𝑛, 𝐸

)
+ 1.

Furthermore, if we define S (𝑛)
˚ ≜

{
𝑥𝑛 P X𝑛 : g(𝑛)

(
f(𝑛) (𝑥𝑛)

)
≠ 𝑥𝑛

}
,

𝐻
(
𝑌 𝑛 | 𝑋̂𝑛, 𝐸

)
=

∑︁
𝑥𝑛PX̂𝑛

∑︁
𝑒P{0,1}

𝑃𝑋̂𝑛𝐸 (𝑥𝑛, 𝑒)𝐻
(
𝑌 𝑛 | 𝑋̂𝑛 = 𝑥𝑛, 𝐸 = 𝑒

)
=

∑︁
𝑥𝑛PX̂𝑛

𝑃𝑋̂𝑛𝐸 (𝑥𝑛, 0)𝐻 (𝑌 𝑛 | 𝑋̂𝑛 = 𝑥𝑛, 𝐸 = 0)

+
∑︁
𝑥𝑛PX̂𝑛

𝑃𝑋̂𝑛𝐸 (𝑥𝑛, 1)𝐻 (𝑌 𝑛 | 𝑋̂𝑛 = 𝑥𝑛, 𝐸 = 1)

=
∑︁

𝑥𝑛∉S (𝑛)
˚

𝑃𝑛𝑋 (𝑥
𝑛)𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑥𝑛) + 𝑃(𝑛)

e,1𝐻 (𝑌 𝑛 | 𝑋̂𝑛, 𝐸 = 1)

ď

∑︁
𝑥𝑛∉S (𝑛)

˚

𝑃𝑛𝑋 (𝑥
𝑛)𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑥𝑛) + 𝑃(𝑛)

e,1𝐻 (𝑌 𝑛 |𝐸 = 1)

=
∑︁

𝑥𝑛∉S (𝑛)
˚

𝑃𝑛𝑋 (𝑥
𝑛)𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑥𝑛) + 𝑃(𝑛)

e,1𝐻
(
𝑌 𝑛 |𝑋𝑛 P S (𝑛)

˚

)
.
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By the converse result of finite-blocklength point-to-point code [28], for all first-
stage codes in D (𝑛)

𝜖 , 𝑃(𝑛)
e,1 ÝÑ 𝜖 as 𝑛 ÝÑ 8. Therefore, Lemma 12 shows that

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛 |𝑋𝑛 P S (𝑛)

˚

)
= 𝐻 (𝑌 ).

Note that �������1𝑛
∑︁

𝑥𝑛∉S (𝑛)
˚

𝑃𝑛𝑋 (𝑥
𝑛)𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑥𝑛) ´ (1 ´ P[S (𝑛)

˚ ])𝐻 (𝑌 |𝑋)

�������
=

����E𝑋̄𝑛„𝑃𝑛
𝑋

[(
1
𝑛
𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑋̄𝑛) ´ 𝐻 (𝑌 |𝑋)

)
1
{
𝑋𝑛 ∉ S (𝑛)

˚

}]����
ď E𝑋̄𝑛„𝑃𝑛

𝑋

[����1𝑛𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑋̄𝑛) ´ 𝐻 (𝑌 |𝑋)
���� ���1 {

𝑋𝑛 ∉ S (𝑛)
˚

}���]
ď E𝑋̄𝑛„𝑃𝑛

𝑋

[����1𝑛𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑋̄𝑛) ´ 𝐻 (𝑌 |𝑋)
����]

ÝÑ 0,

implying

lim
𝑛ÝÑ8

1
𝑛

∑︁
𝑥𝑛∉S (𝑛)

˚

𝑃𝑛𝑋 (𝑥
𝑛)𝐻 (𝑌 𝑛 |𝑋𝑛 = 𝑥𝑛) = (1 ´ 𝜖)𝐻 (𝑌 |𝑋).

Therefore, for any sequence of point-to-point codes
(
f(𝑛) , g(𝑛)

)
P D (𝑛)

𝜖 ,

𝐻

(
Y|X̂

)
= lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛 | 𝑋̂𝑛, 𝐸

)
ď (1 ´ 𝜖)𝐻 (𝑌 |𝑋) + 𝜖𝐻 (𝑌 ).

To prove that a sequence of codes exists if 𝐻 P [𝐻 (𝑌 |𝑋), (1 ´ 𝜖)𝐻 (𝑌 |𝑋) + 𝜖𝐻 (𝑌 )],
note that invoking Lemma 10 with 𝜖2 ÝÑ 0, combined with Lemma 11, shows that
there exists a sequence of point-to-point codes

(
f(𝑛)L , g(𝑛)

L

)
P D (𝑛)

𝜖 , 𝑛 = 1, 2, . . . such
that 𝐻 (Y|X̂) = 𝐻 (𝑌 |𝑋).

Let S (𝑛)
L =

{
𝑥𝑛 P X𝑛 : g(𝑛)

L

(
f(𝑛)L (𝑥𝑛)

)
= 𝑥𝑛

}
denote the set of realizations 𝑥𝑛 P X𝑛

that are correctly decoded by
(
f(𝑛)L , g(𝑛)

L

)
. Let

(
f(𝑛)H , g(𝑛)

H

)
P D (𝑛)

𝜖 , 𝑛 = 1, 2, . . . be

a sequence of code that is constructed from
(
f(𝑛)L , g(𝑛)

L

)
, 𝑛 = 1, 2, . . . using the

following method.

f(𝑛)H (𝑥𝑛) =


f(𝑛)L (𝑥𝑛), 𝑥𝑛 P S (𝑛)
L

𝑐˚, 𝑥𝑛 ∉ S (𝑛)
L

(4.23)
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where 𝑐˚ is the (lexicographically) last codeword in the codeword alphabet, and
g(𝑛)

H (𝑐) = g(𝑛)
L (𝑐). The codes

(
f(𝑛)L , g(𝑛)

L

)
and

(
f(𝑛)H , g(𝑛)

H

)
differ in the encoding

of realizations that
(
f(𝑛)L , g(𝑛)

L

)
fails to correctly reconstruct, but are identical in

encoding the realizations that
(
f(𝑛)L , g(𝑛)

L

)
successfully reconstructs.

Next, for each 𝑛, define a set V (𝑛) Ď X𝑛zS (𝑛)
L by sequentially placing realizations

𝑥𝑛 ∉ S (𝑛)
L into V (𝑛) until the first time that P[V (𝑛)] ě min(𝜖 𝑝, 1 ´ P[S (𝑛)

L ]) for
𝑝 P (0, 1].

Finally, define
(
f(𝑛) , g(𝑛)

)
, the code design for which I want to show that 𝐻 (Y|X̂) =

𝐻, as follows. For a realization 𝑥𝑛 P X𝑛, if 𝑥𝑛 P V (𝑛) , then f(𝑛) (𝑥𝑛) = f(𝑛)H (𝑥𝑛). If
𝑥𝑛 ∉ V (𝑛) , then f(𝑛) (𝑥𝑛) = f(𝑛)L (𝑥𝑛). The decoder g(𝑛) (𝑐) = g(𝑛)

L (𝑐).

The given strategy yields three code sequences,
{(

f(𝑛)L , g(𝑛)
L

)}8

𝑛=1
,
{(

f(𝑛)H , g(𝑛)
H

)}8

𝑛=1
,

and
{(

f(𝑛) , g(𝑛)
)}8

𝑛=1
, that all fall into D (𝑛)

𝜖 and all share the same error set S (𝑛)
L . By

the converse of the finite-blocklength source coding theorem [28][9],

lim
𝑛ÝÑ8

P
[
𝑋𝑛 P S (𝑛)

L

]
= 𝜖 .

The construction of V (𝑛) ensures that P[𝑋𝑛 P V (𝑛)] ÝÑ 𝑝𝜖 .

Since

𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

) )
ě 𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 1

{
𝑋𝑛 P V (𝑛)} )

and

𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

) )
ď 𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 1

{
𝑋𝑛 P V (𝑛)} )

+ 𝐻
(
1
{
𝑋𝑛 P V (𝑛)} ���g(𝑛)

(
f(𝑛) (𝑋𝑛)

) )
ď 𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 1

{
𝑋𝑛 P V (𝑛)} )

+ 1,

it follows that

𝐻

(
Y|X̂

)
= lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 1

{
𝑋𝑛 P V (𝑛)} )

. (4.24)
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To analyze 𝐻
(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 1

{
𝑋𝑛 P V (𝑛)} )

, note that

𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 1

{
𝑋𝑛 P V (𝑛)} )

= 𝐻

(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 𝑋𝑛 P V (𝑛)

)
P

[
𝑋𝑛 P V (𝑛)]

+ 𝐻
(
𝑌 𝑛

���g(𝑛)
(
f(𝑛) (𝑋𝑛)

)
, 𝑋𝑛 ∉ V (𝑛)

)
P

[
𝑋𝑛 ∉ V (𝑛)]

= 𝐻

(
𝑌 𝑛

���g(𝑛)
H

(
f(𝑛)H (𝑋𝑛)

)
, 𝑋𝑛 P V (𝑛)

)
P

[
𝑋𝑛 P V (𝑛)]

+ 𝐻
(
𝑌 𝑛

���g(𝑛)
L

(
f(𝑛)L (𝑋𝑛)

)
, 𝑋𝑛 ∉ V (𝑛)

)
P

[
𝑋𝑛 ∉ V (𝑛)] . (4.25)

Due to the construction ofV (𝑛) and
(
f(𝑛)H , g(𝑛)

H

)
, 𝑋𝑛 P V (𝑛) ensures that g(𝑛)

H

(
f(𝑛)H (𝑋𝑛)

)
is a constant. Therefore,

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛

���g(𝑛)
H

(
f(𝑛)H (𝑋𝑛)

)
, 𝑋𝑛 P V (𝑛)

)
= lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛

���𝑋𝑛 P V (𝑛)
)
= 𝐻 (𝑌 ),

(4.26)
where the second equality follows from Lemma 12.

Notice that, when deriving and invoking Lemma 10, I used a strategy in which the
second stage decoder reconstructs both 𝑋𝑛 and 𝑌 𝑛, even though only 𝑌 𝑛 is used as
the decoder output. Therefore, the error probability bound also applies to the pair.
An interesting consequence is that, not only is it true that the reconstruction 𝑋̂𝑛

reduces the conditional uncertainty of 𝑌 𝑛 by the same amount as 𝑋𝑛 asymptotically,
giving

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛

���g(𝑛)
L

(
f(𝑛)L (𝑋𝑛)

) )
= 𝐻 (𝑌 |𝑋), (4.27)

but also it is true that 𝑋̂𝑛 reduces the conditional uncertainty in (𝑋𝑛, 𝑌 𝑛) by the same
amount as 𝑋𝑛 asymptotically, giving

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑋𝑛, 𝑌 𝑛

���g(𝑛)
L

(
f(𝑛)L (𝑋𝑛)

) )
= 𝐻 (𝑌 |𝑋). (4.28)

Together, these observations imply

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
g(𝑛)

L

(
f(𝑛)L (𝑋𝑛)

))
= 𝐻 (𝑋) ´ lim

𝑛ÝÑ8

1
𝑛
𝐻

(
𝑋𝑛

���g(𝑛)
L

(
f(𝑛)L (𝑋𝑛)

) )
(4.29)

= 𝐻 (𝑋) ´ 0 (4.30)

= 𝐻 (𝑋) (4.31)

and
lim
𝑛ÝÑ8

1
𝑛
𝐻

(
g(𝑛)

L

(
f(𝑛)L (𝑋𝑛)

)
, 𝑌 𝑛

)
= 𝐻 (𝑋,𝑌 ). (4.32)
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Recall that P
[
𝑋𝑛 ∉ V (𝑛)] ÝÑ 1 ´ 𝑝𝜖 P (0, 1). Therefore, applying Lemma 13 with

𝐴𝑛 = 𝑋𝑛, 𝑓 (𝑛) (𝑥𝑛) = g(𝑛)
L

(
f(𝑛)L (𝑥𝑛)

)
, we can conclude that

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
g(𝑛)

L

(
f(𝑛)L (𝑋𝑛)

)��� 𝑋𝑛 ∉ V (𝑛)
)
= 𝐻 (𝑋); (4.33)

similarly, setting 𝐴𝑛 = (𝑋𝑛, 𝑌 𝑛), 𝑓 (𝑛) (𝑥𝑛, 𝑦𝑛) =
(
g(𝑛)

L

(
f(𝑛)L (𝑥𝑛)

)
, 𝑦𝑛

)
, we can con-

clude that

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
g(𝑛)

L

(
f(𝑛)L (𝑋𝑛)

)
, 𝑌 𝑛

��� 𝑋𝑛 ∉ V (𝑛)
)
= 𝐻 (𝑋,𝑌 ). (4.34)

Therefore,

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛

���g(𝑛)
L

(
f(𝑛)L (𝑋𝑛)

)
, 𝑋𝑛 ∉ V (𝑛)

)
= 𝐻 (𝑌 |𝑋). (4.35)

Combining (4.24), (4.25), (4.26), and (4.35),

𝐻

(
Y

��X̂ )
= 𝑝𝜖𝐻 (𝑌 ) + (1 ´ 𝑝𝜖)𝐻 (𝑌 |𝑋),

which can be anywhere in the interval (𝐻 (𝑌 |𝑋), (1 ´ 𝜖)𝐻 (𝑌 |𝑋) + 𝜖𝐻 (𝑌 )].

□

Remark 8. When one sets the asymptotic probability of V (𝑛) as 𝑝 = 1, the encoder
of f(𝑛) = f(𝑛)H , the code that maps all incorrectly decoded realizations to a single
codeword. That is, all realizations that are decoded incorrectly, i.e., 𝑥𝑛 P X𝑛zS (𝑛)

L

map to the same codeword 𝑐˚. In this case,𝐻
(
Y|X̂

)
= (1´𝜖)𝐻 (𝑌 |𝑋)+𝜖𝐻 (𝑌 ). This

observation suggests that 𝐻 (Y|X̂) is affected by what the code does to realizations
that would be decoded incorrectly, and furthermore, any code in D (𝑛)

𝜖 that maps
all realizations that are decoded incorrectly to a single codeword yields 𝐻 (Y|X̂) =
(1 ´ 𝜖)𝐻 (𝑌 |𝑋) + 𝜖𝐻 (𝑌 ).

Proof of Theorem 8
The following lemma is a widget that I will use in the proof of Theorem 8.

Lemma 14. Let 𝐴1, 𝐴2, . . . be a random process on finite alphabet A. Let S (𝑛) Ď

A𝑛, 𝑛 = 1, 2, . . . be a sequence of sets such that lim𝑛ÝÑ8 Pr
[
𝐴𝑛 P S (𝑛)] = 𝑝, 𝑝 P

(0, 1). Let f(𝑛) , 𝑛 = 1, 2, . . . be a sequence of functions on A𝑛. If

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
𝑓 (𝑛) (𝐴𝑛)

)
= p- lim inf

𝑛ÝÑ8

1
𝑛
𝚤

(
𝑓 (𝑛) (𝐴𝑛)

)
= 𝐻 (4.36)

where 𝐻 is a positive constant, then

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
𝑓 (𝑛) (𝐴𝑛)

���𝐴𝑛 P S (𝑛)
)

ě 𝐻. (4.37)
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Proof. See Section 4.7. □

Proof of Theorem 8. To prove Theorem 8, first notice that it is impossible for
H(Y|X̂) to be strictly larger than 𝐻 (𝑌 ), because i.i.d. sources satisfy the strong
converse property. Also, it is impossible for H(Y|X̂) to be strictly smaller than
𝐻 (𝑌 |𝑋) since 𝑋̂𝑛 ´ 𝑋𝑛 ´ 𝑌 𝑛 forms a Markov chain.

Next, I set aside 𝐻 = 𝐻 (𝑌 ) first, and show that H(Y|X̂) = 𝐻 is possible for
𝐻 P [𝐻 (𝑌 |𝑋), 𝐻 (𝑌 )).

I start by showing that there exists a sequence of codes {(f(𝑛) , g(𝑛))}8
𝑛=1 that satisfy

the following properties for any 𝛿, 𝜀 ą 0 for large enough blocklength 𝑛. For
convenience, I assume codewords are converted to their binary expansions. I denote
𝑅1 ≜ 𝐻 (𝑋,𝑌 ) ´ 𝐻, and f(𝑛)

𝑅1 (𝑥𝑛) = ⌊f(𝑛) (𝑥𝑛)⌋𝑛𝑅1 .

• The code itself satisfies (f(𝑛) , g(𝑛)) P D (𝑛)
𝜖 .

• There exists an encoder f(𝑛)
𝑌

: Y𝑛 ÞÑ [2𝑛(𝐻+𝛿)] and a decoder g(𝑛)
𝑌

: [2𝑛𝑅1] ˆ

[2𝑛(𝐻+𝛿)] ÞÑ Y𝑛 such that

P
[
g(𝑛)
𝑌

(
f(𝑛)
𝑅1 (𝑋𝑛), f(𝑛)𝑌

(𝑌 𝑛)
)
≠ 𝑌 𝑛

]
ď 𝜀. (4.38)

• For any pair of encoder f(𝑛)
𝑌

: Y𝑛 ÞÑ [2𝑛(𝐻´𝛿)] and decoder g(𝑛)
𝑌

: [2𝑛𝑅1] ˆ

[2𝑛(𝐻´𝛿)] ÞÑ Y𝑛,

P
[
g(𝑛)
𝑌

(
f(𝑛)
𝑅1 (𝑋𝑛), f(𝑛)𝑌

(𝑌 𝑛)
)
≠ 𝑌 𝑛

]
ě 1 ´ 𝜀. (4.39)

That is, the code itself is efficient and reliable in terms of rate and error probability.
If we truncate it at rate 𝑅1, the truncated codeword can be combined with an encoded
description of 𝑌 𝑛 at any rate above 𝐻 to produce a reconstruction of 𝑌 𝑛 with error
probability arbitrarily close to 0; but when the truncated codeword is combined with
any encoded description of𝑌 𝑛 at rate below 𝐻, the reconstruction error is arbitrarily
close to 1. This can be done by consulting the random binning code generation.
There exists a 𝐶 = 𝑂 (1) such that, if the encoder f(𝑛) is generated using the classic
random binning technique (F(𝑛) denotes the random variable) with rate 𝑅𝑛 being the
largest rate satisfying 2𝑛𝑅𝑛 P Z+ and

𝑅𝑛 ď 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

+ 𝐶
𝑛
,
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then the probability of event{
P𝑋𝑛

[
G(𝑛)

(
F(𝑛) (𝑋𝑛)

)
≠ 𝑋𝑛

]
ď 𝜖

}
(4.40)

is bounded from below by a positive constant that can be made close to 1 (how close
is determined by the choice of 𝐶). This is a result of [9, Lemma 25]. The proof
of [9, Theorem 24] directly implies that the claim above is true; a similar argument
also appears in the proof of Lemma 17.

Using random binning to generate F(𝑛)
𝑌

as well, the second requirement can also be
met with probability close to 1. Note that the rate choices make the pair (𝑅1, 𝐻 + 𝛿)
fall in the asymptotic achievable rate region of the Slepian-Wolf code. Multiple
results on the behavior of random binning code in that region exists, for example,
the proof of [52, Theorem 15.4.1] shows that the average

P𝑋𝑛𝑌𝑛

[
G(𝑛)
𝐽

(
F(𝑛)
𝑅1 (𝑋𝑛),F(𝑛)

𝑌
(𝑌 𝑛)

)
≠ (𝑋𝑛, 𝑌 𝑛)

]
(4.41)

can be made arbitrarily close to 0, where G(𝑛)
𝐽

is a joint decoder that reconstructs
both sources. Let G(𝑛)

𝑌
take only the reconstruction of 𝑌 𝑛 from the output of G(𝑛)

𝐽
,

then, the average

P𝑋𝑛𝑌𝑛

[
G(𝑛)
𝑌

(
F(𝑛)
𝑅1 (𝑋𝑛),F(𝑛)

𝑌
(𝑌 𝑛)

)
≠ 𝑌 𝑛

]
(4.42)

can also be made arbitrarily close to 0. By Markov’s inequality,

Pr
[
P𝑋𝑛𝑌𝑛

[
G(𝑛)
𝑌

(
F(𝑛)
𝑅1 (𝑋𝑛),F(𝑛)

𝑌
(𝑌 𝑛)

)
ď 𝑌 𝑛

]
ě 𝑎

]
ě 1 ´

E
[
P𝑋𝑛𝑌𝑛

[
G(𝑛)
𝑌

(
F(𝑛)
𝑅1 (𝑋𝑛),F(𝑛)

𝑌
(𝑌 𝑛)

)
≠ 𝑌 𝑛

] ]
𝑎

,

therefore, the random binning code satisfies the requirement in (4.38) with a prob-
ability that one can also bound from below by a constant that can be made close to
1.

On the other hand, (𝑅1, 𝐻´𝛿) falls outside the asymptotic Slepian-Wolf rate region.
Due to the strong converse property of (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛

𝑋𝑌
, no matter how f(𝑛)

𝑌
is

designed, for any decoder that reconstructs (𝑋𝑛, 𝑌 𝑛) from (f(𝑛)
𝑅1 (𝑋𝑛), f(𝑛)𝑌

(𝑌 𝑛)), the
probability of error will be arbitrarily close to 1. This includes the decoder that tries
to reconstruct 𝑌 𝑛 with optimal success probability. But, in order to show that any
g(𝑛)
𝑌

satisfies (4.39), the error probability bound for 𝑌 𝑛 only, I still need to show that
the case where 𝑌 𝑛 is reconstructed correctly but 𝑋𝑛 is not does not contribute much
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to the joint error probability. I call the reconstruction of 𝑋𝑛 from such a code 𝑋̂𝑛
𝑅1 to

distinguish from 𝑋𝑛, the reconstruction by (f(𝑛) , g(𝑛)), and refer to the reconstruction
of 𝑌 𝑛 as 𝑌 𝑛. That is,

P
[
𝑌 𝑛 ≠ 𝑌 𝑛

]
= P

[
(𝑋𝑛, 𝑌 𝑛) ≠

(
𝑋̂𝑛
𝑅1 , 𝑌

𝑛
) ]

´ P
[
𝑋𝑛 ≠ 𝑋̂𝑛

𝑅1 , 𝑌
𝑛 = 𝑌 𝑛

]
. (4.43)

I need to show that the random binning design of (f(𝑛) , g(𝑛)) makes the second term
on the right-hand side arbitrarily small in order to show that the left-hand side is
arbitrarily close to 1 like the first term on the right-hand side. Consider the maximum
likelihood decoder with side information, breaking ties lexicographically,

g(𝑛)
1,SI(𝑐1, 𝑦

𝑛) = arg min
𝑥𝑛:f(𝑛)

𝑅1 (𝑥𝑛)=𝑐1

𝚤 (𝑥𝑛 |𝑦𝑛) . (4.44)

If 𝑋̂𝑛
𝑅1 = G(𝑛)

1,SI(F
(𝑛)
𝑅1 (𝑋𝑛), 𝑌 𝑛) (randomness of G(𝑛)

1,SI comes from random binning
generation of the encoder),

P
[
𝑋𝑛 ≠ 𝑋̂𝑛

𝑅1 , 𝑌
𝑛 = 𝑌 𝑛

]
ď P

[
D𝑥𝑛 ă 𝑋𝑛,F(𝑛)

𝑅1 (𝑋𝑛) = F(𝑛)
𝑅1 (𝑥𝑛),

𝚤
(
𝑥𝑛 |𝑌 𝑛

)
ď 𝚤

(
𝑋𝑛 |𝑌 𝑛

)
, 𝑌 𝑛 = 𝑌 𝑛

]
= P

[
D𝑥𝑛 ă 𝑋𝑛,F(𝑛)

𝑅1 (𝑋𝑛) = F(𝑛)
𝑅1 (𝑥𝑛),

𝚤 (𝑥𝑛 |𝑌 𝑛) ď 𝚤 (𝑋𝑛 |𝑌 𝑛) , 𝑌 𝑛 = 𝑌 𝑛
]

ď P
[
D𝑥𝑛 ă 𝑋𝑛,F(𝑛)

𝑅1 (𝑋𝑛) = f(𝑛)
𝑅1 (𝑥𝑛),

𝚤 (𝑥𝑛 |𝑌 𝑛) ď 𝚤 (𝑋𝑛 |𝑌 𝑛)
]

which approaches 0 exponentially quickly as 𝑛 grows, identical to bounding the error
probability of random binning code for 𝑋𝑛 with perfect side information𝑌 𝑛 at a rate
that is asymptotically above 𝐻 (𝑋 |𝑌 ). Therefore, if P

[
𝑌 𝑛 ≠ 𝑌 𝑛

]
is not arbitrarily

close to 1 for all possible designs of decoders, P
[
(𝑋𝑛, 𝑌 𝑛) ≠ ( 𝑋̂𝑛

𝑅1 , 𝑌
𝑛)

]
cannot be

either. Then, applying Markov’s inequality on

1 ´ P𝑋𝑛𝑌𝑛

[
G(𝑛)
𝑌

(
F(𝑛)
𝑅1 (𝑋𝑛),F(𝑛)

𝑌
(𝑌 𝑛)

)
≠ 𝑌 𝑛

]
, (4.45)

the random binning code satisfies the requirement in (4.39) with a probability that
one can also bound from below by a constant that can be made close to 1.

Therefore, random binning makes the probability of satisfying all three require-
ments bounded away from zero. So there exists a deterministic sequence of codes
(f(𝑛) , g(𝑛)) that satisfy all three requirements.
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I proceed to construct a sequence of codes (f(𝑛)˚ , g(𝑛)) (the decoder is kept the same)
from this code that satisfies H(Y|X̂) = 𝐻.

LetS (𝑛)
˚ ≜

{
𝑥𝑛 P X𝑛 : g(𝑛)

(
f(𝑛) (𝑥𝑛)

)
≠ 𝑥𝑛

}
be the set of realizations that (f(𝑛) , g(𝑛)),

the code I just constructed, decodes incorrectly. For all 𝑥𝑛 ∉ S (𝑛)
˚ , reuse the same

codeword f(𝑛)˚ (𝑥𝑛) = f(𝑛) (𝑥𝑛). For all 𝑥𝑛 P S (𝑛)
˚ , truncate f(𝑛) (𝑥𝑛) into f(𝑛)

𝑅1 (𝑥𝑛) and
pad with zeros (or any fixed symbol in the codeword symbol alphabet) to reach the
same length as other codewords. Note that this (f(𝑛)˚ , g(𝑛)) has the exact same rate
and error probability as (f(𝑛) , g(𝑛)), so it is also in D (𝑛)

𝜖 .

Furthermore, it also satisfies the second requirement because it does not differ from
(f(𝑛) , g(𝑛)) in the first 𝑛𝑅1 bits of any codeword. Therefore, as 𝑛 grows, one can also
reconstruct 𝑌 𝑛 with arbitrarily low positive error probability from f(𝑛)˚ (𝑋𝑛) and f(𝑛)

𝑌
.

Applying Lemma 11 gives H(Y|X̂) ď 𝐻.

To show that H(Y|X̂) ě 𝐻, notice that, due to the second and third requirements
that (f(𝑛) , g(𝑛)) satisfies,𝑌 𝑛 can be reconstructed with side information f(𝑛)

𝑅1 (𝑋𝑛) with
vanishing probability if compressed at a rate above 𝐻, and the reconstruction error
approaches 1 if the rate is below 𝐻. This implies

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛

���f(𝑛)
𝑅1 (𝑋𝑛)

)
= p- lim inf

𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛

���f(𝑛)
𝑅1 (𝑋𝑛)

)
(4.46)

= lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛

���f(𝑛)
𝑅1 (𝑋𝑛)

)
(4.47)

= 𝐻 (4.48)

by the strong converse theorem (side-information version of [31, Theorem 2.3.2],
proof omitted due to exact similarity).

Similar to obtaining (4.31) and (4.32),

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
f(𝑛)
𝑅1 (𝑋𝑛)

)
= 𝐻 (𝑋,𝑌 ) ´ lim

𝑛ÝÑ8

1
𝑛
𝐻

(
𝑋𝑛, 𝑌 𝑛

���f(𝑛)
𝑅1 (𝑋𝑛)

)
(4.49)

= 𝐻 (𝑋,𝑌 ) ´ 𝐻 (4.50)

= 𝑅1. (4.51)

Since the alphabet size of f(𝑛)
𝑅1 (𝑋𝑛) is 2𝑛𝑅1 , the spectral sup-entropy rate cannot

exceed 𝑅1, which means that

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
f(𝑛)
𝑅1 (𝑋𝑛)

)
= p- lim inf

𝑛ÝÑ8

1
𝑛
𝚤

(
f(𝑛)
𝑅1 (𝑋𝑛)

)
(4.52)

= lim
𝑛ÝÑ8

1
𝑛
𝐻

(
f(𝑛)
𝑅1 (𝑋𝑛)

)
(4.53)

= 𝑅1, (4.54)
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further implying

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛, f(𝑛)

𝑅1 (𝑋𝑛)
)
= p- lim inf

𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛, f(𝑛)

𝑅1 (𝑋𝑛)
)

(4.55)

= lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑌 𝑛, f(𝑛)

𝑅1 (𝑋𝑛)
)

(4.56)

= 𝐻 (𝑋,𝑌 ). (4.57)

Applying Lemma 14 to (4.57),

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛, f(𝑛)

𝑅1 (𝑋𝑛)
��� 𝑋𝑛 P S (𝑛)

˚

)
ě 𝐻 (𝑋,𝑌 ). (4.58)

Applying Lemma 14 to (4.54) and reusing the alphabet size constraint of 2𝑛𝑅1 ,

p- lim sup
𝑛ÝÑ8

1
𝑛
𝚤

(
f(𝑛)
𝑅1 (𝑋𝑛)

��� 𝑋𝑛 P S (𝑛)
˚

)
= 𝑅1. (4.59)

Therefore,
p- lim sup

𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛

���f(𝑛)
𝑅1 (𝑋𝑛) , 𝑋𝑛 P S (𝑛)

˚

)
ě 𝐻. (4.60)

Since P
[
𝑋𝑛 P S (𝑛)

˚

]
ÝÑ 𝜖 ą 0, due to the construction of f(𝑛) ,

𝚤

(
𝑌 𝑛

���f(𝑛) (𝑋𝑛) ) = 𝚤 (𝑌 𝑛 ���f(𝑛)
𝑅1 (𝑋𝑛) , 𝑋𝑛 P S (𝑛)

˚

)
(4.61)

with a non-vanishing probability. Therefore,

H
(
Y|X̂

)
= p- lim sup

𝑛ÝÑ8

1
𝑛
𝚤

(
𝑌 𝑛

���f(𝑛) (𝑋𝑛) ) ě 𝐻. (4.62)

The final task is to show that there exists a sequence of code such that H(Y|X̂) =
𝐻 (𝑌 ). I use the same design that gives 𝐻 (Y|X̂) = 𝜖𝐻 (𝑌 ) + (1 ´ 𝜖)𝐻 (𝑌 |𝑋) in the
proof of Theorem 7: all realizations in S (𝑛)

˚ map to a single codeword. Then, with
non-vanishing probability,

𝚤(𝑌 𝑛 | 𝑋̂𝑛) = 𝚤(𝑌 𝑛 |f(𝑛) (𝑋𝑛)) (4.63)

= 𝚤 (𝑌 𝑛 |E𝑛) , (4.64)
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where E𝑛 is the event that 𝑋𝑛 maps to that single codeword. As in the proof of
Theorem 7, the construction of the code ensures that P[E𝑛] ÝÑ 𝜖 . Furthermore,

𝚤(𝑌 𝑛 |E𝑛) = log
1

𝑃𝑌𝑛 |E𝑛
(𝑌 𝑛) (4.65)

= log
1

𝑃𝑌𝑛 |1{E𝑛} (𝑌 𝑛 |1)
(4.66)

= log
𝑃1{E𝑛} (1)

𝑃1{E𝑛}|𝑌𝑛 (1|𝑌 𝑛)𝑃𝑛
𝑌
(𝑌 𝑛) (4.67)

= 𝚤(𝑌 𝑛) + log P[E𝑛] + log
1

𝑃1{E𝑛}|𝑌𝑛 (1|𝑌 𝑛) (4.68)

ě 𝚤(𝑌 𝑛) + log P[E𝑛] . (4.69)

Since the second term converges to a constant, and 1
𝑛
𝚤(𝑌 𝑛) converges to 𝐻 (𝑌 ) with

probability 1,

H
(
Y|X̂

)
≜ p- lim sup

𝑛ÝÑ8

1
𝑛
𝚤(𝑌 𝑛 | 𝑋̂𝑛) ě p- lim inf

𝑛ÝÑ8

1
𝑛
𝚤(𝑌 𝑛 |E𝑛) ě 𝐻 (𝑌 ). (4.70)

□

Proof of Theorem 9
The proof of Theorem 9 2 relies on some definitions and auxiliary results stated
below.

The quantization strategy in the following is seen in proofs for universal source
coding, see, for example, [53].

Definition 15 (Quantized Distribution Set). Given a finite alphabet A and 𝑛 P Z+,
the quantized distribution set S (𝑛)

𝑄
(A) consists of all p.m.f.s 𝑄 : A ÞÑ [0, 1] such

that 𝑄(𝑎) is an integer multiple of 1
𝑛

for all 𝑎 P A.

Under this definition, the number of distinct quantized distributions satisfies���S (𝑛)
𝑄

(A)
��� ď (𝑛 + 1) |A| .

Definition 16 (Distribution Quantization). Given a p.m.f. 𝑃 : A ÞÑ [0, 1] where A
is a finite alphabet, the 𝑛-quantization of 𝑃 for 𝑛 P Z+, 𝑄 (𝑛) (𝑃) = (𝑄 (𝑛) (𝑃, 𝑥) : 𝑥 P

2There are easier ways to prove Theorem 9. The proof of Theorem 9 in this thesis is deliberately
constructed such that the code for 𝑌𝑛 does not need to consult 𝑋𝑛 in any other way than observing
𝑋̂𝑛.
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A), and

𝑄 (𝑛) (𝑃, 𝑥) =


1
𝑛
⌈𝑛𝑃(𝑥)⌉ , 𝑥 P Az{𝑥˚}

1 ´
∑
𝑥PAz{𝑥˚} 𝑄

(𝑛) (𝑃, 𝑥), 𝑥 = 𝑥˚
(4.71)

where 𝑥˚ ≜ arg max𝑥PA 𝑃(𝑥) with ties broken in ascending order on the ordered
alphabet A. Note that 𝑛 ě |A|(|A| ´ 1) implies

𝑄 (𝑛) (𝑃) P S (𝑛)
𝑄

(A), (4.72)

where 𝑛 ě |A|(|A| ´ 1) is needed to ensure that 𝑄 (𝑛) (𝑃, 𝑥) is a p.m.f. on the same
support as 𝑃𝑋𝑌 .

Lemma 15 (Modified from [53, Lemma 3]). Let 𝑃𝑋𝑌 : X ˆ Y ÞÑ [0, 1] be a p.m.f.
on finite alphabet X ˆ Y. For all S (𝑛) Ď X𝑛 ˆ Y𝑛,

P
[
S (𝑛)] = Q

[
S (𝑛)]

¨𝑂 (1), (4.73)

where P captures the randomness of (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛
𝑋𝑌

andQ captures the randomness
of (𝑋𝑛, 𝑌 𝑛) „ 𝑄𝑛

𝑋𝑌
,

𝑄𝑋𝑌 (𝑥, 𝑦) ≜ 𝑄 (𝑛) (𝑃𝑌 |𝑋=𝑥 , 𝑦)𝑃𝑋 (𝑥) @(𝑥, 𝑦) P X ˆ Y.

That is, quantizing the conditional distribution does not rescale the probability of
any event by more than 𝑂 (1).

Proof. See Section 4.7. □

Lemma 16. Consider stationary, memoryless sources 𝑋1, 𝑋2, . . . drawn i.i.d. ac-
cording to p.m.f. 𝑃𝑋 on finite alphabet X that satisfies 𝑉 (𝑋) ą 0. Let

(
F(𝑛)

1 ,G(𝑛)
1

)
be a random binning code ensemble with

𝑅1 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖 ´

𝐶1

?
𝑛

)
´

log 𝑛
2𝑛

(4.74)

Where 𝐶1 = 𝐵(𝑋) + 𝐶 (𝑋) is a positive constant (𝐵(𝑋) and 𝐶 (𝑋) follow the
definitions in [9, Eqn (35-36)]). For a conditional distribution 𝑃𝑌 |𝑋 : X ˆ Y ÞÑ

[0, 1], let (F(𝑛)
2 ,G(𝑛)

2 ) be the random binning code ensemble with side information
at rate

𝑅2 = 𝐻 (𝑌 |𝑋) + 𝛿2, (4.75)

with 𝛿2 being a positive constant. Then, the random code ensemble satisfies

EF(𝑛)
1 ,G(𝑛)

1

[
P𝑋𝑛

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

] ]
ď 𝜖 (4.76)
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and

EF(𝑛)
1 ,G(𝑛)

1 ,F(𝑛)
2 ,G(𝑛)

2

[
P𝑋𝑛𝑌𝑛

[
G(𝑛)

2

(
F(𝑛)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
] ]

ď 2´𝑛𝐸2

(4.77)
where 𝐸2 ą 0 is a function of 𝛿2.

Proof. The bound (4.76) can be obtained by the exact same strategy as [9] by
applying the RCU bound as 𝐶1 = 𝐵(𝑋) + 𝐶 (𝑋).

The exponential decay of the error probability at the second stage of the onion
peeling relies on the coding strategy in Figure 4.2. Due to the choice of 𝑅1 and 𝑅2,
there exists a constant 𝛿12 such that

𝑅1 + 𝑅2 ´ 𝐻 (𝑋,𝑌 ) ě 𝛿12 (4.78)

for sufficiently large 𝑛.

The event
{
G(𝑛)

2

(
F(𝑛)

2 (𝑌 𝑛),G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
}

can be captured by the union of
the following error events.

E2 ≜ {D𝑦̄𝑛 P Y𝑛
z{𝑌 𝑛} s.t. 𝚤( 𝑦̄𝑛 |𝑋𝑛) ď 𝚤(𝑌 𝑛 |𝑋𝑛),F(𝑛)

2 ( 𝑦̄𝑛) = F(𝑛)
2 (𝑌 𝑛)} (4.79)

E12 ≜ {D𝑥𝑛 P X𝑛
z{𝑋𝑛}, 𝑦̄𝑛 P Y𝑛

z{𝑌 𝑛}
s.t. 𝚤(𝑥𝑛, 𝑦̄𝑛) ď 𝚤(𝑋𝑛, 𝑌 𝑛),F(𝑛)

1 (𝑥𝑛) = F(𝑛)
1 (𝑋𝑛),F(𝑛)

2 ( 𝑦̄𝑛) = F(𝑛)
2 (𝑌 𝑛)}.

(4.80)

The probabilities of both events decay exponentially with 𝑛 since 𝑅2 ´ 𝐻 (𝑌 |𝑋) =
𝛿2 ą 0 and (4.78). Specifically, P[E2] exponentially decays, with the error exponent
characterized in [54]. Similar strategy works for E12. Therefore, there exists positive
constant 𝐸2 such that (4.77) holds.

□

Lemma 17 (Excess Error Probability). Consider stationary, memoryless sources
𝑋1, 𝑋2, . . . drawn i.i.d. according to p.m.f. 𝑃𝑋 on finite alphabet X that satisfies
𝑉 (𝑋) ą 0. Then, there exists constants 𝐶2 ą 0, 𝛿 P (0, 1) such that the following is
true. Let

(
F(𝑛)

1 ,G(𝑛)
1

)
be a random binning code ensemble with

𝑅1 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖 ´

𝐶1

?
𝑛

´
𝐶2

?
𝑛

)
´

log 𝑛
2𝑛

. (4.81)

Let Y be a finite alphabet. For the 𝑘-th joint p.m.f. 𝑃(𝑘)
𝑋𝑌

: X ˆY ÞÑ [0, 1] such that

𝑃
(𝑘)
𝑋𝑌

P S (𝑛)
cond =

{
𝑃1
𝑋𝑌 : 𝑃1

𝑋 = 𝑃𝑋 , 𝑃
1
𝑌 |𝑋=𝑥 P S (𝑛)

𝑄
(Y)@𝑥 P X

}
.
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Let
𝐻 (𝑘) (𝑌 |𝑋) ≜

∑︁
𝑥PX
𝑦PY

𝑃
(𝑘)
𝑋𝑌

(𝑥, 𝑦) log
𝑃𝑋 (𝑥)

𝑃
(𝑘)
𝑋𝑌

(𝑥, 𝑦)
(4.82)

be the conditional entropy with respect to 𝑃(𝑘)
𝑋𝑌

. Let (F(𝑛,𝑘)
2 ,G(𝑛,𝑘)

2 ) be a random
binning code ensemble with side information at rate 𝐻 (𝑘) (𝑌 |𝑋) + 𝛿(𝑘)2 with 𝛿(𝑘)2 s
being positive constants. For sufficiently large 𝑛, the random code ensembles satisfy

P

P1 Y


⋃

𝑘P

[���S (𝑛)
cond

���] P
(𝑘)
2


 ď 𝛿, (4.83)

where the P captures the randomness of
(
F(n)

1 ,G(𝑛)
1

)
,

(
F(𝑛,𝑘)

2 ,G(𝑛,𝑘)
2

)
, 𝑘 P

[���S (𝑛)
cond

���] ,
P1 ≜

{
P𝑋𝑛

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

]
ą 𝜖

}
, (4.84)

and

P (𝑘)
2 ≜

{
P𝑋𝑛𝑌𝑛

[
G(𝑛,𝑘)

2

(
F(𝑛,𝑘)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
]

ą 2´𝑛𝛾 (𝑘 )
}

(4.85)

for 𝑘 P

[���S (𝑛)
cond

���] .
Proof of Lemma 17. For each 𝑃

(𝑘)
𝑋𝑌

P S (𝑛)
𝑄

, the expected error probability of the
second stage of the code can be bounded by

EF(𝑛)
1 ,G(𝑛)

1 ,F(𝑛,𝑘 )
2 ,G(𝑛,𝑘 )

2

[
P𝑋𝑛𝑌𝑛

[
G(𝑛,𝑘)

2

(
F(𝑛,𝑘)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
] ]

ď 2´𝑛𝐸
(𝑘 )
2 .

(4.86)
By Markov’s inequality, for 𝛾 (𝑘) P

(
0, 𝐸 (𝑘)

2

)
,

P
[
P (𝑘)

2

]
(4.87)

= PF(𝑛)
1 ,G(𝑛)

1 ,F(𝑛,𝑘 )
2 ,G(𝑛,𝑘 )

2

[
P𝑋𝑛𝑌𝑛

[
G(𝑛,𝑘)

2

(
F(𝑛,𝑘)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
]

ą 2´𝑛𝛾 (𝑘 )
]

(4.88)

ď 2´𝑛

(
𝐸

(𝑘 )
2 ´𝛾 (𝑘 )

)
. (4.89)

That is, the probability of P (𝑘)
2 decays exponentially with 𝑛.

To bound the probability of P1, we use [9, Lemma 25], a direct result from Markov’s
inequality. For a point-to-point fixed-length source code, by converse result of the
finite-blocklength source coding theorem [28], the smallest possible error probability
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of a code with rate specified in (4.81) is close to 𝜖 . Specifically, let C (𝑛) be all codes(
f(𝑛)1 , g(𝑛)

1

)
such that

𝑅1 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖 ´

𝐶1

?
𝑛

´
𝐶2

?
𝑛

)
´

log 𝑛
2𝑛

. (4.90)

Then, the converse of almost lossless point-to-point source codes [28][9] bounds
the minimum decoding error as

min(
f(𝑛)1 ,g(𝑛)

1

)
PC (𝑛)

P
[
g(𝑛)

1

(
f(𝑛)1 (𝑋𝑛)

)
≠ 𝑋𝑛

]
ě 𝜖 ´

𝐶2

?
𝑛

´
Δ

?
𝑛

(4.91)

for some constant Δ ą 0.

Lemma 16 shows that the expected error probability satisfies

EF(𝑛)
1 ,G(𝑛)

1

[
P𝑋𝑛

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

] ]
ď 𝜖 ´

𝐶2

?
𝑛
. (4.92)

Applying [9, Lemma 25],

P[P1] ď

𝜖 ´ 𝐶2
?
𝑛

´ 𝜖 + 𝐶2
?
𝑛
+ Δ?

𝑛

𝜖 ´ 𝜖 + 𝐶2
?
𝑛
+ Δ?

𝑛

(4.93)

=
Δ

𝐶2 + Δ
. (4.94)

Choosing 𝐶2 = 2Δ/𝛿 ´ Δ gives

P[P1] ď
𝛿

2
. (4.95)

Since the cardinality of S (𝑛)
cond is bounded from above by (𝑛+1) |X||Y|, for sufficiently

large 𝑛,

P


⋃

𝑘P

[���S (𝑛)
cond

���] P
(𝑘)
2

 ď

∑︁
𝑘P

[���S (𝑛)
cond

���] P
[
P (𝑘)

2

]
ď
𝛿

2
. (4.96)

Combining (4.95) and (4.96) and applying the union bound again gives the desired
result.

□

Proof of Theorem 9. By the differentiability of 𝑄´1(¨), the rate in (4.81) satisfies

𝑅1 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1(𝜖) ´
log 𝑛
2𝑛

+𝑂
(
1
𝑛

)
. (4.97)
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Let SE P X𝑛 ˆ Y𝑛 be the set of realizations (𝑥𝑛, 𝑦𝑛) such that the reconstruction
𝑦̂𝑛 ≠ 𝑦𝑛 under a given code design. By Lemma 15,

P [SE] = Q [SE] ¨𝑂 (1), (4.98)

where P and Q are probabilities with respect to distributions 𝑃𝑋𝑌 and 𝑄𝑋𝑌 (as
defined in Lemma 15), respectively. This means that, if a deterministic sequence of
code achieves exponentially decaying error probability for source distribution 𝑄𝑋𝑌 ,
then the same error exponent can be achieved by the exact same code for source
distribution 𝑃𝑋𝑌 . That is, I can first design a code for each quantized 𝑃(𝑘)

𝑋𝑌
with rate

𝑅2 = 𝐻𝑄 (𝑌 |𝑋) + 𝛿(𝑘)2 . Then, for any 𝑃𝑋𝑌 = 𝑃𝑌 |𝑋𝑃𝑋 that is not necessarily in S (𝑛)
cond,

I can use the code designed for its quantized version 𝑄𝑋𝑌 which is in S (𝑛)
cond. By

Lemma 17 and (4.98), the resulting code satisfies the following two criteria with
probability at least 1 ´ 𝛿:

1. The first-stage code is efficient and reliable. That is,
(
F(𝑛)

1 ,G(𝑛)
1

)
P D (𝑛)

𝜖 .

2. The 2nd-stage reconstruction error is bounded by 2´𝑛𝛾 (𝑘 ) ¨𝑂 (1).

Therefore, there exists a deterministic code that satisfies these two criteria. The
conditional entropy based on the quantized distribution𝐻𝑄 (𝑌 |𝑋) is close to𝐻 (𝑌 |𝑋)
because of the continuity of entropies. Specifically, by the definition of 𝑄 (𝑛) (¨),


𝑄 (𝑛) (𝑃𝑋𝑌 ) ´ 𝑃𝑋𝑌





2

ď




𝑄 (𝑛) (𝑃𝑋𝑌 ) ´ 𝑃𝑋𝑌





1
= 𝑂

(
1
𝑛

)
, (4.99)

which implies that
��𝐻𝑄 (𝑋,𝑌 ) ´ 𝐻 (𝑋,𝑌 )

�� = 𝑂 (1/𝑛). Also,
��𝐻𝑄 (𝑋) ´ 𝐻 (𝑋)

��.
Therefore, the 2nd-stage code used for any 𝑃𝑌 |𝑋 satisfies

𝑅
(𝑘)
2 = 𝐻 (𝑌 |𝑋) + 𝛿(𝑘)2 +𝑂

(
1
𝑛

)
. (4.100)

Since 𝛿(𝑘)2 can be made arbitrarily small, according to Lemma 11,

H
(
Y|X̂

)
ď 𝐻 (𝑌 |𝑋). (4.101)

Due to the fact that 𝑌 𝑛 ÝÑ 𝑋𝑛 ÝÑ 𝑋̂𝑛 forms a Markov chain, (4.101) holds with
equality. In conclusion, there exists a sequence of code inD (𝑛)

𝜖 such thatH
(
Y|X̂

)
=

𝐻

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋) for universal 𝑃𝑌 |𝑋 . □
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Proof of Theorem 10
LDPC codes [55] are a family of linear block error correcting codes that are widely
used in channel coding scenario [56]. Its structure enables the use of a suboptimal
decoder that operates more efficiently than the computationally heavy [57] maximum
likelihood decoder. The LDPC code is originally designed for channel coding
scenario, but it can be transplanted to source coding by using the parity check
matrix as the encoder [58]. This helps with proving Theorem 10.

I prove Theorem 10 by showing that random LDPC first-stage code generation yields
𝐻

(
Y|X̂

)
= H

(
Y|X̂

)
= 𝐻 (𝑌 |𝑋) with certain probability. The non-asymptotic

analysis in auxiliary results Theorem 11 and part of Lemma 18 is a dual of the
channel code result from [59]. The following definition is identical to the random
LDPC matrix generation method in [59] for code alphabet 𝐺𝐹 (2).

Definition 17 (LDPC Matrix by Uniform Permutation). An (𝑛, 𝑚, 𝜌, 𝜆) LDPC ma-
trix by uniform permutation is a random 𝑚 ˆ 𝑛 binary matrix generated by the
following process. Let 𝝅 = (𝜋1, . . . , 𝜋𝑛𝜆) be a uniform random permutation of
(1, 2, . . . , 𝑛𝜆). Then, construct Φ as follows. For 𝑗 P [𝑚] and 𝑘 P [𝑛], the entry of
Φ at 𝑗-th row, 𝑘-th column is decided by

ℎ 𝑗 ,𝑘 = |{( 𝑗 ´ 1)𝜌 + 1, . . . , 𝑗 𝜌} X {𝜋(𝑘´1)𝜆+1, . . . , 𝜋𝑘𝜆}| mod 2. (4.102)

This is equivalent to connecting sockets from variable nodes and check nodes of the
associated Tanner graph by a uniform random permutation. Further, define

𝛼 ≜ max
𝑥PT 𝑛z{0}

2𝑚𝑆𝑛 (T 𝑛 (𝑥))
𝐵 (𝑛,T 𝑛 (𝑥)) (4.103)

where T 𝑛 (𝑥) is the set of length-𝑛 vectors with the same type [52, Ch.11] as 𝑥,
𝐵(𝑛,T) is the number of length-𝑛 vectors with type T , and 𝑆𝑛 (T ) is the expected
number of vectors of type T that are in the kernel of Φ.

In the proof of Theorem 10, I choose the density of Φ such that log𝛼 = 𝑂 (log 𝑛).
This is possible if the number of 1’s in each row/column of Φ increases as 𝑂 (log 𝑛)
[59]. If the density of the matrix is high (e.g. 𝑂 (𝑛) 1’s per row/column), log𝛼
becomes smaller, reducing the rate penalty in Lemma 18 and therefore in Theo-
rem 10. However, even if such a code is also linear, it requires significantly more
complicated hardware and software design.

Definition 18 (Uniform Permutation LDPC Random Code Ensemble). An (𝑛, 𝑚, 𝜌, 𝜆)
uniform LDPC random code

(
F(𝑛) ,G(𝑛)

)
is the code corresponding to an (𝑛, 𝑚, 𝜌, 𝜆)
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random uniform-permutation LDPC matrix Φ. That is,

F(𝑛) (𝑥𝑛) = Φ𝑥𝑛 (4.104)

and
G(𝑛) (𝑐) = arg max

𝑥𝑛:Φ𝑥𝑛=𝑐
𝑃𝑛𝑋 (𝑥

𝑛) = arg min
𝑥𝑛:Φ𝑥𝑛=𝑐

𝚤(𝑥𝑛) (4.105)

with ties broken lexicographically in ascending order.

The following auxiliary results are useful for the proof of Theorem 10.

The random coding union (RCU) bound, stated below, is a non-asymptotic achiev-
ability result on abstract sources.

Theorem 11 (LDPC RCU). For a random variable 𝑋 on alphabet {0, 1}𝑁 , let
(F(𝑁) ,G(𝑁)) be an (𝑁, 𝑀, 𝜌, 𝜆) uniform LDPC random code ensemble. Then,

E
[
P

[
G(𝑁)

(
F(𝑁) (𝑋)

)
≠ 𝑋

��� F(𝑁) ,G(𝑁)
] ]

ď E
[
min

{
1,

𝛼

2𝑀
E

[
exp

(
𝚤( 𝑋̄)

)
1
{
𝚤( 𝑋̄) ď 𝚤(𝑋)

}
|𝑋

]}]
(4.106)

where 𝑃𝑋𝑋̄ (𝑥, 𝑥) = 𝑃𝑋 (𝑥)𝑃𝑋 (𝑥) for all 𝑥, 𝑥 P {0, 1}𝑁 .

Proof of Theorem 11. The expected error probability can be bounded as follows.

E
[
P

[
G(𝑁)

(
F(𝑛) (𝑋)

)
≠ 𝑋

��� F(𝑁) ,G(𝑁)
] ]

ďP
[
D𝑥 P {0, 1}𝑁z{𝑋} s.t. 𝚤(𝑥) ď 𝚤(𝑋),Φ𝑥 = Φ𝑋

]
=P


⋃

𝑥P{0,1}𝑁 z{𝑋}
{𝚤(𝑥) ď 𝚤(𝑋),Φ𝑥 = Φ𝑋}


=E

P


⋃
𝑥P{0,1}𝑁 z{𝑋}

{𝚤(𝑥) ď 𝚤(𝑋),Φ𝑥 = Φ𝑋} |𝑋



ďE

min
1,

∑︁
𝑥P{0,1}𝑁 z{𝑋}

P [{𝚤(𝑥) ď 𝚤(𝑋),Φ𝑥 = Φ𝑋} |𝑋]



ďE

min
1,

𝛼

2𝑀
∑︁

𝑥P{0,1}𝑁
1 {𝚤(𝑥) ď 𝚤(𝑋)}




=E
[
min

{
1,

𝛼

2𝑀
E

[
exp

(
𝚤( 𝑋̄)

)
1
{
𝚤( 𝑋̄) ď 𝚤(𝑋)

}
|𝑋

]}]
.

□
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Lemma 18. Consider stationary, memoryless source 𝑋1, 𝑋2, . . . drawn i.i.d. ac-
cording to p.m.f. 𝑃𝑋 on alphabet X = {0, 1} that satisfies 𝑉 (𝑋) ą 0. Let(
F(𝑛)

1 ,G(𝑛)
1

)
be an (𝑛, 𝑚1, 𝜌1, 𝜆1) uniform LDPC random code ensemble (with en-

coder matrix Φ) with

𝑅1 =
𝑚1
𝑛

= 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖 ´

𝐶1

?
𝑛

)
´

log 𝑛
2𝑛

+ log𝛼
𝑛

(4.107)

where 𝐶1 = 𝐵(𝑋) + 𝐶 (𝑋). For a conditional distribution 𝑃𝑌 |𝑋 : X ˆ Y ÞÑ [0, 1],
let (F(𝑛)

2 ,G(𝑛)
2 ) be the random binning code ensemble with side information at rate

𝑅2 = 𝐻 (𝑌 |𝑋) + 𝛿2, (4.108)

with 𝛿2 being a positive constant. Then, the random code ensemble satisfies

EF(𝑛)
1 ,G(𝑛)

1

[
P𝑋𝑛

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

] ]
ď 𝜖 (4.109)

and

EF(𝑛)
1 ,G(𝑛)

1 ,F(𝑛)
2 ,G(𝑛)

2

[
P𝑋𝑛𝑌𝑛

[
G(𝑛)

2

(
F(𝑛)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
] ]

ď 2´𝑛𝐸2

(4.110)
where 𝐸2 ą 0 is a function of 𝛿2.

Proof of Lemma 18. By Theorem 11,

E
[
P

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

��� F(𝑛)
1 ,G(𝑛)

1

] ]
ď E

[
min

{
1,
𝛼

2𝑚
E

[
exp

(
𝚤
(
𝑋̄𝑛

) )
1
{
𝚤
(
𝑋̄𝑛

)
ď 𝚤 (𝑋𝑛)

}
|𝑋𝑛

]}]
where 𝑃𝑛

𝑋 𝑋̄
= 𝑃𝑛

𝑋
𝑃𝑛
𝑋
. Applying [21, Lemma 47] to the term

E
[
exp

(
𝚤
(
𝑋̄𝑛

) )
1
{
𝚤
(
𝑋̄𝑛

)
ď 𝚤 (𝑋𝑛)

}
|𝑋𝑛

]
gives

E
[
exp

(
𝚤
(
𝑋̄𝑛

) )
1
{
𝚤
(
𝑋̄𝑛

)
ď 𝚤 (𝑋𝑛)

}
|𝑋𝑛

]
ď
𝐶 (𝑋)
?
𝑛

exp (𝚤(𝑋𝑛))

where 𝐶 (𝑋) is a positive constant determined by 𝑃𝑋 . Hence

E
[
P

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

��� F(𝑛)
1 ,G(𝑛)

1

] ]
ďE

[
min

{
1,
𝛼𝐶 (𝑋)
2𝑚

?
𝑛

exp (𝚤(𝑋𝑛))
}]

=P
[
𝚤(𝑋𝑛) ą log

2𝑚
?
𝑛

𝛼𝐶 (𝑋)

]
+ 𝛼𝐶 (𝑋)

2𝑚
?
𝑛
E

[
exp (𝚤(𝑋𝑛)) 1

{
𝚤(𝑋𝑛) ď log

2𝑚
?
𝑛

𝛼𝐶 (𝑋)

}]
ďP

[
𝚤(𝑋𝑛) ą 𝑚 + 1

2
log 𝑛 ´ log𝐶 (𝑋) ´ log𝛼

]
+ 𝐶 (𝑋)?

𝑛
.
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Choosing

𝑚 = 𝑛𝐻 (𝑋) +
a

𝑛𝑉 (𝑋)𝑄´1
(
𝜖 ´

𝐵(𝑋) + 𝐶 (𝑋)
?
𝑛

)
´

1
2

log 𝑛 + log𝐶 (𝑋) + log𝛼

where 𝐵(𝑋) is the Berry-Esseen constant determined by 𝑃𝑋 gives

EF(𝑛)
1 ,G(𝑛)

1

[
P𝑋𝑛

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

] ]
ď 𝜖

with 𝐶1 = 𝐵(𝑋) + 𝐶 (𝑋).

Identical to the proof of Lemma 16, the exponential decay of the error probability
at the second stage of the onion peeling relies on the coding strategy in Figure 4.2.
Due to the choice of 𝑅1 and 𝑅2, there exists a constant 𝛿12 such that

𝑅1 + 𝑅2 ´ 𝐻 (𝑋,𝑌 ) ě 𝛿12 (4.111)

for sufficiently large 𝑛.

The event
{
G(𝑛)

2

(
F(𝑛)

2 (𝑌 𝑛),G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
}

can be captured by the union of
the following error events.

E2 ≜
{
D𝑦̄𝑛 P Y𝑛

z{𝑌 𝑛} s.t. 𝚤( 𝑦̄𝑛 |𝑋𝑛) ď 𝚤(𝑌 𝑛 |𝑋𝑛),F(𝑛)
2 ( 𝑦̄𝑛) = F(𝑛)

2 (𝑌 𝑛)
}

E12 ≜
{
D𝑥𝑛 P X𝑛

z{𝑋𝑛}, 𝑦̄𝑛 P Y𝑛
z{𝑌 𝑛}

s.t. 𝚤(𝑥𝑛, 𝑦̄𝑛) ď 𝚤(𝑋𝑛, 𝑌 𝑛),Φ𝑥𝑛 = Φ𝑋𝑛,F(𝑛)
2 ( 𝑦̄𝑛) = F(𝑛)

2 (𝑌 𝑛)
}
.

The probabilities of both events decay exponentially with 𝑛 since 𝑅2 ´ 𝐻 (𝑌 |𝑋) =
𝛿2 ą 0 and (4.111). Specifically, bounding E2 is identical to bounding the error
probability of a random binning code with side information. The error exponent
for such random binning code is characterized in [54]. For E12, whereas a better
error exponent can be obtained, I provide a simplified argument just to show that
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the probability of the event is exponentially decaying.

P[E12]

= P

[ ⋃
𝑥𝑛≠𝑋𝑛,𝑦̄𝑛≠𝑌𝑛

{𝚤(𝑥𝑛, 𝑦̄𝑛) ď 𝚤(𝑋𝑛, 𝑌 𝑛),Φ𝑥𝑛 = Φ𝑋𝑛,F(𝑛)
2 ( 𝑦̄𝑛) = F(𝑛)

2 (𝑌 𝑛)}
]

ď E

[
min

{
1,

∑︁
𝑥𝑛≠𝑋𝑛,𝑦̄𝑛≠𝑌𝑛

P [{𝚤(𝑥𝑛, 𝑦̄𝑛) ď 𝚤(𝑋𝑛, 𝑌 𝑛),Φ𝑥𝑛 = Φ𝑋𝑛,

F(𝑛)
2 ( 𝑦̄𝑛) = F(𝑛)

2 (𝑌 𝑛)}|𝑋𝑛, 𝑌 𝑛
] }]

ď E
[
min

{
1,

𝛼

2𝑀1+𝑀2
E

[
exp(𝚤( 𝑋̄𝑛, 𝑌 𝑛))1

{
𝚤( 𝑋̄𝑛, 𝑌 𝑛 ď 𝚤(𝑋𝑛, 𝑌 𝑛))

}
|𝑋𝑛, 𝑌 𝑛

]}]
ď max(1, 𝛼)E

[
min

{
1,

1
2𝑀1+𝑀2

E
[
exp(𝚤( 𝑋̄𝑛, 𝑌 𝑛))

¨1
{
𝚤( 𝑋̄𝑛, 𝑌 𝑛 ď 𝚤(𝑋𝑛, 𝑌 𝑛))

}
|𝑋𝑛, 𝑌 𝑛

] }]
which is max(1, 𝛼) multiples of a bound for a point-to-point random binning code
ensemble for (𝑋𝑛, 𝑌 𝑛). It can be shown to decay exponentially when 𝑅1 + 𝑅2 ą

𝐻 (𝑋,𝑌 ). Therefore, when log(𝛼) = 𝑂 (log 𝑛), which is the result of (𝜌, 𝜆) choices,
there exists positive constant 𝐸2 such that (4.110) holds. □

Proof of Theorem 10. Let

P1 ≜
{
P

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

��� F(𝑛)
1 ,G(𝑛)

1

]
ą 𝜖

}
(4.112)

and

P2 ≜
{
P

[
G(𝑛)

2

(
F(𝑛)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
��� F(𝑛)

1 ,G(𝑛)
1 ,F(𝑛)

2 ,G(𝑛)
2

]
ą 2´𝑛𝛾

}
.

(4.113)
Here, picking 𝛾 ă 𝐸2, the probability of P2 can easily be bounded using Markov’s
inequality and Lemma 18.

P[P2] ď P
[
G(𝑛)

2

(
F(𝑛)

2 (𝑌 𝑛) ,G(𝑛)
1

(
F(𝑛)

1 (𝑋𝑛)
))

≠ 𝑌 𝑛
]

¨ 2𝑛𝛾 = 2´𝑛(𝐸2´𝛾) (4.114)

which exponentially decays as 𝑛 ÝÑ 8.

To bound the probability of P1, I use [9, Lemma 25], a result from Markov’s
inequality. For a point-to-point fixed-length source code, by converse result of the
finite-blocklength source coding theorem, the smallest possible error probability of
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a code with rate specified in (4.81) is close to 𝜖 . Specifically, let C (𝑛) be all codes(
f(𝑛)1 , g(𝑛)

1

)
such that

𝑅1 = 𝐻 (𝑋) +
c

𝑉 (𝑋)
𝑛

𝑄´1
(
𝜖 ´

𝐶1

?
𝑛

´
Δ𝛿 log𝛼

?
𝑛

)
´

log 𝑛
2𝑛

+ log𝛼
𝑛

(4.115)

for some constant Δ𝛿 ą 0, and let C (𝑛)
Linear Ď C (𝑛) be all linear codes with the same

rate. Then, the converse of almost lossless point-to-point code [28][9] implies

min(
f(𝑛)1 ,g(𝑛)

1

)
PC (𝑛)

Linear

P
[
g(𝑛)

1

(
f(𝑛)1 (𝑋𝑛)

)
≠ 𝑋𝑛

]
ě min(

f(𝑛)1 ,g(𝑛)
1

)
PC (𝑛)

P
[
g(𝑛)

1

(
f(𝑛)1 (𝑋𝑛)

)
≠ 𝑋𝑛

]
ě 𝜖 ´

(Δ𝛿 + Δ) log𝛼
?
𝑛

for some Δ ą 0.

Lemma 16 shows that the expected error probability satisfies

E
[
P

[
G(𝑛)

1

(
F(𝑛)

1 (𝑋𝑛)
)
≠ 𝑋𝑛

��� F(𝑛)
1 ,G(𝑛)

1

] ]
ď 𝜖 ´

Δ𝛿 log𝛼
?
𝑛

. (4.116)

Applying [9, Lemma 25],

P[P1] ď

𝜖 ´
Δ𝛿 log𝛼

?
𝑛

´ 𝜖 + (Δ𝛿+Δ) log𝛼
?
𝑛

𝜖 ´ 𝜖 + (Δ𝛿+Δ) log𝛼
?
𝑛

(4.117)

=
Δ

Δ𝛿 + Δ
. (4.118)

ChoiceΔ𝛿 can be made to bound (4.118) from above by an arbitrarily small constant.
Here, for simplicity, I choose Δ𝛿 as a function of 𝛿 P (0, 1) that makes P[P1] ď 𝛿/2.
For 𝑛 large enough, event P2 in (4.113) satisfies P[P2] ď 𝛿/2 as well.

Therefore, there exists a sequence of linear codes (F(𝑛)
1 ,G(𝑛)

1 ) satisfying the rate
constraint in (4.10) such that one can design (F(𝑛)

2 ,G(𝑛)
2 ) with side information 𝑋̂𝑛

to have (exponentially) vanishing error for any rate greater than 𝐻 (𝑌 |𝑋). Applying
Lemma 11 completes the proof. □

4.7 Proof of Auxiliary Results
This section contains proofs of auxiliary results that are primarily technical and
tangential to the main themes of this chapter.
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Proof of Lemma 12

Proof.

1
𝑛
𝐻 (𝑌 𝑛 |E) =

∑︁
𝑦𝑛PY𝑛

𝑃𝑌𝑛 |E (𝑛) (𝑦𝑛) log
1

𝑃𝑌𝑛 |E (𝑛) (𝑦𝑛)

=
1
𝑛

∑︁
𝑦𝑛PY𝑛

P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛]𝑃𝑛
𝑌
(𝑦𝑛)

P[E (𝑛)]
log

P[E (𝑛)]
P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛]𝑃𝑛

𝑌
(𝑦𝑛)

=
1
𝑛

log P[E (𝑛)] + 1
𝑛P[E (𝑛)]

∑︁
𝑦𝑛PY𝑛

P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛]𝑃𝑛𝑌 (𝑦
𝑛) log

1
𝑃𝑛
𝑌
(𝑦𝑛)

+ 1
𝑛P[E (𝑛)]

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛] log

1
P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛]

.

The first term satisfies lim𝑛ÝÑ8 log P[E (𝑛)]/𝑛 = 0. Observing that 𝑎 log 1
𝑎

P

[0, 1
𝑒 ln 2 ] for 𝑎 P [0, 1], the third term satisfies

lim
𝑛ÝÑ8

1
𝑛P[E (𝑛)]

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛] log

1
P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛]

= 0

as well. The second term can be written as

1
𝑛P[E (𝑛)]

∑︁
𝑦𝑛PY𝑛

P[E (𝑛) |𝑌 𝑛 = 𝑦𝑛]𝑃𝑛𝑌 (𝑦
𝑛) log

1
𝑃𝑛
𝑌
(𝑦𝑛)

=
1

P[E (𝑛)]
E

[
P[E (𝑛) |𝑌 𝑛] 𝚤(𝑌

𝑛)
𝑛

]
=

1
P[E (𝑛)]

E
[
P[E (𝑛) |𝑌 𝑛] 𝚤(𝑌

𝑛)
𝑛

´ P[E (𝑛)]𝐻 (𝑌 )
]
+ 𝐻 (𝑌 )

=
1

P[E (𝑛)]
E

[
P[E (𝑛) |𝑌 𝑛]

(
𝚤(𝑌 𝑛)
𝑛

´ 𝐻 (𝑌 )
)]

+ 𝐻 (𝑌 )

where ����E [
P[E (𝑛) |𝑌 𝑛]

(
𝚤(𝑌 𝑛)
𝑛

´ 𝐻 (𝑌 )
)] ���� ď E

[
|P[E (𝑛) |𝑌 𝑛] |

����𝚤(𝑌 𝑛)𝑛 ´ 𝐻 (𝑌 )
����]

ď E
[����𝚤(𝑌 𝑛)𝑛 ´ 𝐻 (𝑌 )

����]
ÝÑ 0.

Therefore,
lim
𝑛ÝÑ8

1
𝑛
𝐻 (𝑌 𝑛 |E (𝑛)) = 0 + 0 + 𝐻 (𝑌 ) + 0 = 𝐻 (𝑌 ).

□
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Proof of Lemma 13

Proof. By Lemma 12, lim𝑛ÝÑ8
1
𝑛
𝐻 (𝐴𝑛 |𝐴𝑛 P S (𝑛)) = lim𝑛ÝÑ8

1
𝑛
𝐻 (𝐴𝑛 |𝐴𝑛 ∉ S (𝑛)) =

𝐻 (𝐴). Therefore,

𝐻

(
𝑓 (𝑛) (𝐴𝑛)

��� 𝐴𝑛 P S (𝑛)
)

ď 𝐻

(
𝐴𝑛 |𝐴𝑛 P S (𝑛)

)
implies

lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑓 (𝑛) (𝐴𝑛)

��� 𝐴𝑛 P S (𝑛)
)

ď 𝐻 (𝐴). (4.119)

Similarly,
lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑓 (𝑛) (𝐴𝑛)

��� 𝐴𝑛 ∉ S (𝑛)
)

ď 𝐻 (𝐴). (4.120)

Notice that the chain rule of entropy gives

𝐻

(
𝑓 (𝑛) (𝐴𝑛)

)
+ 𝐻

(
1
{
𝐴𝑛 P S (𝑛)}��� 𝑓 (𝑛) (𝐴𝑛))

= 𝐻

(
1
{
𝐴𝑛 P S (𝑛)}) + 𝐻 (

𝑓 (𝑛) (𝐴𝑛)
��� 1 {

𝐴𝑛 P S (𝑛)}) ,
which, combined with the fact that

0 ď 𝐻

(
1
{
𝐴𝑛 P S (𝑛)})

ď 1,

implies

𝐻

(
𝑓 (𝑛) (𝐴𝑛)

)
´ 1 ď 𝐻

(
𝑓 (𝑛) (𝐴𝑛)

��� 1 {
𝐴𝑛 P S (𝑛)})

ď 𝐻

(
𝑓 (𝑛) (𝐴𝑛)

)
. (4.121)

Therefore,
lim
𝑛ÝÑ8

1
𝑛
𝐻

(
𝑓 (𝑛) (𝐴𝑛)

��� 1 {
𝐴𝑛 P S (𝑛)}) = 𝐻 (𝐴), (4.122)

which implies that both (4.119) and (4.120) hold with equality. □
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Proof of Lemma 14

Proof. For any 𝑎𝑛 P S (𝑛) ,

𝚤

(
𝑓 (𝑛) (𝑎𝑛)

���𝐴𝑛 P S (𝑛)
)

= log
1

Pr
[
𝑓 (𝑛) (𝐴𝑛) = 𝑓 (𝑛) (𝑎𝑛) |𝐴𝑛 P S (𝑛)

]
= log

Pr
[
𝐴𝑛 P S (𝑛)]

Pr
[
𝑓 (𝑛) (𝐴𝑛) = 𝑓 (𝑛) (𝑎𝑛), 𝐴𝑛 P S (𝑛)

]
= log

Pr
[
𝐴𝑛 P S (𝑛)]

Pr
[
𝑓 (𝑛) (𝐴𝑛) = 𝑓 (𝑛) (𝑎𝑛)

]
Pr

[
𝐴𝑛 P S (𝑛) | 𝑓 (𝑛) (𝐴𝑛) = 𝑓 (𝑛) (𝑎𝑛)

]
= ´ log

1
Pr

[
𝐴𝑛 P S (𝑛)

] + 𝚤
(
𝑓 (𝑛) (𝑎𝑛)

)
+ log

1
Pr

[
𝐴𝑛 P S (𝑛) | 𝑓 (𝑛) (𝐴𝑛) = 𝑓 (𝑛) (𝑎𝑛)

]
ě ´ log

1
Pr

[
𝐴𝑛 P S (𝑛)

] + 𝚤
(
𝑓 (𝑛) (𝑎𝑛)

)
.

Therefore, since lim𝑛ÝÑ8 Pr
[
𝐴𝑛 P S (𝑛)] = 𝑝, for any 𝛿 ą 0 and sufficiently large 𝑛,

1
𝑛
𝚤

(
𝑓 (𝑛) (𝑎𝑛)

���𝐴𝑛 P S (𝑛)
)

ě
1
𝑛
𝚤

(
𝑓 (𝑛) (𝑎𝑛)

)
´

1
𝑛

log
1

𝑝 ´ 𝛿
.

That is, with at least a probability approaching 𝑝,

1
𝑛
𝚤

(
𝑓 (𝑛) (𝐴𝑛)

���𝐴𝑛 P S (𝑛)
)

ě
1
𝑛
𝚤

(
𝑓 (𝑛) (𝐴𝑛)

)
´

1
𝑛

log
1

𝑝 ´ 𝛿
.

Combining this with (4.36) gives (4.37). □

Proof of Lemma 15

Proof. Define subsets of the support of 𝑃𝑋𝑌 , A and B, as

A ≜
{
(𝑥, 𝑦) : 𝑦 ≠ arg max

𝑦1PY
𝑃𝑌 |𝑋 (𝑦1 |𝑥)

}
B ≜

{
(𝑥, 𝑦) : 𝑦 = arg max

𝑦1PY
𝑃𝑌 |𝑋 (𝑦1 |𝑥)

}
.

Then, for large enough 𝑛, for all (𝑥, 𝑦) P A,

0 ď 𝑄(𝑥, 𝑦) ´ 𝑃(𝑥, 𝑦) ď
𝑃𝑋 (𝑥)
𝑛

,

and for all (𝑥, 𝑦) P B,

0 ď 𝑃𝑋𝑌 (𝑥, 𝑦) ă 𝑄𝑋𝑌 (𝑥, 𝑦) +
|Y| ´ 1
𝑛

𝑃𝑋 (𝑥).
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For specific (𝑥𝑛, 𝑦𝑛), let 𝑁 (𝑥, 𝑦) denote the number of occurrence of (𝑥, 𝑦) in
(𝑥𝑛, 𝑦𝑛). Then,

𝑃𝑛𝑋𝑌 (𝑥
𝑛, 𝑦𝑛)

=
∏

(𝑥,𝑦)PB
𝑃𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)

∏
(𝑥,𝑦)PA

𝑃𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)

ď

∏
(𝑥,𝑦)PB

𝑃𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)
∏

(𝑥,𝑦)PA
𝑄𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)

ď

∏
(𝑥,𝑦)PB

(
𝑄𝑋𝑌 (𝑥, 𝑦) +

(|Y| ´ 1)𝑃𝑋 (𝑥)
𝑛

)𝑁 (𝑥,𝑦) ∏
(𝑥,𝑦)PA

𝑄𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)

=
∏

(𝑥,𝑦)PB

(
1 + (|Y| ´ 1)𝑃𝑋 (𝑥)

𝑛𝑄𝑋𝑌 (𝑥, 𝑦)

)𝑁 (𝑥,𝑦)
𝑄𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)

∏
(𝑥,𝑦)PA

𝑄𝑋𝑌 (𝑥, 𝑦)𝑁 (𝑥,𝑦)

= 𝑄𝑛𝑋𝑌 (𝑥, 𝑦)
∏

(𝑥,𝑦)PB

(
1 + (|Y| ´ 1)𝑃𝑋 (𝑥)

𝑛𝑄𝑋𝑌 (𝑥, 𝑦)

)𝑁 (𝑥,𝑦)

ď 𝑄𝑛𝑋𝑌 (𝑥, 𝑦)
(
1 + (|Y| ´ 1) max𝑥 𝑃𝑋 (𝑥)

𝑛min(𝑥,𝑦)PB 𝑄𝑋𝑌 (𝑥, 𝑦)

)𝑛
ď 𝐶0𝑄

𝑛
𝑋𝑌 (𝑥, 𝑦)

for some positive constant 𝐶0. This is because (1 + 𝑎/𝑛)𝑛 converges to a constant
upper bound as 𝑛 ÝÑ 8. □
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C h a p t e r 5

DISTRIBUTED HYPOTHESIS TESTING AND SOURCE
CODING

The materials in this chapter are published in part as [60].

5.1 Introduction
The problem of hypothesis testing with communication constraints, proposed in [32],
or distributed hypothesis testing (e.g., [33]), considers the scenario where a hypoth-
esis test uses the compressed description of one source and uncoded version of a
potentially dependent source as inputs. An example hypothesis of interest in this and
prior works concerns whether the sources are distributed according to certain joint
distribution. Studies of this problem include [32][33][34][35][36][61][62][63][64].
The strategy for a blocklength-𝑛 hypothesis test on the compressed description of
one source, 𝑋𝑛, and the uncompressed observation of another source, 𝑌 𝑛, typically
involves generating the compressed description by finding a random variable𝑈 that
captures some shared information between the two sources, and compressing 𝑈𝑛

instead of 𝑋𝑛. While it is possible to set𝑈 = 𝑋 , [33] and [35] suggest that this does
not always yield the best performance. More precisely, this choice is suboptimal
when distinguishing between distributions is the only goal. Note, however, that
setting 𝑈 = 𝑋 is useful if the receiver wishes both to apply the hypothesis test and
to reconstruct 𝑋𝑛 when there is, indeed, dependence between the two sources. That
scenario, here called distributed hypothesis testing and source coding, is the focus
of this chapter.

As an example, consider a vector source sequence {(𝑋𝑖, 𝑌𝑖)}8
𝑖=1 drawn i.i.d. accord-

ing to some p.m.f. 𝑃𝑋𝑌 . The receiver sees a perfect copy of 𝑌 𝑛 and an encoded
description of {𝑋𝑖}𝑛𝑖=1, but does not know whether 𝑘 = 0, in which case 𝑋𝑛(𝑘) and
𝑌 𝑛 are dependent sources observed in the same time frame, or 𝑘 ą 0, in which case
𝑋𝑛(𝑘) and 𝑌 𝑛 are observed in different time frames and therefore independent. A
successful hypothesis test would enable the receiver to decode with low error prob-
ability using a rate close to the conditional entropy of 𝑋 given side information 𝑌
to describe 𝑋𝑛 if the encoded description indeed corresponds to a dependent source
block, and avoid decoding when the absence of dependent side information makes
the probability of successful decoding low.
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Figure 5.1: Illustration of the scenario where the receiver (𝑅) does not know whether
the encoded description received from the transmitter (𝑇) is for a dependent source
block or an independent one due to the unknown temporal proximity.

I here study distributed hypothesis testing with dependent source reconstruction
assuming use of a random binning source code for 𝑋𝑛. Random binning is popular
in many network information theory problems, including problems on hypothesis
testing with communication constraints [33][35].

The output statistics of a random binning code have been studied in both point-to-
point and muti-source scenarios. In [65], Yassaee et al. show that the expected
total variation distance between the distribution on the symbols of compressed data
and the uniform distribution converges to 0 as the blocklength grows provided the
compression rate is smaller than the entropy. In [66], Mojahedian et al. strengthen
this result by showing the convergence speed to be exponential. In [67], Kavian
et al. study the output statistics of a random binning code in terms of Tsallis-
divergence. While these studies focus on the case when the rate does not converge
to source entropy, [68] studies the statistics of a compressed description when the
rate approaches the source entropy as 𝑂 (1/

?
𝑛), though not for a random binning

encoder.

This chapter shows that if 𝑋𝑛 is compressed using a random binning code of sufficient
rate, then, the encoded description, combined with 𝑌 𝑛, can be used to perform a
hypothesis test against independence such that the type-II error of this test decays to
zero subexponentially with the blocklength. In this case, sufficient rate means that



104

source 𝑋𝑛 is compressed at a rate 𝑅𝑛 that converges sufficiently slowly (𝑂 (1/
?
𝑛)) to

the conditional entropy of 𝑋 given side information 𝑌 . I explore the implications of
this result on the statistics of source descriptions of random binning codes. I further
show that a similar strategy can be used to build hypothesis tests that can distinguish
any joint distribution between 𝑋 and 𝑌 from other joint distributions with the same
marginals and higher conditional entropies (less dependence). Finally, I show that,
within the given framework, with high probability, no two distributions with identical
marginals and conditional entropies exceeding the rate are distinguishable.

5.2 Distributed Source Code and Hypothesis Test
In the next two sections, I study the performance of a distributed hypothesis test
that uses an encoded description of source 𝑋𝑛 and an uncoded vector 𝑌 𝑛 to try to
distinguish whether (𝑋𝑛, 𝑌 𝑛) arises from 𝑃𝑛

𝑋𝑌
or 𝑃𝑛

𝑋
𝑃𝑛
𝑌
. Here X ˆ Y is a finite

alphabet, 𝑃𝑋𝑌 is a p.m.f. with support S Ď X ˆ Y for which 𝑃𝑋𝑌 ≠ 𝑃𝑋𝑃𝑌 and
𝑉 (𝑋 |𝑌 ) ą 0.

Definition 19 (Distributed Source Code and Hypothesis Test). An (𝑛, 𝑀𝑛) dis-
tributed source code and hypothesis test is a triplet (f𝑛, g𝑛, t𝑛), where

f𝑛 : X𝑛
ÞÑ [𝑀𝑛]

g𝑛 : [𝑀𝑛] ˆ Y𝑛
ÞÑ X̂𝑛

t𝑛 : [𝑀𝑛] ˆ Y𝑛
ÞÑ {0, 1}

and X𝑛 Ď X̂𝑛. The probability of decoding incorrectly when (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛
𝑋𝑌

is
𝑃
(𝑛)
dec ≜ P [g𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) ≠ 𝑋𝑛]. The type-I error probability of the hypothesis test

is 𝑃(𝑛)
I ≜ P [t𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) = 1]. The type-II error probability of the hypothesis

test is 𝑃(𝑛)
II ≜ Q[t𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) = 0]. Here, P and Q capture the randomness of

(𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛
𝑋𝑌

and (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛
𝑋
𝑃𝑛
𝑌
, respectively.

An (f𝑛, g𝑛, t𝑛) with rate 𝑅𝑛 refers to an (𝑛, ⌊2𝑛𝑅𝑛⌋) distributed source code and
hypothesis test.

I am interested in analyzing the performance of the classic random binning code.
In both almost lossless source and channel coding problems, two very popular
decoders frequently used to derive achievability bounds are the optimal maximum
likelihood decoder and the suboptimal threshold decoder. The difference between
the rate needed to achieve a target error probability using the optimal decoder and
the rate needed to achieve the same error probability using the threshold decoder
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is 𝑂 (log 𝑛/𝑛) in the achievability bounds under various scenarios [21][26][9]. In
the next two sections, I analyze both decoder types. Each has some interesting
implications. The analysis of the maximum likelihood decoder supports an argument
for the existence of a deterministic code that achieves target error probabilities for
both decoding and hypothesis testing. The analysis of the threshold decoder shows
that one can use threshold tests on the same quantity, potentially with different
thresholds, to perform both hypothesis testing and source code decoding.

5.3 Maximum Likelihood Decoder as Source Decoder
Definition 20, below, defines a sub-class of distributed source code and hypothesis
tests in which the encoder f𝑛 for source 𝑋𝑛 is a random binning code while the
decoder g𝑛 is a maximum likelihood decoder and hypothesis test t𝑛 is a threshold
test. Given the random design of f𝑛 and dependence of g𝑛 and t𝑛 on f𝑛, notation
(F𝑛,G𝑛,T𝑛) describes an instance of the resulting code.

Definition 20 (Random Binning Distributed Source Code and Hypothesis Test with
Maximum Likelihood Decoder). A random binning encoder F𝑛 : X𝑛 ÞÑ [𝑀𝑛] is
a source encoder in which each 𝑥𝑛 P X𝑛 is independently assigned a codeword
F𝑛 (𝑥𝑛) P [𝑀𝑛] uniformly at random. A maximum likelihood decoder G𝑛 and
hypothesis test T𝑛 for encoder F𝑛 are defined as

G𝑛 (𝑐, 𝑦𝑛) = arg max
𝑥𝑛PX𝑛,F𝑛 (𝑥𝑛)=𝑐

𝚤(𝑥𝑛 |𝑦𝑛) (5.1)

T𝑛 (𝑐, 𝑦𝑛)

=


0, D𝑥𝑛 P X𝑛,F𝑛 (𝑥𝑛) = 𝑐, 𝚤(𝑥𝑛 |𝑦𝑛) ď log 𝛾T

1, otherwise.
(5.2)

All ties are broken lexicographically in ascending order.

Unless indicated otherwise, I use P to capture the randomness of both the source
vectors when (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛

𝑋𝑌
and the choice of a source encoder under the random

binning code construction. I use Q to capture the randomness of both the source
vectors when (𝑋𝑛, 𝑌 𝑛) „ 𝑃𝑛

𝑋
𝑃𝑛
𝑌

and the random binning code construction.

Theorem 12 (Random Binning with Maximum Likelihood Decoder). For 0 ă 𝜖𝑆 ă

𝜖𝐻 ă 1, there exist positive constants 𝐶, 𝜅 such that the random binning ensemble
(F𝑛,G𝑛,T𝑛) with rate

𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝑆) ´
log 𝑛
2𝑛

+ 𝐶
𝑛

(5.3)
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satisfies

P [G𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 𝑋𝑛] ě 1 ´ 𝜖𝑆 (5.4)

P [T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ě 1 ´ 𝜖𝐻 (5.5)

Q [T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ď exp{´𝜅
?
𝑛} (5.6)

for sufficiently large 𝑛.

Proof. The performance of (F𝑛,G𝑛) is known from prior work [15][9][42]. The
third-order achievability bound for a source code with side information [15, Theo-
rem 7, 8] can also be established by a random binning argument like [9, Theorem 5]
using the maximum likelihood decoder. The rest of the proof analyzes the behavior
of the hypothesis test T𝑛.

Define random acceptance set A (𝑛) Ď X𝑛 ˆ Y𝑛 as

A (𝑛) ≜ {(𝑥𝑛, 𝑦𝑛) : T𝑛 (F𝑛 (𝑥𝑛) , 𝑦𝑛) = 0} .

A type-I error occurs if the true p.m.f. is P but (𝑋𝑛, 𝑌 𝑛) ∉ A (𝑛) . The probability of
this event can be bounded as

P[A (𝑛)
c ] = P [T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 1]

= P
[
�𝑥𝑛 P X𝑛 : F𝑛 (𝑥𝑛) = F𝑛 (𝑋𝑛), 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾T

]
ď P [𝚤(𝑋𝑛 |𝑌 𝑛) ą log 𝛾T] .

Setting
log 𝛾T = 𝑛𝐻 (𝑋 |𝑌 ) + 𝜏T

a

𝑛𝑉 (𝑋 |𝑌 ) (5.7)

and applying the Berry-Esseen inequality give P[A (𝑛)
c ] ď 𝜖𝐻 , where

𝜏T = 𝑄´1
(
𝜖𝐻 ´

𝐵
?
𝑛

)
and 𝐵 =

𝐶0𝑇
𝑉3/2 is the Berry-Esseen constant.

A type-II error occurs if the true p.m.f. is Q and (𝑋𝑛, 𝑌 𝑛) P A (𝑛) . I bound this error
probability as

Q[A (𝑛)] = Q [D𝑥𝑛 P X𝑛 : F𝑛 (𝑥𝑛) = F𝑛 (𝑋𝑛), 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾T]
ď Q

[
D𝑥𝑛 P X𝑛

z{𝑋𝑛} : F𝑛 (𝑥𝑛) = F𝑛 (𝑋𝑛), 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾T
]

+ Q[𝚤(𝑋𝑛 |𝑌 𝑛) ď log 𝛾T] . (5.8)
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To bound the second term in (5.8), first note that the expected value of 𝚤(𝑋𝑛 |𝑌 𝑛)
under Q is

EQ [𝚤(𝑋 |𝑌 )] = E𝑃𝑋𝑃𝑌 [𝚤(𝑋 |𝑌 )]

=
∑︁
𝑥,𝑦

𝑃𝑋 (𝑥)𝑃𝑌 (𝑦) log
1

𝑃𝑋 |𝑌 (𝑥 |𝑦)

=
∑︁
𝑥,𝑦

𝑃𝑋 (𝑥)𝑃𝑌 (𝑦) log
𝑃𝑋 (𝑥)𝑃𝑌 (𝑦)

𝑃𝑋 |𝑌 (𝑥 |𝑦)𝑃𝑌 (𝑦)𝑃𝑋 (𝑥)

= 𝐷 (𝑃𝑋𝑃𝑌 | |𝑃𝑋𝑌 ) + 𝐻 (𝑋)
ą 𝐻 (𝑋 |𝑌 ).

Combining this bound with the choice of 𝛾T in (5.7), Cramér’s theorem implies that
Q[𝚤(𝑋𝑛 |𝑌 𝑛) ď log 𝛾T] decays exponentially with 𝑛.

To bound the first term in (5.8), note that

Q
[
D𝑥𝑛 P X𝑛

z{𝑋𝑛} : F𝑛 (𝑥𝑛) = F𝑛 (𝑋𝑛), 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾T
]

= Q


⋃

𝑥𝑛PX𝑛z{𝑋𝑛}
{F𝑛 (𝑥𝑛) = F𝑛 (𝑋𝑛), 𝚤(𝑥𝑛 |𝑌 𝑛) ď log 𝛾T}


ď

1
𝑀𝑛

∑︁
𝑥𝑛PX𝑛,𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑌
𝑛)1 {𝚤(𝑥𝑛 |𝑦𝑛) ď log 𝛾T} (5.9)

=
1
𝑀𝑛

E𝑃𝑋𝑌

[
1

𝑃𝑛
𝑋 |𝑌 (𝑋𝑛 |𝑌 𝑛)

1{𝚤(𝑋𝑛 |𝑌 𝑛) ď log 𝛾T}
]

ď
1
𝑀𝑛

2

(
log 2

a

2𝜋𝑉 (𝑋 |𝑌 )
+ 2𝐵

)
1

?
𝑛
𝛾T. (5.10)

Here, (5.9) follows from the union bound and the independent choice of the code-
words for different 𝑥𝑛, and (5.10) follows from [21, Lemma 47] which bounds the
expectation E[exp{´𝑍𝑛}1{𝑍𝑛 ě 𝐴}] where 𝑍𝑛 is the sum of independent random
variables. Since 𝜖𝑆 ă 𝜖𝐻 by assumption, for any

𝐾 ă
a

𝑉 (𝑋 |𝑌 )
(
𝑄´1(𝜖𝑆) ´𝑄´1(𝜖𝐻)

)
(5.11)

and sufficiently large 𝑛,

Q[A𝑛] ď
1
𝑀𝑛

2

(
log 2

a

2𝜋𝑉 (𝑋 |𝑌 )
+ 2𝐵

)
1

?
𝑛
𝛾T + exp{´𝑂 (𝑛)}

ď 𝑂 (1) ¨ 2´
?
𝑛𝑉 (𝑋 |𝑌 )(𝑄´1 (𝜖𝑆)´𝑄´1 (𝜖𝐻 )) + exp{´𝑂 (𝑛)} (5.12)

ď exp{´𝐾
?
𝑛},
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where (5.12) follows from the rate 𝑅𝑛 and the differentiability of𝑄´1(¨). Therefore,
choosing 𝜅 = 𝐾 for any such 𝐾 that satisfies (5.11) completes the proof. □

Corollary 1 (Deterministic Code). For 0 ă 𝜖𝑆 ă 𝜖𝐻 ă 1, there exist positive
constants 𝐶𝑑 , 𝜅𝑑 such that, for rate

𝑅𝑛 ě 𝑅˚
𝑛 = 𝐻 (𝑋 |𝑌 ) +

c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝑆) ´
log 𝑛
2𝑛

+ 𝐶𝑑
𝑛
, (5.13)

there exists a deterministic distributed source code and hypothesis test (f𝑛, g𝑛, t𝑛)
such that

P[g𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) = 𝑋𝑛] ě 1 ´ 𝜖𝑆 (5.14)

P[t𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ě 1 ´ 𝜖𝐻 (5.15)

Q[t𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ď exp{´𝜅𝑑
?
𝑛} (5.16)

for sufficiently large 𝑛.

Proof. This proof uses [9, Lemma 25], a direct result of Markov’s inequality, and
the converse for the side information code from [15, Theorem 1], which is tight up
to the 3rd order. Choose a constant 𝐶1 ą 0; the exact choice is discussed later in the
proof. Let the rate 𝑅𝑛 be set as

𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1
(
𝜖𝑆 ´

𝐶1

?
𝑛

)
´

log 𝑛
2𝑛

+ 𝐶
𝑛
. (5.17)

Then

𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1 (𝜖𝑆) ´
log 𝑛
2𝑛

+ 𝐶 + Δ(𝐶1)
𝑛

(5.18)

where Δ(𝐶1) = 𝑂 (1) due to the differentiability of 𝑄´1(¨). Let 𝐶𝑑 = 𝐶 + Δ(𝐶1).
The side information converse bound ensures that the rate choice in (5.13) implies

P[g𝑛 (f𝑛 (𝑋𝑛), 𝑌 𝑛) ≠ 𝑌 𝑛] ě 𝜖𝑆 ´
𝐶1 + 𝐶2

?
𝑛

= 𝜖˚ (5.19)

for some positive constant 𝐶2, no matter how (f𝑛, g𝑛) are designed. Let notation
P𝑋𝑛𝑌𝑛 capture only the randomness of 𝑋𝑛 and 𝑌 𝑛. Then,

Pr (P𝑋𝑛𝑌𝑛 [G𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) ≠ 𝑋𝑛] ě 𝜖𝑆) (5.20)

ď
P[G𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) ≠ 𝑋𝑛] ´ 𝜖˚

𝜖𝑆 ´ 𝜖˚
(5.21)

ď

𝜖𝑆 ´ 𝐶1
?
𝑛

´ 𝜖𝑆 + 𝐶1+𝐶2
?
𝑛

𝜖𝑆 ´ 𝜖𝑆 + 𝐶1+𝐶2
?
𝑛

(5.22)

=
𝐶2

𝐶1 + 𝐶2
, (5.23)
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where (5.21) follows from [9, Lemma 25] and (5.22) from the side information
converse [15, Theorem 1] and Theorem 12. Therefore, choosing 𝐶1 so that

𝐶1
ą
𝜖𝐻 + 𝜖𝑆
𝜖𝐻 ´ 𝜖𝑆

𝐶2, (5.24)

gives

Pr (P𝑋𝑛𝑌𝑛 [G𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) ≠ 𝑋𝑛] ě 𝜖𝑆) ă
𝜖𝐻 ´ 𝜖𝑆

2𝜖𝐻
. (5.25)

Since 𝜖𝐻 ą 𝜖𝑆, (𝜖𝐻 + 𝜖𝑆)/2 ą 𝜖𝑆. Designing T𝑛 to meet error probability constraint
(𝜖𝐻 + 𝜖𝑆)/2 gives

P[T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ě 1 ´
𝜖𝐻 + 𝜖𝑆

2
(5.26)

so that
Pr(P𝑋𝑛𝑌𝑛 [T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 1] ě 𝜖𝐻) ď

𝜖𝐻 + 𝜖𝑆
2𝜖𝐻

. (5.27)

Lastly, the expected value of the type-II error probability decays subexponentially.
Therefore, the probability that the type-II error probability decays slower than subex-
ponentially with 𝜅𝑑 ă 𝜅 where 𝜅 is chosen for type-I error probability (𝜖𝐻 + 𝜖𝑆)/2,
is 𝑜(1). Combining this with (5.25) and (5.27) and using the union bound, the
probability that the code generated by random binning does not satisfy all of (5.14),
(5.15) and (5.16) is strictly smaller than 1, completing the proof. □

Remark 9. By Theorem 12, there exists a source code with side information at
the decoder that achieves the optimal rate up to the 3rd order and for which the
encoded description (i.e., the codeword) and the side information can also be used
to perform a hypothesis test against independence with type-II error that decays
to 0 subexponentially in 𝑛 and type-I error that meets a constant error probability
bound. The resulting performance is better than the performance achievable if one
creates a code at the rate described in (5.13) solely for the purpose of decoding
and then adds a prefix or suffix for hypothesis testing purposes since meeting the
hypothesis testing performance goals requires more than 𝑂 (1/𝑛).

5.4 Threshold Decoder as Hypothesis Test and Source Decoder
Definition 21, below, defines another sub-class of distributed source code and hy-
pothesis tests in which the encoder f𝑛 for source 𝑋𝑛 is a random binning code while
the decoder g𝑛 and hypothesis test t𝑛 are threshold tests.
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Definition 21 (Random Binning Distributed Source Code and Hypothesis Test
with Threshold Decoder). A random binning encoder F𝑛 : X𝑛 ÞÑ [𝑀𝑛] is a source
encoder in which each 𝑥𝑛 P X𝑛 is independently assigned a codeword F𝑛 (𝑥𝑛) P [𝑀𝑛]
uniformly at random. A threshold decoder G𝑛 and hypothesis test T𝑛 for encoder
F𝑛 are defined as

G𝑛 (𝑐, 𝑦𝑛)

=


𝑥𝑛, D𝑥𝑛 P X𝑛,F𝑛 (𝑥𝑛) = 𝑐, 𝚤(𝑥𝑛 |𝑦𝑛) ď log 𝛾G

e, otherwise
(5.28)

T𝑛 (𝑐, 𝑦𝑛)

=


0, D𝑥𝑛 P X𝑛,F𝑛 (𝑥𝑛) = 𝑐, 𝚤(𝑥𝑛 |𝑦𝑛) ď log 𝛾T

1, otherwise.
(5.29)

All ties are broken lexicographically in ascending order.

Although G𝑛 and T𝑛 both employ thresholds on 𝚤(𝑥𝑛 |𝑦𝑛), they may use different
thresholds for decoding and hypothesis testing.

Theorem 13 (Random Binning with Threshold Decoder). For 0 ă 𝜖𝑆 ă 𝜖𝐻 ă 1,
there exist positive constants𝐶, 𝜅 such that the random binning ensemble (F𝑛,G𝑛,T𝑛)
with rate

𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +
c

𝑉 (𝑋 |𝑌 )
𝑛

𝑄´1(𝜖𝑆) +
𝐶

𝑛
(5.30)

satisfies

P [G𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 𝑋𝑛] ě 1 ´ 𝜖𝑆 (5.31)

P [T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ě 1 ´ 𝜖𝐻 (5.32)

Q [T𝑛 (F𝑛 (𝑋𝑛), 𝑌 𝑛) = 0] ď exp{´𝜅
?
𝑛} (5.33)

for sufficiently large 𝑛.

Proof. Replacing the maximum likelihood decoder with the threshold decoder
(5.28) and using

log 𝛾G = 𝑛𝐻 (𝑋 |𝑌 ) + 𝜏G
a

𝑛𝑉 (𝑋 |𝑌 )

𝜏G = 𝑄´1
(
𝜖𝑆 ´

𝐶1

?
𝑛

)
where 𝐶1 is a constant, give (5.30) and (5.31). The argument is identical to the first
half of the achievability proof of Theorem 5 in this thesis. The rest of the proof is
identical to that of Theorem 12. □
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5.5 Implications on Statistics of Random Binning
Theorem 14 highlights an implication of Theorem 13 (or Theorem 12) regarding
the statistical dependence of 𝑌 𝑛 and a source coded description of 𝑋𝑛. It uses the
following definition of theΩ notation which states that one function is asymptotically
bounded below by the other.

Definition 22 (Big Ω notation). Function 𝑓 (𝑛) = Ω(𝑔(𝑛)) if and only if

lim inf
𝑛ÝÑ8

𝑓 (𝑛)/𝑔(𝑛) ą 0.

Theorem 14 (Output Statistics of Random Binning). Given a sequence {F𝑛}8
𝑛=1 of

random binning encoders F𝑛 : X𝑛 ÞÑ [⌊2𝑛𝑅𝑛⌋], if

𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +𝑂
(

1
?
𝑛

)
,

then
EF𝑛

[
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑃F𝑛 (𝑋𝑛)𝑃

𝑛
𝑌

) ]
= Ω(

?
𝑛).

There are two ways to prove Theorem 14. One is to invoke Theorem 12. The
alternative uses a strategy inspired by [68]. The bound obtained by the second
method is tighter than that obtained by the first method, but on the same order. I
present both proofs in the next two subsections and compare the bounds they yield.

Proof of Theorem 14 using Theorem 12

Proof. From Theorem 12, the codeword from the random binning encoder can be
used as input to a hypothesis test that distinguishes 𝑃F𝑛 (𝑋𝑛)𝑌𝑛 from 𝑃F𝑛 (𝑋𝑛)𝑃

𝑛
𝑌
. If 𝑃

and 𝑄 are two p.m.f.s on the same support S and there exists a hypothesis test with
acceptance set A Ď S such that the type-I error probability is 𝑃(Ac) = 𝑃I and the
type-II error probability is 𝑄(A) = 𝑃II, then

𝐷 (𝑃 | |𝑄) ě (1 ´ 𝑃I) log
(1 ´ 𝑃I)
𝑃II

+ 𝑃I log
𝑃I

1 ´ 𝑃II

by the data processing inequality. The Hessian of

𝑓 (𝛼, 𝛽) = 𝛼 log
𝛼

𝛽
+ (1 ´ 𝛼) log

1 ´ 𝛼

1 ´ 𝛽
(5.34)

is
1

ln 2

[ 1
𝛼(1´𝛼) ´ 1

𝛽(1´𝛽)
´ 1
𝛽(1´𝛽)

𝛽2´2𝛼𝛽+𝛼
𝛽2 (1´𝛽)2

]
, (5.35)
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from which it can be verified that 𝑓 (¨, ¨) is jointly convex on [0, 1] ˆ [0, 1]. Since
𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) + 𝑂 (1/

?
𝑛), it satisfies (5.3) in Theorem 12 for some 𝜖𝑆. For any

𝜖𝐻 ă 𝜖𝑆,

E
[
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑃F𝑛 (𝑋𝑛)𝑃

𝑛
𝑌

) ]
ě E


(
1 ´ 𝑃

(𝑛)
I

)
log

(
1 ´ 𝑃

(𝑛)
I

)
𝑃
(𝑛)
II

+ 𝑃(𝑛)
I log

𝑃
(𝑛)
I

1 ´ 𝑃
(𝑛)
II


ě E

[
1 ´ 𝑃

(𝑛)
I

]
log

E
[
1 ´ 𝑃

(𝑛)
I

]
E

[
𝑃
(𝑛)
II

] + E
[
𝑃
(𝑛)
I

]
log

E
[
𝑃
(𝑛)
I

]
1 ´ E

[
𝑃
(𝑛)
II

] (5.36)

= ´𝐻

(
E

[
1 ´ 𝑃

(𝑛)
I

] )
+ E

[
1 ´ 𝑃

(𝑛)
I

]
log

1

E
[
𝑃
(𝑛)
II

] + E
[
𝑃
(𝑛)
I

]
log

1

1 ´ E
[
𝑃
(𝑛)
II

]
ě E

[
1 ´ 𝑃

(𝑛)
I

]
log

1

E
[
𝑃
(𝑛)
II

] ´ 1

ě (1 ´ 𝜖𝐻) log
1

2´𝐾 (𝜖𝐻 )
?
𝑛

´ 1

= (1 ´ 𝜖𝐻)𝐾 (𝜖𝐻)
?
𝑛 ´ 1 (5.37)

= Ω(
?
𝑛).

Here (5.36) follows from Jensen’s inequality by the convexity of 𝑓 (¨, ¨), and 𝐾 (𝜖𝐻)
is determined by the choice of 𝜖𝐻 (see (5.11)). Optimizing over choices of 𝜖𝐻 ă 𝜖𝑆

for the maximization of

(1 ´ 𝜖𝐻)
a

𝑉 (𝑋 |𝑌 ) (𝑄´1(𝜖𝑆) ´𝑄´1(𝜖𝐻))

gives a bound on the expected KL divergence. □

Alternative proof of Theorem 14
The alternative proof of Theorem 14 is inspired by [68]. It uses Lemma 19 which is
a version of [68, Lemma 5] that includes side information. I state Lemma 19 here;
the proof appears in Section 5.8.

Lemma 19 (Side Information Intrinsic Randomness). Let

𝐻SI(𝑀, 𝑃𝑋𝑌 ) ≜
∑︁

(𝑥,𝑦):𝚤(𝑥 |𝑦)ďlog𝑀𝑛

𝑃𝑋𝑌 (𝑥, 𝑦) log
1

𝑃𝑋 |𝑌 (𝑥 |𝑦)
.
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Then

𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛)
ď 𝐻SI(𝑀𝑛, 𝑃

𝑛
𝑋𝑌 )

+ P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]
(
log𝑀𝑛 + log

1
P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]

)
. (5.38)

Proof of Theorem 14. For any f𝑛 : X𝑛 ÞÑ [𝑀𝑛],

𝐷 (𝑃f𝑛 (𝑋𝑛)𝑌𝑛 | |𝑃f𝑛 (𝑋𝑛)𝑃
𝑛
𝑌 )

= 𝐷 (𝑃f𝑛 (𝑋𝑛)𝑌𝑛 | |𝑈𝑀𝑛
𝑃𝑛𝑌 )

´

∑︁
𝑐P[𝑀𝑛],𝑦𝑛PY𝑛

𝑃f𝑛 (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛) log
𝑃f𝑛 (𝑋𝑛) (𝑐)𝑃𝑛𝑌 (𝑦

𝑛)
𝑈𝑀𝑛

(𝑐)𝑃𝑛
𝑌
(𝑦𝑛)

= 𝐷 (𝑃f𝑛 (𝑋𝑛)𝑌𝑛 | |𝑈𝑀𝑛
𝑃𝑛𝑌 ) ´ 𝐷 (𝑃f𝑛 (𝑋𝑛) | |𝑈𝑀𝑛

). (5.39)

For F𝑛, since 𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +𝑂 ( 1?
𝑛
) and 𝐻 (𝑋 |𝑌 ) ă 𝐻 (𝑋), [67, Theorem 1] shows

lim
𝑛ÝÑ8

EF𝑛
𝐷

(
𝑃F𝑛 (𝑋𝑛) | |𝑈𝑀𝑛

)
= 0

by showing that the expected Tsallis divergence between 𝑃F𝑛 (𝑋𝑛) and𝑈𝑀𝑛
converges

to zero.

I use Lemma 19 to bound the first term in (5.39) from below.

Define cumulative distribution function 𝑄𝑛 on R as

𝑄𝑛 (𝑥) ≜ P
[
1
𝑛
𝚤(𝑋𝑛 |𝑌 𝑛) ă 𝐻 (𝑋 |𝑌 ) + 𝑥

?
𝑛

]
(5.40)

for distribution 𝑃𝑛
𝑋𝑌

. Then,

𝐻SI(𝑀, 𝑃𝑛𝑋 |𝑌 ) =
∫ 𝑏𝑛

´8

(
?
𝑛𝑥 + 𝑛𝐻 (𝑋 |𝑌 ))𝑄𝑛 (𝑑𝑥) (5.41)

holds, where 𝑏𝑛 ≜ 1?
𝑛
(log𝑀𝑛 ´ 𝑛𝐻 (𝑋 |𝑌 )). Applying Lemma 19, by reasoning

similar to that in [68, Theorem 8],

𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛)

ď
?
𝑛

∫ 𝑏𝑛

´8

𝑥𝑄𝑛 (𝑑𝑥) + 𝑛𝐻 (𝑋 |𝑌 )

+ P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]
(
?
𝑛𝑏𝑛 ´ log

1
P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]

)
.
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Therefore,

1
?
𝑛
(𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛) ´ 𝑛𝐻 (𝑋 |𝑌 ))

ď

∫ 𝑏𝑛

´8

𝑥𝑄𝑛 (𝑑𝑥) + P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]

ˆ

(
𝑏𝑛 ´

1
?
𝑛

log
1

P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]

)
.

Taking the limit,

lim
𝑛ÝÑ8

1
?
𝑛
(𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛) ´ 𝑛𝐻 (𝑋 |𝑌 )) ď

∫ 𝑏

´8

𝑥𝐹 (𝑑𝑥) + 𝑏(1 ´ 𝐹 (𝑏))

where 𝑏 ≜ lim𝑛ÝÑ8 𝑏𝑛 and 𝐹 ≜ lim𝑛ÝÑ8𝑄𝑛. Then

lim
𝑛ÝÑ8

1
?
𝑛
𝐷 (𝑃f𝑛 (𝑋𝑛)𝑃

𝑛
𝑌 | |𝑈𝑀𝑛

𝑃𝑛𝑌 )

= lim
𝑛ÝÑ8

1
?
𝑛
(log𝑀 ´ 𝑛𝐻 (𝑋 |𝑌 ) ´ (𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛) ´ 𝑛𝐻 (𝑋 |𝑌 )))

ě 𝑏 ´

∫ 𝑏

´8

𝑥𝐹 (𝑑𝑥) ´ 𝑏 + 𝑏𝐹 (𝑏)

=

∫ 𝑏

´8

(𝑏 ´ 𝑥)𝐹 (𝑑𝑥). (5.42)

For the distribution 𝑃𝑛
𝑋𝑌

, setting 𝑏 =
a

𝑉 (𝑋 |𝑌 )𝑄´1(𝜖), the right hand side of (5.42)
equals

a

𝑉 (𝑋 |𝑌 )
∫ 𝑄´1 (𝜖)

´8

𝑄´1(𝜖) ´ 𝑥
?

2𝜋
𝑒´𝑥2/2𝑑𝑥

=
a

𝑉 (𝑋 |𝑌 )
(
𝑄´1(𝜖) (1 ´ 𝜖) + 𝑒´(𝑄´1 (𝜖))2/2

?
2𝜋

)
,

which is a function of the second-order rate term 𝑏 and is independent of 𝑛. □

Remark 10. The two proof techniques both show that the expected KL divergence
is Ω(

?
𝑛). The method invoking Theorem 12 gives

EF𝑛

[
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑃F𝑛 (𝑋𝑛)𝑃

𝑛
𝑌

) ]
ě exp{𝐾

?
𝑛} (5.43)

for any

𝐾 ă 𝐾‹
HT(𝜖𝑆) ≜ sup

0ă𝜖𝐻ă𝜖𝑆

(1 ´ 𝜖𝐻)
a

𝑉 (𝑋 |𝑌 )
(
𝑄´1(𝜖𝑆) ´𝑄´1(𝜖𝐻)

)
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Figure 5.2: Different multipliers of
?
𝑛 in the exponent of expected KL divergence

bound from two different proofs of Theorem 14.

while the alternative proof gives a tighter constant, yielding (5.43) for any

𝐾 ă 𝐾‹
alternative(𝜖𝑆) ≜

a

𝑉 (𝑋 |𝑌 )
(
𝑄´1(𝜖𝑆) (1 ´ 𝜖𝑆) +

exp{´𝑄´1(𝜖𝑆)2/2}
?

2𝜋

)
.

Here,

𝜖𝑆 = 𝑄

(
lim
𝑛ÝÑ8

(𝑅𝑛 ´ 𝐻 (𝑋 |𝑌 ))
c

𝑛

𝑉 (𝑋 |𝑌 )

)
.

The advantage of the first approach, which derives Theorem 14 as an extension of
Theorem 12 or Theorem 13, is that it lends insight into the behavior of a 1-shot
hypothesis test that does not arise from only the studying of the KL-divergence
directly (non-asymptotic behavior of hypothesis test relies on more information than
the KL divergence, see, for example, [69]). Namely, it shows that under certain rate
constraint, the random binning code yields codeword that can distinguish 𝑃F𝑛 (𝑋𝑛)𝑌𝑛

from 𝑃F𝑛 (𝑋𝑛)𝑃
𝑛
𝑌
, which implies a lower bound on the KL-divergence.

Figure 5.2 plots the multiplier in the Ω(
?
𝑛) terms 𝐾‹

HT(𝜖𝑆) and 𝐾‹
alternative(𝜖𝑆),

showing that the alternative method yields a tighter constant. Figure 5.3 shows how
changing 𝜖𝐻 optimizes the multiplier of

?
𝑛 when 𝜖𝑆 is fixed, with the supremum

equaling 𝐾‹
HT(𝜖𝑆).
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Figure 5.3: Optimization of the multiplier of
?
𝑛 in the proof of Theorem 14 by the

existence of a hypothesis test by changing 𝜖𝐻 when 𝜖𝑆 = 0.2.

5.6 Distributed Hypothesis Testing with Identical Marginals
Just as the random-binning encoded description of 𝑋𝑛 can be used to test the
independence or dependence of (𝑋𝑛, 𝑌 𝑛), it can also be used to distinguish between
other pairs of distributions with identical marginals. That is, if P is defined as in
Section 5.4 andQ captures the randomness of random binning and a new p.m.f. 𝑄𝑋𝑌

on the same support S for which 𝑄𝑋 = 𝑃𝑋 , 𝑄𝑌 = 𝑃𝑌 , and 𝐻𝑄 (𝑋 |𝑌 ) ą 𝐻𝑃 (𝑋 |𝑌 ),
then Theorem 12 and Theorem 13 also hold. This extension is possible since

E𝑄𝑋𝑌
[𝚤(𝑋 |𝑌 )] = 𝐻𝑄 (𝑋 |𝑌 ) + 𝐷 (𝑄𝑋𝑌 | |𝑃𝑋𝑌 ) ą 𝐻𝑃 (𝑋 |𝑌 )

which means that the proof of Theorem 13 continues to hold under the new definition
of Q. Theorem 14 becomes

Theorem 15 (Output Statistics of Random Binning). Given a sequence {F𝑛}8
𝑛=1 of

random binning encoders F𝑛 : X𝑛 ÞÑ [⌊2𝑛𝑅𝑛⌋], if

𝑅𝑛 = 𝐻 (𝑋 |𝑌 ) +𝑂
(

1
?
𝑛

)
,

then
EF

[
𝐷 (𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛)

]
= Ω(

?
𝑛).
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The proof method using the existence of hypothesis test stays identical. However,
the alternative route needs to be updated. I present the proof of Theorem 15 below.

Proof of Theorem 15. Due to the symmetry among bins in the random binning code
design, the expression of interest can be written as

EF𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
= EF,𝑌𝑛𝑀𝑛𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑌 𝑛) log

𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑌 𝑛)
𝑄F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑌 𝑛)

= EF𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑈𝑀𝑛

𝑃𝑛𝑌
)

´ EF,𝑌𝑛𝑀𝑛𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑌 𝑛) log
𝑄F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑌 𝑛)
𝑈𝑀𝑛

(1)𝑃𝑛
𝑌
(𝑌 𝑛)
(5.44)

where the first term is shown to be Ω(
?
𝑛) by identical means as Theorem 14.

Let T be the set of all joint types of sequences on X𝑛 ˆ Y𝑛. Let T (𝑦𝑛) be the set
of all joint types 𝑇 P T such that there exists an 𝑥𝑛, (𝑥𝑛, 𝑦𝑛) P 𝑇 . Notice that

𝑃F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1) =
∑︁
𝑥𝑛PX𝑛

𝑃𝑛
𝑋 |𝑌 (𝑥

𝑛 |𝑦𝑛)1{F𝑛 (𝑋𝑛) = 1}

=
∑︁

𝑇PT (𝑦𝑛)
𝑃𝑛
𝑋 |𝑌 (𝑇)

∑︁
𝑥𝑛:(𝑥𝑛,𝑦𝑛)P𝑇

1{F𝑛 (𝑋𝑛) = 1}

=
∑︁

𝑇PT (𝑦𝑛)
𝑃𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

where 𝐵𝑇 (𝑦𝑛) „ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (∑𝑥𝑛 1{(𝑥𝑛, 𝑦𝑛) P 𝑇}, 1/𝑀𝑛). Then, the second term in
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(5.44) equals∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)EF𝑀𝑛𝑃F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1) log𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)E


∑︁

𝑇PT (𝑦𝑛)
𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

¨ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) +
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬


ď

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑇PT (𝑦𝑛)

E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

¨ log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


+
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑇PT (𝑦𝑛)

E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

¨ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) + max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


´

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑇PT (𝑦𝑛)

E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

¨ log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
 . (5.45)

Due to the random binning strategy, the binning of sequences of type𝑇 is independent
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of the binning of sequences of other types 𝑇 1 P T z{𝑇}. Therefore,

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑇PT (𝑦𝑛)

E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

ˆ log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑇PT (𝑦𝑛)

E
[
𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)
]

ˆ E

log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
 (5.46)

ď

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑇PT (𝑦𝑛)

E
[
𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)
]

ˆ E

log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
 (5.47)

=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)E

[
log

(
max

(
1, 𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

) ) ]
ˆ

∑︁
𝑇PT (𝑦𝑛)

E
[
𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)
]

(5.48)

=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)E

[
log

(
max

(
1, 𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

) ) ]
E

[
𝑀𝑛𝑃F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

]
(5.49)

=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)E

[
log

(
max

(
1, 𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

) ) ]
(5.50)

ď

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛) log

(
E

[
max

(
1, 𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

) ] )
(5.51)

ď

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛) log

(
E

[
1 + 𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

] )
(5.52)

=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛) log

(
1 + E

[
𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

] )
(5.53)

ď
1

ln 2

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)E

[
𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1)

]
(5.54)

=
1

ln 2
. (5.55)

Here, (5.46) results from the independence among binning of different types, (5.47)
holds because the set is relaxed, (5.48) and (5.49) rewrite the weighted sum of
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binomials into the weight of the bin, (5.50) and (5.55) follow from the fact that the
expected weight of a bin is 1/𝑀𝑛, (5.51) follows from the concavity of the logarithm
and Jensen’s inequality, (5.54) holds because the slope of the logarithm is bounded
by 1/ln 2 from above when the variable is greater than 1.

To show that the difference between the last two terms in (5.45) is also small, I split
T into two subsets. There exists constants 𝛾, 𝛿 ą 0 such that

𝐻𝑃 (𝑋 |𝑌 ) ´ 𝐻𝑊 (𝑋 |𝑌 ) ´ 𝐷 (𝑊𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑌 ) ´ 𝐷 (𝑊𝑋𝑌 | |𝑄𝑋𝑌 |𝑊𝑌 ) ă ´𝛿 (5.56)

for all distributions𝑊 on the same support as 𝑃,𝑄 such that𝐻𝑊 (𝑋 |𝑌 ) ą 𝐻𝑃 (𝑋 |𝑌 )´
𝛾. This is true because 𝑃𝑋 |𝑌 ≠ 𝑄𝑋 |𝑌 . Let T1 be the subset of T such that𝐻𝑇 (𝑋 |𝑌 ) ě

𝐻𝑃 (𝑋 |𝑌 )´𝛾, where𝐻𝑇 (𝑋 |𝑌 ) is the conditional entropy of the empirical distribution
of type 𝑇 . Let T2 = T zT1.

Since the derivative of the logarithm is bounded from above by 1
ln 2 when the variable

is greater than or equal to 1,

log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) + max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
´ log ©­«max ©­«1,

∑︁
𝑇 1PT (𝑦𝑛)z{𝑇}

𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬ (5.57)

ď
1

ln 2
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛). (5.58)

Therefore, for a type 𝑇 P T (𝑦𝑛) X T1,

E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) (5.59)

ˆ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) + max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


´ E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑚)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


(5.60)

ď
1

ln 2
E

[
𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)
]

(5.61)

=
1

ln 2
𝑀2
𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝑄

𝑛
𝑋 |𝑌 (𝑇)E

[
𝐵𝑇 (𝑦𝑛)2] . (5.62)
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The behavior of 𝑃𝑛
𝑋 |𝑌 (𝑇) is

log 𝑃𝑛
𝑋 |𝑌 (𝑇) (5.63)

= log
𝑛∏
𝑖=1

𝑃𝑋 |𝑌 (𝑥𝑇𝑖 |𝑦𝑇𝑖) (5.64)

=

𝑛∑︁
𝑖=1

log 𝑃𝑋 |𝑌 (𝑥𝑇𝑖 |𝑦𝑇𝑖) (5.65)

=
∑︁
𝑥,𝑦

𝑁𝑇 (𝑥, 𝑦) log𝑋 |𝑌 (𝑥 |𝑦) (5.66)

= 𝑛

𝑛∑︁
𝑖=1

𝑊𝑇
𝑋𝑌 (𝑥, 𝑦) log 𝑃𝑋 |𝑌 (𝑥 |𝑦) (5.67)

= ´𝑛

(
𝑛∑︁
𝑖=1

𝑊𝑇
𝑋𝑌 (𝑥, 𝑦) log

𝑊𝑇
𝑋 |𝑌 (𝑥 |𝑦)

𝑃𝑋 |𝑌 (𝑥 |𝑦)
+

𝑛∑︁
𝑖=1

𝑊𝑇
𝑋𝑌 (𝑥, 𝑦) log

1
𝑊𝑇
𝑋 |𝑌 (𝑥 |𝑦)

)
(5.68)

= ´𝑛

(
𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊
𝑇
𝑌 ) + 𝐻𝑇 (𝑋 |𝑌 )

)
(5.69)

where 𝑊𝑇
𝑋𝑌

is the empirical distribution of type 𝑇 and 𝑁𝑇 (𝑥, 𝑦) is the number of
occurrences of (𝑥, 𝑦) in a sequence of type 𝑇 . Identically,

log𝑄𝑛
𝑋 |𝑌 (𝑇) = ´𝑛

(
𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑄𝑋 |𝑌 |𝑊𝑇
𝑌 ) + 𝐻𝑇 (𝑋 |𝑌 )

)
. (5.70)

The second moment of 𝐵𝑇 (𝑦𝑛) is a function of the number of trials, which can be
characterized to the first order in the exponent as∑︁

𝑥𝑛PX𝑛

1{(𝑥𝑛, 𝑦𝑛) P 𝑇} = |𝑇 |
|𝑇𝑌 |
�

2𝑛𝐻𝑇 (𝑋,𝑌 )

2𝑛𝐻𝑇 (𝑌 )
= 2𝑛𝐻𝑇 (𝑋 |𝑌 ) (5.71)

where 𝑇𝑌 is the type of 𝑦𝑛 P Y𝑛. Hence,

𝑀2
𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝑄

𝑛
𝑋 |𝑌 (𝑇)E

[
𝐵𝑇 (𝑦𝑛)2]

� 22𝑛𝑅2´𝑛

(
𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇
𝑌
)+𝐻𝑇 (𝑋 |𝑌 )

)
2´𝑛

(
𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑄𝑋 |𝑌 |𝑊𝑇
𝑌
)+𝐻𝑇 (𝑋 |𝑌 )

)
ˆ

(
22𝑛𝐻𝑇 (𝑋 |𝑌 ) + 2𝑛(𝑅+𝐻𝑇 (𝑋 |𝑌 ))

22𝑛𝑅

)
� 2´𝑛(𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇
𝑌
)+𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑄𝑋 |𝑌 |𝑊𝑇
𝑌
)+2𝐻𝑇 (𝑋 |𝑌 ))

(
22𝑛𝐻𝑇 (𝑋 |𝑌 ) + 2𝑛(𝐻𝑇 (𝑋 |𝑌 )+𝑅)

)
� 2´𝑛(𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇
𝑌
)+𝐷 (𝑊𝑇

𝑋 |𝑌 | |𝑄𝑋 |𝑌 |𝑊𝑇
𝑌
)+𝐻𝑇 (𝑋 |𝑌 )´max(𝐻𝑃 (𝑋 |𝑌 ),𝐻𝑇 (𝑋 |𝑌 )))

ď 2´𝑛𝛿 in the exponent

due to the definition of T1 and the setting that 𝑅 = 𝐻𝑃 (𝑋 |𝑌 ) + 𝑂 (1/
?
𝑛). The

summation of |T1 X T (𝑦𝑛) | such exponentially decaying terms converges to zero,
because the number of joint types grows only polynomially with 𝑛.
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For 𝑇 P T2 X T (𝑦𝑛), the number of trials for 𝐵𝑇 (𝑦𝑛), 2𝑛𝐻𝑇 (𝑋 |𝑌 ) , is strictly smaller
than 𝑀𝑛 to the first order in the exponent, making 𝐵𝑇 (𝑦𝑛) = 0 significantly more
probable than other outcomes. Specifically,

1 ´ Pr(𝐵𝑇 (𝑦𝑛) = 0) = 1 ´

(
𝑀𝑛 ´ 1
𝑀𝑛

) |𝑇 |/|𝑇𝑌 |
� 2´𝑛(𝐻𝑃 (𝑋 |𝑌 )´𝐻𝑇 (𝑋 |𝑌 )) . (5.72)

Furthermore,

Pr(𝐵𝑇 (𝑦𝑛) = 𝑘 + 1) = Pr(𝐵𝑇 (𝑦𝑛) = 𝑘) ¨
1

𝑀𝑛 ´ 1
¨
|𝑇 |/|𝑇𝑌 | ´ 𝑘 ´ 1

𝑘 + 1
(5.73)

ă Pr(𝐵𝑇 (𝑦𝑛) = 𝑘)
|𝑇 |/|𝑇𝑌 |
𝑀𝑛

(5.74)

ď Pr(𝐵𝑇 (𝑦𝑛) = 𝑘)2´𝑛(𝑅´𝐻𝑇 (𝑋 |𝑌 )) . (5.75)
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Then,

E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛)

ˆ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) + max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


´ E

𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝐵𝑇 (𝑦

𝑛) log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬


= E
∑︁

𝑏𝑇P[0:|𝑇 |/|𝑇𝑌 |]
Pr(𝐵𝑇 (𝑦𝑛) = 𝑏𝑇 )𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇)𝑏𝑇

ˆ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝑏𝑇 + max ©­«1,

∑︁
𝑇 1PT (𝑦𝑛)z{𝑇}

𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
´ E

∑︁
𝑏𝑇P[0:|𝑇 |/|𝑇𝑌 |]

Pr(𝐵𝑇 (𝑦𝑛) = 𝑏𝑇 )𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝑏𝑇

ˆ log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
= E

∑︁
𝑏𝑇P[1:|𝑇 |/|𝑇𝑌 |]

Pr(𝐵𝑇 (𝑦𝑛) = 𝑏𝑇 )𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝑏𝑇

ˆ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇)𝑏𝑇 + max ©­«1,

∑︁
𝑇 1PT (𝑦𝑛)z{𝑇}

𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
´

∑︁
𝑏𝑇P[1:|𝑇 |/|𝑇𝑌 |]

Pr(𝐵𝑇 (𝑦𝑛) = 𝑏𝑇 )𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)𝑏𝑇

ˆ log ©­«max ©­«1,
∑︁

𝑇 1PT (𝑦𝑛)z{𝑇}
𝑀𝑛𝑄

𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬ . (5.76)
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Here, for each 𝑇 ,

Pr(𝐵𝑇 (𝑦𝑛) = 1)𝑀𝑛𝑃
𝑛
𝑋 |𝑌 (𝑇)

ˆ log ©­«𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇) + max ©­«1,

∑︁
𝑇 1PT (𝑦𝑛)z{𝑇}

𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
´ Pr(𝐵𝑇 (𝑦𝑛) = 1)𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇) log ©­«max ©­«1,

∑︁
𝑇 1PT (𝑦𝑛)z{𝑇}

𝑀𝑛𝑄
𝑛
𝑋 |𝑌 (𝑇

1)𝐵𝑇 1 (𝑦𝑛)ª®¬ª®¬
ď Pr(𝐵𝑇 (𝑦𝑛) = 1)𝑀𝑛𝑃

𝑛
𝑋 |𝑌 (𝑇) max

(
log𝑀𝑛𝑄F𝑛 (𝑋𝑛) |𝑌𝑛=𝑦𝑛 (1) + 1, 1

)
(5.77)

ď2´𝑛(𝑅´𝐻𝑇 (𝑋 |𝑌 ))2𝑛𝑅2´𝑛(𝐷 (𝑊𝑇
𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇

𝑌
)+𝐻𝑇 (𝑋 |𝑌 )) (𝑛𝑅 + 1), (5.78)

where (5.77) follows from the fact that log(𝑎+ 𝑏) ´ log 𝑏 ď max(log 𝑎+1, 1) when
𝑏 ě 1. The summation over 𝑏𝑇 P [1 : |𝑇 |/|𝑇𝑌 |] is bounded from above by

|𝑇 |/|𝑇𝑌 |∑︁
𝑏𝑇=1

(
2´𝑛(𝑅´𝐻𝑇 (𝑋 |𝑌 ))

)𝑏𝑇
2𝑛𝑅2´𝑛(𝐷 (𝑊𝑇

𝑋𝑌
| |𝑃𝑋𝑌 )+𝐻𝑇 (𝑋 |𝑌 ))𝑏𝑇 (𝑛𝑅 + 1) (5.79)

ď2´𝑛𝐷 (𝑊𝑇
𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇

𝑌
) (𝑛𝑅 + 1)

8∑︁
𝑏𝑇=1

(
2´𝑛(𝑅´𝐻𝑇 (𝑋 |𝑌 ))

)𝑏𝑇´1
𝑏𝑇 (5.80)

=2´𝑛𝐷 (𝑊𝑇
𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇

𝑌
) (𝑛𝑅 + 1) 1(

1 ´ 2´𝑛(𝑅´𝐻𝑇 (𝑋 |𝑌 ))
)2 (5.81)

ď2´𝑛𝐷 (𝑊𝑇
𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇

𝑌
) (2𝑛𝑅 + 2) (5.82)

�2´𝑛𝐷 (𝑊𝑇
𝑋 |𝑌 | |𝑃𝑋 |𝑌 |𝑊𝑇

𝑌
)
. (5.83)

When 𝑦𝑛 is strongly 𝜖-typical [52] with respect to 𝑃𝑌 for a small enough constant
𝜖 ą 0, 𝐻𝑇 (𝑋 |𝑌 ) ă 𝐻𝑃 (𝑋 |𝑌 ) ´ 𝛾 implies that (5.83) decays exponentially in 𝑛.
Combining this with the observation that the number of types in T2 X T (𝑦𝑛) grows
only polynomially with 𝑛, the sum across T2 X T (𝑦𝑛) also converges to 0, so does
the weighted average across 𝑦𝑛. If 𝑦𝑛 is strongly atypical with respect to 𝑃𝑌 , then
(5.83) can grow linearly with 𝑛, however, the probability of 𝑌 𝑛 being atypical with
respect to 𝑃𝑌 decays exponentially, beating the growth. Therefore, the difference
between the last two terms in (5.45) converges to 0. Combining this with the fact
that the first term is bounded from above by a constant,

EF𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
= EF𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑈𝑀𝑛

𝑃𝑛𝑌
)

´𝑂 (1) (5.84)

= Ω(
?
𝑛) ´𝑂 (1) (5.85)

= Ω(
?
𝑛), (5.86)

completing the proof. □
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Remark 11. The above proof shows that 𝑃F𝑛 (𝑋𝑛)𝑌𝑛 and 𝑄F𝑛 (𝑋𝑛)𝑌𝑛 are expected to
be distinguishable when 𝑅𝑛 = 𝐻𝑃 (𝑋 |𝑌 ) + 𝑂 (1/

?
𝑛). Intuitively, this is due to the

fact that the typical sets under 𝑃 and 𝑄 become disjoint as 𝑛 increases, and the
binning operations of the two sets are done independently. The effect of 𝑃 and 𝑄
being skewed in the same (or different) direction is negligible in the long run.

In-distinguishability due to over-compression
Intuitively, the better we do compressing samples from a random process, the more
the encoder output should look like i.i.d. uniform random bits independent even
of the decoder side information; anything else could be compressed further. We
therefore expect recognizable traces of a source sequence’s identity to persist only
when redundancy remains, which in a code for source {𝑋𝑖}8

𝑖=1 with decoder side
information {𝑌𝑖}8

𝑖=1 should require 𝑅 ą 𝐻 (𝑋 |𝑌 ). Lemma 20 proves part of this
intuition to be correct, showing that when 𝑅 ă 𝐻 (𝑋 |𝑌 ), the underlying distribution
of {𝑋𝑖}8

𝑖=1 satisfying 𝐻 (𝑋 |𝑌 ) ą 𝑅 is indistinguishable from any other p.m.f. with
the same marginal under the same constraint.

Definition 23. Fix distributions 𝑃𝑋 on finite alphabet X and 𝑃𝑌 on finite alphabet
Y. Let P be all distributions 𝑃𝑋𝑌 on finite support S Ď X ˆ Y with marginal
distribution 𝑃𝑌 . Define P(𝑅) Ď P as

P(𝑅) ≜ {𝑃𝑋𝑌 P P : 𝐻𝑃 (𝑋 |𝑌 ) ě 𝑅}. (5.87)

Lemma 20. Define a sequence {F𝑛}8
𝑛=1 of source encoders, where for each 𝑛,

F𝑛 : X𝑛 ÞÑ [⌊2𝑛𝑅𝑛⌋] is a random binning encoder. Then, for any {𝑅𝑛} with
lim𝑛ÝÑ8 𝑅𝑛 = 𝑅 and 𝛿, 𝑏 ą 0,

P

[
sup

𝑃𝑋𝑌 ,𝑄𝑋𝑌PP(𝑅+𝛿)
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ě 𝑏

]
ÝÑ 0.

Remark 12. Distributions 𝑃 and 𝑄 have identical support, which ensures that
𝐷 (𝑃f𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄f𝑛 (𝑋𝑛)𝑌𝑛) is well-defined for any encoder f𝑛.

The proof of Lemma 20 uses a quantization method that partitions P(𝑅 + 𝛿) into
a number of subsets that grows polynomially in 𝑛. Like many arguments for
universality (for example, [8]), this method relies on the fact that the exponential
decay of the KL-divergence between compressed quantized distributions always
dominates the polynomial growth of the number of quantized distributions in the
long run. The proof is in Section 5.8.
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5.7 Summary
In a source code with dependent side information at the decoder, the random binning
code can serve well both for compression and for a distributed hypothesis test seeking
to distinguish between joint distributions of the distributed inputs. When the com-
pression rate converges to its asymptotic optimum at a rate of 𝑂 (1/

?
𝑛), the type-II

error of the distributed hypothesis test decays subexponentially at exp{´𝑂 (
?
𝑛)}.

This property implies a lower bound on the KL-divergence that describes the distri-
bution of the codeword from random binning. When over-compressed, however, the
codeword from random binning is expected to look indistinguishable for different
distributions.

5.8 Proofs of Auxiliary Results
Proof of Lemma 19
Proof. I begin by bounding 𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛) as

𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛)
=

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)𝐻 (f𝑛 (𝑋𝑛) |𝑌 𝑛 = 𝑦𝑛)

ď

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

(
𝐻 (𝑀𝑛, 𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛)

+ 𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 [𝚤(𝑋𝑛 |𝑦𝑛) ě log𝑀𝑛] (5.88)

ˆ

(
log𝑀𝑛 + log

1
𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 [𝚤(𝑋𝑛 |𝑦𝑛) ě log𝑀𝑛]

))
.

The inequality follows from [68, Lemma 5] by treating the side-information code
under the condition where 𝑌 𝑛 = 𝑦𝑛 as a point-to-point code for a source drawn from
probability distribution 𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 . Next, note that∑︁

𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)𝐻 (𝑀𝑛, 𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛)

=
∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑥𝑛:𝚤(𝑥𝑛 |𝑦𝑛)ďlog𝑀𝑛

𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 (𝑥𝑛) log
1

𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 (𝑥𝑛)

=
∑︁

(𝑥𝑛,𝑦𝑛):𝚤(𝑥𝑛 |𝑦𝑛)ďlog𝑀𝑛

𝑃𝑛𝑋𝑌 (𝑥
𝑛, 𝑦𝑛) log

1
𝑃𝑛
𝑋 |𝑌 (𝑥𝑛 |𝑦𝑛)

= 𝐻SI(𝑀𝑛, 𝑃
𝑛
𝑋𝑌 ). (5.89)

For 𝑦𝑛 P Y𝑛, let

𝑎 = 𝑎(𝑦𝑛) = 𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 [𝚤(𝑋𝑛 |𝑦𝑛) ě log𝑀𝑛] .
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When 𝑌 𝑛 P Y𝑛 is random, this function is also random, i.e.,

𝐴 = 𝐴(𝑌 𝑛) = 𝑃𝑋𝑛 |𝑌𝑛 [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛] . (5.90)

Then, by Jensen’s inequality, E[ 𝑓 (𝐴)] ď 𝑓 (E[𝐴]) since 𝑓 (𝑎) = 𝑎 log 1
𝑎

is strictly
concave in 𝑎. Therefore,∑︁

𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 [𝚤(𝑋𝑛 |𝑦𝑛) ě log𝑀𝑛]

ˆ log
1

𝑃𝑋𝑛 |𝑌𝑛=𝑦𝑛 [𝚤(𝑋𝑛 |𝑦𝑛) ě log𝑀𝑛]

ď P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛] log
1

P [𝚤(𝑋𝑛 |𝑌 𝑛) ě log𝑀𝑛]
. (5.91)

Combining (5.88), (5.89) and (5.91) completes the proof. □

Proof of Lemma 20
The proof appears below after some related definitions and results.

Definition 24 (𝜁-Quantization). Given a p.m.f. 𝑃 on finite alphabetX and a constant
𝜁 ą 0, the 𝜁-quantization of 𝑃 is defined as

𝑃̂𝜁 (𝑥) ≜

𝜁 ⌈𝑃(𝑥)/𝜁⌉ , 𝑥 P Xz{𝑥˚}

1 ´
∑
𝑥1PXz{𝑥˚} 𝑃̂𝜁 (𝑥1), otherwise,

where ⌈¨⌉ takes the ceiling and 𝑥˚ P X is the realization with largest probability
under 𝑃. If there is a tie, 𝑥˚ is chosen to be the largest symbol lexicographically.

For a sufficiently small 𝜁 , 𝑃̂𝜁 (𝑥) ą 0 and therefore 𝑃̂𝜁 (¨) is a p.m.f..

The following lemmas are useful for the proof of Lemma 20. To begin with,
Lemma 21 examines the impact of slight differences in distributions on KL diver-
gence.

Lemma 21. Let 𝑃,𝑄, 𝑃1, 𝑄1 be p.m.f.s on the same support X. If

𝑃(𝑥)
𝑃1(𝑥) ,

𝑄(𝑥)
𝑄1(𝑥) P [1 ´ 𝛿, 1 + 𝛿] (5.92)

for all 𝑥 P X and some 0 ă 𝛿 ă 1, then

|𝐷 (𝑃 | |𝑄) ´ 𝐷 (𝑃1 | |𝑄1) | ď 𝛿

(
𝐷 (𝑃1 | |𝑄1) + 2

𝑒 ln 2

)
+ log

1 + 𝛿
1 ´ 𝛿

. (5.93)
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Proof.

𝐷 (𝑃 | |𝑄) =
∑︁
𝑥PX

𝑃(𝑥) log
𝑃(𝑥)
𝑄(𝑥) (5.94)

=
∑︁
𝑥PX

𝑃(𝑥) log
𝑃1(𝑥)
𝑄1(𝑥) ´

∑︁
𝑥PX

𝑃(𝑥) log
𝑃1(𝑥)/𝑃(𝑥)
𝑄1(𝑥)/𝑄(𝑥) . (5.95)

Since
1 ´ 𝛿

1 + 𝛿 ď
𝑃1(𝑥)/𝑃(𝑥)
𝑄1(𝑥)/𝑄(𝑥) ď

1 + 𝛿
1 ´ 𝛿

, (5.96)

the second term in (5.95) satisfies�����∑︁
𝑥PX

𝑃(𝑥) log
𝑃1(𝑥)/𝑃(𝑥)
𝑄1(𝑥)/𝑄(𝑥)

����� ď

�����∑︁
𝑥PX

𝑃(𝑥) log
1 + 𝛿
1 ´ 𝛿

����� = log
1 + 𝛿
1 ´ 𝛿

. (5.97)

For the first term in (5.95),∑︁
𝑥PX

𝑃(𝑥) log
𝑃1(𝑥)
𝑄1(𝑥) = 𝐷 (𝑃1 | |𝑄1) ´

∑︁
𝑥PX

(𝑃1(𝑥) ´ 𝑃(𝑥)) log
𝑃1(𝑥)
𝑄1(𝑥) . (5.98)

Here �����∑︁
𝑥PX

(𝑃1(𝑥) ´ 𝑃(𝑥)) log
𝑃1(𝑥)
𝑄1(𝑥)

����� (5.99)

ď

∑︁
𝑥PX

|𝑃(𝑥) ´ 𝑃1(𝑥) |
����log

𝑃1(𝑥)
𝑄1(𝑥)

���� (5.100)

ď 𝛿
∑︁
𝑥PX

𝑃1(𝑥)
����log

𝑃1(𝑥)
𝑄1(𝑥)

���� (5.101)

= 𝛿
©­«

∑︁
𝑥:𝑃1 (𝑥)ě𝑄1 (𝑥)

𝑃1(𝑥) log
𝑃1(𝑥)
𝑄1(𝑥) ´

∑︁
𝑥:𝑃1 (𝑥)ă𝑄1 (𝑥)

𝑃1(𝑥) log
𝑃1(𝑥)
𝑄1(𝑥)

ª®¬ (5.102)

= 𝛿
©­«𝐷 (𝑃1 | |𝑄1) ´ 2

∑︁
𝑥:𝑃1 (𝑥)ă𝑄1 (𝑥)

𝑄1(𝑥) 𝑃
1(𝑥)

𝑄1(𝑥) log
𝑃1(𝑥)
𝑄1(𝑥)

ª®¬ (5.103)

ď 𝛿
©­«𝐷 (𝑃1 | |𝑄1) + 2

∑︁
𝑥:𝑃1 (𝑥)ă𝑄1 (𝑥)

𝑄1(𝑥) 1
𝑒 ln 2

ª®¬ (5.104)

ď 𝛿

(
𝐷 (𝑃1 | |𝑄1) + 2

𝑒 ln 2

)
, (5.105)
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where (5.104) follows from the fact that ´𝑎 log 𝑎 ď 1
𝑒 ln 2 for 𝑎 P [0, 1]. Combining

(5.95), (5.97), (5.98) and (5.105) gives

|𝐷 (𝑃 | |𝑄) ´ 𝐷 (𝑃1 | |𝑄1) | ď

�����𝐷 (𝑃1 | |𝑄1) ´

∑︁
𝑥PX

𝑃(𝑥) log
𝑃1(𝑥)
𝑄1(𝑥)

����� + log
1 + 𝛿
1 ´ 𝛿

(5.106)

=

�����∑︁
𝑥PX

(𝑃1(𝑥) ´ 𝑃(𝑥)) log
𝑃1(𝑥)
𝑄1(𝑥)

����� + log
1 + 𝛿
1 ´ 𝛿

(5.107)

ď 𝛿

(
𝐷 (𝑃1 | |𝑄1) + 2

𝑒 ln 2

)
+ log

1 + 𝛿
1 ´ 𝛿

. (5.108)

□

The following lemma is a widget to prove the lemma that succeeds it.

Lemma 22 (Convergence). If E|𝑋𝑛 | ď exp{´𝑘𝑛} for some 0 ă 𝑘 ă 8 and
|𝑋𝑛 | ď exp{𝑘 1𝑛} for some 0 ă 𝑘 1 ă 8, then there exists a constant 𝑝 ą 1 such that
𝑋𝑛

𝐿𝑝
ÝÑ 0.

Proof. Write

E|𝑋𝑛 |𝑝 = E [|𝑋𝑛 |𝑝1{|𝑋𝑛 | ď exp{´𝑘𝑛/2}}] + E [|𝑋𝑛 |𝑝1{|𝑋𝑛 | ą exp{´𝑘𝑛/2}}] .

The first term

E [|𝑋𝑛 |𝑝1{|𝑋𝑛 | ď exp{´𝑘𝑛/2}}] ď

(
𝑒´𝑘𝑛/2

) 𝑝
= 𝑒´𝑘 𝑝𝑛/2

ÝÑ 0.

The second term

E [|𝑋𝑛 |𝑝1{|𝑋𝑛 | ą exp{´𝑘𝑛/2}}] = E
[
|𝑋𝑛 | (𝑝´1) |𝑋𝑛 |1{|𝑋𝑛 | ą exp{´𝑘𝑛/2}}

]
= |𝑥𝑛,max | (𝑝´1)E[|𝑋𝑛 |1{|𝑋𝑛 | ą exp{´𝑘𝑛/2}}]

ď

(
𝑒𝑘

1𝑛
) (𝑝´1)

𝑒´𝑘𝑛

= 𝑒´(𝑘´𝑘 1 (𝑝´1))𝑛. (5.109)

Since (𝑘, 𝑘 1) are constants, one can always find 𝑝 sufficiently close to 1 so that
(5.109) decays to 0. Combining the two terms completes the proof. □

The following lemma studies the behavior of the expected KL divergence between
a pair of overcompressed distributions using the random binning code.
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Lemma 23 (Indistinguishable Agents). Let 𝑃𝑋𝑌 , 𝑄𝑋𝑌 P P(𝑅 + 𝛼) for some 𝛼 ą 0.
For positive integer 𝑛, let F𝑛 : X𝑛 ÞÑ [⌊2𝑛𝑅⌋] be the random binning encoder at
rate 𝑅. Then, for sufficiently large 𝑛,

EF𝑛
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ď exp{´𝜉 (𝛼)𝑛}, (5.110)

where 𝜉 (¨) is a positive and deterministic function of 𝛼.

Proof. Denote 𝑀𝑛 = ⌊2𝑛𝑅⌋ . Let 𝑃𝑋𝑌 be a p.m.f. on support S Ď X ˆ Y that
satisfies 𝐻𝑃 (𝑋 |𝑌 )´𝑅 ě 𝛼 ą 0. The total variation distance between 𝑃F𝑛 (𝑋𝑛)𝑌𝑛 and
𝑈𝑀𝑛

𝑃𝑛
𝑌

converges to zero [65, Theorem 1], and the convergence speed is exponential
[66, Theorem 5]. From the proof of [66, Theorem 5], the exponent is a function of
𝛼. That is, for sufficiently large 𝑛,

𝑃F𝑛 (𝑋𝑛)𝑌𝑛 ´𝑈𝑀𝑛

𝑃𝑛𝑌




TV ď exp {´𝜅(𝛼)𝑛} . (5.111)

The same is true for 𝑄.

I split the expectation of interest into two terms.

EF𝑛
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
=EF𝑛

∑︁
𝑐P[𝑀𝑛]

∑︁
𝑦𝑛PY𝑛

𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛) log
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛)
𝑄F𝑛 (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛)

=𝑀𝑛EF𝑛

∑︁
𝑦𝑛PY𝑛

𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑦𝑛) log
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑦𝑛)
𝑄F𝑛 (𝑋𝑛)𝑌𝑛 (1, 𝑦𝑛)

=𝑀𝑛EF𝑛

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

(
𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑦𝑛) ´𝑈𝑀𝑛

(1)
)

log
𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑦𝑛)
𝑄F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑦𝑛)

+ EF𝑛

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛) log

𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑦𝑛)
𝑄F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑦𝑛) . (5.112)

The second term can be written as

exp{´𝜅𝑛}EF𝑛,𝑌
𝑛 exp{𝜅𝑛} log

𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)
𝑄F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛) , (5.113)

where the constant 𝜅 is set later in this argument. The two random variables in the
logarithm, 𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛) and 𝑄F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛), must be either both zero or both
nonzero. By the convention 0 log 0

0 = 0, (5.113) equals

exp{´𝜅𝑛}EF𝑛,𝑌
𝑛 exp{𝜅𝑛} log

𝑃˚
F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)

𝑄˚
F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)

, (5.114)
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where

𝑃˚
F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)

=


𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛), if 𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛) ≠ 0

1
𝑀𝑛

otherwise,
(5.115)

the same holds for 𝑄. This construction ensures that

EF𝑛




𝑃˚
F𝑛 (𝑋𝑛)𝑌𝑛 ´𝑈𝑀𝑛

𝑃𝑛𝑌





TV

ď EF𝑛



𝑃F𝑛 (𝑋𝑛)𝑌𝑛 ´𝑈𝑀𝑛
𝑃𝑛𝑌




TV

ď exp{´𝜅(𝛼)𝑛}, (5.116)

the same holds for 𝑄, where the second inequality comes from [66, Theorem 5].

Then,

EF𝑛,𝑌
𝑛

[�����𝑃˚
F𝑛 (𝑋𝑛)𝑌𝑛 (1|𝑌 𝑛)
𝑈𝑀𝑛

(1) ´ 1

�����
]

=EF𝑛

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)𝑀𝑛

���𝑃˚
F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑦𝑛) ´𝑈𝑀𝑛

(1)
���

=EF𝑛

∑︁
𝑦𝑛PY𝑛

𝑃𝑛𝑌 (𝑦
𝑛)

∑︁
𝑐P[𝑀𝑛]

���𝑃˚
F𝑛 (𝑋𝑛) |𝑌𝑛 (𝑐 |𝑦𝑛) ´𝑈𝑀𝑛

(𝑐)
��� (5.117)

=2EF𝑛




𝑃˚
F𝑛 (𝑋𝑛)𝑌𝑛 ´𝑈𝑀𝑛

𝑃𝑛𝑌





TV

ď2 exp {´𝜅(𝛼)𝑛} ,

where (5.117) follows from the symmetry among codewords under the random
binning code construction. Therefore, the expectation of both

𝑃˚
F𝑛 (𝑋𝑛 )𝑌𝑛 (1|𝑌𝑛)
𝑈𝑀𝑛 (1)

and
𝑄˚

F𝑛 (𝑋𝑛 )𝑌𝑛 (1|𝑌𝑛)
𝑈𝑀𝑛 (1)

converge to 1 exponentially quickly. By Markov’s inequality, they
converge in probability with exponentially light tails. Combining this with the ob-
servation that | log 𝑃˚

F𝑛 (𝑋𝑛)𝑌𝑛 (1|𝑌 𝑛) | and | log𝑄˚
F𝑛 (𝑋𝑛)𝑌𝑛 (1|𝑌 𝑛) | can both be at most

linearly growing with 𝑛, one can conclude that the expectation of log
𝑃˚

F𝑛 (𝑋𝑛 )𝑌𝑛 (1|𝑌𝑛)
𝑄˚

F𝑛 (𝑋𝑛 )𝑌𝑛 (1|𝑌𝑛)
converges to 0 exponentially quickly with any exponent below 𝜅(𝛼). Choosing
𝜅 = 𝜉 1(𝛼) ≜ 𝜅(𝛼)/2 makes

EF𝑛,𝑌
𝑛 exp{𝜅𝑛} log

𝑃F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)
𝑄F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛) ÝÑ 0.

That is, the second term in (5.112) converges to 0 exponentially quickly.
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The first term in (5.112) can be written as EF,𝑌𝑛𝑉𝑛𝑊𝑛 where

𝑉𝑛 ≜ 𝑀𝑛𝑃
˚
F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛) ´ 1

𝑊𝑛 ≜ log
𝑃˚

F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)
𝑄˚

F𝑛 (𝑋𝑛) |𝑌𝑛 (1|𝑌 𝑛)
.

Notice that

EF𝑛,𝑌
𝑛 |𝑉𝑛 | = 2EF𝑛




𝑃˚
F𝑛 (𝑋𝑛)𝑌𝑛 ´𝑈𝑀𝑛

𝑃𝑛𝑌





TV

ď 2 exp{´𝜅(𝛼)𝑛}
= 2 exp{´𝜉 1(𝛼)𝑛} ¨ exp{´𝜉 1(𝛼)𝑛}.

Therefore, letting 𝑉 1
𝑛 ≜ exp{𝜉 1(𝛼)𝑛}𝑉𝑛/2, EF𝑛,𝑌

𝑛 |𝑉 1
𝑛 | ď exp{´𝜉 1(𝛼)𝑛}. Also,

|𝑉 1
𝑛 | ď 𝑀𝑛 exp{𝜉 1(𝛼)𝑛}/2, which is exponentially large. Applying Lemma 22, there

exists a 𝑝 ą 0 such that 𝑉 1
𝑛

𝑝
ÝÑ 0. As for 𝑊𝑛, due to the logarithm, |𝑊𝑛 | is at most

linearly growing with 𝑛, yet it converges exponentially quickly. Therefore,𝑊𝑛
𝑞
ÝÑ 0

for all 𝑞 ă 8. Choosing 𝑞 so that 1
𝑝
+ 1

𝑞
= 1, Hölder’s inequality [70] gives 𝐿1

convergence of 𝑉 1
𝑛𝑊𝑛. Therefore, for sufficiently large 𝑛,

EF𝑛,𝑌
𝑛𝑉𝑛𝑊𝑛 = 2 exp{´𝜉 1(𝛼)EF𝑛,𝑌

𝑛𝑉 1
𝑛𝑊𝑛 ď 2 exp{´𝜉 1(𝛼)𝑛}.

Therefore, both terms in (5.112) decay exponentially quickly with the same exponent
𝜉 1(𝛼), picking any 𝜉 (𝛼) ă 𝜉 1(𝛼) uniformly completes the proof. □

Remark 13. In [67], Kavian et al. briefly mentioned that the enhancement of the
output statistics of random binning (OSRB) result in [65] provided by [66] can be
used to argue that the random binning statistics, with sufficiently low rate, is close
to uniformity when measured by KL-divergence. Part of the proof of Lemma 23 can
be used to formalize that claim.

With these auxiliary results, I proceed to prove Lemma 20.

Proof of Lemma 20. The set P(𝑅 + 𝛿) can be uncountable. I first define a sequence
of sets, each of which contains a countable number of elements. Let

P‹
𝜁 ≜

{
𝑃̂𝑋𝑌 : D𝑃𝑋𝑌 P P(𝑅 + 𝛿) with 𝑃̂𝑋 |𝑌=𝑦,𝜁 = 𝑃̂𝑋 |𝑌=𝑦 for all 𝑦 P Y, and 𝑃̂𝑌 = 𝑃𝑌

}
be the set of distributions that are quantized from P(𝑅 + 𝛿) with 𝜁-quantized
conditionals, that is, they have identical marginal 𝑃𝑌 with the distributions in P(𝑅+
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𝛿), but the conditionals 𝑃𝑋 |𝑌=𝑦, @𝑦 P Y are 𝜁-quantized. Use quantizer 𝜁𝑛 = 1
𝑛2 .

The quantization ensures that the cardinality of P˚
𝜁𝑛

is countable and grows with 𝑛
polynomially. Specifically,���P‹

𝜁𝑛

��� ď (𝑛2 + 1) ( |X|´1) |Y| = 𝑂
(
𝑛2|X||Y|

)
.

This is because 𝑃𝑋 |𝑌=𝑦 for each 𝑦 P Y is quantized differently, and for each specific
𝑦, 𝑃̂𝑋 |𝑌=𝑦,𝜁𝑛 (𝑥) for each 𝑥 except the one with largest 𝑃𝑋 |𝑌=𝑦 (𝑥) can take no more
than 𝑛2 + 1 possible values.

Let 𝐻 (𝑋 |𝑌 ) be the conditional entropy with respect to 𝑃𝑋𝑌 P P(𝑅+𝛿). Let 𝐻̂ (𝑋 |𝑌 )
be the conditional entropy with respect to 𝑃̂𝑛,𝑋𝑌 , where

𝑃̂𝑛,𝑋𝑌 (𝑥, 𝑦) = 𝑃̂𝑋 |𝑌=𝑦,𝜁𝑛 (𝑥 |𝑦)𝑃𝑌 (𝑦) (5.118)

for all (𝑥, 𝑦) P S. Then, since the support is finite, 𝐻̂ (𝑋 |𝑌 ) = 𝐻 (𝑋 |𝑌 ) ˘ 𝑂

(
1
𝑛2

)
,

which, given (5.87), guarantees

lim
𝑛ÝÑ8

min
𝑃𝑋𝑌PP‹

𝜁𝑛

𝐻 (𝑋 |𝑌 ) ě 𝑅 + 𝛼 (5.119)

for any 𝛼 ă 𝛿.

For 𝑃𝑋𝑌 , 𝑄𝑋𝑌 P P‹
𝜁𝑛

with same marginal 𝑃𝑌 , min𝑃𝑋𝑌PP‹
𝜁𝑛
𝐻 (𝑋 |𝑌 ) ´ 𝑅 ě 𝛼 ą 0

implies that
EF𝑛

𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ď exp{´𝜉 (𝛼)𝑛} (5.120)

by Lemma 23. Therefore, given 𝑎0 = exp{´𝑎˚𝑛}, 0 ă 𝑎˚ ă 𝜉 (𝛼), and 0 ă 𝜉‹ ă

𝜉 (𝛼) ´ 𝑎˚,

P


⋂

𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹
𝜁𝑛

{
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ď 𝑎0

}
= 1 ´ P


⋃

𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹
𝜁𝑛

{
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ą 𝑎0

}
ě 1 ´

∑︁
𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹

𝜁𝑛

P
[
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ą 𝑎0

]
ě 1 ´

∑︁
𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹

𝜁𝑛

EF𝑛
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
𝑎0

ě 1 ´

∑︁
𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹

𝜁𝑛

exp{´𝜉 (𝛼)𝑛}
𝑎0

ě 1 ´ exp{´𝜉‹𝑛}
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for sufficiently large 𝑛. That is, with probability approaching 1 exponentially quickly,
compressed versions of distributions in the quantized set P‹

𝜁𝑛
have exponentially

small KL divergence between one-another.

Next, I show how this behavior of the countable, quantized set P‹
𝜁𝑛

determines the
behavior of the uncountable set P(𝑅 + 𝛿).

By the definition of the 𝜁-quantization method, for small enough 𝜁 , for any p.m.f.
𝑃(𝑥) on support S,

max
𝑥PS

𝑃(𝑥)
𝑃̂𝜁 (𝑥)

ď max
𝑥PS

𝑃(𝑥)
𝑃(𝑥) ´ ( |X| ´ 1)𝜁 ď

𝑝min
𝑝min ´ ( |X| ´ 1)𝜁 (5.121)

and

min
𝑥PS

𝑃(𝑥)
𝑃̂𝜁 (𝑥)

ě min
𝑥PS

𝑃(𝑥)
𝑃(𝑥) + 𝜁 =

𝑝min
𝑝min + 𝜁

.

where 𝑝min ≜ min𝑥PS 𝑃(𝑥) ą 0 by definition of support set S. Due to the construc-
tion of quantized distribution 𝑃̂𝑛,𝑋𝑌 ,

1
1 + 𝑘/𝑛2 ď

𝑃(𝑥, 𝑦)
𝑃̂𝑋 |𝑌=𝑦,𝜁𝑛 (𝑥)𝑃𝑌 (𝑦)

=
𝑃(𝑥, 𝑦)

𝑃̂𝑛,𝑋𝑌 (𝑥, 𝑦)
ď

1
1 ´ 𝑘/𝑛2 (5.122)

where
𝑘 =

( |X| ´ 1)
min(𝑥,𝑦)PS 𝑃𝑋 |𝑌 (𝑥 |𝑦)

ą 0. (5.123)

Then, notice that (
1

1 +𝑂 (1/𝑛2)

)𝑛
= 𝑒𝑛 ln(1+𝑂 (1/𝑛2)) (5.124)

= 𝑒𝑛(0+𝑂 (1/𝑛2)+𝑂 (1/𝑛3)) (5.125)

= 𝑒𝑂 (1/𝑛) (5.126)

= 1 +𝑂 (1/𝑛) (5.127)

by Taylor expansion and the differentiability of logarithm and exponential.

Furthermore, for any function f : X ÞÑ Y, if𝑃, 𝑃1 satisfies𝑃𝑋 (𝑥)/𝑃1
𝑋
(𝑥) P [1´𝛿, 1+

𝛿] for all 𝑥 P S, then 𝑃f(X) (𝑐)/𝑃1
f(𝑋) (𝑐) P [1 ´ 𝛿, 1 + 𝛿] for all 𝑐 P { 𝑓 (𝑥) : 𝑥 P S}.

Therefore, there exists a constant 𝐶 ą 0 such that

1 ´
𝐶

𝑛
ď

𝑃Fn (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛)
𝑃̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛)

ď 1 + 𝐶
𝑛

(5.128)
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for all 𝑃𝑋𝑌 , where 𝑃̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛 (𝑐, 𝑦𝑛) is the joint distribution of F𝑛 (𝑋𝑛) and𝑌 𝑛 when
(𝑋𝑛, 𝑌 𝑛) „ 𝑃̂𝑛

𝑛,𝑋𝑌
. Applying Lemma 21 gives���𝐷 (

𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
´ 𝐷

(
𝑃̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛

)��� (5.129)

ď
𝐶

𝑛

(
𝐷

(
𝑃̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛

)
+ 2
𝑒 ln 2

)
+ log

1 + 𝐶/𝑛
1 ´ 𝐶/𝑛 (5.130)

= 𝐷

(
𝑃̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄̂𝑛,F𝑛 (𝑋𝑛)𝑌𝑛

)
𝑂

(
1
𝑛

)
+𝑂

(
1
𝑛

)
, (5.131)

which implies that for any constant 𝑎 ą 0,

sup
𝑃𝑋𝑌 ,𝑄𝑋𝑌PP(𝑅+𝛿)

𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ď max

(
2 max
𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹

𝜁𝑛

𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
,

max
𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹

𝜁𝑛

𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
+ 𝑎

)
when 𝑛 is sufficiently large. Therefore,

P

[
sup

𝑃𝑋𝑌 ,𝑄𝑋𝑌PP(𝑅+𝛿)
𝐷

(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ě 𝑏

]
ď P

[
max

𝑃𝑋𝑌 ,𝑄𝑋𝑌PP‹
𝜁𝑛

𝐷
(
𝑃F𝑛 (𝑋𝑛)𝑌𝑛 | |𝑄F𝑛 (𝑋𝑛)𝑌𝑛

)
ě
𝑏

2

]
ÝÑ 0

for 𝑏 = 2𝑎, completing the proof. □
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C h a p t e r 6

SUMMARY AND TOPICS FOR FUTURE STUDIES

In this thesis, I study several source coding problems that arise from the uncertainty
in communication networks.

In Chapter 2, I investigate the problem of asynchronous random access source
coding. This problem generalizes the synchronous random access source coding
setting, which itself extends the classical multiple access source coding framework.
I propose an ARASC that allows a transmitter to encode a block of source obser-
vations and begin transmitting the encoded description to the receiver at any time,
provided that the transmitter has accumulated enough observations and the channel
for codeword transmission is idle. I analyze the performance of the proposed code.
Although the performance bound derived in Chapter 2 is not tight in general, it offers
a simple characterization of the penalty incurred by removing the synchronization
constraint.

In Chapter 3, I propose a 2-stage variable-rate source code that uses unreliable side
information to assist the decoding of a source. I analyze the performance of the
code under two different models: one representing the worst-case scenario in which
the joint distribution of the unreliable side information and the source is known,
and the other in which the joint distribution is unknown. By allowing two stages
of decoding, my proposed code allows the user to prevent the uncertainty from the
unreliable side information from propagating to the reconstruction of the source of
interest.

Chapter 4 examines the scenario in Chapter 3 from the perspective of an upstream
point-to-point code creating uncertainties for downstream users due to imperfect
source reconstructions. In Chapter 4, I study the same scenario from the viewpoint
of the almost lossless upstream code. I show that the decoder output of near-optimal
almost lossless point-to-point source codes can reveal vastly different amounts of
information about a dependent source. Moreover, the code designer can smoothly
adjust the amount of such information within a certain range. This implies that the
designer of an almost lossless source code has the authority to control the amount of
information exposed through the decoder output about dependent sources, thereby
influencing the potential performance of downstream users in both beneficial and
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detrimental ways as desired.

In Chapter 5, I study the problem of distributed hypothesis testing and source
coding. I show that the compressed description of a random binning code serves as
an input to a distributed hypothesis test. I analyze both the case of testing against
independence and that of testing against an alternative distribution. I demonstrate
that when the source is over-compressed, the codewords of a random binning code
from different source distributions become similar in distribution. However, when
the source is at the boundary between over-compression and under-compression, I
show that the codewords of a random binning code from different source distributions
are distinguishable with a subexponentially decaying type-II error probability. The
result provides insight into the structure of a random binning code.

An interesting direction for future work is to investigate the potential of creating
a system that dynamically learns about and adapts to the uncertainty arising from
the environment, including synchronization issues, unreliable side information, un-
known distributions, and so on. For example, in Chapter 3, the performance of
USSC under the unknown model suffers from the decoder’s ignorance of the joint
distribution of the source and the unreliable side information. But if the decoder is
able to refine its understanding of the distribution over time - assuming that the dis-
tribution is fixed, slowly varying, or following a predictable pattern - then the USSC
could adjust its behavior accordingly and eventually outperform its performance
under the worst-case known-distribution model. Another direction of future work
involves studying some of the problems in this thesis in the lossy world, especially
with almost lossless source code replaced by lossy code in the finite-blocklength
regime.
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