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ABSTRACT

This dissertation advances the mathematical and algorithmic foundations of data
assimilation (DA) for inference in nonlinear stochastic dynamical systems. DA is a
cornerstone of modern computational science, enabling the integration of observa-
tional data with dynamical models for state estimation and uncertainty quantification.
Classical algorithmic approaches, such as the ensemble Kalman filter (EnKF), rely
on Gaussian approximations to estimate the conditional distribution of state given

observations, which limit their fidelity in scientific and engineering applications.

The first part of this work develops a probabilistic mean-field formulation of the
filtering problem, providing a rigorous description of the evolution of the conditional
distribution of state given observations. This framework leads to new analytical tools
to quantify the uncertainty represented by ensemble filters, culminating in the first
proof of the accuracy of the EnKF as a quantifier of uncertainty for near-linear

dynamics.

The second part develops theoretical and methodological advances in scientific ma-
chine learning. A continuum formulation of the attention mechanism enables the
design of transformer neural operators together with the first universal approxima-
tion theorem for this class of architectures. This line of work further leads to measure
neural mappings, the first neural operators defined on spaces of probability mea-
sures, opening a new avenue for Bayesian inference. With this novel methodology
we introduce two new strategies for enhancing data assimilation via operator learn-
ing: (i) a fully data-driven approach involving direct approximation of conditional
states via operator learning and (ii) a model-driven approach involving learning
the DA analysis map via measure neural mappings. Together, these results pave
the way towards theoretical and computational foundations for accurate uncertainty
quantification in nonlinear, high-dimensional systems, with implications for climate

science, engineering design, and digital twins.
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Chapter 1

INTRODUCTION

The field of data assimilation (DA) is focused on developing methodology for opti-
mally integrating observational data with models of possibly stochastic dynamical
systems. The central problem is one of inference under uncertainty: model error,
chaotic dynamics, and observational noise each introduce significant challenges to
obtaining accurate estimates of the system state. This thesis is concerned with three
canonical inference problems that arise in this setting. Given partial observations
of a dynamical system over a time window, the smoothing problem asks for the
state estimate or conditional distribution of state given data, of the unobserved state
trajectory given all observations within that window. The filtering problem is the
online counterpart: it seeks to estimate the state or conditional distribution of the
current state given all observations up to the present time. Finally, the forecasting
problem aims to predict the future partially observed state beyond the observation
window. Together, these three problems underpin a broad range of applications,
from numerical weather prediction and climate modeling to subsurface flow and

engineering control.

Traditional methodology for performing inference in dynamical systems has relied
on linear-Gaussian approximations. The Kalman filter provides the exact solution
when both the state dynamics and the observation operator are linear and all noise
is Gaussian. For nonlinear systems, practitioners have relied on extensions such
as the ensemble Kalman filter (EnKF), which propagates an ensemble of particles
and approximates the filtering distribution, employing moment matching conditions
with Gaussian projections. Despite their widespread adoption in the geosciences
and engineering, these methods are fundamentally constrained by the Gaussian
approximations inherent to their design, which limits their fidelity in the highly
nonlinear, non-Gaussian regimes where they are applied. In this thesis we analyze
the limitations of the ensemble Kalman filter while also exploring how machine
learning can fill this gap, pursuing two complementary avenues. The first is an
end-to-end data-driven learning approach for smoothing and forecasting, which
seeks to learn a direct mapping from observations to unobserved state quantities,
bypassing the need for an explicit dynamical model. The second is a model-driven

approach for filtering, in which the model-driven forecast is retained but the analysis
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step, the correction of the forecast by the incoming observation, is parametrized by
a learnable operator. Both paradigms are developed with the goal of overcoming
the linear-Gaussian constraints inherent to the design of classical ensemble methods

and to enable accurate inference in these settings.

The data-driven methodology developed in this thesis rests on the paradigm of oper-
ator learning, the task of learning mappings between infinite-dimensional function
spaces from finite collections of input-output pairs. A key desideratum for opera-
tor learning architectures in scientific computing is discretization invariance: the
learned operator should be independent of the particular discretization of the underly-
ing continuum problem, permitting training and deployment at arbitrary resolutions.
Transformers, the architectural backbone of modern large language models, have
shown remarkable capacity for modeling long-range correlations, and their attention
mechanism admits a natural continuum generalization. Starting from a continuum
formulation of attention, we introduce transformer neural operators, attention-based
architectures mapping between infinite-dimensional spaces of functions that are in-
herently discretization invariant. A central theoretical contribution of this thesis is
the first universal approximation theorem for this class of architectures: we prove
that transformer neural operators can approximate, to arbitrary accuracy, a broad
class of nonlinear operators between Banach spaces. Universal approximation is a
necessary theoretical condition for any learning paradigm intended for deployment
in scientific domains, as it guarantees the existence of network parameters achieving

the desired operator approximation.

In the data assimilation context, transformer neural operators can be deployed in
several distinct roles. They may serve as cheap-to-evaluate surrogate models for the
forward dynamics, replacing expensive numerical solvers during inference. They
may be used to learn the smoothing or forecasting map directly from data, in a
fully data-driven fashion. Or they may parametrize the analysis step of a model-
driven ensemble filter, using a learned nonlinear operator defined on spaces of
probability measures. Indeed, another main contribution is the introduction of
the first neural operator defined on the space of probability measures. This thesis
develops the theoretical and algorithmic underpinnings of each of these approaches,
establishing rigorous foundations and demonstrating practical performance on a

range of nonlinear dynamical systems.



1.1 Outline and contributions

The thesis is organized in two parts. [Part I, consisting of |(Chapter 2|and [Chapter 3| is

focused on the development of a probabilistic mean-field formulation of the filtering

problem, and its application to the analysis of ensemble Kalman filters. |Part Il

consisting of [Chapter 4] [Chapter 5| and[Chapter 6] is focused on the development of

transformer-based operator learning methodology for nonlinear data assimilation.

In this thesis we make the following main contributions.

(C1) We develop a probabilistic mean-field formulation of the filtering problem,
which provides a rigorous description of the evolution of the conditional dis-
tribution of state given observations. This framework leads to new analytical

tools to quantify the uncertainty represented by ensemble filters.

(C2) We introduce the first proof of the accuracy of the EnKF as a quantifier of

uncertainty for near-linear state dynamics.

(C3) We develop a continuum formulation of the attention mechanism, which
enables the design of transformer neural operators together with the first

universal approximation theorem for this class of architectures.

(C4) We introduce a fully data-driven approach to smoothing and forecasting em-
ploying neural operators. We formulate and prove the first universal approx-
imation theorem for the smoothing and forecasting maps, and demonstrate
the practical performance of this approach on a range of nonlinear dynamical

systems.

(CS) We introduce measure neural mappings, the first neural operators defined on
spaces of probability measures, opening a new avenue for Bayesian inference.
We use this methodology to learn the DA analysis map, and enhance traditional

model-driven ensemble filters.

In[Chapter 2| we work in the context of the state observation model, and introduce the
general form of the state estimation problem, and the associated filtering problem
of recovering the conditional distribution of state given observations. We develop
a mean-field formulation of the filtering problem, which provides a rigorous de-

scription of the evolution of the conditional distribution. We use this perspective to

introduce the ensemble Kalman methodology, hence [Contribution (CI)] In [Chap-
we use the mean-field formulation and the tools developed in |[Chapter 2| to




4

introduce a novel analytical framework to quantify the uncertainty represented by
ensemble Kalman filters, and use this framework to prove the first result on the

accuracy of the EnKF as a quantifier of uncertainty for near-linear state dynamics,

thus addressing [Contribution (C2), This analysis and the contruction of ensemble

Kalman filters using linear-Gaussian approximations suggests an inherent limita-
tion of the EnKF in quantifying uncertainty for highly nonlinear dynamics, which
motivates the development learning based methodology that overcomes this con-
straint. In[Chapter 4] we introduce the transformer neural opperator architecture and
universal approximation theory for this class of methods. This chapter addresses

[Contribution (C3)| and underpins the algorithmic developments of the subsequent
chapters. In we introduce a fully data-driven approach to smoothing and
forecasting employing neural operators. Leveraging the universal approximation
theory developed in we prove the first universal approximation result

for the smoothing and forecasting maps, thus addressing [Contribution (C4), We

also demonstrate the practical performance of a transformer based approach on a
range of nonlinear dynamical systems. We conclude in by introducing
a transformer operator mapping between spaces of probability measures. We use
this approach to learn the analysis map in an ensemble filtering framework, beat-

ing traditional model-driven approaches on a range of experimental settings, hence

(Contribution (C5). This represent the first step towards building learning-based

algorithms for accurate and scalable probabilistic conditioning.

1.2 Notation

Throughout we denote the positive integers and non-negative integers respectively
by N = {1,2,---} and Z* = {0,1,2,---}, and the notation R = (—o0, ) and
R* = [0, co) for the reals and the non-negative reals. For a set D, we denote by D
the closure of the set, i.e., the union of the set itself and the set of all its limit points.
We will occasionally write [1,n] c N to denote the set {1,...,n}. We use F(A)

to denote the set of all nonempty finite subsets of a set A.

1.2.1 Vectors, Matrices, Euclidean Spaces

In the following let A, B, C be symmetric matrices. We write A > B when A — B is
positive definite and A > B when A — B is positive semi-definite. We will also write
A<BwhenB—-A >0and A X Bwhen B— A = 0. We let {-,-),| - | denote the
Euclidean inner-product and norm, noting that |[v|> = (v, v). We write (-, -)ga, | - |pa

if we want to make explicit the dimension of the space on which the Euclidean inner
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product is computed. We also use | - | to denote the resulting induced norm on
matrices. We may also use | - | to denote the cardinality of a set, but the distinction
will be clear from context. We will also denote by | - |; the norm on the vector space
¢'. For C » 0 (and therefore a covariance matrix) we define (-,-)c and | - |¢, the
covariance-weighted Euclidean inner-product and norm, by {(u, v)¢c = <u C _1v> and
|v|é = (v,v)c. We use : to denote the Frobenius inner-product between matrices,

and | - |g the induced norm on matrices.

1.2.2 Normed Spaces and Operators

We denote by C(D;R¥) the infinite dimensional Banach space of continuous func-
tions mapping the set D to the d-dimensional vector space R¢. The space is endowed
with the supremum norm ||+||«. Similarly, we denote by L>(D;R?) the infinite di-
mensional space of square integrable functions mapping D to R?. The space is
endowed with the L? inner product, which induces the norm on the space. We will
sometimes use the shorthand notation C(D) and L?(D) to denote continuous func-
tions and square integrable functions defined on the domain D, respectively, when
the image space is irrelevant. Similarly, we sometimes drop the domain notation
completely, when it is clear from context. For integers s > 0 we denote by C* the
space of continuously differentiable functions up to order s. Let C*™ denote the
infinite dimensional real vector space of all infinitely differentiable functions. For
any function f € C*(R9;R%) and any 0 < k < s, we define by DX f(v) the kth
derivative at v € R viewed as the linear operator |_(®l’_<:1 R, R%). We endow

the space C* with the norm ||#||cs defined as

Iflles = > 1D/ Flleos (1.1)
=0

J

for any function f € C°. We also use V, V- and A to denote the gradient, di-
vergence and Laplacian operations respectively. Given s > 1, for any function
f € C5(RY;R%) and a vector field w € CS7H(RY1;RY), we also define £, f(v),
the Lie derivative of f along w, as

L, f(V) =Df(mw(v), v e RY,

Note that £,, f € C71(R9;R®%). For k < s we also denote by LX f the Lie
derivative of f along w of order k, defined by k—fold application of £,,. We will

occasionally drop the vector field from the notation when it is clear from the context.

For p € [1, o0), we denote by W*” the Sobolev space of functions possessing weak

derivatives up to order s of finite L” norm. We use the notation H* to denote W*2.
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Given a function f: R” — R and r > 0, we let Br~(f,r) denote the L™ ball
of radius r centered at f. Similarly, for functions f,g and r > 0, we denote by
Br~((f,g),r) the L™ ball of radius r centered at (f, g), on the product space, i.e.
the set of all (f, g) € L®(R") x L*(R?) satisfying

IT = fllzo@wny <7, 118 = gllpogay < 7

We write |¢|co1 for the C%! semi-norm, referring in particular to the Lipschitz

constant.

Throughout, general vector spaces will be written using a calligraphic font U. We
denote by L(U; V) the infinite-dimensional space of linear operators mapping the
vector space U to the vector space V. We use ¥ to denote the Fourier transform,
while 7! will denote the inverse Fourier transform. Throughout the thesis we
will often distinguish operators acting on infinite-dimensional spaces by using the
mathsf font. For example, we distinguish operators acting on finite dimensional

spaces, such as Q, and operators acting on infinite dimensional spaces, such as Q.

1.2.3 Probability Spaces

We denote by P (Q) the space of probability measures defined on set Q. We use E
and IP to denote expectation and probability under the prevailing probability measure;
if we wish to make clear that measure n is the prevailing probability measure then
we write E, and P,. We denote by Law(v) the law of a random variable v. We

apply the notation L to denote independence of two random variables.

We let §, denote the Dirac mass on R?, centered at point u € R?. The notation
N(m, C) denotes the distribution of a Gaussian random variable with mean m and
covariance C. We let G = G(R?) denote the set of Gaussian probability measures
on R (including indefinite covariances and hence all Dirac masses). We also use the
notation N(m, C) in the infinite dimensional context do denote a Gaussian measure
with covariance operator C; whether we are in the finite dimensional setting or
the infinite dimensional one will be clear from context. We also use the notation

unif(D) to denote a uniform distribution defined over the domain D.

We will denote by PP (R") the set of probability measures over R” with finite
moments up to order p. With the exception of empirical measures formed from finite
ensembles, this manuscript primarily deals with probability measures that have a
Lebesgue density, because of the assumptions concerning the noise structure in the

dynamics model and the data acquisition model. In this setting we occasionally abuse
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notation by using the same symbols for probability measures and their densities.
For u € P(R"), the notation u(x) for x € R” refers to the Lebesgue density of u
evaluated at x, while u[ f] for a function f: R" — R will be notation for /Rn fdu.
For function f : R" — R™ and measure p € P(R"), we denote by fyu € P(R™)

the measure given by the pushforward, under f, of u.

For a probability measure p € P (R"), the notation M, (u) denotes the gth polyno-
mial moment under the measure u, defined as

Mg (p) = A x| p(dx). (1.2)
We denote by M (u) and C(u) the mean and covariance under u, respectively:

M) =plxl,  Cw) = | (x = M(w) ® (= M(w) .

We use Pgr(R") with R > 1 to denote the subset of #(R") of probability measures

with mean and covariance satisfying the bounds
1
M <R, —In < C(u) < Ry, (1.3)

where I,, denotes the identity matrix in R, and < is the partial ordering defined
by the convex cone of positive semi-definite matrices. Additionally, Gg(R") is the
subset of G(R") of probability measures satisfying (1.3).

For m € P(R% x R%) defined on the joint space of state and data associated with
random variable (u,y) € R% x R% we denote by M“(x), M*(x) the means of
the marginal distributions, and by C**(x), C*Y(x) and C*Y(x) the blocks of the
covariance matrix C(7). In particular, we write

M(x)
Myur)) ’

c"(m) C"¥(m)

€= o

M(m) = ( ) (1.4)

For h: R% — R% we also define C"" () to be the covariance of vector /(u), for
u distributed according to the marginal of 7 on u, and C*”(x) to be the covariance
between u and h(u). Given this notation, we also introduce the set PEO(Rd"Xdy) of

probability measures 7 with finite second moment satisfying CY () > 0.

We introduce the Gaussian projection operator G: P?(R") — G(R") defined by
Gu = N(M(p), C(n)). We refer to G as a projection because G is the Gaussian dis-
tribution closest to u with respect to KL (u||#) (C. M. Bishop, 2006), where KL (|| )
denotes the Kullback—Leibler (KL) divergence of u from 7. We note that G defines
a nonlinear mapping. Throughout[Chapter 3|we make use of the following weighted
total variation distance as in J. A. Carrillo et al., 2024
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Definition 1.2.1. Let g: R" — [1, 00) define the function g(v) := 1 + |v|%. The
weighted total variation metric d,: P (R") x P(R") — R is defined by

dg(p1, p2) = sup [ [£] = 2 [ £1],
Ifl<g

where the supremum is taken over all functions f: R" — R bounded from above

by g pointwise and in absolute value.

We denote by Tym the pushforward measure of 7 by the map T: if u ~ m then
T(u) ~ Tyn. In if an operator B on probability measures is defined as
the pushforward by a map, we denote the associated transport map with the font

mathfraf, i.e. B(-) = By(-) to make this connection clear.

1.2.4 Data Assimilation
In the context of DA, we use v to denote the system states and y to denote the
observations. The superscript 1 indicates true values and the subscript j € Z*
denotes the time step. For ensemble methods, we use the parenthesized superscript
(n) for the ensemble index.



Part I

Ensemble Data Assimilation
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Chapter 2

ENSEMBLE KALMAN METHODS: A MEAN FIELD
PERSPECTIVE

2.1 Introduction

The ensemble Kalman methodology comprises an innovative and flexible set of tools
which can be used for both state estimation in dynamical systems and parameter esti-
mation for generic inverse problems. It has primarily been developed by practitioners
in the geophysical sciences, with notable impact on the fields of oceanography, oil
reservoir simulation and weather forecasting. Despite its widespread adoption in
the geosciences over several decades, firm theoretical foundations are only recently
starting to emerge; the methodology is hard to analyze. The purpose of this chapter
is twofold: a) to introduce a mathematical framework for the analysis of ensemble
Kalman methods, describing what is known and highlighting the many open math-
ematical challenges in the field; and b) to provide a literature survey which bridges
the domain-specific development of the methodology with emerging mathematical
analyses. In so doing we will also highlight the flexibility of the methodology for use

in widespread applications, beyond its historical development in the geosciences.

The novel perspective which underlies all of this material is the derivation of ensem-
ble Kalman methods as particle approximations of carefully designed mean field
models. The relationship of these mean field models to exact transport models, for

Gaussian problems, serves to motivate their form.

In[Subsection 2.1.1|we overview the history of ensemble Kalman methods.
describes the organization of the chapter.

2.1.1 Historical Context

The Kalman filter (KF) is arguably the first setting in which the systematic inte-
gration of observational data with a dynamical system was considered, leading to
both discrete time (Kalman, |1960) and continuous time (Kalman and Bucy, |1961)
formulations; see Welch, G. Bishop, et al. (1995) for an overview. The Kalman
filter applies only in the setting of linear Gaussian dynamics and observations. In
this setting it computes the distribution of the state of the dynamical system, given

observations, exactly; this Bayesian perspective on the filter was highlighted in Ho
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and R. Lee (1964) subsequent to the original derivation in Kalman (1960) which
proceeded by computing the best linear predictor of the state, given data. The ex-
tended Kalman filter (historically denoted EKF; however the acronym ExKF is also
used and is useful) was introduced in order to extend Kalman’s ideas to nonlinear
problems; see the texts Andrew H Jazwinski (2007)) and B. D. Anderson and Moore
(2012) for overviews. The extended Kalman approach is based on a linearization
approximation; it hence fails to exactly compute the distribution of the state of the
dynamical system, given observations, in general. Furthermore it requires propaga-
tion of covariance matrices which can be very large for applications arising in the
geosciences (Michael Ghil et al.,|1981).

The ensemble Kalman filter (EnKF) was introduced in the celebrated paper Evensen
(1994) which made the consequential observation that, if an ensemble of state es-
timators is employed then it can also be used to make an approximation of the
covariance. In geosciences applications this circumvents the computation of large
covariances, replacing them instead with low rank approximations, with rank deter-
mined by the number of ensemble members. The original paper developed the idea in
the context of ocean models, but was rapidly and concurrently developed in a variety
of geoscience application domains (Van Leeuwen and Evensen, 1996; G. Burgers,
van Leeuwen, and G. Evensen, [1998; P.L. Houtekamer and M.L. Mitchell, [1998));
the paper Van Leeuwen (2020b)) provides a historical overview. These methods are
sometimes referred as the stochastic EnKF: they require simulation of random vari-
ables to implement. A different class of ensemble methods, known collectively as
ensemble square root filters, was subsequently developed (Jeffrey L Anderson, 2001}
J.S. Whitaker and T.M. Hamill, 2002; C.H. Bishop, B.J. Etherton, and S.J. Majum-
dar, 2001; B.R. Hunt, E.J. Kostelich, and I. Szunyogh, 2007; M.K. Tippett et al.,
2003; P. Sakov and P.R. Oke, [2008)); these methods are a form of deterministic

EnKF: they do not require simulation of random variables to implement.

Central to our mathematical presentation of Kalman-based methods is the adop-
tion of mean field and transport perspectives on the subject. The incorporation of
data within filtering constitutes (possibly approximate) application of Bayes’ the-
orem; the papers Daum, Huang, and Noushin (2010), Reich (2011)), E1 Moselhy
and Y. M. Marzouk (2012), and the survey C. Cotter and Reich (2013) introduce
novel approaches to Bayesian inversion, rooted in transport and mean field models.
While El Moselhy and Y. M. Marzouk (2012)), Spantini, Baptista, and Youssef Mar-

zouk (2022a) propose a direct numerical approximation of the underlying optimal
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transport problem, Daum, Huang, and Noushin (2010) and Reich (2011) pursue a
homotopy approach. We note that the homotopy approach is closely related to iter-
ative implementations of the EnKF, as first considered by G. Li and Albert Coburn
Reynolds (2009), Gu and Dean S Oliver (2007), and P. Sakov, D. S. Oliver, and
L. Bertino (2012); these homotopy approaches lead to continuous time formulations
of the EnKF in the limit of infinitely many iterations, as first considered by Berge-
mann and Reich (2010a)) and Bergemann and Reich (2010b). Directly starting from
the continuous time filtering perspective, mean field models have been introduced
independently in Crisan and Xiong (2010) and T. Yang, Prashant G. Mehta, and
Meyn (2013).

The key connection between mean field models and ensemble methods is that the
latter can be derived as particle approximations of the mean field limit; this viewpoint
will play a guiding role in our presentation of the subject of ensemble methods in
this chapter. In this context it is notable that the field of optimization, which is linked
to Bayesian sampling through MAP estimation (Kaipio and Somersalo, [2006), has
also seen recent development using mean field models — see José A Carrillo et al.

(2018) for an overview and unifying mathematical framework.

The methods covered in this survey provide only approximate solutions to the
underlying filtering, inference and/or optimization problem, in the mean field limit.
The approximations invoked are based on assuming linear Gaussian structure, where
the mean field models are exact, but applying the resulting methodology outside this
regime. In the context of the optimization and Bayesian approaches to inversion,
affine invariant algorithms (introduced in Goodman and Weare (2010)) play an
important conceptual role in understanding the power of ensemble Kalman methods:
affine invariance can be used to show universal convergence rates for linear Gaussian
problems. Empirically the affine invariance confers advantages when ensemble
Kalman methods are applied beyond the linear Gaussian setting. In practice this
benefit must be weighed against the error resulting from using ensemble Kalman

methods outside the linear Gaussian setting.

Alternative methods, such as sequential Monte Carlo, can be designed to be con-
sistent with the underlying nonlinear filtering problem, and do not rely on being
exact only for linear Gaussian problems. The books Doucet, De Freitas, and Gor-
don (2001)) and Chopin and Papaspiliopoulos (2020) overview use of sequential
Monte Carlo methods for general discrete time filtering and inference problems; the
papers Pierre Del Moral (1997) and Pierre Del Moral and Guionnet (2001) prove
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convergence of sequential Monte Carlo methods, including in some specific cases
over long time horizons. However, sequential Monte Carlo methods suffer from a
curse of dimensionality and are presently not directly applicable to high dimensional
problems as arising, for example, from geophysical applications. This issue with the
curse of dimensionality provides an important motivation for the ensemble methods
covered in this survey. See Snyder et al. (2008), Bickel, B. Li, and Bengtsson
(2008), Rebeschini and Van Handel (2015) and Agapiou et al. (2017) for detailed
discussion of these issues. Related issues also arise for Monte Carlo Markov chain
(MCMC) when studying Bayesian inverse problems (Kaipio and Somersalo, 20006).
See Hairer, Andrew M Stuart, and Vollmer (2014) for an analysis of the degeneration
of performance of standard MCMC methods in high dimensions, as well as analysis
of special MCMC methods tailored to infinite dimensional problems; the subject is
overviewed in S. L. Cotter et al. (2013)).

This completes our chronological overview of the historical context for the de-
velopment of ensemble Kalman methods, and the specific mathematical context
which will be our focus. Each of the four subsequent sections concludes with a

bibliographic subsection in which a deeper literature review is given.

2.1.2 Overview

is devoted to the problem of state estimation for discrete time (possibly
stochastic) dynamical systems, given noisy observations. We formulate the problem
from the perspectives of both control theory and probability, and we provide a uni-
fying approach to algorithms for these problems; the approach rests on transport of
measures and mean field stochastic dynamical systems. Ensemble Kalman methods

are then derived as particle approximations of the mean field models.

Filtering evolution| Mean-field Second order Particle
sample path on L
on measures mean-field approximation
state space

Figure 2.1: Organizational flow employed in Sectlon 2.2 concermng state estimation
in discrete time.

[Section 2.2)is organized according to the flow of ideas displayed in Figure[Figure 2.1}

Indeed, starting from a probabilistic perspective, that describes the evolution of the
filtering distribution, it is possible to formulate mean field maps whose sample
paths on state space are equal in law to the filtering evolution. Since it is typically

not tractable to identify these maps explicitly, it is of interest to determine mean
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field maps whose sample paths are only approximately equal in law to the filtering
evolution. This leads to the idea of second order mean field models whose sample
paths have law with first and second order moments which match those of a Gaussian
approximation of the Bayesian data incorporation step. Particle approximations of
these second order mean field maps are then used to derive implementable numerical

algorithms which are the ensemble Kalman methods implemented in practice.

2.2 State Estimation: Discrete Time

In [Subsection 2.2.1| we provide the set-up for the problem of state estimation in

discrete time. [Subsection 2.2.2]introduces an algorithm for this problem based on a

control theoretic perspective. [Subsection 2.2.3|describes the Bayesian probabilistic

perspective; in this subsection algorithms are not presented but foundations for the
creation of algorithms are laid through the decomposition of the filtering cycle into
an iteration which alternates prediction and the assimilation of data. In

we introduce the important idea of Gaussian projection, and the resulting

Gaussian projected filter. [Subsection 2.2.5|introduces various mean field dynamical

systems which approximate the filtering cycle; a unifying transport map perspective

is adopted. This leads, in|[Subsection 2.2.6| to definitions of the ensemble Kalman

filter, the ensemble adjustment filter and the ensemble transform filter, all derived

as particle approximations of specific mean field models. We conclude with biblio-

graphic notes in|Subsection 2.2.7|in which we review relevant literature, and include

discussion of a variety of other algorithms for state estimation, and relate them to

the perspective we adopt here.

We emphasize that all the mean field methods we derive in this section for the
solution of filtering problems are exact only in the linear Gaussian setting. They
may be implemented beyond this setting, however, and are empirically found to work
well for many problems. Theory to justify this observation is very much needed.

Our exposition provides a framework for such a theory.

2.2.1 Set-Up

The objective of sequential data assimilation is to iteratively update the state of a
(possibly stochastic) dynamical system based on observations and knowledge of the
dynamical and observational processes; we refer to this as state estimation. The
typical setting is one in which the initial condition is uncertain, but this uncertainty
is compensated for by (typically noisy) observations of a (possibly nonlinear and

indirect) function of the state. These observations often live in a space of lower
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dimension than the dimension of the state space meaning that the goal of state esti-
mation goes beyond denoising, and into the realm of control theoretic considerations

such as observability.

A useful starting point is to consider a stochastic dynamical system in which the
evolution of the state, and the relationship between the observations (which we also

refer to as data) and the state, are defined, respectively, by the equations

Va1 = Y (vn) + &, (2.1a)
Yl = h(Vps1) + Mnst, (2.1b)

taken to hold for all n € Z*. We assume that, for each fixed n € Z*, the state
v, € R% and the observations y, € R%. The maps ¥(-) and Ah(-) describe the
systematic, deterministic components of the dynamics and observation processes,
and are assumed to be known measurable functions (with respect to the Borel
algebra), bounded on compact sets. The initial condition for v( is assumed random
and the systematic components of the model are subjected to mean zero noise, &, and
Nn+1. To be concrete we assume v, {&, }nez+ and {1, },en are mutually independent

Gaussians defined by

vo ~ N(mo, Co),  &n ~N(0,%) iid., 7, ~N(0,T) iid. . 2.2)

In practice we will have available to us the observation coordinates of a specific true
realization of the random dynamical system (2.1)), from which we wish to recover
the specific true realization of the state that gave rise to these observations. We
denote the true realizations of the state of the system by sequence {vj,}nez+, and
the observed data by {yjl}neN. These are generated by vg, {f; tnez+ and {UZ}neN’
specific realizations of the initial condition and state and observational noise from
the distribution defined by (2.2).

We let Y,:( = {y;}lgggn. Our objective is to estimate the state v;ﬂ at time n from data

Y,T . Specifically, it is natural to think about this design objective in two different

ways:
* Objective 1: design an algorithm producing output v, from YnT sothat {v, },ez+
estimates {ij}nEZ*', the true state generated by ).

* Objective 2: design an algorithm which estimates the distribution of random

variable v, |Y,j .
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In both cases we are interested in Markovian formulations which update the estimate
vy, or the distribution v,1|YnT , sequentially as the data is acquired. In the next
two subsections we describe control theoretic and probabilistic approaches to this
problem which, respectively, provide the basis for algorithms addressing Objectives
1 and 2. We note that fulfilling Objective 2 immediately implies resolution of
Objective 1, for example by taking the mean of v,,|Y,j as state estimator; but the
reverse is not typically true. However, Objective 1 is easier to address and is
especially relevant when noise levels are small; furthermore, its failure modes serve

to motivate approaches which are used to address Objective 2.

2.2.2 Control Theory Perspective

A very natural idea from control theory underlies ensemble Kalman filtering and
is encapsulated in the following algorithmic approach. This way of attacking state
estimation is most appropriate when |Cy/, |I'| and |X| are small so that the state and
observations are close to deterministic. To understand this setting we will first study
algorithms in which the covariances I" and X are set to zero, and then return to the

inclusion of noise later.

The algorithmic idea works as follows: from current state estimate v,, given Y,
predict the outcome of the model and data, denoted by (v,,41, E,H 1), using the update
equations (2.T)), but ignoring the noise; then correct the state estimate by nudging the
prediction using the mismatch between observed and predicted data (yjl 12 Z,Hl).
This results in a deterministic map v,, — v,41, assumed to hold for all n € Z*, of

the following form:

Vsl = P(vy), (2.3a)
Bust = h(Tps1), (2.3b)
Viel = Vet + KT, = Tas). (2.3¢)

Equations (2.3, 2.3b) create predicted state and data from current estimate v,, of
the state. The difference between the predicted data E,H and the true data yjl e the

latter found from a fixed realization of (2.1J), is then used to correct the predicted
state resulting in (2.3k). We can write the algorithm compactly in the form

Varl = P(vy) + K(yjl+1 — h(‘I’(vn))) 2.4)

Choice of the gain matrix K completes definition of an algorithm which we refer to
as 3DVAR.
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Remark 2.2.1. The nomenclature “3DVAR” was coined in the geophysics commu-
nity, and stands for three dimensional variational data assimilation. This is natural
for algorithms which incorporate spatially distributed data sequentially in time, in
the context where the state variable v varies across three spatial coordinates. In
our setting the state variable v is not required to have any spatial structure, but
the control formulation (2.4)) reproduces the 3DVAR algorithm from the geophysics
community when it does. Hence we still refer to it as 3DVAR. We also note that the
method is perhaps more properly termed Cycled 3SDVAR — “3DVAR” refers to the
assimilation of data at each observation time, and “Cycled” to doing this sequen-
tially in time as successive observations are acquired. The variant on 3DVAR which

uses data distributed over several times steps is known as 4DVAR; see bibliography

Subsection 2.2.71

We note that the difference between the observed value yz . and its estimator
En+1 = h(‘P(vn)) is often referred to as the innovation, and for this we introduce the
notation

S0 = Vi = ae (2.5)

To illustrate 3DVAR we consider the linear setting:

Example 2.2.2. Assume that, for matrices M, H of appropriate dimensions,
Y():=M-, h()=H- (2.6)

and consider the setting in which there is no noise present. The 3DVAR algorithm

(2.4) is appropriate in this setting and reduces to

KX
[

Vprl = Mv, + K(y' . — HMv,). 2.7

n+l

Since there is no noise present it follows that yi g =H v =HM v,T, and hence that

n+l1
ij+1 :Mvjl+K(y;+1 —HMVZ). (2.8)
Subtracting 2.8)) from 2.7) and defining e, = v, — V! we find that
env1 = (I —KH)Me,,.

Since the goal of data assimilation is to recover the true state from partial observa-

tions we wish to drive e, to zero as n — oo. Thus a key question, for given forward
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dynamical model M and observation operator H, is whether it is possible to design
K to ensure that the spectrum of (I — KH)M is inside the unit circle. Such questions
are at the heart of the theory of linear control. Thus the subject of control theory is

fundamentally aligned with Objective 1. ®

In the following example we illustrate similar ideas to those from the preceding,
linear, example but within the nonlinear context. In subsequent subsections we will
show how the ideas can be generalized to an adaptive gain matrix K,,, leading us to
the ensemble Kalman methodology and to addressing both Objectives 1 and 2.

Example 2.2.3. To illustrate the 3DVAR algorithm (2.4) for state estimation we

consider the Lorenz ’96 (singlescale) model from The unknown v €
C(R*,RE) satisfies the equations

ve=—ve1(veiep —veg1) —ve+ F + hvm(Vg), t=1...L, (2.9a3)

Ve+L = Ve, t=1...L. (29b)

Hereweset L =9, h, = —0.8 and F = 10. Function m is shown in Figure[Figure 2.1]
[

Function m

m(v)

—40 -30 -20 -10 0 10 20 30 40
v

Figure 2.1: Graph of function m appearing in Lorenz 96 model (2.9).

We let ¥ denote the solution operator for (2.9) over the observation time interval T,
suppresing the explicit dependence on T for notational convenience. We emphasize

that, at the parameter values we have chosen, the solution to ([2.9) is chaotic and

'We note that setting 4, = 0 in leads to the standard singlescale Lorenz’96 model. We
have £, # 0 leading to a nonstandard version of the model. However, the specific choice of function
m(-) does not make any material difference to what is presented in this example; any function m(-)
for which the equation is well-posed will lead to similar conclusions.
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exhibits sensitivity to perturbations. Prediction is thus challenging. But we will

show that use of data enables accurate prediction.

We consider observations {y,ﬁ Ynez+ arising from the model

vio =Wl + £l

n+1

oo T T
Yne1 = h(vn+l) MR/STSE

where {gi ezt {Ul}neN are mutually independent Gaussian sequences defined by
E~ N, 0% iid, n ~N(0,9°]) iid. .

Because of the chaotic nature of the dynamical system defined by iteration of P, a
key question concerning the problem of determining the state v,z from Y,z is whether
the observations compensate for the sensitive dependence of the state evolution,
enabling accurate recovery of the state; and whether there is then a choice of K in

3DVAR which enables this data to be used to accurately recover the state.

We assume that the observation function is linear: h(v) = Hv for matrix H : R® —
RS defined by
Hv = (v1,v2,V4,V5,V7,V8) . (2.10)

The 3DVAR algorithm (2.3)) reduces, in the setting of this example, to the mapping
Va1 = (I - KH)¥(v,) + Ky . (2.11)

We define the filter by choosing gain K : R® — R 1o be

Kw = (w1, wa,0, w3, wa, 0, ws, wg,0) . (2.12)

To interpret the algorithm, and motivate the choice of K, given H, notice that

KHv = (vi,v2,0,v4,v5,0,v7,v8,0) ", (2.13a)
(I - KH)v = (0,0,v3,0,0,v6,0,0,v9) 7, (2.13b)
HK =1. (2.13¢c)

Applying the observation map H to the recursion (2.11) and using ([2.13k) we find
that

Hvpi =y = HPO) +&) +n!

n+l n+l°

Assuming that o and y* are small and neglecting the noise contributions shows
that
yjm ~ HY(v)) = Hv'

n+l°
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. . . . t gt .
Thus, ignoring small noise perturbations, y, ., ~ Hv, . Then, using ) and
(2.13pb) we see that the algorithm (2.11)) has the very natural (approximate) inter-
pretation of iterating using the model ¥ to update the unobserved components and
using the observed true state to update the observed components. This explains why

the specific choice of K is reasonable.

Because of this interpretation it is natural to study the 3DVAR algorithm, for this
example, by displaying the output of 3DVAR on one of the unobserved components,
and comparing with the truth; the key question is whether the observed components
induce synchronization of 3DVAR with the truth in the unobserved components.

Thus, in the following numerical experiments, we display component v3.

Figure illustrates the foregoing intuition about the behavior of 3DVAR
in experiments conducted with the choice T = 1073. For small noise with standard
deviations of size 1073 we observe in Figure the phenomenon of near
perfect synchronization of the 3DVAR output with the truth. Although not shown
here, this synchronization occurs in all components of the solution, observed and
unobserved, and thus the entire state of 3DVAR synchronizes with the truth, up to
a small error on the scale of the noise. The algorithm thus produces an accurate
estimate of the true state. In Figure[Figure 2.2b|larger state and observational noise,
of standard deviation 107", is considered. In this scenario 3DVAR still captures the
correct trend of the true dynamics, but there are clear overshoots and undershoots
in the estimates; this occurs because the noise is larger than in Figure

and because noise is not accounted for in the 3DVAR algorithm.

It is intuitive that the synchronization phenomena studied above will depend not
only on the size of the noise, but also on the observation time intervals t. Figure
illustrates the effect of varying 7, in the setting where the noise standard
deviation is 1073. The simulations show that, for the larger value of T, 3DVAR does

not estimate the true state as accurately as for the smaller value. ®

Remark 2.2.4. A common source of error in application of data assimilation algo-
rithms in practice arises from the fact that the data is not produced by the mathe-
matical model used for assimilation. This is known as model misspecification. In
the context of this section we will make the perfect model assumption, avoiding the

model misspecification issue.

The control theoretic approach of 3DVAR addresses Objective 1. However, when
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3DVAR on singlescale for true model given by Lorenz 96 singlescale

10.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

(b)

Figure 2.2: In both (a) and (b) the estimates of v3 in time produced by 3DVAR
using observation time interval T = 1073 are displayed and compared with dns. In
(a) o and y are set to 1073, while in (b) to 10~!. The acronym “dns” refers to
direct numerical simulation of a true trajectory of the chaotic dynamical system. In
both cases, it is noteworthy that 3DVAR is able to synchronize with the dns even
though it is initialized far from the true initial condition. This is an example of data
assimilation overcoming sensitive dependence in a chaotic system.

|Col, |T'| and | 2| are no longer necessarily small, so that the state and observations are

subject to noise, it is natural to try and generalize the approach to address Objective

2, and include non-zero covariances; Figure [Figure 2.2b| from [Example 2.2.3|shows

that this may indeed be needed when the noise is larger. A natural stochastic
generalization of the observer approach is as follows: from current state estimate
Vn, glven Y,,T , predict the outcome of the model and data from the update equations
(2-1)), which we denote by (V,+1, Yn+1); then correct the state estimate by nudging
the mean of the prediction using the mismatch between observed and predicted data

(y:g 10 Yn+1). Given v, computed from YJ this results in state estimate v, from
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3DVAR on singlescale for true model given by Lorenz 96 singlescale

10.0
7.5
5.0
N 25
0.0

=25
— dns

—5.0 3DVAR

0 5 10 15 20 25 30
t

(a)

3DVAR on singlescale for true model given by Lorenz 96 singlescale

10.09
L]
7.5 . ° .
5.0
S 25 [
[
0.0 °
o V

250 — dns
3DVAR, T=5-10"1
e 3DVAR, T=10°

-5.0

0 5 10 15 20 25 30
t

(b)

Figure 2.3: In both (a) and (b) the noise standard deviations o~ and vy are set to 1073,
In (a) we display the estimates of v3 in time produced by 3DVAR using observation
time interval 7 = 5 - 107!, compared with dns; (b) displays the estimates obtained
at unit time using assimilation at 7 = 5- 107! and 7 = 10°. Again the acronym
“dns” refers to direct numerical simulation of the true chaotic dynamics. 3DVAR
successfully synchronizes with the dns at the smaller value of 7 but fails to do as
well when the observation time interval 7 is larger.

YIH defined through the following stochastic dynamical system, assumed to hold
foralln € Z* :

Vsl = P(vy) + &, (2.14a)
Vel = h(Vpst) + net,s (2.14b)
Vel = Vuet + Kn(3l, | = V1) (2.14c)

here vg, &, and 17,41 are random variables given by the known distributions in (2.2)).

Note that the innovation J,, is now modified from (2.5)) to read

n =30 = e (2.15)

LR
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The data {yz L 1nez~+ s a fixed realization of (2.1). Given this data, equations (2.14))

then define a random map v, — v,4; which uses knowledge of the model and the
observed data to update our state estimate. The predicted state and data (V,,41, Yy+1)
are also referred to as the simulated state and data. Choice of the gain matrix K,
will complete definition of an algorithm. The key question we proceed to study
in subsequent sections concerns the choice of {K, },cz+ when addressing Objective
2. Before doing so we build on [Example 2.2.3] studying the effect of noise on
the 3DVAR algorithm, which is aimed at addressing Objective 1, and for which
K, = K is constant. The resulting [Example 2.2.5| demonstrates the need for an

adaptive choice of K, when noise is significant; it serves to motivate algorithms
which address Objective 2.

Example 2.2.5. We return to the setting of and consider the effect of
including noise in 3DVAR as in (2.14). We again study the Lorenz "96 singlescale

model 2.9) for unknown v € C(R*,RY), with L = 9,h, = —0.8 and F = 10. We
let ¥ denote the solution operator for (2.9) over the observation time interval T and

consider observations { yi}ne% defined by

Vi =Pl &L
T il il
Yne1 = h(vn+l) + UME
where {.f,: ez, {U;t}neN are mutually independent Gaussian sequences

E~N(,0%) iid, n ~N(0,9°]) iid. ,

with o = 0.1 and y = 0.1. We again assume that the observation function is linear:

h(v) = Hv for matrix H : R® — R® defined by 2.10). As in |[Example 2.2.3| we
choose fixed gain K, = K with K : R® — R° defined by 2.12).

Figure illustrates that this version of noisy 3DVAR produces trajectories
that resemble the true signal better than noise-free 3SDVAR (2.11)). However the noisy
3DVAR does not perform better than the noise-free 3DVAR, in this setting where
true state and true observation noise levels are high, in a quantitative sense. To
demonstrate this, we compute the mean squared error between the estimates arising
from the 3DVAR algorithm [2.11)) and the true states, and the mean squared error
between the estimates obtained using noisy 3DVAR algorithm (2.14) and the true
states. Given either method the error e is computed using the following formula, in
which, recall, {vj,} is the truth and {v,} is the output of the 3DVAR or noisy 3DVAR
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algorithm:

1 N
‘N4 Zl Vi = Vel (2.16)

Time t* = n*1 is chosen to remove error from the incorrect initialization, and focus
on quantifying error in statistical steady state, after synchronization. Here N is
such that (n* + N)t =T and T — t* is chosen large enough to allow time-averaging
over a long enough window to capture the statistical steady state. In this case, we
compute this average for the estimates obtained after time t* = 3, up to T = 20, and
find errors ezpyar = 1.65 - 10° and €noisy3DVAR = 3.30 - 10°. Clearly use of noisy
3DVAR does not improve the error, in comparison with noise-free 3DVAR. ®

Noisy 3DVAR on singlescale for true model given by Lorenz 96 singlescale

7 —— dns
5 Noisy 3DVAR
10 \ , /
A o v,
J A A anf | |
° “’\/ Wﬁ \Y “‘\/\I"‘ “v"/ I
¥ |
-5 R:
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

t

Figure 2.4: In this experiment we set the noise levels o = 107!,y = 107!, Again
the acronym “dns” refers to direct numerical simulation. We display the estimates
of v3 in time produced by noisy 3DVAR against the true dynamics using observation
time interval 7 = 1073, This should be compared with Figure in which
the noise-free 3DVAR is deployed to solve the same problem. Notice that adding
noise to 3DVAR has not improved the recovery of the true trajectory. However
qualitatively the output of 3DVAR now resembles the true signal more closely.

[Example 2.2.5]highlights the need to quantify uncertainty and pass to a probabilistic
interpretation (Objective 2) of the filtering problem; and, in particular, to make an

informed choice of adaptive gain matrices K,,. We turn to the probabilistic inter-
pretation in the next subsection; in subsequent subsections we derive algorithms,

leading in particular to a specific choice of adaptive gain matrices.

2.2.3 Probabilistic Perspective
We have shown that the 3DVAR methodology can recover the state of a (possibly

chaotic) dynamical system, even though the initial condition is not known, by ex-
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ploiting the observations. However 3DVAR does not quantify uncertainty in the
state estimate; it is derived from a purely control theoretic perspective. We now

introduce a probabilistic perspective which enables us to address the issue of un-

certainty quantification. [Subsection 2.2.3.1|discusses the unconditioned dynamics

from the perspective of evolution of probability densities. In[Subsection 2.2.3.2| we

define the filtering distribution and describe this from the perspective of evolution

of probability densities. [Subsection 2.2.3.3|introduces the sample path perspective

on algorithms for filtering, a central idea in this chapter. In[Subsection 2.2.3.4] we

establish some notation, used throughout the sequel, that is important for the reader

to internalize.

2.2.3.1 Unconditioned Dynamics

To open our development of the probabilistic perspective we first consider the
unconditioned dynamics on state {v, },cz+ defined by ). We let r,, denote the
probability density of random variable v, and derive an evolution equation for r,,.
Irrespective of whether the evolution of the state {v,, },cz+ defined by ) is linear,
the evolution of {r,},cz+ is linear. Furthermore the evolution of the state and its
probability density are uncoupled from one another. The evolution of the probability
density implied by (2.1j) is given by

Fns1 = Pry, (2.17a)
(Pr)(dv) = (/ p(u,v)r(du))dv, (2.17b)
ueR%
1 1
p(u,v) = exp(—ilv - LI’(u)@). (2.17¢)

(2m)dv/2\/det(X)
Thus, in particular, r, evolves in time n through application of a linear integral
operator. We refer to {v, },cz+ defined by (2.1p) as a Markov process. The situa-

tion when we condition the state on observations is different, leading to nonlinear

evolution of densities.

2.2.3.2 The Filtering Distribution

Here we introduce the filtering distribution with density u,: the distribution of the
conditioned random variable vn|YnT . This captures the knowledge of the state of the
system, and uncertainties in the state, given the observations. To understand how
uncertainty in estimates of the state evolves it is thus important to understand how g,

evolves with n. Unlike the unconditioned dynamics, this conditioned dynamics has
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a nonlinear structure. Nonlinear evolution equations arise in filtering through the
incorporation of data. This nonlinearity renders filtering a challenging mathematical
and computational problem. To define this evolution we first define the linear

operator

(Qu)(dv,dy) = g(v,y)u(dv)dy, (2.18a)

1 1
a(v.y) = exp(—31y — h(IE). (2.18)

(27)%/2\/det(T")

Then we define the n—dependent family of two nonlinear operators
@@= [ o omaan /([ 5, ()n(dvdy),
yeRdy 7ntl (v.y)eRdv xRy T+l
(2.19)

a(v. v}, u(dv)). (2.20)

L (@) = ] puen ([

veRdv

The nonlinear map p, — ,+; is most easily described by first introducing f,+1,
the distribution of v, |Y,1T and 7,1, the distribution of (v,41, yn+1)|Y,:r . The map
from u, to i, is determined by equation ) and is linear as a map from the
space of probability measures defined on R? into itself as discussed in the preceding
subsection; the map from j1,,11 to 7,41 is defined by ), and is also linear, now
as a map from the space of probability measures defined on R%" into the space of
probability measures defined on RAv*dy: the map from 7,41 to w41 is defined by
conditioning 7,41 on yjl .1 and is nonlinear as a map from the space of probability
measures defined on R4 into the space of probability measures defined on R%.

Using the preceding definitions of linear and nonlinear operators we have

ﬁn+1 = P,um (2.21a)
Tn+1 = Qi1 (2.21b)
MHn+1 = Bn(ﬂ'n+1)- (2.21¢)
Concatenating we find that
Hn+1 = Bu(QPuy),  po = N(myo, Co). (2.22)

This map defines an inhomogeneous nonlinear map on the space of probability
measures on R%. The map B, (QP-) may be decomposed into two maps: (i) the

prediction P, which represents application of the dynamical model (2.1p); and (ii)
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application of Bayes Theoremthrough operator L,,- := B, (Q-), which corresponds
to use of likelihood defined by the observation model (2.1Ib). With this notation we
thus obtain

ﬁn+1 = P,um (2.23a)
Mn+1 = Ln(ﬁn+1)- (2.23b)

We refer to iteration of (2.23)) as the filtering cycle. The cycle involves iterative
interleaving of prediction, using the dynamical model, a linear operation on mea-
sures, and Bayes Theorem, using the observation model, a nonlinear operation on

measures.

It is important to appreciate that there is, in general, no closed form expression
for p, defined by the iteration (2.23); thus (2.23)) does not constitute an algorithm.
However if ¥ and £ are linear then, since o = N(m, Cp) is Gaussian, it follows that
Hn+1> T+, Hu+1 are all Gaussian for all n € Z*, and closed form expressions, based
on dynamical updates of means and covariances, are available. This linear Gaussian
setting is discussed in the following example and linear Gaussian examples will
be used throughout the chapter. However the main thrust of the chapter concerns
nonlinear and non-Gaussian problems; for these problems further ideas, which we
will explain in subsequent subsections, are required to make actionable algorithms
from the iteration (2.23).

Example 2.2.6. To define the Kalman filter we consider the setting (2.6), where
W(-) and h(-) are both linear. Then (2.1) becomes

Vel = Mvy + &, (2.242)
Vel = HVpst + g1 (2.24b)

For this problem the mapping (2.23)) may be solved explicitly. In fact u, and p, are
both Gaussian and we write their mean-covariance pairs as (m,, C,) and (m,, 5,,)

respectively. Then [, is determined from u, by the formulae

Mips1 = My, (2.25a)
Cpe1 = MC,M™ + %, (2.25b)

the prediction step. Measure i, is determined from m, by the application of
a Bayesian update, solving the inverse problem defined by (2.24p); this inverse

20ften referred to as the analysis step in the geophysical data assimilation community.
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problem is for v, given fixed realization of data y,+1 = yjl .1 generated by (2.24).
Since the prior and posterior are Gaussian we may complete the square to solve the

Bayesian inverse problem to give the following update formulae for the mean and

precision:
Crtymnet = Cylyimy + HTTTNY (2.262)
cl=Cl +HT'H (2.26b)

By use of the Woodbury matrix identity we obtain the following formulae expressed

in terms of covariances rather than precisions:

Mpy1 = n/’;n+1 + 6n+1HT(H6”+1HT + F)_l(yjHl - Hn/an+l)’ (2273)
Cps1 = Cpst = Cost H (HCyst HT +T) " HC 1. (2.27b)

The update equations (2.23)) simply represent propagation of a Gaussian under the

linear dynamics defined by (2.24a); (2.277) corresponds to application of Bayes
theorem, and in this particular linear setting to conditioning a Gaussian, using

the observations defined by : ) with y,+1 = yl .1+ The Kalman filter update
equations (2.25)), (2.27) are well-defined if T" > 0. m

The Gaussian setting of the preceding example is very special. But the idea of
making a Gaussian approximation will play a central role in ensemble Kalman
methods and as a consequence the explicit calculations in the example will be

generally useful. The perspective of invoking Gaussian approximations is introduced

in [Subsection 2.2.4; it is subsequently developed to form the backbone of the

methodology highlighted in this chapter.

2.2.3.3 The Sample Path Perspective

In [Subsection 2.2.3.1| we demonstrated that the (typically nonlinear) state space

evolution of {v,},cz+ defined by ) may be alternatively viewed in terms of the
linear evolution of probability density functions r, defined by (2.17). In[Subsec-|
we showed that, when conditioned on observations, the evolution of the
probability density function becomes nonlinear and is defined by (2.21) or (2.23).
In this section we address the question of finding an evolution in state space that
is consistent with this nonlinear evolution of densities defined by or (2.23).
Our aim is to generalize the control theoretic data assimilation algorithm given by
(2.14) in order to find such an evolution.
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Throughout this subsection let v, be a random variable distributed according
to Law(v,), let v,41 be random variable with Law(v,,+;) = P Law(v,) and let
(Vi+1> Yns1) be random variable with law Q Law(v,,+1). Using Law avoids a prolif-
eration of notation for the different measures arising from the use of various different

algorithms to approximate the filtering cycle.

All of the algorithms that we will introduce in what follows are based on a prediction
of state, and possibly observation, from Law(v,). To this end recall (2.14)) and for
alln € Z*,

Vil = P (vy) + &, (2.28a)
Sj\n+l = h("'}\n+l) + Mn+l. (2.28b)

The distributions of v, and (V,,41, y,+1) given by these equations define P Law(v,,)
and Q Law(v,41), respectively. A common theme in this chapter is to augment these
equations for the predicted state and data with a final map, to generalize (2.14c), of
the form

(Va1 Yne1) 2 Varl, (2.29)
or
Vn+1 = Vit (230)

These maps are chosen, respectively, to mimic (2.21) or (2.23). Then, if v, ~
U, the maps are designed so that v,y; ~ w,4+1 where u, and pu,4 are related
by the filtering update or, equivalently, (2.23). A key observation is that
these maps will necessarily depend on the distributions of v, and y, rendering
the associated Markov processes of mean field type. Thus, in contrast to the
unconditioned dynamics, the state space evolution does not decouple from the
evolution of the associated probability density function; rather it depends on it. The

resulting state space evolution is said to define a nonlinear Markov process.

Note that, once (2.28) is augmented with either (2.29) or (2.30)), we have a state
space evolution that describes, through the probability distribution of v,,, the filtering
process; the state space evolution can then be used as the basis for algorithms. Thus
the key question for such a program is the identification of either (2.29) or (2.30).
The existence of transport maps or, more generally, couplings, which define the steps
(2.29) or (2.30)), follows under quite general conditions. But finding them explicitly
is generally difficult. Furthermore, the maps (2.29) and (2.30) are not uniquely
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defined, in general. As a consequence of the difficulty in identifying mean field
transport maps, the algorithms we study will be based on identifying maps (2.29) or
(2.30) which only approximately achieve the filtering update (2.21). However, all

formulations considered in this survey will be of mean field type.

In summary, we refer to equations (2.28]2.29) or (2.28a]2.30)) as providing a sample
path perspective. The resulting algorithms update state v,, — v, and are designed

to exactly (in theory), and approximately (in practice), reproduce the probabilistic
perspective encapsulated in the three steps of (2.21)), or the two steps of (2.23).
These algorithms result in a sample path {v/}}_, with property that (possibly only
approximately) Law(v,) = u¢. This idea is central to the algorithmic developments

in the chapter.

2.2.3.4 Important Repeatedly Used Notation

The approximations we develop will be based on matching first and second order
moments. In service of designing these approximations, it is useful to define various
first and second order statistics computed under the law of (V,,41, y,+1). First define

mean and covariance of V,,41 :

rTln+1 = E’V\n+1’ (2.31a)

Coet = B[ (Fast = s1) © (Fus1 = 1)) (231b)

Then define mean of the predicted data, cross-covariance from predicted data to

state and covariance of the data:

On+1 = Eyns1, (2.32a)
51:11 = E((Vnﬂ - n/’\ln+1) ® (?n+1 - 6n+1)), (2.32b)
oy = E((?nﬂ ~ On+1) ® (V1 = 5n+1)). (2.32¢)

From these covariances we define the matrix

K,=C"” (C”)™\. (2.33)

n+1 n+1

This particular choice of K, known as the Kalman gain, plays a central role in the
mean field maps which underpin ensemble Kalman methods through their particle
(j‘;yl Jyr , 1s not invertible, then its action may still be
defined through a pseudo-inverse.

approximations. Note that, if
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It is sometimes useful to express the Kalman gain K, in terms of the variable
/h\n+1 = h(v,4+1) and without reference to predicted data y,,.;. For this purpose we

define the following correlation matrices, computed under the law of V,,4:

5n+l = Eh(ﬁwl)a (2343)
6,‘l)ﬁ1 = E((i"\n+1 - n”zn+l) ® (Zn+1 - z)\n+1)), (234b)
5:_{,1] = E((}l\rﬁl - 5n+1) ® (En+1 - 5n+1))- (2340)

Then, in place of (2.32)) and (2.33), we have

6::-{1 = @’lp CAZJ)A = Er}zlill +1T, (2.35a)
—~ —~ -1
Ky =Gt (G +T) (2.35b)

Note that, if I" > 0, K}, is well-defined without recourse to the use of pseudo-inverse.

Example 2.2.7. In the setting of the linear and Gaussian we have

vy ~ T
C 1 = }’H—IH )

n+

C =HCu H™ +T,
and the mean update (2.27a) may be written

Mppl = My + Kn(yj-H] — Hinyy1).

In particular only the single covariance 5n+1 needs to be computed. Note the
similarity of the resulting algorithm with the 3DVAR algorithm (2.8)), in the linear
Gaussian setting, since in this linear case muy1 = Mmy,. It differs only through

having a time-varying gain matrix K,,. &

This linear Gaussian setting provides some motivation for the Kalman gain. The
origin of this key concept in the more general nonlinear and non-Gaussian setting

will be described in the next subsection.

2.2.4 Gaussian Projected Filtering Distribution
The Gaussian projected filter gives a Gaussian approximation of the true filtering

distribution. It is defined by the following three steps:

* (i) taking input Gaussian at time n as Law(v,,) and pushing this measure for-

ward under (2.28) to find (typically non-Gaussian) measure Law (V,1.1, Yn+1);
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* (i1) projecting this joint measure onto the nearest Gaussian (in a sense that we

will make precise);

* (ii1) conditioning this Gaussian on the data yz .1 to find output Gaussian at

time n + 1.

We note that conditioning a Gaussian random variable on linear functionals of the
random variable returns another Gaussian. Thus the algorithm maps Gaussians
to Gaussians. The resulting approximation of the filtering distribution plays an
important role in motivating the mean field maps, introduced in Subection
that underly ensemble Kalman methods. It is also of interest as a method

in its own right.

In what follows in this subsection we introduce the Gaussian projected approximation
to the evolution (2.22)). In the case where W(-) and A(-) are linear the resulting
formulae deliver exact solutions of the filtering cycle (2.22)), leading to the Kalman
filter as given in [Example 2.2.6] The Gaussian projected filter also leads to a
derivation of the Kalman gain (2.33)), beyond the linear Gaussian setting.

To describe the Gaussian projected approximation to the filtering distribution, we
define the map G, definition of which uses £ = P(R¢Y) and G = G(R?) defined in

Definition 2.2.8. Define G : P — G by
Gu = N(m#,CH), m' =E,u, CH=E,((u-Eu)® (u-E,u)),

where u ~ u. |

Thus the map G applied to measure y simply computes the Gaussian with mean
and covariance calculated with respect to the, typically non-Gaussian, measure u.
Notice that G is the identity on Gaussians. Furthermore G o G = G. We refer to this
as a projection onto Gaussians because it corresponds to finding the closest point to

given measure u, with respect to a Kullback-Leibler divergenceﬂ
Gu = argmin,cgdgy(u||m). (2.36)
We now use mapping G to find an approximation to the evolution (2.21)) which

generates measures remaining Gaussian; intuitively this will be a good approxima-

tion whilst the measures {u,} evolving under (2.22)) remain close to Gaussian. To

3For details see the bibliography [Subsection 2.2.7
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this end we consider random variable v, ~ u& where the probability measure u¢

evolves according to
pgey = Ba(GQPw),  pf = N(mo, Co). (2.37)

This may be decomposed as follows:

is,, =Pus, (2.38a)
7%, =Qus,,, (2.38b)
uS, =B,(GnC ). (2.38¢)

Map (2.37) defines a nonlinear Markov process, similarly to (2.22)). It also maps
Gaussians into Gaussians. This fact follows from the fact that the nonlinear map
B,.(-), which represents conditioning, maps Gaussians into Gaussians. The map

ul ,ufﬂ hence defines a deterministic mapping from the mean m,, and covariance

G

G . .
C, of u,’ into the mean m, and covariance Cp4; of K-

We now identify this
map explicitly.

For v,, ~ u% we introduce the random variables V,,11, y,+1 defined by (2.28). It then
follows that V.1 ~ i, | = PuS and that (Vae1, Yue1) ~ 79, = QPuS . Note also
that ,ZI}? ", and ﬂgﬂ

completely determined by m, and C,. Thus the mean and covariance under ﬁnG . are

(Mps1, Cos 1) given by (2.31). Furthermore, GT(’?_H is defined by

are not Gaussian, but are defined by the Gaussian u$ and hence

Mp+1 Cn+1 c
GnC :N( et | nl ) (2.39)
G On+1 (6\:11)T @11

where all relevant quantities are defined in[Subsection 2.2.3.4|

We now condition the Gaussian GJT’?H,

taking value yz .- From this we find the Gaussian measure ,ufﬂ = B,(Gn

on the second component of the vector

G
n+1

characterized by mean m,,+ and covariance C,+; given by the following lemma.

Lemma 2.2.9. Assume that I" = 0. Let m,, and C,, denote the mean and covariance
under the Gaussian projected filter. Consider equations (2.28) initialized at v, ~
N(m,, C,), and then (M1, EnH) defined by 2.31); furthermore, define the mean
of the observed data and covariances given by (2.32). Then 5}{ Jyrl > 0foralln € Z*

and

Ml = Mgy + CAZL(CAZ'L)‘I ()’ZH — On+1), (2.40a)
Cn+1 = é‘\n+1 - 6:.}:.1 6?:.};1 _1(5:-){}-1)T’ (240]3)

where {y\} arises from a fixed realization of @Z-1). ©
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Proof. We first note that 63 Jyrl > 0. Indeed, since by assumption I" > O and by
definition éhhl = 0, then 5hh + I" > 0. Hence by (2.35) we have that 5” > 0.

Now consider the distribution of the Gaussian Grr©, | given by @ Cond1t10n1ng

the resulting joint random variable on (v, y) € Rdv xR% ony = yn L1 1t is possible
to conclude that from standard formulae for conditioned Gaussians that m,, and

Cp+1 are given by the expressions in (2.40). O

Equations (2.28), (2.31)), (2.32)), and (2.40) define a mapping from u, characterized
by (m,,C,), into ,uffﬂ, characterized by (m,+1,Cp+1). They comprise an explicit

set of formulae for the mapping (2.37): since Gaussians are determined by mean

and covariance, the map on measures is completely determined by the map from

(mna Cn) to (mn+1’ Cn+l)-

We note that (2.40) can also be rewritten as

M1 = Mger + O (Crtty +T) 7 (vE, = Os) (2.41a)

Cn+1 = é:n+1 CVh (C +1 + F) (C;:-iil—l)-r (241b)

n+l

Equations (Z.28), (2.31), (Z.34) and (2.41) then also define the mapping from u¢
into ,ugH and also comprise an explicit set of formulae for the updates of the mean

and covariance which characterize mapping (2.377)).

Finally we note that, using the definition (2.33)) of Kalman gain, we can rewrite
(2.40) as

_ = P~
Muyt1 = Mys1 + Ky (yn+1 - 0n+1),

Cpy1 = é\n+1 - Kn(é;}f_l)—r-

Thus we see how the Kalman gain arises naturally within the context of this Gaussian

projected filter.

Remark 2.2.10. The preceding explicit formulae for involve the computation
of expectations under the non-Gaussian measure Law(V,,41, Y+1). For this reason
they do not constitute an algorithm. A possible approach to algorithmic implemen-
tations involves quadrature to approximate the expectations, leading, for example,

to the unscented Kalman filter approach; details may be found in the bibliography

[Subsection 2.2.71 However the formulation of explicit maps on Gaussians plays

another, important, role in this chapter: we use it as a way of explaining the sense in

which the distribution of our mean field models approximate evolution of measures
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under the true filtering distribution; see [Subsection 2.2.5.6| The explicit map on

means and covariances can be used to derive the Kalman filter, which applies in the
linear Gaussian setting, and is presented in ]

2.2.5 Mean Field Maps

In the previous section we did not adopt the sample path perspective, but rather
chose to represent the evolution of the filtering distribution, approximately, as the
evolution of Gaussians. In this subsection we introduce our first instance of the
sample path perspective, finding an evolution in state space which approximately
captures the evolution of the filtering distribution. Like the Gaussian projected filter
it uses a Gaussian ansatz, but in a different way, leading to a state space evolution

which is not Gaussian.

Note that elements of P (R?) are infinite dimensional objects, for any d. Thus the
filtering distribution defines an evolution in an infinite dimensional space. This fact
goes to the heart of the computational challenges faced when solving the filtering
problem. These computational challenges are further exacerbated when d > 1.
The manifold of Gaussians G (R?) is finite dimensional, because it is parameterized
by the mean and covariance and hence has dimension %d (d + 3). The preceding

subsection provides explicit finite dimensional maps for the mean and covariance

G

which characterize the Gaussian projected filter u¢ K

an approximation
which is (intuitively) accurate when the true filter is close to Gaussian. Nonetheless
if d > 1 this method can still be prohibitive because the algorithm acts on a space

of dimension that grows quadratically in d.

To address the issue that the Gaussian projected filter may not be efficientif d > 1 we
introduce, in this section, a more ambitious aim: to find maps on finite dimensional
spaces of dimension d with the property that (possibly only approximately) their
output is equal in law to the map on measures u, — u,+1 given by the filtering
cycle. We achieve this by studying transport maps that achieve (2.29) or (2.30); we
then weaken this requirement and ask only for transport maps that approximately
achieve (2.29)) or (2.30]) in a manner that we will make precise. When combined with
(2.28), either (2.29)) or (2.30) gives a sample path evolution which can be used as
the basis of algorithms to solve the filtering problem. This transport map viewpoint
leads us to the subject of mean field maps, namely random maps that depend on the
law of the state being mapped. When approximated by particle methods these maps
lead to methods that scale linearly with d, in contrast to the Gaussian projected filter
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which scales quadratically.

This section is organized as follows. We start in Subsection [Subsection 2.2.5.1| with

an introduction to transport maps. Subsection|Subsection 2.2.5.2|describes two dis-

tinct transport approaches which effect exact filtering: one based on the conditioning
component of the overall Bayesian inference step, a transport between probability
measures on different spaces; and the other based on the prior to posterior map that
constitutes the Bayesian inference step of filtering, a transport between probability

measures on the same space. We refer to these maps which effect exact filtering

as perfect transportﬂ Subsections [Subsection 2.2.5.4| and |[Subsection 2.2.5.5| are

concerned with approximations of these two perfect transports, and are motivated

in [Subsection 2.2.5.3| with an explicit example. In these approximations the push-

forward under the transport map is designed to match only the first and second order
moments of the target measure. Hence these approximations are closely related

to, but they are different from, the previously defined Gaussian projected filter; we

elaborate on this connection in the summary [Subsection 2.2.5.6 That subsection

also includes [Example 2.2.15|in which we identify mean field formulations of the

Kalman filter; recall that this filter applies only to linear Gaussian systems, and is

defined in

2.2.5.1 Transport Maps

We start by setting-up notation used throughout. Consider probability measures 7
and 7’ on R? and R respectively, and recall the definition of pushforward of a
measure under under 7 : RY — R?': the statement 7/ = Tyr is a succinct way of
stating that, if Law(v) = 7 and v/ = T'(v), then Law(v’) = n’. Given probability
measures 7 and 7’ on R¢ and R? respectively, a transport T : R? — R? from x to
n’ is a map with property that the pushforward of probability measure 7 under 7',
Tyr, is equal to probability measure 7. In the following we refer to 7 as the source
measure and 1" as the target measure defining the transport. In our setting 7’ will
be uniquely determined by 7 and an observed piece of finite dimensional data. Thus
T depends on 7 and so we may view T as a mapping R? x P — R?, suppressing,
for the moment, explicit dependence on the observed data. We can compute the

pushforward under 7" on any measure in #; but when we compute the pushforward

4Perfect transport should not be confused with optimal transport which identifies among all
(perfect) transport maps the one minimizing a certain cost functional such as that leading to the
Wasserstein distance. We use perfect here to distinguish from the approximate transport maps, based
only on matching first and second moment; these approximate transport maps underpin ensemble
Kalman methods.



37

on m we obtain 7. We emphasize that transport maps are not uniquely defined by
their source and target measures and require certain conditions for their existence,

which we assume here to be satisfied. The underlying mathematical concept is

that of coupling of measures. See bibliography [Subsection 2.2.7| for discussion of

transport, optimal transport and coupling.

We will also consider classes of approximate transport maps which do not achieve
transport from 7 to 7/, but instead match first and second order moment information

(we will be precise below). Such maps will also depend on 7.

We now clarify an important notational issue. The dependence of (possibly approx-
imate) transport 7 on a measure in # does not affect the definition of pushforward;
we employ the following general definition of pushforward for measure-dependent

maps, taken to hold for all 7y, m, regardless of any assumed relationship between

them:
T(sm)ymo =T(5m)yma| s (2.42)
T=m
in particular,
T(mym = T(-;?T-)ﬁﬂ‘__ , (2.43a)
T(-i7)4(Gr) = T(: ﬁ)ﬂ(en))ﬁ:ﬂ. (2.43b)

In the preceding, pushforward under 7—dependent map T'(-, ) denotes regular
pushforward with no relationship assumed between 7 and measure being pushed
forward. Note that we may define T : P(RY) — P(RY) by T(n) = T(-;m)yn. The
(approximate) transport maps just identified can be recast as mean field maps when

used in the context where source 7 is the distribution of the input to 7'.

2.2.5.2 Perfect Transport

Consider the idea of finding a transport map that acts on the joint space of state
and data, to effect conditioning with respect to the observed data. To this end we

consider the dynamical system, assumed to hold for all n € Z™:

Vsl = P (vy) + &, (2.44a)
yn+l = h(vn+l) + Mn+1, (244b)
Vn+l = TS(Vn+1’ yn+l;7rn+l, y;g+1), (2440)

where {y;} arises from a fixed realization of (2.I). Recall that u, = Law(v,),

/jn+1 = LaW(VrHl) and 7,41 = Law(VnH, yn+1)-
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This is an example of the sample path perspective, and (2.28] [2.29) in particular.
The first two equations, which coincide with (2.28), effect the mappings from y,, to
[ns1 and from 2,41 tO 1. Ma TS(-,) :=T5(, ﬂn+1,yl+l) is then an explicit
example of (2.29) defined to effect the desired conditioning of 7,41 on y | in
order to obtain 1. The letter S in T connotes the dependence of the map on the
stochastic data y, 1. Thus equations (2.44) define a mean field stochastic dynamical
system mapping v, to v,4;: stochastic because of the noise in (2.44p, [2.44p), mean
field because the map 7% in ) depends on the law 7,41 of (V,41, Yu+1), and
hence on u,. The three update steps in this mean field stochastic dynamical system

lead to the following maps on measures:

Hn+1 = Ppin, (2.45a)
TTp+l = Qﬁn+l, (2.45b)
fnet = (T )gTtns1 (2.45¢)

This is simply a restatement of (2.21)), noting that (T,f)ﬁ has been chosen so that

pushforward corresponds to conditioning m,,; on data y:g 41 to obtain py4;. In

particular T5(7,41) := (T;E)ﬁﬂn+1 has property T5(m,41) = an(ﬂn+1)- Note that
the implied map from wu, to u,+1 is a nonlinear Markov process, because of the
dependence of Tns on 17,,+1 and hence on y,,. Furthermore, we have that Law(v,) = uy
for all £ € Z*. The important takeaway is that (2.44) defines a sample-path picture
of the evolution of the filtering distribution: it provides a map in state space with
law governed by the filter. We reemphasize that such a sample-path representation

is not uniquely defined.

Consider now a different approach to transport for filtering: we seek a transport map
that acts on the state space only to effect Bayes Theorem, i.e. mapping prior 1,4 to

posterior 1. To this end we consider the dynamical system

Vel = P(vp) + &n, (2.46a)
Vsl = TD(Vn+1;ﬁn+1,yZ+l), (2.46b)
again assumed to hold foralln € Z*. The firstequation maps v, ~ i, t0 V41 ~ tn+1,

thus giving a sample path realization of (2.23h). In the second equation, the map

TP(.) := TD(-;,ZInH,yLl) is chosen so that, if V41 ~ [t,+1 then v,y 1 ~ 41, thus

STt is convenient to use both the notation TS(', 3 Mnals yl +l), to be explicit about important
dependencies in TS, and to use the notation T;f , for succinct statement of certain formulae when
dropping explicit dependence of 75 on 7,41 and yjl +1- We will use analogous notation for other
mean field maps in what follows.



39

giving a sample path realization of (2.23p). Thus we have another instance of the
sample path perspective, and (2.28] [2.30) in particular.

Equation (2.46) constitutes another mean field stochastic dynamical system: stochas-
tic because of the noise in (2.46k); mean field because the map 7" in (2.46b) depends
on the law of V,,, 1 itself, and hence on u,,. The symbol D distinguishes map 7 from
map 75: map TP is deterministic in the sense that it does not require stochastic data
V.41, in contrast to 5. Therefore, we again have that Law(v,) = u, for all £ € Z*,

where the probability measure y,, evolves according to

fins1 = Py, (2.47a)
fnst = (T )gfns1. (2.47b)

This is simply a restatement of (2.23), noting that (T.” )4 has been chosen so that the
pushforward corresponds to the application of Bayes Theorem to incorporate data
y:g“. In particular T2 (f,41) := (T,°)4fin+1 has property T2 (1) = Lu(fns1)-
The evolution is another nonlinear Markov process, now because of the
dependence of TP on fi,,,1. Again, the underlying sample-path representation (2.46)

is not uniquely defined.

The two transport maps T° and T? introduce an important conceptual approach to
algorithms for filtering, but determining the maps can be as hard, or harder, than
solving the filtering problem itself. Thus, in the next two subsections, we turn
to relaxations of the perfect transport effected by T° and T”. We instead seek
mean field maps which match only first and second order moment information; this
relaxation allows for approximate transport maps with simple affine (in senses to be
made precise) forms. The perspective of matching first and second order moments
naturally suggests working with Gaussians and hence we also relate the approximate

transport to the Gaussian projected filter.

2.2.5.3 Second Order Transport — Motivation

To motivate the more general ideas behind second order transport, we first study an
explicit example. It is well known how to transform samples from a unit centered
Gaussian random variable on R into samples from a Gaussian random variable with

mean m # 0 and variance o # 1 by a simple scaling and shifting operation. An
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appropriate generalization of such a procedure suggests consideration of the map

Vsl = P(vy) + &n, (2.48a)
Vsl = h(Vns1) + Mntts (2.48b)

1
_ 2
Vpel = Myl + Cn+1

~_1
C 7 (Va1 = Eviapr), (2.48¢)

—

where mp41, Cyy1, and C,y are determined by (2.31), (2.32)), and (2.40), using
(]2.48kl) and d2.48b). Here { yZ} arises again from a fixed realization of (2.1). This is

a specific instance of the sample path perspective, and (2.28] [2.30) in particular. In

this case the sample path evolution of v,, has law which only approximates the true

filtering law.

The map v, — v, defined by is amean field map because of the dependence
of mu41,Cys1 and 5n+1 on Q Law(v,). It may be viewed as an approximation to
(2.44) which is exact when Q Law(v,) is Gaussian. To demonstrate exactness on
Gaussians it suffices to show that we obtain the desired mean and covariance after

application of the map. It is clear from (2.48) that Ev,4; = m,4 and also that

E((Vn+l - mn+l) ® (Vn+l - mn+l))

L 1 ~1 1
=C? C E((Vn+1 = Mpt1) ® (Vg1 — mn+1))C L C?

n+l1 "n+l n+l1 "n+l

1~

1 1 ~ 1 1
=C? C 2 CnC 2 C?

n+l1 "n+l n+1 "n+l

n+l-

It is important to recognize that, in general, v,,; defined by (2.48c) will not be
Gaussian distributed since Vv, defined by ), will not be Gaussian either.
However, although (2.48)) does not provide a closed iteration on Gaussians, the map
from V,,41 to v,41 agrees with the same step in the Gaussian projected filter, at the
level of first and second order moments. But, because it is not a closed iteration on

G(R%), it is clearly not the same as the Gaussian projected filter.

Whilst the mean field map from (2.48)) is a relatively transparent way to achieve
the goal of matching first and second order moments in the transport step there is
an uncountable set of ways of achieving this objective; the next two subsections
demonstrate this, identifying all mean field maps effecting approximate transport
from within two specific classes of affine transformations. We will then highlight
a small subset that have been used in practice, each of which is useful in certain

specific contexts.
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2.2.5.4 Second Order Transport — Stochastic Case

The first class of approximate filters determined by mean field maps have the sample

path form
Vel = P(vn) + &, (2.49a)
Vel = h(Vis1) + st (2.49b)
Vpu+l = TS(Vn+1’ yn+l;7rn+l, y::_'_l), (2490)

where {y;} arises from a fixed realization of (Z.1). We identify 7° : R% x R% —
R4 where f}f () := TS (-3 Tpets yjl .1) @pproximates an exact transport map T,LS () =
TS(-; pet, yjl .1)» defined previously, by matching the first and second order mo-

ments.

We next introduceﬁn = Law(V,+1, yn+1) and assume that the exact and approximate

transport maps satisfy, respectively,

(T3)ym = By(n), (2.50a)
G((T)4m) = Ba(Gn), (2.50b)

for all measures 7 on the product space R%» x R% . Of course 7> and T;f will depend
on 7 and then pushforward is to be interpreted as in (2.42)), (2.43). It is intuitive
that 1- enforces map f,f to satisfy 14 when 7 is Gaussian; we prove this in
below.

Perfect transport corresponds to asking that, for all measures 7 on the space R4 xR%
(2.50R) holds; second order transport relaxes this and asks only that (2.50p) holds.
Whilst achieving (2.50p) may be harder than solving the filtering problem directly,
we will show that achieving (2.50b) is straightforward and leads to computationally
tractable methods. This gain in tractability comes at the price of only achieving
(2.50b) in place of (2.50a); however it is intuitive that this price will not be high for
settings in which the filtering distribution, and the predictive distribution on state

and data, is not too far from Gaussian; we flesh out this idea in [Subsection 2.2.5.6|

below.

Working to satisfy (2.50b) allows us to find tractable approximate second order
transport maps by seeking 7% in the form

TS(Vn+la 5]\I’l+1;7ra yT) = AVn+l + Byn+l +a. (251)

®We temporarily drop explicit notational dependence on 7 + 1 in 7 and in y'. This should not
cause confusion as the approximate map we derive is concerned simply with finding a push forward
which approximates conditioning of Law (V,+1, Yn+1) 00 Yps1 = ¥
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We allow the matrices/vectors A, B,a to depend on (m, yT); however, they are
assumed to be independent of (V,,4+1, y,+1). Making this assumption ensures that
the transport map is affine with respect to the realization of (v,,11, y,+1) (but not
their law). This in turn leads to tractable computations to determine A, B,a on
the basis of matching second order moments of perfect transport. In addition to
computational tractability, the affine form of the transport map TS is motivated by
the following which shows that the approximate transport is perfect when applied to

Gaussian source.

Lemma 2.2.11. Consider approximate transport map TS = TS (Vps1, Ype1: 7, y7)
with the form (2.51)), assumed to satisfy (@b). Then TS depends on m only
through Gr. Furthermore,

(T,))3(Gr) = B, (Gr);
thus, if © is Gaussian, equation (2.50p) implies (2.50k). ©
Proof. We first note that (2.50p) is equivalent to insisting that
G((T;})4Gn) = B,(Gn) (2.52)

for all measures r; this follows because, noting the definition (2.42) and consequence
(2.43), the first and second moments of (i‘f)ﬁGﬂ and (i‘?)ﬁﬂ agree, because of
the affine form (2.51)) assumed for T;f Recall that (f,f) depends on (7,y") =
(Law (Vys1, Ynr1), yjl " ). From the identity (2.52), itis clear that T;f only depends on
7 through G because changing # — G leaves the identity invariant, as Go G = G.

Now note that, because Gaussians are preserved under affine transformations,
(TS G Tz 1. 31) () = G((T Fer. T . y) )
or, in compact notational form,
(T)s(Gr) = G((T )yr). (2.53)
The desired display in the lemma is then immediate from (2.50p). [
An affine transport map of the form (2.51)), when combined with particle approxima-

tions, leads to practical implementable algorithms and achieves (2.50p) by ensuring
that (T;S)ﬁﬂ has first and second moments which agree with those of the Gaussian
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projected filter; these are given by equations (2.31)), (2.32), and (2.40) when 7 is the

law of (Viut1, Yns1)-

In Appendix B, [Subsection 2.B.1| we identify the (uncountable) set of all possible

A, B, a which achieve the desired matching of first and second order moments. Here
we focus on the two specific choices given in [Example 2.B.5| from that Appendix.

The first that we highlight corresponds to the choice

TS(VI’l+1$ §n+l;ﬁn+la yr'z+1) = Vn+l + Kn(yj,;“ - yn+1)a

with K, = K(m,41) given by (2.33). Thus we obtain the following mean field
dynamical system, which corresponds to (2.14) in the setting where the Kalman
gain K, is defined by (2.33)):

Vsl = P(vp) + &n, (2.54a)
Vel = h(Vys1) + Most, (2.54b)
Vast = Vst + C ((CODTIOT | = Fur), (2.54¢)

where {y}} arises from a fixed realization of (2.I) and equations (Z31)), [2.32)
define the Kalman gain K,, = c” (c”

(G l)_1. We refer to this as Kalman transport,

noting that it serves as a derivation of the Kalman gain, beyond the linear Gaussian
setting. This is a specific instance of the sample path perspective, and (2.28] [2.29)
in particular. Again, this is a case in which the sample path evolution for v,, has law

which only approximates the true filtering law.

The second transport map from [Example 2.B.5| corresponds to the choice

1 1
TS (= I T . 2 A2 =
T° (Vs ts s 15 Tna15 Yy g) = Mg + € C 2 (Vi — Evgan),

—

leading to the mean field map (2.48), recalling that m,i, Cpi1, and C,4 are

determined by (2.31)), (2.32), and (2.40), using (2.48p) and (2.48p).

Remark 2.2.12. One important difference between the mean field models ([2.54))
and (2.48) is that the former involves inversion of matrices in data space, and the
latter in state space. The relative dimensions of the two spaces plays a role in
determining which mean field model is more appropriate as the basis of algorithms.
A second noteable difference is that the mean field model (2.48)) does not require
generation of the stochastic data y, 1. This is because we may employ the identity
Eyn+1 = Eh(Viy41) and use (2.34), to compute my41, Cyy1 and C,+1. Motivated
by this observation, the next subsection studies a wide class of approximate transport

maps with the property that they do not require generation of stochastic data. m
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2.2.5.5 Second Order Transport — Deterministic Case

We now turn our attention to approximate filters defined by deterministic mean field
maps. We seek to approximate the exact transport (2.46) by mean field maps with
the sample path form

Vel = P(vy) + &, (2.55a)
Vet = TP (Vpets Fnet, V1, ) (2.55b)

where {yjl} arises from a fixed realization of (2.1). As in the previous subsection
we drop explicit n-dependence on the measure 1,1 and on the data yz .1 When no
confusion arises from doing so. To this end we define, for v, given by ),
i = Law(V,41) and y' = yZH. In the following TP : R® — R% is defined by
TP(.) =TP(-;j1,y") and an : R% — R% is defined by 7~",1D(') =TP(; @, y"); this
is a useful notational convention for the reasons explained in the stochastic transport

setting.

Analogously to the identities (2.50) in the previous subsection, we seek an ap-

proximation TP which, in comparison with the true transport map TP, satisfies

(T, )4k = B.(Qp), (2.56a)
G((T,))4h) = B.(GQp), (2.56b)

for all measures jZ on the state space R%". As in the previous subsection, where we
studied approximate stochastic transport, we again seek maps with a specific affine
form. Concretely, the maps are assumed to be affine in the pair ('\7,,+1, E,Hl), with
et = h(Vpe1), leading to the assumed form T2 (-) = TP (-; u, y") with

TD(VrHla 7/l\n+1;,ua yf) = Rvn+l + S}l\n+1 +7r, (257)

for (i, y")—dependent matrices/vectors R, S, r of appropriate dimensions. Note,
however, that R, S, r are assumed to be independent of the realization (v,,41, En+1),
depending only on its law, so that the transport map is affine in (v,,41, Zn+1). With
this restriction, which will lead to practical implementable algorithms, we simply
ask that (2.56b) holds: the first and second moments of the output map agree with
those of the Gaussian projected filter, given by equations (2.31)), (2.34)), and (2.41)).

As in the previous subsection, there are uncountably many choices of R, S, r which
we identify in Appendix B, [Subsection 2.B.2} [Example 2.B.12 highlights two im-
portant cases. The first coincides with (2.48)) since S = 0, but the second leads to a
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new mean field map. To formulate this new map we first define K,=K (i) by

K,=C"

nﬂﬂﬁﬁrﬂﬁ+r“%@%+iT“f{ (2.58)
We then make the choice
TP Wpits a3 18 Y7) 1= Vpt = Ko (st = Blat) + Ky (0 = Ehy),
with K, given by (2.33) and repeated here for convenience:
K, =Gl (€ 1)

n+l

The second mean field map identified in [Example 2.B.12|is

Vsl = Y(v,) + &, (2.59a)
nst = h(Vne1), (2.59b)
Vn+l = Vn+1 - fn(zn+l - Ei’l\n+l) + Kn(yl+1 - Ei’l\n+1), (2.59¢)

where K,, and En are computed under Law(Vv,,41). This is another instance of the
sample path perspective, and (2.28] [2.30) in particular. Again this sample path

evolution for v, has law which only approximates the true filtering law.

Remark 2.2.13. Ifthe ensemble spread is such that the size of C fl’f_’l is much smaller
than the size of the observational covariance I then we may invoke the approximation
~hh
Cn+1
deterministic ensemble Kalman filters are derived from mean field dynamics which

exploit this approximation by setting K, = %Kn in . We then replace )
by the compact update step

+ I = I. With this approximation it follows that K, ~ %Kn in (2.58). Some

_ 1~ -
Vil = Vil T Kn (yjl_,_l - E(Ehrﬁl + hn+l))) . (260)

Such a formulation corresponds to the control-theoretic perspective of , with
K, given by ([2.33) and the innovation (2.15) replaced by

L~
30 = Your = 5 (Bhnst + ). 2.61)

Filters based on this mean field dynamics thus invoke an additional approximation of
perfect transport, over and above that stemming from matching only first and second
moments: they assume further that the observational noise dominates ensemble
variation. We note that in the continuous time limit this form of the innovation

arises naturally and does not constitute an additional approximation. [ |
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2.2.5.6 Second Order Transport — Summary

It is helpful at this point to take stock of two approximations to filtering that we
have introduced, Gaussian projected filtering and approximate transport, and discuss
their inter-relations. For simplicity we do this in the context of mean field stochastic

maps, but similar considerations extend to mean field deterministic maps. In this

subsection we also include [Example 2.2.15] demonstrating the existence of mean

field maps for the Kalman filter which, recall, applies only in the linear Gaussian

setting.

Recall that

HMn+1 = Bn(QPﬂn)a Ho = N(mO, CO), (2623)
1S, =B, (GQPLY),  u§ = N(mo, Co), (2.62b)

With the goal of discussing the inter-relations between Gaussian projected filtering
and approximate transport methods, we let u™” denote the measure associated with
using the mean field map T,f to approximate the conditioning step in (2.21)). Using
(2.50p) to rewrite the Gaussian projected filter, and using the construction of the
stochastic mean field model (2.49), we obtain

1, = G((T(QPuS)),  u§ = N(mo, Co), (2.63a)
M = (T)(QPEY), ™ = N(mo, Co). (2.63b)

Remark 2.2.14. Equations 2.63) show that {uM*'} is close to {uC}, if the Gaussian
projection in (2.63) is close to the identity where it acts on the output of onestep.
Equations (2.62)) show that {u®} is close to {u, } if the Gaussian projection in )
is close to the identity where it acts on the joint space of state and observation.
Together these two facts suggest that {uM"}, {u®} and {u,} are all close to one
another if the two Gaussian projections can be viewed as being close to the identity
map, where they appear in (2.62)) and in (2.63)). This provides a potential path for
analysis of the mean field model, away from the linear setting where it is exact. Note
also that ([2.63j) shows that the Gaussian projected filter evolves within the manifold
of Gaussian probability measures; the mean field model (2.63p) does not.

Example 2.2.15. Assume that vo ~ N(mg, Cy), that T" > 0 and consider the Kalman

filter setting of|[Example 2.2.6] in particular (2.6) prevails rendering ¥ and h linear.
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The mean field stochastic dynamical system (2.54) then takes the form

Vn+1 = Mvn + é:n, (2643)
Ynel = HVyi1 + a1, (2.64b)
Va1l = ";n+1 + é\n+ll_1—r(I{é\n+111—r + F)_l(yjH_l - yn+1)» (2640)

where {y!} arises from a fixed realization of (2.24) and where C,, is the covariance
of vip and Cyy1 = MC,M" + X is the covariance of V,+1. The resulting dynamics

give a sample path representation of the Kalman filter in that v, ~ N(m,,, C;,) where

my, Cy are as given in[Example 2.2.6] This follows because the map defined by (2.64)
is well-defined, since I" > 0.|Lemma 2.2.1l|shows that the approximate transport is

exact in this Gaussian setting.

Similar ideas can be applied to (2.48) and (2.59) to determine other mean field
models with law equal to that of the Kalman filter. Furthermore we observe that the

formulation based on (2.48) can be symmetrized to obtain, in the linear Gaussian

setting of (2.6),

Vsl = Mv, +&,, n € z, (2.65a)

Vsl = Mps1 + Ay (Vg1 = Mpy1), (2.65b)
— -1/2

Ap = (Coe) ' [(CreD) VP Crit (i)' (Cos) V2, (2.65¢)

with (M1, Cosl, CA’Y‘ZL, 5}%_’1) defined by 2.31)), (2.34) and (m,+1, Cp+1) defined by
(2.40). We note that the second component of the map may be written in gradient

form and corresponds to an optimal transport from [, 1 into i, in the sense of the

Euclidean Wasserstein distance of optimal transportation (see |Subsection 2.2.7|for

details); indeed this is true for an entire family of weighted Wasserstein distances.

To recognize the gradient structure define

1 - -
D, (v) := (mps1,v) + §<An(V — Mps1),V — Mps1)

and note that then

Vsl = My, + &, n € Z7, (2.662)
Vsl = VO, (Vir1). (2.66b)
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2.2.6 Ensemble Kalman Methods

The mean field formulations from[Subsection 2.2.5|provide clear insights into many

of the design choices and mechanisms that underlie ensemble Kalman methods.
In this subsection we take the mean field models and use particle approximations
to derive implementable numerical algorithms. When approximated by interacting
particle systems, the mean field formulations of ensemble Kalman methods lead to

actionable algorithms.

We start, in [Subsection 2.2.6.1] with the setting in which transport is perfect; these

algorithms are not, in general, implementable since determining perfect transport

is itself a difficult computational task and the subject of ongoing research; see the

bibliography [Subsection 2.2.7/f Thus we turn to particle approximations of the

transports designed to match first and second order statistics. This leads to the

(stochastic) ensemble Kalman filter in Subsection 2.2.6.2] and to (deterministic)

ensemble square root filters in |[Subsection 2.2.6.3] The methods derived in this

subsection involve approximating the Kalman gain by computing covariances under
the empirical measure defined by the ensemble of particles. To avoid overloading

notation, in the rest of this subsection Cp1, Cyii, C*° ., and Cy Y will denote

n+1’
covariances computed with expectation under the empirical measure. With this
notation in place, in the rest of this specific subsection, K,, will directly refer to the
particle approximation of the Kalman gain, computed using the covariances with
respect to the empirical measure, without further specification needed. Throughout

this section { yl} arises from a fixed realization of (2.1)).

2.2.6.1 Perfect Particle Filters

The mean field equations (2.44) could, in principle, be approximated through a
particle approximation of the mean field leading to the following conceptual (because
map 7> is not known explicitly) algorithm: let J = {I,---,J} and consider, for

(n, j) € Z* x J, the interacting particle dynamical system

v =Wl + el (2.67a)
v = h(vn+1) + n,(l’ﬁl, (2.67b)
W) S 50

Zé(v;az o 679
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This evolves the particles {v(] )} jeJ into {vii)] }jeJ. Here the {g,ﬁf )} are, for each
J» random variables given by the known distribution of &, specified in (2.2)) and,
furthermore, are drawn independently with respect to each (n, j) € Z* x J. Similar
considerations apply to the {17(] )} which, additionally, are independent of the {g,ﬁf ) 1.

It is intuitive that the large J limit of this system recovers the mean field dynamics
(2.44) and, in particular,

J
1
N )
J=1

Applying a similar idea to (2.46) leads to the following conceptual (because map
TP is not known explicitly) algorithm. Consider, for (n, j) € Z* x J, the interacting

particle dynamical system

7 = e + &Y, (2.69a)
vl = TD(v,ii’puM Vi), (2.69b)
Bt = Z st (2.69¢)

j_

()
n+1
about the {f,(,J ) } as for the preceding interacting particle dynamical system. It is

This evolves the particles {v(’ )} jesinto {v *" };ej. The same assumptions are made
again intuitive that the large J limit of this system recovers the mean field dynamics
(2.46), and the evolution (2.47)). In particular it is intuitive that (2.68)) holds for this
particle approximation too. We reiterate that in practice these algorithms are, in
general, not easy to use. More specifically, finding particle based approximations
75 and TP+ to the desired transport maps such that

lim 757 = T3, lim 7P =P

J—o0 J—o o0

in an appropriate sense is a computationally challenging task and the subject of
ongoing research. This leads to the next two subsections in which we replace T
and TP, in the interacting particles systems and (2.69), by the previously
introduced affine approximate transports TS and TP, respectively.

2.2.6.2 Stochastic Ensemble Kalman Filters

Particle approximation of the mean field dynamical system (2.54)), effecting Kalman
transport, bring us to the stochastic EnKF (ensemble Kalman filter). This method

may be derived by writing down a particle approximation of the mean field stochastic
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dynamics defined by (2.54). We evolve the particles {v(j ) } jes into {vfl]fl } jes accord-
ing to the following stochastic interacting particle system, holding for (n, j) € Z*xJ:

v =wed) el nezt, (2.70a)
Y = h@V)) +n)  nezt, (2.70b)
I(’lJ-I-)l = Vfl{i-)l + K (yn+1 5;\51{'_)1)’ (27OC)
n+1 Z 5(V<J>1 TS (2.70d)

Here the Kalman gain from (2.33)) is approximated using the empirical measure

T, + |» but is still denoted by K, to avoid proliferation of notation; details follow
below. The same assumptions regarding {fnJ )} and {n(] ) } are made as for (2.67).
We let E; denote expectation under 7. For the basic implementation of EnKF
the desired covariance matrices, and Kalman gain (2.33)), are then approximated by

expectation under 7Y, so that

n+1’
5:11 = n+1(("n+1 Ey, Vns1) ® (Fus1 = Ei+1§n+1))’
CZL = n+l(( —Ep 1 Vns1) ® (Fur1 = Ei+1§n+1))’
Ky = Cn+l(é\r)z] )

Note that a pseudo-inverse may be required to define K,,. An alternative, avoiding

pseudo-inverse, is to use a particle approximation in formula (2.35p), leading to the

use of
C,‘:il = En_,_l((vnﬂ - Ei.,_lvnﬂ) ® (h(vnﬂ) - Ei.,.lh(vnﬂ))), (2.71a)
Crty = B ((hGe) =By hPart)) @ (h(Tret) =B hFasn) ). 2710)
K,=C" (CM" +1)" 2.71c)

to compute the gain K,,. The advantage of this latter formulation is that it ensures
positivity, and hence invertibility, of the covariance in data space, if I is assumed

positive-definite. It is hence typically preferred.

Example 2.2.16. We return to the set-up of |[Example 2.2.5| and now demonstrate

performance of the stochastic EnKF on the same Lorenz ’96 model. Indeed, we again

"The empirical covariance computations are often modified to accommodate the widely adopted
convention of scaling by 1/(J — 1), instead of 1/J, in view of the matrix being computed from J — 1
independent increments about the mean.
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study the Lorenz *96 (singlescale) model for unknown v € C(R*,RL) satisfying the
equations 2.9) with L = 9,h, = —0.8 and F = 10 and function m as shown in
Figure We consider observations {y}:}ne% arising from the model

Vha = PO +ELL

n+l

oo T T
Yne1 = h(vn+l) MR/ATSE

where ¥ is the solution operator for (2.9) over the observation time interval T, and

{f;}neZh {Uz}neN are mutually independent Gaussian sequences defined by
E~N(,0%I) iid, 1) ~N(0,y%) iid.,

with o = 0.1 and y = 0.1. We again assume that the observation function is linear:
h(v) = Hv for matrix H : R® — R defined by (Z.10).

Figures [Figure 2.5d| and [Figure 2.5D demonstrate the performance of stochastic
EnKF in this experimental setting with T = 107 and using J = 10> and J =

5-10?, respectively, against the performance of 3DVAR with no noise; note that the
EnKF uses a time-varying estimate of the gain K,, whilst 3DVAR uses the fixed K
given in These experiments illustrate that using sufficiently large
ensembles, the ensemble Kalman filter outperforms 3DVAR on such a nonlinear
filtering problem where the true state and observational noise levels are high. Here
outperforms refers to mean square error in recovery of the state. To quantitatively
demonstrate this improvement, we compute: (a) the mean squared error between
the estimates yielded by 3DVAR and the true states, and (b) the mean squared error
between the ensemble mean of stochastic EnKF and the true states. In particular we
report time-averaged mean squared errors obtained from both 3DVAR and stochastic
EnKF given by use of formula (2.16) from[Example 2.2.5\using t* = 3 and T = 10.
An ensemble size of J = 102 vields egugr = 1.05 - 100, while forJ =5 102 we
obtain egyxr = 5.24 - 1071, For comparison, the error obtained using 3DVAR is

espvar = 1.85-10°. m

2.2.6.3 Ensemble Square Root Filters

The variants on the EnKF described in this subsection are known as ensemble square
root filters; they are based on mean field maps (2.48)) and (2.59), approximated by

interacting particle systems.

Remark 2.2.17. Square root filters are sometimes referred to as deterministic ensem-

ble Kalman filters, to distinguish them from the ensemble Kalman filters described in
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EnKF on singlescale for true model given by Lorenz 96 singlescale

-10 —— EnKF, ]=100

0 2 4 6 8 10

(a) EnKF with ensemble size J = 102.

EnKF on singlescale for true model given by Lorenz 96 singlescale

-10 —— EnKF, J=500

0 2 4 6 8 10

(b) EnKF with ensemble size J = 5 - 10%.

Figure 2.5: In this experiment we set the noise levels o = 1071,y = 1071, We
display the estimates of v3 in time produced by EnKF (using ensemble average)
and 3DVAR against the true dynamics using observation time interval 7 = 1073,
Again “dns” refers to direct numerical simulation. The results show that the EnKF
provides a more accurate estimate of the trajectory, albeit at higher cost in terms of
number of model evaluations.

the preceding subsection (see discussion of this, and bibliographic information, in

ISubsection 2.1.1\) However we have already used the terminology “stochastic” and

“deterministic” to distinguish between different variants on the mean field models

that we describe in Subsections |Subsection 2.2.5.4| and |Subsection 2.2.5.5| respec-

tively. With the exception of the discussion in|Subsection 2.1.1} we simply refer to

square root filters for the methods introduced in this subsection. We note however
that they are deterministic in the sense that they do not require generation of random

variables.

We introduce two families of square root filters: of adjustment and transform type.
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We emphasize again that the choice of which method to use in practice is determined
by implementation details such as the number of particles J, the dimension of state
space d,, and the dimension of the observation space dy. These implementation

details, although important, are not the focus of this chapter. m

Ensemble Adjustment Kalman Filters We introduce two different particle-based
approximations of mean field models. Both methods are examples of a general class
of algorithms known as ensemble adjustment Kalman filters: EAKF. The starting
point for the first of these EAKF methods is the mean field map (2.48h), (2.48c),

repeated here for convenience:

Vel = P(vy) + &, (2.72a)
/\_l o~ —~
Vntl = Mty + anﬂ C. 2 (Vns1 = Evpir), (2.72b)

where m1,.1, Cps1, and C,, are determined by 2.31), (2.34), (2.35)), and @])

As in the previous subsection the methods evolve particle ensemble {v(J )} jeJ into

{V§L]+)1 }jes, via the predictive ensemble {v +1} jes. However they do not employ
{A(J) l’l(])l}JeJ, where 1Y) = h(3Y).
To define the methods it helps to introduce new notation. Slightly modifying the

simulated data {y " } jeJ, rather they make use of {

notation in the preceding subsection, we now let E: denote expectation with respect

5
L, == > 0-()).
&

We let v,,;1 denote the random variable with this distribution and, as before, Z,,H =
h (?,H 1 ) .

to the empirical measure

Next we define matrix V, comprising scaled ensemble deviations in state space:

Vn — \/7( (1) Ei VsV ( ) EJVn, . (J) EJvn) c Rd ><J

we then define the analogous matrix H, in observation space
~ 1 /~ ~ o~ —~ - —~
= (ASD = B B = B+ B — Bl ) € RO,
J

8 Although the identity (2.40) is derived in a subsection concerning the Gaussian projected filter,
it is contained in[Lemma 2.2.9 which simply concerns conditioning of Gaussians.
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With these notations in hand, we have, with expectations computed under Ej,

C'h = V,HT, (2.73a)
C" = H,H, (2.73b)

and the ensemble-based approximation of the Kalman gain matrix isﬂ
Ko = Vot Hyy (Hy H + )7 (2.74)

This is a linear algebraic reformulation of the Kalman gain approximation resulting

from (2.71). By making a particle approximation of (2.72)), using (2.31), (2.34),
(2.33)), and (2.40)), we obtain

v 2w +e) nezt, (2.752)
Mns1 = B, Vsl (2.75b)
Mpy1 = mn+l + K, (yn+1 En+1hn+1)7 (2750)

i(1J+)1 = Mpy1 + C2+15n+1 ( fzj+)1 n/an+l) ) (2.75d)

where K, is given by (2.74)); furthermore, C,s1 and C,, are computed empirically

using

—~

Covt = VetV Gt = Vot (14 HL, T A ) VI

n+1 n+l-

(2.76)

The first of these two formulae follows similarly to (2.73)); the second of these two

formulae is derived as follows: [[¥]

Cps1 = Cuat = C1 (CM 4 T) 1 (CVI )T (2.77a)
= VoVl - V,H]H +1(Hn+1Hn+1 + r)—lﬁn+1\7,j+1 (2.77b)
=V, (1 + A T, ) TARS 2.77d)

The EAKF (2.75)) takes as starting point (2.48). If instead we apply a particle
approximation to the mean field dynamical system (2.59) we obtain a second version

“Here too, the empirical covariance computations are often modified to accommodate the widely
adopted convention of scaling by 1/(J — 1), instead of 1/J.

10Using, in the last line, the identity I — WT(WWT + I)"'W = (1 + WTW)~! which holds for all
(not necessarily square) matrices W.
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of the EAKF:
v 2w+ nezt, (2.784a)
) = hG)), (2.78b)
Mnet = B, Vet (2.78¢)
Must = el + Kn (0] = Bo ), (2.78d)
v = g + OV = igar) = Ko (B = B2, ). (2.78¢)

By making an empirical approximation of the formula (2.58)) the matrix K, is defined

using the identification
Z _U Ot 70T 70T 1/21/2 -l
Ky=VouH,  |(HyH, +1)+ HpH, +T)°T .

Remark 2.2.18. The key difference between (2.75) and is that the former
involves inversion in state space, and the latter in data space. The relative size of

the two dimensions dictates which is preferable. m

Ensemble Transform Kalman Filters The two EAKFs just defined both involve
application, and inversion, of matrices which are applied on the left and act on state
space. A different class of algorithms, known as ensemble transform Kalman filters
(ETKF), involve matrix multiplication from the right and consequently inversions
take place in the ensemble space of dimension J. In many applications this is far
smaller than the dimension of the state or data spaces, and then use of this version

IxJ
R,

of the methodology is preferred. The aim is to determine matrix Z, € and

to derive Kalman gain K,, from Z,, so that the following interacting particle system
()

produces an ensemble of particles {v ",

by the second item in display (2.76)):

} jeJ with empirical covariance C,, defined

v w4l nezt, (2.79)

’/ﬁn+1 = E‘,Jl+1";n+1’ (2.79b)

st = et + Ko, =By huet), (2.79¢)
J

VEZJ_'_)l =Mps1 t+ Z (vf;)_l - n?n+1) (Zl’l)lj (279(.1)
i=1

To this end we define the matrix of ensemble deviations

1
Vy=— (vf,l) — B v, v — B, vy - Ei,nvn) e R4

VI
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where, here, expectation }Ein is with respect to the empirical measure (2.68) and v,
is a random variable with this distribution. It then follows from (2.79d) that

Vist = Vis1 Zn. (2.80)
If we define
7 g V2 IxJ
Zo= 1+ B T ) e R, 2.81)

then, as desired, V11V, = Cu41 as defined by (2.76), by virtue of (2.77). The
calculations in (2.77) can also be utilized to verify that the empirical Kalman gain
matrix defined by satisfies

K, =V,nZ*H], .

n+l

Using this formula for K, in (2.73)) leads to an algorithm which matches first and
second order statistics of the Gaussian projected filter, at n+ 1, requiring only matrix

inversions in space of dimension defined by the number of particles J.

We finally note that (2.79) and (2.79(d) can be combined into a single transformation
step of the form

J
v = Z v (Swif (2.82)

i=1
where S, € R/ replaces the matrix Z, in (2.79(d) such that

J J
Mn+1 = Z El{l—)l = Z Aizlil(s )ij

j=1 i,j=1
holds in addition to (2.80) with Z, replaced by S,,.

Remark 2.2.19. Formulation ([2.82) has a number of attractive features. First, it

clearly reveals that the analysis {V(J )

"1 }jes lies in the span of the space spanned
by the predictions {vn +1} jeJ» Which is relevant whenever J < d,. Second, all
particle implementations of the ensemble Kalman filter and many of its extensions
can be put into the framework (2.82)) with the (possibly random) matrix S, chosen

=~(J)

appropriately. Third, it encodes a coupling between the prediction {v 1} jeJ and

the analysis {v,(1]+) | }jes at the level of their associated empirical measures ,un and 2,

respectively. See the following bibliographic |Subsection 2.2.7|for more details. m

2.2.7 Bibliographical Notes

Ideas from feedback control underlie the material in [Subsection 2.2.2] addressing

Objective 1. Control theory is an enormous subject in its own right and we cannot
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do justice to it in this chapter. For study of linear control theory, as illustrated in
Example 2.2.2| see Astrdm and Murray (2021) and Sontag (2013) for engineering
and mathematical treatments respectively. For the control theoretic approach to the

state estimation problem see D. G. Luenberger (1964) and D. Luenberger (1971).

Our study of control-theoretic methods has focused on 3DVAR. Recent analysis
of the 3DVAR method rests heavily on ideas arising from determining modes for
dissipative evolution equations, an idea with roots in the paper CIPRIAN Foias and
Prodi (1967) and unified in the book Temam (2012). The use of these ideas in
data assimilation was introduced in Olson and Titi (2003)) and developed further in
Hayden, Olson, and Titi (2011) and Ciprian Foias, Mondaini, and Titi (2016)); the
papers K. J. Law and Andrew M Stuart (2012), K. J. Law, Shukla, and Andrew
M Stuart (2014), KJH Law et al. (2016) and Sanz-Alonso and Andrew M Stuart
(2015) essentially establish the stability of these deterministic results to small noise
perturbations; see also Moodey et al., [2013| for related analysis. In the context of
using observations to control the instability of chaotic systems, all of this work may
be seen as building on the study of synchronization (Pecora and Carroll, [1990),
reviewed in Ashwin (2003)).

In [Subsection 2.2.3| we introduce the probabilistic approach to filtering, address-

ing Objective 2. In low dimensional systems particle filters provide a flexible and
efficient tool for attacking probabilistic filtering; see Doucet, De Freitas, and Gor-
don, 2001. However in this chapter our focus is on high dimensional problems
and Kalman-based methods specifically. The books Reich and Colin Cotter (2015),
Asch, Marc Bocquet, and Nodet (2016), Kody Law, A. Stuart, and Kostas Zygalakis
(2015), Harlim and Majda (2010), Abarbanel (2013), and G. Evensen, F.C. Vosse-

poel, and van Leeuwen (2022) provide overviews of a variety of filtering methods,

and ensemble Kalman methods from |Subsection 2.2.6|in particular.

The Kalman filter (Kalman, |1960) from [Example 2.2.6| led to arguably the first

systematic analysis of an algorithm for incorporation of discrete time data into es-

timation of a discrete time stochastic dynamical system; it applies only to linear
Gaussian systems. The monograph Andrew H Jazwinski (2007)) provides an in-
troduction to nonlinear filtering both in discrete and continuous time; in particular
it discusses the extended Kalman filter, found by applying the Kalman filter to a
linearization of the state and data dynamics. However this method does not work

well in high dimensions Michael Ghil et al.,|1981, motivating the use of mean field

maps, as introduced in [Subsection 2.2.5| and the ensemble-based methods from
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[Subsection 2.2.6| which approximate them. The approximation of mean field maps

by interacting particle systems is overviewed in Sznitman (1991)).

We refer the reader to the excellent monographs by Asch, Marc Bocquet, and Nodet
(2016) and G. Evensen, F.C. Vossepoel, and van Leeuwen (2022) for texts with
emphasis on important implementation details, not covered in this chapter, relating
to these ensemble Kalman methods; these include techniques such as inflation and
localization that are central to the success of these methods in high dimensions. We
also refer to the paper by Vetra-Carvalho et al. (2018]) for a comprehensive review
of the algorithmic details of ensemble Kalman methods. Here we point to two

particular implementation details that are of particular practical importance. The

first concerns the use of ensemble square-root filters from [Subsection 2.2.6.3| The
matrix Z, in (2.80) is not uniquely defined by the requirement V.11V, = Cp41.
Formula (2.81) constitutes one possible choice, which leads to a symmetric Z,;

see Livings, Dance, and Nichols (2008]) for more details. Second, finite particle

implementations of the stochastic EnKF from [Subsection 2.2.6.2] entail that the
372{31 appear both in the Kalman gain K, as well as in the
innovation term in (2.70c). As first observed by Houtekamer and Mitchell (2005),

this leads to a systematic underestimation of the ensemble spread, which vanishes

random realizations

in the J — oo limit, but can affect the performance of the EnKF for small particle

sizes.

Particle-based extensions of the classical Kalman filter to nonlinear filtering prob-
lems include the unscented Kalman filter and the ensemble Kalman filter. While
this chapter focuses primarily on ensemble Kalman filter techniques, the unscented

Kalman filter is an approach based on application of quadrature to the Gaussian

projected filter from [Subsection 2.2.4} see Julier, Uhlmann, and Durrant-Whyte

(2000) as well as Sarkkad and Svensson (2023). A discussion and evaluation in the

context of ensemble square root filters may be found in X. Wang, C.H. Bishop, and
S.J. Julier (2004).

Much of the development of ensemble Kalman methods reflects the historical roots
of the subject in the geophysical sciences, the atmosphere-ocean sciences in par-
ticular, including Lagrangian data assimilation, and in the modeling of subsurface
flow (G. Burgers, van Leeuwen, and G. Evensen, 1998; P.L. Houtekamer and
M.L. Mitchell, [1998;; Jeffrey L Anderson, 2001; C.H. Bishop, B.J. Etherton, and
S.J. Majumdar, [2001; J.S. Whitaker and T.M. Hamill, |2002; M.K. Tippett et al.,
2003; B.R. Hunt, E.J. Kostelich, and I. Szunyogh, 2007; G. Li and Albert Coburn



59

Reynolds, 2009; P. Sakov, D. S. Oliver, and L. Bertino, 2012; M. Bocquet and
P. Sakov, 2014; Evensen, [2019; Marc Bocquet and Pavel Sakov, [2012; Marc Boc-
quet, Gurumoorthy, et al., 2017; Gurumoorthy et al., 2017; Sampson et al., 2021}
Kuznetsov, Ide, and Jones, 2003} Salman et al.,2006). We also mention the random-
ized maximum likelihood (RML) approach to Bayesian inference which is closely
related to the analysis step of a stochastic EnKF and has also been developed primar-
ily through application in the geophysical sciences (Kitanidis, |1995; Dean S. Oliver,
Cunha, and Albert C. Reynolds, 1997} D. Oliver, A. Reynolds, and N. Liu, 2008).

There is also a body of literature concerning the analysis and development of
ensemble methods with an emphasis on applications in complex and turbulent
flows: Grooms, Y. Lee, and Majda (2014), Grooms, Y. Lee, and Majda (2015)),
Robinson, Grooms, and Kleiber (2018), Y. Lee, Majda, and Qi (2017), Gottwald
and Majda (2013), D. Kelly, Majda, and Tong (2015), Tong, Majda, and D. Kelly
(2016a), Tong, Majda, and D. Kelly (2016b), D. Kelly, Majda, and Tong (2015)),
Harlim, Mahdi, and Majda (2014), Majda and Tong (2018), Fertig, Harlim, and
Brian R Hunt (2007), Harlim and Brian R Hunt (2007a), Harlim and Brian R Hunt
(2007b). The conceptual fluid dynamics models of Lorenz (Edward N Lorenz,
1996a) (often referred to, collectively, as Lorenz 96 models) have been particularly
influential in germinating this body of work and we use them exclusively in our
illustrative [Examples 2.2.3] [2.2.3] and 2.2.16] Furthermore we will make use of
the relationship between the multiscale and singlescale version of the model as
developed in Fatkullin and Vanden-Eijnden (2004).

Recently ensemble Kalman methods have been developed for potential use in ma-
chine learning (Haber, Lucka, and Ruthotto, [2018; Nikola B Kovachki and Andrew
M Stuart, 2019; Guth, Schillings, and Weissmann, 2022; Grooms, 2021}; Gottwald
and Reich, 2021; L. M. Yang and Grooms, 2021; J. Pidstrigach and S. Reich, 2023));
see also Marc Bocquet, Gurumoorthy, et al. (2017)), Yuming Chen, Sanz-Alonso,
and Willett (2022)) for research at the intersection of machine learning with ensemble

Kalman methodology.

In this survey we have started from mean field equations, in [Subsection 2.2.5| and

then discretized the mean field limit using J particles in subsequent subsections. Itis
of interest to demonstrate that the discrete formulations which arise actually converge
to the mean field equations in the / — oo limit. This has indeed been established
for the ensemble Kalman filter when applied in the linear Gaussian setting in which

the mean field limit exactly recovers the filtering distribution (Le Gland, Monbet,



60
and Tran, 2011a; J. Mandel, L. Cobb, and J. Beezley, [2011; Kwiatkowski and

J. Mandel, 2015) and indeed some results also apply in the nonlinear setting. In
the continuous time-setting long-time error estimates, exploiting ergodicity of the
Kalman-Bucy filter itself and propagation of chaos ideas to extend to the ensemble
Kalman approximations, are developed in Del Moral and Tugaut (2018]). The paper
K. J. Law, Tembine, and Tempone (2016) studies related work concerning the mean
field limit of ensemble Kalman methods in the context of non-Gaussian problems.
The papers Ding, Q. Li, and Lu (2021), Ding and Q. Li (2021a) and Ding and Q.
Li (2021b)) study particle approximation of mean field limits beyond the Gaussian
setting, primarily in the context of the solution of inverse problems. The papers
Hoel, K. J. Law, and Tempone (2016) and Chernov et al. (2021) study the use of
multilevel approximation of the mean field limit, coupling ensemble approximations

at different levels of space or time discretization.

In [Subsection 2.2.5.3| we introduce the idea of second-order transport: approxi-

mations of the perfect transport maps that effect filtering. The non-uniqueness
of second order transport maps is studied in continuous time, for linear Gaussian
stochastic differential equations, in Taghvaei and Prashant G Mehta (2020)): this
work is closely related to our analysis in the first two subsections of
Non-Gaussian extensions are discussed in Taghvaei and Hosseini (2022). We also
highlight that it is possible to construct second order transport maps 7', which satisfy
conditions different from (2.50p) and (2.56p), respectively. For example, one could
request that
G((T})m) = GB,(n).

This approximation has been utilized by J. Lei and P. Bickel (2011)). The analogous
deterministic approach has been put forward by J. Todter and B. Ahrens (20135]) and
has been explored further, for example, in W. Acevedo, J. d. Wiljes, and S. Reich
(2017). Alternatively, one can also replace the definition (2.36) of the Gaussian
projection operator G. To this end, recall that the Kullback—Leibler divergence

between probability measures 7r; and 7, on R is defined as

dn
dia(mll) = [ () tog )

in particular, it is not symmetric in its two arguments. Gaussian variational inference
(C. Bishop, [2011) is for example based of the definition

Gu = argmin,gdkL(r||u) (2.83)
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in place of (2.36)); note, however, that the minimizer of (2.83)) may not be unique,

whilst the minimizer of (2.36)) is always unique.

While we follow the moment matching perspective on the derivation of ensemble
Kalman filter methods in this survey, we mention in passing that there is an alterna-
tive perspective based on linear minimum variance estimators. See Van Leeuwen
(2020b)) in the context of the stochastic ensemble Kalman filter and the
as well as J. Lei and P. Bickel (2011) for nonlinear extensions. The Bayes
linear methodology is also an alternative approach of potential interest Goldstein
and Wooft, 2007,

Even in the mean field limit / — oo, the ensemble Kalman filter provides approx-
imations only to approximate transport based filters. They are only exact in the
linear Gaussian setting (Le Gland, Monbet, and Tran, 2011a); recent works develop
new tools of analysis to extend this to nonlinear filtering problems that are close to
Gaussian (J. A. Carrillo et al., 2024} Calvello, Monmarché, et al., [2026). As men-

tioned in [Subsection 2.1.1} sequential Monte Carlo methods can be designed to be

consistent with the underlying nonlinear filtering problem as defined, for example,
by perfect transport based filters. Foundational analysis of these particle methods is
undertaken in Crisan, Pierre Del Moral, and Lyons (1999) and Del Moral (2004);
but we reiterate that, in contrast to ensemble Kalman based methods, they do not
scale well to high dimensions. We also point to Pierre Del Moral, Doucet, and
Jasra (2006)) for an application of the sequential Monte Carlo method to Bayesian
inference problems; the approach therein is closely related to iterative implementa-
tions of the EnKF that were subsequently developed in the papers G. Li and Albert
Coburn Reynolds (2009), Gu and Dean S Oliver (2007), P. Sakov, D. S. Oliver, and
L. Bertino (2012)).

Despite only providing approximations to the exact filtering distribution, i.e. from the
perspective of Objective 2, accuracy and stability results for the ensemble Kalman
filter, viewed as a state estimator and hence from the perspective of Objective 1, have
been derived. See, for example, Gonzélez-Tokman and Brian R Hunt (2013), D. T.
Kelly, K. J. Law, and Andrew M Stuart (2014), Tong, Majda, and D. Kelly (2016b),
Tong, Majda, and D. Kelly (2016a) and Pierre Del Moral and Horton (2023a).
Mechanisms for finite time filter divergence have also been identified (Gottwald and
Majda, [2013; D. Kelly, Majda, and Tong, 2015).

Extending the ensemble Kalman filter to strongly nonlinear and high dimensional

state estimation problems constitute an area of active ongoing research. The current
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state of the art has been summarized in Van Leeuwen, Hans R. Kiinsch, et al. (2019b))
in the context of high dimensional geophysical applications. Extensions of the
transport framework (2.46)), which build on approximating the perfect transport maps
TP in ) in an asymptotically consistent manner, include the work by S. Reich
(2013), Y. Cheng and S. Reich (2015)), Spantini, Baptista, and Youssef Marzouk
(2022a)), and Zech and Y. Marzouk (2022). In an alternative line of research there
have been several proposals to construct hybrid methods, which aim to adaptively
bridge between the ensemble Kalman and particle filters, including the work by
A.S. Stordal et al. (2011]), Frei and Hans R Kiinsch (2013)), N. Chustagulprom,
S. Reich, and M. Reinhardt (2016)), and Nerger (2022).

In this context, the transformation formula proves to be rather useful since
most existing particle based methods can be covered by appropriate choices of S,
where S, is typically the realization of a random matrix. See Reich and Colin Cotter
(20135)) for more details. For example, a resampling step in a sequential Monte Carlo
method gives rise to a matrix S, with a single non-zero entry equal to one in each

of its columns. More generally it holds that, for all j € J,

Z(Sn)ij =1.

ied
In particular, the matrix S, can be chosen to correspond to an optimal coupling be-
tween two discrete random variables (S. Reich, [2013)), which builds a link between
filtering and optimal transport also explored in Corenflos et al. (2021). The subject
of optimal transport is given a comprehensive treatment in C. Villani (2008); see
also Cédric Villani (2021). Computational aspects of the subject including entropy-
regularized optimal transport are discussed in Cuturi (2013) and Peyré and Cuturi
(2019). Entropy-regularization is linked to the Schrodinger bridge problem, and
connections with data assimilation are developed in Reich (2019). See also
for discussion of transport-based methodologies within the context of
ensemble Kalman methods. See[Example 2.B.7and Reich and Colin Cotter (2015))

for the connection between the map (2.66) and optimal transport. For a derivation

of the standard formulae for mean and covariance of conditioned Gaussians used in

the proof of see Eaton (2007).

Finally we observe that we do not discuss, in this chapter, the smoothing approach to
state estimation from data in model (2.1)). This approach aims at finding the entire
sequence {v¢};_, from the data Y,j . Thus state estimates depend on data in their

future. To read about smoothing see G. Evensen, F.C. Vossepoel, and van Leeuwen
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(2022) and Sanz-Alonso, A. Stuart, and Taeb (2023b). We note here that there is
a smoothing counterpart of the 3DVAR algorithm (see known as
4DVAR because, for physical systems, it uses data distributed in the three space and

one time dimensions.

2.A Lorenz 96 Multiscale

To illustrate the problems of both state estimation and parameter estimation we use,
throughout this chapter, variants on the Lorenz *96 model. In particular we use both
the Lorenz 96 multiscale system, introduced in subsection[2.A.1] and a singlescale
closure derived from it in the scale-separated case, described in Subsections m
and[2.2.7] If we (i) generate data with the singlescale model, and assimilate using the
same model, we are able to test algorithms in their basic (perfect model) form; on the
other hand if we (ii) generate data with the multiscale model, and assimilate using
the singlescale model, this allows us to study the effect of model misspecification

on data assimilation. Subsection [2.A.3]contains an example of the type (ii), whilst

Examples 2.2.3] [2.2.5|and [2.2.16] are of type (i).

2.A.1 Lorenz ’96 Multiscale Model

Let v € C(R*,RF) and w € C(R*,RE*/). We write down an ODE for (v, w)
in which each variable v, € R is coupled to a subgroup of fast variables w, =
{we, J'}§:1 € R’; further (discrete) boundary condition couplings impose periodicity
in L and link {w¢; }jzl to {wesr,) };:1. The particular form of the system of ODEs
is as given in Fatkullin and Vanden-Eijnden (2004). For{=1...Landj =1.../J,
the ODEs are

J
. 1
ve = frW) + e, W= ; W (2.84a)
) 1
Wej = —rj(ve, wo), (2.84b)
where
fe) = —ve1(vea = ver1) —Vve + F, (2.85a)
ri(ve,we) i= =we jr1(We jro —we j—1) — We j + hyve, (2.85b)
and we impose the boundary conditions
VL = Ve, WesLj = Wej, Wi j+d = Wetl,j- (2.86)

Here £ > 0is a scale-separation parameter, A, h,, € R govern the couplings between

the fast and slow systems, and F' > O provides a constant forcing.
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2.A.2 Lorenz ’96 Singlescale Model
Letv = {Vg}gzl,w = {Wg}gzl and w = {Wg}éle. Then we may write (2.84) in the

form
v=F()+hWw, (2.87a)
1
W= gR(v,w), (2.87b)

for suitable definitions of F, R. If ¢ < 1 then the dynamics for the w governed
(2.87p) evolve on a much faster timescale than the dynamics for the v governed by
(2.87p). Thus it is a reasonable approximation to think of v as frozen in (2.84p). If
we assume that the dynamics of w with v frozen are ergodic with invariant measure
1’ (dw) (a measure in w, parameterized by v) then the averaging principle (Vanden-
Eijnden et al., 2003; Abdulle et al., [2012; Pavliotis and A. Stuart, 2008]) suggests

that we may make the approximation

w=x~ M) ::/Wuv(dw).

If we also invoke the approximation M,(v) ~ m(v,), which is shown to be valid for
large J in Fatkullin and Vanden-Eijnden (2004), then we arrive at the singlescale
Lorenz *96 model (2.9). This program of analysis for the Lorenz 96 model, and
studies of the validity of the resulting singlescale approximation, was established
in the paper Fatkullin and Vanden-Eijnden (2004). The function m(-) is not given
explicitly, but may be fit to data in various different ways, as explained in Fatkullin
and Vanden-Eijnden (2004). Figure[2.T|shows such an m, fit using Gaussian process
regression methodology as detailed in Subsection 4.3 of Burov et al. (2021).

2.A.3 Example
The following example relates to the discussion in Remark

Example 2.A.1. Throughout this example we set L =9, J =8, h, = —-0.8, h,, =
1, F = 10and e = 277. Note that the equation ) has the form of the singlescale
Lorenz model ([2.9) for v with a coupling to the fast variables w governed by (2.84p)
replacing the function m(-). In Figure[2.1\we display the dynamics of a slow variable
and one associated fast variable of the Lorenz 96 multiscale model (2.84)); at the

parameter values chosen the system is chaotic.
We consider observations { y,Tl}neZ+ arising from the model

(VjH_l’ Wj,_,_l) = \Pmult(v;rp le),

T T
Yne1 = h(vn+1)’
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where Wy1; is the solution operator to the multiscale model (2.84)—(2.86) over the
observation time interval T. We then take the data from the multiscale model and
assimilate it into the singlescale model (2.9), recalling the specific function m shown
in Figure[2.1) and discussion in the preceding subsection concerning elimination of

the fast variables in favour of a simple closure, using the averaging principle.

We now discuss data assimilation using this multiscale data. As in Example[2.2.3) we
assume that the observation function is linear: h(v) = Hv for matrix H : R® — R
defined by (2.10). As before we choose the gain K : RS — R 10 be defined by
(2.12) and employ the 3DVAR algorithm @2.11) with ¥ the solution operator over
time-interval T for the singlescale model. Thus model misspecification is present,

because data Y7 comes from the multiscale model.

Dynamics of one slow variable and associated fast variable of the Lorenz 96 multiscale model
15

— dns

10

(6]

o

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t

Figure 2.1: Dynamics of a slow variable and an associated fast variable. Here “dns”,
in blue, labels the slow variable computed by direct numerical simulation; in grey
is the related fast variable.

As in Example[2.2.3|we display the results of 3DVAR on the unobserved component
v3. Figure shows the behavior of the algorithm for T = 1073, Despite the
fact that the data is generated from the multiscale model, whilst assimilation is
conducted using the singlescale model, 3DVAR produces an accurate estimate of
the true state with, after synchronization, the only discernible errors being slight
under and overshoots. Figure [2.2b] shows the effect of varying t, the time between
observations. As in Example [2.2.3|the assimilation is significantly worse when T is

larger. m

2.B Mean Field Maps
In Subsection[2.B.T|we discuss the existence, form and properties of mean field maps

which carry out the program of approximate transport described in Subsection
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3DVAR on singlescale for true model given by Lorenz 96 multiscale

125
I — dns
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| | ) | [ [\ | | [\
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[ A N | ~
0.0 \/\ ]
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— dns
3DVAR, T=10"3
e 3DVAR, T=10°

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t

(b)

Figure 2.2: In (a) the estimates of v3 in time produced by 3DVAR using 7 = 1073
are displayed against the true dynamics. In (b) the estimates at each unit time
obtained using 3DVAR with assimilation at 7 = 10° and 7 = 1073 are shown. Again
the acronym “dns” refers to direct numerical simulation. 3DVAR successfully
synchronizes with the direct numerical simulation at the smaller value of 7 but fails
to do so as well when 7 is larger. It is noteworthy that the synchronization takes
place here in the context of model misspecification: the data is generated by the
multiscale model, but 3DVAR is applied using the singlescale model.

[2.2.5.4} these maps require access to simulated data and are hence referred as
stochastic second order transport maps. In Subsection[2.B.2]we discuss the existence,
form and properties of mean field maps which carry out the program of approximate
transport described in Subsection [2.2.5.5} these maps do not require access to
simulated noisy data and are hence referred to as deterministic second order transport
maps. The two approaches provide fundamental underpinnings of ensemble Kalman
methods as we develop them in this chapter, but were not adopted in its historical

development. Subsection[2.B.3]is devoted to the minimum variance approximation,
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a way of deriving the Kalman transport map (2.54)), which is part of the historical
development of the subject, but which does not play a central role in our presentation

and analysis of the subject.

2.B.1 Mean Field Maps — Simulated Data
We note that the maps of interest in this subsection take Law (V,11, Y,+1) into
Law (vp4+1). Since the analysis is independent of any specific value of discrete time

n, we drop the subscript n + 1 throughout the analysis; this streamlines the notation.
Similar considerations apply in Subsection and in Subsection

Let (v,y) ~ mr, where

7 c v
gr=N[|"],] . ~
o (C')HT Y,
Define
m=i+C>(C”)(y -0), (2.882)
C=C-CC) ™). (2.88b)

Note that these are the mean and covariance of the Gaussian random variable v
conditioned on y = y' on the assumption that (v,7) is distributed according to
the Gaussian measure Gr; see (2.40). The quantities in the above identities are as
defined in Subsection [2.2.3.4] with the caveat that the subscripts n + 1 have been

dropped for clarity of exposition.
Our goal is to identify maps of the form
v=Av+By+a (2.89)

so that, if (v,y) ~ &, then v has mean m and covariance C given by (2.88). We
make the following assumptions on the covariance under Gz and on the matrices

A, B and vector a.

Assumptions 2.B.1. The covariance under Gn is invertible. The matrices A, B and
vector a may depend on y' and measure ©t but not on the random variables (v,5);
thus (2.89) takes the explicit form

v=A(r,y)W+B(r,yHy+a(n,y). =

Recall the discussion of pushforward of measures in the introduction to Subsection
[2.2.5] Under Assumptions pushforward under the map (2.89), when chosen
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to match the desired first and second order statistics, defines a nonlinear map on the
space of measures, and in particular on x itself. In what follows all expectations
are computed under 7. Since the covariance under Gr is strictly positive-definite
so are the marginal covariances C and C» (see Andrew M Stuart (2010a)[Lemma
6.21]). Thus we may define the conditional mean and covariance by (2.88)), as well

as Kalman gain K, and conditional covariance C, given by
K =C"( ™), (2.90)
C=C"-(C)T(C)'C: (2.91)

we note that the conditional covariances C and C are also strictly positive-definite
(see Andrew M Stuart (2010a)[Lemma 6.21]). From equations (2.88p) and (2.89)

the following is immediate.

Lemma 2.B.2. Let Assumptions hold and let (v,y) ~ n. If v given by (2.89))
has mean given by (2.88a) then

a=(I-AEv+Ky' —(B+K)Ey.

&

As a consequence it follows that
v=Ev+ AW -Ev) + B3 -Ey) + K(y' - Ey), (2.92)
and that
E((v “Ev)® (v - EV)) — ACA™ + BC"B™ + AC"B™ + B(C"")TA.
Thus, to match the covariance of the conditioned random variable, we obtain
C=ACA™ + BC”B™ + AC”B™ + B(C™)TA. (2.93)

Theorem 2.B.3. Let Assumptions hold and let (v,y) ~ n. If a is given by
Lemma then v defined by (2.89) has covariance (2.88p) if and only if real-

valued matrices A and B are related by the identity
FC™'FT =C-BCB", (2.94)

where
F =AC + B(C'")". (2.95)
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Proof. We complete the square on the right hand side of (2.93)) to obtain

(AC + B(C"™)T)CY(AC + B(C'"")")T = C/,

where

C’=C-BCB".
Rearranging gives the desired result. [
Define

B ={BeR¥% . "+ 0},

noting that this set is non-empty, and contains an open (and hence uncountable) set

of B, since C > 0. For B € 8 consider the eigenvalue problem
C'p? = (s, (0.6 = 5y;.

Note that this has d, real solutions, up to sign changes in the eigenvectors and
assuming the s to be non-negative. We now seek to express F in terms of B € B.
Writing the SVD F C:= U=ZVT, where U,V € R9*dv gre orthogonal matrices and
2 € R%*4v is a diagonal matrix, we see from (2.94)) that

UZ?UT = C’

so that U has columns given by the {go(i)}lfizvl and corresponding diagonal entries of

=, +50. We define
U = (90(1)’ ,QD(dV)), E:diag(is(l),... ,iS(dV)), (296)

Corollary 2.B.4. Forevery B € B the choices of A such that the pair (A, B) satisfies
the criterion of Theorem are defined as follows. For U,E as given in (2.96),
set

F=UEV'C?,

where V is an arbitrary orthogonal matrix in R*% _ Then
A= (F - B(G”)T)(?‘l.
O

Example 2.B.5. Among the uncountably many possible solutions for pairs (A, B)

we highlight two. The choice B = 0 is interesting because it does not require the
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data variable y in the definition of v. The choice A = I is interesting because it does
not require action of an operator acting onv.

The first, with B = 0, allows the choice F = C>C? and then A = C2C~3. Thus the
map (2.92)) becomes

v =Ev + C2C2( - Ep) + OV (C7) ' (T - EY) (2.97)
—m+C:C2(v - Ev). (2.98)

The second comes from setting B = —K which leads to the possible choice F = C
and A = I under which the map (2.92)) becomes

v=7+C(C 'O -9).
We refer to this as the Kalman transport solution. m

Given the plethora of solutions for matrices (A, B), all of which effect the desired
measure transport from x into the conditional, it is natural to ask how to choose
a specific pair (A, B). One possibility is to use optimal transport. To this end we
define, for positive definite W € R%>4v,

Iw(A, B) = %E((v —9), W —)).

Theorem 2.B.6. Let v be given by (2.92). Consider the problem of finding minimiz-
ers of Iw (A, B) over pairs (A, B) satisfying (2.94), (2.95)); we refer to the resulting
map evaluated at such an (A, B) as an optimal transport in the W—-weighted Eu-
clidean distance. For any positive definite W, such minimizers satisfy B = 0. In

particular the Kalman transport solution is not an optimal transport solution. &

Proof. We formulate the optimization problem over the pair (F, B) since, because
C is invertible, there is a bijection between (A, B) and (F, B). Let : denote the

Frobenius inner-product. Then, under constraint (2.95),

Iw(A, B) = Jw(F) + const, (2.99a)
Jw(F)=-F:W, (2.99b)

where const denotes a matrix independent of A, B, F' (with exact value changing

from instance to instance). To see this note that

v=v=-(V-EV) +A(V-EV) + BG-Ey) + K(y' — Ey).
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Now, using (2.93)),
E((V -V (v —T?)) =C-CAT—AC—C"BT = B(C"")T + C + const.
Noting that
1 ~ —~
Iw(A,B) = EE((V -V)®(v-— v)) W,
and that D : W = D7 : W for all D since W is symmetric, identity (2.99) follows
from (2.95). It then also follows that minimization of Iy (A, B) subject to the

constraints given by (2.94)), (2.93) is equivalent to minimization of Jy (F) subject
to the constraint (2.94).

To effect this latter minimization we introduce the Lagrange multiplier L € R4,

symmetric because the constraint is symmetric, and define
Jw(F,B,L)=—F:W+L: (FC'FT + BCB™ - C).

Differentiating with respect to F, B and L respectively gives

W +2LFC' =0, (2.100a)
2LBC =0, (2.100b)
FC'FT + BCB™ =C. (2.100¢)

Since F, W, and C in (2.100p) are all invertible, the Lagrange multiplier L is
necessarily invertible. Furthermore, since C is invertible because ¥ is, it follows
from (2.100p) that B = 0 as required. O

Example 2.B.7. Define symmetric matrix P, and from it symmetric A, by

P= (C%éc%) ' A=cCipCh.

We notice that if B = 0, as required for an optimal transport solution, then with this

choice of the pair (A, B), equation ) has as a solution F = AC and )
is satisfied. Furthermore ([2.100p) delivers the Lagrange multiplier L. Note that the

solution is independent of the specific choice of positive-definite W. m

2.B.2 Mean Field Maps — No Simulated Data
Let v ~ u and assume that y = h(v) + n where 5 ~ N(0,T’) is independent of
v. Implicitly we have defined the joint distribution 7 of (v, y). We note that then,
expressed in terms of h = h(v) and quantities defined in (2.B.1)),

C'" :=E(v - Ev) ® (h—Eh) = C",

C" .=E(h —Eh) ® (h—Eh) = C*Y —T.
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Thus we may rewrite (2.88)) as
m =i+ C"C"+ 1) (y' ~Eh), (2.101a)
c=C-C"C"+1)"(C"MT, (2.101b)
In so doing we have eliminated reference to y and our goal becomes the idenitification

of maps of the form
v=RV+Sh+r (2.102)

so that, if v ~ 1, then v has mean m and covariance C given by (2.101). We make
the following assumptions on the covariance under Grr and on the matrices R, S and

vector r.

Assumptions 2.B.8. The covariance under Gr is invertible. The matrices R, S and

vector r may depend on y' and measure [ but not on the random variable (v, Z);
thus (2.102) takes the explicit form

v = R(n, yT)V + S(m, yT)iz\ +r(m, yT). ]

With these assumptions the pushforward under map (2.89), when constrained to
match the desired first and second order statistics, defines a nonlinear map on the
space of measures, and in particular on measure . In what follows all expectations
are computed under Z. We note that matrix C is invertible and that K in (2.90) may
be rewritten as

K=C"(C"+1)7

From equations (2.101a) and (2.102) the following is immediate.

Lemma 2.B.9. Let Assumptions hold and let v ~ . If v given by (2.102)) has
mean given by (2.101a) then

r=(I-REv+Ky - (S+K)Eh.

&

As a consequence it follows that
v=Ev+ R -Ev) +S(h—Eh) + K(y' —Eh). (2.103)
and that

E((v CEv)® (v - Ev)) = RCR™ + SC"ST + RC"'ST + S(C*")TR.  (2.104)
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Thus, to match the covariance of the conditioned random variable, we obtain
C = RCR" + SC"S™ + RC""S™ + S(C"")"R. (2.105)

Define
C = é\hh _ (é\vh)'l'(é\)—lé\vh.

Theorem 2.B.10. Let Assumptions hold and let v ~ [ If s is given by Lemma
then v defined by (2.102)) has covariance (2.101p) if and only if real-valued

matrices R and S are related by the identity
EC'ET =C-SCsT,

where
E=RC+S(C"T.

O
Proof. We complete the square on the right hand side of (2.103) to obtain
(RC + S(C"MTYC™Y(RC + S(C"")™)T + SCS™ = C.
Rearranging gives the desired result. 0

Define
S={SeR¥ .C-8CST ~0}

and, for S € S consider the eigenvalue problem
S i N2, (i i '
(C=SCSTW = (0D, @w.u) =6,

noting that this has d, real solutions, upto sign changes in the eigenvectors and
assuming the 0 to be non-negative. We now seek to express E in terms of S € S.
Writing the SVD E C: = WQZT, where W, Z € R%*dv gre orthogonal matrices
and Q € R%*% is a diagonal matrix, we see from (2.94) that

WQ*WT =C - SCST

so that W has columns given by the {i" }lflzvl and corresponding diagonal entries of
Q, 0D, We define

W= (W, ), Q=diag(xoV,...,x0). (2.106)
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Corollary 2.B.11. For every S € S the choices of R such that the pair (R, S)
satisfies the criterion of Theorem are defined as follows. For W,Q as given

in (2.106), set
E=WwQZ'C?,

where Z is an arbitrary orthogonal matrix in R&>% . Then
R= (E - S(Evh)T)(?‘l.
O

Example 2.B.12. As in Example[2.B.5|we highlight two examples, here correspond-
ingto S =0andto R = I. The first, with S = 0, allows the choice E = C:C> and
hence R = C2C~2. We thus obtain (2.97) again.

The second comes from setting R = 1. This leads from (2.104) to the following

equation for S :
SCMST 4 CVhST 4+ S(CYT = —CVH(EM £ )L (VT
We seek a solution for S in the form
S = _Evhy—l
and determine Y. We obtain the equation
y-1hhy=T _y=T _y-1 _ _(th +1)
Thus, premultiplying by Y and post multiplying by Y, we obtain
Y(C"+T) YT -y -YT+C" =0
which factorizes to give
(Y(Ehh ) - 1)(Ehh +T) (Y(éhh L) - I)T - T.
Thus, taking the symmetric square root, we have
(Y(@hh ) - 1)(5’”‘ +T) =12,

Hence
(Y(éhh ) - 1) = T3(CM 4+ 1)z,
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Rearranging gives
Y(CM" + )" = T2(CM" + T)°2 + (CM + T)2(CM + ) 2.

Thus
Y = (F% +(C" 4 F)%)(fhh +1)2.

We obtain S = —K where
— —~ —~ —~ -1
K =C"((@"+1)+1'2(CM" 4 )2
The map (2.103) becomes
v—K(h-Eh) +C"(C" +T)'(y' - Eh)
=7 -K(h-Eh) + K(y' - Eh)
=m+ (v—in)— K(h—-Eh).

1%

2.B.3 Minimum Variance Approximation

In the two preceding subsections we have identified an uncountable set of transport
maps that match the second order statistics of true transport. Among all these, the
Kalman transport (2.54) has a particular appeal because it is constructed around the
Kalman gain familiar from filtering in the linear Gaussian setting. In this subsection
we show how the principle of minimizing the variance within a class of linear
estimators of the state, given observation, leads to this choice of transport map.
We believe that the second order transport approach, which we highlight in the
main text, provides a more fundamental viewpoint on the mean field models which
underpin ensemble Kalman methods; however the minimum variance perspective is
widely adopted in the statistics and geophysics communities (see Subsection

and hence has an important place in the subject of ensemble Kalman methods.

Recall that the Kalman transport approach leads back to the map (2.14k), motivated
by control theoretic considerations, and identifies a specific choice of Kalman gain
K, a choice which depends on the law of the predicted state and data. In the Gaus-
sian case the Kalman transport map (2.54) exactly generates the desired transport, a
fact which we discuss in Example[2.2.15] The general form of approximate stochas-
tic second order transport maps which we study using the second order transport
approach in the main text is (2.49). Our goal here is to motivate a specific choice of
TS in ), in particular to derive ). In this subsection we achieve this by
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first defining, and identifying, the best linear unbiased estimator, BLUE for short.

From this we will derive Kalman transport.

Lemma 2.B.13. Assume that I' > 0. Let all expectations be computed under

Law (Vy41, Yns1) and consider m L, in the form

BL -
=d + By,1.

My =

Define Cpy1,C" (ol ana’ 7~ by @31), 232) and define
I(a’, B) := E[Vy41 — mﬁillz-
Then m® +1 is said to be the BLUE of v,,4+1 given y,1, if vector a’ and matrix B are

independent of (Vy+1, Yn+1), but may depend on Law (V,41, Yu+1), and are chosen

to minimize |(a’, B). Then

n+1 = EVn+1 + C +1( n+1) (yn+1 - Eyn+1) (2-107)

Furthermore, the estimator (2.107) is unbiased, that is,
- BL
E(Vis1 — mn+1) =0
and its covariance with respect to Law (V,41, Yn+1),

CBL] = E((Vnﬂ n+1)(§n+l - m,B,]_“H)T),
is given by

CB

n+l —

=G =1 (C)THCIDT (2.108)

&

Proof. Noting that we may, without loss of generality, reparametrize the proposed
form of m}". | as

n+1 - EVn+1 +a+ B(yn+1 - Eyn+1)

we see that the desired objective to be minimized over vector-matrix pair (a, B) is
1= = = = 2
J(a,B) := §E|Vn+l —Evit1 —a = B(Yn+1 — Eyps1)|

- - 1
= §E|Vn+l — By |* + §|Cl|2

1 - -~ — —~ —~ —~
+ _ElB()’nH - Eyn+1)|2 - E<Vn+1 —Evitr, B()’n+1 - E}’n+1)>

1

= SB[t ~ BTl + 3lal + 3(BBT) : €, ~ B: Ol

n+1
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Clearly the minimizer with respect to a is achieved by setting a = 0. Differentiating
with respect to B, noting that C z Jyrl is symmetric, shows that B = K, given by (2.33).
That the resulting pair is indeed a minimizer, and not another critical point, follows
from the fact that é\ny 11 is positive-definite; this is implied by the assumption I" > 0.
Thus we obtain the estimator (2.107). A straightforward calculation shows that the

estimator is unbiased and that its covariance is given by (2.108]. O

We now connect the BLUE to an approximate (second order) transport map. To this
end, note that (2.107) may be viewed as mapping y,,+; into m®- . = m®(y,+1). With

n+1

this notation we define m by
m  =m"(yf ) (2.1092)
=BVt + Co0 ((C )7 (50, | = EFa). (2.109b)

We may now make the following connection between BLUE and Kalman transport.

Theorem 2.B.14. Let (Vi 1, yns1) be distributed according to measure nt,y1. Then
the transport map ) has the properties:

—
Evnir = m,

E((vas+1 — mfm)("nﬂ - m2+1)T) =G

where mjl . and C* | are given by (2.109) and (2.108)) respectively. <

Proof. Note that the transport map (2.54f) can now be reformulated as

BL

-5 T
Vel = Vptl t+ (mn+1 —m,1)-

Thus

BL

— T >
Vu+l = mn+1 + Vou+el — mn+1.

The desired properties of the mean and covariance follow from Lemma2.B.13] [

Remark 2.B.15. We now have two derivations of the Kalman gain, the approximate
transport derivation from Subsection and the minimum variance derivation
given here. We include a third, dimensional, argument that motivates its form. Let
state denote the physical units associated with the state variable and data those
associated with the observation. Then the physical units of the gain matrix K should
equal state/data. We note that C» has units of data squared whilst the units
of C" are the product of state and data. If we then constrain the gain to be
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determined by covariance matrices involving the state and the data it is natural to
choose it to be formed as Evy(CAyy)_] where C¥ is an estimate of covariance in the
data, and C"” an estimate of covariance between state and data. Making a choice of
this type leads to the right units for the gain, since the innovation has units data, and
relies only on use of first and second order statistics. This dimensional argument

motivates the form (2.33)) as derived in both Subsections[2.B.3|and[2.2.4] m




79
Chapter 3

ACCURACY OF THE ENSEMBLE KALMAN FILTER IN THE
NONLINEAR SETTING

3.1 Introduction

This chapter describes a setting in which the ensemble Kalman filter (EnKF) ac-
curately approximates the filtering distribution of discrete time, partially observed,
stochastic dynamical systems. In Subsection[3.1.T|we set the work in context by pro-
viding a literature review. Subsection [3.1.2]details our contributions and overviews
the chapter structure. Subsection [3.1.3]contains a precise statement of the filtering

distribution which we approximate using the EnKF.

3.1.1 Literature Review

Algorithms for filtering employ noisy observations, arising from a (possibly stochas-
tic) dynamical system, to estimate the distribution of the system state conditional
on the observations. The Kalman filter (Kalman, |1960) determines the filtering
distribution exactly for linear Gaussian dynamics and observations. The extended
Kalman filter generalizes the Kalman filtering methodology to nonlinear problems
and is based on a linearization approximation; see Andrew H Jazwinski (2007 and
B. D. Anderson and Moore (2012). The linearization approximation leads to an
inexact distribution for nonlinear problems, and furthermore requires evaluation of
covariance matrices, making the methodology impractical for large-scale geophys-
ical applications (M. Ghil et al., |1981). Particle filters or sequential Monte Carlo
methods (Doucet, Freitas, and Gordon, 2001} Chopin and Papaspiliopoulos, [2020)
offer an alternative methodology for nonlinear filtering problems, allowing recovery
of the exact filtering distribution in the large particle limit. However, this class of
methods scales poorly with dimension, and in particular suffers weight collapse,
making its application to geophysical problems prohibitive; see for example Snyder
et al. (2008), Bickel, B. Li, and Bengtsson (2008), Rebeschini and Van Handel
(20135)), and Agapiou et al. (2017).

For this reason the EnKF has emerged as popular robust methodology for filtering,
especially in high dimensional problems. We refer to paper J. A. Carrillo et al.
(2024) for detailed discussion of the literature in areas aligned with, or adjacent to,

the results we establish about the EnKF. In this literature review we confine ourselves
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primarily to overviewing a narrow subset of the work extensively reviewed in J. A.
Carrillo et al. (2024), with focus on several of the open questions detailed in our
closing remarks. The EnKF was introduced in the seminal paper Evensen (1994).
Its success stems from the low-rank approximation of large covariances, cheaply
computed using an ensemble of particles, which allows the methodology to be
deployed in geophysical applications. Quantifying the accuracy of the ensemble
Kalman filter has been of great practical and theoretical interest. In paper D. T.
Kelly, K. J. Law, and Andrew M Stuart (2014} accuracy of the EnKF, viewed as
a state estimator and not in terms of the filtering distribution, is established. This
work is undertaken in both discrete and continuous time. This continuous time
analysis of state estimation accuracy was improved upon in J. d. Wiljes, Reich, and
Stannat (2018)), where a variance inflation condition from D. T. Kelly, K. J. Law,
and Andrew M Stuart (2014) was dispensed with. The continuous time model used
in D. T. Kelly, K. J. Law, and Andrew M Stuart (2014) and J. d. Wiljes, Reich, and
Stannat (2018), however, was not rigorously justified, as a continuous time limit of
the discrete time EnKF, until Lange and Stannat (2021]).

For nonlinear non-Gaussian settings, which are of particular practical interest, anal-
ysis of the accuracy of the EnKF in relation to the true filtering distribution, rather
than just state estimation, remains in its infancy. The papers Le Gland, Monbet, and
Tran (2011b) and Jan Mandel, Loren Cobb, and J. D. Beezley (2011) study this issue
in the linear Gaussian setting where the mean field limit of the Kalman filter is exact;
they demonstrate that the ensemble Kalman filter may be viewed as an interacting
particle system approximation of the mean field limit, and establish Monte Carlo
type error bounds. The recent article Calvello, Reich, and Andrew M. Stuart (2025)
overviews the formulation of ensemble Kalman methods using mean field dynamical
systems and provides a platform from which the analyses of Le Gland, Monbet, and
Tran (2011b) and Jan Mandel, Loren Cobb, and J. D. Beezley (2011) may be gen-
eralized beyond the linear Gaussian setting. We refer the reader to Calvello, Reich,
and Andrew M. Stuart (2025) for a comprehensive overview of mean-field limits of
ensemble Kalman filters. In the recent paper J. A. Carrillo et al. (2024) the authors
establish stability properties of the discrete time mean field ensemble Kalman filter

and use them to prove accuracy of the filter in a near-Gaussian settingﬂ However,

I'We note that in J. A. Carrillo et al. (2024) the authors use “near-Gaussian” to characterize the
joint distribution of state and data, which leads to a near-Gaussian filtering distribution. However, in
their context, the additional assumption of bounded dynamics and observation model vector fields
limits their results to the setting of near-constant vector fields. In this work we are more general and
use “near-linear” to characterize the dynamics and observation model vector fields: this also leads
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the paper does not consider finite particle approximations of the mean field, and the
conditions on the dynamics-observation model require boundedness of the vector
fields arising. In this chapter we address both these issues, establishing error bounds
between the finite particle discrete time ensemble Kalman filter and the true filter-
ing distribution in settings where the dynamics and observation vector fields grow

linearly.

We note that extending our work in this chapter, concerning filter accuracy, to the
continuous time setting established in Lange and Stannat (2021) remains open.
Likewise an important open question stemming from our work is to establish esti-
mates valid on the infinite time horizon, in either the discrete or the continuous time
setting. In the continuous time setting this is studied for ensemble Kalman approx-
imation of the Kalman-Bucy filter, when the true filter is Gaussian, in P. Del Moral
and Tugaut (2018]); the paper A. N. Bishop and Pierre Del Moral (2023) comprehen-
sively reviews this line of work. The paper Pierre Del Moral and Horton (2023b))
contains long time stability estimates for the sample means and sample variances
of the discrete ensemble Kalman filter in nonlinear, non-Gaussian settings, but is
confined to one dimension. Stability estimates of this kind will be needed in any

generalization of our work to the infinite time horizon.

3.1.2 Contributions and Outline

We make the following contributions.

1. [Theorem 3.2.2]is a stability result for the discrete time mean field ensemble
Kalman filter in the setting of dynamical models and Lipschitz obervation

operators that grow at most linearly at infinity.

2. [Theorem 3.2.4] quantifies the error between the discrete time mean field en-

semble Kalman filter and the true filter in the setting of dynamical models and

Lipschitz observation operators that are near-linear.

3. [Theorem 3.2.3| quantifies the error between the finite particle discrete time

ensemble Kalman filter (found as an interacting particle system approximation
of the mean field) and the true filter in the setting of near-linear, Lipschitz

dynamical models and linear observation operators.

to near-Gaussian filtering distributions.
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In going beyond the work in J. A. Carrillo et al. (2024), the current chapter simul-
taneously addresses a more applicable problem class, by allowing linear growth
in the dynamics and observation operators, and confronts the substantial techni-
cal challenges which arise from doing so. Indeed, allowing for unbounded vector
fields enables the application of this analysis to the setting of the Kalman filter; in
addition, it enables the integration of this mean field analysis with finite-particle
error estimates developed in the literature, such as in Le Gland, Monbet, and Tran
(2011b). Bounds on moments of the filtering distribution and mean field ensemble
Kalman filter must be established; these bounds grow in the number of iterations
which is in contrast to J. A. Carrillo et al. (2024)) where the L* bounds on model and
observation operator ensure a uniform bound on moments. A further challenge is
presented by the need to establish stability bounds for the conditioning map, giving
rise to the true filter, and the transport map giving rise to the ensemble Kalman filter.
These results exhibit dependence on moments in the stability constants and require
control of the growth given by the dynamics; this is again in contrast to J. A. Carrillo

et al. (2024) where the L bounds allow for a uniform control.

We introduce the filtering problem in [Subsection 3.1.3| In|[Section 3.2] we outline
the main results of the chapter concerning the ensemble Kalman filter. In
tion 3.2.1| we formulate the ensemble Kalman filter that we consider in this chapter
along with the relevant assumptions we will use in the analysis. We state a stability
theorem for the mean field formulation of the ensemble Kalman filter in
hence Contribution [II We leverage this result in [Subsection 3.2.3 to
derive a theorem quantifying the error between the mean field ensemble Kalman
filter and the true filter, Contribution [2] Finally, in [Subsection 3.2.4] we make

use of the results of the previous subsections to state a theorem quantifying the
error between the (finite particle) ensemble Kalman filter itself and the true filter,
yielding Contribution [3] Various technical results, used in the proof of our three
main theorems, may be found in the appendices. We conclude with closing remarks
in[Section 3.3

3.1.3 Filtering Distribution

Here we introduce the hidden Markov model that gives rise to the filtering distribu-
tion. We employ notation similar to that established in Calvello, Reich, and Andrew
M. Stuart (2025) and J. A. Carrillo et al. (2024). We consider {u;} jefog] € R4 to
be unknown states to be determined from associated observations {y;} je[1,7] € R% .

We assume the states and observations to be governed by the following stochastic
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dynamics and data model:

Ujrl = lP(l/tj) +§j, é:j ~ N(O, 2), (313)
Vi+1 = h(ujyr) +mj1, 1m0 ~N(O,I). (3.1b)

We assume that the initial state is a Gaussian random variable ug ~ N(mg, Cy) and

that the following independence condition is satisfied:
up L& L+~ L&y Ly Lo Ly (3.2)

We define the conditional distribution of the state u; given a realization YjT =
{yJ{, cees y}} as the filtering distribution, which we denote by u;. We also refer
to u; as the true filter. In the context of this chapter, data Y) is assumed to be a
collection of realizations from (3.1). As formulated in Kody Law, A. Stuart, and
Konstantinos Zygalakis (2015) and Reich and Colin Cotter (2015), the evolution of
the filtering distribution may be written as

Mj+1 = LjP,uj’ (33)

where P and L ; are maps from # (R%) into itself and which effect what are referred to
in the data assimilation community as the prediction and analysis steps, respectively
(Asch, Marc Bocquet, and Nodet, 2016). The prediction operator P is linear and is
determined by the Markov kernel arising from (3.1a). On the other hand, the operator
L; is nonlinear and encodes the incorporation of the new data point yT. using
Jj+1
Bayes’ theorem. These operators are defined via action on probability measures

with Lebesgue density u as
1 1
Pu) =~ / exp (—5|u - \P(v)@) u(v) dv, (3.42)
R4u

V(2r)du det X

exp (—%IyL1 - h(u)li) p(u)

Liu(u) = (3.4b)

1 ) '
/ exp (—§|y;+1 - h(U)|F) wu(U)dU
Ru

We may rewrite the analysis map L; as the composition B;Q, where the operators
Q: P(R%) — P(R% x R%) and B, : P(R% x RY) — P (R) are defined by

1 1
Quu,y) = —————cexp (‘§|y - h(u)li) p(u), (3.52)

\V(2r)% detT

plu,yt,,)

Bju(u) = :
[, ww.si,paw
Reu

(3.5b)
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Linear operator Q maps a probability measure with density u into the law of random
variable (U, h(U) + n), with U ~ u independent of n ~ N(0,T). Nonlinear
operator B; effects conditioning on the datum y; .- Hence, we may reformulate

33) as
Hj+1 = BJQPIUJ (36)

3.2 The Ensemble Kalman Filter
We begin in [Subsection 3.2.1| by introducing the specific form of the mean field

ensemble Kalman filter that we consider in this chapter; other versions leading to
implementable algorithms and for which similar analysis may be developed can
be found in Calvello, Reich, and Andrew M. Stuart (2025). In this subsection
we also outline the various assumptions that will be employed for the results of
the chapter. We note that the subsections that follow proceed with increasingly
restrictive assumptions on dynamics and observation operator. However, all of the

theorems allow for linear growth of the vector fields defining the dynamics and the

observation processes. In|Subsection 3.2.2| we state and prove a stability theorem,

which shows that the error between the true filter and the mean field ensemble

Kalman filter may be controlled by the error between the true filter and its Gaussian

projection on the joint space of state and observations. In [Subsection 3.2.3| we

establish an error estimate which shows that the mean field ensemble Kalman filter

provides an accurate approximation of the true filtering distribution for dynamics

and observation operators that are close-to-linear. In [Subsection 3.2.4) we deploy

the results of the two preceding subsections to state a theorem quantifying the
error between the finite particle ensemble Kalman filter itself and the true filtering

distribution.

3.2.1 The Algorithm

The ensemble Kalman filter as implemented in practice may be derived as a particle
approximation of various mean field dynamics (Calvello, Reich, and Andrew M.
Stuart, [2025). The particular mean field ensemble Kalman filter that we consider in

this chapter may be written as
ﬁj+l = ‘P(MJ) + fj, é:j ~ N(O, E), (3.7a)
Vi+1 = h(Uje1) + 1)1, nj+1 ~N(0,T’), (3.7b)

-1 B .
Ujsl = Uj41 +CY (ﬂ]Ef]) cY (ﬂf}fl) (yj'.H —Yj+1), (3.7¢)
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where 7??351 = Law(uj41,y;+1) and where the independence condition (3.2)) holds.

We refer the reader back to for the definition of the covariance matrices
appearing in (3.7c). We denote by uEK the law of ;. We aim to formulate the
evolution of ,u?K in terms of maps on probability measures, hence we introduce, for
the map T : on (R% x R%) — P(R%) defined by

a given y;H,

Tim =9 (e, ;ﬂ,y;H)ﬁﬂ. (3.8)
Here for given 7 € PSO (Rdu X RdY), z € R, the transport map .7 is defined as

T (0,07, 7): R x RY — R%; (3.92)
(u,y) — u+C?(n)C” ()~ (z-y). (3.9b)

Evolution of the probability measure ,u]fK may then be written (see Calvello, Reich,
and Andrew M. Stuart (2025))) as

©5Y = T;QPufe. (3.10)

We note that a specific instance of map .7 defined in (3.9) appears in and
is determined by probability measure 7 := E?fl (here equal to QPy"*) and data
Z:= y; +1- WerefertoJ. A. Carrillo etal. (2024) for a step-by-step argument detailing
why the law of u; in (3.7) evolves according to (3.10). The operator T is equivalent,
over the Gaussians G(R% xR%) c P(R% x R%), to the conditioning operator B 7
see We recall that in the particular case where i is Gaussian, which
we assume throughout the chapter, and the operators ¥ and # are linear, the mean
field ensemble Kalman filter (3.10) coincides with the filtering distribution (3.6).
However, this chapter focuses on the aim of analyzing the accuracy of ensemble

Kalman methods when W and /4 are not assumed to be linear.

The ensemble Kalman filter as implemented in practice may be derived as a particle
approximation of the mean field dynamics as defined by sample paths in (3.7) or as
an evolution on measures in (3.10). To this end, we observe that for any r in the range
of Q, C¥ (rr) = C"(7) +T and C* () = C*" (1), using the notation introduced in,
and following, (T.4). This is since the noise in the observation component defining

n is then independent of the state component defining 7. Using this observation, the
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particle approximation of (3.7) takes the form

70 _ (@) (i) (@)
Wy, =Yu’)+&", &9 ~N(0,3),
(3.11a)
(D) _ g0 (@) (0
Vier = h(@5) + s ;41 ~ N(O,I),
(3.11b)
WD =70 uh [ ~EK,N hh [ ~EK,N T ~(i)
ul)y =@+ (FSY) (e (RS + r) (5 = 7%). (3.11c)
where 725 is the empirical measure

Jj+l

—EKN _
Tl = 254» 50)

j+1 yj+1

and £ ~ N(0,) i.i.d. in both i and j and nﬁ’ll ~N(0.T) i.id. in both i and J;
furthermore, the set of {f G )} are independent from the set of {77 ,}- Choosing to
express the particle approximation of the covariance in observatlon space through
C" and T ensures invertibility, provided I is invertible. From the particles evolving

according to the dynamics in (3.11]) we define the empirical measure

EKN
uEGY = —Zé 0 (3.12)

whose evolution describes the ensemble Kalman filter.

Our theorems in[Subsections 3.2.2]and [3.2.3|regard the relationship between the true
filter (3.6) and the mean field ensemble Kalman filter (3.10). In[Subsection 3.2.2|we

consider the setting in which W and % exhibit linear growth but are not assumed to

be linear, hence the true filter is not Gaussian; in|[Subsection 3.2.3| we then consider

small perturbations of the Gaussian setting that arise when the vector fields ¥

and h are close to affine. The theorem in[Subsection 3.2.4{concerns the relationship
between the true filter (3.6) and the ensemble Kalman filter (3.12)). In this subsection,
we combine existing analysis on the convergence of the ensemble Kalman filter to

the mean field ensemble Kalman filter with the results from the previous subsections
to state and prove an error estimate between the ensemble Kalman filter and the true
filter in the nonlinear setting. Specifically, we study the case of a vector field ¥ that
is a bounded perturbation away from affine and an affine vector field 4. To state our

theorems we will use the following set of assumptions.

Assumption H1. There exist positive constants Ky, Ky, K, {r, 0, and 'y such that the
data {y; }, the vector fields (¥, h), and the covariances (Z,1") satisfy:
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(HI) dataY" = {y;}jzl lies in set By C RX/ defined by

By —{YT e RY . max |y T| K)};
Jjelt.J]

(H2) covariance matrices X and 1" are positive definite: X = olg, and T = ylg,

for positive o and y;
(H3) function ¥: R% — R% satisfies |‘I’(u)| w (1 + |ul) forallu € R%;
(H4) function h: R% — R% satisfies |h(u)| w(1+ |ul) for all u € R%;
(HS5) function h: R% — R% satisfies |h|co1 < €, < oo;
Assumption V. The vector fields (¥, h) are affine, i.e. they satisfy the following:
(V1) The function ¥: R% — R% satisfies W(u) := Mu + b, for some M € R%>4u
and b € R9%,

(V2) The function h: R% — R% satisfies h(u) := Hu + w, for some H € R%>du
and w € R%.

3.2.2 Stability Theorem: Mean Field Ensemble Kalman Filter

In this section we consider the setting of dynamics and observation operator sat-

isfying the linear growth assumptions contained in [Assumption H1l We recall the

definition of the weighted total variation metric in [Definition 1.2.1| and make the

following remark.

Remark 3.2.1. The following remarks concern the distance d,:

o [f uy, up have Lebesgue densities p1, p2, then
dy(uro) = [ &Wlpr) = p2)l v

e Unlike the usual total variation distance, the weighted metric in |Defini-|

enables control of the differences |M(u1) — M(uz)| and ||C(u1) —
C(u2)||. This is the content of[Lemma 3.B.6] stated in[Subsection 3.B.1} which
is used in the proof of a key auxiliary result (Lemma 3.B.11)).
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Informally the result of [Theorem 3.2.2] shows that, under these assumptions, and

if the true filtering distributions (y;) je[o,s-1] are close to Gaussian after lifting to

the joint state and data space, then the distribution ,uEK given by the mean field
ensemble Kalman filter (3.10) is close to the filtering distribution y; given by (3.6)
for all j € [0, J].

Theorem 3.2.2 (Stability: Mean Field Ensemble Kalman Filter). Assume that
the probability measures (1) jc[o.s] and (,uEK) je[o.J] are given respectively by the
dynamical systems (3.6) and (3.10), initialized at the Gaussian probability measure
o = ug® € G(RU). That is,

Mj+1 = B;QPuy, #Efl = T,QPu5*.

IflAssumption H]|holds, then there exists C = C(Mmax{3+du,4+dy}(/10)’ Ky, Ky, Kpyy €,
X,T,J) such that

dg (5%, 1) < € max _dg(QPu;, GQPp;).
Jjefo0.J-1]

Proof of Theorem [3.2.2] below relies on the following auxiliary results, all proved

in[Section 3.Bl

1. For any probability measure p with finite first and second order polynomial
moments M (u) and Mj(u), the means of Pu and QPu are bounded from
above, and their covariances are bounded both from above and from below.
The constants in these bounds depend only on the parameters xy, «j, Z, I" and
on M (u) and M, (u). See|Lemmas 3.B.1/and [3.B.2]

2. Let (u)jeqi,y and (,u?K) je[1,5] denote the probability measures obtained
respectively from the dynamical systems (3.6) and (3.10), initialized at the
same Gaussian measure yy = uf< € G(R%). Then for any integer g > 2,

there exist constants M, MEK < oo depending on M, (o), ky, kw, kp, 2,17, J

so that

max M,(u;) < M, and max M, (uE%) < MEK,

jel0.J] () < My jel0.J] ") < M,
See [Lemmas 3.B.3| and [3.B.5] This will facilitate use of the stability results
from [[tems 6l and [7,

3. For any Gaussian measure u € G(R% x R%), we have that B o= T
See and Calvello, Reich, and Andrew M. Stuart (2025)) and
J. A. Carrillo et al. (2024).
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4. The map P is Lipschitz on P (R%) for the metric d ¢ The Lipschitz constant Lp

depends only on the parameters kg and X. See

5. The map Q is Lipschitz on P (R%) for the metric d,. The Lipschitz con-
stant Lq depends only on the parameters k; and I". See

6. The map B; satisfies that, for all # € {QPu : u € P (R%)and My(u) <
oo} € P(R% x R%), it holds

Vj € [0,J], dy(B;jGr,Bjm) < Cd,y(Gm, m),

where Cg = CB(MQ(/J),Ky,Klp,Kh,Z, F). Namely, this item regards the
stability of the operator B; between a probability measure and its Gaussian

projection. See|[Lemma 3.B.10]

7. The map T; satisfies the following bound: for all R > 1, it holds for all r €
PrR%u x RY) and p € {QPu : p € P(R™) and Mp.max(3+d,.4+d,} (1) <
oo} ¢ P(R% x R%) that

Vie[0,J],  dy(T;mT;p) < Lrdy(m,p),

foraconstant Lt = L1(R, Mamax(3+d,.4+d,} (1), Ky, Kw, Kp, €, Z, T'). Namely,
this item may be regarded as a local Lipschitz continuity result. Refer to

Lemma 3.B.11

Proof of|[Theorem 3.2.2| Within the following argument we make reference to the
list of items outlined above. We begin by defining for ease of exposition the following

measure of difference between the true filter and its Gaussian projection:

= dg(QPu;, GQPw;). 3.13
&= max ¢ (QPu;, GQPu;) (3.13)

We assume throughout the argument that j € [0, — 1]. The proof rests upon the

following application of the triangle inequality:
Ao (WS 1) = dy (T,QPUE¥, B;QPy, |
< dy (T,QPH, T,QPy;) + d (T;QPu;, T,GQPR)) + (3.142)
+d, (BJGQPM, BjQPuj) . (3.14b)

Here we have used the fact that T,GQPu; = B;GQPy; by [ltem 3| (Lemma 3.B.7).
Ttem 2| (Lemmas 3.B.3| and [3.B.5)) shows that, for any integer g > 2, there exist
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constants M, M?K < oo depending on M, (10), ky, Ky, ki, 2,1, J so that

max M )< M, and max M, (u¥) < MEK,
jelod] q (1)) q Je[0] q(:“] ) q

Therefore by [ltem 1| (Lemma 3.B.2)), there is a constant R > 1, depending on the

covariances X, I', the bounds ky and k;, from [Assumption H1| and the moment
bounds M, and MEX, such that for any j € [0,J — 1] it holds that QPy;, QP,u]EK €
Pr(R% x R%). In view of [Items 4} [5|and [7| (Lemmas 3.B.8| [3.B.9|and [3.B.11]), the
first term in (3.14b)) satisfies

dg (TJQPM,EK,T]'QPMJ') < L7(R, Mamax(3+d,. 4+dy}) LaLpdy (#?K,,uj), (3.15)

where, for conciseness, we have omitted the dependence of the constants in the
bound on ky, Ky, k;, 2, I'. By definition of R it holds that GQPu; € G (R x R%),
hence the second term in (3.14b) may be bounded using [ltem 7] (Lemma 3.B.TT])
and the definition in of ¢ in (3.13). Indeed, it holds that

dg (T;QPu;, T;GQPu;) < L1(R, Mamax(3+d,.4+d,})dg (QPu;, GQP ;)

< Lt (R, M2~max{3+dus4+dy})8'

Using [ltem 6] (Lemma 3.B.10) and the definition of & in (3.13) we establish the
following bound on the third term in (3.14b):

d, (BjGQPu;,B;jQPu;) < Csd, (GQPu;, QPu;) < Cge.

Therefore, setting £ = Lt (R, My.max{3+d,.4+d,}) LoLp, we have that

dg(,u?fpﬂjﬂ) < [dg(,u?Kuuj) + (L1(R, Mimax(3+d,.4+d,}) + CB)e.

The conclusion then follows from the discrete Gronwall lemma, using the fact that

o™ = po. L

3.2.3 Error Estimate: Mean Field Ensemble Kalman Filter
It is possible to deduce from the result of [Theorem 3.2.2] that the error between the

true filter and the mean field ensemble Kalman filter can be arbitrarily small if the

true filter is arbitrarily close to its Gaussian projection, in state-observation space.
This condition on the true filter, which we refer to as “closeness to Gaussian”, can be

satisfied in the setting of unbounded vector fields by considering small perturbations

of affine vector fields, as we prove in[Proposition 3.2.3] Combining|Proposition 3.2.3|
with [Theorem 3.2.2] gives an error estimate for the mean field ensemble Kalman

filter, yielding
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Proposition 3.2.3 (Approximation Result). Suppose that the data Y' = {yj. };:1
and the matrices (X,1") satisfy |Assumptions (HI)| and [(H2)l Fix ky,k, > 0
and assume that Wo: R% — R% and hy: R% — R% are affine functions and

hence satisfy |Assumptions (VI)| and |(V2)| respectively, while also satisfying
sumptions (H3)| and |(H4) with k., kj. Let (u;)jefo,y] denote the true filtering

distribution associated with functions (P, h), initialized at the Gaussian prob-
ability measure puy = N(mo, Co) € G(R%). Then, for any J € Z*, there is
C = C(my, Co, ky, kw, kp, 2,1, J) > 0 such that for all & € [0,1] and all (¥, h) €
Br~((Yo, ho), €), it holds that

max dy,(GQPu;,QPu;) < Ce. (3.16)
Jje[o,J-1]

Proof. In what follows ( u?) jefo.s] and (147) jefo,s] denote the true filtering distribu-
tions associated with functions (W, hg) and (W, &), respectively, initialized at the
same Gaussian measure N(mg, Cp). Furthermore, we let Py and Qqy denote the ker-
nel integral operators and (3.54)) defined by the specific vector fields (Wo, o).
By the filtering distributions have bounded second moments. Let

2
, 1+M2(,u?.), 1+M2(,uj) .

R = max ’T
jeloJ-1] ( Y

Throughout this proof, C denotes a constant whose value is irrelevant in the context,
depends only on the constants mg, Co, ky, ky, K, 2,1, j (in particular, it does not
depend on &, P, h), and may change from line to line. Fix j € [0,J — 1]. Note that
the filtering distribution defined by (W, ko) is Gaussian. Then, using the triangle
inequality and Gaussianity of Qg Poﬂ? we obtain

dy(GQPu;, QP ) < dg(GQPu;, GQoPou)) + dg(GQoPou), QP ;)
= dg(GQPp;, GQoPouY) + dg(QuPou), QPu;).

We note that since the filters have bounded first and second order polynomial

moments, by [Lemmas 3.B.1|and [3.B.2] we may deduce that there exists R > 1 such
that

Vj e [0, - 1], Pou?, € Pr(R%), QPu;, QoPou) € Pr(R¥ x RY).
(3.17)

The second part of this display allows direct application of which
concerns the local Lipschitz continuity result for the Gaussian projection operator
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G, to obtain

dy(GQPu;, QP ;) < Cdy(QoPou’, QPw;)
< Cdg(QuPou}, QPou)) + Cdy (QPou), QP ;).

Using from [Lemma 3.C.2} noting that since Pou® € Pr(R%) by (B.17) it
holds that M, (P u?) < dy R, and using the Lipschitz continuity of Q (Lemma 3.B.9)

we deduce that

dy(GQPu;, QP ) < Ce(1 + dyR) + Cdg(Pop), Puj)
< Ce(1 +dyR) + Cdy (Pop), Pul) + Cdy (Puf, Puj)
< Ce(1 +dyR) + CeR + Cdy (4], ),

where the second inequality follows by the triangle inequality and the third in-
equality follows from bounding d, (Po,u(])., Pu;) using from|Lemma 3.C.2|and

from the Lipschitz continuity of P (Lemma 3.B.9). The statement then follows
from Lemma 3.C3l O

Theorem 3.2.4 (Error Estimate: Mean Field Ensemble Kalman Filter). Assume
that the probability measures (u;);cfo.y] and (p]jEK) je[o,s] are given respectively
by the dynamical systems (3.6) and (3.10) initialized at the Gaussian measure
o = ug® € G(RU). That is,

Mj+1 = B;QPuy, #Efl = T,QPu5*.

Suppose that the data Y = { y; }j: | and the matrices (X, I') satisfy|Assumptions (H1)
and Let the vector fields Py, ho be affine functions satisfying | Assumptions (V1)
and respectively, while also satisfying [Assumptions (H3 )| and [(H4)| with some
constants ky, kj, > 0. Additionally, let &y > 0 be a constant. Then there exists a con-
stant C = C(Mq(uo), Ky, K@, Kp, €, 2,1, J), where g = 2 -max{3 +d,,4+d,},
such that for all € € [0, 1] and all (¥, h) € Br~((Yo, ho), &) with h satisfying
it holds that

dg(ﬂEK’,UJ) < Ce.

Proof. Since[Assumption HI|is satisfied, it is possible to apply the result of

to deduce that there exists C = C(Mo.max(3+d,.4+dy} (10)> J> Kys K, Kn, s
%, T) such that

dg (U5, py) < C Mmax dg(QPp;, GQPp;).
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Additionally, since (¥, h) € B~ ((o, ho), &) for Wy, hy satisfying|Assumptions (V1)
and|[(V2)| and moreover [Assumptions (H3)|and[(H4), we may apply[Proposition 3.2.3]
to deduce the result. ]

3.2.4 Error Estimate: Finite Particle Ensemble Kalman Filter

In this subsection, we combine the results from the work in Le Gland, Monbet,
and Tran (2011b) with stability [Theorem 3.2.2] together with approximation
to derive a quantitative error estimate between the finite particle ensemble
Kalman filter and the true filter in the nonlinear setting. In order to define an appro-

priate metric we introduce the following class of vector fields.

Assumption P1. The vector field ¢ : R%™ — R satisfies for any u,v € Ré% the
condition
[¢(u) = p(V)| < Lglu = v|(1 + [u]* + [v]*),

for some ¢ > 0 and for some Ly > 0. We note that for any such ¢, there exists
Ry > 0 which depends on L so that |¢(u)] < Ry (1 + [u|*) for any u € R,

We will prove various technical lemmas under the |[Assumption PI} these may be

useful beyond the confines of this chapter. However for our theorems we use the

more specific/Assumption P2|which enables the control of first and second moments.

Assumption P2. The vector field ¢ : R% — R satisfies for any u,v € R% the

condition
(1) = d(V)| < Lglu = v[(1 + |ul +[v]),

or some Ly > 0. Note that for any such ¢, there exists Ry > 0 depending on Ly so
¢ ¢ ¢
that |¢(u)| < Ry(1 + |u|?) for any u € Ré%.

Theorem 3.2.5 (Error Estimate: Finite Particle Ensemble Kalman Filter). As-
sume that the probability measures (u;);e[o.] and (,u?K’N) jefo,] Jor finite J € N
are obtained respectively from the dynamical systems (3.6) and (3.12)), initialized

at the Gaussian probability measure o € G(R%) and at the empirical mea-

sure ,ugK’N = % Zf\i 10,6 for u(()i) ~ Wo i.i.d. samples, respectively. That is,
0
| &
_B. . EKN _ 1 '
Hiv1 = B;QPu;, Ml =% 21:5,4:)1,
1=
where uyll evolve according to the iteration in (3.11). Suppose that the data Y' =

{yj. }521 and the matrices (Z,1") satisfy |Assumptions (HI)|and (H2), Assume that
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the vector field h is linear, and let ky,{; be positive constants such that
lsumptions (H4)| and [(H5)| are satisfied. Furthermore, let the vector field ¥y be
an affine function satisfying |Assumption (V1) as well as |Assumption (H3)| with

ky > 0. Additionally, let ty > 0 be a constant. Then, there exists a constant
C = C(Mq (10), Ry, L, Ky, kK@, Kpyy €, b, 2, T, J), where q = 2-max{3+d,,4+d,,
2-47}, such that for all € € [0, 1] and all ¥ € B~ (P, €) satisfying |¥|co1 < by <
oo, the following bound holds for any ¢ satisfying |Assumption P2}

(E [N 1] - ww]\z)m < c(i +5).

We note that the expectation appearing in the bound from [Theorem 3.2.3]is with

respect to the law of the particles uﬁ."), which evolve according to (3.11)) and which

EK,N
j+l

define the empirical measure u . The proof presented hereafter relies on the

following elements.

1. We apply the triangle inequality in order to employ two distinct results con-
cerning the mean field ensemble Kalman filter. The proof thus involves
quantifying the error between finite particle ensemble Kalman filter and the
mean field ensemble Kalman filter, as discussed in [Item 2| and the error be-

tween the mean field ensemble Kalman filter and the true filter, as discussed

inltem 3|

2. The work in Le Gland, Monbet, and Tran (2011bJ) establishes a Monte Carlo

error estimate, with rate of 1/ VN, between the empirical measure ,uEK’N ,
representing the particle ensemble Kalman filter, and the measure uFX de-
scribing the evolution of the mean field ensemble Kalman filter. In particular,
this holds under [Assumptions (H1)| and [(H2)| on the data and covariances of
the noise processes, the linearity of the vector field /4 and |[Assumption (H3)|

on ¥ with the additional assumption that |¥|01 < &y < co. In
we provide a self-contained proof of Le Gland, Monbet, and Tran, 2011b,

Theorem 5.2 to gain insight into the dependence of the constant prefactor
multiplying 1/VN on the parameters of the Gaussian initial condition and the

number of steps J.

3. We assume that the data YT = {yj.}fz1 and the matrices (Z,I") satisfy |As-
[sumptions (HT)| and and assume that & satisfies [Assumption (V2)]
Furthermore, we assume W satisfies [Assumption (H3){and ¥ € B;~(W¥y, &)
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with ¥ satisfying [Assumption (V1) These assumptions allow us to apply
the result from

Proof. Recall that 7% is the mean field ensemble Kalman filter, here initialized at

the same Gaussian p as the true filter. We fix a function ¢ satisfying|{Assumption P2]

and apply the triangle inequality to deduce that

1 1 1
(E [N (9] - w[aﬁlr)2 < (E 15N 1] _M§K[¢]r)2+(E K (6] —m[¢]‘2)2
(3.18)

Since ,uEK and p; are deterministic probability measures, it holds that

12

(E 5141 - m[m(z) = |i5¥ 101 - 11|

Since ¢ satisfies [Assumption P2} it follows that

K101 = slol| < sup  |uER[8] = s l61| = R dy (5%, ).

||<Rg (1+ul?)

We note that|Assumption H1|holds as 4 is assumed to be affine; since we additionally

assume that ¥ € By~ (¥, €), where Wy is an affine function, we may apply the result
of to deduce that

dg (155, 1y) < Ce, (3.19)

where C is a constant depending on My.max (3+d,.4+d,} (H0)s J5 Ky, K@, Kp, €p, 2, T

The fact that & is assumed to be linear and the additional assumption that [¥|co,1 <

{y < oo allows us to apply the result of so that

EK.N EK [ | 12 C
B [ N 4] - 1 [¢]|) < —, (3.20)
ol ’ W
where C is a constant depending on Mys+1(uo), J, Ry, Ly, ky, kw, kp, 2, . In view
of (3.18), combining (3.19) and (3.20)) yields the desired result. O

3.3 Discussion and Future Directions

In this chapter we have presented the first analysis, in the setting of a filtering
problem defined by nonlinear state space dynamics, quantifying the error between
the empirical measure obtained by the finite particle discrete time ensemble Kalman

filter and the true filtering distribution. The analysis for the EnKF outlined is based
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on the proof methodology developed for particle filters in Rebeschini and Van Handel
(2015) and developed for the mean field ensemble Kalman filter in J. A. Carrillo
et al. (2024). Our work goes beyond J. A. Carrillo et al. (2024)) by considering finite
particle filters and by allowing for dynamical models and observation operators that
are unbounded. The work builds substantially on the new avenue for analysis of the
ensemble Kalman methodology that was introduced in J. A. Carrillo et al. (2024)

but leaves open numerous avenues of investigation for further work; we detail these.

1. As surveyed in Calvello, Reich, and Andrew M. Stuart (2025), the ensemble
Kalman filtering methodology may be used for solving inverse problems and
for sampling; it is of interest to extend the analysis in our work to the ensemble

Kalman based inversion algorithms outlined in that paper.

2. There is a substantial body of literature studying the continuous time limits
of ensemble Kalman methods; see Calvello, Reich, and Andrew M. Stuart
(20235)) for a review. Performing analysis analogous to that presented here, but

in the continuous time setting, would be of interest.

3. For large scale applications, there has been recent wide interest in replacing the
dynamical model W, representing the solution operator obtained via a high
fidelity numerical solver, with a cheap to evaluate surrogate. Multifidelity
ensemble methods (Bach and Michael Ghil, 2023) allow the use of a small
number of particles evolved according to the high fidelity solver and a large
number evolved according to the surrogate. Extending our error analysis to

incorporate the effect of model error would be of interest in this context.

4. We highlight that there may be other “near-Gaussian problems”, arising in
the small noise or large data volume limits, that would be interesting to study,
using Bernstein-von-Mises theorems; however this will require new analysis
that makes observability assumptions and controls behavior of the constants

in the analysis with respect to noise and number of observations.

5. We have derived results in a conditional setting, arising from assuming a uni-
form bound on the set of considered observations; removing this assumption,
and understanding the probabilistic nature of error bounds with respect to

observational noise, would be of interest.

6. Our error estimate comparing the EnKF with the true filter blows up expo-

nentially in time. In the presence of stability assumptions about the true filter,
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it is natural to ask whether our results can be extended to the infinite time

horizon.

3.A Auxiliary Results
We first state and prove a standard result that will be used throughout the chapter.

Lemma 3.A.1. Let X be a random vector in R% with finite second moment. Then
it holds that

E[(X ~E[X])(X - ]E[X])T] = E[xXT] - E[X]E[X]" (3.21)
and

VaeR%,  E|(X-a)(x-a)7| - B|(x -BIX]) (X -E[X])T|.  322)

Proof. The statements follow from the following equalities:

E|(X - a)(x - a)T] - E[((x ~E[X]) + (E[X] - a))((X ~E[X]) + (E[X] - a))T]

T

= B[ (X - B[X]) (X - E[X])"| + (BIX] - @) (B[X] - ) .

Lemma 3.A.2. Let g(»;m, S) be the Lebesgue density of N(m, S) and S]! the set of
symmetric n X n matrices M satisfying

1
—I, < M < 7l,.
-

Then for any n € N* and T > 1, there is L, > 0 such that for all parameters
(c1,m1,81) € RXR" xS and (ca,ma, S2) € RXR" x S it holds that

Al < Luzllblli,  h(y) = c18(yim1, $1) = c28(y3m2, $2).
Proof. The lemma as stated may be found in J. A. Carrillo et al., 2024, Lemma A .4,
where a complete proof is given. 0

Lemma 3.A.3. Let P and Q denote the operators on probability measures given
respectively in (3.4a) and (3.52). Let [Assumptions (H2)| to [(H5) be satisfied and
suppose that 1 € P (R%) satisfies, for some q > 0, the moment bound

M) = [ 1417 () <. (3.23)

Then there is L = L(My(u), kw, kp, €p, 2,T) > 0 such that for all (uy,uz,y) €
R% x R% x R%, the probability density of p = QPu satisfies

|p(u1,y) —p(uz,y)| < L|uy — up| min { max ! , ! , ! .
Lt Jur]? 1T+ |ug|?) " 1+ |yld

(3.24)



98

Proof. Throughout this proof, C denotes a constant whose value is irrelevant in
the context, depends only on M, (), kg, ki, €h, 2, T, and may change from line to
line. Sometimes we write the dependence explicitly to indicate which parameters

are involved.

Step 1. Bounding the density of Py We first rewrite

(1+ [u|?)Pu(u) = C(Z)/ exp (——lu - Y(y )|2) * lul? (1+ [v]7)p(dv).

1+ [v|e
‘We note that

1+ |u|?
<
1+ |v|¢

B

1
S(Z, ky) = sup exp (—Elu - ‘I’(v)l%)

(u,v)€R4u xRdu

this may be seen observing that

1 1 1+297u =P (v)]9) + 297 P (v)]
exp (——|u—‘1’( )|z) ::Z:q < exp (—§|u—‘P(V)|%) (1 4 1(.:)|\|;|21+ | (V)|
(3.25)

The first term on the righthand side of (3.25) may be bounded by noting that

14297 1o~ x4 is uniformly bounded in x € R; on the other hand the second term

may be bounded by applying [Assumption (H3)l Now, using (3.23)), we obtain that

C(Z’ K\P’ Mq(ﬂ))
1+ |ul?

Pu(u) <

(3.26)

Step 2. Establlshlng Llpschltz contlnulty of u —» Pu(u) Sinceg(x):=e — has
derivative 2x e~ and |xe -’ | <e” 2 for all x € R, it holds for some & between |a|
and |b| that

2 2

V@,h) eRxE, |~ = lb-allg/ @] < 2lb~al ( -, e—%) .
(3.27)
Using this inequality with a* = %l”‘l ¥(v)l3 and b* = 2 tuz — W(v)3, the triangle

inequality, and equivalence of norms, we deduce that, for all (u1,us,v) € R% x
Rdu X Rdu’

exp (—%|u1 - ‘I’(V)@) — €xp (—%Wz - lP(V)lé)

1 1
< Cluz - i (exp (—Zml = lP(v>|§) +exp (—Zm - T(v>|§))
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for constant C = C(X). Integrating out the v variable with respect to y we obtain
that

Ppa(ur) = Pa(un)| < Cluy — o] /

exp (—}Nul - T(v>|§) (dv)
Rlu

1
+ Cluy — s / exp (——luz —\P(v)&) p(dv).
Rdu 4

The integrals on the right-hand side can be bounded as in the first step, which leads
to the inequality

1 1
V(ur, 1) € R4xRY, |Pp(uy)—P < Clur= ’ '
(w1, un) |Pr(ur)—Ppu(uz)| Jus ”2|max{1 +ug?’ 1+ |M2|"}

(3.28)

Step 3. Obtaining a coarse estimate In view of the elementary inequality (3.27)
and the assumed Lipschitz continuity of 4, it holds that, for constant C = C(T", )

(N(h(ul),r)(y) ~N(h(u2),T) (y)(

1 1
< Cluy — uz| exp (—Z|y - h(ul)l%) + Cluy — up| exp (_Zly - h(uz)l%) .
(3.29)

Using the decomposition

p(u1,y) = p(uz,y) = Pu(ui) N(h(u1),T) () = Pu(uz) N(h(u2),T) (y)
= (Pu(u1) = Pu(uz)) N(h(u1),T)(y)
+ Pp(u) (N((u1), 1) () = N(h(2), T) (),

and employing (3.26), (3.28), and (3.29)), we deduce that

1 1
s - ’ S C B ’
|p(u1,y) = p(ua, y)| < Cluy u2|max{l +ug]? 1+ |M2|q}

X max {exp (—%Iy - h(u1)|%) , EXp (—%Iy - h(uz)|%)} .

(3.30)

Note that, for the function h(u) = u, the quantity multiplying |u; — u»| on the
right-hand does not tend to 0 along the sequence (u(ln), u;"), y(”)) = (0,n,n). For
our purposes in this work, we need the finer estimate (3.24)); establishing this bound
is the aim of the next two steps.
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Step 4. Bounding the density p(«,y) Recall that p(u,y) = Pu(u)N (h(u),T) ().
We prove in this step the inequality

1 1
, < Cmi R s 3.31
ply) mm{1+|u|q 1+|y|q} 631

or equivalently

sup p(u,y) max {1 + |u]|?, 1+ |y|9} < oco.
(u,y)eR%uxRDY

To this end, note that

p(u,y) max {|ul?, [y|?} = Pu(u) N (h(u),T)(y) max {Ju|?, |y|*}
< Pu(u) N (h(u), T) () |ul? + Pp(u) N (h(u),T) (y)|y]7.

The first term is bounded uniformly by Step 1, estimate (3.26)). For the second term,
we use that
14 < 297 Yh(@)|" + 297y = h(u)|*, (3.32)

to obtain
Pra() N (), T) (1YY < CPu(u) N (), T) () (15 ()17 + Iy = h(w)|?).

The first term on the right-hand side is bounded uniformly, again by Step 1, estimate
(3.26), and using [Assumption (H4). The second term is also bounded uniformly
because the function x — N(0,T)(x)|x|? is uniformly bounded in x, by a value

depending only on I" and q.

Step 5. Obtaining the estimate (3.24) The claimed inequality is equivalent to

lp(u1,y) = p(ua, y)|

uy,ua,y |u1 - u2|

max{min{l + a1+ ual?}, 1+ |)’|q} < 0o,

where the supremum is over R% x R% x R% . By (3.30), it holds that

|p(u1,y) = p(uz,y)|

uy,un,y |ul _M2|

min {1 + |ug |9, 1 + |up|9} < oo,

so it remains to show that

lp(u1,y) = p(ua, y)|

uy,ua,y |u1 _u2|

[y]? < oo.
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By (3.31)), it is clear that the supremum is uniformly bounded if restricted to the set
lu1 — uz| = 1, so it suffices to show that

lp(u,y) = p(u+6,y)|
0]

sup [y]? < oo,

(1,8,y)€R4uxB(0,1)XR%Y
where B(0, 1) is the open ball of radius 1 centered radius at the origin in R%. We
use again (3.32)) in order to bound

’ - 6’ ’ _ 6’
lp(u, y) |§|(u+ y)||y|q < C|P(u y) |1(r;|(u+ y)||h(u)|q
+C|p(u,)’) -p(u +5’y)||y — h(u)1.

6]
The first term is bounded uniformly by (3.30) and the assumption that |h(u)| <

(1 + |u]). To conclude the proof, it remains to show that

Clp(u,y) —p(u+ (S,y)||
0]

sup y—h(u)|? < oo. (3.33)

(,6,y)€Rux B(0,1) xR
By (330) it holds that

|p(u,y) = p(u+3,y)

Cls ! !
< +||M||q max {exp (—Zly - h(u)|%) ,exp (—Zly —h(u + 5)|%)} )
C|9| 1 2 1 ?

In the last line we used the inequality |a + b|> > 3|a|* — |b|?, which follows from

x2
Young’s inequality. Since the function x — e~ ¥ *C x4 is bounded uniformly in
x € R and by [Assumption (H5)| the bound (3.33)) easily follows, concluding the
proof. ]

3.B Technical Results for Theorem 3.2.2]

We establish moment bounds in [Subsection 3.B.1] we recall that on Gaussian mea-

sures the action of the conditioning map and the Kalman transport map are equivalent

in|Subsection 3.B.2] and we prove stability results in|Subsection 3.B.3|

3.B.1 Moment Bounds
Lemma 3.B.1 (Moment Bounds). Let  be a probability measure on R% with

bounded first and second order polynomial moments Mi(u), My(u) < oo. Un-
der[Assumptions (H2) and(H3)| it holds that

IMPu)| < ke (1 + Mi(p)), Y < C(Pu) < =+ 2kg (1 + Ma(w))1a,. (3.34)
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Proof. The proof of this lemma follows the steps of the proof of J. A. Carrillo et al.,
2024, Lemma B.1; however, here different bounds reflecting the assumptions on ¥
and A in this chapter are required. Using the definition of P in (3.4d), it holds that

M(Pu) = /Rdu uPu(u)du

u exp (—%|u - \P(V)E) u(dv) du

- /R W) ),

where application of Fubini’s theorem yields the last equality. The first inequality
in (3.34) then follows from [Assumption (H3)] Obtaining the lower bound of the
second inequality in (3.34) may be done identically to the proof of J. A. Carrillo

et al., 2024, Lemma B.1. We turn our attention to obtaining the upper bound.

Using [Lemma 3.A.1| and noting that ww' < (wTw)I,, for any vector w € R4 by

the Cauchy-Schwarz inequality, we deduce that
C(Pu) < / u®uPu(u)du
Rdu

1
U ® uexp (—Elu - ‘P(v)l%) u(dv) du

1
 J2n)ddets /Rdu /Rdu
= /Rdu (‘P(v) QY(v) + Z) u(dv)

T+ ( / I‘P(V)I2u(dV)) Ia, 3+ 26 (1 + Ma(w)la,,  (3.35)
Rdu

which yields the desired result. 0

Lemma 3.B.2. Let i1 be a probability measure on R% with bounded first and second

order polynomial moments My (), Ma(u) < co. Under|Assumptions (H2)|to|(H4),
it holds that

IM“QPR)| < kw (1 + Mi(w), (3.36a)

MY (QPu)| < Kh\/2(1 +tr(Z) + 2«3 (1 + Mz(,u))). (3.36b)
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Furthermore, it holds that

4k (1 + Ma(p)) 1y, + 23 Odyxd, )

C(QPu) <
( ,U) ( Odyxdu 4K%(1 +tr(X) + 2K‘2P(1 + Mz(ﬂ)))]dy +T
(3.37a)

v - min{20',y + 4K%(1 +tr(X) + 2/(?1,(1 + Mz(,u)))}
C(QPpu) =

Ly,ea,. (3.37b)
2y + skfl(l Fr(Z) + 262 (1 + Mz(,u)))

Proof. The inequalities (3.36a) and (3.36b) follow from the assumptions and the
fact that

(3.38)

P
M(QPy) = (A::[ }’3)) .

Indeed, from [Lemma 3.B.1|we know that |M(P,u)| < ky(1+ M; (), which leads

by Jensen’s inequality to (3.36a)). To deduce (3.36D)), we note that

Palilf < [ 1hl? Puta)
Rélu

< 265 + 243 /R . |u|? Pu(du) (3.39a)
= 247 + 24 /Rd (|\P(v)|2 +tr(2)),u(dv), (3.39b)

where follows by applying[Assumption (H4)|and Young’s inequality, and (3.39b))
follows by applying the properties of the Gaussian transition density. The result then

follows by applying |[Assumption (H3)|

To obtain the covariance bounds, we proceed using analogous steps to the proof of
J. A. Carrillo et al., 2024, Lemma B.2; however, here different bounds reflecting
the assumptions on ¥ and # in this chapter are required. We begin by establishing
inequality (3.37a). To this end, letting ¢: R% — R%*4y define the map ¢(u) =
(u, h(u)), it holds that

Od,xd, Od,xd,

C(¢sPu)  C™(#P) )
C™(¢4Pu) €™ (¢4Pu) +T
(3.40)

As shown in the proof of J. A. Carrillo et al., 2024, Lemma B.2 we have, for all

(a,b) € R x R,
a % a <9 aa’ Oduxdy
bl \b Odyxd, bbT |’

C(QPu) = C(¢yPu) + ( r
dyxdy,
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from which we establish, using [Lemmas 3.A.1| and [3.B.1] and [Assumptions (H2)|
to that

u u
C(¢yPu) < /Rdu (h(u)) ® (h(u)) Pu(u) du

T
0
< 2/ uu duxdy 7| Pr(u) du
Ru \Odyxa, H(u)h(u)
) 5+ 265 (1 + Ma(w) 14, 04, xd, ’
0d, xd, 262 (1 + tr(Z) + 2k3, (1 + Ma(w))) g,

(3.41)

where we applied (3.35)) and the calculation resulting in (3.39a)) in the last inequality.
Noting this inequality in combination with (3.40) yields the upper bound (3.37a).

‘We now show that

.
Z) C(QPu) (Z) > (1-¢&)olal* + (7 - (i - 1) P,u[|h|2]) b|>  (3.42)

in order to establish the lower bound (3.37b). The argument is similar to that in
J. A. Carrillo et al., 2024, Lemma B.2 but is explicit in certain constants whose
dependencies on moments need to be controlled in this chapter. We first note that
for any 7 € P(R% x R%) and all (a, b) € R% x R% it holds that
|aTC”y(7r)b| = / (aT(u - M”(ﬂ))) (bT(y - My(n)))ﬂ(dudy)
RuxRDY

< VaTCu(m)a \bTCY (n)b,

by the Cauchy—Schwarz inequality. Hence, we deduce that for all £ € (0, 1) and for
all (a,b) € R% x R%
T

C(¢:Pp) (Z) > (1= ¢)a’ C"(¢yPu)a - (é B 1) b'C (¢4Pu)b

> (1 -¢)a'Za - (é - 1) P,u[|h|2],

where we applied Young’s inequality for the bound in the first line, and (3.34) and
the bound C”¥(¢3Pu) < Pu[|h|*]14, for the bound in the second line. We then

apply (3.40) to find
T

C(QPu) (Z) > (1-g)a'%a- (é - 1) Pullh*] +b'Th

> (1 —&)olal* + (7 - (é - 1) P,u[|h|2]) |b|?.
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2Pu[h1] . ) .
————, so that the coefficient of the |b|* term is
y+2Pu AP ]

.
a a Yo 2. Y02 . Yo Y 2 2
c(QP > ———————|a|"+=|b|" > min{ —————F——, = +|b|7).
b) (QPp) (b) a1l {y+2Pu[|h|2] 2}(|a| b2)
(3.43)

Y

Choosing € = 5, wWe obtain

Since this is true for any (a, b) € R x R% | it follows that

min {207,y + 2Pu/[|h|?]}
2y +4Pul|h)?]

In order to deduce (3.37b)), we use (3.39b) to find that

PullhP] < 2K%l(1 F (D) + 263 (1 + Mz(,u))),

C(QPu) =y dy+dy-

from which we conclude the desired result. ]

Lemma 3.B.3 (Moment Bound for the True Filtering Distribution). Let g > 2
be an integer. Assume that the probability measures (i) jelo.y] are obtained from

the dynamical system (3.6) initialized at the probability measure yuy € P (R%) with

bounded qth order polynomial moment M, (uo) < co. IflAssumptions (H1)|to|(H4)|
hold then there exists C = C(Mq (10), J, Ky, Kw, Kp, Z, F) such that

M )< C.
jelo] a(K7)

Proof. Wehave u;.1 = B;QPu;, for j € [0,J—1]. Equivalently, using the notation
from (3.3), it holds that u;,; = L;Pu; for each j € [0,J — 1]. Hence, we note that

1 2
exp (_EMH - h(u)lr) Ppj(u)

Hj+1 = 1 ) (3.44)
/ exp (—§|y]‘,+1 - h(U)|F) Pu;(U)dU
Rélu
It is readily observed that
4 Lyt ) Paywyd
Rl |M| exp _§|yj+1_ (I/t)|1_, ,u]'(Lt) u
Mq(,uj+1) = 1 )
/ exp (—§|yj+1 - h(U)|F) Pu;(U)dU
Ru
/ |ue|? Ppaj (u)du
Ru

< (3.45)

1 2
/ exp (—§|yj+1 - h(U)|r) Pu,;(U)dU
Rdu
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We first bound from above the numerator of (3.43); indeed, note that

[, Pt = [ ( [, ew (—%m - T(v)l%) u;(dV)) du

= / (/ lul? exp (—l|u - lI’(\})@) du) pj(dv) (3.46a)
Réu Rdu 2
< C/ (1+ [®(0)]9); (dv) (3.46b)
Rdu

< C(l + Mq(u,)), (3.46¢)

where (3.46a)) follows from Fubini’s theorem, the inequality (3.46b) from proper-
ties of Gaussians and [Assumption (H2), and (3.46¢) from application of

We note that in the constant C depends on kg, X. Now, to obtain

a lower bound on the denominator of (3.45)), we observe that

1 2 1 2
/ exp ——|yT.+1 - h(u)|F Pu;(u)du > exp ——/ |yT.+1 - h(u)|FP,uj(u) du
Rdu 2 J 2 Rdu J

> Cexp (—|F_1| |h(u)|2P,uj(u) du)

Rdu
> Cexp(—4K%lK2q,|F_l|M2(,Uj)), (3.47)

where the first inequality follows by application of Jensen’s inequality and (3.47)
follows from the calculation leading to (3.39b). We note that the C in is a

constant depending on «y, ky, k5, X, I'. Therefore, by combining with (3.46¢),
it is possible to deduce from (3.45) that

My (1) < Cexp(4K%LK2\P|F_1|M2(,uj)) (1 + Mq(,uj)), (3.48)
where C is a constant depending on «j, Ky, Ky, X, T'. U]
Remark 3.B.4. e [n some situations, the bound (3.48) is overly pessimistic. For

example, if h satisfies|Assumption (H4 )\as well as the inequality |h(u) - yj. +1 | >

ce (Jul = 1) for all u € R% for some positive c;, then by Gerber, Hoffimann,
and Urbain Vaes, 2023, Proposition A.3 for all g > 0 there is C = C(cy, q)
such that

Vi € P(RM), Lju[|u|q] < cﬂ[|u|q]. (3.49)

In this setting, better control of the moments can be achieved than in (3.48)).

e In the absence of any additional assumption on h beyond |Assumption (H4)|
there may not exist a finite constant C > 0 such that the bound [(3.49)| holds
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for an arbitrary probability measure u. To illustrate this, consider the case
— — _1 7 _
whered, =2,d, =1, = DY = 0, and

, XRZCT.

h(u) = uy, u= (

Ui x%(s(ﬁo) + (5(0,XR) R2
b lL[R = 2

175) xXp + 1

Then, as R — oo, ug [|u|2] ~ R2, while

_ Joa 2 + u3) exp (—2u?) pug(duidus) _ 2R R 4 12

ez exp (—2”%) ug(duydus) xpe 2R+

Ljur [|”|2] ~Xg=¢€

Thus, it holds that

L. 2
lim LiprlluP] _ oo,
R pip[[ul?]

which shows that (3.49) fails to hold in this case.

Lemma 3.B.5 (Moment Bound for the Approximate Filtering Distribution).
Let g > 2 be an integer. Assume that the probability measures (,u]EK) jelo.J] are
obtained from the dynamical system (3.10)) initialized at the probability measure
,ugK e P(R%) with bounded qth polynomial order moment M, (,ugK) < o0, If
sumptions (H1 )| to|(H4) hold then there exists C = C(Mq (,ugK), J, Ky, K, Kp, 2, F)
such that

M, (uBX) < C.
max, g (15%)

Proof. We begin by noting that ,u?fl = T;QPuX, for j € [0, — 1]. Thus

My (1) = /R . |u|9T;QP 7 (du)

./Rdu xRy
‘/]R;du xR%y

< C/ |u|? QP,UEK(M,)?) dy du
Ru xR

T (u,y; QPuEX yT )

q
7OV QP (u,y) dy du

q
u+C"(QPu® 7 (QPuT® -1 (yj.+l - y)‘ QP (u, y) dy du

2
+C(1 +M2(uEK)) Tl Iy QPS8 (u, y) dy du |,
/ RuxRYY /
(3.50)

where in (3.50) the constant C depends on y, ky, k5, 2, I and where the dependence
on the second moment of y]fK in the second term is derived from (3.37al) and (3.37D).
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By using the definitions of Q and P and by applying reasoning analogous to (3.46c)),

we deduce that

My () < (14 Ma(eE) ) (14 M, (15F)).
)2q+1

b

< C(1+ My (%)

where C is a constant depending on ky, ky, kj, 2, 1. Iteration gives the desired
result. ]

Lemma 3.B.6. Let uy, uy € P(R") have finite second moments, then the following
bounds hold:

1
IM(11) = M(p)| < 5 s (11, 12),

Gt - ]l < 1+ 5IMGu) + MGu2)l] dy(ra ).

Proof. The lemma as stated may be found in J. A. Carrillo et al., 2024, Lemma B .4,

where a complete proof is given. [

3.B.2 Action of T, on Gaussians

Lemma 3.B.7 (B;G = T;G). Fix y}H € R% and let nt be a Gaussian measure over
R% xR Then the probability measure B;n, with B; defined in (3.5b) is equivalent
to the probability measure T;m = 7 (», ;ﬂ,y;_'_l)ﬁﬂ, where 7 is defined in (3.9b).

Proof. The lemma as stated may be found in J. A. Carrillo et al., 2024, Lemma B.5,

where a complete proof is given. [

3.B.3 Stability Results
Lemma 3.B.8 (Map P is Lischitz). Suppose that X and ¥ satisfy|Assumptions (H2)|
and|H3), respectively. Then it holds that

V(1) € P(RYU) x P(RU),  dy(Pu,Pr) < (1 + 263+ tr(Z)) dy(u, 7).
Proof. By definition of P, it holds that

exp (—%m - \P(v)@)

V(2r)du det X

Pu(du) = / p(v,du) u(dv), where p(v,du) := du.
Relu
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Let g(u) = 1 + |u|?, as in[Definition 1.2.1} and take any function f: R% — R such
that | f| < g. |Assumption (H3)[implies that

f(u) p(v,du)

Rdu

< .d
< [ s pCdn
=1+ YW+ t(2)

< 1+ 265 + 265 v + r(2) < (1 + 2K, + tr(Z))g(V)-

By Fubini’s theorem, it follows that

Pulf] - Prlf]| =

/ ( f(u)p(v,du)) (u(dv) - 7(dv))
Reu \JRu

= (1 + 2’<2‘P + tr(Z))‘,u[g] - ﬂ[g]| < (1 + 2K§, + tr(Z)) de(u, m),

thus concluding the proof. [

Lemma 3.B.9 (Map Qis Lipschitz). Suppose that I and h satisfy|Assumptions (H2)|
and|(H4), respectively. Then it holds that

V(1) € P(RU)xP(RYS),  dy(Qu,Qn) < (1+2K§,+tr(r))dg(#,n). (3.51)

Proof. Take f: R% x R% — R satisfying | f| < g, where g(u,v) = 1 + |u]? + |y|%.
By Fubini’s theorem, it holds that

Qulf1 - Qrlf1 = [ TLF(u) () = (),

where

170 5= [ | 3 NG, ) (@),
R%Y
The function I1f: R% — R satisfies
ek, I < [ NG, D) @)
< 1+ |ul® + 1y[*) N(h(w),T)(d
< [, (1+1aP +15F) NGt D) @)

= 1+ [u? + |h(w)| + te(T) < (1 +26% + tr(F)) (1 + |u|2) .
Therefore, we deduce that

[QuLf1 = Qrlf1] < (1426 + (D)) dy (11, ),

which concludes the proof. 0
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Lemma 3.B.10 (Stability of Map B;). Suppose that|Assumptions (H1)|to|(H4) are
satisfied. Then for any probability measure u € P (R%) with My(u) < oo there

exists a constant Cg = Cg(Ma (1), ky, kw, kp, £, T') > 0 such that

Vje[0.J].  dy(B;GQPu,B;QPu) < Cady(GQPu, QPu).

Proof. The proof of this lemma follows the steps of the proof of J. A. Carrillo
et al., 2024, Lemma B.9; however, each step requires different bounds reflecting the
assumptions on ¥ and # in this chapter. For ease of exposition we write y' = yj. 1

We define the y-marginal densities

au() = [ GOPuGuy du. B = [ QPu(my)du.

Rdu

By definition of By, it holds that

GQPpu(u, y") OPu(u,yT)‘ d
a’u(yT) ﬁ,u(yT)

(1 + |u|2) |GQP,u(u,yT) - QP,u(u,yT)| du

dy(B;GQPu, B;QPpu) = /Rd (1 + Iulz)
1
< -
a/u(yT) Rdu
a',u(yT) _ﬁ,u(yT)
a,u(yT),B,u(yT)

/ (1 + |u|2) QPu(u,yHdu.  (3.52)
Rdu

Step 1: bounding a,(y") and B,(y") from below The distribution a,(*) is
Gaussian with mean M”(QPu) and covariance

C»”(QPu) =T +Pu[h® h| —Pu[h| ® Pu[h]. (3.53)

Clearly C*Y(QPu) * T'. Furthermore, it holds that C*Y(QPu) < I' + 2/<%1(1 +
tr(X) + 2«5, (1 + Ma(w)))1a, by (3-4T). Therefore, noting that (3:36b) implies that
IM?(QPu)| < C foraconstant C depending only on the parameters Mo (u), K, Ky, 2,

we obtain

1

a,(y) = exp (—%(y — MP(QPw)) € (QP) ™! (y — M?(QPu))

\/(27r)du det(C (QPp))

exp(—%(|y| + C)2|F‘1|)
> . (3.54)
V@O det(T+ 2621+ 1(2) + 263 (1 + Ma(10))) )
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The function S, can be bounded from below using similar reasoning. Indeed,
by |Assumptions (H2)|to |(H4)|we have that for all y € R%,

- e - hw) T (- k)
P o e /R”’“ (27)% det(T)

Pu(u) du

1
> exp(—|T7|y)* - [T K2/ 2+ ul*)Pu(u) du
R p(—[rfly? = |r'[« L ) )
(3.55a)
> Cexp(—|r—1||y|2), (3.55b)

where we applied Jensen’s inequality in (3.55a)) and the constant in (3.55b]) depends
on My(w), kw, kp, 2, T,

Step 2: bounding the first term in (3.52) First note that, for fixed u € R%, the
functions QPu(u, ») and GQPu(u, ») are Gaussians up to constant factors, with

covariance matrices given respectively by I and
C*¥(QPu) — C™(QPu)C*(QPu)~'C* (QPp), (3.56)

where we have used the formula for the covariance of the conditional distribution of a
Gaussian. We note that C¥(QPu)C**(QPu)~'C" (QPu) is positive semi-definite,
hence by (3.53)) and its upper bound it follows that the matrix (3.56) is bounded from
above by 2«7 (1 + tr(X) + 2«5, (1 + Ma(p))) 14, + T. As shown in the proof of J. A.
Carrillo et al., 2024, Lemma B.9, the matrix (3.56)) is bounded from below by I (see
J. A. Carrillo et al., 2024} Equation (B.20)). It follows from using

in|Section 3.A| with parameter T = 7(M>(u), kp, kv, Z,T), that
/ (1 + |u|2) IGQP (1, y) — QPu(u, y)| du < Cdg(GQPu, QPp),  (3.57)
Ru

where C is a constant depending on My (w), k5, kg, 2, I". We refer to J. A. Carrillo
et al., 2024, Equation (B.21) for the detailed steps used to establish this bound.

Step 3: bounding the second term in (3.52) In view of (3.57), it holds that

|y (M) -Bu ()| < /R ) (1 + |u|2) |GQPu(u, y)~QPu(u, )| du < Cdy(GQPu, QPp).

Now, since QPu(u, »)/Pu(u) defines a Gaussian density which has covariance I"

and is bounded uniformly from above by ((27T)d>' det(F))_l/ 2, we also have that

’ 2
/ (1+ |u|2) QP (. y) du </ (1 + |ul?) Pu(u) 4y = 1 +tr(C(Pu)) + IM(Puw)| |
Rdu

Réu 4/(27)% det(T) ! V(2r)% det(T")
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By the moment bounds in[Lemma 3.B.1] the right-hand side is bounded from above
by a constant which depends on My (u), ky, X.

Step 4: concluding the proof Putting together the above bounds, we conclude
that

C M ) ) $27F
4,(B,GQPy, B,QPy) < CM2()- kv 5. T) (1 —

(v}, Bu(yi)

Applying the inequalities (3.54) and (3.55D) yields the desired result. O

) d,(GQPy, QPp).

Lemma 3.B.11 (Stability of Map T;). Suppose that |Assumption Hl|is satisfied.
Then, for all R > 1, it holds that for any 1 € Pr(R% x R%) and p € {QPu :
u € P(R) and Ma.max{(3+d,.4+d,} (1) < oo} C P(R% x RY), there is Lt :=
Lt(R, Mo max(3+d,.4+dy} (1), Ky, K, Kny Oy 2, T), such that

vje[l,J], dy(T;m,T;p) < Lt dg(m, p).

Proof. By the results of[Lemma 3.B.2} it holds that QPu € Pﬁ(Rd“ xR%) for some

R (Ma(u), ky, kp, Z,T) > 1. Using analogous notation to the one found in the proof
of J. A. Carrillo et al., 2024, Lemma B.10 we define

r= max{R, ﬁ, Ky}.

Letting K = C(n), S =C(p) and y' = y;H, we also define the affine maps .7™ and
JP corresponding to use of covariance information at the probability measures 7
and p = QPp,

T (u,y) =u+Ar(y" —y),  Ap:=KyK,],

TP(u,y) =u+A,(y' —y), Ap = SuyS;yl.
By a straightforward application of the triangle inequality, it holds that
do(T;m,T;p) < dg(ﬁﬁnﬂ, ,Zi”p) + dg(,?ﬁ"p, yﬂpp). (3.58)

In the following steps we will separately bound the two terms on the right hand side
of (3.38). Before proceeding we outline two auxiliary bounds that will be used in
the rest of the proof. These bounds are identical to the ones found in the proof of
J. A. Carrillo et al., 2024, Lemma B.10; we include statements here for expository

purposes. Noting that the operator 2-norm of any submatrix is bounded from above
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by the operator 2-norm of the full matrix, we observe (see J. A. Carrillo et al., 2024,
Equation (B.23)) that

|Axl < IKuyl 1Ky | < IKIIKT <7, (3.59)

Note that the above bound similarly holds for A ,. Using (3.59) and assuming without
loss of generality that r > 1, we deduce (see J. A. Carrillo et al., 2024, Equation
(B.24)) that

Ar=Ap| < |(Kiy=Suy) K5 [+1Suy (K;; - S;yl) | < 201K =S| < 2r5(14+2r) dy(m, p),
(3.60)
where the second inequality follows again from fact that the 2-norm of any submatrix

is bounded from above by the 2-norm of the full matrix, while the last inequality
follows from the result in

Bounding the first term in (3.58) With an identical argument to the one used in
the proof of J. A. Carrillo et al., 2024, Lemma B.10 we have that

de( T n, T['p) < 3 (1 + rlo) S dy(n, p). (3.61)
Bounding the second term in (3.58) Let f again satisfy | f| < g. We note that
|77 P11 = F7 P11 = |pLf o 771 = pLf 0 771 = |plf 0 77 = £ 0 77|
The last term may be expressed as

plfo 7™ - o7

/d / (f (u+An(yT_y)) —f(u+Ap(yT —y)))p(u,y) dudy'
R4y JRu
B ./Rdy ,/Rdu (f(u+An2) = fu+Ap2)) P(u,yT —z)dudz

:/ f(V)(P(V—z‘\nZ,yT -2) —p(v—Apz,yT—z)) dv dz,
Rdy Rdu
(3.62)

where we used a change of variables in the second equality. Since M2~max{3+du,4+dy} (n) <

oo by assumption, it follows from|Lemma 3.A.3|and from the inequality min{a, b} <
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vaVb that there is a constant C so that

p(v=Arz,y —2)—p(v—Apz,y - Z)‘

1 1
< - : ,
C|Azz — Apz| - max {1 v - Anzlma"{3+d“’4+dy} 1+ - Apzlmax{3+du,4+dy}}

1
X .
1+ |yT _ Z|max{3+du,4+dy}

We apply this inequality to bound for fixed z € R% the inner integral in (3.62).
Considering only the terms that depend on v gives

1 1
/Rdulf(v)l max {1 + - Anzlmax{3+du,4+dy}’ 1+ |v— Apz|max{3+du,4+dy}} dv

(3.63)

</ £ )] dH/ £ 0
Relu 1+ |V —Aﬂz|max{3+du’4+d>'} Relu 1+ |v —ApZ|max{3+d”’4+dy}

1+ |v|2 1+ |v|2
< v drag WVt ra g Y
Rdu 1 + |V - Aﬂ-ZlmaX{ st y} Rdu 1 + |v - A[)Z'max{ tduat y}
- 1+ |w+ Arz)? do s 1+ |w+A,yzl? »
h Rdu 1 + |W|max{3+duv4+dy} Reu 1 + |W|max{3+du,4+dy} >

where we used that | f(v)| < 1+ |v|?, as well as a change of variable in the last line.
It follows that the integral in (3.63)) is bounded from above by

C(l +Anz]? + |Apz|2) <Crb (1 + |z|2),

where the inequality follows from (3.59). Finally, the resulting integral in the z

variable can be bounded analogously, which gives

1+ |z|2
T 14 8
de(Fp, J;p) < Cr /Rdy Tt T 2] |Arz — Apz|dz
< Cr''A; — Ayl < Cr'¥dy(m, p), (3.64)

where the last inequality follows from (3.60). Combining (3.61) and (3.64) yields
the desired result. O

3.C Technical Results for Approximation Result in [Proposition 3.2.3|

In [Lemma 3.C.1| we recall the local Lipschitz continuity result for the operator G
established in J. A. Carrillo et al. (2024). establishes that the filtering
distribution is a locally Lipschitz function of (¥, &), viewed as a mapping from
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Banach space equipped with the || - || norm into the space of probability measures

metrized using the d, distance. This is preceded by [Lemma 3.C.2|which establishes
bounds used to prove this Lipschitz property. The two lemmas do not require ¥y and

ho to be affine, but simply require that they both satisfy [Assumptions (H3)|and [(H4)]

This is in contrast with the more specific setting of[Proposition 3.2.3| which imposes

an affine assumption on (W, hg).

Lemma 3.C.1. For all R > 1, there exists Lg = Lg(R, n) so that for any u, up €
Pr(R™) it holds that

do(Gui,Gua) < Lg(R,n) - dg(p1, p2).

Proof. The lemma as stated may be found in J. A. Carrillo et al., 2024, Lemma

B.12, where a complete proof is given. [

Lemma 3.C.2. Suppose that the matrices (X,1") satisfy |Assumption (H2), Fix

Ky, k, > 0 and assume that ¥y: R% — R% and hy: R% — R% are functions
satisfying [Assumptions (H3) and|[(H4), Then the following statements hold:

e There is a constant C, = C,(ky,X) such that for all ¢ € [0,1] and all
(¥, h) € Br=((Wo, ho), €),

Yu e P(RU),  dg(Pou,Pu) < Cpe - (1 + Ma(u)); (3.65)

® There is a constant C; = Cy(kp,I') such that for all & € [0,1] and all
(‘P, h) € By~ ((lP(), ho), 8),

Vu e P(R™),  dy(Qou, Qu) < Cye - (1+ Ma(w)); (3.66)
o There is C, = Cy(kp, T) such that for all y' € R%, all & € [0,1], all (P, h) €
Br~((Po, ho), €), and all probability measures (po, jt) € P (R%) x P (R%),
dq(B(Qopo: ). B(Qu, 1)) < exp(ChR) (& + dy(puo ), (B.67)

where R € [1, ] is given by

2
R = max {|yT| , 1+ Mo(uo), 1+ Mz(ﬂ)} .

Here Py and Qg denote the maps associated to (P, ho), and P and Q are the maps
associated to (¥, h).

Proof. Throughout this proof, C,, denotes a constant depending only on (ky, X),
and C, is a constant that depends only on («j,I"). Both may change from line to

line.
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Proof of (3.65) It holds that

Pou(u) = Pu(u) = C) /Rdu exp (—%|u - ‘Po(V)E) — exp (—%|u - T(V)E) u(dv).

By the elementary inequality (3.27/)), the integrand on the right-hand side is bounded

in absolute value by
1 2 1 2
2|‘P0(v) — ‘P(v)| (exp (—Z|u — ‘PO(V)|2) + exp (—Z|u — ‘P(v)|2)) .

By Young’s inequality, it holds that |a + b|*> > %lal2 — |b|?, and so this is bounded
by

1 2 1 2 1 2
4P (v) — P ()| (exp (—§|u ~Yo(v)|; + Z|‘P0(v) - ‘P(v)|2)) < Cpeexp (—§|u - ‘I’o(v)|z) .
It follows, by Fubini’s theorem, that
1 2
dg(Pou, Pp) < C,,s/ / (1 + |ul?) exp (——|u - ‘Po(v)|z) du u(dv)
Rdu JRdu 8

< Cpe/ (1 + |‘I’0(v)|2) pu(dv) < Cre (1 + K%,)
Relu

This concludes the proof of (3.65).

5 (1 + |v|2) u(dv).

Proof of (3.66) Recall that
1 1
dg(Qop, Qu) = Cq/ / g(u,y) (eXp (——Iy - ho(u)li) — exp (——Iy - h(u)li)) dy p(du),
dy Rdy 2 2

where g(u,y) = 1 + |u|® + |v|*>. Using the same reasoning as above we obtain that

1 1 !
exp (_§|y - ho(”)li) —exp (—§|y - h(u)|§) < Cyeexp (—§|y - ho(u)ﬁ) .

(3.68)
Therefore, we deduce that

dg (Qou, Qu) < cqg/ (1+ [ro()]?) p(dm) < cqg(1+,<§)/ (1+ |uf?) ().
Rdu

Rélu

which proves (3.66).

Proof of (3.67) We assume for simplicity that gy and u have densities, but note
that this is not required. Let mo = B(Qouo; y') and 7 = B(Qu, y) and recall that

eXp (_%l)ﬁ - hO(u)|12*) Ho(u) . fo(u) . fo(u)
fraw o5 (=4t~ ho@)) po(@) U feau @)U Zo

mo(u) =
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and similarly

o (-4 - k)t RONN0
" e o0 (‘%W - h(U)|§)u(U) W fmfyduZ
Note that
dy (70, 7) :/Rdu(”'”m ﬁg) _f(Zu) "

1

- Z/Rd,,“ + )| folw) — £ ()| du +

11 5
Z_O - Z',/IRdu(l + |ul )fo(u) du.

In order to bound the first term, we write
_ 1 i h 2 1 T h 2
So(u) — f(u) = (exp —§|y — ho(u)|-| - exp —§|y — h(u)|2] ] mo(u)

+exp (—%lyT - h(u)ﬁ) (10(0) = (). (3.69)

Using (3.68)), we obtain that

b

070 < Cooexp (<" = o} o rexp (5" = mG0f) ot
(3.70)
and so

[, () o) = £ du < CoeR + o).

Therefore it holds that
Cqe N |Zo - Z|
Z ZoZ

1
dg(ﬂ09 ﬂ-) < R( ) + Edg(,uO»,u)

By it holds that
Z0-21 < [ 160) = FU)14U < Cyo -+ dy o 0

and so we obtain finally

1

1
dg(ﬂ'(),ﬂ') <R (2 + ﬁ) (Cq(‘? + dg(,uo,,u))

Furthermore Z is bounded from below because, by Jensen’s inequality,

1 1 .
Z = / exp (5 |y = ho(U)[1| o (V) dU > exp (> / v = ho(U)f po(U) dU
Rdu 2 2 Rdu

> exp (—|yT|I% ~ Cyxs /Rdu (1 + [ul*)po(U) dU) = exp (—-C4R) .

The same bound holds for Z, and so we obtain the result. OJ
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Lemma 3.C.3. Suppose that the data Y = {y;}jzl and the matrices (Z,T)
satisfy |Assumptions (H1) and |(H2), Fix kw, k > 0 and assume that ¥o: R% —
R% and hg: R% — R% are functions satisfying |Assumptions (H3) and |(H4)|
respectively. Let (,u(]).) je[1a] and (@j) jeq1,y] denote the true filtering distributions

associated with functions (o, ho) and (P, h), respectively, initialized at the same
Gaussian probability measure py = N(mg, Co) € G(R%). For all J € Z* there is
C = C(my, Co, ky, ky, kp, 2,1, J) > 0 such that for all & € [0,1] and all (¥, h) €
B~ ((‘PO, ho), s), it holds that

max d 0., ) < Ce. 3.71

jE[[O,J]] g(lu] lu]) ( )
Proof. By|[Lemma 3.B.3] the filtering distributions have bounded second moments.
Let

2
R = max (‘yj.+1 ,1+M2(,u?),1+M2(,uj) )

Jj€[0,J-1]

Throughout this proof, C denotes a constant whose value is irrelevant in the context,
depends only on the constants my, Co, ky, ky, ki, 2, I', k (but neither on &, nor on ¥

and /) and may change from line to line.

The statement is obviously true for J = 0. Reasoning by induction, we assume that
the statement is true up to J = k and show that there is C > 0 such that

Ve e [0,1], V(¥ h) € Bio((Wo. ho).8),  dg(), ) past) < Ce.

To this end, let Py and Qq denote the maps associated to (W, ko), fix € € [0, 1],
and fix (¥, h) € Br~((Wo, ho), &). Using (3.67), then the triangle inequality, and

finally (3.65) and [Lemma 3.B.8] we have that
dg (13, 1 i+1) = dg (BxQoPopl, Bk QP )
<eR (8 + dg(Po,u(,z, P,uk))
< e (& + dy (Pou, Pu) + dy (Pul. Pu)

< ek (s + CeR + Cdg(,ug,,uk)).

Using the induction hypothesis gives us the desired bound. [

3.D Technical Result for Theorem [3.2.5
In Le Gland, Monbet, and Tran (2011b) machinery is established to prove Monte

Carlo error estimates between the finite particle ensemble Kalman filter and its
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mean field limit. We use such results as a component in proving and,
in so-doing, explicit dependence on moments must be tracked. In this section we
give a self-contained proof of Le Gland, Monbet, and Tran, 2011b, Theorem 5.2,
following the analysis closelyE] and, in addition, tracking dependence on moments;
this moment dependence may be useful in the context of future work generalizing
what we do in this chapter. This leads to the following error estimate stating the

desired Monte Carlo error estimate.

Lemma 3.D.1. Assume that the probability measures ( ,u];K) jefogand ( uEK’N )jeloJ]
are obtained, respectively, from the dynamical systems (3.10) and (3.12)), initialized

at the Gaussian probability measure ,ugK € G(R%) and at the empirical measure

#gKN 1 Z 5u(()i) for u(()i) ~ ,u(];:K i.i.d. samples. That is,
N
EK EK EKN
i = TQPGE Z uily

— /+1

where ”521 evolve according to the iteration in (3.11). Suppose that the data Y T =
{y;}jzl and the matrices (X,1") satisfy |Assumptions (HI)| and (H2)} We as-
sume that the vector field Y satisfies |Assumption (H3)| and that h is a linear
transformation, i.e. that [Assumption (V2)| is satisfied and hence also
Furthermore, if the vector field ¥ additionally satisfies |¥|co1 <
by < oo, then for all ¢ satisfying |Assumption Pl| there exists a constant C =
C(Mq(ugK), J, Ry, Ly, S, Ky, kw, kn, Cp, 2,T) where g = max{4/*!,4¢,2(¢ + 1)}
such that

1

1
(E [N g1 - uEKw]\z) <=
Proof. To prove the proposition, we apply the coupling argument used in Le Gland,
Monbet, and Tran (2011b). Using similar notation to the one in Le Gland, Monbet,
and Tran (2011b), to the interacting N-particle system {u;i) }2]:1 evolving according
to the ensemble Kalman dynamics (3.11]), we couple N copies of the mean field
dynamics {ﬁ;j )}i\;l evolving according to the mean field ensemble Kalman dy-
namics (3.7). The mean field replicas are synchronously coupled to the interacting
particle system, in the sense that they are initialized at the same initial condition

and driven by the same noises; namely, the two particle systems are initialized at

2The result of Le Gland, Monbet, and Tran (2011b) holds more generally for functions ¥ that
are locally Lipschitz and that grow at most polynomially at infinity Le Gland, Monbet, and Tran,
2011b, Assumption B. However, our proof uses that ¥ is globally Lipschitz, for instance in (3.82).
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(()i) = ﬁ(()i) ~ ,ugK fori = 1,...,N. For simplicity of notation, the

1.i.d. samples u

forecast particles are denoted by the letter v, and we drop the hat notation from the

forecast and simulated observations. Furthermore, we add a bar = to all the variables

related to the synchronously coupled mean field particles, including the probability
EK

measures 7. We also define for 7 € P (R%*dy) the Kalman gain

K(r) := C"" (x) (chh () + r)_l

With this notation, the interacting particle system, and synchronously coupled sys-

tem read as follows:

Interacting particle system Synchronous coupling

Initialization: ué) (’) Initialization: ﬁ(()i) = u(()i)
521 = ‘I’(u(.i)) +&), _ﬁ’ll = ‘{‘(ﬁ@) +&)
521 h( ]+1) +’7§21’ _§le h( j+1) +’7§21’

(l) _ (l) EK,N i @\ =0 —(i) T (@)
Uit = Vi +7(( Tiv1 ) (yj+1 _yj+1) Ui = Vin +7{( ]+1) (yj+1 _yj+1) :

Note that the synchronously coupled particles are independent and identically dis-

tributed. With this set-up we proceed with the proof. Let ¢ satisfy [Assumption P1|

By applying the triangle inequality, we deduce that

2\ 3 1
(E)MEK’NW]—MEKM]\) <(E\y?” -5 200 \)

. !
+ (E 5 Z; o(@)) - i< 10] \2) NERD

Step 1: bounding the second term in Noting that the random variables

1
2

¢( (’)) ut ¥ K[#] are i.i.d. and expanding the square, we obtain

> (o) _#EK[(M)‘Q)E - \/LN(EIWSD) _ uEKw]IZ)%.

N
e
=1

-
Since by |Assumption P1|it holds that |¢(u)| < Rg(1 + |u[s*!) for any u € R%, it
follows that

1 & :
(E [ > (@) - o)
i=1

1
2 C(MZ(gH)(,UgK),R¢,J,Ky,K\P’Kh,Z,F)

< b
VN
(3.75)

‘2
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where we used [Lemma 3.B.5(to bound My(c1) (¢5) in terms of Mo (11 (1)

Step 2: bounding the first termin (3.74) For the first term, by Jensen’s inequality,

exchangeability, and finally by |[Assumption P1|on ¢ together with the Cauchy—

Schwarz inequality, it holds without loss of generality that

(E‘%g‘ﬁ(“y)) _¢(ﬁy>)’2)2 < (%i}EMu&)) —¢(ﬁ§i))‘2)z

41)%

(3.76)

By|Lemma 3.B.5| there exists C = C(M4g (,u]gK), J, Ky, kg, Kp, 2, F) so that

4¢
—(1)
[

and

4¢ 4 4 4
Blul[” < 24! (E B0 Bl -7 ) < 2%t (C Bl -7 ) .

V@V with p = 4 and p = 4s.

Hence it remains to bound terms of the form E|u 7
Such a bound will follow from a propagation of chaos result, which will be the
object of Step 4. In Step 3 we show auxiliary moment bounds for the mean field

dynamics.

Step 3: moment bounds for the mean field dynamics By[Lemma 3.B.5] for any
j € [0,J — 1] there exists a constant C = C(Mp (155). T, Ky, k9, Kn, 2, F) so that

(E ‘ﬁﬁ.l)’p)l% <C. 3.77)

From this it immediately follows, by [Assumptions (H3)| and [(H4)] that there exist

constants C,, C, depending on M, (ugK), J, ky, ky, kp, 2,1 so that

1 1
=) |P\» = |P\?
(E‘ Vii ) <G, (E‘ijr1 ) < Cy. (3.78)
Furthermore, it holds that for the Kalman gain that
] uh (— —1|P 1P | puu (=
(@) < e @) 0 = e @ oET < e 679)

where C depends on M» (,uo ), J, ky, ky, kp, Z, T
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Step 4: propagation of chaos In this step, we prove a propagation of chaos result
stating for all p, there exists aconstantC, = C), (M4J.p (,ugK) I Ky Ky, Ky Oy, O, 2, F)
such that 1

sup VN (E(ugﬂ - ﬁ§”|p)5 <C,. (3.80)

NeN
To prove this result, we follow the strategy in Le Gland, Monbet, and Tran (2011b)
and reason by induction. Fix j € [0,J — 1] and assume that for all p € N there is

Ci.p = Cip( Masp (HEX), J, Ky, kw, K1, b, €3, %, T ) such that

sup\/ﬁ Elu

NeN (

V-mf ) <Cjp (3.81)
By Lipschitz continuity of ¥ and &, we deduce immediately that

sup \/N(E plh 5

+1 i+1
NeN J J

S |—=

1 _ M
) < twCjp, ;‘;%W(E ‘yj+1 Y

p
)" < tituCy .
(3.82)

Now we write

(1) —(1) _ (D) —(1) —(1) (1)
Uiy —Uj = (Vj+l J+1) +7(( j+1) (yj+1 - yj+1)

+ (KN K @) (v, -y D).

Thus, by the triangle and Holder inequalities,

p
VN (B[, - 7!

J+1 j+l

1
)17 < flpCLp + ‘(](

vl ‘€h€WCJ p

N 2p 21’ N
+\/_(]E’7< EK.N) W(n‘?“)‘ ) ( (y}+1—y(-”

Jj+1 j+l

1
2p)5

The first two terms on the right-hand side are bounded uniformly in N in view
of (3-79). In order to bound the last term, we note that the term E| y} R yﬁ)l P is
bounded uniformly in N by a constant which depends on My, .,), (,ugK); this follows
by and (3.82)). To complete the inductive step, it remains to show that
1
2p\ 2
mmwmjw(mw_wﬁgﬂ) <o
NeN

To this end, in line with the classical propagation of chaos approach, we decompose

/N (E ‘(]((nil-(l,N) _ %(ﬁ%)‘zp)ﬁ < VN (E ‘W (ﬂf‘f{N) - W(ﬁf‘fﬁ)\h)ﬁ

+r@wﬂﬂ«wwﬂ?

j+l

(3.83)
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where we introduced the empirical measure associated with the mean field particles:
ZEK.N Z s
: 5@ —<z>
]+1 N ]+l y]+l

To conclude the proof of propagation of chaos, we must prove that

* The first term on the right-hand side of (3.83) is bounded uniformly in N,
which is achieved by employing the induction hypothesis (3.81)), as well

as (3.82).

* The second term on the right-hand side of (3.83) is also bounded uniformly
in N. This follows from classical arguments based on the law of large number

in L? spaces.
Let us first bound the second term. To this end, note that
(m) () = e () (e e (m) - e (@)
(e () e () (et ()
Therefore, using that A~! — B~! = B~1(B — A)A~!, we have that

) o) < o s e () - |

iy Cuh(—fle) Cuh(—ffl)‘
el -

The term |C”“ ( )| is bounded by (3.78), and the L? norm of the second term
tends to zero w1th rate N~ 2 by classical law of large number arguments, see for
example Ding and Q. Li, 2021c, Lemma 3 and U. Vaes, 2024, Lemma 3; indeed it
holds that

Map (1E¥))

NP
It remains to bound the other term. Reasoning similarly to above, we have that

[K(5) = (7)< e m(uefem (7)) jer (55Y) - e ()
By U. Vaes, 2024, Lemma 2, it holds that

(3.84)
NI 50
l —(1
NZ Viel TVl

N
15,0 —) |
= l=1 i—l

(
E|Cu« (ﬂ.EK,N) cuu (—EK )‘2[) <
j+1 T+l =

2
EK,N —EKN
et () <2

Z Vﬁl
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Using the Cauchy-Schwarz and Jensen’s inequalities, moment bounds and finally

the induction hypothesis (3.80) enables to conclude that
C(M4j+lp (/’ng)’ J9 Ky’ Ky, Kp, glPa ghv 29 F)

E

( VN

Step 5: concluding the proof Using the propagation of chaos result from (3.80)
in gives that

1
2p\2p
uu | _EKNY — ~uu [=EK,N
C (nj+1) C (”j+1 )‘ ) <

N 3
el Sseer)-ole0)| < S

for some constant C depending on M, (,ugK), J,Lg, S, Ky, Ky, Kp, by, €, 2, T" with
g = max{4’*! 4¢}. Combining this result with (3.73) yields the desired result. [
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Chapter 4

TRANSFORMER NEURAL OPERATORS

4.1 Introduction

Attention was introduced in the context of neural machine translation in Bahdanau,
Cho, and Bengio (2014) to effectively model correlations in sequential data. Many
attention mechanisms used in conjunction with recurrent networks were subse-
quently developed, for example long short-term memory (Hochreiter and Schmidhu-
ber,|1997) and gated recurrent units (Chung et al.,|[2014), which were then employed
for a wide range of applications, see for example the review Chung et al. (2014)).
The seminal work Vaswani et al. (2017)) introduced the now ubiquitous transformer
architecture, which relies solely on the attention mechanism and not on the recur-
rence of the network in order to effectively model nonlocal, long-range correlations.
In its full generality, the attention function described in Vaswani et al. (2017)) defines
an operation between sequences {ui}f.\i , C R%, {vi}f.‘;[ , C R of lengths N, M € N
respectively, represented as tensors u € RV*% vy € RM*4 where learnable weights
Q € RékXdu K ¢ RékXdv ' ¢ R4VX¥dv parametrize

attention(u,v) := softmax(uQ! Kv )vv7. 4.1)

In this context, we recall that the function softmax : RVM — RVNXM i defined

component-wise via its action on the input as

CXP(WU)

M

(softmax(w)),; = —5——

4.2)
for any w € RV*M Therefore, in this form the attention function defines a mapping

attention : RV*du x RM*dv — RNxdv [T| Alternatively, we can view the output of

the attention function as a sequence {attention(u, v),-}f\; , C RV,

Viewed more generally, attention defines a mapping from two sequences {u,-}f.\i 1

and {v; lﬁf

, into a third sequence {attention(u, v)i}l].\il;

values in R” for various values of r. In this chapter, we generalize this in two ways:

all three sequences take

(a) we replace index i by index x € D, where D is a bounded open subset in R%; (b)

we retain a discrete index i but allow the sequences to take values in Banach spaces

"'We note that in most implementations, the input of the softmax function is rescaled by a factor
of 1/vdk. In our context, continuum attention, a different scaling will be used.
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of R"-valued functions defined over D, where D is a bounded open subset in R4,
We find the first generalization (a) most useful in settings where d = 1, that is for
time series. However, when discretizing the index set D ¢ R? with N := n¢ points,
the quadratic scaling of the attention mechanism in N can be prohibitive. This
motivates generalization (b) where we retain the discrete index but allow sequences
to be function valued, corresponding to patching of functions defined over D c R¢,
with d > 2.

Our motivation for these generalizations is operator learning and, in particular, de-
sign of discretization invariant neural operator architectures. Such architectures
disentangle model parameters from any particular discretization of the input func-
tional data; learning is focused on the intrinsic continuum problem and not any
particular discretization of it. This allows models to obtain consistent errors when
trained with different resolution data, as well as enabling training, testing, and in-
ference at different resolutions. We consider the general setting where D c R?
is a bounded open set and U = U(D;R%) and Z = Z(D;R%) are separable
Banach spaces of functions. To train neural operators we consider the following
standard data scenario. The set {u/), z(/) }jzl of input-output observation pairs is
such that (1), 7)) ~ 7 is an i.i.d. sequence distributed according to the measure
7, which is supported on U x Z. We let 4 and & denote the marginals of 7 on U
and Z respectively, so that u/) ~ y and z) ~ 7. In what follows, we consider

YT : U — Z to be an arbitrary map so that
) = ‘PT(uU)), 4.3)

noting that such maps will typically be both nonlocal (with respect to domain D)
and nonlinear. We assume for simplicity that the data generation mechanism is
compatible with (.3)) so that 7 = ‘I’g U, i.e., the data generation mechanism is not
corrupted by noise. Neural operators construct an approximation of ¥’ picked from
the parametric class

Y. UXxO —> Z;
equivalently we may write ¥y : U — Z, for § € ©. The set © is assumed to
be a finite dimensional parameter space from which a 6* € O is selected so that
Y(,0%) =¥y = ¥T. We then define a cost functional ¢ : Z x Z — R and define
0" by
6" = arg miny.oBu-y [C(T(u, 0), ¥ (u))]. (4.4)
In practice, we will only have access to the values of each u) and z) at a set

of discretization points of the domain D, which we denote as {xi}f\i - We seek
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discretization invariant approaches to operator learning which allow for sharing of

learned parameters 6 between different discretizations.

The choice of an architecture defining the approximation family Wy is sometimes
known as surrogate modeling. We use continuum attention concepts to make
this choice. The resulting transformer based neural operator methodology that we
develop here can be used to learn solution operators to parametric PDEs, to solve
PDE inverse problems, and may also be applied to solve a class of data assimilation
problems. In the context of parametric PDEs we will explore how this algorithmic
framework may be employed in operator learning for Darcy flow and 2d Navier-
Stokes problems. As a particular case of operator learning, we will also explore a
class of data assimilation problems that involve recovering unobserved trajectories
of possibly chaotic dynamical systems. Namely, we illustrate examples involving

the Lorenz-63 dynamical system and a controlled ODE.

4.1.1 Literature Review

The attention mechanism, as introduced in Vaswani et al. (2017) and defined in
@.1), has shown widespread success for a variety of tasks. In particular, given
the suitability of attention and transformers for applications involving sequential
data, there has been a large body of work extending the methodology from natural
language processing, the setting in which it was originally introduced, to the more
general context of time series. Namely, as surveyed in Wen et al. (2023), transform-
ers and variants thereof have been applied to time series forecasting, classification
and anomaly detection tasks. This generalization has involved modifications and
innovations relating to the positional encoding and the design of the attention func-
tion itself. We refer the reader to Wen et al. (2023) for a detailed review of the large
body of work and architectural variants of transformers that have been developed

for time series applications.

Attention in Vision The quadratic scaling in the input of the attention mechanism
has made transformers a computationally prohibitive architecture for applications
involving long sequences. Nonetheless, through techniques such as patching, the
attention mechanism and transformers have also enjoyed success in computer vision,
where high-resolution image data presents an increased computational cost. In fact,
in vision transformers (ViT), introduced in Dosovitskiy et al. (2021]), the input image
is subdivided into patches; attention is then applied across the shorter sequence of

patches, thus decreasing the overall cost.
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Neural Operators Given the success of the methodology in computer vision, there
has been growing interest in extending the transformer methodology to the oper-
ator learning context. This operator setting concerns learning mappings between
infinite dimensional spaces of functions. In this case, the domains on which the
functions are defined (spatial and temporal) may inherently be a continuum. Neural
operators (N. Kovachki et al., 2023a)), generalizations of neural networks that learn
operators mapping between infinite-dimensional spaces, have been developed for
this task. As they parametrize operators acting on spaces of functions, the learned
parameters of neural operators may be applied to any discretization of the input
function; this property of neural operators is referred to as “discretization invari-
ance”. Discretization invariance is desirable both at a theoretical and practical level.
Indeed, for a neural network to approximate an operator acting on functions defined
on a continuum, its parameters cannot depend on the discretizations of the input
functions that are used for learning the parameters themselves. On the other hand,
discretization invariance allows to scalably train models on coarser discretizations
of functions and to deploy or finetune trained models at different resolutions for
downstream tasks. A recent example of the success of this approach is the GenCast
medium-range weather forecasting model (Price et al., 2025a), which because of
discretization invariance properties is pretrained on low resolutions and finetuned

at the desired predictive resolution.

Transformers for Operator Learning In the following paragraphs, we discuss sev-
eral approaches in the literature employing transformers for operator learning. We
first discuss some approaches leading to neural operators, followed by a discussion

of architectures that are not discretization invariant.

Neural Operators. An integral kernel interpretation of the attention mechanism

appearing for example in Tsai et al. (2019), Martins et al. (2020), Moreno et al.
(2022), Wright and Gonzalez (2021)), Cao (2021), and N. Kovachki et al. (2023al)
inspired a range of attention-based architectures for operator learning. For example,
the work of Cao (2021) leverages insight from the integral kernel formulation
to design novel attention mechanisms that do not employ the softmax function.
The author designs attention mechanisms using integral kernels which may be
approximated by a Fourier-type projection, leading to quadratic complexity, and by
a Galerkin projection, leading to linear complexity. While the resulting attention
maps are discretization invariant, the full architecture proposed uses convolutional

neural networks to downsample the input to a feature map of sufficiently small
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resolution for the method to be scalable. Hence the full architecture is not a neural
operator. Furthermore, the lack of the softmax nonlinearity leads to a mechanism
lacking the probabilistic description outlined in this chapter, thus differing from
the original definition of attention in Vaswani et al. (2017). In Zhijie Li et al.,
2024 the authors take the Fourier attention approach as in Cao, 2021 to design a
neural operator for large eddy simulation, while in Luo, Qian, and Yoon, 2024 the
authors take the Galerkin attention approach from Cao, 202 1|to design a novel neural
operator architecture. In Zijie Li, Meidani, and Farimani (2023) the authors present
“OFormer” a neural operator with an encoder-decoder structure that employs cross-
attention to obtain the latent embeddings and then stacked self-attention blocks; the
model uses the attention from Cao (2021) and random Fourier features for query
coordinate encodings while using a recurrent multi-layer perceptron for unrolling in
time-dependent problems as opposed to masked attention in Vaswani et al. (2017).
In the recent work Rahman et al. (2024), the authors propose a neural operator
architecture that employs an attention mechanism that acts across channels of the
function in the latent embedding, and do so in the context of pre-training a foundation
model for PDE solution operators. We demonstrate how such an architecture can be
derived from our formulation in Remark As in this chapter, various attention-
related concepts are defined in a function-space setting, but our formulations are
more general; this issue is discussed in detail at the relevant point in the chapter.
We note that the architectures introduced in this chapter rely solely on the attention
mechanism defined in the continuum, hence they are neural operators; furthermore,
because of the simple design, with a slight modification to our architectures we may

prove the first universal approximation theorem for transformer operators.

Non discretization invariant architectures. In Guibas et al. (2022) the authors pro-

pose a modification of the Fourier neural operator that involves mixing of tokens
in Fourier space. This is achieved by first applying the FFT to the sequence of
tokens and then applying a MLP to each token, before inverting back to the original
space. This approach differs fundamentally from the original definition of atten-
tion in Vaswani et al. (20177 and lacks the probabilistic description outlined in this
chapter. Furthermore, because of learnable positional embeddings and patching via
convolution, the AFNO is not discretization invariant. Various other approaches
have been developed. The work Hao et al. (2023) introduces “GNOT”, an archi-
tecture employing a normalized attention layer that handles multiple inputs. This
design, along with a learned gating mechanism for input coordinates, allows the

model to be applied to irregular meshes and multi-scale problems; however, this
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architecture employs an attention mechanism that does not involve rescaling by the
grid, hence not directly allowing for discretization invariance. In Ovadia et al.
(2024) the authors propose to use an architecture composed of a ViT in the latent
space of a U-Net (Ronneberger, Fischer, and Brox, |2015). The proposed model
takes as input the input field evaluated on a grid with associated coordinate values
and outputs an approximation of the solution to PDE inverse problems. While it is
shown that the architecture achieves state-of-the-art accuracy, the parameters in the
scheme are not invariant to the input function resolution. In Wang et al. (2025a) the
authors design “Continuous ViT”, an architecture consisting of a ViT encoder and a
cross-attention decoder. The method handles input functions defined on space and
time and the method is shown to present evidence of discretization invariance, with
test discretizations close to training discretizations. However, while the architecture
is discretization invariant in time, it is not by design in space. This is because the
tokenization procedure employed by standard ViTs is not discretization invariant;
we elaborate on this point in Remark 4.3.3]

Transformers for Continuum Data The use of attention-based transformer models
in the context of dynamical systems and data assimilation problems, where spatial
and temporal domains of the systems are continuous, is at its infancy. For a compre-
hensive review on the application of machine learning to data assimilation we refer
the reader to Cheng et al. (2023a). In this context, the efficacy of transformers has
been explored for forecasting in numerical weather prediction. In Chattopadhyay
et al. (2022), a transformer module is integrated in the latent space of a U-Net (Ron-
neberger, Fischer, and Brox, 2015) architecture in order to leverage the permutation
equivariance property of the transformer to improve physical consistency and fore-
cast accuracy. The work in Bi et al. (2023) achieves state-of-the-art performance
among end-to-end learning methods for numerical weather prediction by applying
a ViT-like architecture and employing the shifted window methodology from Z. Liu

etal. (2021). These approaches, however, are not discretization invariant by design.

Mathematics of Transformers Mathematical foundations for the methodology are
only now starting to emerge, however most analysis has been preformed in the
finite-dimensional setting. In the recent work Geshkovski, Letrouit, et al. (2023)),
the authors study the attention dynamics by viewing tokens as particles in an interact-
ing particle system. The formulation of the continuous-time limit of the dynamics,
where the limit is taken in “layer time” allows to investigate the emergence of clusters

among tokens. In Yun et al. (2020), the authors prove that transformers are uni-
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versal approximators of continuous permutation equivariant sequence-to-sequence
functions with compact support. More broadly, developing a firm theoretical frame-
work for the subject is necessary to understand the empirical performance of the

methodology and to inform the design of novel attention-based architectures.

This Work This chapter bridges the gap between the recent theoretical develop-
ments for the attention mechanism and practical application in operator learning. In
fact, starting from a description of the attention mechanism as a map on spaces of
functions, we build discretization invariant transformer blocks that may be directly
deployed for operator learning tasks. A numerical investigation shows that the ensu-
ing transformer neural operators are competitive with state-of-the-art architectures
for a range of operator learning tasks. The framework developed may be used
more generally to design larger, more complex architectures for which the universal

approximation theorem proved in this chapter may potentially be generalized.

4.1.2 Contributions and Outline

Motivated by the success of transformers for sequential data, we set out to formulate
the attention mechanism and transformer architectures as mappings between infinite
dimensional spaces of functions. In this work we introduce a continuum perspective
on the transformer methodology. The resulting theoretical framework enables the
design of attention-based neural operator architectures, which find a natural appli-
cation to operator learning problems. The strength of the approach of devising
implementable discrete architectures from the continuum perspective stems from
the discretization invariance property that the schemes inherit. Indeed, the resulting
neural operator architectures are designed as mappings between infinite dimensional
functions spaces that are invariant to the particular discretization, or resolution, at
which the input functions are defined. Notably, this allows for zero-shot general-
ization to different function discretizations. With these insights in view, our main

contributions can be summarized as follows:

1. Formulation of attention as a mapping between function spaces.

2. Approximation theorem that quantifies the error between application of the
attention operator to a continuous function and the result of applying its finite
dimensional analogue to a discretization of the same function. The relevant
results may be found in[Theorems 4.2.6/and 4.2.12]
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3. A formulation of the transformer architecture as a neural operator, hence as a
mapping between function spaces; the resulting scheme is resolution invariant

and allows for zero-shot generalization to irregular, non-uniform meshes.

4. A first universal approximation theorem for transformer neural operators. The
relevant results may be found in[Theorems 4.5.1)and 4.5.2]

5. Formulation of patch-attention as a mapping between spaces of functions
acting on patch indices. This continuum perspective leads to the design of

efficient attention-based neural operator architectures.

6. Numerical evidence of the competitiveness of transformer-based neural oper-

ators with state-of-the-art operator learning architectures.

Section 4.2] is focused on contributions [I] and [2] formulating attention as acting
on functions defined on a continuous domain. In Section we formulate the
attention mechanism as acting on a sequence of “patches” of a function, addressing
contribution 5] In Section 4.4] we make use of the operator frameworks developed
in Sections[4.2]and [4.3]to formulate transformer neural operator architectures acting
on function space. Thus we address contribution [3] whilst the last two subsections
concern the algorithmic aspect of extending to patching and address contribution
Bl In Section {.5| we state and prove a first universal approximation theorem for
a transformer-based neural operator, hence addressing contribution @ Finally, in
Section 4.6/ we explore applications of the transformer neural operator architectures

to a variety of operator learning problems (contribution [6).

4.2 Continuum Attention

In this section we formulate a continuum analogue of the attention mechanism de-
scribed in Vaswani et al. (2017). We note that in the transformer architecture of
Vaswani et al. (2017), a distinction is made between the self-attention and cross-
attention functions. The former, a particular instance of (.1) where u = v, can
be used to produce a representation of the input that captures intra-sequence cor-
relations. On the other hand, cross-attention is used to output a representation of
the input u that models cross-correlations between both inputs # and v. Indeed,
in Vaswani et al. (2017)) cross-attention is employed in the decoder component of
the transformer architecture so that the input to the decoder attends to the output of
the encoder. For natural language applications in particular, the form of the cross-

attention function has allowed for sequences of arbitrary length N to be outputted
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from a transformer architecture while attending to sequences of different lengths,

e.g. as outputs of length M from a self-attention encoder block.

For pedagogical purposes we subdivide the presentation between the self-attention
operator and the cross-attention operator, which are treated in Subsection {.2.T]and
Subsectiond.2.2|respectively. In Subsectiond.2.1.1|we define self-attention for dis-
crete sequences indexed on finite bounded sets. Here, we outline the interpretation
of self-attention as an expectation under a family of carefully defined discrete prob-
ability measures, each acting on the space of sequence indices. We show that under
this formulation we recover the standard definition of self-attention from Vaswani
et al. (2017). We proceed in Subsection 4.2.1.2 by formulating self-attention as
an operator mapping between spaces of functions defined on bounded uncountable
sets. This interpretation is natural, as functions may be thought of as “sequences”
indexed over an uncountable domain. As in the discrete case, we formulate the self-
attention operator as an expectation under a carefully defined probability measure
acting on the domain of the input. We obtain an approximation result given by The-
orem[4.2.6] that shows that for continuous functions the self-attention mechanism as
implemented in practice may be viewed as a Monte Carlo approximation of the self-
attention operator described. We mimic these constructions in Subsections 4.2.2.1]
and @ for the discrete and continuous formulations of cross-attention, respec-
tively, and obtain an analogous approximation result given by Theorem 4.2.12] As
in (@), throughout this section Q € R9%*% K € R4%>d V ¢ R%*4 gre learnable
weights that parametrize the attention operators. When we consider self-attention

we will have d, = d,.

4.2.1 Self-Attention

In the following discussion we define the self-attention operator in the discrete setting

and in the continuum setting, in Subsections [4.2.1.1jand |4.2.1.2] respectively.

4.2.1.1 Sequences over DV c Z

We begin by considering the finite, bounded set DY = {1,--- ,N}. Weletu : DV —
R4 be a sequence and j € DV an index so that u(j) € R%. We will now focus on
formulating the attention mechanism in a manner that allows generalization to more
general domains D" ; at the end of this subsection we connect our formulation with
the more standard one used in the literature, which is specific to the current choice

of domain DV = {1, --- , N}. We define the following discrete probability measure.
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Definition 4.2.1. We define a probability measure on DV, parameterized by (u, j),
via the probability mass function p(-;u, j) : DN — [0, 1] defined by

exp((Qu(j), Ku(k))z, )
Srenn exp((Qu(f), Ku(€)), )

plkiu,j) =

2

for any k € DV.

We may now define the self-attention operator as an expectation over this measure

p of the linear transformation V € R%*% applied to u.

Definition 4.2.2. We define the self-attention operator AN as a mapping from a
R%-valued sequence over DV, u, into a RY -valued sequence over DV, AN (u), that
takes the form

AN () (j) = Brep(ruy [Vu(k)],

forany j € DV.

To connect these definitions with the standard formulation of transformers, note that

sequence u can be reformulated as the matrix u € R¥*4_ Then

{wQ " Ku"} ji = (Quj, Kug ) g,

that is, the {J, k}—entry of uQ” Ku” € R¥*V is the right-hand side of the preceding
identity, where u, denotes the £’th row of u € RV*% _ Itis then apparent that applying
the softmax function along rows of uQ” Ku” delivers the vector of probabilities
defined in Definition #.2.1] indexed by k; note that j is a parameter in this vector of
probabilities, indicating the row of the matrix uQ” Ku’ along which the softmax
operation is applied. Finally the attention operation from Definition .2.2] can be

rewritten to act between matrices as
N _ . o T TN, /T
A" (u) = attention(u, u) := softmax(uQ’ Ku' )uV",
so that attention(u, u) € RV*4v,

Remark 4.2.3 (Sequences over DV ¢ Z9). Once the attention mechanism is for-
mulated as in Definitions4.2.1] it is straightforward to extend to (generalized)
sequences indexed over bounded subsets of Z%; note, for example, that pixellated
images are naturally indexed over bounded subsets of Z?. Let DN c Z¢ possess

cardinality |DV| = N. Letu : DV — R% be a sequence and j € DV an index. Then
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the definition of probability on DV, indexed by (u, j), and the resulting definition

of self-attention operator A, is exactly as in Definitions This shows the
power of non-standard notation we have employed here.

4.2.1.2 Sequences over D c R?

We note that the preceding two formulations of the attention mechanism view
it as a transformation defined as an expectation applied to the input sequence.
The expectation is with respect to a probability measure supported on an index
of the input sequence. Furthermore, the expectation itself depends on the input
sequence to which it is applied, and is parameterized by the input sequence index,
resulting in a new output sequence of the same length as the input sequence. The
formulation using an expectation results from the softmax part of the definition of
the attention mechanism; the query and key linear operations define the expectation,
and the value linear operation lifts the output sequence to take values in a (possibly)
different Euclidean space than the input sequence. These components may be
readily extended to work with (generalized) sequences defined over open subsets of
R4, (These would often be referred to as functions, but we call them generalized

sequences to emphasize similarity with the discrete case.)

Let D C R¥ be an open set. Let u : D — R% be a sequence (function) and x € D

an index.

Definition 4.2.4. We define a probability measure on D, parameterized by (u, x),
via the probability density function p(-;u,x) : D — R* defined by

exp((Qu(x), Ku(»)za, )
/D exp((Qu(x), Ku(s))RdK) ds ’

p(y;u,x) =

foranyy € D.

Definition 4.2.5. We define the self-attention operator A as a mapping from a R%-
valued sequence (function) over D, u, into a R% -valued sequence (function) over
D, A(u), as follows:

A(u)(x) = Eypyun [Vu(y)l,

for any x € D.

A connection between the discrete and continuum formulations of self-attention is

captured in the following theorem.
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Theorem 4.2.6. The self-attention operator A may be viewed as a mapping A :
L®(D;R%) — L*(D;R¥) and thus as a mapping A : C(D;R%) — C(D;R).
Furthermore, for any compact set B ¢ C(D;R%),

S exp({Qu(-), Ku(y;)))Vuly;)

=0,
S exp((Qu(-), Ku(ye)))

lim supE

— ueB

Au) -

C(D:RYV)

with the expectation taken over i.i.d. sequences {y }?’: |~ unif(D).

Proof. The proof of this result is developed in Appendix 4.A.1] O

Remark 4.2.7. This result connects our continuum formulation of self-attention with
the standard definition, using Monte Carlo approximation of the relevant integrals; a
similar result could be proved using finite difference approximation on, for example,
a uniform grid. We note that it is not possible to obtain a uniform convergence
rate for all u € B in the norm of C(D;R%) as the Riemann integral may exhibit

arbitrarily slow convergence depending on the regularity of the integrand.

4.2.2 Cross-Attention
In the following discussion we define the cross-attention operator in the discrete
setting and in the continuum setting, in Subsections|4.2.2.T|and[4.2.2.2] respectively.

4.2.2.1 Sequences over DV c 74, EM c 7¢

We begin by letting DV C Z¢ and EM C Z¢ be finite sets of points with cardinalities
N and M respectively. Let u : DV — R9% be a sequence (function), v : EM — R%
another sequence (function), and j € DV, k € EM indices so that u(j) € R% and

v(k) € R%. We define the following discrete probability measure.

Definition 4.2.8. We define a probability measure on DV, parameterized by (u, v, j),
via the probability mass function q(-;u,v, j) : DV — [0, 1] defined by

exp((Qu(/), Kv(k))ys, |
Sreem exp({Qu(), Kv(0))ga )

forany k € EM.

We may now define the cross-attention operator as an expectation over this measure

g of the linear transformation V € R4v*4v applied to v.
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Definition 4.2.9. We define the cross-attention operator CV as a mapping from a
R%-valued sequence (function) over DV, u, and a R% -valued sequence (function)

over EM v, into a RY -valued sequence (function) over DN, CN (u,v), as follows:

CN(u’ V)(J) = Ek~q(k;u,v,j) [Vv(k)] >

for any j € DV.

4.2.2.2 Sequences over D c RY E c R¢

The framework described in Subsection {.2.2.T| may be readily extended to work
with generalized sequences (functions) defined over open subsets of R¢. Indeed,
let D € R? and E C R be open sets. Let u : D — R% be a sequence (function),
v 1 E — R% another sequence (function), and x € D, y € E indices. We define

the following probability measure over D before providing the definition of the
cross-attention operator.

Definition 4.2.10. We define a probability measure on D, parameterized by (u, v, x),
via the probability density function q(-;u,v,x) : D — R* defined by

exp((Qu(), Kv (), )
fE exp((Qu(x), Kv(s))RdK) ds’

q(y;u,v,x) =

foranyy € E.

Definition 4.2.11. We define the cross-attention operator C as a mapping from a
R4 -valued sequence (function) over D, u, and a R% -valued sequence (function)

over E, v, into a R -valued sequence (function) over D, C(u, v), as follows:

C(u, V) ()C) = Ey~q(y;u,v,x) [VV (y)] >

for any x € D.

A connection between the discrete and continuum formulations of cross-attention is
captured in the following theorem.

Theorem 4.2.12. The cross-attention operator C may be viewed as a mapping C :
L®(D;R%) x L*(E;R%) — L®(D;R%), and so as a mapping C : C(D;R%) x
C(E;R%) — C(D;R¥). Furthermore, for any compact set B ¢ C(D;R%) x
C(E;R®™)
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S exp((Qu(-), Kv(y)))Vv(y;)
Sty exp((Qu(-), Kv(ye)))

with the expectation taken over i.i.d. sequences {y; }9’21 ~ unif(E).

lim sup E||C(u,v) - =0,

N—oco (u,v)eB

C(D:RYV)

Proof. The proof of this result is developed in Appendix §.A.2] which contains
straightforward generalizations of the techniques in Appendix 4.A.1] O

4.3 Continuum Patched Attention

Patches of a function are defined as the restriction of the function itself to elements
of a partition of the domain. We may then define patch-attention as a mapping
between spaces of functions defined on patch indices. Interest in applying the at-
tention mechanism for computer vision led to the development of methodologies to
overcome its prohibitive computational cost. Patching, as employed in vision trans-
formers (ViT), involves subdividing the data space domain into P € N “patches” and
applying attention to a sequence of flattened patches. This step drastically reduces
the complexity of the attention mechanism, which is quadratic in the input sequence
length. An analogue of the patching strategy in vision transformers can be consid-
ered in the function space setting. Indeed, in image space, attention can be applied
across subsets of pixels (patches); in function space, attention can be applied across
the function defined on elements of a partition of the domain. Such a generalization
to functions defined on the continuum allows for the development of architectures
that are mesh-invariant. We describe the patched-attention methodology in the

continuum framework developed thus far.

Throughout this section, we let D ¢ R¢ be a bounded open set and let D :=
D1U---UDp be auniform partition of the space D so that D; = D’ are congruent for
all j € [1, P] for some D’ c D, where P € N represents the number of patches. We
note that we require a uniform partition, namely a partition of subsets of equivalent
finite volume, in order to define operators that can be applied to functions defined
on each of these subsets; however, for practical application we may have a different
number of discretization points within each subset. We consider a function defined
on the full domain D, denoted as u € U (D; Rd“). We define a mapping

i [1,P] > UD RM), (4.5)
that defines the patched version of the function u € U (D; Rd“), so that

u(p) = ulp, (4.6)
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for any p € [1,P]. We proceed to establish the definitions of the patched self-

attention operator Ap in Subsection @.3.T] and for completeness the patched cross-
attention operator Cp in Subsection

4.3.1 Patched Self-Attention

We begin with the definition of the patched self-attention operator Ap. Indeed, we
let the operators Q, K, V be defined such that Q : U(D’,R%) — L*(D’,R),K :
U(D',RY%) — L>(D’',R%),V : U(D',R%) — U(D’,R%) and let j € [I, P] be

an index.

Definition 4.3.1. Define a probability measure on [[1, P], parameterized by (u, j),
via the probability density function p(-;u, j) : [1, P] — [0, 1] defined by

exp((Qﬁ(j)’ Kﬁ(k)>L2(D',RdK))

511 exp((QE(), KTO) 1 )

p(k;u,j) =

’

forany k € [[1,P]].E|

Definition 4.3.2. The self-attention operator Ap maps the function taking a patch
index to a R%-valued function over D', w, into a function taking a patch index to a
R4 -valued function over D', Ap(u), as follows:

Ap(1)(J) = Bppar,jy [Vu(k)],
forany j € [1, P].

Remark 4.3.3 (Patched Attention in ViT). An image may be viewed as a mapping
u: D — R% where D c 7% and where d, = 1 for grey-scale and d, = 3 for
RGB-valued images. In the context of vision transformers (Dosovitskiy et al., 202 1),
the input to the attention mechanism is a sequence of P “flattened” patches of the

input image; we next outline the details to this procedure.

Letting N be the total number of discretization points in D and P the number
of patches, in the discrete setting each function patch u(p) : D' — R% may
be represented as an RN/P*4 matrix. The flattening procedure of each patch
in ViT involves reshaping this matrix into an RN/P"4 vector. The full image is
thus represented as a sequence of P vectors of dimension N/P - d,. Each patch

vector is then linearly lifted to an embedding space of dimension dypq0. The

2We note that as Q is linear, Qu(j) is shorthand notation for Q(u(j)), and similarly for K and V.
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embedded image, to which attention is applied, may hence be viewed as a matrix
u € RP¥dmoaer Therefore, ViT may be cast in the setting of the discrete interpretation
of the self-attention operator outlined in Subsection where the domain on
which attention is applied is D¥. A key observation to the ensuing discussion
is that the application of a linear transformation to a “flattened” patch in ViT
breaks the mesh-invariance of the architecture; however, this operation may be
viewed as a nonlocal transformation on each patch. We leverage this insight in
fo design discretization invariant transformer neural operators that
employ patching. We further note that in practice, patching in ViT is often also
achieved via strided convolutions, with stride equivalent to the kernel size; however,
because the kernel size determines the number of parameters, such a procedure
also breaks discretization invariance as it leads to architectures with parameters

dependent on resolution of the input.

Remark 4.3.4 (Codomain Attention). The work of Rahman et al. (2024)) employs an
attention mechanism that acts across the channels of the function u € U(D; R dmodel )
in the latent space of a neural operator architecture. Indeed the “codomain”
attention mechanism defined may be viewed as a particular variant of Definition
4.3.2) where D’ = D, where Ap(u)(j) is defined for j € [1,dpuoqer] and where
Q, K,V are implemented as integral operators. In particular the indexing is by
channels and not by patch. For problems in computer vision, similar ideas have

been explored with discrete versions of the Q, K,V operators (L. Chen et al., |[2017).

4.3.2 Patched Cross-Attention

For completeness, we outline the definition of the patched cross-attention operator.
We consider E C R€ to be a bounded open set and E := E{ U ... U Ep a uniform
partition of E so that E; = E’ = D" for all j € [1, O] for some E’ C E and O € N.
We note that for the following construction we require £’ = D’, but it may hold in

general that P # O. As done for u we define an operator
v:[1,0] - UE,RY), 4.7)
that defines the patched version of the function v € U (E;R%), so that
v(0) = vig, (4.8)

forany o € [1, O]. Furthermore, we let the operators Q, K, V be defined such that Q :
U(D',R%) — L*(D',R),K : U(E',R¥) — L*(E’,R%),V : U(E',RY) —
U(E’,R%) and let j € [1, P] be an index.
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Definition 4.3.5. We define a probability measure on D, parameterized by (ii, v, j),
via the probability density function q(-;u, v, j) : [1, P] — [0, 1] defined by

exp((Qi(]')a Kv(k) >L2(E’,R“K))

52, exp((Qi(/). K(O) 12 g e

q(k;u,v,j) =

b

forany k € [1,O].

Definition 4.3.6. The cross-attention operator C maps the operator taking a patch
index to a R%-valued function over D', , and the operator taking a patch index
to a R%-valued function over E', v, into an operator taking a patch index to a

R valued function over D', Cp(u, V), as follows:
Cp(u,v)(J) = Exgkiiz, ) [VV(K)],

forany j € [1, P].

4.4 Transformer Neural Operators

In this section we turn our focus to describing how to devise transformer-based
neural operators using the continuum attention operator A as defined in the func-
tion space setting in Section4.2] and the continuum patched-attention operator Ap
acting on function space from Section 4.3] We make use of the operator frame-
works developed in Sections {.2] and [4.3] to formulate transformer neural operator
architectures acting on function space. We start in Subsection 4.4.1], setting-up the
framework. In Subsection [4.4.2) we formulate an analogue of the transformer from
Vaswani et al. (2017) as an operator mapping an input function space U (D; Rd”)
to the solution function space Z (D; RdZ). The resulting scheme, which we define
as transformer neural operator (TNO) is invariant to the discretization of the input
function and allows for zero-shot generalization to irregular, non-uniform meshes.
However, this architecture exhibits quadratic complexity with respect to the num-
ber of discretization points of the input functions. Hence, motivated by the need
to develop new eflicient architectures to employ attention on longer sequences, or
in our case higher resolution discretizations of functions, in Subsection 4.4.3| we
describe a generalization of the ViT methodology to the function space setting,
inspired by the work in Dosovitskiy et al. (2021). In particular we generalize the
procedure of lifting flattened patches to the embedding dimension, as done in ViT,
to the function space setting. This is achieved by lifting patches of functions to an
embedding dimension using a nonlocal linear operator, namely, an integral opera-

tor. Unlike ViT, the resulting neural operator architecture, which we call ViT neural
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operator (ViTNO), is discretization invariant and allows for zero-shot generalization
to different resolutions. In Subsection 4.4.4) we describe a different patching-based
transformer neural operator acting on function space, the Fourier attention neural
operator (FANO). The architecture is discretization invariant and is based on Q, K, V,
learnable parameters in the attention mechanism, being defined as integral operators
acting themselves on function space. We demonstrate in that the ap-
proach involving parametrizing Q, K, V as integral operators yields an architecture
with greater parameter count for a similar computational complexity. We show that
this architecture produces improved results in the context of a problem with smooth

inputs.

4.4.1 Set-Up
In the subsections that follow we describe transformer neural operators of the form
¥ : U(D;R%) x ® — Z(D;R%), which serve as approximations to an operator
¥ U(D;R%) — Z(D;R%). The neural operators we devise have the general
form

¥Y(u,0) = (Tout oEp o Tin) (u,0), 4.9)

forany u € U(D;R%) and § € ©. In (#.9), the operators Ty, : U(D;R4u)x0 — V
and Toy @ V X O — Z(D;R%) are defined for some appropriate embedding
function space V. We will make explicit the definitions of the general operators
Tin, Tout and the embedding function space V in the context of each architecture.
Throughout this section, we drop explicit dependencies on 6 for brevity unless we
wish to stress a parametric dependence; for example, we may abuse notation and
write Tin(¢) := Tin(u; 6). The operator E; : V X ® — V defines the neural
operator analogue of the transformer encoder block from Vaswani et al. (2017)). Its

action on the input v(?) := T;, (1) € V is summarized by the iteration

D le(l_l) + AMultiHead(V(l_l))’ (4.102)
MUS VI FLagerNorm (V(l—l))’ (4.10b)
vD W=D 4 Py (vED), (4.10c¢)

v FLayerNorm(V(l_l))7 (4.10d)

for/ =1,..., L layers, so that EL(V(O)) = v(L) e ¥ P| We note that for notational

convenience, we have suppressed dependence of the operators on the layer ¢; indeed,

3We note that we use v to denote an arbitrary function in the space V. This is not to be confused
with v used for cross-attention in[Section 4.2] We also denote the output of the £’th encoder layer by
v not to be confused with the notation used for the data pairs.
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each of the operators AmuitiHead> W1, W2, Fnn and Frayernorm, Will have different
learnable parametrizations for each encoder layer €. Before we delve into the specific
neural operator architectures, we summarize the definitions of the elements of the
transformer encoder described in (4.10), which are common to all the subsequent
architectures. The multi-head self-attention operator Apuitigead : V — YV is defined
as the composition of a linear transformation Wyyitead applied pointwise to its input

and a concatenation of the outputs of H € N self-attention operators so that

(Avtitteas () () = Wanatinead (A (3 00) (), . A 030 (), (&1D)

for any v € V. Here the notation A. indicates the ambiguity in the definition of
self-attention. We note that we will make explicit which definition of self-attention
operator from the previous sections we employ for each architecture; we will also
make clear the definitions of the parameters 6;, € © defining each attention operator.
The operators Wi, W, : V — V are pointwise linear operatorsﬂ Next, the operator
FLayerNorm @ V' — V defines the layer normalization and the operator Fyn : V — V
defines a feed-forward neural network layer. Both operators are applied pointwise

to the input; further details are provided in the context of each architecture.

A key aspect of the ensuing discussion will be the distinction between local and
nonlocal linear operators. We note that for an arbitrary function space U (D; R” )
where D ¢ R?, the space of linear operators L((L{ (D;R"); U (D;Rr')) includes
both local and nonlocal linear operators. In the following, we will consider point-
wise linear operators in .E((L( (D;R"); U (D; R ')) that admit a finite-dimensional
representation W € R”*". On the other hand, we will also consider linear inte-
gral operators in L(ﬂ (D; R, U (D; R" /)) a class of nonlocal operators. Namely,
we consider operators W that are integral operators learned from data of the form
W : @y — L(U(D;R); U(D:R)).

Definition 4.4.1 (Integral Operator W). The integral operator W : Oy —
l:((LI(D; R"); U(D; R")) is defined as the mapping given by

(W(O)u)(x) = / kg (x, y)u(y)dy, Yu € U(D;R"), Vx € D, (4.12)
D
where kg : D — R is a neural network parametrized by 6 € Ow.

Assuming kg (x, y) = kg(x — y), hence the kernel to be periodic, then (4.12]) may be
viewed as a convolution operator, which makes it possible to use the Fast Fourier

4We note that for all experiments in Section we set Wy, Wy to be the identity operators.
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Transform (FFT) to compute (4.12)) and to parametrize W in Fourier space. Fol-
lowing Zongyi Li et al. (2021)), this insight leads to the following formulation of the
operator given in Definition 4.4.1]

Definition 4.4.2 (Fourier Integral Operator W). We define the Fourier integral

Operator as
(W(O)u) (x) = 7—'—1(RW(9) : (ﬂ))(x) Vue U(D;R"), Vxe D.  (4.13)

To link to the definition (@.12)) with translation-invariant kernel we take Ry (6) to
be the Fourier transform of the periodic function kg : D — R parametrized by
0 € @W.

For uniform discretizations ny X - - - X ng = N of the space D, the Fourier transform
can be replaced with the Fast Fourier Transform (FFT). Indeed, for the Fourier
transform we have Fu : RY — C’ and Rw(0) : RY — C"*". On the other hand,
for the FFT we have Fu : Z¢ — C" and Rw(6) : Z¢ — C". In practice, it is
possible to select a finite-dimensional parametrization by choosing a finite set of

wave numbers

| Zk

= |{k € Zd : |k]| < kmax,j, forj = 1,,d}|

We can therefore parametrize Ry by a complex ((kaax,l +1)X.. . X(2kmax.qg+1) X

r’ X r)-tensor. We will use the notation kpyax = |Zk when discussing parameter

max

scalings in the subsequent sections.

These integral operator definitions will be used to define architectures for the Vision
Transformer Neural Operator in Subsection 4.4.3]and the Fourier Attention Neural
Operator in Subsection #.4.4] but are not needed to define the basic Transformer
Neural Operator in Subsection[4.4.2] In the context of each architecture, we make

explicit the parametrizations of the integral operators employed.

4.4.2 Transformer Neural Operator

The transformer neural operator architecture follows the general structure of
ftions (4.9)| and [(4.10); here, we make explicit the choices for Ti,, Toy, Ez that

instantiate it. In we provide a schematic representation of the full trans-
former neural operator architecture. We consider model inputs u € U (D;R%),
model embedding space V := U(D; Rdmodel), and model output space Z(D; RdZ),
with D c R?. The function u € U (D; R%) is first concatenated with the identity
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Figure 4.1: Transformer Neural Operator.

defined on the domain D, so that the resulting function uj, € U(D; RAutd ) is defined

by its actionon x € D as
uin(x) = (u(x),x). (4.14)

In practice, this step defines a positional encoding that is appended to the input
function. A linear transformation Wi, € RémoeX(dutd) ig then applied pointwise
to lift the function u;, into the embedding space V. The input operator T;, :
U(D;R%) — <V is hence defined as

(T 0)) ) = Winttn () (4.15)

for uy, € U(D;R%*4) defined as in @I4), where x € D, u(x) € R%, and
Win € Rémoaex(dutd) - QOpserve that Ty, acts as a local, pointwise linear operator

on Uin.

Next, we define the details of E; : V — <V in @.10) by specifying a definition of
AmultiHeads W1, W2, FLayerNorm» and Fny for the transformer neural operator setting.
The operator Anyltigead : V — V is the multi-head attention operator from ({.1T])
based on the continuum self-attention from Definition4.2.5] Letting H € N denote
the number of attention heads, the multi-head attention operator is parametrized
by the learnable linear transformations Q) € R%Xdmodel K, e RIKXdmodel ',
RY9xXdmodel  for h = 1,...,H, where for implementation purposes dx is chosen
as dx = dmodel/H E] The multi-head attention operator is thus defined by the
application of a linear transformation WyuitiHead € RmoderxH-dK 1 the concatenation
of the outputs of H € N self-attention operators. The operators Wi{,W, : V — V

SWe note that dpoge; and H should be chosen so that dmogel 1S a multiple of H.
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are pointwise linear operators and hence admit finite-dimensional representations
Wi, Wy € RémoterXdmodel g that they define a map

v(x) > Wiv(x),

for each x € D, and similarly for W>. The operator FpayerNorm : V — V is defined
such that

(Fromam(vi 7 B00) =y WO g

a2(v(x)) + ¢

fork = 1,...,dmodel, any v € V,and any x € D C R4, where the notation ( - )y
is used to denote the k’th entry of the vector. In equation (.16), £ € R* is a fixed

parameter, yi, Bx € R are learnable parameters and m, o are defined as

1 dmodel
m(y) = ¥ Yo
model =1
“4.17)
dmodel )
2
o (y) = rk—m(y)),
y dmodel ; (y Y )
for any y € R%oel The operator Fyy : V. — V is defined such that
FNN(v; W3, Wa, by, b)) (x) = Wi f (Wav(x) + b1) + bo, (4.18)

forany v € V and x € D, where W3, Wy € RmoderXdmodel and by, by € Rmodel gre

learnable parameters and where f is a nonlinear activation function.

Finally, we define the output operator Toy : V — Z(D;R%) as a local linear

operator applied pointwise, so that
(Tout()) () = Wourv (), (4.19)

forx € D, v €V and Wy € R%Xdmoder,

The composition of the operators Ti,, Ez, Toue completes the definition of the trans-
former neural operator. In Appendix we outline how this neural operator
architecture is implemented in the finite-dimensional setting, where the input func-

tionu € U (D; Rd“) is defined on a finite set of discretization points {x,-}l.’i , € D.

4.4.3 Vision Transformer Neural Operator
We introduce an analogue of the vision transformer architecture as a neural operator

using the patching in the continuum framework developed in Section 4.3 We note
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that in the context of the ViT from Dosovitskiy et al. (2021)), performing patch
“flattening” before a local lifting to the embedding dimension introduces a nonlocal
transformation on the patches, as described in Remark@ This procedure as im-
plemented in Dosovitskiy et al. (2021) violates the desirable (for neural operators)
discretization invariance property. Hence, for a neural operator analogue, we substi-
tute the lifting to embedding dimension with a nonlocal integral operator. The ViT
neural operator (ViT NO) introduced is thus discretization invariant. We describe
this methodology within the framework provided by making explicit choices for
Tin, Tout, Er that instantiate [Equations (4.9)|and |(4.10)[ appropriately. In

we provide a schematic for the architecture, with a graphical representation of the

encoder layer in

b
X S

out

' | (x)xl

N
Steshape Transformer Encoder S rsope

— 1L W,
— VO —>v >0 —»
b .
in * ' . in

Srestape (14n) () vO(j)

ol

Figure 4.2: Vision Transformer Neural Operator.

Let D c R? be a bounded open set. Consider ¥ € U(D;R%) and let D =
D1 U---UDp be auniform partition of the space D so that D; = D’ have equivalent
finite volume for all j € [1, P] for some D’ ¢ D, where P € N represents the
number of patches. We consider model inputs u € U (D;R%), model embedding
space V := {v |v:[1,P] > UD; Rdmodel)}, which is a space of functions acting
on patch indices, and model output space Z (D;R%), with domain D c R?.

We begin by defining the input function T;, : U(D;R%) — V. The function
u € U(D;R%) is first concatenated with the identity defined on the domain D, so
that the resulting function u;, € U(D;R%*9) is defined as in (@.I4); recall that
this defines a positional encoding. An operator Xieshape 18 applied to the function

uin € U(D;R%*4) that acts on the input so that the resulting function is of the form

z:reshape(uin) : [[1, P]] - W(D/’ Rdu+d)' (420)
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We apply a nonlocal linear operator Wy, € L((Ll (D'; R%H+dy (D', Rdmode‘)) that
acts on any u : [1, P] — U(D’; R%*9) so that for any j € [1, P]

u(j) = Winu(j). (4.21)

The above nonlocal linear operator is chosen as an integral operator as in Definition
and the subsequent discussion. The composition of the operators defined in
[Equations (4.14)] [(4.20)| and [(4.21)] defines our choice of Ti,. Namely, we define
Tin : U(D;R%) — V via

(Tin ) () 1= WinSresape (n) (1)) (4.22)

where uj, € U(D;R%*) is defined as in @.14), j € [1, P] and W;, is defined as
in (@.21).

Transformer Encoder Layer

A(vO; 01, K1, V)
e V(l) . AP(V(I) 5 Qz, KZ’ V2) WituitiHead
3 : T
E A (v Oy Ky, Vi) ‘
- I \LI

Figure 4.3: Vision Transformer Neural Operator Encoder Layer.
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Next, we define the details of E; : V — V in [Equation (4.10)| by specifying a

definition of AmultiHead> FLayerNorms W1, W2, and Fny in this patched setting. In each
layer the operator Anpuititead : V — V is the multi-head attention operator from
(@.11) based on the self-attention from Definition §.3.2] Letting H € N denote
the number of attention heads, the multi-head attention operator is parametrized
by learnable local (pointwise) linear operators Qy, K;,Vj, for h = 1,...,H. In
this setting, these are chosen to be linear operators applied pointwise, they can
be represented by finite dimensional linear transformations Q;, € R¥>dmoel K,
Rk Xdmogel |/, e RAKXdmosel  for p = 1,..., H. EI For implementation purposes
dg is chosen as dx = dmodel/H. The multi-head attention operator is thus
defined by the application of a local linear transformation WyyitiHead € RmoserxH-dx

to the concatenation of the outputs of H € N self-attention operators. The operators

®We note that in the context of the Fourier attention neural operator, presented in the next
Subsection [4.4.4] we generalize this definition to Q;,, Ky, Vj, for i = 1, ..., H being nonlocal linear
integral operators.

TWe note that dyode; and H should be chosen so that dyoegel iS a multiple of H.
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Wi, W, : V — V are pointwise linear operators and hence admit finite-dimensional

representations Wy, W, € R%modeXdmodel 5o that they define a map
v(x;p) = Wiv(x; p), (4.23)
for each x € D’ and p € [1, P], and similarly for W,. The operator FpayerNorm :
V — V is defined such that
(v(x;p)); —m(v(x; p))

(FLoevom (7. B)(x:p)) =7 +B (424
\/az(v(x;p)) +e

for k = 1,...,dmodel» any p € [1,P] and any x € RY c D, where we use the
notation ( - ) to denote the k’th entry of the vector. In equation (4.24), € € R* is
a fixed parameter, v, Br € R are learnable parameters and m, o are defined as in
@.17). The operator Fxn @ V — V is defined by

Fan (v W3, Wy, by, b2) (x5 p) = Wi f (Wav(x; p) + by) + b, (4.25)

for any x € D and any p € [1, P], where W3, Wy € RémodeXdmodel and by, by € Rémodel

are learnable parameters and f is a nonlinear activation function.

Finally, we define the action of Toy : V — Z(D;R%). This is given by first

’
reshape

applying a reshaping operator X to the output of the encoder, where this map
is defined as
(v) € U(D;Rmodet), (4.26)

’
[ Zreshape

/
reshape

We note that the operator X may be viewed as an inverse of Xieshape. A

pointwise linear transformation Wy, € R4=Xdmodel defined by
v(x) b Wouv(x) € Z(D;R%), (4.27)

for any x € D, is then applied. This procedure completes the definition of the
operator Toy : V — Z(D;R%), which is given by

(Tout ) ) = Wour(Zfogpape (V) (). (4.28)
forany v € V and x € D.

Remark 4.4.3. Discontinuities may arise when the patching architecture is used
and may be visible in error plots and can also interfere with self-composition of
maps learned as solution operators of time-dependent PDEs. Ameliorating such

discontinuities can be achieved using a smoothing operator as a final layer of the
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network. To this end, assuming Z (D; RdZ) c H*(D; RdZ)for some s > 0, we define
for e > 0 and a > 1 the operator (I — eA)™ : Z(D;RdZ) — Hs+2“(D;RdZ), and

define the last layer of the architecture as
2z (I-eM)(2), (4.29)

forz = (Tout oE; 0 Tin) (u).

The composition of the operators Tiy, E;, Toye completes the definition of the ViT
neural operator. In Appendix [4.B.2] we outline how this neural operator architecture
is implemented in the finite-dimensional setting, where the input function u €
U(D;R%) is defined on a finite set of discretization points {x;}"  c D.

4.4.4 Fourier Attention Neural Operator

In this subsection, we introduce a different transformer neural operator based on
patching, the Fourier attention neural operator (FANO). In this setting, to gain
additional expressivity, we replace the local linear operators Q, K, V in the attention
mechanism with nonlocal integral operators. In we provide a schematic
for the Fourier attention neural operator architecture, with a graphical representation
of the encoder layer in We outline the details of the architecture in the

following discussion.

We again let D C R“ be a bounded open set. Consider u € U(D;R%) and let
D = Dy U...UDp be a uniform partition of the space D so that D; = D’
for all j € [1,P] for some D’ c D, where P € N represents the number of
patches. We consider model inputs u € U(D;R%), model embedding space
V = {v|v:[1,P] > U(D;Rme1)} which is a space of functions acting on
patch indices , and model output space Z(D; RdZ), with domain D c R4,

' X % Z(x)

X1
u(x) |
reshape Transformer Encoder sreihape

Gl Tl W,
> lj_l 'J' — VO 5 S5O 5 e Dy

Figure 4.4: Fourier Attention Neural Operator.

S,
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We define Tj, similarly to (4.22) in the previous section, via a composition of
[Equations (4.14)} [(4.20)] and [(4.21); however here the linear lifting operator is
chosen to be a pointwise linear transformation Wi, € RmoderX(du+d) Namely, we
define Tj, : U(D;R%) — V via

(Tin @) (7)) = Wan Eresape (n) (1)) ), (4.30)

for any j € [1, P] and any x € D, where u;, € U(D;R%*?) is defined as in @.14),
Zreshape as in (4.20) and the nonlocal operation (4.21) is replaced by a local pointwise

one.

Next, we define the particulars of E; : V — V in [Equation (4.10). The key
distinction between the Fourier attention neural operator that we define here and

the ViT neural operator from the previous subsection #.4.3] lies in the nonlocal-
ity of operations performed within Apyuiineaq- Here, in each layer the operator
AMultiHead : V — V is the multi-head attention operator from (.11]) based on the
self-attention operator from Definition 4.3.2] Letting H € N denote the number
of attention heads, the multi-head attention operator is parametrized by learnable
nonlocal linear integral operators Qy, Kj, € £(‘L[ (D’, Rémode): [ 2(D’ R )) and

V), € L(%{(D’, Rmodel): U (D', RdK)), for h =1,..., H, where for implementation
purposes dk is chosen as dx = dmodel/H. The specific formulation of these linear
integral operators may be found in Definition .4.2] and the subsequent discussion.
The multi-head attention operator is thus defined by the application of a pointwise
linear transformation Wayiipreag € Rémeee*H-dx 10 a concatenation of the outputs of
H € N self-attention operators. The operators Wy, W, are defined as in (4.23). The
layer normalization operator FpayerNorm : V' — V is defined as in #.24) so that it is

applied to every point in every patch. Furthermore, the operator Fyn : V — V is

defined as in (4.25).
We define T,y identically to [Equation (4.28)l We refer to Remark for an

additional operation that can be applied to ameliorate the effect of patch discontinu-

ities. Finally, the composition of the operators Ti,, E;, Toue completes the definition
of the Fourier attention neural operator. In Appendix we outline how this
neural operator architecture is implemented in the finite-dimensional setting, where
the input function u € U(D; Rd") is defined on a finite set of discretization points

N
{x,' i=1 c D.
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Figure 4.5: Encoder Layer of the Fourier Attention Neural Operator.

4.5 Universal Approximation by Transformer Neural Operators

Universal approximation is a minimal requirement for neural operators. When
the operator to be approximated maps between spaces of functions defined over
Euclidean domains, universal approximation necessarily requires both nonlocality
and nonlinearity. In the recent paper Lanthaler, Zongyi Li, and Andrew M. Stuart
(2025), a minimal architecture possessing these two properties is exhibited. In
this section, rather than trying to prove universal approximation for the various
discretization-invariant neural operators introduced in the chapter, we construct a
simple canonical setting that exhibits the universality of the attention mechanism
on function space, allowing direct exploitation of the ideas in Lanthaler, Zongyi
Li, and Andrew M. Stuart (2025). We build on the notation used in Subsection
M.4.1] In particular A denotes the self-attention operator from Definition 4.2.5| and
f an activation function. Throughout this section, we consider activation functions

f € C*(R) which are non-polynomial and Lipschitz continuous.

To be specific, we consider neural operators ¥ : U (D;R%) x ©@ — Z(D;R%) of
the form
(w3 60) = (Tow o E 0 T (1436), (431)

where Tin : U(D;R%) — V(D;Rémoeet) and Ty : V(D3 RImecel) — Z(D;RY:)
are defined by neural networks of the form
(Tin(u)) (x) = R f(R1 (u(x), x) + bR) + By, (4.32)

(Tout(v))(x) - P, f(P1 (v(x).x) + bp) + b, (4.33)
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where (u(x),x) € R%*? and (v(x),x) € Rémei*d where Ry, Ry, Py, P, are learned
linear transformations of appropriate dimensions and bg, b;e’ bp, b;, are learned
vectors. We define the operator E : V (D; Rdmodel) % (D; Rdmodel) as a variant of
the layer defined by the iteration step in[Equation (4.10)| given by the two-step map

acting on its inputs v € V as

v(x) < Wiv(x) + A(v; 0, K, V) (x), (4.34a)
v(x) = Wov(x) + W f (Wav(x) + b1) + bo, (4.34b)

for any x € D. Note that the neural operator thus defined does not include layer
normalizations; it is thus a variant of the transformer neural operator from Subsection
M.4.2] We may now apply the result of Lanthaler, Zongyi Li, and Andrew M. Stuart
(2025)) to show two universal approximation theorems for the resulting transformer

neural operator.

Theorem 4.5.1. Let D C R¢ be a bounded domain with Lipschitz boundary, and fix
integers s, s’ > 0. If ¥7 : C°(D;R") — C*(D;R") is a continuous operator and
KccC® (5; R") a compact set, then for any & > 0, there exists a transformer neural
operator ¥(+;0) : K ¢ C*(D;R") — cs (D; Rr’) so that

sup |[¥7 (1) — ¥ (u; 6)
uek

o < E. (4.35)

Proof. We begin by noting that for O, K = 0 and V = [, the self-attention mapping
reduces to

A(v;0,K,V)(-) = Eyepiyon [VV()] = ﬁ / v(x) dx. (4.36)

For weights W, = 0, W3 = W4 = I and b, = 0, the transformer encoder neural

operator layer (4.34) reduces to the mapping

v() > f{Wiv() + by + ﬁ / v(x) dx) . (4.37)

The existence of W1, Ry, Ra, P1, P2, b1, b, b, bp, b’ so that W (- ; 0) satisfies (4.35)
then follows from Lanthaler, Zongyi Li, and Andrew M. Stuart (2025, Theorem 2.1),
which also involves the application of the universality result for two-layer neural
networks of Pinkus (1999, Theorem 4.1). O

The analysis in Lanthaler, Zongyi Li, and Andrew M. Stuart (2025) allows the

derivation of an analogous universal approximation theorem for functions belonging
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to Sobolev spaces. This generalization is the content of the next theorem. The proof
follows easily by applying the same argument as in the proof of Theorem 4.5.1 and
the result of Lanthaler, Zongyi Li, and Andrew M. Stuart (2025, Theorem 2.2).

Theorem 4.5.2. Let D c R? be a bounded domain with Lipschitz boundary and
fix integers s,5' > 0, p,p’ € [1,00). If P : WP (D;R") — Wsl’p/(D;Rr/) is
a continuous operator and K ¢ WP (D;R") a compact set of bounded functions
so that sup,ck ||u||L~ < oo, then for any € > 0, there exists a transformer neural
operator ¥(-;0) : K ¢ WP (D;R") — Ws"p,(D;R’,) so that

sup ||‘PT
uek

» <& (4.38)

4.6 Numerical Experiments

In this section we illustrate, through numerical experiments, the capability of the
transformer neural operator architectures described in Section4.4] Throughout, we
consider the supervised learning problem described by the data model in (4.3) and
take the viewpoint of surrogate modeling to construct approximations of the oper-
ators W', In Subsection we consider problems given by dynamical systems
and ordinary differential equations, namely operators acting on functions defined
on a one-dimensional time domain. In this context, we explore the use of the
transformer neural operator for operator learning problems given by the Lorenz ‘63
dynamical system and a controlled ODE. On the other hand, in Subsection
we consider problems given by partial differential equations equations, namely op-
erators acting on functions defined on a two-dimensional spatial domain. In this
context we explore the use of the transformer neural operator and of the more
efficient ViT neural operator and Fourier attention neural operator architectures
for operator learning problems given by the Darcy flow and Navier-Stokes equa-
tions. The code repository for the experiments in this chapter may be found at

https://github.com/EdoardoCalvello/TransformerNeuralOperators.

Remark 4.6.1 (Relative Loss). For each neural operator architecture we optimize

for the parameters 6 € ©® according to the relative loss, i.e.

1< ||\y (1) 9 ((J'))HZ
yZ

, 4.39

: )T
for data points {u(J)}j:1


https://github.com/EdoardoCalvello/TransformerNeuralOperators
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4.6.1 1D Time Domain

In this subsection we consider problems where attention is applied to functions in the
one-dimensional time domain. The first setting we consider is that of the Lorenz ‘63
dynamical system (Edward N Lorenz, |1963a), a simplified model for atmospheric

convection. The dynamics are given by

dx = o(y —x)dt,
dy = (x(p —2) — y)dt, (Lorenz ‘63)
dz = (xy — Bz)dt,

with parameters set to o = 10, p = 28 and 8 = 8/3. We consider learning the
operator W' : C([0,T];R%) x RY x R% — C([0,T]; R%) x C([0,T];R%) given
by

¥F (1), 9(0), 2(0) }refory = (1), 2(D}eror- (4.40)

In this case, ¥' is known to exist and given by the solution operator for the system
of linear ODEs arising from the second and third components of (Lorenz “63),
given known first component. We note that including the initial condition of the
unobserved trajectories in the model introduces a discrepancy in dimension within
the input function to the model. Namely, denoting by u the input to the model,
u(0) € R? while u(z) € R for t # 0. We overcome this issue by learning separate
embedding linear transformations W;,, and W;,, for the initial condition and the
rest of the trajectory, respectively. In Figure {.1| we display the results obtained by
applying a transformer neural operator model on a test data set of 1000 samples with
the same discretization (A = 0.01 and 7T = 2) as the training set of 8000 samples
on the operator learning problem described by (4.40). The operator is successfully
learned, and displays median relative L? error of less than 1%, with worst case rising
to just below 10%.

We also experiment with a setting for which W' is not well-defined: we study
the recovery of unobserved trajectory {y(f)}c[o,r] from the observed trajectory
{x()}refo.ry so that W7 : C([0,T];R%) — C([0,T];R%) and

Y7 {x()efor) = V(@) }epom-

This operator would only be well-defined if (y(0), z(0)) were included as inputs.
We nonetheless expect accurate recovery of the hidden trajectory by the property of

synchronization (Pecora and Carroll, |1990; Hayden, Olson, and Titi, 2011).
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Figure 4.1: The panel displays the performance of the transformer neural opera-
tor when applied to the Lorenz ‘63 operator learning problem of recovering both
unobserved y and z trajectories. In each column, the top plot shows the input x tra-
jectory data while the second and third row display the predicted against true y and
Z trajectories, respectively; the left column concerns the testing example achieving
a median relative L? error, and the right columns shows the test example achieving
the worst error.

We investigate an additional operator learning problem given by the setting of the
controlled ODE

dz = sin(z)du, z(0) = zp,

Lo . . . (CDE)
u(t) = Zgj sin(zn;1), & ~N(0,1)iid. ,n; ~ unif([0,J])iid. .

j=1
In this case we aim to approximate the operator ¥ : C([0, T];R%) — C([0,T]; R%)
defined by
W {u(0); & ntefory = {2(0): € 1} eon)-

For this problem we make the choice J = 10.

The experimental settings we consider for the continuous time operator learning
problem may be viewed through the lens of data assimilation as smoothing problems
(Sanz-Alonso, A. Stuart, and Taeb, 2023a). Indeed, the mappings to be learned
represent the recovery of an unobserved trajectory {z() };c[o,7] conditioned on the

observation of a whole trajectory {u(?)};e[0.7]-

In Figure 4.2] we demonstrate the mesh-invariance property of the transformer neu-

ral operator in the context of the operator learning problems arising from equations
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Super-resolution for Transformer Neural Operator

Lorenz ' 63: Recovery of y
A - Lorenz ' 63: Recovery of (y.2)
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Figure 4.2: The panel displays the performance in relative L? errors (in log-scale)
of the transformer neural operator when applied to the Lorenz ‘63 and controlled
ODE operator learning test sets of different resolutions at inference time (without
retraining). All models were parametrized by dpoqel = 128 and 6 encoder layers,
and were trained with 8000 trajectories with 7" = 2, sampled according to At = 0.01.

(Lorenz ‘63)) and (CDE). A key motivation for considering the continuum formu-
lation of attention and the related transformer neural operator is the property of
zero-shot generalization to different non-uniform meshes. To demonstrate this, in
Figure [4.3] we consider the operator learning problem of mapping the observed x
trajectory of to the unobserved y trajectory. We display the median
relative L? error and worst error samples from a test set consisting of trajectories
{x(?) }sex,.» Where the test time index set T is defined as

Trest = {nA}N2 U {2nAz}flf/V4/2+l, (4.41)

for At := T /N, where the model deployed is trained on trajectories indexed at a set
T irain defined by
Tirain = {nAL} . (4.42)

In other words, the second half of the testing domain is up-sampled by a factor of 2
compared to the training discretization. As seen qualitatively in Figure {.3] testing
on the non-uniform discretization based on a model trained on the uniform grid is
successful. The use of different grids in test and train data does lead to a larger error
than the one incurred when they match (Figure[d.2)), but the errors remain small. Itis
our continuum formulation of attention from(Subsection 4.B. Ilthat enables this direct
generalization; indeed, as displayed in the transformer from Vaswani et

al., 2017 when applied to the same setting yields larger errors than the transformer

neural operator, due to the TNO’s reweighting based on the discretization of the

grid.



159

Trajectories: Prediction vs. Truth (sample rate = Test/dt0.01)

Trajectories for predicted components: Trajectories for predicted components:
Median Relative L2 Error (1.91e-02) Maximum Relative L2 Error (3.64e-02)

— input 1] — mput

Time Time.
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= Prediction == Prediction

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00
Time Time.

Figure 4.3: The panel displays the performance in relative L? errors of the trans-
former neural operator when applied to the Lorenz ‘63 operator learning problem
of recovering the unobserved y trajectory. The results displayed concern a model
trained on trajectories indexed on the index set (4.42) deployed on a test of trajec-
tories indexed on (4.41)). In each column, the top plot shows the input data and the
bottom compares the prediction and ground truth; the left column shows the testing
example achieving a median error, and the right columns shows the test example
achieving the worst error.

Trajectories: Prediction vs. Truth (sample rate = Test/dt0.01)

Trajectories for predicted components: Trajectories for predicted components:
Median Relative L2 Error (2.74e-02) Maximum Relative L2 Error (6.30e-02)

— input — Input

Time Time.

=—— Ground Truth
—— Prediction

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00
Time Time.

Figure 4.4: The panel displays the performance in relative L? errors of the trans-
former from Vaswani et al.,[2017| when applied to the Lorenz ‘63 operator learning
problem of recovering the unobserved y trajectory. The results displayed concern
a model trained on trajectories indexed on the index set (4.42)) deployed on a test
of trajectories indexed on (4.41). In each column, the top plot shows the input data
and the bottom compares the prediction and ground truth; the left column shows
the testing example achieving a median error, and the right columns shows the test
example achieving the worst error.

4.6.2 2D Spatial Domain
In this subsection we study two different 2D operator learning problems — flow in

a porous medium, governed by the Darcy model, and incompressible viscous fluid
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mechanics governed by the Navier—Stokes equation, in particular, a Kolmogorov
flow. We apply the three architectures developed in Sections {.2] and {.3] concen-
trating on the patched architectures. In the first Subsection [4.6.2.1] we report the
results obtained by applying the neural operators described to an array of opera-
tor learning problems, where the domain of the functions is two-dimensional i.e.
D c R2. In Subsection we describe the settings of the two Darcy flow
operator learning problems considered, along with the parametrization and training
details for the various architectures. Similarly in Subsection|4.6.2.3] we describe the
Kolmogorov flow operator learning problem and relevant implementation details.
Subsections.6.2.2]and4.6.2.3|also contain further numerical results illustrating the

behavior of the proposed transformer neural operators, and discretization invariance

in particular.

4.6.2.1 Results

The results presented concern the two variants of Darcy flow, with lognormal and
piecewise constant inputs, and the Kolmogorov flow. The operator learning archi-
tectures we deploy include the three transformer-based methods introduced in this
chapter, and the implementations of the Fourier neural operator from the “Neural-
Operator” library (Zongyi Li et al., 2021; N. Kovachki et al., 2023a), the Galerkin
transformer from the “galerkin-transformer” library (Cao, 2021), and the AFNO
(Guibas et al., 2022) from the “physics-nemo” library (PhysicsNeMo Contributors,
2023). We note that in order to obtain a numerical comparison of the attention
mechanisms themselves, in the context of the Galerkin transformer architecture we
only use the Galerkin transformer encoder, with lifting and projections achieved
by linear layers as in TNO. This allows for a more direct comparison between the
Fourier attention from Cao (2021) and our continuum attention, without potential
expressivity gain from additional architectural components. In the following dis-
cussion, we do not include experiments performed using the Codomain-attention
neural operator (Rahman et al., 2024) in the high-resolution settings: the memory
usage with the implementation from the “NeuralOperator” library did not allow for
comparably sized models, in terms of parameters; the performance of the models

we trained was hence incomparably inferior to the others.

Our first results compares the transformer neural operator from Subsection 4.4.2]
with FNO, AFNO and the Galerkin transformer (employing Fourier attention) on
the lognormal Darcy Flow problem in a low 64 x 64 resolution setting. Table
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provides a brief summary of the test relative L2 errors obtained. It is notable that the
transformer architecture obtains the best performance with an order of magnitude
fewer parameters. However, since higher resolution renders the architecture from
Subsection[4.4.2]impractical in dimensions d > 2 the remainder of our experiments

use the patched ViT and Fourier attention neural operators from Subsections
and 4.4.4]respectively.

Architecture Number of Parameters Darcy Flow
Lognormal Input
Transformer NO 5.98-10° 1.19-1072
FNO 5.70 - 10° 1.96 - 1072
AFNO 1.10 - 10° 2.57-1072
Galerkin Transformer 6.04 - 10° 7.30- 1072

Table 4.1: Median relative L? error for each architecture applied to a low resolution
experimental setting.

We now consider training two patched architectures on the Darcy Flow problem
with piecewise constant inputs and the Kolmogorov Flow problem; in both cases we
use a416x416 resolution setting. We compare cost versus accuracy for the different
neural operators implemented, defining cost in terms of both number of parameters
and number of FLOPS. In Table 4.2 we present the FLOPS for each method; details
of the derivation are provided in Appendix 4.C| We note that the parameter scaling

for the transformer neural operator is given by O(d2 ), while the scaling for the

model
2

FNO and the Fourier attention neural operator is O(dZ ., -

Kmax), Where kmax i8

the total number of Fourier modes used. The parameter scaling for the ViT neural

2
model

for the AFNO architecture is given by O(Ndmogel + d2, ), where the Ndmodel

model

operator is given by O(dmodel ckmax + d ) We note that the parameter scaling

appears because of the learnable positional encoding. Further details are provided
in Appendix
Figures 4.5| and [4.6| display the cost-accuracy trade-off. Table [.3] provides the test

relative L? errors values, depicted in the cost-accuracy analysis figures, obtained with
the models with the highest parameter count. Figure[d.5|demonstrates the parameter-
efficiency of the ViT neural operator in comparison with the FNO, AFNO and Fourier
attention neural operator. Once cost is defined in terms of FLOPS it is apparent
that both patched transformer architectures outperform the FNO; furthermore in
the Kolmogorov flow problem, the FNO exhibits accuracy-saturation, caused by
the finite data set, whereas the patched architectures are less affected, in the ranges

we test here. This suggests that the patched transformer architectures use the
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Architecture i Scaling

FNO O(dmotetN 10g(VN) + N2 1))

AFNO O(dmoderN log(VN) + Nd7, ;.. /b)
Transformer NO O(dmodetN” + NdZ, 1)

VITNO O dmociV (P +10g(YN]P)) + N1og(VN) + N2,
FANO o(dmodelN(P +1og(+/N/P)) + Nlog(N) + Ndfmde])

Table 4.2: Evaluation cost (measured in FLOPS) for the three proposed transformer
neural operators compared to the Fourier neural operator (Zongyi Li et al., 2021)
and adaptive Fourier neural operator (Guibas et al., 2022). We include the scaling
of the AFNO as implemented for our use case, i.e. not employing patching and not
employing mode truncation; we further note that in the context of this architecture
b is a chosen integer hyperparameter. We give further details on the derivation of
these scalings in Appendix @

information content in the data more efficiently. The AFNO is comparable in terms
of parameter count to FANO but more costly than ViTNO. On the other hand, even
with no patching, the AFNO is cheaper in terms of evaluation complexity. Both
ViTNO and FANO outperform the AFNO in terms of parameter-accuracy tradeoff
in the context of the Darcy flow problem. For the same problem ViTNO and FANO
bring an improvement in accuracy, albeit at a higher computational complexity. In
the context of the Kolmogorov flow problem, ViTNO and FANO are competitive
with AFNO in parameter-accuracy tradeoff. However for this problem, the AFNO
can achieve higher accuracy with a lower complexity. It is important to note that
because of the learnable positional embedding, and potential strided convolutions
(if using patching), the AFNO is not a neural operator. This means that applying
this architecture to different resolutions would require retraining, thus significantly
increasing computational complexity. This is a fundamental advantage of the other
architectures as their parameters may be deployed across different resolutions for
training and inference. We recall the example of GenCast (Price et al., 2025a),
where a medium-range weather forecasting model is trained using a neural operator
at low resolutions, and then finetuned at higher resolutions, thus drastically reducing

the cost for such a large scale application.

4.6.2.2 Darcy Flow
We consider the linear, second-order elliptic PDE defined on the unit square

—V - (a(x)Vu(x)) = f(x), xe€(0,1)2

(Darcy Flow)
u(x) =0, x €9(0, 1)
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Figure 4.5: The two panels display the test errors (in log-scale) against number of
parameters for the architectures with the channel widths of 32, 64, 96, and 128.
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Figure 4.6: The two panels display the test errors (in log-scale) against evaluation
cost in FLOPS for the architectures with the channel widths of 32, 64, 96, and 128.

Architecture

Darcy Flow Darcy Flow Kolmogorov Flow
Lognormal Input | Piecewise Constant Input
ViT NO 7.68-1073 9.72-1073 1.07-1072
FANO 8.39- 1073 1.38- 1072 6.34-1073
FNO 2.38- 1072 3.78 - 1072 1.52-1072
AFNO 2.66-1072 3.09-1072 3.99-1073

Table 4.3: Median relative L? error for each architecture applied to the different
high resolution experimental settings.

which is the steady-state of the 2d Darcy flow equation. The equation is equipped
with Dirichlet boundary conditions and is well-posed when the diffusion coeffi-
cient a € L((0,1)%;R,) and the forcing function is f € L*((0,1)%;R). In this

context, we will consider learning the nonlinear operator ¥ : L=((0, 1)2; Ry) —

H(l) ((0,1)%;R) defined as

¥ g .

We consider two different inputs. In both experimental settings the forcing function

ischosenas f = 1.
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In the first the data points {a/) };:1 are sampled from the probability measure
w1 = (T1)gN(0, C),
where N (0, C ) is a Gaussian measure with covariance operator C defined as
C=122(-A+6°1)7,

where the Laplacian is equipped with zero Neumann boundary conditions and
viewed as acting between spaces of spatially mean-zero functions, and 77 () = exp(-)
is the exponential function. We hence refer to the data inputs a'/) as being lognormal.

In the second setting {a(/) }521 are sampled from the probability measure
w2 = (T2)gN(0, C),
where the covariance operator is defined as before and

12, x>0,
TIr(x) =
3, x<0.

We hence refer to the data inputs a'/) as being piecewise constant.

In the context of the lognormal experimental setting, we investigate a scenario
with low resolution training samples, for which pointwise attention and hence the
transformer neural operator from Subsection 4.4.2is suitable, and a high resolution
scenario where patching becomes necessary for application of the patched-based
architectures of Subsections and4.4.41

For the low resolution setting, we train the FNO, AFNO, Galerkin transformer and
TNO architectures using 3600 independent samples of resolution 64 x 64, we use
200 samples for validation and 200 samples for testing. The Fourier neural operator
is parametrized by 12 Fourier modes in each dimension and channel width of 128;
the model is trained using a batch size of 8 and learning rate of 107*. On the
other hand, the transformer neural operator is parametrized by 128 channels in the
encoder and is trained using a batch size of 2 and learning rate of 1073, The AFNO
is instantiated with 4 layers of 128 hidden channels, and does not employ patching; it
is trained using a learning rate of 1073 and batch size of 1. The Galerkin transformer
uses the Fourier type attention from Cao, 2021, with quadratic complexity, making
it prohibitive for higher resolutions. It uses 4 layers of 128 hidden channels and is
trained using a learning rate of 10~ and batch size of 2. On this problem we train

all neural operators using the relative H' loss.
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Median and Maximum Relative L2 Error Samples

Input Field Ground Truth Prediction

Pointwise Absolute Error
, Median Relative L2 Error (8.39¢-03)

— o o
w o .

Input Field Ground Truth Prediction Pointwise Absolute Error
Maximum Relative L2 Error (1.76e-02)

Figure 4.7: The panel displays the result of the application of the Fourier attention
neural operator on the Darcy flow experiment with lognormal diffusion for the
median and maximum relative L? error samples. The first row shows the sample
from the test set of the same resolution as the training set yielding the median
relative L? error. On the other hand, the second row displays the sample yielding
the maximum relative L? error. The first column of the panel displays the input
diffusion coefficient a(x) of the relevant sample. The second column shows the true
solution u(x; a), while the third column displays the the predicted solution. The last
column displays the pointwise absolute error (in log-scale) between the prediction
and truth.

For the high resolution setting, we train the AFNO, FNO, ViT neural operator and
Fourier attention neural operator architectures using 3600 independent samples of
resolution 416 x416; we use 200 samples for validation and 200 samples for testing.
The Fourier neural operator is again parametrized by 12 Fourier modes in each
dimension and channel width of 128; the model is trained using a batch size of 8
and learning rate of 107, The AFNO is instantiated with 4 layers of 128 hidden
channels, and does not employ patching; it is trained using a learning rate of 1073
and batch size of 1. Both the ViT neural operator and Fourier attention neural
operator are parametrized by 128 channels in the transformer encoder. The integral
operator in the ViT NO is parametrized by 12 Fourier modes in each dimension
while the integral operators appearing in the Fourier attention neural operator are
parametrized by 9 Fourier modes in each dimension. Both architectures employ a
final spectral convolution layer (see Remark[4.4.3)) that is parametrized by 64 Fourier
modes in each dimension. Both of these neural operators are trained using a batch

size of 1 and learning rate of 10~>. On this problem we train all the neural operators
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with the relative H' loss. Figuredisplays the high resolution test results obtained

by applying the Fourier attention neural operator.

Median and Maximum Relative L2 Error Samples

Input Field Ground Truth Prediction

Pointwise Absolute Error
jian Relative L.

o Med 2 Error (1.38e-02)

Ground Truth Pointwise Absolute Error
Maximum Relative L2 Error (2.43e-02)

Figure 4.8: The panel displays the result of the application of the Fourier attention
neural operator on the Darcy flow experiment with piecewise constant diffusion
for the median and maximum relative L? error samples. The first row displays the
sample from the test set of the same resolution as the training set yielding the median
relative L? error. On the other hand, the second row displays the sample yielding
the maximum relative L? error. The first column of the panel displays the input
diffusion coefficient a(x) of the relevant sample. The second column shows the true
solution u(x; @), while the third column displays the the predicted solution. The last
column displays the pointwise absolute error (in log-scale) between the prediction
and truth.
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Figure 4.9: The panel displays the performance in relative L? errors (in log-scale)
of the various architectures when applied to Darcy flow with lognormal diffusion
test sets of different resolutions at inference time (without retraining). The left panel
concerns FNO, the transformer neural operator and the Galerkin transformer when
trained on data of resolution 64 X 64. On the other hand, the right panel concerns
the FNO, ViT neural operator and Fourier attention neural operator architectures
trained on data of resolution 416 x 416.
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In the context of the piecewise constant experimental setting, we train the AFNO,
FNO, ViT neural operator and Fourier attention neural operator architectures using
3600 independent samples of resolution 416x416, we use 200 samples for validation
and 200 samples for testing. The Fourier neural operator is again parametrized by
12 Fourier modes in each dimension and channel width of 128; the model is trained
using a batch size of 8 and learning rate of 10™*. The AFNO is instantiated
with 4 layers of 128 hidden channels, and does not employ patching; it is trained
using a learning rate of 10~3 and batch size of 1. Both the ViT neural operator and
Fourier attention neural operator are parametrized by 128 channels in the transformer
encoder. The integral operator in the ViT NO is parametrized by 12 Fourier modes in
each dimension while the integral operators appearing in the Fourier attention neural
operator are parametrized by 9 Fourier modes in each dimension. Both architectures
employ a final spectral convolution layer (see Remark [4.4.3) that is parametrized
by 64 Fourier modes in each dimension. Both of these neural operators are trained
using a batch size of 1 and learning rate of 10~>. On this problem we train all the
neural operators with the relative H'! loss. Figure displays the high resolution

test results obtained by applying the Fourier attention neural operator.

Super-resolution for FNO, ViT Neural Operator, and Fourier Attention Neural Operator

4x1072 4

N w
X x
5 =
1 1

,_.
5]
8
1
i
I
]
]
1
I
|
|
[
i
i
1
0
|
i
i
|
|
|
|
|
I
1
¥
'
I
'
'
I
1
|
|
|
i
'
|
|
|
1
|

FNO
-l ViT Neural Operator
—A- Fourier Attention Neural Operator

Median Relative L2 Error
»

6x 1073 T T T T T
208 312 416 624 832

Resolution

Figure 4.10: The panel displays the performance in relative L? errors (in log-scale)
of the FNO, ViT neural operator and Fourier attention neural operator when applied
to Darcy flow with piecewise constant diffusion test sets of different resolutions at
inference time (without retraining). All architectures are trained on data that is of
resolution 416 x 416.

In Figures [4.9]and .10 we display the results of applying the neural operator archi-
tectures for the lognormal and piecewise input settings, respectively, to test samples
of different resolutions than the one used for training. The results demonstrate the
zero-shot generalization to different resolutions capability of the transformer neu-
ral operator architectures, which does not require retraining of the models. In the
lognormal setting the FNO exhibits invariance to discretization that is more stable
to changing resolution than are the ViT neural operator and the Fourier attention

neural operator.
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4.6.2.3 Kolmogorov Flow

We consider the two-dimensional Navier-Stokes equation for a viscous, incompress-
ible fluid,

3 _
8—3 +u-Vu+Vp = nhu +sin(ny)%, (x,1) € [0,27]2 x (0, c0),
Vou=0, (r,1) € [0.27]* x [0,00),  (KF)
u(.’O) = Uugp, X € [O, 27(]2,

where u denotes the velocity, p the pressure, and m the kinematic viscosity. The
particular choice of forcing function sin(ny) leads to a particular example of a
Kolmogorov flow. We equip the domain [0, 27] with periodic boundary conditions.
We assume

per

o € U = {u € 12,([0,27]%R?) : V- u :o}.

The dot on L? denotes the space of spatially mean-zero functions. The vorticity is
defined as w = (Vxu)Zz and the stream function f as the solution to the Poisson equa-
tion —Af = w. Existence of the semigroup S; : U — U is shown in Temam (2012,
Theorem 2.1). We generate the data by solving in vorticity-streamfunction
form by applying the pseudo-spectral split step method from Chandler and Kerswell
(2013)). In our experimental set-up n = 4 and 7 = 1/70 are chosen. Random initial
conditions are sampled from the Gaussian measure N(0, C) where the covariance
operator is given by
C =7 (-A+491)7,

where the Laplacian is equipped with periodic boundary conditions on [0, 27]?,
and viewed as acting between spaces of spatially mean-zero functions. The input

output-data pairs for the Kolmogorov flow experiment are given by

{w(x, T: wéj)); w(x, T + At w(()j))}j_l,
for a)(()j )~ N(O, C) being i.i.d. samples. Indeed, given any r > 0 we aim to ap-
proximate the nonlinear operator ¥' : H”([0,27]%R) — H"([0,2x]?%R) defined
by

pi . w(x,T;wo) = w(x, T + Af; wo).

In our experimental setting, we set T = 11 and Ar = 0.1. We train the AFNO,
FNO, ViT neural operator and Fourier attention neural operator architectures on this

problem using 9000 independent samples of resolution 416 x 416, 500 samples for
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Median and Maximum Relative L2 Error Samples

Input Vorticity Difference Between Truth and Input Difference Between Prediction and Input. Pointwise Absolute Error
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o
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Figure 4.11: The panel displays the result of the application of the Fourier attention
neural operator on the Kolmogorov flow experiment for the median and maximum
relative L? error samples. The first row displays the sample from the test set of
the same resolution as the training set yielding the median relative L? error. The
second row on the other hand displays the sample yielding the maximum relative
L? error. The first column of the panel displays the input vorticity w(x,T) of the
relevant sample. The second column shows the absolute difference between the
true vorticity w(x, T + Ar) and the input vorticity w(x, T'), while the third column
displays the absolute difference between the predicted vorticity at time 7' + At and
the input w(x, T). The last column shows the pointwise absolute error (in log-scale)
between the prediction and truth.

validation, and 500 samples for testing. The Fourier neural operator is parametrized
by 12 Fourier modes in each dimension and channel width of 128; the model is
trained using a batch size of 4 and learning rate of 1073, The AFNO is instantiated
with 4 layers of 128 hidden channels, and does not employ patching; it is trained
using a learning rate of 1073 and batch size of 1. Both the ViT neural operator and
Fourier attention neural operator are parametrized by 128 channels in the transformer
encoder. The integral operator in the ViT NO is parametrized by 12 Fourier modes in
each dimension while the integral operators appearing in the Fourier attention neural
operator are parametrized by 9 Fourier modes in each dimension. Both architectures
employ a final spectral convolution layer (Remark [4.4.3) that is parametrized by 64
Fourier modes in each dimension. Both of these neural operators are trained using
a batch size of 2 and learning rate of 1073, On this problem we train all the neural
operators with the relative H'! loss. Figure displays the test results using the

Fourier attention neural operators.
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Super-resolution for FNO, ViT Neural Operator, and Fourier Attention Neural Operator

FNO
- M ViT Neural Operator
Tl —A- Fourier Attention Neural Operator

Median Relative L2 Error
15
»
i
I

5
!
s
]
\

T T T T T
208 312 416 624 832
Resolution

Figure 4.12: The panel displays the performance in relative L? errors (in log-scale)
of the FNO, ViT neural operator and Fourier attention neural operator when applied
to Kolomgorov flow test sets of different resolutions at inference time (without
retraining). All architectures are trained on data that is of resolution 416 x 416.

In Figure §.12] we display the results of applying the three architectures to test
samples of resolutions different to the 416 X 416 training resolution. The results
demonstrate the zero-shot generalization capability of the three neural operator
architectures to different discretizations, which does not require retraining of the
models. Again we note that FNO exhibits invariance to discretization that is more
stable to changing resolution than the methods introduced here; but for all the neural
operators it is nonetheless clear that intrinsic properties of the continuum limit are

learned and may be transferred between discretizations.

A few additional considerations are in order. The mode truncation employed in the
Fourier neural operator make the architecture computationally efficient but yields
an over-smoothing effect that is not suitable for problems at high resolutions, where
high frequency detail is prominent. Attention-based neural operators offer a possible
solution to this issue, as demonstrated by the performance of the transformer neural
operators proposed when applied to the PDE operator learning problems considered,
which involve rough diffusion coefficients and rough initial conditions. On the
other hand, patching leads to more efficient attention-based neural operators, but
also introduces possible discontinuities at patch-intersections. This issue has been
observed to be resolved in the large data regime. Furthermore, it is possible to

employ problem specific smoothing operators as the one introduced in Remark

4.4.3] In[Figure 4.13| we display the result of applying a smoothing operator as the

last layer in the training of the FANO architecture in the context of the Kolmogorov
flow problem. The smoothing via the inverse of the negative Laplacian is applied
using the Fourier basis, given the periodic boundary conditions. Here, we make
the specific choice € = 1073 and @ = 1.001, in the context of Remark Such
an approach is effective at reducing the discontinuities introduced by patching and
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reducing the evaluation error, but is problem dependent and requires knowledge of
boundary conditions. Such discontinuity issues constitute an inherent limitation of

patching and highlights the need for more suitable efficient attention mechanisms.

Median and Maximum Relative L2 Error Samples

Difference Between Truth and Input Difference Between Prediction and Input Pointwise Absolute Error
4 Median Relative L2 Error (5.29¢-03)

Input Vorticity Difference Between Truth and Input Difference Between Prediction and Input Pointwise Absolute Error
o Maximum Relative L2 Error (1.35¢-02)

Figure 4.13: The panel displays the result of the application of the Fourier attention
neural operator employing a final smoothing layer on the Kolmogorov flow experi-
ment for the median and maximum relative L? error samples. The first row displays
the sample from the test set of the same resolution as the training set yielding the
median relative L? error. The second row on the other hand displays the sample
yielding the maximum relative L? error. The first column of the panel displays
the input vorticity w(x,T) of the relevant sample. The second column shows the
absolute difference between the true vorticity w(x, T + Ar) and the input vorticity
w(x, T), while the third column displays the absolute difference between the pre-
dicted vorticity at time 7 + Ar and the input w(x,T). The last column shows the
pointwise absolute error (in log-scale) between the prediction and truth.

Furthermore, it is observed that in some experimental settings the patching-based
neural operators exhibit worse stability to changing resolution than FNO. This is
likely due to the effect of patching which may then be further amplified for FANO
due to the application of a higher number of FFT(s) to non-periodic domains. In
the context of the FANO architecture, such issues can be ameliorated using periodic
extensions for Fourier-based parametrizations. In we demonstrate the
discretization invariance of the standard FANO compared to a FANO architecture
that involves building a periodic extension of each patch. The Fourier integral
operator is applied to each extended patch and the extension is then removed from the
output. Such a technique leads to an increase in complexity and runtime but yields

more stable discretization invariance. Other remedies could potentially include
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other kinds of parametrizations for the nonlocal operations, or fine-tuning at different

resolutions.

Super-resolution for Fourier Attention Neural Operators
—A- FANO

—W- FANO with periodic extension

Median Relative L2 Error

T T T T T
208 312 416 624 832
Resolution

Figure 4.14: The panel displays the performance in relative L? errors (in log-scale)
of the Fourier attention neural operator and Fourier attention neural operator with
periodic extensions of patches when applied to Kolomgorov flow test sets of different
resolutions at inference time (without retraining). All architectures are trained on
data that is of resolution 416 x 416.

4.7 Conclusions

In this work we have introduced a continuum formulation of the attention mechanism
from the seminal work Vaswani et al. (2017)). Our continuum formulation can be used
to design transformer neural operators. Indeed, this continuum formulation leads
to discretization invariant implementations of attention and schemes that exhibit
zero-shot generalization to different resolutions. In the first result of its kind for
transformers, with a slight modification to the architecture implemented in practice,
the resulting neural operator architecture mapping between infinite-dimensional
spaces of functions is shown to be a universal approximator of continuous functions
and functions of Sobolev regularity defined over a compact domain. We extend
the continuum formulation to patched attention, which makes it possible to design
efficient transformer neural operators. To this end, we introduce a neural operator
analogue of the vision transformer Dosovitskiy et al. (2021]) and a more expressive
architecture, the Fourier attention neural operator. Through a cost-accuracy analysis,
we demonstrate the power of the methodology in the context of a range of operator

learning problems. In the following we highlight potential avenues for further work.

1. It is of interest to extend the analysis of [Theorems 4.2.6] and {.2.12] to quan-

tify the norm-dependent rates of convergence of discretized attention to its
continuum limit. Furthermore, obtaining the results over i.i.d. samples from

arbitrary strictly positive probability distributions would be of interest.
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2. The Fourier attention neural operator architecture uses operator parametriza-
tions for Q, K, V. Other design choices for these operators not employing the
Fourier basis are possible, for example using the wavelet basis as in Tripura
and Chakraborty, 2023/ or using a multigrid approach as in He, X. Liu, and
Xu, 2024. An investigation of other attention neural operator architectures

arising from this consideration would be of interest.

3. It is of interest to investigate the discontinuity issues arising from patching.
In particular, it is desirable to design schemes that impose continuity amongst

these throughout the architecture.

4. Deriving universal approximation theorems for the patch-based transformer

neural operators would be of great theoretical interest.

4.A Proofs of Approximation Theorems
4.A.1 Proof of Self-Attention Approximation Theorem

We introduce the following auxiliary result that we will apply to prove Theorem
4.2.6l

Lemma 4.A.1. Let D ¢ R? be a bounded open set and let {y 7 }?’:1 ~ U(D) be an
iid sequence. If f € C(D X D) then, with the expectation taken over the data
{y J } ?/:1:

N
|D| 3/2 -1)2
| [ P &= 3 )| €I eV

L2
Proof. Notice that, for any x € D,

[ 1)y = DI,y [ 5]

Hence, by expanding the square, we can observe that

D] < " Ibp
/f(x y)dy - WZ xyi)| < TEy~U(5) [f(x,y)z].

j=1
Bounding f in L®, and noting that it is a continuous function, gives

N

2
/f( y) dy —%Z SY) <%/I;EyNU(5)[f(x,y)2]dx

=1 12
-1
< IDPISIR g5
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The result follows by Jensen’s inequality. [l

As part of the proof of Theorem [4.2.6] we first show that the the self-attention
operator is a mapping of the form A : L®(D;R%) — L*(D;R) and hence
A: C(D;R%) — C(D;R%).

Lemma 4.A.2. Let u € L*(D;R%), then it holds that A(u) € L®(D;R%Y). Fur-
thermore, for u € C(D;R%) it holds that A(u) € C(D;R%).

Proof. Theresult follows readily from the fact that p is a probability density function.
For completeness, we show the boundedness of the normalization constant of the

function p. Indeed we note that

/D exp((Qu(x), Ku(s))) ds < / exp (111K [ ()] [u () ) ds

D
1 1
< [ exp[5IOPIKPluoexp(5lu)F as
D
< IDlexp(Rlu..).

for some constant R > 0. From definition, it is clear that

/ p(y;u,x)dy = 1;

D

hence p is indeed a valid probability density function. It hence follows that
IAG@) I < [VIllwll Lo

hence A : L®(D;R%) — L®(D;R4). Similarly, it follows that A : C(D;R%) —
C(D;R%). We note that the continuity of u is preserved by A under the continuity
of the inner product in its first argument and the continuity of the exponential. [

We are now ready to establish the full result of Theorem 4.2.6] which states that

S exp((Qu(-), Ku(y;))Vu(y;)
Soly exp((Qu(-), Ku(ye)))

A(u) — =0,

C(D:R4V)

lim supE

N—>ooo ueB

with the expectation taken over i.i.d. sequences {y; }?’: |~ unif(D).

Proof of Theorem{d.2.6] Before commencing the proof, we first establish useful

shorthand notation. Letting u € B we define

fGeyiu) = exp((Qu(x), Ku(y))),  gi(x,yiu) = exp((Qu(x), Ku(y))) (Vu(y)),
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forall x,y € D and [ € [1,dy]. For u € B we also define
DI
b= [ ponan a® =20 rey,
=1
and

D] 5
bi(x;u) ¢=/gz(x,y;u) dy, b (xu) = —Zgz(x, yjsu)
D N o

for any x € D and any [ € [1,dy]. We set a; = b;/a and al(N) = bl(N)/a(N). Given

this notation, to prove the result we must show

I EH ) — ™ H =, 4.43
im_sup a(-5u) —a; (- 5u) R (4.43)

for any [ € [1,dy]. We divide the proof in the following key steps. We first show
that for fixed u € B, it holds that

Jim Ella (- :u) — 0V ()2 = 0 (4.44)

forany [ € [1, dy]. By using compactness and applying the Arzela-Ascoli theorem,

we then show that
Jim Ellor(-:0) =0 C)lle gy =0, (445)

for any / € [1,dy]. We then use the compactness of B and continuity of the
mappings u +— a;(-;u) and u +— aéN)(- ;u) to deduce the result given by (4.43).
We now focus on establishing (4.44). Since B is bounded, there exists a constant
M > 0 such that

sup lul[L~> < M.

ueB
Therefore, we have
sugmax{||f||, Igill, - .-, llgmll} < max {exp(RM?), M|V|exp(RM?)} == J,
ue
where || - || = || - ||C(5X5). Clearly,

sup max{|lall;z, la®™ |l 2} < [DP2J
ue

Notice that, since |[(Qu(x), Ku(s))| < RM?, we have f(x,y) > exp( - RM?). It
follows that

inf min{{lal| 2. la™ |2} = |D**exp( - RM?) := |D*’*I > 0.
ue
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Similarly,
sup max. {llbill2 16" 2} < D).

ueB le

Applying Lemma[d.A 1] for fixed u € B we find that

N N N
b by la™ 1l 2116 = 6112 + 1601 2lla = a™ |l 2
PR ) (4.46a)
a a™M|, la®™ | 2llall 2
272
« N2
ST N . (4.46b)
Setting a; = b;/a and a/l(N) = bl(N) /a™), from (@#46a) we deduce that
lim Ella;(-;u) —a™( =0 4.47
N—o0 s u Q, ’u)lle =Y 4. )

for any / € [1,dy]. We now proceed to the second step of the proof, i.e. showing

that (4.45) holds. Using similar reasoning as before, we notice that

inf min{allc ). la"Vlle)} > DI, (4.482)
sup max {[1bille - N, Mle)t < 1D (4.48b)
ue

hence the sequence {al(N)} is uniformly bounded in N. Now, for fixed u € B the
sequence {al(N) (- ;u)} is also uniformly equicontinuous with probability 1 over the
choice {y j}j.vzl ~ U(D). Indeed, we note that

™) M| |V sty T sy w190
- = - 47a
aM(r) aM™M@)| | IV fry)  Dhe f(t k)
1 N
< a7 | 2 8y () = @ity f ()| (4.49b)
j.n=1
J N
<377 (lgi(ry)) = gt y )| + | f (2, y0) = £ (ruyn)])-

j.n=1
(4.49¢)

The result then follows from the uniform continuity of f and g; in their first ar-
guments, due to the compactness of D. Therefore, since D c R? is compact, by
the Arzela—Ascoli theorem there exists a subsequence of indices (Ng)xen such that

al(N") converges in C(D) to some al(oo). Since,

0 N 00 N,
Bllof™ —o{™ 2 < IDI"Ella}™ - a{" ¢,
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by uniqueness of limits, it is readily observed that a/l(‘x’) = a;. Therefore, since the

limit is independent of the subsequence, it holds that
) N
Jim Ellar(-3u) — ™ ¢ 2w)lle ) = 0.

for any [ € [[1, dy]. We now turn our attention to establishing (4.43)). By reasoning
as before and by using the continuity of the exponential and the inner product
in its first argument, it is straightforward to show that as mappings of the form

a; : B — C(D;R%) and a/[(N) : B — C(D;R%) where B is compact, a; and

(N)
!

. N)y - . . .
a, ' are continuous and hence the sequence {al( ) } is uniformly equicontinuous.

Therefore, we can find moduli of continuity wy, w; such that

les (W) -1l ey < w1 (lu=vlleg). ey @-a™ Wlleg, < w2(lu=vliem)

for any u,v € Band N € N. Fix £ > 0. Since B is compact, we can find a number
L = L(¢) € N and functions ¢1, ..., ¢ € B such that, for any u € B, there exists
J € [1, L] such that

[l — ¢j||c(5) <eé.

Furthermore, we can find a number S = S(¢&) € N such that, for any j € [1, L], we
have, forall N > S,

Ellr(4)) - ;" (¢))ll e, < &

It follows by triangle inequality that

Ells(u) — a{™ ()l o5 < Eller(u) — ar(@))ll ez, + Ellen(d)) - o )l 5,
< IDlwi(8) + Ellr(9)) - ™ ()l o5, + Elle™ (8)) — ;™ ()l o 5,

< |D|wi(g) + &+ |D|wy(&).

Therefore the result follows since the argument is uniform over all / € [1,dy]. O

4.A.2 Proof of Cross-Attention Approximation Theorem
We make straightforward modifications to Lemmas 4. A.T| 4.A . 4]and to the proof of
Theorem in order to establish Theorem 4.2.12)

Lemma 4.A.3. Let D ¢ R? and E c R¢ be bounded open sets and f € C(D X E).
Then

N
£) ]
g [renar-TY e < IPENgaN
E N J=1 L2

with the expectation taken over i.i.d. sequences {y }?’:1 ~U(E).
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Proof. Notice that, for any x € D,

[ ey ay=1EE, g )]
E

Hence, by expanding the square, we can observe that

2

N E|2
E ‘/Ef(x,)’) d)’— Z:; x,y;)| < N Ey~U(E)[f(x y)]

Bounding f in L*, and noting that it is a continuous function, gives
N 2
|E E|? 2
/f( y)dy - WZ; 5 Y5) <T DEy~U(E)[f(x’y)]dx

L2
< IDIEPIAIR g, N

The result follows by Jensen’s inequality. [

As part of the proof of Theorem {.2.12] we first show that the the cross-attention
operator is a mapping of the form C : L®(D;R%) x L*(E;R%) — L®(D;R%)
and hence A : C(D;R%) x C(E;R%) — C(D;R%).

Lemma 4.A4. Let u € L®(D;R%) x L*(E;R%), then it holds that A(u) €
L®(D;R%). Furthermore, for u € C(D;R%) x C(E;R%) it holds that A(u) €
C(D;R%).

Proof. The result follows readily from the fact that g is a probability density function.
For completeness, we show the boundedness of the normalization constant of the

function ¢. Indeed we note that
[ expl(@uin. kv(s)) as / exp(1QIIK ) 1v(s)]) s
< [[ex[ S0Pk exo{ 500 as
< |Elexp(R [lull7)exp(Rallvll7)
< Elexp(R(llul3 + IVI1E-) ),

for some constant R := max{R|, R,}. From definition, it is clear that

/q(y;u,v,x) dy =1;
E
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hence g is indeed a valid probability density function. It hence follows that

IC(u V)| ppavy < IVIIVI Lo (£ mav):

hence C : L®(D;R%) x L(E;R%) — L®(D;R%). Similarly, it follows that
C: C(D;R%)x C(E;R%) — C(D;R%). We note that the continuity is preserved
by C under the continuity of the inner product in its first argument and the continuity

of the exponential. 0

We are now ready to establish the full result of Theorem 4.2.12| which states that

S exp({Qu(-), Kv(y)))Vv(y))
S exp((Qu (), Kv(ye)))

lim sup E||C(u,v) - =0,

N—co (u,v)eB

C(D:RYV)

with the expectation taken over i.i.d. sequences {y; }?’: |~ unif(E).

Proof of Theorem[d.2.12] Before commencing the proof, we first establish useful

shorthand notation. Letting (u,v) € B we define

fOyiu,v) = exp({Qu(x), Kv(y))),  gi(x, y;u,v) = exp({Qu(x), Kv(y))) (Vv(»)),

forallx € D,y € E and I € [1,dy]. For (u,v) € B we also define

N
wun = [ e an =G
E N =
and
E N
bi(x;u,v) = /gz(x,y;u,V) dy,  bM(ru) = Wzgz(x, Yjiu,v)
E i=1
for any x € D and any [ € [1,dy]. We set a; = b;/a and al(N) = bl(N)/a(N). Given

this notation, to prove the result we must show

lm su EHal ) —a™ H ) (4.50)

for any [ € [1,dy]. We divide the proof in the following key steps. We first show
that for fixed (u, v) € B, it holds that

lim Ella(-u,v) =) (1 w)ll2 =0, (4.51)
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forany [ € [1, dy]. By using compactness and applying the Arzela-Ascoli theorem,
we then show that for (u#,v) € B

lim Bllar(-3u,v) = @) ()l = 0. (452)

for any / € [1,dy]. We then use the compactness of B and continuity of the
mappings (u,v) — a(-;u,v) and (u,v) — aé(,N) (- ;u,v) to deduce the result given
by @.50). We now focus on establishing (4.51)). Since B is bounded, there exists a
constant M > 0 such that

sup |lullze +[[vll= < M.

(u,v)eB
Therefore, we have
sup max{[|fIl, lg1ll,- -, llgmll} < max {exp(RM?), M|V|exp(RM?)} = J,
(u,v)eB
where || - || = || - || C(DXE)- Clearly, it holds that

sup max{|lall;2, la™| 2} < ID|'*E|J.
(u,v)eB

Notice that, since [(Qu(x), Kv(s))] < RM?, we have f(x,y) > exp( - RM?). It
follows that

Jnf min{llallz, lla™ 2} > DI\ Elexp( - RM?) = [D'|E|T > 0.

Similarly,
sup  max {[1byll2 16\ 12} < IDI'V2|ELJ.
(u,v)eB l€ldk
Applying Lemma[4.A.3] we find
N N N
b b la™1l 2116 = 6112 + 161 2lla = a™ |l 2
— - n (4.53a)
a a L la"™12]|all L2
272
= a-1/2
ST N . (4.53b)

Setting a; = b;/a and a/l(N) = bl(N)/a(N), from (@.53a) we deduce that for (u,v) € B
it holds that
lim Eflar(-:u,v) - o™ (-5u, vl =0, (4.54)
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for any [ € [1,dy]. We now proceed to the second step of the proof, i.e. showing
that (4.52)) holds. Using similar reasoning as before, we notice that

i i — M. =
it min{llalle g la™lle )} > EIL (4.55)
N
sup max {[|bille . 116"l )} < 1EN: (4.55b)
(u,v)eB l€lm]

hence the sequence {al(N)} is uniformly bounded in N. Now, for fixed (u, v) € B the
sequence {a/l(N)(~ ;u,v)} is also uniformly equicontinuous with probability 1 over
the choice {y; }?’:  ~U (D). Indeed, we note that

i) bV sy EI e y) 562)
a™(r) a™ O] X fOrye) X £ 30 |
1
<3 Zgz(r, yi)f (. yn) = gi1(t,yj) f(r,yn)|  (4.56b)
J.n
< D) = a3 )| + £ vn) = £,

Jj.n
(4.56¢)
The result then follows from the uniform continuity of f and g; in their first ar-
guments, due to the compactness of D. Therefore, since D c R? is compact, by
the Arzela—Ascoli theorem there exists a subsequence of indices (N )gen such that

a/l(N") converges in C(D) to some a/l(oo). Since

0 N 00 N,
Bllof™ - o{™,2 < IDI"Elle}™ - o{"

(c0)
!

limit is independent of the subsequence, for fixed (u, v) € B it holds that

by uniqueness of limits, it is readily observed that @, ’ = ;. Therefore, since the

. N
Jim Ella(-5u.v) - o™ (3u )l = 0,

for any [ € [[1, dy]. We now turn our attention to establishing (4.50). By reasoning
as before and by using the continuity of the exponential and of the inner product
on the product space, it is straightforward to show that as mappings of the form
@; : B = C(D;R%) and a/l(N) : B — C(D;R%) where B is compact, a; and

(N)
!

. N)y - . . .
a, ' are continuous and hence the sequence {al( ) } is uniformly equicontinuous.

Therefore, we can find moduli of continuity wy, w; such that

la™ (e, v) = ™ @ D)l o 5, < @2(116v) = @) | Byee )
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for any (u,v), (#,v) € Band N € N. Fix € > 0. Since B is compact, we can find a
number L = L(&) € N and functions ¢y, ..., ¢, € B such that, for any (u,v) € B,
there exists j € [1, L] such that

(e, v) — ¢j||c(5)><c(f) <&

Furthermore, we can find a number S = S(¢&) € N such that, for any j € [1, L], we
have, forall N > S,

Ellr(g)) - ;" (¢))ll e, < &

It follows by triangle inequality that
Ellas(u,v) — @™ (u, ) )

< Ellas(u,v) = a1(¢)ll o5, + Ellas(¢)) — o (w0l 5,

N N N
< IDlwi(8) + Ellr(d)) - ™ ()l o5, + Elle™ (8) — ™ (. v)ll e 5,

< |E|lwi(g) + & + |E|lwa(&).

Therefore the result follows since our argument is uniform over all / € [1,dy]. O

4.B Transformer Neural Operators: The Discrete Setting

We describe how the transformer neural operators described in Section {.4] are
implemented in the discrete setting. Namely, in practice we will have access to
evaluations of the input function u € U (D; Rdu) at a finite set of N discretization
points {xi}l].\; , € D. To highlight how the neural operator methodology is applied
in practical settings it is useful, abusing notation, to view the input to the neural
operators as u € RN*du  In order to distinguish between functions in U (D; Rd“),
and discrete representations of these functions at a finite set of grid points, in this
section we use different fonts for a function u € U (D; R%) and its discrete analogue
u € RV*du We highlight that in practice, it is of interest to apply approximations
of the attention operators A and Ap defined on the continuum, to u € RN%du
Through an abuse of notation, we will write A. («) to denote the finite-dimensional

approximation of A. acting on matrices, and similarly for E;, Fxn and Fpn.

In Subsection we describe the transformer neural operator in the discrete
setting, in Subsection[4.B.2the vision transformer neural operator and in Subsection
the Fourier attention neural operator.

4.B.1 Transformer Neural Operator
In this section, we describe how the transformer neural operator from Subsection

M.4.2] is implemented in the discrete setting. The input to the model is therefore
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a tensor u € RN*du

, which is then concatenated with the discretization points
{x,-}i]\i , € D,to form the tensor u;, € RV*(@u+d) The learnable linear transformation
W € R (dutd)Xdmodel then acts on uj, to yield

(O = uinW.

in’

which is then fed through the transformer encoder. In practice we solve the recur-
rence relation in (4.10) on a finite set of N grid points that arise naturally from the
discrete input u;,. The multi-head attention operator Anpyitigead 1S defined by the ap-

plication of the linear transformation Wy, € RHdxxdmotel 1o the concatenation

MultiHead
of H € N self-attention operations. The concatenation of the outputs of the H € N

self-attention operations results in a RN*Hdk tensor, so that

Amutitiead (V) = (A(v; Q1. K1, V1), - . . AV Oy Kit, Vi) Wnatiittead € B9,
(4.57)
for any v € RVXdmodel We recall that the self-attention operator in question, A, is
defined in Deﬁnitionfor functions. In the discrete setting, where v € RN*dmodel
we compute the expectation and the integral arising from the normalization constant

using the following trapezoidal approximations:

N

1 ) .
AWv); =3 Z(Vw p(ksv, J) + Vv - p(k - 1;v,J)) - Axy, (4.58)
k=2
forany j =1,...,N, with

exp((ij,Kvk>RdK)

L3 (exp((Qv s Kve)ga) + exp((Qv), Kvemt)ga, ) Axe

plk;v,j) = , (4.59)

where by 1, we have denoted the £’th row of the matrix v € RVXdmotel and similarly
for A(v)¢. In equations (#.38)) and (4.59) Ax; denotes

d
Axg = | 1) = Gl
i=1
fork =2,..., N, where (x;); is the i’th component of the vector x;. This trapezoidal
approximation allows for a mathematically consistent implementation of attention

for irregularly sampled data, as demonstrated in Section 4.6

The linear transformations W, W," € RémoderXdmodel are applied pointwise. It is also
straightforward to apply the definitions for FpayerNorm in (4.16) and Fyn in (4.18)
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to the finite representation of v as both involve pointwise linear transformations.
We observe that the recurrence relation (4.10) is compatible with varying domain
discretization lengths N, and will produce an output v(%) of dimension matching
the input v(?). The resulting tensor v(/) € RV*dmoel ig then projected to the output

dimension by applying the learnable linear transformation W = € RémoeiXdz 5o that

out
the output of the architecture is defined as

7= V(L)W(—)Elt € RdmodeIXdz_

4.B.2 Vision Transformer Neural Operator

In this section, we describe how the transformer neural operator from Subsection
M.4.3]is implemented in the discrete setting. In practice, we will have access to a
discretization of the domain D containing N points and evaluations of the function
u € U(D;R%) at these points; the resolution of the input will be determined by n x
...Xng = N. The input to the model will therefore be a tensor u € R™1*-+X"aXdu The
input u € R™M>-XnaXdu is first concatenated with the discretization points {x,-}f\; , C
D, to form the tensor uj, € R™*->"ax(du+d) Denoting by p1X. . .X pg the resolution

of each patch, application of the reshaping operator X eghape results in

2l‘CSha_pe (uin) (= RPXPIX'“XPdX(dU+d)’

Following Definition [4.4.2] and the subsequent discussion, the nonlocal linear oper-

ator Wj, is implemented as
Win(8)u = 7! (Rwin(e) : (7—‘u)), (4.60)

for any u € RPXPr<-xpax(dutd) \where we have made explicit the dependence on
6 € O to highlight the learnable components in the implementation. The FFT is
computed on the p; X ... X py; dimensions so that the resulting tensor is of the

form Fu € CP*P>-xpax(dutd) Since y is convolved with a function that possess

only |Zk Fourier modes, the higher Fourier modes may be truncated so that

CPX(2kmax,1 +1)X.. X(2kmax,a+1) X (dy+d)

max

one may consider Fu € The learnable tensor is
Ry, € CZkmaxi+1)XeX2hmax.a+1)xdmoserx(dutd) and the operation in Fourier space is
defined as

dy,+d

(R' (7:“)) = Z Rpiviatdk (FU) i i (4.61)

dveial
Pl ld =1

for p € [1,P], 1 < ij < 2kmax,j + 1,1 < € < dmodel. The inverse FFT is then

applied along the dimensions 2kmax1 + 1,...,2kmaxqs + 1. The resulting tensor
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defined as v(? e RPXP1X-XpaXdmoe g then fed through the transformer encoder
E; : REXP1X..XpaxXdmodel _y RPXP1X...XpaXdmodel

The multi-head attention is based on the self-attention operator acting on functions
from Definition 4.3.2] While the expectation is computed with respect to a prob-
ability measure on the patch sequence, hence inducing a discrete probability mass
function, the discretization of the domain introduces the need to approximate the L?
inner product appearing in Definition We resort to an approximation of the
integral given by

(O KOy = [ QW) - (Kv(K)) () (4.620)
~ LA (Quv()) () - (Kiv (k) (i), (4.62b)
x;€D’

where we have denoted by Ax; the volume of the ith cell. We recall that in this case
the linear operators Qy, Ky, V), are pointwise local operators hence they admit finite
dimensional representations Q) € RIk>dmotel K, € RIKXdmodel 'V, ¢ RIKXdmodel  for
h =1,...,H. In the case of uniform patching and uniform discretization of the
domain of size s = N, which is the setting we experiment with, the approximation

reduces to the approximation of the integral of the form

. 1 s dk
<QhV(J)’ Khv(k)>L2(D/,RdK) ~ ﬁ Z Z(VQZ)]‘xilx...xidxf (VK}—zr)kxilx...xidxf'
i1,..0ig=1 £=1

(4.63)
The multi-head attention operator is thus defined by the application of the linear

transformation W, € RHdkxdmodel 1o the concatenation of H € N self-attention

MultiHead
operations defined by the approximations above. The concatenation of the outputs

of the H € N self-attention operations results in a RP*P1%--xpaxHdk tensor, so that

Amuttitiead (V) =(Ap(v; Q1. K1, V1), .. .. Ap (v O, K, Vi) ) Wynuttittead

€ REPXP1X--XpaxXdmodel , (4.64)

for any v € RFPXP1>X-Xpaxdmotel - The linear transformations Wi, W] e R dmodei Xdmodel
are applied pointwise. The layer normalization operator is applied as defined in
(@.24) to every point in every patch so that FpayerNorm (V) € RPX¥P1X...XpaXdmodel

The operator Fyy is applied so that Fyn(v) € RPXP1rXeXpaXdmodel  for any v e

REPXP1X...Xpaxdmotel Indeed, in this finite-dimensional setting Fny is defined as

Fn(v: W3, Wa, by, bo) = f(vW, + bi) WS + by, (4.65)
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for any v € RPXP1X-Xpaxdmodel where f is a nonlinear activation function Wy , W4T €
R¥modelXdmodel are Jearnable local linear operators and by, by € RFXP1X:-Xpaxdmodel gre

learnable in the last dimension.

After computing the recurrence for E;, as described in|[Equation (4.10), a reshaping

’

operator Zreshape

is applied to the resulting tensor so that

Vo Z e (V) € Rt (4.66)

’
reshape

for any v € RPXP1X-XPaxdmoset A pointwise linear transformation W, € Rémoderxd:
is then applied according to

v = v Wy, (4.67)

for any v € R71X:-XNaXdmodel

4.B.3 Fourier Attention Neural Operator

In this section, we describe how the transformer neural operator from Subsection
M.4.4)is implemented in the discrete setting. In practice, we consider a discretization
of the domain D containing N points and evaluations of the function u € U (D; Rdu)
at these points; the resolution of the input is defined by ny X ... X ng; = N. The
input to the model is hence a tensor u € R">*"a*4_ The input is concatenated

with the discretization points {x;}¥ . c D, to form the tensor u;, € R™*->"ax(du+d)

i=1
Denoting by p1 X ... X p4 the resolution of each patch, application of the reshaping

Operator Zeshape results in

Zreshape (I/lin) c RPXPIX"'XPdX(dLﬁd).

(du+d) deodel

The learnable linear transformation W.' € R is then applied as a map

T PXp1X..Xpaxd
z:reshape(’/lin) = Zreshape(”in)Win € RI*P1 PdXdmodel

The resulting tensor #(“ is then fed through the transformer encoder

E; : REXP1X.XpaXdmodel _y RPXP1X...XpaXdmodel

In the recurrence relation that defines the encoder, AmultiHead 1S the multi-head
attention operator as defined in equation (4.11). In this setting, letting H € N denote
the number of attention heads, the multi-head attention operator is parametrized

by learnable linear integral operators Qj : RP1X-XPaXdmodel s RP1X-XPaxdk K
Rplx,..Xpdxdmodel N Rplx...xpdde’ and V), : Rp1><...><pd><dm0del N Rp1><...><pd><d1< for h =
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1,..., H. Following Definition 4.4.2]and the subsequent discussion we implement

the linear integral operators as

Qu(0)v = 7 (Ra, (0) - (7)), (4.682)
Kn(6)v = F~! (RKh(G) : (ﬂ)), (4.68b)
Va(0)y = 7! (th(e) : (7’\/)), (4.68¢)
for h = 1,...,H and any v € RP1X-XPaXdmuel where we have made explicit the

dependence on # € © to highlight the learnable components in the implemen-
tation. In (4.68) the FFT is computed on the p; X ... X pg so that the result-

ing tensor Fv € CP1*-XPaxdmosat - Since v is a function that possess only |Z,..
Fourier modes, the higher Fourier modes may be truncated so that one may con-
sider Fv € Ckmax1+1)X- X 2kmax.a+DXdmosel - The Jearnable tensors are of dimension
Rq,, Rk, Ry, € CZkmax i+ )Xo XZhkmax,a+1)xdkXdmoset for h = 1, .., H, and the opera-

tion in Fourier space is defined as

dmode
(R'(TV)) = Zd:lRil,...,id,f,k(¢V)il ,,,,, e (4.69)

S ERA
3] ld =1

for any v € RP1X-+XPaXdmotel and | < ij < 2kmax,j +1, 1 < € < dg. The inverse FFT
is computed along the dimensions 2kmax 1+1, . . ., 2kmax ¢+1 so that Q,v, Kpv, Vv €
RP1%Xpaxdi for b = 1, ..., H. We recall that in this case the self-attention operator
A is defined according to Definition While the expectation is computed
with respect to a probability measure on the patch sequence, hence inducing a
discrete probability mass function, the discretization of the domain introduces the
need to approximate the L? inner product appearing in Definition We resort
to an approximation of the integral given by (4.62) and (4.63). The multi-head
attention operator is thus defined by the application of the linear transformation
Witulitead
The concatenation of the outputs of the H € N self-attention operations results in a

REPXP1X-XpaxHdk tengor. so that

€ RHdx*dmoel to the concatenation of H € N self-attention operations.

Amuttitead (V) =(Ap(v; Q1. Ki, V1), .. ., Ap (v Qu, Kit, Vi) ) Wanutibead

4.70
c RPxplx...xpdxdmode]’ ( )

for any v € RPXP1X--XpaXdmosel  The linear transformations WlT , Wz-r € R¥moderXdmodel
are applied pointwise. The layer normalization operator is applied as defined in

(@.16) to every point in every patch so that FayerNorm(V) € RPXP1X...XpaXdmodel
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Finally, the operator Fxy is parametrized and applied as in (4.63) so that Fxn(v) €
RPXPIX-uXdedmodel’ for any v € RPXP1><~-><Pd><dmode1_

’
reshape

A reshaping operator X to the tensor resulting from the transformer encoder

iteration as in|[Equation (4.66), A pointwise linear transformation W, € Rmodcixdz

is then applied as in [Equation (4.67)]

4.C Complexity of the Transformer Neural Operators

We summarize the expressions for the parameter complexity and evaluation cost
(measured in floating point operations, FLOPS) of the neural operators from Section
(4.4 and the Fourier neural operator (FNO) from Zongyi Li et al. (2021). These are
provided in Tables [4.1] and 4.2] respectively. In Subsection 4.C.1] and f.C.2] we
provide further details for the computations of the parameter and evaluation cost

complexities, respectively.

4.C.1 Parameter Complexity

Architecture L Parameter Complexity

FNO (dy +d) - deno + 2dpNo * dimodel + dino - dz + 4 (A2 11+ Kmax + 42 4)
AFNO (du + d) . dmodel + Ndmodel + dmodeldz +4- (8 + 4/b) . drznodel
Transformer NO (dy +d) * dmodel + dmodel - dz + 6+ (6d% 1 + 2dmodel)

ViT NO (dy + d) - dmodel * kmax + dmodel - dz + 6+ (6d> 1 + 2dmodel)
FANO (dy +d) - dinodel + dimodel - dz + 6 - (3d2 11 kmax + 3d% 4y + 2dmodel)

Table 4.1: Parameter complexity for the three proposed transformer neural operators,
as implemented in practice, compared to the Fourier neural operator (Zongyi Li et
al.,2021). We note that for our implementations, dgno, Which is the latent dimension
of the two-layer lifting and projection MLP in FNO, is fixed to be 128, while the
hyperparameter b in the AFNO is fixed to be 8. Parameters arising from possible
bias terms, parameters arising from skip connections in FNO and parameters arising
from normalizations in AFNO are omitted for ease of presentation.

4.C.2 Evaluation Cost

We note that a matrix vector product Wu for W € R™" has cost 2rr’. We approxi-
mate the cost of computing the FFT of a vector in R” as 5r log r (Hoop et al., [2022).
We approximate the cost of the two-dimensional real FFT, used in implementation,
by (15/2) - Nlog(VN) where N is the total number of grid points. Assuming that
the grid is of size s X s = N for s an even integer, 1d FFTs are first computed for
each row. The real FFT requires s/2 column 1d FFTs, hence the (15/2) - N log VN
complexity.
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Architecture \ Evaluation Cost |
ZN(du +d+ 2dmodel)dFNO + 2NvdFNOdZ
FNO +4(15dmodetN 10g(VN) + kimax - (2d% 41 = dmodel)

2
+ 2Ndmodel) 5
2N(du + d)dmodel + 2I\Idmodeldz + 6(8dmodelN
+ 2N dimodel + 4damo g N)

model

(dy + d + dinoder) - 15N log(\/N/P) /2

Transformer NO

ViT NO + Phmaxdmodgel (2(dy + d) = 1) + 2N dmogerd;
+6(82 4N + 2moaet NP + 42, N )
2N(dy + d)dmodel + 2N dmode1d;,
FANO +6(45dmadarN 10g(VNTP) + 3kmax P (242 g0 = dinoel)

+2Nd? 4oy + 2dmodel NP + 4Nd§wdcl)
2N(dy, + d)dmodel + 2N dimoderd;,
+ 4(16d12node1 + 15N dogel log(\/ﬁ) + 6N(2d12nodel/b — dmodel))

AFNO

Table 4.2: Evaluation cost (in FLOPS) for the proposed transformer neural operators,
as implemented in practice, compared to FNO (Zongyi Li et al., 2021). As done
in Kaplan et al. (2020) and for ease of presentation, the additional evaluation cost
arising from nonlinear activations, the softmax operator and normalizations are
omitted. Furthermore, we omit the cost arising from skip connections. Indeed
these do not affect the scaling. We further note that for our implementations, dgno,
which is the latent dimension of the two-layer lifting and projection MLP in FNO,
is fixed to be 128. In this table we present the expression for the evaluation cost
of AFNO without consideration of possible patching, which we do not employ for
our comparisons: this in combination with the fact that we do not employ mode
truncation is the reason for the N a’rzn0 4 term. In our context, the parameter b in
AFNO is setto b = 8.
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Chapter 5

SMOOTHING AND FORECASTING WITH NEURAL
OPERATORS

5.1 Introduction

Machine learning has opened new frontiers in data assimilation and forecasting in
dynamical systems, ranging from methods which improve on traditional model-
driven algorithms, through to new purely data-driven methods. The goal of this
chapter is to establish a mathematical approach to the study of the purely data-
driven methods. To this end, we consider the general dynamical system given by

p=rf(p.q),  p(0)=pgeRP, (5.1a)
¢d=g8(p.q),  q(0)=qoeR%. (5.1b)

Our focus is on two problems: (i) existence, universal approximation and approxima-
tion from data, of the map from observed {p ()} c[0,r] to unobserved {q(?) }/c[0,7];
and (ii) existence, universal approximation, and approximation from data of the
map from observed {p(?)};e0,7) to unobserved {p(?)};e(r,7+-]- In particular, in
the training of data-driven methods for (i) and (ii) we assume no knowledge of the
vector fields (f, g); and in (ii) we do not even assume we know the dimension of
g, nor do we have any data in the g variables. Once the data-driven methods are

trained they simply take an instance of {p(?) },c[o,7] as input.

5.1.1 Context and Literature Review

In the context of there are three problem classes which naturally arise: (I)
smoothing concerns the offline denoising and estimation of the observed and unob-
served states over some time interval, given observational data in that same time
interval; an instance of this, which we study in this chapter, is the estimation of
unobserved {q(?)};e0,r] from observed {p(t)}/c[o,r]; (II) forecasting concerns es-
timation of a state over some future time interval, given observational data over a
past time interval; an instance of this, which we also study in this chapter, is the es-
timation of {p(t) };e[r,7+7) from observed {p(t) };c[0,7]. Also of importance is (III)
filtering, which concerns the online estimation of an underlying state, sequentially

as observations are received; this, however, is not a focus of the current work.
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The field of data assimilation (IDA) is concerned with the use of observational data to
perform state estimation in dynamical systems (including the estimation of quantities
that are not observed). Both smoothing and filtering are used in practice, often
in conjunction with forecasting, as in the field of weather prediction. Traditional
model-driven techniques combine the observations with knowledge of the underlying
dynamical system to address the three tasks (I-III) (Kalnay, 2002; Asch, Marc
Bocquet, and Nodet, 2016; G. Evensen, F.C. Vossepoel, and van Leeuwen, [2022).
Although primarily developed for geophysical applications in the ocean-atmosphere
sciences, such model-driven methods to address tasks (I-IIT) have been systematized
and now constitute general-purpose methodologies (Reich and Colin Cotter, 2015;
Pandya, Vachharajani, and Srivastava, 2022; Sanz-Alonso, A. Stuart, and Taeb,
2023b). In the last few years new purely data-driven algorithms, which do not
require knowledge of the dynamical system when deployed, have started to emerge
(Kurth et al.,2023]; Bi et al.,[2023}; Price et al.,2025b; Allen et al.,[2025; Alexe et al.,
2024; Kossaifi et al., [2026)). These methods have also been developed primarily
in weather forecasting, but present opportunities for deployment in many other
domains. Developing mathematical theory pertinent to these methods can play an
important role in the process of making the methods more widely applicable and is

the focus of this chapter.

Over the last half century, model-driven filtering, smoothing and forecasting meth-
ods have dominated in most application domains, starting from the seminal work
of Kalman and Bucy for linear Gaussian systems (Kalman, [1960; Kalman and
Bucy, 1961); the field evolved with introduction of the bootstrap, extended (ExKF)
and ensemble Kalman filters (EnKF) (Doucet, Godsill, and Andrieu, 2000; An-
drew H Jazwinski, 2007; Evensen, |1994) which, respectively, typically work well
for small-, medium- and large-scale dynamical systems: bootstrap particle filter
weights collapse in high dimensions and so they are best in low dimensions; EnKF
has equal weights and has performed well for weather forecasting with state spaces
in the billions of variables; ExKF falls between these cases as it makes a Gaussian
approximation (mitigating weight collapse), but the covariances cannot be propa-
gated in high dimension as they are too large. All model-driven approaches require
knowledge of the dynamics, requiring computationally expensive evaluations in the
context of many large-scale applications of interest. Purely data-driven, model-free,
methods for forecasting were proposed by Lorenz in 1969 (Edward N. Lorenz,|1969),
and go by the name of analog forecasting; these methods were not widely adopted,

however, primarily because of the lack of data to support them, and because they are
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discontinuous as a function of input data. In the last decade kernel analog forecasting
has been developed (Alexander and Giannakis, 2020), a smoothening of the original
approach of Lorenz, supported by theory. Furthermore, methods such as dynamic
mode decomposition (Schmid, 2010), which are also purely data-driven, have been
widely adopted and come with a developing theory (Mezié, 2020). These methods
have not yet, however, found success in the context of large-scale data assimilation
and forecasting problems; their success is mainly in the identification of large-scale

coherent features in high-dimensional systems.

Machine learning has recently emerged as a novel computational tool for improv-
ing data assimilation and forecasting in both the model- and data-driven settings.
Learning has been introduced within model-driven DA in a variety of ways, primar-
ily in the filtering context. For example, it has been used for model error correction
(Farchi et al., 2021; Levine and A. Stuart, [2021)), for constructing cheap surrogates
of the dynamics (Sanz-Alonso and Waniorek, 2025} Adrian, Sanz-Alonso, and Wil-
lett, 2025)) and more recently to approximate conditioning in the assimilation step
(Bach, Baptista, Calvello, et al., 2026). A data-driven approach to smoothing has
recently been employed in Allen et al. (2025) and Gupta et al. (2026)) for estimating
the initial conditions of weather dynamics. Machine learning has also introduced
a new approach to forecasting which is fully data-driven; this involves the learning
of mappings which output predictions for the forecasted components of the system
from their past observations. This approach has garnered wide interest in domains
like weather forecasting, where both model evaluations and assimilation steps are
particularly costly (Kurth et al.,2023}; Bi et al.,[2023}; Price et al., 2025b; Alexe et al.,
2024; Kossaifi et al., 2026). In a similar context, deploying pretrained time-series
foundation models for forecasting of partially observed chaotic dynamical systems
has been numerically investigated in Zhang and Gilpin (2025)). Underpinning these
data-driven approaches with theoretical foundations is the goal of this chapter. In[Ta-|
we summarize the distinction between model-driven DA, that has dominated
for the last half century, and recently emerging data-driven approaches including,

but not limited to, the specific methods we study in this chapter.

5.1.2 Contributions and Outline

In this chapter we develop theory for, and insights into, the data-driven smoothing
and forecasting problems previously defined. We work in the noise-free setting,
and in continuous time, focusing on three essential ingredients: (a) the interplay

between the theoretical properties of the dynamics and the existence of well-defined
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Table 5.1: Comparison between model-driven and data-driven approaches.

Model-driven Data-driven
Algorithm Uses dynamical physics model Uses data from dynamical model
and/or direct observations

Limitation Possibly expensive to evaluate and Requires existence of direct mapping,

may miss some dynamics due to  a sufficiently dense training dataset and may not

unmodeled physics enforce explicit physical constraints

Advantage Interpretable and output satisfies Possibly cheap to evaluate and

prescribed physical constraints agnostic to model dynamics

maps that can in principle be approximated; (b) the universal approximation prop-
erties of neural operators (N. Kovachki et al., 2023a)), neural network architectures
parametrizing mappings between spaces of functions, for these maps; and (c) the
implementation and properties of approximations of these maps learned from data
in a model-free setting. We show that it is possible to construct the desired oper-
ators, defined locally, under an observability-rank condition on the dynamics. We
show that this condition is intimately connected to the setup of Hermann and Krener
(1977), a foundational work in control theory which establishes that, under a more
general observability-rank condition, distinct observations correspond to distinct
dynamics. Takens’ delay embedding theorem (Takens, 2006; Sauer, Yorke, and
Casdagli, 1991)) is also conceptually pertinent to our work, but the concrete control-
theoretic perspective of Hermann and Krener (1977) provides a more natural basis
for the theory and algorithms that we develop here. The existence of the desired op-
erators allows approximation via neural operators, for which an emerging universal
approximation theory has been developed (Lanthaler, Zongyi Li, and Andrew M.
Stuart, 2025)). In particular, we show how architectures such as the transformer neu-
ral operator (Calvello, Monmarché, et al., |2026) may be applied in the smoothing
and forecasting contexts, and yield desirable universal approximation results. We
then implement these neural operators, demonstrating data-driven approximation of

the maps in practice. Our contributions are as follows:

(C1) We introduce an observability condition on the dynamics, as appearing in
control theoretic literature, which guarantees existence of a continuous oper-

ator locally mapping an observed component of the system to an unobserved

component. This condition is defined in [Assumption P2|

(C2) We prove the existence of a neural operator approximating to arbitrary ac-
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curacy the operator mapping an observed component of the system to an
unobserved component. This is the first universal approximation theorem for
a smoothing problem in DA. The result is stated in

(C3) We prove the existence of a neural operator approximating to arbitrary ac-
curacy the operator mapping a trajectory of the observed component of the
system to the future of that trajectory. This is the first universal approximation

theorem for a forecasting problem for partially observed dynamical systems.

The result is stated in[Theorem 5.3.7]

(C4) We showcase the universal approximation theory developed by applying trans-
former neural operators on smoothing and forecasting problems in the setting

of the Lorenz ‘63, Lorenz ‘96, and Kuramoto-Sivashinsky dynamical systems.

We describe the general dynamical system setting in[Subsection 5.1.3} here we also

define the smoothing and forecasting problems which will be the object of investi-
gation. In we introduce the observability framework that underpins our
analysis. Building on regularity and observability assumptions on the dynamical
systems, we develop the universal approximation theory for smoothing and forecast-
ing in thus addressing [Contributions (C1)| to [(C3)l In[Section 5.4] we
demonstrate this theory numerically, thus addressing [Contribution (C4), Finally in
we discuss the results of the chapter and conclude by outlining avenues
for further work.

5.1.3 Dynamical System Setup

Consider the dynamical system (5.1). We make the following regularity assumption:

Assumption P2 (Regularity). Assume that, for some k € N,

° f c Ck(de+dq;Rd1’),'

egc Ck(Rdl’+dq;qu).

Assume, furthermore, that solutions to (5.1)) exist for all t € R™*.

Under |Assumption P2| it follows that, for any T > 0, p € Ck([0,T];R4) and
g € C*([0,T];R%). We define by ® : R* x R%*4 — Rér+da the semigroup of
operators associated to the dynamical system, so that (p(z), ¢(1)) = ®(t, po, qo)-
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Let I ¢ R%*94 denote a compact set of initial conditions to (5.1 and fix T > 0.
Since by [Assumption P2|solutions to (5.1)) exist for all 7 € R*, the result of Teschl,
2012, Theorem 2.10 implies that ®(», «) € Ck ([0, T] <, de+d‘/); therefore, it may
be deduced that the map x — ®(+,x) € CX([0, T]; R%*94) is continuous. Since the
image of a compact set under a continuous map is compact, we deduce that the set
of orbits Sfo,T] = {®(t,x)fort € [0,T] : x € I} is compact in C*([0, T]; R4 *dq),

Let m,: R4 *da — R4 be the projection map onto the first d, coordinates and

Ty R4 *ds — R% be the projection map onto the remaining d, coordinates of the
state space. We note that these are both continuous functions. Define the projected

sets
S{O,T],p ={m,(s) :s € SfO,T]}’ SfO,T],q ={my(s) : s € SfO,T]}; (5.2)

these too are compact in C* ([0, T]; R%) and C* ([0, T]; R%) since Sfo 7] is compact

and projection is continuous. Fixing some 7 > 0, for the set of orbits defined on

the future time interval S’

(TT41] = {®(t,x)fort € [T,T + 7] : x € I} we similarly

define the projected set

Strrerp = Tp(8) 5 € Slpr ). (5.3)

It is readily deduced that § fT T41],p 18 als0 compactin C*([T,T+71];R%). Given the

dynamical systems (5.1]) equipped with the regularity assumption in[Assumption P2}

we define the two data assimilation problems central to this chapter.

(P1) Smoothing: recover q € Sfo g © C*([0,T];R%) from observed p €
1 k .pd
S[O’T]’p C C*([0,T];R%).
(P2) Forecasting: recover p € SfTI rrlp from p € SfO,T],p'

5.2 Observability

In this section we develop the observability framework that underpins the existence
and universal approximation of smoothing and forecasting maps, the subject of
Consider dynamical system (5.1)). Underlying the theory in[Section 5.3
is the question of whether a unique map {p()}ej0,r] = {q(#)}efo,r) exists. A
sufficient condition is that initial condition g is determined by {p(¢)};e[0,r]. Then,
equation (5.1b) can be integrated as a non-autonomous equation for ¢(-), driven by
the observed p (-). This section is hence focused on the question of recovering g from
p and its derivatives at time ¢ = 0, noting that these derivatives are determined by

{p(t) }1c[0,1), assuming sufficient differentiability. In fact we formulate the question
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a bit more generally, seeking to recover ¢(¢) at some given time ¢, given p and its

derivatives at that time. In[Subsection 5.2.1| we introduce the notation required to

discuss the observability rank condition which encapsulates solvability for ¢(z) at

some time . We conclude in [Subsection 5.2.3| with an example of observability in

the Lorenz 63 equation.

5.2.1 Observability Setup

The results in are obtained via an underlying observability assumption
on the system (5.I). To state such an observability condition we introduce the
following notation relating to the dynamical system. Let £” denote the m'" Lie
derivative of f along the vector field ( f, g) and let F : R*da — R"dp be defined
from the first n Lie derivatives of f along the vector field (f, g) as follows:

T
B

F™ (p,q) = (Lof(n, 0L L P L, q)T) (5.4)
for any (p, q) € R%*9s. We also define F"): Rér+da — ROm+1Ddp g
T 0 T ol T 1 T\ "
FOp0) = (", L fGa) L ST, L7 7). 6

for any (p, q) € R%*% . We note that the two differ, as F also includes p € R9.
By considering (5.1a), we may deduce that for any (p, q) € Sfo,T]’ it holds that

Lf(p).q®) =0,f(p(1),q(1)) - f(p(1),q(1)) + 04 f (p(2),q(1)) - g(p(1), q(1))
=87 p(1),

for all t € [0, T]. Therefore, by repeated application of Lie derivatives, it holds for
any (p,q) € SfO,T] c C*([0,T];R%) x C*([0,T];R%) and for all n < k — 1 that

L' f(p(1).q() =0/ p(o), (5.6)

forallt € [0, T]. Define operator P™ . Cck([0,T];R%) — ®;f:1 C*I(]0,T]; R%)
via its action on p € C¥([0,T];R%) as follows:

p(n) 1 T n T T
(P (P)(0) = (0 P07, 0 ()T (5.7)
We may then deduce that any (p, g) € Sfo,T] satisfies the equation
F™(p(0),q(1) = (P (p)) (1), (5.8)
foralls € [0,7]. Similarly, define operator P™ : C¥([0, T];R%) — ®?:0 C*7([0,T];R%)
by
(n) 0 T 1l T n T T
(PP )0 = (0 ()70} p()7,.... 00 p(1)T) (5.9)
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to deduce that any (p, q) € Sfo T

| satisfies the equation

F™(p(1),q(1) = (P (p)) (1), (5.10)

for all + € [0,T]. Notice that in the topology of (I.I), P is continuous for
all n since differentiation (k — j)-times is continuous in each CX=/ ([0, T];R%)

component for 0 < j < n.

5.2.2 Observability-Rank Condition
In the following, we introduce a condition under which, at some ¢ € [0,T], it
is possible to recover the unobserved ¢(¢) from the observed p(z). Fixing some

t € [0,T], and choosing L : R"r — R%_ we consider the following equation for q:

LF™ (p(1),q) = L(P™ (p)(1)). (5.11)

This constitutes a system of d, equations for q € R . If there is a time ¢ and
linear operator L such that the operator LF® (p(t), ») : R% — R% is invertible,
then there exists a unique solution ¢ to (5.11)) and, by (5.8), q = ¢(z). This fact
provides motivation for imposing a local invertibility condition to allow existence
of a map from observed p € C*([0, T];R%) to unobserved ¢ € C*([0, T];R%) in
the neighborhood of invertibility. However, in order to connect with formulations of
related problems in the control theory literature, we formulate a slight modification

of the foregoing.

Again fixing some ¢ € [0,T], and now choosing L : R"*Ddp — Rép+da we
consider the equation
LF™ (p,q) = L(P™ (p)(1)). (5.12)

This constitutes a system of d,, + d, equations for (p, q) € R4 *4q_If there exists a
time ¢ and linear transformation L such that the operator LF™ (+, ¢) : R%*ds —
R4 %44 is invertible, then there exists a unique solution (p, q), to and, by (5.10),
(p,q) = (p(1), q(7)) and, in particular, we recover ¢(r). Both approaches outlined
lead to recovery of ¢(t) from p(¢) and its derivatives, at some time ¢ € [0, T]. This

motivates the following assumption.

Assumption P2 (Observability-Rank Condition). We say that the system (5.1)
satisfies the observability-rank condition at (p,q) € R+ if there exists n € N
and a linear operator L: R V% — Rév+da gych that the rank of the matrix
DLF™ (p,q) is d, + d,,.
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Remark 5.2.1. We recall that the inverse function theorem for Euclidean spaces
states that for F: R? — R? a C! map, if DF is invertible at a point x € F then
there exist open neighborhoods U,V of x and F(x) respectively, such that there
exists a continuous inverse F~1:'V — U. The existence of open sets U and V
along with continuous inverse is what we refer to as local invertibility. Under the
observability-rank condition, LF" (», +) is locally invertible at (v, q) by the inverse

function theorem.

Remark 5.2.2 (Observability in Control Theory). We note that the observability-

rank condition from |Assumption P2|is an instance of the observability condition

from the seminal paper Hermann and Krener (1977). In particular, considering the

observation function h(p,q) = p for any p € Ré%,q € R%, we may reformulate

(5.10) in terms of this observation function h and hencelAssumption P2Jin the control

theoretic setting of Hermann and Krener (1977). We elaborate on this connection

inSection 5.A

5.2.3 Observability of Lorenz ‘63 Model

Consider the Lorenz ‘63 dynamical system in the form

x(1) = o (y(1) = x(2)),
y(0) =x()(p = z(2)) = y(0), (5.13)
(1) = x(0)y(1) - Bz(1),

initialized at (xo, yo, 20) € R?. We consider the setting where the component p = x

is observed and g = (y, z) is unobserved. It is readily shown that the system satisfies

the observability-rank condition, given this choice of observation. We note that by

(5.10)) it holds that
Xo
F® (x0,y0,20) = o (yo — xo) . (5.14)
O'(XO(P -20) —yo—0(yo— xo))

Now, for L the identity matrix, the associated differential is

1 0 0
D LF® (xo, y0,20) = -0 o 0
oc(p+o—-z9) —o(c+1) —oxg
From the upper-triangular structure it follows readily that this is of full rank for

xo # 0. Hence we can conclude that the Lorenz ‘63 dynamical system satisfies
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the observability-rank condition at ¢ = 0, whenever xo # 0. In particular, the map

{x(2)}refor) = {(y(2), 2(2)) }refo.r] is well-defined whenever xq # 0.

Moreover, the Lorenz ‘63 model is not observable if the only data given is z. This
is due to the fact that, given a solution (x, y, z), there is another solution given by
reflection, (—x, —y, z). Specifically, if (x, y, z) satisfies (5.13]), then

—X =0 ((=y) = (=x)) (5.15)
-y =p(=x) = (=y) = (=x)z (5.16)
2= (=x)(-y) - Bz, (5.17)

ie. (—x,—y,z) is a solution to (5.13). Thus, there cannot exist a well-defined
mapping z — (x,y). We also demonstrate this experimentally in

5.3 Universal Approximation of Smoothing and Forecasting Maps

In this section we state and prove universal approximation results for neural opera-

tors approximating the maps underlying the smoothing[Problem (P1)|and forecasting
Problem (P2)l In [Subsection 5.3.1| we recall a specific form of universal approx-

imation theorem for neural operators that we employ for both the smoothing and

forecasting problems. [Subsection 5.3.2]is devoted to the existence and universal ap-

proximation map {p(t) }reo,7] = {q(?)}sej0,r]- The recovery of this map amounts

to solving an instance of a smoothing [Problem (P1). In[Subsection 5.3.3| we apply

the results from the subsection preceding it to deduce the existence and universal

approximation of map {p(?) },cjor] = {pP(?)}ie[r,7+7]- The recovery of this map

amounts to solving an instance of a forecasting [Problem (P2)

5.3.1 Universal Approximation Theorem

We state a general universal approximation theorem for neural operators that gives
conditions under which a continuous operator may be approximated by a transformer
neural operator from Calvello, Nikola B. Kovachki, et al., 2025, Theorem 22; we
note that other neural operators could also be used (Nikola B Kovachki, Lanthaler,
and Andrew M Stuart, 2024)). We use this theorem in the two subsequent subsections

to study the approximation of smoothing and forecasting maps.

Theorem 5.3.1. Let D ¢ RY be a bounded domain with Lipschitz boundary, and fix
integers s, s’ > 0. If ¥T: C5(D; R") — C¥(D; R") is a continuous operator and

K c C*(D; R") a compact set, then for any € > 0 there exists a transformer neural
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operator ¥(+;0): K ¢ C*(D; R") — C*(D; R") so that

sup ||‘PT(u) - W(u; 9)|
uek

o < E. (5.18)

5.3.2 Smoothing

In this subsection we show that if a dynamical system of the form (5.1)) satisfies

the regularity conditions in [Assumption P2| and the observability-rank condition

[Assumption P2|at a point, it is possible to construct a continuous operator mapping

the observed trajectory to the initial condition of the full trajectory; we then show how
this leads to existence of a continuous operator mapping the observed trajectory over
a time interval to the unobserved trajectory over the same interval. We note that the
continuity of these operators is necessary to apply existing universal approximation

results for neural operators.

Proposition 5.3.2 (Existence of map W : p — (p(0),¢(0))). Consider the dy-

namical system (5.1)) satisfying the regularity [Assumption P2| for integer k, and

the observability |Assumption P2| at some (p,q) € R¥%*%, for integer n < k.

Let U 3 (p,q) and V 3 LF™(p, q) be the open sets given by the inverse func-
tion theorem. Then, for every compact I C U, there exists a continuous map
W: Sfo 1 © C*([0,T]; R4 — R%*4a sych that, for every (p, q) € Sfo oL

W(p) = (p(0),4(0)). (5.19)

Proof. Observe that from (5.12) for every (p, q) € Sfo 71 We have that

]
LF™(p(0),¢(0)) = L(P™ (p)(0)) (5.20)

and LF"(+,) is locally invertible by the inverse function theorem from
Furthermore, the evaluation functional at time r = 0, namely
50 ®?=0 C*7([0,T];R%) — RV ig linear and bounded, hence continu-
ous with respect to the topology of (I.1I). Using these operators, we can construct

W: Sfo 1 C C*([0,T];R%) — R4 *da g0 that

W(p) = (LF™)™ o Lo6yoP™(p). (5.21)

From (5.20) we have that L o 6o o P®(p) € V for all p, so composition with
(LF™)~! is well-defined. By construction (LF™)~! is continuous and W is
continuous since it is a composition of continuous operators. For all (p,g) € S fO,T]
we have W(p) = (p(0), ¢(0)) since (p(0), ¢(0)) is a solution to (5.20) and LF™
is a bijection from U to V. U
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Following |Proposition 5.3.2] we may now establish the existence of an operator

mapping observed p trajectories to unobserved ¢ trajectories.

Proposition 5.3.3 (Existence of map ‘I’; . p — q). Consider the dynamical
system (3.1)) satisfying regularity|Assumption P2| for integer k, and the observability
Assumption P2|at some (p,q) € R+, for integer n < k. Let U 3 (p,q) and V 3

LF™ (p, q) be the open sets given by the inverse function theorem. Then for every

compact I C U, there exists continuous operator ‘I’; : Sfo 1y © C*([0,T];R%) —

SfO’T]’q c Ck([0,T];R%) such that, for every (p, q) € Sfo,T] andt € [0,T],

Pl (p)(t) = q(1). (5.22)

Proof. We construct such a W' using W from [Proposition 5.3.2| and composition
, € CH([0,T];R%) — 5]

with the solution operator ®. Define ‘P; . S1 C

[0,7] 0.T].q
C([0,T];R%) by

Pi(p)(1) = my o @(t,W(p)), 0<t<T. (5.23)

Recall that 7, is continuous. By construction W(p) = (p(0),4(0)), so n, o
(¢, W(p)) = q(t). Observe that this is a continuous operator since ® is continuous
with respect to initial conditions, W is continuous with respect to p and composition

of continuous operators is continuous. 0

Leveraging the approximation properties of neural operators, we may now establish
a universal approximation theorem for the solution of an instance of

a smoothing problem.

Theorem 5.3.4 (Universal Approximation for Smoothing). Consider the dynam-

ical system (5.1)) satisfying regularity[Assumption P2] for integer k, and the observ-

ability |Assumption P2\ at some (p,q) € R%*4 for integer n < k. For any € > 0

c C*([0,T];R%) — SfO’T],q c

there exists a neural operator ¥(#;6) : S
C*([0,T];R%) satisfying

I
[0.7].p

sup  [|Pi(p) = P(p:0)llcx < &

1
PES[o.11.p

Proof. We know that ‘I’; exists and continuous since the assumptions of

tion 5.3.3|are satisfied. We recall that Sfo T1p is compact. The conclusion follows

from a direct application of [Theorem 5.3.1) with D = [0,T], r = d,, 1’ = dg,
¥h =¥l and K = Sjo1),p- O
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Remark 5.3.5. Since our observability-rank condition |Assumption P2|is local, all

operators constructed in the previous theorems have a domain of input trajectories
which are near the point of invertibility (p,q). The set of these trajectories is
determined, non-constructively, by the inverse function theorem. It is of general
interest to determine the largest possible domain of input trajectories for which the
smoothing map ‘I’; (or the subsequently defined forecasting map ‘I’; ) exists and
is continuous. A potential approach to this problem is to determine all points of
invertibility and stitch together a global inverse from the open sets given by the
inverse function theorem. Such analysis, however, will likely need to be carried out

on a case-by-case basis and is not the focus of the current work.

In the case of the Lorenz ‘63 system, studied in subsection [5.2.3] it is easy to see
that U = R\ {0} UR2. Therefore the domain SfO’T],p of ‘I’; contains all trajectories

with initial condition xy uniformly bounded away from O.

5.3.3 Forecasting

Using [Proposition 5.3.2| we may also establish the existence of an operator mapping

the observed portion of p trajectories, p [[o7], to the future portion p 7 14|

Proposition 5.3.6 (Existence of map ‘P; : p Mor™ P MNr.r+7))- Consider the

dynamical system (5.1)) satisfying regularity [Assumption P2| for integer k, and the

observability |Assumption P2|at some (p,q) € Ré*%, for integer n < k. Let U 3

(p,q) and V 3 LF"(p, q) be the open sets given by the inverse function theorem.

. . T.oql
Then for every compact 1 C U, there exists a continuous operator ¥.: S 011y

C*([0,T];R%) — SfT,T+T],p c CX([T,T + 7];R%) such that, for every (p,q) €
SI

0,77
Yi(p)()=p(t), T<t<T+r. (5.24)

Proof. We construct such a ‘P; using W from |Propositi0n 5.3.2| and composition

with the solution operator ®. Define ‘P;: Sfo .y © Ck([O, T];R%%) — SfT Tirlp C
CK([T,T +7];R) by
Yi(p) (1) =7y 0 ®(t,W(p), T<t<T+r. (5.25)

We first recall that m, is continuous. By construction it holds that W(p) =
(p(0),q(0)), hence m, o ®(t,W(p)) = p(t) for T <t < T + 7. We observe
that this is a continuous operator since ® is continuous with respect to initial condi-
tions, W is continuous with respect to p, and composition of continuous operators

is continuous. U
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Leveraging the approximation properties of neural operators, we may now establish
a universal approximation theorem for the solution of [Problem (P2)| an instance of
a forecasting problem.

Theorem 5.3.7 (Universal Approximation for Forecasting). Consider the dy-

namical system (5.1)) satisfying regularity |Assumption P2| for integer k, and the

observability |Assumption P2|at some (p,q) € R+ for integer n < k. Then for

any & > 0 there exists a neural operator ¥(+;6): Sfo Ty © Ck([0,T];R%) —

SfT T+7lp © CK([T, T + t];R%) satisfying

sup  [[%](p) = W (p: )l k(1 arpimir) < &-

I
PES[0.11.p

Proof. We know that ‘I’; exists and is continuous since the assumptions of
sition 5.3.6| are satisfied. Recall that S’

[0.T].p
[Theorem 5.3.1| to an operator defined via linear homeomorphisms of W, which

is compact. We apply the result of

we will then use to establish the approximation result in its final form. Indeed, we
define the translation map Ay : CK([T, T + 7];R9) — C*([0, 7]; R%) so that

(Ar@)(s) = (T +5),  s€[0,7],

for any ¢ € CK([T,T + 7];R%). We note that

||90||ck([T,T+T];de) = ||AT<P||ck([0,T];de)-

Itis also possible to define the rescaling operator R, : C*([0, 7];R%) — C*(]0, 1];R%)
so that
(Rr@)(s) = ¢(15),  s€[0,1],

for any ¢ € CX([0, 7]; R%). We similarly define the rescaling operator Ry. We note
that these rescaling operators are linear homeomorphisms, preserving equivalence of
norms up to multiplicative constants. We therefore define the translated and rescaled
forecasting operator ‘AI}; : RT(S{O,T] ») < C*([0,1];R%) — Ck(]0, 1];R%) de-

fined via the composition
‘P; :RTOATO‘PEOR;I,

which is continuous by continuity of all the operators in the composition. We note

that Ry (S fo 7] p) is compact since Ry is a homeomorphism and therefore preserves

compactness. Hence, by [[heorem 5.3.1] it is possible to deduce that for any
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6 > 0 there exists a neural operator P ,0) : Rr(S! ]p) c Cck([0,1];R%) —

[0,T
C*([0,1]; R4) satisfying

sup (%5 (p) = B (p:0)ll cx (0.1 1:mr) < O (5.26)

PGRT (SfO,T],p)

This indeed follows from a direct application of[Theorem 5.3.1|with D = [0, 1], r =
dp, v = dp, W' = P} and K = Rp(S!, ;). Defining ¥(+,6) : C*([0,T];R%) —
C*([T, T + 7];R%) via the composition

¥(e,0) = A;' o R 0 ¥(160) o Ry,

it is readily deduced that for any p € Sfo TI.p it holds that

I¥5(p) = ¥(p: )l cx (7 r4eymary = CIYE(REP) = P(Rrp: 0)l o (0.1 1m0

for a constant C depending on 7 and 7. Therefore, choosing € = §/C and applying
the result established in (5.26) yields the conclusion. O

5.4 Data-Driven Approximation of Smoothing and Forecasting Maps
The theoretical developments of prove the existence of, and universal
approximation theorems for, maps that underpin data-driven smoothing and fore-

casting in data assimilation. In this section we demonstrate that it is possible to

learn these maps, purely from data, in practice. In [Subsection 5.4.1| we describe

the experimental set-up in general, followed in [Subsection 5.4.2| by a summary of

the numerical results. We describe details of the experiment with the Lorenz ‘63
(Edward N. Lorenz, |1963b) and Lorenz ‘96 (Edward N Lorenz, |1996b)) dynamical

systems in [Subsection 5.4.3| and [Subsection 5.4.4] respectively; experiments with

the Kuramoto-Sivashinsky equation (Kuramoto, |1978}; Michelson and Sivashinsky,
1977) are contained in [Subsection 5.4.41

5.4.1 Experimental Set-Up

To train the neural operators solving the data assimilation problems we consider the
following data scenario. For each dynamical system, the set {p/), g(/) };zl of input-
output pairs are generated using the dynamics in (5.1)), given i.i.d. initial conditions
(p(j)(O),q(f)(O)) ~ m. Measure 7 is computed as the pushforward, over some
burn-in time, of the simpler measure mg. For each dynamical system we consider
the existence of operators ‘P; : C([0,T]) — C(]0,T]) and ‘P; : C(]0,T]) —
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C([T,T + 7]) defined as the mapping

i {p(Dhepor) = {a®kerory  Ph i {pOhetor) = {POhiefrrsey. (5:27)

We train transformer neural operators (Calvello, Nikola B. Kovachki, et al., [2025)

to construct approximations of ‘I’; and ‘I’; picked from the parametric class
Y5 :C([0,T]) x©® — C([0,T]), Wr:C([0,T]) xO — C([T,T +7])

respectively. We use the transformer neural operator based on self-attention from
Calvello, Nikola B. Kovachki, et al. (2025) to approximate the ‘I’T, hence solving
smoothing, and to approximate ‘P; in the context of Lorenz ‘63 dynamics, hence
solving forecasting in this setting. We use a variant of this architecture which uses
cross-attention to approximate ‘I’; in the other contexts, hence solving forecasting in
those settings. Architectural details as well as the universal approximation properties
for these neural operators are discussed in more depth in The set © is
assumed to be a finite dimensional parameter space from which a 8* € O is selected
so that We(+,0") =~ .. To define 6* we employ a cost functional ¢ and solve the

following optimization problem:
6" = arg miny oE [c(‘I’.( ,0),Pl( ))] (5.28)

In practice, we will only have access to the values of each input and output trajectory
at a set of discretization points of the domain, which we denote as {tl-}f.\i - The self-
attention based transformer neural operator that we deploy for smoothing uses the
same number of grid-points for the input and output; employing a cross-attention
based transformer neural operator is used to bypass this constraint on matching input
and output grids for forecasting in some settings, where the input is on the time-
interval [0, 7] and the output on [T,T + 7]. We note that due to its discretization
invariant properties, this architecture can be used to obtain a prediction for the
output at any arbitrary discretization of [T, T + 7]. For the smoothing experiments
we use 6 self-attention transformer neural operator layers with 128 latent channels,
for each self-attention operator, we use 8 attention heads. We also use this set-up for

forecasting in the Lorenz ‘63 context. For the other forecasting experiments we use

"We note that the existence of the operators in (5.27)) is not directly guaranteed by
[tion 5.3.3| and [Proposition 5.3.6] as the former are defined on the whole of C([0,T]), rather than

a local domain of existence. We note that establishing the existence of the operators in
constitutes an important avenue for future work, which we present in[Section 5.5 We assume their
existence for our numerical investigations.
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an architecture composed of an encoder and a decoder: the encoder comprises 6 self-
attention transformer neural operator layers with 1024 latent channels; the decoder
on the other hand is comprised of a single layer consisting of a self-attention operator

and a cross-attention operator both with 1024 latent channels.

5.4.2 Summary of Results from Numerical Experiments

We provide here a summary of the experimental results. In we collect the
results of the smoothing experiments for the various systems, reporting relative L?
errors between the true unobserved trajectory and the prediction generated by the

neural operator. All errors are reported on test data not used for training.

Table 5.1: Smoothing performance on Lorenz ‘63 (L63), Lorenz ‘96 (LL96), and the
Kuramoto—Sivashinsky equation (KSE). Relative L, errors are averaged over test
trajectories.

System Avg. Rel. L, Med. Rel. L, Std. Rel. L, Min. Rel. L, Max. Rel. L,

L63 0.012426 0.012402 0.001612 0.008761 0.017275
L96 0.047156 0.044635 0.014569 0.025633 0.258743
KSE 0.009433 0.009322 0.000755 0.007678 0.013157

In we report the results of the forecasting experiments. For each system,
we report the mean, median and standard deviation of the relative L? errors obtained
on the sample trajectories in the test set. We also report the relative improvement
achieved by the neural operator prediction when compared to the constant prediction
taken using the final value of the input trajectory. We note that the chaotic nature
of the problems considered means that long-term trajectory forecasting is difficult.
However we can compose forecasts and look at the resulting statistics of the time-
series — in particular the invariant measure of the resulting stationary process; these
are well-approximated. Thus, for each of the systems, we report in the respective
subsections the statistics of the long-time forecasts obtained via composition of the
trained neural operators. The results in along with the accurate prediction
of trajectory statistics demonstrate the success of using a neural operator forecasting

approach.

In the following subsections, we describe the experimental set-up for the various

systems and provide analysis of the numerical results.
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Table 5.2: Forecasting performance on Lorenz ‘63 (L63), Lorenz ‘96 (L96), and the
Kuramoto—Sivashinsky equation (KSE). Relative L, errors are averaged over test
trajectories. Baseline corresponds to a constant forecast equal to the last input state;
we report the relative improvement achieved with the transformer neural operator
compared to the baseline.

System Avg. Rel. L, Med. Rel. L, Std. Rel. L, Rel. Improvement (%)

L63 0.050 0.033 0.100 95.53
L96 0.033 0.032 0.004 94.38
KSE 0.046 0.045 0.007 82.68

5.4.3 Lorenz’63
We study the Lorenz ‘63 dynamical system (Edward N. Lorenz,|1963b) in the form

x=0(y—x), (5.29a)
y=x(p-2) -y, (5.29b)
Z=xy-pz. (5.29¢)

For the purposes of our experiments, the parameters are set to the classical values
o =10, p = 28, B = % at which the system has provable stable chaotic and
statistical properties (Tucker, 1999; Holland and Melbourne, 2007). The initial
conditions xg, Yo, zo for training and test sets are sampled i.i.d from the uniform
distributions U([-15, 15]), U([-15, 15]), and U([0,40]), respectively. We use a
burn-in time of 20 to ensure the trajectories are close to the attractor at time ¢ = 0.
For the[Problem (PT)|smoothing experiment we use the x trajectory on a time interval
of [0, 5] as input data and predict the coupled y, z trajectories over the same time
interval. For practical implementation, we use points on the trajectories sampled at
uniform intervals At = 0.02. For the forecasting experiment we use
the x trajectory on a time interval of [0, 2] as input data and predict the coupled x
trajectory over the future time [2, 4]. For practical implementation, we use points on
the input and output trajectories sampled at uniform intervals At = 0.01. We train
the neural operator solving the smoothing problem using 10000 training trajectories
and the one solving the forecasting problem using 200000 trajectories. For both
experiments we use a test set of 2000 trajectories. We note the higher data complexity

required to solve the forecasting problem.

We summarize the parameter and experimental settings for the Lorenz ‘63 dynami-
cal system in [Table 5.3] In|[Figure 5.1|we demonstrate the qualitative results of the

smoothing experiment. Indeed, we display the predicted trajectories corresponding
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Table 5.3: Lorenz ‘63 system settings

Category Smoothing Forecasting
Parameters o=10, p =28, = %

Observed x € C([0,5];R) x € C([0,2];R)
Unobserved (y,2) € C([0,5];R?)  (y,2) € C([2,4];R?)
Observation time step At =0.02 At =0.01

Lorenz " 63 Smoothing Experiment

y variable z variable

o
E— 20 — True 40
s = Predicted
2 10 30
5 ° 20
& -10 — True
3 10 —— Predicted
= -20

0 1 2 3 4 5 0 1 2 3 4 5
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G 10
= 30
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o
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0 1 2 3 4 5 0 1 2 3 4 5

Time Time

Figure 5.1: Median and worst-case relative L? error samples for smoothing experi-
ment involving prediction of (y, z) from x.

to the median and highest relative L? errors in the test set compared to true tra-
jectories. The panels showcase predictions that are qualitatively indistinguishable
from the truth, indicating the success of the purely data-driven smoothing approach.
To further demonstrate the importance of observability, we experiment with the
smoothing setting of mapping the z trajectory over the time interval [0, 5] to the
x, y trajectories over the same time interval. We use the same model and training
setup as before. displays the predicted trajectories corresponding to the
median and highest relative L? errors in the test set compared to true trajectories.
The panels showcase the failure in the predictions, which achieve a median relative

L? error of 1; it is also interesting to note that the model seems to predict the 0

trajectory, possibly due to the reflection argument discussed in [Subsection 5.2.3|
In we demonstrate the qualitative results of the forecasting experiment.

Indeed, in [Figure 5.3a] we display the predictions for the trajectories corresponding

to the median and highest relative L? errors in the test set compared to ground
truths. We note that the prediction for the test sample presenting the largest error
still resembles a possible trajectory of the Lorenz ‘63 system. Indeed, the prediction
diverges to another lobe of the attractor; this behavior is to be expected in prediction

problems in the context of chaotic systems. With the goal of obtaining forecasts on
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Figure 5.2: Median and worst-case relative L? error samples for smoothing experi-
ment involving prediction of (x, y) from z.

longer time horizons, we experiment with composition of the learned forecasting
map ¥r : C([0,2]) — C([2,4]) to obtain ¥} : C([0,2]) — C([2,2 + 2n]). In
for n = 500 we compare the distribution (histogram) of points in the
predicted future trajectories p to points in the ground truth trajectories p. The
matching of distributions, and hence statistics, indicates the success in predicting
valid trajectories from the attractor of the Lorenz system, despite the chaotic nature
of the equations and hence per-trajectory divergence. As further validation of the
quantitative success of the purely data-driven forecasting approach, we recall the
numerical comparison with the prediction given by the constant value of x(7') for
T = 2, that is taking the predicted trajectory to be p(¢) = x(2) for t € [2,4].
shows the improvement in accuracy yielded by the cross-attention based

transformer neural operator, in comparison to this naive approach.
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Figure 5.3: Median and worst-case relative L? error samples in forecasting (a).
Distribution of trajectory predictions under composition of the learned forecasting
map (b).
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5.4.4 Lorenz 96

The Lorenz ‘96 model (Edward N Lorenz, 1996b)) consists of a linearly damped and
externally forced system equipped with an energy-conserving quadratic nonlinearity,
which generates cyclic interactions among the state variables. These properties make
the model a standard testbed for investigating atmospheric predictability. The system

dynamics are governed by the following equations:
du,-
dt
For the purposes of our experiments d = 40 in the smoothing setting, while d = 8

:(ui+1 —ui_z)ui_l -u;+F, i=1,2,...,d. (5.30)

in the forecasting setting; furthermore, in both setups the parameter is set to F = 8.
For all components u; the initial conditions for training and test sets are found by first
selecting initial conditions i.i.d. from F' + U([-1, 1]), in both index i and random
choice of initialization at time ¢ = —200, and then simulating the system using a
burn-in time of 200 to ensure the initialization of the trajectories are sampled i.i.d.
from the attractor at time ¢t = 0. For the smoothing experiment we take trajectories
over a time interval of [0, 5] as input data and predict the unobserved trajectories
over the same time interval. For practical implementation, we use points on the
trajectories sampled at uniform intervals Az = 0.02. For the forecasting experiment
we also use trajectories on a time interval of [0, 5] as input data and predict observed
trajectories over the future time [5, 5.2]. For practical implementation, we use points
on the input and output trajectories sampled at uniform intervals Az = 0.02. We train
the neural operator solving the smoothing problem using 10000 training trajectories
and the one solving the forecasting problem using 160000 trajectories. For both
experiments we use a test set of 2000 trajectories. We again note the higher data

complexity required to solve the forecasting problem.

We summarize the parameter and experimental settings for the Lorenz ‘96 dynami-
cal system in[Table 5.4l In[Figure 5.4 we demonstrate the qualitative results of the

Table 5.4: Lorenz ‘96 system settings

Category Smoothing Forecasting

Parameters F=28

Observed (1, ... Uz, 423, U25, . . ., u39) € C([0,5];R3®)  (uy,uz,u3,us, . ..,u30) € C([0,5];R3)
Unobserved (122, U4, . . . us0) € C([0,5];R1?) (uy, 2, u3, us, . .., uz9) € C([5,5.2];R)
Obs. time At =0.02

smoothing experiment. Indeed, we display the predicted trajectories correspond-

ing to the median and highest relative L? errors in the test set compared to true
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trajectories. The median error panel demonstrates near-perfect overlap between
prediction and truth, while the highest error panel exhibits overlap only after t = 1,
indicating a possible effect of synchronization (Pecora and Carroll,|1990). Together,
these results demonstrate the qualitative success of the purely data-driven smooth-

ing approach. In|Figure 5.5|we display results for the forecasting experiment. Here

Lorenz *96 Smoothing Experiment
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Figure 5.4: Median and worst-case performance on the Lorenz ‘96 system for
smoothing.

we show the pointwise errors relative to the root mean square of the ground truth
(computed in space) for the sample in the test set achieving the median relative L2
error. With the goal of obtaining forecasts on longer time horizons, we experiment
with composition of the learned forecasting map W : C([0,5]) — C([5,5.2]) to
obtain W% : C([0,5]) — C([5,5+0.2n]). In we show an example
of predicted trajectories obtained by composing the map with n = 50; the plot
shows trajectory divergence after a handful of compositions, due to chaos and error
compounding. However, in for n = 500 we compare the distribution
of points in the predicted future trajectories p to points in the ground truth trajec-
tories p. The matching of distributions, and hence statistics, indicates the success
in predicting the invariant measure supported on the attractor of the Lorenz ‘96
system, despite the chaotic nature of the equations that results in trajectory diver-
gence. As further validation of the quantitative success of the purely data-driven
forecasting approach, we recall the numerical comparison with the prediction given
by the constant value of x(7') for T = 5, that is taking the predicted trajectory to be
p(t) = p(5) fort € [5,5.2]. shows the improvement in accuracy yielded
by the cross-attention based transformer neural operator, in comparison to this naive

approach.
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Figure 5.5: Pointwise errors relative to the root mean square of the ground truth
(computed in space) for the sample in the test set achieving the median relative L2
error.
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under composition of the learned forecasting map (b).

5.4.5 Kuramoto-Sivashinsky

The Kuramoto—Sivashinsky (KS) equation (Kuramoto, is a well-studied non-
linear partial differential equation that models the development of instabilities in
spatially extended systems. It exhibits rich spatiotemporal chaotic behavior and
arises in a variety of physical contexts, including flame front propagation, thin film
flows, and reaction—diffusion phenomena. With the periodicity in space imposed to
identity x = L and x = 0, the one-dimensional KS equation for u : [0, L] xR* — R
takes the form

ot ox*  0x? 0x

u(x,0) =ug, Vxel[O0L]. (5.31b)

0, (x,1)€ (0,L)xR", (5.31a)
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For the purposes of our experiments, the parameter is set to L = 327. Numerically,
the KS equation (5.31)) is discretized in space using a Fourier pseudospectral method,
which naturally enforces periodic boundary conditions. Time integration is carried
out using the exponential time-differencing fourth-order Runge—Kutta (ETDRK4)
scheme (Kassam and Trefethen, [2005). This method treats the stiff linear operator
analytically, thereby avoiding the explicit linear Courant—Friedrichs—Lewy (CFL)
constraint associated with fully explicit Runge—Kutta schemes. As a result, the time
step is selected according to accuracy requirements and nonlinear resolution rather
than linear stability limitations. We simulate the dynamics using a burn-in time of
200 to ensure the trajectories are independent and sampled from the attractor. The
observed trajectories are taken to be filtered solutions of (5.3T)), obtained by zeroing
out the high Fourier modes of u. We denote this filtered solution by u. In the
smoothing setting we experiment with, the goal is to recover the full solution u from
u, where u is obtained by retaining the first 64 modes of # and zeroing out the rest. In
the forecasting setting, u is obtained by retaining the first 32 modes of u# and zeroing
out the rest. For the smoothing experiment we use the observed trajectories on a time
interval of [0, 100] as input data and predict the unobserved trajectories over the
same time interval. For practical implementation, we use points on the trajectories
sampled at uniform intervals Ar = 0.25. For the forecasting experiment we use
the observed trajectories on a time interval of [0, 100] as input data and predict
the the trajectories over the future time [100, 102]. For practical implementation,
we use points on the input and output trajectories sampled at uniform intervals
At = 0.25. We train the neural operator solving the smoothing problem using
10000 training trajectories and the one solving the forecasting problem using 80000
trajectories. For both experiments we use a test set of 2000 trajectories. We note the
higher data complexity required to solve the forecasting problem. We summarize
the parameter and experimental settings for the Kuramoto-Sivashinsky equation in
[Table 5.5] In [Figure 5.7] we demonstrate the qualitative results of the smoothing

Table 5.5: Kuramoto—Sivashinsky (KS) system settings

Category Smoothing Forecasting
Parameters L=32n
Spatial Grid xj=jL/128, j=1,...,128

Observed (ﬁ(xl), e ﬁ(xlzg)) € C([O, 100];R]28) (ﬁ()q), ceey ﬁ(xlzg)) (S C([O, 100];R]28)

Unobserved  (u(x1), ..., u(x128)) € C([0, 100];R'2)  (s(x1), ..., u(x128)) € C([100, 102]; R1?8)

Obs. time At = 0.25
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experiment. Indeed, we display the predicted trajectories corresponding to the
median and highest relative L? errors in the test set compared to true trajectories.
The panels showcase predictions that are qualitatively indistinguishable from the

truth, indicating the success of the purely data-driven smoothing approach. In
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Figure 5.7: Median and worst-case performance on the KS system for smoothing.

we display results for the forecasting experiment. Here we show the
pointwise errors relative to the root mean square of the ground truth (computed
in space) for the sample in the test set achieving the median relative L? error.
With the goal of obtaining forecasts on longer time horizons, we experiment with
composition of the learned forecasting map ¥y : C([0,100]) — C([100,102])
to obtain 7. : C([0,100]) — C([100, 100 + 2n]). In we show an
example of predicted trajectories obtained by composing the map with n = 100;
the plot shows trajectory divergence after a handful of compositions, due to chaos
and error compounding. However, in for n = 1000 we compare the
distribution of points in the predicted future trajectories p to points in the ground
truth trajectories p. The matching of distributions, and hence statistics, indicates the
success in predicting valid trajectories from the attractor of the KS system, despite
the chaotic nature of the equations and hence per-trajectory divergence. As further
validation of the qualitative success of the purely data-driven forecasting approach,
we recall the numerical comparison with the prediction given by the constant value
of p(T) for T = 100, that is taking the predicted trajectory to be p(z) = p(100)
for t € [100, 102]. shows the improvement in accuracy yielded by the

transformer neural operator, in comparison to this naive approach.

5.5 Conclusions and Future Directions
In this work we have formulated and analyzed a model for fully data-driven data

assimilation, and the smoothing and forecasting problems in particular; we have also
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Figure 5.8: Pointwise errors relative to the root mean square of the ground truth
(computed in space) for the sample in the test set achieving the median relative L?
error.
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Figure 5.9: Forecast obtained by composing the learned map on one-step median
and worst-case relative L? error samples (a). Distribution of trajectory predictions
under composition of the learned forecasting map (b).

defined neural operator algorithms to tackle the problem in practice. We show that in
the context of dynamical systems, under an observability-rank condition, there exists
a continuous operator mapping observations to unobserved or predicted quantities.
We formulate universal approximation theorems establishing the existence of neural
operator parametrizations solving the smoothing and forecasting problems up to
arbitrary accuracy. We have further demonstrated these capabilities in practice by
deploying transformer neural operators for these problems in the context of the

Lorenz ‘63, Lorenz ‘96, and Kuramoto-Sivashinsky dynamical systems.

The theory developed in this chapter represents a significant step towards accelerated,
nonlinear data assimilation that is model agnostic, avoiding the need for specified
dynamics and possibly expensive model evaluations. This provides, for example,

a first mathematical underpinning for the development of the direct-observation
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state estimators and direct-observation forecasts, which constitute the frontier of
the Al-weather forecasting domain; see Allen et al. (2025) and Alexe et al. (2024),
respectively. Nonetheless, many open challenges remain, and we highlight several

interesting avenues for future work.

1. In[Subsection 5.2.3| we show that the observability-rank condition is satisfied

by the Lorenz ‘63 dynamical system whenever xo # 0. Characterizing for
which points the Lorenz ‘96 dynamical system and Kuramoto-Sivashinsky
equation satisfy this condition constitutes an avenue for further work. A
similar analysis for the Navier-Stokes equation could lead to theory directly

applicable to computational fluid dynamics and the atmospheric sciences.

2. Several chaotic dynamical systems of interest in the data assimilation context
exhibit the property of synchronization (Pecora and Carroll, [1990). Syn-
chronization of trajectories of coupled chaotic dynamical systems occurs,
for example, in the setting of (5.1)) supplemented with additive linear terms
A,p and A,q for negative definite A,, and with Lipschitz conditions on the
functions f,g. An investigation of the interplay between the universal ap-
proximation properties of neural operators and the synchronization properties

of the dynamics constitutes an interesting avenue for future work.

3. It is of interest to extend the local existence results in this chapter to show
under a different set of assumptions the existence of an operator mapping
observations to unobserved variables, defined on the whole domain of the
dynamics. Applying the theory of fractal delay embeddings from Sauer,
Yorke, and Casdagli (1991) constitutes a promising avenue for future work.

4. It is of interest to perform a detailed numerical study comparing the per-
formance of different neural operator architectures when applied to the data
assimilation problems presented in this chapter. Furthermore, an accuracy-
complexity tradeoft analysis between neural operators and non learning-based

smoothing algorithms would be of interest.

5. Itis of interest to study discrete time dynamical systems from the perspective
developed in this chapter, and to use this setting to make concrete connections
to Takens’ embedding theorem (Takens, 2006; Sauer, Yorke, and Casdagli,
1991).
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5.A Observability-Rank Condition in Control Theory

In the following discussion we explain the connection between the observability-
rank condition, employed in this chapter, and the observability-rank condition from
control theory, introduced in the seminal paper Hermann and Krener (1977). In the

general control-theoretic context, consider the partially observed dynamical system

x=¢(x,u),
y = h(x),

(5.32)

where u(t) € Q C R! foreach s > 0, x € M, a C* connected manifold of dimension
m,y € R", and ¢, h are C* functions. For simplicity we may consider the setting
where M = R%*% and h : R *% — R% as follows.

Example 5.A.1. The partially observed dynamical system (5.1)) we consider in this

chapter may be written in the form

p = f(p’ q)a
g =28(p,q), (5.33)
p=m,(p,q).

This is a specific example of the control theoretic setting with M = R+ the

external control u absent, ¢ = (f,g) and h = r,,.

We now introduce the technical notions required to define the observability-rank
condition from Hermann and Krener (1977). These definitions may be found in
Hermann and Krener (1977) and are developed for general C* manifolds M and
general C® observation operators 4 : R” — R". Here we work in the setting of
M = R%*4q and h : R9%*% — R, aligning with the Example |S.A.1| and in

particular with the contents of our work.

Every point u € Q defines a vector field x — ¢(x,u) € C®(R%*da; Rir+da); we
let 70 c C®(R4*da;R%+4a) denote the collection of all of these vector fields,
one for each u € Q. We let H? denote the subset of C®°(R?*%) consisting of
the d,, component functions Ay, hy, ..., hdp : Rr*dq 5 R of the observation map
h: R9*da — R viewed as scalar-valued smooth functions on R%*%s. We define
H to be the smallest linear subspace of C*(R%»*%) containing H° and which is
closed with respect to Lie differentiation under elements of #°. For each ¢ € H,
the differential Dg(x) : R *% — R is a linear functional on R%*44_i.e. an element
of (R4 *da)* We define dH? = {Dy : ¢ € H} and dH = {D¢ : ¢ € H} as
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collections of maps R%*%a — (R4 *da)* and dH (x) C (RY*%)* as the subspace

obtained by evaluating elements of dH at x.

Definition 5.A.2 (Observability-rank condition in Hermann and Krener (1977)).
The dynamical system (5.32) satisfies the observability-rank condition at X if dim(dH (%)) =
d, +d,.

With the translation between our work and Hermann and Krener (1977)), as described

in Example [5.A.1] we may formulate the following proposition.

Proposition 5.A.3. The dynamical system (5.1) satisfying|Assumption P2lwith f, g €

C* and satisfying |Assumption P2|at the point (p, q) is an instance of a dynamical
system (5.32)) with a fixed control, satisfying the observability-rank condition from
Hermann and Krener (1977) at the point x = (p, q).

Proof of[Proposition 5.A.3] We are in the specific setting of Example [5.A.T] and
hence, because no control is present, the set 7° simply comprises the vector field
(f,g) € C®(R¥*da;Rr*da) Letting x = (p, q) and recalling the notation for Lie
derivatives defined in we have that

0
Lipg(mp)(x) = %(%) (g 8 ) (5.34a)
= (Tayedy Od,a,) (; Ezgz) = f(»,0). (5.34b)

Therefore, higher order Lie derivatives of m, under the vector field (f,g) yield
Lé fo) f. Let G be the span of the component functions {7, 1,...,7p4,} U
{‘Ll('f’g)‘fj :1<j<dy,0<i< n-1}, where n,; : R%»*% — R denotes
the jth component of 7, and similarly f; denotes the jth component of f, so that
the evaluations {7, ;(», q) }?Zl and {[,’('f,g)fj(p, q)}?il correspond to the (n+1)d,
entries of F (p, q) in (5.5).

From (5.34) and closure of H under Lie differentiation under ( f, g), we have that

G C H; consequently, dH contains differentials of elements of G. The linear
transformation L : RO*+D4» — R4r*ds from (5.12)) defines a map

LF(H) . (p’ q) — [Sl (p’ Q)’ Sz(p’ q)’ s Sdp+dq(p’ Q)]T’ (535)

for s; € G. Since dH (p,q) C (R9*%)* we have that dim(dH (p,q)) < d, + d,.
Since s1, ..., S4,+4, € G C H, their differentials Ds1(p, q), ..., Dsq,+a, (P, q) are
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elements of dH (p, q). Moreover, these differentials are the rows of the Jacobian

D(LF™)(p, q), which has rank d » +dg by |Assumpti0n P2|, and hence are linearly

independent. Therefore dim(dH (p, q)) > d, + d,, and combined with the upper
bound dim(dH (p, q)) < d, + d,, we conclude that dim(dH (p,q)) =d, +d,;. O

S5.B Architectural Details

In this section we describe the transformer neural operator architectures employed
in with particular focus on cross-attention. The goal of this section is
two-fold: to present the architectural details, but also to discuss how the architecture

may be cast in the universal approximation context of [Theorem 5.3.1) which is

the object of this chapter. The first transformer neural operator uses self-attention.
The second uses a combination of self-attention and cross-attention. The use of
cross-attention enables the output of the architecture to be defined on a different
number of grid points than the input. The self-attention based transformer neural
operator we use is described in detail in Calvello, Nikola B. Kovachki, et al., 2025,
Section 4.2. A slight modification to the architecture implemented in practice

leads to a universal approximation theorem of the form we apply in this chapter

(as in[I'heorem 5.3.1)), the statement of which may be found in Calvello, Nikola B.

Kovachki, et al., 2025, Theorem 22. We focus the following discussion on the cross-
attention based transformer neural operator. To this end, we recall the definition of

cross-attention in function space from Calvello, Nikola B. Kovachki, et al. (2025)).

Let D C R¢ and E C R¢ be open sets. Letu : D — R4 be a function, v : E — R
another function, and x € E, y € D points. Then, for learnable parameters
Q e Rékxdv K ¢ RIxXdu y ¢ RWXdu  cross-attention is defined as the operator

acting on functions v, u such that

C(v,u)(x) = Ey~7r(y;v,u,x) [Vu(y)], (5.36)

for any x € E, where the probability density function is defined as 7 (-;v,u,x) :
D — R* so that

exp((Qv(x), Ku(»)a, )
fD exp((Qv(x), Ku(s))RdK) ds,

for any y € D. We note that self-attention is a special case of cross-attention

(5.37)

m(y;v,u,x) =

where v = u. In the following, we denote by V, U, W, Z as arbitrary function
spaces; furthermore, while cross-attention allows a more general definition, here

we write the architecture as a mapping between functions over the domain D. The
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cross-attention based transformer neural operator we employ may be written as
the map Wg(+,*;0) : V(D;RY) x U(D;R") — Z(D;R”) acting on functions
v e V(D;RY and u € U(D;R") such that

Wo(v,u:6) = (Tout oD(v,) 0 Ey o Tin)(u, 9). (5.38)

In practice, we define Ty, : U(D;R") — W(D;R) via concatenation with the grid
(positional encoding) and application of a learnable linear transformation that lifts to
alatent channel dimension ¢. The operator E;, : ‘W (D;R¢) — W (D;R) isdefined
via a composition of L self-attention layers. Its construction is outlined in detail in
Calvello, Nikola B. Kovachki, et al., 2025, Section 4. The transformer decoder D :
V(D;ROXW(D;RE) — W (D;RC)is defined for (v, u) € V(D;R)xW(D;RC)

via the iteration

v — Sipv, (5.39a)
v e WPy +C(v,v), (5.39b)
v e FLayerNorm(V), (5.39¢)
Vv e W2v + C(v,u), (5.39d)
Vv« FLayerNorm (V). (5.39%)
v e WDy + Fan(v), (5.39f)
v« FLayerNorm (V). (5.392)

where Sj, is a learnable linear transformation lifting to the channel dimension,
FLayerNorm denotes application of layer normalization, Fyn a two layer multilayer
perceptron and in practice, and multihead cross-attention is employed; we refer to
Calvello, Nikola B. Kovachki, et al., [2025| Section 4 for a discussion on multihead
attention. We also note that in our implementation, we fix the linear transformation
WlD , W? , W? to be the identity. For implementation purposes, we define the operator
Tou : W(D;R®) — Z(D;R") as a linear transformation projecting to the output

space.

Due to the definition of cross-attention and step (5.39d) in the decoder, the discretiza-
tion size of the output function corresponds to the discretization size of the input
function v, making this architecture particularly attractive for forecasting problems,
where the output time interval may be of length differing to the input. In practical
application of this architecture, the v is fixed to be the rescaled identity function,
sampled at the grid points where the output function is to be evaluated. Since the

v is fixed, for the approximation theory developed in the following section we only
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require consideration of the operator W(v, #;6) : U(D;R") — Z(D;R”’). Because

the architecture is the discrete version of the continuum neural operator, the scheme
is discretization invariant in both inputs, meaning that the parameters will be inde-
pendent of any discretization of input and output functions; the resulting scheme is
thus deployable at any discretization. In the next subsection we state and prove a
universal approximation theorem for a slight variant of the scheme implemented in

practice.

5.B.1 Universal Approximation for Cross-Attention

Consider activation functions o € C*(R) which are non-polynomial and Lips-
chitz continuous. We consider neural operators of the form (5.38) where Tj, :
U(D;R") — W(D;R°) and Toy : W(D;R®) — Z(D;R%) are defined by neural

networks of the form

(Tin(u))(x) = Rga'(Rl(u(x),x) + bR) + by, (5.40)

(Tout(v))(x) = P20’(P1 (v(x),x) + bp) + b, (5.41)

where (u(x),x) € R™*?and (v(x),x) € R°*? where Ry, R, P1, P, are learned linear
transformations of appropriate dimensions and bg, b%, bp, b}, are learned vectors.
We define the operator E : ‘W (D;R¢) — W(D;R¢) as a two-step map acting on
its inputs u € W(D;R) as

u(x) < WFu(x) + C(u, u; OF, KE, VE)(x), (5.42a)
u(x) — Wiu(x) + Weo (WEu(x) + b5) + b5, (5.42b)

forany x € D. Note that the layer thus defined does not include layer normalizations,
and hence is a variant of the self-attention transformer layer employed in practice.
We also define a no-layer normalization variant of the decoder in (5.39), which
also includes a residual of the output of the encoder after application of cross-
attention; indeed we consider D : V(D;R%) x W (D;R¢) — W(D;RC) defined
for (v,u) € V(D; RY) x W (D;R) via the iteration

v(x) < Sipv(x) (5.43a)
v(x) « WPv(x) + C(v,v; Q?,KID,VlD)(x), (5.43b)
v(x) — W2 (v(x), u(x)) + C(v,u; 09, K2, Vy) (x), (5.43¢)

v(x) e WRv(x) + Wor (WDv(x) + bD) + b3, (5.43d)
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for any x € D. We may now apply the result of Lanthaler, Zongyi Li, and Andrew
M. Stuart (2025) to show two universal approximation theorems for the resulting

cross-attention based transformer neural operator.

Theorem 5.B.1. Let D c RY be a bounded domain with Lipschitz boundary, and
fix integers s, s’ > 0. If 7 : C* (5; R’) — CY (5; R’/) is a continuous operator
and K c C* (5; Rr) a compact set, then for any € > 0, there exists a cross-attention
based transformer neural operator ¥ (v, +;0) : K c C*(D;R") — C*(D;R") so
that
sup ||‘PT(u) —W¥(v,u;0)
uek

o S E. (5.44)

Proof. We begin by noting that for QzD, KzD = 0 and V2D = [, the cross-attention

mapping employed in the decoder reduces to
1
Clv.u: 03, K5 V7)) (4) = Eyerntyivann) [V U] = 155 / u(x) dr.  (5.45)

For encoder weights yb = 0, W3E =0, WF = WzE = [ and decoder weights
WE = (0,W), W? =0, Wf = WE = [ and bg = 0, the composition of encoder
(5.42) and decoder (5.43) reduces to the mapping
1
u(*) —» o [Wu(e) + by + ﬁ u(x) dx) . (5.46)
The existence of W, Ry, Ry, Py, P2, by, bpg, b;e’ bp, b;) so that W(v, «;6) satisfies
(5.44) then follows from Lanthaler, Zongyi Li, and Andrew M. Stuart, 2025| Theo-

rem 2.1, which also involves the application of the universality result for two-layer
neural networks of Pinkus, 1999, Theorem 4.1. U]
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Chapter 6

TRANSFORMERS FOR NONLINEAR FILTERING

6.1 Introduction

Filtering, determining the conditional distribution of the state of a partially and
noisily observed dynamical system given data collected sequentially in time, con-
stitutes a longstanding computational challenge, particularly when the state is high-
dimensional. Sequential data assimilation encompasses a broad range of methods
aimed at finding the filtering distribution, or simply estimating the state, in an online
fashion. The focus of this work is on the use of sequential data assimilation methods
for filtering and state estimation, and in particular the methodologies developed
primarily in the geophysical sciences, and weather prediction especially, which are
relevant in high dimensions. The overarching goal is to introduce a new framework
for the machine learning of data assimilation (DA) algorithms, and specifically en-
semble filters, which facilitates the sharing of parameters between implementations
with different ensemble sizes; we may, for example, train and deploy the same model
with different ensemble sizes. To achieve this we work in the context of mean-field
state-space formulations of filtering. This perspective enables us to consider the
idea of learning algorithms which share a common set of parameters, regardless
of ensemble size, by viewing large ensembles as approximating a common mean
field limit. In practice, small ensemble sizes behave differently from large ensemble
sizes, an issue that has heretofore been addressed by use of inflation and localization.
Here we show that an efficient fine-tuning strategy can be used to transfer parameters
trained at one ensemble size to another ensemble size, at which the algorithm can
be deployed. The resulting algorithms are based on stochastic dynamical systems
for a state variable whose evolution depends on its own law; particle approximation
leads to implementable algorithms. We show how the attention mechanism, adapted
from the transformer methodology at the heart of large language models, can be
used to define probability measure-dependent transport maps, i.e. mappings that
move probability mass from one distribution to another, that can be approximated by
empirical measures using arbitrary ensemble sizes. We refer to the resulting class

of neural network architectures as measure neural mappings.

In Subsection [6.1.1] we set our work in the context of pre-existing literature. Then,
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we describe the specific contributions we make to achieve our overarching goal, and

we overview the contents of the chapter in Subsection[6.1.2]

6.1.1 Literature Review

Data assimilation (DA) is a fundamental framework for integrating observational
data with numerical models for the purpose of state estimation and forecasting. DA
methods systematically combine observations with prior model forecasts, account-
ing for their respective uncertainties, to produce optimal estimates of the system state
or to characterize a probability distribution over the state. Several textbooks provide
comprehensive overviews of this field (Andrew H. Jazwinski, 1970; Kody Law, A.
Stuart, and Kostas Zygalakis, 2015; Asch, Marc Bocquet, and Nodet, [2016; Reich
and Colin Cotter, 2015; Evensen, Vossepoel, and Leeuwen, 2022; Bach, Baptista,
Sanz-Alonso, et al.,[2025)).

The Kalman filter Kalman (1960) is a foundational sequential data assimilation
algorithm for linear systems with Gaussian errors. The extended Kalman filter,
using linearization, adapts the Kalman methodology to nonlinear systems, but its
direct application to high-dimensional geophysical problems is computationally
prohibitive. The ensemble Kalman filter (EnKF) (Evensen, 2003; Burgers, Van
Leeuwen, and Evensen, 1998}, Jeffrey L. Anderson, 2001) addresses this limitation
through a Monte Carlo approach, representing statistics via a limited ensemble
of model states. Square-root variants, including the ensemble transform Kalman
filter and the ensemble adjustment Kalman filter (Jeffrey L Anderson, |2001}; Tip-
pett et al., 2003), reduce both storage requirements and sampling errors through
deterministic formulations. Stochastic EnKF variants update each ensemble mem-
ber using the Kalman filter equation with random perturbations in the innovation;
Van Leeuwen (2020a)) provides a consistent derivation that favors perturbing the
modeled observations. However, EnKF-based methods commonly encounter chal-
lenges in practical implementations and, in particular, suffer from sampling errors
caused by finite ensemble sizes. To address these limitations, covariance inflation
(Jeffrey L. Anderson and S. L. Anderson, 1999; Jeffrey L. Anderson, 2007) and
localization (Brian R. Hunt, Kostelich, and Szunyogh, [2007) techniques have been
developed. Approaches such as the iterative EnKF (Pavel Sakov, Dean S. Oliver,
and Laurent Bertino, 2012) and the maximum likelihood ensemble filter (Zupanski,

2005) further improve performance in nonlinear regimes.

The integration of machine learning methodologies into DA has recently emerged
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as a powerful strategy to enhance predictive accuracy and scalability beyond tra-
ditional approaches constrained by Gaussian assumptions. Such machine learning
approaches are reviewed in Cheng et al. (2023b) and Bach, Baptista, Sanz-Alonso, et
al. (2025)). A key direction has been the direct learning of filters from data. Learning
a fixed-gain filter was considered in Hoang, De Mey, and Talagrand (1994), Mallia-
Parfitt and Brocker (2016), Levine and A. Stuart (2022), and Bach, Baptista, Luk,
et al. (2025). McCabe et al. (McCabe and Brown, [2021) developed an ensemble
filter that uses the mean and covariance matrix as input to a recurrent neural net-
work. Bocquet et al. (Marc Bocquet, Farchi, et al., 2024)) further demonstrated the
efficacy of neural network-based filtering schemes without relying on an ensemble,
achieving comparable accuracy to ensemble methods by identifying key dynamical

perturbations directly from forecast states.

Complementary to these direct learning strategies, a distinct class of approaches
formulates ensemble filtering as a transport problem. These methods explicitly
construct transformations that map forecast distributions onto analysis distribu-
tions. Representative techniques include Knothe—Rosenblatt rearrangements (Span-
tini, Baptista, and Youssef Marzouk, 2022b), normalizing flows (Chipilski, [2025)),
bridge matching (Shi et al., 2022), and optimal transport frameworks (Al-Jarrah
et al.,2023). These methods offer rigorous probabilistic interpretations and enable
accurate sampling from the filtering distribution at each assimilation step. Typi-
cally these approaches find transformations acting on each individual particle, rather
than operating directly at the distributional level, and are not designed to directly

transform or update the ensemble members collectively.

Beyond per-particle transformations, a complementary line of research updates the
ensemble collectively via particle flows (Van Leeuwen, Hans R Kiinsch, et al.,
2019a)), with applications to atmospheric models (Hu, Van Leeuwen, and Jeffrey L
Anderson, [2024)). Early particle-flow methods cast the analysis as a continuous
ordinary differential equation that drives particles toward the posterior (Daum and
Huang, 2011), with related continuous-time ensemble formulations such as the
EnKF-Bucy perspective (Bergemann and Reich, [2012)). Variational or Stein-based
mappings are considered to push forward the prior through learned maps, e.g., the

variational mapping particle filter (Pulido and Leeuwen, |2018)).

Probabilistic formulations provide another promising direction for learning-based
filters. These approaches aim to directly approximate the Bayesian inference prob-

lem of obtaining the filtering distribution (Brocker, Engster, and Parlitz, 2009;
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Boudier et al., 2023; Bach, Baptista, Luk, et al.,|[2025; Bach, Baptista, Sanz-Alonso,

et al.,2025). In particular, recent works have proposed frameworks to jointly learn
the forecast and analysis steps (Boudier et al., 2023)), or assume knowledge of the

dynamics and learn parameterized analysis maps via variational inference (Bach,
Baptista, Luk, et al., 2025).

Building on the use of deep learning architectures for ensemble filtering, recent
efforts have incorporated permutation-invariant neural networks to respect the un-
ordered nature of ensembles. Such architectures enable models to learn interactions
among ensemble members without being sensitive to their ordering, which is es-
sential for consistent filter behavior across runs. These designs have been applied
to directly learn ensemble update rules (Zhou, Z.-R. Liu, and Xiao, 2024) and to

refine ensemble forecasts in post-processing settings (Hohlein et al., [2024).

Transformers and the underlying attention mechanism (Vaswani et al., 2017) are
now ubiquitous in machine learning. Their success at modeling global, long-range
correlations has made this architecture an attractive methodology for operator learn-
ing; see for example Cao (2021)), Zijie Li, Meidani, and Farimani (2023)), Calvello,
Nikola B. Kovachki, et al. (2025), and Wang et al. (2025b). In this chapter we are
interested in the attention mechanism as a map between metric spaces of probability
measures, thus going beyond the definition on Euclidean spaces from Vaswani et al.
(2017) and the generalization to Banach spaces in Calvello, Nikola B. Kovachki, et
al. (2025). Recent developments in the mathematical analysis of transformers have
led to the formulation of the continuum limit of self-attention layers (Geshkovski,
Letrouit, et al., [2024). In Geshkovski, Letrouit, et al. (2024) the authors describe
the evolution under this continuum limit architecture as the solution of a continuity
equation; see Castin et al. (2025) for an overview on this perspective. This formu-
lation is also employed in Geshkovski, Rigollet, and Ruiz-Balet (2024) to analyze
self-attention dynamics as a measure-to-measure map. However, this analysis is
restricted to measures defined on the sphere and does not include cross-attention.
In this chapter we present a general methodological framework for neural network
architectures on the metric space of probability measures and a general definition of
attention as a measure-to-measure map. We will leverage this formulation to build

implementable methodologies effecting data assimilation.

6.1.2 Contributions and Overview

Our five primary contributions are as follows:
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1. We present a framework for learning ensemble filtering algorithms, based on a

mean-field state-space formulation of the evolution of the filtering distribution.

2. We introduce a novel generalization of neural operators to maps defined to act
between metric spaces of probability measures. We call such maps measure
neural mappings (MNM). We identify an architecture to implement such

maps, based on the attention mechanism.

3. The MNM architecture is used to define approximations of the mean-field
formulation of the filtering distribution. This leads to a novel learning-based

framework for ensemble methods: the measure neural mapping enhanced
ensemble filter (MNMEF).

4. Because of the mean-field underpinnings, the basic learned parameters are
shared between filters with different ensemble sizes. As a consequence, pa-
rameterizations learned at one ensemble size can be deployed at different
ensemble sizes, leading to efficient training at small ensemble sizes. To
enhance this approach, we introduce a fine-tuning methodology to incorpo-
rate a small number of parameters, such as localization and inflation, which

intrinsically depend on ensemble size, into the resulting filters.

5. We demonstrate that the resulting filtering algorithm outperforms an opti-
mized local ensemble transform Kalman filter (LETKEF, a leading ensemble
filter) on Lorenz 96, Kuramoto-Sivashinsky, and Lorenz 63 models, for both

small and larger ensemble sizes.

In Section [6.2] we describe filtering from the perspective of mean-field dynamics
and define a learning framework to approximate the true filter, addressing Contri-
bution 1. Section is devoted to the introduction of measure neural mappings,
a generalization of neural operators to maps taking probability measures as inputs;
we show in this section that the attention mechanism can be used to build a trans-
former architecture defined on probability measures, thereby tackling Contribution
2. Contributions 3 and 4 are addressed in Section [6.4] where we detail the algo-
rithm for finite particle sizes. The numerical experiments in Section [6.5] support
Contribution 5. We conclude in Section We also note that a reader focused on

methodological contributions alone can skip the self-contained Section [6.3]
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6.2 Learning Mean-field Filters

In this section, we formulate the filtering problem (Subsection [6.2.1]), describing
sequential DA from the perspective of nonlinear evolution of probability densi-
ties (Subsection [6.2.2) and from the mean-field state-space evolution perspective
(Subsection [6.2.3). We then present the general idea of learning an analysis map
which has a probability measure as an input (Subsection [6.2.4). Finally, we in-
troduce our learning-based mean-field filter approach, which enhances traditional
ensemble Kalman filtering by incorporating trainable correction terms in the mean-
field equations (Subsection @ This allows us to extend and, as will show in
numerical results presented in the penultimate section, improve upon the standard
EnKF methodology, which relies on a Gaussian ansatz; in so-doing we maintain the

interpretable structure of Kalman filtering.

6.2.1 Filtering Set-Up
Consider the stochastic dynamics model given by
R TPIR UL S
Vi = ‘P(vj'.) +&, J€ yAR (6.1a)

v ~N(mo, Co), €1 ~N(0,%)iid, (6.1b)

where ¥ : R — R% is the forward dynamic model, and vj., §; e R for j € Z*.

We assume that the sequence {ij. } jez+ is independent of initial condition vg; this is
often written as {fj. }jezr L v(T). The data model is given by

Vi =hOGl ) +nl,. ezt (6.22)

Nt ~N(0,T)iid, (6.2b)

where 4 : R — R% is the observation operator and yj., 7]; e R for j € Z*. We
assume that the sequence {n; }jen L vg and that the two sequences in the dynamics
and data models are independent of one another: {f;f }jezr L {17; } jen. The states v;
lie in R4, while the observations y;r. lie in R%. Note that there is a hidden parameter
At specifying the time interval between steps j and j + 1. It is implicitly embedded
in (6.1)) through W, which represents the discrete-time map obtained by integrating

the continuous dynamics over an interval of length At.

Remark 6.2.1. We use T for all variables defining the state and observation, and
the noises that define them. This is to distinguish them from other similar vari-
ables, appearing without ¥, in the algorithms that follow. In this chapter, we adopt

autonomous dynamics with additive Gaussian noises according to (6.1) and (6.2).
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There are several extended settings, briefly outlined in Remark[6.2.2] These exten-

sions are important in applications but introduce substantial technical challenges.

We do not consider those settings in this chapter for clarity of exposition.

Remark 6.2.2 (Possible extensions beyond the baseline model). Beyond the au-

tonomous, additive-Gaussian setting in (6.1)—(6.2), one may consider Bain and
Crisan (2009), Andrew M Stuart (2010b), and Reich and Colin Cotter (2015)):

o Time-dependent dynamics/observations. Allow ¥, %, h, and T" to vary with

J. This can destroy stationarity and leads to non-homogeneous transition/-
likelihood kernels.

® Multiplicative or non-Gaussian noises. Replace additive Gaussian errors
by state-dependent or heavy-tailed noises. This can induce heteroscedastic

innovations and non-quadratic likelihoods.

e Infinite-dimensional state spaces. Model v; in a function space (e.g., a
separable Hilbert space) for PDE-governed systems. One must address well-
posedness (e.g., trace-class noise/covariances), operator-valued updates, and

consistency under spatial discretization/mesh refinement.

There are two primary types of problems in data assimilation: the filtering problem
and the smoothing problem. In this chapter, we focus on the filtering problem.
To this end we define the accumulated data up to time j by YjT = {yI, cees y;}.
Using this notation we state the filtering problem in Definition and the state
estimation problem that stems from it in Definition [6.2.4]

Definition 6.2.3 (The Filtering Problem). The filtering problem refers to iden-
tifying and sequentially updating the probability densities r; (vj) = P(vj.|Y;) in
P (R4) for j € [J]. These densities 1 are referred to as the filtering distributions

at time j.

Definition 6.2.4 (State Estimation). The state estimation problem refers to estimat-
ing the state v;, based on the given observations YJT, and to updating the estimate

sequentially over a series of time indices j € [J].

State estimation can be viewed as a subproblem of the filtering problem. Given
the filtering distribution 7;, a natural state estimate is the conditional expectation

E[v}|YJ.T] as this delivers the minimum mean-squared error estimate of v;. In this
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chapter we explicitly focus on state estimation: our objective is to recover the hidden
T
J
Accordingly, our loss functions are defined with respect to the true state. We note

state v ; at each time step rather than to approximate the full filtering distribution 7.
that, in high-dimensional settings, the conditional mean is generally inaccessible
in practice—accurate computation would require particle filters with prohibitively
large ensembles—so it is standard to evaluate and tune filters against the true state.
As outlined in Section[6.6] our framework can be extended to the filtering problem by
adopting distribution-matching losses to learn the filtering distribution (and hence

its mean).

6.2.2 Filtering: Probability Evolution
We consider the filtering problem, which consists of identifying the filtering distri-
bution given by

n ,(vj) = P(vyyj ). (6.3)

We define the following two measures:
i1 (v],) = PO, 1Y)), (6.42)
Pt (V¥ ) = POL Ly VD). (6.4b)

The update 7; — 741 can be written in the following three steps:

Predict (linear): 7js1 =Prj, (6.5a)
Extend to data/state space (linear): pj+1 = Qmj41, (6.5b)
Analysis (nonlinear): Tjs1 = B(pj+1;yj.+l). (6.5¢)

P is a linear operator that transforms the filtering distribution at time j to the forecast

distribution at time j + 1, and is given for the stochastic dynamics model in (6.1) by

Pr(v) = —%llv - T(u)ng) 7(u) du. (6.6)

1
V(2r)dv det X -/ =P (

Q is also a linear operator, one that multiplies the forecast distribution by the

observation likelihood, and is given by

Qn(1.3) = == exp -3 Iy - HONE |50 (67)

\V(2r)% detT

Then, the nonlinear operator B can be written in the form

pir1(v, yj-ﬂ)

B(pje13 ¥}, )(v) = (6.8)

_/Rdv pj+1(u, y;r~+1) du
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6.2.3 Filtering: State-Space Evolution

Directly evolving the filtering distribution 7; is generally intractable since the non-
linear operator B (6.8)) cannot be computed explicitly for most practical applications.
Alternatively, we consider a random state evolution process governed by its own

law, given by

Predict: Vil =P(vj) + &5, & ~N(0, %), (6.92)
Extend to observation: Vit1 = h(Vis1) + 41, 141 ~N(O,T),  (6.9b)
Analysis: Visl = 23("’\J'+1,)’7j+1§yj-+1,Pj+1)» (6.9¢)

where p ;. is the joint measure defined by (6.4b). From the definitions of P (6.6)
and Q (6.7), and from equations (6.9a) and (6.9b), it follows that (Vj.1,y;+1) is
distributed as p;i1, i.e., pj+1 = Law((V+1,¥;+1)). Now, using the theory of

transport, we choose B so that the pushforward of p ;. under this map delivers the

desired conditioning on the observed data y; R

B(pj+1ayj+1) = %( s §y;+1,Pj+l)ﬁ(,0j+1)-
It follows that if 7; = Law(v;) then 741 = Law(v41).

The preceding construct is mathematically appealing but it leaves open the question
of how to identify an appropriate choice of B. The mean-field ensemble Kalman
filter (Calvello, Reich, and Andrew M. Stuart, 2025) leaves (6.9p) and (6.9b) intact
but replaces the mapping B in ) by the affine (in (Vj+1,y;+1)) approximation

Viel = %EnKF(VjH,§j+1;y;+1a,0j+1), (6.10)

defined by
Vet = e+ Kt (50, = 55). (6.11a)
Ko = Gty (Gt + r)_1 . (6.11b)

Here, K, is called the Kalman gain, C'" is the covariance between v+ and
h(vj+1), and 5;‘]:1 is the covariance for /(v;41). Both C"" and 5j’f1 are computed

under 7T;41:
Coliy = B | (7= 7j41) ® (D) = By )| (6.12a)

Cihy = 7R [(h(ﬁ) - EM) ® (h(v) - Ej+1)] . (6.12b)
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Here, v,y and h j+1 are the mean of states and observations respectively, under il Ik
Vs = BT Ry = BV (D). (6.13)

We note that in computation of these covariances we have simply used expectations
under 7,1, the marginal of p;,1 on the state. It is possible to use the replacement

~YY _ ~hh
Cin=Cin + 1,

where C Jy il is the covariance for 37_,-+1. Hence we write the map Bg,kr as dependent

on p 41, which covers both cases.

What is sometimes termed the stochastic ensemble Kalman filter is implemented
in practice by employing an interacting particle system approximation of the mean-
field model. The methodology uses the empirical measure defined by the set of N

particles { v(.f) }?’: | to approximate the filtering distribution 7; = Law(v;), and hence

N
the empirical measure defined by { ( +)1 }[ | and {( ﬁ)l, 5?5?1) }[ ’ to approximate

7j+1 and pj,q, respectively. We write the resulting approximations as

70 = Z S P = Z i) 5 6.14)

j+l ]+l

Making this particle approximation in (6.9), and replacing B by Bg,kr leads to the

interacting particle system

Aﬁ’fl W)+, (6.152)
Y = hGE) 0 (6.15b)
NG ) <) )

]+1 5'ZSEIIKF( ]+1,y]11,yj+1,[)j+1). (615C)

This is a particular instance of the ensemble Kalman filter (EnKF), where use of the

(N )

empirical approximation Py Means that the covariances CVh and Chh1 given by

( )

(6.12) are now computed by use of empirical approximation i of Tj41:

N
PN I - 1 oy _ —
CVh1 =E" [(V—Vj+l) ® (h(V) h]+1)] = NZ( 531 Vj+1) (h(Vyi)l) hj+1),
n=1

(6.16a)

Chhl =E TR [(h(v) h]+1) ® (h(?) - EjH)] = %Zi]: (h(/f?l) - Ej+1) ( (Aﬂ)l) _Ej+1) -
) (6.16b)
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Here V41 and Ej+], originally defined in (6.13), are also computed by use of an

empirical approximation of 77;.1:

- 21 ~(n) - TN IR T
Vi =BT =2 3 VL B =ETAG) = 5 ) hGT).
n=1 n=1
(6.17a)

Remark 6.2.5. The ensemble Kalman filter exhibits permutation invariance with
respect to the ensemble members. This important property stems from the fact that
both the sample means v .1, Ejﬂ in and the empirical covariance matrices
5;.’:1, C jhfl in (6.16)) are calculated as averages over all ensemble members, making
them invariant to the ordering of particles in the ensemble. This permutation

invariance is a crucial property that motivates the design of our methodology.

6.2.4 Learning Probability Measure-Dependent Analysis Maps
Machine learning—based approaches can be applied to approximate the analysis step
(6.5¢c). Indeed, one may seek an operator Bynm (measure neural mappings, or

MNMs, will be introduced in Section[6.3)) acting on probability measures so that
Byinm(p)+13 ¥, 1) = B(pja15YT)- (6.18)

This aim motivates a novel and significant extension of neural operators (N. Ko-
vachki et al., [2023b; Nikola B Kovachki, Lanthaler, and Andrew M Stuart, 2024):
designing operator architectures that act on the space of probability measures. We
refer to these neural operators that act on probability measures as measure neural
mappings (MNM). A natural way to construct such an approximation is by neural
operator Byinw, acting on the joint space of state and data and parameterized by the

observation and by the law of the state, so that

%MNM(V]'H,?J'H;y;+1,Pj+1) ~ EB(VjH,yjH;y;HanH), (6.19a)
Bvnm (041 y;ﬂ) = Bmnm( @, ;yjﬂ, Pj+1)gPj+1 = B(pji1: yj-H)- (6.19b)
The map Bynwm in (6.193) acts on the joint state—observation space; in contrast the
map Byinm in (6.19b), defined through pushforward, acts on the space of probability

measures on the state space. The quantities after the semi-colon parameterize these

maps. To use this neural operator approximation in the state-space evolution, we
replace by the approximation

Vit = %MNM(V]'H,§j+1;y;+1,/0j+1)- (6.20)
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6.2.5 EnKF-Inspired Probability Measure—Dependent Analysis Maps

We now propose a specific novel filtering methodology, which we coin as the
measure neural mapping enhanced ensemble filter (MNMEF). In this section, we
will discuss the mean-field formulation of this approach. We consider a specific
form of Bynwm inspired by the success of the EnKF and describe it here in the
mean-field limit. We generalize (6.11]) to take the form

Viel = Vg1 + (Kg)j+1 ()’Ll - 37]‘+1), (6.21a)
(Ko)j+1 = Ko (pj+1,)’;+1) ; (6.21b)

R4v*dy_yalued function, and @ denotes the

where Ky (p j+1s y;+ 1) 1s a parameterized
vector of trainable parameters. Our proposed choice for Bynwm (6.214) introduces
inductive bias by mimicking the affine EnKF update. The following proposed form
for Ky(+, ) is identical at each time step; for simplicity we omit the subscript j + 1
in its definition and, in particular, use 7 as the distribution of the predicted state.

We assume the following form for Kj, generalizing the Kalman gain (6.11b):
-1
Ko =K (K +T) . (6.22)

Here Kél) and Kéz) are modified versions of C*" and C" from (6.12). Specifically

we have

KD = g7 [(V—m o) ® (h(?) —E+Zg)], (6.23a)
KD = g7 [(h(?) —Z+29) ® (h(?) —Z+Eg)], (6.23b)

where wy and 7y are trainable correction terms that depend on the state v, observation
h(v), true observation y', and the joint distribution p;. We apply a neural operator
F(:0) : R x RY x RY x P(R? x RY) — R% x R% to define the correction
terms as

§ (7 A,y p1s6) = (0. 70) (6.24)

where p, = Law((v, 2(v))) is the joint distribution of (v, 2(V)). As well as being
defined in the mean-field limit, this form of the model can both be learned and
deployed through interacting particle system approximations, just as for the original
ensemble Kalman filter. These interacting particle systems, as well as details of the

architecture employed for § in the particle approximation, are defined in Section[6.4]

Remark 6.2.6 (Factoring Our I'). We note that Ky (6.21b) depends on the proba-
bility measure p while § (6.24) depends on py,. The relationship between p and py,
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is given by
(v, h(V)) ~ p,
V) ~p © <p~NO,T), nL7, (6.25)
y=h®) +1.

By factoring out the noise covariance in the term (K éz) + 1)l in (6.22), we use the
explicit knowledge of T in derivation of Kg. Therefore, § uses the input p, which

does not depend on T".

Remark 6.2.7 (Beyond Gaussian Assumptions). The mean-field map Byny
is constrained to be affine in both inputs v and y. Indeed,
B (V. 53", p) =V + Ky ()’T - ?) :

We note that this is the same constraint satisfied by the ensemble Kalman filter;
see Calvello, Reich, and Andrew M. Stuart (2025). However, as shown in Calvello,
Reich, and Andrew M. Stuart (2025)), the gain K in the ensemble Kalman filter is
such that the resulting state estimate has law with first and second-order moments
matching a Gaussian approximation of the true filter. Our approach is more gen-
eral. Indeed, since Ky is trainable, unlike in the EnKF, the gain is not constrained
to satisfy any moment-matching with a Gaussian approximation of the true filter.
The ensemble Kalman filter possesses statistical guarantees for problems involving
filtering distributions that are close to Gaussian (given, for example, by dynamics
and observation operators that are close to linear) (Calvello, Monmarché, et al.,
2026). Further work will involve investigating whether this more general methodol-

0gy possesses theoretical guarantees for a broader class of filtering problems than
the EnKF.

The core of our proposed approach is to learn a neural operator &, as given in (6.24),
which takes both probability measures, as well as vectors, as inputs. Section[6.3]is a
self-contained description of a novel methodology for training neural operators that
take probability measures as inputs; it leverages the attention mechanism (Vaswani
et al.,2017). In Section @ we will build on this novel neural operator framework
to provide a concrete methodology for enhanced data assimilation when actioned

using interacting particle approximations of the mean-field limit.

6.3 Learning Maps on the Space of Probability Measures
In this section we introduce a general framework to define neural network archi-

tectures acting on the space of probability measures. Let 1,2, denote two sets,
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equipped with sigma algebras so that we may assign probabilities, and consider
maps of the form F : P(Q) X @ — P(;); here ® C R”. Our goal is to define
the parametric class of functions so that, by choice of 8* € ®, we may approximate
agiven map F' : P(Q;) — B(Q) by F(+;6%) : B(Q1) — P(Q2). As the desired
size of the approximation error shrinks we will typically require ®, and in particular
the number of parameters p, to grow. Such methodology is now well-established
for maps between Banach spaces; see the review Nikola B Kovachki, Lanthaler, and
Andrew M Stuart (2024). Defining such maps between metric spaces in general,
and probability spaces in particular, is an unexplored research question which we
address here. We refer to neural networks on the space of probability measures as

measure neural mappings (MNM).

In what follows, we show that the popular transformer architecture may be formulated
as a mean-field mapping on the space of probability measures; this mapping is mean-
field because it not only acts on but is also parametrized by probability measures.
We call such a neural network architecture the transformer measure neural mapping
(TMNM). This architecture will serve as a parametric family of operators of the
form F : P(R%) x P(R) x © — P(R") defined via action on u € P(R%) and
7 e PRM) as

Fu,m;0) = (s m, 0)yu. (6.26)

The transport map in (6.26)) is a mapping of the form & : R% x P(R%») x ©@ —
R4 . For ease of exposition we will henceforth omit the # parameterizations of
the operators. In Section [6.4] we will show how this transformer measure neural
mapping, in particular the transport map that defines it, may be used to implement
(6.24)) in the context of learning an ensemble-based data assimilation algorithm. For
this section, however, we work quite generally, without specific reference to data

assimilation.

Remark 6.3.1 (Training a Transformer MNM). In practice, implementing MNM
architectures such as that in (6.20) involves working with samples from the measures
1 € PRY) and 1 € B(R™) rather than the measures themselves. This finite
sample approximation introduces the challenge of selecting an appropriate loss
function that is readily computed from samples. For the purposes of this chapter,
we will employ a loss function based on matching the mean of the output measure
under the map. Future work will optimize based on the use of metrics on probability

measures and scoring rules, not just the mean, see Section [6.4| for more details.
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In what follows we assume access to samples u(i) ~ ufori = 1,..., N and similarly
w(j) ~nmnforj=1,...,M. We note the following useful identity, which follows
from (6.20) (dropping explicit 6—dependence):

1 & ]
N; D7) =N 2

1

0

N
(6.27)
=1

& (M(i);ﬂ) )

This characterization will be used to describe implementable algorithms.

In view of Remark [6.3.1] we proceed by describing the TMNM architecture in detail
as a mapping between spaces of probability measures. This mean-field perspective
is more general and justifies the deployment of MNM architectures trained with
a finite collection of samples to ensembles of different sizes. Nonetheless, in
the development that follows, we provide examples illustrating the finite sample

empirical setting such as in Remark [6.3.1] which will be the focus of later sections.

We proceed in Subsection [6.3.1] by describing the TMNM architecture as a compo-
sition of specific maps on probability measures, which we call attention blocks and
which involve the application of the attention map. In Subsection [6.3.2] we define
attention as a map on measures and show how, via application of this map to em-
pirical measures, it is possible to recover the formulation of attention on Euclidean

spaces from Vaswani et al. (2017).

6.3.1 Transformer Measure Neural Mapping

The TMNM architecture as an operator of the form F : B (R%)xP(R9) — P(R%)
consists of a composition of N, € N number of operators X, : B(R%) — P(R),
N4 € N number of operators £, : P(R%) — B(R%),and C : P(R%) x P(R%») —
B (R9), which we call the self-attention and cross-attention blocks, respectively.
We define F via action on inputs u € PB(R%) and 7 € P(R) as

F(u, ) = Zung+n, (2) o -0Zy 14N, (0)0C(p, )0 Ey n, (#) 0 - 0%y 5 () 0 Xy 1 (7).

(6.28)
For ease of exposition, for operators 2 we will henceforth drop the notation X., as
the dimension of the input state space will be clear from context. We note that the
cross-attention block is intimately related to the pooling multihead attention block
from the set transformer architecture (J. Lee et al., 2019). In Remark [6.3.2] and
in Section we make explicit the connection between the TMNM and the set
transformer. Both operators £ and C will be defined via a pushforward operation
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under a transport map €: we define

Z(u) = €(o; wyp, (6.292)
C(u,m) = C(o; m)yu. (6.29b)

We now outline the construction of the transport map appearing in (6.29a) and
(6.29b). Indeed, we may write the map € : R% x P(R4") — R% acting on the
inputs u € R% and 7 € P(R?) as the composition of the maps

w— FN(u+ A(u; 7)), (6.30a)
u— FNu+ FNw)). (6.30b)

We note that each of the maps appearing in the composition in (6.30) may be used
to define a pushforward operator on measures.

Remark 6.3.2 (Set Transformer Architecture). We note that the composition in
(6.28)) is a generalization of the set transformer architecture from J. Lee et al.
(2019) to the continuum. Indeed, the set transformer acts on a collection of vectors
{u(l),...,u(N)} c R% which we may assume to be drawn from an underlying
reference measure j1. The set transformer relies on learning a vector w € R% with
which cross-attention is applied to the ensemble. The set transformer architecture
may thus be viewed as the map F in (6.28) when acting on the empirical measure

uN = % Zf.\il Ou(i) and a learned dirac 6,,.

We will now turn our focus to defining each of the maps in (6.30). The map

N . R4 — R defines layer normalization and is such that

ur —m(u)

(5w y.8)) = w o + B (6.31)
k Vo2(u) +¢
fork=1,...,d,,anyu € R4 where the subscript notation («) is used to denote

the k’th entry of the vector. In equation (6.31), & € R* is a fixed parameter,
Yk, Bk € R are learnable parameters and m, o are defined as

1 & 1 &
m(u) = 7 Z U, o (u) = T Z(uk - m(u))z, (6.32)
“ k=1 “ k=1

for any u € R% . The operator F N : R% — R is defined such that

N (u; Wi, Wa, b1, ba) = Waf (Wi + by) + b, (6.33)
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forany u € R4 where Wi, W, € R%*du and by, b, € R are learnable parameters

and where f is a nonlinear activation function.

The map U : R% x P(R%) — R% is the attention map: Subsection which
follows is dedicated to its formulation as a transport defining the attention map on

measures A.

6.3.2 Attention as a Map on Measures

We present the definition of the attention operator as a map between a product
of the spaces of probability measures (R%) and P(R?) into another space of
probability measures P (R%) ﬂ If considering the map as acting on measures
defined on the unbounded domain R% we must make assumptions on the input
measures themselves, i.e., tail decay assumptions, so that the attention operator
is well-defined. Hence, for ease of exposition we first present attention as an
operator A : P(Q,) X B(Q,,) — P(R¥), where Q,, Q,, are bounded open subsets
of R% R% respectively; we will then extend the definition to the general case
A P(RYU) x Ps(RY) — P(RP), where the subset of measures Ps(R) c
B (R9) consisting of all probability measures whose tails decay strictly faster than

exponential, will be appropriately defined.

Definition 6.3.3 (Attention on Measures: Bounded State Space). We define
the operator A : P(Q,) X PB(Q,,) — PB(RY) via its action on inputs (u, ) €
P(Q,) X P(Q,,) as a pushforward of the first input measure u € P(Q,) by a
transport map A = Q, X P(Q,,) — R which is parametrized by the second input

measure © € P(Q,,), hence
Ap, ) = (5 m)yp. (6.34)

The transport map A : Q, X P(Q,,) — R rakes as input a vector u € Q, and
a probability measure © € PB(Q,,) and computes an expectation under a rescaling
of the measure m, which is parametrized by u. Namely for (u,n) € Q, X B(Q,,) it
holds that

W(u; ) = Evep(um) VW, (6.35)
where

exp({Qu, Kw))m(dw)

Jo,, exp((Qu, Kz))n(dz)

'In this self-contained subsection we use the notation d, to denote the dimension associated
with the output space of probability measures. This is not to be confused with the dimension of the
state of the dynamical system that is subject of the majority of the remainder of the chapter.

p(dwiu,m) = (6.36)
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Dimensions of the learnable matrices Q, K,V are determined from the above, pro-

vided Q, K have the same output dimension, which is a free parameter to be specified.

Remark 6.3.4 (p(+; u) is a probability measure). Clearly, the normalization con-
stant in (6.30)) is finite, as the integral is taken over Q,, a bounded domain. Fur-

thermore p integrates to 1 over Q,,, hence it defines a probability measure.

In view of Remark in order to extend the definition of the attention operator
expressed in (6.34) to a map on probability measures defined on an unbounded
domain, extra care is required to ensure the normalization constant in (6.36) is
finite. Indeed, we must assume that the measure 7 € P(R%) has sufficiently fast
tail decay in order to compensate for the exponential growth in the integrand. To this
end, we introduce the following subset of B (R%*), on which the attention operator
will be shown to be well-defined. Intuitively, the condition that defines the subset is

satisfied by all measures whose tails decay faster than exponentially.

Definition 6.3.5 (Set of Measures with Exponential Tail Decay). For 6 > 0 we
define Ps(R%) c P(Ru) as a set of measures satisfying the following exponential

tail decay condition:

Ps(R™) = {ue P(R™): u{we Q:|X(w)| >t} < 2exp(-'*)}.

Given Definition [6.3.5] we may now define the attention operator as a map on

probability measures defined over unbounded state spaces.

Definition 6.3.6 (Attention on Measures: Unbounded State Space). We define
the operator A : P(R%) x Ps(R) — P(RY) via its action on inputs (1, 1) €
PB(R%u) x Ps(R™) as a pushforward of the first input measure u € P(R%) by a
transport map N : R% x Ps(R™) — R which is parametrized by the second input

measure © € Ps(R), hence
Ap, ) = (- m)gp. (6.37)

The transport map A : R% x Ps(R¥) — R% takes as input a vector u € R% and
a probability measure 1 € Ps(R) and involves computation of an expectation

under a rescaling of the measure  which is parametrized by u. Namely for (u, ) €
R x PBs(R4) it holds that

W(u; 1) = By p(am) VW, (6.38)
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where
exp({Qu, Kw))m(dw)

foaw exp((Qu. K2))7(dz)’

pldwiu,m) = (6.39)

Definition [6.3.5] allows to state and prove the following lemma regarding the finite-

ness of the normalization constant appearing in (6.39).

Lemma 6.3.7. Let Q, K,V be fixed matrices of appropriate dimensions. The mea-
sure p(dw;u, ) is a well-defined probability measure for 1 € Ps(R%).

Proof. Tt suffices to show fRdW exp({Qu,Kz))n(dz) < co. Using the Cauchy—

Schwarz and Young’s inequalities we obtain that

Lo 1+6
exp((Qu. K2)) < exp(l I IK lull=) < exp ((”Q(”l”f('s'l”;g )exp ()
(6.40)

‘We note that

/ exp((Qu, Kz))n(dz) < C(u)/ eXp( |z|1+9 );T(dz)
Réw ’ Rdw (1+9)

~ 00 |Z|1+6
—C(u)/0 n(exp((1+5))>t)dt
1 +
= C(u)/o n (exp ((llzlj_ ;)) > t) dt+
+ C(u) [oo n (exp (thf;) > t) dt

< C(u) +c(u)/loo7r(|z| > 1) e"P((lTJr 5)

1+6

) Odr

(1+0)

< C(u) +C(u)/ooexp(
1

: T1+6) 7°dt < o0,

where C(u) is a constant depending on u that changes from line to line, and where
in the fourth line we used that the first integral is less than or equal to 1 and applied
the substitution ¢ = exp (7'“5 /(1 + 6)) to the second integral; furthermore, we used
n € Ps(R%) for the final inequality. O

For implementable algorithms it is useful to consider the finite sample case, where we
assume we have access to empirical approximations of the measures u € P(R%) and
n € Ps(R%) via a collection of samples, or ensembles, {u(1),...,u(N)} c R%

and {w(1),...,w(M)} c R% . The following proposition provides a description of
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the attention operator when applied to empirical measures. The resulting expressions
will be useful more generally to formulate the trainable algorithms we will use for

data assimilation.

Proposition 6.3.8 (Attention on Empirical Measures). Assume that, for u €
PB(R%), 7 € Ps(R), samplesu(1),--- ,u(N) aredrawn i.i.d. from u and samples
w(1),--+ ,w(M) ~ & are drawn i.id. from n. Then for u" = %Z?/:léu(j) and
M = % Zyzl Oy (j) it holds that

N

1
N _Mmy_ L
A7) = NZ:‘%(”U);"M)’
j:
where Y
1€ ), Kw(k)))Vw(k
A(u(j): x) = k=1 ;P((QM(J) 'W( N)Vw( ). 6.42)
Z{:] eXp((Qu(])» KW([»)
Proof. This follows by application of identity to Definition [6.3.6] O

We note that the expression (6.42)) corresponds to the definition of attention on

discrete sequences as highlighted in Vaswani et al. (2017).

6.4 Particle Approximation of Learned Mean-field Filters

In this section, we detail our proposed machine-learning-based DA method, the
measure neural mapping enhanced ensemble filter (MNMEF), for the state estima-
tion problem. In particular we build on the mean-field formulation introduced in
Section [6.2] and in Subsection [6.2.5] in particular, by introducing an interacting
particle system approximation. The resulting machine-learned ensemble approach

is based on updating {vﬁ.")} to {v through the following steps:

/+1n1

Predict: Aﬁ’fl W)+, (6.432)
Extend to observation space: 5'31 = h(v(")l) + 175'_:)1, (6.43b)
Analysis: vﬁ.’fl = vﬁ’fl + (Kp)j+1 (y;+1 - 375?1) . (6.43c)

After the prediction steps (6.43a)) and (6.43b)), we obtain a set of particles { (v ('i)l ,h (Ayl)l )) }2’:1
The computation of Ky is elaborated through equations (6.22)), (6.23), and (6.24) in a
mean-field perspective, now extended to also include this particle setting. Asin Sec-

tion we drop time index j in what follows and recall that p;, = Law ((V, h(V))) is
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the joint distribution of (v, 2(V)) in the mean-field limit. In the particle case, under

their implied empirical distribution, we have

pN) = Zam) ) (6.44)

j+l’ ]+l

and use this as an input measure to Ky. The core idea is to train a parameterized neural
operator & (V, h(v), y‘L, Ons 9) that outputs the correction terms used to compute
Ky. This can be done using the transformer measure neural mapping (TMNM)
architecture F (6.28)) introduced in Section[6.3] When applied to empirical measures
such as (6.44)), this TMNM scheme is equivalent to the set transformer architecture
(J. Leeetal.,2019) acting on sequences, as outlined in Remark@ In this section,
which is concerned with implementation, we will work with the formulation of the
scheme on sequences; we will also show that the resulting scheme is invariant to
permutation of the elements of the sequence. To distinguish the resulting operator
on sequences to the one acting on measures from Section we will employ
the notation F5T opposed to F; see (6.60) for the definition of F5T. Due to the
permutation invariance property of the set transformer, we can treat the input as an
unordered set: we define the corresponding operator acting on finite sets using the
notation F5T ; see (6.67).

The parameters 6 learned in Ky implicitly depend on N, the number of ensemble
members used in training. However, the relation between the set transformer and
its mean-field limit from Section allows us to deploy the model parameters 6,
trained using an ensemble size N, to an ensemble of a different sizes N’. This
is because the N and N’ systems may both be thought of as approximating the
same mean-field limit. Similarly to the standard use of the EnKF, our learning
framework also incorporates techniques such as inflation and localization to enhance
the performance of the filter (Bach, Baptista, Sanz-Alonso, et al., 2025) as ensemble
sizes vary. We view this as a fine-tuning: fixing the majority of the parameters in 6
as ensemble sizes vary, but allowing a small subset of parameters—including those

related to inflation and localization—to vary with ensemble size.

We present the complete implementation details of our method in the following
subsections. In Subsection we review the set transformer architecture. In
Subsection[6.4.2] we present our architecture that learns a parameterized gain matrix,
generalizing the EnKF formulation, and enhanced by use of adaptively learned

inflation and localization parameters. Subsection [6.4.3] explains the loss function
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and training process. In Subsection [6.4.4] we describe how to efficiently fine-tune

our method to allow for ensemble size dependent inflation and localization.

Note that all aspects are based on a discrete setting, where our approach evolves an
ensemble of particles, as in the EnKF. Consequently, all measure-related operations
are transformed into computations based on the empirical measure, or equivalently,
the ensemble, viewed as a set of points in state space. When the time-step subscript

is omitted, this indicates that the analysis applies to any time step j.

6.4.1 The Set Transformer

In this section, we review the set transformer architecture (J. Lee et al., [2019) used
to process ensembles {(V(”))}nNz , or {(h(v™ ))}nN:1 into fixed-dimensional feature
vectors. While Section 6.3l introduced the set transformer from a measure-theoretic
perspective, we now consider our input as a sequence that, due to the architecture’s

design, can be treated either as a set or an empirical measure.

For two sequences u € (L{([[I,N]];Rd“) and w € (LI([[I,M]];R‘IW), we provide the
definition for the sequence-based attention mechanism, which is given by

Tl exp((Qu()), Kw(k)))Vw(k)
ety exp((Qu(f). Kw(0)))
We recall that this is equivalent to the formulation (6.42) in Proposition [6.3.8]

obtained by applying the measure theoretic definition of attention to empirical

W ((); w) (6.45)

measures. Defining the set of sequences of finite length in R¢ by
Ur(RY) = US_ U([1, N[;RY), (6.46)

we can define an attention operator AST (where the superscript ST indicates it is used
in the set transformer architecture) as a sequence-to-sequence operator, analogous
to the attention A acting on measures (6.34): [

AST : Up (R4 X Up (R™) — Up(RY). (6.47)

In view of (6.43), the output sequence length is the same as the length of the first
input. Specifically, for u € U([1, N];R%) and w € U([1, M]; R%),

AST(u, w)(j) = W(u(j);w), Vje[l,N]. (6.48)

2As in Section here d, does not necessarily refer to the state space dimension in the
dynamical system; the exposition in this subsection is quite general, defining the set transformer and
linking it to the MNM in Section[6.3]
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The learnable parameters in AST are denoted by
o(AT) = {Q,K,V}. (6.49)

In the context of practical implementations, AST is commonly instantiated as a mul-
tihead attention mechanism, which allows the model to jointly attend to information

from different representation subspaces (Vaswani et al., 2017).

The set transformer architecture is composed of several key building blocks (J. Lee
etal.,[2019). The fundamental computation unit is the Cross-Attention Block (CAB)

given in the following definition.

Definition 6.4.1 (CAB for Sequences). The Cross-Attention Block (CAB) C57 is an

operator that maps two sequences into one sequence:
C . Up(RY%) x Up(RY) — Up(R%N). (6.50)
Foru € U([1, N];R%) and w € U([1, M]; R%), C5T is defined as

C(u, w) = FEV(uy + FM(uy)) € U([1, N]; R%), (6.51a)
uy = F5N (u + A5 (u, w)) € U([1, N]; R%). (6.51b)

Here AST is the sequence-to-sequence attention (6.47); FXV denotes application of
the layer normalization operator FN (6.31)), elementwise in the sequence; FNN
denotes application of the feedforward operator F'N (6.33), also elementwise in the
sequence. The + operator acting on sequences is interpreted as adding elements

with the same index, i.e.,

(u+v)(j) = u(j) +v(). (6.52)

The trainable parameters in CT include the parameters from FfN, FéN . FM and
AST e,

0(CT) = o(FEYy U o(FEY) U 0(F™N) U 6(AST), (6.53)
where the layer normalization layers FfN , FéN have trainable parameters according
to (6.31)(6.32), the feedforward layer F¥N has trainable parameters according to
(633), and the attention layer AST has trainable parameters according to (6.49).
We note that practically the cross-attention block on sequences is the multi-head
attention block from Vaswani et al. (2017) and J. Lee et al. (2019) and may be viewed

as the sequence-to-sequence analog of the cross-attention block C on measures from

(6.290).
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The set transformer architecture is composed of several self-attention blocks (SAB)
(Definition [6.4.2) and a pooling by multi-head attention block (PMA) (Defini-
tion [6.4.3)), which are defined in the following using CAB.

Definition 6.4.2 (SAB). The self-attention block (SAB) ST, also called the set
attention block (J. Lee et al., 2019), maps a sequence to another sequence with the

same length and dimension, so that
ST Up(R™) - Up(R™). (6.54)

The application of ST is calculated by setting both inputs of C3T to be the same,

ie.,

S (u) = C(u, u). (6.55)

Here, the trainable parameters satisfy
0(S%T) = 6(C°7). (6.56)
See (6.294) for the measure theoretic analog X.

Definition 6.4.3 (PMA). The pooling by multi-head attention block (PMA) CS7 (s, #)
is defined by replacing the first input in the CAB C5T(, ) by a trainable parameter
s, called the seed. The seed s € U([1, Ny], R%) is a sequence, where Ny and dy are
fixed hyperparameters. Therefore C5T (s, ) maps a sequence of any finite length to

a sequence with fixed length,
C(s,o):  Up(R™) — U1, N,];R%). (6.57)
The trainable parameters in PMA are the parameters in the CAB and the seed s,
0(C57 (s, #)) = 0(C5T) U {s}. (6.58)

See Remark for the measure theoretic analog C(s, ).

The set transformer maps a sequence of any finite length to a fixed-dimensional
feature vector:
FST : Up(R%) — RYT, (6.59)

To fully specify the detailed architecture of FST, we will utilize two multilayer percep-
trons (6.33)) FﬁN : R — Rébaent and FNN . RNsXds 5 RAsT (that act elementwise

out
on sequences), and a parameter-free concatenation layer FCat . qq (1, N], RdS) —

RNs*ds that concatenates all elements in a sequence into a vector.
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For a sequence u € U ([1, N]; R%), the set transformer is hence given by

FST(L{) — FDeC( ) o CST(S, ) o FEnC(u), (6603)
P = (8570 o STT(4) 0 AN (), (650
FP2) = ot () 0 FE(0) 0 (S, () 0+ 0 STy (D) W) (6.60¢)

The subscripts £ € [ Ne + Nq] emphasize that the trainable parameters of these SABs
are different. Integer N, is the number of SABs, SZQ;T, t=1,2,..., N, inthe encoder
FEre, while Ny is the number of SABs, ST, £ = 1+ Ne,2+ Ne, ..., Ng + Ne, in the
decoder FP%¢. Specifically, we have

ST Up(R%weny — UYp(R%wen),  £=1,2,...,Ne, (6.61a)
ST Ur(R®) — Up(RD), £=1+Ng,2+Ne,...,Ng+N.. (6.61b)

The trainable parameters in FST are given by
0(F°T) = 0(FP*) U 6(C (s, +)) U B(F™™)
= 9(FNN) U B (FaY) U (UDrMa(S5T)) U 6(CST (s, #)).

n out

(6.62)

The set transformer architecture exhibits two key properties when processing an input
sequence, namely, the permutation invariance (Proposition [6.4.4) and adaptation to
variable input lengths (Proposition [6.4.5). These two propositions are proved in J.
Lee et al. (2019) under a slightly different setting: in the original work a length-N
sequence in R¢ is represented as an N X d matrix, whereas here it is a mapping
ue U1, N]],Rd).

Proposition 6.4.4 (Permutation Invariance). A permutation o is a bijective func-
tion from [1,N] to [1,N]. We extend the definition of o to sequences in u €
U([1, N],R%) so that

o(u)(n) =u(o(n)), nell,NJ. (6.63)

Then for any permutation o : [1,N] + [1,N] and any input sequence u €
U([1,N],R%), we have
FST(u) = FT (o (w)). (6.64)

Proposition 6.4.5 (Adaptation to Variable Input Length). A set transformer ar-
chitecture with fixed parameters takes input sequences with different lengths while

the output dimension is fixed:

FST(u) e RST,  Vu e U([1,N],R%), VN eN. (6.65)
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Based on these two properties, we can bridge the sequence input and the probability
measure input for the set transformer architecture. The permutation invariance
property (Proposition [6.4.4)) enables us to abstract away from the sequential nature
of the input and treat it as an unordered set. More fundamentally, this allows
us to interpret the input as an empirical distribution, where each element in the
sequence represents a sample from some underlying distribution. Furthermore,
Proposition [0.4.5] demonstrates that we can accommodate varying input lengths
without architectural modifications, effectively allowing us to adjust the number of
samples in the empirical distribution. Together, these properties (Propositions|[6.4.4]
and|[6.4.5) provide theoretical foundation for analysis of the main components of the

set transformer in the context of probability measures (Section [6.3)).

Remark 6.4.6 (Common Notation for Operations on Measures and on Se-
quences). In this section, much of the notation coincides with that in Section
This is because the underlying definitions are almost identical, with the key distinc-
tion being that in Section the operators act on probability measures, whereas in
this section they act on sequences. The preceding developments in this subsection
explain the connection. For example, in Section 2 and C denote the measure-
based self-attention (6.29a)) and cross-attention (6.29b)) blocks, while in this section,
ST and C7 represent the sequence-based self-attention (6.53) (Definition
and cross-attention (6.51) (Definition blocks, respectively. In addition, F
refers to the transformer measure neural mapping (6.28)) in Section while FST

refers to the set transformer (6.60) acting on sequences.

6.4.2 Our Architecture

In this section we provide a detailed description the architecture in our proposed
learnable DA method, MNMEEF. The core of our approach is to learn a parameterized
gain matrix (Subsection [6.4.2.1)), generalizing how the classical EnKF utilizes a
Gaussian-inspired gain. Additionally, to enhance performance, we incorporate
inflation and localization techniques (Subsections[6.4.2.2]and [6.4.2.3), akin to their
role in EnKF.

In our architecture, we use a set transformer (Subsection to process the
ensemble { (VW h(v()) }nN=1 into a fixed-dimensional feature vector. We define the

set of finite subsets in R? by

F(R?Y) = {A C R? | A contains a finite set of elements}. (6.66)
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Because of the permutation invariance property (Proposition [6.4.4), we may rein-

terpret the set transformer FST as a map F5T that acts on sets rather than sequences:
FST: F(R% x R%) — RYT, given by

FST({G™, hG™DYL 3 051) = fy € RO, (6.67)

n:l;

The feature vector f,, can be viewed as a representation of the empirical distribu-
(N)
h

representation is subsequently utilized to learn the gain matrix, inflation, and the

tion p, "’ given in (6.44) and similarly as an approximate summary of pj. This

localization.

Remark 6.4.7 (Choice of dst). By Proposition FST outputs a fixed dimension
dst regardless of ensemble size N. Therefore, we do not need to adjust dsr based
on N. Larger dsr values offer more expressiveness, but increase computational
cost. Our tests with the Lorenz *96 model ( Subsection using dst = 32,64, 128
showed only marginal improvements with increasing dsr, thus we selected dst = 64

for all experiments.

6.4.2.1 Learning the Gain Matrix

From the analysis step and the proposed form (6.22)), we have the following
form for the learnable analysis step:

50 Ky - 5). o8
-1
Ko = KV (ng) + r) . (6.68b)

Recall that, in the mean-field limit, we impose an inductive bias on our architecture
by defining Kél) and Ké2> in the form (6.23)), allowing for a learned correction
through (6:24). Recall that /7 and / are the mean of (PN and {h(FW)}Y
respectively. The empirical version of (6.23)), used in the practical implementation,

takes the form

N
1 . . N . —~

K = = 2 (7 -+ @) o () R+ 7)), (6.69)
n=1
1 &

) N N _ —~

K =< > (h) =+ 7)) @ () T+ 20), (6.69b)
n=1

where Wé") and %é") are trainable correction terms that depend on the state v, the

observation 4(v\"), the true observation y, and the ensemble { (v, h(V(”)))}nNzl.



250

The correction terms are defined by a neural operator § as in (6.24) for the mean-
field perspective presented in Section [6.2l In our practical implementation, we
replace the dependence on pj, in § by the ensemble {(v(©, h(V(f)))}?’: , and use the
set transformer FST (6.67)) to process the ensemble into a feature vector f,. Recall

that this can be viewed as using the empirical approximation p;N) ~ pj given by

(©.44).

To learn the correction terms for each particle, we then train a neural network
Faain - Rdv x R x R% x RYsT — R% x R% with the standard multilayer perceptron

(MLP) architecture that takes the feature vector for the ensemble as an input:
FEn (500, hE), 3, fis Oan) = (w520 (6.70)

where 6g,i, denotes trainable parameters.

From (6.694) and (6.69Db)), it is evident that if the correction terms satisfy Wé") =
/z\é”) = 0, the formulation reduces to the EnKF (6.16). When the dynamics and
observation models are linear, or in other words, when the filtering distribution
of the states v is Gaussian, the Kalman filter achieves optimality (Kalman, [1960;
Evensen, [2003; Calvello, Reich, and Andrew M. Stuart, 2025). Therefore, the
motivation for our proposed scheme (6.22) lies in its optimality in the linear (or
Gaussian) setting, while further aiming to improve the performance of the Kalman

filter in nonlinear problems by learning the correction terms.

Remark 6.4.8 (On the Invertibility in the Gain Computation). The matrix K (2),
defined in as an average of outer products, is positive semi-definite. Since I
is a fixed positive definite matrix, the sum K éz) + I" is also positive definite and thus
invertible. Crucially, the minimum eigenvalue of Kéz) + I is bounded from below
by the minimum eigenvalue of I', which is a positive constant independent of any
trainable parameters. This property ensures the numerical stability of computing

(K é()z) + )1 during backpropagation.

Remark 6.4.9 (Correction Approach Versus End-to-end Gain Learning). /n
addition to the proposed approach with correction terms, we have implemented the
end-to-end learning of the operator B presented in Subsection and learning
the Kalman gain Ky directly without any constraint on its form. We find that the
end-to-end approach or directly learning Ky results in unstable and slower learning.
A poorly initialized or an unconstrained Ky leads to substantial divergence of the

resulting filtered trajectory away from the ground truth trajectory. The EnKF-like
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structure in (6.68b) with learnable correction terms provides better stability while

maintaining adaptability to nonlinear dynamics.

6.4.2.2 Learning the Inflation

Inflation is a technique used to increase the ensemble spread, mitigating the un-
derestimation of analysis covariance caused by sampling errors in ensemble-based
methods. Finite ensemble sizes often lead to sampling errors in the forecast covari-
ance, causing the filter to overly trust forecasts and risk filter divergence. Inflation
helps maintain the response of the filter to observations by counteracting these

effects.

The most common form of inflation is multiplicative inflation, where the analysis
ensemble {v(" }N | that is calculated after the analysis step is modified as

follows,

N
1
(n) (n) _ (n) _ 9
v vVt (a 1)(v N E v ), (6.71)

=1

where @ > 1 is the inflation parameter. In our learning framework, we replace the

term proportional to (@ — 1) by a learned correction term ﬁé") ,

that is output by an MLP-based neural network F™ : R4 x R%t — R4 given by

Finﬂ (V(n), fv§ Qinﬂ) = 17(9")» (672)

where v is the estimated state given by (6.43c)), and 6, denotes trainable parame-
ters. The learned inflation step is processed after the analysis step (6.43¢), resulting
in the particle update:

)y gl (6.73)

Remark 6.4.10 (Dependence and Implications of the Learned Inflation Term).
The common form of inflation is a function of the ensemble states, i.e., not the
observations, in (6.71). Similarly, the learned inflation term uA(Q") in depends
on the ensemble states V") and the feature vector f,, without information of the
true observation y' or the observation noise covariance T. We avoid the risk that
the inflation term would evolve into an end-to-end correction term, ensuring the
learning performed by other components in our framework remains meaningful and

effective.
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6.4.2.3 Learning the Localization

In spatially extended systems, sampling errors can lead to inaccurate covariance
estimation, particularly when the sample size is small. True correlations typically
decay with distance, but spurious long-range correlations may arise, distorting the
covariance structure. Localization addresses this issue by suppressing artificial

correlations while preserving meaningful local correlations.

Localization is implemented by damping covariances in an empirical covariance
matrix based on distance. This is typically achieved by applying a Hadamard
product (elementwise product, denoted by o) between the empirical covariance
matrix and a predefined localization weight matrix L. For the dynamic model (6.7

with the state in d,-dimensional space (i.e., v € RdV), L € R%*dv g calculated by
(L)ke = 8(Dre), Yk, €€ [d,], (6.74)

where g : R — R is a function that maps distance values to localization weights
(e.g., the Gaspari—Cohn function (Gaspari and Cohn, |1999)), and D, is the distance
between index k and €. To incorporate the localization technique in the EnKF, the
Kalman gain formula (6.11b) is modified as

K= (Evh 0 LVh) (Ehh o LM 4 r)_l , 6.75)

where L' € R%* and L € R%*% are localization weight matrices correspond-

ing to C"" and CM, respectively.

In our learning-based formulation of localization we proceed as follows: we in-
corporate localization into our parameterized Kalman gain by modifying (6.68b) to
take the form

Ko = (K" o L) (kP o L7 + r‘)_1 : (6.76)

The localization weight matrices Lél) and L(E,z) follow the structure in (6.74)), where

g is replaced by a parameterized distance-to-weight function gy : R — R.

In practice, it is not necessary to learn the entire function gy since we only have a
finite number of different distances, defined by the spatial grid for discretized PDEs,
and time indices in the setting of ODEs. We denote the unique distance values in
{Dkg}Zj’é,zl as {D1,D>,...,Dy,}, where Np is the number of distinct distances.

Given a vector g = [g1,82,...,8n,] € R¥P, we can define the function gy by

go(D;) = g, Vi€ [Np]. (6.77)
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We employ a MLP-based neural network F!°° : R4t — RNP given by

F (f,:6010¢) = 3. (6.78)

The parameterized localization weight matrices Lél) and ng) are calculated based

on the output of this learned function gg.

Remark 6.4.11 (Implementation Insights for Learning Localization Weights).
Here we provide more details for the learning process of the localization weight

matrices and make some comments on our proposed approach.

o The final layer of F'°° is a softmax function scaled by 2, ensuring all outputs lie
within the interval [0, 2]. Although amplifying underestimated covariances is
typically the responsibility of inflation alone, our architecture jointly performs
localization and inflation. Thus, we allow the weights to range in [0, 2] rather

than [0, 1] to grant additional flexibility in the localization component.

e [nstead of learning a continuous parametric form for gg, we learn its values
only at discrete distances {Dl-}ll.\i’? . This reduces model complexity while

preserving localization expressivity.

e While EnKF-based localization methods typically use fixed weight matrices
across time steps (e.g., using the Gaspari—Cohn function (Gaspari and Cohn,
1999)), there is much interest in adaptive approaches (Vishny et al., 2024)).
Our learning-based approach adapts these matrices for each time step j using
neural networks via its dependence on the ensemble. As shown in (time
index j omitted for simplicity), the network processes time-step-specific inputs,
allowing the localization scheme to dynamically adjust based on the current

system state.

Remark 6.4.12 (On sharing the distance-to-weight function across Lél) and
Léz)). In forthcoming experiments in this chapter, the observation operator h sub-
samples state components, so the distances between observation indices are induced
by the same state-space metric used for state indices. Accordingly, we learn a single
distance-to-weight function gy and use it consistently to build Lgl) and Léz). For
more general h (e.g., nonlinear or indirect observations), one may instead learn
two distinct functions, gél) and géz), tailored to state—observation pairs for Lél) and

observation—observation pairs for L(Z), respectively.
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6.4.3 Loss Function

This section outlines the procedure for training the neural network parameters,
including the gain, inflation and localization (Subsection [6.4.2). Based on the
stochastic dynamic model (6.1)) and the data observation model (6.2), we make the

follow assumption for the training:

Data Assumption 1. Our training is conducted for fixed dynamics ¥, observation
operator h, and noise covariance matrices ¥ and I'. The time step At is also
fixed (and incorporated in ¥). The initial condition is a Gaussian with a fixed
covariance Cy, i.e. vo ~ N(»,Cy). For some M,J € N, the training data consists
of M trajectories of length J + 1, extracted from a single long trajectory generated
by propagating the dynamic model (6.1) for M(J + 1) steps. Each sub-trajectory
{vj. };:0 has corresponding observations {yj }jzl generated according to (6.2).

For each trajectory, we generate estimated states from our ensemble-based data
assimilation model to compare with the true states from the dynamic model, enabling

us to train the parameters 0st, Ogain, Ginfl, and Oy, for the set transformer F ST (6.67),

and MLPs F&in (6.70), F™ (6.72)) and F'° (6.78) respectively.

(n) }N
n=

We initialize an ensemble {v, , at the initial time step j = 0 for each sub-

trajectory, with members sampled i.i.d. from a Gaussian distribution with the mean

vé") and the covariance Cy:

v N, Co), n=1,...,N. (6.79)

Forj =0,1,...,J/—1and trainable parameters 6 = {0sr, Ogain, Oinfl, O1oc }» We update
the ensemble {v§") (0) }r’:’: | to {v(.") (9)}2’:1 according to

Jj+1
PO) =P (@) + £, £ ~N(O,3), (6.80a)
P00) = hGV(0) + 1, j'_?l N(0,T), (6.80b)
V0) = F0) + 3 + (Koot (], ~T0)). (6.80c)

where (Kg);+1 is our learned parameterized gain matrix, including localization,

and uA(H”) is the inflation term according to Subsection |6.4.2] For all parameters 6

we choose v(()")(é) = v(()"). The ensembles {V§n)(9)}nN=1 depend on the trainable

parameters 6 for j = 1,2,...,J.
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In this chapter we focus on state estimation, given by the mean of the estimated

ensemble {v;")(e)}nNzl, ie.,

N
= AN
v,(6) = NZVJ. (6). (6.81)
n=1
To train our neural network parameters effectively, we introduce a loss function that
quantifies the discrepancy between the estimated states and the true states across the

Y

m-th sub-trajectory V,, = {v} Vit

given by

L v (0) = vEIIZ

I
VMOEEDY R (6.82)

j=1
which measures the relative accuracy of our ensemble mean predictions compared
to the true trajectory. Our loss (6.82)) is a relative squared L; loss, which is preferred
over the standard L, loss for two main reasons. First, using the squared L, norm
avoids computing square roots, which can lead to numerical instabilities when calcu-

lating gradients, especially when the error approaches zero. Second, normalizing by

2
2

variables and trajectory segments, ensuring balanced parameter updates regardless

the true state magnitude (||vj. ||5) makes the loss scale-invariant across different state
of the absolute magnitudes of the state components. This relative formulation is
particularly important in dynamical systems where state variables may span different

orders of magnitude.

In the training process, the loss is averaged across M training trajectories indexed
by m € [1, M],
1
L@ = >, Lu(®). (6.83)
me[1,M]
The trainable parameter 6 is optimized based on the above-defined loss Ly 3. In

practice, the loss Ly ] is approximated by a mini-batch as a subset of [1, M].

Remark 6.4.13 (Gradient Truncation in Sequential Learning). Computing the
loss (6.82) requires evaluating ensemble estimates {{vﬁ.")(H)}nNzl};zl across the
entire trajectory. For the ensemble at step j, this involves nested evaluations of
Ky up to j times. These nested evaluation arise from the sequential nature of the
trajectory, where each step depends on the computing of the Kalman gain from the
previous steps, requiring backpropagation through the entire computational history.
With large trajectory lengths J, this causes slow training and numerical instability

since it is nearly equivalent to training a very deep neural network.
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To address this issue, we introduce a gradient-detach hyperparameter Jo € N. This
hyperparameter limits the gradient computation for the loss related to time step j to
only the steps j,j —1,...,j — Jo+ 1. This approach assumes that the trajectory at
time step j is not significantly affected by parameter changes in the Kalman gain for
earlier time steps, which is reasonable given the diminishing influence of distant past
states in many dynamical systems. This technique significantly improves training
speed and stability.

Remark 6.4.14 (Training Targets and Probabilistic Losses). In the loss (6.82),
the ground-truth states used for supervised training are obtained by simulating the
known dynamical model (forward integration of ¥ with prescribed noise model).
Thus, the availability of training data hinges on access to an explicit and tractable
dynamic model. In high-dimensional settings where such a model is unavailable or
impractical, a surrogate simulator (e.g., a reduced-order or data-driven one) can
be used to synthesize training trajectories and observations. Furthermore, while the
proposed loss focuses on state estimation, a promising direction for future
work is to adopt probabilistic loss functions that target the full filtering distribution
P(v; | Y;) rather than only the mean-based point estimator; see Subsection m

6.4.4 Fine-Tuning Inflation & Localization

Following the developments in Subsection [6.4.2] we may apply a set transformer
to process ensembles of any size into fixed-dimensional feature vectors. This
allows for pretraining our MNMEF with ensemble size N and perform inference
with N* # N. However in classical EnKF formulations, hyperparameters such
as inflation and localization depend on the ensemble size, and allowing for this
dependence significantly enhances performance. Thus, we consider fine-tuning a
subset of the parameters for inference at ensemble size N’ # N. We now detail this

methodology.

The architecture defined in Subsection [6.4.2]is based on trainable parameters 6sr,
for the set transformer F5T (6.67), and O gyin, Oinfi» and Ojo¢ for the MLPs FEIN (6.70),
Finl (6.72) and F'°° (6.78) respectively. For efficient fine-tuning when transitioning
from ensemble size N to N’, we freeze fst and only fine-tune Ogsin, Ginfi, and Hyoc.
This specific choice of fine-tuning is effective because: (1) freezing Ost significantly
reduces computational costs, as the set transformer contains the majority of network
parameters; (2) the remaining parameters, though small in number, measurably

improve performance when they are adapted to the ensemble size.
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The training loss for the m-th sub-trajectory V,,, = {v;}jzl is defined by (6.8T)),
(6.82): , o
1 w0 = vl

Lr(nN) (OsT, Hgaina Oinfl> O1oc) = — Z ?”2]

v

jh2

, 6.84
7 (6.84)
where we add the superscript N to emphasize dependence on the ensemble size. In

j=1

pretraining with size N we solve

N) p(N) f(N) p(N . N
QgT), eéan)a’ Qi(nﬂ)’ 91(00) = argmin ‘5&1,3\4]] (65T, Bgain, Oinfls Gloc) - (6.85)

GST,Ogain»ginﬂ »010c

During fine-tuning for size N’ # N, using the same training trajectories we solve

(N) p(N") f(N") _ :
Hgain’ginﬂ ’9100 = argmin L

Ggain »0infl,010c

[([i\,,;\)ﬂ] (Hé]TV)’ egain, Oinfl> O1oc) (6.86)

with fixed Gg). In practice, we use small mini-batches of [[1, M] to estimate the

losses in (6.83]) and (6.86)).

With the updated parameters, we proceed with ensemble size N’ using:

Feature Vector: V(NI) = FST ({(V(”), h(V(”)))}nNz/l; E’g)) , (6.87a)

Gain: Feain ( L F. 9<N.'>) , (6.87b)
gain

Inflation: Fo (o 15 00)). (6.87¢)

Localization: Floc ( V(N/); Hl(é\é’)) . (6.87d)

Although Hél}/) remains unchanged after the fine-tuning, the feature vector fV(N’)
differs from the pretraining features f, since the input ensemble size changes from
NtoN'.

Remark 6.4.15 (Efficient Training Strategy). While the per-particle update in the
analysis step has linear complexity with respect to the ensemble size N for fixed gain
matrix, the overall cost of one forward pass is dominated by the attention operations
used to compute correction terms. These attention blocks scale quadratically in N.
In practice, we adopt an efficient training strategy by pretraining on smaller ensem-
ble sizes N and applying fine-tuning for larger ensembles N’ > N, which maintains
comparable performance while substantially reducing computational cost. Further
improvements are possible by employing localized or linear-attention variants that

can reduce the scaling in N.

In Subsection[6.5.8] we demonstrate this fine-tuning method’s effectiveness, achiev-
ing comparable performance to full parameter fine-tuning with significantly im-

proved efficiency.
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6.5 Numerical Experiments

In this section we present numerical experiments to demonstrate the improved
numerical benefit of our proposed method, MNMEF, in comparison with leading
existing ensemble methods; the experiments also serve to validate the effectiveness
of several specific details within our approach. First, in Subsections [6.5.2] [6.5.3]
and[6.5.4] we compare our method with several classical approaches across several
nonlinear dynamical systems — Lorenz 96, Kuramoto-Sivashinsky, and Lorenz
’63. In Subsection[6.5.5] we compare the computational time between our MNMEF
and other benchmarks. In Subsection [6.5.6] we show the robustness of our method
to the inherent randomness in test trajectories. In Subsection we conduct
experiments to study the learning-based inflation and localization methods proposed
in Subsections [6.4.2.2] and [6.4.2.3] Subsequently, in Subsection we perform
experiments to illustrate the efficiency and effectiveness of our proposed fine-tuning
method, introduced in Subsection [6.4.4] The code for our method is publicly

availabl and can be used to reproduce all of our experiments.

We reiterate that all reported experiments are for nonlinear problems. Our method-
ology is based on learning corrections to the Kalman filter structure inherent in the
EnKF. For nonlinear problems there is bias in the EnKF which can be effectively
learned and corrected for, and this is the essence of our approach. For linear prob-
lems there is no bias in the mean-field limit (although there will still be a bias with
a finite ensemble (Sacher and Bartello, 2008))), so our methodology would attempt
to fit neural networks to what is largely noise. Without any regularization or early

stopping, this can lead to filter divergence for large enough training epochs.

6.5.1 Experimental Set-Up
In the following three Subsections [6.5.2][6.5.3] and [6.5.4] we compare our method

against several benchmark approaches:

1. Localized EnKF Perturbed Observation (EnKF) Burgers, Van Leeuwen,
and Evensen (1998) and Jeffrey L Anderson (2001): This is the classic im-
plementation of EnKF that employs a stochastic update approach, where the
observations are perturbed by adding random noise samples drawn from the

observation noise distribution.

2. Ensemble Square Root Filter (ESRF) Tippett et al. (2003) and Pavel Sakov

3https://github.com/wispcarey/DALearning
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and Oke (2008)): This method is a deterministic variant of the EnKF. It di-

rectly transforms the ensemble using matrix square root operations to match
the second order statistics of the EnKF, but without requiring stochastic per-

turbations.

3. Local Ensemble Transform Kalman Filter (LETKF) Brian R. Hunt, Kostelich,
and Szunyogh (2007): This method builds upon the Ensemble Transform
Kalman Filter (ETKF) (C. H. Bishop, Etherton, and Majumdar, 2001)) by
incorporating spatial localization. ETKEF is also a deterministic version of
EnKF. Under linear—-Gaussian assumptions and in the mean-field limit, ESRF
and ETKEF are theoretically equivalent, but they differ in practical implemen-

tation.

4. Iterative Ensemble Kalman Filter (IEnKF) Pavel Sakov, Dean S. Oliver,
and Laurent Bertino (2012): This method enhances the EnKF (perturbed
observation) by incorporating a variational scheme to better handle strongly
nonlinear systems. It iteratively solves a minimization problem between
adjacent time steps, progressively refining the solution for the analysis step
through multiple iterations. In our experiments, we set the maximum number

of iterations to 10 and use a convergence tolerance of 107.

Remark 6.5.1. Inflation and localization are important for DA in high-dimensional
systems. In our experiments, all benchmark filters (EnKF, ESRF, LETKF, and
IEnKF) employ post—analysis inflation as in (6.71). For the higher-dimensional
Lorenz—96 (Subsection [6.5.2)) and Kuramoto—Sivashinsky (Subsection [6.5.3) sys-
tems, we apply localization to the EnKF and LETKF. We employ the Gaspari—
Cohn (GC) function (Gaspari and Cohn, |[999) as the distance-to-weight function
for the localization according to the DAPPER package (Raanes, Yumeng Chen, and
Grudzien, |2024). We do not localize ESRF or IEnKF for the following reasons:

1. LETKF can be viewed as ETKF with localization, and ETKF is theoreti-
cally equivalent to ESRF in the mean-field/linear—Gaussian regime; adding

localization to ESRF would thus be essentially redundant with LETKF.

2. For IEnKF, a localized implementation is omitted because it requires multiple
iterations with the dynamic model integrations at each step, making a joint
grid search over inflation and localization computationally prohibitive for
Lorenz ’96 and KS, and because without careful radius tuning the method

exhibited numerical instability (frequent NaNs due to filter divergence).
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The hyperparameters for inflation and localization are optimized separately for each

ensemble size via grid search.

In addition to the methods described above, we evaluate our MNMEF approach
at various ensemble sizes. Unless otherwise specified, our MNMEEF is pretrained
with ensemble size N = 10 as described in Subsection We then examine our
model’s performance across different ensemble sizes N € {5, 10, 15, 20, 40, 60, 100}
to demonstrate the generalizability of our approach.

Our evaluation includes two variants of our method:

1. Pretrained MNMEF: Trained once at N = 10 for 1000 epochs and applied di-
rectly to all ensemble sizes, demonstrating transfer capability across different

ensemble configurations. This appears as ‘Pretrain’ in our figures.

2. Fine-tuned MNMEF: Fine tune the pretrained model specific to each target
ensemble size for 20 epochs, as detailed in Subsection[6.4.4] This appears as

‘Tuned’ in our figures.

For a fair comparison, all benchmark methods (EnKF, LETKF, and IEnKF) are
tuned by RMSE with respect to the true state vj‘ Specifically, hyperparameters for
inflation and localization are selected via comprehensive grid searches at multiple
ensemble sizes to minimize true-state RMSE. This approach ensures that all bench-
mark methods achieve close to their optimal performance; the benchmarks thus
present a robust test of our proposed methodology. Notably, we performed hyperpa-
rameter selection for the benchmarks directly on their test set performance, without
using a validation set, which only strengthens the benchmark methods’ advantage

in our comparisons.

The performance of the methods is evaluated using the difference between the
estimated state (i.e., the mean of particles) and the ground truth state over the entire
trajectory. In the continuous-time setting, let v'(z) : [0,7] — R% denote the
ground truth trajectory between time 0 and T, and let v(z) : [0,T] — R% denote
the estimated state trajectory. Let || - ||» denote the Euclidean norm in R%. Then,

the performance can be evaluated using the relative L' := L' ([0, T]; R%) error:

T
Ev.vh) v =villg _ Jo Iv(2) =v7(0)]l2dt
’ INaalrs S @) 2t

(6.88)
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In the discrete-time setting, we interpret the discrete time index j as time ¢; =
JjAt, where At = T/J is the time step size. The estimated trajectory is given by
the sequence VN = {_(N)}J where vjN) =+ 2N, v;”), and the ground truth
trajectory is given by VT {vT}] . The relative discrete L' error can then be

defined as

S0 IVGA) -V GAl A S, 17~ Vil
ST IV (jAn 2 Ar g 113

eV v = (6.89)
This error metric can be interpreted as a form of relative root-mean-square error
(RMSE). At each time step j, the quantity |[v; — vj. ||> corresponds to the root-mean-
square error over the d,-dimensional state vector. The overall metric thus represents
a time-averaged spatial RMSE, normalized by the magnitude of the ground truth
trajectory. In what follows, we refer to this error S(V(N ), VT) as the relative RMSE
(R-RMSE).

For My trajectories {Vi} Miest and their corresponding estimated trajectories {V(N) } ZI‘QT,
the averaged R-RMSE & is given by

_ Mlesl

E = Z sWN vh. (6.90)

test

In the experiments presented in the remainder of this section, we adopt the averaged
R-RMSE & as the primary evaluation metric, allowing us to ameliorate the effect of
randomness inherent in each individual run and providing a more reliable assessment
of the overall performance of different methods. Unless otherwise specified, the

number of test trajectories is fixed at Mg = 64.

To further highlight the advantages of our method, we consider the relative improve-
ment in terms of R-RMSE &gy defined as

& -&
SRI _ berﬁhmark ours . ( 691)

8benchmaurk

This metric quantifies the percentage reduction in R-RMSE achieved by our method
compared to the benchmark method. When Eg; < 0, our method performs worse
than the benchmark.

We apply the following general hyperparameter setting in all of our experiments
unless otherwise specified. The dynamic operator ¥ in Equation (6.1)) is obtained

by solving a differential equation using the fourth-order Runge—Kutta (RK4) (Stoer
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et al., [1980) method. The time step At denotes the interval between consecutive
observations. For accurate numerical integration of the dynamics, we perform
multiple RK4 steps within each interval A¢, utilizing an integration step size smaller
than Ar. The dynamic noise & ~ N (0, X) is typically set at ¥ = oI where [ is
the identity matrix and o, = 1073 or 0. For the observation noise, n~N(@,T), we

define its covariance matrix as I = O'yzl , where we set o, to either 0.7 or 1.0.

6.5.2 Lorenz ’96

The Lorenz *96 model is a widely-used set of ordinary differential equations that
possess features of large-scale atmospheric dynamics (Edward N Lorenz, 1996b).
The model takes the form of a damped-driven linear system, with additional energy
conserving quadratic nonlinearity that induces cyclic interactions (waves) among
the components of the system; this makes it particularly valuable for studying
atmospheric predictability. The system dynamics are governed by the following

equations:
d u;

dr
The parameter settings for the Lorenz *96 system are shown in Table [0.1] The

:(Lt,'+1 —ui_z)u,-_l -u;+F, i=1,2,...,d. (692)

forcing parameter F' = 8 places the Lorenz "96 system in a chaotic regime when
d = 40.

Table 6.1: Lorenz 96 System Settings

Category Values

Parameters F=28
States v =(u,u, ... usp) €RY,  d=40
Observations  h(v) = (uy,us, - ,u33,u37) € R dypo =10

Time Step Observation time step: At = 0.15; 5 RK4 integration steps: Az/5 = 0.03

In Figure[6.1], we compare the performance of our pretrained MNMEF and fine-tuned
MNMEEF against four benchmark methods: EnKF, ESRF, LETKF, and IEnKF, on
the Lorenz *96 system. The upper row of plots in Figure displays the R-RMSE
(6.90) for observation noise levels o, = 0.7 (left plot) and oy, = 1.0 (right plot). The
lower row of plots in Figure [6.1] shows the relative improvement Eg; (6.91) of our
fine-tuned method as compared to EnKF, IEnKF, and LETKEF for these respective

noise levels.

We observe that our fine-tuned model consistently outperforms all benchmarks.

Indeed, our fine-tuned method achieves substantial improvement for small ensemble
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Figure 6.1: Comparison results on the Lorenz *96 system. The upper row of plots
shows direct R-RMSE comparisons between different methods, while the lower
row illustrates the relative improvement of our fine-tuning method compared to
benchmarks. These comparisons are presented for observation noise levels o, = 0.7
(left column) and o, = 1.0 (right column). Our proposed MNMEF method is
highlighted in the legends with bold font and an asterisk (e.g. Pretrain®). In
summary, our fine-tuned MNMEF model consistently outperforms benchmarks,
showing substantial improvements for small ensembles and a 15-20% advantage
over LETKEF at larger ensemble sizes (eg. 60, 100).

sizes and maintains a notable advantage at larger ensemble sizes, outperforming
LETKF by approximately 15-20%. Our pretrained model, trained with N = 10
ensembles also behaves competitively, but performs slightly worse than LETKF for
large ensemble size 40, 60, and 100.

To further illustrate the performance differences between our MNMEF and the
best-performance benchmark LETKF, we provide visualizations in Figure [6.2] and
Figure[6.3for N = 10 and oy = 1.0. The visualization is on the last 100 time steps
(from 1401 to 1500) from a test trajectory of length 1500 and At = 0.15. In both
figures, our MNMEEF approach is the one pretrained with the ensemble size N = 10.

Figure [6.2] presents a comparison of the estimated state trajectory. Panel (a) shows
the ground truth, and panel (b) shows the sparse observations. The subsequent rows
compare MNMEF and LETKEF. Visually, MNMEF displays smaller magnitudes for
the absolute error (panel (d)). In addition, the ensemble spread (panel (e)) for
MNMEEF is more consistent than LETKF. Figure [6.3] focuses on the estimation of
two specific dimensions: one observed (Dimension 1, panel (a)) and one unobserved
(Dimension 2, panel (b)). For the observed dimension, both MNMEF and LETKF
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Figure 6.2: Visualization of one test trajectory (time steps 1401-1500, At = 0.15)
for Lorenz *96 states (vertical axis) over time (horizontal axis)with the observation
noise oy = 1.0. Panel (a): Ground-truth states (unknown). Panel (b): Observations
(known, every 4th dimension observed). Rows 2-3 show our method MNMEF
pretrained on N = 10, and the benchmark LETKF with the ensemble size N = 10.
Panel (c¢): state estimation (ensemble mean), Panel (d): absolute error of mean with
respect to the ground truth, and Panel (e): ensemble spread (standard deviation).

MNMEF
(ours)
N =10
LETKF
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(a) Dimension 1 (Observed) (b) Dimension 2 (Not Observed)
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Figure 6.3: Visualization of two dimensions (index 1 and 2) in one test trajectory
(time steps 1401-1500, Ar = 0.15) for Lorenz *96 state values (vertical axis) over
time (horizontal axis) with the ensemble size N = 10 and the observation noise
oy = 1.0. Panel (a): Dimension 1, observed. Panel (b): Dimension 2, not observed.
The first row is our method MNMEEF, pretrained on N = 10, and the second
row is the benchmark LETKF. The 95% confidence intervals shown in figures are
calculated as the ensemble mean + 1.96 X the ensemble standard deviation. In
summary, MNMEF performs significantly better on the unobserved dimension and
comparably to LETKF on the observed dimension; meanwhile, MNMEF maintains
an appropriate spread without suffering from filter degeneracy.

perform comparably well, with their ensemble means closely following the ground
truth. However, for the unobserved dimension, MNMEF demonstrates a clear

advantage in state estimation. Furthermore, MNMEF maintains an appropriate
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ensemble spread while avoiding filter degeneracy.

6.5.3 Kuramoto-Sivashinsky

The Kuramoto—Sivashinsky (KS) equation (Kuramoto, 1978; Michelson and Sivashin-
sky, [1977) is a widely studied nonlinear partial differential equation that describes
the evolution of instabilities in spatially extended systems, capturing complex spa-
tiotemporal chaotic dynamics arising in flame fronts, thin fluid films, and reaction-
diffusion systems. Due to its chaotic behavior and sensitivity to initial conditions,
the KS equation serves as a valuable testbed for developing and evaluating data
assimilation algorithms. With the periodicity in space imposed to identity x = L

and x = 0, the one-dimensional KS equation for u : [0, L] X R* — R takes the form

ou 0*u 0u ou
E + @ + @ + ua—x = O, (X, l’) c (O, L) X R+, (6933)

u(x,0) =uy, Vxe][0,L]. (6.93b)

Table 6.2: Kuramoto-—Sivashinsky (KS) System Settings

Category Values

Parameters L =32n

x;=jL/128, j=0,1,...,127
v =(u(xo), u(x1),...,u(x27)) €RY, d=128

Observations ~ A(v) = (u(xo), u(xs), -+ ,u(x120)) € R, dops = 16

States

Time Step Observation time step: Az = 1; 4 ETDRK4 integration steps: At/4 = 0.25

The detailed experimental settings and parameters for the KS system are summarized
in Table [6.2] Numerically, the KS equation (6.93) is discretized spatially using a
Fourier pseudo-spectral method to handle periodic boundary conditions effectively.
Time integration is performed with the exponential time-differencing fourth-order
Runge—Kutta (ETDRK4) scheme (Kassam and Trefethen, 2005), which advances
the stiff linear operator analytically and is therefore not subject to the explicit linear
Courant—Friedrichs—Lewy (CFL) restriction (A7 < CAx*) that would apply to fully
explicit RK methods; the time step is chosen based on accuracy and nonlinear

resolution rather than linear stability.

In Figure [6.4] we compare the performance of our pretrained model and fine-tuned
model against four benchmark methods: EnKF, ESRF, LETKF, and IEnKEF, for the
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Figure 6.4: Comparison results on the Kuramoto—Sivashinsky (KS) system. The
upper row of plots shows direct R-RMSE comparisons between different methods,
while the lower row illustrates the relative improvement of our fine-tuning method
compared to benchmarks. These comparisons are presented for observation noise
levels oy = 0.7 (left column) and o, = 1.0 (right column). Our proposed MNMEF
method is highlighted in the legends with bold font and an asterisk (e.g. Pretrain®).
In summary, our fine-tuned MNMEF model consistently outperforms benchmarks,
showing substantial improvements for small ensembles and around 20% advantage
over LETKEF at larger sizes (eg. 60, 100).
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Figure 6.5: Visualization of one test trajectory (time steps 1901-2000, At = 1) for
Kuramoto-Sivashinshy (KS) states (vertical axis) over time (horizontal axis) with the
observation noise o, = 1.0. Panel (a): Ground-truth states (unknown). Panel (b):
Observations (known, every 8th dimension observed). Rows 2-3 show our method
MNMETF pretrained on N = 10, and the benchmark LETKF with the ensemble size
N = 10. Panel (¢): state estimation (ensemble mean), Panel (d): absolute error with
ground truth, and Panel (e): ensemble spread (standard deviation).
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Figure 6.6: Visualization of two dimensions (index 1 and 2) in one test trajectory
(time steps 1901-2000, At = 1) for Kuramoto-Sivashinshy (KS) state values (vertical
axis) over time (horizontal axis) with the ensemble size N = 10 and the observation
noise oy, = 1.0. Panel (a): Dimension 1, observed. Panel (b): Dimension 2,
not observed. The first row is our method MNMEF, pretrained on N = 10, and
the second row is the benchmark LETKF. The 95% confidence intervals shown
in figures are calculated as the ensemble mean + 1.96 X the ensemble standard
deviation. In summary, MNMEF performs slightly better on both the observed and
the unobserved dimensions; meanwhile, MNMEF maintains an appropriate spread
without suffering from filter degeneracy.

KS system with o, = 0.7 and 1.0, and provide the relative improvement of our
fine-tuned method as compared to EnKF, IEnKF, and LETKF.

The comparison between our pretrained MNMEF and fine-tuned MNMEF methods
and the benchmark methods, for the KS dynamical system, slightly differs from what
we observed under the Lorenz *96 dynamics. In the KS setting, fine-tuning provides
minimal additional benefit, with both our pretrained and fine-tuned MNMEF models
performing nearly identically. Both variants significantly outperform benchmark
methods across all ensemble sizes. The advantage is particularly pronounced at
smaller ensemble sizes. Even at the largest ensemble size (N = 100), both our
pretrained and fine-tuned methods still maintain approximately 20% improvement

over LETKEF, the benchmark method with the best performance.

Similarly to the Lorenz *96 discussion in Subsection[6.5.2] we provide visualizations
in Figure [6.2] and Figure [6.3) for N = 10 and o, = 1.0 to further illustrate the
performance differences between our MNMEF and the best-performance benchmark
LETKF on the KS system. The visualization is on the last 100 time steps (from
1901 to 2000) of a test trajectory with length 2000 and A¢ = 1. In both figures, our
MNMETF is the one pretrained with the ensemble size N = 10.

Figure [6.5] presents a comparison of the estimated state trajectory. Figure [6.6]

visualizes the estimation of two specific dimensions: one observed (Dimension 1,
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panel (a)) and one unobserved (Dimension 2, panel (b)). In summary, our MNMEF
performs slightly better than LETKF on both the observed and the unobserved
dimensions, which is verified by the R-RMSE quantitative comparison in Figure[6.4]
MNMEF maintains an appropriate ensemble spread, similarly to the LETKF.

Remark 6.5.2 (Implementation of Localization). It is worth noting that methods
other than LETKF could potentially accommodate localization techniques. For
example, LETKF is essentially the ESRF combined with localization. However,
since our implementation is based on the DAPPER package, which only implements
localization for LETKF, we do not consider localization for the other four methods.
Our results on Lorenz 96 and KS problems sufficiently demonstrate the advantages
of our approach over other methods, even without localization. For larger ensemble
sizes (e.g., N = 60, 100), where the benefits of localization diminish, our method
still significantly outperforms the alternatives, like IEnKF.

6.5.4 Lorenz’63

The Lorenz *63 system is a simplified mathematical model for atmospheric convec-
tion (Edward N. Lorenz, |1963b), proposed prior to the Lorenz >96 model discussed
in Subsection[6.5.2] It represents a highly simplified version of atmospheric dynam-

ics with only three dimensions, described by the following set of ordinary differential

equations:
d.
_d;‘ =o(y - x), (6.94a)
dy
— -2) -, 6.94b
o =X p =2 -y (6.94b)
—f; =xy — Bz. (6.94¢)

Table 6.3: Lorenz *63 System Settings

Category Values

Parameters oc=10, p=28, pB=
d

States v =(x,y,2) € RY,

Observations  h(v) = x € R, dgp =1

Time Step Observation time step: At = 0.15; 5 RK4 integration steps: Az/5 = 0.03

The parameter settings for the Lorenz '63 system are shown in Table The
three parameters o, p, and S represent the Prandtl number, Rayleigh number,

and geometric factor, respectively, chosen by Lorenz based on simplified thermal



269

0.08

Relative
RMSE
ﬁ T - ]
+ 0.04 \—.\A
5101520 40 60 100 5101520 40 60 100
. 30%
30%
Relative 0% o
Improvement 4, o
10%
0%
-10% 0%
—20% -10%
—20%
5101520 40 60 100 5101520 40 60 100
y Ensemble Size Ensemble Size
Lorenz ’63
oy =07 oy, =1.0
—+— Pretrain” —— Tuned” EnKF ESRF  —— IEnKF

Figure 6.7: Comparison results on the Lorenz *63 system. The upper row of plots
shows direct R-RMSE comparisons between different methods, while the lower
row illustrates the relative improvement of our fine-tuning method compared to
benchmarks. These comparisons are presented for observation noise levels oy, = 0.7
(left column) and o, = 1.0 (right column). Our proposed MNMEF method is
highlighted in the legends with bold font and an asterisk (e.g. Pretrain®).

convection experiments to produce chaotic dynamics characterized by sensitivity to

initial conditions.

In Figure we compare the R-RMSE (6.90) performance of our pretrained MN-
MEEF and fine-tuned MNMEF models against benchmark methods EnKF, ESRF,
and IEnKF for the Lorenz *63 system. The upper row of plots in Figure[6.7|displays
these R-RMSE comparisons for observation noise levels o, = 0.7 (left plot) and
oy = 1.0 (right plot). The LETKF method is not included in this comparison since
the system has only three dimensions, making localization unnecessary. For a fair
comparison, we turn off the localization part in our architecture by setting all entries
in the localization weight matrices to be 1. We only fine-tune the parameters 6,
for Fgain and 0y,q for Ff for ensemble sizes N # 10. The lower row
of plots in Figure [6.7] shows the relative improvement Egy (6.91)) of our fine-tuned
MNMEF method as compared to EnKF and IEnKEF, for the respective noise levels

shown.

We observe that the performance of different methods does not significantly change
with increasing ensemble size. Our method consistently outperforms the EnKF
and ESREF, but in the low-dimensional Lorenz ’63 problem, it is outperformed by
the IEnKF. As noted in Remark [6.5.3] IEnKF demonstrates strong performance in
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low-dimensional, highly nonlinear problems while struggling in high-dimensional
systems without localization. This is consistent with our findings in the higher-
dimensional experiments in Subsections[6.5.2]and [6.5.3] where our method substan-
tially outperforms IEnKF. Furthermore, the stability analysis in Subsection [6.5.6]
demonstrates that our method exhibits higher stability (lower standard deviation

across test trajectories) than IEnKF.

Remark 6.5.3 (IEnKF Dimensionality Challenges). The IEnKF (Pavel Sakov,
Dean S. Oliver, and Laurent Bertino, |2012) uses the same observational infor-
mation as the standard EnKF, but reformulates the filtering problem as a lag-1
smoothing problem, and solves it iteratively to better handle nonlinearities. While
the IEnKF demonstrates excellent performance in low-dimensional systems (e.g.,
the Lorenz *63 model, d = 3), its effectiveness diminishes as dimensionality in-
creases (e.g., the Lorenz 96 model, d = 40). This deterioration occurs due to lack
of localization in the implementation of the IEnKF we use; however, even with large
ensembles with less need for localization, our method outperforms the IEnKF in
the higher-dimensional systems. Moreover, IEnKF generally provides a substantial
improvement over non-iterative methods only when the observations are sufficiently
dense, as shown in Pavel Sakov, Dean S. Oliver, and Laurent Bertino (2012) using

experiments with the Lorenz *96 model.

6.5.5 Computational Cost
In this subsection, we compare the run time per assimilation step (s/step) of MNMEF
against benchmark methods (EnKF, ESRF, LETKF, and IEnKF) under matched

CPU-only settings to ensure a fair comparison.

For an ensemble of size N, the per-step cost of MNMEF scales as O(N?). The
dominant terms are (i) the attention blocks in the set transformer, which entail
pairwise interactions among N members, and (ii) the computation of the learned
Kalman gain Ky and its gradients, implemented via batched linear solves with N X N
systems. We do not form matrix inverses explicitly. While classical baselines admit
textbook complexities, their practical scaling depends on solver details, localization,
and parallelization, so a full theoretical comparison is beyond the scope of this

chapter.

To reflect practical efficiency, we conduct a CPU-only head-to-head timing in a
single Python environment. All CPU timings are run on Intel(R) Core(TM) 19-
14900KF. We follow implementations in DAPPER (Raanes, Yumeng Chen, and
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Figure 6.8: Run time (s/analysis step), o,=0.7 only. All methods are timed on CPU
(Intel(R) Core(TM) 19-14900KF). MNMEEF is comparable in speed to EnKF and
ESREF, and is slightly slower than EnKF because MNMEF additionally computes
the correction terms. MNMEF remains much faster than LETKF and IEnKF. For
MNMEF, we additionally report GPU timing on a single GPU (RTX 4080 Super),
shown as the blue curve. The GPU version shows very stable runtime across these
ensemble sizes due to efficient parallelization.

Grudzien, [2024) and provide our own CPU-based implementations of EnKF, ESRF,
LETKEF, and IEnKF. We deliberately avoid GPU ports for these baselines because
methods such as LETKF and IEnKF do not map cleanly to efficient, large-batch

vectorization on current accelerators.

We evaluate on Lorenz '96 and KS with the same configurations as in Subsec-
tionsand For each ensemble size N and observation noise level o, = 0.7,
we report the mean of the per-step run time (s/analysis step), averaged over trajecto-
ries and time steps. We do not distinguish the pretrained and fine-tuned variants of
our MNMEEF since they share the same architecture. The set-transformer parameter
counts follow Table[6.5] Results are visualized in Figure 6.8 MNMEF is compara-
ble in speed to EnKF and ESREF, and is slightly slower than EnKF because MNMEF
additionally computes the correction terms. MNMEF remains much faster than
LETKF and IEnKF.

For MNMEEF, we provide an additional GPU-based run time in Figure [6.8] since its
original implementation is designed for GPU. MNMEF’s additional GPU timings
are obtained on a single NVIDIA RTX 4080 Super. The GPU version of MNMEF

shows very stable runtime across these ensemble sizes due to efficient parallelization.

6.5.6 Robustness To Inherent Randomness
Due to the inherent randomness in both the filtering problem and the algorithm, the

same method may exhibit varying performance across different test trajectories. To
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mitigate this randomness and obtain a more reliable assessment of each method’s
effectiveness, we evaluate their performance on My trajectories and report the mean
R-RMSE & (6.90). While the mean R-RMSE provides a measure of overall accuracy,
we are interested in the stability of each method across different trajectories. To

quantify this stability, we compute the standard deviation (std) of the R-RMSE values

across all test trajectories {V,Z}Z:Sf

{V,u Y defined as

m=1’

and their corresponding estimated trajectories

Miet

1
Miest s

gg =

_\2
(S(Vm, Vi) - 8) (6.95)
1
A smaller og indicates better stability of the method. Therefore, in this section, we

consider methods with lower std values to be more stable and thus preferable.

Remark 6.5.4. In ensemble-based data assimilation, variance- or standard-deviation—type
quantities are commonly used to characterize ensemble spread (Bach, Baptista,
Sanz-Alonso, et al., [2025)). In our work, the spread is visualized in Figs. [6.3] and
[6.6]via the shaded bands: the 95% confidence interval is provided as the ensemble
mean +1.96x ensemble standard deviation. Our focus here is state estimation rather
than full uncertainty calibration, so we do not present a quantitative comparison
of spread metrics. Note that the stability measure og in (6.95) serves a different
purpose: it assesses the consistency of estimation errors across test trajectories, not

the dispersion of ensemble members.

In Table [6.4] we show the std of different methods on the dataset Lorenz 96, KS
and Lorenz ’63 with the observation noise o, = 1.0, 0.7. The std values in the table
is the averaged std over the ensemble sizes N = 5, 10, 15, 20, 40, 60, 100. Based
on Table [6.4] we observe that our pretrained MNMEF and fine-tuned MNMEF
demonstrate comparable standard deviation values, both of which are significantly
lower than all benchmark methods. This indicates that our approaches maintain more
consistent performance across different test trajectories. The enhanced stability

suggests that our methods are more reliable in practical applications.

6.5.7 Inflation and Localization

In this section, we will conduct further experiments on learning the inflation (Subsec-
tion [6.4.2.2) and localization (Subsection [6.4.2.3) components in the architecture
of our MNMEF method. These experiments demonstrate that what our method
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Table 6.4: Standard deviation (std) of the relative root mean square error (R-RMSE)
as defined in (6.95). We consider both Pretrain* and Tuned* variants of our
MNMEF method. The std shown in the table is an averaged std over ensemble
sizes N = 5,10, 15, 20,40, 60, 100. A smaller std indicates better stability of the
method. The lowest std in each column is highlighted in bold. The standard
deviations for both the pretrained and fine-tuned variants of our MNMEF method
are similar and consistently lower than those of the benchmark methods, indicating
greater robustness of our approach to the inherent randomness across different test
trajectories.

Lorenz *96 (6.92) KS (6.93) Lorenz *63 (6.94)
oy=10 0y=07|0y,=10 0y,=07|0,=10 0y,=07
Pretrain®* | 1.03e-2 1.26e-2 8.60e-3 1.07e-2 1.78e-3 1.40e-3

Method

Tuned* 1.08e-2 1.12e-2 8.91e-3 1.07e-2 1.79¢-3 1.29¢-3
EnKF 2.16e-2 3.10e-2 2.66e-2  3.15e-2 3.41e-3 2.32e-3
ESRF 3.09e-2 1.95e-2 2.59-2  3.27e-2 2.78e-3 2.01e-3
LETKF 2.63e-2 6.13e-2 2.66e-2  3.58e-2 - -

IEnKF 1.83e-2 2.6le-2 2.23e-2  3.03e-2 2.15e-3 1.44e-3

learns has many similarities with what is used in the application of inflation and

localization techniques to the benchmark methods.

6.5.7.1 Inflation Experiments

In Subsection[6.4.2.2] we introduce our learning-based inflation scheme (6.73]) which
depends on the learned output ﬁé") from the neural network F™™ (6.72).

Relative ! .
RMSE 0.8 NH A S S
_— 0.8 +~{>f
06 0.6 +——s—
\*—Q\
04 5 101520 40 60 100 04 5101520 40 60 100
Kuramoto- Ensemble Size Ensemble Size
Sivashinsky oy =0.7 oy =10

—4— Trained Infl (mean * std) —4— No Infl (mean =+ std)
Figure 6.9: Comparison of the trained inflation versus the no inflation scenario

when applied to the KS system (6.93), using our MNMEF method, fine-tuned for
different ensemble sizes. The plots compare R-RMSE with and without inflation at
observation noise levels o, = 0.7 (left plot) and o, = 1.0 (right plot). In summary,
our trained inflation effectively improves the performance, but even without inflation,
our MNMEEF does not completely fail.

We are particularly interested in quantifying the effect of our proposed inflation

scheme on the overall performance of our method. Additionally, despite not pro-
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viding the inflation term 7" with information about the true observation y' or

0
observation noise I in Fifl ii(gn)

classical inflation approaches. This raises concerns that

has significantly more degrees of freedom than
ZZ(H”) might exceed the scope
of inflation: that it might not act merely as a correction term but might completely
overwhelm the updates, thus rendering other parts of our architecture ineffective.
‘We show that this is not the case, but at the same time we showcase the benefits of

including this learned inflation-like correction.

For our experimental approach, we first pretrain the models and then fine-tune them
separately for various ensemble sizes. During inference, we deliberately disable the
learned inflation by setting uA(Hn)
R-RMSE & (6.90). We stress that this manipulation does not represent an optimal or

even well-trained MNMETF filter without inflation; instead, it intentionally removes

= 0 and analyze the resulting change in the average

the correction term to create a more challenging robustness test—probing whether
the filter remains stable and avoids divergence in the absence of inflation. These

experiments are conducted on the KS dynamical system (6.93) only.

Our results are presented in Figure We compare the mean R-RMSE & between
our standard architecture with the trained inflation (blue curve) and the no inflation
version by setting ﬁé") = 0 (red curve) for observation noise o, = 0.7 and 1.0.
The results in Figure [6.9] clearly demonstrate the beneficial impact of our trained
inflation approach. In addition, our method remains functional, with increased R-
RMSE values, when we remove inflation by setting ﬁ(en) = 0 (equivalent to @ = 1
in the EnKF). This confirms that our experiment, while intentionally suboptimal,
demonstrates that the proposed MNMEF remains numerically stable and does not
diverge even in this deliberately more difficult configuration. This addresses our
concern, because, if inflation were dominating the architecture by masking the

contribution of the state v\, removing it would cause model collapse.

6.5.7.2 Localization Experiments

According to Subsection [6.4.2.3] our learning-based localization approach essen-
tially learns a parameterized function gg, which maps distance to weight values.
During training, we only enforce the constraint that the output of this function must
lie within the interval [0,2], i.e., gg : R — [0,2]. Unlike traditional localization
functions used in EnKF such as the Gaspari—Cohn function, our approach does not

impose any explicit constraints on the shape or monotonicity of gg.

In this subsection, we present experimental comparisons between our learned func-
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tion gg and the Gaspari—Cohn (GC) function with the optimal localization radius,
found by grid-search, for LETKF; see Figure [6.10] . For ensemble sizes N =
5,10, 15,20, 40, 60, 100, the optimal GC radius values chosen are 1,1,2,3,4,4,6
(multiplied by \/m when implemented (Raanes, Yumeng Chen, and Grudzien,
2024)), respectively. The learned function g4 (shown as red curves with the mean
and standard deviation of the learned gy across assimilation time steps) demonstrates
a similar shape to the GC function with optimally chosen radius (blue curves). No-
tably, our approach dynamically adjusts the localization weights at each assimilation
step based on ensemble size and distribution, while the GC function remains static

throughout the assimilation process.

oy, =07 \

NN
s\ A\ O\ N\

== Learned gy (mean = std) —— Gaspari-Cohn Function
Figure 6.10: Comparison of our learned distance-to-weight function gy (red, mean
+ 1 std across different time steps due to its adaptivity) with the LETKF Gaspari—
Cohn (GC) function (blue) on the Lorenz 96 model for oy = 1.0, 0.7 and ensemble
sizes N = 5, 10, 15, 20, 40, 60, 100. The learned distance-to-weight function is from
our MNMEEF pretrained on N = 10 and fine-tuned for different ensemble sizes. The
LETKF GC radius parameters are optimally selected via grid search. Remarkably,
even without any explicit constraints on the shape of gy, the learned weights naturally
decrease as the distance increases, similar to the empirical GC function in LETKF.

The results in Figure demostrates the effectiveness of our learned localiza-
tion. Despite imposing no explicit constraints on shape or monotonicity, the learned
function gg naturally exhibits similar behavior to the GC function: it decreases
monotonically with distance and shares a similar shape. A key difference is that our
function occasionally exceeds values of 1 at short distances, reflecting a combined
localization and inflation effect where covariance between closely spaced dimen-
sions is amplified, since we are learning the inflation and localization simultaneously.
This adaptivity allows gy to dynamically adjust to the ensemble distribution, leading
to improved performance over the fixed GC function, as supported by RMSE results
in Subsections and

Remark 6.5.5 (Using GC localization directly). Experimental results suggest that

one can use the GC function to avoid training the localization. However, this
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approach still requires selecting the radius hyperparameter and typically yields

inferior performance compared to our learned localization.

6.5.8 Fine-Tuning for Different Ensemble Size

According to Subsection[6.4.4] our proposed fine-tuning strategy freezes parameters
st of the set transformer FST (6.67), while updating parameters B gain» Oinfi and Oyoc
of the MLPs that control the gain (6.70), inflation (6.72)), and localization (6.78).
Here we conduct experiments to illustrate the efficiency and effectiveness of our

proposed fine-tuning approach.

Firstly, we consider the time complexity between the pretraining stage and fine-
tuning stage. Let Ppreyrain and Py denote the total number of pretraining and fine-

tuning parameters respectively, i.e.

Ppretrain = |OsT] + |0gain| + 16inei] + [610c], (6.96a)
Pt = |0gain| + [Oina| + [O10c]- (6.96b)

For fixed dynamic and training trajectories, the time complexity for pretraining with
the ensemble size N is O(ENP;) while the fine-tuning with the ensemble size N’
has the time complexity O(E’N’P,), where E and E’ are the epochs for pretraining

and fine-tuning, respectively.

We provide a detailed comparison in Table [6.5] presenting the total number of
pretraining parameters Ppreqrain, fine-tuning parameters Py, and the number of epochs
E used during the pretraining and fine-tuning phases. When the ensemble size during
pretraining (N) is close to the ensemble size used in fine-tuning (N”), Table[6.5|shows
that the fine-tuning stage requires less than 1% of the pretraining computational time.
To quantitatively support this observation, we present detailed computational time
comparisons in Table [0.6] All training times reported here are obtained using a
single RTX 4080 Super GPU. The training batch sizes are adaptively chosen to fully
use the 16 GB memory.

Table 6.5: Comparison of total parameters, fine-tuning parameters, and epochs for
various datasets.

Dataset Total Params FT Params Pretrain Epochs FT Epochs
Lorenz 96 341551 63343 1000 20
KS 374289 90065 1000 20

Lorenz *63 309383 34119 1000 20
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Table 6.6: Comparison of pretraining and fine-tuning computational time for obser-
vation noise o, = 1.0 with different ensemble sizes on a single RTX 4080 Super
GPU. The ratio is between the computation time of the fine-tuning stage and the
time of the pretraining stage. The fine-tuning time increases with the ensemble size,
but it remains significantly faster compared to the pretraining stage.

EnsSize | N=10 | N’ =20 | N’ =40 | N’ =100
Dataset | Pretrain (hrs) | FT (hrs) Ratio | FT (hrs) Ratio | FT (hrs)  Ratio
Lorenz 96 4.03 0.051 1.27% 0.065 1.61% 0.133 3.30%
KS 8.22 0.106 1.29% 0.132 1.61% 0.260 3.16%
Lorenz °63 1.82 0.022 1.21% 0.038 2.09% 0.086 4.73%
0.326 “ —— OurFT 0315 1 —— Our FT

Full FT Full FT

0.310

0.324{ |
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0.314 /,__\/\ \/\\/"\N
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(a) Ensemble Size 20 (b) Ensemble Size 40

Figure 6.11: Comparison of R-RMSE across training epochs on the Lorenz *96
model for two fine-tuning strategies under two ensemble sizes, (a) 20 and (b) 40.
The vertical dashed red line indicates the stopping epoch of our proposed fine-tuning
approach. Results demonstrate that our fine-tuning on a small subset of parameters
achieves comparable RMSE performance to fine-tuning all parameters.

Combining the information from Tables[6.5]and[6.6] we observe that our fine-tuning
strategy demonstrates remarkable efficiency compared to the pretraining stage. As
detailed in Subsections[6.5.4H6.5.3] this highly efficient fine-tuning significantly im-
proves the model’s performance, particularly when the ensemble sizes for inference

and pretraining differ substantially.

To further validate the effectiveness of our proposed fine-tuning approach, we per-
form additional experiments comparing our method (Subsection[6.4.4) against alter-
native fine-tuning strategies. Specifically, we investigate and quantitatively compare
the RMSE performance of the following fine-tuning scenarios: (1) fine-tuning all

model parameters and (2) fine-tuning for a longer period (i.e., more epochs).

Figure [6.11] shows RMSE results from fine-tuning experiments on the Lorenz ’96

model with ensemble sizes N’ = 20, 40, using a model pretrained with ensemble
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size N = 10. We compare our proposed method from Subsection [6.4.4] against
fine-tuning all parameters, both running up to 50 epochs. The results demonstrate
that both approaches achieve nearly identical RMSE performance, with minimal
improvement observed after 20 epochs. Combined with our efficiency analysis
in Tables [6.5] and [6.6] these findings confirm that fine-tuning all parameters is

unnecessary, and that 20 epochs is sufficient for the near optimal performance.

6.6 Conclusions

In this chapter, we propose a novel machine learning-based approach, MNMEF, for
state estimation in data assimilation. Our method features a scheme which subsumes
the ensemble Kalman filter (EnKF), as a special case, ensuring optimality for lin-
ear, Gaussian problems, while extending beyond Gaussian applications through our
learnable correction terms. A key advantage of our method is its ability to be trained
at one ensemble size and then directly applied, possibly with a cheap fine-tuning
of a small subset of parameters, for different ensemble sizes. This property is a
consequence of the mean-field interpretation of the set transformer, the machine
learning architecture underlying the methodology. Indeed, in this chapter we intro-
duce neural operators acting on the metric space of probability measures, which we
call measure neural mappings (MNM). We generalize transformers to this setting
and show how the set transformer itself may be viewed as a particle approximation

of such a mean-field model.

Our method adopts a form similar to the Kalman filter in the mean-field perspective,
with the core innovation being a parameterized gain matrix analogous to the Kalman
gain (Section [6.2)). Since this parameterized gain matrix depends on the current fil-
tering distribution, we employ the set transformer neural network architecture to
process such measure inputs (Section[6.3)). In practical applications, our method op-
erates on an ensemble of particles (viewed as an empirical measure) and incorporates
learnable mechanisms analogous to inflation and localization techniques in EnKF-
based methods, enhancing performance with smaller ensemble sizes (Section [6.4).
Our experiments across multiple challenging systems (Lorenz ’63, Lorenz 96, and
Kuramoto-Sivashinsky) demonstrate that our proposed method consistently outper-
forms classical approaches including the local ensemble transform Kalman filter
(LETKF), with relative improvements of 15-30% for most scenarios (Section [6.5]).

Despite the promising results, our method has limitations and several directions for

future improvement. Our current approach is limited by the loss function design,
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which primarily addresses state estimation rather than general filtering problems.
Future work will consider probabilistic loss functions that can be used to estimate

the filtering distribution.

Additionally, we plan to extend our approach beyond EnKF to include other filtering
schemes, such as the ensemble square root filter (ESRF), which is a deterministic
version of the EnKF, or variational methods such as iterative EnKF (iEnKF). The
flexibility of our approach stems from the proposed MNM-based learning architec-
ture, which can optimize variables related to the empirical distributions represented

by ensembles.

We currently formulate the transformer as a neural operator accepting probability
measures as inputs. In future work, we aim to enhance both the architecture and
training methodology to simultaneously handle measure and function valued inputs,
enabling amortized neural operators that generalize across different dynamics and
observation models. Establishing universal approximation results and statistical
guarantees for this formulation will also be of interest to further strengthen the

theoretical foundations of our approach.

In conclusion, our work advances the field of data assimilation by introducing a
novel machine learning approach, which is efficient for deployment, requiring only
one pretraining stage and lightweight fine-tuning. Beyond immediate applications
in state estimation, our theoretical contribution of extending attention mechanisms
to operate as measure-to-measure transformations opens new research directions

across multiple disciplines.
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