
Gaussian Processes for Scientific Machine Learning:
PDE Solvers and Operator Learning

Thesis by
Matthieu Darcy

In Partial Fulfillment of the Requirements for the
Degree of

PhD in Computing and Mathematical Sciences

CALIFORNIA INSTITUTE OF TECHNOLOGY
Pasadena, California

2027
Defended May 5th, 2026



ii

© 2027

Matthieu Darcy
ORCID: 0000-0003-0029-091X

All rights reserved except where otherwise noted



iii

ACKNOWLEDGEMENTS

I would like to thank Houman Owhadi, my advisor, for his mentorship and support
throughout these five years, and for giving me the freedom to explore my interests. I
would like to thank Andrew Stuart for a wonderful collaboration and for his excellent
teaching, from which I learned enormously. Thank you to Amy Braverman for her
enthusiasm and encouragement. Thank you to the members of the committee,
Franca Hoffmann and Tom Hou, for their time and helpful feedback.

I would like to thank my many collaborators without whom this work would not
be possible and who taught me so much throughout the years. A particular thanks
to Pau Batlle for many interesting mathematical discussions, as well as Bamdad
Hosseini, Adriano Gualandi, Ricardo Baptista, Edoardo Calvello, Xianjin Yang,
and Matthew Levine. Thank you to Boumediene Hamzi for his support since my
master’s at Imperial.

I would like to thank the members of the administrative staff Diana Bohler and Joy
Tabuchi for all their help and hard work in making sure my PhD went smoothly.

I am very grateful to all my friends I met while at Caltech, without your support I
would not have made it through this PhD. A special thanks to Pau for his incredible
friendship since day one, to Eitan for many interesting discussions, to my office
mates Edo and Isa for the studious and silly moments, to Théo for occasionally
barging into the office, to Roy for reviving my love of movies. Many thanks as well
to Sebastian, Siki, Margaret, John, Nina, Matt, Alessandro, Yifan, and Joe. You
have made these years truly special.

I would like to thank my family: my parents Milla and Jacques, my siblings Alix
and Gaston, my grandparents Elena and Cito, Pennie and David, for their love and
support throughout the years.

Finally, I would like to dedicate this thesis to my great-grandfather, Herb Paskett,
who has seen the world change so much over 100 years, and yet remains as curious
as one can be.



iv

ABSTRACT

We present applications of probabilistic machine learning, with a strong emphasis
on Gaussian processes, to several problems arising from differential equations. In
particular, we consider three topics: designing solvers for forward and inverse prob-
lems, operator learning, and learning and predicting dynamical systems from data.
In Chapter 2 we develop a kernel based method to solve partial differential equations
with rough forcing and in Chapter 3 we develop a variational inference approach
to forward and inverse problems in partial differential equations. In Chapter 4 we
develop a Gaussian process approach to operator learning, in Chapter 5 we apply
this approach to function renormalization group equations, and in Chapter 6 we
develop a new framework for machine precision operator learning. In Chapter 7 we
develop a Gaussian process approach to learning stochastic differential equations
from one trajectory and in Chapter 8 we study the non-parametric kernel flows ap-
proach to learning chaotic systems. In each case, we develop a novel computational
methodology, run numerical examples to demonstrate the efficacy of the method,
and, where applicable, derive theoretical guarantees for the method.
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C h a p t e r 1

INTRODUCTION
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This thesis is broadly concerned with the intersection of machine learning and
problems from traditional numerical analysis, in particular those related to partial
differential equations (PDEs). The overall aim is to develop novel methodologies
that are flexible, general, and equipped with theoretical guarantees. We begin
with a brief overview of machine learning and its connection to numerical analysis,
followed by an overview of applications and problems related to PDEs. Each chapter
contains a more detailed introduction specific to its topic.

1.1 Machine learning and numerical approximation
Machine learning is broadly concerned with the design of algorithms that learn
patterns and make predictions from data, typically by optimizing an objective over
a class of models Hastie, Tibshirani, and Friedman, 2009. Probabilistic machine
learning, in particular, treats unknown quantities as random variables Murphy, 2025,
enabling the systematic quantification and propagation of uncertainty. Machine
learning methods generally take a statistical perspective: they rely primarily on data
and aim to make relatively few assumptions about the underlying system.

Numerical approximation and scientific computing, by contrast, are powerful com-
putational tools for understanding the natural world when physical models are avail-
able. In this setting, applied mathematicians have developed highly accurate com-
putational methods capable of accurately approximating these models and making
reliable predictions about physical systems.

Recently, there has been growing recognition that machine learning, despite origi-
nating from a different community with distinct priorities, provides powerful tools
for problems of interest in applied mathematics. This manifests in two main ways.
First, machine learning offers a framework for learning and prediction from data
in situations where we do not have access to an accurate physical models E, 2021.
Integrating these approaches into applied mathematics enables us to tackle new
problems where our physical models might be insufficient. Second, applied math-
ematicians have adapted machine learning frameworks to perform computations
relevant to classical problems. In this context, machine learning methods have
become important computational tools, with the potential to be more flexible and
scalable than traditional approaches Montanelli, n.d. Furthermore, there has been
a growing connection between numerical approximation and statistical inference
as many numerical algorithms can be cast statistical inference problems Houman
Owhadi, 2015a; O’hagan, 1992; Diaconis, 1988, a perspective which has been used
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by the probabilistic numerics community Hennig, Osborne, and Kersting, 2022.

In this thesis, we aim to further develop these connections and to introduce new
methodologies for problems arising in the study of physical systems, and partial
differential equations in particular. We focus primarily on Gaussian processes and
kernel methods, which are closely linked through the theory of reproducing kernel
Hilbert spaces (RKHS) Martin Hairer, 2023; Houman Owhadi and Scovel, 2019a;
Rasmussen and Williams, 2008. This choice has two main advantages. First, it
provides a Bayesian interpretation of the algorithms we develop, thereby enabling
probabilistic predictions. Second, the theory of RKHS allows us to derive rigorous
error estimates and theoretical guarantees for many of the applications we consider.

1.2 Machine learning for partial differential equations
Differential equations are a fundamental tool for describing many phenomena aris-
ing in physics, biology, and chemistry, as well as in the social sciences and finance.
Despite being an old subject with a rich history, it remains a thriving source of prob-
lems and challenges in pure and applied mathematics. Recently, modern machine
learning and PDEs have intersected, leading to novel algorithms, applications, prob-
lems, and perspectives. Some of the key practical applications that have emerged
from this line of research include:

• Novel solvers. Machine learning provides new solvers, which have the po-
tential to be more general, more flexible, or faster compared to traditional
numerical algorithms.

• Inverse problems. Machine learning can provide new approaches to solving
inverse problems or integrate within existing pipelines.

• Uncertainty quantification. Probabilistic approaches can provide proba-
bilistic predictions that practitioners use to make informed decisions.

We note that many machine learning approaches combine several of these benefits,
often in a mutually reinforcing manner. For example, the flexibility of machine
learning solvers enables them to be applicable to inverse problems. Likewise,
the uncertainty quantification of probabilistic approaches makes them particularly
suited for inverse problems. A key question this thesis attempts to answer is how
can we provide accurate probabilistic inference in the context of problems arising
from PDEs.
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1.3 Two tasks: designing solvers and learning operators.
At this stage, we need to distinguish between two important tasks in this context:
designing solvers (for both forward and inverse problems) versus operator learning.
Abstractly, a partial differential equation encodes known laws of the system through
an operator F that incorporates differential and boundary information:

F (𝑢, 𝐷𝑢, 𝐷2𝑢, . . . ; 𝑎) = 0. (1.1)

Here, 𝑢 is the solution of the PDE, and 𝑎 is a coefficient that parametrizes the operator
(this coefficient can represent, for example, material properties of the system). We
give a brief exposition of the two problems, as well the existing literature at the time
of writing of this thesis. A more detailed literature review is available within the
relevant chapters.

Machine learning solvers
In the context of machine learning solvers, we parametrize the function we wish to
recover (either the solution 𝑢 or the coefficient 𝑎) in a suitable hypothesis space H
and cast this recovery problem as a loss minimization problem. This loss function
is formulated to satisfy the constraint eq. (1.1)

min
𝑢∈H



F (𝑢, 𝐷𝑢, 𝐷2𝑢, . . . ; 𝑎)


2 (1.2)

and is referred to as the “physics-informed loss” (because it includes the physics
encoded by the operator F ). In this setting, machine learning algorithms solve a
specific instance of this problem.

This approach was first pioneered by physics informed neural networks (PINN)
where the hypothesis space is parametrized by a neural network (Raissi, P. Perdikaris,
and G. Karniadakis, 2019c). An alternative approach is to consider the hypothe-
sis space to be a reproducing kernel Hilbert space (Y. Chen, Hosseini, Houman
Owhadi, and Andrew M. Stuart, 2021b). One advantage of this approach is that
it provides a probabilistic approach to solving PDEs as it can be interpreted as the
maximum a posteriori (MAP) estimation of Gaussian process conditioned on non-
linear measurements (Y. Chen, Hosseini, Houman Owhadi, and Andrew M Stuart,
2024a). A further advantage is that it is amenable to second order optimization,
such as the Gauss-Newton optimizer Nocedal and Stephen J Wright, 2006a, which
was later used for high accuracy PDE solving with PINNs Yongji Wang et al., 2025.
Recently, second order optimization methods have been explored for PINNs Jnini,
Kiyani, et al., 2026.
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Broadly speaking, machine learning solvers provide a generic recipe to solve PDE
forward and inverse problems. One must select:

1. An appropriate hypothesis class.

2. An appropriate loss function.

Indeed, the loss eq. (1.2) requires a choice of norm ∥·∥ which have left deliberately
vague. This choice of loss implies assumptions on the smoothness of the problem.
Likewise, the choice of hypothesis spaceH implies assumptions on the smoothness
of the solution 𝑢. In chapter 2 we tackle this problem for special class of PDEs driven
by a rough forcing. We show that by choosing the right loss (a 𝐻−𝑠 Sobolev norm),
we can solve this class of PDEs even when our hypothesis class is misspecified.

Another question that naturally arises in the context of inverse problems is how we
can design principled probabilistic approaches that handle non-linear systems and
assimilate large amounts of data. In chapter 3, we provide one possible solution
through a general variational inference framework for PDEs. A related problem
from the field of dynamical systems is how to efficiently learn the evolution of
stochastic systems from sparse data, which is covered in chapter 7.

Operator learning
In contrast to the above, where we aim to recover a function, in operator learning the
aim is to learn an operator associated with the general class of systems eq. (1.1). For
example, one might consider the operator that maps the coefficient to the solution

G(𝑎) = 𝑢 (1.3)

or some initial condition to the solution at some future time

G(𝑢0) = 𝑢𝑡 . (1.4)

Solving this problem has emerged as a potential solution to two important problems:

• Surrogate modeling: the operator G can be queried, but requires expensive
computation (such as an expensive PDE solver). In this case, we are interested
in learning a surrogate which makes the evaluation cheaper.

• Unknown physics: we might not have access to the PDE eq. (1.1). In this
case, we are interested in learning an approximation of G from data.
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Once learned, our approximation for G can be used to predict new inputs and, in
this setting, machine learning algorithms can be used to predict an entire class of
systems.

In the basic operator learning problem, the operator is learned in a purely data
driven way, from input-output samples {𝑢𝑖,G(𝑢𝑖)}𝑁𝑖=1. One major difficulty is to
formulate appropriate machine learning algorithm to handle functional inputs and
outputs. Existing literature has primarily focused on neural operators, generaliza-
tions of neural networks to this setting Zongyi Li, N. Kovachki, et al., 2020b; L.
Lu, Jin, and G. E. Karniadakis, 2019; Bhattacharya, Hosseini, Nikola B. Kovachki,
et al., 2021b. In chapter 4, we present one of the first probabilistic frameworks for
operator learning, based on a simple Gaussian process approach, and show that it is
competitive in performance against these neural network approaches. Probabilistic
frameworks for operator learning that can provide UQ have become increasingly
relevant in areas such as extreme weather forecasting Pathak, Subramanian, et al.,
2022; Kossaifi et al., 2026.

The operator learning perspective can also be fruitful in other settings. In chapter 5,
the Gaussian process methodology is applied to functional renormalization group
(FRG) equations arising in the context of quantum field theory in chapter 5. In
this context, we have access to integral-differential equation modeling a functional,
an operator mapping to the reals Delamotte, 2012. Existing numerical solvers for
these problems are typically specialized and limited to specific FRG flows, and a
key benefit of this approach is to provide general purpose algorithm which can be
applied to a very broad class of problems.

Finally, while operator learning is intimately tied to PDEs and has been successfully
applied to many problems in this context, existing approaches typically struggle to
match the accuracy of either machine learning or traditional numerical solvers, even
when the PDE eq. (1.1) is known Zongyi Li, Zheng, et al., 2023a. In chapter 6, we
present a general framework that emulates the optimization algorithms of numerical
solvers and can achieve machine precision on a range of problems.

1.4 Learning dynamical systems
Finally, we consider the related problem of learning to predict time series generated
by dynamical systems. In this setting, we aim to learn the structure of the underlying
equations governing the system, namely the drift and, in stochastic settings, the
diffusion terms. We are particularly interested in regimes where only sparse data
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are available, for example a single trajectory of a stochastic or chaotic system. In
chapter 7, we study the problem of learning a stochastic differential equation from
a single trajectory, potentially observed at large time steps. In chapter 8, we apply
the nonparametric kernel flows algorithm to the learning of chaotic time series.

1.5 Outline of this thesis
The rest of this thesis is structured in three parts:

1. Chapter 2 and chapter 3 cover applications to solving partial differential
equations.

2. Chapter 4, chapter 5, and chapter 6 cover applications to operator learning.

3. Chapter 7 and Chapter 8 covers applications to learning dynamical systems.
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C h a p t e r 2

SOLVING ROUGHLY FORCED NONLINEAR PDES VIA
MISSPECIFIED KERNEL METHODS AND NEURAL

NETWORKS
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2.1 Introduction
Setting and Literature Review
In this paper, we aim to develop a Gaussian Process (GP)-based kernel method for
solving roughly forced partial differential equations (PDE) of the form

P(𝑢) = 𝜉, 𝑥 ∈ Ω,
𝑢 = 𝑔, 𝑥 ∈ 𝜕Ω,

(2.1)

where P is a (possibly nonlinear) differential operator1. In the context of this article,
this PDE is said to be roughly forced when 𝜉 is highly irregular. For example, 𝜉 can
be less regular than an 𝐿2(Ω) function or belong to a space where the evaluation
functionals 𝛿𝑥 are not continuous, and hence 𝜉 is not well-defined pointwise. As
a result, the solution to PDE (2.1) is also irregular and is not a classical solution.
Consider as an illustrative example, the following semi-linear elliptic PDE with
homogeneous boundary conditions and 𝜉 ∈ 𝐻−1(Ω):

−Δ𝑢 + 𝑓 (𝑢) = 𝜉, 𝑥 ∈ Ω,
𝑢 = 0, 𝑥 ∈ 𝜕Ω.

Here, 𝑓 is a pointwise Nemitskii operator that is defined by lifting a nonlinear scalar
function 𝑓 : R→ R to act on functions. This PDE does not have a classical solution
because 𝑢 does not belong to 𝐶2(Ω).

Roughly forced PDEs arise in the context of stochastic partial differential equations
(SPDE) Gabriel J. Lord, Powell, and Shardlow, 2014 where 𝜉 is a sample of a
stochastic forcing term such as space-time white noise. SPDEs serve as useful
models in many domains of application. These include: mathematical biology,
where the Nagumo equation models the voltage in the axon of a neuron Walsh,
1981; Laing and Gabriel J Lord, 2009; physics, where the Allen-Cahn SPDE
provides a model of phase transitions with random fluctuations Allen and Cahn,
1979; Garcia-Ojalvo and Sancho, 1999; stochastic filtering, where the Kushner-
Stratonovich SPDE governs the evolution of the conditional distribution for the state
given related observations Bain and Crisan, 2009; and probability, where Langevin
equations provide a mechanism to sample measures on pathspace Andrew M. Stuart,
Jochen Voss, and Wilberg, 2004; M. Hairer, A. M. Stuart, J. Voss, and Wiberg, 2005;
M. Hairer, A. M. Stuart, and J. Voss, 2007. Computational methods for solving time-
dependent SPDEs include finite element Galerkin methods Yan, 2005a, spectral

1It is possible to generalize the setting to a non-identity boundary operator so that B(𝑢) = 𝑔 for
𝑥 ∈ 𝜕Ω; doing so is beyond the scope of this work.
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Galerkin methods Grecksch and Kloeden, 1996, wavelet-based methods Gyongy
and Millet, 2009, and finite differences Gyongy and Millet, 2009, combined with
temporal discretization schemes such as explicit/implicit Euler Printems, 2001;
Yan, 2005b, Milstein Jentzen and Rockner, 2012 or exponential integrators Gabriel
J. Lord and Tambue, 2019. In the context of PDEs with random coefficients,
methods include stochastic Galerkin methods Roger G. Ghanem and Pol D. Spanos,
1991, Monte Carlo finite elements Barth, Schwab, and Zollinger, 2011; Cliffe et al.,
2011, polynomial chaos expansions Xiu and G. E. Karniadakis, 2002a; Zhongqiang
Zhang and G. E. Karniadakis, 2017, and dynamic bi-orthogonal methods based on
KarhunenâĂŞLoève expansions Cheng, Hou, and Zhiwen Zhang, 2013b; Cheng,
Hou, and Zhiwen Zhang, 2013a.

Machine learning PDE solvers, which trace back to statistical inference approaches
for numerical approximation FM Larkin, 1972b, as reviewed in Houman Owhadi,
Scovel, and Schafer, 2019 and Houman Owhadi and Scovel, 2019b, Chap. 20,
have become increasingly prevalent due to their ability to solve a wide class of
PDEs in a flexible manner. In particular, these approaches are compatible with
generic engineering pipelines and have the ability to handle inverse problems and
the incorporation of previously collected data, e.g., computed solutions for different
initial conditions. There are two main categories of such solvers: methods based on
artificial neural networks, such as physics-informed neural networks (PINNs) Raissi,
P. Perdikaris, and G. Karniadakis, 2019a; Sifan Wang, Sankaran, et al., 2023, and
those based on kernels and Gaussian processes Batlle, Y. Chen, et al., 2025a; Y.
Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b. Although GP-
based methods have originally been introduced for rough linear PDEs Houman
Owhadi, 2015b; Houman Owhadi, 2017; Houman Owhadi and L. Zhang, 2017
and have been studied in the context of probabilistic numerics Cockayne et al.,
2017; Pfortner et al., 2022; J. Wang et al., 2021, their convergence guarantees
required the solution to belong to the RKHS of the underlying kernel and the
generalization to nonlinear PDEs in Batlle, Y. Chen, et al., 2025a; Y. Chen, Hosseini,
Houman Owhadi, and Andrew M. Stuart, 2021b require the solution also to be
classically defined. Similarly, the original version of PINNs assumes that the
solution is classically defined and while more recent ANN-variants such as the
DeepRitz method E and B. Yu, 2018 that is based on a variational approach, and
wPINNs De Ryck, Mishra, and Molinaro, 2024 that computes weak solutions of
hyperbolic PDEs, have started relaxing those regularity assumptions, an ANN-based
framework for roughly forced arbitrary nonlinear PDEs is still lacking.
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In this work, we are motivated by the advantages of GP-based methods, such as
simple and transparent computational and theoretical guarantees, e.g., their near-
linear complexity Y. Chen, Houman Owhadi, and Schafer, 2024b and convergence
results on the statistical and approximation error Batlle, Y. Chen, et al., 2025a; Y.
Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b. As a result, we
place our initial focus on developing a GP-based approach for solving roughly forced
arbitrary nonlinear PDEs, such as SPDEs, and subsequently extend the ensuing
framework to ANN-based methods, such as PINNs.

Contributions and Outline
In the context of problem (2.1), we consider the operatorP×Tr : 𝐻𝑡 (Ω) → 𝐻−𝑠 (Ω)×
𝐻𝑡−

1
2 (𝜕Ω) that maps the solution 𝑢 to the right hand side, where P is a nonlinear

differential operator and Tr is the trace operator. The forcing term 𝜉 belongs to
𝐻−𝑠 (Ω) and the boundary term 𝑔 belongs to 𝐻𝑡− 1

2 (𝜕Ω). In this setting, we assume
the existence of a unique solution 𝑢∗ ∈ 𝐻𝑡 (Ω). To solve the PDE we first reformulate
(2.1) as an infinite-dimensional optimal recovery problem within a reproducing
kernel Hilbert space (RKHS). This space will be potentially misspecified in the sense
that the true solution 𝑢∗ is not necessarily contained in it. This reformulation, which
we term the continuum problem, seeks to identify an optimal approximation to the
solution in the RKHS that accounts for the misspecification by incorporating additive
singular noise in the source term of (2.1). We then formulate a discretized problem
by (1) approximating the negative Sobolev norms using test functions and (2) solving
the corresponding optimal recovery problem through Gauss-Newton iteration. This
process reduces to solving a sequence of weakly defined linearized PDEs with the
kernel corresponding to the underlying misspecified RKHS. In this section, we
describe the continuum and discretized problem followed by the contributions and
outline of this work.

Continuum problem Consider a kernel 𝐾 : Ω × Ω → R and its associated
RKHS, which we denote by H𝐾 . Given a regularization parameter 𝛾 > 0, we
approximate the solution to PDE (2.1) by a misspecified element of H𝐾 that is
obtained from a minimizer of the following continuum loss in (2.3). The loss
relaxes the PDE constraint using a negative Sobolev 𝐻−𝑠-norm rather than the usual
(possibly empirical) 𝐿2 norm that is commonly employed in Scientific Machine
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Learning. The resulting continuum optimization problem is given by

inf
𝑢∈H𝐾

∥P(𝑢) − 𝜉∥2𝐻−𝑠 + 𝛾 ∥𝑢∥2H𝐾 (2.3a)

s.t. 𝑢(𝑥) = 𝑔(𝑥) 𝑥 ∈ 𝜕Ω. (2.3b)

For ease of presentation, we assume the boundary condition is regular enough to
be satisfied by an element of the RKHS2. We show under mild assumptions that
for any 𝛾 > 0, problem (2.3) has a minimizer 𝑢𝛾 ∈ H𝐾 and that any minimizing
sequence has a convergent subsequence to a minimizer in H𝐾 . Furthermore, 𝑢𝛾

converges to the solution of the PDE (2.1) as the regularization parameter 𝛾 goes to
0. The use of a negative Sobolev 𝐻−𝑠-loss, which is weaker than the usual 𝐿2 loss,
for machine learning solvers was already explored in the context of linear elliptic
PDEs in Bonito et al., 2024 and by hybrid methods combining machine learning
and traditional numerical schemes Karnakov, Litvinov, and Koumoutsakos, 2024.

Discretized problem Problem eq. (2.3) is an optimization problem over the
space H𝐾 and cannot be directly solved computationally. We introduce a dis-
cretized approximation of this problem based on a 𝑁-dimensional test space Φ𝑁 :=
span{𝜑𝑖}𝑁𝑖=1 ⊂ 𝐻

𝑠
0(Ω) and a set of 𝑀 collocation points on the boundary 𝜕Ω. That

is, the discretized problem is given by

inf
𝑢∈H𝐾
|P(𝑢) − 𝜉 |2

Φ𝑁
+ 𝛾∥𝑢∥2H𝐾 , (2.4a)

s.t. 𝑢(𝑥 𝑗 ) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀. (2.4b)

For simplicity, we have assumed 𝑔 to be continuous on the boundary3. We will show
that the seminorm | · |Φ𝑁 approximates the negative Sobolev norm ∥ · ∥𝐻−𝑠 , and that
the minimizer 𝑢𝛾,𝑁,𝑀 of eq. (2.4) converges to the true solution of the PDE (2.1) as
the regularization 𝛾 → 0 and as the number of measurements (given by test functions
and collocation points) satisfy (𝑀, 𝑁) → ∞. We then formulate a Gauss-Newton
iteration to solve the discretized problem, which leads to a computational method to
solve roughly forced PDEs of the form in (2.1). The formal derivation, theoretical
analysis and numerical implementation of this algorithm will be the object of this
paper. The main contributions are outlined next.

2The ensuing methodology can be extended to the setting where the boundary condition only
applies in a trace sense by relaxing the boundary condition as well.

3As for the continuum problem, the proposed approach can naturally be extended to the setting
where the boundary condition has to be defined in a weak/trace sense.
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Contributions In this work we provide the following theoretical contributions:

(T1) We propose a loss based on a negative Sobolev norm, which is weaker
than the 𝐿2 norm and adapted to the problem4. Minimizing this loss can
be interpreted as solving a weak form of the PDE and can be applied to
general machine-learning solvers, including kernel methods and PINNs.

(T2) We show that under mild assumptions on the problem, the proposed
kernel method is convergent as the regularization parameter 𝛾 goes to 0,
hence allowing the recovery of solutions that are very irregular. We thus
extend the guarantees present in Y. Chen, Hosseini, Houman Owhadi, and
Andrew M. Stuart, 2021b beyond the setting of classical solutions. This
approach can accommodate both linear and nonlinear PDEs.

(T3) We introduce a new concept for the solution of PDEs defined by irregular
data, allowing regularization of each term in the PDE via a Gaussian
process, and resulting in an optimization problem which includes the
proposed Sobolev loss as a special case.

From a computational perspective, we provide the following contributions:

(C1) We propose an efficient numerical discretization of the Sobolev norm,
which inherits the complexity of state-of-the-art solvers for dense kernel
matrices Houman Owhadi and Scovel, 2019b.

(C2) We provide an efficient numerical method to minimize the resulting loss
based on the Gauss-Newton algorithm.

(C3) We provide convergence guarantees for the resulting numerical method,
extending the convergence results in Y. Chen, Hosseini, Houman Owhadi,
and Andrew M. Stuart, 2021b; Batlle, Y. Chen, et al., 2025a to the
case where the solution does not belong to the RKHS underlying the
optimization problem.

(C4) We demonstrate the competitiveness of the kernel-based framework for
roughly forced PDEs on a range of numerical examples.

4We note that previous work such as the Deep Ritz method E and B. Yu, 2018 can be interpreted
as using a negative Sobolev norm, but these are applied to specific PDEs amenable to a variational
formulation. Here we consider generic negative norms and generic non-linear PDEs.
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(C5) We demonstrate the flexibility of the ideas presented by using the loss in
the context of PINNs applied to a range of roughly forced PDEs.

Outline The remainder of the paper is structured as follows. In Section 2.1 we
introduce notation that will be used throughout. Section 2.2 presents the formal ker-
nel method in the continuum setting for minimization problem (2.3) and investigates
the theoretical properties of its minimizer. Hence, this section relates to Contri-
butions (T1) and (T2). In Section 2.3 we derive a discretization of the continuum
problem, corresponding to (2.3), resulting in an implementable numerical method
with convergence guarantees. Hence, this section relates to Contributions (C1)
to (C3). In Section 2.4 we present numerical experiments demonstrating the per-
formance of the proposed kernel method and a PINN variant using the proposed
equation-adapted norm on several nonlinear PDEs; we compute empirical conver-
gence rates and compare the methodology to finite element and spectral Galerkin
methods, thereby addressing Contributions (C4) and (C5). Our code to reproduce
the numerical experiments is available in a public repository 5. Finally, using the
same kernel-based framework we have developed, Section 2.5 introduces a general-
ized continuum problem involving regularization of nonlinearities and terms under
the action of differential operators; this section concerns Contribution (T3).

Notation
We denote the positive integers and non-negative integers respectively by N =

{1, 2, · · · } and Z+ = {0, 1, · · · } and use the notation R = (−∞,∞) for the reals. For
a set 𝐷, we use 𝐷 to denote the closure of the set, i.e. the union of the set itself
and the set of all its limit points. Throughout, Ω ⊂ R𝑑 will be a bounded open
domain with Lipschitz boundary 𝜕Ω. We let 𝐶 (Ω) denote the infinite-dimensional
Banach space of continuous functions taking inputs in Ω. The space is endowed
with the supremum norm. Similarly 𝐶𝑟 (Ω) for 𝑟 ≥ 0 will denote the space of
𝑟-times continuously differentiable functions over Ω. For 𝑝 ∈ [1,∞) we let 𝐿𝑝 (Ω)
denote the infinite dimensional space of 𝑝-integrable functions over Ω. The space
is endowed with the 𝐿𝑝 norm. For 𝑝 ∈ [1,∞) and 𝑡 > 0, 𝑊 𝑡,𝑝 (Ω) denote the
(fractional, if 𝑡 ∉ N) Sobolev space of functions. We recall that setting 𝑝 = 2 defines
a Hilbert space which we denote by𝐻𝑡 (Ω). We define the space𝐻𝑡0(Ω) as the closure
under the 𝐻𝑡 (Ω) norm of the set of smooth compactly supported functions on Ω.
We use the notation 𝐻𝑡𝑔 (Ω) to denote the space of functions 𝑢 ∈ 𝐻𝑡 (Ω) such that

5https://github.com/MatthieuDarcy/Kernel-NeuralNetworks-SPDEs

https://github.com/MatthieuDarcy/Kernel-NeuralNetworks-SPDEs
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applying the trace operator gives Tr(𝑢) = 𝑔 ∈ 𝐻𝑡−1/2(𝜕Ω). For ease of presentation,
we will keep 𝑔 fixed and only consider P : 𝐻𝑡𝑔 (Ω) → 𝐻−𝑠 (Ω), keeping the trace
operator implicit. Throughout the article, we will use the calligraphic notationH𝐾
to denote the reproducing kernel Hilbert space (RKHS) associated to the kernel 𝐾 .

For notational convenience, we will drop Ω for each of the introduced function
spaces as this is implied throughout. Furthermore, we let ∥·∥U denote the norm that
is endowed with each spaceU, and similarly let ⟨·, ·⟩H denote the associated inner
product to each inner product spaceH . Convergence of a sequence (𝑢𝑛)𝑛 ∈ N ⊂ U
in the strong topology given by the norm onU to an element 𝑢 ∈ U will be denoted
by 𝑢𝑛 → 𝑢, while weak convergence will be denoted by 𝑢𝑛 ⇀ 𝑢. For a normed
spaceU, we will let 𝐵U ( 𝑓 , 𝛿) ⊂ U denote the open ball inU of radius 𝛿 centered
at 𝑓 ∈ U i.e.,

𝐵U ( 𝑓 , 𝛿) := {𝑔 ∈ U : ∥ 𝑓 − 𝑔∥U < 𝛿}.

For function spaces U and V we write U ⋐ V to denote U being compactly
embedded inV.

2.2 The Continuum Problem
We begin our discussion by recalling the PDE (2.1) where P : 𝐻𝑡𝑔 → 𝐻−𝑠 for
𝑡 > 1

2 , 𝑠 > 0 is a possibly nonlinear differential operator. We assume that there exists
a unique 𝑢∗ ∈ 𝐻𝑡𝑔 satisfying the PDE (2.1).

Remark 1. In general, the boundary condition should be interpreted in a trace
sense. If 𝑡 > 𝑑

2 , however, then the boundary condition can be interpreted pointwise.
We will make this assumption, but we note that the methodology can also be extended
to the case where the boundary condition is defined in a trace sense by enforcing
the condition in a weak sense.

We recall that H𝐾 is an RKHS, with associated kernel 𝐾 : Ω × Ω → R (see for
example Aronszajn, 1950; Bogachev, 1998a; C. Berg, 1984 for an introduction to the
theory of RKHS). For 𝛾 ∈ R+, we consider the regularized minimization problem:

inf
𝑢∈H𝐾

∥P(𝑢) − 𝜉∥2𝐻−𝑠 + 𝛾 ∥𝑢∥2H𝐾 , (2.5a)

s.t. 𝑢 = 𝑔 on 𝜕Ω. (2.5b)

We introduce the following assumptions on the differential operatorP and the RKHS
H𝐾 .
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Assumption (Assumption P). We assume that the differential operator P satisfies:

(P1) The operator P : 𝐻𝑡𝑔 → 𝐻−𝑠 is continuous.

(P2) The solution operator associated to P is locally stable. That is, there
exists a 𝛿 ∈ R+ and a constant 𝐶 (𝛿) ∈ R+ such that for any 𝑢 ∈ 𝐻𝑡𝑔 with
P(𝑢) ∈ 𝐵𝐻−𝑠 (𝜉, 𝛿), then

∥𝑢 − 𝑢∗∥𝐻𝑡0 ≤ 𝐶 (𝛿) ∥P(𝑢) − 𝜉∥𝐻−𝑠 .

Assumption (Assumption H). We assume that the kernel 𝐾 : Ω × Ω → R is such
that the RKHSH𝐾 satisfies:

(H1) The embeddingsH𝐾 ⋐ 𝐶 (Ω) andH𝐾 ⋐ 𝐻𝑡 are compact.

(H2) H𝐾 contains a dense subset of 𝐻𝑡𝑔 6.

The following discussion will focus on identifying the assumptions under which the
recovery of 𝑢∗ can be achieved using a scheme based on the regularized problem in
(2.5). Specifically, in Subsection 2.2, we demonstrate that under Assumptions (P1)
and (H1), a solution to (2.5) exists for any 𝛾 ∈ R+. In Subsection 2.2 we show,
under Section 2.2 and Section 2.2, (𝑢𝑛)𝑛∈N ⊂ H𝐾 solving (2.5) for 𝛾 = 𝛾𝑛 ∈ R+,
converges to 𝑢∗ ∈ 𝐻𝑡𝑔 solving (2.1) as the sequence (𝛾𝑛)𝑛∈N ⊂ R+ decreases to zero.

Existence of a Minimizer
In this subsection we prove the existence of a solution to the regularized optimization
problem in (2.5) for any 𝛾 ∈ R+. Define the objective

𝐽 (𝑢; 𝛾) := ∥P(𝑢) − 𝜉∥2𝐻−𝑠 + 𝛾 ∥𝑢∥2H𝐾 , (2.6)

and consider the infimization problem

inf
𝑢∈H𝐾

𝐽 (𝑢; 𝛾) (2.7a)

s.t. 𝑢 = 𝑔 on 𝜕Ω. (2.7b)

We assume that there is at least one 𝑢 ∈ H𝐾 which satisfies the boundary condition
(note thatH𝐾 ⋐ 𝐶 (Ω) in Assumption (H1) implies thatH𝐾 is of sufficient regularity
to enforce the boundary condition pointwise).

6This assumption can be replaced by the more restrictive one that H𝐾 is such that 𝐶∞ ⊂ H𝐾 .
This assumption is often more easily checked and is the case for example with the Matérn class of
kernels Fasshauer and Q. Ye, 2011.
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We are now able to state and prove the following existence theorem.

Theorem 1 (Existence of a Minimizer). Let Assumption (P1) be satisfied and let
the kernel 𝐾 be such that Assumption (H1) is satisfied. Let 𝑚 be the optimal value
of problem (2.7a), i.e.,

𝑚 := inf
𝑢∈H𝐾

𝐽 (𝑢; 𝛾)

s.t. 𝑢 = 𝑔 on 𝜕Ω.

Then it holds that 0 ≤ 𝑚 < ∞ and that there exists 𝑢∞ ∈ H𝐾 such that𝑚 = 𝐽 (𝑢∞; 𝛾).
Moreover, if (𝑢𝑛)𝑛∈N is a minimizing sequence, then there is a subsequence which
converges strongly to 𝑢̄∞ (possibly distinct from 𝑢∞) inH𝐾 such that 𝑚 = 𝐽 (𝑢̄∞; 𝛾).
Therefore, if the minimizer of 𝐽 is unique then the entire sequence 𝑢𝑛 converges to
𝑢∞.

Proof. To prove the existence of a minimizer, we will proceed in two steps. In the
first, we will consider a minimizing sequence satisfying the boundary conditions and
show boundedness in H𝐾 , which will yield a weakly convergent subsequence. In
the second, we will show weak lower semi-continuity of the objective onH𝐾 along
any subsequence satisfying the boundary conditions (not necessarily a minimizing
subsequence), which when combined with the first step will yield the result. We
reformulate our optimization problem as

inf
𝑢∈H𝐾

𝐿 (𝑢; 𝛾) := inf
𝑢∈H𝐾

∥P(𝑢) − 𝜉∥2𝐻−𝑠 + 𝛾 ∥𝑢∥2H𝐾 + 𝜒( sup
𝑥∈𝜕Ω
|𝑢(𝑥) − 𝑔(𝑥) |),

where

𝜒(𝑎) =


0 if 𝑎 = 0,

∞ otherwise.

Step 1: Existence of weak limit. We first observe that 𝐿 (𝑢; 𝛾) ∈ [0,∞) for all
𝑢 ∈ H𝐾 satisfying the boundary condition. Therefore 0 ≤ 𝑚 < ∞. Consider some
minimizing sequence (𝑢𝑛)𝑛∈N so that

𝐿 (𝑢𝑛; 𝛾) → 𝑚 as 𝑛→∞.

Without loss of generality, we assume that 𝐿 (𝑢𝑛; 𝛾) < ∞ for all 𝑛 and hence the
minimizing sequence satisfies the boundary conditions. By the definition of 𝐿, the
minimizing sequence is bounded, i.e., there exists 𝐶 ∈ R+ so that

∥𝑢𝑛∥H𝐾 ≤ 𝐶,
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for any 𝑛 ∈ N. By the BanachâĂŞAlaoglu theorem Alaoglu, 1940, since H𝐾 is
reflexive, there exists 𝑢∞ ∈ H𝐾 and a subsequence (𝑢𝑛𝑘 )𝑘∈N such that 𝑢𝑛𝑘 ⇀ 𝑢∞ in
H𝐾 as 𝑘 →∞.

Step 2: Weak lower semicontinuity of the objective.. We now show the weak-lower
semicontinuity of the objective along any subsequence satisfying the boundary con-
ditions (it is not required that this be a minimizing sequence). By Assumption (H1)
and by Brezis, 2010, p.171 we deduce that 𝑢𝑛𝑘 → 𝑢∞ in 𝐻𝑡𝑔 as 𝑘 → ∞. Therefore,
by Assumption (P1), we obtain

P(𝑢𝑛𝑘 ) − 𝜉

2

𝐻−𝑠 → ∥P(𝑢∞) − 𝜉∥
2
𝐻−𝑠 as 𝑘 →∞.

We note that by the same argument 𝐿 is also weakly continuous on H𝐾 . Likewise,
by Assumption (H1), it follows that 𝑢𝑛𝑘 → 𝑢∞ in 𝐶 (Ω) as 𝑘 → ∞. Since 𝑢𝑛𝑘
satisfies the boundary conditions for all 𝑘 , this implies that 𝑢∞ = 𝑔 for 𝑥 ∈ 𝜕Ω and

𝜒( sup
𝑥∈𝜕Ω
|𝑢𝑛𝑘 (𝑥) − 𝑔(𝑥) |) = 𝜒( sup

𝑥∈𝜕Ω
|𝑢∞(𝑥) − 𝑔(𝑥) |) = 0.

By the same argument this term is also lower-semicontinuous. Since norms are
lower-semicontinuous Brezis, 2010, p. 61, it follows that 𝐿 : H𝐾 → R is lower-
semicontinuous. Therefore

𝑢𝑛𝑘 ⇀ 𝑢∞ ⇒ lim inf
𝑛→∞

𝐿 (𝑢𝑛𝑘 ; 𝛾) ≥ 𝐿 (𝑢∞; 𝛾),

and consequently, since lim𝑛→∞ 𝐿 (𝑢𝑛; 𝛾) = 𝑚, we have

𝑚 = 𝐿 (𝑢∞; 𝛾).

Step 3: Strong convergence of the minimizing sequence. We now turn our attention
to showing the existence of a subsequence of (𝑢𝑛)𝑛∈N that converges strongly to a
minimizer. For ease of exposition, let

Ψ(𝑢) := ∥P(𝑢) − 𝜉∥2𝐻−𝑠 + 𝜒( sup
𝑥∈𝜕Ω
|𝑢(𝑥) − 𝑔(𝑥) |),

so that
𝐿 (𝑢) = Ψ(𝑢) + 𝛾 ∥𝑢∥2H𝐾 .

Again, without loss of generality, we assume that the minimizing sequence satisfies
the boundary condition so that the penalty corresponding to the boundary condition
is 0. Using the polarization equality, we have that

𝛾

4
∥𝑢𝑙 − 𝑢𝑘 ∥2H𝐾 = 𝛾

(1
2
∥𝑢𝑙 ∥2H𝐾 +

1
2
∥𝑢𝑘 ∥2H𝐾 −





1
2
(𝑢𝑙 + 𝑢𝑘 )





2

H𝐾

)
=

1
2
𝐿 (𝑢𝑙) +

1
2
𝐿 (𝑢𝑘 ) − 𝐿

(
1
2
(
𝑢𝑙 + 𝑢𝑘

) )
− 1

2
Ψ(𝑢𝑙) −

1
2
Ψ(𝑢𝑘 ) + Ψ

(
1
2
(
𝑢𝑙 + 𝑢𝑘

) )
,
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for any 𝑙, 𝑘 ∈ N. Letting 𝑙, 𝑘 ≥ 𝑁1(𝛿) so that 𝐿 (𝑢𝑘 ) ≤ 𝑚 + 𝛿 and 𝐿 (𝑢𝑙) ≤ 𝑚 + 𝛿, we
obtain

𝛾

4
∥𝑢𝑙 − 𝑢𝑘 ∥2 ≤ 𝑚 + 𝛿 − 𝑚 −

1
2
Ψ(𝑢𝑙) −

1
2
Ψ(𝑢𝑘 ) + Ψ

(
1
2
(
𝑢𝑙 + 𝑢𝑘

) )
= 𝛿 − 1

2
Ψ(𝑢𝑙) −

1
2
Ψ(𝑢𝑘 ) + Ψ

(
1
2
(
𝑢𝑙 + 𝑢𝑘

) )
.

Since 𝑢𝑙 , 𝑢𝑘 and 1
2
(
𝑢𝑙 + 𝑢𝑘

)
converge strongly to 𝑢∞ in 𝐻𝑡 and in 𝐶 (Ω), and satisfy

the boundary conditions, we deduce by the continuity of P from Assumption (P1)
that there is integer 𝑁2(𝛿) such that for 𝑘, 𝑙 ≥ 𝑁2(𝛿):

𝛾

4
∥𝑢𝑙 − 𝑢𝑘 ∥2H𝐾 ≤ 𝛿 + 𝛿 = 2𝛿.

Therefore, the sequence (𝑢𝑛)𝑛∈N is Cauchy in H𝐾 and as a consequence converges
strongly, i.e., 𝑢𝑛 → 𝑢∞ inH𝐾 as 𝑛→∞.

Convergence as Regularizer is Removed
We now turn our attention to showing that the sequence (𝑢𝑛)𝑛∈N ⊂ H𝐾 where 𝑢𝑛
is the solution to (2.5) for 𝛾 = 𝛾𝑛 ∈ R+, converges to 𝑢∗ ∈ 𝐻𝑡0 for any sequence
(𝛾𝑛)𝑛∈N ⊂ R+ decreasing to 0. This key result lays the groundwork for the devel-
opment of an implementable numerical method for the solution of (2.5). To prove
the convergence of the numerical method to the true solution, previous work on
the use of Gaussian processes to solve PDEs Y. Chen, Hosseini, Houman Owhadi,
and Andrew M. Stuart, 2021b assumes that the true solution belongs to the RKHS,
i.e., 𝑢∗ ∈ H𝐾 . In this work we treat the case where 𝑢∗ ∉ H𝐾 ; extending to this
setting is natural for roughly forced PDEs where, due to the lack of regularity of the
right-hand side, the solution may live outside the RKHS defined by the kernel.

Theorem 2 (Convergence). Let Section 2.2 and Section 2.2 hold and let 𝜉 ∈ 𝐻−𝑠.
For any 𝑛 ∈ N, let 𝑢𝑛 denote a minimizer of (2.5) with regularizer 𝛾 = 𝛾𝑛. Then, for
all sequences (𝛾𝑛)𝑛∈N ⊂ R+ decreasing to 0, the sequence (𝑢𝑛)𝑛∈N ⊂ H𝐾 converges
to 𝑢∗ ∈ 𝐻𝑡𝑔 in 𝐻𝑡 and we have

∥P(𝑢𝑛) − 𝜉∥2𝐻−𝑠 + 𝛾𝑛 ∥𝑢𝑛∥2H𝐾 → 0 .

Proof. We will need the following lemma whose proof is straightforward.

Lemma 1 (Density). Under Assumptions (P1) and (H2), the image ofH𝐾 under P
denoted as P(H𝐾) is dense in P(𝐻𝑡𝑔).
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From theorem 1 we can define 𝑢𝑛 as a minimizer of (2.5) with regularizer 𝛾𝑛.
lemma 1 implies that there exists a sequence (𝑤̄𝑛)𝑛∈N inH𝐾 such that P(𝑤̄𝑛) → 𝜉

in 𝐻−𝑠 and 𝑤̄𝑛 = 𝑔 on 𝜕Ω. For 𝑛 ≥ 0, let

𝑎𝑛 := max{𝑚 ≤ 𝑛 | ∥𝑤̄𝑚 ∥H𝐾 ≤ ∥𝑤̄0∥H𝐾 + 𝛾
− 1

3
𝑛 }.

Note that lim𝑛→∞ 𝛾𝑛 = 0 implies that lim𝑛→∞ 𝑎𝑛 = ∞ and

lim
𝑛→∞

𝛾
1
2
𝑛 ∥𝑤̄𝑎𝑛 ∥H𝐾 ≤ lim

𝑛→∞
𝛾

1
2
𝑛 ∥𝑤̄0∥H𝐾 + 𝛾

1
2−

1
3

𝑛 = 0.

Therefore, if we define 𝑤𝑛 := 𝑤̄𝑎𝑛 , we deduce that (𝑤𝑛)𝑛∈N is a sequence in H𝐾
such that P(𝑤𝑛) → 𝜉 in 𝐻−𝑠, 𝑤𝑛 = 𝑔 on 𝜕Ω and

∥P(𝑤𝑛) − 𝜉∥2𝐻−𝑠 + 𝛾𝑛 ∥𝑤𝑛∥2H𝐾 → 0.

Now, since

∥P(𝑢𝑛) − 𝜉∥2𝐻−𝑠 + 𝛾𝑛 ∥𝑢𝑛∥2H𝐾 ≤ ∥P(𝑤𝑛) − 𝜉∥
2
𝐻−𝑠 + 𝛾𝑛 ∥𝑤𝑛∥2H𝐾 ,

we have that
∥P(𝑢𝑛) − 𝜉∥2𝐻−𝑠 → 0.

Therefore, Assumption (P2) and the fact that 𝑢𝑛 satisfies the boundary conditions
implies

∥𝑢𝑛 − 𝑢∗∥𝐻𝑡0 → 0.

It is of general interest to investigate the rate at which the solution to the continuum
problem (2.5) converges to the true solution 𝑢∗ as the regularizer 𝛾 → 0. We provide
insight into identifying an explicit convergence rate in the following remark.

Remark 2 (Convergence for the Poisson Equation). For the purposes of this discus-
sion consider the Poisson equation

−Δ𝑢 = 𝜉, 𝑥 ∈ Ω (2.10a)

𝑢 = 0, 𝑥 ∈ 𝜕Ω . (2.10b)

Assume the solution 𝑢∗ of (2.10) to live in 𝐻𝑡0, and 𝜉 in 𝐻−𝑠. We may make the
specific choice of RKHS H𝐾 = 𝐻𝑞 (e.g., by letting 𝐾 be a Matérn kernel), for
some 𝑞 > 𝑡, so that the solution space is not contained in the RKHS. In Section A.1
we demonstrate the convergence of 𝑢𝛾 to 𝑢∗ as 𝛾 → 0 in the 𝐻𝛼 norm for any
𝛼 ≤ 𝑡 = 2 − 𝑠. We provide further details in Section A.1.
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2.3 The Numerical Method
In this section, we present an algorithm for solving the constrained optimization
problem:

inf
𝑢∈H𝐾
∥P(𝑢) − 𝜉∥2𝐻−𝑠 + 𝛾∥𝑢∥2H𝐾 , (2.11a)

s.t. 𝑢 = 𝑔 on 𝜕Ω. (2.11b)

The section is structured as follows. First, in Section 2.3, we introduce a discretiza-
tion of the negative Sobolev norm ∥ · ∥𝐻−𝑠 , which reduces (2.11) to a nonlinear
least-squares problem. This approximation of the norm relies on the choice of a test
space. In Section 2.3, we relax the boundary condition to be satisfied at only a finite
set of collocation points, and we employ a variant of the Gauss-Newton algorithm
to solve the resulting infinite-dimensional minimization problem. The representer
theorem allows us to obtain a finite-dimensional representation of the solution for
each iteration of Gauss-Newton. Finally, in Section 2.3 we present convergence
results for the resulting numerical method. The derivation of this numerical method
and its proof of convergence will be based on the following density assumption on
the test space and collocation points (Section 2.3) and regularity assumption on the
differential operator (Section 2.3).

Assumption (Assumption D). We assume that the 𝑁-dimensional test space Φ𝑁 :=
span{𝜑𝑖}𝑁𝑖=1 ⊂ 𝐻𝑠

0 and set of collocation points on the boundary {𝑥 𝑗 }𝑀𝑗=1 ⊂ 𝜕Ω

satisfy:

(D1) It holds that Φ𝑁 becomes dense in 𝐻𝑠
0 as 𝑁 →∞, i.e.,

span {𝜑𝑖 |𝑖 ∈ N} = 𝐻𝑠
0.

(D2) The fill-distance on the boundary is such that

sup
𝑥∈𝜕Ω

inf
𝑥 𝑗∈{𝑥𝑖}𝑀𝑖=1

|𝑥 − 𝑥 𝑗 |𝜕Ω → 0, as 𝑀 →∞.

Assumption (Assumption R). Assume that 𝜉 ∈ 𝐻−𝑠+𝛿 for some 𝛿 ∈ R+, and assume
P : 𝐻𝑡𝑔 → 𝐻−𝑠+𝛿.

Intuitively Section 2.3 is necessary to ensure that the measurements sufficiently “fill
out” the space without gaps. We note that Assumption (D2) is standard in the kernel
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interpolation literature. Section 2.3 will be used to apply a compactness argument to
ensure convergence of the numerical method. Throughout this section we consider
the assumptions of Section 2.2 to also be satisfied. In particular we consider that
Section 2.2 and Section 2.2 are satisfied, that 𝑔 is of sufficient regularity to enforce
the boundary condition pointwise, and that there is at least one 𝑢 ∈ H𝐾 which
satisfies the boundary condition.

Approximating The Negative Sobolev Norm
We now derive a method for approximating the 𝐻−𝑠 norm in problem (2.11). First,
recall from Henry, 2006 that one can define a norm (equivalent to the usual ∥·∥𝐻𝑠
norm) on the space 𝐻𝑠

0 as

∥𝑢∥2𝐻𝑠0 =

∫
𝑢(−Δ)𝑠𝑢, (2.12)

where Δ is the Laplacian operator with homogeneous Dirichlet boundary condi-
tions. We note that this allows for negative 𝑠 as well. In this case, the operator
is the solution operator (Green’s function) of the corresponding Laplace equation
with homogeneous Dirichlet boundary conditions. One can additionally consider
fractional values of 𝑠 through the spectral expansion of the negative Laplacian. The
negative Sobolev norm ∥·∥𝐻−𝑠 is then defined as the dual norm to the space 𝐻𝑠

0 with
respect to the 𝐿2 duality

∥ 𝑓 ∥𝐻−𝑠 := sup
𝑢∈𝐻𝑠0

∫
𝑓 𝑢

∥𝑢∥𝐻𝑠0
. (2.13)

This supremum in (2.13) cannot be directly computed as it involves solving an
optimization problem over an infinite-dimensional space. Our strategy is to replace
the infinite-dimensional space 𝐻𝑠

0 by a finite-dimensional test space:

Φ𝑁 := span{𝜑𝑖}𝑁𝑖=1 ⊂ 𝐻
𝑠
0.

Appropriate choices of Φ𝑁 will be discussed later. We further assume that the set
{𝜑𝑖}𝑁𝑖=1 is comprised of linearly independent functions. We may now define the
seminorm

| 𝑓 |Φ𝑁 := sup
𝑢∈Φ𝑁

∫
𝑓 𝑢

∥𝑢∥𝐻𝑠0
. (2.14)

We make use of the vector notation

[ 𝑓 , 𝜑] :=
( ∫

𝑓 𝜑1,

∫
𝑓 𝜑2, . . . ,

∫
𝑓 𝜑𝑛

)⊺
∈ R𝑁
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and define the matrix 𝐴 ∈ R𝑁×𝑁 element-wise as

𝐴𝑖, 𝑗 :=
∫

𝜑𝑖 (−Δ)𝑠𝜑 𝑗 ,

for 1 ≤ 𝑖, 𝑗 ≤ 𝑁 . The following result provides an explicit expression for the
seminorm in (2.14).

Proposition 1. For any 𝑓 ∈ 𝐻 − 𝑠, the seminorm | · |Φ𝑁 satisfies

| 𝑓 |Φ𝑁 =
√︁
[ 𝑓 , 𝜑]⊺𝐴−1 [ 𝑓 , 𝜑] . (2.15)

Proof. See Section A.1.

Remark 3. Another view of our approximation to the norm comes from considering
the dual of our test space Ψ𝑁 := {(−Δ)𝑠𝜑𝑖}𝑁𝑖=1 ⊂ 𝐻

−𝑠. One can consider the 𝐻−𝑠

projection of 𝑓 onto Ψ𝑁 , denoted as Π𝑁 𝑓 . Then, one can show

| 𝑓 |Φ𝑁 =


Π𝑁 𝑓




𝐻−𝑠 ≤ ∥ 𝑓 ∥𝐻−𝑠 .

Hence, our seminorm can be seen as the norm of the 𝐻−𝑠 projection of 𝑓 onto
(−Δ)𝑠Φ𝑁 .

The next proposition ensures the consistency of our seminorm as the number of test
functions 𝑁 →∞. We first make an assumption on our choice of test space.

Proposition 2. Under Assumption (D1), it holds that for all 𝑓 ∈ 𝐻−𝑠

lim
𝑁→∞

| 𝑓 |Φ𝑁 → ∥ 𝑓 ∥𝐻−𝑠 .

Proof. See Section A.1.

Writing Φ𝑁,⊥ for the orthogonal complement of Φ𝑁 in 𝐻−𝑠, we may also define the
orthogonal seminorm as

| 𝑓 |Φ𝑁,⊥ := sup
𝑢∈Φ𝑁,⊥

∫
𝑓 𝑢

∥𝑢∥𝐻𝑠0
.

Since | 𝑓 |Φ𝑁,⊥ is the 𝐻−𝑠-norm of the 𝐻−𝑠-projection of 𝑓 onto Φ𝑁,⊥, we have the
orthogonal decomposition

∥ 𝑓 ∥2𝐻−𝑠 = | 𝑓 |2Φ𝑁 + | 𝑓 |
2
Φ𝑁,⊥ . (2.16)

Combining this identity with proposition 2 leads to the following corollary.



24

Corollary 1. For 𝑓 ∈ 𝐻−𝑠, the family of seminorms | · |Φ𝑁 satisfy

lim
𝑁→∞

| 𝑓 |Φ𝑁,⊥ → 0.

Remark 4. (Choice of test space Φ𝑁 ). A standard choice for the basis functions
of Φ𝑁 is to use polyharmonic splines Wendland, 2004. With this selection, the
Gram matrix A, its inverse, and the projected norms can be computed with near-
linear complexity using gamblets Houman Owhadi and Scovel, 2019b. However,
this approach is not explored in the present work. Other options include a Fourier
or wavelet basis. We expect, based on previous work Houman Owhadi and Scovel,
2019b, Chap. 14, that these different choices yield the same rates of convergence
but with different constants. In our numerical experiments, we do observe varying
levels of performance but did not systematically investigate this.

Nonlinear Least-squares Problem and the Gauss-Newton Algorithm
We now consider the approximation in (2.15) for the negative Sobolev norm, and
relax the boundary condition to be satisfied only at a finite set of collocation points
{𝑥 𝑗 }𝑀𝑗=1 ⊂ 𝜕Ω. This leads to the following minimization problem for the regularized
PDE solution:

inf
𝑢∈H𝐾
|P(𝑢) − 𝜉 |2

Φ𝑁
+ 𝛾∥𝑢∥2H𝐾 , (2.17a)

s.t. 𝑢(𝑥 𝑗 ) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀, (2.17b)

which by proposition 1, is equivalent to

inf
𝑢∈H𝐾
[P(𝑢) − 𝜉, 𝜑]⊺𝐴−1 [P(𝑢) − 𝜉, 𝜑] + 𝛾 ∥𝑢∥2H𝐾 (2.18a)

s.t. 𝑢(𝑥 𝑗 ) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀. (2.18b)

Similarly to Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b, we
solve (2.18) via a variant of the Gauss-Newton algorithm, which successively lin-
earizes the nonlinear least-squares problem Nocedal and Stephen J. Wright, 2006b.
We assume that P is Fréchet differentiable with bounded derivative. Writing
𝑢𝑛+1 = 𝑢𝑛 + 𝛿𝑢 for the iterations of the Gauss-Newton algorithm, the increment
𝛿𝑢 is chosen such that

𝛿𝑢 = arg inf
𝑣∈H𝐾

[P(𝑢𝑛) + P′(𝑢𝑛)𝑣 − 𝜉, 𝜑]⊺𝐴−1 [P(𝑢𝑛) + P′(𝑢𝑛)𝑣 − 𝜉, 𝜑] + 𝛾 ∥𝑢𝑛 + 𝑣∥2H𝐾

s.t. 𝑢𝑛 (𝑥 𝑗 ) + 𝛿𝑢(𝑥 𝑗 ) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀.
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Equivalently, we can identify 𝑢𝑛+1 directly by solving

𝑢𝑛+1 = arg inf
𝑣∈H𝐾

[P(𝑢𝑛) + P′(𝑢𝑛) (𝑣 − 𝑢𝑛) − 𝜉, 𝜑]⊺𝐴−1 [P(𝑢𝑛) + P′(𝑢𝑛) (𝑣 − 𝑢𝑛) − 𝜉, 𝜑] + 𝛾 ∥𝑣∥2H𝐾

(2.20a)

s.t. 𝑣(𝑥 𝑗 ) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀. (2.20b)

The next theorem provides a representer formula for the minimizer of (2.20).

Theorem 3 (Representer Theorem). For a fixed 𝑢, denote 𝜒𝑖 to be the linear func-
tional whose action is defined as

[𝜒𝑖, 𝑤] =
∫ (
P′(𝑢) (𝑥)𝑤(𝑥)

)
𝜑𝑖 (𝑥)𝑑𝑥. (2.21)

We use 𝐾 (·, 𝜒𝑖) to denote the function

𝐾 (·, 𝜒𝑖) :=
∫ (
P′(𝑢) (𝑥)𝐾 (·, 𝑥)

)
𝜑𝑖 (𝑥)𝑑𝑥

i.e. the action of 𝜒𝑖 on the the second argument of K. The infimizer

𝑢̂ := arg inf
𝑣∈H𝐾

[P(𝑢) + P′(𝑢) (𝑣 − 𝑢) − 𝜉, 𝜑]⊺𝐴−1 [P(𝑢) + P′(𝑢) (𝑣 − 𝑢) − 𝜉, 𝜑] + 𝛾 ∥𝑣∥2H𝐾

(2.22a)

s.t. 𝑣(𝑥 𝑗 ) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀, (2.22b)

admits a representation of the form

𝑢̂ =

𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ),

for some scalars {𝛼𝑖}𝑁𝑖=1, {𝛽 𝑗 }
𝑀
𝑗=1 ⊂ R.

Proof. See Section A.1.

Using theorem 3 it is possible to compute the solution to (2.20). The result is
given in the next proposition. To describe this, we introduce the following notation:
denote 𝐾 (·, 𝜓𝑖) = 𝐾 (·, 𝜒𝑖) when 1 ≤ 𝑖 ≤ 𝑁 and 𝐾 (·, 𝜓𝑖) = 𝐾 (·, 𝑥𝑖−𝑁 ) when
𝑁 + 1 ≤ 𝑖 ≤ 𝑀 + 𝑁 (i.e. 𝜓 = [𝜒1, 𝜒2, , . . . , 𝑥1, . . . 𝑥𝑚]). We will also adopt the
following matrix notation:

𝐾 (𝜓, 𝜓) ∈ R(𝑁+𝑀)×(𝑁+𝑀) with entries 𝐾 (𝜓, 𝜓)𝑖, 𝑗 = 𝐾 (𝜓𝑖, 𝜓 𝑗 )
𝐾 (𝜒, 𝜓) ∈ R𝑁×(𝑁+𝑀) with entries 𝐾 (𝜒, 𝜓)𝑖, 𝑗 = 𝐾 (𝜒𝑖, 𝜓 𝑗 )
𝐾 (𝑋, 𝜓) ∈ R𝑀×(𝑁+𝑀) with entries 𝐾 (𝑋, 𝜓)𝑖, 𝑗 = 𝐾 (𝑥𝑖, 𝜓 𝑗 )
𝑔(𝑋) ∈ R𝑀 with entries 𝑔(𝑋)𝑖 = 𝑔(𝑥𝑖)
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Proposition 3. Let 𝑟𝑛 := 𝜉 − P(𝑢𝑛) + P′(𝑢𝑛)𝑢𝑛. Then, at each step 𝑛, the solution
to minimization problem (2.20) is given by

𝑢𝑛+1 =

𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ),

where 𝑐 = (𝛼1, . . . , 𝛼𝑁 , 𝛽1, . . . , 𝛽𝑀) ∈ R𝑁+𝑀 arises from the solution to the linear
system[

𝐾 (𝜒, 𝜓)⊺𝐴−1𝐾 (𝜒, 𝜑) + 𝛾𝐾 (𝜓, 𝜓) 𝐾 (𝑋, 𝜓)
𝐾 (𝑋, 𝜓) 0

] [
𝑐

𝜈

]
=

[
𝐾 (𝜒, 𝜓)⊺𝐴−1 [𝑟𝑛, 𝜓]

𝑔(𝑋)

]
with 𝜈 ∈ R𝑀 are the Lagrange multiplier associated with the boundary condition
constraint.

Proof. Equation 2.20 is a standard quadratic program with linear constraints; this
is used to facilitate the proof. See Section A.1.

Remark 5 (Connection to Petrov-Galerkin methods). We note that the solution to the
above linear problem is very similar to Petrov-Galerkin methods used in traditional
numerical analysis for solving linear PDEs. Typically such methods require an
inf-sup type condition to ensure the well-posedness of the discretized problem.
Compared to such methods, our approach formulates the problem directly within an
infinite dimensional space. At each step, the representer theorem theorem 3 provides
a finite dimensional space that is adapted to the linear system to be solved. Finally,
the regularization 𝛾 ensures that the problem is well-posed and that the solution is
unique (which can be seen from the explicit solution proposition 3).

Convergence of the Numerical Method
We now establish the convergence of the minimizer of (2.17) to the true solution.
To achieve this, we impose the following assumptions: Section 2.3 ensures the
regularity of 𝜉; Assumption (D1) guarantees that, as the dimension of the test space
increases, the true norm of 𝜉 can be accurately recovered; and Assumption (D2)
ensures that the boundary condition is satisfied in the asymptotic limit. The following
result demonstrates that, in the limit, the solution of the numerical problem (2.17)
converges to the true solution in 𝐻𝑡0.

Theorem 4 (Convergence to the True Solution). Let Section 2.3 and Section 2.3 be
satisfied. Let 𝑢𝛾,𝑁,𝑀 ∈ H𝐾 be the minimizer of (2.17), then

lim
𝛾→0

lim sup
𝑁→∞

lim sup
𝑀→∞



𝑢𝛾,𝑁,𝑀 − 𝑢∗


𝐻𝑡

= 0.
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Proof. Since there is at least one 𝑢 ∈ H𝐾 which satisfies the boundary condition,
for a fixed 𝑁 and 𝛾 > 0, (2.17) implies that ∥𝑢𝛾,𝑁,𝑀 ∥H𝐾 is uniformly bounded in 𝑀 .
By the BanachâĂŞAlaoglu theorem Alaoglu, 1940, 𝑢𝛾,𝑁,𝑀converges weakly inH𝐾
along a subsequence (which we denote using the same index 𝑀) to some element
𝑢𝛾,𝑁,∞. By Assumption (H1), this subsequence converges strongly in 𝐶 (Ω) and in
𝐻𝑡 . Using Assumption (D2), since 𝑢𝛾,𝑁,𝑀 satisfies the boundary condition on an
increasingly dense set of collocation points and remains continuous on the boundary
uniformly with respect to the number of those points, we deduce Arcangeli, Lopez
de Silanes, and Torrens, 2007a that 𝑢𝛾,𝑁,∞ |𝜕Ω := lim𝑀→∞ 𝑢𝛾,𝑁,𝑀 |𝜕Ω = 𝑔.

We first define

𝐽𝑁 (𝑢; 𝛾) := |P(𝑢) − 𝜉 |2
Φ𝑁
+ 𝛾 ∥𝑢∥2H𝐾

𝑅𝑁 (𝑢) := |P(𝑢𝛾,𝑁 ) − 𝜉 |2
Φ𝑁,⊥ .

Recall the definition in equation (2.6) of the functional 𝐽 (𝑢; 𝛾) and observe that by
the orthogonal decomposition eq. (2.16), 𝐽 (𝑢; 𝛾) = 𝐽𝑁 (𝑢; 𝛾) +𝑅𝑁 (𝑢) for any choice
of 𝑁 and 𝛾. By using Assumption (P1) and the lower-semicontinuity of norms in a
similar manner as in the proof of theorem 1, we obtain

𝐽𝑁 (𝑢𝛾,𝑁,∞; 𝛾) ≤ lim inf
𝑀→∞

𝐽𝑁 (𝑢𝛾,𝑁,𝑀 ; 𝛾).

By the definition of 𝑢𝛾,𝑁,𝑀 , for any 𝑢 ∈ H𝐾 such that 𝑢 |𝜕Ω = 𝑔, we have

𝐽𝑁 (𝑢𝛾,𝑁,𝑀 ; 𝛾) ≤ 𝐽𝑁 (𝑢; 𝛾),

from which it follows that

𝐽𝑁 (𝑢𝛾,𝑁,∞; 𝛾) ≤ inf
𝑢∈H𝐾

𝐽𝑁 (𝑢; 𝛾)

s.t. 𝑢 = 𝑔 on 𝜕Ω.

Because 𝑢𝛾,𝑁,∞ satisfies the boundary conditions, we deduce that 𝑢𝛾,𝑁,∞ is a mini-
mizer of the optimization problem eq. (2.17).

For ease of presentation, we will now drop the last superscript and use the notation
𝑢𝛾,𝑁 := 𝑢𝛾,𝑁,∞. Recall the definition in equation (2.6) of the functional 𝐽 (𝑢; 𝛾) and
let 𝑢𝛾 be any minimizer of this functional as defined by theorem 1. Observe that

𝐽𝑁 (𝑢𝛾,𝑁 ; 𝛾) ≤ 𝐽𝑁 (𝑢𝛾; 𝛾) ≤ 𝐽 (𝑢𝛾; 𝛾) ≤ 𝐽 (𝑢𝛾,𝑁 ; 𝛾) = 𝐽𝑁 (𝑢𝛾,𝑁 ; 𝛾) − 𝑅𝑁 (𝑢𝛾,𝑁 ).
(2.24)
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Now, by (2.24) and the inequality

𝛾∥𝑢𝛾,𝑁 ∥2H𝐾 ≤ 𝐽 (𝑢
𝛾; 𝛾),

we deduce that the sequence
(
𝑢𝛾,𝑁

)
𝑁∈N ⊂ H𝐾 is uniformly bounded in 𝑁 for fixed

𝛾, hence by the assumed continuity of P, the sequence
(
P(𝑢𝛾,𝑁 )

)
𝑁∈N is uniformly

bounded by some 𝐶 (𝛾) ∈ R+ in the norm of 𝐻−𝑠+𝛿. Then, 𝐻−𝑠+𝛿 ⋐ 𝐻−𝑠 implies
that

(
P(𝑢𝛾,𝑁 )

)
𝑁∈N converges along a subsequence to some limit in 𝐻−𝑠. Therefore,

there exists a subsequence (which we denote using the same index 𝑁) such that

ℎ𝑁 := P(𝑢𝛾,𝑁 ) − 𝜉 → ℎ∞ ∈ 𝐻−𝑠 .

We note that

|ℎ𝑁 |Φ𝑁,⊥ ≤ |ℎ𝑁 − ℎ∞ |Φ𝑁,⊥ + |ℎ∞ |Φ𝑁,⊥
≤ ∥ℎ𝑁 − ℎ∞∥𝐻−𝑠 + |ℎ∞ |Φ𝑁,⊥ .

Therefore, the fact that ℎ𝑁 → ℎ∞ in 𝐻−𝑠 and Corollary 1 imply that

|ℎ𝑁 |Φ𝑁,⊥ → 0 as 𝑁 →∞.

Thus, it holds that |P(𝑢𝛾,𝑁 ) − 𝜉 |2
Φ𝑁,⊥

→ 0 as 𝑁 → ∞ and we conclude that
𝑅𝑁 (𝑢𝛾,𝑁 ) → 0 as 𝑁 →∞. Using (2.24), we therefore deduce that

lim
𝑁→∞

𝐽 (𝑢𝛾,𝑁 ; 𝛾) = 𝐽 (𝑢𝛾; 𝛾).

Therefore, applying the result from Theorem 2, we deduce that

lim
𝛾→0

lim
𝑁→∞

𝐽 (𝑢𝛾,𝑁 ; 𝛾) = 0.

By the local stability assumption on P, given in Assumption (P2), we finally con-
clude that

lim
𝛾→0

lim
𝑁→∞



𝑢𝛾,𝑁 − 𝑢∗


𝐻𝑡

= 0.

Therefore, 𝑢𝛾,𝑁,𝑀 converges along a subsequence to 𝑢∗ in 𝐻𝑡 (which is unique by
assumption and independent of the considered subsequence).

We may further conclude that the entire sequence converges to 𝑢∗ because the
previous argument is independent of the considered subsequence. To see this,
suppose that 𝑢𝛾,𝑁,𝑀 does not converge to 𝑢∗: there would be a 𝜀 and a subsequence
𝑢𝛾,𝑁𝑘 ,𝑀𝑘 such that



𝑢𝛾,𝑁𝑘 ,𝑀𝑘 − 𝑢∗


𝐻𝑡
≥ 𝜀 for all 𝛾𝑘 , 𝑁𝑘 , 𝑀𝑘 . Then, we can apply
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the previous reasoning to the sequence 𝑢𝛾𝑘 ,𝑁𝑘 ,𝑀𝑘 which would provide a further
subsequence that does converge to 𝑢∗, thus yielding a contradiction. We therefore
conclude that

lim
𝛾→0

lim sup
𝑁→∞

lim sup
𝑀→∞



𝑢𝛾,𝑁,𝑀 − 𝑢∗


𝐻𝑡

= 0,

where the limit in 𝑁, 𝑀 is now taken over the entire sequence.

2.4 Numerical Experiments
We now investigate our proposed methodology on a variety of spatial and time-
dependent PDEs. Section 2.4 contains some overarching details of the computational
methodology that apply widely throughout this section. In Section 2.4, we apply our
method to PDEs in one and two spatial dimensions, utilizing both a kernel method
and an artificial neural network (NN) trained using a physics-informed negative
Sobolev loss, which we denote by NeS-PINN. We compare the performance of the
methods trained using the negative Sobolev norm against the same methods trained
using the usual pointwise loss, which correspond to the GP-PDE Y. Chen, Hosseini,
Houman Owhadi, and Andrew M. Stuart, 2021b and PINN Raissi, P. Perdikaris, and
G. Karniadakis, 2019a methods7. In Section 2.4 we show how to apply our method
to solve time-dependent stochastic PDEs.

Details of Computational Methodology
For all numerical experiments, we use the Matérn kernel with smoothness parameter
𝜈 = 5

2 , which is defined as

𝐾 5
2
(𝑥, 𝑦) =

(
1 +
√

5| |𝑥 − 𝑦 | |
𝑙

+ 5| |𝑥 − 𝑦 | |2
3𝑙2

)
exp

(
−
√

5| |𝑥 − 𝑦 | |
𝑙

)
.

We find that selecting a length scale 𝑙 within the range [0.1, 2.0] produces favorable
results in our experiments. We note that hierarchical methods to learn the length
scale may be needed in general for other applications.

Our standard neural network architecture comprises four layers: a non-trainable
random Fourier layer embedding as proposed in Sifan Wang, H. Wang, and Paris
Perdikaris, 2021c, two trainable hidden layers, and a trainable outer layer. We use
the random embedding layer as our experiments show that it improves accuracy and
helps the network capture the high-frequency behavior of the function. Following
standard implementations, we use the hyperbolic tangent activation function Sifan

7This corresponds to using an 𝐿2 loss, which is approximated using pointwise evaluations of the
functions.
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Wang, Sankaran, et al., 2023. A detailed table of all architectures can be found in
Section A.2. We train the ANNs for 105 iterations with the ADAM optimizer Kingma
and Ba, 2017 using the learning rate 10−3 and an exponential decay schedule.

The integrals against test functions are numerically approximated using either a fast
Fourier/sine transform (when using spectral test functions) or a Gauss quadrature
rule with either 𝑛 = 5 or 𝑛 = 10 (when using piecewise linear elements as test
functions). In all our examples, the entries of the stiffness matrix 𝐴 can be derived
in closed form, but in more general settings, its entries can be also be computed
using quadrature methods.

Our code to reproduce the experiments is available in the public repository: https:
//github.com/MatthieuDarcy/Kernel-NeuralNetworks-SPDEs.

Rough Spatial PDEs
In this section, we evaluate our method on two spatial PDEs with rough right-
hand sides: a one-dimensional linear PDE in Section 2.4 and a two-dimensional
semilinear PDE in Section 2.4. We compare the performance of the kernel method
and the PINN when they are trained using the negative Sobolev norm or the standard
pointwise loss.

1D Linear Elliptic PDE

We first consider the elliptic equation with homogeneous Dirichlet boundary condi-
tion

−𝜈Δ𝑢 + 𝑢 = 𝜉, 𝑥 ∈ Ω = (0, 1),
𝑢 = 0, 𝑥 ∈ 𝜕Ω,

(2.25)

where 𝜈 = 10−2. We sample the right-hand side 𝜉 using the following expansion:

𝜉 (𝑥) =
∞∑︁
𝑗=1

𝜉 𝑗
√

2 sin(𝜋 𝑗𝑥), 𝜉 𝑗 ∼ N(0, 1) i.i.d. (2.26)

A fixed realization of 𝜉 belongs to 𝐻−𝑠 for any 𝑠 > 1
2 a.s.. The solution of PDE

(2.25) is given in closed form by

𝑢∗(𝑥) =
∞∑︁
𝑗=1

𝜉 𝑗

𝜈 𝑗2𝜋2 + 1
√

2 sin(𝜋 𝑗𝑥),

https://github.com/MatthieuDarcy/Kernel-NeuralNetworks-SPDEs
https://github.com/MatthieuDarcy/Kernel-NeuralNetworks-SPDEs
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where 𝑢∗ ∈ 𝐻𝑡 for 𝑡 > 3
2 a.s.. In practice, we truncate series (2.26) to 𝐿 = 214 terms.

The number of terms 𝐿 is set to be much larger than the number of measurements
𝑁 + 𝑀 to ensure that the truncation error is negligible.

For the choice of 𝑡 in the objective norm, we choose the𝐻−1 norm and we choose our
test space to be spanned by the first 𝑁 = 4096 basis functions Φ𝑁 = span{𝜑 𝑗 }𝑁𝑗=1
with 𝜑 𝑗 = sin(𝜋 𝑗𝑥). Each measurement of 𝜉 or 𝑢 corresponds to the projection
of 𝜉 or 𝑢 onto the basis function 𝜑 𝑗 , with the coefficients given by 𝜉 𝑗 = ⟨𝜉, 𝜑 𝑗 ⟩ or
𝑢 𝑗 = ⟨𝑢, 𝜑 𝑗 ⟩, respectively. We use the fast discrete sine transform to compute series
(2.26) and to compute integrals against the test functions 𝜑 𝑗 . In this simple setting,
the test functions are eigenfunctions of −Δ. Therefore 𝐴 is diagonal and its entries
(2.3) are given by 𝐴𝑖 𝑗 = 𝛿𝑖 𝑗𝜆

−1
𝑗

. Intuitively, this means that the 𝐻−1 norm reduces
the higher frequencies (corresponding to larger eigenvalues) by the corresponding
factor 𝜆−1

𝑗
. Choosing 𝑠 larger would increase this decay, thus further reducing higher

frequencies.

We compute the 𝐿2 and pointwise errors of the solution for both the kernel method
and the PINN, and compute the 𝐿2 error as a function of the number of measurements
𝑁 for the kernel method. Our results are summarized in Table 2.1 and illustrated
in Figure 2.1. We observe that both the kernel method and the neural network show
significant improvement in the errors when trained with the negative Sobolev loss
compared to the pointwise loss.

Kernel (𝐻−1) Kernel (pointwise) NN (𝐻−1) NN (pointwise)
1D linear 3.95 × 10−5 1.68 0.0200 1.49
2D semi-linear 0.0232 1.00 0.0203 3.40

Table 2.1: Relative 𝐿2 error of the estimated solutions for the spatial PDEs with
𝑁 = 4096 measurements. The errors are reported for both the kernel and the NN
approximation that are trained with either the 𝐻−1 norm or the pointwise loss (in
brackets).

2D Semilinear Elliptic PDE

Next, we consider the semi-linear elliptic PDE with homogeneous Dirichlet bound-
ary condition:

−𝜈Δ𝑢 + 𝑢 + sin(𝜋𝑢) = 𝜉 𝑥 ∈ Ω = (0, 1) × (0, 1),
𝑢 = 0 𝑥 ∈ 𝜕Ω.

(2.27)
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(a) Forcing term (b) Solution

(c) Pointwise error (d) 𝐿2 error

Figure 2.1: Numerical results for the one-dimensional linear elliptic PDE (2.25).

We take 𝜈 = 10−1. We consider a manufactured solution that is sampled from the
series:

𝑢∗(𝑥) =
∞∑︁
𝑖=1

∞∑︁
𝑗=1

𝑢𝑖 𝑗

(𝑖2 + 𝑗2)1+𝜀
2 sin(𝑖𝜋𝑥) sin( 𝑗𝜋𝑦), 𝑢𝑖 𝑗 ∼ N(0, 1) i.i.d. (2.28)

for some 𝜀 > 0. In this case, 𝑢∗ ∈ 𝐻𝑡0 for 𝑡 < 1 + 2𝜀 a.s. which implies that 𝜉 ∈ 𝐻−𝑠

a.s. for 𝑠 > 1 − 2𝜀.

Again, we consider a truncated series expansion in (2.28) with 1 ≤ 𝑖, 𝑗 ≤ 𝐿 and set
𝐿 = 210 to be much larger than the maximum number of measurements. We generate
each realization of the manufactured solution using the discrete sine transform.
A sample of the forcing term and the corresponding solution are illustrated in
Figure 2.2.

We set 𝜀 = 0.15 and, as in the previous section, use the 𝐻−1 norm as the objec-
tive norm. The measurements are chosen as projections onto the basis functions
𝜑𝑖 𝑗 (𝑥, 𝑦) = sin(𝜋𝑖𝑥) sin(𝜋 𝑗 𝑦). We train a kernel method and a NeS-PINN using
1 ≤ 𝑖, 𝑗 ≤ 𝑁 with 𝑁 = 64 for a total of 4096 measurements. We also train a PINN
using the standard pointwise loss on the same grid to assess the impact of using
the weak norm compared to the classical pointwise loss. The numerical results are
summarized in Table 2.1 and illustrated in Figure 2.3. We again observe significant
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improvement for both methods when using the negative Sobolev loss as opposed to
the pointwise loss.

(a) Forcing term (b) True solution

(c) Forcing term (d) True solution

Figure 2.2: One example solution to the two-dimensional semi-linear elliptic PDE
(2.27).

The Impact of Norm Selection

We now explore the effect of the selection of the 𝐻−𝑠 norm, for different choices
of 𝑠, on the accuracy of the recovered solutions. Our approach differs from the
standard physics-informed loss in two ways: it employs measurements as integrals
against test functions rather than pointwise evaluations, and it formulates the loss
as a negative Sobolev norm based on these measurements. The previous examples
demonstrate that using weak measurements yields significantly better performance
as compared to pointwise evaluations of the PDE residual.

To demonstrate the effect of the Sobolev norm choice, we consider the two-
dimensional PDE in (2.27) with 𝜀 = 0. In this case, the solution belongs to 𝐻𝑡

for 𝑡 < 1 and the forcing term 𝜉 belongs to 𝐻−𝑠 for 𝑠 > 1 (note the strict inequality).
We recover the true solution using several 𝐻−𝑠 norms: 𝑠 = 08, 0.5, 1.0, 1.1, 2.0,
which are all computed with the same test functions. When the norm is misspeci-
fied relative to the true solution’s regularity (i.e., 𝑠 = 0, 0.5, 1.0), the neural network

8The case 𝑠 = 0 corresponds to 𝐻0 = 𝐿2.
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(a) Kernel: 𝐻−1 loss

(b) Kernel: pointwise loss

(c) PINN: 𝐻−1 loss

(d) PINN: pointwise loss

Figure 2.3: Numerical solutions to the two-dimensional semi-linear elliptic PDE
(2.27) using the kernel and NN approximations with either the negative Sobolev
loss or the pointwise loss.
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underperforms as compared to cases where the norm is correctly specified (i.e.,
𝑠 = 1.1, 2). Furthermore, we observe a notable difference in performance at the
threshold between 𝑠 = 1 and 𝑠 = 1.1, even when truncating the expansion (2.28).
When using the 𝐿2 norm, the neural network’s training becomes unstable. The
best results are achieved when the norm is well-specified with 𝑠 = 1.1. However,
when using a weaker norm 𝑠 = 2.0, the error increases again due to over-smoothing
effects on the higher frequencies. This effect can also be observed with the kernel
method, although its performance is less sensitive to the choice of the norm than the
neural network approximation. Based on the results, we deduce that both the use of
test functions (as opposed to a pointwise loss) and the choice of loss are crucial to
achieving high accuracy on PDEs with rough right-hand sides. These observations
are summarized in Table 2.2 and illustrated in Figure 2.4. Moreover, since the
right-hand side 𝜉 belongs to the space 𝐻−𝑠 for any 𝑠 > 1, the choice of 𝑠 = 1.1 is
in theory not the only possible one. However, we observe that setting 𝑠 too close to
1 (such as 𝑠 = 1.01) can also lead to a decrease in performance due to instabilities
in training. These observations suggest the following strategy to construct machine
learning approximations: at the beginning of training, one may begin the training
process with a weaker norm (i.e., large 𝑠) to promote an over-smoothed solution, and
then gradually decrease 𝑠 throughout training until convergence has been achieved.

Norm 𝐻−𝑠 𝑠 = 0.0 𝑠 = 0.5 𝑠 = 1.0 𝑠 = 1.1 𝑠 = 2.0
Kernel method 0.121 0.116 0.046 0.041 0.079
Neural network 0.514 0.434 0.116 0.046 0.082

Table 2.2: Relative 𝐿2 error for different choices of Sobolev norms as the loss
function

Time-dependent Stochastic PDEs
In this section, we address the problem of solving time-dependent semi-linear SPDEs
of the form:

𝜕𝑡𝑢(𝑡, 𝑥) = 𝐴𝑢(𝑡, 𝑥) + 𝑓 (𝑢) (𝑡, 𝑥) + ¤𝜉 (𝑡, 𝑥) in Ω,

𝑢 = 0 on 𝜕Ω × [0, 𝑇],
𝑢 = 𝑔 on Ω × {𝑡 = 0},

(2.29)

where 𝐴 is a linear operator, ¤𝜉 is a stochastic forcing term and 𝑓 is a (nonlinear)
Nemytskii operator. This is a general form encountered in many applications Gabriel
J. Lord, Powell, and Shardlow, 2014.
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(a) True solution (b) Unstable (𝑠 = 0)

(c) Optimal (𝑠 = 1.1) (d) Oversmoothed (𝑠 = 2)

Figure 2.4: Impact of norm selection on the recovered solution.

In Section A.3, we define white noise, which serves as our rough forcing term due
to its relevance in practical applications. However, our methodology is equally
applicable to more regular forcing terms, such as colored noise, which also appear
in areas like stochastic fluid dynamics.

Our method can be applied to temporal problems by first applying a temporal
discretization scheme and then using the previously described method at each time-
step. This procedure is described in the next section. We begin by describing the
semi-implicit Euler time discretization for (2.29) in Section 2.4, and then apply
our method to two specific cases: the stochastic heat equation in Section 2.4 and
the stochastic Allen-Cahn equation in Section 2.4. A detailed discussion of time-
dependent SPDEs and numerical methods for solving them is beyond the scope of
this section. For a more comprehensive treatment, we refer the reader to Gabriel J.
Lord, Powell, and Shardlow, 2014.

Semi-implicit Euler Method

Given a sample path of 𝜉 (𝑡), the SPDE eq. (2.29) can be discretized in time using a
semi-implicit Euler scheme. At the 𝑘-th time step, with the solution 𝑢𝑘 , the value
of 𝑢𝑘+1 is computed as follows (where the domain and boundary conditions are
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included in the definition of the operator 𝐴):

𝑢𝑘+1 = 𝑢𝑘 + 𝛿𝑡 𝑓 (𝑢𝑘 ) + 𝛿𝑡𝐴𝑢𝑘+1 + 𝛿𝜉𝑘 , (2.30)

where 𝛿𝑡 is the step-size in time and 𝛿𝜉𝑘 represents the increment of the stochastic
forcing term. Rewriting (2.30), we have(

𝐼 − 𝛿𝑡𝐴
)
𝑢𝑘+1 = 𝑢𝑘 + 𝛿𝑡 𝑓 (𝑢𝑘 ) + 𝛿𝜉𝑘 .

Thus, given 𝑢𝑘 , the solution at the next time step 𝑢𝑘+1 is obtained by solving a
linear PDE with a rough right-hand side, which almost surely does not belong to
𝐿2(Ω). The linear PDE can be solved using the algorithm described in Section 2.3.
Although the fully implicit Euler method could also be used, we do not consider it
here.

Stochastic Heat Equation

We now consider the stochastic heat equation over the spatial domain Ω = (0, 1) and
time interval [0, 𝑇], which is a form of infinite dimensional Ornstein–Uhlenbeck
process Gabriel J. Lord, Powell, and Shardlow, 2014

𝜕𝑡𝑢 = 𝜈Δ𝑢 + 𝜎 ¤𝜉, in Ω,

𝑢 = 0, on 𝜕Ω × [0, 𝑇],
𝑢 = 𝑔, on Ω × {𝑡 = 0},

where ¤𝜉 represents space-time white noise, and parameters 𝜈 = 0.025 and 𝜎 = 0.1.
We first compute a reference solution 𝑢∗, using a spectral Galerkin method on a fine
mesh, with a time resolution defined by step-size Δ𝑡 = 2−13 and spatial resolution
𝐿 = 211, up to the final time 𝑇 = 1.0. This fine mesh solution is used as the ‘ground
truth’ to compute errors and error rates of the kernel solution.

Next, we compute the kernel-based prediction by constructing the measurement
spaceΦ𝑁 using piecewise linear finite element bases, where 𝑁 represents the number
of basis functions. To evaluate the error, we compute the 𝐿2( [0, 𝑇]; 𝐿2(0, 1)) error
of the solution in time and space, which is defined as

| |𝑢† − 𝑢∗ | |2
𝐿2 ( [0,𝑇];𝐿2 (0,1)) =

∫ 𝑇

0
| |𝑢†(𝑡) − 𝑢∗(𝑡) | |2

𝐿2 (0,1) 𝑑𝑡,

where 𝑢∗ is the fine mesh solution. We employ the semi-implicit integrator in (2.30)
to evolve the solution in time with the CFL condition 𝑁2Δ𝑡 = 5. The finest
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discretization for the kernel solution is set to Δ𝑡 = 2−11 and 𝑁 = 250, which is
coarser than the discretization used for the fine mesh solution 𝑢∗. The corresponding
results and errors are illustrated in Figure 2.5, and the results for the different levels
of discretization are recorded in Table 2.3. The results demonstrate that our method
offers an accurate and stable approximation of the solution to the stochastic heat
equation.

(a) Kernel Solution computed with 𝑁 = 250 measurements and Δ𝑡 = 2−10.

(b) Convergence of the 𝐿2 error and the pointwise error for the kernel-based prediction as
compared to the fine mesh solution.

Figure 2.5: Numerical solutions for the stochastic heat equation.

Time step Δ𝑡 2−7 2−8 2−9 2−10

Heat (𝑁 = 5Δ𝑡−1) 2.09 × 10−2 1.63 × 10−2 1.24 × 10−2 8.88 × 10−3

Allen-Cahn (𝑁 = 3Δ𝑡−1) 9.41 × 10−2 4.69 × 10−2 3.38 × 10−2 2.73 × 10−2

Table 2.3: Relative 𝐿2( [0, 𝑇]; 𝐿2(0, 1)) error of the kernel-based prediction for the
solutions to the time-dependent PDEs.
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Stochastic Allen-Cahn Equation

Finally, we consider the stochastic Allen-Cahn equation on the spatial domain Ω =

(0, 1) and time interval [0, 𝑇]:

𝜕𝑡𝑢 = 𝜈Δ𝑢 + 𝑢 − 𝑢3 + 𝜎 ¤𝜉, in Ω,

𝑢 = 0, on 𝜕Ω × [0, 𝑇],
𝑢 = 𝑔, on Ω × {𝑡 = 0},

where 𝜉 is space-time white noise, 𝜈 = 10−4 and 𝜎 = 0.01. As in the previous case,
we first compute a reference solution 𝑢∗ on a fine mesh using a spectral Galerkin
method, integrated with a semi-implicit Euler scheme9. The time step is Δ𝑡 = 2−12,
and the spatial resolution is 𝐿 = 211, with computations carried out up to the final
time 𝑇 = 10.0. This fine mesh solution is used as the ‘ground truth’ to compute
errors and error rates of the kernel solution.

Similarly to the previous section, we compute the kernel-based prediction using
piecewise linear finite element basis functions and assess the error relative to the
reference solution 𝑢∗. To satisfy the CFL condition, we set 𝑁2Δ𝑡 = 5, with the finest
discretization parameters Δ𝑡 = 2−10 and 𝑁 = 160, which is coarser than for the
fine mesh solution 𝑢∗. The results are illustrated in Figure 2.6, and the quantitative
results for the different levels of discretization are presented in Table 2.3.

2.5 Defining a New Solution Concept for Singular PDEs/SPDEs
The proposed approach to solving PDEs with singular data can be extended to define
a new solution concept for singular PDEs and SPDEs. In this section we explain
the idea, leaving detailed development for future work. Some PDEs/SPDEs, such
as the stochastic KardarâĂŞParisiâĂŞZhang (KPZ) equation Kardar, Parisi, and
Y.-C. Zhang, 1986 and the Φ4

3 model Glimm and Jaffe, 2012, do not satisfy our
stability assumptions and are ill-posed in the usual sense. An emerging successful
methodology for the interpretation of these equations, which formally contain an
infinite divergent term, is the theory of regularity structures Martin Hairer, 2012;
M. Hairer, 2014. In this section we provider an alternate approach, based on the
generalization of (2.5), which is amenable to the computational tools developed in
this work. To be concrete, we describe our approach in the context of nonlinear

9Here Gabriel J. Lord, Powell, and Shardlow, 2014 note that standard theoretical guarantees
for semi-implicit Euler do not apply to this equation, however the standard rates of convergence are
observed empirically.
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(a) Kernel Solution computed with 𝑛 = 160 and 𝛿𝑡 = 2−10.

(b) Error compared to the fine mesh solution.

Figure 2.6: Stochastic Allen-Cahn equation.

PDEs of the form:

P(𝑢, 𝐷𝑢, 𝐷2𝑢) = 𝜉, 𝑥 ∈ Ω,
𝑢 = 0, 𝑥 ∈ 𝜕Ω.

(2.31)

In the context of singular stochastic PDEs, the differential operator P involves
nonlinearities that are not well-defined classically. For example, the KardarâĂŞ-
ParisiâĂŞZhang (KPZ) equation includes the nonlinearity (𝐷𝑢)2. When 𝜉 is space-
time white noise,𝐷𝑢 has to be interpreted in a distributional sense, and the non-linear
term (𝐷𝑢)2 does not have an a priori valid interpretation.

To establish a well-defined notion of solutions to (2.31), we introduce continuous
regularizers (𝑣0, 𝑣1, 𝑣2) ∈ H𝐾0 ×H𝐾1 ×H𝐾2 (a product of three RKHSs) in order to
regularize the irregular terms (𝑢, 𝐷𝑢, 𝐷2𝑢). This ensures that the regularization of
the operator P is well-defined in terms of (𝑣0, 𝑣1, 𝑣2). The solutions of (2.31) are
then defined as the minimizers of the following optimization problem:

inf
𝑢∈H𝐾 ,𝑣𝑖∈H𝐾𝑖

(
∥P(𝑣0, 𝑣1, 𝑣2) − 𝜉∥2𝐻−𝑠 +

2∑︁
𝑖=0



𝑣𝑖 − 𝐷𝑖𝑢

2
HΓ𝑖

+ 𝛾
(
∥𝑢∥2H𝐾 +

2∑︁
𝑖=0
∥𝑣𝑖∥2H𝐾𝑖

))
.

(2.32)

Here, the spaces HΓ𝑖 , 𝑖 = 0, 1, 2, are regularization spaces chosen to account for
the differences in regularity between the irregular terms (𝑢, 𝐷𝑢, 𝐷2𝑢) and their
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regularizers (𝑣0, 𝑣1, 𝑣2). For each choice of 𝛾 > 0, a solution 𝑢𝛾 exists, as established
using a similar approach to the previous sections; see Appendix A.1, theorem 15
for details. The question of interest becomes whether the solution 𝑢𝛾 converges to a
well-defined limit (and in which sense) and whether this limit is independent from
the approximation procedure, thus yielding a well-defined unique solution. This
would yield an equivalent of theorem 2 singular SPDEs. We leave this to a future
research direction.

2.6 Conclusion
We have introduced a novel loss for solving partial differential equations with
rough forcing terms. This loss is adapted to the irregularity of the right-hand
side and allows us to extend the methodology used in Y. Chen, Hosseini, Houman
Owhadi, and Andrew M. Stuart, 2021b beyond the setting of classical smooth
solutions. We have shown that under mild assumptions on the PDE and the RKHS,
the numerical solution provided by this kernel approach converges to the true solution
(in the 𝐻𝑡 norm). These theoretical results allow us to address the problem of
kernel misspecification and show that even when the kernel is not adapted to the
solution (i.e., if the solution doesn’t belong to the RKHS), we still can still guarantee
convergence in the continuum limit of the discretization. Kernel methods can also
be viewed from the Bayesian perspective of Gaussian Process Regression Y. Chen,
Hosseini, Houman Owhadi, and Andrew M Stuart, 2024a. From this point of view,
our approach addresses problems arising from employing misspecified priors, as
defined by the choice of kernel. We have not, however, addressed the question of the
convergence rates associated with a misspecified kernel and, empirically, the choice
of the kernel does have an impact on performance.

We have shown that the corresponding optimization problem for computing a nu-
merical solution can be effectively solved by the Gaussian-Newton method in the
functional space. Moreover, we have presented numerical experiments showing that
both the kernel method and the neural network approach can effectively recover the
solution of partial differential equations with rough forcing terms. Our proposed
loss, based on a weak Sobolev norm, significantly improves the performance of
both approximation methods as compared to minimizing the classical pointwise
empirical 𝐿2 loss.

Additionally, we have explored the impact of loss choice on numerical solutions.
We find that misspecified losses lead to high error, while overly weak losses result
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in overly smoothed solutions. Our findings underscore the importance of loss
selection for enhancing the performance of machine learning solvers, indicating that
alternatives to the 𝐿2 loss can yield substantial improvements. The relevance of the
choice of loss is also considered in an operator learning context in Zongyi Li, Liu-
Schiaffini, et al., 2021 and is integral to the Deep Ritz method E and B. Yu, 2018.
Our results demonstrate that both the use of test functions (rather than pointwise
evaluations) and selecting the appropriate Sobolev norm are crucial for accurate
solution recovery. Finally, we have shown that the the proposed approach can also
be employed to identify new solution concepts for singular PDEs and SPDEs.
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C h a p t e r 3

SPARSE INDUCING POINTS AND VARIATIONAL INFERENCE
FOR FORWARD AND INVERSE PROBLEMS IN PDES
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3.1 Introduction: setting and summary of the method
We consider the problem of solving a random (non-linear) PDE of the general strong
form

F (𝑢; 𝑎) (𝑥) = 𝑓 (𝑥) 𝑥 ∈ Ω, (3.1a)

B(𝑢; 𝑎) (𝑥) = 𝑔(𝑥) 𝑥 ∈ 𝜕Ω, (3.1b)

where F is the differential operator and B is the boundary operator. The function
𝑢 is the solution of the PDE, while 𝑎 is a coefficient function. In this setting, we
consider three problems.

Problem 1: Solution approximation.
We seek an approximation to the solution 𝑢. This is applicable in deterministic
settings, where all elements of the PDE are known.

Problem 2: Distribution of the solution.
We seek to obtain a distribution for the solution 𝑢. This is applicable in
settings where the PDE contains random elements:

a) The PDE is stochastic: F (𝑢; 𝑎) = 𝑓 + 𝜉 for some random processes 𝜉.

b) We know an element of the PDE, such as the forcing, up to noise 𝑓 (x)+𝜺.

Problem 3: Inverse problems (joint inference of 𝑢 and 𝑎).
We seek a distribution for (𝑢, 𝑎). This is applicable to inverse problems,
where 𝑎 is unknown but we have access to noisy observations of the solution
y = 𝑢(xobs) + 𝜺.

For ease of exposition, we will first present our method in the context of Problem 2
but there is a natural generalization to both Problem 1 (by considering the small
noise limit) and Problem 3 (by applying our method to the pair (𝑢, 𝑎)).

Bayesian inversion for PDEs
A natural approach to solving Problem 2 is given by treating this problem as Bayesian
inverse problem Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b.
In this work, the authors place a Gaussian process prior 𝑢 ∼ N(0,K) supported on
a separable Hilbert space 𝐻 ⊂ 𝐿2(Ω̄) with covariance operator K. We then seek to
characterize the posterior distribution

𝑢 |𝐹 (𝑢(xint), 𝐷𝑢(xint), ...︸                   ︷︷                   ︸
[𝜙xint ,𝑢]

) = 𝑓 (xint) + 𝜺, 𝐵(𝑢(xbnd), ...︸      ︷︷      ︸
[𝜙xbnd ,𝑢]

) = 𝑔(xbnd) + 𝜼 (3.2)
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for x = xbnd ∪ xint ⊂ Ω∪ 𝜕Ω is a set of discrete collocation points at which the PDE
is impose. The noise terms 𝜺 ∼ N(0, 𝜎2𝐼) and 𝜼 ∼ N(0, 𝜎2𝐼)1 are only known
in distribution, and can represent uncertainty about the true values of 𝑓 and 𝑔. We
use the notation [𝜙x, 𝑢] to denote the relevant linear functionals (such as pointwise
evaluation, derivatives...) at those points. Letting z = [𝜙x, 𝑢] ∈ R𝑑𝑁 , it can be
shown Y. Chen, Hosseini, Houman Owhadi, and Andrew M Stuart, 2024c that 𝑢 |z
is a Gaussian process with distribution

𝑢 |z ∼ N(𝑚, 𝐾̃) (3.3a)

𝑚 = 𝐾 (·, 𝝓)𝐾 (𝝓, 𝝓)−1z𝑐 (3.3b)

𝐾̃ = 𝐾 (·, ·) − 𝐾 (·, 𝝓)𝐾 (𝝓, 𝝓)−1𝐾 (𝝓, ·). (3.3c)

Therefore the only remaining unknowns are the values of z, which is what we focus
on. The posterior distribution of z is given by

𝜋(z| 𝑓 (xint), 𝑔(xbnd)) =
1
𝑍
ℓ( 𝑓 (xint), 𝑔(xbnd) |z)𝑝(z) (3.4a)

=
1
𝑍

exp
(
− 1

2𝜎2 ∥𝐹 (z) − 𝑓 (xint)∥2 −
1

2𝜎2 ∥𝐵(z) − 𝑔(xbnd)∥2
)

(3.4b)

× exp
(
− 1

2
z⊺𝐾 (𝝓, 𝝓)−1z

)
. (3.4c)

There are two main challenges when considering Gaussian process solvers for PDEs:

C1 The posterior is non-Gaussian when the operators F and B are non-linear and
challenging to compute efficiently.

C2 Naively the matrix 𝐾 (𝝓, 𝝓) incurs a O(𝑁2) storage and O(𝑁3) inversion cost.

In Section 3.1, we survey previous work which seeks to address these challenges as
well as the limitation of current approaches.

One approach to addressing C2 is to limit the number of collocation points x.
However, by doing so, one is limited in accuracy: because the PDE is only imposed
at the collocation points eq. (3.2) some of the information from the PDE eq. (3.1)
is “left on the table”. In this work, we present a variational framework which pairs
a small set of inducing points with a continuous loss, thus using all the information

1Other noise models can be used, but will not consider this here.
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available

𝐽 (𝑞𝜃) :=
1

2𝜎2Ezc∼𝑞𝜃E𝑢 |zc

[
∥F (𝑢) − 𝑓 ∥2

𝐿2 (Ω) + ∥B(𝑢) − 𝑔∥
2
𝐿2 (𝜕Ω)

]
+ KL(𝑞𝜃 | |𝑝).

(3.5)

This loss is optimized over a set variational distributions 𝑞𝜃 which approximating
the posterior 𝑞𝜃 ≈ 𝜋, thus also addressing C1. This framework can be naturally
extended to handling Problem 1 (by considering the zero noise limit 𝜎 → 0) and
Problem 3 (by incorporating discrete observations). We provide a full derivation in
Section 3.2.

A numerical example
Consider the 2d dimensional Darcy PDE:

−∇(𝑎 · ∇𝑢) = 𝑓 𝑥 ∈ Ω = (0, 1)2 (3.6)

𝑢 = 0 𝑥 ∈ 𝜕Ω (3.7)

y = 𝑢(xobs) + 𝜀, (3.8)

The coefficient 𝑎 is unknown, and we aim to recover the solution 𝑢 and coefficient
𝑎 jointly from knowledge of the PDE form and the noisy observations y. In this
case F (𝑢; 𝑎) = −∇(𝑎 · ∇𝑢) is non-linear in the pair (𝑢, 𝑎) and B(𝑢; 𝑎) = 𝑢. Our
variational framework is able to outperform the original GP approach by an order
of magnitude and a comparison is presented in Figure 3.1. Detailed numerical
experiments are presented in Section 3.3.

Figure 3.1: Darcy coefficient recovery problem.

Previous work, contributions and outline
Previous work Several approaches have been proposed to address C1 and C2.
To address C1 Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b
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finds the MAP estimate of the posterior 𝜋, while in Y. Chen, Hosseini, Houman
Owhadi, and Andrew M Stuart, 2024c, the authors compared a cheaper Laplace
approximation of the full posterior to more expensive MCMC approaches. Sev-
eral approaches have been proposed to address C2, such as those based on sparse
Cholesky factors Y. Chen, Houman Owhadi, and Schafer, 2024a, or by selecting a
special structure on the prior covariance matrix 𝐾 that enables fast inversion Fang,
Cooley, Long, S. Li, M. Kirby, et al., 2024; A. Sorokin, Robbe, and Hickernell,
2025. Other approaches include inducing points based techniques R. Meng and
X. Yang, 2023b and mini-batching X. Yang and Houman Owhadi, 2024. Physics
informed neural networks Raissi, P. Perdikaris, and G. Karniadakis, 2019b provide
an alternative parametrization of the solution which is obtained by the minimization
of a loss similar to eq. (3.5).

Contributions

C1 We present a general sparse variational approach to solving PDE forward and
inverse problems formulated over the continuum.

C2 We show how this framework is amenable to Gaussian variational inference
(VI).

C3 We present an efficient optimization algorithm for the Gaussian VI based on
the Gauss-Newton algorithm.

C4 We show how this framework can be adapted to provide a simple determin-
istic mini-batch framework, which can be interpreted as a generalization of
previous approaches based on MAP estimation.

C5 We provide theoretical justification for our algorithm and characterize its
behavior in the small noise limit, which can be used for deterministic PDEs.

C6 Numerically, we investigate the performance of the approach on a range of
forward and inverse problems.

We note that G. Yu and Lan, 2025 has also considered variational inference applied
to q-exponential processes (this works is closest to ours). However, our deterministic
variation presented in Section 3.2 is new. We justify this approach theoretically in
Section 3.2 by considering the zero noise limit, and show that numerically it is much
more stable and much more accurate for forward problems in Section 3.3 (as the
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posterior covariance tends to be singular with zero noise). Our formulation at the
level of the continuum is also new. Our implementation is available in the repository
https://github.com/MatthieuDarcy/SVGP-PDE.

Outline The remainder of the paper is structured as follows. In Section 3.1, we
introduce the notation that will be used throughout as well as some of the basic
assumptions. In Section 3.2, we present a derivation of our variational framework
Section 3.2, this concerns C1. We present two variational strategies Section 3.2
and 3.2, which concerns C2, C3, and C4. In Section 3.2, we present a theoretical
analysis of the zero noise limit, which concerns C5. In Section 3.3, we present
detailed numerical experiments for both forward Section 3.3 and inverse Section 3.3
problems of PDEs, which concerns C6.

Notation and assumptions
We use the notation R = (−∞,∞) for the reals. For a set 𝐷, we use 𝐷 to denote the
closure of the set, i.e. the union of the set itself and the set of all its limit points.
Throughout, Ω ⊂ R𝑑 will be a bounded open domain with Lipschitz boundary 𝜕Ω.
We denote S𝑑++ and S𝑑+ as the set of symmetric positive definite and semi-positive
definite matrices, respectively.

We use the generic notationN(𝑚,K) to denote a Gaussian measure over a separable
Hilbert space 𝑋 with mean 𝑚 and covariance operator K. When 𝑋 = R𝑑 , this
corresponds to the usual finite dimensional Gaussian distribution, and 𝑚 ∈ R𝑑 and
we can identify the covariance with a matrix 𝐾 ∈ S𝑑+. We define the set of all such
finite dimensional Gaussian distributions in 𝑑 dimensions by

Q𝑑 = {𝑞 = N(𝑚, 𝑆) |𝑚 ∈ R𝑑 , 𝑆 ∈ S𝑑++} (3.9)

Q̄𝑑 = {𝑞 = N(𝑚, 𝑆) |𝑚 ∈ R𝑑 , 𝑆 ∈ S𝑑+}. (3.10)

Note that Q𝑑 only allows for positive-definite covariance matrices, whereas Q̄𝑑
allows for degenerate Gaussian distributions (including the Dirac measures 𝛿𝑚 cen-
tered at 𝑚). When 𝑋 = 𝐻 ⊂ 𝐿2(Ω̄) an infinite dimensional Hilbert space, we
assume that K is of sufficient regularity to be associated with an integral kernel 𝐾
so that N(𝑚,K) = GP(𝑚, 𝐾) (see Vaart and Zanten, 2008). We denote a generic
probability measure on some probability space (𝐸, E, P) by 𝜇 ∈ P(𝐸).

Given some separable Hilbert space 𝐻 ⊂ 𝐿2(Ω̄), we use [·, ·] to denote the duality
pairing with its dual space 𝐻∗. We note that we do not necessarily identify 𝐻 with

https://github.com/MatthieuDarcy/SVGP-PDE
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𝐻∗ using the Riesz representation theorem, thus allowing for a different realization
of the dual space. We also assume that the differential and boundary operators
𝑒𝑞. (3.1) can be written as

F (𝑢) (𝑥) = 𝐹 ( [𝜙𝑥 , 𝑢]) (3.11)

for some 𝐹 : R𝑑1 → R𝑑2 and some 𝜙𝑥 ⊂ (𝐻∗)𝑑1 . As an example, the non-linear
differential operator F (𝑢) (𝑥) = −Δ𝑢(𝑥) + 𝑢(𝑥)3 satisfies this with 𝐹 (𝑥1, 𝑥2) =

−𝑥1+𝑥3
2 and 𝜙𝑥 = (𝛿𝑥 ◦Δ, 𝛿𝑥). The same condition applies to the boundary operator

B. See Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b for a
more detailed discussion on these conditions and examples.

3.2 Sparse Variational Inference for PDEs
In Section 3.2, we provide a derivation of our framework by first considering a finite
dimensional formulation, which we then generalize to the continuum. In Section 3.2,
we present two variational strategies based on Gaussian variational inference: the
first is a standard Gaussian variational inference strategy Section 3.2, the second is a
deterministic variational inference approach which we call Dirac SVGP Section 3.2.
We also consider the small noise limit of both of these algorithms and show that this
limit can be used for deterministic/noiseless PDEs.

Derivation
Discrete formulation Our starting point is the finite dimensional posterior (3.4).
However instead of considering discretizing the likelihood and the prior at the same
points, we consider a coarse set of inducing points xc = {𝑥𝑖}𝑁coarse

𝑖=1 and the relevant
measurements at those points zc = [𝝓xc , 𝑢] ∈ R𝑑 . We also have a set of finer
points x = {𝑥𝑖}𝑁fine

𝑖=1 and the corresponding measurements z = [𝝓x, 𝑢] ∈ R𝑑fine , with
𝑁coarse << 𝑁fine and 𝑑 << 𝑑fine. The coarse and fine measurements are coupled by
the standard Gaussian conditioning formulas

𝑝(z|zc) = N(m, K̃) (3.12a)

m = 𝐾 (𝝓, 𝝓c)𝐾 (𝝓c, 𝝓c)−1zc (3.12b)

K̃ = 𝐾 (𝝓, 𝝓) − 𝐾 (𝝓, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝐾 (𝝓c, 𝝓).. (3.12c)

For the remainder of this article, we now assume that the set of measurements 𝝓x

are linearly independent so that 𝐾 (𝝓c, 𝝓c) is an invertible matrix. The likelihood
then becomes

ℓ( 𝑓 (xint), 𝑔(xbnd) |zc) =
∫

ℓ( 𝑓 (xint), 𝑔(xbnd) |z)𝑝(z|zc)𝑑z. (3.13)
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The variational approach seeks an approximation to this posterior 𝑞 ≈ 𝜋 within a
parametric family by minimizing the ELBO:

𝐽ELBO(𝑞) = Ez𝑐∼𝑞 [− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |zc))] + KL(𝑞 | |𝑝) (3.14)

However this objective is difficult to approximate in practice A drawback of this
objective is that it is not separable in 𝑓 (xint), 𝑔(xbnd) (see Section B.1). Hence
following Hensman, Fusi, and Neil D. Lawrence, 2013, consider we instead optimize
the upper bound (obtained with Jensen’s inequality):

𝐼 (𝑞) = Ezc∼𝑞
[
− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |z))

]
+ KL(𝑞 | |𝑝) (3.15)

= Ezc∼𝑞
[
− log

( ∫
ℓ( 𝑓 (xint), 𝑔(xbnd) |z)𝑝(z|zc)𝑑z

)]
+ KL(𝑞 | |𝑝) (3.16)

≤ Ezc∼𝑞
[ ∫
− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |z)𝑝(z|zc)𝑑z)

]
+ KL(𝑞 | |𝑝) (3.17)

= Ezc∼𝑞Ez|zc

[
− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |z)

]
+ KL(𝑞 | |𝑝). (3.18)

The log likelihood term then admits the expression

− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |z) =
1

2𝜎2 ∥𝐹 (z) − 𝑓 (xint)∥2 +
1

2𝜎2 ∥𝐵(z) − 𝑔(xbnd)∥2 .

(3.19)

This yields the discrete objective

𝐽discrete(𝑞𝜃) =
1

2𝜎2Ezc∼𝑞𝜃E𝑢 |zc

[
∥𝐹 (z) − 𝑓 (xint)∥2 + ∥𝐵(z) − 𝑔(xbnd)∥2

]
+ KL(𝑞𝜃 | |𝑝).

(3.20)

Continuous formulation At the continuous level, the equivalent to eq. (3.12) is
the conditional distribution of random process 𝑢 |z𝑐 = [𝝓, 𝑢]. This is a GP with
conditional mean and covariance:

𝑢 |z ∼ GP(𝑚, 𝐾̃) (3.21a)

𝑚 = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1z𝑐 (3.21b)

𝐾̃ = 𝐾 (·, ·) − 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝐾 (𝝓c, ·). (3.21c)

Formally, taking the continuous limit as 𝑁 →∞ in eq. (3.20) yields the continuous
objective

𝐽 (𝑞𝜃;𝜎) :=
1

2𝜎2Ezc∼𝑞𝜃E𝑢 |zc

[
∥F (𝑢) − 𝑓 ∥2

𝐿2 (Ω) + ∥B(𝑢) − 𝑔∥
2
𝐿2 (𝜕Ω)

]
+ KL(𝑞𝜃 | |𝑝)

(3.22)

=
1
𝜎2 𝐼 (𝑞𝜃) + KL(𝑞𝜃 | |𝑝), (3.23)
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where the variational distribution 𝑞𝜃 depends on set of finite dimensional parameters
𝜃 ⊂ R𝑑𝜃 . We will sometimes abuse notation by writing 𝐽 (𝜃) := 𝐽 (𝑞𝜃) (similarly for
the data term 𝐼).

Remark 6 (Connection to conditioning Gaussian measures). The posterior measure
𝜋 eq. (3.2) is obtained by conditioning 𝑢 at a finite number set of points. One may
also consider 𝑢 at the level of the continuum. When

F (𝑢) = 𝑓 + 𝜉 𝑥 ∈ Ω, (3.24a)

B(𝑢) = 𝑔 + 𝜂 𝑥 ∈ 𝜕Ω (3.24b)

with 𝜉 ∼ N(0, 𝜎2𝐼) and 𝜂 ∼ N(0, 𝜎2𝐼), we may obtain the (formal) probability
density

𝜋(𝑢 | 𝑓 , 𝑔) = 1
𝑍
ℓ( 𝑓 , 𝑔 |𝑢)𝑝(𝑢) (3.25a)

=
1
𝑍

exp
(
− 1

2𝜎2 ∥F (𝑢) − 𝑓 ∥
2
𝐿2 (Ω) −

1
2𝜎2 ∥B(𝑢) − 𝑔∥

2
𝐿2 (𝜕Ω)

)
(3.25b)

× exp
(
− 1

2




K− 1
2𝑢





𝐿2 (Ω)

)
. (3.25c)

The variational loss eq. (3.22) can be seen as the equivalent of eq. (3.20) for this
probability measure, although this fact would require a careful analysis similar to
Y. Chen, Hosseini, Houman Owhadi, and Andrew M Stuart, 2024c that we leave to
future work. Note that while the continuous posterior (3.25) is formal, the above
objective is well-defined and amenable to sampling techniques. Figure 3.2 presents
a schematic comparison between the original GP approach Y. Chen, Hosseini,
Houman Owhadi, and Andrew M. Stuart, 2021b, the discrete sparse GP and our
continuous sparse GP.

Remark 7 (Observations data). It is easy to extend eq. (3.22) to include pointwise
data observations. In this case we obtain the combined observation-physics loss

𝐽data(𝑞𝜃;𝜎, 𝜎obs) =
1
𝜎2 𝐼 (𝑞𝜃) +

1
2𝜎2

obs𝑁obs
| |y − 𝑢(x) | |2 + KL(𝑞𝜃 | |𝑝). (3.26a)

We note the scaling by 𝑁obs of the data term, which ensures that the different terms
of the loss are balanced.

Strategies for variational inference
The variational distribution 𝑞 can be parametrized in many different ways, such as
normalizing flows Kingma, Salimans, et al., 2017; Rezende and Shakir Mohamed,
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Figure 3.2: A comparison between the original GP approach (left), a discrete sparse
GP (middle), and our proposed continuous sparse GP (right). The continuous
formulation uses the same discrete inducing points for the prior, but leverages the
entirety of the continuous domain for the likelihood.

2016. Here we consider two strategies: one based on Gaussian variational inference
Section 3.2, the other based on a deterministic inference strategy we call Dirac-
SVGP Section 3.2. We generally observed that these two methods significantly
outperformed approaches based on normalizing flows, and we leave the investigation
of other strategies to future work.

Sparse variational Gaussian variational inference: SVGP

The objective (3.22) is amenable to several variational strategies. We discuss one
such possibility: Gaussian variational inference (VI)Bishop, 2006. In this case
the variational distribution is given by a Gaussian 𝑞𝜃 ∈ Q𝑑 and 𝜃 = (𝑚, 𝑆), with
𝑚 ∈ R𝑑 , 𝑆 ∈ S𝑑++. In the rest of this section, we drop the dependence on 𝜃, and
always assume that 𝑞 is parametrized in this way. The KL divergence then admits
the expression:

KL(𝑞 | |𝑝) = =
1
2

(
log
|𝐾 (𝝓𝒄, 𝝓𝒄) |
|𝑆 | − 𝑑 + 𝑚⊺𝐾 (𝝓𝒄, 𝝓𝒄)−1𝑚 + trace(𝐾 (𝝓𝒄, 𝝓𝒄)−1𝑆)

)
.

(3.27)

We now aim to show that the objective eq. (3.22) is well-defined and admits mini-
mizers.

Assumption 5 (Assumptions on the data term). Recall that𝐻 is the space associated
with the Gaussian measure of 𝑢. Assume that



53

1. F : 𝐻 → 𝐿2(Ω) and B : 𝐻 → 𝐿2(𝜕Ω) are continuous.

2. The functional

Φ(𝑢) = ∥F (𝑢) − 𝑓 ∥2
𝐿2 (Ω) + ∥B(𝑢) − 𝑔∥

2
𝐿2 (𝜕Ω) (3.28)

has at most polynomial growth in 𝑢

Φ(𝑢) ≤ 𝐶 (1 + ||𝑢 | |𝑝
𝐻
) (3.29)

for some 𝑝 ≥ 0.

Lemma 2 (Continuity of the data term). The data term 𝐼 is continuous in the
topology of weak convergence of Gaussian probability distributions:

𝑞𝑛 ⇀ 𝑞 =⇒ 𝐼 (𝑞𝑛) → 𝐼 (𝑞), (3.30)

where ⇀ denotes weak convergence of probability measures.

Proof. See Section B.2.

Proposition 4 (Existence of a minimizer). For any 𝜎 > 0, there is a corresponding
𝑞𝜎 ∈ Q𝑑 which minimizes the continuous objective eq. (3.22)

𝑞𝜎 ∈ arg min
𝑞∈Q𝑑

𝐽 (𝑞;𝜎). (3.31)

Proof. See Section B.2.

A Gauss-Newton approach to Gaussian VI When F and B are linear, we may
simplify the objective (3.22) and use natural gradients to accelerate convergence
Amari, 1999. To exploit this, we employ an iterative linearization procedure. Given
a current estimate of 𝑢 given my 𝑢̄𝑘 (typically this would be given my the current
posterior mean), consider the linearized objective:

𝐽𝑘lin(𝑞) =
1

2𝜎2Ezc∼𝑞𝜃 ,𝑢 |zc

[
∥F ′(𝑢̄𝑘 )𝑢 − 𝑟𝑘 )∥2𝐿2 (Ω) + ∥B

′(𝑢̄𝑘 )𝑢 − 𝑠𝑘 )∥2𝐿2 (𝜕Ω)

]
+ KL(𝑞 | |𝑝)

(3.32)

whereF ′ andB′ are Fréchet derivatives (we assume that these exist and are bounded)
and

𝑟𝑘 := 𝑓 − F (𝑢̄𝑘 ) + F ′(𝑢̄𝑘 )𝑢̄𝑘 (3.33)

𝑠𝑘 := 𝑔 − B(𝑢̄𝑘 ) + B′(𝑢̄𝑘 )𝑢̄𝑘 . (3.34)
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We then show in Section B.2 that (3.32) simplifies to

𝐽𝑘lin(𝑞) =
1

2𝜎2

( 

𝑟𝑘 − F ′(𝑢̄𝑘 )𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑚


2
𝐿2 (Ω) +

1
2

∫
Ω

F ′(𝑢̄𝑘 )𝑄̃F ′(𝑢̄𝑘 )⊺

(3.35)

+


𝑠𝑘 − B′(𝑢̄𝑘 )𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑚



2
𝐿2 (𝜕Ω) (3.36)

+
∫
𝜕Ω

B′(𝑢̄𝑘 ) 𝑄̃ B′(𝑢̄𝑘 )⊺
)

(3.37)

+ KL(𝑞∥𝑝). (3.38)

The above objective can be estimated using Monte-Carlo sampling or numeri-
cal quadrature techniques, and efficiently optimized using natural gradient descent
Amari, 1999 algorithm 1. This is an extension of the Gauss-Newton algorithm used
in Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b and similar
to the algorithm used in G. Yu and Lan, 2025.

Algorithm 1 GaussâĂŞNewton algorithm for Gaussian VI.
Require: Interior and boundary data 𝑓 , 𝑔, nonlinear operators F ,B, initial varia-

tional distribution 𝑞0 = N(𝑚0, 𝑆0).
1: for 𝑘 = 1 to 𝑁outer do
2: Compute posterior mean 𝑢̄𝑘 = Ezc∼𝑞𝜃 ,𝑢 |zc [𝑢]
3: Interior residual 𝑟𝑘 ← 𝑓 −

(
F (𝑢̄𝑘 ) − F ′(𝑢̄𝑘 )𝑢̄𝑘

)
⊲ Linearized residual

4: Boundary residual 𝑠𝑘 ← 𝑔 −
(
B(𝑢̄𝑘 ) − B′(𝑢̄𝑘 )𝑢̄𝑘

)
5: Define 𝐽𝑘 (𝑞𝑘 ) by (3.35) ⊲ Variational loss
6: Initialize the inner loop 𝑞𝑘0 = 𝑞𝑘 ⊲ Apply natural gradient descnet to

optimize 𝑞𝑘
7: for 𝑗 = 1 to 𝑁inner do ⊲ One step sufficient in practice
8: Compute a Monte-Carlo approximation of 𝐽𝑘 (𝑞𝑘

𝑗
)

9: 𝑞𝑘
𝑗+1 ← 𝑞𝑘

𝑗
− 𝜂 ∇̃𝐽𝑘

𝑗
(𝑞𝑘

𝑗
) ⊲ Stochastic natural gradient descent

10: end for
11: Update the outer loop 𝑞𝑘+1 ← 𝑞𝑘

𝑁inner

12: end forreturn 𝑞𝑁outer ⊲ Final optimized variational distribution

Sparse deterministic variational inference: Dirac-SVGP

We consider the continuous objective and drop the dependence on 𝑆. Formally this
corresponds to a degenerate Gaussian distribution 𝑞𝜃 = N(𝑚, 𝛿), 𝜃 = 𝑚 and, in this
case, the posterior distribution is deterministic and we aim to only estimate its mean.
An advantage of this formulation is that while it yields a deterministic estimate, the
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number of optimization parameters is reduced. Furthermore, the loss eq. (3.22)
becomes equivalent to :

𝐽Dirac(𝑚; 𝛾) = Ezc∼𝑞𝑚E𝑢 |zc

[
∥F (𝑢) − 𝑓 ∥2

𝐿2 (Ω) + ∥B(𝑢) − 𝑔∥
2
𝐿2 (𝜕Ω)

]
+ 𝛾𝑚⊺𝐾 (𝝓𝒄, 𝝓𝒄)−1𝑚,

(3.39)

where 𝛾 = 𝜎2 . This can be interpreted as a continuous analog of the loss function
used in Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b, Eq. 2.5,
which can be optimized using the stochastic Gauss-newton algorithm. This approach
thus yields a simple mini-batch version of the relaxed deterministic framework
presented in Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b,
which can be used for noisy observations.

Zero noise limit
We are interested in characterizing the solutions of eq. (3.22) in the zero noise limit
𝜎 → 0, which can also be interpreted as the zero regularization limit. Intuitively,
this corresponds to considering only the data term 𝐼 in the objective eq. (3.22), which
is useful when solving PDE forward problems without noise. For a noise standard
deviation 𝜎, we consider the optimal Gaussian variational distribution 𝑞𝜎. The next
proposition shows that the zero noise/regularization limit of the objective eq. (3.22)
is well-defined and that 𝑞𝜎 has a subsequence that convergences to a minimizer of
this unregularized objective (although this limit may not be unique). We further
show that any limit point of 𝑞𝜎 satisfy a stronger property of being the minimizers
of the data term with minimal KL divergence with the prior distribution 𝑝.

Assumption 6 (Relative compactness of the data functional 𝐼). For every 𝑐 < ∞,
the sublevel set

{𝑞 ∈ Q̄𝑑 : 𝐼 (𝑞) ≤ 𝑐}

is relatively compact in the weak topology.

Lemma 3. There is a 𝑞opt ∈ Q̄𝑑 which minimizes the data term:

𝑞opt ∈ arg min
𝑞∈Q̄𝑑

𝐼 (𝑞). (3.40)

Proof. See Section B.2

Proposition 5 (Zero regularization limit). For any sequence 𝜎𝑛 → 0 and cor-
responding sequence of optimal 𝑞𝑛 := 𝑞𝜎𝑛 of the objective eq. (3.22), there is a
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subsequence converging weakly2 to some 𝑞∞ = N(𝑚∞, 𝑆∞) such that

𝑞∞ ∈ arg min
𝑞∈Q̄𝑑

𝐼 (𝑞). (3.41)

Moreover, if there is a 𝑞opt ∈ arg min𝑞∈Q̄𝑑 𝐼 (𝑞) such that KL(𝑞opt | |𝑝) < ∞, then 𝑞∞
is the minimizer with the smallest KL divergence with respect to the prior:

𝑞∞ ∈ arg min
𝑞∈Q̄𝑑

KL(𝑞 | |𝑝) (3.42)

s.t. 𝐼 (𝑞∞) = min
𝑞∈Q̄𝑑

𝐼 (𝑞). (3.43)

Conversely, any limit point of 𝑞𝑛 in the weak topology of probability distributions
will satisfy the above.

Proof. Note that for finite dimensional Gaussian distributions, to show weak con-
vergence, it is sufficient to consider the convergence in the parameters (𝑚𝑛, 𝑆𝑛)
I. Bogachev, 1998. We proceed in three step: first we show that the sequence of
optimal parameters (𝑚𝑛, 𝑆𝑛) has a convergent subsequence. Second we show that
any limit point is an optimal solution to the data term (unregularized loss). Third
we show that, moreover, any limit point has the minimal divergence property, under
the stated assumption. For notational convenience, we slightly abuse notation and
let

𝐽 (𝑞;𝜎) :=
1
𝜎2 𝐼 (𝑞) + KL(𝑞 | |𝑝). (3.44)

Step 1: the sequence 𝑞𝑛 has subsequence that converges in weakly to some Gaussian
distribution 𝑞∞. The fact that 𝐽 (𝑞𝑛;𝜎𝑛) ≤ 𝐽 (𝑞0;𝜎0) for all 𝑛 and that the sequence
𝜎𝑛 is bounded implies that

𝐼 (𝑞𝑛) ≤ 𝐼 (𝑞𝑛) + 𝜎2
𝑛KL(𝑞𝑛 | |𝑝) (3.45)

≤ 𝐼 (𝑞0) + 𝜎2
𝑛KL(𝑞0 | |𝑝) (3.46)

≤ 𝐼 (𝑞0) + 𝑐KL(𝑞0 | |𝑝) (3.47)

≤ 𝐶 (3.48)

uniformly in 𝑛. Therefore by theorem 6, the sequence 𝑞𝑛 admits a weakly convergent
subsequence, which denote by the same index, 𝑞𝑛 ⇀ 𝑞∞ ∈ Q̄𝑑 .

2In the sense of probability measures.
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Step 2: any limit point 𝑞∞3 of the sequence 𝑞𝑛 is a minimizer of the data term
(unregularized loss). By lemma 2

lim
𝑛→∞

𝐼 (𝑞𝑛) = 𝐼 (𝑞∞). (3.49)

Consider some arbitrary 𝑞 ∈ Q. Then by the definition of 𝑞𝑛 and positivity of the
KL divergence

1
𝜎2
𝑛

𝐼 (𝑞𝑛) ≤ 𝐽 (𝑞𝑛;𝜎𝑛) ≤ 𝐽 (𝑞;𝜎𝑛) (3.50)

which implies that

𝐼 (𝑞𝑛) ≤ 𝐼 (𝑞) + 𝜎2
𝑛KL(𝑞 | |𝑝). (3.51)

Hence for a fixed 𝑞 taking the limit 𝑛 → ∞ yields 𝐼 (𝑞∞) = lim𝑛→∞ 𝐼 (𝑞𝑛) ≤ 𝐼 (𝑞).
Then further infimizing over all 𝑞 ∈ Q

𝐼 (𝑞∞) = inf
𝑞∈Q

𝐼 (𝑞). (3.52)

We can further extend this result to the space Q̄𝑑 . If 𝑞 ∈ Q̄𝑑 , there is a sequence
𝑞𝑚 ⊂ Q, 𝑞𝑚 ⇀ 𝑞 which implies that

𝐼 (𝑞∞) ≤ lim
𝑚→∞

𝐼 (𝑞𝑚) = 𝐼 (𝑞) (3.53)

by lemma 2.
Step 3: any limit point of 𝑞𝑛 further minimizes the KL divergence with the prior
distribution among all minimizers of the data term. Consider the element 𝑞opt ∈
arg min𝑞∈Q 𝐼 (𝑞) with KL(𝑞opt | |𝑝) < ∞. We have that 𝐼 (𝑞∞) = 𝐼 (𝑞opt) ≤ 𝐼 (𝑞𝑛) and
𝐽 (𝑞𝑛;𝜎𝑛) ≤ 𝐽 (𝑞opt;𝜎𝑛). Together these imply that

𝐼 (𝑞∞) + 𝜎2
𝑛KL(𝑞𝑛 | |𝑝) ≤ 𝐼 (𝑞𝑛) + 𝜎2

𝑛KL(𝑞𝑛 | |𝑝) (3.54)

≤ 𝐼 (𝑞opt) + 𝜎2
𝑛KL(𝑞opt | |𝑝) (3.55)

= 𝐼 (𝑞∞) + 𝜎2
𝑛KL(𝑞opt | |𝑝) (3.56)

and therefore that KL(𝑞𝑛 | |𝑝) ≤ KL(𝑞opt | |𝑝) < ∞. Using the weak lower-semicontinuity
of the KL divergence Posner, 1975

KL(𝑞∞ | |𝑝) ≤ lim inf
𝑛→∞

KL(𝑞𝑛 | |𝑝) ≤ KL(𝑞opt | |𝑝), (3.57)

proving the claim.
3Note that step 1 shows that there is at least one limit point, but step 2 applies to any limit point.
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Remark 8.

We can further extend this to the Dirac SVGP approach of section. The proof is a
simplified version of the previous, under similar assumptions Section B.3.

Proposition 6 (Zero regularization limit for the Dirac SVGP). For any sequence
𝛾𝑛 → 0 and corresponding sequence of optimal 𝑚𝑛 of the objective eq. (3.39), there
is a convergent subsequence to some 𝑚∞ with the property that:

𝑚∞ ∈ arg min
𝑚∈R𝑛

| |𝑚 | |𝐾 (𝝓𝒄 ,𝝓𝒄) (3.58)

s.t. 𝐼 (𝑚∞) = inf
𝑚∈R𝑚

𝐼 (𝑚). (3.59)

Conversely, any limit point of 𝑚𝑛 will satisfy the above.

Proof. See Section B.3.

Proposition 5 and proposition 6 gives justification for an annealing approach where
we alternatively optimize 𝐽 (𝑞;𝜎𝑛) using algorithm 1 and reduce 𝜎𝑛 → 0 until
convergence. We find that doing this is much more stable than optimizing the
data term only. This approach can be interpreted as the continuous version of the
constrained loss used in Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart,
2021b, Eq. 3.9, which can be used for non-noisy settings.

Remark 9. The inequality 𝐼 (𝑚∞) ≤ 𝐼 (𝑢) for any 𝑢 ∈ R𝑑 immediately implies that
𝐼 (𝑚∞) ≤ E𝑢∼𝑞 [𝐼 (𝑢)] for any 𝑞 ∈ P(R𝑑). Hence we expect the limiting distribution
given by proposition 5 to be precisely the solution given by proposition 6. This
justifies using this method when considering noiseless problems. This is justified
numerically in Section 3.3 for forward problems where we observe that the zero
regularization limit approach outperforms all other considered approaches.

3.3 Numerical experiments
We present several benchmark PDE problems. In Section 3.3, we present two PDE
solving problems, in the noisy and in the noiseless case. In Section 3.3, we present
three PDE inverse problems, where some parts of the data are noisy. We test the
performance of SVGP Section 3.2 and Dirac-SVGP Section 3.2. When appropriate,
we also use the zero noise limit variant of Dirac-SVGP. To benchmark our approach,
we compare against the original GP approach Y. Chen, Hosseini, Houman Owhadi,
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and Andrew M. Stuart, 2021b (with the same inducing points) and a Physics In-
formed Neural Network (PINN) Raissi, P. Perdikaris, and G. Karniadakis, 2019b.
The parameters and architecture of our models can be found in Section B.4.

Forward problems
We consider two PDEs, a linear elliptic example and a semi-linear elliptic example.
In both cases, we consider two settings: a noisy setting where the right-hand side
is subject to Gaussian noise and a noiseless setting which we use to test the zero
regularization algorithm presented in Section 3.2. Figure 3.3 illustrates an example
recovered solution using the SVGP algorithm. table 3.1 summarizes the performance
of each method and Figure 3.4 presents error rates in the noiseless setting.

Poisson equation

We consider the linear Poisson equation with homogeneous Dirichlet boundary
conditions

−Δ𝑢 = 𝑓 𝑥 ∈ Ω = [0, 1]2 (3.60)

𝑢 = 0 𝑥 ∈ 𝜕Ω (3.61)

with forcing

𝑓 (𝑥, 𝑦) = 32𝜋2 sin(2𝜋𝑥) sin(2𝜋𝑦) − 24𝜋2 sin(4𝜋𝑥) sin(3𝜋𝑦). (3.62)

The PDE is solved numerically using a high resolution spectral method. In the noisy
case, the noise is sampled from 𝜺 ∼ N(0, 𝜎2𝐼) with 𝜎 = 14.29 (representing 10%
of the standard deviation of 𝑓 ).

Semi-linear Poisson-Boltzmann equation

We consider the semi-linear Poisson-Boltzmann equation with homogeneous Dirich-
let boundary conditions

−Δ𝑢 + 1
2

sinh(2𝑢) = 𝑓 𝑥 ∈ Ω = (0, 1)2 (3.63)

𝑢 = 0 𝑥 ∈ 𝜕Ω (3.64)

with a manufactured solution

𝑢(𝑥, 𝑦) = sin(𝜋𝑥) sin(𝜋𝑦) − 1
2

sin(2𝜋𝑥) sin(2𝜋𝑦) + 1
4

sin(3𝜋𝑥) sin(4𝜋𝑦). (3.65)

In the noisy case, the noise is sampled from 𝜺 ∼ N(0, 𝜎2𝐼) with 𝜎 = 3.79 (repre-
senting 10% of the standard deviation of 𝑓 ).
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(a) Poisson equation

(b) Poisson-Boltzmann equation

Figure 3.3: Solutions of two noisy PDEs using SVGP.

Method Poisson (noiseless) Poisson (noisy) PB (noiseless) PB (noisy)
SVGP 3.76 × 10−4 1.27 × 10−2 3.14 × 10−3 4.96 × 10−3

Dirac 8.54 × 10−5 9.17 × 10−2 8.14 × 10−2 2.11 × 10−2

Dirac (zero reg limit) 8.53 × 10−5 — 3.93 × 10−8 —
Original GP 1.09 × 10−4 3.26 × 10−2 4.74 × 10−6 2.05 × 10−2

PINN 6.74 × 10−2 1.43 × 10−1 1.06 × 10−1 8.63 × 10−2

Table 3.1: Comparison of methods across forward PDE problems (error in relative
𝐿2).

Inverse problems
We now consider a general class of inverse problems where an element of the
equation (coefficient, forcing term or initial condition) is unknown. We assume that
we have access to noisy observations of the solution 𝑢 locations xobs. We consider a
realistic setup where we have access to many, but clustered observation (we generally
observed that in this setting the variational inference approach we propose provides
the important gains over the original GP approach). We tune the hyperparameters
of all methods using a five-fold cross validation optimized with Optuna Akiba et al.,
2019a over 50 iterations. The GP approaches use 100 of the observations locations
as inducing points (representing 1-5% of the total observations).
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(a) Poisson equation

(b) Poisson–Boltzmann equation

Figure 3.4: Error rate and pointwise error comparison for noiseless forward PDEs.

Coefficient recovery: Darcy problem
We consider the 2D Darcy PDE

−∇(𝑎 · ∇𝑢) = 𝑓 𝑥 ∈ Ω = (0, 1)2 (3.66)

𝑢 = 0 𝑥 ∈ 𝜕Ω (3.67)

y = 𝑢(xobs) + 𝜀. (3.68)

The coefficient 𝑎 is unknown, and we aim to recover the solution 𝑢 and coefficient
𝑎 jointly. We consider a manufactured solution

𝑢(𝑥1, 𝑥2) = sin(𝜋𝑥) sin(𝜋𝑦) + 1
2

sin(2𝜋𝑥) sin(2𝜋𝑦) (3.69)

𝑎(𝑥1, 𝑥2) = sin(2𝜋𝑥) sin(2𝜋𝑦). (3.70)

The observations points xobs are drawn from two random clusters to mimic a realistic
setup where one only has access to localized measurements and 𝜀 ∼ N(0, 𝜎2) with
𝜎 = 0.38 (representing 10% of the standard deviation of 𝑢). An example solution
is given in Figure 3.5
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Figure 3.5: Darcy coefficient recovery problem.

Initial condition recovery: Arrhenius equation
We consider the Arrhenius equation with homogeneous Neumann boundary condi-
tion but unknown initial condition.

𝜕

𝜕𝑡
𝑢 = 𝜀Δ𝑢 + exp

(
− 𝛽
𝑢

)
(𝑡, 𝑥) ∈ (0, 𝑇) × (0, 1) (3.71)

𝜕

𝜕n
𝑢 = 0 (𝑡, 𝑥) ∈ (0, 𝑇) × {0, 1} (3.72)

𝑢(0, 𝑥) = 𝑢0(𝑥) 𝑥 ∈ [0, 1] (3.73)

y = 𝑢(tobs, xobs) + 𝜀. (3.74)

We consider an unknown initial condition

𝑢0(𝑥) = 320 exp
(
− 1

2
(𝑥 − 0.35)2

0.012

)
𝑥(1 − 𝑥) (3.75)

and we aim to recover the solution field 𝑢(𝑡, 𝑥), with particular emphasis on the
initial condition 𝑢(0, 𝑥) = 𝑢0. The observations points (tobs, xobs) are located at 10
equispaced spatial points {𝑥𝑖}10

𝑖=1 but are densely defined in time, to emulate a realistic
setup where we have a finite number of spatial sensors measuring continuously in
time. We sample the noise 𝜀 ∼ N(0, 𝜎2𝐼) with 𝜎 = 52.95 (representing 20% of
the standard deviation of 𝑢). An example solution is given in Figure 3.6.
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Figure 3.6: Arrhenius initial condition recovery problem.

Forcing term recovery: Burger’s equation
We consider the forced viscous Burger equation with homogenous Dirichlet bound-
ary conditions

𝜕

𝜕𝑡
𝑢 = 𝜀Δ𝑢 − 𝑢 𝜕

𝜕𝑥
𝑢 + 𝑓 (𝑡, 𝑥) ∈ (0, 𝑇) × (0, 1) (3.76)

𝑢 = 0 (𝑡, 𝑥) ∈ (0, 𝑇) × {0, 1} (3.77)

𝑢(0, 𝑥) = 𝑢0(𝑥) 𝑥 ∈ [0, 1] (3.78)

y = 𝑢(x) + 𝜀. (3.79)

We consider an unknown forcing term

𝑓 (𝑥) = 10.0 sin(2𝜋𝑥) (3.80)

and we aim to recover both the solution 𝑢(𝑡, 𝑥) and the forcing term 𝑓 (𝑥). The
observations points (tobs, xobs) are located at 10 equispaced spatial points {𝑥𝑖}10

𝑖=1
but are densely defined in time, to emulate a realistic setup where we have a finite
number of spatial sensors measuring continuously in time. We sample the noise
𝜀 ∼ N(0, 𝜎2𝐼) with 𝜎 = 1.05 (representing 5% of standard deviation of 𝑢). An
example solution is given in Figure 3.7.
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Figure 3.7: Burger forcing recovery problem.

Darcy Arrhenius Burger
Method Sol. 𝑢 Coef. 𝑎 Sol. 𝑢 Init. con. 𝑢0 Sol. 𝑢 Forc. 𝑓
SVGP 1.26 × 10−2 8.18 × 10−2 1.05 × 10−1 1.22 × 10−1 3.29 × 10−2 1.23 × 10−1

Dirac-SVGP 4.58 × 10−3 4.41 × 10−2 3.10 × 10−1 3.66 × 10−1 4.27 × 10−2 1.40 × 10−1

Original GP 3.31 × 10−1 8.59 × 10−1 1.48 × 10−1 1.70 × 10−1 3.51 × 10−2 5.40 × 10−1

PINN 5.93 × 10−2 5.00 × 10−1 2.17 × 10−1 3.22 × 10−1 1.34 × 10−2 2.10 × 10−1

Table 3.2: Comparison of methods across inverse PDE problems (error in relative
𝐿2).

Discussion
Forward problems When the right-had side noisy, we consistently observe the
best performance with the SVGP approach table 3.1. We generally observe that
the model requires less tuning of hyperparameters compared to the original GP: we
generally find that setting the 𝜎 parameter in eq. (3.22) to a small value is sufficient
to obtain good performance. The original GP approach appears to require greater
tuning and is more sensitive to this parameter. We interpret the continuous loss
as improving the model by providing information over the entire domain compared
to the original GP which only has access to data at the inducing points. This can
be seen as the difference in performance is greatest when using a small number of
inducing points.

In the noiseless case the Dirac SVGP in the zero regularization limit performs the
best as measured by the error and the error rates, beating other methods by orders
of magnitude in some cases. We note however that at high number of inducing
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points, the original GP approach performs as well or even slightly better than the
Dirac SVGP model. We attribute this to the fact that the optimization becomes less
stable without regularization at high number of inducing points. Moreover, when
the Dirac SVGP has small (but non-zero) regularization, it performs significantly
worse in the noiseless setting. This suggests that there is a qualitative change in the
obtained solution when setting the regularization 𝛾 = 0 as opposed to a small value.
The SVGP approach (which always uses some form of regularization) also tends to
underperform in this setting, and cannot attain errors below 10−3.

Inverse problems For noisy inverse problems, the best solution is provided by
the SVGP or the Dirac SVGP table 3.2. In general, we find that both methods
perform well compared to the PINN approach, but the original GP can also perform
better than the Dirac variant in this setting. The SVGP, however, systematically
outperforms the original GP on all problems, supporting the conclusion that a
probabilistic approach is beneficial in noisy or ill-posed settings.

We note that in the posterior uncertainty (as measured by the pointwise standard
deviation) can be miss calibrated compared to the true error. For example, the
uncertainty of the Darcy solution does not capture areas of high error, whereas
the uncertainty on the coefficient appears better calibrated Figure 3.5. We observe
similar results with the Burger’s solution and forcing term Figure 3.7. This suggests
that better calibration is needed to obtain accurate uncertainty quantification.

3.4 Conclusion
We introduced a novel framework for solving PDE forward and inverse problems
using Gaussian processes and variational inference. In contrast to previous ap-
proaches, we only discretize the prior while keeping the likelihood continuous,
which enables a continuous loss for probabilistic solvers, similar to the loss used in
PINNs. We showed how to apply this framework to two types of variational infer-
ence strategies, one probabilistic using Gaussian variational inference SVGP, one
deterministic Dirac-SVGP. We presented several theoretical results to characterize
the optimal variational distributions, including their small noise limits. We have
not, however, considered convergence rates to the true solution or distribution as
our discretization goes to infinity. Empirically, we have tested our framework on
several PDE forward and inverse problems, and we have shown that both the SVGP
and Dirac SVGP can outperform the original GP approach proposed by Y. Chen,
Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b and PINNs Raissi, P.
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Perdikaris, and G. Karniadakis, 2019b, while providing uncertainty quantification
(for SVGP). We note however that the uncertainty quantification provided by the
SVGP is not always well calibrated. This suggests that we require proper calibra-
tion of this uncertainty Angelopoulos and Bates, 2022; Gneiting, Balabdaoui, and
Raftery, 2007. More generally, hyperparameter optimization approaches similar
to those considered in Hensman, Fusi, and Neil D. Lawrence, 2013; Nicholas H.
Nelsen et al., 2025 could be considered for this problem. Likewise, optimizing the
inducing points using methods such as adaptive mesh refinement or gradient based
methods has the potential to significantly improve the performance of the method.

Our framework is general and is amenable to several modifications. The first would
be to consider a more flexible class of variational distributions beyond the Gaussian
VI considered here. A natural future direction is to consider approaches based on
normalizing flows Rezende and Shakir Mohamed, 2016. We did consider such
approaches, but did not find them to perform as well as the Gaussian VI presented in
this paper. Finally, we note that prior others than Gaussian can also be considered:
examples include the q-exponential process already considered in G. Yu and Lan,
2025, Besov space priors Saksman and Siltanen, 2009; Lan et al., 2025 or generative
priors Mardani et al., 2023; Feng et al., 2023.
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C h a p t e r 4

KERNEL METHODS ARE COMPETITIVE FOR OPERATOR
LEARNING
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4.1 Introduction
Operator learning is a well-established field going back at least to the 1970s with the
articles Almroth, Stern, and Brogan, 1978; Noor and Peters, 1980 who introduced
the reduced basis method as a way speeding up expensive model evaluations. In the
most broad sense operator learning arises in the solution of stochastic PDEs Roger
G Ghanem and Pol D Spanos, 2003, emulation of computer codes Kennedy and
O’Hagan, 2001, reduced order modeling (ROM) Lucia, Beran, and Silva, 2004, and
numerical homogenization Houman Owhadi and Scovel, 2019b. In recent years,
and with the rise of machine learning, operator learning has become the focus of
extensive research with the development of neural net (NN) methods such as Deep
Operator Nets L. Lu, Jin, Pang, et al., 2021a and Fourier Neural Nets Zongyi Li,
N. Kovachki, et al., 2020a among many others. While these NN methods are often
benchmarked against each other L. Lu, X. Meng, et al., 2022, they are rarely com-
pared with the aforementioned classical approaches. Furthermore, the theoretical
analysis of NN methods is often limited to density/universal approximation results,
showing the existence of a network of a requisite size achieving a certain error rate,
without guarantees whether this network is computable in practice (see for example
B. Deng et al., 2022; N. Kovachki, Lanthaler, and Mishra, 2021).

In order to alleviate the aforementioned shortcomings we present a mathemati-
cal framework for approximation of mappings between Banach spaces using the
theory of operator valued reproducing Kernel Hilbert spaces (RKHS) and Gaus-
sian Processes (GPs). Our abstract framework (1) is mathematically simple and
interpretable, (2) is convenient to implement, (3) encompasses some of the classi-
cal approaches such as linear methods, and (4) comes with a priori error analysis
and convergence theory. We further present extensive benchmarking of our kernel
method with the DeepONet and FNO approaches and show that the kernel approach
either matches or outperforms NN methods in most benchmark examples.

In the remainder of this section we give a summary of our methodology and results:
We pose the operator learning problem in Section 4.1 before presenting a running
example in Section 4.1 which is used to outline our proposed framework and main
theoretical results in Section 4.1 as well as brief numerical results in Section 4.1. Our
main contributions are summarized in Section 4.1 followed by a literature review in
Section 4.1.
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The operator learning problem
Let U and V be two (possibly infinite-dimensional) separable Banach spaces and
suppose that

G† : U →V (4.1)

is an arbitrary (possibly nonlinear) operator. Then, broadly speaking, the goal of
operator learning is to approximate G† from a finite number 𝑁 of input/output data
on G†. For our framework, we consider the setting where the input/output data are
only partially observed through a finite collection of linear measurements which we
formalize as follows.

Problem 4. Let {𝑢𝑖, 𝑣𝑖}𝑁𝑖=1 be 𝑁 elements ofU ×V such that

G†(𝑢𝑖) = 𝑣𝑖, for 𝑖 = 1, . . . , 𝑁 . (4.2)

Let 𝜙 : U → R𝑛 and 𝜑 : V → R𝑚 be bounded linear operators. Given the data
{𝜙(𝑢𝑖), 𝜑(𝑣𝑖)}𝑁𝑖=1 approximate G†.

Running example
To give context to the above problem and our solution method we briefly outline a
running example to which the reader can refer to throughout the rest of this section.
Consider the following elliptic PDE, which is of broad interest in geosciences and
material science: {

−div 𝑒𝑢 ∇𝑣 = 𝑤, in Ω,

𝑣 = 0, on 𝜕Ω ,
(4.3)

where Ω = (0, 1)2, 𝑢 ∈ 𝐻3(Ω), 𝑤 ∈ 𝐻1(Ω) and 𝑣 ∈ 𝐻3(Ω) ∩ 𝐻1
0 (Ω). For a

fixed forcing term 𝑤, we wish to approximate the nonlinear operator mapping the
diffusion coefficient 𝑢 to the solution 𝑣, i.e., G† : 𝑢 ↦→ 𝑣. In this case we may take
U ≡ 𝐻3(Ω) andV ≡ 𝐻3(Ω) ∩ 𝐻1

0 (Ω). We further assume that a training data set
is available in the form of limited observations of input-out pairs. As a canonical
example, consider the evaluation bounded and linear operators

𝜙 : 𝑢 ↦→ (𝑢(𝑋1), 𝑢(𝑋2), . . . , 𝑢(𝑋𝑛))𝑇 and 𝜑 : 𝑣 ↦→ (𝑣(𝑌1), 𝑣(𝑌2), . . . , 𝑣(𝑌𝑚))𝑇 ,
(4.4)

where the {𝑋 𝑗 }𝑛𝑗=1 and {𝑌 𝑗 }𝑚𝑗=1 are distinct collocation points in the domain Ω as
well as pairs {𝑢𝑖, 𝑣𝑖}𝑁𝑖=1 that satisfy the PDE (4.3). Then our goal is to approximate
G† from the training data set {𝜙(𝑢𝑖), 𝜑(𝑣𝑖)}𝑁𝑖=1

1.
1Choosing 𝜙, 𝜑 as pointwise evaluation functionals is common to many applications, although

our abstract framework readily accommodates other choices such as integral operators and basis
projections.
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The proposed solution
Our setup naturally gives rise to a commutative diagram depicted in Figure 4.1.
Here the map 𝑓 † : R𝑛 → R𝑚, explicitly defined as

𝑓 † := 𝜑 ◦ G† ◦ 𝜓, (4.5)

is a mapping between finite-dimensional Euclidean spaces, and is therefore amenable
to numerical approximation. However, in order to approximate G† we also need the
reconstruction maps 𝜓 : R𝑛 →U and 𝜒 : R𝑚 →V.

U V

R𝑛 R𝑚

G†

𝑓 †
𝜙𝜓 𝜑𝜒

Figure 4.1: Commutative diagram of our operator learning setup.

Our proposed solution is to endow U and V with an RKHS structure and use
kernel/GP regression to identify the maps 𝜓 and 𝜒. As a prototypical example we
consider the situation where U is an RKHS of functions 𝑢 : Ω → R defined by a
kernel 𝑄 : Ω × Ω → R and V is an RKHS of functions 𝑢 : 𝐷 → R defined by a
kernel 𝐾 : 𝐷 × 𝐷 → R. For our running example, we have 𝐷 = Ω, and we can
take 𝑄 and 𝐾 to be Matérn like kernels, e.g., the Green’s function of elliptic PDEs
(possibly on Ω or restricted to Ω) with appropriate regularity. One can also choose
𝑄, 𝐾 to be smoother kernels such that their RKHSs are embedded inU andV.

We then define 𝜓 and 𝜒 as the following optimal recovery maps 2 :

𝜓(𝑈) := arg min
𝑤∈U

∥𝑤∥𝑄 s.t. 𝜙(𝑤) = 𝑈,

𝜒(𝑉) := arg min
𝑤∈V

∥𝑤∥𝐾 s.t. 𝜑(𝑤) = 𝑉,
(4.6)

where ∥ · ∥𝑄 and ∥ · ∥𝐾 are the RKHS norms arising from their pertinent kernels.

In the case where 𝜙 and 𝜑 are pointwise evaluation maps (𝜙(𝑢) = (𝑢(𝑋1), . . . , 𝑢(𝑋𝑛))
and 𝜑(𝑣) = (𝑣(𝑌1), . . . , 𝑣(𝑌𝑚)) where the 𝑋𝑖 and𝑌 𝑗 are pairwise distinct collocation
points in Ω and 𝐷), our optimal recovery maps can be expressed in closed form

2It is possible to define the optimal recovery maps 𝜓, 𝜒 in the setting where 𝜙 and 𝜓 are
nonlinear, following the general framework of Y. Chen, Hosseini, Houman Owhadi, and Andrew M
Stuart, 2021a; Houman Owhadi, 2022b; Houman Owhadi, 2023a. However, in this setting the closed
form formulae (4.7) no longer hold.
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using standard representer theorems for kernel interpolation Scholkopf, Herbrich,
and Smola, 2001a:

𝜓(𝑈) (𝑥) = 𝑄(𝑥, 𝑋)𝑄(𝑋, 𝑋)−1𝑈, 𝜒(𝑉) (𝑦) = 𝐾 (𝑦,𝑌 )𝐾 (𝑌,𝑌 )−1𝑉, (4.7)

where𝑄(𝑋, 𝑋) and 𝐾 (𝑌,𝑌 ) are kernel matrices with entries𝑄(𝑋, 𝑋)𝑖 𝑗 = 𝑄(𝑋𝑖, 𝑋 𝑗 )
and 𝐾 (𝑌,𝑌 )𝑖 𝑗 = 𝐾 (𝑌𝑖, 𝑌 𝑗 ) respectively, while 𝑄(𝑥, 𝑋) and 𝐾 (𝑦,𝑌 ) denote row-
vector fields with entries 𝑄(𝑥, 𝑋)𝑖 = 𝑄(𝑥, 𝑋𝑖) and 𝐾 (𝑦,𝑌 )𝑖 = 𝐾 (𝑦,𝑌𝑖).

We further propose to approximate 𝑓 † by optimal recovery in a vector-valued RKHS.
Let Γ : R𝑛 × R𝑛 → L(R𝑚) be a matrix valued kernel Alvarez, Rosasco, Neil D
Lawrence, et al., 2012; here L(R𝑚) is the space of 𝑚 × 𝑚 matrices) with RKHS
HΓ equipped with the norm ∥ · ∥Γ 3 and proceed to approximate 𝑓 † by the map 𝑓

defined as

𝑓 := arg min
𝑓 ∈HΓ

∥ 𝑓 ∥Γ s.t. 𝑓 (𝜙(𝑢𝑖)) = 𝜑(𝑣𝑖) for 𝑖 = 1, . . . , 𝑁.

A simple and practical choice for Γ is the diagonal kernel

Γ(𝑈,𝑈′) = 𝑆(𝑈,𝑈′)𝐼, (4.8)

where 𝑆 : R𝑛×R𝑛 → R is an arbitrary scalar-valued kernel, such as RBF, Laplace, or
Matérn, and 𝐼 is the𝑚×𝑚 identity matrix. More complicated choices, such as sums
of kernels or replacing the identity matrix with a fixed positive definite matrix that
induces correlations between output coordinates, are also possible. However, these
may lead to greater computational cost, and we observe empirically that the simple
choice of the identity matrix already provides good performance. Then we can
approximate the components of 𝑓 via the independent optimal recovery problems

𝑓 𝑗 := arg min
𝑔∈H𝑆

∥𝑔∥𝑆 s.t. 𝑔(𝜙(𝑢𝑖)) = 𝜑 𝑗 (𝑣𝑖), for 𝑖 = 1, . . . , 𝑁. (4.9)

for 𝑗 = 1, . . . , 𝑚. Here we wrote 𝜑 𝑗 (𝑣𝑖) for the entry 𝑗 of the vector 𝜑(𝑣𝑖) and, as
our notation suggests, H𝑆 is the RKHS of 𝑆 equipped with the norm ∥ · ∥𝑆. Since
(4.9) is a standard optimal recovery problem, each 𝑓 𝑗 can be identified by the usual
representer formula:

𝑓 𝑗 (𝑈) = 𝑆(𝑈,U)𝑆(U,U)−1V·, 𝑗 , (4.10)
3See Section C.1 for a review of operator-valued kernels or the reference Kadri, Duflos, Preux,

Stephane Canu, et al., 2016a.
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where U := (𝜙(𝑢1), . . . , 𝜙(𝑢𝑁 )) and V·, 𝑗 := (𝜑 𝑗 (𝑣1), . . . , 𝜑 𝑗 (𝑣𝑁 ))𝑇 and 𝑆(𝑈,U)
is a block-vector and 𝑆(U,U) is a block-matrix defined in an analogous manner to
those in (4.7). By combining equations (4.7) and (4.10) we obtain the operator

Ḡ := 𝜒 ◦ 𝑓 ◦ 𝜙 (4.11)

as an approximation to G†. We provide further details and generalize the proposed
framework in Section 4.2 to the setting where 𝜙 and 𝜑 are obtained from arbitrary
linear measurements (e.g., integral operators as in tomography) andU andV may
not be spaces of continuous functions.

Convergence guarantee
Under suitable regularity assumptions on G†, our method comes with worst-case
convergence guarantees as the number of data points 𝑁 , i.e., input-output pairs
and the number of collocations points 𝑛 and 𝑚 go to infinity. We present here a
condensed version of this result and defer the proof to Section 4.3. Below we write
𝐵𝑅 (H) for the ball of radius 𝑅 > 0 in a normed spaceH .

Theorem 7 (Condensed version of Thm. 9). Suppose it holds that:

(7.1) (Regularity of the domains Ω and 𝐷) Ω and 𝐷 are compact sets of finite
dimensions 𝑑Ω and 𝑑𝐷 and with Lipschitz boundary.

(7.2) Regularity of the kernels 𝑄 and 𝐾 . Assume that H𝑄 ⊂ 𝐻𝑠 (Ω) and H𝐾 ⊂
𝐻𝑡 (𝐷) for some 𝑠 > 𝑑Ω/2 and some 𝑡 > 𝑑𝐷/2 with inclusions indicating
continuous embeddings.

(7.3) (Space filling property of collocation points)The fill distance between the
collocation points {𝑋𝑖}𝑛𝑖=1 ⊂ Ω and the {𝑌 𝑗 }𝑚𝑗=1 ⊂ 𝐷 goes to zero as 𝑛 → ∞
and 𝑚 →∞.

(7.4) (Regularity of the operator G†) The operator G† is continuous from 𝐻𝑠′ (Ω) to
H𝐾 for some 𝑠′ ∈ (0, 𝑠) as well as fromU toV and all its Fréchet derivatives
are bounded on 𝐵𝑅 (H𝑄) for any 𝑅 > 0.

(7.5) (Regularity of the kernels 𝑆𝑛) Assume that for any 𝑛 ≥ 1 and any compact
subset Υ of R𝑛, the RKHS of 𝑆𝑛 restricted to Υ is contained in 𝐻𝑟 (Υ) for some
𝑟 > 𝑛/2 and contains 𝐻𝑟 ′ (Υ) for some 𝑟′ > 0 that may depend on 𝑛.
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(7.6) (Resolution and space-filling property of the data) Assume that for 𝑛 suffi-
ciently large, the data points (𝑢𝑖)𝑁𝑖=1 ⊂ 𝐵𝑅 (H𝑄) belong to the range of 𝜓𝑛

and are space filling in the sense that they become dense in 𝜙𝑛 (𝐵𝑅 (H𝑄)) as
𝑁 →∞.

Then, for all 𝑡′ ∈ (0, 𝑡),

lim
𝑛,𝑚→∞

lim
𝑁→∞

sup
𝑢∈𝐵𝑅 (H𝑄)

∥G†(𝑢) − 𝜒𝑚 ◦ 𝑓 𝑚,𝑛
𝑁
◦ 𝜙𝑛 (𝑢)∥𝐻𝑡′ (𝐷) → 0 , (4.12)

where our notation makes the dependence of 𝜓, 𝜙, 𝜒, 𝑆 and 𝑓 on 𝑛, 𝑚 and 𝑁 explicit.

We note that Assumptions (7.1)–(7.3) are standard, and concern the accuracy of
the optimal recovery maps 𝜙𝑛 and 𝜒𝑚 as 𝑛, 𝑚 → ∞. Assumptions (7.4)–(7.5) are
less standard and amount to regularity assumptions on the map G† while Assump-
tion (7.6) concerns the acquisition and regularity of the training data set.

In Section 4.3 we also present Theorem 11 as the quantitative analogue of the above
result which characterizes how the speed of convergence depends on the regularity
of the operator G† and the choice of 𝜙 and 𝜑 in the setting of pointwise measurement
operators. We also comment on how this analysis could be extended to other linear
measurements.

Numerical Framework
Returning to our running example, we implement the proposed framework for
learning the non-linear operator mapping 𝑢 to 𝑣 in (4.3). We consider 1000 inputs
and outputs of 𝑢 and 𝑣. The data is taken from L. Lu, X. Meng, et al., 2022 and the
experimental setup is discussed further in Section 4.4. We take 𝜑 to be of the form
(4.4) with 𝑚 = 841 while we define 𝜙 through a PCA pre-processing step. More
precisely, let 𝜙pointwise be of the form (4.4) with 𝑛 = 841. Choose 𝑛PCA = 202 (this
value captures 95% of the empirical variance of our training data) and define

𝜙(𝑢) = ΠPCA ◦ 𝜙pointwise(𝑢) ∈ R202. (4.13)

In other words, we take our 𝜙 map to be the linear map that computes the first 202
PCA coefficients of the input functions 𝑢 given on a uniform grid; observe that we
do not use PCA pre-processing on the output data here although we do this for some
of our other examples in Section 4.4 for better performance.

With 𝜙 and 𝜑 identified (recall Figure 4.1) we proceed to implement our kernel
method using the simple choice of a diagonal kernel 𝑆(𝑈,𝑈′)𝐼 where 𝑆 is a rational
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quadratic (RQ) kernel (see Section C.3). This choice transforms the problem into
841 independent kernel regression problems, each corresponding to one component
of 𝑓 † (i.e., the 𝑓 †

𝑗
’s).

We used the PCA and kernel regression modules of the scikit-learn Python
library Pedregosa et al., 2011 to implement our algorithm. This implementa-
tion automatically selects the best kernel parameters by maximizing the marginal
likelihood function Rasmussen and Williams, 2006 jointly for all problems. Our
proposed method can therefore be implemented conveniently using off-the-shelf
software. Figure 4.2 illustrates examples of the inputs and outputs of our operator
learning problem. Despite the simple implementation of our method, we are able to
obtain competitive accuracy as shown in Table 4.1 where the relative testing 𝐿2 loss
of our method is compared to other popular algorithms. Moreover, our approach is
amenable to well-known numerical analysis techniques, such as sparse or low-rank
approximation of kernel matrices, to reduce its complexity. For the present example
(and those in Section 4.4) we only consider “vanilla” kernel methods which compute
(4.10) by computing the full Cholesky factors of the matrix 𝑆(U,U).
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Figure 4.2: Example of training data and test prediction and pointwise errors for the
Darcy flow problem (4.3).

Method Accuracy
DeepONet 2.91 %
FNO 2.41 %
POD-DeepONet 2.32 %
Linear 6.74 %
Rational quadratic 2.87%

Table 4.1: The 𝐿2 relative test error of the Darcy flow problem in our running
example. The kernel approach is compared with variations of DeepONet and FNO.
Results of our kernel method are presented below the dashed line with the pertinent
choice of the kernel 𝑆.
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Summary of contributions
The main results of the article concern the properties, performance, and error
analysis of the map Ḡ defined in (4.11). Our contributions can be summarized
under four categories:

1. An abstract kernel framework for operator learning: In Section 4.2,
we propose a framework for operator learning using kernel methods with
several desirable properties. A family of methods of increasing complexity
is proposed that includes linear models and diagonal kernels as well as non-
diagonal kernels which capture output correlations. These properties make our
approach ideal for benchmarking purposes. Furthermore, the methodology
is (i) applicable to any choice of the linear functionals 𝜑 and 𝜙, (ii) minimax
optimal with respect to an implicitly defined operator-valued kernel, and (iii)
is mesh-invariant. We emphasize in remark 10 that our optimal recovery maps
can be applied to any operator learning after training to obtain a mesh-invariant
pipeline.

2. Error analysis and convergence rates for Ḡ: In Section 4.3, we develop
rigorous worst-case a priori error bounds and convergence guarantees for our
method: Theorem 11 provides quantitative error bounds while Theorem 9
(the detailed version of Theorem 11) shows the convergence of Ḡ → G under
appropriate conditions.

3. A simple to use vanilla kernel method: While our abstract kernel method is
quite general, our numerical implementation in Section 4.4 focuses on a sim-
ple, easy-to-implement version using diagonal kernels of the form (4.8). Off-
the-shelf software, such as the kernel regression modules of scikit-learn,
can be employed for this task. We empirically observe low training times and
robust choice of hyperparameters. These properties further suggest that kernel
methods are a good baseline for benchmarking of more complex methods.

4. Competitive performance. In Section 4.4 we present a series of numerical
experiments on benchmark PDE problems from the literature and observe that
our simple implementation of the kernel approach is competitive in terms of
complexity-accuracy tradeoffs in comparison to several NN-based methods.
Since kernel methods can be interpreted as an infinite-width, one-layer NN,
the results raise the question of how much of a role the depth of a deep NN
plays in the performance of algorithms for the purposes of operator learning.
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Review of relevant literature
In the most broad sense, operator learning is the problem of approximating a mapping
between two infinite-dimensional function spaces Bhattacharya, Hosseini, Nikola B.
Kovachki, et al., 2021b; De Hoop et al., 2022. In recent years, this problem has
become an area of intense research in the scientific machine learning community with
a particular focus on parametric or stochastic PDEs. However, the approximation
of such parameter to solution maps has been an area of intense research in the
computational mathematics and engineering communities, going back at least to the
reduced basis method introduced in the 1970s Almroth, Stern, and Brogan, 1978;
Noor and Peters, 1980 as a way of speeding up the solution of families of parametric
PDEs in applications that require many PDE solves such as design Economon et al.,
2016; Martins and Lambe, 2013; Bendsoe and Sigmund, 2003; Boncoraglio and
Farhat, 2021, uncertainty quantification (UQ) Sudret, Marelli, and Wiart, 2017;
Martin et al., 2012; D. Z. Huang, Schneider, and Andrew M Stuart, 2022, and
multi-scale modeling Weinan, 2011; Fish et al., 1997; Feyel and Chaboche, 2000;
N. Kovachki, B. Liu, et al., 2022. In what follows we give a brief summary of
the various areas and methodologies that overlap with operator learning; we cannot
provide an exhaustive list of references due to space, but refer the reader to key
contributions and surveys where further references can be found.

Deep learning techniques The use of NNs for operator learning goes back at least
to the ’90s and the seminal works of Chen and Chen T. Chen and H. Chen, 1995b;
T. Chen and H. Chen, 1995a who proved a universal approximation theorem for NN
approximations to operators. The use and design of NNs for operator learning has
become popular in the last five years as a consequence of growing interest in NNs
for scientific computing starting with the article Zhu and Zabaras, 2018 which used
autoencoders to build surrogates for UQ of subsurface flow models. Since then many
different approaches have been proposed some of which use specific architectures or
target particular families of PDEs J. Hesthaven and Ubbiali, 2018; Khoo and Ying,
2019; Zongyi Li, N. Kovachki, et al., 2020a; Khoo, J. Lu, and Ying, 2021; L. Lu,
Jin, Pang, et al., 2021a; Gin et al., 2021; Boulle and Townsend, 2022; Kropfl, Maier,
and Peterseim, 2022; Kissas et al., 2022. The most relevant of among these methods
to our proposed framework are the DeepONet family L. Lu, Jin, Pang, et al., 2021a;
Sifan Wang, H. Wang, and Paris Perdikaris, 2021b; L. Lu, X. Meng, et al., 2022;
Sifan Wang, H. Wang, and Paris Perdikaris, 2022, FNO Zongyi Li, N. Kovachki,
et al., 2020a, and PCA-Net J. Hesthaven and Ubbiali, 2018; Bhattacharya, Hosseini,
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Nikola B. Kovachki, et al., 2021b where the main novelty appears to be the use of
novel, flexible, and expressive NN architectures that allow the algorithm to learn
and adapt the bases that are selected for the input and outputs of the solution map as
well as possible nonlinear dependencies between the basis coefficients. Although
not part of our comparisons, we note that Fan, Bohorquez, and Ying, 2019; Fan,
Feliu-Faba, et al., 2019; Fan, L. Lin, et al., 2019 obtained competitive accuracy by
using deep neural networks with architectures inspired by conventional fast solvers.

Classical numerical approximation methods Operator learning has been the
subject of intense research in the computational mathematics literature in the con-
text of stochastic Galerkin methods Roger G Ghanem and Pol D Spanos, 2003; Xiu
and Shen, 2009, polynomial chaos Xiu, 2010; Xiu and G. E. Karniadakis, 2002b,
reduced basis methods Noor and Peters, 1980; Maday, Patera, and Turinici, 2002
and numerical homogenization Houman Owhadi and L. Zhang, 2007a; Houman
Owhadi, 2015b; Houman Owhadi and Scovel, 2019b; Altmann, Henning, and Pe-
terseim, 2021. In the setting of stochastic and parametric PDEs, the the goal is
often to approximate the solution of a PDE as a function of a random or uncertain
parameter. The well-established approach to such problems is to pick or construct
appropriate bases for the input parameter and the solution of the PDE and then
construct a parametric, high-dimensional map that transforms the input basis co-
efficients to the output coefficients. Well-established methods such as polynomial
chaos, stochastic finite element methods, reduced basis methods Roger G Ghanem
and Pol D Spanos, 2003; Xiu, 2010; Cohen and DeVore, 2015; J. S. Hesthaven,
Rozza, Stamm, et al., 2016; Lucia, Beran, and Silva, 2004 fall within this category.
A vast amount of literature in applied mathematics exists on this subject, and the
theoretical analysis of these methods is extensive; see for example Beck et al., 2012;
Chkifa, Cohen, DeVore, et al., 2012; Chkifa, Cohen, and Schwab, 2014; Nobile,
Raul Tempone, and Webster, 2008a; Nobile, Raul Tempone, and Webster, 2008b;
Gunzburger, Webster, and G. Zhang, 2014 and references therein.

Operator compression For solving PDEs, the objectives of operator learning
are also similar to those of operator compression Feischl and Peterseim, 2020;
Kropfl, Maier, and Peterseim, 2022 as formulated in numerical homogenization
Houman Owhadi and Scovel, 2019b; Altmann, Henning, and Peterseim, 2021 and
reduced order modeling (ROM) Amsallem and Farhat, 2008; Lucia, Beran, and
Silva, 2004, i.e., the approximation of the solution operator from pairs of solutions
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and source/forcing terms. While both ROM and numerical homogenization seek
operator compression through the identification of reduced basis functions that are
as accurate as possible (this translates into low-rank approximations with SVD and
its variants Boulle and Townsend, 2022), numerical homogenization also requires
those functions to be as localized as possible Malqvist and Peterseim, 2014 and in
turn leverages both low rank and sparse approximations. These localized reduced
basis functions are known as Wannier functions in the physics literature Marzari
et al., 2012, and can be interpreted as linear combinations of eigenfunctions that
are localized in both frequency space and the physical domain, akin to wavelets.
The hierarchical generalization of numerical homogenization Houman Owhadi,
2017 (gamblets) has led to the current state-of-the-art for operator compression of
linear elliptic Schaafer, Katzfuss, and Houman Owhadi, 2021; Schafer, Sullivan,
and Houman Owhadi, 2021 and parabolic/hyperbolic PDEs Houman Owhadi and
L. Zhang, 2017. In particular, for arbitrary (and possibly unknown) elliptic PDEs
Schafer and Houman Owhadi, 2021 shows that the solution operator (i.e., the Green’s
function) can be approximated in near-linear complexity to accuracy 𝜖 from only
O(log𝑑+1( 1

𝜖
)) solutions of the PDE.

GP emulators In the case where the range of the operator of interest is finite
dimensional, then operator learning coincides with surrogate modeling techniques
that were developed in the UQ literature, such as GP surrogate modeling/emula-
tion Kennedy and O’Hagan, 2001; Bastos and Anthony O’hagan, 2009. When
the kernels of the underlying GPs are also learned from data Houman Owhadi and
Gene Ryan Yoo, 2019b; Y. Chen, Houman Owhadi, and A. Stuart, 2021, GP surro-
gate modeling has been shown to offer a simple, low-cost, and accurate solution to
learning dynamical systems Boumediene Hamzi and Houman Owhadi, 2021b, geo-
physical forecasting Boumediene Hamzi, Maulik, and Houman Owhadi, 2021, and
radiative transfer emulation Jouni Susiluoto, Braverman, P. Brodrick, et al., 2021,
and the inference of the structure of convective storms from passive microwave ob-
servations Prasanth, Z. Haddad, et al., 2021. Indeed, our proposed kernel framework
for operator learning can be interpreted as an extension of these well-established GP
surrogates to the setting where the range of the operator is a function space.

Outline of the article
The remainder of the article is organized as follows: We present our operator
learning framework in Section 4.2 for the generalized setting where 𝜙, 𝜑 can be
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any collection of bounded and linear operators along with an interpretation of our
method from the GP perspective. Our convergence analysis and quantitative error
bounds are presented in Section 4.3 where we present the full version of Theorem 9.
Our numerical experiments, implementation details, and benchmarks against FNO
and DeepONet are collected in Section 4.4. We discuss future directions and open
problems in Section 4.5. The appendix collects a review of operator valued kernels
and GPs along with other auxiliary details.

4.2 The RKHS/GP framework for operator learning
We now present our general kernel framework for operator learning, i.e., the pro-
posed solution to Problem 4. We emphasize that here we do not require the spaces
U andV to be spaces of continuous functions and in particular, we do not require
the maps 𝜙 and 𝜑 to be obtained from pointwise measurements. To describe this, we
will introduce the dual spaces ofU andV to define optimal recovery with respect
to kernel operators rather than just kernel functions.

WriteU∗ andV∗ for the duals ofU andV, and write [·, ·] for the pertinent duality
pairings. Assume thatU is endowed with a quadratic norm ∥ · ∥𝑄 , i.e., there exists a
linear bijection 𝑄 : U∗ → U that is symmetric ([𝜙𝑎, 𝑄𝜙𝑏] = [𝜙𝑏, 𝑄𝜙𝑎]), positive
([𝜙𝑎, 𝑄𝜙𝑎] > 0 for 𝜙𝑎 ≠ 0), and such that ∥𝑢∥2

𝑄
= [𝑄−1𝑢, 𝑢], ∀𝑢 ∈ U .

As in Houman Owhadi and Scovel, 2019b, Ch. 11, although U, and U∗ are
also Hilbert spaces under ∥ · ∥𝑄 and its dual norm ∥ · ∥∗

𝑄
(with inner products〈

𝑢, 𝑣
〉
𝑄
= [𝑄−1𝑢, 𝑣] and

〈
𝜙𝑎, 𝜙𝑏

〉∗
𝑄
= [𝜙𝑎, 𝑄𝜙𝑏]), we will keep using the Banach

space terminology to emphasize the fact that our dual pairings will not be based
on the inner product through the Riesz representation theorem, but on a different
realization of the dual space, as this setting is more practical.

IfU is a space of continuous functions on a subset Ω ⊂ R𝑑Ω thenU∗ contains delta
Dirac functions and, to simplify notations, we also write 𝑄(𝑥, 𝑦) := [δ𝑥 , 𝑄δ𝑦] for
𝑥, 𝑦 ∈ R𝑑Ω to denote the kernel induced by the operator𝑄. Note that in that case,U
is a RKHS with norm ∥ · ∥𝑄 induced by the kernel𝑄. Since 𝜙 is bounded and linear,
its entries 𝜙𝑖 (write 𝜙 := (𝜙1, . . . , 𝜙𝑛)) must be elements of U∗. We assume those
elements to be linearly independent. Write 𝜓 : R𝑛 → U for the linear operator
defined by

𝜓(𝑌 ) := (𝑄𝜙)𝑄(𝜙, 𝜙)−1𝑌 for 𝑌 ∈ R𝑛, (4.14)

where we write𝑄(𝜙, 𝜙) for the 𝑛× 𝑛 symmetric positive definite (SPD) matrix with
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entries 𝑄(𝜙𝑖, 𝜙 𝑗 ) := [𝜙𝑖, 𝑄𝜙 𝑗 ] 4 and 𝑄𝜙 for (𝑄𝜙1, . . . , 𝑄𝜙𝑛) ∈ U𝑛. As described
in Houman Owhadi and Scovel, 2019b, Chap. 11, for 𝑢 ∈ U, given 𝜙(𝑢) = 𝑌 , 𝜓(𝑌 )
is the minmax optimal recovery of 𝑢 when using the relative error in ∥ · ∥𝑄-norm as
a loss.

Similarly, assume that V is endowed with a quadratic norm ∥ · ∥𝐾 , defined by the
symmetric positive linear bijection 𝐾 : V∗ → V. Write 𝜑 := (𝜑1, . . . , 𝜑𝑚) and
assume the entries of 𝜑 to be linearly independent elements ofV∗. Using the same
notations as in (4.14) write 𝜒 : R𝑚 →V for the linear operator defined by

𝜒(𝑍) := (𝐾𝜑) 𝐾 (𝜑, 𝜑)−1𝑍 for 𝑍 ∈ R𝑚 . (4.15)

Then, as above, for 𝑣 ∈ V, given 𝜑(𝑣) = 𝑍 , 𝜒(𝑍) is the minmax optimal recovery
of 𝑣 when using the relative error in ∥ · ∥𝐾-norm as a loss.

Write L(R𝑚) for the space of bounded linear operators mapping R𝑚 to itself ,
i.e., 𝑚 × 𝑚 matrices. Let Γ : R𝑛 × R𝑛 → L(R𝑚) be a matrix-valued kernel
Alvarez, Rosasco, Neil D Lawrence, et al., 2012 defining an RKHSHΓ of continuous
functions 𝑓 : R𝑛 → R𝑚 equipped with an RKHS norm ∥ · ∥Γ. For 𝑖 ∈ {1, . . . , 𝑁},
write 𝑈𝑖 := 𝜙(𝑢𝑖) and 𝑉𝑖 := 𝜑(𝑣𝑖). Write U and V for the block-vectors with
entries𝑈𝑖 and 𝑉𝑖. Write Γ(U,U) for the 𝑁 × 𝑁 block-matrix with entries Γ(𝑈𝑖,𝑈 𝑗 )
and assume Γ(𝑈,𝑈) to be invertible (which is satisfied if Γ is non-degenerate and
𝑈𝑖 ≠ 𝑈 𝑗 for 𝑖 ≠ 𝑗). Let 𝑓 † be an element ofHΓ and write 𝑓 †(U) for the block vector
with entries 𝑓 †(𝑈𝑖). Then given 𝑓 †(U) = V it follows that

𝑓 (𝑈) := Γ(𝑈,U)Γ(U,U)−1V (4.16)

is the minimax optimal recovery of 𝑓 †, where Γ(·,U) is the block-vector with entries
Γ(·,𝑈𝑖).

To this end, we propose to approximate the ground truth operator G† with

Ḡ := 𝜒 ◦ 𝑓 ◦ 𝜙 , (4.17)

also recall Figure 4.1. Combining (4.15) and (4.16) we further infer that Ḡ admits
the following explicit representer formula:

Ḡ(𝑢) = (𝐾𝜑) 𝐾 (𝜑, 𝜑)−1Γ(𝜙(𝑢),U)Γ(U,U)−1V. (4.18)
4For linear measurements involving derivatives the computation of these kernel matrices requires

the computation of derivatives of the kernels; see Y. Chen, Hosseini, Houman Owhadi, and Andrew
M Stuart, 2021a for practical examples and considerations.
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In the remainder of this section we will provide more details and observations
regarding our approximate operator Ḡ that is useful later in Section 4.3 and of
independent interest.

The kernel and RKHS associated with Ḡ
The explicit formula (4.18) suggests that the operator Ḡ is an element of an RKHS
defined by an operator-valued kernel, which we now characterize. For 𝑢1, 𝑢2 ∈ U
and 𝑣 ∈ V write

𝐺 (𝑢1, 𝑢2)𝑣 := (𝐾𝜑) (𝐾 (𝜑, 𝜑))−1Γ(𝜙(𝑢1), 𝜙(𝑢2)) (𝐾 (𝜑, 𝜑))−1𝜑(𝑣). (4.19)

It turns out that 𝐺 : U × U → L(V) is a well-defined operator-valued kernel
whose RKHS contains operators of the form Ḡ.

Proposition 7. The kernel 𝐺 in (4.19) is an operator-valued kernel. Write H𝐺 for
its RKHS and ∥ · ∥𝐺 for the associated norm. Then it holds that G ∈ H𝐺 if and only
if G = 𝜒 ◦ 𝑓 ◦ 𝜙 for 𝑓 = 𝜑 ◦ G ◦ 𝜓 ∈ HΓ and ∥G∥𝐺 = ∥ 𝑓 ∥Γ .

Proof. Since 𝐺 is Hermitian and positive, we deduce that 𝐺 is an operator-valued
kernel. Indeed for 𝑢̃1, . . . , 𝑢̃𝑚 ∈ U and 𝑣̃1, . . . , 𝑣̃𝑚 ∈ V, using

〈
𝑣̃𝑖, 𝐾𝜑𝑠

〉
𝐾
= 𝜑𝑠 (𝑣̃𝑖)

and the fact that Γ is a matrix-valued kernel we have〈
𝑣̃𝑖, 𝐺 (𝑢̃𝑖, 𝑢̃ 𝑗 )𝑣̃ 𝑗

〉
𝐾
= 𝜑(𝑣̃𝑖)𝑇 (𝐾𝜑) (𝐾 (𝜑, 𝜑))−1Γ(𝜙(𝑢̃𝑖), 𝜙(𝑢̃ 𝑗 )) (𝐾 (𝜑, 𝜑))−1𝜑(𝑣̃ 𝑗 )
=

〈
𝐺 (𝑢̃ 𝑗 , 𝑢̃𝑖)𝑣̃𝑖, 𝑣̃ 𝑗

〉
𝐾
,

(4.20)
where we used

〈
𝑣̃𝑖, 𝐾𝜑𝑠

〉
𝐾
= 𝜑𝑠 (𝑣̃𝑖) and the fact that Γ is a matrix-valued kernel.

Furthermore, summing (4.20), we deduce that
∑𝑚
𝑖, 𝑗=1

〈
𝑣̃𝑖, 𝐺 (𝑢̃𝑖, 𝑢̃ 𝑗 )𝑣̃ 𝑗

〉
𝐾
≥ 0. From

(4.19) we infer
𝑚∑︁
𝑗=1
𝐺 (𝑢, 𝑢̃ 𝑗 )𝑣̃ 𝑗 = 𝜒 ◦ 𝑓 ◦ 𝜙(𝑢) (4.21)

with the function

𝑓 (𝑈) =
𝑚∑︁
𝑗=1

Γ(𝑈, 𝜙(𝑢̃ 𝑗 )) (𝐾 (𝜑, 𝜑))−1𝜑(𝑣 𝑗 ) . (4.22)

Furthermore using the reproducing property of𝐺 and (4.20) we have



∑𝑚

𝑗=1𝐺 (𝑢, 𝑢̃ 𝑗 )𝑣̃ 𝑗



2

𝐺
=

∥ 𝑓 ∥2
Γ
. Therefore the closure of the space of operators of the form (4.21) with respect

to the RKHS norm induced by 𝐺 is the space of functions of the form 𝜒 ◦ 𝑓 ◦ 𝜙
where 𝑓 lives in the closure of functions of the form (4.22) with respect to the RKHS
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norm induced by Γ. We deduce that H𝐺 = {𝜒 ◦ 𝑓 ◦ 𝜙 | 𝑓 ∈ HΓ}. The uniqueness
of 𝑓 in the representation G = 𝜒 ◦ 𝑓 ◦ 𝜙 for 𝑓 ∈ H𝐺 follows from 𝑓 = 𝜑 ◦ G ◦ 𝜓
following the identities 𝜑 ◦ 𝜒 = 𝐼𝑑 and 𝜙 ◦ 𝜓 = 𝐼𝑑 .

Using the above result we can further characterize Ḡ and 𝑓 via optimal recovery
problems in H𝐺 and HΓ respectively. In what follows we will write u for the 𝑁
vector whose entries are the 𝑢𝑖, and G(u) for the 𝑁 vector whose entries are G†(𝑢𝑖).

Proposition 8. The operator Ḡ is the minimizer of
Minimize ∥G∥2

𝐺

Over G ∈ H𝐺 such that 𝜑 ◦ G(u) = 𝜑 ◦ G†(u)
(4.23)

while the map 𝑓 is the minimizer of
Minimize ∥ 𝑓 ∥2

Γ

Over 𝑓 ∈ HΓ such that 𝑓 ◦ 𝜙(u) = 𝜑 ◦ G†(u) .
(4.24)

Proof. By Proposition 7 𝐺̄ is completely identified by 𝑓 and ∥𝐺̄∥𝐺 = ∥ 𝑓 ∥Γ. Then
solving (4.23) is equivalent to solving (4.24). The statement regarding 𝑓 follows
directly from representer formulae for optimal recovery with matrix-valued kernels.

Regularizing 𝐺̄ by operator regression
As is often the case with optimal recovery/kernel regression the estimator for 𝑓 in
(4.16) is susceptible to numerical error due to ill-conditioning of the kernel matrix
Γ(U,U). To overcome this issue we regularize our estimator by adding a small
diagonal perturbation to this matrix. More precisely, let 𝛾 > 0 and write 𝐼 for the
identity matrix. We then define the regularized map

𝑓𝛾 (𝑈) := Γ(𝑈,U)
(
Γ(U,U) + 𝛾𝐼

)−1V . (4.25)

This regularized map gives rise to the regularized approximate operator

Ḡ𝛾 := 𝜒 ◦ 𝑓𝛾 ◦ 𝜙 ,

which admits the following representer formula:

Ḡ𝛾 (𝑢) = (𝐾𝜑) 𝐾 (𝜑, 𝜑)−1Γ(𝜙(𝑢),U)
(
Γ(U,U) + 𝛾𝐼

)−1V . (4.26)

We can further characterize this operator as the solution to an operator regression
problem.
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Proposition 9. Ḡ𝛾 is the solution to

Minimize G∈H𝐺 ∥G∥2𝐺 + 𝛾
−1 |𝜑 ◦ G(u) − 𝜑 ◦ G†(u) |2. (4.27)

Proof. By Proposition 7, G = 𝜒 ◦ 𝑓 ◦ 𝜙 solves (4.27) if and if 𝑓 solves

Minimize 𝑓 ∈HΓ
∥ 𝑓 ∥2Γ + 𝛾−1 | 𝑓 (U) − V|2 . (4.28)

It then follows, by standard representer theorems for matrix-valued kernel regression
(see Section C.1) that 𝑓𝛾 is the minimizer of (4.28).

Interpretation as conditioned operator valued GPs
Our kernel approach to operator learning has a natural GP regression interpretation
that is compatible with Bayesian inference and UQ pipelines. We present some facts
and observations in this direction.

Write 𝜉 ∼ N(0, 𝐺) for the centered operator-valued GP with covariance kernel 𝐺 5

and 𝜁 ∼ N(0, Γ) for a centered vector valued GP with covariance kernel Γ. Then
it is straightforward to show that the law of 𝜉 is equivalent to that of 𝜒 ◦ 𝜁 ◦ 𝜙. Let
𝑍 = (𝑍1, . . . , 𝑍𝑁 ) be a random block-vector, independent from 𝜉, with i.i.d. entries
𝑍 𝑗 ∼ N(0, 𝛾𝐼𝑚) for 𝑗 = 1, . . . , 𝑁; here 𝛾 ≥ 0 and 𝐼𝑚 is the 𝑚 × 𝑚 identity matrix.

Then 𝜉 conditioned on 𝜑 ◦ 𝜉 (u) = 𝜑(v) + 𝑍 is an operator-valued GP with mean
Ḡ𝛾, as in (4.26),and conditional covariance kernel

𝐺⊥(𝑢, 𝑢′)𝑣 = (𝐾𝜑) (𝐾 (𝜑, 𝜑))−1Γ(𝜙(𝑢1), 𝜙(𝑢2))(
Γ(𝜙(𝑢), 𝜙(𝑢′)) − Γ(𝜙(𝑢),U) (Γ(U,U) + 𝛾𝐼)−1Γ(U, 𝜙(𝑢′))

)
(𝐾 (𝜑, 𝜑))−1𝜑(𝑣)

Furthermore, the law of 𝜉 conditioned on 𝜑 ◦ 𝜉 (u) = 𝜑(v) + 𝑍 is equivalent to that
of 𝜒 ◦ 𝜁⊥ ◦ 𝜙 where 𝜁⊥ ∼ N( 𝑓𝛾, Γ⊥) is the GP 𝜁 conditioned on 𝜁 (U) = V + 𝑍′,
whose mean is 𝑓𝛾 as in (4.25) and conditional covariance kernel is

Γ⊥(𝑈,𝑈′) = Γ(𝑈,𝑈′) − Γ(𝑈,U) (Γ(U,U) + 𝛾𝐼)−1Γ(U,𝑈′).

We also use the GP approach to derive an alternative regularization of (4.27) in
Section C.2.

5See Section C.1 for a review of operator valued GPs.
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Measurement and mesh invariance
As argued in Zongyi Li, N. Kovachki, et al., 2020a, mesh invariance is a key property
for operator learning methods, i.e, the learned operator should be generalizable at
test time beyond the specific discretization that was used during training. In our
framework, this translates to being able to predict the output of a test input function
𝑢̃ given only a linear measurement 𝜙(𝑢̃), where 𝜙 was unknown at training time.
For example 𝜙 could be of the same form as 𝜙 (say (4.4)) but on a finer or coarser
grid. Similarly, we may choose to output with an operator 𝜑̃ which is a coarse/fine
version of 𝜑. Our proposed framework can easily provide mesh invariance using
additional optimal recovery and measurement operators at the input and outputs of
the operator Ḡ as depicted in Figure 4.3. In fact, we can not only accommodate
modification of the grid but completely different measurement operators at testing
time. For example, while 𝜙, 𝜑 may be of the form (4.4) we may take 𝜙 and 𝜑̃ to be
integral operators such as Fourier or Radon transforms.

Let us describe our approach to mesh invariance in detail. Given bounded and
linear operators 𝜙 : U → R𝑛̃ and 𝜑̃ : V → R𝑚̃ we can approximate 𝜑̃(G†(𝑢̃))
using the map 𝑓 obtained from (4.16) defined in terms of our training. To achieve
mesh invariance we simply need a consistent approach to interpolate/extend the
testing measurment operators to those used for training and we achieve this using
the optimal recovery map 𝜓̃ that is defined from 𝜙 analogously to 𝜓 in (4.14).
This setup gives rise to a natural approximation of G† in terms of the function
ℎ† : R𝑛̃ → R𝑚̃ depicted in Figure 4.3 which in turn can be approximated with
ℎ̄ := 𝜑̃ ◦ 𝜒 ◦ 𝑓 ◦ 𝜙 ◦ 𝜓̃ ≡ 𝜑̃ ◦ Ḡ ◦ 𝜓̃. This expression further gives rise to another
approximation to G† given by the operator G̃ = 𝜒̃ ◦ ℎ̄ ◦ 𝜙.

Remark 10. Observe that the definition of ℎ̄ (and consequently Ḡ) is independent of
the fact that 𝑓 is constructed using the kernel approach. Thus, the optimal recovery
maps 𝜒 and 𝜓̃ can be used to retrofit any fixed-mesh operator learning algorithm,
to become mesh-invariant and able to use arbitrary linear measurements of the
function 𝑢̃ at test time.

4.3 Convergence and error analysis
In this section, we present convergence guarantees and rigorous a priori error bounds
for our proposed kernel method for operator learning and give a detailed statement
and proof of Theorem 11. We assume that H𝑄 is a space of continuous functions
from Ω ⊂ R𝑑Ω and that H𝐾 is a space of continuous functions from 𝐷 ⊂ R𝑑𝐷 .
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U V

R𝑛 R𝑚

R𝑛̃ R𝑚̃

G†

𝑓 †

ℎ† := 𝜑̃ ◦ 𝜒 ◦ 𝑓 † ◦ 𝜙 ◦ 𝜓̃

𝜙𝜓 𝜑𝜒

𝜒̃

𝜑̃𝜓̃

𝜙

Figure 4.3: Generalization of fig. 4.1 to the mesh invariant setting where the mea-
surement functionals are different at test time.

Abusing notations we write 𝑄 : Ω × Ω → R𝑑Ω and 𝐾 : 𝐷 × 𝐷 → R𝑑𝐷 for
the kernels induced by the operators 𝑄 and 𝐾 . Let 𝑋 = (𝑋1, . . . , 𝑋𝑛) ⊂ Ω and
𝑌 = (𝑌1, . . . , 𝑌𝑚) ⊂ 𝐷 be distinct collections of points and define their fill-distances

ℎ𝑋 := max
𝑥′∈Ω

min
𝑥∈𝑋
|𝑥 − 𝑥′|, ℎ𝑌 := max

𝑦′∈𝐷
min
𝑦∈𝑌
|𝑦 − 𝑦′|.

This section focuses on operators 𝜙 and 𝜑 that are linear combinations of pointwise
measurements in 𝑋 and 𝑌 . The presented results can be extended by using analogs
of the sampling inequalities for other linear measurements; see Houman Owhadi
and Scovel, 2019b, Theorem 4.11, Lemma 14.34 for a general framework that allows
one to obtain such inequalities.

Let 𝐿𝑄 and 𝐿𝐾 be invertible 𝑛 × 𝑛 and 𝑚 × 𝑚 matrices. For 𝑢 ∈ H𝑄 write 𝑢(𝑋) for
the 𝑛-vector with entries 𝑢(𝑋𝑖) and let 𝜙 : H𝑄 → R𝑛 be the bounded linear map
defined by

𝜙(𝑢) = 𝐿𝑄𝑢(𝑋) . (4.29)

For 𝑣 ∈ H𝐾 write 𝑣(𝑌 ) for the 𝑚-vector with entries 𝑣(𝑌 𝑗 ) and let 𝜑 : H𝐾 → R𝑚

be the bounded linear map defined by

𝜑(𝑣) = 𝐿𝐾𝑣(𝑌 ) . (4.30)

Write ∥𝜙∥ := sup𝑢∈H𝑄 |𝜙(𝑢) |/∥𝑢∥𝑄 and ∥𝜓∥ := sup𝑈′∈R𝑛 ∥𝜓(𝑈′)∥𝑄/|𝑈′|, and sim-
ilarly ∥𝜑∥ := sup𝑣∈H𝐾 |𝜑(𝑣) |/∥𝑣∥𝐾 and ∥𝜒∥ := sup𝑉 ′∈R𝑚 ∥𝜒(𝑉 ′)∥𝐾/|𝑉 ′|. We will
also assume the following regularity conditions on the domains Ω, 𝐷, the kernels
𝑄, 𝐾 , and the operator G†.

Condition 1. Assume that the following conditions hold.

(1.1) Ω and 𝐷 are compact sets with Lipschitz boundary.
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(1.2) There exist indices 𝑠 > 𝑑Ω/2 and 𝑡 > 𝑑𝐷/2 so that H𝑄 ⊂ 𝐻𝑠 (Ω) and
H𝐾 ⊂ 𝐻𝑡 (𝐷), with inclusions indicating continuous embeddings.

(1.3) G† is a (possibly) nonlinear operator from 𝐻𝑠′ (Ω) to H𝐾 with 𝑠′ < 𝑠 that
satisfies,

∥G†(𝑢) − G†(𝑣)∥𝐾 ≤ 𝜔
(
∥𝑢 − 𝑣∥𝐻𝑠′ (Ω)

)
(4.31)

where 𝜔 : R→ R+ is the modulus of continuity of G†.

Note that conditions (1.2) and (1.3) imply

∥G†∥𝐵𝑅 (H𝑄)→H𝐾 := sup
𝑢∈𝐵𝑅 (H𝑄)

∥G†(𝑢)∥𝐾 < +∞ .

Proposition 10. Suppose that Condition 1 holds. Let 0 < 𝑡′ < 𝑡. Then there exist
constants ℎΩ, ℎ𝐷 , 𝐶Ω, 𝐶𝐷 > 0 such that if ℎ𝑋 < ℎΩ and ℎ𝑌 < ℎ𝐷 , then

∥G†(𝑢)−𝜒◦ 𝑓 †◦𝜙(𝑢)∥𝐻𝑡′ (𝐷) ≤ 𝐶𝐷 𝜔
(
𝐶Ωℎ

𝑠−𝑠′
𝑋 𝑅

)
+𝐶𝐷 ℎ𝑡−𝑡

′

𝑌

(
∥G†(0)∥𝐾+𝜔(𝐶Ω𝑅)

)
,

for any 𝑢 ∈ 𝐵𝑅 (H𝑄), where 𝑓 † is defined as in (4.5).

Proof. By the definition of 𝑓 † and the triangle inequality we have

∥G†(𝑢) − 𝜒 ◦ 𝜑 ◦ G† ◦ 𝜓† ◦ 𝜙(𝑢)∥𝐻𝑡′ (Γ) ≤∥G†(𝑢) − G† ◦ 𝜓 ◦ 𝜙(𝑢)∥𝐻𝑡′ (Γ)
+ ∥G† ◦ 𝜓 ◦ 𝜙(𝑢) − 𝜒 ◦ 𝜑 ◦ G† ◦ 𝜓 ◦ 𝜙(𝑢)∥𝐻𝑡′ (Γ)
=: 𝑇1 + 𝑇2.

Let us first bound 𝑇1: By conditions (1.2) and (1.3), we have

𝑇1 ≤ 𝐶𝐷 ∥G†(𝑢) − G† ◦ 𝜓 ◦ 𝜙(𝑢)∥𝐾 ≤ 𝐶𝐷𝜔
(
∥𝑢 − 𝜓 ◦ 𝜙(𝑢)∥𝐻𝑠′ (Ω)

)
.

At the same time, since (𝑢 − 𝜓 ◦ 𝜙(𝑢)) (𝑋) = 0, condition (1.1) and the sampling
inequality for interpolation in Sobolev spaces Arcangeli, Lopez de Silanes, and
Torrens, 2007b, Thm. 4.1, and condition (1.2) imply that there exists a constant
ℎΩ > 0 so that if ℎ𝑋 < ℎΩ then

∥𝑢 − 𝜓 ◦ 𝜙(𝑢)∥𝐻𝑠′ (Ω) ≤ 𝐶′Ωℎ
𝑠−𝑠′
𝑋 ∥𝑢 − 𝜓 ◦ 𝜙(𝑢)∥𝐻𝑠 (Ω) ≤ 𝐶Ωℎ

𝑠−𝑠′
𝑋 ∥𝑢 − 𝜓 ◦ 𝜙(𝑢)∥𝑄 ,

(4.32)
where𝐶′

Ω
, 𝐶Ω > 0 are constants that are independent of 𝑢. Using ∥𝑢−𝜓 ◦𝜙(𝑢)∥𝑄 ≤

∥𝑢∥𝑄 Houman Owhadi and Scovel, 2019b, Thm. 12.3 we deduce the desired bound

𝑇1 ≤ 𝐶𝐷𝜔
(
𝐶Ωℎ

𝑠−𝑠′
Ω ∥𝑢∥𝑄

)
. (4.33)
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Let us now bound 𝑇2: Once again, by the continuous embedding of condition (1.2)
and the sampling inequality for interpolation in Sobolev spaces, we have that there
exists ℎ𝐷 > 0 so that if ℎ𝑌 < ℎ𝐷 , then for any 𝑣 ∈ 𝐻𝑡 (𝐷) it holds that

∥𝑣−𝜒◦𝜑(𝑣)∥𝐻𝑡′ (𝐷) ≤ 𝐶′𝐷ℎ𝑡−𝑡
′

𝑌 ∥𝑣−𝜒◦𝜑(𝑣)∥𝐻𝑡 (𝐷) ≤ 𝐶𝐷ℎ
𝑡−𝑡′
𝑌 ∥𝑣−𝜒◦𝜑(𝑣)∥𝐾 ≤ 𝐶𝐷ℎ

𝑡−𝑡′
𝑌 ∥𝑣∥𝐾 .

Taking 𝑣 ≡ G† ◦ 𝜓 ◦ 𝜙(𝑢), we deduce that

𝑇2 ≤ 𝐶𝐷ℎ𝑡−𝑡
′

𝑌 ∥G
† ◦ 𝜓 ◦ 𝜙(𝑢)∥𝐾 ,

≤ 𝐶𝐷ℎ𝑡−𝑡
′

𝑌

(
∥G†(0)∥𝐾 + 𝜔(∥𝜓 ◦ 𝜙(𝑢)∥𝐻𝑠′ (Ω))

)
.

Using ∥𝜓 ◦ 𝜙(𝑢)∥𝐻𝑠′ (Ω) ≤ 𝐶Ω∥𝜓 ◦ 𝜙(𝑢)∥𝑄 ≤ 𝐶Ω∥𝑢∥𝑄 concludes the proof.

While Proposition 10 gives an error bound for the distance between the maps G†

and 𝜑 ◦ 𝑓 † ◦ 𝜙, we can never compute this map when 𝑁 < ∞ and so we have to
approximate this map as well. Given the kernel Γ, our optimal recovery approximant
for the map 𝑓 † is 𝑓 as in (4.16), which we recall is the minimizer of (4.24).

To proceed, we need to consider another intermediary problem that defines an
approximation 𝑓 to the map 𝑓 †:

𝑓 :=


Minimize ∥ 𝑓 ∥2
Γ

Over 𝑓 ∈ HΓ such that 𝑓 ◦ 𝜙(u) = 𝑓 † ◦ 𝜙(u) .
(4.34)

We emphasize that the difference between the problems (4.24) and (4.34) is simply
in the training data that is injected in the equality constraints, and this difference is
quite subtle.

In practical applications, observations may be taken from G†(𝑢𝑖), which is different
from 𝑓 † ◦ 𝜙(𝑢𝑖) ≡ 𝜑 ◦ G† ◦ 𝜓 ◦ 𝜙(𝑢𝑖). To make our analysis simple, henceforth we
assume the following condition on our input data.

Condition 2. The input data points 𝑢𝑖 satisfy

𝑢𝑖 = 𝜓 ◦ 𝜙(𝑢𝑖) for 𝑖 = 1, . . . , 𝑁 .

We observe that this condition implies G†(𝑢𝑖) = 𝑓 † ◦ 𝜙(𝑢𝑖) and 𝑓 = 𝑓 . Removing
this assumption requires bounding some norm of the error 𝑓 † − 𝑓 , and we postpone
that analysis to a sequel paper as this step can become very technical.

The next step in our convergence analysis is then to control the error between the
maps 𝑓 and 𝑓 † which we will achieve using similar arguments as in the proof of
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Proposition 10. For our analysis, we take Γ to be a diagonal, matrix-valued kernel,
of the form (4.8) which we recall for reference

Γ(𝑈,𝑈′) = 𝑆(𝑈,𝑈′)𝐼, (4.35)

where 𝐼 is the 𝑚 × 𝑚 identity matrix and 𝑆 : R𝑛 × R𝑛 → R is a real valued kernel.

Proposition 11. Suppose that Condition 2 holds. Let Υ ⊂ R𝑛 be a compact set with
Lipschitz boundary and consider𝑈 = (𝑈1, . . . ,𝑈𝑁 ) ⊂ Υ with fill distance

ℎΥ := max
𝑈′∈Υ

min
1≤𝑖≤𝑁

|𝑈𝑖 −𝑈′|.

Let Γ be of the form (4.35), with 𝑆 restricted to the set Υ, and supposeH𝑆 ⊂ 𝐻𝑟 (Υ)
for 𝑟 > 𝑛/2 and that 𝑓 †

𝑗
∈ H𝑆 for 𝑗 = 1, . . . , 𝑚. Then there exist constants

ℎ′
Υ
, 𝐶Υ > 0 so that whenever ℎΥ < ℎ′Υ then for any 𝑟′ < 𝑟 it holds that

∥ 𝑓 †
𝑗
− 𝑓 𝑗 ∥𝐻𝑟′ (Υ) ≤ 𝐶Υℎ

𝑟−𝑟 ′
Υ ∥ 𝑓 †

𝑗
∥𝑆 .

Proof. The proof is a direct consequence of the fact that the components of 𝑓

are given by the optimal recovery problems (4.34) and the sampling inequality for
interpolation in Sobolev spaces Arcangeli, Lopez de Silanes, and Torrens, 2007b,
Thm. 4.1 following the same arguments used in the proof of Theorem 10.

We can now combine the above results to obtain the following theorem.

Theorem 8. Suppose that Conditions 1 and 2 hold in addition to those of Proposi-
tion 11 with a set of inputs (𝑢𝑖)𝑁𝑖=1 ⊂ 𝐵𝑅 (H𝑄), the set Υ = 𝜙

(
𝐵𝑅 (H𝑄)

)
, and index

𝑛/2 < 𝑟′ < 𝑟. Then for any 𝑢 ∈ 𝐵𝑅 (H𝑄), it holds that

∥G†(𝑢) − 𝜒 ◦ 𝑓 ◦ 𝜙(𝑢)∥𝐻𝑡′ (𝐷) ≤𝐶𝐷 𝜔
(
𝐶Ωℎ

𝑠−𝑠′
𝑋 𝑅

)
+ 𝐶𝐷 ℎ𝑡−𝑡

′

𝑌

(
∥G†(0)∥𝐾 + 𝜔(𝐶Ω𝑅)

)
+
√
𝑚𝐶𝐷𝐶Υ∥𝜒∥ℎ(𝑟−𝑟

′)
Υ

max
1≤ 𝑗≤𝑚

∥ 𝑓 †
𝑗
∥𝑆

(4.36)

Proof. An application of the triangle inequality yields

∥G†(𝑢) − 𝜒 ◦ 𝑓 ◦ 𝜙(𝑢)∥𝐻𝑡′ (𝐷) ≤∥G†(𝑢) − 𝜒 ◦ 𝑓 † ◦ 𝜙(𝑢)∥𝐻𝑡′ (𝐷)
+ ∥𝜒 ◦ 𝑓 † ◦ 𝜙(𝑢) − 𝜒 ◦ 𝑓 ◦ 𝜙(𝑢)∥𝐻𝑡′ (𝐷)
+ ∥𝜒 ◦ 𝑓 ◦ 𝜙(𝑢) − 𝜒 ◦ 𝑓 ◦ 𝜙(𝑢)∥𝐻𝑡′ (𝐷) =: 𝐼1 + 𝐼2 + 𝐼3.
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We can bound 𝐼1 immediately using Proposition 10. Furthermore, by Condition 2
we have that 𝐼3 = 0. So it remains for us to bound 𝐼2: by the continuous embedding
ofH𝐾 into 𝐻𝑡′ (𝐷) we can write

𝐼2 ≤ 𝐶𝐷 ∥𝜒 ◦ 𝑓 † ◦ 𝜙(𝑢) − 𝜒 ◦ 𝑓 ◦ 𝜙(𝑢)∥𝐾 ≤ 𝐶𝐷 ∥𝜒∥| 𝑓 † ◦ 𝜙(𝑢) − 𝑓 ◦ 𝜙(𝑢) |

≤ 𝐶𝐷 ∥𝜒∥

√√√ 𝑚∑︁
𝑗=1
∥ 𝑓 †

𝑗
− 𝑓 𝑗 ∥2

𝐻𝑟
′ (Υ) ,

where the last line follows from the Sobolev embedding theorem and the assumption
that 𝑟′ > 𝑛/2. Then an application of Proposition 11 yields

𝐼2 ≤
√
𝑚𝐶𝐷𝐶Υ∥𝜒∥ℎ(𝑟−𝑟

′)
Υ

max
1≤ 𝑗≤𝑚

∥ 𝑓 †
𝑗
∥𝑆 .

Convergence theorem
Our next step will be to consider the limits 𝑁, 𝑛, 𝑚 →∞ and show the convergence
of Ḡ to G†. To obtain this result we first need to make assumptions on the regularity
of the true operator G†.

For 𝑘 ≥ 1 write 𝐷𝑘G† for the functional derivative of G† of order 𝑘 . Recall
that for 𝑢 ∈ H𝑄 , 𝐷𝑘G†(𝑢) is a multilinear operator mapping ⊗𝑘

𝑖=1H𝑄 to H𝐾 .
For 𝑤1, . . . , 𝑤𝑘 ∈ H𝑄 write [𝐷𝑘G†(𝑢), ⊗𝑘

𝑖=1𝑤𝑖] for the (multilinear) action of
𝐷𝑘G†(𝑢) on ⊗𝑘

𝑖=1𝑤𝑖 and write ∥𝐷𝑘G†(𝑢)∥ for the smallest constant such that for
𝑤1, . . . , 𝑤𝑘 ∈ H𝑄 ,



[𝐷𝑘G†(𝑢), ⊗𝑘𝑖=1𝑤𝑖]



H𝐾 ≤ ∥𝐷

𝑘G†(𝑢)∥
𝑘∏
𝑖=1
∥𝑤𝑖∥H𝑄 . (4.37)

Similarly, for 𝑘 ≥ 1 write 𝐷𝑘 𝑓 † for the derivation tensor of 𝑓 † of order 𝑘 (the
gradient for 𝑘 = 1 and the Hessian for 𝑘 = 2, etc). Recall that for 𝑈 ∈ R𝑛,
𝐷𝑘 𝑓 †(𝑈) is a multilinear operator mapping ⊗𝑘

𝑖=1R
𝑛 to R𝑚. For 𝑊1, . . . ,𝑊𝑘 ∈ R𝑛

write [𝐷𝑘 𝑓 †(𝑈), ⊗𝑘
𝑖=1𝑊𝑖] for the (multilinear) action of 𝐷𝑘 𝑓 †(𝑈) on ⊗𝑘

𝑖=1𝑊𝑖 and
write ∥𝐷𝑘 𝑓 †(𝑈)∥ for the smallest constant such that for𝑊1, . . . ,𝑊𝑘 ∈ R𝑛,��[𝐷𝑘 𝑓 †(𝑈), ⊗𝑘𝑖=1𝑊𝑖]

�� ≤ ∥𝐷𝑘 𝑓 †(𝑈)∥
𝑘∏
𝑖=1
|𝑊𝑖 |, (4.38)

where | · | is the Euclidean norm.
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Lemma 4. It holds true that ∥𝐷𝑘 𝑓 †(𝑈)∥ ≤ ∥𝜑∥∥𝜓∥𝑘 ∥𝐷𝑘G† ◦ 𝜓(𝑈)∥, ∀𝑈 ∈ R𝑛.

Proof. The chain rule and the linearity of 𝜑 and 𝜓 imply that

[𝐷𝑘 𝑓 †(𝑈), ⊗𝑘𝑖=1𝑊𝑖] = 𝜑[𝐷𝑘G† ◦ 𝜓(𝑈), ⊗𝑘𝑖=1𝜓(𝑊𝑖)] .

We then conclude the proof by writing

��[𝐷𝑘 𝑓 †(𝑈), ⊗𝑘𝑖=1𝑊𝑖]
�� ≤ ∥𝜑∥∥𝐷𝑘G† ◦ 𝜓(𝑈)∥

𝑘∏
𝑖=1
∥𝜓(𝑊𝑖)∥H𝑄

≤ ∥𝜑∥∥𝜓∥𝑘 ∥𝐷𝑘G† ◦ 𝜓(𝑈)∥
𝑘∏
𝑖=1
|𝑊𝑖 | .

Let us now consider an infinite and dense sequence of points 𝑋1, 𝑋2, 𝑋3, . . . of Ω,
such that the closure of ∪∞

𝑖=1{𝑋𝑖} is the closure of Ω. Write 𝑋𝑛 for the 𝑛-vector
formed by the first 𝑛 points, i.e.,

𝑋𝑛 := (𝑋1, . . . , 𝑋𝑛) (4.39)

and let 𝐿𝑛
𝑄

be an arbitrary invertible 𝑛 × 𝑛 matrix. Further let 𝜙𝑛 : H𝑄 → R𝑛 be
defined by

𝜙𝑛 (𝑢) = 𝐿𝑛𝑄𝑢(𝑋
𝑛) . (4.40)

Write 𝜓𝑛 for the corresponding optimal recovery 𝜓-map. Similarly, we assume that
we are given an infinite and dense sequence of points 𝑌1, 𝑌2, 𝑌3, . . . of 𝐷, such that
the closure of ∪∞

𝑖=1{𝑌𝑖} is the closure of 𝐷. Write 𝑌𝑚 for the 𝑚-vector formed by the
first 𝑚 points, i.e.,

𝑌𝑚 := (𝑌1, . . . , 𝑌𝑚) . (4.41)

Let 𝐿𝑚
𝐾

be an arbitrary invertible 𝑚 × 𝑚 matrix and let 𝜑𝑚 : H𝐾 → R𝑚 be defined
by

𝜑𝑚 (𝑣) = 𝐿𝑚𝐾𝑢(𝑌
𝑚) . (4.42)

Write 𝜒𝑚 for the corresponding optimal recovery 𝜒-map. We also assume that we
are given a sequence of diagonal matrix-valued kernels Γ𝑚,𝑛 : R𝑛 × R𝑛 → L(R𝑚)
with scalar-valued kernels 𝑆𝑛 : R𝑛 × R𝑛 → R as diagonal entries. Write 𝑓

𝑚,𝑛

𝑁
for

the corresponding minimizer of (4.24) (also identified by the formula (4.16)) for the
above setup.
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Theorem 9. Let 𝑚, 𝑛 be the dimensionality of the input and output observations
𝜙 : U → R𝑛 and 𝜑 : V → R𝑚. Suppose that the closure of lim𝑛↑∞ ∪𝑛𝑖=1{𝑋𝑖} is
equal to the closure of Ω and that the closure of lim𝑚↑∞ ∪𝑚𝑖=1{𝑌𝑖} is equal to the
closure of 𝐷. Suppose Condition 1 is satisfied and that

sup
𝑢∈𝐵𝑅 (H𝑄)



[𝐷𝑘G†(𝑢)∥ < ∞ for all 𝑘 ≥ 1 , (4.43)

for an arbitrary 𝑅 > 0. Assume that for any 𝑛 ≥ 1 and any compact set Υ of R𝑛, the
RKHS of 𝑆𝑛 restricted to Υ (which we writeH𝑆𝑛 (Υ)) is contained in 𝐻𝑟 (Υ) for some
𝑟 > 𝑛/2 and contains 𝐻𝑟 ′ (Υ) for some 𝑟′ > 0 that may depend on 𝑛. Let (𝑢𝑖)𝑁𝑖=1 be a
sequence of inputs in 𝐵𝑅 (H𝑄). Assume that there exists an integer 𝑛0 such that for
𝑛 ≥ 𝑛0, the data points (𝑢𝑖)𝑁𝑖=1 satisfy Condition 2, i.e., they satisfy 𝑢𝑖 = 𝜓𝑛 ◦ 𝜙𝑛 (𝑢𝑖)
for all 𝑖 ≥ 1. Further assume that the (𝜙𝑛 (𝑢𝑖))1≤𝑖≤𝑁 are space filling in the sense
that for any 𝑛 ≥ 𝑛0 we have

lim
𝑁→∞

sup
𝑢∈𝐵𝑅 (H𝑄)

min
1≤𝑖≤𝑁

��𝑢𝑖 (𝑋𝑛) − 𝑢(𝑋𝑛) | = 0 . (4.44)

Then for any 𝑡′ ∈ (0, 𝑡), it holds that

lim
𝑛,𝑚→∞

lim
𝑁→∞

sup
𝑢∈𝐵𝑅 (H𝑄)

∥G†(𝑢) − 𝜒𝑚 ◦ 𝑓 𝑚,𝑛
𝑁
◦ 𝜙𝑛 (𝑢)∥𝐻𝑡′ (𝐷) = 0. (4.45)

Proof. Following Houman Owhadi and Scovel, 2019b, Chap. 12.1 define the pro-
jection 𝑃U𝑛 = 𝜓𝑛 ◦ 𝜙𝑛 onto the range of 𝜓𝑛. Since the points 𝑋𝑖 and 𝑌 𝑗 are dense
in Ω and 𝐷 we have ℎ𝑋𝑛 ↓ 0 as 𝑛 → ∞ and ℎ𝑌𝑚 ↓ 0 as 𝑚 → ∞. Given 𝑛, take
Υ = 𝜙𝑛

(
𝐵𝑅 (H𝑄)

)
. Then Lemma 4 and (4.43) imply that 𝑓 𝑚,𝑛

𝑗
∈ 𝐻𝑟 ′ (Υ) for all

𝑟′ ≥ 0. Therefore 𝑓
𝑚,𝑛
𝑗
∈ H𝑆𝑛 (Υ). Now (4.44) implies that for any 𝑛, the fill dis-

tance, in 𝜙𝑛
(
𝐵𝑅 (H𝑄)

)
, between the points (𝜙𝑛 (𝑢𝑖))1≤𝑖≤𝑁 goes to zero as 𝑁 → ∞.

Since the conditions of Proposition 11 are satisfied, we conclude by taking the limit
𝑁 →∞ in (4.36) before taking the limit 𝑚, 𝑛→∞.

The effect of the 𝐿𝑄 and 𝐿𝐾 preconditioners
We conclude this section and our discussion of convergence results, by highlighting
the importance of the choice of the matrices 𝐿𝑛

𝑄
and 𝐿𝑚

𝐾
in (4.40) and (4.42). It is

clear from the bounds (4.36) and (4.38) that our error estimates depend on the norms
of the linear operators 𝜑𝑚, 𝜓𝑛 and 𝜒𝑚. To ensure that those norms do not blow up
as 𝑛, 𝑚 → ∞ we can select the matrices 𝐿𝑛

𝑄
and 𝐿𝑚

𝐾
to be the Cholesky factors of

the precision matrices obtained from pointwise measurements of the kernels 𝑄 and
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𝐾 , i.e.,

𝐿𝑛𝑄 (𝐿
𝑛
𝑄)
𝑇 = 𝑄(𝑋𝑛, 𝑋𝑛)−1 and 𝐿𝑚𝐾 (𝐿

𝑚
𝐾 )
𝑇 = 𝐾 (𝑌𝑚, 𝑌𝑚)−1. (4.46)

We now obtain the following proposition.

Proposition 12. If 𝜙𝑛 is as in (4.40) and 𝐿𝑛
𝑄

as in (4.46), then ∥𝜙𝑛∥ = 1 and
∥𝜓𝑛∥ = 1. If 𝜑𝑚 is as in (4.30) and 𝐿𝑚

𝐾
as in (4.46), then ∥𝜑𝑚 ∥ = 1 and ∥𝜒𝑚 ∥ = 1.

Proof. For 𝑢 ∈ H𝑄 , |𝜙𝑛 (𝑢) |2 = 𝑢(𝑋𝑛)𝑇𝑄(𝑋𝑛, 𝑋𝑛)−1𝑢(𝑋𝑛) = ∥𝜓𝑛 ◦𝜙𝑛 (𝑢)∥2
𝑄

. Since
𝜓𝑛 ◦ 𝜙𝑛 is a projection Houman Owhadi and Scovel, 2019b, Chap. 12.1 we deduce
that ∥𝜙𝑛∥ = 1. Using 𝜓𝑛 (𝑈′) = 𝑄(·, 𝑋𝑛)𝐿𝑛

𝑄
𝑈′ leads to ∥𝜓𝑛 (𝑈′)∥2

𝑄
= |𝑈′|2 and

∥𝜓𝑛∥ = 1. The proof of ∥𝜑𝑛∥ = 1 and ∥𝜒𝑛∥ = 1 is similar.

We note that although useful for obtaining tighter approximation errors, this partic-
ular choice for the matrices 𝐿𝑛

𝑄
and 𝐿𝑚

𝐾
is not required for convergence if one first

takes the limit 𝑁 → ∞ as in Theorem 9, which does not put any requirements on
the matrices 𝐿𝑛

𝑄
and 𝐿𝑚

𝐾
beyond invertibility.

4.4 Numerics
In this section, we present numerical experiments and benchmarks that compare a
straightforward implementation of our kernel operator learning framework to state-
of-the-art NN-based techniques. We discuss some implementation details of our
method in Section 4.4 followed by the setup of experiments and test problems in
Sections 4.4 and 5.3. A detailed discussion of our findings is presented in Section 7.8.

Implementation considerations
Below we summarize some of the key details in the implementation of our kernel
approach for operator learning for benchmark examples. Our code to reproduce the
experiments can be found in a public repository6.

Choice of the kernel Γ

Following our theoretical discussions in Sections 4.2 and 4.3, we primarily take Γ

to be a diagonal kernel of the form (4.35). This implies that our estimation of 𝑓 can
be split into independent problems for each of its components 𝑓 𝑗 in the RKHS of the
scalar kernel 𝑆. In our experiments, we investigate different choices of 𝑆 belonging

6https://github.com/MatthieuDarcy/KernelsOperatorLearning/

https://github.com/MatthieuDarcy/KernelsOperatorLearning/
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to the families of the linear kernel, rational quadratic, and Matérn; see Section C.3
for detailed expressions of these kernels. The rational quadratic kernel has two
parameters: the lengthscale 𝑙 and the exponent 𝛼. We tuned these parameters using
standard cross validation or log marginal likelihood maximization over the training
data (see Rasmussen and Williams, 2006, p.112 for a detailed description). The
Matérn kernel is parameterized by two positive parameters: a smoothness parameter
𝜈 and the length scale 𝑙. The smoothness parameter 𝜈 controls the regularity of the
RKHS and we considered 𝜈 ∈

{ 1
2 ,

3
2 ,

5
2 ,

7
2 ,∞

}
. In practice we found that 𝜈 = 5

2 almost
always had the best performance. For a fixed choice of 𝜈 we tuned the length scale 𝑙
similarly to the rational quadratic kernel. We implemented the kernel regressions of
the 𝑓 𝑗 and parameter tuning algorithms in scikit-learn for low-dimensional examples
and manually in JAX for high-dimensional examples.

Preconditioning and dimensionality reduction

Following (4.29) and (4.30) and the discussion in Section 4.3, we consider two pre-
conditioning strategies for our pointwise measurements, i.e., choices of the matrices
𝐿𝑄 and 𝐿𝐾 : (1) we consider the Cholesky factors of the underlying covariance
matrices as in (4.46); (2) we use PCA projection matrices of the input and output
functions computed from the training data. We truncated the PCA expansions to
preserve (0.90, 0.95, 0.99) of the variance. The use of PCA in learning mappings
between infinite dimensional spaces was proposed in Krischer et al., 1993 and re-
cently revisited in Bhattacharya, Hosseini, Nikola B. Kovachki, et al., 2021b; J.
Hesthaven and Ubbiali, 2018.

Experimental setup
We compare the test performance of our method with different choices of the
kernel 𝑆 of increasing complexity using the examples in De Hoop et al., 2022
and L. Lu, X. Meng, et al., 2022 and their reported test relative 𝐿2 loss (see
eq. (4.48) below). We use the data provided by these papers for the training set
and the test set7. Both articles provide performance comparisons between different
variants of Neural Operators (most notably FNO and DeepONet) on a variety of PDE
operator learning tasks, where the data is sampled independently from a distribution
(𝐼𝑑,G†)#𝜇 supported on U × V, where 𝜇 is a specified (input) distribution on
U. The example problems are outlined in detail in Section 5.3; a summary of the

7See https://github.com/Zhengyu-Huang/Operator-Learning and https://github.
com/lu-group/deeponet-fno., respectively, for the data

https://github.com/Zhengyu-Huang/Operator-Learning
https://github.com/lu-group/deeponet-fno.
https://github.com/lu-group/deeponet-fno.
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specific PDEs, problem type, and distribution 𝜇 for each test is given in table 4.2. In
some instances the train-test split of the data was not clear from the available online
repositories in which case we re-sampled them from the assumed distribution 𝜇.
The datasets from L. Lu, X. Meng, et al., 2022 contain 1,000 training data-points
per problem (which we will refer to as the “low-data regime”), whereas the datasets
from De Hoop et al., 2022 contain 20,000 training data-points (which we will refer
to as the “high-data” regime). We make this distinction because the complexity
of kernel methods, unlike that of neural networks, may depend on the number of
data-points.

Following the suggestion of De Hoop et al., 2022 we not only compare test errors
and training complexity but also the complexity of operator learning at the infer-
ence/evaluation stage in Section 4.4. For the examples in De Hoop et al., 2022,
we investigate the accuracy-complexity trade-off of our method against the reported
values of that article.

Equation Input Output Input Distribution 𝜇
Burger’s Initial condition Solution at time 𝑇 Gaussian field (GF)
Darcy problem Coefficient Solution Binary function of GF
Advection I Initial condition Solution at time 𝑇 Random square waves
Advection II Initial condition Solution at time 𝑇 Binary function of GF
Helmholtz Coefficient Solution Function of Gaussian field
Structural mechanics Initial force Stress field Gaussian field
Navier Stokes Forcing term Solution at time 𝑇 Gaussian field

Table 4.2: Summary of datasets used for benchmarking. The first three examples
were considered in L. Lu, X. Meng, et al., 2022, and the last four were taken from
De Hoop et al., 2022.

Measures of accuracy

As our first performance metric we measured the accuracy of models by a relative
loss on the output spaceV:

R(G) = E𝑢∼𝜇

[ 

G†(𝑢) − G(𝑢)

V

G†(𝑢)

V
]
, (4.47)

where G† is true operator and G is a candidate operator. Following previous works,
we often took ∥𝑢∥V = ∥𝑢∥𝐿2 := (

∫
𝑢(𝑥)2𝑑𝑥) 1

2 , which in turn is discretized using the
trapezoidal rule. In practice, we do not have the access to the underlying probability
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measure 𝜇 and we compute the empirical loss on a withheld test set:

R𝑁 (G) =
1
𝑁

𝑁∑︁
𝑛=1

[ 

G†(𝑢𝑛) − G(𝑢𝑛)

V

G†(𝑢𝑛)

V
]
, 𝑢𝑖 ∼ 𝜇. (4.48)

Measures of complexity

For our second performance metric we considered the complexity of operator learn-
ing algorithms at the inference stage (i.e., evaluating the learned operator). Com-
plexity at inference time is the main metric used in De Hoop et al., 2022 to compare
numerical methods for operator learning. The motivation is that training of the
methods can be performed in an offline fashion, and therefore the cost per test ex-
ample dominates in the limit of many test queries. In particular, they compare the
online evaluation costs of the neural networks by computing the requisite floating
point operations (FLOPs) per test example. We adopt this metric as well for the
methods not based on neural networks that we develop in this work, and we compare,
when available, the cost-accuracy tradeoff with the numbers reported in De Hoop
et al., 2022. We computed the FLOPs with the same assumptions as in the original
work: a matrix-vector product where the input vector is in R𝑛 and the output vector
is in R𝑚 amounts to 𝑚(2 − 1) flops, and non-linear functions with 𝑛-dimensional
inputs (activation functions for neural networks, and kernel computations for kernel
methods) are assumed to have cost O(𝑛).

Remark 11 (Training complexity). While the inference complexity of a model even-
tually dominates the cost of training during applications, the training cost cannot
be ignored since the allocated computational resources during this stage may still
be limited and the resulting errors will have a profound impact on the quality and
performance of the learned operators. Therefore numerical methods in which the
offline data assimilation step is cheaper, faster, and more robust will always be
preferred. Computing the exact number of FLOPs at training time is difficult to
estimate for NN methods, as it depends on the optimization algorithms used, the
hyperparameters, and the optimization over such hyperparameters, among many
other factors. Therefore in this work we limit the training complexity evaluation
to the qualitative observation that kernel methods provided in this work are signif-
icantly simpler at training time, as they have no NN weights, they do not require
the use of stochastic gradient descent, and have few or no hyperparameters which
can be tuned using standard methods such as grid search or gradient descent in a
low-dimensional space.
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Test problems and qualitative results
Below we outline the setup of each of our benchmark problems. In all cases,U and
V are spaces of real-valued functions with input domains Ω, 𝐷 ⊂ R𝑘 for 𝑘 = 1 or
2. Whenever Ω = 𝐷, we simply write D for both.

Burger’s equation

Consider the one-dimensional Burger’s equation:

𝜕𝑤

𝜕𝑡
+ 𝑤𝜕𝑤

𝜕𝑥
= 𝜈

𝜕2𝑤

𝜕𝑥2 , (𝑥, 𝑡) ∈ (0, 1) × (0, 1],

𝑤(𝑥, 0) = 𝑢(𝑥), 𝑥 ∈ (0, 1)
(4.49)

with D = (0, 1), and periodic boundary conditions. The viscosity parameter 𝜈 is
set to 0.1. We learn the operator mapping the initial condition 𝑢 to 𝑣 = 𝑤(·, 1), the
solution at time 𝑡 = 1, i.e., G† : 𝑤(·, 0) ↦→ 𝑤(·, 1).

The training data is generated by sampling the initial condition 𝑢 from a GP with
a Riesz kernel, denoted by 𝜇 = GP(0, 625(−Δ + 25𝐼)−2)). As in L. Lu, X. Meng,
et al., 2022, we used a spatial resolution with 128 grid points to represent the input
and output functions, and used 1,000 instances for training and 200 instances for
testing. Figure 4.4 shows an example of training input and output pairs as well as a
test example along with its pointwise error.
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Figure 4.4: Example of training data and test prediction and pointwise errors for the
Burger’s equation (4.49).

Darcy flow

Consider the two-dimensional Darcy flow problem (4.3). Recall that in this example,
we are interested in learning the mapping from the permeability field 𝑢 to the
solution 𝑣 and the source term 𝑤 is assumed to be fixed, hence D ≡ Ω = (0, 1)2

and G† : 𝑢 ↦→ 𝑣. The coefficient 𝑢 is sampled by setting 𝑢 ∼ log ◦ℎ♯𝜇 where
𝜇 = GP(0, (−Δ + 9𝐼)−2) is a GP and ℎ is binary function mapping positive inputs
to 12 and negative inputs to 3. The resulting permeability/diffusion coefficient 𝑒𝑢 is
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therefore piecewise constant. As in L. Lu, X. Meng, et al., 2022, we use a discretized
grid of resolution 29 × 29, with the data generated by the MATLAB PDE Toolbox.
We use 1,000 points for training and 200 points for testing. Figure 4.2 shows an
example of training input and output of the map G†, and an example of predictions
along with pointwise error at the test stage.

Advection equations (I and II)

Consider the one-dimensional advection equation:

𝜕𝑤

𝜕𝑡
+ 𝜕𝑤
𝜕𝑥

= 0 𝑥 ∈ (0, 1), 𝑡 ∈ (0, 1]

𝑤(𝑥, 0) = 𝑢(𝑥) 𝑥 ∈ (0, 1)
(4.50)

with D = (0, 1) and periodic boundary conditions. Similar to the example for
Burgers’ equation, we learn the mapping from the initial condition 𝑢 to 𝑣 = 𝑤(·, 0.5),
the solution at 𝑡 = 0.5, i.e., G† : 𝑤(·, 0) ↦→ 𝑤(·, 0.5).

This problem was considered in L. Lu, X. Meng, et al., 2022; De Hoop et al., 2022
with different distributions 𝜇 for the initial condition. We will show in the following
section how these different distributions lead to different performances. In L. Lu,
X. Meng, et al., 2022, henceforth referred to as Advection I, the initial condition is
a square wave centered at 𝑥 = 𝑐 of width 𝑏 and height ℎ:

𝑢(𝑥) = ℎ1{𝑐− 𝑏2 ,𝑐+ 𝑏2 }, (4.51)

where the parameters (𝑐, 𝑏, ℎ) ∼ U([0.3, 0.7] × [0.3, 06] × [1, 2]). In De Hoop
et al., 2022, henceforth referred to as Advection II, the initial condition is

𝑢 = −1 + 21{𝑢̃0 ≥ 0}, (4.52)

where 𝑢̃0 ∼ GP(0, (−Δ + 32𝐼)−2).

For Advection I, the spatial grid was of resolution 40, and we used 1000 instances
for training and 200 instances for testing. For Advection II, the resolution was of
200 and we used 20,000 training and test instances, following De Hoop et al., 2022.

Figures 4.5 and 4.6 show an example of training input and output for Advection
the I and II problems, respectively. Observe that the functional samples from the
distribution in Advection I will have exactly two discontinuities almost surely, but the
samples for Advection II can have many more jumps. We observe that prediction is
challenging around discontinuities, and hence Advection II is a significantly harder
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problem (across all benchmarked methods) than Advection I. Figures 4.5 and 4.6
also show an instance of a test sample, along with a prediction and the pointwise
errors.
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Figure 4.5: Example of training data and test prediction and pointwise errors for the
Advection problem (4.50)-I.
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Figure 4.6: Example of training data and test prediction and pointwise errors for the
Advection problem (4.50)-II.

Helmholtz’s equation

For a given frequency 𝜔 and wavespeed field 𝑢 : D → R, with D = (0, 1)2, the
excitation field 𝑣 : D → R solves(
−Δ − 𝜔2

𝑢2(𝑥)

)
𝑣 = 0, 𝑥 ∈ (0, 1)2

𝜕𝑣

𝜕𝑛
= 0, 𝑥 ∈ {0, 1} × [0, 1] ∪ [0, 1] × {0} and

𝜕𝑣

𝜕𝑛
= 𝑣𝑁 , 𝑥 ∈ [0, 1] × {1}.

(4.53)
In the results that follow, we take 𝜔 = 103, 𝑣𝑁 = 1{0.35≤𝑥≤0.65}, and we aim to learn
the map G : 𝑢 ↦→ 𝑣, i.e., the mapping from the wavespeed field to the excitation
field. The distribution 𝜇 is specified as the law of 𝑢(𝑥) = 20 + tanh(𝑢̃(𝑥)), where
𝑢̃ is drawn from the GP, GP(0, (−Δ + 32𝐼)−2). The training and test data were
generated by solving (4.53) with a Finite Element Method on a discretization of size
100 × 100 of the unit square. Figure 4.7 shows an example of training input and
output, a test prediction, and pointwise errors.
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Figure 4.7: Example of training data and test prediction and pointwise errors for the
Helmholtz problem (4.53).

Structural mechanics

We let Ω = [0, 1] 𝐷 = [0, 1]2, the equation that governs the displacement vector 𝑤
in an elastic solid undergoing infinitesimal deformations is

∇ · 𝜎 = 0 in (0, 1)2, 𝑤 = 𝑤̄, on Γ𝑤, ∇ · 𝑛 = 𝑢 on Γ𝑢, (4.54)

where the boundary 𝜕𝐷 is split in [0, 1] × 1 = Γ𝑡 (the part of the boundary subject
to stress) and its complement Γ𝑢.

The goal is to learn the operator that maps the one-dimensional load 𝑢 on Γ𝑢 to
the two-dimensional von Mises stress field 𝑣 on Ω, i.e., G : 𝑢 ↦→ 𝑣. Here the
distribution 𝜇 is GP(100, 4002(−Δ+32𝐼)−1), with Δ being the Laplacian subject to
homogeneous Neumann boundary conditions on the space of zero-mean functions.
The function 𝑣 was obtained by a finite element code; see De Hoop et al., 2022
for implementation details and the constitutive model used. Figure 4.8 shows an
example of training input and outputs, a test prediction, and pointwise errors.
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Figure 4.8: Example of training data and test prediction and pointwise errors for the
Structural Mechanics problem (4.54).
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Navier-Stokes equations

Consider the vorticity-stream (𝜔, 𝜓) formulation of the incompressible Navier-
Stokes equations:

𝜕𝜔

𝜕𝑡
+ (𝑐 · ∇)𝜔 − 𝜈Δ𝜔 = 𝑢, 𝜔 = −Δ𝜓,

∫
𝐷

𝜓 = 0, 𝑐 =

(
𝜕𝜓

𝜕𝑥2
,− 𝜕𝜓
𝜕𝑥1

)
,

(4.55)
where D = [0, 2𝜋]2, periodic boundary conditions are considered and the initial
condition 𝑤(·, 0) is fixed. Here we are interested in the mapping from the forcing
term 𝑢 to 𝑣 = 𝜔(·, 𝑇), the vorticity field at a given time 𝑡 = 𝑇 , i.e., G† : 𝑢 ↦→ 𝜔(·, 𝑇).

The distribution 𝜇 is GP(0, (−Δ + 32𝐼)−4). The viscosity 𝜈 is fixed and equal
to 0.025, and the equation is solved on a 64 × 64 grid with a pseudo-spectral
method and Crank-Nicholson time integration; see De Hoop et al., 2022 for further
implementation details. Figure 4.9 shows an example of input and output in the test
set, along with an example of test prediction and pointwise errors.
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Figure 4.9: Example of training data and test prediction and pointwise errors for the
Navier-Stokes problem (4.55).

Results and discussion
Below we discuss our main findings in benchmarking our kernel method against
state-of-the-art NN based techniques

Performance against NNs

Table 4.3 summarizes the 𝐿2 relative test error of our vanilla implementation of the
kernel method along with those of DeepONet, FNO, PCA-Net, and PARA-Net. We
observed that our vanilla kernel method was reliable in terms of accuracy across
all examples. In particular, observe that between the Matérn or rational quadratic
kernel, we always managed to get close to the other methods (see for example the
results for the Burgers’ equation or Darcy problem) and even outperform them in
several examples such as Navier-Stokes and Helmholtz. Overall we observed that



101

the performance of the kernel method is stable across all examples suggesting that
our method is reliable and provides a good baseline for a large class of problems.
Moreover, we did not observe a significant difference in performance in terms of the
choice of the particular kernel family once the hyper-parameters were tuned. This
indicates that a large class of kernels are effective for these problems. Furthermore,
we found the hyper-parameter tuning to be robust, i.e., results were consistent in a
reasonable range of parameters such as length scales.

In the high data regime, we found the vanilla kernel method to be the most accurate,
although this comes with a greater cost, as seen in Figure 4.10. However, the
kernel method appears to provide the highest accuracy for its level of complexity
as the accuracy of NNs typically stagnates or even decreases after a certain level of
complexity; see the Navier-Stokes and Helmholtz panels of Figure 4.10 where most
of the NN methods seem to plateau after a certain complexity level.

We also observed that the linear model did not provide the best accuracy as it quickly
saturated in performance. Nonetheless, it provided surprisingly good accuracy at
low levels of complexity: for example, in the case of Navier-Stokes, the linear kernel
provided the best accuracy below 106 FLOPS of complexity. This indicates that
while simple, the linear model can be a valuable low-complexity model. Another
notable example is the Advection equation (both I and II), where the operator G† is
linear. In this case, the linear kernel had the best accuracy and the best complexity-
accuracy tradeoff. We note, however, that while the linear model was close to
machine precision on Advection I (error on the order 10−13%), its performance was
significantly worse on Advection II (error on the order of 10%). Moreover, the
gap between the linear kernel and all other models was significantly smaller for
Advection I; we conjecture this difference in performance is likely due to the setup
of these problems.

Finally, we note that the most challenging problem for our kernel method was the
Structural Mechanics example. In this case, the vanilla kernel method has higher
complexity but did not beat the NNs. In fact, the NNs seem to be able to reduce
complexity without loss of accuracy compared to our method.

Effect of preconditioners

Table 4.4 compares the performance of our method with the Matérn kernel fam-
ily using various preconditioning steps. Overall we observed that both PCA and
Cholesky preconditioning improved the performance of our vanilla kernel method.
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Low-data regime High-data regime

Burger’s Darcy problem Advection I Advection II Hemholtz Structural Mechanics Navier Stokes
DeepONet 2.15% 2.91% 0.66% 15.24% 5.88% 5.20% 3.63%
POD-DeepONet 1.94% 2.32% 0.04% n/a n/a n/a n/a
FNO 1.93% 2.41% 0.22% 13.49% 1.86% 4.76% 0.26%
PCA-Net n/a n/a n/a 12.53% 2.13% 4.67% 2.65%
PARA-Net n/a n/a n/a 16.64% 12.54% 4.55% 4.09%
Linear 36.24% 6.74% 2.15 × 10−13% 11.28% 10.59% 27.11% 5.41%
Best of MatÃľrn/RQ 2.15% 2.75% 2.75 × 10−3% 11.44% 1.00% 5.18% 0.12%

Table 4.3: Summary of numerical results: we report the 𝐿2 relative test error of
our numerical experiments and compare the kernel approach with variations of
DeepONet , FNO, PCA-Net, and PARA-Net. We considered two choices of the
kernel 𝑆, the rational quadratic and the Matérn, but we observed little difference
between the two.
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Figure 4.10: Accuracy complexity tradeoff achieved in the problems in De Hoop
et al., 2022. Data for NNs was obtained from the aforementioned article. Linear
model refers to the linear kernel, vanilla GP is our implementation with the nonlinear
kernels and minimal preprocessing, and GP+PCA corresponds to preprocessing
through PCA both the input and the output to reduce complexity.

The Cholesky preconditioning generally offers the greatest improvement. However,
we observed that getting the best results from the Cholesky approach required
careful tuning of the parameters of the kernels 𝐾 and 𝑄 which we did using cross-
validation. While tuning the parameters does not increase the inference complexity,
it does increase the training complexity.

On the other hand, the PCA approach was more robust to changes in hyperparame-
ters, i.e., the number of PCA components following Section 4.4. We observed that
applying PCA on the input and output reduces complexity and has varying levels of
effectiveness in providing a better cost-accuracy tradeoff. For example, for Navier-
Stokes, it greatly reduced the complexity without affecting accuracy. But for the
Helmholtz and Advection equations, PCA reduced the accuracy while remaining
competitive with NN models. For structural mechanics, however, PCA significantly
reduced accuracy and was worse than other models. We hypothesize that the loss
in accuracy can be related to the decay of the eigenvalues of the PCA matrix in that
example.
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Advection II Burger’s Darcy problem
No preprocessing 14.37% 3.04% 4.47%
PCA 14.50% 2.41% 2.89%
Cholesky 11.44% 2.15% 2.75%

Table 4.4: Comparison between Cholesky preconditioning and PCA dimensionality
reduction on three examples for our vanilla kernel implementation with the Matérn
kernel.

4.5 Conclusions
In this work we presented a kernel/GP framework for the learning of operators
between function spaces. We presented an abstract formulation of our kernel frame-
work along with convergence proofs and error bounds in certain asymptotic limits.
Numerical experiments and benchmarking against popular NN based algorithms
revealed that our vanilla implementation of the kernel approach is competitive and
either matches the performance of NN methods or beats them in several bench-
marks. Due to simplicity of implementation, flexibility, and the empirical results,
we suggest that the proposed kernel methods are a good benchmark for future, per-
haps more sophisticated, algorithms. Furthermore, these methods can be used to
guide practitioners in the design of new and challenging benchmarks (e.g, identify
problems where vanilla kernel methods do not perform well). Numerous directions
of future research exist. In the theoretical direction it is interesting to remove the
stringent Condition 2 and we anticipate this to require a particular selection of the
kernel employed to obtain the map 𝑓 . Moreover, obtaining error bounds for more
general measurement functionals beyond pointwise evaluations would be interest-
ing. One could also adapt our framework to non-vanilla kernel methods such as
random features or inducing point methods to provide a low-complexity alternative
to NNs in the large-data regime. Finally, since the proposed approach is essentially
a generalization of GP Regression to the infinite-dimensional setting, we anticipate
that some of the hierarchical techniques of Houman Owhadi, 2017; Schaafer, Katz-
fuss, and Houman Owhadi, 2021; Schafer, Sullivan, and Houman Owhadi, 2021
could be extended to this setting and provide a better cost-accuracy trade-off than
current methods.
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C h a p t e r 5

SOLVING FUNCTIONAL PDES WITH GAUSSIAN PROCESSES
AND APPLICATIONS TO FUNCTIONAL RENORMALIZATION

GROUP EQUATIONS
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5.1 Introduction
Functional renormalization group (FRG) equations provide a powerful non-perturbative
framework for studying quantum and statistical field theories, enabling interpolation
between microscopic and macroscopic descriptions of physical systems Delamotte,
2012; Dupuis et al., 2021. Mathematically, they take the form of exact functional
integro-differential equations for field-theoretic generating functionals, but solving
these analytically is generally intractable, requiring numerical approximations. Tra-
ditional approaches rely on the truncation of expansions, such as the derivative
expansion or loop expansion, restricting their validity to specific applications where
those approximations are accurate. Moreover, numerical schemes are often tai-
lored to particular models, requiring detailed knowledge of the underlying physics.
While there have been efforts to propose general and flexible approaches to solving
FRG equations Fischbacher and Synatschke-Czerwonka, 2013, including machine
learning methods Yokota, 2024a, existing frameworks are either tied to a specific
discretization of the underlying continuous functional PDE, restricted to specific
fields, or rely upon a prescribed ansatz.

In this work, we introduce an operator learning perspective for solving FRG equa-
tions. Our framework, based on Gaussian processes (GPs), directly treats FRG flows
in function space, sidestepping discretization dependence and enabling application
across a wide range of FRG equations. This represents a step toward a general and
flexible methodology for functional differential equations in theoretical physics. The
remainder of this introduction reviews operator learning, provides an overview of
FRG equations, surveys existing numerical methods, and outlines how our approach
links the two.

Functional data and operator learning
The functional regression problem, where we aim to learn a mapping with func-
tional inputs and outputs, has emerged as an important problem within the scientific
machine learning literature where many applications naturally have functions as
data points. A major challenge in this context is how to effectively adapt existing
learning methods to this setting. The earliest kernel-based approach to functional
regression appears in Kadri, Duflos, Preux, Stephane Canu, et al., 2016b, which
generalizes vector-valued function learning to the setting of operator-valued kernels
(see also Houman Owhadi, 2023b, which extends these concepts to compositions of
operator-valued Gaussian processes). More recently, there has also been renewed
interest in the field of operator learning, especially in the context of accelerating the
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numerical computation of partial differential equations (PDEs). This problem can
be traced back to the use of reduced basis methods Almroth, Stern, and Brogan,
1978; Lucia, Beran, and Silva, 2004; Noor and Peters, 1980, and in more recent
years, the development of neural network methods such as DeepONet L. Lu, Jin,
and G. E. Karniadakis, 2019, the Fourier neural operator Zongyi Li, N. Kovachki,
et al., 2020b, the convolutional neural operators Raonic et al., 2023, or PCA-Net
Bhattacharya, Hosseini, Nikola B Kovachki, et al., 2021a, have extended neural
networks to functional inputs and outputs. However, the theoretical analysis of
these methods is often limited to proving an existence theorem without guaran-
tees about whether these networks are computable in practice. To address this, a
general kernel-based operator-learning framework is introduced in Batlle, Matthieu
Darcy, Hosseini, et al., 2024b, together with theoretical guarantees and convergence
rates. A notable feature of such frameworks is their discretization-agnostic charac-
ter Zongyi Li, N. Kovachki, et al., 2020b: they are formulated independently of any
specific discretization and can therefore be applied to data given on different grids
at prediction time.

Although the functional data in these problems often arise from PDE models, most
operator-learning approaches treat the task purely as a regression problem and do
not exploit the PDE structure that generates the data. In parallel, there has been
extensive development of machine learning methods for approximating solutions
of PDEs without relying on paired input-output data: the governing equations
are enforced directly through a physics-informed loss function. Representative
examples include physics-informed neural networks (PINNs) Raissi, P. Perdikaris,
and G. Karniadakis, 2019a; Sifan Wang, Sankaran, et al., 2023 and kernel- or GP-
based schemes Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b;
Mou, X. Yang, and Zhou, 2022; R. Meng and X. Yang, 2023a. Kernel methods in
this setting also enjoy stronger theoretical guarantees Baptista et al., 2025a; Batlle,
Y. Chen, et al., 2025b.

While there has been a growing interest in combining elements of both approaches,
for example by combining operator learning with a physics-informed loss Zongyi Li,
Zheng, et al., 2023a, there has been little research into the applications of machine
learning methods to partial differential equations defined over functionals, i.e.,
mappings from functions to a real number. Solving such equations requires elements
from both of the outlined problems above: the ability to effectively deal with
functions as inputs to the algorithm and the ability to impose the PDE constraints.
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Such a problem naturally arises in the context of FRG equations which define
integro-differential equations over functionals. We briefly describe these equations
in the next section. Recently, deep learning methods have been applied to problems
related to the FRG flow. For example, Chung and Kao, 2021; Di Sante, Medvidovic,
et al., 2022a learn the flow directly from data, and Rancon et al., 2025 uses a
simple one layer convolutional neural network to learn the inverse of flow, from
coarse scale to fine scale. A physics-informed neural network (PINN) Raissi, P.
Perdikaris, and G. Karniadakis, 2019a has recently been proposed to solve FRG
equations on a lattice Yokota, 2024a, thereby reducing the problem to solving a
PDE in a high-dimensional lattice space. The approach presented in the latter paper
is analogous to the discretize then optimize paradigm where the infinite-dimensional
problem is first discretized into a finite dimensional problem and solved through
existing methods. In this paper, we take an optimize-then-discretize perspective: we
formulate a solution of the flow using the governing equations directly in function
space before discretizing. To the best of our knowledge, there is no pre-existing FRG
solution framework formulated directly on function space. This formulation has the
potential to enable rigorous a priori error analysis taking into account the various
sources of error, similar to the one presented in Batlle, Matthieu Darcy, Hosseini,
et al., 2024b.

Functional renormalization group equations
The nonperturbative FRG provides a framework for interpolating between micro-
scopic and macroscopic descriptions of many systems, from condensed matter to
statistical field theory. A central object in this framework is a family of scale-
dependent functionals, such as the effective average action. These functionals
evolve with the renormalization scale 𝜅 and encode how fluctuations at momenta
above 𝜅 are progressively integrated out. Two widely used FRG flow equations are
the Wetterich–Morris equation

𝜕𝜅Γ𝜅 [𝜙] =
1
2

∫
𝑥,𝑦

𝜕𝜅𝑅𝜅 (𝑥, 𝑦)
(
Γ
(2)
𝜅 [𝜙] + 𝑅𝜅

)−1
(𝑥, 𝑦) d𝑥 d𝑦, (5.1)

which governs the evolution of the effective average action Γ𝜅, and the Wilson–
Polchinski equation

𝜕𝜅𝑊𝜅 [𝐽] =
1
2

∫
𝑥,𝑦

𝜕𝜅𝑅𝜅 (𝑥, 𝑦)
(
𝛿2𝑊𝜅 [𝐽]
𝛿𝐽𝑥𝛿𝐽𝑦

+ 𝛿𝑊𝜅 [𝐽]
𝛿𝐽𝑥

𝛿𝑊𝜅 [𝐽]
𝛿𝐽𝑦

)
d𝑥 d𝑦, (5.2)

which describes the corresponding flow of the cumulant-generating functional 𝑊𝜅,
related to the effective-average action by a generalized Legendre transform duality
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relation
Γ𝜅 [𝜙] +𝑊𝜅 [𝐽] =

∫
𝑥

𝐽𝑥𝜙𝑥 −
1
2

∫
𝑥,𝑦

𝑅𝜅 (𝑥, 𝑦)𝜙𝑥𝜙𝑦 . (5.3)

Here, 𝜙 and 𝐽 are fields (functions), 𝑅𝜅 is a scale-dependent regulator kernel that
suppresses long-wavelength modes below the running scale 𝜅, and Γ

(2)
𝜅 [𝜙] denotes

the operator defined by the second functional derivative of Γ𝜅 with respect to 𝜙.
For clarity of exposition, in what follows we primarily formulate the discussion in
terms of the Wetterich equation and its solution, the effective average action Γ𝜅.
The corresponding formulations for the Wilson–Polchinski flow 𝑊𝜅 are entirely
analogous, and in Section 5.3 we include experiments for both formulations.

In typical applications one prescribes an initial condition for (5.1) at a large ultra-
violet (UV) scale 𝜅UV. For such large values of 𝜅, the regulator strongly suppresses
fluctuations at all resolved scales, so that the description remains close to the un-
derlying microscopic model. At this scale one sets Γ𝜅UV = 𝑆bare, where 𝑆bare, called
the bare action, is a prescribed action functional specifying the microscopic model
(for example, the local interactions and parameters before fluctuations are integrated
out). The flow equation is then integrated in 𝜅 towards smaller infrared (IR) scales
𝜅IR > 0, corresponding to lower momenta and larger distances. Along this flow,
Γ𝜅 evolves from a microscopic description to an effective macroscopic one. Ana-
lytic solutions are available only in very simple models, so practical computations
typically rely on truncations or modeling assumptions tailored to the problem at
hand.

From a mathematical perspective, equations such as (5.1) and (5.2) are examples
of functional PDEs. Abstractly, one may view Γ𝜅 as a functional that assigns a
real number to each field configuration 𝜙, and 𝜅 ↦→ Γ𝜅 as an evolution in the scale
variable on some interval 𝐼 ⊂ R. We write this in the generic form

𝜕𝜅Γ𝜅 [𝜙] = 𝐹
(
𝜅, 𝜙, Γ𝜅 [𝜙],

𝛿Γ𝜅

𝛿𝜙
[𝜙], 𝛿

2Γ𝜅

𝛿𝜙2 [𝜙]
)
, 𝜅 ∈ 𝐼, (5.4)

with an initial condition prescribed at some reference scale 𝜅0 ∈ 𝐼,

Γ𝜅0 [𝜙] = Γinit
𝜅0 [𝜙] . (5.5)

Here Γinit
𝜅0 is a prescribed functional that encodes the initial data of the problem

(for instance, the bare action in an FRG flow, or a given energy functional in other
applications). The map 𝐹 is a (typically nonlocal) functional that may involve spatial
integrals and depends on Γ𝜅 and its functional derivatives. The Wetterich–Morris



109

equation arises from a particular choice of 𝐹, in which the right-hand side is written
as an integral involving the inverse operator of Γ(2)𝜅 [𝜙] +𝑅𝜅, and Γinit

𝜅0 is given by the
bare action 𝑆bare at the ultraviolet scale 𝜅0 = 𝜅UV. In FRG applications one usually
takes 𝐼 = [𝜅IR, 𝜅UV] and integrates the flow from 𝜅UV down to 𝜅IR, but the abstract
formulation (5.4)âĂŞ(5.5) equally covers forward evolutions in 𝜅.

In this work we develop a GP method for solving such functional PDEs. The basic
idea is to approximate, at each scale 𝜅, the unknown functional Γ𝜅 [·] by a GP
surrogate Γ

†
𝜅 [·]. We first fix a finite set of collocation fields Φ = {𝜙(𝑖)}𝑁

𝑖=1. For a
given 𝜅, the values {Γ𝜅 [𝜙(𝑖)]}𝑁𝑖=1 are regarded as observations of a GP prior on Γ𝜅.
Concretely, we place a GP prior on the map 𝜙 ↦→ Γ𝜅 [𝜙] with a covariance kernel
between fields, and define the surrogate Γ†𝜅 as the corresponding GP posterior mean.
In other words, for any input field 𝜙,

Γ†𝜅 [𝜙] := E
[
Γ𝜅 [𝜙]

�� Γ𝜅 [𝜙(1)], . . . , Γ𝜅 [𝜙(𝑁)] ] , (5.6)

so Γ
†
𝜅 is uniquely determined by the chosen kernel and by the functional values on

the collocation set. The functional PDE is then enforced only on the collocation set.
At a fixed scale 𝜅 and for each 𝜙(𝑖) ∈ Φ, we insert Γ†𝜅 into the right-hand side of the
evolution equation, and compute the required functional derivatives (for example,
functional gradients and Hessians) at 𝜙(𝑖) through Γ

†
𝜅 . Matching this right-hand

side with the 𝜅-derivative of Γ†𝜅 [𝜙(𝑖)] yields, for 𝑖 = 1, . . . , 𝑁 , a closed system of
ordinary differential equations (ODEs) in 𝜅 for the unknown values Γ𝜅 [𝜙(𝑖)] on the
collocation set. Solving this finite-dimensional ODE system over the 𝜅-interval of
interest determines Γ𝜅 [𝜙(𝑖)] for all 𝜅 and all collocation fields 𝜙(𝑖) . At any given
scale, the GP surrogate Γ†𝜅 [·] given by (5.6) can then be evaluated on arbitrary input
fields, providing a global approximation to the solution of the functional PDE.

For clarity of exposition, in Section 5.2 we first develop the methodology in detail for
a general class of functional PDEs of the form (5.4). We then illustrate the frame-
work, and provide the corresponding implementation details, for the Wetterich–
Morris equation (5.1).

Numerical methods for FRG and functional PDEs
The FRG leads to exact flow equations for scale-dependent functionals such as the
effective average action Γ𝜅 or the cumulant-generating functional 𝑊𝜅. Prototypical
examples are the Wetterich–Morris equation (5.1) and the Wilson–Polchinski equa-
tion (5.2). Except in special Gaussian or mean-field limits, these functional PDEs
are not analytically solvable, and practical FRG computations rely on truncations
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in functional space followed by numerical solution of the resulting PDEs or ODE
systems; see, e.g., the reviews Berges, Tetradis, and Wetterich, 2002; Delamotte,
2012; Jan M Pawlowski, 2007; Metzner et al., 2012; Dupuis et al., 2021.

A large class of methods begins by projecting the flow onto a finite number of field-
dependent functions or couplings. The simplest and most widely used example is the
local potential approximation (LPA), where the flow is restricted to a scale-dependent
local potential evaluated on homogeneous backgrounds. Derivative expansions and
vertex expansions extend this ansatz by including higher-derivative operators or 𝑛-
point vertex functions, but they still reduce the functional PDE to a coupled system
of equations in a few field or momentum variables. Once such a truncation is fixed,
standard grid-based methods (finite differences or finite volumes) are applied to
the remaining variables. In particular, finite-volume and discontinuous Galerkin
schemes have been designed to handle non-analytic features in the flow without
spurious oscillations and with good stability properties Grossi and Wink, 2023.

Higher-order Galerkin and finite-element methods have recently been developed to
improve accuracy and adaptivity. In these approaches, the scale-dependent quan-
tities (e.g., effective potentials or vertices) are expanded in local basis functions,
and the FRG flow is enforced in a weak sense. This allows for mesh refinement
near sharp transitions or non-analytic regions while keeping a coarser resolution
elsewhere. The DiFfRG framework is a representative example, providing a finite-
element toolbox for a broad class of bosonic and fermionic FRG flows, with parallel
and GPU implementations for demanding applications Franz R Sattler and Jan M
Pawlowski, 2024a. Discontinuous Galerkin variants combine the flexibility of finite
elements with robust shock-capturing and have been used, for instance, to resolve
first and second order phase transitions in scalar models with high accuracy Grossi
and Wink, 2023.

Spectral and pseudo-spectral methods take a complementary, global viewpoint. In
these approaches the scale-dependent functions (for instance effective potentials or
fixed-point solutions) are expanded in global bases such as Chebyshev polynomials,
and the FRG flow equations are enforced at appropriate collocation points. The
articles Borchardt and Knorr, 2015; Borchardt and Knorr, 2016 demonstrate that
such pseudo-spectral schemes can produce exponentially convergent, high-precision
solutions for global fixed points and critical exponents in scalar and Yukawa models,
capturing the behavior at both small and large fields. Spectral methods are partic-
ularly effective when the flow remains sufficiently smooth, while non-analyticities
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typically require domain decompositions or hybrid strategies.

A common feature of these FRG approaches is that they start from a model-specific
truncation (such as the local potential approximation, derivative expansions, or
vertex expansions) and then approximate the resulting flow equations in terms of a
small number of field or momentum variables; see, for example, the reviews Berges,
Tetradis, and Wetterich, 2002; Delamotte, 2012. While the functional dependence
𝜙 ↦→ Γ𝜅 [𝜙] is approximated, one works ultimately with a finite family of scalar or
tensor functions defined on physical or momentum space.

More recently, machine-learning-based FRG solvers have been proposed. In par-
ticular, physics-informed neural networks (PINNs) have been used to encode FRG
flow equations in the loss functional and to approximate solutions without an explicit
spatial grid, for both scalar and fermionic models Yokota, 2024a. Such approaches
can in principle handle higher-dimensional truncations, although issues of training
cost, robustness, and a posteriori error control remain active topics of research.

By contrast, we represent the functional with a GP and impose the FRG flow equation
as a structural constraint, yielding a GP-based numerical scheme for functional
PDEs.

Summary of contributions
The main contributions of this work can be summarized as follows.

1. GP framework for functional PDEs. We develop a GP method for solving
functional evolution equations of the form (5.4). The method represents
the unknown functional directly in function space, so it is independent of any
particular spatial or temporal discretization. Different physical representations
(real or complex Fourier modes, pointwise samples, lattice fields) enter only
through the choice of feature map and kernel, while the core algorithm remains
unchanged.

2. Application to functional renormalization group flows. We specialize this
framework to the FRG, with a detailed formulation for the Wetterich–Morris
equation (5.1), and numerical experiments for both the Wetterich–Morris and
the Wilson–Polchinski equations (5.2).

3. Treatment of non-homogeneous fields. In contrast to standard truncation
schemes such as the local potential approximation, which are formulated on
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constant or homogeneous backgrounds, our GP method can be trained on
nonconstant collocation fields when feasible, and it can then evaluate the
functional on arbitrary inputs.

4. Physics-informed GP priors. We show how known structure from standard
FRG approximations can be encoded in the GP prior, for example through
local-potential-type ansatzes. This allows the surrogate to incorporate key
physical insights while remaining fully nonparametric in function space.

5. Numerical validation on FRG benchmarks. We test the method on sev-
eral FRG flows, including Gaussian models with closed-form solutions and
interacting 𝜙4 field-theory models where no explicit solution is available. All
applications here consider fields defined on a one-dimensional input domain.
In the Gaussian cases, the GP surrogate reproduces the exact flow to high
accuracy both on and off the collocation set. For the interacting models, we
consider a lattice formulation. In fact, among the spatial dimensions consid-
ered in Zorbach et al., 2025, the approximation error of the LPA is largest
in the one-dimensional case. Building on the benchmarks of Zorbach et al.,
2025, we find that our method yields solutions with smaller pointwise errors
than a standard LPA flow, over most of the parameter range, for standard
physical observables.

Notation.
We write R = (−∞,∞) for the real numbers. We are interested in approximating
functionals (i.e., functions of functions) that arise as solutions of integro-differential
equations. Throughout we use the following conventions:

• Capital letters𝑊 and Γ are reserved for functionals, i.e. maps from the function
spaceU to the real line R.

• For a functional Γ, we write 𝛿Γ/𝛿𝜙 for its first functional derivative and
𝛿2Γ/𝛿𝜙 𝛿𝜙 for its second functional derivative. The latter may be taken as
formal kernel defining an integral operator, which, following standard practice,
we denote as Γ(2) [𝜙].

• The evolution parameter is the RG scale and is denoted by 𝜅 ∈ [𝜅IR, 𝜅UV] .

• Lower-case Greek letters such as 𝜙, 𝜑, and𝜓 are used for real-valued functions
(fields) in the context of the Wetterich equation and, more generally, functional
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PDEs. Following the conventional notation of the Wilson–Polchinski equation
in the field theory literature, we keep 𝐽 as the field variable for the Wilson–
Polchinski equation.

• Elements of the function space, 𝜙 ∈ U, are referred to as function-space
collocation functions or fields.

We use the following vector broadcasting convention: given a function 𝑓 : R → R

and a vector 𝝓 = (𝜙𝑖)𝑛𝑖=1, the notation 𝑓 (𝝓) denotes elementwise application,
𝑓 (𝝓) :=

(
𝑓 (𝜙1), . . . , 𝑓 (𝜙𝑛)

)
.

Outline of the rest of the paper
The rest of the paper is organized as follows. In Section 5.2, we present our
methodology for solving general functional PDEs with GPs and its application to
the illustrative example of the Wetterich–Morris equation. Section 5.3 presents
our main numerical results for two FRG flows of interest, the Wilson–Polchinski
equation and the Wetterich–Morris equation. Several appendices fill in back-
ground information. Section D.1 reviews the connection between optimal recovery
and kernel-based interpolants. We report additional numerical experiments in Sec-
tion D.2. In Section D.3, we provide a self-contained mathematical presentation
of the FRG flow problem. In Section D.4, we discuss functional derivatives and
Hessians of kernel interpolants. In Section D.5, we give a brief introduction to the
local potential approximation (LPA), a standard method for obtaining approximate
solutions of the Wetterich equation on constant fields. In Section D.6, we review the
transfer-matrix method for computing the limit solution of the Wetterich equation
in one dimension. Section D.7 details the implementation of the Wetterich equation
on the lattice with 𝜙4 bare action used in the numerical experiment of Section 5.3.
Finally, Section D.8 briefly reviews the definitions of two physical observables,
magnetization and susceptibility, which can be computed from the infrared local
potential and used as numerical benchmarks for the Wetterich equation.

5.2 Methodology
We now outline the methodology used in this work and its application to FRG
flows. Our starting point is the kernel-based operator learning framework of Batlle,
Matthieu Darcy, Hosseini, et al., 2024b, which is designed to learn maps between
function spaces from data. In this work we adapt this framework to represent
functionals, that is, maps from function spaces to scalars. The key distinction from
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data-driven operator learning is that, in our setting, the functional values are not
directly observed. Instead, we incorporate the FRG flow equation as an additional
constraint on the surrogate, so that the reconstructed functional is informed by
the underlying functional PDE rather than by paired input-output data. We begin
in Section 5.2 by reviewing the relationship between GP regression and kernel
interpolation. Section 5.2 then discusses kernel-based approximation of functionals.
In Section 5.2, we develop a general framework for solving functional PDEs. Finally,
in Section 5.2 we specialize this framework to the Wetterich–Morris equation (5.1)
as an illustrative example.

Gaussian processes and kernel interpolation
In this subsection, we briefly review GPs and their connection with kernel interpo-
lation. A real-valued GP is a collection of random variables { 𝑓 (𝑥)}𝑥∈X indexed by
points of an input spaceX, such that every finite vector ( 𝑓 (𝑥1), . . . , 𝑓 (𝑥𝑛)) is jointly
Gaussian. A GP is characterised by its mean function 𝑚(𝑥) = E[ 𝑓 (𝑥)] and its co-
variance kernel 𝑘 (𝑥, 𝑥′) = Cov( 𝑓 (𝑥), 𝑓 (𝑥′)). For a zero-mean prior, 𝑚(𝑥) ≡ 0, the
law of the random field 𝑓 is completely determined by the positive-definite kernel
𝑘 .

The same kernel 𝑘 defines a reproducing kernel Hilbert space (RKHS) H𝑘 . Given
exact observations 𝑦𝑖 = 𝑓 (𝑥𝑖) at points {𝑥𝑖}𝑛𝑖=1, the RKHS kernel interpolant 𝑓 † ∈
H𝑘 is the unique minimum-norm function satisfying

𝑓 †(𝑥𝑖) = 𝑦𝑖, 𝑖 = 1, . . . , 𝑛,

and it admits the explicit representation

𝑓 †(𝑥) = 𝑘 (𝑥, 𝑋) 𝐾 (𝑋, 𝑋)−1𝑦,

where 𝑋 = (𝑥1, . . . , 𝑥𝑛), 𝑦 = (𝑦1, . . . , 𝑦𝑛)⊤, and 𝐾 (𝑋, 𝑋)𝑖 𝑗 = 𝑘 (𝑥𝑖, 𝑥 𝑗 ).

If we place a zero-mean GP prior with covariance 𝑘 on the random field 𝑓 and
condition on the same noiseless data, the posterior GP has mean

E[ 𝑓 (𝑥) | 𝑦] = 𝑘 (𝑥, 𝑋) 𝐾 (𝑋, 𝑋)−1𝑦.

Thus the GP posterior mean coincides exactly with the RKHS kernel interpolant
𝑓 †.

Kernel approximation of functionals
Let U be a Banach space of functions and further let Γ : U → R be an unknown
functional that we wish to approximate. The basic idea is to encode each field
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U

R𝑚

R
Γ

𝛾
𝑤𝑤̃

Figure 5.1: Commutative diagram for the functional learning setup.

𝜙 ∈ U by a finite vector of features 𝑤(𝜙) ∈ R𝑚, learn a scalar function 𝛾 : R𝑚 → R

on this finite-dimensional feature space, and then approximate the functional Γ(𝜙)
by the composition 𝛾(𝑤(𝜙)). A commutative diagram illustrating the relationships
among operators, function spaces, and functionals is shown in Figure 5.1, where
the reconstruction operator 𝑤̃ which “inverts” 𝑤 is discussed later in Remark 12.
Concretely, when U is infinite-dimensional, one does not compute directly with
𝜙 ∈ U, but with the finite-dimensional projections 𝑤(𝜙) ∈ R𝑚 as in Houman
Owhadi and Scovel, 2019c. In the applications we mainly use two concrete choices.
The first choice is based on pointwise measurements in space (or time):

𝑤(𝜙) =
(
𝜙(𝑥 𝑗 )

)𝑚
𝑗=1,

where {𝑥 𝑗 }𝑚𝑗=1 are prescribed collocation points. This requires the evaluation func-
tionals 𝛿𝑥 𝑗 to lie in the dual space of U. A second choice is to use spectral
coefficients in an orthonormal basis for the case that U is a Hilbert space. For
example, ifU ⊂ 𝐿2( [0, 1]), we may expand

𝜙(𝑥) =
∞∑︁

𝑗=−∞
𝑐 𝑗 e 𝑖2𝜋 𝑗𝑥 ,

and define the feature vector as a truncated set of Fourier coefficients,

𝑤(𝜙) =
(
𝑐 𝑗

)𝑚
𝑗=−𝑚 .

This construction only requires that the fields belong to 𝐿2( [0, 1]); other orthonor-
mal bases (for instance, real Fourier bases or wavelets) can be used in the same
way.

Once a projection 𝑤 is fixed, our aim is to approximate Γ by a functional that
depends on 𝜙 only through the finite-dimensional feature vector 𝑤(𝜙). Concretely,
we seek a scalar function 𝛾 : R𝑚 → R such that

Γ(𝜙) ≈ 𝛾
(
𝑤(𝜙)

)
for 𝜙 ∈ U.
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Thus the problem of approximating the functional Γ is reduced to approximating the
finite-dimensional function 𝛾. To construct 𝛾 we use optimal recovery and kernel
interpolation Houman Owhadi and Scovel, 2019c. Suppose we are given training
fields Φ = {𝜙(1) , . . . , 𝜙(𝑁)} ⊂ U and their functional values

𝑌 :=
(
Γ(𝜙(1)), . . . , Γ(𝜙(𝑁))

)⊤ ∈ R𝑁 .
Let 𝑧(𝑖) := 𝑤(𝜙(𝑖)) ∈ R𝑚 denote the corresponding feature vectors, and letH𝐾 be the
RKHS associated with the kernel 𝐾 . We seek 𝛾 as the minimum-norm interpolant

𝛾† = arg min
𝛾∈H𝐾

∥𝛾∥2H𝐾 (5.7)

subject to 𝛾
(
𝑧(𝑖)

)
= Γ(𝜙(𝑖)), 𝑖 = 1, . . . , 𝑁. (5.8)

The representer theorem (see Houman Owhadi and Scovel, 2019c, Sec. 17.8) implies
that 𝛾† has the explicit form

𝛾†(𝑧) = 𝐾 (𝑧, 𝑍)⊤ 𝐾 (𝑍, 𝑍)−1𝑌, (5.9)

where 𝑍 = (𝑧(1) , . . . , 𝑧(𝑁)), 𝐾 (𝑧, 𝑍) ∈ R𝑁 has entries 𝐾 (𝑧, 𝑍)𝑖 = 𝐾 (𝑧, 𝑧(𝑖)), and
𝐾 (𝑍, 𝑍) ∈ R𝑁×𝑁 is the Gram matrix with entries 𝐾 (𝑍, 𝑍)𝑖 𝑗 = 𝐾 (𝑧(𝑖) , 𝑧( 𝑗)). Our
kernel surrogate for the functional is then

Γ†(𝜙) := 𝛾†
(
𝑤(𝜙)

)
= 𝐾

(
𝑤(𝜙), 𝑍

)⊤
𝐾 (𝑍, 𝑍)−1𝑌, (5.10)

which we will use in the sequel as an approximation of Γ.

The framework of Batlle, Matthieu Darcy, Hosseini, et al., 2024b uses this projection-
reconstruction machinery to address data-driven operator learning, where one is
given evaluations of Γ at many input functions (typically from an existing numerical
solver) and no physics is imposed. In our setting we use the same kernel repre-
sentation (5.10) for Γ, but the functional values are not directly available. Instead,
we enforce that the GP surrogate Γ† satisfies the FRG flow equations, so that the
surrogate is informed by the underlying functional PDE rather than by paired input-
output data. Compared to neural network approaches to approximating functionals
L. Lu, Jin, and G. E. Karniadakis, 2019; Zongyi Li, N. Kovachki, et al., 2020b;
Houman Owhadi, 2023b, the proposed approach benefits from the solid theoretical
foundations of GP methods Houman Owhadi and Scovel, 2019c, and can be em-
ployed to solve integro-differential equations in functional spaces, as shown in the
following section.
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Remark 12. An important theoretical advantage of this formulation is that it may be
rendered discretization-agnostic by means of a reconstruction operator 𝑤̃ : R𝑚 →
U that maps measurement vectors back to elements of U. See Figure 5.1. This
reconstruction operator can be defined using the framework of optimal recovery
(see Section D.1 ), which enables rigorous a priori error estimates for the recovery
of 𝜙 ∈ U. Combined with the error rates associated with kernel interpolation, this
can yield rigorous convergence guarantees and error rates for the recovery of Γ𝜅.
We leave this to future work.

A GP method for solving functional PDEs
Let U be a (typically infinite-dimensional) function space and let Γ𝜅 : U → R,
𝜅 ∈ 𝐼 ⊂ R, be a one-parameter family of functionals. We consider the functional
evolution problem (5.4)âĂŞ(5.5), where the right-hand side 𝐹 is built from 𝜙, Γ𝜅 [𝜙],
and a finite number of functional derivatives of Γ𝜅. The variable 𝜅 plays the role
of an evolution parameter and may be advanced either forward or backward. In
FRG applications 𝜅 is interpreted as a momentum scale and the flow is typically
integrated backward from a UV scale 𝜅UV to an IR scale 𝜅IR, but the construction
below is independent of this choice of direction.

The main difficulty is that Γ𝜅 lives on the infinite-dimensional space U. Our
strategy is to represent the evolution entirely through the values of Γ𝜅 on a finite set
of collocation fields and to use the GP surrogate from Section 5.2 to extend these
values to all 𝜙 ∈ U. In this way the functional PDE is reduced to a closed ODE
system in finitely many unknowns.

We recall the kernel approximation of functionals from Section 5.2. We fix once
and for all a feature map 𝑤 : U → R𝑚, a positive-definite kernel 𝐾 on R𝑚 with
reproducing kernel Hilbert spaceH𝐾 , and a set of functional collocation fields

Φ = {𝜙(1) , . . . , 𝜙(𝑁)} ⊂ U.

For instance, one may take 𝑤𝑘 (𝜙) = ⟨𝑒𝑘 , 𝜙⟩, where 𝑒𝑘 ∈ U are prescribed basis
functions and ⟨·, ·⟩ denotes the inner product in the underlying Hilbert space. Other
projections tailored to the problem can also be used. The associated feature vectors
are

𝑧(𝑖) := 𝑤(𝜙(𝑖)) ∈ R𝑚, 𝑍 := (𝑧(1) , . . . , 𝑧(𝑁)),

and we write 𝐾 (𝑍, 𝑍) ∈ R𝑁×𝑁 for the Gram matrix introduced in Section 5.2.
Given a vector 𝑌 ∈ R𝑁 of functional values on Φ, the kernel construction (5.10)
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defines a GP surrogate Γ†. In numerical computations we replace 𝐾 (𝑍, 𝑍)−1 by(
𝐾 (𝑍, 𝑍) + 𝜀𝐼

)−1 for a small 𝜀 > 0 for stability, but the representer form itself is
unchanged.

In the evolutionary setting the role of𝑌 is played by the values of the scale-dependent
functional on the collocation set. For each 𝜅 ∈ 𝐼 we introduce the vector

𝑌𝜅 :=
(
Γ𝜅 [𝜙(1)], . . . , Γ𝜅 [𝜙(𝑁)]

)⊤ ∈ R𝑁 , (5.11)

which is the primary unknown. At the initial scale 𝜅0 ∈ 𝐼 these values are prescribed
by the initial functional Γinit

𝜅0 ,

𝑌𝜅0 = Γinit
𝜅0 (Φ) =

(
Γinit
𝜅0 [𝜙

(1)], . . . , Γinit
𝜅0 [𝜙

(𝑁)]
)⊤
,

which will serve as the initial condition for the finiteâĂŞdimensional evolution.

Given 𝑌𝜅, we approximate Γ𝜅 [·] at scale 𝜅 by the GP surrogate defined, as in (5.10),
with 𝑌 = 𝑌𝜅:

Γ†𝜅 [𝜙] := 𝐾
(
𝑤(𝜙), 𝑍

) (
𝐾 (𝑍, 𝑍) + 𝜀𝐼

)−1
𝑌𝜅, 𝜙 ∈ U. (5.12)

Thus Γ†𝜅 is defined for all input fields and depends on 𝜅 through the finite-dimensional
vector 𝑌𝜅.

To obtain a closed evolution for 𝑌𝜅, we enforce the functional PDE (5.4) only on
the collocation set Φ. For a fixed 𝜅 ∈ 𝐼 and each 𝜙(𝑖) ∈ Φ, we approximate the
right-hand side of (5.4) by inserting the surrogate (5.12):

𝜕𝜅Γ𝜅 [𝜙(𝑖)] ≈ 𝐹

(
𝜅, 𝜙(𝑖) , Γ†𝜅 [𝜙(𝑖)],

𝛿Γ
†
𝜅

𝛿𝜙

���
𝜙 (𝑖)
,
𝛿2Γ†𝜅
𝛿𝜙2

���
𝜙 (𝑖)

)
, 𝑖 = 1, . . . , 𝑁,

(5.13)
where the functional derivatives of Γ†𝜅 are computed analytically from the kernel
representation; see Section D.4 for details. By definition 𝑌 (𝑖)𝜅 = Γ𝜅 [𝜙(𝑖)], so the
left-hand side of (5.13) is exactly

𝜕𝜅Γ𝜅 [𝜙(𝑖)] =
d

d𝜅
𝑌
(𝑖)
𝜅 .

Hence (5.13) naturally induces a closed system of ODEs for the vector 𝑌𝜅:

d
d𝜅
𝑌
(𝑖)
𝜅 = 𝐹

(
𝜅, 𝜙(𝑖) , Γ†𝜅 [𝜙(𝑖)],

𝛿Γ
†
𝜅

𝛿𝜙

���
𝜙 (𝑖)
,
𝛿2Γ†𝜅
𝛿𝜙2

���
𝜙 (𝑖)

)
, 𝑖 = 1, . . . , 𝑁, (5.14)

with initial condition
𝑌𝜅0 = Γinit

𝜅0 (Φ).
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Equation (5.14) is a standard ODE system on R𝑁 . In FRG applications one typically
takes 𝐼 = [𝜅IR, 𝜅UV] and integrates this ODE backward from 𝜅UV to 𝜅IR, but the
same formulation applies equally to forward evolutions in 𝜅. Once 𝑌𝜅 has been
computed on the interval of interest, the surrogate (5.12) provides an approximation
of Γ𝜅 [𝜙] for arbitrary fields 𝜙 ∈ U.

A functional RG example: the Wetterich–Morris equation
Section 5.2 provides a framework for solving general functional PDEs. To illustrate
how this framework applies to FRG flows, we now specialize it to the Wetterich–
Morris equation (5.1), for fields that are either periodic on the one-dimensional torus
T, identified with the interval [0, 1], or defined on a lattice. Recall that the scale
parameter 𝜅 plays the role of a sliding momentum cutoff. At a large ultraviolet scale
𝜅UV the functional Γ𝜅UV is prescribed by a microscopic action 𝑆bare that encodes the
model at short distances. We integrate (5.1) backward in 𝜅 from 𝜅UV down to 𝜅IR.
As 𝜅 is lowered towards an infrared scale 𝜅IR > 0, more and more high-wavenumber
modes are integrated out and Γ𝜅 evolves towards the full effective action.

Finite-dimensional representation of fields. In the GP method of Section 5.2 the
first step is to fix a feature map 𝑤 : U → R𝑚 that encodes each field by a finite
vector. We now specify this map for the Wetterich–Morris equation.

We work with a function spaceU of fields and viewU as continuously embedded in a
Hilbert spaceX that carries the natural inner product of the problem. For continuum
examples in this work, X is the periodic 𝐿2-space on the one-dimensional torus T
or the corresponding Sobolev space 𝐻1(T). For lattice examples, X is the discrete
𝐿2-space of grid functions.

It is convenient to represent fields in an orthonormal basis of Laplacian eigen-
functions, so that the Laplacian and standard translation-invariant regulators act
diagonally in this basis. We therefore fix a real orthonormal basis {𝑒𝛼}𝛼∈A of X
consisting of eigenfunctions of the continuum Laplacian or the discrete Laplacian
on the lattice. On the torus T, a standard choice is the complex Fourier basis
{e2𝜋𝑖𝑝𝑥}𝑝∈Z, or, equivalently, the associated real Fourier basis

𝑒0(𝑥) = 1, 𝑒2𝑝−1(𝑥) =
√

2 cos(2𝜋𝑝𝑥), 𝑒2𝑝 (𝑥) =
√

2 sin(2𝜋𝑝𝑥), 𝑝 ≥ 1.

On a periodic lattice we use the corresponding discrete Fourier modes.

For numerical purposes we truncate to a finite index set A𝑃 ⊂ A of active modes
and work on the finite-dimensional subspace X𝑃 := span{𝑒𝛼 : 𝛼 ∈ A𝑃}. Here 𝑃 is
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a truncation parameter that controls how many Fourier modes (or, more generally,
eigenmodes) are retained: increasing 𝑃 increases both the dimension of X𝑃 and
the highest resolved frequency. The truncation level 𝑃 is chosen so that {𝑒𝛼}𝛼∈A𝑃
captures all physically relevant modes while keeping the associated matrices of
moderate size. Such wavenumber truncation is standard in physics practice as well,
e.g. in the case of a spatial lattice model with spacing 𝑎 naturally 𝑃 = 𝜋/𝑎.

Given this basis, we define the feature map 𝑤 by the truncated expansion coefficients

𝑐𝛼 [𝜙] := ⟨𝜙, 𝑒𝛼⟩X , 𝛼 ∈ A𝑃,

and set
𝑤(𝜙) :=

(
𝑐𝛼 [𝜙]

)
𝛼∈A𝑃 ∈ R

𝑚, 𝑚 := |A𝑃 |.

On a lattice the inner product ⟨·, ·⟩X is understood as the corresponding discrete 𝐿2

inner product. With this choice, all subsequent GP surrogates Γ
†
𝜅 are constructed

from the finite-dimensional feature vectors 𝑤(𝜙) as in Section 5.2.

GP formulation of the Wetterich–Morris flow. We now specialise the general GP
framework of Section 5.2 to the Wetterich–Morris equation (5.1).

On the truncated mode set A𝑃 we represent each field 𝜙 ∈ U by its coefficients in
the eigenbasis discussed above, and use these coefficients as features:

𝑤(𝜙) :=
(
𝑐𝛼 [𝜙]

)
𝛼∈A𝑃 , 𝑐𝛼 [𝜙] = ⟨𝜙, 𝑒𝛼⟩X .

We then fix a finite set of collocation fields

Φ = {𝜙(1) , . . . , 𝜙(𝑁)} ⊂ U, 𝑧(𝑖) := 𝑤(𝜙(𝑖)) ∈ R𝑚,

and collect the feature vectors into 𝑍 = (𝑧(1) , . . . , 𝑧(𝑁)). A covariance kernel 𝐾 on
feature space is fixed once and for all, and its Gram matrix 𝐾 (𝑍, 𝑍) enters the GP
surrogate exactly as in (5.12).

For each scale 𝜅, the unknown values on the collocation set are collected into the
vector𝑌𝜅 defined in (5.11), which in turn determines the GP surrogate Γ†𝜅 [·] through
(5.12). At the ultraviolet scale 𝜅UV the initial condition is given by the bare action,

𝑌𝜅UV = Γ𝜅UV (Φ) =
(
𝑆bare [𝜙(1)], . . . , 𝑆bare [𝜙(𝑁)]

)⊤
,

which plays the role of Γinit
𝜅0 (Φ) in (5.14). The evolution of 𝑌𝜅 is governed by

the finite-dimensional ODE system (5.14), whose right-hand side is obtained by
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evaluating the Wetterich–Morris flow with the surrogate Γ
†
𝜅 . In this setting, we

obtain

d
d𝜅
𝑌
(𝑖)
𝜅 =

1
2

∫
𝑥,𝑦

𝜕𝜅𝑅𝜅 (𝑥, 𝑦)
(
Γ
†(2)
𝜅 [𝜙(𝑖)] + 𝑅𝜅

)−1
(𝑥, 𝑦) d𝑥 d𝑦, 𝑖 = 1, . . . , 𝑁,

(5.15)
where the second functional derivative operator Γ†(2)𝜅 is computed from the surrogate
Γ
†
𝜅 .

A computable ODE system for the Wetterich–Morris equation. Next, our goal
is to rewrite the right-hand side of (5.15) in an explicit, numerically tractable form.

In our GP framework all information about fields enters through the feature map
𝑤, which only retains their projection onto the truncated subspace X𝑃 = span{𝑒𝛼 :
𝛼 ∈ A𝑃}. It is therefore natural to evaluate the integral in (5.15) on the same finite-
dimensional subspace. Concretely, we replace Γ

†(2)
𝜅 [𝜙] and 𝑅𝜅 by their restrictions

to X𝑃, represented in the basis {𝑒𝛼}𝛼∈A𝑃 . This approximation is consistent with the
truncation implicit in 𝑤 and reduces the integration to a finite sum over the modes
in A𝑃.

For a fixed field 𝜙 ∈ U and scale 𝜅, the second functional derivative defines a linear
operator Γ†(2)𝜅 [𝜙] on X. Restricted to the truncated subspace X𝑃, we represent the
operator Γ†(2)𝜅 [𝜙] by the matrix 𝐻𝜅 (𝜙) with entries

𝐻𝜅 (𝜙)𝛼𝛽 :=
〈
𝑒𝛼, Γ

†(2)
𝜅 [𝜙] 𝑒𝛽

〉
X , 𝛼, 𝛽 ∈ A𝑃 .

The matrix elements 𝐻𝜅 (𝜙)𝛼𝛽 are computed from the surrogate Γ
†
𝜅 by taking direc-

tional second derivatives along 𝑒𝛼 and 𝑒𝛽; see Section D.4 for the computations.

In line with standard FRG practice for field theory and critical phenomena, we
restrict attention to translation-invariant regulators (see, e.g., Berges, Tetradis, and
Wetterich, 2002; Delamotte, 2012). In the Laplacian eigenbasis {𝑒𝛼}𝛼∈A , with
−Δ𝑒𝛼 = 𝜆𝛼𝑒𝛼, such regulators are diagonal and admit the spectral representation

𝑅𝜅 (𝑥, 𝑦) ≈
∑︁
𝛼∈A𝑃

𝑟𝜅 (𝜆𝛼) 𝑒𝛼 (𝑥)𝑒𝛼 (𝑦),

for some scalar profile 𝜆 ↦→ 𝑟𝜅 (𝜆), where the sum is restricted to the truncated mode
set A𝑃. Its scale derivative has the analogous expansion

𝜕𝜅𝑅𝜅 (𝑥, 𝑦) ≈
∑︁
𝛼∈A𝑃

𝜕𝜅𝑟𝜅 (𝜆𝛼) 𝑒𝛼 (𝑥)𝑒𝛼 (𝑦).
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On the truncated subspace X𝑃 we represent Γ†(2)𝜅 [𝜙] + 𝑅𝜅 by the matrix 𝐴𝜅 (𝜙) with
entries

𝐴𝜅 (𝜙)𝛼𝛽 := 𝐻𝜅 (𝜙)𝛼𝛽 + 𝑟𝜅 (𝜆𝛼) 𝛿𝛼𝛽, 𝛼, 𝛽 ∈ A𝑃,

and we denote its inverse by

𝐵𝜅 (𝜙) := 𝐴𝜅 (𝜙)−1.

In this basis, the inverse kernel

G𝜅 [𝜙] (𝑥, 𝑦) :=
(
Γ
†(2)
𝜅 [𝜙] + 𝑅𝜅

)−1(𝑥, 𝑦)

is then approximated by

G𝜅 [𝜙] (𝑥, 𝑦) ≈
∑︁

𝛽,ℓ∈A𝑃
𝐵𝜅 (𝜙)𝛽ℓ 𝑒𝛽 (𝑥) 𝑒ℓ (𝑦).

Using orthonormality inX,
∫
𝑒𝛼 (𝑥)𝑒𝛽 (𝑥) d𝑥 = 𝛿𝛼𝛽 (and similarly in 𝑦), the approx-

imation of (5.15) on X𝑃 takes the form

d
d𝜅
𝑌
(𝑖)
𝜅 =

1
2

∑︁
𝛼∈A𝑃

𝜕𝜅𝑟𝜅 (𝜆𝛼) 𝐵𝜅
(
𝜙(𝑖)

)
𝛼𝛼
, 𝑖 = 1, . . . , 𝑁. (5.16)

This ODE system is the numerical approximation of the flow (5.15) used in our
computations. Together with the initial condition 𝑌𝜅UV = Γ𝜅UV (Φ), this defines a
closed ODE system for the collocated values 𝑌𝜅. We integrate (5.16) backward in
𝜅, from 𝜅UV down to 𝜅IR, using a standard ODE solver. At any intermediate scale,
the surrogate Γ

†
𝜅 [·] for arbitrary 𝜙 ∈ U is recovered by inserting the current 𝑌𝜅 into

(5.12).

5.3 Numerical results
We evaluate the proposed GP solver on FRG flows. The first example is an explicitly
solvable benchmark: the exact quadratic solution of the Wilson–Polchinski equation
for the Gaussian model (Subsection 5.3). This case is used to validate correctness
under controlled conditions. Here, we vary the number and type of collocation
functions, report errors both at the collocation set and on independently drawn test
functions from a different distribution, and study convergence as the number of
collocation functions increases.

The second experiment is carried out for the Wetterich equation on a periodic lattice.
As documented in Zorbach et al., 2025, the results produced by the LPA when re-
stricted to constant fields can differ from those obtained by lattice Monte Carlo (MC)
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Zorbach et al., 2025 for certain choices of bare parameters. In one spatial dimen-
sion, both lattice Monte Carlo (MC) Zorbach et al., 2025 and transfer matrix (TM)
Baxter, 2016 methods provide highly accurate reference solutions for some physical
observables of the system. We therefore benchmark our method against LPA, lattice
MC, and TM. Our primary accuracy metrics are three physical observables: the
effective potential, the magnetization, and the susceptibility (see Appendix D.8).
The magnetization is the field value that minimizes the infrared effective potential
once a homogeneous source has tilted it by a linear term in the field, and it captures
the systemâĂŹs equilibrium response to that source. The susceptibility measures
how rapidly this equilibrium magnetization changes as the source varies, serving
as the local slope of the magnetization curve and characterizing the strength of the
systemâĂŹs linear response. In Subsection 5.3, we apply our GP method to solve
the Wetterich equation. Here the GP prior differs from the one in the first case: it is
derived from the LPA ansatz, which consists of a kinetic term and a local potential
term. We model the local potential as a GP, and by the linearity of the ansatz in this
potential, the full functional inherits a GP prior. This construction readily extends
to other settings where a physical ansatz is available and can be encoded into the
structure of the GP prior. Across the tests, our method produces magnetization and
susceptibility curves that agree with the TM and MC references more closely than
LPA over most of the sampled range, demonstrating systematic improvements.

Throughout the experiments, we study FRG flows on fixed finite spatial domains.
For a discussion of the differences between finite-volume and infinite-volume for-
mulations of the FRG, we refer the reader to Zorbach et al., 2025.

All experiments are implemented in Python with JAX Bradbury et al., 2018a. The
resulting ODE systems are integrated using the LSODA algorithm to automatically
handle both nonstiff and stiff regimes. Detailed solver settings for each problem,
together with scripts to reproduce all experiments, are available in the public repos-
itory1,2.

The Wilson–Polchinski equation: Gaussian-model
We consider the Wilson–Polchinski equation

𝜕𝜅𝑊𝜅 [𝐽] =
1
2

∫ 1

0

∫ 1

0
𝜕𝜅𝑅𝜅 (𝑥, 𝑦)

(
𝛿2𝑊𝜅 [𝐽]
𝛿𝐽𝑥𝛿𝐽𝑦

+ 𝛿𝑊𝜅 [𝐽]
𝛿𝐽𝑥

𝛿𝑊𝜅 [𝐽]
𝛿𝐽𝑦

)
d𝑥 d𝑦, (5.17)

1https://github.com/yangx0e/KernelsRenormalizationGroups
2All calculations are performed on a MacBook Pro equipped with an Apple M1 Max processor

and 64 GB of memory.

https://github.com/yangx0e/KernelsRenormalizationGroups
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which admits the following explicit solution for a Gaussian free-field theory;

𝑊𝜅 [𝐽] = −
1
2

∫ 1

0

∫ 1

0
𝐽 (𝑥) [Γ2 + 𝑅𝜅]−1(𝑥, 𝑦) 𝐽 (𝑦) d𝑥 d𝑦 − 1

2
ln

det(Γ2 + 𝑅𝜅)
det Γ2

,

(5.18)

with Γ2 = −Δ+ 1. Here, the initial data for (5.17) at the UV scale 𝜅UV is prescribed
by the explicit expression (5.18) evaluated at 𝜅 = 𝜅UV. We work on the periodic
Sobolev space

𝐻1
per( [0, 1];R) =

{
𝐽 ∈ 𝐻1( [0, 1];R) : 𝐽 (0) = 𝐽 (1)

}
,

and choose the Litim regulator Litim, 2001

𝑅𝜅 (𝑝) =
(
𝜅2 − 𝑝2) Θ(𝜅2 − 𝑝2),

which adds a mass-like term 𝜅2 − 𝑝2 for Fourier modes with 𝑝2 < 𝜅2 and vanishes
otherwise. Here, we recall that Θ denotes the Heaviside step function, equal to 1 for
positive arguments and 0 for nonpositive arguments.

For computations we truncate to the (2𝑃 + 1)-dimensional Fourier subspace

𝑉𝑃 =

{
𝐽 (𝑥) =

𝑃∑︁
𝑝=−𝑃

𝑐𝑝 𝑒
2𝜋𝑖𝑝𝑥 : 𝑐𝑝 ∈ R, 𝑐𝑝 = 𝑐−𝑝

}
⊂ 𝐻1

per( [0, 1];R).

Numerical setup

Table 5.1: Gaussian-Model Solution of the Wilson–Polchinski Equation: Average
relative 𝐿2 errors on collocation and test sets for varying sample sizes 𝑁 .

𝑁 = 50 𝑁 = 100 𝑁 = 200 𝑁 = 500 𝑁 = 1000
Collocation set 1.91 × 10−8 2.51 × 10−9 1.28 × 10−9 8.29 × 10−10 8.29 × 10−10

Test set 5.10 × 10−8 3.99 × 10−9 1.46 × 10−9 7.48 × 10−10 6.59 × 10−10

In this benchmark we fix 𝑃 = 20. We compute the reference solution 𝑊𝜅 using the
explicit formula (5.18). To study how the solver behaves on a broad collection of
fields, and to check its ability to generalize beyond the inputs used to drive the flow,
we work with a train-test split in function space. We first construct a random positive-
definite covariance on Fourier coefficients by drawing a matrix 𝐴 ∈ R(𝑃+1)×(𝑃+1)

with i.i.d. standard normal entries and settingΣ = 𝐴⊤𝐴. To generate the collocation
functions, we draw 𝑁 = 1, 000 coefficient vectors {𝑐(𝑖)}𝑁

𝑖=1 ⊂ R2𝑃+1 from N(0, Σ).
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(a) The first three of 1000 col-
location points.

(b) Exact solutions vs. GP
approximations.

(c) Relative 𝐿2 error per
scale variable 𝜅 at collocation
points.

(d) The first three of 200 test
points.

(e) Exact solutions vs. GP
approximations.

(f) Relative 𝐿2 error per scale
variable 𝜅 at test points.

Figure 5.2: Numerical results for Gaussian-model solution of the Wilson–Polchinski
equation. Subfigures (A)–(C) show results at collocation points, while (D)–(F)
present corresponding results at testing points. For visualization, only the first 3
of 1,000 collocation points and the first 3 of 200 testing points are displayed. The
relative 𝐿2 error is evaluated for each scale variable 𝜅.

We enforce reality by mirroring 𝑐𝑝 ↦→ 𝑐−𝑝 and impose a mild high-frequency decay

𝑐𝑝 ←

𝑐0, 𝑝 = 0,

𝑐𝑝/|𝑝 |, 𝑝 ≠ 0,

so that higher Fourier modes are present but slightly damped. Each resulting vector
defines a real field 𝐽 (𝑖) (𝑥) = ∑𝑃

𝑝=−𝑃 𝑐
(𝑖)
𝑝 𝑒2𝜋𝑖𝑝𝑥 ∈ 𝑉𝑃, yielding the collocation set

J =
{
𝐽 (1) , . . . , 𝐽 (𝑁)

}
⊂ 𝑉𝑃 .

To evaluate out-of-sample performance, we construct an independent test set of size
𝑁test = 200 using the same symmetry and decay, but with coefficients (𝑐( 𝑗)−𝑃, . . . , 𝑐

( 𝑗)
𝑃
) ∼

N (0, 𝐼) instead of the correlated covariance Σ. We denote these fields by J̃ =

{𝐽 ( 𝑗)}𝑁test
𝑗=1 . This independent ensemble plays the role of a hold-out set in function

space and is used only for testing the generalization of the learned surrogate.

Since the Gaussian model solution depends quadratically on the Fourier coefficients,
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we equip the field space on 𝑉𝑃 with the quadratic feature-space kernel

𝑘
(
𝐽, 𝐽′

)
=

𝑃∑︁
𝑝=−𝑃

(
𝑐𝑝 [𝐽] 𝑐𝑝 [𝐽′] + 1

)2
, (5.19)

where 𝑐𝑝 [𝐽] is the 𝑝th Fourier coefficient of 𝐽. For the GP method described in
Section 5.2, a small nugget 𝜀 = 10−12 is added to the Gram matrix for numerical
stability. We denote the GP solution at scale 𝜅 by𝑊†𝜅 .

The initial condition of the ODE system is computed from the explicit solution
in (5.18) at the ultraviolet scale 𝜅UV = 10. We then integrate the associated ODE
system in 𝜅 from 𝜅UV down to 𝜅IR = 10−10. The trajectories are sampled at 𝑁𝑇 = 100
uniformly spaced scales

𝜅ℓ = 𝜅UV + ℓ Δ𝜅, Δ𝜅 =
𝜅IR − 𝜅UV

𝑁𝑇
, ℓ = 0, . . . , 𝑁𝑇 .

At each 𝜅ℓ we evaluate the exact solution and the GP surrogate on both J and J̃. To
measure accuracy we use relative discrete 𝐿2 errors

𝜀coll
𝑊 (𝜅ℓ) :=



𝑊𝜅ℓ (J) −𝑊
†
𝜅ℓ (J)




2

𝑊𝜅ℓ (J)




2

, 𝜀test
𝑊 (𝜅ℓ) :=



𝑊𝜅ℓ (̃J) −𝑊
†
𝜅ℓ (̃J)




2

𝑊𝜅ℓ (̃J)




2

,

and their averages over the scale grid,

𝜀coll
𝑊 =

1
𝑁𝑇 + 1

𝑁𝑇∑︁
ℓ=0

𝜀coll
𝑊 (𝜅ℓ), 𝜀test

𝑊 =
1

𝑁𝑇 + 1

𝑁𝑇∑︁
ℓ=0

𝜀test
𝑊 (𝜅ℓ).

Numerical results and discussion

Figure 5.2 summarizes the performance of the GP solver on this quadratic bench-
mark. Panel (A) shows three representative collocation fields generated by the
sampling procedure above. Panel (B) compares, for the same three fields, the exact
trajectories obtained from (5.18) with the GP surrogates. The curves are visu-
ally indistinguishable across the whole range, indicating that the GP surrogate 𝑊†

accurately captures the functional dependence on the RG scale.

Panel (C) reports the collocation relative errors 𝜀coll
𝑊
(𝜅) as a function of 𝜅. Pan-

els (D)âĂŞ(F) repeat the same diagnostics for three randomly chosen test fields
and for the full test ensemble Φ̃. Again, the pointwise trajectories of 𝑊𝜅 and 𝑊†𝜅
coincide to plotting accuracy, and the test errors 𝜀test

𝑊
(𝜅) match the collocation errors

in magnitude, confirming out-of-sample generalization in function space.
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Table 5.1 aggregates these results by listing 𝜀coll
𝑊

and 𝜀test
𝑊

for increasing numbers of
collocation fields 𝑁 . As 𝑁 increases, the errors decay rapidly, providing numerical
evidence for convergence. These results demonstrate that the proposed GP surrogate
achieves accurate interpolation and generalization across the entire RG flow.

Wetterich–Morris equation: lattice 𝜙4-model
We work on a one-dimensional periodic lattice with 𝑁𝑥 ∈ N sites, lattice spacing
equal to 1, and index set T𝑁𝑥 := Z/𝑁𝑥Z (indices taken modulo 𝑁𝑥). A lattice field is
𝜙 = (𝜙𝑖)𝑖∈T𝑁𝑥 ∈ R𝑁𝑥 . The forward difference and second-order discrete Laplacian
are

(∇𝜙)𝑖 = 𝜙𝑖+1 − 𝜙𝑖, (−Δ𝜙)𝑖 = 2𝜙𝑖 − 𝜙𝑖+1 − 𝜙𝑖−1.

We use the discrete inner product ⟨𝑢, 𝑣⟩ :=
∑
𝑖∈T𝑁𝑥 𝑢𝑖𝑣𝑖 and the standard matrix trace

Tr(·) on R𝑁𝑥×𝑁𝑥 .

The effective average action Γ𝜅 [𝜙] depends on the RG scale 𝜅 that flows backward
from a large ultraviolet value 𝜅UV ≥ 𝜋 to an infrared value 0 ≤ 𝜅IR < 𝜋/𝑁𝑥 . For
each 𝜅, a symmetric translation-invariant regulator 𝑅𝜅 ∈ R𝑁×𝑁 is given and 𝜕𝜅𝑅𝜅
denotes its scale derivative. The lattice Wetterich equation is

𝜕𝜅Γ𝑘 [𝜙] =
1
2

Tr
[ (
Γ
(2)
𝜅 [𝜙] + 𝑅𝜅

)−1
𝜕𝜅𝑅𝜅

]
, Γ

(2)
𝜅 [𝜙] :=

𝛿2Γ𝑘 [𝜙]
𝛿𝜙 𝛿𝜙

∈ R𝑁𝑥×𝑁𝑥 .
(5.20)

At 𝜅UV, we prescribe the bare lattice 𝜙4 action

Γ𝜅UV [𝜙] =
∑︁
𝑖∈T𝑁𝑥

(
1
2 | (∇𝜙)𝑖 |

2 + 𝑚2

2 𝜙2
𝑖 + 𝜆

24 𝜙
4
𝑖

)
, 𝑚2 ∈ R, 𝜆 > 0. (5.21)

To solve (5.20), we place a GP prior on Γ𝜅, induced by the local ansatz

Γ𝜅 [𝜙] =
∑︁
𝑖∈T𝑁𝑥

(
1
2 | (∇𝜙)𝑖 |

2 +𝑈𝜅 (𝜙𝑖)
)
, (5.22)

where the scalar potential𝑈𝜅 is modeled as a GP on a fixed field window [−𝜙max, 𝜙max].
Hence, by linearity, Γ𝜅 inherits a GP prior induced by that on 𝑈𝜅. Concretely, we
decompose

𝑈𝜅 (𝜙) = 𝑚0(𝜙) + 𝑣𝜅 (𝜙) + 𝑔𝜅 (𝜙), 𝜙 ∈ [−𝐿, 𝐿], (5.23)

where
𝑚0(𝜙) = 1

2𝑚
2𝜙2 + 𝜆

24𝜙
4
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is the bare 𝜙4 potential. We track the running quadratic and quartic couplings
through a low-dimensional parametric term

𝑣𝜅 (𝜙) = softplus(𝜃2,𝜅) 𝜙2/2 + softplus(𝜃4,𝜅) 𝜙4/12, softplus(𝜃) = ln
(
1 + 𝑒𝜃

)
,

with latent parameters 𝜃𝜅 = (𝜃2,𝜅, 𝜃4,𝜅)⊤ ∈ R2. Finally,

𝑔𝜅 ∼ GP(0, 𝐾𝑈)

is a zero-mean GP remainder with fixed covariance kernel 𝐾𝑈 on [−𝜙max, 𝜙max],
capturing the residual nonpolynomial structure.

Jointly determining 𝑣𝜅 and 𝑔𝜅 from the flow at each scale would amount to solv-
ing a fully nonlinear constrained regression problem in function space at every 𝜅,
which is prohibitively expensive over long RG trajectories. Instead, we adopt a
predictor-projector scheme that interleaves ODE integration with constrained re-
construction. At each scale step, we first form a predictor by replacing the nonlinear
parametrization of 𝑣𝜅 with an unconstrained linear-Gaussian surrogate, yielding a
closed, linearly parameterized curvature map 𝑈′′𝜅 as a function of the sampled po-
tential values. We then apply a projection (correction) step: we fit a constrained
polynomial parametrization together with a GP remainder to the predicted potential
and replace the predicted state by the reconstructed potential. The corrected potential
is used as the initial condition for the next predictor step. This produces an inter-
leaved algorithm that enforces the constraints along the RG evolution while keeping
the per-step cost manageable. Implementation details of the predictor closure, the
projection objective, and the numerical integrator are given in Appendix D.7. Here
we only summarize the numerical setup and results.

Numerical setup.

We discretize the periodic lattice with 𝑁𝑥 = 32 sites and take the field window
[−𝜙max, 𝜙max] with 𝜙max = 5.0 on a uniform set of 𝑁𝜙 = 800 constant-field col-
location points, which is denoted by 𝑋 . The remainder 𝑔𝜅 is modeled by a GP on
[−𝜙max, 𝜙max] with the kernel 𝐾𝑈 given explicitly by

𝐾𝑈 (𝜙, 𝜙′) =

𝑄max∑︁
𝑞=0

𝜎2 (
𝜂2 + (𝜋𝑞/𝜙max)2

)−𝛽 cos
(
𝜋𝑞

𝜙max
𝜙

)
cos

(
𝜋𝑞

𝜙max
𝜙′

)
, (5.24)

with hyperparameters 𝜎2 = 1.0, 𝜂 = 0.98, 𝛽 = 2.0, and spectral cutoff 𝑄max =

min{𝑁𝜙 − 1, 1024}. The kernel Gram matrix is stabilized with a nugget 𝜖 = 10−11.
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The kernel choice in (5.24) reflects that the effective potential 𝑈𝜅 should vary
smoothly with the field, and that the model is even in the field, i.e.,𝑈𝜅 (𝜙) = 𝑈𝜅 (−𝜙).

The flow is integrated backward in 𝜅 from 𝜅UV = 100 to 𝜅IR = 10−10, and we record
the solution at 1001 uniformly spaced output scales {𝜅𝑠}𝑆𝑠=0 with 𝑆 = 1000. We
initialize the constrained parameters at the UV scale by 𝜃𝜅UV,2 = 𝜃𝜅UV,4 = −8.0, so
that softplus(𝜃) ≈ 0, and warm-start each subsequent projection at 𝜅𝑠+1 using the
previous iterate. At each scale, the projected parameters are obtained by minimizing
the projection objective (Appendix D.7) with Tikhonov weight 𝛾 = 10−6 via a
damped Gauss–Newton method (at most six iterations, unit damping). At the
infrared scale 𝜅IR, we set 𝜃IR := 𝜃𝜅𝑆 and denote by 𝑔IR the GP posterior mean from
the final projection. Together these define the reconstructed infrared potential

𝑈IR(𝜙) = 𝑚0(𝜙) + softplus
(
𝜃IR,2

)
𝜙2/2 + softplus

(
𝜃IR,4

)
𝜙4/12 + 𝑔IR(𝜙).

The reconstructed infrared potential 𝑈IR(𝜙) is then used to extract observables
(see Appendix D.8). In particular, the magnetization 𝑚(𝑐) is obtained by solving
𝑈′IR(𝑚(𝑐)) = 𝑐 with the Newton method on 𝑐 ∈ [10−4, 100.4] sampled at 18 loga-
rithmic points, and the longitudinal susceptibility is given by 𝜒(𝑐) = 1/𝑈′′IR(𝑚(𝑐)).

Numerical results and discussion.

Figure 5.3 reports a five-panel comparison of our GP-based reconstruction against a
standard local potential flow (LPA) (see Appendix D.5), lattice Monte Carlo (MC)
Zorbach et al., 2025, and a transfer-matrix (TM) reference (see Appendix D.6). For
the one-dimensional lattice 𝜙4 model with the parameters considered here, TM and
high-precision lattice MC provide essentially state-of-the-art benchmarks for the
magnetization 𝑚(𝑐) and the susceptibility 𝜒(𝑐) as functions of the external field
𝑐, see, e.g., Zorbach et al., 2025 and Appendix D.6. Panel (A) shows the infrared
effective potential 𝑈𝜅IR (𝜙) on [−5, 5]. Panel (B) plots the susceptibility 𝜒(𝑐) on
log-log axes, and panel (C) displays the corresponding pointwise absolute errors
|𝜒(𝑐) − 𝜒TM(𝑐) | relative to the TM reference. Panel (D) shows the magnetization
𝑚(𝑐) on log-log axes, while panel (E) reports the pointwise absolute errors |𝑚(𝑐) −
𝑚TM(𝑐) |. In panels (C) and (E), smaller values indicate closer agreement with the
TM benchmark.

The study Zorbach et al., 2025 demonstrates that, for this model, the standard LPA
flow already captures the qualitative behavior of 𝑈𝜅IR (𝜙), 𝑚(𝑐), and 𝜒(𝑐), as well
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(a) Potential𝑈𝜅IR (b) Susceptibility (c) Susceptibility Errors

(d) Magnetization (e) Magnetization Errors

Figure 5.3: Benchmark of the GP reconstruction versus standard LPA, lattice Monte
Carlo, and the transfer matrix method. (A) Values of the potential 𝑈𝜅IR (𝜙) on
[−5, 5] of different methods. (B) Susceptibility 𝜒(𝑐) versus external field 𝑐 (log-
log). (C) Susceptibility errors (relative to transfer matrix); for most values of 𝑐, the
GP exhibits smaller errors than LPA, especially at small 𝑐. (D) Magnetization 𝑚(𝑐)
(log-log). (E) Magnetization errors (relative to transfer matrix); in most of the 𝑐
range the GP is more accurate than LPA.

known, but exhibits systematic quantitative deviations when compared to lattice MC.
These discrepancies originate from the fact that the truncation keeps only a local
potential 𝑈𝜅 (𝜙) and neglects momentum-dependent corrections in Γ

(2)
𝜅 , including

wave-function renormalization and higher-derivative operators. As a result, the
local flow misrepresents how fluctuations redistribute curvature in field space, and
this manifests as a visible gap between the LPA and the lattice MC/TM results.

Our GP reconstruction is built on the same local ansatz for Γ𝜅 that underlies the
standard flow, but it replaces a finite low-order polynomial parameterization of 𝑈𝜅
by a physics-informed GP prior. Concretely, we encode the bare 𝜙4 potential in the
mean function 𝑚0, represent the running quadratic and quartic couplings in a low-
dimensional parametric component 𝑣𝜅, and model the remaining nonpolynomial
structure by a zero-mean GP remainder 𝑔𝜅 with a covariance kernel 𝐾𝑈 derived
from a spectral decomposition of the lattice kinetic operator along constant fields.
In this way, the GP kernel is not a generic smoothness prior but a kernel engineered



131

from the RG ansatz.

Using TM as the reference, the pointwise errors of 𝑚(𝑐) and 𝜒(𝑐) obtained from
𝑈𝜅IR are reduced for the GP reconstruction compared to the purely LPA flow on
most values of 𝑐. For LPA, the computation requires 27.90 seconds, whereas for the
GP method it requires 59.95 seconds. Conceptually, this illustrates how physics-
driven kernel design can be used to refine the effective description of Γ𝜅 along
selected observables: an ansatz or additional physical information (symmetries or
invariances, etc.) for Γ𝜅 can be incorporated into the construction of GP priors.

5.4 Conclusion
We have introduced a general framework for solving functional renormalization
group (FRG) equations directly in function space, leveraging tools from operator
learning. The method is both general and flexible, and can be applied to a broad
class of FRG problems. We have demonstrated that it accurately reproduces several
flows of interest, while also revealing multiple directions for further development.

On the methodological side, we have worked with a fixed kernel when solving the
FRG equations. Kernel-learning techniques such as cross-validation, maximum
likelihood estimation (MLE), or maximum a posteriori (MAP) estimation Nicholas
H Nelsen, Houman Owhadi, et al., 2025; Y. Chen, Houman Owhadi, and Andrew
M. Stuart, 2021; Hastie, Tibshirani, and Friedman, 2009; Rasmussen and Williams,
2006 could be used to tune kernel hyperparameters and improve accuracy. In
addition, approaches based on programmable kernels Houman Owhadi, Scovel, and
Gene Ryan Yoo, 2021b; Th’eo Bourdais et al., 2024 may help uncover structural
properties of the solution. Once additional physical insight into the underlying FRG
solution is available, this knowledge can be encoded directly into the GP kernel.

On the theoretical side, kernel-based methods open the door to rigorous error
analysis. Although we do not pursue this here, error estimates analogous to those
in Batlle, Matthieu Darcy, Hosseini, et al., 2024b could be derived in our setting.
The encoder-decoder structure of diagram in Figure 5.1 and the optimal-recovery
viewpoint of Remark 12 were first used in the operator-learning analyses of Batlle,
Matthieu Darcy, Hosseini, et al., 2024b to provide convergence guarantees and
rigorous a priori error estimates. We do not pursue such convergence analysis here,
but note that it could be used in conjunction with an error analysis of time-stepping
schemes to provide detailed error analysis of the recovery of Γ, and instead leave
it for future work. In contrast to purely data-driven settings as in Batlle, Matthieu
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Darcy, Hosseini, et al., 2024b where evaluations of Γ are given on many input
functions, our surrogate Γ† is constrained to satisfy the FRG flow equations. As a
result, the representation is informed by the underlying functional PDE rather than
by paired input-output data. Moreover, the Gaussian process viewpoint naturally
provides uncertainty quantification and a Bayesian interpretation, which could be
exploited in inverse problems associated with functional differential equations.

In terms of applications, the proposed framework is particularly promising in situa-
tions where traditional FRG techniques are difficult to use. Potential targets include
large deviation problems for dynamical systems and phenomena such as sponta-
neous stochasticity. Our experiments also show that the GP method can handle
inhomogeneous fields, suggesting extensions to more complex field theories, for
instance the study of kink solutions in the 𝜙4 model.
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C h a p t e r 6

OPERATOR LEARNING AT MACHINE PRECISION
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6.1 Introduction
Operator learning Boulle and Townsend, 2024; Nikola B Kovachki, Lanthaler,
and Andrew M Stuart, 2024; Batlle, Matthieu Darcy, Hosseini, et al., 2024c is
the problem of approximating, from limited data, an infinite-dimensional mapping
G : U → V between Banach spaces U and V. Often, G may be implicitly
defined by another operator F such that F (𝑢,G(𝑢)) = 0. Operator learning has
attracted significant attention in scientific computing and has become one of the
core problems of physics-informed machine learning (PIML) G. E. Karniadakis,
Ioannis G Kevrekidis, et al., 2021a for learning equations Steven L Brunton, Joshua
L Proctor, and J Nathan Kutz, 2016a; Rudy et al., 2019; Jalalian et al., 2025,
and solving Partial Differential Equations (PDEs) and inverse problems Cuomo
et al., 2022; Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b;
Francesco Bartolucci et al., 2024; Molinaro et al., 2023. Among the most well-
known operator learning models are Deep Operator Nets (DeepONet) L. Lu, Jin,
Pang, et al., 2021b and Fourier Neural Operators (FNO) Zongyi Li, N. Kovachki,
et al., 2020b. While differing in their parameterizations, operator learning methods
are typically designed to learn discretized approximations of operators between
function spaces from empirical data.

We consider two main categories of operator learning problems:

• Category 1: The target operator is available only through input-output pairs,
and the governing equations or boundary conditions are unknown or incom-
plete. This often necessitates a purely data-driven approach.

• Category 2: The target operator is known to satisfy a set of constraints,
typically in the form of a PDE with appropriate boundary conditions.

In the context of Category 2, physics-informed operator learning methods Goswami
et al., 2023 are often used to encode the constraints into an accelerated emulator
for the PDE solution. While these approaches can provide substantial acceleration,
to the best of our knowledge existing methods cannot match the accuracy of the
numerical solvers they emulate.

Summary of contributions
In this article we focus on operator learning problems under Category 2 and make
four key contributions:
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• Introduction of CHONKNORIS: We propose a novel neural operator learn-
ing method inspired by the Newton–Kantorovich method Polyak, 2006. The
CHONKNORIS model explicitly learns the dependence of the Cholesky fac-
tor R of the Gauss-Newton Hessian matrix (𝜆𝐼 + F ′(𝑢, 𝑣)∗F (𝑢, 𝑣))−1 on
the approximate PDE solution 𝑣 and the random coefficients 𝑢. Integrating
CHONKNORIS Cholesky factor predictions R̂ into a quasi-Newton iterative
algorithm enables us to emulate PDE solvers to machine precision error.

• Generalization via FONKNORIS: Building upon CHONKNORIS, we in-
troduce FONKNORIS, a foundation modeling framework which learns the
dependence of the Cholesky factors R on the approximate PDE solution 𝑣 and
a set of coefficients functions 𝑢 common to a large class of PDEs. The en-
hanced generalization of FONKNORIS enables machine precision recovery
of PDEs not seen during training.

• Enhanced Accuracy and Interpretability: By explicitly embedding the un-
derlying physics into a kernel interpolation model or a neural network archi-
tecture resembling ResNet / Transformer layers, CHONKNORIS significantly
surpasses the accuracy limitations of existing operator learning frameworks
while providing improved interpretability through the physically meaningful
structure of each iteration.

• Theoretical Guarantees. We establish an inexact Newton–Kantorovich anal-
ysis for the learned Tikhonov inverse approximate Hessian, yielding rigorous
Kantorovich-style convergence guarantees. The theoretical result is instan-
tiated on a nonlinear elliptic PDE, where we explicitly compute the design
error for a kernel-based approximation of the learned Cholesky factors.

• Comprehensive Experimental Validation: Extensive numerical experi-
ments demonstrate that CHONKNORIS and FONKNORIS are capable of
machine precision recovery across a wide variety of forward and inverse
nonlinear PDE problems. These include a nonlinear elliptic equation, the
Burgers’ equation, a nonlinear Darcy flow equation, Calderón’s inverse prob-
lem, an inverse wave scattering problem, a seismic imaging full waveform
inversion problem, and a FONKNORIS generalization to the Klein–Gordon
and Sine–Gordon equations.

• Benchmarking against operator learners. Compared to strong baselines
(kernel methods, Fourier Neural Operators, and Transformer-based Neural
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Operators), our approach lowers typical relative errors from around 10−3 or
10−2 to near 10−16 (machine precision) on benchmark forward and inverse
problems.

Finally we highlight the practical and scientific use cases of CHONKNORIS and
FONKNORIS algorithms:

• Known physics. When the residual map F (𝑢, 𝑣) = 0 is specified (forward or
inverse settings) and high accuracy is required, the solver-emulating updates
attain machine precision accuracy in practice, substantially exceeding typical
operator-learning baselines.

• Reliability. CHONKNORIS is equipped with theoretical guarantees (e.g.,
convergence and stability under standard assumptions), yielding reproducible
and dependable results.

• Controllable accuracy and cost. Accuracy is governed by the iteration
budget; per-iteration complexity is dominated by Jacobian actions in the form
of two triangular matrix–vector products.

• Cross-PDE transfer. Our foundation model, FONKNORIS, learns a single
mapping from operator coefficients to Cholesky factors, enabling transfer
across PDE families and generalization to previously unseen equations without
retraining.

Brief review of the relevant literature
Methods for operator learning can be broadly categorized into three main groups:
(1) Artificial neural network (ANN)-based approaches L. Lu, Jin, Pang, et al.,
2021b; Zongyi Li, N. Kovachki, et al., 2020b; N. Kovachki, Zongyi Li, et al.,
2023, (2) kernel-based methods Kadri, Duflos, Preux, Stephane Canu, et al., 2016a;
Nicholas H Nelsen and Andrew M Stuart, 2021; Batlle, Matthieu Darcy, Hosseini,
et al., 2024c, and (3) hybrid approaches Houman Owhadi and Gene Ryan Yoo,
2019a; Houman Owhadi, 2023a; Mora et al., 2025. Kernel-based methods are
well-established, offering strong theoretical foundations and convergence guaran-
tees. Theoretical support for ANN-based methods has been developed more recently
Nikola B Kovachki, Lanthaler, and Andrew M Stuart, 2024; De Ryck and Mishra,
2024; Mishra and Molinaro, 2022; Reinhardt, Sven Wang, and Zech, 2024. ANN
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methods have become popular as they can benefit from advanced hardware and soft-
ware ecosystems, enabling efficient scaling to large datasets. When G corresponds
to the solution operator of a PDE, learning G through evaluations of F is referred to
as physics-informed operator learning Sifan Wang, H. Wang, and Paris Perdikaris,
2021b; Goswami et al., 2023; Zongyi Li, Zheng, et al., 2024b. These methods typi-
cally incorporate a loss term to enforce the consistency of the learned operator with
the underlying PDE. As mentioned earlier, a common issue with operator learning
methods is their limitations in terms of accuracy. For example, in tasks such as
mapping diffusion coefficients to solutions in second order elliptic PDEs a relative
𝐿2 error of around 0.1% is achieved on benchmark data sets, even in the physics-
informed setting Kissas et al., 2022; He, X. Liu, and Xu, 2024; Zongyi Li, Zheng,
et al., 2024b. Adjacent to the above works, the recent papers Long et al., 2024;
Jalalian et al., 2025 explored operator learning via equation learning where F is
learned from data and then inverted numerically to estimate G and achieved signifi-
cant improvements in accuracy and data efficiency. However, these methods are not
true emulators since every evaluation of the learned operator requires the numerical
solution of a nonlinear PDE. In parallel, there is a growing interest in foundation
models for operator learning, where large neural operators are pre-trained across
families of PDEs and subsequently adapted to solve new unseen PDEs or tasks: see
e.g.Bodnar et al., 2025; Herde et al., 2024; Z. Ye et al., 2024.

These results raise a compelling question:

Can operator learning for PDE problems achieve machine precision
or at least approach it, if we incorporate explicit knowledge that the
underlying map G is fully determined by known constraints?

The recent works He, X. Liu, and Xu, 2024; W. Hao, X. Liu, and Y. Yang, 2024;
Fabiani et al., 2025; Georgiou, Siettos, and Yannacopoulos, 2025a; Georgiou, Si-
ettos, and Yannacopoulos, 2025b introduced operator learning techniques based on
traditional numerical algorithms. In He, X. Liu, and Xu, 2024, the authors propose
a multi-grid operator for solving linear PDEs while W. Hao, X. Liu, and Y. Yang,
2024; Fabiani et al., 2025 introduce an operator learning algorithm that emulates the
iterative updates of Newton’s method for solving PDEs. In Georgiou, Siettos, and
Yannacopoulos, 2025a; Georgiou, Siettos, and Yannacopoulos, 2025b, the authors
introduce Fredholm neural networks, which solve Fredholm integral equations of the
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second kind by unrolling an iterative fixed-point scheme into a feed-forward archi-
tecture. Several PDEs, including the Helmholtz equation, admit such formulations.
In Georgiou, Siettos, and Yannacopoulos, 2025b, they report small interior errors
and near machine precision accuracy on the boundary for selected benchmarks. By
contrast, Fabiani et al., 2025 proposes RandONets: shallow, one-hidden-layer oper-
ator networks that first embed inputs via random projections and then learn only the
output weights with linear solvers. For certain linear operators with aligned data,
this approach attains near machine precision. The work W. Hao, X. Liu, and Y.
Yang, 2024 is the closest method to ours. Methodologically, the method in W. Hao,
X. Liu, and Y. Yang, 2024 learns a neural operator that directly approximates the
nonlinear Newton update map and obtains a solution by iterating this learned map,
guided by a Newton-informed loss. In contrast, our CHONKNORIS framework
regresses Cholesky factors of the underlying linear elliptic operators and hard-wires
a regularized Newton–Kantorovich residual iteration as the network architecture.
The CHONKNORIS framework therefore does not approximate the full nonlinear
Newton step, but only the linear elliptic operator entering the Newton–Kantorovich
linearization. Under standard assumptions ensuring that the Newton–Kantorovich
iteration based on the exact elliptic operator is contractive, and provided that the
learned operator is sufficiently close to this exact operator so as to preserve con-
traction, increasing the iteration budget systematically reduces the error down to the
accuracy level dictated by the underlying numerical discretization.

Gauss–Newton algorithms, along with other quasi-Newton algorithms as well as
their function space extensions, the Newton–Kantorovich method, have been widely
used for solving nonlinear PDEs Quarteroni and Valli, 1994; Zeidler, 1986 and
inverse problems Haber, Ascher, and Oldenburg, 2000; Haber, 2004. Such algo-
rithms are also central to the design of recent RKHS methods for solving PDEs Y.
Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b as well as boost-
ing Physics Informed Neural Net (PINN)-type methods Jnini, Vella, and Zeinhofer,
2024. The wide applicability and simple abstract formulation of quasi-Newton algo-
rithms suggests that they can be emulated or approximated using Machine Learning
(ML) models, further motivating our exposition in light of algorithm unrolling ideas
in the design of ANN architectures Monga, Y. Li, and Eldar, 2021; Q. Yang, Sadeghi,
and G. Wang, 2022.

Finally, we note that operator learning is deeply related to older ideas in scientific
computing and applied mathematics such as computer model emulation Kennedy
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and O’Hagan, 2001, operator compression Feischl and Peterseim, 2020, polyno-
mial chaos expansions Xiu and G. E. Karniadakis, 2002b, and model order reduc-
tionSchilders, Van der Vorst, and Rommes, 2008 among others. For more historical
remarks in this direction we refer the reader to the literature review in Batlle,
Matthieu Darcy, Hosseini, et al., 2024c.

Outline
The remainder of this article is organized as follows. Section 6.2 details the opera-
tor learning problem (Section 6.2), the Newton–Kantorovich method (Section 6.2),
the Newton–Kantorovich method with Tikhonov regularization (Section 6.2), the
proposed CHONKNORIS method (Section 6.2), and the proposed FONKNORIS
foundation model (Section 6.2). Section 6.3 details our numerical experiments in-
cluding benchmarking CHONKNORIS against existing operator learning methods
(Section 6.3), forward problem modeling with CHONKNORIS (Section 6.3), foun-
dation modeling with FONKNORIS (Section 6.3), and inverse problem modeling
with CHONKNORIS (Section 6.3). Section 6.4 provides theoretical guarantees
of the CHONKNORIS method. Finally, Section 6.5 gives a brief conclusion and
outlook of future work.

6.2 Operator Learning
The operator learning problem
LetU andV be two separable Banach function spaces. We are interested in learning
the operator G : U → V that is implicitly defined by F : U ×V →W:

G : 𝑢 ↦→ G(𝑢) := 𝑣 such that F (𝑢,G(𝑢)) = 0 for all 𝑢 ∈ U.

In this work, we assume to know and have full access to the operator F , and
thus to its Fréchet derivative 𝛿F

𝛿𝑣
: U × V → L(V,W) as well as its adjoint

𝛿F
𝛿𝑣

∗ : U ×V → L(W,V).

Nonlinear elliptic PDE as a running example

As a running example, we consider the following nonlinear elliptic equation supple-
mented with periodic boundary conditions. We will use this PDE throughout the
paper to ground our ideas and provide intuition for our abstract derivations:

−Δ𝑣(𝑥) + 𝜅𝑣(𝑥)3 = 𝑢(𝑥) for 𝑥 ∈ (0, 1)

𝑣(0) = 𝑣(1)
. (6.1)
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The corresponding differential operator and its derivative are

F (𝑢, 𝑣) = −Δ𝑣 + 𝜅𝑣3 − 𝑢 and
[
𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) = [−Δ + 3𝜅𝑣2] (ℎ) (6.2)

respectively. Our task is to learn an approximation of G such that for 𝑣 = G(𝑢)
the above equation is satisfied in some suitable sense, e.g., in the classical or weak
sense. In other words, we aim to learn the solution operator that maps the right hand
side 𝑢 to the solution 𝑣 of (6.1).

A suitable analytical framework may setU =W = C𝑝𝑒𝑟 (T), the space of periodic
continuous functions on T, and either V = C2

𝑝𝑒𝑟 (T), the space of periodic twice
differentiable functions on Ω for classical solutions, or V := 𝐻1

per,0(T) =
{
𝑢 ∈

𝐻1
per(T) :

∫ 1
0 𝑢 = 0

}
for weak solutions where 𝑊 := 𝑉∗ ≃ 𝐻−1

per,0(T) with ∥𝑢∥𝑉 :=
∥𝑢′∥𝐿2 (0,1) .

The Newton–Kantorovich method
The Newton–Kantorovich (NK) method Polyak, 2006 is a generalization of Newton’s
method to Banach spaces. First, we outline the method with the nonlinear elliptic
PDE defined in (6.1) and (6.2). To solve this equation, we start from an initial guess
𝑣0, and iteratively perturb the approximation using successive linearizations around
each estimate. Writing 𝑣𝑛 for the current estimate and 𝑣𝑛+1 := 𝑣𝑛 + 𝛿𝑣𝑛 for the next
estimate, we have

0 = −Δ(𝑣𝑛 + 𝛿𝑣𝑛) + 𝜅(𝑣𝑛 + 𝛿𝑣𝑛)3 − 𝑢
=

[
−Δ(𝑣𝑛) + 𝜅(𝑣𝑛)3 − 𝑢

]
+ (−Δ𝛿𝑣𝑛 + 3𝜅𝑣2

𝑛𝛿𝑣𝑛) + 𝑜(𝛿𝑣𝑛)
= F (𝑢, 𝑣𝑛) + (−Δ + 3𝜅𝑣2

𝑛)𝛿𝑣𝑛 + 𝑜(𝛿𝑣𝑛).

Ignoring higher orders of approximation, this defines the update 𝛿𝑣𝑛 as the solution
of a 𝑣𝑛-dependent linear PDE. Our critical insight is that learning to solve this
linearized PDE is much simpler than directly solving the original nonlinear PDE.
This methodology can be generalized to any operator equation F (𝑢, 𝑣) = 0. We
have

0 = F (𝑢, 𝑣𝑛 + 𝛿𝑣𝑛) ≈ F (𝑢, 𝑣𝑛) +
[
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]
(𝛿𝑣𝑛), (6.3)

where again 𝛿F
𝛿𝑣

is the Fréchet derivative of F . The NK method proceeds to find
𝛿𝑣𝑛 by solving the linear problem in (6.3) giving

𝛿𝑣𝑛 = −
(
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)−1
F (𝑢, 𝑣𝑛). (6.4)

Therefore to emulate the NK flow, it is sufficient to learn the term
(
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)−1
.
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The Newton–Kantorovich method with Tikhonov regularization
Limited data and the potential ill-conditioning of the operator 𝛿F

𝛿𝑣
can lead to inaccu-

racies and instabilities if we try to directly use the iteration in (6.4). To address this
issue, it is necessary to regularize the problem. We therefore consider a Tikhonov-
regularized variant of the NK method by defining

𝛿𝑣𝑛 = arg min
𝛿𝑣∈V

{


F (𝑢, 𝑣𝑛) + 𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛) [𝛿𝑣]




2

W
+ 𝜆∥𝛿𝑣∥2V

}
, (6.5)

where 𝜆 > 0 is the regularization parameter that balances robustness and accuracy;
larger values of 𝜆 slow down convergence and improve robustness while smaller
values lead to faster algorithms that are less stable. Assuming that the underlying
spaces are Hilbert, the first-order optimality condition for (6.5) yields a (linear)
normal equations that can be solved explicitly. This results in the following iterative
scheme

𝛿𝑣𝑛 = −
( (
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)∗ 𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛) + 𝜆𝐼

)−1 (
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)∗ F (𝑢, 𝑣𝑛), (6.6)

𝑣𝑛+1 = 𝑣𝑛 + 𝛿𝑣𝑛, (6.7)

where 𝛿F
𝛿𝑣

∗ denotes the Hilbert adjoint of the Fréchet derivative of F . This is
precisely the Hilbert-space analogue of the Levenberg–Marquardt step Nocedal and
Stephen J Wright, 2006a. We note that this iterative scheme leads to a connection
with the attention mechanism from transformers Vaswani et al., 2017; Calvello et al.,
2024 that we highlight in Section E.7, leaving further investigation to future work.

In Banach spaces, a (unique) minimizer of (6.5) still exists under standard as-
sumptions (e.g., uniform convexity/smoothness and suitable conditions on F ). The
corresponding optimality conditions replaces inner products by duality pairings and
involves the duality mappings 𝐽𝑉 and 𝐽𝑊 , leading to a nonlinear equation of the form(

𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)∗
𝐽𝑊

(
F (𝑢, 𝑣𝑛) + 𝛿F

𝛿𝑣
(𝑢, 𝑣𝑛) 𝛿𝑣𝑛

)
+ 𝜆 𝐽𝑉 (𝛿𝑣𝑛) = 0,

which can be solved by standard monotone-operator or Newton-type methods. For
clarity, we confine our analysis to the Hilbert-space setting.

Since we assumed that the adjoint operator 𝛿F
𝛿𝑣

∗ is known, the most significant
computational burden in computing the update 𝛿𝑣𝑛 is, in general, to compute

𝑄(𝑢, 𝑣𝑛) =
((
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)∗
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛) + 𝜆𝐼

)−1
. For that reason, we only learn the

parametric operator (𝑢, 𝑣) ↦→ 𝑄(𝑢, 𝑣). This operator is symmetric, positive definite
and linear, but it depends nonlinearly on both 𝑢 and 𝑣𝑛. The next remark justifies
learning 𝑄, as it can be done efficiently.
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Remark 13 (Reduction to parametric elliptic operator learning). Let us write
L+(V,V) for the space of symmetric positive linear operators from V to V.
We notice that 𝑄 is indeed a mapping fromU ×V to L+(V,V). Then, assuming
that the adjoint operator 𝛿F

𝛿𝑣

∗ is known, we can compute Q 𝛿F
𝛿𝑣

∗
. The operator Q−1

is indeed an elliptic differential operator whose solution map Q can be learned
efficiently Schafer and Houman Owhadi, 2024; J. Chen, Schafer, and Desbrun,
2024.

The subsequent remark shows that our analogue of the Levenberg–Marquardt algo-
rithm, as in the finite-dimensional case, interpolates between gradient descent and
the Newton–Kantorovich method.

Remark 14 (Interpolation between Gradient Descent and NK). In the Hilbert space
setting, we can formally write



F (𝑢, 𝑣𝑛) + [

𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]
(𝛿𝑣)





2

W
= ∥F (𝑢, 𝑣𝑛)∥2W+2

〈
𝛿𝑣,

[
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]∗
F (𝑢, 𝑣𝑛)

〉
V
+O(∥𝛿𝑣∥2V),

(6.8)
and see that 𝛿𝑣𝑛 given by (6.6) approximates the NK increment (6.4) as 𝜆 ↓ 0 while it
is proportional to a gradient descent update for the left-hand side of (6.8) as 𝜆 ↑ ∞.
Therefore, the regularization parameter 𝜆 allows us to interpolate between the NK
algorithm and gradient descent, enabling a controlled balance between convergence
stability and update accuracy.

CHONKNORIS
We are now ready to introduce CHONKNORIS based on the idea of using operator
learning to efficiently learn the solution operator Q as mentioned in Remark 13.
More precisely, CHONKNORIS uses the same update rule as in (6.7), but replaces
the costly operator inversion in the definition of Q with a learned approximation. In
practice, we work with an arbitrary discretization of input and output spacesU,V,
andW. This discretization can be derived from various numerical methods such
as finite-elements, finite-differences, spectral methods, or any other discretization
method. Thus, choosing an appropriate parametrization of our input and output
functions, CHONKNORIS can be made discretization-invariant following the op-
timal recovery approach in Batlle, Matthieu Darcy, Hosseini, et al., 2024c or the
Fourier neural operator (FNO) framework in Zongyi Li, N. Kovachki, et al., 2020b.
Consequently, Q(𝑢, 𝑣𝑛) is discretized as a positive definite matrix. We choose to
approximate the Cholesky factors of Q to enforce positivity, which stabilizes learn-
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ing, guarantees descent directions, reduces the number of learned parameters, and
allows for efficient triangular solves. We train a surrogate operator R̂, parameterized
for instance as a neural operator or a kernel-based model, such that

R̂ (𝑢, 𝑣)R̂ (𝑢, 𝑣)𝑇 ≈ Q(𝑢, 𝑣) =
[(
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)∗ (
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)
+ 𝜆𝐼

]−1

(6.9)

R̂ (𝑢, 𝑣) is upper triangular. (6.10)

To that end, we use a traditional NK solver to generate training data for our method.
Using input data 𝑢(1) , . . . , 𝑢(𝑀) ∼ 𝜇 that are sampled from a probability measure
𝜇 supported on U, we run the NK solver for 𝑛𝑤𝑎𝑟𝑚 ∈ N steps to generate flow
data 𝑣 (𝑚)

𝑘
where 𝑚 = 1, . . . , 𝑀 and 𝑘 = 0, . . . 𝑛𝑤𝑎𝑟𝑚. This flow data lives along

the true NK method trajectory to mitigate the curse of dimensionality and avoid
generating data that is not seen in the NK iteration scheme. We can then compute
the Cholesky factors of Q(𝑢(𝑚) , 𝑣 (𝑚)

𝑘
) and train R̂ to approximate them using a

the usual regularized mean squared error loss. Note that it is also possible to
vary the Tikhonov regularization 𝜆, introducing an additional dependency for R̂,
i.e., R̂ (𝑢, 𝑣, 𝜆). This is particularly useful for ill-posed problems, such as inverse
problems, to speed up the convergence and obtaining higher accuracy.

Once we have trained R̂, the CHONKNORIS approximation is Ĝ : 𝑢 ↦→ 𝑣̂𝑁 , where

𝑣̂𝑛+1 = 𝑣̂𝑛−𝛼𝑛R̂ (𝑢, 𝑣̂𝑛, 𝜆𝑛)R̂ (𝑢, 𝑣̂𝑛, 𝜆𝑛)𝑇
(
𝛿F
𝛿𝑣
(𝑢, 𝑣̂𝑛)

)∗
F (𝑢, 𝑣̂𝑛), 𝑛 = 0, . . . , 𝑁−1.

(6.11)
For a sufficiently large number or inference iterations 𝑁 , we expect Ĝ(𝑢) = 𝑣̂𝑁 ≈
G(𝑢). Here, 𝛼𝑛 is a learning rate schedule and 𝜆𝑛 the Tikhonov regularization
schedule. Both schedules are chosen using line-search. Thus, CHONKNORIS is
an emulator of the true NK method. We summarize the resulting algorithm in
Algorithm 2 and give a visual depiction of the post-training operator in Figure 6.1.

FONKNORIS
In this section, we introduce FONKNORIS, a foundational model variant of CHON-
KNORIS. We illustrate this method using our running example of a nonlinear elliptic
PDE. First, we notice that in 1D the Fréchet derivative of the nonlinear elliptic PDE
in (6.2), 𝛿F

𝛿𝑣
(𝑢, 𝑣) = (−𝜕𝑥𝑥 + 3𝜅𝑣2), can be expressed as[

𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) (𝑥) = [𝑎(𝑢, 𝑣)𝜕𝑥𝑥 + 𝑏(𝑢, 𝑣)𝜕𝑥 + 𝑐(𝑢, 𝑣)] ℎ(𝑥), (6.12)
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Algorithm 2 CHONKNORIS/FONKNORIS

1: Inputs: training data size 𝑀; residual map F ; Jacobian 𝐽 (𝑢, 𝑣) = 𝛿F
𝛿𝑣
(𝑢, 𝑣);

adjoint 𝐽∗; measure 𝜇; NK warm-up steps 𝑛warm; model R̂𝜃 (lower-triangular,
diag > 0); flow relaxation 𝜆flow; training relaxation set 𝜆train

2: Mode: choose parameterization Φ and Jacobian builder BuildJ:
• CHONKNORIS: Φ(𝑢, 𝑣) = (𝑢, 𝑣), BuildJ(𝑢, 𝑣) = 𝐽 (𝑢, 𝑣)
• FONKNORIS: Φ(𝑢, 𝑣) = (𝑎(𝑢, 𝑣), 𝑏(𝑢, 𝑣), 𝑐(𝑢, 𝑣)), BuildJ(𝑎, 𝑏, 𝑐) =

𝑎 𝜕𝑥𝑥 + 𝑏 𝜕𝑥 + 𝑐

3: Data (offline):
4: for 𝑚 = 1, . . . , 𝑀 do
5: sample 𝑢(𝑚) ∼ 𝜇
6: initialize 𝑣0
7: for 𝑖 = 0, . . . , 𝑛warm do ⊲ solver warmup
8: 𝑧𝑖 ← Φ(𝑢(𝑚) , 𝑣𝑖) ⊲ 𝑧𝑖 = (𝑢(𝑚) , 𝑣𝑖) in CHONKNORIS, or 𝑧𝑖 = (𝑎, 𝑏, 𝑐)

in FONKNORIS
9: 𝐽𝑖 ← BuildJ(𝑧𝑖)

10: 𝑣𝑖+1 ← 𝑣𝑖 −
(
𝐽∗
𝑖
𝐽𝑖 + 𝜆flow𝐼

)−1
𝐽∗
𝑖
F (𝑢(𝑚) , 𝑣𝑖)

11: for 𝜆 ∈ 𝜆train do
12: 𝑅 =

(
chollower(𝐽∗𝑖 𝐽𝑖 + 𝜆𝐼)

)−∗
⊲ 𝑅𝑅∗ = (𝐽∗

𝑖
𝐽𝑖 + 𝜆𝐼)−1

13: store training data
(
𝑧𝑖, 𝜆, 𝑅

)
14: end for
15: end for
16: end for
17: Learn (offline): min

𝜃

∑︁

R̂𝜃 (𝑧, 𝜆) − 𝑅

2
𝐹
; enforce lower-triangular with

positive diagonal.
18: Evaluate (online): given 𝑢, 𝑣0, budget 𝑁; initial values 𝛼predict/𝜆train.
19: for 𝑛 = 0, . . . , 𝑁 − 1 do
20: 𝑟 ← F (𝑢, 𝑣𝑛)
21: 𝑧𝑛 ← Φ(𝑢, 𝑣𝑛)
22: 𝐽𝑛 ← BuildJ(𝑧𝑛)
23: 𝑅 ← R̂𝜃 (𝑧𝑛, 𝜆𝑛)
24: 𝛿𝑣 ← −𝛼𝑛𝑅∗𝑅𝐽∗𝑛𝑟
25: 𝑣𝑛+1 ← 𝑣𝑛 + 𝛿𝑣
26: choose 𝛼𝑛, 𝜆𝑛 by repeating the above steps until ∥F (𝑢, 𝑣𝑛+1)∥ ≪ ∥𝑟 ∥ ⊲

e.g., using line search
27: Stop if ∥𝑟 ∥ and/or ∥𝛿𝑣∥ below given tolerances
28: end for
29: Return 𝑣̂ = 𝑣𝑁
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𝑣0 Iteration 1 𝑣1 Iteration 2 𝑣2 • • • Iteration 𝑇 𝑣𝑇

𝛿𝑣 = −R̂(𝑢, 𝑣𝑛)R̂𝑇 (𝑢, 𝑣𝑛)
[
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]∗ F (𝑢, 𝑣𝑛)
𝑣𝑛

id

+ 𝑣𝑛+1

(b)

(a)

Figure 6.1: CHONKNORIS. (a) An initial guess 𝑣0 for the true solution 𝑣 = G(𝑢)
is iteratively refined by adding a correction term. (b) Each iteration consists of two
steps: First, compute the correction term 𝛿𝑣 = −

(
R̂R̂∗

[
𝛿F
𝛿𝑣

]∗F )
(𝑢, 𝑣𝑘 ), where R̂ is

a learned surrogate for the Cholesky factors of ( 𝛿F
𝛿𝑣

𝛿F
𝛿𝑣

𝑇 + 𝜆𝐼)−1, F is the forward
map with its Fréchet derivative 𝛿F

𝛿𝑣
, 𝑣𝑘 is the current approximation of the desired

function 𝑣 = 𝐺 (𝑢), and 𝑢 is the input for which we seek the solution. Next, update
the current approximation via 𝑣𝑘+1 = 𝑣𝑘 + 𝛿𝑣.

for coefficient functions 𝑎 = −1, 𝑏 = 0, 𝑐 = 3𝜅𝑣2. While CHONKNORIS learns to
predict the Cholesky factors of the Tikhonov-regularized inverse of this operator as
a function of 𝑣𝑛 and 𝑢, i.e., R̂ (𝑢, 𝑣̂𝑛), FONKNORIS aims to learn the same Cholesky
factors as a function of the coefficient functions 𝑎, 𝑏, and 𝑐, i.e., R̂ (𝑎, 𝑏, 𝑐). This
implies that, once the model R̂ (𝑎, 𝑏, 𝑐) is trained on a sufficiently large and diverse
dataset of (𝑎, 𝑏, 𝑐) combinations, we are able to predict the Cholesky factors arising
from any PDE whose Fréchet derivative is of the form (6.12), i.e., any local PDE of
second order. We note that the coefficient functions 𝑎, 𝑏, and 𝑐 depend on and are
uniquely determined by the operator F .

To this end, FONKNORIS seeks to train a data-driven surrogate operator R̂, such
as a neural operator or a kernel-based model, where

R̂ (𝑎, 𝑏, 𝑐)R̂ (𝑎, 𝑏, 𝑐)𝑇 ≈
(
[𝑎𝜕𝑥𝑥 + 𝑏𝜕𝑥 + 𝑐] [𝑎𝜕𝑥𝑥 + 𝑏𝜕𝑥 + 𝑐]∗ + 𝜆𝐼

)−1
,

R̂ (𝑎, 𝑏, 𝑐) is lower triangular.

This model is trained once, and generalizes to any equation with a Jacobian of the
form (6.12). Then, the FONKNORIS approximation is Ĝ : 𝑢 ↦→ 𝑣̂𝑁 , where

𝑣̂𝑛+1 = 𝑣̂𝑛 − 𝛼𝑛R̂ (𝑎𝑛, 𝑏𝑛, 𝑐𝑛)R̂ (𝑎𝑛, 𝑏𝑛, 𝑐𝑛)𝑇 [𝑎𝑛𝜕𝑥𝑥 + 𝑏𝑛𝜕𝑥 + 𝑐𝑛]∗ F (𝑢, 𝑣̂𝑛)
where 𝑎𝑛 = 𝑎(𝑢, 𝑣𝑛), 𝑏𝑛 = 𝑏(𝑢, 𝑣𝑛), 𝑐𝑛 = 𝑐(𝑢, 𝑣𝑛).
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Again, for a sufficiently large number or iterations 𝑁 , we expect Ĝ(𝑢) = 𝑣̂𝑁 ≈ G(𝑢).
Note that for FONKNORIS, we add an intermediate step that, given 𝑢 and 𝑣𝑛,
computes the coefficient functions 𝑎𝑛 = 𝑎(𝑢, 𝑣𝑛), 𝑏𝑛 = 𝑏(𝑢, 𝑣𝑛), 𝑐𝑛 = 𝑐(𝑢, 𝑣𝑛) and
passes them to the model R̂, and hence we assume knowledge of these functions.

Furthermore, we note that this 1D example can be easily extended to any dimension
and to any nonlinear operator. For local differential operators of order 𝑘 ∈ N, we
observe that

𝜕F
𝜕𝑣
(𝑢, 𝑣) =

∑︁
|𝛼 |≤𝑘

𝛽𝛼 (𝑢, 𝑣)𝐷𝛼,

where 𝛼 ∈ N𝑘 is a multi-index, 𝐷𝛼 denotes a linear differential operator, and 𝛽𝛼

denotes the coefficient functions. For nonlinear operators that are nonlocal, the
Fréchet derivative also contains linear nonlocal operators. However, the principle
remains the same: the Fréchet derivative can still be parameterized in terms of
the coefficient functions. FONKNORIS can be regarded as a foundation model for
local differential equations, as it is trained once on a diverse collection of PDEs
through their coefficient functions 𝛽𝛼 and generalizes to unseen equations without
retraining. By learning a universal mapping from operator coefficients to inverse
operators, FONKNORIS provides a reusable model that captures the shared structure
underlying broad classes of PDEs. The FONKNORIS algorithm is summarized in
Algorithm 2.

6.3 Numerical Experiments
In this section we present various numerical experiments that verify the ability of
CHONKNORIS and FONKNORIS in emulating various PDE and inverse problem
solution maps to machine precision.

Benchmarking Summary
To assess the performance of the CHONKORIS method, we benchmark against
the kernel/Gaussian process (GP) operator learning framework of Batlle, Matthieu
Darcy, Hosseini, et al., 2024c, Fourier neural operators (FNOs) Zongyi Li, N.
Kovachki, et al., 2020b, and transformer neural operator (TNO) Calvello et al.,
2024. We deploy these three models as purely data-driven baselines which learn
the operator G directly from input-output pairs (𝑢, 𝑣). Note that 𝑣 is given by the
last iterate of the Newton–Kantorovich method, so the baseline methods do not have
access to the intermediate steps of the solver. These baselines are not intended as a
comprehensive benchmark; rather, they serve as a control to verify that conventional
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operator-learning frameworks do not attain machine precision on these problems.
Furthermore, we note that the benchmark methods are trained in the low-data regime
detailed in the following subsections, justifying the varying performance of the
baselines. We also note that the vanilla FNO and vanilla TNO do not support the
different input and output domains which arise in our benchmark inverse problems
as detailed in Section 6.3; hence, we do not apply these benchmarks to the inverse
problems we test here. Table 6.1 gives a performance comparison between these
benchmark operator learning methods and our proposed CHONKNORIS approach.
The details of the benchmark problems are outlined in the remainder of this section.
Additional details on the GP baselines are given in Section E.1.

GP FNO TNO CHONKNORIS (ours)
Nonlinear elliptic 5.1e-6 1.3e-3 5.7e-3 8.9e-16
Burgers’ 1.1e-1 8.8e-3 2.2e-2 5.1e-16
Nonlinear Darcy 1.8e-3 4.8e-3 3.9e-3 9.6e-16
Calderòn 1.6e-2 – – 3.2e-15
Inverse wave scattering 1.5e-2 – – 9.2e-13
Seismic imaging 5 × 5 2.3e-2 – – 2.0e-14
Seismic imaging 7 × 7 4.4e-2 – – 3.0e-12
Seismic imaging 10 × 10 5.7e-2 – – 1.2e-03

Table 6.1: Summary of median relative 𝐿2 losses over multiple forward and inverse
problem benchmarks.

Forward Problems
Table 6.2 summarizes the forward problems we consider and their parameteriza-
tions. The following subsections provide additional details on each of these forward
problems.

Nonlinear Elliptic Equation

The first example is the 1D nonlinear elliptic PDE (6.1) with 𝜅 = 50 as introduced
in Section 6.2.

The differential operator is given in (6.2) and the corresponding solution operator
is given by G(𝑢) = 𝑣 mapping the right hand side to the solution of the boundary
value problem Section 6.2. The random coefficient 𝑢 is sampled from a zero-mean
GP with a periodic kernel

𝐾 (𝑥, 𝑥′) = exp(−2/ℓ sin2(𝜋/𝑝(𝑥 − 𝑥′)))
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forward problem Nonlinear Elliptic 1D Burgers’ 1D time-dependent Darcy 2D

𝑢 distrib. GP-periodic sum of sines GP-invLaplacian
FD grid 𝑁𝑥 = 63 (𝑁𝑡 , 𝑁𝑥) = (151, 127) (𝑁𝑥1 , 𝑁𝑥2) = (20, 20)

(𝑅train, 𝑅val) (896, 128) (448, 64) (896, 128)
(𝑛warm, 𝜆flow, 𝜆train) (5, 0, 0) (5, 0, 10−2) (6, 0, 10−3)

Hessian model GP-Gaussian MLP-Tanh (127, 500, 1000, 8128) GP-Gaussian
Section Section 6.3 Section 6.3 Section 6.3

inverse problem Calderòn Inverse Wave Scattering Seismic Imaging FWI
𝑢 distrib. GP-invLaplacian GP-invLaplacian OpenFWI dataset (C. Deng et al., 2022)
FD grid (𝑁𝑥1 , 𝑁𝑥2) = (9, 9) (𝑁𝑥1 , 𝑁𝑥2) = (7, 7) (𝑁𝑥1 , 𝑁𝑥2) ∈ {(5, 5), (7, 7), (10, 10), (14, 14)}

(𝑅train, 𝑅val) (7500, 2500) (9750, 250) (800, 200)
(𝑛warm, 𝜆flow, 𝜆train) (0, 10−10, 10−10) (0, 10−4, 10−4) (400, adaptive, adaptive)

Hessian model GP–Gaussian GP–Gaussian GP–Gaussian
Section Section 6.3 Section 6.3 Section 6.3

Table 6.2: Forward and inverse problem parameters. 𝑢 distrib. is the distribution of
random coefficients. FD grid contains the regular grid sizes for the finite difference
scheme. (𝑅train, 𝑅val) are the number of training and validation realizations respec-
tively. 𝑛warm denotes the number of Newton–Kantorovich iterations used to generate
training data along the flow. 𝜆flow is the relaxation used in the NK method, while
𝜆train is the relaxation shown to the Hessian prediction model. CHONKNORIS
training is performed with Λtrain = {𝜆flow} in the context of Algorithm 2. GP-kernel
denotes a Gaussian process with the given kernel, with the invLaplacian kernel
given by 5(−Δ + 1/100)−2 where −Δ denotes the Laplacian. MLP-nonlinearity is
a multi-layer perceptron neural network architecture where the tuple specifies layer
sizes, including input and output layers, and the given nonlinearity is applied to all
hidden layers. Note that for Burgers’ equation, 𝑛warm = 5 NK steps were run per
time step.

with period length 𝑝 = 1/2 and lengthscale ℓ = 10. Here we fit two operator learning
models. The first is an end-to-end operator learning model whose prediction is
used as an initial guess for the NK/CHONKNORIS method. The second is our
CHONKNORIS predictor model for the Cholesky factor. For both models we
use vector-valued GP regression with Matérn kernels with smoothness parameter
𝜈 = 5/2 (which we abbreviate as 5/2 Matérn) and squared exponential kernels, all
with tuned lengthscales.

Burgers’ Equation

The second example is the 1D time-dependent Burgers’ equation, supplemented
with periodic boundary conditions and a random initial condition, which may be
written as 

𝜕𝑡 𝑓 = 𝜈𝜕𝑥𝑥 𝑓 − 𝑓 𝜕𝑥 𝑓 , (𝑥, 𝑡) ∈ T × [0, 𝑇],

𝑓 (0, 𝑡) = 𝑓 (1, 𝑡), 𝑡 ∈ [0, 𝑇],

𝑓 (𝑥, 0) = 𝑓0(𝑥), 𝑥 ∈ T

. (6.13)
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Here 𝜈 = 1/50, 𝑓0 is the initial condition and 𝜕𝑡 , 𝜕𝑥 , 𝜕𝑥𝑥 are partial derivatives.
Here, we discretize the PDE in time and learn the solution operator of the time-
discrete problem. More precisely, we discretize [0, 𝑇] using the 𝑀-point uniform
grid {𝑡𝑖}𝑀−1

𝑖=0 := {𝑖Δ𝑡}𝑀−1
𝑖=0 , Δ𝑡 = 𝑇/(𝑀 − 1), and apply an implicit Euler time

discretization leading to

𝑓 𝑖+1(𝑥) − 𝑓 𝑖 (𝑥)
Δ𝑡

= 𝜈𝜕𝑥𝑥 𝑓
𝑖+1(𝑥) − 𝑓 𝑖+1(𝑥)𝜕𝑥 𝑓 𝑖+1(𝑥),

where 𝑓 𝑖 (𝑥) = 𝑓 (𝑥, 𝑡𝑖) and Δ𝑡 = 𝑇/(𝑀 −1). Thus, the time marching discretization
scheme defines the next time step 𝑓 𝑖+1 given 𝑓 𝑖 so that F ( 𝑓 𝑖, 𝑓 𝑖+1) = 0 with

F (𝑢, 𝑣) = 𝑣−Δ𝑡 (𝜈𝜕𝑥𝑥𝑣 − 𝑣𝜕𝑥𝑣)−𝑢 and
𝛿F
𝛿𝑣
(𝑢, 𝑣) [ℎ] = ℎ−Δ𝑡 (𝜈𝜕𝑥𝑥ℎ − 𝜕𝑥𝑣ℎ − 𝑣𝜕𝑥ℎ) .

(6.14)
Notice that 𝛿F/𝛿𝑣 does not depend on 𝑢. The resulting solution operator is given
by G(𝑢) = 𝑣 mapping the previous time step 𝑢 = 𝑓 𝑖 to the next time step 𝑣 = 𝑓 𝑖+1.
Here, CHONKNORIS approximates the solution operator G which in turn is used
iteratively to obtain the solution for all time steps. We take our random initial
condition to be

𝑓0(𝑥) =
3∑︁
𝑘=1

𝑎𝑘 sin(𝜋𝑘𝑥), (𝑎1, . . . , 𝑎3) ∼ N (0, 1).

Nonlinear Darcy Flow

The third example is the 2D Darcy flow equation, supplemented with homogeneous
Dirichlet boundary conditions, which may be written as

−∇ · (𝑒𝑢∇𝑣) + 𝑣3 = 𝑓 , 𝑥 ∈ [0, 1]2

𝑣 = 0, 𝑥 ∈ 𝜕 [0, 1]2
(6.15)

with forcing term 𝑓 and conductivity 𝑒𝑢. Expanding −∇ · (𝑒𝑢∇𝑣) = −𝑒𝑢 [∇𝑢 · ∇𝑣 +
Δ𝑣], we have

F (𝑢, 𝑣) = −𝑒𝑢 [∇𝑢·∇𝑣+Δ𝑣]+𝜅𝑣3− 𝑓 and
[
𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) = −𝑒𝑢 [∇𝑢·∇ℎ+Δℎ]+3𝜅𝑣2ℎ.

(6.16)
Here, the solution operator is given by G(𝑢, 𝑓 ) = 𝑣 which maps the forcing 𝑓 and
the conductivity 𝑢 to the solution 𝑣. In that sense, CHONKNORIS is learning a
parametric family of solution operators G𝑢 (·) = G(𝑢, ·). We take the fixed forcing
term 𝑓 to be a single draw from a zero-mean GP with a 5/2 Matérn kernel and
constant lengthscale of 3/10 across both dimension.
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Summary of the numerical results for CHONKNORIS on the forward
problems

We used CHONKNORIS to emulate and solve the three problems above. The
domains were discretized using regular grids, and derivatives were approximated
using standard finite differences. A traditional NK solver was used to generate the
training data, and the reference solutions with which the errors were computed. The
Cholesky factors for the nonlinear elliptic PDE in Section 6.3 and the Darcy flow
problem in Section 6.3 were predicted using a GP, while for the Burgers’ equation
in Section 6.3 we used a Multi-Layer Perceptron (MLP).

In all tested instances of the three problems, CHONKNORIS consistently achieves
machine precision error. We study the speed of convergence in the nonlinear elliptic
PDE in Section 6.3, see Figure 6.2 (a), and found that CHONKNORIS starting
from an initial guess of 0 typically converges in 10 iterations while predicting
the approximate Hessian, whereas the traditional NK solver needs only 4 iterations
using the precise approximate Hessian. We also observed that the convergence of the
RMSE residual ∥F (𝑢, 𝑣𝑛)∥, which we could track, follows the desired convergence
of 𝐿2 relative errors ∥𝑣𝑛 − 𝑣∥ to machine precision (which is not generally known
except when the true solution 𝑣 is known as is the case here). We observed that
providing an initial guess from an end-to-end operator learning approach gives
modest speedups of one to two iterations to both the NK and CHONKNORIS
iterations.

We tested the robustness of our method with the Burgers’ problem in Section 6.3,
see Figure 6.2 (b), and found that our method can achieve machine precision even
when solutions contain shocks. Finally, the Darcy flow problem in Section 6.3
was the most challenging of the forward benchmarks as it required a lot of data to
learn the parametric Cholesky factors. This experiment showcases the capacity of
our method to utilize additional compute to achieve convergence even in difficult
settings. As shown in Figure 6.2 (c), within 10 iterations CHONKNORIS usually
reaches 𝐿2 relative errors on the order of 10−3, putting it on par with existing operator
learning models. After 100 iterations, errors are typically on the order of 10−6 or
better. Continuing to increase the number of CHONKNORIS iterations to 1000
enables convergence to machine precision in 95% of all cases. In this example,
we observed that realizations from a rougher distribution require significantly more
CHONKNORIS iterations for exact recovery.
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Figure 6.2: Forward problems. (a) Results for the nonlinear elliptic PDE problem.
Quantiles of 10% − 90% are shown across test realizations. Our CHONKNORIS
method is able to achieve machine precision accuracy in around 10 iterations.
(b) Results for Burgers’ equation. CHONKNORIS was able to achieve machine
precision error in recovering the discretized solution which contained shocks. (c)
Results for the Darcy flow PDE: (c1) shows that more challenging realizations
require more CHONKNORIS iterations. (c4) shows a single realization of the
random coefficient with the corresponding solution in (c2). (c3) shows the fixed
forcing term.

Klein–Gordon and Sine–Gordon

For our last two forward problem examples, we consider the 1D Klein–Gordon and
the Sine–Gordon equations. We will use these problems as a held out validation
problem for testing the generalization error of FONKNORIS. When supplemented
with initial and boundary condition, both PDEs take the form of

𝜕𝑡𝑡 𝑓 = 𝜅1𝜕𝑥𝑥 𝑓 − 𝜅2𝜏( 𝑓 ), (𝑥, 𝑡) ∈ T × [0, 𝑇],

𝑓 (0, 𝑡) = 𝑓 (1, 𝑡), 𝑡 ∈ [0, 𝑇],

𝑓 (𝑥, 0) = 𝑓0(𝑥), 𝑥 ∈ T

. (6.17)

Here 𝑥 ∈ Ω = T and 𝑡 ∈ [0, 𝑇], 𝑓0 is the initial condition, and 𝜏 is a nonlinearity. For
Klein–Gordon, 𝜏( 𝑓 ) = 𝑓 3, 𝜅1 = 0.1, 𝜅2 = 10, while for Sine–Gordon 𝜏( 𝑓 ) = sin( 𝑓 )
and 𝜅1 = 𝜅2 = 1. Similar to the time marching scheme for Burgers’ equation in
Section 6.3, we discretize [0, 𝑇] and approximate 𝜕𝑡𝑡 𝑓 ≈ ( 𝑓 𝑖+2 − 2 𝑓 𝑖+1 + 𝑓 𝑖)/Δ𝑡2.
Knowing the state 𝑢 := (𝑢1, 𝑢2) := ( 𝑓 𝑖+1, 𝑓 𝑖), we want to compute the next time
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step 𝑣 := 𝑓 𝑖+2 defined as F (( 𝑓 𝑖+1, 𝑓 𝑖), 𝑓 𝑖+2) = 0 with

F (𝑢, 𝑣) := 𝑣 − 2𝑢1 + 𝑢2 − (Δ𝑡)2(𝜈𝜕𝑥𝑥𝑣 − 𝜅2𝜏(𝑣)), (6.18)[
𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) = ℎ − (Δ𝑡)2

(
𝜅1𝜕𝑥𝑥ℎ − 𝜅2

𝛿𝜏

𝛿𝑣
(𝑣) [ℎ]

)
, (6.19)

where 𝑢 = (𝑢1, 𝑢2). For Klein–Gordon, 𝛿𝜏
𝛿𝑣
(𝑣) [ℎ] = 3𝑣2ℎ, and for Sine–Gordon

𝛿𝜏
𝛿𝑣
(𝑣) [ℎ] = cos(𝑣)ℎ. We note again, that 𝛿F/𝛿𝑣 is independent of 𝑢. The resulting

solution operators are in both cases given by G(𝑢) = 𝑣 which map the previous
time steps 𝑢 = (𝑢1, 𝑢2) = ( 𝑓 𝑖+1, 𝑓 𝑖) to the next time step 𝑣 = 𝑓 𝑖+2. Again,
CHONKNORIS approximates the solution operator G which is used in the very
same time marching scheme to obtain the solution for all time steps.

FONKNORIS Partial differential equation 𝑎 𝑏 𝑐

training PDEs
Nonlinear elliptic (6.2) −1 0 3𝜅𝑣2

Burgers’ (6.14) −(Δ𝑡)𝜈 (Δ𝑡)𝑣 1 + (Δ𝑡)∇𝑣
Nonlinear Darcy flow (6.16) −𝑒𝑢 −𝑒𝑢∇𝑢 3𝜅𝑣2

testing PDEs Sine–Gordon (6.18)/(6.19) −𝜅1(Δ𝑡)2 0 1 + 𝜅2(Δ𝑡)2 cos(𝑣)
Klein–Gordon (6.18)/(6.19) −𝜅1(Δ𝑡)2 0 1 + 3𝜅2(Δ𝑡)2𝑣2

Table 6.3: FONKNORIS coefficients.

Foundation Model - FONKNORIS
For the FONKNORIS model, we train sub-model experts, each specific to a given
PDE, and aggregate individual CHONKNORIS sub-models within mixture of ex-
perts Rulliere et al., 2018. The aggregation of the sub-models is done by the
so-called nested Kriging method Rulliere et al., 2018, see also Section E.2. This
method relies on the fact that each sub-model has the same underlying Gaussian
process and thus share the same kernel. In our FONKNORIS prediction framework,
we employ Gaussian processes to model and predict the behavior of specific PDEs
for each expert model. Constructing a single foundational Gaussian process model
capable of representing a large class of PDEs would require an extensive dataset,
which would quickly exceed typical computational and memory limits. To over-
come this limitation, we train each expert model independently and subsequently
aggregate the individual experts within a foundational (meta) model.

Data Generation and Training

In our numerical experiments for FONKNORIS, we trained separate instances of
the model R̂𝜃 for the one-dimensional nonlinear elliptic equation, Burgers’ equation,
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Figure 6.3: Quantiles of predictions of FONKNORIS for 100 realizations of initial
conditions, external forces, and conductivities using a mixture of experts consisting
of GPs for nonlinear elliptic, nonlinear darcy flow, and Burgers’ equation and testing
it for withheld Sine–Gordon and Klein–Gordon equations.

and the one-dimensional nonlinear Darcy flow, using Matérn kernels with learned
length scales ℓ1, ℓ2, and ℓ3 for the input distributions 𝜇. For the aggregated model,
we used the arithmetic mean of the length scales, ℓA = 1

𝑝

∑𝑝

𝑖=1 ℓ𝑖 . The Sine–Gordon
and Klein–Gordon equations were held out for testing. All PDEs were discretized
with 𝑁𝑥 = 64 collocation points. In the Newton–Kantorovich warm-up step of
Algorithm 2 we used a fixed flow relaxation parameter 𝜆flow = 0.01 and the same
value in the training relaxation set, 𝜆train = 0.01.

For the nonlinear elliptic equation and Burgers’ equation, we generated 𝑀ell =

5, 000 and 𝑀Burg = 5, 000 offline realizations, respectively. The realizations for
the nonlinear elliptic equation were generated by drawing 1, 000 external forcings
𝑓 from a periodic kernel defining 𝜇 and running 𝑛warm = 5 Newton–Kantorovich
iterations. The realizations for Burgers’ equation were generated by drawing 1, 000
initial conditions 𝑢0 from a periodic kernel and again running 𝑛warm = 5 Newton–
Kantorovich iterations. For the nonlinear Darcy flow, we generated𝑀Darcy = 10, 000
realizations by drawing 2, 000 pairs of conductivities 𝑎 and external forcings 𝑓 from
a periodic kernel and running 𝑛warm = 5 Newton–Kantorovich iterations for each



154

pair (𝑎𝑖, 𝑓𝑖). The aggregation model was tested on the Klein–Gordon and Sine–
Gordon equations by drawing realizations of the initial condition 𝑢0 from a periodic
kernel and choosing 𝑣0 = 0 in the online phase of Algorithm 2. The data for training
and testing were generated from the same distributions.

Summary of the numerical results for FONKNORIS on the forward problems

We applied FONKNORIS to the above problems, using the nonlinear elliptic, the
Burgers’, and the nonlinear Darcy flow equations as training problems, and test-
ing on all five problems, including the Klein–Gordon and Sine–Gordon equations.
In Figure 6.3, we see that the aggregated model 𝑀 (𝑥) not only achieves machine
precision on the trained instances, but also achieves near machine precision for the
withheld Klein–Gordon and Sine–Gordon equation. Table 6.3 shows the FON-
KNORIS coefficients for the aforementioned forward problems. The advantage of
this approach is its simplicity and generating training data does not rely on a specific
PDE as the coefficients 𝑎, 𝑏, 𝑐 can be generated from a certain distribution, optimally
from various distributions. The main difficulty is that the model can become very
large and the coefficients 𝑎, 𝑏, 𝑐 can easily get out of distribution when computing
each Newton–Kantorovich step; one deals with the curse of dimensionality as the
generated data might not inherit the statistics of a given PDE. Therefore, we generate
the training data from the first three problems and generalize it to all problems in-
cluding the Sine–Gordon and Klein–Gordon equation. Here, our mixture-of-experts
Gaussian process model was capable of handling the large scale data necessary to
generalize across PDE problems. This ability to generalize to unseen problems at
machine precision is a state-of-the-art achievement that is due to the unique design
of the FONKNORIS model.

Inverse Problems
In this section, we introduce various inverse problems which will be used to fur-
ther test the performance of CHONKNORIS as an emulator for PDE constrained
optimization. These include the Calderòn problem (Section 6.3), the inverse wave
scattering problem (Section 6.3), and a problem in seismic imaging full waveform
inversion (Section 6.3). Specific parameterizations for each of these problems are
given in Table 6.2. The following subsections further detail our setup.
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The Calderòn problem

Let Ω = [0, 1]2 and assume 𝑣 ∈ 𝐿∞(Ω) is a real-valued conductivity with 𝑣(𝑥) > 0
for almost every 𝑥 ∈ Ω. Consider the boundary value problem

∇ · (𝑣(𝑥)∇𝑐(𝑥)) = 0 for 𝑥 ∈ Ω,

𝑐(𝑥) = 𝑔(𝑥) for 𝑥 ∈ 𝜕Ω,
(6.20)

where on the boundary, we prescribe a boundary voltage pattern 𝑔 ∈ 𝐻 1
2 (𝜕Ω).

We define the Dirichlet-to-Neumann (DtN) map Λ𝑔 : 𝐻 1
2 (𝜕Ω) → 𝐻−

1
2 (𝜕Ω) that

maps the boundary voltage pattern 𝑔 to the current flux 𝑣 𝜕𝑐
𝜕𝑛

����
𝜕Ω

. Note that Λ𝑔 ∈

L(𝐻 1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) is a linear bounded operator. The Calderòn problem is
the task of recovering the conductivity 𝑣 from a given DtN map Λ𝑔. Denote
with F̃ : 𝐿∞(Ω) → L(𝐻 1

2 (𝜕Ω), 𝐻− 1
2 (𝜕Ω)) the forward operator that maps the

conductivity to the Dirichlet-to-Neumann map. Then, the operator of interest is
given by

F (Λ𝑔, 𝑣) = F̃ (𝑣) − Λ𝑔 .

CHONKNORIS aims to approximate the operator G : L(𝐻 1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) →
𝐿∞(Ω) that maps the DtN map to the conductivity, i.e., G(Λ𝑔) = F̃ −1(Λ𝑔) = 𝑣. We
note that, in practice, we only have access to pairs of observations (𝑔𝑖, 𝑣 𝜕𝑐𝑖𝜕𝑛 |𝜕Ω)

𝑁
𝑖=1 on

a finite number of sensor points on the boundary 𝜕Ω, where 𝑐𝑖 denotes the solution
to the (6.20) with conductivity 𝑣 and boundary condition prescribed by 𝑔𝑖. Thus the
equation used in practice is

F̂ (𝑢, 𝑣) =
(
F̃ (𝑣)𝑔𝑖 − 𝑣

𝜕𝑐𝑖

𝜕𝑛
|𝜕Ω

)𝑁
𝑖=1

= 0,

where 𝑢 = (𝑔𝑖, 𝑣 𝜕𝑐𝑖𝜕𝑛 |𝜕Ω)
𝑁
𝑖=1.

We take the fixed forcing term to be a single draw from a zero-mean GP with 5/2
Matérn kernel and constant lengthscale of 3/10 across both dimension.

Inverse Wave Scattering

Let Ω = [0, 1]2 and assume that 𝑎 ∈ 𝐿∞(Ω) is a real-valued material property
satisfying 𝑎(𝑥) > 0 for almost every 𝑥 ∈ Ω. We study the following elliptic
boundary value problem:

−Δ𝑢(𝑥) − 𝜔2𝑎(𝑥)𝑢(𝑥) = 0, 𝑥 ∈ Ω,

𝑢(𝑥) = 𝑔(𝑥), 𝑥 ∈ 𝜕Ω,
(6.21)
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where 𝑔 ∈ 𝐻 1
2 (𝜕Ω) denotes the prescribed boundary excitation.

We define the Dirichlet-to-Neumann (DtN) map Λ𝑎 : 𝐻 1
2 (𝜕Ω) → 𝐻−

1
2 (𝜕Ω) that

maps the boundary input 𝑔 to the corresponding flux

Λ𝑎 (𝑔) =
𝜕𝑢

𝜕𝑛

����
𝜕Ω

.

Note that Λ𝑎 ∈ L(𝐻
1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) is a bounded linear operator depending on
the material coefficient 𝑎.

The inverse wave scattering problem is the task of recovering the coefficient 𝑎 from
a given DtN map Λ𝑎. Denote with F̃ : 𝐿∞(Ω) → L(𝐻 1

2 (𝜕Ω), 𝐻− 1
2 (𝜕Ω)) the

forward operator that maps the material property 𝑎 to the DtN map. Then, the
operator of interest is defined as

F (Λ𝑎, 𝑎) = F̃ (𝑎) − Λ𝑎 .

Again, CHONKNORIS aims to approximate the operatorG : L(𝐻 1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) →
𝐿∞(Ω) that maps the DtN map to the material property, i.e., G(Λ𝑎) = F̃ −1(Λ𝑎) = 𝑎.

In practice, we only have access to finitely many boundary input-output pairs
(𝑔𝑖, 𝜕𝑢𝑖𝜕𝑛 |𝜕Ω)

𝑁
𝑖=1 measured on sensor locations along 𝜕Ω, where 𝑢𝑖 denotes the so-

lution to (6.21) corresponding to the boundary excitation 𝑔𝑖. Hence, the equation
used in practice is

F̂ (𝑢, 𝑎) =
(
F̃ (𝑎)𝑔𝑖 −

𝜕𝑢𝑖

𝜕𝑛

����
𝜕Ω

)𝑁
𝑖=1

= 0,

where 𝑢 = (𝑔𝑖, 𝜕𝑢𝑖𝜕𝑛 |𝜕Ω)
𝑁
𝑖=1.

We take the fixed forcing term to be a single draw from a zero-mean Gaussian process
with 5/2 Matérn kernel and constant lengthscale of 2/10 across both dimension.

Seismic Imaging

Let Ω = [0, 1]2 and let 𝑇 > 0 denote the final observation time. Assume that
𝑣 ∈ 𝐿∞(Ω) is a real-valued velocity coefficient satisfying 𝑣(𝑥) > 0 for almost every
𝑥 ∈ Ω. We study the following time-dependent acoustic wave equation:

Δ𝑝(𝑡, 𝑥) − 1
𝑣2 (𝑥) 𝑝𝑡𝑡 (𝑡, 𝑥) = 𝑠(𝑡, 𝑥), (𝑡, 𝑥) ∈ (0, 𝑇) ×Ω,

𝑝(0, 𝑥) = 0, 𝑝𝑡 (0, 𝑥) = 0, 𝑥 ∈ Ω,
(6.22)
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where 𝑝 denotes the pressure variation and 𝑠 represents the source term which we
take to be a Ricker wavelet Yanghua Wang, 2015.

The reflected and refracted wavefields are measured on the surface S := {(𝑥1, 𝑥2) ∈
Ω | 𝑥2 = 0} ⊂ 𝜕Ω, yielding the boundary observations 𝑝 | [0,𝑇]×S . We define
the Source-to-Receiver (StR) map Λ𝑣 : 𝐿2((0, 𝑇) × Ω) → 𝐿2(0, 𝑇 ;𝐻 1

2 (S)) that
maps a source 𝑠 to the measured surface signal Λ𝑣 (𝑠) = 𝑝 | [0,𝑇]×S . Note that
Λ𝑣 ∈ L(𝐿2((0, 𝑇) × Ω), 𝐿2(0, 𝑇 ;𝐻 1

2 (S)) is a bounded linear operator depending
on the velocity coefficient 𝑣.

The seismic inverse problem or full wave inversion problem is the task of recovering
the coefficient 𝑣 from a given Source-to-Receiver map Λ𝑣 Virieux and Operto,
2009. Denote with F̃ : 𝐿∞(Ω) → L(𝐿2((0, 𝑇) ×Ω), 𝐿2(0, 𝑇 ;𝐻 1

2 (S))) the forward
operator that maps the velocity coefficient 𝑣 to the corresponding StR map. Then,
the operator of interest is defined as

F (Λ𝑣, 𝑣) = F̃ (𝑣) − Λ𝑣 (𝑠).

Similar to the inverse wave scattering and Calderón problems, CHONKNORIS aims
to approximate the operator

G : L(𝐿2((0, 𝑇) ×Ω), 𝐿2(0, 𝑇 ;𝐻
1
2 (S))) → 𝐿∞(Ω),

that maps the Source-to-Receiver map to the velocity coefficient, i.e., G(Λ𝑣) =
F̃ −1(Λ𝑣) = 𝑣.

In practice, we only have access to finitely many input-output pairs (𝑠𝑖, 𝑝𝑖 | [0,𝑇]×S)𝑁𝑖=1
measured at discrete sensor locations alongS, where 𝑝𝑖 denotes the solution to (6.22)
corresponding to the source 𝑠𝑖. Hence, the equation used in practice is

F̂ (𝑢, 𝑣) =
(
F̃ (𝑣)𝑠𝑖 − 𝑝𝑖 | [0,𝑇]×S

)𝑁
𝑖=1

= 0,

where 𝑢 = (𝑠𝑖, 𝑝𝑖 | [0,𝑇]×S)𝑁𝑖=1. We use data from the OpenFWI dataset (C. Deng
et al., 2022) and the forward solver from X. Wang, 2023 (a 2 − 4 finite difference
scheme with 2nd-order accuracy in time and 4th-order in space). Convergence of the
exact NK method for a single 14×14 resolution velocity map is shown in Figure 6.4
(a1-a5).

While our previous experiments predicted the inverse Cholesky of the approximate
Hessian, for this problem we obtained better performance by directly predicting
the Cholesky factors of the approximate Hessian and then use triangular solves to
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determine each increment. We note this does not change the computational com-
plexity of our method. We also found it necessary to simultaneously tune both the
learning rate 𝛼 in the line search and the Tikhonov relaxation 𝜆 in order to converge
to machine precision in a reasonable number of iterations (see Algorithm 2). The
tuning scheme we used is described in Section E.5.

Figure 6.4: Inverse Problems. (a) Results for the seismic imaging problem, showing
the iterative solutions and the relative 𝐿2 error across CHONKNORIS iteration. (b)
For the seismic imaging problem, evolution of the adaptive regularization term in
the Newton–Kantorovich iterations for different resolutions, and comparison of the
relative 𝐿2 error between the Newton–Kantorovich method and our CHONKNORIS
method. (c) Results for the Calderón problem. (d) Results for the inverse wave
scattering problem.

Summary of the numerical results for CHONKNORIS on the Inverse
Problems

We use CHONKNORIS to solve the three inverse problems above. The domains are
discretized using regular grids. A traditional NK solver is used to generate training
data where the converged iterates are used as reference solutions. These inverse
problems are significantly harder to solve than the forward problems due to the non-
locality of the operator F and the ill-posedness of the inverse problem. The results
for the Calderón problem in Figure 6.4 (d) show that running the CHONKNORIS
method for 103 iterations was able to recover solutions to machine precision for
over 75% of withheld test realizations. The results for the inverse wave scattering
problem in Figure 6.4 (e) shows that running the CHONKNORIS method for 40 iter-
ations is able to recover solutions to machine precision. For the rough velocity maps
encountered in the seismic imaging problem, increasing the resolution increases the



159

condition numbers of the relaxed approximate Hessian. For example, Figure 6.4
shows that the seismic imaging problem with just a 10× 10 velocity map resolution
encounters condition numbers around 108 for near-convergence iterations. CHON-
KNORIS is unable to exactly predict the Cholesky factor of ill-conditioned matrices,
and thus resorts to inferring gradient descent steps which can make CHONKNORIS
inference slow to converge. As expected, we also observe that the relaxation is
decreased as NK nears convergence, indicating a smooth transition from gradient
descent to Gauss–Newton updates. This behavior is more difficult to replicate with
CHONKNORIS as the approximate Hessian near the solution is ill-conditioned and
therefore difficult for CHONKNORIS to predict.

6.4 Theoretical results
In this section, we want to present several results on the convergence properties of the
CHONKNORIS and FONKNORIS algorithms. This is accomplished by combining
an inexact Newton–Kantorovich method with Tikhonov-regularized inverse and the
kernel-based operator learning method.

Analytic Setting
Assume that we are in the operator learning framework of Section 6.2, i.e., let
(U, ⟨·, ·⟩U , ∥ · ∥U), (V, ⟨·, ·⟩V , ∥ · ∥V), and (W, ⟨·, ·⟩W , ∥ · ∥W) be separable Hilbert
spaces. For notational convenience, we suppress the dependence of F on the first
argument, i.e., for each fixed 𝑢 ∈ U, we define F (·) := F (𝑢, ·) : V → W
and its Fréchet derivative F ′(𝑣) := 𝛿F

𝛿𝑣
(𝑢, 𝑣) ∈ L(V,W) with Hilbert adjoint

F ′(𝑣)∗ ∈ L(W,V).

For 𝜆 > 0 and 𝑣 ∈ V, define the Tikhonov resolvent and the Tikhonov right inverse

𝑅𝜆 (𝑣) :=
(
𝜆𝐼V+F ′(𝑣)∗F ′(𝑣)

)−1 ∈ L(V,V), 𝐵𝜆 (𝑣) := 𝑅𝜆 (𝑣) F ′(𝑣)∗ ∈ L(W,V).

Let 𝑅𝜆 (𝑣) ∈ L(V,V) be a (learned) surrogate and set 𝐵𝜆 (𝑣) := 𝑅𝜆 (𝑣) F ′(𝑣)∗.
Given 𝑣0 ∈ V, consider the iteration

𝑣𝑘+1 = 𝑣𝑘 + 𝛿𝑣𝑘 , 𝛿𝑣𝑘 := − 𝐵𝜆𝑘 (𝑣𝑘 ) F (𝑣𝑘 ) = − 𝑅𝜆𝑘 (𝑣𝑘 ) F ′(𝑣𝑘 )∗ F (𝑣𝑘 ),

for a sequence of parameters 𝜆𝑘 > 0. Furthermore, we make the following assump-
tions.

Assumption 10. Let 𝐷 ⊂ V be open and convex and F : 𝐷 → W be 𝐶1. Fix
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𝑣0 ∈ 𝐷 and 𝑅 > 0 with 𝐵 := 𝐵(𝑣0, 𝑅) ⊂ 𝐷. Assume:

(A1) F ′(𝑣0) is invertible and ∥F ′(𝑣0)−1∥L(W,V) ≤ 𝛽 ∈ R>0,

(A2) There exists 𝐿 > 0 s.t. ∥F ′(𝑢) − F ′(𝑣)∥L(V,W) ≤ 𝐿 ∥𝑢 − 𝑣∥V ∀𝑢, 𝑣 ∈ 𝐵,
(A3) 𝑀 := sup

𝑣∈𝐵
∥F ′(𝑣)∥L(V,W) < +∞, 𝜎∗ := inf

𝑣∈𝐵
𝜎min

(
F ′(𝑣)

)
= inf
𝑣∈𝐵
∥F ′(𝑣)−1∥−1

L(W,V) > 0.

Now, we are in a position to state the main theorem on the Tikhonov-regularized
inexact Newton–Kantorovich iteration method based on a classical inexact Newton–
Kantorovich method Dembo, Eisenstat, and Steihaug, 1982. The proofs in this
section are postponed to the appendix Section E.8.

Theorem 11 (Tikhonov–inexact Newton–Kantorovich). Let Assumption 10 be sat-
isfied. Then, for each 𝑣𝑘 with 𝑣𝑘 ∈ 𝐵(𝑣0, 𝑅), the linearized residual satisfies

∥F ′(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥W
∥F (𝑣𝑘 )∥W

≤ 𝜆𝑘

𝜆𝑘 + 𝜎2
∗
+ 𝑀2 𝜀𝜆𝑘 =: 𝜃𝑘 , (6.23)

where
𝜀𝜆 := sup

𝑣∈𝐵(𝑣0,𝑅)



 𝑅𝜆 (𝑣) − 𝑅𝜆 (𝑣) 

L(V,V)
denotes the design/learning error. If sup𝑘 𝜃𝑘 ≤ 𝜃 < 1 and all iterates remain in
𝐵(𝑣0, 𝑅), then the inexact Newton–Kantorovich conclusions hold on 𝐵(𝑣0, 𝑅) with

𝐿̃ :=
𝐿

1 − 𝜃
, ℎ̃ := 𝛽 𝐿̃ 𝜂, 𝜂 := ∥F ′(𝑣0)−1F (𝑣0)∥V .

In particular, if ℎ̃ ≤ 1
2 and 𝑡∗ = (1 −

√︁
1 − 2ℎ̃)/(𝛽𝐿̃) ≤ 𝑅, then the iterates are

well-defined, remain in 𝐵(𝑣0, 𝑡∗), and converge to the unique zero 𝑣∗ ∈ 𝐵(𝑣0, 𝑡∗),
with the Kantorovich majorant bounds

∥𝑣𝑘 − 𝑣∗∥V ≤ 𝑡∗ − 𝑡𝑘 , ∥𝑣𝑘+1 − 𝑣𝑘 ∥V ≤ 𝑡𝑘+1 − 𝑡𝑘 ,

where 𝑡𝑘+1 = 𝑡𝑘 −
𝜙(𝑡𝑘 )
𝜙′(𝑡𝑘 )

and 𝜙(𝑡) = 𝜂 − 𝑡 + 1
2 𝛽𝐿̃ 𝑡

2.

Moreover, if 𝜆𝑘 → 0 and 𝜀𝜆𝑘 → 0, then 𝜃𝑘 → 0 and the local rate approaches the
quadratic rate of exact Newton.

The following corollary makes the final statement of the preceding Theorem 11 on
the convergence more precise. In particular, it shows for which Tikhonov parameters
and design errors we obtain linear, superlinear, quadratic convergence.
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Corollary 2 (Convergence Rates). Let 𝑒𝑘 := ∥𝑣𝑘 − 𝑣∗∥V . Under the hypotheses of
Theorem 11 and for all 𝑘 with 𝑣𝑘 ∈ 𝐵(𝑣0, 𝑅),

𝑒𝑘+1 ≤
1

1 − 𝜃

(
𝛽𝐿

2
𝑒2
𝑘 + 𝜃 𝑒𝑘

)
. (6.24)

Then, there exist constants 𝐶1, 𝐶2, 𝐶3, 𝐶4 such that

(i) If 𝜃 ∈ (0, 1) is fixed, then lim sup
𝑘→∞

𝑒𝑘+1
𝑒𝑘
≤ 𝜃

1 − 𝜃
(at least 𝑄-linear).

(ii) If 𝜃𝑘 → 0, then 𝑒𝑘+1 ≤ 𝛽𝐿

2 𝑒2
𝑘
(1 + 𝑜(1)) and the rate is 𝑄-superlinear.

(iii) If 𝜃𝑘 ≤ 𝐶1 ∥F (𝑣𝑘 )∥𝛼W for some 𝛼 > 0, then 𝑒𝑘+1 ≤ 𝐶2 𝑒
1+𝛼
𝑘
+ 𝐶3𝑒

2
𝑘

for 𝑘
large, so the local order is min{2, 1 + 𝛼}.

(iv) If 𝜃𝑘 = O(∥F (𝑣𝑘 )∥W), then 𝑒𝑘+1 ≤ 𝐶4 𝑒
2
𝑘

and the convergence is 𝑄-
quadratic.

Based on the preceding corollary, we can propose a schedule for the Tikhonov
parameter 𝜆𝑘 and the design error 𝜀𝜆𝑘 in order to achieve the desired convergence.

Remark 15 (Scheduling 𝜆𝑘 to reach superlinear/quadratic convergence). Let 𝜃tik,𝑘 =
𝜆𝑘

𝜆𝑘 + 𝜎2
∗

and 𝜃des,𝑘 = 𝑀2 𝜀𝜆𝑘 so that 𝜃𝑘 = 𝜃tik,𝑘 + 𝜃des,𝑘 .

(a) If 𝜆𝑘 → 0 and 𝜀𝜆𝑘 → 0, then 𝜃𝑘 → 0 and the rate is superlinear.

(b) If there exist 𝑐1, 𝑐2 > 0 such that

𝜆𝑘 ≤ 𝑐1 ∥F (𝑣𝑘 )∥W , 𝜀𝜆𝑘 ≤ 𝑐2 ∥F (𝑣𝑘 )∥W ,

then 𝜃𝑘 = O(∥F (𝑣𝑘 )∥W) and the convergence is 𝑄-quadratic.

(c) Suppose for some 𝐶 > 0 one has the regularity proxy 𝜀𝜆 ≈ 𝐶 𝜆−2. Consider
𝜙(𝜆) :=

𝜆

𝜆 + 𝜎2
∗
+ 𝐶 𝜆−2. Then any 𝜆𝑘 chosen near the minimizer 𝜆∗ ≍

(𝐶 𝜎2
∗ )1/3 balances Tikhonov bias and model error early on; subsequently

decreasing 𝜆𝑘 ↓ 0 (as the model improves and the iterates approach 𝑣∗) drives
𝜃 → 0 and approaches quadratic convergence.
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Remark 16 (Variant: learning the full 𝐵𝜆 (𝑣) directly). If the surrogate model
directly learns 𝐵𝜆 (𝑣) and achieves sup𝑣∈𝐵 ∥ 𝐵𝜆 (𝑣) − 𝐵𝜆 (𝑣)∥L(W,V) ≤ 𝜀𝜆, then the
residual bound becomes

𝜃 ≤ 𝜆

𝜆 + 𝜎2
∗︸  ︷︷  ︸

𝜃tik

+ 𝑀 𝜀𝜆︸︷︷︸
𝜃des

,

since ∥𝐼 − F ′𝐵𝜆∥ ≤ ∥𝐼 − F ′𝐵𝜆∥ + ∥F ′∥ ∥𝐵𝜆 − 𝐵𝜆∥. All conclusions of Theorem 11
remain unchanged with this 𝜃.

Example 1 (Application to nonlinear elliptic PDE).

In this example, we want to apply the convergence theorem to the nonlinear elliptic
PDE considered in Section Section 6.3. Let T = R/Z and

V := 𝐻1
per,0(T) =

{
𝑢 ∈ 𝐻1

per(T) :
∫ 1

0
𝑢 = 0

}
, W := V∗ ≃ 𝐻−1

per,0(T),

with ∥𝑢∥V := ∥𝑢′∥𝐿2 (0,1) . Let 𝑓 ∈ 𝐿2(0, 1) be fixed and define

F : V →W, F (𝑢) = −𝑢′′ + 𝑢3 − 𝑓 , F ′(𝑢)𝑣 = −𝑣′′ + 3𝑢2𝑣.

Now, we present the main convergence result with explicit constants by verifying
the conditions of Theorem 11.

Theorem 12 (Main convergence theorem with explicit constants). Let 𝑣0 = 0 and
𝜆 > 0 be the Tikhonov parameter. Assume that the iterates {𝑣𝑘 } remain in 𝐵𝑟 :=
{𝑣 ∈ V : ∥𝑣∥V ≤ 𝑟} for some 𝑟 > 0. Define

𝜂 := ∥F ′(0)−1F (0)∥V = ∥ 𝑓 ∥𝐻−1 , 𝐿 =
3

2𝜋2 𝑟, 𝑀 = 1 + 3
4𝜋2 𝑟

2.

Then all the conclusions of Theorem 11 hold true for this problem. In particular,
the Lipschitz constant in Theorem 11 can be chosen as

𝐿̃ :=
𝐿

1 − 𝜃
=

3
2𝜋2 𝑟

1 − 𝜆
1+𝜆 − 𝑀2𝜀𝜆

,

where 𝜀𝜆 is the design/learning error, and 𝜃 := 𝜆
1+𝜆 + 𝑀

2𝜀𝜆 bounds the forcing
terms 𝜃𝑘 in (6.23) for all 𝑣𝑘 with 𝑣𝑘 ∈ 𝐵𝑟 .
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6.5 Conclusion and Outlook
In this paper, we introduced CHONKNORIS, a novel operator learning methodology
rooted in the Newton–Kantorovich method for solving infinite-dimensional systems.
Crucially, CHONKNORIS removes the longstanding ceiling in accuracy typically
observed in operator learning frameworks, setting a new standard in precision. To
our knowledge, this is the first instance of an operator learning framework that
achieves machine precision in solving a variety of nonlinear partial differential
equations (PDEs) and inverse problems.

The central innovation of CHONKNORIS lies in employing an iterative scheme
based on the Newton–Kantorovich method, where we explicitly learn the depen-
dence of the Cholesky factors of the matrix (𝜆𝐼 + ( 𝜕F

𝜕𝑣
)∗ 𝜕F

𝜕𝑣
)−1 on coefficients 𝑢 and

solution estimates 𝑣. The explicit integration of the underlying equation within these
iterations significantly enhances the accuracy and interpretability of the learned so-
lutions. It also makes it uniquely suited for inverse problems, as the general equation
F may incorporate observed data. The ability to tackle inverse problems directly
within the operator learning framework is a significant improvement from tradi-
tional approaches, which depend on repeated iterations of forward solvers and often
struggle in high-dimensional settings. Building on CHONKNORIS, we introduced
FONKNORIS, a foundational model motivated by the observation that 𝜕F

𝜕𝑣
always

defines a linear PDE. While CHONKNORIS learns to solve the linearized PDEs
associated with the Fréchet derivative of one equation F , FONKNORIS extends this
concept by learning to solve any linearized PDE. By plugging this learned linear
PDE solver into the CHONKNORIS framework, we obtain a universal operator
learner capable of solving a broad class of nonlinear PDEs.

We validated our methodology on diverse forward problems, including a nonlinear
elliptic equation, Burgers’ equation, a Darcy flow equation, the Sine–Gordon equa-
tion, and Klein–Gordon equation as well as inverse problems, including Calderòn’s
problem, an inverse wave scattering problem, and a problem from seismic imaging
full waveform inversion. Both CHONKNORIS and FONKNORIS achieve machine
precision in these cases, demonstrating their robustness and accuracy. Notably,
FONKNORIS attained near machine precision on the Klein–Gordon and Sine–
Gordon equations, despite not being trained on these equations, demonstrating
remarkable generalization capabilities.

Despite these advances, our method is still constrained by the computational cost and
occasional ill-conditioning that arise when computing and storing Cholesky factors
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in high dimensions. In practice, avoiding explicit computation and inversion of the
Fréchet derivative is crucial. For example, rather than forming the derivative exactly,
one can use the approximation described in Section E.6. Additional improvements
in high-dimensional scalability depend on the surrogate model used to solve the
linear subproblem. We note that CHONKNORIS and FONKNORIS are agnostic
to the underlying machine learning algorithm used to approximate the Cholesky
factors, which may allow one to solve the computational challenges associated with
high-dimensional problems. In particular, this adaptability enables the integration of
various deep learning techniques, such as Fourier Neural Operators or Deep Operator
Networks, as well as scalability enhancements for Gaussian process regression
through inducing points or nested Kriging. In Section E.3, we show that a sparse-
Cholesky strategy can scale and accelerate CHONKNORIS for Gaussian-process
surrogates, albeit with an accuracy-speed trade-off: faster run-times come at the
cost of reduced precision. Even though, we don’t make use of the sparse-Cholesky
algorithm, we do exploit the rank-revealing and sparsity properties of the max-min
ordering; see Section E.3. Further ways of scaling and accelerating CHONKNORIS
are by using nested kriging and approximating the Fréchet derivative; see Section E.2
and Section E.6, respectively. We also experimented with learning NewtonâĂŞ-
Kantorovich increments directly to reduce overhead; however, this has thus far
yielded only limited gains. Finally, incorporating multi-fidelity, multi-scale, and
hierarchical approaches offer promising directions for future research.

6.6 Code and data availability
An open source Python implementation of all experiments presented in this work
is available at https://github.com/ArasBacho/CHONKNORIS. We primarily
utilize the Python packages PyTorch Paszke et al., 2019, PyTorch Lightning Falcon
and The PyTorch Lightning team, 2019, GPyTorch Gardner et al., 2021, and FastGPs
A. G. Sorokin, 2023. Our implementation uses double-precision floating point
arithmetic for which machine precision is 2.2 × 10−16.

All synthetic datasets used in the forward and inverse PDE experiments are provided
in the repository. For the seismic imaging (full waveform inversion) experiments
we use the publicly available OpenFWI dataset C. Deng et al., 2022.

https://github.com/ArasBacho/CHONKNORIS
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C h a p t e r 7

ONE-SHOT LEARNING OF STOCHASTIC DIFFERENTIAL
EQUATIONS WITH DATA ADAPTED KERNELS
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7.1 Introduction
Forecasting a stochastic or a deterministic time series is a fundamental problem in,
e.g., Econometrics or Dynamical Systems, which is commonly solved by learning
and/or inferring a stochastic or a deterministic dynamical system model from the
observed data, respectively; see, e.g., Kantz and Schreiber, 1997; Casdagli, 1989;
Chattopadhyay et al., 2019; Steven L. Brunton, Joshua L. Proctor, and J. Nathan
Kutz, 2016b; Pathak, Z. Lu, et al., 2017; Nielsen, 2019; Abarbanel, 2012; Kleinhans
and Rudolf Friedrich, 2007; Archambeau et al., 2007; Yildiz et al., 2018; Infante
et al., 2016; Dridi, Drumetz, and Fablet, 2021; Siegert, Friedrich, and Peinke, 1998;
Klimontovich, 1993; Rudolf Friedrich et al., 2011; Dietrich et al., 2021; Opper,
2019; Hyndman and Athanasopoulos, 2021, among many others.

On the kernel methods to forecasting time series
Among the various learning-based approaches, methods based on kernels hold
potential for considerable advantages in terms of theoretical analysis, numerical
implementation, regularization, guaranteed convergence, automatization, and in-
terpretability over, e.g., methods based on variants of Artificial Neural Networks
(ANNs); see, e.g., Y. Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart,
2021b; Houman Owhadi, 2022a. In particular, Reproducing Kernel Hilbert Spaces
(RKHS) Felipe Cucker and Steve Smale, 2002 have provided a strong mathematical
foundations for studying dynamical systems J. Bouvrie and B. Hamzi, 2010b; B.
Haasdonk et al., 2018; B.Haasdonk et al., 2021; Giesl et al., 2019; Bittracher et al.,
2019; Boumediene Hamzi and Colonius, 2019; Stefan Klus, Nuske, and Boumedi-
ene Hamzi, 2020; Stefan Klus, Nuske, et al., 2020; Alexander and Giannakis, 2020;
Jake Bouvrie and Boumediene Hamzi, 2012; Jake Bouvrie and Boumediene Hamzi,
2017b; Jake Bouvrie and Boumediene Hamzi, 2017c; Boumediene Hamzi, Kuehn,
and Sameh Mohamed, 2019 and surrogate modeling (see, e.g., Gabriele Santin
and Bernard Haasdonk, 2019 for a survey). However, these emulators’ accuracy
hinges on the kernel’s choice; nonetheless, the problem of selecting a good kernel
has received less attention so far. Numerical experiments have recently shown that
when the time series is regularly Boumediene Hamzi and Houman Owhadi, 2021a
or is irregularly sampled Lee, Brouwer, et al., 2021, simple kernel methods can
successfully reconstruct the dynamics of prototypical chaotic dynamical systems
when kernels are also learned from data via Kernels Flows (KF), a variant of cross-
validation H. Owhadi and G. R. Yoo, 2019. KF approach has then been applied to
complex, large-scale systems, including geophysical data B. H. , R. M. H. Owhadi,
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2021; Prasanth, Z. S. Haddad, et al., 2021; Jouni Susiluoto, Braverman, P. G. Bro-
drick, et al., 2021, and to learning non-parametric kernels for dynamical systems
M. Darcy, B. Hamzi, Susiluo, et al., 2021.

On the learning of Stochastic Differential Equations (SDEs)
While time series produced by deterministic dynamical systems offer a direct ob-
servation of the vector-field (i.e., of the drift) driving those systems, those produced
by SDEs only present an indirect observation of the underlying drift, diffusion, and
stochastic forcing terms. A popular approach employed to recover the drift and the
diffusion of an SDE is the so-called Kramers-Moyal expansion; see, e.g., Risken
and Haken, 1989; Rudolf Friedrich et al., 2011. In this manuscript, we formulate
the problem of learning stochastic dynamical systems described by SDEs as that
of completing a computation graph Houman Owhadi, 2022a, which represents the
functional dependencies between the observed increments of the time-series and
the unknown quantities. Our approach to solving this Computational Graph Com-
pletion (CGC) problem can be summarized as (1) replacing unknown functions
and variables with Gaussian Processes (GPs) and (2) approximating those func-
tions by the Maximum a Posteriori (MAP) estimator of those GPs given available
data. The covariance kernels of these GPs are learned from data via a randomized
cross-validation procedure.

Outline of the article
Section 7.2 describes the problem we focus on in this manuscript and our proposed
solution. Section 7.3 describes the MAP estimator for the GPs in the one dimensional
case. Section 7.4 describes the algorithm we propose to learn the kernels and
the hyper-parameters. Section 7.5 provides numerical results, with an additional
discussion of the impact of the choice of kernels in Section 7.6 and the impact of
time discretization in Section 7.6. We conclude with a brief discussion in Section
7.8. Section F.1 displays additional plots.

7.2 Statement of the problem and proposed solution
We first describe the type of SDEs used here. We consider SDEs of the form:

𝑑𝑋𝑡 = 𝑓 (𝑋𝑡)𝑑𝑡 + 𝜎(𝑋𝑡)𝑑𝑊𝑡 (7.1)

with initial condition 𝑋0 = 𝑥0. In the previous equation, (𝑊𝑡)𝑡∈[0,𝑇] denotes a Wiener
process. We assume that the process in Equation (7.1) is observed at discrete times
𝑡𝑛, 𝑛 = 1 . . . 𝑁 , such that the time intervals Δ𝑡𝑛 := (𝑡𝑛+1 − 𝑡𝑛) between observations
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𝑋𝑛 := 𝑋𝑡𝑛 of the time series are not small enough so that 𝜎(𝑋𝑡) can be efficiently
approximated by estimating the quadratic variation of 𝑋𝑡 near 𝑡, but small enough
so that the following approximation holds:

𝑋𝑛+1 = 𝑋𝑛 + 𝑓 (𝑋𝑛)Δ𝑡𝑛 + 𝜎(𝑋𝑛)
√︁
Δ𝑡𝑛𝜉𝑛 + 𝜀𝑛 , (7.2)

where the i.i.d. random variables 𝜉𝑛
𝑑∼ N(0, 1) represent Brownian Motion in-

crements and the i.i.d. random variables 𝜀𝑛
𝑑∼ N(0, 𝜆) represent discretization

noise/misspecification1; henceforth, the notation “ 𝑑∼ ” stands for “distributed as".
We seek to recover/approximate the unknown functions 𝑓 and 𝜎 from the data
(𝑿,𝒀) = {(𝑋𝑛, 𝑌𝑛)}1≤𝑛≤𝑁 , where

𝑌𝑛 := 𝑋𝑛+1 − 𝑋𝑛 .

Therefore, the relation between 𝑋𝑛 and 𝑌𝑛 is given by our modeling assumption

𝑌𝑛 = 𝑓 (𝑋𝑛)Δ𝑡𝑛 + 𝜎(𝑋𝑛)
√︁
Δ𝑡𝑛𝜉𝑛 + 𝜀𝑛 . (7.3)

The Computational Graph Completion problem
In general, a computational graph is defined as a graph representing functional
dependencies between a finite number of (not necessarily random) variables and
functions. We will use nodes to represent variables and arrows to represent functions.
We will color known functions in black and unknown functions in red. Random
variables are drawn in blue and primary variables as squares. We will distinguish
nodes used to aggregate variables by drawing them as circles. Multiple incoming
arrows into a square node are interpreted as a sum. Now, let 𝑓𝑛 := 𝑓 (𝑋𝑛) and
𝜎̄𝑛 := 𝜎(𝑋𝑛) be two intermediate (unobserved) variables. Equation (7.3) can thus
be rewritten as:

𝑌𝑛 = 𝑓𝑛Δ𝑡𝑛 + 𝜎̄𝑛
√︁
Δ𝑡𝑛𝜉𝑛 + 𝜀𝑛. (7.4)

In particular, it can be represented as the following computational graph:
1While this assumption is not well justified by theory, the Euler-Maruyama method yields a

practical scaling for the variance 𝜆 of the error. Because the Euler-Maruyama method has a strong
order of convergence O(Δ𝑡), it is therefore reasonable to choose 𝜆 = 𝐶Δ𝑡. In practice, we find that
the constant 𝐶 should be small and use 𝐶 = 0.01.
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𝑋𝑛 𝑓𝑛𝜎̄𝑛

Δ𝑡𝑛

𝜎̄𝑛
√
Δ𝑡𝑛𝜉𝑛 𝑓𝑛Δ𝑡𝑛

𝜉𝑛

𝑌𝑛 𝜀𝑛

𝑓𝜎

We now formulate the learning problem in this manuscript as the problem of com-
pleting the just displayed computational graph; see Houman Owhadi, 2022a. Let
𝑋1, . . . 𝑋𝑁 , 𝑌1, . . . , 𝑌𝑁 and Δ𝑡1, . . . ,Δ𝑡𝑁 be the 𝑁 observations data: our goal is
to approximate the unknown functions 𝑓 and 𝜎 from these observations. In order
to solve this problem, we will use the GP framework: we replace 𝜎 and 𝑓 with
GPs and approximate them via MAP estimation given the data. More precisely, we
assume that 𝑓 and 𝜎 are mutually independent GPs, with centered Gaussian priors
𝑓
𝑑∼ GP(0, 𝑲), 𝜎 𝑑∼ GP(0,𝑮) defined by the covariance functions/kernels 𝑲 and

𝑮.

Remark 17. Although in this case the computational graph serves mostly as a visual
aid, its underlying formalism (i.e., draw the graph, replace unknown functions by
GPs, and compute their MAP from the data to complete the graph) is a simple
pathway to generalize the method to learning more complex systems than SDEs.

7.3 MAP estimator
Write 𝑓 for the vector with entries { 𝑓𝑛}1≤𝑛≤𝑁 and 𝜎̄ for the vector with entries
{𝜎̄𝑛}1≤𝑛≤𝑁 . Observe that given 𝜎̄ and 𝑓 , the identification of the functions 𝑓 and
𝜎 reduces to two separate simple kernel regression problems. We will therefore
first focus on the estimation of 𝑓 and 𝜎̄. Since 𝑓 and 𝜎 are independent, 𝑓 =

𝑓 (𝑋) and 𝜎̄ = 𝜎(𝑋) are conditionally (on 𝑋) independent. Using the shorthand
notations 𝑝(𝑌 |𝑋) for 𝑝(𝐴|𝑋) where 𝐴 is the event {𝑌𝑛 = 𝑓 (𝑋𝑛)Δ𝑡𝑛+𝜎(𝑋𝑛)

√
Δ𝑡𝑛𝜉𝑛+

𝜀𝑛, for 1 ≤ 𝑛 ≤ 𝑁}, we deduce that

𝑝( 𝑓 , 𝜎̄ |𝑌, 𝑋) = 𝑝(𝑌 | 𝑓 , 𝜎̄, 𝑋) 𝑝( 𝑓 |𝑋)𝑝(𝜎̄ |𝑋)
𝑝(𝑌 |𝑋) .

It follows that a MAP estimator of ( 𝑓 , 𝜎̄) is a minimizer of the loss− ln
(
𝑝(𝑌 |𝑋, 𝑓 , 𝜎̄)𝑝( 𝑓 |𝑋)𝑝(𝜎̄ |𝑋)

)
,

which up to a constant (log det𝐾 (𝑋, 𝑋)+log det𝐺 (𝑋, 𝑋)) and a multiplicative factor
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1/2 is equal to

L( 𝑓 , 𝜎̄) := (𝑌 − Λ 𝑓 )𝑇 (Σ + 𝜆𝐼)−1(𝑌 − Λ 𝑓 ) +
𝑁∑︁
𝑛=1

ln(𝜎̄2
𝑛Δ𝑡𝑛 + 𝜆)

+ 𝑓 𝑇𝐾 (𝑋, 𝑋)−1 𝑓 + 𝜎̄𝑇𝐺 (𝑋, 𝑋)−1𝜎̄ .

(7.5)

where 𝐾 (𝑋, 𝑋) is the 𝑁 × 𝑁 matrix with entries 𝐾 (𝑋𝑖, 𝑋 𝑗 ), 𝐺 (𝑋, 𝑋) is the 𝑁 × 𝑁
matrix with entries 𝐺 (𝑋𝑖, 𝑋 𝑗 ), Σ is the diagonal 𝑁 × 𝑁 matrix with diagonal entries
𝜎𝑛

2Δ𝑡𝑛, and Λ is the diagonal 𝑁 × 𝑁 matrix with diagonal entries Δ𝑡𝑛.

Recovery of 𝑓 .
First, observe that given 𝜎̄, (7.5) is quadratic in 𝑓 and its minimizer in 𝑓 is

𝑓 ∗(𝜎̄) = 𝐾 (𝑋, 𝑋)Λ
(
Λ𝐾 (𝑋, 𝑋)Λ + Σ + 𝜆𝐼

)−1
𝑌 . (7.6)

Therefore 𝑓
𝑑∼ GP(𝑶, 𝑲) conditioned on (𝑋, 𝑓 (𝑋) = 𝑓 ) is normally distributed

with (conditional) mean

𝑓 ∗(𝑥) := 𝐾 (𝑥, 𝑋)Λ
(
Λ𝐾 (𝑋, 𝑋)Λ + Σ + 𝜆𝐼

)−1
𝑌 , (7.7)

and (conditional) covariance

𝐾 (𝑥, 𝑥) − 𝐾 (𝑥, 𝑋)Λ
(
Λ𝐾 (𝑋, 𝑋)Λ + Σ + 𝜆𝐼

)−1
Λ𝐾 (𝑋, 𝑥) . (7.8)

We therefore estimate 𝑓 with 𝑓 ∗ =(7.7). Note that (7.7) and (7.8) can also be
recovered by observing that given 𝜎̄, Equation (7.4) corresponds to a noisy regres-
sion problem, with noise coming from two independent Gaussian variables. This
is proved in Appendix F.2 and it is an easy modification of the proof presented in
Bishop, 2006, Page 306.

Recovery of 𝜎.
Taking 𝑓 = 𝑓 ∗ =(7.7) in (7.5), the estimation of 𝜎̄ reduces to the minimization of
the loss

L( 𝑓 ∗(𝜎̄), 𝜎̄) = (𝑌 − Λ 𝑓 ∗(𝜎̄))𝑇 (Σ + 𝜆𝐼)−1(𝑌 − Λ 𝑓 ∗(𝜎̄)) +
𝑁∑︁
𝑛=1

ln(𝜎̄2
𝑛Δ𝑡𝑛 + 𝜆)

+ 𝑓 ∗(𝜎̄)𝑇𝐾 (𝑋, 𝑋)−1 𝑓 ∗(𝜎̄) + 𝜎̄𝑇𝐺 (𝑋, 𝑋)−1𝜎̄ ,

(7.9)
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Write 𝜎̄† for a minimizer of (7.9) obtained through a numerical optimization algo-
rithm (e.g., gradient descent). Because the numerical approximation of 𝜎̄† is noisy,
we then further estimate 𝜎̄ as the mean of the Gaussian vector 𝜎(𝑋) conditioned on
𝜎(𝑋) = 𝜎̄† + 𝑍 where the entries 𝑍𝑖 of the (noise) vector 𝑍 are i.i.d. Gaussian with
variance 𝛾. We therefore approximate 𝜎̄ with

𝜎̄∗ = E[𝜎(𝑋) |𝜎(𝑋) + 𝑍 = 𝜎̄†] = 𝐺 (𝑋, 𝑋) (𝐺 (𝑋, 𝑋) + 𝛾𝐼)−1𝜎†, (7.10)

and 𝜎 with
𝜎∗(𝑥) = 𝐺 (𝑥, 𝑋) (𝐺 (𝑋, 𝑋) + 𝛾𝐼)−1𝜎̄† .

Minimization of L
The natural approach to identification of 𝜎̄† is to minimize (with respect to 𝜎̄) (7.9)
with 𝑓 ∗ defined as the function (7.6) of 𝜎̄. The minimization of (7.9) is difficult
given that this is a non-convex, non-linear problem. We, therefore use a gradient
descent algorithm with a step size chosen such that the perturbation is no more than
𝑝% in norm. We set 𝑝 = 1 initially and increment to 𝑝 ← 0.9𝑝 if the resulting
perturbation does not reduce the loss. We optimize until 𝑝 < 10−20 or a maximum
𝑁 = 105 iterations. We also use Newton method with step-size chosen using
Armijo’s condition Nocedal and Stephen J. Wright, 2006c until ∥∇L∥ < 10−8 for a
maximum of 𝑁 = 1000 iterations. The gradient descent algorithm is slow compared
to Newton’s method (10-20 seconds compared to 10-15 minutes in wall clock time)
but consistently produces better results and is less sensitive to changes in the initial
condition. In our gradient descent algorithm, we ensure that the loss is decreased
at every step and we therefore converge to a local minimum. However, there is no
guarantee that we converge to the global minima since the loss is non-convex.

Initial condition.
The initialization of the optimization problem requires the specification of an initial
condition for 𝜎̄init. We use an estimate of quadratic variation of the process given
the data:

(𝜎̄init)𝑖 =
(𝑋𝑖 − 𝑋𝑖−1)2

Δ𝑡𝑖
. (7.11)

We smooth out this noisy estimate using the mean of the Gaussian process 𝜎
conditioned on these values:

𝜎̄init = E[𝜎(𝑋) |𝜎(𝑋) + 𝑍 = 𝜎̄init] = 𝐺 (𝑋, 𝑋) (𝐺 (𝑋, 𝑋) + 𝛾𝐼)−1𝜎̄init. (7.12)
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Extension to the multivariate case
The extension to the multivariate case is relatively straightforward and is presented
in Appendix F.5.

7.4 Learning the kernels and the hyperparameters
Motivation
The computational graph completion approach relies on a choice of prior and hence
on a choice of kernel. There are many possible such choices that encode varying
priors on the functions 𝑓 and 𝜎. For example isotropic kernels such as the Gaus-
sian and MatÃľrn kernel are used to model the covariance functions of stationary
processes Rasmussen and Williams, 2005. Dot product-based kernels, such as the
polynomial kernel, on the other hand are non-stationary Rasmussen and Williams,
2005. Moreover, each family of kernels is parameterized by one or several parame-
ters, which can have a large impact on the recovery of the function. This motivates
the development of a method to select the optimal kernel. In the next section, we
present a cross-validation-based method to select the best kernel based on the data.
This method is able to not only select the best parameter but also enables ill-specified
kernels to perform comparably to well-specified kernels.

To illustrate this point, consider the Geometric Brownian Motion

𝑑𝑋𝑡 = 𝜇𝑋𝑡𝑑𝑡 + 𝜎𝑋𝑡𝑑𝑊𝑡 (7.13)

which has both non-stationary drift and diffusion functions. In section 7.6, we
will show (see figure 7.1) how our hyper-parameter learning algorithm enables a
non-perfectly-adapted kernel (e.g., a Matérn kernel for approximating the drift and
volatility of (7.13)) to perform comparably to a perfectly adapted kernel (e.g., a
linear kernel for approximating the drift and volatility of (7.13)). We also note that
learning the kernel improves out-of-sample predictions.

Figure 7.1: Predicted volatility: well-specified kernel (left), ill specified kernel
(middle), and well-specified kernel with learned parameters (right).
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Methodology
We now describe how to select the kernels 𝐾,𝐺 in a family of kernels parameterized
by 𝜃𝑘 , 𝜃𝑔, which we learn from data using a cross-validation approach. Writing

𝜽 := (𝜃𝑘 , 𝜃𝑔) , (7.14)

for the vector formed by all the hyperparameters of our approach, we learn 𝜃 through
a robust-learning cross-validation approach which we will now describe. Consider
the set of all sets of possible partitions of the training data DT with indices I into
two mutually disjoint subsets of equal size.

A = {(Π,Π𝑐) |Π ∪ Π𝑐 = I,Π ∩ Π𝑐 = ∅, |Π | = |I |
2
}. (7.15)

Write DΠ = (𝑥 𝑗 , 𝑦 𝑗 ) 𝑗∈Π for the set of points belonging to the first partition and
DΠ𝑐 = (𝑥 𝑗 , 𝑦 𝑗 ) 𝑗∈Π𝑐 for the set of points belonging to the second set. Write E(Π,Π𝑐)
for the uniform distribution over A. For (Π,Π𝑐) ∈ A write L(DΠ𝑐 , 𝑓 , 𝜎̄) for the
MAP loss (7.5) calculated with dataset DΠ𝑐 . Write

LCV(𝜽; 𝑓 ∗, 𝜎̄∗,DΠ) = − ln 𝑝(𝑌Π | 𝑓 ∗, 𝜎̄∗, 𝑋Π)

=
∑︁
𝑖

(𝑌𝑖 − 𝑓 ∗𝑖 Δ𝑡𝑖)2

2(𝜎̄∗2
𝑖
Δ𝑡𝑖 + 𝜆)

+ 1
2

ln(𝜎̄∗2𝑖 Δ𝑡𝑖 + 𝜆),
(7.16)

for the negative log-likelihood of the validation dataDΠ given 𝑓 ∗, 𝜎̄∗. Our proposed
cross-validation approach is then to select 𝜽∗ as

𝜽∗ = arg min
𝜽

E(Π,Π𝑐){LCV(𝜽; 𝑓 ∗, 𝜎̄∗,DΠ)}

subject to 𝑓 ∗, 𝜎̄∗ = arg min
𝑓 ,𝜎̄

L(DΠ𝑐 , 𝑓 , 𝜎̄).
(7.17)

Note that 𝑓 ∗, 𝜎̄∗ are selected as described in Section 7.3. In practice, the computation
of the exact value of E(Π,Π𝑐){LCV(𝜽; 𝑓 ∗, 𝜎̄∗,DΠ} is intractable. Therefore, we
instead approximate E(Π,Π𝑐){LCV} with the empirical average

1
𝑀

𝑀∑︁
𝑖=1
LCV(𝜽; 𝑓 ∗𝑖 , 𝜎̄

∗
𝑖 ,DΠ𝑖 ). (7.18)

where the (Π𝑖,Π𝑐
𝑖
) are i.i.d. samples fromP(Π,Π𝑐) and 𝑓 ∗

𝑖
, 𝜎̄∗

𝑖
= arg min

𝑓 ,𝜎̄

L(DΠ𝑐
𝑖
, 𝑓 , 𝜎̄).

We use a gradient free optimization algorithm to minimize (7.18) (see Subsec-
tion 7.4). This algorithm only uses noisy observations (7.18) of the true loss.

The proposed cross-validation algorithm can be summarized as follows:



174

1. Select a gradient-free optimization algorithm.

2. At each iteration, given the hyperparameters 𝜽 𝑘 , select 𝑀 divisions of the data
DT into a training set DΠ𝑐

𝑖
and a validation set DΠ𝑖 .

3. For each 1 ≤ 𝑖 ≤ 𝑀 , recover 𝑓 ∗
𝑖
, 𝜎̄∗

𝑖
using training data DΠ𝑐

𝑖
using hyper-

paramters 𝜽 𝑘 .

4. For each 1 ≤ 𝑖 ≤ 𝑀 , compute the loss L(𝜽 𝑘 ; 𝑓 ∗
𝑖
, 𝜎̄∗

𝑖
,DΠ𝑖 ) and the empirical

average (7.18).

5. Minimize (7.18) with the gradient free optimization algorithm to select 𝜽 𝑘+1.

The active learning algorithm
We choose the Bayesian optimization algorithm Snoek, Larochelle, and Adams,
2012, where the loss function is modeled using a Gaussian Process with Matern
kernel Rasmussen and Williams, 2005, implemented in the scikit-optimize library
in Python Bayesian optimization with skopt n.d. In our case, we set 𝑀 = 1 when
using gradient descent minimization and 𝑀 = 10 when using Newton’s method for
minimization. The maximum number of iterations for the Bayesian optimization
algorithm is set to 𝐾 = 75 when using gradient descent minimization and 𝐾 = 150
when using Newton’s method for minimization. While we can use a greater number
of samples and a greater number of iterations with Newton’s method because of its
greater speed, in practice, the gradient descent method offered better performance
in our tests.

7.5 Experimental results
We first illustrate the effectiveness of our methods by considering two systems with
non-linear drift or volatility. The two processes we consider are:

𝑑𝑋𝑡 = 𝜇𝑋𝑡𝑑𝑡 + 𝑏 exp(−𝑋2
𝑡 )𝑑𝑊𝑡 Exponential decay volatility. (7.19)

𝑑𝑋𝑡 = sin(2𝑘𝜋𝑋𝑡)𝑑𝑡 + 𝑏 cos(2𝑘𝜋𝑋𝑡)𝑑𝑊𝑡 Trigonometric process. (7.20)

In both cases, we generate trajectories using a Euler-Maruyama disretization. We
use 500 points for training and 500 points for testing.
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Metrics.
To measure the performance of each method, we use three metrics. The first is the
likelihood of the model given the data of the test set defined as

L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) = − log(𝑝(𝑌 | 𝑓 ∗, 𝜎̄∗, 𝑋)) ∝
𝑀∑︁
𝑖=1

(𝑌𝑖 − 𝑓 ∗Δ𝑡𝑖)2

2(𝜎̄∗2
𝑖
Δ𝑡𝑖 + 𝜆)

+ 1
2

ln(𝜎̄∗2𝑖 Δ𝑡𝑖 + 𝜆).

The other two metrics are the relative error of the test drift and volatility at the test
points:

𝛿 𝑓 =
| | 𝑓 − 𝑓 | |
| | 𝑓 | |

𝛿𝜎 =
| |𝜎 − 𝜎̄ | |
| |𝜎 | | ,

where 𝑓 is the vector of drift values at the test points ( 𝑓 )𝑖 = 𝑓 (𝑋𝑖) and 𝑓 is the
vector of prediction ( 𝑓 )𝑖 = 𝑓 (𝑋𝑖) (likewise for 𝜎, 𝜎̄). Note that in practice, only
L( 𝑓 ∗, 𝜎̄∗ | (𝑋,𝑌 )) may be computed without access to the true drift 𝑓 and true
volatility 𝜎. We still compute 𝛿 𝑓 , 𝛿𝜎 to illustrate how a lower loss on the recovery
of the drift and volatility yields a lower loss on the likelihood.

Choice of kernels
In all experiments, we use the Matérn Kernel Rasmussen and Williams, 2005 with
smoothness parameter 𝜈 = 5

2 defined as

𝐾Matérn(𝑥, 𝑦) = 𝜎2
(
1 +
√

5| |𝑥 − 𝑦 | |
𝑙

+ 5| |𝑥 − 𝑦 | |2
3𝑙2

)
exp

(
−
√

5| |𝑥 − 𝑦 | |
𝑙

)
. (7.21)

We learn the parameters (𝜎, 𝑙) of the kernel (the smoothness parameter 𝜈 is not
learned). Note that the Matérn kernel is not well specified for many of the processes
we will consider as the processes it defines are only three times differentiable (in the
mean square sense Rasmussen and Williams, 2005) and hence it is overly general. A
better specified of kernel can in many cases significantly improve the performance.
We choose this kernel because it is very general and allows us to illustrate how one
can obtain good results with few assumptions and little domain knowledge.

Benchmarks.
We compare our method and optimized parameters with two baselines. A first
baseline that uses our method and unoptimized parameters. For kernels using a
lengthscale (such as the Matérn kernel (7.21)), it is set to be the average ℓ2 distance
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between data points:

𝑙unopt =
1

𝑁 (𝑁 − 1)
∑︁
𝑖≠ 𝑗



𝑋𝑖 − 𝑋 𝑗

 .
All other paramters are set to 1.0. This method is labeled as “non-learned kernel”.

The second baseline does not use our method to recover the drift and diffusion
separately. Instead we assume that 𝑌 is the sum of two Gaussian processes:

𝑦(𝑥) = 𝜉 (𝑥) +𝑊 (𝑥), (7.22)

where 𝜉 is a smooth Gaussian process (such as a Gaussian process with Matérn
covariance function) and 𝑊 is a white noise Gaussian process with covariance
matrix

𝐾wn(𝑥𝑖, 𝑥 𝑗 ) = 𝑐𝛿(𝑥𝑖 − 𝑥 𝑗 ). (7.23)

The posterior distribution 𝑦 conditioned on the data provides a prediction for the
conditional mean (the drift of the SDE) and the conditional variance (the volatility
of the SDE)2.The parameters of the kernel are optimized through the minimization
of the negative log marginal likelihood. This method is labeled as “benchmark”
and uses the implementation present in Pedregosa et al., 2011 and the details are
presented in Appendices F.2 and F.3. Note that a major drawback of this method
is the assumption that the noise 𝜎(𝑋𝑡) is identically distributed Gaussian noise,
modeled through the white noise kernel 𝛿(𝑥𝑖 −𝑥 𝑗 ). This assumption is valid for only
a restricted class of SDEs.

Exponential decay volatility.
The discretization of the exponential decay volatility is given by

𝑋𝑛+1 − 𝑋𝑛 = 𝜇𝑋𝑛Δ𝑡 + 𝑏 exp(−𝑋2
𝑛 )
√
Δ𝑡𝜉𝑛, 𝑋0 = 𝑥0, (7.24)

with timestep Δ𝑡 = 0.01. Observe that this process is pushed towards the origin by
its drift value, where the volatility is maximized. Moreover, the volatility decreases
exponentially fast away from the origin. We generate two trajectories with the same
drift parameter 𝜇 = 5 and different volatility parameter 𝑏 = 0.5, 1.0. The results for
the learned and unlearned kernel are reported in table 7.1. The training and testing
data are illustrated in Figure 7.2 and the prediction of the drift and volatility are
presented in Figure 7.3 (see also Figures F.1, F.2 in the appendix).

2Note that this is the usual Gaussian process regression method
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Trajectory 1 Trajectory 2
L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎 L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎

Benchmark -2.547 0.394 0.033 -1.887 0.322 0.085
Non-learned kernel -2.532 0.506 0.081 -1.887 0.472 0.062
Learned kernel -2.546 0.388 0.048 -1.900 0.249 0.035

Table 7.1: Results for the exponential volatility process.

Figure 7.2: From left to right: drift function, volatility function, sample trajectory,
and sample increments of the exponential volatility process.

Figure 7.3: Predicted drift and volatility on the testing set for trajectory 2 of the ex-
ponential volatility process. From left to right: drift (non-learned kernel), volatility
(non-learned kernel), drift (learned kernel), volatility (learned kernel) .

Trigonometric process
The discretization of the trigonometric process is given by

𝑋𝑛+1 − 𝑋𝑛 = sin(2𝑘𝜋𝑋𝑡)Δ𝑡 + 𝑏 cos(2𝑘𝜋𝑋𝑡)
√
Δ𝑡𝜉𝑛, 𝑋0 = 𝑥0. (7.25)

In this case, both the drift and volatility functions are non-linear functions of 𝑋𝑡 .
We generate two trajectories with volatility parameter 𝑏 = 1.0, 0.5. For 𝑏 = 0.5, we
set Δ𝑡 = 0.01. For the second trajectory, 𝑏 = 0.5 and the timestep is set Δ𝑡 = 0.001.
In this case, the testing data contains points outside the training distribution. Hence
the problem of prediction is more challenging than the problem of recovery at the
training points. The results for the learned and unlearned kernel are reported in
Table 7.2. The training and testing data are illustrated in Figure 7.4. For trajectory
2, the optimization of the hyper-parameters of the kernel yield a better recovery and
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a better prediction of the volatility outside the training distribution 7.4, 7.5 (also see
Figure 7.5 in the appendix).

Trajectory 1 Trajectory 2
L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎 L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎

Benchmark -3.411 0.327 0.442 -3.808 3.454 0.198
Non-learned kernel -3.675 0.157 0.093 -2.405 0.832 0.665
Learned kernel -3.678 0.269 0.088 -3.642 1.481 0.242

Table 7.2: Results for the trigonometric process.

Figure 7.4: From left to right: drift function, volatility function, sample trajectory
and sample increments of the trigonometric process (trajectory 2).

Figure 7.5: Predicted drift and volatility on the testing set for trajectory 2 of the
trigonometric process. From left to right: drift (non-learned kernel), volatility (non-
learned kernel), drift (learned kernel), volatility (learned kernel) .

Benchmark comparison

Generally our method with optimized parameters outperforms our selected bench-
mark both in recovery of the drift and the volatility as measured by our metric.
Because the standard Gaussian process regressor uses a white noise kernel, it gen-
erally does not capture well a non-constant volatility. Our method on the other hand
is able to capture non-constant volatility models. Compare for example figures 7.5
and 7.7.
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Figure 7.6: Exponential volatility process benchmark prediction. From left to right:
drift (trajectory 1), volatility (trajectory 1), drift (trajectory 2), volatility (trajectory
2).

Figure 7.7: Trigonometric process benchmark prediction. From left to right: drift
(trajectory 1), volatility (trajectory 1), drift (trajectory 2), volatility (trajectory 2).

7.6 Experimental results: a comparison between perfectly specified and non
perfectly specified kernels.

We now illustrate how the choice of the kernel can have a significant impact on the
recovery of the drift and volatility. The following examples illustrate how choosing
from the correct parametric family of kernels can improve both the recovery and the
prediction of the functions of interest.

Overcoming non perfectly specified kernels

We consider the Geometric Brownian Motion process defined as

𝑑𝑋𝑡 = 𝜇𝑋𝑡𝑑𝑡 + 𝜎𝑋𝑡𝑑𝑊𝑡 Geometric Brownian motion (GBM). (7.26)

We generate one trajectory with parameters 𝜇 = 2.0, 𝜎 = 1.0 and initial condition
𝑋0 = 1.0, using the Euler-Maruyama discretization with timestep Δ𝑡 = 0.001. We
focus primarily on the recovery of the volatility (the recovery of the drift is very
difficult at a fine time-scale). The generated data is illustrated in figure 7.8.

We compare the performance of the Matern kernel (7.21) family with the family of
linear kernels Rasmussen and Williams, 2005 defined as

𝐾linear(𝑥, 𝑦) = 𝜎2(𝑥⊺𝑦 + 𝑐) (7.27)



180

Figure 7.8: From left to right: drift function, volatility function, sample trajectory,
and sample increments of GBM.

and parameterized by (𝜎, 𝑐) which are learned. Note that this kernel induces the
Reproducing Kernel Hilbert Space of linear functions and therefore is perfectly
specified for GBM. The results are reported in table 7.3. The linear kernel is able to
both recover and predict the volatility with or without learning the hyper-parameters,
as it is perfectly specified for this problem. In contrast, without learning the hyper-
parameters, the Matérn kernel is unable to accurately predict the future, reverting
to the prior mean 0. Learning the hyper-parameters, however, enables the Matérn
kernel to correctly predict future values. These results are illustrated in figure 7.9.
We also observe that in all cases, our proposed approach outperforms the Gaussian
Process Regressor benchmark (see figure 7.10).

Linear kernel Matern kernel
L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎 L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎

Benchmark -2.755 2.077 0.236 -2.755 2.018 0.237
Non-learned kernel -2.800 0.763 0.015 -1.420 0.962 0.355
Learned kernel -2.800 0.672 0.008 -2.800 0.500 0.010

Table 7.3: Comparison between the linear kernel and the Matern kernel on GBM.

Figure 7.9: Predicted volatility on the testing set for GBM. From left to right:
linear kernel, Matern kernel (non-learned parameters), and Matern Kernel (learned
parameters).
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Figure 7.10: GBM benchmark prediction. From left to right: volatility (linear
kernel) and volatility (Matern kernel).

A failure case

We now present a case where our methodology fails because of a poor choice of
prior. We consider the OrnsteinâĂŞUhlenbeck process defined as

𝑑𝑋𝑡 = −𝜇𝑋𝑡𝑑𝑡 + 𝜎𝑑𝑊𝑡, OrnsteinâĂŞUhlenbeck (OU).

We discretize the process with parameters 𝜇 = −5 and 𝜎 = 1.0 and initial condition
𝑋0 = 1.0 using the Euler-Maruyama method with a time discretization of Δ𝑡 =

0.001. One of the trajectories is illustrated in figure 7.11.

Figure 7.11: From left to right: drift function, volatility function, sample trajectory,
and sample increments of the OU process.

In this case, the drift is a linear function, and the volatility is a constant function.
Hence a MatÃľrn kernel prior is not perfectly specified. More precisely, the best
prior for the volatility is a white noise kernel

𝐾wn(𝑥, 𝑦) = 𝜎2𝛿(𝑥 − 𝑦). (7.28)

Therefore, in this case, the benchmark method (Gaussian process regression) is not
only better specified than our method, but it is also optimal. We again use both
the MatÃľrn 7.21 and linear kernels (7.27). The results are presented in Table
7.4. In this case, the benchmark always outperforms our computational graph
completion approach in the recovery of the volatility. With a MatÃľrn kernel our
method outperforms the benchmark, but with a perfectly specified linear kernel, the
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benchmark outperforms our method. Moreover, Figure 7.12 shows that the Matérn
kernel does not capture the overall shape of the drift and volatility even if the relative
error is low. We do note, however, that our cross-validation method improves the
performance.

Matérn kernel Linear kernel
L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎 L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎

Benchmark -2.973 1.799 0.006 -2.977 0.212 0.006
Non-learned kernel -2.971 1.038 0.065 -2.957 0.510 0.011
Learned kernel -2.973 0.459 0.012 -2.978 1.066 0.013

Table 7.4: Results for the OU process.

Figure 7.12: Prediction on the OU process with the Matern kernel. From left
to right: benchmark prediction (drift), benchmark prediction (volatility), CGC
prediction (drift), CGC prediction (volatility).

Figure 7.13: Prediction on the OU process with the linear kernel. From left to right:
benchmark prediction (drift), benchmark prediction (volatility), CGC prediction
(drift), CGC prediction (volatility).

These results illustrate that choosing a perfectly specified kernel can improve the
performance of the proposed method. Therefore, integrating prior knowledge such
as the non-stationarity of the process into the choice of the prior can significantly
improve performance. However, these results also illustrate how learning the param-
eters of a general kernel (such as the Matérn kernel) can yield similar performance
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to a well-specified kernel. A potential solution to this problem could be to learn a
kernel which is the sum of a mix of stationary and non-stationary kernels such as

𝐾sum(𝑥, 𝑦) =
𝑁∑︁
𝑖=1

𝛼𝑖𝐾𝑖 (𝑥, 𝑦), (7.29)

where the weights 𝛼𝑖 are learned. Learning the weights of a sum of kernels is a
well-established problem in the area of Support Vector Machines (see, for example
Lanckriet et al., 2002). Future avenues of research could therefore focus on efficient
learning of hyper-parameters for this problem.

7.7 Experimental results: the effect of time discretization
We now examine the effect of time discretization. In all previous experiments, we
observed the exact simulation of the trajectory. We now consider the cases where
the observations do not exactly match the dynamics. More precisely, we generate
a trajectory (𝑋𝑖)𝑀𝑖=1 separated by regular time steps Δ𝑡. We then consider the subs-
trajectories (𝑋𝑖𝑘 )𝑁𝑖𝑘=1 for 𝑘 = 1, 2, . . . , 10 where the indexes 𝑖𝑘 are chosen such that
(𝑋𝑖𝑘 )𝑁𝑖𝑘=1 are separated by timesteps 𝑘 × Δ𝑡. This allows us to measure the impact
of the discretization error on the effectiveness of our method. A priori, we would
expect that our method would perform more poorly as 𝑘 grows larger, given that our
modeling assumption is no longer fulfilled exactly.

We consider both our method with the initial guess of parameters (as detailed in
the benchmark section 7.5) and with the optimized version of parameters. We also
choose a base 𝜆 which performs well for 𝑘 = 1 and set 𝜆𝑘 = 𝑘𝜆 for other values of
𝑘 .

Exponential decay volatility.
We first consider the exponential decay volatility process described by (7.24) with
time discretization Δ𝑡 = 0.01. For each 𝑘 , we set 𝑁 = 500 for both the training and
test sets. The results for 𝑘 are presented in table 7.5 and illustrative examples are
presented in figures 7.14 and 7.15. We note that the choice of the Matérn kernel for
the drift function induces a large error. A better choice of the kernel (such as the
linear kernel discussed in section 7.6) would yield a better performance.
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Non optimized parameters Optimized parameters
L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎 L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎

k = 1 -1.887 0.472 0.062 -1.887 0.889 0.033
k = 2 -1.872 0.669 0.299 -1.843 0.897 0.181
k = 3 -1.896 0.702 0.419 -1.888 0.881 0.415
k = 4 -1.871 0.886 0.505 -1.922 0.902 0.502
k = 5 37.778 0.805 0.370 -1.928 0.855 0.574
k = 6 -1.802 0.901 0.605 -1.928 0.982 0.590
k = 7 -0.356 0.880 0.641 -1.818 0.865 0.638
k = 8 -1.774 0.913 0.505 -1.496 0.913 0.228
k = 9 -1.044 0.878 0.249 -1.881 0.919 0.659
k = 10 -1.648 0.940 0.439 -1.883 0.952 0.695

Table 7.5: Results for the exponential decay process for different time step Δ𝑡

observations.

Figure 7.14: Exponential decay volatility process: prediction of the volatility for
different values of 𝑘 . From left to right: 𝑘 = 1, 2, 5.

Figure 7.15: Exponential decay volatility process: prediction of the drift for different
values of 𝑘 . From left to right: 𝑘 = 1, 2, 5.

Trigonometric process
We now consider the trigonometric process described by (7.25) with time discretiza-
tion Δ𝑡 = 0.001. For each 𝑘 , we set 𝑁 = 500 for both the training and test sets.
The results for 𝑘 are presented in table 7.6 and illustrative examples are presented
in figures 7.16 and 7.17.
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Non optimized parameters Optimized parameters
L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎 L( 𝑓 ∗, 𝜎̄∗ |𝑋,𝑌 ) 𝛿 𝑓 𝛿𝜎

k = 1 -3.675 0.259 0.093 -3.674 0.163 0.092
k = 2 -3.883 0.717 0.300 -3.807 0.792 0.299
k = 3 -3.729 0.702 0.419 -3.725 0.654 0.434
k = 4 -3.784 0.836 0.499 -3.798 0.848 0.495
k = 5 -4.027 0.904 0.587 -4.019 0.852 0.593
k = 6 -3.910 0.911 0.594 -3.942 0.952 0.597
k = 7 -3.909 0.954 0.636 -3.562 0.925 0.211
k = 8 -3.652 0.772 0.668 -3.930 0.767 0.669
k = 9 -3.939 0.880 0.657 -3.424 0.935 0.145
k = 10 -3.505 0.888 0.254 -3.926 0.880 0.705

Table 7.6: Results for the trigonometric process for different time step Δ𝑡 observa-
tions.

Figure 7.16: Trigonometric process: prediction of the volatility for different values
of 𝑘 . From left to right: 𝑘 = 1, 2, 3.

Figure 7.17: Trigonometric process: prediction of the drift for different values of 𝑘 .
From left to right: 𝑘 = 1, 2, 5.

In general, we note that, as expected, as 𝑘 gets larger, our method has worse
performance. Moreover, for values of 𝑘 ≠ 1, our cross-validation method does
not perform as well, suggesting the need to adapt the cross-validation procedure to
learning the parameter 𝜆. There are, however some exceptions, such 𝑘 = 8, 9 for the
exponential volatility process and 𝑘 = 7, 9 for the trigonometric process where one
of the functions is better recovered. This suggests that a good choice of parameters
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via cross-validation leads to a good recovery even if the modeling assumption is
incorrect, consistent with observations that cross-validation methods are somewhat
robust to model misspecification Y. Chen, Houman Owhadi, and A. Stuart, 2021.

7.8 Experimental results: discussion
We make the following observations regarding our results.

First, we observe that our method provides comparable or greater performance
compared to simple kernel regression with hyper-parameters optimized through the
minimization of the log marginal likelihood. Which method is preferable depends
on the underlying SDE. We observe that for SDEs with constant volatility functions,
such as the OrnsteinâĂŞUhlenbeck process, the simple kernel regression generally
outperforms our method as measured by the likelihood. This is likely due to the
better recovery of the volatility as the modeling assumption of the kernel regression
(i.i.d. noise) better captures the true model (constant volatility). Nonetheless, our
method does occasionally outperform kernel regression in predicting the drift of
the SDE. Our method, however, notably outperforms kernel regression for SDEs
with non-constant volatility, such as the trigonometric process and the exponential
volatility process.

Second, we observe that the randomized cross-validation algorithm for hyper-
parameter optimization reliably improves the performance of our method. In all
cases, the selected parameters have better performance compared to the initial
guess, as measured by the likelihood of the model. Moreover, as the Geometric
Brownian Motion example illustrates, learning the parameters of the kernels can
enable ill-specified kernels to perform comparably to well-specified kernels.

We also observe that a better likelihood generally implies a better capture of the drift
and volatility. Hence, while these quantities are unobserved, better performance as
measured by the likelihood generally implies that the model captures well both the
drift and volatility.

Finally, we note that as the observations increasingly depart from the true dynamics,
our method performs more poorly. This suggests the need for a better model for
the discretization error term, either through learning the parameter 𝜆 or a better
modeling assumption than the i.i.d Gaussian noise presented in Section 7.2.
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C h a p t e r 8

LEARNING DYNAMICAL SYSTEMS FROM DATA WITH
NON-PARAMETRIC KERNEL FLOWS
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8.1 Introduction
The ubiquity of time series in many domains of science has led to the development
of diverse statistical and machine learning forecasting methods Kantz and Schreiber,
1997; Casdagli, 1989; Chattopadhyay et al., 2019; Steven L. Brunton, Joshua L.
Proctor, and J. Nathan Kutz, 2016b; Pathak, Z. Lu, et al., 2017; Nielsen, 2019;
Abarbanel, 2012.

Amongst various learning-based approaches, kernel-based methods hold potential
for considerable advantages in terms of theoretical analysis, numerical implementa-
tion, regularization, guaranteed convergence, automatization, and interpretability Y.
Chen, Hosseini, Houman Owhadi, and Andrew M. Stuart, 2021b; Houman Owhadi,
2022a. Indeed, reproducing kernel Hilbert spaces (RKHS) Felipe Cucker and Steve
Smale, 2002 have provided strong mathematical foundations for analyzing dynami-
cal systems Lengyel et al., 2024; Lee, Boumediene Hamzi, et al., 2024; B. Haasdonk
et al., 2018; B.Haasdonk et al., 2021; Giesl et al., 2019; Boumediene Hamzi and
Colonius, 2019; Stefan Klus, Nuske, and Boumediene Hamzi, 2020; Stefan Klus,
Nuske, et al., 2020; Alexander and Giannakis, 2020; Jake Bouvrie and Boumedi-
ene Hamzi, 2012; Jake Bouvrie and Boumediene Hamzi, 2017a; Jake Bouvrie and
Boumediene Hamzi, 2017c; Boumediene Hamzi, Kuehn, and Sameh Mohamed,
2019; Akian et al., 2022; B. H. , R. M. H. Owhadi, 2021; Jake Bouvrie and Boume-
diene Hamzi, 2010; Hudson et al., 1990; Y. Lu et al., 2023; Boumediene Hamzi
and Houman Owhadi, 2021a; Boumediene Hamzi, Houman Owhadi, and Paillet,
2023; Lu Yang et al., 2024; Boumediene Hamzi and Houman Owhadi, 2021a; Lee,
Brouwer, et al., 2021; B. H. , R. M. H. Owhadi, 2021; Prasanth, Z. S. Haddad, et al.,
2021; M. Darcy, Tavallali, et al., 2021, and surrogate modeling (cf. Gabriele Santin
and Bernard Haasdonk, 2019 for a survey). Yet the accuracy of these emulators
depends on the kernel, and the problem of selecting a good kernel has received less
attention. Recently, the experiments by Hamzi and Owhadi Boumediene Hamzi
and Houman Owhadi, 2021a show that when the time series is regularly sampled,
or is irregularly sampled Lee, Brouwer, et al., 2021, kernel flows H. Owhadi and
G. R. Yoo, 2019 (an RKHS technique) can successfully reconstruct the dynamics of
some prototypical chaotic dynamical systems. KFs have subsequently been applied
to complex, large-scale systems, including climate data B. H. , R. M. H. Owhadi,
2021; Prasanth, Z. S. Haddad, et al., 2021. A KFs version for SDEs is at M. Darcy,
Tavallali, et al., 2021.

In previous work Boumediene Hamzi and Houman Owhadi, 2021a; Lee, Brouwer,
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et al., 2021; B. H. , R. M. H. Owhadi, 2021, we used the parametric variant of kernel
flows H. Owhadi and G. R. Yoo, 2019 (KF) to tune the kernel used to learn chaotic
dynamical systems1.

Given a family of kernels parameterized by 𝛼, and some input/output data, KF (in
its original form H. Owhadi and G. R. Yoo, 2019) finds a good 𝛼 (a good kernel) by
minimizing (with respect to 𝛼, via stochastic gradient descent) the loss

𝜌 = E
[
∥𝑢 − 𝑣∥2𝐾𝛼/∥𝑢∥

2
𝐾𝛼

]
, (8.1)

where ∥ · ∥𝐾𝛼 is the RKHS norm defined by 𝐾𝛼, 𝑢 is interpolates a random subset
of the data, 𝑣 interpolates a random subset of the previous subset of half-size and
E represents the average with respect to subsampling. KF is a variant of cross-
validation in the sense that it operates under the premise that a kernel must be good
if the number of points used to interpolate the data can be halved without significant
loss in accuracy. The method presented in H. Owhadi and G. R. Yoo, 2019 uses the
regression relative error between two interpolants (measured in the RKHS norm of
the kernel) as the quantity to minimize.

In this paper, we use the non-parametric version of KFs with this metric along a
second metric based on the Maximum Mean Discrepancy (MMD) that is computed
from two different samples of a time series or between a sample and a subsample of
half-length that was introduced in Boumediene Hamzi and Houman Owhadi, 2021a.
The non-parametric version of KFs is essentially a method of kernel warping where
samples are displaced along the direction that minimizes a certain metric which in
our current work corresponds to the relative error in H. Owhadi and G. R. Yoo, 2019
or the metric based on the MMD introduced in Boumediene Hamzi and Houman
Owhadi, 2021a.

Kernels of the form 𝐾 (𝜙(𝑥), 𝜙(𝑥′)) defined by a warping of the space 𝜙 have been
employed in numerical homogenization Houman Owhadi and L. Zhang, 2007b

1A variant of KF based on Lyapunov exponents, in order to capture long-term behavior of the
system, can be found at Boumediene Hamzi and Houman Owhadi, 2021a, another one based on
the Maximum Mean Discrepancy that allows capturing the statistical properties of the system, and
that we conjecture to be related to the properties of the Frobenius-Perron operator, can be found at
Boumediene Hamzi and Houman Owhadi, 2021a, and another one based on the Hausdorff distance,
that allows reconstructing attractors, can be found at Lu Yang et al., 2023. See also Y. Lu et al.,
2023 for the method of Sparse Kernel Flows where we modified (8.1) by adding an 𝐿1 penalty term.
An Algorithmic Information Theoretic point of view on KF, and particularly Sparse Kernel Flows,
can be found at Boumediene Hamzi, M. Hutter, and Houman Owhadi, 2024 where the problem of
learning kernels from data is viewed as a problem of data-compression and where it is shown that
KF is the “natural approach” to learn kernels from data.
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(where they enable upscaling with non separated scales), and in spatial statistics
Sampson and Guttorp, 1992; Perrin and Monestiez, 1999; Schmidt and O’Hagan,
2003; Zammit-Mangion et al., 2019 where they enable the nonparametric estimation
of nonstationary and anisotropic spatial covariance structures.

Parametric vs. non-parametric. Statistical inference has an inherent tradeoff
between robustness and accuracy; these are two conflicting requirements Houman
Owhadi and Scovel, 2017; Houman Owhadi and Scovel, 2016; Bajgiran et al., 2022.
Indeed a model with a small number of parameters promotes accuracy when well-
specified at the cost of a lack of robustness to misspecification. Conversely, a model
with a large number of parameters is less likely to be misspecified at the cost of a loss
of accuracy compared to a well-specified model with a small number of parameters.
We observe this tradeoff when comparing the results of the non-parametric variants
of KF to those obtained from parametric variants. Boumediene Hamzi and Houman
Owhadi, 2021a observed highly accurate learning of the underlying dynamical
systems by using a parametric family of kernels able to capture long and short-range
correlations. The warping kernels employed here do not have such information but
are expressive to capture it.

Our contributions. The main contributions of this paper are as follows.

• We show that by using the Gaussian kernel and initially choosing the variance
that characterizes it, combining (non-parametric) KF with the kriging of the
vector field improves the accuracy of the prediction of chaotic time series.

• Training KFs based on the MMD as introduced in Boumediene Hamzi and
Houman Owhadi, 2021a gives better results than training KFs with the relative
error in H. Owhadi and G. R. Yoo, 2019.

• The choice of the step size in training is important. If it’s too large, the relative
error diverges. If it’s too small, convergence will be very slow.

Structure of the paper. The remainder of the manuscript is structured as follows.
We describe the problem in Section 8.2 and describe two cross-validation metrics
to learn the parameters of the kernel used for approximating the vector field of the
dynamical system. In Section 8.3, we investigate the performance of these methods
for the Bernoulli map, the Hénon map, and the Lorenz system.
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8.2 The problem and its proposed cross-validation solutions
Let 𝑥1, . . . , 𝑥𝑘 , . . . be a time series in R𝑑 . Our goal is to forecast 𝑥𝑛+1, . . . , 𝑥𝑛+𝑚

given the observation of 𝑥1, . . . , 𝑥𝑛. We work under the assumption that this time
series can be approximated by a solution of a dynamical system of the form

𝑧𝑘+1 = 𝑓 †(𝑧𝑘 , . . . , 𝑧𝑘−𝜏†+1), (8.2)

where 𝜏† ∈ N∗ and 𝑓 † may be unknown. Given 𝜏 ∈ N∗, the approximation
of the dynamical can then be recast as that of interpolating 𝑓 † from pointwise
measurements

𝑓 †(𝑋𝑘 ) = 𝑌𝑘 for 𝑘 = 1, . . . , 𝑁, (8.3)

with 𝑋𝑘 := (𝑥𝑘+𝜏−1, . . . , 𝑥𝑘 ), 𝑌𝑘 := 𝑥𝑘+𝜏 and 𝑁 = 𝑛− 𝜏. Given a reproducing kernel
Hilbert space2 of candidates H for 𝑓 †, and using the relative error in the RKHS
norm ∥ · ∥H as a loss, the regression of the data (𝑋𝑘 , 𝑌𝑘 ) with the kernel 𝐾 associated
with H provides a minimax optimal approximation Houman Owhadi and Scovel,
2019b of 𝑓 † inH . This regressor (in the presence of measurement noise of variance
𝜆 > 0) is

𝑓 (𝑥) = 𝐾 (𝑥, 𝑋) (𝐾 (𝑋, 𝑋) + 𝜆𝐼)−1𝑌, (8.4)

where 𝑋 = (𝑋1, . . . , 𝑋𝑁 ), 𝑌 = (𝑌1, . . . , 𝑌𝑁 ), 𝑘 (𝑋, 𝑋) is the 𝑁 × 𝑁 matrix with
entries 𝑘 (𝑋𝑖, 𝑋𝑖), 𝑘 (𝑥, 𝑋) is the 𝑁 vector with entries 𝑘 (𝑥, 𝑋𝑖) and 𝐼 is the identity
matrix. This regressor has also a natural interpretation in the setting of Gaussian
process (GP) regression: (i.) (8.4) is the conditional mean of the centered GP
𝜉 ∼ N(0, 𝐾) with covariance function 𝐾 conditioned on 𝜉 (𝑋𝑘 ) = 𝑌𝑘 +

√
𝜆𝑍𝑘 where

the 𝑍𝑘 are centered i.i.d. normal random variables.

Evidently, the accuracy of the proposed approach depends on the kernel 𝐾 , and one
of our goals is to also learn that kernel from the data (𝑋𝑘 , 𝑌𝑘 ) with Kernel Flows
(KF) H. Owhadi and G. R. Yoo, 2019.

Since the motivation of learning a dynamical system from data is not necessarily
about only making predictions but also about emulating the qualitative behaviour
of the dynamical systems, we also use a metric based on the Maximum Mean
Discrepancy (MMD) to train KFs Boumediene Hamzi and Houman Owhadi, 2021a.
The MMD Gretton et al., 2012 is a distance on the space of probability measures with
a representer theorem for empirical distributions which we recall in the appendix.

2A brief overview of RKHSs is given in part I of this paper Boumediene Hamzi and Houman
Owhadi, 2021a.
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Our strategy for learning the kernel 𝐾 will then simply be to minimize the MMD

𝜌MMD = EMMD(𝑆1, 𝑆2), (8.5)

between two different samples3, 𝑆1 = 𝑥𝜎1 , · · · , 𝑥𝜎𝑚 and 𝑆2 = 𝑥𝜇1 , · · · , 𝑥𝜇𝑚 , of the
time series (E represents, a possibly approximated, average with respect to the
subsampling). This metric characterizes the statistical properties of the dynamical
system and is, intuitively, related to the Frobenius-Perron operator.

Non-parametric KFs
Write 𝑋 := (𝑋1, . . . , 𝑋𝑁 ) and 𝑌 := (𝑌1, . . . , 𝑌𝑁 ) for the input/output training data.
Our goal is to learn a kernel of the form

𝐾𝜙 (𝑥, 𝑥′) = 𝐾 (𝜙(𝑥, 1), 𝜙(𝑥′, 1)) , (8.6)

where 𝐾 is a standard kernel (e.g. Gaussian or Matérn kernels) and 𝜙maps the input
space into itself. The warping of the input space 𝜙 satisfies the following ODE

¤𝜙(𝑥, 𝑡) = 𝑣(𝜙(𝑥, 𝑡), 𝑡)

𝜙(𝑥, 0) = 𝑥
(8.7)

with
𝑣(𝑥, 𝑡) = Γ(𝑥, 𝑞)Γ(𝑞, 𝑞)−1 ¤𝑞,

and
¤𝑞 = −∇

[
𝜌(𝑞)

]
, (8.8)

where 𝑞 corresponds to position variables inX𝑁 started from 𝑞(0) = 𝑋 = (𝑋1, · · · , 𝑋𝑁 ),
Γ is an operator/vector-valued kernel, Γ(𝑞, 𝑞) is an 𝑁 × 𝑁 matrix with entries
Γ(𝑞𝑖, 𝑞 𝑗 ), Γ(𝑥, 𝑞) is a 1 × 𝑁 vector with entries Γ(𝑥, 𝑞𝑖), and 𝜌 is the kernel flow
loss (possibly randomized through-subsampling) (8.1) or (8.5) associated with the
input/output data (𝑞,𝑌 ).

Using an explicit Euler scheme to integrate (8.7) and regularizing with a nugget
𝜆 > 0 leads to an iteration of the form

𝜙𝑛+1(𝑥) = 𝜙𝑛 (𝑥) + 𝜖𝑣𝑛 (𝜙𝑛 (𝑥)) (8.9)

with 𝜙0(𝑥) = 𝑥. Writing 𝑋 = (𝑋1, . . . , 𝑋𝑁 ) for the training points and 𝑞𝑛 :=
𝜙𝑛 (𝑋) := (𝜙𝑛 (𝑋1), . . . , 𝜙𝑛 (𝑋𝑁 )), the discretized equations take the form

𝑞𝑛+1 = 𝑞𝑛 − 𝜖∇𝜌(𝑞𝑛) (8.10)
3One could also consider the MMD between a sample 𝑆1 of size 𝑚 and a subsample of 𝑆1 of

size 𝑚/2.
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and
𝑣𝑛 (𝑥) = Γ(𝑥, 𝑞𝑛)

(
Γ(𝑞𝑛, 𝑞𝑛) + 𝜆𝐼

)−1(𝑞𝑛+1 − 𝑞𝑛)/𝜖 . (8.11)

Note that 𝜌(𝑞𝑛) is the kernel flow loss (8.1) or (8.5) associated with the input/output
data (𝑞𝑛, 𝑌 ) where the averaging operation E can be approximated (via Monte-Carlo
sampling from the uniform distribution without replacement) using a finite number
of subsamples (possibly reduced to one per iteration in 𝑛).

Note also that the proposed (Kernel Flow) algorithm produces a flow 𝜙𝑛 (randomized
through a sampling of the training data) in the input space, a (stochastic) dynamical
system 𝐾 (𝜙𝑛 (𝑥), 𝜙𝑛 (𝑦)) in kernel space and a (stochastic) dynamical system 𝑞𝑛 in
input space.

8.3 Numerical experiments
We now numerically investigate the efficacy of the approach described in the previous
section in learning chaotic dynamical systems. In this section, we report one-step
ahead predictions and the corresponding errors. We expect the method of non-
parametric kernel flows to not perform well for multi-step ahead predictions.

Example: Bernoulli map
We consider the Bernoulli dynamical system defined by

𝑥(𝑘 + 1) = 2𝑥(𝑘) mod 1. (8.12)

For training, we use a 200 point trajectory with 𝑥0 = 𝜋/3. We choose both 𝐾 and Γ

to be the Gaussian kernel (𝐾 = Γ)

𝐾 (𝑥, 𝑦) = exp(− ||𝑥 − 𝑦 | |
2

𝜎2 ). (8.13)

We set 𝜎2 to the average squared distance between all training points and the
regularization (nugget) to 𝜆 = 10−5. For testing we use three trajectories with
initial values 𝑥0 = 0.1, 0.99, 𝜋/10. We generate 500 points from each trajectory
and measure the RMSE. The RMSE for each of the above initialization are denoted
𝑅1, 𝑅2, 𝑅3. Our baseline is Kernel Regression with the kernel 𝐾 . We first train
Kernel Flows non-parametric (with 𝜌 loss function) for 100,000 iterations with
learning rate 𝜖 = 2× 10−4. The learning rate 𝜖 must be chosen small enough so that
the explicit Euler scheme (8.10) is stable and the flow of the dynamical system is
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Table 8.1: Bernoulli map: 200 training points.

Method 𝑅1 𝑅2 𝑅3
Kernel Regression 0.107 (0.0%) 0.119(0.0%) 0.114 (0.0%)
Kernel Flows 𝜌 0.102 (-5.3%) 0.112 (-5.7 %) 0.103 (-9.3 %)

averaged through subsampling and large enough so that the discretization remains
computationally tractable (an adaptive integrator may be used here to adjust 𝜖 to the
integration of the potential flow of 𝜌(𝑞)). At inference time, we set 𝜆 = 5 × 10−3.
We set the batch size to 𝑁𝑏 = 100 (50% of the training set).

The results are presented in table 8.1. We put the change compared to the baseline in
parentheses (the baseline is presented in the first line) with the best result highlighted.
We repeat the experiment with a larger training set of 800 points. The batch size
is set to 𝑁𝑏 = 200 (25% of the training set). The results are recorded in table 8.2.
We also increase the training iterations to 500,000 with a lower learning rate of
𝜀 = 1 × 10−4. Finally, we run the same experiment with the 𝜌𝑀𝑀𝐷 loss function.
We train the kernel over 50,000 iterations, with a training size of 800 (𝑁𝑏 = 200)
and a learning rate of 𝜀 = 1 × 10−5. This numerical experiment illustrates how the
𝜌𝑀𝑀𝐷 can achieve better results with fewer iterations. Figure 8.1 illustrates the time
dynamics of the first trajectory (for 𝑅2 and 𝑅3, see figure G.3 in the appendix).

We also illustrate the deformation of the input space 𝑋 by the flow function 𝜙𝑡 for
different values of 𝑡 in figure . We observe that in this simple 1-dimensional case,
the flow rotates the data round the 𝑥 axis(figure 8.2), which amounts to learning to
separate between the two maps:

𝑇 (𝑥) =


2𝑥, if 0 ≤ 𝑥 < 1
2

2𝑥 − 1, 1
2 ≤ 𝑥 ≤ 1.

Finally, we illustrate the convergence properties of both loss functions in figure 8.3.
We observe that while both loss functions converge, 𝜌𝑀𝑀𝐷 does so much more
quickly than the original 𝜌, possibly due to the lower noise in the loss. Hence, larger
learning rates 𝜀 can be used for quicker convergence in a lower number of iterations.
The effect of the learning rate is further discussed in section 8.3.
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Table 8.2: Bernoulli map: 800 training points.

Method 𝑅1 𝑅2 𝑅3
Kernel Regression 0.1053 (0.0%) 0.1168 (0.0%) 0.1125 (0.0%)
Kernel Flows 𝜌 1 × 105 iterations 0.0990 (-6.0%) 0.1010 (-13.5 %) 0.0994 (-11.7 %)
Kernel Flows 𝜌 5 × 105 iterations 0.0923 (-12.3%) 0.0924 (-20.8 %) 0.0900 (-20.0 %)
Kernel Flows 𝜌𝑀𝑀𝐷 5 × 104 iterations 0.0562 (-46.6%) 0.0528 (-54.8 %) 0.0518 (-53.9 %)

Figure 8.1: One step ahead times series predictions results for the Bernoulli map
𝑅1.

Figure 8.2: Deformation of input case for different iterations of the flow function
𝜙𝐿 (left) and deformed final data (right).
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Figure 8.3: Convergence of the 𝜌 and 𝜌𝑀𝑀𝐷 losses (horizontal axis stands for the
number of iterations).

Example: The Lorenz system
Consider the Lorenz system

𝑑𝑥

𝑑𝑡
= 𝑠(𝑦 − 𝑥), (8.14)

𝑑𝑦

𝑑𝑡
= 𝑟𝑥 − 𝑦 − 𝑥𝑧, (8.15)

𝑑𝑧

𝑑𝑡
= 𝑥𝑦 − 𝑏𝑧, (8.16)

with 𝑠 = 10, 𝑟 = 28, 𝑏 = 10/3. We use the initial condition (𝑥(0), 𝑦(0), 𝑧(0)) =
(0.0, 1.0, 1.05) and generate 3000 (training) points with a time step ℎ = 0.01.
The test set consists of another trajectory of the same size with initial condition
(𝑥(0), 𝑦(0), 𝑧(0)) = (0.5, 1.5, 2.5). For the Lorenz system, the inference task is
separated into the prediction of the three functions:


𝑥𝑛

𝑦𝑛

𝑧𝑛

 ↦→ 𝑥𝑛+1,


𝑥𝑛

𝑦𝑛

𝑧𝑛

 ↦→ 𝑦𝑛+1,


𝑥𝑛

𝑦𝑛

𝑧𝑛

 ↦→ 𝑧𝑛+1. (8.17)

We train and predict using Kernel Flows separately for each of these three functions,
and the RMSE for each of the above functions are denoted as 𝑅1, 𝑅2, 𝑅3 For training
we use the Gaussian kernel (8.13) for 𝐾 with 𝜎2 = 1.0 and regularization (nugget)
of 𝜆 = 10−5, with a batch size of 𝑁𝑏 = 300 (10% of the training set). We choose
Γ to be the vector valuated kernel Γ = 𝐾𝐼3 obtained by multiplying 𝐾 with 𝐼3, the
3 × 3 identity matrix.

We train KF with both the 𝜌 loss function and 𝜌𝑀𝑀𝐷 (without the averaging op-
eration E). The first is trained with a learning rate of 𝜖 = 10−6, the second with a
learning rate of 10−2. We compare the performance of the two on all three dimen-
sions of the Lorenz system. Our baseline is again Kernel Regression. The results
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of the experiment are recorded in Table 8.3 with the best performance highlighted.
The recovered dynamics for the first dimension is provided in figure 8.4 (see figure
8.7 for dimensions 2 and 3), and the error dynamics is provided in figure 8.8.

We observed that in the case of the Lorenz system, the 𝜌𝑀𝑀𝐷 loss function consis-
tently outperformed the original loss 𝜌 and the base estimator. These improvements
may be due to the better convergence properties of 𝜌𝑀𝑀𝐷 (in the absence of the
averaging operation E): for all three variables, Kernel Flows with 𝜌𝑀𝑀𝐷 converged
quickly whereas with a 𝜌 loss function, no convergence was observed (see figure 8.6
for illustrations). Because of the lack of convergence, KF with 𝜌 loss function does
not improve over the base model, but it is possible that with a better learning rate
schedule, the 𝜌 loss function will yield better results. However, the choice 𝜌𝑀𝑀𝐷
has the advantage of being much less sensitive to the choice of learning rate and will
converge to a good solution for multiple values.

We also considered another way of running KFs with the 𝜌 loss function. Since the
Lorenz system has multivariate outputs, we apply a standard recipe to normalize
the data so that it is zero mean and unit variance. More specifically, after sub-
tracting the mean, we compute the eigendecomposition of the training (input) data
covariance matrix and project our inputs on the three eigenvectors. We then scale
each transformed dimension to have unit variance. The warping of the space with
training data, and the predictions (warping training data and performing regression
for the warped inputs) after that are both run in this transformed space. This requires
carrying out the transformation operation also for the testing data. Since we don’t
have a maximum covariance parameter in our model, we also perform the same
transformation for the training data labels. That way, the marginal variance of our
data is consistent with that of the kernel.

As in the other examples, we use a spherical Gaussian kernel. The length scale of
the kernel is computed from the average Euclidean distance between the training
inputs in the transformed space, and comes down to 2−16. We use small nuggets for
training and prediction, 1𝑒−7 and 1𝑒−6, respectively.

The warping is computed in non-parametric KF from the instantaneous gradients of
the loss function with respect to the training inputs. In some cases, a few gradients
dominate; we use gradient clipping to regularize the flow and clip the magnitudes
of the gradient vectors at the 0.8th quantile of all gradient magnitudes. The learning
rate is scaled adaptively so that at each step, the maximum distance traveled by any
of the inputs is 1𝑒−5 in the transformed space. We perform 2,000 iterations of KF
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in this experiment. The results are reported in Table 8.3.

Table 8.3: Lorenz system: original data.

Method 𝑅1 𝑅2 𝑅3
Kernel regression. 2.15 (0.0%) 2.57(0.0%) 5.45 (0.0%)
Kernel Flows 𝜌 2.15 (0.0%) 2.57(0.0%) 3.81 (-30%)
Kernel flows 𝜌𝑀𝑀𝐷 1.60 (-26%) 2.29 (-11%) 3.81 (-30%)

Table 8.4: Lorenz system: pre-processed data.

Variable 𝑅′1 𝑅′2 𝑅′3 𝑅′4
𝑥 0.25788 0.29009 0.01351 0.01714
𝑦 0.86578 1.14942 0.04364 0.05669
𝑧 0.84734 1.23247 0.01543 0.02203

𝑅′1 is the RMSE in the warped coordinates, 𝑅′2 : is the RMSE in the original
coordinates, 𝑅′3 is the relative error in the warped coordinates, 𝑅′4 is the relative
error in the original coordinates. The relative errors are reduced by NPKF training
by 21.179, 23.0148, 29.943 percents, due to the training.

Learning rate and convergence
We now discuss one possible advantage of the 𝜌𝑀𝑀𝐷 loss function over the 𝜌 loss
function. As was seen in the previous sections, for a particular dynamical system
(the Lorenz system), Kernel Flows with 𝜌 did not improve over the base estimator
in our tests, whereas Kernel Flows with 𝜌𝑀𝑀𝐷 achieved significant improvements.
For the Bernoulli map, while both versions improved over the base estimator, 𝜌𝑀𝑀𝐷
yielded a better performance and converged faster. One possible explanation is that
the algorithm is more sensitive to the choice of learning rate 𝜀 with 𝜌 compared to
𝜌𝑀𝑀𝐷 .

To illustrate this sensitivity, we retrain the network on the Bernoulli dynamical
system with the same parameters as in section 8.3, but with higher learning rates of
2×10−4, 3×10−4 for both loss functions and compare the results with the originally
trained kernel in tables 8.5 and 8.6. For the 𝜌 loss function, we note that higher
learning rates do not necessarily yield better results, even though convergence of the
loss is achieved in all cases. In some cases, the performance significantly worsened
compared to the base estimator.
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We suspect that this is due to the instability of the explicit Euler scheme (8.10) in
integrating (8.8). Indeed there are two potential sources of instabilities when 𝜌 is
defined as in (8.1) and the time steps are too large: (1) The instability of the explicit
Euler scheme itself, (2) the fact 𝜌 is not averaged but randomized at each time step
(which produces an effective dynamic with the correct average drift when the time
steps are small enough but does add instability when they are not).

Due to these instabilities and the inherent stochasticity of the loss function, as
observed in H. Owhadi and G. R. Yoo, 2019, it is possible for the learned kernel
to converge to so-called "degenerate" kernels if the learning rate is too high. This
may explain why Kernel Flows with 𝜌 did not perform well on the Lorenz system:
a high learning rate leads to convergence to a poor solution. We hypothesize that a
better choice of learning rate (such as an adaptive learning rate) is required for the
kernel to converge to a good solution.

On the other hand, for 𝜌𝑀𝑀𝐷 increasing the learning rate improves the results as
long as the kernel achieves convergences. Hence, 𝜌𝑀𝑀𝐷 yields a more stable system
which is less sensitive to small changes in hyper-parameter choices. We suspect that
this is due to the fact that 𝜌𝑀𝑀𝐷 is not inherently stochastic.

Table 8.5: Bernoulli map learned with 𝜌 for different learning rates

Learning rate 𝑅1 𝑅2 𝑅3
𝜀 = 1 × 10−4 0.0923 (-12.3%) 0.0924 (-20.8%) 0.112 (-20.0%)
𝜀 = 2 × 10−4 0.0940 (-10.9%) 0.159(+36.2%) 0.0938 (-16.6%)
𝜀 = 3 × 10−4 0.1030 (-2.1%) 0.105(-10.1%) 0.104 (-7.5%)

Table 8.6: Bernoulli map learned with 𝜌𝑀𝑀𝐷 for different learning rates

Learning rate 𝑅1 𝑅2 𝑅3
𝜀 = 1 × 10−4 0.0562 (-46.6%) 0.0528 (-54.8 %) 0.0518 (-53.9 %)
𝜀 = 2 × 104 0.04883 (-53.6%) 0.0425(–63.6%) 0.0420 (-62.4%)
𝜀 = 3 × 10−4 0.0441 (-58.1%) 0.0375 (-67.9%) 0.0370 (-67.1%)
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Figure 8.4: Comparison between the different predictions of the first variables for
the baseline, 𝜌 training and 𝜌𝑀𝑀𝐷 training (left, middle, right). The horizontal axis
stands for the number of iterations.

Figure 8.5: One step prediction in the phase space: base estimator (left), kernel
flows with 𝜌𝑀𝑀𝐷 (right).

Figure 8.6: Loss functions through training of the first variable for 𝜌 (left) and
𝜌𝑀𝑀𝐷 (right).
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Figure 8.7: Times series predictions. Top: 𝑥, middle: 𝑦, bottom: 𝑧.

Figure 8.8: Losses. Relative errors 𝜌 for the different variables (blue) and averages
(red)- Top: 𝑥, middle: 𝑦, bottom: 𝑧.

Remarks

i. Convergence results that characterize the error estimates of the difference
between a dynamical system and its approximation from data using kernel
methods can be found in Jake Bouvrie and Boumediene Hamzi, 2017c; Giesl
et al., 2019.

ii. In the case of very large datasets, it is possible to reduce the number of points
during training by considering greedy techniques as in Schafer, Katzfuss, and
Houman Owhadi, 2021.

iii. It is possible to include new measurements when approximating the dynamics
from data without repeating the learning process. This can be done by working
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in Newton basis as in Pazouki and Schaback, 2011 (check also section 4
of Gabriele Santin and Bernard Haasdonk, 2019). The Newton basis is
just another basis for the space spanned by the kernel on the points, i.e.,
span{𝑘 (., 𝑥1), ...., 𝑘 (., 𝑥𝑁 )} = span{𝑣1, ..., 𝑣𝑁 }.

The kernel expansion of 𝑓 writes as 𝑓 (𝑥) = ∑𝑁
𝑖=1 𝑐𝑖𝐾 (𝑥, 𝑥𝑖) =

∑𝑁
𝑖=1 𝑏𝑖𝑣𝑖 (𝑥)

with < 𝑣𝑖, 𝑣 𝑗 >𝐻= 𝛿𝑖 𝑗 (i.e., the basis is orthonormal in the RKHS inner
product).

If we add a new point 𝑥𝑁+1, ..., 𝑥𝑁+𝑚, we’ll have corresponding elements
𝑣𝑁+1, ..., 𝑣𝑁+𝑚 of the Newton basis, still orthonormal to the previous ones. So
we will have a new interpolant 𝑓new(𝑥) =

∑𝑁+𝑚
𝑖=1 𝑏𝑖𝑣𝑖 (𝑥) that can be rewritten

in terms of the old interpolant as

𝑓new(𝑥) =
𝑁+𝑚∑︁
𝑖=1

𝑐𝑖𝑣𝑖 (𝑥) = 𝑓 (𝑥) +
𝑁+𝑚∑︁
𝑖=𝑁+1

𝑐𝑖𝑣𝑖 (𝑥),

where 𝑓 can still be written in terms of the basis K, but with different coeffi-
cients 𝑐′.

If 𝐴 is the kernel matrix on the first 𝑁 points, on can compute a Cholesky
factorization 𝐴 = 𝐿𝐿𝑇 with 𝐿 lower triangular. Let 𝐵 := 𝐿−𝑇 , then 𝑣 𝑗 (𝑥) =∑𝑁
𝑖=1(𝐵)𝑖 𝑗𝐾 (𝑥, 𝑥𝑖).

When we add new points, we have an updated kernel matrix 𝐴′, and the
Cholesky factor of 𝐴 can be easily updated to the one of 𝐴′.

iv. In our simulations, the kernels in (8.6) and (8.2) are both Gaussian, a possible
extension is to consider that they are different kernels and to learn them using
parametric KFs.

8.4 Conclusion
In this paper, numerical experiments show that by using the Gaussian kernel and
initially choosing the variance that characterizes it, combining two variants of non-
parametric KFs with the kriging of the vector field improves the accuracy of the
prediction of chaotic time series. Extensions of this approach to other classes of
dynamical systems remain open.
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A.1 Auxiliary proofs
Convergence for the Continuum Poisson Problem
Consider the Poisson equation of the form (2.10). For fixed regularizer 𝛾 ∈ R+, we
consider the continuum problem as in (2.5), denoting its solution by 𝑢𝛾. We recall
that 𝑢∗ denotes the solution to (2.10). LettingH𝑘 ≡ 𝐻𝑞 for some 𝑞 > −𝑠 + 2, in the
following we show for which 𝛼 ∈ R, the following two conditions hold:

∥𝑢𝛾 ∥𝐻𝛼 < ∞ and lim
𝛾→0
∥𝑢𝛾 − 𝑢0∥𝐻𝛼 = 0.

To show this, we first find an expression for solution 𝑢𝛾 in terms of the eigenvalues
{𝜆 𝑗 } 𝑗∈N of the negative Laplacian operator. We recall that any 𝑢 ∈ 𝐻𝑞

0 can be
expressed as

𝑢 =

∞∑︁
𝑗=1
𝑢 𝑗𝜑 𝑗 , with 𝑢 𝑗 = ⟨𝑢, 𝜑 𝑗 ⟩,

where {𝜑 𝑗 } 𝑗∈N is the set 𝐿2 orthonormal generalized eigenvectors of the negative
Laplacian operator, subject to Dirichlet boundary conditions. Similarly we recall
that it is possible to express 𝜉 ∈ 𝐻−𝑠 from (2.10) as

𝜉 =

∞∑︁
𝑗=1

𝜉 𝑗𝜑 𝑗 , with 𝜉 𝑗 = [𝜉, 𝜑 𝑗 ],

where [·, ·] is the 𝐻𝑠 duality product. Given these expressions, we have by the
definition of the 𝐻−𝑠 norm eq. (2.12) (which can formally be taken as the 𝐿2 integral
inner product).

∥−Δ𝑢 − 𝜉∥2𝐻−𝑠 =
∞∑︁
𝑗=1
(𝜆 𝑗𝑢 𝑗 − 𝜉 𝑗 )2𝜆−𝑠𝑗 , ∥𝑢∥2

𝐻
𝑞

0
=

∞∑︁
𝑗=1
𝑢2
𝑗𝜆
𝑞

𝑗
,

from which we can reformulate the optimization problem as

(𝑢𝛾) 𝑗 = arg min
𝑣∈R

(𝜆 𝑗𝑢 𝑗 − 𝜉 𝑗 )2𝜆−𝑠𝑗 + 𝛾𝑣2𝜆
𝑞

𝑗
for each 𝑗 ∈ N. (A.1)

It is readily found that the quadratic optimization problem (A.1) yields

𝑢𝛾 =

∞∑︁
𝑗=1

𝜉 𝑗

𝜆 𝑗
(
1 + 𝛾𝜆𝑞+𝑠−2

𝑗

) 𝜑 𝑗 .
Proposition 13. For any 𝛼 ≤ 2 − 𝑠, it holds that

∥𝑢𝛾 ∥𝐻𝛼 < ∞ and lim
𝛾→0
∥𝑢𝛾 − 𝑢0∥𝐻𝛼 = 0. (A.2)
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Proof. We divide the proof into two parts. Indeed we first consider for which 𝛼 ∈ R
it holds that ∥𝑢𝛾 ∥𝐻𝛼 < ∞. Using the growth rate of the eigenvalues of the negative
Laplacian operator 𝜆 𝑗 ∼ 𝑗2/𝑑 , we have that

∥𝑢𝛾 ∥2𝐻𝛼 =

∞∑︁
𝑗=1

©­«
𝜉 𝑗

𝜆 𝑗
(
1 + 𝛾𝜆𝑞+𝑠−2

𝑗

) ª®¬
2

𝜆𝛼𝑗 (A.3a)

≲
∞∑︁
𝑗=1

𝜉2
𝑗𝜆
−𝑠
𝑗

𝑗2(𝑠+𝛼−2)/𝑑(
1 + 𝛾 𝑗2(𝑞+𝑠−2)/𝑑 )2 (A.3b)

≲ 𝛾−2
∞∑︁
𝑗=1

𝜉2
𝑗𝜆
−𝑠
𝑗 · 𝑗2(𝛼−2𝑞−𝑠+2)/𝑑 , (A.3c)

since clearly, (
1 + 𝛾 𝑗2(𝛼−2𝑞−2𝑠+2)/𝑑 )−2 ≤

(
𝛾 𝑗2(𝛼−2𝑞−2𝑠+2)/𝑑 )−2

.

Therefore, with the knowledge that ∥𝜉∥2𝐻−𝑠 < ∞, (A.3c) gives that ∥𝑢𝛾 ∥𝐻𝛼 < ∞ if
𝛼 ≤ 2𝑞 + 𝑠 − 2.

We now turn our attention to ∥𝑢𝛾 − 𝑢0∥𝐻𝛼 . Again, using the growth rate of the
eigenvalues of the negative Laplacian operator 𝜆 𝑗 ∼ 𝑗2/𝑑 , we have that

∥𝑢𝛾 − 𝑢0∥2𝐻𝛼 =

∞∑︁
𝑗=1

©­«
𝜉 𝑗

𝜆 𝑗
(
1 + 𝛾𝜆𝑞+𝑠−2

𝑗

) − 𝜉 𝑗
𝜆 𝑗

ª®¬
2

𝜆𝛼𝑗

≲
∞∑︁
𝑗=1

𝛾2𝜉2
𝑗
𝑗2(2𝑞+2𝑠−6+𝛼)/𝑑(

1 + 𝛾 𝑗2(𝑞+𝑠−2)/𝑑 )2

≲
∞∑︁
𝑗=1

𝛾2𝜉2
𝑗𝜆
−𝑠
𝑗

𝑗2(2𝑞+3𝑠−6+𝛼)/𝑑(
1 + 𝛾 𝑗2(𝑞+𝑠−2)/𝑑 )2

≲
∞∑︁
𝑗=1

𝛾2𝜉2
𝑗𝜆
−𝑠
𝑗

𝑗 𝜅(
1 + 𝛾 𝑗𝜏

)2 ,

where we have defined

𝜅 :=
2
𝑑
(2𝑞 + 3𝑠 − 6 + 𝛼) and 𝜏 :=

2
𝑑
(𝑞 + 𝑠 − 2).

For ease of exposition we define

𝐵
𝛾

𝑗
:=

𝛾2 𝑗 𝜅(
1 + 𝛾 𝑗𝜏

)2 ,
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so that

∥𝑢𝛾 − 𝑢0∥2𝐻𝛼 =

∞∑︁
𝑗=1

𝜉2
𝑗𝜆
−𝑠
𝑗 𝐵

𝛾

𝑗

=

𝑀∑︁
𝑗=1

𝜉2
𝑗𝜆
−𝑠
𝑗 𝐵

𝛾

𝑗
+
∞∑︁
𝑗>𝑀

𝜉2
𝑗𝜆
−𝑠
𝑗 𝐵

𝛾

𝑗
,

for any 𝑀 ∈ N. Clearly 𝐵𝛾
𝑗
→ 0 as 𝛾 → 0, therefore
𝑀∑︁
𝑗=1

𝜉2
𝑗𝜆
−𝑠
𝑗 𝐵

𝛾

𝑗
→ 0 as 𝛾 → 0.

On the other hand, noting that(
1 + 𝛾 𝑗𝜏

)−2 ≤
(
𝛾 𝑗𝜏

)−2
,

we have that 𝐵𝛾
𝑗
≤ 𝑗 𝜅−2𝜏, and hence

∞∑︁
𝑗>𝑀

𝜉2
𝑗𝜆
−𝑠
𝑗 𝐵

𝛾

𝑗
≤
∞∑︁
𝑗>𝑀

𝜉2
𝑗𝜆
−𝑠
𝑗 𝑗

𝜅−2𝜏 .

By the fact that ∥𝜉∥2𝐻−𝑠 < ∞, it holds that
∑∞
𝑗>𝑀 𝜉

2
𝑗
𝜆−𝑠
𝑗
𝐵
𝛾

𝑗
< ∞ if 𝜅−2𝜏 ≤ 0. Indeed,

for small enough 𝛾, the sequence of partial sums converges uniformly, thus allowing
the interchangeability of limits. Furthermore, if this holds, then

∞∑︁
𝑗>𝑀

𝜉2
𝑗𝜆
−𝑠
𝑗 𝐵

𝛾

𝑗
→ 0 as 𝛾 → 0,

since 𝐵𝛾
𝑗
→ 0 as 𝛾 → 0. Since 𝜅 − 2𝜏 ≤ 0 if and only if 𝛼 ≤ 2− 𝑠, we conclude that

for 𝛼 ≤ 2 − 𝑠 it holds that

lim
𝛾→0
∥𝑢𝛾 − 𝑢0∥𝐻𝛼 = 0.

To finish the proof, we thus note that for 𝛼 ≤ min{2𝑞 + 𝑠 − 2, 2 − 𝑠}, (A.2) holds,
but since 𝑞 > 2 − 𝑠, we have that 2𝑞 + 𝑠 − 2 > 2 − 𝑠, hence the conclusion.

Numerical method
Proof of proposition 1

Proof. We begin by noting the following equivalent characterizations:

| 𝑓 |Φ𝑁 = sup
𝑢∈Φ𝑁

∫
𝑓 𝑢

∥𝑢∥𝐻𝑠0
= sup
𝑢∈Φ𝑁 ,∥𝑢∥𝐻𝑠0 =1

∫
𝑓 𝑢 .
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Moreover, observe that for 𝑢 ∈ Φ𝑁∫
𝑓 𝑢 =

𝑁∑︁
𝑖=1

𝑐𝑖

∫
𝑓 𝜑𝑖 = 𝑐

⊺ [ 𝑓 , 𝜑],

for some 𝑐 ∈ R𝑁 , and for 𝑢 ∈ Φ𝑁

∥𝑢∥𝐻𝑠0 =

√√√ 𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

𝑐𝑖𝑐 𝑗

∫
𝜑𝑖 (−Δ)𝑠𝜑 𝑗 =

√
𝑐⊺𝐴𝑐.

Therefore we can write

| 𝑓 |Φ𝑁 = sup
𝑐∈R𝑁

𝑐⊺ [ 𝑓 , 𝜑]

s.t. 𝑐⊺𝐴𝑐 = 1 ,

whose solution is
| 𝑓 |Φ𝑁 =

√︁
[ 𝑓 , 𝜑]⊺𝐴−1 [ 𝑓 , 𝜑] .

Note that the matrix 𝐴 is invertible because the 𝜑𝑖 are linearly independent.

Proof of proposition 2.

Proof. Under Assumption (D1) for all 𝜀 > 0, there is a 𝑁 = 𝑁 (𝜀, 𝑢) such that

𝑣𝑁 − 𝑢


𝐻𝑠0 (Ω)

< 𝜀,

for some 𝑣𝑁 ∈ Φ𝑁 . Now, by the definition of the dual norm, for all 𝜀 > 0, there is a
𝑢 ∈ 𝐻𝑠

0(Ω) with ∥𝑢∥𝐻𝑠0 (Ω) = 1 such that��� ∫ 𝑓 𝑢 − ∥ 𝑓 ∥𝐻𝑠0 (Ω)
��� < 𝜀

2
.

By the density of Φ𝑁 , there is a 𝑁 and a 𝑣𝑁 such that

𝑢 − 𝑣𝑁


𝐻𝑠0 (Ω)

≤ 𝜀

2 ∥ 𝑓 ∥𝐻−𝑠 (Ω)
.

Without loss of generality, we may assume that 𝑣𝑁 has a unit norm since 𝑢 has a
unit norm. Therefore��� ∫ 𝑓 𝑢 −

∫
𝑓 𝑣𝑁

��� ≤ ∥ 𝑓 ∥𝐻−𝑠 (Ω) 

𝑢 − 𝑣𝑁

𝐻𝑠0 (Ω)
≤ 𝜀

2
.
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Hence for all 𝜀 > 0, there is a 𝑁 = 𝑁 (𝜀) and a corresponding 𝑣𝑁 ∈ Φ𝑁 with norm
1 such that��� ∫ 𝑓 𝑣𝑁 − ∥ 𝑓 ∥𝐻𝑠0 (Ω)

��� ≤ ��� ∫ 𝑓 𝑢 − ∥ 𝑓 ∥𝐻𝑠0 (Ω)
��� + ��� ∫ 𝑓 𝑢 −

∫
𝑓 𝑣𝑁

���
< 𝜀.

The assertion then follows.

Proof of theorem 3

Proof. Let 𝑆 := span{𝐾 (·, 𝜒1), . . . , 𝐾 (·, 𝜒𝑁 ), 𝐾 (·, 𝑥1), . . . , 𝐾 (·, 𝑥𝑀)}. Clearly, it
holds thatH𝐾 = 𝑆

⊕
𝑆⊥. Therefore, we have that

𝑢̂ =

𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ) + 𝑠,

where 𝑠 ∈ 𝑆⊥. By the reproducing kernel property, for any 1 ≤ 𝑘 ≤ 𝑁 we have that

𝑢̂(𝜒𝑘 ) = ⟨
𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ), 𝐾 (·, 𝜒𝑘 )⟩ + ⟨𝑠, 𝐾 (·, 𝜒𝑘 )⟩

= ⟨
𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ), 𝐾 (·, 𝜒𝑘 )⟩,

since 𝑠 ∈ 𝑆⊥. Similarly, for any 1 ≤ 𝑘 ≤ 𝑀 , we have that

𝑢̂(𝑥𝑘 ) = ⟨
𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ), 𝐾 (·, 𝑥𝑘 )⟩ + ⟨𝑠, 𝐾 (·, 𝑥𝑘 )⟩

= ⟨
𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 ), 𝐾 (·, 𝑥𝑘 )⟩.

Now, since 𝑠 is orthogonal to
∑𝑁
𝑖=1 𝛼𝑖𝐾 (·, 𝜒𝑖) +

∑𝑀
𝑗=1 𝛽 𝑗𝐾 (·, 𝑥 𝑗 ), we have that

∥𝑢̂∥2H𝐾 =




 𝑁∑︁
𝑖=1

𝛼𝑖𝐾 (·, 𝜒𝑖) +
𝑀∑︁
𝑗=1

𝛽 𝑗𝐾 (·, 𝑥 𝑗 )



2

H𝐾
+ ∥𝑠∥2H𝐾 .

Hence, while 𝑠 does not affect the first term in (2.22a), an 𝑠 of smaller H𝐾 norm
decreases the second term. Therefore, any solution 𝑢̂ must have 𝑠 = 0.

Proof of Proposition 3.
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Proposition 14. Using theorem 3 we reformulate the problem in eq. (2.20) as a
quadratic minimization problem with linear inequality constraint. Each iteration 𝑛
necessitates solution of

arg inf
𝑐∈R𝑁+𝑀

1
2

[ 𝑀+𝑁∑︁
𝑖=1

𝑐𝑖P′(𝑢)𝐾 (·, 𝜑) − 𝑟𝑛, 𝜑
]⊺
𝐴−1

[ 𝑀+𝑁∑︁
𝑖=1

𝑐𝑖P′(𝑢)𝐾 (·, 𝜑𝑖) − 𝑟𝑛, 𝜑
]
+ 𝛾

2






𝑀+𝑁∑︁
𝑖=1

𝑐𝑖𝐾 (·, 𝜑𝑖)





2

H𝐾

s.t.
𝑀+𝑁∑︁
𝑖=1

𝑐𝑖𝐾 (𝑥 𝑗 , 𝜑𝑖) = 𝑔(𝑥 𝑗 ) for 𝑗 = 1, . . . , 𝑀.

We may transform the above into a matrix expression:

arg inf
𝑐∈R𝑁+𝑀

1
2

(
𝐾 (𝜒, 𝜑)𝑐 − [𝑟𝑛, 𝜑]

)⊺
𝐴−1

(
𝐾 (𝜒, 𝜑)𝑐 − [𝑟𝑛, 𝜑]

)
+ 𝛾

2
𝑐⊺𝐾 (𝜑, 𝜑)𝑐

s.t. 𝐾 (𝑋, 𝜑)𝑐 = 𝑔(𝑋) for 𝑗 = 1, . . . , 𝑀.

which may be formulated a standard convex quadratic minimization problem with
equality constraints:

arg min
𝑐∈R𝑁+𝑀

1
2
𝑐⊺

(
𝐾 (𝜑, 𝜒)𝐴−1𝐾 (𝜒, 𝜑) + 𝛾 𝐾 (𝜑, 𝜑)

)
𝑐 −

(
𝐾 (𝜑, 𝜒)𝐴−1 [𝑔𝑛, 𝜑]

)⊺
𝑐

+ 1
2
[𝑔𝑛, 𝜑]⊺𝐴−1 [𝑔𝑛, 𝜑]

s.t. 𝐾 (𝑋, 𝜑)𝑐 = 𝑔(𝑋) for 𝑗 = 1, . . . , 𝑀

The KKT system gives the explicit solution to this problem Boyd and Vandenberghe,
2004, p. 522:[

𝐾 (𝜒, 𝜑)⊺𝐴−1𝐾 (𝜒, 𝜑) + 𝛾𝐾 (𝜑, 𝜑) 𝐾 (𝑋, 𝜑)
𝐾 (𝑋, 𝜑) 0

] [
𝑐

𝜈

]
=

[
𝐾 (𝜒, 𝜑)⊺𝐴−1 [𝑟𝑛, 𝜑]

𝑔(𝑋),

]
with 𝜈 ∈ R𝑁 are the Lagrange multipliers. Note that this system has a unique
solution when the KKT matrix is non-singular, which is the case when the 𝜑𝑖 are
linearly independent and the collocation points 𝑥 𝑗 are distinct.

New Concept of Solution
We now present a proof of the existence of a minimizer to the generalized problem
(2.31) under suitable assumptions.

Assumption 13. We assume the following compact embeddings:

H𝐾 ⊂ 𝐻𝑠+𝑖 ⋐ HΓ𝑖 for 𝑖 = 0, 1, 2.

H𝐾𝑖 ⋐ HΓ𝑖 for 𝑖 = 0, 1, 2.
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Moreover, we assume that the nonlinear differential operatorP : HΓ0×HΓ1×HΓ2 →
HΓ3 is continuous.

Assumption 14 (Continuity of P). We assume that the nonlinear differential oper-
ator P : HΓ0 ×HΓ1 ×HΓ2 →HΓ3 is continuous.

The next theorem is the equivalent of theorem 1 for the generalized problem.

Theorem 15. Let H := H𝐾 × H𝐾0 × H𝐾1 × H𝐾2 for some appropriate choices of
RKHS H𝐾 ,H𝐾𝑖 satisfying Assumption 13. Let 𝑚 be the optimal value of problem
(2.32):

𝑚 := inf
𝑢,𝑣
𝐿 (𝑢, 𝑣; 𝛾).

Then 0 ≤ 𝑚 < ∞ and there is a (𝑢∗, 𝑣∗) ∈ H such that 𝑚 = 𝐿 (𝑢∗, 𝑣∗). Moreover,
if (𝑢𝑛, 𝑣𝑛) is a minimizing sequence, then there is a subsequence which converges
strongly to (𝑢∗, 𝑣∗) inH , i.e.

𝑢𝑛 → 𝑢∗ inH𝐾
𝑣𝑛𝑖 → 𝑣∗𝑖 inH𝐾𝑖 for 𝑖 = 0, 1, 2.

Proof. To prove existence of a minimizer, we first show the boundedness of the
minimizing sequence and then proceed by showing weak lower semicontinuity of
the objective, thus proving the claim.

Step 1: existence of weak limit. Indeed, we first observe that

0 ≤ 𝐿 (𝑢, 𝑣; 𝛾) < ∞ for all (𝑢, 𝑣) ∈ H ,

and therefore 0 ≤ 𝑚 < ∞. For ease of presentation, we will now omit the dependence
on 𝛾. Consider some minimizing sequence (𝑢𝑛, 𝑣𝑛):

𝐿 (𝑢𝑛, 𝑣𝑛) → 𝑚 as 𝑛→∞.

Then observe that by the definition of 𝐿, this implies that the minimizing sequence
is bounded

∥𝑢𝑛∥H𝐾 ≤ 𝐶

𝑣𝑛𝑖 

𝐾𝑖 ≤ 𝐶 for 𝑖 = 0, 1, 2.

By the BanachâĂŞAlaoglu theorem Alaoglu, 1940, since each H𝐾𝑖 and H𝐾 are
reflexive, there is a subsequence (which we denote with the same index) such that
(𝑢𝑛, 𝑣𝑛) ⇀ (𝑢∞, 𝑣∞) inH .
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Step 2: weak lower semicontinuity of the objective. By the compact embedding
assumption 13, we deduce that

𝐷𝑖𝑢𝑛 → 𝐷𝑖𝑢∞ inHΓ𝑖 for 𝑖 = 0, 1, 2

𝑣𝑛𝑖 → 𝑣∞𝑖 inHΓ𝑖 for 𝑖 = 0, 1, 2.

Therefore 

𝑣𝑛𝑖 − 𝐷𝑖𝑢𝑛

2
Γ𝑖
→



𝑣∞𝑖 − 𝐷𝑖𝑢∞

2
HΓ𝑖

for 𝑖 = 0, 1, 2.

Moreover by the continuity of P fromHΓ0 ×HΓ1 ×HΓ2 intoHΓ3 , we obtain

P(𝑣𝑛0, 𝑣𝑛1, 𝑣𝑛2) − 𝑓 

2
HΓ3
→



P(𝑣∞0 , 𝑣∞1 , 𝑣∞2 ) − 𝑓 

2
HΓ3

.

Hence the first part of the term of 𝐿 is weakly continuous on H . Since norms
are lower-semicontinuous Brezis, 2010, p. 61, it follows that 𝐿 : H → R is
lower-semicontinuous. Therefore

(𝑢𝑛, 𝑣𝑛) ⇀ (𝑢∞, 𝑣∞) ⇒ lim inf
𝑛→∞

𝐿 (𝑢𝑛, 𝑣𝑛) ≥ 𝐿 (𝑢∞, 𝑣∞),

and consequently
𝑚 = 𝐿 (𝑢∞, 𝑣∞, r∞).

Step 3: strong convergence of the minimizing sequence. We now turn our attention
to showing the existence of a subsequence of (𝑢𝑛, 𝑣𝑛) that converges strongly to a
minimizer. For ease of presentation, let

Φ(𝑢, 𝑣) := ∥P(𝑣0, 𝑣1, 𝑣2) − 𝑓 ∥2HΓ3
+

2∑︁
𝑖=0



𝑣𝑖 − 𝐷𝑖𝑢

2
HΓ𝑖

∥(𝑢, 𝑣)∥2 := ∥𝑢∥2H𝑘 +
2∑︁
𝑖=0
∥𝑣𝑖∥2H𝐾𝑖 ,

so that
𝐿 (𝑢, 𝑣) = Φ(𝑢, 𝑣) + 𝛾 ∥(𝑢, 𝑣)∥2 .

Using the polarization equality

𝛾

4


(𝑢, 𝑣)𝑙 − (𝑢, 𝑣)𝑘

2

= 𝛾

(1
2



(𝑢, 𝑣)𝑙

2 + 1
2



(𝑢, 𝑣)𝑘

2 −




1

2
(
(𝑢, 𝑣)𝑙 + (𝑢, 𝑣)𝑘

)



2 )
=

1
2
𝐿 ((𝑢, 𝑣)𝑘 ) + 1

2
𝐿 ((𝑢, 𝑣)𝑙) − 𝐿

(
1
2
(
(𝑢, 𝑣)𝑙 + (𝑢, 𝑣)𝑘

) )
− 1

2
Φ((𝑢, 𝑣)𝑙) − 1

2
Φ((𝑢, 𝑣)𝑘 ) +Φ

(
1
2
(
(𝑢, 𝑣)𝑙 + (𝑢, 𝑣)𝑘

) )
.
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Letting 𝑙, 𝑘 ≥ 𝑁1(𝛿) so that 𝐿 (𝑢𝑘 , 𝑣𝑘 ) ≤ 𝑚 + 𝛿 and 𝐿 (𝑢𝑘 , 𝑣𝑘 ) ≤ 𝑚 + 𝛿, we obtain

𝛾

4


(𝑢, 𝑣)𝑙 − (𝑢, 𝑣)𝑘

2 ≤ 𝑚 + 𝛿 − 𝑚 − 1

2
Φ((𝑢, 𝑣)𝑙) − 1

2
Φ((𝑢, 𝑣)𝑘 ) +Φ

(
1
2
(
(𝑢, 𝑣)𝑙 + (𝑢, 𝑣)𝑘

) )
= 𝛿 − 1

2
Φ((𝑢, 𝑣)𝑙) − 1

2
Φ((𝑢, 𝑣)𝑘 ) +Φ

(
1
2
(
(𝑢, 𝑣)𝑙 + (𝑢, 𝑣)𝑘

) )
.

Since (𝑢, 𝑣)𝑙 , (𝑢, 𝑣)𝑘 and 1
2
(
(𝑢, 𝑣)𝑙 + (𝑢, 𝑣)𝑘

)
converge to (𝑢, 𝑣)∞ in each HΓ𝑖 , and

since Φ is continuous onHΓ0 × · · · ×HΓ3 , we deduce that there is a 𝑁2(𝛿) such that
for 𝑘, 𝑙 ≥ 𝑁2(𝛿):

𝛾

4


(𝑢, 𝑣)𝑙 − (𝑢, 𝑣)𝑘

2 ≤ 𝛿 + 𝛿 = 2𝛿.

Therefore the sequence (𝑢, 𝑣)𝑛 is Cauchy in H𝐾 × H𝐾0 × H𝐾1 × H𝐾3 and as a
consequence converges strongly in those spaces:

𝑢𝑛 → 𝑢∞ inH𝐾
𝑣𝑛𝑖 → 𝑣∞𝑖 inH𝐾𝑖 for 𝑖 = 0, 1, 2.

A.2 Neural Network Architecture
Problem RFF 𝑚 RFF Std 𝜎 N◦ Layers Neurons/layer Total Parameters
1D Elliptic Linear 24 5.0 4 16 1,073
2D Semilinear Elliptic 32 5.0 4 64 8,385

Table A.1: Architecture for the neural networks used for the NeS-PINN approach.

table A.1 describes the architecture of our deep neural networks with 𝑁 layers.

Random Fourier Features (RFF) As described in Sifan Wang, H. Wang, and
Paris Perdikaris, 2021c, the random Fourier features add a non-trainable embedding
at the start of the network:

𝛾(𝑥) =
[
cos(𝐵𝑥)
sin(𝐵𝑥)

]
, (A.15)

where 𝐵 ∈ R𝑚×𝑑 has entries sampled 𝑖.𝑖.𝑑. from a normal distribution N(0, 𝜎2).
This embedding mitigates the spectral bias of neural networks.
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A.3 Gaussian Measures and White Noise
We now briefly introduce the concepts of Gaussian measures, Gaussian spatial
noise, and Gaussian space-time white noise. Our exposition will be informal and
far from complete. For a more detailed explanation, see Gabriel J. Lord, Powell,
and Shardlow, 2014.

Gaussian Measures
We introduce Gaussian measures on 𝐿2(Ω).

Definition 1 (𝐿2 valued Gaussian measure). An 𝐿2(Ω)-valued random variable 𝜉
is Gaussian if ⟨𝑋, 𝜙⟩ is a Gaussian random variable for all 𝜙 ∈ 𝐿2(Ω).

To each Gaussian random variable on 𝐿2(Ω) one can associate a covariance operator.

Definition 2. A linear operator Q : 𝐿2(Ω) → 𝐿2(Ω) is the covariance of an
𝐿2-valued random variable 𝜉 if

⟨Q𝜙, 𝜓⟩𝐿2 = Cov
(
⟨𝜉, 𝜙⟩𝐿2 ⟨𝜉, 𝜓⟩𝐿2

)
.

The above definitions imply that for any 𝜙 ∈ 𝐿2(Ω)

⟨𝜉, 𝜙⟩𝐿2 ∼ N(⟨𝜇, 𝜙⟩𝐿2 , ⟨Q𝜙, 𝜙⟩𝐿2).

We will always consider centered Gaussian variables E[𝜉] = 0 so that ⟨𝜇, 𝜙⟩ = 0
for all 𝜙 ∈ 𝐿2(Ω). One can further show that the covariance operator Q is of trace
class.

Proposition 15 (Corollary 4.41 Gabriel J. Lord, Powell, and Shardlow, 2014). Let
𝜉 be a 𝐿2(Ω)-valued Gaussian random variable, then its covariance operator Q is
of trace-class.

This allows for the construction of 𝜉 via the spectral decomposition of Q.

Proposition 16. Let 𝜉 be a centered 𝐿2(Ω)- valued Gaussian random variable with
covariance operator Q. Then 𝜉 admits the representation

𝜉 =

∞∑︁
𝑖=1

√︁
𝜆𝑖𝑍𝑖𝑒𝑖 𝑍𝑖 ∼ N(0, 1) i.i.d.,

where {𝜆𝑖, 𝑒𝑖}∞𝑖=1 are the eigenvalues and eigenvectors of Q.
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Spatial White Noise
We now briefly introduce the concept of spatial white noise. Formally, this extends
the above definitions to the operator Q = 𝐼, which is not a trace-class operator. First,
we consider the formal power series

𝜉 =

∞∑︁
𝑖=1

𝑍𝑖𝑒𝑖 𝑍𝑖 ∼ N(0, 1) i.i.d., (A.16)

where {𝑒𝑖}∞𝑖=1 is any orthonormal basis of 𝐿2(Ω). For each 𝜑 ∈ 𝐿2(Ω), we may
formally compute

⟨𝜉, 𝜑⟩𝐿2 =

∞∑︁
𝑗=1

𝑍 𝑗 ⟨𝑒 𝑗 , 𝜑⟩𝐿2 .

Ignoring issues of convergence, we can view the above as normal random variable
with mean and covariance

E[⟨𝜉, 𝜑⟩𝐿2] =
∞∑︁
𝑗=1

E[𝑍 𝑗 ]⟨𝑒 𝑗 , 𝜑⟩𝐿2 = 0

E[⟨𝜉, 𝜑⟩𝐿2 ⟨𝜉, 𝜓⟩𝐿2] =
∞∑︁
𝑗=1

∞∑︁
𝑖=1

E[𝑍 𝑗𝑍𝑖]⟨𝑒 𝑗 , 𝜑⟩𝐿2 ⟨𝑒 𝑗 , 𝜓⟩𝐿2 = ⟨𝜑, 𝜓⟩𝐿2 .

From this, we may instead define 𝜉 to be a stochastic process acting on elements of
𝐿2(Ω) such that

[𝜉, 𝜑] ∼ N (0, ∥𝜑∥2
𝐿2).

The series (A.16) is not convergent in 𝐿2(Ω). This can be fixed by considering the
inclusion

𝑖 : 𝐿2(Ω) → 𝐻−1(Ω),

which is Hilbert-Schmidt1. The series (A.16) does converge in this space and the
associated process is not a full Gaussian measure but instead a cylindrical measure
on 𝐿2(Ω). We refer to this process as spatial white noise which formally acts on
𝜑 ∈ 𝐿2(Ω) by

[𝜉, 𝜑] ∼ N (0, ∥𝜑∥2
𝐿2).

1One can make choices other than𝐻−1 (Ω) and any space𝑉 such that the inclusion 𝑖 : 𝐿2 (Ω) → 𝑉

is Hilbert-Schmidt is appropriate.
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Space-time White Noise: the Cylindrical Wiener Process
We now define the cylindrical Wiener process. Let (S, F , F𝑡 , P) be a filtered
probability space.

Definition 3. The cylindrical Wiener-process on 𝐿2(Ω) if

𝜉 (𝑡) =
∞∑︁
𝑗=1

𝛽 𝑗 (𝑡)𝑒 𝑗 , (A.17)

for any orthonormal basis {𝑒 𝑗 }∞𝑗=1 and 𝛽 𝑗 (𝑡) are i.i.d F𝑡-Brownian motions.

One can show that

𝜉 (𝑡) − 𝜉 (𝑠) ∼ N (0, (𝑡 − 𝑠)𝐼) for all 0 ≤ 𝑠 ≤ 𝑡, (A.18)

so that the increments of the cylindrical Wiener process are spatial white-noise pro-
cesses on 𝐿2(Ω) (with a variance defined by time-step of the increments). Moreover,
since the (formal) time-derivative of Brownian motion is white noise in time, this
justifies the choice of ¤𝜉 (𝑡) as space-time white noise. Equivalently, one can see 𝜉 (𝑡)
as space-time white noise integrated in time.

Sampling From a Cylindrical Wiener Process
In order to solve SPDEs of the form eq. (2.29), we consider integration in time
through an implicit or semi-implicit Euler-scheme (see Section 2.4). To this end, we
need to sample increments of the cylindrical Wiener process 𝜉 (𝑡) − 𝜉 (𝑠). The first
option is to directly use the representation eq. (A.17) to obtain a truncated expansion

Δ𝜉𝑁 :=
𝑁∑︁
𝑗=1

Δ𝛽 𝑗𝑒 𝑗 , (A.19)

where Δ𝛽 𝑗 ∼ Δ𝑊 𝑗 = N(0,Δ𝑡) are i.i.d. increments of Brownian motion. In the
case where 𝐿2( [0, 1]) ⋐ 𝐻−1( [0, 1]) we would select 𝑒 𝑗 (𝑥) = sin(2𝜋 𝑗𝑥). Other
boundary conditions (such as Neumann and periodic boundary conditions) can also
be considered by selecting the full Fourier basis 𝑒𝑖2𝜋 𝑗𝑥 .

Another option is to use eq. (A.18) to show that for any collection Φ = {𝜑𝑖}𝑁𝑖=1 ⊂
𝐿2(Ω), the vector

[Δ𝜉, 𝜑] ∼ N (0,Δ𝑡𝐴), (A.20)

where 𝐴𝑖 𝑗 = ⟨𝜑𝑖, 𝜑 𝑗 ⟩𝐿2 is the stiffness matrix. If the 𝜑𝑖 are selected to be approx-
imations to the identity around a point 𝑥, then one can informally view [Δ𝜉, 𝜑] as
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approximating the value of Δ𝜉 at the point 𝑥 (although we stress that action of Δ𝜉
against 𝛿𝑥 are not well defined as it does not have the required regularity). Likewise,
while the truncated series eq. (A.19) has well-defined pointwise values, the limiting
series eq. (A.17) does not.

An illustration of the two sampling methods based on expansion in (A.19) and the
projection in (A.20) is shown in fig. A.1.

(d) Spectral basis

(h) Tent function basis

Figure A.1: Space-time white noise generated by two methods.
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A p p e n d i x B

CHAPTER 3
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B.1 Sparse variational inference derivation
The ELBO eq. (3.14) takes the form

𝐽ELBO(𝑞) = Ez𝑐∼𝑞 [− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |zc))] + KL(𝑞 | |𝑝) (B.1)

The data is given by

Ez𝑐∼𝑞 [− log(ℓ( 𝑓 (xint), 𝑔(xbnd) |zc))] = Ezc∼𝑞
[

log
( ∫
−ℓ( 𝑓 (xint), 𝑔(xbnd) |z)𝑝(z|zc)𝑑z)

) ]
(B.2)

= Ezc∼𝑞
[

log
(
Ez|zc

[ 1
2𝜎2

(
∥𝐹 (z) − 𝑓 (xint)∥2 + ∥𝐵(z) − 𝑔(xbnd)∥2

) ] ]
(B.3)

The inner expectation cannot be separated in the points z due to the logarithm and
thus limits our ability to mini-batch.

B.2 Gaussian VI proofs
We will need the following useful inequality for Gaussian random variables.

Lemma 5 (Quadratic equality for Gaussian random variables). Let 𝑞 = N(𝑚, 𝑆),
then

1
2
E𝑢∼𝑞

[
| |𝑦 − 𝐴𝑢 | |2

]
=

1
2
⟨𝑦 − 𝐴𝑚, 𝑦 − 𝐴𝑚⟩ + 1

2
tr(𝐴𝑆𝐴⊺). (B.4)

Proof.
1
2
E𝑢∼𝑞

[
∥𝑦 − 𝐴𝑢∥2

]
= E𝑢∼𝑞

[1
2
⟨𝑦, 𝑦⟩ − ⟨𝑦, 𝐴𝑢⟩ + 1

2
⟨𝐴𝑢, 𝐴𝑢⟩

]
(B.5)

=
1
2
⟨𝑦, 𝑦⟩ − ⟨𝑦, 𝐴𝑚⟩ + 1

2
E𝑢∼𝑞 ⟨𝐴𝑢, 𝐴𝑢⟩ (B.6)

=
1
2
⟨𝑦, 𝑦⟩ − ⟨𝑦, 𝐴𝑚⟩ + 1

2
⟨𝐴𝑚, 𝐴𝑚⟩ + 1

2
tr(𝐴𝑆𝐴⊺) (B.7)

=
1
2
⟨𝑦 − 𝐴𝑚, 𝑦 − 𝐴𝑚⟩ + 1

2
tr(𝐴𝑆𝐴⊺). (B.8)

SVGP
Proposition 17 (Marginal distribution 𝑢). If the conditional distribution 𝑢 |z𝑐 is
given by

𝑢 |z𝑐 ∼ GP(𝐴z𝑐, 𝐾̃) (B.9a)

𝐴z𝑐 = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1z𝑐 (B.9b)

𝐾̃ = 𝐾 (·, ·) − 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝐾 (𝝓c, ·), (B.9c)
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where z𝑐 ∼ N(𝑚, 𝑆), then 𝑢 is distributed according to

𝑢 ∼ GP(𝑢̄𝑚, 𝑄̃𝑆) (B.10)

𝑢̄𝑚 = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑚 (B.11)

𝑄̃𝑆 = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑆𝐾 (𝝓c, 𝝓c)−1𝐾 (𝝓c, ·) + 𝐾̃ . (B.12)

Proof. This follows from standard marginalization formulas (see for example Bishop,
2006).

Proof of eq. (3.35).

Proof. We apply lemma 5:

Ezc∼𝑞,𝑢 |zc

[
∥F ′(𝑢̄)𝑢 − 𝑟𝑛)∥2𝐿2 (Ω)

]
=



𝑟𝑛 − F ′(𝑢̄)K(·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑚


2
𝐿2 (Ω)

(B.13)

+ 1
2

∫
Ω

F ′(𝑢̄)𝑄̃F ′(𝑢̄)⊺ (B.14)

Ezc∼𝑞, 𝑢 |zc

[
∥B′(𝑢̄)𝑢 − 𝑠𝑛∥2𝐿2 (𝜕Ω)

]
=



B′(𝑢̄)K(·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑚 − 𝑠𝑛


2
𝐿2 (𝜕Ω)

(B.15)

+ 1
2

∫
𝜕Ω

B′(𝑢̄) 𝑄̃ B′(𝑢̄)⊺. (B.16)

The next lemma uses Fernique’s theorem to show that we can uniformly bound all
moments of a collection of Gaussian measures under uniform bounds on their means
and covariances.

Lemma 6. Let 𝜇𝑛 = N(𝑢̄𝑛, C𝑛) be a collection of Gaussian measures on a separable
Banach space with

sup
𝑛

∥𝑢̄𝑛∥ ≤ 𝐶1 (B.17)

sup
𝑛

∥C𝑛∥ ≤ 𝐶2 (B.18)

then there is an 𝛼 > 0 such that for all 𝑛

E𝑢∼𝜇𝑛 [exp(𝛼 | |𝑢 | |2)] < ∞. (B.19)

Moreover, there is a 𝐶 independent of 𝑛 such that

E𝑢∼𝜇𝑛 [| |𝑢 | |2𝑝] ≤ 𝐶
𝑝!
𝛼𝑝
(𝐸𝑢∼𝜇𝑛 [| |𝑢 | |])2𝑝 ≤ 𝐶

𝑝!
𝛼𝑝
(𝐸𝑢∼𝜇𝑛 [| |𝑢 | |2])𝑝 (B.20)
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Proof. We use Fernique’s theorem Ledoux, 1996, Theorem 4.1 which states that for
a centered Gaussian measure

E𝑢∼𝜇 [exp(𝛼 | |𝑢 | |2)] < ∞ ⇐⇒ 𝛼 <
1

2| |C𝑛 | |
. (B.21)

Therefore taking 𝛼 < 1
2 sup𝑛 | |𝐶𝑛 | |

, by the triangle inequality

E𝑢∼𝜇𝑛 [exp(𝛼 | |𝑢 | |2)] ≤ E𝑢∼𝜇𝑛 [exp(𝛼 | |𝑢 − 𝑢̄𝑛 | |2)] exp(𝛼 | |𝑢̄𝑛 | |2) (B.22)

≤ E𝑢∼𝜇𝑛 [exp(𝛼 | |𝑢 − 𝑢̄𝑛 | |2)] sup
𝑛

exp(𝛼 | |𝑢̄𝑛 | |2) (B.23)

< ∞. (B.24)

The second statement follows from Martin Hairer, n.d., Proposition 3.39 which
implies that

E𝑢∼𝜇𝑛 [exp(𝛼 | |𝑢 | |2𝑝)] ≤ 𝐶 𝑝!
𝛼𝑝
(𝐸𝑢∼𝜇𝑛 [| |𝑢 | |])2𝑝 ≤ 𝐶

𝑝!
𝛼𝑝
(𝐸𝑢∼𝜇𝑛 [| |𝑢 | |2])𝑝 . (B.25)

The second inequality follows from Jensen’s inequality.

Lemma 7. Consider a parametrized family of Gaussian processes 𝑢𝑚,𝑆 on a sepa-
rable Hilbert space 𝐻 parametrized by (𝑚, 𝑆) in the following manner:

𝑢𝑚,𝑆 ∼ GP(𝑢̄𝑚, 𝑄̃𝑆) (B.26)

𝑢̄𝑚 = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑚 (B.27)

𝑄̃𝑆 = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1𝑆𝐾 (𝝓c, 𝝓c)−1𝐾 (𝝓c, ·) + 𝐾̃ . (B.28)

Consider the associated Gaussian measures 𝜇𝑚,𝑆 = N(𝑢̄𝑚,Q𝑆). Then convergence
of the parameters (𝑚, 𝑆) → (𝑚∗, 𝑆∗) ∈ R𝑑 × R𝑑×𝑑 implies weak convergence of the
distributions

𝜇𝑚,𝑆 ⇀ 𝜇𝑚∗,𝑆∗ . (B.29)

Proof. By I. Bogachev, 1998, p. 3.8.15, a sequence of Gaussian measures on a
separable Hilbert space 𝜇𝑛 converges weakly to 𝜇∗ if and only if

lim
𝑛→∞
∥𝑢̄𝑛 − 𝑢̄∗∥𝐻 = 0 (B.30)

lim
𝑛→∞



Q̃𝑛 − Q̃∗

L(𝐻) = 0 (B.31)

lim
𝑛→∞

E𝑥∼𝜇𝑛
[
∥𝑥∥2𝐻

]
= E𝑥∼𝜇∗

[
∥𝑥∥2𝐻

]
. (B.32)

We will show that all conditions are implied by (𝑚, 𝑆) → (𝑚∗, 𝑆∗).
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First observe that

∥𝑢̄𝑚 − 𝑢̄𝑚∗ ∥𝐻 =


𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1(𝑚 − 𝑚∗)




𝐻

(B.33)

=






∑︁
𝑖, 𝑗

𝐾 (·, 𝜙c,𝑖)Θ−1
𝑖, 𝑗 (𝑚 𝑗 − 𝑚∗𝑗 )







𝐻

(B.34)

≤
∑︁
𝑖, 𝑗




𝐾 (·, 𝜙c,𝑖)Θ−1
𝑖, 𝑗





𝐻
|𝑚 𝑗 − 𝑚∗𝑗 | (B.35)

and hence 𝑚 → 𝑚∗ implies strong convergence of the means

∥𝑢̄𝑚 − 𝑢̄𝑚∗ ∥𝐻 → 0, (B.36)

showing eq. (B.30). Now consider the covariance. Observe that

𝑄̃𝑆 − 𝑄̃𝑆∗ = 𝐾 (·, 𝝓c)𝐾 (𝝓c, 𝝓c)−1(𝑆 − 𝑆∗)𝐾 (𝝓c, 𝝓c)−1𝐾 (𝝓c, ·) (B.37)

=
∑︁
𝑖, 𝑗 ,𝑘,𝑙

𝐾 (·, 𝜙c,𝑖)Θ−1
𝑖, 𝑗 (𝑆 𝑗 ,𝑘 − 𝑆∗𝑗 ,𝑘 )Θ

−1
𝑘,𝑙𝐾 (𝜙c,𝑙 , ·) (B.38)

=
∑︁
𝑖, 𝑗 ,𝑘,𝑙

Θ−1
𝑖, 𝑗Θ

−1
𝑘,𝑙 (𝑆 𝑗 ,𝑘 − 𝑆

∗
𝑗 ,𝑘 )𝐾 (·, 𝜙c,𝑖)𝐾 (𝜙c,𝑙 , ·) (B.39)

and hence

Q̃𝑆 − Q̃𝑆∗ =
∑︁
𝑖, 𝑗 ,𝑘,𝑙

Θ−1
𝑖, 𝑗Θ

−1
𝑘,𝑙 (𝑆 𝑗 ,𝑘 − 𝑆

∗
𝑗 ,𝑘 )𝐾 (·, 𝜙c,𝑖) ⊗ 𝐾 (·, 𝜙c,𝑙). (B.40)

Therefore 𝑆 → 𝑆∗ implies that both

tr(Q̃𝑆 − Q̃𝑆∗) =
∑︁
𝑖, 𝑗 ,𝑘,𝑙

Θ−1
𝑖, 𝑗Θ

−1
𝑘,𝑙 (𝑆 𝑗 ,𝑘 − 𝑆

∗
𝑗 ,𝑘 )tr(𝐾 (·, 𝜙c,𝑖) ⊗ 𝐾 ·, (𝜙c,𝑙)) → 0 (B.41)

Q̃𝑆 − Q̃𝑆∗

L(𝐻) ≤ ∑︁

𝑖, 𝑗 ,𝑘,𝑙

|Θ−1
𝑖, 𝑗Θ

−1
𝑘,𝑙 | |𝑆 𝑗 ,𝑘 − 𝑆

∗
𝑗 ,𝑘 |



𝐾 (·, 𝜙c,𝑖) ⊗ 𝐾 (·, 𝜙c,𝑙)



L(𝐻) → 0,

(B.42)

yielding eq. (B.31). Finally, using

E𝑥∼𝜇∗
[
∥𝑥∥2𝐻

]
= tr(𝑄̃) + ∥𝑢̄∥2𝐻 (B.43)

yields eq. (B.32) (recalling that strong convergence of the means implies convergence
of the norms as well).

Proof of lemma 2
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Proof. The data term can be expressed as

𝐼 (𝑞) = Ezc∼𝑞E𝑢 |zc

[
Φ(𝑢)

]
= E𝑢∼𝜇𝑞

[
Φ(𝑢)

]
(B.44)

with

Φ(𝑢) = ∥F (𝑢) − 𝑓 ∥2
𝐿2 (Ω) + ∥B(𝑢) − 𝑔∥

2
𝐿2 (𝜕Ω) (B.45)

and 𝜇𝑞 is given by proposition 17. By lemma 7 the weak convergence 𝑞𝑛 ⇀ 𝑞

implies that 𝜇𝑞𝑛 ⇀ 𝜇𝑞. Hence, we aim to show that

lim
𝑛→∞

E𝑢∼𝜇𝑞𝑛

[
Φ(𝑢)

]
= E𝑢∼𝜇𝑞

[
Φ(𝑢)

]
. (B.46)

Moreover the continuity of F and B theorem 5, the random variables Φ(𝑢𝑛) ⇀
Φ(𝑢). Hence, we will show that the family Φ(𝑢𝑛) is uniformly integrable, in
which case weak convergence implies convergence of the means Billingsley, 1999,
Theorem 3.5.

We now suppress the dependence on 𝑞 and always assume that 𝑢𝑛 ∼ 𝜇𝑞𝑛 where 𝜇𝑞𝑛
is given by proposition 17. By the growth rate theorem 5

0 ≤ E
[
Φ(𝑢𝑛)

]
≤ 𝐶E

[
1 + ||𝑢𝑛 | |𝑝𝐻

]
. (B.47)

We have that

E
[
(1 + ||𝑢𝑛 | |𝑝𝐻)1| |𝑢𝑛 | |𝑝≥𝐾

]
= P( | |𝑢𝑛 | |𝑝 ≥ 𝐾) + E

[
| |𝑢𝑛 | |𝑝𝐻1| |𝑢𝑛 | |𝑝≥𝐾

]
(B.48)

We treat both terms separately. We will show that all the p-moments can be bounded
uniformly by the second moment. By Markov’s inequality

P( | |𝑢𝑛 | |𝑝 ≥ 𝐾) ≤
E( | |𝑢𝑛 | |𝑝)

𝐾
. (B.49)

For Gaussian measures on separable Hilbert space, weak convergence measures
implies that

sup
𝑛

∥𝑚𝑛∥ < ∞ (B.50)

sup
𝑛

∥C𝑛∥ ≤ sup
𝑛

tr(C𝑛) < ∞ (B.51)

sup
𝑛

E[| |𝑢𝑛 | |2] < ∞ (B.52)

(see I. Bogachev, 1998, Chapter 3). By lemma 6, for any 𝑝 there is some constant
that only depends on 𝑝 such that

sup
𝑛

E[| |𝑢𝑛 | |𝑝] ≤ 𝐶1 (B.53)
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(the case for 𝑝 even follows directly; the case for 𝑝 odd follows by considering 𝑝 + 1
and using the monotonicity of 𝐿𝑝 norms on probability spaces). Hence

sup
𝑛

P( | |𝑢𝑛 | |𝑝 ≥ 𝐾) ≤ sup
𝑛

E( | |𝑢𝑛 | |𝑝)
𝐾

≤ 𝐶1
𝐾
. (B.54)

We now turn to the second term. Note that | |𝑢𝑛 | |𝑝 ≥ 𝐾 implies that | |𝑢𝑛 | | ≥ 𝐾
1
𝑝

which implies that | |𝑢𝑛 | |
𝑝+1

𝐾
1
𝑝

≥ ||𝑢𝑛 | |𝑝. Again leveraging uniform control over all
moments of the Gaussians eq. (B.53), we obtain

sup
𝑛

E
[
| |𝑢𝑛 | |𝑝𝐻1| |𝑢𝑛 | |𝑝≥𝐾

]
≤ 1

𝐾
1
𝑝

sup
𝑛

E[|𝑢𝑛 | |𝑝+1] ≤ 𝐶2

𝐾
1
𝑝

. (B.55)

Hence we obtain

lim
𝐾→∞

sup
𝑛

E
[
(1 + ||𝑢𝑛 | |𝑝𝐻)1| |𝑢𝑛 | |𝑝≥𝐾

]
≤ lim
𝐾→∞

𝐶

(𝐶1
𝐾
+ 𝐶2

𝐾
1
𝑝

)
= 0. (B.56)

Therefore, the family Φ(𝑢𝑛) is uniformly integrable and therefore weak convergence
implies convergence of the means Billingsley, 1999, Theorem 3.5

lim
𝑛→∞

E
[
Φ(𝑢𝑛)

]
= E

[
Φ(𝑢)

]
(B.57)

Proof of proposition 4.

Proof. We proceed by considering a minimizing subsequence of the objective
eq. (3.22) and showing that a limit point of this sequence is a minimizer.
Step 1: existence of a convergent subsequence. Let 𝑞𝑛 = N(𝑚𝑛, 𝑆𝑛) be a minimiz-
ing sequence for 𝐽 (·;𝜎), i.e.

lim
𝑛→∞

𝐽 (𝑞𝑛, 𝜎) = inf
𝑞∈Q

𝐽 (𝑞;𝜎). (B.58)

Since 𝐽 (𝑞0;𝜎) < ∞, there exists 𝐶 < ∞ such that 𝐽 (𝑞𝑛;𝜎) ≤ 𝐶 uniformly in 𝑛,
hence

KL(𝑞𝑛∥𝑝) ≤
1
𝜎2 𝐼 (𝑞𝑛) + KL(𝑞𝑛∥𝑝) ≤ 𝐶.

The KL divergence can be written as

KL(𝑞𝑛 | |𝑝) =
1
2

(
| |𝑚𝑛 | |2𝐾 (𝝓𝒄 ,𝝓𝒄) + 𝑅(𝑆𝑛)

)
, (B.59)
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where

𝑅(𝑆𝑛) = trace(𝐾 (𝝓𝒄, 𝝓𝒄)−1𝑆𝑛) + log
|𝐾 (𝝓𝒄, 𝝓𝒄) |
|𝑆𝑛 |

− 𝑑. (B.60)

Define 𝐴𝑛 = 𝐾 (𝝓𝒄, 𝝓𝒄)−
1
2 𝑆𝑛𝐾 (𝝓𝒄, 𝝓𝒄)−

1
2 ≻ 0. Observe that 𝑆𝑛 = 𝐾 (𝝓𝒄, 𝝓𝒄)

1
2 𝐴𝑛𝐾 (𝝓𝒄, 𝝓𝒄)

1
2

and hence log |𝐾 (𝝓𝒄 ,𝝓𝒄) |
|𝑆𝑛 | = log(𝐴𝑛). Additionally, by the cyclic property of the trace

𝑅(𝑆𝑛) = trace(𝐴𝑛) − log |𝐴𝑛 | − 𝑘 (B.61)

=
∑︁
𝑖

𝜆𝑖,𝑛 − log(𝜆𝑖,𝑛) − 1 (B.62)

=
∑︁
𝑖

𝑓 (𝜆𝑖,𝑛). (B.63)

where the 𝜆𝑖,𝑛 are the eigenvalues of 𝐴𝑛 and 𝑓 (𝑥) = 𝑥 − log(𝑥) − 1. From this, we
may deduce that the sequence (𝑚𝑛, 𝑆𝑛) is bounded in appropriate norms. For 𝑚𝑛,
this follows from the above. For 𝑆𝑛, since 𝑓 (𝑥) → ∞ as 𝑥 → ∞ or 𝑥 → 0 each of
the eigenvalues remains in a bounded set 0 < 𝜆 < 𝜆𝑖,𝑛 < 𝜆 < ∞ uniformly in 𝑖, 𝑛.
Therefore

𝜆𝐼 ⪯ 𝐴𝑛 ⪯ 𝜆𝐼 ⇐⇒ 𝜆𝐾 (𝝓𝒄, 𝝓𝒄) ⪯ 𝑆𝑛 ⪯ 𝜆𝐾 (𝝓𝒄, 𝝓𝒄). (B.64)

From this we deduce that the sequence 𝑆𝑛 is uniformly bounded from above and
below in any matrix norm. Since𝑚𝑛 ∈ R𝑑 , 𝑆𝑛 ∈ S𝑑 which are both finite dimensional
spaces, it follows from the Bolzano-Weirstrass theorem that there is a convergent
subsequence (which we denote using the same index 𝑛) (𝑚𝑛, 𝑆𝑛) → (𝑚∞, 𝑆∞).
Moreover by eq. (B.64)

𝜆𝐾 (𝝓𝒄, 𝝓𝒄) ⪯ lim
𝑛→∞

𝑆𝑛 = 𝑆∞ ⪯ 𝜆𝐾 (𝝓𝒄, 𝝓𝒄) (B.65)

and therefore 𝑆∞ is symmetric positive definite matrix as well. Hence, since for finite
dimensional Gaussian distributions weak convergence is equivalent to convergence
in parameters, 𝑞𝑛 ⇀ 𝑞∞ = N(𝑚∞, 𝑆∞).
Step 2: the limit point is a minimizer of the objective. By lemma 2 and the
weaklower-semicontinuity of the KL divergence Posner, 1975

1
𝜎2 𝐼 (𝑞∞) + KL(𝑞∞∥𝑝) ≤ lim inf

𝑛→∞
1
𝜎2 𝐼 (𝑞𝑛) + KL(𝑞𝑛∥𝑝) (B.66)

≤ lim
𝑛→∞

1
𝜎2 𝐼 (𝑞𝑛) + KL(𝑞𝑛∥𝑝) (B.67)

= inf
𝑞∈Q

𝐽 (𝑞;𝜎) (B.68)

and hence we conclude that 𝑞∞ is a minimizer of the objective.
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Zero noise limit
Proof of lemma 3

Proof. The proof follows a standard minimizing sequence argument. Consider some
minimizing sequence 𝑞𝑛 ∈ Q̄𝑑 of 𝐼:

lim
𝑛→∞

𝐼 (𝑞𝑛) = inf
𝑞∈Q̄𝑑

𝐼 (𝑞). (B.69)

Then sup𝑛 𝐼 (𝑞𝑛) ≤ 𝑐 which by theorem 6 implies that there is a weakly convergent
subsequence (which we denote by the same index 𝑛) 𝑞𝑛 ⇀ 𝑞∞ ∈ Q̄𝑑 . By lemma 2,
this implies that

𝐼 (𝑞∞) ≤ lim inf
𝑛→∞

𝐼 (𝑞𝑛) = inf
𝑞∈Q̄𝑑

𝐼 (𝑞) (B.70)

i.e. 𝑞∞ ∈ Q̄𝑑 is a minimizer of the functional.

B.3 Dirac-SVGP proofs
Assumption 16 (Relative compactness of the data functional 𝐼). For every 𝑐 < ∞,
the sublevel set

{𝑚 ∈ R𝑑 : 𝐼 (𝑞) ≤ 𝑐}

is relatively compact.

Lemma 8. There is a 𝑚opt ∈ R𝑑 which minimizes the data term:

𝑚opt = arg min
𝑚∈R𝑑

𝐼 (𝑚). (B.71)

Proof. The proof is identical to lemma 3.

Proof of proposition 6

Proof. We proceed in three step: first we show that the sequence of optimal pa-
rameters 𝑚𝑛 has a convergent subsequence. Second we show that any limit point
is an optimal solution to the data term (unregularized loss). Third we show that,
moreover, any limit point has the minimal divergence property.
Step 1: the sequence 𝑚𝑛 has a convergent subsequence. We have 𝐽 (𝑚𝑛; 𝛾𝑛) ≤
𝐽 (𝑚opt; 𝛾𝑛) and using lemma 8

0 ≤ ||𝑚𝑛 | |2𝐾 (𝝓𝒄 ,𝝓𝒄) ≤
1
𝛾𝑛

(
𝐼 (𝑞opt) − 𝐼 (𝑞𝑛)

)
+ ||𝑚opt | |2

𝐾 (𝝓𝒄 ,𝝓𝒄) (B.72)

≤ ||𝑚opt | |2
𝐾 (𝝓𝒄 ,𝝓𝒄) (B.73)
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from the fact that 𝐼 (𝑞opt) ≤ 𝐼 (𝑞𝑛). From this, we may deduce that the sequence
𝑚𝑛 is bounded the norm ∥·∥𝐾 (𝝓𝒄 ,𝝓𝒄) . Since 𝑚𝑛 ∈ R𝑑 , it follows from the Bolzano-
Weirstrass theorem that there is a convergent subsequence (which we denote using
the same index 𝑛) 𝑚𝑛 → 𝑚∞.
Step 2: any limit point 𝑚∞1 of the sequence 𝑚𝑛 is a minimizer of the data term
(unregularized loss). By lemma 2

lim
𝑛→∞

𝐼 (𝑚𝑛) = 𝐼 (𝑞∞). (B.74)

Consider some arbitrary 𝑞 ∈ Q. Then by the definition of 𝑚𝑛 and positivity of the
KL divergence

1
𝜎2
𝑛

𝐼 (𝑚𝑛) ≤ 𝐽 (𝑚𝑛; 𝛾𝑛) ≤ 𝐽 (𝑚; 𝛾𝑛) (B.75)

which implies that

𝐼 (𝑚𝑛) ≤ 𝐼 (𝑚) + 𝛾𝑛 ∥𝑚∥2𝐾 (𝝓𝒄 ,𝝓𝒄) (B.76)

Hence for a fixed 𝑚 taking the limit 𝑛→∞ yields lim𝑛→∞ 𝐼 (𝑚𝑛) = 𝐼 (𝑚∞) ≤ 𝐼 (𝑚).
Then further infimizing over all 𝑚

𝐼 (𝑚∞) = inf
𝑚∈R𝑑

𝐼 (𝑚). (B.77)

Step 3: any limit point of 𝑚𝑛 further minimizes the norm ∥·∥𝐾 (𝝓𝒄 ,𝝓𝒄) among all
minimizers of the data term. Consider some element 𝑚opt ∈ arg min𝑚∈R𝑑 𝐼 (𝑚). We
have that 𝐼 (𝑚∞) = 𝐼 (𝑚opt) ≤ 𝐼 (𝑚𝑛) and 𝐽 (𝑚𝑛; 𝛾𝑛) ≤ 𝐽 (𝑚opt; 𝛾𝑛). Together these
imply that

𝐼 (𝑚∞) + 𝛾𝑛 ∥𝑚𝑛∥𝐾 (𝝓𝒄 ,𝝓𝒄) ≤ 𝐼 (𝑚𝑛) + 𝛾𝑛 ∥𝑚𝑛∥𝐾 (𝝓𝒄 ,𝝓𝒄) (B.78)

≤ 𝐼 (𝑚opt) + 𝛾𝑛


𝑚opt



𝐾 (𝝓𝒄 ,𝝓𝒄) (B.79)

= 𝐼 (𝑚∞) + 𝛾𝑛


𝑚opt



𝐾 (𝝓𝒄 ,𝝓𝒄) (B.80)

and therefore that ∥𝑚𝑛∥𝐾 (𝝓𝒄 ,𝝓𝒄) ≤


𝑚opt




𝐾 (𝝓𝒄 ,𝝓𝒄) . Using the weak lower-semicontinuity

of norms

∥𝑚∞∥𝐾 (𝝓𝒄 ,𝝓𝒄) ≤ lim inf
𝑛→∞

∥𝑚𝑛∥𝐾 (𝝓𝒄 ,𝝓𝒄) ≤


𝑚opt



𝐾 (𝝓𝒄 ,𝝓𝒄) (B.81)

proving the claim.
1Note that step 1 shows that there is at least one limit point, but step 2 applies to any limit point.
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B.4 Model parameters and architecture
For the Gaussian process method, we use the squared exponential kernel Rasmussen
and Williams, 2008

𝑘 (𝑥, 𝑦) = 𝜎2 exp
(
− ∥𝑥 − 𝑦∥

2𝑙2
2)

(B.82)

which has hyperparameters (𝜎, 𝑙).

For the PINN approach, we use random feature embeddings and the tanh activation
wang_experts_2023; wang_eigenvector_2020.

Parameter Possible val-
ues

Description

rff_features [1,6] Number of Fourier Fourier Feature blocks.
rff_sigmas (1e-2, 10.0) Length-scale parameter for the random Fourier fea-

ture blocks. One frequency matrix 𝐵𝑖 is created for
each 𝜎𝑖, with entries initialized as N(0, 1/𝜎2

𝑖
).

n_features [64, 2048] Number of sampled frequencies per 𝜎.
mlp_hidden [64, 1024] Width of the hidden layers in the MLP applied after

the RFF embedding and skip connection.
mlp_size [2,8] Number of hidden layers in the MLP applied after

the RFF embedding and skip connection.
activation tanh Activation function used in the MLP hidden layers.

Table B.1: Main parameters of the RFF-based PINN.
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A p p e n d i x C

CHAPTER 4
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C.1 Review of operator valued kernels and GPs
We review the theory of operator valued kernels and GPs Houman Owhadi, 2023a
as these are utilized throughout the article. Operator-valued kernels were introduced
in Kadri, Duflos, Preux, Stephane Canu, et al., 2016a as a generalization of vector-
valued kernels Alvarez, Rosasco, Neil D Lawrence, et al., 2012.

Operator valued kernels
Let U and V be separable Hilbert spaces endowed with the inner products

〈
·, ·

〉
U

and
〈
·, ·

〉
V . Write L(V) for the set of bounded linear operators mappingV toV.

Definition 4. We call 𝐺 : U ×U → L(V) an “operator-valued kernel” if

1. 𝐺 is Hermitian, i.e. 𝐺 (𝑢, 𝑢′) = 𝐺 (𝑢′, 𝑢)𝑇 for all 𝑢, 𝑢′ ∈ U , writing 𝐴𝑇 for
the adjoint of the operator 𝐴 with respect to

〈
·, ·

〉
V .

2. 𝐺 is non-negative, i.e., for all𝑚 ∈ N and any set of points (𝑢𝑖, 𝑣𝑖)𝑚𝑖=1 ⊂ U×V
it holds that

∑𝑚
𝑖, 𝑗=1

〈
𝑣𝑖, 𝐺 (𝑢𝑖, 𝑢 𝑗 )𝑣 𝑗

〉
V ≥ 0.

We call 𝐺 non-degenerate if
∑𝑚
𝑖, 𝑗=1

〈
𝑣𝑖, 𝐺 (𝑢𝑖, 𝑢 𝑗 )𝑣 𝑗

〉
V = 0 implies 𝑣𝑖 = 0 for all 𝑖

whenever 𝑢𝑖 ≠ 𝑢 𝑗 for 𝑖 ≠ 𝑗 .

RKHSs
Each non-degenerate, locally bounded and separately continuous operator-valued
kernel 𝐺 is in one to one correspondence with an RKHSH of continuous operators
G : U → V obtained as the closure of the linear span of the maps 𝑧 ↦→ 𝐺 (𝑧, 𝑢)𝑣
with respect to the inner product identified by the reproducing property〈

𝑔, 𝐺 (·, 𝑢)𝑣
〉
H =

〈
𝑔(𝑢), 𝑣

〉
V . (C.1)

Feature maps
Let F be a separable Hilbert space (with inner product

〈
·, ·

〉
F and norm ∥ · ∥F )

and let 𝜓 : U → L(V, F ) be a continuous function mapping U to the space of
bounded linear operators fromV to F .

Definition 5. We say that F and 𝜓 : U → L(V, F ) are a feature space and a
feature map for the kernel 𝐺 if, for all (𝑢, 𝑢′, 𝑣, 𝑣′) ∈ U2 ×V2,〈

𝑣, 𝐺 (𝑢, 𝑢′)𝑣′
〉
=

〈
𝜓(𝑢)𝑣, 𝜓(𝑢′)𝑣′

〉
F .
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Write 𝜓𝑇 (𝑢), for the adjoint of 𝜓(𝑢) defined as the linear function mapping F toV
satisfying 〈

𝜓(𝑢)𝑣, 𝛼
〉
F =

〈
𝑣, 𝜓𝑇 (𝑢)𝛼

〉
V

for 𝑢, 𝑣, 𝛼 ∈ U × V × F . Note that 𝜓𝑇 : U → L(F ,V) is therefore a function
mapping U to the space of bounded linear functions from F to V. Writing
𝛼𝑇𝛼′ :=

〈
𝛼, 𝛼′

〉
F for the inner product in F we can ease our notations by writing

𝐺 (𝑢, 𝑢′) = 𝜓𝑇 (𝑢)𝜓(𝑢′) (C.2)

which is consistent with the finite-dimensional setting and 𝑣𝑇𝐺 (𝑢, 𝑢′)𝑣′ = (𝜓(𝑢)𝑣)𝑇 (𝜓(𝑢′)𝑣′)
(writing 𝑣𝑇𝑣′ for the inner product in V). For 𝛼 ∈ F write 𝜓𝑇𝛼 for the function
U → V mapping 𝑢 ∈ U to the element 𝑣 ∈ V such that〈

𝑣′, 𝑣
〉
V =

〈
𝑣′, 𝜓𝑇 (𝑢)𝛼

〉
V =

〈
𝜓(𝑢)𝑣′, 𝛼

〉
F for all 𝑣′ ∈ V .

We can, without loss of generality, restrict F to be the range of (𝑢, 𝑣) → 𝜓(𝑢)𝑣 so
that the RKHS H defined by 𝐺 is the closure of the pre-Hilbert space spanned by
𝜓𝑇𝛼 for 𝛼 ∈ F . Note that the reproducing property (C.1) implies that for 𝛼 ∈ F〈

𝜓𝑇 (·)𝛼, 𝜓𝑇 (·)𝜓(𝑢)𝑣
〉
H =

〈
𝜓𝑇 (𝑢)𝛼, 𝑣

〉
V =

〈
𝛼, 𝜓(𝑢)𝑣

〉
F

for all 𝑢, 𝑣 ∈ U ×V, which leads to the following theorem.

Theorem 17. The RKHS H defined by the kernel (C.2) is the linear span of 𝜓𝑇𝛼
over 𝛼 ∈ F such that ∥𝛼∥F < ∞. Furthermore,

〈
𝜓𝑇 (·)𝛼, 𝜓𝑇 (·)𝛼′

〉
H =

〈
𝛼, 𝛼′

〉
F

and
∥𝜓𝑇 (·)𝛼∥2H = ∥𝛼∥2F for 𝛼, 𝛼′ ∈ F .

Interpolation
Let us consider the interpolation problem in operator valued RKHSs.

Problem 5. Let G† be an unknown continuous operator mapping U to V. Given
the information1 G†(u) = v with the data (u, v) ∈ U𝑁 ×V𝑁 , approximate G†.

Using the relative error in ∥ · ∥H -norm as a loss, the minimax optimal recovery
solution of Problem 5 is, by Houman Owhadi and Scovel, 2019b, Thm. 12.4, 12.5,
given by 

Minimize ∥G∥2H
subject to G(u) = v.

(C.3)

1For a 𝑁-vector u = (𝑢1, . . . , 𝑢𝑁 ) ∈ U𝑁 and a function G : U → V, write G(u) for the 𝑁
vector with entries

(
G(𝑢1), . . . ,G(𝑢𝑁 )

)
.



266

The minimizer is then of the form G(·) = ∑𝑁
𝑗=1𝐺 (·, 𝑢 𝑗 )𝑤 𝑗 , where the coefficients

𝑤 𝑗 ∈ V are identified by solving the system of linear equations
∑𝑁
𝑗=1𝐺 (𝑢𝑖, 𝑢 𝑗 )𝑤 𝑗 =

𝑣𝑖 for all 𝑖 ∈ {1, . . . , 𝑁} . Using our compressed notation we can rewrite this equa-
tion as 𝐺 (u, u)w = v where w = (𝑤1, . . . , 𝑤𝑁 ), v = (𝑣1, . . . , 𝑣𝑁 ) ∈ V𝑁 and
𝐺 (u, u) is the 𝑁 × 𝑁 block-operator matrix 2 with entries 𝐺 (𝑢𝑖, 𝑢 𝑗 ). Therefore,
writing 𝐺 (·, u) for the vector (𝐺 (·, 𝑢1), . . . , 𝐺 (·, 𝑢𝑁 )) ∈ H𝑁 , the optimal recovery
interpolant is given by

Ḡ(·) = 𝐺 (·, u)𝐺 (u, u)−1v , (C.4)

which implies that the value of (C.3) at the minimum is

∥Ḡ∥2H = v𝑇𝐺 (u, u)−1v , (C.5)

where 𝐺 (u, u)−1 is the inverse of 𝐺 (u, u), whose existence is implied by the non-
degeneracy of 𝐺 combined with 𝑢𝑖 ≠ 𝑢 𝑗 for 𝑖 ≠ 𝑗 .

Ridge regression
Let 𝛾 > 0. A ridge regression (approximate) solution to Problem 5 can be found as
the minimizer of

inf
G∈H

𝜆 ∥G∥2H + 𝛾
−1

𝑁∑︁
𝑖=1
∥𝑣𝑖 − G(𝑢𝑖)∥2V . (C.6)

This minimizer is given by the formula

Ḡ(𝑢) = 𝐺 (𝑢, u)
(
𝐺 (u, u) + 𝛾𝐼

)−1v , (C.7)

writing 𝐼 for the identity matrix. We can further compute directly

∥Ḡ∥2H = v𝑇
(
𝐺 (u, u) + 𝛾𝐼

)−1v .

Operator-valued GPs
The following definition of operator-valued Gaussian processes is a natural extension
of scalar-valued Gaussian fields Houman Owhadi and Scovel, 2019b.

Definition 6. Houman Owhadi, 2023a, Def. 5.1 Let 𝐺 : U × U → L(V) be
an operator-valued kernel. Let 𝑚 be a function mapping U to V. We call 𝜉 :

2For 𝑁 ≥ 1 let V𝑁 be the N-fold product space endowed with the inner-product
〈
v,w

〉
V𝑁 :=∑𝑁

𝑖, 𝑗=1
〈
𝑣𝑖 , 𝑤 𝑗

〉
V for v = (𝑣1, . . . , 𝑣𝑁 ),w = (𝑤1, . . . , 𝑤𝑁 ) ∈ V𝑁 . A ∈ L(V𝑁 ) given by A =©­­«

𝐴1,1 · · · 𝐴1,𝑁
...

...

𝐴𝑁,1 · · · 𝐴𝑁,𝑁

ª®®¬ where 𝐴𝑖, 𝑗 ∈ L(V), is called a block-operator matrix. Its adjoint A𝑇 with

respect to
〈
·, ·

〉
V𝑁 is the block-operator matrix with entries (𝐴𝑇 )𝑖, 𝑗 = (𝐴 𝑗 ,𝑖)𝑇 .
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U → L(V,H) an operator-valued GP if 𝜉 is a function mapping 𝑢 ∈ U to
𝜉 (𝑢) ∈ L(V,H) where H is a Gaussian space and L(V,H) is the space of
bounded linear operators fromV to H. Abusing notations we write

〈
𝜉 (𝑢), 𝑣

〉
V for

𝜉 (𝑢)𝑣. We say that 𝜉 has mean 𝑚 and covariance kernel 𝐺 and write 𝜉 ∼ N(𝑚,𝐺)
if

〈
𝜉 (𝑢), 𝑣

〉
V ∼ N

(
𝑚(𝑢), 𝑣𝑇𝐺 (𝑢, 𝑢)𝑣

)
and

Cov
(〈
𝜉 (𝑢), 𝑣

〉
V ,

〈
𝜉 (𝑢′), 𝑣′

〉
V

)
= 𝑣𝑇𝐺 (𝑢, 𝑢′)𝑣′ . (C.8)

We say that 𝜉 is centered if it is of zero mean.

If 𝐺 (𝑢, 𝑢) is trace class (Tr[𝐺 (𝑢, 𝑢)] < ∞) then 𝜉 (𝑢) defines a measure on V, i.e.
aV-valued random variable 3.

Theorem 18. Houman Owhadi, 2023a, Thm. 5.2 The law of an operator-valued GP
is uniquely determined by its mean 𝑚 and covariance kernel 𝐺. Conversely given
𝑚 and 𝐺 there exists an operator-valued GP having mean 𝑚 and covariance kernel
𝐺. In particular if 𝐺 has feature space F and map 𝜓, the 𝑒𝑖 form an orthonormal
basis of F , and the 𝑍𝑖 are i.i.d. N(0, 1) random variables, then 𝜉 = 𝑚 +∑

𝑖 𝑍𝑖𝜓
𝑇𝑒𝑖

is an operator-valued GP with mean 𝑚 and covariance kernel 𝐺.

Theorem 19. Houman Owhadi, 2023a, Thm. 5.3 Let 𝜉 be a centered operator-
valued GP with covariance kernel 𝐺 : U ×U → L(V). Let u, v ∈ U𝑁 × V𝑁 .
Let 𝑍 = (𝑍1, . . . , 𝑍𝑁 ) be a random Gaussian vector, independent from 𝜉, with i.i.d.
N(0, 𝛾𝐼V) entries (𝛾 ≥ 0 and 𝐼V is the identity map onV). Then 𝜉 conditioned on
𝜉 (u) + 𝑍 is an operator-valued GP with mean

E
[
𝜉 (𝑢)

��𝜉 (u) + 𝑍 = v
]
= 𝐺 (𝑢, u)

(
𝐺 (u, u) + 𝛾𝐼V

)−1v = (C.7) (C.9)

and conditional covariance operator

𝐺⊥(𝑢, 𝑢′) := 𝐺 (𝑢, 𝑢′) − 𝐺 (𝑢, u)
(
𝐺 (u, u) + 𝛾𝐼V

)−1
𝐺 (u, 𝑢′) . (C.10)

In particular, if 𝐺 is trace class, then

𝜎2(𝑢) := E
[

𝜉 (𝑢) − E[𝜉 (𝑢) |𝜉 (u) + 𝑍 = v]



2
V

���𝜉 (u) + 𝑍 = v
]
= Tr

[
𝐺⊥(𝑢, 𝑢)

]
.

(C.11)
3Otherwise it only defines a (weak) cylinder-measure in the sense of Gaussian fields.
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Deterministic error estimates for operator-valued regression
The following theorem shows that the standard deviation (C.11) provides determin-
istic a prior error bounds on the accuracy of the ridge regressor (C.9) to G† in
Problem 5. Local error estimates such as (C.12) below are classical in the Kriging
literature Z.-m. Wu and Schaback, 1993 where 𝜎2(𝑢) is known as the power func-
tion/kriging variance; see also Houman Owhadi, 2015b[Thm. 5.1] for applications
to PDEs.

Theorem 20. Houman Owhadi, 2023a, Thm. 5.4 Let G† be the unknown function
of Problem 5 and let G(𝑢) = (C.9) = (C.7) be its ridge regressor. Let H be
the RKHS associated with 𝐺 and let H𝛾 be the RKHS associated with the kernel
𝐺𝛾 := 𝐺 + 𝛾𝐼V . It holds true that

G†(𝑢) − G(𝑢)

V ≤ 𝜎(𝑢)∥G†∥H (C.12)

and 

G†(𝑢) − G(𝑢)

V ≤ √︁
𝜎2(𝑢) + 𝛾 dim(V)∥G†∥H𝛾 , (C.13)

where 𝜎(𝑢) is the standard deviation (C.11).

C.2 An alternative regularization of operator regression
For 𝛾 > 0, the regularization implied by (4.27) is equivalent to adding noise on the
𝜑(v) measurements. If one could observe v (and not just 𝜑(v)), then an alternative
approach to regularizing the problem is to add noise to 𝜉 (u). To describe this let
𝑍′ = (𝑍′1, . . . , 𝑍

′
𝑁
) be a random block-vector, independent from 𝜉, with i.i.d. entries

𝑍′
𝑗
∼ N(0, 𝛾𝐼V) for 𝑗 = 1, . . . , 𝑁 (where 𝐼V denotes the identity map on V).

Then the GP 𝜉 conditioned on 𝜉 (u) = v + 𝑍′ is a GP with conditional covariance
kernel (C.10) and conditional mean G̃𝛾=(C.7) that is also the minimizer of (C.6).
Observing4 that 𝜑(𝑍′

𝑖
) ∼ N (0, 𝛾𝐾 (𝜑, 𝜑)) , we deduce that G̃𝛾 = 𝜒 ◦ 𝑓𝛾 ◦ 𝜙 where

𝑓𝛾 minimizes
Minimize ∥ 𝑓 ∥2

Γ
+ 𝛾−1 ∑𝑁

𝑖=1( 𝑓 (𝑈𝑖) −𝑉𝑖)𝑇𝐾 (𝜑, 𝜑)−1( 𝑓 (𝑈𝑖) −𝑉𝑖) .

Over 𝑓 ∈ HΓ .
(C.14)

Furthermore, the distribution of 𝜉 conditioned on 𝜉 (u) = v+ 𝑍′ is that of 𝜒 ◦ 𝜁⊥ ◦ 𝜙
where 𝜁⊥ ∼ N( 𝑓𝛾, Γ̃⊥) is the GP 𝜁 conditioned on 𝜁 (U) = V+𝜑(𝑍′), whose mean is

4This follows from 𝜑(𝑍 ′
𝑖
) ∼ N (0, 𝛾𝜑𝜑𝑇 ) where 𝜑𝑇 is the adjoint of 𝜑 identified as the linear

map from R𝑚 toV satisfying
〈
𝑊, 𝜑(𝑤)

〉
R𝑚 =

〈
𝜑⊥𝑊, 𝑤

〉
V for 𝑤 ∈ V and𝑊 ∈ R𝑚 (i.e., 𝜑𝑇 (𝑊) =

(𝐾𝜑)𝑊).
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𝑓𝛾 and conditional covariance kernel is Γ̃⊥(𝑈,𝑈′) = Γ(𝑈,𝑈′) −Γ(𝑈,U) (Γ(U,U) +
𝛾𝐴)−1Γ(U,𝑈′) where 𝐴 is a 𝑁 ×𝑁 block diagonal matrix with 𝐾 (𝜑, 𝜑) as diagonal
entries.

C.3 Expressions for the kernels used in experiments
Below we collect the expressions for the kernels that were referred to in the article
or utilized for our numerical experiments. These can be found in many standard
textbooks on GPs such as Rasmussen and Williams, 2006.

The linear kernel
The linear kernel has the simple expression 𝐾linear(𝑥, 𝑥′) =

〈
𝑥, 𝑥′

〉
and may be

defined on any inner product space. It has no hyper-parameters.

The rational quadratic kernel
The rational quadratic kernel has the expression 𝐾 (𝑥, 𝑥′) = 𝑘RQ(∥𝑥 − 𝑥′∥) where

𝑘RQ(𝑟) =
(
1 + 𝑟2

2𝑙2

)−𝛼
. (C.15)

It has hyper-parameters 𝛼 > 0 and 𝑙.

The Matérn parametric family
The Matérn kernel family is of the form 𝐾 (𝑥, 𝑥′) = 𝑘 (∥𝑥 − 𝑥′∥ where

𝑘𝜈 (𝑟) = exp
(
−
√

2𝜈𝑟
𝑙

)
Γ(𝑝 + 1)
Γ(2𝑝 + 1)

𝑝∑︁
𝑖=0

(𝑝 + 1)!
𝑖!(𝑝 − 𝑖)!

(√
8𝜈𝑟
𝑙

) 𝑝−𝑖
, (C.16)

for 𝜈 = 𝑝 + 1
2 . This kernel has hyper-parameters 𝑝 ∈ Z+ and 𝑙 > 0. In the

limiting case where 𝜈 → ∞, the Matérn kernel, we obtain the Gaussian or squared
exponential kernel:

𝑘∞(𝑟) = exp
(
− 𝑟2

2𝑙2

)
, (C.17)

with hyper-parameter 𝑙 > 0.
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D.1 Optimal recovery
Let U be a Banach space with norm ∥ · ∥U , and let 𝑤 : U → R𝑚 be a mea-
surement map with components 𝑤𝑖 ∈ U∗ (the dual space of U), so that 𝑤(𝜑) =
(𝑤1(𝜑), . . . , 𝑤𝑚 (𝜑))𝑇 . Given data 𝑧 = 𝑤(𝜑), we reconstruct 𝜑 from 𝑧 by opti-
mal recovery. Namely, we take 𝑤̃ to be a data-consistent reconstruction rule that
minimizes the worst-case relative error

𝑤̃ ∈ argmin
𝑣:R𝑚→U
𝑤 (𝑣 (𝑧) )=𝑧

sup
𝜑∈U\{0}

∥𝜑 − 𝑣(𝑤(𝜑))∥U
∥𝜑∥U

.

Equivalently, for each 𝑧, 𝑤̃(𝑧) is the minimax-optimal interpolant among all 𝜓 ∈ U
satisfying 𝑤(𝜓) = 𝑧. As shown in Houman Owhadi and Scovel, 2019c, this
coincides with the minimum-norm interpolant:

𝑤̃(𝑧) := argmin
𝜓∈U

∥𝜓∥2U subject to 𝑤(𝜓) = 𝑧.

In this paper, we do not evaluate 𝑤̃ explicitly. Rather, it provides a useful conceptual
link to optimal recovery and may serve as a starting point for a convergence analysis
of the proposed algorithm, as discussed in Section 5.4.

D.2 Further Experiments
In this section, we present two additional numerical examples to illustrate our
methods. The first concerns the exact Gaussian-model solution of the Wetterich–
Morris equation (Subsection D.2). Here, we use an exponential regulator rather
than the Litim regulator used in Section 5.3.

The second experiment investigates the Wetterich flow on the continuum interval
[0, 1] for a 𝜙4 model, whose bare action includes a quartic self-interaction term.
Because of this nonlinear self-interaction, the corresponding flow equation can-
not be solved in closed form, and the effective average action Γ𝜅 [𝜙] is no longer
available as an explicit analytic expression, in contrast to the Gaussian benchmarks.
This experiment therefore examines the performance of our GP-based solver on a
genuinely interacting, non-Gaussian flow without an explicit solution. We draw a
randomized set of collocation functions and learn the flow on that set. We then
evaluate the learned flow on spatially constant functions, which allows a direct com-
parison with the local-potential approximation (LPA) method (see Appendix D.5).
Hence, although this example yields results similar to the LPA method, its purpose
is to demonstrate that our approach can directly solve the Wetterich equation on
non-constant fields, which the LPA cannot.
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The Wetterich-Morris equation: Gaussian-model
We now turn to the Wetterich–Morris equation

𝜕𝜅Γ𝜅 [𝜙] =
1
2

∫ 1

0

∫ 1

0
𝜕𝜅𝑅𝜅 (𝑥, 𝑦)

(
Γ
(2)
𝜅 [𝜙] + 𝑅𝜅

)−1
(𝑥, 𝑦) d𝑥 d𝑦, (D.1)

where Γ(2)𝜅 [𝜙] denotes the linear operator defined by the second functional derivative
with respect to 𝜙. We consider (D.1) with effective average action Γ𝜅 given explicitly
by

Γ𝜅 [𝜙] =
1
2

∫ 1

0

[
𝛾 (∇𝜙(𝑥))2 + 𝛾 𝑚2 𝜙(𝑥)2

]
d𝑥 + 1

2
ln

det
[
−𝛾 Δ + 𝛾 𝑚2 + 𝑅𝜅

]
det

[
−𝛾 Δ + 𝛾 𝑚2

] ,

(D.2)

where 𝑚 > 0 is the mass and 𝛾 > 0 is a small prefactor in front of the quadratic
term that moderates the influence of the Laplacian in the numerics. The bare action
for (D.1) at the UV scale 𝜅UV is chosen by evaluating (D.2) at 𝜅 = 𝜅UV. We refer to
(D.2) as the Gaussian model, since for every scale 𝜅 the corresponding bare action
is a quadratic functional of 𝜙 (up to an additive constant).

As in the Wilson–Polchinski experiment, we work in 𝐻1
per( [0, 1];R) and in the

truncated Fourier subspace 𝑉𝑃 defined in Section 5.3, representing fields by their
Fourier coefficients. The exponential regulator

𝑅𝜅 (𝑝) =
|𝑝 |2𝛼

𝑒 ( |𝑝 |/𝜅)2𝛼 − 1
, 𝛼 = 1,

enters both the logarithmic determinant in Γ𝜅 and the flow (D.1) through its real-
space kernel 𝑅𝜅 (𝑥, 𝑦) and its scale derivative 𝜕𝜅𝑅𝜅 (𝑥, 𝑦) obtained by inverse Fourier
transform.

We again place a GP prior on the restriction of Γ𝜅 to𝑉𝑃, modeling Γ𝜅 as a zero-mean
GP with the kernel (5.19).

Numerical setup

For this benchmark, we use the explicit solution in (D.2) with 𝛾 = 10−3 and
𝑚2 = 1. We reuse the same truncation 𝑃, the same Fourier representation, and
the same sampling strategy as in Section 5.3. In particular, we work with 𝑁 =

1, 000 collocation fields Φ = {𝜙(𝑖)}𝑁
𝑖=1 ⊂ 𝑉𝑃 and an independent test ensemble

Φ̃ = {𝜙( 𝑗)}𝑁test
𝑗=1 ⊂ 𝑉𝑃 with 𝑁test = 200, generated by the correlated-Gaussian and

i.i.d. Gaussian procedures described in Section 5.3, including the same mild 1/|𝑝 |
decay on high modes.
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We use the explicit solution in (D.2) to evaluate the effective action at the ultraviolet
scale 𝜅UV = 10, and take this as the initial condition for the flow. The associated
ODE system in 𝜅 is then integrated from 𝜅UV down to 𝜅IR = 10−10, and the values
of Γ𝜅 are recorded on the same grid {𝜅ℓ}𝑁𝑇ℓ=0 as in the Wilson–Polchinski example.
We denote the GP solution at scale 𝜅 by Γ

†
𝜅 . At each 𝜅ℓ we evaluate both the exact

Γ𝜅ℓ and the surrogate Γ
†
𝜅ℓ on Φ and Φ̃.

The collocation and test errors are defined exactly as in the Wilson–Polchinski
experiment, but with 𝑊𝜅 (𝐽) replaced by Γ𝜅 (𝜙). For clarity we denote these by
𝜀coll
Γ
(𝜅ℓ), 𝜀test

Γ
(𝜅ℓ), and their averages 𝜀coll

Γ
, 𝜀test

Γ
, which are reported in Table D.1.

Numerical results and discussion

Figure D.2 summarizes the behavior of the GP-based solver for the Wetterich Gaus-
sian model. Panel (A) displays three representative fields from the collocation set.
Panel (B) compares, for the same fields, the trajectories 𝜅 ↦→ Γ𝜅 [𝜙(𝑖)] with the
GP surrogate 𝜅 ↦→ Γ

†
𝜅 [𝜙(𝑖)]. The curves demonstrate accuracy across the full RG

range. Panel (C) shows the collocation errors 𝜀coll
Γ
(𝜅) as a function of 𝜅; they remain

uniformly small along the flow.

Panels (D)âĂŞ(F) repeat these diagnostics for three test fields and for the entire test
ensemble Φ̃. The out-of-sample trajectories Γ𝜅 [𝜙( 𝑗)] and Γ

†
𝜅 [𝜙( 𝑗)] remain close

in absolute size, even though the test errors 𝜀test
Γ
(𝜅) are one to three orders of

magnitude larger than the collocation errors and are still small on the scale of the
function values. Together with the averages 𝜀coll

Γ
and 𝜀test

Γ
in Table D.1, these results

show that the GP surrogate provides an accurate and stable approximation of the
Wetterich flow for this Gaussian benchmark, both on and off the training set.

Table D.1: The Wetterich Gaussian Model: Average relative 𝐿2 errors on collocation
and test sets for varying sample sizes 𝑁 .

𝑁 = 100 𝑁 = 200 𝑁 = 500 𝑁 = 1000
Collocation set 1.31 × 10−9 1.54 × 10−10 5.40 × 10−11 1.48 × 10−11

Test set 1.27 × 10−6 4.62 × 10−8 3.07 × 10−9 8.62 × 10−10

The Wetterich equation: continuum 𝜙4-model.
In this subsection, we consider the Wetterich–Morris equation

𝜕𝜅Γ𝜅 [𝜙] =
1
2

∫
𝜕𝜅𝑅𝜅 (𝑥, 𝑦)

(
𝛿2Γ𝜅 [𝜙]
𝛿𝜙 𝛿𝜙

+ 𝑅𝜅
)−1
(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦, (D.3)
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(a) The first three of 1,000
collocation points.

(b) Exact solutions vs. GP
approximations.

(c) Relative 𝐿2 error per
scale variable 𝜅 at collocation
points.

(d) The first three of 200 test
points.

(e) Exact solutions vs. GP
approximations.

(f) Relative 𝐿2 error per scale
variable 𝜅 at test points.

Figure D.1: Numerical results of the Wetterich Gaussian model. Subfigures (A)–(C)
show results at collocation points, while (D)–(F) present corresponding results at
testing points. For visualization, only the first 3 of 1,000 collocation points and the
first 3 of 200 testing points are displayed. The relative 𝐿2 error is evaluated for each
scale variable 𝜅.

with the 𝜙4 bare action on the periodic unit interval [0, 1] at 𝜅 = 𝜅UV :

Γ𝜅UV [𝜙] =
∫ 1

0
d𝑥

[
1
2
(𝜕𝑥𝜙)2 +

𝑚2

2
𝜙2 + 𝜆

4!
𝜙4

]
, 𝜅UV = 10, 𝑚2 = −1.5, 𝜆 = 1,

(D.4)

and the Litim regulator in Fourier representation

𝑅𝑘 (𝑞2) = (𝑘2 − 𝑞2) Θ(𝑘2 − 𝑞2). (D.5)

We work in the periodic Sobolev space

𝐻1
per( [0, 1]) =

{
𝜙 ∈ 𝐻1( [0, 1]) : 𝜙(0) = 𝜙(1)

}
,

and use the standard real Fourier basis {𝑒𝛼}∞𝛼=0 ⊂ 𝐻
1
per( [0, 1]) given by

𝑒0(𝑥) = 1, 𝑒𝛼 (𝑥) =

√

2 cos
(
2𝜋 𝑝(𝛼) 𝑥

)
, 𝛼 odd,

√
2 sin

(
2𝜋 𝑝(𝛼) 𝑥

)
, 𝛼 even, 𝛼 > 0,
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with 𝑝(𝛼) = ⌊(𝛼 + 1)/2⌋. Any 𝜙 ∈ 𝐻1
per( [0, 1]) then has the expansion

𝜙(𝑥) =
∞∑︁
𝛼=0

𝑐𝛼 𝑒𝛼 (𝑥), 𝑐𝛼 =

∫ 1

0
𝜙(𝑥) 𝑒𝛼 (𝑥) d𝑥.

For the numerical experiments we restrict to the finiteâĂŞdimensional subspace

𝑉𝑃 =

{
𝜙 ∈ 𝐻1

per( [0, 1]) : 𝜙(𝑥) =
2𝑃∑︁
𝛼=0

𝑐𝛼 𝑒𝛼 (𝑥)
}
, (D.6)

of dimension 2𝑃 + 1.

Our Gaussian Process Method

Based on the physical prior, we build our GP prior for Γ for solving (D.3) based on
the LPA ansatz (see Appendix D.5 for an introduction of the LPA method)

Γ𝑘 [𝜙] =
∫ 1

0
d𝑥

[
1
2
(
𝜕𝑥𝜙(𝑥)

)2 +𝑈𝑘
(
𝜙(𝑥)2

)
.

]
, (D.7)

More precisely, we place a fully nonparametric prior on the local potential by
assuming

𝑈𝑘 (𝑢) ∼ GP
(
0, 𝐾𝑈

)
,

a zeroâĂŘmean GP in the scalar argument 𝑢 = 𝜙2. Because Γ𝜅 [𝜙] depends linearly
on 𝑈𝜅, this induces a GP prior on the entire functional 𝜙 ↦→ Γ𝜅 [𝜙]. Under these
assumptions,

Γ𝜅 [·] ∼ GP
(
𝑚Γ, 𝐶Γ

)
, 𝑚Γ (𝜙) =

1
2

∫ 1

0
(𝜕𝑥𝜙)2𝑑𝑥, 𝐶Γ (𝜙, 𝜙′) =

∫ 1

0

∫ 1

0
𝐾𝑈

(
𝜙(𝑥)2, 𝜙′(𝑦)2

)
𝑑𝑥 𝑑𝑦.

This construction thus carries the nonparametric GP prior on𝑈𝜅 all the way through
to the full functional Γ𝜅 [𝜙]. Moreover, the choice of the scalar kernel 𝐾𝑈 is inspired
by the form of the bare action in (D.4). In particular, for the 𝜙4 model we adopt the
additive kernel

𝐾𝑈 (𝑢, 𝑢′) = 1 + 𝑢 𝑢′ +
(
𝑢 𝑢′

)2 + exp(−|𝑢 − 𝑢′|2/(2𝜎2)). (D.8)

Numerical experiment setup

We restrict the fields to the finite-dimensional subspace 𝑉𝑃 ⊂ 𝐻1
per( [0, 1]) defined

in (D.6), spanned by the first 2𝑃+1 real Fourier modes. To construct the collocation
ensemble, we draw 𝑁col = 1, 000 random coefficient vectors 𝑐(𝑖) = (𝑐(𝑖)0 , . . . , 𝑐

(𝑖)
2𝑃) ∈
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R2𝑃+1 from a correlated Gaussian prior with covariance Σ = 𝐴⊤𝐴 (for a random
Gaussian matrix 𝐴), and then apply a mild high-frequency decay

𝑐
(𝑖)
𝛼 ←

𝑐
(𝑖)
𝛼(

1 + |𝑝(𝛼) |
)3/2 ,

thereby biasing the sampled fields toward regular configurations while still retaining
nontrivial high-frequency modes and improving the conditioning of the computation
of the functional Hessian, where 𝑝(𝛼) is the Fourier mode index. Each coefficient
vector defines a real periodic field

𝜙(𝑖) (𝑥) =
2𝑃∑︁
𝛼=0

𝑐
(𝑖)
𝛼 𝑒𝛼 (𝑥), 𝑖 = 1, . . . , 𝑁col.

The Gram matrix 𝐾 (Φ,Φ) induced by the scalar kernel 𝐾𝑈 in (D.8) is assembled
once and stabilized with a small nugget.

For each RG scale 𝜅, the GP posterior defines a surrogate functional Γ†𝜅 [𝜙] which
approximates Γ𝜅 [𝜙] for all 𝜙 ∈ 𝑉𝑃. Inserting Γ

†
𝜅 into the right-hand side of the Wet-

terich equation (D.3), and projecting onto the collocation ensemble, yields a closed
system of ODEs in 𝜅 for these coefficients. At the ultraviolet scale 𝜅UV we initialize
the flow with the bare action (D.4). Concretely, for each collocation field 𝜙(𝑖) , we
compute its bare functional value Γ𝜅UV [𝜙(𝑖)], using the real Fourier representation to
compute the kinetic term exactly and the potential term by averaging the integrand
over the grid. Collecting these values into the vector

Γ𝜅UV (Φ) :=
(
Γ𝜅UV [𝜙(1)], . . . , Γ𝜅UV [𝜙(𝑁col)]

)⊤
,

we treat Γ𝜅UV (Φ) as the initial condition of the ODE system. We integrate the
resulting ODE system backward in scale from 𝜅UV = 10 down to 𝜅IR = 2. The
solver outputs (Γ†𝜅 [𝜙(𝑖)])𝑁col

𝑖=1 along a uniform grid of RG scales {𝜅ℓ}𝑁𝑇ℓ=0 ⊂ [2, 10].

Since no explicit solution is available in this case, we compare the GP surrogate
Γ
†
𝜅 (𝜙) with an independently computed LPA solution𝑈𝜅 (𝜙2). The latter is obtained

by solving the flow for the local potential on a grid of 𝜙2 values using finite differences
and the same Litim regulator (D.5). Concretely, we sample a uniform grid of values
{𝜙( 𝑗)}𝑁test

𝑗=1 ⊂ [0, 4] and regard each 𝜙( 𝑗) as a constant test field. In the real Fourier
basis, these fields are represented by activating only the constant mode. For the
LPA reference, we independently solve the standard LPA flow equation for the
local potential 𝑈𝜅 (𝑢) (with 𝑢 = 𝜙2) using the same bare parameters as in (D.4).
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The variable 𝑢 is discretized on a uniform grid, and the resulting ODE system for
{𝑈𝜅 (𝑢 𝑗 )} is integrated in the RG scale from the ultraviolet cutoff 𝜅UV = 10 down
to an infrared scale 𝜅IR = 2. We compare the LPA potential 𝑈𝜅 (𝜙2) with the GP
surrogate by evaluating both on the same (𝜅, 𝜙) grid. The comparison between
the GP method and LPA in this section is not intended to demonstrate that we can
reproduce LPAâĂŹs results which, of course, are only approximate. Rather, it
illustrates the ability of our method to solve the functional on non-constant fields,
which lie outside the scope of the LPA approximation, and to generalize the resulting
functional approximation to previously unseen fields.

(a) Three representative
training fields {𝜙𝑖}3𝑖=1.

(b) GP surrogate Γ
†
𝜅 [𝜙𝑖]

along the same RG scales 𝑘 .

(c) Surrogate Γ
†
𝑘
(𝜙) on con-

stant fields 𝜙 ∈ [0, 4].
(d) LPA reference𝑈𝜅 (𝜙2) on
the same constants.

(e) |Γ†𝜅 − 𝑈𝜅 |/|𝑈𝜅 | over
(𝜅, 𝜙) ∈ [2, 10] × [0, 4].

Figure D.2: Numerical results for the Wetterich flow with the 𝜙4 bare action. Panels
(A)–(B) illustrate three of the 𝑁col = 1000 training fields and the corresponding
GP predictions, while panels (C)–(D) plot the surrogate and the LPA potential on
constant-field inputs in [0, 4]. Panel (E) maps the pointwise relative difference
across RG scales 𝜅 ∈ [2, 10] and field amplitudes 𝜙 ∈ [0, 4].

Numerical results and discussion

Figure D.2 summarizes the performance of our GP-based solver for the interacting
𝜙4 Wetterich flow. Panel (A) displays three representative training fields drawn
from the collocation ensemble Φ. Panel (B) plots the corresponding GP surrogate
evaluations along the RG trajectory.
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Panel (C) shows the surface Γ
†
𝜅 (𝜙) for 𝜅 ∈ [2, 10] and 𝜙 ∈ [0, 4], while panel (D)

presents the LPA reference potential𝑈𝜅 (𝜙2) evaluated on the same (𝜅, 𝜙) grid. The
two surfaces are visually indistinguishable at the scale of the plots, indicating that
the functional GP, which is trained on general nonconstant fields, closely tracks
the local potential extracted from a dedicated LPA computation when restricted to
homogeneous configurations.

Panel (E) quantifies this agreement by plotting the pointwise relative difference
between the LPA and GP results on constant fields,

𝜀(𝜅, 𝜙) =
��Γ†𝜅 (𝜙) −𝑈𝜅 (𝜙2)

��
|𝑈𝜅 (𝜙2) |

, (𝜅, 𝜙) ∈ [2, 10] × [0, 4] .

Across this entire grid the errors remain in the range 10−3âĂŞ10−2.

Taken together, these diagnostics show that the GP prior for Γ, engineered from
the LPA ansatz and the 𝜙4 structure of the bare action, yields a surrogate that
accurately captures the RG evolution of the effective action while retaining excellent
quantitative agreement with the LPA potential on constant fields. The plots in
panels (A)–(B) demonstrate accurate interpolation on the training ensemble, while
the constant-field comparison in panels (C)âĂŞ(E) plays the role of an out-of-sample
test and confirms generalization of the surrogate across the entire RG flow.

D.3 Mathematical presentation of the FRG flow problem
For a mathematical audience, it is convenient to recall a probabilistic interpretation
of the functional renormalization group (FRG), following Hudes and Eyink, 2025.
Let 𝜓 be an underlying “true” field and consider a noisy observation

𝜙 = 𝜓 + 𝜖,

where 𝜖 is a Gaussian error with zero mean and covariance matrix 𝑅−1
𝜅 or equivalently

precision matrix 𝑅𝜅. We assume that 𝜖 is independent of 𝜓. By Bayes’ rule, the
conditional law of 𝜓 given the observation 𝜙 is

𝑃[𝜓 | 𝜙] = 𝑃[𝜓] 𝑃[𝜖 = 𝜙 − 𝜓]
𝑃[𝜙] . (D.9)

To encode this conditional distribution, one introduces an external source (or test
function) 𝐽, which should be thought of as an element of the dual of the field space,
and defines the conditional generating functional

𝑍𝜅 [𝐽 | 𝜙] := E
[
exp

(∫
𝑥

𝐽 (𝑥) 𝜓(𝑥) d𝑥
) ��� 𝜙] .
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The associated conditional cumulant-generating functional is then

𝑊𝜅 [𝐽 | 𝜙] := ln 𝑍𝜅 [𝐽 | 𝜙] .

From 𝑊𝜅 [𝐽 | 𝜙] one defines a scale-dependent functional Γ𝜅 [𝜙] via a generalized
Legendre transform in the source variable 𝐽:

Γ𝜅 [𝜙] = sup
𝐽

{∫
𝑥

𝐽 (𝑥) 𝜙(𝑥) d𝑥 − 𝑊𝜅 [𝐽 | 𝜙]
}
.

In the FRG literature, Γ𝜅 is referred to as the effective average action. As the scale
parameter 𝜅 varies, Γ𝜅 interpolates between the bare (microscopic) action in the
ultraviolet limit 𝜅 → ∞, 𝑅𝜅 → ∞ (perfect measurements) and the full effective
action in the infrared limit 𝜅 → 0, 𝑅𝜅 → 𝑂 (no measurements), which governs the
macroscopic behavior. Starting from the probabilistic setup above, one can derive,
as shown in Hudes and Eyink, 2025, the Wetterich–Morris flow equation (5.1) for
Γ𝜅.

D.4 Derivative and Hessian of kernel interpolants
We now discuss the computation of functional derivatives and Hessians of the kernel
interpolant (5.12). For a fixed scale 𝜅 we suppress the 𝜅âĂŞdependence and write
the surrogate in the form

Γ† [𝜙] =
𝑁∑︁
𝑖=1

𝑐𝑖 𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
, (D.10)

where 𝜙 ∈ U is a generic field, 𝜙(𝑖) are the collocation fields, and 𝑤 : U → R𝑚 is
the feature map introduced in Section 5.2. The vector 𝑐 = (𝑐1, . . . , 𝑐𝑁 )⊤ collects
the coefficients appearing in the representer formula, for example 𝑐 =

(
𝐾 (𝑍, 𝑍) +

𝜀𝐼
)−1
𝑔𝜅 in (5.12). In this appendix we treat 𝑐 as fixed and focus on the dependence

on the field 𝜙.

Throughout, we consider Gâteaux derivatives of Γ† along directions 𝜂, 𝑣 ∈ U. We
assume that the feature map 𝑤 is linear, so that 𝑤(𝜙 + 𝜀𝜂) = 𝑤(𝜙) + 𝜀𝑤(𝜂) for
all 𝜙, 𝜂 ∈ U and 𝜀 ∈ R; this covers the cases of pointwise sampling and Fourier
coefficients considered below.

First variation
Fix a collocation field 𝜙(𝑖) and abbreviate 𝑧 = 𝑤(𝜙) ∈ R𝑚, 𝑧(𝑖) = 𝑤(𝜙(𝑖)) ∈ R𝑚.
Consider the directional derivative of a single kernel term,

d
d𝜀
𝐾

(
𝑤(𝜙 + 𝜀𝜂), 𝑤(𝜙(𝑖))

) ���
𝜀=0
.
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Using the chain rule and linearity of 𝑤 we obtain

d
d𝜀
𝐾

(
𝑤(𝜙 + 𝜀𝜂), 𝑤(𝜙(𝑖))

) ���
𝜀=0

= ∇1𝐾 (𝑧, 𝑧(𝑖)) · 𝑤(𝜂), (D.11)

where ∇1 denotes the gradient of 𝐾 (·, 𝑧(𝑖)) with respect to its first argument, and the
dot denotes the Euclidean inner product in R𝑚.

By linearity of the sum in (D.10), the first variation of Γ† at 𝜙 in the direction 𝜂 is〈
𝛿Γ†

𝛿𝜙
, 𝜂

〉
=

d
d𝜀

Γ† [𝜙 + 𝜀𝜂]
���
𝜀=0

=

𝑁∑︁
𝑖=1

𝑐𝑖 ∇1𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
· 𝑤(𝜂).

This expression for the functional derivative 𝛿Γ†/𝛿𝜙 will take a concrete form once
a specific form of the feature map 𝑤 is chosen.

Second variation
A similar calculation yields the second variation. Differentiating (D.11) once more
in the direction 𝑣 gives

d
d𝜀

[
∇1𝐾

(
𝑤(𝜙 + 𝜀𝑣), 𝑤(𝜙(𝑖))

)
· 𝑤(𝜂)

] ���
𝜀=0

=
(
𝑤(𝜂)

)⊤ ∇2
1𝐾

(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑤(𝑣),

where ∇2
1𝐾 denotes the Hessian of 𝐾 (·, 𝑧(𝑖)) with respect to its first argument.

Summing over 𝑖 with weights 𝑐𝑖 then yields the bilinear form ⟨𝜂, 𝛿2Γ†/(𝛿𝜙 𝛿𝜙) 𝑣⟩
for the second variation. As in the first-variation case, this pairing provides an
explicit expression for the second-variation kernel 𝛿2Γ†/(𝛿𝜙𝛿𝜙) once the feature
map 𝑤 is specified. We now record the resulting formulas for the two choices
considered in this paper.

Examples of differrent measurements
In this subsection, we detail the functional derivative calculations for kernel in-
terpolants in two examples: pointwise measurements and measurements given by
Fourier coefficients.

Suppose the feature map is given by pointwise samples at physical collocation points
𝑥1, . . . , 𝑥𝑚, so that

𝑤(𝜙) =
(
𝜙(𝑥1), . . . , 𝜙(𝑥𝑚)

)
∈ R𝑚 .

In this case
𝑤(𝜂) =

(
𝜂(𝑥1), . . . , 𝜂(𝑥𝑚)

)
,
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and (D.11) becomes

∇1𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
· 𝑤(𝜂) =

𝑚∑︁
𝑗=1

𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝜂(𝑥 𝑗 )

=

∫ [
𝑚∑︁
𝑗=1

𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝛿𝑥 𝑗 (𝑥)

]
𝜂(𝑥) d𝑥,

where 𝜕𝑧 𝑗 denotes differentiation with respect to the 𝑗 th component of the first
kernel argument and 𝛿𝑥 𝑗 is the Dirac measure at 𝑥 𝑗 . We may therefore identify the
functional derivative of a single kernel term as

𝛿

𝛿𝜙(𝑥)𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
=

𝑚∑︁
𝑗=1

𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝛿𝑥 𝑗 (𝑥).

Integrals involving 𝛿Γ†/𝛿𝜙 are thus reduced to evaluations of the kernel gradient at
the finite set of spatial points {𝑥 𝑗 }𝑚𝑗=1.

For the second variation we use the Hessian ∇2
1𝐾 and the representation 𝑤(𝜂) =

(𝜂(𝑥 𝑗 ))𝑚𝑗=1. A calculation analogous to the one above yields

𝑤(𝜂)⊤∇2
1𝐾

(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑤(𝑣) =

𝑚∑︁
𝑗 ,𝑘=1

𝜂(𝑥𝑘 ) 𝜕𝑧𝑘𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑣(𝑥 𝑗 )

=

∫ ∫
𝜂(𝑦)

[
𝑚∑︁

𝑗 ,𝑘=1
𝜕𝑧𝑘𝜕𝑧 𝑗𝐾

(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝛿𝑥𝑘 (𝑦) 𝛿𝑥 𝑗 (𝑥)

]
𝑣(𝑥) d𝑥 d𝑦.

Hence the second functional derivative of a single kernel term is the distribution

𝛿2

𝛿𝜙(𝑥) 𝛿𝜙(𝑦)𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
=

𝑚∑︁
𝑗 ,𝑘=1

𝜕𝑧𝑘𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝛿𝑥𝑘 (𝑦) 𝛿𝑥 𝑗 (𝑥).

Again, any integral involving the Hessian of Γ† only depends on the physical collo-
cation points {𝑥 𝑗 } and on the kernel Hessian evaluated at the feature vector 𝑤(𝜙).

Next, we consider the case where 𝑤 records Fourier coefficients. For simplicity, let
{𝑒 𝑗 }𝑚𝑗=1 be a finite family of (complex or real) Fourier modes on the spatial domain
and set

𝑤(𝜙) =
(
𝜙 𝑗

)𝑚
𝑗=1, 𝜙 𝑗 :=

∫
𝜙(𝑥) 𝑒 𝑗 (𝑥) d𝑥.

Then
𝑤(𝜂) =

(
𝜂 𝑗

)𝑚
𝑗=1, 𝜂 𝑗 :=

∫
𝜂(𝑥) 𝑒 𝑗 (𝑥) d𝑥.
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Proceeding as in the pointwise case, we obtain from (D.11)

∇1𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
· 𝑤(𝜂) =

𝑚∑︁
𝑗=1

𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝜂 𝑗

=

∫ [
𝑚∑︁
𝑗=1

𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑒 𝑗 (𝑥)

]
𝜂(𝑥) d𝑥.

Thus
𝛿

𝛿𝜙(𝑥)𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
=

𝑚∑︁
𝑗=1

𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑒 𝑗 (𝑥).

For the second derivative we obtain, by the same argument,

𝑤(𝜂)⊤∇2
1𝐾

(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑤(𝑣) =

𝑚∑︁
𝑗 ,𝑘=1

𝜂𝑘 𝜕𝑧𝑘𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑣̂ 𝑗

=

∫ ∫
𝜂(𝑦)

[
𝑚∑︁

𝑗 ,𝑘=1
𝜕𝑧𝑘𝜕𝑧 𝑗𝐾

(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑒𝑘 (𝑦) 𝑒 𝑗 (𝑥)

]
𝑣(𝑥) d𝑥 d𝑦,

so that

𝛿2

𝛿𝜙(𝑥) 𝛿𝜙(𝑦)𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
=

𝑚∑︁
𝑗 ,𝑘=1

𝜕𝑧𝑘𝜕𝑧 𝑗𝐾
(
𝑤(𝜙), 𝑤(𝜙(𝑖))

)
𝑒𝑘 (𝑦) 𝑒 𝑗 (𝑥).

In both the pointwise and Fourier settings, the functional derivatives and Hessians
of Γ† are obtained by summing the corresponding expressions over 𝑖 = 1, . . . , 𝑁
with weights 𝑐𝑖, as in (D.10).

D.5 Local Potential Approximation (LPA)
We consider the effective average action Γ𝜅 [𝜙] satisfying the Wetterich flow

𝜕𝜅Γ𝜅 [𝜙] =
1
2

Tr
[ (
Γ
(2)
𝜅 [𝜙] + 𝑅𝜅

)−1
𝜕𝜅𝑅𝜅

]
, Γ

(2)
𝜅 [𝜙] (𝑥, 𝑦) =

𝛿2Γ𝜅 [𝜙]
𝛿𝜙(𝑥) 𝛿𝜙(𝑦) ,

where the renormalization scale 𝜅 flows backward from a large terminal value 𝜅UV

to an infrared value 𝜅IR, and 𝑅𝜅 is a symmetric, translation-invariant regulator.

In the local potential approximation (LPA), one assumes an ansatz with a standard
quadratic gradient term encoding all scale dependence in a spatially local potential
Delamotte, 2012. Concretely, on a periodic continuum domain Ω ⊂ R (for example
[0, 1] with periodic boundary conditions)

Γ𝜅 [𝜙] =
∫
Ω

(
1
2 |𝜕𝑥𝜙(𝑥) |

2 +𝑈𝜅 (𝜙(𝑥))
)

d𝑥,
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and on a periodic lattice with 𝑁 sites, spacing ℎ, and index set T𝑁 , one sets

Γ𝜅 [𝜙] =
∑︁
𝑖∈T𝑁

(
1
2
��(∇ℎ𝜙)𝑖��2 +𝑈𝜅 (𝜙𝑖)) ℎ, (∇ℎ𝜙)𝑖 :=

𝜙𝑖+1 − 𝜙𝑖
ℎ

.

The scalar function 𝑈𝜅 is the scale-dependent effective potential to be determined.
At a constant configuration 𝜙(𝑥) ≡ 𝜑 ∈ R, the second variational derivative takes
the form

Γ
(2)
𝜅 [𝜑] = −Δ +𝑈′′𝜅 (𝜑) 𝐼 (continuum), Γ

(2)
𝜅 [𝜑] = −Δℎ +𝑈′′𝜅 (𝜑) 𝐼 (lattice),

where −Δ is the Laplacian on Ω with periodic boundary conditions and −Δℎ is the
standard secondâĂŞorder discrete Laplacian.

Because the regulator is translation-invariant, both Γ
(2)
𝜅 [𝜑] and 𝑅𝜅 are diagonal in a

Fourier basis. We therefore choose a real orthonormal eigenbasis of the (continuous
or discrete) Laplacian,

−Δ 𝑒𝛼, 𝑗 = 𝜆𝛼 𝑒𝛼, 𝑗 or − Δℎ 𝑒𝛼, 𝑗 = 𝜆𝛼 𝑒𝛼, 𝑗 ,

where 𝛼 ∈ I labels the distinct eigenvalues 𝜆𝛼 ≥ 0, and 𝑗 = 1, . . . , 𝑔𝛼 runs over an
orthonormal basis of the corresponding eigenspace of multiplicity 𝑔𝛼 ∈ N.

By translation invariance, the regulator acts in mode:

𝑅𝜅𝑒𝛼, 𝑗 = 𝑟𝜅 (𝜆𝛼) 𝑒𝛼, 𝑗 , (𝜕𝜅𝑅𝜅) 𝑒𝛼, 𝑗 = 𝜕𝜅𝑟𝜅 (𝜆𝛼) 𝑒𝛼, 𝑗 ,

for some scalar profile 𝜆 ↦→ 𝑟𝜅 (𝜆). At a constant field 𝜑, the operator inside the
trace in the Wetterich equation is diagonal in the same basis:(

Γ
(2)
𝜅 [𝜑] + 𝑅𝜅

)
𝑒𝛼, 𝑗 =

(
𝜆𝛼 +𝑈′′𝜅 (𝜑) + 𝑟𝜅 (𝜆𝛼)

)
𝑒𝛼, 𝑗 ,

and hence (
Γ
(2)
𝜅 [𝜑] + 𝑅𝜅

)−1
𝑒𝛼, 𝑗 =

1
𝜆𝛼 + 𝑟𝜅 (𝜆𝛼) +𝑈′′𝜅 (𝜑)

𝑒𝛼, 𝑗 .

Therefore, the trace reduces to a sum over distinct eigenvalues,

Tr
[ (
Γ
(2)
𝜅 [𝜑] + 𝑅𝜅

)−1
𝜕𝜅𝑅𝜅

]
=

∑︁
𝛼∈I

𝑔𝛼
𝜕𝜅𝑟𝜅 (𝜆𝛼)

𝜆𝛼 + 𝑟𝜅 (𝜆𝛼) +𝑈′′𝜅 (𝜑)
.

To treat the continuum and lattice cases uniformly, we work with the potential per
unit volume (continuum) or per site (lattice). For a constant field 𝜑, define

𝑈𝜅 (𝜑) :=
1

vol(Ω) Γ𝜅 [𝜙 ≡ 𝜑], vol(Ω) :=

|Ω|, continuum,

𝑁, lattice,
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so that 𝑈𝜅 always denotes the effective potential normalized by the size of the
domain. With this convention,

𝜕𝜅𝑈𝜅 (𝜑) =
𝑐Ω

2

∑︁
𝛼∈I

𝑔𝛼
𝜕𝜅𝑟𝜅 (𝜆𝛼)

𝜆𝛼 + 𝑟𝜅 (𝜆𝛼) +𝑈′′𝜅 (𝜑)
, 𝑐Ω :=

1
vol(Ω) .

This is the LPA equation. It applies to both settings; in particular 𝑐Ω = 1 on [0, 1]
and 𝑐Ω = 1/𝑁 on a lattice when𝑈𝜅 is defined per site.

A commonly used choice is the Litim profile, defined modewise by

𝑟𝜅 (𝜆) = (𝜅2 − 𝜆)+, 𝜕𝜅𝑟𝜅 (𝜆) = 2𝜅 1{𝜆<𝜅2} .

On the active set {𝜆𝛼 < 𝜅2} the denominator simplifies to 𝜅2 +𝑈′′𝜅 (𝜑). Introducing
the active-mode count

𝑆(𝜅) :=
∑︁
𝜆𝛼<𝜅

2

𝑔𝛼,

the equation collapses to

𝜕𝜅𝑈𝜅 (𝜑) = 𝑐Ω 𝜅
𝑆(𝜅)

𝜅2 +𝑈′′𝜅 (𝜑)
.

Integrating this equation backward from 𝜅UV to 𝜅IR yields the infrared potential
𝑈𝜅IR , which can then be used to compute physical observables.

D.6 Transfer Matrix Approach
We outline the transfer-matrix computation used to obtain reference solutions for the
one-dimensional 𝜙4 model studied in Section 5.3. We consider a one-dimensional
periodic lattice with 𝑁𝑥 sites and lattice spacing 𝑎 > 0. A field configuration is
𝜙 = (𝜙1, . . . , 𝜙𝑁𝑥 ) ∈ R𝑁𝑥 , and the bare action in the presence of an external source
𝑐 = (𝑐𝑥)𝑁𝑥𝑥=1 is

𝑆[𝜙; 𝑐] = 𝑎
𝑁𝑥∑︁
𝑥=1

[
1
2

(
𝜙𝑥+1 − 𝜙𝑥

𝑎

)2
+𝑈 (𝜙𝑥; 𝑐𝑥)

]
, 𝜙𝑁𝑥+1 = 𝜙1,

with local potential

𝑈 (𝜙; 𝑐𝑥) :=
1
2
𝑚2𝜙2 + 𝜆

24
𝜙4 − 𝑐𝑥𝜙.

The partition function and cumulant-generating functional with D𝜙 :=
∏𝑁−𝑥
𝑥=1 𝑑𝜙𝑥

are
𝑍 [𝑐] :=

∫
e−𝑆[𝜙;𝑐] D𝜙, 𝑊 [𝑐] := ln 𝑍 [𝑐] .
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To obtain a finite-dimensional representation, we discretise the range of field values.
We choose an interval [−𝜙max, 𝜙max] and a grid

{𝜙(1) , . . . , 𝜙(𝑁𝜙)} ⊂ [−𝜙max, 𝜙max],

and restrict the field at each site to this grid,

𝜙𝑥 ∈ {𝜙(1) , . . . , 𝜙(𝑁𝜙)}, 𝑥 = 1, . . . , 𝑁𝑥 .

For this discretized model the path integral becomes a finite sum and can be written
exactly in terms of a transfer matrix. We comment that this discretization may
introduce inaccuracies when |𝜙| > 𝜙max but is chosen here for consistency with the
kernel approximation.

The transfer matrix 𝑇𝑥 encodes the Boltzmann weight associated with the nearest-
neighbour pair between sites 𝑥 and 𝑥 + 1. It is an 𝑁𝜙 × 𝑁𝜙 matrix with entries

(𝑇𝑥)𝑖 𝑗 := exp

[
−𝑎

2

((
𝜙( 𝑗) − 𝜙(𝑖)

𝑎

)2

+𝑈 (𝜙(𝑖); 𝑐𝑥) +𝑈 (𝜙( 𝑗); 𝑐𝑥+1)
)]
, 𝑖, 𝑗 = 1, . . . , 𝑁𝜙.

(D.12)
The kinetic term (𝜙𝑥+1− 𝜙𝑥)2 couples neighbouring field values 𝜙(𝑖) and 𝜙( 𝑗) , while
the local potentials at sites 𝑥 and 𝑥 + 1 are split symmetrically between the two ends
of the bond. The partition function of the discretised model is

𝑍 [𝑐] = Tr
(
𝑇1𝑇2 · · ·𝑇𝑁𝑥

)
, 𝑊 [𝑐] = ln Tr

(
𝑇1𝑇2 · · ·𝑇𝑁𝑥

)
.

Let
𝜙𝑥 [𝑐] := ⟨𝜙𝑥⟩𝑐

denote the expectation value of the field at site 𝑥 in the Gibbs measure with weight
e−𝑆[𝜙;𝑐] . Since the source couples as −𝑐𝑥𝜙𝑥 , we have

𝛿𝑊 [𝑐]
𝛿𝑐𝑥

=
〈
𝜙𝑥

〉
𝑐
= 𝜙𝑥 [𝑐] .

In the transfer-matrix representation, introduce the diagonal matrix

Φ𝑖 𝑗 := 𝜙(𝑖)𝛿𝑖 𝑗 , 𝑖, 𝑗 = 1, . . . , 𝑁𝜙,

which represents multiplication by the local field value on field-space indices. Dif-
ferentiating (D.12) gives

𝜕𝑇𝑥

𝜕𝑐𝑥
= 𝑎Φ𝑇𝑥 .
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Using 𝑍 [𝑐] = Tr(𝑇1 · · ·𝑇𝑁𝑥 ) and cyclicity of the trace, we obtain

𝜙𝑥 [𝑐] =
𝛿𝑊 [𝑐]
𝛿𝑐𝑥

=
Tr

(
Φ𝑇1 · · ·𝑇𝑁𝑥

)
Tr

(
𝑇1 · · ·𝑇𝑁𝑥

) . (D.13)

Here Φ is an operator (a diagonal matrix); the scalar 𝜙𝑥 [𝑐] is obtained after taking
the trace.

For the observables used in this work (magnetization and susceptibility), it suffices
to consider homogeneous sources 𝑐𝑥 ≡ 𝑐. Then all transfer matrices coincide,
𝑇𝑥 = 𝑇 (𝑐), and translation invariance implies that 𝜙𝑥 [𝑐] is independent of 𝑥. We
denote this common value by 𝜙(𝑐) and identify it with the magnetisation per site,

𝑚(𝑐) :=
1
𝑁𝑥

𝑁𝑥∑︁
𝑥=1
⟨𝜙𝑥⟩𝑐 = 𝜙(𝑐) =

Tr
(
Φ𝑇 (𝑐)𝑁𝑥

)
Tr

(
𝑇 (𝑐)𝑁𝑥

) .

Thus, in our notation the magnetisation per site is precisely the expectation value of
the local field.

The effective action Γ[𝜙] is the Legendre transform of𝑊 [𝑐],

Γ[𝜙] =
𝑁𝑥∑︁
𝑥=1

𝑐𝑥 𝜙𝑥 [𝑐] −𝑊 [𝑐], 𝜙𝑥 [𝑐] =
𝛿𝑊 [𝑐]
𝛿𝑐𝑥

.

For a homogeneous configuration 𝜙𝑥 ≡ 𝜙 and 𝑐𝑥 ≡ 𝑐, the effective potential

𝑈 (𝜙) :=
Γ[𝜙]
𝑁𝑥

is the central quantity used to compute the susceptibility. In the double limit
𝑁𝜙 → ∞ and 𝜙max → ∞, with a correspondingly refined field-space grid, 𝑈 (𝜙)
converges to the exact effective potential of the continuum model.

If (D.12) is used directly in numerical computations, overflow can occur for large
homogeneous sources 𝑐. To avoid this, we use an equivalent transfer matrix based
on a shifted local potential. Fix a reference field value 𝜙0 and introduce

𝑈2(𝜙) :=
1
2
𝑚2𝜙2 + 𝜆

24
𝜙4 − 𝑐 (𝜙 − 𝜙0). (D.14)

The corresponding transfer matrix is

(𝑇2)𝑖 𝑗 := exp

[
−𝑎

2

((
𝜙( 𝑗) − 𝜙(𝑖)

𝑎

)2

+𝑈2(𝜙(𝑖)) +𝑈2(𝜙( 𝑗))
)]
. (D.15)

This shifted formulation is algebraically equivalent to the original one but is numer-
ically more stable for large |𝑐 |.
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D.7 Details of the GP representation for the Wetterich flow
In this section, we present the implementation details for solving the Wetterich
equation on the lattice in Section 5.3.

GP parametrization of the local potential
In our numerical implementation, the scale-dependent local potential 𝑈𝜅 on a field
window [−𝜙max, 𝜙max] is modeled on the continuum as

𝑈𝜅 (𝜙) = 𝑚0(𝜙) + 𝑣𝜅 (𝜙) + 𝑔𝜅 (𝜙), 𝜙 ∈ [−𝜙max, 𝜙max], (D.16)

with three distinct contributions. The baseline

𝑚0(𝜙) := 1
2𝑚

2𝜙2 + 𝜆
24𝜙

4

is the bare lattice 𝜙4 potential, fixed for all 𝜅. The parametric correction

𝑣𝜅 (𝜙) = softplus(𝜃2,𝜅) 𝜙2/2 + softplus(𝜃4,𝜅) 𝜙4/12

tracks the running of the quadratic and quartic couplings through a latent parameter
vector 𝜃𝜅 = (𝜃2,𝜅, 𝜃4,𝜅)⊤ ∈ R2. The map softplus(𝑥) = log(1 + 𝑒𝑥) is smooth and
strictly positive, so that the effective couplings in 𝑣𝜅 are positive by construction.
The remainder

𝑔𝜅 ∼ GP(0, 𝐾𝑈)

is a zero-mean GP with a fixed covariance kernel 𝐾𝑈 on [−𝜙max, 𝜙max], given con-
cretely below. The latter term captures non-polynomial and higher-order structure
that is not represented by the quadratic-quartic component.

A direct use of (D.16) in the Wetterich equation (5.20) would proceed as follows.
At each RG scale 𝜅, the flow provides the values of 𝑈𝜅 at a set of field points, and
from these data one would infer the latent parameters 𝜃𝜅 and the GP remainder
𝑔𝜅 that best explain the current profile. The curvature 𝑈′′𝜅 entering (5.20) is then
evaluated from the reconstructed 𝑈𝜅. In practice, this procedure requires solving,
at each scale, a nonlinear constrained estimation problem for 𝜃𝜅 coupled to GP
interpolation conditions for 𝑔𝜅. This is too expensive for long RG trajectories.

To obtain a stable and efficient solver, we use an interleaved predictor-projector
scheme: on each recorded scale interval we (i) advance the flow using a linear-
Gaussian surrogate that yields an explicit curvature closure, and then (ii) project the
predicted profile onto the nonlinear constrained GP model. The projection replaces
the predicted state and is used as the initial condition for the next predictor step.
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We discretize the field window [−𝜙max, 𝜙max] at 𝑁𝜙 points {𝜙 𝑗 }
𝑁𝜙

𝑗=1 and collect the
sampled potentials in the vector

𝑌𝜅 :=
(
𝑈𝜅 (𝜙 𝑗 )

)𝑁𝜙
𝑗=1 ∈ R

𝑁𝜙 .

We solve the Wetterich equation (5.20) using the local ansatz (5.22) for Γ𝜅. The
resulting ODE is integrated from 𝜅UV down to 𝜅IR and recorded on a discrete scale
grid,

{(𝜅𝑠, 𝑌𝑠)}𝑆𝑠=0, 𝜅0 = 𝜅UV > · · · > 𝜅𝑆 = 𝜅IR,

with 𝑌𝑠 =
(
𝑈𝜅𝑠 (𝜙 𝑗 )

)𝑁𝜙
𝑗=1.

Prediction: linear-Gaussian surrogate
On each interval [𝜅𝑠, 𝜅𝑠+1] we first advance the flow with a linear-Gaussian surrogate.
Concretely, we relax the softplus parametrization and write

𝑣𝜅 (𝜙) = 𝑎2,𝜅 𝜙
2/2 + 𝑎4,𝜅 𝜙

4/12, 𝑎𝜅 :=

[
𝑎2,𝜅

𝑎4,𝜅

]
∈ R2,

and place a Gaussian prior on the coefficients, 𝑎𝜅 ∼ N(0, Σ𝑎), where Σ𝑎 is a fixed
2 × 2 covariance matrix (diagonal and small in the experiments). The remainder is
modeled as

𝑔𝜅 ∼ GP(0, 𝐾𝑈),

independent of 𝑎𝜅, where 𝐾𝑈 denotes the kernel used in the surrogate. Introducing
the feature map

𝑓 (𝜙) := (𝜙2/2, 𝜙4/12)⊤,

the surrogate GP model reads

𝑈𝜅 (𝜙) = 𝑚0(𝜙) + 𝑓 (𝜙)⊤𝑎𝜅 + 𝑔𝜅 (𝜙). (D.17)

Under these assumptions, the induced prior on𝑈𝜅 in the prediction step is

𝑈𝜅 ∼ GP(𝑚0, 𝐾
I), 𝐾 I(𝜙, 𝜙′) := 𝑓 (𝜙)⊤Σ𝑎 𝑓 (𝜙′) + 𝐾𝑈 (𝜙, 𝜙′). (D.18)

This model is Gaussian in the latent variables (𝑎𝜅, 𝑔𝜅) and leads to a linear depen-
dence of the curvature 𝑈′′𝜅 on the potential samples 𝑌𝜅. Integrating the resulting
closed ODE from 𝜅𝑠 to 𝜅𝑠+1 produces a predicted profile, which we denote by 𝑌𝑠+1.
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Correction: constrained softplus GP reconstruction
At the correction step, we return to the nonlinear GP model (D.16) and use the
predictor output 𝑌𝑠+1 as data to reconstruct a constrained representation of 𝑈𝜅𝑠+1 .
Recall that the discrete profile collects the sampled values

(𝑌𝑠+1) 𝑗 = 𝑈𝜅𝑠+1 (𝜙 𝑗 ), 𝑗 = 1, . . . , 𝑁𝜙,

on the fixed field grid 𝑋 := {𝜙 𝑗 }
𝑁𝜙

𝑗=1 ⊂ [−𝜙max, 𝜙max]. At each scale 𝜅𝑠+1 we adopt
the nonlinear GP model

𝑈𝜅𝑠+1 (𝜙) = 𝑚0(𝜙) + softplus
(
𝜃2,𝜅𝑠+1

)
𝜙2/2 + softplus

(
𝜃4,𝜅𝑠+1

)
𝜙4/12 + 𝑔𝜅𝑠+1 (𝜙),

where (𝜃2,𝜅𝑠+1 , 𝜃4,𝜅𝑠+1)⊤ ∈ R2 are latent parameters and

𝑔𝜅𝑠+1 ∼ GP(0, 𝐾𝑈).

The GP remainder 𝑔𝜅𝑠+1 captures the nonpolynomial structure that cannot be repre-
sented by a quartic polynomial. For a fixed 𝜃𝜅𝑠+1 , the polynomial part is deterministic,
and we interpret the residual at the grid points,

𝑟𝜃𝜅𝑠+1
(𝜙 𝑗 ) := (𝑌𝑠+1) 𝑗 − 𝑚0(𝜙 𝑗 ) − softplus

(
𝜃2,𝜅𝑠+1

)
𝜙2
𝑗/2 − softplus

(
𝜃4,𝜅𝑠+1

)
𝜙4
𝑗/12,

as observations of 𝑔𝜅𝑠+1 at 𝜙 𝑗 . Standard GP regression with kernel 𝐾𝑈 then yields a
posterior mean 𝑔𝜅𝑠+1,post( · ; 𝜃𝜅𝑠+1), and the size of the implied correction is quantified
by the squared RKHS norm



𝑔𝜅𝑠+1,post( · ; 𝜃𝜅𝑠+1)


2
𝐾𝑈

.

We determine 𝜃𝜅𝑠+1 by solving the two–dimensional optimization problem

min
𝜃𝜅𝑠+1∈R2

1
2



𝑔𝜅𝑠+1,post( · ; 𝜃𝜅𝑠+1)


2
𝐾𝑈
+ 𝛾

2


𝜃𝜅𝑠+1 − 𝜃𝜅𝑠



2
2, (D.19)

where 𝛾 > 0 is a small regularization parameter and 𝜃𝜅𝑠 denotes the parameter
obtained at the previous scale. In practice, (D.19) is minimized at each scale by a
damped Gauss–Newton iteration. The resulting minimizer 𝜃𝜅𝑠+1 and posterior mean
𝑔𝜅𝑠+1,post define the corrected profile 𝑌𝑠+1, which is then used as the initial condition
for the next prediction step.

In particular, the infrared parameters 𝜃IR := 𝜃𝜅𝑆 and remainder 𝑔IR := 𝑔𝜅𝑆 ,post define
the reconstructed infrared potential

𝑈IR(𝜙) = 𝑚0(𝜙) + softplus
(
𝜃IR,2

)
𝜙2/2 + softplus

(
𝜃IR,4

)
𝜙4/12 + 𝑔IR(𝜙),

from which all physical observables, including the magnetization and susceptibility
used in Section 5.3, are subsequently computed.
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D.8 Magnetization and Susceptibility
In the infrared, the scalar effective potential𝑈𝜅IR encodes equilibrium thermodynam-
ics for spatially homogeneous configurations. Introducing a homogeneous external
source 𝑐 that couples linearly to the field selects a preferred orientation and probes
the systemâĂŹs linear response. The magnetization 𝑚(𝑐) is the thermodynamic
order parameter conjugate to 𝑐; it captures symmetry breaking and phase behavior
and is defined as the equilibrium field that minimizes the tilted potential

F𝑐 (𝜙) := 𝑈𝜅IR (𝜙) − 𝑐 𝜙, 𝑚(𝑐) := arg min
𝜙∈R

F𝑐 (𝜙).

Whenever 𝑈𝜅IR is twice differentiable and strictly convex at 𝑚(𝑐), first-order opti-
mality yields the equivalent scalar equation

𝑈′𝜅IR

(
𝑚(𝑐)

)
= 𝑐, 𝑈′′𝜅IR

(
𝑚(𝑐)

)
> 0.

The susceptibility 𝜒(𝑐) quantifies the linear response of the order parameter to the
source and is given by

𝜒(𝑐) :=
𝑑 𝑚(𝑐)
𝑑𝑐

=
1

𝑈′′𝜅IR

(
𝑚(𝑐)

) .
These two quantities are standard diagnostics in statistical physics: 𝑚(𝑐) tracks
the emergence of spontaneous order, while 𝜒(𝑐) measures fluctuations and exhibits
enhancement near criticality (through small curvature 𝑈′′𝜅IR). They are also natural
validation targets for our reconstruction of 𝑈𝜅IR , because they depend on both its
shape and its curvature and admit high-quality lattice Monte Carlo and transfer-
matrix benchmarks for direct comparison.
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E.1 Gaussian process benchmarks
The Gaussian process (GP) benchmarks in Table 6.1 are based on Batlle, Matthieu
Darcy, Hosseini, et al., 2024c. The GP measurements are given by either pointwise
measurements or projection onto PCA coefficients, and the intermediate vector val-
ued map is learned using a Gaussian process with a linear combination of a Matérn
and dot product kernels. All hyper-parameters (number of PCA coefficients, length-
scale, regularization...) are learned via five-fold cross validation on the training set
and optimized using Optuna Akiba et al., 2019b.

E.2 Nested Kriging
Nested Kriging is a hierarchical extension of Gaussian process regression designed
to handle very large datasets that cannot be represented efficiently by a single GP.
The idea is to train separate specialized GP models (experts) on subsets of the data or
related problems, and then combine (aggregate) their predictions using another GP
or a statistically optimal weighting scheme. This aggregation step, often based on
minimizing the overall prediction variance, produces a global predictor that retains
much of the accuracy of a full GP model while drastically reducing computational
and memory costs.

More formally, let𝑀1(𝑥), 𝑀2(𝑥), . . . , 𝑀𝑝 (𝑥) ∈ R𝑚, 𝑥 ∈ R𝑛 be a set of 𝑝 ∈ N experts
that are described by the same underlying Gaussian process 𝑌 (𝑥) with kernel 𝑘 , i.e.,
there holds

𝑀𝑖 (𝑥) = 𝑘 (𝑥, 𝑋𝑖)𝑘 (𝑋𝑖, 𝑋𝑖)−1𝑌 (𝑋𝑖), 𝑖 = 1, 2, . . . , 𝑝.

Furthermore, define𝑀 (𝑥) = (𝑀1(𝑥), 𝑀2(𝑥), . . . , 𝑀𝑝 (𝑥))𝑇 as well as the covariance
matrix 𝐾𝑀 (𝑋) = Cov(𝑀 (𝑥), 𝑀 (𝑥)) and the vector 𝑘𝑀 (𝑥) = Cov(𝑌 (𝑥), 𝑀 (𝑥)).
Then, the aim is to minimize the variance

𝐸 [(𝑌 (𝑥) − 𝛼𝑇𝑀 (𝑥))2] = 𝑘 (𝑥, 𝑥) − 2𝛼𝑇 𝑘𝑀 (𝑥) + 𝛼𝑇𝐾𝑀 (𝑥)𝛼

with respect to the aggregation vector 𝛼. The solution to this mean squared problem
is given by the

𝛼∗ = 𝐾𝑀 (𝑥)−1𝑘𝑀 (𝑥)

leading to the unconstrained best linear unbiased predictor (BLUP) given by

𝑀A (𝑥) = 𝐾𝑀 (𝑥)−1𝑘𝑀 (𝑥)𝑀 (𝑥).
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However, we aim to aggregate our models by weighting the results of the individual
experts by incorporating the constraint

∑
𝑖∈𝐴 𝛼𝑖 (𝑥) = 1𝑇𝛼(𝑥) = 1 for all 𝑥 ∈ R𝑛,

where 1 is a vector of ones with the same dimension as 𝛼. The constrained optimiza-
tion problem is then solved via Lagrange multipliers. The corresponding Lagrange
function is given by

L(𝛼, 𝜆) = 𝐸 [(𝑌 (𝑥) − 𝛼𝑇𝑀 (𝑥))2] + 𝜆(1𝑇𝛼 − 1)
= 𝑘 (𝑥, 𝑥) − 2𝛼𝑇 𝑘𝑀 (𝑥) + 𝛼𝑇𝐾𝑀 (𝑥)𝛼 + 𝜆(1𝑇𝛼 − 1),

(E.1)

where 𝜆 is the Lagrange multiplier associated with the constraint 1𝑇𝛼 = 1. This
gives the following result proved in Section E.8

Proposition 18. The Lagrange function given by (E.1) is minimized by

𝛼 = 𝐾𝑀 (𝑥)−1

(
𝑘𝑀 (𝑥) −

1
(
1𝑇𝐾𝑀 (𝑥)−1𝑘𝑀 (𝑥) − 1

)
1𝑇𝐾𝑀 (𝑥)−11

)
. (E.2)

Proof of Proposition 18. To minimize L(𝛼, 𝜆), we take the derivative of L with
respect to 𝛼 and 𝜆, and set them equal to zero. This gives the equations:

𝐾𝑀 (𝑥)𝛼 = 𝑘𝑀 (𝑥) −
𝜆

2
1, 1𝑇𝛼 = 1.

Substituting the 𝛼 in the first equation into the second equation, solving for 𝜆, and
substituting 𝜆 back into the first equation gives the new values of 𝛼 that satisfy the
constraint

∑
𝑖∈𝐴 𝛼𝑖 (𝑥) = 1. This finally yields the desired formula (E.2).

By enforcing the constraint
∑
𝑖∈𝐴 𝛼𝑖 (𝑥) = 1, the coefficients 𝛼𝑖 (𝑥) are adjusted from

the unconstrained BLUP solution, and the Lagrange multiplier method gives us the
corrected formula. This ensures that the coefficients sum to 1 while still minimizing
the mean squared error in the best linear unbiased way.

Computational complexity

The computational cost of the Nested Kriging can be divided into two parts: the
offline training of the individual experts and the online prediction (aggregation).
During training, each expert 𝑀𝑖 requires the inversion (or Cholesky factorization)
of its covariance matrix 𝐾𝑖 ∈ R𝑛𝑖×𝑛𝑖 , resulting in a computational cost of order
O(𝑛3

𝑖
) and a memory requirement of O(𝑛2

𝑖
). Training all 𝑝 experts therefore costs

O
(∑𝑝

𝑖=1 𝑛
3
𝑖

)
, which is significantly cheaper than training a single global Gaussian
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process on all 𝑁 =
∑𝑝

𝑖=1 𝑛𝑖 data points, whose cost would be O(𝑁3). For experts of
equal size (𝑛𝑖 = 𝑛), this corresponds to a reduction by a factor of approximately 𝑝2.

At prediction time, computing the prediction 𝑀A (𝑥) for a new input 𝑥 involves
two main steps. First, for each expert, we compute the predictive weights 𝑣𝑖 (𝑥) =
𝐾−1
𝑖
𝑘 (𝑋𝑖, 𝑥), which requires O(𝑛2

𝑖
) operations per expert, yielding a total cost of

O
(∑𝑝

𝑖=1 𝑛
2
𝑖

)
. These vectors are then used to construct the aggregated covariance

terms: 𝑘𝑀 (𝑥) ∈ R𝑝 and 𝐾𝑀 (𝑥) ∈ R𝑝×𝑝, where forming all pairwise covariances
typically costs O(𝑁2) if cross-covariances between experts are precomputed. Fi-
nally, the aggregation weights 𝛼(𝑥) are obtained by inverting 𝐾𝑀 (𝑥), which adds
an additional O(𝑝3) cost. Consequently, the total online prediction complexity per
test point is of order O(𝑁2 + 𝑝3), compared to O(𝑁2) for a single global Gaussian
process.

Hence, Nested Kriging achieves a substantial reduction in offline training costâĂŤfrom
cubic in the total dataset size to the sum of the individual cubic costsâĂŤwhile
maintaining comparable prediction complexity and offering improved scalability
with respect to both memory and computation.

E.3 Choice of ordering in the Cholesky Factorization
The Cholesky factors of Q depend on the ordering of its rows and columns, which
corresponds to the degrees of freedom in R𝑁 . While this ordering can be inherited
from the discretization of the space V, the accuracy of the approximation in (6.9)
can be significantly improved by selecting an ordering that induces a hierarchical or
multiresolution structure in the operator problem Houman Owhadi, 2017; Houman
Owhadi and Scovel, 2019c. To describe this, consider first the case where F is a
local differential operator (e.g., a PDE) acting on functions defined over a domain
Ω ⊂ R𝑑 . Here, 𝛿F

𝛿𝑣

∗ 𝛿F
𝛿𝑣
+ 𝜆𝐼 can be interpreted as a (discretized) elliptic PDE,

and its inverse, Θ, represents a (discretized) GreenâĂŹs function. Suppose the
discretization of F is obtained using a numerical method (e.g., finite element, finite
difference, or collocation), with elements centered around points 𝑥1, . . . , 𝑥𝑁 ∈ Ω.
Although the Cholesky factors of Θ are generally dense when using a lexicographic
ordering, they exhibit significant sparsity when a max-min ordering is used. As
presented in Schafer, Sullivan, and Houman Owhadi, 2021, a max-min ordering 𝜋
of {1, . . . , 𝑁} is defined such that

𝜋(1) = argmax𝑖 dist(𝑥𝑖, 𝜕Ω) ,
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and for 𝑖 ≥ 1:

𝜋(𝑖 + 1) = argmax 𝑗 dist
(
𝑥 𝑗 , 𝜕Ω ∪ {𝑥𝜋(1) , . . . , 𝑥𝜋(𝑖)}

)
.

Writing Π for the permutation matrix associated with 𝜋 and

Π𝑇𝐿†𝐿†,𝑇Π = Θ

for the exact Cholesky factorization of Θ in the maxmin ordering, those Cholesky
factors have two desirable properties Schafer, Sullivan, and Houman Owhadi, 2021;
Schafer and Houman Owhadi, 2021; Y. Chen, Houman Owhadi, and Schafer, 2024b:
(1) they are rank revealing, and (2) they are sparse.

Rank-Revealing Property

The matrix 𝐿†,(𝑘) , defined as the truncation of 𝐿† to its first 𝑘 columns (with
all remaining columns set to zero), provides a near-optimal rank-𝑘 approximation
(measured in operator norm) within a constant factor Schafer, Sullivan, and Houman
Owhadi, 2021, Thm. 2.3. Specifically, it satisfies

Θ − Π𝑇𝐿†,(𝑘)𝐿†,(𝑘),𝑇




Fro ≲ inf

𝑀 of rank 𝑘



Θ − 𝑀


Fro,

where ∥ · ∥Fro denotes the Frobenius matrix norm. This rank-revealing property is
(a) analogous to the properties achieved with gamblets or operator-adapted wavelets
Houman Owhadi, 2017; Houman Owhadi and Scovel, 2019c for the compression of
elliptic PDEs. (b) more desirable for operator-learning than mesh invariance because
it induces, within a constant factor, an optimal approximation of the underlying
operator at any level of truncation/discretization which has been the core objective
of numerical homogenization Altmann, Henning, and Peterseim, 2021.

Sparsity

The Cholesky factors 𝐿† exhibit exponential decay in their entries, as shown in
Schafer, Sullivan, and Houman Owhadi, 2021, Thm. 5.23. Specifically:

|𝐿†
𝑖, 𝑗
| ≲ exp

(
−𝐶

dist(𝑥𝜋(𝑖) , 𝑥𝜋( 𝑗))
ℎ

)
,

where ℎ is the mesh norm associated with {𝑥1, . . . , 𝑥𝑁 }, and 𝐶 is some positive
constant. To describe the sparsity structure, let 𝑙1 := max𝑖 dist(𝑥𝑖, 𝜕Ω) and, for
𝑖 ≥ 1,

𝑙𝑖+1 := max
𝑗

dist
(
𝑥 𝑗 , 𝜕Ω ∪ {𝑥𝜋(1) , . . . , 𝑥𝜋(𝑖)}

)
,
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represent the sequence of decreasing distances associated with the max-min order-
ing. Given 𝜌 ∈ N, the sparsity set is defined as

𝑆𝜌 :=
{
(𝑖, 𝑗) ∈ {1, . . . , 𝑁}2 | 𝑖 ≥ 𝑗 and dist(𝑥𝜋(𝑖) , 𝑥𝜋( 𝑗)) ≤ 𝜌𝑙𝑖

}
.

The set 𝑆𝜌 contains approximatelyO(𝑁𝜌𝑑) elements. Using an incomplete Cholesky
factorization with sparsity pattern 𝑆𝜌, one obtains a lower triangular matrix 𝐿𝜌 with
non-zero entries restricted to 𝑆𝜌. This approach achieves the approximation:

Π𝑇𝐿𝜌𝐿𝑇𝜌Π − Θ



Fro ≲ 𝑒−𝐶𝜌 .

Consequently, it is possible to achieve an accuracy 𝜖 by accessing only O(𝑁 log𝑑 1
𝜖
)

entries of Θ. The resulting Cholesky factors 𝐿𝜌 will have just O(𝑁 log𝑑 1
𝜖
) non-zero

entries.

Exploiting the maxmin ordering for operator learning

The rank revealing and sparsity properties of the maxmin ordering have been lever-
aged in Schafer and Houman Owhadi, 2024 for achieving SOTA in terms of both
complexity and data efficiency for learning the solution operator of arbitrary elliptic
PDEs ( Schafer and Houman Owhadi, 2024 shows that those solution operators
can be rigorously approximated to accuracy 𝜖 from only O(log 𝑁 log𝑑 𝑁

𝜖
) source-

solution pairs). Here we employ the maxmin ordering to improve the accuracy of
the map 𝑣 → 𝐿 (𝑣) such that

Π𝑇𝐿𝐿𝑇Π ≈ Θ . (E.3)

Exploiting Random Ordering for Operator Learning

The rank-revealing and sparsity properties of the max-min ordering can also be
achieved using a random ordering, as it implicitly induces a max-min structure (see
Houman Owhadi, 2017, Thm. 2.9, derived from Halko, Martinsson, and Tropp,
2011). In cases where F is high-dimensional or represents an arbitrary operator not
necessarily associated with a PDE, the rank-revealing property is still preserved by
the random ordering Y. Chen, Epperly, et al., 2023, therefore in those settings we
can simply replace Π in (E.3) by random permutation matrix.

E.4 Discretizations and Cholesky factorization
In practice, we work with an arbitrary discretization of the operator G, setting
U = R𝐽 and V = R𝐾 . This discretization can be derived from various numerical
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methods such as finite-element, or finite-difference methods or any other discretiza-
tion method such as the optimal recovery approach in Batlle, Matthieu Darcy, Hos-
seini, et al., 2024c. For simplicity, we retain the original notation for the discretized
operators, continuing to use G and F to denote their discretized counterparts. The
spacesU andV are equipped with the Euclidean inner product. Consequently, the
derivative 𝛿F

𝛿𝑣
becomes a function mapping R𝐽 to the space of 𝐾 × 𝐾 matrices. The

elliptic operator
𝛿F
𝛿𝑣

∗ 𝛿F
𝛿𝑣
+ 𝜆𝐼 : V → L+(V)

then simplifies to a map from R𝐽 to the space of 𝐽 × 𝐽 symmetric positive definite
matrices. Then learning the operator Q reduces to learning a mapping from R𝐽

to the space of 𝐽 × 𝐽 symmetric positive definite matrices. To facilitate this, we
represent Q through its Cholesky factorization:

Q = RR𝑇 ,

and seek to learn a lower-triangular-matrix-valued operator:

R : V → {𝑅 ∈ R𝐽×𝐽 | 𝑅 is lower triangular}.

Then a neural network or matrix valued RKHS can be used to parameterize and learn
R. In practice we find that this parameterization of the DNO leads to higher accuracy
as the composed operators will enforce positivity and symmetry of Q; however, one
can design intermediate algorithms where Q or N are directly learned.

E.5 Choice of the Learning rate 𝛼 and Relaxation 𝜆
We often also found it necessary to adapt the relaxation 𝜆 across iterations for
convergence to machine precision in a reasonable number of steps. Generally
speaking, 𝜆 is decreased as our NK/CHONKNORIS approximation approaches the
true solution in order to achieve the quadratic convergence of Gauss–Newton steps.
In such scenarios, the learned Cholesky factor R̂ has an additional dependence
on the relaxation 𝜆. To simultaneously tune the learning rate and relaxation, at
any given iteration we choose to inflate, deflate, or keep both parameters from
the previous iteration. Specifically, if (𝜆𝑛, 𝛼𝑛) are the values at iteration 𝑛, then
we choose 𝜆𝑛+1 ∈ {𝛽𝜆𝜆𝑛, 𝜆𝑛, 𝜅𝜆𝜆𝑛} and 𝛼𝑛+1 ∈ {𝛽𝛼𝛼𝑛, 𝛼𝑛, 𝜅𝛼𝛼𝑛} among all nine
possible combinations where 𝜅𝜆, 𝜅𝛼 ∈ (0, 1) are decay factors and 𝛽𝜆, 𝛽𝛼 are inflation
factors. The choices are visualized in Figure E.1.
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𝜆𝑛, 𝛼𝑛𝜅𝜆𝜆𝑛, 𝛼𝑛

𝜅𝜆𝜆𝑛, 𝛽𝛼𝛼𝑛

𝜅𝜆𝜆𝑛, 𝜅𝛼𝛼𝑛

𝜆𝑛, 𝛽𝛼𝛼𝑛

𝜆𝑛, 𝜅𝛼𝛼𝑛

𝛽𝜆𝜆𝑛, 𝛼𝑛

𝛽𝜆𝜆𝑛, 𝛽𝛼𝛼𝑛

𝛽𝜆𝜆𝑛, 𝜅𝛼𝛼𝑛

Figure E.1: Options for jointly adaptive relaxation and learning rate.

E.6 Approximation of the Fréchet derivative
In this section, we discuss some numerical approximations of the Jacobian in cases
when the explicit computation and storage of the Jacobian becomes infeasible, e.g.,
for high-dimensional problems such as problems in seismic imaging cf. Section 6.3.
The idea is to approximate the Fréchet derivative of F by the finite difference

𝛿F
𝛿𝑣
(𝑢, 𝑣) [ℎ] ≈ F (𝑢, 𝑣 + 𝑡ℎ) − F (𝑢, 𝑣)

𝑡
,

for sufficiently small 𝑡 > 0 justified by the limit

𝛿F
𝛿𝑣
(𝑢, 𝑣) [ℎ] = lim

𝑡↘0

F (𝑢, 𝑣 + 𝑡ℎ) − F (𝑢, 𝑣)
𝑡

.

We obtain for all ℎ ∈ V〈(
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)∗
F (𝑢, 𝑣), ℎ

〉
V

=

〈
F (𝑢, 𝑣), 𝛿F

𝛿𝑣
(𝑢, 𝑣)ℎ

〉
W
≈ 1
𝑡
⟨F (𝑢, 𝑣), F (𝑢, 𝑣 + 𝑡ℎ) − F (𝑢, 𝑣)⟩W .

(E.4)

Denoting again with R𝑁V the finite-dimensional approximation of the space V,
we can find the values 𝛿F

𝛿𝑣

∗F (𝑢, 𝑣) by choosing ℎ to be the values of a basis B of
R𝑁V . In order to further reduce the complexity, we can perform a singular value
decomposition of 𝛿F

𝛿𝑣

∗F (𝑢, 𝑣) : U × V → V on a given dataset {(𝑢𝑖, 𝑣𝑖)}𝑚𝑖=1 ⊂
U × V: Denoting with 𝐹 ∈ R𝑚×𝑁V the matrix collocating the point evaluations
𝛿F
𝛿𝑣

∗F (𝑢𝑖, 𝑣𝑖), we obtain 𝐹 = 𝑈Σ𝑉𝑇 with𝑈 ∈ R𝑚×𝑚, Σ ∈ R𝑚×𝑁V , and𝑉 ∈ R𝑁V×𝑁V .
Given a low-rank approximation 𝑟 << 𝑁V , we have 𝐹 ≈ 𝑈𝑟Σ𝑟𝑉

𝑇
𝑟 . Then, an
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approximation of
(
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)∗
F (𝑢, 𝑣) can be achieved by expanding it in terms of

the reduced basis B𝑟 = {𝑣1, . . . , 𝑣𝑟} where the coefficients of this can be found by
testing with ℎ = 𝑣𝑖, 𝑖 = 1, . . . , 𝑟 in (E.4).

E.7 Connection to Attention Mechanism
The operator-valued operator N(𝑣𝑛) =

((
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)∗
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛) + 𝜆𝐼

)−1
depends

nonlinearly on its input (the current iterate 𝑣𝑛), and its output is a nonlocal, linear
operator. This observation leads to the connection with the attention mechanism
proposed in Vaswani et al., 2017, which defines itself an operator of this nature. The
attention mechanism is at the heart of transformers, a neural network architecture
widely used for language (Touvron et al., 2023) and vision (Dosovitskiy et al., 2021)
tasks and recently employed in the context of operator learning, for example as in
Cao, 2021; Z. Hao, Z. Wang, et al., 2023; Zijie Li, Meidani, and Farimani, 2023;
Rahman et al., 2024; Calvello et al., 2024. Indeed, self-attention and cross-attention
are extended to the function space setting in Calvello et al., 2024. Following this
framework, we write the extension to function space of the attention mechanism
from Vaswani et al., 2017 in its most general form. We define the attention operator
A : V ×W ×U → U by(

A(𝑣, 𝑤, 𝑢)
)
(𝑥) = E𝑦∼𝑝(·;𝑣,𝑤,𝑥)𝑉𝑢(𝑦), (E.5)

where

𝑝(𝑦; 𝑣, 𝑤, 𝑥) =
exp

(〈
𝑄𝑣(𝑥), 𝐾𝑤(𝑦)

〉)∫
Ω

exp
(〈
𝑄𝑣(𝑥), 𝐾𝑤(𝑠)

〉)
d𝑠
,

where the learnable 𝑄 ∈ R𝑑×𝑑𝑣 , 𝐾 ∈ R𝑑×𝑑𝑤 , 𝑉 ∈ R𝑑×𝑑𝑢 parametrize the attention
operator A. Given this definition, we may approximate

N(𝑣𝑛) ≈ A(𝑣𝑛, 𝑣𝑛, ·) ∈ L(U,V). (E.6)

The above is unlike the standard way attention is implemented in practice, as the
second and third input functions of A differ. An alternative approximation of N
based on the cross-attention operator is given byA(𝑣𝑛, F (𝑢, 𝑣𝑛), ·); note that, here,
the second input is the residual itself. Using an approximation of N given by (E.6)
leads to the reformulation of the iteration (6.7) as a neural network block

𝑟𝑛+1 = F (𝑢, 𝑣𝑛),
𝛿𝑣𝑛+1 = A(𝑣𝑛, 𝑣𝑛, 𝑟𝑛+1) ≈ N (𝑣𝑛) (𝑟𝑛+1),
𝑣𝑛+1 = 𝑣𝑛 + 𝛿𝑣𝑛+1.

(E.7)
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We highlight that as the transformer from Vaswani et al., 2017 consists of the
application of the attention mechanism (a nonlocal operator) along with residual
connections and pointwise linear transformations, the block in (E.7) is defined itself
by a pointwise transformation, attention and a residual connection. This perspective
may be used as the basis for an end-to-end learning approach. In particular, we may
unroll CHONKNORIS, as outlined in Monga, Y. Li, and Eldar, 2021. This entails
choosing a fixed number of iterations for our iterative method and interpreting this
iterative method as a composition of blocks of the form (E.7). We leave further
investigation of this end-to-end approach to future work.

Remark 18. Note that while common operator learning models fail to achieve high
accuracy with increasing depth, the proposed iterative structure (6.7) is specifically
designed to converge toward the true operator G as depth increases as the composi-
tions emulate a quasi-Newton algorithm. This connection aligns with observations
in the ANN literature Monga, Y. Li, and Eldar, 2021; Houman Owhadi, 2023a, where
successful algorithms are effective not solely due to their depth or complexity, but
because they possess: (1) Sufficient expressivity to emulate convergent numerical
approximation methods; and (2) Enough structure in their computational graphs
Houman Owhadi, 2022b to leverage the same principles that make such numerical
methods effective. Without (2) increasing depth in an ANN algorithm may only
increase expressivity and complexity without improving accuracy.

E.8 Proofs
Theoretical results

Proof of Theorem 11. Write 𝐴(𝑣) := F ′(𝑣), 𝐴𝑘 := 𝐴(𝑣𝑘 ), and 𝐹𝑘 := F (𝑣𝑘 ). For
𝜆 > 0, 𝑅𝜆 (𝑣) := (𝜆𝐼V + 𝐴(𝑣)∗𝐴(𝑣))−1.

Step 1. OnW,

𝐼W − 𝐴(𝑣) 𝑅𝜆 (𝑣) 𝐴(𝑣)∗ = 𝜆
(
𝜆𝐼W + 𝐴(𝑣)𝐴(𝑣)∗

)−1
. (E.8)

Indeed, (𝜆𝐼V + 𝐴∗𝐴)𝑅𝜆 = 𝐼V ; multiplying on the left by 𝐴 and on the right by 𝐴∗

gives 𝐴(𝜆𝐼 + 𝐴∗𝐴)𝑅𝜆𝐴∗ = 𝐴𝐴∗, i.e., 𝜆𝐴𝑅𝜆𝐴∗ + 𝐴𝐴∗𝑅𝜆𝐴∗ = 𝐴𝐴∗, and rearranging
yields (E.8) since (𝜆𝐼W + 𝐴𝐴∗) is invertible by (A3).

Step 2. With 𝛿𝑣𝑘 = −𝑅𝜆𝑘 (𝑣𝑘 )𝐴∗𝑘𝐹𝑘 ,

𝐴𝑘𝛿𝑣𝑘+𝐹𝑘 =
(
𝐼−𝐴𝑘𝑅𝜆𝑘 (𝑣𝑘 )𝐴∗𝑘

)
𝐹𝑘 =

(
𝐼 − 𝐴𝑘𝑅𝜆𝑘 (𝑣𝑘 )𝐴∗𝑘

)︸                   ︷︷                   ︸
(I)

𝐹𝑘 + 𝐴𝑘
(
𝑅𝜆𝑘 (𝑣𝑘 ) − 𝑅𝜆𝑘 (𝑣𝑘 )

)
𝐴∗𝑘︸                            ︷︷                            ︸

(II)

𝐹𝑘 .
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By (E.8) at 𝑣𝑘 and (A3),

∥(𝐼)∥ =


𝜆𝑘 (𝜆𝑘 𝐼W + 𝐴𝑘𝐴∗𝑘 )−1

 ≤ 𝜆𝑘

𝜆𝑘 + 𝜎2
∗

=: 𝜃tik
𝑘 .

For (II), using submultiplicativity and Theorem 10(A3),

∥(𝐼 𝐼)∥ ≤ ∥𝐴𝑘 ∥ ∥𝑅𝜆𝑘 (𝑣𝑘 ) − 𝑅𝜆𝑘 (𝑣𝑘 )∥ ∥𝐴∗𝑘 ∥ ≤ 𝑀2 𝜀𝜆𝑘 =: 𝜃des
𝑘 .

Therefore
∥𝐴𝑘𝛿𝑣𝑘 + 𝐹𝑘 ∥ ≤ (𝜃tik

𝑘 + 𝜃
des
𝑘 ) ∥𝐹𝑘 ∥ =: 𝜃𝑘 ∥𝐹𝑘 ∥,

which is the inexact Newton forcing inequality (6.23).

Step 3. By (A2), for any 𝑣 and 𝑠 with 𝑣, 𝑣 + 𝑠 ∈ 𝐵(𝑣0, 𝑅),

∥F (𝑣 + 𝑠) − F (𝑣) − F ′(𝑣)𝑠∥ ≤ 1
2𝐿∥𝑠∥

2.

The standard (Dembo–Eisenstat–Steihaug) majorant analysis applies with

𝜃 := sup
𝑘

𝜃𝑘 < 1, 𝐿̃ :=
𝐿

1 − 𝜃
,

yielding existence/uniqueness in the ball, the majorant bounds, and convergence
provided ℎ̃ = 𝛽𝐿̃𝜂 ≤ 1

2 and 𝑡∗ ≤ 𝑅. If additionally 𝜆𝑘 → 0 and 𝜀𝜆𝑘 → 0, then
𝜃𝑘 → 0 and the local rate approaches quadratic; if 𝜃𝑘 = O(∥𝐹𝑘 ∥), the rate is
quadratic.

Proof of Corollary 2. We sketch the standard derivation; see also DES Dembo,
Eisenstat, and Steihaug, 1982. By the mean-value theorem for Gâteaux differentiable
functions and (A2), we obtain

F (𝑣𝑘 + 𝛿𝑣𝑘 ) − F (𝑣𝑘 ) − 𝐴(𝑣𝑘 )𝛿𝑣𝑘 =

∫ 1

0

(
𝐴(𝑣𝑘 + 𝜏𝛿𝑣𝑘 ) − 𝐴(𝑣𝑘 )

)
𝛿𝑣𝑘 𝑑𝜏,

so ∥F (𝑣𝑘+1)∥ ≤ ∥𝐴(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥ + 𝐿
2 ∥𝛿𝑣𝑘 ∥

2. Left-multiplying by 𝐴(𝑣𝑘 )−1

and using ∥𝐴(𝑣𝑘 )−1∥ ≤ 𝛽 on 𝐵(𝑣0, 𝑅) yields

∥𝑣𝑘+1 − 𝑣𝑘 − 𝐴(𝑣𝑘 )−1F (𝑣𝑘 )∥ ≤ 𝛽 ∥𝐴(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥ +
𝛽𝐿

2
∥𝛿𝑣𝑘 ∥2.

By the forcing condition with 𝜃 and the stability of the step ∥𝛿𝑣𝑘 ∥ ≤ ∥𝐴(𝑣𝑘 )−1∥ ∥F (𝑣𝑘 )∥+
𝑜(∥F (𝑣𝑘 )∥) ≤ 𝛽∥F (𝑣𝑘 )∥ + 𝑜(∥F (𝑣𝑘 )∥), one arrives at

∥𝑣𝑘+1 − 𝑣∗∥ ≤
𝜃

1 − 𝜃
∥𝑣𝑘 − 𝑣∗∥ +

𝛽𝐿

2(1 − 𝜃)
∥𝑣𝑘 − 𝑣∗∥2
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which is (6.24). Assertions (i)–(iv) follow immediately: (i) by dropping the quadratic
term and applying limes superior; (ii) because 𝜃𝑘 → 0 eliminates the linear term; (iii)
and (iv) use the local equivalence ∥F (𝑣𝑘 )∥ ≍ ∥𝑣𝑘 − 𝑣∗∥ (since 𝐴(𝑣∗) is continuous
and invertible for large 𝑘) to replace ∥F (𝑣𝑘 )∥𝛼 by 𝑒𝛼

𝑘
.

Proof of Remark 15. (a) is immediate from 𝜃tik,𝑘 → 0 and 𝜃des,𝑘 → 0. For (b),
𝜃tik,𝑘 ≤ 𝜆𝑘/𝜎2

∗ = O(∥F (𝑣𝑘 )∥) and 𝜃des,𝑘 = 𝑀2 𝜀𝜆𝑘 = O(∥F (𝑣𝑘 )∥), hence 𝜃𝑘 =

O(∥F (𝑣𝑘 )∥); apply Corollary 2 (iv). For (c), differentiate 𝜙 on (0,∞):

𝜙′(𝜆) = 𝜎2
∗

(𝜆 + 𝜎2
∗ )2
− 2𝐶 𝜆−3.

Setting 𝜙′(𝜆) = 0 yields (𝜆 + 𝜎2
∗ )−2 ∼ 2𝐶 𝜎−2

∗ 𝜆
−3; for the coarse scaling one may

drop the +𝜎2
∗ inside parentheses (or solve exactly), giving 𝜆3 ∼ 3𝐶 𝜎2

∗ and the stated
𝜆∗. This balances the two terms in 𝜃; an annealing 𝜆𝑘 ↓ 0 then ensures 𝜃𝑘 → 0 and,
by Corollary 2, superlinear/quadratic rates.

Proof of Theorem 12. We verify the assumptions of Theorem 11 for the PDE setting
and identify the constants appearing there.

Step 1: Setting and choice of base point. For a fixed 𝑓 ∈ W, we suppress the
dependence on 𝑓 and write F (𝑢) = F (𝑢, 𝑓 ) = −Δ𝑢 + 𝜅𝑢3 − 𝑓 : V → W. For
simplicity, we choose the base point 𝑣0 = 0 and 𝜅 = 1.

By definition of the residual map,

F (0) = − 𝑓 ∈ W, F ′(0) = 𝐴 := −Δ : V →W.

Recall that the 𝐻−1-norm is defined by duality with respect to theV-inner product
induced by 𝐴, so that for all 𝑔 ∈ W = 𝐻−1,

∥𝑔∥W = ∥𝐴−1𝑔∥V .

Therefore

𝜂 := ∥F ′(0)−1F (0)∥V = ∥𝐴−1(− 𝑓 )∥V = ∥ 𝑓 ∥W ,

which is the first identity in the statement.

Step 2: Verification of (A1) and explicit 𝛽. Assumption (A1) of Theorem 10
requires that F ′(𝑣0) is invertible and ∥F ′(𝑣0)−1∥ ≤ 𝛽. As just noted, F ′(0) = 𝐴 is
an isomorphismV → V∗ =W, so (A1) holds with

𝛽 = ∥F ′(0)−1∥ = ∥𝐴−1∥ = 1,
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where the last equality follows from the way the𝐻−1-norm is induced by theV-inner
product via 𝐴.

Step 3: Lipschitz bound (A2) and choice of 𝐿. Let 𝐵𝑟 := {𝑣 ∈ V : ∥𝑣∥V ≤ 𝑟}.
Then, for each 𝑣 ∈ 𝑋 , we have

F ′(𝑣)ℎ = 𝐴ℎ + 3𝑣2ℎ.

Hence, for 𝑢, 𝑣 ∈ 𝐵𝑟 ,(
F ′(𝑢) − F ′(𝑣)

)
ℎ = 3 (𝑢2 − 𝑣2)ℎ = 3 (𝑢 + 𝑣) (𝑢 − 𝑣)ℎ.

Using the one-dimensional Sobolev embedding and the Poincaré inequality on T,
we obtain

∥𝑤∥𝐿∞ ≤
1
𝜋
∥𝑤∥V , ∥𝑤∥𝐿2 ≤ 1

𝜋
∥𝑤∥V .

Together with the Cauchy-Schwarz inequality, we obtain the bound

∥ (𝑢2 − 𝑣2)ℎ ∥𝐻−1 ≤ 1
2𝜋2

(
∥𝑢∥V + ∥𝑣∥V

)
∥𝑢 − 𝑣∥V ∥ℎ∥V .

Since 𝑢, 𝑣 ∈ 𝐵𝑟 , this yields

∥F ′(𝑢) − F ′(𝑣)∥ ≤ 3
2𝜋2 𝑟 ∥𝑢 − 𝑣∥V ,

so (A2) holds with
𝐿 :=

3
2𝜋2 𝑟.

Step 4: Uniform bound (A3) and choice of 𝑀 and 𝜎∗. For any 𝑣 ∈ 𝐵𝑟 and ℎ ∈ V
with ∥ℎ∥V = 1,

∥F ′(𝑣)ℎ∥𝐻−1 ≤ ∥𝐴ℎ∥𝐻−1 + ∥3𝑣2ℎ∥𝐻−1 .

By definition of the norms, ∥𝐴ℎ∥𝐻−1 = ∥ℎ∥V = 1. Arguing as in Step 3, we obtain

∥3𝑣2ℎ∥𝐻−1 ≤ 3
4𝜋2 ∥𝑣∥

2
V ∥ℎ∥V ≤

3
4𝜋2 𝑟

2.

Hence,
∥F ′(𝑣)∥ = sup

∥ℎ∥V=1
∥F ′(𝑣)ℎ∥𝐻−1 ≤ 1 + 3

4𝜋2 𝑟
2 =: 𝑀

for all 𝑣 ∈ 𝐵𝑟 , which is the 𝑀 stated in Theorem 12.

Moreover, by coercivity of 𝐴 and the positivity of the nonlinearity, we obtain

⟨F ′(𝑣)ℎ, ℎ⟩W,V = ⟨𝐴ℎ, ℎ⟩W,V + ⟨3𝑣2ℎ, ℎ⟩W,V ≥ ∥ℎ∥2V ,
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so that the smallest singular value of F ′(𝑣) is bounded below by 1. Therefore

𝜎∗ := inf
𝑣∈𝐵

𝜎min(F ′(𝑣)) ≥ 1.

Thus (A3) holds with the above 𝑀 and 𝜎∗ ≥ 1.

Step 5: Forcing term and choice of 𝜃. Let 𝜆 > 0 be fixed and assume that we use a
constant Tikhonov parameter, i.e. 𝜆𝑘 ≡ 𝜆. For the learned resolvent 𝑅𝜆, we define
the design error

𝜀𝜆 := sup
𝑣∈𝐵𝑟



 𝑅𝜆 (𝑣) − 𝑅𝜆 (𝑣) 

L(V,V) .
Then, Theorem 11 (Tikhonov–inexact NK) gives, for any iterate 𝑣𝑘 ∈ 𝐵𝑟 ,

∥F ′(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥W
∥F (𝑣𝑘 )∥W

≤ 𝜆

𝜆 + 𝜎2
∗
+ 𝑀2 𝜀𝜆 =: 𝜃𝑘 .

Using 𝜎∗ ≥ 1, we further obtain

𝜃𝑘 ≤
𝜆

1 + 𝜆 + 𝑀
2 𝜀𝜆 =: 𝜃.

If 𝜃 < 1, then the hypothesis sup𝑘 𝜃𝑘 ≤ 𝜃 < 1 of Theorem 11 is satisfied.

Step 6: Application of Theorem 11 and explicit 𝐿̃. Theorem 11 then yields that all
the inexact Newton–Kantorovich conclusions hold with modified Lipschitz constant

𝐿̃ =
𝐿

1 − 𝜃
.

Plugging in the PDE-specific values

𝐿 =
3

2𝜋2 𝑟, 𝜃 =
𝜆

1 + 𝜆 + 𝑀
2 𝜀𝜆, 𝑀 = 1 + 3

4𝜋2 𝑟
2,

we obtain the expression stated in Theorem 12,

𝐿̃ =
𝐿

1 − 𝜃
=

3
2𝜋2 𝑟

1 − 𝜆
1+𝜆 − 𝑀2𝜀𝜆

.

Together with the identification 𝜂 = ∥F ′(0)−1F (0)∥V = ∥ 𝑓 ∥𝐻−1 from Step 1, this
shows that all conclusions of Theorem 11 hold in the PDE setting with the explicit
constants given in Theorem 12.
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F.1 Additional Plots.
In this section, we provide additional plots of the results of the numerical experi-
ments.

Exponential volatility process
The following figures illustrate the results on the second trajectory of the exponential
volatility process.

Figure F.1: From left to right: drift function, volatility function, sample trajectory,
and sample increments of the exponential volatility process.

Figure F.2: Predicted drift and volatility on the testing set for trajectory 1 of the ex-
ponential volatility process. From left to right: drift (non-learned kernel), volatility
(non-learned kernel), drift (learned kernel), volatility (learned kernel).

Trigonometric process
The following figures illustrate the results of the first trajectory of the trigonometric
process.

Figure F.3: From left to right: drift function, volatility function, sample trajectory,
and sample increments of the trigonometric process.
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Figure F.4: Predicted drift and volatility on the testing set for trajectory 1 of the
trigonometric process. From left to right: drift (non-learned kernel), volatility (non-
learned kernel), drift (learned kernel), volatility (learned kernel).

F.2 Gaussian Process Regression and Extension of Bishop, 2006, Page 306
In this section, we give a very brief overview of Gaussian processes for regression.
We suppose that the values of𝑌 (𝑋) are distributed according to a Gaussian process,
namely𝑌 (𝑋) 𝑑∼ GP(𝑶, 𝑲). In particular, in the case of SDEs, given the data (𝑋,𝑌 ),
the predicted drift and diffusion for a new point 𝑥∗ are given by

𝑓 (𝑥∗) = 𝐾 (𝑥∗, 𝑋)𝐾 (𝑋, 𝑋)−1𝑌

𝜎̄(𝑥∗) = 𝐾 (𝑥∗, 𝑥∗) − 𝐾 (𝑥∗, 𝑋)𝐾 (𝑋, 𝑋)−1𝐾 (𝑋, 𝑥∗).

The above expressions are valid in noisy observation with independent and identical
Gaussian noise. We derive this distribution in the case where the observations are
noisy with independent, but not necessarily identical, Gaussian noise; the proof is
generalized from the one presented in Bishop, 2006, p. 306.
Formally, suppose that we have at our disposal the noisy observations (𝑋𝑛, 𝑌𝑛)1≤𝑛≤𝑁 ,
where 𝑌𝑖 = 𝑓 (𝑋𝑖) +𝑊𝑖 and the 𝑊𝑖 are independent but not necessarily identically
distributed N(0, 𝜎2(𝑋𝑖)) random variables. The problem is the identification of
the unknown function 𝑓 given these noisy observations. Set 𝑓𝑖 = 𝑓 (𝑋𝑖), so that
𝒇 := ( 𝑓𝑖)1≤𝑖≤𝑁 . In addition, set 𝒀 := (𝑌𝑖)1≤𝑖≤𝑁 . Observe that 𝒀 | 𝒇 𝑑∼ N( 𝒇 ,𝚺) where
( Σ )𝑖 𝑗 = 𝛿𝑖 𝑗𝜎2(𝑋𝑖), and assume that 𝒇

𝑑∼ N(0, 𝑲). Then, Bishop, 2006, Page 93,

𝑝(𝒀) =
∫

𝑝(𝒀 | 𝒇 )𝑝( 𝒇 )𝑑 𝒇 = N(0, 𝑲 + 𝚺).

Now, let 𝑪 = 𝑲 + 𝚺 so that 𝑪𝑖 𝑗 = 𝑘 (𝑋𝑖, 𝑋 𝑗 ) +𝜎2
𝑖
𝛿𝑖 𝑗 . Denote 𝒀𝑁+1 = (𝑌1, ..., 𝑌𝑁+1),

𝒀𝑁 = (𝑌1, ..., 𝑌𝑁 ). We wish to derive the conditional distribution 𝑝(𝑌𝑁+1 |𝒀𝑁 ).
First, observe that

𝑝(𝒀𝑁+1) = N(0,𝑪𝑁+1),
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where 𝑪𝑁+1 is the (𝑁 +1) × (𝑁 +1) with entries defined as previously for the vector
𝒀𝑁+1. We may partition the covariance matrix as

𝑪𝑁+1 =

(
𝑪𝑁 𝑲

𝑲𝑇 𝑐

)
where 𝑐 = 𝐾 (𝑋𝑁+1, 𝑋𝑁+1)+𝜎2

𝑁+1 and 𝑲 is the vector with entries 𝑲𝑖 = 𝐾 (𝑋𝑁+1, 𝑋𝑖).
Then 𝑝(𝑌𝑁+1 |𝒀𝑁 ) = N(𝑚(𝑋𝑁 ), 𝜎2(𝑋𝑁 )) and the conditional mean and covariance
are given by

𝑚(𝑋𝑁+1) = 𝑲
𝑇
𝑪−1𝒚𝑁 = 𝑲

𝑇 (𝑲 + 𝚺)−1𝒚𝑁

𝜎2(𝑋𝑁 ) = 𝑐 − 𝑲
𝑇
𝑪−1𝑲 = 𝑐 − 𝑲

𝑇 (𝑲 + 𝚺)−1𝑲.

Note that in our case, the observations actually of the form 𝑌𝑖 = Δ𝑡𝑖 𝑓 (𝑋𝑖) + 𝑊𝑖.
The same proof holds with the slight modification that the entries of the covariance
matrix now become

𝑪𝑖 𝑗 = Δ𝑡𝑖Δ𝑡 𝑗 𝑘 (𝑋𝑖, 𝑋 𝑗 ) + 𝜎2
𝑖 𝛿𝑖 𝑗

𝑲𝑖 = Δ𝑡𝑖𝐾 (𝑋𝑁+1, 𝑋𝑖)

which yields equations (7.7) and (7.8).

F.3 Log-marginal likelihood for hyper-parameter optimization
In this section, we briefly present the log-marginal likelihood method for hyper-
parameter optimization. The marginal log-likelihood over the kernel parameters
can be expressed as

− log(𝑝(𝑌 |𝜽, 𝑋)) ∝ 1
2
𝑌𝑇𝐾 (𝑋, 𝑋)−1𝑌 + log( |𝐾 (𝑋, 𝑋) |).

Therefore, the optimal parameters 𝜽 are obtained via the minimization of the function
in the previous equation (with respect to 𝜽). In the case of noisy observations, the
kernel 𝐾 can be defined as

𝐾 (𝑋1, 𝑋2) = 𝐾
′ (𝑋1, 𝑋2) + 𝛿(𝑋1, 𝑋2),

where 𝐾′ is a standard kernel and 𝛿 is the white noise kernel defined as

𝛿(𝑋1, 𝑋2) :=

𝑐 if 𝑋1 = 𝑋2,

0 otherwise,
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where 𝑐 is the noise level, a kernel parameter that must be optimized. It is important
to note that this kernel can only account for a constant level of noise, which is not
the case for many SDEs.

F.4 Randomized cross-validation for hyper-parameter learning
In this section, we describe the general framework of Randomized cross-validation
we use in our optimization.
The general problem is the following: we have a set of training data (𝑿, 𝑌 ) :=
{(𝑋𝑖, 𝑌𝑖)}1≤𝑖≤𝑁 and we are trying to recover a function 𝑓 : 𝑿 → 𝑌 . In particular, we
assume that we have a class of functions S indexed by a set of parameters 𝒘𝑝 ∈ W,
i.e. S := { 𝑓 ( · , 𝒘𝑝) : 𝒘𝑝 ∈ W and 𝑓 ( · , 𝒘𝑝) : 𝑿 → 𝑌 }. Notice that in practice,
this could be approximated via reproducing kernels as in this paper or via neural
networks. We assume that we have a method to find the optimal parameter 𝒘∗𝑝 ∈ W
for a given training set of data (𝑿, 𝑌 ). In our case, we assume that such a method
involves the minimization of some loss function L( 𝑓 (𝑿, 𝒘 𝒑), 𝑌 ) with respect to
𝒘𝑝, where L : 𝑌 × 𝑌 → R. Moreover, like in many Machine Learning (ML)
algorithms, we assume that we have a set of hyper-parameters 𝜽 ∈ 𝚯 that affect
the recovery of the optimal 𝑓 ∈ S. Such hyper-parameters 𝜽 can parametrize the
function 𝑓 := 𝑓𝜽 := 𝑓 ( · ; 𝒘𝑝, 𝜽), regularize the loss functionL (often through some
prior distribution on the parameters 𝒘𝑝) or affect the minimization of the loss L
(such as the learning rate of a gradient descent). We summarize this point by saying
that 𝑓 is recovered by minimizing L𝜽 .
In the present work, in order to recover the function 𝑓 : 𝑿 → 𝑌 , we apply the Robust
Learning Algorithm, whose rationale is explained in the following paragraph.

Robust Learning Algorithm via Randomized cross-validation. Many ML al-
gorithms are built upon minimizing a loss function L : 𝑌 × 𝑌 → R over the set
of parameters (𝒘𝑝, 𝜽) of a class of models 𝑓

(
· ,𝒘𝑝; 𝜽

)
. In other words, ideally,

we can define the risk function 𝑅 as the expected value of the loss function L with
respect to the data probability density function 𝑝 (𝒙, 𝑦):

𝑅
(
𝒘𝑝, 𝜽

)
:= E(𝑿,𝑌 )∼𝑝(𝒙,𝑦)

{
L

(
𝑓 (𝑿, 𝒘𝑝; 𝜽), 𝑌

)}
(F.1)

and then find the set of optimal parameters according to(
𝒘∗𝑝, 𝜽

∗
)

:= arg min
𝒘𝑝 ,𝜽

𝑅
(
𝒘𝑝, 𝜽

)
. (F.2)

Notice that, in this setup, by the assumption that one has access to 𝑝 (𝒙, 𝑦), there is
no theoretical distinction between parameters and hyper-parameters.
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However, in practice, one only sees a realization of (𝑿, 𝑌 ), namelyD = {(𝑿𝑖, 𝑌𝑖)}𝑖∈I .
Therefore, it is impossible to use Equations (F.1) and (F.2). Moreover, in order to
achieve generalization, in practice, 𝒘𝑝 is optimized by minimizing a loss function
dependent on 𝜽:

𝒘∗𝑝 = arg min
𝒘𝑝

L𝜽

(
𝑓
(
𝑿; 𝒘𝑝, 𝜽

)
, 𝑌

)
. (F.3)

At this point, the best parameters 𝜽 can be chosen via a cross-validation approach
where the function 𝑓𝜽 is evaluated on an unseen test set (𝑿𝒖, 𝑌𝑢):

𝑅(𝜽) = L
(
𝑓

(
𝑿𝑢; 𝒘∗𝑝, 𝜽

)
, 𝑌𝑢

)
. (F.4)

Generally, the optimization of hyper-parameters Bergstra, Bardenet, et al., 2011;
Bergstra and Bengio, 2012; F. Hutter, Hoos, and Leyton-Brown, 2011; Snoek,
Larochelle, and Adams, 2012; Maclaurin, Duvenaud, and Adams, 2015; Franceschi
et al., 2017 is usually done on a prefixed number of cross validation sets. In this
work, we propose an approach that is not bound to a fixed number of cross-validation
sets. Our algorithm can be summarized as follows:

(1) Partition the available data D = {(𝑿𝑖, 𝑌𝑖)}𝑖∈I into a training subset DT =

{(𝑿𝑖, 𝑌𝑖)}𝑖∈T and a test subsets DU = {(𝑿𝑖, 𝑌𝑖)}𝑖∈U ; the two subsets are
mutually exclusive.

(2) Randomly partition the training set DT into two mutually exclusive subsets
of almost equal size: D∏ = {(𝑿𝑖, 𝑌𝑖)}𝑖∈∏(T ) and D∏𝑐 = {(𝑿𝑖, 𝑌𝑖)}𝑖∈∏𝑐 (T ) .
Here,

∏ (T ) returns the first half of the random permutation of indices in T
and

∏𝑐 (T ) returns the second half of the same permutation.

(3) Train a ML model onD∏ and evaluate the random loss onD∏𝑐 representing
a realization of the generalization error.

(4) Repeat steps (2) and (3) to optimize the expected loss over the random sets
D∏𝑐 with respect to 𝒘𝑝.

(5) Check the goodness of fit by evaluating the loss over DU .

More precisely, the optimization problem is the following one:

𝜽∗ = arg min
𝜽

E𝛱
{
𝑅I−∏ (

𝒘̄𝑝, 𝜽
)}

s.t. 𝒘̄𝑝 = arg min
𝒘𝑝

𝑅∏ (
𝒘𝑝, 𝜽

)
,

(F.5)
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where
𝑅∏ (

𝒘𝑝, 𝜽
)
= E𝑿,𝑌∼D∏ {

L𝜽

(
𝑓
(
𝑿; 𝒘𝑝, 𝜽

)
, 𝑌

)}
, (F.6)

and
𝑅I−∏ (

𝒘𝑝, 𝜽
)
= E𝑿,𝑌∼D∏𝑐

{
L

(
𝑓
(
𝑿; 𝒘𝑝, 𝜽

)
, 𝑌

)}
. (F.7)

In the previous Equations, E𝑿,𝑌∼D∏ { . } means that the expected value is taken over
the empirical distribution defined byD∏. A similar notion applies to E𝑿,𝑌∼D∏𝑐 { . }.
Furthermore, E𝛱 { . } means that this expected value is taken over all permutations
of the train set. Note that the recovery of 𝒘̄𝑝 is done through the minimization ofL𝜽

which we refer to as the train loss function, whereas the evaluation of 𝑓
(
𝑿; 𝒘𝑝, 𝜽

)
is done through L which we refer to as the test loss function. The Robust Learning
Algorithm is presented here below in (3):

In particular, notice that 𝑅I−∏𝑛
= 1

𝐾

∑𝐾
𝑗=1 𝑒 𝑗 is a (noisy) approximation of

E𝑿,𝑌∼D∏𝑐
{
L

(
𝑓
(
𝑿; 𝒘𝑝, 𝜽

)
, 𝑌

)}
.

F.5 Extension to the multivariate case
We now examine the case where the SDE is multi-dimensional. In such a case

𝑑𝑿𝑡 = 𝒇 (𝑿𝒕)𝑑𝑡 + 𝝈(𝑿𝒕)𝑑𝑾 𝑡 , (F.8)

where 𝑿𝑡 ∈ R𝑑 , 𝒇 : R𝑑 ↦→ R𝑑 ,𝝈 : R𝑑 ↦→ R𝑑×𝑚 and 𝑾 𝑡 = (𝑊 𝑖
𝑡 )𝑖≤𝑚 is a standard

multivariate Wiener process.

For simplicity, we place independent GP priors on each dimension, which is equiv-
alent to using a matrix-valued kernel with diagonal entries:

𝐾 (𝑥, 𝑦) =
(
𝐾1(𝑥, 𝑦) 0

0 𝐾2(𝑥, 𝑦)

)
. (F.9)

More generally, we may consider matrix-valued kernels with non-zero off-diagonals,
but the use of diagonal matrices is practical because it makes all optimization
problems independent for each dimension. Then the problem leads to 𝑑 equations:

𝑑𝑋 𝑖𝑡 = 𝑓 (𝑿𝒕)𝑖𝑑𝑡 +
𝑑∑︁
𝑗=1

𝜎𝑖, 𝑗 (𝑿𝒕)𝑑𝑊 𝑗
𝑡 (F.10)
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Algorithm 3 Robust Learning Algorithm
Require:

(1) Pick a model class 𝑓𝜽
(2) Pick an initial guess 𝜽 (0) .
(3) Pick an active learning algorithm Al.
(4) Set S = 𝜙, 𝑛 = 0 and 𝐶 = 0.

Ensure: Partition the data D = {(𝒙𝑖, 𝑦𝑖)}𝑖∈I into two mutually exclusive training
DT = {(𝒙𝑖, 𝑦𝑖)}𝑖∈T and test subsets DU = {(𝒙𝑖, 𝑦𝑖)}𝑖∈U .
while 𝐶 = 0 do

𝑛← 𝑛 + 1
while 1 ≤ 𝑗 ≤ 𝐾 do

𝑗 ← 𝑗 + 1
Pick a random index permutation

∏
𝑛 (T ) of T .

Divide the train set DT into D∏
𝑛

and D∏𝑐
𝑛
.

Train 𝑓
(
𝑿; 𝒘𝑝, 𝜽

(𝑛−1)
)

onD∏
𝑛
with respect to 𝑅∏

𝑛

(
𝒘𝑝, 𝜽

(𝑛−1)
)

to obtain
𝒘̄𝑝.

Evaluate 𝑒 𝑗 = 𝑅I−∏𝑛

(
𝒘̄𝑝, , 𝜽

(𝑛−1)
)

on D∏𝑐
𝑛
.

end while
Set 𝑅I−∏𝑛

= 1
𝐾

∑𝐾
𝑗=1 𝑒 𝑗 .

Set S ← S ∪
{(
𝜽 (𝑛−1) , 𝑅I−∏𝑛

(
𝒘̄𝑝, , 𝜽

(𝑛−1)
))}

.

if 𝐴𝑙 (S) has converged then
𝐶 = 1(
𝒘∗𝑝, 𝜽

∗
)
=

(
𝒘̄𝑝, , 𝜽

(𝑛−1)
)
.

else if 𝐴𝑙 (S) has not converged then
𝜽 (𝑛) = 𝐴𝑙 (S)

end if
end while
Check the loss over DU .

which can all be optimized independently. The optimal value of 𝑓 (𝑿𝒕) conditioned
on 𝝈̄ is given by the posterior mean equation:

𝒇 (𝑿𝑛)𝑖 = E[ 𝒇 (𝑿𝑛)𝑖] = 𝐾𝑖 (\𝑋𝑛, \𝑋)Λ(Λ𝐾 𝑖 (\𝑋, \𝑋)Λ + Σ𝑖 + 𝜆𝐼)−1𝒀 𝑖, (F.11)

where Σ𝑖 =
∑
𝑗 Σ

𝑗 is the sum of the (diagonal) matrices with entries Σ
𝑗

𝑘,𝑘
=

(𝝈̄(𝑿𝑘 ) 𝑗 )2Δ𝑡𝑘 , 1 ≤ 𝑘 ≤ 𝑁, 1 ≤ 𝑗 ≤ 𝑑. On the other hand, the MAP estimate
for can be computed jointly for all entries of the matrix 𝝈𝑖 with entries 𝜎𝑖

𝑘
as
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arg min
𝝈𝑖
(\𝑌 𝑖 − Λ\ 𝑓 (𝑋)𝑖)𝑇 (Σ𝑖 + 𝜆𝐼)−1(\𝑌 𝑖 − Λ\ 𝑓 (𝑋)𝑖) +

𝑁∑︁
𝑘=1

ln(Δ𝑡𝑘
𝑑∑︁
𝑖=1
(𝜎𝑖𝑘 )

2 + 𝜆)

+
𝑑∑︁
𝑖=1
\𝜎𝑖

𝑇
𝐺𝑖 (\𝑋, \𝑋)−1\𝜎𝑖 .

(F.12)

Additional assumptions can be made regarding the structure of the noise values, such
as assuming that the noise is separate across all dimensions (i.e., \𝜎 is a diagonal
matrix) or that the diffusion function \𝜎 is identical across all dimensions (i.e., \𝜎
is a diagonal matrix with identical values along the diagonals).
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G.1 Additional figures
Bernoulli time series

Figure G.1: Prediction results for the Bernoulli map for different initial conditions.
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Lorenz time series

Figure G.2: Lorenz system: comparison between the different predictions of the
second (𝑦) and third variables (𝑧) (top, bottom) for the baseline, 𝜌𝑀𝑀𝐷 training and
𝜌 training (left, middle, right).

Convergence of the loss

Figure G.3: Convergence of the 𝜌 (left) and 𝜌𝑀𝑀𝐷 (right) for higher learning rates
on the Bernoulli time series.
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Figure G.4: Loss functions through training for the second (𝑦) and third variables
(𝑧) of the Lorenz times series (top, bottom) for 𝜌 (left) and 𝜌𝑀𝑀𝐷 (right).
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