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ABSTRACT

Measurements are usually introduced as probes of quantum systems, but they can also
act as a powerful, intrinsically nonunitary control knob for manipulating quantum
states. This thesis develops the theory, experimental realization, and detection
of measurement-altered quantum criticality in one-dimension: the phenomenon
where local measurements on critical wave functions reshape universal long-distance
correlations, entanglement, and other scaling behaviors. We show that measurements
generate defect or boundary perturbations in the underlying conformal field theory,
producing new measurement-induced fixed points and new universal observables
that are often invisible to the pristine theory.

In transverse-field Ising chains, we design measurement-altered criticality protocols in
which correlated ancillas are entangled with the critical system and then projectively
measured. This setting shows that measurement basis, entangling gate, measurement
outcome, and ancilla correlations can qualitatively change correlations in the system
and induce outcome-dependent order-parameter condensation. We also develop
nonstandard probes — including higher moments and symmetry-resolved averages —
that retain nontrivial signatures of the post-measurement ensemble.

These ideas are then connected to quantum information by studying imperfect
teleportation of critical many-body wavefunctions. Teleportation errors can be
reinterpreted as effective weak measurements acting on an otherwise faithfully
teleported critical state. This perspective yields a classification of protocols in
which imperfections either preserve universal correlations and entanglement scaling,
continuously deform them, or destroy long-range entanglement while leaving altered
power-law correlations behind. Measurement-altered criticality therefore becomes
not only a fundamental phenomenon, but also a tool for understanding and optimizing
noisy quantum-information protocols.

We also broaden the framework to measurement-induced boundary physics. In a
gapless parent of the one-dimensional cluster state, a single round of measurements
can generate boundary conformal field theories with distinct universal properties.
Rotating the measurement basis drives transitions between these boundary fixed
points, producing measurement-induced boundary transitions that have no analogue
in the descendant gapped cluster state. Extensions to tricritical Ising and three-state
Potts criticality show that such transitions arise generally in 1+1D conformal field



vi

theories.

Finally, the thesis addresses experimental access. We propose practical protocols for
observing measurement-altered criticality in Rydberg atom arrays tuned to Ising and
tricritical-Ising transitions, where projective measurements of selected atoms can
controllably modify critical correlations with experimentally favorable post-selection
probabilities.

We also develop a post-selection-free framework for extracting nonlinear observables
from raw measurement records using statistical learning. By recasting higher
moments of conditioned observables as supervised learning objectives, the method
replaces exponentially costly sector-by-sector postselection with regression whose
sample complexity is controlled by decoder capacity. In critical Ising chains,
linear, logistic, and convolutional decoders recover measurement-altered scaling and
correlations from simulated unpostselected data.

Together, these results establish measurements as a pratical and universal route to
engineering, diagnosing, and exploiting new forms of quantum critical behavior.
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Foundations of Measurement-Altered
Quantum Criticality
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“If you wanna get ahead in life, you gotta pick a direction first, maaan!”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 1

MEASUREMENTS AS PERTURBATIONS OF CRITICAL
WAVEFUNCTIONS

1.1 From measurement as readout to measurement as control
A measurement is often introduced as the final step of an experiment: the state is
prepared, allowed to evolve, and then read out. In a many-body quantum system this
viewpoint is incomplete. Measurement is itself an operation. It extracts classical
information, but it also transforms the quantum state by a generally non-unitary
map. When the measured degrees of freedom are coupled to unmeasured degrees of
freedom, this non-unitary backaction can reshape the state that remains. The central
idea of this thesis is that, in quantum critical systems, such reshaping is not merely a
microscopic disturbance. It can change universal long-distance properties.

The phrase measurement-altered quantum criticality refers to this situation. One
begins with a wavefunction whose long-distance behavior is governed by a critical
fixed point. A measurement protocol is then applied to part of the system, to
auxiliary degrees of freedom entangled with the system, or to a selected sublattice.
Conditioned on the measurement record, the remaining state is described by a new
wavefunction or density matrix. The question is whether its universal properties such
as correlation exponents, entanglement structure, or scaling functions are the same
as those of the original critical state or are instead altered by the measurement.

This question is distinct from asking whether measurements create a new dynamical
phase in a monitored quantum circuit. In monitored dynamics, a state is repeat-
edly evolved and measured, and the competition between unitary scrambling and
measurement-induced purification can yield measurement-induced phase transi-
tions [1, 2]. The focus here is different. We usually begin with a nontrivial critical
state already prepared. A single measurement layer or a teleportation protocol then
acts as a structured perturbation of that state. The resulting phenomena are therefore
closer in spirit to perturbing a conformal field theory than to generating a phase
transition through long-time hybrid dynamics.

The five projects combined in this thesis develop this idea from several angles. The
canonical example is the critical Ising chain coupled to correlated ancilla that are
subsequently measured [3]. Imperfect teleportation of a critical wavefunction provides
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a quantum-information realization of the same physics, with gate imperfections
acting as effective weak measurements [4]. Measurements on gapless parent
states reveal that measurement basis can tune boundary conformal fixed points [5].
Rydberg arrays provide a practical ancilla-free route to observing altered criticality
experimentally [6]. Finally, statistical-learning decoders address the post-selection
bottleneck by estimating nonlinear conditioned observables from unpostselected
measurement records [7].

1.2 Why quantum critical states are sensitive to measurement
Quantum critical states are natural amplifiers of measurement backaction. Away
from criticality, a local perturbation of a gapped one-dimensional system generally
has effects that decay beyond the correlation length. At criticality there is no intrinsic
correlation length. Local and subdimensional perturbations can therefore influence
observables at long distances if they couple to relevant or marginal fields of the
low-energy theory.

A one-dimensional quantum critical ground state can be represented, after analytic
continuation, by a two-dimensional Euclidean field theory. Equal-time wavefunction
correlations are governed by scaling operators. If O is a primary field with scaling
dimension ΔO , then in an infinite translation-invariant system one expects

⟨O(𝑥)O(0)⟩ ∼ 1
|𝑥 |2ΔO

. (1.1)

This power law is universal in the sense that microscopic details affect amplitudes
but not the exponent. Measurements can change the exponent if the corresponding
post-measurement state flows to a different fixed point or is governed by a nonstandard
replicated theory.

It is useful to think of a measurement layer as a perturbation localized at a single
imaginary-time slice. If the initial state is the ground state of a Hamiltonian
𝐻, it can be formally represented as imaginary-time evolution from the far past.
A measurement operator 𝑀s inserted at the end of this evolution produces an
unnormalized conditioned state ��𝜓s

〉
= 𝑀s |𝜓0⟩ , (1.2)

where s denotes the measurement record. In a continuum description, 𝑀s may
be expanded in operators of the critical theory. Relevant terms can grow under
coarse graining, marginal terms can continuously deform scaling data, and irrelevant
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terms may leave universal long-distance behavior unchanged. This is the first major
organizing principle of the thesis.

The second organizing principle is symmetry. Measurements may preserve or
break microscopic symmetries, and the particular measurement outcome may break
additional symmetries even when the measurement protocol does not. Symmetry
determines which low-energy fields can be generated. In the Ising examples, for
instance, whether a measurement induces a spin-field perturbation, an energy-
density perturbation, or only higher-order operators determines whether the outcome
produces ordering, modified power laws, or essentially pristine critical behavior.

1.3 Measurement-altered criticality versus measurement-induced criticality
Because the terminology is close, it is worth separating measurement-altered
criticality from measurement-induced phase transition at the outset. In a typical
measurement-induced phase transition problem, a state evolves through a circuit or
Hamiltonian dynamics interspersed with measurements. As the measurement rate or
strength changes, the long-time entanglement structure can switch between volume-
law and area-law behavior. The transition is dynamical and ensemble-defined: it
concerns trajectories, monitored evolution, and often the fate of quantum information
under repeated measurements.

In measurement-altered criticality, by contrast, the input state is itself critical. The
central issue is not whether measurements prevent entanglement from building up
dynamically, but rather how they alter the universal correlations already present in a
critical wavefunction. A single layer can suffice. The resulting state may still exhibit
power-law correlations, but with exponents that differ from those of the unmeasured
state. It may acquire long-range order coexisting with critical fluctuations. It may
flow to a new boundary fixed point. Or, after averaging over outcomes, it may reveal
its altered character only through nonlinear observables.

This difference does not imply that the subjects are unrelated. Both rely on the fact
that measurement is a non-unitary operation and that trajectory-resolved information
matters. Both often require nonstandard observables because ordinary density
matrices can obscure the relevant physics. Still, the conceptual starting points are
different. This thesis uses the prepared critical wavefunction as the raw material and
asks what universal structures measurement can engineer or reveal.
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1.4 The post-selection problem
The cleanest theoretical object is often the state conditioned on a specific measurement
record. If the measurement operators are {𝑀s}, the Born probability of outcome s is

𝑝(s) = Tr
(
𝑀s𝜌0𝑀

†
s
)
, (1.3)

and the conditioned state is

𝜌s =
𝑀s𝜌0𝑀

†
s

𝑝(s) . (1.4)

For a fixed s, one can ask whether 𝜌s has a modified order parameter, altered
correlations, or a new entanglement structure. However, in an experiment with many
measured sites, the number of possible records grows exponentially with system
size. A particular long record usually occurs with exponentially small probability.
Directly repeating the same record enough times to estimate conditioned observables
is therefore generally impractical.

This obstacle is the “post-selection problem”. It appears in all five parts of the
thesis, but it takes different forms. In the Ising chapter, post-selecting special
ancilla outcomes reveals clean altered exponents, while measurement-averaged
and symmetry-resolved diagnostics provide more accessible alternatives. In the
teleportation chapter, the measurement record is tied to the teleportation protocol,
and some averages implement a built-in decoding of correlations. In the boundary-
transition chapter, post-selection and decoding expose distinct boundary fixed points.
In the Rydberg chapters, favorable outcome sectors occur with unexpectedly large
probabilities because of microscopic blockade constraints, but post-selection remains
a central practical issue. In the decoder chapters, the problem is recast as statistical
learning: rather than selecting one record, one learns conditioned responses from the
full distribution of records.

A useful identity shows why ordinary averages usually fail to expose the desired
physics. For an observable O, the linear Born average over conditioned expectation
values gives ∑︁

s
𝑝(s) Tr(𝜌sO) = Tr(𝜌0O) (1.5)

whenever the measurement is complete and no additional reweighting is applied.
Thus a linear average can reproduce the pre-measurement expectation value even
when every typical conditioned state is strongly altered. The information about
measurement-induced variation lives in the dependence of 𝜌s on s, not merely in the
Born-averaged density matrix.
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This observation motivates nonlinear quantities, such as

𝐴𝑞 [O] =
∑︁

s
𝑤(s) ⟨O⟩𝑞s , (1.6)

where 𝑤(s) may be the Born weight or a deliberately chosen alternative ensemble.
Such moments retain information about outcome-to-outcome fluctuations. They also
naturally lead to replica descriptions, because powers of conditioned expectation
values correspond to multiple copies sharing the same measurement record. This
point becomes central in the decoder part of the thesis.

1.5 Three complementary viewpoints: weak perturbations, boundary condi-
tions, and decoders

The projects collected here repeatedly return to three viewpoints. The first is the
weak-perturbation viewpoint. A weak measurement produces a Kraus operator close
to the identity, which can often be written as an exponential of local operators.
Expanding this operator and matching to the low-energy theory reveals which CFT
fields are generated. This is the natural language for the ancilla-assisted Ising protocol
and for imperfect teleportation.

The second is the boundary-condition viewpoint. A post-measurement wavefunction
can be represented as a Euclidean path integral with a defect or boundary at the
measurement time slice. Measurements often impose strong boundary conditions
rather than weak perturbations. In this language, changing the measurement basis
changes the boundary condition, and universal transitions can occur when the
boundary RG flow changes character. The gapless-parent and boundary-transition
chapters develop this perspective systematically.

The third is the decoder viewpoint. If the measurement record is random and high
dimensional, then the conditioned expectation value ⟨O⟩s is a function of the record.
Instead of estimating it separately for each s, one can learn this function from data.
The machine-learning chapters show that nonlinear probes of measurement-altered
criticality can be estimated without brute-force post-selection when the conditioned
response lies in, or is well approximated by, a restricted function class.

These viewpoints are not competing theories. They are different descriptions of the
same physical phenomenon at different stages of abstraction. The weak-perturbation
viewpoint identifies the relevant operators. The boundary viewpoint classifies the
universal endpoints. The decoder viewpoint asks how those endpoints can be inferred
from experimentally available data.
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1.6 Roadmap of the thesis
Part I establishes the common language. Chapter 1 introduces measurement as a
non-unitary perturbation of a critical wavefunction and explains why post-selection
is the central practical obstruction. Chapter 2 reviews the critical, measurement,
boundary, numerical, and statistical-learning tools used throughout the thesis.

Part II develops the canonical Ising mechanism. Chapter 3 introduces the ancilla-
assisted weak-measurement protocol, derives the post-measurement wavefunction,
and explains the effective-action approach. Chapter 4 uses this machinery to analyze
altered Ising fixed points, nonlinear averages, symmetry-resolved diagnostics, and
post-selection probabilities.

Part III interprets imperfect teleportation as measurement-altered criticality in
a quantum-information protocol. Chapter 5 introduces teleportation of critical
wavefunctions and maps imperfections to weak measurements. Chapter 6 classifies
the resulting perturbations as relevant, marginal, or disguised and studies their
consequences for correlations, entanglement, full counting statistics, and mixed-state
averages.

Part IV develops the boundary-CFT perspective. Chapter 7 explains how measure-
ments become boundary conditions, especially in gapless parents of cluster states.
Chapter 8 studies measurement-induced boundary transitions driven by rotating the
measurement basis. Chapter 9 generalizes the lessons to tricritical Ising, three-state
Potts, and related universality classes.

Part V moves toward experiment. Chapter 10 introduces Rydberg arrays as an ancilla-
free platform for measurement-altered criticality. Chapter 11 analyzes altered Ising
and tricritical-Ising criticality in Rydberg chains. Chapter 12 addresses post-selection
probabilities, restricted averages, finite temperature, off-critical preparation, and
experimental imperfections.

Part VI treats post-selection-free access through statistical learning. Chapter 13
formulates nonlinear conditioned observables as a learning problem. Chapter 14
describes decoder architectures and training protocols. Chapter 15 applies those
tools to learn measurement-altered fixed points and compare learned observables
with reference simulations. Chapter 16 gives a full proof of sample complexity.
Chapter 17 shows the numerical implementation of the decoders.

Part VII synthesizes the picture. Chapter 18 organizes the five case studies into a
unified theory of measurement-altered quantum criticality. Chapter 19 discusses



9

open directions, including higher dimensions, other universality classes, monitored
dynamics, adaptive measurements, and experimental platforms beyond Rydberg
arrays.
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C h a p t e r 2

CRITICAL WAVEFUNCTIONS, MEASUREMENTS, AND
UNIVERSAL DIAGNOSTICS

2.1 One-dimensional quantum critical ground states
A one-dimensional quantum critical point describes the state of a diverging correlation
length. On the lattice, it is often reached by tuning a Hamiltonian parameter until
a gap closes in the thermodynamic limit. At long distances the microscopic
lattice description is replaced by a continuum quantum field theory. For the systems
considered in this thesis, the continuum theory is usually a two-dimensional conformal
field theory after identifying imaginary time as the second coordinate [8, 9, 10].

The transverse-field Ising model is the simplest recurring example,

𝐻Ising = −𝐽
∑︁
𝑗

𝑍 𝑗𝑍 𝑗+1 − ℎ
∑︁
𝑗

𝑋 𝑗 . (2.1)

At ℎ = 𝐽 it realizes the Ising critical point [11]. Its long-distance theory has central
charge 𝑐 = 1/2 and contains three primary fields: the identity 1, the spin field 𝜎,
and the energy-density field 𝜀. Their scaling dimensions are

Δ1 = 0, Δ𝜎 =
1
8
, Δ𝜀 = 1. (2.2)

The spin field is odd under the Ising symmetry, while the energy-density field is
even. This simple symmetry distinction is crucial throughout the book because it
determines which perturbations can be generated by certain measurement protocols.

The tricritical Ising CFT is a second minimal model that appears in the later boundary-
transition and Rydberg parts. It has central charge 𝑐 = 7/10 and more relevant
fields than the ordinary Ising CFT. This richer operator content allows more varied
boundary fixed points and intermediate flows. The thesis uses the tricritical Ising
point not as an isolated special case, but as a test of whether the measurement-altered
framework extends beyond the Ising universality class.

2.2 Conformal data: scaling dimensions, central charge, and operator content
The central data of a two-dimensional CFT include the central charge 𝑐, the spectrum
of scaling dimensions, and the operator product coefficients. For an operator O with
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scaling dimension ΔO , the bulk two-point function in an infinite system behaves as

⟨O(𝑥)O(0)⟩ ∼ |𝑥 |−2ΔO . (2.3)

On a periodic chain of length 𝐿, the chord distance replaces |𝑥 |,

𝑑𝐿 (𝑥) =
𝐿

𝜋
sin

(𝜋𝑥
𝐿

)
, (2.4)

so that a finite-size fit often uses

⟨O(𝑥)O(0)⟩ ∼ 𝑑𝐿 (𝑥)−2ΔO . (2.5)

This form is repeatedly used to extract scaling dimensions before and after measure-
ment.

The central charge can be obtained from entanglement scaling. For a periodic critical
chain, the entanglement entropy of an interval of length ℓ scales as [12]

𝑆(ℓ) = 𝑐

3
log

[
𝐿

𝜋𝑎
sin

(
𝜋ℓ

𝐿

)]
+ 𝑠0, (2.6)

where 𝑎 is a microscopic cutoff and 𝑠0 is nonuniversal. For an open chain the
coefficient is halved,

𝑆(ℓ) = 𝑐

6
log

[
2𝐿
𝜋𝑎

sin
(
𝜋ℓ

𝐿

)]
+ 𝑠′0. (2.7)

Measurement-altered states can have altered effective entanglement coefficients even
when they retain power-law correlations. This is one reason why both correlation
and entanglement diagnostics are needed.

2.3 The Ising conformal field theory
The Ising CFT provides the common technical language for much of the thesis. In
the transverse-field Ising chain, the lattice order parameter 𝑍 𝑗 maps to the spin field
𝜎, while the deviation of the local energy density from its expectation value maps to
𝜀. Schematically,

𝑍 𝑗 ∼ 𝑎𝜎 𝜎(𝑥) + · · · , (2.8)

𝑋 𝑗 −
〈
𝑋 𝑗

〉
∼ 𝑎𝜀 𝜀(𝑥) + · · · , (2.9)

where the ellipses denote descendants and less relevant fields. The amplitudes 𝑎𝜎
and 𝑎𝜀 depend on microscopic conventions, but the scaling dimensions do not.
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The Ising symmetry acts as 𝑍 𝑗 → −𝑍 𝑗 and leaves 𝑋 𝑗 invariant. Consequently, a
perturbation proportional to 𝜎 explicitly breaks the Ising symmetry and is strongly
relevant. A perturbation proportional to 𝜀 preserves the symmetry and tunes the
system through the thermal direction. Measurement protocols that generate these
two fields can therefore have qualitatively different effects even if they look similar
microscopically.

In the measurement-altered Ising protocol, the measured ancilla pattern determines
whether the post-measurement critical chain sees a spatially structured spin-field
perturbation, an energy-density-like perturbation, or a symmetry-constrained combi-
nation. In the Rydberg protocol, occupation measurements select patterns that can
similarly couple to spin-like or energy-like fields of the emergent Ising theory. Ising
notation is therefore introduced here once and reused throughout the book.

2.4 The tricritical Ising conformal field theory
The tricritical Ising CFT is a minimal model with central charge 𝑐 = 7/10. It
has a larger set of relevant operators than the Ising CFT and admits a richer set
of conformal boundary conditions. In the Rydberg-array setting, tricritical Ising
behavior arises where a line of Ising transitions terminates at a tricritical point. In
the boundary-transition setting, tricritical Ising theory provides a stringent test of the
idea that measurements can tune between universal boundary fixed points.

The most important conceptual distinction from the ordinary Ising case is that
more than one relevant symmetry-allowed direction may be present. This means
that a measurement protocol can generate flows with multiple competing relevant
perturbations. Consequently, the endpoint of a measurement-altered flow need not
be simply “ordered” or “thermal.” It may approach a fixed boundary condition, a
free boundary condition, or an intermediate boundary fixed point, depending on the
microscopic measurement sector and the boundary operator content.

Later chapters will give the full lattice-to-CFT dictionaries for the tricritical Ising
examples. The role of this section is only to flag why the tricritical theory is not a
decorative generalization: it tests whether measurement-altered quantum criticality is
governed by universal operator and boundary data rather than by accidental features
of the Ising chain.
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2.5 Boundary and defect conformal field theory
Boundary CFT enters whenever a system has an actual spatial boundary, an impurity,
a defect line, or a Euclidean time slice with special conditions [13]. Measurements
naturally create such structures. A weak measurement can be represented as a
defect-line perturbation inserted at a time slice. A projective measurement can
impose a stronger boundary condition. A post-selected measurement outcome can
explicitly select one boundary sector, while averaging over outcomes can correspond
to a replicated or disordered boundary ensemble.

For a half-plane or open chain, a bulk primary field O may acquire a one-point
function,

⟨O(𝑥)⟩bdy ∼ 𝑥−ΔO , (2.10)

where 𝑥 is the distance to the boundary. This form is useful for extracting scaling
dimensions in open-chain DMRG calculations and in Rydberg protocols with open
boundaries. Boundary-condition-changing operators and boundary RG flows further
classify how one boundary fixed point can flow to another under perturbations.

The boundary fixed point chapters use this language to interpret a single round of
measurements on a gapless parent state. Rotating the measurement basis tunes the
effective boundary perturbation. When that perturbation changes sign or relevance,
the system can undergo a measurement-induced boundary transition. This viewpoint
also clarifies why such transitions are universal: they depend on boundary operator
content rather than on microscopic details of the measurement apparatus.

2.6 Weak measurements, projective measurements, and Kraus maps
A general measurement is described by Kraus operators 𝑀s satisfying∑︁

s
𝑀
†
s 𝑀s = 1. (2.11)

Given an initial density matrix 𝜌0, the outcome probability and conditioned state
are those in Eqs. (1.3) and (1.4). For a pure state 𝜌0 = |𝜓0⟩⟨𝜓0 |, the unnormalized
conditioned wavefunction is 𝑀s |𝜓0⟩.

Weak measurements are close to the identity. A common schematic form is

𝑀s ∝ exp

[
𝜆
∑︁
𝑗

𝑠 𝑗O 𝑗

]
, (2.12)

with small measurement strength 𝜆. Such a measurement inserts a source coupled
to the lattice operator O 𝑗 . In the continuum limit, the source couples to whichever
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CFT fields appear in the lattice expansion of O 𝑗 . The source pattern 𝑠 𝑗 can be
uniform, staggered, random, correlated, or selected by post-selection; each case leads
to different long-distance behavior.

Projective measurements correspond to a strong limit in which the Kraus operator
projects onto an eigenspace. They are harder to treat perturbatively but often simpler
experimentally. The Rydberg roadmap uses projective occupation measurements on
a subset of sites, while the boundary-transition work studies projective measurements
on a subset of gapless states. In both cases, the strong-measurement limit is interpreted
through boundary conditions rather than through a small-𝜆 expansion.

2.7 Measurement-conditioned states and Born ensembles
The full set of conditioned states {𝜌s} forms an ensemble weighted by Born proba-
bilities 𝑝(s). Several inequivalent averages over this ensemble appear throughout the
thesis.

The ordinary Born average is the density matrix

𝜌Born =
∑︁

s
𝑝(s)𝜌s =

∑︁
s
𝑀s𝜌0𝑀

†
s . (2.13)

This object is natural if the measurement record is discarded. However, it often
misses measurement-altered physics because it linearly averages over sectors with
different signs, symmetries, or effective boundary conditions.

A post-selected ensemble restricts to a chosen subset S of outcomes,

𝜌S =
1
𝑃S

∑︁
s∈S

𝑝(s)𝜌s, 𝑃S =
∑︁
s∈S

𝑝(s). (2.14)

If S contains one record, this is strict post-selection. If it contains a symmetry-related
family of records, it becomes symmetry-resolved or restricted averaging. Much of the
practical challenge lies in choosing S large enough to be experimentally accessible
but structured enough to retain the altered critical behavior.

A reweighted ensemble replaces 𝑝(s) by another weight 𝑤(s). Uniform-outcome
averages, restricted averages, and replica-motivated nonlinear moments all fall into
this broader category. They are not generally represented by a physical density
matrix obtained from ignoring measurement outcomes, but they can be meaningful
diagnostics of the post-measurement ensemble.
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2.8 Nonlinear measurement averages
Suppose 𝑂 (z) is an observable measured in a final system snapshot z, and s is the
earlier measurement record. The conditioned expectation value is

𝑓𝑂 (s) = E[𝑂 (z) | s] = ⟨𝑂⟩s . (2.15)

The linear expectation E[ 𝑓𝑂 (s)] = ⟨𝑂⟩0 is the ordinary pre-measurement expectation
value. Nonlinear moments such as

𝐴𝑞 [𝑂] = Es [ 𝑓𝑂 (s)𝑞] (2.16)

instead ask how strongly the measurement record predicts the system response.

The case 𝑞 = 2 has a useful variational representation. For bounded observables,

𝐴2 [𝑂] = sup
𝑓

E
[
2𝑂 (z) 𝑓 (s) − 𝑓 (s)2

]
, (2.17)

where the unrestricted optimizer is 𝑓★(s) = E[𝑂 | s]. This identity is the conceptual
bridge from nonlinear observables to statistical learning. Estimating 𝐴2 no longer
requires resolving every post-selected sector separately; it requires learning the
conditional response within an appropriate function class.

This perspective will be developed much more carefully in Chapters 13–15. Here it
suffices to note that nonlinear observables are not optional technical complications.
They are often the observables in which measurement-altered criticality survives
after averaging over random outcomes.

2.9 Extracting scaling dimensions from correlation functions
The simplest diagnostic of altered criticality is a changed power-law exponent. In
a periodic chain, the standard procedure is to measure or compute a correlation
function 𝐶 (𝑟) and fit it to

𝐶 (𝑟) = 𝐴 𝑑𝐿 (𝑟)−2Δ + · · · , (2.18)

where 𝑑𝐿 (𝑟) is the chord distance and the ellipses denote subleading corrections.
In an open chain, one-point functions can be fit to boundary forms like Eq. (2.10),
while two-point functions require boundary-dependent scaling functions.

For measurement-altered states one must decide which ensemble is being probed
before fitting. A fixed-outcome correlator, a Born-averaged correlator, a symmetry-
resolved correlator, a uniform-outcome correlator, and a learned nonlinear moment
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can all scale differently. Thus the exponent is not a property of the measurement
protocol alone. It is a property of the protocol together with the ensemble and
observable used to analyze it.

This point recurs throughout the book. The Ising chapters compare fixed-outcome
and averaged diagnostics. The boundary chapters compare post-selected and decoded
correlations. The Rydberg chapters emphasize restricted averages accessible from
full measurement records. The decoder chapters learn nonlinear moments whose
scaling reveals altered fixed points without explicit post-selection.

2.10 Entanglement diagnostics and effective central charge
Correlation functions diagnose operator scaling dimensions. Entanglement diagnoses
the organization of many degrees of freedom. In an unmeasured one-dimensional
critical ground state, the coefficient of logarithmic entanglement growth is fixed by
the central charge. In a post-measurement state, entanglement can behave in more
varied ways. It may retain the original coefficient, acquire an effective coefficient, or
be destroyed even while some power-law correlations remain.

This separation between correlation and entanglement is especially visible in imperfect
teleportation. Some teleportation errors preserve power-law correlations but eliminate
the long-range entanglement structure of the original critical state. Boundary
transitions also exhibit entanglement signatures associated with boundary fixed
points and defect lines. For this reason, this thesis treats entanglement and correlation
exponents as complementary diagnostics.

2.11 Numerical toolkit: exact methods, MPS, DMRG, and finite-size scaling
Most examples in this thesis require both field-theory predictions and numerical
checks. Exact free-fermion methods are available for some Ising-chain calculations.
Matrix-product-state (MPS) methods and density matrix renormalization group
(DMRG) are used more broadly to prepare critical ground states and evaluate
post-measurement observables [14, 15]. Finite-size scaling is then used to extract
exponents and compare with CFT expectations.

Several numerical issues recur. Critical systems require large bond dimension
because entanglement grows logarithmically. Post-measurement states can have
stronger finite-size corrections than the original ground state. Open boundaries
simplify some calculations but introduce boundary effects that must be fit carefully.
Post-selected sectors may have small probabilities, so numerical sampling and exact
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contraction must be matched to the ensemble being studied.

2.12 Machine-learning decoders as conditional-response estimators
The statistical-learning chapters use a simple conceptual setup. Each experimental
or simulated run produces a pair (z, s), where s is the measurement record and z is a
final system snapshot. For an observable 𝑂 (z), the best possible decoder predicts

𝑓★𝑂 (s) = E[𝑂 (z) | s] . (2.19)

A trained model 𝑓̂ approximates this conditional expectation. Once 𝑓̂ is learned,
nonlinear observables such as 𝐴2 [𝑂] can be estimated from all available data rather
than from repeated occurrences of the same post-selected record.

The relevant question is not whether an arbitrary function of s can be learned.
The question is whether the physically important conditioned responses lie in
function classes of manageable complexity: linear functions, multiscale convolutional
networks, or symmetry-constrained models. Criticality complicates this question
because long-range correlations are important, but it also imposes structure that
suitable architectures can exploit.

This decoder viewpoint closes the loop begun in Chapter 1. Measurements alter crit-
icality at the level of conditioned states. Experiments produce random measurement
records. Nonlinear observables reveal the altered physics. Statistical learning offers
a route from the raw records to those nonlinear observables without exponential
costly post-selection.
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“Rule of thumb, maaan. Spend more time <doing random hobby> than you do
thinkin’ about work.”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 3

ANCILLA-ASSISTED MEASUREMENTS OF THE CRITICAL
ISING CHAIN

This chapter develops the canonical microscopic mechanism for measurement-altered
quantum criticality. Chapter 2 introduced the shared CFT and measurement language;
here we specialize that language to an explicit two-chain protocol in which a critical
Ising chain is entangled with a correlated ancilla chain and the ancilla are then
projectively measured. The central lesson is that the measured ancilla induce a
non-unitary, outcome-dependent perturbation of the critical-chain wavefunction. The
form of that perturbation is controlled by the entangling gate, the measurement basis,
the outcome string, and the ancilla correlations.

3.1 Overview
The protocol and main outcomes are summarized in Fig. 3.1. The upper chain is
tuned to the critical transverse-field Ising point. The lower chain supplies correlated
ancilla degrees of freedom. After the two chains are coupled locally, measuring
the ancilla prepares an outcome-resolved critical-chain state. The remainder of this
chapter derives an effective action for that state and analyzes the couplings that
appear in it. Chapter 4 then uses the same machinery to classify the resulting altered
Ising correlations and experimentally accessible diagnostics.

3.2 Microscopic Ising chain and ancilla protocol
Ising-chain conventions used in this part
Throughout this chapter we explore the effect of measurements on an Ising quantum
critical point realized microscopically in the canonical transverse field Ising model,

𝐻 =
∑︁
𝑗

(−𝐽𝑍 𝑗𝑍 𝑗+1 − ℎ𝑋 𝑗 ). (3.1)

Here 𝑍 𝑗 and 𝑋 𝑗 are Pauli operators acting on site 𝑗 of a chain with periodic boundary
conditions (unless specified otherwise). Additionally, we assume ferromagnetic
interactions, 𝐽 > 0, and a positive transverse field, ℎ > 0. Equation (3.1) preserves
both time reversal symmetry T , which leaves 𝑋 𝑗 and 𝑍 𝑗 invariant but enacts
complex conjugation, and global Z2 spin flip symmetry generated by 𝐺 =

∏
𝑗 𝑋 𝑗 .

At ℎ > 𝐽, the system realizes a symmetry-preserving paramagnetic phase. For
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Uj+2
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Uj�2
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Critical chain
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<latexit sha1_base64="957DlAEGgJ0z9sZMeA/OAm7S0lQ="></latexit>
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<latexit sha1_base64="CX9hSQ2t6SEtuQeDDUkkU1QgfdY="></latexit>
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<latexit sha1_base64="OA+Ki6tNhpeU9zhRyYS6AWE+huY="></latexit>
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<latexit sha1_base64="18U41vDyn/5oMUvYd5PVMIQew/Q="></latexit>

(a) Initialize
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Symmetry-resolved
average r(A) [Eq.(76)]
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(e)

Figure 3.1: Protocol used to explore measurement-altered Ising criticality (left)
and summary of the main results (right). (a) The upper chain is always prepared
in the ground state |𝜓𝑐⟩ of the critical transverse-field Ising model. The ancilla chain
is initialized into the ground state |𝜓𝑎⟩ of the Ising model either in the paramagnetic
phase or at criticality. (b) After a unitary that entangles the two chains followed
by (c) ancilla measurements, the ancilla chain enters a product state |𝑠⟩ while the
upper chain enters a state |𝜓𝑠⟩ dependent on the measurement outcome 𝑠. (d)
Physical operators 𝐴 for the top chain are then probed in the state |𝜓𝑠⟩. The table
(e) summarizes our predictions for the four cases that we explore, distinguished by
the ancilla measurement basis and symmetry of the post-measurement wavefunction
|𝜓𝑠⟩.

ℎ < 𝐽, a ferromagnetic phase emerges, characterized by a non-zero order parameter
⟨𝑍 𝑗 ⟩ ≠ 0 that indicates spontaneously broken Z2 symmetry. The paramagnetic and
ferromagnetic phases are related under a duality transformation that interchanges
𝐽 ↔ ℎ.

Ising criticality appears at the self-dual point 𝐽 = ℎ to which we specialize here-
after. The low-energy critical theory is most easily accessed via a Jordan-Wigner
transformation to Majorana fermion operators

𝛾𝐴 𝑗 =
©­«
∏
𝑘< 𝑗

𝑋𝑘
ª®¬ 𝑍 𝑗 , 𝛾𝐵 𝑗 =

©­«
∏
𝑘< 𝑗

𝑋 𝑗
ª®¬ 𝑖𝑋 𝑗𝑍 𝑗 . (3.2)

In this basis the 𝐽 = ℎ Hamiltonian becomes

𝐻𝑐 = 𝑖𝐽
∑︁
𝑗

(𝛾𝐴 𝑗+1 − 𝛾𝐴 𝑗 )𝛾𝐵 𝑗 . (3.3)

Focusing on long-wavelength Fourier components of 𝛾𝐴 𝑗 and 𝛾𝐵 𝑗 , which comprise
the important degrees of freedom at criticality, yields the continuum Hamiltonian
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H𝑐 = 𝑖𝑣
∫
𝑥
(𝜕𝑥𝛾𝐴)𝛾𝐵 with 𝑣 ∝ 𝐽. Upon changing basis to 𝛾𝐴 = 𝛾𝑅 + 𝛾𝐿 and

𝛾𝐵 = 𝛾𝑅 − 𝛾𝐿 , we arrive at

H𝑐 = −𝑖𝑣
∫
𝑥

(𝛾𝑅𝜕𝑥𝛾𝑅 − 𝛾𝐿𝜕𝑥𝛾𝐿), (3.4)

which describes kinetic energy for right- and left-moving Majorana fermions 𝛾𝑅 and
𝛾𝐿 .

Equation (3.4) corresponds to an Ising conformal field theory (CFT) with central
charge 𝑐 = 1/2 [9]. The Ising CFT exhibits three primary fields: the identity 1, the
‘spin field’ 𝜎 (scaling dimension Δ𝜎 = 1/8), and the ‘energy field’ 𝜀 (dimension
Δ𝜀 = 1). The spin field is odd under Z2 symmetry and represents the continuum limit
of the ferromagnetic order parameter. Consequently, only correlators containing
an even number of spin fields can be non-zero at criticality. For instance, one- and
two-point spin-field correlators read

⟨𝜎(𝑥)⟩ = 0, ⟨𝜎(𝑥)𝜎(𝑥′)⟩ ∼ 1
|𝑥 − 𝑥′|1/4

. (3.5)

The energy field is a composite of right- and left-movers, 𝜀 = 𝑖𝛾𝑅𝛾𝐿; this field is
odd under duality and hence represents a perturbation that moves the system off of
criticality. The operator product expansion for two fields at different points determine
the following fusion rules: 

𝜎 × 𝜎 = 1 + 𝜀,

𝜀 × 𝜀 = 1,

𝜎 × 𝜀 = 𝜎.

(3.6)

Local microscopic spin operators admit straightforward expansions in terms of the
above CFT fields and their descendants. In particular, we have

𝑍 𝑗 ∼ 𝜎 + · · · (3.7)

𝑋 𝑗 − ⟨𝑋⟩ ∼ 𝜀 + · · · , (3.8)

where the ellipses denote fields with subleading scaling dimension. Equation (3.7)
follows from Z2 symmetry together with translation invariance of the ferromagnetic
phase (for the antiferromagnetic case, 𝐽 < 0, an additional (−1) 𝑗 factor would appear
on the right side). In Eq. (3.8), ⟨𝑋⟩ denotes the (position-independent) ground-state
expectation value of 𝑋 𝑗—which is generically non-zero due to the transverse field.
In the thermodynamic limit at criticality one finds ⟨𝑋⟩ = 2/𝜋. Subtracting off this
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expectation value from the left-hand side removes terms proportional to the identity
field on the right-hand side. One can understand the appearance of 𝜀 in Eq. (3.8)
by noting that perturbing the microscopic Hamiltonian with a term ∝ ∑

𝑗 𝑋 𝑗 moves
the system off of criticality, corresponding to the generation of the energy field in
the continuum theory. (The same conclusion follows by expressing 𝑋 𝑗 in terms of
Majorana fermions and taking the continuum limit 1.)

With the aid of relations like Eqs. (3.7) and (3.8), standard techniques relate ground-
state expectation values of microscopic operators to averages of CFT fields expressed
in path-integral language. We illustrate the approach in a way that will be useful for
exploring the influence of measurements in Section 3.3. The ground-state expectation
value of a microscopic operator 𝐴 in the critical chain’s ground state |𝜓𝑐⟩,

⟨𝐴⟩ = ⟨𝜓𝑐 | 𝐴 |𝜓𝑐⟩ , (3.9)

can always be expressed as

⟨𝐴⟩ = lim
𝛽→∞

1
𝑍

Tr 𝑒−𝛽𝐻𝑐/2𝐴𝑒−𝛽𝐻𝑐/2. (3.10)

The 𝑒−𝛽𝐻𝑐/2 factors in the numerator project away excited state components from
the bra and ket in each element of the trace, and the partition function 𝑍 =

lim𝛽→∞ Tr 𝑒−𝛽𝐻𝑐 in the denominator ensures proper normalization. Next we take the
continuum limit of both sides:

⟨𝐴⟩ ∼ ⟨A⟩ = lim
𝛽→∞

1
Z Tr 𝑒−𝛽H𝑐/2A𝑒−𝛽H𝑐/2. (3.11)

Calligraphic fonts indicate low-energy expansions of the corresponding quantities in
Eq. (3.10). For instance, if 𝐴 = 𝑍 𝑗𝑍 𝑗 ′ then Eq. (3.7) givesA = 𝜎(𝑥 𝑗 )𝜎(𝑥 𝑗 ′) for 𝑥𝑖 a
continuum coordinate corresponding to site 𝑖. Finally, Trotterizing the exponentials
and inserting resolutions of identity in the fermionic coherent state basis yields

⟨A⟩ = lim
𝛽→∞

1
Z

∫
D𝛾𝑅D𝛾𝐿𝑒−S𝑐A(𝜏 = 0) (3.12)

with the Euclidean Ising CFT action

S𝑐 =
∫
𝑥

∫ 𝛽/2

−𝛽/2
d𝜏 [𝛾𝑅 (𝜕𝜏 − 𝑖𝑣𝜕𝑥)𝛾𝑅 + 𝛾𝐿 (𝜕𝜏 + 𝑖𝑣𝜕𝑥)𝛾𝐿] . (3.13)

Note that in our convention imaginary time 𝜏 runs from −𝛽/2 to +𝛽/2 with 𝛽→∞;
the operator ordering in Eq. (3.11) then naturally gives A evaluated at 𝜏 = 0 in
Eq. (3.12).

1Notice that ⟨𝑖𝛾𝑅𝛾𝐿⟩ = 0 when evaluated in the critical Ising CFT
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Protocol
Performing local projective measurements to all sites of the critical chain reviewed
above would simply collapse the corresponding wave function into a trivial product
state, thereby destroying all existent correlations. Hence, we introduce a second,
ancillary transverse-field Ising chain that enables us to enact different types of
generalized measurements on the critical Ising chain and characterize their non-
trivial effect on its entanglement structure. Specifically, the ancilla Hamiltonian
is

𝐻anc =
∑︁
𝑗

(−𝐽anc𝑍̃ 𝑗 𝑍̃ 𝑗+1 − ℎanc 𝑋̃ 𝑗 ), (3.14)

where 𝑍̃ 𝑗 and 𝑋̃ 𝑗 are Pauli operators for the ancilla spins and we assume 𝐽anc, ℎanc > 0.
Throughout we work in the regime ℎanc ≥ 𝐽anc—i.e., the ancilla are either critical or
realize the gapped paramagnetic phase, so that the spin-flip symmetry generated by
𝐺̃ =

∏
𝑗 𝑋̃ 𝑗 is always preserved in the ground state.

Inspired by Ref. [16], we consider the following protocol (see Fig. 3.1 for a summary):

(𝑎) Initialize the system into the wavefunction

|𝜓GS⟩ = |𝜓𝑐⟩ |𝜓𝑎⟩ , (3.15)

where |𝜓𝑐⟩ is the ground state of the top (critical) chain and |𝜓𝑎⟩ is the ground state
of the bottom (ancilla) chain.

(𝑏) Apply a unitary gate𝑈 𝑗 to each pair of adjacent sites from the critical and ancilla
chains, sending

|𝜓GS⟩ → |𝜓𝑈⟩ =
(∏

𝑗

𝑈 𝑗

)
|𝜓𝑐⟩ |𝜓𝑎⟩ . (3.16)

The unitaries we apply generally consist of single-spin ancilla rotations followed by
a two-spin entangling gate, and are always implemented in a translationally invariant
manner.

(𝑐) Projectively measure all ancilla spins in some fixed basis, e.g., 𝑍̃ or 𝑋̃ , yielding
measurement outcome

𝑠 ≡ {𝑠 𝑗 } (3.17)

with 𝑠 𝑗 ∈ ±1. The wavefunction correspondingly collapses to |𝜓𝑠⟩ |𝑠⟩; here |𝜓𝑠⟩
denotes the post-measurement state for the top chain, which depends on the outcome
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𝑠. More precisely, this step sends

|𝜓𝑈⟩
measure−−−−−−→ |𝜓𝑠⟩ |𝑠⟩

=
1
√
𝑝𝑠

(∏
𝑗

��𝑠 𝑗 〉 〈
𝑠 𝑗

��𝑈 𝑗

)
|𝜓𝑐⟩ |𝜓𝑎⟩ , (3.18)

where the normalization

𝑝𝑠 = ⟨𝜓𝑎 | ⟨𝜓𝑐 |
(∏

𝑗

𝑈
†
𝑗

��𝑠 𝑗 〉 〈
𝑠 𝑗

��𝑈 𝑗

)
|𝜓𝑐⟩ |𝜓𝑎⟩ (3.19)

specifies the probability for obtaining measurement outcome 𝑠.

(𝑑) Probe correlations on the top chain for the post-measurement state |𝜓𝑠⟩.

Inspection of Eq. (3.18) reveals that the ancilla measurements can nontrivially
impact correlations in the critical chain only if the measurement basis and unitaries
are chosen such that [

��𝑠 𝑗 〉 〈
𝑠 𝑗

�� ,𝑈 𝑗 ] ≠ 0 2. Even in this case, however, extracting
measurement-induced changes in correlations poses a subtle problem. For an arbitrary
critical-chain observable 𝐴, performing a standard average of ⟨𝜓𝑠 | 𝐴 |𝜓𝑠⟩ over ancilla
measurement outcomes simply recovers the expectation value ⟨𝜓𝑈 | 𝐴 |𝜓𝑈⟩ taken in
the pre-measurement state. Indeed, using Eqs. (3.16) and (3.18) yields∑̃︁

𝑠

𝑝𝑠 ⟨𝜓𝑠 | 𝐴 |𝜓𝑠⟩ =
∑̃︁
𝑠

⟨𝜓𝑈 |
(∏

𝑗

��𝑠 𝑗 〉 〈
𝑠 𝑗

��)
× 𝐴

(∏
𝑗

��𝑠 𝑗 〉 〈
𝑠 𝑗

��) |𝜓𝑈⟩
=

∑̃︁
𝑠

⟨𝜓𝑈 |
(∏

𝑗

��𝑠 𝑗 〉 〈
𝑠 𝑗

��) 𝐴 |𝜓𝑈⟩ = ⟨𝜓𝑈 | 𝐴 |𝜓𝑈⟩ . (3.20)

The second equality follows from the fact that the projectors
��𝑠 𝑗 〉 〈

𝑠 𝑗
�� commute with

𝐴 (because they act on different chains) and square to themselves, while the third
follows upon removing a resolution of the identity for the ancilla chain.

Our protocol performs a particular physical implementation of generalized mea-
surements that combines additional degrees of freedom provided by the ancilla
chain, a unitary entangling transformation, and projective measurements (see, e.g.,
Ref. [17]). More importantly, it allows us to assess how quantum correlations among

2Otherwise the measurement translates into a control unitary on the top chain depending on the
measurement outcome of the bottom chain.
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the ancilla, tunable via the ratio ℎanc/𝐽anc, impact the measurement-induced changes
in the critical chain’s properties. Let us make this connection more explicit. The
post-measured state |𝜓𝑠⟩ given in Eq. (3.18) can be written as

|𝜓𝑠⟩ =
1
√
𝑝𝑠
𝑀𝑠 |𝜓𝑐⟩ , (3.21)

where, given measurement outcome 𝑠, 𝑀𝑠 ≡ ⟨𝑠 |
∏

𝑗 𝑈 𝑗 |𝜓𝑎⟩ denotes the measurement
operator acting on the critical chain. The full set of measurement operators satisfy
the completeness relation

∑
𝑠 𝑀
†
𝑠
𝑀𝑠 = 1𝑐. If |𝜓𝑎⟩ was a product state, then we could

factorize 𝑀𝑠 =
∏

𝑗 𝑀𝑠 𝑗 in terms of on-site measurement operators 𝑀𝑠 𝑗 . However,
for nontrivially entangled |𝜓𝑎⟩—which we always consider below—this exact
factorization no longer holds, though an approximate factorization can nevertheless
suffice to capture the essential influence of measurement, depending on the precise
form of 𝑀𝑠 and the range of ancilla correlations. We return to this point in Section 4.4.

Subsequent sections investigate the protocol with different classes of unitaries and
measurement bases using a combination of field-theoretic and numerical tools.
The latter combine covariant-matrix techniques for Gaussian states (explained in
Chapter 3.6) when characterizing a single chain; exact diagonalization (ED) to exactly
evaluate averages over measurement outcomes; and tensor network methods [18],
using the density matrix renormalization group (DMRG) method [14] and its infinite
variant (iDMRG) [19] to evaluate correlations on specific measurement outcomes.
As a prerequisite, next we develop a perturbative formalism that we use extensively
to distill measurement effects into a perturbation to the Ising CFT action.

3.3 Effective action formalism
Table 3.1 lists the four classes of unitaries 𝑈 𝑗 that we examine, together with the
corresponding ancilla measurement basis taken for each case. In the second column,
⟨𝑋⟩ = ⟨𝜓𝑐 | 𝑋 𝑗 |𝜓𝑐⟩ as defined previously, 𝐶 is a constant, and 𝑢 characterizes the
strength of the unitary—i.e., how far𝑈 𝑗 is from the identity. As we will see later, the
symmetry of𝑈 𝑗 depends on whether 𝐶 = 0 or 𝐶 ≠ 0 in a manner that qualitatively
affects critical-chain correlations after measurement. Throughout our analytical
treatment, we assume small 𝑢 ≪ 1 that does not scale with system size. Our goal in
Chapter 3.3 is to recast the post-measurement state in the form

|𝜓𝑠⟩ =
1
√
N
𝑈′𝑒−𝐻𝑚/2 |𝜓𝑐⟩ . (3.22)

Here 𝑈′ is a unitary operator acting solely on the critical chain, while 𝐻𝑚 is a
Hermitian operator, organized systematically in powers of 𝑢, that encodes the
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Case Unitary𝑈 𝑗 Ancilla measurement basis
I exp[𝑖𝑢(𝑋 𝑗 − ⟨𝑋⟩) 𝑋̃ 𝑗 ] 𝑍̃

II exp[𝑖𝑢(𝑍 𝑗 − 𝐶) 𝑋̃ 𝑗 ] 𝑍̃

III exp[𝑖𝑢(𝑋 𝑗 − ⟨𝑋⟩) 𝑍̃ 𝑗 ] 𝑋̃

IV exp[𝑖𝑢(𝑍 𝑗 − 𝐶) 𝑍̃ 𝑗 ] 𝑋̃

Table 3.1: Four classes of unitaries used in our protocols, along with the corresponding
ancilla measurement basis. In cases II and IV, 𝐶 is a constant that controls whether
or not the post-measurement state |𝜓𝑠⟩ preserves global spin-flip symmetry for the
critical chain.

non-unitary change in |𝜓𝑈⟩ imposed by the measurement. One can view this
representation of |𝜓𝑠⟩ as arising from a polar decomposition of the measurement
operator 𝑀𝑠 in Eq. (3.21), up to an overall constant (dependent on 𝑠) that is absorbed
into the normalization factorN . Chapter 3.3 uses the form in Eq. (3.22) to develop a
continuum-limit CFT framework for characterizing observables given a fixed ancilla
measurement outcome.

Perturbative framework
All four unitaries in Table 3.1 take the form

𝑈 𝑗 = 𝑒
𝑖𝑢(𝑂 𝑗−𝜃)𝑂̃ 𝑗 . (3.23)

The constant 𝜃 is either ⟨𝑋⟩ (cases I, III) or 𝐶 (cases II, IV), while 𝑂 𝑗 and 𝑂̃ 𝑗 denote
Pauli matrices that respectively act on the critical chain and ancilla. We refer to
Chapter 3.5 for a detailed derivation of the post-measurement state, providing here
the final expression of𝑈′ and 𝐻𝑚 appearing in Eq. (3.22). Defining𝑈′ = 𝑒𝑖𝐻′ , we
obtain to 𝑂 (𝑢2)

𝐻′ = 𝑢
∑︁
𝑗

𝑎( 𝑗) (𝑂 𝑗 − ⟨𝑂⟩), (3.24)

𝐻𝑚 = 𝑢2
∑︁
𝑗

𝑚 𝑗 (𝑂 𝑗 − ⟨𝑂⟩)

+ 𝑢2
∑︁
𝑗≠𝑘

𝑉 𝑗 𝑘 (𝑂 𝑗 − ⟨𝑂⟩)(𝑂𝑘 − ⟨𝑂⟩). (3.25)

For later convenience we have organized the contributions in terms of 𝑂 𝑗 − ⟨𝑂⟩,
where ⟨𝑂⟩ = ⟨𝜓𝑐 |𝑂 𝑗 |𝜓𝑐⟩ is the expectation value of 𝑂 𝑗 in the initialized state, prior
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to applying the unitary and measuring. Equation (3.25) contains coefficients

𝑉 𝑗 𝑘 = 𝑎( 𝑗 , 𝑘) − 𝑎( 𝑗)𝑎(𝑘) (3.26)

𝑚 𝑗 = −2𝜃 [1 − 𝑎( 𝑗)2] + 2(⟨𝑂⟩ − 𝜃)
∑︁
𝑘≠ 𝑗

𝑉 𝑗 𝑘 . (3.27)

where

𝑎( 𝑗) =
⟨𝑠 |𝑂̃ 𝑗 |𝜓𝑎⟩
⟨𝑠 |𝜓𝑎⟩

, 𝑎( 𝑗 , 𝑘) =
⟨𝑠 |𝑂̃ 𝑗𝑂̃𝑘 |𝜓𝑎⟩
⟨𝑠 |𝜓𝑎⟩

. (3.28)

We stress that𝑈′ = 𝑒𝑖𝐻′ factorizes into a product of operators acting on a single site
𝑗—i.e., one can always decompose 𝑈′ =

∏
𝑗 𝑈
′
𝑗

at order 𝑂 (𝑢2)—whereas 𝑒−𝐻𝑚/2

admits no such factorization due to the 𝑉 𝑗 𝑘 term. The leading corrections to 𝐻′ and
𝐻𝑚 arise at 𝑂 (𝑢3) and 𝑂 (𝑢4), respectively.

The derivation of the post-measurement state assumed ⟨𝑠 | 𝜓𝑎⟩ ≠ 0, which holds
provided measurement outcome 𝑠 can arise even at 𝑢 = 0, where the unitary applied
in our protocol reduces to the identity. As we will see below, however, symmetry
can constrain ⟨𝑠 | 𝜓𝑎⟩ = 0 for a class of 𝑋̃-basis measurement outcomes. In the
latter case our expansion for 𝐻𝑚 and 𝐻′ breaks down [as evidenced by the vanishing
denominator in 𝑎(𝑖1, · · · , 𝑖𝑁 𝑓 ) from Eq. (3.50)]. Nevertheless, even without an
action-based framework, in Section 4.3 we will use a non-perturbative technique
to constrain correlations resulting from such measurement outcomes. For now we
neglect this case and continue to assume ⟨𝑠 | 𝜓𝑎⟩ ≠ 0 in the remainder of this section.

Continuum limit
Using Eq. (3.22), the expectation value of a general critical-chain observable 𝐴 in
the state |𝜓𝑠⟩ associated with measurement outcome 𝑠 reads

⟨𝐴⟩𝑠 =
1
N ⟨𝜓𝑐 | 𝑒

−𝐻𝑚/2𝐴𝑈′𝑒
−𝐻𝑚/2 |𝜓𝑐⟩ , (3.29)

where 𝐴𝑈′ = 𝑈′†𝐴𝑈′. The numerator on the right-hand side of Eq. (3.29) has
the same form as the right side of Eq. (3.9), but with 𝐴 → 𝑒−𝐻𝑚/2𝐴𝑈′𝑒−𝐻𝑚/2 as a
consequence of the unitary and measurement applied in our protocol. Furthermore,
the normalization constant N = ⟨𝜓𝑐 | 𝑒−𝐻𝑚 |𝜓𝑐⟩ also has the form of Eq. (3.9) with
𝐴→ 𝑒−𝐻𝑚 . Following exactly the logic below Eq. (3.9) for both the numerator and
demoninator leads to the continuum expansion

⟨𝐴⟩𝑠 ∼ ⟨A⟩𝑠

= lim
𝛽→∞

1
Z′

∫
D𝛾𝑅D𝛾𝐿𝑒−(S𝑐+S𝑚)A𝑈′ (𝜏 = 0) (3.30)
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that generalizes Eq. (3.12). The new partition function is

Z′ =
∫
D𝛾𝑅D𝛾𝐿𝑒−(S𝑐+S𝑚) . (3.31)

Most crucially, the Ising CFT action S𝑐 from Eq. (3.13) has been appended with
a ‘defect line’ acting at all positions 𝑥 but only at imaginary time 𝜏 = 0, encoded
through

S𝑚 =

∫
𝑥

H𝑚 (𝜏 = 0) (3.32)

withH𝑚 the continuum expansion of 𝐻𝑚. The explicit form of the defect line action
S𝑚 depends on the unitary𝑈 and measurement basis, and will be explored in depth
in Chapters 4.1 and 4.2 for cases I through IV in Table 3.1. Specifically, we seek to
understand its impact on observables A𝑈′—which are also evaluated at 𝜏 = 0 in the
path integral description, thereby potentially altering critical properties of the original
Ising CFT in a dramatic manner. (Technically, A𝑈̄ is sandwiched between two
factors of 𝑒−S𝑚/2 evaluated at slightly different imaginary times. We approximated
this combination as A𝑈̄𝑒

−S𝑚 since the leading scaling behavior is unchanged by this
rewriting.) It is important, however, to first understand the conditions under which
the perturbative expansion developed above is expected to be controlled. To this end
we now study the properties of the 𝑉 𝑗 𝑘 and 𝑚 𝑗 couplings in Eq. (3.25).

3.4 Properties of 𝑉 𝑗 𝑘 and 𝑚 𝑗 couplings
In general, both 𝑉 𝑗 𝑘 and 𝑚 𝑗 vary nontrivially with the site indices in a manner
dependent on the measurement outcome. The couplings 𝑉 𝑗 𝑘 control the interaction
range in 𝐻𝑚, and exhibit a structure reminiscent of a connected correlator. That
is, 𝑉 𝑗 𝑘 specifies how the overlap between the initial ancilla wavefunction and the
measured state changes under a correlated flip of spins at sites 𝑗 , 𝑘 . It is thus natural
to expect that 𝑉 𝑗 𝑘 statistically averaged over measurement outcomes, denoted 𝑉̄ 𝑗 𝑘 ,
decays with | 𝑗 − 𝑘 |—either exponentially if the ancilla are initialized into the ground
state of the gapped paramagnetic phase, or as a power-law if the ancilla are critical.
We confirm this expectation below. The statistically averaged𝑚 𝑗 coefficients, denoted
𝑚̄ 𝑗 , would then not suffer from a divergence in the presence of the

∑
𝑘≠ 𝑗 𝑉 𝑗 𝑘 term in

Eq. (3.27), so long as 𝑉̄ 𝑗 𝑘 decays faster than 1/| 𝑗 − 𝑘 | (which does not always hold
as we will see later).

For a particular measurement outcome 𝑠, control of the expansion leading to 𝐻𝑚 in
the previous subsection requires, at a minimum, that 𝑉 𝑗 𝑘 and 𝑚 𝑗 for this outcome
are similarly well-behaved. For example, if the amplitude of 𝑚 𝑗 for a particular 𝑠
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grows with system size 𝑁 , then 𝑢 ≪ 1 does not suffice to control the expansion
(assuming that 𝑢 does not also scale with system size). Additionally, if 𝑉 𝑗 𝑘 for a
given 𝑠 does not decay to zero with | 𝑗 − 𝑘 |, then the correspondingly infinite-range
interaction in Eq. (3.25) makes the expansion suspect. Thus it is crucial to quantify
not only the mean but also the variances Var(𝑉 𝑗 𝑘 ) and Var(𝑚 𝑗 ) of the couplings in
𝐻𝑚—which will inform which set of measurement outcomes we analyze later on.
Next, we address this problem for the four classes of unitaries/ancilla measurement
bases listed in Table 3.1.

In all four cases we statistically average using the 𝑢 = 0 distribution for the ancilla
measurement outcomes,

𝑝𝑠 = ⟨𝑠 |𝜓𝑎⟩2
〈
𝜓𝑐 |𝑒−𝐻𝑚 |𝜓𝑐

〉
∼ ⟨𝑠 |𝜓𝑎⟩2 ≡ 𝑝 (0)𝑠 , (3.33)

since 𝑚 𝑗 and 𝑉 𝑗 𝑘 already come with 𝑢2 prefactors. In Eq. (3.33) and many places
below, we take advantage of the fact that the overlaps ⟨𝑠 |𝜓𝑎⟩ are non-negative,
which follows because the transverse-field Ising model [Eq. (3.14)] is stoquastic
[20]. That is, on a given computational basis state |𝑣⟩—in this case the 𝑍̃ or 𝑋̃
local basis—⟨𝑣 | 𝐻anc |𝑤⟩ ≤ 0 for 𝑣 ≠ 𝑤, from which it follows that ⟨𝑣 | |𝜓𝑎⟩ ≥ 0 for
arbitrary basis states 𝑣. Hence, all elements 𝑎(𝑖1, · · · , 𝑖𝑁𝐹 ) from Eq. (3.50) are also
non-negative. Finally, since the fermionized 𝐻anc is quadratic in Majorana fermion
fields, we exploit the Gaussianity of both |𝜓𝑎⟩ and |𝑠⟩ to evaluate the elements
𝑎(𝑖1, · · · , 𝑖𝑁𝐹 ) using covariance-matrix techniques; see Chapter 3.6. These tools,
along with standard results for transverse-field Ising chain correlators, allow us to
compute the probabilities 𝑝 (0)

𝑠
as well as the mean and variance of 𝑚 𝑗 and 𝑉 𝑗 𝑘 below.

𝑍̃ measurement basis
When the ancilla are measured in the 𝑍̃ basis, the mean and variance of 𝑉 𝑗 𝑘 evaluate
to

𝑉̄ 𝑗 𝑘 =
∑̃︁
𝑠

𝑝
(0)
𝑠
𝑉 𝑗 𝑘 = 0 (3.34)

Var(𝑉 𝑗 𝑘 ) =
∑̃︁
𝑠

𝑝
(0)
𝑠
𝑉2
𝑗 𝑘 − (𝑉̄ 𝑗 𝑘 )

2

= 1 +
∑̃︁
𝑠

𝑝
(0)
𝑠
𝑎( 𝑗)𝑎(𝑘) [𝑎( 𝑗)𝑎(𝑘) − 2𝑎( 𝑗 , 𝑘)] . (3.35)

Figure 3.2 illustrates Var(𝑉 𝑗 𝑘 ) versus | 𝑗 − 𝑘 | determined numerically at 𝑁 = 20, for
both (a) paramagnetic ancilla and (b) critical ancilla (ℎanc/𝐽anc = 1). In Fig. 3.2(a)
and all subsequent simulations that use paramagnetic ancilla, we take ℎanc/𝐽anc = 1.5.
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Paramagnetic ancilla

Figure 3.2: (Color online). Variance of 𝑉 𝑗 𝑘 for 𝑍̃-basis measurements. Panels (a)
and (b) respectively correspond to paramagnetic and critical ancilla. The variance
decays exponentially with | 𝑗 − 𝑘 | in the former but decays approximately as | 𝑗 − 𝑘 |−4

in the latter. Data were obtained using the methods in Chapter 3.6 with a system size
𝑁 = 20.

Additionally, when using periodic boundary conditions we present numerical results
for correlations as a function of 𝑁

𝜋
sin( 𝜋 | 𝑗−𝑘 |

𝑁
) to reduce finite-size effects [21].

The variances in Fig. 3.2 clearly tend to zero at large | 𝑗 − 𝑘 |, exponentially with
paramagnetic ancilla and as a power-law (with decay exponent ≈ 4) for critical ancilla.
This decay suggests that typical 𝑍̃-basis measurement outcomes yield well-behaved,
decaying interactions in the second line of Eq. (3.25).

Due to the dependence on 𝜃 and ⟨𝑂⟩ in Eq. (3.27), the mean and variance of 𝑚 𝑗

depend on the unitary applied in the protocol. For case I in Table 3.1 we have
𝜃 = ⟨𝑂⟩ = ⟨𝑋⟩ = 2/𝜋 while case II corresponds to 𝜃 = 𝐶, ⟨𝑂⟩ = 0. For these cases
we find

𝑚̄I
𝑗 = 𝑚̄

II
𝑗 = 0 (3.36)

Var(𝑚I
𝑗 ) = 4⟨𝑋⟩2

[
−1 +

∑̃︁
𝑠

𝑝
(0)
𝑠
𝑎( 𝑗)4

]
(3.37)

Var(𝑚II
𝑗 ) = 4𝐶2

−1 +
∑̃︁
𝑠

𝑝
(0)
𝑠

𝑎( 𝑗)2 −
∑︁
𝑘≠ 𝑗

𝑉 𝑗 𝑘


2 . (3.38)

Figure 3.3 illustrates the numerically evaluated standard deviation
√︃

Var(𝑚I,II
𝑗
) versus
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<latexit sha1_base64="k3i935Ga2MPVENA/uFXiQ7Q1tOw=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj8HELevGoYDSQhNAz6cQh+xhmekVZ8htezdd4E6/6MYKTGEFB61RUdUF1CR0qS77/7uVmZufmFxaX8ssrq2vrhY3Na5ukRmJdJmFiGgIshirGOikKsaENQiRCvBGDs7F/c4fGqiS+ogeN7Qj6seopCeSkVovwnkQvK4m9YadQ9Mv+ybF/cMK/SLXyTXwelP0JimyKi07ho9VNZBphTDIEa5tQ1aDR7AeBpnYmkmQwzLdSixrkAPrYdDSGCG07mxQf8t3UAiXcZbgK+UTEn4kMImsfIuEuI6Bb+8sTBgZIf1ouNhb/8pop9Y7bmYp1ShjLcQdSIU46WGmUGwt5VxkkgvFnyFXMJRggQqM4SOnE1K2Xd3t9j8L/J9eVcnBYrl5WirXT6XKLbJvtsBIL2BGrsXN2wepMMs0e2RMbeSPv2XvxXr9Oc940s8V+wXv7BFVNow4=</latexit>

(b)

<latexit sha1_base64="plsxKJHZGeucE1W3S1xgSjWNy0s=">AAACHnicdVDLSgNBEJyNrxhfUY9eBoMQQcJuDGpuohePEUwiJEF6J504ZB/DTK8oS37Dq36NN/GqHyM4eYEBrVNR1QXV5atAGnLdLyezsLi0vJJdza2tb2xu5bd3GiZOtMC6iINY3/pgMJAR1klSgLdKI4R+gE1/cDnymw+ojYyjG3pS2AmhH8meFEBWarcJH8nvpUVxOLzLF9ySWz1zj6t8QirlGXG5V3LHKLApanf573Y3FkmIEYkAjGlBRYFCfeR5ijqpH8eDYa6dGFQgBtDHlqURhGg66bj4kB8kBijmNsNlwMci/k6kEBrzFPr2MgS6N3Oer2GA9KdlYyPxL6+VUO+sk8pIJYSRGHUgGeC4gxFa2rGQd6VGIhh9hlxGXIAGItSSgxBWTOx6ObvXbBT+P2mUS95JqXJdLpxfTJfLsj22z4rMY6fsnF2xGqszwRR7Zi/s1Xl13px352NymnGmmV02B+fzB1b+ow8=</latexit>

(c)
<latexit sha1_base64="KM9e6fU7P0w0Ixs6CRRWidxPg/o=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj0OQmevEYwaiQhNA76cQh+xhmesWw5De8mq/xJl71YwRnYwQFrVNR1QXV5atAGnLddyc3N7+wuLS8kl9dW9/YLGxtX5s40QKbIg5ifeuDwUBG2CRJAd4qjRD6Ad74w/PMv7lHbWQcXdFIYSeEQST7UgBZqd0mfCC/n5Z6B+NuoeiW3XrNParzL1KtfBOXe2V3iiKbodEtfLR7sUhCjEgEYEwLqgoU6kPPU9RJ/TgejvPtxKACMYQBtiyNIETTSafFx3w/MUAxtxkuAz4V8WcihdCYUejbyxDozvzyfA1DpD8tG8vEv7xWQv1aJ5WRSggjkXUgGeC0gxFa2rGQ96RGIsg+Qy4jLkADEWrJQQgrJna9vN3rexT+P7mulL3jcvWyUjw9my23zHbZHisxj52wU3bBGqzJBFPskT2xiTNxnp0X5/XrNOfMMjvsF5y3T1ivoxA=</latexit>

(d)

<latexit sha1_base64="E9IpyYSxFhVszeO6qlnF28wsr/8="></latexit>

Critical ancilla
<latexit sha1_base64="KkSiOtj3QgjfJNjuGeJTX/w3ikQ="></latexit>

Paramagnetic ancilla

<latexit sha1_base64="xqbhUcyfG6+CIU5yQMg7lsJ4kLM=">AAACI3icdVDJSgNBFOxxjXFJ1KOXxiB4kDATg8st6EVvEUwMJEN4075ok9nofiOGIV/i1XyNN/HiwU8R7MkCCrFORdWrprq82JeabPvTWlhcWl5Zza3l1zc2twrF7Z2mjhIlsCEiP1ItDzT6MsQGSfKxFSuEwPPxzutfZv7dEyoto/CWBjG6ATyEsicFkJG6xUKH8Jm8XirMI/x62C2W7LJ9fmYfn/MJqVZmxOZO2R6jxKaod4vfnftIJAGGJHzQug3VGGJUR44Tk5t6UdQf5juJxhhEHx6wbWgIAWo3Hbcf8oNEA0XcZLj0+VjE34kUAq0HgWcuA6BH/cfzFPSR5lomlonzvHZCvTM3lWGcEIYi60DSx3EHLZQ0iyG/lwqJIPsZchlyAQqIUEkOQhgxMRPmzV6zUfj/pFkpOyfl6k2lVLuYLpdje2yfHTKHnbIau2J11mCCJeyFvbKRNbLerHfrY3K6YE0zu+wPrK8fi2mkrw==</latexit>

case I

<latexit sha1_base64="Z3wte+yV9NoOQYUMDQ5seoGX8L8=">AAACJHicdVBNS0JBFJ1nX2Zfr1q2GZKgRch7JqU7qU3uCtICFblvutrg+2LmPkke/pO2+WvaRYs2/ZOg0RQS6qwO59wznDle7EtNjvNhZZaWV1bXsuu5jc2t7R17d6+ho0QJrIvIj9S9Bxp9GWKdJPl4HyuEwPPxzutfTvy7ASoto/CWhjG2A+iFsisFkJE6tt0ifCKvmwrzCK/VRh077xScStk5rfAfUirOicPdgjNFns1w3bG/Wg+RSAIMSfigdRNKMcSoTlw3pnbqRVF/lGslGmMQfehh09AQAtTtdFp/xI8SDRRxk+HS51MRfydSCLQeBp65DIAe9YLnKegj/WmZ2ET8y2sm1C23UxnGCWEoJh1I+jjtoIWSZjLkD1IhEUx+hlyGXIACIlSSgxBGTMyGObPXfBT+P2kUC+5ZoXRTzFcvZstl2QE7ZMfMZeesyq7YNaszwQbsmb2wsTW2Xq036/3nNGPNMvtsAdbnNzFbpQI=</latexit>

case II

<latexit sha1_base64="xqbhUcyfG6+CIU5yQMg7lsJ4kLM=">AAACI3icdVDJSgNBFOxxjXFJ1KOXxiB4kDATg8st6EVvEUwMJEN4075ok9nofiOGIV/i1XyNN/HiwU8R7MkCCrFORdWrprq82JeabPvTWlhcWl5Zza3l1zc2twrF7Z2mjhIlsCEiP1ItDzT6MsQGSfKxFSuEwPPxzutfZv7dEyoto/CWBjG6ATyEsicFkJG6xUKH8Jm8XirMI/x62C2W7LJ9fmYfn/MJqVZmxOZO2R6jxKaod4vfnftIJAGGJHzQug3VGGJUR44Tk5t6UdQf5juJxhhEHx6wbWgIAWo3Hbcf8oNEA0XcZLj0+VjE34kUAq0HgWcuA6BH/cfzFPSR5lomlonzvHZCvTM3lWGcEIYi60DSx3EHLZQ0iyG/lwqJIPsZchlyAQqIUEkOQhgxMRPmzV6zUfj/pFkpOyfl6k2lVLuYLpdje2yfHTKHnbIau2J11mCCJeyFvbKRNbLerHfrY3K6YE0zu+wPrK8fi2mkrw==</latexit>

case I

<latexit sha1_base64="Z3wte+yV9NoOQYUMDQ5seoGX8L8=">AAACJHicdVBNS0JBFJ1nX2Zfr1q2GZKgRch7JqU7qU3uCtICFblvutrg+2LmPkke/pO2+WvaRYs2/ZOg0RQS6qwO59wznDle7EtNjvNhZZaWV1bXsuu5jc2t7R17d6+ho0QJrIvIj9S9Bxp9GWKdJPl4HyuEwPPxzutfTvy7ASoto/CWhjG2A+iFsisFkJE6tt0ifCKvmwrzCK/VRh077xScStk5rfAfUirOicPdgjNFns1w3bG/Wg+RSAIMSfigdRNKMcSoTlw3pnbqRVF/lGslGmMQfehh09AQAtTtdFp/xI8SDRRxk+HS51MRfydSCLQeBp65DIAe9YLnKegj/WmZ2ET8y2sm1C23UxnGCWEoJh1I+jjtoIWSZjLkD1IhEUx+hlyGXIACIlSSgxBGTMyGObPXfBT+P2kUC+5ZoXRTzFcvZstl2QE7ZMfMZeesyq7YNaszwQbsmb2wsTW2Xq036/3nNGPNMvtsAdbnNzFbpQI=</latexit>

case II

Figure 3.3: (Color online). Standard deviation of 𝑚 𝑗 for 𝑍̃-basis measurements.
For paramagnetic ancilla (panels (𝑎, 𝑐)) in either case I or case II, the standard
deviation decreases with 𝑁 , with the trend suggesting saturation to a finite value in
the thermodynamic limit. With critical ancilla (panels (𝑏, 𝑑)) the standard deviation
increases extremely slowly with 𝑁 in both cases but remains comparable to the values
with paramagnetic ancilla. Data were obtained using results from Chapter 3.6.

inverse system size 1/𝑁 , again for both paramagnetic and critical ancilla. (For case
II we assume 𝐶 ≠ 0 here, since otherwise 𝑚 𝑗 simply vanishes.) With paramagnetic
ancilla, the standard deviation clearly converges at large 𝑁 to a finite value for both
case I and case II. With critical ancilla, in both cases the standard deviation is modestly
larger for the system sizes shown, albeit showing very slow, potentially saturating,
growth with 𝑁 . Although here we can not ascertain the trend for the thermodynamic
limit, we expect that for experimentally relevant 𝑁 values the variance of 𝑚 𝑗 remains
of the same order of magnitude as for the paramagnetic case.
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The behavior of the variances discussed above suggests that, at least for paramagnetic
ancilla, any typical string outcome yields a well-behaved defect-line action amenable
to our perturbative formalism. To support this expectation, we illustrate 𝑉 𝑗 𝑘 and
𝑚 𝑗 for select measurement outcomes. First, Fig. 3.4 displays 𝑉 𝑗 𝑘 for a uniform
measurement outcome with |𝑠⟩ = |· · · ↑↑↑ · · · ⟩—which, along with its all-down
partner, occurs with highest probability 𝑝 (0)

𝑠
(as confirmed numerically for systems

as large as 𝑁 = 26). Panels (a) and (b) correspond to paramagnetic and critical
ancilla, respectively. In the former, 𝑉 𝑗 𝑘 decays exponentially with | 𝑗 − 𝑘 |, while in
the latter it decays as | 𝑗 − 𝑘 |−4. In both cases 𝑚 𝑗 is translational invariant, as dictated
by uniformity of the measurement outcome. Moreover, we have numerically verified
that 𝑚 𝑗 saturates to a constant value with increasing system size in the paramagnetic
case, whereas it slowly grows (at the level of the third decimal digit) for critical
ancilla. The 𝑉 𝑗 𝑘 and 𝑚 𝑗 values discussed here can be combined to infer the (also
uniform) 𝑚 𝑗 profile for case II, which at 𝑁 →∞ will simply differ from 𝑚 𝑗 for case
I by a finite value given the ‘fast’ decay in 𝑉 𝑗 𝑘 .

The next-most-probable set of measurement outcomes correspond to configurations
with isolated spin flips introduced into the uniform 𝑠 string considered above. Rather
than consider such outcomes, we next examine a lower-probability configuration with
two maximally separated domain walls: |𝑠⟩ = |· · · ↑↑↑↓↓↓ · · · ⟩. (Due to periodic
boundary conditions considered here, domain walls come in pairs.) Figure 3.5
displays both 𝑉 𝑗 𝑘 and 𝑚 𝑗 for this measurement outcome with domain walls at
𝑗 = 0, 100 for a system with 𝑁 = 200 assuming case I. Since 𝑉 𝑗 𝑘 now depends on
𝑗 and 𝑘 due to non-uniformity of the measurement outcome, in (a,b) we show 𝑉 𝑗 𝑘

versus 𝑘 for three different 𝑗 values. Overall decay with | 𝑗 − 𝑘 | similar to that for the
uniform measurement outcome persists here. For fixed 𝑗 , a relative bump appears
when 𝑘 sits close to a domain walls, but the height of the bump is nonetheless orders
of magnitude smaller than when 𝑘 is close to 𝑗 (see insets). In (c,d), the 𝑚 𝑗 profiles
resemble those for the uniform case, but with dips that tend to zero from below in
the thermodynamic limit for 𝑗’s on either end of a given domain wall. We have also
verified that still-lower-probability random 𝑠 strings also yield well-behaved 𝑉 𝑗 𝑘 and
𝑚 𝑗 couplings.

𝑋̃ measurement basis
Switching the ancilla measurement basis from 𝑍̃ to 𝑋̃ qualitatively changes the statis-
tical properties of 𝑚 𝑗 and 𝑉 𝑗 𝑘 . By construction, the initialized ancilla wavefunction
|𝜓𝑎⟩ is an eigenstate of the Z2-symmetry generator 𝐺̃ =

∏
𝑗 𝑋̃ 𝑗 with eigenvalue +1.
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<latexit sha1_base64="6Yl8sk4bG1zYKYL2e2JI056gq5w=">AAACHnicdVDLSgNBEJyNrxhfUY9eBoMQQcJuDGpuohePEUwiJEF6J504ZB/DTK8oS37Dq36NN/GqHyM4eYEBrVNR1QXV5atAGnLdLyezsLi0vJJdza2tb2xu5bd3GiZOtMC6iINY3/pgMJAR1klSgLdKI4R+gE1/cDnymw+ojYyjG3pS2AmhH8meFEBWarcJH8nvpUU4HN7lC27JrZ65x1U+IZXyjLjcK7ljFNgUtbv8d7sbiyTEiEQAxrSgokChPvI8RZ3Uj+PBMNdODCoQA+hjy9IIQjSddFx8yA8SAxRzm+Ey4GMRfydSCI15Cn17GQLdmznP1zBA+tOysZH4l9dKqHfWSWWkEsJIjDqQDHDcwQgt7VjIu1IjEYw+Qy4jLkADEWrJQQgrJna9nN1rNgr/nzTKJe+kVLkuF84vpstl2R7bZ0XmsVN2zq5YjdWZYIo9sxf26rw6b8678zE5zTjTzC6bg/P5A1Ocow0=</latexit>

(a)
<latexit sha1_base64="k3i935Ga2MPVENA/uFXiQ7Q1tOw=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj8HELevGoYDSQhNAz6cQh+xhmekVZ8htezdd4E6/6MYKTGEFB61RUdUF1CR0qS77/7uVmZufmFxaX8ssrq2vrhY3Na5ukRmJdJmFiGgIshirGOikKsaENQiRCvBGDs7F/c4fGqiS+ogeN7Qj6seopCeSkVovwnkQvK4m9YadQ9Mv+ybF/cMK/SLXyTXwelP0JimyKi07ho9VNZBphTDIEa5tQ1aDR7AeBpnYmkmQwzLdSixrkAPrYdDSGCG07mxQf8t3UAiXcZbgK+UTEn4kMImsfIuEuI6Bb+8sTBgZIf1ouNhb/8pop9Y7bmYp1ShjLcQdSIU46WGmUGwt5VxkkgvFnyFXMJRggQqM4SOnE1K2Xd3t9j8L/J9eVcnBYrl5WirXT6XKLbJvtsBIL2BGrsXN2wepMMs0e2RMbeSPv2XvxXr9Oc940s8V+wXv7BFVNow4=</latexit>

(b)

<latexit sha1_base64="E9IpyYSxFhVszeO6qlnF28wsr/8="></latexit>

Critical ancilla
<latexit sha1_base64="KkSiOtj3QgjfJNjuGeJTX/w3ikQ="></latexit>

Paramagnetic ancilla

Figure 3.4: (Color online). 𝑉 𝑗 𝑘 profiles for a uniform measurement outcome in
case I of Table 3.1. Translation invariance of the uniform string outcome implies
that 𝑉 𝑗 𝑘 depends only on | 𝑗 − 𝑘 |. Decay in 𝑉 𝑗 𝑘 is exponential with paramagnetic
ancilla (panel (a)) but power-law (∼ | 𝑗 − 𝑘 |−4) with critical ancilla (panel (b)). The
data were obtained for 𝑁 = 280 for critical ancilla using results from Chapter 3.6.

For 𝑋̃-basis measurements, a given ancilla state |𝑠⟩ obtained after a measurement
can also be classified by its 𝐺̃ eigenvalue; we refer to measurement outcomes with
𝐺̃ |𝑠⟩ = + |𝑠⟩ as ‘even strings’ and outcomes with 𝐺̃ |𝑠⟩ = − |𝑠⟩ as ‘odd strings’. (Due
to the form of the unitary𝑈 applied prior to measurement in this case, both sectors
can still arise despite the initialization.) Consider now an even-string measurement
outcome with ⟨𝑠 | 𝜓𝑎⟩ ≠ 0—as assumed in the perturbative expansion developed
in Section 3.3. Crucially, due to mismatch in 𝐺̃ eigenvalues,

〈
𝑠(𝑖1 · · · 𝑖𝑁 𝑓 )

��𝜓𝑎⟩
then vanishes for any odd number of flipped spins 𝑁 𝑓 . It follows that 𝑎( 𝑗) = 0 in
Eqs. (3.26) and (3.27), leaving

𝑉 𝑗 𝑘 = 𝑎( 𝑗 , 𝑘), 𝑚 𝑗 = −2𝜃 + 2(⟨𝑂⟩ − 𝜃)
∑︁
𝑘≠ 𝑗

𝑉 𝑗 𝑘 . (3.39)

Notice that 𝑉 𝑗 𝑘 here is always non-negative [recall the discussion below Eq. (3.33)].

The mean and variance of 𝑉 𝑗 𝑘 then reduce to simple ground-state ancilla correlation
functions:

𝑉̄ 𝑗 𝑘 = ⟨𝜓𝑎 | 𝑍̃ 𝑗 𝑍̃𝑘 |𝜓𝑎⟩ , Var(𝑉 𝑗 𝑘 ) = 1 − ⟨𝜓𝑎 | 𝑍̃ 𝑗 𝑍̃𝑘 |𝜓𝑎⟩2 . (3.40)

At large | 𝑗 − 𝑘 |, the mean always decays to zero: for ancilla initialized in the
paramagnetic phase with correlation length 𝜉 we have 𝑉̄ 𝑗 𝑘 ∼ 𝑒−| 𝑗−𝑘 |/𝜉 , while if the
ancilla are critical 𝑉̄ 𝑗 𝑘 ∼ 1/| 𝑗 − 𝑘 |1/4. The variance of 𝑉 𝑗 𝑘 , by contrast, grows
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<latexit sha1_base64="6Yl8sk4bG1zYKYL2e2JI056gq5w=">AAACHnicdVDLSgNBEJyNrxhfUY9eBoMQQcJuDGpuohePEUwiJEF6J504ZB/DTK8oS37Dq36NN/GqHyM4eYEBrVNR1QXV5atAGnLdLyezsLi0vJJdza2tb2xu5bd3GiZOtMC6iINY3/pgMJAR1klSgLdKI4R+gE1/cDnymw+ojYyjG3pS2AmhH8meFEBWarcJH8nvpUU4HN7lC27JrZ65x1U+IZXyjLjcK7ljFNgUtbv8d7sbiyTEiEQAxrSgokChPvI8RZ3Uj+PBMNdODCoQA+hjy9IIQjSddFx8yA8SAxRzm+Ey4GMRfydSCI15Cn17GQLdmznP1zBA+tOysZH4l9dKqHfWSWWkEsJIjDqQDHDcwQgt7VjIu1IjEYw+Qy4jLkADEWrJQQgrJna9nN1rNgr/nzTKJe+kVLkuF84vpstl2R7bZ0XmsVN2zq5YjdWZYIo9sxf26rw6b8678zE5zTjTzC6bg/P5A1Ocow0=</latexit>

(a)
<latexit sha1_base64="k3i935Ga2MPVENA/uFXiQ7Q1tOw=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj8HELevGoYDSQhNAz6cQh+xhmekVZ8htezdd4E6/6MYKTGEFB61RUdUF1CR0qS77/7uVmZufmFxaX8ssrq2vrhY3Na5ukRmJdJmFiGgIshirGOikKsaENQiRCvBGDs7F/c4fGqiS+ogeN7Qj6seopCeSkVovwnkQvK4m9YadQ9Mv+ybF/cMK/SLXyTXwelP0JimyKi07ho9VNZBphTDIEa5tQ1aDR7AeBpnYmkmQwzLdSixrkAPrYdDSGCG07mxQf8t3UAiXcZbgK+UTEn4kMImsfIuEuI6Bb+8sTBgZIf1ouNhb/8pop9Y7bmYp1ShjLcQdSIU46WGmUGwt5VxkkgvFnyFXMJRggQqM4SOnE1K2Xd3t9j8L/J9eVcnBYrl5WirXT6XKLbJvtsBIL2BGrsXN2wepMMs0e2RMbeSPv2XvxXr9Oc940s8V+wXv7BFVNow4=</latexit>

(b)

<latexit sha1_base64="plsxKJHZGeucE1W3S1xgSjWNy0s=">AAACHnicdVDLSgNBEJyNrxhfUY9eBoMQQcJuDGpuohePEUwiJEF6J504ZB/DTK8oS37Dq36NN/GqHyM4eYEBrVNR1QXV5atAGnLdLyezsLi0vJJdza2tb2xu5bd3GiZOtMC6iINY3/pgMJAR1klSgLdKI4R+gE1/cDnymw+ojYyjG3pS2AmhH8meFEBWarcJH8nvpUVxOLzLF9ySWz1zj6t8QirlGXG5V3LHKLApanf573Y3FkmIEYkAjGlBRYFCfeR5ijqpH8eDYa6dGFQgBtDHlqURhGg66bj4kB8kBijmNsNlwMci/k6kEBrzFPr2MgS6N3Oer2GA9KdlYyPxL6+VUO+sk8pIJYSRGHUgGeC4gxFa2rGQd6VGIhh9hlxGXIAGItSSgxBWTOx6ObvXbBT+P2mUS95JqXJdLpxfTJfLsj22z4rMY6fsnF2xGqszwRR7Zi/s1Xl13px352NymnGmmV02B+fzB1b+ow8=</latexit>

(c)
<latexit sha1_base64="KM9e6fU7P0w0Ixs6CRRWidxPg/o=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj0OQmevEYwaiQhNA76cQh+xhmesWw5De8mq/xJl71YwRnYwQFrVNR1QXV5atAGnLddyc3N7+wuLS8kl9dW9/YLGxtX5s40QKbIg5ifeuDwUBG2CRJAd4qjRD6Ad74w/PMv7lHbWQcXdFIYSeEQST7UgBZqd0mfCC/n5Z6B+NuoeiW3XrNParzL1KtfBOXe2V3iiKbodEtfLR7sUhCjEgEYEwLqgoU6kPPU9RJ/TgejvPtxKACMYQBtiyNIETTSafFx3w/MUAxtxkuAz4V8WcihdCYUejbyxDozvzyfA1DpD8tG8vEv7xWQv1aJ5WRSggjkXUgGeC0gxFa2rGQ96RGIsg+Qy4jLkADEWrJQQgrJna9vN3rexT+P7mulL3jcvWyUjw9my23zHbZHisxj52wU3bBGqzJBFPskT2xiTNxnp0X5/XrNOfMMjvsF5y3T1ivoxA=</latexit>

(d)

<latexit sha1_base64="E9IpyYSxFhVszeO6qlnF28wsr/8="></latexit>

Critical ancilla
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Paramagnetic ancilla

Figure 3.5: (Color online). 𝑉 𝑗 𝑘 and 𝑚 𝑗 profiles for a two-domain-wall measure-
ment outcome in case I of Table 3.1. Domain walls reside near sites 0 and 100 in
a system with 𝑁 = 200. Left and right columns show data for paramagnetic and
critical ancilla, respectively. Due to loss of translation symmetry, we show𝑉 𝑗 𝑘 versus
𝑘 for several 𝑗 values. As shown in the insets, 𝑉 𝑗 𝑘 decays with the distance | 𝑗 − 𝑘 |,
although we find a relative bump close to the domain walls. The corresponding 𝑚 𝑗

profiles (panels (𝑐, 𝑑)) exhibit dips near zero in the immediate vicinity of the domain
walls, but are otherwise roughly uniform matching the values obtained for a uniform
string outcome (black dashed lines). Data obtained using results from Chapter 3.6.

towards unity at large | 𝑗 − 𝑘 |. Correspondingly, the 𝑉 𝑗 𝑘 ’s for particular measurement
outcomes can differ wildly from the mean, and in particular need not decay with
| 𝑗 − 𝑘 |.

Remarkably, for case III in Table 3.1 𝑚 𝑗 takes on the same 𝑗-independent value for
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any even-sector measurement outcome:

𝑚III
𝑗 = −2⟨𝑋⟩. (3.41)

For case IV, however, 𝑚 𝑗 depends nontrivially on 𝑉 𝑗 𝑘 and hence the measurement
outcome; here we find

𝑚̄IV
𝑗 = −2𝐶 ©­«1 +

∑︁
𝑘≠ 𝑗

𝑉̄ 𝑗 𝑘
ª®¬ (3.42)

Var(𝑚IV
𝑗 ) = (2𝐶)2

∑︁
𝑘,𝑘 ′≠ 𝑗

(𝑉̄𝑘𝑘 ′ − 𝑉̄ 𝑗 𝑘𝑉̄ 𝑗 𝑘 ′) (3.43)

with 𝑉̄ 𝑗 𝑘 given in Eq. (3.40). Suppose that the ancilla are paramagnetic. Exponential
decay of 𝑉̄ 𝑗 𝑘 with | 𝑗 − 𝑘 | yields a finite mean 𝑚̄IV

𝑗
, though the variance diverges

linearly with system size, Var(𝑚IV
𝑗
) ∼ 𝑁 , due to contributions from the 𝑉̄𝑘𝑘 ′ term

with 𝑘′ near 𝑘 . With critical ancilla, power-law decay of 𝑉̄ 𝑗 𝑘 generates divergent mean
and variance: 𝑚̄IV

𝑗
∼ 𝑁3/4 and Var(𝑚IV

𝑗
) ∼ 𝑁7/4. In both scenarios the fluctuations

of 𝑚 𝑗 increase with system size faster than the average value.

We therefore can only apply the perturbative formulation developed in Section 3.3 to a
restricted set of 𝑋̃-basis measurement outcomes that lead to a well-behaved, decaying
interaction term in 𝐻𝑚, and correspondingly well-behaved𝑚 𝑗 couplings. Fortunately,
the most probable measurement outcomes do indeed satisfy these criteria.

Figure 3.6 plots𝑉 𝑗 𝑘 for the highest-probability outcome, corresponding to the uniform
string |𝑠⟩ = |· · · →→→ · · · ⟩ 3. For (a) paramagnetic ancilla 𝑉 𝑗 𝑘 decays to zero with
| 𝑗 − 𝑘 | exponentially, while for (b) critical ancilla it decays as ∼ | 𝑗 − 𝑘 |−1. In case
IV with 𝐶 ≠ 0, Eq. (3.39) implies that the associated 𝑚 𝑗 converges to a finite value
as 𝑁 increases for paramagnetic ancilla, but diverges as ln 𝑁 with critical ancilla.
(For 𝐶 = 0, 𝑚 𝑗 again simply vanishes.) Therefore, modulo this possible logarithmic
factor, the uniform string presents a ‘good’ 𝑋̃-basis measurement outcome.

As an example of a ‘bad’ measurement outcome, consider next the domain-wall
configuration |𝑠⟩ = |· · · →→→←←← · · · ⟩. Figure 3.7 shows that here𝑉 𝑗 𝑘 becomes
highly non-local. More precisely, 𝑉 𝑗 𝑘 takes on sizable values whenever both 𝑗 and 𝑘
reside in the ‘←’ domain, regardless of their separation. One can gain intuition for
this observation by considering the ancilla ground state deep in the paramagnetic
regime. Here the ground state takes the form |𝜓𝑎⟩ = |→→ · · · →⟩ + · · · , where

3The high probability of this measurement outcome becomes intuitive in the ℎanc/𝐽anc ≫ 1
regime.
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the ellipsis denotes perturbative corrections induced by small 𝐽anc/ℎanc. To leading
order, these corrections involve spin flips on nearest-neighbor sites induced by
𝐽anc, i.e., admixture of |· · · →→←←→→ · · · ⟩ components into the wavefunction.
Now consider the domain-wall outcome |𝑠⟩. Flipping two spins at sites 𝑗 , 𝑘 in the
energetically unfavorable← domain tends to increase the overlap with the ground
state—naturally leading to 𝑉 𝑗 𝑘 =

⟨𝑠( 𝑗 ,𝑘) |𝜓𝑎⟩
⟨𝑠 |𝜓𝑎⟩ that can exceed unity even for distant

𝑗 , 𝑘 as seen in our simulations. Flipping one spin within each of the two domains
takes the energetically favorable ‘→’ domain and introduces a single← spin. That
domain then no longer resembles the ground state, which always harbors an even
number of flipped spins. The coupling 𝑉 𝑗 𝑘 is therefore generically small with 𝑗 and
𝑘 in opposite domains, also as borne out in our numerics. Finally, flipping two spins
in the→ domain again decreases the resemblance with the ground state—more so as
the separation between the flipped sites 𝑗 and 𝑘 increases. The corresponding 𝑉 𝑗 𝑘
diminishes with | 𝑗 − 𝑘 | in line with simulations yet again.

More generally, ‘good’ measurement outcomes are those for which flipping two far
away spins invariably decreases overlap with the ground state such that 𝑉 𝑗 𝑘 → 0
as | 𝑗 − 𝑘 | increases. In addition to the highest-probability uniform string, the
next-highest-probability set of strings—which contain dilute sets of nearest-neighbor
flipped spins relative to the uniform background—also satisfy this property. Indeed,
starting from such configurations, flipping spins at well-separated sites always locally
produces regions with an odd number of flipped spins in a background of energetically
favorable→ spins, thereby obliterating the overlap with the ancilla ground state and
hence 𝑉 𝑗 𝑘 .

3.5 Derivation of the post-measurement wavefunction
Here we provide technical details leading to the post-measurement state specified in
Eqs. (3.22), (3.24), and (3.25). We start by observing that the ancilla measurement
basis is always orthogonal to 𝑂̃ 𝑗 ; hence if measurement projects ancilla site 𝑗 to��𝑠 𝑗 〉, then 𝑂̃ 𝑗 simply flips that measured spin: 𝑂̃ 𝑗

��𝑠 𝑗 〉 =
��−𝑠 𝑗 〉. For the unitary

in Eq. (3.23), we can then use properties of Pauli operators to express the post-
measurement state defined in Eq. (3.18) as

|𝜓𝑠⟩ =
1
√
𝑝𝑠

{[∏
𝑗

(
𝐶 𝑗

〈
𝑠 𝑗

�� + 𝑆 𝑗 〈−𝑠 𝑗 �� ) ] |𝜓𝑎⟩} |𝜓𝑐⟩ . (3.44)

Equation (3.44) uses the short-hand notation

𝐶 𝑗 = cos[𝑢(𝑂 𝑗 − 𝜃)], 𝑆 𝑗 = 𝑖 sin[𝑢(𝑂 𝑗 − 𝜃)], (3.45)
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Figure 3.6: (Color online). 𝑉 𝑗 𝑘 profile for a uniform 𝑋̃-basis measurement
outcome. Decay of 𝑉 𝑗 𝑘 is exponential with paramagnetic ancilla and power-law
(∼ | 𝑗 − 𝑘 |−1) with critical ancilla. In the critical case, note the significantly smaller
exponent compared to Fig. 3.4. Data obtained using results from Chapter 3.6 with
system size 𝑁 = 280 for critical ancilla.
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Paramagnetic ancilla

Figure 3.7: (Color online). 𝑉 𝑗 𝑘 profile for a two-domain-wall 𝑋̃-basis measurement
outcome. The first 30 sites point in the energetically favorable→ direction, while
the remaining 30 sites point in the unfavorable← direction. Non-decaying behavior
of 𝑉 𝑗 𝑘 occurs when 𝑗 , 𝑘 both reside in the unfavorable domain. Data obtained using
results from Chapter 3.6 for system size 𝑁 = 60.

which satisfy standard trigonometric identities even including the Pauli operators in
the arguments.

Observe that multiplying all elements in the product from Eq. (3.44) yields a sum
of terms with anywhere from 𝑁 𝑓 = 0 to 𝑁 flipped ancilla spins (𝑁 is the total
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number of ancilla sites), and that these flipped spins can occur at arbitrary sites
𝑖1 < 𝑖2 < · · · < 𝑖𝑁 𝑓 . Let

��𝑠(𝑖1, · · · , 𝑖𝑁 𝑓 )〉 be the state with 𝑁 𝑓 flipped ancilla spins at
these sites, and let 𝐹 (𝑖1, · · · , 𝑖𝑁 𝑓 ) denote a product of 𝐶 𝑗 ’s for the unflipped sites
and 𝑆 𝑗 ’s for the flipped sites. For example,

|𝑠(𝑖1, 𝑖2)⟩ = 𝑂̃𝑖1𝑂̃𝑖2 |𝑠⟩ ,
𝐹 (𝑖1, 𝑖2) = 𝐶1 · · ·𝐶𝑖1−1𝑆𝑖1𝐶𝑖1+1 · · ·𝐶𝑖2−1𝑆𝑖2𝐶𝑖2+1 · · · . (3.46)

We can then explicitly write

|𝜓𝑠⟩ =
1
√
𝑝𝑠

𝑁∑︁
𝑁 𝑓=0

∑︁
𝑖1<𝑖2<···<𝑖𝑁 𝑓

〈
𝑠(𝑖1, · · · , 𝑖𝑁 𝑓 )

�� |𝜓𝑎⟩ 𝐹 (𝑖1, · · · , 𝑖𝑁 𝑓 ) |𝜓𝑐⟩ (3.47)

which, en route to the form in Eq. (3.22), can be trivially re-expressed as

|𝜓𝑠⟩ =
1
√
𝑝𝑠

exp
{
ln

[
⟨𝑠 | 𝜓𝑎⟩𝐹0 +

∑︁
𝑖

⟨𝑠(𝑖) | 𝜓𝑎⟩𝐹 (𝑖)

+
∑︁
𝑖1<𝑖2

⟨𝑠(𝑖1, 𝑖2) | 𝜓𝑎⟩𝐹 (𝑖1, 𝑖2) + · · ·
]}
|𝜓𝑐⟩

(3.48)

with 𝐹0 ≡ 𝐶1 · · ·𝐶𝑁 .

Suppose now that ⟨𝑠 | 𝜓𝑎⟩ is non-zero. In this case we can factor out the first term
in the log from Eq. (3.48) to obtain, after some manipulation and absorbing an
𝑠-dependent constant into a new normalization factor N ,

|𝜓𝑠⟩ =
1
√
N
𝑒−𝐻temp/2 |𝜓𝑐⟩ , (3.49)

𝐻temp = −2 ln
[
1 +

∑︁
𝑖

𝑎(𝑖)𝑇𝑖 +
∑︁
𝑖1<𝑖2

𝑎(𝑖1, 𝑖2)𝑇𝑖1𝑇𝑖2 + · · ·
]
− 2

∑︁
𝑖

ln(𝐶𝑖).

In the second and third lines we introduced the quantities

𝑎(𝑖1, · · · , 𝑖𝑁 𝑓 ) =
〈
𝑠(𝑖1 · · · 𝑖𝑁 𝑓 )

��𝜓𝑎⟩
⟨𝑠 | 𝜓𝑎⟩

, 𝑇𝑖 = 𝐶
−1
𝑖 𝑆𝑖, (3.50)

which are a generalization of Eq. (3.28) of the main text. At this point one can expand
𝐻temp to the desired order in 𝑢 ≪ 1. To proceed it is convenient to decompose 𝐻temp

via
𝐻temp = −2𝑖𝐻′ + 𝐻𝑚, (3.51)

where 𝐻′, 𝐻𝑚 are commuting Hermitian operators; 𝑈′ = 𝑒𝑖𝐻
′ is the unitary trans-

formation from Eq. (3.22) while 𝐻𝑚 contains the crucial non-unitary effects from
measurement. Upon absorbing constants into the normalization N , to 𝑂 (𝑢2) one
obtains Eqs. (3.24) and (3.25) in the main text.
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3.6 Gaussian overlaps for ancilla amplitudes
Throughout this chapter, we are interested in the evaluation of correlation functions
like the ones appearing in Eq. (3.50). To establish the main ideas, consider the case
in which the unitary involves 𝑋̃ , we measure in the 𝑍̃-basis, and we want to evaluate

𝑎(𝑖1, · · · , 𝑖𝑁𝐹 ) =
⟨𝑠 |∏𝑁𝐹

𝑗=1 𝑋̃𝑖 𝑗 |𝜓𝑎⟩
⟨𝑠 |𝜓𝑎⟩

. (3.52)

Here 𝑠 is an arbitrary string outcome and 𝑁𝐹 denotes the number of flipped spins
generated by 𝑋̃𝑖 operators in the product above. The ket |𝜓𝑎⟩ is the ground state
of the transverse-field Ising model in Eq. (3.14) or, equivalently, of its fermionic
representation obtained via the Jordan-Wigner transformation. We can collect the
Majorana operators appearing in the latter form of the Hamiltonian into a vector ®𝛾
defined by

®𝛾 =

©­­­­­­­­­­­­­«

𝛾𝐴,1

𝛾𝐴,2
...

𝛾𝐴,𝑁

𝛾𝐵,1
...

𝛾𝐵,𝑁

ª®®®®®®®®®®®®®¬
, (3.53)

where 𝑁 is the system size and { ®𝛾𝑖, ®𝛾 𝑗 } = 2𝛿𝑖 𝑗 . To simplify notation, in this section
we suppress tildes on the Majorana fermion operators for the ancilla, and also replace
ℎanc → ℎ and 𝐽anc → 1. The Hamiltonian is quadratic in the fermionic operators,
and any fermionic Gaussian state can be described through the covariance matrix

Γ 𝑗 𝑘 =
𝑖

2
⟨[𝛾 𝑗 , 𝛾𝑘 ]⟩, (3.54)

with [𝛾 𝑗 , 𝛾𝑘 ] the commutator of the two Majorana operators 𝛾 𝑗 and 𝛾𝑘 . From the
definition, we observe that Γ is a real and skew-symmetric matrix. For the transverse
field Ising chain, the covariance matrix is known analytically [22]. In particular it
has a Toeplitz structure given by

Γ 𝑗 𝑘 =
1
𝑁

∑︁
𝑘∈Ωgs

𝑒−
2𝜋𝑖𝑘
𝑁
( 𝑗−𝑘)

©­­­«
0 ℎ−cos( 2𝜋𝑘

𝑁
)−𝑖 sin( 2𝜋𝑘

𝑁
)√︃

(ℎ−cos( 2𝜋𝑘
𝑁
))2+sin( 2𝜋𝑘

𝑁
)2

− ℎ−cos( 2𝜋𝑘
𝑁
)−𝑖 sin( 2𝜋𝑘

𝑁
)√︃

(ℎ−cos( 2𝜋𝑘
𝑁
))2+sin( 2𝜋𝑘

𝑁
)2

0

ª®®®¬ ,
(3.55)
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where Ωgs is the set of occupied momenta in the ground state. In the limit 𝑁 →∞,
the Eq. above simplifies as

Γ 𝑗 𝑘 =
1

2𝜋

∫ 2𝜋

0
𝑑𝜙𝑒−𝑖𝜙( 𝑗−𝑘)

©­«
0 ℎ−cos(𝜙)−𝑖 sin(𝜙)√

(ℎ−cos(𝜙))2+sin(𝜙)2

− ℎ−cos(𝜙)+𝑖 sin(𝜙)√
(ℎ−cos(𝜙))2+sin(𝜙)2

0
ª®¬ , (3.56)

We can also use an alternative approach to determine the covariance matrix. First,
rewrite Eq. (3.3) as 𝐻 = 1

2
∑
𝑗 ,𝑘 ℎ 𝑗 𝑘𝛾 𝑗𝛾𝑘 with ℎ a matrix encoding the free-fermion

Hamiltonian. We proceed by finding the fermionic transformation𝑈 that diagonalizes
ℎ; in this diagonal basis, the correlation matrix associated to the ground state, Γdiag,
is simply obtained by substituting −1 (+1) for any positive (negative) eigenvalue [23].
To obtain Γ, we just need to move back to the original basis, i.e., Γ = 𝑈†Γdiag𝑈.

When we measure in the 𝑍̃-basis, |𝑠⟩ is not a Gaussian state, but noticing that
⟨𝑠 | 𝑋̃ 𝑗 |𝜓𝑎⟩ = ⟨𝑠 | 𝑋̃ 𝑗 𝐺̃ |𝜓𝑎⟩ = ⟨−𝑠 | 𝑋̃ 𝑗 |𝜓𝑎⟩, we find

⟨𝑠 | 𝑋̃ 𝑗 |𝜓𝑎⟩ =
1
√

2
⟨𝜓+ | 𝑋̃ 𝑗 |𝜓𝑎⟩ , |𝜓+⟩ =

|𝑠⟩ + |−𝑠⟩
√

2
. (3.57)

The advantage of using the cat state |𝜓+⟩ is that now it is Gaussian and corresponds
to the ground state of a quadratic Hamiltonian

𝐻𝑠 = −
∑︁
𝑗

𝑠 𝑗 𝑠 𝑗+1𝑍̃ 𝑗 𝑍̃ 𝑗+1 (3.58)

that, after a Jordan-Wigner transformation, reads

𝐻𝑠 = 𝑖
∑︁
𝑗

𝑠 𝑗 𝑠 𝑗+1𝛾𝐴, 𝑗+1𝛾𝐵, 𝑗 ≡
1
2

∑︁
𝑗 𝑘

ℎ𝑠𝑗 𝑘𝛾 𝑗𝛾𝑘 . (3.59)

By applying the procedure described above, we can find the covariance matrix Γ𝑠

describing the Gaussian ground state of Eq. (3.59). Once we know the covariance
matrix both for the ground state of the ancilla and for the Hamiltonian 𝐻𝑠, we can
apply a result found in Ref. [20]: the absolute value of the inner product ⟨𝑠 |𝜓𝑎⟩ is

|⟨𝑠 |𝜓𝑎⟩| =
√︁

2−𝑁−1 Pf (Γ + Γ𝑠), (3.60)

where Pf is the Pfaffian of Γ + Γ𝑠.

Evaluation of Eq. (3.52) follows straightforwardly from the above results since we
know explicitly the action of

∏
𝑗 𝑋̃𝑖 𝑗 on |𝑠⟩. For instance, if 𝑁𝐹 = 1, 𝑋̃ 𝑗 |𝑠⟩ = |𝑠( 𝑗)⟩,

i.e., the action of 𝑋̃ 𝑗 simply flips the spin at site 𝑗 . We therefore have to also compute
the covariance matrix for the Hamiltonian associated with the outcome 𝑠( 𝑗), and
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then extract the corresponding overlap with the ancilla ground state using Eq. (3.60)
with 𝑠→ 𝑠( 𝑗). This procedure yields

𝑎( 𝑗) =

√︄
Pf (Γ + Γ𝑠( 𝑗))
Pf (Γ + Γ𝑠)

, 𝑎( 𝑗 , 𝑘) =

√︄
Pf (Γ + Γ𝑠( 𝑗 ,𝑘))

Pf (Γ + Γ𝑠)
; (3.61)

other 𝑎(𝑖1, · · · , 𝑖𝑁𝐹 ) coefficients from Eq. (3.52) follow similarly. Importantly,
the absolute value in Eq. (3.60) is superfluous for the model we consider in this
manuscript due to the stoquasticity of the transverse-field Ising model.

When we measure in the 𝑋̃-basis, |𝑠⟩ is automatically a Gaussian state, corresponding
to the ground state of the quadratic Hamiltonian

𝐻𝑠 = −
∑︁
𝑗

𝑠 𝑗 𝑋̃ 𝑗 = −𝑖
∑︁
𝑗

𝑠 𝑗𝛾𝐴, 𝑗𝛾𝐵, 𝑗 . (3.62)

Therefore, computing the corresponding covariance matrix, we can again apply
Eq. (3.60) to evaluate

⟨𝑠 |𝜓𝑎⟩ =
√︁

2−𝑁 Pf (Γ + Γ𝑠), (3.63)

as well as correlation functions like
⟨𝑠 |∏𝑁𝐹

𝑗=1 𝑍̃𝑖 𝑗 |𝜓𝑎⟩
⟨𝑠 |𝜓𝑎⟩ . We remark here that if |𝑠⟩ is the

uniform measurement outcome, Γ + Γ𝑠 is still a block-Toeplitz matrix because the
system preserves its translational invariance. Indeed, for large 𝑁 , it can be written as

(Γ + Γ𝑠) 𝑗 𝑘 =
1

2𝜋

∫ 2𝜋

0
𝑑𝜙 𝑒−𝑖𝜙( 𝑗−𝑘)G(𝜙, ℎ),

G(𝜙, ℎ) =

©­­­­­­«
0

ℎ − cos 𝜙 − 𝑖 sin 𝜙√︃
(ℎ − cos 𝜙)2 + sin2 𝜙

+ 1

− ℎ − cos 𝜙 + 𝑖 sin 𝜙√︃
(ℎ − cos 𝜙)2 + sin2 𝜙

− 1 0

ª®®®®®®¬
.

(3.64)
In order to evaluate 𝑝 (0)

𝑠
in Eq. (3.33) for a uniform measurement outcome, we need

to evaluate the Pfaffian (therefore the determinant) of Γ + Γ𝑠 using Eq. (3.63). One
of the main results on the theory of block Toeplitz determinants is the Widom-Szegö
theorem [24]. According to it, the determinant of a block Toeplitz matrix, like Γ+Γ𝑠,
with symbol G(𝜙, ℎ), behaves for large 𝑁 as

log det(Γ + Γ𝑠) ∼ 𝑁
∫ 2𝜋

0

𝑑𝜙

2𝜋
log detG(𝜙, ℎ)

= 𝑁

∫ 2𝜋

0

𝑑𝜙

𝜋
log

[√︁
ℎ2 − 2ℎ cos 𝜙 + 1 + ℎ − cos 𝜙√︁

ℎ2 − 2ℎ cos 𝜙 + 1

]
. (3.65)
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Figure 3.8: Coefficient Υ in Eq. (3.66). The plot shows the behavior of the
coefficient describing the exponential growth with system size of the probability 𝑝 (0)uni
for obtaining the uniform measurement outcome at 𝑢 = 0.

This results allows us to compute explicitly the probability 𝑝
(0)
uni for finding the

uniform measurement outcome at 𝑢 = 0:

𝑝
(0)
uni ∼ 𝑒

−Υ𝑁 , (3.66)

Υ = log 2 −
∫ 2𝜋

0

𝑑𝜙

2𝜋
log

[√︁
ℎ2 − 2ℎ cos 𝜙 + 1 + ℎ − cos 𝜙√︁

ℎ2 − 2ℎ cos 𝜙 + 1

]
. (3.67)

In particular the integral above can be explicitly solved for ℎ = 1, i.e., when the
ancilla chain becomes critical, and we obtain

Υ = log 2 − 2Catalan/𝜋, (3.68)

where Catalan’s constant is ≃ 0.92. As Fig. 3.8 shows, Υ monotonically decreases to
zero for ℎ ≥ 1.
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C h a p t e r 4

MEASUREMENT-ALTERED ISING FIXED POINTS AND
OBSERVABLE DIAGNOSTICS

This chapter applies the effective-action machinery of Chapter 3 to the four principal
Ising measurement protocols. First, fixed outcome sectors are analyzed for 𝑍̃- and
𝑋̃-basis measurements; second, nonlinear and symmetry-resolved measurement
averages are developed as experimentally useful diagnostics; finally, the scaling of
post-selection and symmetry-resolved protocols is compared.

The purpose of this chapter is to make the canonical Ising example into a reusable
template. Later parts of the thesis reinterpret the same ideas as teleportation errors,
measurement-induced boundary flows, Rydberg-array protocols, and statistical-
learning observables.

4.1 𝑍̃-basis measurements and outcome sectors
We now use our perturbative formalism to examine how correlations in the critical
chain are modified by particular outcomes of 𝑍̃-basis ancilla measurements in our
protocol. In Section 3.4 we saw that for this measurement basis both the mean
and variance of 𝑉 𝑗 𝑘 vanish as | 𝑗 − 𝑘 | → ∞, suggesting that generic measurement
outcomes yield well-behaved decaying interactions in 𝐻𝑚 [Eq. (3.25)]. Moreover,
with paramagnetic ancilla the variance of 𝑚 𝑗 trended to a finite value at large system
sizes, suggesting that the single-body piece in 𝐻𝑚 is also well-behaved for generic
measurement outcomes. Thus for paramagnetic ancilla, below we proceed with
confidence considering unrestricted measurement outcomes from the lens of the
continuum defect-line action obtained in Section 3.3. For critical ancilla we saw that
the variance of 𝑚 𝑗 grew slowly with system size, warranting more caution in this
scenario.

Let us illustrate an example for case I where 𝑚 𝑗 ∝ 1 − 𝑎( 𝑗)2 with 𝑎( 𝑗) = ⟨𝑠( 𝑗) |𝜓𝑎⟩⟨𝑠 |𝜓𝑎⟩ .
After the uniform strings, the next most likely measurement outcomes are those
containing a single spin flip. Consider one such state |𝑠⟩ with a single flipped spin
at site 𝑗flip. Subsequently flipping the spin at 𝑗flip converts |𝑠⟩ back into the most
probable, uniform string. We thereby obtain 𝑎( 𝑗flip) > 1 and hence 𝑚 𝑗flip < 0 for
this measurement outcome. With paramagnetic ancilla, this negative 𝑚 𝑗flip value
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saturates to a small constant as the system size increases. With critical ancilla, by
contrast, we find that the magnitude of this negative value continues to increase over
accessible system sizes—but very slowly similar to the standard deviation shown in
the right panels of Fig. 3.3. We thus expect our formalism to apply also to general
𝑍̃-basis measurement outcomes even for critical ancilla, at least over system sizes
relevant for experiments.

We now consider the unitaries in cases I and II from Table 3.1 in turn.

Case I
We start with case I where the unitary reads 𝑈 𝑗 = 𝑒𝑖𝑢(𝑋 𝑗−⟨𝑋⟩) 𝑋̃ 𝑗 . This form of 𝑈 𝑗

preserves the Z2 symmetries 𝐺 and 𝐺̃ for the critical and ancilla chains, but does
not preserve time reversal symmetry T (which sends𝑈 𝑗 → 𝑈

†
𝑗
). Thus although the

𝑍̃-basis measurements break 𝐺̃ symmetry, the post-measurement state |𝜓𝑠⟩ remains
invariant under𝐺. These considerations tell us that, for case I,𝑈′ = 𝑒𝑖𝐻′ in Eq. (3.22)
is generically nontrivial [as one can indeed see from Eq. (3.24)] while 𝐻𝑚 and
hence S𝑚 must preserve 𝐺 symmetry. Indeed, Eq. (3.25) now takes the manifestly
𝐺-invariant form

𝐻𝑚 = 𝑢2
∑︁
𝑗

𝑚 𝑗 (𝑋 𝑗 − ⟨𝑋⟩)

+ 𝑢2
∑︁
𝑗≠𝑘

𝑉 𝑗 𝑘 (𝑋 𝑗 − ⟨𝑋⟩)(𝑋𝑘 − ⟨𝑋⟩) (4.1)

with

𝑚 𝑗 = −2⟨𝑋⟩[1 − 𝑎( 𝑗)2] . (4.2)

and 𝑉 𝑗 𝑘 given (as for all cases) by Eq. (3.26). The defect-line action, using the
low-energy expansion from Eq. (3.8), then reads

S𝑚 = 𝑢2
∫
𝑥

𝑚(𝑥)𝜀(𝑥, 𝜏 = 0)

+ 𝑢2
∫
𝑥,𝑦

𝑉 (𝑥, 𝑦)𝜀(𝑥, 𝜏 = 0)𝜀(𝑦, 𝜏 = 0). (4.3)

Here 𝑚(𝑥) and 𝑉 (𝑥, 𝑦) represent the coarse-grained, continuum-limit counterparts
of 𝑚 𝑗 and 𝑉 𝑗 𝑘 .

Provided 𝑉 (𝑥, 𝑦) scales to zero faster than 1/|𝑥 − 𝑦 |—which is indeed generally the
case both for paramagnetic and critical ancilla—we can approximate the second line
of Eq. (4.3) as a local interaction obtained upon fusing the two 𝜀 fields according to
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the fusion rules summarized in Eq. (3.6). The leading nontrivial fusion product is
−𝑖𝛾𝑅𝜕𝑥𝛾𝑅 + 𝑖𝛾𝐿𝜕𝑥𝛾𝐿 , which is a descendent of the identity that, crucially, has a larger
scaling dimension compared to the 𝜀 field appearing in the first line of Eq. (4.3) [9].
It follows that for capturing long-distance physics we can neglect the 𝑉 (𝑥, 𝑦) term
altogether and simply take

S𝑚 ≈ 𝑢2
∫
𝑥

𝑚(𝑥)𝜀(𝑥, 𝜏 = 0). (4.4)

We are primarily interested in computing the two-point correlator

⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠 ∼ ⟨𝜎(𝑥 𝑗 )𝜎(𝑥 𝑗 ′)⟩𝑠 (4.5)

in the presence of Eq. (4.4). Technically, according to Eq. (3.29) we need to
conjugate the 𝑍 𝑗 operators with the unitary𝑈′, which in case I rotates 𝑍 about the
𝑋 direction. Such a rotation only mixes in operators in the low-energy theory with
(much) larger scaling dimension compared to 𝜎 1. Hence Eq. (4.5)—which is the
same as what one would obtain by ignoring𝑈′ altogether—continues to provide the
leading decomposition for the correlator.

When 𝑚(𝑥) is independent of 𝑥, as arises for uniform measurement outcomes, the
above defect line action is marginal, though for general measurement outcomes 𝑚(𝑥)
retains nontrivial 𝑥 dependence. References [25, 26, 27] employed non-perturbative
field-theory methods to study the effects of this type of defect line on spin-spin
correlation functions in the two dimensional Ising model. In particular, Ref. [27]
derived the spin-spin correlation function for an 𝜀 line defect whose coupling is an
arbitrary function of position. We report here their main result:

⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 ∼ |𝑥 − 𝑥′|−
1
4−

𝜅𝑢2
8 [𝑚(𝑥)+𝑚(𝑥

′)]𝑒
𝜅𝑢2
16 F (𝑥,𝑥

′) , (4.6)

where

F (𝑥, 𝑥′) =
∫ 𝑥′

𝑥

d𝑦 𝑚(𝑦) d
d𝑦

ln
[(𝑦 − 𝑥′)2 + 𝑎2]1+𝜅𝑢2𝑚(𝑥′)

[(𝑦 − 𝑥)2 + 𝑎2]1+𝜅𝑢2𝑚(𝑥)

−
∫ 𝑥′

𝑥

d𝑦 d𝑦′ [1 + 𝜅𝑢2𝑚(𝑦′)]
[

d
d𝑦
𝑚(𝑦)

]
× d

d𝑦′
ln[(𝑦 − 𝑦′)2 + 𝑎2] . (4.7)

1Explicitly, after dropping terms that vanish by time-reversal symmetry, one finds〈
(𝑈′)†𝑍 𝑗𝑍 𝑗′𝑈′

〉
𝑠

= cos(2𝑢𝑎( 𝑗)) cos(2𝑢𝑎( 𝑗 ′))
〈
𝑍 𝑗𝑍 𝑗′

〉
𝑠
+ sin(2𝑢𝑎( 𝑗)) sin(2𝑢𝑎( 𝑗 ′))

〈
𝑌 𝑗𝑌 𝑗′

〉
𝑠
.

Given that (𝑖) 𝑌 𝑗 maps to a CFT operator with larger scaling dimension than that for 𝑍 𝑗 (𝑌 𝑗 ∼ 𝑖𝜕𝜏𝜎,
Δ𝜕𝜏𝜎 = 9/8 [11]) and (𝑖𝑖) our perturbative expansion focuses on the 𝑢 ≪ 1 regime, the 𝑈′ unitary
can be safely neglected.
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Above, 𝑎 is a short-distance cutoff, and 𝜅 is a dimensionless parameter that captures
an overall constant neglected on the right side of Eq. (3.8) as well as difference
in normalization conventions between our work and Ref. [27]. We simply view 𝜅

as a fitting parameter in our analysis. Since F (𝑥, 𝑥′) in Eq. (4.6) already contains
an 𝑂 (𝑢2) prefactor, to the order we are working it suffices to simply set 𝑢 = 0 in
Eq. (4.7). Some algebra then gives the far simpler expression

⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 ∼ |𝑥 − 𝑥′|−
1
4−

𝜅𝑢2
4 [𝑚(𝑥)+𝑚(𝑥

′)]𝑒
𝜅𝑢2

8 𝑓 (𝑥,𝑥′) (4.8)

with

𝑓 (𝑥, 𝑥′) =
∫ 𝑥′

𝑥

d𝑦 ln
[
(𝑦 − 𝑥)2 + 𝑎2

(𝑦 − 𝑥′)2 + 𝑎2

]
d

d𝑦
𝑚(𝑦). (4.9)

Eqs. (4.8) and (4.9) capture coarse-grained spin-spin correlations for general mea-
surement outcomes, though for deeper insight we now explicitly examine some
special cases.

For a uniform measurement outcome (e.g., 𝑠 𝑗 = +1 for all 𝑗) giving constant
𝑚(𝑥) ≡ 𝑚const, Eq. (4.8) simplifies to

⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 ∼
1

|𝑥 − 𝑥′|2Δ𝜎 (𝑢)
, (uniform 𝑠) (4.10)

Δ𝜎 (𝑢) =
1
8
(1 + 2𝜅𝑢2𝑚const), (4.11)

consistent with the result found in Refs. [25] and [26] in the limit |𝑥 − 𝑥′| ≫ 𝑎 and
to 𝑂 (𝑢2). Remarkably, the defect line in this post-selection sector yields an 𝑂 (𝑢2)
change in the scaling dimension of the 𝜎 field compared to the canonical result
in Eq. (3.5). We confirm this change using infinite DMRG simulation reported in
Fig. 4.1(𝑎, 𝑏): with both paramagnetic and critical ancilla, the scaling dimension of
the 𝜎 field, Δ𝜎 (𝑢), exceeds 1/8 when 𝑢 ≠ 0, as is particularly clear at 𝑢 ≥ 0.3. The
fact that the scaling dimension increases (rather than decreases) with 𝑢 is consistent
with the fact that in this case the 𝑒−𝐻𝑚/2 non-unitary implements weak measurement
in the 𝑋 basis—thereby naturally suppressing 𝑍 correlations. The scaling-dimension
enhancement is quite similar for the paramagnetic and critical cases, as expected given
that 𝑚 𝑗 is only slightly larger in the latter [see black dashed line in Fig. 3.5(𝑐, 𝑑)].
Figure 4.2 shows the dependence of the numerically extracted power-law exponent 𝛼
as a function of 𝑢2, revealing a linear dependence in agreement with Eq. (4.11). The
linear fit also allows us to extract a value 𝜅 = −1.12; note that 𝜅𝑚const > 0—ensuring
that Δ𝜎 (𝑢) increases with 𝑢 in the presence of the defect line as observed in our
numerical simulations.
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Critical ancilla

Figure 4.1: (Color online). Correlation function ⟨𝑍0𝑍 𝑗 ⟩𝑠 for uniform measure-
ment outcomes. The first row corresponds to case I from Table 3.1 while the second
corresponds to case III. At 𝑢 = 0 the curves exhibit an exponent 1/4 that follows from
the pristine Ising CFT. Turning on 𝑢 ≠ 0 yields a measurement-induced increase in
the scaling dimension in all panels—as predicted by Eq. (4.11) for case I and (4.25)
for case III. Data were obtained using infinite DMRG with bond dimension 1000 for
paramagnetic ancilla and 2000 for critical.

Next we examine a measurement outcome |𝑠⟩ = |· · · ↑↑↑↓↓↓ · · · ⟩ with a domain wall.
This outcome yields nearly uniform 𝑚 𝑗—see black dashed lines in Figs. 3.5(𝑐, 𝑑)—
except for a window around the domain wall where it approximately vanishes. We
model the associated continuum 𝑚(𝑥) profile as

𝑚(𝑥) = 𝑚const{Θ[(𝑥0 − 𝑑) − 𝑥] + Θ[𝑥 − (𝑥0 + 𝑑)]}, (4.12)

where 𝑥0 is the domain-wall location, 𝑑 is the spatial extent of suppressed 𝑚(𝑥)
region on either side and Θ is the Heaviside function. Adequately capturing detailed
behavior near the domain wall likely requires incorporating short-distance physics,
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Figure 4.2: (Color online). Scaling of the power-law exponent for ⟨𝑍0𝑍 𝑗 ⟩𝑠 with a
uniform measurement outcome. Data correspond to case I in Table 3.1 assuming
paramagnetic ancilla, and were obtained using iDMRG. The numerically extracted
exponent 𝛼 scales approximately linearly with 𝑢2 at small 𝑢, in quantitative agreement
with 2Δ𝜎 (𝑢) predicted by Eq. (4.11). A linear fit to Eq. (4.11) yields 𝜅𝑚const = 1.14.

though we expect that our low-energy framework can describe correlations among
operators sufficiently far from 𝑥0. With this restriction in mind, we consider the
two-point correlator ⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 with 𝑥 far to the left of the domain wall (𝑥 ≪ 𝑥0)
and 𝑥′ > 𝑥. If 𝑥′ also sits to the left of the domain wall, then 𝑓 (𝑥, 𝑥′) = 0 and the
correlator retains—within our approximation—exactly the same form as in Eq. (4.10).
If, however, 𝑥′ sits to the right of the domain wall with 𝑥′ ≫ 𝑥0, then we obtain

𝑓 (𝑥, 𝑥′) ≈ 4𝑑𝑚const

(
1

𝑥0 − 𝑥
+ 1
𝑥′ − 𝑥0

)
, (4.13)

resulting in a modest enhancement of the correlator amplitude compared to the
domain-wall-free case. Summarizing, for the single-domain-wall measurement
outcome we get

⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 ∼


1
|𝑥−𝑥′ |2Δ𝜎 (𝑢) , 𝑥′ ≪ 𝑥0

𝑒

1
2 𝜅𝑢

2𝑑𝑚const
(

1
𝑥0−𝑥 +

1
𝑥′−𝑥0

)
|𝑥−𝑥′ |2Δ𝜎 (𝑢) , 𝑥′ ≫ 𝑥0

. (4.14)

To test Eq. (4.14), we performed DMRG simulations for a system of size 𝑁 = 256
system with open boundary conditions, so that we can accommodate a single-
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domain-wall measurement outcome. Figure 4.3 plots the numerically determined
function

𝛿⟨𝑍 𝑗𝑍 𝑗 ′⟩ ≡
⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠,DW − ⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠,unif

⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠,unif
, (4.15)

i.e., the difference in the microscopic two-point correlator with and without a domain
wall, normalized by the correlator for the uniform measurement outcome. Quite
remarkably, the figure reveals the main qualitative features predicted by our result in
Eq. (4.14): When both 𝑗 and 𝑗 ′ sit to the left of the domain wall, the difference in
correlators approaches zero, while the correlator in the presence of a domain wall
exhibits a small enhancement when 𝑗 and 𝑗 ′ sit on opposite sides of the domain
wall. Moreover, the enhancement factor modestly increases as 𝑗 approaches the
domain wall—also in harmony with Eq. (4.14). The agreement between numerics
and analytics here provides a very nontrivial check on our formalism.

In the presence of multiple well-separated dilute domain walls, the behavior of the
correlator ⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 follows from a straightforward generalization of Eq. (4.14).
For 𝑥 and 𝑥′ within the same domain, the correlator again reproduces that in a uniform
measurement outcome, whereas moving 𝑥′ rightward leads to a relative uptick in the
correlator upon passing successive domain walls. For dense domain walls, the 𝑚 𝑗

pattern changes significantly, necessitating a separate analysis.

Case II
The unitary in case II,𝑈 𝑗 = 𝑒

𝑖𝑢(𝑍 𝑗−𝐶) 𝑋̃ 𝑗 , is invariant under 𝐺̃ but preserves neither
𝐺 nor T . Thus the post-measurement state generically breaks all microscopic
symmetries. A special case arises, however, when 𝐶 = 0: here 𝑈 𝑗 and hence the
post-measurement state preserve the composite operation 𝐺T . In line with these
symmetry considerations, case II yields

𝐻𝑚 = 𝑢2
∑︁
𝑗

𝑚 𝑗𝑍 𝑗 + 𝑢2
∑︁
𝑗≠𝑘

𝑉 𝑗 𝑘𝑍 𝑗𝑍𝑘 (4.16)

with

𝑚 𝑗 = −2𝐶
1 − 𝑎( 𝑗)2 +

∑︁
𝑘≠ 𝑗

𝑉 𝑗 𝑘

 . (4.17)

Indeed, the 𝑚 𝑗 term—which is odd under 𝐺—appears as long as 𝐶 ≠ 0. The unitary
𝑈′ = 𝑒𝑖𝐻

′ , by contrast, is generically nontrivial even for 𝐶 = 0 and always preserves
𝐺T : 𝐻′ in Eq. (3.24) is odd under 𝐺 in case II, but in𝑈′ the minus sign is undone
by 𝑖 → −𝑖 from time reversal. Nevertheless, we only consider 𝑍 𝑗 correlators below,
which here are invariant under conjugation by𝑈′.
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(b)

Figure 4.3: (Color online). Relative correlation function 𝛿⟨𝑍 𝑗𝑍 𝑗 ′⟩ [Eq. (4.15)]
for a domain-wall measurement outcome in case I from Table 3.1. Main panels
illustrate the relative change in the two-point function resulting from insertion of a
domain wall. Panel (a) corresponds to 𝑢 = 0.1, and panel (b) to 𝑢 = 0.3. The domain
wall resides near site 𝑥0 = 128 in an 𝑁 = 256 system with open boundary conditions.
When 𝑗 and 𝑗 ′ both sit on one side of the domain wall, the change in correlations
is negligible. When they sit on opposite sides, however, the correlations increase
relative to the uniform measurement outcome. As discussed in the main text, the
behavior captured here reproduces the main qualitative features of the analytical
prediction in Eq. (4.14). Data were obtained using DMRG with paramagnetic ancilla.

The associated continuum defect-line action, now using Eq. (3.7), is

S𝑚 = 𝑢2
∫
𝑥

𝑚(𝑥)𝜎(𝑥, 𝜏 = 0)

+ 𝑢2
∫
𝑥,𝑦

𝑉 (𝑥, 𝑦)𝜎(𝑥, 𝜏 = 0)𝜎(𝑦, 𝜏 = 0). (4.18)
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Case II

Figure 4.4: (Color online). One-point function ⟨𝑍 𝑗 ⟩ with a uniform measurement
outcome. Panels (a) and (b) respectively correspond to cases II and IV from Table 3.1.
Results were obtained using infinite DMRG with 𝐶 = −1, assuming paramagnetic
ancilla. The non-zero value generated by measurement at 𝑢 ≠ 0 validates analytic
predictions, e.g., Eq. (4.21). Moreover, the fits shown by the dashed lines exhibit
excellent agreement with the 𝑢 dependence extracted using renormalization group
arguments.

As in case I, 𝑉 (𝑥, 𝑦) decays fast enough that we can approximate the second line
with a local interaction, obtained here by fusing the pair of 𝜎 fields. The leading
nontrivial fusion product is 𝜀 [see Eq. (3.6)]. For 𝐶 = 0, where the 𝑚(𝑥) term drops
out by symmetry, Eq. (4.18) then reduces to the form

S𝑚 = 𝑢2
∫
𝑥

𝑀 (𝑥)𝜀(𝑥, 𝜏 = 0), (𝐶 = 0) (4.19)

studied in the previous subsection with 𝑀 (𝑥) =
∫
𝑦
𝑉 (𝑥, 𝑦). One-point correlators

⟨𝑍 𝑗 ⟩𝑠 vanish by symmetry (to all orders in 𝑢 due to preservation of 𝐺T symmetry)
while two-point correlators ⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠 can be computed using the methods deployed
above. For the remainder of this subsection we therefore take 𝐶 ≠ 0. In this regime
the 𝜎 field arising from first line of Eq. (4.18) has a smaller scaling dimension
compared to the 𝜀 field emerging from the second line. We can therefore neglect the
latter term, yielding

S𝑚 ≈ 𝑢2
∫
𝑥

𝑚(𝑥)𝜎(𝑥, 𝜏 = 0), (𝐶 ≠ 0). (4.20)

Physically, 𝑚(𝑥) plays the role of a longitudinal magnetic field that acts only at 𝜏 = 0.

For uniform strings where 𝑚(𝑥) = 𝑚const, the defect-line action in Eq. (4.20)
constitutes a strongly relevant perturbation. Clearly then 𝜎(𝑥, 𝜏 = 0) and hence 𝑍 𝑗
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take on uniform, non-zero expectation values in this post-selection sector:

⟨𝑍 𝑗 ⟩𝑠 ∼ ⟨𝜎(𝑥 𝑗 )⟩𝑠 = 𝑔(𝑢), (uniform 𝑠), (4.21)

where the function 𝑔(𝑢) vanishes as 𝑢 → 0 but tends to a non-zero constant at
𝑢 ≠ 0 in the thermodynamic limit. In sharp contrast, prior to measurements we have〈
𝜓𝑈 |𝑍 𝑗 |𝜓𝑈

〉
= 0 for all 𝑢. Infinite DMRG results for ⟨𝑍 𝑗 ⟩𝑠 presented in Fig. 4.4

confirm the qualitative behavior predicted by Eq. (4.21).

For a more quantitative treatment, we apply the renormalization group (RG)
technique to obtain the dependence of

〈
𝜎(𝑥 𝑗 )

〉
𝑠

on 𝑢. Rescaling the spatial
coordinate 𝑥 by a factor 𝑏 and defining 𝑥′ = 𝑥/𝑏, the 𝜎 field transforms as
𝜎(𝑥) = 𝑏−1/8𝜎′(𝑥′). The defect-line action 𝑆𝑚 = 𝑢2𝑚const

∫
d𝑥 𝜎(𝑥) is then

rewritten as 𝑆𝑚 = 𝑢2𝑚const𝑏
1−1/8 ∫

d𝑥′𝜎′(𝑥′) and in particular exhibits a renor-
malized coupling strength 𝑢2𝑏7/8. Suppose now that at some coupling strength
𝑢2

ref, the magnetization is a fixed constant ⟨𝜎′(0)⟩𝑠 = 𝑀ref. We can back out the
observables at arbitrary 𝑢 by finding the RG map that takes 𝑢 → 𝑢ref. First, choose
the scaling parameter 𝑏 such that 𝑢2𝑏7/8 = 𝑢2

ref, i.e., 𝑏 = (𝑢/𝑢ref)−16/7. We then
obtain ⟨𝜎(0)⟩𝑠 = 𝑏−1/8𝑀ref ∝ 𝑢2/7. Despite the simplicity of this argument, a fit of〈
𝑍 𝑗

〉
in Fig. 4.4 yields a scaling ∼ 𝑢0.27 with an exponent that agrees well with our

prediction of 2/7 ≈ 0.29. It is also interesting to ask about two-point connected spin
correlations in the presence of the uniform relevant defect-line action from Eq. (4.20).
In Ref. [28] we explain that, for arbitrary 𝑢, power-law correlations persist with rigid
exponents that are distinct from those of the pristine Ising theory.

We are not aware of works that compute the one-point function in the presence of
arbitrary position-dependent 𝑚(𝑥)’s that arise with generic measurement outcomes.
Nevertheless, we expect that, at least for smoothly varying 𝑚(𝑥) profiles, ⟨𝜎(𝑥)⟩𝑠
polarizes for each 𝑥 with an orientation determined by the sign of 𝑚(𝑥). Since
𝑚 𝑗 averages to zero as shown in Section 3.4, averaging ⟨𝑍 𝑗 ⟩𝑠 over measurement
outcomes then naturally erases the effects of measurements as must be the case on
general grounds. In contrast, such cancellation need not arise when averaging ⟨𝑍 𝑗 ⟩2𝑠
over measurement outcomes. We thus anticipate that∑̃︁

𝑠

𝑝𝑠⟨𝑍 𝑗 ⟩2𝑠 ≠ 0. (4.22)

Very crudely, if for a random measurement outcome ⟨𝑍 𝑗 ⟩𝑠 ∼ 𝑢2𝑚 𝑗 , then the nonlinear
average above would be proportional to 𝑢4Var(𝑚 𝑗 ). Our exact diagonalization results
presented in Fig. 4.5 support these predictions. The top panels show ⟨𝑍 𝑗 ⟩2𝑠 averaged
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Paramagnetic ancilla

Figure 4.5: (Color online). Average of ⟨𝑍𝑖⟩2𝑠 over measurement outcomes in case
II of Table 3.1. Data were obtained using exact diagonalization for two chains of
length 𝑁 = 6, 7, 8, 9, 10 with 𝐶 = −1. Panels (𝑎, 𝑏) reveal well-behaved scaling
with system size; larger values of 𝑢 correspond to darker blue, with the darkest
color corresponding to 𝑢 = 0.13. Panels (𝑐, 𝑑) show the extrapolated dependence
of E(

〈
𝑍 𝑗

〉2
𝑠
) with 𝑢. For small 𝑢, we find ∼ 𝑢4 scaling, consistent with the crude

expectation that
〈
𝑍 𝑗

〉
𝑠
∼ 𝑢2𝑚 𝑗 for a particular measurement outcome.

over all 𝑍̃-basis measurement outcomes versus 1/𝑁 for several values of 𝑢. For both
paramagnetic and critical ancilla, extrapolation to 𝑁 → ∞ yields nonzero values
for all 𝑢 ≠ 0 cases; additionally, the lower panels show that the extrapolated values
indeed scale very nearly as 𝑢4 for small 𝑢.

4.2 𝑋̃-basis measurements and outcome sectors
Recall that for 𝑋̃-basis measurements, our perturbative formalism applies only to
the highest probability subset of even-string (𝐺̃ |𝑠⟩ = + |𝑠⟩) measurement outcomes.
These outcomes, to which we exclusively focus in this section, include the uniform
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state with 𝑠 𝑗 = +1 on every site, and descendant states containing a dilute set
of adjacent spin flips. Interestingly, even in this restricted space of measurement
outcomes, we will encounter qualitative differences between paramagnetic versus
critical ancilla in our protocol.

For both cases III and IV, the unitary 𝑈′ = 𝑒𝑖𝐻
′ is trivial in the even-string

measurement sector. This result immediately follows from Eq. (3.24) using the
fact that 𝑎( 𝑗) = 0 for any even-string 𝑠. Hence in the ensuing analysis we need
only consider 𝐻𝑚 and the associated defect-line action S𝑚. Note also that the 𝑈 𝑗

unitaries for cases III and IV explicitly violate 𝐺̃ symmetry; nevertheless, ancilla
measurements project onto an even-string 𝑠 (by assumption), so that both the initial
and post-measurement states are 𝐺̃ eigenstates with eigenvalue +1. The situation
is reversed compared to the protocol with 𝑍̃-basis measurements, where the 𝑈 𝑗

unitaries preserved 𝐺̃ while measurements produced a wavefunction that was not a
𝐺̃ eigenstate.

Case III
The case-III unitary𝑈 𝑗 = 𝑒

𝑖𝑢(𝑋 𝑗−⟨𝑋⟩) 𝑍̃ 𝑗 yields a defect-line action

S𝑚 = 𝑢2𝑚

∫
𝑥

𝜀(𝑥, 𝜏 = 0)

+ 𝑢2
∫
𝑥,𝑦

𝑉 (𝑥, 𝑦)𝜀(𝑥, 𝜏 = 0)𝜀(𝑦, 𝜏 = 0). (4.23)

Equation (4.23) has the same form as Eq. (4.3) from case I—with the crucial
difference that here 𝑚(𝑥) is replaced with a constant 𝑚 = −2⟨𝑋⟩ that is the same for
all of the (restricted) strings that we consider. For paramagnetic ancilla, results from
Section 3.4 imply that 𝑉 (𝑥, 𝑦) decays exponentially with |𝑥 − 𝑦 |, allowing us to once
again fuse the 𝜀’s in the second line into a subleading term compared to the first.
More care is needed for critical ancilla, since for the uniform string outcome 𝑉 (𝑥, 𝑦)
decays like 1/|𝑥 − 𝑦 |. The second line then represents an inherently long-range,
power-law-decaying interaction. Such a term is, however, still less relevant by power
counting compared to the first line. Thus, similar to case I, we can approximate the
defect-line action as simply

S𝑚 ≈ 𝑢2𝑚

∫
𝑥

𝜀(𝑥, 𝜏 = 0). (4.24)

In this case one-point
〈
𝑍 𝑗

〉
correlators again vanish by symmetry, while two-point
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correlators correspondingly behave as

⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 ∼
1

|𝑥 − 𝑥′|2Δ𝜎 (𝑢)
, Δ𝜎 (𝑢) =

1
8
(1 + 2𝜅𝑢2𝑚). (4.25)

At least within the approximations used here, a pristine power-law with 𝑂 (𝑢2)
enhanced scaling dimension occurs for any even-string measurement outcome
conforming to our perturbative formalism, even if the outcome is not translationally
invariant. Surely additional ingredients beyond those considered here would restore
dependence on the measurement outcome; such terms, however, reflect subleading
contributions, e.g., the neglected 𝑉 (𝑥, 𝑦) term above. By contrast, for case I the
dependence on measurement outcome was already encoded in the leading 𝑚(𝑥)𝜀
term in the defect-line action.

The lower panels of Fig. 4.1 confirm the modified power-law behavior for the uniform
measurement outcome, which again is especially clear at 𝑢 ≥ 0.3. Notice that for
𝑢 = 0.1, the fitted scaling dimension is nearly the same for cases I and III, and for both
paramagnetic and critical ancilla. This similarity is expected from our perturbative
framework given that the leading defect-line actions [Eqs. (4.4) and (4.24)] take the
same form with similar coupling strengths in the uniform measurement outcome
sector. At the larger value of 𝑢 = 0.3, the extracted scaling dimensions in case III
differ for paramagnetic and critical ancilla—even though our 𝑂 (𝑢2) theory predicts
precisely the same exponent in both scenarios. Such a correction is not surprising,
given that at higher orders in 𝑢, even the leading term in the defect-line action can
discriminate between paramagnetic and critical ancilla. Indeed, we have checked
that in the paramagnetic case Δ𝜎 (𝑢) scales like 𝑢2 over a wider range of 𝑢 compared
to the case with critical ancilla.

Case IV
For case IV, with unitary𝑈 𝑗 = 𝑒

𝑖𝑢(𝑍−𝐶) 𝑍̃ , the defect-line action reads

S𝑚 = 𝑢2
∫
𝑥

𝑚(𝑥)𝜎(𝑥, 𝜏 = 0)

+ 𝑢2
∫
𝑥,𝑦

𝑉 (𝑥, 𝑦)𝜎(𝑥, 𝜏 = 0)𝜎(𝑦, 𝜏 = 0), (4.26)

which has identical structure to that of case II but with modified couplings 𝑚(𝑥) and
𝑉 (𝑥, 𝑦) due to the shift in ancilla measurement basis. As in case II, the special limit
𝐶 = 0 still yields 𝑚(𝑥) = 0, as required by symmetry.

Let us first take 𝐶 ≠ 0. Following the logic used for case III above, the second
line is always subleading compared to the first, independent of whether the ancilla
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(b)

Figure 4.6: (Color online). Average of ⟨𝑍𝑖⟩2𝑠 over measurement outcomes in case
IV of Table 3.1. All parameters are the same as in Fig. 4.5, except here we consider
only paramagnetic ancilla. The scaling of E[

〈
𝑍 𝑗

〉2
𝑠
] with 𝑢 in panel (b) is much

steeper (∼ 𝑢2) compared to the scaling found in Fig. 4.5.

are paramagnetic or critical. (Technically, however, 𝑚(𝑥) diverges logarithmically
with system size when the ancilla are critical, so extra care is warranted when
applying our perturbative formalism in this scenario.) For the uniform or nearly
uniform measurement outcomes that we can treat here, the strongly relevant 𝑚(𝑥)𝜎
perturbation leads once again to a non-zero one-point function ⟨𝜎⟩𝑠 ≠ 0 that scales
as 𝑢2/7, as reproduced in DMRG simulations [Figure 4.4(b)]. Similar to our previous
discussion in case II, we numerically find that ⟨𝑍 𝑗 ⟩2𝑠 averaged over all measurement
outcomes also appears to yield a non-zero value at large 𝑁 (at least for paramagnetic
ancilla), even though our perturbative formulation now only applies to a restricted
set of measurement outcomes. See Fig. 4.6 and notice the rather different scaling
with 𝑢 compared to Fig. 4.5. The results for critical ancilla, however, did not show
an obvious trend and so we do not report them.

When 𝐶 = 0, the approximation invoked above no longer applies, and the defect-line
action instead becomes

S𝑚 = 𝑢2
∫
𝑥,𝑦

𝑉 (𝑥, 𝑦)𝜎(𝑥, 𝜏 = 0)𝜎(𝑦, 𝜏 = 0), (𝐶 = 0). (4.27)

Here the nature of the initial ancilla state becomes pivotal. For gapped ancilla,
exponential decay in𝑉 (𝑥, 𝑦) enables fusing the 𝜎 fields into a single 𝜀 field. One then
obtains the form in Eq. (4.19) that, for uniform or nearly uniform measurement out-
comes, modifies the power-law correlations in ⟨𝜎(𝑥)𝜎(𝑥′)⟩𝑠 as described previously.
For critical ancilla this prescription breaks down since 𝑉 (𝑥, 𝑦) scales like 1/|𝑥 − 𝑦 |.
The resulting power-law-decaying interaction between 𝜎’s in Eq. (4.27) is strongly
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relevant by power counting; the system’s fate then depends on whether the power-law
interaction is ferromagnetic or antiferromagnetic. On one hand, ferromagnetic
𝜎(𝑥, 𝜏 = 0)𝜎(𝑦, 𝜏 = 0) interaction would promote order-parameter correlations at
𝜏 = 0—possibly replacing power-law decay in the spin-spin correlation function with
true long-range order, i.e., turning the critical chain into a cat state 2. On the other,
antiferromagnetic interaction would produce frustration, leading to a subtle interplay
with ferromagnetic order-parameter correlations built into the pre-measurement
critical theory.

Since 𝑉 (𝑥, 𝑦) is always non-negative in case IV, S𝑚 in Eq. (4.27) realizes the
antiferromagnetic scenario. Figure 4.7 presents infinite DMRG simulations of
⟨𝑍0𝑍 𝑗 ⟩𝑠 for this case 3. For separations | 𝑗 | smaller than 𝑂 (10) we find signatures
of faster-than-power-law decay induced by measurements. For larger separations,
however, we find a possible revival of correlations (though in this regime the DMRG
data continue to evolve over the bond dimensions simulated). While correlations
might exhibit exponential decay at short distances, we expect algebraic decay to
take over at long distances—which may be related to physics of antiferromagnetic
long-range Ising chains analyzed in Refs. [29, 30]. This expectation is consistent
with the fact that, as we will show in an upcoming work [28], when a short-range-
correlated system entangles with critical ancilla, measuring the latter imprints
long-range correlations into the former. Hence, it is natural to anticipate that tuning
the short-range-correlated system to criticality only further enhances its long-range
correlations.

With critical ancilla, the full two-chain system prior to measurement corresponds
to a free-fermion problem with total central charge 𝑐 = 1/2 + 1/2. Thus here the
setup resembles a single-channel Luttinger-liquid in the special case with Luttinger
parameter 𝐾 = 1. For the Luttinger-liquid measurement protocol considered in
Ref. [16], uniform measurement outcomes were shown to produce a marginal defect-
line action. Our protocol, by contrast, yields a relevant defect-line action both
for 𝐶 = 0 and 𝐶 ≠ 0 in case IV—thereby qualitatively modifying correlations as
discussed above. Interestingly, it follows that the total central charge alone does not
dictate the impact of measurements on long-distance correlations. Additional factors
including the allowed physical operators and details of the measurement protocol also
play a role. For example, the protocol from Ref. [16] used an uncorrelated ancilla
chain to mediate measurements on the Luttinger liquid, whereas in our effective

2Notice that for 𝐶 = 0, |𝜓𝑠⟩ is an eigenstate of 𝐺, even though𝑈 breaks this symmetry explicitly.
3We show connected correlations, as for finite bond dimension ⟨𝑍⟩𝑠 gives non-zero values.
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(b)

Figure 4.7: (Color online). Correlation function ⟨𝑍0𝑍 𝑗 ⟩𝑠 for case IV in Table 3.1
with 𝐶 = 0 and critical ancilla. (a) At 𝑢 > 0 the correlator appears to decay faster
than a power-law for | 𝑗 | less than 𝑂 (10) in response to the measurement-induced
long-range interaction in Eq. (4.27). Data were obtained using iDMRG with bond
dimension 2000. (b) Two-point correlator at 𝑢 = 0.2 for a range of bond dimensions
𝜒. Over the separations shown in (a), the data are well-converged. For larger
separations, however, the data continue to evolve with bond dimension.

𝑐 = 1/2 + 1/2 setup measurements are enacted ‘internally’ without invoking an
additional auxiliary chain.

4.3 Exact averaging over even/odd strings in 𝑋̃-measurement protocol
Symmetry-resolved averages
With 𝑋̃-basis measurements, outcomes 𝑠 can be divided into sectors according
to whether 𝐺̃ |𝑠⟩ = + |𝑠⟩ or − |𝑠⟩. Here we exploit this neat even/odd-string
dichomotomy to obtain illuminating, exact expressions for the average of critical-
chain observables 𝐴 over measurement outcomes confined to a particular 𝜖 = ±1
parity sector. Using Eqs. (3.18) and (3.19), the average in sector 𝜖 reads

⟨𝐴⟩𝜖 =
∑̃︁
𝑠∈𝜖

𝑝𝑠 ⟨𝜓𝑠 | 𝐴 |𝜓𝑠⟩

=
∑̃︁
𝑠∈𝜖
⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈†

(∏
𝑗

��𝑠 𝑗 〉 〈
𝑠 𝑗

��)𝑈𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩
= ⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈†𝑃̃𝜖𝑈𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩ , (4.28)

where 𝑈 =
∏

𝑗 𝑈 𝑗 represents the unitary applied prior to measurement and 𝐴𝑈 =

𝑈†𝐴𝑈. In the last line

𝑃̃𝜖 =
∑̃︁
𝑠∈𝜖
|𝑠⟩ ⟨𝑠 | = 1

2
(
1 + 𝜖𝐺̃

)
(4.29)
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projects onto the measurement-outcome sector with parity 𝜖 . For the unitaries in
either case III or IV from Table 3.1, the anticommutation relation {𝑍̃ 𝑗 , 𝐺̃} = 0
implies that 𝑈†𝐺̃ = 𝐺̃𝑈. We can therefore express Eq. (4.28), after also using
𝐺̃ |𝜓𝑎⟩ = |𝜓𝑎⟩, as

⟨𝐴⟩𝜖 =
1
2
⟨𝜓𝑎 | ⟨𝜓𝑐 | 𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩ +

𝜖

2
⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈2𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩ . (4.30)

Notice that the second term is real for any Hermitian operator 𝐴, since any imaginary
parts vanish by parity constraints. Summing over the even and odd sectors yields
⟨𝐴⟩+ + ⟨𝐴⟩− = ⟨𝜓𝑎 | ⟨𝜓𝑐 | 𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩—which, in agreement with Eq. (3.20), is
simply the result one would obtain without performing any measurements. The
difference between the even- and odd-sector correlators, by contrast, isolates the
second term in Eq. (4.30),

⟨𝐴⟩+ − ⟨𝐴⟩− = ⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈2𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩ , (4.31)

and does retain nontrivial imprints of the measurements enacted in our protocol.
Equation (4.31) is equivalent to the expectation value of the non-local operator 𝐴𝐺̃
taken in the pre-measurement state𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩; crucially, measuring the ancilla in
the 𝑋̃ basis provides access to such non-local information.

There is, however, no free lunch here: On general grounds the right side of Eq. (4.31)
should decay to zero with system size 𝑁 for any fixed 𝑢 ≠ 0. To see why, let
𝑝𝜖 =

∑
𝑠∈𝜖 𝑝𝑠 denote the probability for obtaining parity sector 𝜖 after a measurement,

and consider the difference

Δ𝑝 ≡ 𝑝+ − 𝑝− = ⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈2 |𝜓𝑐⟩ |𝜓𝑎⟩ . (4.32)

Equation (4.32) simply corresponds to Eq. (4.31) with 𝐴 being the identity. At 𝑢 = 0,
where𝑈 also reduces to the identity, we obtain Δ𝑝 = 1—reflecting the fact that the
initial ancilla state |𝜓𝑎⟩ resides in the even-parity sector by construction. Turning on
𝑢 ≪ 1, the state𝑈2 |𝜓𝑐⟩ |𝜓𝑎⟩ =

∏
𝑗 𝑈

2
𝑗
|𝜓𝑐⟩ |𝜓𝑎⟩ exhibits a small 𝑂 (𝑢2) probability

for flipping a particular 𝑋̃-basis ancilla spin. Yet the net effect over a macroscopic
number of sites 𝑁 inevitably translates into a ‘large’ change in the probability for
remaining in the even-parity sector. In terms of Eq. (4.32), this logic implies that
𝑈2 |𝜓𝑐⟩ |𝜓𝑎⟩ becomes orthogonal to |𝜓𝑐⟩ |𝜓𝑎⟩ at fixed 𝑢 ≠ 0 with 𝑁 →∞, leading
to Δ𝑝 ≈ 0. The insertion of 𝐴𝑈 in Eq. (4.31), assuming it represents physically
relevant combinations of local operators, can not change this conclusion, implying
that ⟨𝐴⟩+ − ⟨𝐴⟩− vanishes with 𝑁 as well. In Section 4.6 we numerically show that,
with paramagnetic ancilla, these quantities decay exponentially with system size.
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We propose the ratio

𝑟 (𝐴) ≡ ⟨𝐴⟩+ − ⟨𝐴⟩−
Δ𝑝

=
⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈2𝐴𝑈 |𝜓𝑐⟩ |𝜓𝑎⟩
⟨𝜓𝑎 | ⟨𝜓𝑐 |𝑈2 |𝜓𝑐⟩ |𝜓𝑎⟩

(4.33)

as an appealing diagnostic of 𝑋̃-basis measurement effects on Ising criticality.
Equation (4.33) need not vanish in the thermodynamic limit. Moreover, both the
numerator and denominator comprise linear averages over experimentally accessible
quantities. (But again there is no free lunch—the individually small numerator and
denominator would need to be obtained with sufficient accuracy to yield a meaningful
ratio as quantified further below.)

The formalism developed in Section 3.3 and Section 3.5 allows us to rewrite 𝑟 (𝐴) in
a more illuminating form that directly connects with the results from Section 4.2.
For simplicity we focus for now on observables 𝐴 that commute with 𝑈 so that
𝑈2𝐴𝑈 = 𝐴𝑈2 (see below for a comment on the generic case). As detailed in
Section 4.5, we can express the ratio in Eq. (4.33) as

𝑟 (𝐴) = ⟨𝜓𝑐 | 𝐴𝑒
−𝐻𝑟𝑚 |𝜓𝑐⟩

⟨𝜓𝑐 | 𝑒−𝐻𝑟𝑚 |𝜓𝑐⟩
, (4.34)

where through our perturbative formalism we obtain at 𝑂 (𝑢2)

𝐻𝑟𝑚 =𝑢2
∑︁
𝑗

𝑚𝑟 (𝑂 𝑗 − ⟨𝑂⟩)

+ 𝑢2
∑︁
𝑗≠𝑘

𝑉𝑟𝑗 𝑘 (𝑂 𝑗 − ⟨𝑂⟩)(𝑂𝑘 − ⟨𝑂⟩). (4.35)

Equation (4.35) is analogous to Eq. (3.25) but involves distinct couplings

𝑉𝑟𝑗 𝑘 = 2⟨𝜓𝑎 |𝑍̃ 𝑗 𝑍̃𝑘 |𝜓𝑎⟩ (4.36)

𝑚𝑟 = −4𝜃 + 2(⟨𝑂⟩ − 𝜃)
∑︁
𝑘≠0

𝑉𝑟0𝑘 . (4.37)

Most notably, compared to the𝑉 𝑗 𝑘 and𝑚 𝑗 couplings from cases III and IV of Table 3.1,
𝑉𝑟
𝑗 𝑘

here depends only on | 𝑗− 𝑘 | and follows from the expectation value of 𝑍̃ 𝑗 𝑍̃𝑘 in the
initial ancilla ground state (rather than depending on some particular measurement
outcome). For similar reasons 𝑚𝑟 does not depend on position. If [𝐴,𝑈] ≠ 0,
then Eq. (4.34) holds together with an additional subleading term resulting from
the commutator. For example, if we are interested in 𝐴 = 𝑍 𝑗𝑍 𝑗 ′ in case III from
Table 3.1, then [𝑍 𝑗 ,𝑈] = −2 𝑖 𝑌 𝑗 sin(𝑢) [𝑖 cos(𝑢 𝜃) 𝑍̃ 𝑗 + sin(𝑢 𝜃)]∏𝑘≠ 𝑗 𝑒

𝑖𝑢(𝑂𝑘−𝜃) 𝑍̃𝑘 .
Given that 𝑌 𝑗 maps to a CFT operator with larger scaling dimension than that for
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𝑍 𝑗 , we can already deduce that the additional term coming from the commutator
involves subleading contributions that we can safely neglect. For further analysis see
Section 4.5.

Taking the continuum limit, the ratio in Eq. (4.34) can be recast in terms of a
path integral perturbed by a defect-line action akin to Eq. (3.32); recall the steps
below Eq. (3.29). Let us now specialize to paramagnetic ancilla, where 𝑉𝑟

𝑗 𝑘
decays

exponentially leading to a purely local action and finite 𝑚𝑟 . We can then immediately
import results from Section 4.2 to obtain 𝑟 (𝐴) for spin correlators of interest. For
case III we find

𝑟 (𝑍 𝑗𝑍𝑘 ) ∼ | 𝑗 − 𝑘 |−2Δ𝑟𝜎 (𝑢) (case III) (4.38)

with nontrivially modified scaling dimension

Δ𝑟𝜎 (𝑢) =
1
8
(1 + 2𝜅𝑢2𝑚𝑟), (4.39)

where 𝑚𝑟 = −4⟨𝑋⟩. This result is, remarkably, nearly identical to the prediction for
post-selected uniform measurement outcomes in case III; comparing with Eq. (4.25),
the sole difference is that 𝑚𝑟 is twice as larger as 𝑚, leading to a more pronounced
upward shift in scaling dimension. For case IV with 𝐶 ≠ 0 we similarly find that

𝑟 (𝑍 𝑗 ) ∼ 𝑢2/7 (case IV, 𝐶 ≠ 0), (4.40)

which also emulates predictions for the corresponding post-selected uniform mea-
surement outcome.

We performed a numerical experiment of Eqs. (4.38) and (4.40) using DMRG,
focusing again on paramagnetic ancilla. Figure 4.8 presents the results for 𝑟 (𝑍0𝑍 𝑗 )
in case III, which indeed reveals power-law decay with scaling dimension exceeding
1/8 at 𝑢 > 0. In Fig. 4.9, we further contrast the data with the power-law exponents
obtained for ⟨𝑍0𝑍 𝑗 ⟩𝑠 with a uniform measurement outcome in case III. There we
use finite DMRG for a system size of 𝑁 = 88 to treat both quantities with a
common numerical method. Our perturbative formalism predicts that, at small 𝑢,
the measurement-induced change in the power-law for 𝑟 (𝑍0𝑍 𝑗 ) should exceed that
for ⟨𝑍0𝑍 𝑗 ⟩𝑠 by a factor of 2. We indeed recover a more pronounced enhancement for
the former—albeit by a factor smaller than 2. Note also that the 𝑟 (𝑍0𝑍 𝑗 ) power-law
exponent clearly exhibits more dramatic higher-order-in-𝑢 corrections that are beyond
our leading perturbative treatment. Figure 4.10 reports the results for 𝑟 (𝑍 𝑗 ) in case
IV with non-zero 𝐶. Just as in Fig. 4.4 taken for uniform measurement outcomes
in cases II and IV, we obtain good quantitative agreement with the prediction in
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Figure 4.8: (Color online). Ratio 𝑟 (𝑍0𝑍 𝑗 ) in Eq. (4.33) involving symmetry-
resolved measurement averages. The data correspond to case III from Table 3.1
with paramagnetic ancilla, and different system sizes between 𝑁 = 20 (light colors in
(a)) and 𝑁 = 115 (dark colors in (a)). At 𝑢 > 0, the curves exhibit power-law decay
with exponent exceeding 1/4 in agreement with Eq. (4.38). The shift in scaling
dimension becomes particularly clear for larger values of 𝑢 when compared with the
black dotted lines, corresponding to a power-law decay exponent 0.25. The tendency
continues upon extrapolating to the thermodynamic limit, as shown in (b). The
power-law exponents 𝛼 displayed in panel (a) were obtained from fitting the data
with the largest system size available. Data were obtained using finite DMRG with
periodic boundary conditions and bond dimension 1000.

Eq. (4.40). Moreover, panel (b) shows that the 𝑟 (𝑍 𝑗 ) values quickly saturate as 𝑁
increases, at least for 𝑢 ≥ 0.2.

Despite the striking resemblance discussed above between 𝑟 (𝐴) and correlators
in post-selected uniform measurement outcomes, we stress that these quantities
are not quite identical. The distinction becomes particularly apparent with critical
ancilla—for which 𝑉𝑟

𝑗 𝑘
encodes a power-law interaction in the asssociated defect-line

action with much slower decay (exponent 1/4) compared to the decay found in
cases III and IV (exponent 1). In case IV with 𝐶 = 0, the inherently long-range
𝜎𝜎 interaction mediated by 𝑉𝑟

𝑗 𝑘
is much more strongly relevant compared to the

(also strongly relevant) interaction encountered in Eq. (4.27). Moreover, in case IV
with 𝐶 ≠ 0, 𝑚𝑟 correspondingly diverges rapidly with system size, signalling a clear
breakdown of the perturbative expansion used above. By contrast, in Section 4.2 we
saw that critical ancilla yield only a mild logarithmic divergence in 𝑚 𝑗 . We leave a
detailed investigation of the properties of 𝑟 (𝐴) with critical ancilla for future work.
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Figure 4.9: (Color online). Comparison between power-laws for the 𝑟 (𝑍0𝑍 𝑗 )
ratio and ⟨𝑍0𝑍 𝑗 ⟩𝑠 correlator with a uniform measurement outcome in case III.
The measurement-induced shift in power-law exponent for 𝑟 (𝑍0𝑍 𝑗 ) exceeds that of
⟨𝑍0𝑍 𝑗 ⟩𝑠, in qualitative agreement with perturbative analytical predictions (though
the enhancement is smaller than the predicted factor of 2). The green dashed line
represents a quartic fit (1/4 + 𝜅𝑚const𝑢

2/2 + 𝑏𝑢4) in 𝑢 of the exponent for the 𝑟 ratio,
while the orange and purple lines are the result of a quadratic fit (1/4 + 𝜅𝑚const𝑢

2/2).
Data correspond to paramagnetic ancilla and were obtained with finite DMRG for a
system of size 𝑁 = 88 with periodic boundary conditions and bond dimensions 800
and 1000.

Comparison with post-selection
We now critically assess the experimental feasibility of probing measurement-altered
criticality via symmetry-resolved averages and contrast with the alternative strategy
of post-selection of an a priori specified measurement outcome 4. For the latter,
we focus in particular on post-selecting the uniform ancilla measurement string
𝑠uni—which as we saw previously is the most likely measurement outcome and leads
to clear measurement-induced changes of correlators that closely resemble symmetry-
resolved averages. Quite different challenges accompany these two approaches.
For the experimental extraction of symmetry-resolved averages, every protocol

4Notice that targeting a particular outcome is different from characterizing typical outcomes, for
which our field theory results might not apply.
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Figure 4.10: (Color online). Ratio 𝑟 (𝑍 𝑗 ) in Eq. (4.33) involving symmetry-
resolved measurement averages. The data correspond to case IV from Table 3.1
with paramagnetic ancilla, 𝐶 = −1, and system sizes between 𝑁 = 20 (light colors
in(a)) and 𝑁 = 115 (dark colors in (a)). Panel (a) shows that the small-𝑢 data are
well-fit by a ∼ 𝑢0.23 scaling form—consistent with the prediction from Eq. (4.40).
As shown in (b), increasing 𝑢 suppresses the dependence on system size such that
𝑟 (𝑍 𝑗 ) quickly saturates to a finite value. Data were obtained using finite DMRG with
periodic boundary conditions and bond dimension 1000.

iteration—regardless of the specific ancilla measurement outcome—can in principle
nontrivially inform evaluation of the ratio 𝑟 (𝐴) in Eq. (4.33). As stressed above,
however, the numerator and denominator both decay exponentially with system size,
suggesting that obtaining sufficient statistics to reliably measure 𝑟 (𝐴) requires a
correspondingly large number of experimental trials. With post-selection, nearly all
protocol iterations yield outcomes which differ from the target ancilla measurement
outcome 𝑠uni. But within the rare instances in which the target outcome emerges,
evaluating

〈
𝜓𝑠uni

�� 𝐴 ��𝜓𝑠uni

〉
becomes relatively straightforward for two reasons. First,

this expectation value generally does not decay exponentially with system size
[contrary to Eq. (4.31)]. Second, due to translation invariance of

��𝜓𝑠uni

〉
, one can

interrogate all system spins in the post-measurement state to reduce the number
of recurrences of 𝑠uni needed to resolve correlations to a desired accuracy; even a
single successful trial suffices to approximate the expectation value of both one- and
two-point correlations with an error scaling as 1/

√
𝑁 , with 𝑁 the system size. In

what follows we quantify the number of trials required for both approaches.

Let us first assess symmetry-resolved averages and respectively write the numerator
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and denominator of 𝑟 (𝐴) as

N =
∑̃︁
𝑠

𝑝𝑠𝜖𝑠𝐴𝑠, Δ𝑝 =
∑̃︁
𝑠

𝑝𝑠𝜖𝑠, (4.41)

where 𝐴𝑠 = ⟨𝜓𝑠 | 𝐴 |𝜓𝑠⟩ and 𝜖𝑠 denotes the parity for measurement outcome 𝑠. Both
quantities decay exponentially with system size as

N ,Δ𝑝 ∼ 𝑒−𝜂sra (𝑢)𝑁 . (4.42)

The function 𝜂sra(𝑢) vanishes as 𝑢 → 0, reflecting the fact that, in the 𝑢 = 0 limit,
we obtain Δ𝑝 = 1 exactly while N reduces to the critical correlator ⟨𝜓𝑐 | 𝐴 |𝜓𝑐⟩
that (at least for the few-body operators 𝐴 of interest) does not decay exponentially
with system size. For simplicity we will assume that in a given protocol iteration
yielding a particular 𝑠, one can determine both 𝜖𝑠 and 𝐴𝑠 in a single shot. (In practice,
each iteration would yield an eigenvalue of 𝐴, and determining 𝐴𝑠 would require
multiple iterations yielding the same outcome 𝑠. Our assumption mods out these
standard repetitions; moreover, since averaging over measurement outcomes restores
translation invariance, here too one can probe all system spins to reduce the required
number of repetitions, similar to the situation noted above for post-selection.) After
𝑀 experimental protocol iterations yielding a set of outcomes 𝑠𝑖=1,...,𝑀 and associated
parities 𝜖𝑠𝑖 and observables 𝐴𝑠𝑖 , the quantities in Eq. (4.41) can be estimated by

N𝑀 =
1
𝑀

𝑀∑︁
𝑖=1

𝜖𝑠𝑖𝐴𝑠𝑖 , Δ𝑝𝑀 =
1
𝑀

𝑀∑︁
𝑖=1

𝜖𝑠𝑖 . (4.43)

In the limit 𝑀 →∞ one obtains the exact results N𝑀 → N and Δ𝑝𝑀 → Δ𝑝.

It is crucial to now understand the variance of the sampling distribution that quantifies
the quality of these estimations at finite 𝑀. Given an estimator 𝜃𝑀 the sample
variance is

Var𝑀 (𝜃) =
Var(𝜃)
𝑀

, (4.44)

i.e., the population variance Var(𝜃) = ∑
𝑠 𝑝𝑠𝜃

2
𝑠
− ⟨𝜃⟩2 divided by the sample size 𝑀 .

Intuitively, this quantity implies that the larger the sample size 𝑀, the smaller the
variance of the sampling distribution of 𝜃𝑀 . For the N and Δ𝑝 estimators we have

Var𝑀 (N) =
1
𝑀

(∑̃︁
𝑠

𝑝𝑠𝐴
2
𝑠 − N2

)
≈ 1
𝑀

∑̃︁
𝑠

𝑝𝑠𝐴
2
𝑠 (4.45)

Var𝑀 (Δ𝑝) =
1
𝑀
(1 − Δ𝑝2) ≈ 1

𝑀
, (4.46)
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where on the rightmost sides we used the fact that bothN and Δ𝑝 decay exponentially
with system size. Comparing to Eq. (4.42), we see here that accurately determining
both the numerator and denominator of 𝑟 (𝐴) requires a number of trials 𝑀 that
grows exponentially with 𝑁 . The relative error

√︁
Var𝑀 (Δ𝑝)/Δ𝑝 in determining Δ𝑝,

for instance, becomes smaller than one for 𝑀 ≳ 𝑒2𝜂sra (𝑢)𝑁 ; similar reasoning applies
to N .

We are primarily interested in the number of trials required to reliably estimate 𝑟 (𝐴)
itself. The corresponding ratio estimator reads

𝑟𝑀 (𝐴) =
N𝑀
Δ𝑝𝑀

, (4.47)

while to O(𝑀−1) its variance is [31]

Var𝑀 [𝑟 (𝐴)] ≈
1

Δ𝑝2

[
Var𝑀 (N) + 𝑟 (𝐴)2Var𝑀 (Δ𝑝) −2𝑟 (𝐴)Covar𝑀 (N ,Δ𝑝)] .

(4.48)

Evaluating the terms in brackets and neglecting contributions that are exponentially
small in system size yields

Var𝑀 [𝑟 (𝐴)] ≈
1

𝑀Δ𝑝2 {Var(𝐴) + [𝑟 (𝐴) − ⟨𝐴⟩]2}. (4.49)

The dominant remaining system-size dependence appears through Δ𝑝 in the denom-
inator. Consequently, accurate extraction of the symmetry-resolved average ratio
𝑟 (𝐴) requires a number of trials satisfying 5

𝑀sra ≳
1

Δ𝑝2 ∼ 𝑒
2𝜂sra (𝑢)𝑁 (4.50)

(which is the same criterion for separately determining the numerator and denomina-
tor).

To diagnose a potential advantage of this approach with respect to post-selection, we
next estimate the minimum sample size required to obtain the target measurement
outcome 𝑠uni with high likelihood. The probability to measure this string,

𝑝uni = ⟨𝜓𝑈 |𝑠uni⟩⟨𝑠uni |𝜓𝑈⟩ ∼ 𝑒−𝜂uni (𝑢)𝑁 , (4.51)
5Equation (4.50) provides the leading 𝑁 dependence needed to ensure that

√︁
Var𝑀 [𝑟 (𝐴)]/𝑟 (𝐴)

becomes smaller than one for the cases of interest. This conclusion follows from the fact that 𝑟 (𝐴)
decays at most as a power-law in system size, whereas the factor in braces in Eq. (4.49) is at most
O(1).
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also decreases exponentially with system size, as expected from the fact that it arises
from the overlap of two very different many-body wave functions. Importantly, the
function 𝜂uni(𝑢), unlike 𝜂sra(𝑢), generically does not vanish as 𝑢 → 0: At 𝑢 = 0
exponential decay with 𝑁 persists due to nontrivial overlap between |𝑠uni⟩ and the
initial ancilla wavefunction, except in the extreme limit ℎanc/𝐽anc → ∞. Since the
probability of not measuring 𝑠uni after 𝑀 trials is (1 − 𝑝uni)𝑀 , the probability of
finding this measurement outcome at least once is 𝑝success = 1 − (1 − 𝑝uni)𝑀 . The
number of trials required for post-selecting the uniform measurement outcome with
high success probability 𝑝success = 1 − 𝜀 (ideally 1) accordingly satisfies

𝑀uni =
log(𝜀)

log(1 − 𝑝uni)
∼ 1
𝑝uni
∼ 𝑒𝜂uni (𝑢)𝑁 . (4.52)

Both the symmetry-resolved average and brute-force post-selection approaches thus
require an exponentially large (in system size) number of measurements specified
by Eqs. (4.50) and (4.52), respectively. It is crucial to observe, however, that the
scaling with 𝑁 is tunable via the choice of entangling gate and ancilla initialization
in a manner that differs for the two methods. On very general grounds, since
𝜂sra(𝑢 = 0) vanishes whereas 𝜂uni(𝑢 = 0) is positive, there always exists a window
of sufficiently small 𝑢 for which symmetry-resolved averages can be probed more
efficiently compared to post-selection. To be more quantitative, Section 4.6 provides
numerical evidence that for small 𝑢 these functions typically behave as

𝜂sra(𝑢) ≈ 𝑐sra𝑢
𝜁 , 𝜂uni(𝑢) ≈ Υ + 𝑐uni𝑢

𝜁 . (4.53)

Here 𝑐sra, 𝑐uni are positive constants, 𝜁 is a case-dependent exponent that we extract
(see Fig. 4.14), and Υ determines the probability of finding the uniform measurement
outcome at 𝑢 = 0 (see Section 3.6 and Fig. 3.8). Equation (4.53) implies that
when 2𝑐sra > 𝑐uni—which we find holds in practice—𝑀sra grows with system
size exponentially but with a slower rate compared to 𝑀uni for 𝑢 between 0 and

𝑢∗ ≡
(

Υ
2𝑐sra−𝑐uni

)1/𝜁
. When 𝑢 increases just beyond 𝑢∗, post-selection begins to

become more efficient than symmetry-resolved averages. Intuitively, as the ancilla
correlation length increases, the probability for obtaining the uniform measurement
outcome decreases, thereby enhancing 𝑢∗ and broadening the window in which
symmetry-resolved averages are advantageous. In case IV with critical ancilla, we
find that Δ𝑝 does not decay monotonically to zero with 𝑁 , but rather changes sign
along the way. Equation (4.53) does not capture such non-monotonic behavior;
similar conclusions nevertheless hold also in that case as we will see.
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We validate the preceding picture by numerically analyzing the ratio 𝑀uni/𝑀sra ∼
Δ𝑝2/𝑝uni, in particular by simulating the system-size dependence of Δ𝑝2/𝑝uni for
different 𝑢 values in cases III and IV. (When 𝑢𝑁 ≪ 1 the unitary entangling gates
are sufficiently close to the identity that they do not induce appreciable decay of
either Δ𝑝 or 𝑝uni; hence we restrict the range of 𝑢 such that the 𝑁 values accessible
in our simulations include regimes with 𝑢𝑁 ≳ 1. With this constraint we also
avoid possible artificial phenomena appearing as a result of scaling 𝑢 with system
size.) Growth of Δ𝑝2/𝑝uni with 𝑁 indicates more favorable scaling for symmetry-
resolved averages, while decay with 𝑁 indicates an advantage for post-selection.
Figure 4.11 presents our results. For paramagentic ancilla (left panels), data for
cases III and IV are consistent with post-selection becoming favorable for 𝑢 ≳ 0.1.
For critical ancilla (right panels), the data show that symmetry-resolved averages
can remain advantageous out to larger values of 𝑢—consistent with the intuition
above—especially in case III. Non-monotonic behavior evident in panel (d) arises
because of the aforementioned sign changes in Δ𝑝 arising in case IV with critical
ancilla.

Assessing practicality of either scheme also requires quantifying the separate values
𝑀sra and 𝑀uni (as opposed to just their ratio) for experimentally reasonable system
sizes. Relevant 𝑁 values will certainly be platform dependent, as will the number
of trials that one can feasibly conduct on laboratory timescales. For concreteness,
we will focus on 𝑁 ∼ O(100)—which is relevant for present-day hardware—and
postulate that trials up to O(103) are accessible. Furthermore, we will simply
take 𝑀sra = 1/(Δ𝑝)2 and 𝑀uni = 1/𝑝uni to roughly evaluate the trials required for
symmetry-resolved averages and for post-selection, respectively; Fig. 4.12 displays
the 𝑁 dependence of these quantities for select 𝑢 values. Remarkably, all four panels
explored in the figure reveal regimes for which symmetry-resolved averages satisfy
the experimental plausibility criteria laid out above. With paramagnetic ancilla,
post-selection also enjoys regimes that require a surprisingly moderate number of
trials even out to fairly large system sizes—ultimately because ancilla measurement
outcomes obey a highly biased, controllable distribution. For reference, had all
measurement outcomes been equally likely, one would obtain 𝑀uni = 2𝑁 ∼ 1024 in
an 𝑁 = 80 system! Figure 4.12 additionally reveals that 𝑀uni increases relatively
slowly with 𝑢 (compared to 𝑀sra), extending the experimentally plausible regime
for post-selection to larger 𝑢’s that display correspondingly stronger signatures of
measurement-altered criticality.
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Figure 4.11: (Color online). Comparison between symmetry-resolved averages
and post-selection. The vertical axis captures the ratio 𝑀uni/𝑀sra ∼ Δ𝑝2/𝑝uni,
where 𝑀uni characterizes the number of trials needed for post-selection that targets
the uniform measurement outcome and 𝑀sra characterizes the number of trials
required for evaluation of symmetry-resolved averages with order one variance. All
panels are consistent with symmetry-resolved averages providing more favorable
scaling with system size 𝑁 over a window of small 𝑢—as argued on general grounds
in the main text. Data were obtained using finite DMRG with bond dimension
𝜒 = 800 and periodic boundary conditions; case IV results used 𝐶 = −1.
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(a)

<latexit sha1_base64="E9IpyYSxFhVszeO6qlnF28wsr/8="></latexit>

Critical ancilla

<latexit sha1_base64="k3i935Ga2MPVENA/uFXiQ7Q1tOw=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj8HELevGoYDSQhNAz6cQh+xhmekVZ8htezdd4E6/6MYKTGEFB61RUdUF1CR0qS77/7uVmZufmFxaX8ssrq2vrhY3Na5ukRmJdJmFiGgIshirGOikKsaENQiRCvBGDs7F/c4fGqiS+ogeN7Qj6seopCeSkVovwnkQvK4m9YadQ9Mv+ybF/cMK/SLXyTXwelP0JimyKi07ho9VNZBphTDIEa5tQ1aDR7AeBpnYmkmQwzLdSixrkAPrYdDSGCG07mxQf8t3UAiXcZbgK+UTEn4kMImsfIuEuI6Bb+8sTBgZIf1ouNhb/8pop9Y7bmYp1ShjLcQdSIU46WGmUGwt5VxkkgvFnyFXMJRggQqM4SOnE1K2Xd3t9j8L/J9eVcnBYrl5WirXT6XKLbJvtsBIL2BGrsXN2wepMMs0e2RMbeSPv2XvxXr9Oc940s8V+wXv7BFVNow4=</latexit>

(b)

<latexit sha1_base64="KM9e6fU7P0w0Ixs6CRRWidxPg/o=">AAACHnicdVDLSgNBEJyN7/iKevQyGIQIEnZj0OQmevEYwaiQhNA76cQh+xhmesWw5De8mq/xJl71YwRnYwQFrVNR1QXV5atAGnLddyc3N7+wuLS8kl9dW9/YLGxtX5s40QKbIg5ifeuDwUBG2CRJAd4qjRD6Ad74w/PMv7lHbWQcXdFIYSeEQST7UgBZqd0mfCC/n5Z6B+NuoeiW3XrNParzL1KtfBOXe2V3iiKbodEtfLR7sUhCjEgEYEwLqgoU6kPPU9RJ/TgejvPtxKACMYQBtiyNIETTSafFx3w/MUAxtxkuAz4V8WcihdCYUejbyxDozvzyfA1DpD8tG8vEv7xWQv1aJ5WRSggjkXUgGeC0gxFa2rGQ96RGIsg+Qy4jLkADEWrJQQgrJna9vN3rexT+P7mulL3jcvWyUjw9my23zHbZHisxj52wU3bBGqzJBFPskT2xiTNxnp0X5/XrNOfMMjvsF5y3T1ivoxA=</latexit>

(d)
<latexit sha1_base64="plsxKJHZGeucE1W3S1xgSjWNy0s=">AAACHnicdVDLSgNBEJyNrxhfUY9eBoMQQcJuDGpuohePEUwiJEF6J504ZB/DTK8oS37Dq36NN/GqHyM4eYEBrVNR1QXV5atAGnLdLyezsLi0vJJdza2tb2xu5bd3GiZOtMC6iINY3/pgMJAR1klSgLdKI4R+gE1/cDnymw+ojYyjG3pS2AmhH8meFEBWarcJH8nvpUVxOLzLF9ySWz1zj6t8QirlGXG5V3LHKLApanf573Y3FkmIEYkAjGlBRYFCfeR5ijqpH8eDYa6dGFQgBtDHlqURhGg66bj4kB8kBijmNsNlwMci/k6kEBrzFPr2MgS6N3Oer2GA9KdlYyPxL6+VUO+sk8pIJYSRGHUgGeC4gxFa2rGQd6VGIhh9hlxGXIAGItSSgxBWTOx6ObvXbBT+P2mUS95JqXJdLpxfTJfLsj22z4rMY6fsnF2xGqszwRR7Zi/s1Xl13px352NymnGmmV02B+fzB1b+ow8=</latexit>

(c)

<latexit sha1_base64="uLEObyLRiRmOkupzEhO0v0BhJzA="></latexit>

case III

<latexit sha1_base64="2xk+gHPSWfJSDnK0MOpi72crpCQ="></latexit>

case IV

<latexit sha1_base64="uLEObyLRiRmOkupzEhO0v0BhJzA="></latexit>

case III

<latexit sha1_base64="2xk+gHPSWfJSDnK0MOpi72crpCQ="></latexit>

case IV

Figure 4.12: (Color online). Scaling of 𝑀uni and 𝑀sra with system size 𝑁 . The
number of trials needed for post-selection of the uniform measurement outcome
and to extract symmetry-resolved averages are here estimated by 𝑀uni = 1/𝑝uni and
𝑀sra = 1/(Δ𝑝)2, respectively. Both approaches offer complementary regimes of
experimental viability even at large systems with 𝑁 ∼ O(100), as evidenced by a
number of required trials of O(103) or smaller. Data were obtained identically as in
Fig. 4.11.

4.4 Lessons from the Ising example
We analyzed the initialize-entangle-measure-probe protocol summarized in Fig. 3.1 to
investigate how measurements impact correlations in 1D Ising quantum critical points.
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Specifically, we developed a perturbative formalism that allowed us to analytically
study the outcome of our protocol applied with the four classes of unitaries and
projective ancilla measurements listed in Table 3.1. Within this approach, long-
distance correlations of microscopic spin operators were related to correlations of
low-energy fields evaluated with respect to the usual Ising CFT action perturbed by
a ‘defect line’. The detailed structure of the defect line depends on the choice of
entangling unitary, the initial ancilla state, and the outcome of ancilla measurements.
We argued that, with 𝑍̃-basis ancilla measurements, this formalism applies to general
measurement outcomes; with 𝑋̃-basis ancilla measurements, however, well-behaved
defect-line actions emerge only for a restricted set of (high-probability) measurement
outcomes. In the latter context, we hope that future work can develop a more
complete analytic theory capable of treating arbitrary measurement outcomes and
assessing their probabilities for general ancilla initializations.

Various predictions follow from this framework—most of which we supported with
numerical simulations. We recapitulate our main findings here (see also Fig. 3.1(e)):

Case I: unitary 𝑈 𝑗 = 𝑒𝑖𝑢(𝑋 𝑗−⟨𝑋⟩) 𝑋̃ 𝑗 , 𝑍̃-basis measurements. Non-perturbative
CFT results [27] allow one to formally compute the coarse-grained two-point spin
correlation function ⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠 for general measurement outcomes 𝑠. For a uniform
measurement outcome—which occurs with highest probability—the two-point
function exhibits power-law decay with a measurement-induced change in the scaling
dimension. Our formulation also captured subtle changes in correlations that arise
with measurement outcomes featuring a domain wall. The agreement we found
between analytical and numerical results here represents a highly nontrivial check
for the validity of our approach.

Case II: unitary 𝑈 𝑗 = 𝑒𝑖𝑢(𝑍 𝑗−𝐶) 𝑋̃ 𝑗 , 𝑍̃-basis measurements. With 𝐶 ≠ 0 the
defect-line action includes a longitudinal-field term that explicitly breaks the Z2

symmetry enjoyed by the critical chain prior to measurement. Correspondingly,
the one-point function ⟨𝑍 𝑗 ⟩𝑠 becomes non-zero, with a spatial profile dependent on
the measurement outcome. Averaging ⟨𝑍 𝑗 ⟩𝑠 over measurement outcomes yields a
vanishing one-point function as required on general grounds. By contrast, averaging
⟨𝑍 𝑗 ⟩2𝑠 retains memory of the measurements and yields a non-zero result that, based
on our exact diagonalization results, appears to survive in the thermodynamic limit.

Case III: unitary𝑈 𝑗 = 𝑒
𝑖𝑢(𝑋 𝑗−⟨𝑋⟩) 𝑍̃ 𝑗 , 𝑋̃-basis measurements. Just as for case I, the

uniform string measurement outcome occurs with highest probability and yields a
two-point function ⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠 with modified scaling dimension.
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Case IV: unitary𝑈 𝑗 = 𝑒
𝑖𝑢(𝑍 𝑗−𝐶) 𝑍̃ 𝑗 , 𝑋̃-basis measurements. As for case II, explicit

breaking of Z2 symmetry induced by 𝐶 ≠ 0 yields a non-zero one-point function
⟨𝑍 𝑗 ⟩𝑠 for the nearly uniform measurement outcomes amenable to our perturbative
formalism. Taking 𝐶 = 0 restores Z2 symmetry for the critical chain. Here, when the
ancilla are also critical, the defect-line action hosts a long-range power-law decaying
interaction among CFT spin-fields that, based on iDMRG simulations, appears to
qualitatively alter ⟨𝑍 𝑗𝑍 𝑗 ′⟩𝑠 correlations (for uniform or nearly uniform measurement
outcomes). That is, on short distances the correlations decay faster than power-law,
though we argued that on longer-distances power-law correlations are likely to
re-emerge. Further substantiating this scenario, possibly drawing connections to
previous work on long-range-interacting Ising chains [29, 30], raises an interesting
open problem.

In the cases with 𝑋̃-basis ancilla measurements, we further proposed a a new method
for detecting non-trivial effects of measurements on Ising quantum criticality. Here
we exploited the fact that 𝑋̃-basis measurement outcomes factorize into two symmetry
sectors depending on the value of the generator 𝐺̃ =

∏
𝑗 𝑋̃ 𝑗 ∈ ±1 of the global Z2

symmetry for the ancilla. Although 𝐺̃ is a non-local operator, its eigenvalue for
any outcome |𝑠⟩ follows trivially given measurements of 𝑋̃ 𝑗 for each ancilla site;
one can, in turn, average critical-chain observables over measurement outcomes
separately within each symmetry sector. We found analytically that the difference in
averages between the two sectors (normalized by the difference in probability for
accessing the sectors) encodes measurement effects on Ising criticality that survive
in the thermodynamic limit. Strikingly, such ratios evaluated for one- and two-point
spin correlations mimic the behavior predicted for uniform post-selection outcomes
by our perturbative defect-line framework, as recovered also in our simulations. The
practical catch is that the ratio involves a numerator and denominator that individually
decay to zero as the system size increases.

To address feasibility given this catch, we quantified the number of trials needed to
meaningfully extract symmetry-resolved averages and contrasted with the alternative
technique of post-selecting for the uniform measurement outcome. We established
very generally that symmetry-resolved averages require exponentially fewer trials—
although still exponentially many—compared to post-selection over a window of
small entangling-gate strength 𝑢 that widens as the ancilla become more correlated.
Moreover, within this window symmetry-resolved averages necessitate a strikingly
modest number of protocol runs—estimated to be on the scale of 102 to 103 for critical
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chains composed of O(100) spins. Another important message of this work, however,
is that post-selection poses a far less daunting challenge compared to the situation
where all measurement outcomes are equally likely. With paramagnetic ancilla
in particular, we found that in larger-𝑢 regimes where post-selection outperforms
symmetry-resolved averages, the uniform measurement outcome can emerge with
high probability after a similarly modest number of protocol runs in systems with
as large as O(100) spins. Apparent viability of post-selection here originates from
the fact that measurement outcomes are far from random, but rather follow a highly
biased distribution that one can control via 𝑢 and the initial ancilla configuration. It
would be valuable to understand the effects of measurement errors and decoherence
on both symmetry-resolved averages and post-selection to further address their
suitability for experimental application. More broadly, might factorization into
symmetry sectors as exploited for symmetry-resolved averages prove fruitful for
detecting measurement-induced phenomena in other contexts?

In much of this chapter, correlations in the initialized ancilla state played an important
role. Cases I and II, for instance, become completely trivial if the ancilla are initialized
into the (product-state) ground state of Eq. (3.14) at ℎanc/𝐽anc →∞. In this extreme
case |𝜓𝑎⟩ is an eigenstate of the𝑈 𝑗 ’s used in our protocol for cases I and II. Hence
those unitaries do not actually entangle the critical chain with the ancilla, and
measurements of the latter do not affect the former. Case IV highlights a more
striking example, where once again critical ancilla can produce a defect-line action
exhibiting inherently long-range interaction among CFT fields, mediating physics
qualitatively different from what we found with paramagnetic ancilla.

Outside of this last example, we invariably concluded that the defect-line action
could be approximated by a single term linear in either the 𝜎 or 𝜀 field (depending
on the protocol details under consideration). Microscopically, we showed that for
the post-measurement state |𝜓𝑠⟩ = 1√

N𝑈
′𝑒−𝐻𝑚/2 |𝜓𝑐⟩ [Eq. (3.22)], the important

non-unitary 𝑒−𝐻𝑚/2 part generically does not factorize into a product of operators
acting at individual sites 𝑗 due to the 𝑉 𝑗 𝑘 term in Eq. (3.25). An approximate
factorized form,

|𝜓𝑠⟩ ≈
1
√
𝑝𝑠

∏
𝑗

𝑀 𝑗 |𝜓𝑐⟩ , (4.54)

nevertheless captures the leading defect-line action linear in 𝜎 or 𝜀 that we typically
obtained. When 𝑚 𝑗 is non-zero, the factorized measurement operators 𝑀 𝑗 follow by
simply setting 𝑉 𝑗 𝑘 = 0 in 𝐻𝑚; with 𝑚 𝑗 = 0, one instead modifies the 𝑉 𝑗 𝑘 term by
‘fusing’ the constituent microscopic operators (mimicking the CFT-field fusion rules)
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to arrive at a factorizable form. Intuitively, the more highly entangled the ancilla
are, the worse this approximation becomes—culminating in its complete breakdown
in case IV with 𝐶 = 0 when the ancilla are critical. The breakdown is anticipated
to be especially stark in the case of symmetry-resolved averages due to the very
slowly decaying longe-range interaction generated by measurement. It would be
interesting to quantify the accuracy of Eq. (4.54) from a microscopic viewpoint,
e.g., by studying the operator space entanglement of 𝑀𝑠 as a function of the ancilla
wavefunction.

Chains of laser-excited Rydberg atoms trapped in optical tweezer arrays comprise a
promising experimental platform for measurement-altered Ising criticality. A single
Rydberg chain effectively realizes an antiferromagnetic spin model with power-
law-decaying Ising interactions, supplemented by both transverse and longitudinal
fields—though the latter can be tuned to zero by choosing an appropriate detuning
from resonance. The phase diagram hosts a readily accessible Ising quantum phase
transition (among other more exotic critical points) [32] that is well-understood
also at the lattice level in this setting [21]. Moreover, a second Rydberg chain
could furnish the ancilla degrees of freedom in our protocol. Devising concrete
implementations of the requisite unitaries and ancilla measurements in this venue
poses a nontrivial problem for future work. Additionally, the pursuit of measurement-
altered criticality in Rydberg arrays highlights several fundamental open questions—
including the impact of antiferromagnetic Ising interactions, a non-zero longitudinal
field, integrability-breaking perturbations, etc. Erasure conversion developed for
Rydberg arrays in Ref [33] is a promising tool for probing measurement-altered
quantum criticality in this arena. Recent work in a quite different setting has
also shown the possibility of creating the ground state of a critical transverse-field
Ising chain using a quantum computer [34], highlighting tantalizing prospects for
realization also in digital quantum hardware.

Finally, many other variations would be interesting to explore. Extension to strongly
interacting CFTs—e.g., tricritical Ising, parafermionic, etc.—is particularly intriguing
given their rich field content, and correspondingly rich set of possible measurement-
induced defect-line actions. Measurements could also be performed in various
alternative ways that add a new twist into the problem; for instance, one could
contemplate joint measurements of operators on the critical and ancilla chains, or
measure different quantities in different regions of space.
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4.5 Effective-action derivation of the symmetry-resolved ratio 𝑟 (𝐴)
In this section, we show how the formalism developed in Section 3.3 and Section 3.5
allows us to rewrite 𝑟 (𝐴) from Eq. (4.33) in a more illuminating form that immediately
allows us to take advantage of the effective action formalism exploited throughout this
chapter. Let us start from the case where [𝐴,𝑈] = 0. The numerator of Eq. (4.33)
can be rewritten as

⟨𝜓𝑐 |𝐴⟨𝜓𝑎 |
∏
𝑗

[𝐶𝑟𝑗 + 𝑆𝑟𝑗 𝑍̃ 𝑗 ] |𝜓𝑎⟩|𝜓𝑐⟩, (4.55)

where

𝐶𝑟𝑗 = cos[2𝑢(𝑂 𝑗 − 𝜃)], 𝑆𝑟𝑗 = 𝑖 sin[2𝑢(𝑂 𝑗 − 𝜃)] . (4.56)

Notice the extra factor of 2 in front of 𝑢 compared to Eq. (3.45). The form of
Eq. (4.55) resembles Eq. (3.44) and is therefore amenable to similar manipulations
that led to Eqs. (3.49) and (3.51). Following these steps, we re-express the ratio in
Eq. (4.33) as in Eq. (4.34), where now

𝐻𝑟𝑚 = − ln
[
1 +

∑︁
𝑖1<𝑖2

⟨𝜓𝑎 |𝑍̃𝑖1 𝑍̃𝑖2 |𝜓𝑎⟩𝑇𝑟𝑖1𝑇
𝑟
𝑖2
+ · · ·

]
−

∑︁
𝑖

ln(𝐶𝑟𝑖 ), (4.57)

with 𝑇𝑟
𝑖

= (𝐶𝑟
𝑖
)−1𝑆𝑟

𝑖
. Compared to Eq. (3.51), the argument of the log con-

tains only terms with an even number of 𝑇𝑟
𝑖

operators. This difference re-
sults from the fact that 𝐺̃ |𝜓𝑎⟩ = |𝜓𝑎⟩, implying that only multi-point ancilla
correlators with an even number of 𝑍̃ operators give non-trivial contributions.
It turn, ⟨𝜓𝑐 | 𝐴𝑒−𝐻

𝑟
𝑚 |𝜓𝑐⟩ does not contain a unitary contribution, even though

⟨𝜓𝑎 | ⟨𝜓𝑐 | 𝐴𝑈2 |𝜓𝑐⟩ |𝜓𝑎⟩ naively does. This conclusion can be understood by noticing
that ⟨𝜓𝑎 | ⟨𝜓𝑐 | 𝐴𝑈2 |𝜓𝑐⟩ |𝜓𝑎⟩ = ⟨𝜓𝑎 | ⟨𝜓𝑐 | 𝐴Re(𝑈2) |𝜓𝑐⟩ |𝜓𝑎⟩ with Re(𝑈2) a non-
unitary operator. Upon expanding 𝐻𝑟𝑚 to 𝑂 (𝑢2) and simplifying all constant terms
between the numerator and denominator, we obtain Eq. (4.35) in the main text.

So far, we derived Eq. (4.34) assuming that [𝐴,𝑈] = 0. When [𝐴,𝑈] ≠ 0 we obtain
a modified form of 𝐻𝑚 as follows. Consider case III from Table 3.1 and suppose that
we are interested in observables 𝐴 = 𝑍 𝑗𝑍 𝑗 ′ with 𝑗 ≠ 𝑗 ′. We start by noticing that
𝑈2𝐴𝑈 = 𝐴𝑈2 + [𝑈, 𝐴]𝑈 which leads to

⟨𝜓𝑎 |⟨𝜓𝑐 |𝑈2𝐴𝑈 |𝜓𝑐⟩|𝜓𝑎⟩ = ⟨𝜓𝑎 |⟨𝜓𝑐 |𝐴𝑈2 |𝜓𝑐⟩|𝜓𝑎⟩ + ⟨𝜓𝑎 |⟨𝜓𝑐 | [𝑈, 𝑍 𝑗𝑍 𝑗 ′]𝑈 |𝜓𝑐⟩|𝜓𝑎⟩.
(4.58)
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Computing the commutator explicitly and using the notation𝑈≠ 𝑗 ≡
∏
𝑘≠ 𝑗 𝑒

𝑖𝑢(𝑋𝑘−⟨𝑋⟩) 𝑍̃𝑘

then yields

⟨𝜓𝑎 |⟨𝜓𝑐 |𝑈2𝐴𝑈 |𝜓𝑐⟩|𝜓𝑎⟩
= ⟨𝜓𝑎 |⟨𝜓𝑐 |𝐴𝑈2 |𝜓𝑐⟩|𝜓𝑎⟩
− 2𝑖 sin 𝑢 ⟨𝜓𝑎 |⟨𝜓𝑐 |𝑌 𝑗𝑍 𝑗 ′

[
𝑖 cos(𝑢 ⟨𝑋⟩) 𝑍̃ 𝑗 + sin(𝑢 ⟨𝑋⟩)

]
×𝑈≠ 𝑗𝑈 |𝜓𝑐⟩|𝜓𝑎⟩

− 2𝑖 sin 𝑢 ⟨𝜓𝑎 |⟨𝜓𝑐 |𝑍 𝑗𝑌 𝑗 ′
[
𝑖 cos(𝑢 ⟨𝑋⟩) 𝑍̃ 𝑗 ′ + sin(𝑢 ⟨𝑋⟩)

]
×𝑈≠ 𝑗 ′𝑈 |𝜓𝑐⟩|𝜓𝑎⟩

+ 4 sin2 𝑢 ⟨𝜓𝑎 |⟨𝜓𝑐 |𝑌 𝑗𝑌 𝑗 ′
[
𝑖 cos(𝑢 ⟨𝑋⟩) 𝑍̃ 𝑗 + sin(𝑢 ⟨𝑋⟩)

]
×

[
𝑖 cos(𝑢 ⟨𝑋⟩) 𝑍̃ 𝑗 ′ + sin(𝑢 ⟨𝑋⟩)

]
𝑈≠ 𝑗 , 𝑗 ′𝑈 |𝜓𝑐⟩|𝜓𝑎⟩.

(4.59)

Let us focus on the second term on the right side, which can be recast into the
form of Eqs. (4.55) in the main text but with 𝐶𝑟

𝑘
= sin(2𝑢 ⟨𝑋⟩ − 𝑢𝑋 𝑗 ), 𝑆𝑟𝑘 =

𝑖 cos(2𝑢 ⟨𝑋⟩ − 𝑢𝑋 𝑗 ) when 𝑘 = 𝑗 , and given by Eq. (4.56) otherwise. Hence, one
recovers the Hamiltonian 𝐻𝑟𝑚 in Eq. (4.57) although with local modifications for
terms involving the 𝑗-th site. We denote the resulting Hamiltonian as 𝐻 ( 𝑗)𝑚 . All
together, this procedure allows the second term on the right side to be compactly
expressed as (up to constants that cancel when normalized by the denominator in
𝑟 (𝐴)),

−2𝑖 sin(𝑢) ⟨𝜓𝑐 |𝑌 𝑗𝑍 𝑗 ′𝑒−𝐻
( 𝑗 )
𝑚 |𝜓𝑐⟩ . (4.60)

Compared to 𝐻𝑟𝑚 in Eq. (4.35), 𝐻 ( 𝑗)𝑚 and 𝐻 ( 𝑗
′)

𝑚 are very similar and differ only by
some corrections involving sites 𝑗 or 𝑗 ′. Importantly, both ⟨𝜓𝑐 |𝑌 𝑗𝑍 𝑗 ′𝑒−𝐻

( 𝑗 )
𝑚 |𝜓𝑐⟩ and

⟨𝜓𝑐 | 𝑍 𝑗𝑌 𝑗 ′𝑒−𝐻
( 𝑗′ )
𝑚 |𝜓𝑐⟩ contain 𝑌 operators, which map to a CFT operator with larger

scaling dimension than that for 𝑍 . One can find an effective action also for the fourth
term in Eq. (4.59), but since it contains operators 𝑌 𝑗𝑌 𝑗 ′ , its contribution will be even
more subleading with respect to the previous ones. Therefore, as already mentioned
in Section 4.3, we can neglect their subleading contributions at large distances.

4.6 System-size dependence of post-selection quantities
In Section 4.3, we argued that the symmetry-resolved differences ⟨𝐴⟩+ − ⟨𝐴⟩− =

⟨𝜓𝑐 |⟨𝜓𝑎 |𝑈2𝐴𝑈 |𝜓𝑎⟩|𝜓𝑐⟩, with 𝐴 corresponding to correlators of local operators,
vanish in the thermodynamic limit 𝑁 →∞. Figure 4.13 numerically shows that with
paramagnetic ancilla these quantities decay exponentially with system size for the
values of 𝑢 considered in the main text. In particular, panels (a,b) respectively show
numerical results for case IV (at 𝐶 = −1) with 𝐴 = 1, i.e., the probability difference
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case IV

Figure 4.13: (Color online). Exponential decay of symmetry-resolved differences
⟨𝐴⟩+− ⟨𝐴⟩− with system size. (a) Probability difference Δ𝑝 corresponding to 𝐴 = 1.
(b) One-point expectation value corresponding to 𝐴 = 𝑍 𝑗 . The result does not
depend on the evaluated site 𝑗 due to translation invariance. (c) Two-point correlator
𝐴 = 𝑍0𝑍10 evaluated at a distance 10 from the reference site. Data were obtained
using (finite) DMRG with periodic boundary conditions for case IV (with 𝐶 = −1)
in panels (a,b), and case III in panels (c,d) assuming paramagnetic ancilla.

Δ𝑝 = 𝑝+ − 𝑝−, and 𝐴 = 𝑍 𝑗 . Panels (c,d) respectively show results in case III for Δ𝑝
and 𝐴 = 𝑍0𝑍10.

In Section 4.3, when comparing symmetry-resolved averages and post-selection, we
used the scaling forms Δ𝑝 ∼ 𝑒−𝜂sra (𝑢)𝑁 and 𝑝uni ∼ 𝑒−𝜂uni (𝑢)𝑁 . Here we numerically
establish that, for small 𝑢, these quantities in most cases conform well to the more
precise scaling behavior Δ𝑝 ∼ 𝑒−𝑐sra𝑢

𝜁 𝑁 and 𝑝uni/𝑝 (0)uni ∼ 𝑒
−𝑐uni𝑢

𝜁 𝑁 with 𝑐sra, 𝑐uni

constants, 𝜁 an exponent that depends on the entangling gate𝑈 and on the initial ancilla
wavefunction, and 𝑝 (0)uni ∼ 𝑒

−Υ𝑁 given in Eq. (3.66). Equivalently, the prefactors
determining the scaling with 𝑁 obey 𝜂sra(𝑢) ≈ 𝑐sra𝑢

𝜁 and 𝜂uni(𝑢) ≈ Υ + 𝑐uni𝑢
𝜁 at

small 𝑢.

In agreement with the expressions above, Fig. 4.14 illustrates data collapse of
both 𝑝uni/𝑒−Υ𝑁 (upper row) and Δ𝑝 (lower row) when plotted versus 𝑢𝜁𝑁 , with
exponents 𝜁 indicated on the horizontal axes. The range of 𝑢 and 𝑁 considered
here are the same as those examined in the figures of Section 4.3. Panels (a,b)
and (c,d) correspond to case III of Table 3.1 with paramagnetic ancilla and critical
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Figure 4.14: (Color online). Scaling of Δ𝑝 and 𝑝uni. Upper panels show that the
ratio 𝑝uni/𝑝 (0)uni exhibits excellent data collapse when plotted versus 𝑢𝜁𝑁 , with 𝜁
exponents specified in the horizontal axes. Lower panels show similar data collapse
for Δ𝑝. These results are consistent with scaling behavior Δ𝑝 ∼ 𝑒−𝑐sra𝑢

𝜁 𝑁 and
𝑝uni/𝑝 (0)uni ∼ 𝑒

−𝑐uni𝑢
𝜁 𝑁 . Data were obtained using finite DMRG with bond dimension

𝜒 = 800 and periodic boundary conditions. Panels (e,f) for case IV correspond to
𝐶 = −1.

ancilla, respectively. Panels (e) and (f) correspond to case IV with 𝐶 = −1 and
paramagnetic ancilla. The non-ideal data collapse in (f) possibly originates from
neglected subleading corrections in 𝑢 (but in any event does not matter for the
conclusions drawn in Section 4.3). In case IV with critical ancilla, we find good data
collapse for 𝑝uni/𝑒−Υ𝑁 with 𝜁 = 0.25 (data not shown); data collapse with our ansatz
does not arise for Δ𝑝, however. The reason is that Δ𝑝 undergoes sign changes in this
case as a function of 𝑁 for fixed 𝑢, thus no longer displaying monotonic behavior.
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“Gold is just rocks with good makeup.”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 5

TELEPORTING CRITICAL WAVEFUNCTIONS

The preceding chapters developed measurement-altered criticality as a property
of explicitly measured quantum critical wavefunctions. Teleportation provides a
complementary route to the same structure: the measurement is built into the protocol,
while the imperfection of the entangling or measurement stage determines the non-
unitary deformation inherited by the teleported state. This chapter first reviews
perfect and imperfect teleportation at the single-qubit level, then generalizes to
many-body wavefunctions and the full-counting-statistics diagnostics that anticipate
the Ising-critical analysis in Chapter 6.

5.1 Why teleportation is a probe of measurement-altered criticality
The groundbreaking 1993 work of Bennett et al. [35] elevated teleportation from
science fiction to a key concept in modern quantum science. Quantum teleportation
refers to the transfer of an unknown wavefunction from a sender, Alice, to a receiver,
Bob, at a remote location. The protocol proceeds roughly as follows. First, Alice
and Bob maximally entangle their qubits, e.g., by applying an appropriate unitary
gate. Alice then performs a projective measurement that destroys the quantum state
that she wishes to teleport, and communicates her measurement outcome to Bob.
Finally, Bob applies an outcome-dependent unitary to his qubits to recover the target
wavefunction. Aside from revealing a fundamental aspect of quantum mechanics—
relevant for phenomena including black-hole evaporation [36]—teleportation admits
potential applications in quantum communication, quantum networks, and quantum
computation [37]; for reviews see Refs. [38, 39, 40]. To date, quantum teleportation
has been demonstrated experimentally in numerous settings (e.g., Refs. [41, 42,
43, 44, 45]), including ground-to-satellite teleportation over distances of 1400
kilometers [46].

Teleportation protocols are far from unique. In fact there exists an infinite family of
protocols—distinguished, for instance, by the choice of initialization for Bob’s qubits,
the particular entangling gate employed, and Alice’s measurement basis—all of which
yield perfect teleportation in the ideal case. Imperfections invariably occur, however,
in experimental implementations due to decoherence, measurement and gate errors,
etc. The generic presence of such imperfections raises many practically relevant
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questions, particularly in the context of teleporting many-body wavefunctions. To
what extent do protocol imperfections modify universal aspects of correlations and
entanglement in a teleported quantum state? Is there necessarily a sense in which
one can regard imperfections as benign when assessing universal features, or can
arbitrarily weak deviations from an ideal protocol qualitatively alter the teleported
state’s character? Among the infinite set of possible teleportation protocols, are
some more resilient to certain types of imperfections than others? Can one optimize
against expected errors with a judiciously chosen protocol? How do errors manifest
after averaging over many imperfect teleportation runs?

We address these questions for the special case of imperfect teleportation of quantum
critical wavefunctions. In particular, we focus on the ground state of the one-
dimensional transverse-field Ising model tuned to the phase transition between
paramagnetic and ferromagnetic phases, described by an Ising conformal field theory
(CFT) with central charge 𝑐 = 1/2. This setting offers an appealing test bed for
diagnosing the influence of teleportation-protocol imperfections: First, the critical
state exhibits universal power-law correlations among local observables, as well
as universal long-range entanglement; both features provide useful diagnostics for
assessing the quality of the teleported wavefunction. Second, the fact that the critical
point is gapless implies sensitivity of physical properties to perturbations—in turn
hinting that protocol imperfections can potentially drastically alter the character of
the teleported quantum critical wavefunction.

We identify and analyze a class of protocol imperfections for which the teleported
wavefunction received by Bob corresponds to Alice’s original quantum critical state
modified by the application of a non-unitary operator (that reduces to the identity in
the ideal case). Such imperfections arise, for example, when Alice and Bob fall short
of maximally entangling their qubits, or when Alice misaligns her measurement
basis relative to the optimal protocol. One can profitably view the resulting non-
unitary operator as effectively encoding the action of a weak measurement on the
critical wavefunction. In other words, imperfectly teleporting the quantum critical
wavefunction is formally equivalent to perfectly teleporting a weakly measured
counterpart of that state. This perspective unites the problem of quantum criticality
under imperfect teleportation with the developing theory of ‘measurement-altered
quantum criticality’.

The latter area has its roots in earlier works [47, 1, 48, 49, 50, 51, 52, 53] but
came into sharp focus with Garratt et al.’s demonstration that even arbitrarily
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weak measurements can qualitatively alter long-distance correlations in a Luttinger
liquid [16]. In particular, these authors established that weak measurements perturb
the Luttinger-liquid action with an ‘imaginary-time quantum impurity’—enabling
a renormalization group analysis of their effects similar to the classic Kane-Fisher
(real space) impurity problem [54]. Soon after, Ref. [55] showed that measurement-
induced modifications of correlations are accompanied by qualitative changes in the
Luttinger liquid’s entanglement; see also Ref. [56]. These results have since been
extended to quantum Ising spin chains [57, 58, 3, 59, 60, 61] and (2+1)-dimensional
quantum critical points [62] (see also Ref. [63]). Various strategies have also been
proposed for experimentally detecting measurement-altered criticality [16, 3, 64, 65,
66, 67]. In passing, we note that many recent works have explored measurement-
induced phenomena in related contexts including entanglement phase transitions in
monitored systems [1, 2, 68, 69, 70, 71, 72, 73], where unitary dynamics intertwines
with local measurements, and for efficiently generating long-range entangled quantum
states [74, 75, 76, 48, 77, 78, 79].

By leveraging and advancing the theory of measurement-altered criticality, we derive
detailed predictions for the fate of Ising quantum critical states under imperfect
teleportation. We explicitly obtain a family of imperfection-induced non-unitary
operators—which indeed depend on the choice of protocol, as well as the measurement
outcome that Alice communicates to Bob. These non-unitary operators apply to
teleportation of generic many-body wavefunctions, as do some of the complementary
tools that we employ to further analyze their impact on quantum critical states in
both the limits of ‘weak’ and ‘strong’ imperfection. The weak regime admits a
renormalization group analysis of imperfection-induced imaginary-time quantum
impurities similar to Refs. [57, 58, 3, 60, 55]; in the strong regime we show that
the character of the imperfectly teleported wavefunction relates deeply to ‘strange
correlators’ [80]. Our main results are summarized in Fig. 5.1, and can be divided
into three categories:

Relevant imperfection. Protocols yielding an imperfection-induced non-unitary
operator that breaks T × Z2, where T denotes time reversal and Z2 is the spin-flip
symmetry for the Ising spin system, are the least resilient to errors. Here, the
associated imaginary-time quantum impurity comprises a relevant perturbation,
and in the thermodynamic limit any amount of imperfection qualitatively alters
both entanglement and correlations in the teleported wavefunction received by Bob.
Long-range entanglement present in the original quantum critical state becomes
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Entanglement <latexit sha1_base64="mvWc4JMLY7m49nwRyaUMbd5P+ZI=">AAACA3icdVC7TgJBFJ3FF+ILtbSZSEwsDNlFotARaSwxkUcChNwdLjhhdmcyM2tCCKW/YKu9nbH1Q2z9EpcFEjV6qpNz7sm99/hKcGNd98NJrayurW+kNzNb2zu7e9n9g4aRkWZYZ1JI3fLBoOAh1i23AltKIwS+wKY/qs785j1qw2V4a8cKuwEMQz7gDGwsdapSaxQJN71szs275ZJ7XqZzUiwsiUu9vJsgRxao9bKfnb5kUYChZQKMaUNRgUJ95nnKdie+lKNpphMZVMBGMMR2TEMI0HQnyeFTehIZsJLGGcoFTUT8nphAYMw48OPJAOyd+e3NxL+8dmQHpe6EhyqyGLLZIssFJosM0zxuBGmfa7QWZucj5SFloMFa1JwCY7EYxbVk4lKWn9P/SaOQ9y7yxZtCrnK1qCdNjsgxOSUeuSQVck1qpE4YUeSRPJFn58F5cV6dt/loyllkDskPOO9f4qGYew==</latexit>

Correlations

<latexit sha1_base64="HfxOcCiQs3k3iSz3Jd0XH+5R3eQ="></latexit>

Uj = eiuXA
j XB

j

<latexit sha1_base64="Q2zXZiTQLgjx+0N0Kr09uOV4U6k="></latexit>

Uj = eiuZA
j ZB

j

<latexit sha1_base64="Q2zXZiTQLgjx+0N0Kr09uOV4U6k="></latexit>

Uj = eiuZA
j ZB

j

<latexit sha1_base64="dbBXHW7wMCjZs8fZwbl59KEAx1Q=">AAACN3icdZC7SgNBFIZn4y3GW6J2NoNBsJBlNwZNuqCNZQRzgWQJZycnccjenJkVwpLnsNXH8FGs7MTWN3A2F1CJp/r5/3OGfz438rhUlvVmZFZW19Y3spu5re2d3b18Yb8pw1gwbLDQC0XbBYkeD7ChuPKwHQkE3/Ww5Y6u07z1iELyMLhT4wgdH4YBH3AGSltOl2GgUNCuO6B2L1+0TKtasc6rdCbKpYWwqG1a0ymS+dR7BeOw2w9Z7OtHmAdSdqAcQYTizLYj5SRuGI4muW4sMQI2giF2tAzAR+kk0+oTehJLUCHVN5R7dGriz4sEfCnHvqs3fVD38m+Wmksz119uCxihWhZ1YjWoOAkPolhhwNJqins4rSaZ4Joi0j4XqBSkH0bKA8pAgNIAOQWWoow11pzmuIBF/xfNkmlfmOXbUrF2NSeaJUfkmJwSm1ySGrkhddIgjDyQJ/JMXoxX4934MD5nqxljfnNAfo3x9Q21IKsv</latexit>

1

<latexit sha1_base64="9eh9vRyI9Uf87uORejQagkDe13Q=">AAACN3icdZC7SgNBFIZn4y3GW6J2NoNBsJCwG4MmXdDGMoK5QHYJZycnccjenJkVwpLnsNXH8FGs7MTWN3A2F1CJp/r5/3OGfz438rhUpvlmZFZW19Y3spu5re2d3b18Yb8lw1gwbLLQC0XHBYkeD7CpuPKwEwkE3/Ww7Y6u07z9iELyMLhT4wgdH4YBH3AGSluOzTBQKKjtDmi5ly+aJbNWNc9rdCYq5YUwqVUyp1Mk82n0Csah3Q9Z7OtHmAdSdqESQYTizLIi5SRuGI4mOTuWGAEbwRC7Wgbgo3SSafUJPYklqJDqG8o9OjXx50UCvpRj39WbPqh7+TdLzaWZ6y+3BYxQLYu6sRpUnYQHUawwYGk1xT2cVpNMcE0RaZ8LVArSDyPlAWUgQGmAnAJLUcYaa05zXMCi/4tWuWRdlCq35WL9ak40S47IMTklFrkkdXJDGqRJGHkgT+SZvBivxrvxYXzOVjPG/OaA/Brj6xu256sw</latexit>

2

<latexit sha1_base64="dbBXHW7wMCjZs8fZwbl59KEAx1Q=">AAACN3icdZC7SgNBFIZn4y3GW6J2NoNBsJBlNwZNuqCNZQRzgWQJZycnccjenJkVwpLnsNXH8FGs7MTWN3A2F1CJp/r5/3OGfz438rhUlvVmZFZW19Y3spu5re2d3b18Yb8pw1gwbLDQC0XbBYkeD7ChuPKwHQkE3/Ww5Y6u07z1iELyMLhT4wgdH4YBH3AGSltOl2GgUNCuO6B2L1+0TKtasc6rdCbKpYWwqG1a0ymS+dR7BeOw2w9Z7OtHmAdSdqAcQYTizLYj5SRuGI4muW4sMQI2giF2tAzAR+kk0+oTehJLUCHVN5R7dGriz4sEfCnHvqs3fVD38m+Wmksz119uCxihWhZ1YjWoOAkPolhhwNJqins4rSaZ4Joi0j4XqBSkH0bKA8pAgNIAOQWWoow11pzmuIBF/xfNkmlfmOXbUrF2NSeaJUfkmJwSm1ySGrkhddIgjDyQJ/JMXoxX4934MD5nqxljfnNAfo3x9Q21IKsv</latexit>

1

<latexit sha1_base64="9eh9vRyI9Uf87uORejQagkDe13Q=">AAACN3icdZC7SgNBFIZn4y3GW6J2NoNBsJCwG4MmXdDGMoK5QHYJZycnccjenJkVwpLnsNXH8FGs7MTWN3A2F1CJp/r5/3OGfz438rhUpvlmZFZW19Y3spu5re2d3b18Yb8lw1gwbLLQC0XHBYkeD7CpuPKwEwkE3/Ww7Y6u07z9iELyMLhT4wgdH4YBH3AGSluOzTBQKKjtDmi5ly+aJbNWNc9rdCYq5YUwqVUyp1Mk82n0Csah3Q9Z7OtHmAdSdqESQYTizLIi5SRuGI4mOTuWGAEbwRC7Wgbgo3SSafUJPYklqJDqG8o9OjXx50UCvpRj39WbPqh7+TdLzaWZ6y+3BYxQLYu6sRpUnYQHUawwYGk1xT2cVpNMcE0RaZ8LVArSDyPlAWUgQGmAnAJLUcYaa05zXMCi/4tWuWRdlCq35WL9ak40S47IMTklFrkkdXJDGqRJGHkgT+SZvBivxrvxYXzOVjPG/OaA/Brj6xu256sw</latexit>

2

<latexit sha1_base64="dbBXHW7wMCjZs8fZwbl59KEAx1Q=">AAACN3icdZC7SgNBFIZn4y3GW6J2NoNBsJBlNwZNuqCNZQRzgWQJZycnccjenJkVwpLnsNXH8FGs7MTWN3A2F1CJp/r5/3OGfz438rhUlvVmZFZW19Y3spu5re2d3b18Yb8pw1gwbLDQC0XbBYkeD7ChuPKwHQkE3/Ww5Y6u07z1iELyMLhT4wgdH4YBH3AGSltOl2GgUNCuO6B2L1+0TKtasc6rdCbKpYWwqG1a0ymS+dR7BeOw2w9Z7OtHmAdSdqAcQYTizLYj5SRuGI4muW4sMQI2giF2tAzAR+kk0+oTehJLUCHVN5R7dGriz4sEfCnHvqs3fVD38m+Wmksz119uCxihWhZ1YjWoOAkPolhhwNJqins4rSaZ4Joi0j4XqBSkH0bKA8pAgNIAOQWWoow11pzmuIBF/xfNkmlfmOXbUrF2NSeaJUfkmJwSm1ySGrkhddIgjDyQJ/JMXoxX4934MD5nqxljfnNAfo3x9Q21IKsv</latexit>

1

<latexit sha1_base64="9eh9vRyI9Uf87uORejQagkDe13Q=">AAACN3icdZC7SgNBFIZn4y3GW6J2NoNBsJCwG4MmXdDGMoK5QHYJZycnccjenJkVwpLnsNXH8FGs7MTWN3A2F1CJp/r5/3OGfz438rhUpvlmZFZW19Y3spu5re2d3b18Yb8lw1gwbLLQC0XHBYkeD7CpuPKwEwkE3/Ww7Y6u07z9iELyMLhT4wgdH4YBH3AGSluOzTBQKKjtDmi5ly+aJbNWNc9rdCYq5YUwqVUyp1Mk82n0Csah3Q9Z7OtHmAdSdqESQYTizLIi5SRuGI4mOTuWGAEbwRC7Wgbgo3SSafUJPYklqJDqG8o9OjXx50UCvpRj39WbPqh7+TdLzaWZ6y+3BYxQLYu6sRpUnYQHUawwYGk1xT2cVpNMcE0RaZ8LVArSDyPlAWUgQGmAnAJLUcYaa05zXMCi/4tWuWRdlCq35WL9ak40S47IMTklFrkkdXJDGqRJGHkgT+SZvBivxrvxYXzOVjPG/OaA/Brj6xu256sw</latexit>

2

<latexit sha1_base64="+ITbMJTzSaduc7bi65LnnR0ETWs="></latexit>

1: Most-likely outcome
2: Typical outcome

<latexit sha1_base64="ftAkCF6/JEbY01c8GnCFR8tIwoM="></latexit>

Teleportation
success <latexit sha1_base64="4kt1y2NagnJFf+9t2iiJbuQgoFo=">AAACN3icdZDLSsNAFIYnXmu9terOzWARXEhIatF2V3Shywr2Am0oJ9PTOjTJxJmJUEKfw60+ho/iyp249Q1MegGVelY//3/O8M/nhh5X2rLejKXlldW19cxGdnNre2c3l99rKBFJhnUmPCFbLij0eIB1zbWHrVAi+K6HTXd4lebNR5SKi+BOj0J0fBgEvM8Z6MRyOgwDjZJeC9HLdnMFy7QqZeusQqeiVJwLi9qmNZkCmU2tmzcOOj3BIj95hHmgVBtKIYQoT2071E7sCjEcZzuRwhDYEAbYTmQAPionnlQf0+NIgRY0uaHcoxMTf17E4Cs18t1k0wd9r/5mqbkwc/3FtoQh6kVRO9L9shPzIIw0BiytprmHk2qKSZ5QRNrjErWG9MNIeUAZSNAJQE6BpSijBGvKcQ6L/i8aRdM+N0u3xUL1ckY0Qw7JETkhNrkgVXJDaqROGHkgT+SZvBivxrvxYXxOV5eM2c0++TXG1zfqm6tN</latexit>

Good
<latexit sha1_base64="p53Vk1yosu7AaoEIeDI7GD3GxB8=">AAACNnicdZC7TgJBFIZn8YZ4A7WzmUhMLAzZRaLQEWwsMZFLwhJydjjghL1MZmZNyIbXsNXH8FVs7Iytj+DuAokaPNWf/z9n8s/nCJcrbZpvRmZtfWNzK7ud29nd2z/IFw7bKgglwxYL3EB2HVDoch9bmmsXu0IieI6LHWdyk+SdR5SKB/69ngrsezD2+Ygz0LFl2wx9jZI2YJgb5ItmyaxVzcsanYtKeSlMapXMdIpkMc1BwTi2hwELvfgN5oJSPagIECgvLEvofuQEwWSWs0OFAtgExtiLpQ8eqn6UNp/Rs1CBDmh8Q7lLUxN/XkTgKTX1nHjTA/2g/maJuTJzvNW2hAnqVVEv1KNqP+K+CDX6LKmmuYtpNcUkjyEiHXKJWkPyYaTcpwwk6Jgfp8ASkmFMNeG4hEX/F+1yyboqVe7KxXpjQTRLTsgpOScWuSZ1ckuapEUYEeSJPJMX49V4Nz6Mz/lqxljcHJFfY3x9A9mFqsE=</latexit>

Bad

<latexit sha1_base64="DkkH0rgle8bN9Eww80GZI3I/Uno="></latexit>

e
↵
2

P
j ajZB

j | ci

<latexit sha1_base64="wzOF3Hbm2h5CA0Nr2y5KrwdXzeU="></latexit>

e
↵
2

P
j ajXB

j | ci

<latexit sha1_base64="02UzsVWUxGxIVUOaxsvSCoyTXo0="></latexit>

e
↵
2

P
j ajY B

j | ci

<latexit sha1_base64="XwSf57HL94g3AxSWCqNWRUOaoIU="></latexit>

↵ = �ln[tan(u)]

<latexit sha1_base64="syeazOKDSttgVYs8OZlB+hX4Sys=">AAAB/3icdVC7TgJBFJ3FF+ILtbSZSEwslOwiUehQG0tM5JHAhtwdLjhh9pGZWQ0hFP6CrfZ2xtZPsfVLnOWRqNFTnZx7Tu69x4sEV9q2P6zUwuLS8kp6NbO2vrG5ld3eqaswlgxrLBShbHqgUPAAa5prgc1IIviewIY3uEzmjTuUiofBjR5G6PrQD3iPM9BGap4b77GA+042Z+ftcsk+KdMpKRbmxKZO3p4gR2aodrKf7W7IYh8DzQQo1YJiBBHKI8eJtDvywnAwzrRjhRGwAfSxZWgAPip3NDl6TA9iBTqkJkO5oBMRvydG4Cs19D3j9EHfqt+zRPxr1op1r+SOeBDFGgOWLNJc4GSRYpKbNpB2uUStITkfKQ8oAwlao+QUGDNibOrJmFLmn9P/Sb2Qd07zxetCrnIxqydN9sg+OSQOOSMVckWqpEYYEeSRPJFn68F6sV6tt6k1Zc0yu+QHrPcvBGSWSA==</latexit>

Area-law

<latexit sha1_base64="syeazOKDSttgVYs8OZlB+hX4Sys=">AAAB/3icdVC7TgJBFJ3FF+ILtbSZSEwslOwiUehQG0tM5JHAhtwdLjhh9pGZWQ0hFP6CrfZ2xtZPsfVLnOWRqNFTnZx7Tu69x4sEV9q2P6zUwuLS8kp6NbO2vrG5ld3eqaswlgxrLBShbHqgUPAAa5prgc1IIviewIY3uEzmjTuUiofBjR5G6PrQD3iPM9BGap4b77GA+042Z+ftcsk+KdMpKRbmxKZO3p4gR2aodrKf7W7IYh8DzQQo1YJiBBHKI8eJtDvywnAwzrRjhRGwAfSxZWgAPip3NDl6TA9iBTqkJkO5oBMRvydG4Cs19D3j9EHfqt+zRPxr1op1r+SOeBDFGgOWLNJc4GSRYpKbNpB2uUStITkfKQ8oAwlao+QUGDNibOrJmFLmn9P/Sb2Qd07zxetCrnIxqydN9sg+OSQOOSMVckWqpEYYEeSRPJFn68F6sV6tt6k1Zc0yu+QHrPcvBGSWSA==</latexit>

Area-law

<latexit sha1_base64="1TRxbcq93BBfw7ZGZa04Nh0Y23Q=">AAACCXicdVDLSgNBEJyNrxhfqx69DAbBgyy7MWhyC3rxGME8IFlC76QTh+yLmdlACPkCf8Gr3r2JV7/Cq1/i7CYBFe1TUd3V1V1e7HOpbPvDyK2srq1v5DcLW9s7u3vm/kFTRolg2GCRH4m2BxJ9HmJDceVjOxYIgedjyxtdp/3WGIXkUXinJjG6AQxDPuAMlKZ6ptllGCoUtC60mV7SM4u2ZVcr9nmVzkG5tAQ2dSw7qyJZVL1nfnb7EUsCvYb5IGUHyjHEKM4cJ1bu1Iui0azQTSTGwEYwxI6GIQQo3Wl2/oyeJBJURLWGcp9mJH5XTCGQchJ4ejIAdS9/91Lyr14nUYOKO+VhnCgMWWqkuI+ZkWSC61yQ9rlApSA9HykPKQMBSgfCKbA0mkQHVdChLD+n/4NmyXIurPJtqVi7WsSTJ0fkmJwSh1ySGrkhddIgjIzJI3kiz8aD8WK8Gm/z0Zyx0BySH2W8fwEglZoq</latexit>

Pristine

<latexit sha1_base64="1TRxbcq93BBfw7ZGZa04Nh0Y23Q=">AAACCXicdVDLSgNBEJyNrxhfqx69DAbBgyy7MWhyC3rxGME8IFlC76QTh+yLmdlACPkCf8Gr3r2JV7/Cq1/i7CYBFe1TUd3V1V1e7HOpbPvDyK2srq1v5DcLW9s7u3vm/kFTRolg2GCRH4m2BxJ9HmJDceVjOxYIgedjyxtdp/3WGIXkUXinJjG6AQxDPuAMlKZ6ptllGCoUtC60mV7SM4u2ZVcr9nmVzkG5tAQ2dSw7qyJZVL1nfnb7EUsCvYb5IGUHyjHEKM4cJ1bu1Iui0azQTSTGwEYwxI6GIQQo3Wl2/oyeJBJURLWGcp9mJH5XTCGQchJ4ejIAdS9/91Lyr14nUYOKO+VhnCgMWWqkuI+ZkWSC61yQ9rlApSA9HykPKQMBSgfCKbA0mkQHVdChLD+n/4NmyXIurPJtqVi7WsSTJ0fkmJwSh1ySGrkhddIgjIzJI3kiz8aD8WK8Gm/z0Zyx0BySH2W8fwEglZoq</latexit>

Pristine

<latexit sha1_base64="1TRxbcq93BBfw7ZGZa04Nh0Y23Q=">AAACCXicdVDLSgNBEJyNrxhfqx69DAbBgyy7MWhyC3rxGME8IFlC76QTh+yLmdlACPkCf8Gr3r2JV7/Cq1/i7CYBFe1TUd3V1V1e7HOpbPvDyK2srq1v5DcLW9s7u3vm/kFTRolg2GCRH4m2BxJ9HmJDceVjOxYIgedjyxtdp/3WGIXkUXinJjG6AQxDPuAMlKZ6ptllGCoUtC60mV7SM4u2ZVcr9nmVzkG5tAQ2dSw7qyJZVL1nfnb7EUsCvYb5IGUHyjHEKM4cJ1bu1Iui0azQTSTGwEYwxI6GIQQo3Wl2/oyeJBJURLWGcp9mJH5XTCGQchJ4ejIAdS9/91Lyr14nUYOKO+VhnCgMWWqkuI+ZkWSC61yQ9rlApSA9HykPKQMBSgfCKbA0mkQHVdChLD+n/4NmyXIurPJtqVi7WsSTJ0fkmJwSh1ySGrkhddIgjIzJI3kiz8aD8WK8Gm/z0Zyx0BySH2W8fwEglZoq</latexit>

Pristine

<latexit sha1_base64="1TRxbcq93BBfw7ZGZa04Nh0Y23Q=">AAACCXicdVDLSgNBEJyNrxhfqx69DAbBgyy7MWhyC3rxGME8IFlC76QTh+yLmdlACPkCf8Gr3r2JV7/Cq1/i7CYBFe1TUd3V1V1e7HOpbPvDyK2srq1v5DcLW9s7u3vm/kFTRolg2GCRH4m2BxJ9HmJDceVjOxYIgedjyxtdp/3WGIXkUXinJjG6AQxDPuAMlKZ6ptllGCoUtC60mV7SM4u2ZVcr9nmVzkG5tAQ2dSw7qyJZVL1nfnb7EUsCvYb5IGUHyjHEKM4cJ1bu1Iui0azQTSTGwEYwxI6GIQQo3Wl2/oyeJBJURLWGcp9mJH5XTCGQchJ4ejIAdS9/91Lyr14nUYOKO+VhnCgMWWqkuI+ZkWSC61yQ9rlApSA9HykPKQMBSgfCKbA0mkQHVdChLD+n/4NmyXIurPJtqVi7WsSTJ0fkmJwSh1ySGrkhddIgjIzJI3kiz8aD8WK8Gm/z0Zyx0BySH2W8fwEglZoq</latexit>

Pristine

<latexit sha1_base64="jf45+R9kwaGA6J70AfZwnNcEhkQ=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSVAFjBQtjkehDaqLKcZzWqmNHtoNUoiz8CgsDCLHyGWz8DU6bAVqOZPnonHt17z1BwqjSjvNtVVZW19Y3qpu1re2d3T17/6CrRCox6WDBhOwHSBFGOeloqhnpJ5KgOGCkF0xuCr/3QKSigt/raUL8GI04jShG2khD+yjzxkhnXiBYqKax+TL4mOf50K47DWcGuEzcktRBifbQ/vJCgdOYcI0ZUmrgOon2MyQ1xYzkNS9VJEF4gkZkYChHMVF+Njsgh6dGCWEkpHlcw5n6uyNDsSq2M5Ux0mO16BXif94g1dGVn1GepJpwPB8UpQxqAYs0YEglwZpNDUFYUrMrxGMkEdYms5oJwV08eZl0zxvuRaN516y3rss4quAYnIAz4IJL0AK3oA06AIMcPINX8GY9WS/Wu/UxL61YZc8h+APr8wfvjZdI</latexit>

ẑ

<latexit sha1_base64="9n19iY0nPoC7JDplz0t1qAnGHmw=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFWCKmCsYGEsEn1ITVQ5jtNadezIdpCiKAu/wsIAQqx8Bht/g9NmgJYjWT46517de0+QMKq043xbK6tr6xubta369s7u3r59cNhTIpWYdLFgQg4CpAijnHQ11YwMEklQHDDSD6a3pd9/JFJRwR90lhA/RmNOI4qRNtLIPs69CdK5FwgWqiw2Xw6zoihGdsNpOjPAZeJWpAEqdEb2lxcKnMaEa8yQUkPXSbSfI6kpZqSoe6kiCcJTNCZDQzmKifLz2QEFPDNKCCMhzeMaztTfHTmKVbmdqYyRnqhFrxT/84apjq79nPIk1YTj+aAoZVALWKYBQyoJ1iwzBGFJza4QT5BEWJvM6iYEd/HkZdK7aLqXzdZ9q9G+qeKogRNwCs6BC65AG9yBDugCDArwDF7Bm/VkvVjv1se8dMWqeo7AH1ifP+4Gl0c=</latexit>

ŷ

<latexit sha1_base64="EsX7PPI4OQgbwO0jWyU0cdtD2wg=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSVAFjBQtjkehDaqLKcZzWqmNHtoOooiz8CgsDCLHyGWz8DU6bAVqOZPnonHt17z1BwqjSjvNtVVZW19Y3qpu1re2d3T17/6CrRCox6WDBhOwHSBFGOeloqhnpJ5KgOGCkF0xuCr/3QKSigt/raUL8GI04jShG2khD+yjzxkhnXiBYqKax+TL4mOf50K47DWcGuEzcktRBifbQ/vJCgdOYcI0ZUmrgOon2MyQ1xYzkNS9VJEF4gkZkYChHMVF+Njsgh6dGCWEkpHlcw5n6uyNDsSq2M5Ux0mO16BXif94g1dGVn1GepJpwPB8UpQxqAYs0YEglwZpNDUFYUrMrxGMkEdYms5oJwV08eZl0zxvuRaN516y3rss4quAYnIAz4IJL0AK3oA06AIMcPINX8GY9WS/Wu/UxL61YZc8h+APr8wfsf5dG</latexit>

x̂

<latexit sha1_base64="r5ICQmV9GAHmWSiEujFp9HJlycs="></latexit>

Power-law hXXic exponent unmodified
hY Y i, hZZi exponents continuously variable

<latexit sha1_base64="7IZOegkWv76PX+GHNp7O1TlEPM8="></latexit>

Long-range w/ modified
e↵. central charge

<latexit sha1_base64="7IZOegkWv76PX+GHNp7O1TlEPM8="></latexit>

Long-range w/ modified
e↵. central charge

<latexit sha1_base64="wAL6uzIBkIMJJJwAGldePvVF91o="></latexit>

Uniform order parameter condensation,
power-law correlations w/ new exponents

<latexit sha1_base64="V2E604+Y+vAy1CfOJCry6YWKs8I="></latexit>

Non-uniform order parameter condensation,
average power-law correlations w/ new exponents

<latexit sha1_base64="JSYTpLAgKYOwfx65wTwNl/+jw3E="></latexit>

Power-law hXXic,hY Y ic and hZZi
exponents continuously variable

Figure 5.1: Executive summary. The first two columns respectively indicate
Alice’s measurement basis and the imperfect entangling gate used in the protocol,
leading to the teleported wavefunction in the third column. Here 𝑢 denotes the
entangling gate strength, with 𝑢 = 𝜋/4 corresponding to the ideal protocol limit; 𝑎 𝑗
denotes Alice’s measurement outcome for qubit 𝑗 ; and |𝜓𝑐⟩ is Alice’s original critical
wavefunction. The remaining columns summarize the entanglement and correlations
in the imperfectly teleported state received by Bob. Colors (from good/green to
bad/red) represent imperfections that we classify in the main text as irrelevant,
disguised marginal, marginal, and relevant. Tools used to obtain these results include
exact algebraic calculations of the resulting teleported states, analysis of an Ising CFT
perturbed by an imperfection-induced ‘impurity’, parent Hamiltonians for imperfectly
teleported states, analytical calculations of correlations and entanglement based on
Gaussian states, and tensor network techniques.

downgraded to area-law behavior [57, 55], independent of Alice’s measurement
outcome. Moreover, power-law correlations nevertheless persist—with apparently
rigid decay exponents distinct from those in the pristine Ising theory. We explain the
coexistence of these properties through both the boundary CFT that incorporates the
relevant perturbation [57, 16, 58], and by deriving a long-range-interacting parent
Hamiltonian for the imperfectly teleported wavefunction. We further quantify how
imperfection immediately and sharply modifies the distribution of order-parameter
eigenvalues—i.e., full counting statistics—in that state. (See also Ref. [81] for a
discussion of full counting statistics in a complementary setting with measurements.)

Marginal imperfection. In the weak-imperfection regime, teleportation protocols
yielding non-unitary operators that preserve T × Z2 symmetry disrupt correlations
and entanglement to a milder extent. For Alice’s most likely measurement outcomes—
which preserve translation symmetry, in some cases with an enlarged unit cell—the
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associated imaginary-time quantum impurity is generically marginal. Depending
on the measurement basis used in the teleportation protocol, the marginal impurity
can either arise at first order in the imperfection (in a sense made precise later
on), or emerge as a higher-order effect under renormalization; we refer to the
latter scenario as ‘disguised marginal imperfection’. In either case, Bob inherits
an imperfectly teleported wavefunction featuring both power-law correlations and
long-range entanglement, though the power-law exponents [58, 57, 3, 16] and
effective central charge [55, 57, 60] characterizing the long-range entanglement
vary continuously as one moves away from the ideal protocol limit. The difference
from relevant imperfection can be partly understood through the gentler impact of
imperfection on full counting statistics. In the extreme limit of ‘strong’ imperfection—
where the protocol transmits an asymptotically small amount of information from
Alice’s critical state—we recover the imperfectly teleported state’s correlations and
entanglement from a parent Hamiltonian (despite subtleties with convergence in the
marginal case).

Irrelevant imperfection. Weak protocol imperfections yielding non-unitary operators
that preserve T × Z2 symmetry generate irrelevant imaginary quantum impurities
in two scenarios: (𝑖) for Alice’s ‘typical’ measurement outcomes (which we will
define precisely) [16] and (𝑖𝑖) for translation-invariant measurement outcomes
provided one fine-tunes the measurement basis in a way that cancels off the marginal
contribution highlighted above. Irrelevant imperfections are optimal in the sense
that Bob’s wavefunction inherits Alice’s universal correlations and entanglement,
albeit at sufficiently long length scales; such imperfections still inevitably corrupt
short-distance properties. In scenario (𝑖𝑖) above, we show that a fine-tuned, finite
level of imperfection actually revives pristine universal properties in the imperfectly
teleported state. We further conjecture that Bob can, remarkably, continue to inherit
these universal features even arbitrarily deep in the regime of strong imperfection,
where the imperfection-induced non-unitary operators corrupting Alice’s original
quantum critical state are far from the identity.

The hierarchy of imperfections that we identify—relevant, marginal, disguised
marginal, and irrelevant—are associated with progressively greater resilience of
the teleported quantum critical state to protocol errors. These results provide
concrete guidelines for choosing teleportation protocols that most faithfully transfer
universal quantum critical properties between parties. We stress that the imperfectly
teleported wavefunction received by Bob can overlap negligibly with the original



87

quantum critical wavefunction—while still (in the irrelevant case) displaying the
same universal features. In essence, the metrics we study quantify the quality of
teleporting within a family of quantum critical wavefunctions in the same universality
class, rather than a specific many-body state. Wavefunction overlaps, by contrast, in
no way isolate long-distance characteristics, and at least in this context do not appear
to be the ‘right’ metric for assessing quality of the teleportation protocol. Finally,
we address the fate of the teleported (mixed) state when a specific protocol is run
many times, as would naturally occur when Bob wants to perform tomography of
the teleported state with Alice obtaining different measurement outcomes sampled
according to the Born rule. We find that power-law exponents encoded in the mixed
state are faithfully teleported by virtue of the outcome-dependent unitary Bob applies
in each teleportation run, which one can view as a ‘decoding step’ (as in, e.g.,
Ref. [82]) baked into the protocol. Imperfections can, nevertheless, nontrivially alter
the entanglement structure of the mixed state as measured by the negativity. More
broadly, our work highlights many open questions, ranging from studying imperfect
teleportation of other classes of entangled many-body wavefunctions to identifying
concrete applications of this family of problems.

We organize the remainder of this Part as follows. As a warm-up, Sec. 5.2 briefly
reviews imperfect teleportation at the single-qubit level. Section 5.3 then discusses
the imperfect many-body teleportation problem from a mostly general viewpoint that
sets the stage for our subsequent analysis of imperfectly teleported quantum critical
wavefunctions. Section 6.1 reviews the correlations, entanglement structure, and
full counting statistics for the ground state of a critical quantum Ising chain; these
properties provide the baseline that we compare against when exploring the fate of
Ising criticality under imperfect teleportation in Sec. 6.2. Section 6.3 generalizes our
imperfect teleportation protocols by allowing an additional error source with similar
consequences. Section 6.4 diagnoses errors in mixed states describing an ensemble
of imperfectly teleported critical wavefunctions. Conclusions and an outlook appear
in Sec. 6.5.

5.2 Single-qubit teleportation primer
Canonical protocol
Imperfect teleportation of a single qubit [35] already contains ingredients essential
for the many-body case of our interest, and hence we begin with this simpler
problem. Following the standard protocol, consider a three-qubit Hilbert space
H𝐴1 ⊗ H𝐴2 ⊗ H𝐵; two qubits belong to Alice (𝐴1,2) and the third belongs to Bob
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(𝐵). In what follows 𝑋𝑞, 𝑌𝑞, 𝑍𝑞 denote Pauli operators acting on qubit 𝑞.

Suppose that Alice wishes to transfer the state of qubit 𝐴1 to Bob—without revealing
her precise wavefunction. In the computational (𝑍) basis, the state to be teleported
reads

��𝜓𝐴1

〉
= 𝑐1

��↑𝐴1

〉
+ 𝑐2

��↓𝐴1

〉
with 𝑐1, 𝑐2 ∈ C. Starting from a product state��↑𝐴2↑𝐵

〉
for the remaining two qubits, applying a Hadamard gate on qubit 𝐴2

followed by a CNOT entangling gate [17] yields the maximally entangled state
|𝜙+⟩ = (

��↓𝐴2↓𝐵
〉
+

��↑𝐴2↑𝐵
〉
)/
√

2 that provides a resource for teleportation. Next,
Alice performs a Bell measurement on her two qubits. Adopting similar logic
used to generate maximal entanglement, Alice can accomplish this measurement
by performing a CNOT gate, then a Hadamard gate on 𝐴2, and finally measuring
her individual qubits in the computational basis with outcomes 𝑧𝐴1 and 𝑧𝐴2 . (All
measurement outcomes appear with the same probability of 1/4.) Bob’s resulting
unnormalized single-qubit state reads���𝜓𝑧𝐴1 𝑧𝐴2

〉
=

〈
𝑧𝐴1𝑧𝐴2

��𝑈𝐴1𝐴2𝐵

��𝜓𝐴1 ↑𝐴2

〉
|↑𝐵⟩ . (5.1)

Here𝑈𝐴1𝐴2𝐵 ≡ 𝐻𝐴2CNOT𝐴2𝐴1CNOT𝐴2𝐵𝐻𝐴2 incorporates the Hadamard and CNOT
gates used for entanglement generation and Bell measurement 1. Using the
fact that 𝐻𝐴2 squares to the identity, one can equivalently express 𝑈𝐴1𝐴2𝐵 =�CNOT𝐴2𝐴1

�CNOT𝐴2𝐵 as a product of two-qubit entangling unitaries

�CNOT𝑖 𝑗 = 𝑒𝑖
𝜋
4 (1−𝑋𝑖) (1−𝑋 𝑗 ) . (5.2)

After some algebra one finds that Bob’s wavefunction becomes
��𝜓𝐴1

〉
, up to a

unitary𝑊𝑧𝐴1 𝑧𝐴2
dependent on Alice’s measurement outcomes 𝑧𝐴1,2 , i.e.,

���𝜓𝑧𝐴1 𝑧𝐴2

〉
=

𝑊𝑧𝐴1 𝑧𝐴2

��𝜓𝐴1

〉
. After Alice classically communicates these outcomes to Bob, he can

‘undo’ that unitary—completing the teleportation perfectly.

Notice that perfect teleportation can also arise upon replacing �CNOT𝑖 𝑗 by 𝑈
𝜋
4
𝑖 𝑗

=

𝑒𝑖
𝜋
4 𝑋𝑖𝑋 𝑗 , which mods out the single-qubit gates in Eq. (5.2) yet similarly generates

maximal entanglement when acting on
��↑𝐴2↑𝐵

〉
. As before Alice’s measurement out-

comes remain equally likely, and one finds that, after she performs her measurement,
Bob’s state reduces to

��𝜓𝐴1

〉
up to a (different) measurement-outcome-dependent

unitary 𝑉𝑧𝐴1 𝑧𝐴2
that he can undo. Below we consider the latter unitary entangling

gate since it simplifies the analysis of imperfect protocols.
1In the standard teleportation protocol 𝑈𝐴1𝐴2𝐵 ≡ 𝐻𝐴1CNOT𝐴1𝐴2CNOT𝐴2𝐵𝐻𝐴2 . Nonetheless,

our different choice of the controlled qubit (i.e., 𝐴1 instead of 𝐴2) only results in different measurement-
dependent unitaries.
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As alluded to in the introduction, failure to perform the preceding operations exactly
yields imperfect fidelity of the teleported state. Such imperfections can arise
from different error sources. We primarily focus on imperfection in the two-qubit
entangling gate𝑈𝜋/4

𝑖 𝑗
; that is, suppose that the protocol unintentionally implemented

𝑈𝑖 𝑗 = 𝑒
𝑖𝑢𝑖 𝑗𝑋𝑖𝑋 𝑗 , with 𝑢𝑖 𝑗 ∈ [0, 𝜋/2]. For 𝑢𝑖 𝑗 ≠ 𝜋/4 this unitary does not maximally

entangle computational-basis eigenstates, and moreover leads to unequal probabilities
for Alice’s measurement outcomes. Hence, by repeatedly measuring, Alice can
acquire some information about the unknown state

��𝜓𝐴1

〉
. Following the measurement

phase of the protocol, Bob’s unnormalized state correspondingly becomes���𝜓𝑧𝐴1 𝑧𝐴2

〉
=

〈
𝑧𝐴1𝑧𝐴2

��𝑈𝐴1𝐴2𝑈𝐴2𝐵

��𝜓𝐴1 ↑𝐴2

〉
|↑𝐵⟩

= 𝑉𝑧𝐴1 𝑧𝐴2
𝑃𝑧𝐴1 𝑧𝐴2

��𝜓𝐴1

〉
. (5.3)

On the second line,𝑉𝑧𝐴1 𝑧𝐴2
is the same outcome-dependent unitary from the preceding

paragraph, while crucially

𝑃𝑧𝐴1 𝑧𝐴2
= 𝑒

1
2 𝑧𝑎1 (𝛼𝐴1𝐴2+𝑧𝐴2𝛼𝐴2𝐵) 𝑍̂𝐵 (5.4)

is a non-unitary operator dependent on the amount of imperfection through the
parameters

𝛼𝑖 𝑗 = − ln[tan(𝑢𝑖 𝑗 )] . (5.5)

For a perfect protocol with 𝑢𝑖 𝑗 = 𝜋/4, 𝛼𝑖 𝑗 vanishes, and hence 𝑃𝑧𝐴1 𝑧𝐴2
reduces

to the identity. For 𝑢𝑖 𝑗 ≠ 𝜋/4 the imperfect protocol generically teleports to Bob
a non-unitarily modified cousin of Alice’s 𝐴1 qubit state 2. In the extreme limit
where 𝑢𝑖 𝑗 approaches 0, 𝛼𝑖 𝑗 diverges; here the non-unitary operator completely
obliterates the content of Alice’s original state, and Eq. (5.3) simply reduces to Bob’s
initial wavefunction. Incidentally, this limit shows why entangling-gate imperfections
non-unitarily (as opposed to unitarily) corrupt the teleported state: When the protocol
altogether fails to entangle Alice’s and Bob’s qubits, Bob’s wavefunction before and
after Alice measures her qubits must be unchanged for any choice of

��𝜓𝐴1

〉
, which

can only occur by modifying the latter with a non-unitary operator.

Imperfections in the initialization and measurement stages provide additional error
sources that also non-unitarily corrupt the teleported state. Suppose, for instance,

2A loophole occurs when 𝑢𝐴1𝐴2 = 𝑢𝐴2𝐵. In this fine-tuned limit, even with a highly imperfect
protocol for which the identical 𝑢’s are far from 𝜋/4, perfect teleportation still arises in the measurement
outcome sector with 𝑧𝐴2 = −1. The probability for accessing this measurement outcome vanishes
in the extreme limit where the protocol fails to entangle Alice’s and Bob’s qubits. We neglect this
non-generic limit in what follows.
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that Alice inadvertently measures along a quantization axis tilted away from the
𝑍 direction and with a finite projection along 𝑋—thus no longer achieving a
perfect Bell measurement. The first line of Eq. (5.3) would then be modified via〈
𝑧𝐴1𝑧𝐴2

��→ 〈
𝑧𝐴1𝑧𝐴2

�� 𝑆𝐴1𝑆𝐴2 , where 𝑆𝐴 𝑗 is a spin-rotation operator acting on qubit
𝐴 𝑗 that encodes the measurement misalignment. In the extreme case where the
quantization axis rotates all the way to the 𝑋 direction,𝑈𝐴1𝐴2 entirely fails to entangle
Alice’s 𝐴1,2 qubits, and once again no information about

��𝜓𝐴1

〉
can be transmitted to

Bob. Following the above logic, 𝑃𝑧𝐴1 𝑧𝐴2
must again be a non-unitary operator that

erases the content of Alice’s 𝐴1 qubit state. Similar reasoning holds for misalignment
in the initialization of the 𝐴1 and 𝐵 qubits.

Next we will explore a simplified version of the teleportation protocol reviewed here.
This simplification will turn out to greatly streamline explicit, closed-form derivation
of imperfectly teleported quantum states both at the single- and many-qubit levels.

Simplified protocol
Let us retain the key ingredients underlying quantum teleportation—entanglement,
measurement, and classical communication—while distilling the setup by reducing
the number of degrees of freedom. Specifically, we replace the three-qubit Hilbert
space (H𝐴1 ⊗ H𝐴2 ⊗ H𝐵) with that of just two qubits (H𝐴 ⊗ H𝐵). Bob once again
initializes his qubit into the state |↑𝐵⟩. Alice’s now sole qubit, 𝐴, realizes some
general state |𝜓𝐴⟩ = 𝑐1 |↑𝐴⟩ + 𝑐2 |↓𝐴⟩ that she would like to transfer to Bob in a
similar vein as in the previous subsection. (Alice need not know her precise qubit
state, e.g., she may have received it through a separate teleportation protocol.) An
ideal protocol proceeds by entangling 𝐴 and 𝐵 via the unitary gate𝑈𝜋/4

𝐴𝐵
= 𝑒𝑖

𝜋
4 𝑋𝐴𝑋𝐵

and then projectively measuring 𝐴 in the computational basis. Importantly, as for
the standard protocol, in this perfect implementation all measurement outcomes are
equally likely. Upon Alice communicating her measurement outcome to Bob, he can
perform an outcome-dependent unitary to perfectly recover Alice’s qubit state.

Imagine, however, that the actual entangling gate employed had the form 𝑈𝐴𝐵 =

𝑒𝑖𝑢𝑋𝐴𝑋𝐵 for some 𝑢 ∈ [0, 𝜋/2]. With 𝑢 = 𝜋/4 we recover the ideal case, but otherwise
the protocol is imperfect. This unitary sends the initial state |𝜓𝐴⟩ |↑𝐵⟩ to

|𝜓𝑈⟩ = |↑𝐴⟩ [cos(𝑢)𝑐1 |↑𝐵⟩ + 𝑖 sin(𝑢)𝑐2 |↓𝐵⟩]
+ |↓𝐴⟩ [cos(𝑢)𝑐2 |↑𝐵⟩ + 𝑖 sin(𝑢)𝑐1 |↓𝐵⟩] . (5.6)

Also as for the standard protocol, Alice’s measurement outcomes become biased
by imperfection. After Alice measures her qubit with outcome 𝑧𝐴 = ±1, Bob’s
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unnormalized wavefunction becomes��𝜓𝑧𝐴=+1
〉
= cos(𝑢)𝑐1 |↑𝐵⟩ + 𝑖 sin(𝑢)𝑐2 |↓𝐵⟩��𝜓𝑧𝐴=−1

〉
= cos(𝑢)𝑐2 |↑𝐵⟩ + 𝑖 sin(𝑢)𝑐1 |↓𝐵⟩ .

(5.7)

One can equivalently recast Eqs. (5.7), modulo an overall normalization, in the
compact form ��𝜓𝑧𝐴〉 = 𝑉𝑧𝐴𝑃𝑧𝐴 |𝜓𝐴⟩ . (5.8)

Here
𝑉𝑧𝐴 = 𝑒

𝑖 𝜋4 (1−𝑧𝐴)𝑋𝐵𝑒−𝑖
𝜋
4 𝑧𝐴𝑍𝐵 (5.9)

is an outcome-dependent unitary operator present even in the optimal protocol, while
imperfection is encoded through the non-unitary operator

𝑃𝑧𝐴 = 𝑒
𝛼
2 𝑧𝐴𝑍𝐵 (5.10)

dependent on 𝑢 through the parameter

𝛼 = − ln[tan(𝑢)] . (5.11)

Once Bob learns Alice’s measurement outcome and undoes the𝑊𝑧𝐴 unitary, the final
teleported wavefunction reads ��𝜓tele

𝑧𝐴

〉
= 𝑃𝑧𝐴 |𝜓𝐴⟩ . (5.12)

The above analysis closely parallels the results from Eqs. (5.3) through (5.5) for the
canonical three-qubit teleportation protocol. Similar to the latter case, imperfection in
our simplified protocol, encoded through the single parameter 𝑢 ≠ 𝜋/4, nonunitarily
corrupts the teleported state, completely erasing the content of Alice’s qubit in the
extreme case where 𝑢 → 0 and 𝛼→∞. This similarity is not accidental: In fact the
upper line from Eq. (5.3) maps to Eq. (5.8) (modulo a unitary that does not depend
on the state being teleported) in the limit where 𝑢𝐴2𝐵 = 𝜋/4 and 𝑢𝐴1𝐴2 = 𝑢. Thus
our simplified teleportation protocol captures the situation in which imperfection
appears in only one of the two entangling gates employed in the canonical protocol.

5.3 Many-body teleportation
Next we turn to the richer problem of imperfectly teleporting a many-body wavefunc-
tion from Alice to Bob. Although we are primarily interested in teleporting quantum
critical states, in much of this section we keep our discussion general. Many-body
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Figure 5.2: Many-body quantum teleportation. (a) Perfect quantum teleportation
of an 𝐿-qubit wavefunction |𝜓𝐴⟩. After coupling Alice’s qubits 𝐴1, 𝐴2 to Bob’s
𝐵 (via two consecutive entangling unitaries �CNOT), performing properly aligned
single-qubit measurements, and implementing an outcome-dependent unitary, |𝜓𝐴⟩
(light green prism) is perfectly teleported to Bob. (b) The same perfect setup can
be simplified—see Sec. 5.2—by reducing Alice’s number of degrees of freedom
from 2𝐿 to 𝐿. (c) Errors in the ‘strength’ of the entangling unitary (deviations
from 𝑢 = 𝜋/4), or improper alignment of the measurement basis (m not parallel to
n⊥), leads to imperfect teleportation where Bob receives a non-unitarily corrupted
wavefunction 𝑒− 𝛼2 𝐻𝑎̃ |𝜓𝐴⟩ (deformed dark green solid) with 𝛼 = − ln[tan(𝑢)] and
𝐻𝑎̃ a Hermitian operator.

teleportation of an 𝐿-qubit state can proceed by running the protocol reviewed in
Sec. 5.2 separately on each constituent qubit—respectively requiring a total of 3𝐿
and 2𝐿 qubits in the canonical and simplified teleportation protocols. Figures 5.2(a)
and (b) sketch the corresponding protocols in the ideal case of perfect teleportation.

In the following we focus on the simplified protocol with imperfectly applied
entangling gates and establish the formalism that we will use to assess the nature of
the resulting teleported state. Once again, this scenario accounts for imperfection
in one of the two entangling gates used in the canonical protocol (see Sec. 5.2).
For a many-body state that breaks spin-rotation symmetry (always the case for the
present paper), the impact of such protocol imperfections depends on the specific
entangling gate used as we will emphatically see later in the context of teleporting
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Ising criticality. We therefore generalize the teleportation protocol from Sec. 5.2 in a
way that incorporates freedom in the intialization of Bob’s qubits and the gate that
entangles with Alice’s qubits.

Suppose that Bob’s initial wavefunction is a product state |𝜓𝐵⟩ = |𝑏̃,n⟩. On the
right side we introduced short-hand notation 𝑏̃ = {𝑏 𝑗 }, where 𝑏𝑘 = ±1 is the spin
eigenvalue for qubit 𝑘 along the quantization axis set by the unit vector n; i.e., 𝑏𝑘 is
the eigenvalue for the Pauli operator 𝑂̂𝐵

𝑘
(n) = n ·σ𝐵

𝑘
. Alice’s initial wavefunction—

which we leave unspecified for now—can be expanded in the analogous basis as
|𝜓𝐴⟩ =

∑
𝑎̃ 𝑐𝑎̃

��𝑎̃,n〉
; as above 𝑎̃ = {𝑎 𝑗 }, and the 𝑐𝑎̃ coefficients encode Alice’s

entanglement and correlations. En route to teleportation, Alice and Bob employ the
unitary

𝑈 =
∏
𝑗

𝑒
𝑖𝑢𝑂̂𝐴

𝑗
(n⊥)𝑂̂𝐵

𝑗
(n⊥) (5.13)

that pairwise entangles their respective qubits, transforming their combined state
to |𝜓𝑈⟩ = 𝑈 |𝜓𝐴⟩ |𝜓𝐵⟩. Here n · n⊥ = 0 such that 𝑂̂𝑘 (n⊥) = n⊥ · σ𝑘 acting on
|𝑠,n⟩ sends 𝑠𝑘 → −𝑠𝑘 3; the 𝐴, 𝐵 superscript designates whether the operator acts
on Alice or Bob; and 𝑢 specifies the strength of the entangling gate. Next, Alice
projectively measures all of her spins along the same quantization axis n used for
Bob’s initial state—obtaining particular measurement outcomes 𝑎̃ with probability
𝑝𝑎̃. All measurement outcomes are equally likely in the ideal 𝑢 = 𝜋/4 protocol
limit—similar to single-qubit teleportation—but imperfection biases the distribution
as we discuss further in Sec. 6.2. The wavefunction correspondingly evolves via
|𝜓𝑈⟩ → |𝑎̃,n⟩ |𝜓𝑎̃⟩, where

|𝜓𝑎̃⟩ =
1
√
𝑝𝑎̃
⟨𝑎̃,n|𝑈 |𝜓𝐴⟩ |𝑏̃,n⟩ (5.14)

is Bob’s normalized wavefunction after the measurement stage of the protocol.

One can alternatively view Eq. (5.14) as the wavefunction resulting from weakly
measuring Bob’s initial qubit state. From this perspective, Alice’s qubits constitute
ancillary degrees of freedom that are entangled with Bob via the unitary𝑈 and then
projectively measured—thereby mediating the weak measurement. Reference [3]
indeed encountered expressions similar to Eq. (5.14) in the context of measurement-
altered Ising criticality. There, both Alice’s and Bob’s initial wavefunctions exhibited
nontrivial quantum correlations; analytical progress in treating the analogue of

3Notice that this choice is unique. Given n = (sin(𝜃) cos(𝜙), sin(𝜃) sin(𝜙), cos(𝜃)), then the
unique n⊥ satisfying these constraints is given by n⊥ = (− cos(𝜃) cos(𝜙),− cos(𝜃) sin(𝜙), sin(𝜃)).
Nonetheless, a similar result holds also when considering𝑈𝐴𝐵 =

∏
𝑗 𝑒
𝑖𝑢𝑂̂𝐴

𝑗
(n×n⊥ )𝑂̂𝐵

𝑗
(n×n⊥ )
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Eq. (5.14) could then be carried out only perturbatively for entangling gates close to
the identity. Here, by contrast, any entanglement in |𝜓𝑎̃⟩ descends exclusively from
Alice’s initial state |𝜓𝐴⟩—enabling further non-perturbative evaluation. As detailed
in Section 6.6, using properties of Pauli operators for the unitary in Eq. (5.13), and
the fact that Alice’s and Bob’s Hilbert spaces are isomorphic, Bob’s wavefunction
can be exactly recast as

|𝜓𝑎̃⟩ =
1
√
N
𝑒𝑖

𝜋
4 𝐻𝑏̃←𝑎̃ (n

⊥)𝑒𝑖
𝜋
4 𝐻𝑎̃ (n)𝑒−

𝛼
2 𝐻𝑎̃ (n) |𝜓𝐴⟩ . (5.15)

Above 𝛼 parametrizes the degree of protocol imperfection and once again depends
on 𝑢 through Eq. (5.11); we will often interchangeably refer to the entangling gate
strength by quoting 𝛼 and/or 𝑢 depending on context. The exponentials acting on
|𝜓𝐴⟩ involve Hermitian operators

𝐻𝑏̃←𝑎̃ (n⊥) =
∑︁
𝑗

(1 − 𝑎 𝑗𝑏 𝑗 )𝑂̂𝐵
𝑗 (n⊥) (5.16)

𝐻𝑎̃ (n) = −
∑︁
𝑗

𝑎 𝑗𝑂̂
𝐵
𝑗 (n). (5.17)

Notice that {𝑂̂ 𝑗 (n⊥), 𝑂̂ 𝑗 (n)} = 0. The normalization factor N relates to the
probability 𝑝𝑎̃ according to

N = [sin(𝑢) cos(𝑢)]−𝐿 𝑝𝑎̃ . (5.18)

For 𝑢 = 𝜋/4 (perfect teleportation protocol), equal probability of all measurement
outcomes implies 𝑝𝑎̃ = 2−𝐿 and hence N = 1, consistent with the fact that the
non-unitary operator becomes trivial in that limit.

Equation (5.15) closely resembles Eq. (5.8) and similarly involves unitary and
non-unitary operators acting on Alice’s wavefunction |𝜓𝐴⟩. As in the one-qubit
limit, knowledge of Alice’s measurement outcome allows Bob to undo the unitaries—
yielding the final teleported state��𝜓tele

𝑎̃

〉
=

1
√
N
𝑒−

𝛼
2 𝐻𝑎̃ (n) |𝜓𝐴⟩ . (5.19)

[Later we will examine both Eqs. (5.15) and (5.19) to analyze the impact of
teleportation imperfections, since each form offers advantages in different regimes.]
Also as in the one-qubit example, the measurement-outcome-dependent non-unitary
factor 𝑒− 𝛼2 𝐻𝑎̃ (n) becomes the identity at 𝑢 = 𝜋/4 (aka 𝛼 = 0) but otherwise becomes
nontrivial, spoiling perfect teleportation. See Fig. 5.2(c) for a sketch of the imperfect
teleportation protocol discussed here.
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As highlighted already in the introduction, subtle questions arise when specifically
addressing imperfect teleportation of a quantum critical wavefunction. To what
extent is Bob’s final wavefunction

��𝜓tele
𝑎̃

〉
the ground state of a critical chain? Under

what conditions can one regard the imperfect teleportation as weak? That is, does
small non-zero 𝛼 perturbatively modify the structure of

��𝜓tele
𝑎̃

〉
compared to the ideal

𝛼 = 0 case, or is the effect inherently non-perturbative? What is the relation between
changes in entanglement and changes in critical correlations resulting from imperfect
teleportation? In the thermodynamic limit where system size 𝐿 →∞, does

��𝜓tele
𝑎̃

〉
necessarily tend to a simple product state as 𝛼 increases?

Imperfection-induced modification of full counting statistics
At 𝛼 ≠ 0, the imperfection-induced non-unitary operator in Eq. (5.19) redistributes
the weight on the elements of Alice’s original wavefunction |𝜓𝐴⟩. This redistribution
becomes particularly transparent upon expanding |𝜓𝐴⟩ in terms of 𝐻𝑎̃ (n) eigenstates,
since the non-unitary operator acts very simply in that basis. Below we explore general
properties of Alice’s imperfectly teleported wavefunction from this vantage point—
leading to additional metrics, complementary to correlations and entanglement, for
diagnosing the quality of the teleported state. Our discussion here will additionally
allow us to anticipate various scenarios for the impact of both weak and strong
protocol imperfections.

Since 𝐻𝑎̃ (n) in Eq. (5.17) is just a sum of 𝐿 commuting Pauli operators, 𝐻𝑎̃ (n)/2
admits eigenvalues 𝑚 = −𝐿/2,−𝐿/2 + 1, . . . , 𝐿/2 − 1, 𝐿/2 with degeneracy 𝐷𝑚 =( 𝐿
𝑚+𝐿/2

) 4. The corresponding eigenvalue distribution in a many-body wavefunction
is known as full counting statistics and, at least for quantum critical states, exhibits
universal features [83, 84] (for a review see Sec. 6.1). Alice’s initial state can always
be decomposed into different 𝑚 sectors via |𝜓𝐴⟩ =

∑
𝑚 𝑐𝑚 |𝜓𝑚⟩. Here 𝑐𝑚 denotes the

amplitude for the normalized component |𝜓𝑚⟩ that has 𝐻𝑎̃ (n)/2 eigenvalue 𝑚, and
determines the full counting statistics through |𝑐𝑚 |2. In terms of the intensive variable
𝑓 = 𝑚/𝐿+1/2—which ranges from 0 to 1—the function 𝑃( 𝑓 , 𝐿) = 𝐿 |𝑐𝑚=( 𝑓−1/2)𝐿 |2
5 gives the probability density for finding Alice’s initial state with quantum number 𝑓
in system size 𝐿. We stress that a quantum-critical initial state |𝜓𝐴⟩ will generically
superpose all possible 𝑚 sectors compatible with symmetries. Furthermore, given

4Notice that 𝐻𝑎̃ (n) is unitarily equivalent to the uniform Hamiltonian 𝐻uni (n) = −
∑
𝑗 𝑂̂

𝐵
𝑗
(n).

Hence an eigenspace labeled by eigenvalue 𝑚 shares the same degeneracy.
5The relation between 𝑃( 𝑓 , 𝐿) and 𝑐𝑚 follows upon assuming that 𝑚 and 𝑓 can be treated as

continuous variables. This assumption is expected to hold generally for sufficiently large system sizes,
except for deep in the tails of the distribution near 𝑓 = 0, 1, e.g., for 𝑓 of order 1/𝐿.
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that 𝐷𝑚 grows combinatorially as |𝑚 | decreases from 𝐿/2 towards zero, 𝑃( 𝑓 , 𝐿) is
expected to invariably peak at some intermediate O(1) value(s) of 𝑓 and eventually
decay to zero at both 𝑓 = 0 and 1 in the thermodynamic limit.

Applying the non-unitary operator 𝑒− 𝛼2 𝐻𝑎̃ (n) to |𝜓𝐴⟩ restructures the wavefunction
by sending 𝑐𝑚 → 𝑒−𝛼𝑚𝑐𝑚 and hence yields a modified probability density

𝑃modified(𝛼, 𝑓 , 𝐿) ∝ 𝑒−2𝛼𝐿 𝑓 𝑃( 𝑓 , 𝐿). (5.20)

In particular, the new exponential heavily favors 𝑓 ’s in the interval 0 to ∼ (𝛼𝐿)−1

(which for any fixed nonzero 𝛼 becomes vanishingly small as 𝐿 → ∞) and expo-
nentially suppresses weight for larger 𝑓 ’s. That exponential suppression, however,
competes with the growth in 𝑃( 𝑓 , 𝐿) as 𝑓 increases from 0. Upon turning on 𝛼
to nominally small values, one can then ask whether the most probable 𝑓 values
predicted by 𝑃modified (w1) evolve smoothly with 𝛼 or (w2) non-perturbatively shift,
for any nonzero 𝛼, toward the interval near zero favored by the exponential in
Eq. (5.20). We will encounter examples of both types later in this paper.

In either case (w1) or (w2), increasing 𝛼 to large values shifts the probability
weight captured by 𝑃modified deep into the left tail of the distribution near 𝑓 = 0.
Taking 𝛼→∞ at fixed 𝐿 generically yields a product state. In particular, here we
obtain 𝑒− 𝛼2 𝐻𝑎̃ (n) |𝜓𝐴⟩ →

��𝜓𝑚=−𝐿/2〉 = |𝑎̃,n⟩, corresponding to Alice’s measured
state. Upon accounting also for the unitaries in Eq. (5.15), Bob’s wavefunction
|𝜓𝑎̃⟩ reduces to his initialized product-state wavefunction |𝑏̃,n⟩. Since 𝛼 → ∞
implies 𝑢 → 0, corresponding to the limit where Alice and Bob’s entangling
unitary approaches the identity, this result appears trivial—yet need not apply in
the order of limits of interest here wherein 𝐿 →∞ first, followed by 𝛼→∞. The
naively expected product state with 𝑚 = −𝐿/2 is non-degenerate, whereas the next
𝑚 = −𝐿/2+1 sector exhibits degeneracy 𝐿 that diverges in the thermodynamic limit;
hence we expect that corrections to the naively expected product state persist in the
above order of limits. Similar in spirit to (w1) and (w2) above, two possible cases also
appear in the regime of strongly imperfect teleportation: With 𝐿 →∞, the teleported
wavefunction at large 𝛼, aka small 𝑢, (s1) may be perturbatively accessible starting
from the naively expected product state, and thus exhibit properties such as full
counting statistics that evolve smoothly with 𝑢, or (s2) may undergo non-perturbative
changes for any non-zero 𝑢.

The remainder of this section further explores the small-𝛼 and large-𝛼 regimes.
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Small-𝛼 regime
To make analytical progress at small𝛼, corresponding to 𝑢 near 𝜋/4, we now specialize
to the case where |𝜓𝐴⟩ is the ground state of a quantum critical chain governed by a
CFT. We can then formulate a continuum field-theoretic description of correlations in
the teleported state received by Bob that highlights universal consequences of protocol
imperfections—similar to techniques employed for measurement-altered quantum
criticality [16]. We will attack the final teleported state

��𝜓tele
𝑎̃

〉
from Eq. (5.19); this

form proves most illuminating in the weak-imperfection regime where comparison
with Alice’s initial state is natural.

Long-distance correlations in Alice’s original quantum critical state can be extracted
from a Euclidean path integral with accompanying CFT action SCFT. For an infinite
chain, SCFT describes fields living at spatial coordinate 𝑥 and imaginary time 𝜏
each spanning the range (−∞,∞). One can view imaginary-time evolution from
𝜏 = −∞ to 0 as preparing Alice’s initial ket |𝜓𝐴⟩, while imaginary time evolution
from 𝜏 = 0 to +∞ prepares the dual bra ⟨𝜓𝐴 |. The measurement-induced non-unitary
factor 𝑒− 𝛼2 𝐻𝑎̃ (n) in Eq. (5.15) disrupts the pristine CFT action via a ‘defect-line’
perturbation acting at all spatial positions 𝑥 but only at 𝜏 = 0 [16]. To leading order
in 𝛼, the defect-line action takes the form

𝛿S = 𝛼

∫
𝑥

𝜔(𝑥)𝜒(𝑥, 𝜏 = 0). (5.21)

Here 𝜔(𝑥) is a scalar function and 𝜒(𝑥) is a CFT field such that 𝜔(𝑥)𝜒(𝑥) represents
the continuum limit of 𝑎 𝑗𝑂̂𝐵

𝑗
(n) appearing in 𝐻𝑎̃ (n) [Eq. (5.17)]. The detailed

structure of 𝜔 and 𝜒 depends on Alice’s measurement basis (i.e., the vector n) and
particular measurement outcome.

Within this continuum formulation, we can utilize renormalization group techniques
to efficiently assess the extent to which the final teleported state

��𝜓tele
𝑎̃

〉
obtained by

Bob showcases the distinguishing features of Alice’s critical behavior at 𝛼 ≪ 1. More
precisely, weakly imperfect teleportation yields profoundly different consequences
depending on whether the defect-line action is relevant, marginal, or irrelevant. [We
caution that, as we will encounter later, properly assessing relevance in some cases
requires considering O(𝛼2) corrections that are not displayed in Eq. (5.21).] The
relevance or otherwise of the defect-line perturbation influences critical correlations
and entanglement, as well as full counting statistics captured by the probability
density 𝑃modified, in a ways that we will later characterize in detail.
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Large-𝛼 regime
At 𝛼 ≫ 1 (equivalently 𝑢 ≈ 𝑒−𝛼 ≪ 1), further analytical progress is possible without
specifying Alice’s initial wavefunction |𝜓𝐴⟩. Here it is more natural to examine Bob’s
wavefunction |𝜓𝑎̃⟩ given in Eq. (5.15). The reason is that at 𝑢 = 0, for which Alice
and Bob remain unentangled throughout, Eq. (5.15) reduces precisely to Bob’s initial
state |𝑏̃,n⟩—whereas

��𝜓tele
𝑎̃

〉
in Eq. (5.19) contains additional outcome-dependent

unitary factors that somewhat mask the triviality of the teleportation protocol in this
extreme limit. We will assume for the remainder of this subsection that at small
nonzero 𝑢, Bob inherits only faint imprints of Alice’s state that can be captured by
applying a ‘weak’ entanglement-generating operator to |𝑏̃,n⟩. In other words, we
postulate that small 𝑢 represents either a marginal or irrelevant perturbation to the
trivial protocol that transmits no information about Alice’s state.

As detailed in Ref. [3], assuming ⟨𝑎̃,n| 𝜓𝐴⟩ ≠ 0 we can exactly write |𝜓𝑎̃⟩ as

|𝜓𝑎̃⟩ =
1
√
N
⟨𝑎̃,n|𝜓𝐴⟩

𝐿∑︁
𝑁 𝑓=0

𝑒−𝛼𝑁 𝑓 𝑒𝑖
𝜋
2 𝑁 𝑓

×
∑︁

𝑖1<···<𝑖𝑁 𝑓

𝑞(𝑖1, . . . , 𝑖𝑁 𝑓 )
©­«
𝑁 𝑓∏
𝑗=1

𝑂̂𝐵
𝑖 𝑗
(n⊥)ª®¬

��𝑏̃,n〉
.

(5.22)

Here 𝑁 𝑓 counts the number of spin flips on Bob’s initial state generated by a
given piece of the entangling gate𝑈, and we have defined the generalized ‘strange
correlator’ [80]

𝑞(𝑖1, . . . , 𝑖𝑁 𝑓 ) ≡

〈
𝑎̃,n|∏𝑁 𝑓

𝑗=1 𝑂̂
𝐴
𝑖 𝑗
(n⊥) |𝜓𝐴

〉
⟨𝑎̃,n|𝜓𝐴⟩

(5.23)

involving normalized matrix elements between Alice’s (generally very different)
initial and post-measurement wavefunctions. Expanding about the 𝛼→∞ (𝑢 = 0)
limit allows one to recast the expression above as

|𝜓𝑎̃⟩ ≈
1
√
N

exp

(
𝑖𝑢

∑︁
𝑗

𝑞( 𝑗)𝑂̂𝐵
𝑗 (n⊥)

)
︸                           ︷︷                           ︸

=𝑈′

× exp ©­«−𝑢
2

2

∑︁
𝑗≠𝑘

𝑉 𝑗 𝑘𝑂̂
𝐵
𝑗 (n⊥)𝑂̂𝐵

𝑘 (n
⊥)ª®¬︸                                        ︷︷                                        ︸

=𝑒
− 𝑢2

2 𝐻′
𝑎̃

��𝑏̃,n〉
.

(5.24)
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In the first line we absorbed constants into the normalization, and in the second line

𝑉 𝑗 𝑘 = 𝑞( 𝑗 , 𝑘) − 𝑞( 𝑗)𝑞(𝑘) (5.25)

can be viewed as a connected strange correlator. Equation (5.24) is consistent with
Ref. [3], where we performed a similar analysis but starting from a critical state for
Bob, i.e., replacing |𝑏̃,n⟩ with a quantum critical wavefunction. As we discussed
there, the large-𝛼, small-𝑢 expansion employed above is expected to hold provided
𝑉 𝑗 𝑘 is sufficiently local. In some cases Alice’s measured state |𝑎̃,n⟩ may yield 𝑉 𝑗 𝑘
that does not decay to zero sufficiently rapidly with | 𝑗 − 𝑘 |, spoiling the validity
of the expansion in Eq. (5.24) (likely indicating that Bob’s state |𝜓𝑎̃⟩ can not be
obtained by perturbatively modifying his initial state, contrary to our assumption).

Equations (5.15) and (5.24) encode quantum correlations for Bob’s wavefunction
|𝜓𝑎̃⟩ in a very different manner. In Eq. (5.15) correlations are encoded primarily
through Alice’s initial state |𝜓𝐴⟩, while in Eq. (5.24) they are captured by the structure
of 𝑞( 𝑗) and𝑉 𝑗 𝑘—where information about Alice’s state is embedded. One advantage
of the latter representation is that, when the large-𝛼 expansion is valid, it permits
using a variant of Witten’s conjugation method [85] to find a parent Hamiltonian for
which |𝜓𝑎̃⟩ is the unique ground state. Let us specialize to the case where 𝑞( 𝑗) and
𝑉 𝑗 𝑘 are purely real, so that in Eq. (5.24)𝑈′ is a unitary operator and 𝐻 𝑎̃

𝑚 is Hermitian.
(The case with imaginary parts can be treated by re-partitioning the exponentials
to factor out a purely unitary component.) First observe that |𝑏̃,n⟩ is the unique
ground state of the commuting-projector Hamiltonian 𝐻0 =

∑
𝑗 Γ
†
𝑗
Γ 𝑗 =

∑
𝑗 Γ 𝑗 with

projectors Γ 𝑗 = 1
2 [1 − 𝑏 𝑗𝑂̂

𝐵
𝑗
(n)]. Physically, 𝐻0 represents a position-dependent

Zeeman field of uniform strength 1/2 pointing along or against n such that Bob’s
initial state is energetically optimal. Using 𝑒− 𝑢

2
2 𝐻

′
𝑎̃ (𝑈′)† |𝜓𝑎̃⟩ ∝ |𝑏̃,n⟩, the state

|𝜓𝑎̃⟩ is annihilated by the new set of operators Γ 𝑗 = 𝑈′𝑒
𝑢2
2 𝐻

′
𝑎̃Γ 𝑗𝑒

− 𝑢2
2 𝐻

′
𝑎̃ (𝑈′)†, which

satisfy Γ
2
𝑗 = Γ 𝑗 but are not Hermitian and do not commute at different sites. It

follows that |𝜓𝑎̃⟩ is the unique ground state of the frustration-free parent Hamiltonian
𝐻parent =

∑
𝑗 Γ
†
𝑗Γ 𝑗 , which explicitly reads (modulo a constant)

𝐻parent =
1
4
𝑈′

[∑︁
𝑗

𝑒
2𝑢2𝑂̂𝐵

𝑗
(n⊥)∑𝑘≠ 𝑗 𝑉 𝑗𝑘𝑂̂

𝐵
𝑘
(n⊥)

−
∑︁
𝑗

𝑏 𝑗

{
𝑂̂𝐵
𝑗 (n), 𝑒

−𝑢2𝑂̂𝐵
𝑗
(n⊥)∑𝑘≠ 𝑗 𝑉 𝑗𝑘𝑂̂

𝐵
𝑘
(n⊥)

}]
(𝑈′)†.

(5.26)

Equation (5.26) in general is not a sum of local operators. Nonetheless, boldly
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expanding the terms in brackets to O(𝑢2) yields the illuminating form

𝐻parent ≈ 𝑈′
[
− 1

2

∑︁
𝑗

𝑏 𝑗𝑂̂
𝐵
𝑗 (n)

]
(𝑈′)†

+ 𝑢2
∑︁
𝑗≠𝑘

𝑉 𝑗 𝑘𝑂̂
𝐵
𝑗 (n⊥)𝑂̂𝐵

𝑘 (n
⊥). (5.27)

Nonzero 𝑢manifests in two ways at this order. First, already at order 𝑢 the orientations
of the local Zeeman fields in 𝐻parent rotate slightly compared to their orientations
in 𝐻0—though their magnitudes remain fixed at 1/2. This contribution originates
entirely from the𝑈′ unitary in Eq. (5.24). Teleportation-wise, these rotations imprint
information about Alice’s initial state only at the single-qubit level, i.e., with this effect
alone, Bob’s wavefunction |𝜓𝑎̃⟩ would remain a product state and thus not inherit
any of Alice’s correlations and entanglement. Second, and much more importantly,
the non-unitary piece 𝑒− 𝑢

2
2 𝐻

′
𝑎̃ from Eq. (5.24) generates Ising spin-spin interactions

of strength 𝑢2𝑉 𝑗 𝑘 in 𝐻parent. These Ising interactions couple spin components that
are orthogonal to the spin components appearing in the Zeeman field terms from the
top line of Eq. (5.27), even when accounting for the𝑈′ rotations. One can therefore
always (for any measurement outcome 𝑎̃ and any initialization 𝑏̃) unitarily transform
the parent Hamiltonian to recast the Zeeman terms in the top line as spatially uniform
without altering the bottom-line interactions. It follows that when the large-𝛼
expansion holds, Bob’s wavefunction |𝜓𝑎̃⟩ is the ground state of a transverse-field
Ising model with weak but long-range Ising interactions dependent on both Alice’s
initial state and her particular measurement outcome. The Ising interactions, albeit
weak, enrich the structure of |𝜓𝑎̃⟩ beyond a simple product-state form and thus do
impart some information about Alice’s correlations and entanglement. We will later
exploit such parent Hamiltonians to intuitively understand the character of teleported
states in highly imperfect protocols.

Earlier we remarked that the large-𝛼 expansion is expected to be controlled provided
𝑉 𝑗 𝑘 decays sufficiently rapidly with | 𝑗 − 𝑘 |. The structure of Eq. (5.27) more
quantitatively suggests that the expansion is controlled provided 𝑉 𝑗 𝑘 decays faster
than 1/| 𝑗 − 𝑘 |. In that case the Ising interaction term in 𝐻parent is an extensive
operator—just like the Zeeman term—with eigenvalues generically scaling linearly
with system size. One can then always make the𝑉 𝑗 𝑘 contribution a small perturbation
by taking 𝑢 sufficiently small (i.e., 𝛼 sufficiently large). Conversely, if 𝑉 𝑗 𝑘 decays
as or slower than 1/| 𝑗 − 𝑘 |, then the Ising interactions are no longer extensive and
may exhibit eigenvalues that grow faster than extensively with system size, thus
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potentially dominating over the Zeeman contribution for any nonzero 𝑢. The large-𝛼
expansion is expected to break down in the latter case.

Hereafter we specialize to imperfect teleportation of Ising quantum criticality realized
in the transverse-field Ising chain (see next section for a review). Our specific goals
include (1) characterizing the final teleported state received by Bob for different
protocols, considering both Alice’s most likely measurement outcomes as well as
typical outcomes; (2) identifying optimal teleportation protocols in the sense of
resilience to imperfections; and (3) characterizing the mixed state describing the
average over a series of sequential runs of a specific teleportation protocol via
correlations and the entanglement negativity.
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C h a p t e r 6

RELEVANT, MARGINAL, AND DISGUISED MARGINAL
MEASUREMENT PERTURBATIONS

The Ising measurement protocols of Chapters 3 and 4 showed that weak measurements
can reorganize universal critical correlations. The present chapter shows that
imperfect teleportation realizes the same classification without explicitly engineering
an ancilla-assisted measurement protocol: the imperfection parameter controls a
weak non-unitary perturbation, and the measured outcome pattern decides whether
the perturbation is relevant, marginal, or hidden inside a more benign channel.

6.1 Ising-critical input state and teleportation diagnostics
Suppose now that Alice’s initial wavefunction |𝜓𝐴⟩ realizes the ground state |𝜓𝑐⟩ of
a quantum Ising spin chain tuned to criticality, described by the Hamiltonian

𝐻𝑐 = −𝐽
∑︁
𝑗

(𝑍 𝑗𝑍 𝑗+1 + 𝑋 𝑗 ). (6.1)

We take 𝐽 > 0 and consider a chain of length 𝐿 with periodic boundary conditions;
moreover, here and below we ease the notation by neglecting superscripts 𝐴/𝐵 on
Pauli operators whenever the qubits that they act on is clear from context. In this
section we briefly review the phenomenology of Ising criticality needed to investigate
imperfect teleportation of Alice’s quantum critical state.

Equation (6.1) preserves translation symmetry, globalZ2 spin flip symmetry generated
by 𝐺 ≡ ∏

𝑗 𝑋 𝑗 , and an antiunitary time reversal symmetry T that leaves 𝑋 𝑗 and
𝑍 𝑗 invariant but sends 𝑌 𝑗 → −𝑌 𝑗 . By applying a Jordan-Wigner transformation to
Majorana fermion operators

𝛾𝐴 𝑗 =
©­«
∏
𝑘< 𝑗

𝑋𝑘
ª®¬ 𝑍 𝑗 , 𝛾𝐵 𝑗 =

©­«
∏
𝑘< 𝑗

𝑋 𝑗
ª®¬ 𝑖𝑋 𝑗𝑍 𝑗 , (6.2)

the Hamiltonian maps to a free-fermion problem:

𝐻 = 𝑖𝐽
∑︁
𝑗

(𝛾𝐴 𝑗+1 − 𝛾𝐴 𝑗 )𝛾𝐵 𝑗 . (6.3)

One can correspondingly express all correlation functions in terms of two-point
fermion correlators using Wick’s theorem. Taking into account the non-local strings
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present in the Jordan-Wigner transformation, correlation functions of the physical
spin operators 𝑋 , 𝑍 and 𝑌 can be expressed in terms of Toeplitz matrices, whose
entries only depend on the difference between the two indices of the matrix [86,
87]. Long-distance ground-state spin-spin correlations follow from the asymptotic
behavior of Toeplitz determinants and are given by

⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 ∼
1

|𝑖 − 𝑗 |2
, ⟨𝑌𝑖𝑌 𝑗 ⟩ ∼

1
|𝑖 − 𝑗 |9/4

,

⟨𝑍𝑖𝑍 𝑗 ⟩ ∼
1

|𝑖 − 𝑗 |1/4
.

(6.4)

The subscript 𝑐 indicates a connected correlator and is only needed for 𝑋 , given that
one-point 𝑌 and 𝑍 expectation values vanish by symmetry. Note that 𝑍 correlations
exhibit by the far the slowest decay, followed by 𝑋 and then 𝑌 . For a general Pauli
operator 𝑂̂ 𝑗 (n) = n · σ 𝑗 , its two-point correlation function ⟨𝑂̂𝑖 (n)𝑂̂ 𝑗 (n)⟩ will be
dominated at long distances by the slowest-decaying contribution.

The free-fermion representation in Eq. (6.3) also enables an efficient computation of
the entanglement entropy. Bipartitioning the system between a subregion 𝑅 and its
complement 𝑅, the reduced density matrix in 𝑅 is given by 𝜌𝑅 = Tr

𝑅
( |𝜓𝑐⟩ ⟨𝜓𝑐 |). Then

the entanglement between 𝑅 and its complement reads 𝑆𝑅 = −Tr(𝜌𝑅 ln 𝜌𝑅). A more
general family of functions quantifying the entanglement—dubbed Rényi entropies—
are given by 𝑆(𝑛)

𝑅
= 1/(1 − 𝑛) ln Tr𝜌𝑛

𝑅
. We notice the relation 𝑆𝑅 = lim𝑛→1 𝑆

(𝑛)
𝑅

known as the replica limit [12]. For the critical Ising chain, the leading-order
contributions in the subsystem size |𝑅 | = ℓ for a single interval on the infinite line
(𝐿 →∞) read [12]

𝑆
(𝑛)
𝑅

=
𝑐

6

(
𝑛 + 1
𝑛

)
ln(ℓ/𝜖), 𝑆𝑅 =

𝑐

3
ln(ℓ/𝜖), (6.5)

where 𝜖 is an ultraviolet cutoff. The logarithm prefactors are universal and are related
to the central charge 𝑐 = 1/2 of the underlying Ising CFT governing long-distance,
low-energy properties at criticality.

The CFT description follows upon changing variables to left-moving (𝛾𝐿) and
right-moving (𝛾𝑅) Majorana fermion fields via 𝛾𝐴 = 𝛾𝑅 + 𝛾𝐿 and 𝛾𝐵 = 𝛾𝑅 − 𝛾𝐿 , and
then taking the continuum limit of Eq. (6.3). This procedure yields the continuum
Hamiltonian

H = −𝑖𝑣
∫
𝑥

(𝛾𝑅𝜕𝑥𝛾𝑅 − 𝛾𝐿𝜕𝑥𝛾𝐿) (6.6)

with 𝑣 ∝ 𝐽; the associated Euclidean action describes precisely the 𝑐 = 1/2 Ising
CFT. The Ising CFT admits three primary fields: the identity 1, the spin field
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𝜎 (scaling dimension Δ𝜎 = 1/8), and the energy operator 𝜀 = 𝑖𝛾𝑅𝛾𝐿 (scaling
dimension Δ𝜀 = 1). Physically, 𝜎 represents the continuum limit of the microscopic
order parameter 𝑍 𝑗 , while 𝜀 represents the perturbation generated by moving off of
criticality in a Z2-preserving manner (e.g., by increasing or decreasing the transverse-
field strength). Microscopic spin components relate to CFT fields according to the
following dictionary:

𝑋 𝑗 − ⟨𝑋⟩ ∼ 𝜀 + · · · ,
𝑌 𝑗 ∼ 𝑖𝜕𝜏𝜎 + · · · ,
𝑍 𝑗 ∼ 𝜎 + · · · .

(6.7)

On the left side, ⟨𝑋⟩ = 2/𝜋 is the ground state expectation value of 𝑋 𝑗 ; subtracting
this factor merely removes a contribution proportional to the identity field 1. On
the right side, the fields are evaluated on coarse-grained positions corresponding
to lattice site 𝑗 , 𝜏 denotes imaginary time, and the ellipses account for subleading
terms with higher scaling dimension. Equation (6.7) is not only compatible with
symmetries, but also immediately reproduces the scaling behavior in Eq. (6.4) given
the scaling dimensions for the CFT fields provided above.

Finally, we briefly review the full counting statistics for the critical ground state of
the Ising spin chain studied previously in Refs. [83, 84]. As anticipated in Sec. 5.3,
this property will yield insight about the resilience of Ising criticality under imperfect
teleportation protocols. We will first examine how eigenvalues for the global operator

𝑀 𝑎̃
𝑋 =

∑︁
𝑗

𝑎 𝑗𝑋 𝑗/2 (6.8)

are distributed in the critical ground state. Here the 𝑎 𝑗 ’s take on ±1 values, and
hence 𝑀 𝑎̃

𝑋
admits eigenvalues 𝑚 = −𝐿/2,−𝐿/2+ 1, . . . , 𝐿/2; later we will associate

𝑎 𝑗 with Alice’s measurement outcomes. In the special case where 𝑎 𝑗 = +1 for all 𝑗 ,
𝑀 𝑎̃
𝑋

reduces to the global transverse magnetization.

The mean ⟨𝑀 𝑎̃
𝑋
⟩ depends non-universally on the choice of 𝑎 𝑗 while the variance

reads
⟨(𝑀 𝑎̃

𝑋)
2⟩ − ⟨𝑀 𝑎̃

𝑋⟩
2 =

1
4

∑︁
𝑖, 𝑗

𝑎𝑖𝑎 𝑗 ⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 . (6.9)

Given that the connected two-point 𝑋 correlator decays faster than 1/|𝑖 − 𝑗 |, the
right-hand side is dominated by the short-distance region with 𝑖 near 𝑗 (for any pattern
of 𝑎 𝑗 signs). One thus generically obtains ⟨(𝑀 𝑎̃

𝑋
)2⟩ − ⟨𝑀 𝑎̃

𝑋
⟩2 ∝ 𝐿, i.e., the variance

grows linearly with system size. In terms of the intensive variable 𝑓 = 𝑚/𝐿 + 1/2
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used in Sec. 5.3, these properties are compatible with 𝑀 𝑎̃
𝑋

exhibiting full counting
statistics of a Gaussian form

𝑃( 𝑓 , 𝐿) ∝ 𝑒−𝜅𝐿 ( 𝑓− 𝑓 )2 , (6.10)

where 𝜅 and 𝑓 are 𝑎 𝑗 -dependent constants. This conclusion is consistent with
Ref. [83] in the limit of uniform 𝑎 𝑗 . Due to the even faster decay of two-point
𝑌 correlators, we expect 𝑀 𝑎̃

𝑌
=

∑
𝑗 𝑎 𝑗𝑌 𝑗/2 to similarly exhibit Gaussian-like full

counting statistics.

Next we consider the global longitudinal magnetization

𝑀+𝑍 =
∑︁
𝑗

𝑍 𝑗/2. (6.11)

[Contrary to Eq. (6.8), we do not allow for unspecified 𝑎 𝑗 signs above since drawing
conclusions about full counting statistics in the general case is not straightforward
here.] The mean ⟨𝑀+

𝑍
⟩ vanishes by symmetry while the variance is

⟨(𝑀+𝑍 )2⟩ =
1
4

∑︁
𝑖, 𝑗

⟨𝑍𝑖𝑍 𝑗 ⟩. (6.12)

Slow decay of the two-point 𝑍 correlator implies that the right side, unlike Eq. (6.9),
is dominated by the long-distance region with |𝑖 − 𝑗 | ≫ 1. This contribution
yields a variance ⟨(𝑀+

𝑍
)2⟩ ∝ 𝐿7/4 that diverges with system size faster than the

linear growth obtained for 𝑀 𝑎̃
𝑋
. Thus the longitudinal magnetization eigenvalues

are distributed more broadly in the critical ground state relative to the transverse
magnetization eigenvalues: the characteristic spread of the intensive variable 𝑓 is
𝛿 𝑓 ∼ 1/𝐿1/8 for the former versus 𝛿 𝑓 ∼ 1/𝐿1/2 for the latter. Full counting statistics
for the longitudinal magnetization is non-Gaussian, however, and exhibits a universal
double-peak structure [84] discussed in more detail in Section 6.6.

6.2 Imperfect teleportation of Ising criticality
We are now in position to examine Bob’s final wavefunction in Eq. (5.19) resulting
from imperfect teleportation of Alice’s Ising quantum critical state |𝜓𝐴⟩ = |𝜓𝑐⟩. The
non-unitary operator 𝑒− 𝛼2 𝐻𝑎̃ (n) encoding imperfection depends on the quantization
axis n defining Bob’s initial wavefunction and Alice’s measurement basis, her
particular measurement outcome 𝑎̃, and the imperfection strength quantified by
𝛼. We will specifically address the extent to which the universal features of Ising
criticality reviewed in the previous section survive with protocols employing different
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n vectors, assuming for simplicity throughout this section that Bob initializes his
qubits into the uniform state |𝜓𝐵⟩ = |𝑏̃,n⟩ with all 𝑏 𝑗 = +1. Sections 6.2 through 6.2
analyze the impact of protocol imperfections upon post-selecting for Alice’s highest
probability measurement outcomes; Sec. 6.2 then examines typical outcomes.

One can anticipate the hierarchy of protocol imperfections that we uncover by
viewing the problem through the lens of full counting statistics. For n = x̂, the
non-unitary operator becomes 𝑒− 𝛼2 𝐻𝑎̃ (n) = 𝑒𝛼𝑀

𝑎̃
𝑋 and hence alters full counting

statistics of the global operator 𝑀 𝑎̃
𝑋

defined in Eq. (6.8). In Sec. 6.1 we argued that,
for any 𝑎̃, the distribution of 𝑀 𝑎̃

𝑋
eigenvalues in Alice’s original quantum critical

wavefunction obeys a Gaussian distribution, Eq. (6.10). Following Eq. (5.20), Bob’s
final wavefunction exhibits the modified eigenvalue distribution

𝑃modified ∝ 𝑒−2𝛼𝐿 𝑓 𝑒−𝜅𝐿 ( 𝑓− 𝑓 )
2

(6.13)

that remains Gaussian. Imperfection merely shifts the peak location via 𝑓 → 𝑓 −𝛼/𝜅;
𝐿-independence of the shift descends from the fact that ⟨(𝑀 𝑎̃

𝑋
)2⟩ − ⟨𝑀 𝑎̃

𝑋
⟩2 ∝ 𝐿. The

gradual change of full counting statistics with 𝛼 in the thermodynamic limit implies
that with n = x̂, imperfections smoothly restructure the weight in Alice’s original
wavefunction, regardless of which measurement outcome she obtains during the
teleportation protocol. This property, in turn, hints that correlations and entanglement
in the imperfectly teleported state generically also evolve smoothly with 𝛼 relative
to the ideal case. (We caution that full counting statistics by itself does not reveal
whether long-distance properties, e.g., scaling dimensions, evolve nontrivially with
𝛼, though short-distance properties certainly will.) Analogous conclusions apply to
protocols utilizing n = ŷ.

Protocols with n = ẑ, by contrast, can behave qualitatively differently in this regard.
Let us consider uniform 𝑎̃ with all 𝑎 𝑗 = +1—which, along with the all 𝑎 𝑗 = −1 state,
corresponds to Alice’s most probable measurement outcome (see below). In this case,
the imperfection-induced non-unitary operator instead becomes 𝑒− 𝛼2 𝐻𝑎̃ (n) = 𝑒𝛼𝑀+𝑍 ,
now modifying full counting statistics of 𝑀+

𝑍
from Eq. (6.11). Recall that in this

case the full counting statistics for Alice’s original critical wavefunction exhibits
a universal double-peak structure whose variance is parametrically broader with
system size compared to the distribution for 𝑀 𝑎̃

𝑋
. Full counting statistics for Bob’s

imperfectly teleported wavefunction is once again modified according to Eq. (5.20),
though the broader variance now translates into a more effective reshaping of the
distribution by the imperfection-induced exponential factor 𝑒−2𝛼𝐿 𝑓 .
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In Section 6.6 we introduce an analytical function that approximates the pristine
double-peak distribution obtained in Ref. [84]; we then use that function to simply
extract the imperfection-modified distribution that Bob inherits. This analysis reveals
that in the thermodynamic limit arbitrarily small 𝛼 obliterates the double-peak
structure—yielding a single peak located in the distribution’s tail near 𝑓 = 0. (The
precise peak location in this altered distribution nevertheless varies smoothly with
𝛼.) Consequently, such protocol imperfections non-perturbatively restructure the
weights in Alice’s original quantum critical state in a manner that, owing to the
explicit breaking of 𝑓 → 1 − 𝑓 symmetry, yields a net non-zero magnetization in
Bob’s final state. The non-perturbative restructuring further strongly suggests that
long-distance correlations and entanglement in Bob’s state are no longer captured by
the Ising CFT—even for arbitrarily weak imperfection.

Relevant imperfection

0

0.4

0.8

1.2

1.6

2.0(a) (b) (c)

Figure 6.1: Correlations with relevant imperfection. Correlations in the teleported
state received by Bob [Eq. (6.14)] following an imperfect protocol with n = ẑ and
with Alice’s most probable measurement outcome. Data points were obtained using
infinite DMRG for 𝛼 ∈ [0, 2] in steps of 0.2. For all 𝛼 ≠ 0 shown, we obtain
non-perturbatively altered power-law correlations with apparently rigid exponents
that agree well with the analytical predictions in Eqs. (6.17) and (6.20) (dashed
lines).

We proceed by exploring protocols with n = ẑ, for which full counting statistics
suggests the most dramatic impact of imperfection. Numerically, we find that
whenever the entangling unitary 𝑒𝑖𝑢𝑋

𝐴
𝑗
𝑋𝐵
𝑗 employed in the protocol is imperfect, i.e.,

with 𝑢 ≠ 𝜋/4, Alice’s most probable measurement outcomes are uniform states |𝑎̃, ẑ⟩
with all 𝑎 𝑗 = +1 or all 𝑎 𝑗 = −1. Focusing for concreteness on the 𝑎 𝑗 = +1 uniform
outcome, Bob’s final state explicitly reads��𝜓tele

𝑎̃

〉
=

1
√
N
𝑒𝛼𝑀

+
𝑍 |𝜓𝑐⟩ , (6.14)
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where 𝑀+
𝑍

is the global longitudinal magnetization defined in Eq. (6.11). Neither
correlation functions nor entanglement scaling are amenable to exact analytical
computations since 𝑀+

𝑍
does not map to a local operator under a Jordan-Wigner

transformation. Nevertheless, below we pursue several strategies for diagnosing
universal aspects of these quantities.

As a first approach we appeal to a parent Hamiltonian for the imperfectly teleported
state

��𝜓tele
𝑎̃

〉
. Section 5.3 already previewed a parent Hamiltonian operative in the

large-𝛼 limit—which we revisit shortly—but here we seek an alternate form valid
at any 𝛼. While the existence of a general Hermitian parent Hamiltonian is not
guaranteed, one can construct a strictly local non-Hermitian parent 𝐻𝛼 which has��𝜓tele
𝑎̃

〉
as its unique (right) ground state:

𝐻𝛼 ≡ 𝑒𝛼𝑀
+
𝑍𝐻𝑒−𝛼𝑀

+
𝑍

= −𝐽
∑︁
𝑗

𝑍 𝑗𝑍 𝑗+1 −
∑︁
𝑗

(
ℎ𝑥𝑋 𝑗 − 𝑖ℎ𝑦𝑌 𝑗

) (6.15)

with ℎ𝑥 = 𝐽 cosh(𝛼) and ℎ𝑦 = 𝐽 sinh(𝛼). Since 𝐻 and 𝐻𝛼 are related by a similarity
transformation, they share the same (purely real) gapless energy spectrum for any
value of 𝛼; their corresponding wavefunctions, however, are non-unitarily related to
one another. This viewpoint suggests that imperfectly teleported critical states can
exhibit atypical behavior inherited from non-Hermiticity of their parent Hamiltonians.
In fact, Ref. [88] studied a non-unitarily perturbed free-fermion Hamiltonian that
also features a gapless spectrum yet exhibits a finite ‘non-Hermitian coherence
length’ 𝜉NH, beyond which two striking features emerge: First, correlations remain
power-law, albeit with enhanced exponents encoding faster decay, and second, the
spatial entanglement entropy saturates to a finite value 𝑆 ∼ 𝑐

3 ln(𝜉NH) with increasing
subsystem size. We will show that the state in Eq. (6.14) similarly exhibits anomalous
power-law correlations coexisting with area-law entanglement.

Following Sec. 5.3, we can gain further quantitative insight at small𝛼 by translating the
non-unitary operator in Eq. (6.14) into a defect-line action 𝛿𝑆 [Eq. (5.21)] perturbing
the pristine Ising CFT at imaginary time 𝜏 = 0. Using the continuum-limit expansion
𝑀+
𝑍
∼

∫
𝑥
𝜎, one obtains

𝛿𝑆 ∼ 𝛼
∫
𝑥

𝜎(𝑥, 𝜏 = 0). (6.16)

Equation (6.16) constitutes a strongly relevant perturbation that induces a flow to a new
fixed point far from the Ising CFT [3, 57]. That is, arbitrarily weak teleportation imper-
fection of the type studied here—which we dub relevant imperfection—qualitatively
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alters the universal long-distance properties encoded in Alice’s original quantum
critical wavefunction, consistent with the dramatic restructuring of full counting
statistics arising for any 𝛼 ≠ 0.

The Ising CFT specifically flows to a fixed point that pins ⟨𝜎⟩ ≠ 0 along the defect line,
yielding a boundary condition that chops the 1 + 1-dimensional Euclidean spacetime
into decoupled upper (𝜏 > 0) and lower (𝜏 < 0) halves. Scaling arguments [3]
reveal that Bob’s final wavefunction exhibits a net longitudinal magnetization that
grows non-analytically with 𝛼: ⟨𝑍 𝑗 ⟩ ∼ ⟨𝜎(𝑥 𝑗 , 𝜏 = 0)⟩ ∼ 𝛼1/7. Furthermore, using
the dictionary in Eq. (6.7), connected two-point 𝑋 and 𝑍 correlators in Bob’s final
state can be calculated by evaluating the correlators ⟨𝜎(𝑥)𝜎(𝑥′)⟩ and ⟨𝜀(𝑥)𝜀(𝑥′)⟩
along the boundary at the new fixed point. Section 6.6 details the boundary CFT
calculation, which yields power-law correlations

⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 ∼
1

|𝑖 − 𝑗 |4
, ⟨𝑍𝑖𝑍 𝑗 ⟩𝑐 ∼

1
|𝑖 − 𝑗 |4

(6.17)

with entirely different exponents from those of the unperturbed Ising CFT. (As we
show below, 𝑌 correlators also admit power-law exponent 4, again in contrast to the
pure Ising CFT.)

The modified power-law correlations captured above assuming small 𝛼 hold for any
𝛼 ≠ 0 in the thermodynamic limit. In the opposite regime of large 𝛼 we can exploit
the asymptotic expansion developed in Sec. 5.3 to express the penultimate form of
Bob’s wavefunction (prior to applying the final outcome-dependent unitary) in the
useful form [Eq. (5.24)]

|𝜓𝑎̃⟩ ≈
1
√
N
𝑒𝑖𝑢

∑
𝑗 𝑞( 𝑗)𝑋 𝑗 𝑒−

𝑢2
2

∑
𝑗≠𝑘 𝑉 𝑗𝑘𝑋 𝑗𝑋𝑘 |𝜓𝐵⟩ . (6.18)

Recall that 𝑢 ≈ 𝑒−𝛼 at 𝛼 ≫ 1, 𝑞( 𝑗) is defined in Eq. (5.23),𝑉 𝑗 𝑘 is a connected strange
correlator defined in Eq. (5.25), and |𝜓𝐵⟩ is Bob’s initial state with all 𝑍 𝑗 = +1. Due
to translation symmetry 𝑞( 𝑗) is just a constant; the strange correlator was evaluated
in Ref. [3] and scales as 𝑉 𝑗 𝑘 ∼ 1/| 𝑗 − 𝑘 |4. As discussed in Section 6.6, one can
equivalently express two-point 𝑋 correlators evaluated in the wavefunction (6.18) as

⟨𝜓𝑎̃ | 𝑋𝑖𝑋 𝑗 |𝜓𝑎̃⟩𝑐 =
1
Z

∑︁
{𝑥𝑘}=±1

𝑥𝑖𝑥 𝑗𝑒
−𝛽H , (6.19)

whereZ is a classical partition function corresponding to the classical power-law-
interacting HamiltonianH =

∑
𝑗≠𝑘 𝑉 𝑗 𝑘𝑥 𝑗𝑥𝑘 with inverse temperature 𝛽 = 𝑢2. The

leading contribution in a high-temperature series expansion gives ⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 ≈ 𝑢2𝑉𝑖 𝑗 ∼
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1/|𝑖 − 𝑗 |4 in harmony with Eq. (6.17) obtained at small 𝛼. We further argue in
Section 6.6 that, given the fast decay of 𝑉 𝑗 𝑘 with separation, 𝑍 and 𝑌 correlators also
display the same power law,

⟨𝑍𝑖𝑍 𝑗 ⟩𝑐 ∼
1

|𝑖 − 𝑗 |4
, ⟨𝑌𝑖𝑌 𝑗 ⟩ ∼

1
|𝑖 − 𝑗 |4

, (6.20)

which for 𝑍 also agrees with Eq. (6.17).

Our DMRG simulations presented in Fig. 6.1 support universality of the anomalous
power-laws captured above at small- and large-𝛼. Curves in each panel cover
𝛼 ∈ [0, 2] in steps of 0.2, while, as a guide, the dashed black line represents the
slope for a power law with exponent 4. (Details of our DMRG simulations presented
here and below can be found in Section 6.6.) The simulations agree well with
our predictions for 𝑋 , 𝑌 , and 𝑍 correlators. To summarize, with any degree of
imperfection in the protocol considered here, two-point correlators of an arbitrary
Pauli operator display ‘fast’ algebraic decay with a common exponent that does not
depend on 𝛼 and differs strongly relative to pristine Ising CFT expectations.

Does logarithmic growth of entanglement entropy survive relevant imperfect tele-
portation? Reference [57] provided numerical results together with CFT arguments
suggesting that even arbitrarily weak non-unitary operators of the form in Eq. (6.14)
destroy logarithmic growth in favor of area-law entanglement entropy that saturates to
a value dependent on 𝛼 but not subsystem size. We can further justify this conclusion
at the lattice level in the large-𝛼 regime. Consider again the state in Eq. (6.18). Upon
further expanding this perturbative expression to order O(𝑢2), which we expect
is legitimate given the fast power-law decay of 𝑉 𝑗 𝑘 , we can explicitly obtain the
reduced density matrix 𝜌𝑅 and evaluate the second Rényi entropy 𝑆(2)

𝑅
at O(𝑢4). The

result (derived in Section 6.6) reads 𝑆(2)
𝑅
∝ 𝑢4 ∑

𝑗∈𝑅,𝑘∈𝑅 𝑉
2
𝑗 𝑘

and indeed saturates
to a constant that does not depend on the subsystem size |𝑅 |. Figure 6.2 shows
that this expansion is well-behaved in the large-𝛼 regime (as expected), with the
difference between the entanglement entropies numerically computed from the exact
wavefunction

��𝜓tele
𝑎̃

〉
in Eq. (6.14) using DMRG, and from the preceding perturbative

treatment, decreasing with increasing system size and with increasing 𝛼.

Therefore, the imperfectly teleported wavefunction
��𝜓tele
𝑎̃

〉
showcases power-law

decaying correlations yet exhibits short-range area-law entanglement, as hinted at
earlier from our non-Hermitian parent Hamiltonian discussion. Additional insight
into this unusual coexistence emerges by examining the Hermitian parent Hamiltonian
derived in the large-𝛼, small-𝑢 limit in Sec. 5.3 [Eq. (5.27)]. In the present context
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(a)

(b)

Figure 6.2: Area-law entanglement for relevant imperfection. (a) Second Rényi
entropy of the teleported state in Eq. (6.14) for system size 𝐿 = 40 with periodic
boundary conditions and different 𝛼’s obtained using finite DMRG. The dashed
line refers to the perturbative analytical prediction in Eq. (6.89). (b) System-size
dependence of the difference in the half-chain entanglement entropy between the
perturbative analytical approach [as obtained by expanding Eq. (6.18)] and numerical
evaluation of Eq. (6.14) using finite DMRG. The data show excellent agreement with
area-law entanglement emerging from relevant imperfection as calculated analytically
in the large-𝛼 limit.

the parent Hamiltonian (after applying a unitary to undo the unimportant𝑈′ rotation)
explicitly reads

𝐻parent ≈ −
∑︁
𝑗

𝑍 𝑗 + 𝑢2
∑︁
𝑗≠𝑘

𝑉 𝑗 𝑘𝑋 𝑗𝑋𝑘 . (6.21)

The dominant Zeeman field in the first term reflects the fact that at 𝑢 = 0, the
protocol trivially returns Bob’s initial state with all 𝑍 𝑗 = +1; the subdominant second
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term is an 𝑂 (𝑢2) anti-ferromagnetic Ising-like interaction with power-law decay
dictated by the strange correlator 𝑉 𝑗 𝑘 that encodes information about Alice’s critical
state. References [29, 30] analyzed the phase diagram of such long-range-interacting
Hamiltonians for general power-law behavior of 𝑉 𝑗 𝑘 . In particular, for our Zeeman-
field-dominated model with fast-decaying 𝑉 𝑗 𝑘 ∼ | 𝑗 − 𝑘 |−4, the ground state realizes
an area-law-entangled paramagnetic gapped phase but with connected correlation
functions displaying algebraic decay at long distances—precisely as found above.
Given these atypical properties, it is interesting to ask whether the imperfectly
teleported state received by Bob can be efficiently expressed as a matrix product
state (MPS). Using the expression of the parent Hamiltonian in Eq. (6.21), and the
proof in Ref. [89], one finds that this state can indeed be efficiently approximated by
an MPS (see Section 6.6 for details).

Marginal imperfection
Here we examine protocols with n = x̂. Similar to the previous subsection, we
find numerically that Alice’s most probable measurement outcome for any imperfect
strength of the entangling unitary 𝑒𝑖𝑢𝑍

𝐴
𝑗
𝑍𝐵
𝑗 is the uniform state |𝑎̃, x̂⟩ with all 𝑎 𝑗 = +1.

Focusing on this measurement outcome, Bob’s final state reads��𝜓tele
𝑎̃

〉
=

1
√
N
𝑒𝛼𝑀

+
𝑋 |𝜓𝑐⟩ (6.22)

with 𝑀+
𝑋
=

∑
𝑗 𝑋 𝑗/2 the global transverse magnetization. In the weak-imperfection

limit 𝛼 ≪ 1 one can again map the non-unitary operator acting on Alice’s pristine
quantum critical state to a defect-line action perturbing the Ising CFT. Expanding
𝑀+
𝑋
∼

∫
𝑥
𝜀 yields

𝛿𝑆 ∼ 𝛼
∫
𝑥

𝜀(𝑥, 𝜏 = 0), (6.23)

which is marginal (hence the name marginal imperfection). Marginality indicates that
in this case imperfection in the teleportation protocol smoothly modifies universal
aspects of correlations and entanglement as Refs. [3, 57, 58] established in the
context of measurement-altered criticality. Specifically, Refs. [3, 58] exploited CFT
calculations [26, 27] to compute two-point 𝑍 correlators in the presence of an 𝜀
line defect. Reference [57] evaluated 𝑍 correlators as well as the von Neumann
entanglement entropy of the state in Eq. (6.22) for arbitrary 𝛼 by mapping the
problem to a single-bond-defect Ising model and using the results of Ref. [90]. We
will pursue a complementary approach that allows explicit microscopic computation,
for any 𝛼, of two-point 𝑋,𝑌, and 𝑍 correlators together with Rényi entropies with
any index 𝑛.
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Figure 6.3: Effective central charge resulting from marginal imperfection. The
solid line corresponds to the analytical prediction in Eq. (6.27) while the symbols are
obtained using the numerical techniques described in Section 6.6. In particular, for
each value of 𝛼, we calculated numerically 𝑆(1)

𝑅
for several values of the subsystem

size ℓ up to 300; the results were fitted with 𝑎 ln ℓ + 𝑏, and we plot here 𝑐(1)eff extracted
from the best fit of 𝑎 as a function of 𝛼. These results imply that teleportation
protocols corrupted by marginal imperfection preserve long-range entanglement of
Alice’s original critical state, but with a prefactor that decays smoothly to zero with
the degree of imperfection.

Our approach views Bob’s final state in Eq. (6.22) as the result of evolving the critical
wavefunction |𝜓𝑐⟩ with a non-Hermitian Hamiltonian 𝑖𝛼𝑀+

𝑋
, similar to what has

been done in Ref. [91]. As we show in Section 6.6, this time evolution can be exactly
computed upon mapping the model to free fermions through the Jordan-Wigner
transformation in Eq. (6.2), followed by a Fourier transform to momentum space.
Both the von Neumann and Rényi entanglement entropies as well as all correlation
functions of Bob’s final state

��𝜓tele
𝑎̃

〉
can be expressed as determinants of matrices

with a special structure, known as Toeplitz matrices—just as for the ground state of
the critical Ising model. The asymptotic behavior of block-Toeplitz determinants can
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be studied using a generalization of the Fisher-Hartwig conjecture [92]. We refer the
interested reader to Section 6.6 for all technical details; here we simply report the
main results.

0
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0.8

1.2

1.6

2.0(a) (b) (c)

Figure 6.4: Correlations with marginal imperfection. Correlations in the teleported
state received by Bob [Eq. (6.22)] following an imperfect protocol with n = x̂ and
with Alice’s most probable measurement outcome. Data points were obtained
using infinite DMRG for 𝛼 ∈ [0, 2] in steps of 0.2. (a) Two-point 𝑋 correlators
exhibit unmodified power-law exponents (dashed line shows the slope arising with
decay exponent 2), though imperfection suppresses the amplitude. Inset: Same
correlations scaled by sech(2𝛼)−2; the collapse indicates that Eq. (6.28) indeed
captures the amplitude’s 𝛼 dependence. (b,c) Two-point 𝑌 and 𝑍 correlators exhibit
modified power-law exponents dependent on the imperfection strength. Dashed lines
correspond to the analytical predictions in Eqs. (6.28), after fitting the overall scale
from numerical data.

In the thermodynamic limit 𝐿 →∞, the Rényi entropies for a large interval of size
ℓ ≫ 1 read

𝑆
(𝑛)
𝑅

=
𝑐
(𝑛)
eff
6

(
𝑛 + 1
𝑛

)
ln ℓ + O(1), (6.24)

where 𝑐(𝑛)eff is given by the real integral

𝑐
(𝑛)
eff =

12
𝜋2

1∫
tanh(2𝛼)

𝑔𝑛 (𝜆) ln
√

1 − 𝜆2√︁
𝜆2 − tanh2(2𝛼) + sech(2𝛼)

𝑑𝜆 (6.25)

with
𝑔𝑛 (𝜆) =

𝑛2

1 − 𝑛2
(𝜆 + 1) (1 − 𝜆)𝑛 + (𝜆 − 1) (𝜆 + 1)𝑛(
𝜆2 − 1

)
[(1 − 𝜆)𝑛 + (𝜆 + 1)𝑛]

. (6.26)

At 𝛼 = 0 one obtains 𝑐(𝑛)eff = 1/2, i.e., the coefficients reduce to the central charge of
the Ising CFT for any 𝑛 in agreement with Eq. (6.5). In the limit 𝑛→ 1, where 𝑆(𝑛)

𝑅

reduces to the von Neumann entanglement entropy, 𝑐(1)eff defines an effective central
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charge. For this case the integral in Eq. (6.25) explicitly evaluates to

𝑐
(1)
eff = − 3

𝜋2 [(𝑥 + 1)Li2(−𝑥) + (1 − 𝑥)Li2(𝑥)+

ln(𝑥) ((1 − 𝑥) ln(1 − 𝑥) + (𝑥 + 1) ln(𝑥 + 1))] ,
(6.27)

where 𝑥 = cosh−1(2𝛼) and Li2 denotes the dilogarithm function [93]. Figure 6.3
shows the 𝛼-dependence of 𝑐(1)eff —which decays from the ideal value of 1/2 to zero
as 𝛼 increases (see caption for details). Consequently, while for any finite 𝛼 the von
Neumann entanglement entropy still follows a logarithmic-law, its coefficient—the
effective central charge—is diminished by protocol imperfection relative to Alice’s
original critical state. This result agrees with that of Ref. [57], where the mapping to
a single-bond-defect Ising model was used. To our knowledge, the general expression
in Eq. (6.25) for 𝑐(𝑛)eff characterizing logarithmic growth of Rényi entropies with 𝑛 ≠ 1
for the state (6.22) has not been reported previously. These coefficients similarly
decay smoothly to zero as the protocol imperfection increases in a manner that
depends (somewhat weakly) on 𝑛 and yields a finite 𝛼-dependent value at 𝑛→∞.
The situation should be contrasted to Eq. (6.5) for the pristine Ising theory, where
a single parameter 𝑐 characterizes the logarithmic entanglement growth for any 𝑛.
We will return to these general Rényi entropies shortly from the perspective of the
𝛼 ≫ 1 limit.

We now report the results of two-point correlation functions arising from marginally
imperfect teleportation. In the limit |𝑖 − 𝑗 | ≫ 1 they read

⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 =
sech2(2𝛼)
𝜋2 |𝑖 − 𝑗 |2

,

⟨𝑌𝑖𝑌 𝑗 ⟩ ∝
1

|𝑖 − 𝑗 |2Δ𝑌 (𝛼)
, Δ𝑌 (𝛼) =

2[arctan(𝑒2𝛼) − 𝜋]2
𝜋2

⟨𝑍𝑖𝑍 𝑗 ⟩ ∝
1

|𝑖 − 𝑗 |2Δ𝑍 (𝛼)
, Δ𝑍 (𝛼) =

2 arctan2(𝑒2𝛼)
𝜋2 .

(6.28)

Compared to the correlations in Eq. (6.4) operative for perfect teleportation, the
following salient features arise: The power-law exponent for the connected ⟨𝑋𝑖𝑋 𝑗 ⟩𝑐
correlator does not vary upon turning on non-zero 𝛼, although the amplitude is
suppressed and vanishes smoothly as 𝛼→∞. Power-law exponents for two-point 𝑌
and 𝑍 correlators, by contrast, do depend on the degree of protocol imperfection:
as 𝛼 increases from 0 to∞, Δ𝑌 decreases from 9/8 to 1/2 while Δ𝑍 increases from
1/8 to 1/2. DMRG simulations presented in Fig. 6.4 confirm the scaling behavior
predicted by Eq. (6.28). As an aside, although we focus on 𝛼 ≥ 0, our analytical
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results for both the 𝑐(𝑛)eff entanglement coefficients and the correlators in Eq. (6.28)
apply for either sign of 𝛼; the 𝑐(𝑛)eff coefficients are invariant under 𝛼→ −𝛼 while the
scaling dimensions Δ𝑍 and Δ𝑌 are not.

Using the formalism from Sec. 5.3, we can approximate Bob’s penultimate wave-
function (again prior to applying the final outcome-dependent unitary) as

|𝜓𝑎̃⟩ ≈
1
√
N
𝑒−

𝑢2
2

∑
𝑗≠𝑘 𝑉 𝑗𝑘𝑍 𝑗𝑍𝑘 |𝜓𝐵⟩ . (6.29)

The unitary operator in Eq. (5.24) is absent here since 𝑞( 𝑗) vanishes by symmetry.
In the non-unitary operator, the strange correlator 𝑉 𝑗 𝑘 was evaluated in Ref. [3]
and shown to scale as 𝑉 𝑗 𝑘 ∼ 1/| 𝑗 − 𝑘 |. In Sec. 5.3 we argued that the perturbative
expansion leading to Eq. (6.18)—and the associated Hermitian parent Hamiltonian
from Eq. (5.27)—was expected to be controlled provided 𝑉 𝑗 𝑘 decays faster than
1/| 𝑗 − 𝑘 |. Nevertheless, we can recover asymptotic features present in our earlier
non-perturbative computations by boldly calculating correlations and entanglement
using the above large-𝛼 form of Bob’s penultimate state. Methods similar to Sec. 6.2
and detailed further in Section 6.6 show that ⟨𝑌𝑖𝑌 𝑗 ⟩ and ⟨𝑍𝑖𝑍 𝑗 ⟩ both scale as 𝑢2𝑉𝑖 𝑗

whereas ⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 scale as 𝑢4𝑉2
𝑖 𝑗

. Power-law exponents for the 𝑌 and 𝑍 correlators
agree with the asymptotic 𝛼 → ∞ limit of Eq. (6.28); the 𝑋 correlator recovers
the exact exponent as well as the leading large-𝛼 dependence of the prefactor in
Eq. (6.28) upon using 𝑢 ≈ 𝑒−𝛼. We can, moreover, analytically calculate the 𝑛 = 2
Rényi entropy upon Taylor expanding the exponential in Eq. (6.29) (see Section 6.6).
To leading nontrivial order we obtain

𝑆
(2)
𝑅

=
4𝑢2

𝜋2 ln ℓ + O(1), (6.30)

which agrees with Eq. (6.24) in the 𝛼 ≫ 1 regime.

To summarize, compared with relevant imperfection treated in Sec. 6.2, in the
imperfect protocol studied here Bob inherits a far more faithful version of Alice’s
critical wavefunction: power-law correlations and long-range entanglement both
persist, albeit with modifications that vary smoothly with 𝛼. In the next subsection
we will see how resilience to imperfection can be further improved by following a
protocol that employs yet a different quantization axis n—though, as we will see,
the improvement is not quite to a degree that a naive analysis would initially suggest.

Disguised marginal imperfection
Consider now a teleportation protocol with n = ŷ. In this case we find that whenever
the entangling gate𝑈 =

∏
𝑗 𝑒
𝑖𝑢𝑍𝐴

𝑗
𝑍𝐵
𝑗 is imperfect, Alice’s most probable measurement
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Figure 6.5: Correlations with disguised marginal imperfection. Correlations in
the teleported state received by Bob [Eq. (6.31)] following an imperfect protocol
with n = ŷ and with Alice’s most probable measurement outcome. Data points
were obtained using infinite DMRG with for 𝛼 ∈ [0, 2] in steps of 0.2. Setup
with Bob’s initial wavefunction as a product state in the ŷ basis. All correlators
exhibit continuously modified power-law exponents as the imperfection strength
increases—in agreement with naively irrelevant imperfections generating marginal
corrections under renormalization.

outcomes are the two symmetry-related Néel states |𝑎̃, ŷ⟩ with 𝑎 𝑗 = ±(−1) 𝑗 (at least
for an even number of sites with periodic boundary conditions 1). For these outcomes
Bob’s final wavefunction is ��𝜓tele

𝑎̃

〉
=

1
√
N
𝑒𝛼𝑀

𝑠
𝑌 |𝜓𝑐⟩ , (6.31)

where we defined the staggered 𝑌 magnetization 𝑀 𝑠
𝑌
=

∑
𝑗 (−1) 𝑗𝑌 𝑗/2. What is the

appropriate defect-line perturbation 𝛿𝑆 generated by the non-unitary operator above
at small 𝛼? Given that the low-energy expansion 𝑌 𝑗 ∼ 𝑖𝜕𝜏𝜎 contains only smoothly
varying field components, the (−1) 𝑗 in the staggered magnetization 𝑀 𝑠

𝑌
appears to

imply that only highly oscillatory—and thus strongly irrelevant—terms appear in
𝛿𝑆. Actually, had we post-selected for (lower-probability) uniform outcomes rather
than staggered measurement outcomes, the (−1) 𝑗 oscillatory factor would disappear,
yielding 𝛿𝑆 ∼ 𝛼

∫
𝑥
𝑖𝜕𝜏𝜎(𝑥, 𝜏 = 0)—which is still irrelevant. One might be tempted

to conclude then that, for either the uniform or staggered measurement outcomes,
Bob faithfully inherits the universal features of Alice’s critical correlations and
entanglement over at least a finite window of protocol imperfection.

Such a conclusion would be incorrect, however. Under renormalization, additional
symmetry-allowed terms will be generated that may be more relevant than those in
the ‘bare’ theory (see, e.g., Ref. [94]). In our context, with either the uniform or

1With an odd number of sites, there are O(𝐿) degenerate states corresponding to Néel states with
a single local ferromagnetic bond. We only consider even system sizes here.
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staggered measurement outcomes, symmetry allows generation of the marginal term

𝛿𝑆′ ∼ 𝛼2
∫
𝑥

𝜀(𝑥, 𝜏 = 0) (6.32)

at O(𝛼2). For instance, one can view 𝛼 in Eq. (6.31) as odd under time reversal
T , Z2 spin-flip symmetry, and single-site translations; 𝛼2 is then invariant under
all symmetries, so that 𝛿𝑆′ is indeed symmetry-allowed. For another perspective
on Eq. (6.32) let us examine further the uniform measurement outcome. Using
Lorentz invariance of the unperturbed continuum theory, we can Wick rotate to
interchange imaginary time and space to obtain a defect-line action that acts at one
spatial position 𝑥 = 0 but all 𝜏. This Wick-rotated defect describes a conventional
static quantum impurity that microscopically descends from a critical Hamiltonian
with a 𝑌 perturbation of strength 𝛼𝐽 at a single site:

𝐻imp = −𝐽
(∑︁

𝑗

𝑍 𝑗𝑍 𝑗+1 +
∑︁
𝑗≠0

𝑋 𝑗

)
− 𝐽 (𝑋0 + 𝛼𝑌0). (6.33)

Note that we grouped the transverse field and the 𝑌 perturbation at the impurity site,
𝑗 = 0. Locally rotating the 𝑗 = 0 spin about 𝑍 by an angle 𝜃 satisfying tan(2𝜃) = 𝛼
yields the unitarily equivalent form

𝑒𝑖𝜃𝑍0𝐻imp𝑒
−𝑖𝜃𝑍0 = −𝐽

(∑︁
𝑗

𝑍 𝑗𝑍 𝑗+1 +
∑︁
𝑗≠0

𝑋 𝑗

)
− 𝐽

√︁
1 + 𝛼2𝑋0 ≈ 𝐻𝑐 −

𝐽

2
𝛼2𝑋0. (6.34)

On the bottom right we assumed 𝛼 ≪ 1 to arrive at the uniform critical Ising
Hamiltonian 𝐻𝑐 from Eq. (6.1) perturbed solely by a local O(𝛼2) shift in the
transverse field. In this form it is clear that the original O(𝛼) 𝑌 perturbation indeed
germinates an O(𝛼2) 𝜀 perturbation in the low-energy theory, as previously deduced
on symmetry grounds.

Because a marginal perturbation appears only upon a careful inspection that ac-
commodates higher-order terms, we refer to this situation as ‘disguised marginal
imperfection’. Section 6.2 already analyzed the impact of a marginal defect-line
action on the teleported state. Here we similarly expect that imperfection smoothly
modifies long-distance entanglement and correlations away from their ideal universal
forms, but to a still less dramatic degree at 𝛼 ≪ 1 since corruption kicks in only at
O(𝛼2). Figure 6.5 presents two-point correlators obtained with DMRG assuming the
most-likely staggered measurement outcome and confirms this expectation. Indeed,



119

in the small-𝛼 regime, the correlations in Fig. 6.5 behave qualitatively similarly to
those for the n = x̂ protocol in Fig. 6.4. [The main difference arises for two-point 𝑋
correlators, whose power-law exponent does now evolve nontrivially with 𝛼. This
feature can be understood from the large-𝛼 limit. We observe that in the present case
𝑞( 𝑗) is non-zero in Eq. (5.24), which produces different behavior with respect to
measuring in the x̂-basis.]

���

���

Figure 6.6: Scaling dimension and effective central charge with disguised
marginal imperfection. (a) Power-law dependence of the scaling dimension of 𝑍 as
a function of 𝛼. Red stars represent data obtained from infinite DMRG [Fig. 6.5(c)],
while the dashed line is a power-law fit Δ𝑧 (𝛼) − 1/8 ∼ 𝛼1.92. The fit agrees well
with the 𝛼2 scaling expected from the generation of a marginal term at second order
in the imperfection strength 𝛼; see Eq. (6.32). (b) Dependence of the effective
central charge on 𝛼. Red stars represent the data obtained using finite DMRG from
fitting 𝑆𝐿/2 vs ln 𝐿 for 𝐿 = [20, 40, 60, 80, 100, 150, 200]. Dashed line represents
a power-law fit |𝑐 − 1/2| ∼ 𝛼3.78—which agrees reasonably well with 𝛼4 scaling
expected from an O(𝛼2) marginal imperfection term.
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To further bolster our predictions, Fig. 6.6(a) presents the imperfection-induced
change in the ⟨𝑍𝑖𝑍 𝑗 ⟩ ∼ 1/|𝑖 − 𝑗 |2Δ𝑍 scaling dimension relative to the ideal value
of Δ𝑍 = 1/8. We numerically find the relation Δ𝑍 (𝛼) − 1/8 ∼ 𝛼1.92 at small 𝛼, in
good agreement with the scaling Δ𝑍 (𝛼) − 1/8 ∼ 𝛼2 that follows from Eq. (6.32).
One can also recover that scaling directly from Eq. (6.28) upon sending 𝛼 → 𝛼2.
Figure 6.6(b) shows that the change in the effective central charge characterizing
logarithmic entanglement growth scales approximately as |𝑐(1)eff − 1/2| ∼ 𝛼4—as
expected from Eq. (6.27) upon similarly replacing 𝛼 → 𝛼2. Therefore, protocols
with n = ŷ yield additional resilience to weak imperfection when post-selecting
for the highest-probability measurement outcomes, despite universal features still
undergoing modifications.

Further improvement is technically possible even when post-selecting for similar
measurement outcomes. Suppose that we generalize Eq. (6.31) to��𝜓tele

𝑎̃

〉
=

1
√
N
𝑒𝛼𝑥𝑀

+
𝑋
+𝛼𝑦𝑀𝑠

𝑌 |𝜓𝑐⟩ . (6.35)

The above form of Bob’s final state arises upon replacing n = ŷ with a position-
dependent quantization axis n 𝑗 = (−1) 𝑗 sin 𝜑x̂ + cos 𝜑ŷ and again post-selecting
for a staggered outcome with 𝑎 𝑗 = ±(−1) 𝑗 . In the weak-imperfection limit, we
have seen that both 𝑀+

𝑋
and 𝑀 𝑠

𝑌
generate marginal 𝜀 defect-line perturbations—the

former at O(𝛼𝑥) and the latter at O(𝛼2
𝑦). When the two 𝜀 contributions come with

opposite sign, one can cancel off the marginal term by fine-tuning 𝛼𝑥,𝑦 to values
satisfying |𝛼𝑥 | ∼ 𝛼2

𝑦 . Here the imperfectly teleported state retains the quantized
central charge 𝑐 = 1/2 and power-law correlations characteristic of the pristine
Ising theory. By continuity this fine-tuned limit must persist also in the limit where
𝛼𝑥,𝑦 are not necessarily weak. We support this scenario in Fig. 6.7, which shows
the 𝛼𝑥,𝑦 dependence of the effective central charge of Eq. (6.35) obtained using
DMRG. An extended region with 𝑐 = 1/2 is clearly visible in agreement with our
predictions. Although this limit is doubly fine-tuned in the sense of requiring both
post-selection and tuning of 𝛼𝑥 given some 𝛼𝑦, we learn two lessons: First, it serves
as a nontrivial check on our theory of disguised marginal imperfection. And second,
it shows that in principle one can teleport the ideal long-distance universal Ising
criticality properties even with simple, spatially periodic measurement outcomes
and with superficially ‘large’ protocol imperfections (the 𝑐 = 1/2 line in Fig. 6.7
indeed persists to sizable |𝛼𝑥 | values where one might naively anticipate dramatically
altered critical properties).
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Figure 6.7: Cancellation of marginal imperfections. Effective central charge for
the generalized teleported state in Eq. (6.35) as a function of 𝛼𝑥 and 𝛼2

𝑦 . Data were
obtained using infinite DMRG (see Section 6.6 for details). The bright yellow arc
highlights fine-tuned parameters for which imperfection-induced marginal terms
cancel—in turn producing a teleported state with pristine central charge 𝑐 = 1/2.
Note the persistence of this fine-tuned arc even for sizable imperfection strengths
𝛼𝑥,𝑦.

Imperfect teleportation with typical measurement outcomes
Above we focused on the effects of an imperfect teleportation protocol when Alice
obtains her most likely measurement outcomes. However, the probabilities for such
outcomes, while maximal, are still exponentially small in the number of teleported
qubits. Hence, it is important to investigate the quality of teleportation in the
case of typical measurement outcomes 𝑎̃—i.e., those appearing when sampling
according to the (𝛼-dependent) Born probability distribution 𝑝𝑎̃ corresponding to
the state |𝜓𝑈⟩ = 𝑈 |𝜓𝑐⟩ |𝑏̃,n⟩ obtained after Alice and Bob entangle their qubits.
Reference [16] already addressed a related question when probing measurement-
altered criticality in a Luttinger liquid. We will repeat and adapt their findings to our
teleportation protocols with quantization axis/measurement basis n.

Let 𝑎̃ now denote a typical outcome consisting of bits 𝑎 𝑗 = ±1 associated with the
Pauli operators 𝑂𝐴

𝑗
(n) that Alice measures. We would like to use a coarse-graining

procedure to take the continuum limit of the non-unitary operator 𝑒− 𝛼2 𝐻𝑎̃ (n) encoding
teleportation-protocol imperfection, obtain a corresponding defect-line action in
the 𝛼 ≪ 1 regime, and analyze its effect on the long-distance properties of Bob’s
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Figure 6.8: Correlations with typical measurement outcomes. Correlations in
the teleported state received by Bob following an imperfect protocol with n = x̂,
now with a typical measurement outcome randomly sampled from Born’s probability
distribution as prescribed in Ref. [57]. Data were obtained using finite DMRG with
bond dimension 𝜒 = 800 and system size 𝐿 = 120 with periodic boundary conditions.
Results shown in blue correspond to 𝑢 = 0.7 (𝛼 ≈ 0.17) after averaging the correlation
functions over the center of mass coordinate, i.e., ⟨𝑂̂ 𝑗𝑂̂ 𝑗+𝑑⟩ =

∑𝐿
𝑗=1⟨𝑂̂ 𝑗𝑂̂ 𝑗+𝑑⟩/𝐿.

For comparison, the green points show correlations obtained with Alice’s most
probable measurement outcome for the same value of 𝑢. Contrary to the latter
case, with typical outcomes imperfections are irrelevant, and hence the averaged
correlators are consistent with power laws expected for pristine Ising criticality.

final wavefunction. For a perfect teleportation protocol with 𝛼 = 0, all outcomes
are equally likely, and hence the 𝑎 𝑗 bits are completely uncorrelated. An imperfect
protocol with 𝛼 ≠ 0—which we assume hereafter—biases the measurement-outcome
distribution, yielding correlations among the bits that are inherited from structure in
the pre-measurement entangled state |𝜓𝑈⟩. For instance, averaging a given 𝑎 𝑗 over
measurement outcomes gives

𝑎 𝑗 =
∑̃︁
𝑎

𝑝𝑎̃𝑎 𝑗 = cos(2𝑢) ⟨𝜓𝑐 | 𝑂̂𝐴
𝑗 (n) |𝜓𝑐⟩ , (6.36)

while similarly averaging 𝑎 𝑗𝑎𝑘 for 𝑗 ≠ 𝑘 yields the connected correlation

𝑎 𝑗𝑎𝑘 − 𝑎 𝑗𝑎𝑘 = cos2(2𝑢) ⟨𝜓𝑐 | 𝑂̂𝐴
𝑗 (n)𝑂̂𝐴

𝑘 (n) |𝜓𝑐⟩𝑐 . (6.37)

(Both quantities above vanish in the perfect protocol limit 𝑢 = 𝜋/4 as required.)
Equation (6.37) in particular limits the spatial extent of correlations among bit
strings in a typical measurement outcome: on average, they decay at long distances
according to the leading power-law contribution ∼ 1/| 𝑗 − 𝑘 |2Δsl arising from the
critical correlation of Alice’s initial state on the right-hand side.
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Following Kadanoff’s decimation argument [95], next we analyze the block-spin
variable 𝑎(𝑥; 𝑏) = 1/𝑏∑𝑥+𝑏/2

𝑗=𝑥−𝑏/2 𝑎 𝑗 , which reduces the number of degrees of freedom
by grouping the 𝑎̃ variables within a block of size 𝑏 ≫ 1. Intuitively, the more
rapidly correlations among different 𝑎 𝑗 ’s decay with their separation, the faster the
block-spin variable averages to zero as 𝑏 increases. One can estimate the decay rate
with 𝑏 for a typical measurement outcome by examining the variance of 𝑎(𝑥; 𝑏):

[𝑎(𝑥; 𝑏)]2 − [𝑎(𝑥; 𝑏)]2 =
1
𝑏2

𝑥+𝑏/2∑︁
𝑗 ,𝑘=𝑥−𝑏/2

(𝑎 𝑗𝑎𝑘 − 𝑎 𝑗𝑎𝑘 )

∝ 1
𝑏2

𝑥+𝑏/2∑︁
𝑗 ,𝑘=𝑥−𝑏/2

⟨𝜓𝑐 | 𝑂̂𝐴
𝑗 (n)𝑂̂𝐴

𝑘 (n) |𝜓𝑐⟩𝑐 . (6.38)

For large 𝑏, in the regime Δsl < 1/2 the second line scales as 1
𝑏2 × 𝑏2(1−Δsl) = 1/𝑏2Δsl

due to the power-law contribution from the long-distance | 𝑗 − 𝑘 | ≫ 1 part of the
sums. With Δsl > 1/2, however, the long-distance part vanishes sufficiently quickly
that the short-distance part dominates, yielding the faster scaling 1

𝑏2 × 𝑏 = 1/𝑏. Thus
we obtain

[𝑎(𝑥; 𝑏)]2 − [𝑎(𝑥; 𝑏)]2 ∼

𝑏−2Δsl , Δsl < 1/2

𝑏−1, Δsl > 1/2
. (6.39)

Notice that the scaling with 𝑏 in the lower line is the same as one would obtain at
𝛼 = 0, where all measurement outcomes are equally likely and the 𝑎 𝑗 ’s at different
sites are completely uncorrelated. The key upshot is that 𝑎(𝑥; 𝑏) realizes a smoothly
varying function whose scaling dimension follows from the square root of Eq. (6.39);
i.e., the dimension is either Δ𝑎 = Δsl (for Δsl < 1/2) or Δ𝑎 = 1/2 (for Δsl > 1/2).

We can now take the continuum limit of 𝑒− 𝛼2 𝐻𝑎̃ (n) . Recalling the definition of
𝐻𝑎̃ (n) in Eq. (5.17), the coarse-grained function 𝑎(𝑥; 𝑏) couples to the low-energy
expansion of 𝑂̂ 𝑗 (n) given by the dictionary in Eq. (6.7). Hence, if 𝑂̂ 𝑗 (n) ∼ 𝑂sl is
the leading contribution (which has the same scaling dimension Δsl from earlier),
then the corresponding defect-line action reads

𝛿𝑆 ∼ 𝛼
∫
𝑥

𝑎(𝑥; 𝑏)𝑂sl(𝑥, 𝜏 = 0). (6.40)

For Δsl < 1/2, the integrand has scaling dimension Δsl + Δsl < 1—implying that
𝛿𝑆 constitutes a relevant perturbation. For Δsl > 1/2, in contrast, the dimension
becomes 1/2 + Δsl > 1 so that 𝛿𝑆 is then irrelevant.

Teleportation protocols with n = x̂ yield 𝑂sl = 𝜀 and Δsl = 1. Post-selecting for
typical measurement outcomes thereby demotes the marginal defect-line action
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studied in Sec. 6.2 to an irrelevant perturbation. At least on sufficiently long
length scales, Bob inherits Alice’s universal correlations and entanglement despite
imperfection in the protocol. We numerically tested this prediction by computing
two-point 𝑋 , 𝑌 , and 𝑍 correlators in Bob’s final state obtained for an imperfect
entangling gate with 𝑢 = 0.7 and when Alice measures a typical outcome randomly
sampled according to Born’s probability distribution. Specifically, following Ref. [57]
we measured one of Alice’s qubit (sampled according to Born’s rule), obtained the
resulting post-measurement state, then moved on to measure her next qubit, and so on.
Our results for the spatially averaged quantities

∑𝐿
𝑗=1⟨𝑂 𝑗𝑂 𝑗+𝑑⟩/𝐿 with 𝑂 𝑗 = 𝑋,𝑌

and 𝑍 are shown in the blue curves from Fig. 6.8; for reference, the green curves
correspond to correlators obtained with Alice’s most probable outcome (Sec. 6.2).
The blue curves in the 𝑋 and 𝑌 panels appear noisier than for 𝑍 . We attribute this
behavior to their faster power-law decay, which in turn suppresses averaging out of
the randomness from the measurement outcome. Nevertheless, in all three panels,
power-law behavior for the typical outcome is indeed compatible with the results of
Eq. (6.4) obtained for the pure Ising CFT.

Using similar logic, 𝛿𝑆 is also irrelevant for protocols with n = ŷ. In Sec. 6.2 we
saw for the highest-probability outcome that an irrelevant term appearing at leading
order in 𝛼 generated a marginal 𝜀 term [Eq. (6.32)] at O(𝛼2). With typical outcomes,
we also expect an 𝜀 term to be generated—but now with a prefactor [𝛼𝑎(𝑥; 𝑏)]2.
The appearance of 𝑎(𝑥; 𝑏) in particular renders that second-order term irrelevant as
well. Thus protocols with n = ŷ also enjoy resilience against imperfection in the
case of typical measurement outcomes.

When n = ẑ, however, imperfection continues to yield dramatic consequences
even for typical outcomes. Here 𝑂sl = 𝜎 and Δsl = 1/8, and consequently 𝛿𝑆 is
relevant (albeit less so compared to the case of uniform measurement outcomes).
Here we expect ⟨𝑍 𝑗 ⟩ to take on a non-zero, position-dependent expectation value
that roughly follows the sign of the imperfection-induced longitudinal-field-like
perturbation encoded in 𝛿𝑆. Two-point correlators and entanglement can be attacked
from the large-𝛼 limit using the parent Hamiltonian formalism from Sec. 5.3. We
saw in Sec. 6.2 that this formalism captures both power-law correlations and area-law
entanglement when post-selecting for the highest-probability measurement outcome;
recall Eq. (6.21) and the accompanying discussion. With typical outcomes, the
main difference stems from the form of the strange correlator 𝑉 𝑗 𝑘 that governs
‘weak’ long-range interactions in the parent Hamiltonian. At large separation | 𝑗 − 𝑘 |,
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the mean of 𝑉 𝑗 𝑘 is exactly 0, while the variance of 𝑉 𝑗 𝑘 vanishes as ∼ 1/| 𝑗 − 𝑘 |4

(see Ref. [3] for the computation). This relatively fast power-law decay suggests
that (𝑖) the perturbative treatment underlying the large-𝛼 analysis is valid, (𝑖𝑖) the
entanglement entropy exhibits area-law behavior also for typical outcomes, and (𝑖𝑖𝑖)
spatially averaged spin-spin correlations decay as the square root of the variance of
𝑉 𝑗 𝑘 , i.e., as ∼ 1/| 𝑗 − 𝑘 |2. (Verifying this power-law decay numerically, however, is
challenging.) We conclude that regardless of whether Alice obtains the most probable
measurement outcome or a typical outcome, even weak imperfection in protocols
using n = ẑ qualitatively alters the universal correlations and entanglement of the
Ising critical state undergoing teleportation.

6.3 Generalized protocol
In our imperfect teleportation protocol treated so far we restricted to entangling
on-site unitaries 𝑈 =

∏
𝑗 𝑈 𝑗 with 𝑈 𝑗 generated by the tensor product of two Pauli

operators 𝑂̂𝐴
𝑗
(n⊥)𝑂̂𝐵

𝑗
(n⊥). Recall that n⊥ is orthogonal to the vector n specifying

the basis for Alice’s measurement and Bob’s initialization. We will now generalize
the protocol to incorporate an additional possible imperfection by assuming that
Alice and Bob entangle their qubits via

𝑈 𝑗 = 𝑒
𝑖𝑢𝑂̂𝐴

𝑗
(m)𝑂̂𝐵

𝑗
(m)

, (6.41)

where m is now a general unit vector not necessarily orthogonal to n. As in the
previous, more restricted protocol, Bob is allowed to perform a unitary dependent
on Alice’s measurement outcome 𝑎̃ (as well as 𝑏̃,n, and m) to obtain the final
teleported state. In what follows we discuss how the quality of teleportation is
altered by imperfections in both the entangling gate strength (parametrized by 𝑢) and
‘orientation’ (parametrized by m). Other error sources may of course also arise and
can be studied similarly.

We first examine the structure of Bob’s penultimate wavefunction |𝜓𝑎̃⟩, prior to
applying the final outcome-dependent unitary. With details consigned to Section 6.6,
the expression—valid for an arbitrary initial state |𝜓𝐴⟩ for Alice—can be written as

|𝜓𝑎̃⟩ =
1
√
N
𝑒𝑖

𝜋
4 𝐻𝑏̃ (n)𝑒−

𝛼
2 𝐻𝑏̃ (n)

×U𝑏̃ (m × n⊥)𝑈𝑏̃←𝑎̃U
†
𝑎̃
(m × n⊥) |𝜓𝐴⟩ .

(6.42)

The first two exponentials involve the Hermitian operator 𝐻𝑏̃ (n) = −
∑
𝑗 𝑏 𝑗𝑂̂ 𝑗 (n),

whileU𝑑 (m×n⊥) (for 𝑑 = 𝑎, 𝑏) are on-site transformations that are in general non-

unitary. They take the explicit formU𝑑 (m×n⊥) =
∏

𝑗 [𝑒
𝑖𝜃
(m×n⊥)
| |m×n⊥ | | ·σ 𝑗𝑃𝑑

𝑗
+1(1−𝑃𝑑

𝑗
)],
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where 𝜃 is the angle between m and n⊥, and 𝑃𝑑
𝑗

are projectors defined as 𝑃𝑑
𝑗
=

1
2 [1 − 𝑑 𝑗𝑂̂ 𝑗 (n)]. Thus theU factors in Eq. (6.42) either act as the identity, or rotate
the spins about the axis m × n⊥. Notice that these rotations become trivial if m
was chosen parallel to n⊥ (as arose in our previously treated protocols). When
they act nontrivially, the projectors 𝑃𝑑

𝑗
correct the ‘mismatch’ in Eq. (6.41) that

prevents 𝑈 𝑗 from performing a full flip from 𝑎 𝑗 → −𝑎 𝑗 and/or 𝑏 𝑗 → −𝑏 𝑗 . With
these definitions, we can view the first three operators acting on |𝜓𝐴⟩ in Eq. (6.42)
as follows: First,U†

𝑎̃
(m ×n⊥) ‘readjusts’ the m direction such that it lies along n⊥.

Next,𝑈𝑏̃←𝑎̃ = 𝑒𝑖
𝜋
4 𝐻𝑏̃←𝑎̃ (n

⊥) is a unitary that flips the measurement outcome 𝑎̃ to 𝑏̃ as
in Eq. (5.15). Finally,U𝑏̃ (m × n⊥) readjusts m by rotating it into the n⊥ direction.

Deducing the fate of the imperfectly teleported wavefunction as written in Eq. (6.42)
is nontrivial since a series of interspersed unitary and non-unitary operators acts on
|𝜓𝐴⟩. A more useful form arises upon re-organizing the expression such that unitary
factors act to the left of manifestly Hermitian, non-unitary factors. We will not
attempt a completely general rewriting of this type, but rather examine the situation
where m is weakly misaligned but close to n⊥. In this limit one can write, after
dropping an unimportant overall phase,

U𝑑 (m × n⊥) ≈ 𝑒
𝑖
2
∑
𝑗 𝑂̂ 𝑗 (m×n⊥) × 𝑒

(m·n)
2

∑
𝑗 𝑑 𝑗𝑂̂ 𝑗 (n⊥) . (6.43)

Using this approximation and allowing Bob to undo an overall unitary operator, we
obtain the final (unnormalized) teleported state��𝜓tele

𝑎̃

〉
= 𝑒−

𝛼
2 𝐻𝑎̃ (n)+

𝛼
2

∑
𝑗 𝜖−, 𝑗𝑂̂ 𝑗 (n⊥) × 𝑒 1

2
∑
𝑗 𝜖+, 𝑗𝑂̂ 𝑗 (n⊥) |𝜓𝐴⟩ , (6.44)

where 𝜖±, 𝑗 = (𝑏 𝑗 ± 𝑎 𝑗 ) (m · n) are small factors originating from the new source of
imperfection that we have allowed.

Let us now specialize to the case |𝜓𝐴⟩ = |𝜓𝑐⟩ so that
��𝜓tele
𝑎̃

〉
forms an imperfectly tele-

ported Ising critical wavefunction. Section 6.2 showed that, for our previously studied
protocol, orienting n in the (𝑥, 𝑦) plane optimized resilience to errors in the sense
that imperfections were generically marginal (for the highest probability outcomes)
or irrelevant (for typical outcomes). Equation (6.44) reveals that misaligning m

away from n⊥—which importantly would orient along ẑ for such n’s—supplements
the non-unitary operator with a 𝑍 component that comprises a relevant imperfection.
The heart of the issue is that misalignment of m with this otherwise optimal choice
of n causes the entangling unitary to violate T × Z2 symmetry (contrary to the case
where the unitary only involves 𝑍 operators). This symmetry reduction trickles down
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to the final teleported state via generation of a 𝜎 perturbation to the defect-line action
that is no longer symmetry-forbidden. Zooming out, we anticipate that the effects of
a still broader class of possible protocol imperfections can be analogously classified
on symmetry grounds.

6.4 Average teleported mixed-state
The results of Sec. 6.2 quantify the character of an imperfectly teleported quantum
critical state following a single protocol implementation. In particular, we saw that
the role of imperfections depends on the quantization axis n used for initialization
and measurement, as well as Alice’s particular measurement outcome. Suppose now
that Alice and Bob repeat an (identically) imperfect teleportation protocol many
times, and that after each iteration, Bob measures observables with respect to the
final teleported state

��𝜓tele
𝑎̃

〉
in Eq. (5.19). Upon averaging over Alice’s measurement

outcomes 𝑎̃, are the nontrivial effects that we captured for a single implementation
still observable? Or do imperfections average out, allowing Bob to sample Alice’s
pristine quantum critical state even if each implementation is flawed?

To address these questions, we examine the mixed-state density matrix

𝜌tele =
∑̃︁
𝑎

𝑝𝑎̃
��𝜓tele
𝑎̃

〉 〈
𝜓tele
𝑎̃

�� (6.45)

describing an ensemble of imperfectly teleported states, where again 𝑝𝑎̃ is the
probability of Alice obtaining outcome 𝑎̃. Using Eq. (5.18) and inserting resolutions
of the identity allows us to write

𝜌tele =
∑̃︁
𝑎,𝑎̃′

{∏
𝑗

[sin(2𝑢)]
1−𝑎 𝑗 𝑎′𝑗

2

}
⟨𝜓𝑐 |𝑎̃′,n⟩⟨𝑎̃,n|𝜓𝑐⟩

× |𝑎̃,n⟩ ⟨𝑎̃′,n| . (6.46)

[Equation (6.46) actually holds for an arbitrary initial state |𝜓𝐴⟩ for Alice upon
simply replacing 𝜓𝑐 → 𝜓𝐴 in the corresponding bra and ket.] In the perfect-protocol
limit with 𝑢 = 𝜋/4, the factor in braces becomes unity, and hence the density
matrix reduces to the pure-state form 𝜌tele = |𝜓𝑐⟩ ⟨𝜓𝑐 |. Here any correlations and
entanglement probed by Bob exactly mirror the properties in Alice’s original state.

Away from this limit 𝜌tele describes a mixed state, and the extent to which Bob’s cor-
relations match those in Alice’s original critical state depends on the operators under
consideration. Defining a string of Bob’s Pauli operators 𝑂̂K (d) =

∏|K |
𝑎=1 𝑂̂ 𝑗𝑎 (d)
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acting along quantization axis d, we in particular find

Tr[𝜌tele𝑂̂K (n)] = ⟨𝜓𝑐 | 𝑂̂K (n) |𝜓𝑐⟩ ,
Tr[𝜌tele𝑂̂K (n⊥)] = [sin(2𝑢)] |K | ⟨𝜓𝑐 | 𝑂̂K (n⊥) |𝜓𝑐⟩ ,
Tr[𝜌tele𝑂̂K (n × n⊥)] = [sin(2𝑢)] |K | ⟨𝜓𝑐 | 𝑂̂K (n × n⊥) |𝜓𝑐⟩ .

(6.47)

The first line indicates that Bob exactly recovers critical correlations of operators
oriented along n for any choice of 𝑢. At 𝑢 = 𝜋/4 this result is clear since the
teleportation is perfect in every iteration as already highlighted above. For the
opposite extreme, at 𝑢 = 0—where Alice and Bob altogether fail to entangle—
the same conclusion persists for the following reason: Upon receiving Alice’s
measurement outcome, the unitary that Bob implements simply converts his initial
product state into Alice’s post-measurement product state, i.e., he probes correlations
in the wavefunction

��𝜓tele〉 = |𝑎̃,n⟩. In effect, Alice has simply farmed out the
measurement of correlations in her state to Bob, and hence averaging over outcomes
reproduces her critical correlations as captured by the first line of Eq. (6.47). The
bottom two lines indicate that Bob also recovers critical correlations of Alice’s state
for Pauli operators oriented orthogonal to n, but with a suppressed amplitude that
eventually vanishes as 𝑢 decreases from 𝜋/4 towards zero.

Consequently, averaging over sequential imperfect teleportation runs indeed allows
Bob to measure Alice’s pristine universal power-law exponents—even for n = ẑ

protocols where imperfection constitutes a relevant perturbation with both uniform
and typical measurement outcomes. This conclusion relates deeply to the ‘post-
selection problem’ commonly plaguing measurement-induced phenomena that
manifest only when following specific measurement outcomes whose probability
decays exponentially with system size. From the quantum teleportation perspective,
however, the preceding results comprise a feature rather than a bug in that averaging
over sequential imperfectly teleported states suppresses errors in correlations that
appear in any particular implementation.

In this context, the Rényi entropies we discussed earlier cannot discern between
classical and quantum correlations, and hence are not adequate measures of mixed-
state entanglement. Instead we consider the entanglement negativity—which does
provides a good metric [96, 97]. We refer the interested reader to Section 6.6 for more
details about the behavior of entanglement negativity for the mixed-state density
matrix 𝜌tele. The main lesson we learn is that long-range entanglement encoded in
the negativity in the pure-state 𝑢 = 𝜋/4 limit persists with marginal or irrelevant
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imperfections but is spoiled by relevant imperfections—which is natural given that,
in the latter case, individual protocols runs yield area-law entanglement with both
uniform and typical measurement outcomes. Thus entanglement in the mixed state is
less resilient to imperfections compared to correlations. These results are compatible
with those in Ref. [63] regarding the effect of local quantum channels on quantum
critical states. Indeed, by analyzing a proxy for the entanglement negativity, the
authors find that when their channel corresponds to a relevant perturbation, the
negativity obeys an area law.

It is instructive to consider an alternative averaging scheme wherein Bob does
not implement the final outcome-dependent unitary in each protocol iteration, and
instead directly probes the state |𝜓𝑎̃⟩ given in Eq. (5.15). In this scenario the relevant
mixed-state density matrix reads

𝜌 =
∑̃︁
𝑎

𝑝𝑎̃ |𝜓𝑎̃⟩ ⟨𝜓𝑎̃ | , (6.48)

which is simply the average of Bob’s penultimate wavefunction. For an arbitrary
observable 𝑂̂ of Bob’s qubits, we have Tr[𝑂̂𝜌] = ⟨𝑏̃,n| ⟨𝜓𝑐 |𝑈†𝑂̂𝑈 |𝜓𝑐⟩ |𝑏̃,n⟩,
where𝑈 is the entangling gate employed in the protocol [Eq. (5.13)]. That is, this
alternative averaging scheme returns the expectation value of observables evaluated
in Alice and Bob’s entangled state before she measures her qubits. The analogue of
Eq. (6.47) accordingly becomes

Tr[𝜌𝑂̂K (n)] = [cos(2𝑢)] |K |
|K |∏
𝑎=1

𝑏 𝑗𝑎 ,

Tr[𝜌𝑂̂K (n⊥)] =
〈
𝑏̃,n

�� 𝑂̂K (n⊥) ��𝑏̃,n〉
= 0,

Tr[𝜌𝑂̂K (n × n⊥)] = [sin(2𝑢)] |K |
|K |∏
𝑎=1

𝑏 𝑗𝑎

× ⟨𝜓𝑐 | 𝑂̂K (n⊥) |𝜓𝑐⟩ .

(6.49)

At 𝑢 = 𝜋/4, only the bottom correlation returns a nonzero result, which we can
understand as follows. In any given perfect-protocol implementation, Bob’s state
|𝜓𝑎̃⟩ corresponds to the pristine quantum critical wavefunction |𝜓𝑐⟩ modified by an
outcome-dependent unitary. For the case of ⟨𝜓𝑎̃ | 𝑂̂K (n × n⊥) |𝜓𝑎̃⟩ correlations, the
outcome-dependent unitary factors rotate 𝑂̂K (n × n⊥) in a manner that depends on
the bits 𝑏̃ for Bob’s initialization but not on Alice’s outcome 𝑎̃. Hence averaging
over measurement outcomes for such correlators does not ‘scramble’ the signal
obtained from individual protocol implementations. In contrast, for ⟨𝜓𝑎̃ | 𝑂̂K (n) |𝜓𝑎̃⟩
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or ⟨𝜓𝑎̃ | 𝑂̂K (n⊥) |𝜓𝑎̃⟩ correlators, the rotation depends on 𝑎̃, and averaging over
outcomes therefore returns zero. The amplitude for the third correlation in Eq. (6.49)
becomes suppressed for an imperfect protocol, while the first correlation actually gets
revived (but in a way that reveals no information about Alice’s critical correlations).
Indeed in the trivial 𝑢 = 0 protocol limit the upper line simply reveals a non-zero
expectation value from Bob’s initial product state.

Comparing Eqs. (6.47) and (6.49), we see that averaging observables measured
after each full teleportation protocol run captures Alice’s critical correlations far
more completely compared to the scenario where Bob skips applying the final
outcome-dependent unitary. One can view the former averaging scheme as amending
the latter with a decoding protocol very similar to that studied recently in Ref. [82]
(related frameworks are also common in adaptive circuits; see, e.g., Refs. [98, 76, 99,
48]). Interestingly, in the present context such decoding algorithms are automatically
incorporated into the quantum teleportation protocols.

6.5 Lessons for robust teleportation of critical states
Quantum teleportation refers to a protocol that transmits an arbitrary, and in-principle
unknown, quantum state from Alice to Bob over potentially long distances, enabled
by entanglement, measurements, and classical communication. When the entangling
and measurement stages are accomplished perfectly, Bob recovers Alice’s precise
original state up to a unitary transformation that he can decode (i.e., eliminate)
upon receiving classical information corresponding to her measurement outcome.
In retrospect, it is remarkable that combining entangling unitaries and projective
measurements acting on just a subsystem does not yield a general transformation
containing both unitary and non-unitary operators acting on Alice’s original state.
Quantum teleportation utilizes a set of fine-tuned operations that renders both the
non-unitary and unitary (once the classical channel has been exploited) pieces trivial.
From this perspective, it becomes natural that when these operations are subject to
imperfections, Bob generically receives a non-unitarily corrupted cousin of Alice’s
original state—as we showed explicitly in many instances throughout this paper.

Understanding how general many-body wavefunctions behave under imperfect
teleportation protocols defines a very broad and rich problem. Relative to the
single-qubit case, many-body states exhibit vastly more structure characterized, e.g.,
by local observables, multi-body correlations, entanglement, symmetry quantum
numbers, topological properties, etc. Our study establishes two broadly applicable
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principles in this realm: First, imperfect teleportation deeply relates to the survival of
correlations and entanglement in many-body states subjected to weak measurements.
The fact that an imperfect teleportation translates into an imaginary-time evolution
holds in general, and applies to any many-body wavefunction, including those
showcasing topological order. In fact, those types of imaginary-time evolutions
have been previously studied in the literature (see e.g., Refs. [100, 101]), leading
to conclusions regarding their robustness under teleportation protocols. The link
between imperfect teleportation and the effects of weak measurements on many-body
states identifies a potential quantum networking application (see below) for the
growing body of literature on the latter topic.

Second, fidelity defined by the overlap between Alice’s original wavefunction and
the state Bob receives after decoding, while a natural metric for the single-qubit
case, need not provide a useful measure for many-body wavefunctions. Fidelity
based on wavefunction overlap blurs the distinction between unitary and non-unitary
errors, which can be understood as a consequence of an Anderson orthogonality
catastrophe: Consider a many-body wavefunction |𝜓⟩, and apply to each qubit 𝑗 an
on-site linear transformation 𝑀 𝑗 (𝜖) that reduces to the identity as 𝜖 → 0. Then the
overlap |⟨𝜓 |∏ 𝑗 𝑀 𝑗 (𝜖) |𝜓⟩| is expected to decay exponentially as the number of qubits
𝐿 increases for any small but finite 𝜖—regardless of whether 𝑀 𝑗 (𝜖) is unitary or non-
unitary. Alternatively, one could consider the ‘local fidelity’, defined as the 𝐿-th root
of the global fidelity; this quantity, however, still does not cleanly distinguish between
unitary and non-unitary errors that can yield drastically different consequences on
many-body states. It is crucial to instead focus on physically meaningful diagnostics
of imperfectly teleported many-body wavefunctions that emphasize salient universal
features over fine details. Ultimately, Bob may be content receiving an imperfectly
teleported wavefunction that overlaps negligibly with Alice’s original state, provided
that his state belongs to the same phase of matter, exhibits the same symmetries,
displays the same universal correlations and entanglement characteristics, and so on.
This perspective becomes particularly essential in a scenario where Alice has limited
information about her original wavefunction; for instance, she may know only that it
is the ground state of some local Hamiltonian whose parameters are uncertain yet
realizes a known phase or critical point. The performance of different teleportation
protocols could be naturally assessed by exploring how universal features of the most
sensitive regions in the phase diagram respond to imperfections.

With this last message in mind, rather than analyzing the detailed character of
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arbitrary many-body wavefunctions under imperfect teleportation, we specialized
to Ising quantum critical states as an illuminating test case. Here universal power-
law correlations and long-range entanglement encoded in Alice’s original state
provide well-motivated quantities for benchmarking the character of an imperfectly
teleported wavefunction received by Bob. Moreover, as shown in a collection of
recent works [16, 62, 57, 58, 3, 62], quantum critical points are expected to sensitively
respond to even weak imperfections by virtue of their gaplessness. The dichotomy
between unitary and non-unitary errors becomes especially sharp here: On-site
unitary errors preserve both power-law exponents and long-range entanglement,
albeit with locally scrambled manifestations. Non-unitary contributions, on the other
hand, can qualitatively modify both properties in ways that we elucidated in detail
for protocols employing different measurement bases and in different measurement
outcome sectors. Specifically, we classified protocol imperfections as relevant,
marginal, disguised marginal, or irrelevant depending on their impact on universal
correlations and entanglement—though in all of these cases the wavefunction-overlap
fidelity decreases exponentially with system size. In a nutshell, fidelity does not
distinguish between corruption of short- versus long-distance physics arising from
local errors.

En route to establishing these results, we nontrivially extended the theory of
measurement-altered criticality by, e.g., relating measurement effects to modifications
of full counting statistics; uncovering the phenomenon of disguised marginal
perturbations generated under renormalization by naively irrelevant measurement-
induced terms; adding a new perspective on decoding protocols put forward in
Ref. [82], which quantum teleportation protocols automatically incorporate; and
deriving parent Hamiltonians for non-unitarily corrupted states. The last item allowed
us to make contact with the physics of long-range interacting chains—whose ground
states resemble weakly measured/imperfectly teleported critical wavefunctions—as
well as with non-Hermitian systems that even at criticality can display area-law
entanglement and an emerging finite correlation length [88]. We hope that many
of these tools can be directly exported to understand measurement effects on other
systems such as those realizing strongly interacting CFTs and deconfined critical
points.

We close with some questions related to future directions. Are there practical
applications of teleporting particular many-body wavefunctions, e.g., Ising critical
states? As one possibility, quantum critical wavefunctions, by virtue of their long-
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range entanglement, are nontrivial to prepare on quantum hardware. If Alice owns a
special-purpose device that allows her to efficiently accomplish the task, she may
(for a fee) quantum teleport critical wavefunctions to remote interested parties over
quantum networks. To this end, it would be highly desirable to adopt a protocol
that optimizes against imperfections following insights from this work. Among
the infinite variety of possible many-body wavefunctions, which other classes are
particularly interesting to examine through the lens of imperfect teleportation? Is it
possible to teleport only a subset of qubits from a many-body wavefunction while
still allowing the receiver to back out universal features of the complete state? Finally,
can one devise near-term experiments for testing the resilience of various many-body
teleportation protocols against errors?

6.6 Technical details and derivations from the teleportation paper
Derivation of imperfectly teleported many-body state
In this Section we derive the form of the imperfectly teleported wavefunction
received by Bob, prior to application of the final outcome-dependent unitary. We
will consider the generalized protocol from Sec. 6.6, recovering the main result of
Sec. 5.3 as a limiting case. For clarity, let us recall the general setup. Alice and
Bob prepare the initial wavefunction |𝜓⟩𝐴 |𝜓⟩𝐵, where |𝜓⟩𝐵 =

��𝑏̃,n〉
is a product

state along the common quantization axis n. In most of the text we considered
Alice’s wavefunction is given by the critical state |𝜓𝑐⟩ although this is not necessary.
Then, they couple their degrees of freedom via the on-site unitary𝑈 =

∏
𝑗 𝑈 𝑗 with

𝑈 𝑗 = exp(𝑖𝑢𝑂̂𝐴
𝑗
(m)𝑂̂𝐵

𝑗
(m)) with m a unit vector. Finally, Alice measures her

qubits along n obtaining the outcome 𝑎̃ = {𝑎 𝑗 } with probability 𝑝𝑎̃. All together, a
generic setup is parametrized by the tuple {𝑎̃, 𝑏̃,n;m}. Similar computations as
those leading to Eq. (5.15) in the main text, allow us to write

|𝜓𝑎̃⟩ =
1
√
𝑝𝑎̃

𝑁∑︁
𝑁 𝑓=0

∑︁
𝑖1<𝑖2<···<𝑖𝑁

𝑖𝑁 𝑓 cos𝑁−𝑁 𝑓 (𝑢) sin𝑁 𝑓 (𝑢)
𝑁 𝑓∏
𝑗=1

𝑂̂𝐵
𝑖 𝑗
(m)

��𝑏̃,n〉
⟨𝑎̃,n|

𝑁 𝑓∏
𝑗=1

𝑂̂𝐴
𝑖 𝑗
(m) |𝜓𝑐⟩ .

(6.50)
Next, we explicitly include the flipping Pauli operators 𝑂̂𝐴

𝑗
(n⊥), 𝑂̂𝐵

𝑗
(n⊥) mapping

𝑎 𝑗 → −𝑎 𝑗 , 𝑏 𝑗 → −𝑏 𝑗 respectively by writing

𝑂̂𝐷
𝑗 (m) = 𝑂̂𝐷

𝑗 (m)𝑂̂𝐷
𝑗 (n⊥)2 =

(
m · n⊥ + 𝑖m × n⊥ · σ

)︸                          ︷︷                          ︸
≡𝑈𝐷

𝑗
(m×n⊥)

𝑂̂𝐷
𝑗 (n⊥) (6.51)

with 𝐷 = 𝐴, 𝐵. Notice that 𝑈𝐷
𝑗
(m × n⊥) = exp(𝑖𝜃𝑂̂ 𝑗 (m × n⊥/| |m × n⊥ | |))

with cos(𝜃) = m · n⊥, sin(𝜃) = | |m × n⊥ | |. We also need to relate the product
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wavefunctions
��𝑏̃,n〉

, |𝑎̃,n⟩ by applying a unitary that connects the string of numbers
𝑎̃ and 𝑏̃. This is achieved via��𝑏̃,n〉

=
©­«

∏
𝑗 :𝑎 𝑗≠𝑏 𝑗

𝑂̂𝐵
𝑗 (n⊥)

ª®¬︸                ︷︷                ︸
≡𝑈𝐵

𝑏̃←𝑎̃

|𝑎̃,n⟩ = 𝑈𝐵

𝑏̃←𝑎̃ |𝑎̃,n⟩ , (6.52)

where we notice that this untary satisfies (𝑈𝐵

𝑏̃←𝑎̃)
2 = 1. Bringing all together and up

to an overall factor we find

|𝜓𝑎̃⟩ =
1
√
N

𝑁∑︁
𝑁 𝑓=0

∑︁
𝑖1<···<𝑖𝑁

𝑖𝑁 𝑓 tan𝑁 𝑓 (𝑢)
𝑁 𝑓∏
𝑗=1
𝑈𝐵
𝑖 𝑗
(m × n⊥)𝑈𝐵

𝑏̃←𝑎̃

× ©­«
𝑁 𝑓∏
𝑗=1

𝑂̂𝐵
𝑖 𝑗
(n⊥) |𝑎̃,n⟩ ⟨𝑎̃,n|

𝑁 𝑓∏
𝑗=1

𝑂̂𝐴
𝑖 𝑗
(n⊥)ª®¬

𝑁 𝑓∏
𝑗=1
𝑈𝐴
𝑖 𝑗
(−m × n⊥) |𝜓𝑐⟩ .

(6.53)

where we have used that [𝑂̂𝐵
𝑖 𝑗
(n⊥),𝑈𝐵

𝑏̃←𝑎̃] = 0. To move further we recall that
Alice’s and Bob’s Hilbert spaces are isomorphic and as such, we can evaluate

⟨𝑎̃,n|
𝑁 𝑓∏
𝑗=1

𝑂̂𝐴
𝑖 𝑗
(n⊥)𝑈𝐴

𝑖 𝑗
(−m × n⊥) |𝜓𝑐⟩ = ⟨𝑎̃,n|

𝑁 𝑓∏
𝑗=1

𝑂̂𝐵
𝑖 𝑗
(n⊥)𝑈𝐵

𝑖 𝑗
(−m × n⊥) |𝜓𝑐⟩

(6.54)
on Bob’s degrees of freedom. Finally, when summing over all possible values of 𝑁 𝑓

for any set of locations 𝑖1 < 𝑖2 < . . . 𝑖𝑁 , the state |𝑎′,n⟩ ≡∏𝑁 𝑓

𝑗=1 𝑂̂
𝐵
𝑖 𝑗
(n⊥) |𝑎̃,n⟩ ∈ H𝐵

runs over all possible product states in the local n basis. This allows us to express
the Bob’s wavefunction as

|𝜓𝑎̃⟩ =
1
√
N

∑︁
𝑎′
(𝑖 tan 𝑢)𝑁 𝑓 (𝑎′,𝑏̃)

∏
𝑗 :𝑎′

𝑗
≠𝑏̃ 𝑗

𝑈𝐵
𝑗 (m × n⊥)𝑈𝐵

𝑏̃←𝑎̃ |𝑎
′,n⟩ ⟨𝑎′,n|

∏
𝑗 :𝑎′

𝑗
≠𝑎̃ 𝑗

𝑈𝐵
𝑗 (−m × n⊥) |𝜓𝑐⟩ .

(6.55)
where the sum is over binary chains 𝑎′ = {±1} of size 𝑁 , and 𝑁 𝑓 (𝑎′, 𝑏̃) =

∑𝑁
𝑗=1

1
2 (1−

𝑎′
𝑗
𝑏̃ 𝑗 ) counts the number of entrees where 𝑎′

𝑗
≠ 𝑎̃ 𝑗 for a reference string 𝑎̃. This

expression can be recast as

|𝜓𝑎̃⟩ =
1
√
N
𝑒𝑖

𝜋
4 𝐻𝑏̃ (n)𝑒−

𝛼
2 𝐻𝑏̃ (n)U𝑏̃ (m × n⊥)𝑈𝑏̃←𝑎̃U

†
𝑎̃
(m × n⊥) |𝜓𝑐⟩ , (6.56)

where the transformationU𝑏̃ (m × n⊥),U𝑎̃ (m × n⊥) are defined via

U𝑏̃ (m × n⊥) =
𝑁∏
𝑗=1

[
𝑈𝐵
𝑗 (m × n⊥)

1
2
(1 − 𝑏̃ 𝑗𝑂̂𝐵

𝑗 (n)) + 1
1
2
(1 + 𝑏̃ 𝑗𝑂̂𝐵

𝑗 (n))
]
,

(6.57)
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U𝑎̃ (m × n⊥) =
𝑁∏
𝑗=1

[
𝑈𝐵
𝑗 (m × n⊥)

1
2
(1 − 𝑎̃ 𝑗𝑂̂𝐵

𝑗 (n)) + 1
1
2
(1 + 𝑎̃ 𝑗𝑂̂𝐵

𝑗 (n))
]
,

(6.58)

while 𝐻𝑏̃ (n) = −
∑
𝑗 𝑏̃ 𝑗𝑂̂

𝐵
𝑗
(n) as defined in the main text. Finally, we can combine

U𝑏̃ (m × n⊥) and U†
𝑎̃
(m × n⊥) using that U𝑏̃ (m × n⊥)𝑈𝑏̃←𝑎̃U

†
𝑎̃
(m × n⊥) =

𝑈𝑏̃←𝑎̃U
†
𝑎̃
(m × n⊥)U†

𝑎̃
(m × n⊥), leading to the expression

|𝜓𝑎̃⟩ =
1
√
N
𝑈𝑏̃←𝑎̃𝑒

𝑖 𝜋4 𝐻𝑎̃ (n)𝑒−
𝛼
2 𝐻𝑎̃ (n)

(
U†
𝑎̃
(m × n⊥)

)2
|𝜓𝑐⟩ . (6.59)

If we restrict to the case m = n⊥, thenU†
𝑎̃
(m × n⊥) simply reduces to the identity

and we recover Eq. (5.15) in the main text.

Probability distribution of the longitudinal field
The goal of this Section is to analyze the probability distribution of the longitudinal
field 𝑀𝑍 =

∑
𝑗 𝑍 𝑗 in the ground state of the critical Ising model, 𝑃( 𝑓 , 𝐿). This

amounts to compute the probability density for finding Alice’s initial state in a given
magnetization sector in the 𝑍-basis in a system of size 𝐿. Taking advantage of
the results found in [84], we can introduce the scaling variable 𝑟 = 𝑚/𝑠, where
𝑠2 = ⟨(𝑀+

𝑍
)2⟩ is the variance of the order parameter 𝑀+

𝑍
, and using 𝑓 = 𝑚/𝐿+1/2 =

𝑠𝑟/𝐿 + 1/2, we are able to compute the asymptotic expression for the universal
scaling function F (𝑟) = 𝑠𝑃(𝑠𝑟/𝐿 + 1/2, 𝐿). We remark that, in order to have an
analytic prediction for F (𝑟) which captures the main features of the probability
distribution, we use the asymptotic result for the generating function of the moments
of the distribution, and therefore our result is not very accurate for 𝑟 close to 0. In
particular, we found that

F (𝑟) =


1.05𝑒0.05𝑟6−0.07𝑟8

|𝑟 |15/16 , |𝑟 | ≥ 1.44,

𝑒−0.29𝑟6+0.11𝑟4+1.48𝑟2−2.07 otherwise.
(6.60)

In order to benchmark out this prediction, we have tested it by exact diagonalization
of the lattice Hamiltonian (6.1) for system sizes 𝐿 = 18, 24, 32 in Fig. 6.9. As we
expected, we observe that the agreement is not perfect close to 𝑟 = 0, but F (𝑟)
correctly captures the shape of the numerical data, which is enough for our purposes.

We numerically checked that 𝑠 = 1/2 𝐿7/8 and, from the expression of F (𝑟), we can
compute 𝑃( 𝑓 , 𝐿) = 1

NF (2( 𝑓 −1/2)𝐿1/8), whereN is fixed such that the probability
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Figure 6.9: Universal scaling function F (𝑟). The solid line in Eq. (6.60), while the
symbols are the numerical data obtained using exact diagonalization for a system
size 𝐿 = 18, 24, 32.

distribution is correctly normalized. Once we have the result for 𝑃( 𝑓 , 𝐿), we can
compute 𝑃modified(𝛼, 𝑓 , 𝐿) = 𝑒−2𝛼 𝑓 𝐿

N ′ 𝑃( 𝑓 , 𝐿) and also study its behavior as a function
of 𝛼 and 𝐿. We observe that, for 𝛼 = 0, 𝑃( 𝑓 , 𝐿) shows a double peak structure (see
Fig. 6.9). As we slightly increase 𝛼, the right peak is suppressed, while the left peak
drastically moves to the left until it falls outside the region |𝑟 | ≤ 1.44. In particular,
in the large 𝐿 limit, the saddle point analysis reveals that we have a single saddle
point at 𝑓 ∗ = 1/2 − 𝜅′𝛼1/5𝐿1/20, which we can observe only until the condition
|𝑟 | ≤ 1.44 is satisfied, i.e. for small values of 𝛼, 𝐿 (see the left panel of Fig. 6.10 for
𝐿 = 30, 60). Here 𝜅′ is only a numerical prefactor. If we focus on the behavior of
the tail of the distribution, i.e. 𝑟 < −1.44, we can observe a peak for 𝑓 ∗ = 1/2 − 𝜅′′𝛼
(when 𝑓 satisfies the condition 𝑟 < −1.44), where 𝜅′′ is a constant, which is pushed
towards 𝑓 = 0 as we increase 𝛼, while its position does not change by varying 𝐿.
This can be clearly observed in the middle panel of Fig. 6.10. In order to have a
complete analysis of the behavior for 𝑓 close to 0, we need to know the analytic
behavior of F (𝑟) for any real value of 𝑟, which is not accessible from Ref. [84].
However, with the data at our disposal, we can already capture the main qualitative
features of the distribution 𝑃modified(𝛼, 𝑓 , 𝐿), checking how the effect of a relevant
perturbation can drastically spoil the double-peak structure, shifting the weight of
the distribution towards 𝑓 ∗ = 0.
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Figure 6.10: 𝑃modified(𝛼, 𝑓 , 𝐿) as a function of the intensive magnetization sector
𝑓 for different 𝛼 and 𝐿. The left panel shows how, for small 𝛼 and 𝐿 (30,60) the
left peak moves towards left and the double-peak structure is suppressed. As 𝐿
increases (𝐿 = 1000), as well as 𝛼 (middle panel), the peak we observe is due to the
tail of the probability distribution 𝑃( 𝑓 , 𝐿). Indeed, for 𝛼 = 0.2, its position is not
shifted. As we increase 𝛼 (right panel) 𝑃modified(𝛼, 𝑓 , 𝐿) becomes peaked around
𝑓 = 0, even though the exact details of the probability distribution require a more
accurate analytical prediction in Eq. (6.60).

Two-point correlators along the boundary
The goal of this Section is to derive the results in Eq. (6.17) through a field theoretical
approach. We can perform a spacetime rotation such that Eq. (6.14) describes a
different one-dimensional critical Ising spin chain everywhere in space except at a
defect located in the middle point of the chain. Being the defect line relevant, we can
think of it as a fixed boundary condition. In order to fix the ideas, we can focus on a
system with spatial coordinate 𝑥 ∈ [−𝐿/2, 𝐿/2] and we aim to study the behavior
of the correlation functions of the critical Ising chain along the boundary denoted
by (𝑥 = 0, 𝜏), where 𝜏 is the imaginary time. We can take advantage of the results
found in [102, 103] to write down the magnetization profile with fixed boundary
conditions (e.g. spin up (+)) at 𝑥 = 0 and at 𝑥 = 𝐿/2, which reads

⟨𝜎(𝑥)⟩+ = 21/8
(
𝐿

2𝜋
sin

2𝜋𝑥
𝐿

)−1/8
. (6.61)

Notice that here 𝑥 denotes the distance from the boundary, while what we are really
interested in are the correlation functions along the boundary. In the limit 𝑥 → 𝜖

(it plays the role of an ultra-violet cutoff), it turns out that, along the boundary the
expectation value of the magnetic field is just a constant. Similarly, we can exploit
the known results for the two-point correlation functions on the half-plane, which
read [102]

⟨𝜎(1)𝜎(2)⟩+ = (4𝑦1𝑦2)−1/8(𝑢 + 𝑢−1)1/2, (6.62)
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with 𝑢 =
(
1 + 4𝑦1𝑦2/𝑟2)1/4, 𝑟 =

√︁
(𝑣1 − 𝑣2)2 + (𝑦1 − 𝑦2)2. Since the half-space

with fixed boundary conditions is transformed into a strip of width 𝐿/2 with boundary
conditions on the edges under the conformal mapping 𝑤 = 𝐿/(2𝜋) ln 𝑧, we find
𝑧 = 𝑣 + 𝑖𝑦 = 𝑒2𝜋/𝐿 (𝑖𝑥+𝜏) = 𝑒2𝜋𝜏/𝐿 (cos 2𝜋𝑥

𝐿
+ 𝑖 sin 2𝜋𝑥

𝐿
). Taking into account that under

the conformal transformation 𝑧 → 𝑤, correlation functions of primary operators
transform according to

⟨
∏
𝑖

𝜙(𝑧𝑖, 𝑧𝑖)⟩ =
∏
𝑖

𝑤′(𝑧𝑖)Δ𝑖𝑤′(𝑧𝑖)
Δ̄𝑖 ⟨

∏
𝑖

𝜙(𝑤𝑖, 𝑤̄𝑖)⟩, (6.63)

in this way, we can map the result in Eq. (6.62) for the half-space into the strip
geometry. It reads

⟨𝜎(1)𝜎(2)⟩+ =
(
𝐿

𝜋

)−1/4 (
sin

2𝜋𝑥1
𝐿

sin
2𝜋𝑥2
𝐿

)−1/8
(𝑢 + 𝑢−1)1/2,

𝑢 = 1 + 4
𝑒

2𝜋
𝐿
(𝜏1+𝜏2) sin 2𝜋𝑥1

𝐿
sin 2𝜋𝑥2

𝐿

𝐷
,

𝐷 =

(
𝑒

2𝜋𝜏1
𝐿 sin

2𝜋𝑥1
𝐿
− 𝑒

2𝜋𝜏2
𝐿 sin

2𝜋𝑥2
𝐿

)2

+
(
𝑒

2𝜋𝜏1
𝐿 cos

2𝜋𝑥1
𝐿
− 𝑒

2𝜋𝜏2
𝐿 cos

2𝜋𝑥2
𝐿

)2
.

(6.64)

In this way, we get in the limit 𝑥1 → 𝑥2 → 𝜖 and 𝐿 →∞

⟨𝜎(1)𝜎(2)⟩+ − ⟨𝜎(1)⟩+⟨𝜎(2)⟩+ ≃
𝜖15/4

|𝜏1 − 𝜏2 |4
. (6.65)

Strictly speaking, the right-hand side vanishes when 𝜖 = 0, which here plays the role
of a ultra-violet cutoff. We can repeat the same analysis for the connected two-point
correlator of the energy field 𝜀. Its one-point correlation function in the presence of
a boundary reads

⟨𝜀(𝑥)⟩+ =
(
𝐿

2𝜋
sin

2𝜋𝑥
𝐿

)−1
, (6.66)

while the 2-point correlation function on the complex plane is

⟨𝜀(1)𝜀(2)⟩+ = 4
(

1
4𝑦1𝑦2

+ 1
𝑟2 −

1
𝑟2 + 4𝑦1𝑦2

)
,

⟨𝜀(1)𝜀(2)⟩+,𝑐 ≡ ⟨𝜀(1)𝜀(2)⟩+ − ⟨𝜀(1)⟩+⟨𝜀(2)⟩+ = 4
(

1
𝑟2 −

1
𝑟2 + 4𝑦1𝑦2

)
.

(6.67)

By applying the conformal transformation, we can evaluate the connected correlator
in the original geometry, and in the limit 𝑥1 → 𝑥2 → 𝜖 and 𝐿 →∞ we get

⟨𝜀(1)𝜀(2)⟩+,𝑐 ≃
𝜖2

|𝜏1 − 𝜏2 |4
. (6.68)
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By doing a spacetime rotation back, both the results in Eqs. (6.65) and (6.68) state
that the correlation function for the spin and energy field decay as 1/|𝑥 |4 along the
boundary, which is the content of Eq. (6.17).

Correlators from the perturbative approach
Let us start from computing the correlator ⟨𝑋𝑖𝑋𝑖′⟩ in Eq. (6.18). It can be written as

⟨𝑋𝑖𝑋𝑖′⟩𝑐 ∝ Tr[𝑒−𝑢2 ∑
𝑗≠𝑘 𝑉 𝑗𝑘𝑋 𝑗𝑋𝑘𝑋𝑖𝑋𝑖′] ∼ 𝑢2𝑉𝑖𝑖′ ∼

𝑢2

|𝑖 − 𝑖′|4
. (6.69)

where the Tr denotes a sum over all possible spin configurations. By expanding the
exponential in the limit 𝑢 → 0, the first non-vanishing contribution is

⟨𝑋𝑖𝑋𝑖′⟩𝑐 ∼ 𝑢2𝑉𝑖𝑖′ ∼
𝑢2

|𝑖 − 𝑖′|4
. (6.70)

If we now consider the correlator ⟨𝑌𝑖𝑌𝑖′⟩𝑐, we get (we denote |𝑍⟩ ≡ |𝑧⟩⊗𝐿 , 𝑞( 𝑗) ≡ 𝑞)

⟨𝑌𝑖𝑌𝑖′⟩ = ⟨𝑍 | 𝑒−𝑢
2 ∑

𝑗≠𝑘,≠𝑖,𝑖′ 𝑉 𝑗𝑘𝑋 𝑗𝑋𝑘𝑒
𝑢2
2 𝑋𝑖

∑
𝑘≠𝑖 𝑉 𝑗𝑘𝑋𝑘𝑒

𝑢2
2 𝑋𝑖′

∑
𝑘≠𝑖′ 𝑉 𝑗𝑘𝑋𝑘𝑒2𝑖𝑢𝑞𝑋𝑖+2𝑖𝑢𝑞𝑋𝑖′𝑌𝑖𝑌𝑖′ |𝑍⟩

∝ Tr
[
𝑒−𝑢

2 ∑
𝑗≠𝑘,≠𝑖,𝑖′ 𝑉 𝑗𝑘𝑋 𝑗𝑋𝑘𝑒

𝑢2
2 𝑋𝑖

∑
𝑘≠𝑖 𝑉 𝑗𝑘𝑋𝑘𝑒

𝑢2
2 𝑋𝑖′

∑
𝑘≠𝑖′ 𝑉 𝑗𝑘𝑋𝑘𝑒2𝑖𝑢𝑞𝑋𝑖+2𝑖𝑢𝑞𝑋𝑖′𝑋𝑖𝑋𝑖′

]
∼ 𝑢2𝑉𝑖𝑖′ .

(6.71)
where we have used that 𝑌 = −𝑖𝑋𝑍 . Finally, using 𝑍𝑖𝑍𝑖′ |𝑍⟩ = |𝑍⟩, we get

⟨𝑍𝑖𝑍𝑖′⟩𝑐 = ⟨𝑍 | 𝑒−𝑢
2 ∑

𝑗≠𝑘,≠𝑖,𝑖′ 𝑉 𝑗𝑘𝑋 𝑗𝑋𝑘𝑒
𝑢2
2 𝑋𝑖

∑
𝑘≠𝑖 𝑉 𝑗𝑘𝑋𝑘𝑒

𝑢2
2 𝑋𝑖′

∑
𝑘≠𝑖′ 𝑉 𝑗𝑘𝑋𝑘𝑒2𝑖𝑢𝑞𝑋𝑖+2𝑖𝑢𝑞𝑋𝑖′ 𝑍𝑖𝑍𝑖′ |𝑍⟩

∝ Tr
[
𝑒−𝑢

2 ∑
𝑗≠𝑘,≠𝑖,𝑖′ 𝑉 𝑗𝑘𝑋 𝑗𝑋𝑘𝑒

𝑢2
2 𝑋𝑖

∑
𝑘≠𝑖 𝑉 𝑗𝑘𝑋𝑘𝑒

𝑢2
2 𝑋𝑖′

∑
𝑘≠𝑖′ 𝑉 𝑗𝑘𝑋𝑘𝑒2𝑖𝑢𝑞𝑋𝑖+2𝑖𝑢𝑞𝑋𝑖′

]
∼ 𝑢4𝑉𝑖𝑖′ .

(6.72)

We can repeat the computations above starting from Eq. (6.29). The easiest correlator
to compute is

⟨𝑍𝑖𝑍𝑖′⟩ = Tr[𝑒−𝑢2 ∑
𝑗≠𝑘 𝑉 𝑗𝑘𝑍 𝑗𝑍𝑘𝑍𝑖𝑍𝑖′] ∼ 𝑢2𝑉𝑖𝑖′ ∼

𝑢2

|𝑖 − 𝑖′| . (6.73)

If we now consider the correlator ⟨𝑋𝑖𝑋𝑖′⟩𝑐, we get (we denote again |𝑋⟩ ≡ |𝑥⟩⊗𝐿)

⟨𝑋𝑖𝑋𝑖′⟩𝑐 = ⟨𝑋 | 𝑒−
𝑢2
2

∑
𝑗≠𝑘 𝑉 𝑗𝑘𝑍 𝑗𝑍𝑘𝑋𝑖𝑋𝑖′

× 𝑒− 𝑢
2

2
∑
𝑗≠𝑘 𝑉 𝑗𝑘𝑍 𝑗𝑍𝑘 |𝑋⟩ .

(6.74)

Observing that 𝑋 𝑗𝑒−
𝑢2
2 𝑍 𝑗

∑
𝑘≠ 𝑗 𝑉 𝑗𝑘𝑍𝑘 = 𝑒

𝑢2
2 𝑍 𝑗

∑
𝑘≠ 𝑗 𝑉 𝑗𝑘𝑍𝑘𝑋 𝑗 , we get

⟨𝑋𝑖𝑋𝑖′⟩𝑐 = ⟨𝑋 | 𝑒−𝑢
2 ∑

𝑗≠𝑘, 𝑗,𝑘≠𝑖,𝑖′ 𝑉 𝑗𝑘𝑍 𝑗𝑍𝑘𝑒
𝑢2
2 𝑍𝑖

∑
𝑘≠𝑖 𝑉 𝑗𝑘𝑍𝑘𝑒

𝑢2
2 𝑍𝑖′

∑
𝑘≠𝑖′ 𝑉 𝑗𝑘𝑍𝑘𝑋𝑖𝑋𝑖′ |𝑋⟩

= Tr
[
𝑒−𝑢

2 ∑
𝑗≠𝑘, 𝑗,𝑘≠𝑖,𝑖′ 𝑉 𝑗𝑘𝑍 𝑗𝑍𝑘𝑒

𝑢2
2 𝑍𝑖

∑
𝑘≠𝑖 𝑉 𝑗𝑘𝑍𝑘𝑒

𝑢2
2 𝑍𝑖′

∑
𝑘≠𝑖′ 𝑉 𝑗𝑘𝑍𝑘

]
∼ 𝑢4𝑉2

𝑖𝑖′ .
(6.75)
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where we have used that 𝑋𝑖𝑋𝑖′ |𝑋⟩ = |𝑋⟩. We remark that this result not only properly
captures the algebraic behavior of ⟨𝑋𝑖𝑋𝑖′⟩𝑐 in Eq. (6.28), but also the amplitude, since
by using that 𝛼 = − ln[tan(𝑢)], 𝛼 behaves at leading order in 𝑢 as sech(2𝛼)2 = 𝑢4.
The result in Eq. 6.75 refers to the connected correlator, since the disconnected part
vanishes. Finally, in order to compute ⟨𝑌𝑖𝑌𝑖′⟩, we use that 𝑌𝑖𝑌𝑖′ |𝑋⟩ = −𝑍𝑖𝑍𝑖′ |𝑋⟩ and
therefore we can exploit the result in Eq. (6.73), ⟨𝑌𝑖𝑌𝑖′⟩ ∼ 𝑢2𝑉𝑖𝑖′ , in agreement with
Eq. (6.28).

Entanglement entropy from the perturbative approach
We consider the entanglement entropy of the teleported wavefunction,

|𝜓⟩ = exp(𝛼
2

∑︁
𝑗

𝑂̂ 𝑗 (n)) |𝜓𝐴⟩ (up to normalization), (6.76)

where 𝑂̂ (n) is a Pauli operator along n axis and |𝜓𝐴⟩ is the initial state (which
in this paper is the ground state of a critical Ising chain). In the 𝛼 → ∞ limit, it
becomes a product state for finite systems. However, the 𝛼 < ∞ case is non-trivial
and we can compute the second Rényi entropy perturbatively.

Let us assume 𝛼 > 0 and define |0⟩ ≡
��𝑏̃,n〉

to be the product state of one-site
eigenstates with 𝑂̂ (n) eigenvalue +1. We denote by

| 𝑗 , 𝑘, 𝑙, . . . ⟩ ≡ 𝑂̂ 𝑗 (n⊥)𝑂̂𝑘 (n⊥)𝑂̂𝑙 (n⊥) . . . |0⟩ (6.77)

the state with spin flips on the 𝑗-, 𝑘-, 𝑙-. . . -th sites. The teleported state can be
written as

|𝜓⟩ = exp

(
𝛼

2

∑︁
𝑗

𝑂̂ 𝑗 (n)
)
|𝜓𝐴⟩ (6.78)

= exp
(𝛼

2
𝐿

) ⟨0|𝜓𝐴⟩|0⟩ + 𝑒−𝛼
∑︁
𝑗

⟨ 𝑗 |𝜓𝐴⟩| 𝑗⟩ + 𝑒−2𝛼
∑︁
𝑗<𝑘

⟨ 𝑗 , 𝑘 |𝜓𝐴⟩| 𝑗 , 𝑘⟩ + · · ·
 .

(6.79)

where 𝐿 is the length of the system. In the nearly-projective measurement limit
(𝛼 ≫ 1), one can neglect the terms in the ellipsis since they are exponentially
suppressed by 𝛼. After keeping only the first three terms on the right-hand-side
(RHS) and defining

𝑞( 𝑗 , 𝑘, 𝑙 . . . ) = ⟨ 𝑗 , 𝑘, 𝑙, ...|𝜓𝐴⟩⟨0|𝜓𝐴⟩
, (6.80)
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we simplify the above form as

|𝜓⟩ = |0⟩ + 𝑢
∑︁
𝑗

𝑞( 𝑗) | 𝑗⟩ + 𝑢2
∑︁
𝑗<𝑘

𝑞( 𝑗 , 𝑘) | 𝑗 , 𝑘⟩ +𝑂 (𝑢3), (6.81)

|𝜓⟩approx = 𝐻eff |0⟩ , (6.82)

𝐻eff = 1 + 𝑢
∑︁
𝑗

𝑞( 𝑗)𝑂̂ 𝑗 (n⊥) (6.83)

+ 𝑢2
∑︁
𝑗<𝑘

𝑞( 𝑗 , 𝑘)𝑂̂ 𝑗 (n⊥)𝑂̂𝑘 (n⊥). (6.84)

where the first line is written up to normalization. The operator 𝐻eff can be
written as a matrix product operator (MPO) [104] with bond dimension 𝐿 + 1,
𝐻eff = 𝑊1𝑊2 · · ·𝑊𝐿 , where𝑊’s are operator-valued matrices:

𝑊𝑖 =

©­­­­­­­­«

1 0 · · · 0 𝑂̂𝑖 (n⊥) 𝑢𝑞(𝑖)𝑂̂𝑖 (n⊥)
0 1 · · · 0 0 𝑢2𝑞(1, 𝑖)𝑂̂𝑖 (n⊥)
...

...
. . .

... 0 𝑢2𝑞(2, 𝑖)𝑂̂𝑖 (n⊥)
0 0 · · · 1 0 𝑢2𝑞(𝑖 − 1, 𝑖)𝑂̂𝑖 (n⊥)
0 0 · · · 0 0 1

ª®®®®®®®®¬
(6.85)

for 1 < 𝑖 < 𝐿 is an (𝑖 + 1) × (𝑖 + 2) matrix, and on the first and last sites

𝑊1 =

(
1, 𝑂̂1(n⊥), 1 + 𝑢𝑞(1)𝑂̂1(n⊥)

)
, 𝑊𝐿 =

©­­­­­­­­­­«

𝑢𝑞(𝐿)𝑂̂𝐿 (n⊥)
𝑢2𝑞(1, 𝐿)𝑂̂𝐿 (n⊥)
𝑢2𝑞(2, 𝐿)𝑂̂𝐿 (n⊥)

...

𝑢2𝑞(𝐿 − 1, 𝐿)𝑂̂𝐿 (n⊥)
1

ª®®®®®®®®®®¬
.

(6.86)
Therefore, the entanglement entropy of |𝜓⟩approx is upper bounded by 𝑂 (ln(𝐿));
hence the following calculation of entanglement entropy only makes sense when 𝑢 is
small enough such that 𝑆 ≲ ln(𝐿).

For a system bipartitioned into subsystems 𝑅 and 𝑅̄, the 2nd Rényi entanglement
entropy is defined to be,

𝑆
(2)
𝑅
≡ − ln

Tr(𝜌2
𝑅
)

Tr(𝜌𝑅)2
(6.87)

where 𝜌𝑅 is the reduced density matrix for subsystem 𝑅. From now on, for simplicity
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we assume all 𝑞( 𝑗 , 𝑘, 𝑙...) are real. One can then write down

𝜌𝑅 =

1 + 𝑢2
∑︁
𝑘∈𝑅̄

𝑞(𝑘)2 + 𝑢4
∑︁
𝑗<𝑘∈𝑅̄

𝑞( 𝑗 , 𝑘)2
 |0⟩ ⟨0| +

∑︁
𝑗∈𝑅

[
𝑢𝑞( 𝑗) + 𝑢3

∑︁
𝑘∈𝑅̄

𝑞(𝑘)𝑞( 𝑗 , 𝑘)
]
( |0⟩ ⟨ 𝑗 | + | 𝑗⟩ ⟨0|)

+
∑︁
𝑗∈𝑅

∑︁
𝑗 ′∈𝑅

[
𝑢2𝑞( 𝑗)𝑞( 𝑗 ′) + 𝑢4

∑︁
𝑘∈𝑅̄

𝑞( 𝑗 , 𝑘)𝑞( 𝑗 ′, 𝑘)
]
| 𝑗⟩ ⟨ 𝑗 ′| + 𝑢2

∑︁
𝑗<𝑘∈𝑅

𝑞( 𝑗 , 𝑘) (|0⟩ ⟨ 𝑗 , 𝑘 | + | 𝑗 , 𝑘⟩ ⟨0|)

+ 𝑢3
∑︁
𝑗 ′∈𝑅

∑︁
𝑗<𝑘∈𝑅

𝑞( 𝑗 ′)𝑞( 𝑗 , 𝑘) ( | 𝑗 ′⟩ ⟨ 𝑗 , 𝑘 | + | 𝑗 , 𝑘⟩ ⟨ 𝑗 ′|) + 𝑢4
∑︁
𝑗<𝑘∈𝑅

∑︁
𝑗 ′<𝑘 ′∈𝑅

𝑞( 𝑗 , 𝑘)𝑞( 𝑗 ′, 𝑘′) | 𝑗 , 𝑘⟩ ⟨ 𝑗 ′, 𝑘′| .

(6.88)
The second Rényi entropy takes a surprisingly simple form,

𝑆
(2)
𝑅

= 2𝑢4
∑︁
𝑗∈𝑅

∑︁
𝑘∈𝑅̄
[𝑞( 𝑗 , 𝑘) − 𝑞( 𝑗)𝑞(𝑘)]2 +𝑂 (𝑢6). (6.89)

When the subsystem 𝑅 consists of ℓ consecutive sites and 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 ∼ | 𝑗 − 𝑘 |−𝜅

decays as a power law with exponent 𝜅, one can show by replacing the summation by
integrals (i.e. going to the continuous limit),

𝑆
(2)
𝑅
≃ 2𝑢4

∑︁
1≤ 𝑗≤ℓ

∑︁
(ℓ+1)≤𝑘≤𝐿

1
| 𝑗 − 𝑘 |2𝜅

(6.90)

≈ 2𝑢4
∫ ℓ

0
𝑑𝑥

∫ 𝐿

ℓ+1
𝑑𝑦

1
|𝑥 − 𝑦 |2𝜅

= 2𝑢4 𝐹𝜅 (ℓ, 𝐿). (6.91)

where we consider an open chain, 𝑅 = [0, ℓ], 𝑅̄ = [ℓ + 1, 𝐿] and

𝐹𝜅 (ℓ, 𝐿) ≡
−1 + ℓ2−2𝜅 − 𝐿2−2𝜅 + (𝐿 − ℓ + 1)2−2𝜅

2(1 − 2𝜅) (𝜅 − 1) . (6.92)

For a segment in an infinite chain, one has 𝑆(2)
𝑅
≃ 4𝑢4 ∑

1≤ 𝑗≤ℓ
∑
(ℓ+1)≤𝑘<∞

1
| 𝑗−𝑘 |2𝜅 ,

which is the case of Eq. 6.30.

We can then consider different cases:

1. For 𝜅 > 1, the half-chain entropy

maxℓ 𝐹𝜅 (ℓ, 𝐿) = 𝐹𝜅
(
𝐿

2
, 𝐿

)
=

𝐿2−2𝜅 − 2
(
𝐿
2 +

1
2

)2−2𝜅
+ 1

2(2𝜅 − 1) (𝜅 − 1) (6.93)

converges to a finite value in the thermodynamic limit. Therefore the system
satisfies the area law.

2. For 𝜅 = 1, we find

𝐹1(ℓ, 𝐿) =
𝜕𝜅 [−1 + ℓ2−2𝜅 − 𝐿2−2𝜅 + (𝐿 − ℓ + 1)2−2𝜅]

𝜕𝜅 [2(1 − 2𝜅) (𝜅 − 1)]

����
𝜅=1

= ln(ℓ(𝐿 − ℓ)/𝐿),
(6.94)
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indicating that the entanglement entropy grows logarithmically in the subsystem
size.

3. For 0 < 𝜅 < 1, we find

𝐹𝜅 (𝐿/2, 𝐿) =
𝐿2−2𝜅 − 2

(
𝐿
2 +

1
2

)2−2𝜅
+ 1

2(2𝜅 − 1) (𝜅 − 1) ∝ 𝐿2−2𝜅, (6.95)

and, for small ℓ,

𝐹𝜅 (ℓ, 𝐿) ≈ ℓ2−2𝜅 + (2 − 2𝜅)𝐿1−2𝜅ℓ + · · · . (6.96)

This approximation is only valid when 𝑆2 ≲ ln(𝐿); otherwise 𝑢 must scale
with system size as 𝑢 ≲ 𝐿 (𝜅−1)/2 ln1/4(𝐿).

When n = x̂, we have 𝜅 = 1. Using that 𝑉 𝑗 𝑘 = 1
𝜋 | 𝑗−𝑘 | , we find that the entanglement

scaling remains logarithmic but 𝑐(2)eff for the 2nd Rényi entropy scales as 𝑢4, which
is consistent with the derivation in Section. 6.6 (see also Eq. (6.30) for the result
in the thermodynamic limit). For the 𝑍 measurement, 𝜅 = 4. Therefore the
teleported state satisfies entanglement area law at large 𝛼, although concomitant with
power-law decaying 2-point correlations. In Fig. 6.11, we numerically computed the
entanglement entropies in Eq. 6.76 by DMRG for n = ẑ and x̂, and check that they
are close to the prediction from perturbation theory in Eq. 6.89.

��� ���

Figure 6.11: Second Rényi entanglement entropy for the state in Eq. 6.76 with
𝛼 = 4 and (a) n = ẑ or (b) n = x̂. The dots refer to the data obtained by DMRG on
a periodic chain and dashed lines refer to the analytical prediction by Eq. 6.89.

MPS representation for a relevant imperfection
Given the atypical properties found in the presence of a relevant imperfection in
Sec. 6.2, it is interesting to ask whether the imperfectly teleported state received by
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Bob can be efficiently expressed as an MPS. An MPS with bond dimension 𝜒 on a
Hilbert space (C𝑑)⊗𝐿 takes the form

��𝜓𝜒〉 = 𝑑∑︁
𝑠1,𝑠2...,𝑠𝐿=1

tr
(
𝐴
[𝑠1]
1 𝐴

[𝑠2]
2 · · · 𝐴[𝑠𝐿]

𝐿

)
|𝑠1, 𝑠2 . . . , 𝑠𝐿⟩ , (6.97)

where {𝐴[𝑠 𝑗 ]
𝑗
} 𝑗 ,𝑠 𝑗 are 𝜒 × 𝜒 matrices. Hence, an MPS

��𝜓𝜒〉 has entanglement
entropy less than ln 𝜒 for any spatial cut. While arbitrary states can be described
by an MPS with exponentially large (in 𝐿) bond dimension, one can only efficiently
calculate expectation values of spatially local observables when such states can be
approximated by an MPS with sufficiently small bond dimension. Hence, whether
such an approximation exists poses a very relevant question.

For 1D systems with strictly local interactions and a finite excitation gap, it has been
rigorously proven that correlations decay exponentially and that the entanglement
entropy satisfies an area law [105]—the latter justifying efficient description of
ground states for such systems using MPS’s. One then wonders to which extent
relaxing strict locality can modify these conclusions, as relevant, e.g., for systems
with van der Waals interactions or, as we have shown here, imperfectly teleported
quantum critical states. Reference [89] proved that the (non-degenerate) ground
state |𝜓⟩ of generic 1D gapped systems with interactions decaying as a power law
∼ 1/|𝑖 − 𝑗 |𝑛 exhibits area-law entanglement for 𝑛 > 2. Evidently the gap condition
imposes stronger constraints on the entanglement structure than on the decay of
correlations. This important conclusion further implies that there exists an MPS��𝜓𝜒〉 with bond dimension 𝜒 = exp[𝑐 ln5/2(1/𝛿)] and 𝑐 ∼ O(1) such that

| |tr𝑋𝑐
(��𝜓𝜒〉 〈

𝜓𝜒
��) − tr𝑋𝑐 ( |𝜓⟩ ⟨𝜓 |) | |1 ≤ 𝛿 |𝑋 | (6.98)

for an arbitrary concatenated subregion of size |𝑋 |, with | | · | |1 the trace norm and
𝛿 the approximation error. Applying these results to our problem, we conclude
that |𝜓𝑎̃⟩—which is the non-degenerate ground state of the gapped Hamiltonian in
Eq. (6.21) with ∼ 1/| 𝑗 − 𝑘 |4 interactions—can be efficiently approximated by an
MPS. (And since |𝜓𝑎̃⟩ is the same as Bob’s final wavefunction

��𝜓tele
𝑎̃

〉
up to a product

of local unitary operators, the same conclusion holds for the latter.)

Effective central charge calculation for x-basis measurement
Let us consider the teleported wavefunction in Eq. (6.22). We can study it as a
quantum quench protocol in which the system at time 𝑡 = 0 is initialized in the ground
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state |𝜓𝑐⟩ of the critical Ising chain of length 𝐿 with periodic boundary conditions
and then is let evolve under the action of the non-Hermitian effective Hamiltonian��𝜓tele

𝑎̃

〉
=

𝑒−𝑖𝑡𝐻+ (𝑥) |𝜓𝑐⟩
| |𝑒−𝑖𝑡𝐻+ (𝑥) |𝜓𝑐⟩ | |

, 𝐻+(𝑥) = 𝑖
∑︁
𝑗

𝑋 𝑗 , (6.99)

with 𝑡 = 𝛼/2. As already mentioned in the main text, this time-evolution can
be exactly computed once the model is mapped to free fermions (𝑐, 𝑐†) through
Jordan-Wigner transformation, followed by Fourier transform into momentum space.
Indeed, it can be written as

𝐻+(𝑥) =
∑︁
𝑘

[
(𝑐†
𝑘

𝑐−𝑘 )𝑀
(
𝑐𝑘

𝑐
†
−𝑘

)]
=

∑︁
𝑘

𝐻𝑘 (6.100)

where the momenta are semi-integer

𝑘 = −𝐿
2
+ 1

2
, . . . ,−1

2
,

1
2
, . . . ,

𝐿

2
− 1

2
, (6.101)

(even parity sector) and

𝑀 = 2

(
𝑖 0
0 −𝑖

)
(6.102)

Since the state |𝜓𝑐⟩ is translational invariant and with a well defined parity, then its
dynamics can be decomposed in

|𝜓𝑐⟩ =
∏
𝑘

|𝜓𝑘 (𝑡 = 0)⟩ ,
��𝜓tele
𝑎̃

〉
=

∏
𝑘

|𝜓𝑘 (𝑡 = 𝛼/2)⟩

|𝜓𝑘 (𝑡 = 𝛼/2)⟩ =
��𝜓̃𝑘 (𝑡 = 𝛼/2)〉
| |
��𝜓̃𝑘 (𝑡 = 𝛼/2)〉 | | , 𝑖

𝑑

𝑑𝑡

��𝜓̃𝑘 (𝑡)〉 = 𝐻𝑘 ��𝜓̃𝑘〉 (6.103)

where the 𝑘-momentum states are expressed as
��𝜓̃𝑘〉 = 𝑢𝑘 (𝑡) |0⟩ + 𝑣𝑘 (𝑡)𝑐†𝑘𝑐

†
−𝑘 |0⟩.

Thus, we have to solve a differential equation

𝑖
𝑑

𝑑𝑡

(
𝑢𝑘 (𝑡)
𝑣𝑘 (𝑡)

)
= −𝑀

(
𝑢𝑘 (𝑡)
𝑣𝑘 (𝑡)

)
(6.104)

with given initial conditions 𝑢𝑘 (0), 𝑣𝑘 (0) fixed by |𝜓𝑐⟩. By solving it, we find

𝑢𝑘 (𝑡 = 𝛼/2) = −
1
2
𝑒−𝛼

√︁
2 − 2| sin(𝜋𝑘/𝐿) |,

𝑣𝑘 (𝑡 = 𝛼/2) =𝑒𝛼
sin(2𝜋𝑘/𝐿)

2
√︁
(1 − cos(2𝜋𝑘/𝐿)) (1 − | sin(𝜋𝑘/𝐿) |)

.
(6.105)

Exploiting the Guassianity of the state (6.99) and employing Wick’s theorem, the
correlation functions and the entanglement properties can be fully encoded in the
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two-point function of the Majorana fermions, which are given by the operators
𝛾𝐴, 𝑗 = 𝑐 𝑗 + 𝑐†𝑗 , 𝛾𝐵, 𝑗 = 𝑖(𝑐

†
𝑗
− 𝑐 𝑗 ). Then, we find

⟨𝛾𝐴,𝑛𝛾𝐴,𝑚⟩ = ⟨𝛾𝐵,𝑛𝛾𝐵,𝑚⟩ = 0

⟨𝛾𝐴,𝑛𝛾𝐵,𝑚⟩ = ⟨𝛾𝐵,𝑚𝛾𝐴,𝑛⟩∗ =
1
𝐿

∑︁
𝑘

𝑒2𝜋𝑖𝑘/𝐿 (𝑛−𝑚) 𝑢
2
𝑘
− 𝑣2

𝑘
− 2𝑖𝑢𝑘𝑣𝑘

𝑢2
𝑘
+ 𝑣2

𝑘

(6.106)

Taking the thermodynamic limit 𝐿 → ∞, the above sum is transformed into an
integral, and we have

𝑉 ≡
〈(

𝛾𝐴,𝑛

𝛾𝐵,𝑛

) (
𝛾𝐴,𝑚 𝛾𝐵,𝑚

)〉
=

∫ 𝜋

−𝜋

𝑑𝜃

2𝜋
𝑒𝑖𝜃 (𝑛−𝑚)

©­­«
0 𝑢2

𝜃
−𝑣2

𝜃
−2𝑖𝑢𝜃𝑣 𝜃

𝑢2
𝜃
+𝑣2

𝜃

𝑢2
𝜃
−𝑣2

𝜃
+2𝑖𝑢𝜃𝑣 𝜃

𝑢2
𝜃
+𝑣2

𝜃

0

ª®®¬∫ 𝜋

−𝜋

𝑑𝜃

2𝜋
𝑒𝑖𝜃 (𝑛−𝑚)G(𝜃),

(6.107)

where we took 2𝜋𝑘/𝐿 → 𝜃 in Eq. (6.105). The quantity Tr(𝜌𝑛
𝐴
) can be computed

from the two-point correlation matrix 𝑉 introduced in Eq. (6.107) [106]. More
specifically,

Tr𝜌𝑛𝐴 = det
[(
𝐼 +𝑉𝐴

2

)𝑛
+

(
𝐼 −𝑉𝐴

2

)𝑛]
, (6.108)

where𝑉𝐴 denotes the restriction of𝑉 to the subsystem 𝐴. If we take into account that
the eigenvalues of 𝑉𝐴 lie on the real interval [−1, 1] and we use the residue theorem,
then the previous expression can be rewritten as the contour integral

1
1 − 𝑛 ln Tr(𝑛)

𝐴
=

1
2𝜋𝑖

lim
𝜀→1+

∮
C
𝑓𝑛 (𝜆/𝜀)

𝑑

𝑑𝜆
ln𝐷𝐴 (𝜆)𝑑𝜆, (6.109)

where the integration contour C encloses the interval [−1, 1],

𝑓𝑛 (𝜆) =
1

1 − 𝑛 ln
[ (

1 + 𝜆
2

)𝑛
+

(
1 − 𝜆

2

)𝑛 ]
, (6.110)

and 𝐷 𝑓 (𝜆) denotes the characteristic polynomial of 𝑉𝐴, i.e. 𝐷 𝑓 (𝜆) = det(𝜆𝐼 −𝑉𝐴).

Here we will focus on a single interval of ℓ contiguous sites. In this case, the
restriction 𝑉𝐴 is a 2ℓ × 2ℓ block Toeplitz matrix with symbol the 2 × 2 matrix G(𝜃)
of Eq. (6.107). To deduce the large ℓ behaviour of 𝐷 𝑓 (𝜆) and, therefore, of Tr𝜌𝑛

𝐴
,

we will apply the results on the asymptotic behaviour of block Toeplitz determinants.
In particular, if the symbol G𝜆 (𝜃) = 𝜆𝐼 − G(𝜃) satisfies detG𝜆 (𝜃) ≠ 0 and is a
piecewise continuous function in 𝜃 with jump discontinuities at 𝜃 = 𝜃1, . . . , 𝜃𝑅, then

ln𝐷 𝑓 (𝜆) =
ℓ

4𝜋

∫ 𝜋

−𝜋
ln detG𝜆 (𝜃)𝑑𝜃+

ln ℓ
4𝜋2

𝑅∑︁
𝑟=1

Tr[lnG−𝜆,𝑟 (G+𝜆,𝑟)−1]2+O(1), (6.111)
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where G±
𝜆,𝑟

are the lateral limits of G𝜆 (𝜃) in the jump discontinuity at 𝜃 = 𝜃𝑟 ,

G±𝜆,𝑟 = lim
𝜃→𝜃±𝑟

G𝜆 (𝜃). (6.112)

Eq. (6.111) is a generalisation of the Fisher-Hartwig conjecture for block Toeplitz
determinants [107, 108]. If the symbol G𝜆 (𝜃) has continuous entries in 𝜃, then there
is no logarithmic term in the asymptotic expansion of ln𝐷 𝑓 (𝜆), and Eq. (6.111)
simplifies to

ln𝐷 𝑓 (𝜆) =
ℓ

4𝜋

∫ 𝜋

−𝜋
ln detG𝜆 (𝜃)𝑑𝜃 + O(1). (6.113)

This is the Szegő-Widom theorem [24]. Now the source of discontinuities in the
symbol G𝜆 (𝜃) is around 𝜃 = 0, with lateral limits

G±𝜆,0 = 𝜆𝐼 + tanh(2𝛼)𝑋 ± sech(2𝛼)𝑌, (6.114)

where 𝑋 and 𝑌 are the Pauli matrices. According to Eq. (6.111), this discontinuity
gives rise to a logarithmic term in ln𝐷 𝑓 (𝜆). If we plug Eq. (6.114) into Eq. (6.111),
we find that

ln𝐷 𝑓 (𝜆) = ln
[
𝜆2 − 1

]
+ 𝑏0(𝜆) ln ℓ + O(1), (6.115)

with

𝑏0(𝜆) =
2
𝜋2

(
ln

√︁
𝜆2 − tanh2(2𝛼) + sech(2𝛼)

√
𝜆2 − 1

)2

. (6.116)

The linear term is obtained from the integral

lim
𝜀→1+

∮
C
𝑓𝑛 (𝜆/𝜀)

𝜆

𝜆2 − 1
𝑑𝜆, (6.117)

which is zero by applying the Cauchy theorem, since 𝑓𝑛 (±1) = 0. Therefore, we
obtain the following asymptotic behaviour for the Rényi entropies

𝑆
(𝑛)
𝑅

=
𝑐
(𝑛)
eff
6

(
𝑛 + 1
𝑛

)
ln ℓ + O(1), (6.118)

where the coefficient 𝑐(𝑛)eff is given by the contour integral

𝑐
(𝑛)
eff =

6𝑛
4𝜋𝑖(1 + 𝑛) lim

𝜀→1+

∮
C
𝑓𝑛 (𝜆/𝜀)

𝑑𝑏0(𝜆)
𝑑𝜆

𝑑𝜆, (6.119)

which, following similar steps as in Ref.[92], can be reduced to the real integral in
Eq. (6.25).

Beyond the computation of the entanglement entorpy, we are also interested in
computing the spin-spin correlation functions, for which we have to take into account
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the non-local effects of the Jordan-Wigner transformation. Using them and Wick’s
Theorem, we can expand the spin expectation values in terms of two-point correlation.
In particular, for the 𝑋 correlators, we find

⟨𝑋0𝑋 𝑗 ⟩ = 𝐻 (0)2 − 𝐻 ( 𝑗)𝐻 (− 𝑗), 𝐻 ( 𝑗) = ⟨𝛾𝐵,𝑛𝛾𝐴,𝑚⟩. (6.120)

Therefore the connected two-point function reads

⟨𝑋0𝑋 𝑗 ⟩𝑐 =
∫ 𝜋

−𝜋

𝑑𝜃

2𝜋
𝑒𝑖 𝑗𝜃M(𝜃, 𝛼), (6.121)

M(𝜃, 𝛼) =

����sin
(
𝑘

2

)���� (4 + 4𝑖𝑒2𝛼 cot
(
𝑘

2

))
− 2𝑖𝑒2𝛼 sin 𝑘

+ 𝑒4𝛼 (cos 𝑘 + 1) + cos 𝑘 − 3

4
���sin

(
𝑘
2

)��� − 𝑒4𝛼 (cos 𝑘 + 1) + cos 𝑘 − 3
. (6.122)

We can solve explicitly this integral and in the limit of large distances, 𝑗 , we find

⟨𝑋𝑖𝑋 𝑗 ⟩𝑐 =
sech2(2𝛼)
𝜋2 |𝑖 − 𝑗 |2

. (6.123)

The other two correlators involve a non-local string of operators and their Wick
expansion can be expressed as determinants of matrices with elements given by all
nontrivial contractions,

⟨𝑍𝑙𝑍𝑚⟩ = det |𝐻 (𝑖 − 𝑗) | 𝑗=𝑙+1...𝑚
𝑖=𝑙...𝑚−1 ,

⟨𝑌𝑙𝑌𝑚⟩ = det |𝐻 (𝑖 − 𝑗) | 𝑗=𝑙...𝑚−1
𝑖=𝑙+1...𝑚 .

(6.124)

In order to derive the scaling behavior of these correlators, we can apply again the
Fisher-Hartwig conjecture in Eq. (6.111); now our symbolM(𝑘, 𝛼) is not a matrix
but a function. For our purpose we compute determinants of the matrices

𝑀𝑍
𝑘 𝑗 =

∫ 𝜋

−𝜋

𝑑𝜃

2𝜋
𝑒𝑖( 𝑗−𝑘)𝜃M(𝜃, 𝛼), (6.125)

𝑀𝑌
𝑘 𝑗 =

∫ 𝜋

−𝜋

𝑑𝜃

2𝜋
𝑒𝑖( 𝑗−𝑘)𝜃M̃(𝜃, 𝛼), 𝑘 = 𝑙, . . . , 𝑚 − 1, 𝑗 = 𝑙 + 1, . . . , 𝑚.

(6.126)

with M̃(𝜃, 𝛼) =M(𝜃, 𝛼)𝑒−2𝑖𝜃 . The imaginary part ofM(𝜃, 𝛼) has a discontinuity
for 𝜃 → 0, and

M±(𝛼) = lim
𝜃→0±
M(𝜃, 𝛼) = 𝑒−2𝛼 ∓ 𝑖

𝑒−2𝛼 ± 𝑖
,

M̃+(𝛼) = lim
𝜃→0+
M̃(𝜃, 𝛼) = 𝑒−2𝛼 − 𝑖

𝑒−2𝛼 + 𝑖
,

M̃−(𝛼) = lim
𝜃→0−

M̃(𝜃, 𝛼) = 𝑒−4𝑖𝜋 𝑒
−2𝛼 + 𝑖
𝑒−2𝛼 − 𝑖

.

(6.127)
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The non-vanishing terms in the Fisher-Hartwig conjecture are then

ln det[𝑀𝑍 ] = 1
4𝜋2

(
ln[M−M−1

+ ]
)2

ln |𝑙 − 𝑚 | (6.128)

=
1
𝜋2

(
ln

[
𝑒−2𝛼 − 𝑖
𝑒−2𝛼 + 𝑖

] )2

ln |𝑙 − 𝑚 |, (6.129)

ln det[𝑀𝑌 ] = 1
4𝜋2

(
ln[M̃−M̃−1

+ ]
)2

ln |𝑙 − 𝑚 | (6.130)

=
1
𝜋2

(
ln

[
𝑒−2𝛼 − 𝑖
𝑒−2𝛼 + 𝑖

]
+ 2𝑖𝜋

)2

ln |𝑙 − 𝑚 |. (6.131)

We can now compare these results with the ones in Eq. (6.28). By using that(
ln

[
𝑒−2𝛼 − 𝑖
𝑒−2𝛼 + 𝑖

] )2

= −4 arctan2(𝑒2𝛼),(
ln

[
𝑒−2𝛼 − 𝑖
𝑒−2𝛼 + 𝑖

]
+ 2𝑖𝜋

)2

= −4[arctan(𝑒2𝛼) − 𝜋]2,
(6.132)

and Eq. (6.128), we can derive the correct power-law behavior for the correlators
⟨𝑍𝑙𝑍𝑚⟩ and ⟨𝑌𝑙𝑌𝑚⟩ in Eq. (6.28).

Extracting the correlations and effective central charge from DMRG
In this Section, we provide details of DMRG simulations of correlation functions
and how the effective central charges are extracted in Fig. 6.6(b). The critical Ising
state (used for computing correlations in Figs. 6.1, 6.4 and 6.5 is obtained by infinite
DMRG with bond dimension 𝜒 = 300. In Fig. 6.12 we show that this bond dimension
is enough to correctly extract the expected power-law exponent for distances up to
| 𝑗 | ≈ 500 sites. We also used a bond dimension 𝜒 = 300 in Figs. 6.2 and 6.6.

The effective central charge can be obtained using finite DMRG with different system
sizes. In Fig. 6.6(b), we extract 𝑐eff from

𝑆𝐿/2 ∼
𝑐eff
3

ln(𝐿), (6.133)

where 𝑆𝐿/2 is the half-chain von Neumann entanglement entropy of the teleported
wavefunction with periodic boundary and length 𝐿. In practice we take 𝐿 =

[20, 40, 60, 80, 100, 150, 200] and fit 𝑆(𝐿/2) v.s. ln(𝐿) for different imperfection
strength 𝛼 (see Fig. 6.13).

For the mixed 𝑋- and 𝑌 -basis measurement in Fig. 6.7, we make use of the relation
between entanglement entropy and correlation length (as induced by a finite bond
dimension) in infinite DMRG [109],

𝑆 ∼ 𝑐eff
3

ln(𝜉) (6.134)
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(a) (b) (c)

Figure 6.12: Connected 𝑋𝑋 , 𝑌𝑌 and 𝑍𝑍 correlations of the pristine critical
Ising chain. Data obtained using infinite DMRG with different bond dimensions
𝜒 = 10, 20, 200, 300. The black dashed lines represent the power-law decay with
theoretical exponents, i.e., −2, −9/4, −1/4 in panels (𝑎), (b) and (c) respectively.

Figure 6.13: Half-chain entanglement entropy for different system sizes and
imperfection strength. The effective central charges extracted from the slope of the
lines are shown in Fig. 6.6(b)

where 𝜉 is the correlation length computed from the transfer matrix of the infinite
MPS. Practically, for a given set of (𝛼𝑥 , 𝛼𝑦) in Fig. 6.7, we use different bond
dimensions 𝜒 ∈ [5, 100] and compute the entanglement entropy 𝑆. The curve
𝑆(ln(𝜉)) is expected to be a straight line in the large 𝜉 limit for critical systems. We
extract the effective central charge using 30 data points of each curve with the largest
𝜉. In Fig. 6.14 we show 𝑆 vs ln 𝜉 for some combinations of (𝛼𝑥 , 𝛼𝑦).
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Figure 6.14: 𝑆-ln(𝜉) curves for different (𝛼𝑥 , 𝛼𝑦) in Fig. 6.7.

Correlators of teleported mixed state
Using |𝑎̃,n⟩ = 𝑂̂ (n) |𝑎̃,n⟩, it is easy to check that

Tr
(
𝜌tele𝑂̂ (n)

)
=

∑̃︁
𝑎,𝑎̃′

∏
𝑗

[sin(2𝑢)]
1−𝑎 𝑗 𝑎′𝑗

2 ⟨𝜓𝑐 |𝑎̃′,n⟩⟨𝑎̃,n|𝜓𝑐⟩ (6.135)

× ⟨𝑎̃′,n| 𝑂̂K (n) |𝑎̃,n⟩ (6.136)

= ⟨𝜓𝑐 | 𝑂̂ (n)
(∑̃︁
𝑎

|𝑎̃,n⟩ ⟨𝑎̃,n|
)
|𝜓𝑐⟩ (6.137)

= ⟨𝜓𝑐 | 𝑂̂ (n) |𝜓𝑐⟩ . (6.138)

On the other hand, if we consider 𝑂̂ (n⊥), we need to take care of the fact that 𝑂̂ (n⊥)
acting on |𝑎̃,n⟩ sends 𝑎𝑘 → −𝑎𝑘 , which yields

Tr
(
𝜌tele𝑂̂K (n⊥)

)
=

∑̃︁
𝑎,𝑎̃′

∏
𝑗

[sin(2𝑢)]
1−𝑎 𝑗 𝑎′𝑗

2 ⟨𝜓𝑐 |𝑎̃′,n⟩⟨𝑎̃,n|𝜓𝑐⟩ (6.139)

× ⟨𝑎̃′,n| 𝑂̂K (n⊥) |𝑎̃,n⟩ (6.140)

=
∏
𝑗∈K

sin(2𝑢)
∑̃︁
𝑎

⟨𝜓𝑐 | 𝑂̂K (n⊥) |𝑎̃,n⟩ ⟨𝑎̃,n| |𝜓𝑐⟩ (6.141)

= sin(2𝑢) |K | ⟨𝜓𝑐 | 𝑂̂K (n⊥) |𝜓𝑐⟩ . (6.142)

where we have used that ⟨𝑎̃′,n| 𝑂̂ (n⊥) |𝑎̃,n⟩ =
∏

𝑗∉K 𝛿𝑎 𝑗 ,𝑎′𝑗
∏

𝑗∈K 𝛿𝑎 𝑗 ,−𝑎′𝑗 and
|−𝑎̃,n⟩ = 𝑂̂ (n⊥) |𝑎̃,n⟩. Finally, in order to get the result for 𝑂̂K (n × n⊥), we first
notice that 𝑂̂ (n × n⊥) = 𝑖𝑂̂ (n⊥)𝑂̂ (n) and then we apply the same strategy as in
Eq. (6.139).
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Figure 6.15: Half-chain entanglement negativity as a function of system size
for different deformations. Scaling of the half-chain entanglement negativity of
the teleported mixed state 𝜌tele with system size in 𝐿 ∈ [6, 14] as a function of the
deformation strength 𝛼 along x (panel (a)) and z (panel (b)) axes. (c) Scaling of the
effective central charge 𝑐Eeff as a function of 𝛼 with imperfections in the x, y and z
quantization axes.

Entanglement negativity of teleported mixed state
Since 𝜌tele from Eq. 6.45 is a mixed state, the natural way to quantify its entanglement
structure is using the entanglement negativity [96, 97], as we already pointed out
in Sec. 6.4. Through a numerical study, the goal of this Section is to show how the
negativity is affected by the imperfections of our teleportation protocol. Let us recall
the definition of negativity. We consider a bi-partition of the system into a region 𝑅
and its complement 𝑅 ∪ 𝑅̄, and we then perform a partial transposition of the density
matrix 𝜌tele with respect to the system 𝑅, that we denote as 𝜌tele,𝑇𝑅 . This operation is
defined performing a standard transposition in the Hilbert spaceH𝑅 associated to the
region 𝑅, i.e. exchanging the matrix elements in 𝑅, 𝜌tele,𝑇𝑅 = (𝑇𝑅 ⊗ 1𝑅̄)𝜌tele, leaving
the rest untouched. The presence of negative eigenvalues of 𝜌tele,𝑇𝑅 is a signature of
mixed state entanglement [96], which can be quantified by the logarithmic negativity
E = ln Tr| |𝜌tele,𝑇𝑅 | |1, where | | · | |1 denotes the trace norm. When 𝛼 = 0, the negativity
of a single interval of size |𝑅 | = ℓ, embedded in an infinite system, behaves as
E = 𝑐/2 ln(ℓ/𝜖), where 𝑐 is the central charge of Alice’s critical state |𝜓𝑐⟩ [110].
For 𝛼 ≠ 0, we do not have any analytical prediction about the behavior of E and, for
this reason, we focus on some specific examples.

In the following, we numerically compute the negativity of 𝜌tele with Alice in the
critical state, initializing Bob’s wavefunction on a uniform product state on either
the x̂ basis (Fig. 6.15a)) or on the ẑ basis (Fig. 6.15B)), as in Secs. 6.2 and 6.2
respectively. We have used exact diagonalization (ED) for finite systems of length up
to 𝐿 = 14 and computed the half-chain negativity of 𝜌tele. We numerically find that
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E approximately obeys the scaling form

E =
𝑐Eeff
2

ln(𝐿) + Υ, (6.143)

where Υ is an 𝛼-dependent term. From the plots in Fig. 6.15a)-c), we find that for
𝛼 = 0, 𝑐Eeff ≲ 0.6, while we would expect 𝑐Eeff = 1/2 [110] and this is due to the small
system sizes 𝐿 we can study with ED (similarly to Ref. [82]). As 𝛼 increases, we
notice that 𝑐Eeff smoothly decreases when we measure in the x̂ basis (Fig. 6.15b)-c)),
in agreement with the discussion of Sec. 6.2 about a marginal imperfection, while
it quickly drops to 0 in the ẑ basis (Fig. 6.15c)), in the same spirit of a relevant
imperfection described in Sec. 6.2. This behavior suggests that the amount of
long-range entanglement of Bob’s wavefunction is maximal when Alice and Bob are
maximally entangled (i.e. 𝑢 = 𝜋/4), and it decreases otherwise. Finally, we comment
that we do not report the plots of E as a function of ln(𝐿) when measuring in the ŷ
basis since its behavior is not different with respect to the one observed in Fig. 6.15a),
consistently with the disguised marginal imperfection discussed in Sec. 6.2. This is
confirmed by comparing the behavior of 𝑐Eeff in Fig. 6.15c) measuring in the x̂ (blue
line) and ŷ-basis (green line).
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“Sometimes a delivery guy in a pizza hat is so much better than a knight in shining
armor, maaan.”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 7

MEASUREMENTS AS BOUNDARY CONDITIONS

The Ising and teleportation chapters showed that measurements and teleportation
imperfections can modify a critical wavefunction through non-unitary perturbations.
In this part, we show how a single round of measurements on gapless quantum
systems can, upon rotating the measurement basis, induce non-trivial transitions
separating regimes displaying universal characteristics governed by distinct boundary
conformal field theories. We develop the theory of such ‘measurement-induced
boundary transitions’ by investigating a gapless parent of the one-dimensional cluster
state, obtained by appropriately symmetrizing a commuting projector Hamiltonian
for the latter. Projective measurements on the cluster state are known to convert the
wavefunction, after post-selection or decoding, into a long-range-ordered Greenberger-
Horne-Zeilinger (GHZ) state. Similar measurements applied to the gapless parent (i)
generate long-range order coexisting with power-law correlations when post-selecting
for uniform outcomes, and (ii) yield power-law correlations distinct from those in the
pre-measurement state upon decoding. In the post-selection scenario, rotating the
measurement basis preserves long-range order up until a critical tilt angle marking a
measurement-induced boundary transition to a power-law-ordered regime. Such a
transition—which does not exist in the descendant cluster state—establishes new
connections between measurement effects on many-body states and non-trivial
renormalization-group flows. We extend our analysis to tricritical Ising and three-
state Potts critical theories, which also display measurement-induced boundary
transitions, and propose general criteria for their existence in other settings.

7.1 Canonical cluster states and measurement intuition
To establish a baseline, we review known features of the canonical 1D Z2 ×Z2 cluster
state SPT—including the structure of the ground state [111] as well as the influence
of measurements [37, 78]. As noted in the introduction, we view the model as
defined on a square ladder shown in Fig. 7.1(a), such that the two Z2 symmetries
correspond to flipping spins on one leg or the other. In the zero-correlation-length
limit, the cluster-state Hamiltonian on this geometry reads

𝐻cluster = −
𝑁−1∑︁
𝑗=1
(𝑍 𝑗 ,1𝑋 𝑗 ,2𝑍 𝑗+1,1 + 𝑍 𝑗 ,2𝑋 𝑗+1,1𝑍 𝑗+1,2), (7.1)
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Figure 7.1: Canonical and symmetrized cluster-state constructions. Panel (a) shows
the ladder representation of the canonical cluster state, while panel (b) shows the
reflection-symmetric construction used to define the gapless parent. This figure is
adapted from the boundary-transition source.

where 𝑋 𝑗 ,𝑦, 𝑍 𝑗 ,𝑦 are Pauli operators acting on the site 𝑗 = 1, . . . , 𝑁 in chain 𝑦 = 1, 2.
The first and second terms respectively represent three-spin 𝑍𝑋𝑍 interactions on
the white and grey triangles in Fig. 7.1(a). Notice that 𝐻cluster violates interchain
reflection symmetry, since the orientation of these triangles flips upon swapping the
legs. The two Z2 symmetries protecting SPT order in the ground state are generated
by

𝐺1 =

𝑁∏
𝑗=1

𝑋 𝑗 ,1 and 𝐺2 =

𝑁∏
𝑗=1

𝑋 𝑗 ,2. (7.2)

Exact solvability of Eq. (7.1) descends from the fact that all 𝑍𝑋𝑍 terms commute
with one another and square to the identity. Consequently, the ground state satisfies
𝑍 𝑗 ,1𝑋 𝑗 ,2𝑍 𝑗+1,1 = 𝑍 𝑗 ,2𝑋 𝑗+1,1𝑍 𝑗+1,2 = +1 for all 𝑗 . Multiplying 𝑍𝑋𝑍 terms on
consecutive triangles with the same color in Fig. 7.1(a) defines Z2 × Z2 SPT string
order parameters, which are equal to one in the ground state of the above cluster state
model. Taking the product on grey triangles, for instance, yields

S 𝑗 ,𝑘 ≡
[

𝑋 𝑗+1 · · · 𝑋𝑘−1 𝑋𝑘

𝑍 𝑗 𝑍𝑘

]
= 1 (7.3)

for any 𝑘 > 𝑗 . On the left-hand side, all operators are multiplied, with the top
and bottom rows corresponding to the upper and lower chain of the ladder. A
second string order parameter similarly follows from the grey triangles. Beyond
the zero-correlation-length limit, these string order parameters tend to a non-zero
constant at | 𝑗 − 𝑘 | → ∞ in the SPT phase.

Interestingly, measurements together with decoding convert the zero-correlation-
length SPT ground state |𝜓0⟩ into a GHZ state |GHZ⟩ = 1√

2
( |↑ · · · ↑⟩ + |↓ · · · ↓⟩).
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Suppose that one projectively measures the local operators {𝑋 𝑗 ,1} for all 𝑗 on the
upper chain, and denotes the outcome as s ≡ {𝑠 𝑗 } and the corresponding Born
probability as 𝑝s. The post-measurement state (up to normalization) is then

|𝜓⟩s ∝ Ps |𝜓0⟩ ≡
𝑁∏
𝑗=1

(1 + 𝑠 𝑗𝑋 𝑗 ,1
2

)
|𝜓0⟩ , (7.4)

where Ps is the projector corresponding to the measurement. In the state |𝜓⟩s,
two-point 𝑍𝑍 correlators for the unmeasured bottom chain readily evaluate to

⟨𝑍 𝑗 ,2𝑍𝑘,2⟩s =
⟨𝜓0 | Ps𝑍 𝑗 ,2𝑍𝑘,2PsS 𝑗 ,𝑘 |𝜓0⟩

⟨𝜓0 |Ps |𝜓0⟩
= 𝑠 𝑗+1 · · · 𝑠𝑘 . (7.5)

[Using Eq. (7.3), in the middle, we benignly inserted an S 𝑗 ,𝑘 factor to immediately
obtain the result.] The above correlator remains non-zero even at | 𝑗 − 𝑘 | → ∞—
though the value depends on the measurement outcome. Correspondingly, performing
a standard average over measurement outcomes gives∑︁

s

𝑝s
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
=

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
= 0 (7.6)

for any 𝑘 ≠ 𝑗 . We see here that Born-rule averaging effectively erases the measure-
ment, yielding a two-point 𝑍𝑍 correlator for the pre-measurement state that naturally
becomes trivial in the SPT phase.

One can nevertheless extract correlations characteristic of a GHZ state in several
ways. By post-selecting for a uniform measurement outcome with all 𝑠 𝑗 = +1,
Eq. (7.5) returns standard long-range ordered correlations characteristic of the
wavefunction |GHZ⟩. Since the probability for the target measurement outcome
decays exponentially with system size, however, this approach is non-ideal—but
fortunately unnecessary. A post-measurement state |𝜓⟩s associated with an arbitrary
outcome s can be converted into a GHZ state via controlled unitary feedback: namely,
𝑈s |𝜓⟩s = |GHZ⟩ with𝑈s =

∏
𝑗 𝑋
(1−𝑝 𝑗 )/2
𝑗 ,2 a unitary dependent on the measurement

outcome through 𝑝 𝑗 = · · · 𝑠 𝑗−2𝑠 𝑗−1𝑠 𝑗 [82]. An alternative, and closely related,
perspective is to consider∑︁

s

𝑝s
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
𝑠 𝑗+1 · · · 𝑠𝑘 = 1. (7.7)

The left side averages the 𝑍𝑍 correlator weighted by a measurement-outcome-
dependent sign structure that cancels the signs in Eq. (7.5); hence averaging over
measurement outcomes returns 1 [instead of 0 as in Eq. (7.6)]. Equation (7.7) is
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equivalent to what one would obtain by evaluating 𝑍𝑍 in the unitarily modified
state𝑈s |𝜓⟩s and then averaging over measurement outcomes. For a more general
discussion of unitary feedback in related settings, see Ref. [82].

Sec. 7.5 discusses additional properties of the cluster state including the effects of
finite correlation length, enacting weak vs projective measurements, and tilting the
measurement basis away from 𝑋 . As reviewed there, the emergence of a GHZ state
requires both strict projective measurements and pristinely measuring 𝑋 for the lower
chain [78]. Weakening the measurement or tilting the measurement basis—even
by arbitrarily small amounts—produces exponentially decaying 𝑍𝑍 correlations in
the post-measurement state, rather than long-range-ordered GHZ-like correlations
arising in the ideal case. We will later uncover qualitatively different resilience to
such modifications in the context of the gapless parent of the 1D cluster state that we
introduce next.

7.2 Gapless parent of the cluster state

Figure 7.2: Phase diagram of Eq. (7.8). For 0 ≤ 𝛼 < 𝜋/4 and 𝜋/4 < 𝛼 ≤ 𝜋/2, two
cluster-state SPT regimes emerge that are related by interchain reflection symmetry.
At 𝛼 = 𝜋/4, the system is gapless with central charge 𝑐 = 2.

We introduce the gapless parent of the cluster state SPT by first considering the
generalized Hamiltonian

𝐻 = −
𝑁−1∑︁
𝑗=1
[cos𝛼(𝑍 𝑗 ,1𝑋 𝑗 ,2𝑍 𝑗+1,1 + 𝑍 𝑗 ,2𝑋 𝑗+1,1𝑍 𝑗+1,2)

+ sin𝛼(𝑍 𝑗 ,2𝑋 𝑗 ,1𝑍 𝑗+1,2 + 𝑍 𝑗 ,1𝑋 𝑗+1,2𝑍 𝑗+1,1)] . (7.8)

The 𝑍𝑋𝑍 terms in the first line, which are the same as those in Eq. (7.1), correspond
to the triangles in Fig. 7.1(a). The second line includes a new set of 𝑍𝑋𝑍 terms on
‘flipped’ triangles. When 𝛼 = 0, 𝐻 simply recovers the cluster state SPT reviewed
in Sec. 7.1; 𝛼 = 𝜋/2 corresponds to an alternative cluster state SPT realization
that relates to the former by interchain reflection. At 𝛼 = 𝜋/4 the Hamiltonian
uniquely preserves interchain reflection symmetry [see Fig. 7.1(b) for a schematic].
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We will show below that this limit realizes a gapless state that intervenes between the
two gapped cluster state SPT regimes highlighted above. Figure 7.2 illustrates the
phase diagram as a function of 𝛼 for this model. We stress, however, that 𝛼 < 𝜋/4
and 𝛼 > 𝜋/4 do not represent distinct phases. In fact the cluster state SPT can
harmoniously coexist with interchain reflection symmetry as shown explicitly in
Ref. [112]. A reflection-symmetric SPT can also emerge as a descendent of our
gapless parent state; see Sec. 9.3 for details.

Table 7.1: Dictionary between select operators in the original basis and in the new
basis specified in Eq. (7.9).

Original
[
𝑍 𝑗 𝑍 𝑗+1

𝑋 𝑗

] [
𝑍 𝑗 𝑍 𝑗+1

𝑋 𝑗+1

] [
𝑋 𝑗

𝑍 𝑗 𝑍 𝑗+1

] [
𝑋 𝑗+1

𝑍 𝑗 𝑍 𝑗+1

] [
𝑌 𝑗 𝑍 𝑗+1

𝑌 𝑗 𝑍 𝑗+1

] [
𝑍 𝑗 𝑌 𝑗+1

𝑍 𝑗 𝑌 𝑗+1

] [
𝑋 𝑗

] [
𝑋 𝑗

]
New

[
Y𝑗 Y𝑗+1

] [
Ỹ𝑗 Ỹ𝑗+1

] [
X𝑗 X𝑗+1

] [
X̃𝑗 X̃𝑗+1

]
−
[
Z𝑗 Z𝑗+1

]
−
[
Z̃𝑗 Z̃𝑗+1

] [
X𝑗
X̃𝑗

] [
Y𝑗
Ỹ𝑗

]

Gaplessness at 𝛼 = 𝜋/4 becomes manifest under a unitary non-local mapping—
equivalent to a Kennedy-Tasaki transformation [113, 114, 115, 116]—to Pauli
operators,

X𝑗 =
[
· · · 𝑋 𝑗−2 𝑋 𝑗−1

𝑍 𝑗

]
,

X̃𝑗 =
[
· · · 𝑋 𝑗−2 𝑋 𝑗−1 𝑋 𝑗

𝑍 𝑗

]
,

Y𝑗 =
[
𝑍 𝑗

𝑋 𝑗 𝑋 𝑗+1 𝑋 𝑗+2 · · ·

]
,

Ỹ𝑗 =
[
𝑍 𝑗

𝑋 𝑗+1 𝑋 𝑗+2 · · ·

]
.

(7.9)

[Operators in each bracket are multiplied. The upper (lower) row of each bracket
refers to the first (second) chain.] The structure of this transformation—attaching
a string of 𝑋 operators in one chain to a 𝑍 operator in the opposite chain—closely
resembles the SPT string order parameters in Eq. (7.3). The new variables satisfy
the usual Pauli algebra withZ𝑗 = −𝑖X𝑗Y𝑗 and similarly for Z̃𝑗 . Table 7.1 provides
a dictionary between select operators in the original basis and in the new basis above.
In particular, the constituent 𝑍𝑋𝑍 operators from Eq. (7.8) map to nearest-neighbor
bilinears of the new Pauli operators in Eq. (7.9), yielding (after some rearrangement)

𝐻 = −
𝑁−1∑︁
𝑗=1
(sin𝛼X𝑗X𝑗+1 + cos𝛼Y𝑗Y𝑗+1

+ cos𝛼X̃𝑗X̃𝑗+1 + sin𝛼Ỹ𝑗Ỹ𝑗+1). (7.10)
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For general 𝛼, Eq. (7.10) describes two decoupled XY models, each of which
is gapped due to anisotropy in the couplings. The limits 𝛼 = 0 and 𝛼 = 𝜋/2
correspond to two decoupled Ising chains in the spontaneous symmetry breaking
phase. The Kennedy-Tasaki transformation mapping the cluster state SPT (7.1) to
this symmetry-broken phase has been studied in [115]. The anisotropy disappears at
𝛼 = 𝜋/4—where each XY model manifestly exhibits an exact U(1) symmetry. Here
the system is gapless with central charge 𝑐 = 2 and admits the usual free-fermion
representation.

Adding local, symmetry-preserving terms to Eq. (7.8) generates ZZ terms (see
Table 7.1) that lead to interactions in the fermion picture and turn the system into a
two-channel Luttinger liquid with nontrivial Luttinger parameters. Taking 𝛼 = 𝜋/4,
dropping a grotesque factor of

√
2, and allowing for such interactions leads to the

following Hamiltonian that we will study extensively in the remainder of this paper:

𝐻Δ = −
∑︁
𝑗

(
X𝑗X𝑗+1 + Y𝑗Y𝑗+1 + ΔZ 𝑗Z𝑗+1

+X̃𝑗X̃𝑗+1 + Ỹ𝑗Ỹ𝑗+1 + ΔZ̃𝑗Z̃𝑗+1

)
,

(7.11)

which describes two decoupled XXZ models. Since we are interested in the gapless
phase, we restrict our analysis to Δ ∈ [−1, 1) throughout. Next, we will study the
effect of weak measurements on the gapless parent state realized by Eq. (7.11).

7.3 Uniform weak measurements and defect perturbations
Weak measurement on a Tomonaga-Luttinger liquid
As a primer let us discuss the impact of weak measurement on a single XXZ spin
chain—described by just the first line of Eq. (7.11)—mainly following Refs. [16,
55, 56] but also adding some new insights. The XXZ model realizes a Tomonaga-
Luttinger liquid (TLL) governed by the low-energy fixed-point action

𝑆TLL =
1

2𝜋

∫
𝑥,𝜏

[
2𝑖𝜕𝜏𝜙𝜕𝑥𝜃 + 𝐾−1(𝜕𝑥𝜙)2 + 𝐾 (𝜕𝑥𝜃)2

]
. (7.12)

Here 𝜙(𝑥, 𝜏), 𝜃 (𝑥, 𝜏) are slowly varying bosonic fields dependent on a coarse-grained
position 𝑥 and imaginary time 𝜏, while 𝐾 = 𝜋

2 arccosΔ is the Luttinger parameter
determined by the microscopic ZZ coupling Δ. In particular, since we consider
only Δ ∈ [−1, 1), we always have 𝐾 ≥ 1/2. In the low-energy, long-distance limit,
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the Pauli operators at site 𝑗 relate to the bosonic fields through [117]

X𝑗 − 𝑖Y𝑗 ∼ 𝑒𝑖𝜃 + 𝑖𝑐1(−1) 𝑗
[
𝑒𝑖(𝜃+2𝜙) − 𝑒𝑖(𝜃−2𝜙)]

Z𝑗 ∼ −
2
𝜋
𝜕𝑥𝜙 + 𝑐2(−1) 𝑗 cos (2𝜙),

(7.13)

where 𝑐1, 𝑐2 ∈ R are non-universal coefficients. (In the first line, we do not
factor out an overall 𝑒𝑖𝜃 factor to avoid subtle issues regarding commutation of
𝜃 and 𝜙 evaluated at microscopically separated positions. Symmetries are more
readily accounted for in the form above.) Equation (7.12) implies equal-time
correlators

〈
[𝜙(𝑥) − 𝜙(0)]2

〉
= 𝐾 log(𝑥) and

〈
[𝜃 (𝑥) − 𝜃 (0)]2

〉
= 1

𝐾
log(𝑥). Two-

point correlators of the lattice Pauli operators follow as〈
X𝑗X0

〉
=

〈
Y𝑗Y0

〉
∼ 𝐶0 | 𝑗 |−

1
2𝐾 + 𝐶1(−1) 𝑗 | 𝑗 |− 1

2𝐾 −2𝐾 ,〈
Z𝑗Z0

〉
∼ 𝐶2 | 𝑗 |−2 + 𝐶3(−1) 𝑗 | 𝑗 |−2𝐾 (7.14)

with 𝐶𝑖 some other non-universal constants.

The weak measurements that we consider here and below are a softened version of the
standard projective measurements used, e.g., in Eq. (7.4). In physical setups, weak
measurements can be achieved by entangling the many-body wavefunction to ancillary
degrees of freedom and then projectively measuring the latter. References [16, 55]
previously investigatedZ-basis measurements in a Luttinger liquid; see especially
the seminal study of Ref. [16] that established a connection to the classic Kane-Fisher
impurity problem [118]. We will consider X-basis weak measurements, as they
illustrate the main points in a way that closely connects to measurements of interest
in our gapless parent of the cluster state.

Upon weakly measuring all sites, the ground state |𝜓𝑐⟩ of the XXZ spin chain
becomes

|𝜓s⟩ =
1
N 𝑒

𝛽
∑
𝑗 𝑠 𝑗X𝑗 |𝜓𝑐⟩ (7.15)

where s = {𝑠 𝑗 = ±1} encodes the set of measurement outcomes (e.g., in a scheme
utilizing ancillas), N is an overall normalization factor, and 𝛽 sets the measurement
strength [55, 57, 58, 62]. In particular, when acting on some initial state, the
on-site operator 𝑒𝛽𝑠 𝑗X𝑗 amplifies the contribution with X𝑗 = 𝑠 𝑗 and suppresses the
contribution with X𝑗 = −𝑠 𝑗 ; 𝛽→∞ recovers the projective limit where the latter is
killed.

In the following, we post-select for the uniform outcome where 𝑠 𝑗 = 1 for all 𝑗 .
Using Eq. (7.15) and the bosonized expression in Eq. (7.13), such a post-selected
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weak measurement manifests as a boundary term acting at all spatial points but only
at imaginary time 𝜏 = 0 1 :

𝑆′ = 𝑆TLL + 𝛽𝑏1

∫
𝑥,𝜏

𝛿(𝜏) cos 𝜃, (7.16)

where 𝑏1 is a non-universal factor. We observe that the scaling dimension of cos 𝜃 is
Δcos 𝜃 = 1/(4𝐾)—implying that the measurement-induced boundary perturbation
is marginal for 𝐾 = 1/4, relevant for larger 𝐾 and irrelevant for smaller 𝐾. Weak
measurements do not qualitatively impact universal long-distance properties in the
latter case.

In our setup, the Luttinger parameter is constrained by 𝐾 ≥ 1/2, and the 𝜏 = 0
perturbation is always relevant. Even arbitrarily weak measurements will therefore
eventually pin 𝜃. Specifically, the flow of 𝛽 implies a length scale 𝐿𝛽 (𝜏) ∼ ℓ𝜏𝛽−1/Δcos 𝜃

with ℓ0 the UV cutoff and ℓ𝜏 ≈ 𝜏 at large 𝜏. Equal-time correlations at distances at
𝑥 ≳ 𝐿𝛽 (𝜏) feel the full impact of the measurement while those at 𝑥 ≲ 𝐿𝛽 (𝜏) are
only affected perturbatively. In this paper we are always interested in correlations
of microscopic operators that are not time-evolved, which in the bosonized theory
follow from correlations of fields evaluated at 𝜏 = 0. For such cases the crossover
length 𝐿𝛽 (0) depends only on 𝛽 (and a UV cutoff).

We use BCFT formalism to efficiently compute various correlation functions. Specif-
ically, we encode pinning of 𝜃 in the IR by a Dirichlet boundary condition (DBC)
𝜃 (𝜏∗) = 0 at all 𝑥 and at a 𝛽-dependent time 𝜏∗. The dual field, 𝜙, consequently
obeys free or Neumann boundary conditions (NBc), i.e., 𝜕𝜏𝜙|𝜏=𝜏∗ = 0. The BCFT
exhibits a crossover scale 𝐿BCFT

𝜏∗ (𝜏) which depends on the distance 𝜏 − 𝜏∗, and
in the limit 𝜏 − 𝜏∗ → 0 is set by a UV cutoff. To determine 𝜏∗(𝛽), we match
the crossover length scales of Eq. (7.15) and the BCFT at 𝜏 = 0, i.e., we require
𝐿BCFT
𝜏∗ = 𝐿𝛽 (0). In particular, the correlations of Eq. (7.15) for a given 𝛽 correspond

to BCFT correlations evaluated at a specific distance from the boundary.

Combining relevance of the measurement-induced perturbation and the flow to
a BCFT with DBC for 𝜃, Sec. 8.4 evaluates two-point correlation functions〈
𝑒𝑖𝑎𝜃 (0,𝜏)𝑒−𝑖𝑏𝜃 (𝑥,𝜏)

〉
DBC and

〈
𝑒𝑖𝑎𝜙(0,𝜏)𝑒−𝑖𝑏𝜙(𝑥,𝜏)

〉
NBC for general 𝑥, 𝜏. The dictionary

1The post-measurement density matrix |𝜓s⟩ ⟨𝜓s | with 𝑠 𝑗 = 1 can be written as
lim𝜇→∞

𝑒
𝛽

∑
𝑗 X𝑗 𝑒−𝜇𝐻Δ𝑒

𝛽
∑
𝑗 X𝑗

Tr(𝑒2𝛽
∑
𝑗 X𝑗 𝑒−𝜇𝐻Δ )

, which, in the continuum limit, is described by a boson field theory
governed by the action of Eq. (7.16). More intuitively, one can view imaginary times 𝜏 < 0 as
preparing a quantum critical ket while imaginary times 𝜏 > 0 prepare a quantum critical bra; the
measurement applies to those prepared states and hence acts only at 𝜏 = 0
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in Eq. (7.13) allows us to leverage this computation to evaluate two-point correlations
of microscopic spin operators at spatial separation 𝑥 but at the same imaginary time
𝜏. To extract the characteristic scale 𝜏∗, we need to also examine two-point spin
correlations in an alternative way that directly incorporates the measurement strength
𝛽. We will do so by expanding around the projective measurement limit and using
scaling arguments.

Consider first nearly projective measurements (𝛽 ≫ 1); here correlations are expected
to be governed by a scale 𝜏∗ close to 0. By exploiting the results reviewed in Sec. 8.4,
in this regime we obtain up to 𝑂 (𝜏∗4/𝑥4)〈

𝑒𝑖𝑎𝜃 (0,0)𝑒−𝑖𝑏𝜃 (𝑥,0)
〉

DBC〈
𝑒𝑖𝑎𝜃 (0,0)

〉
DBC

〈
𝑒−𝑖𝑏𝜃 (𝑥,0)

〉
DBC

= 1 + 𝑎𝑏
𝐾

(
𝜏∗

𝑥

)2
(7.17)

at long distances 𝑥 ≫ 𝜏∗. Using Eq. (7.13), two-point Y correlators —which suffice
for the present aims—are then given in the same regime by

⟨Y0Y𝑥⟩uni
⟨X0X𝑥⟩uni

∼ ⟨sin[𝜃 (0)] sin[𝜃 (𝑥)]⟩DBC
⟨cos[𝜃 (0)] cos[𝜃 (𝑥)]⟩DBC

∼
(
𝜏∗

𝑥

)2
. (7.18)

Above we normalized the two-point correlator ⟨Y0Y𝑥⟩uni by ⟨X0X𝑥⟩uni to eliminate
dependence on the UV cutoff of the field theory. Sec. 8.2 alternatively finds

⟨Y0Y𝑥⟩uni
⟨X0X𝑥⟩uni

∼
(
𝑒−2𝛽

𝑥

)2

(7.19)

by examining the ground-state wavefunction near the projective-measurement limit.
Comparing the preceding two equations yields an exponentially small characteristic
scale 𝜏∗ ∼ 𝑒−2𝛽 in the 𝛽 ≫ 1 limit.

For 𝛽 ≪ 1, we do not know how to explicitly compute the 𝛽 dependence of the
asymptotic long-distance correlations—but can nevertheless proceed using scaling
arguments. In particular, prior to performing the weak measurement, the scaling
dimension of 𝛽 in Eq. (7.16) is [𝛽] = −1 + 1

4𝐾 , such that the overall action is
dimensionless. Dimensional analysis then gives 𝛽 ∼ (𝜏∗)−1+1/(4𝐾) , and hence
long-distance correlations at 𝑥 ≫ 𝜏∗ should be obtained with 𝜏∗ ∼ 𝛽4𝐾/(1−4𝐾) in the
𝛽 ≪ 1 limit.

𝑋-basis measurements
Analyzing the effects of measurements on a single-channel Luttinger liquid serves as
a useful warm-up to study their consequences in the gapless parent of the cluster
state. Let

|𝜓Δ⟩ = |𝜓𝑐⟩|𝜓̃𝑐⟩ (7.20)
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denote the ground state of Eq. (7.11); on the right side, |𝜓𝑐⟩ and
��𝜓̃𝑐〉 denote the

ground states of the two decoupled XXZ spin chains that arise under the Kennedy-
Tasaki mapping from Eq. (7.9). Weakly measuring all 𝑋 𝑗 ,1 = X𝑗X̃𝑗 operators from
the upper chain and post-selecting for the uniform outcome s = {𝑠 𝑗 = +1} modifies
the wavefunction to |𝜓⟩uni =

1
N𝑀𝑋 |𝜓Δ⟩, where

𝑀𝑋 = 𝑒𝛽
∑
𝑗 𝑋 𝑗 ,1 = 𝑒𝛽

∑
𝑗 X𝑗X̃𝑗 (7.21)

is the associated non-unitary measurement operator.

Following the previous subsection, long-distance properties of the weakly measured
wavefunction can be extracted from the action

𝑆 = 𝑆TLL [𝜃, 𝜙] + 𝑆TLL [𝜃, 𝜙] + 𝛿𝑆meas [𝜃, 𝜃] . (7.22)

Here 𝑆TLL is given in Eq. (7.12) and

𝛿𝑆meas ∝ 𝛽
∫
𝑥,𝜏

𝛿(𝜏) cos 𝜃 cos 𝜃 (7.23)

encodes the measurement-induced perturbation that couples the Luttinger liquids
at all 𝑥 but only at 𝜏 = 0. 2 It is useful to introduce symmetric and antisymmetric
combinations of the bosonic fields via 𝜃± ≡ 𝜃 ± 𝜃 and 𝜙± = (𝜙 ± 𝜙)/2. [56]. In this
basis the problem maps onto two independent Luttinger liquids for the + and − fields
that remain decoupled for 𝛽 ≠ 0; indeed Eq. (7.23) becomes

𝛿𝑆meas ∝ 𝛽
∫
𝑥,𝜏

𝛿(𝜏) (cos 𝜃+ + cos 𝜃−). (7.24)

The scaling dimension of cos 𝜃± (and equivalently of cos 𝜃 cos 𝜃) is 1/(2𝐾). Con-
sequently, for 𝐾 > 1/2 any nonzero measurement strength generates a relevant
perturbation that, at long distances, imposes DBC’s that pin 𝜃+ and 𝜃− as described
earlier. We assume this regime in what follows. Given the decoupling between the
𝜃± sectors, we can use boundary CFT calculations just like those in the previous
section to extract correlation functions in the post-measurement wavefunction.

Inspecting the right side of Eq. (7.21), the post-measurement wavefunction clearly
breaks the two U(1) symmetries associated with each XXZ chain. A subgroup

2It is known that for multichannel Luttinger liquids, higher order contribution coming from 4𝑘𝐹
osicillation can sometimes become more relevant than the 2𝑘𝐹 oscillation counterpart [117]. In
our case we do not have such problem because the first two terms in (7.22) describe two identical
and decoupled Luttinger liquids. In particular, the term cos 𝜃 cos 𝜃 is more relevant than terms like
cos(2𝜃) or cos(2𝜃)
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that sends X𝑗 → −X𝑗 and X̃𝑗 → −X̃𝑗 is, however, preserved—implying that
⟨X𝑗 ⟩ = ⟨X̃𝑗 ⟩ = 0. In the bosonized description, one can account for the vanishing of
these expectation values by observing that Eq. (7.23) exhibits two possible DBC’s:
either 𝜃 = 𝜃 = 0 or 𝜃 = 𝜃 = 𝜋 [56]. Democratically sampling both boundary
conditions leads to ⟨cos 𝜃⟩ = ⟨cos 𝜃⟩ = 0 as dictated by symmetry. The measurement
nevertheless catalyzes long-range order in both X𝑗 and X̃𝑗 . For instance, for X we
find that

⟨X𝑗X𝑘⟩s

∼
〈
cos

(
𝜃+( 𝑗) + 𝜃−( 𝑗)

2

)
cos

(
𝜃+(𝑘) + 𝜃−(𝑘)

2

)〉
DBC

(7.25)

tends to a non-zero constant at | 𝑗 − 𝑘 | → ∞ due to pinning of 𝜃±.

Consider next the two-point 𝑍 correlator

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
uni =

〈
X𝑗+1 X𝑗+2 · · · X𝑘

X̃𝑗 X̃𝑗+1 · · · X̃𝑘−1

〉
uni

. (7.26)

In the projective measurement limit 𝛽→∞, we can use the post-selected measure-
ment result 𝑋 𝑗 ,1 = X𝑗X̃𝑗 = 1 for all sites to write〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

uni =
〈
X𝑗X𝑘

〉
uni , (7.27)

i.e., in this limit long-range X order implies long-range 𝑍 order for the bottom chain.
DMRG simulations presented in Fig. 7.3(a) (green points) confirm this prediction.
Importantly, even though Eq. (7.27) is valid only in the projective-measurement limit,
our DMRG results (not shown) reveal that long-range 𝑍 order persists for any finite
𝛽. According to Eq. (7.9), long-range order in X also implies a non-zero expectation
value for two 𝑍 operators on the unmeasured bottom chain linked by a non-local
product of 𝑋 operators on the weakly measured top chain. We therefore conclude
that the weak 𝑋 measurement catalyzes long-range 𝑍 order in the bottom chain
and long-range order in the disorder operator 𝜇 𝑗 ,1 =

∏
𝑘≤ 𝑗 𝑋𝑘,1 for the top chain.

For reference, both quantities exhibit only power-law order in the pre-measurement
state. Recall also that in the gapped descendant cluster-state SPT, long-range 𝑍 order
emerges only with strict projective measurements.

Using Table 7.1 as well as calculations detailed in Sec. 8.4, we can further evaluate
𝑋 correlations in the unmeasured bottom chain:〈

𝑋 𝑗 ,2𝑋𝑘,2
〉

uni =
〈
Y𝑗Ỹ𝑗Y𝑘Ỹ𝑘

〉
uni ∼ | 𝑗 − 𝑘 |

−min (4,4𝐾) (7.28)
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for any finite measurement strength 𝛽. (Obtaining the above result requires incorpo-
rating irrelevant tunneling processes between saddle points with 𝜃 = 𝜃 = 0 and 𝜋
into the boundary CFT analysis.) See Fig. 7.3(a) for numerical support of Eq. (7.28)
at 𝛽 = ∞. We are also interested in the behavior of the string operator

∏𝑘
𝑖= 𝑗 𝑋𝑖,2.

Our DMRG simulations reported in Sec. 8.5 and Fig. 7.3(a) suggest that, in the
projective-measurement limit, the two-point correlations of the disorder operator
𝜇 𝑗 ,2 =

∏
𝑘≤ 𝑗 𝑋𝑘,2 are

⟨𝜇 𝑗 ,2𝜇𝑘,2⟩ ∼ | 𝑗 − 𝑘 |−2𝐾 . (7.29)

Correlations that decay to zero with separation are natural given the long-range 𝑍
correlations identified above. The particular power-law decay, however, evident in
Eq. (7.29) is nontrivial and reflects the gaplessness of the pre-measurement state. We
can analytically recover this scaling relation by first using the post-selected projective
measurement outcome to write

𝑋 𝑗 ,2 = Y𝑗Ỹ𝑗 = −X𝑗X̃𝑗Z𝑗Z̃𝑗

X𝑗X̃𝑗=1
−−−−−−→ 𝑒𝑖

𝜋
2 (Z 𝑗+Z̃ 𝑗 ) . (7.30)

Further applying the bosonization dictionary from Eq. (7.13) yields ⟨∏𝑘
𝑖= 𝑗 𝑋𝑖,2⟩uni ∼〈

𝑒
−𝑖

∫ 𝑘
𝑗
𝑑𝑥(𝜕𝜙+𝜕𝜙)

〉
NBC
∼ ⟨𝑒𝑖[𝜙( 𝑗)−𝜙(𝑘)]𝑒𝑖[𝜙( 𝑗)−𝜙(𝑘)]⟩NBC. Techniques from Sec. 8.4

then recover Eq. (7.29). For the weak measurement case with finite 𝛽, it is natural to
expect the string operator to continue displaying power-law correlations, presumably
with the same exponent.

Another important tool for characterizing many-body quantum systems is the
entanglement entropy. Given a pure state, |𝜓⟩, and a bipartite system 𝐴 ∪ 𝐵,
the crucial object to compute is the reduced density matrix 𝜌𝐴 = Tr𝐵 |𝜓⟩ ⟨𝜓 |.
The entanglement entropy between 𝐴 and 𝐵 is given by 𝑆 = −Tr(𝜌𝐴 log 𝜌𝐴). In
Fig. 7.3(b), we present numerical evidence that the post-measurement state exhibits
area-law entanglement, as expected in the presence of a relevant perturbation [55,
58, 57]. Weak 𝑋 measurements therefore generate a state exhibiting a curious
coexistence of long-range order, power-law correlations, and area-law entanglement.
The combination of power-law correlations and area-law entanglement has been
found in 2D systems such as wavefunctions constructed from Boltzmann weights of
a classical model [119]. In 1D, such coexistence after weak measurement was also
found in Ref. [4], where the post-measurement wavefunction can be approximated as
a ground state of a non-local Hamiltonian with power-law-decaying interactions [29,
30, 89].
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Figure 7.3: (a) Correlation functions and (b) entanglement entropy of the gapless
parent of the cluster state with 𝐾 = 1.5 after projective measurement of 𝑋 in the upper
chain with post-selection for a uniform outcome. The gapless parent state is obtained
with bond dimension 𝜒 = 2000 via infinite-size DMRG (iDMRG) in (a) and via finite
DMRG with 𝐿 = 60 and periodic boundary conditions in (b). Fitted power-laws in
(a)—see black dotted lines and the legend—agree well with analytical predictions,
e.g., from Eqs. (7.28) and (7.29). In (b) we show the entanglement entropy of the
post-measurement wavefunction between subsystems 𝐴 = { 𝑗 ∈ [0, 𝑥], 𝑦 ∈ {1, 2}}
and 𝐵 = { 𝑗 ∈ [𝑥 + 1, 𝐿], 𝑦 ∈ {1, 2}}, supporting area-law behavior. For both (a)
and (b), we have numerically checked that the results for finite measurement strength
𝛽 = 0.3, 0.5, 1 are similar to the projective limit.

𝑍-basis measurement
Next we explore 𝑍-basis weak measurements. Individual 𝑍 operators map to
non-local combinations of the operators defined in Eq. (7.9),

𝑍 𝑗 ,1 =

[
Y𝑗+1 Y𝑗+2 · · ·

Ỹ𝑗 Ỹ𝑗+1 Ỹ𝑗+2 · · ·

]
, (7.31)

which makes it difficult to apply bosonization techniques. Therefore, it proves
enlightening to first examine measurement of nearest-neighbor products 𝑍 𝑗𝑍 𝑗+1—
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which according to Table 7.1 simply map to the local operators Ỹ𝑗Y𝑗+1. Once again
post-selecting for a uniform measurement outcome, we specifically consider the
post-measurement wavefunction |𝜓⟩uni =

1
N𝑀𝑍𝑍 |𝜓Δ⟩ with

𝑀𝑍𝑍 = 𝑒𝛽
∑
𝑗 𝑍 𝑗 ,1𝑍 𝑗+1,1 = 𝑒𝛽

∑
𝑗 Ỹ𝑗Y𝑗+1 . (7.32)

In the 𝛽 → ∞ limit, the above non-unitary operator projects onto configurations
for which the spins in the measured top chain point either all ‘up’ or all ‘down’.
Projectively measuring single-body 𝑍 operators (which we examine later) manifestly
breaks the spin-flip symmetry and selects one of those two polarizations. It is thus
plausible that the two types of measurements yield similar consequences—as we
will indeed confirm.

Using Eq. (7.13), weak measurements encoded by Eq. (7.32) perturb the Luttinger
liquid action via

𝛿𝑆meas ∝ 𝛽
∫
𝑥,𝜏

𝛿(𝜏) sin 𝜃 sin 𝜃, (7.33)

which has a very similar form to Eq. (7.23) and is also relevant for 𝐾 > 1/2 (as usual,
assumed hereafter). The microscopic Hamiltonian in Eq. (7.8) is invariant under the
duality transformation

𝑋 𝑗 ,𝑦 → 𝑍′𝑗 ,𝑦𝑍
′
𝑗+1,𝑦, 𝑍 𝑗−1,𝑦𝑍 𝑗 ,𝑦 → 𝑋′𝑗 ,𝑦 . (7.34)

Self-duality also persists when Δ ≠ 0 in Eq. (7.11). Consequently, measuring
𝑍 𝑗 ,1𝑍 𝑗+1,1 is dual to measuring 𝑋 𝑗 ,1, allowing us to adapt results for 𝑋-basis
measurements in Sec. 7.3 to the present case. In particular, we immediately deduce
the following properties of the post-measurement state in Eq. (7.32):

(i) The measured top chain exhibits long-range 𝑍 order.

(ii) The unmeasured bottom chain exhibits long-range order in the disorder operator
𝜇 𝑗 ,2 =

∏
𝑘≤ 𝑗 𝑋𝑘,2.

(iii) The bottom chain exhibits power-law 𝑍 correlations,

⟨𝑍 𝑗 ,2𝑍𝑘,2⟩uni ∼ | 𝑗 − 𝑘 |−2𝐾 (7.35)

and
⟨𝑍 𝑗 ,2𝑍 𝑗+1,2𝑍𝑘,2𝑍𝑘+1,2⟩uni ∼ | 𝑗 − 𝑘 |−min(4,4𝐾) . (7.36)

(iv) The post-measurement state exhibits area-law entanglement.
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Now we turn to single-𝑍 weak measurements and consider the state

|𝜓⟩uni =
1
N 𝑒

𝛽
∑
𝑗 𝑍 𝑗 ,1 |𝜓Δ⟩ . (7.37)

Despite the non-locality of the right side of Eq. (7.31), we can make progress
via numerics, analytics in limiting cases, and intuition from our results for 𝑍𝑍
measurements [i.e., Eq. (7.32)]. Sec. 8.5 reports DMRG simulations indicating that
the scaling dimension of 𝑍 𝑗 ,1 is

[𝑍 𝑗 ,1] =
1
4
, (7.38)

for any 𝐾 ≥ 1/2; there we also provide an analytical derivation in the two special
cases 𝐾 = 1/2 and 1. Consequently, single-𝑍 weak measurement in the uniform
post-selection sector always comprises a strongly relevant perturbation in the allowed
range of 𝐾 for our setup.

As noted earlier, it is reasonable to anticipate related properties emerging at the
fixed points generated by single-𝑍 versus 𝑍𝑍 measurements, given the similar
spin configurations promoted in the two cases (e.g., |↑ . . . ↑⟩ in the former and
{|↑ . . . ↑⟩ , |↓ . . . ↓⟩} in the latter). Explicit symmetry breaking by the single-𝑍
measurement clearly induces ⟨𝑍 𝑗 ,1⟩ ≠ 0—implying long-range 𝑍 correlations in the
measured top chain as in property (i) enumerated for the 𝑍𝑍 case. In the projective
measurement limit, we can establish a stronger result. There, the post-𝑍-measurement
state is

��𝜓post-𝑍 〉 = P↑···↑ |𝜓Δ⟩, while the post-𝑍𝑍-measurement wavefunction can
be written as

��𝜓post-𝑍𝑍 〉 = 1√
2
(P↑···↑ |𝜓Δ⟩ + P↓···↓ |𝜓Δ⟩). Notice that P↑···↑ |𝜓Δ⟩ and

P↓···↓ |𝜓Δ⟩ represent the same wavefunction for the lower-chain degrees of freedom,
because neither the pre-measurement state |𝜓Δ⟩ nor the 𝑍𝑍 measurement breaks the
Z2 spin-flip symmetry in the upper chain. Thus the expectation value of any operator
O2 in the lower chain is the same for the two post-measurement wavefunctions,〈
𝜓post-𝑍 |O2 |𝜓post-𝑍 〉 =

〈
𝜓post-𝑍𝑍 |O2 |𝜓post-𝑍𝑍 〉. Figure 7.4(a) verifies for 𝐾 = 1.5

that properties (ii) and (iii) indeed hold under projective single-𝑍 measurement—
including with the same exponents. Finally, Fig. 7.4(b) confirms property (iv) for
the single-𝑍 case, i.e., area-law entanglement of the post-measurement state. We
have also verified the same properties for 𝐾 = 1/2 and 1 (not shown). Since 𝑍
measurement induces a relevant perturbation, we expect (i) through (iv) to persist
also in the weak measurement regime.
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Figure 7.4: Same as Fig. 7.3, but after projective measurement of 𝑍 in the upper chain.
The fitted power-laws in (a) agree well with analytical predictions in Eqs. (7.35) and
(7.36). For both (a) and (b), we have numerically checked that the results for finite
measurement strength 𝛽 = 0.3, 0.5, 1 are similar to the projective limit.

7.4 Decoding protocol for the gapless parent
For the canonical cluster state with partial projective measurements, we reviewed
in Sec. 7.1 how combining classical information with quantum correlations reveals
GHZ correlations without resorting to post-selection; recall in particular Eq. (7.7).
In this section we show that a similar protocol applied to the gapless parent of the
cluster state reveals nontrivially measurement-altered power-law correlations.

Specifically, we take the gapless parent wavefunction |𝜓Δ⟩ as the initial state and
projectively measure {𝑋 𝑗 ,1} on the top chain. The measurement outcome s = {𝑠 𝑗 }
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and correlations
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s

on the bottom chain of the post-measurement state are
recorded. Just as for the canonical cluster state in Eq. (7.7), we define the decoded
𝑍𝑍 correlator as the following average over all measurement outcomes weighted by
the Born probability 𝑝s:〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

d ≡
∑︁
s

𝑝s
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
𝑠 𝑗+1𝑠 𝑗+2 · · · 𝑠𝑘 . (7.39)

Contrary to the cluster state, however, the right-hand side does not simply evaluate to
1. Upon transforming to the XY basis using Eq. (7.9), this average instead reduces
to the 2-point XX correlator of the initial pre-measurement state,〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

d =
〈
X𝑗X𝑘

〉
. (7.40)

One can efficiently obtain this rewriting by bringing the 𝑠 𝑗 factors inside of the
expectation value and replacing them with 𝑋 𝑗 ,1 operators. Note that this step relies
only an operator identity and is thus independent of the particular initial state under
consideration. For the case of our gapless parent state, Eq. (7.14) yields decoded
power-law correlations 〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

d ∼ | 𝑗 − 𝑘 |
− 1

2𝐾 . (7.41)

As an illuminating reference, 𝑍𝑍 correlations in the pre-measurement gapless parent
state take a very different form compared to Eq. (7.40):

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
=

[
X𝑗+1 X𝑗+2 · · · X𝑘

X̃𝑗 X̃𝑗+1 X̃𝑗+2 · · ·

]
∼ | 𝑗 − 𝑘 |− 1

2 . (7.42)

The power-law on the right follows from the discussion after Eq. (7.38) and in
Sec. 8.5. At 𝐾 = 1 the decoded and unmeasured correlators coincidentally exhibit
the same exponent, though at 𝐾 ≠ 1 the former are nontrivially measurement altered
as claimed.

7.5 More properties of the canonical cluster state SPT
Measurement on generic Z2 × Z2 SPTs
In Sec. 7.1 we primarily reviewed properties of the Z2 × Z2 cluster state SPT
by specializing to the zero-correlation limit. There we recalled how projective
measurement of 𝑋 𝑗 ,1 for all 𝑗 in the upper chain yields long-range ordered correlations
with |

〈
𝑍 𝑗 ,1𝑍𝑘,1

〉
| = 1 in the lower chain. Here we show that such measurement also

induces long-range order in generic Z2 × Z2 SPTs with finite correlation length.
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Let |𝜓SPT⟩ denote a generic ground state in the Z2 × Z2 SPT phase. We continue to
view |𝜓SPT⟩ as living on the ladder from Fig. 7.1(a); moreover, we assume that the
two Z2 symmetries protecting the order are generated by the spin-flip operators in
Eq. (7.2). By assumption, one of the SPT string order parameters evaluated with
respect to |𝜓SPT⟩ gives〈[

𝑋 𝑗+1 · · · 𝑋𝑘−1 𝑋𝑘

𝑍 𝑗 𝑍𝑘

]〉
≠ 0 as | 𝑗 − 𝑘 | → ∞. (7.43)

Applying the string order parameter directly to |𝜓SPT⟩, we can write the resulting
wavefunction as[

𝑋 𝑗+1 · · · 𝑋𝑘−1 𝑋𝑘

𝑍 𝑗 𝑍𝑘

]
|𝜓SPT⟩ = 𝑐 |𝜓SPT⟩ + 𝑐⊥

��𝜓⊥SPT
〉
, (7.44)

where
��𝜓⊥SPT

〉
lives in the orthogonal complement space of |𝜓SPT⟩, i.e.,

〈
𝜓⊥SPT |𝜓SPT

〉
=

0. The coefficients 𝑐 and 𝑐⊥ generally depend on 𝑗 and 𝑘 . Compatibility with
Eq. (7.43), however, requires that 𝑐 ≠ 0 for | 𝑗 − 𝑘 | → ∞.

Now consider measuring {𝑋 𝑗 ,1} with outcome s = {𝑠 𝑗 }. Applying the associated
projector

Ps =

𝑁∏
𝑗=1

(1 + 𝑠 𝑗𝑋 𝑗 ,1
2

)
(7.45)

to the left of Eq. (7.44), one obtains

Ps

[
𝑋 𝑗+1 · · · 𝑋𝑘−1 𝑋𝑘

𝑍 𝑗 𝑍𝑘

]
|𝜓SPT⟩

= 𝑠 𝑗+1 · · · 𝑠𝑘𝑍 𝑗 ,2𝑍𝑘,2Ps |𝜓SPT⟩
= 𝑐Ps |𝜓SPT⟩ + 𝑐⊥Ps

��𝜓⊥SPT
〉
.

The 𝑍 𝑗 ,2𝑍𝑘,2 correlator of the post-measurement state is therefore

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
≡

〈
𝜓SPT |Ps𝑍 𝑗 ,2𝑍𝑘,2Ps |𝜓SPT

〉
⟨𝜓SPT |Ps |𝜓SPT⟩

= 𝑠 𝑗+1 . . . 𝑠𝑘

(
𝑐 + 𝑐⊥

〈
𝜓SPT |Ps |𝜓⊥SPT

〉
⟨𝜓SPT |Ps |𝜓SPT⟩

)
.

(7.46)

For the canonical cluster state, 𝑐 = 1 and 𝑐⊥ = 0, so one immediately gets〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
= 𝑠 𝑗+1 . . . 𝑠𝑘 in agreement with Eq. (7.5). For generic SPT states,

since 𝑐 remains non-zero even at | 𝑗 − 𝑘 | → ∞, |⟨𝑍 𝑗 ,2𝑍𝑘,2⟩s |, or alternatively
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𝑠 𝑗+1 . . . 𝑠𝑘
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
, generically exhibits long-range order in the post-measurement

state, regardless of the particular measurement outcome s.

The decoding protocol reviewed in Sec. 7.1 also extends straightforwardly to the finite-
correlation-length regime. Consider again the generic SPT string order parameter
expectation value from Eq. (7.43). Upon inserting 𝑋-basis resolutions of the identity
for chain 1, one can exactly write〈[

𝑋 𝑗+1 · · · 𝑋𝑘−1 𝑋𝑘

𝑍 𝑗 𝑍𝑘

]〉
=

∑︁
s

𝑝s
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
𝑠 𝑗+1 · · · 𝑠𝑘 . (7.47)

Since the left side exhibits long-range order (again by assumption), so too must the
right side, i.e., ∑︁

s

𝑝s
〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
s
𝑠 𝑗+1 · · · 𝑠𝑘 ≠ 0 as | 𝑗 − 𝑘 | → ∞. (7.48)

The finite correlation length merely reduces the nonzero constant from its maximal
value of 1; cf. Eq. (7.7).

Weak measurements in a tilted basis
For the remainder of this Sec. we return to the zero-correlation-length SPT ground
state, |𝜓0⟩, defined with periodic boundary conditions. Suppose now that we weakly
measure the ‘tilted’ operator cos𝜔𝑋 𝑗 ,1 + sin𝜔𝑍 𝑗 ,1 for all sites 𝑗 in the top chain,
post-selecting for simplicity on a spatially uniform measurement outcome. We
are interested in the fate of the two-point 𝑍𝑍 correlator for the lower chain in this
generalized scenario. The correlator explicitly reads〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

uni =

〈
𝜓0 |𝑍 𝑗 ,2𝑍𝑘,2𝑒2𝛽

∑
𝑗 (cos𝜔𝑋 𝑗 ,1+sin𝜔𝑍 𝑗 ,1) |𝜓0

〉〈
𝜓0 |𝑒2𝛽

∑
𝑗 (cos𝜔𝑋 𝑗 ,1+sin𝜔𝑍 𝑗 ,1) |𝜓0

〉 , (7.49)

where 𝛽 parameterizes the weak measurement strength. Using the fact that

𝑍 𝑗 ,2𝑋 𝑗+1,1 . . . 𝑋𝑘,1𝑍𝑘,2 = 1 (7.50)

when acting on the zero-correlation-length ground state, we can rewrite Eq. (7.49) in
terms of expectation values of operators exclusively acting on the top chain:

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
uni =

〈
𝜓0 |

(∏𝑘
𝑖= 𝑗+1 𝑋𝑖,1

)
𝑒2𝛽

∑
𝑗 (cos𝜔𝑋 𝑗 ,1+sin𝜔𝑍 𝑗 ,1) |𝜓0

〉
〈
𝜓0 |𝑒2𝛽

∑
𝑗 (cos𝜔𝑋 𝑗 ,1+sin𝜔𝑍 𝑗 ,1) |𝜓0

〉 , (7.51)

Reference [78] showed that such expectation values in the |𝜓0⟩ state are nonvanishing
only if the operator under consideration commutes with all 𝑍𝑋𝑍 terms in the
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Hamiltonian; for an operator living exclusively on one chain, as in the case above, it
must be either the identity or a symmetry generator. We then obtain〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

uni =
(tanh 2𝛽 cos𝜔) | 𝑗−𝑘 | + (tanh 2𝛽 cos𝜔)𝑁−| 𝑗−𝑘 |

1 + (tanh 2𝛽 cos𝜔)𝑁
, (7.52)

where 𝑁 is the number of sites in each chain and we used the fact that ⟨∏𝑁
𝑖=1 𝑋𝑖,1⟩ = +1.

With 𝜔 = 0 and in the projective-measurement limit 𝛽 → ∞, the right side of
Eq. (7.52) becomes unity, recovering the standard long-range-order result. Suppose
instead that 𝛽 is finite and/or 𝜔 ≠ 0. Taking | 𝑗 − 𝑘 | ≪ 𝑁 and then 𝑁 →∞, here we
find 〈

𝑍 𝑗 ,2𝑍𝑘,2
〉

uni ≈ (tanh 2𝛽 cos𝜔) | 𝑗−𝑘 | ≡ 𝑒−| 𝑗−𝑘 |/𝜉 . (7.53)

Above we defined a finite correlation length

𝜉 =
1

ln
(

1
tanh 2𝛽 cos𝜔

) (7.54)

that signals the exponential decay of the 𝑍𝑍 correlator. Therefore, long-range
order only appears when the measurement is projective and when the tilt angle is
𝜔 = 0 [78].
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C h a p t e r 8

MEASUREMENT-INDUCED BOUNDARY TRANSITIONS

Chapter 7 identified the gapless cluster-state parent and described how uniform
measurements act as defect-line or boundary perturbations. Here the measurement
basis itself becomes a tuning parameter. The resulting transition is not present in
the descendant gapped cluster state: it relies on the gapless parent and is naturally
interpreted as a boundary RG flow.

8.1 Tilted measurements and intermediate fixed points
Section 7.3 showed that weakly measuring 𝑋 𝑗 ,1 in the gapless parent of the cluster
state and post-selecting the uniform outcome 𝑋 𝑗 ,1 = +1 yields long-range order in the
second chain; i.e., the two-point function

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
uni tends to a nonzero constant

as | 𝑗 − 𝑘 | → ∞. This result reflects the fact that weak 𝑋 𝑗 ,1 measurements generate
a relevant perturbation to the Luttinger liquid fixed point in this post-selection
sector, revealing distinct behavior from the gapped cluster state SPT. Indeed in the
gapped SPT, long-range 𝑍 order arises only when projectively measuring 𝑋 𝑗 ,1 (recall
Sec. 7.5). This section investigates whether measurement-induced long-range order
in the gapless parent state persists upon rotating the measurement basis away from 𝑋

toward 𝑍 . Here too we will uncover richer behavior than for the gapped SPT, where
long-range 𝑍 order induced by projective 𝑋 measurements immediately disappears
upon tilting the measuring basis [78] (see also Sec. 7.5).

One can partially address the impact of tilting the measuring basis by studying the
stability of fixed points driven by 𝑋- or 𝑍-type weak measurements. In particular, if
both fixed points are stable, then (𝑖) long-range 𝑍 order induced by 𝑋 measurements
persists over a finite tilt-angle regime and (𝑖𝑖) an intermediate (unstable) fixed point
naturally occurs at some nontrivial critical tilt angle. Therefore, this sets up the stage
for exploring possible measurement-induced boundary transitions.

As a warm-up related to the start of Sec. 7.3, in Sec. 8.1 we study weak measurements
of the Z2-preserving operators cos(𝜔)𝑋 𝑗 ,1 + sin(𝜔)𝑍 𝑗 ,1𝑍 𝑗+1,1, where 𝜔 ∈ [0, 𝜋/2]
denotes the tilt angle. In Sec. 8.1, we then consider an on-site tilted measurement
basis cos (𝜔)𝑋 𝑗 ,1 + sin (𝜔)𝑍 𝑗 ,1 that generically breaks Z2 spin-flip symmetry for the
measured chain. Both subsections focus on uniform post-selection sectors. For both
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types of tilted measurement bases, we present numerical and analytical evidence
that 𝜔 = 0 and 𝜔 = 𝜋/2 indeed correspond to stable fixed points separated by an
intervening fixed point at a critical 𝜔𝑐. Section 8.1 analyzes non-linear averages over
measurement outcomes and argues that signatures of such intermediate fixed points
persist as measured by such quantities.

Z2-preserving measurement basis
Consider a weak measurement enacted by the non-unitary operator

𝑀sym(𝜔) =
∏
𝑗∈even

𝑒𝛽[cos(𝜔)𝑋 𝑗 ,1+sin(𝜔)𝑍 𝑗 ,1𝑍 𝑗+1,1] , (8.1)

which preserves theZ2 symmetry in the first chain. Each term in the product represents
local weak measurement of a two-site operator cos(𝜔)𝑋 𝑗 ,1+ sin(𝜔)𝑍 𝑗 ,1𝑍 𝑗+1,1 whose
eigenvalues are ±1. Note that the product runs over all even sites, such that all
the local measurements mutually commute. The operator 𝑀sym(𝜔) corresponds to
a weak measurement outcome that uniformly amplifies contribution from the +1
eigenvalues for each constituent two-site operator. Since both 𝑋 𝑗 ,1 and 𝑍 𝑗 ,1𝑍 𝑗+1,1

admit a local representation in terms of theXXZ spin chains [Eq. (7.11)], it is easier
to understand the transition between different fixed points compared to the case
(examined later) where we weakly measure single-spin operators in a tilted basis.

We essentially already studied the extreme cases 𝜔 = 0 and 𝜔 = 𝜋/2 in Secs. 7.3
and 7.3, respectively. The sole difference is that the weak measurement operator
𝑀sym(𝜔) covers only half the sites, which does not affect the leading contribution to
the measurement-induced boundary term in the action. For 𝜔 = 0 the boundary term
again takes the form of Eq. (7.23), which generates long-range order in the disorder
operator for the upper chain, long-range 𝑍 order for the lower chain, and area-law
entanglement. For 𝜔 = 𝜋/2, the boundary term is given in Eq. (7.33) and generates
dual behavior: long-range 𝑍 order for the upper chain and long-range order in the
disorder operator for the lower chain, again with area-law entanglement. If the fixed
points arising from measurements in these extreme limits are stable, it is natural
to expect an intervening unstable fixed point at a critical tilt angle 𝜔𝑐—which we
indeed establish below. The duality transformation in Eq. (7.34) sends 𝜔→ 𝜋

2 − 𝜔
and hence fixes the critical angle exactly to 𝜔𝑐 = 𝜋/4.

We can access the intermediate fixed point from a field-theoretic viewpoint as follows.
For general tilt angles 𝜔, the measurement encoded in Eq. (8.1) induces a boundary
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term
𝛿𝑆meas ∝ 𝛽

∫
𝑥,𝜏

𝛿(𝜏) [cos𝜔 cos 𝜃 cos 𝜃 + sin𝜔 sin 𝜃 sin 𝜃], (8.2)

which is relevant for 𝐾 > 1/2. Upon passing to symmetric and antisymmetric field
combinations 𝜃± and 𝜙±—defined below Eq. (7.23)—we equivalently obtain

𝛿𝑆meas ∝ 𝛽
∫
𝑥,𝜏

𝛿(𝜏)
[

sin
(𝜋

4
− 𝜔

)
cos 𝜃+ + cos

(𝜋
4
− 𝜔

)
cos 𝜃−

]
. (8.3)

For 0 ≤ 𝜔 < 𝜋/4, both relevant cosines have nonzero, positive prefactors, thus
pinning 𝜃+ and 𝜃− to minima of the boundary perturbation. In this tilt-angle regime
we expect the system to flow to the same boundary fixed point as in the limiting
case with 𝜔 = 0 (pure 𝑋 measurement). For 𝜋/4 < 𝜔 ≤ 𝜋/2, both cosines again
have nonzero coefficients, though the cos 𝜃+ prefactor exhibits the opposite sign,
pinning 𝜃+ to distinct minima compared to the preceding regime. Here we expect
the system to flow to the same boundary fixed point that arises with 𝜔 = 𝜋/2 (pure
𝑍𝑍 measurement).

We check the stability of these two fixed points by computing the correlation
functions of several Z2-preserving operators and extracting their scaling dimensions.
In particular, a symmetry-allowed operator O with scaling dimension less than 1
would constitute a relevant perturbation and indicate instability of the underlying
fixed point; conversely, if the scaling dimensions of all such operators are larger than
1, then the fixed point is stable. As reported in Table 8.2, we find that with 𝜔 = 0 all
scaling dimensions for the Z2-preserving operators that we extracted indeed exceed 1
for any 𝐾 > 1/2—evidencing that this fixed point is stable against symmetry-allowed
perturbations. Duality implies that the 𝜔 = 𝜋/2 fixed point has the same stability as
the 𝜔 = 0 fixed point.

Exactly at 𝜔 = 𝜋/4, the 𝜃− sector remains pinned while the 𝜃+ sector becomes
unpinned (due to vanishing of the relevant cosine term), indicating an analytically
tractable measurement-induced boundary transition in the Z2-preserving measure-
ment basis. One can crudely view the pinned 𝜃− sector as contributing area-law
entanglement while the unpinned 𝜃+ sector underlies logarithmic entanglement
scaling with an associated effective central charge 𝑐eff = 1.Formally, 𝑐eff follows by
fitting the system’s overall entanglement entropy to 𝑆 =

𝑐eff
3 log[ 𝐿

𝜋
sin 𝜋𝑙

𝐿
] + const.

We indeed numerically extract an effective central charge 𝑐eff ≈ 1 following this
procedure as shown in Fig. 8.1.

The intermediate fixed point is unstable, as one can infer from the scaling dimension
[𝑋 𝑗 ,1] = 1

2𝐾 < 1 for 𝐾 > 1
2 ; see Sec. 8.5 for the derivation. Physically, adding a
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β= 0.3, ceff = 0.98

β= 0.5, ceff = 0.96

β= 1.0, ceff = 0.96

β=∞, ceff = 0.95

Figure 8.1: Entanglement entropy scaling at the measurement-induced boundary
transition for the Z2-preserving case [𝜔 = 𝜋/4 in Eq. (8.1)]. Data were obtained from
DMRG with bond dimension 𝜒 = 2000 assuming 𝐾 = 1.5, 𝐿 = 60, and periodic
boundary conditions. In the horizontal axis 𝑙 is the subsystem size. The effective
central charge 𝑐eff is extracted by fitting to 𝑆 =

𝑐eff
3 ln[(𝐿/𝜋) sin(𝜋𝑙/𝐿)] + const

(see black dashed lines). For all non-zero measurement strengths shown, we obtain
𝑐eff ≈ 1 in harmony with field-theory predictions. We verified that the fitted effective
central charge is essentially unchanged for 𝐾 = 1.

relevant term composed of 𝑋 𝑗 ,1 operators to the boundary action has the same effect
as changing the tilt angle away from 𝜔 = 𝜋/4—driving the system into one of the
two stable fixed points depending on the sign of the coefficient.

We numerically examine the measurement-induced boundary transition by probing
order and disorder operators as a function of tilt angle. More precisely, for a system
of length 𝐿, we find that in the post-measurement wavefunction, the derivative of
order and disorder operator correlations,

𝑑

𝑑𝜔

〈
𝑍 𝐿

4 ,2
𝑍 3𝐿

4 ,2

〉
uni

and
𝑑

𝑑𝜔

〈 3𝐿/4∏
𝑗=𝐿/4

𝑋 𝑗 ,2

〉
uni

, (8.4)

both exhibit a peak near 𝜔 = 𝜋/4 that sharpens as 𝐿 increases—consistent with
onset of a divergence in the thermodynamic limit. Figure 8.2 plots the two quantities
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above in the projective measurement limit; we have checked that similar results also
arise for weak measurements, e.g., with 𝛽 = 0.5 (see Sec. 8.5). Because of duality,
the two panels in Fig. 8.2 are related by 𝜔→ 𝜋

2 − 𝜔, up to a minus sign.

Table 8.1: Operators with long-range order in two distinct measurement-tilt-angle
regimes, 0 ≤ 𝜔 < 𝜋

4 and 𝜋
4 < 𝜔 ≤ 𝜋

2 , for the case with Z2-preserving tilted
measurement operators. At 𝜔 = 𝜋/4 the measurement-induced boundary transition
is described by a 𝑐 = 1 boson CFT.

0 ≤ 𝜔 < 𝜋
4

𝜋
4 < 𝜔 ≤

𝜋
2

upper chain
〈∏𝑥

𝑗=0 𝑋 𝑗 ,1

〉 〈
𝑍0,1𝑍𝑥,1

〉
lower chain

〈
𝑍0,2𝑍𝑥,2

〉 〈∏𝑥
𝑗=0 𝑋 𝑗 ,2

〉
To summarize, the measurement in Eq. (8.1) yields a transition between two stable
fixed points when the tilt angle 𝜔 varies from 0 to 𝜋/2 (see Table 8.1). The transition
is described by a 𝑐 = 1 boson CFT that one can view as a two-channel Luttinger
liquid in which weak measurements pin a field at 𝜏 = 0 for one channel but not the
other. As an aside, the same low-energy theory in Eq. (8.3) alternatively arises from
measurement of both 𝑋 𝑗 ,1 and 𝑋 𝑗 ,2:

𝑀′sym(𝜔) =
∏
𝑗

𝑒𝛽 cos (𝜔)𝑋 𝑗 ,1𝑒𝛽 sin (𝜔)𝑋 𝑗 ,2 . (8.5)

We explore this measurement operator in Sec. 8.5 and find a similar intermediate
fixed point with 𝑐eff = 1.

Z2-breaking measurement basis
The example above was analytically tractable thanks to duality arguments and
bosonization. Next we address the more subtle case of tilted on-site measurements
implemented by

𝑀 (𝜔) = 𝑒𝛽
∑
𝑗 [cos(𝜔)𝑋 𝑗 ,1+sin(𝜔)𝑍 𝑗 ,1] . (8.6)

The limits 𝜔 = 0 and 𝜔 = 𝜋/2 correspond to two different fixed points that we
analyzed in Sections 7.3 and 7.3, respectively. For intermediate𝜔 values, the relevant
𝑋 𝑗 ,1 and 𝑍 𝑗 ,1 measurements compete with each other, and the winner determines the
long-distance physics. We will show that, as in the previous subsection, these fixed
points are separated by an intervening unstable fixed point at an intermediate critical
tilt angle 𝜔𝑐 (which here becomes 𝛽 dependent).

To investigate the stability of the 𝜔 = 0, 𝜋/2 fixed points, we compute the scaling
dimension of several different operators. Tables 8.2 and 8.3 in Sec. 8.5 report our
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Figure 8.2: Derivative of order and disorder parameter correlations for the lower
chain of the post-measurement gapless parent of the cluster state with 𝐾 = 1.5 as a
function of the measurement tilt angle 𝜔 in the Z2-preserving case [Eq. (8.1)]. Black
dotted lines mark the measurement-induced boundary transition at 𝜔𝑐 = 𝜋/4. Insets:
order parameter correlations

〈
𝑍 𝐿

4 ,2
𝑍 3𝐿

4 ,2

〉
uni

(upper panel) and disorder parameter

correlations
〈∏3𝐿/4

𝑗=𝐿/4 𝑋 𝑗 ,2
〉

uni
(bottom panel) as a function of 𝜔/𝜋. The gapless

parent state is obtained using DMRG with open boundary conditions and bond
dimension 𝜒 = 1200.

results for the𝜔 = 0 and𝜔 = 𝜋/2 cases, respectively. Unlike the previous subsection,
it is now essential to consider operators that break Z2 in the first chain, since the tilted
measurement operator in Eq. (8.6) explicitly breaks that symmetry. In particular,
we find numerically that at 𝐾 = 1, 𝑍 𝑗 ,1 is a marginal operator at the 𝜔 = 0 fixed
point; in this case we can not infer the stability of that fixed point by a simple
scaling dimension analysis. However, for 𝐾 > 1, all the operators we have checked
have scaling dimension larger than 1 for both fixed points, indicating that they are
likely stable and hence that a transition exists at a nontrivial critical tilt angle 𝜔𝑐.
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Figure 8.3 corroborates this picture by plotting correlations of the order and the
disorder operators for the lower chain at different system sizes 𝐿 with 𝐾 = 1.5. Note
the striking similarity to Fig. 8.2 obtained for a fully Z2 preserving measurement.
The breaking of Z2 symmetry for the upper chain combined with the loss of duality in
the present case pushes the critical tilt angle 𝜔𝑐 slightly below 𝜋/4; an intermediate
fixed point nevertheless clearly still arises—representing a second example of a
measurement-induced boundary transition.

Unlike the symmetry-preserving measurement in the previous section, it is hard
to analytically assess the entanglement scaling at the intermediate fixed point due
to the nonlocality of the Z2-breaking measurement operator in the XXZ basis.
Nonetheless, we numerically compute the effective central charge at the transition for
systems with different Luttinger parameters. As an example, in Fig. 8.4(a) we observe
that the entanglement entropy peaks at the intermediate fixed point 𝜔𝑐 ≈ 0.22𝜋 for
𝐾 = 1.5, and we can extract the effective central charge 𝑐eff ≈ 0.52 using the relation
between half-chain entanglement entropy and system size for one interval attached to
the boundary, 𝑆𝐿/2 =

𝑐eff
6 log(𝐿) + const [see Fig. 8.4(b)]. Using the same procedure

for systems with different Luttinger parameters, we also observe that 𝑐eff varies as a
function of 𝐾; see Fig. 8.4(c).

To understand the relation between intermediate fixed points from Z2-preserving
and Z2-breaking measurements, we note that the former is not stable against
symmetry-breaking measurements. More specifically, the Z2-breaking operator 𝑍 𝑗 ,1
is relevant at the Z2-preserving intermediate fixed point, as shown in Sec. 8.5. It
is therefore expected that a weak 𝑍 𝑗 ,1 measurement drives an RG flow away from
the Z2-preserving intermediate fixed point to the 𝜔 = 𝜋/2 fixed point in Eq. (8.6).
Meanwhile, adding a small 𝑋 𝑗 ,1 measurement to the Z2-preserving intermediate
fixed point forces the system to flow to the 𝜔 = 0 fixed point. With some fine-tuned
combination of 𝑍 𝑗 ,1 and 𝑋 𝑗 ,1 measurements, we expect a flow from the Z2-preserving
intermediate fixed point to the Z2-breaking one. Recall that in the Z2-preserving case,
the effective central charge is 𝑐eff = 1 because one of the bosonic modes is gapped
while the other remains gapless (and the central charge of a single Luttinger liquid is
1 for any value of 𝐾). The origin and significance of the continuous dependence of
𝑐eff on 𝐾 in the Z2-breaking measurement remains an intriguing question for future
work.
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Figure 8.3: Same as Fig. 8.2 but for the Z2-breaking measurement operator
[Eq. (8.6)]. Here the critical tilt angle for the measurement-induced boundary
transition is around 𝜔𝑐 ≈ 0.22𝜋.

Intermediate fixed point from an ensemble of measurement outcomes
So far in this section we focused only on post-selecting for uniform measurement
outcomes—which generically require exponentially many trials in system size to
capture with reasonable probability. Another way to observe the measurement-
induced effect is to average quantities that are nonlinear in the density matrix
𝜌s = |𝜓s⟩ ⟨𝜓s | [16, 58, 57]. For instance, one can take advantage of “non-linear
observables” defined as

⟨⟨Γ⟩⟩ ≡
∑

s 𝑝
2
s ⟨Γ⟩s∑
s 𝑝

2
s

, (8.7)

where Γ is any operator on the second chain of our gapless parent of the cluster
state. By doing so we effectively weight each set of measurement outcomes
s by the probability distribution 𝑝2

s, thereby favoring the most likely outcomes.
Experimentally determining the right-hand side remains nontrivial, however: One
would need to repeatedly measure Γ and record the results for different outcomes



184

Figure 8.4: (a,b) Dependence of half-chain entanglement entropy 𝑆𝐿/2 on tilt angle
𝜔 and system size 𝐿 for the Z2-breaking measurement protocol [Eq. (8.6)], assuming
𝐾 = 1.5. At the intermediate fixed point 𝜔 = 𝜔𝑐 ≈ 0.22𝜋 [see black dots in (b)] the
data fit well to 𝑆𝐿/2 =

𝑐eff
6 log(𝐿) +const with 𝑐eff ≈ 0.52. (c) Effective central charge

obtained obtain by the same procedure in (b) but for different Luttinger parameters.
The dashed line is simply a guide to the eye. Data were obtained from DMRG with
bond dimension 𝜒 = 1200; see Sec. 8.5 for numerical details.

s, collecting sufficient data to estimate the associated probabilities 𝑝s—which also
requires exponentially many trials. The main point of this section is that Eq. (8.7)
is easy to compute analytically, manifestly involves all measurement outcomes,
and yet still reveals measurement-altered properties. Following Refs. [58, 57], we
show in Sec. 8.3 that these nonlinear, measurement-averaged observables are exactly
equivalent to observables evaluated in a replicated theory—i.e., describing four
chains instead of two—with uniform post-selection. The price we pay in considering
a replicated version of the model is thus balanced by the simplicity of focusing on
uniform measurement outcomes.

Suppose that in some original (un-replicated) model we measure operators 𝑂 𝑗 with
strength 𝛽 and perform a non-linear average over measurement outcomes. Sec. 8.3
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Figure 8.5: Graphical representation of the setup considered to compute the non-
linear averages in Eq. (8.7). The replicated system consists of four chains: Chains 1
and 2 are the original gapless parent of the cluster state (swapped relative to Fig. 7.1),
while chains 3 and 4 form an identical copy of 1 and 2, respectively. To compute the
non-linear observables in Eq. (8.7), a weak measurement of 𝑂 𝑗 ,1𝑂 𝑗 ,3 is applied at
all sites with post-selection for a uniform outcome.

recasts Eq. (8.7) as

⟨⟨Γ⟩⟩ =
〈
𝜓𝐴
Δ

�� 〈𝜓𝐵
Δ

�� Γ𝐴𝑒2𝛽′
∑
𝑗 𝑂

𝐴
𝑗
𝑂𝐵
𝑗

��𝜓𝐴
Δ

〉 ��𝜓𝐵
Δ

〉〈
𝜓𝐴
Δ

�� 〈𝜓𝐵
Δ

�� 𝑒2𝛽′
∑
𝑗 𝑂

𝐴
𝑗
𝑂𝐵
𝑗

��𝜓𝐴
Δ

〉 ��𝜓𝐵
Δ

〉 , (8.8)

where the superscripts (𝐴, 𝐵) denote the copy of the replicated theory, |𝜓Δ⟩ is the
unmeasured Hamiltonian ground state, and tanh(2𝛽′) = tanh2(2𝛽). Notice that,
as stated above, the right side of Eq. (8.8) does not involve an explicit sum over
measurement outcomes, but rather takes the form of a normalized expectation value
involving the joint state

��𝜓𝐴
Δ

〉 ��𝜓𝐵
Δ

〉
modified by a uniform weak-measurement operator

𝑒
𝛽′

∑
𝑗 𝑂

𝐴
𝑗
𝑂𝐵
𝑗 acting on both copies. Numerically, Eq. (8.8) provides a straightforward

way of computing non-linearly averages from a many-body state (obtained from, e.g.,
tensor networks), in contrast to Eq. (8.7) which requires summing over exponentially
many outcomes.

In our setup, |𝜓⟩ is the ground state of the Hamiltonian (7.11) defined on a two-chain
system; in the replicated theory we associated copy 𝐴 with chains 𝑦 = 1, 2, and
copy 𝐵 with chains 𝑦 = 3, 4 (see Fig. 8.5). Measurement of the tilted operator
cos(𝜔)𝑋 𝑗 ,1 + sin(𝜔)𝑍 𝑗 ,1 in the un-replicated theory translates into a uniform weak
measurement operator

𝑒𝛽
′∑

𝑗 [cos(𝜔)𝑋 𝑗 ,1+sin(𝜔)𝑍 𝑗 ,1] [cos(𝜔)𝑋 𝑗 ,3+sin(𝜔)𝑍 𝑗 ,3] (8.9)

in the replica problem specified on the right side of Eq. (8.8). We are specifically
interested in𝜔 dependence of correlations

〈〈
𝑍 𝑗 ,2𝑍𝑘,2

〉〉
and

〈〈∏𝑘
𝑖= 𝑗 𝑋𝑖,2

〉〉
of the order
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and disorder operators, respectively, in the unmeasured chain 2. Computing these
quantities analytically is complicated, so we content ourselves with the numerical
evaluation presented in Fig. 8.6. We observe behavior very similar to that shown in
Fig. 8.3 for an un-replicated system with uniform post-selection. Even though the
finite size effects are more pronounced in the replicated theory because of the reduced
maximum system size we can achieve using DMRG, an intermediate fixed point at
some nontrivial 𝜔𝑐 clearly persists when non-linearly averaging over measurement
outcomes, suggesting that a measurement-induced boundary transition occurs also
in this case.

Figure 8.6: Derivative of order and disorder parameter correlations in the 𝑦 = 2
chain of the post-measurement replicated gapless parent of the cluster state as a
function of the tilting angle 𝜔. A measurement-induced boundary transition remains
visible at a critical value of around 𝜔𝑐 ≈ 0.2𝜋. Insets: order parameter correlations〈〈
𝑍 𝐿

4 ,2
𝑍 3𝐿

4 ,2

〉〉
and disorder parameter correlations

〈〈∏3𝐿/4
𝑗=𝐿/4 𝑋 𝑗 ,2

〉〉
as a function of

𝜔/𝜋. The replicated gapless parent of the cluster state is obtained using DMRG
with open boundary conditions and bond dimension 𝜒 = 1600, assuming 𝐾 = 1.5.
Sec. 8.5 analyzes different 𝐾 values.
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8.2 Perturbative approach in the projective measurement limit
In this technical section, we focus on the X measurement, 𝑒

∑
𝑗 𝛽X𝑗 , in a single XXZ

chain
𝐻 = −

∑︁
𝑗

(X𝑗X𝑗+1 + Y𝑗Y𝑗+1 + ΔZ 𝑗Z𝑗+1). (8.10)

Since the X measurement and post-selection of the uniform measurement outcome
induce a relevant perturbation for every Δ ∈ (−1, 1), any weak measurement with
finite measurement strength 𝛽 flows to the projective-measurement fixed point with
𝛽→∞. Therefore, we can expand the wavefunction around the projective limit [4]

|𝜓⟩uni ∝ 𝑒
∑
𝑗 𝛽X𝑗 |𝜓𝑐⟩ ∝ |Ω⟩ + 𝑢

∑︁
𝑗

𝑎 𝑗 | 𝑗⟩ + 𝑢2
∑︁
𝑗 ,𝑘

𝑎 𝑗 𝑘 | 𝑗 , 𝑘⟩ +𝑂 (𝑢3) (8.11)

where 𝑢 = exp(−2𝛽), |𝜓𝑐⟩ is the ground state of the Hamiltonian (8.10), |𝜓⟩uni

is the post-measurement wavefunction, |Ω⟩ is the product state
⊗

𝑗

��X𝑗 = +1
〉

corresponding to the uniform outcome, | 𝑗 , 𝑘, 𝑙, . . . ⟩ = Z𝑗Z𝑘Z𝑙 . . . |Ω⟩, and 𝑎 𝑗 ,𝑘,𝑙,...
is the strange correlator

𝑎 𝑗 ,𝑘,𝑙,... ≡
〈
Ω|Z𝑗Z𝑘Z𝑙 . . . |𝜓𝑐

〉
⟨Ω|𝜓𝑐⟩

. (8.12)

The strange correlator has been studied for SPT states [80], but here it is computed
for a critical state. In general |𝜓0⟩ can be any critical state, and one can replace X
by any local operator O and Z by O⊥ such that {O,O⊥} = 0. In the large 𝛽 (i.e.
𝑢 ≪ 1) limit, the 𝑂 (𝑢3) terms in Eq. (8.11) can be neglected and the correlation
functions can be computed from the truncated wavefunction

|𝜓trunc⟩ = |Ω⟩ + 𝑢
∑︁
𝑗

𝑎 𝑗 | 𝑗⟩ + 𝑢2
∑︁
𝑗 ,𝑘

𝑎 𝑗 𝑘 | 𝑗 , 𝑘⟩ . (8.13)

In the cases of interest, we observe that 𝑎 𝑗 and 𝑎 𝑗 𝑘 take the following form,

𝑎 𝑗 = 𝑚, 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 ∼
𝑐𝑜𝑛𝑠𝑡.

| 𝑗 − 𝑘 |𝜂 . (8.14)

We remark that the expansion (8.11) is well-behaved only if 𝜂 > 1: for the examples
analyzed in this work, this is always true when the measurement corresponds to
a relevant operator. The correlators of the truncated wavefunction can thus be
computed as, 〈

X𝑗
〉

trunc ∼ 1 − 𝑐1𝑢
2𝑚2 (if 𝑚 ≠ 0)

∼ 1 − 𝑐2𝑢
4 (if 𝑚 = 0)〈

X0X𝑗
〉
𝑐,trunc ∼ 𝑢

4𝑚4 | 𝑗 |−𝜂 (if 𝑚 ≠ 0)

∼ 𝑢4 | 𝑗 |−2𝜂 (if 𝑚 = 0)〈
Y0Y𝑗

〉
trunc ∼

〈
Z0Z𝑗

〉
trunc ∼ 𝑢

2 | 𝑗 |−𝜂

(8.15)
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where 𝑐1,2 are non-universal constants. For the ground state of the XXZ model,
𝑚 = 0. The exponents above do not depend on the measurement strength and should
be consistent with the power-law decay of correlators found from BCFT. Comparing
Eq. (8.15) with Eq. (7.18), we conclude that the exponent of 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 should be
exactly 𝜂 = 2 in the XXZ model. In Fig. 8.7 we numerically compute 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘
using DMRG and indeed observe 𝜂 = 2 for different Δ.

In fact, this perturbative approach is generic and |𝜓𝑐⟩ can be any critical state.
One can also compute the second Rényi entropy of the truncated wavefunction in
Eq. (8.15),

𝑆
(2)
𝐴
≃ 2𝑢4

∑︁
𝑗∈𝐴

∑︁
𝑘∈ 𝐴̄
(𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 )2 +𝑂 (𝑢6), (8.16)

where 𝐴 is a subsystem consisting of 𝑙 consecutive sites and 𝐴̄ is the complement. It
is shown in Ref. [4] that the scaling of 𝑆(2)

𝐴
depends on the exponent of the strange

correlator,

𝑆
(2)
𝐴
∼


area law. if 𝜂 > 1,

ln(𝑙 (𝐿 − 𝑙)/𝑙) if 𝜂 = 1.
(8.17)

The perturbative approach breaks down when 𝜂 < 1.

8.3 Non-linear observables
In this technical section, we derive the relation between non-linear observables
(Eq. (8.8)) and expectation values of the replica system. The weak measurement on
site 𝑗 is described by the Kraus operators,

𝐾𝑠 𝑗=± =
𝑒𝑠 𝑗 𝛽𝑂 𝑗√︁

2 cosh 2𝛽
(8.18)

where 𝑂 𝑗 is a linear combination of Pauli matrices s.t. 𝑂2
𝑗
= I and 𝛽 is the

measurement strength. Let’s consider weak measurements on 𝑁 sites of the initial
state |𝜓Δ⟩ with outcome s = {𝑠1, . . . , 𝑠𝑁 }. The post-measurement state is

|𝜓s⟩ =
𝐾s |𝜓Δ⟩√︃〈
𝐾2
s

〉
0

(8.19)

where 𝐾s =
∏

𝑗 𝐾𝑠 𝑗 and ⟨·⟩0 ≡ ⟨𝜓Δ | · |𝜓Δ⟩. We are interested in the non-linear
observable ∑

s 𝑝
𝑛
s ⟨Γ⟩s∑
s 𝑝

𝑛
s

=

∑
s

〈
𝐾2
s

〉𝑛−1
0

〈
𝐾2
sΓ

〉
0∑

s

〈
𝐾2
s

〉𝑛
0

(8.20)
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Figure 8.7: The strange correlator 𝑎0 𝑗 −𝑎0𝑎 𝑗 of anXXZ chain as a function of chord
length (𝐿/𝜋) sin(𝜋 𝑗/𝐿). The data for different interaction strength Δ is obtained by
DMRG simulations with periodic boundary conditions and system size 𝐿 = 50, using
bond dimension 𝜒 = 300. The BCFT analysis of Sec. 7.3 predicts that 𝑎0 𝑗 − 𝑎0𝑎 𝑗
decays as a power law with exponent −2 for any Δ ∈ (−1, 1), which is consistent
with the numerical data.

where 𝑝s =
〈
𝐾2
s

〉
0 is the probability of the outcome s and Γ is the observable of

interest such that [Γ, 𝐾s] = 0.

On the other hand, let us consider the 𝑛-replica version of the initial wavefunction,��𝜓𝑛
Δ

〉
≡

���𝜓 (1)
Δ

〉
⊗ · · · ⊗

���𝜓 (𝑛)
Δ

〉
. The superscript refers to the index of replicas. The

terms in the numerator and denominator can be expressed in terms of expectation
values of the replica wavefunction. For example,∑︁

s

〈
𝐾2
s

〉𝑛
0 =

∑︁
s

〈
𝜓𝑛Δ |

(
𝐾2
s

) (1)
⊗ · · · ⊗

(
𝐾2
s

) (𝑛)
|𝜓𝑛Δ

〉
=

〈
𝜓𝑛Δ |

∑︁
s

(
𝐾2
s

) (1)
⊗ · · · ⊗

(
𝐾2
s

) (𝑛)
|𝜓𝑛Δ

〉
=

〈
𝜓𝑛Δ |

∏
𝑗


∑︁
𝑠 𝑗=±

(
𝐾2
𝑠 𝑗

) (1)
⊗ · · · ⊗

(
𝐾2
𝑠 𝑗

) (𝑛) |𝜓𝑛Δ
〉 (8.21)
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and also,∑︁
®𝑠

〈
𝐾2
®𝑠
〉𝑛−1

0

〈
𝐾2
®𝑠 Γ

〉
0 =

〈
𝜓𝑛Δ |Γ

(1)
∏
𝑗


∑︁
𝑠 𝑗=±

(
𝐾2
𝑠 𝑗

) (1)
⊗ · · · ⊗

(
𝐾2
𝑠 𝑗

) (𝑛) |𝜓𝑛Δ
〉
.

(8.22)
In the 𝑛 = 2 case, we have∑︁

𝑠 𝑗=±

(
𝐾2
𝑠 𝑗

) (1)
⊗

(
𝐾2
𝑠 𝑗

) (2)
∝ 𝑒2𝛽′𝑂 (1)

𝑗
𝑂
(2)
𝑗 , (8.23)

where tanh(2𝛽′) = tanh2(2𝛽). Therefore we have proven Eq. (8.8),∑
s 𝑝

2
s ⟨Γ⟩s∑
s 𝑝

2
s

=

〈
𝜓2
Δ
|Γ(1)∏ 𝑗 𝑒

2𝛽′𝑂 (1)
𝑗
𝑂
(2)
𝑗 |𝜓2

Δ

〉
〈
𝜓2
Δ
|∏ 𝑗 𝑒

2𝛽′𝑂 (1)
𝑗
𝑂
(2)
𝑗 |𝜓2

Δ

〉 . (8.24)

8.4 Correlation functions of the post-measurement state from BCFT
The low-energy and long-distance theory of an XXZ chain is described by the TLL
theory whose action is reported in Eq. (7.12). This model is also known as a compact
boson, and the compactification radius is related to the Luttinger parameter 𝐾 . The
action can be expressed in terms in terms of the field 𝜃, or its dual, 𝜙. Let us start by
analyzing some relevant features of the 𝜃 field, which can be helpful to derive part of
the results we have presented in the main text.

An important class of primary fields for this model are the vertex operators, 𝑒𝑖𝑎𝜃

(here we implicitly assume that all the fields are normal ordered), whose expectation
value is given by〈∏

𝑗

𝑒𝑖𝑎 𝑗𝜃 (𝑧 𝑗 ,𝑧 𝑗 )
〉
=

∏
𝑗<𝑘

|𝑧 𝑗 − 𝑧𝑘 |𝑎 𝑗𝑎𝑘/(2𝐾) (if
∑︁
𝑗

𝑎 𝑗 = 0) (8.25)

where we have used the complex coordinates 𝑧 = 𝑥 + 𝑖𝜏, 𝑧 = 𝑥 − 𝑖𝜏.

As we discussed in Sec. 7.3, the weak measurement of 𝑋 ∼ cos(𝜃) induces a
defect-line perturbation at 𝜏 = 0 which is relevant in the RG analysis for 𝐾 > 1/4. It
effectively cuts the full 1+1D plane into two halves and pins 𝜃 (𝜏∗) = 0 at all 𝑥 and at
a 𝛽-dependent 𝜏∗. To simplify the following computations, in this Sec. we assume
that the field will be pinned at 𝜏∗ = 0, having in mind that the final result could be
always translated by 𝜏 → 𝜏 − 𝜏∗.

Thus, the correlation functions of the post-measurement wavefunction in the long-
distance limit can be computed by studying the Luttinger liquid on the upper
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half-plane (UHP), 𝜏 > 0, with Dirichlet boundary condition, 𝜃 (𝑥, 𝜏 = 0) = 0. Under
the parity transformation 𝜏 → −𝜏, in the presence of DBC, the 𝜃 field transforms as

𝜃 (𝑧, 𝑧) → −𝜃 (𝑧, 𝑧). (8.26)

It was shown by Cardy [13] that an 𝑛-point function on the UHP satisfies the same
differential equation as the (holomorphic) 2𝑛-point function on the entire complex
plane C. By exploiting this doubling trick, we can find that the vertex operators at
𝑧1 = 𝑥1 + 𝑖𝜏1 and 𝑧2 = 𝑥2 + 𝑖𝜏2 satisfy [9]〈

𝑒𝑖𝑎𝜃 (𝑧1,𝑧1)𝑒−𝑖𝑏𝜃 (𝑧2,𝑧2)〉
UHP =

〈
𝑒𝑖𝑎𝜃 (𝑧1)𝑒−𝑖𝑎𝜃 (𝑧1)𝑒−𝑖𝑏𝜃 (𝑧2)𝑒𝑖𝑏𝜃 (𝑧2)〉

C

=
1

(Im𝑧1)𝑎2/(4𝐾) (Im𝑧2)𝑏2/(4𝐾)

���� 𝑧1 − 𝑧2
𝑧1 − 𝑧2

����−𝑎𝑏/(2𝐾)
= 𝜏
−𝑎2/(4𝐾)
1 𝜏

−𝑏2/(4𝐾)
2

[
1 − 4𝜏1𝜏2

(𝜏1 + 𝜏2)2 + (𝑥1 − 𝑥2)2

]−𝑎𝑏/(4𝐾)
.

(8.27)

In the second line, we have used the holomorphic part of Eq. (8.25). From the result
above, we can also easily derive the one-point correlator〈

𝑒𝑖𝑎𝜃 (0,𝜏)
〉

DBC = 𝜏−𝑎
2/(4𝐾) . (8.28)

As we mentioned earlier, the action Eq. (7.12) is also written in a dual representation,
in terms of the field 𝜙. If 𝜃 (𝑧, 𝑧) satisfies DBC, the dual field 𝜙(𝑧, 𝑧) obeys Neumann
boundary condition and, under the parity transformation 𝜏 → −𝜏, behaves as

𝜙(𝑧, 𝑧) → 𝜙(𝑧, 𝑧). (8.29)

Therefore, the correlation function of vertex operators 𝑒𝑖𝑎𝜙 in the presence of NBC
reads [9]〈

𝑒𝑖𝑎𝜙(𝑧1,𝑧1)𝑒−𝑖𝑏𝜙(𝑧2,𝑧2)〉
UHP =

〈
𝑒𝑖𝑎𝜙(𝑧1)𝑒𝑖𝑎𝜙(𝑧1)𝑒−𝑖𝑏𝜙(𝑧2)𝑒−𝑖𝑏𝜙(𝑧2)〉

C

= 𝛿𝑎𝑏

(
Im𝑧1 Im𝑧2

|𝑧1 − 𝑧2 |2 |𝑧1 − 𝑧2 |2

)𝑎2𝐾/4

= 𝛿𝑎𝑏

{
𝜏1𝜏2

[(𝜏1 − 𝜏2)2 + (𝑥1 − 𝑥2)2] [(𝜏1 + 𝜏2)2 + (𝑥1 − 𝑥2)2]

} 𝑎2𝐾
4

,

(8.30)

where again we have used the holomorphic part of Eq. (8.25). The Eq. (8.27) has
been used in Sec. 7.3 to derive the post-measuremnet correlation function (7.17)
and they were also useful to extrapolate a relationship between the measurement
strength 𝛽 and the imaginary-time evolution 𝜏. In particular, we can perform an
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Figure 8.8: BCFT and method of images. The measurement pins 𝜃 (0, 𝜏 = 0) = 0,
and the remnant interaction between UHP and LHP is modeled by 𝑔 cos[2𝜙(𝑥, 0+) −
2𝜙(𝑥, 0−)], as depicted by the black dots on the left. We are interested in the
two-point correlators at 𝑧1 and 𝑧2 in the UHP, which can be computed as holomorphic
four-point correlators involving 𝑧1, 𝑧2, 𝑧1, 𝑧2 as shown by the hollow circles [13]. The
two circles 𝑧1 and 𝑧2 in the LHP represent the mirror images of 𝑧1 and 𝑧2.

expansion around 𝜏 = 0, then shift the final result as 𝜏 → 𝜏 − 𝜏∗, and finally set
𝜏 = 0 to recover Eq. (7.17).

Despite BCFT provides a powerful tool to compute the correlation functions in the
presence of relevant perturbations, we need to be very careful about the periodicity
of the weak measurement in Eq. (7.16). In the large measurement strength
limit, the field 𝜃 can tunnel from one minimum of the cosine to the other [117],
so the field 𝜃 is not really blocked. A similar problem is already discussed
in [16] computing the correlator ⟨𝜕𝑥𝜙(𝑥)𝜕𝑥′𝜙(𝑥′)⟩ in the presence of the weak
measurement

∫
𝑥

cos[2𝜙(𝑥)]. Also in that case, a naïve analysis based on BCFT
would predict that ⟨𝜕𝑥𝜙(𝑥)𝜕𝑥′𝜙(𝑥′)⟩ ∼ |𝑥 − 𝑥′|−4, while Ref. [16] has shown that
⟨𝜕𝑥𝜙(𝑥)𝜕𝑥′𝜙(𝑥′)⟩ ∼ |𝑥 − 𝑥′|−2/𝐾 . This result can be obtained by taking into account
that cos[2𝜙(𝑥)] is maximized for 𝜙(𝑥) = 𝑝𝜋, with 𝑝 integer and the tunneling among
the different saddle points of the action determines the behavior of the correlator
⟨𝜕𝑥𝜙(𝑥)𝜕𝑥′𝜙(𝑥′)⟩.

By taking into account the necessity of a careful treatment of the cosine perturbation
in Eq. (7.16), in the second part of this section, we compute the two-point correlation
function ⟨Y0Y𝑥⟩ ∼ ⟨sin(𝜃 (0)) sin(𝜃 (𝑥))⟩. If we map the measurement problem into
the Kane and Fisher study of an isolated defect in a TLL [118], we can use their
analysis of the strong coupling regime in order to get the correct behavior of our
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correlation functions in the presence of the relevant perturbation (7.16). In the defect
problem, the impurity is spatially local, i.e. it acts at all (imaginary) time steps but
𝑥 = 0. If the field 𝜃 (𝑥 = 0) was totally blocked, the chain would be cut into two
disconnected pieces. As we mentioned above, this cannot be true if the coupling of
the impurity is not infinite, so to analyze the strong coupling regime, one has to take
into account the possibility of adding a tunneling term jumping across the impurity.
Therefore, in our measurement problem, the effective action that we should consider
when 𝜃 is pinned around 𝜃 (𝑥, 𝜏 = 0) = 0 is

𝑆′ =
𝐾

2𝜋

∫
𝑥

∫ ∞

0
𝑑𝜏

[
(𝜕𝜏𝜃1)2 + (𝜕𝑥𝜃1)2

]
+ 𝐾

2𝜋

∫
𝑥

∫ 0

−∞
𝑑𝜏

[
(𝜕𝜏𝜃2)2 + (𝜕𝑥𝜃2)2

]
+ 𝑔

∫
𝑥

𝑂 (𝑥).
(8.31)

where 𝑂 (𝑥) = cos[2𝜙1(𝑥) − 2𝜙2(𝑥)], 𝜙1(𝑥) = 𝜙(𝑥, 0+) and 𝜙2(𝑥) = 𝜙(𝑥, 0−) are
copies of the fields on the upper and lower half plane, respectively, and similarly
for 𝜃 𝑗 , 𝑗 = 1, 2. We stress that the choice of the Hermitian perturbation 𝑂 (𝑥) is
compatible with the symmetries of our problem and with the fact that it is the first
irrelevant operator for 𝐾 > 1/4, which is the regime where the weak measurement
(7.16) is relevant.

Let us analyse how the tunneling term present in Eq. (8.31) changes the behavior of
the correlation functions.

By expanding the action, we get that

⟨sin[𝜃1(𝑧)] sin[𝜃1(𝑧′)]⟩ = ⟨sin[𝜃1(𝑧)] sin[𝜃1(𝑧′)]⟩𝑔=0

+ 𝑔2
∫
𝑥1,𝑥2

〈
sin[𝜃1(𝑧)] sin[𝜃1(𝑧′)] ×𝑂 (𝑥1)𝑂 (𝑥2)

〉
𝑔=0
+ 𝑜(𝑔4). (8.32)

From the computation of the correlation functions close to a boundary in Eq. (7.17),
we learn that ⟨sin[𝜃1(𝑥)] sin[𝜃1(𝑥′)]⟩𝑔=0 ∼ |𝑥′ − 𝑥 |−2 and the scaling dimension of
𝑂 (𝑥) is 4𝐾. Computing the integral in Eq. (8.32) is far from being trivial. We
observe that the integrand is proportional to〈

𝑒𝑖[𝜃1 (𝑧)−𝜃1 (𝑧′)]𝑒2𝑖[𝜙1 (𝑥1)−𝜙1 (𝑥2)]𝑒−2𝑖[𝜙2 (𝑥1)−𝜙2 (𝑥2)]〉
=

〈
𝑒𝑖[𝜃1 (𝑧)−𝜃1 (𝑧′)]𝑒2𝑖[𝜙1 (𝑥1)−𝜙1 (𝑥2)]〉 〈

𝑒−2𝑖[𝜙2 (𝑥1)−𝜙2 (𝑥2)]〉 . (8.33)

The correlator
〈
𝑒−2𝑖[𝜙2 (𝑥1)−𝜙2 (𝑥2)]

〉
can be found in Eq. 8.30 and it is |𝑥1 − 𝑥2 |−4𝐾 .

However, the first correlator is less trivial to be computed. We can ask what is the
operator product expansion between 𝑒𝑖𝜃 and 𝑒𝑖𝜙 and, to address this question, it can
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be useful to write down both 𝜙 and 𝜃 in terms of the right and left chiral components.
In particular, 𝜙 = 𝜑𝑅 + 𝜑𝐿 and 𝜃 = 𝜑𝑅 − 𝜑𝐿 . We can use that (we are implicitly
assuming that all the operators of the form 𝑒𝑖𝛼𝜑𝐿/𝑅 are normal ordered [9])

𝑒𝑖𝛼𝜑𝐿 (𝑥)𝑒𝑖𝛽𝜑𝐿 (𝑥
′) = 𝑒𝑖𝛼𝜑𝐿 (𝑥)+𝑖𝛽𝜑𝐿 (𝑥

′) (𝑥 − 𝑥′)𝛼𝛽𝐾/2, (8.34)

such that, by multiplying the chiral and antichiral parts again, we get

𝑒𝑖[𝜃1 (𝑧)−𝜃1 (𝑧′)]𝑒2𝑖[𝜙1 (𝑥1)−𝜙1 (𝑥2)] ∼ 𝑒𝑖[𝜑𝑅 (𝑥2)−𝜑𝐿 (𝑥2)]𝑒−𝑖[𝜑𝑅 (𝑥1)−𝜑𝐿 (𝑥1)]

(𝑧 − 𝑥1)𝐾 (𝑧 − 𝑥2)𝐾 (𝑧′ − 𝑥1)𝐾 (𝑧′ − 𝑥2)𝐾
. (8.35)

By recalling that 𝜑𝑅 − 𝜑𝐿 = 𝜃, and
〈
𝑒𝑖𝜃 (𝑥1)𝑒−𝑖𝜃 (𝑥2)

〉
∼ |𝑥1 − 𝑥2 |−2 we have to evaluate

the following integral

⟨sin[𝜃1(𝑧)] sin[𝜃1(𝑧′)]⟩ = ⟨sin[𝜃1(𝑧)] sin[𝜃1(𝑧′)]⟩𝑔=0

+ 𝑔2
∫
𝑥1,𝑥2

|𝑥1 − 𝑥2 |−2−4𝐾

(𝑧 − 𝑥1)𝐾 (𝑧 − 𝑥2)𝐾 (𝑧′ − 𝑥1)𝐾 (𝑧′ − 𝑥2)𝐾
+ 𝑜(𝑔4). (8.36)

Without explicitly solving the integral above, we observe that the scaling dimension
of the second term is |𝑥 − 𝑥′|−8𝐾 and we can conclude that

⟨sin[𝜃1(𝑧)] sin[𝜃1(𝑧′)]⟩ ∼ (𝑧 − 𝑧′)−min(8𝐾,2) . (8.37)

Eq. (8.37) holds as far as the perturbation (7.16) is relevant, i.e. 𝐾 > 1/4. We can
therefore conclude that

〈
Y𝑗Y𝑘

〉
∼ | 𝑗 − 𝑘 |−2.

Given this analysis, we can now also understand the result in Eq. (7.28). In this
case, we are interested in the correlation function

〈
Y𝑗Ỹ𝑗Y𝑘Ỹ𝑘

〉
when we measure

X𝑗X̃𝑗 , which in the bosonic language amounts to add the weak measurement∫
𝑥

cos[𝜃 (𝑥)] cos[𝜃 (𝑥)] (Eq. (7.23)). In order to evaluate the correlation functions
above, it is useful to consider the +,− sectors, with 𝜃± = 𝜃 ± 𝜃. In this way, the two
Luttinger theories coupled through

∫
𝑥

cos[𝜃 (𝑥)] cos[𝜃 (𝑥)] can be written as in Eq.
(7.24), i.e. a sum of two TLL with 𝜃± pinned around 0. The scaling dimension of
cos(𝜃±) is 1/(2𝐾).

In order to evaluate the correlation function we are interested in, we must add a term

𝛿𝑆 = 𝑔

∫
𝑥

𝑂 (𝑥) (8.38)

where 𝑂 (𝑥) = cos[2𝜙+1 (𝑥) − 2𝜙+2 (𝑥)]. Here we focus on only one single TLL, for
instance in the + sector. We remind that〈

Y𝑗Ỹ𝑗Y𝑘Ỹ𝑘
〉
∼

〈
sin[𝜃 ( 𝑗)] sin[𝜃 ( 𝑗)] sin[𝜃 (𝑘)] sin[𝜃 (𝑘)]

〉
∼ ⟨cos[𝜃+( 𝑗)] cos(𝜃+(𝑘))⟩ + ⟨cos[𝜃−( 𝑗)] cos[𝜃−(𝑘)]⟩
− ⟨cos[𝜃+( 𝑗)]⟩ ⟨cos[𝜃−(𝑘)]⟩ − ⟨cos[𝜃−( 𝑗)]⟩ ⟨cos[𝜃+(𝑘)]⟩ ,

(8.39)



195

and taking into account the presence the tunneling term (8.38), we need to evaluate〈
cos[𝜃+,1(𝑧)] cos[𝜃+,1(𝑧′)]

〉
=

〈
cos[𝜃+,1(𝑧)] cos[𝜃+,1(𝑧′)]

〉
𝑔=0

+ 𝑔2
∫
𝑥1,𝑥2

〈
cos[𝜃+,1(𝑧)] cos[𝜃+,1(𝑧′)]𝑂 (𝑥1)𝑂†(𝑥2)

〉
+ 𝑜(𝑔4).

(8.40)

We can expand the second term, such that we get∫
𝑥1,𝑥2

〈
cos[𝜃+,1(𝑧)] cos[𝜃+,1(𝑧′)]𝑂 (𝑥1)𝑂†(𝑥2)

〉
=

1
4

∫
𝑥1,𝑥2

[
〈
𝑒𝑖𝜃+,1 (𝑧)𝑒−𝑖𝜃+,1 (𝑧

′)𝑂 (𝑥1)𝑂†(𝑥2)
〉
+

〈
𝑒−𝑖𝜃+,1 (𝑧)𝑒𝑖𝜃+,1 (𝑧

′)𝑂 (𝑥1)𝑂†(𝑥2)
〉
] .

(8.41)

At the strong coupling fixed point, the dimension of 𝑂 (𝑥) is 2𝐾. In order to
compute the large distance behavior of the correlator (8.41), we can again use a
decomposition similar to Eq. (8.34), together with a scaling dimension analysis.
Therefore, we can deduce that each integral above behaves as |𝑥 − 𝑥′|−4𝐾 . Given that〈
cos[𝜃+,1(𝑥)] cos[𝜃+,1(𝑥′)]

〉
𝑔=0 ∼ 𝑐𝑜𝑛𝑠𝑡 + |𝑥 − 𝑥

′|−4 (see Eq. (7.17)), we find that〈
Y𝑗Ỹ𝑗Y𝑘Ỹ𝑘

〉
∼ | 𝑗 − 𝑘 |−min(4𝐾,4) . (8.42)

We cross-check the result above against numerics in Fig. 8.9.

8.5 Numerical and analytical details on the gapless parent of 1D cluster state
In this technical section, we provide some additional numerical evidence of the
findings we have presented in Sections 7.3-8.1 of the main text.

Power-law exponent of
〈∏𝑥

𝑗=0 𝑋 𝑗 ,2

〉
uni

after uniform projective measurement of
𝑋 𝑗 ,1

In the gapless parent of the cluster state, if one performs 𝑋 𝑗 ,1 measurement and
post-select the uniform outcome 𝑋 𝑗 ,1 = 1,∀ 𝑗 , it is shown in Sec. 7.3 that we expect
⟨∏𝑥

𝑗=0 𝑋 𝑗 ,2⟩uni ∼ 𝑥−2𝐾 . We examine this in Fig. 8.10 using infinite DMRG (iDMRG)
simulations for systems with different Luttinger parameters.

Scaling dimension of 𝑍 𝑗 ,1
In the decoupled-XXZ-chain representation, we have

𝑍 𝑗 ,1𝑍𝑘,1 =

[
Y𝑗+1 · · · Y𝑘 Y𝑘+1

Ỹ𝑗 Ỹ𝑗+1 · · · Ỹ𝑘

]
,

〈
𝑍 𝑗 ,1𝑍𝑘,1

〉
=

(〈
𝑘∏
𝑖= 𝑗

Y𝑖

〉)2

. (8.43)
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Figure 8.9: Top panel: the correlation function
〈
Y0Ỹ0Y𝑥Ỹ𝑥

〉
uni ≡

〈
𝑋0,2𝑋𝑥,2

〉
uni of

the gapless parent of the cluster state with different Luttinger parameter 𝐾 after
𝑋 𝑗 ,1 = 1,∀ 𝑗 measurement. The power-law exponents are extracted by fitting the data
(see the black dotted lines). Bottom panel: the power-law exponent as a function
of 𝐾, which is consistent with −min(4𝐾, 4). Data obtained by iDMRG with bond
dimension 𝜒 = 2000.

Thus we can compute the correlation function from ⟨∏𝑘
𝑖= 𝑗 Y𝑖⟩ of a single XXZ

chain. Numerically, we use DMRG to obtain the ground state of an XXZ chain
with 𝐿 = 50 and periodic boundary conditions, and then compute

〈
𝑍 𝑗 ,1𝑍𝑘,1

〉
using Eq. 8.43. The numerical data for different Luttinger parameters 𝐾 is shown
in Fig. 8.11. The results suggest that [𝑍 𝑗 ,1] = 1/4 for all values of 𝐾. Even
though, in general, the lack of a bosonic representation for Eq. (8.43) prevents
us from predicting this scaling dimension, we are able to analytically derive this
result for two special cases, 𝐾 = 1/2 and 𝐾 = 1. For 𝐾 = 1/2, the symmetry
of the XXZ spin chain is enhanced to 𝑆𝑈 (2), and therefore we can use the
following equality among correlators

〈∏𝑘
𝑥= 𝑗 Y𝑥

〉
=

〈∏𝑘
𝑥= 𝑗 Z𝑥

〉
. By using the

bosonization dictionary Z ∼ − 2
𝜋
𝜕𝑥𝜙 in Eq. (7.13), we observe that

〈∏𝑘
𝑥= 𝑗 Z𝑥

〉
∼
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Figure 8.10: Top panel: the expectation value ⟨∏𝑥
𝑗=0 𝑋 𝑗 ,2⟩uni of the gapless parent of

the cluster state with different Luttinger parameter 𝐾 after 𝑋 𝑗 ,1 = 1,∀ 𝑗 measurement.
The power-law exponents are extracted by fitting the data (see the black dotted lines).
Bottom panel: the power-law exponent as a function of 𝐾 . Data obtained by iDMRG
with bond dimension 𝜒 = 2000.

〈
𝑒
𝑖 𝜋2

∑𝑘
𝑥= 𝑗 Z𝑥

〉
∼

〈
𝑒
−𝑖

∫ 𝑘
𝑗
𝑑𝑥𝜕𝜙

〉
=

〈
𝑒−𝑖𝜙(𝑘)𝑒𝑖𝜙( 𝑗)

〉
∼ | 𝑗 − 𝑘 |−𝐾/2. Therefore, when

𝐾 = 1/2,
〈∏𝑘

𝑥= 𝑗 Y𝑥
〉
∼ | 𝑗 − 𝑘 |−1/4 and, after taking into account also the contribution

of Ỹ, we can conclude that [𝑍 𝑗 ,1] = 1
4 .

When 𝐾 = 1, the coupling Δ in Eq. (7.11) vanishes, so we get two copies of the XY
spin chain. Each of them can be rewritten as

𝐻 = −
∑︁
𝑗

[(X2 𝑗−1X2 𝑗 + Y2 𝑗−1Y2 𝑗 ) + (X2 𝑗X2 𝑗+1 + Y2 𝑗Y2 𝑗+1)], (8.44)

where we have split odd-even and even-odd couplings. We can now define

X𝑗 = 𝜎𝑥𝑗 𝜎𝑥𝑗+1, Y𝑗Y𝑗+1 = 𝜎
𝑦

𝑗
, (8.45)
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such that Eq. (8.44) becomes

𝐻 = −
∑︁
𝑗

[(𝜎𝑥2 𝑗−1𝜎
𝑥
2 𝑗+1 + 𝜎

𝑦

2 𝑗−1) + (𝜎
𝑥
2 𝑗𝜎

𝑥
2 𝑗+2 + 𝜎

𝑦

2 𝑗 )], (8.46)

i.e. it becomes the sum of two transverse-field Ising Hamiltonians defined on odd and
even lattice sites. Notice that, in principle, we could have applied a rotation 𝑒𝑖𝜋/4X𝑗

in Eq. (8.44) to send Y𝑗 → Z𝑗 and recover the more canonical form of the Ising
Hamiltonian, but it is more convenient for us to work with a transverse field along
the 𝑦-direction. Indeed, we are interested in the operator

∏
𝑘= 𝑗 Y𝑘 , and in particular∏

𝑘=2 𝑗
Y𝑘 =

∏
𝑘=2 𝑗 ,even

𝜎
𝑦

𝑘
= 𝜇2 𝑗𝑃

even,
∏

𝑘=2 𝑗−1
Y𝑘 =

∏
𝑘=2 𝑗−1,odd

𝜎
𝑦

𝑘
= 𝜇2 𝑗−1𝑃

odd

(8.47)
where 𝑃even =

∏
2 𝑗 𝜎

𝑦

2 𝑗 is the parity operator of the Ising chain defined on the even
sites (and similarly for 𝑃odd), while 𝜇 is the disorder operator with scaling dimension
1/8 (note that the parity operator is dimensionless). If we now take into account also
the X̃Ỹ spin chain, then we get that the total scaling dimension for

∏
𝑘=2 𝑗 Y𝑘Ỹ𝑘−1 or∏

𝑘=2 𝑗+1Y𝑘Ỹ𝑘−1 is 1/8 + 1/8 = 1/4, which is consistent with the scaling dimension
of the operator 𝑍 𝑗 ,1.

100 101

(L/π)sin(πx/L)

2 × 10 1

3 × 10 1

4 × 10 1

〈
Z0, 1Zx, 1

〉

K= 0.67

K= 0.75

K= 1.00

K= 1.50

K= 1.97

∼ [(L/π)sin(πx/L)]−1/2

Figure 8.11: Two-point correlation function of 𝑍𝑥,1 as a function of the chord length.
Data have been obtained using the decoupled XXZ representation. We simulate
the XXZ chain with 𝐿 = 50 and periodic boundary conditions using DMRG with
bond dimension 𝜒 = 300. The data for different values of 𝐾 show that the scaling
dimension [𝑍𝑥,1] is always 1/4.
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More numerical results on the weak Z2-preserving measurements
In Sec. 8.1, Fig. 8.2 shows numerically the behavior of the order parameter in the lower
chain of the post-measurement wavefunction as a function of the parameter 𝜔 in the
projective measurement limit. In Fig. 8.12 we check that for the weak measurement
with 𝛽 = 0.5, the long-range order and disorder parameters remain the same as
those presented in Table 8.1: when 0 ≤ 𝜔 < 𝜋

4 ,
〈∏𝑥

𝑗=0 𝑋 𝑗 ,1

〉
uni

and
〈
𝑍0,2𝑍2

〉
uni have

long-range order; when 𝜔 = 𝜋
4 , the system is gapless; when 𝜋

4 < 𝜔 ≤
𝜋
2 ,

〈
𝑍0,1𝑍𝑥,1

〉
uni

and
〈∏𝑥

𝑗=0 𝑋 𝑗 ,2

〉
uni

have long-range order.

Figure 8.12: The derivative of order and disorder parameters in the (a) upper and (b)
lower chain of the post-measurement gapless parent of the cluster state with 𝐾 = 1.5
as a function of the parameter 𝜔. The measurement strength is 𝛽 = 0.5. The black
dotted lines mark the transition at 𝜔𝑐 = 𝜋/4. Insets: order and disorder parameters
without derivative. The gapless parent state in obtained using DMRG with open
boundary conditions and bond dimension 𝜒 = 1200.
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Uniform weak measurement of 𝑋 𝑗 ,1 and 𝑋 𝑗 ,2
As another example of Z2-preserving measurements, we consider weak measurement
of both 𝑋 𝑗 ,1 and 𝑋 𝑗 ,2 as described in Eq. (8.5). Since the low-energy theory is still
described by Eq. (8.3), we expect that the results to be similar to those in Sec. 8.1. In
Fig. 8.13 we apply the weak measurement in Eq. (8.5) with 𝛽 = 0.5 to the gapless
parent state, and probe the order and disorder parameters of the post-measurement
wavefunction,

〈
𝑍 𝐿

4 ,2
𝑍 3𝐿

4 ,2

〉
uni

and
〈∏3𝐿/4

𝑗=𝐿/4 𝑋 𝑗 ,2
〉

uni
, as a function of 𝜔 for different

system sizes 𝐿. The divergence of the derivative of the order/disorder parameter
with respect to 𝜔 suggests a phase transition at 𝜔 = 𝜋/4, as expected from Sec. 8.1.

Figure 8.13: The derivative of order and disorder parameters in the lower chain of
the post-measurement gapless parent of the cluster state with 𝐾 = 1.5 as a function
of the parameter 𝜔. The black dotted lines mark the transition at 𝜔𝑐 = 𝜋/4. Insets:
the order parameter ,

〈
𝑍 𝐿

4 ,2
𝑍 3𝐿

4 ,2

〉
uni

, and disorder parameter,
〈∏3𝐿/4

𝑗=𝐿/4 𝑋 𝑗 ,2
〉

uni
, as a

function of 𝜔. The gapless parent of the cluster state in obtained using DMRG with
open boundary conditions and bond dimension 𝜒 = 1200.

At the transition, the post-measurement wavefunction is 𝑒
𝛽√
2
∑
𝑗 (𝑋 𝑗 ,1+𝑋 𝑗 ,2) |𝜓Δ⟩, and

we now compute its correlation functions. Since the measurement induces a relevant
perturbation in the RG sense, we focus on the large 𝛽 limit. Using the bosonization
form, we can compute the 𝑋𝑋 correlation function,〈

𝑋0,1𝑋𝑥,1
〉
𝑐
=

〈
X0X̃0X𝑥X̃𝑥

〉
𝑐
=

〈
cos 𝜃 (0) cos 𝜃 (0) cos 𝜃 (𝑥) cos 𝜃 (𝑥)

〉
𝑐

∼ ⟨cos 𝜃+(0) cos 𝜃+(𝑥)⟩𝑐 + ⟨cos 𝜃−(0) cos 𝜃−(𝑥)⟩𝑐 ∼ 𝑥−
1
𝐾 ,

(8.48)

where in the last line we have used the fact that the 𝜃− field is pinned at 𝜏 = 0, while
the 𝜃+ field remains gapless. Using the analogy with Eq. (8.15), we conclude that
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101

(L/π)sin(πx/L)

10 7

10 6

10 5

10 4

10 3

10 2

10 1

〈
X0, 1Xx, 1

〉
c ∼ [(L/π)sin(πx/L)]−∆XX

β= 0.10, ∆XX = 0.70

β= 0.30, ∆XX = 0.67

β= 0.50, ∆XX = 0.74

β= 1.00, ∆XX = 0.66

β= 1.50, ∆XX = 0.63

β= 2.00, ∆XX = 0.63

101

(L/π)sin(πx/L)

10 3

10 2

10 1

〈
Z0, 1Zx, 1

〉
∼ [(L/π)sin(πx/L)]−∆ZZ

β= 0.10, ∆ZZ = 0.25

β= 0.30, ∆ZZ = 0.24

β= 0.50, ∆ZZ = 0.21

β= 1.00, ∆ZZ = 0.25

β= 1.50, ∆ZZ = 0.31

β= 2.00, ∆ZZ = 0.32

Figure 8.14: Correlation functions of 𝑒𝛽
∑
𝑗 (𝑋 𝑗 ,1+𝑋 𝑗 ,2) |𝜓Δ⟩ with Luttinger parameter

𝐾 = 1.5. The gapless parent state |𝜓Δ⟩ with length 𝐿 = 60 and periodic boundary
conditions is obtained using DMRG with bond dimension 𝜒 = 2000. In the large 𝛽
limit, the theoretical power-law exponents of

〈
𝑋0,1𝑋𝑥,1

〉
𝑐

and
〈
𝑍0,1𝑍𝑥,1

〉
are 1

𝐾
≈ 0.67

and 1
2𝐾 ≈ 0.33 respectively, which are close to the numerical fittings: 0.63 and 0.32

(see the black dashed lines).

the strange correlator decays as

𝑎0𝑥 − 𝑎0𝑎𝑥 ∼ 𝑥−
1

2𝐾 , (8.49)

and correspondingly, for large 𝛽, the correlators of 𝑌 and 𝑍 Pauli operators are〈
𝑌0,1𝑌𝑥,1

〉
∼

〈
𝑍0,1𝑍𝑥,1

〉
∼ 𝑥− 1

2𝐾 . (8.50)

We numerically check the above results in Fig. 8.14 by DMRG. Besides, in Fig. 8.15
we check that the transition at 𝜔 = 𝜋/4 has an effective central charge 𝑐eff = 1 which
corresponds to the gapless 𝜃+ mode.

Power-law exponents of specific operators
In this short section, we compute power-law exponents of several operators in the
gapless parent state after 𝑒𝛽

∑
𝑗 𝑋 𝑗 ,1 measurement. Then we use the duality argument

to find the exponents of 𝑒𝛽
∑
𝑗 𝑍 𝑗 ,1 measurement.

For the 𝑒𝛽
∑
𝑗 𝑋 𝑗 ,1 measurement, the arguments of Sec. 7.3 give the following repre-

sentative scaling estimates for connected or uniform-sector correlators:〈
𝑍0,2𝑍𝑥,2

〉
uni ∼ LRO,〈

𝑋0,2𝑋𝑥,2
〉

uni ∼ 𝑥
−min(4,4𝐾) ,〈

𝑋0,1𝑋𝑥,1
〉
s
∼ 𝑥−min(4,4𝐾) ,〈

𝑋0,1𝑋0,2𝑋𝑥,1𝑋𝑥,2
〉

uni ∼ 𝑥
−min(4,4𝐾) . (8.51)
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
ln[(L/π)sin (πl/L)]

0.5

1.0

1.5

2.0

2.5

3.0

3.5

S

β= 0, ceff = 1.9

β= 0.1, ceff = 0.98

β= 0.3, ceff = 0.96

β= 0.5, ceff = 1.0

Figure 8.15: The entanglement entropy 𝑆 as a function of ln[(𝐿/𝜋) sin(𝜋𝑙/𝐿)] where
𝑙 is the subsystem size, after weak measurement of 𝑒𝛽

∑
𝑗 (𝑋 𝑗 ,1+𝑋 𝑗 ,2) in the gapless parent

of the cluster state of size 𝐿 = 60 with periodic boundary conditions. The effective
central charge 𝑐eff is extracted by fitting the data with 𝑆 =

𝑐eff
3 ln[(𝐿/𝜋) sin(𝜋𝑙/𝐿)] +

𝑐𝑜𝑛𝑠𝑡. (see the black dashed lines) for different measurement strength 𝛽.

The four-𝑍 correlators follow from the identifications 𝑍𝑥,1𝑍𝑥+1,1 ∼ Ỹ𝑗Y𝑗+1 ∼ 𝑋𝑥,2 and
the corresponding chain-exchanged relation. We summarize the resulting exponents
in Table 8.2. When 𝐾 > 1, the scaling dimensions of the selected operators are larger
than one.

Table 8.2: Power-law exponents of selected operators (connected part) after 𝑒𝛽
∑
𝑗 𝑋 𝑗 ,1

measurement.
Correlators

〈
𝑋0,1𝑋𝑥,1

〉 〈
𝑍0,1𝑍𝑥,1

〉 〈
𝑋0,2𝑋𝑥,2

〉 〈
𝑍0,2𝑍𝑥,2

〉 〈
𝑍0,1𝑍1,1𝑍𝑥,1𝑍𝑥+1,1

〉 〈
𝑍0,2𝑍1,2𝑍𝑥,2𝑍𝑥+1,2

〉 〈
𝑋0,1𝑋0,2𝑋𝑥,1𝑋𝑥,2

〉
Exponents min(4, 4𝐾) 2𝐾 min(4, 4𝐾) LRO min(4, 4𝐾) min(4, 4𝐾) min(4, 4𝐾)

For the 𝑒𝛽
∑
𝑗 𝑍 𝑗 ,1 measurement, using the argument in Sec. 7.3, we expect the nature of

this fixed point is similar to the fixed point of the measurement of 𝑒𝛽
∑
𝑗 𝑍 𝑗 ,1𝑍 𝑗+1,1 . Since

in terms of the bosonic representation, 𝑍 𝑗 ,1𝑍 𝑗+1,1 ∼ 𝑋 𝑗 ,2, one can immediately obtain
the post-measurement power-law exponents by swapping 1 ↔ 2 in the previous
paragraph. The only difference is that, since measuring 𝑍·,1 does not result in a “cat”
state as in the measurement of 𝑍 𝑗 ,1𝑍 𝑗+1,1, now the connected part of

〈
𝑍0,1𝑍𝑥,1

〉
uni,𝑐

does not exhibit long-range order, as opposed to
〈
𝑍0,2𝑍𝑥,2

〉
uni,𝑐 ∼ 𝑐𝑜𝑛𝑠𝑡. in the

𝑒𝛽
∑
𝑗 𝑋 𝑗 ,1 measurement. Using the same arguments as in Sec. 8.4, we expect that〈

𝑍0,1𝑍𝑥,1
〉

uni,𝑐 ∼ 𝑥
−min(4,4𝐾) . We summarize the results in Table 8.3. Also note that
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when 𝐾 > 1, the scaling dimensions are larger than 1. Therefore, we expect that both
𝑋 and 𝑍 measurements of the first chain flow to stable fixed points when 𝐾 > 1.

Table 8.3: Power-law exponents of select operators (connected part) after 𝑒𝛽
∑
𝑗 𝑍 𝑗 ,1

measurement.
Correlators

〈
𝑋0,1𝑋𝑥,1

〉 〈
𝑍0,1𝑍𝑥,1

〉 〈
𝑋0,2𝑋𝑥,2

〉 〈
𝑍0,2𝑍𝑥,2

〉 〈
𝑍0,1𝑍1,1𝑍𝑥,1𝑍𝑥+1,1

〉 〈
𝑍0,2𝑍1,2𝑍𝑥,2𝑍𝑥+1,2

〉 〈
𝑋0,1𝑋0,2𝑋𝑥,1𝑋𝑥,2

〉
Exponents min(4, 4𝐾) min(4, 4𝐾) min(4, 4𝐾) 2𝐾 min(4, 4𝐾) min(4, 4𝐾) min(4, 4𝐾)

We numerically check the irrelevance of selected operators for 𝐾 = 1.5 in Fig. 8.16.
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Figure 8.16: Two-point correlation functions of selected operators in the gapless
parent of the cluster state with Luttinger parameter 𝐾 = 1.5 after (a) 𝑒𝛽

∑
𝑗 𝑋 𝑗 ,1 and

(b) 𝑒𝛽
∑
𝑗 𝑍 𝑗 ,1 measurement with 𝛽 = 1. The correlators are rescaled for a better

visualization of the data. As a guide-line, the black dotted line has exponent −2. An
operator is irrelevant if the two-point correlator decays faster than the reference line,
as in the case presented here.
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Details of DMRG simulations for the entanglement entropy at the intermediate
fixed point
In Fig. 8.4, we investigate the entanglement scaling at the intermediate fixed point.
The numerical data are obtained using finite-size DMRG with open boundary
conditions and bond dimension 𝜒 = 1200. By fitting the post-measurement half-
chain entanglement entropy with the system size using 𝑆𝐿/2 =

𝑐eff
6 log(𝐿) + 𝑐𝑜𝑛𝑠𝑡. for

𝐿 = [20, 40, 60, 120, 200], we obtain the effective central charge 𝑐eff in Fig. 8.4(c).
The error bars in Fig. 8.4(c) is three times the standard deviation of 𝑐eff from the
linear fitting 𝑆𝐿/2 - log(𝐿).

To check whether 𝜒 = 1200 is enough for DMRG convergence, we plot in Fig. 8.17
entanglement entropy at the transition for 𝐾 = 1.24, 1.5, 1.97 obtained using bond
dimension 𝜒 = 600, 800, 1200, 1600. Due to lack of computer memory, we do not
have data for 𝐿 = 200, 𝜒 = 1600. From Fig. 8.17 we conclude that 𝜒 = 1200 is
enough for convergence at least for 𝐿 ≲ 120.

It is known that the numerical error in extracting 𝑐eff from an 𝑋𝑋𝑍 chain can be
large in the limit 𝐾 → ∞ [120]. In the above discussion, however, we are free
from this problem because we always consider 𝐾 ∼ 𝑂 (1). Also, since we focus on
post-selection of the uniform measurement outcome, our simulation is numerically
simpler than for other non-Hermitian processes like dissipation (see e.g. [121]).
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Figure 8.17: Entanglement entropy obtained by DMRG with different bond dimen-
sions 𝜒 = 600, 800, 1200, 1600.

Replica model with different values of 𝐾
Since it is difficult to study analytically the replica model of Section 8.1, we add
more numerical results for the tilted measurement basis with different values of 𝐾 .
In Fig. 8.18 we plot the order parameter ,

〈〈
𝑍 𝐿

4 ,2
𝑍 3𝐿

4 ,2

〉〉
, and disorder parameter,



205〈〈∏3𝐿/4
𝑗=𝐿/4 𝑋 𝑗 ,2

〉〉
for 𝐾 = 0.75 and 𝐾 = 2.44, as an addition to the case shown in

Fig. 8.5 for 𝐾 = 1.5.

For 𝐾 = 0.75 in Fig. 8.18(a), 𝑋 𝑗 ,1 is irrelevant so at 𝜔 = 0 the long-range physics is
still described by the pristine Luttinger liquid theory, and we do not find a significant
sign of phase transition in the order and disorder parameters. For 𝐾 = 2.44 in
Fig. 8.18(b), however, we find the crossing point in the order and disorder parameter
curves with different system sizes, which, similar to Fig. 8.5, signals the presence of
the measurement-induced boundary transition discussed in Sec. 8.1.

Figure 8.18: Order and disorder parameters as a function of the tilting angle for (a)
𝐾 = 0.75 and (b) 𝐾 = 2.44.
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C h a p t e r 9

BEYOND ISING: MINIMAL MODELS AND OTHER
UNIVERSALITY CLASSES

9.1 Measurement-induced boundary transitions in minimal models
The previous section established that tilted weak measurements on the gapless parent
of the cluster state generate a measurement-induced boundary transition. The key
ingredient was the generation of multiple competing relevant perturbations under
weak measurement—a property that can certainly arise in broader contexts. Armed
with this insight, we now investigate alternate setups involving minimal models that
indeed host similar transitions: namely, ground states of the tricritical Ising model
and the three-state Potts model after a single round of measurements that yield a
uniform outcome.

Tricritical Ising
The tricritical Ising CFT—realized by various systems including Rydberg atom
arrays [32, 21] and spin chains [122]—provides an experimentally relevant example
of a minimal model that exhibits a measurement-induced boundary transition. The
CFT is characterized by a central charge 𝑐 = 7/10 and hosts six primary fields of
scaling dimensions 0, 3/40, 1/5, 7/8, 6/5, and 3. Particularly relevant here are the
spin field 𝜎 (dimension 3/40) and the energy field 𝜀 (dimension 1/5).

We consider O’Brien and Fendley’s microscopic implementation that arises upon
adding a self-dual 3-spin interactions to the critical transverse-field Ising model
[122]:

𝐻 = −
∑︁
𝑗

[𝑍 𝑗𝑍 𝑗+1 + 𝑋 𝑗 − 𝜆(𝑍 𝑗−1𝑍 𝑗𝑋 𝑗+1 + 𝑋 𝑗−1𝑍 𝑗𝑍 𝑗+1)] (9.1)

with a parameter 𝜆 ≥ 0. (Upcoming work will examine similar physics in the Rydberg
array context [6].) For 𝜆 < 𝜆𝑐 ≈ 0.428, the low-energy physics is simply governed
by an Ising CFT that describes a continuous transition between ferromagnetic and
paramagnetic phases. Increasing 𝜆 beyond 𝜆𝑐 generates a spectral gap and renders
the transition first order. At the critical value 𝜆 = 𝜆𝑐, the transition belongs to the
tricritical Ising universality class; there we can relate the microscopic spin operators
to the CFT fields as 𝑍 ∼ 𝜎, 𝑋 ∼ 𝜀.

Suppose that we prepare the ground state of Eq. (9.1) at the tricritical Ising point,
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and then perform a uniform-post-selection weak measurement associated with the
non-unitary operator

𝑒𝛽
∑
𝑗 [cos(𝜔)𝑋 𝑗+sin(𝜔)𝑍 𝑗 ] . (9.2)

At𝜔 = 0, the measurement operator 𝑋 ∼ 𝜀 induces a relevant defect-line perturbation
to the CFT that triggers an RG flow to free boundary conditions. [Here we assume
𝛽 > 0, which at 𝜔 = 0 amplifies configurations favored by the transverse field in
Eq. (9.1).] Post-measurement correlation functions exhibit power-law decay with
exponents that can be obtained from BCFT calculations [123, 124] (see Sec. 9.4 for
details); for example, one finds

⟨𝑍0𝑍𝑥⟩uni ∼ ⟨𝑌0𝑌𝑥⟩uni ∼ 𝑥−3. (9.3)

The power-law exponent above is sufficiently large that both 𝑍 and 𝑌 operators com-
prise irrelevant perturbations to the free boundary condition fixed point, suggesting
local stability. Similarly, at 𝜔 = 𝜋/2, the measurement operator 𝑍 ∼ 𝜎 induces a
relevant defect-line perturbation that triggers a flow to fixed boundary conditions
with post-measurement correlations

⟨𝑋0𝑋𝑥⟩uni ∼ ⟨𝑌0𝑌𝑥⟩uni ∼ 𝑥−4, (9.4)

again suggesting local stability of the corresponding fixed point.

In fact, both fixed points are known in the tricritical Ising BCFT and are stable against
any local perturbations [124]. Interestingly, in the boundary RG flow—illustrated in
Fig. 9.1(a)—there exists an unstable intermediate fixed point between the free (0) and
fixed (+) boundary conditions, corresponding to the “partially polarized” boundary
condition (0+) of the tricritical Ising theory. In our weak measurement protocol, this
intermediate fixed point arises at a critical tilt angle 𝜔𝑐, and can be identified by a
second-order transition in the order parameter ⟨𝑍⟩uni; see Fig. 9.1(b). This agreement
highlights the robustness of our results within the established theoretical framework
of BCFT. From a perturbative analysis, we note that at the intermediate fixed point,
the post-measurement entanglement entropy obeys an area law, in contrast to the case
of the gapless parent of the 1D cluster state. In Sec. 9.4, we numerically verify that,
at the intermediate fixed point, the scaling dimension of the 𝜎-field is compatible
with the flow to the 0+ boundary condition. Beyond the theoretical relevance of
this example, a protocol to realize the measurement-induced boundary transitions in
Rydberg arrays is shown in later chapters. The protocol relies on post-selection, but
with remarkably high success probabilities of O(10%) in a system of O(100) atoms.
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Figure 9.1: (a) Boundary renormalization group flow involving select fixed points for
the tricritical Ising CFT, corresponding to free (0), fixed (+), and partially polarized
(0+) boundary conditions. The unstable 0+ fixed point represents a measurement-
induced boundary transition obtained at a fine-tuned measurement-basis tilt angle
𝜔𝑐. (b) Derivative of the post-measurement 1-point function

〈
𝑍 𝑗

〉
uni versus tilt

angle. Data were obtained by DMRG using periodic boundary conditions and bond
dimension 𝜒 = 1000. The measurement strength is 𝛽 = 0.5.

Three-state Potts
The BCFT analysis capturing possible interesting measurement-induced transitions
generalizes to other critical theories as well. A further example is the three-state
Potts model, described by a CFT with central charge 𝑐 = 4/5 and six primary fields
with scaling dimensions 0, 2/15, 4/5, 4/3, 14/5, 6. We are also primarily interested
in the spin field 𝜎 (dimension 2/15) and energy field 𝜀 (dimension 4/5).

For a microscopic realization, let us define on-site operators

𝑈 𝑗 =
©­­«
1 0 0
0 𝑒𝑖2𝜋/3 0
0 0 𝑒−𝑖2𝜋/3

ª®®¬ , 𝑉 𝑗 =
©­­«
0 0 1
1 0 0
0 1 0

ª®®¬ . (9.5)

The eigenvalues of𝑈 𝑗 label three local spin states—which we denote by 𝐴, 𝐵, 𝐶—
while 𝑉 𝑗 cycles the spin among those three values. A lattice Hamiltonian realizing
the 𝑐 = 4/5 CFT reads

𝐻 = −
∑︁
𝑗

(
𝑈 𝑗𝑈

†
𝑗+1 +𝑈

†
𝑗
𝑈 𝑗+1 +𝑉 𝑗 +𝑉†𝑗

)
. (9.6)
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Notice that 𝐻 preserves a Z3 symmetry that sends𝑈 𝑗 → 𝑒𝑖2𝜋/3𝑈 𝑗 . The rich operator
content of this model gives rise to various possible boundary conditions [123, 125],
some of which we can readily realize via weak measurement. Exploring the impact
of weak measurements is facilitated by the dictionary between lattice operators and
CFT fields derived in Ref. [126]: one finds 𝑈 𝑗 ∼ 𝜎 and 𝑉 𝑗 + 𝑉†𝑗 ∼ 𝜀. Note that in
this context 𝜎 is not a Hermitian field.

Consider first the weak measurement operator

𝑒
𝛽
∑
𝑗 (𝑉 𝑗+𝑉†𝑗 ) , (9.7)

which generates a relevant defect-line action involving the 𝜀 field. (Here too we
assume 𝛽 > 0 such that the measurement amplifies configurations favored by the
𝑉 𝑗 terms in 𝐻.) The perturbation induces a flow to a BCFT corresponding to free
boundary conditions. There we find power-law correlations (see Sec. 9.4)〈

𝑈0𝑈
†
𝑗

〉
∼ | 𝑗 |−4/3,

〈
𝑉0𝑉

†
𝑗

〉
∼ | 𝑗 |−8/3. (9.8)

The fact that the scaling dimension of𝑈 𝑗 is smaller than one indicates instability of
this fixed point under Z3-breaking measurement operators.

Next we consider a family of such Z3-symmetry breaking operators given by

𝑒
−𝛽∑

𝑗 (𝑉 𝑗+𝑉†𝑗 ) (𝑒
𝑖𝜔𝑈 𝑗+𝑒−𝑖𝜔𝑈†𝑗 ) (𝑉 𝑗+𝑉

†
𝑗
) (𝛽 > 0), (9.9)

which generates a defect-line action involving 𝑒𝑖𝜔𝜎 + 𝑒−𝑖𝜔𝜎†, up to irrelevant Z3

breaking operators. [The (𝑉 + 𝑉†) terms do not change the symmetry of the
measurement, but produce the expected boundary fixed points numerically.] Here
𝜔 plays the role of a tilt angle for the measurement basis. When 𝜔 varies, the
measurement operator favors different Potts states, or certain superposition of them.
At 𝜔 = 0, for example, the measurement operator (weakly) projects each site to a
state close to 𝐴, while 𝜔 = 𝜋 equally favors 𝐵 and 𝐶 states. We find that when
𝜔 ∈ (−𝜋/3, 𝜋3 ), (

𝜋
3 , 𝜋) and (𝜋, 5𝜋

3 ), the perturbation induces a flow to 𝐴, 𝐵 and 𝐶
fixed boundary conditions, respectively, with power-law correlations,〈

𝑈0𝑈
†
𝑗

〉
∼ | 𝑗 |−4,

〈
𝑉0𝑉

†
𝑗

〉
∼ | 𝑗 |−4. (9.10)

At 𝜔 = 𝜋
3 , 𝜋 and 5𝜋

3 , the measurement induces a flow to mixed boundary conditions
labeled by 𝐶𝐴, 𝐵𝐶, and 𝐴𝐵 respectively, featuring power-law correlations,〈

𝑈0𝑈
†
𝑗

〉
∼ | 𝑗 |−4/5,

〈
𝑉0𝑉

†
𝑗

〉
∼ | 𝑗 |−4/5. (9.11)
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These mixed boundary condition fixed points are unstable against fixed boundary
conditions and thus can be viewed as measurement-induced boundary transitions
between 𝐴, 𝐵, 𝐶 fixed points; see Fig. 9.2.

Figure 9.2: Boundary RG flow between fixed and mixed boundary conditions of
the three-state Potts model. The three fixed boundary conditions are labeled by
𝐴, 𝐵, 𝐶 and the mixed boundary conditions are labeled by 𝐴𝐵, 𝐵𝐶,𝐶𝐴. We plot the
post-measurement probability of observing each Potts state as a function of tilt angle
𝜔 specified in Eq. (9.9). Data were obtained with iDMRG using bond dimension
𝜒 = 300 and measurement strength 𝛽 = 0.1.

9.2 Discussion and outlook
We have introduced a gapless parent of the 1D cluster state SPT that exactly maps to
two decoupled Luttinger liquids. Local measurements together with post-selection
of the uniform outcome introduce a defect line in the CFT action that triggers an RG
flow to various BCFT fixed points—allowing us to derive universal properties of
the post-measurement wavefunction. We uncovered richer behavior compared to
the descendant gapped cluster state SPT, including nontrivial correlations persisting
under weak measurements and measurement-induced boundary transitions accessed
by tilting the measurement basis.

It is useful to additionally contrast with several previous works exploring measurement-
altered quantum critical states—which can also be understood within BCFT. For
instance, Ref. [16] investigated weak measurement of the density operator cos(2𝜙)
in a single-channel Luttinger liquid [in spin language, 𝑍-basis measurement in
an XXZ spin chain governed by the first line of Eq. (7.11)]. By post-selecting
the outcome s = {(−1) 𝑗 }, the weak measurement induces a boundary condition



211

Figure 9.3: Upper row: Schematic RG flow induced by measurements enacted
by exp[𝛽∑

𝑗 (cos𝜔𝑋 𝑗 + sin𝜔𝑍 𝑗 )] in different gapless models; 𝜔 specifies the
measurement-basis tilt angle, while 𝛽𝑥 = 𝛽 cos𝜔 and 𝛽𝑧 = 𝛽 sin𝜔. Lower row:
Phase diagram of different boundary fixed points located at (𝛽, 𝜔) values specified
in the parentheses. Green circles represent the pristine unmeasured CFTs; red (blue)
squares show the boundary fixed points induced by measurement in the 𝑍 (𝑋) basis;
and yellow stars represent intermediate fixed points realizing measurement-induced
boundary transitions [present in (c,d) but not (a,b)]. In (b) the green line is a line of
fixed points. All fixed points feature power-law correlations and thus have infinite
correlation length.

𝜙 = 𝑛𝜋, 𝑛 ∈ Z. References [3, 58, 57, 4] studied weak measurements in the critical
Ising chain described by the Hamiltonian 𝐻 = −∑

𝑗 𝑍 𝑗𝑍 𝑗+1 −
∑
𝑗 𝑋 𝑗 ; here different

measurement bases yield significantly different behaviors. The underlying low-energy
theory is a 𝑐 = 1/2 Ising CFT with three primary fields, 1, 𝜎, 𝜀 with respective
scaling dimensions 0, 1/8, 1. After post-selection of the uniform outcome, 𝑋-basis
measurements induce a marginal perturbation ∼ 𝜀 that yields a series of fixed points
whose features depend on the measurement strength; 𝑍-basis measurements, however,
generate a relevant perturbation ∼ 𝜎 and a flow to the fixed boundary condition of
the Ising CFT. In all these previous setups exhibiting measurement-altered criticality,
tilting the measurement basis away from the 𝑍-direction does not lead to a boundary
transition, contrary to the gapless parent of the cluster state SPT.

Indeed, we can generalize the protocol of Ref. [16] by applying a tilted-basis
weak measurement operator, 𝑒𝛽

∑
𝑗 [cos𝜔𝑋 𝑗+sin(𝜔) (−1) 𝑗𝑍 𝑗 ] , similarly to what we did for

the gapless parent state in Section 8.1. We focus on the 𝐾 < 1 case where the
measurement of (−1) 𝑗𝑍 𝑗 induces a relevant perturbation to the pristine Luttinger
liquid. By computing the scaling dimension of 𝑋 𝑗 , 𝑌 𝑗 , (−1) 𝑗𝑍 𝑗 operators, we can
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study the stability of the two fixed points corresponding to (𝛽, 𝜔) = (∞, 0) and
(𝛽, 𝜔) = (∞, 𝜋/2). The former is stable against any perturbation, while the latter
is unstable against uniform 𝑋 perturbations (or 𝑌 by symmetry). Relevance of
weak 𝑋 measurement in the second case follows from the fact that, after 𝑍-basis
measurements, the correlator ⟨𝑋0𝑋𝑥⟩ decays as ∼ 𝑥−1/𝐾 . Figure 9.3(a) illustrates the
RG flow: by tuning 𝜔 from 0 to 𝜋/2, the system flows to (𝛽, 𝜔) = (∞, 0), without
any intermediate fixed point.

Similar logic applies to the critical Ising chain under tilted weak measurements enacted
by 𝑒

∑
𝑗 𝛽[cos(𝜔)𝑋 𝑗+sin(𝜔)𝑍 𝑗 ] . The series of fixed points induced by 𝑋 measurement at

𝜔 = 0 is always unstable to a 𝜎 perturbation induced by finite 𝜔, while the fixed
point arising at 𝜔 = 𝜋/2 is stable to arbitrary perturbations. Therefore, for any
𝜔 > 0, the long-range physics is determined by the latter. In BCFT language, the
boundary fixed points of the Ising model that preserve the conformal symmetry and
the RG flow between them are known [13, 123] (see also Fig. 9.3(b)). Interested
readers may wonder what happens when tilting the measurement basis in the (𝑌, 𝑍)
instead of the (𝑋, 𝑍) plane, since symmetry does not relate the two problems in this
case. Reference [4] shows that, at the CFT level, weak measurements in the 𝑌 basis
generate a marginal 𝜀 perturbation—similar to 𝑋 but with reduced coupling strength.
Consequently, weak measurements in a basis chosen arbitrarily in the (𝑋,𝑌 ) plane
are always unstable to rotating the basis towards 𝑍 . The main difference between
the Ising CFT and the other minimal models is that an 𝜀-defect line is a marginal
perturbation, while the flow to a boundary conformal field theory occurs only if the
perturbation is relevant. In this sense there is not a competition between 𝑋 and 𝑍
weak measurements.

One goal of this work was to identify protocols that, after a single round of
measurements on critical systems, induce a non-trivial transition between two fixed
points. Such measurement-induced boundary transitions can arise when different
types of measurements yield at least two stable boundary fixed points, which in the
gapless parent of the cluster state correspond to 𝜔 = 0 and 𝜔 = 𝜋/2 in Eqs. (8.1)
and (8.6). These two fixed points are disconnected in the sense that any path in the
parameter space connecting them goes across an intermediate fixed point. If the
measurement preserves the Z2 symmetry of the gapless parent state, the intermediate
fixed point is a critical theory with central charge 𝑐 = 1. On the other hand,
if we consider a Z2 symmetry-breaking measurement operator, surprisingly the
intermediate fixed point appears to show an effective central charge that continuously
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varies with the Luttinger parameter𝐾 . Figure 9.3(c) illustrates the resulting schematic
RG flow diagram indicating the competition between the two relevant measurement-
induced perturbations. Other measurement-induced boundary transitions can be
found by studying tilted measurements on the ground state of minimal models such as
tricritical Ising (see Fig. 9.3(d)) and the three-state Potts model, whose rich operator
content also enables non-trivial transitions between different fixed points.

We mainly focused our analysis of measurement-induced boundary transitions
by post-selecting for uniform measurement outcomes (but see Sec. 8.1). Can
analogous transitions persist when post-selecting for typical outcomes, i.e., those
obtained by sampling according to the Born probability distribution 𝑝s? Following
Kadanoff’s decimation argument, Refs. [16, 4] found that if the scaling dimension
of the leading perturbation generated by the measurement operator is less than
1/2, then the disordered defect-line perturbation emerging with typical outcomes
remains relevant. Critical theories supporting multiple measurement operators with
dimensions below 1/2 might then support novel measurement-induced boundary
transitions for typical outcomes—provided the fixed points generated by each operator
are also stable. The minimal models studied in Sec. 9.1 provide potentially fruitful
test cases. For tricritical Ising, tilting between 𝑋 (dimension 1/5) and 𝑍 (dimension
3/40) measurements would potentially yield interesting typical-outcome boundary
transitions. In the three-state Potts case, the Hermitian operators𝑈+𝑈† and 𝑖(𝑈−𝑈†)
both carry dimension 2/15, potentially fulfilling the above criterion as well. Further
investigation along these lines would be worthwhile.

Our work also highlights various other interesting future directions. For instance,
can one connect the 𝑐 = 1 intermediate fixed point studied in Sec. 8.1 to that of
Sec. 8.1 by adding a Z2-breaking perturbation, and gain an analytical understanding
of the 𝐾-dependent effective central charge found in the latter case? Is it possible to
induce additional boundary conditions via measurements beyond those studied here,
and possibly new measurement-induced boundary transitions, in minimal models
such as the tricritical Ising and three-state Potts examples? Are there metrological
applications of the measurement-altered critical states studied in this work? And
finally, can one devise generalized decoding protocols (extending that of Sec. 7.4)
to a more general class of measurement bases, ideally to probe intermediate fixed
points without post-selection?
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9.3 Z2 × Z2 SPT phase with interaction reflection symmetry and its relation
with a spin-1 chain

In Sec. 7.2, we have shown that the cluster state SPT can be obtained by breaking the
interchain reflection symmetry of the gapless parent state, i.e., taking 𝛼 ≠ 𝜋/4 in
Eq. (7.8). A natural question to ask is whether it is possible to obtain an inter-chain-
reflection symmetric Z2 × Z2 SPT by gapping out the gapless parent state. We will
show that the answer is yes.

We begin with the XY representation of the gapless parent of the cluster state with
central charge 𝑐 = 2,

𝐻 = −
∑︁
𝑗

[
X𝑗X𝑗+1 + Y𝑗Y𝑗+1 + X̃𝑗X̃𝑗+1 + Ỹ𝑗Ỹ𝑗+1

]
. (9.12)

For simplicity, we only focus on the 𝐾 = 1 case. The interchain-reflection symmetry
transforms as follows,

X𝑗 → Y𝑗𝐺2, X̃𝑗 → Ỹ𝑗𝐺2 (9.13)

where the Z2 symmetry generators 𝐺1,2 are defined in Eq. 7.2. The ground state |𝜓Δ⟩
satisfies 𝐺1,2 = 1 and the reflection transformation is just X𝑗 ↔ Y𝑗 and X̃𝑗 ↔ Ỹ𝑗 .

Now consider adding interchain coupling terms to the Hamiltonian,

𝐻⊥ = −𝜆
∑︁
𝑗

(X𝑗X̃𝑗 + Y𝑗Ỹ𝑗 +Z 𝑗Z̃𝑗 ), (𝜆 > 0)

= −𝜆
∑︁
𝑗

(𝑋 𝑗 ,1 + 𝑋 𝑗 ,2 − 𝑋 𝑗 ,1𝑋 𝑗 ,2) (in the 𝑍𝑋𝑍 basis).
(9.14)

In terms of boson fields, 𝐻 + 𝐻⊥ can be decomposed using symmetric (+) and
antisymmetric (−) fields 𝜙± = 1√

2
(𝜙 ± 𝜙) and 𝜃± = 1√

2
(𝜃 ± 𝜃) [117],

𝐻 + 𝐻⊥ = 𝐻+ + 𝐻−

𝐻+ =

∫
𝑥

1
2𝜋

[
𝐾+(∇𝜃+)2 +

1
𝐾+
(∇𝜙+)2

]
+ 𝑔+

∫
𝑥

cos(
√

8𝜙+)

𝐻− =

∫
𝑥

1
2𝜋

[
𝐾−(∇𝜃−)2 +

1
𝐾−
(∇𝜙−)2

]
+ 𝑔(1)−

∫
𝑥

cos(
√

8𝜙−)

+ 𝑔(2)−
∫
𝑥

cos(
√

2𝜃−)

(9.15)

where 𝑔+, 𝑔(1,2)− ∝ 𝜆, and

𝐾± = 𝐾

(
1 ∓ 𝐾𝜆𝑎

2𝜋𝑢

)
(9.16)



215

with 𝑎 being the lattice spacing and 𝑢 the Fermi velocity. The antisymmetric part
is always gapped once 𝐻⊥ is added. For the symmetric part, cos(

√
8𝜙+) is relevant

when 𝐾+ < 1. At the XY point (𝐾 = 1), we have 𝐾+ > 1 when 𝜆 > 0. Therefore the
symmetric part remains gapless and one should expect an effective central charge
𝑐 = 1.

Another useful way to understand the effect of 𝐻⊥ is to consider the 𝜆→ ∞ limit,
where 𝐻⊥ projects the two spin-1/2’s on the same rung, (X,Y,Z) 𝑗 and (X̃, Ỹ, Z̃) 𝑗 ,
onto the triplet subspace with spin-1 operators S 𝑗 = 1

2 [(X𝑗 + X̃𝑗 )x̂ + (Y𝑗 + Ỹ𝑗 )ŷ +
(Z𝑗 +Z̃𝑗 )ẑ)]. Within the triplet subspace, the Hamiltonian 𝐻 +𝐻⊥ acts like a spin-1
𝑥𝑦 chain,

𝐻1 = −
∑︁
𝑗

(𝑆𝑥𝑗𝑆𝑥𝑗+1 + 𝑆
𝑦

𝑗
𝑆
𝑦

𝑗+1), (9.17)

which is also gapless but with central charge 𝑐 = 1. The interchain reflection
transforms as 𝑥 ↔ 𝑦. The correlations in the ground state of 𝐻1 are (see Fig. 9.4 for
DMRG simulations),〈

𝑆𝑥𝑗𝑆
𝑥
𝑘

〉
=

〈
𝑆
𝑦

𝑗
𝑆
𝑦

𝑘

〉
∼ 1
| 𝑗 − 𝑘 | 14

,

〈
𝑆𝑧
𝑗
𝑆𝑧
𝑘

〉
∼ 1
| 𝑗 − 𝑘 |2

. (9.18)
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Figure 9.4: The correlation functions of the ground state of a spin-1 𝑥𝑦 chain.
The power-law exponents are obtained by fitting the data in log-log scale (see the
black dashed lines). The wavefunction is obtained by iDMRG with bond dimension
𝜒 = 450.

The interchain-reflection symmectric Z2 × Z2 SPT phase of the spin-1/2 ladder
corresponds to the ferromagnetically ordered phase in the effective spin-1 chain
with

〈
𝑆𝑥
𝑗
𝑆𝑥
𝑘

〉
∼

〈
𝑆
𝑦

𝑗
𝑆
𝑦

𝑘

〉
∼ 𝑐𝑜𝑛𝑠𝑡., which can be obtained by further adding a

next-nearest-neighbor perturbation to the spin-1 𝑥𝑦 chain, e.g.,

𝐻′ = 𝐽′
∑︁
𝑗

∑︁
𝜇=𝑥,𝑦

𝑆
𝜇

𝑗−1 [2(𝑆
𝜇

𝑗
)2 − 1]𝑆𝜇

𝑗+1 (9.19)
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with 𝐽′ > 0. In the XXZ basis, the perturbation term can be written as

𝐻′ = 𝐽′
∑︁
𝑗

(X𝑗X𝑗+1X̃𝑗+1X̃𝑗+2 + Y𝑗Y𝑗+1Ỹ𝑗+1Ỹ𝑗+2), (9.20)

and in the original 𝑍𝑋𝑍 basis, 𝐻′ represents next-nearest-neighbor interactions,

𝐻′ = 𝐽′
∑︁
𝑗

(𝑋 𝑗 ,1𝑍 𝑗 ,2𝑋 𝑗+2,1𝑍 𝑗+2,2 + 𝑍 𝑗 ,1𝑋 𝑗 ,2𝑍 𝑗+2,1𝑋 𝑗+2,2). (9.21)

In Ref. [112], it is shown that such next-nearest-neighbor couplings yield the
interchain-reflection symmetric Z2 × Z2 SPT phase.

One can also study the measurement problem in the spin-1 represeatation. Numeri-
cally, DMRG simulation of the spin-1 chain requires less computational resource
than that of the gapless parent of the cluster state. Within the triplet subspace,
𝑋 𝑗 ,1 = X𝑗X̃𝑗 = 2(𝑆𝑥

𝑗
)2 − 1, the uniform projective measurement with 𝑋 𝑗 ,1 = +1 is

equivalent to applying
∏

𝑗
1+𝑋 𝑗 ,1

2 =
∏

𝑗 (𝑆𝑥𝑗 )2 to the ground state.

The 𝑍 𝑗 ,2𝑍𝑘,2 correlation within the triplet subspace is equivalent to the string operator,

〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
∼ (−1)𝑘− 𝑗−1

〈
𝑆𝑥𝑗


𝑘∏

𝑙= 𝑗+1
exp(𝑖𝜋𝑆𝑥𝑙 )

 𝑆𝑥𝑘
〉

(9.22)

which is short-ranged in the ferromagnetic phase of the spin-1 chain and decays
algebraically at the gapless point. Once the uniform outcome s = {𝑋 𝑗 ,1 = +1} is
post-selected, one can simplify Eq. (9.22) by − exp(𝑖𝜋𝑆𝑥

𝑙
) = 2(𝑆𝑥

𝑙
)2 − 1 = 1 and

obtain, 〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
uni ∼

〈
𝑆𝑥𝑗𝑆

𝑥
𝑘

〉
uni
, (9.23)

which is analogous to Eq. (7.27). Also, the counterpart of Eq. (7.28) is〈
𝑋 𝑗 ,2𝑋𝑘,2

〉
uni ∼

〈
(𝑆𝑦

𝑗
)2(𝑆𝑦

𝑘
)2

〉
uni
. (9.24)

From DMRG calculations (see Fig. 9.5), we see that〈
𝑍 𝑗 ,2𝑍𝑘,2

〉
uni ∼ 𝑐𝑜𝑛𝑠𝑡,

〈
𝑋 𝑗 ,2𝑋𝑘,2

〉
uni ∼ | 𝑗 − 𝑘 |

−4, (9.25)

which are consistent with Eq. (7.27) and Eq. (7.28) at 𝐾 = 1.

9.4 Boundary fixed points and RG flows
In BCFT, the conformal invariant boundary conditions (BCs) and the corresponding
boundary fixed points are characterized by Cardy states [123]. The operator content
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Figure 9.5: Select correlation functions of the spin-1 𝑥𝑦 chain after applying
∏

𝑗 (𝑆𝑥𝑗 )2.
The power-law exponents are obtained by fitting the data in log-log scale (see the
black dashed lines). The wavefunction is obtained by infinite DMRG with bond
dimension 𝜒 = 450.

and conformal spectrum can be obtained by the fusion rules of the primary operators
corresponding to the Cardy states. As an example, in the 2D Ising CFT there are
three primary fields, 𝐼 (identity), 𝜀 (energy), and 𝜎 (spin). One can associate the free
BC (denoted by “0”) with a Cardy state corresponding to the spin field, |0⟩ ≡ |𝜎̃⟩.
The operator content can be obtained by the fusion rule, 𝜎 × 𝜎 = 𝐼 + 𝜀. There are
also two fixed BCs obtained by applying an external boundary field ℎ𝑏 that breaks
the Z2 symmetry. We denote them by “+” and “−”, depending on the sign of ℎ𝑏.
The Cardy states of these two BCs are |+⟩ ≡

��𝐼〉 and |−⟩ ≡ |𝜀⟩, and in their operator
contents only the identity 𝐼 appears, because both 𝐼 × 𝐼 and 𝜀× 𝜀 fuse to 𝐼. Therefore,
the conformal spectrum of free BC is {0, 1

2 ,
3
2 , 2,

5
2 , 3,

7
2 , 4, 4,

9
2 ,

9
2 , . . . }, and those of

fixed BCs are {0, 2, 3, 4, 4, 5, 5, . . . }.

The scaling dimension of local boundary operators, such as the spin in the Ising
model example, can be extracted from the conformal spectrum and generally
differs from that of the same operator when located far from the boundary. In
the measurement problem discussed in the main text, the scaling dimension of
local operators in the post-measurement wavefunction should also take value in the
conformal spectrum, at least when the relevant measurement operator flows to a
specific BCFT. For example, let |𝜓0⟩ be the ground state of a critical transverse-field
Ising chain 𝐻 = −∑

𝑗 (𝑍 𝑗𝑍 𝑗+1 + 𝑋 𝑗 ). Then the post-measurement state 𝑒𝛽
∑
𝑗 𝑋 𝑗 |𝜓0⟩,

𝛽 → ∞, corresponds to the free BC and the post-measurement scaling dimension
[𝑍]uni = 1/2 can be read off from the free BC conformal spectrum. Similarly,
𝑒𝛽

∑
𝑗 𝑍 𝑗 |𝜓0⟩ corresponds to fixed BC and [𝑍]uni = 2 is also consistent with the first

gap in the fixed BC conformal spectrum. After measurements of relevant operators,
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an alternative way to find these scaling dimensions is by exploiting the power-law
decay of the strange correlator 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 defined in Eq. (8.14).

Table 9.1: The conformally invariant boundary conditions, Cardy states, and corre-
sponding operator contents of a 2D tricritical Ising CFT. The boundary conditions
are labeled by symbols in the parentheses: 0, +, −, etc.

Boundary condition Cardy state Operator content Conformal spectrum
Free (0) |0⟩ ≡

��𝜎̃′〉 𝐼 + 𝜀′′ {0, 3
2 , 2,

5
2 , 3,

7
2 ,

7
2 , . . . }

Fixed (+) |+⟩ ≡
��𝐼〉 𝐼 {0, 2, 3, 4, 4, 5, 5, . . . }

Fixed (−) |−⟩ ≡
��𝜀′′〉 𝐼 {0, 2, 3, 4, 4, 5, 5, . . . }

Partially polarized (0+) |0+⟩ ≡ |𝜀⟩ 𝐼 + 𝜀′ {0, 3
5 ,

8
5 , 2,

13
5 ,

13
5 , 3, . . . }

Partially polarized (0−) |0−⟩ ≡
��𝜀′〉 𝐼 + 𝜀′ {0, 3

5 ,
8
5 , 2,

13
5 ,

13
5 , 3, . . . }

degenerate (d) |d⟩ ≡ |𝜎̃⟩ 𝐼 + 𝜀 + 𝜀′ + 𝜀′′ {0, 1
10 ,

3
5 ,

11
10 ,

3
2 ,

8
5 , 2, . . . }

Fixed (+&−) |+&−⟩ ≡ |+⟩ + |−⟩ 2(𝐼 + 𝜀′′) {0, 0, 3
2 ,

3
2 , 2, 2,

5
2 ,

5
2 , . . . }

The boundary fixed points and Cardy states of the 2D tricritical Ising CFT are more
complicated. As we have already reviewed in the main text, there are six primary
fields in this case. Four of them preserve the Z2 spin-inversion symmetry, 𝐼, 𝜀,
𝜀, 𝜀′ and 𝜀′′, while two of them break it, 𝜎 and 𝜎′. We list the Cardy states and
corresponding BCs in Table. 9.1. The RG flow between the boundary fixed points
has been studied in Refs. [127, 124], and is summarized in Fig. 9.1(a).

In the measurement problem, if |𝜓0⟩ is the ground state of Eq. (9.1), the weak
measurement 𝑒𝛽

∑
𝑗 𝑋 𝑗 |𝜓0⟩, 𝛽 > 0 flows to the free BC, and the strange correlator

decays as 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 ∼ | 𝑗 − 𝑘 |−3, whose exponent is just twice the first gap of the
conformal spectrum we can read from the first line of Table 9.1. This result justifies
the power-law decay of Eq. (9.3). The measurement 𝑒𝛽

∑
𝑗 𝑍 𝑗 , 𝛽 > 0, flows to the

fixed + BC, and one immediately gets Eq. (9.4) by looking at the second line of
Table 9.1. When the measurement angle is tilted between the 𝑋 and 𝑍 axes, it will go
across a transition corresponding to the partially polarized 0+ BC, where the strange
correlator decays as 𝑎 𝑗 𝑘 − 𝑎 𝑗𝑎𝑘 ∼ | 𝑗 − 𝑘 |−6/5. We numerically analyze these results
in Fig. 9.6: in the left panel (𝜔 = 0), we verify that the order parameter decays as
𝑥−3, as we would expect from free BCs, in the middle panel (𝜔 = 𝜋/2) we show
the decay of the order parameter as 𝑥−4, consistently with the flow to fixed BCs.
Finally, the right panel (𝜔 = 𝜔𝑐) corresponds to the measurement-induced boundary
transition described by the intermediate fixed point 0+, in agreement with the order
parameter decay 𝑥−6/5. As discussed in Sec. 8.2, the post-measurement wavefunction
is expected to obey an area law entanglement since the exponent 6/5 exceeds 1.
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Figure 9.6: Post-measurement correlation functions of 𝑒𝛽
∑
𝑗 [cos(𝜔)𝑋 𝑗+sin(𝜔)𝑍 𝑗 ] |𝜓0⟩,

where |𝜓0⟩ is the ground state of Eq. (9.1) at the tricritical Ising point. Data obtained
using DMRG with system size 𝐿 = 200, bond dimension 𝜒 = 1000 and periodic
boundary conditions. In this figure, 𝜔 = 0 and 𝜔 = 𝜋/2 correspond to free (0) and
fixed (+) BC respectively, and 𝜔 = 𝜔𝑐 ≈ 0.21𝜋 corresponds to the intermediate fixed
point — partially polarized (0+) BC.
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Figure 9.7: Correlation functions of three-state Potts model after measurement of
𝑒
𝛽
∑
𝑗 [𝑉 𝑗+𝑉†𝑗 ] (left panel) and measurement in Eq. 9.9 with 𝜔 = 0 (middle panel) or

𝜔 = 𝜋/3 (right panel). Data obtained using iDMRG with bond dimension 𝜒 = 500.

We conclude this Section by observing that also the three-state Potts model has
six primary fields. In the previous chapters, we have mainly focused on 𝜎 and 𝜀,
whose scaling dimensions are respectively 2/15 and 4/5. We have observed that
the measurement 𝑒𝛽

∑
𝑗 (𝑉 𝑗+𝑉†𝑗 ) , with 𝛽 > 0, flows to the free boundary condition, and

the power-law exponent of
〈
𝑈0𝑈

†
𝑗

〉
uni

can be read off from the boundary conformal
spectrum, and it is equal to 4/3, as we also show in the left panel of Fig. 9.7. Then,
we have shown how the measurement operator in Eq. (9.9) is responsible for a
flow to fixed boundary conditions, 𝐴, 𝐵 or 𝐶, while by tuning 𝜔 = 𝜋/3, 𝜋, 5/𝜋, the
measurement flows to mixed boundary conditions, 𝐶𝐴, 𝐵𝐶 or 𝐴𝐵. The first energy
gap of the BCFT with fixed boundary conditions suggests that [𝑈 +𝑈†]uni = 2, while
for mixed boundary conditions [𝑈 +𝑈†]uni = 2/5. These predictions are supported
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by the middle and right panels of Fig. 9.7.
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“If you can walk a mile in someone else’s shoes, you totally should. Free shoes for a
whole mile, maaan!”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 10

RYDBERG ARRAYS AS A PLATFORM FOR
MEASUREMENT-ALTERED CRITICALITY

10.1 Motivation for an ancilla-free experimental protocol
Experimental exploration of measurement-altered criticality requires a versatile
platform capable of initializing a critical ground state with high fidelity, measuring
to appropriately modify the wavefunction, and detecting the resulting changes in
universal properties. Wavefunction modifications are commonly studied theoretically
using weak measurements [55, 56, 58, 57, 60, 128, 62, 129, 5], e.g., mediated by
ancillae that are unitarily entangled with the critical degrees of freedom and then
projectively measured [16, 3]. Weak measurements can modestly restructure the
amplitudes in the critical wavefunction, facilitating field-theoretic predictions for
the impact on long-distance behavior [16, 3, 56, 55, 58, 57, 5, 128, 62, 129, 60,
130, 131, 132]. Verifying these predictions poses an intrinsic problem, however,
since measurements restructure the wavefunction in a manner dependent on the
information gleaned—which is inherently probabilistic. Revealing measurement-
altered criticality requires either post-selecting for specific target outcomes—whose
probability generically decreases exponentially with system size—or non-standard
averaging procedures [16, 3, 64, 128, 58].

We provide a practical roadmap for addressing these challenges using a single chain
of laser-excited Rydberg atoms trapped in optical tweezers, which can realize Ising
and tricritical Ising quantum critical wavefunctions [32, 133, 134, 21, 33, 135, 136,
137] (among other universality classes [138, 139, 140, 141, 142, 143, 144, 145]) via
adiabatic state preparation; see Fig. 10.1(a). We develop an ancilla-free protocol that
is useful to conceptually divide into two stages. First, projectively measure the state
of the atoms at a subset of sites.

Judiciously choosing both the pattern of measured sites and post-selected measure-
ment outcomes, e.g., as indicated by the solid measurement icons in Fig. 10.1(b,c),
controls universal modifications to critical correlations. These modifications manifest
with either open or periodic boundary conditions and can be probed via subsequently
measuring the remainder of the chain [faded measurement icons in Fig. 10.1(b,c)].
We show that the post-selection probabilities for the target measurement outcomes
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Figure 10.1: Phase diagram and measurement protocols. (a) Schematic phase
diagram of the blockaded Rydberg chain Hamiltonian, Eq. (10.1), featuring charge
density wave and disordered states separated by an Ising transition line terminating
at a tricritical Ising (TCI) point. (b,c) Example protocols for measurement-altered
criticality associated with (b) 𝜎 and (c) 𝜀 CFT perturbations. Modified correlations
follow by simply measuring all sites simultaneously, and averaging over outcomes
subject to the post-selection conditions indicated in the solid measurement icons.

yielding the most dramatic effects are surprisingly high for experimentally relevant
system sizes; see Fig. 12.1. More practically, the same measurement-altered cor-
relations emerge upon projectively measuring all sites simultaneously and simply
averaging over a restricted set of measurement outcomes (instead of all outcomes,
which would return correlations from the unmeasured theory). Our scheme thus
entails minimal overhead beyond that required to probe pristine quantum critical
correlations. Near-term realization appears particularly promising given recently
released experimental signatures of Ising and tricritical Ising criticality in Rydberg
arrays [137].

10.2 Rydberg-chain Hamiltonian and pure criticality
We model a length-𝐿 Rydberg chain with the minimal Hamiltonian [32]

𝐻̂ =
∑︁
𝑗

[
Ω

2
(𝑏̂ 𝑗 + 𝑏̂†𝑗 ) − Δ𝑛̂ 𝑗 +𝑉1𝑛̂ 𝑗 𝑛̂ 𝑗+1 +𝑉2𝑛̂ 𝑗 𝑛̂ 𝑗+2

]
, (10.1)

where 𝑏̂ 𝑗 is a hard-core boson operator and 𝑛̂ 𝑗 = 𝑏̂†𝑗 𝑏̂ 𝑗 with eigenvalues 0 (ground
state) and 1 (Rydberg excited state). The first two terms encode, within the rotating
wave approximation, driving of the atoms with Rabi frequency Ω and detuning
Δ from resonance; 𝑉1,2 represent first- and second-neighbor interactions mediated
by the Rydberg excited states. We assume that 𝑉1 > 0 dominates all couplings,
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energetically imposing the blockade constraint that no two neighboring atoms can
simultaneously enter the Rydberg state. Within the blockaded subspace, one can
effectively realize either sign of𝑉2 in experiment [21, 33]. Unless specified otherwise
we consider an even-length, periodic chain for which 𝐻̂ preserves both translation
𝑇𝑥 and bond-reflection 𝑅𝑥 symmetries that transform the occupation numbers via
𝑛̂ 𝑗 → 𝑛̂ 𝑗+1 and 𝑛̂ 𝑗 → 𝑛̂𝐿− 𝑗+1, respectively.

The phase diagram of 𝐻̂ [Fig. 10.1(a)] features a trivial symmetric phase and a
two-fold degenerate charge density wave (CDW) phase wherein Rydberg excitations
occur predominantly on every other site, doubling the unit cell and spontaneously
breaking 𝑇𝑥 and 𝑅𝑥 . Starting from𝑉2 > 0, these phases are separated by a continuous
Ising transition that, on decreasing 𝑉2, terminates at an integrable tricritical Ising
(TCI) point [32] and then becomes first-order. Throughout we consider a Rydberg
chain prepared into the ground state |𝜓𝑐⟩ of either the Ising or TCI transitions, which
are respectively governed by conformal field theories (CFTs) with central charge
𝑐 = 1/2 and 7/10.

Symmetries allow one to relate microscopic operators to CFT fields that govern their
leading long-distance correlations [21]. Lattice operators that transform trivially
under 𝑇𝑥 and 𝑅𝑥 generically map to the ‘thermal perturbation’ 𝜀 that one must
fine-tune away to reach criticality, e.g.,

𝜀 𝑗+1/2 ≡ (𝑛̂ 𝑗 + 𝑛̂ 𝑗+1)/2 ∼ 𝑐1 + 𝑐2𝜀 + · · · (10.2)

with non-universal 𝑐1,2 and subleading terms indicated by the ellipsis. Equation (10.2)
implies that connected two-point correlations exhibit universal power-law decay:
⟨𝜀 𝑗+1/2𝜀 𝑗 ′+1/2⟩𝑐 ∼ ⟨𝜀(𝑥)𝜀(𝑥′)⟩𝑐 ∼ | 𝑗 − 𝑗 ′|−2Δ𝜀 with scaling dimension Δ𝜀 = 1 (Ising)
or 1/5 (TCI) dictated by the underlying CFT.

Moreover, the microscopic CDW order parameter maps to the CFT ‘spin field’ 𝜎,

𝜎̂𝑗+1/2 ≡ (−1) 𝑗 (𝑛̂ 𝑗 − 𝑛̂ 𝑗+1)/2 ∼ 𝜎 + · · · . (10.3)

Both 𝜎̂𝑗+1/2 and 𝜎 acquire a minus sign under 𝑇𝑥 and 𝑅𝑥 , and hence symmetry
dictates that ⟨𝜎̂𝑗+1/2⟩ = ⟨𝜎⟩ = 0. Two-point order-parameter correlations, however,
also decay as a power-law, but with scaling dimensionΔ𝜎 = 1/8 (Ising) orΔ𝜎 = 3/40
(TCI). Chains with open boundaries explicitly break 𝑇𝑥 , seeding CDW order at the
edges [21]. Consequently, even in an otherwise uniform critical chain, ⟨𝜎̂𝑗+1/2⟩
and ⟨𝜎⟩ become finite and decay towards zero into the bulk with a functional form
dependent on Δ𝜎; see Ref. [146] for details. Open chains thereby enable extraction
of scaling dimensions via relatively simple one-point expectation values.
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10.3 Preparing critical ground states
To obtain the critical states used in our numerics, we employ the two-site density
matrix renormalization group (DMRG) algorithm to prepare the ground state of the
Hamiltonian defined in Eq. (10.1) in the main text. Since our goal is to investigate
measurement-altered critical states, it is essential to first accurately prepare the
unmeasured critical states within DMRG.

To realize a Rydberg chain at the Ising critical point, we begin by identifying suitable
Hamiltonian parameters along the critical line shown in Fig. 10.1 in the main text.
Following the curve-crossing procedure introduced in Ref. [21], we sweep the
detuning parameter Δ while fixing the remaining parameters to Ω = 1, 𝑉1 = 100
(accounting for the blockaded regime), and 𝑉2 = 0. For each value of Δ and for
multiple system sizes with open boundary conditions, we compute the rescaled
observable ⟨𝜎̂𝐿/2⟩ · sin(𝜋/(𝐿 + 2))−1/8, which exhibits scale invariance at criticality.
More precisely, the critical point is identified as the value of Δ = Δ𝑐 where this
quantity becomes independent of system size, as shown in Fig. 10.2(a). We further
verify criticality with periodic boundary chains in Fig. 10.2(b) (with additional
details provided in Fig. 10.3(a)) by examining the power-law decay of the connected
order parameter correlator at this point in parameter space.

In the case of the TCI point, the critical parameters are known exactly for the closely
related integrable model [32] with the Hilbert space constraint 𝑛 𝑗𝑛 𝑗+1 = 0 on all
sites. These parameters, as provided in Refs. [32, 21], are (Δ/Ω)TCI = −1

2 (5
√

5 − 2)

and (𝑉2/Ω)TCI = −1
2

(
1+
√

5
2

)5/2
. Although we do not explicitly enforce the Hilbert

space constraint in our simulations, we approximate it by setting 𝑉1 = 1000. Using
these parameters places the system close to the TCI point of the constrained model,
which we verify in Fig. 10.3(b) (blue data points) showing a scaling of ⟨𝜎̂n

ℓ1
𝜎̂n
ℓ2
⟩𝑐

with the (chord) distance |ℓ2 − ℓ1 | consistent with a power-law dependence, with
exponent Δ𝜎 = 3/40.

In our DMRG simulations, we terminate the algorithm only when the change in
entropy and energy between successive sweeps satisfy Δ𝑆 < 10−5 and Δ𝐸 < 10−7,
respectively. To ensure convergence with respect to the bond dimension 𝜒, we
examine the connected correlation function ⟨𝜎̂n

ℓ1
𝜎̂n
ℓ2
⟩𝑐 as 𝜒 is doubled (see numerical

agreement between "x" and "o" markers in Fig. 10.3). This analysis is performed for
the pre-measurement states in both the TCI and Ising critical points, as well as for
the lowest-probability post-measurement states we consider ({𝑛3 𝑗 , 𝑛3 𝑗+1 = 0} and
{𝑛4 𝑗 , 𝑛4 𝑗+1 = 0} for Ising and TCI, respectively), which we expect to be the most
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Figure 10.2: Identification of the critical detuning Δ𝑐 at 𝑉2 = 0 along the Ising
critical line. The vertical dashed line in panel (a) marks the value of detuning
Δ𝑐 = 0.66445 where ⟨𝜎̂𝐿/2⟩ · sin(𝜋/(𝐿 + 2))−1/8 exhibits a curve-crossing for open
chains of different sizes. Panel (b) shows the order parameter connected correlator
with respect to the ground state of a Hamiltonian prepared at these extracted critical
parameters. The dashed line is the predicted critical scaling for Δ𝜎 = 1/8.

demanding in 𝜒 among those examined.
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Figure 10.3: Verification of DMRG convergence in bond dimension. We observe how
the observable ⟨𝜎̂n

ℓ1
𝜎̂n
ℓ2
⟩𝑐 changes as we double our bond dimension from 𝜒 = 250

(denoted by ’o’ markers) to 𝜒 = 500 (denoted by ’x’ markers). We do this for the
pre-measurement state (blue symbols), as well as the post-measurement state with
the least likely measurement outcome (green symbols). The black line shows a fit of
the longest-range 90% of points used to calculate the approximate Δ𝜎’s shown in
the legends. Universal predictions are that Δ𝜎 = 1/8, 3/40 for the pre-measurement
states in Ising, TCI respectively.

10.4 Projective measurements in the Rydberg occupation basis
We examine changes in universal properties of the critical state |𝜓𝑐⟩ after measuring
a fraction of sites {𝑖1, 𝑖2, . . . , 𝑖𝐾} in the Rydberg occupation number basis with post-
selected outcomes n = {𝑛𝑖1 , 𝑛𝑖2 , ..., 𝑛𝑖𝐾 }. Measurements generically break translation
symmetry 𝑇𝑥 , though we always consider choices of n that enlarge the unit cell to
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𝑝 sites, preserving a subgroup (𝑇𝑥)𝑝 on periodic chains; see, e.g., Figs. 10.1(b,c).
Bond reflections 𝑅𝑥 may either be broken or preserved, as in Figs. 10.1(b) and (c),
respectively. The (unnormalized) post-measurement state reads

|𝜓n
𝑐 ⟩ = 𝑒−

𝛽

2 Ĥn |𝜓𝑐⟩, Ĥn =

𝐾∑︁
𝑎=1
(−1)𝑛𝑖𝑎 𝑛̂𝑖𝑎 (10.4)

with 𝛽 parametrizing the measurement strength. Our experimental protocol and
numerical simulations always invoke the projective limit 𝛽 → ∞, corresponding

to 𝑒−
𝛽

2 Ĥn ∝
𝐾∏
𝑗=1
|𝑛𝑖 𝑗 ⟩⟨𝑛𝑖 𝑗 |. We evaluate measurement-induced changes to critical

correlations by probing microscopic operators 𝜎̂n
ℓ

and (for protocols that preserve
𝑅𝑥) 𝜀n

ℓ
that respectively map onto the CFT fields 𝜎 and 𝜀 after measurement; see

End Matter for details.

Complementary analytical insights follow from the weak-measurement limit 0 <
𝛽 ≪ 1. At 𝛽 = 0, expectation values

〈
𝜓n
𝑐

�� · · · ��𝜓n
𝑐

〉
can be recast as a path integral

weighted by a ‘pure’ Euclidean CFT action 𝑆CFT defined over space-time coordinates
(𝑥, 𝜏), such that the imaginary time intervals 𝜏 > 0 and 𝜏 < 0 respectively prepare
the quantum critical bra ⟨𝜓𝑐 | and ket |𝜓𝑐⟩. Turning on weak 𝛽 perturbs 𝑆CFT with a
‘defect line’ action 𝑆meas that acts at all 𝑥 but only 𝜏 = 0 [16]. Given measurement
data n, the action 𝑆meas is constrained by symmetry and explicitly follows from
coarse-graining 𝛽Ĥn using the field decompositions specified in Eqs. (10.2) and
(10.3). The most general form we will need for either the Ising or TCI cases is

𝑆meas ∼ 𝛽
∫
𝑥

[𝑎𝜎𝜎(𝑥, 𝜏 = 0) + 𝑎𝜀𝜀(𝑥, 𝜏 = 0)], (10.5)

where we neglected subleading terms, e.g., involving derivatives. Coefficients
𝑎𝜎 and 𝑎𝜀 are coarse-grained over a length scale large compared to the unit cell
size and are therefore position-independent; their magnitudes and relative size
do, however, depend on n, and consequently the choice of measured sites and
post-selected outcomes controls the defect-line action and consequences thereof.
Measurement patterns that preserve (𝑇𝑥)𝑝∈odd and/or 𝑅𝑥 , for instance, constrain 𝑎𝜎 =

0, while otherwise both 𝑎𝜎 and 𝑎𝜀 are generically non-zero. Renormalization group
and boundary CFT techniques predict modifications of long-distance correlations
stemming from weak measurements generating Eq. (10.5). We will see that, in all
cases, partial projective measurements implemented by our protocol (𝛽 → ∞ at
fixed 𝐿) are consistent with expectations based on these field-theoretic treatments
valid at small 𝛽.
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10.5 Post-measurement operator dictionary
The post-measurement states we consider (characterized by post-selected outcomes
n) always exhibit simple unit cells that one can organize as a set of measured sites
followed by a set of unmeasured sets. For all such states the microscopic operator

𝜎̂n
ℓ ≡

1
|Λn
ℓ
|
∑︁
𝑘∈Λn

ℓ

(−1)𝑘 𝑛̂𝑘 ∼ 𝜎 + · · · , (10.6)

with Λn
ℓ

the set of unmeasured sites within a unit cell labeled by the ‘center of mass’
position ℓ, yields the CFT field 𝜎 as the leading long-distance contribution. As an
example, for n = {𝑛5 𝑗 = 0} the Λn

ℓ
’s take the form

… …

… …

Λn
𝑗−5/2 Λn

𝑗+5/2

𝑗−5 𝑗 𝑗+5

While certainly not unique, the mapping in Eq. (10.6) democratically incorporates
all unmeasured sites within a unit cell into the order-parameter operator.

When the post-measurement state lacks bond reflection symmetry 𝑅𝑥 , the 𝜀 field
generically appears as the next-leading term represented by the ellipsis in Eq. (10.6).
Preservation of 𝑅𝑥 , however, allows one to cancel off the 𝜀 contribution—leaving an
even less relevant next-leading term and thus streamlining extraction of properties
related to𝜎. If the bond-reflection center resides within the set of unmeasured sites (as
is the case in the n = {𝑛5 𝑗 = 0} example), then the aboveΛn

ℓ
prescription automatically

removes the 𝜀 contribution since 𝜎̂n
ℓ

is odd under 𝑅𝑥 . For n = {𝑛3 𝑗 , 𝑛3 𝑗+1 = 0}
where the reflection center resides between consecutive measured sites, our usual
Λn
ℓ

choice leaves an oscillatory (−1)ℓ𝜀 contribution to 𝜎̂n
ℓ
. For this special case

we cancel the oscillatory 𝜀 term by extending Λn
ℓ

to include adjacent unit cells as
follows:
… …

… …
Λn
𝑗−3/2 Λn

𝑗+3/2

𝑗−3 𝑗 𝑗+3

Outcomes that preserve 𝑅𝑥 additionally enable a symmetry-based construction of
microscopic operators that yield 𝜀 as the leading contribution (modulo a trivial
identity factor). In particular, we define

𝜀n
ℓ ≡

1
|Λn
ℓ
|
∑︁
𝑘∈Λn

ℓ

𝑛̂𝑘 ∼ 𝑐n
1 + 𝑐

n
2𝜀 + · · · (𝑅𝑥-symmetric n) (10.7)
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using exactly the same Λn
ℓ

choices used for 𝜎̂n
ℓ
, which precludes a 𝜎 contribution to

the right side by 𝑅𝑥 symmetry. For many post-selected outcomes, even when 𝑅𝑥 is
broken, one could in principle isolate 𝜀 by searching for a fine-tuned combination of
𝑛̂𝑘 operators that cancels off 𝜎, but we will not pursue such an extraction here.

10.6 Extracting scaling dimensions
Equipped with microscopic mappings that represent 𝜎 and (in some cases) 𝜀 after
applying a variety of measurement protocols, we now discuss the extraction of
post-measurement scaling dimensions via DMRG simulations.

For periodic chains, Δ𝜎 was calculated via a power-law fit of the longest-range 80% of
post-measurement connected correlators, ⟨𝜎̂n

ℓ1
𝜎̂n
ℓ2
⟩𝑐, shown in the insets of Figs. 11.1

and 11.2 in the main text. For chains with open boundary conditions, translation
symmetry is explicitly broken at the edges; ⟨𝜎⟩ consequently obtains a spatially
dependent expectation value that decays towards zero in the bulk. Reference [21]
provides the universal scaling of this expectation value from the boundary of an
(unmeasured) odd-length open Rydberg chain:

⟨𝜎̂𝑗+1/2⟩ ∼
[
sin

(
𝜋
𝑗 + 1
𝐿 + 2

)]−Δ𝜎
. (10.8)

In our post-measurement setting, we use the above equation modified by taking
𝑗 + 1/2→ ℓ and 𝜎̂𝑗+1/2 → 𝜎̂n

ℓ
.

10.7 Relation to the ancilla-assisted Ising and boundary-CFT viewpoints
The Rydberg protocol uses a single number-basis measurement rather than the ancilla-
assisted weak measurements of Chapter 3. Nevertheless, the field-theory structure is
the same: after coarse graining, the measurement generates a defect-line action whose
allowed terms are fixed by lattice symmetries and by the selected outcome sector.
The same relevant-versus-marginal distinction that controlled Chapters 3–6 therefore
reappears in an experimentally accessible setting, while the boundary-condition
language of Chapters 7–9 explains the fixed points reached by strong projective
measurements.
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C h a p t e r 11

ALTERED ISING AND TRICRITICAL ISING CRITICALITY IN
RYDBERG CHAINS

11.1 Measurement-altered Ising criticality in Rydberg arrays
Suppose now that |𝜓𝑐⟩ represents a quantum critical state tuned to the Ising transition
line in Fig. 10.1(a). In the Ising CFT, the 𝜀 term from Eq. (10.5) is marginal whereas
𝜎 is strongly relevant. Provided 𝑎𝜎 ≠ 0, the latter thus dominates—inducing a flow to
a new stable fixed point described by a boundary CFT with fixed boundary conditions
at 𝜏 = 0 [13, 123]. Here measurements (𝑖) generate order-parameter condensation,
(𝑖𝑖) non-perturbatively modify the 𝜏 = 0 𝜎 and 𝜀 scaling dimensions to Δ𝜎 = Δ𝜀 = 2,
and (𝑖𝑖𝑖) produce area-law entanglement in the post-measurement wavefunction [3,
57]. The marginal 𝜀 term controls the long-distance physics, however, if 𝑎𝜎 vanishes
due to symmetry; measurements then leave Δ𝜀 unchanged, while both the scaling
dimension Δ𝜎 and effective central charge (quantified by the entanglement entropy)
vary continuously with the measurement strength 𝛽 [3, 57, 58, 26, 27].

To test these predictions with more practical projective measurements, we employ
density matrix renormalization group (DMRG) simulations to extract correlations of
a critical Rydberg chain before and after measuring. Specifically, we simulate a finite-
size chain and perform projective measurements on a subset of sites corresponding
to various choices of n at 𝑉2 = 0 in periodic chains and with open boundaries.
Scaling dimensions are extracted from power-law fits of two-point correlators or,
with open boundaries, from the decay of one-point 𝜎 correlators away from edges
[21]. Pre-measurement correlators simply return scaling dimensions in excellent
agreement with those of the ‘pure’ Ising CFT—a useful diagnostic for the fidelity of
the critical state (see Fig. 11.1, left). The middle (blue) and right (green) regions of
Fig. 11.1 summarize our post-measurement results for the 𝜏 = 0 scaling dimension
Δ𝜎 arising in n sectors specified on the horizontal axis. (See Ref. [146] for results
on Δ𝜀.)

Middle data correspond to measurements that preserve neither (𝑇𝑥)𝑝∈odd nor 𝑅𝑥 ,
thus permitting a nontrivial 𝜎 perturbation in Eq. (10.5). For intuition, consider
the case where we measure sites {2, 4, 6, . . . , 𝐿} with outcomes {0, 0, 0, . . . , 0},
i.e., post-selecting for the atomic ground state on every other site. Hereafter we
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Figure 11.1: Altered Ising criticality. Extracted scaling dimension of 𝜎 (Δ𝜎) at
Ising criticality before (left region) and after (middle and right regions) projective
measurements. Horizontal axis indicates various measurement protocols, including
the subset of measured sites and their outcomes. Circles (squares) correspond
to chains with periodic (open) boundary conditions. Insets: Post-measurement
order parameter correlators for periodic chains, which were used to determine the
circular markers of the same color in the main panel. The dependence on chord
distance (horizontal axis) arises from the conformal mapping from an infinite line to
a circle of circumference 𝐿 [9]. Corresponding open-chain correlators and DMRG
implementation details appear in Ref. [146].

adopt shorthand notation n = {𝑛2 𝑗 = 0} for this protocol (and similarly for other
outcomes). This measurement sector reduces translation symmetry in a manner that
accommodates only one of the two CDW ordered patterns. Analogous logic holds for
the sectors with n = {𝑛4 𝑗 = 0} or n = {𝑛4 𝑗 = 1}, albeit with weaker ordering bias
because fewer sites are measured. For all these cases our DMRG simulations recover
Δ𝜎 ≈ 2, which agrees with the intuition that these CDW-order-seeding measurements
act as a 𝜎 deformation.

The right section of Fig. 11.1 corresponds to measurements that preserve (𝑇𝑥)𝑝∈odd and
𝑅𝑥 , leaving only the 𝜀 perturbation in Eq. (10.5). Measurements with n = {𝑛3 𝑗 = 0},
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for instance, do not discriminate between the two adjacent CDW orders; instead
order-parameter correlations are simply suppressed given the ground-state atomic
configuration imposed on every third site. One can control this suppression by
choosing n’s with the same symmetry but different densities of measured sites.
Consistent with the intuition above as well as predictions from the weak-measurement
limit, our DMRG results reveal n-dependent Δ𝜎’s exceeding the pre-measurement
value of 1/8. This agreement supports extrapolating 𝛽 ≪ 1 analytic predictions to
the 𝛽→∞ projective protocol, as previously discussed.

11.2 Measurement-altered tricritical Ising criticality
Next we examine the critical ground state |𝜓𝑐⟩ at the TCI point. Here both the𝜎 and 𝜀
terms from Eq. (10.5) constitute strongly relevant perturbations. When 𝑎𝜎 dominates,
the system again flows to a stable fixed point with the same characteristics highlighted
earlier for the Ising case (including modified 𝜏 = 0 dimensions Δ𝜎 = Δ𝜀 = 2).
Measurements yielding dominant 𝑎𝜀,1 in contrast, now induce a flow to a different
stable fixed point exhibiting free boundary conditions—non-perturbatively modifying
the 𝜏 = 0 dimensions to Δ𝜎 = 3/2,Δ𝜀 = 2 [147]. At some critical value of 𝑎𝜎/𝑎𝜀,
measurements drive a flow to an intervening unstable fixed point corresponding to
a boundary CFT with partially polarized boundary conditions and Δ𝜎 = Δ𝜀 = 3/5
[123, 124].

Numerical simulations are consistent with these predictions for the TCI chain;
see Fig. 11.2 for periodic systems (Ref. [146] includes additional details for open
boundary conditions). The green region on the right once again corresponds to
measurement outcomes for which symmetry dictates 𝑎𝜎 = 0, in this case yielding
Δ𝜎 ≈ 3/2 as expected for the TCI point. The blue region on the left represents
outcomes with 𝑛 𝑗 = 1 on every fourth, sixth, or eighth site. Because of the blockade
constraint enforcing 𝑛 𝑗−1 = 𝑛 𝑗+1 = 0 on the adjacent sites, such outcomes clearly
inject CDW order, acting as a 𝜎 deformation to indeed yield Δ𝜎 ≈ 2 as expected
from the 𝑎𝜎-driven fixed point. In principle, one could tune 𝑎𝜎/𝑎𝜀 to cross the
intermediate unstable fixed point by considering measurement patterns that intermix
the two types of outcomes above in varying proportions. Interestingly, however, the
End Matter provides numerical evidence that simple outcomes with 𝑛2 𝑗 = 0 place
the system at or very near the intermediate fixed point.

1We assume a sign of 𝑎𝜀 such that the 𝜀 term opposes CDW order, which is always the case for
n’s that we have studied.
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Figure 11.2: Altered tricritical Ising. Extracted scaling dimension of 𝜎 (Δ𝜎) at
TCI before (left region) and after (middle and right regions) projective measurements
(patterns of which are indicated on the horizontal axis) with periodic boundary
conditions. Insets: Chord distance dependence of the post-measurement order
parameter correlators. Additional data for open boundary conditions and the
intermediate fixed point can be found in Ref. [146], respectively.

11.3 Open-boundary diagnostics and finite-size scaling
Figure 11.3 examines the open-boundary-condition scaling behavior of the one-point
𝜎 correlator under various measurement protocols applied to critical Ising and TCI
chains. Panel (a) shows ⟨𝜎̂n

ℓ
⟩ for n’s that preserve 𝑅𝑥 symmetry, corresponding to

marginal perturbations to the Ising CFT. As the density of measured sites increases,
the numerical results reveal a smooth increase of Δ𝜎 relative to the pre-measured
value of 1/8. The extracted Δ𝜎 values agree well with those obtained from two-
point correlators in periodic chains; see Table 11.1, which provides a summary
of the exponents extracted for various measurement outcomes on both open and
periodic chains. Panel (b) shows numerical results for 𝑅𝑥-symmetric measurement
outcomes on the TCI wavefunction generating, in this case, a relevant (symmetric)
𝜀 perturbation. While the analytical prediction is Δ𝜎 = 3/2, we observe a slight
numerical drift (with the deviation from the predicted Δ𝜎 reaching as large as 12%



235

for the measurement outcome {𝑛5 𝑗 = 0}) with the measurement strength. We
attribute this dependence to finite-size effects (we observe a light improvement
with increasing system size, although we are then limited by bond dimension).
Moreover, unlike for the 𝜎-perturbation, the power-law dependence of the correlator
for measurement outcomes 𝑛5 𝑗 = 0 and 𝑛3 𝑗 = 0, is only observed at sufficiently large
distances, preventing us from extracting an accurate power-law exponent. Outcomes
n that break 𝑅𝑥 symmetry correspond to relevant CFT perturbations that drive a
non-zero ⟨𝜎⟩ value in the bulk even in the thermodynamic limit. To mod out this
bulk contribution and isolate the scaling behavior away from the edges, panels
(c) and (d) show the spatial derivative of ⟨𝜎n

ℓ
⟩ with respect to the horizontal-axis

parameterization. The fitted slope 𝜈 on the log-log plot yields a scaling dimension
Δ𝜎 = −𝜈 − 1. For both critical Ising and TCI chains, we find Δ𝜎 ≈ 2 independent of
the measurement protocol—consistent with both analytical predictions and numerical
results for periodic chains.

Ising
Pure CFT Relevant Perturbation (𝜎) Marginal Perturbation (𝜀)

Predic. Δ𝜎 = 1
8 Prediction Δ𝜎 = 2 Prediction Δ𝜎 increases w/ meas. strength

n N/A {𝑛4 𝑗 = 0} {𝑛2 𝑗 = 0} {𝑛4 𝑗 = 1} {𝑛5 𝑗 = 0} {𝑛3 𝑗 = 0} {𝑛3 𝑗 , 𝑛3 𝑗+1 = 0}
PBC 0.125233(5) 1.998(5) 1.978(3) 2.03(2) 0.2199(1) 0.26968(4) 0.4101(4)
OBC 0.12302(5) 1.948(3) 1.952(3) 1.9921(8) 0.2165(3) 0.2639(1) 0.3978(3)
𝑅𝑥 N/A No No No Yes Yes Yes

(𝑇𝑥) 𝑝∈odd N/A No No No Yes Yes Yes

Tricritical Ising
Pure CFT Relevant Perturbation (𝜎) Relevant Perturbation (𝜀)

Predic. Δ𝜎 = 3
40 Prediction Δ𝜎 = 2 Prediction Δ𝜎 = 3

2
n N/A {𝑛8 𝑗 = 1} {𝑛6 𝑗 = 1} {𝑛4 𝑗 = 1} {𝑛5 𝑗 = 0} {𝑛3 𝑗 = 0} {𝑛4 𝑗 , 𝑛4 𝑗+1 = 0}

PBC 0.074158(8) 1.971(9) 1.976(2) 1.971(2) 1.460(8) 1.49(2) 1.5101(3)
OBC 0.0711(3) 1.914(2) 1.887(2) 1.856(3) 1.68(4) 1.63(1) 1.529(7)
𝑅𝑥 N/A No No No Yes Yes Yes

(𝑇𝑥) 𝑝∈odd N/A No No No Yes Yes No

Table 11.1: Numerically extracted scaling dimensions Δ𝜎 for Ising and TCI chains
in both periodic and open boundary conditions. The uncertainty values (parentheses)
are the standard errors from linear regression fits used to obtain Δ𝜎 and are shown as
error bars in Figs. 11.1 and 11.2 from the main text. Note that these uncertainties do
not account for finite-size effects or slight deviations from exact critical tuning, both
of which we expect contribute to discrepancies from theoretical predictions. The
bottom rows of each table indicate whether each protocol respects or breaks the 𝑅𝑥
or (𝑇𝑥)𝑝∈odd symmetries.

For 𝑅𝑥-preserving measurement outcomes, we can additionally extract the 𝜀 scaling
dimension via Eq. (10.7) in the main text. Figure 11.4 demonstrates this extraction
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Figure 11.3: One-point order parameter correlations following measurements of an
𝐿 = 121-site open chain tuned to Ising (left) or tricritical Ising (right) criticality. To
give best agreement with boundary CFT predictions, right panels employ a detuning
shift, Δ→ Δ−𝑉2, on the first and last sites of Eq. (10.1) of the main text, as detailed
in Ref. [21]. Data represent measurement protocols yielding 𝜀 (top) and 𝜎 (bottom)
CFT perturbations, with 𝑥ℓ ≡ 𝜋 ℓ+1/2

𝐿+2 on the horizontal axis. Bottom panels show the
spatial derivative of the one-point correlator to effectively cancel off a finite ⟨𝜎⟩ bulk
contribution. The furthest 80% of data from the boundary is used in all cases to fit
the corresponding power-law exponent, with the exception of the post-measurement
correlators in panel (b) where finite-size effects encourage us to fit only the furthest
2/3 of sites.

through the power-law scaling of the connected correlator ⟨𝜀n
ℓ1
𝜀n
ℓ2
⟩𝑐 in a periodic

chain prepared at (a) the Ising transition and (b) the TCI point. In (a) we perform
a local spatial average over adjacent pairs of unit cells to suppress a pronounced
oscillatory component, which we attribute to a closely subleading, symmetry-allowed
term of the form (−1)ℓ𝜕𝑥𝜎 appearing in the ellipsis of Eq. (10.7). In contrast, this
averaging is unnecessary for the TCI case in (b), where 𝜀 is significantly more
relevant than 𝜕𝑥𝜎. In both the Ising and TCI case, we find consistency with the CFT
predictions of Δ𝜀 = 1 and Δ𝜀 = 2, respectively.

Analysis of ⟨𝜀𝜀⟩𝑐 for the {𝑛3 𝑗 , 𝑛3 𝑗+1 = 0} outcome
We provide here the analysis of the 𝜀 scaling dimension in the {𝑛3 𝑗 , 𝑛3 𝑗+1 = 0}
post-measurement state. We employ the following microscopic operator mapping,
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Figure 11.4: Connected two-point 𝜀 correlators following 𝑅𝑥-symmetric measurement
protocols in an 𝐿 = 120-site periodic critical chain tuned to (a) Ising criticality and
(b) the TCI point. The SM analyzes data for the 𝑛3 𝑗 , 𝑛3 𝑗+1 = 0 Ising measurement
protocol, which suffers from more severe finite-size effects.

closely related to the originally prescribed 𝜀 mapping:

𝜀
n,𝑍2
ℓ
≡ 1

2

(
𝜀n
ℓ−3/2 + 𝜀

n
ℓ+3/2

)
=

1
4
(𝑛̂ℓ−3 + 2𝑛ℓ + 𝑛̂ℓ+3) (11.1)

This choice preserves the symmetries 𝑅𝑥𝑇3
𝑥 and site-reflection 𝑅𝑥𝑇−1

𝑥 , ensuring that
the fields𝜎 and (−1)ℓ𝜕𝑥𝜎, respectively, do not appear in the field-theoretic description.
Eliminating the sub-leading field (−1)ℓ𝜕𝑥𝜎 is crucial due to its pronounced oscillatory
effects, which stem from its scaling dimension being very closely sub-leading to
that of 𝜀 in the {𝑛3 𝑗 , 𝑛3 𝑗+1 = 0} post-measurement setting. We provide evidence of
numerical agreement with theoretically predicted scaling in Fig. 11.5.

11.4 Intermediate fixed point for tricritical Ising
As discussed in the main text, 𝜎 and 𝜀 in Eq. (10.5) are both relevant at the
TCI point and thus compete nontrivially when the symmetry of the measurement
outcome permits both terms. Here we explore a possible Rydberg array realization
of the transition region where these terms compete to a draw—driving a flow to an
intervening unstable fixed point. To this end, we study generalized post-measurement
states |𝜓(𝛽, 𝜃)⟩ = 𝑒−

𝛽

2 Ĥ (𝜃) |𝜓𝑐⟩ with |𝜓𝑐⟩ the TCI ground state and

Ĥ (𝜃) =
∑︁
𝑗

[
(−1) 𝑗 sin(𝜃) + cos(𝜃)

]
𝑛̂ 𝑗 . (11.2)

At 𝜃 = 0, the measurement drives a flow to the 𝜀-driven fixed point for any finite
𝛽 > 0, since the translation symmetry exhibited by Ĥ disallows 𝜎 from the action. At
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Figure 11.5: Two-unit-cell average of connected correlators of 𝜀n,𝑍2
ℓ

after applying
the n = {𝑛3 𝑗 , 𝑛3 𝑗+1 = 0} measurement protocol on an 𝐿 = 180 Ising critical Rydberg
chain with PBC. The dashed line shows the boundary CFT prediction of Δ𝜀 = 1.

𝜃 = 𝜋/2 by contrast, the measurement promotes CDW configurations by enhancing
amplitudes with 𝑛2 𝑗 = 0 and 𝑛2 𝑗+1 = 1—naturally yielding the 𝜎-driven fixed point.
Sweeping 𝜃 between these extremes may then cross the intermediate fixed point at
some 𝛽-dependent critical angle 𝜃𝑐.

We confirm this scenario by analyzing the observable ⟨𝜎̂1/2⟩ ≡ ⟨𝜓(𝛽, 𝜃) |𝜎̂1/2 |𝜓(𝛽, 𝜃)⟩
across various 𝛽 and 𝜃 assuming periodic boundary conditions (hence the results
do not depend on the evaluation point). Figure 11.6(a) shows ⟨𝜎̂1/2⟩ versus 𝜃 at
𝛽 = 1, which realizes an increasingly step-like curve as system size 𝐿 increases. The
inset zoom-in reveals a scale-invariant point at 𝜃 ≈ 0.221𝜋 that we identify as 𝜃𝑐.
Figure 11.6(b) illustrates the 𝛽 dependence of 𝜃𝑐 determined analogously.

Interestingly, as 𝛽 → ∞, 𝜃𝑐 appears to asymptotically approach 𝜋/4—which is
intuitive from the following perspective. In the projective-measurement regime
(𝛽 = ∞), 𝑒−

𝛽

2 Ĥ (𝜃) projects the TCI wavefunction onto a symmetric, trivial product
state with all 𝑛 𝑗 = 0 for 0 ≤ 𝜃 < 𝜋/4, but instead projects all sites onto a CDW
product state for 𝜋/4 < 𝜃 ≤ 𝜋/2. A nontrivially entangled post-measurement state
survives uniquely at 𝜃 = 𝜋/4, which intervenes between the adjacent trivial and CDW
states (just like the intermediate fixed point expected from the CFT). Examining
Eq. (11.2) with 𝜃 = 𝜋/4, one sees that this limit corresponds to our usual projective
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Figure 11.6: Evidence for measurement-induced intermediate fixed point. (a)
Expectation value ⟨𝜎̂1/2⟩ versus 𝜃 at 𝛽 = 1 for various system sizes. Inset: Zoom-in
revealing a scale-invariant point at 𝜃𝑐 ≈ 0.221𝜋 (vertical dashed line) indicating the
unstable intermediate fixed point. (b) Extracted 𝜃𝑐 values at various 𝛽. Axes are
chosen to highlight the apparent asymptotic trend, 𝜃𝑐 → 𝜋/4 as 𝛽→∞.

measurement protocol with n = {𝑛2 𝑗 = 0}—suggesting that this relatively high
probability outcome may realize (or very nearly realize) the intermediate unstable
fixed point with Δ𝜎 = 3/5. We further test this possibility by computing the
connected order-parameter correlators of the {𝑛2 𝑗 = 0} projective post-measurement
state. Despite strong finite-size effects, the results in Fig. 11.7 decay much more
slowly compared to either the 𝜎- or 𝜀-driven fixed points (cf. Fig. 11.2). Scaling
with system size, however, indicates that the scaling dimension extracted from our
simulations exceeds the expected Δ𝜎 = 3/5 value as 𝐿 increases—possibly stemming
from imperfect tuning to the TCI point due to finite 𝑉1.
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Figure 11.7: Connected order-parameter correlations after applying the projective-
measurement protocol with n = {𝑛2 𝑗 = 0} to TCI ground states on periodic chains.

11.5 Extrapolating from weak measurements to the projective limit
In the main text, our analytical treatment relies on the 𝐿 →∞, weak-measurement
limit 0 < 𝛽 ≪ 1, whereas the experimentally relevant protocol corresponds to
the projective limit 𝛽 → ∞ on a finite-sized system. To connect these two limits,
here we study a family of post-measurement states obtained by applying the weak-
measurement operator

𝑀̂ ∝ 𝑒
− 𝛽2

∑
𝑗

𝑛̂2 𝑗
(11.3)

that interpolates between the weak-measurement regime and the projector onto the
outcome n = {𝑛2 𝑗 = 0}. For any 𝛽 > 0, this protocol breaks the same lattice
symmetries as the fully projective measurement, and therefore is expected to induce
the same 𝜎-dominated deformation. Figure 11.8 provides a representative numerical
check of this expectation. As 𝛽 is increased from the weak-measurement regime to
large values, the connected two-point correlator evolves smoothly toward the fully
projective result, and its long-distance behavior approaches the same field-theory-
predicted post-measurement scaling. Note that, for very small 𝛽, this predicted
scaling is not yet visible at the numerically accessible system size. Physically, one
may view this as a finite-size crossover effect: when the perturbation is too weak, the
available length scales are insufficient for the system to fully flow to the 𝜎-induced
fixed point. More quantitatively, a simple RG analysis characterizes the crossover
regime to occur when 𝛽𝐿7/8 ∼ constant [148].
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Figure 11.8: Comparison of two-point correlators of 𝜎 for an 𝐿 = 120-site periodic
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denotes the fully projective post-selected state with n = {𝑛2 𝑗 = 0}.

11.6 Boundary-CFT derivation of the modified 𝜎 scaling dimension

𝜏

𝑥

𝜎(𝑥1, 𝜏 = 0) 𝜎(𝑥2, 𝜏 = 0)

𝑆meas defect line at 𝜏 = 0

Figure 11.9: Schematic boundary-CFT description of the post-measurement fixed
point. A relevant measurement defect at 𝜏 = 0 flows to the fixed conformal boundary
condition with all spins aligned. The two × symbols indicate 𝜎 insertions brought to
the boundary, whose connected correlator realizes the defect scaling dimension.

The aim of this section is to demonstrate how one arrives at the modified Δ𝜎 = 2
scaling dimension in the presence of a relevant measurement defect. As discussed
in the main text, the weak measurement introduces a 𝜏 = 0 ‘defect-line’ action
𝑆meas that acts at all 𝑥, but only 𝜏 = 0. For relevant deformations, 𝑆meas will grow
under RG flow and pin the spins along 𝜏 = 0. The pinned spins cause a decoupling
between 𝜏 = 0+ and 𝜏 = 0−. In this decoupled setting, we can consider correlators
on only the upper half plane (UHP). Such correlators can be calculated using the
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“method of images” where 𝑛-point correlators on the UHP with uniform, conformally
invariant boundary conditions are related to 2𝑛-point correlation functions on the full
plane [13]. The case that we are interested in, corresponding to two-point correlator
of 𝜎 in the UHP with spins pinned to + at 𝜏 = 0 (see Fig. 11.9), has been calculated
through this method of images by Ref. [103] as

⟨𝜎(𝑥1, 𝜏1)𝜎(𝑥2, 𝜏2)⟩𝑐 = (4𝜏1𝜏2)−1/8
[
(𝜒12 + 𝜒−1

12 )
1/2 −

√
2
]

(11.4)

with

𝜒12 =

(
1 + 4𝜏1𝜏2

𝑟2

)
, 𝑟2 = (𝑥1 − 𝑥2)2 + (𝜏1 − 𝜏2)2. (11.5)

Since we are interested in equal-time correlators at the boundary we consider
𝜏1 = 𝜏2 → 𝜖 where 𝜖 is small. Expanding to lowest order in 𝜖 we recover

⟨𝜎(𝑥1)𝜎(𝑥2)⟩𝑐 ≈
𝜖15/4

27/4 |𝑥1 − 𝑥2 |−4 + O(𝜖23/4) ∼ |𝑥1 − 𝑥2 |−2Δ′𝜎 (11.6)

with Δ′𝜎 = 2 being the modified scaling dimension. Note, while Eq. (11.6) shows
the result of the two-point correlator corresponding to an infinite 1D line, one can
perform a conformal transformation to recover the correlator along a finite circle
geometry. Upon doing so, one recovers the chord distance dependence as shown in
the numerical results of the manuscript.

11.7 Comparison with the boundary-transition framework
The Rydberg results are naturally read as a projective-measurement realization of the
boundary-CFT phenomena developed in Part IV. Outcome sectors that seed one of
the two CDW patterns behave like 𝜎 deformations and flow toward fixed-boundary
behavior. Symmetry-preserving sectors remove the 𝜎 perturbation and expose
either the Ising marginal 𝜀 deformation or, at the tricritical Ising point, a relevant 𝜀
deformation that drives a distinct boundary condition. The intermediate fixed point
discussed above is the Rydberg-array counterpart of the partially polarized boundary
fixed point in the tricritical Ising boundary theory.
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C h a p t e r 12

POST-SELECTION, RESTRICTED AVERAGES, AND
EXPERIMENTAL IMPERFECTIONS

12.1 Why post-selection is the experimental bottleneck
Our approach to observing measurement-altered criticality requires repeatedly
obtaining target states

��𝜓n
𝑐

〉
by post-selectively measuring a finite fraction 𝑘 ≡ 𝐾/𝐿 of

sites. Although the success probability 𝑃n ∼ 𝑒−𝑘𝐿/𝜉n generically decays exponentially
with 𝐿, we find that 𝑘/𝜉n can be quite small for certain outcomes—implying a
relatively benign post-selection problem that can be further tamed by reducing the
density of measured sites 𝑘 .

Figure 12.1 presents 𝑃n for various n sectors extracted from DMRG simulations
of both critical Ising and TCI wavefunctions. Panel (a) reveals encouragingly
high probabilities for the {𝑛2 𝑗 = 0} outcome even for fairly large systems of order
100 sites, which we attribute to several factors: Among protocols that measure
every other site, the outcome {𝑛2 𝑗 = 0} maximizes the subspace dimension of
the unmeasured sites (any site measured to have 𝑛 𝑗 = 1 pins the adjacent sites to
𝑛 𝑗−1 = 𝑛 𝑗+1 = 0 due to Rydberg blockade). The Fig. 12.1(a) inset moreover shows
that the conditional probability for obtaining 𝑛2𝑘 = 0 given prior measurements
of 𝑛2𝑘−2 = 𝑛2𝑘−4 = · · · = 𝑛0 = 0 rapidly reaches near unity as 𝑘 increases—
consistent with the observed slow decay with 𝐿. Finally, the relatively high
probability for {𝑛2 𝑗 = 0} is rather natural given that this outcome accommodates
both CDW (. . . 010101 . . .) and disordered (. . . 000000 . . .) configurations that are
associated with the adjacent gapped phases and thus heavily weighted in the critical
wavefunction—particularly at the TCI point beyond which the transition becomes
first order.

Probabilities for additional outcomes shown in panel (b) decay much faster with 𝐿.
Nevertheless, even those outcomes remain feasible for chains with a few tens of sites.
Note that degeneracy factors would enhance their success probability by a few times;
e.g., obtaining {𝑛3 𝑗 = 0}, {𝑛3 𝑗+1 = 0}, or {𝑛3 𝑗+2 = 0} yield symmetry-equivalent
measurement-altered states, at least on a periodic chain.
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Figure 12.1: Enhanced probability outcomes. Post-selection probabilities for (a)
{𝑛2 𝑗 = 0} and (b) other outcomes in critical Ising and TCI Rydberg chains. Panel
(a) inset: conditional probability of measuring 𝑛2𝑘 = 0, given prior 𝑛2( 𝑗<𝑘) = 0
outcomes for an 𝐿 = 80 critical Ising chain with periodic boundaries.
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12.2 Restricted averages from full-chain measurement data
In the pre-measurement quantum critical state |𝜓𝑐⟩, expectation values of generic
operators 𝑓 ({𝑛̂ 𝑗 }) diagonal in the number basis can be recast as an unrestricted
sum over eigenvalues 𝑓 ({𝑛 𝑗 }) weighted by the corresponding Born probabilities.
To evaluate such quantities in practice, one would repeatedly prepare |𝜓𝑐⟩ and
then projectively measure all sites simultaneously to sample the Born probability
distribution.

Precisely the same data set encodes measurement-altered correlations. Indeed
expectation values in the post-measurement state

��𝜓n
𝑐

〉
take an identical form but

where the sum is restricted over occupation numbers compatible with a target post-
selection sector n. Additional overhead for probing measurement-altered criticality
only comes from an increased number of experimental runs needed to access target
sectors with sufficient statistics to back out measurement-altered correlations, whose
amplitudes are typically reduced compared to their pre-measurement counterparts.
While this increase is generically exponential in system size, we showed that relevant
post-selection probabilities are enhanced in part by the Rydberg blockade. Another
virtue of the Rydberg setup is that measurements in a single basis suffice to not only
probe different CFT fields [recall Eqs. (10.2) and (10.3)], but also to access distinct
measurement-induced modifications by simply tailoring the post-selected outcomes n.
This feature reflects the fact that the CDW ordered states break translation symmetry,
rather than a purely on-site symmetry. The transverse-field Ising model with local
spin-flip symmetry, for instance, would require measurements in two different bases
[3, 58, 57].

Looking ahead, it will be important to characterize decoherence and finite-
temperature effects occurring in the experimental setup (see Ref. [146] for an analysis
of the effects of off-critical state preparation), as well as possible error correction and
decoding protocols to further facilitate the demonstration of measurement-altered
criticality. Additionally, Kibble-Zurek-like protocols that incorporate measurements,
whether applied before, after, or continuously during the ramp, provide an interesting
direction for future study and may offer alternative routes to extracting altered
scaling dimensions. The Rydberg setup may further allow realizing predictions from
Ref. [128] on the same CFTs studied here, regarding non-linear quantities in the
density matrix; devising practical algorithms to that end poses another interesting
future direction.
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12.3 Possible experimental imperfections
The protocols described in this work provide a concrete route to observing
measurement-altered criticality in Rydberg arrays assuming idealized preparation of
the initial critical state. In practice, however, various experimental imperfections
may hinder their realization. One possible source of imperfection is disorder arising
from spatial variation in the local detuning and Rabi frequency. If sufficiently
strong, such disorder sources could drive the system away from the clean Ising
CFT fixed point and toward disorder-dominated behavior [149]. Recent works
suggest that random positional deviations in the optical tweezers manifest in a more
constrained fashion, leading to a ‘psuedo-critical’ disordered fixed point [150, 151].
A recent Rydberg-array experiment that spectroscopically revealed excitation spectra
predicted by a clean Ising-critical theory, suggests that such disorder is not dominant,
even in currently available experimental platforms [137].

Another possible imperfection is off-critical state preparation. Below we con-
sider states prepared slightly away from the critical point and examine their pre-
measurement and post-measurement correlations, as well as the modifications to
the post-selection probabilities shown in Fig. 12.1 of the main text. Additional
experimental imperfections include errors accumulated during the quasi-adiabatic
ramp, decoherence due to coupling with the environment, and atom loss arising from
finite Rydberg lifetime and imaging imperfections [134, 33, 135, 152]. A recent
experiment treated such perturbations phenomenologically through an exponential
envelope multiplying the critical power-law correlations to recover the pure Ising
CFT order-parameter scaling dimension [135]. In what follows, we adopt a similar
philosophy and model perturbations that move the system away from the pure critical
ground state by phenomenologically introducing a finite temperature that modifies
the form of the universal prediction.

Off-critical state preparation
To characterize the robustness of correlations to off-critical state preparation, we
consider the Hamiltonian of main text Eq. (10.1) with periodic boundary conditions,
𝑉2 = 0, and Δ = Δ𝑐 − 𝛿Δ, where 𝛿Δ parametrizes deviations from the critical
detuning. Due to translation invariance, this imperfection can be treated as a bulk 𝜀
deformation to the Ising CFT which, from standard renormalization group scaling
arguments, induces a correlation length that scales as 𝜉 ∼ 1/|𝛿Δ| [153]. We expect
the pre- and post-measurement correlation functions to be largely insensitive to
such imperfections provided 𝜉 ≳ 𝐿. Figure 12.2(a) shows the pre-measurement
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connected correlator of 𝜎 for several detuning shifts. We consider off-critical states
only on the disordered side, 𝛿Δ > 0, to avoid GHZ-like states that appear on finite
sizes. To extract the correlation length of the off-critical states, we adopt the same
phenomenological form as Ref. [135] and fit the corresponding correlators to

⟨𝜎̂1/2𝜎̂𝑑+1/2⟩𝑐 ∼ sin( 𝜋𝑑
𝐿
)−1/4𝑒−

𝐿
𝜋 𝜉

sin( 𝜋𝑑
𝐿
)
. (12.1)

In Fig. 12.2(b), we show the connected 𝜎 correlators after modding out the fitted
exponential, recovering the critical power-law scaling. At small detuning shifts,
where the CFT description is expected to hold most closely, the correlation length
is found (see Fig. 12.2(c)) to scale inversely proportional to 𝛿Δ, as predicted. In
particular, the scaling suggests that experiments such as Ref. [137] which prepare
near-critical states with 𝐿 ≈ 20, 30 should realize only mild finite-𝜉 effects for
off-critical thresholds of 𝛿Δ/Ω ≈ 0.04, 0.03, respectively.
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Figure 12.2: (a) Two-point correlator of 𝜎 for an 𝐿 = 80 periodic Rydberg chain
prepared at various distances from criticality. For 𝛿Δ/Ω = 0.0, 0.005, 0.01 and 0.05
the fits of Eq. (12.1) (dashed curves) yield 𝜉 ≈ 530, 165, 93.1 and 16.8, respectively.
(b) Modified correlation functions after modding out the exponential prefactor. The
black dashed line indicates expected scaling directly at the critical point. (c) Extracted
correlation length 𝜉 as a function of detuning distance from criticality 𝛿Δ/Ω; the
dashed line indicates the expected scaling 𝜉 ∝ |𝛿Δ|−1.

One may also consider how measurements alter states prepared at off-critical
detunings. In Fig. 12.3(a), we show connected correlators of 𝜎 after post-selectively
measuring n = {𝑛2 𝑗 = 0} on states prepared at varying distances from criticality.
In this case, the strong 𝜎 deformation dominates over the off-critical perturbation
(for the system sizes simulated), and we see less dramatic deviation from the ideal
scaling than in the measurement-free case. Additionally, Fig. 12.3(b) shows that
the post-selection probability for this outcome decreases away from criticality, but
remains appreciable for the detuning range considered. This decrease reflects the
sign of 𝛿Δ that we assumed—which pushes the system into the trivial phase, where
CDW order is suppressed.
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Figure 12.3: (a) Post-measurement n = {𝑛2 𝑗 = 0} connected correlators of 𝜎 for
an 𝐿 = 80 periodic Rydberg chain prepared at various distances from criticality.
The dashed line shows the predicted scaling at the 𝜎-induced fixed point. (b) The
post-selection probability of the n = {𝑛2 𝑗 = 0} outcome as a function of distance
from criticality.

Phenomenological finite-temperature effects in critical Rydberg arrays
Next we model imperfect critical ground-state preparation—i.e., setting 𝛿Δ = 0
but allowing for diabatic errors, decoherence, or atom loss—by incorporating a
phenomenological finite temperature. A virtue of this modeling choice is that
conformal field theory can still be employed to make universal predictions. As a
simple example, we consider a finite periodic critical chain of length 𝐿 prepared at
inverse temperature 𝛽𝑇 . The corresponding Euclidean path integral is defined on
a torus with spatial coordinate 𝑥 ∈ [0, 𝐿] and imaginary time 𝜏 ∈ [0, 𝛽𝑇 ]. For the
Ising CFT, the two-point correlator of the spin field 𝜎 on the torus is known to take
the form [9]

⟨𝜎(𝑢)𝜎(0)⟩ ∝
����𝜕𝑢𝜃1(0|𝜏tor)
𝜃1(𝑢 |𝜏tor)

���� 1
4
∑4
𝜈=1 |𝜃𝜈 ( 𝑢2 |𝜏tor) |∑4
𝜈=2 |𝜃𝜈 (0|𝜏tor) |

, 𝜏tor = 𝑖
𝑣𝛽𝑇

𝐿
(12.2)

where 𝑣 is the non-universal velocity, 𝑢 = 𝜋𝑥/𝐿, and 𝜃𝜈 denotes a Jacobi theta
function.

In the low-temperature limit defined by 𝛽 ≫ 𝐿/𝑣, one has 𝜏tor → +𝑖∞, and the
expression above simplifies to

⟨𝜎(𝑢)𝜎(0)⟩ ∝ sin(𝑢)−1/4
(
1 + 2𝑒−𝜋𝑣𝛽𝑇/(4𝐿) sin2(𝑢/4) +𝑂 (𝑒−𝜋𝑣𝛽𝑇/(2𝐿))

)
. (12.3)

Here thermal corrections are exponentially suppressed, and the correlator retains
the algebraic decay sin(𝑢)−1/4. In the opposite limit where 𝜏tor → 0 (𝛽𝑇 ≪ 𝐿/𝑣),
keeping 𝑥 fixed, we can perform a modular transformation of the 𝜃-functions. In
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Figure 12.4: Connected 𝜎-correlators for the Ising CFT at finite temperature versus
chord distance, 𝐿
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periodic Rydberg chain prepared along the 𝑉2 = 0 point of the Ising critical line at
finite temperature 𝛽𝑇Ω. Colored lines are fits of the form of Eq. (12.2). In total, for
all the colored lines, only 2 fit parameters were used: the velocity 𝑣 = 0.915(2) and
the overall prefactor 𝐴 = 0.7183(3).

this way, they can be rewritten as a function of the modular parameter 𝑒−𝜋𝐿/(𝑣𝛽𝑇 ) ,
yielding the 𝜏tor → 0 expression

⟨𝜎(𝑢)𝜎(0)⟩ ∝
(

𝜋/(𝑣𝛽𝑇 )
sinh (𝐿𝑢/(𝑣𝛽𝑇 ))

)1/4
. (12.4)

Instead of exhibiting power law scaling with distance, as in the low-temperature limit,
Eq. (12.4) crosses over to exponential decay and, in the limit of 𝐿𝑢/(𝑣𝛽𝑇 ) ≫ 1,
possesses a thermal correlation length, 𝜉 ∝ 𝑣𝛽𝑇 .

Figure 12.4 compares numerically calculated connected 𝜎-correlators at several
values of 𝛽𝑇 with the finite-temperature CFT prediction of Eq. (12.2). The fact that
all datasets are accurately captured, using only a single velocity and single overall
prefactor for the CFT fits, indicates good agreement at a variety of temperatures,
even at the experimentally relevant system size, 𝐿 = 30. Additionally, at moderate
temperatures, the correlators retain an almost pristine form over an extended window
of chord distance before eventually crossing over to stronger thermal suppression,
suggesting that states with sufficiently large 𝛽𝑇/𝐿 may still be treated with the 𝑇 = 0,
pristine power-law ansatz.

Equation (12.2) applies only to finite-temperature observables in the absence of
measurements. Extending the analysis to measurement-altered critical states would
require evaluating correlators on geometries with both finite imaginary-time extent
and measurement-induced boundary conditions or defect insertions. We leave such
calculations for future work.



250

12.4 Experimental workflow for detecting altered scaling dimensions
The practical workflow suggested by the preceding chapters is direct. First prepare a
near-critical Rydberg chain at the Ising transition or TCI point. Second, measure
either a prescribed subset of sites or all sites in the Rydberg occupation basis.
Third, restrict the resulting measurement records to the outcome sector of interest,
construct the post-measurement operators described in Chapter 10, and extract
scaling dimensions using the finite-size forms summarized there. The success of this
workflow depends on the enhanced probabilities of favorable sectors and on the fact
that the same measurement basis gives access to several distinct post-measurement
fixed points.

12.5 Why decoding becomes useful
The restricted-average viewpoint makes clear why the next part of the thesis turns
to learning-based decoders. Even when the relevant outcome sectors are unusually
probable, post-selection still discards data. Decoder methods aim to use the full
measurement record more efficiently by learning conditional observables or nonlinear
Born-weighted moments, thereby turning the experimental bottleneck of this chapter
into the statistical-learning problem studied in Part VI.



Part VI

Post-Selection-Free
Measurement-Altered Criticality
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“Everything changes. Sometimes it’s scary, sometimes it’s a relief, and sometimes it
means dinner’s ready.”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 13

NONLINEAR OBSERVABLES AND THE STATISTICAL
LEARNING PROBLEM

The previous parts of the thesis repeatedly encountered the same practical obstacle.
The clearest theoretical signatures of measurement-altered criticality often appear in
a conditioned post-measurement ensemble: one fixes or reweights the measurement
record, computes an expectation value in that conditioned state, and then diagnoses
how the resulting object scales. Experiments, however, naturally produce unpost-
selected snapshots. This chapter explains why nonlinear conditioned observables
can nevertheless be estimated from those snapshots by turning the problem into
supervised learning.

13.1 Why post-selection-free decoding is needed
Measurements provide a powerful new control knob for quantum many-body dynam-
ics. While projective measurements on the entire system erases quantum coherence
and yields a trivial post-measurement state, measurements on a partial system can
reshape the state of the unmeasured degrees of freedom in a nontrivial manner,
offering an avenue for engineering quantum states and observing novel phenomena.
A prominent example is the measurement-induced phase transition (MIPT), which
occurs in the competition between unitary dynamics and random measurements ap-
plied to a trivial initial state. On the other hand, starting with a nontrivial initial state,
partial/weak measurements can also non-perturbatively alter quantum correlations
and entanglement. Recently, there have been extensive studies on measurement-
altered criticality (MAC) in 1D quantum systems where some correlation power-law
exponents can be non-perturbatively modified by measurements. Existing probes of
MAC typically focus on post-selecting certain measurement outcomes or computing
nonlinear functionals of the density matrix, both of which appear to demand an
exponential number of snapshot samples and form an obstacle for experimental
observation of MAC.

To circumvent this issue, previous works have proposed to use methods like quantum-
classical correlations or physics-informed decoders to postprocess the experimental
snapshot data. However, these methods relies on additional information of the
underlying physics or has limited applicability. In this part, we propose using statistical
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learning models as a general and efficient decoder to extract the critical exponents of
MAC from snapshot data only. We prove that the number of snapshots required to get
converged estimation only scales with the model capacity and the desired accuracy.
In critical Ising chains, we demonstrate numerically that polynomial-capacity models
accurately recover MAC exponents from unpostselected measurement records,
making measurement-altered criticality experimentally accessible.

13.2 Measurement records, snapshots, and conditioned states
We consider a chain of 𝐿 qubits initialized into a quantum critical ground state 𝜌0

whose universal long-distance properties are governed by a conformal field theory.
Weak measurements are implemented by pairwise entangling the critical spins
with 𝐿 ancillary qubits and then projectively measuring the ancillas with outcome
s = {𝑠1, 𝑠2, . . . , 𝑠𝐿} arising with Born probability 𝑝(s). Conditioned on s, the system
enters the non-unitarily modified state

𝜌s =
𝑀s𝜌0𝑀

†
s

𝑝(s) , 𝑝(s) = Tr(𝑀s𝜌0𝑀
†
s ) (13.1)

with 𝑀s the Kraus operator that imposes the information gleaned from the measure-
ment. In field-theory language, the weak measurement generates a sub-dimensional
perturbation—acting at a single imaginary-time slice but all positions—that we
crucially assume is relevant for generic outcomes s. In the thermodynamic limit such
measurements non-perturbatively alter the critical spin chain’s properties for any
typical s and any non-zero measurement strength.

Our goal is to harness data from either experiments or simulations to efficiently extract
the resulting qualitative changes in measurement-altered observables judiciously
averaged over s. For any operator O, a standard linear average of conditional
expectation values reproduces the expectation value of the pre-measured state,∑︁

s
𝑝(s) ⟨O⟩s = ⟨O⟩ , (13.2)

and thus discards the outcome-to-outcome variations that encode measurement-
altered behavior of interest. Nontrivial measurement effects can, however, survive
upon averaging higher moments and/or utilizing probabilities𝑤(s) that differ from the
Born probabilities 𝑝(s) when summing over measurement outcomes. We therefore
focus on nonstandard averages of the form

𝐴𝑞 [O1,O2, . . .] ≡
∑︁

s
𝑤(s) ⟨O1⟩𝑞s ⟨O2⟩𝑞s · · · (13.3)
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for some operatorsO1,2,... and an exponent 𝑞 specifying the moment of the expectation
values. Such quantities are natural theoretical objects as they can be formulated
in terms of replicated path integrals. From an experimental standpoint, however,
their direct estimation appears extremely difficult at first glance. The conditional
expectation values ⟨O⟩s require many repetitions with the same measurement record s,
but typical records occur with Born probability that decays exponentially with system
size 𝐿; moreover, nonstandard 𝑤(s) ≠ 𝑝(s) probabilities introduce an additional
re-weighting problem. Thus extracting 𝐴𝑞 from raw data faces a severe post-selection
bottleneck, motivating more efficient strategies that we turn to next.

Throughout this part we examine 𝑍-basis weak measurements, encoded through
𝑀s ∝ exp[𝛽∑

𝑗 𝑠 𝑗𝑍 𝑗 ], that explicitly break the global 𝑍 → −𝑍 symmetry preserved
by 𝐻. In the thermodynamic limit, for any non-zero measurement strength 𝛽 and for
any outcome s, such measurements non-perturbatively alter critical properties of the
spin chain by modifying the underlying Ising conformal field theory with a relevant
perturbation. We are interested in efficiently extracting the resulting qualitative
changes to 𝑍-basis observables, e.g., the spatial profile of the magnetization given
some particular s and suitable averages of related quantities over measurement
outcomes.

In experimental settings such as the Rydberg array platform, however, one does not
have direct access to the post-measurement state 𝜌s itself. Instead, in each run, both
the system and the ancilla are measured projectively, yielding a snapshot pair {z; s}
where z (s) is a list of ±1 outcomes for the system (ancilla) spins. Throughout this
work, we assume that both the system and ancilla are measured in the 𝑧 basis. The
experimentally available data therefore consist of i.i.d. samples drawn from a joint
distribution 𝑝(z, s), rather than direct access to the conditioned quantum state.

A natural question is then how to extract the physics of measurement-altered
phenomena directly from these snapshot data. More precisely, how much information
about an observable O of the system is encoded in the ancilla outcome s? For
simplicity, we only consider the operators that are diagonal in the 𝑧 basis and
therefore can be written as a function of the system snapshot O(z). This class already
includes local magnetizations and 𝑧-basis correlations. We define the conditional
expectation value ⟨O⟩s ≡ E[O(z) |s] given a certain ancilla configuration s, where E
denotes the average over repeated experimental runs. This is exactly the expectation
value in the post-measurement state associated with outcome s.

A key observation is that a linear average of conditional expectation values is just
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the expectation value of the pre-measured state, and thus discards the outcome-to-
outcome fluctuations that encode measurement-altered physics,

∑
s 𝑝(s) ⟨O⟩s = ⟨O⟩0∑︁

s
𝑝(s) ⟨O⟩s = E [E[O|s]] = E[O] = ⟨O⟩ (13.4)

where 𝑝(s) is the Born probability. This motivates us to study higher moments of
the conditional expectation,

𝐴𝑞 [O] ≡
∑︁

s
𝑝(s) ⟨O⟩𝑞s = E[E[O|s]𝑞] . (13.5)

These nonlinear quantities retain information about how strongly the ancilla record
predicts the response of the system and are therefore natural probes of measurement-
altered criticality. Specifically, the second moment 𝐴2 [O] quantifies the fraction of
fluctuations explainable by the best possible predictor (see Section 16).

13.3 Variational estimation of nonlinear observables
A natural strategy to estimate 𝐴2 [O] is to estimate E[O|s] separately for each ancilla
outcome sand then average the square. Given 𝑁 experimental snapshots {(z𝑖, s𝑖)}𝑁𝑖=1
, let 𝑁s be the number of snapshots in sector s. The direct estimator is written as,

𝐴̂dir
2 [O] =

∑︁
s:𝑁s>0

𝑁s
𝑁

(∑
𝑖:s𝑖=s O(z𝑖)
𝑁s

)2
. (13.6)

Although asymptotically correct, i.e., 𝐴̂dir
2 [O] → 𝐴2 [O] at 𝑁 →∞, this estimator

is biased with finite samples. Section 16 shows that its expected error cannot be
made small unless 𝑁 ≳ 𝑂 (𝑒𝛼𝐿), where 𝛼 is some non-zero constant. Therefore this
strategy encounters the post-selection problem.

The key observation is that the same nonlinear quantity admits a post-selection-free
variational representation,

𝐴2 [O] = sup
𝑓

E
[
2O(z) 𝑓 (s) − 𝑓 (s)2

]
, (13.7)

where O and 𝑓 are assumed to be bounded. Conditioning on s gives E[2O 𝑓 − 𝑓 2] =
𝐴2 [O] − Es [( 𝑓 (s) − ⟨O⟩s)2], so the unrestricted optimizer is the Bayes predictor
𝑓★(s) = ⟨O⟩s. Thus estimating 𝐴2 [O] is equivalent to learning the conditional
response s ↦→ ⟨O⟩s from raw snapshot pairs, without resolving each post-selected
sector separately.
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In practice, we choose a hypothesis class F and minimize the empirical square loss

L̂𝑁 ( 𝑓 ) =
1
𝑁

𝑁∑︁
𝑖=1
[O(z𝑖) − 𝑓 (s𝑖)]2 (13.8)

over 𝑓 ∈ F . Denoting the learned decoder by 𝑓 = arg min 𝑓 ∈F L̂𝑁 ( 𝑓 ), we estimate

𝐴̂2 [O] =
1
𝑁

𝑁∑︁
𝑖=1

[
2O(z𝑖) 𝑓 (s𝑖) − 𝑓 (s𝑖)2

]
. (13.9)

Standard statistical-learning theory then implies that the number of snapshots needed
to estimate the best-in-class value to additive error 𝜖 scales as

𝑁 = 𝑂

(
Pdim(F ) log Pdim(F ) + log(1/𝛿)

𝜖2

)
(13.10)

with probability at least 1−𝛿, where Pdim(F ) is the pseudo-dimension of the decoder
class which roughly counts the number of free parameters in F ; see Chapter 16.
The sample cost is therefore controlled by the decoder capacity rather than by
the exponentially many possible ancilla strings. For example, a linear decoder
𝑓 (s) = 𝑐0 +

∑𝐿
𝑗=1 𝑐 𝑗 𝑠 𝑗 where 𝑐’s are parameters has Pdim(F ) = 𝐿 + 1 before

imposing additional symmetries.

The interest of this approach is thus twofold. Experimentally, it provides a post-
selection-free route to extracting measurement-altered physics directly from snapshot
data. Conceptually, it turns the nonlinear quantity 𝐴2 [O] into a controlled inference
problem: machine learning enters not as a black-box add-on, but as a structured
ansatz for the conditional response s ↦→ ⟨O⟩s.

Once learned, the decoder can also be used as a plug-in representation of the
conditioned ensemble. For example,

𝐴𝑞 [O] =
∑︁

s
𝑝(s) ⟨O⟩𝑞s ≈

1
𝑁

𝑁∑︁
𝑖=1

𝑓 (s𝑖)𝑞, (13.11)

and, given site-resolved decoders 𝑓 𝑗 (s) ≈
〈
O 𝑗

〉
s and 𝑓𝑘 (s) ≈ ⟨O𝑘⟩s, disconnected

conditioned correlators can be estimated as

𝐴𝑞 [O 𝑗 ,O𝑘 ] ≡
∑︁

s
𝑝(s)

〈
O 𝑗

〉
s ⟨O𝑘⟩s ≈

1
𝑁

𝑁∑︁
𝑖=1

𝑓 𝑗 (s𝑖) 𝑓𝑘 (s𝑖). (13.12)

In this sense, 𝑓 (s) is not merely an estimator for 𝐴2; it is a compact, post-selection-free
representation of the conditioned ensemble.
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13.4 Conceptual summary
The essential point is that a measurement record s is not only an outcome to be
post-selected; it is also a classical feature vector that carries information about the
conditional state. The Bayes-optimal predictor of an observable O(z) from s is
precisely the conditioned expectation value ⟨O⟩s. Learning this predictor therefore
gives a compact, post-selection-free representation of the conditioned ensemble.
Nonlinear quantities such as 𝐴2 [O] are then estimated from the learned response
rather than from repeated occurrences of the same exponentially rare record.
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C h a p t e r 14

DECODER ARCHITECTURES FOR MEASUREMENT-ALTERED
CRITICALITY

Chapter 13 reduced post-selection-free measurement-altered criticality to a regression
problem: learn the conditional response s ↦→ ⟨O⟩s from snapshot pairs. This
chapter describes the decoder classes used in the Ising-chain benchmarks. The
main text emphasizes the physical inductive biases—translation covariance, Ising
symmetry, bounded outputs, and multiscale receptive fields—while Chapter 17
records implementation and hyperparameter details.

14.1 Decoder task
For the numerical examples below, both ancilla and system spins are measured
in the 𝑧 basis. A training example is therefore a pair (z(𝑎) , s(𝑎)) drawn from the
joint distribution generated by the weak-measurement protocol. For site-resolved
magnetization, the decoder targets

𝑓 𝑗 (s) ≈
〈
𝑍 𝑗

〉
s = E[𝑧 𝑗 |s], (14.1)

where the right-hand side is exactly the conditional expectation in the post-
measurement state. The same logic applies to local energy-density observables
or disconnected conditioned correlations once suitable site-resolved decoders are
trained.

14.2 Decoder families for one-point functions
We train three types of machine-learning decoders for the one-point function in
the measurement basis, 𝑓 𝑗 (s) ≈

〈
𝑍 𝑗

〉
s. The simplest models are linear and logistic

regressions (see Fig. 14.1(a,b)),

𝑓 lin
𝑗 (s) = 𝑐0 +

𝐿∑︁
𝑘=1

𝑐𝑘 𝑠𝑘 , 𝑓
log
𝑗
(s) = tanh

(
𝑐0 +

𝐿∑︁
𝑘=1

𝑐𝑘 𝑠𝑘

)
. (14.2)

These models have Pdim(F ) = 𝑂 (𝐿) and thus require only 𝑂 (𝐿) snapshots. For
a periodic chain, this number can be further reduced to 𝑂 (1) due to translational
symmetry. Specifically, the linear model is expected to capture the leading dependence
on s in the perturbative regime:

〈
𝑍 𝑗

〉
s ≈ 2𝛽

∑
𝑘 𝑠𝑘

〈
𝑍 𝑗𝑍𝑘

〉
0 for 𝛽 ≪ 1. We also
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Figure 14.1: Schematic comparison of the three architectures used for one-point-
function decoders. Circles denote site-resolved measurement outcomes or hidden
neurons.

train a translation-covariant dilated convolutional neural network (CNN) [154]. The
neural network consists of 𝑂 (log(𝐿)) convolution layers with dilation 20, 21, 22 . . . ,
capturing multi-scale dependence on s (see Fig. 14.1(c)). This is reminiscent of
coarse graining and multiscale entanglement renormalization ansatz [155]. The
exact architecture is given in Chapter 17.

All these three models are trained using 80000 i.i.d. snapshot pairs sampled from
the joint distribution 𝑝(z, s) and tested using another 20000 snapshots. Figure 14.2
shows that all three decoders learn the conditioned magnetization from snapshots,
and the dilated CNN gives the smallest validation error. The top panel illustrates an
example of random outcome and shows that ML-decoded one-point functions are
close to the true

〈
𝑍 𝑗

〉
s computed from MPS. The bottom panels show the validation

mean-squared error of three models as a function of training-set size 𝑁 , which
saturates at 𝑁 ≳ 𝑂 (10) for linear and logistic regression and decreases with 𝑁 for
CNN. This indicates that these decoders can reach high accuracy with far fewer than
exponentially many samples. We leave the numerical details in Chapter 17.

14.3 Training data, validation, and error estimates
The training data consist of independent snapshot pairs, with held-out validation
snapshots used to evaluate the variational objective and the corresponding estimate
of 𝐴2 [𝑍 𝑗 ]. For the MPS reference curves, measurement records are sampled
independently from the Born distribution and the exact conditional means are
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Figure 14.2: Decoder benchmark for
〈
𝑍 𝑗

〉
s. (a): a representative record for 𝐿 = 100,

𝛽 = 0.5, comparing exact MPS conditional means (black dots) with linear, logistic
and dilated CNN predictions. (b,c,d): relative validation error versus training-set
size for 𝛽 = 0.5 and several 𝐿. Errors saturate with far fewer than exponentially
many samples.

computed by tensor-network contraction. The detailed data sizes, translational
pooling convention, symmetry augmentation, optimizer choices, and error-bar
formulas are collected in Chapter 17.

14.4 Why multiscale architectures are natural near criticality
The critical input state has correlations on all length scales. In the weak-measurement
regime, the leading perturbative decoder already sums over the two-point function〈
𝑍 𝑗𝑍𝑘

〉
0, so distant measurement outcomes can contribute algebraically rather than

exponentially. Dilated convolutions provide a simple way to encode this multiscale
dependence: each layer enlarges the receptive field by a factor set by the dilation,
while translation covariance keeps the number of independent parameters under
control. This is why the CNN architecture used here is a natural compromise between
expressive nonlinear decoding and the restricted-capacity assumptions needed for
the learning-theory bounds.
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C h a p t e r 15

LEARNING MEASUREMENT-ALTERED FIXED POINTS

The decoder is useful only if it recovers universal physics, not merely local correlations
in a finite data set. This chapter uses the learned one-point-function decoders as
plug-in estimators for nonlinear observables that diagnose measurement-altered
fixed points. The first result is a finite-size scaling collapse of 𝐴2 [𝑍] governed by
the weak-measurement crossover length. The second and third results use higher
moments and uniform-outcome averages to probe the locked-replica and zero-replica
boundary/defect limits.

15.1 Born-weighted replica theory and finite-size scaling
The Born-weighted measurement ensemble admits a useful replica-field-theory
description that controls both the weak-measurement scaling of 𝐴2 [𝑍 𝑗 ] and the
long-distance moment correlations. For a fixed measurement record, defineZ(s) =〈
𝑒2𝛽

∑
𝑗 𝑠 𝑗𝑍 𝑗

〉
0. For integer 𝑅, the replicated weight Z(s)𝑅 is represented by 𝑅

copies of the Ising CFT coupled to the same record, with 𝑆s,𝑅 =
∑
𝑎 𝑆
(𝑎)
Ising −

2𝛽
∫
𝑑𝑥 𝑠(𝑥)∑𝑎 𝜎𝑎 (𝑥, 0), where 𝑎 is the replica index. The measurement outcome

average is performed on the Boltzmann weight,
∑

s 𝑒
−𝑆s,𝑅 , where

∑
s ≡

∏
𝑗

∑
𝑠 𝑗=±1.

This gives the replicated action

𝑆𝑅 =

𝑅∑︁
𝑎=1

𝑆
(𝑎)
Ising −

∫
𝑑𝑥 log

[
2 cosh

(
2𝛽

𝑅∑︁
𝑎=1

𝜎𝑎 (𝑥, 0)
)]
, (15.1)

with physical continuation 𝑅 → 1 due to the Born weight.

Expanding Eq. (15.1) at small 𝛽 generates a defect perturbation−𝑔
∫
𝑑𝑥

∑
𝑎<𝑏 𝜎𝑎𝜎𝑏+

· · · with 𝑔 ∝ 𝛽2. Since this operator has defect scaling dimension 2Δ𝜎, the RG
eigenvalue is 𝑦𝑔 = 1−2Δ𝜎, implying a crossover length 𝜉 (𝛽) ∼ 𝑔−1/𝑦𝑔 ∼ 𝛽−2/(1−2Δ𝜎) .
For the Ising CFT Δ𝜎 = 1/8, this perturbation is relevant. Thus the unmeasured Ising
fixed point controls length scales below 𝜉 (𝛽), whereas the long-distance behavior is
governed by a strong-coupling, locked-replica fixed point.

We now use this crossover scale to analyze 𝐴2 [𝑍 𝑗 ]. Expanding the conditional mean
gives 〈

𝑍 𝑗
〉

s =

〈
𝑍 𝑗𝑒

2𝛽
∑
𝑘 𝑠𝑘𝑍𝑘

〉
0〈

𝑒2𝛽
∑
𝑘 𝑠𝑘𝑍𝑘

〉
0

𝛽≪1
−−−→ 2𝛽

∑︁
𝑘

𝑠𝑘
〈
𝑍 𝑗𝑍𝑘

〉
0 +𝑂 (𝛽

3), (15.2)
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Figure 15.1: Finite-size scaling collapse of 𝐴2 [𝑍] for 𝛽 ≤ 0.3. The MPS reference
and the learned linear, logistic and CNN estimators follow Eq. 15.4.

and thus
𝐴2 [𝑍 𝑗 ] =

∑︁
s
𝑝(s)

〈
𝑍 𝑗

〉2
s = 4𝛽2

∑︁
𝑘

〈
𝑍 𝑗𝑍𝑘

〉2
0 +𝑂 (𝛽

4). (15.3)

Using
〈
𝑍 𝑗𝑍 𝑗+𝑟

〉
0 ∼ 𝑟

−2Δ𝜎 yields the perturbative scaling 𝐴2 [𝑍 𝑗 ] ∼ 𝛽2𝐿1−4Δ𝜎 for
𝐿 ≪ 𝜉 (𝛽), while for 𝐿 ≳ 𝜉 (𝛽) the sum is cut off at | 𝑗 − 𝑘 | ∼ 𝜉 (𝛽). Matching the
two regimes gives

𝐴2 [𝑍 𝑗 ] = 𝛽
4Δ𝜎

1−2Δ𝜎 𝐶

(
𝐿𝛽

2
1−2Δ𝜎

)
, (15.4)

with 𝐶 (𝑥) ∼ 𝑥1−4Δ𝜎 = 𝑥1/2 for 𝑥 ≪ 1 and 𝐶 (𝑥) → const. for 𝑥 ≳ 1. Figure
15.1 shows that all the learned decoders reproduce this finite-size collapse without
exponential sample complexity.

15.2 Locked-replica fixed point and moment correlations
We now turn to the long-distance regime 𝑟 ≫ 𝜉 (𝛽), where the same measurement-
induced perturbation flows to the locked-replica fixed point. The higher moments
of disconnected conditioned two-point functions provide direct probes of this fixed
point. We consider 𝐴𝑞 [𝑍 𝑗 , 𝑍𝑘 ] ≡

∑
s 𝑝(s)

〈
𝑍 𝑗

〉𝑞
s ⟨𝑍𝑘⟩

𝑞
s , with integer 𝑞 > 0. For

integer 𝑅 ≥ 2𝑞, the replicated representation uses two disjoint groups of replicas: 𝑞
spin insertions at site 𝑗 and another 𝑞 spin insertions at site 𝑘 . Equivalently,

G𝑞,𝑅 ( 𝑗 , 𝑘) =
〈
𝑞∏
𝑎=1

𝜎𝑎 ( 𝑗 , 0)
2𝑞∏

𝑎=𝑞+1
𝜎𝑎 (𝑘, 0)

〉
𝑆𝑅

,

𝐴𝑞 [𝑍 𝑗 , 𝑍𝑘 ] = lim
𝑅→1
G𝑞,𝑅 ( 𝑗 , 𝑘).

(15.5)
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Replica permutation symmetry makes the particular choice of labels unimportant.

At the locked fixed point, the composite insertion in Eq. (15.5) behaves as the 𝑞th
power of the single locked spin field. Hence odd 𝑞 lies in the diagonal Ising-odd
sector and has leading overlap with 𝜎, while even 𝑞 lies in the even sector and
contains an identity component. The leading nontrivial even correction comes from
the energy field 𝜖 . Therefore, on a ring with 𝑑𝐿 (𝑟) = (𝐿/𝜋) sin(𝜋𝑟/𝐿),

𝐴𝑞 [𝑍 𝑗 , 𝑍 𝑗+𝑟] ∼

𝑏𝑞 𝑑𝐿 (𝑟)−1/4, 𝑞 odd,

𝑐𝑞 + 𝑎𝑞 𝑑𝐿 (𝑟)−2, 𝑞 even,
(15.6)

where 𝑎𝑞, 𝑏𝑞, 𝑐𝑞 are nonuniversal. The powers follow from Δ𝜎 = 1/8 and Δ𝜖 = 1 of
the Ising CFT.

Figure 15.2 tests the odd/even structure predicted by the locked-replica picture. The
odd moments with 𝑞 = 1, 3, 5, 7 show a common algebraic decay consistent with the
Ising-odd channel, 𝐴𝑞 [𝑍 𝑗 , 𝑍 𝑗+𝑟] ∼ 𝑑𝐿 (𝑟)−1/4. For even 𝑞, the most robust feature
is the approach to a nonzero constant, as expected from the identity component in
the even sector. The dashed curves show the theory-motivated form 𝑐𝑞 + 𝑎𝑞𝑑𝐿 (𝑟)−2,
corresponding to the energy-field correction in Eq. (15.6). Given the limited scaling
window and the small size of the subleading term, however, we regard the exponent
−2 fit as a consistency check rather than an independent numerical determination.
Higher moments emphasize outcomes with larger conditional response, so the
agreement between MPS and CNN data provides a nontrivial check that the learned
decoder captures the measurement-conditioned order-parameter field, not only its
local variance.

An alternative way to estimate the scaling is to use a mean-field approximation
of the nonlinear observable. Denoting 𝑚𝑖 (𝑠) = ⟨𝑍𝑖⟩𝑠, for odd 𝑞 we can write
𝑚𝑖 (𝑠)𝑞 = 𝑚𝑖 (𝑠)𝑚𝑖 (𝑠)𝑞−1, and replace the even factor by its typical value. Thus
𝑚𝑖 (𝑠)𝑞 flows to a linear order-parameter observable, 𝑚𝑖 (𝑠)𝑞 ∼ 𝐴𝑞𝑚𝑖 (𝑠), giving∑︁

𝑠

𝑝𝑠 𝑚𝑖 (𝑠)𝑞𝑚 𝑗 (𝑠)𝑞 ∼
∑︁
𝑠

𝑝𝑠 𝑚𝑖 (𝑠)𝑚 𝑗 (𝑠) ∼
〈
𝑍𝑖𝑍 𝑗

〉
. (15.7)

At the critical Ising point, this correlator decays as |𝑖 − 𝑗 |−1/4. For even 𝑞, instead,
𝑚𝑖 (𝑠)𝑞 is even under the Ising Z2 symmetry and its leading projection is the identity,
so the averaged correlator approaches a constant. The first correction comes from the
lowest nontrivial even operator, the Ising energy density 𝜀, with scaling dimension 1.
Therefore one expects∑︁

𝑠

𝑝𝑠 𝑚𝑖 (𝑠)𝑞𝑚 𝑗 (𝑠)𝑞 = 𝐶 (𝑞)0 + 𝐶
(𝑞)
1 |𝑖 − 𝑗 |

−2 + · · · , 𝑞 even, (15.8)
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Figure 15.2: Higher moments of disconnected conditioned two-point functions for
the critical Ising chain at 𝐿 = 100 and 𝛽 = 0.5. The horizontal axis is the chord
distance 𝑑𝐿 (𝑟). MPS data are computed from 10000 randomly sampled conditioned
post-measurement states, while CNN data use the learned decoder 𝑓 𝑗 (s) ≃

〈
𝑍 𝑗

〉
s

as a plug-in estimate (80000 training trials). Odd moments are consistent with the
locked-replica prediction 𝑑𝐿 (𝑟)−1/4, whereas even moments approach a constant; the
dashed curves show the theory-motivated correction 𝑐𝑞 + 𝑎𝑞𝑑𝐿 (𝑟)−2.

where 𝐶 (𝑞)0 is the identity contribution and the |𝑖 − 𝑗 |−2 term is the leading connected
correction.

15.3 Uniform-outcome correlations and the zero-replica limit
The Born-weighted observables above are tied to the physical 𝑅 → 1 continuation
of the replicated measurement defect. We now consider a different ensemble of
measurement records, the uniform-outcome average

𝐵( 𝑗 , 𝑘) ≡ 1
2𝐿

∑︁
s

〈
𝑍 𝑗

〉
s ⟨𝑍𝑘⟩s . (15.9)

This quantity is not directly sampled by the Born distribution, but it is a useful
theoretical companion because it removes the extra factor 𝑝(s) ∝ Z(s) that selected
the 𝑅 → 1 limit. In practice, after training 𝑓 𝑗 (s) ≃

〈
𝑍 𝑗

〉
s, we estimate Eq. (15.9) by

evaluating 𝑓 𝑗 𝑓𝑘 on uniformly generated records.

UsingZ𝑗 (s) =
〈
𝑍 𝑗𝑒

2𝛽
∑
𝑙 𝑠𝑙𝑍𝑙

〉
0 and

〈
𝑍 𝑗

〉
s = Z𝑗 (s)/Z(s), the integer-replica object

for 𝑅 ≥ 2 places the two insertions in different replicas. Analytic continuation gives

𝐵( 𝑗 , 𝑘) = lim
𝑅→0
⟨𝜎1( 𝑗 , 0)𝜎2(𝑘, 0)⟩𝑆𝑅 , (15.10)
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Figure 15.3: Uniform-outcome disconnected conditioned correlations, 𝐵( 𝑗 , 𝑗 +
𝑟) = 2−𝐿

∑
s
〈
𝑍 𝑗

〉
s
〈
𝑍 𝑗+𝑟

〉
s. The horizontal axis is the chord distance 𝑑𝐿 (𝑟) =

(𝐿/𝜋) sin(𝜋𝑟/𝐿). MPS data are computed directly from conditioned post-
measurement states, while CNN data use the learned decoder 𝑓 𝑗 (s) ≃

〈
𝑍 𝑗

〉
s evaluated

on uniformly sampled records. (a) Fixed 𝛽 = 0.5 with varying 𝐿. (b) Fixed 𝐿 = 200
with varying measurement strength. The dashed line is a guide to the free-boundary
form 𝑑𝐿 (𝑟)−1 expected for the zero-replica random-field defect.

with the same replicated action 𝑆𝑅 as in Eq. (15.1). The denominator becomes∑
sZ(s)𝑅 →

∑
s 1 = 2𝐿 , so the uniform average is the zero-replica counterpart of

the Born-weighted problem [156].

It is useful to note a similar object — the same-replica correlator 𝐵sr( 𝑗 , 𝑘) =
2−𝐿

∑
s
〈
𝑍 𝑗𝑍𝑘

〉
s = lim𝑅→0 ⟨𝜎1( 𝑗 , 0)𝜎1(𝑘, 0)⟩𝑆𝑅 which is addressed in the random-

boundary-field CFT literature. In the Ising case, a quenched random magnetic field
along a defect line is argued to flow to two decoupled half-plane Ising models with
free boundary conditions [157, 158]. The boundary spin at the free Ising boundary
has dimension ℎfree

𝜎 = 1/2 [159, 158], leading to the familiar free-boundary decay
𝐵sr( 𝑗 , 𝑗 + 𝑟) ∼ 𝑑𝐿 (𝑟)−1. The long-range contribution to the averaged correlator
can be understood from the effective boundary problem produced by the replica
construction. The replicas are glued together along the measured region, and this
gluing line acts as a boundary defect. The large-distance decay is then controlled
by the scaling dimension of the spin operator close to this defect. For the Ising
chain, Ref. [160] argued that, for 𝑅 < 1, this defect flows under RG to free boundary
conditions. Thus, in the regime 𝑅 < 1, the asymptotic behavior of the long-range
contribution is expected to be controlled by the free-boundary fixed point. At this
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fixed point, the boundary spin has scaling dimension ℎfree
𝜎 = 1

2 , which gives

𝐵( 𝑗 , 𝑗 + 𝑟) ∼ 𝑏̃0(𝛽) 𝑑𝐿 (𝑟)−2ℎfree
𝜎 = 𝑏̃0(𝛽) 𝑑𝐿 (𝑟)−1. (15.11)

This scaling form has been rigorously found in the replica geometry corresponding
to 𝑅 = 1/2 in Ref. [161]. Our numerical results suggest that the same free-boundary
scaling also describes the continuation toward 𝑅 → 0, consistent with the RG picture
of Ref. [160].

Our observable 𝐵 is instead the inter-replica, disconnected counterpart. Thus the
free-boundary result is not a direct theorem for Eq. (15.9). Nevertheless, the same
zero-replica random-field flow suggests that its leading algebraic envelope should be
governed by boundary spin insertions at the free-boundary fixed point. Provided the
inter-replica amplitude generated by the random-field flow is nonzero, one expects

𝐵( 𝑗 , 𝑗 + 𝑟) ∼ 𝑏̃0(𝛽) 𝑑𝐿 (𝑟)−1, (15.12)

up to nonuniversal amplitudes and possible logarithmic corrections associated
with random surface fields [157, 162]. We therefore regard Eq. (15.12) as a free-
boundary-motivated prediction for the disconnected uniform average, to be checked
numerically.

Figure 15.3 shows that 𝐵 is consistent with this expectation. At fixed 𝛽, different
system sizes follow a common 𝑑𝐿 (𝑟)−1 trend over the accessible scaling window. At
fixed 𝐿, the same trend appears for several measurement strengths, with stronger
crossover effects at smaller 𝛽 where the measurement length scale is larger. The
dashed line is a guide with power-law exponent −1. The agreement between MPS
and CNN estimates indicates that the learned one-point-function decoder captures
conditioned magnetization correlations even under the non-Born reweighting of
measurement records.

15.4 Decoder-assisted experiments and future directions
We have shown that nonlinear observables of measurement-conditioned states can be
extracted from unpostselected snapshot pairs (z, s) by variational regression. For
𝐴2 [O], the optimal decoder is the conditional mean 𝑓★(s) = ⟨O⟩s, so the sample cost
is controlled by decoder capacity rather than by the exponentially many measurement
records. In the critical Ising chain, translation-covariant decoders reproduce the
finite-size scaling of 𝐴2 [𝑍 𝑗 ] and, used as plug-in estimators, capture higher-moment
and uniform-outcome correlations associated with the 𝑅 → 1 locked-replica and
𝑅 → 0 random-defect limits.
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The method is naturally suited to Rydberg arrays. Recent work proposed realizing
MAC by projectively measuring subsets of atoms in Rydberg chains tuned to Ising
or tricritical-Ising criticality [6], and experiments have begun resolving finite-size
CFT spectra and dynamical response in such systems [137]. There the measured
atoms provide s and the remaining readout provides z, allowing order-parameter
or energy-density decoders to use all shots and complement outcome-selective
postselection.

There are potential interesting future directions. One is to replace purely classical
post-processing by circuit decoders: the record s could control a shallow feed-forward
unitary 𝑈𝜃 (s) before the final readout, or parametrized quantum circuits could be
used as structured hybrid representations of the map s ↦→ ⟨O⟩s. Optimizing the same
variational objective may then extend post-selection-free probes to non-diagonal
observables, connected conditioned correlators, adaptive measurement bases, and
other Rydberg-accessible universality classes.
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C h a p t e r 16

STATISTICAL LEARNING THEORY: SAMPLE-COMPLEXITY
BOUNDS

In this section we give a self-contained derivation of the sample-complexity statements
used in Sec. 13.3. We keep the notation of the previous chapter: a single experimental
run gives a system snapshot and an ancilla record, (𝑧, 𝑠) ∼ 𝑝(𝑧, 𝑠), and 𝑂 (𝑧) is a
diagonal observable of the system. We assume throughout the proof that

|𝑂 (𝑧) | ≤ 1. (16.1)

This is the natural normalization for Pauli observables and their products. If instead
|𝑂 (𝑧) | ≤ 𝐵, all statements below remain true with only changes of numerical
constants by powers of 𝐵.

For a fixed measurement record 𝑠, define

𝑚𝑂 (𝑠) := E[𝑂 (𝑧) | 𝑠] = ⟨𝑂⟩𝑠 . (16.2)

The nonlinear observable considered in the previous chapter is

𝐴2 [𝑂] := E𝑠 𝑚𝑂 (𝑠)2 =
∑︁
𝑠

𝑝(𝑠) ⟨𝑂⟩2𝑠 . (16.3)

All expectations below are taken with respect to the joint snapshot distribution 𝑝(𝑧, 𝑠)
unless otherwise stated.

16.1 What is measured by 𝐴2 [𝑂]?
The linear average of the conditional expectation does not retain outcome-to-outcome
information,

E𝑠 𝑚𝑂 (𝑠) = E[E[𝑂 (𝑧) | 𝑠]] = E[𝑂 (𝑧)] = ⟨𝑂⟩ . (16.4)

The second moment 𝐴2 [𝑂], by contrast, measures the fluctuations of the Bayes-
optimal prediction of 𝑂 (𝑧) from the ancilla record. Indeed,

𝐴2 [𝑂] − ⟨𝑂⟩2 = Var𝑠 (𝑚𝑂 (𝑠)) . (16.5)

The normalized quantity

𝜂2(𝑂 | 𝑠) :=
Var𝑠 (𝑚𝑂 (𝑠))
Var(𝑂 (𝑧)) (16.6)
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is the correlation ratio of 𝑂 (𝑧) on the record 𝑠. It is the fraction of fluctuations of
𝑂 (𝑧) explained by the best possible, generally nonlinear, predictor built from 𝑠. The
law of total variance gives

Var(𝑂 (𝑧)) = E𝑠 [Var(𝑂 (𝑧) | 𝑠)] + Var𝑠 (𝑚𝑂 (𝑠)) , (16.7)

and therefore 0 ≤ 𝜂2(𝑂 | 𝑠) ≤ 1.

Relation to linear regression. If one restricts the predictor to be linear in the
ancilla bits, the explained variance reduces to the usual linear-regression 𝑅2. For
instance, if the bits 𝑠 𝑗 are treated as real random variables and 𝑂 is centered, the best
linear predictor has explained fraction

𝑅2 = 𝜌𝑇𝐶−1𝜌, (16.8)

where 𝜌 𝑗 = Corr(𝑂, 𝑠 𝑗 ) and 𝐶 𝑗 𝑘 = Corr(𝑠 𝑗 , 𝑠𝑘 ), assuming 𝐶 is nonsingular. Since
𝜂2 optimizes over all measurable functions of 𝑠, one always has 𝑅2 ≤ 𝜂2(𝑂 | 𝑠).
The learning approach in the previous chapter should be viewed as an interpolation
between these two extremes: the decoder class F is richer than a fixed analytic
ansatz, but much smaller than the set of all functions on 2𝐿 ancilla records.

Asymmetry and information. The correlation ratio is directional: in general
𝜂2(𝑂 | 𝑠) ≠ 𝜂2(𝑠 | 𝑂). It asks specifically how well the system observable 𝑂 (𝑧)
can be inferred from the measurement record 𝑠. It also gives a useful information-
theoretic diagnostic. If 𝜌𝑚 (𝑂; 𝑠) denotes the Hirschfeld–Gebelein–Renyi maximal
correlation between the scalar random variable 𝑂 (𝑧) and the record 𝑠, then

𝜂2(𝑂 | 𝑠) ≤ 𝜌𝑚 (𝑂; 𝑠)2. (16.9)

Using the standard inequality 𝜌𝑚 (𝑂; 𝑠)2 ≤ 1− 𝑒−2𝐼 (𝑂;𝑠) , one obtains the lower bound

𝐼 (𝑂; 𝑠) ≥ −1
2

log
[
1 − 𝜂2(𝑂 | 𝑠)

]
. (16.10)

Thus a nonzero correlation ratio implies nonzero mutual information between
𝑂 (𝑧) and the record 𝑠. In the present work we use 𝐴2 [𝑂] and 𝜂2(𝑂 | 𝑠) not
primarily as information measures, but as experimentally accessible probes of the
measurement-conditioned ensemble.
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16.2 Direct estimator and exponential cost
Suppose we collect 𝑁 independent snapshots {(𝑧𝑖, 𝑠𝑖)}𝑁𝑖=1. For a fixed ancilla record
𝑠, define

𝑁𝑠 :=
𝑁∑︁
𝑖=1

1{𝑠𝑖 = 𝑠}, 𝑆𝑠 :=
∑︁
𝑖:𝑠𝑖=𝑠

𝑂 (𝑧𝑖), (16.11)

𝑚̂𝑂 (𝑠) :=

𝑆𝑠/𝑁𝑠, 𝑁𝑠 > 0,

0, 𝑁𝑠 = 0.
(16.12)

The direct estimator in Sec. III is

𝐴dir
2 [𝑂] =

∑︁
𝑠:𝑁𝑠>0

𝑁𝑠

𝑁
𝑚̂𝑂 (𝑠)2 (16.13)

=
1
𝑁

∑︁
𝑠

𝑆2
𝑠

𝑁𝑠
1{𝑁𝑠 > 0}. (16.14)

This estimator explicitly estimates ⟨𝑂⟩𝑠 separately in every post-selected sector that
appears in the data.

Let
𝜎2
𝑂 (𝑠) := Var(𝑂 (𝑧) | 𝑠). (16.15)

Conditioned on 𝑁𝑠 = 𝑛 > 0, the 𝑛 samples entering 𝑚̂𝑂 (𝑠) are i.i.d. draws from
𝑝(𝑧 | 𝑠). Hence

E
[
𝑚̂𝑂 (𝑠)2 | 𝑁𝑠 = 𝑛

]
= 𝑚𝑂 (𝑠)2 +

𝜎2
𝑂
(𝑠)
𝑛

. (16.16)

Using Eq. (16.16) inside Eq. (16.14) gives

E 𝐴dir
2 [𝑂] = 𝐴2 [𝑂] +

1
𝑁

∑︁
𝑠

𝜎2
𝑂 (𝑠) Pr(𝑁𝑠 > 0). (16.17)

Thus the direct estimator is upward biased at finite 𝑁 , although it becomes unbiased
as 𝑁 →∞ at fixed 𝐿.

Since |𝑂 | ≤ 1 implies 𝜎2
𝑂
(𝑠) ≤ 1, Eq. (16.17) gives the worst-case upper bound

0 ≤ E 𝐴dir
2 [𝑂] − 𝐴2 [𝑂] (16.18)

≤ 1
𝑁

∑︁
𝑠

Pr(𝑁𝑠 > 0) = E𝐷𝑁

𝑁
≤ |S|
𝑁
, (16.19)

where S is the support of the ancilla record and

𝐷𝑁 := #{𝑠 ∈ S : 𝑁𝑠 > 0} (16.20)
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is the number of distinct records observed in the sample. For an 𝐿-qubit ancilla,
|S| ≤ 2𝐿 . Thus making the bias term smaller than an additive accuracy 𝜖 requires
𝑁 ≳ 2𝐿/𝜖 in the worst case.

The exponential obstruction is the post-selection bias, not an anomalously large
fluctuation around the mean. To see this, write

𝐴dir
2 [𝑂] =

1
𝑁

∑︁
𝑠

𝑎(𝑁𝑠, 𝑆𝑠), (16.21)

𝑎(𝑛, 𝑢) :=

𝑢2/𝑛, 𝑛 > 0,

0, 𝑛 = 0.
(16.22)

Changing one snapshot affects at most two ancilla sectors. For |𝑂 | ≤ 1, one has
|𝑎(𝑛, 𝑢) − 𝑎(𝑛′, 𝑢′) | ≤ 8 for each affected sector under a single sample replacement,
and therefore ���𝐴dir

2 (𝑆) − 𝐴
dir
2 (𝑆

(𝑖))
��� ≤ 16

𝑁
. (16.23)

McDiarmid’s inequality then gives

Pr
(���𝐴dir

2 [𝑂] − E 𝐴
dir
2 [𝑂]

��� ≥ 𝜖 ) ≤ 2 exp
(
−𝑁𝜖

2

128

)
. (16.24)

Equivalently, with probability at least 1 − 𝛿,���𝐴dir
2 [𝑂] − 𝐴2 [𝑂]

��� ≤ 1
𝑁

∑︁
𝑠

𝜎2
𝑂 (𝑠) Pr(𝑁𝑠 > 0) (16.25)

+
√︂

128 log(2/𝛿)
𝑁

. (16.26)

The first term is the post-selection bias; the second is the ordinary concentration
term.

One can also prove a lower bound showing that the exponential scaling is not just an
artifact of Eq. (16.19). Assume that the conditional variance is uniformly nonzero,

𝜎2
𝑂 (𝑠) ≥ 𝑣 > 0 for every 𝑠 ∈ S. (16.27)

Then Eq. (16.17) implies

E 𝐴dir
2 [𝑂] − 𝐴2 [𝑂] ≥

𝑣

𝑁
E𝐷𝑁 . (16.28)

Furthermore,

𝐷𝑁

∑︁
𝑠

𝑁2
𝑠 ≥

(∑︁
𝑠

𝑁𝑠

)2

= 𝑁2. (16.29)
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Using Jensen’s inequality and

E
∑︁
𝑠

𝑁2
𝑠 = 𝑁 + 𝑁 (𝑁 − 1)

∑︁
𝑠

𝑝(𝑠)2, (16.30)

one obtains
E𝐷𝑁 ≥

𝑁

1 + (𝑁 − 1)∑𝑠 𝑝(𝑠)2
. (16.31)

Therefore
E

���𝐴dir
2 [𝑂] − 𝐴2 [𝑂]

��� ≥ 𝑣

1 + (𝑁 − 1)∑𝑠 𝑝(𝑠)2
. (16.32)

Let
𝐻2(𝑠) := − log

∑︁
𝑠

𝑝(𝑠)2 (16.33)

be the second Renyi entropy of the ancilla record. A necessary condition for the
expected error of the direct estimator to be at most 𝜖 < 𝑣 is

𝑁 ≥ 1 +
(𝑣
𝜖
− 1

)
𝑒𝐻2 (𝑠) . (16.34)

Since
∑
𝑠 𝑝(𝑠)2 ≤ 𝑝max, where 𝑝max := max𝑠 𝑝(𝑠), the weaker but simpler bound

𝑁 ≥ 1 +
(𝑣
𝜖
− 1

) 1
𝑝max

(16.35)

also follows. In the measurement protocols studied in the previous chapter, the
measurement record has exponentially large effective support, so 𝐻2(𝑠) = 𝛼𝐿+𝑜(𝐿)
for some 𝛼 > 0. Equation (16.34) then gives 𝑁 ≥ Ω(𝑒𝛼𝐿) for the direct post-selection
estimator.

16.3 Variational representation of 𝐴2 [𝑂]
The post-selection-free approach starts from the identity

𝐴2 [𝑂] = sup
𝑓

𝐽 ( 𝑓 ), (16.36)

𝐽 ( 𝑓 ) := E
[
2𝑂 (𝑧) 𝑓 (𝑠) − 𝑓 (𝑠)2

]
, (16.37)

where the supremum is over bounded measurable functions of the ancilla record.
Conditioning on 𝑠 gives

𝐽 ( 𝑓 ) = E𝑠
[
2𝑚𝑂 (𝑠) 𝑓 (𝑠) − 𝑓 (𝑠)2

]
(16.38)

= E𝑠 𝑚𝑂 (𝑠)2 − E𝑠 [ 𝑓 (𝑠) − 𝑚𝑂 (𝑠)]2 . (16.39)

Thus the optimal decoder is the Bayes predictor

𝑓★(𝑠) = 𝑚𝑂 (𝑠) = ⟨𝑂⟩𝑠 , (16.40)
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and the maximum value is 𝐴2 [𝑂].

Equivalently,

2𝑂 (𝑧) 𝑓 (𝑠) − 𝑓 (𝑠)2 = 𝑂 (𝑧)2 − [𝑂 (𝑧) − 𝑓 (𝑠)]2 . (16.41)

Therefore maximizing 𝐽 ( 𝑓 ) is the same as minimizing the mean-squared prediction
loss

𝐿 ( 𝑓 ) := E[𝑂 (𝑧) − 𝑓 (𝑠)]2 . (16.42)

This is the precise sense in which the nonlinear observable 𝐴2 [𝑂] is converted into a
supervised-learning problem.

In practice the decoder is restricted to a hypothesis class F of functions 𝑓 : S →
[−1, 1]. Define the best-in-class value

𝐽★F := sup
𝑓 ∈F

𝐽 ( 𝑓 ) (16.43)

= 𝐴2 [𝑂] − inf
𝑓 ∈F

E𝑠 [ 𝑓 (𝑠) − ⟨𝑂⟩𝑠]2 . (16.44)

The second term is the approximation error of the decoder class. Thus the learning
method is not a no-free-lunch procedure: if the map 𝑠 ↦→ ⟨𝑂⟩𝑠 is completely
unstructured, a small decoder class will not approximate it. The gain comes from
using the physical structure of measurement-conditioned states, encoded either
explicitly or through the inductive bias of the model, to choose a class F whose
capacity is much smaller than 2𝐿 .

16.4 Uniform convergence and sample complexity
Given data {(𝑧𝑖, 𝑠𝑖)}𝑁𝑖=1, define the empirical objective

𝐽𝑁 ( 𝑓 ) :=
1
𝑁

𝑁∑︁
𝑖=1

[
2𝑂 (𝑧𝑖) 𝑓 (𝑠𝑖) − 𝑓 (𝑠𝑖)2

]
(16.45)

and choose
𝑓𝑁 ∈ arg max

𝑓 ∈F
𝐽𝑁 ( 𝑓 ). (16.46)

Equivalently, 𝑓𝑁 minimizes the empirical mean-squared loss

𝐿̂𝑁 ( 𝑓 ) :=
1
𝑁

𝑁∑︁
𝑖=1
[𝑂 (𝑧𝑖) − 𝑓 (𝑠𝑖)]2 . (16.47)
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The estimator reported in Sec. III is

𝐴2,F [𝑂] := 𝐽𝑁 ( 𝑓𝑁 ) (16.48)

=
1
𝑁

𝑁∑︁
𝑖=1

[
2𝑂 (𝑧𝑖) 𝑓𝑁 (𝑠𝑖) − 𝑓𝑁 (𝑠𝑖)2

]
. (16.49)

Let
HF :=

{
ℎ 𝑓 (𝑧, 𝑠) = 2𝑂 (𝑧) 𝑓 (𝑠) − 𝑓 (𝑠)2 : 𝑓 ∈ F

}
(16.50)

be the induced objective-function class, and let

𝑑obj := Pdim(HF ) (16.51)

be its pseudo-dimension. The pseudo-dimension is the real-valued analogue of VC
dimension: it is the largest number of inputs that can be threshold-shattered by
functions in the class. For the decoder classes used in the previous chapters, 𝑑obj is
of the same order as the pseudo-dimension of the decoder class itself. In scaling
estimates we therefore write 𝑑obj = Θ(Pdim(F )).

Because |𝑂 | ≤ 1 and | 𝑓 | ≤ 1, every ℎ 𝑓 lies in an interval of length at most 4. Standard
uniform-convergence bounds for bounded real-valued function classes imply that,
for a universal constant 𝐶, with probability at least 1 − 𝛿,

Δ𝑁 := sup
𝑓 ∈F

���𝐽𝑁 ( 𝑓 ) − 𝐽 ( 𝑓 )��� (16.52)

≤ 𝐶
[
𝑑obj log(𝑒𝑁/𝑑obj) + log(1/𝛿)

𝑁

]1/2
, (16.53)

for 𝑁 ≥ 𝑑obj.

Let 𝑓★F ∈ arg max 𝑓 ∈F 𝐽 ( 𝑓 ). On the event where Eq. (16.53) holds,

𝐽 ( 𝑓𝑁 ) ≥ 𝐽𝑁 ( 𝑓𝑁 ) − Δ𝑁 (16.54)

≥ 𝐽𝑁 ( 𝑓★F ) − Δ𝑁 (16.55)

≥ 𝐽 ( 𝑓★F ) − 2Δ𝑁 . (16.56)

Thus the learned decoder has excess objective value bounded by

0 ≤ 𝐽★F − 𝐽 ( 𝑓𝑁 ) ≤ 2Δ𝑁 . (16.57)

The empirical optimum itself is also close to the best-in-class value:

𝐽𝑁 ( 𝑓𝑁 ) ≥ 𝐽𝑁 ( 𝑓★F ) ≥ 𝐽
★
F − Δ𝑁 , (16.58)

𝐽𝑁 ( 𝑓𝑁 ) ≤ 𝐽 ( 𝑓𝑁 ) + Δ𝑁 ≤ 𝐽★F + Δ𝑁 . (16.59)
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Therefore ���𝐴2,F [𝑂] − 𝐽★F
��� ≤ Δ𝑁 . (16.60)

Combining Eqs. (16.44) and (16.60) yields the decomposition���𝐴2,F [𝑂] − 𝐴2 [𝑂]
��� ≤ Δ𝑁 + inf

𝑓 ∈F
E𝑠 [ 𝑓 (𝑠) − ⟨𝑂⟩𝑠]2 . (16.61)

The first term is the statistical estimation error, and the second term is the approxi-
mation error.

Solving Eq. (16.53) for Δ𝑁 ≤ 𝜖 gives

𝑁 = 𝑂

(
Pdim(F ) log Pdim(F ) + log(1/𝛿)

𝜖2

)
, (16.62)

up to universal constants and mild logarithmic factors. This is the sample-complexity
estimate quoted in Sec. III. The number of snapshots is controlled by the decoder
capacity rather than by the number of possible ancilla strings.

Examples of capacities. For the linear decoder

𝑓 (𝑠) = 𝑐0 +
𝐿∑︁
𝑗=1

𝑐 𝑗 𝑠 𝑗 , (16.63)

the pseudo-dimension is 𝐿 + 1 before imposing additional symmetries or bounds.
If a translation-covariant ansatz with a fixed number of shared parameters is used,
the parameter count, and hence the capacity entering the bound, can be reduced
accordingly. For neural-network decoders, standard pseudo-dimension bounds scale
polynomially in the number of trainable weights; a common bound is of the form

Pdim(F ) = 𝑂 (𝑊ℓ log𝑊), (16.64)

where𝑊 is the number of trainable parameters and ℓ is the number of layers. Thus
a decoder whose number of parameters grows polynomially with system size has
polynomial sample complexity. Conversely, if F is taken to be the set of all functions
on 𝐿 ancilla bits, then Pdim(F ) = 2𝐿 , and Eq. (16.62) reproduces the exponential
post-selection scaling.

Training and evaluation on the same data. Equation (16.60) is a uniform-
convergence result, so it allows the same data to be used both to train 𝑓𝑁 and to
evaluate 𝐽𝑁 ( 𝑓𝑁 ). A more conservative experimental protocol is to train 𝑓𝑁 on one set
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of snapshots and evaluate Eq. (16.49) on an independent validation set. Conditioned
on the trained decoder, the validation estimate is an ordinary average of bounded
random variables and is therefore controlled directly by Hoeffding’s inequality. The
scaling with the capacity of F enters only through the training step.

16.5 Plug-in estimates for other conditioned observables
The proof above is stated for 𝐴2 [𝑂] because the square loss gives the exact variational
identity Eq. (16.37). Once a decoder 𝑓 (𝑠) ≈ 𝑚𝑂 (𝑠) has been learned, however, the
same function can be used as a representation of the conditioned ensemble.

Let
𝑒𝑂 ( 𝑓 ) := E𝑠 [ 𝑓 (𝑠) − 𝑚𝑂 (𝑠)]2 (16.65)

be the mean-squared decoder error. If | 𝑓 | ≤ 1 and |𝑚𝑂 | ≤ 1, then for integer 𝑞 ≥ 1,

| 𝑓 (𝑠)𝑞 − 𝑚𝑂 (𝑠)𝑞 | ≤ 𝑞 | 𝑓 (𝑠) − 𝑚𝑂 (𝑠) |. (16.66)

Therefore ��E𝑠 𝑓 (𝑠)𝑞 − 𝐴𝑞 [𝑂]�� ≤ 𝑞√︁𝑒𝑂 ( 𝑓 ). (16.67)

The same bound applies to absolute moments E𝑠 |𝑚𝑂 (𝑠) |𝑞 for 𝑞 ≥ 1 after replacing
𝑓 𝑞 by | 𝑓 |𝑞.

For two observables 𝑂𝑎 (𝑧) and 𝑂𝑏 (𝑧), define 𝑚𝑎 (𝑠) = ⟨𝑂𝑎⟩𝑠 and 𝑚𝑏 (𝑠) = ⟨𝑂𝑏⟩𝑠.
Suppose 𝑓𝑎 and 𝑓𝑏 are bounded decoders with errors 𝑒𝑎 and 𝑒𝑏 in the sense of
Eq. (16.65). Then the disconnected conditioned correlator obeys

|E𝑠 𝑓𝑎 (𝑠) 𝑓𝑏 (𝑠) − E𝑠𝑚𝑎 (𝑠)𝑚𝑏 (𝑠) | (16.68)

≤ √𝑒𝑎 +
√
𝑒𝑏 . (16.69)

This justifies the plug-in estimates used in the previous chapters, such as∑︁
𝑠

𝑝(𝑠) ⟨𝑂𝑎⟩𝑠 ⟨𝑂𝑏⟩𝑠 ≈
1
𝑁

𝑁∑︁
𝑖=1

𝑓𝑎 (𝑠𝑖) 𝑓𝑏 (𝑠𝑖), (16.70)

with the usual additional sampling error if the right-hand side is evaluated on a finite
validation set.

16.6 Connected conditional correlators
The same variational idea can be applied to connected conditional correlators. Let
𝑂𝑎 (𝑧) and 𝑂𝑏 (𝑧) be two bounded observables and define

𝐶𝑎𝑏 (𝑠) := ⟨𝑂𝑎𝑂𝑏⟩𝑠 − ⟨𝑂𝑎⟩𝑠 ⟨𝑂𝑏⟩𝑠 , (16.71)

𝐵𝑎𝑏 := E𝑠 𝐶𝑎𝑏 (𝑠)2. (16.72)
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If the one-point conditional means 𝑚𝑎 (𝑠) = ⟨𝑂𝑎⟩𝑠 and 𝑚𝑏 (𝑠) = ⟨𝑂𝑏⟩𝑠 were known
exactly, then the residual variable

𝑅𝑎𝑏 (𝑧, 𝑠) := [𝑂𝑎 (𝑧) − 𝑚𝑎 (𝑠)] [𝑂𝑏 (𝑧) − 𝑚𝑏 (𝑠)] (16.73)

satisfies
E[𝑅𝑎𝑏 (𝑧, 𝑠) | 𝑠] = 𝐶𝑎𝑏 (𝑠). (16.74)

Hence
𝐵𝑎𝑏 = sup

𝑔

E
[
2𝑅𝑎𝑏 (𝑧, 𝑠)𝑔(𝑠) − 𝑔(𝑠)2

]
, (16.75)

with optimizer 𝑔★(𝑠) = 𝐶𝑎𝑏 (𝑠). This is the same square-loss identity as before,
applied to the bounded target 𝑅𝑎𝑏.

With finite data, a clean implementation uses sample splitting. First, use one subset
of snapshots to learn 𝑚̂𝑎 (𝑠) and 𝑚̂𝑏 (𝑠). Second, on an independent subset, form

𝑅𝑎𝑏,𝑖 := [𝑂𝑎 (𝑧𝑖) − 𝑚̂𝑎 (𝑠𝑖)] [𝑂𝑏 (𝑧𝑖) − 𝑚̂𝑏 (𝑠𝑖)] . (16.76)

Third, learn a decoder 𝑔(𝑠) for 𝑅𝑎𝑏 by maximizing

1
𝑁

∑︁
𝑖

[
2𝑅𝑎𝑏,𝑖𝑔(𝑠𝑖) − 𝑔(𝑠𝑖)2

]
. (16.77)

Conditioned on the first subset, the functions 𝑚̂𝑎 and 𝑚̂𝑏 are fixed on the second
subset. If

𝑒𝑎 (𝑠) := 𝑚̂𝑎 (𝑠) − 𝑚𝑎 (𝑠), 𝑒𝑏 (𝑠) := 𝑚̂𝑏 (𝑠) − 𝑚𝑏 (𝑠), (16.78)

then the conditional mean of the residual target used in the second stage is

E[𝑅𝑎𝑏 (𝑧, 𝑠) | 𝑠] = 𝐶𝑎𝑏 (𝑠) + 𝑒𝑎 (𝑠)𝑒𝑏 (𝑠). (16.79)

Thus the first-stage bias in the connected target is quadratic in the one-point decoder
errors. The sample complexity of the last step is again controlled by the pseudo-
dimension of the decoder class for 𝑔, with additional approximation terms inherited
from the first-stage decoders. This construction is not needed for the main numerical
results, but it shows that genuinely connected conditioned observables can also be
treated without explicit sector-by-sector postselection.

16.7 Other losses and related conditional quantities
The square loss is special because it learns the conditional mean, which is the quantity
entering 𝐴2 [𝑂]. Other losses learn other conditional summaries and can be useful
diagnostics of the same measurement record.
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Absolute loss and conditional medians. For a real random variable 𝑋 , the
minimizer of E[|𝑋 − 𝑎 |] over constants 𝑎 is a median of 𝑋 . Therefore minimizing

E [|𝑂 (𝑧) − 𝑓 (𝑠) |] (16.80)

over functions 𝑓 learns the conditional median of 𝑂 (𝑧) given 𝑠, rather than the
conditional mean. For binary observables 𝑂 (𝑧) ∈ {±1}, this conditional median is
the majority-vote predictor sign𝑚𝑂 (𝑠), up to ties.

For binary 𝑂 (𝑧) ∈ {±1}, the first absolute moment of the conditional mean can be
obtained from the optimal classification accuracy. For a classifier ℎ(𝑠) ∈ {±1},

Acc(ℎ) := Pr[ℎ(𝑠) = 𝑂 (𝑧)] (16.81)

= E
[
1 +𝑂 (𝑧)ℎ(𝑠)

2

]
=

1 + E𝑠 [𝑚𝑂 (𝑠)ℎ(𝑠)]
2

. (16.82)

Maximizing over all classifiers gives ℎ★(𝑠) = sign𝑚𝑂 (𝑠) and

E𝑠 |𝑚𝑂 (𝑠) | = 2 Acc★−1. (16.83)

Restricting ℎ to a classifier class gives a post-selection-free estimator whose sample
complexity is governed by the VC dimension, or an analogous capacity measure, of
that class.

Cross entropy and conditional entropy. If a coarse-grained system label 𝜒(𝑧)
takes values in {1, . . . , 𝐾}, a probabilistic decoder 𝑞𝜃 (𝑘 | 𝑠) trained by cross entropy
learns the conditional distribution of 𝜒 given 𝑠. For any candidate conditional
distribution 𝑞(𝑘 | 𝑠),

E [− log 𝑞(𝜒(𝑧) | 𝑠)] = 𝐻 (𝜒 | 𝑠) (16.84)

+ E𝑠 𝐷KL(𝑝(· | 𝑠)∥𝑞(· | 𝑠)) (16.85)

≥ 𝐻 (𝜒 | 𝑠), (16.86)

with equality for 𝑞(𝑘 | 𝑠) = 𝑝(𝜒 = 𝑘 | 𝑠). Thus the optimum cross entropy is the
conditional entropy, and 𝐼 (𝜒; 𝑠) = 𝐻 (𝜒) − 𝐻 (𝜒 | 𝑠) gives the mutual information
between the label and the measurement record. Unlike the bounded square-loss
setting used for Eq. (16.62), the logarithmic loss is unbounded unless the predicted
probabilities are clipped away from zero. With such clipping, analogous uniform-
convergence bounds can be applied, with constants depending on the clipping
scale.
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C h a p t e r 17

DECODER ARCHITECTURES AND NUMERICAL TRAINING
PROTOCOL

This chapter gives the architectural and training details for the decoders used in
Sec. 15.1. We keep the notation of the previous chapters. A snapshot is a pair (𝑧, 𝑠)
sampled from the joint Born distribution 𝑝(𝑧, 𝑠), where 𝑧 𝑗 , 𝑠 𝑗 ∈ {±1} are the system
and ancilla outcomes. For the one-point function we train a decoder

𝑓 𝑗 (𝑠) ≃ 𝑚 𝑗 (𝑠), 𝑚 𝑗 (𝑠) := E[𝑧 𝑗 | 𝑠] =
〈
𝑍 𝑗

〉
𝑠
, (17.1)

for every site 𝑗 . The decoders are trained only on raw snapshot pairs (𝑧, 𝑠). The exact
conditional values 𝑚 𝑗 (𝑠) computed by MPS are not used as training labels; they are
used only for the reference curves and for the error estimates described below.

17.1 Implementation conventions for the hyperparameters
Several names used below are implementation flags in the numerical code rather
than standard machine-learning terminology. We define them here before listing the
numerical choices for each decoder.

The option fit_intercept specifies whether an affine bias 𝑏 is included in the linear
or logistic map. In the notation of the previous chapters, this is the constant term
𝑐0 in Eqs. 14.2 and 14.2. The option pbc_shared enforces the periodic translation
symmetry at the level of the trainable parameters. Instead of fitting independent
coefficients {𝑏 𝑗 , 𝑤 ( 𝑗)𝑟 } for each output site 𝑗 , it fits one reference-site decoder 𝑔 with
a single set of coefficients {𝑏, 𝑤𝑟} and predicts every other site by translating the
ancilla record to the reference frame,

𝑓 𝑗 (𝑠) = 𝑔(𝑇− 𝑗 𝑠), (17.2)

where 𝑇− 𝑗 shifts the target site 𝑗 to a fixed reference position. Equivalently, with
periodic indices understood modulo 𝐿, the linear shared-PBC model has the form
𝑓 𝑗 (𝑠) = 𝑏 + ∑

𝑟 𝑤𝑟 𝑠 𝑗+𝑟 . Thus the parameters are translation invariant in relative
coordinates, while the site-resolved output is translation covariant, or equivariant:
𝑓 𝑗+𝑎 (𝑇𝑎𝑠) = 𝑓 𝑗 (𝑠). If pbc_shared is not used, one instead fits independent site-
wise models with independent parameter vectors. Finally, augment_z2 denotes
augmentation by the global Ising symmetry: for each training example (𝑠, 𝑧) we
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also include (−𝑠,−𝑧). This enforces, or at least strongly biases the fit toward, the
physically expected odd response 𝑓 𝑗 (−𝑠) = − 𝑓 𝑗 (𝑠).

For the logistic regression, solver is the numerical optimizer, max_iter is its
maximum number of iterations, and𝐶 is the inverse strength of the standard ℓ2 penalty
in the logistic objective. Thus larger 𝐶 corresponds to weaker regularization. For the
CNN, the parameters listed below are the number of hidden channels, convolution
kernel size, dilation base, learning rate, batch size, and number of training epochs.

17.2 Data sets and translational averaging
For each pair (𝐿, 𝛽) used in the figures, we generated independent snapshot pairs
(𝑧(𝑎) , 𝑠(𝑎)) from the MPS representation of the measured critical Ising chain. In the
convergence and validation plots, the data set contains

𝑁tot = 105 (17.3)

raw snapshot pairs. We used a fixed random split with

𝑁val = 2 × 104, 𝑁max
train = 8 × 104. (17.4)

The validation set is disjoint from the training set. When the training-size dependence
is plotted, the training set of size 𝑁train is chosen as a nested subset of the fixed
training pool, with

𝑁train ∈ {2, 5, 10, 20, 40, 80, 160, 320, 640,

1280, 2560, 5120, 10240, 20480,

40960, 80000}.

(17.5)

Thus different points in a convergence curve are evaluated on the same validation set.

The chain is periodic in the numerical experiments. For the linear and logistic
decoders, we use the shared-PBC construction defined in Eq. (17.2). Equivalently,
the shared training set is

Dsh = {(𝑇− 𝑗 𝑠(𝑎) , 𝑧(𝑎)𝑗 ) : 𝑎 = 1, . . . , 𝑁train, 𝑗 = 1, . . . , 𝐿}. (17.6)

This realizes the statement in Sec. 15.1 that translation symmetry can reduce the
number of independent parameters relative to fitting an unrelated model at every site.
The shared linear and logistic maps still have 𝐿 + 1 coefficients, but a single snapshot
supplies labels for all 𝐿 translated sites, so translation averaging reduces the number
of independent snapshot records needed in practice. For the convolutional neural
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network, translation covariance is built into the architecture by weight sharing and
circular padding, so no explicit shifted data set is required.

We also use the global Ising symmetry in the data augmentation step. Whenever a
training snapshot (𝑠, 𝑧) is used, we include its symmetry partner

(𝑠, 𝑧) ↦→ (−𝑠,−𝑧). (17.7)

For the convex linear and logistic objectives this makes the optimal intercept zero up
to numerical tolerance. For the neural network it acts as symmetry augmentation
and strongly biases the learned decoder toward 𝑓 𝑗 (−𝑠) = − 𝑓 𝑗 (𝑠).

17.3 Linear decoder
The linear decoder is the translationally shared version of Eq. 14.2 of the previous
chapters. With periodic indices understood modulo 𝐿, it can be written as

𝑓 lin
𝑗 (𝑠) = clip[−1,1]

(
𝑏 +

𝐿−1∑︁
𝑟=0

𝑤𝑟 𝑠 𝑗+𝑟

)
. (17.8)

The clipping is applied only at prediction time to keep the output in the physical range
[−1, 1]. The fit itself is ordinary least-squares regression on the augmented shared
data set in Eq. (17.6). Numerically, the linear runs include the affine bias 𝑏, impose
the shared-PBC translation-covariant form, use the global Z2 data augmentation,
and apply no explicit regularization. No separate cyclic-shift augmentation is
used beyond the shared-PBC pooling. In the code notation defined above, this is
fit_intercept=True, pbc_shared=True, and augment_z2=True. The number
of trainable parameters in the shared PBC implementation is 𝐿 + 1 before the Z2

symmetry sets the intercept to zero. Without the shared-PBC constraint, a separate
linear model for every site would have 𝐿 (𝐿 + 1) parameters.

17.4 Logistic decoder
The logistic decoder uses the same shared-PBC feature map as the linear decoder,
but it learns the conditional probability of a positive system outcome. For 𝑢 = 𝑇− 𝑗 𝑠,
define

𝑝+(𝑢) =
1

1 + exp[−(𝑏 +∑𝐿−1
𝑟=0 𝑤𝑟𝑢𝑟)]

. (17.9)

The magnetization prediction is

𝑓
log
𝑗
(𝑠) = 2𝑝+(𝑇− 𝑗 𝑠) − 1 = tanh

[
1
2

(
𝑏 +

𝐿−1∑︁
𝑟=0

𝑤𝑟 𝑠 𝑗+𝑟

)]
. (17.10)
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After a harmless rescaling of 𝑏 and 𝑤𝑟 , this is the bounded logistic form shown in
Eq. 14.2 of the previous chapters.

The model is trained by binary cross entropy on the labels (𝑧 𝑗 + 1)/2 ∈ {0, 1}.
The Bayes optimum of this classification problem is 𝑝+(𝑠) = Pr(𝑧 𝑗 = +1 | 𝑠), and
therefore the corresponding magnetization is 2𝑝+(𝑠) − 1 =

〈
𝑍 𝑗

〉
𝑠
. Thus the logistic

loss and the squared loss have the same target conditional mean, although they weight
finite-sample errors differently.

Numerically, the logistic runs use the same shared-PBC and Z2-augmented data
convention as the linear runs, with an affine bias included and the shared-PBC pooling.
The optimizer is lbfgs, the maximum number of optimizer iterations is 400, and
𝐶 = 1.0 is the inverse strength of the standard ℓ2 regularization in the logistic objective.
In the code notation defined above, this is solver=lbfgs, C=1.0, max_iter=400,
fit_intercept=True, pbc_shared=True, and augment_z2=True. The shared
model has 𝐿 + 1 trainable parameters before the symmetry constraint on the intercept.

17.5 Dilated convolutional neural network
The neural-network decoder is a one-dimensional dilated convolutional neural
network with periodic padding. Unlike the linear and logistic baselines, it outputs all
sites simultaneously,

𝑓𝜃 (𝑠) =
(
𝑓𝜃,1(𝑠), . . . , 𝑓𝜃,𝐿 (𝑠)

)
∈ [−1, 1]𝐿 . (17.11)

The input is viewed as a one-channel signal of length 𝐿. The architecture is:

1. A circular convolutional stem with one input channel, 𝐶 = 64 hidden channels,
kernel size 𝐾 = 3, dilation 1, followed by the SiLU activation SiLU(𝑥) =
𝑥/(1 + 𝑒−𝑥).

2. A stack of 𝐵 residual dilated convolutional blocks. The ℓth block, with
ℓ = 0, . . . , 𝐵 − 1, has dilation

𝑑ℓ = 2ℓ, (17.12)

𝐶 = 64 input and output channels, kernel size 𝐾 = 3, and circular padding. If
ℎ(ℓ) is the hidden representation entering the block, the update is

ℎ(ℓ+1) = ℎ(ℓ) + SiLU
(
Convcirc

𝐾=3,𝑑ℓ ℎ
(ℓ)

)
. (17.13)
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3. A pointwise readout convolution with kernel size 1, mapping the 𝐶 = 64
hidden channels to one output channel at each site, followed by a final tanh
nonlinearity,

𝑓𝜃 (𝑠) = tanh
(
Conv𝐾=1ℎ

(𝐵)
)
. (17.14)

The final tanh enforces the physical bound 𝑓𝜃, 𝑗 (𝑠) ∈ [−1, 1].

The number of residual blocks is chosen automatically so that the receptive field
covers the periodic chain. With the stem included, the receptive-field length after 𝐵
residual blocks is

𝑅𝐵 = 3 + 2
𝐵−1∑︁
ℓ=0

2ℓ = 2𝐵+1 + 1. (17.15)

We choose the smallest 𝐵 such that 𝑅𝐵 ≥ 𝐿. Thus 𝐵 = 𝑂 (log 𝐿), and with fixed
channel number the number of trainable weights also scales as 𝑂 (log 𝐿). For the
hyperparameters used here, the parameter count is

𝑊CNN = 64(3 + 1) + 𝐵(642 · 3 + 64) + (64 + 1)
= 321 + 12352𝐵.

(17.16)

For the system sizes used in the figures this gives the values in Table 17.1.

Table 17.1: Number of dilated residual blocks and trainable parameters for the CNN
with 𝐶 = 64, 𝐾 = 3, and dilation base 2.

𝐿 𝐵 receptive field 𝑅𝐵 trainable parameters
20 4 33 49729
40 5 65 62081
60 5 65 62081
100 6 129 74433
200 7 257 86785

The CNN is trained as a Bernoulli decoder for all sites. Its magnetization output is
converted to a probability

𝑝𝜃, 𝑗 (+ | 𝑠) =
𝑓𝜃, 𝑗 (𝑠) + 1

2
, (17.17)

and the target is 𝑦 𝑗 = (𝑧 𝑗 + 1)/2. The training loss is the site-averaged binary cross
entropy

LBCE(𝜃) = −
1

𝑁train𝐿

𝑁train∑︁
𝑎=1

𝐿∑︁
𝑗=1

[
𝑦
(𝑎)
𝑗

log 𝑝𝜃, 𝑗 (+ | 𝑠(𝑎))

+ (1 − 𝑦 (𝑎)
𝑗
) log(1 − 𝑝𝜃, 𝑗 (+ | 𝑠(𝑎)))

]
.

(17.18)
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with the probabilities clipped to the interval [10−6, 1 − 10−6] for numerical stability.
The optimizer is Adam with learning rate 10−3, batch size 256, and 20 epochs. No
dropout or weight decay is used.

Hyperparameter summary. The numerical settings used for the three decoders in
Sec. IV are as follows. The implementation-specific names in parentheses are defined
in Sec. 17.1.

Linear decoder
Ordinary least-squares regression; affine bias included (fit_intercept); transla-
tionally shared PBC model (pbc_shared); global Ising-symmetry augmentation
(augment_z2); no explicit regularization.

Logistic decoder
Bernoulli logistic regression for Pr(𝑧 𝑗 = +1 | 𝑠); affine bias included; translation-
ally shared PBC model; global Ising-symmetry augmentation; lbfgs optimizer;
inverse ℓ2 regularization strength 𝐶 = 1.0; maximum iteration count 400.

Dilated CNN
Circular one-dimensional residual CNN with hidden channels 𝐶 = 64, kernel size
𝐾 = 3, dilation base 2, and automatic number 𝐵 of residual blocks chosen from
Eq. (17.15); SiLU activations; final tanh output; binary-cross-entropy loss; Adam
optimizer; learning rate 10−3; batch size 256; 20 epochs; global Ising-symmetry
augmentation; no dropout and no weight decay.

17.6 Validation estimator and reference MPS error bars
The validation set is used to estimate the variational objective in Sec. 13.3 without
reusing the training data. For a trained modelM, define the site-averaged validation
mean-squared error

L̂Mval :=
1

𝑁val𝐿

𝑁val∑︁
𝑎=1

𝐿∑︁
𝑗=1

[
𝑧
(𝑎)
𝑗
− 𝑓M𝑗 (𝑠

(𝑎))
]2
. (17.19)

Because 𝑧2
𝑗
= 1, the corresponding validation estimate of the site-averaged second

moment is
𝐴̂

val

2,M = 1 − L̂Mval, (17.20)

where

𝐴2 [𝑍] :=
1
𝐿

𝐿∑︁
𝑗=1

𝐴2 [𝑍 𝑗 ] =
1
𝐿

𝐿∑︁
𝑗=1

E𝑠
〈
𝑍 𝑗

〉2
𝑠
. (17.21)
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Indeed, if 𝑓M
𝑗
(𝑠) =

〈
𝑍 𝑗

〉
𝑠

is the Bayes decoder, then

E
[
(𝑧 𝑗 − 𝑓M𝑗 (𝑠))

2
]
= 1 − 𝐴2 [𝑍 𝑗 ] . (17.22)

Thus the irreducible validation MSE is 1 − 𝐴2 [𝑍].

For the MPS reference, we independently sample

𝑁MPS = 104 (17.23)

measurement records from the Born distribution and compute the true conditional
expectation values 𝑚MPS

𝑗
(𝑠) =

〈
𝑍 𝑗

〉
𝑠

by MPS contraction. The reference value is

𝐴̂
MPS

2 =
1

𝑁MPS𝐿

𝑁MPS∑︁
𝑎=1

𝐿∑︁
𝑗=1

[
𝑚MPS
𝑗 (𝑠(𝑎))

]2
, (17.24)

or, equivalently, the reference irreducible MSE is

L̂MPS = 1 − 𝐴̂
MPS

2 . (17.25)
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“The sun never really sets. It just stands there doing its thing while we run circles
around it.”

— Pascal, Animal Crossing: New Horizons
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C h a p t e r 18

THEORY OF MEASUREMENT-ALTERED QUANTUM
CRITICALITY

The preceding parts of this thesis develop measurement-altered quantum criticality
from several directions: ancilla-assisted weak measurements of the Ising CFT,
imperfect teleportation of critical wavefunctions, boundary transitions generated by
single-shot measurements on gapless states, projective-measurement protocols in Ry-
dberg arrays, and statistical-learning methods for extracting conditioned observables
without explicit post-selection. The examples differ in microscopic implementation,
but they are organized by the same theoretical pattern. One begins with a critical
wavefunction, applies a measurement map or an operation equivalent to one, and
studies the universal properties of the conditioned, averaged, decoded, or replicated
ensemble that results. This chapter collects the common lessons.

18.1 Measurement protocols as non-unitary deformations
A measurement-conditioned state can be written schematically as

|𝜓𝑠⟩ =
𝐾𝑠 |𝜓0⟩√

𝑝𝑠
, 𝑝𝑠 = ⟨𝜓0 | 𝐾†𝑠𝐾𝑠 |𝜓0⟩ , (18.1)

where |𝜓0⟩ is a critical state and 𝐾𝑠 is the Kraus operator associated with outcome
record 𝑠. The central observation of the thesis is that, for many physically relevant
protocols, 𝐾𝑠 can be reinterpreted as a non-unitary deformation of the critical
wavefunction. In a continuum description this deformation takes the form

𝐾𝑠 ∼ exp[−𝑆meas(𝑠)], 𝑆meas(𝑠) =
∑︁
𝑎

∫
d𝑑𝑥 𝜆𝑎 (𝑥; 𝑠) O𝑎 (𝑥) + · · · , (18.2)

where O𝑎 are fields of the underlying CFT. The ellipsis contains higher-order and
less relevant terms. The fate of the measured state is controlled by the symmetry,
scaling dimension, spatial profile, and the couplings 𝜆𝑎.

This language simultaneously describes several limits encountered earlier. In the
ancilla-assisted Ising protocol, perturbative measurement strength generates local
couplings to Ising fields. In imperfect teleportation, imperfect entangling gates act as
effective weak measurements of the would-be teleported critical state. In the boundary-
transition construction, a single measurement round creates a boundary condition
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or defect whose RG flow determines long-distance correlations. In Rydberg arrays,
partial projective measurement of atoms implements an experimentally accessible
version of the same deformation. In the decoder chapters, one no longer fixes a
single 𝑠; instead, one learns the map 𝑠 ↦→ ⟨O⟩𝑠, thereby probing the ensemble of
deformations.

18.2 Relevant, marginal, and irrelevant measurement perturbations
The simplest classification is the RG classification of the induced operator. If a
measurement-induced operator has scaling dimension Δ below the dimension of
the integration manifold, it is relevant and can drive the measured state away from
the original critical fixed point. If it is marginal, one expects logarithmic flow or a
continuously varying response. If it is irrelevant, the measured state retains the same
leading universal behavior, although subleading corrections may still be measurable.

This classification is visible throughout the thesis. In Chapters 3 and 4, different
measurement bases and outcome sectors select different Ising fields, changing whether
the dominant response is order-parameter condensation, altered spin correlations,
or symmetry-resolved nonlinear behavior. In Chapters 5 and 6, teleportation
imperfections fall into relevant, marginal, and disguised marginal categories, showing
that noisy transfer of a critical state can preserve, alter, or hide universal data
depending on microscopic structure. In Chapters 7–9, the language becomes that of
boundary RG: measurement basis and outcome ensemble tune boundary perturbations,
sometimes producing an intermediate fixed point. In Chapters 10–12, projective
Rydberg measurements realize these ideas with a microscopic Hamiltonian that is
experimentally motivated rather than designed only for theoretical convenience.

A useful way to summarize the classification is

measurement protocol −→ {O𝑎, 𝜆𝑎 (𝑠)}
−→ RG flow of conditioned or ensemble observables.

(18.3)

The same microscopic protocol may therefore have multiple universal interpretations,
because different observables and different outcome ensembles probe different
combinations of the induced perturbations.

18.3 Outcome dependence and symmetry constraints
Measurements introduce two ingredients that ordinary Hamiltonian perturbations do
not usually have: stochastic outcome dependence and ensemble choice. The outcome
record 𝑠 can explicitly break a microscopic symmetry, preserve it only statistically, or
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select a symmetry sector. This is why a single protocol can produce fixed-outcome
order, symmetry-resolved averages, Born-weighted averages, or learned conditional
responses.

Symmetry determines which perturbations are allowed in Eq. (18.2). If an outcome
sector is invariant under a symmetry, fields odd under that symmetry are absent from
the leading effective action. If an outcome breaks the symmetry, the corresponding
order-parameter field can appear and may be relevant. If an ensemble sums over
symmetry-related outcomes, ordinary linear averages may cancel the order parameter
even though nonlinear observables remain singular. This explains why quantities
such as

𝐴𝑞 [O] =
∑︁
𝑠

𝑝𝑠 ⟨O⟩𝑞𝑠 (18.4)

play such a prominent role. They are not auxiliary diagnostics; they are the natural
observables of measurement-conditioned criticality when the fixed-outcome state is
not directly accessible.

This point also clarifies the role of decoding. A decoder does not change the
underlying physics; it changes the experimentally accessible representation of it.
Rather than requiring exponentially rare exact post-selection, the decoder estimates
the conditional response ⟨O⟩𝑠 from samples of (𝑧, 𝑠). The statistical-learning
formulation therefore sits on top of the same symmetry and outcome structure that
appears in the field-theory chapters.

18.4 Defect-line versus boundary-condition viewpoints
The same measurement deformation can be described either as a defect line inserted
into a Euclidean path integral or as a boundary condition of the corresponding CFT.
The first viewpoint is natural for weak measurements of a critical wavefunction,
because the measurement acts on a time slice and can be represented by a defect
operator. The second viewpoint is natural for single-round relevant measurements
that leave behind a BCFT. The defect-line viewpoint emphasizes local operator
content. One asks which CFT fields appear in the defect action and whether their
couplings are relevant. The boundary-condition viewpoint emphasizes endpoint data
of the RG flow, usually a BCFT.

The two viewpoints are complementary rather than competing. A relevant defect
perturbation can flow to a boundary fixed point. A boundary fixed point can
be diagnosed by the scaling dimensions of operators that also appear in a defect
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expansion. The high-level picture is therefore a web of equivalent descriptions:

Kraus map ↔ non-unitary defect ↔ boundary condition (18.5)

18.5 Fixed-outcome, Born-weighted, restricted, and uniform ensembles
Measurement-altered criticality is not specified by the microscopic operation alone;
it is also specified by the ensemble through which the operation is probed. Four
ensembles recur throughout this thesis.

A fixed-outcome ensemble studies a target record 𝑠 = 𝑠★. It is the cleanest theoretical
object because it has a definite effective action. It is also the most experimentally
demanding when 𝑝𝑠★ is exponentially small. A Born-weighted ensemble averages
over measurement outcomes with their physical probabilities. It is experimentally
natural but may wash out symmetry-breaking signatures. A restricted ensemble
averages over a subset of outcomes that are symmetry equivalent, experimentally
common, or selected by simple classical rules. A uniform or reweighted ensemble
is useful theoretically and in some decoder formulations because it exposes the
geometry of outcome space rather than the Born distribution alone.

The differences are not merely technical. Different ensembles can correspond to
different effective replica theories and therefore different universal exponents. For
example, Born-weighted nonlinear moments probe locked-replica physics, while
uniform-outcome correlations can probe a zero-replica or random-defect limit. Post-
selected Rydberg sectors, restricted averages over symmetry-related sectors, and
learned decoder outputs are therefore different experimental or computational cuts
through a larger ensemble landscape.

18.6 Nonlinear observables and replica descriptions
Nonlinear observables are the common bridge between theory and access. The
fixed-outcome expectation ⟨O⟩𝑠 may show an altered scaling law, but a laboratory
generally samples 𝑠. The Born-weighted average

∑
𝑠 𝑝𝑠 ⟨O⟩𝑠 can vanish by symmetry.

The moment 𝐴2 [O], by contrast, can remain nonzero and universal.

One useful identity behind the decoder chapters is the variational representation

𝐴2 [O] = max
𝑓

[
2E{ 𝑓 (𝑠)𝑂 (𝑧)} − E{ 𝑓 (𝑠)2}

]
, (18.6)

where the maximum is over functions of the measurement record. The optimizer
is the conditional expectation 𝑓★(𝑠) = E[𝑂 (𝑧) | 𝑠]. This equation makes precise
why supervised learning is natural: a decoder trained from snapshots approximates
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the function that realizes the nonlinear observable. Thus the decoder is not an ad
hoc post-processing tool; it is a variational representation of a universal ensemble
quantity.

Replica language gives another interpretation. Moments such as 𝐴𝑞 couple several
copies of the system through a shared measurement record. In favorable regimes these
replicas lock, generating scaling behavior distinct from that of the original single-copy
critical state. Uniform or reweighted ensembles instead resemble random-defect
averages and can lead to different limits.

18.7 Experimental access: post-selection, restricted averages, and learned
decoders

The experimental question is how to see altered criticality without assuming ideal
access to a chosen outcome. The thesis develops several answers, ordered from
direct to indirect.

First, if the target outcome has sufficiently high probability, one may post-select
directly. Rydberg blockade can enhance useful target-sector probabilities, making
this route less hopeless than it would be for independent unbiased measurements.
Second, if symmetry-related sectors are available, restricted averages can combine
many records that share the same universal response. Third, nonlinear Born-weighted
observables can reveal fixed-outcome physics even when the linear average vanishes.
Fourth, decoder-assisted protocols learn conditional observables from raw snapshots
and avoid explicitly estimating each sector separately.

These strategies should be viewed as complementary. Direct post-selection gives
the clearest comparison to field theory. Restricted averages exploit microscopic
symmetries and constraints. Nonlinear moments define universal observables of the
ensemble. Decoders provide scalable estimators for those observables. A realistic
experiment may use several of these ideas simultaneously: choose a favorable
measurement pattern, group symmetry-related outcomes, measure many snapshots,
and train a decoder to extract the relevant conditioned response.
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C h a p t e r 19

OUTLOOK

This thesis develops measurement-altered quantum criticality in one-dimensional
systems where conformal field theory, boundary CFT, tensor-network numerics,
and statistical-learning tools can be combined in detail. The resulting framework
is already broad: it includes weak and projective measurements, teleportation
errors, boundary transitions, Rydberg experiments, and decoder-assisted nonlinear
observables. Still, the work should be viewed as an initial map rather than a closed
theory. This chapter outlines directions in which the ideas can be extended.

19.1 Higher-dimensional measurement-altered criticality
The most direct theoretical extension is to higher-dimensional critical points. In
one spatial dimension, the power of CFT and BCFT makes it possible to identify
measurement-induced perturbations, boundary fixed points, and scaling dimensions
with high precision. In higher dimensions the same conceptual questions remain, but
the tools are less complete. A measurement can still generate a non-unitary defect,
boundary condition, or random surface; the problem is to determine which operators
are induced and how they flow.

Several qualitative changes should occur in higher dimensions. First, measured
submanifolds can have nontrivial geometry: lines, surfaces, corners, and fractal
sets of measured degrees of freedom may define different universality classes.
Second, boundary and defect operator spectra are richer and less constrained. Third,
numerical access is more challenging, so decoder-based methods may become more
important rather than less. Finally, experiments on two-dimensional Rydberg arrays,
superconducting qubit arrays, trapped ions, or photonic systems may naturally realize
measurement geometries that are unavailable in strictly one-dimensional chains.

19.2 Other CFTs and universality classes
The Ising and tricritical Ising theories are natural starting points because their
operator content is simple and their lattice realizations are well controlled. The
boundary-transition chapters already show that the measurement-altered framework
extends to other minimal models and SPT-related critical states. A systematic next
step is to classify measurement-induced deformations across larger families of CFTs.
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Important targets include compact bosons and Luttinger liquids with tunable radius,
parafermion CFTs, Wess–Zumino–Witten models, nonunitary CFTs, and multicritical
points with several relevant fields. In each case one can ask which measurement
bases couple to which primary fields, which outcome sectors preserve symmetries,
which boundary fixed points are accessible, and which nonlinear observables remain
experimentally visible. Such a classification would turn the examples in this thesis
into a more general dictionary between measurement protocols and CFT data.

19.3 Continuous monitoring and hybrid dynamics
This thesis focuses primarily on single-round or effectively static measurements.
Continuous monitoring introduces a time direction and connects measurement-altered
criticality to hybrid quantum circuits and measurement-induced phase transitions.
The distinction is important. Measurement-induced transitions in monitored dy-
namics are often transitions between volume-law and area-law entanglement phases.
Measurement-altered criticality instead asks how measurements reshape the universal
data of an already critical wavefunction. Nevertheless, the two subjects should have
overlapping regimes.

A continuously monitored critical system may exhibit both effects: the monitoring
can alter the instantaneous critical correlations while also driving a dynamical
entanglement transition. Understanding the interplay between static measurement-
induced defects and dynamical measurement histories is an open problem. A useful
first step would be to study weakly monitored versions of the Ising and Rydberg
protocols in this thesis, asking whether the single-round boundary or defect fixed
points survive as preasymptotic regimes of a monitored dynamics.

19.4 Adaptive measurements and feedback
Another natural extension is adaptivity. In the protocols studied here, the measurement
basis and target sectors are chosen before or independent of the measured outcomes.
Adaptive protocols can choose later measurements or feedback operations based
on earlier records. This could be used to steer a critical wavefunction toward a
desired boundary fixed point, increase the probability of favorable outcome sectors,
or implement a real-time decoder at the quantum-control level rather than only in
classical post-processing.

Adaptivity also raises theoretical questions. A nonadaptive measurement corresponds
to a fixed set of Kraus operators. An adaptive protocol corresponds to a measurement
tree, and the effective deformation depends on a history-dependent classical control
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rule. Field-theoretically, this may generate new classes of nonlocal or temporally
correlated defects. Experimentally, adaptive measurement could be a practical way
to interpolate between post-selection and feedback-controlled state engineering.

19.5 Quantum decoders and circuit-based post-processing
The decoder chapters treat decoding as a classical supervised-learning problem.
A broader perspective is to ask whether decoder logic can be implemented by a
quantum circuit or hybrid quantum-classical protocol. Instead of learning 𝑠 ↦→ ⟨O⟩𝑠
after the fact, one might use a circuit that coherently processes measurement records,
applies conditional corrections, or maps an ensemble of conditioned states into a
common representative.

This possibility connects measurement-altered criticality to quantum error correction.
In error correction, syndrome measurements reveal information about errors without
directly measuring logical degrees of freedom, and a decoder infers a correction. In
measurement-altered criticality, the measurement record reveals information about
how the critical wavefunction was deformed, and a decoder infers the conditioned
observable or effective fixed point. The analogy is not exact, but it suggests that
quantum-information methods may be useful for designing protocols that preserve or
deliberately transform critical universal data.

19.6 Relation to quantum teleportation and state engineering
The teleportation chapters show that measurement-altered criticality is not only a
matter of measurement protocols designed to study critical systems. It also appears
as a robustness question for quantum information tasks. Imperfect teleportation of
a critical state can generate relevant or marginal measurement-like perturbations.
Thus universal critical data can be a sensitive diagnostic of state-transfer quality.

This suggests using critical states as structured probes of quantum devices. A device
that teleports, stores, or processes a critical wavefunction may reveal coherent imper-
fections through altered scaling dimensions or entanglement diagnostics. Conversely,
measurement-induced deformations can be used constructively to engineer states
with desired boundary conditions or order-parameter responses. The boundary
between “error” and “resource” is therefore protocol dependent: a measurement-like
perturbation may be harmful for preserving a pristine critical state, but useful for
preparing a new universal state.
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19.7 Toward a classification of measurement-altered universality
A long-term goal is a classification of measurement-altered universality classes. Such
a classification would specify an underlying critical theory, a measured submanifold,
a measurement basis, a set of accessible outcome ensembles, and a family of
observables. The output would be a list of stable fixed points, relevant measurement-
induced perturbations, nonlinear ensemble exponents, and experimentally viable
diagnostics.

The examples in this thesis suggest that this classification is feasible at least in one
dimension. Minimal models, compact bosons, SPT critical states, and constrained
Rydberg chains provide a testing ground. The classification should not be limited to
post-selected pure states; it should include mixed states, Born-weighted moments,
restricted averages, learned conditional observables, and possibly adaptive protocols.
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