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CHECK ONE 

I enthusiastically approve this thesis and ·recommend 

i ts author receive a Nobel Prize. 

I a pprove this thesis; it is a cceptable. 

I approve this draf t of t his thesis, particularl y 

since there is not enough time left for another 

set of corrections. 



ABSTRACT 

Starting with the theoretical expressions of Elia-

son and Hirshfelder relating rate constants and reaction 

cross sections for bimolecular gas phase reactions, 

selected numerical calculations were made to estimate 

the experimental accuracies required in the concentration 

and temperature measurements to estimate the cross sec­

tion. These calculations indicate that the accuracies 

required are far beyond those presently attainable. 
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1. Introduction 

The experimental determination of reaction cross sec­

tions in important because of the fundamental role which 

reaction cross sections play in the understanding of 

chemical reactions. Just as the potential energy as a 

function of internuclear distance is essential to the 

understanding of vibration and rotation of diatomic mole­

cules, the reaction cross section as a function of the 

relative kinetic energy of the reactant molecules is a 

fundamental description of the ch,emical reaction . The 

cross section describes not only equilibrium processes, 

but also the chemistry of flames, shock tubes, and deton­

ations. 

Eliason and Hirshfelder1 have developed the formalism 

relating the reaction cross section to the rate constant 

for bimolecular gas phase reactions. Can experimental 

rate constant data be used in conjunction with this for­

malism to calculate the reaction cross section? This 

research indicates that the experimental accuracy required 

is not technologically feasible. 



-2-

2 . Reaction Cross Section Formalism of Rate Constants 

In the formalism of Eliason and Hirshf elder2 the rate 

of a bimolecular react ion of the fo rm 

ought to be considered as the sum of the rates of reactions 

of the form 

where the subscript denotes the entire set of quantum 

numbers for a part icular internal state. The detail ed 

rate equation is then 

where nai and nb j a r e the number densiti es of Ai and Bj, 

kl and Ki j i s th e detailed rate constant. The overall 

rate is given by 

- ( dm/dt) ~ L L 
~ / fi,{_ 

The kinetic t heory o f gases predcicts that the number 

of collisions in unit volume and unit time in which a 

molecule A1 collides with another molecule Bj to give 

product molecul es Ck a nd D1 is 
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fai and fb j are the normalized distribution functi ons f or 

the molecular species Ai and Bj. Cijkl(E) is the react ion 

cross secti on ref err ing to collisions between molecules 

i n states i and j, with initial asymptotic relative k inetic 

energy E, in whi ch the r esultant molecules are in s tat es 

k a nd 1. Cijk1 ( E) c ontains no angular depend ence. The 

quant i t y gij is the magnitude of the i nit ial relat ive 

velocity, while 1 ai and , b j repr esent the v elocity vectors 

of the molecules Ai and Bj in the laboratory system. 

The d etail ed rat e con stant i s then given by 

The r ate equation become s 

I f the velocitfues obe y a Boltzmann distribution, eq . (1) 

can be specialized. The normalized Maxwell-Boltzmann 

velocivy vector dis t r i b ution is 

Substituting this dist r i bution and tranforming to the 

center-of-mass system of the reactants yields 
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The integra~ over the velocity of the center of mass 

a nd the angular portions of g - • have been carried out lJ 

since the reaction cross section is a function only of 

the relative kinetic energy -j<- is the reduced mass of the 

reactants. In terms of an integral over relative kinetic 

energies, the detailed rate constant becomes 

Finally, the rate equation has the f orm 

If the distribut ion among internal states of the reactant 

melecules is determined by thermal equilibrium, the i nternal 

partition function is 

Z
11vf 

c:., 

With this substitution, eq. (2) becomes 

( :ti, )-%, 
- ( d /Yl,q_/J-t) = { j ~~A/~_ 1//-r [: [ ex f [- ( €a_c: + £ bJ)/41} 

(Jrr J Za, La (.,J Jt_,1_ 

)I[' CJ /,P( [)£ Of ( - £/11r) d[} =c.mL 
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Compar i son of t h is expression with the usual form of t he 

rate equation 

leads to the identification 

for reactant 

[ exp[- ( ec;_ / -+ e 1;1 )/nT) 
L.j 

(3) 

[ c1 j k1 ( E) is t he total rea ction cross s ection 
IN 
molecul es Ai and Bj reacting to give product 

molecul es C and D. Eq . (3 ) may be further simplified if 

only one quantum state of each of the reactant mol e cul es is 

significantly populated. This would be true in the cas e of 

l ow temperatures and large spacing between low-lying energy 

levels, The simplifi ed result is 
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This simplifi ed expression was used in the actual cal­

culations. The experimental accuracy required to determine 

even this structureless cross section C(E) cannot be attained. 

A more complicated calculation involving partition functi ons 

can only lead to worse results. 
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J. Calculation of Reaction Cross Sections from Rate 

Constants 

J.1. Estimation of Relative Error in C(E) for Specific 

Models 

J.1.1. General Formalism 

The first method is based on the statistical estimation 

of the relative error in the reaction cross section C(E) 

as a function of the relative error in K(T) due to con­

centration errors and as a function of the absolute error 

in temperature measurements for K(T). The relative error 

in K(T) due to errors in the concentration measurements, 

b Krc, and the absolute error in the temperature measurements, 

b T, were determined subject to two criteria: 

1) In order to present accurately the relative error 

in C(E), it should be estimated at an energy f or 

which C(E) is neither very small nor large. The 

result is reported at an energy 

the following relation 

C(E½) = ~Cmax 

defined by 

2) The contributions to lli (E½) from D Krc and L.:i T 

should be approximately equal. Experimentally, 

it is superfluous to make one source of error 

much smaller than another since the larger error 

will then dominate the result. 



A qualitative sket ch of the reaction cross sect ion for 

a bimolecular r eaction such as H2 + H ---,, H + H2 is shown by 

the s01;d line in the f ol lowing graph . 

v" :z. 

C(E) (,f) 

/ 
I 

/ 

1/ 
/ 

1/ 

- - - -

f(eV) 

The cross sect i on C(E) is zero below the t hreshold 

energy Eo~ ri ses t o a max i mum, and decreases to zero as 

E becomes large . 

On t he basis of these f eatures, a rather general funct i on 

was chosen. 

C( f) (5) 

Do is chosen so that C(E) is continuous at E. 

The behavior of this f uncti onC( E) is sketched by the 

dotted line in the above g r aph. Th e discrepency at energies 

of several elect ron volts and larger in not important . 

The exponent ial in the integral of eq. (4) is such t hat 

t he contribution to the integral from energies great er than 

three electron volts is numerically negligible compared 



to the total integral. 

Using eq. (5) for C(E) and statistical error for mulae, 

the absolute error in C(E) 9 D C(E), and hence the relative 

error, ~( (E), may be estimated. 

The expression for the root mean square statisti ca l 

error in an experimental quantity Gas a functio n of 

several independent experimental variables Xl, xz, ... , Xn 

was used to estimate the error. 

where b Xi is the absolute error in the q uantity Xi. 3 

Define the following: 

b Kjrc = relative e r r or in K{Tj) ' due to error in concen­

tration measurements 

.DKj c = absolute error i n K(Tj) due to error in concen­

tration measurements 

= K(T j) X .6.Kjrc 

= absolute error in measurement o f temperature Tj 

= absolute error in K(T j) due to error in temperature 

measurements 

J lr ( ) = )T T j X 6 T j 

= max irn um ( b K j c , i.:::,, K j t ) 

These quantities will be used equations of the g e neral 

form of eq. ( 6) . 
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Consider now the rate constant as a functi on of the 

temperature and the several cross section parameters Eo, 

Dl, D2 , ... , Dn. The temperature dependence may be removed 

by labeling the rate constants at a series of temperatures 

as distinct quantities. 

Kj = r\ ( E O I D / I I J) N J 'J ) 
Taking a series of temperatures T1, T2,••·• Tn+l, these 

equations f or Kj 1(1)n+l may be solved implicitly, if not 

explicitly, for the cross section parameters. 

E o = [ c, ( K I I\<- . . . 
1 

I< N -I' I ) 
I J 

c: -:.::1(1)N ( 7 h) 

Formula (6) may then be applied to eqs. (5), (7~), and 

( 7b). 

where the .6 Kj are defined as before. 

From these formulae , c.~ ( E.1.) may be estimated for a 
2 

given set of L\ K jrc and DT j. These values of D Krc 

and LJ '11 may not, however , be the values for which the 
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contribution to the error from temperature and concen­

tration measurements are approximately equal. Such values 

of .6 Krc and L'.J T may be determined by noting that 

~ l<i ,=== /Jnc<.J< ( .L:J I<_; C I u I<_; -f ) 

If D K j c > D Kjt ~ then D K jt may be increased until b K jt 
DC-

= A Kj c without altering the calculated results for c (E½). 

This basic idea is utilized in the foll owing algorithm: 

1) An initial choice of 6 Krc and ll T is made and 

Di (E½) is estimated. 

2) ~ ( E½) is homogenous of fi rst order in the D Kj, 

i.e., if the b K j are divided by a factor a, then 

~ (E½) is divided by the same factor a. If it is 

desired that 0! (E½} equal a particular value f 9 

then it may be scaled to the desired value. 

-6 K and LJ T must be scaled by the same factor. re 

6T 

J} On a graph of ( -Log h.T) versus (-Log D Krc), 

the po int (-Log L.'> Krc', -Log 1-\ T 1 ) is plotted 

and labeled by its f value. 
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4} The procedure above is repeated for different 

initial values of b Krc and h T. If the first 

set of values was such that L-1 K jc > L-:-. Kjt, then 

the second set of values of .L)Krc and D T should 

be chosen so that D Kjc < .t.'> Kjt• and vice versa. 

5) A third point is now determined for the two already 

plotted. Consider the following example. Let 

P1 be such that D Kjc > L'l Kjt and have coordinates 

{a1 , b1). Let P2 be such that D Kjt > L'.I Kjc and 

have coordinates (a2,b2). 

M+3 Roca.,/6J 
! 

M 

- Lt? 'I ,LJ /vr-e, 

For point P1, b Kjt can be increased until L:i Kjt 

== L-l Kjc without altering the calculated result 

LJ C c (E½) · This corresponds to moving Pl downward 

on the graph. Similarly, P2 may be moved to the 

left until LJ Kjc = .6 Kjt• The intersection of 

these two lines, PJ = (a1,b2}, is the point at 

which .o Kjc is approximately equal to /_j Kjt• 

The method is only approximate since .u Kjc and £). Kjt 

should both contr ibute to the error when they are approxi­

mately equal. The result of the method is an average ~ Krc 
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and an average D T. Since only an order of magnitude 

estimate of these quantiti es is requiredi the approximate 

method is acceptable. 

J.1.2. Hard Sphere Line of Cent ers Model 

In the particular case of the line of centers model , 4 

For this function, the rate constant can be evaluated in 

closed form to obtain 

'raking the rate constant at two temperatures , T1 and T2 , 

this expression may be inverted to obtain Eo and Tib~ as 

explicit functions of K(T 1 ) and K(T2). 

The following values were chosen for the calculations : 

E 1 /J •T "'J b:;. = 1 • o A1z 2 . 0 ::: ,_ e, j JJ These values a re a reasonable 

approximation for the bimolecular reaction H2 + D -;;:,H + HD. 
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Using formulae (8abc), bf (E½) may be estimated. The 

results are summarized in table I. 

TABLE I 

Accuracies Required 

T1 =200°K T2=J00 °K T1=800°K T2=900°K 

DC ( fil. ) 
C 2 L:i 'r(°K) b Krc bT( OK) L) Krc 

a.so 6.s 4 X 10-2 2.0 1 x 10-l 

0.10 1.J 8 X 10-J o.4 J X 

0.01 0. lJ 8 X 10-1-t 0 . 04 J X 

0.001 O.OlJ 8 X 10-5 0 .004 J X 

To obtain C(E) to an accuracy of 1-10% the temperature 

must be known and homogeneous to a few tenths of a degre e 

10-2 

10- .3 

10-4 

and the rate constant itself must be known to three significant 

digits. These accuracies are attainable with present exper­

imental technology. 

J.1.J. Trajectory Calculation Model 

The constraints implicit in the line of centers model 

cannot be justifi ed phys ically . Th e model requires that the 

curve C(E) have a monotonically decreasing first derivative, 

i.e., no quantum effects, and that the reactant molecules 

interact as hard spheres. If the second constraint is 

relaxed and the more general cross section of eq. (5) 

is assumed, the likelihood that the model is physically 
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acceptable is increased. 

Karplus 9 Porter, and Sharma have est imated a five term 

reaction cross section f rom t ra j ectory cal cul at ions for 

t he exchange react ion H2 + H - H + H2 . 5 Physically 

reas onable data f or t he calculations may be obtained by 

usi ng a parti cular set of t hese values for the hydrogen 

molecul e i n t he state (v=O, J=2). 

In the case of the more g ener al cross s ect i on , the 

funct i ons required can no l onger be obt ained explicitly, 

and consequently numeri cal methods are requi red . The mathe­

matics s upport :\.11g t h e t:ie methods is detailed in t he foll owing 

paragraphs. 

Again the temperatur e dependence of the rate constant 

may be removed mathematically by cons idering the rate constant 

at different temperatures as separate functions , i.e. , 

The Kj were calculated frorp. the parameters given by Kar­

plus, Porter and Sharma and t hen were regarded a s experi­

mental data for the calculat i on of b E0 1 b Di i=1 (1 )5. 

To obtain the er-r-or-.s, given by eqs . ( 8bc) , the derivatives 

JE Jol 
- t_ -:::l(t)I .; · -:::1(1/£ JIS, / Ji'{; . 

are requi red . 

Consider the inverse expressions for Eo and D1 i=l(1) 5j 

which cannot be obtained expl icitly. 



-16-

Because of the previous indexing of the rate constant by 

temperature, there is no explicit temperature dependence 

in these formulae. Taking the total differential of these 

formulae yields the following expressions : 

h 
J £ 0 d I, J[o ~ H< J 

J =I :J 

('., 
;; Dl d. I< . d Oi, = ~ J J<;, J 

J : I J 

Return now to eq. (9), 

I\) -= /<(( f" ID I; • ' - I D j: 0 ) 

and take its total differential. 

L,-= I ( 1) J -

Eq. ( ll) yields six linear equations in the six un1mowns 

dEo , dD1; ... , dD5. Define the matrix of the coefficients 

""' of these equations to be A. Define the minor of the i j 
_,--. Vl 

element of A to be Ai j · Cramer 's rule gives the f ollowi ng 

result: 
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Comparing the individual terms in eqs. (10) and (12), the 

desired derivatives a r e obt ained. 

= (-t} 
J +I 0£- 1 ( ;;j I) 

/)ET(A ) 

Using formulae (Babe), L.lf (Ei) may now be estima ted . The 
2 

result s are summarized in table II. 

TABLE I I 

Accuracies Required 

~c ( El) 
(;, 2 .tl T( °K) tJ Krc b T( ° K) LJ K re 

0.50 1 X 10-7 1 X 10-6 5 X lo-6 4 X 10-8 

0.10 1 X lo- 8 2 X 10-7 1 X 10-6 8 X 10- 9 

0.01 1 X 10-9 2 X 10-S 1 X 10- 7 8 X 10-10 

In order t o obtain an accuracy of 1-10% in the reaction 

cross section a t 200-J00°K, the temperature must be known 

and homogeneous to one one-hundred mill i onth of a degree, and 

the rate constant must be measured to sev en significant digits. 

At 800-900°K, an accuracy of 1-10% can be obtained if the 

temperature i s known and homogeneous to one millibnth of 

a degree and if the rat e cons tant is known to eight sig­

nificant digits. These accura cies a re far beyond the 

capabil i ties or expectations of exper imental technol ogy. 
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J.2. No Restrictions on Form of Reaction Cross Section 

In the second method, al l constraints are relaxed. 

However, the input data from Karplus, Porter i and Sharma 

previously described are initially used to estimate ttcorrect 11 

rate constants. These constants are then regarded as 

experimental data and direct calculation of C(E) at several 

energies is attempted. 

K (T) ~ A (T) J"'cCE) E exp (-EI 1cr) <t' £. 

where A(T) = (,r1f± (21,k T)¾ 

Since computers can perform integration only over 

finite intervals 9 the integral above must be truncated 

at an energy F. The condition for Fis that 

_lix1C(£)E e,r11(-E/1zr)d£ < 10_1j;Fc (£)£ ek;0 (-E/12.,r)al£ 

Since Cal tech' s I BM 7090-7094 system normally carries 

only eight significant digits, the integration from Oto 

F instead of Oto w causes negligible error. 

Whe truncated integral may be approximated by a sum 

over a finite number of points by repeated use of Simpson 's 

rule, 6 in which the integrand over each successive set 

of three points is approximated by a parabola, and the 
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integral over each par aboli c arc is performed analyti cally . 

J/ 

l<(T )/4( 1) :: J Z [ h ~ E;,_<- - ;;__, e xp(-£,;i_(,·- :; /1ct)c(£,.e,·-J 
/ =: ( 

wher e 

If the above express ion is evaluated at a series of 

2n temperatures Ti, T2 , ... , T2n, 2n linear equations in 

the 2n unknowns C(E1) 0 C(E2 ), ... , C( E2n) a re obtained. 

These equations may be solved on the comput er. The matrix 

of the coefficients is quite unstabl e , and meaningful 

solutions a re diffi cul t to obtai n . Tables III and IV 

illustrate the ins t abi l i ty . 

Comparison of the results in t a bles III and IV show 

that a tiny change in the step l eng t h, hi, produces large 

changes i n the cal culated solution. This instability 

may be inherent in the problem since an oscillatory 

function of the form shown the the next gr aph could still 

give the same value fo r the integral, and consequently for 

K(T), as a smooth function . 

2 

( 

( 

I'' 
/ I 

I \ 

( \ 
I I 

I 
I / 

\ ) 

i I 
I 
1,j 

I 

I 
I 
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TABLE III 

Direct Calculat ion of C( E) 

E(eV) C(E) ( ~_2 ) ERROR 
{absolute) 

Calculated Correct 

0.2220 o . 45J X 10- ~ o. 0. 453 X 10-3 

o.4440 0.389 0 . 329 0.600 x 10-1 

0.6660 0.161 X 101 i.OJG 0.580 

0.8880 -0.494 X 102 1.278 -0 .506 X 102 

1.1100 0.414 X 103 1.395 O.l-HJ X 103 

1.3320 -0.791 X 104 1.473 - 0.791 X 104 

1.5540 0.752 X 105 1.529 0.752 X 105 

1.7760 -O .J62 X 107 1.571 - O.J62 X 107 

1.9980 0.21 0 X 108 1 .603 0.210 X 108 

2.2200 -0.J57 X 109 1.629 -0.357 X 109 

T = 800(10)890°K 



-21-

TABLE IV 

Di rect Calculat i on of C(E) 

E(eV) C(E) ( Ji.2) ERROR 
(absolut e ) 

Calculated Correct 

0.2217 -0 .120 X 10-J o. -0.120 X 10-.3 

o.44.3.3 O. LJ.7.3 0 . .327 0.1.36 

0.6650 -0.Jll 1.028 -0.1_34 X 
1 10 -'· 

o.8866 0.5JJ X 102 1.277 0.520 X 102 

1.108.3 -0.462 X 10.3 1 . .394 o.461 X lOJ 

1. • .3299 0.128 X 105 1 .l-J-72 0.128 X 105 

1.5516 -0.JJJ X 105 1.528 -0.JJJ X 105 

1.77.32 •u0.120 X 107 1.570 -0.120 X 107 

1. 9949 0 .108 X 108 1.60J 0 . 108 X 108 

2 . 2165 -0.204 X 109 1.629 - 0.204 X 109 

T = 800(l0)890°K 
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If the true solution is oscillatory, then t he lar ge 

change i n t he calculated. C(E) resulting from small var i­

ation in the step length corresponds to changes along the 

quickly varying oscillatory curve rather than the slowly 

varying average curve. 

The appearance of a'< escillatory solution is not unique 

to this problem of calculating reaction cross sections. 

The integral expression 

K (T) /Atlj = J ';,; {£) & ex p ( -E/A -r) cl£ 

defines G(l/kT) = K(T)/A( T) a s the LaPlace transform of 

Ex C(E:);. 

The numerical inversion of LaPlace transforms has 

been treated by Lanczos7
0 who examined four numerical 

methods and concluded that no method was generally appli­

cable. The problem has been treated f or specific types 

of functions in RAND reports8 and report s of the Argonne 

National Laboratory.9 

Using other methods, it may be possible to calculate 

C(Ej more accurately. Assuming that this can be done, 

the sensitivity of, the method to the accuracy of K(T} 

will be determined by systematically varying K(T ) from 

its 11 correct 11 value . This procedure wi l l not, however, 

d istinguish between error in K(T) due to inaccura cy i n 

temperature measurements a nd error from inaccuracy in 

concentration measurements. 
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4 . Conclusions 

The method of calculation of section J.1. demonstrates 

conclusively that rate constant data cannot be used to 

obtain the cross section over a large energy rang e. The 

results in tables III and I V indicate tha t useful infor­

mation m1ght be obtained fo r- a smal l energy range immedi­

ately above the threhold energy. This las t statement cannot 

be presently confirmed, because mor e work would be required 

to reach a firm conclusion. 
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