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ABSTRACT

Starting with the theoretical expressions of Elia-
son and Hirshfelder relating rate constants and reaction
cross sections for bimolecular gas phase reactions,
selected numerical calculations were made to estimate
the experimental accuracles required in the concentration
and temperature measyrements to estimate the cross sec-
tion, These calculations indicate that the accuracies

required are far beyond those presently attainable.



INDEX

1, Introduction
2. Reaction Cross Section Formalism of Rate Constants
3. Calculation of Reaction Cross Sections from Rate
Constants
3.1, Estimation of Relative Error in C(E) for Specific
Models
3.1.1., General Formalism
3.1.2, Hard Sphere Line of Centers Model
3.1.3. Trajectory Calculation Model
3.2, No restrictions on Form of Reaction Cross Section

4, .Conclusions



-] -

1. Introduction

The experimental determination of reaction cross sec-
tions in important because of the fundamental role which
reaction cross sections play in the understanding of
chemical reactions., Just as the potential energy as a
function of internuclear distance is essential to the
understanding of vibration and rotation of diatomic mole-
cules, the reaction cross section as a function of the
relative kinetic energy of the reactant molecules is &
fundamental description of the chemical reaction. The
cross section describes not only equilibrium processes,
but also the chemistry of flames, shock tubes, and deton-
ations.

Eliason and Hirshfelderl have developed the formalism
relating the reaction cross section to the rate constant
for bimolecular gas phase reactions. Can experimental
rate constant data be used in conjunction with this for-
malism to calculate the reaction cross section? This
research indicates that the experimental accuracy required

is not technologically feasible.
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2. BReaction Cross Section Formalism of Rate Constants

In the formalism of Eliason and Hirshfelderz the rate
of a bimolecular reaction of the form

A+ — C +D
ought to be considered as the sum of the rates of reactions
of the form
AL t E% e (:k + [%
where the subscript denotes the entire set of quantum
numbers for a particular internal state, The detailed
rate equation is then
—(dm‘%/f)J-,k,e = KL'J'Mmmmgd-
where ngi and npj are the number densities of Aj and Bj»
and Kijkl is the detailed rate constant. The overall
rate is given by
,(d/ﬂo«/): wh
dt OZ; {/\Cj' /YLG_L’//Z,éj
J

The kinetic theory of gases predcicts that the number
of collisions in unit volume and unit time in which a
molecule A; collides with another molecule Bj to give

product molecules Cy and Dy is

~(75e) = mocnay [[ fockhy CHED g dv o,
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fgoi and fbj are the normalized distribution functions for
the molecular species Ay and Bj. Cijkl(E) is the reaction
cross section referring to collisions between molecules

in states i and j, with initial asymptotic relative kinetic
energy E, in which the resultant molecules are in states

k and 1, Cijkl(E) contains no angular dependence. The
quantity gyj 1s the magnitude of the initial relative
velocity, while ﬁai and ﬁbj represent the velocity vectors

of the molecules Aj and Bj in the laboratory system.

The detailled rate constant is then given by
#4 V. ”
L'J' = ff J(acjféj CoJ' (E)jbd' C}Vm' C{\/IQJ

The rate equation becomes

o’mQ/ _ j/ he e
"( Ol'é) % ;{ { fdt) JL[:J CL\J (E) g”J JVCL[ ({\/bJ }ﬂ’la"/%é/ (/)
If the velocities obey a Boltzmann distribution, eq. (1)

can be specialized., The normalized Maxwell-Boltzmann

velocity vector distribution is

\

v t) = () exp(-77 fat7)

Substituting this distribution and tranforming to the

center-of-mass system of the reactants yields

44 3, 1% 2 / ¢
KLJ, (T) = 477(/"/,27%7) é\[@%p(’/“f”%/ﬂ) C“J"M(E)ju' o/iy-



The integrals over the velocity of the center of mass
and the angular portions of 81 j have been carried out
since the reaction cross section is a function only of
the relative kinetic energyy%é is the reduced mass of the
reactants., 1In terms of an integral over relative kinetic

energies, the detailed rate constant becomes
& 9 @
K M) = () G [ M E E e - £/e7) de

Finally, the rate equation has the form

(9] = T T et (e 4 [ 0o la) e 2
he

If the distribution among internal states of the reactant
melecules is determined by thermal eguilibrium, the internal

partition function is

Z:f == Z@X/’('ﬁm/ﬁr)

o (/YLa/Z;M‘) G/X/D{w éao'/ﬁr)

With this substitution, eq. (2) becomes

3,
(%/p7) 7%

~(”’”””“/(/ﬁ)%or/ﬁ/ 77 L 7 eap - (Eac+ 8 )47 ]
&

é

X/OMCLJ SIElE exp (=£/p7) C/E} M 24
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Comparison of this expression with the usual form of the

rate eguation

(1) = fmami

leads to the identification

(%p7)
f/\(T> - (TCIL)LQ Z/M ;MT Z %Z exp L'(éac ¥ EéJ‘)//gT]
a = Y ¥4

T £ )
X CLJ' (£) E exp (- E/nr ) dE

o

(2/p7) % 5
= L T it e x _(éa" + 54 ) VT
()2 27207 G 'k /37

4 /; (%z Cfu"W/E/ |Eexp(-E /87 ) JE (3)

Cij(E) = chijkl(E) is the total reaction cross section
for reactant gglecules Ay and Bj reacting to give product
molecules C and D, Eg. (3) may be further simplified if
only one quantum state of each of the reactant molecules is
significantly populated., This would be true in the case of
low temperatures and large spacing between low-1lying energy

levels, The simplified result is

¥/
() = oprt Cie)™ [ e pcnrte o



This simplified expression was used in the actual cal-
culations. The experimental accuracy required to determine
even this structureless cross section C(E) cannot be attained.

A more complicated calculation involving partition functions

can only lead to worse results,



3. Calculation of Reaction Cross Sections from Rate

Constants
3.1. Estimation of Relative Error in C(E) for Specific

Models
3.1.1., General Formalism
The first method is based on the statistical estimation

of the relative error in the reaction cross section C(E)
as a function of the relative error in K(T) due to con-
centration errors and as a function of the absolute error
in temperature measurements for K(T). The relative error
in K(T) due to errors in the concentration measurements,
OHKypey and the absolute error in the temperature measurements,
AHT, were determined subject to two criteria:

1) 1In order to present accurately the relative error
in C(E), it should be estimated at an energy for
which C(E) is neither very small nor large. The
result is reported at an energy E%, defined by
the following relation

C(E%) = 5Cnax

2) The contributions to %%(E%) from NKpe and AT
should be approximately equal. Experimentally,
it is superfluous to make one source of error
much smaller than another since the larger error

will then dominate the result.
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A gualitative sketch of the reaction cross section for
a bimolecular reaction such as Hpz + H—H + Hy is shown by

the so]id line in the following graph.

) .
3 £V ke
The cross section C(E) is zero below the threshold
energy Eo, rises to a maximum, and decreases to zero as

E becomesg large.,

On the basis of these features, a rather general function

was chosen,

O E < L.
ClEY= 23 0.(1-(58)) eseE (o)
Da</_—%?) EISE

Do is chosen so that C(E} is continuous at E.

The behavior of this functionC(E) is sketched by the
dotted line in the above graph. The discrepency at energies
of several electron volts and larger in not important.

The exponential in the integral of eq. (4) is such that

the contribution to the integral from energies greater than

three electron volts is numerically negligible compared
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tc the total integral.

Using eq. (5) for C(E) and statistical error formulsae,
the absolute error in C(E), ~C(E), and hence the relative
error, %f(E), may be estimated,

The expression for the root mean square statistical
error in an experimental quantity G as a function of
several independent experimental variables X1, X2,..., Xp

was used to estimate the error,
VZ 1
16 V%72
ac=[ 3 (3 en)] ©
L=l

where 42Xy is the absolute error in the quantity Xi.B
Define the following:
AHKin. = relative error in K(Tj}fdue to error in concen-
tration measurements
DK = gbsolute error in K(Tj) due to error in concen-
tration measurements
= K(Tj) x AKjpe

A>Tj = absolute error in measurement of temperature T,

J
AS_Kjt = absolute error in K(Tj) due to error in temperature
measurements
~ df
LlKj = maximum(4>ch, AAKjt)

These quantities will be used equations of the general

form of eq. (6).
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Consider now the rate constant as a function of the
temperature and the several crcss section parameters Eo,
D1, Dosyeees Dp. The temperature dependence may be removed
by labeling the rate constants at a series of temperatures

as distinct quantities,

K\) = K(Eo, D’/ 227y ‘D’V/ —]J)
Taking a series of temperatures Ty, Tos...» Tn+l, these
equations for Kj 1(1)n+l may be solved implicitly, if not

explicitly, for the cross section parameters,

Eo = Eo ( K,/ k;\/ ek K/vw) (70.)

Di= Dol Ky o Kt ) C=0()m (74)

J

Formula (6) may then be applied to egs. (5}, (7a), and
(7b).

AC(E) Z[()S;f)/\g) (J’C’f‘“))zﬁ (%)
NS —[};(j‘f;%)zjﬂ (%)
avi = [T (97 2%) " et (£)

where the AKj; are defined as before,

From these formulae, %f(E%) may be estimated for a
given set of AOKjpe and AlTja
and AT may not, however, be the values for which the

These values of LAKrC
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contribution to the error from temperature and concen-
tration measurements are approximately equal., Such values
of AK,., and AT may be determined by noting that
AKJ -’—'MCL/((AK‘/C, d/(]f)
If DKje? A Kst then LJKjt may be increased until élKjt
= LLch without altering the calculated results for‘%?(E%).
This basic idea is utilized in the following algorithm:
1) An initial choice of DKL, and AT is made and
T (Ez) is estimated,
2) %f(E%) is homogenous of first order in the AKj,
i.e., if the £ K3 are divided by a factor a, then
%é(E%) is divided by the same factor a. If it is
desired that'%%(E%) equal a particular value f,
then it may be scaled to the desired wvalue,

A Ky, and AT must be scaled by the same factor,
C e
Z%T a :\f7 = ('F)
/
OAKpe = N Ko =ADfe /a
AT —= AT - o7/a

3) On a graph of (-Log AT) versus (-Log 2OKpe),
the point (-Log 2 Kye's -Log AT!') is plotted

and labeled by its f value.
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4) The procedure above is repeated for different
initial values of A2OKye and AT, If the first
set of values was such that AKje > O Kjt, then
the second set of values of AK,.., and AT should
be chosen so that oK, < £Kjp, and vice versa,

5) A third point is now determined for the two already
plotted., Consider the following example. Let
P4 be such that LHKse > élKjt and have coordinates

(ag,by). Let P2 be such that OKjt > 4Kje and

have coordinates (az,b2).

M+3 | P@ CQU b/J
“eg AT 1ha, b)) p
M —P — — — —(0) (az,t,)
|
/'v Ar/+3
——//7 yay/ &=

For point Pq, ZAKjt can be increased untilzﬂKjt
= LJKjC without altering the calculated result
%%(E%). This corresponds to moving Pq{ downward

on the graph. Similarly, P, may be moved to the
left until AKje = 0Kj4. The intersection of
these two lines, P3 = (ay,bz), is the point at
which &£Kj, is approximately equal to AKjt.

The method is only approximate since LsKjC and AsKjt

should both contribute to the error when they are approxi-

mately equal. The result of the method is an average AKy,



2 s
and an average 2T. Since only an order of magnitude
estimate of these quantities is required, the spproximate

method is acceptable.

3.1.2., Hard Sphere Line of Centers Model

In the particular case of the line of centers model,LL
o EeE
CE) =
=
b (1-2) E2E

For this function, the rate constant can be evaluated in

closed form to obtain

K(T) = 7(’5’“(%)

al=

T exp (- Eo/kr)

Taking the rate constant at two temperatures, T and TZ’
this expression may be inverted to obtain Eo and Th* as

explicit functions of K(Tl) and K(T2).

:,_}__L.._ K(Tt) / T :(
Bo = (1.4 [ﬂ’” VR
4 Tl,én,l\'<7—,) ~——,(/£r\/ (Y(Tl) ’ZTIIEW ! +’(--;/&)\/'—;/
Trb’“:: (M)Z@,\//o[ — e =
& A T, -T,

The following values were chosen for the calculations:
Eo = 1/3 eV; mh* = 1.0 32. These values are a reasonable

approximation for the bimolecular reaction H, + D —H + HD.
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Using formulae (8abc), %;(E%) may be estimated. The

results are summerized in table I,

TABLE T

Accuracies Required

T1=200°K T»=300°K T{=800°K T»=900°K
= {5g) o T(°K) 2 K AT(°K) DK
0.50 6.5 b x 1072 2.0 1 x 10-1
0.10 1.3 8 x 10-3 0L 3 x 10-2
0.01 013 8 x 10-% 0.04 3 x 10-3
0.001 0.013 8 x 10-5 0,004 3 x 1074

To obtain C(E) to an accuracy of 1-10% the temperature
must be known and homogeneocus to a few tenths of a degree
and the rate constant itself must be known to three significant
digits., These accuracies are attainable with present exper-

imental technology.

3.1.3., Trajectory Calculation Model
The constraints implicit in the line of centers model
cannot be justified physically. The model requires that the
curve C(E) have a monotonically decreasing first derivative,
i.e., no quantum effects, and that the reactant molecules
interact as hard spheres. If the second constraint is
relaxed and the more general cross section of eq. (5)

is assumed, the likelihood that the model is physically



acceptable is increased,
Karplus, Porter, and Sharma have estimated a five term
reaction cross section from trajectory calculations for
the exchange reaction Hy + H —H + H2.5 Physically
reasonable data for the calculations may be obtained by
using a particular set of these values for the hydrogen
molecule in the state (v=0,J=2).
In the case of the more general cross section, the
functions required can no longer be obtained explicitly,
and conseguently numerical methods are required., The mathe-
matics supporting these methods is detailed in the following
paragraphs,
Again the temperature dependence of the rate constant
may be removed mathematically by considering the rate constant
at different temperatures as separate functions, i.e,,
Kj = KB, 0, Dy Tp) j=ile ()
The Kj were calculated from the parameters given by Kar-
plus, Porter and Sharma and then were regarded as experi-
mental data for the calculation of AEo, £4D; i=1(1)5.

To obtain the errorsgiven by egs. (8be), the derivatives

JEe A0c . ) ’ /
ey % =001 \/:/(/é

are required.
Consider the inverse expressions for Eo and Dy i=1(1)5,

which cannot be obtained explicitly.
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Eg = EO ( /<// /(2} '_;/ /(0)

Oc = DilK ke, . Be) o =1()

Because of the previous indexing of the rate constant by
temperature, there is no explicit temperature dependence
in these formulae, Taking the total differential of these

formulae yields the following expressions:

b ,)Eo
dEo Z (/0@)
J=
6 JD
Z d{/dk v=1(t] s (104)

Return now to eq., (9),
liJ = /<(EO/D//,V'/ D_S) /J) d(':/(l)é) <C{)
and take its total differential.

_ Jlg I Ok : ,
dKJ = _9_200/54 +Z J’DJ; do. [=Ce ()

Eg. (11) yields six linear equations in the six unknowns

dEo, dDy, .o dDS‘ Define the matrix of the coefficients

of these equations to be A, Define the minor of the ij

element of A to be AlJ Cramer's rule gives the following
result:
f «
J.—
b

J B T
400 = Gam 2 T oEr (A ) dk s (128)

JE
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Comparing the individual terms in egqs. (10) and (12), the

desired derivatives are obtained.

%% _ C‘/)\/.M 057’(,4'/)

¢ LET(A)
90 _ (_gieiw PETCAsad s e e

%y DET(A)

Using formulae (8abe), %%(E%} may now be estimated, The

results are summarized in table II,

TABLE II

Accuracies Required

200°K-300°K 800°K-900°K
£°(EL) AT(9K) 21 Ky 4T 9K} BKpe
0.50 1 x 10-7 1 x 1076 5 x 10-6 4 x 10-8
0.10 1 x 108 2 x 10-7 1 x10-5 8x 1077
0.01 1 x10°9 2 x 108 1 x10°7 8x 10-10

In order to obtain an accuracy of 1-10% in the reaction
cross section at 200-300°K, the temperature must be known
and homogeneous to one one-hundred millionth of a degree, and
the rate constant must be measured to seven significant digits.
At 800-900°K, an accuracy of 1-10% can be obtained if the
temperature 1s known and homogeneous to one millionth of
a degree and if the rate constant is known to eight sig-
nificant digits. These accuracies are far beyond the

capabilities or expectations of experimental technology.
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3.2, No Restrictions on Form of Reaction Cross Section

In the second method, 2ll constraints are relaxed,
However, the input data from Karplus, Porter, and Sharma
previously described are initially used to estimate "correct®
rate constants, These constants are then regarded as
experimental data and direct calculation of C{(E) at several

energies is attempted.
%

K(T) = ACT) f CUEVE exp(-E/fr)dE

s 3/ﬂ
where A(T) = (ﬂyk)z (24%Tﬂ -
Since computers can perform integration only over
finite intervals, the integral above must be truncated

at an energy F. The condition for F is that

f:C(E)E exp (- 5/40 dE < /o“7/F(,(£J£ exp(~Elpyr)dE

Since Caltech's IBM 7090-7094 system normally carries
only eight significant digits, the integration from 0 to

F instead of 0 to ® causes negligible error.
. pF
KT = / CUE)E expl-Epr)dE

The truncated integral may be approximated by a sum
over a finite number of points by repeated use of Simpsocon's
rule,6 in which the integrand over each successive set

of three points is approximated by a parabola, and the
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integral over each parabolic arc is performed analytically.
- [ 4
KT =57 [hiEavyexpl-Eac-2 /) C(£x0-s)
(=(
+ Z/'/u' Eaces e xp (‘“ Z:~f7\<'“//ﬁT ) C (EQC_,)

* he Eac exp (“Ezu'/ﬂf> CCE.u’)]

where £a; =2 E-/A\// Eocer = Bdgis » B

If the above expression is evaluated at a series of
2n temperatures Ty, T2, eees Tops 2n linear eguations in
the 2n unknowns C(Ei), C(E,), ..., C(Ezn) are obtained.
These equations may be solved on the computer, The matrix
of the coefficients is quite unstable, and meaningful
solutions are difficult to obtaiﬁ. Tables III and IV
illustrate the instability.

Comparison of the results in tables III and IV show
that a tiny change in the step length, hj, produces large
changes in the calculated solution. This instability
may be inherent in the problem since an oscillatory
function of the form shown the the next graph could still
give the same value for the integral, and consequently for

K(T), as a smooth function.

2 &

e




TABLE IIX

Direct Calculation of C(E)

E(eV) c(E) (£2) ERROR
{(absolute)
Calculated Correct
0.2220 0.453 x 10-3 0. 0.453 x 10~
0. 44040 0.389 0.329 0.600 x 101
0.6660 0.161 x 1ol 1.030 0.580
0.8880 -0.494 x 107 1.278 -0.506 x 10%2
1,1100 0.414 x 107 1.395 0.413 x 103
1.3320 -0.791 x 1o¥ 1.473  -0.791 x 10%
1.5540 0.752 x 105 1,529 0.752 x 105
1.7760 -0.362 x 107 1,571 -0.362 x 107
1.9980 0.210 x 108 1,603 0.210 x 108
2.,2200 ~0.357 x 107 1,629 -0.357 x 109

T = 800(10)890°K
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TABLE IV

Direct Calculation of C(E)

E(eV) c(E) (k2) ERROR
{absolute)
Calculated Correct
0.2217  =-0.120 x 10-3 0. ~0.120 x 10-3
0.4433 0.473 0.327 0.136
0.6650 -0.311 1.028 -0.134 x 10}
0.8866 0.533 x 102 1.277 0.520 x 102
1,1083  -0.462 x 103 1,394 0.461 x 103
1.3299 0.128 x 105 1,472 0.128 x 107
1.5516 -0.333 x 105 1,528 -0.333 x 105
1.,7732  -0.120 x 107 1.570  =0.120 x 107
1.9949 0.108 x 108 1.603 0.108 x 10°
2,2165  -0.204% x 107 1,629  -0.204 x 107

T = 800(10)890°k
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If the true solution is oscillatory, then the large
change in the calculated C(E) resulting from small vari-
ation in the step length corresponds to changes along the
quickly varying oscillatory curve rather than the slowly
varying average curve,

The appearance of emsscillatory solution is not unique
to this problem of calculating reaction cross sections,

The integral expression

w
K(TM)(T) =/C(£/£ exp(-£07) dF

defines G(1/kT) = K(T)/A(T) as the LaPlace transform of
E x C(E).
The numerical inversion of LaPlace transforms has

i

been treated by Lanczos', who examined four numerical
methods and concluded that no method was generally appli-
cable, The problem has been treated for specific types

of functions in RAND report38

and reports of the Argonne
National Laboratory.9

Using other methods, it may be possible to calculate
C(E) more accurately. Assuming that this can be done,
the sensitivity of the method to the accuracy of K(T)
will be determined by systematically varying K(T) from
its "correct" value. This procedure will not, however,
distinguish between error in K(T) due to inaccuracy in

temperature measurements and error from inaccuracy in

concentration measurements,



b, Conclusions

The method of calculation of section 3.1, demonstrates
conclusively that rate constant data cannot be used to
obtain the cross section over a large energy range. The
results in tables III and IV indicate that useful infor-
mation might be obtained for a small energy range immedi-
ately above the threhold energy. This last statement cannot
be presently confirmed, because more work would be required

to reach a firm coneclusion,
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